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Abstract

When wind turbines are placed together in a farm, they produce less

power than in isolation. Behind every turbine is a low speed wake which

can reduce the power output of downstream turbines. These turbine-wake

interactions depend highly on the wind direction and turbine layout. The

interaction between the atmosphere and the farm as a whole also causes

power losses. Understanding and predicting these power losses is vital for

the offshore wind energy sector.

To better understand farm performance, we propose new measures of

‘turbine-scale loss’ and ‘farm-scale loss’. The ‘turbine-scale loss’ quantifies

the power loss due to internal flow interactions only (i.e. turbine-wake in-

teractions). The ‘farm-scale loss’ gives the loss due to the farm-atmosphere

interaction. We conduct a combined theoretical and computational study

to show that, for large offshore wind farms, the power losses on the farm-

scale is typically more than twice as large as on the turbine-scale. This is

contrary to the current consensus that turbine-wake interactions are the

most important effects for wind farms.

Traditionally, power losses in farms are classified into ‘wake losses’ and

‘farm blockage losses’. However, we show that neither loss is well corre-

lated to the overall wind farm efficiency. In contrast, the new ‘farm-scale

loss’ is shown to be strongly correlated with the overall farm efficiency.

These new metrics give a novel and clear understanding of the aerody-

namics influencing wind farm efficiency.

We also develop new low-cost models to predict the turbine- and farm-

scale losses in wind farms. To predict turbine-scale losses, we develop

statistical emulators to predict the turbine-wake interactions as a function

of the turbine layout. The statistical emulators are trained using a multi-

fidelity Gaussian Process on high-fidelity large-eddy simulations and low-

fidelity wake model predictions. The trained emulators predict the farm



‘internal’ turbine thrust coefficient with a mean absolute error of less than

1% compared to the high-fidelity simulations.

To predict farm-scale losses, we derive a simple analytical model to predict

the farm-atmosphere interactions. The model is derived using a quasi-one-

dimensional control volume analysis. An initial comparison with high-

fidelity wind farm simulations shows a satisfactory agreement in the pre-

diction of farm-scale losses. These two new models could be used to

predict the performance of large wind farms at a very low computational

cost, and to optimise the design of future farms.
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Nomenclature

Greek symbols

α Turbine-scale wind speed reduction factor

β Farm wind-speed reduction factor

βlocal Spanwise- and vertically-averaged wind speed reduction factor

ηf Farm efficiency

ηw Wake efficiency

ηFS Farm-scale efficiency

ηnl ‘Non-local’ farm efficiency

ηTS Turbine-scale efficiency

γ Bottom friction exponent

λ Array density

Π Total loss factor

ΠF Farm-scale loss factor

ΠT Turbine-scale loss factor

τt Shear stress at the top of the farm control volume

τw Bottom shear stress

θ Wind direction relative to reference x direction

ζ Wind extractability factor

Roman symbols

A Rotor swept area

7



C Streamwise component of the Coriolis force averaged over the con-

trol volume

Cp Turbine power coefficient

C∗
p ‘Local’ or ‘internal’ turbine power coefficient

C ′
T Turbine resistance coefficient

C∗
T ‘Local’ or ‘internal’ turbine thrust coefficient

Cf0 Natural friction coefficient of the surface

Cp,Betz Power coefficient of an isolated ideal turbine

D Turbine diameter

h Atmospheric boundary layer height

HF Height of nominal farm-layer

Hhub Turbine hub-height

L Wind farm length

M Momentum availability factor

MF Total net momentum flux into the farm control volume

n Total number of turbines in the farm

P1 Front-row-averaged turbine power

P∞ Power of an isolated turbine

Pi Power of turbine i in the farm

Pfarm Farm-averaged turbine power

SF Wind farm area

Sx Turbine spacing in the x direction

Sy Turbine spacing in the x direction

Ti Thrust of turbine i in the farm

U Velocity in the hub-height wind direction

VCV Volume of the control volume
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W Wind farm width

X Net streamwise momentum injection through the top and side bound-

aries of the farm control volume

xF Hub-height wind direction
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Chapter 1

Introduction

1.1 Context

Atmospheric carbon dioxide levels are at the highest levels for 800,000 years (figure

1.1). The increased levels of carbon dioxide amplify the greenhouse effect and cause

global warming. In 2022, the planet was 1.15 oC warmer than the pre-industrial

average (1850-1990) and the last 8 years were the warmest on record [134].

Many changes in the climate system become larger with increasing global warm-

ing. These include increases in the frequency and intensity of hot extremes, marine

heatwaves, heavy precipitation; an increase in the proportion of intense tropical cy-

clones; and reductions in Arctic sea ice, snow cover and permafrost [49].

To limit the impacts of global warming, there exists global agreements and frame-

works to guide progress. As an example, the ‘Paris Agreement’ is a legally binding

international treaty on climate change adopted in 2015 [1]. It sets out to hold ‘the in-

crease in the global average temperature to well below 2 oC above pre-industrial levels’

and ‘pursue efforts to limit the temperature increase to 1.5 oC above pre-industrial

levels’. To meet these targets a rapid transition from fossil fuels to renewable energy

sources is needed [48].

In 2022, wind energy met 17% of the electricity demand in the EU and UK [36].

The roll-out of wind energy is increasing rapidly. The total installed capacity of

wind energy in Europe has roughly doubled in the past 10 years (figure 1.2). Across

Europe, offshore wind made up 13% of new wind energy capacity. In the UK this

figure is 70% [36].

The average size of offshore wind farms is increasing and set to increase further in

the future [129]. In the UK, the average size of operating offshore wind farms is 0.3

GW. However, the average size of farms currently under construction is 1.1 GW [35].

As wind farms become larger, the aerodynamics of energy extraction changes [95].
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Figure 1.1: Atmospheric carbon dioxide (CO2) in parts per million (ppm) for the past
800,000 years based on ice-core data [28].

Figure 1.2: Installed wind power capacity in Europe, 2013-2022 [36].

2



Figure 1.3: Range of flow scales relevant to wind energy. Reproduced from [95].

Existing wind farm models can, in some cases, give ‘dramatic’ errors in farm perfor-

mance [85]. This motivates the development of new tools to predict farm performance

and for wind farm design.

When wind turbines are placed together in a farm, they produce less power than

in isolation. Behind every turbine, there is a turbulent wake which has a reduced

wind speed. When turbine wakes interact with other turbines within a farm, this can

cause substantial power losses. Power losses also occur because of the interaction of

the farm with the atmospheric boundary layer (ABL). Predicting the power output

of wind farms remains an unsolved challenge [95]. This is due to the large range

of relevant flow scales which impact wind farm performance (figure 1.3). The work

presented in this thesis aims to improve the understanding of wind farm aerodynamics

and predictions of farm performance.

1.2 Wind farm aerodynamics

1.2.1 Atmospheric stability

Wind farms operate in the ABL. Within the ABL the wind speed and direction

changes with height. The temperature also changes with height. The changes in

temperature cause buoyancy forces. When describing buoyancy it is convenient to

introduce potential temperature θ defined as
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θ = T

(
p

pref

)−Rd
Cp

(1.1)

where p is the atmospheric pressure, pref the reference pressure, Rd is the gas constant

for dry air and Cp is the specific heat capacity for air at constant pressure. The po-

tential temperature is the temperature of an air parcel which is brought adiabatically

to a reference pressure pref [45].

Buoyancy has a significant impact on ABL dynamics. Buoyancy can produce or

suppress vertical motions, which can alter the turbulence characteristics. A stable

ABL is characterised by a potential temperature which increases with height. An

unstable ABL has decreasing potential temperature with height and a neutral ABL

has a constant vertical profile. Due to the suppression of vertical motions, stable

ABLs have a lower levels of turbulence [141, 3, 6]. As such stable ABLs are thinner

than unstable ABLs [141, 3, 6].

Atmospheric stability changes both in space and time. Over land there is a strong

diurnal cycle [124]. Typically, unstable conditions occur during the day and stable

conditions during the night. Over the ocean the temperature remains nearly constant

throughout the day so there is no clear diurnal cycle. Conventionally neutral bound-

ary layers (CNBLs) commonly occur in offshore locations [50, 64, 66, 65]. CNBLs

consist of a neutrally stratified boundary layer topped by a stable capping inver-

sion and free atmosphere above. As such, it is common to investigate wind farm

performance in CNBLs [135, 7, 62].

1.2.2 Turbine-scale flows

The turbulent wake behind a single turbine has been studied extensively [95]. These

studies have included field measurements [11], laboratory experiments [14] and nu-

merical simulations [137, 138, 3]. Due to turbulent entrainment, the wake grows in

lateral and vertical directions (see figure 1.4). The streamwise velocity increases until

it recovers completely. The wake recovers faster when the inflow is more turbulent

[138].

Turbine-wake interactions cause substantial power losses in wind farms. Wake

losses are normally measured by reporting the normalised turbine power, i.e. turbine

power normalised by the power of a front row turbine. Measurements from the Nysted

and Horns Rev wind farms show the wake losses can be as high as 40% [12, 10] (figure

1.5). Large-Eddy Simulations (LES) of extended wind farms showed wake losses of

up to 50% [114].

4



Figure 1.4: Contours of streamwise velocity in the middle vertical plane for turbines
over different surface roughness lengths. Reproduced from [138].

Figure 1.5: Horns Rev wind farm power [12] for different wind direction: a) schematic
of wind direction and b) normalised power of turbine rows. Reproduced from [95].
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Figure 1.6: Variation of Horns Rev wind farm normalised power with wind direction.
Reproduced from [95].

Wake losses depend on turbine layout and wind direction. There are two basic

wind turbine layouts commonly considered: aligned (where the turbines are in per-

fectly aligned rows) and staggered layouts (where rows are offset in a checkerboard

arrangement). A staggered layout has a larger power production because the stream-

wise distance between turbines is larger [139, 135, 136]. LES of the Horns Rev wind

farm showed that the normalised power was sensitive to wind direction [97] (figure

1.6). A 10o change in wind direction was found to change farm power by up to 43%

[97]. This is because the wind direction changes the effective turbine layout of the

wind farm [97]. A partially staggered layout refers to a farm where each row is slightly

offset in the lateral direction. Partially staggered layouts produce more power than

perfectly staggered layouts [112]. The power output of large farms with staggered

layouts is a function of turbine density only [114]. For aligned layouts, the power

production tends to be a stronger function of streamwise distance between turbines

[114, 118].

Atmospheric turbulence has a significant impact on wake recovery. LES, wind

tunnel and field studies have shown that a turbine wake recovers faster in ABLs with

higher turbulence intensity [13, 138] (see figure 1.4). Atmospheric stability can change

wake recovery by changing the turbulence intensity. Wakes recover faster in unstable

conditions than in stable conditions [3, 6, 33].

Atmospheric stability influences wake losses in wind farms. LES of a semi-finite

farm showed a strong diurnal variation of wake losses [5]. During the day with

6



Figure 1.7: Schematic showing the flow regions in a large wind farm under conven-
tionally neutral conditions. Figure modified from [95].

unstable atmospheric stability the farm had wake losses of 28%. However, during the

night with stable conditions the wake losses were 57%. LES of a wind farm cluster

showed wake losses of 34% in stable conditions and 12-14% in unstable conditions

[72]. However, increasing atmospheric stability does not always result in increased

wake losses [47]. Due to reduced lateral expansion of wakes in stable conditions, some

layouts experienced reduced wake losses.

Turbine interactions can also increase turbine efficiency due to the ‘local blockage’

effect [81, 125]. When turbines are placed together with close lateral spacing, the

performance can exceed that of an isolated turbine [19]. The local blockage effect was

also found to increase with turbine tip speed ratio [101].

1.2.3 Farm-scale flows

Large wind farms can interact with the ABL causing farm-scale flows [95]. This re-

sults in several flow regions shown in figure 1.7. Upstream of the wind farm there is

a deceleration region known as the induction region of ‘farm blockage’. This is an

accumulated induction by the farm as a whole in addition to the individual turbine

induction. Downstream of the farm leading edge, there exists an entrance and de-

velopment region. This region is highly heterogeneous and dominated by individual

turbine wakes. In the fully developed region the spanwise- row-averaged flow is uni-

form in the streamwise direction. Some farms have an exit region where the flow can

accelerate causing an increase in turbine power. Note that the fully developed and

exit regions are not always seen in farms depending on the atmospheric conditions.

Finally, there is the farm wake with a reduced wind speed which can persist over long

distances.

Large wind farms can cause a velocity reduction in front of a wind farm (see figure

1.8). This is known as the ‘wind farm blockage’ or ‘global blockage’ effect. Historically,

it has been assumed that the first row of turbines in a farm had been operating

7



Figure 1.8: Impact of a wind farm on turbine hub height speed predicted using
Reynolds-Averaged Navier-Stokes (RANS) simulations. Reproduced from [20].

in undisturbed conditions. However, met-mast measurements before and after the

construction of a farm showed a velocity reduction of 3.4% two turbine diameters

upstream and 1.9% ten diameters upstream [20]. Similar velocity reductions were

later observed using scanning lidar [102].

Velocity reductions can be observed tens of kilometres in front of a farm. LES

of semi-finite wind farms showed that farm blockage around 5 kilometres in front of

a farm [135, 8]. Here a semi-finite farm refers to a hypothetical wind farm which is

infinite in the spanwise direction and finite in the streamwise direction. More recently,

LES of wind farms in larger numerical domains show that wind farm blockage can

reduce the velocity more than 10 kilometres upstream [57, 59].

Farm blockage causes an overestimation of farm performance. Blockage effects

cause front row turbines to produce less energy than in isolation. This causes a

systematic overprediction bias if global blockage is neglected [20, 55]. In 2019, Ørsted

announced its wind farms were producing less power than expected [151]. This was

attributed to underestimating the farm blockage and wake effects.

Atmospheric stability has a significant impact on farm blockage. SCADA [26] and

lidar measurements [102] show the farm blockage effect is greater for stable boundary

layers and lower inversion layer heights. Wind farm LES also shows greater farm

blockage for stable boundary layers and lower inversion layer heights [8, 121, 72, 57,

59]. Farm blockage may be related to the atmospheric Froude number at the farm

leading edge [135, 120].
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Figure 1.9: Instantaneous flow field for a wind farm operating in a CNBL. Figure
modified from [59].

Wind farms operating in stably stratified atmospheres can excite gravity waves

(see figure 1.9). The gravity waves are created by the upward displacement of flow by

the wind farm. For thin CNBLs, the waves can induce additional pressure gradients

across the farm [7]. This pressure gradient causes a flow deceleration at the front of

the farm and an increased driving force through the farm. The pressure gradients

from gravity waves can be an order of magnitude larger than the case without gravity

waves. [59].

Farm size, turbine thrust and spacing also influence farm blockage. LES has shown

that dense arrays of turbines cause a larger wind farm blockage effect [123]. Farm

blockage was observed to increase with increasing turbine thrust coefficient using LES

[122]. Both of these trends have been recorded in Reynolds-Averaged Navier-Stokes

(RANS) simulations [41]. Wind tunnel experiments have also shown that wind farms

with more turbine rows experience greater farm blockage [104].

Simulations of large farms show significant power losses due to farm blockage.

Power losses due to farm blockage are commonly calculated using a ‘non-local’ effi-

ciency ηnl [8]

ηnl =
P1

P∞
(1.2)
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where P1 is the power of front row turbines and P∞ is the power of an isolated turbine.

Recent simulations have shown that power losses due to farm blockage can be very

significant for large wind farms. Wind farm LES has shown that ηnl can be as low

as 68% [71], 50% [8] or 28% [59]. There remains significant uncertainty about wind

farm blockage. A major project is underway to provide more detailed measurements

of farm blockage [25].

In the fully developed region of wind farm the power output is balanced by the

turbulent transport of kinetic energy. This flow region has been extensively studied

using LES with periodic boundary conditions in horizontal directions [23, 67, 2, 68,

143, 145]. However, this region is not always observed even in farms close to 20 km

long in the streamwise direction [135].

1.3 Wind farm models

1.3.1 High-fidelity wind farm simulations

Computational Fluid Dynamics (CFD) techniques have been used extensively to in-

vestigate wind farm aerodynamics [95]. These simulations give predictions under

controlled conditions whilst relying on physical and numerical approximations [117].

RANS simulations have been used in many studies [100]. Standard RANS k−ε mod-

els overpredict wake recovery [22, 128] and therefore overpredict the power output of

waked turbines. Recently, improvements have been made to this model by including

a new term in the turbulent kinetic energy equation [147].

To overcome the limitations of RANS, LES is often used to research wind turbine

and wind farm flows [95]. Unlike RANS where all scales of turbulence are mod-

elled, in LES the larger scales of turbulence are resolved [94]. As such, LES can

give accurate predictions of turbulent mixing within turbine wakes [112]. However

LES is more computationally expensive than RANS. LES requires a parameterisa-

tion for the sub-grid scales of turbulence. The most basic sub-grid turbulence model

is the Smagorinsky model [108]. More complex ‘dynamic’ [94] and ‘scale-dependent

Lagrangian dynamic’ [112, 96] sub-grid models have also been developed.

Wind turbines are modelled using LES by applying the turbine thrust onto the

numerical grid. The simplest turbine model is the actuator disc model (ADM) without

rotation [23]. The turbine thrust can either be applied with a uniform flow resistance

or uniform thrust across the disc area. The uniform thrust gives similar far-wake

predictions compared to more complex force projections [99]. The turbine force can

be calculated using either the area of overlap between the disc and numerical grid

10



or by using a convolution filter [75]. A large convolution filter size can cause the

overprediction of disc velocity and therefore turbine thrust and power [105]. A post-

processing correction factor can be applied to the simulated turbine thrust and power

[105, 82]. This correction factor can also be applied ‘online’ during LES [119]. Adding

a rotation component to the actuator disc model gives better near-wake velocity

predictions [137]. More detailed actuator line methods (ALM) [74] and actuator

surface [107] give better predictions of the wake velocity deficits. However, these

methods are more computationally expensive than the actuator disc method.

The simple actuator disc without rotation model can give acceptable predictions

of the far-wake velocity [144]. The actuator line model gives better predictions of the

near-wake [113]. For a comparison between ADM, ALM and wind tunnel results see

figure 1.10. Actuator disc and actuator line methods gave similar predictions of the

far-wake velocity deficit [73, 96]. The far-wake velocity predictions of the LES models

[113] match well with wind tunnel experiments [27].

LES has been shown to give accurate power predictions of entire wind farms. LES

matched well with the measured normalised power from the Lillgrund wind farm [79].

LES results also matched well with measurements from the Horns Rev wind farm [140]

(see figure 1.11). The actuator disc with rotation model was more accurate than the

standard actuator disc model. It was also found that LES was much more accurate

than commercial software ‘WAsP’ and ‘WindSim’ which both underestimated farm

power [140] (see figure 1.11). However, significant statistical errors exist in turbine

power output between LES and measurements for stratified atmospheric conditions

[110]. LES farm power was also found to be sensitive to domain width for thin ABLs

[59]. This highlights the remaining uncertainty in accurately reproducing farm-scale

flow effects using LES.

For larger scale flow effects, wind farms can be modelled using numerical weather

prediction (NWP) models. In NWP models the horizontal grid resolution is typically

large enough to contain several turbines in one grid cell (see figure 1.12a). The vertical

resolution is fine enough to cover the rotor area with multiple grid points (figure

1.12b). To model wind farms, NWP models include wind farm parameterisations

(WFPs) [37].

In NWP models, wind farms can be modelled implicit as a region of enhanced

roughness [37]. The farm roughness length varies according to turbine density and

hub height. The roughness length is often calculated using the ‘top-down’ wind farm

models described in section 1.3.2. For example, the Frandsen top-down model [43]
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Figure 1.10: Comparison of wind tunnel experiments [27] with LES [116]. The top
panels show the streamwise velocity at different distances downstream of a turbine
and the bottom panels the turbulence intensity. Reproduced from [116].
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Figure 1.11: Comparison of observed and simulated power data for the Horns Rev
for four different wind sectors. Reproduced from [140].

Figure 1.12: Schematic showing a) NWP horizontal grid resolution ∆x and ∆y and
wind turbines shown by blue stars and b) vertical NWP grid. Reproduced from [37].
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was used to calculate the farm roughness length in an NWP model [44]. Other studies

[39] have used a roughness length obtained from LES [24] to model wind farms.

Explicit WFPs consist of an elevated momentum sink and often a source of tur-

bulent kinetic energy (TKE). The most commonly used WFPs were developed by

Fitch et al. [40] and Volker et al. [130]. The model of Volker et. al. does not

include a TKE source. In this approach, the momentum sink increases shear which

implicitly produces TKE. However, this results in increased TKE downstream of a

farm. The model of Fitch et al. includes an explicit TKE source at the farm site.

The TKE source term is calculated as the difference between the kinetic energy ex-

tracted from the flow and power produced by the turbines, similarly to the concept of

‘blade-induced turbulence’ for RANS actuator disc models [84]. Another WFP was

later developed which analytically derived the TKE source term by considering the

TKE transport equation [4].

The enhanced roughness model is not as accurate as explicit WFP. The implicit

model was found to exaggerate the wind speed reduction during the day and un-

derestimates it at night [39]. Similar results were observed in a global study [38].

WFPs have been validated using in-situ measurements, remote sensing technologies

and high-fidelity LES [37].

1.3.2 Low-fidelity wind farm models

High-fidelity wind farm simulations are too computationally expensive to be used for

wind farm design. As such cheaper low-fidelity farm models are required. Traditional

wind farm models predict the low-speed wake behind a single turbine. One of the

first analytical wake models (known as the ‘Jensen’ model) assumes a top-hat wake

deficit [52] (see figure 1.13a). This initial wake model does not conserve momentum

[13]. Later, a new model top-hat wake deficit model was proposed which conserved

both mass and momentum [43]. Wake velocity deficits from LES and wind tunnel

experiments were found to collapse onto a single self-similar Gaussian curve [13]. As

such, a new self-similar Gaussian wake deficit was proposed (see figure 1.13b) which

gave more accurate predictions of wake interactions [13].

Individual wake models have been extended to capture more detailed flow physics.

The original Jensen top-hat wake model [52] was altered to include turbine-induced

turbulence [87]. To better model the near-wake velocity deficit, a super Gaussian

model was proposed [106, 21]. Similarly, a double Gaussian model has also been

developed [54, 103] to model the near-wake velocity. The Gaussian model has been

14



Figure 1.13: Schematic showing wake velocity (top) and wake velocity deficit (bottom)
for a) top-hat wake deficit and b) Gaussian wake deficit. Reproduced from [13].

extended to model the wakes of yawed turbines [15] and the effect of pressure gra-

dients [29]. Depending on atmospheric stability conditions, wake growth can be

non-axisymmetric and the original Gaussian wake model was modified to include this

effect [3].

To model an entire wind farm, individual wakes are superposed (see figure 1.14).

There are two main ways of superposing wakes: summing velocity deficits [63, 78]

and summing the squared velocity deficits [53, 131]. These methods are solely ad-hoc

empirical methods. More recently, a physics-based method was developed using mean

advection velocity for each wake [150]. Wakes can also be superposed by solving the

governing equations directly [16]. A new technique has been proposed to superpose

wake deficits in the presence of heterogeneous velocity fields [58].

Wake models struggle to make accurate predictions for large wind farms. These

models do not consider the interaction between the farm and the ABL [117]. This

effect is likely to be more important for larger farms. Field measurements from large

wind farms showed that the Jensen model [52] sometimes overpredicted and others

underpredicted wake losses [85]. Wind farm LES also show that wake models can over-

or underpredict farm performance [115]. A large-scale model benchmarking showed

that the Jensen model systematically underestimated wake losses [86]. Wake models

are more sensitive to wind direction than LES [97] and wind farm measurements [93].
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Figure 1.14: Sketch of wind turbine wake superposition where ui
s refers to the wake

deficit caused by the ith wind turbine. Reproduced from [150].

The power output of the ‘London Array’ wind farm was less sensitive to wind direction

than both a basic and extended wake model [92]. A common issue of wake models

is that they overestimate the efficiency of some wind farms whilst underestimating

others [86].

An alternative approach is to use ‘top-down’ models which consider the fully

developed region of a very large farm. These models assume the farm is infinite

in streamwise and spanwise directions. Commonly the wind farm is modelled as an

enhanced surface roughness [95]. The original top-down model assumed a logarithmic

velocity profile above and below the turbine hub height, a continuous velocity profile

at the hub height and that dispersive stress are negligible [42, 43] (see figure 1.15).

LES of infinite wind farms showed a third logarithmic layer across the turbine and a

new top-down model was proposed accordingly [23]. Using top-down models it was

found that the optimal turbine spacing for infinite farms is much larger than current

wind farm design [76]. Using a similar approach, the optimal spacing for finite farms

was found to be similar to current wind farms [111].

Traditional ‘top-down’ models only predict the impact of turbine density and

thrust coefficient. One limitation of top-down models is that they cannot account

for the turbine layout or wind direction. The layout was later accounted for by

considering the farm area to be the area affected by the turbine wakes [143]. These

models are derived for a purely neutral ABL. However, these conditions rarely occur

in reality. The Frandsen model [42] was later adapted to capture the effect of free

atmosphere stratification [2].

The ‘coupled wake boundary layer method’ [113, 115] models both individual

wakes and the atmospheric response. This is achieved by a two-way coupling of the

Jensen wake model [52] with the top-down model in [23]. The wake model portion
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Figure 1.15: Schematic showing different top-down models to predict the effective
surface roughness of a wind farm. Reproduced from [95].

captures the impact of turbine layout whereas the top-down portion predicts the

interaction between the farm and the atmosphere. This coupling gives improved

predictions of farm performance compared to its individual components [115].

Another class of models use the classical entrainment theory [77, 34] to model the

farm-atmosphere interaction. The exchange of energy between a layer containing the

wind turbines and the atmosphere above is parameterised using entrainment theory

[69]. This was later extended to finite-length wind farms [17].

Linearised flow models can predict the farm-atmosphere interaction and farm

blockage. The atmospheric response to farm drag can be predicted by dividing the

atmosphere into two layers [109]. The two layers represent the ABL and the free

atmosphere above. A three-layer model (TLM) was later developed [9] by introduc-

ing a third wind-farm layer. The TLM has been extended to account for vertically

varying conditions in the free atmosphere [30]. Recently, the TLM method has been

altered to match velocities within the farm [31] and to satisfy the ‘separation of scales’

assumption [120]. This modelling approach was also coupled with an optimisation

framework to maximise farm power [56].

The ‘two-scale momentum theory’ [80, 82] splits the multi-scale flow problem

of wind farm aerodynamics into ‘internal’ (turbine-scale) and ‘external’ (farm-scale)

problems. By considering the conservation of momentum, a generic coupling can be
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Figure 1.16: Two-scale coupling of ‘internal’ and ‘external’ problems a) general case
b) simplified case where ‘internal’ and ‘external’ problems are coupled only in a ‘one-
way’ manner. Reproduced from [82].

derived between turbine and farm-scale flows [82] (see figure 1.16). A simple analytical

equation for the power output of very large wind farms can then be derived. This

expression was validated against LES [32, 132]. Using this model, it was shown that

the optimal turbine resistance varied with the array density [146]. This model was

also later extended to consider the impact of support structure drag [70].

The two-scale momentum theory was also extended to finite-sized wind farms

[83, 82]. A key parameter in this model is the ‘wind extractability’ ζ. This parameter

describes how the farm-averaged wind speed at a site changes as the number of

turbines installed is increased. Using NWP simulations, ζ was found to vary with

atmospheric conditions [91]. This approach was coupled with a wake model to predict

the annual energy prediction (AEP) for an offshore wind farm site in the North Sea

[60, 89].

More recently, data-driven machine learning approaches have been used to model

wind farms [148]. The advantage of this approach is that data from high-fidelity

simulations can be used to make predictions with low computational cost. The data

used for these models come from measurements [98, 88, 51, 142], LES [149] and RANS

[133, 126, 127].

Commonly, machine learning approaches are used to predict the velocity deficit
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behind a single turbine. A limitation of this approach is that the models are not gen-

eralisable to different turbine layouts unless they rely on ad-hoc wake superposition

techniques. Another approach is to model turbine-wake interactions using geometric

parameters to describe the turbine layout [46, 142]. Alternatively graph neural net-

works (GNN) can be used to include the turbine layout as an input [90, 18]. The GNN

approach was found to outperform the original Jensen wake model when predicting

the performance of existing farms [61].

1.4 Aims and objectives

This thesis aims to improve the understanding and modelling of wind farm efficiency.

To do this it is important to investigate the influence of different fluid mechanical

processes on farm performance. The two-scale momentum theory offers a new way

of investigating the physics of wind power generation. This theory can be used to

decompose power losses into flow effects on the turbine- and farm-scale, providing

new insight into wind farm aerodynamics. Currently, within the two-scale framework,

there is a need to develop low-cost models to predict turbine-wake interactions and

the wind extractability factor ζ.

The research objectives of this DPhil are:

1. Clarify the impact of turbine-scale and farm-scale flows on the performance of

large wind farms

2. Develop a new data-driven model to predict turbine-wake interactions

3. Develop new model to predict impact of farm-scale flows on wind farm perfor-

mance

1.4.1 Thesis structure

Chapter 1 describes the current understanding of wind farm aerodynamics. Wind

farm models of varying fidelity are summarised. The motivation and research objec-

tives are also outlined.

Chapter 2 contains a journal article published in the ‘Journal of Fluid Mechan-

ics ’. We present a large suite of LES of infinitely large wind farms. New concepts

of ‘turbine-scale power losses’ and ‘farm-scale power losses’ are introduced. We show

that, for large offshore wind farms, the power losses due to the farm-atmosphere

interaction are at least twice as large as due to turbine-wake interactions.
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In Chapter 3 we present a journal article published in ‘Wind Energy ’. Machine

learning techniques are used to predict the ‘internal’ turbine thrust coefficient as func-

tion of turbine layout. We use multi-fidelity Gaussian Process regression to combine

data from high-fidelity LES and low-fidelity wake model simulations.

The farm-atmosphere interaction can have a large impact on the performance of

large wind farms. In Chapter 4 we propose a new analytical model to predict the

impact of farm-atmosphere interactions for large but finite-sized wind farms. This

work was published as a journal article in the ‘Journal of Fluid Mechanics ’.

In Chapter 5 we apply the concepts of turbine- and farm-scale efficiencies (first

described in Chapter 2) to a suite of 38 wind farm large-eddy simulations. We also

assess the accuracy of the analytical model described in Chapter 4 to predict the

farm-atmosphere interaction. This work has been submitted as a journal article to

‘Wind Energy Science’ and published in ‘Wind Energy Science Discussion’.

Chapter 6 gives concluding remarks to the thesis. We summarise the main

findings presented in the thesis and comment on the future outlook for this research.
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Chapter 2

Two-scale interaction of wake and
blockage effects in large wind farms

This chapter presents a journal article titled ‘Two-scale interaction of wake and

blockage effects in large wind farms’ published in the ’Journal of Fluid Mechanics’

(https://doi.org/10.1017/jfm.2022.979). The article spans the pages 22-51 in

the thesis. Note that there are some minor differences in the text from the published

version.

When turbines are placed together in a farm, they produce less power than in

isolation. There are low-speed wakes behind every turbine which reduce the perfor-

mance of downstream turbines. The farm can also act as an additional resistance to

the atmosphere, reducing the velocity within the farm. Traditionally, the wakes have

been considered the most important effect in wind farms.

Our results suggest the farm-atmosphere interaction is the more important ef-

fect. We introduce two new concepts for understanding farm efficiencies. Firstly,

‘farm-scale’ losses due to the atmospheric response to the whole farm. Secondly,

the ‘turbine-scale’ losses due to the internal flow interactions within the farm (i.e.

turbine-wake interactions). This chapter shows that, as wind farms become larger,

the farm-scale losses could be more than twice as high as turbine-scale losses. As

wind farms become larger, turbine-scale power losses may decrease.

This suggests there could be limited potential of layout optimization for large

offshore wind farms. Instead, the focus should be on optimising the farm-atmosphere

interaction.
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Turbine wake and farm blockage effects may significantly impact the power produced by7
large wind farms. In this study, we perform Large-Eddy Simulations (LES) of 50 infinitely8
large offshore wind farms with different turbine layouts and wind directions. The LES results9
are combined with the two-scale momentum theory (Nishino & Dunstan 2020, J. Fluid10
Mech. 894, A2) to investigate the aerodynamic performance of large but finite-sized farms11
as well. The power of infinitely large farms is found to be a strong function of the array12
density, whereas the power of large finite-sized farms depends on both the array density and13
turbine layout. An analytical model derived from the two-scale momentum theory predicts14
the impact of array density very well for all 50 farms investigated and can therefore be used15
as an upper limit to farm performance. We also propose a new method to quantify turbine-16
scale losses (due to turbine-wake interactions) and farm-scale losses (due to the reduction17
of farm-average wind speed). They both depend on the strength of atmospheric response to18
the farm, and our results suggest that, for large offshore wind farms, the farm-scale losses19
are typically more than twice as large as the turbine-scale losses. This is found to be due to20
a two-scale interaction between turbine wake and farm induction effects, explaining why the21
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1. Introduction27

The global wind energy production is set to rise in the next few decades. To achieve this,28
wind farm clusters are expected to be built which are an order of magnitude larger than29
existing ones (Maas & Raasch 2022). To optimise their design, it is important to accurately30
predict the total farm power as well as aerodynamic loads on each turbine. However, it is very31
difficult to model the aerodynamics of wind farms because of the multi-scale nature of the32
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wind farm flows (Porté-Agel et al. 2020). In 2019 Ørsted, one of the largest offshore wind33
farm developers, announced that its wind farms were producing less power than expected34
(Ørsted 2019). The underprediction of farm power was attributed to two effects: wake and35
farm blockage effects.36
Behind every turbine there is a turbulent wake which has a reduced wind speed. When37

turbine wakes interact with other turbines within a farm this can cause substantial power38
losses. This is known as the ‘wake effect’ and has been measured to reduce the power of39
turbines in an existing wind farm by up to 40% in the worst case (Barthelmie et al. 2010).40
This effect has been extensively investigated in the literature using Large-Eddy Simulations41
(LES) (Porté-Agel et al. 2013; Wu & Porté-Agel 2015; Stevens et al. 2016a). The ‘farm42
blockage’ is a recently observed effect in large wind farms (Bleeg et al. 2018). The flow43
resistance caused by a wind farm reduces the wind speed upstream as well inside the farm.44
Hence, the total power produced by the wind farm is reduced compared to the ideal situation45
where the upstream wind speed is not affected by the farm (Nishino & Dunstan 2020).46
Wind farm aerodynamics have been traditionally modelled using ‘wake’ models, which47

predict the velocity behind a turbine (e.g., Jensen 1983; Bastankhah & Porté-Agel 2014). To48
account for interactions between multiple turbines, the wake velocity deficits are superposed49
(e.g., Katic et al. 1986; Zong & Porté-Agel 2020). However, these models do not account50
for the response of the atmospheric boundary layer (ABL) to the farm. As such they tend to51
perform poorly for large wind farms (Stevens et al. 2016a). A different approach to modelling52
wind farms is to use ‘top-down’ models (e.g., Frandsen 1992; Frandsen et al. 2006; Calaf53
et al. 2010). They model the response of an idealised ABL (which follows a logarithmic54
law) to an infinitely large wind farm but cannot take into account the details of turbine-wake55
interactions explicitly. Hence, these wind farm models cannot correctly capture the two-way56
interactions of turbine-scale and farm-scale flow effects which determine the performance57
of large wind farms.58
To capture this two-way interaction, it has been proposed to couple wake and top-down59

models; for example, by adjusting parameters in both models to match the hub-height-60
averaged velocities (Stevens et al. 2016b; Starke et al. 2021). Examples of two-way coupling61
can also be found in existing engineering software, e.g., the ‘Deep Array Wake Model’62
(Brower & Robinson 2012). However, these models involve the coupling of low-order flow63
models and are therefore limited by the assumptions made by the constituent models, e.g.,64
wake superposition or a log-law wind profile. To account for the effects of more realistic flow65
physics, it would be beneficial to use an approach based on more fundamental laws of fluid66
mechanics.67
The optimal design of a large wind farm under realistic atmospheric conditions remains68

a challenge as it requires consideration of the complex atmospheric response to the farm. It69
is often too expensive to run a large number of simulations which resolve both individual70
turbines and the atmospheric response to the farm. In addition, to find an optimal design for71
the long-term performance of a wind farm, such as the annual energy production (AEP), the72
range of timescales we would need to consider is too wide. As such, Nishino & Dunstan73
(2020) proposed the ‘two-scale momentum theory’ to split the multi-scale flow problem74
into ‘internal’ turbine/array-scale and ‘external’ farm/atmospheric-scale problems. West &75
Lele (2020) performed LES of infinitely-large wind farms and the results showed a good76
agreement with the two-scale momentum theory. However, their LES study was limited to77
‘fully aligned’ turbine layouts, and their discussion was also limited to the special case where78
the momentum supplied by the atmosphere to the wind farm site was fixed. In reality, the79
strength of atmospheric response to the wind farm resistance depends on mesoscale weather80
patterns (Patel et al. 2021) as well as atmospheric stability and gravity waves (Allaerts &81
Meyers 2017, 2018, 2019).82



3

The aim of the present study is to better understand the fluid mechanics processes which83
determine the power production of large wind farms, using a combined theoretical and84
computational approach. First, we will perform a large suite of LES of infinitely large wind85
farms with different turbine layouts and wind directions. We then combine the results of LES86
with the two-scale momentum theory to investigate and explain expected performance of87
large finite-sized wind farms with a realistic range of atmospheric response strengths. Using88
this approach allows the combined effects of turbine-scale and farm-scale flow characteristics89
on wind farm power to be determined.90
In section 2 we summarise the definitions of key wind farm parameters in the two-scale91

momentum theory (Nishino & Dunstan 2020). Section 3 details the methodology of the LES92
and wind turbine implementation. In section 4 we present the results including validation of93
the LES code. These results are discussed in section 5 and concluding remarks are given in94
section 6.95

2. Theory96

2.1. Two-scale momentum theory97

Figure 1 shows a pair of control volumes for a given farm site.Wefirst consider themomentum98
balance of the control volume without the turbines (figure 1a). For this scenario the following99
equation can be derived for a ‘short-time-averaged’ flow:100

𝜕 [𝜌𝑈0]
𝜕𝑡

= 𝑋0 − 𝐶0 −
[
𝜕𝑝0
𝜕𝑥𝐹0

]
− ⟨𝜏𝑤0⟩𝑆𝐹

𝑉𝐶𝑉
(2.1)101

where 𝑈 is the velocity in the hub-height wind direction (i.e. streamwise direction) 𝑥𝐹 , 𝑋102
represents the net streamwise momentum injection through the top and side boundaries of103
the control volume (due to advection and Reynolds stress), 𝐶 is the streamwise component104
of the Coriolis force averaged over the control volume, 𝜕𝑝/𝜕𝑥𝐹 is the pressure gradient in105
the direction 𝑥𝐹 , 𝜏𝑤 is the bottom shear stress, 𝑆𝐹 is the wind farm area and 𝑉𝐶𝑉 is the106
volume of the control volume. The subscript 0 refers to values without the turbines present,107
[□] refers to control-volume-averaged values and ⟨□⟩ refers to farm-area-averaged values.108
By considering the control volume with the turbines present (figure 1b) the following109

equation can be derived:110

𝜕 [𝜌𝑈]
𝜕𝑡

= 𝑋 − 𝐶 −
[
𝜕𝑝

𝜕𝑥𝐹

]
− ⟨𝜏𝑤⟩𝑆𝐹 +∑𝑛

𝑖=1 𝑇𝑖

𝑉𝐶𝑉
(2.2)111

where 𝑇𝑖 is the thrust of turbine 𝑖 in the farm and 𝑛 is the total number of turbines in the112
farm. Equations 2.1 and 2.2 can be combined to obtain the non-dimensional farmmomentum113
(NDFM) equation (Nishino & Dunstan 2020):114

𝐶∗
𝑇

𝜆

𝐶 𝑓 0
𝛽2 + 𝛽𝛾 = 𝑀 (2.3)115

where 𝛽 is the farm wind-speed reduction factor defined as 𝛽 ≡ 𝑈𝐹/𝑈𝐹0 (with 𝑈𝐹 defined116
as the average wind speed in the nominal farm-layer of height 𝐻𝐹 , and 𝑈𝐹0 is the farm-117
layer-averaged speed without the presence of the turbines); 𝜆 is the array density defined as118
𝜆 ≡ 𝑛𝐴/𝑆𝐹 (where 𝐴 is the rotor swept area); 𝐶∗

𝑇 is the (farm-averaged) ‘local’ or ‘internal’119

turbine thrust coefficient defined as 𝐶∗
𝑇 ≡ ∑𝑛

𝑖=1 𝑇𝑖/ 12 𝜌𝑈2𝐹𝑛𝐴; 𝐶 𝑓 0 is the natural friction120

coefficient of the surface defined as 𝐶 𝑓 0 ≡ ⟨𝜏𝑤0⟩/ 12 𝜌𝑈2𝐹0; 𝛾 is the bottom friction exponent121
defined as 𝛾 ≡ log𝛽 (⟨𝜏𝑤⟩/⟨𝜏𝑤0⟩); and 𝑀 is the momentum availability factor given by:122
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Figure 1: Control volume for an entire wind farm site: a) without turbines and b) with
turbines.

𝑀 =
𝑋 − 𝐶 −

[
𝜕𝑝
𝜕𝑥𝐹

]
− 𝜕[𝜌𝑈 ]

𝜕𝑡

𝑋0 − 𝐶0 −
[
𝜕𝑝0
𝜕𝑥𝐹0

]
− 𝜕[𝜌𝑈0 ]

𝜕𝑡

. (2.4)123

Note that the first term in the left-hand-side of equation 2.3 can be extended to include the124
impact of support structure drag (see Ma et al. 2019) but their impact is usually small and is125
therefore neglected in this study for simplicity.126
The height of the farm-layer, 𝐻𝐹 , is used to define the reference velocities𝑈𝐹 and𝑈𝐹0. 𝐻𝐹127

is typically between 2𝐻ℎ𝑢𝑏 and 3𝐻ℎ𝑢𝑏 (where 𝐻ℎ𝑢𝑏 is the turbine hub-height); the NDFM128
equation (2.3) is valid as long as the same 𝐻𝐹 value is used for both ‘internal’ and ‘external’129
problems. In this study we use a fixed definition of 𝐻𝐹 = 2.5𝐻ℎ𝑢𝑏. This is discussed further130
in appendix A.131
The equation 2.3 helps the analysis of large wind farm aerodynamics. This is because132

𝐶∗
𝑇 and 𝛾 on the left hand side are expected to depend primarily on the turbine/array-scale133
flow physics or ‘internal’ conditions, for example the turbine layout, operating conditions134
and local wind conditions, whereas 𝑀 on the right hand side is expected to depend largely135
on ‘external’ conditions. Following Nishino & Dunstan (2020), in this study we assume that136
the ‘internal’ problem (to be modelled using LES in section 3 to calculate 𝐶∗

𝑇 and 𝛾) can137
be modelled without explicitly considering the effects of ‘external’ conditions such as wind138
farm size and location, and the response strength of the atmosphere.139
The ‘external’ problem is to determine the parameter 𝑀 , which represents how much the140

amount of momentum available to the farm site differs from its ‘natural’ value. This problem141
is largely independent of the small-scale flow features and can be modelled using a numerical142
weather prediction (NWP) model with a wind farm parameterisation, i.e., without resolving143
individual turbines. Patel et al. (2021) used such an NWP model to demonstrate that, for144
most cases, 𝑀 varied almost linearly with 𝛽 (for a realistic range of 𝛽 between 1 and 0.8).145
Therefore, 𝑀 can be approximated by146

𝑀 = 1 + 𝜁 (1 − 𝛽) (2.5)147

where 𝜁 is called the ‘momentum response’ factor or ‘wind extractability’ factor. Patel et al.148
(2021) found 𝜁 to vary between 5 and 25 for a typical offshore wind farm site. Note that149
𝜁 = 0 corresponds to the case where momentum available to the farm site is assumed to150
be fixed, i.e., 𝑀 = 1. An infinitely-large value of 𝜁 corresponds to the case where there is151
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no wind speed reduction in the farm-layer, i.e., 𝛽 = 1. Preliminary results of an extended152
study from Patel et al. (2021) show that 𝜁 changes according to atmospheric conditions and153
decreases exponentially with increasing farm size (see appendix B). Although the details of154
how 𝜁 changes with weather conditions are still unclear and need to be clarified in future155
studies, in the present study we take 0 < 𝜁 < 25 as a typical range of the wind extractability156
for large offshore wind farms.157
Using 𝛽 obtained from equation (2.3) for a set of 𝐶∗

𝑇 , 𝛾 and 𝜁 , the following equation can158
be used to calculate the power coefficient of the turbines within the farm,159

𝐶𝑝 = 𝛽3𝐶∗
𝑝 (2.6)160

where𝐶𝑝 is the (farm-averaged) turbine power coefficient defined as𝐶𝑝 ≡ ∑𝑛
𝑖=1 𝑃𝑖/ 12 𝜌𝑈3𝐹0𝑛𝐴161

(𝑃𝑖 is power of turbine 𝑖 in the farm) and 𝐶∗
𝑝 is the (farm-averaged) ‘local’ or ‘internal’162

turbine power coefficient defined as 𝐶∗
𝑝 ≡ ∑𝑛

𝑖=1 𝑃𝑖/ 12 𝜌𝑈3𝐹𝑛𝐴.163

2.2. Analytical model of ideal wind farm performance164

In this study we consider arrays of actuator discs (or aerodynamically ideal turbines operating165
below the rated wind speed). For an actuator disc 𝐶∗

𝑝 = 𝛼𝐶∗
𝑇 where 𝛼 is the turbine-166

scale wind speed reduction factor defined as 𝛼 ≡ 𝑈𝑇/𝑈𝐹 (𝑈𝑇 is the streamwise velocity167
averaged over the rotor swept area). We can estimate 𝛼 using the expression 𝛼 =

√︁
𝐶∗
𝑇/𝐶 ′

𝑇168

where 𝐶 ′
𝑇 ≡ 𝑇/ 12 𝜌𝑈2𝑇𝐴 is a turbine resistance coefficient describing the turbine operating169

conditions (noting that this is strictly valid only for infinitely large regular arrays of turbines170
where the farm-averaged turbine thrust is identical to the thrust of each individual turbine).171
The theoretical 𝐶𝑝 of an actuator disc is therefore given by172

𝐶𝑝 = 𝛽3𝛼𝐶∗
𝑇 = 𝛽3𝐶∗

𝑇

3
2𝐶 ′

𝑇
− 12 . (2.7)173

where 𝐶∗
𝑇 may be predicted using a simple analytical model (Nishino 2016) given by174

𝐶∗
𝑇 = 4𝛼(1 − 𝛼) = 16𝐶 ′

𝑇

(4 + 𝐶 ′
𝑇 )2

(2.8)175

using the expression 𝐶 ′
𝑇 = 𝐶∗

𝑇/𝛼2 to express 𝐶∗
𝑇 as a function of 𝐶

′
𝑇 . The model predicts176

𝐶∗
𝑇 as a function of turbine-scale wind-speed reduction by using an analogy to the classical177
actuator disc theory. This simple analytical model will be compared with LES results later178
in section 4. Using the analytical model of 𝐶∗

𝑇 (equation 2.8), and the linear approximation179
of 𝑀 (equation 2.5), equations 2.3 and 2.7 can be solved to give a theoretical prediction of180
𝐶𝑝, which we will call 𝐶𝑝,𝑁𝑖𝑠ℎ𝑖𝑛𝑜. Note that West & Lele (2020) also introduced this but181
only for the special case with 𝜁 = 0. As shown by Nishino & Dunstan (2020), 𝐶𝑝,𝑁𝑖𝑠ℎ𝑖𝑛𝑜 is182
sensitive to 𝜁 but much less sensitive to 𝛾. If we assume that 𝛾 = 2.0, then we can obtain an183
analytical expression for 𝐶𝑝,𝑁𝑖𝑠ℎ𝑖𝑛𝑜, i.e.,184

𝐶𝑝,𝑁𝑖𝑠ℎ𝑖𝑛𝑜 =
64𝐶 ′

𝑇

(4 + 𝐶 ′
𝑇 )3



−𝜁 +
√︂
𝜁2 + 4

(
16𝐶′

𝑇

(4+𝐶′
𝑇 )2

𝜆
𝐶 𝑓 0

+ 1
)
(1 + 𝜁)

2
(
16𝐶′

𝑇

(4+𝐶′
𝑇 )2

𝜆
𝐶 𝑓 0

+ 1
)



3

. (2.9)185

It is worth noting that the power coefficient of an isolated turbine, 𝐶𝑝,𝐵𝑒𝑡𝑧 , is given by186
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𝐶𝑝,𝐵𝑒𝑡𝑧 =
64𝐶 ′

𝑇

(4 + 𝐶 ′
𝑇 )3

, (2.10)187

which takes the well-known maximum value of 16/27 at 𝐶 ′
𝑇 = 2. This equation can be188

obtained by substituting 2.8 into 2.7 with 𝛽 = 1 (i.e., assuming flowmechanisms as described189
by the classical actuator disc theory and no farm-scale wind speed reduction). Note that this190
is the same as solving equation 2.9 for two special cases: (1) with 𝜆/𝐶 𝑓 0 = 0; and (2) with191
an infinitely large value of 𝜁 .192

3. LES modelling193

3.1. Governing equations of the flow194

We performed LES of flow over periodic turbine arrays using the MetOffice/NERC Cloud195
(MONC)Model (Brown et al. 2018). The flow is driven by an imposed pressure gradient and196
is neutrally stratified. The flow is governed by the incompressible Navier-Stokes equations,197
i.e.,198

𝜕𝑢𝑖
𝜕𝑥𝑖

= 0 (3.1)199

𝜕𝑢𝑖
𝜕𝑡

+ 𝑢 𝑗
𝜕𝑢𝑖
𝜕𝑥 𝑗

= − 𝜕

𝜕𝑥𝑖

(
𝑝′

𝜌

)
+ 1
𝜌

𝜕𝜏𝑖 𝑗

𝜕𝑥 𝑗
+ 𝑓𝑖 − 1

𝜌

𝜕𝑝∞
𝜕𝑥𝑖

(3.2)200

where 𝑢𝑖 is the resolved velocity in the 𝑖 direction, 𝑝′ is the pressure perturbation from the201
reference state, 𝜌 is the reference density, 𝜏𝑖 𝑗 is the subgrid stress term, 𝑓𝑖 is the force added202
to model the wind turbines and 𝜕𝑝∞/𝜕𝑥𝑖 is the imposed pressure gradient.203
The subgrid stress model is a standard Smagorinsky model (Smagorinsky 1963) given by204

𝜏𝑖 𝑗 = 𝜌𝜈𝑆𝑖 𝑗 where 𝜈 is the subgrid-scale eddy viscosity and 𝑆𝑖 𝑗 is the rate of strain tensor. The205
eddy viscosity is given by a mixing length model 𝜈 = 𝑙2𝑆 where 𝑙 is the mixing length scale206
and 𝑆 is the modulus of the rate of strain tensor 𝑆 = ∥𝑆𝑖 𝑗 ∥/

√
2. Near the bottom boundary, the207

mixing length scale 𝑙 is damped using the function 1/𝑙2 = 1/(𝑙0)2 + 1/[𝜅(𝑧 + 𝑧0)]2 described208
in Brown et al. (1994) where 𝑙0 is the basic mixing length scale. 𝑙0 is given by 𝑙0 = 𝑐𝑠Δ with209
a coefficient of 𝑐𝑠 = 0.23 and a grid spacing given by Δ =max(Δ𝑥,Δ𝑦) (Brown et al. 1994).210
All velocity components are set to zero at the bottom boundary. The shear stress at the211

surface is parameterised by specifying 𝜈 following the classical Monin-Obukhov similarity212
theory. The horizontal boundary conditions are periodic for all prognostic quantities. The top213
boundary has a zero vertical velocity boundary condition and a damping layer for the top 200214
metres of the domain (which was not necessary in the present study for neutrally stratified215
flows but still included for future studies to explore the effect of atmospheric stability).216

3.2. Actuator disc implementation217

We model individual turbines as actuator discs following the methodology used by the218
KULeuven code described in Calaf et al. (2010). The approach uses a Gaussian convolution219
filter to apply the turbine force from the rotor plane onto the LES grid. This allows the220
position and orientation of turbines to be changed easily. The thrust force exerted by a single221
turbine is given by222

𝐹 = −1
2
𝜌𝐶 ′

𝑇𝑈𝑇
2 𝜋

4
𝐷2 (3.3)223
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where 𝑈𝑇 is the time-filtered disc-averaged velocity and 𝐷 is the turbine diameter. This224
turbine thrust force is spatially distributed using a normalised indicator function R(𝒙),225
defined as226

R(𝒙) = 4
𝜋𝐷2

∬
𝐺 (𝒙 − 𝒙′) 𝑑2𝒙′ (3.4)227

where 𝐺 (𝒙) is a filtering kernel. This integral is calculated over the surface of the disc.228
We divide the disc area into 10 segments in the radial and angular directions, respectively.229
This was sufficient for R(𝒙) to be independent of the number of segments. MONC uses a230
staggered grid where the 𝑢 and 𝑣 velocities are evaluated at different points. As such, two231
different indicator functions, R𝑥 (𝒙) and R𝑦 (𝒙), are calculated for the 𝑥 and 𝑦 directions. We232
use the same filtering kernel as described in Shapiro et al. (2019),233

𝐺 (𝒙) =
(
6
𝜋𝛿2

) 3
2

exp
(
−6∥𝒙∥

𝛿2

)
(3.5)234

where 𝛿 is the filter width, which following the approach of Shapiro et al. (2019) is given by235

𝛿 = 1.5
√︁
Δ𝑥2 + Δ𝑦2 + Δ𝑧2.236

The force per unit density at a given grid point 𝒙 in the direction 𝑖 is given by237

𝑓𝑖 =
1
2
𝐶 ′
𝑇𝑈𝑇

2 𝜋

4
𝐷2R𝑖 (𝒙). (3.6)238

The disc-averaged turbine velocity 𝑈𝑇 is calculated using the indicator function R(𝒙) as239
a weighting function,240

𝑈𝑇 =
∭

𝑢(𝒙)R𝑥 (𝒙) cos 𝜃 𝑑3𝒙 +
∭

𝑣(𝒙)R𝑦 (𝒙) sin 𝜃 𝑑3𝒙 (3.7)241

where 𝜃 is the wind direction relative to the 𝑥 direction. We use a constant value for 𝜃 which242
is the direction of the pressure gradient forcing. Note that 𝑢 refers to the velocity in the 𝑥243
direction whereas𝑈 describes velocities in the wind direction.244
The spatially-averaged velocity 𝑈𝑇 is then temporally averaged using a one-sided expo-245

nential time filter with a time window of 10 minutes to calculate 𝑈𝑇 . To calculate 𝐶∗
𝑇 from246

the LES we use the following relationship,247

𝐶∗
𝑇 =

𝐶 ′
𝑇

𝑛𝑈2𝐹

𝑛∑︁
𝑖=1

(
𝑈𝑇
2)

𝑖
(3.8)248

noting that turbine velocity𝑈𝑇 is time filtered before being squared and then averaged over all249
𝑛 discs.𝑈𝐹 is calculated by integrating the streamwise velocity (𝑢 cos 𝜃+𝑣 sin 𝜃) between the250
surface and 2.5𝐻ℎ𝑢𝑏 across the entire domain. Unlike 𝑈𝑇 , no time filter is used to calculate251
𝑈𝐹 . 𝐶∗

𝑇 varies with time during the LES so is time-averaged over a long period to give a252

single value of 𝐶∗
𝑇 .253

To calculate the (farm-averaged) turbine power coefficient from the LES we use the254
expression,255

𝐶𝑝 =
𝐶 ′
𝑇

𝑛𝑈3𝐹0

𝑛∑︁
𝑖=1

(
𝑈𝑇
3)

𝑖
(3.9)256
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where 𝑈𝐹0 is the farm-layer-averaged velocity in an LES without turbines. 𝐶𝑝 varies with257

time so 𝐶𝑝 is calculated by time averaging over a long period.258

4. Results259

4.1. LES code validation260

We firstly validate our LES framework with the new actuator disc implementation by261
comparing with the benchmark cases reported in Calaf et al. (2010). We then investigate the262
sensitivity of our results to horizontal resolution, domain size and pressure solver.263
For the validation cases summarised in table 1 we use a surface roughness length of264

𝑧0 = 0.1m and a pressure gradient of (1/𝜌) 𝑑𝑝∞/𝑑𝑥 = 1 × 10−3m/s2. The turbines all have a265
hub height of 100m and a diameter of 100m. We use a turbine resistance of 𝐶 ′

𝑇 = 1.33 and266
the same turbine spacing as for Case A1 in Calaf et al. (2010) (𝑆𝑥 = 7.85𝐷 and 𝑆𝑦 = 5.23𝐷).267
The surface roughness length, pressure gradient, turbine design and resistance are chosen to268
match the values used by Calaf et al. (2010). Validation cases V-1, V-2 and V-3 use a FFT269
pressure solver whereas V-4 uses an iterative pressure solver. Cases V-1, V-3, V-4 have a270
domain size 𝐿𝑥×𝐿𝑦×𝐿𝑧 of 3.14 × 3.14 × 1 km (with 24 turbines) and case V-2 has a domain271
size of 6.28 × 6.28 × 1 km (with 96 turbines). All validation cases were run for 100,000272
seconds and flow data averaged between 𝑡 = 30,000 and 100,000 seconds. The convergence273
of two flow statistics for case V-1 are shown in figure 2. Figure 3 shows the instantaneous274
streamwise velocity plotted on a cross-streamwise plane 2.5𝐷 behind a row of turbines in275
the validation case with a double horizontal resolution.276
Figure 4a shows the time and horizontally averaged streamwise velocity for the four277

validation cases. The velocity profiles agree well with the results in Calaf et al. (2010).278
Figure 4b shows the profiles of total shear stress and the results reported in Calaf et al.279
(2010). The shear stress profiles match well except for the region near the bottom surface.280
Note that the shear stress in our LES does not approach zero at the bottom surface as it281
includes both modelled and resolved components; the latter of which approaches zero as282
in the results of Calaf et al. (2010). The velocity profiles are insensitive to the horizontal283
domain size and the pressure solver.284
In wind farm LES using the actuator disc method, the disc-averaged velocity is usually285

overpredicted (Shapiro et al. 2019). This is because at coarse resolutions, the vorticity shed286
from the disc edge is not fully captured. This can be seen in our results by considering287
cases V-1 and V-3 in figure 4a. In the coarse grid case V-1, the disc-averaged velocity is288
overpredicted so the turbine thrust applied is greater. This results in a slightly lower ⟨𝑢⟩289

throughout the entire domain. This effect is also seen in the higher uncorrected 𝐶∗
𝑇 value in290

case V-1 compared to V-3 (table 1), which is due to the overprediction of the disc-averaged291
velocity.292
To correct the overprediction of disc velocity in coarse LES the following correction factor293

was proposed in Shapiro et al. (2019),294

𝑁 =

(
1 + 𝐶

′
𝑇

2
1√
3𝜋

𝛿

𝐷

)−1
. (4.1)295

We apply this correction factor to the disc-averaged velocity by multiplying our uncorrected296

𝐶∗
𝑇 values by 𝑁

2. Unlike the correction performed byNishino&Dunstan (2020), we explicitly297
use the filter width 𝛿 for the correction here (equation 4.1). The correction is applied after the298
simulation and not during. After correction, the horizontal resolution used in cases V-1 and299

V-3 only had a small impact on 𝐶∗
𝑇 , suggesting that this correction factor can be successfully300
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Figure 2: Time series of 10-minute-time-averaged a) internal turbine thrust coefficient 𝐶∗
𝑇

and b) friction velocity 𝑢∗ for validation case V-1. Note that the time-averaging here is
different from the time-filtering used to calculated𝑈𝑇 .

Figure 3: Instantaneous streamwise velocity behind a row of turbines in validation case
V-3.

Case Δ𝑥/𝐷 Δ𝑦/𝐷 Δ𝑧/𝐷 𝐿𝑥 × 𝐿𝑦 × 𝐿𝑧 (km) Pressure solver Uncorrected 𝐶∗
𝑇 𝐶∗

𝑇

V-1 0.245 0.245 0.0787 3.14 × 3.14 × 1 FFT 0.8517 0.6845
V-2 0.245 0.245 0.0787 6.28 × 6.28 × 1 FFT 0.8587 0.6902
V-3 0.1225 0.1225 0.0787 3.14 × 3.14 × 1 FFT 0.7844 0.6957
V-4 0.245 0.245 0.0787 3.14 × 3.14 × 1 Iterative 0.8603 0.6914

Table 1: Summary of validation cases.

applied to a periodic array of actuator discs. For the value of 𝐶 ′
𝑇 used here the analytical301

model of 𝐶∗
𝑇 in (2.8) gives a value of 0.75. All the validation cases in table 1 have a lower302

𝐶∗
𝑇 than this because of wake interactions between turbines.303
We also consider the effect of resolution on the wake velocity deficit. Figure 5 shows the304

average wake profiles for each of our validation cases in table 1. The wake velocity profiles305
are normalised by the farm-averaged velocity𝑈𝐹 for each validation case. This shows the far306
wake velocity deficit does not vary with the domain size, horizontal resolution and pressure307
solver. Comparing the wake profiles for V-1 and V-3 at 2𝐷 downstream (figure 5a) shows308
a small difference in the velocity deficit at the centre. This is because V-3 uses a different309
filter size for the projection of the turbine area (see section 3.2). When comparing the wake310
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Figure 4: a) Mean velocity profiles and b) mean shear stress profiles for all validation
cases, compared with Case A1 in Calaf et al. (2010).
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Figure 5: Normalised wake velocity deficit for each validation case a) 2D b) 4D and b) 6D
downstream.

profiles 4𝐷 and 6𝐷 downstream this difference is negligible. This shows that the far wake311
velocity profile is insensitive to the filter size used for the turbine area projection.312
To validate the capability of the code to simulate different wind directions, we also313

performed a simulation with a wind direction of 45◦. The turbine layout in this simulation314
corresponds to Case K in Calaf et al. (2010) and is shown in figure 6b. We used a resolution315
of Δ𝑥/𝐷 × Δ𝑦/𝐷 × Δ𝑧/𝐷 of 0.227 × 0.227 × 0.0787 and a domain size of 𝐿𝑥 × 𝐿𝑦 × 𝐿𝑧316
of 3.61 × 3.61 × 1 km (with 32 turbines). The horizontally averaged streamwise velocity is317
shown in figure 6a. There is an excellent agreement with the results of Calaf et al. (2010) for318
the same turbine layout, demonstrating that our new actuator disc implementation for various319
wind directions (see section 3.2) is valid.320

Rapids articles must not exceed this page length
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Figure 6: Validation case with 45𝑜 wind direction: a) mean profile of the horizontally
average streamwise velocity and b) turbine layout.

4.2. LES results321

The LES cases for this study have the same setup as the validation case V-4 (see section322
4.1) except for the domain size, the surface roughness length and the streamwise pressure323
gradient. To model offshore wind farms, we use a surface roughness length of 1 × 10−4m324
and a pressure gradient of (1/𝜌) 𝑑𝑝∞/𝑑𝑥𝐹 = 8.38 × 10−5m/s2 in the wind direction 𝑥𝐹 ,325
which results in 𝑈𝐹0 = 10.103m/s and 𝐶 𝑓 0 = 1.607 × 10−3 for a fixed nominal farm-layer326
height of 𝐻𝐹 = 250m (both obtained from LES with no turbines). All cases were run for327
100,000 seconds and flow data averaged between 𝑡 = 60,000 and 100,000 seconds. Note that328
we adopted a different spin-up and averaging period (compared to section 4.1) because of329
the different pressure gradient forcing.330
We performed a suite of 50 simulations with different turbine layouts which are described331

by the parameters 𝑆𝑥 , the turbine spacing in the 𝑥 direction, 𝑆𝑦 , the turbine spacing in the332
𝑦 direction and 𝜃, the wind direction relative to the 𝑥 direction (see figure 7a). The turbine333
operating conditions are the same for all simulations and is given by 𝐶 ′

𝑇 = 1.33. We consider334
a realistic range of turbine layouts and wind directions: 𝑆𝑥 ∈ [5𝐷, 10𝐷], 𝑆𝑦 ∈ [5𝐷, 10𝐷]335
and 𝜃 ∈ [0𝑜, 45𝑜]. We only consider regular arrays and so by symmetry we only need to336
consider wind directions up to 45𝑜. We adopt the minimum possible horizontal domain size337
(𝐿𝑥 and 𝐿𝑦) within the range between 3.14km and 6.28km (depending on 𝑆𝑥 and 𝑆𝑦) as the338
validation results presented in section 4.1 suggest that the results would be insensitive to the339
domain size within this range.340
We use a space filling maximin design (Johnson et al. 1990; Santner et al. 2018) to341

select different turbine layouts in the parameter space (𝑆𝑥 , 𝑆𝑦 , 𝜃). The maximin algorithm342
iteratively selects a point which maximises the minimum distance to other points and to the343
boundaries of the parameter space. Figure 7b shows the 50 different turbine layouts selected344
in the parameter space.345
Figure 8 shows the time-averaged flow fields from 4 of 50 cases. Figure 8a is for a346

case where the wind direction is almost perfectly aligned with a relatively small streamwise347

spacing between turbines of 5.76𝐷. This case gives a low𝐶∗
𝑇 value of 0.585 due to strongwake348

effects. High speed regions between rows of turbines are formed because of the large cross-349



12

Sx

Sy

θ

Wind

a)

6 8 10

Sx/D

6

8

10

S
y
/
D

b)

0

20

40

θ
(o
)

Figure 7: Design of numerical experiments: a) input parameters, and b) maximin design of
50 wind farm layouts.

streamwise turbine spacings and aligned wind direction. Figure 8b is for a case with a high350
turbine density and the wind direction almost aligned along the diagonal. This arrangement351
is similar to a staggered layout. The streamwise spacings between turbines is larger than352

for figure 8a so the 𝐶∗
𝑇 has a higher value of 0.669 because of the increased wake recovery353

between turbines.354
The flow field for a case with an intermediate wind angle is shown in figure 8c. The turbine355

wakes are mostly misaligned with downstream turbines which minimises wake effects and356

gives a high 𝐶∗
𝑇 value of 0.752. This result agrees qualitatively with Stevens et al. (2014) in357

which it was found that the maximum farm power was produced by an intermediate wind358
direction. The results also give further evidence that the analytical model of 𝐶∗

𝑇 proposed359
by Nishino (2016) can be used to give a useful reference wind farm performance as it gives360
𝐶∗
𝑇 = 0.75 in this case. Figure 8d shows the streamwise velocity for a partially waked turbine361

layout. The partial wake effects cause the 𝐶∗
𝑇 to be reduced slightly to 0.713.362

Figure 8 also shows the effect of the turbine layout on the farm-averaged wind speed 𝑈𝐹 .363
The farm shown in figure 8a has a low array density and so has a high farm-averaged wind364
speed of 𝛽 = 0.347 (shown by the brighter colour). Figure 8b shows a farm with a high array365
density which resulted in a low farm-averaged speed of 𝛽 = 0.248. Figures 8c and 8d have366
similar intermediate array densities and so had intermediate farm-averaged wind speeds of367
𝛽 = 0.289 and 𝛽 = 0.284.368

Figure 9 shows that 𝐶∗
𝑇 was not a strong function of 𝑆𝑥 or 𝑆𝑦 . 𝐶

∗
𝑇 was found to be a369

much stronger function of 𝜃 (see figure 10). The lowest 𝐶∗
𝑇 values were for small values of370

𝜃 because of the high degree of turbine-wake interactions. When 𝜃 was very small 𝐶∗
𝑇 was371

also sensitive to the value of 𝑆𝑥 (see figure 10a). As 𝜃 increases 𝐶∗
𝑇 increases rapidly until372

the maximum value around 15𝑜. As 𝜃 increases further 𝐶∗
𝑇 slowly decreases. This is because373

turbines start to become aligned along the diagonal (similar to the layout shown in figure 8b).374

When 𝜃 is greater than 15𝑜, the minimum 𝐶∗
𝑇 value tends to be observed when 𝑆𝑥 tan(𝜃)/𝑆𝑦375

is close to 1 (figure 10b). This corresponds to layouts where turbines are aligned along the376
diagonal (similar to the layout shown in figure 8b).377
Figure 11 shows that the range of 𝛾 from the wind farm LES is small (varying between 1.7378

and 1.8). Nishino (2016) suggested that 𝛾 would be slightly less than 2 because the presence379
of turbines would increase the turbulence intensity in the ABL. These results, along with the380
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Figure 8: Time-averaged streamwise velocity at the turbine hub height for a)
𝑆𝑥 = 5.76𝐷, 𝑆𝑦 = 8.51𝐷, 𝜃 = 1.32𝑜 b) 𝑆𝑥 = 5.27𝐷, 𝑆𝑦 = 5.07𝐷, 𝜃 = 43.8𝑜 c)
𝑆𝑥 = 7.59𝐷, 𝑆𝑦 = 5.47𝐷, 𝜃 = 16.7𝑜 d) 𝑆𝑥 = 6.00𝐷, 𝑆𝑦 = 6.21𝐷, 𝜃 = 37.6𝑜.
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findings of Dunstan et al. (2018), provide evidence for this. Figure 11 shows that there is a381
slight variation of 𝛾 with wind direction and effective array density.382

4.3. Prediction of wind farm performance383

Now we compare the (farm-averaged) turbine power coefficient 𝐶𝑝 from the wind farm384
LES with the analytical model derived from the two-scale momentum theory, 𝐶𝑝,𝑁𝑖𝑠ℎ𝑖𝑛𝑜385
(equation 2.9).386
To make a fair comparison of 𝐶𝑝 between the theory and the LES, we need to consider387

the fact that the coarse LES resolution caused the turbine thrust to be overpredicted. For388

𝐶∗
𝑇 this was corrected for in post-processing using the correction factor 𝑁 (equation 4.1).389

However, for𝐶𝑝 there are two simultaneous factors that need to be corrected. The first is that390
the disc velocity (relative to the farm-layer velocity) has been overpredicted, which increases391
the turbine power. The second is that the farm-layer velocity has been underpredicted (as392
shown earlier in figure 4a), which reduces the turbine power. The first effect can be corrected393
by using the correction factor 𝑁 (i.e., multiplying the raw 𝐶𝑝 from the LES by 𝑁3) but the394
second effect cannot be corrected in this manner.395
To adjust for the second effect we estimate the farm wind-speed reduction that would be396

obtained if a sufficiently fine resolution was used for the LES, 𝛽 𝑓 𝑖𝑛𝑒,𝐿𝐸𝑆 . This should be397
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higher than the value obtained from the coarse resolution LES, 𝛽𝑐𝑜𝑎𝑟𝑠𝑒,𝐿𝐸𝑆 . To calculate398
𝛽 𝑓 𝑖𝑛𝑒,𝐿𝐸𝑆 we assume399

𝛽 𝑓 𝑖𝑛𝑒,𝐿𝐸𝑆

𝛽𝑐𝑜𝑎𝑟𝑠𝑒,𝐿𝐸𝑆
=

𝛽 𝑓 𝑖𝑛𝑒,𝑡ℎ𝑒𝑜𝑟𝑦

𝛽𝑐𝑜𝑎𝑟𝑠𝑒,𝑡ℎ𝑒𝑜𝑟𝑦
(4.2)400

where 𝛽 𝑓 𝑖𝑛𝑒,𝑡ℎ𝑒𝑜𝑟𝑦 and 𝛽𝑐𝑜𝑎𝑟𝑠𝑒,𝑡ℎ𝑒𝑜𝑟𝑦 are the predictions from the two-scale momentum401

theory. 𝛽 𝑓 𝑖𝑛𝑒,𝑡ℎ𝑒𝑜𝑟𝑦 is calculated by solving equation 2.3 (with 𝑀 = 1) using 𝐶∗
𝑇 from the402

LES and the corresponding array density 𝜆/𝐶 𝑓 0. To calculate 𝛽𝑐𝑜𝑎𝑟𝑠𝑒,𝑡ℎ𝑒𝑜𝑟𝑦 we do the same403

but with the uncorrected turbine thrust (i.e., 𝐶∗
𝑇/𝑁2). Since equation 2.3 is derived from the404

law of momentum conservation, the only assumption we are making in equation 4.2 is that405
the flow is independent of Reynolds number (which is a reasonable assumption as the change406
in Reynolds number between the fine and the coarse resolution cases is only of the order of407
10%). We can therefore estimate the turbine power from a fine resolution LES, using the408
expression409

𝐶𝑝 𝑓 𝑖𝑛𝑒,𝐿𝐸𝑆

𝐶𝑝𝑐𝑜𝑎𝑟𝑠𝑒,𝐿𝐸𝑆

=

(
𝑈𝑇 𝑓 𝑖𝑛𝑒,𝐿𝐸𝑆

𝑈𝑇𝑐𝑜𝑎𝑟𝑠𝑒,𝐿𝐸𝑆

)3
=

(
𝑈𝑇 𝑓 𝑖𝑛𝑒,𝐿𝐸𝑆/𝑈𝐹 𝑓 𝑖𝑛𝑒,𝐿𝐸𝑆

𝑈𝑇𝑐𝑜𝑎𝑟𝑠𝑒,𝐿𝐸𝑆/𝑈𝐹𝑐𝑜𝑎𝑟𝑠𝑒,𝐿𝐸𝑆

)3 ( 𝑈𝐹 𝑓 𝑖𝑛𝑒,𝐿𝐸𝑆

𝑈𝐹𝑐𝑜𝑎𝑟𝑠𝑒,𝐿𝐸𝑆

)3

= 𝑁3
(
𝛽 𝑓 𝑖𝑛𝑒,𝐿𝐸𝑆

𝛽𝑐𝑜𝑎𝑟𝑠𝑒,𝐿𝐸𝑆

)3
(4.3)

411

where 𝐶𝑝𝑐𝑜𝑎𝑟𝑠𝑒,𝐿𝐸𝑆 is from the coarse resolution wind farm LES (equation 3.9).412

The green symbols marked by 𝜁=0 in figure 12 show the corrected 𝐶𝑝 for each of the 50413
wind farm LES runs. These are plotted against the effective array density 𝜆/𝐶 𝑓 0. The blue414
line shows the 𝐶𝑝 prediction using the theoretical model (equation 2.9). The theory matches415
remarkably well with the LES results, despite that the theory does not account for the turbine416
layout parameters, namely 𝑆𝑥 , 𝑆𝑦 and 𝜃. The reason for this excellent agreement for 𝜁 = 0417
will be discussed later in section 5.418
Next, we use the results from LES of infinitely large wind farms to estimate the average419

power coefficients for large but finite-sized wind farms, following the concept of the two-420
scale momentum theory. We combine the infinite wind farm LES results with the simple421
linear model of the momentum availability factor 𝑀 (equation 2.5). This does not capture422
the finite-size effects observed near the edge of the farm but reveals general trends of423
turbine layout effects with different atmospheric responses. We assume that the farms are still424
sufficiently large that the flowover the farm ismostly fully developed (ormore specifically, the425
dependency of𝐶∗

𝑇 on 𝑆𝑥 , 𝑆𝑦 and 𝜃 is still approximately the same as that in the corresponding426
infinitely-large farm). ‘Sufficiently large’ depends on atmospheric conditions (Wu & Porté-427
Agel 2017) but it is likely to be on the order of 10km.428
Firstly, we consider the balance of the pressure gradient forcing (PGF) with surface stress429

and turbine thrust in our LES,430

𝜌(𝑆𝐹𝐶∗
𝑓 + 𝑛𝐴𝐶∗

𝑇 )𝑈2𝐹/2 = 𝑆𝐹𝐿𝑧Δ𝑝/Δ𝑥 (4.4)431

where 𝐶∗
𝑓 is the ‘local’ or ‘internal’ friction coefficient 𝐶

∗
𝑓 ≡ ⟨𝜏𝑤⟩/ 12 𝜌𝑈2𝐹 and Δ𝑝/Δ𝑥 is the432

PGF applied to the LES of an infinitely large wind farm.433
If we assume 𝐶∗

𝑓 and 𝐶
∗
𝑇 are independent of the PGF (as the Reynolds number of the flow434
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Figure 12: Average turbine power coefficient 𝐶𝑝 from the 50 wind farm LES adjusted for
different wind extractability factors (𝜁). The 𝐶𝑝 predicted by the two-scale momentum
theory (equation 2.9 with 𝐶 ′

𝑇 = 1.33) is shown by the blue lines for comparison.

is very high), then equation 4.4 shows that𝑈2𝐹 should be proportional to Δ𝑝/Δ𝑥; hence435

𝑈2𝐹, 𝑓 𝑖𝑛𝑖𝑡𝑒

𝑈2𝐹
=
Δ𝑝 𝑓 𝑖𝑛𝑖𝑡𝑒

Δ𝑥
/Δ𝑝
Δ𝑥

(4.5)436

where𝑈𝐹 is the farm-layer-averaged wind speed in the LES and Δ𝑝/Δ𝑥 is the corresponding437
PGF,𝑈𝐹, 𝑓 𝑖𝑛𝑖𝑡𝑒 is the new farm-layer-averagedwind speed that would result from an unknown438
PGF for a finite-sized wind farm, Δ𝑝 𝑓 𝑖𝑛𝑖𝑡𝑒/Δ𝑥.439
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As the flow is quasi-steady and horizontally periodic with no Coriolis force in this study440
(meaning that we ignore the contributions of all terms except the PGF in equation 2.4),441
the right hand side of equation 4.5 is equivalent to the momentum availability factor 𝑀 in442
equation 2.4. This will not be true for real wind farms under real atmospheric conditions.443
However, this is valid for our simplified analysis where the flow across the farm is mostly444
fully developed and is driven purely by a PGF. As noted earlier, it was found in Patel et al.445
(2021) that 𝑀 can be well approximated by 𝑀 = 1 + 𝜁 (1 − 𝛽) and 𝜁 was typically between446
5 and 25 for an offshore wind farm site. Substituting this expression for 𝑀 into equation 4.5447
gives448

𝑈2𝐹, 𝑓 𝑖𝑛𝑖𝑡𝑒

𝑈2𝐹
= 1 + 𝜁

(
1 − 𝑈𝐹, 𝑓 𝑖𝑛𝑖𝑡𝑒

𝑈𝐹0

)
. (4.6)449

Since𝑈𝐹 and𝑈𝐹0 are both known from LES results,𝑈𝐹, 𝑓 𝑖𝑛𝑖𝑡𝑒 can be calculated analytically450
for a given 𝜁 . Finally we assume (again based on the Reynolds number independency) that451
the disc-averaged velocity𝑈𝑇 scales with𝑈𝐹 and as such452

𝐶𝑝, 𝑓 𝑖𝑛𝑖𝑡𝑒 = 𝐶𝑝

(
𝑈𝐹, 𝑓 𝑖𝑛𝑖𝑡𝑒

𝑈𝐹

)3
. (4.7)453

where 𝐶𝑝, 𝑓 𝑖𝑛𝑖𝑡𝑒 is the average turbine power coefficient of the large finite-sized wind farm.454

Figure 12 also shows the average power coefficients 𝐶𝑝 estimated for three different 𝜁455
values. This shows that the atmospheric response can significantly impact the farm power.456
𝐶𝑝 for 𝜁 = 25 are roughly an order of magnitude higher than 𝐶𝑝 for the same layout with457
𝜁 = 0. Note that these results are with a constant turbine operating condition of 𝐶 ′

𝑇 = 1.33458
which may not be optimal for a given 𝜁 . Figure 4 in Nishino & Dunstan (2020) shows459
how the theoretically optimal turbine power coefficient, 𝐶𝑝,𝑚𝑎𝑥 varies with the strength of460
atmospheric response.461

Of particular interest in figure 12 is that, for a given 𝜆/𝐶 𝑓 0, the variation of 𝐶𝑝 (due to462

different turbine layouts) increases with 𝜁 . To better understand this trend, the 𝐶𝑝 values for463

the 50 turbine layouts are presented together with their 𝐶∗
𝑇 values in figure 13 for 6 different464

𝜁 values separately. Figure 13a shows the results for infinitely large farms with 𝜁=0. This465
shows that the average turbine power coefficient is a strong function of the effective array466

density and insensitive to 𝐶∗
𝑇 meaning that turbine-wake interactions have little effect on467

the farm power. However, for finite-sized farms (figures 13b-f) the layouts with high wake468

interactions and a low 𝐶∗
𝑇 value tend to produce less power. These are shown by the darker469

plots which fall well below the theoretical prediction (blue line). Interestingly, some of the470
layouts seem to produce slightly higher power than predicted by the two-scale momentum471

theory. These layouts have a 𝐶∗
𝑇 slightly higher than 0.75 (the value for an isolated turbine)472

and this seems to be due to locally accelerated flow caused by the local blockage effect473
(Nishino & Draper 2015; Ouro & Nishino 2021). These results suggest that both the array474
density and turbine-wake interactions are important for the performance for large finite-sized475
wind farms.476
Figure 13 also suggests that finite-sized wind farms are less sensitive to the effective477

array density than infinitely-large farms. Figure 13a shows a roughly inverse relationship478
between 𝐶𝑝 and 𝜆/𝐶 𝑓 0 whereas figures 13b-f show a more linear decrease of 𝐶𝑝. Overall,479

the analyticalmodel (equation 2.9) predicts the variation of𝐶𝑝 with the effective array density480
well for all of the atmospheric responses. The theoretical model does not predict the effect481
of turbine-wake interactions because the model of 𝐶∗

𝑇 (equation 2.8) is a function of turbine482
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Figure 13: Turbine power coefficient 𝐶𝑝 for a) infinite wind farms (𝜁 = 0) and b) to f)
finite wind farms with the colour giving the 𝐶∗

𝑇 recorded for each layout. The 𝐶𝑝
predicted by the two-scale momentum theory is shown by the blue line.

operating conditions only. These results support the argument that the two-scale momentum483
theory can be used to provide a ‘near ideal’ reference value for wind farm performance.484

5. Discussion485

The analytical model of 𝐶∗
𝑇 (equation 2.8) has been shown in this study to provide a ‘near-486

ideal’ reference value forwind farm performance. Themodel is based on the classical actuator487
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disc theory with an upstream velocity of𝑈𝐹 . Equation 2.8 would provide accurate predictions488
of 𝐶∗

𝑇 if the following two conditions are met: (1) the wind speed upstream of each turbine489
in the farm is𝑈𝐹 ; and (2) the mechanism of the flow around each turbine is the same as that490
around an isolated actuator disc. In reality, the wind speed upstream of each turbine is often491
lower than 𝑈𝐹 due to wake effects, reducing 𝐶∗

𝑇 (and thus 𝐶𝑝). Conversely, local blockage492
effects (Nishino & Draper 2015) may increase 𝐶∗

𝑇 because (1) it creates locally accelerated493
flows which may allow the upstream velocity of most turbines to be higher than𝑈𝐹 (see e.g.,494
Ouro & Nishino 2021); and (2) it changes the mechanism of the flow around each turbine,495
allowing for a higher 𝑈𝑇 (for a given 𝐶 ′

𝑇 ) than that predicted by the classical actuator disc496
theory. However, such a positive effect of local blockage can be exploited only when the497
layout is carefully optimised for a specific wind direction. As such, equation 2.8 can be used498
to predict the approximate ‘near-ideal’ farm performance, or the performance of an ideal499
wind farm without the negative effect of turbine-wake interactions.500

Note that the analytical model of 𝐶∗
𝑇 (equation 2.8) should not be interpreted as a strict501

upper limit to wind farm performance. Rather it gives the performance of an actuator disc502
experiencing an upstream velocity equal to the farm-averaged velocity 𝑈𝐹 . As such it is503
instead a novel reference turbine performance which allows the separation of power losses504
due to farm-scale wind speed reduction rather than local turbine-scale wind speed variations.505

The results from this study also show that the 𝐶𝑝 of infinitely large wind farms depends506
mainly on the effective array density (see figure 13a), i.e., the farm power is insensitive to the507
turbine-scale flow interactions. A closer look at the results suggest that the limited impact508
of turbine-scale interactions is due to the fact that the turbine drag is typically much greater509
than the surface drag. The ratio of total turbine drag to surface drag is given by:510

∑𝑛
𝑖=1 𝑇𝑖

⟨𝜏𝑤⟩𝑆𝐹 =
1
2 𝜌𝐶

∗
𝑇𝑛𝐴𝑈

2
𝐹

1
2 𝜌𝐶

∗
𝑓 𝑆𝐹𝑈

2
𝐹

=
𝜆𝐶∗

𝑇

𝐶∗
𝑓

. (5.1)511

We measured the time-averaged value of 𝜆𝐶∗
𝑇/𝐶∗

𝑓 for all 50 turbine layouts simulated. The512

mean value was 5.22, the minimum value was 2.93 and the maximum was 8.59. Therefore,513
the turbine drag was typically 5 times greater than the surface drag. Consider an offshore514
farmwhere 𝜆𝐶∗

𝑇/𝐶∗
𝑓 = 5, 𝜆/𝐶 𝑓 0 = 10 (both typical values) and 𝜁 = 0. This means the turbine515

drag is 5 times greater than the surface drag and the momentum supplied by the atmosphere516
does not change in response to the farm. The composition of the total drag (normalised by517
⟨𝜏𝑤0⟩𝑆𝐹) for this scenario is shown by the bar 1 in figure 14a. This state 1 is an equilibrium518
state, i.e., the normalised drag is balanced by 𝑀 as in equation 2.3. If there is a sudden519
small change in wind direction which increases the degree of wake interactions then this520
will decrease 𝐶∗

𝑇 (or the ratio of 𝑇 to 𝑈
2
𝐹) for the farm. In this example, the turbine drag is521

now only 4 times greater than the surface drag (bar 2 in figure 14a). This corresponds to 𝐶∗
𝑇522

decreasing from 0.75 to 0.6 (which is close to the largest difference observed in the 50 wind523
farm LES). This state 2 is a non-equilibrium state, i.e., the normalised drag is not balanced by524
𝑀 (due to the sudden small change of wind direction). However, if the momentum supplied525
by the atmosphere is unchanged the wind speed in the farm 𝑈𝐹 will eventually increase to526
compensate for the reduced turbine drag. The surface and turbine drag both scale with 𝑈2𝐹527
so they are both expected to increase at the same rate. Bar 3 in figure 14a shows the new528
equilibrium state with a new composition of turbine and surface drag after the increase in529
𝑈𝐹 . Comparing states 1 and 3, the total turbine drag has been reduced only slightly because530
of the constant amount of momentum supplied by the atmosphere to the farm site. Therefore,531
for aerodynamically ideal turbines (or turbines operating below the rated wind speed), the532
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Figure 14: Examples of offshore wind farm drag composition at 3 different states: 1)
equilibrium state before wind direction change, 2) non-equilibrium state immediately after
a small change of wind direction, and 3) new equilibrium state after atmospheric response,
for a) 𝜁 = 0 and b) 𝜁 = 15. c) schematic of the three states on the 𝑀 vs (1 − 𝛽) plot.

average turbine power coefficient 𝐶𝑝 is also insensitive to turbine-scale flow interactions533
when the momentum supplied by the atmosphere is constant (𝜁 = 0).534
Figure 14b explains why turbine-scale flow interactions become more important as 𝜁535

increases. Now the momentum supplied by the atmosphere changes with the farm wind-536
speed reduction factor 𝛽 according to 𝑀 = 1 + 𝜁 (1 − 𝛽). The ratios between turbine and537
surface drag for states 1 and 2 are exactly the same as for the 𝜁 = 0 case in figure 14a.538
However, now when the wind speed increases in response to the reduced turbine drag the539
momentum supplied by the atmosphere to the farm site changes. As the wind speed 𝑈𝐹540
increases, 𝛽 increases so the momentum supplied by the atmosphere decreases (see figure541
14c). Therefore the sum of the turbine and surface drag for state 3 decreases compared to542
state 1. This explains why there is a much greater reduction in turbine drag (and thus power)543
for the non-zero 𝜁 case than for 𝜁=0. As 𝜁 increases there will be a larger decrease in the total544
drag in response to an increased wind speed. Therefore the power losses due to turbine-scale545
flow interactions also increase as 𝜁 increases.546
To better understand the factors which determine the power output of wind farms we547

propose three power loss factors. Firstly, the turbine-scale loss factor Π𝑇 which is defined by548
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Π𝑇 ≡ 1 − 𝐶𝑝

𝐶𝑝,𝑁𝑖𝑠ℎ𝑖𝑛𝑜
(5.2)549

where 𝐶𝑝,𝑁𝑖𝑠ℎ𝑖𝑛𝑜 is given by equation 2.9. Π𝑇 represents the power losses due to turbine-550
scale (or internal) flow interactions only, separate from the losses due to the farm-scale551
atmospheric response. For real turbines, Π𝑇 would also include turbine design losses (i.e.,552
power losses due to a non-ideal rotor design for a given𝐶 ′

𝑇 ). Figure 15a shows that the losses553
caused by turbine interactions are small for infinitely large farms, typically less than 5%. For554
some turbine layoutsΠ𝑇 is negative, meaning that𝐶𝑝 exceeds𝐶𝑝,𝑁𝑖𝑠ℎ𝑖𝑛𝑜. These layouts have555

𝐶∗
𝑇 values greater than 0.75 which is the value given by equation 2.8. As discussed earlier,556
this is likely to be due to local blockage effects increasing the turbine incident velocity above557
the farm-layer velocity 𝑈𝐹 . Figures 15b-f show that the turbine-scale losses are greater in558
finite-sized farms with the same turbine layout. Under different atmospheric conditions, the559
same turbine layout can give different turbine-scale losses. Across a realistic range of wind560
extractability factors, the turbine-scale losses from the same layout can vary significantly. As561
an example, the losses from one layout varies from 13% to 22% as 𝜁 changes from 5 to 25.562
Figure 15 suggests the maximum losses due to turbine-scale flow interactions is likely to be563
about 20% for large offshore wind farms.564
The farm-scale loss factor, Π𝐹 , represents the power loss due to the atmospheric response565

to the whole farm, and is defined by566

Π𝐹 ≡ 1 − 𝐶𝑝,𝑁𝑖𝑠ℎ𝑖𝑛𝑜

𝐶𝑝,𝐵𝑒𝑡𝑧
(5.3)567

where 𝐶𝑝,𝐵𝑒𝑡𝑧 is given by equation 2.10. Note that in this study 𝐶 ′
𝑇 = 1.33 and hence568

𝐶𝑝,𝐵𝑒𝑡𝑧 = 0.563 (𝐶 ′
𝑇 = 2 would give the optimal performance for an isolated turbine of569

𝐶𝑝,𝐵𝑒𝑡𝑧 = 16/27). Π𝐹 represents the power loss accompanied by the reduction of the farm-570
average wind speed. Figure 16 shows that the farm-scale losses are typically more than twice571
the turbine-scale losses (i.e., Π𝑇/Π𝐹 is generally less than 0.5). This suggests that for large572
offshore wind farms the atmospheric response to the array density is more important than573
the turbine-scale interactions (i.e., wake effects). Similarly the total power loss factor, Π, can574
also be defined as575

Π ≡ 1 − 𝐶𝑝

𝐶𝑝,𝐵𝑒𝑡𝑧
= 1 − (1 − Π𝑇 ) (1 − Π𝐹). (5.4)576

The fact that farm-scale losses may be larger than turbine-scale losses for large offshore577
farms does not mean that turbine wakes are not important. Porté-Agel et al. (2013) showed578
that wake effects can reduce farm power by up to 30%. Rather this study suggests that as579
wind farms become larger farm-scale flow effects will have an increasing impact on the farm580
performance. This is a slightly different framework for viewing farm performance. Here we581
suggest splitting the mutli-scale flow effects into a farm-scale wind speed reduction due to582
the farm-atmosphere interaction. This is in addition to turbine-scale flow heterogeneity due583
to turbine wakes.584
It is important to note that different turbine layouts will have different stresses throughout585

the farm. This study considered only regular turbine arrays with a set turbine spacing and586
wind direction. It is possible that there may be some difference for irregular turbine layouts.587
This may have implications on the values of turbine-scale and farm-scale losses for realistic588
wind farms with irregular layouts. This should be investigated further in future research.589
Another important note is that the turbine-scale loss factor discussed above is smaller than590
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Figure 15: Turbine-scale loss factor Π𝑇 for a) infinite wind farms (𝜁 = 0) and b) to f) finite
wind farms with the colour giving the 𝐶∗

𝑇 recorded for each layout.

what is typically referred to as ‘wake losses’ (see figure 17). ‘Wake losses’ are traditionally591
evaluated by comparing the farm power with the power produced by the first row of turbines592
(𝐶𝑝,1 in figure 17). However, this includes not only the losses due to wake interactions593
between turbines but also the atmospheric response to the array density. In contrast, Π𝑇594
represents the power losses solely due to the interactions between turbines. For the same595
reason, the farm-scale loss factor, Π𝐹 , is larger than what is often referred to as ‘farm596
blockage losses’. These two different classifications of power losses (one using 𝐶𝑝,𝑁𝑖𝑠ℎ𝑖𝑛𝑜597
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Figure 16: Ratio of turbine-scale to farm-scale loss factors Π𝑇/Π𝐹 for a) infinite wind
farms (𝜁 = 0) and b) to f) finite wind farms with the colour giving the 𝐶∗

𝑇 recorded for
each layout.

and the other using 𝐶𝑝,1 as a point of reference) are both useful in different ways. The598
latter classification is straightforward when the value of 𝐶𝑝,1 is known; however, sometimes599
𝐶𝑝,1 cannot be defined unambiguously (e.g., when there is no regular ‘front row’ which600
is perpendicular to the wind direction). The merit of using 𝐶𝑝,𝑁𝑖𝑠ℎ𝑖𝑛𝑜 is that this can be601
predicted analytically using equation 2.9.602
It should be noted that figure 17 is for actuator discs (i.e., ideal turbines). Real turbines603

will experience additional power losses due to practical (non-ideal) turbine design.604



24

TSL FSL

WL FBL

Cp,Betz

Cp,Betz

Cp,Nishino

Cp,1Cp

Cp

Figure 17: Comparison of turbine-scale loss (TSL) and farm-scale loss (FSL) with what is
known as wake loss (WL) and farm blockage loss (FBL). 𝐶𝑝,1 is the power coefficient

recorded by the first row of turbines in a farm.

As demonstrated earlier in figures 13, 15 and 16, the strength of atmospheric response605
alters wind farm performance. The importance of array density and turbine layout vary with606
the large-scale atmospheric conditions. The results shown in appendix B suggests that the607
value of 𝜁 tends to decrease as the wind farm size increases (at least within the range between608
10km to 30km; note that the values of 𝜁 reported in Patel et al. (2021) were for a fixed609
wind farm size of 20km). These results seem to suggest that larger wind farms will be less610
sensitive to turbine-scale wake effects and more sensitive to farm-scale losses. This could611
have significant implications for the design of future wind farms.612
It is also worth noting that similar trends of large wind farm aerodynamics have already613

been reported in the literature, e.g., in the wind farm LES performed by Wu & Porté-Agel614
(2017) in which they also used a relatively low surface roughness length of 0.05m. They615
performed LES of finite and infinite wind farms under a weak and strong free-atmosphere616
stratification, using a rotational actuator disc model (representing Vestas V-80 2MW turbine)617
with an aligned and a staggered turbine layout with the same array density. The varying618
free-atmosphere stratifications changes the strength of atmospheric response, which affects619
the wind farm blockage. Figure 11 in Wu & Porté-Agel (2017) shows the power production620
of different turbine rows for the different wind farms. For both atmospheric conditions,621
the layout of the infinite wind farm did not change the farm power. This agrees with our622
finding that the power output of infinite wind farms are insensitive to turbine interactions.623
The stronger free-atmosphere stratification induced a larger pressure gradient across the farm624
which implies a larger 𝜁 value. The power output of the finite farm under the strong free-625
atmosphere stratification was more sensitive to the turbine layout. Under a weak stratification626
the layout had a smaller impact on farm power. This is further confirmation that the large-627
scale atmospheric response changes the importance of turbine-scale interactions. Other LES628
studies have also generally found that the power output of finite wind farms (e.g., Porté-Agel629
et al. 2013; Stevens et al. 2014; Archer et al. 2013) is more sensitive to turbine layout than630
infinite farms (e.g., Yang et al. 2012; Yang & Sotiropoulos 2014; Abkar & Porté-Agel 2013).631
However, these previous studies used surface roughness lengths typical of rough onshore632
locations rather than offshore, meaning that the ratio of total turbine drag to surface drag633
(equation 5.1) was smaller than the present study.634
The impact of turbine layout on wind farm performance is typically investigated by635

reporting the normalised turbine power, where the turbine power is normalised by either636
the power of a turbine in the first row or that of a standalone turbine. The normalised power637
is often used as a measure of turbine-wake interactions within the wind farm. However,638
this could be misleading for a large wind farm where the power is also reduced due to639
the ABL response to the farm resistance. The turbine-scale loss factor, Π𝑇 , gives the power640
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losses due to wake interactions separated from farm-scale effects. Our results suggest that the641
power losses in large farms with the same layout can change with the strength of large-scale642
atmospheric response. Hence, the relative performance of different turbine layouts can also643
vary with the strength of atmospheric response. Layouts which produce more power with a644
specific large-scale atmospheric response may not perform as well under different responses.645
A limitation of this study is that the wind farm LES consider only neutrally stratified646

atmospheric boundary layers. One uncertainty is how different stratifications would affect647

wake recovery within large wind farms, which could affect the 𝐶∗
𝑇 value for a given turbine648

layout. However, since the two-scale momentum theory has been derived from the principle649
of momentum conservation which is valid for all atmospheric conditions, we expect that650
the trends found in this study (on how the importance of turbine-scale interactions changes651
with the strength of the atmospheric response) would be observed generally. The study also652
used a fixed turbine operating condition given by 𝐶 ′

𝑇 = 1.33. This is typical for the current653
wind turbines operating below their rated wind speed (at which the farm blockage effects654
are most significant). Therefore the results of this study give the trends for large farms if the655
operating conditions are similar to those currently used. As discussed earlier, the trends found656
in this study have also been observed in LES of finite wind farms with different atmospheric657
conditions and a different turbine model, supporting the generality of our findings.658

6. Conclusions659

In this study we performed a combined theoretical and computational analysis of large wind660
farms, using the two-scale momentum theory (Nishino & Dunstan 2020) and new LES of661
infinitely large wind farms with different turbine layouts and wind directions. To consider a662
range of wind directions, we used a new implementation of the actuator disc model which is663
not alignedwith the structured grid. Firstly, we validated the LES against the results published664
by Calaf et al. (2010) and found an excellent agreement. We also confirmed that, when the665
correction factor proposed by Shapiro et al. (2019) is applied, the average internal turbine666

thrust coefficient𝐶∗
𝑇 (representing the turbine thrust relative to the square of the average wind667

speed across the wind farm layer) is insensitive to the grid resolution. We then performed668

50 wind farm LES with different turbine spacings and wind directions. 𝐶∗
𝑇 was found to be669

a strong function of wind direction with a weaker dependence on turbine spacings.670

This study adopted an approach to adjust the average power coefficient 𝐶𝑝 of an infinitely671
large wind farm to estimate the power of large but finite-sized farms with the same layout,672
following the concept of the two-scale momentum theory. A full validation of this approach673
is currently infeasible as it would require a large set of finite-size wind farm LES, which will674
be the subject of future studies. However, we have provided detailed theoretical arguments675
on why we can estimate the power of large finite-size farms from the results of infinitely676
large farm LES. For infinitely large farms, 𝐶𝑝 was found to be a strong function of the677
array density and agree remarkably well with the analytical model (equation 2.9). The power678
produced by large finite-sized farms was found to depend on both the array density and679
turbine layout (including the effect of wind direction), although the analytical model still680
provides an approximate upper limit of the power (for a given array density). These results681
confirm that, to model large but finite-sized wind farms it is important to consider both the682
effect of array density and the turbine layout.683
The impact of array density and turbine layout on farm power varies with the strength684

of atmospheric response or the ‘wind extractability’. The analytical model seems to predict685
very well the impact of array density for a given farm-scale atmospheric response. As such,686
we propose a new classification of power losses in large wind farms by introducing new687
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metrics, namely a turbine-scale loss factor Π𝑇 , a farm-scale loss factor Π𝐹 and a total loss688
factor Π. The turbine-scale loss factor describes the power losses due to turbine-scale wake689
interactions only (which is smaller than what is commonly called ‘wake losses’). Importantly,690
the turbine-scale loss factor varies with the strength of large-scale atmospheric response. As691
an example, Π𝑇 varied from 0.13 to 0.22 for a given layout across a realistic range of the692
extractability factor (from 𝜁 = 5 to 25 in this study). Although further studies are required to693
better quantify the extractability factor, the results obtained to date suggest that as wind farms694
get larger the proportion of power losses due to turbine-wake interactions will decrease. This695
is because (1) having a better turbine layout (with less wake interactions and higher 𝐶∗

𝑇 )696
does not substantially increase the momentum available to the farm site when 𝜁 is small697
(figure 14) and (2) 𝜁 seems to decrease as the wind farm size increases. The farm-scale loss698
factor describes the power loss due to the atmospheric response to the array density (which699
is larger than what is often called ‘farm blockage losses’). Π𝐹 was typically more than twice700
as large as Π𝑇 for the 50 offshore wind farms considered in this study with a realistic range701
of atmospheric responses. This suggests that farm-scale flow effects have a greater impact702
than turbine-scale flow effects on the performance of large offshore wind farms.703
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Appendix A. Sensitivity of results to nominal farm-layer height 𝐻𝐹720

The height of the farm-layer,𝐻𝐹 , can be defined in several ways. This study uses the definition721
𝐻𝐹 = 2.5𝐻ℎ𝑢𝑏 where 𝐻ℎ𝑢𝑏 is the turbine hub height. Differences in the value of 𝐻𝐹 will722

change the values of𝑈𝐹 ,𝑈𝐹0,𝐶∗
𝑇 and𝐶 𝑓 0 of the LES results presented in section 4. However,723

as noted by Nishino & Dunstan (2020), the conservation of momentum arguments used to724
derive equation 2.3 and to eventually predict 𝐶𝑝 from equation 2.6, are valid irrespective725
of the 𝐻𝐹 value, provided that the same 𝐻𝐹 value is used in both ‘internal’ and ‘external’726
sub-problems. The question here is howmuch the results of ‘internal’ sub-problem (i.e., LES727
results in this study) and ‘external’ sub-problem (i.e., the value of 𝜁 obtained from NWP728
simulations) change with the choice of 𝐻𝐹 . Although the ‘external’ sub-problem is outside729
the scope of this paper, Patel et al. (2021) reported that the sensitivity of their NWP results730
to the choice of 𝐻𝐹 was minor. In the following, we present how the sensitivity of the LES731
results to the choice of 𝐻𝐹 eventually affects the value of 𝐶𝑝 obtained (assuming that 𝜁 is732
not affected by 𝐻𝐹).733
To investigate the sensitivity of the results to 𝐻𝐹 , we repeat the analysis with 𝜁 = 25 using734
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Figure 18: LES and theoretical results for 𝐶𝑝 with 𝜁 = 25 for a) 𝐻𝐹=250m and b)
𝐻𝐹=300m.

𝐻𝐹 = 3𝐻ℎ𝑢𝑏. Figure 18 compares the 𝐶𝑝 values obtained for 𝐻𝐹 = 2.5𝐻ℎ𝑢𝑏 and 3𝐻ℎ𝑢𝑏.735
Changing the value of 𝐻𝐹 has no effect on the theoretical predictions of 𝐶𝑝 for a given 𝜁 .736

Increasing 𝐻𝐹 decreases the LES-based results of 𝐶𝑝 for each farm because the reference737
velocity 𝑈𝐹0 slightly increases. The increase in 𝑈𝐹0 is the same for all wind farm cases.738
Therefore, increasing 𝐻𝐹 to 3𝐻ℎ𝑢𝑏 reduces the 𝐶𝑝 of all wind farm cases by the same factor739

of 1.043 in this study. The absolute values of 𝐶𝑝 are affected by the value of 𝐻𝐹 but the740

trends reported in this study remain unchanged. The 𝐶∗
𝑇 values obtained from the LES are741

also reduced when the farm-layer height is increased. This is because the reference velocity742
𝑈𝐹 slightly increases. Nevertheless, the two-scale momentum theory still captures the trend743
well and can provide an upper bound estimate to wind farm performance.744
Nishino & Dunstan (2020) proposed a definition for 𝐻𝐹 based on the undisturbed velocity745

profile 𝑈0(𝑧). 𝐻𝐹 is defined as the farm-layer height with which the farm-layer average of746
the undisturbed velocity is equal to that of the rotor average, i.e.,747

∫ 𝐻𝐹

0 𝑈0𝑑𝑧

𝐻𝐹
=

∫
𝑈0𝑑𝐴

𝐴
. (A 1)748

Using this definition, the exact value of 𝐻𝐹 will vary with turbine design and (undisturbed)749
ABL profile. Figure 19 shows the value of 𝐻𝐹 according to A 1 for a wide range of velocity750
profiles and turbine designs. We assume that the velocity profile is given by the logarithmic751
law for awide range of surface roughness lengths that includes onshore and offshore locations.752
For the turbine design, we assume that the distance between the surface and bottom of the753
rotor is fixed at 50m. The range of 𝐷/𝐻ℎ𝑢𝑏 used corresponds to turbine diameters from754
100m up to 300m. Across a wide range of turbine design and velocity profiles the value of755
𝐻𝐹 obtained from equation A 1 only varies between 2.5𝐻ℎ𝑢𝑏 and 3𝐻ℎ𝑢𝑏.756
The average turbine power coefficient 𝐶𝑝 is changed only slightly when 𝐻𝐹 is increased757

from 2.5𝐻ℎ𝑢𝑏 to 3𝐻ℎ𝑢𝑏. The trends reported in this study are unaffected by a change in 𝐻𝐹 .758
𝐻𝐹 is relatively insensitive to velocity profiles and turbine design and is expected to be in759
the range 2.5𝐻ℎ𝑢𝑏 to 3𝐻ℎ𝑢𝑏. Therefore, the results of the present study are insensitive to the760
exact value of 𝐻𝐹 .761
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Figure 19: Variation of normalised wind farm-layer height 𝐻𝐹/𝐻ℎ𝑢𝑏 with surface
roughness length 𝑧0 and turbine design parameter 𝐷/𝐻ℎ𝑢𝑏 for a log law wind profile.

Appendix B. Effect of wind farm size on the wind extractability factor 𝜁762

To explore the effect of wind farm size on the wind extractability factor 𝜁 , we performed763
additional twin NWP simulations using the same methodology as Patel et al. (2021). Within764
the simulations, the diameter of a hypothetical circular wind farm (located off the east coast765
of Scotland) was varied from 10km to 30km. Example results for a 24-hour period with766
a relatively constant wind speed across the farm site (corresponding to Case B of figure767
9 of Patel et al. (2021)) are shown in figure 20. It can be seen that the value of 𝜁 tends768
to decrease with increasing the wind farm size for all the time. Further simulations are769
required in future studies to derive a correction function for the effect of wind farm size on770
𝜁 , but our preliminary results suggest that an exponential relationship may exist between the771
wind farm size and 𝜁 . Such an exponential correction would satisfy the expected asymptotic772
behaviour of 𝜁 (i.e., 𝜁 approaches to +∞ and 0 as the farm size approaches to 0 and +∞,773
respectively). Figure 20 also shows that 𝜁 varies significantly with time due to changing774
atmospheric conditions. These preliminary results show that 𝜁 depends both on wind farm775
size and atmospheric conditions.776
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Figure 20: Variation of 𝜁 throughout a 24 hour period (corresponding to Case B in figure
9 of Patel et al. (2021)) for different wind farm diameters.
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Chapter 3

Data-driven modelling of turbine
wake interactions and flow
resistance in large wind farms

This chapter presents a journal article titled ‘Data-driven modelling of turbine wake

interactions and flow resistance in large wind farms’ published in the journal ‘Wind

Energy’ (https://doi.org/10.1002/we.2851). The article spans the pages 55-75 in

the thesis. Note that there are some minor differences in the text from the published

version.

Turbine-wake interactions can significantly reduce the efficiency of wind farms.

Wind farm developers model turbine-wake interactions using engineering ‘wake’ mod-

els. To predict the performance of a farm, the individual wakes are combined using

empirical ad-hoc superposition techniques. For large farms, this approach can give

large errors. To reduce the uncertainty about the performance of new farms, new

approaches to predict turbine-wake interactions are required.

In this chapter we present a novel data-driven approach to predicting turbine-

wake interactions. To do this we developed emulators of the ‘internal’ turbine thrust

coefficient C∗
T as a function of turbine layout. The models were trained using a multi-

fidelity Gaussian Process (GP) approach. This allowed the models to be trained

on both low-fidelity wake model simulations and high-fidelity wind farm LES. The

multi-fidelity GP models predicted C∗
T with a mean absolute error of less than 1%.

The multi-fidelity GP model of C∗
T can be combined with the two-scale momentum

theory to give fast and accurate predictions of wind farm performance. This data-

driven approach can predict the impact of turbine layout on farm performance whilst

being applicable to different mesoscale atmospheric conditions. This could provide

an alternative method to modelling turbine-wake interactions in large wind farms.
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Abstract

Turbine wake and local blockage effects are known to alter wind farm power production in

two different ways: (1) by changing the wind speed locally in front of each turbine; and (2)

by changing the overall flow resistance in the farm and thus the so-called farm blockage

effect. To better predict these effects with low computational costs, we develop data-driven

emulators of the ‘local’ or ‘internal’ turbine thrust coefficient C∗
T as a function of turbine

layout. We train the model using a multi-fidelity Gaussian Process (GP) regression with a

combination of low (engineering wake model) and high-fidelity (Large-Eddy Simulations)

simulations of farms with different layouts and wind directions. A large set of low-fidelity

data speeds up the learning process and the high-fidelity data ensures a high accuracy. The

trained multi-fidelity GP model is shown to give more accurate predictions of C∗
T compared

to a standard (single-fidelity) GP regression applied only to a limited set of high-fidelity

data. We also use the multi-fidelity GP model of C∗
T with the two-scale momentum theory

(Nishino & Dunstan 2020, J. Fluid Mech. 894, A2) to demonstrate that the model can be

used to give fast and accurate predictions of large wind farm performance under various

mesoscale atmospheric conditions. This new approach could be beneficial for improving

annual energy production (AEP) calculations and farm optimisation in the future.

KEYWORDS:

Class file; LATEX2ε; Wiley NJD

1 INTRODUCTION

The installed capacity of wind energy is projected to increase rapidly in the next decades. A major challenge in the optimisation
of wind farm design is the accurate prediction of wind farm performance 1. Existing wind farm models struggle to make accurate
predictions of wind farm power production. This is partly because the ‘global blockage effect’ reduces the velocity upstream of large
farms and hence the energy yield 2. It remains unclear how global blockage should be modelled and this is the subject of a large-scale
field campaign 3.

Wind farms are typically modelled using engineering ‘wake’ models. These models predict the velocity deficit in the wakes behind
turbines 4 5. To account for interactions betweenmultiple turbines, the wake velocity deficits are superposed 6,7. Simple wake models
can give predictions of wind farm performance with very low computational cost ( 10−3 CPU hours per simulation 1). However, wake
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models do not account for the response of the atmospheric boundary layer (ABL) to the wind farm which is likely to be important
for large wind farms 8. It has been found that wake models compare poorly to Large-Eddy Simulations (LES) of large wind farms 9.

Wind farms are also modelled in numerical weather prediction (NWP) models using farm parameterisation schemes. In these pa-
rameterisations, farms are oftenmodelled as a momentum sink and a source of turbulent kinetic energy 10. Turbine-wake interactions
cannot be adequately predicted using these schemes. A new schemewas proposed 11 which uses a correction factor tomodel turbine
interactions. More recently, data-driven approaches have been proposed 12 to model these effects in wind farm parameterisations.

Data-driven modelling of wind farm flows is a promising new approach 13. Data from high-fidelity simulations with complex flow
physics can be used to make predictions with low computational cost. Recent studies have applied machine learning techniques
to data from a single turbine or from an existing wind farm. The data for these studies are from measurements 14,15,16,17, LES 18 or
Reynolds-Averaged Navier-Stokes (RANS) simulations 19,20,21. A limitation of these approaches is that they are not generalisable to
different turbine layouts unless they rely on wake superposition techniques to model farm flows. Another approach is modelling
the effect of turbine layout using geometric parameters 17 or using the layout as a graph input to a neural network 22,23. However,
these alternative approaches may struggle to fully capture the complex two-way interaction with the ABL as it seems impractical to
prepare a data set that covers the entire range of scales involved in wind farm flows 1.

The problem of modelling wind farm flows can be split into ‘internal’ turbine-scale and ‘external’ farm-scale problems 24. The
‘internal’ problem is to determine a ‘local’ or ‘internal’ turbine thrust coefficient, C∗

T , which represents the flow resistance inside a
wind farm, i.e., how the turbine thrust changes with wind speedwithin the farm. Nishino 25 proposed an analytical model for an upper
limit of C∗

T by using an analogy to the classic Betz analysis. This analytical model is a function of turbine-scale induction factor but
is independent of turbine layout and wind direction. Previous studies 24 25 8 showed that C∗

T is usually lower than the limit predicted
by Nishino’s model and can vary significantly with turbine layout due to wake and turbine blockage effects.

The aim of this study is to develop statistical emulators of C∗
T as a function of turbine layout and wind direction. The novelty of

this approach is that we are modelling the effect of turbine-wake interactions on C∗
T rather than turbine power. Both turbine-scale

flows (e.g., wake effects) and farm-scale flows (e.g. farm blockage and mesoscale atmospheric response) affect turbine power within
a farm. Therefore to create an emulator of turbine power, either (1) a very large set of expensive data such as finite-size wind farm
LES is needed which covers a range of large-scale atmospheric conditions or (2) the model would not be generalisable to different
mesoscale atmospheric responses. An emulator ofC∗

T is however applicable to different atmospheric responsesmodelled separately,
following the concept of the two-scale momentum theory 24 8.

In section 2 we give the definitions of key wind farm parameters in the two-scale momentum theory 24. Section 3 summarises
the methodology of the LES and wake model simulations, followed by the machine learning approaches to develop the emulators
in section 4. In section 5 we present the results from the trained emulators. These results are discussed in section 6 and concluding
remarks are given in section 7.

2 TWO-SCALE MOMENTUM THEORY

By considering the conservation of momentum for a control volume with and without a large wind farm over the land or sea surface,
the following non-dimensional farm momentum (NDFM) equation can be derived 24,

C∗
T

λ

Cf0
β2 + βγ = M (1)

where β is the farmwind-speed reduction factor defined as β ≡ UF /UF0 (withUF defined as the averagewind speed in the nominal
wind farm-layer of height HF , and UF0 is the farm-layer-averaged speed without the wind farm present); λ is the array density
defined as λ ≡ nA/SF (where n is the number of turbines in the farm, A is the rotor swept area and SF is the farm footprint area);
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C∗
T is the internal turbine thrust coefficient defined as C∗

T ≡∑n
i=1 Ti/

1
2
ρU2

FnA (where Ti is thrust of turbine i in the farm and ρ

is the air density); Cf0 is the natural friction coefficient of the surface defined as Cf0 ≡ ⟨τw0⟩/ 1
2
ρU2

F0 (where τw0 is the bottom
shear stress without the farm present); γ is the bottom friction exponent defined as γ ≡ logβ(⟨τw⟩/τw0) (where ⟨τw⟩ is the bottom
shear stress averaged across the farm);M is the momentum availability factor defined as,

M =
Momentum supplied by the atmosphere to the farm site with turbines

Momentum supplied by the atmosphere to the farm site without turbines . (2)
noting that this includes pressure gradient forcing, Coriolis force, net injection of streamwise momentum through top and side
boundaries and time-dependent changes in streamwise velocity 24. The height of the farm-layer,HF , is used to define the reference
velocitiesUF andUF0. Equation 1 is valid so long as the same ofHF is used for both the internal and external problem.HF is typically
between 2Hhub and 3Hhub

8 (whereHhub is the turbine hub-height) and in this study we use a fixed definition ofHF = 2.5Hhub.
Patel 26 used an NWP model to demonstrate that, for most cases, M varied almost linearly with β (for a realistic range of β

between 0.8 and 1). Therefore,M can be approximated by

M = 1 + ζ(1− β) (3)
where ζ is the ‘momentum response’ factor or ‘wind extractability’ factor. Patel 26 found ζ to be time-dependent and vary between
5 and 25 for a typical offshore site (note that ζ = 0 corresponds to the case where momentum available to the farm site is assumed
to be fixed, i.e.,M = 1).

Nishino 25 proposed an analytical model for C∗
T given by,

C∗
T = 4α(1− α) =

16C′
T

(4 + C′
T )2

(4)
where α is the turbine-scale wind speed reduction factor defined as α ≡ UT /UF (UT is the streamwise velocity averaged over the
rotor swept area) and C′

T ≡ T/ 1
2
ρU2

TA is a turbine resistance coefficient describing the turbine operating conditions.
For a given farm configuration at a farm site (i.e., for given set of C∗

T , λ, Cf0, γ and ζ) the farm wind-speed reduction factor β
can be calculated using equation 1. The (farm-averaged) power coefficient Cp is defined as Cp ≡∑n

i=1 Pi/
1
2
ρU3

F0nA (Pi is power
of turbine i in the farm). Using the calculated value of β, Cp can be calculated by using the expression,

Cp = β3C∗
p (5)

where C∗
p is the (farm-averaged) ‘local’ or ‘internal’ turbine power coefficient defined as C∗

p ≡∑n
i=1 Pi/

1
2
ρU3

FnA.

3 WIND FARM SIMULATIONS

In this study we model wind farms as arrays of actuator discs (or aerodynamically ideal turbines operating below the rated wind
speed). This is because, in real wind farms, the effects of turbine wake interactions on the farm performance are most significant
when they operate below the rated wind speed. The ‘internal’ thrust coefficient C∗

T is an important wind farm parameter which
includes the effect of turbine interactions (including both wake and local blockage effects). In this study we will be modelling the
effect of turbine layout on C∗

T for aligned turbine layouts with various wind directions and a fixed turbine resistance of C′
T = 1.33.

We chose C′
T = 1.33 because it leads to a turbine induction factor of 1/4 which is close to a typical value for modern large wind

turbines. As such we will be considering

C∗
T = f(Sx, Sy , θ) (6)
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Figure 1 Design of numerical experiments: a) input parameters, b) maximin design of LES.

where Sx is the turbine spacing in the x direction, Sy is the turbine spacing in the y direction and θ is the wind direction relative
to the x direction (see figure 1a). However the true function C∗

T cannot be easily evaluated so we will instead investigate C∗
T using

computer codes. One computer code we will use is LES (see section 3.1) to estimate C∗
T

C∗
T,LES = fLES(Sx, Sy , θ). (7)

We assume that the function fLES is close to the true function f because of the accuracy of LES to model wind farm flows. We will
also use a wake model (see section 3.2) to provide cheap approximations of C∗

T according to

C∗
T,wake = fwake(Sx, Sy , θ). (8)

Engineering problems are often investigated using complex computer models. Evaluating the output of such computer models
for a given input can be very computationally expensive. Therefore a common objective is to create a cheap statistical model of
the expensive computer model; this is commonly known as emulation of computer models 27 28. In this study we aim to develop a
statistical emulator which can cheaply emulate fLES .

The emulators will only be valid for aligned layouts of wind turbines and for a given turbine resistance (here we use C′
T = 1.33).

We consider the input parameters for a realistic range of turbine spacings 1: Sx ∈ [5D, 10D], Sy ∈ [5D, 10D] and θ ∈ [0o, 45o]

whereD is the diameter of the turbine rotor swept area. In this studyD is set as 100m and the turbine hub height is also 100m. We
only need to consider wind directions of θ ∈ [0o, 45o] because of symmetry in the aligned turbine layouts. If θ is negative than the
turbine layout given by (Sx, Sy , θ) is exactly the same as (Sx, Sy ,−θ). When θ > 45o, then (Sx, Sy , θ) and (Sy , Sx, 90o − θ) give
identical layouts.

In this study we build several emulators to predict fLES . The models are trained using data from low-fidelity (wake model)
and high fidelity (LES) wind farm simulations. One evaluation of C∗

T,wake takes approximately 130 seconds on a single CPU and
C∗

T,LES requires around 400 CPU hours on a supercomputer. We use a space filling maximin design 29 30 to select training points
in the parameter space. The maximin algorithm selects points which maximises the minimum distance to other points and to the
boundaries. This provides a good coverage of the domain which ensures that the emulators can give good predictions across the
whole of the domain 31. Figure 1b shows the LES training points in the parameter space.
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Figure 2 LES a) instantaneous and b) time-averaged flow fields over a periodic turbine array (Sx/D = 7.59, Sy/D = 5.47 and
θ = 37.6o).

3.1 Large-Eddy Simulations

This study uses the data from 50 high-fidelity (LES) simulations of wind farms published in a previous study 8. Here we give a brief
summary of the LESmethodology. The LESmodels a neutrally stratified atmospheric boundary layer over a periodic array of actuator
discs, which face the wind direction θ and exert uniform thrust. The resolution is 24.5m in the horizontal directions (4 points across
the rotor diameter) and 7.87m in the vertical. This is a coarse horizontal resolution; however using a correction factor for the turbine
thrust 32 makes the C∗

T,LES values insensitive to horizontal resolution 8. For all simulations the vertical domain size was fixed at
1km and the horizontal extent varied with turbine layout but was at least 3.14km. The horizontal boundary conditions were periodic
(essentially an infinitely-large wind farm). The bottom boundary used a no-slip condition with the value of eddy viscosity specified
following the Monin-Obukhov similarity theory for a surface roughness length of z0 = 1 × 10−4m. The top boundary had a slip
condition with zero vertical velocity. The flow was driven by a pressure gradient forcing which was constant and in the direction θ

throughout the domain. Figure 2 shows the instantaneous and time-averaged hub height velocities from one wind farm LES. See the
original paper 8 for further details of the LES.

3.2 Wake model simulations

Wake models are a cheap low-fidelity approach to modelling wind farm aerodynamics compared to expensive high-fidelity LES
simulations 1. We use the wake model proposed by Niayafar and Porté-Agel 33 to evaluateC∗

T,wake as a cheap approximation ofC∗
T .

We use the Python package PyWake 34 to implement the wake model. The turbine thrust coefficient CT is needed as an input for
the wake model. We use the value of C∗

T predicted by equation 4 as the value of CT . For the turbine operating conditions used in
this study (C′

T = 1.33) the wake model has CT equal to 0.75 for all turbines. To model actuator discs, we consider a hypothetical
turbine which has a constantCT for all wind speeds. We calculateC∗

T,wake for a single turbine at the back of a large farm (markedX

in figure 3). The farm simulated using the wake model is 10km long in the streamwise direction and 4km long in the cross-streamwise
direction. The farm size was chosen so that C∗

T no longer varied with increasing farm size. The wake growth parameter is calculated
using k∗ = 0.38I+0.004where I is the local streamwise turbulence velocity. The local streamwise turbulence intensity is estimated
using the model proposed by Crespo and Hernández 35. The background turbulence intensity (TI) is set as a typical value of 10%.

The velocity incident to the turbine is calculated by averaging the velocity across the disc area. We use a 4×3 cartesian grid with
Gaussian quadrature coordinates and weights on the disc to average the velocity. The disc-averaged velocity, UT is then calculated
by multiplying the averaged incident velocity by (1 − a) where a is the turbine induction factor set by the value of C′

T (using the
expression a = C′

T /(4 + C′
T )). To calculate the farm-average velocity, UF , we average the velocity across a volume around the
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Figure 3 Example of wind farm layout for wake model simulations.

single turbine. The volume has dimensions of Sy in the y direction, Sx in the x direction and 250m in the z direction (the height of
the nominal farm layer used in the previous LES study 8). To calculate the average velocity, we discretise the volume into 200 points
in the horizontal directions and 20 points in the vertical. This was sufficient for the calculation of C∗

T,wake to not vary with further
discretisation. Figure 3 shows an example of the farm layout for the wake model simulations.

4 MACHINE LEARNING METHODOLOGY

4.1 Gaussian Process regression

We will use Gaussian process (GP) regression 36 to build statistical emulators of fLES . A Gaussian process is a stochastic process
g ∼ GP(m, k) described by a mean functionm(v) = E[g(v)] and a covariance function k(v, v′) = E[(g(v)−m(v))(g(v′)−m(v′)].
In our case v = (Sx, Sy , θ). We will use such a stochastic process as a model of fLES , the true mapping from v to C∗

T,LES . Each
realisation from this process will therefore be a function which could plausibly represent this mapping. The mean function represents
the expected output value at an input v = (Sx, Sy , θ). The covariance function gives the covariance between output values at v and
v′. Examples of covariance functions include squared exponential, rational quadratic and periodic functions 36. Different covariance
functions will give differently shaped GPs. For example the squared exponential covariance function will give very smooth GPs
whereas the periodic function will give GPs with a periodic structure. Other types of structure, for example symmetry, can also be
encoded in the covariance function. Therefore the expected shape (for example smoothness) of the expected relationship and any
properties (for example discontinuities or symmetries) need to be consideredwhen choosing a covariance function for GP regression.

Let V = (v1, ..., vn)T be a collection of design points thenmV = (m(v1), ...,m(vn))T is the mean vector and kV V = (k(vi, vj))

is the covariance matrix. We will start by positing a GP model with mean m and covariance k (called the ‘prior GP’), then condition
this GP on LES observations; the outcome is a newGP (called the ‘posterior GP’). This gives the posterior distribution g|V,C∗

T,LES ∼

GP(mσ2 , kσ2 ). mσ2 is the posterior mean function given by mσ2 (v) = m(v) + kvV (kV V + σ2In×n)−1(C∗
T,LES − mV ) where

kvV = (k(v, v1), ..., k(v, vn)) and In×n is the identity matrix of size n. The posterior mean functionmσ2 is used tomake predictions
at v = (Sx, Sy , θ). The posterior covariance function kσ2 quantifies the uncertainty in our prediction at v = (Sx, Sy , θ). The
posterior covariance function is given by kσ2 (v, v′) = k(v, v′)− kvV (kV V + σ2In×n)−1kV v′ .

Often in GP regression a zero prior mean is used. However, using an informative prior mean can improve the accuracy of the
trained model. By using a prior mean, many of the trends in fLES can be incorporated into our model prior to making expensive
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Figure 4 Demonstration of basic GP regression: a) shows the prior mean and covariance function prior to fitting with 3 GPs drawn
from the distribution shown in colour; b) shows the effect of decreasing the lengthscale hyperparameter; c) the effect of variance
hyperparameter; and d) the posterior mean and covariance functions.

evaluations of C∗
T,LES . Therefore, after training our model will likely better describe the true relationship between Sx, Sy , θ and

fLES . In this study, we will use both C∗
T,wake and the analytical model of C∗

T as the prior mean for the standard GP regression. For
the wake model prior mean we also vary the specified ambient TI input parameter.

We expect fLES to be a smooth function of input variables Sx, Sy and θ, and to vary more rapidly with θ than Sx or Sy . Therefore
we will use an anisotropic squared-exponential covariance function,

k(v, v′) = σ2
f exp

(
− (Sx − S′

x)
2

2l21

)
exp

(
−
(Sy − S′

y)
2

2l22

)
exp

(
− (θ − θ′)2

2l23

)
(9)

where σ2
f > 0 is the signal variance hyperparameter and li > 0 is the lengthscale hyperparameter for each dimension. This is also

called an ARD (automatic relevance detection) kernel. If we consider v = v′ then we can see that σ2
f determines the variance of g(v).

Therefore σ2
f determines the prior uncertainty the model has about the value of g(v). As the lengthscale hyperparameter li gets

smaller then k(v, v′) decreases (for v ̸= v′). Equally if li increases then k(v, v′) will also increase. A GP with a small li will therefore
vary more rapidly across the parameter space in the ith dimension.

Due to numerical issues associated with the matrix inversion/linear system solve operations in the formulae for the posterior GP,
it is common to add a nugget σ2 > 0 to the kernel matrix. The hyperparameters σ2

f and li are selected automatically during the
fitting process by maximising the log marginal likelihood 36. This approach selects the model which maximises the fit to the data.

Figure 4 shows the impact of the hyperparameters in an example GP regression setting (using the squared exponential covariance
function). The mean function and 95% credible interval (+/-1.96 times the standard deviation) prior to fitting are shown in figure
4a with 3 GPs drawn from the distribution (coloured lines). The effect of decreasing the lengthscale hyperparameter li is shown in
figure 4b. The prior mean and 95% credible interval are unchanged however the example GPs drawn vary more rapidly because of
the shorter lengthscale. Figure 4c shows the same setup as figure 4a but with a smaller value of σ2

f . The example GPs still vary slowly
but the magnitude of the variations is now smaller. Figure 4d shows the GPs conditioned on observations with hyperparameters
selected by maximising the log marginal likelihood.
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Figure 5 Demonstration of a) basic GP regression and b) multi-fidelity GP regression. In this example f(x) = 1 + sin(6x) for the
high-fidelity data and f(x) = −0.5 + 0.5sin(6x) for the low-fidelity data.

4.2 Non-linear multi-fidelity Gaussian Process regression

In many applications there are several computational models available. These models can have varying accuracies and computational
costs. The models which are more computationally expensive typically give more accurate predictions. The GP regression frame-
work can be extended to combine information from low and high-fidelity models 37. This type of modelling uses the low-fidelity
observations to speed up the learning process and the high-fidelity observations to ensure accuracy. In our scenario we will com-
bine evaluations of from a low-fidelity (C∗

T,wake) and a high-fidelity (C∗
T,LES ) model. Note that for the multi-fidelity models in this

study we set the ambient TI to 10% for the wake model and use a zero prior mean. We will keep the number of high-fidelity training
points fixed at 50 and we will vary the number of low-fidelity training points used.

We combine information from our high and low-fidelity models using a nonlinear information fusion algorithm 38. The framework
is based on the autoregressive multi-fidelity scheme given by:

ghigh(v) = ρ(glow(v)) + δ(v) (10)
where glow(v) is a model with a GP denoted fwake and ghigh(v) is a model with a GP denoted fLES . ρ is a model with a GP
which maps the low-fidelity output to the high-fidelity output and δ(v) is a model with a GP which is a bias term. The non-linear
multi-fidelity framework can learn non-linear space-dependent correlations between models of different accuracies. To reduce the
computational cost and complexity of implementation the autoregressive scheme given by equation 10 is simplified. Firstly, the GP
prior glow(v) is replaced by the GP posterior glow,∗(v) and secondly the GPs ρ and δ are assumed to be independent. Equation 10
can then be summarised as

ghigh(v) = hhigh(v, glow,∗(v)) (11)
where hhigh is a model with a GP which has both v and glow,∗(v) as inputs. More details of hhigh and the implementation of the
multi-fidelity framework are given in Perdikaris et. al. 38.

Figure 5 shows an example of how a multi-fidelity GP can outperform a standard GP regression. We implement the non-linear
multi-fidelity framework using the ‘emukit’ package 39. We first maximise the log marginal likelihood whilst keeping the Gaussian
noise variance fixed at a low value of 1× 10−6. The fitting process is then repeated whilst allowing the Gaussian noise variance to
be optimised too. This is to prevent a high noise local optima from being selected.
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5 RESULTS

In this study, we build various statistical emulators of fLES using different techniques and compare the performance. A summary
of the techniques is shown in the list below:
1 Standard Gaussian Process regression (see section 4.1)

a GP-analytical-prior: Gaussian Process using analytical model (equation 4) prior mean
b GP-wake-TI10-prior: Gaussian Process using wake model (section 3.2) with ambient TI=10% prior mean
c GP-wake-TI1-prior: Gaussian Process using wake model with ambient TI=1% prior mean
d GP-wake-TI5-prior: Gaussian Process using wake model with ambient TI=5% prior mean
e GP-wake-TI15-prior: Gaussian Process using wake model with ambient TI=15% prior mean

2 Non-linear multi-fidelity Gaussian Process regression (see section 4.2)
a MF-GP-nlow500: multi-fidelity Gaussian Process using 500 low-fidelity training points
b MF-GP-nlow250: multi-fidelity Gaussian Process using 250 low-fidelity training points
c MF-GP-nlow1000: multi-fidelity Gaussian Process using 1000 low-fidelity training points
The code and data used to produce the results in this section is available open-access at the following GitHub repository: https:

//github.com/AndrewKirby2/ctstar_statistical_model.

5.1 Performance of standard GP regression

We first assessed the accuracy of the standard GP models (section 4.1) by performing leave-one-out cross-validation (LOOCV). This
is a method of estimating the accuracy of a statistical model whenmaking predictions on data not used to train themodel.We trained
our model on 49 of the 50 training points and then calculated the prediction accuracy for the single high-fidelity data point which is
excluded from the training set. This is then repeated for all data points in turn, and we took the average accuracy as an estimate of
the model test accuracy. The standard GP models were implemented using the ‘GPy’ package 40.

The standard GP gave accurate predictions of fLES with average errors of less than 2%. Table 1 shows the accuracy of the stan-
dard GPmodels compared to the analytical andwakemodels.We calculated the errors by using the expression |mσ2−C∗

T,LES |/0.75

wheremσ2 is the posterior mean function of the emulator. The reference value for C∗
T of 0.75 was chosen because this is the pre-

diction from the analytical model. Both GPmodels give similar maximum errors of approximately 6%. Using the wakemodel as a prior
mean gave a lower mean absolute error of 1.26%. The GP models reduced the average prediction error and significantly reduced
the maximum error compared to the wake model and analytical model of C∗

T .

Table 1 Accuracy of models for C∗
T prediction.

Model MAE (%) Maximum error (%)
GP-analytical-prior 1.87 6.09
GP-wake-TI10-prior 1.26 6.11
Analytical model 5.26 22.0

Wake model (TI=10%) 4.60 9.28
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Figure 6 Posterior variance function of GP-wake-TI10-prior model.

Figure 7 Sensitivity of fitted GP models to the ambient TI chosen for wake model prior means.

The model GP-wake-TI10-prior has a high degree of confidence when making predictions in regions of the parameter space.
Figure 6 shows the square root of the posterior covariance function kσ2 , which quantities the uncertainty of the emulator. The
uncertainty is uniform throughout the parameter space with regions of slightly higher uncertainty at θ = 0o and 45o.

We also assessed the sensitivity of the model accuracy to the ambient TI used in the wake model prior mean. Figure 7 shows
the impact of ambient TI on the wake model prior mean and the fitted GP model. Increasing the ambient TI increased the value of
C∗

T,wake. This is because of the enhanced wake recovery behind wind turbines. Increasing the ambient TI in the wake model results
in C∗

T,wake overpredicting C∗
T,LES . The MAE from the LOOCV procedure for each fitted GP is shown in the bottom right corner.
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The fitted GPs became more accurate when the wake model ambient TI was increased. Increasing the ambient TI for the wake
model causes thewakes to recover faster. Thewakes become shorter in the streamwise direction andwider in the spanwise direction.
As such, C∗

T,wake becomes less sensitive to the turbine layout. When an ambient TI of 1% and 5% is used for the wake model,
C∗

T,wake is more sensitive to turbine layout than C∗
T,LES (figures 7a and 7b). When the ambient TI is increased to 10% and above,

the relationship between C∗
T,wake and C∗

T,LES becomes simpler (figures 7c and 7d). This seems to explain why the fitted GPs
become more accurate.

5.2 Performance of non-linear multi-fidelity GP regression

We then assessed the accuracy of the multi-fidelity GP models (section 4.2). All models used the 50 high-fidelity (C∗
T,LES ) training

points and a varying number of low-fidelity (C∗
T,wake) training points (using an ambient TI of 10% for C∗

T,wake). The results from
LOOCV are shown in table 2. For the LOOCV we train our model on 49 out of the 50 high-fidelity data points and all low-fidelity
data points. Then we average the error in predicting the high-fidelity data point left of the training set and repeat this in turn for
data points. Increasing the number of low-fidelity training points from 250 to 500 reduced the mean and maximum error. However,
increasing this to 1000 low-fidelity training points did not increase accuracy and increased the fitting and prediction time. This is
because the number of high-fidelity training points is fixed. There is a threshold where the model of the relationship between fLES

and fwake, denoted ρ, limits the final accuracy of the emulator of fLES .
The posterior meanmσ2 of glow(v) is an emulator of fwake and ghigh(v) is an emulator of fLES . Figure 8 gives the predictions

from the posterior mean of ghigh(v) (for MF-GP-nlow500). The lowest mσ2 values were for a wind direction of θ = 0o. mσ2

Table 2 Performance of the multi-fidelity Gaussian Process models.
Model MAE (%) Maximum error (%) Training time (s) Prediction time (s)

MF-GP-nlow250 1.46 7.12 6.15 0.00157
MF-GP-nlow500 0.828 3.75 9.73 0.00167
MF-GP-nlow1000 0.866 3.55 26.8 0.00236

Figure 8 Posterior mean function for ghigh(v) ofMF-GP-nlow500.
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Figure 9 Posterior variance function for ghigh(v) ofMF-GP-nlow500.

increased rapidly with θ reaching a maximum of slightly over 0.75 at θ = 10o. For large values of θ (above θ = 25o) there were
local minima in mσ2 which appear in figure 8 as diagonal strips of low mσ2 values. The main diagonal strip occurs along the line
of Sy = Sx tan(θ). There are two smaller strips either side of with positions given by Sy = 2 tan(θ) and Sy = 0.5 tan(θ) (this is
discussed further in section 6).

The uncertainty the model MF-GP-nlow500 has in predicting fLES is shown in figure 9. The model uncertainty is uni-
form throughout the parameter space with slightly higher values at θ = 0o and 45o. Compared to the posterior variance of
GP-wake-TI10-prior (shown in figure 6) the uncertainty is lower. By incorporating information from C∗

T,wake, the multi-fidelity GP
model has more confidence about predicting fLES .

The prediction errors from the LOOCV (for MF-GP-nlow500) are shown in figure 10. The box plot of prediction errors in figure
10a shows that this model had no significant bias whereas both the wake and analytical models systemically overestimatedC∗

T,LES .
Figures 10b-d show that for the statistical model there appears to be no part of the parameter space which had larger errors.

The multi-fidelity approach used in this study builds a statistical model of both the low-fidelity (fwake) and high-fidelity (fLES )
model. We can use the posterior means of glow(v) and ghigh(v) to see the differences between the wake model and LES. The
posterior mean for both models are shown in figure 11. For the wake model the change in mσ2 with θ is greater than for the LES
(especially between θ = 0o and 10o). For larger values of θ, there is a larger difference inmσ2 between waked and unwaked layouts
for the low-fidelity model compared to the high-fidelity one. This suggests than the wake model is more sensitive to changes in wind
directions than the LES.
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Figure 10 Comparison of LOOCV prediction errors (%) for different models a) and LOOCV prediction error (%) ofMF-GP-nlow500
against input parameters b) Sx/D, c) Sy/D and d) θ(o). Note that for the box plot in a) the orange line is the median LOOCV error
and the box is the interquartile range of LOOCV error.

Figure 11 Posterior mean function ofMF-GP-nlow500 for different values of θ for a) to e) ghigh(v) and f) to j) glow(v).

5.3 Prediction of wind farm performance

We use the predicted values of C∗
T,LES from the emulators to predict the power output of wind farms under various mesoscale

atmospheric conditions, following the concept of the two-scale momentum theory. We predict the (farm-averaged) turbine power
coefficient Cp using C∗

T,LES predictions from MF-GP-nlow500. We call this prediction of farm performance Cp,model. Firstly, we
use the C∗

T,LES prediction from the LOOCV procedure as C∗
T in equation 1 to calculate β for a given value of wind extractability ζ.

We substitute this value of β into the expression Cp = β3C∗
T

3
2 C′

T
− 1

2 (which is only valid for actuator discs) to calculate Cp,model.
We compare the value of Cp,model with the turbine power coefficient recorded in the LES, Cp,LES . The effect of the coarse LES



14 KIRBY et al

Figure 12 Comparison of Cp predictions with LES results for a realistic range of ζ values.

resolution on turbine thrust (and hence also ABL response and Cp) has already been corrected 8. The LES was performed with
periodic horizontal boundary conditions and a fixed momentum supply, i.e., ζ = 0. However, the Cp,LES has also been adjusted for
a given ζ by scaling the velocity fields assuming Reynolds number independence 8.

Similarly, the analytical model of C∗
T can be used to give a theoretical prediction of wind farm performance called Cp,Nishino

8,
which is given by

Cp,Nishino =
64C′

T

(4 + C′
T )3



−ζ +

√
ζ2 + 4

(
16C′

T
(4+C′

T )2
λ

Cf0
+ 1
)
(1 + ζ)

2
(

16C′
T

(4+C′
T )2

λ
Cf0

+ 1
)




3

. (12)
We will compare the accuracy of both Cp,model and Cp,Nishino in predicting Cp,LES .

Both Cp,model and Cp,LES are shown in figure 12 for a realistic range of wind extractability factors, along with the results from
Cp,Nishino (equation 12). Cp,Nishino provides an approximate upper limit of farm-averaged Cp as it predicts very well the effects
of array density and large-scale atmospheric response. The statistical model accurately predicts the effect of turbine layout on farm
performance which becomes more important with larger ζ values. As ζ increases, there is a larger difference between Cp,LES and
Cp,Nishino. Also, Cp,model becomes slightly less accurate when ζ increases.

Table 3 shows the average prediction errors of Cp,model and Cp,Nishino. We quantified the mean absolute error using two
different reference powers. Using Cp,LES as the reference power, Cp,Nishino had an error of around 5% and the error increases
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Table 3 Comparison of models for Cp prediction.
1
50

∑50
i=1 |Cp,i − Cp,LES |/Cp,LES

1
50

∑50
i=1 |Cp,i − Cp,LES |/Cp,Betz

ζ Cp,Nishino Cp,model ζ Cp,Nishino Cp,model

0 2.82% 2.15% 0 0.142% 0.108%
5 4.38% 1.48% 5 0.954% 0.338%
10 5.16% 1.35% 10 1.67% 0.459%
15 5.66% 1.30% 15 2.24% 0.542%
20 6.02% 1.26% 20 2.72% 0.601%
25 6.30% 1.24% 25 3.11% 0.648%

with ζ. The mean absolute error of Cp,model was typically less than 1.5% and this decreased slightly as ζ increases (due to the
reference power Cp,LES increasing). We also use the power of an isolated ideal turbine, Cp,Betz , as a reference power. Cp,Betz is
calculated using the actuator disc theory with the expression Cp,Betz = 64C′

T /(4 + C′
T )3 (note that in this study C′

T = 1.33 and
hence Cp,Betz = 0.563). In this case the mean absolute error increased with ζ for both Cp,model and Cp,Nishino. However, the
average prediction error of Cp,model remained below 0.65%.

6 DISCUSSION

Data-driven modelling of the internal turbine thrust coefficientC∗
T is a novel approach to modelling turbine-wake interactions. Data-

driven models of wind farm performance typically focus on predicting the power output, which, however, depends on flow physics
across a wide range of scales. Current data-driven approaches are either not generalisable to different atmospheric responses, or
would require a very large set of expensive training data, such as finite-size wind farm LES data. Data-driven models of C∗

T captures
the effects of turbine-wake interactions, whilst also being applicable to different atmospheric responses (following the concept of
the two-scale momentum theory).

The statistical emulator ofC∗
T developed in this study was able to predict the farm powerCp of Kirby et. al. 8 with an average error

of less than 0.65%. The high accuracy and very low computational cost of this approach shows the potential of this approach for
modelling turbine-wake interactions. It has several advantages over traditional approaches using the superposition of wake models.
Information from turbulence-resolving LES is included which ensures a high accuracy. It will also be more advantageous as wind
farms become larger because wake models struggle to capture the complex multi-scale flows physics which are important for large
farms. The statistical model of C∗

T may therefore allow fast and accurate predictions of wind farm performance.
All emulators developed in this study gave substantially better predictions of C∗

T,LES compared to the analytical and wake
models. Both the mean and maximum prediction errors were reduced by the emulators. The standard GP regression approach had
a mean prediction error of 1.26% and maximum error of approximately 6%. The accuracy depends on the size of the LES data set
and could be further decreased with a larger training set. The multi-fidelity GP approach gave more accurate predictions of C∗

T,LES

compared to the standard GP regression. This is because non-linear information fusion algorithm has incorporated information from
many low-fidelity data points to improve the emulator of the high-fidelity (LES) model. This approach has the advantage that, unlike
the standard GP regression approach, it is not necessary to evaluate the prior mean before making a prediction. Therefore, to predict
C∗

T it is only necessary to evaluate the posterior mean of the high-fidelity emulator for a specific turbine layout.
The shape of the posterior mean in figure 8 gives insights into the physics of turbine-wake interactions. This is because C∗

T,LES

is low when a layout has a high degree of turbine-wake interactions. For the turbine operating conditions used, C∗
T,LES is close to

0.75 when a layout has a small degree of wake interactions. Figure 8a shows C∗
T,LES when the wind direction is perfectly aligned
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Figure 13 Positions of local minima in the function ghigh(Sx, Sy , θ) corresponding to different alignments of turbines.

with the rows of turbines (θ = 0). This gives wind farms with a high degree of wake interactions which results in lowC∗
T,LES values.

For θ = 0o, increasing Sx/D increases C∗
T because there is a larger streamwise distance between turbines for the wakes to recover.

When the cross-streamwise spacing (Sy/D) is increased the degree of wake interactions increases, i.e., C∗
T,LES decreases. This is

because there is a lower array density which results in a lower turbulence intensity within the farm and hence slower wake recovery.
Yang 41 found that increasing the cross-streamwise spacing in infinitely-large wind farms increased the power of individual turbines
and concluded that this was due to reduced wake interactions. However, the increase in turbine power found by Yang 41 may be also
explained by to a faster farm-averaged wind speed caused by a reduced array density rather than reduced wake interactions.

When the wind direction θ increases, C∗
T,LES increases to a maximum of just over 0.75 at θ = 10o (figure 8c). This result agrees

qualitatively with another study 42 in which it was found that the maximum farm power was produced by an intermediate wind
direction. When θ increases above 20o regions of low C∗

T,LES appear diagonally (see figures 8f-j). The regions of low C∗
T,LES are

centred on the surfaces given by Sy = 2Sx tan(θ), Sy = Sx tan(θ) and Sy = 0.5Sx tan(θ). These regions correspond to turbines
being aligned along different axes throughout the farm (see figure 13). There are longer streamwise distance between turbines for
these arrangements (compared to θ = 0o) and so the C∗

T,LES values are higher than for θ = 0o.
The accuracy of the statistical emulators could be further improved in future studies. Both the standard and multi-fidelity GP

models can be improved by adding more evaluations of C∗
T,LES . From table 2, the accuracy of the multi-fidelity GP models did not

improve once we used more than 500 C∗
T,wake evaluations. This shows that the error in predicting C∗

T,LES forMF-GP-nlow500 is
not due to the model of fwake. Instead the error arises from the learnt relationship between fwake and fLES .

The statistical emulators developed are not applicable to all wind farms because of the limited nature of our data set. A limitation
of the developed model is that it is only applicable to farms with perfectly aligned layouts. It should also be noted that our model
was trained on data from simulations of a neutrally stratified boundary layer. Therefore a larger LES data set with an extended
parameter space would be required to account for the effect of atmospheric stability on wake interactions and the resulting C∗

T .
Another limitation of our model is that it assumes all turbines have the same resistance coefficient C′

T . It is likely that this condition
can be strictly satisfied only in the fully developed region of a large farm where the wind speed does not change in the streamwise
or cross-streamwise directions.

Although we considered only actuator discs in this study for demonstration, the proposed approach using a data-driven model
of CT ∗ can be applied to power prediction of real turbines as well in future studies. In this study, we calculate Cp,model using the
expressionCp,model = β3C∗

T

3
2 C′

T
− 1

2 . This assumes that the relationship betweenC∗
p andC′

T is given byC∗
p = C∗

T

3
2 C′

T
− 1

2 , which
is only valid for actuator discs. For real turbines, the relationship betweenC∗

p andC′
T can be calculated using BEM theory 43 according

to the turbine design and operating conditions (noting that the turbine induction factor can still be estimated as a = C′
T /(4+C′

T )).
Cp,model can then be calculated using equation 5 with β found using equation 1. However, for a data-driven model of C∗

T to be
applicable to real turbines, it will be necessary to model the impact of a variable C′

T rather than assuming a fixed C′
T value as in this

study.
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7 CONCLUSIONS

In this study we proposed a new data-driven approach to modelling turbine wake interactions and resulting flow resistance in large
wind farms.We developed statistical emulators of the farm-internal turbine thrust coefficientC∗

T,LES as a function of turbine layout
and wind direction. C∗

T represents the flow resistance within a wind farm and reflects the characteristics of the turbine-scale flows
including wake and turbine blockage effects. We developed several emulators using both standard GP regression and multi-fidelity
GP regression. The standard GP was trained using data from 50 infinitely-large wind farm LES (and using a low-fidelity wake model
as a prior mean). The multi-fidelity GP was trained using data from both LES and wake model simulations. We estimated the test
accuracy of the model by performing leave-one-out cross-validation and assessed the error in predictingC∗

T,LES . All emulators had
a mean test error of less than 2% for predicting C∗

T,LES . The multi-fidelity GP gave the best performance with a mean prediction
error of 0.849% and maximum prediction error of 3.78%with no bias for under or over-prediction. This is low compared to the mean
error of the wake model (4.60%) and analytical C∗

T model (5.26%) which both had a bias for overpredicting C∗
T,LES .

We used an emulator ofC∗
T,LES to make predictions of wind farm performance under various mesoscale atmospheric conditions

(characterised by the wind extractability factor ζ) using the two-scale momentum theory 24. Our predictions of farm power produc-
tion had an average error of less than 1.5% under realistic wind extractability scenarios compared to the LES. When the error in
power prediction is expressed relative to the power of an isolated ideal turbine the average prediction error is less than 0.7%. We
also used a previously proposed analytical model ofC∗

T
25 to predict farm power output with an average error of less than 3.5% (with

the power of an isolated turbine as the reference power). The analytical model correctly predicts the trends in farm performance
with array density under different scenarios of large-scale atmospheric response, although it tends to overpredict the power where
turbine-wake interactions are important. Using statistical emulators ofC∗

T is a new approach to modelling turbine-wake interactions
and flow resistance within large wind farms. The approach can be extended in future studies by increasing the size of the training
data set, for example, to account for the effects of C′

T and atmospheric stability conditions on C∗
T . The very low computational cost

and high accuracy of the model could be beneficial for future wind farm optimisation.
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APPENDIX

A ESTIMATED HYPERPARAMETERS

In this section we present the estimated hyperparameters for each model in section 5. The hyperparameters for the standard GP
models are shown in table A1. Unlike the LOOCV procedure in section 5, the models are fitted to all 50 LES data pointsC∗

T,LES . The
hyperparameter values in table A1 will therefore be slightly different but very similar to the models in section 5. Equation 9 shows
the meaning of each of the hyperparameters. For GP-analytical-prior, l3 is the smallest lengthscale. This suggests that C∗

T,LES is
more sensitive to wind direction than turbine spacing.

The kernel for the multi-fidelity GP models is shown in equation A1. The kernel is the product and sum of different anisotropic
squared-exponential covariance functions. Table A2 gives the estimated hyperparameters for the multi-fidelity GP models. For table
A2 all 50 LES data points have been used for the fitting process.

khigh(v, v
′; θ) = khigh,ρ(v, v

′; θhigh,ρ) · khigh,f (glow,∗(v), glow,∗(v
′); θhigh,f ) + khigh,δ(v, v

′; θhigh,δ) (A1)

Table A1 Estimated hyperparameters for standard GP regression models.
Hyperparameter GP-analytical-prior GP-wake-TI1-prior GP-wake-TI5-prior GP-wake-TI10-prior GP-wake-TI15-prior

σ2
f 5.25× 10−3 1.22× 10−3 1.27× 10−3 9.09× 10−4 1.19× 10−3

l1 5.27 2.51 1.74× 103 1.03× 104 5.06

l2 4.90 1.26× 103 1.94× 103 3.57 5.91

l3 6.16× 10−1 2.02× 10−1 4.55× 10−1 2.03 6.25× 10−1

σ2 1.47× 10−4 4.06× 10−4 3.83× 10−4 1.28× 10−4 4.10× 10−5
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Table A2 Estimated hyperparameters for multi-fidelity GP regression models.
Hyperparameter MF-GP-nlow250 MF-GP-nlow500 MF-GP-nlow100

klow

σ2
f 2.09× 10−1 9.51× 10−2 9.70× 10−2

l1 3.31 1.42 1.40

l2 2.51 1.18 1.10

l3 7.31× 10−1 5.12× 10−1 5.07× 10−1

khigh,ρ

σ2
f 2.22× 10−5 7.91× 10−6 2.34× 10−5

l1 3.77 3.92× 104 1.23× 101

l2 6.29 6.94 9.52

l3 9.25 10.0 6.66

khigh,f
σ2
f 2.82× 102 2.00× 103 4.89× 102

l 1.15× 10−1 1.96× 10−1 1.89× 10−1

khigh,δ

σ2
f 5.16× 10−1 5.42× 10−1 5.00× 10−1

l1 1.18× 104 8.76× 104 2.33× 104

l2 1.45× 104 1.17× 105 2.58× 104

l3 1.01× 104 5.11× 105 4.93× 103

σ2
low 1.09× 10−4 2.75× 10−6 1.84× 10−6

σ2
high 5.59× 10−4 5.46× 10−5 4.42× 10−5
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Chapter 4

An analytical model of momentum
availability for predicting large
wind farm power

This chapter presents a journal article titled ‘An analytical model of momentum avail-

ability for predicting large wind farm power’ published in the ’Journal of Fluid Me-

chanics’ (https://doi.org/10.1017/jfm.2023.844). The article spans the pages

79-99 in the thesis.

Offshore wind farms are becoming larger. Therefore, the aerodynamics which

determines the farm efficiency may change. For large offshore farms, farm-scale flow

effects are starting to be observed, e.g. farm blockage and gravity wave excitation.

Our previous work (chapter 2) showed that power losses due to farm-scale flows could

be more than twice as large as the losses due to turbine-scale flows as future wind

farms become larger. This motivates the development of new models to predict farm-

scale flows with low computational cost.

In this chapter, we present a simple new analytical model to predict farm-atmosphere

interactions. The model considers the impact of net momentum advection, pressure

gradient forcing and turbulent entrainment on farm performance. We derive the

model using a quasi-1D steady control volume analysis. The model is compared

against existing finite wind farm LES in the literature. This initial comparison shows

a good agreement between the model and simulation results.

The proposed model is a new way of predicting the power output of large wind

farms. The chapter also outlines a new general framework for modelling farm-scale

flows. This could provide a more physically realistic approach to predicting farm

efficiency at low cost.
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become larger (Veers et al. 2022). A key aspect for designing wind farms is predicting their
power output. However, it is difficult to model the aerodynamics of large wind farms because
of the multi-scale nature of flows involved (Porté-Agel et al. 2020).

Traditionally, there are two main approaches to predicting wind farm performance at a low
computational cost. For the first approach, semi-analytical ‘wake’ models predict the velocity
deficit in the wake behind a turbine (e.g. Jensen 1983; Bastankhah & Porté-Agel 2014). To
model an entire wind farm, individual wakes are superposed using different techniques (e.g.
Katic et al. 1986; Zong & Porté-Agel 2020). Wake models are commonly used to optimise the
layout of turbines in a farm. However, they do not consider the atmospheric response to wind
farms and thus they perform poorly for extended wind farms (e.g. Stevens et al. 2016). The
second approach uses ‘top-down’ models (e.g. Frandsen 1992; Frandsen et al. 2006; Calaf
et al. 2010). Top-down models consider the response of an idealised atmospheric boundary
layer (ABL) to an infinitely large wind farm. They cannot however, predict the impact of
turbine layout (placement of turbines within a farm) on farm performance. Recent studies
have coupled the wake and top-down models together (e.g. Stevens et al. 2016; Starke et al.
2021). This approach however, is still limited by the limitations of the constituent models,
e.g., idealised ABL profiles and wake superposition methods.

More recently, models have been developed to predict the interaction between wind farms
and the atmosphere. Meneveau (2012) extended top-down models to finite wind farms by
considering the development of an internal boundary layer. Luzzatto-Fegiz & Caulfield
(2018) modelled the impact of entrainment on farm performance by using a three layer
model. This model was extended to finite wind farms by Bempedelis et al. (2023). Smith
(2010) predicted the impact of gravity waves on wind farm performance by solving a two
layer model using fast fourier transforms. This approach was later extended to a three layer
model (Allaerts & Meyers 2018, 2019). The model was further extended to include the
impact of vertically varying free-atmospheres (Devesse et al. 2022). All of these approaches
require solving differential equations numerically to predict wind farm performance.

Nishino & Dunstan (2020) developed the ‘two-scale momentum theory’ to better un-
derstand the power generation mechanism of large wind farms. This splits the multi-
scale problem of wind farm aerodynamics into ‘internal’ turbine/array-scale and ‘external’
farm/atmospheric-scale sub-problems. The sub-problems are coupled together using the
conservation of momentum. As farms become larger, one of the grand challenges facing
the wind energy community is to understand the impact of farm-atmosphere interaction
(Veers et al. 2019). Kirby et al. (2022) confirmed this by performing large-eddy simulations
(LES) of 50 different periodic turbine layouts. They introduced the concepts of ‘turbine-scale
losses’ due to turbine-wake interactions and ‘farm-scale losses’ caused by the atmospheric
response to the whole farm. For large offshore farms, the farm-scale losses were found to be
typically more than twice as large as the turbine-scale losses. This highlights the importance
of modelling farm-scale flows to predict the performance of future large farms.

Unlike most large wind farm models, the two-scale momentum theory does not assume
any specific profiles of the ABL (such as a logarithmic law), allowing for the external sub-
problem to be modelled in various manners. For the external modelling, it is crucial to
accurately predict how the momentum available to the farm site increases due to the presence
of the turbines, i.e., the momentum availability. Recent studies (Patel et al. 2021; Legris
et al. 2023) used ‘twin’ numerical weather prediction (NWP) simulations to calculate the
momentum availability and thus predict how farm-scale losses (including the so-called farm
blockage losses) change with atmospheric conditions. However, this approach would be too
computationally expensive for wind farm optimisation unless a sufficiently long set of twin
NWP (such as those reported by van Stratum et al. (2022)) has already been conducted for
candidate wind farm sites.
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In the present study we propose a simple analytical model to predict the momentum
availability for large wind farms. This model, together with the two-scale momentum theory,
allows us to predict the power of a large wind farm analytically. The model is derived using
quasi-1D control volume analysis and assuming self-similar vertical shear stress profiles. In
section 2, we summarise the two-scale momentum theory and the key wind farm parameters.
Section 3 presents the derivation of the new momentum availability factor model. In section
4 we compare the predictions of farm power with existing finite wind farm LES. The model
is further discussed in section 5 and concluding remarks are given in section 6.

2. Two-scale momentum theory
By considering the conservation of momentum for a control volume with and without a
wind farm present, Nishino & Dunstan (2020) derived the non-dimensional farm momentum
(NDFM) equation:

𝐶∗
𝑇

𝜆

𝐶 𝑓 0
𝛽2 + 𝛽𝛾 = 𝑀 (2.1)

where 𝛽 is the farm wind-speed reduction factor defined as 𝛽 ≡ 𝑈𝐹/𝑈𝐹0 (with 𝑈𝐹 defined
as the average wind speed in the nominal farm-layer of height 𝐻𝐹 , and𝑈𝐹0 is the farm-layer-
averaged speed without the presence of the turbines); 𝐶∗

𝑇 is the (farm-averaged) ‘internal’
turbine thrust coefficient defined as 𝐶∗

𝑇 ≡ ∑𝑛
𝑖=1 𝑇𝑖/ 1

2 𝜌𝑈
2
𝐹𝑛𝐴 (where 𝑇𝑖 is the thrust of turbine

𝑖, 𝐴 is the rotor swept area and 𝑛 is the number of turbines in the farm); 𝜆 is the array
density defined as 𝜆 ≡ 𝑛𝐴/𝑆𝐹 (where 𝑆𝐹 is the wind farm area); 𝐶 𝑓 0 is the natural friction
coefficient of the surface defined as𝐶 𝑓 0 ≡ 𝜏𝑤0/ 1

2 𝜌𝑈
2
𝐹0 (where 𝜏𝑤0 is the undisturbed bottom

shear stress); 𝛾 is the bottom friction exponent defined as 𝛾 ≡ log𝛽 (𝜏𝑤/𝜏𝑤0) (assumed to be
2 in this study); and 𝑀 is the momentum availability factor given by:

𝑀 =
𝑋 − 𝐶 −

[
𝜕𝑝
𝜕𝑥𝐹

]
− 𝜕[𝜌𝑈 ]

𝜕𝑡

𝑋0 − 𝐶0 −
[
𝜕𝑝0
𝜕𝑥𝐹0

]
− 𝜕[𝜌𝑈0 ]

𝜕𝑡

(2.2)

where 𝑈 is the velocity in the hub-height wind direction (i.e. streamwise direction) 𝑥𝐹 , 𝑋
represents the net streamwise momentum injection through the top and side boundaries of
the control volume (due to advection and Reynolds stress),𝐶 is the streamwise component of
the Coriolis force averaged over the control volume, 𝜕𝑝/𝜕𝑥𝐹 is the pressure gradient in the
direction 𝑥𝐹 and the subscript 0 refers to values without the turbines present. Any imbalance
between the momentum supplied to the control volume and total bottom drag (i.e., turbine
thrust and surface drag) will accelerate or decelerate the flow, giving the time derivative
terms in equation 2.2 (Nishino & Dunstan 2020). In this study we ignore the Coriolis terms
and time derivative terms (i.e., we assume stationary atmospheric conditions) and use a fixed
definition for the farm-layer height of 𝐻𝐹 = 2.5𝐻ℎ𝑢𝑏 where 𝐻ℎ𝑢𝑏 is the turbine hub-height,
following Kirby et al. (2022).

The theoretical framework Nishino & Dunstan (2020) used to derive equation 2.1 is known
as the ‘two-scale momentum theory’. The left-hand side of equation 2.1 is expected to depend
primarily on turbine-scale or ‘internal’ conditions. This includes turbine layout and operating
conditions, and the hub-height wind speed and direction. The right-hand side of equation 2.1
is assumed to depend on ‘external’ farm-scale conditions.

The farm wind-speed reduction factor 𝛽 can be calculated using 2.1 for a set of 𝐶∗
𝑇 , 𝛾 and

𝑀 . Using 𝛽, the average turbine power coefficients can be calculated using
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𝐶𝑝 = 𝛽3𝐶∗
𝑝 (2.3)

where𝐶𝑝 is the (farm-averaged) turbine power coefficient defined as𝐶𝑝 ≡ ∑𝑛
𝑖=1 𝑃𝑖/ 1

2 𝜌𝑈
3
𝐹0𝑛𝐴

(𝑃𝑖 is power of turbine 𝑖 in the farm) and 𝐶∗
𝑝 is the (farm-averaged) ‘internal’ turbine power

coefficient defined as 𝐶∗
𝑝 ≡ ∑𝑛

𝑖=1 𝑃𝑖/ 1
2 𝜌𝑈

3
𝐹𝑛𝐴.

3. Momentum availability factor model
The momentum availability factor 𝑀 describes the increase in momentum supplied to the
farm site due to the presence of the turbines (equation 3.1). We introduce new variables 𝑀𝐹0
defined as the total net momentum flux into the farm control volume without the turbines
present, and 𝑀𝐹 as the total net momentum flux with the turbines. Δ𝑀𝐹 is the change in
momentum flux due to the presence of the turbines, defined as Δ𝑀𝐹 ≡ 𝑀𝐹 − 𝑀𝐹0.
Δ𝑀𝐹 can be decomposed into the contributions from different physical mechanisms. For

this study, we will consider only the contributions from net momentum advection, pressure
gradient forcing (PGF) and turbulent entrainment (equation 3.1). Equation 3.1 provides a
new framework for modelling the impact of farm-scale flows.

𝑀 =
𝑀𝐹

𝑀𝐹0
= 1 + Δ𝑀𝐹

𝑀𝐹0

= 1 + Δ𝑀𝐹,𝐴𝑑𝑣𝑒𝑐𝑡𝑖𝑜𝑛

𝑀𝐹0
+ Δ𝑀𝐹,𝑃𝐺𝐹

𝑀𝐹0
+ Δ𝑀𝐹,𝐸𝑛𝑡𝑟𝑎𝑖𝑛𝑚𝑒𝑛𝑡

𝑀𝐹0
(3.1)

In this study we propose simple analytical models for the components of equation 3.1.
For each component we consider a control volume of height 𝐻𝐹 around the farm (note that
this control volume can be different from the control volume used to derive equation 2.1).
The height of the control volume can be chosen arbitrarily but choosing 𝐻𝐹 allows terms
to be linked to farm wind-speed reduction factor 𝛽. We use a steady quasi-1D analysis for
the advection and PGF terms. The entrainment term is modelled by assuming self-similar
vertical shear stress profiles (above the top turbine-tip). However, the modelling framework
is not specific to the analytical models proposed in the next sections. Equation 3.1 can be a
starting point for future studies using more sophisticated approaches for each component.

3.1. Net momentum advection
Figure 1 shows a rectangular wind farm control volume. 𝐿 is the length of the farm in
the hub-height wind direction and 𝑊 is the farm width. Using a quasi-1D approach, we
define the spanwise- and vertically-averaged wind speed throughout the control volume as
𝑈𝐹0𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥). In our notation 𝑥 = 0 is at the front of the farm and 𝑥 = 𝐿 is at the rear.
Note that in figure 1a, 𝛽𝑙𝑜𝑐𝑎𝑙 (0) is not exactly equal to 1 since the wind speed decelerates
upstream of the farm due to the farm blockage effect. Our proposed model of net momentum
advection can therefore capture the impact of farm blockage.

By considering the conservation of mass of an elemental control volume (shown by the
bold box in figure 1), the mass flux out of the farm control volume at position 𝑥 can be
expressed as

¤𝑚𝑜𝑢𝑡 (𝑥) = −𝜌𝐻𝐹𝑊𝑈𝐹0
d𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥)

d𝑥
. (3.2)

Focus on Fluids articles must not exceed this page length
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Figure 1: Control volume analysis for net momentum advection calculation a) side view
and b) front view.

Note that this could be mass flux out of the top or sides of the farm control volume. The
momentum flux into the control volume at the front surface (i.e. 𝑥 = 0) is given by

¤𝑚𝑖𝑛, 𝑓 𝑟𝑜𝑛𝑡𝑈𝑖𝑛, 𝑓 𝑟𝑜𝑛𝑡 = 𝜌𝑈
2
𝐹0𝛽𝑙𝑜𝑐𝑎𝑙 (0)2𝐻𝐹𝑊 (3.3)

noting that a positive value represents a net inflow of momentum. The net momentum flux
through the rear surface (i.e. 𝑥 = 𝐿) is given by

¤𝑚𝑖𝑛,𝑟𝑒𝑎𝑟𝑈𝑖𝑛,𝑟𝑒𝑎𝑟 = −𝜌𝑈2
𝐹0𝛽𝑙𝑜𝑐𝑎𝑙 (𝐿)2𝐻𝐹𝑊. (3.4)

The momentum flux through the top surface is the integral of the mass flux and streamwise
velocity at each position 𝑥, i.e.

¤𝑚𝑖𝑛,𝑡𝑜𝑝𝑈𝑖𝑛,𝑡𝑜𝑝 = −
∫ 𝐿

0
¤𝑚𝑜𝑢𝑡 (𝑥)𝑈𝐹0𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) d𝑥. (3.5)

We substitute 3.2 into 3.5 and integrate to obtain

¤𝑚𝑖𝑛,𝑡𝑜𝑝𝑈𝑖𝑛,𝑡𝑜𝑝 = 𝜌𝑈2
𝐹0𝐻𝐹𝑊

[
1
2
𝛽𝑙𝑜𝑐𝑎𝑙 (𝐿)2 − 1

2
𝛽𝑙𝑜𝑐𝑎𝑙 (0)2

]
. (3.6)

The total net momentum inflow into the control volume is given by the sum of equations 3.3,
3.4 and 3.6, i.e.,

Δ𝑀𝐹,𝐴𝑑𝑣𝑒𝑐𝑡𝑖𝑜𝑛 =
1
2
𝜌𝑈2

𝐹0𝐻𝐹𝑊
[
𝛽𝑙𝑜𝑐𝑎𝑙 (0)2 − 𝛽𝑙𝑜𝑐𝑎𝑙 (𝐿)2] . (3.7)

This expression relates the change in momentum advection to the velocity at the front and
rear of the farm.

3.2. Pressure gradient forcing
LES results in the literature have shown that large wind farms can induce additional pressure
gradients across them (e.g., Allaerts & Meyers 2017; Wu & Porté-Agel 2017; Lanzilao
& Meyers 2022). When farms induce additional pressure gradients, a velocity reduction
at the front of the farm is commonly observed. This velocity reduction at the front of the
farm is commonly known as ‘wind-farm blockage’. Typically, a velocity increase and pressure
reduction at the rear of the farm can also occur. Figure 2 shows example streamwise variations
of 𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) and pressure.
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Figure 2: Example variations of a) local farm wind-speed reduction factor 𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) and
b) pressure 𝑝(𝑥) with streamwise location.

In this section we propose a simple model for Δ𝑀𝐹,𝑃𝐺𝐹 . We apply Bernoulli’s equation
as an approximation to link the pressure increase to the velocity reduction at the front of
the farm. We neglect changes in gravitational potential energy. It is assumed that changes in
pressure are uniform up to the control volume height 𝐻𝐹 .

Our aim here is to model an increased pressure difference across the farm Δ𝑝. The physical
mechanism increasing the pressure difference is not directly considered (e.g. gravity waves)
but is implicitly included in Δ𝑝. Δ𝑝 is composed of a pressure increase at the front surface
of the farm control volume Δ𝑝 𝑓 𝑟𝑜𝑛𝑡 and pressure decrease at the rear surface Δ𝑝𝑟𝑒𝑎𝑟 .

The velocity reduction in front of the farm takes place over a distance of 𝐿𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛.
Without the farm present, the background pressure force is balanced by the bottom shear
stress over this region, i.e.,

ℎ0Δ𝑝0 =
1
2
𝜌𝐶 𝑓 0𝑈

2
𝐹0𝐿𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛 (3.8)

where ℎ0 is the ABL height without the farm present. Therefore, the ratio of friction head
loss to dynamic pressure is given by 𝐿𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛𝐶 𝑓 0/ℎ0. Although 𝐿𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛 can be an order
of magnitude larger than ℎ0, a typical value of 𝐶 𝑓 0 is 0.002 to 0.003. The dynamic pressure
is therefore typically one to two orders of magnitude larger than the friction head loss and
background pressure gradient. As such, as a first order approach we consider only pressure
changes due to changes in dynamic pressure, justifying the use of Bernoulli’s equation.

Bernoulli’s equation is applied on a streamline from far upstream to the front of the farm.
The increase in pressure force on the front surface of the control volume is therefore given
by:

Δ𝑝 𝑓 𝑟𝑜𝑛𝑡𝐻𝐹𝑊 =
1
2
𝜌𝑈2

𝐹0𝐻𝐹𝑊
[
1 − 𝛽𝑙𝑜𝑐𝑎𝑙 (0)2] . (3.9)

We then assume that Δ𝑝𝑟𝑒𝑎𝑟 = Δ𝑝 𝑓 𝑟𝑜𝑛𝑡 and therefore Δ𝑝 = 2Δ𝑝 𝑓 𝑟𝑜𝑛𝑡 . This is a strong
assumption and in reality this would depend on the atmospheric conditions. The LES results
of Wu & Porté-Agel (2017) and Lanzilao & Meyers (2022) show approximately equal and
opposite pressure changes at the front and rear of the farm, suggesting that this approximation
is valid. However, the LES of Allaerts & Meyers (2017) and Lanzilao & Meyers (2023)
suggest that this assumption is likely to only be valid for certain atmospheric stratifications.
Δ𝑀𝐹,𝑃𝐺𝐹 is then given by:
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Γ = 1𝐾/𝑘𝑚 Γ = 5𝐾/𝑘𝑚
Staggered Aligned Staggered Aligned

𝛽𝑙𝑜𝑐𝑎𝑙 (0)2 + 𝛽𝑙𝑜𝑐𝑎𝑙 (𝐿)2 1.519 1.579 1.361 1.473
1 + 𝛽2 1.639 1.696 1.548 1.611

Percentage error 7.99% 7.40% 13.7% 9.37%

Table 1: Percentage errors of approximation 𝛽𝑙𝑜𝑐𝑎𝑙 (0)2 + 𝛽𝑙𝑜𝑐𝑎𝑙 (𝐿)2 ≈ 1 + 𝛽2 using data
from Wu & Porté-Agel (2017)

Δ𝑀𝐹,𝑃𝐺𝐹 = Δ𝑝𝐻𝐹𝑊 =
1
2
𝜌𝑈2

𝐹0𝐻𝐹𝑊
[
2 − 2𝛽𝑙𝑜𝑐𝑎𝑙 (0)2] . (3.10)

Combining advection and PGF terms gives:

Δ𝑀𝐹,𝐴𝑑𝑣𝑒𝑐𝑡𝑖𝑜𝑛 + Δ𝑀𝐹,𝑃𝐺𝐹 =
1
2
𝜌𝑈2

𝐹0𝐻𝐹𝑊
[
2 − 𝛽𝑙𝑜𝑐𝑎𝑙 (0)2 − 𝛽𝑙𝑜𝑐𝑎𝑙 (𝐿)2] . (3.11)

Generally, the velocity at the front of the farm is close to the undisturbed value. The velocity
at the rear of the farm tends to be close to the farm-averaged value. As a simple first-order
approach, we assume that the small velocity reduction at the front of the farm, 1−𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥), is
equal to the small increase at the rear (relative to the farm-averaged wind speed), 𝛽𝑙𝑜𝑐𝑎𝑙 (𝐿)−𝛽.
As such we can say that 𝛽𝑙𝑜𝑐𝑎𝑙 (0)2 + 𝛽𝑙𝑜𝑐𝑎𝑙 (𝐿)2 ≈ 1 + 𝛽2. Applying this approximation to
equation 3.11:

Δ𝑀𝐹,𝐴𝑑𝑣𝑒𝑐𝑡𝑖𝑜𝑛 + Δ𝑀𝐹,𝑃𝐺𝐹 =
1
2
𝜌𝑈2

𝐹0𝐻𝐹𝑊
(
1 − 𝛽2

)
. (3.12)

To check the validity of this approximation, we used data from finite wind farm LES
performed by Wu & Porté-Agel (2017). We take the hub-height wind speed normalised
by the inflow value as a proxy for 𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥). Note that 𝐻𝐹 has been defined so that the
hub-height wind speed is approximately equal to the farm-layer-averaged speed (Kirby et al.
2022). For the four farms simulated by Wu & Porté-Agel (2017), this assumption gives an
overestimation on the order of 10% (table 1).

Dividing by the initial momentum supply 𝑀𝐹0 gives:

Δ𝑀𝐹,𝐴𝑑𝑣𝑒𝑐𝑡𝑖𝑜𝑛

𝑀𝐹0
+ Δ𝑀𝐹,𝑃𝐺𝐹

𝑀𝐹0
=

1
2 𝜌𝑈

2
𝐹0𝐻𝐹𝑊

(
1 − 𝛽2)

𝜏𝑤0𝐿𝑊
=

1
𝐶 𝑓 0

𝐻𝐹

𝐿

(
1 − 𝛽2

)
. (3.13)

Although this is an approximation, equation 3.13 shows that when advection and PGF terms
are combined, the dependence on farm inlet and outlet velocities disappears. Interestingly,
this suggests that the impact of farm-scale flows may not directly depend on the wind speed
at the front of the farm.

3.3. Turbulent entrainment
Wind farms increase the turbulent mixing within the ABL. This increases the momentum
entrainment into the farm (Stevens & Meneveau 2017). This mechanism supplies momentum
to the control volume through the shear stress at the top surface. Δ𝑀𝐹,𝐸𝑛𝑡𝑟𝑎𝑖𝑛𝑚𝑒𝑛𝑡 can be
expressed as
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Figure 3: a) Vertical profiles of shear stress from horizontally periodic LES with and
without the farm present (Abkar & Porté-Agel 2013) b) normalised vertical profiles.

Δ𝑀𝐹,𝐸𝑛𝑡𝑟𝑎𝑖𝑛𝑚𝑒𝑛𝑡

𝑀𝐹0
=
𝜏𝑡𝐿𝑊 − 𝜏𝑡0𝐿𝑊

𝜏𝑤0𝐿𝑊
=
𝜏𝑡 − 𝜏𝑡0
𝜏𝑤0

(3.14)

where 𝜏𝑡 is the shear stress at the top of the control volume.
The ABL can be stratified with different profiles of potential temperature which can change

farm performance (Porté-Agel et al. 2020). In this study we consider conventionally neutral
boundary layers (CNBLs) because many wind farm LES studies adopted ABLs with these
profiles. CNBLs have self-similar vertical shear stress profiles (Liu et al. (2021)). Therefore,
if the surface stress and the boundary layer height are known, then the shear stress at any
height can be determined. Note that the height is normalised by ℎ = ℎ0.05/(1 − 0.052/3)
where ℎ0.05 is the height where the shear stress is 5% of the surface value.

The self-similarity of shear stress profiles can also be applied to large wind farms. Abkar &
Porté-Agel (2013) performed horizontally periodic LES of CNBLs with and without turbines
present. Figure 3a shows the vertical profiles of the shear stress (note this is the stress in the
hub-height wind direction, 𝑥𝐹). Above the turbine top tip (126.5m in Abkar & Porté-Agel
(2013)) the vertical profiles have a similar shape. This suggests that the stress profiles above
the turbines is equivalent to an ‘empty’ CNBL with a higher surface stress.

The black dotted lines in figure 3a show the stress profiles above the turbines extrapolated
to the surface (using a second order polynomial regression). This corresponds to the total
bottom stress, i.e., surface shear stress and turbine thrust. When the stress profiles of Abkar
& Porté-Agel (2013) are normalised by the total bottom stress and new ABL height, they
fall onto the same curve (figure 3b). This shows that the CNBLs containing wind farms also
follow approximately the same self-similar shear stress profile. Figure 3b shows that wind
farms increase the total bottom stress and boundary layer height of CNBLs.

The self-similarity of stress profiles can be used to predict momentum entrainment into
large finite-sized wind farms. As a first order approach, we consider the vertical shear stress
profile horizontally-averaged across the farm. Figure 4 shows a schematic of the shear stress
profile with and without the farm present. Here, ℎ is the ABL height with the farm present
averaged across the farm site. With the farm present, the shear stress is scaled by 𝑀 and the
heights scaled by ℎ/ℎ0.

To determine 𝜏𝑡 , we need to calculate the undisturbed shear stress at a height of 𝐻𝐹ℎ0/ℎ
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Figure 4: Schematic of vertical shear stress profiles with and without the wind farm.

(denoted as 𝜏𝑎). This is found by linearly interpolating the stress between the top of the
control volume and the surface, i.e.,

𝜏𝑎 = 𝜏𝑤0 − (𝜏𝑤0 − 𝜏𝑡0) ℎ0
ℎ
. (3.15)

Whilst the shear stress profile is not strictly linear, it is approximately linear away from the
top of the ABL. 𝜏𝑡 can then be expressed in terms of 𝑀 and the undisturbed shear stress
profile

𝜏𝑡 = 𝑀𝜏𝑎 = 𝑀

(
1 − ℎ0

ℎ

)
𝜏𝑤0 + 𝑀 ℎ0

ℎ
𝜏𝑡0. (3.16)

Equation 3.16 can be substituted into equation 3.14 to calculate Δ𝑀𝐹,𝐸𝑛𝑡𝑟𝑎𝑖𝑛𝑚𝑒𝑛𝑡 ,

Δ𝑀𝐹,𝐸𝑛𝑡𝑟𝑎𝑖𝑛𝑚𝑒𝑛𝑡

𝑀𝐹0
=

(𝜏𝑡 − 𝜏𝑡0)𝐿𝑊
𝜏𝑤0𝐿𝑊

= 𝑀 + 𝑀 ℎ0
ℎ

(
𝜏𝑡0
𝜏𝑤0

− 1
)
− 𝜏𝑡0
𝜏𝑤0

. (3.17)

The different sources of momentum increase can be summed to calculate 𝑀 . Subsituting
equations 3.13 and 3.17 into 3.1 we obtain

𝑀 = 1 + 1
𝐶 𝑓 0

𝐻𝐹

𝐿

(
1 − 𝛽2

)
+ 𝑀 + 𝑀 ℎ0

ℎ

(
𝜏𝑡0
𝜏𝑤0

− 1
)
− 𝜏𝑡0
𝜏𝑤0

(3.18)

which can be rearranged to give

𝑀 =
1 + 1

𝐶 𝑓 0
𝐻𝐹
𝐿

(
1 − 𝛽2) − 𝜏𝑡0

𝜏𝑤0

ℎ0
ℎ

(
1 − 𝜏𝑡0

𝜏𝑤0

) . (3.19)

Using equation 3.1 we can simply sum the different sources of momentum increase. The
result is a single equation to model the impact of farm-scale flows on farm performance.
Equation 3.19 is an approximate expression for 𝑀 as a function of 𝛽 and ℎ/ℎ0. Different
models could be used to predict ℎ/ℎ0 in this formula for 𝑀 . In the next section we present a
simple first order model for ℎ/ℎ0 as a function of 𝛽.

3.4. Boundary layer height increase
In this section we present a simple model for increase in ABL height ℎ/ℎ0 in response to
a wind farm. We use a quasi-1D analysis of a boundary layer flow over a farm (see figure
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Figure 5: Quasi-1D control volume analysis for ABL flow over a wind farm.

5). Here 𝛿(𝑥) is the ABL height at steamwise position 𝑥. We assume there is no mass flux
between the boundary layer and free atmosphere above. The quasi-1D approach neglects the
effect of flow bypassing around the sides of the farm.

We consider the conservation of mass across a control volume encompassing a section of
the ABL (in bold in figure 5). The velocity averaged over the height of the ABL at position
𝑥 is denoted 𝑈𝐴(𝑥). We assume that the streamwise variation of 𝑈𝐴(𝑥) is the same as the
streamwise variation of 𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥). This is strictly not true, but could give a reasonable first-
order approximation of 𝑈𝐴(𝑥). Therefore 𝑈𝐴(𝑥) = 𝑈𝐴0𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) where 𝑈𝐴0 is the velocity
averaged throughout the undisturbed ABL. The mass flux in through the left hand side of the
control volume is given by:

¤𝑚𝑖𝑛 = 𝜌𝑈𝐴0𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥)𝛿(𝑥)𝑊. (3.20)

Taking the limit as Δ𝑥 approaches 0, the mass flux out of the right hand side is given by:

¤𝑚𝑜𝑢𝑡 = 𝜌

[
𝑈𝐴0𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) +𝑈𝐴0

d𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥)
d𝑥

d𝑥
] [
𝛿(𝑥) + d𝛿(𝑥)

d𝑥
d𝑥

]
𝑊

¤𝑚𝑜𝑢𝑡 = 𝜌𝑈𝐴0𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥)𝛿(𝑥)𝑊 + 𝜌𝑈𝐴0𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) d𝛿(𝑥)
d𝑥

d𝑥𝑊 +

𝜌𝑈𝐴0
d𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥)

d𝑥
d𝑥𝛿(𝑥)𝑊 (3.21)

whilst neglecting second order terms. From the mass conservation, ¤𝑚𝑖𝑛 = ¤𝑚𝑜𝑢𝑡 ,

𝜌𝑈𝐴0𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) d𝛿(𝑥)
d𝑥

𝑊 = −𝜌𝑈𝐴0𝛿(𝑥) d𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥)
d𝑥

𝑊

d𝛿(𝑥)
𝛿(𝑥) = −d𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥)

𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) . (3.22)

Both sides of equation 3.22 can be integrated from far upstream to a given position, resulting
in

𝛿(𝑥) = ℎ0
𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) (3.23)

Rapids articles must not exceed this page length
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Γ = 1𝐾/𝑘𝑚 Γ = 5𝐾/𝑘𝑚
Staggered Aligned Staggered Aligned

1/𝛽 1.250 1.200 1.349 1.281
1
𝐿

∫ 𝐿
0

d𝑥
𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥 ) 1.253 1.202 1.354 1.285

Percentage error 0.244% 0.160% 0.414% 0.248%

Table 2: Percentage errors of approximation in equation 3.24 using data from Wu &
Porté-Agel (2017)

using the condition that at far upstream 𝛿(𝑥) = ℎ0 and 𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) = 1. To find ℎ, 𝛿(𝑥) is
averaged between 𝑥 = 0 and 𝑥 = 𝐿 (as ℎ is the ABL height averaged across the wind farm
site):

ℎ

ℎ0
=

1
𝐿

∫ 𝐿

0

d𝑥
𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) ≈ 1

𝛽
(3.24)

where the relationship between 𝛽 and 𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) is given by 𝛽 =
∫ 𝐿

0 𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥)d𝑥. If 𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) is
constant, the left hand side of equation 3.24 is equal to 1/𝛽, which we assume to be generally
true. In reality, the more 𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) varies the less accurate this assumption becomes. If
𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥) is close to zero at any point the approximation in equation 3.24 becomes less
accurate. To check the validity of this assumption, we again use the LES data from Wu &
Porté-Agel (2017). For the four farms simulated by Wu & Porté-Agel (2017), the maximum
error of this assumption was about 0.4% (table 2). Therefore the approximation is reasonable
for realistic profiles of 𝛽𝑙𝑜𝑐𝑎𝑙 (𝑥).

The derivation of equation 3.24 neglects horizontal flow deflections around the farm. This
assumption is reasonable so long as the mass flux through the top surface of the farm control
volume is much greater than through the sides. The mass flux through the top surface is
given by 𝜌𝑤𝐿𝑊 (where 𝑤 is the average vertical velocity through the top surface). The mass
flux through the side surfaces is given by 2𝜌𝑣𝐿𝐻𝐹 (where 𝑣 is the average lateral velocity
at the side surfaces). If we suppose that 𝑣 and 𝑤 are of similar magnitudes, then neglecting
horizontal deflections is reasonable so long as𝑊 >> 𝐻𝐹 (i.e. 2.5𝐻ℎ𝑢𝑏).

Substituting equation 3.24 into equation 3.19, we get the following expression for 𝑀

𝑀 =
1 + 1

𝐶 𝑓 0
𝐻𝐹
𝐿

(
1 − 𝛽2) − 𝜏𝑡0

𝜏𝑤0

𝛽
(
1 − 𝜏𝑡0

𝜏𝑤0

) . (3.25)

Equation 3.25 is a single algebraic equation to predict the impact of farm-scale flows on
farm performance. It includes the effects of net advection, PGF and turbulent entrainment.
The only environmental parameter needed is the undisturbed shear stress profile. Equation
3.25 can be used with the two-scale momentum theory to predict farm power. In section 4
we compare the predictions of farm power output with the results from finite wind farm LES
reported in the literature.

4. Comparison with finite wind farm LES
The two-scale momentum theory presented in section 2 can be used to predict wind farm
power. For arrays of actuator-discs (or aerodynamically ideal turbines operating below the



12

rated wind speed), 𝐶∗
𝑝 = 𝛼𝐶∗

𝑇 where 𝛼 ≡ 𝑈𝑇/𝑈𝐹 (𝑈𝑇 is the streamwise velocity averaged
over the rotor swept area). We can estimate 𝛼 using the expresion 𝛼 =

√︁
𝐶∗
𝑇/𝐶′

𝑇 where 𝐶′
𝑇 ≡

𝑇𝑖/ 1
2 𝜌𝑈

2
𝑇,𝑖𝐴 is a turbine resistance coefficient describing the turbine operating conditions

(note that this is strictly valid only for infinitely large regular arrays of turbines where the
thrust of each individual turbine is identical to farm-averaged turbine thrust). The 𝐶𝑝 of an
actuator disc is therefore given by

𝐶𝑝 = 𝛽3𝐶∗
𝑝 = 𝛽3𝐶∗

𝑇

3
2𝐶′

𝑇
− 1

2 . (4.1)
Note that, when considering an isolated turbine, 𝐶′

𝑇 is related to the classic turbine thrust
coefficient by the relation 𝐶′

𝑇 = 𝐶𝑇/(1 − 𝑎)2 (where 𝑎 is the turbine induction factor). 𝐶∗
𝑇

generally depends on the turbine layout, but its upper limit may be predicted by using an
analogy to the classical actuator-disc theory (Nishino 2016), as

𝐶∗
𝑇 =

16𝐶′
𝑇

(4 + 𝐶′
𝑇 )2 . (4.2)

Note that equation 4.2, like the classical actuator disc theory, is only valid for induction
factors of up to 0.5. Since this model predicts an upper limit of 𝐶∗

𝑇 for a given 𝐶′
𝑇 , it can

be used to predict an upper limit to farm performance (Kirby et al. 2022). Using this model
with 𝛽 = 1, the power coefficient of an isolated turbine 𝐶𝑝,𝐵𝑒𝑡𝑧 can also be retrieved as

𝐶𝑝,𝐵𝑒𝑡𝑧 =
64𝐶′

𝑇

(4 + 𝐶′
𝑇 )3 . (4.3)

It is important to note that equations 4.1 and 4.2 are only strictly valid when𝑈𝑇,𝑖 is the same
for all turbines. However, in this study we only consider wind farms in which 𝐶′

𝑇 is the same
for all turbines, and in this case, equations 4.1 and 4.2 can be applied in an approximate
manner even when𝑈𝑇,𝑖 varies throughout the farm.

We used the new model of 𝑀 (equation 3.25) with the two-scale momentum theory
(equation 2.1) with 𝛾 = 2 to predict wind farm power, i.e., solving

(
𝐶∗
𝑇

𝜆

𝐶 𝑓 0
+ 1

)
𝛽2 =

1 + 1
𝐶 𝑓 0

𝐻𝐹
𝐿

(
1 − 𝛽2) − 𝜏𝑡0

𝜏𝑤0

𝛽
(
1 − 𝜏𝑡0

𝜏𝑤0

) (4.4)

for 𝛽, which is then substituted into equation 4.1 to calculate 𝐶𝑝. The definitions of 𝐶𝑝, 𝐶∗
𝑇

and 𝐶′
𝑇 are summarised in table 3.

We compared the predictions against finite wind farm LES results from Wu & Porté-Agel
(2017), Allaerts & Meyers (2017) and Lanzilao & Meyers (2022). We selected these studies
because they simulated large wind farms (longer than 15km in the streamwise direction).
They published the undisturbed vertical shear stress profile which is a required input to the
model of 𝑀 . These studies were also selected because the results are normalised by the power
of an isolated turbine rather than the front row turbine power. The 3 studies performed LES
of 4 farms with staggered turbine layouts and 6 farms with aligned layouts.

Kirby et al. (2022) reported that 𝐶∗
𝑇 varied with turbine layout due to turbine-wake

interactions. The upper limit of 𝐶∗
𝑇 was predicted well by equation 4.2. Staggered layouts

will tend to have 𝐶∗
𝑇 values close to this upper limit; hence, equations 4.2 and 4.4 can be

used to predict their 𝐶𝑝 and give a direct comparison with staggered wind farm LES. Kirby
et al. (2022) also showed that turbine wake interactions could reduce 𝐶∗

𝑇 by up to about 20%
depending on turbine spacings and wind direction. However, the effect of turbine spacing
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Symbol Name Formula Note

𝐶𝑝 Average turbine power coefficient
∑𝑛

𝑖=1 𝑃𝑖
1
2 𝜌𝑈

3
𝐹0𝑛𝐴

𝑈𝐹0 is the undisturbed farm-layer-
averaged wind speed.

𝐶∗
𝑝 Average ‘internal’ turbine power coefficient

∑𝑛
𝑖=1 𝑃𝑖

1
2 𝜌𝑈

3
𝐹𝑛𝐴

𝑈𝐹 is the farm-layer-averaged wind
speed with the turbines present.

𝐶′
𝑇 Turbine resistance coefficient 𝑇𝑖

1
2 𝜌𝑈

2
𝑇,𝑖𝐴

𝑈𝑇 is the wind speed averaged over the
rotor swept area.

𝐶∗
𝑇 Average ‘internal’ turbine thrust coefficient

∑𝑛
𝑖=1 𝑇𝑖

1
2 𝜌𝑈

2
𝐹𝑛𝐴

Determined by turbine operating condi-
tions and layout.

Table 3: Summary of turbine power and thrust coefficients.

on 𝐶∗
𝑇 was not studied explicitly for any specific wind direction; therefore, we cannot make

a direct comparison with LES of aligned layouts. Nonetheless, we used a 20% reduced 𝐶∗
𝑇

value to predict a lower limit to 𝐶𝑝 (with the largest turbine-scale loss expected for aligned
layouts with a small turbine spacing). This allows a qualitative comparison with LES of
aligned wind farms, showing whether our model can correctly capture the observed trends
of farm performance under different ABL conditions.

We used the analytical model to predict the farm-averaged power normalised by the isolated
turbine power, i.e., 𝐶𝑝/𝐶𝑝,𝐵𝑒𝑡𝑧 . Allaerts & Meyers (2017) and Lanzilao & Meyers (2022)
used an actuator-disc no rotation model for the turbines with 𝐶′

𝑇 = 1.33. For these studies
we used 𝐶∗

𝑇 from the actuator-disc theory (equation 4.2) as an upper limit for 𝐶∗
𝑇 in 4.4 and

then used the expression 𝐶𝑝/𝐶𝑝,𝐵𝑒𝑡𝑧 = 𝛽3. For this 𝐶′
𝑇 value, the actuator-disc theory gives

𝐶∗
𝑇 = 0.75. Wu & Porté-Agel (2017) used an actuator-disc with rotation implementation

for the turbines. As the value of 𝐶′
𝑇 was unknown, we used the published thrust coefficient

curves (Wu & Porté-Agel 2015) to find an upper limit to 𝐶∗
𝑇 . For the lower limit, we used

a 20% reduced 𝐶∗
𝑇 value in equation 4.4 and then the expression 𝐶𝑝/𝐶𝑝,𝐵𝑒𝑡𝑧 = 𝛽30.81.5

(assuming that 𝐶′
𝑇 is unaffected by the turbine layout). Note that this expression comes from

equation 4.1 using a 𝐶∗
𝑇 value which is 80% of the upper limit.

Lanzilao & Meyers (2022) normalised the turbine power by the power of an imaginary
turbine row 10km upstream of the farm. However, small reductions in wind speed were
observed 10km upstream for the stratified boundary layer. We instead normalised farm
powers from this study by the imaginary upstream power for the neutrally stratified case.
This is because the neutrally stratified case had a much smaller reduction in wind speed
upstream of the farm. The imaginary upstream turbine power of the staggered and aligned
farms in the stratified boundary layer were 6.24MW and 6.17MW respectively (Lanzilao
2023). For the staggered farm in the neutrally stratified case it was 6.61MW (Lanzilao 2023).

A summary of comparisons between the model predictions and LES is shown in figure
6. Generally, the staggered LES results are close to the upper limits predicted by the two-
scale model. The aligned layouts are close to the lower limit of the predictions, except for
the results from Γ1 in Wu & Porté-Agel (2017) where the LES power is higher than the
model predictions. The analytical model predicts well the decrease in farm performance with
decreasing capping inversion layer height (1000m, 500m and 250m for cases S1, S2 and S4,
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Figure 6: Comparison of farm-average performance predicted by the two-scale model and
results from LES. The upper end of each black line corresponds to the upper limit of farm
performance predicted by the two-scale model (i.e., without ‘turbine-scale loss’) whereas

the lower end corresponds to the lower limit predicted assuming that the turbine-wake
interaction causes a 20% reduction of 𝐶∗

𝑇 .

Wu et. al. 2017 Lanzilao et. al. 2022
Γ = 1𝐾/𝑘𝑚 Γ = 5𝐾/𝑘𝑚 CS NS

𝜆 0.0160 0.0160 0.0314 0.0314
𝐶 𝑓 0 0.00557 0.00501 0.00314 0.00314
𝐻𝐹/𝐿 0.00875 0.00875 0.0188 0.0188
𝜏𝑡0/𝜏𝑤0 0.571 0.391 0.475 0.475
𝛽𝑚𝑜𝑑𝑒𝑙 0.847 0.816 0.821 0.821
𝑀𝑚𝑜𝑑𝑒𝑙 2.41 2.40 5.74 5.74

𝐶𝑝,𝑚𝑜𝑑𝑒𝑙/𝐶𝑝,𝐵𝑒𝑡𝑧 0.607 0.543 0.554 0.544
𝐶𝑝,𝐿𝐸𝑆/𝐶𝑝,𝐵𝑒𝑡𝑧 0.639 0.521 0.585 0.570

(𝐶𝑝,𝑚𝑜𝑑𝑒𝑙 − 𝐶𝑝,𝐿𝐸𝑆)/𝐶𝑝,𝐿𝐸𝑆 -5.00% 4.33% -5.39% -2.87%
(𝐶𝑝,𝑚𝑜𝑑𝑒𝑙 − 𝐶𝑝,𝐿𝐸𝑆)/𝐶𝑝,𝐵𝑒𝑡𝑧 -3.20% 2.25% -3.15% -1.63%

Table 4: Model parameters and percentage errors in predicting the average power of
staggered wind farm LES.

respectively) observed by Allaerts & Meyers (2017). For the results of Lanzilao & Meyers
(2022), the staggered wind farms had very similar performances in the neutral (NS) and
conventionally neutral (CS) boundary layers. The two-scale predictions are exactly the same
for these two cases because the shear stress profiles were identical.

Note that we made direct comparisons between the two-scale model predictions (without
turbine-scale losses) and LES for staggered layouts because these layouts are close to
‘optimal’ and give a𝐶∗

𝑇 value close to the theoretical value given by equation 4.2 (irrespective
of turbine spacing). For the aligned layouts, the exact value of𝐶∗

𝑇 depends on turbine spacing
and therefore a direct comparison is not currently possible. Table 4 shows the percentage
error in farm power predicted for the four staggered farms. When normalised by the farm
power predicted by LES, the error was typically around 5% or less. Normalising by the
isolated turbine power predicted theoretically gave errors of around 3% or less.
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5. Discussion
This study proposes a novel framework for modelling farm-atmosphere interactions. Equation
3.1 is a general expression for the farm momentum increase as the sum of contributions from
different mechanisms. This allows each mechanism to be modelled separately. In this study we
considered contributions from net momentum advection (including farm blockage), PGF and
entrainment. Equation 3.1 could provide a framework for combining different or improved
models of each mechanism in the future.

We have proposed simple analytical models for each mechanism increasing farm momen-
tum supply. The models make quasi-1D and steady flow assumptions. The simple momentum
availability factor model can be coupled with the two-scale momentum theory to predict farm
power. The predictions for staggered farms had a typical error of around 5% or less. The
model predictions are for the average power of a finite-sized farm rather than just the power
in the fully developed region, i.e., the model captures the effect of the development region
and the farm size.

The only environmental parameter required as an input to the model is the undisturbed
vertical shear stress profile of the ABL. The model seems to capture most of the impact of
ABL height. The proposed model also considers the effect of farm blockage (or the reduction
of wind speed upstream of the farm) as part of the advection modelling. This is a physics-
based approach to instantly predicting the power of a finite-sized farm without tuning or
empirical coefficients.

Our model derivation suggests the effects of farm blockage and increased PGF could (at
least partly) counteract. Note that this is a direct result of our assumption that the pressure
changes at the front and rear of the farm are of equal magnitude. A strong free-atmosphere
stratification reduces the wind speed in front of the farm (Wu & Porté-Agel 2017; Lanzilao
& Meyers 2022). This reduces the net advection of momentum into the farm. When this
occurs, an additional pressure gradient tends to be induced across the farm, which increases
the momentum supply to the farm. This suggests the negative effect of farm blockage on
the farm power could be somewhat counteracted by the increased PGF. The extent to which
these effects counteract will likely depend on atmospheric conditions. For cases NS and CS
in Lanzilao & Meyers (2022), the atmospheric conditions are kept constant except for the
free-atmosphere stratification. The CNBL case (CS) showed a much greater farm blockage
yet both cases had a similar farm-averaged power, supporting the above argument. The very
recent LES study of Lanzilao & Meyers (2023) also suggests farm blockage often occurs with
an increased PGF. However, the degree to which these effects counteract remains unclear.
Hence, the relationship between farm blockage and PGF seems important and requires further
investigation in the future.

Our model can provide physical insight into how farm efficiency changes with atmospheric
conditions. Figure 7 shows the predicted values of 𝑀 and 𝛽 for the LES studies considered.
The model predicts an approximately linear relationship between 𝑀 and 𝛽 for a given
atmospheric condition, as observed previously by Patel et al. (2021). The linear relationship
is further explained in appendix A. For the results of Allaerts & Meyers (2017), S1 had the
highest initial inversion layer and S4 the lowest. Figure 7 shows that the momentum increase
(or the value of 𝑀) is relatively insensitive to the initial inversion layer height. However,
to achieve a certain momentum increase, a lower inversion layer has a greater wind speed
reduction (i.e. a larger value of (1− 𝛽) in figure 7). The lower wind speed results in S4 having
a lower farm efficiency than S1 (see figure 6).

A thicker ABL can increase the farm momentum supply with a smaller wind speed
reduction. To illustrate this, we consider the momentum response of two ABLs; a thin ABL
(with 𝐻𝐹/ℎ0 = 0.75) and a thick ABL (with 𝐻𝐹/ℎ0 = 0.25). For both ABLs we use a typical
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Figure 7: Predicted values of momentum availability factor (𝑀) and farm wind-speed
reduction factor (𝛽). 𝛽 is calculated using equation 4.4 and 𝑀 using equation 3.25 for the
flow conditions and farm configuration used in the LES. Note that the lines are calculated

using equation A 5.
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Figure 9: Decomposition of farm momentum availability factor 𝑀 into entrainment, and
advection and PGF terms for a) a thin initial ABL and b) a thick initial ABL. Note that the

heights of green bars in this figure correspond to the width of green bars in figure 8.

value for large offshore farms of 1
𝐶 𝑓 0

𝐻𝐹
𝐿 = 7.5 and set 𝑀 = 4 (which physically means

that the ‘internal’ conditions of the farm are adjusted to achieve 𝑀 = 4). The value of 𝛽
can be calculated using equation 3.25 for both scenarios. The new and undisturbed shear
stress profiles are shown in figure 8. The thin ABL has a smaller entrainment of momentum
at the top of the control volume. The top of the control volume is closer to the top of the
boundary layer where the velocity shear is lower. Therefore the thin ABL is less efficient at
entraining momentum into the farm. With less momentum entrainment, more momentum has
to be supplied through advection and PGF in order to achieve the set level of 𝑀 (see figure
9). These mechanisms increase the momentum supply by reducing the farm-averaged wind
speed (equation 3.13). In thicker ABLs, more momentum is supplied to the farm through
entrainment, and the advection and PGF supply less momentum. Thicker ABLs can therefore
sustain higher wind speeds in the farm and thus have a higher farm efficiency.

This study only presents a preliminary comparison with wind farm LES. To fully validate
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the proposed model, a comparison with a larger set of LES would be required which will be
the focus of future work. A comparison of model predictions with field observations (such as
SCADA data) could also be investigated in future studies. A limitation of the proposed model
is that the quasi-1D analysis captures only the first-order effects. However, the model still
gave a close agreement with LES results. More detailed flow physics were not considered
explicitly (e.g. gravity wave excitation) but could be included in future studies. Future work
will also aim to predict 𝐶∗

𝑇 for different turbine layouts and operating conditions. As an
example, Legris et al. (2023) and Kirby et al. (2023) used a wake model to predict 𝐶∗

𝑇 for
different farm designs. Future studies will also focus on the farm-atmosphere interaction
under more realistic atmospheric conditions.

It should also be noted that, in reality, the assumption of scale separation is not expected
to be strictly valid. The entrainment of momentum into the wind farm could depend on the
exact turbine layout and not just the farm-average wind speed reduction. Therefore, to capture
higher-order effects, the entrainment component of the model may need some parameters
that depend on the internal (turbine-scale) conditions.

6. Conclusions
In this study, we proposed an analytical model of the momentum availability factor for large
wind farms. This is a simple model to instantly predict the impact of farm-scale flows on farm
performance. This study considered changes in net advection, PGF and turbulent entrainment
as the factors contributing to the momentum availability. We derived the model using a steady
quasi-1D control volume analysis and assuming self-similar vertical shear stress profiles. The
only environmental parameters required as input to the model are the undisturbed vertical
shear stress profiles. We used the new model with the two-scale momentum theory (Nishino
& Dunstan 2020) to predict large farm power production. The model compared well with
existing LES of finite wind farms in CNBLs. The model captured the impact of ABL height
and farm size on farm performance. A direct comparison with LES of staggered farms showed
a typical error of 5% or less.

This study also provides a new framework for modelling farm-atmosphere interactions.
The momentum availability factor is expressed as the sum of contributions from different
physical mechanisms. As such, the different mechanisms can be modelled separately. We
used first-order analytical models for the different components. Despite the simplicity, the
model predicts farm power with close agreement to finite wind farm LES. Only one algebraic
equation needs to be solved analytically to calculate the farm wind-speed reduction factor 𝛽
and thus predict farm performance. It also provides a physics-based method to predict farm
blockage effects and the impact of ABL height. Future studies could use more advanced
models for the different components of the momentum availability factor. This could provide
more accurate predictions of wind farm power production.
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1−(1−𝛽) in 𝑀
expression (equation A 3).

Appendix A. Approximate expression for wind extractability factor 𝜁
Patel et al. (2021) used twin NWP simulations to calculate 𝑀 for a realistic wind farm site.
They found, for most cases, that 𝑀 varied almost linearly with the farm induction factor
(1 − 𝛽). As such, 𝑀 can be modelled as

𝑀 = 1 + 𝜁 (1 − 𝛽) (A 1)

where 𝜁 is the ‘wind extractability factor’ (which is identical to what Nishino & Dunstan
(2020) originally proposed as ‘momentum response factor’). Kirby et al. (2022) reported
that 𝜁 varied with atmospheric conditions and decreased exponentially with wind farm size.
The analytical model of 𝑀 developed in this study can be used to derive an approximate
expression for 𝜁 , as the equation 3.25 can be expressed as

𝑀 =
1
𝛽
+

1
𝐶 𝑓 0

𝐻𝐹
𝐿

1 − 𝜏𝑡0
𝜏𝑤0

(1 − 𝛽) (1 + 𝛽)
𝛽

. (A 2)

This can than be expressed in terms of farm induction factor (1 − 𝛽), e.g.,

𝑀 =
1

1 − (1 − 𝛽) +
1

𝐶 𝑓 0
𝐻𝐹
𝐿

1 − 𝜏𝑡0
𝜏𝑤0

2(1 − 𝛽) − (1 − 𝛽)2

1 − (1 − 𝛽) . (A 3)

The functions of (1−𝛽) in equation A 3 are approximately linear for a realistic range of (1−𝛽)
(see figure 10). The analytical model of 𝑀 (equation 3.25) developed in this study therefore
predicts the quasi-linear momentum response observed in NWP simulations. We use linear
interpolation for (1 − 𝛽) between 0 and 0.2 (a realistic range) to find linear approximations
to the functions of (1 − 𝛽). As such 𝑀 can be approximated by:

𝑀𝑎𝑝𝑝𝑟𝑜𝑥 = 1 + 1.18(1 − 𝛽) +
2.18
𝐶 𝑓 0

𝐻𝐹
𝐿

1 − 𝜏𝑡0
𝜏𝑤0

(1 − 𝛽). (A 4)

Equation A 4 can be used to derive an approximate expression for 𝜁 , i.e.,
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𝜁𝑎𝑝𝑝𝑟𝑜𝑥 = 1.18 +
2.18
𝐶 𝑓 0

𝐻𝐹
𝐿

1 − 𝜏𝑡0
𝜏𝑤0

(A 5)

using the expression 𝜁 = (𝑀 − 1)/(1 − 𝛽). Equation A 5 predicts the inverse relationship of
𝜁 with farm size reported by Kirby et al. (2022). This expression can be further simplified
by assuming that the vertical shear stress profile is linear up to the boundary layer height (as
assumed in the discussion of figure 8 earlier). The expression for 𝜁𝑎𝑝𝑝𝑟𝑜𝑥 then becomes

𝜁𝑎𝑝𝑝𝑟𝑜𝑥 = 1.18 + 2.18ℎ0
𝐶 𝑓 0𝐿

(A 6)

where we refer to 𝐿/ℎ0 as the farm size ratio.
The minimum value of 𝜁 depends on the response of the ABL. If the ABL height is constant

(i.e. with a rigid lid), then 𝜁 tends to zero for an infinitely large farm. The minimum value of
𝜁 is non-zero even for an infinitely large farm if the ABL height increases in response to the
farm. Differentiating equation 3.25 (with 𝐿 = ∞) gives

𝜁 =
d(𝑀 − 1)
d(1 − 𝛽) =

1
𝛽2 (A 7)

which gives 𝜁 = 1 for (1− 𝛽) = 0 and 𝜁 = 1.56 for (1− 𝛽) = 0.2. Note that to derive equation
A 6, we performed a linear regression for 0 < (1 − 𝛽) < 0.2, giving a minimum value of
𝜁𝑎𝑝𝑝𝑟𝑜𝑥 of 1.18. Therefore, the minimum value of 𝜁 for realistic ABLs is expected to be 1.

The discrepancy between 𝜁𝑎𝑝𝑝𝑟𝑜𝑥 and the ‘true’ 𝜁 (obtained without the linear approxi-
mations) is a function only of 𝜁𝑎𝑝𝑝𝑟𝑜𝑥 and (1− 𝛽). Figure 11a shows the percentage error of
𝜁𝑎𝑝𝑝𝑟𝑜𝑥 for a realistic range of 𝜁𝑎𝑝𝑝𝑟𝑜𝑥 and (1 − 𝛽). The maximum error is approximately
10% and this occurs for low values of (1 − 𝛽). However, for low values of (1 − 𝛽), the value
of 𝑀𝑎𝑝𝑝𝑟𝑜𝑥 is relatively insensitive to the value of 𝜁𝑎𝑝𝑝𝑟𝑜𝑥 . Figure 11b shows the percentage
error of 𝑀𝑎𝑝𝑝𝑟𝑜𝑥 which is typically less than 5% for realistic farms.

Appendix B. Sensitivity of farm performance to farm length 𝐿
Depending on the farm layout, the streamwise farm length 𝐿 could vary with wind direction.
Hence, it is useful to know how the farm power changes with increasing the farm size ratio
𝐿/ℎ0. Equations 2.1, A 1 and A 6 are solved for 𝛽, which is then substituted into equation
4.1. The results are shown for a low surface roughness in figure 12a and a high roughness
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Figure 12: Sensitivity of farm-averaged power coefficient 𝐶𝑝 to farm size ratio 𝐿/ℎ0 for
low (𝜆 = 0.008) and high (𝜆 = 0.03) array densities for a) low and b) high surface

roughness values, for a fixed turbine resistance coefficient of 𝐶′
𝑇 = 1.33.

in figure 12b. Note that the results in figure 12 are for a 𝐶′
𝑇 value of 1.33 and 𝐶∗

𝑇 calculated
using 4.2. 𝐿/ℎ0 varies from 10 to 100, corresponding to a 10km long farm in a 1km ABL
height, up to 30km long farm in a 300m ABL height, for example. Figure 12 shows results
for farms with both a high array density (𝜆 = 0.03) and a low density (𝜆 = 0.008). This
corresponds to farms with average turbine spacings of 5𝐷 and 10𝐷 respectively.

Figure 12 shows that, for all scenarios, the farm power decreases with increasing the farm
length. The farm power is most sensitive to the farm length for small farm size ratios (i.e.
shorter wind farms or thicker ABLs). This suggests that as wind farms become larger, the
performance could become less sensitive to wind direction. It should also be noted that
the farm power is generally higher when the surface roughness is higher, even though the
wind extractability factor decreases as the surface roughness increases (equation A 6). This
is because the effective array density 𝜆/𝐶 𝑓 0 decreases as the surface roughness increases
(Nishino & Dunstan 2020).
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Chapter 5

Turbine- and farm-scale power
losses in wind farms: an alternative
to wake and farm blockage losses

This chapter presents a journal article titled ‘Turbine- and farm-scale power losses

in wind farms: an alternative to wake and farm blockage losses’ submitted to the

journal ‘Wind Energy Science’ and published in ‘Wind Energy Science Discussions’

(https://doi.org/10.5194/wes-2024-79). The article spans the pages 104-132 in

the thesis. Note that there are some minor differences in the text from the published

version.

Traditionally, the aerodynamic loss of wind farm power is classified into a down-

stream ‘wake loss’ and an upstream ‘farm blockage loss’. Additionally, there is a wind

speed reduction within the wind farm due to the farm-atmosphere interaction. In or-

der to accurately predict farm performance, it is important that our models capture

the relevant fluid mechanical processes.

In this chapter we analyse an existing dataset of 43 finite-size wind farm LES.

We find that neither the ‘wake loss’ nor ‘farm blockage loss’ is well correlated with

the overall farm efficiency. This suggests that these metrics may not be appropriate

for future large wind farms. We also find that the recorded ‘wake losses’ does not

correspond to the degree of turbine-wake interactions within the farm. This suggests

that downstream power losses may be due to the farm-atmosphere interactions rather

than turbine wakes.

We also apply our new concepts of turbine- and farm-scale efficiencies to the

LES dataset. The farm-scale efficiency was strongly correlated with the overall farm

efficiency. The turbine-scale efficiency varied with the turbine layout but not with the

atmospheric conditions. Conversely, the farm-scale efficiency varied predominantly
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with the atmospheric conditions. These new metrics could provide a better way of

understanding wind farm performance.
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Abstract. Turbine-wake and farm-atmosphere interactions can reduce wind farm power production. To model farm perfor-

mance, it is important to understand the impact of different flow effects on the farm efficiency (i.e., farm power normalised by

the power of the same number of isolated turbines). In this study we analyse the results of 43 large-eddy simulations (LES)

of wind farms in a range of conventionally neutral boundary layers (CNBLs). First, we show that the farm efficiency ηf is not

well correlated with the wake efficiency ηw (i.e., farm power normalised by the power of front row turbines). This suggests5

that existing metrics, classifying the loss of farm power into wake loss and farm blockage loss, are not best suited for under-

standing large wind farm performance. We then validate the assumption of scale separation in the two-scale momentum theory

(Nishino & Dunstan, J. Fluid Mech., vol. 894, 2020, p. A2) using the LES results. Building upon this theory, we propose two

new metrics for wind farm performance, a turbine-scale efficiency ηTS , reflecting the losses due to turbine-wake interactions,

and a farm-scale efficiency ηFS , indicating the losses due to farm-atmosphere interactions. The LES results show that ηTS10

is insensitive to the atmospheric condition, whereas ηFS is insensitive to the turbine layout. Finally, we show that a recently

developed analytical wind farm model predicts ηFS with an average error of 5.7% from the LES results.

Copyright statement. TEXT

1 Introduction

To meet future energy demands wind energy capacity will need to increase rapidly. It is likely that individual wind farms will15

become larger (Veers et al., 2022). When wind turbines are placed together in a farm they produce less power than in isolation.

Predicting this power loss is key for designing wind farms. However, this remains difficult due to the multi-scale nature of wind

farm aerodynamics (Porté-Agel et al., 2020).

Behind every turbine is a turbulent wake. When the wakes impact downstream turbines they can cause significant power

losses. Turbine wakes have been investigated extensively using large-eddy simulations (LES) (e.g., Porté-Agel et al., 2013;20

Wu and Porté-Agel, 2015; Stevens et al., 2016) and wind tunnel experiments (e.g., Vermeer et al., 2003; Bastankhah and

Porté-Agel, 2017; Hyvärinen et al., 2018). Measurements from wind farms show that downstream turbines produce less power

1



than the first upstream row (Barthelmie et al., 2010; Nygaard, 2014). Historically, this power degradation has been attributed

to turbine-wake interactions.

Large wind farms can act as additional resistance to the atmospheric boundary layer (ABL) (Stevens and Meneveau, 2017).25

This can act to reduce the wind speed within and upstream of the farm (Porté-Agel et al., 2020). The upstream wind speed

reduction is often referred to as the ‘farm blockage’ or ‘global blockage’ effect (Bleeg et al., 2018). LES of large wind farms

(Wu and Porté-Agel, 2017; Allaerts and Meyers, 2017; Lanzilao and Meyers, 2024) show that an internal boundary layer forms

in response to the increased flow resistance from the farm. The atmospheric response causes a velocity reduction within the

farm, in addition to the turbine wakes. How much of the downstream power degradation is caused by turbine wakes compared to30

the larger scale atmospheric response? It is important to make sure that we predict farm power losses by modelling the correct

physical processes. Recently, Lanzilao and Meyers (2024) performed LES of large wind farms operating in conventionally

neutral boundary layers (CNBLs), where the turbine layout and operating conditions were fixed but different ABL heights and

thermal stratifications above the ABL were tested. Depending on these conditions of the atmosphere, the ‘wake efficiency’ ηw

(farm-averaged power normalised by the average power of the first row turbines) was found to vary significantly from 0.48 to35

1.23. This raises the question: What physical processes are responsible for the different downstream power losses?

An alternative approach to understanding wind farm aerodynamics is the ‘two-scale momentum theory’ developed by

Nishino and Dunstan (2020), who proposed to split the multi-scale problem into ‘internal’ turbine-scale and ‘external’ farm-

scale sub-problems. The two sub-problems are coupled together by considering the conservation of momentum and matching

the farm-average wind speed. Using the two-scale momentum theory, Kirby et al. (2022) proposed the new concepts of turbine-40

scale and farm-scale power losses to understand farm performance, where the farm-average wind speed (rather than the wind

speed upstream of the farm) plays a key role. The turbine-scale losses are due to farm-internal flow interactions (i.e., turbine-

wake interactions), whereas the farm-scale losses are due to the atmospheric response to the whole farm (i.e., reduction of

farm-average wind speed).

In this study we compare the two different classifications of wind farm power losses using LES of large finite-size wind45

farms. We use the LES results reported by Lanzilao and Meyers (2024) and also perform new simulations with different

turbine layouts, which allow us to fully validate the ‘two-scale separation’ assumption and thus the concepts of turbine- and

farm-scale losses. The LES data are available in a public database (Lanzilao and Meyers, 2023b). We first summarise the two-

scale momentum theory in Sect. 2. The LES methodology is then briefly described in Sect. 3. A validation of the two-scale

separation assumption along with the turbine- and farm-scale losses are presented in Sect. 4. We also compare the farm-scale50

losses from the wind farm LES with predictions from an analytical wind farm model in Sect. 4. The results are discussed in

Sect. 5 and concluding remarks given in Sect. 6.
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2 Theory

2.1 Two-scale momentum theory

By considering the momentum balance for a control volume with and without a wind farm present, Nishino and Dunstan (2020)55

derived the non-dimensional farm momentum (NDFM) equation:

C∗
T

λ

Cf0
β2 +βγ =M (1)

where β is the farm wind-speed reduction factor which is defined as β ≡ UF /UF0 (where UF is the average wind speed in

the nominal farm-layer of height HF , and UF0 is the farm-layer-averaged speed without turbines present); the (farm-averaged)

‘internal’ turbine thrust coefficient C∗
T is defined as C∗

T ≡∑n
i=1Ti/

1
2ρU

2
FnA (where Ti is the thrust of turbine i, n is the60

number of turbines in the farm and A is the rotor swept area); the array density λ is defined as λ≡ nA/SF (where SF is the

farm area); the natural surface friction coefficient Cf0 is defined as Cf0 ≡ τw0/
1
2ρU

2
F0 (where τw0 is the bottom shear stress

without turbines present); γ is the bottom friction exponent defined as γ ≡ logβ(τw/τw0) (assumed to be 2.0 in this study,

following Nishino and Dunstan (2020) and also as justified later in Sect. 4.2); and M is the momentum availability factor

defined by M ≡MF /MF0, where MF is the net momentum flux into the farm control volume with the turbines present and65

MF0 the case without the turbines present. In this study we use a fixed definition of the farm-layer height HF = 2.5Hhub

(where Hhub is the turbine hub-height) following Kirby et al. (2022).

Patel et al. (2021) used numerical weather prediction (NWP) simulations to calculate M for a realistic offshore wind farm

site in the North Sea. They found, for most cases, an approximately linear relationship between M and β. Therefore M can be

modelled as70

M = 1+ ζ(1−β) (2)

where ζ is called the wind extractability factor. Kirby et al. (2022) showed that ζ was a time-dependent parameter which varied

with atmospheric conditions and inversely with farm size. More recently, Kirby et al. (2023b) proposed an analytical model of

ζ, as discussed later in Sect. 4.4.

Equations (1) and (2) can be solved to calculate the farm wind-speed reduction factor β for a given farm design and atmo-75

spheric condition (i.e. λ, C∗
T , Cf0, γ and ζ). Using β, the farm power can be calculated using

Cp = β3C∗
p (3)

where the (farm-averaged) turbine power coefficient is defined as Cp ≡
∑n

i=1Pi/
1
2ρU

3
F0nA (Pi is power of turbine i in the

farm) and the (farm-averaged) ‘internal’ turbine power coefficient defined as C∗
p ≡∑n

i=1Pi/
1
2ρU

3
FnA.
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2.2 Analytical model of near-ideal wind farm performance80

Generally, the ‘internal’ turbine thrust coefficient C∗
T depends on the turbine layout (Kirby et al., 2022). However, as suggested

by Nishino (2016) and later confirmed by Kirby et al. (2022), an approximate upper limit of C∗
T can be predicted by using an

analogy to the classical actuator disc theory

C∗
T = 4α(1−α) =

16C ′
T

(4+C ′
T )

2
(4)

where C ′
T ≡ Ti/

1
2ρU

2
T,iA is a turbine resistance coefficient which represents the turbine operating conditions, and UT,i is the85

streamwise velocity averaged across the rotor swept area of turbine i. Kirby et al. (2022) showed that some specific turbine

layouts could exceed this C∗
T value slightly, presumably due to local blockage effects (Nishino and Draper, 2015).

The two-scale momentum theory described in Sect. 2.1 can predict the performance of arrays of actuator discs (or aero-

dynamically ideal turbines operating below rated conditions). For actuator discs C∗
p = αC∗

T where α≡ UT /UF is the local

wind-speed reduction factor, and α can be estimated using α=
√

C∗
T /C

′
T . It is useful to note that this is strictly valid only for90

infinite regular arrays of actuator discs where the thrust of each turbine is identical to the farm-averaged turbine thrust. The

(farm-averaged) power coefficient of an actuator disc is given by

Cp = β3αC∗
T = β3C∗

T

3
2C ′

T
− 1

2 . (5)

Using the analytical model of C∗
T (Eq. (4)), Eq. (1), (2) and (5) can be solved to give a theoretical prediction of near-ideal

wind farm performance, denoted Cp,Nishino. If we assume γ = 2.0, we can derive a single analytical expression for Cp,Nishino,95

i.e.,

Cp,Nishino =
64C ′

T

(4+C ′
T )

3
×



−ζ +

√
ζ2 +4

(
16C′

T

(4+C′
T )2

λ
Cf0

+1
)
(1+ ζ)

2
(

16C′
T

(4+C′
T )2

λ
Cf0

+1
)




3

. (6)

Meanwhile, the power coefficient of an isolated turbine Cp,Betz is given by

Cp,Betz =
64C ′

T

(4+C ′
T )

3
(7)

which gives a maximum turbine performance of Cp,Betz = 16/27 when C ′
T = 2.0. These two theoretical predictions of per-100

formance (Cp,Nishino and Cp,Betz) will be used to define the turbine-scale and farm-scale efficiencies later in Sect. 4.3.
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3 Large-eddy simulation methodology

In this paper we analyse the LES of wind farms in CNBLs performed by Lanzilao and Meyers (2024) with 5 new simulation

cases. Here we briefly summarise the main details of LES methodology, for more details see Lanzilao and Meyers (2024).

The turbines are modelled using an actuator disc model with no rotation (Calaf et al., 2010; Meyers and Meneveau, 2010).105

The turbine forces are projected onto the numerical grid using a Gaussian convolution filter (Calaf et al., 2010). Recently,

Shapiro et al. (2019) proposed an additional correction factor for actuator disk models to avoid over-prediction of power

and thrust. Unfortunately, this correction factor was not yet included in the LES database of Lanzilao and Meyers (2024),

and therefore it was also not used for the additional cases performed here. Instead, as a next best approximation, we use the

correction factor of Shapiro et al. (2019) in a postprocessing step (see Sect. 4.3 for more details). Here this correction is applied110

to the theoretical predictions outlined in Sect. 2. This is to ensure that the comparison with the theory is using the overpredicted

turbine power and thrust which is actually implemented in the simulations (rather than the intended values). The turbines have

a diameter D of 198 m and a hub height Hhub of 119 m. The thrust is calculated using a disk-based thrust coefficient of

C ′
T = 1.94 giving a traditional thrust coefficient of CT = 0.88. A yaw controller is used to keep all turbine discs perpendicular

to the incident flow to each turbine.115

Table 1 summarises the wind farm designs considered in this study. In addition to the ‘standard’ design used by Lanzilao and

Meyers (2024), we also consider 3 additional designs, namely ‘aligned’, ‘half length’ and ‘double spacing’. The ‘standard’ farm

consists of 16 rows and 10 columns of turbines in a staggered layout. The streamwise and spanwise spacing between turbines

is 5D giving a capacity density of approximately 10 MW km−2. This is a dense wind farm but this density is being considered

in some development areas. The farm has a length of 14.85 km and a width of 9.4 km. For the 3 additional farm designs120

(aligned, half length and double spacing) the turbine layout, farm length and turbine spacing were changed, respectively, from

the standard design (table 1). Note that the farm length is the distance between the first and last turbine rows, and the ‘half

length’ case has 8 rows rather than 16 rows. For all simulations the computational domain size is Lx ×Ly ×Lz = 50 km×
30 km × 25 km. The grid resolution is ∆x= 31.25 m, ∆y = 21.74 m and ∆z = 5 m in the lowest 1.5 km of the domain,

following the set-up used by Lanzilao and Meyers (2024).125

Table 1. A summary of wind farm designs considered in this study.

Design Turbine layout Farm length Farm width Turbine spacing Number of turbines

Standard Staggered 14.85 km 9.4 km 5D× 5D 160

Aligned Aligned 14.85 km 9.4 km 5D× 5D 160

Half length Staggered 6.93 km 9.4 km 5D× 5D 80

Double spacing Staggered 14.85 km 9.4 km 10D× 10D 40
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The bottom boundary conditions are given by the classical Monin-Obukhov similarity theory (Moeng, 1984). Periodic

boundary conditions are applied at the streamwise and spanwise edges of the domain. The inflow condition is given by a

concurrent precursor simulation (Stevens et al., 2014) which is applied using a wave-free fringe technique that avoids spurious

excitation of gravity waves (Lanzilao and Meyers, 2023a). Moreover, to prevent the reflection of gravity waves, a Rayleigh

damping layer is applied in the upper part of the domain (Lanzilao and Meyers, 2023a).130

The atmospheric stratification is varied by changing the capping inversion height, capping inversion strength and free-

atmosphere lapse rate. Table 2 shows a summary of the different atmospheric stratifications. All combinations of these pa-

rameters were considered for the ‘standard’ farm design by Lanzilao and Meyers (2024). We use the notation introduced by

Lanzilao and Meyers (2024), e.g., H500-C5-G4 refers to a capping inversion height of 500 m, capping inversion strength of 5

K and free-atmosphere lapse rate of 4 K km−1.135

Table 2. A summary of atmospheric stratifications.

Capping inversion height [m] 1000, 500, 300, 150

Capping inversion strength [K] 2, 5, 8

Free-atmosphere lapse rate [K km−1] 1, 4, 8

4 Results

In the following we first investigate the wake and farm-blockage losses observed in the LES performed by Lanzilao and

Meyers (2024) in Sect. 4.1. We then present in Sect. 4.2 a validation of the ‘two-scale separation’ assumption in the two-scale

momentum theory proposed by Nishino and Dunstan (2020). We apply the concepts of ‘turbine-scale’ and ‘farm-scale’ losses

(Kirby et al., 2022) to the LES results in Sect. 4.3. Finally, we the assess the accuracy of an analytical model (Kirby et al.,140

2023b) in predicting the ‘farm-scale’ losses.

4.1 Wake and farm blockage losses

Here we reanalyse the results of wind farm LES performed by Lanzilao and Meyers (2024), who reported that the farm

normalised power relative to the first-row power (i.e., wake efficiency) varied from 0.48 to 1.23 for the same turbine layout

and wind direction. The aim of this section is therefore to investigate the physical mechanisms changing the farm normalised145

power.

There are 3 commonly used efficiencies for wind farm performance. Firstly, the ‘wake efficiency’ ηw (sometimes called

‘normalised power’) is defined as

ηw ≡ Pfarm

P1
(8)
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where Pfarm is the farm-averaged turbine power and P1 is the first-row-averaged turbine power. Secondly, the ‘non-local’150

efficiency ηnl is defined by (Allaerts and Meyers, 2018)

ηnl ≡
P1

P∞
(9)

where P∞ is the power output of an isolated turbine under the same atmospheric conditions. This represents the power loss

due to the velocity reduction in front of the farm, i.e., due to farm blockage. Finally the ‘farm efficiency’ ηf is defined as

ηf ≡ Pfarm

P∞
≡ ηwηnl. (10)155

The farm efficiency ηf quantifies the overall power losses caused by placing turbines together in a farm.

As noted by Lanzilao and Meyers (2024), the farm LES results show a relatively strong negative correlation between ηw and

ηnl (figure 1). When the farm blockage increases (i.e. ηnl decreases), the downstream power losses decrease (i.e. ηw increases).

These two effects counteract each other to a certain extent. This means that ηw is affected not only by turbine-wake interactions

but also by larger farm-scale flow effects causing farm blockage.160

Figure 1. Relationship between wake efficiency ηw and non-local efficiency ηnl for all 38 LES cases from Lanzilao and Meyers (2024). The

R2 value shows the coefficient of determination.

The correlation between ηw and ηnl is caused by the induced pressure gradients across the farm. To illustrate this, the

pressure perturbation for cases H300-C2-G1 and H300-C8-G1 is shown in Fig. 2. Case H300-C2-G1 has a low degree of farm

blockage (ηnl = 0.857) and a relatively small induced pressure gradient. Conversely, H300-C8-G1 has a high degree of farm

blockage (ηnl = 0.437) and a large induced pressure gradient. Essentially, H300-C8-G1 has a larger driving force across the

farm, meaning that the velocity tends to stay high across the farm despite the lower velocity at the front. This causes ηw to be165

higher (ηw = 1.00 compared to ηw = 0.501 for H300-C2-G1).

The LES results also show that the overall farm efficiency ηf is not well correlated with either the wake efficiency ηw or the

non-local efficiency ηnl. Figure 3(a) shows the weak correlation between ηf and ηw. This shows that the ‘wake efficiency’ or
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Figure 2. Time-averaged pressure perturbation averaged across the farm width for cases (a) H300-C2-G1 and (b) H300-C8-G1.

‘normalised power’ is not a good indicator of wind farm efficiency. The correlation between ηf and ηnl is also relatively weak

as shown in Fig. 3(b). The negative farm blockage effect is mostly counteracted by the increased pressure gradient across the170

farm which increases ηw.

Figure 3. (a) Relationship between farm efficiency ηf and wake efficiency ηw and (b) relationship between farm efficiency ηf and non-local

efficiency ηnl, for all 38 LES cases from Lanzilao and Meyers (2024). The R2 values shows the coefficient of determination.

To better understand why the same turbine layout results in a very wide range of ηw from 0.48 to 1.23, now we will

investigate whether this could be explained by either 1) different ‘effective’ turbine layouts caused by changes in local wind

directions within the farm, or 2) different wake recovery rates. In the following, we will again focus on the two illustrative
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cases, H300-C2-G1 and H300-C8-G1. The capping inversion height is the same for both but H300-C2-G1 gives ηw = 0.501175

whereas H300-C8-G1 gives ηw = 1.00.

Figure 4. Time-averaged flow angle at the turbine hub height for cases (a) H300-C2-G1 and (b) H300-C8-G1.

Figure 5. Relationship between wake efficiency ηw and the farm-averaged absolute turbine yaw angle |Φ| for all 38 LES cases from Lanzilao

and Meyers (2024). The R2 value shows the coefficient of determination.

First, we show that the large difference in ηw cannot be explained by different ‘effective’ turbine layouts. The local flow

direction for cases H300-C2-G1 and H300-C8-G1 is shown in Fig. 4. Both cases have an outward flow direction of approxi-

mately 5o at the sides. However, both cases have similar variations of the local flow directions across the farm. Figure 5 shows

there is not a strong relationship between ηw and the farm-averaged absolute turbine yaw angle |Φ| for all 38 cases, indicating180

that the large variation of ηw cannot be explained by the change of effective turbine layout.

Next, we show that the wake recovery behind each turbine is also uncorrelated with the wake efficiency ηw. The farm flow

profiles are shown in Fig. 6(a) for H300-C2-G1 and in Fig. 6(c) for H300-C8-G1. The individual wake deficits look similar but

rather it is the farm-scale flows which are different. A closer view of individual wakes towards the center of the farm is shown

9



Figure 6. Time-averaged u velocity contours at the turbine hub height for case H300-C2-G1 (a) across the whole farm and (b) inside the

farm; and for case H300-C8-G1 (c) across the whole farm and (d) inside the farm.

in Fig. 6(b) and 6(d). Despite one case having ηw = 0.501 and the other having ηw = 1.00, the wakes look almost identical.185

This suggests that the characteristics of individual turbine wake recovery are not contributing to the difference in ηw.

A more quantitative comparison in Fig. 7 shows that both cases have similar wake velocity deficits. Here we calculated

the wake velocity deficit by defining new coordinates xi and yi local to each turbine (see Fig. 7(b)). xi is perpendicular to

each rotor and yi parallel. We averaged the wake velocity deficits (relative to the undisturbed velocity u∞(z) recorded in the

precursor simulation) for each turbine in the 11th row. This row was chosen because the flow profiles are characteristic of190

the average flow profile across the entire farm. Figures 7(c)-(f) show that both horizontal and vertical wake deficit profiles

are approximately Gaussian, and the wake deficit profiles and wake recovery rate are both similar. H300-C8-G1 has a slightly

smaller normalised wake velocity deficit compared to H300-C2-G1, but this is not sufficient to explain the large difference in

ηw values.

The wake recovery across the entire farm is also similar for the two cases. We calculated the wake width by fitting a Gaussian195

function to the wake deficit profiles shown in Fig. 7. Note that the centre of Gaussian function was not fixed to the rotor centre.

The wake width σ was calculated as the geometric mean of the wake width in the horizontal σy and vertical σz directions, i.e.,

σ =
√
σyσz . The wake width as a function of downstream distance for turbine rows 3 to 16 is shown in Fig. 8. The first two

rows were excluded as the wake recovery was much slower. An approximately linear growth in wake width can be seen for

both cases. We calculated the wake expansion coefficient k∗ using the equation σ/D = k∗xi/D+ ϵ where ϵ is the initial wake200

width. We then averaged the value of k∗ across the 3rd to 16th rows to obtain a farm-averaged k∗, which is shown in Fig. 8.

The value of k∗ was found to be higher than the values reported by Bastankhah and Porté-Agel (2014). This is presumably
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Figure 7. (a) Time-averaged u velocity contours at the turbine hub height for case H300-C2-G1 with the 11th row highlighted in red, and

(b) new ‘local’ coordinates xi and yi. Normalised wake velocity deficit profiles averaged for all 10 turbines in the 11th row, plotted in the

horizontal (yi) direction at the hub height and in the vertical (z) directions through the rotor center, respectively, for (c), (d) case H300-C2-G1

and (e), (f) case H300-C8-G1.

because the turbulence levels are higher within a large wind farm. Most importantly, the average wake growth rate is higher for

the case with the lower value of ηw. This again demonstrates that ηw is not strongly related to local wake recovery behind each

turbine.205

To confirm this trend further, we calculated the farm-averaged wake expansion coefficient k∗ for 29 of the farm LES cases

from Lanzilao and Meyers (2024). The cases with the lowest capping inversion (150 m) were excluded as they did not have

Gaussian wake deficit profiles in the vertical direction, due to the vicinity of the capping-inversion base to the turbine-tip

height. Figure 9(a) shows that there is no correlation between the farm efficiency ηf and the wake expansion coefficient k∗.

Figure 9(b) shows that low ηw values cannot be explained by a slower wake recovery. On the contrary, these LES results show210

that cases with a low ηw value tend to have a faster wake recovery.
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Figure 8. Normalised wake width with streamwise distance for different turbine rows for cases (a) H300-C2-G1 and (b) H300-C8-G1.

Figure 9. (a) Relationship between farm efficiency ηf and wake expansion coefficient k∗ and (b) relationship between wake efficiency ηw

and wake expansion coefficient k∗. R2 shows the coefficient of determination.

The wake efficiency ηw has been extensively used to analyse farm performance as it is a relatively easy parameter to calculate,

e.g. using SCADA data. However, these LES results (for a fixed staggered turbine layout with different ABL conditions) suggest

that this wake efficiency parameter ηw is not a good indicator of the turbine-wake interactions within the farm.

4.2 Validation of two-scale separation assumption215

The two-scale momentum theory provides an alternative way of understanding wind farm performance. This theory is par-

ticularly useful when the ‘two-scale separation’ assumption is valid, meaning that the farm ‘internal’ parameters (C∗
T and

γ) depend only on ‘internal’ or turbine-scale conditions, whereas the ‘external’ parameter (ζ) depends only on ‘external’ or

farm-scale conditions. This assumption allows the turbine-scale and farm-scale flows to be modelled separately; however, this

assumption has not been fully validated in previous studies. In the following we present a first validation of the two-scale220

separation assumption using 4 new LES results as well as the previous LES results from Lanzilao and Meyers (2024).

Here we calculate ζLES directly from the momentum availability factor MLES and the farm wind-speed reduction factor

βLES obtained from LES (Eq. (11)). MLES is given by Eq. (12a) which can be simplified into Eq. (12b) and (12c). The bottom

friction exponent γ was not recorded in the present LES results, but we can expect that this varies between 1.5 and 2.0 (Kirby

et al., 2022). Considering Eq. (12c), a typical value of λC∗
T /Cf0 is 17.5 for the farms in this study meaning that the total225
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force due to turbine thrust is much larger than the force due to the bottom friction (and hence, the impact of γ is very small).

For example, if we suppose that β = 0.75, using γ = 1.5 gives MLES = 10.5 whereas γ = 2.0 gives MLES = 10.4. Since the

value of MLES is largely insensitive to the value of γ, we will use γ = 2.0 in the following analysis.

ζLES =
MLES − 1

1−βLES
(11)

MLES =

∑n
i=1Ti + τwS

τw0S
(12a)230

=

∑n
i=1Ti

τw0S
+βLES

γ (12b)

=
λC∗

T,LES

Cf0
βLES

2 +βLES
γ (12c)

Figure 10 shows the relationship between MLES and βLES obtained for 3 different atmospheric conditions. As can be

seen from the figure, the wind extractability factor ζLES changes with the atmospheric conditions but it is not sensitive to the

turbine layout. The aligned turbine layouts result in a lower wind speed reduction (i.e., lower value of 1−βLES) because they235

present a lower flow resistance. However, the value of ζLES is almost identical for aligned and staggered layouts under a given

atmospheric condition. A farm with a staggered layout but doubled turbine spacing (10D× 10D) also follows approximately

the same relationship (see Fig. 10(b)). This demonstrates that the linear relationship is valid for a wide range of β. It can also

be seen that ζLES decreases with decreasing capping inversion height. This trend was predicted by the theoretical model of

ζ proposed by Kirby et al. (2023b). The values of ζLES for all atmospheric conditions tested in this study are shown in Fig.240

11(a). As shown theoretically by Nishino and Dunstan (2020), for a given wind farm, there is a positive monotonic relationship

between ζ and wind farm efficiency. Therefore effects of different atmospheric conditions on the wind farm efficiency reported

by Lanzilao and Meyers (2024) can be explained by different wind extractability factors ζ.

Figure 10. Relationship between momentum availability factor MLES and farm wind-speed reduction factor βLES for (a) H1000-C5-G4,

(b) H500-C5-G4 and (c) H300-C5-G4 atmospheric conditions.
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The LES results also show that the internal turbine thrust coefficient C∗
T,LES is insensitive to atmospheric conditions (Fig.

11(b)). Apart from the lowest capping inversion cases (H150), the staggered turbine layout consistently gives a high C∗
T,LES245

value of about 1.0 irrespective of atmospheric stratification (Fig. 11(b)), whereas the aligned turbine layout consistently gives

a lower C∗
T,LES value than the staggered one. This trend is expected as Kirby et al. (2022) showed that increased turbine-wake

interactions reduce the value of C∗
T . Turbine-wake interactions reduce C∗

T because the waked turbines experience a lower

incident wind speed and so produce less thrust.

Figure 11. Values of (a) wind extractability factor ζ and (b) ‘internal’ turbine thrust coefficient C∗
T for all atmospheric conditions tested.

These LES results in Fig. 10 and 11 strongly indicate that the assumption of ‘two-scale separation’ is valid for large finite250

wind farms, at least in a practical range of CNBLs tested in this study. This means that the impact of turbine-scale flows

(i.e., turbine-wake interactions) and farm-scale flows (i.e., farm-atmosphere interaction) could be modelled separately through

the modelling of C∗
T and ζ, as suggested originally by Nishino and Dunstan (2020), to predict wind farm power in a less

complicated and more physically meaningful manner.

4.3 Turbine-scale and farm-scale power losses255

Turbine-scale and farm-scale power losses (Kirby et al. (2022); see also Stevens (2023)) are alternative metrics for wind farm

performance, as illustrated in Fig. 12. The turbine-scale power losses are due to the internal flow interactions within the farm

(i.e., turbine-wake interactions). Farm-scale power losses are due to the interaction between the ABL and the farm as a whole.
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Figure 12. Schematic of the overall farm efficiency Cp/Cp,Betz against the effective array density λ/Cf0, illustrating farm-scale and

turbine-scale power losses. The blue line shows the near-ideal farm performance predicted by the two-scale momentum theory for a given

set of conditions (corresponding to Fig. 10(b) with ζ = 38.1), whereas the red crosses show the results of 3 farm LES cases discussed in Fig.

10(b).

Here we propose a slight modification to these new metrics for wind farm performance, namely the ‘turbine-scale efficiency’

ηTS and ‘farm-scale efficiency’ ηFS
1 defined as:260

ηTS ≡ Cp

Cp,Nishino
(13)

ηFS ≡ Cp,Nishino

Cp,Betz
. (14)

ηTS and ηFS are related to the overall wind farm efficiency Cp/Cp,Betz by

Cp

Cp,Betz
≡ ηTSηFS . (15)

Note that Cp/Cp,Betz is slightly different from the overall farm efficiency ηf used by Lanzilao and Meyers (2024). Here we265

normalise by the turbine performance predicted using the actuator disc theory, Cp,Betz , for a given turbine resistance coefficient

1Note that the turbine-scale efficiency ηTS and farm-scale efficiency ηFS are related to the ‘turbine-scale loss factor’ ΠT and ‘farm-scale loss factor’ ΠF

introduced by Kirby et al. (2022) by the following expressions ηTS ≡ 1−ΠT and ηFS ≡ 1−ΠF .
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(C ′
T = 1.94 in this study). This is instead of the isolated turbine power found using LES, P∞, which is slightly different from

the power predicted by the actuator disc theory. We normalised all values by Cp,Betz to ensure the predicted power coefficients

from the LES, Cp, and the theory, Cp,Nishino, are normalised by the same value. A summary of the efficiency metrics used in

this study is given in table 3.270

As can be seen from Eq. (15), the overall farm efficiency is the product of turbine-scale efficiency ηTS and farm-scale

efficiency ηFS . For convenience, we can also introduce an alternative set of metrics, namely the ‘turbine-scale loss’ TSL

defined in Eq. (16) and ‘farm-scale loss’ FSL defined in Eq. (17). The only difference from ηTS and ηFS is that TSL and

FSL both have the same denominator Cp,Betz . This allows the two losses to be simply added up (instead of multiplied) to

obtain the total loss as in Eq. (18).275

TSL≡ Cp,Nishino −Cp

Cp,Betz
≡ ηFS (1− ηTS) (16)

FSL≡ Cp,Betz −Cp,Nishino

Cp,Betz
≡ 1− ηFS (17)

Cp

Cp,Betz
≡ 1− (TSL+FSL) (18)

Table 3. A summary of wind farm efficiency metrics.

Efficiency metric Notes

ηf = Pfarm/P∞ Pfarm - farm-averaged turbine power

P∞ - isolated turbine power

ηw = Pfarm/P1 P1 - front-row-averaged turbine power

ηnl = P1/P∞

Cp/Cp,Betz Cp - farm-averaged power coefficient

Cp,Betz - ideal power coefficient for isolated turbines

ηTS = Cp/Cp,Nishino Cp,Nishino - near-ideal power coefficient for turbines in a farm

ηFS = Cp,Nishino/Cp,Betz

In this study we calculate ηTS and ηFS using ζLES obtained from each LES case. Shapiro et al. (2019) proposed a correction

factor N for the overpredicted velocity through an actuator disc as280

N =

(
1+

C ′
T

2

1√
3π

∆

D

)−1

. (19)
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where ∆ is the Gaussian kernel width used for projecting turbine forces onto the numerical grid. In this study ∆= 32.61

m in the y and z directions, which gives N = 0.950, meaning that the turbine thrust and power are corrected by N2 and

N3, respectively. Since the correction factor of Shapiro et al. (2019) was not implemented in the LES, we apply it here as a

postprocessing step, to correct for possible overpredictions of power and thrust.285

To calculate ηTS and ηFS we used the procedure summarised in Fig. 13. Essentially, we solved Eq. (1) and (2) for β using

ζ = ζLES and the parameter values in table 4. Note that we used 0.974 as the value of C∗
T which has been corrected (i.e.,

adjusted upwards) to account for LES resolution effects. The 5D×5D turbine spacing gives an array density λ of 0.0314. The

value of the farm-layer-height is given by HF = 2.5Hhub and for the turbines simulated Hhub is 119 m. Cp,Nishino/Cp,Betz

is given by the value of β3.290

Step 1. Obtain 𝑀𝐿𝐸𝑆 from 𝑀𝐿𝐸𝑆 =
σ𝑖=1

𝑛 𝑇𝑖,𝐿𝐸𝑆

𝜏𝑤0𝑆
+ 𝛽𝐿𝐸𝑆

2

Step 2. Obtain 𝜁𝐿𝐸𝑆 from 𝜁𝐿𝐸𝑆 =
𝑀𝐿𝐸𝑆−1

1−𝛽𝐿𝐸𝑆

Step 3. Obtain 𝛽 from 𝐶𝑇
∗ 𝜆

𝐶𝑓0
𝛽2 + 𝛽2 = 1 + 𝜁𝐿𝐸𝑆 1 − 𝛽

n.b. 𝐶𝑇
∗  in Eq. (4) is multiplied by 1/𝑁2 to account for 

LES resolution effects

Step 4.  Obtain 𝜂𝐹𝑆 from 𝜂𝐹𝑆 = 𝛽3

Step 5.  Obtain 𝜂𝑇𝑆 from 𝜂𝑇𝑆 =
1

𝛽3 ×
𝐶𝑝,𝐿𝐸𝑆

𝐶𝑝,𝐵𝑒𝑡𝑧

n.b. 𝐶𝑝,𝐵𝑒𝑡𝑧 in Eq. (7) is multiplied by 1/𝑁3 to account for 

LES resolution effects

Figure 13. Procedure used to calculate turbine-scale efficiency ηTS and farm-scale efficiency ηFS .

Figure 14 compares the farm performance for 3 different atmospheric conditions (including the 2 cases discussed earlier

in Sect. 4.1) for demonstration. As can be seen from figure 14(a), the wake and non-local efficiencies are both sensitive to

capping inversion strength. These two effects mostly canceled each other out, giving similar farm efficiencies for these 3 cases.

Conversely, Fig. 14(b) shows that the turbine-scale efficiency ηTS is almost unchanged for the 3 cases. This reflects the fact

that the turbine layout was unchanged, so the turbine-scale flows were very similar (as shown earlier in Fig. 6). ηTS is slightly295

greater than 1, which means that, on the turbine-scale (i.e., for a given farm-averaged wind speed) these ‘clustered’ turbines
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Table 4. Parameter values used to calculate turbine-scale efficiency ηTS and farm-scale efficiency ηFS .

Quantity Value

C∗
T 0.974

λ 0.0314

HF 297.5 m

γ 2.0

perform slightly better than isolated turbines (this will be further discussed later in this section). The close agreement between

Cp/Cp,Betz and ηFS means that all the power losses in these 3 cases are on the farm-scale, i.e., due to the farm-atmosphere

interaction.

Figure 14. Comparison of wind farm performance for cases H300-C8-G1, H300-C5-G1 and H300-C2-G1 using (a) wake efficiency ηw and

non-local efficiency ηnl and (b) turbine-scale efficiency ηTS and farm-scale efficiency ηFS .

Figure 15 shows the values of ηTS and ηFS for the same staggered farm under 38 different atmospheric conditions. Almost300

all the variation in Cp/Cp,Betz is explained by ηFS . This reflects the physical observation that different stratifications affect

the large-scale farm-atmosphere interaction, changing the power generation efficiency on the farm-scale. The value of ηTS is

nearly the same for most cases with a value of approximately 1.05 (discussed later in this section). The 6 cases with a lower

ηTS are all with the lowest capping inversion height of 150 m. These cases show a larger change in wind direction within the

farm, changing the turbine-scale flow characteristics and thus ηTS .305
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Figure 15. (a) Relationship between the overall farm efficiency Cp/Cp,Betz and turbine-scale efficiency ηTS and (b) farm-scale efficiency

ηFS , for all 38 LES cases with the dense staggered turbine layout. The R2 value shows the coefficient of determination.

Next, we examine how the impact of changing the turbine layout is captured by the new efficiency metrics, for the 3

atmospheric conditions discussed earlier in Fig. 10. As can be seen from Fig. 16, changing the layout from ‘staggered’ to

‘aligned’ changes the value of ηTS from approximately 1.05 to just above 0.8 for all 3 cases. Given that in ‘aligned’ cases

the second row of turbines produces much less power than the first, it might appear that ηTS ≈ 0.8 is fairly high. However,

this is reasonable since the overall farm efficiency ηf decreases by about 23% when the layout is changed from staggered310

to aligned for all 3 atmospheric conditions considered. The farm-scale efficiency ηFS is practically unchanged with turbine

layout. Conversely, the the existing metrics ηw and ηnl are both affected by the turbine layout, implying that the effect of

turbine layout needs to be considered explicitly in the modelling of both wake and farm blockage losses. Using ηTS and ηFS

instead allows us to separate the effect of turbine layout from the effect of atmospheric conditions.

It is also worth noting that, for all these cases, the power losses are larger on the farm-scale than on the turbine-scale.315

Figure 16 shows that ηFS is smaller than ηTS for both staggered and aligned layouts, despite the small turbine spacing (5D)

considered in these cases. This agrees qualitatively with the predictions made by Kirby et al. (2022).

The new efficiency metrics ηTS and ηFS are also applicable to smaller farms and larger turbine spacings. Here we simulated

two additional layouts under the H500-C5-G4 atmospheric condition. In one case, ‘half length’, the streamwise length of the

farm was halved to 6.93 km (shown in Fig. 17(b)). In the other case, ‘double spacing’, the turbine spacing was doubled in the320

x and y directions to 10D× 10D (shown in Fig. 17(c)) whilst the farm size was kept constant. The results are compared with

the ‘standard’ case in Fig. 18, showing that the changes in overall farm efficiency are mostly due to changes in ηFS . The ‘half

length’ case gives a higher ηFS because the farm-scale wind speed reduction (due to farm-atmosphere interaction) is less severe

for smaller wind farms. The ‘double spacing’ case gives an even higher ηFS because of the low array density, which reduces

the total farm thrust and thus the farm-atmosphere interaction compared to the ‘standard’ case. The turbine-scale efficiency325

ηTS is similar and close to 1 for all 3 cases, reflecting the fact that turbine-wake interactions have limited impact for these

staggered turbine arrays.
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Figure 16. Comparison of farm performance for staggered and aligned turbine layouts in H1000-C5-G4, H500-C5-G4 and H300-C5-G4

atmospheric conditions using (a) wake efficiency ηw and non-local efficiency ηnl and (b) turbine-scale efficiency ηTS and farm-scale effi-

ciency ηFS .

Figure 17. Time-averaged u velocity contours at the turbine hub height for (a) ‘standard’ turbine layout, (b) ‘half length’ layout and (c)

‘double spacing’ layout.

It is worth noting that the staggered turbine layout with a 5D×5D spacing consistently gives ηTS of approximately 1.05 (see

Fig. 15 and 18), meaning that, on the turbine-scale, the turbines are more efficient at extracting power than isolated turbines.

When ηTS is greater than 1, this means that the velocity upstream of each turbine (and upstream of the local induction region)330

is higher than the farm-averaged velocity UF . Therefore this may depend on how UF (i.e., the height of the farm-layer HF )

is defined. This could also be due to the ‘local blockage’ effect caused by neighbouring turbines (Ouro and Nishino, 2021;
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Nishino and Draper, 2015). It is important to note that ηTS = 1 does not mean the maximum possible performance at the

turbine-scale. It means the performance, at the turbine-scale, is equivalent to an isolated turbine that experiences the farm-

average wind speed. The performance of an isolated turbine can be exceeded slightly due to local flow confinement effects.335

When the turbine spacing was doubled ηTS was reduced to 0.975 (Fig. 18(b)). This shows that the close turbine spacing caused

ηTS to be greater than 1. Note that while a close lateral turbine spacing can increase ηTS slightly above 1, it also reduces ηFS

thereby reducing the overall farm efficiency Cp/Cp,Betz .

Figure 18. Comparison of farm performance for ‘standard’, ‘half-length’ and ‘double spacing’ turbine layouts under H500-C5-G4 atmo-

spheric conditions using (a) wake efficiency ηw and non-local efficiency ηnl and (b) turbine-scale efficiency ηTS and farm-scale efficiency

ηFS .

4.4 Analytical wind farm model

In this section we assess the accuracy of an analytical wind farm model (Kirby et al., 2023b) to predict ηFS . This analytical340

model predicts the farm-scale flows only and not the turbine-wake interactions. Hence, here we only compare the predictions

of the farm-scale efficiency ηFS and not the turbine-scale efficiency ηTS . A summary of this farm model is shown in Fig. (19).

Essentially, rather than using ζLES to calculate ηFS , here we predict ηFS using the expression

ζ = 1.18+

2.18
Cf0

HF

L

1− τt0
τw0

(20)

where L is the streamwise farm length and τt0 is the undisturbed shear stress at a height HF in the hub-height wind direction.345

Using this approach, we can predict ηFS instantly using only the undisturbed atmospheric conditions. Figure 20(a) shows the
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Input parameters

Turbine/farm design 𝐶𝑇
′ , 𝜆, 𝐿, 𝐻𝐹

Environmental  𝐶𝑓0,
𝜏𝑡0

𝜏𝑤0

Step 1. Obtain 𝛽 from 𝐶𝑇
∗ 𝜆

𝐶𝑓0
𝛽2 + 𝛽2 = 1 + 1.18 +

2.18

𝐶𝑓0

𝐻𝐹
𝐿

1−
𝜏𝑡0
𝜏𝑤0

1 − 𝛽

n.b. 𝐶𝑇
∗  is calculated using Eq. (4) and is then multiplied by 

1/𝑁2 to account for LES resolution effects

Step 2. Obtain 𝜂𝐹𝑆 from 𝜂𝐹𝑆 = 𝛽3

Figure 19. Input parameters and procedure used to calculate ηFS from the analytical model (Kirby et al., 2023b).

predictions of ηFS for three different atmospheric conditions. The model correctly predicts the effect of capping inversion

layer height on ηFS . It is important to note that this model (Eq. (20)) currently only considers the impact of capping inversion

height, and not capping inversion strength or free-atmosphere stratification. Figure 20(b) shows the distribution of percentage

errors when predicting ηFS for 29 atmospheric states (we excluded the lowest capping inversion cases ‘H150’ where the350

capping inversion was below HF ). The model gives good predictions of ηFS with a mean absolute percentage error of 5.68%.

It is likely that the impact of free atmospheric stratification, not considered in the current model, causes some spread and

contributes to this error. There is a slight bias for underpredicting ηFS but the median percentage error is below 5%. The

prediction accuracy for the smaller farm and greater turbine spacing cases are also summarised in table 5, showing that this

first-order model gives satisfactory predictions for these cases as well.355

Table 5. LES and analytical model predictions of ηFS for ‘standard’, ‘half length’ and ‘double spacing’ layouts under H500-C5-G4 atmo-

spheric conditions.

Case ηFS (LES) ηFS (Analytical model) Percentage error (%)

Standard 0.427 0.413 -3.59%

Half length 0.523 0.579 +10.7%

Double spacing 0.733 0.744 +1.47%
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Figure 20. (a) Comparison of farm-scale efficiency ηFS obtained from LES and analytical predictions (Kirby et al., 2023b) for 3 cases and

(b) box plot showing the distribution of prediction percentage errors for 29 cases.

5 Discussion

Power losses for downstream rows of turbines in a wind farm (relative to the first row) are commonly attributed to wake effects.

For large farms, the downstream power losses are also affected by the atmospheric response, but it has been a challenge to model

this effect accurately. In this study our LES results showed that, for a large staggered array of 160 turbines, the downstream

power degradation was not due to turbine-wake interactions, i.e., individual turbine wakes (or more specifically, local flow360

regions having a lower flow speed than the “average” flow speed) were not directly causing the reduction of downstream

turbine power (in the sense that how the power of downstream turbines would have been reduced if they had been located in

such a locally slower flow region). It is worth noting that Porté-Agel et al. (2013) used LES to show that turbine wake effects

could reduce farm power by up to 35% by simulating different wind directions. However, this power loss was calculated relative

to the optimal wind direction and not the power of the front row turbines. Furthermore, the wind farm simulated by Porté-Agel365

et al. (2013) was less than 20% the size of the ‘standard’ farm considered in this study. A recent study by Kirby et al. (2022)

suggests that the relative importance of power losses due to turbine-wake interactions decreases with increasing farm size. The

present study suggests that the farm-atmosphere interaction could play a leading role in power losses for offshore wind farms

as they become larger in the future.

Our LES results also showed that there was only a weak relationship between the farm blockage loss and the overall farm370

efficiency. This was due to the strong negative correlation between the blockage loss (represented by ηnl) and the wake loss

(represented by ηw). This suggests that farm blockage, to a first order, acts to redistribute power across the farm rather than

reduce the farm power. This has also been observed in the LES performed by Lanzilao and Meyers (2022) and Stipa et al.

(2023). The different stratifications changed the farm blockage but the overall farm efficiency changed only slightly.

The turbine-scale efficiency ηTS and farm-scale efficiency ηFS are useful new metrics for understanding wind farm perfor-375

mance. They allow the impacts of turbine layout and farm-atmosphere interaction to be assessed separately. The farm-scale

efficiency ηFS is insensitive to the turbine layout and so the losses due to the atmospheric interaction can be assessed even
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before the turbine layout is decided. It is worth noting that, although actuator discs (or ideal turbines) were considered in this

study, the new metrics ηFS and ηTS can be applied to wind farms with real (non-ideal) turbines as well. When the turbines are

non-ideal, the power loss due to turbine design (relative to the power of ideal actuator discs) will reduce ηTS (as Cp in Eq. (13)380

decreases) but not ηFS .

For all turbine layouts and atmospheric conditions considered in this study, ηFS was lower than ηTS . This means that more

power is lost due to the farm-atmosphere interaction than due to turbine-scale flow effects. This was true even for the large farms

with an aligned layout and close turbine spacing, where ηTS was about 0.8 whilst ηFS was less than 0.5. All staggered cases

gave ηTS close to 1, suggesting that the different farm efficiencies could be explained by different levels of farm-atmosphere385

interaction rather than changing losses due turbine-wake interactions. These results suggest the importance of focusing more

on the modelling of ηFS (or the modelling of wind extractability factor ζ) in future studies of large wind farms.

The modelling approach used in Nishino and Dunstan (2020) is to view the farm as a single unit experiencing the farm-

averaged wind speed UF . This approach helps to simplify the stresses that are expected to occur throughout the farm. Different

farm layouts have different levels of flow heterogeneity and stresses. Therefore this can lead to complexity when comparing390

different farm layouts and hence the turbine-scale losses presented here. This effect should be investigated in future research.

In this study the assumption of ‘two-scale separation’ was shown to be valid for large finite wind farms. This means that

the modelling of large wind farms could be split into the modelling of turbine-wake interactions and the modelling of farm-

atmosphere interactions, as suggested originally by Nishino and Dunstan (2020). It should be noted, however, that the present

LES results are still for an idealised wind farm situation, i.e., quasi-steady situation with a horizontally homogeneous atmo-395

sphere. We found that the wind extractability factor ζ was insensitive to the internal/turbine-scale flow conditions (i.e., turbine

layout and spacing). However, there may still be ways to manipulate the turbine-scale flows to increase ζ, and hence the overall

farm efficiency. One way could be to introduce some medium-scale unsteadiness by varying turbine operating conditions in

time and thereby increasing momentum entrainment into the farm (e.g., Goit and Meyers, 2015).

Another limitation of the present study is that we relied on a single LES dataset. In this study we focused mostly on a large400

and relatively dense wind farm. To test the applicability to a wider range of wind farm situations, future work can apply the

new concepts of ηTS and ηFS to various wind farm LES with different flow conditions (e.g., Baas et al., 2023). Future work

could also work on validating the proposed models against wind farm SCADA data. The environmental input parameters (Cf0

and τt0/τw0) could be calculated using ERA5 data. Data on the surface shear stress and boundary layer height from ERA5

could be used to estimate the shear stress ratio τt0/τw0.405

Future work should also focus on improving the analytical model of the momentum availability factor M and the wind

extractability factor ζ (Kirby et al., 2023b). One improvement could be to explicitly model the impact of gravity waves on

the farm pressure field (e.g., Smith, 2024). It will also be useful to improve the modelling of turbine-scale flows. Kirby et al.

(2023a) developed a statistical model to predict C∗
T as a function of turbine layout for a fixed C ′

T value of 1.33. Future work

can extend this model to other turbine operating conditions.410
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6 Conclusions

In this study we analysed a large LES suite of wind farms in CNBLs. For all 38 simulation cases with the same staggered tur-

bine layout, the overall farm efficiency ηf was not well correlated with the wake efficiency ηw (often referred to as normalised

power) or the non-local efficiency ηnl (i.e., farm blockage effects). Identical turbine layouts with different atmospheric strati-

fications (above the turbines) were found to give significantly different ηw values, which could not be explained by changes in415

‘effective’ turbine layout (due to changes in local wind direction) or changes in the rate of wake recovery. These results suggest

that turbine-wake interactions do not play a leading role in downstream power losses in large wind farms.

The assumption of two-scale separation (Nishino and Dunstan, 2020) was validated in this study, using finite-size wind farm

LES for the first time. The ‘internal’ parameter C∗
T was found to be insensitive to ’external’ atmospheric conditions, whereas

the ‘external’ parameter ζ was shown to be insensitive to the turbine layout. This means that the assumption of two-scale420

separation is valid for large offshore wind farms, at least under the ideal ‘quasi-steady’ situation considered in this study.

Building upon the two-scale momentum theory, we have proposed new metrics of wind farm efficiency. The turbine-scale

efficiency ηTS represents power losses due to internal turbine-wake interactions. The farm-scale efficiency ηFS reflects the

losses due to the farm-atmosphere interaction. As can be expected from the validity of the two-scale separation, ηTS and ηFS

are useful concepts for understanding the aerodynamic performance of wind farms. For all turbine layouts simulated, ηFS was425

found to be much lower than ηTS . This suggests that farm-scale flows have a greater impact on the overall farm efficiency than

turbine-scale flows. The analytical model developed recently by Kirby et al. (2023b) was shown to predict ηFS with an average

error of 5.68% from the LES results. Further developments in the modelling of farm-scale efficiency ηFS will be crucial in

future studies of large wind farms.
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Chapter 6

Conclusions

The aim of this thesis was to improve the understanding and modelling of wind farm

efficiency. This was done by considering the flow physics on both the turbine-scale

and the farm-scale. Section 6.1 summarises the main results presented in the thesis.

An outlook for future research is described in section 6.2.

6.1 Main conclusions

6.1.1 Statistical modelling of turbine-scale flow effects

Both turbine-scale and farm-scale flows affect wind farm efficiency. We firstly focused

on turbine-scale flows which include the commonly studied turbine-wake interactions.

We modelled turbine-wake interactions using a parameter called the ‘internal’ turbine

thrust coefficient C∗
T . This is different from traditional thrust coefficients because the

reference wind speed is the farm-averaged wind speed. Using C∗
T in the analysis

of wind farm efficiency is analogous to using the ‘local’ thrust coefficient C ′
T in the

analysis of wind turbine efficiency.

To predict turbine-wake interactions, we developed a statistical model of C∗
T as a

function of turbine layout (Chapter 3). Data for the model came from a combination

of high- and low-fidelity wind farm simulations. The high-fidelity data source was a

suite of 50 wind farm LES. The low-fidelity data came from wake model wind farm

simulations. For both data sources, different combinations of turbine layout and wind

directions were included.

We developed several statistical emulators of C∗
T using both standard Gaussian

Process (GP) regression and multi-fidelity GP regression. The standard GP was

trained only on the LES data. The multi-fidelity GP was trained on both the LES

and wake model data using an information fusion algorithm. We estimated the test

135



error of the emulators for predicting C∗
T by performing leave-one-out cross-validation.

The best multi-fidelity GP had a mean absolute test error of 0.849% and the best

standard GP 1.04%. The test error was substantially lower for the emulators than

the wake model (4.60%).

The C∗
T emulators can be used to predict wind farm power under different mesoscale

atmospheric conditions using the existing two-scale momentum theory. This is a new

approach for predicting wake losses in large wind farms. The low computational cost

and high accuracy of the emulators could be beneficial for wind farm optimisation.

However, the statistical emulators of C∗
T have a number of limitations. They are

not currently applicable to all wind farms. The data used to train the models con-

sidered only regular turbine layouts. As such, the emulators cannot predict C∗
T for

irregular turbine layouts. Another limitation is that the training data only includes

turbines at one fixed operating condition. Therefore, this approach is not yet ap-

plicable to the full range of operating conditions that wind turbines in a farm may

experience.

6.1.2 Turbine- and farm-scale power losses

To better understand the impact of turbine-scale and farm-scale flows on farm per-

formance we developed the new concepts of turbine-scale loss and farm-scale loss.

The farm-scale loss quantifies the power loss due to the farm-atmosphere interaction

(including wind farm blockage). The turbine-scale loss gives the losses due to internal

flow interactions only (including turbine-wake interactions). These two new concepts

offer a novel approach to understand and analyse wind farm efficiency.

Combining wind farm LES with the two-scale momentum theory, we calculated

the turbine-scale and farm-scale losses for hypothetical large wind farms (Chapter 2).

We found that, for a realistic range of farm designs and atmospheric conditions, the

farm-scale losses are typically more than twice as large as the turbine-scale losses. This

shows that the efficiency of large farms is determined mostly by the farm-atmosphere

interaction, rather than the turbine-wake interactions. This suggests that the poten-

tial of layout optimisation for large farms may be limited. These results also suggest

that traditional engineering wake models may not be the most appropriate modelling

technique for large offshore wind farms.

We used the same combined computational-theoretical approach to show that

larger wind farms had greater farm-scale losses and smaller turbine-scale losses (and

a lower overall efficiency) for a given array density. This suggests that wind farm
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models calibrated on small farms may not be accurate for future larger wind farms

where the impact of turbine wakes is reduced.

We also analysed an existing LES dataset of a finite-size wind farm under 38

different atmospheric conditions (Chapter 5). We first analysed the data using the

existing commonly used concepts of ‘wake losses’ and ‘farm blockage losses’. There

was a strong negative correlation between the wake losses and farm blockage losses.

There was no strong relationship between either the wake or farm blockage losses and

the overall farm efficiency (the farm-averaged power normalised by the power of an

isolated turbine power). For large farms, changes in the recorded wake loss or farm

blockage loss may not correspond to changes in overall farm efficiency. Therefore,

these existing concepts may not be applicable to future large farms.

In contrast to the existing concepts of wake losses and farm blockage losses, the

turbine- and farm-scale losses gave a simple, consistent understanding of farm per-

formance. The turbine-scale loss varied predominantly with the turbine layout and

the farm-scale loss varied mostly with atmospheric conditions. This analysis also

confirmed that farm-scale losses are much greater than turbine-scale losses for large

wind farms.

6.1.3 Analytical modelling of farm-scale flow effects

Since, for large farms, farm-scale flows are more important than turbine wakes, this

motivated the development of a model to predict farm-scale flow effects (Chapter

5). We developed a simple analytical model to predict farm-scale flows by modelling

the farm ‘momentum availability factor’ (i.e., how much the presence of the turbines

increase the momentum supply to the farm site). The new model captures the impact

of pressure gradient forcing, turbulent entrainment and net advection using steady

quasi-one-dimensional flow assumptions. This model provides a new way of modelling

farm-scale flow effects (e.g. farm blockage and the farm-atmosphere interaction) at a

very low computational cost.

The new model of the momentum availability factor can be combined with the

existing two-scale momentum theory to predict wind farm power. A comparison

with existing wind farm LES studies gave a typical prediction error of 5% or less

for staggered turbine layouts. A more thorough validation with a suite of 38 wind

farm LES gave a mean absolute prediction error of 5.68%. Despite the simplicity of

the model, the complex multi-scale flow effects can be predicted with a satisfactory

degree of accuracy.
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A limitation of the newly developed model is that it does not consider the impact of

free-atmosphere stratification on farm-scale flows. It also does not explicitly consider

the role of gravity waves on the induced pressure gradients across the farm. Another

limitation is that the current modelling framework does not yet include the effect of

wakes from neighbouring wind farms. Additionally, the modelling framework has not

yet been validated using measurements from existing wind farms.

6.1.4 Summary

Overall, the work in this thesis has developed a new understanding of power losses

in large wind farms. The new concepts of turbine-scale and farm-scale losses provide

a novel approach to analysing wind farm efficiency. We used these new concepts to

show that, for large offshore wind farms, power losses due to farm-scale flows are

typically more than twice as large as for turbine-scale flows. We also showed that

turbine- and farm-scale losses give a simpler and more consistent understanding of the

overall farm efficiency than the existing concepts of ‘wake losses’ and ‘farm blockage

losses’.

In addition to a new understanding of farm efficiency, this thesis presents two

new models to predict both the turbine-scale and farm-scale flow effects. Firstly

we developed a statistical emulator to predict turbine-scale wake effects at a low

computational cost. Secondly, we proposed a new analytical model to predict farm-

scale flow effects (e.g. farm-atmosphere interactions). These new models could be

promising new approaches to predicting the efficiency of large farms and optimising

wind farm design.

6.2 Outlook

The results in this thesis provide several new avenues for future research. A natural

progression would be to improve the models of both the turbine-scale and farm-scale

flow physics.

Currently the statistical emulators of C∗
T are only applicable to perfectly regular

turbine layouts. However, in reality wind farms may have complex irregular layouts.

Therefore, future work could focus on extending this approach to arbitrary layouts.

This could involve the creation of a large dataset of wind farm simulations with

irregular layouts. This would also require the development of new parameters to

describe the geometric characteristics of the turbine layouts.
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Another limitation of the C∗
T emulators developed in this study is that they are

only valid for the turbine operating condition given by C ′
T = 1.33. In reality the

operating conditions of a turbine will vary with the wind speed. Future work could

extend the statistical emulators to different turbine operating conditions by including

C ′
T as an input parameter. This would require more wind farm simulations with

different turbine thrust coefficients.

For the new analytical model of farm-scale flows there are a number of possible

improvements. Currently the mechanisms inducing the pressure gradient across the

farm are not considered explicitly, such as the creation of gravity waves and changes to

the capping inversion height. This has been shown to depend on the free-atmosphere

stratification which is not considered in the current model. Future work could ex-

tend the model to directly consider the effects of gravity waves and free-atmosphere

stratification.

The model has been derived assuming that the boundary layer height is greater

than the wind-farm-layer height. However, this assumption may not be satisfied when

the boundary layer height is very low, for example stable boundary layers. As wind

turbines become larger, this situation will occur more frequently. Therefore future

work could focus on re-deriving the model to correctly capture the effects of turbulent

entrainment in this scenario.

The model of the momentum availability factor was derived using quasi-steady

flow assumptions. However, the flow in the atmospheric boundary layer is rarely

stationary with changes in wind direction and complex weather patterns. The data

used to validate this model (wind farm LES) is also highly idealised with stationary

conditions. It is therefore an interesting avenue of future work to test how well the

model applies to realistic non-stationary atmospheric conditions.

Future work could also investigate the applicability of other concepts in this thesis

to realistic non-stationary atmospheric conditions. When applied to wind farm LES of

a stationary CNBL, the concepts of turbine-scale and farm-scale loss appear to work

well. However, would these concepts be sufficient for analysing the performance of real

wind farms operating in varying atmospheric conditions? This could be investigated

using existing datasets of NWP simulations or LES with more realistic atmospheric

conditions.

Offshore wind farms are very expensive projects requiring large capital invest-

ments. Any models used to make decisions about wind farms must be carefully

validated using data from existing wind farms. A limitation of the research presented

in this thesis is that any models and concepts are only tested against LES. Future
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work could compare the recorded farm performance data against a priori predictions

from the models developed in this thesis.
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