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Abstract

We establish the Gauss-Green formula for extended divergence-measure fields
(i.e., vector-valued measures whose distributional divergences are Radon measures)
over open sets. We prove that, for almost every open set, the normal trace is a
measure supported on the boundary of the set. Moreover, for any open set, we
provide a representation of the normal trace of the field over the boundary of
the open set as the limit of measure-valued normal traces over the boundaries of
approximating sets. Furthermore, using this theory, we extend the balance law
from classical continuum physics to a general framework in which the production
on any open set is measured with a Radon measure and the associated Cauchy flux
is bounded by a Radon measure concentrated on the boundary of the set. We prove
that there exists an extended divergence-measure field such that the Cauchy flux
can be recovered through the field, locally on almost every open set and globally
on every open set. Our results generalize the classical Cauchy’s Theorem (that is
only valid for continuous vector fields) and extend the previous formulations of
the Cauchy flux (that generate vector fields within L?). Thereby, we establish the
equivalence between entropy solutions of the multidimensional nonlinear partial
differential equations of divergence form and of the mathematical formulation of
physical balance laws via the Cauchy flux through the constitutive relations in the
axiomatic foundation of Continuum Physics.
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1. Introduction

Divergence-measure fields are defined as vector-valued fields F = (F1, Fa, - - -,
F,,) whose distributional divergences are represented by (signed) Radon measures.
An underlying connection between divergence-measure fields and hyperbolic con-
servation laws was first observed in [10], and such vector fields over domains with
Lipschitz boundary were analyzedin [10, 1 1]. Since then, the analysis of divergence-
measure fields has depended essentially on the regularity of F. For example, the
divergence-measure fields were extensively analyzed firstin L°° in [19] and then in
L? in [9]. See also [1,4,14,16,20-25,58,59,62-64] and the references therein for
further developments for the theory of divergence-measure fields. In this paper, we
focus on the case when F is only a vector-valued Radon measure. More precisely,
we analyze extended divergence-measure fields which are defined as vector-valued
Radon measures whose distributional divergences are Radon measures.

Our approach in this paper is motivated by the previous results in the L? setting
in [9, 19]. However, the case of extended divergence-measure fields is more delicate,
since F may concentrate on lower dimensional sets (for instance, rectifiable curves).
‘We prove that, for almost every open set, the normal trace of an extended divergence-
measure field is a Radon measure supported on the boundary of the set. Moreover,
for every open set, the normal trace distribution can be computed as the limit of
measure-valued normal traces over the boundaries of approximating sets. Equipped
with these results, we further develop a theory of Cauchy fluxes, starting from the
balance law and establishing a one-to-one correspondence

{Cauchy fluxes F in 2} <— {Extended divergence-measure fields F in 2}

via the normal trace. The precise statement is given in Sect. 6.2.

In the development of a theory of divergence-measure fields, one of the funda-
mental issues is whether a Gauss-Green formula involving these weakly differen-
tiable vector fields can still be provided. We refer the reader to [18] for a detailed
exposition on the development of this fundamental formula, starting from Lagrange
(1762) and culminating with the classical formula

/d)didex—i—/ v¢>-Fdx=—/ ¢ F - vdH" !, (1.1)
U U U
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valid for any smooth vector field F', smooth test function ¢, and open set U with
smooth boundary and interior unit normal v. A first extension of this formula was
achieved by Federer and De-Giorgi [28,29,36,37] for the cases of Lipschitz vector
fields and sets with irregular boundaries (sets of finite perimeter) by using tools of
geometric-measure theory.

Further extensions of (1.1) to divergence-measure fields require a notion of
normal trace on the boundary dU of any open U. For the case of bounded vector
fields and sets of finite perimeter, the approach in [19] consisted in constructing
essentially interior and exterior approximations of the sets of finite perimeter with
smooth sets and then obtaining the normal traces as the limits of classical normal
traces on the smooth approximating sets, which leads to the existence of interior
and exterior traces for every set of finite perimeter (see also [23]). This approach is
consistent with applications to hyperbolic conservation laws since solutions to these
equations have jumps across the shock waves (cf. [8,10,27,45]). For a divergence-
measure field whose underlying field is bounded, given any set of finite perimeter,
it was shown in [19] that the normal trace is a bounded function supported on
the reduced boundary of the set. For the case of an unbounded vector field, the
normal trace is classical for almost every open set, and it was shown in [9] that
the normal trace distribution on every open set can be computed as the limit of the
classical normal traces on the boundaries of approximating sets. For unbounded
vector fields, several counterexamples show that the normal trace distribution can
not be represented in general as a measure supported on the boundary of the set
(see for instance [9,18,64]). The technique that we develop in this paper in order
to generalize (1.1) to the case of extended-divergence fields is the disintegration of
measures.

As indicated earlier, divergence-measure fields arise naturally in the field of
nonlinear hyperbolic conservation laws:

m
du+ Y 0y ki) =0 for(r,x) € Ry x R™.

j=1
In short form, this is
d;u + div, f(u) =0 for (7, x) € Ry x R™, (1.2)
withn = m+-1, taking the row-wise divergence of f (u) = (f; (u), f2(w), - - - , f,,,(0)),
where £ : RNV — R™ fori = 1,--- ,m andu = (uy, ua, -+, un)T. One of the

main features of (1.2) is that, no matter how smooth the initial data start with,
the solution may developly singularities to become discontinuous or singular (un-
bounded or measure-valued). Physical relevant solutions, so-called entropy solu-
tions, of (1.2) are required to be characterized by the entropy inequality

d;n(u) + divy q(u) <0, (1.3)

which holds in the distributional sense for any entropy-entropy flux pair (1, q) =
1,91, ,qm) (e, Vgi(w) = Vnf;(u),i = 1,---,m) that is convex, i.e.,
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Vzn(u) > 0, for which the field (n(u(t, x)), q(u(z, x))) is defined. From (1.3), it
follows that there is a non-negative measure oy, such that

—div; x(n(u(z, ), q(u(z, x))) = oy.

Therefore, (n(u(t, x)), q(u(z, x))) is an extended divergence-measure field. To
study the jumps of entropy solutions across shock waves, we want to obtain the
interior and exterior normal traces of entropy-entropy flux fields of the solutions
on the shock waves by approximating them with smooth surfaces.

The theory of divergence-measure fields in L has been applied to the analysis
of properties of entropy solutions of nonlinear hyperbolic conservation laws (1.2);
see for instance [10,17,18] and the references cited therein, as well as Sect. 12
below for the details. Divergence-measure fields also appear in many other areas
of analysis, including the study of prescribed mean curvature equations, the 1-
Laplacian, the continuity equation, and related topics. We refer to [26,44,46-48,55—
57] and the references therein. The theory of divergence-measure fields (such as
normal traces, Gauss-Green formulas, and product rules, among others) provide
a mathematical foundation for developing new techniques and tools for entropy
methods, measure-theoretic analysis, partial differential equations, free boundary
problems, and related areas.

Furthermore, there are underlying intrinsic connections between divergence-
measure fields and the Cauchy fluxes for the physical balance laws in Continuum
Physics. In this paper, we further analyze such connections and present how the
Cauchy fluxes can be represented by extended divergence-measure fields. The ori-
gin of the study of Cauchy fluxes dates back to the fundamental paper by Cauchy
[6] who considered the balance law in Classical Physics:

f p(x)dx =/ fl,v)dH " (x) for any U € Q. (1.4)
U U

Here, €2 is a bounded open set, v is the interior unit normal, the production p(x)
is a bounded function in x € 2, and the density function f(x, v) is continuous in
x € 2. The balance law postulates that the production of a quantity in any bounded
open set U € 2 is balanced by the flux of this quantity through aU. It was shown
in [6] that there exists a continuous vector field F such that

fx,v) =F(x)-v. (1.5

From classical continuum physics, it follows that the object of study should be the
total flux across a surface S contained in dU, that is,

F(S) = / FO ) dH ™ ().
S

In this paper, we formulate the conditions on the Cauchy flux F which guarantee
the existence of an extended divergence-measure field F with the property that
F(S) can be recovered through the normal trace of F on open sets. This recovery
is global for every open set, and local for almost every open set. Since the fun-
damental work of Cauchy [6], some important developments have been made on
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the problem of removing the continuity assumption; see [9,19,31,43,52,59-63,67]
and the references cited therein. We refer the reader to Sect. 6.1 for a more detailed
description of the history of Cauchy fluxes and contributions of the aforementioned
references.

Classically, the derivation of nonlinear system (1.2) of conservation laws is
carried out directly from the balance law (1.4) under the assumption that the vector
field is classically differentiable. This procedure is not rigorous, since the solutions
to (1.2) may be discontinuous, or even measure-valued, in general. We seek to
rigorously derive (1.5) under a general framework with much weaker assumptions.
We consider the generalized balance law

o(U)=F@U) foranyU € Q,

where the production o is a Radon measure and the Cauchy Flux F is bounded
by a Radon measure concentrated on the boundary dU of U (see Definition 6.4).
Moreover, we seek to recover the flux locally as

Fu(S) = (F - v)yu(S), (1.6)

valid for almost all open U € 2 and all Borel S C 9U, where the right-hand
side is the normal trace of F to be made precise in Definition 2.4. An extensive
analysis has been made when the underlying field is bounded or lies in L?, however
a complete treatment in the measure-valued case has remained open, which is one
of our motivations.

In this paper, we propose a general formulation for the Cauchy flux in Definition
6.4, which encapsulates the case of measure-valued fields. One of our main results,
Theorem 6.6, states that the balance law, together with the conditions imposed on
the Cauchy flux, implies the existence of an extended divergence-measure field F
such that the Cauchy flux can be locally recovered through the normal trace of F
on the boundary of almost every open set in the sense of (1.6).

The outline of this paper is as follows: In Sect. 2, we introduce the distributional
normal trace and a product rule for extended divergence-measure fields. We show
in Sect. 3, more precisely in Theorem 3.3, that the disintegration of measures
yields the Gauss-Green formulas for extended divergence-measure fields. Further
properties of this disintegration are studied in Sect. 4. In particular, Theorem 4.1
is a coarea-type formula for divergence-measure fields. In Sect. 5, the localization
properties of the normal trace are developed, which further motivate our notion of
the Cauchy flux in the sequel. In Sects. 6-9, we are devoted to the analysis of the
Cauchy flux and the proof of Theorem 6.6. The extensions of the aforementioned
results to general open sets U C €2 are analyzed in Sect. 10. In Sect. 11, we discuss
the solvability of the equation —div ' = o. Finally, in Sect. 12, we apply the
theory of Cauchy fluxes to study the equivalence between entropy solutions of
the multidimensional nonlinear partial differential equations of balance laws and
of the mathematical formulation of physical balance laws through the constitutive
relations in the axiomatic foundation of Continuum Physics.
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2. Extended Divergence-Measure Fields and Distributional Normal Traces

We start this section by introducing some basic notation and recalling some
properties of Radon measures, and then introduce divergence-measure fields and
the normal traces.

2.1. Preliminary Notions

Throughout this paper, we work with open subsets 2 C R”, with the standing
assumption that n > 2 unless otherwise specified. We use B,(x) to denote an
open ball of radius r > 0 centered at x € R”; more generally, we write B, (A) =
Ugea Br(a) for a set A C R". For any set A C R”", denote the characteristic
function of A by 14, and use A® = R” \ A to denote the complement of A. We
also write A € Q if A is compact and A C Q.

For any space X (€2, R") of vector function fields on 2 C R”, denote by
Xi0c (2, R™) the space of vector function fields f for which f|q € X (', R") for
all Q' € Q, and by X.(2, R") the space of vector function fields f € X (2, R")
which are compactly supported in 2. We write X (€2) for the space of scalar func-
tions and define Xjoc(€2) and X.(€2) analogously.

Denote by Lip,, (€2) the space of Lipschitz-continuous functions that are bounded
in the sense that

@llLip, ) = @llL~() + Lip(¢) < oo.

Rademacher’s Theorem implies that Lip, (€2) C W 1-2°(Q): however, this inclusion
may be strict for a general open set 2.
For any open set U C 2 and ¢ > 0, throughout the paper, we use the notation

U? :={x €U : dist(x, dU) > ¢}.
We also set that U? = U and
U™%:={xeR": dist(x,U) < &}.

We see that dU°? are the interior approximations of dU, while dU ~¢ give exte-
rior approximations. We often abbreviate the distance function d(x) = dy(x) =
dist(x, 0U) if the underlying set is clear from the context.

By a standard mollifier we mean a non-negative function p € C°(R"), sup-
ported in the unit ball, such that fR,l p(x)dx = 1. For § > 0, we set ps(x) =
87"p(3) and, for f € LIIOC(Q), we often write fs = f x ps for the mollification
defined in Q°.

For any open set 2 C R”, denote M (2, R") as the space of all finite vector-
valued Radon measures on €2, and M(2) as the space of finite signed Radon
measures. If uy is a sequence of vector-valued Radon measures in M (2, R"), we

use the notation .

Mg — [
to denote that the sequence converges to u in the weak*—topology. If 1 is a Radon
measure, denote its total variation as |u|. We say that u is concentrated in a set
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E C R"if |u] (R"\E) = 0. The support of u, denoted as spt(u), is the intersection
of all closed sets E such that p is concentrated on E. In particular,

R™\ spt(p) = {x € R" : |u| (B;(x)) =0 for some r > 0}.

Let u and A be non-negative Radon measures on My (£2). Define D;rk :
spt(u) — [0, oo] and D;)L s spt(n) — [0, oo] as

. A(By(x)) _ . A(Br(X)
D:’)»(x) = hrrn_)s(l)lp m D, A(x) = hiIl)lélf m for x € spt(u).

If D/‘f)n(x) = D;A(x), we denote this value as D, A(x). The function D A(x) is
called the p-density of A at x. We now recall the well-known Lebesgue-Besicovitch
Differentiation Theorem (see for instance [2, §2.4] and [34, §1.6]) which states that

n(fx s Dyax) < DA} =0, p(x : Dya(x) = oo}) =0,

that is, D, A is defined and finite pi—a.e. on R".
Moreover, D, A is Borel measurable and locally 14-integrable, and satisfies that

A= (DuA) it + Asing-
Here the Radon measure A is defined as
Asing = ALY,
with
Y = spt(u)° U {x € spt(u) : DifA(x) = 00}
which satisfies 1 (Y) = 0. We will make frequent use of the following property:

Lemma 2.1. Let jv and ). be non-negative Radon measures on Q2. Then Dy Asing (X) =
0 for p—a.e. x € Q.

Proof. Let Asing = ALY as above. Consider the decomposition
ksing = (Du.)\sing) n+ ()\sing)sing

Since all the measures are non-negative and Aging (R \Y) = (Asing)sing R"\Y) = 0,
it follows that

/ (DpAsing) (X) du(x) =0,
RM\Y

so that Dy Asing(x) = 0 for u—a.e. x € R" \ Y. Since Y is u-null, the conclusion
follows. o

The above extends to the case when A is a signed Radon measure by considering
the Jordan decomposition A = AT — A~ with AT and A~ non-negative Radon
measures (see [2, §1.1]). Working componentwise, we can also allow for vector-
valued measures.
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Lemma 2.2. Let i and A be Radon measures on an open set Q C R". Suppose that
A is a family of Borel subsets which is closed under intersections and generates
the Borel o-algebra. If n(A) = A(A) for all A € A, then n = X as measures.

This is shown in [2, Proposition 1.8] by noting that any Radon measure is o -
finite. While the aforementioned proposition is only stated for non-negative mea-
sures, an inspection of the proof reveals that the result also holds for signed and
vector-valued measures.

2.2. Divergence-Measure Fields and Normal Traces

We are now ready to introduce our central notions of interest:

Definition 2.3. If F € M(Q2, R"), define
\div F|(Q) = sup{/ Vo dF : g € CQ), l¢| < 1}.
Q

We say that F is an extended divergence-measure field over Q2 if F € M(2, R")
and |div F|(€2) < oo. In this case, the Riesz Representation Theorem implies that
div F € M(£2) and the total variation measure |div F| is computed as

|div F|(A) = sup{/ Vo-dF : ¢ € CCI(A), lp| < 1} for every open set A C 2,
Q

and |div F| (E) = inf{|div F| (A) : A open set, A D E} for arbitrary measurable
sets E.

If F e LP(Q2,R") for 1 < p < o0, then we may view F as a measure in the
sense:

/w- dF:f Vo - F dx. @2.1)
Q Q

The spaces of all L?-divergence-measure fields and extended divergence-measure
fields are denoted as DMP () and DMY(Q), respectively. They are Banach
spaces with norms given respectively by

IFllppr) = 1FllLr @ rey + |div F[(€2)
and
I Fllppagex g = 1F1(€2) + |div F|(£2).

Since the distributional divergences (div F, -) of these vector fields are measures,
we see that, for any ¢ € C°(),

(divF,<p)=fg0d(divF)=—/ Ve -Fdx forF € LP(Q,R"),
Q Q
and
(diVF,(p):/(pd(divF):—/ V¢ - dF for F € M(22,R").
Q Q

In what follows, we drop the term “extended” and refer to fields F € DM (Q)
simply as divergence-measure fields. For such fields, we can make sense of its
normal trace in the distributional sense.
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Definition 2.4. Let F € DM®Y(Q), and let E € 2 be a Borel set. The normal
trace of F on the boundary of E is defined as

(F v, ¢Yog := —/ V¢ -dF —/ ¢ d(div F) for¢ e CCI(Q). (2.2)
E E
Equivalently, we can write (2.2) as an equality of distributions:
(F-v, Yop =div(lgF) — 1gdivF in D'(RQ). (2.3)

If the distribution (2.3) can be identified as a measure in €2, then we denote this
measure by (F - v)jg.

Note that the integrals in (2.2) are well-defined for Borel sets E, since F and
div F are Radon measures on 2. In the case of a field F € DM?(2), the normal
trace is defined by identifying F with the vector-valued Radon measure F£" as in
2.1).

Remark 2.5. We have opted to define the normal trace as a distribution in £2; while
one can more generally consider the normal trace as a distribution on R”, we will
postpone this discussion to Sect. 10. Moreover, compared to the prior works such
as [9,11,59,64], our definition differs by a minus sign, which corresponds to the
use of the interior unit normal v in the classical case.

Lemma 2.6. For F € DM®™Y(Q) and any Borel set E € , the normal trace
(F - v, -)yE is represented by a measure on 2 if and only if

1gF € DM™(Q).
Proof. By definition of the normal trace, we have
(F-v, - )gp =div(lgF) — 1g divF

as distributions in 2. Since 1 div F is a Radon measure on €2, we see that the
normal trace is a measure if and only if div(1g F) is a measure. This precisely
corresponds to imposing that 1z F € DMY(Q). O

While we can view the normal trace as a distribution in €2, analogously to
the classical case, one may wonder if it can be represented by a measure on JE,
or equivalently as a distribution of order zero. While counterexamples show this
need not hold in general (see [64, Example 2.5]), one can expand the allowed test
functions ¢ in the definition of normal traces. This is obtained from the following
product rule for DM —fields due to Silhavy [64] based on the notion of pairings
introduced by Anzelotti [3] (also see [10,11]). Far-reaching generalizations of this
pairing have recently been obtained by Comi, De Cicco, and Scilla [20].

Theorem 2.7. If F € DM®Y(Q) and ¢ € W(Q), then ¢ F € DM*(Q) and

div(pF) = ¢ divF +Vé - F,
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where V¢ - F is a signed measure on 2 characterized by

/ WAV - F = lim / Vs - dF forany ¢ € Co(Q), 2.4)
Q =0 Jo

and satisfies the estimate
Vo - F| < V@l Lol Fl (2.5
as measures in 2.

Proof. Let ps be a standard mollifer, and set ¢s = ¢ * ps. We first claim that
div(¢s F) = ¢5 divF + V¢ps - F in Q°, (2.6)

and notice that the right-hand side is well-defined since both terms are a product of
a Borel measure with a continuous function. To see this, we mollify the field F by
F. = F x pg, so that the classical product rule

div(¢s F¢) = ¢s div Fe + Vs - F 2.7

holds in Q° for 0 < & < 8. Let ¢ € C.(R) be supported in Q°. Since div F, =
(div F) * pg, (Yps) € Cc(£2), and the mollifications converge weakly*, we have

lim / Ws div F, dx = / W d(div F).
e—0Jq Q

In particular, ¢s div F, N ¢s div F as measures in °. Similarly, V¢ - F, N

Vs - F in Q°. Thus, since div(¢s F) LA div(¢s F) as distributions in ©° and this
limit is unique, sending ¢ — 0 in (2.7) gives that div(¢s F) is a measure on Q8
given by (2.6) as claimed.

We now send 8 — 0. By continuity of ¢, we see that ¢5 — ¢ uniformly in %

for each §p > 0, which implies that ¢5 div FF N ¢ div F in each Q%. Also, since
¢ is Lipschitz, we now show that the second term in (2.6) is uniformly bounded in
§ < do:

/5 V5| dIF| < Vsl gy IFIQ%) < [Vl o IFI(R) < 0. (2.8)
Q°0
Thus, for any §; — 0, we can find a further subsequence &, — 0 for which

Vs, : F converges weakly™ in Q% to some limiting measure as m — oo. Moreover,
for each 89 > 0, we have

Vs - F = div(gsF) — ¢ div F — div(¢F) — ¢ div F 2.9)

as distributions in %, so the limiting measure is uniquely determined in D’(£2%)
for each 8o > 0. Thus, we deduce the existence of a Radon measure in €2, denoted
as V¢ - F, such that

Vs - F —~Vé-F ass — 0in Q%
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for each §p > 0. Then we can upgrade the convergence in (2.9) to hold weakly* as
measures, and conclude that div(¢ F) is a measure in 2 given by

div(¢F) = ¢ divF +Vé - F.

Finally, to show (2.5), we use (2.8) to estimate

‘/ v Vs »dF‘ < ||V¢||Loo(m/ Ywd|F| for any ¥ € Cc(%) and 0 < § < §.
Q% Q%
Sending § — 0 and noting that v is arbitrary, we deduce that
V- FILQ™ < Vol o) IF]
as measures. Since this estimate is uniform in &, it holds in 2. |
Remark 2.8. As the proof illustrates, if ¢ € C 1 (ﬁ), the product rule reduces to
div(pF)=¢ divF +V¢ - F, (2.10)

where the right-hand side can be understood classically via multiplying a Radon
measure by a continuous function. However, if ¢ is merely Lipschitz, then V¢
is only defined almost everywhere. Since the measure F may concentrate on the
points of non-differentiablity, it is necessary to understand the product via a suitable
pairing. Moreover, if ¢ € Cl(2), we apply (2.10) to write the normal trace as

(F v, ¢)og = —div(pF)(E) forany E € Q2 Borel.

We observe that, owing to Theorem 2.7, the right-hand side is well defined even
when ¢ € W1°(Q). This leads to the following corollary:

Corollary 2.9. Let F € DM®Y(Q), and let E € 2 be a Borel set. Then the normal
trace extends to a bounded linear functional on W->°(Q) by setting

(F-v, ¢)gr = —div(¢pF)(E) = —/ ¢d(divF)—/ dve - F
E E

forany ¢ € WH(Q).

Proof. By the product rule (Theorem 2.7), the extension is well-defined and agrees
with Definition 2.4 when ¢ € C C] (£2). Moreover, by linearity of the distributional
divergence, we see that (F - v, -)yg is linear; its boundedness follows from the
estimate

I(F - v, ¢)oE| < /quﬁldldivFl + Vo - FI(£2)

= l@llzoe@div FI(€2) + [Vl Lo ()| FI(€2)
< ll@llwie (g ||F||DMeXI(Q) )

which is valid for any ¢ € W1>°(Q), where we have used (2.5). |
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In what follows, we always take this extension when we test the normal trace
against a function in W12°(Q). Note in particular that

(F -v, 1g)sy = —(div F)(U) forany U € Q, (2.11)
since 1 € W1°(Q) is a valid test function and V1g - F = 0.
Lemma 2.10. Let F € DM®Y(Q) with spt(|F|) C Q. Then
div F(2) = 0.

Proof. Weextend F toameasure F in R” by setting | F|(R"\£2) = 0. We claim that
F € DM®™(R") and that div F is the zero-extension of div F to R”. Indeed, for
¢ € C(R™), spt(¢) Nspt(|F|) C Q2 is compact, so that we can find x € CZ°()
such that x = 1 in a neighborhood of spt(¢) N spt(|F|). Then x¢ € CZ°(2) and

/ v¢-dF=/ V(xo) - dF:—f X¢>d(divF)=—/¢d(divF)
n Q Q Q

by our choice of x. Since ¢ was arbitrary, it follows that F € DM®™(Q) with the
claimed divergence.

Now, let xx € CgO(Q) such that ]LBk(O) < Xk = ]lBHl(O) inR" and ||V xx ||Loc(Q) <
2. By definition of the distributional derivative,

/Xkd(divF):/ Xkd(divi):—/ Vi -dF.
Q R~ R~

Since V yy is uniformly bounded in L°° and converges pointwise to zero as k — oo,
the Dominated Convergence Theorem leads to

lim Vi -dF =0.
k—o00 JRn

Similarly, since x; converges pointwise to 1r» and div F is a finite measure, we
have

div F(Q2) = lim / Xk d(div F) = lim Vi -dF =0,
k—o00 Jq k—o00 JRn
as required. O
Corollary 2.11. Let F € DM®Y(Q). Then, for any open set U € L,
(F-v, ¢)yg = / dVe - F + ¢ d(div F) forany ¢ € WJ’OO(Q).
Q\U Q\U

Proof. By Lemma 2.10 and the product rule, for ¢ € Wcl °(RQ), we see that g F ¢
DM™(R) is compactly supported, so that

0= / d(div(¢F)) = / dve¢ - F + / ¢ d(div F).
Q Q Q
By splitting the latter integrals to integrate over U and 2\ U respectively, we deduce

0=—(F-v, ¢>3U+/ AV -F+ |  ¢ddivF),
Q\U Q\U

from which the result follows. O
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Remark 2.12. Using Corollary 2.11, we can interpret —(F - v, -).7 as the exterior
normal trace of F on oU. Since

(F-v, oy —(F -v, )5 = /E)U dve - F+/8U¢d(div F), (2.12)

the interior and exterior traces agree (up to a sign), provided that |F|(0U) =
|div F|(0U) = 0, by using the fact that [V¢ - F| < |F| by (2.5). In particular, this
holds for dU°¢ for all but countably many & > 0. In general, this need not hold, for
which we say that there is a jump across the boundary U if the two traces do not
coincide. We emphasize that this does not occur if |div F| < £" and |F| <« L",
provided that £"(0U) = 0, so it is necessary to consider measure-valued fields to
model such phenomena.

Example 2.13. We now show, by means of an example, that the jump in (2.12) can
occur due to the concentration of field F itself. For this, consider = R? and

F=e H'L{x e R*: x, = 0},

where ¢; = (1, 0). Since F is a Radon measure on R? and
/ V¢ -dF =/ 3y, ¢ (x1,0)dx; =0 forany ¢ € CL(R?),
R2 R

it follows that F € DMS(Q). Then, considering Q = (0, 1)> € R?, we have

loc
(F-v, ¢)yo =0 forg¢ e Cl(R?),

since supp (F) N QO = &. On the other hand, we have

1
(F-v, ¢>3§=/0 Oxy P (x1,0)dxy = ¢(1,0) — ¢(0,0).

This implies that the normal traces on Q and Q are represented by measures such
that

(F - v)yg =380,00 = 80,00 # 0= (F - v)jp,

exhibiting a jump across the boundary dQ, despite the fact that div F = 0 in
RR2. This is in contrast to the DM? setting for which, for sufficiently regular do-
mains (i.e., when L"(dU) = 0), there is a jump across the boundary if and only if
|div F|(dU) # 0.

We can also infer from Lemma 2.10 that the normal trace is supported on I E.
We state this result by using the language of distributions.

Lemma 2.14. Let F € DM®YQ), and let E € Q a Borel set. Then the normal
trace (F - v, ¢)yE is a distribution of order 1 supported on OE.
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Proof. For ¢ € CC1 (2), we can estimate

I(F - v, ¢)oE| < /quﬁldldiVFl +/Q|V¢Id|F|
< I@llzoeldiv FI(S2) + [Vl Lo | FI(£2),

from which it follows that the normal trace is a distribution of order 1 in 2.

For the second part, let¢ € CC1 (£2) be supported in 2\ d E. Since d E is compact,
dist(spt(¢), 0E) > 0 sothat V := spt(¢) N E € E. Then, by the product rule, we
have

(F-v, )y = —div(pF)(E) = —div(¢ F)(V), (2.13)

since ¢ vanishes in the relatively open set £ \ V. Now, let x € CC] () be a
cutoff such that x = 1 on V and vanishes on Q \ E. Then x¢F € DMY Q) is
compactly supported, agrees with ¢ F' in a neighborhood of E, and vanishes outside
V. Applying Lemma 2.10 leads to

div(pF)(V) = div(x¢F)(V) = div(x¢ F)(2) = 0.
‘We combine this with (2.13) to conclude the result. O

We can further refine Lemma 2.14 to allow for the testing of functions that
vanish merely on 0 E. The following is due to [64] for the case of open sets; we
record the proof for completeness and observe that the result applies to more general
cases.

Theorem 2.15. Let F € DM®Y(Q), and let E € Q be either open or closed, or
Borel satisfying |F|(0E) = 0. Then, if p € W°(Q) vanishes on dE,

(F-v, ¢)og =0.

Proof. We first consider the case when spt(¢) N dE = &; in this case, the result
follows by arguing exactly as in Lemma 2.14. For ¢ € W1*°(Q), we see that (2.13)
remains true by Corollary 2.9, so the identical argument goes through.

For general ¢ € whoe(Q) vanishing on 9 E, we reduce to the first case via an
approximation argument. For § > 0, define

0 if 0 < dist(x, 0E) < 4,
ds(x) = %(dist(x, 0E) —48) if§ < dist(x,dE) < 24, (2.14)
1 if dist(x, 0E) > 26.

Thend; is %-Lipschitz and vanishes in aneighborhood of 3 E. Since ds¢ is supported
away from d E, we know that

0= (F-v, ds¢p)sg = —/ ds¢ d(div F)—/ dV(dsep) - F (2.15)
E E

by above. We now argue that we can pass to the limit as § — O.
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This can be seen as follows: Since ¢ vanishes on d E, by the Lipschitz property,
we have

sup |p(x)| <28 VellL=(g),
Bs(AE)

where Bys(0E) = {x € R" : dist(x, dE) < 2§}. By the product rule (namely,
using (2.4)), we see that, for any ¢ € C.(€2),

/ Y V@) F = lim / YV (ds$) * pe - AF
Q e—0 Jo
=1lim | ¥(dsVe+ ¢Vds) * p - dF
e—0Jq
=/ wd(;dV¢-F+/ Y ¢dVds - F,
Q Q
which implies

V(ds¢p) - F =ds V¢ - F+ ¢ Vds - F as measures in 2.

Moreover, since spt(Vds) € As := {§ < dist(x, dE) < 28} C Bys(0E), Vds - F
is also supported in As. Hence, using (2.5), we can estimate

< sup [P|lIVdsllL=)|F|(As)
Bs(DE) (2.16)

< 2|Vl | Fl(As),
which vanishes as § — 0 since lim sup As = &. Thus, passing to the limit in (2.15)

§—0
and noting that ds — 1g\yg pointwise,

0= lim(F -V, d5¢)35
§—0

/¢dVd5~F
E

=§%/Ed5¢d(dwF)+g1_13)/EdadV¢-F (2.17)

=/ ¢d(divF)+/ dve - F,

E\QE E\QE

by (2.16) and the Dominated Convergence Theorem.
Moreover, since ¢ vanishes in d E, it follows that

/ ¢d(divF)=/q>d(divF).
E\OE E

Now, if E is open, then E \ dE = 0, and (2.17) implies that (F - v, ¢)sg = 0. If
E is closed, the same argument applies to 2 \ E so that, by Corollary 2.11,

(F - v)yp = — ¢d(divF)—/ dVe - F = 0.
Q\E Q\E

Finally, if E is merely Borel with | F|(d E) = 0, then, since V¢ - F < |F| by (2.5),

it follows that
/ dVe¢ - F =0.
ENJE

Combining this with (2.17), we conclude the proof. O
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Remark 2.16. We expect that the conclusion of Theorem 2.15 holds for any Borel
set E € Q2. However, we were unable to establish this without a further topological
or measure-theoretic condition to ensure that |V¢ - F|(E N dE) = 0. Note that,
for DMP (Q2)-fields F, under the mild regularity condition that L (d E) = 0, the
condition that |F|(0E) = fa gl FldL" = 0 is always satisfied.

Corollary 2.17. Let F € DM®Y(Q), and let U € Q be open. Then there is a
linear functional Ny € Lip,(0U)* satisfying

(F-v, ¢)au = Ny(dlay) forany ¢ € Lip,(£2).

Proof. Given ¢g € Lip,(0U), let ¢ € Lip,(£2) be an extension of ¢g to €2; this
is possible by [2, Proposition2.12] and multiplying the obtained extension by the
Lipschitz cutoff y (x) = max{0, 1 — dist(x, dU)} to ensure that it is bounded. We
then define

Ny (¢o) == (F - v, p)y.

Note that this extension can be chosen to satisty that [|¢||Lip, ) < Cll@||Lip,@0)-
so it follows from the boundedness of (F - v, - )3y that Ny is bounded. To show
that it is well-defined, observe that, if ¢1, ¢2 € Lip, (2) C W1 () are two such
extensions, then ¢p; — ¢, vanishes on dU so that

(F-v, ¢1)u = (F-v, ¢2)u = (F -v, 1 —¢2) =0,

by Theorem 2.15. Therefore, Ny is well-defined, independent of the choice of
extension. O

3. Representation and Limit Formula for the Normal Trace via
Disintegration

In this section, we show the normal trace admits a measure representation on
almost every open set and derive a limit formula in the general case. A key tool
in our analysis is the disintegration of measures, which we apply in the following
form:

Theorem 3.1. Let 14 be a finite Radon measure on an open set U C R" such that
U # @, R", and let d = dist(-, dU) be the distance function. Then there exist both
a finite non-negative Radon measure t on (0, 00) and a family of measures [1; in
U such that the mapping: t — ; is T-measurable. For t—a.e. t € (0, 00), u; is
supported on d='(t) with || (d~'(t)) = 1 and

J— 12
pANUN\T?) = / / xa(x) dus(x)dz(2),
o Jd=1(@)

where the T-integral is understood to be over the open interval (t1, t2). Furthermore,
for any bounded Borel function ¢ on U,

/ ¢ () du(x) = / / ¢ () duy () de (1),
U 0 d_l(t)
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We write
H=TQyut Mt (3.1)

as a shorthand for this decomposition.

Proof. We define the function ®: U — (0, 00) x U as ®(x) = (d(x), x). Then
the push-forward measure @4 is a measure on (0, co) x U. By the Disintegration
Theorem presented in [2, Theorem 2.28] applied to @, it follows that there exists
a family of measures u, satisfying

Ouu =1 Q@ Wy, | Pup| =7 R e,
where 7 is a measure on (0, co) defined as
T = my(|Dyp]) withmw: (0,00) x U — (0,00) and (¢, x) = t,

and p, is a family of measures on U with || (U) = 1 for t—a.e. t € (0, 00). For
aBorelset A C U\ U, since ® is injective, ®~1 (®(A)) = A, so that

t
u(A) = Qyu(P(A)) =/0 /;JXd)*l(A)(Lx)d/JLt(x)dT(f)- (3.2)

We now claim that, for t—a.e. t € (0, 00), u; is supported on dU;. Indeed, for any
t1 < ty, we have

(1, 1)) = me(|Papul) (11, 12)) = |DPypa| (r~ (11, 12)))
= Dyl (1. 12) x U) = Dy || ((11. 12) x U)
= ul (@' (11, ) x U)) = |l U2\ T™),

and
th\ 77l th\ 77l &
Wl U2\ T) = [ @l (1.12) x U2\ T >)=/ / dlu] dr).
n Juo\un

Combining the above, we infer that

| = lnl(U2\UM) 1
(k) T,

15 -
tz))/zl e[ (U N\ UM de ().

Lett > 0and 0 < ¢ < §. Then we can employ the above with #{ = ¢t — ¢ and
tr =t + &, and apply that U’ \ U'—¢ C U'*%\ U= to obtain

1 t+e
M/ s (U N U0 da(s) = 1.
’ t—e

Since the function
s> || (U N\ UTD) (3.3)
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is T-measurable for t > 0 by [2, (2.19)], there is a T-null set N C [0, 0o) such that
every t ¢ N is a Lebesgue point for (3.3) for each § = % with k € N. Then, for
such 7, we have

1< 1i ! t+£| |(USTE\ US~ 1) dr(s) = || (U E\ U~ 1)
im ——— . L T = .
=0t —ette) fe S

Since this holds for all k, we infer that
QU = lim [, | (UFE\UF) = 1.
k— 00

However, since |u|(U) = 1, it follows that u, is supported on dU".
Since t-almost every u; is supported on dU?, (3.2) simplifies to give

t
M(A)=f/ xa(x)dp(x)dz (1),
0 Joau!

which is what we set out to prove. Moreover, an approximation argument implies
(3.1). ]

Lemma 3.2. Let u be a Radon measure on an open set U C R". Consider the
decomposition
H=T Qyut Mt
from Theorem 3.1. Then, for t—a.e. t € [0, 00),
Dyy(x) = Dy’ (x) | |-a.e. on dU".

Proof. We know from the above proof that @4 = 7 @ s and |Pau| = 7 @ |14t].
Thus, if ¢ is a bounded Borel-measurable function on U, we have

o0 o0
[oan=["[ oawar=["[ oDpumduid
U 0 au!? 0 au!

o0
f¢du=/ ¢D|mud|u|=f / ¢ Dy dipe| dr.
U U 0 au!

Now, replacing ¢ by 1, \mqﬁ and then combining the above, we obtain

5] n
/ / & Dy e dpng | dr = / f ¢ Dy dpldr.
1 au! 1 au!

Let {¢;} be a countable and uniformly dense subset of C.(U). Then, for t—a.e. t >
0’

and

t+e
/ @ Dyppee dlpe| = lim/ / @ Dy s dlps| dr
au! e=>0Ji—¢ Jous

t+e

= lim / ¢ Dyypdiugldr
aUs

e—=0 J;_¢

=/ 67 Dipusa dlps.
aUu!
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By the density of {¢,}, it follows that, for any such ¢,
(Dy ) te] = (Dyyi) 1t as measures on dU”,
from which the result follows. O

Let t be anon-negative Radon measure on R. In the subsequent proof, we apply
the Lebesgue-Besicovitch Differentiation Theorem to write

T = (Dp0)L" + Ting,
where the Radon measure 7y, satisfies
Ting =T Y1, Y1 ={D} =00}, L'(¥))=0.
By Lemma 2.1, D /1 Tging (t) = 0 for Llget>0.

Theorem 3.3. Let F € DM®Y(Q), and let U € Q be open. Then there is an L£'-
null set N C (0, 00) such that, for any € ¢ N, there exists a measure (F - v)yye
supported on dU? such that

(F v, $)ous = qusdmv)am forany ¢ € W (<).

Moreover; for every g — 0 with g ¢ N, the normal trace of F on 0U can be
represented as the limit of trace measures:

(F v, ¢)yy = klim dd(F - v)gyer forany € WX (Q).

—o0 Jausk

Proof. We divide the proof into three steps.
1. Foreach 0 < 1 < s, we define ¥, € Lip. () by

s—t ifx e U®,

Yl ={dx)—t ifx e U\ U¥, (3.4)
0 ifx ¢ U'.
‘We first show that
/ YU d(div(gF)) = — / _ ¢dVd-F (3.5)
U UN\U*

for any ¢ € Wl (Q)and all 0 < ¢ < s for which
|Vd - F|(3U") = |Vd - F|(3U*) =0 (3.6)

that holds for all but countably many s and 7.
Since w}fs is supported away from dU, by Lemma 2.14, we have

0=(F-v, ¥ ¢)ov = divigy,F)(U) = ($F - v, ¥ )av.
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Now, using the product rule (Theorem 2.7), we have

0= (6F v ulw = [ vl aaiver) + [ aVuE 0P,
U U
By definition of the pairing measure,

VUL (9F) = wilim (VU ps) ¢ F)
= wk-lim (AyngsVd) * ps¢ F)
=¢Vd-FL(U"\UY),

where we have used (3.6) to justify the weak*—limit in the last equality. Combining
this with (3.7) yields (3.5), which can be written as

(s — t)/ d(div(¢ F)) —1—/ d(x) —t)d(div(eF)) = —/ ¢dvd - F,
Us Un\u’ UN\U*
(3.8)
by definition of W;l,]s-
2. We now apply the disintegration result (Theorem 3.1) with u = Vd - F to

write s
/ _ ¢dVd - F =/ / o du,dr(r).
UN\U® t Jaur

Now, given e, h > O with h < ¢, we apply (3.8) withs = e+ handr =¢ —hto
obtain

e+h

/ ¢ due de (1)
aut

e—h

=2h/ d(div(¢>F))+/ _ (dx) — &+ h)ddiv(pF)).
yeth U

e—h \U£+h

(3.9)

This is valid for all but countably many # > 0 depending on e. We also impose that
|F|(dU®) = |div F|(dU?®) =0, (3.10)

which holds for all but countably many ¢.
We now divide both sides by 2/ and study the limit as 2 — 0. Let i; N\, O be
any sequence such that (3.9) is valid with each Ay in place of h. Since

ld(x) — & + hg| <2 on Us~he\ g

e+hi

and |div(¢ F)|(Us"\ U ") — 0 as k — oo by (3.10), we have

1
im — (d(x) — e+ hy)d(div(pF)) = 0.
k=00 2hy Jye—hi\yethi

The Dominated Convergence Theorem gives

lim ,, d@iv@F) = /U d(div(¢pF)) = —(F - v, ¢)aue.

k— 00 U€+
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Thus, we infer that
e+hy

1
(F-v, ¢)spe = lim — ¢ du, dr(t). (3.11)
k—o00 2hy e—hy JoU!

3. To proceed, we decompose measure T in two parts: the absolutely continuous
part with respect to £! and the singular part as

T=Dp0)L" + ting, Dyt € L ((0, 00)).

Hence, with T := D17, we have

e+hy e+hy e+hy
| [ sawao=[ [ sauraa | b iy drgng(0).
e—hy auU! e—hy au? e—hy au!

(3.12)

We can estimate the first integral on the right-hand side of (3.12) by using the
Lebesgue Differentiation Theorem. Indeed, for L a.e. ¢, we obtain

1 e+hi

lim — (/ q)du,)T(t)dt = & T(e)dpe, (3.13)
au! aue

k=00 2hp Je—p,

so that
(F -v)aue = T (&) he, (3.14)

from (3.11). Since || (dU") = 1 for Tgpg—a.e. 1, we have

’/auld)dm

Using this and Lemma 2.1, we can estimate the second integral on the right-hand
side of (3.12) as

<l ooy 1l QU = l1$ll L) -

1 ethi Tsing (& — Ik, € + hy)
I —‘ Aty ATuing (7 ‘ < 111l oy Ti ¢
kin;o 2hk /;—hk /BU' d) H Tsmg( ) - ”¢”L © hklI—I>lO £1 (8 — l’lk, &+ hk)

= |}l () D1 Tsing(e) = 0 (3.15)

for £!-a.e. ¢ > 0. Thus, defining A/ C (0, 00) to be the set of points where either
(3.10), (3.13), or (3.15) does not hold, which is £!-null, and from (3.14),

(F -V, ¢)8U5 :/ (f)d(F . V)BUS for any & ¢ N
aue

Finally, taking any & — 0 with & ¢ A for all k, we have

(F-v, ¢)ou = klim (F v, ¢)yys = lim S d(F - v)yyer
— 00

T koo Uk

as required. O

Remark 3.4. Similar results were previously obtained by Frid [40] for domains with
Lipschitz deformable boundaries.
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Later in Sect. 7.1, we will use a similar decomposition to Vd - F from the above
proof applied to a non-negative measure, which we record here.

Lemma 3.5. Let i be a non-negative Radon measure on an open set U C R".
Then there exists a decomposition

n= c! L[0, 00) ®;ur pr + Tsing @yut At

where D /i Tgng = 0 L'-a.e. on [0, o0), and we have used notation (3.1) from
Theorem 3.1.

Proof. We apply Theorem 3.1 to u to decompose
n =T Qyut fit,
and then use the Lebesgue-Besicovitch Theorem to decompose
t=TL'L[0, 00) + Tsing

where £ and Tsing are mutually singular, and T = D17 € L' ((0, 00)). Taking
the precise representative of 7', we set y; = T (t) i, which is defined Ll-a.e on
(0, 00). This gives the claimed decomposition by noting that the last part follows
from Lemma 2.1. |

4. Properties of the Disintegration

In Sect. 3, we have established Theorem 3.3 by considering a suitable dis-
integration of Vd - F along {0U?®},~¢ and showing that the obtained measures
(F - v)aye coincided with the normal trace. We now investigate this decomposition
more closely and show that measure Vd - F can actually be recovered from these
traces.

Informally, if we take d(x) = x;, which corresponds to taking U to be a half-
plane {x € R" : x; > 0} for some 1 < i < n, then it follows from Vd = ¢; that
Vd-F = F; foreach 1 < i < n, where F = (Fy, F>,---, F,). Thus, such a
result allows us to recover the underlying field F from the associated normal traces
over sets {0U?}.~¢; while Theorem 4.1 cannot directly be applied to the half-space
that is unbounded, we adapt this later in Lemma 8.3. This observation serves as a
fundamental starting point for the theory of Cauchy fluxes in the extended setting,
which will be developed from Sect. 6 onwards.

Theorem 4.1. Let F € DM®YQ), U € Q, and let d(x) = dist(x, 0U). Then
o0
/ (F v, ¢)yyr dt = / ¢dVd - F forany ¢ € WI’OO(Q), 4.1
0 U

where Vd - F is given as in Theorem 2.7. Moreover, (4.1) extends to any bounded
Borel function ¢ on 2, understanding that t — (F - v, ¢)yy: is only defined for
Ll-ae. t>0.
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Equivalently, consider the disintegration given by Theorem 3.1, which allows
us to write

o0
/ ¢dVd - F = / / ¢(x)dus(x)dz(r) 4.2)
U 0 Jd-l@)
for any bounded Borel function ¢ on U. Now, in Theorem 3.3, we have seen that
(F v, Yoyt = (F -v)aye = Dpit(t) u, for Lleae t> 0, 4.3)

so Theorem 4.1 is equivalent to the assertion that 5ing = 0. To prove this, we use
the following elementary lemma.

Lemma 4.2. Let T and o be finite Radon measures on (0, 00) such that
=0 inD'((0, 00)),

that is,
- / S e = / T do() foranyy € €O, 00)).
0 0

Then t < L' and there exists T € BV ((0, 00)) such that t = T L'_(0, 00).

Proof. Define v(x) = o((0, x)) for x > 0, which lies in BV ((0, c0)). Then v
satisfies v/ = o and is bounded pointwise by |o|((0, 00)). Define the measure:
T =t —vL!. Since ¥’ = 0 in D'((0, 00)), we claim 7 is a constant multiple of
the Lebesgue measure. Indeed, mollifying 7, we obtain a smooth function 75 that
satisfies fé = 0 in (0, 00). Thus, for each § > 0, there exists a constant ¢cs € R

such that 75(x) = ¢s for all x > §. Since Ts i Fass — 0 locally in (0, c0), we
know that cs — ¢ for some ¢ € R. Hence, 7 = (v + C)EI, which implies that t is
represented by a BV function. O

Proof of Theorem 4.1. We divide the proof into four steps.

1. Let ¢y € Cl((0,0)) and g € C} (), and set ¢ (x) = ¥ (d(x))g(x). Then
¢ € Lip.(U), and the mollification ¢s is defined and vanishes on 0U for § > 0
sufficiently small. By Lemma 2.10, we have

/ V¢ - Fsdx =/ Vs - dF = —/ ¢sd(div F) = —/ ¢ div Fsdx.
U U U U
Expanding Vo (x) = ¥/ (d(x))g(x) Vd(x) + ¥ (d(x)) Vg (x) gives
—/ Y (d)gVd - Fsdx = / (¢ (div F)s + ¥ (d)Vg - Fs)dx.
U U
Sending § — 0 and using Theorem 2.7, we obtain
—/w’(d)ngd-F=/¢d(diVF)+/lﬁ(d)Vg-dF. 4.4)
U U U

2. Now set A = g div F 4+ Vg - F and use Proposition 3.1 to write

Vd-F =1 Qyur U, * =0 Qyur As.
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Using this, we can rewrite (4.4) as

- f Vo) / ¢ (0) duty () de (1) = / v ) / iy (x) dor (1),
0 au! 0 au!

Hence, as distributions on (0, 1), we have shown that

%( /a 8@ ) o) = ( /a . dk () 0.

ByLemma4.2, we infer that ( f gy ) dpy (x)) T canbe represented by a BV func-
tion. In particular, decomposing T = TLIL[O, 00) + Tsing, We infer by uniqueness
of the Lebesgue-Besicovitch Decomposition Theorem that

(] swanw)e=([ swauw)rocLo e
au! au!

as measures on [0, co) so that, for any g € CCl (2),
/ gx)dus(x) =0 Tspg—a.e. 4.5)
auU!?

3.Set u = Vd - F and put g = D, u. In order to apply (4.5) with g, we
approximate g by mappings in Cé(U ). By the Lusin Theorem [2, Theorem 1.45,
Remark 1.46], we can find a sequence g of continuous functions in U such that

gr(x) = g(x) for|u|l-a.e. x e U ask — oo,

and |gx| < 1 holds |jt|-a.e. for each k. Then, for any 8 — 0, gx = (xy26 8k )sy 1S
a sequence of CZ°(U) functions converging pointwise |u|-a.e. to g in U, which is
also uniformly bounded by the constant 1. Now applying (4.5) with each g; yields

L] atmw]amo =[] [ -2 duw|dnmo
0 au! 0 au!
Ef / gk — gl dpe (x) dr
0 au!

=f I — &1 du,
U

which tends to zero as k — oo by the Dominated Convergence Theorem. Hence,
it follows that

/ Dlm/lv(x) dus(x) =0 Tsing—d.-€.
au!
By Lemma 3.2, we have
Dy (x) = Dy, e (x) for t—a.e. t and p,—a.e. x,

so it follows that

e GU") = /d D) dus () =0 tg-ae
oU
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However, by Theorem 3.1, |u,| is a probability measure supported on dU’ for
t-a.e. t € (0, 00), so the above can only hold if 75ipe = 0.
4. By (4.2)—(4.3), we have

o0 o0
/d)dVd'F:/ / ¢d(F~v)gd8+/ / ¢ duy dtsing
U o Jaur o Jau,

for any bounded Borel function ¢ in €2. Since we have shown that 75, = 0, the
last integral is zero, thus establishing the result. O

Remark 4.3. A similar coarea-type formula was recently obtained in [20, Theo-
rem 6.1] in a more general context. Moreover, while it is not explicitly stated, a
careful inspection of their argument reveals an alternative proof of Theorem 4.1.

As a consequence, we obtain an alternative proof of the following result from
[64], which will be used later. Similar results for Lipschitz-deformable boundaries
were proved earlier in [11].

Theorem 4.4. (Theorem 2.4 in [64]) Let F € DM®Y Q) and U € R, and let
d(x) = dist(x, dU). Then

1 I
(F v, ¢)yy = lim — $dVd-F forany¢ € W2 (Q). (4.6)
e=>0¢e Jy\ue

Moreover, if
| R _
liminf — |Vd - F|(U \ U#) < o0,
e—>0 &
then the normal trace (F - v, - )yy is represented by a measure on oU.

Proof. By Theorem 4.1, we see that

o]
/ wd(F'U)aUtdtszdVd'F
o Jau U
holds for all bounded Borel functions ¢ on 2. Then, taking ¢ = ]lU\qu with
e>0and ¢ € WH®(Q), we have
1 —— 1 (¢
—/ ¢dVd - F = —/ (F v, @)y dt. 4.7)
€ Jo 0

&

Since the mapping:
t— (F-v, ¢>)3Ux:/ dve - F + ¢ d(div F)
Ut Ut

is right-continuous on [0, 00) for ¢ € W>(Q), sending ¢ — 0 in (4.7), we
deduce (4.6). Now, for any ¢ — 0, the above implies that

/

D
—Vd-FL(U\U%) = (F-v, )y ask — 00
ek

as distributions in €. If this sequence of measures is uniformly bounded in M(£2),
by the weak*—compactness and uniqueness of the limit, we infer that the limiting
distribution is also a measure. O
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5. Localization of the Normal Trace

In this section, we analyze how the normal trace relative to different boundaries
can differ. In particular, we seek to understand whether the relation

(F-v, ¢)ou = (F -v, ¢)av 5.1

holds for U,V C  with overlapping boundary and for any ¢ supported in a
suitable neighborhood of aU N dV. Moreover, if the normal traces of F on the
boundaries of U and V are represented by measures, one may ask if the equality
holds as measures:

(F-v)jpL@UNAV)=(F -v)yy L(OU NIV). (5.2)

This question is motivated by the study of Cauchy fluxes in the sequel. Indeed,
it is easily answered whenever the normal trace admits a representation of the form

(F-v, ¢)ou = /aU ¢(x) F(x) - vyy dH" 1,

which is valid by the classical Gauss-Green formula for a Lipschitz F and a bounded
Lipschitz domain U; we see that it is necessary for the associated normals vy and
vay to coincide H"!—a.e. on the common intersection. For bounded divergence-
measure fields and sets of finite perimeter, this can be affirmatively answered by
using [19, Theorem 5.3] after reformulation to consider suitable notions of measure-
theoretic boundaries and normals. However, for a general field F and open sets
U and V, the normal trace may fail to be equal as measures on the common
intersection, which is illustrated by the following examples.

Example 5.1. Following [11, Example 1.1] which is itself based on [66, §1II.14,
Example 1], consider the vector field

(x1, x2)
x12 + x%
which lies in DMI]OC (R?) with div F = 278. Indeed, F(x) = 27 VI'(x), where
I" is the fundamental solution for the Laplacian in R2 (see e.g., [35, §2.2.1]). Let
H = (0, o0) x R be the half-space where x; > 0, and let Q = (0, 1) x (0, 1) be the
unit cube. Then we claim the normal traces of F on 9 H and d Q can be represented
by measures that take the form:

F(x) = for x = (x1, x2) € R?,

(F - )y = —180, (5.3)
(F -v)yp = —%50 +(F-wH'Lao. (5.4)

Indeed, for (5.3), using an unbounded version of [9, Theorem 7.1], for ¢ € C*° (Rz),
we can show that

. &
(F v, ¢)on = —lim | ——— (e, x2) dxo = —7¢(0,0),
e—0 Jr € +x2
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which implies (5.3). To prove this limit, observe that
o0 3
/ —2¢>(0, 0)dxy; =7¢(0,0) foranye >0
—o0 €24 X3
and, if ¢ is supported in B (0), the remainder can be estimated by

[ @) - 900 dx

R €%+ X5
= /R — (e, x2) — $(0,0) dxs + 2/ (0 ())|/00de2
TR+ ’ A PR

R &
< ||V§0||Loo(R2)/R ﬁ
- &+ x5

which vanishes as ¢ N\ 0. Thus, (5.3) follows.
For the flux on d Q, we apply Theorem 4.4 near the origin to check that (F -v)0
is a measure on d Q; indeed, we now show that

2¢e
dxz + [¢(0, 0)] z

lim sup — |Vd - F|dx < oo. 5.5)

e—0 ~/;91/z(0)ﬂQ\Q

For this, observe that, for x € Q satisfying |x| < %, d(x) = dist(x, Q) satisfies

€] ifX1 < X2,

Vd(x) =
(X) {62 ifX2<X1.

Then, for each ¢ > 0, we split the integral in (5.5) into the pieces

(x1,x2) € B1jp(0) : 0 <x1 <x2 < 8},

(x1,x2) € B1p(0) : 0 <xp <x1 < 8},

1

{

={(x1,x2) € B12(0) : 0 <x; <& <x2< %}
{
{(1.0) € Bip©) 1 0 <xp <& <y < o,

so that .
Bl/2(0) N (Q \ Q ) = Al,s U AZ,s U A3,s U A4,s~

Since Vd = ej on A ¢ and A3 ., we can compute

1
—/ |Vd - F|dx<—/ / dxldxz— 10g2, (5.6)
Al

f / dx1 dxo
xl 5.7

1 1
4— log(1 + 482) - = 10g2 + arctan(—)

and

I/\

1
-/ |Vd - F|dx
€ A2,s
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by a direct calculation. Both terms remain bounded as ¢ — 0, since arctan(x) < %

andlog(1+x) < xforallx > 0. Moreover, the integrals over A3 ; and A4  coincide
with the integrals in (5.6) and (5.7), respectively, by swapping the coordinates. Then
the claim follows.

Therefore, (F-v);¢ isameasure on d Q, which agrees with (Fv)H'L(d0\{0})
on d Q\{0}, by using Theorem 5.3 below and since F is smooth there. Then there
is ¢p € R such that (F - v)yp = codp + (F - VYH! L_0Q. This constant can be
determined by noting that

v .
(F - v10(00) = o+ 5 =/ d(div F) = 0,
0]
so that ¢g = —%, establishing (5.4). Then we have
T
(F-v)solL(0QNIH) = —380 # —ndy=(F -v)ygL(OQ NIH).

Thus, the respective normal traces concentrate at the corner point (0, 0) and take
different values there. This shows that (5.2) may fail in general.

The above example is for a field F that is singular at the origin, and the dis-
crepancy arose due to the concentration of the normal trace at a point. One may
also encounter obstructions arising from the regularity of the domains, which is
illustrated in the following example:

Example 5.2. In R2, we can consider the domains:
V =B\ {(x1,0) : x; >0}, U={xeV :x>0=B(0".

Then we take F(x) = e, = (0, 1), which is smooth and hence lies in DM (R?).

loc

Set A={x € Bi(0):x; >0}, ThenANoU = ANIV ={(x1,0): 0 < x; < 1}.
However, we have

(F-v)yuL(ANAU) = H'L{(x1,0) : 0 < x; < 1},
(F-v)yyL(AN3V) =0

so the associated normal traces do not coincide, even though U C V. Indeed,
the normal trace on dU N A is understood in the classical sense, since U is a
Lipschitz domain. For 9V, using the definition, we can compute the normal trace
for ¢ € Wcl’oo(]Rz) as

(F%@w=—/¢MFM—/V¢FM
\%4 \%4

=—/ ¢MFM—f Ve - Fdx
B1(0) B1(0)
=(F-v, ¢)sB,0)

by noting that L£2(B1(0) \ V) =0, so the normal trace indeed vanishes on A.
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In general, one may still hope for (5.1) to hold on relatively open portions of the
common boundary, which will be sufficient for our later purposes. More precisely,
we have

Theorem 5.3. Let Q C R” be open and F € DMEYQ). Given U,V € Q, let
A C R" be open such that

UNA=VnNA. (5.8)
Then ANJU = ANV and

(F-v, p)au = (F -v, 9)ay forany ¢ € W(A).
In particular, if the normal traces on dU and 0V are represented by measures, then
(F -v)juLOUNA) = (F -v)yy L@V N A). (5.9)

Proof. Replacing A by A N 2 if necessary, we can assume that A C 2. We first
show that ANJU = ANaV.Indeed,if x € ANAU, since U is open, then x ¢ U.
Moreover, since A is open, there is a sequence {x;} C A N U such that x; — x.
However, by (5.8), each x; € V while x ¢ V, sox € 0V and the latter inclusion
follows by symmetry.

Now, for any § > 0, when ¢ € (0, §), we claim that

A NWUN\T?) = AN (v \ Vo),

and that dy = dy on this common intersection. Indeed, if x € A% N (U \ U¥?), there
isy € dU such that [x — y| < €. Since ¢ < §, weseethaty € Aandsoy € dV,
giving

dy(x) <|x—y|l <e.

Hence, x € A° N Vv \W), and taking the infimum over all such y yields that
dy (x) < dy(x). By symmetry of U and V, the claim follows.
In particular,

Vdy -FL(ANU\U?) =Vdy - F L(A°NV\V?),

by definition of the Pairing from Theorem 2.7. Hence, by Theorem 4.4, it follows
that, for any ¢ € We'*°(A%),

1 I
(F v, ¢)sy = lim — $dVdy - F
e~>0¢ Jy\ue

1
= lim — ¢dVdy - F =(F -v, ¢)sv.
e=>0¢e Jy\ve

Since § > 0 is arbitrary, it follows that the above holds for any ¢ € WCI’OO(A). If
the normal traces are represented by measures, (5.9) follows by a standard density
argument. O
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Remark 5.4. One may wonder if the condition: U N A = V N A can be modified to
hold at the level of boundaries, thatis, toimpose dUNA = d VN A instead. However,
Example 5.2 shows that this is insufficient, even if the additional assumption that
U C V is made.

We conclude this section by recording that a maximal portion of the common
intersection aU N dV can be defined, where Theorem 5.3 applies; that is, we can
define

SWU,V)={xe€dUNaV : B.(x)NU = B.(x) NV for some ¢ > 0}.

Indeed, if A is any open set such that AN U = A NV, then, for every x €
ANAU NV, thereis ¢ > 0 such that B.(x) C A. It follows that x € S(U, V) so
that AN U NV C S(U, V). Conversely, we can take A = Usesw.vy Be (),
where ¢, > 0 is as in the definition of set S(U, V).

6. Cauchy Flux I: Main Results and Connections

The balance law postulates that the production of a quantity in any open set
U € Q is balanced by the Cauchy flux of this quantity through boundary oU of U.
We assume the production is represented by a finite (signed) Radon measure o in
€2 such that
o(U)=F@U) forany U € Q,

where F is the flux through the boundary of U. In this section, we introduce
the conditions on the Cauchy flux F that guarantee the existence of an extended
divergence-measure vector field F satisfying

—divF =0

and such that F can be recovered locally, on the boundary of almost every open
set, through the measure normal trace of F. We begin by presenting the existing
developments in this direction and emphasizing the remaining difficulties, before
stating our main results.

6.1. Connections to Other Formulations of the Cauchy Flux

The origin of the study of Cauchy fluxes dates back to the fundamental paper
by Cauchy [6], who, in 1823, considered the balance law in a bounded domain 2
in Classical Physics:

/ p(x)dx =/ f(x,v(x))dH"_l(x) forany U C Q. (6.1)
U U

Here the production p(x) is a bounded function in x € €2, and the density function
f(x, v) of the flux depends on point x € dU and the corresponding interior unit
normal v. It was shown in [6] that, if f is continuous in x, then f must be linear
in v. For self-containedness and subsequent development, we now present a brief
description of Cauchy’s argument.
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Theorem 6.1. (Cauchy’s tetrahedron argument) Consider the classical balance law
(6.1) in R", where f is continuous in x and p € L°° (). Then there exists a
continuous vector field F such that

fx,v(x) = F(x) - v(x).

Proof. Consider the standard orthonormal basis {¢; }7_, of R".Letv = (v1, v, - - -,
v,) be any unit normal vector satisfying v-e; # Oforeach1 <i < n.Fixe > 0 and
consider the tetrahedron 7, with vertices vg = 0, v; = aie, foreachl <i <n-—1,
and v, = ge,,. Then the boundary of 7, is composed of (n + 1) faces, denoted by
Si ¢ for 1 <i < nand S.. These are chosen so that S; . are contained in the planes:
xi = 0,1 <i < n,and S, is contained in the plane perpendicular to v with the
equation: Z;’Zl vix; = &v,. For x € R", we consider the translated tetrahedron
T: . = X + T, whose faces are denoted as S5 ; , and S; ..
Then the balance law gives

/ p(x)dxzzfs f(x,e,»)dH"—‘Jr/S fx, —v)dH" ', (6.2)
i=1 X,i,& X,e

Ti,g

where we split the boundary integral in terms of the contributions on the (n + 1)
faces. Since the production is bounded, we can estimate

‘/ P(X)dX‘ < lIplliee@L" (T ¢).
T)"c,e

We then divide both sides of (6.2) by H"~! (S3.¢) and observe that

- e)H  (Sze) = H" " (Sz.ie)

to deduce
Jsi, S HTI@) & Js,, £ 0 endH"=1 ()
BT D DR v o
" =l e 6.3)
n( XE)

< lplire (Q)H’ll—(S) =Cm)Ipllre)e.

We let ¢ — 0in (6.3) and use the fact that x — f(x, v) is continuous to obtain
n
fGE=v)+ ) vif(F e)=0. (6.4)
i=1
Define a vector field F = (Fy, Fp, -+, F,) by
Fi(x) := f(x,e;) forx e Q.
Since x € Q is arbitrary in (6.4), then F satisfies

flx,=v)=—-F(x)-v (6.5)
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for any x € Q and v € R” such that v; # 0 for all 1 < i < n. To extend this
to hold for any v, we can choose a different orthonormal basis {¢;}/"_, and work
in the associated coordinate system (xg, --- , X,) to allow for v € R” satisfying
v-e; #0forall 1 <i <nin(6.5).Since f is continuous, it follows that F is also

continuous. O

The above derivation assumes the existence of a continuous density f. However,
in applications, we may naturally encounter solutions that are discontinuous or
singular, thereby violating this continuity hypothesis. It was not until 1959 that
Noll in [52] considered the problem of removing the continuity assumption of f
and proposed an axiomatic scheme for Continuum Mechanics, which reduces to
the familiar balance law for contact forces in the stationary case. In this setting, the
body €2 is composed of parts that are sets with smooth boundary. In [52, Theorem
IV], it was shown that the density function should depend only on the position x and
the normal vector v(x), independent of other properties of the surface such as the
curvature. However, additional conditions are necessary to derive the linearity of
f,as it was later remarked in [51, p. 79] that “it is unfortunate that nobody has been
able, so far, to [establish the linearity of f] under [the proposed axioms] without
the ad-hoc continuity assumption...”.

From Classical Mechanics, it follows that the object of study should be the total
flux across a surface S contained in U, that is,

ﬂa:/fmwmmwﬂuy (6.6)
S

This viewpoint of studying the Cauchy flux F was proposed by Gurtin & Martin
in [43]. Since they assumed the production p is bounded, the balance law (6.1)
immediately implies the inequality:

| F@OU)| < KL"(U) forany U C Q. 6.7)

Moreover, from (6.6), it also follows that the flux should be an additive function in
the sense that

F(S1US) =F(S1) + F(Sy) fordisjoint S;, S» C aU. (6.8)

Therefore, Gurtin & Martins in [43] considered an additive set function F defined
on (sufficiently regular) oriented surfaces (S, v) which satisfies the properties of
being area-bounded,

IF(S)| < CH"(S), (6.9)

and weakly volume-bounded in the sense that (6.7) holds. Under these assumptions,
they deduced the existence of a density function f(x, v) defined for £L"—a.e. x € Q
and all unit vectors v for which (6.6) holds for every admissible surface. Moreover,
the following linearity of f was proved: There exists a field F € L® such that

fx,v)=F(x)-v forL'-a.e x € Q.
Furthermore, the following uniform average density condition on F was introduced:

, _ F(Dy(x,v)
UG lemo with (e, v) i= 5mr D=, (6.10)
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This converges uniformly as » — 0 on any compact set K C 2, where D, (x, v) is
the (n — 1)-dimensional disk of radius r centered at x with normal v. It was proved
that (6.10) is a necessary and sufficient condition for the Cauchy flux F to have a
continuous density f that is linear for every x.

The class of admissible surfaces was extended by Ziemer in [67] to consider
boundaries of sets of finite perimeter. We refer the reader to [50] for a detailed
exposition on the theory of sets of finite perimeter, which gives a natural class of
admissible surfaces that are closed under the set operations and provides a suitable
measure-theoretic notion of the normal. Under the same assumptions (6.7)—(6.8),
considered on sets of finite perimeter, the existence of a bounded density f(x, v)
satisfying (6.6) on every oriented surface S was established in [67, Theorem 3.3].
Once the existence of a density was established, the linearity of the flux followed
from the results in [43]. Indeed, in both [43] and [67], the existence of the vector
field is ultimately based (after suitable mollifications) on the Cauchy’s tetrahedron
argument, as sketched above in Theorem 6.1. Moreover, it was proved in [67] that
the constructed vector field F € L satisfiesdiv F € L°° and that the Gauss-Green
formula

/d(div F):—/ F(x) - v(x)dH" ' (x)
0 90

holds for almost all cubes Q = (ay, b1) X - -+ X (ay, by).
The boundedness conditions (6.7) and (6.9) were relaxed by Silhavy in [60,61]
to allow the Cauchy fluxes of the form:

FS)| < / hdH 6.11)
S
F@:M)| < / kdx, 6.12)
M

for h, k € L? and any Borel set S C 9, M, where M is assumed to be a normalized
set of finite perimeter in 2 and 9, M is the measure-theoretic normal. We denote
the collection of such M by &. We note that (6.11) holds only for a particular
representative £ in the L? class, which encodes fine properties of the underlying
field, and the right-hand side may fail to be finite in general. As such the class of
admissible surfaces must be relaxed to “almost all” surfaces, which is made precise
by the class

%:{Me@: M@Qand/ hdH"‘<oo}. (6.13)

M
This leads to the establishment of a one-to-one correspondence between Cauchy
fluxes and LP”—integrable fields F with L? divergence in [61, Theorem 5.1]. It is
shown that conditions (6.11)—(6.12) imply the existence of a vector field in L?.
However, the LP-regularity of the divergence rules out the important physical
behavior where the Cauchy flux may jump across the boundary. One may naturally
wonder whether the case of divergence-measure fields can be treated in this frame-
work. This was answered by Degiovanni, Marzocchi & Musesti [31], providing
a definition of Cauchy fluxes representable by DMP—fields. For this, the upper
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bound (6.11) for the flux remains the same, while (6.12) is replaced by the measure
bound:
|F(0:xM)| < A(M)

for some non-negative Radon measure A on 2. In this setting, the flux is recovered
on the class of surfaces

%,Az{MeW:M@Q,/

hdH"™ < 0o, AO,M) = 0}.
0+ M

However, in general, the condition A(d,M) = 0 rules out surfaces along which
F has a jump, say, F(—0,M) # —F(9,M). This requirement was removed by
Schuricht [59], where the flux is defined for all subsets in &2}, where a formulation
in terms of contact interactions between two bodies is proposed.

We also refer to [19] for bounded divergence-measure fields in which every
set of finite perimeter can be treated and to [9] in which the limit formula for any
general open subset is obtained.

Nevertheless, a characterization of Cauchy fluxes in the extended case has still
been missing. Note that a formulation was proposed in [63] in which the flux
is defined only on planar polyhedra and involves the estimates valid for almost
all translates, making the hypotheses difficult to verify. Instead, we now seek a
construction in the spirit of [31,43,59,61] that is also sufficiently robust to treat
jumps across boundaries and one-sided singularities.

6.2. Formulation of the Cauchy flux and statement of the main theorem for the
Cauchy flux

We begin by precisely defining the admissible class of surfaces under considera-
tion. This is because the class &7, from (6.13) has seemingly no natural replacement
when £ is replaced by a Radon measure  and, moreover, we wish to depart from
sets of finite perimeter and consider general open sets.

Definition 6.2. For a non-negative and finite Radon measure w in €2, denote that
1
O, = {U € 2 open : limi(l)lf—u({x e U : dist(x,dU) < ¢}) < oo}
£— £
(6.14)

This condition is motivated by Theorem 4.4. We see later as a consequence of
Lemma 7.4 that, for any open set U € @, U® € O, for L'-a.e. ¢ > 0. Thus, in
this sense, O, contains almost all open sets.

Remark 6.3. Recall that, for U C Q and ¢ > 0, we write
U® ={x e U : dist(x, dU) > &}. (6.15)
We also set U = U and

U™ ={xeR" : dist(x,U) < &}.
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Using this notation, we can equivalently formulate (6.14) as

liminf = #U)

1 N
= liminf - n(U \ U?) < oo. (6.16)
e—0 & e—0

&

Notice that £ (3U¢) = 0 for L'-a.e. ¢ > 0 and & /L(UE) is non-increasing and
left-continuous. If ¢y — 0 is a sequence realizing thi~s limit inferior in (6.16), the;n,

for each k, we can find 0 < & < & such that w(U™y — % < w(U™) < n@W@™
and pu(dU®) = 0 for each k. Thus, we always have

o ow@) =@ u(U) — u(U®)
liminf —— =liminf ———
e—0 & e—0 &

’

regardless of whether both sides are finite or not. In addition, we may also consider
the O,,—condition for subsets U C IR" that are not necessarily compactly contained
in Q; for this, we simply extend measure u by zero to R”.

Definition 6.4. A Cauchy flux in Q is a mapping F defined on pairs (S, U) with
S C aU Borel and U &€ 2 open, so that the balance law is satisfied:

Fy@U) =0(U) forany U € €2, (6.17)

and there is a non-negative finite Radon measure p such that the following condi-
tions hold:

(i) Additivity property: For any U € O,, and disjoint Borel subsets S, T C dU,
Fu(SUT) =Fuy(S) + Fu(D).

(ii) Localization property: For any U, V € O, and any open set A C €2 such that
ANU=ANYV,then

Fu(ANaU) = Fy(ANaV).
(iii) Upper bound: For any U € O,
IFu(S)] < u " (S) (6.18)

holds for any Borel set S C dU and any limiting measure
1 TTer * n—1
— pl (U\U%) — puf " ase (0.
&k

In Remark 7.5, we will draw some connections to Condition (iii) in relation
to the existing formulations in the L? setting. However, our condition appears to
be fundamentally different to the class &7, that appears in the previously existing
formulations.
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Remark 6.5. In Condition (iii), since U € O, then there is a sequence &; \ 0 for
which the non-negative measure sequence:

Vg = SLMI_(U\W)
k

satisfies
1 _
lim v (2) = liminf — (U \ US) < 00.
k— 00 e—>0 &

Thus, {vg} is uniformly bounded in M (£2) and, up to a subsequence, converges
weakly* to a measure v. Moreover, since each v vanishes on (2 \ U) U U* for
each k, the limit measure v is supported on dU . Therefore, such a limiting measure
M’ZJ_I always exists, even though it is non-unique in general, and we impose (6.18)
for every limiting measure obtained in this way. However, it turns out that this
limiting measure is unique on most surfaces, which will be made precise in Lemma
7.4.

The main result of this section is that Definition 6.4 implies the existence of
a vector-valued Radon measure ¥ = (Fj,---, F,) in 2, whose normal trace
corresponds to F. More precisely, we prove the following main theorem for the
Cauchy flux:

Theorem 6.6. Let F be a Cauchy flux in 2. Then there exists a unique divergence-
measure field F € DM®Y(Q) such that

—divF =0
and
Fy(8) = (F -v)au(S) (6.19)

forany U € O, and any Borel set S C U, where the measure (F - v)yy is the
normal trace of F on dU. Conversely, every F € DM®Y(Q) defines a Cauchy
flux, by taking u = |F| and o = —div F.

This makes precise the one-to-one correspondence
{Cauchy fluxes F in Q} «<— DM™(Q)

as we claimed in the introduction, and the local recovery is now precisely formulated
via the class O,,. We point out that there is no hope to obtain the recovery on all
open sets U, as the normal trace appearing in (6.19) is not generally a measure on
arbitrary open sets.

The converse statement of Theorem 6.6 is a consequence of the properties of
the normal trace established in earlier sections, which we record here.

Theorem 6.7. Let F € DM®™Y(Q). Define

Fu(S) = (F-v)u(S) (6.20)



Arch. Rational Mech. Anal. (2025) 249:79 Page 37 of 82 79

for any open set U € Q2 and any Borel set S C 0U, whenever the normal trace
(F - v)yy restricts to a measure on 0U. Furthermore, for U € Q, define globally

Fy@U) = (F - v, 1a)au. 6.21)

Then F defines a Cauchy flux in the sense of Definition 6.4, with o = —div F and
any non-negative Radon measure | such that |F| < p.

Proof. By definition of the normal trace, it follows that F;(0U) = —div F(U).
Using (2.11), we see that the balance law holds for all U € 2. Also, if (F - v)jy
is represented by a measure on dU, then (6.20) and (6.21) coincide when S = dU.

By Theorem 4.4, the normal trace (F - v)yy is represented by a measure when-
ever U € O, property (i) follows from the fact that O,, C O)F|. The localization
property (ii) follows from Theorem 5.3. Finally, for (iii), forany U € O,,, it follows
from Remark 6.5 that there exists both e — 0 and a limiting measure u’(‘fl such
that

1 _
—uLU\T™) = g
k

Since |Vd - F| < |F| < u by (2.5) from the product rule, we see from Theorem
4.4 that

1] — —p .k
—Vd-FLWU\U") = (F-v)y,
Ek

which implies that |(F - v)jy| < ,u'l’j_l as measures. Therefore, F is a Cauchy flux.
m}

The main implication of Theorem 6.6 will be proven in several steps, which will
be broken up into separate theorems. After establishing several useful properties
of the flux in Sect. 7, we will first construct a candidate field F by integrating the
Cauchy flux along hyperplanes. This will be done in Sect. 8.1, where the constructed
field is shown to satisfy — div F' = o, thereby establishing global recovery of the
flux. Although the construction of F involves a choice of measure to integrate the
flux, in Sect. 8.2, we will justify our choice by showing that the said flux is uniquely
determined; this will rely on a version of Theorem 4.1 valid for half-spaces. Finally,
we will show that the flux and the normal trace coincide in the sense of (6.19), which
will be a local recovery result, in Sect. 9. This will first be done on generic cubes,
after which an approximation argument will extend this to general surfaces. Once
the main theorem is proven, we will also collect a few consequences in Sect. 9.2.

7. Cauchy Flux II: Properties of the Cauchy Flux

7.1. General Properties of the Cauchy Flux

We now present some useful properties of the Cauchy flux, starting with some
properties of sets in O, and consequences of property (iii). Recall that we have
defined the class of open subsets:

1 .
O, = {U € Q open : limi(l)lf—/L(U \ U’ < oo}
£— £
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In what follows, we also consider the more restrictive class:

~ 1 .
O, = {U € Q open : limsup—,u(U\Ua) < oo}.
e—0 €

Lemma 7.1. IfU € O, then Fy (-) is represented by a measure supported on dU.

Proof. By Condition (i), the flux is finitely additive. By (iii), there exists some
measure M'Z/_l such that the following upper bound holds:

|Fu ()| < ,u'llj_l(S) for any Borel set S C 9U.

Note that setting S = & gives Fy (&) = 0. For countable additivity, let {Sk},fil be
disjoint Borel subsets of U, and set S = U,fil Sk. Then, for each N > 1, we can
estimate

‘ﬁ@—iﬁﬁﬂ=h&GSM
k=1

k=N+1

oo oo
suy U So= ) uy (S —>0 asN — oo,
k=N+1 k=N+1

where we have repeatedly used the additivity property (i), in addition to (iii) and
the fact that M'Z;_l is a measure. Thus, it follows that

Fu(S) =Y Fu(Su),
k=1

from which the result follows. |

Lemma 7.2. Suppose that Uy e O, and U € 5#- Then S aR%) and Uy U U, lie
in Oy. In addition, if Uy € Oy, then Uy N U, U1 U Uz € O,

Proof. Forany Uy, U, C Q,setU = Uy NU and V = Uy U U;. Then we claim:

U\T? C (Ui \U) U U2\ U3), (7.1)
VA VEC (Ui \UH) U (U2 \ Uj). (7.2)

Indeed, if x € U \ U¥, then there exists y € R” \ U such that [x — y| < . Since

R\ U = (R"\Up)UR"\ Us), thenx € Uy \U{ ify € R"\Uj,andx € U, \Us

if y € R"\ U;. Similarly, if x € V \ V¢, thereis y € R" \ V with |[x — y| < e. If

x € Uy, theny € R"\Uj sothatx € U, \F; similarly, if x € Uy, thenx € UQ\U_E.
Thus, taking @ on both sides of (7.1), we obtain

1 — 1 — 1 —
E“(U \U?) < E,U«(Ul \Up) + g/L(Uz \U3) foranye >0, (7.3)
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so that
o] — L1 — 1 —
liminf — (U \ U?) < liminf — p(Uy \ Uy) + limsup — u (U \ U3) < oo,
e—0 ¢ e—0 ¢ es0 €&
which implies that U € O,,. Moreover, if U € (5w we have

1 — 1 — 1 —
limsup — (U \ U?) < limsup — u(Uy \ Uy) + limsup — u(Uz \ U;) < oo,
e—0 & g0 €

e—>0 €

soU € 5#- The same result holds for V by using (7.2) instead to obtain an estimate
analogous to (7.3). O

Adapting the arguments of the above proof allows us to establish the following
upper bound for the limit measure /1) al:

Lemma 7.3. Let Uy, - - - , Uy € O, such that there exists a common subsequence
er — 0 so that

1 -
— ul(U; \ Ufk) N M’L’,__l foreach1 <i <N,
Ek !

and set

() If 3 nLU\U™) = wi", then
N
Wy () =y (Snaui N () T))  for any Borel set S C 9U.
i=1 ji
(i) If L uL(V\VE) = 7", then
N
,u"’,_l(S) < Zu'l’/i_l(S NQ@QU; \ U Uj)) forany Borel set S C dV.
i=1 i
Proof. For (i), arguing as in (7.1) from the proof of Lemma 7.2, we have

N
U\WC U(Ui\U_f) fore > 0.

i=1

Given any non-negative ¢ € C.(€2), we can integrate ¢ over these levels sets with
respect to u and take the limit as e — 0 to obtain

N
pdup ! < / pdu L
/BU v ; AU; Ui
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Then we can argue by density to infer that
N
n—1 n—1
ny () = Z'MUi (SNaU;) forany Borel set S C Q.
i=1

Now, since 5] is supported on AU, we can replace S by SN AU on the right-hand
side. Moreover, since
AU NAU C dU; N[ T;.
J#L

the result follows. The argument for (ii) is analogous, based on the inclusions:

N
VAVECJwin\Tp)

i=1

for each ¢ > 0 which is established analogously to (7.2) and

N
av c | Jaui\ | ;.

i=1 i
]

Lemma 7.4. Let F be a Cauchy flux, and let U C R" be an open set. Consider the
disintegration of u along dU" given by

1= L'[0,00) ®pur 1t + Tsing Raurt s

from Lemma 3.5, extending . by zero to a measure on R". Then, for L'-a.e. t > 0,

1 N 1 —
—;J,I_QOUI\U’“)L/JL,, —,ul_(QﬁUt_E\U’)i\,ut ase — 0,
e &

(7.4)

and p(Q2 N AU = 0. In particular, if U € R, then U’ (Ut)C € O, and ;L'L’;l
n—1

and M(ﬁ’)c are uniquely determined as |1, for L'-a.e. t > 0.

Proof. We apply Lemma 3.5, which asserts that, for any ¢ € C.(2) and any
0<t<s,

1 1 § 1 -
/  ¢pdu = / ¢ du, dr+—/ ¢ dfty dTsing(r).
s =1t Junos s—tJr Jour S =1 Ja,s) Jour

For & > 0, we apply the above with s = ¢ + ¢. For any countable dense subset {¢;}
of C.(£2) (with respect to the uniform convergence), consider the partial mappings:

D;(1) :=/ ¢jdu, foreach j.
auU!
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Then we choose t > 0 to be a Lebesgue point for each ®; and to satisfy
D /1 (Tsing) (1) = 0 (using Lemma 2.1), which forms a set whose complement is
L'-null. For such ¢, sending ¢ — 0 gives that, for each j,

1 t+e
tim = [ [ gjanas=e0= [ g
e=>0¢ J; aUs au!

and
. 1 -
lim sup —‘ ¢ dits dtsing(s)‘
e—=0 EVJ(@t1+e) JoU?
. 1
< [l¢jll Lo () lim sup — | Tsing (£, 7 + €))| = 0.
e—>0 €
Combining the above, we deduce
li ! ¢id / ¢id (7.5)
im — ; = ; . .
=08 Jung* jam ot Mt

Applying the same to (¢, s) = (t — ¢, t) with 0 < ¢ < ¢, we have

1
lim — ¢jdu :/ ¢jdu; for the same ¢.
e—>0¢& Ut—s\ﬁ Ut

Discarding a null set if necessary, we can moreover assume that

1 _
lim sup — (U ~% \ U™ < o0,
e—0 2¢e

so that, in particular, U?, (Ut)C € 6# and u(2N9U") = 0. Then, for any sequence
&r — 0 giving rise to a limiting measure
—rttep ¥

1
—ulLUN\NU ™" — v,
Ek

testing against ¢; and using (7.5) yields

/q&;dv:[ ¢;du, forany j.
Q aur

By density of {¢;}, it follows that v = ;L 9U". This uniquely determines the
limit. We can similarly show that

1 —
EMLUf*E \ U! N e

as required. O
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Remark 7.5. In the theory of LP—integrable fields, one may consider u = h L"
with a non-negative function 2 € L”(€2). In this case, the disintegration reads as

u=L'[0,00) ®ur ptyr s = hlgye "' LU

by using the coarea formula, where a representative of 4 is fixed. In this case, using
Lemma 7.4, condition (iii) implies that

|Fyi(S)| < /hd’l—(”_1 for £'~a.e. t > 0 and any Borel set S C dU".
s

This is reminiscent of the flux bound appearing in [9,31,59,61], even though the
notions need not coincide for a general open set U.

For the next result, we introduce the sets
~ 1
& = By sNQ° = {x €Q : dist(x,d9) > 8, |x| < g} foreach § > 0. (7.6)

Note that each Q% € Qand 550 Q% = Q. Using Lemmas 7.2 and 7.4, we see that
3 e O, for L'-ae s > 0.

Lemma 7.6. Suppose that U C R" is an open set such that
Lil@n\Te) 2 ! -0 7.7
oK QN W\U?) My~ ase - (1.7)

Then an extension of the Cauchy flux can be defined by
Fu(S) == Fynas (S) (7.8)

for L'-a.e. 8§ > 0 such that Qe (9 and for any Borel set S C 0U such that
S C ° NaU. Moreover, this extends umquely to a measure on Q N AU satisfying

[ Fu(S)] < u (S) for any Borel set S C N JU. (7.9)

Proof. First, the weak*—convergence in (7.7) implies that
1
lim sup w(QnN WU\ Us)) < Q.
e—0
By Lemma 7.2 applied in R" via extending p by zero outside €2, if § > 0 such that
Qe O,, then QN U e O. By property (ii), we see that
Fungs (ANU) = Fyngen (AN IU)

for any &1 and &, such that 0 < §; < &, as above, and A C 532 open. Since the
flux is a measure on O, by Lemma 7.1, by approximation (Lemma 2.2), the above
extends to general Borel sets S C 22N JU. Hence, (7.8) is well-defined. To show
that it extends to a measure, using Lemma 7.4, let 6 > 0 such that

1 1 —_— * —
- MI_(Q(S \ QS—}-S) A ,LLQB s Z l,LI_(Bl/S \ BT‘/B) —_— /’L%I/}S.
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Then, since U N Qe O,, by Lemma 7.3, we can estimate
< LG L L@@ nT
uUma Iy + (g + M) L( )
as measures. Then, if S € QN oU suchthat S € S~25, we obtain the claimed bound

\Fu($)] < uy ' (8).

Since this estimate is independent of § > 0, we claim that 7y extends uniquely to
a measure on £ N dU. Indeed, take 6; “\ O such that each Qo e (’) and, given

S C QNJU,define S; = SN Q" and S; = SN (€29\§%-1) for j > 2. Then, by
additivity, we have

N N
> FusH =Ful S,
j=1 j=1

which is uniformly bounded in N by noting that

o
D IFuSHI < u ' (8) < o
j=I1

Thus, there is a unique limit

Fu(S) =Y Fu(S)),

j=1

which also satisfies (7.9). Arguing analogously with disjoint sets S7, S C dU and

considering S; ; = S; N (2% \ Q%-1), we see that this extension is also additive.
Since this extension is additive and satisfies (7.9), arguing as in the proof of Lemma
7.1, we conclude that this extension Fy; is a measure on Q N oU. O

Remark 7.7. In the case that U = V° = R" \ V for some V & , it suffices to
assume that

1 _
liminf — u(QN(V72\V)) < oo,
e—>0 €
which is written as V' € O, In this case, we can set
Fye i= Feny L @° (7.10)

for any 8 > 0 such that § < dist(V, dR), V C Bys, and &° € O,,. Indeed, by
Lemma 7.2 (applied in R" extending u by zero), 55\7 € Oy, so it follows from
Lemma 7.1 that Fgs v is a measure. By the localization property (ii), its restriction
to dV is independent of the choice of § > 0, so (7.10) is well-defined. Also, for
any such §, we can set ,u" b= /,L95 ~L_|_3V, which satisfies

[Fe(S)] < u" 1(8) for any Borel set S C aV.
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7.2. Properties of the Cauchy Flux on Cubes and Half-Spaces

Our proof of Theorem 6.6 relies on considering the Cauchy flux F on the
boundaries of half-spaces and cubes, and integrating along suitable hyperplanes to
construct the desired field F. Since a general half-space H = {x e R" : a-x > t}
need not be contained in 2, we use Lemma 7.6 to consider the flux on Q N 0H
for almost all H. In doing so, it is useful to understand the behavior of the flux on
cubes and, in particular, write F (-) as a sum of fluxes going through the respective
faces. It turns out that this is not possible for arbitrary cubes, since the vector field
may potentially concentrate at the corners, as illustrated for the normal traces in
Example 5.1.

However, localization to faces is possible for almost all cubes, which we will
make precise below. For this, it is useful to introduce some notation. For simplic-
ity, we consider only cubes and hyperplanes subordinate to the coordinate axes
X1, -+, Xn, even though more general frames in R” can also be considered as done
in [31] with minimal modifications.

Definition 7.8. For a cube Q = Q(a, b) := (ai, b1) X --- x (ay, b,), define the
2-skeleton of Q as

3?0 =1{xeQ: xi€la, b} xje{aj, bj)forsomei # j}.

Note that, in two dimensions, 92 Q consists of the corner points, whereas it is the
union of all of the edges of Q (including the vertices) in three dimensions.
Additionally, for 1 <i < n, define the half-spaces

HI

,‘,+={X€Rnixi>t}, HZ_:{xeR":x,-<t}.

Note that (H/ ,)* = H’“ and (H/ _)* = H/_® by recalling definition (6.15). In
particular, BH a’ and 8H " contain the faces of Q foreach 1 <i < n.

We also define suitable null sets to make precise our notions of almost all cubes
and half-spaces.

Definition 7.9. Given the Radon measures ¢ and o from Definition 6.4, for 1 <
i < n,define NV; , C R to be the complement of the set of points 7 € R for which
n(@H] ) =0, and the limits:

1
_MI_(HI+\HZ+£) _\ //L and —/.LI_(HI €\Ht )_\ Ml‘i 1

existase — O with /,L';_I_,l = /L’I’i_,l , where p is viewed as a measure on R” by setting
i+ i,—

||(R" \ ) = 0, and the set ; , C R is £'-null by Lemma 7.4. Furthermore,
define M; , C R as the complement of the set of points ¢ € R such that

ol(@H] ) =

which is at most countable and hence £!-null.
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Observe that Lemma 7.6 applies to the half-spaces Hi{ 4. providedthatt ¢ N\ ,,,
allowing us to make sense of F HY which will frequently be used in what follows.

Lemma 7.10. Let Q = Q(a, b) € Q be a cube such that a;, b; ¢ J\/}M and

w" a, (82Q) ,.‘ (020) =0 foranyl <i <n. (7.11)

1.*

Then Q, @C € (’3u, and there is a unique measure pL”J1 such that

1 * n—1 1 —e\ A\ _F n—1
—n(Q\NQ°) — g (@ N\NQ) — gy ase—0. (7.12)
£ e
Furthermore, for each 1 <i <n,
l|_(aH NaQ) = “H“ll L@H", NdQ).

- i bi
% 1|_(aHl.’7 NaQ) = ;LH,,} L@H," NaQ),
which uniquely determines ,LL"Q*l. In particular, pL”Qfl (0%0) = M%:I(BZQ) =0.

Proof. Viewing u as a measure on R”, we see that each Hi‘fjr, Hi{’"_ € 5#- Then it

follows from Lemma 7.2 that Q € 6#- Now, for any & \ 0, there exists a limit
measure A such that

1 —
—ul(Q\ Q%) — 1 ask — oo.
&k

We now show this limit measure is uniquely determined, from which the full con-
vergence (7.12) follows.
Since Q = ﬂ?zl(Ha’ N H " ) by using Lemma 7.3(i) together with (7.11),
we have
1(0%0) = 0. (7.13)
Moreover, if ¢ € Ce(2\ 32Q), then ¢ is supported in some open subset A &

Q\BZQ. Choosing ¢ > 0 such that ¢ < dist(A, 82Q) and e < %(bj —a;) for each
1 < j <n, wehave

n

an\oH=J(an@ \HT)U Lnj(An(H”’ VHT),

and the sets of the right-hand side are disjoint. Hence, integrating over ¢ with
respect to % w and sending g N\ 0 give

n n
¢dx=2/ L pdu +Z/ o, ddul
j=1 aHj,/Jr 1{./'1‘*' j=1 8Hj,j, H]/,

30
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This, combined with (7.13), uniquely determines A = ,LL”Q*I. Similarly, for the
complement we obtain that 0° € 5 by using Lemma 7.2 and noting that it is the
union of H " and H; bi | foreach 1 <i < n. Then, if & \( 0 for which

1 e .
—pl(Q7*\ Q) — A,
&k

it follows from Lemma 7.3(b) that (32Q) = 0. Moreover, we argue that, for each
AEQ\ 30,

n

XLA:Z( n—1 ,LAnIo +u | L I_(AﬂaQ))

o

from which we infer that A = ;L"Q_l, since /L; ;1}’ =p""%; and p” o=

n—1
b
J J
HJ+ 8va+ 3Hj_7

foreach 1 < j <n. O

Lemma 7.11. Let Q = Q(a, b) € Q be a cube such that a;, b; ¢ N, for each
1 <i < n and that (7.11) holds. Then, for any Borel set S C 0Q,

@(S):Z( e (SNOH) + Fyn (SNaH" )) (7.14)
i=1

n
}'ac(S)=Z< o (SNOH" )+ Fyn (SOH, +)) (7.15)
i=1

Proof. By Lemma 7.6, the flux is defined on the hyperplanes associated with each
face of Q. Also, by Lemma 7.10 and condition (iii), 0, Q° € (’) so that 7 and
Fg¢ are measures majorized by ,u ! (by using Remark 7.7 for the complement).
Since €\ 82 Q is open, for any open set A C '\ 82, the additivity property

(1) from Definition 6.4 gives

n

Fo(AnaQ)=Y" (fQ(Am 8O NIH") + Fo(ANIQNIH, i’fg)),
i=1

by noting that the collection {(d H;", , BHl.h’; ) : 1 <i < n} is pairwise disjoint in
R™ \ 82 Q.
We now claim that, foreach 1 <i < n,

fQ(AmanaH ‘Y=F HE (AOBQDBH“’)

Fo(ANDQNIH") = ng,i (ANJQNIH).

Indeed, when i = 1, writing Q = (a1, b1) x Q' with Q' ¢ R*™!, for§ > 0
sufficiently small, we see that Q| s = (a; — 8, a; + 8) x Q' is an open cube such
that

AﬂQ]y(gﬁQ:AﬁQlygﬁlif”l+
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Thus, applying property (ii) with the open set A N Q1 5, we have

Arguing similarly for the remaining terms, the claim follows.
Therefore, we have

Fo(AnaQ)=3" (inai(A NOQNAH) + F n (ANDQON aH,.‘jf_))
i=1 ' b

for any open set A C Q\ 920.

By Lemmas 7.1 and 7.6, we know that both sides of (7.14) are Radon measures
on 9Q, and the equality holds for any relatively open set S € 9Q \ %0, so that
this extends to all Borel subsets S C 90 \ 920 by Lemma 2.2. Moreover, since
both sides of (7.14) vanish on 82>Q by property (iii), (7.11), and Lemma 7.10,
this extends to hold for any Borel set S C 9 Q. The argument for the flux on the
complement, namely (7.15), is analogous. O

The previous lemma relies crucially on condition (7.11), which ensures that the
flux does not concentrate on the corners of the cube. The following result asserts that
this condition holds for almost all cubes in a suitable sense, which is used frequently
in the sequel. We postpone the technical proof until the end of this section, as it is
disjoint from the discussion which follows.

Lemma 7.12. Given a cube Q = Q(a, b) € Q, for L"—a.e. x € R", (7.11) holds
forx + Q:
Wyt 20+ Q) = WL, (0% ( + @) =0 forany 1 <i <n.

Hi,+

Lemma 7.13. Consider a cube Q = Q(a,b) € Q2 with a;,b; ¢ -/\/i,u which
satisfies (7.11) for each 1 < i < n. Then, for each 1 < j < n, there exists an
L'-null set Nj o C (aj, b;) such that

t > Fyr (QNOH] (7.16)

+)
is continuous when restricted to R \ N .0 and hence is LY-measurable on R, and

F (QNOH[ )= ~Fyi (QNOH]_) foranyt e R\Njg. (7.17)

Proof. We divide the proof into two steps.
1. By permuting the coordinates, we can assume that j = 1. We write Q =
(a1,b1) x Q" and set Qs; := (s,1) x Q' C Q fora; <s <t < by. This satisfies

820y C {s.1} x 30" U320,
viewing 3 Q' as the boundary of Q'  R"~!. Furthermore, notice that

0*Qu N(OH UOH" ) C Q' Ud%Q forany2 <i <n.
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combining this with (7.11), we obtain

M a, (8 Qél)_l‘l’ (a Qst)—o forany 2 <i <n. (7.18)
z+ ,

Observe that, since a;, b; ¢ ./\/,-,,L, we have

n((ar, b)) x 30" =0

owing to [,L(BH ) = u(aHb‘ ) =0forall2 <i < n by Definition 7.9. Thus, for
Ll-ae te (al,bl),

,qu "(((a1,b1) x 9Q") N0 H, +)—M (((al,bl)XaQ)ﬁaH’ )=0.

We denote by 7 the set of points ¢ € (ai, b1) \ (N1, UM, o) for which the above
holds. Then, for s, t € 7 with s < ¢, we have

'U“HY (a th)_/‘LHt (a QAZ)_O

Then, combined with (7.18), Lemmas 7.10-7.11 apply to Qy ;.

2. We now show the result holds with N ¢ = (a1, b)\7.

Let &, 8¢ > O such that e, 8 \( O and t — &, t + 8; € 7 for each k. Then,
applying Lemma 7.11 and the balance law (6.17) to cube Q;_¢, ;, we deduce

0 (Qr—e.t) = Fo, 0, (3Qi—c.0)
=F - sk(QﬂaH’ s'f)JrJ-‘,,, (QNAH{_)

n

+Z(fH;i+(Qz_g,{,,maH“' )+J—' b (90— sk,maH ))

i=2
= I+ 1 +Z (If + 1))
By Lemma 7.1, the fluxes on the respective hyperplanes are measures. It follows

that Il.ki — O0ask — ooforeach2 <i < n.Similarly, 6 (Q;_¢, ) — 0. Then we
see that

hm F o sk(QﬂaH’ = hm 1l L=-N_= —]-‘Hlt’_(QmaH{,_).
Analogously, for Q; ;4s,, it follows that
Jim ,+ak(Q naH ™) = —Fpy ,(QNOH ),
and, for Q;—_¢, 1+s,, we apply that o (d Hy +) = 0O to obtain
Jim 7 r+5L(QﬂaHt+8k)+ Jim F, - ak(QﬂaH’ ) =0.

Thus, it follows that

Fup (QN dH{ ) = —Fu QN dH{ _)
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establishing (7.17), which implies
Jim fH,Mk (QNaH ™) = Fui (QNOH{ ),

hm F, - ek(QﬂaHt ) =Fu; (QmaH1 s

leading to the continuity of (7.16) restricted to R\N/;, ¢. Finally, the L£'-measurability
follows from a general principle; indeed, denoting this mapping by g, if A C R is
open, then

¢ 1) = (glaw, o) " (A U (g1 (A) N o).

This is the union of a relatively open subset of the £!-measurable set R \ N i.0
and an £'-null set, so both are £!-measurable by using the completeness of the
Lebesgue measure. Therefore, g is £'-measurable, as required. O

Combining Lemma 7.12 with measure-theoretic argument allows us to extend
Lemma 7.13 to hold for general Borel subsets. This provides a key step in the
construction of an associated field F in Sect. 8.1.

Lemma 7.14. For each 1 < j < n, there is a null set K; C R containing /\/.,',M U
M 5 such that, fort ¢ K;,

(S N BH’ = —fH;’i(S N 8H]’-’7) for any Borel set S C Q. (7.19)

Moreover, for any such S, the mapping:

t : ,
LT (SNOH; ) it ¢ K, (7.20)
ift € ’Cj,
is L'-integrable satisfying
/I]-"Ht (SNoH! Goldr = u(s). (7.21)
R

Proof. Consider the collection {Q(a, b) : a,b € Q"} of cubes with rational end-
points in R”. Then, for £"-a.e. x € R”", the conclusion of Lemma 7.12 is satisfied
for all x + Q(a, b) with a, b rational, and x; + a;, x; + b; ¢ Ni , U M, , for all
1 < i < n. We then let Qg be the collection of such cubes x + Q & € that are
compactly contained in €2. Observe that Qg is a countable collection of open cubes
generating the Borel o -algebra of 2, which is also closed under finite intersections.

Writing Qg = {Qk}ren and applying Lemma 7.13 to each Qy, we obtain an
associated null set J\/j,Qk for each 1 < j < n, which contains N, U M, by
construction. We set KC; := (J; N, g,, which is a null set for each j. Then, for
allt ¢ K; and k € N, (7.19) holds with § = O, and the mapping in (7.20) with
S = Qy is £'-measurable.

Now, for any ¢t ¢ K;, Lemma 7.6 ensures that 7 H N E)H ! ) are measures

on 2, so we can extend (7.19) that holds for any § = Qk to all Borel sets S C Q
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by using Lemma 2.2. For the second part, let D; denote the set of Borel subsets
S C  for which the result holds; that is, (7.20) is £'-integrable satisfying (7.21).

We now show that D; contains all Borel subsets of €2, by a similar argument to
that in [2, Remark 1.9], thereby establishing the result. For this, observe first that,
if § C Q is a Borel set, then, by property (iii) and Lemma 7.4,

| Frt (SN OHj )| < (SN OH] for £'-a.e. t,

n
where u; is given by the disintegration
w= cl L [0, c0) ®8H;+ Mt + Tsing ®3ij..+ -

Hence, if the mapping (7.20) is measurable, we can integrate in ¢ to deduce (7.21)
and thus infer that S € D;. In particular, Qg C D;, since the associated mapping
is measurable.

We now claim that D; is closed under the set differences and countable in-
creasing unions. Indeed, if A, B € D; with A C B, then, for t ¢ K;, we can
write

:FH.;,-F ((B \ A) N 8H;’+) - fH.;‘_*_ (B N 8H;’+) - ijf+(A N 8Hjt~’+),

which is evidently measurable in ¢, so that B \ A € D;. Also, if {S;} C D;
is any countable collection of pairwise disjoint Borel subsets in €2, then, setting
§=U; ;. we have

ZfH}&(Sj NOH] ) =Fy (SNH;] ) foranys¢ K.
J

so this is also measurable in z. Now, if {A;} C D; is a countable collection of
Borel subsets which is not necessarily disjoint, define {Si} by setting S| = A;
and Sy = Ak\(Ulj;} Sj) for each k > 2. Then {S;} are pairwise disjoint such
that | J, Sx = Uy Ax =: A and, by induction, each Sy € D;, so that A € D;.
Using this, we also obtain € D;, so D; is a o-algebra containing Qg and hence
contains all Borel subsets S C €2, thereby establishing the result. O

Lemma 7.15. Suppose that Q = Q(a,b) € Q such that a;,b; ¢ K; for all
1 <i <nand (7.11) holds. Then

n
i bi
Fo$)=3" (fH:,-+ (SNAHY) — F oy (S0 0H] +)) = —Fg(S)
= :
for any Borel set S C 0 Q. In particular, for any cube Q, this holds for x + Q for
L'-a.e x € R".

Proof. The representations of F(S) and f@:(S) follow by combining Lemma
7.11 with (7.19) from Lemma 7.14 and recalling that \; , UM , C K; for each
1 < j < n. For the last part, we apply Lemma 7.12 to see that (7.11) is satisfied
for £L"-a.e. x € R". By increasing the null set if necessary, we also require that
Xj+aj,xj+bj ¢ Kjforalll < j <n,where Q = Q(a,b). O
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We now conclude this section with the proof of Lemma 7.12.

Proof of Lemma 7.12. Extending u by zero, we view p as a measure on R” in what
follows: Let v, w € R” be unit vectors with non-zero components such that, for
all1 <i < j < n, the vectors (v;, v;) and (w;, w;) are linearly independent.
For instance, we can define v, w € R" by setting v; = j and w; = j? for each
1 < j < n, which can then be normalized by letting v = % and w = % For this
choice, we can readily verify that v;w; # v;w; foralli # j, which implies linear
independence. Now we define

C:= [ (Bw+9°0Q). (7.22)

BeR

Then we divide the rest of the proof into three steps.
1. We first prove that, for the set C as defined in (7.22) above,

pu(av +C) =0 forLl-ae o eR. (7.23)

We establish this in two substeps, starting with the following algebraic result.
1.1. We show thatthereis M € N sufficiently large such that, forany a1, oz, - - -,
oy € R distinct,

M
(v +0) = 2. (7.24)
k=1
In fact, we can take M =2n(n — 1) + 1.
To see this, observe that, for each x € v + C, there is some 8 € R such that
y :=x —av — fw € 3>Q. Then there exist i and j with 1 < i < j < n such
that y; € {a;, b;} and y; € {aj, b;}. We can associate y as lying in the corner
associated to ((i, j), (i, y;)), for which there are 22(5) = 2n(n — 1) = M — 1
distinct choices.
Now, for this choice of M, suppose that there are distinct «q, - - - , oy € R for
which the claim fails to hold, so that there exists some x € ﬂ,iw: 1 (v + C). For
each k, we can find B, such that

Vk =X — oV — frw € 82Q.

By the pigeonhole principle, there exists two points that lie in the same corner, that
is, there exist k1, ko € {1,2,---, M} withk; # kp and 1 <i < j < n such that
ODi = (2)i € {a;i, bi} and (y1); = (y2); € {a;, b;}. We denote these common
values by ¢; and c;, respectively:

(vg)i = xi — ag,vi — Pr,wi = c¢i,

(g)j = xj — o, vj = Br,wj = ¢j,

forg = 1, 2. Rearranging for x; —c; and xj — ¢, we obtain the following equations:

Vi + By wi = agvi + Pr,wi,
Af U +/3k1wj =,V +,3k2wj.
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Since v and w have been chosen so that (v;, v;) and (w;, w;) are linearly indepen-
dent, it follows that oy, = oy, and Bi, = Pr,. However, this contradicts the fact
that o are distinct, which implies that (7.24) holds as claimed.

1.2. For each 1 < k < M, we will show there exists a countable set N} with
Ny € Ny—1 C -+ C N such that

k
,u(m(aiv + C)) =0

i=1

for all a1, ---, o € R\ Ny distinct. Note that claim (7.23) is precisely the case
k=1.

We show this by induction descending in k. First, we notice that this holds for
k = M with Ny = @, since the previous step ensures that the intersection is empty.

For general k < M, suppose that there is a pu-null set Ny as claimed, and
consider any finite collection F of subsets A = {«, - - - , o} containing k distinct
elements taking values in R \ Ai41. Observe that, if Aj, A, € F are distinct, then
the union A U A; contains at least k + 1 elements and, by assumption on Ny,

u( m (av+C)) =0.

aeAN1UA,

Now the inclusion—exclusion principle gives

,u( U ﬂ((xv+C))

AeF aeA
=Y u((New+0)+ Y DY u( () @+0). (7.25)
AeF acA SCF AeF aelJ S

[S|>1

We see that all terms in the second sum are zero, since | S always contains at least
k + 1 distinct elements of R \ ANy 1. Thus, we deduce from (7.25) that

Z pL( ﬂ(av—I—C)) = u( U m(almv—i—C)) < u(R) < oo.
AeF aeA AeF aeA

Since F is arbitrary, it follows that there are at most countably many collections
Ay =A{a", -+, o)} of subsets of k distinct elements in R \ Nx41 such that

u( | @+0)#o.

aeN ),

Thus, we take Ny = Niy1 U U, Am which is £'-null, and observe that any
collection o, - -+ , o € R\ N necessarily does not coincide with any of A,,,
which implies that

k
M(Z(aiv +0)) =0.
i=1

Therefore, the claim follows by induction.
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2: We now show that («v + fw) + Q satisfies (7.11) for Liae. (a, B) € R2,

Let o € R\ V. For B € R to be determined, let x = av + Bw. Then x + Q
has faces intersecting with 9 H; ' FAwitai and 8H‘m+ﬁ withi foreach 1 < i < n.
Moreover, by Lemma 7.4, we can estimate

/ WO ahsrva (@ + O NOHTTT) dr < piav +C) = 0,

i+

and similarly for 9 H;""" oAb

by noting that w; # 0

'. Thus considering t = Bw; in the respective cases,

M’;]_ml,,-+ﬂw,-+a,- (av+C) = " a11/,+ﬂw;+b,~ (@v+C) =0 forL'-ae BeR.
i+

For such §, we see that x + Q with x = av + fw satisfies (7.11), provided that
x 4+ Q € Q. That is, for £L>—a.e. (o, B) € R?, the result holds for x = av + fw.

3: We now show that x + Q satisfies (7.11) for L"-a.e. x € R".

For each y € P := (span{v, w})", applying the above to y + Q, we obtain an
£2-null set M y C R? such that the result holds for (ev + fw) + y + Q, whenever
(a, B) ¢ M,. Then, for My = {y +av + w : (o, ) € M,}, H*(M,) =0

by the area formula (cf. ([2, Theorem 2.71]). Then, setting M = Uye p M) , by the
Fubini Theorem, we have
L"(M) = / HA(My) dH"2(y) = 0.
P
Therefore, (7.11) holds for all x ¢ M, provided that x + Q € Q. O

8. Cauchy Flux III: Construction and Uniqueness of the Representing
Divergence-Measure Field

We now employ the properties of the flux established in Sect. 7 to work towards
the proof of Theorem 6.6. In particular, we define a candidate vector field F to

represent the flux, recover the balance law, and show that any such field must take
this form.

8.1. Construction of a Divergence-Measure Field
Theorem 8.1. Given a Cauchy flux, there exists a measure-valued vector field
=(F15F2"" ’Fl‘l) EM(Q7Rn)

such that | Fj| < j for each 1 < j < n and

Fi(S) = / fH{+(Sﬂ 8H; ) dt for any Borel set S C Q. (8.1)
R Js
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Proof. By Lemma 7.14, we know that integral (8.1) is well-defined for any Borel
set S C 2 (understanding that it is zero on the null set K ;) and satisfies the estimate:

[Fj(9)] = u(S). (8.2)

From this, it also follows that F; (&) = 0. By the additivity property (i) of the flux
and the linearity of the integral, we know that F; is additive on Borel sets. To show
the countable additivity, let {Si} be a collection of pairwise disjoint Borel subsets
of Q,and let S = | « Sk- Then, by finite additivity and (8.2), we have

M M M
Fis) =Y Fiso| = [F s\ US| = w5\ U S) > 0 as M — oo,
k=1 k=1 k=1

This shows that each F; is a signed measure on €2, as required. O

Theorem 8.2. (Recovery of the balance law) The field F constructed in Theorem
8.1 lies in DM®XY(Q) and satisfies

—divF =0 inQ.
In particular, for any U € €2,
Fu@U)=0oU) = (F -v, 1g)u. (8.3)

Proof. To simplify notation, we write Hj | = Hj. Let p; be a standard mollifier,
and define Fs := F * ps. Then, fogny cube Q = Q(a,b) € Land 0 < § <
dist(Q, d€2), since F's is smooth on Q, the classical Divergence Theorem gives

/ div Fs(x)dx = —/ Fs(x) - vpo(x) dH" (x)
0 90

=—/ / ps(x — y) vao(x) - dF (y) dH" ' (x),
00 JR"

where v; ¢ is the inwards normal to 9 Q.
We consider the face: dQ N BHI”' on which vyp = e;. Then, by construction
of F; from Theorem 8.1, we know that the disintegration

Fj = L' ®py Fio = L' @y Fur (- N 0H))

holds. Using this and writing Q = (a1, b1) x Q’, we can write
/ ) / ps(x = y) vag(x) - dF (y) dH"~" (x)

d0naH" JIRn

= / / f xo () ps(ar — y1,x" = y") dFy y, (y) dyr dx’
Rr—1 JR JR2-1

2/ / / xo—(Nps(z1,2) dF1 4y~ (a1 — 21, y') dz1 dZ’
Rr—1 JR JRr—1

=f ps(2) Fi,ay—z, (far — 21} x (Q" = 2')) dz

= / ps(Z)f_Z+H]<¢1 (—z+ (0Q NJH"))dz,
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where we have made the change of variables y; — z; =a; — y; and x' — 7/ =
x" — y'. The remaining sides can be computed similarly. Writing Q, = z + Q that
has faces H," " and Hib" % we deduce

n
. _ llj*Zj
/deFg(x)dx—XI:A‘{n ps(Z)}—H;zj—zj (BQ_ZHE)H]. )dz
1=
‘ b

—Z/ PsF by (DQ— NOH, ™) dz.

i=1 /R By
Now, by Lemmas 7.12 and 7.15, for £L"—a.e. z with |z| < dist(Q, 9€2), we have

Z,/n (}-H(vlj_zj (anz N BH;'Zj_Zj) - fHéf*Zj (anz N 8Hff_zj))
i=1 J ;
= foz (aQ*Z) = O'(sz)_

Thus, we obtain
/ div Fs(z)dx = —/ ps(2)0(Q +2)dz = —/ o * pg(x)dx,
0 R~ o

where ps(x) = ps(—x) is also a mollifier. Since this holds for all cubes Q € R
whenever 0 < § < dist(Q, 0L2), it follows that

—divF % ps = 0 * ps in Q°.

Sending § — 0, we deduce that F € DM (Q) with —div F = o. Finally, it
follows from the balance law (6.17) that, for any U € €2,

Fy@U) =oU) = —/ d(div F),
U

and, by (2.11), this is equal to (F - v, 1q)sy, thereby establishing (8.3). O

8.2. Uniqueness of the Field

‘We now show that the constructed field F is unique. Note that, in Theorem 8.1,
the divergence-measure field F has been constructed componentwise by integrating
the fluxes on BHJ’.’  Wwith respect to the Lebesgue measure. However, this choice
of the measure is seemingly arbitrary, and one may wonder if there is a singular
part that is missed with this construction. This possibility is essentially ruled out
by Theorem 4.1; however, this cannot be directly applied with U = H ’.’ . since
U & Q. Nevertheless, using the localization results from Sect. 5 and Sect. 7.1, we
can adapt the result as follows:
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Lemma8.3. Let F = (Fy, F>,--- , F,) € DM®YQ). Consider the disintegra-
tion:

F; =T®8H1’.,+ Fi, forl <j<n,

where H; 4+ =1{x e R":x; > 1}, extending F; by zero to a measure on R". Then
v < LY and, for L'-a.e.t € R, Fjs:=Dp t(t)I:"j,t is well-defined and satisfies

Fj,,|_§~25 = (F- v)a(fzsﬁng*)l_S’i‘s for L'-a.e. § >0
as measures. In particular, F; = L' @yt . Fj:.
I

Proof. By Theorem 6.7, the divergence-measure field F defines a Cauchy flux F
via its normal trace with u = |F|. Fix t € R be such that

1 [
E|F||—Hjt-y+\Hj’.jf i\u;’_l ase —> 0

to some limiting measure u?il, which is satisfied for £!-a.e. t by Lemma 7.4
applied with u = |F|. Then, by Lemma 7.6, there is a well-defined measure
Fyt +(~) on €2 such that

Js

Far ()= (F - y@nm () (8.4)

for L1-a.e. § € (0, 1) with Q° € O,r| and for any Borel set S C QN 8H;,’+,

where ~S~25 is defined in (7.6). For any such § > 0, we can apply Theorem 4.1 to
U:=Q%n Hj , € Q, which gives

s
/ (F v, 9)ycsnmt ) de = / __ ¢dVdy - F forany ¢ € Lip,(2). (8.5)
0 It U\U?
Now suppose further that ¢ is compactly supported in Q2 and set
Vis = Q% N (H |\ Hfjf).
Then, foreach e € (0, §), observe thatdy (x) = dy +(x) =e¢eforx € §2508H]Hf,
i ,

since dist(x, 855) > min{é, 8’]}and3 < 1.Hence, V; 5 C U\UEs anddy = dHr+
J.
on V; s that is open. Then, by the product rule (Theorem 2.7), we infer

Vdy -FLV,; =Wl_ Vis=F-ejLVs (8.6)
as measures. In addition, for each ¢ € (0, §), the above implies that
@ n Hi ) NVs= Qo n H N V.
By localization (Theorem 5.3), we have

- _ - _ T 1
(F - v)a(QamHJt.Hr)g LVs=(F- V)S(QBOH;f) LVs= }—H_;,+ L Vs for L' —a.e. ¢,
8.7
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by using (8.4). Combining (8.7) with (8.6) in (8.5), we arrive at

8
¢ dFive de = / ¢dF; forany ¢ € Lip,(Q2%).
fo /szmaH_;ﬁ i H_;,+\Hj’._tf ! ¢

This shows that
1 ~
FjLV;,a =L ®3H‘;,+ .7:HJ{Y+|_V;,5

as measures. Since § € (0, 1) is arbitrary and L'-a.e. t € R can be taken, it follows
that

—rl T
F] = £ ®3H},+ ij,‘F
as measures in R”. Then the result follows by using (8.4). |

Theorem 8.4. (Uniqueness of the representing field) Given a Cauchy flux F, sup-
pose that there exists a field G € DMY(Q) such that

Fu(S) = (G -v)yy(S) forany U e O, and any Borel set S C dU.
Then F = G as measures, where F is the field constructed in Theorem 8.1.
Proof. By Theorem 6.7, the field G = (G, Ga, - - - , G,) defines a Cauchy flux

via the normal trace, which is denoted by G. Let 1 < j < n, and consider t € R
for which both limits:

1 1
EML(H},+\Ht+E)—‘M" g E|G|L(H;,+\H’+5 ) — !

exist as ¢ — 0, which is satisfied by £'-a.e. t € R. For any such ¢, applying
Lemma 7.6 to F and G with U = Hj’.’+, we see that

LG QO&HQ) gH, (- mszmaH’+)

are well-defined and agree as measures, since they agree on QP NoH /t 4 for L-
a.e. 5§ > 0. Then, applying Lemma 8.3 above, we conclude '

Gj=£1®.7:Hr (- ﬂaH’+)LQ foreach1 < j <n.

This is precisely how F has been defined in Theorem 8.1. Therefore, F = G. O

9. Cauchy Flux IV: Local Recovery and Applications

In Sect. 8, we have constructed an associated field F € DM (Q) and have
shown that any field representing the flux 7 must take this form. It remains to show
that the field F represents the flux in the sense of Theorem 6.6, which is the content
of the following subsection.
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9.1. Local Recovery of the Flux
The precise statement of the local recovery result is following:

Theorem 9.1. (Local recovery of the flux) Let F be a Cauchy flux, and let F €
DM™Y(Q) be the associated field from Theorem 8.1. Then

Fu(S) = (F -v)yu(S) 9.1
forany U € O,, and any Borel set S C 9U.

We first show this local recovery result holds on almost all cubes, before ex-
tending to general open sets in O,,.

Lemma 9.2. Let F be a Cauchy flux, and let F be the associated field from Theorem
8.1. Then, for any cube Q, there exists a null set N' C R" such that, for any x ¢ N,
if Oy =x+ Q € Q, then

F0.(8) = (F-v)yo,(S) = =F g (§) = =(F - v)y5¢(S) 9.2)
for any Borel set S C 0 Q, where the flux on a; in (9.2) is defined in Remark 7.7.

Proof. By Theorem 6.7, F defines a Cauchy flux F via its normal trace. Also, by
construction of F = (Fy, F3, --- , F,;) from Theorem 8.1 and Lemma 8.3 applied
to F, we know that there is a null set \/ j C R such that

Fuy = Fj=Fn 9.3)

as measures whenever ¢ ¢ J\/J Now, for any cube Q = Q(a, b), consider ~Q =
x + Q for x € R” such that Q, € 2, Lemma 7.15 holds for both F and F, and
Lemma 7.14 applies at the endpoints x; + a; and x; + b; foreach 1 < j < n
(so, in particular, they do not lie in ./\fj). By Lemma 7.12, this holds for £"-a.e. x
such that O, € . Then, for such x, using (9.3), we infer that, for any Borel set
S C 90k,

n

Fo, ()= (inTn,- (SNaH ) - fH’_Thi (SNa H;jfhi))

i=1

Xi+b;
" e (S 0O ))

n
= (ﬁHx,-+a,- (SNaHS ) — F
i=1

= F0,(8) = (F-1)50,(S).

Since Lemma 7.15 also gives Fp, = _JT@C and similarly for F , (9.2) holds as
required. o

We now extend Lemma 9.2 by approximating a general domain U € O, via
finite unions of good cubes for which the local recovery holds, and argue that we
can pass to the limit. To do this, we first show the existence of a family of the said
good cubes.
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Lemma 9.3. There exists a countable collection Qg of cubes such that

(i) For each Q € Qq, 0, 0" € O, and Q € Q.
(i) If Q1, Q2 € Qg intersect non-trivially, then Q1 N Qs € Qq.
(iii) Every open set U € Q2 can be written as a union of cubes in Qq.
(iv) For each Q € Qgq, the recovery of the flux on Q and its complement can be
achieved in the sense that

Fo=([F-v)yp = —.7:66 =—(F- v)aac

holds as measures on 0 Q.

(v) For each Q € Qg, the localization and two-sided properties of Lemmas 7.11
and 7.15 hold for both the flux F and the normal trace F - v.

(vi) u(3Q) = 0 and 'y, 7 (020) = /L—c '(02Q) = 0 for each Q € Qq.

Proof. Consider the collection {Q(a, b) : a, b € Q"} of open cubes with rational
endpoints in R”, which is countable and closed under finite intersections.

Then, for £"—a.e. x € R", Lemma 9.2 applies to each Q, := x + Q(a, b) such
that O, € Q:

n
fo S) = Z ( HA++al SN aHXJral) — x,+b (SN aHXz+bz)>
i=l1

- Z( e (SNl + F, o (SmaHxl“"))

= —F5=(8) = (F - v)s0,(8) = —(F - v),;5(S) ©.4)

for each Borel set S C 9 Q,. Moreover, we can ensure that (7.11) holds for each
O, by Lemma 7.12. We can also choose x such that (9.4) holds with the normal
trace F - v in place of the flux F, by using Theorem 6.7, so that each Q, satisfies
properties (iv) and (v). In addition, we can ensure that the endpoints x; + a; and
Xj + bj do not lie in ./\/f,;ﬂ from Definition 7.9 for each 1 < j < n so that
w(o Qx) = 0. Also, Lemma 7.10 holds for Q, as (7.11) is satisfied, which ensures
that ,u (82Q) ‘] (82Q) = 0. Hence, Q, satisfies (vi). Now, for such x, we
let
Qo={0x=x+0(a,b): 0x €Q,a,beQ"}.

By construction, (i) and (ii) hold. Since every open set U can be written as the
union of cubes with rational endpoints, by considering —x + U, we see that (iii)
also holds. Therefore, Qg satisfies (i)—(vi) as required. |

Next, we show that local recovery holds for unions of cubes from this good
collection.

Lemma 9.4. Given Qg as in Lemma 9.3, denote Vg as the set of all finite unions
V of cubes in Qg given by

k
= int( U ) for Q1. Ok € Qa. 9.5)
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Then, for any V € Vg, V,Vie 5M and
Fv=—Fp=(F vy =—(F -v)pe 9.6)
as measures on 2.

Proof. Since |F| < u, by Theorem 6.7, we can view the normal trace F - v as a
flux F with the same . Now we divide the proof into four steps.

1. We first show that every V' € Vg can be written as a union of disjoint cubes. It
suffices to establish this claim in the case of two cubes, since the general case follows
by inductively replacing the cubes that overlap. Suppose that Q1 = Q(a, b) and
0> = Q(c, d) are contained in the union of V and intersect non-trivially. Denote
S as the set of cubes Q(x,y) C Q1 U Q2 such that x;,y; € {aj,bj,cj,d;} and
xj < yjforall 1 < j < n, which defines a finite collection of cubes in Q. We
use S to define S by discarding all cubes Q € S for which there is 0 € S with
Q C Q (this can be done inductively in any order). Then Sisa disjoint collection
of cubes such that

int( | J @) =int(Q1 U 02).

QeS

so that Q1 and Q> can be replaced by this collection S.
2. We now show that, for any V € Vg,

1
lim sup % w(V7E\ VE) < oo. 9.7

e—0
That is, £(@V) = 0and V, VS € O,,.
We induct on the number of cubes in the union to show this. If V = Q, this
follows by properties (i) and (vi) of Qgq. Assuming that this holds for some V,

we consider a disjoint cube Q € Qg and put V= mt(V U Q) Then, arguing
analogously as in the proof of Lemma 7.2, we have

VE\ Ve C (VE\VEU(Q ™\ 0F) foranye > 0.

Integrating this over % w and sending ¢ — 0 yield (9.7), by noting that both Q
and V satisfy (9.7).
3. We next show that, for every V € Vg and any cube Q € Qg contained in
the union,
FvLaVNa?Q =Fpelavna*Q =0,

and the same holds with F in place of F.
Writing V € Vg as a union of disjoint cubes {Q,'}fle, by property (vi) of Qgq,
we know that

(8 Q)_,u (8 Qi)=0 foreachl <i <k.

Then, by Lemma 7.3(ii), we see that

W I(GVQBZQ)—M '@V Na?Q,) =0 foreachl <i <k.
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By Definition 6.4(iii) applied to both F and F, the result follows.
4. We prove that, if V € Vg is the disjoint union of cubes {Q,-}f: 1 in Qq, then

k k
Fv=) Fo. Fyp=) Fg (9.8)
i=1 i=1

as measures in 2, and the same holds with Fin place of F.

We prove (9.8) by inducting on the number of cubes, where the case k = 1
follows by Lemma 9.3(iv). While we only consider F, the argument for Fis
analogous since it is a Cauchy flux with the same p and o, and agrees with 7 on
cubes Q € Qq.
~ Assuming that V € Vg satisfies (9.8) and Q € Qg is disjoint from V, define
V :=int(V U Q). By the localization property (ii) applied with A = Q \ 0, we see
that 73 and Fy agree on 9V \ d Q and similarly for the complement by localizing
on Q, so that (9.8) holds on 3V \ 3 Q. Similarly, by localizing on 2\V and V, we
deduce that (9.8) holdson dQ \ dV.

It remains to show that (9.8) holds on the intersection 0Q N dV. Let H be a
half-space such that d H intersects both 0V and 0 Q. We assume that H = HJa’Jr

.o bj . ~ .
for some j, since the case H = H i ’_ is analogous. Suppose that Q C V is one of
the disjoint cubes whose union gives V, and set

[:=90N3d0NIH\ (3>QUd%0).

Since the fluxes vanish on 92Q U 82@, we know that (9.8) holds there so that,
if I = @, there is I}S)thing further to show. Otherwise, if I # O, otlgerve th_e
projections of Q and Q to d H; intersect non-trivially. Then it follows that O C H;Z”_

since Q and é are disjoint. Moreover, writing Q = (aj, b1) x Q' with Q' ¢ R*~!
as an open cube, there is k. > 0 such that (a; —«, a;) x Q" C Q. Therefore, setting

A=(a; —«,b))xQ

which is open, we see that AN H = AN Qand ANH = AN Q. Hence, by
the localization property (ii) and the two-sided property of the flux on d H from
Lemma 9.3(v), we deduce that

.'Fvl_l =.7:§|_I :]:H{.lj LI= —fHa_,- LI= —fQLI,
-

i
and, for the complement, we have

.7:VC|_I =.7:5€|_[ =.7:Haj LI= _]:H_;Z,j—LI = —.7:§C|_I.

i+
Since I NV = o, it follows that
FpLl=0=FyLI+FplL1,

and similarly for the complement. Thus, by inductive hypotheses with Q and V,
(9.8) holds for V on I, so the result follows by induction.
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Finally, given V € Vq, by the first step, we can write V as a disjoint union of
cubes {Qi}f‘:1 in Qg and, by Lemma 9.3(iv), (9.6) holds for each Q;. By summa-
tion, we have

k k k k
2 Fo=) (F-vio, = =) Fgr==) (F-vgs
i=1 i=1 i=1 i=1

Combining this with (9.8) as proved, we obtain (9.6) as required. |

Proof of Theorem 9.1. Let Ugq be the set of U & 2 such that conclusion (9.1)
holds. Then Vg C Ug by Lemma 9.4. We fix U € O,, and then show that U € Ug.
To achieve this, we approximate U by elements in Vg as follows: For each k €

N, take a finite covering of U2~ by cubes Q € Qg suchthateach Q € U 270D et

Vi be the union of this covering in the sense of (9.5) so that vt e Vy e g2
and Vi € Vo C Ug. We now divide the remaining proof into three steps.
1. We first show that, for any open cube Q € €2 and Ll qe e >0,

Fu(Q°Nav) =klim Fy, (Q°F NaVy). 9.9)
—00
To achieve this, we set
Ae = 0" N U\ Vi),

and apply the balance law on this open set. By discarding a null set, we can assume
that Q% € O, s0 Az € O, by Lemma 7.2. Then, by the balance law (6.17) and
the additivity property (i),

0 (Ae i) = Fa  (Q° NAU) + Fa_, (Q° N V)
+ Fa, (00° N (U\ V2))
+ Fa 0Ack NQ NI\ Vi)
=L+ DL+ 5L+ 1. (9.10)

. . —(k+1
Since sets A,  are nested in k (as Vi C y2 C Vi+1), we have

Jim o (Ae ) = o(0° N (Mken(U \ Vi))) =0 (@) =0 foreache.

Moreover, by the localization property (ii) applied with A = Q¢ and since each
Vi € Vg, we have

I = Fy(Q° N av),
Iy = Fiy(Q° N V) = —Fy (Q° N V).

By property (ii) applied with A = U \ V} and since F, o¢ is a measure on 0 Q° (by
Lemma 7.1), we see that

kll)rr;o I3 = klglgo Foe(@QF N(U\ Vi) = Foe (d0° N (Mken(U \ Vi) = 0.



Arch. Rational Mech. Anal. (2025) 249:79 Page 63 of 82 79

For the final term, we set B, y 1= A, x N 0Q° N I(U \Vk) and claim that
,uAk(ng)_O foranykandf,—ae e > 0. (9.11)
Indeed, let §; ~ O such that

1
™ pwlL(U\ U%) AMU as j — 00.
J

Then, by arguing as in the proof of Lemma 7.2, we see that 5i w(U \ U%) is
J

uniformly bounded in j and hence, passing to a subsequence (depending on ¢ and

k), we obtain a limiting measure

1 NN .
5 pL(Aex \ AL — wi] as j — oo

. ~5C ~ .
Since Vi, 0° € O, passing to a further subsequence, we can also assume that
there exist limit measures:

1 _
—nl(Q°\ Q) — ! as j - oo,

1 8 — %
— ul(v, I\ Vi) — el
Ve A Vi) — 5;

8j
By Lemma 7.3(i),

W, k(Bek)<Mn '00° ﬂaU)+u "0 N V) + iy (Bes)  (9.12)

for each k and £'-a.e. ¢ > 0. We now show that (9.12) vanishes for any k and
Ll-a.e > 0.

Indeed, by considering ;t = wl(£2\ V) and noting that p/; A = ,u” 1 for
all ¢ and k, we can assume that ©u(dU) = 0 in what follows. Since {0 Q¢ }s>0 are
pairwise disjoint in ¢ > 0, for all but countably many ¢ > 0, we have

“L0° N av) +M 1©0°Navy) =0 forany k.

Also, by disintegration along 9 Q¢, we obtain

foou’io,ﬂ(ags N@UNIV))de < n(Q\ Q% N OU N Vi) =0,
0

by noting that 4 (dU) = 0 as assumed and (9 Vy) = 0 by Lemma 9.3(vi). Then,
for L'-a.e. & > 0, ,u"Q_gl (B¢ x) = 0 for all k£ which, combining with (9.12), leads
to (9.11) as claimed. Hence, by property (iii), we have

sl = |Fao s (Be)| < 1y (Bes) =0,

giving I4 — 0 for this choice of ¢. Thus, combining everything in (9.10), we
conclude

0= lim 0(Agx) =11 + lim L+ lim (/3 + I4)
k— 00 k— 00 k— 00
= Fy(Q° NaU) — lim Fy, (Q° N VL),
k— 00
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which rearranges to give (9.9) as claimed. _

2. Notice that the normal trace F - v defines a Cauchy flux F with the same p
and o by Theorem 6.7. By restricting the allowed parameter ¢ > 0 if necessary, we
can ensure that the above claim also holds for F, that is,

(F -v)yu(Q°NAU) = kl—ig:o(F 1)y (QF N Vi),
Since V; € Vo C Ug, then
Fu(QfNaU) = (F -v)yp(Qf NaU) 9.13)

for all cubes Q €  and for £L'-a.e. ¢ > 0, where the null set depends on Q. We
can further assume that

Fu(-NaU)LAQF = (F - v)yy(-NAU)LAQF =0 9.14)

by restricting the allowed parameter & > 0.
3. To complete the proof, we need to extend (9.13) to hold for all Borel subsets
of 0U. To do this, for each ¢ > 0, define

Dy =1{0(a,b)° 1 a,beQ", Qa,b) € Q}, (9.15)

and let 5?2 be the collection of all finite unions of cubes in D¢, in the sense of
(9.5). Since this is a countable collection, for Ll a.e. ¢ > 0, we can ensure that
(9.13)—~(9.14) hold for each Q¢ € Dy,.

We first claim that D?z is closed under finite intersections. Indeed, observe that

O(a,b) = (a1 +e,by—¢e)x -~ x(a,+& b, —e)=0(a+¢€l,b—el),

where 1 = (1, ---, 1) € R". Using this, we can verify that (Q1 N 02)®* = Q1N Q5
in general, from which the assertion follows. Now, let V € De , which can be
written as a union V = int(Uf»‘=1 E,-), where Q; € sz, i=1,---, k,are pairwise
disjoint. Then

k k
Fy(VNoU) =Y Fuy(QiNdU) = Y (F-v)yu(QiNdU) = (F-v)yu (VNIU)
i=1 i=1

by using (9.13)—(9.14). Thus, (9.14) holds if Q¢ is replaced by the elements in 5?2

Now, let A C Qf be open. We claim that, for each x € A, there is a cube in
0° € D such that x € Q° € A. Indeed, there exists § > 0 such that Qg :=
QO(x — 81, x +81) € A. Then we can choose y € Q" so that [x — y| < % and
reQni+ %, &+ %). Letting Q1 = Q(y —rl, y +rl), we see that Q] € Dy,.
Since % <r—e< %, we obtain the following inclusions:

x€Qi=00—(r—el,y+(r—el)eQc A,
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as required. Performing this about each point and passing to a countable subcover
give a collection {Q;} C Dg, such that | J j Q; = A. Then, since (9.13) holds for

elements in 5?2, it follows that

J J
Fu(lJ @jnav) = F v (| JQ;nav) forany J,
j=1 j=1
so passing to the limit gives
Fu(ANaU) = (F -v)yy(ANal) (9.16)

forany A C QF openand £L!-a.e. ¢ > 0. Since both sides are Radon measures and
& > 0 can be chosen to be arbitrarily small, it follows from Lemma 2.2 that this
holds when A is replaced by an arbitrary Borel set B C €2. From this, we infer that
U € Ug, establishing the result. O

We can now collect the results established in the previous results to prove the
main theorem.

Proof of Theorem 6.6. Given a Cauchy flux F, Theorem 8.1 gives the existence
of a measure-valued field F, which further satisfies the global and local recovery
properties by Theorems 8.2 and 9.1, respectively. Moreover, Theorem 8.4 shows that
this flux is unique and the converse statement is precisely the content of Theorem
6.7. |

9.2. Consequences of the Main Theorem

Using the equivalence given by Theorem 6.6, we can infer the properties of
the Cauchy flux based on the results about the normal traces established in earlier
sections. We now list two of such consequences.

Theorem 9.5. Let F be a Cauchy flux, and let U € Q2 such that U, U e O, and
w(@U) = |o|(dU) = 0. Then

Fu(S) = —F7(S) forall Borel subsets S C dU,
where F e is defined through Remark 7.7.

Proof. Let F be the corresponding DM —field given by Theorem 6.6. Then the
corresponding result for the normal traces holds by Remark 2.12, which asserts that

(F-v, Yoy =(F-v, -)p 9.17)

as distributions, whenever |F|(dU) = |div F|(0U) = 0, and this is satisfied since
|F| < pand|div F| < |o].Since U € Oy, bothsides of (9.17) can be represented
as measures, which remain equal. By Theorem 6.6, Fy(-) = (F - v, -)yy as
measures. On the other hand, since U e O,,, using the notation from Remark 7.7,
for £'-a.e. § > 0 such that U € %, we have

(F v, Da@ang) = F v dage — (F v, )7
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Restricting to $° by using Theorem 5.3 and Remark 7.7, we obtain

Fge = Fapy L = (F v, - )y gy L = —(F v, )5
We combine this with (9.17) to complete the proof. O
Theorem 9.6. For any open set U € <2,

lim Fye(0U®) = Fy(dU). (9.18)
e—0
If, in addition, U € Oy, then there exists ty — 0 such that each Uk e O, and

* .
Fyn — Fy as measures in S2.

Proof. The global convergence of the flux sequence in (9.18) is immediate from the
balance law (6.17), since | J,., U® = U. For the local convergence, since U € O,,
there is & \( 0 such that

1 —
M :=sup — u(U \ ng) < 00.
keN €k

By Lemma 7.4, we can disintegrate u along U’ as
"= £l L[0, 00) Ryut M?]Tl + Tsing Raut ﬁl-

Consider the function:
T(t) = |y (U

defined £'~a.e. t > 0 such that (7.4) holds, which also holds for any ¢ outside a
null set AV C [0, 00). We set T(f) = 0 whenever t € N. Then T € L'([0, 00))

and
1 [o
— T(t)dt <M forany k.
Ek JO

Applying the Markov inequality gives
1 1 Ek &k
L({t €0, e) \ Ny : T(t) =2M}) < — T()ydr = —,
2M Jo 2

so that there exists a sequence #; € (0, &) of distinct values such that 7' (#;) <2 M
for all k. Then #; — 0 and

|[Fyu|(QU™) < nyn (QU™) = T(tx) <2M  for any k.

Passing to a subsequence, we see that F;, converges weakly™ in €.

Now, by Theorem 6.6, F is represented by the normal trace of a field F
DM™(Q), so that the weak*—limit of these measures can be identified with Fy;
(F - v)yy by Theorem 3.3.

ol m
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10. Extension of the Normal Trace

So far, we have restricted our attention to the normal trace on the boundary of
a set E that is compactly contained in 2. However, in applications, it is useful to
consider a set £ C 2 whose boundary may touch 92, for which we introduce the
following definition:

Definition 10.1. Let Q@ C R” be open and F € DM (Q). For aBorel set E C £,
define the normal trace of F on the boundary of E as

(F v, o)y = —/ dVe - F —/ ¢ d(divF) forany ¢ € W2 (Q),
E E
where the middle term is defined from the product rule (Theorem 2.7).

If E € , then this coincides with Definition 2.4 when testing against ¢ €
C Cl (£2), and it is precisely how we extended the normal trace to W 1-%(€2) in Corol-
lary 2.9. We do not require that ¢ vanishes on 92, since d E M d$2 may be non-empty
in general. We can also generalize (2.11) as

(F-v, 1g)sy = (div F)(U) forany U C Q. (10.1)

We record that the normal trace remains supported on dU in the sense of The-
orem 2.15.

Lemma 10.2. Let U C Q be open, F € DM (Q), and let ¢ € Lipy, () vanish
on oU. Then

(F-v, ¢)ou = 0.

Proof. Since the argument is similar to the proof of Theorem 2.15, we only outline
the main modifications. Observe that, since any function ¢ € Lip,,(£2) admits a
unique continuous extension to 92, the condition: ¢ |3y = 0 is well-posed.

Given 0 < § < 1,letds asin (2.14) with U in place of E so that ds is supported
in Q. Also, let x5 € W1*°(R") be 1-Lipschitz such that xs = 1in By ;s with
support in By/s. Thus, letting ¥s := xsds, we see that 5 is %-Lipschitz and is
supported on Q° = By s N Q0 € Q.

Then, by Theorem 2.15 with ¥5¢ on U N Q°, we have

O0=(F-v, W5¢)3(Um§8)

= [ weaavm+ [ oV F
Ung? UngQs

:/Uwaqu(divF)—i-/UdV(%(ﬁ)'F
=(F -v, ¥5¢)su,

by noting that both integrals vanish outside Q0.
We now pass to the limit in § \ 0. Using the definition of the pairing from
Theorem 2.7,

V(Ys¢) - F=ysVp-F+¢Vis-F,
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and since V5 is supported on As = 20\ Q% and |¢| < 28|V | 1(q) on As,
analogously to (2.16), we obtain

| [ 499 F| < 2098lmi@ Ficas),

which vanishes as § — 0. Finally, since ¥s(x) — 1 for any x € U, by the
Dominated Convergence Theorem and the above bounds, we have

0= Sliir})(F v, YsPlou = (F v, d)yu
as required. O

Equipped with this result, we can also argue as in Corollary 2.17 and view the
normal trace on an open set U C €2 as a linear functional Ny € Lip, (9U)*.

Remark 10.3. While the corresponding result for U € 2 (Theorem 2.15) is stated
for any function ¢ € W12 (), we have stated Lemma 10.2 for the test function in
Lipy, (£2). This is because, for a general function ¢ € W koo (£2), we only know that
¢ is continuous in 2, which means that the condition: ¢ |3y = 0 may be ill-posed
if U ¢ Q. However, if we take ¢ € W!°°(Q) and additionally impose that

|p(x)| < C8 foranyx € dU°
forsome C > Oandall § > 0, then we can argue analogously as in the above proof.
We can also extend Theorems 3.3, 4.1, and 4.4 to hold for general U C Q.

Theorem 10.4. Let F € DM®Y(Q), and let U C Q be open and d(x) :=
dist(x, dU). Then there exists an L'-null set N' C (0, 00) such that

(i) For any ¢ ¢ N, the normal trace (F - v, - )yye is represented by a measure on
oU¢?, denoted by (F - v)yye.
(ii) For any ¢ € Wl (Q) and any sequence g — 0 with g, ¢ N,

(F-v, ¢)py = lim ¢ d(F - v)yye.

>0 JaU®k
(iii) For any ¢ € WH2(Q),
1 —
(F -v, ¢)sy = lim — ¢dVd - F.
e=>0¢ Ju\ue

(iv) For any bounded Borel function ¢ on 2,

0
/ ¢)d(F-V)3Utdt=/ ¢dVd - F,
0 au! U

understanding that the integrand is defined for t € (0, c0) \ N.
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Proof. For0 <t < s, define t/ftlfs by (3.4), which lies in Lipy, (£2) C W1 (Q) and

vanishes on dU. Choose s and 7 such that |Vd - F|(dU") = |Vd - F|(dU*) = 0,
which holds for all but countably many s and 7. By Lemma 10.2 and the product
rule (Theorem 2.7), we have

0= (F-v, v ¢l

= fU YU ddiv(g F)) + fU dvy Y - (¢ F)

- / U d@divg F)) + /  pdVTF.
U U

I\US

We can then argue as in the proof of Theorem 3.3 to show that the disintegration
of Vd - F takes the form:

Vd - F = L' ®yyr (F-v)ayr + Tsing @aur e,

from which (i) and (ii) follow. For (iv), we can argue as in the proof of Theorem
4.1 to show that 74, = 0, by observing the test function ¢ (x) = ¥ (d(x))g(x)
remains compactly supported when U C 2. Finally, (iii) follows from (iv) by
arguing exactly as in the proof of Theorem 4.4. O

The localization result from Sect. 5 also extends to this setting as follows:

Theorem 10.5. Let Q C R" be openand F € DM (Q). For U, V C R, suppose
that an open set A C R" satisfies

UNA=VnNA.

Then
(F-v, ¢)ou = (F -v, ¢)sy forany ¢ € W (A).

Asin Theorem 5.3, if the normal traces on dU and 9V are represented by measures,
then a density argument implies that

(F-v)juLOQUNA) = (F -v)yy L@V NA)

as measures. The proof of Theorem 10.5 is analogous to that of Theorem 5.3, by
noting that A can be replaced by a bounded open set A containing A Nspt(¢), since
¢ is compactly supported in A, and that Theorem 10.4(iii) can be applied in place
of Theorem 4.4.

Finally, we can formulate the Cauchy flux to be defined up to the boundary of
2. Given a non-negative measure p on €2, we introduce the set

— 1 P
O, = {U C Qopen : liminf — (U \ U?) < oo}.
e—=0 ¢

Definition 10.6. An extended Cauchy flux in 2 is a mapping F defined on pairs
(S, U) with § C aU Borel and U C €2 open, which satisfies the balance law (6.17)
for any U C 2 so that there is a Radon measure p such that properties (i)—(iii)
hold with ©,, replaced by O,,.
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Theorem 10.7. Let F be an extended Cauchy flux in Q2. Then there exists a unique
divergence-measure field F € DM®™Y(Q) representing F in the sense that both
the global recovery:

Fu@U) = (F -v, 1g)sy forany opensetU C 2, (10.2)
and the local recovery:
Fu(S) = (F -v)yu(S) forany U € @ and any Borel Set S C 0U  (10.3)

hold. Conversely, any F € DM®Y(Q) defines an extended Cauchy flux by (10.2)—
(10.3), and every Cauchy flux F in the sense of Definition 6.4 extends uniquely to
an extended Cauchy flux.

Proof. Since an extended Cauchy flux F is also a Cauchy flux in the sense of
Definition 6.4, the existence and uniqueness of a representing field F € DM (Q)
satisfying — div F = o follows from Theorems 8.1-8.2 and 8.4. Then, from (10.1),
we obtain (10.2).

It remains to extend the local recovery result (Theorem 9.1) to hold for any
U e 5#- For this, we closely follow the proof of Theorem 9.1, approximating
U e 6,L by subsets V; € Vgq; since each Vi € €, the localization and two-
sided properties are guaranteed by Lemma 9.4. The key difference is to show that
(9.9) holds for all cubes Q C R" and £L'-a.e. ¢ > 0, regardless of whether Q¢ is
contained in §2. This is possible because Ay = Q° N (U \ Vi) C £, so that the
balance law (6.17) can be applied in this extended setting. We choose ¢ > 0 such
that

1
lim sup 3 (2N 0%\ 0°)) < oo,
§—0

which is valid for £!-a.e. ¢ > 0 by Lemma 7.4, extending by zero to R”. Then
we can argue analogously as in the proof of Theorem 9.1 (especially (9.9)) that

Fu(Q°Nav) = klim Fy, (Q° NaVy) forany such Q°.
— 00

We then consider the collection of cubes Dp, as in (9.15) and observe that, for
L a.e. ¢ > 0,both (9.13)—(9.14) hold for each Q € D%,,. Then, covering A C R”"
by cubes in Df,, we can infer that the local recovery (9.16) holds for any open set
A, from which a density argument extends the result to all Borel subsets.

Finally, the fact that a flux F € DM (Q) defines an extended Cauchy flux
follows analogously as in the proof of Theorem 6.7, by using (10.1) and Theorems
10.4-10.5 if necessary. Also, if F is a Cauchy flux, letting F € DM (Q2) be the
associated field guaranteed by Theorem 6.6, the extended Cauchy flux F defined
via the normal trace of F is the unique extension of F. O
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11. Remarks on the Existence of Divergence-Measure Fields
The characterization of the solvability of the equation with a Radon measure

—divF =0 (11.1)

has been obtained in Phuc-Torres [53,54] in several spaces of functions, including
continuous vector fields and vector fields in L?, 1 < p < oo.

The next theorem provides a way to show the existence of a solution of (11.1)
that is a vector-valued measure, that is, an extended divergence-measure field.

Theorem 11.1. Given a finite signed Radon measure o in a bounded open set
Q C R", there exists a vector-valued measure F = (Fy,--- , F,) € M(Q;R")
such that — div F = o in the sense of distributions.

Proof. Let C.(£2) be the vector space of all real continuous functions with compact
support defined in €2, equipped with the norm:

||M||CO(Q) = sup u(x)|.
xeQ

Let Cp(£2) denote the completion of C.(£2) in this norm. Similarly, let CC1 (2) be
the vector space of all differentiable functions with compact support in €2 such that
the derivatives are also continuous in €2, which is equipped with the norm:

lullc) @) = sup | ()] +§:g [Vu(x)].

Let Cé(Q) denote the completion of CCI(Q) with this norm. Observe that o €
C& (22)*, since we can estimate

‘/deo‘ < |o1(@) sup lgl = 11 l¢llcy o) forany ¢ € Cp().  (112)
We define
A:CHQ) = Co(R), Aw) = Vu,

which is a bounded linear operator, since
lAullcy) = IVullcyy < lullcrqy foreveryu € CH).
0(€2)

Since Cé (2) is complete, the range R(A) of A is a closed subspace of Cy(£2). We
now define the functional

L:R(A) — R, R(A)C Cy(R)
as .
L(Vu) = o (u).

We claim that L is well defined.
Indeed, suppose that Vu; = Vus. Then, on each connected component, u; =
u» + C for some constant C. We recall that u € Cé (R2) if and only if both # and Vu
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are continuous in €2 and, for any ¢ > 0, there exists K € 2 such that |u(x)| < ¢
and |Vu(x)| < ¢ for any x € Q \ K. This characterization of Cé (€2) implies that
C = 0 on each connected component.

We now show that L is continuous on R(A) C Co(S2). For any u € C& (2),
using the first part in (11.2), we compute

IL(Vw)| = lo@)] < |o| () llull ¢y -
By the Hahn-Banach Theorem, L can be extended to a continuous linear functional
L: Co(R2) > R.

Hence, by the Riesz Representation Theorem, there exists a unique R”-valued finite
Radon measure F = (Fy, F», --- , F}) such that

n
L(u) = Z/Qu, dF; foranyu € Co(R).
i=1

In particular, for any ¢ € C°(£2), we have

o(p) = L(Vp) = L(Vg) =/Qv¢- dF. (11.4)

Since the distributional divergence of F is given by

(—div F, ¢) :/ Vo - dF, (11.5)
Q

we conclude from (11.4)—(11.5) that
(—divF, ¢) =0 (p) forany ¢ € C°(R),
thatis, —divF =o. O

Remark 11.2. A more classical method for solving equation (11.1) is to use first the
Newtonian potential to solve the equation: —Au = o and then define F := Vu.
This approach is used in [62, Example 3.3(i)], where it is shown that, if o has
compact support in R", a solution to (11.1) is given by F(x) = —-. (})n fRn |xdfay(|{)_1 )
where w,, is the volume of the unit ball in R”. Note that, if o is a measure on
a bounded domain 2, we can apply this by taking a zero extension of o to R".

Moreover, u belongs to WIL’CP (R") forall 1 < p < ;%; sothat F = Vu ¢

n
Lﬁ)C(R”, R™). If o = 0, the Newtonian potential approach clearly gives F = 0.
Without the assumption of the measure having compact support, using similar
techniques as in Theorem 11.1, it was shown in [53, Theorem 3.1] that, if 1 < p <
+=7 and o is any positive Radon measure in R", equation (11.1) has a solution
F € LP(R", R") if and only if o = 0. Moreover, it was indicated in [53, Theorem
3.2] that, for -“5 < p < oo, (11.1) has a solution F € LP(R", R") if and only

if 1o € LP(R"), where 10 is the Riesz potential of order 1 of o defined as
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Lio(x) = g |xd—0y(|¥l)— -. A characterization of this type is still unknown if ¢ is a
signed measure.

If o is represented by a function in L? for 1 < p < oo, there exists a function
u € W2P(Q) satisfying —Au = o € LP(Q),and F = Vu € WhP7(Q, R") solves
(11.1). For p = 1, there are examples of functions o € L'(Q) for which there is
no solution for (11.1) with F € Wh1(Q, R") ([5, §2.11). For p = oo, there are
functions o € L°°(£2) for which there is no solution for (11.1) in W1 (2, R")
(see [5, §2.2] and [49)).

For the critical case o € L"(2), even though there exists u € W21 (Q) that
solves —Au = o, and hence Vu € W17 (Q, R") solves (11.1), we can not conclude
that Vu € L°°(2, R") since it is a limiting case of the Sobolev imbedding. More-
over, if we consider the function u(x) = @(x)x1|In[x]|%, 0 < o < ”n;l, where
@ is a smooth cut-off function with support near 0, then it holds that Au € L",
but Vu ¢ L™ (see [5, Remark 7]). If —Au = o € LP(Q) forn < p < oo and
u € WrP(), then Vu € Co’l_%(Q, R™) (see [34, §5.6.2, Theorem 5]), which
implies that, for the case p = n, we can not conclude that Vu is continuous.
Bounded and continuous vector fields that solve equation (11.1) with o € L"(£2)
were constructed in Bourgain-Brezis [5, Proposition 1, Theorem 1, and Theorem
1’] by using other techniques.

For general distributions o, a characterization of the solvability of (11.1) in
the class of continuous vector fields was obtained in Pfeffer-De Pauw [32] and De
Pauw-Torres [33]. It was shown in [32] that there exists a continuous vector field in
2 that solves the equation if and only if o belongs to a space of distribution denoted
as the space of strong charges (see [32, Theorem 4.7]. In [33], it was proved that
there exists a continuous vector field F € Co(R", R") (i.e., vanishing at infinity) if
and only if o belong to the space of charges vanishing at infinity (see [33, Theorem
6.1]). The space L" belongs to both spaces of distributions, in particular solving
equation (11.1) in the class of continuous vector fields when o € L"(2).

Our construction in Theorem 11.1 provides a characterization of all fields F
such that — div F = o, as all possible extensions of L from R(A) to Co(£2). Indeed,
if F is any such field, then, for any ¢ € C°(2),

/Qw -dF = o(p) = L(Vg).

Our proof relies on the Hahn-Banach Theorem to produce an extension and hence
is non-constructive.

Similar techniques as in Theorem 11.1 have been used in [53, Theorem 4.5
and Theorem 3.5] and [54, Theorem 4.4 and Theorem 7.4] to obtain the necessary
and sufficient condition on the measure o to solve —div F = o in the spaces
F € L®°(Q,R") or F € C(2,R").
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12. Equivalence between Entropy Solutions of Nonlinear PDEs of Divergence
Form and the Mathematical Formulation of Physical Balance Laws

In this section, we employ the results obtained in Sects. 2—11 to establish the
equivalence between solutions of nonlinear PDEs of divergence form and the math-
ematical formulation of physical balance laws, and to analyze entropy solutions of
hyperbolic conservation laws.

12.1. Mathematical Formulation of Physical Balance Laws

As stated in Sect. 6, a physical balance law on an open set €2 of R” postulates
that the production of a vector-valued extensive quantity in any bounded open set
U € Q is balanced by the Cauchy flux of this quantity through the boundary oU
of the open set U ; see also Dafermos [27] and the references cited therein.

Like the Cauchy flux, the production is introduced through a functional P,
defined on any bounded open set U € £, taking values in R" and satisfying the
conditions:

PULUUp) =PUy) +PUy) ifU NU, =6,
[PU)| < m(U),

where [x is a given Radon measure. It follows (from, for example, [42]) that P
extends to a measure, in which there is a production measure o € M(Q; RV),
with o < [1, such that

PWU)=0(U) forany U € 2 open. (12.1)

Then the physical principle of balance law on €2 can be mathematically formulated
as
F@U)=PWU)=0(U) (12.2)

for any bounded open set U € 2.

12.2. Equivalence Between Weak Solutions of the Physical Balance Laws and
Nonlinear PDEs of Divergence Form

First, combining Theorem 6.6 with (12.1)—(12.2), we conclude that there exists
a unique divergence-measure field F € DM (Q) such that

—div F = o in the sense of distributions, (12.3)
and, for any Borel subset S C 0U with U € O,
Fu(S) = (F -v)yu(S), (12.4)

where (F - v)yy is the normal trace of F on dU. By considering a vector-valued
flux and working component-wise, we can obtain a matrix-valued field F =
(Fy{, Fy,---, FyN)T with each row F; lying in DM®Y(Q), so (12.3) becomes
a system of balance laws (understood with a row-wise divergence).



Arch. Rational Mech. Anal. (2025) 249:79 Page 75 of 82 79

Consider the state of the medium under consideration that is described by a
state vector field u = (uy, --- , uy)7T taking values in R which determines both
the flux density field F and the production density field o at point y € 2 by the
constitutive relations:

F(y) = F(u(y),y), o(y):=o@(y),y), (12.5)

where F(u, y) and o (u, y) are given vector fields in (u, y), understood in a sense
determined by the physical system.

In the case that F(u, y) and o (u, y) are sufficiently regular, (12.5) is always
well-defined if u € L°°. This is not always so if u € L? for some 1 < p < oo,
and further assumptions may be necessary to ensure the composition F (u(y), y) is
locally integrable. If u is measure-valued, then we must give a meaning to (12.5);
this is a modeling issue, which is beyond the scope of this paper. An example of
such constitutive relations in the measure-valued case is given in [11] for the Euler
equations for gas dynamics in Lagrangian coordinates.

Combining (12.3) with (12.5), we obtain the first-order quasilinear system of
PDE:s of divergence form:

div F(u(y), y) + o (u(y), y) =0, (12.6)

which is called a system of nonlinear PDEs of balance laws (cf. [27]).
For the zero-production case: P = 0, which implies that o (u(y), y) = 0, then
the above derivation yields

div F (u(y), y) =0, 12.7)

which is called a nonlinear system of conservation laws. In particular, when the
medium is homogeneous:
F(u,y) = F(u),

depending on y only through the state vector u = u(y), then system (12.7) becomes
div F(u(y)) = 0.

Now suppose that the coordinate system y is described by the time variable ¢ and
the space variable x = (x1, -+, Xp):

yz(ta-x)z(tax]v"'v-xm)a n:m+15
and the flux density is written as an N X n matrix:
F) = (u,f(w) = (u, fi(w), -, f, ()

where fT: RY — R™ for each i = 1,---,m. Then we obtain the following
standard form for the system of conservation laws:

u+div, f(w) =0, (r,x) e R", ueR", (12.8)

where the spacial divergence is taken row-wise.
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This shows the equivalence between the weak solutions of physical flows gov-
erned by the balance laws (12.2) and weak solutions of the corresponding system of
nonlinear PDEs of divergence form (12.6), or even a system of conservation laws
(12.8), through the relations (12.3)—(12.4).

Theorem 12.1. The following statements hold:

(i) The state variables u € RN (even measure-valued) that are governed respec-
tively by the physical balance laws (12.2) and the corresponding nonlinear
PDEs of divergence form (12.6) are equivalent on any open set U. That is,
the weak solutions u € RN (even measure-valued) for the state variables of
the physical balance laws (12.2) and the corresponding nonlinear PDEs of
divergence form (12.6) are equivalent.

(ii) Given an open set U, the divergence-measure field F € DM®Y(Q) is endowed
with the normal trace (F - v)yy on 0U such that (12.4) hold for any Borel
subset S C U withU € O,,.

(iii) If (12.7) is satisfied, across any discontinuity surface S on which the underlying
field F does not concentrate, the weak Rankine-Hugoniot condition holds: The
exterior and interior normal traces of the divergence-measure field F for weak
solutions are equal, i.e., the normal trace is continuous across S.

However, the exterior and interior normal traces of the corresponding entropy
divergence-measure fields on a shock wave must have a jump, inferred by the second
law of thermodynamics as indicated in Sect. 12.3 below.

12.3. Entropy Solutions of Hyperbolic Conservation Laws

We now apply the results established in Sect. 4 through Sect. 9 to the recovery
of Cauchy entropy fluxes and the corresponding entropy balance laws through the
Lax entropy inequality (i.e., the second law of thermodynamics) for entropy solu-
tions of hyperbolic conservation laws by capturing entropy dissipation. That is, for
hyperbolic conservation laws, even though there may be no production for a weak
solution, the entropy solutions must obey the entropy balance law with non-zero
production in general, especially when the entropy solution contains shock waves.
This leads to the intrinsic connection between the second law of thermodynamics
and the entropy balance laws in Continuum Mechanics.

We focus now on system (12.8), which is assumed to be hyperbolic. A function
n : RY — Ris called an entropy of (12.8) if there exists q = (g1, -+, gm)T :
RN — R such that

Vgjm) = Vo)V, j=1,--,m.

Then the vector function q(u) is called an entropy flux associated with entropy
n(u), and the function pair (n(u), q(u)) is called an entropy pair. The entropy pair
(n(u), q(u)) is called a convex entropy pair on the state domain D C RV if the
Hessian matrix V27 (u) > 0 for anyu € D.

Itis observed that most systems of conservation laws that result from continuum
mechanics are endowed with a globally defined convex entropy (see Dafermos [27]
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and Friedrichs-Lax [41]). The available existence theories show that solutions of
(12.8) generally fall within the following class of entropy solutions:

Definition 12.2. A vector functionu = u(z, x) € Mipc Ry xR™)or LP (R4 xR™)
for some p > 1 is called an entropy solution of (12.8) if u(¢, x) satisfies the Lax
entropy inequality:

on(u(t, x)) +divy q(u(t,x)) <0 (12.9)

in the sense of distributions for any convex entropy pair (1, q) such that

(n(u(t, x)), q(u(t, x))) is adistributional field.

Clearly, an entropy solution is a weak solution, which can be seen by choosing
(n(w), q(u)) = £(u;, f;(w),i =1,---, N,in (12.9).

One of the main issues in hyperbolic conservation laws is to study the behavior
of entropy solutions in this class to explore to the fullest extent possible all questions
relating to uniqueness, stability, large-time behavior, structure, and traces of entropy
solutions, with neither specific reference to any particular method for constructing
the solutions nor additional regularity assumptions. The Lax entropy inequality
(12.9) indicates that the distribution:

drm(u(z, x)) + divy q(u(, x))

is nonpositive. Then we conclude that it is, in fact, a Radon measure; that is, there
exists o, € M(Ry x R™) with o;; > 0 such that

—div vy (n(u(z, x)), qu(, x))) =: oy.
Therefore, the vector field (n(u(z, x)), q(u(t, x))) is a divergence-measure field:

(n(u(t, x)), q(u(r, x))) € DMige (R4 x R™),

loc

provided that (n(u(z, x)), q(u(z, x))) € Mipc (R4 x R™).
We introduce a functional on any surface S C dU with U € Oy

FU(S) == —=((n(w), q)) - v)yu (S), (12.10)

where ((n(u), q(u)) - v)jy is the normal trace of (n(u), q(u)) on AU in the sense
of Theorem 3.3, since (n(u(z, x)), q(u(z, x))) € DM (R4 x R™).

By Theorem 6.7, the functional ]—"l"] defined by (12.10) is a Cauchy flux in the
sense of Definition 6.4, taking u to be the total variation measure |(n(u(z, x)),

qu(z, x))|.
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Definition 12.3. (Cauchy entropy fluxes) A functional F; ["] as defined by (12.10) is
called a Cauchy entropy flux with respect to entropy 7 (u).

In particular, when (7, q) is a convex entropy pair, F, Z (S) > 0 for any Borel set
S C U with U € Oy,. Furthermore, we can now reformulate the balance law of
entropy from the recovery of entropy production by capturing entropy dissipation.

Theorem 12.4. (Entropy balance laws) The production o, of entropy dissipation
in any bounded open set U € 2 is balanced by the entropy Cauchy flux F, Z through
the boundary U of the open set U € Q.

Furthermore, we have

Theorem 12.5. Assume thatu = u(t, x) € Mjoc(Ry x R™) or LP (R4 x R™) for
some p > 1is an entropy solution to (12.8). Then

(i) Across the discontinuity, the normal trace of the vector field (u(t, x), f(u(z, x)))
is continuous, provided the underlying field does not concentrate on the dis-
continuity surface; in this case the weak Rankine-Hugoniot condition holds.

(ii) For a convex entropy pair (n(u), q(w)) with Vzn(u) > 0, the normal trace of
the vector field (n(u(t, x)), q(u(t, x))) has a jump across a shock wave, which
decreases across the shock in the t-direction.

The continuity of the normal trace of the vector field (u(¢, x), f(u(z, x))) is
due to the fact that div(u(z, x), f(u(z, x))) is zero and |(u, f(u))|(dU) = 0 as
assumed. On the other hand, the jump of the normal trace of the vector field
(n(u(t, x)), q(u(t, x))) is because div(n(u(z, x)), q(u(z, x))) has a concentration
on a shock wave, due to the entropy dissipation, concentrated on the shock
wave.

Furthermore, for characteristic discontinuities such as vortex sheets and entropy
waves, in general, div(n(u(t, x)), q(u(t, x))) does not have a concentration due to
the loss of the entropy dissipation along such a discontinuity, and the normal trace
for the vector field (n(u(z, x)), q(u(z, x))) may generally be continuous across the
characteristic discontinuity normally.

Moreover, itis clear that understanding further properties of divergence-measure
fields can advance our understanding of the behavior of entropy solutions for
hyperbolic conservation laws and other related nonlinear PDEs by selecting ap-
propriate entropy pairs. As examples, we refer the reader to [8—18,65] for such
applications.
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