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Abstract

This is a thesis in three parts regarding the study of quantum phases of matter.

In the first part, we show that the gapless boundary signatures — namely, chi-
ral/helical hinge modes or localized zero modes — of three-dimensional higher-
order topological insulators and superconductors with inversion symmetry can
be gapped without symmetry breaking upon the introduction of non-Abelian
surface topological order. In each case, the fractionalization pattern that ap-
pears on the surface is ‘anomalous’ in the sense that it can be made consis-
tent with symmetry only on the surface of a three dimensional higher-order
insulator/superconductor. Our results show that the interacting manifestation
of higher-order topology is the appearance of ‘anomalous gapped boundaries’
between distinct topological orders whose quasiparticles are related by inver-
sion, possibly in conjunction with other protecting symmetries such as TRS
and charge conservation. This part is based on the published work: Ming-
Hao Li, Titus Neupert, S. A. Parameswaran and Apoorv Tiwari, Anomalous
gapped boundaries between surface topological orders in higher-order topological
insulators and superconductors with inversion symmetry, Phys. Rev. B 106,
125121.

In the second part, we extend the study of finite-entanglement scaling from one-
dimensional gapless models to two-dimensional systems with a Fermi surface.
In particular, we show that the entanglement entropy of a contractible spatial
region with linear size L scales as S ∼ L log[ξf(L/ξ)] in the optimal tensor
network, and hence area-law entangled, state approximation to a metallic state,
where f(x) is a scaling function which depends on the shape of the Fermi sur-
face and ξ is a finite correlation length induced by the restricted entanglement.
Crucially, the scaling regime can be realized with numerically tractable bond
dimensions. We also discuss the implications of the Lieb-Schultz-Mattis theorem
at fractional filling for tensor network state approximations of metallic states.
This part is based on parts of the published work: Quinten Mortier*, Ming-

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.106.125121
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.106.125121


Hao Li*, Jutho Haegeman and Nick Bultinck, Finite-entanglement scaling of
2D metals, Phys. Rev. Lett. 131, 266202.

In the third part, we study fermionic quantum spin liquids (QSLs) on the three-
dimensonal trillium lattice of corner-sharing triangles. We are motivated by
recent experimental and theoretical investigations that have explored various
classical and quantum spin liquid states on similar networks of triangular motifs
with strong geometric frutstration. Using the framework of Projective Symmetry
Groups (PSG), we obtain a classification of all symmetric Z2 and U(1) QSLs on
the trillium lattice. We find 2 Z2 spin-liquids, and a single U(1) spin-liquid which
is proximate to one of the Z2 states. This small number of solutions reflecting
the constraints imposed by the two non-symmorphic symmetries in the space
group of trillium. This part is based on the unpublished work in collaboration
with Dr. Sounak Biswas and Prof. S.A. Parameswaran.

* These authors have contributed equally to the work.
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Chapter 1

Introduction

Since the beginning of history, our forebears have never ceased to ponder the transient
nature of existence. In his late work Timaeus [1], Plato notes that, because of the constant
transformation between things – “...we apparently see what we’ve just been calling ‘water’
solidifying and turning into stones and earth ...”, it is difficult to give an identity to a
thing when its identity can be transformed into another. As a solution to this difficulty,
he proposes that things in their own rights are the receptacles, characterless objects that
get characterised temporarily by the four elements, namely fire, water, air and earth. Plato
then proceeds to construct a mathematical/geometrical theory for the four elements, which
he assumes to be made of primary particles of certain shapes. More specifically, he assigns
the tetrahedron for fire, the octahedron for air, the icosahedron for water, and the cube for
earth. These Platonic solids are fundamentally made of triangles, and transformations of
elements are achieved by the reassembling of the triangles.

Using modern terminologies, what Plato describes in his dialogue can be regarded as
a theory of phase transitions. The term “phase” can be identified as Plato’s element, and
microscopic particles such as atoms and molecules replace Plato’s triangle. As an example,
today we know that the same constituent, namely the H2O molecule, is the assembling unit
simultaneously of ice, water and vapour. Different phases of matter are the consequences,
more of different kinds of collective phenomena, rather than of the different fundamental
units.

To a modern physicist, what mathematical principles are guiding the formation of dif-
ferent phases of matter? A remarkable theory was developed in the 1960s, largely due to
Lev Landau [2, 3], in an attempt to explain the so-called second order phase transitions.

Chapter heading: owl motif, detail of the fanggui, Shang dynasty, Yinxu period (circa 14th – 12th/11th
centuries B.C.), Meiyintang Collection # 65.
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The Landau theory states that phases separated by second order phase transitions are char-
acterised by different symmetries. A primary example is the 2D Ising model, a toy model
for magnetism, which exhibits paramagnetic phase above a certain temperature Tc, and
ferromagnetic phase below Tc. Across the transition, a Z2 symmetry is broken. The sec-
ond order phase transitions themselves, often called critical points/lines, exhibit universal
features, such as scale invariance and critical exponents.

The Landau theory had been really successful, notably explaining BCS superconductors
and gapless excitations such as phonons and spin waves associated with symmetry breaking.
However, encounters with quantum Hall effects and high Tc superconductors from the 70s
to the 80s demonstrated to us that phases cannot be distinguished merely by symmetries.
In fact, in the past five decades, a kind of “quantum new wave” has emerged, in which a
considerable amount of novel phases of matter beyond the Landau regime has been iden-
tified. It is an ongoing quest for the contemporary physicists to shift to a new paradigm
which classifies and explains these novel phases of matter. Despite the absence of a new
paradigm, a collection of research themes, which are not necessarily mutually exclusive, is
discerned. The list includes:

• Fractionalisation: emergent quasi-particles that carry fractionalised charge and statis-
tics, such as anyons;

• Band topology: systems with bulk topological invariant and protected anomalous edge
theories, most famously gapless theories;

• Fermi surface states without quasi-particle excitations: non Fermi liquid states which
exhibit anomalous transport properties, such as the strange metal phase in the cuprate
systems;

The list can go on, but what is the common thread that connects the items? Today, it is
widely believed that quantum many body entanglement plays a central role in the “quantum
new wave”, and it sometimes reminds me of the role that DNA plays in biological systems.
Being a primary feature that distinguishes quantum world from the classical world, it is not
surprising that it holds the key to the plethora of the exotic phases. Mathematically, we use
entanglement entropy to quantify the amount of entanglement in a system. In many cases,
we can distinguish the novel phases directly from the quantum entanglement entropy itself,
e.g. topological entanglement entropy and Fermi surface entanglement entropy that depends
on the Fermi surface geometry. Utilising our understanding of quantum entanglement, an
efficient representation of typical many body quantum states, that can be stored on classical
computers, is developed, namely the tensor network representation (I will explain later in
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this chapter what “typical” means), greatly advancing the classical simulations of quantum
matter.

Due to the richness of the phenomena, during my DPhil studies I have not committed
myself to a singular research theme. Instead, three separate studies were conducted on
the quantum phases of matter, namely the phases of matter at absolute zero temperature,
when the quantum effects are the strongest and the most transparent. The first concerns
the anyonic states on the surfaces of the inversion protected higher order topological phases,
where we probe alternative anomalous surface states for these crystalline symmetry pro-
tected phases; the second turns to the study of finite entanglement scaling of 2D Gaussian
fermionic tensor network states, demonstrating tensor network’s capability to simulate the
highly entangled Fermi surface states; finally we present a projective symmetry group study
of the quantum spin liquid states on the 3D trillium lattice.

In the coming sections, we give a comprehensive pedagogical review of the prerequisites
for the above three studies.

1.1 Symmetry protected topological phase and bulk bound-
ary correspondence

1.1.1 Symmetry protected topological phase

The notion of bulk-boundary correspondence has been crucial in the studies of topological
phases of matter. An example of the principle is the two dimensional topological insulator
(2D TI), which has a bulk theory that is topological and gapped, as well as a one dimensional
edge theory that is gapless [4, 5]. For certain topological phases, the stability of the gapless
nature of the edge relies on the symmetries that are present in the system. In the system
of 2D TI, the relevant symmetry group is U(1) ⋊ T , where T denotes the time reversal
symmetry (TRS). To see why the symmetry protects the gapless nature of the edge modes,
one notes that edge modes for 2D TI can be described by U(1)1×U(1)−1 Luttinger theory,
and the symmetry explicitly prevents us from writing down a mass term in the Luttinger
theory [6, 7]. Due to the demonstrated symmetry protection, these phases are usually
termed symmetry protected topological phases (SPT phases) [8, 9, 10].

In understanding the principle of bulk-boundary correspondence, the notion of anomaly
is very important [11, 12, 13, 14, 15]. In general, for a d-dimensional SPT phase protected by
symmetry group G, the boundary theory of the SPT phase cannot exist on its own without
breaking the symmetry. However, the boundary theory of a SPT phase does not necessarily
take a unique form. Gapped and gapless theories can both be the boundary theory of a SPT
as long as they have the correct anomaly corresponded to the SPT phase. Therefore one
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can see that the bulk-boundary correspondence principle is not a correspondence between a
SPT and a gapless boundary theory. Instead, it is a correspondence between a SPT and an
anomalous boundary theory. Now we review this correspondence using a simple example.

1.1.1.1 ’t Hooft anomaly in 0D and projective representation of symmetry

Let us consider a generic quantum mechanical system, with the Hilbert space H. The
quantum states in the Hilbert space are defined up to a U(1) phase, i.e.

|Ψ〉 ∼ |Ψ′〉 = eiα|Ψ〉, (1.1)

where∼ denotes equivalence. Indeed, under the insertion of phase, the transition amplitudes
|〈ϕ|ψ〉|2 are preserved, where |ϕ〉 is another quantum state.

When the discussion of symmetry is involved in the context of quantum mechanics,
one popular definition is that, under the symmetry action g, generic transition amplitudes
|〈ϕ|ψ〉|2 are preserved. Bearing this in mind, how do we establish a representation of a
symmetry group G that corresponds to the Hilbert space? In 1931, Wigner proved the
following theorem [16]:

Theorem 1 (Wigner’s theorem). Given a symmetry element g ∈ G, where G is the relevant
symmetry group, there exists a bijection ρg which acts on H. The operator ρg is either linear
and unitary, or anti-linear and anti-unitary.

The operators ρg are not defined uniquely in the case when dim H ≥ 2, since the
following map ρg 7→ eiαρg still preserves transition amplitudes. This phase ambiguity
is most relevant in the case of projective representations of symmetry. In the following
paragraphs, we construct an example.

Let us consider an Abelian symmetry group G ≡ Z2 × Z2 ≡ {1, a, b, ab}. A projective
representation is given as follows:

ρ1 = τ0, ρa = τz, ρb = τy, ρab = iτx, (1.2)

where τ0 is the identity matrix, and the rest of the τs are the Pauli matrices. The projective
nature of the representation can be seen by examining the multiplication laws, which are
denoted as ρg1ρg2 = exp(iα(g1, g2))ρg1g2 . We have that α(a, b) = α(ab, ab) = π. One might
hope that, upon the redefinition ρg 7→ eiαρg, these non-trivial phases can be eliminated. In
fact this is not possible, since we cannot smoothly go from a projective representation to a
non-projective one. The classification of projective representation of the group G is given by
the second cohomology group H2(G,U(1)). In this specific case we have H2(Z2×Z2,U(1)) =
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Z2, therefore there is only 1 non-trivial projective representation up to the redefinition of
phases.

The fact that [ρa, ρb] 6= 0 implies that there exists no G-invariant state. Let us assume
the opposite, i.e. ∃|ψ〉 such that ρa|ψ〉 = ρb|ψ〉 = |ψ〉. The contradiction is clear when
we realise that ρaρb|ψ〉 6= ρbρa|ψ〉, violating our earlier assumption. Consequently, this
provides an obstruction for us to gauge the G symmetry, as gauging a symmetry in quantum
mechanics means projecting to the G-invariant sector. The obstruction is the so-called ’t
Hooft anomaly [17].

As we will see in the coming section, the projective representation also constrains the
spectrum of the compatible Hamiltonian. Through the example, we will see how SPT and
’t Hooft anomaly can be connected.

1.1.1.2 A 1D SPT protected by Z2 × Z2

Figure 1.1: This figure portrays the cluster model on the 1D lattice with open boundary
condition. The symmetry becomes fractionalised on the left and right edge, and admits
projective representations locally.

In this section we present the cluster model which is described in some details in Ref. [18].
We consider a spin-12 model on a 1D lattice with open boundary condition, as demonstrated
in Fig. 1.1. The Hamiltonian is given by:

H = −
∑
j

τ j−1
x τ jz τ

j+1
x . (1.3)

The cluster model has a Z2×Z2 symmetry. Suppose the number of sites is an even number
N , we find the following representation of the symmetries:

ρa = τ1z τ
3
z τ

5
z . . . τ

N−1
z , ρb = τ2z τ

4
z τ

6
z . . . τ

N
z . (1.4)

Note that [ρa, ρb] = 0, but this will be violated in the ground state. Since the terms
in the Hamiltonian commute, the ground state subspace has 〈τ j−1

x τ jz τ
j+1
x 〉 = 1 for all j.

Consequently, 〈τ1xτ2z τ4z τ6z . . . τN−2
z τN−1

x 〉 = 1. Somewhat surprisingly, the global symmetries
a and b, when restricted to the ground state subspace, become operators that only act on
the edge:

ρa|GS = τ1z τ
2
xτ

N
x , ρb|GS = τ1xτ

N−1
x τNz . (1.5)
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It is then natural for us to factorise the symmetry operators into left and right edge sym-
metry operator, namely: ρLa |GS = τ1z τ

2
x , ρRa |GS = τNx , ρLb |GS = τ1x and ρRb |GS = τN−1

x τNz .
The localised operators on the edge do not change the energy in the ground state subspace,
and their existences are termed symmetry fractionalisations.

In contrast with the initial representation, the edge representation of symmetry is pro-
jective. More specifically,

(ρLa ρ
L
b )|GS = −(ρLb ρLa )|GS, (ρRa ρ

R
b )|GS = −(ρRb ρRa )|GS. (1.6)

Therefore, both the left and the right edge are individually two-fold degenerate, resulting
the ground state to be four-fold degenerate. Indeed, the cluster model is a non-trivial SPT
and its edge exhibits a typical ’t Hooft anomaly.

As we notice, the boundary theory of the cluster model is gapless, as it is common in
many of the SPT realisations. This does not necessarily need to be true at all times. Indeed,
in the coming section we would like to present examples of anomalous gapped boundary
theory for SPT.

1.1.2 Surface topological order

When interaction is absent, the surface of 3D TI hosts odd number of 2D gapless Dirac cone.
In contrast with the free regime, when interaction is introduced, the surface of 3D TI can
host a gapped theory without breaking the symmetries, at the cost of being topologically
ordered i.e. there are anyons on the surface [19, 20]. This phenomenon is not exclusive to
TI: 3D TSC and even bosonic SPT phases can also host anyons on their surfaces [21, 22,
23]. These surface topological orders (STOs) carry the same anomaly as the original gapless
theories.

The STO for the 3D TI is the so-called T -Pfaffian state, where the term was coined
due to the fact that it is a time reversal symmetric variation of the Pfaffian/Moore-Read
state [24]. The algebraic theory of T -Pfaffian can be viewed as a product of two topological
orders:

T -Pf ≡ Ising× U(1)8/Z2. (1.7)

The Ising topological order, the complex conjugated version of the traditional Ising topo-
logical order, has three anyons,

Ising = {1, ψ, σ}, (1.8)

with fusion rules:
σ × ψ = σ, σ × σ = 1 + ψ,ψ × ψ = 1, (1.9)
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and topological spins:
θ1 = 1, θψ = −1, θσ = e−i

π
8 . (1.10)

The topological spin of an anyon a encodes the phase that is picked up by the state when
two as exchange position/half-braid.

The U(1)8 topological order has 8 anyons:

U(1)8 = {0, 1, 2, 3, . . . , 7}, (1.11)

with fusion rules:
p× q = (p+ q) mod 8, (1.12)

and topological spins:
θk = ei

π
8
k2 . (1.13)

The product is taken such that 1, ψ ∈ Ising are combined with even p ∈ U(1)8, and σ ∈ Ising
is combined with odd p ∈ U(1)8. Therefore we arrive at:

T -Pf = {10, 12, 14, 16, ψ0, ψ2, ψ4, ψ6, σ1, σ3, σ5, σ7}. (1.14)

The fusion rules and topological spins can be obtained as the product of the Ising topological
order and the U(1)8 topological order. We list the topological spin here. Among the above

10 12 14 16 ψ0 ψ2 ψ4 ψ6 σ1 σ3 σ5 σ7
θ 1 i 1 i −1 −i −1 −i 1 −1 −1 1

Table 1.1: Topological Spins for T -Pfaffian topological order.

anyons, ψ4 is special since it is a local object i.e. it braids trivially with everyone else. Also,
it has topological spin −1 and U(1) charge e. Therefore we identify it to be the physical
electron. The existence of such local object is a feature of fermionic topological order,
indicating the non-modularity of the theory.
One can observe that algebraic theory of T -Pfaffian is time reversal invariant, since most
anyons have real topological spins with the exceptions 12, 16, ψ2, ψ6. With these four anyons,
we have:

T : 12 ↔ ψ2, 16 ↔ ψ6. (1.15)

By breaking TRS, one can obtain a purely 2D chiral topological order with the same
anyon contents as the T -Pfaffian. The edge of such 2D chiral topological order contains a
Dirac mode and a counter propagating Majorana mode. It is described by the following
Lagrangian density:

L =
2

4π
∂xϕ(∂t − v1∂x)ϕ+ iγ(∂t + v2∂x)γ, (1.16)
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where ϕ denotes the bosonised Dirac mode, and γ is the Majorana mode. One notes that
the chiral central charge of the edge is given by c = 1

2 .
The STO for the 3D ν = 3 TSC is the SO(3)3 topological order. The SO(3)3 anyon

model contains anyons {0, 1, 2, 3} with fusion rules:

i× j =
min[i+j,6−(i+j)]∑

k=|i−j|

k, (1.17)

and topological spins:
{θi} = {1, i,−i,−1}. (1.18)

The quantum dimension of the anyons is listed as the following:

{di} = {1, 1 +
√
2, 1 +

√
2, 1}. (1.19)

From the above data, one can derive the S-matrix, which encodes the braiding information,
via the Kitaev ribbon formula [25]. By breaking TRS, one can also obtain a purely 2D
chiral topological order with the same anyon contents as the above. The edge of such 2D
chiral topological order is described by the so(3)3 Wess-Zumino-Witten (WZW) theory.
Furthermore, the chiral central charge of the edge is given by c = 9

4 . The above two
topological orders we described are very useful for our construction in Chapter 2.

1.1.3 Higher order topological phases

In the picture mentioned above, one notes that the relevant symmetries are on-site, and
the bulk-boundary correspondence principle relates a d-dimensional bulk to a (d − 1)-
dimensional boundary. In recent years, researchers have come to realise that the intro-
duction of crystalline symmetries to the system can generalise the standard notion of bulk-
boundary correspondence. More specifically, the presence of certain crystalline symme-
tries can establish a d-dimensional bulk to d − k-dimensional boundary correspondence,
and such systems are termed k-th order topological topological insulators/superconductors
(TIs/TSCs) [26, 27]. Physically, the correspondence is manifested by the existence of
hinge/corner gapless modes in the system. Examples of these higher-order topological phases
include: 1.) 3D phases with hinge modes (second-order phases); 2.) 2D phases with corner
modes (second-order phases); 3.) 3D phases with corner modes (third-order phases). In this
generalised regime, the standard TIs and TSCs can be classified as first-order topological
phases, whereas the k-th order topological phases are referred to as higher order topolog-
ical insulators/topological superconductors (HOTIs/HOTSCs). Examples of higher order
topological phases are constructed in Chapter 2.
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1.2 Area law and tensor network states
1.2.1 Entanglement entropy and the area law

In this thesis we study quantum phases of matter, i.e. phases of matter at T = 0. At
equilibrium, the quantum system rests in its ground state, which encodes the information
of the phases. It turns out that we can draw quite general conditions on the entanglement
entropy for the systems that appear in nature, namely the scaling laws. Before we give a
precise statement on this, let us review what entanglement entropy is.

Let us consider first a density matrix ρ, and we define an entropy quantity S ≡
−Tr[ρ log ρ]. Interpreting the density matrix as a statistical ensemble, and it can be diag-
onalised with R non-zero eigenvalues {λ1, . . . , λR}, the entropy defined before is evaluated
as:

S = −
R∑
i=1

λi log λi, (1.20)

bearing close resemblance with the Gibbs entropy. The direct consequence of the above
definition is that, for a pure state ρ ≡ |ψ〉〈ψ|, the entropy is 0, whilst for mixed states, the
entropy is non-zero. Such behaviours lend itself abilities to measure quantum entanglement,
whose presences indicate that the entangled subsystem encodes only partial information
about the whole. In other words, when we partition the entire system into entangled parts
A and B, the reduced density matrix ρA ≡ TrB[ρ] is a mixed density matrix, and thus the
entropy:

SE ≡ −Tr[ρA log ρA] 6= 0. (1.21)

At this point, we can start calling the defined quantity entanglement entropy, which is also
referred to as the von Neumann entropy in the literature.

How does the entanglement entropy of a random pure state look like? This question
was considered by Page [28]. Suppose the system is partitioned into A and B, with Hilbert
space dimension m ≡ dNA and n ≡ dNB respectively, where d is the local Hilbert space
dimension, and NA and NB are the sizes of the subsystems (NA ≤ NB). Taking the average
defined against the unitary invariant Haar measure on the space of unit vector |ψ〉 in the
m× n Hilbert space of the entire system, Page conjectured that:

SE =
mn∑

k=n+1

1

k
− m− 1

2n
. (1.22)

At large n, the above formula has an asymptotic expansion:

SE = logm− m2 − 1

2mn
+

∞∑
j=1

B2j
m2j − 1

2jm2jn2j
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∼ logm− m

2n
= NA log d− dNA

2dNB
, (1.23)

where B2j are the Bernoulli numbers and the last line holds whenm >> 1. Despite Eq. 1.22
being only a conjecture by Page, it was later proved rigorously in [29, 30].

Identifying NA as the “volume” of subsystem A, the aforementioned scaling behaviour
of the entanglement entropy for a random pure state is the so called volume law. It is then
somewhat surprising when we discover that the ground states of typical quantum many
body systems defy the volume law, and instead obey a different kind of scaling law. Indeed,
Hastings proved rigorously [31] an area law for gapped local 1D quantum systems. We now
carefully state the theorem as follows.

Theorem 2 (Area law in 1D). Consider a Hamiltonian H =
∑

j∈{1,...N}Hj,j+1, where
Hj,j+1 is supported on site j and j + 1 only, and ||Hj,j+1|| ≤ J . Suppose the Hamiltonian
has an unique ground state with energy gap ∆E. Consider subsystem A = {1, . . . , NA}, we
have:

SE(A) ≤ Smax = c0ξ log(6ξ) log(d)2
6ξ log(d), (1.24)

where d is the local Hilbert space dimension, c0 is of order unity constant, ξ ≡ max(2v/∆E, ξC),
v is the velocity of sound associated with the Lieb-Robinson bound and ξC is of order unity.

We note that Smax is a constant and does not scale with subsystem size NA, i.e. it is
proportional to the area of |∂A| = const. Since this proof, there has been a series of works
that attempt to improve and generalise the theorem. Notably in Ref. [32, 33, 34], using
the Chebyshev-based Approximate Ground State Projector (AGSP) technique, Hastings’
results on the 1D area laws are exponentially improved. The bound given in the proof by
Hastings scales like exp(O(ξ log(d))), whereas the improved version gives O(ξ log3(d)). An
area law is also proved for 2D frustration free spin systems using the same technique.

Is the existence of an energy gap a necessary condition for the area law? In 1D this is
generally true. However, in higher dimension, even critical systems can be shown to respect
the area law, e.g. the critical bosons [35]. Today, it is generally believed that the ground
states for quantum systems with gapped local Hamiltonians feature the area law in general
dimensions, which are arguably the most “typical” settings in nature. Therefore, to probe
the ground state properties, we need to deal with states that are much less entangled than
a random quantum state. Indeed, the designers for the tensor network states took note of
that, as we will see in the coming discussions.
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(a) (b)

(c)

Figure 1.2: (a) A local tensor with three open legs, the horizontal legs are to be contracted
with the neighbouring tensors, and the vertical leg denotes physical degrees of freedom; (b)
A 1D matrix product state, where A denotes a subsystem; (c) A 2D projected entangled
pair state, where A denotes a subsystem.

1.2.2 Tensor network states

Tensor network states are built out of local tensors such as the one in Fig. 1.2a. Denoting
the tensor as T , we have T ∈ V ∗

Virt ⊗ VPhys ⊗ VVirt, where VVirt and V ∗
Virt are the virtual

Hilbert space and its dual that contain virtual degrees of freedom to be contracted, with
dimension D, and VPhys is the local physical Hilbert space with dimension d. Suppose the
basis for V ∗

Virt is span{〈i|}, for VPhys is span{|j〉}, and for VVirt is span{|k〉}, the local tensor
is explicitly:

T =
∑
i,j,k

Cijk〈i| ⊗ |j〉 ⊗ |k〉. (1.25)

To build tensor network states, we contract the virtual degrees of freedom so that only the
physical degrees of freedom are left. In the language of the tensor diagrams, contractions
are denoted by the connected legs. The reason why we introduce the virtual degrees of
freedom is to sustain quantum entanglement through the networks, and the dimension of
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the virtual Hilbert space, called the bond dimension D, serves as a control parameter for
entanglement. We will make this statement precise in the coming discussion.

1.2.2.1 The matrix product states

The matrix product states (MPS) are the 1D examples of tensor network states, and
Fig. 1.2b gives an example of MPS in the tensor diagram language. Suppose we have
N physical sites, with periodic boundary condition, the MPS state is formally:

|Ψ〉MPS =
∑

j1,...,jN

Tr[T j1T j2 . . . T jN ]|j1〉 ⊗ |j2〉 ⊗ · · · ⊗ |jN 〉. (1.26)

The contractions of the virtual legs take the forms of matrix products, hence the name.
A generic many body state on these N physical sites is:

|Ψ〉 =
∑

j1,...,jN

Cj1,...,jN |j1〉 ⊗ |j2〉 ⊗ · · · ⊗ |jN 〉. (1.27)

Comparing the number of parameters in the above two states, we observe that:

#(|Ψ〉MPS) = o(NdD2), #(|Ψ〉) = o(dN ). (1.28)

When N is large, it is quite clear that o(dN ) >> o(NdD2). Why, then, do we believe that
the MPS can encode enough information to represent |Ψ〉? The secret lies in the area law.
Making a subsystem cut as we did in Fig. 1.2b, because of the matrix product structure,
the Schmidt rank of the state is at most D2. Thus we obtain an upper bound for the
entanglement entropy for the subsystem:

SE ≤ 2 logD ∼ |∂A|, (1.29)

which is an area law. It is then not surprising that the MPS can be used to simulate the
ground states of 1D quantum gapped local Hamiltonians.

Historically, White discovered a powerful algorithm to simulate 1D quantum system,
termed the density matrix renormalisation group (DMRG) [36, 37]. It was quite a mystery at
that time regarding why DMRG was that successful. Later it was realised that, formulated
in the MPS language, what DMRG does is variationally optimising the MPS [38, 39, 40].
Moreover, it was shown in Ref. [41] that all 1D area law states can be efficiently and
faithfully represented as MPS. Together with the Hastings’ proof on the area laws for the
ground states of 1D quantum gapped local Hamiltonian, the mystery was finally solved.

In the coming paragraphs, we derive some important properties for the MPS. For sim-
plicity, we consider the case when the MPS is uniform at the thermodynamical limit with
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open boundary condition. The derivations follow closely Ref. [42], which is one of the
canonical texts on the uniform MPS methods. We first write down the state |Ψ(T )〉:

|Ψ(T )〉 = . . . T T T T T . . . . (1.30)

The first thing we would like to comment is that the MPS has gauge redundancies, i.e. the
following transformation leaves |Ψ(T )〉 invariant:

T 7→ G−1 T G . (1.31)

To fix a gauge, canonical forms can be found for the MPS tensor T . To proceed we need
to first introduce the transfer matrix:

E =

T

T̄

. (1.32)

Using this D2 ×D2 operator, we can normalise the MPS. Note that the leading eigenvalue
of E is a positive number λ0. By rescaling T 7→ T/

√
λ0, we ensure that 〈Ψ(T̄ )|Ψ(T )〉 = 1.

Next, by solving eigenvalue equations for the leading eigenvector, we can find the left and
right fixed points l and r:

l

T

T̄

= l ,

T

T̄

r = r . (1.33)

Decomposing l = L†L, we perform the following gauge transformation:

T 7→ L−1 TL L , (1.34)

such that:
TL

T̄L

= . (1.35)

The post-transformation tensor TL is called the left-orthonormal form. Similarly we can
define the right-orthonormal form TR. If we further define C ≡ LR, the following condition
between TL and TR exists:

TL C = C TR = TC , (1.36)

15



where
TC = L T R . (1.37)

These forms serve as the key ingredients for us to set the gauge. Indeed, choosing a generic
site (it is called the central site because our system is infinite), and we transform all the left
tensors into the left-orthonormal forms, and the right tensors into the right-orthonormal
form, we arrive at the so-called mixed gauge. In the diagrammatical language, we perform:

|Ψ(T )〉 = . . . TL TL L T R TR TR . . .

= . . . TL TL TC TR TR . . .

= . . . TL TL C TR TR . . . (1.38)

In the mixed gauge, it is clear to see that the singular value decomposition of C = USV †

gives us the Schmidt decomposition of the state at the bond, and the entanglement entropy
is directly evaluated as:

SE = −
∑
i

C2
i log(C

2
i ), (1.39)

where Cis are the singular values of C. Using the canonical forms, we can exactly calcu-
late the scalar product for two MPS, and the complexity is o(dD3). In fact, calculating
expectation values of local operators as well as correlation functions has similar complexity.

Another property we mention here is that the correlation functions on the MPS always
decay exponentially. Consider a correlation function:

〈Ψ(T̄ )|O0On+1|Ψ(T )〉 = l O

T

T̄

T

T̄

. . .

T

T̄

T

T̄

O r . (1.40)

To evaluate the expression, we perform an eigen-decomposition for the transfer matrix
products in between the two sites:

En = r l +
∑
i

λni λi λi . (1.41)

The first term on the right hand side will clearly give us the disconnected part of the
correlation function. The connected correlation function is then:

〈Ψ(T̄ )|O0On+1|Ψ(T )〉 − 〈Ψ(T̄ )|O0|Ψ(T )〉〈Ψ(T̄ )|On+1|Ψ(T )〉
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=
∑
i

(λi)
n

l O

T

T̄

λi × λi O

T

T̄

r . (1.42)

From the expression, we can observe that the connected correlation function has exponential
decay, and the largest eigenvalue in the expression λmax determines the correlation length
ξ = −1/ log(|λmax|). Note that λmax is the second largest eigenvalue of the transfer matrix
E, since the true largest eigenvalue is 1 after normalization.

The above derivations were done in the case of infinite uniform MPS in the open bound-
ary condition. In the case of finite MPS without translation invariance in the open boundary
condition, canonical forms can still be found iteratively. The complexity for calculating the
scalar product for two MPS of N sites becomes o(NdD3). In the case of finite MPS without
translation invariance in the periodic boundary condition, canonical forms can no longer be
found due to the existence of loops, but the scalar product for two MPS of N sites can still
be calculated, with the complexity o(NdD5).

To summarise, the MPS admit: 1.) the area law of entanglement entropy; 2.) finite
correlation length; 3.) efficient exact contractions; 4.) canonical forms in the case of open
boundary conditions. Much of the success of MPS based simulations relies on the last two
properties. The question is, can we still afford such luxury with its higher dimensional
counter parts?

1.2.2.2 Projected entangled pair states

The projected entangled pair states (PEPS) are the natural higher dimensional generalisa-
tions of MPS, and Fig. 1.2c gives an example of PEPS in the tensor diagram language. In
this chapter we consider only the 2D case. Comparing with the MPS, the local tensor that
is used to build the tensor network is five legged instead of three.

Making a subsystem cut as we did in Fig. 1.2c, which is a square region with size Ls×Ls,
the Schmidt rank of the state is at most D4Ls . Thus we obtain an upper bound for the
entanglement entropy for the subsystem:

SE ≤ 4Ls logD ∼ |∂A|, (1.43)

which is an area law similar to the case of MPS. In fact, the similarity does not extend
much further.

A novice practitioner of PEPS will undoubtedly be surprised about the fact that PEPS
can sustain correlation functions with polynomial decay, in sharp contrast with MPS. In-
deed, in Ref. [43], a beautiful example is constructed. The key idea here is a correspondence
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between PEPS and classical statistical physical systems. We consider the 2D classical Ising
model as a pedagogical example, which has the classical Hamiltonian:

H =
∑
⟨i,j⟩

h(σi, σj) = −
∑
⟨i,j⟩

σiσj , σi = ±1, (1.44)

where 〈i, j〉 denotes the nearest neighbour bonds. We first prepare a product state
⊗

i |+〉i,
where |+〉 = | ↑〉+ | ↓〉, and the PEPS state is constructed by:

|ΨH,β〉 = exp[−β
2

∑
h(σi, σj)]

⊗
i

|+〉i. (1.45)

Each of the exp[−β
2h(σi, σj)]s is a kind of local gate that acts on the product state

⊗
i |+〉i,

creating entanglement with bond dimension D = 2. The contraction of the PEPS leads to
the classical partition function for the Ising model, namely:

〈ΨH,β |ΨH,β〉 = Z(β) ≡
∑
{σ}

e−β
∑

⟨i,j⟩ h(σi,σj). (1.46)

Moreover, the correlation functions evaluated on the PEPS can be identified as the classical
correlation functions for the Ising model:

〈ΨH,β |σiσj |ΨH,β〉
〈ΨH,β|ΨH,β〉

=
1

Z(β)
∑
{σ}

σiσje
−β

∑
⟨i,j⟩ h(σi,σj). (1.47)

The 2D classical Ising model on square lattices becomes critical at βc = 1
2 log(1 +

√
2), and

the correlation function becomes:

〈ΨH,βc |σiσj |ΨH,βc〉
〈ΨH,βc |ΨH,βc〉

∼ a

|r⃗i − r⃗j |1/4
. (1.48)

Remarkably, we have shown that at a modest bond dimension D = 2, PEPS is capable
of representing a state that has polynomially decaying correlation function. It should be
noted though, that the critical state here is a classical critical state. Aside from this, we
should also bear in mind that in 2D, criticality does not necessarily lead to the violations
of the area law as we mentioned earlier. Again we see evidence that entanglement entropy
should serve as a measure of simulation capability.

The demonstrated simulation power of PEPS has likely cheered up the mood of the
aforementioned practitioner. However, much to our inconvenience, there is no canonical
form for PEPS due to loops, whose presences prevent us from making sensible Schmidt
decompositions. Despite efforts seeking a generalised version of canonical form for PEPS
(see Ref. [44] for example), no widely accepted solution has been found. In fact, exactly
calculating the scaler product of two generic PEPS of N sites has the complexity o(exp(N)).
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More precisely, it has been shown that the complexity class of contracting generic PEPS
tensor is #P -hard in the number of tensors [45, 46].

To overcome this difficulty, algorithms have been developed to approximately contract
PEPS, such as the boundary MPS methods [47], and corner transfer matrix methods [48].

Alternatively, we can also study restricted tensor network states that can be contracted
efficiently, examples include isometric tensor network [49], as well as Gaussian fermionic
tensor networks that we utilise in Chapter 3.

1.2.2.3 Fermionic tensor network states

The most commonly used TNS represent spin wave functions, and hence are bosonic, i.e. the
constituent tensors are simply arrays of complex numbers. To every index of the bosonic
tensors we can associate a vector space with a particular choice of basis, and the arrays of
complex numbers represent the components of the tensors in these basis.

Fermionic TNS are defined as a natural extension of conventional bosonic TNS. In
particular, to every index of a fermionic tensor one associates a super vector space V [50].
A super vector space is a Z2 graded vector space, which means that it comes with an
operator Zf which squares to the identity (the fermion parity operator), and partly induces
a canonical choice of basis such that basis vectors are eigenstates of Zf . States which are
eigenstates of Zf are called homogeneous states, and the parity of a homogeneous state |i〉
is denoted as

Zf |i〉 = (−1)|i||i〉 , |i| ∈ {0, 1} . (1.49)

The subspace of V spanned by the vectors which are even under Zf is denoted as V 0, and
is called the even subspace. The odd subspace is denoted as V 1. The properties of a super
vector space V naturally carry over to its dual space V ∗, which is also graded. The natural
action of dual vectors on vectors gives rise to the evaluation map C, and we can choose a
canonical dual basis 〈i| such that

C : V ∗ ⊗ V → C : 〈i| ⊗ |j〉 → δij . (1.50)

It then also follows that 〈i|Zf = (−1)|i|〈i| so that |i〉 and 〈i| have the same parity. The
Z2 grading induced by Zf becomes important when vectors are ‘reordered’. More precisely,
when working with tensor products of super vector spaces, one always uses the following
canonical isomorphism,

F : V ⊗W →W ⊗ V : |i〉 ⊗ |j〉 → (1)|i||j||j〉 ⊗ |i〉 , (1.51)

which encodes the fermionic anticommutation relations. The same reordering rule is used
when one or two of the vectors involved are dual vectors. Tensor contraction is then
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defined as the following sequence of steps: (1) take the tensor product of the tensors to be
contracted, (2) use F to bring the vectors and dual vectors corresponding to the legs which
are to be contracted next to each other, and (3) use the evaluation C as defined in Eq. 1.50
to contract the legs. This procedure is unambiguous up to an innocuous overall minus sign
as long as the tensors respect the superselection rule which comes with super vector spaces:
all tensors need to have a well-defined fermion parity. For more details we refer to Ref. [50].

There exists an isomorphism between polynomials of M Grassmann numbers and a
super vector space of dimension 2M . To illustrate how this isomorphism works, consider
the case of a single Grassmann number θ. To every monomial we associate a basis state of
the super vector space as follows,

θn ∼= |n〉 , n ∈ {0, 1} . (1.52)

The dual space is isomorphic to polynomials of another Grassmann number θ̄,

θ̄n ∼= 〈n| , n ∈ {0, 1} . (1.53)

The evaluation map is then given by the following Berezin integral,

C : 〈n| ⊗ |m〉 ∼= θ̄nθm →
∫

dθ

∫
dθ̄ eθ̄θθ̄nθm = 〈n|m〉 = δnm . (1.54)

This explains the presence of the factors eθ̄xθx+ex/y in the definition of the Gaussian fermionic
tensor network states later in Eq. 3.2: they ensure that the Berezin integral implements the
tensor contraction according to the conventional evaluation map of the super vector spaces
associated with the legs of the fermionic tensors. The canonical isomorphism F defined
in Eq. 1.51 is implemented automatically via the anticommutation relations of Grassmann
numbers. The mapping of monomials of Grassmann numbers to basis states of a super vector
space generalizes straightforwardly to the case with more than one Grassmann number.

1.2.3 Area law breaking states and finite entanglement scaling

The discussions earlier made it clear to us that the representation capability of tensor
network states relies on the area law. Despite the fact that the area law are “typical”
ground states of local quantum systems, there are crucial scenarios in which the ground
states of local quantum systems become more entangled than the area law. The study of
how well suited TNS can be used to represent these states is called finite entanglement
scaling. In the coming discussions, we discuss the area law breaking states in 1D and higher
dimension and give a summary of our understanding of finite entanglement scaling.
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1.2.3.1 Area law breaking in 1D: conformal field theories

In this section we prove that the entanglement entropy for conformal field theory in 1+ 1D
(2D CFTs), usually describing 1D quantum systems at criticality, violates the area law
by a logarithmic correction. The proof was initially given in Ref. [51], but the arguments
presented here follow closely with Ref. [52].

Consider a quantum many body system in one dimension. We would like to compute
the density matrix at finite inverse temperature β:

ρ({ϕ′′}|{ϕ′}) ≡ Z(β)−1〈{ϕ′′}|e−βH |{ϕ′}〉, (1.55)

where Z(β)−1 is the partition function. The density matrix can be written as a path integral
in the canonical sense:

ρ = Z−1

∫
D[ϕ]

∏
x

δ(ϕ(x, 0)− ϕ′)
∏
x

δ(ϕ(x, β)− ϕ′′)e−SE , (1.56)

where SE(x, τ) is the corresponding Euclidean action.
It is simple to verify Trρ = 1, which is done by setting ϕ′ = ϕ′′. In the relevant scenario,

we consider a subsystem A ≡ (u, v) at τ = 0, and we want to compute ρA ≡ TrĀρ. Now,
recalling computing Z(β), which requires us to sew τ = 0 and τ = β together. The path
integral is then done on a spacetime manifold which is sewed in the τ direction. Computing
ρA ≡ TrĀρ requires us to do the same path integral, albeit leaving an open cut for interval
A along τ = 0.

The replica trick involves dealing with the object, TrρnA, which can be again written as
a path integral, defined on the spacetime manifold Rn, which is constructed by: 1.) take n
copies of the original spacetime manifold responsible for computing ρA (sewed object with
open cut A), labeled by 1 ≤ k ≤ n; 2.) sew the cuts such that ϕ′k = ϕ′′k+1 and ϕ′n = ϕ′′1

for x ∈ A. The resulting spacetime manifold is then an n-sheeted object Rn. And we have
TrρnA = Zn(A)/Z

n. Let us then note that:

SA = − lim
n→1

∂nTrρ
n
A = − lim

n→1
∂n
∑
i

λni =
∑
i

λi log λi, (1.57)

where λis are the eigenvalues of ρ. Thus, the task of computing the entanglement entropy
SA is converted to the computation of TrρnA. In the generic cases, the converted task is
not much simpler. However, since our n-sheeted Riemann surface Rn is two dimensional,
the uniformisation theorem states that Rn can be conformally mapped to the Riemann
sphere/complex plane. Thus allowing the full power of 2D CFTs.

For clarity, we first consider the case when then subsystem is a single interval, the entire
system is infinite at zero temperature. In other words, we denote A ≡ (u, v) as a single
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interval with length l, and the single sheet of the Riemann surface is then infinite in both
the x and the τ directions. The Riemann surface Rn is flat everywhere except at the
points where the sheets are connected, therefore the partition function can be equivalently
expressed as an expectation value of certain fields evaluated in a model on C. These
fields are usually called branch point twist fields, denoted as Tn(u, 0) and T̃n(v, 0). More
specifically, let us first denote the partition function for the original theory on Rn as:

ZRn =

∫
D[ϕ] exp[−

∫
Rn

dxdτL[ϕ](x, τ)]. (1.58)

We further define a model which is made of n copies of the original model on C:∫
Cu,v

D[ϕ1, . . . ϕn] exp[−
∫
Rn

dxdτL(n)[ϕ1, . . . ϕn](x, τ)] = 〈Tn(u, 0), T̃n(v, 0)〉L(n),C, (1.59)

where Cu,v denotes restricted path integral with ϕi(x, 0+) = ϕi+1(x, 0
−) for x ∈ [u, v], and

L(n)[ϕ1, . . . ϕn] =
∑

i L[ϕi]. Introducing the branch point twist fields takes care of the
restriction on the path integral. Generally we have:

〈O(x, τ ; i)〉L,Rn =
〈Oi(x, τ)Tn(u, 0)T̃n(v, 0)〉L(n),C

〈Tn(u, 0)T̃n(v, 0)〉L(n),C

, (1.60)

where O(x, τ ; i) denotes the operator O from the original theory on the ith sheet, and
Oi(x, τ) denotes the operator O from the ith replica theory on the complex plane C.

The following map w 7→ z ≡ ((w − u)/(w − v))1/n maps the entire Rn to the Riemann
sphere C ∪ {∞}. Specifically u 7→ 0 and v 7→ ∞. We will also refer to the Riemann sphere
as C in the following text.

In 2D CFT, the holomorphic component of the stress tensor T (w) behaves as follows in
a conformal transformation:

T (w) =

(
dz

dw

)2

T (z) +
c

12
{z, w}, (1.61)

where z is the coordinate of C, c is the central charge of the CFT and {., .} denotes the
Schwartzian derivative (z

′′′
z
′ − (3/2)z

′′2)/z
′2. If we take the expectation values of both

sides, we note that 〈T (z)〉C = 0 because of translational and rotational invariance. Thus we
have:

〈T (w)〉L,Rn =
c

12
{z, w} = c

24
(1− 1

n2
)

(v − u)2

(w − u)2(w − v)2
. (1.62)

Using Eq. 1.60, we obtain:

〈Ti(x, τ)Tn(u, 0)T̃n(v, 0)〉L(n),C

〈Tn(u, 0)T̃n(v, 0)〉L(n),C

=
c

24
(1− 1

n2
)

(v − u)2

(w − u)2(w − v)2
, (1.63)
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where Ti(x, τ) is the stress tensor for the ith replica theory. Therefore the total stress tensor
expectation value is obtained by timing the above by n, namely:

〈T (n)(x, τ)Tn(u, 0)T̃n(v, 0)〉L(n),C

〈Tn(u, 0)T̃n(v, 0)〉L(n),C

=
c

24
(n− 1

n
)

(v − u)2

(w − u)2(w − v)2
. (1.64)

From here we can read off the scaling dimensions of Tn and T̃n, ∆n = c
12(n −

1
n), which

leads to:
Tr[ρnA] ∼ Zn(A) ∼ 〈Tn(u, 0)T̃n(v, 0)〉L(n),C = |u− v|−2∆n . (1.65)

The entanglement entropy is then:

SE =
c

3
log(

l

a
) + const, (1.66)

which defies the area law by a logarithmic correction.
The violation of the area law means that we can never use a MPS to exactly represent

the 1D critical state governed by CFT. However, by increasing the bond dimension of the
MPS we use, we can indeed systematically improve the simulation precision. The finite
bond dimension D of the MPS induces a finite correlation length ξ, and in the vicinity of
criticality, it was observed empirically that a power law, ξ ∼ Dκ, exists [53]. It was later
proved in Ref. [54] that:

κ =
6

c(
√

12
c + 1)

. (1.67)

1.2.3.2 Area law breaking in higher dimension: states with Fermi surfaces

Figure 1.3: We present a diagram that demonstrates the double integration in Eq. 1.68 in
2D.
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In higher dimension, the most well known example of quantum systems with ground
states that break the area law is the class of states with Fermi surface. In fact, a geometrical
formula that captures the leading contributions to the entanglement entropy was suggested
in Ref. [55] for the free Fermi surface:

SE =
Ld−1

(2π)d−1

logL

12

∮ ∮
|n̂x · n̂k|dAxdAk, (1.68)

where the double integral is performed along the Fermi surface as well as the boundary of
the subsystem A, L is the size of the subsystem L, n̂k and n̂x are the normal vectors on
the Fermi surface and real space boundary ∂A respectively, as demonstrated in Fig. 1.3.
The conjectured formula, often referred to as the Widom formula, has been numerically
tested such as in Ref. [56]. The relevant mathematical conjecture invoked in the paper was
later proved in Ref. [57]. However, we found the intuitive arguments given in Ref. [58] very
illuminating in understanding the origin of Eq. 1.68.

The fundamental reason behind the success of Eq. 1.68, is that the low energy excitations
of the Fermi liquids can be viewed as a collection of large number of decoupled chiral
modes, with each mode being relativistic, and thus captured by the conformal field theory
(CFT) approach. This approach is often termed the patch construction of the Fermi liquids.
The patch construction of Fermi surfaces can justified using the non-linear bosonization
formalism [59]. Using the co-adjoint orbit methods, the leading terms in a free Fermi
surface action can be written as:

I = −
pd−1
F

2

∫
dtddxdd−1p

(2π)d
vF (n̂θ · ∇ϕ)2, (1.69)

where θ parameterised the Fermi surface and ϕ is the bosonised field, and vF is the Fermi
velocity. In 1D the above results reduce to the well known action for Luttinger liquid, and
the integration over Fermi surface becomes a sum over fields ϕL and ϕR. Indeed we see that
the action can be viewed as a collection of massless chiral bosons.

The entanglement entropy of the Fermi surface can be viewed as the summing up the
contributions from these chiral modes. Take the 2D case demonstrated in Fig. 1.3 as an
example, given ∆Ax, the chiral mode density is given by ∆Ax/2π. We then include the |n̂x ·
n̂k| factor to count of number of modes perpendicular to ∆Ax. Thus the number of modes
that contribute to entanglement for infinitesimal ∆Ax and ∆Ak is ∆Ax∆Ak|n̂x · n̂k|/2π.
Each chiral mode contributes ∆SE = logL/6 using Eq. 1.66 where c = 1/2. Summing up
the contributions along the Fermi surface as well as ∂A, including a factor 1/2 to avoid
double counting, we arrive at:

SE =
logL

24π

∮ ∮
|n̂x · n̂k|dAxdAk, (1.70)
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which is indeed the Widom formula in 2D.
Does the Widom formula still hold for non-Fermi liquids? Attempts to resolve this have

been carried out [60, 61], without reaching a consensus. It is possible that the non-linear
bosonisation methods can help with this, since it allow us to write down non Fermi liquid
models that are quadratic in terms of the bosonised field [59]. This has recently also been
noted in Ref. [62].

We have seen in the finite entanglement scaling of MPS that, despite that the CFT
states possess logarithmic violations to the area law, the simulation precision using MPS
can be systematically improved. Will PEPS be capable in doing the same? In Chapter 3
we give an attempt to answer this question.

1.3 Parton construction of quantum spin liquids and projec-
tive symmetry group

1.3.1 Resonating valence bond states: a ballad by Anderson

Figure 1.4: This figure portrays a spin singlet configuration that covers the 2D square
lattice. The RVB states are made of superpositions of configurations like this.

The quantum spin liquid states (QSLs) are usually defined by what they are not. This is
because of its conglomeration of research themes, such as fractionalisation, emergent gauge
fields, projective symmetry and topological order. The list can go on, but it is quite difficult
to pick out one theme from the list and assign it as the defining feature of the QSLs. In his
seminal work [63] on the resonating valence bond state (RVB), written in 1973, Anderson
in fact gives an enlightening statement on why RVB states should be called quantum spin
liquids, “ …We visualize the relation between the two as being that of a quantum liquid vs. a
quantum solid. The Néel state is like a solid: it has condensed into a spin lattice, whereas
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the real ground state is a fluid of mobile valence bonds, i.e. pairs of spins correlated together
into singlets. ” Indeed, in contrast with the Néel state which has long range order for the
spin correlation function, the RVB states that Anderson constructs are meant to have short
range or power law decaying correlation.

How do the RVB states look like? Let us consider a configuration as illustrated in
Fig. 1.4, where each thick curve connecting two lattice sites (i, j) denotes a spin singlet
(| ↑i↓j〉 − | ↓i↑j〉)/

√
2, and the RVB state is:

|ΨRVB〉 =
∑
P

a(P )|(i1, j1) . . . (in, jn)〉, (1.71)

where P denotes a singlet configuration, so the RVB state is a generic superposition of these
configurations. The superposition amplitudes a(P ) usually serve as variational parameters.
To make progress, one of the choices to restrict a(P ) is by factorisation:

a(P ) =
∏
k

φ(|ik − jk|), (1.72)

where φs are functions that select what types of valence bonds are favoured. In Ref. [64],
a variational study using the above RVB ansatz was performed for quantum Heisenberg
model on the 2D square lattice. It was shown that, if we set:

φ(x) ∼ 1

xk
, (1.73)

then the Néel order is destroyed for k ≥ 5.
However, we would like to remark here that, the valence bonds configuration states

are generically not orthonormal or linearly independent, and thus form an overly complete
basis. Also, Anderson initially proposed that the RVB state, instead of the Néel ordering
state, is the true ground state for the spin-1/2 quantum Heisenberg model on the 2D
triangular lattice. This claim, unfortunately, seems to be refuted by the state of the art
numerics. It is surprising that the RVB idea was revitalised by Anderson in the late 1980s in
a very different context, when physicists were confronted with the mysterious cuprate high
Tc superconductivity. Anderson notes [65] that, upon Gutzwiller projection which enforces
single occupancy constraint, the projected BCS wavefunction becomes a natural RVB state.
More explicitly:

PG|ΨBCS〉 = PG
∏
k⃗

(u
k⃗
+ v

k⃗
c†k,↑c

†
−k,↓)|0〉 = PG(

∑
(i,j)

φ(i− j)c†i,↑c
†
j,↓)

N/2|0〉, (1.74)

where PG ≡
∏
i(1 − ni,↑ni,↓) being the Gutzwiller projector, and φ(i − j) is the Fourier

transform of v
k⃗
/u

k⃗
.
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Anderson had hoped that, upon doping, the RVB state will become a superconductor
and the singlet pairs will start carrying supercurrents. However, the program was not
fully successful. Despite this, Anderson’s proposal has opened door to the so-called parton
construction of quantum spin liquids. For more than 10 years after Ref. [65], a sizeable
number of QSLs were identified, with fascinating properties such as fractionalised particles
and topological order. Eventually, these efforts were synthesised into an unifying framework
by Xiao-Gang Wen [66] which allows systematic constructions of mean field QSLs given
the symmetry. What was also manifested in this framework is that symmetry becomes
projective, and its reincarnation – the projective symmetry group (PSG) – serves as an
order parameter for the so-called “quantum order” à la Wen. In the coming section, we give
a review of this framework following the discussions in Ref. [66].

1.3.2 Parton construction: formalism

The classification of projective symmetry groups corresponds to the classification of disor-
dered mean-field phases of spin models with Heisenberg exchange interactions. To introduce
this construction, we start with the Heisenberg model on a given spatial lattice,

H =
∑
{i,j}

JijS⃗i · S⃗j . (1.75)

First, we decompose the spins into Abrikosov fermions as follows :

S⃗i =
∑
α,β

1

2
f †iασ⃗αβfiβ. (1.76)

This enlarges the dimension of the Hilbert space on each lattice site from two to four, and
consequently, the Hilbert space must be projected back to the original spin Hilbert space
by imposing the constraint of exactly one fermion per lattice site,

∑
α f

†
iαfiα = Id. One

recovers the usual spin commutation relations [Sm, Sn] = iϵlmnS
l in the projected Hilbert

space. The one fermion per site constraint
∑

α f
†
iαfiα = Id also implies

∑
α,β fiαfiβϵαβ = 0.

The above equation maps the spin Hilbert space to the subspace of the Abrikosov fermion
Hilbert space in which the fermion occupation number on each site is 1. This means that,
on the operator level, we strictly have

∑
α f

†
iαfiα = Id. Indeed, by using the identity, we can

verify that [Sm, Sn] = iϵlmnS
l. In fact, a second constraint, as a consequence of the first

one, is also introduced:
∑

α,β fiαfiβϵαβ = 0. One can verify this constraint by considering∑
α,β fiαfiβϵαβ

∑
γ f

†
iγfiγ |ψ〉, where

∑
γ f

†
iγfiγ |ψ〉 = |ψ〉.

In terms of the Abrikosov fermions, the Heisenberg Hamiltonian reads (up to some
constants)

H =
∑
{i,j}

∑
αβµν

Jij
1

4
(f †iασ⃗αβfiβ) · (f

†
jµσ⃗µνfjν)
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=
∑
{i,j}

∑
αβ

−1

2
Jij(f

†
iαfjαf

†
jβfiβ +

1

2
f †iαfiαf

†
jβfjβ). (1.77)

We study this Hamiltonian in a mean field approximation, by introducing parameters for
expectation values of operators

ηijϵαβ = −2〈fiαfjβ〉, χijδαβ = 2〈f †iαfjβ〉; (1.78)

where ηij = ηji and χij = χ†
ji.

As is usual, we expand operators in Eq. 1.77 in terms of fluctuations about their expec-
tation values and ignore terms which are quadratic in fluctuations, leading to

HMFT = −
∑
⟨i,j⟩

3

8
Jij(χjif

†
iµfjµ + ηijf

†
iµf

†
jµ + h.c.

− |χij |2 − |ηij |2) +
∑
i

(µ3i (f
†
i↑fi↑ − fi↓f

†
i↓)

+
1

2
(µ1i + iµ2i )fiµfiνϵµν + h.c.). (1.79)

We note that we have introduced the Lagrange multipliers µmi to impose the one-fermion-
per-site constraint at a mean-field level. The Lagrange multipliers µmi as well as the param-
eters χij and ηij are determined self consistently.

To facilitate further discussion on the SU(2) gauge structure of the mean-field Hamilto-
nian, it is convenient to introduce a spinor representation

ψ ≡
[
ψ1

ψ2

]
≡

[
f↑
f †↓

]
. (1.80)

In terms of these spinors, the mean-field Hamiltonian can be be compactly rewritten as:

HMFT =
∑
⟨i,j⟩

3

8
Jij [

1

2
Tr(U †

ijUij)− (ψ†
iUijψj + h.c.)]

+
∑
i

µliψ
†
i τ
lψi, (1.81)

where the mean field parameters χij and ηij have been recast into

Uij ≡

[
χ†
ij ηij

η†ij −χij

]
. (1.82)

The constraint implementing projection into the spin Hilbert space at the mean-field level
now has the form:

〈ψ†
i τ
lψi〉 = 0. (1.83)
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{Uij} and {µmi } can be viewed as variational parameters which specify the mean-field
“ansatz”: the word referring to both the mean-field Hamiltonian and the wave function
corresponding to its ground state. Variationally optimizing the parameters to obtain the
lowest energy ground state is equivalent to determining the parameters self consistently.

The spinor representation makes the SU(2) gauge redundancy of the mean-field Hamil-
tonian manifest. The Hamiltonian is invariant, trivially, under the site-dependent gauge
transformation ψi 7→ Wiψi and Uij 7→ WiUijW

†
j , where Wi ∈ SU(2). The origin of the

gauge redundancy lies in Eq. 1.76: it is easy to check that this SU(2) gauge transformation
on the spinor leaves the physical spin operator invariant. Therefore, the mean-field anstaz
parametrised by Uij and the one parametrised by WiUijW

†
j share the same physical spin

wave functions, i.e., the same wave function after projecting the fermionic Hilbert space
into the physical spin Hilbert space. This has significant consequences for what we require
of symmetric mean-field ansatzes. Consider the action of a symmetry g : Uij 7→ Ug(i)g(j).
For a symmetric ansatz we no longer require Ug(i)g(j) = Uij — but only that there exists
transformations Gg(n) ∈ SU(2) for all sites n, such that Gg(g(i))Ug(i)g(j)G†

g(g(j)) = Uij —
the gauge redundancy then implies that physical properties of the state represented by the
ansatz have not changed. The physical transformations together with the gauge transfor-
mation, (Gg(i), g), which leaves the ansatz invariant, constitute the projective symmetry
group (PSG). The PSG characterises the symmetries of the ansatz, and serves to classify
and characterise different mean field spin liquid states.

From the preceding discussion on the gauge structure it is clear that not all fluctuations
of the mean-field parameters {Uij} are physical: the unphysical fluctuations between gauge
inequivalent states must be described by gauge fields in the effective theory. The effective
theories, then, are likely to be fermions coupled to gauge fields. The gauge structure of
the low energy theory is in general, however, not given by the high energy gauge group
SU(2), but typically broken down to a global Z2, U(1) or SU(2). The low-energy gauge
structure is determined by the “invariant gauge group” (IGG) [66], is a special subgroup
of the PSG comprised of pure gauge transformations which leave the ansatz invariant, i.e.,
G = {Wi|WiUijW

†
j = Uij ,W ∈ SU(2)}. Given the central importance of the IGG, one

usually labels QSLs by the IGG, leading to the terminology of “Z2, U(1), or SU(2)” QSLs.
Another way to see the low energy gauge structure is by examining the fluxes. Let us
consider all flux operators P(Ci) for closed loops Ci sharing the same starting point. By the
Anderson-Higgs mechanism, when all P(Ci) ∼ τ0, the SU(2) gauge structure is unbroken;
when generically [P(Ci),P(Cj)] = 0, the SU(2) gauge structure is broken down to U(1);
when there exist [P(Ci),P(Cj)] 6= 0, the SU(2) gauge structure is broken down to Z2.
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As seen from above, the PSGs, therefore, play the role of “universality” classes of mean-
field QSL phases, resolving quantum disordered states with the same physical symmetries.

A typical programme of investigation of symmetric spin liquid ground states on a given
spatial lattice involves the enumeration of all PSGs, given all physical symmetries (the
ones in the space group, time reversal) and the IGG. This allows the construction of cor-
responding mean-field ansatzes and the consequent investigation of spin liquid phases. In
the following section, we construct a 2D Z2 quantum spin liquid state to illuminate the
formalism [67].

1.3.3 A gapped Z2 quantum spin liquid with topological order

Consider a Heisenberg model on the 2D square lattice, with the inclusion of the next nearest
neighbour coupling. The model is sometimes referred to as the J1 − J2 model, where J1
denotes the strength of the neighbour coupling and J2 denotes the strength of the next
neighbour coupling.

A mean field ansatz invoking the parton construction was presented in Ref. [67]. Using
the notation we established earlier, this mean field ansatz can be represented as:

Ui,i+x̂ = Ui,i+ŷ = −χτz ≡ U1,

Ui,i+x̂+ŷ = ∆1τx +∆2τy ≡ U2,

Ui,i−x̂+ŷ = ∆1τx −∆2τy ≡ U3,

µx 6= 0, µy = µz = 0. (1.84)

We first consider two loops, namely C1 = i → i + x̂ →→ i + x̂ + ŷ → i and C2 = i →
i+ ŷ →→ i− x̂+ ŷ → i. Evaluating the flux operators on these two loops, we obtain that:

P(C1) = χ2U2, P(C2) = χ2U3, (1.85)

which generically do not commute with each other. Since we mentioned earlier, when the
flux operators on the lattices do not commute, the IGG is fully broken from SU(2) to Z2.
This is how we know that the above ansatz describes a Z2 quantum spin liquid state.

Diagonalising the mean field spinon Hamiltonian, we observe that the spinon bands are
given by E± = ±

√
ϵ21(k⃗) + ϵ22(k⃗) + ϵ23(k⃗), where:

ϵ1(k⃗) = 2J1χ(cos(kx) + cos(ky)),

ϵ2(k⃗) = 2J2∆1(cos(kx + ky) + cos(kx − ky)) + µx,

ϵ3(k⃗) = 2J2∆2(cos(kx + ky)− cos(kx − ky)). (1.86)
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(a) (b)

(c)

Figure 1.5: (a) A Z2 spin liquid, the Z2 sRVB state, on the 2D square lattice; (b) The gauge
transformed ansatz with π flux through the two holes of the torus; (c) The spinon band
structure where the green band is the filled band, featuring a gapped band structure for the
Z2 sRVB state.

Since the spinons are half filled by construction, the dispersion relation tells us that these
spinons are gapped as shown in Fig. 1.5c.

We now turn to the analysis of symmetry on this ansatz. This ansatz is apparently
translational symmetric, and also symmetric under parity symmetry x̂ ↔ ŷ. However,
under the π

2 rotation, the original ansatz is mapped to:

Ũi,i+x̂ = Ũi,i+ŷ = −χτz,

Ũi,i+x̂+ŷ = ∆1τx −∆2τy,

Ũi,i−x̂+ŷ = ∆1τx +∆2τy,

µx 6= 0, µy = µz = 0. (1.87)
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It seems that the transformed ansatz is not the same as the original ansatz. We note that
we can perform the following gauge transformation W (i) ≡ (−1)iτx, such that:

W (i)ŨijW
†(j) = Uij . (1.88)

Therefore, despite the fact that the ansatz is not apparently symmetric under the π
2 rotation,

it is symmetric up to a further gauge transformation. In other words, the PSG element
(Gg(i), g) leaves the ansatz invariant. After the Gutzwiller projection, the physical spin
wave function will be explicitly symmetric under the π

2 rotation. A similar action by time
reversal symmetry exists for this ansatz too. In fact, this Z2 ansatz does preserve the full
symmetry of the lattice, and it is usually referred to as the Z2 short-ranged resonating
valence bond (sRVB) state.

The Z2 sRVB state carries non-trivial Z2 topological order, as pointed out in Ref. [67].
The easiest way to see this is to consider the Z2 sRVB state on a torus, i.e. imposing the
periodic boundary condition. Let us introduce (p, q), which can take value 0 or 1, to label
the class of gauge transformations that we are to perform, which are:

W
(p,q)
i = (−1)pθ(x)(−1)qθ(y) (1.89)

, where θ(x) = 0 if x < 0, and θ(x) = 1 if x < 0 (similarly for y). The ansatz Uij is
transformed as Ũ (p,q)

ij = W
(p,q)
i UijW

(p,q)†
j . When p = 1, the Uijs passing the x-axis pick

up −1 signs, and similarly the Uijs passing the y-axis pick up −1 signs when q = 1. In
Fig. 1.5b, we demonstrate the case when p = q = 1, and the coloured links are the links
that change signs.

The gauge transformations do not change the energy of the state, but in this crucial
case, the ground states corresponding to different pairs of (p, q) are in fact different states.
Consider the global flux operators on a closed loop Cx around the torus along the x-axis,
we immediately see that P(0,0)(Cx) = −P(1,0)(Cx). Therefore the (p, q) pairs label the π flux
through the two holes of the torus, leading to a ground state degeneracy of 4. In general,
the Z2 gapped spin liquid on the genus g Riemann surface has a ground state degeneracy
of 22g. Moreover, these different ground states cannot be tunnelled into each other through
local fluctuations [67]. Unsurprisingly, this is a common feature for the Z2 gauge theory,
and it demonstrated that the Z2 gauge theory is the low energy effective theory of the Z2

sRVB state. Indeed, the Z2 sRVB, a gapped Z2 quantum spin liquid, carries a topological
order.
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1.4 The structure of the thesis

As we finish the pedagogical review on the prerequisites, the introductory chapter is closed
with a structure of the remaining parts for this thesis.

In Chapter 2, we construct the surface topological orders for the 3D inversion symmet-
ric higher order topological insulators and superconductors. The chapter is based on the
published paper [68].

In Chapter 3, we study the finite entanglement scaling of 2D gaussian fermionic tensor
network states when they are used to simulate 2D Fermi surfaces. The chapter is based on
parts of the published paper [69].

In Chapter 4, the quantum spin liquid states are constructed using the projective sym-
metry group analysis. The chapter is based on an unpublished manuscript in collaboration
with Dr. Sounak Biswas and Prof. Sid Parameswaran.

Finally we will close with Chapter 5, where we present the conclusions and the outlooks
from these studies.
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Chapter 2

Anomalous gapped boundaries
between surface topological orders
in higher-order topological
insulators and superconductors
with inversion symmetry

2.1 Introduction

In this work, we construct topologically ordered surface terminations for three dimensional
electronic topological insulators and superconductors both with and without TRS (classes
A, AII, AIII, D, DIII, CII and BDI within the Altland-Zirnbauer classification scheme)
whose higher-order topology is enabled by the additional presence of three-dimensional
spatial inversion symmetry, denoted I. A band-theoretic classification indicates that the
surfaces of such phases host one-dimensional chiral or helical Dirac hinge modes along an
inversion-invariant line, or degenerate zero-dimensional corner modes at antipodal points,
which cannot be gapped by any symmetric free-fermion perturbation [27]. We show that
these hinge and corner modes may be gapped out upon introducing an inversion-symmetric
configuration of fractionalized phases with non-Abelian anyons on the surface. The surface
now realizes a fully gapped and symmetric topologically ordered state. Crucially, this surface
fractionalization pattern is anomalous as it would be impossible to assemble a configuration
of topological orders with the relevant symmetry properties for a system in purely two
dimensions, i.e. without invoking the mode contributed by the three dimensional bulk.

Chapter heading: tiger motif, detail of the you, Shang dynasty (circa 16th – 12th/11th centuries B.C.),
Cernuschi Museum in France and Sumitomo Collection in Japan.
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Compared with Ref. [70], this work discusses the action of crystalline symmetry on the
STO beyond merely arranging the STOs in a symmetry-respecting configuration.

The rest of the chapter is organized as follows. In Section 2.2 and 2.3, we present the
construction of surface topological order for second and third order inversion symmetric
topological phases respectively. The main results of the chapter are summarised in Table
2.1. Technical details are collected in several appendices.

Second Order Topology Third Order Topology
AZ Class Hinge Modes STOs Zero Modes STOs

A Chiral Dirac 2D T -Pfaffian †

AIII Dirac (SO(3)3)
4 ‡

AI
BDI Majorana (SO(3)3)

2

D Chiral Majorana SO(3)3 Majorana (SO(3)3)
2

DIII Helical Majorana SO(3)3 × SO(3)3 Majorana Kramers Pair (SO(3)3 × SO(3)3)
2

AII Helical Dirac 2D T -Pfaffian×2D T -Pfaffian
CII Majorana Kramers Pair (SO(3)3 × SO(3)3)

2

C Chiral Majorana §

CI
† The 2D T -Pfaffian has the same anyon content of T -Pfaffian, albeit without TRS.
‡ Also enriched by U(1) charge conservation symmetry. No microscopic construction provided.
§ Note that there is no STO for 2nd order class C. The 2nd order class C can be obtained by breaking the TRS in the first order
class CI, similar to the case of 2nd order class A which is obtained by breaking the TRS in the first order class AII. The STO for
the 2nd order class C should have the same anyon content as the STO for the first order class CI, which was excluded in Ref. [71].
In the above paper, the authors argue that, due to disorder, interaction is always relevant in the first order class CI,
and will cause spontaneous symmetry breaking of TRS, thus ruling out STOs that preserve TRS.

Table 2.1: Summary of surface topological order for all inversion symmetric higher order
topological phases in the AZ classes. The shaded entries denote the absence of gapless
modes or STO. The superscripts that appear in the column of third order STO denote the
number of copies of the topological order e.g. (SO(3)3)

2 means two copies of SO(3)3. The
STO we put on the surface is always inversion symmetric since we place a topological order
and its inversion symmetric partner on the surface so that the original gapless line/point
modes can be gapped.

2.2 Surface topological order for second order topological
phases

2.2.1 Class A + inversion: HOTI with chiral Dirac hinge mode

A second-order topological insulator (HOTI) protected solely by inversion symmetry can be
obtained by perturbing a 3D topological insulator with a surface mass term that breaks TRS
(T ) but preserves inversion symmetry (I) [27]. The bulk of the 3D topological insulator
can be captured by the Bloch Hamiltonian

H(k⃗) =
∑
i

sin(ki)σi ⊗ τx − (2−
∑
i

cos(ki))σ0 ⊗ τz, (2.1)
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(a) Before pasting STO (b) After pasting STO

Figure 2.1: Surface topological order for second order topological phases protected by in-
version symmetry in A class. ϕ denotes the chiral Dirac hinge mode. The edge modes of
STOs are ϕN/S, the Dirac edge modes, and γN/S, the Majorana edge modes.

where σ⃗, τ⃗ are Pauli matrices that act on spin and orbital degrees of freedom respectively.
Inversion symmetry and TRS are given by I = σ0 ⊗ τz and T = iσy ⊗ τ0K respectively,
where K denotes complex conjugation. In order to construct the hinge state we first inspect
the linearized surface Hamiltonian which takes the form [27]

h(k⃗, r⃗) = −(k⃗ × n̂r⃗) · ⃗̃σ, (2.2)

where n̂r⃗ is the unit vector normal to the surface, which is assumed to be spherical. The
projected surface Hamiltonian is expressed in a rotated σ̃ basis in which the symmetry
operators act as I = −σ̃0 and T = iσ̃yK. The surface hinge mode is obtained by perturbing
the 3D TI with a TRS breaking mass term of the form δh(r⃗) = mr⃗(n̂r⃗ · ⃗̃σ). Inversion
symmetry imposes the constraint mr⃗ = −m−r⃗ on the mass profile, signalling the vanishing
of the mass term along some inversion symmetric curve. For concreteness, we consider
the setup illustrated in Fig. 2.1 wherein the mass changes sign across the equator. It is
known that such a domain wall hosts a chiral fermionic mode [72]. In order to gap out the
chiral hinge mode, we induce topological orders denoted as AN and AS on the top/bottom
halves of the surface. It is worth noting that the calculations below will be similar to the
calculations in Ref. [70], albeit with an explicit treatment of crystalline symmetry. 3D
inversion symmetry imposes AS = ĀN, where Ā denotes the orientation-reversed version
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of A. The topological order [Ising× U(1)−8] /Z2 is a suitable choice for AN. This is the
same topological order as the T -Pfaffian, if we ignore TRS, therefore we refer to it as 2D
T -Pfaffian. The edge theory of AN contains a chiral Majorana mode and an anti-chiral
compact boson mode. These are the edge fields corresponding to the bulk Ising and U(1)−8

topological orders respectively. Concretely, the edge of AN and AS are described by the
Lagrangians [20, 19]

L∂AN
= − 2

4π
∂xϕN(∂t − ∂x)ϕN + iγN(∂t + ∂x)γN,

L∂AS
= − 2

4π
∂xϕS(∂t − ∂x)ϕS + iγS(∂t + ∂x)γS. (2.3)

where γN and γS are Majornana-Weyl modes while ϕN and ϕS are compact bosonic modes.
The chiral hinge additionally contains a single Dirac mode contributed by the HOTI bulk
which can be described by the bosonized Lagrangian [73, 74, 75]

L0 =
1

4π
∂xϕ(∂t + ∂x)ϕ, (2.4)

where ϕ is a compact boson. The combined Lagrangian describing the equatorial hinge is
therefore given by

LHinge = L∂AN
+ L∂AS

+ L0. (2.5)

The two Majorana modes can be combined into a Dirac mode which can be subsequently
bosonized and written in terms of the compact boson ϕM using

ψM ∼ eiϕM(x) ∼ e−i
π
4 γN + ei

π
4 γS, (2.6)

where we have suppressed the Klein factors for brevity [76]. The benefit of bosonizing the
Majorana pair is that it allows for the description of the hinge in terms of the K-matrix
Luttinger liquid formalism which is easier to work with. The hinge is then described by the
Lagrangian

LHinge =
1

4π
∂xΦ

TK∂tΦ−
1

4π
∂xΦ

T∂xΦ, (2.7)

where ΦT = (ϕM, ϕN, ϕS, ϕ), theK = diag(1,−2,−2, 1) and the charge vector tT = (0, 1, 1, 1).
Our intention is to add to Eq. (2.7) generic interactions represented by cosine terms that
gap out all the hinge modes when driven to strong coupling

δL =
∑
I=1,2

δLI =
∑
I=1,2

λI(x) cos[Λ
T
IKΦ− αI ] (2.8)

Apart from being simultaneously gappable (see App. 2.A for details), the gapping vectors
ΛI need to satisfy a number of symmetry criteria related to inversion, charge conservation
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and gauge symmetry derived from a Z2 redundancy in our description of the hinge. First,
the inversion symmetry acts as I : Φ(x) 7→ IΦ(−x) where I = (−1)⊕ σx⊕ (+1). Second, in
order to respect U(1) symmetry, we impose charge neutrality condition, namely we require
that ΛTt = 0. Finally, due to the fermionic nature of AN and AS, an additional gauge
symmetry ZN

2 × ZS
2 is imposed. The generators gα of Zα2 (where α = N, S) implement the

transformation

gN,S : ϕN,S 7→ ϕN,S ±
π

2
, γN,S 7→ −γN,S. (2.9)

Since the fermionic operator Ψα ' γαe
2iϕα is invariant under Zα2 , the gauge symmetry

imposes that any admissible cosine term tunnels only local operators, that is, fermions or
combinations thereof. Additionally, as a consequence of the ZN

2 × ZS
2 symmetry we need to

fix the compactification ϕN,S ∼ ϕN,S+π. Two cosine terms are required to open a gap for the
combined hinge theory. The first gapping vector can be chosen to be ΛT

1 = (0,−2,−2, 4).
Such a term is inversion-symmetric if λ1(x) = λ1(−x) [see Eq. (2.8)] therefore λ1 can be
chosen to be constant and α = 0, i.e.,

δL1 = λ1 cos (4ϕN + 4ϕS + 4ϕ) . (2.10)

This gapping term also respects U(1) and ZN
2 × ZS

2 symmetry as can be checked explicitly.
Upon adding Eq. (2.10) to the original gapless hinge described by Eq. (2.7), the combination
of fields 〈ϕN+ϕS+ϕ〉 acquire a vacuum/groundstate expectation value, thereby breaking the
ZN
2 ×ZS

2 symmetry into a diagonal Z2 subgroup denoted as Zdiag
2 , generated by gdiag := gNgS

with the action
gdiag : ϕN 7→ ϕN +

π

2
, ϕS 7→ ϕS −

π

2
, ϕM 7→ ϕM + π. (2.11)

The second gapping vector can be chosen as ΛT
2 = (2, 1,−1, 0). Since the two gapping vectors

Λ1,2 satisfy the Haldane criterion ΛT
i KΛj = 0, the bosonic fields ΛTKΦ can simultaneously

acquire a vacuum expectation value. The second gapping term δL2 is also charge neutral
since ΛT

2 t = 0 as well as invariant under the residual Zdiag
2 symmetry. Finally, the term is

δL2 is inversion symmetric if α2 = nπ and λ2(−x) = (−1)nλ2(x). By choosing n ∈ Zeven,
we can fix λ2 to be constant everywhere.

To summarize, we have shown that the two cosine terms corresponding to Λ1,2 sat-
isfy the symmetry requirements as well as the Haldane criteria. Therefore, they can be
simultaneously driven to strong coupling thereby completely gapping out the hinge without
breaking any symmetry. We note that an inversion symmetric configuration of AN and AS

illustrated in Fig. 2.1 without the mode contributed from the bulk is clearly ingappable on
the hinge as the modes on the hinge carry a non-vanishing chiral central charge. Therefore
as a pattern of 2D inversion symmetric topological order, AN⊕AS is anomalous and cancels
the higher-order anomaly coming from the bulk.
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2.2.2 Class AII + inversion: HOTI with helical Dirac hinge mode

(a) Before pasting STO (b) After pasting STO

Figure 2.2: Surface topological order configuration for inversion and TRS protected higher-
order topological insulator. The ϕ/ϕ̄ denote the helical Dirac hinge modes. The edge modes
of STOs are ϕN/S and ϕ̄N/S, the Dirac edge modes; and γN/S and γ̄N/S, the Majorana edge
modes.

It was shown in Refs. [27, 77] that TRS-invariant insulators (with T 2 = −1) enriched by
additional inversion symmetry can support non-trivial second-order topology. On inversion
symmetric open geometries, models within the non-trivial second-order phase host robust
helical Dirac modes along an inversion symmetric hinge on the surface. The helical hinge
modes are similar to those obtained on the edge of a quantum spin Hall insulator and form
a Kramer’s pair which is stable against interactions [4]. Here we show that these modes can
be gapped out by inducing topological order on the surface. Before getting into the details
of the surface topological order, we briefly review the free fermion model for the helical
HOTI. The strategy is to start with a doubled model and subsequently add a perturbation
that gaps out the surface leaving behind a robust hinge. In this case, the parent theory
consists of two 3D topological insulators. We consider the same geometrical settings as in
Fig. 2.2. The surface Hamiltonian is given by

h1(k⃗, r⃗) = τ0 ⊗ (k⃗ × n̂r⃗) · σ⃗. (2.12)

The inversion and TRS are represented by I = τ0 ⊗ (−σ0) and T = τ0 ⊗ (iσyK). A surface
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mass term that respects TRS can be added to the Hamiltonian

δh1(r⃗) = τy ⊗mr⃗(n̂r⃗ · σ⃗). (2.13)

Inversion symmetry demands that Iδh1(r⃗)I−1 = δh1(−r⃗) which further imposes the condi-
tion mr⃗ = −m−r⃗, signalling the vanishing of the mass term along some inversion symmetric
curve. For reasons identical to the chiral HOTI case, this indicates the existence of gapless
helical modes along the equator. TRS in the above construction acts within each flavor
of the above model, i.e diagonally in the τ⃗ space. We find it convenient to work with an
equivalent description of the helical HOTI in which TRS acts by switching fermion flavors,
such that the model can be thought of as a stacking of a chiral HOTI with its time-reversed
copy. We consider the following Hamiltonian which is related to h1 + δh1 by a unitary
transformation

h2(k⃗, r⃗) = τ̃0 ⊗ (λyσ̃y +mr⃗nxσ̃x +mr⃗nzσ̃z)

+ τ̃z ⊗ (λxσ̃x + λzσ̃z +mr⃗nyσ̃y), (2.14)

where λ⃗ ≡ k⃗ × n̂r⃗. TRS is represented by

T = iτ̃y ⊗ σ̃0K, T 2 = −1. (2.15)

Upon performing an analysis similar to the one described above one is left with a surface
which is gapped everywhere except an inversion symmetric hinge which hosts a pair of
gapless helical modes

{
ψ, ψ̄

}
that form a Kramers doublet.

A natural candidate for an STO that can gap out the helical hinge mode is given by stacking
the STO from the previous section and its time-reversed copy. It remains to be shown that
this construction furnishes modes on the hinge that are robust by themselves, but when
considered along with the helical modes contributed by the bulk lead to a completely gapped
hinge. As illustrated in Fig. 2.2, we set up the STO configuration by placing (AN,AS) on
the northern/southern hemispheres of a spherical surface geometry. Here AN,S stand for the
product topological orders consisting of 2D T -Pfaffian topological orders and their time-
reversed copies. The edge theory contains 8 modes. We divide these into bosonic modes
Φ = (ϕN, ϕS, ϕ̄N, ϕ̄S)

T and fermionic modes Γ = (γN, γS, γ̄N, γ̄S)
T. The action of TRS is

encoded in the matrices TΦ := σx ⊗ Id2 and TΓ = iσy ⊗ Id2 such that under TRS

T :

[
Φ
Γ

]
7−→

[
TΦΦ
TΓΓ

]
, i 7−→ −i. (2.16)

As before we need to impose a gauge symmetry that ensures that the cosine terms only
tunnel combinations of fields that are built from local fermionic operators. The full fermionic
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gauge symmetry group is Z4
2 =

∏
α Z

α where α = N,S, N̄, S̄. The generators of this group
denoted as gα act as

gα :

[
γα
ϕα

]
7−→

[
−γα
ϕα

]
+ sα

[
0
π
2

]
, (2.17)

where sα = −1 for α = S,ST and +1 otherwise. Inversion squares to +1 and simply maps
the fields on the northern hemisphere to their counterparts on the southern hemisphere and
vice versa. We now proceed to gap out the edge modes. Firstly we combine the Majorana
fermions into Dirac fermions

ψM ∼ eiϕM ∼ e−i
π
4 γN + ei

π
4 γS,

ψ̄M ∼ e−iϕ̄M ∼ ei
π
4 γ̄N + e−i

π
4 γ̄S. (2.18)

Since the Majorana fermions are themselves Kramers pairs, the action of TRS can be
deduced as

T :

[
ϕM
ϕ̄M

]
7−→

[
ϕ̄M

ϕM + π

]
. (2.19)

The edge is now effectively described by the following K-matrix and charge vector t

K = diag(−1, 2, 2,−1, 1,−2,−2, 1),

t = (0, 1, 1, 1, 0, 1, 1, 1)T, (2.20)

in the basis (ϕM, ϕN, ϕS, ϕ, ϕ̄M, ϕ̄N, ϕ̄S, ϕ̄)T. Consider the gapping terms

δL = cos[4ϕN + 4ϕS + 4ϕ] + cos[2ϕN − 2ϕS − 2ϕM]

+ cos[4ϕ̄N + 4ϕ̄S + 4ϕ̄] + cos[2ϕ̄N − 2ϕ̄S − 2ϕ̄M]. (2.21)

Note that this expression is basically the gapping term for an inversion symmetric HOTI
plus its time-reversed copy. Thus, we only need to check whether the above expression
breaks TRS. Clearly, it does not break TRS explicitly; however, since both 〈ϕ̄N + ϕ̄S + ϕ̄〉
and 〈ϕ̄N− ϕ̄S− ϕ̄M〉 transform to their TRS copies with extra π phase, naively it seems like
TRS is broken spontaneously. We note that the gauge group is now broken to Zdiag

2 × Z̄diag
2 ,

where

gdiag : ϕN 7→ ϕN +
π

2
, ϕS 7→ ϕS +

π

2
, ϕM 7→ ϕM + π,

ḡdiag : ϕ̄N 7→ ϕ̄N +
π

2
, ϕ̄S 7→ ϕ̄S +

π

2
, ϕ̄M 7→ ϕ̄M + π. (2.22)

We can see that 〈ϕN + ϕS + ϕ〉 ∼ 〈ϕN + ϕS + ϕ〉+ π, 〈ϕN − ϕS − ϕM〉 ∼ 〈ϕN − ϕS − ϕM〉+ π

as they are related to each other by a gauge transformation. Therefore TRS is not broken
spontaneously either. Finally, we emphasize that without inversion symmetry, the above
STO is non-anomalous as we can paste a copy of a quantum spin Hall liquid on, e.g., the
southern hemisphere, with its edge modes residing on the equator and gap out the helical
modes contributed by the STO without invoking the bulk.
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2.2.3 Class D + inversion: HOTSC with chiral Majorana hinge mode

We briefly review the free fermion model for the chiral HOTSC in class D. The strategy to
construct a second-order phase is to start with a class DIII topological superconductor and
add a TRS-breaking perturbation that gaps out the surface leaving behind a robust hinge
protected by inversion symmetry. The surface Hamiltonian is given by [27]

h(k⃗, r⃗) = −(k⃗ × n̂r⃗) · σ⃗, (2.23)

The inversion, time reversal and particle-hole symmetries are generated by I = −σ0, T =

iσyK and P = −(n̂r⃗ · σ⃗)σyK. The surface can be deformed by the mass term

δh(r⃗) = mr⃗(n̂r⃗ · σ⃗), (2.24)

that breaks TRS. Inversion symmetry demands that Iδh(r⃗)I−1 = δh(−r⃗) which further
imposes the condition mr⃗ = −m−r⃗, signalling the vanishing of the mass term along some
inversion symmetric curve which hosts gapless chiral modes. Due to the additional particle-
hole symmetry as compared with the class A chiral HOTI, these are Majorana as opposed to
Dirac modes. Before turning to the surface topological order, we first inspect the stability
of the chiral hinge modes to inversion symmetric surface pasting of p± ip superconductors.
Let us consider the situation where there are N± chiral co-propagating Majorana hinge
modes denoted as χ±

i with i = 1, . . . , N± that transform under inversion as

I :

[
χ±
i (θ)

χ±
i (θ + π)

]
7→
[
±iχ±

i (θ + π)
∓iχ±

i (θ)

]
, (2.25)

where θ is introduced to parameterize the equator on which the Majoranas are propagat-
ing. The above symmetry action can be derived from the bulk symmetry using a recur-
sive Jackiw-Rebbi procedure (see App. 2.C) [78] and satisfies the basis-invariant relations
{I,P} = 0, [I, T ] = 0 and I2 = 1. we can always paste a p+ip and p−ip topological super-
conductor on the northern and southern hemispheres respectively, which contribute a pair
of chiral hinge modes denoted as γN,S. The inversion action on these modes is represented
as

I :


γN(θ)

γN(θ + π)
γS(θ)

γS(θ + π)

 7→

iγS(θ + π)
−iγS(θ)
iγN(θ + π)
−iγN(θ)

 . (2.26)

Consider the linear combinations γ± = (γN ± γS)/
√
2 that transform under inversion as

I :

[
γ±(θ)

γ±(θ + π)

]
7→
[
±iγ±(θ + π)
∓iγ±(θ)

]
. (2.27)
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Figure 2.3: An illustration of the procedure used to gap out the (3, 0) configuration of
chiral Majorana modes χi with i = 1, 2, 3. We introduce γN/Si Majoranas by pasting p± ip
superconductors on the surface and end up with a total of nine Majorana modes on the
hinge. These are subsequently gapped out by introducing the STO AN,S on the northern
and southern hemispheres respectively. The nine Majorana modes are described by the
SO(9)1 WZW which splits into two copies of SO(3)3 theories that gap out upon coupling
to the edge modes provided by the STOs.

Henceforth we denote left/right-moving modes with/without an overbar. The configuration
(N+, N−) with net N+ +N− right movers can always be transformed to (N+ − 1, N− − 1)

by surface pasting. Therefore we have the equivalence relation

(N+, N−) ∼ (N+ − n,N− − n), (2.28)

where n ∈ Z. Consequently, we can always transform a configuration (N+, N−) into a
configuration with all positive parity modes (N+ − N−, 0). For this reason we will only
need to consider the stability of such modes under surface pasting of topologically ordered
phases. The classification of inversion symmetry-protected higher-order phases in class D
is given by the group Z4 which can be indexed by (N+, 0) (See Sec. 2.3 for details). For
the present discussion it will suffice to construct the STO for the generator of Z4 which
may be treated as (3, 0). Since an odd number of Majorana fermions cannot be tamed by
Abelian bosonization, the K-matrix approach we previously employed must be abandoned.
Instead, we use non-Abelian bosonization to approach the problem. We remark here that
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the method in this section is similar in spirit to Ref. [79, 80], however, adapted to inversion
symmetry.

We consider the HOTSC to have a spherical geometry as illustrated in Fig. 2.3 with
three chiral majorana modes χ+

i on the inversion-symmetric equator. In order to show
that the chiral hinge can be gapped, we find it convenient to proceed in two steps. First
we add additional degrees of freedom on the hinge by a purely surface pasting of p ± ip
superconductors that preserves the inversion symmetry. In the second step, we induce
inversion-symmetric topological order on the surface to gap out the combined hinge modes
contributed by the p ± ip superconductors and the bulk higher-order superconductor. We
begin by adding three copies of a p + ip superconductor on the northern hemisphere and
three copies of a p − ip superconductor on the southern hemisphere. As a result, we end
up with 6 additional Majorana modes on the equator which we label as {γNi , γSi }, with
i = 1, . . . , 3. The hinge is described by the so(9)1 WZW theory [81]

S =

∫
dtdθiΨT(∂t − ∂θ)Ψ, (2.29)

where we have introduced a 9 component Majorana spinor field Ψ. The operator product
expansion (OPE) of the Majorana operators satisfies the standard relations

χ+
i (z)χ

N
j (w) ∼

δij
z − w

+ . . . ,

γNi (z)γ
N
j (w) ∼

δij
z − w

+ . . . ,

γSi (z)γ
S
j (w) ∼

δij
z − w

+ . . . . (2.30)

We introduce so(9)1 currents which can be expressed as fermion biliears,

J A(z) =
i

2
Ψ†(z)ΣAΨ(z), (2.31)

where A is a Lie-algebra index, ΣA are the generators of the so(9) lie algebra and z are
holomorphic coordinates defined as z = θ+it on the hinge. The currents

{
J A
}
A=1,...dim(so(9))

satisfy the OPE

J A(z)J B(w) ∼ δAB

(z − w)2
+
ifABC J C(w)

z − w
+ . . . , (2.32)

where fABC are the structure constants for so(9). The action of inversion on the different
Majorana operators is as follows

I : χ+
i (θ) −→ iχ+

i (θ + π),

I : γNi (θ) −→ iγSi (θ + π),

I : γSi (θ) −→ iγNi (θ + π). (2.33)
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In order to construct the surface topological order that can absorb the Majorana hinge
modes, it is useful to work with an embedding of so(3)(1)3 ×so(3)

(2)
3 ⊂ so(9)1. Since inversion

symmetry is an essential part of our setup, we need to be careful about its action on the
various embedded components. We work with a choice of embedding such that the two
copies of so(3)3 are swapped under the action of inversion. Let us index the components of
the spinor Ψ by a tuple (i, j) where i, j = 1, 2, 3. We define the different components such
that they have the following simple transformation rule under inversion

I :Ψ(i,j)(θ) 7−→ iΨ(j,i)(θ + π) (2.34)

with

Ψ(i,i) = χ+
i ,

Ψ(2,3) = γN1 , Ψ(3,2) = γS1 ,

Ψ(3,1) = γN2 , Ψ(1,3) = γS2 ,

Ψ(1,2) = γN3 , Ψ(2,1) = γS3 . (2.35)

In order to construct the so(3)3 current operators, consider the matrices defined as σa,1 :=
La ⊗ Id3 and σa,2 := Id3 ⊗ La, a = 1, 2, 3, where La are the generators of so(3) in the
fundamental representation. These matrices generate two decoupled so(3) algebras[

σa,κ, σb,κ
′
]
= δκκ

′
fabc σc,κ. (2.36)

Using this decomposition we define the following so(3)3 × so(3)3 currents

J a,κ =
i

2
Ψ†σa,κΨ, (2.37)

which explicitly take the form

J 1,1 =
i

2

[(
γS3
)(†)

γN2 +
(
χ+
2

)(†)
γS1 +

(
γN1
)(†)

χ+
3

]
+ h.c.,

J 1,2 =
i

2

[(
γN3
)(†)

γS2 +
(
χ+
2

)(†)
γN1 +

(
γS1
)(†)

χ+
3

]
+ h.c.,

J 2,1 =
i

2

[(
χ+
1

)(†)
γN2 +

(
γN3
)(†)

γS1 +
(
γS2
)(†)

γ+3

]
+ h.c.,

J 2,2 =
i

2

[(
χ+
1

)(†)
γS2 +

(
γS3
)(†)

γN1 +
(
γN2
)(†)

χ+
3

]
+ h.c.,

J 3,1 =
i

2

[(
χ+
1

)(†)
γS3 +

(
γN3
)(†)

χ+
2 +

(
γS2
)(†)

γN1

]
+ h.c.,

J 3,2 =
i

2

[(
χ+
1

)(†)
γN3 +

(
γS3
)(†)

χ+
2 +

(
γN2
)(†)

γS1

]
+ h.c.. (2.38)

The reason why we write (†) on the Majorana operator is to remind ourselves of the subtlety
related to the imaginary action of inversion, e.g., if I : χ+

i (θ) 7→ iχ+
i (θ + π), then I :
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(χ+
i (θ))

(†) 7→ (χ+
i (θ + π))(†)(−i). We can verify that inversion acts as I : J a,1 ↔ J a,2 on

the so(3) currents. From the standard OPE for Majorana operators, we can extract the
OPE for the so(3)3 currents, and verify that the level is indeed 3 (see App. 2.B). The stress
tensor decomposes as

Tso(9)1 = T
so(3)

(1)
3

+ T
so(3)

(2)
3

, (2.39)

which means that the chiral central charges of the embedded sectors add up to give the chiral
central charge of the so(9)1 WZW theory. Having formulated the hinge modes as two copies
of so(3)3, it is a straightforward task to gap them out by adding surface topological order.
We introduce AN = AS = SO(3)3 whose edge conformal field theories and corresponding
current operators we denote as so(3)3,N/S and J̄ a

N/S, respectively [79]. Under inversion the
currents transform as

I : J̄ a
N(θ) 7−→ J̄ a

S (θ + π). (2.40)

The hinge modes J a,κ and the edge modes of the surface topological order J̄ a
N/S can together

be gapped out upon adding the gapping term

δL = λ(θ)
3∑

a=1

[
J̄ a
N(θ)J a,1(θ) + J̄ a

S (θ)J a,2(θ)
]
, (2.41)

which is inversion symmetric if λ(θ) = λ(θ+π). Therefore, we can choose λ to be constant.
To summarize, we have shown that the hinge modes (3, 0) can first be mapped to (3, 6) by
purely surface pasting of p ± ip superconductors. Thereafter, two copies of so(3)3 can be
embedded in the (3, 6) configuration which can be gapped out by a surface pasting of SO(3)3
topological order. We remark that, if we try to directly gap out a single chiral majorana, i.e.,
the configuration (1, 0), without the procedure of pasting p± ip, the situation requires us to
use a fermionic surface topological order with chiral central charge equal to 1/4, provided
that the gapping channel can be found. We do not know of such a fermionic topological
order that is not the one we used, up to a condensation with a bosonic anti-chiral phase.
Eventually we decided to use our current strategy laid out in this section.

2.2.4 Class DIII + inversion: HOTSC with helical Majorana hinge modes

Class DIII superconductors enriched by inversion symmetry support non-trivial second and
third-order topological phases which host robust helical modes and Majorana Kramers zero
modes on inversion symmetric loci on the surface [27]. The helical hinge modes are similar
to those obtained on the edge of a 2D TRS invariant topological superconductor, i.e they
contain a Majorana Kramers’ pair of counter-propagating modes. Here we show that these
modes can be gapped out if we allow for the possibility of surface topological order.
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First we briefly review the free-fermion model for the helical HOTSC. We can start
with two class DIII topological superconductors with opposite topological index and add
symmetry-respecting perturbations that gap out the surface, leaving behind a robust hinge.
The surface Hamiltonian prior to adding such a mass term is given by

h(k⃗, r⃗) = −ρz ⊗ (k⃗ × n̂r⃗) · σ⃗, (2.42)

where ρµ and σµ are the Pauli matrices in the orbital and spin space respectively. The
inversion, time reversal and particle-hole symmetries are generated by I = −ρz ⊗ σ0, T =

ρ0 ⊗ iσyK and P = −ρz ⊗ (n̂r⃗ · σ⃗)σyK. To perturb the Hamiltonian, we add the following
mass term that respects the symmetries

δh(r⃗) = mr⃗ρx ⊗ σ0. (2.43)

Inversion symmetry demands that Iδh(r⃗)I−1 = δh(−r⃗) which further imposes the condition
mr⃗ = −m−r⃗, signalling the vanishing of the mass term along some inversion symmetric curve
which we choose to be at the equator. After Jackiw-Rebbi projection, we may verify that a
pair of helical Majorana modes resides at the hinge.

The classification of inversion symmetry enriched higher-order phases in class DIII is
given by the group Z4 which can be indexed by the number of Majorana helical hinge modes
modulo 4 (See Sec. 2.3 for details). For the present discussion it will suffice to construct
the STO for the generator of Z4 which may be treated as (3, 0). We first show that an odd
number of helical modes is stable to weak interaction, and they are only unstable to adding
topological order on the surface.

2.2.4.1 Stability of odd number of helical hinge modes

For concreteness, let us begin with the setup with three pairs of helical Majorana modes on
the hinge. The Lagrangian density for the Majorana modes can be written as

L =

2n+1∑
j=1

[
iχj(∂t − ∂x)χj + iχ̄j(∂t + ∂x)χ̄j

]
, (2.44)

with n = 1 which is the non-chiral so(3)1 WZW theory. For simplicity, we drop the explicit
hermitian conjugation from the equations in this subsection as they do not play a role unless
we are dealing with a imaginary symmetry representation such as inversion in Eq. (2.76).
Here we are only interested in the stability of pairs of helical-modes under TRS which has
a real representation. The holomorphic and anti-holomorphic currents that generate the
so(3) current algebra are

J a =
i

2
χjL

a
jkχk =

i

2
ϵajkχjχk
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J̄ a =
i

2
χ̄jL

a
jkχ̄k =

i

2
ϵajkχ̄jχ̄k, (2.45)

where a = 1, . . . , dim(so(3)), and as before La are the generators for the so(3) Lie algebra.
The model is TRS invariant with the TRS action given by Eq. (2.75) for each pair (χj , χ̄j).
We are interested in the stability of this model to TRS invariant perturbations. More
precisely, whether the theory can be completely gapped out without breaking TRS. At the
quadratic level we can add the following terms to the Hamiltonian

δH =
∑
j,k,l

imjϵ
jkl(χkχ̄l + χ̄kχl) +

∑
j

im̃jχjχ̄j

=
∑
j

[
mjOj + im̃jχjχ̄j

]
, (2.46)

where, in the second second line we have defined the fermion bilinearOj = iϵjkl(χkχ̄l+χ̄kχl).
TRS imposes that m̃j = −m̃j = 0, while there are no such constraints onmj . The operators
Oj satisfy the algebra [

Oj ,Ok
]
= 4(χjχk + χ̄jχ̄k), (2.47)

which suggests that these operators cannot condense/acquire a ground state expectation
value simultaneously. This may pose an obstruction to symmetrically gapping out the
theory. Since the model is quadratic, we simply diagonalize the Hamiltonian and check
whether this is the case. The full Hamiltonian reads

H =
∑
j

∫
dx
{
iv (χj∂xχj − χ̄j∂xχ̄j) +

∑
j

imjOj
}

=

∫
k
dkΨT

kH(k)Ψk, (2.48)

where in the second line, we have introduced the spinor ΨT = (χ1, χ̄1, χ2, χ̄2, χ3, χ̄3) and
transformed to momentum space. The explicit form of H(k) is

H(k) = vkId3 ⊗ σz +
∑
j

imjL
j ⊗ σy. (2.49)

The spectrum of H(k) is gapless with the eigenvectors |ψ1〉 = (m1,m2,m3)
T ⊗ (1, 0)T and

|ψ2〉 = (m1,m2,m3)
T ⊗ (0, 1)T having eigenvalues ±vk. We are able to find the above two

vectors due to the simple condition that

Ker
[∑

j

mjL
j
]
6= ∅, (2.50)

which follows from the fact that L ≡
∑

jmjL
j is a generic 3×3 anti-symmetric matrix, and

is therefore singular, since

det(LT) = det(−L) = (−1)3det(L). (2.51)
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The above argument can be directly generalized to any odd number of helical modes, since
the corresponding L will always be singular, and result in the existence of gapless eigen-
vectors. More generally, we may use a mathematical theorem [82] that states any anti-
symmetric matrix L can be block diagonalized by conjugating with an orthogonal matrix.
We can then verify that for an even number of helical modes, we can block diagonalize the
Hamiltonian into 2× 2 blocks with a gapped spectrum.

Having established the stability of an odd number of helical modes at the non-interacting
level, we proceed to examine the effect of four fermion or current-current interaction terms
for the so(3)1 × so(3)1 theory. The action of TRS on the currents is

T : J a ←→ −J̄ a. (2.52)

Therefore the general form of TRS invariant current-current interaction terms is

δHint =
∑
a

λaJ aJ̄ a +
∑
a,b

λab

(
J aJ̄ b + J̄ aJ b

)
. (2.53)

We examine the λa terms first. The term J aJ̄ a can be decomposed into two kinds of
bilinears: those of the form χjχ̄j , j 6= a, and those of the form Oa. In other words if λa
were to flow to strong coupling, at least one of these bilinears would be expected to acquire
a groundstate expectation value. Since the former kind breaks TRS, this would lead to a
groundstate that spontaneously breaks TRS. Alternatively, we could consider the scenario
where Oa acquires an expectation value. An important observation is that(

Oj
)2 ∝ J jJ̄ j , (2.54)

up to a constant term. Therefore, by ramping up λ1 for example, we can gap out the modes
χ2,3 and χ̄2,3 by condensing O1 ∝ (χ2χ̄3 + χ̄2χ3). Crucially though, we cannot gap out the
entire theory by simultaneously condensing O1,2,3, as these operators satisfy the non-trivial
algebra in Eq. (2.47). This can be understood as a generalization of the Haldane criterion
to non-Abelian current algebras.

Next, we turn to the terms of the form λab(J aJ̄ b+J̄ aJ b). We are interested in how the
groundstate at λab → ∞ transforms under TRS. To this end, we decouple the interaction
term into possible products of fermion bilinears and ask whether we can find a decoupling
where each bilinear is invariant under TRS. Let us illustrate this procedure with an explicit
example. Consider the term

J 1J̄ 2 + J̄ 1J 2 = (iχ2χ3)(iχ̄1χ̄3) + (iχ̄2χ̄3)(iχ1χ3)

= (iχ3χ̄3)(iχ̄1χ2 − iχ1χ̄2). (2.55)
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This is the only possible decoupling for the term proportional to λ12; the terms proportional
to the other λab’s all have similarly unique decouplings. Crucially, both the bilinears in the
decoupling transform non-trivially under TRS and such an interaction cannot have a TRS
invariant groundstate.

The above considerations generalize to any odd number of helical modes. For an even
number of helical modes, say 2n, we can construct an interaction term that gaps out all the
modes while preserving the TRS. Consider the matrices L̃a

2n with a = 1, . . . , n which generate
a so(2)n subgroup so(2n). The matrix La

2n basically generates rotations in x2a−1-x2a plane
in R2n. Then we can construct the currents

J a :=
i

2
χj L̃

a
2n,jkχk = iχ2a−1χ2a, (2.56)

and analogously we define the antiholomorphic currents J̄ a. Then we may write down the
interaction term

δH = λ

n∑
a=1

J aJ̄ a

= λ
n∑

a=1

(iχ2a−1χ̄2a + iχ̄2a−1χ2a)
2 + const.. (2.57)

Since the terms (iχ2a−1χ̄2a + iχ̄2a−1χ2a) are TRS invariant and commute mutually for all
a, adding such a term gaps out all 2n helical modes simultaneously.

2.2.4.2 Gapping out the surface with topological order

In this subsection, we describe the STO for second-order 3D class DIII HOTSC protected
by inversion symmetry. Here we start with the system that originally carries three pairs of
helical Majorana modes along the hinge. Since the class DIII hinge modes can be regarded
as a stack of class D hinge modes with their time-reversed partners, a natural candidate
of the STO for class DIII is given by stacking the STO for class D with its time-reversed
partner which is SO(3)3 × SO(3)3.

We consider the HOTSC to have a spherical geometry with three pairs of helical Majo-
rana modes χi, χ̄i propagating along the equator on the surface. First we add three copies
of class DIII superconductors on the northern and southern hemisphere, ending up with
6 additional pairs of helical Majorana modes on the equator which we label as γN/Si , γ̄

N/S
i .

The hinge is described by the so(9)1 × so(9)1 WZW theory. The action of inversion on the
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different Majorana operators is as follows

I :



χi
γNi
γSi
χ̄i
γ̄Ni
γ̄Si

 (θ) −→



iχi
iγSi
iγNi
−iχ̄i
−iγ̄Si
−iγ̄Ni

 (θ + π). (2.58)

Next, we carry out the conformal embedding procedure i.e. we embed so(3)3 × so(3)3 ⊂
so(9)1 and so(3)3 × so(3)3 ⊂ so(9)1. Since the recipe is identical to that described for the
holomorphic CFT in Sec. 2.2.3, we do not repeat the procedure here. Eventually, we end up
with chiral and anti-chiral current operators that transform under the inversion-symmetry
action as

I :

[
J a,1

J̄ a,1

]
(θ) 7−→

[
J a,2

J̄ a,2

]
(θ + π), (2.59)

where ‘a’ labels the generators of so(3). Similarly, under TRS, the currents transform as

T : J a,κ ←→ −J̄ a,κ, (2.60)

where κ ∈ {1, 2}. In order to gap out these current operators, we introduce topological
order AN and AS on the northern and southern hemispheres, respectively, with AN =

SO(3)3×SO(3)3. Conveniently, the symmetry transformation properties of the edge modes
induced on the hinge from the topological order are identical to those of the aforementioned
modes obtained from the conformal embedding procedure. We denote the modes provided
by the topological orders on the northern and southern hemispheres with subscripts N and
S. Under inversion and TRS,

I : J a
N,S(θ) 7−→ J a

S,N(θ + π),

I : J̄ a
N,S(θ) 7−→ J̄ a

S,N(θ + π),

T : J a
N,S(θ)←→ −J̄ a

N,S(θ). (2.61)

The hinge modes J a,κ, J̄ a,κ and the edge modes of the surface topological order J a
N/S, J̄

a
N/S

can together be gapped out upon adding the gapping term

δL = λ(θ)
3∑

a=1

[
J̄ a
N(θ)J a,1(θ) + J̄ a

S (θ)J a,2(θ)

+ J a
N(θ)J̄ a,1(θ) + J a

S (θ)J̄ a,2(θ)
]
, (2.62)

which is TRS invariant, and inversion symmetric if λ(θ) = λ(θ + π). Therefore, we can
choose λ to be constant.
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2.3 Surface topological order for third order topological phases

In this subsection, we discuss the surface topological order for third order topological phases
protected by inversion symmetry in addition to possible Altland-Zirnbauer symmetries. In
total there are five Altland-Zirnbauer classes that support non-trivial third-order topology
upon imposing inversion symmetry. These are D, BDI, AIII, DIII and CII. In what follows
we present the STO for classes D, BDI and AIII together, as these classes and consequently
their STOs are closely related.

Figure 2.4: Surface topological order for third order topological phases protected by inver-
sion symmetry. In the picture, the red stars denote the zero modes located at antipodal
points of the surface.

2.3.1 Class D, BDI and AIII

We begin with the discussion of class D. Note that the third-order inversion-symmetric
class D superconductor can be obtained by stacking two copies of second-order inversion-
symmetric class D superconductors whose surface contains the configuration (1, 0)⊕(1, 0) =
(2, 0) ∼ (1,−1) in the notation used in Sec. 2.2.3. The configuration (1,−1) contains a
pair of counter-propagating chiral modes χ+ and χ̄− which are unstable to a mass term
im(θ)(χ+(θ))(†)χ̄−(θ). The inversion symmetry imposes that m(θ + π) = −m(θ) and con-
sequently, the mass vanishes at two anti-podal points which contain Majorana zero-modes.
Furthermore since we can always gap out Majorana modes in pairs, (2, 0)⊕ (2, 0) = (4, 0) ∼
(0, 0). This agrees with the result [83, 27] that 3D class D higher-order topological super-
conductors enriched by inversion symmetry are classified by Z4 which is an extension of Z2

(second-order phases) by Z2 (third-order phases).
Here we describe the procedure to gap out two surface Majorana zero modes (or equiv-

alently the (2,0) configuration) by pasting inversion symmetric surface topological order.
First we start with the configuration (−6,−6) which is obtained by pasting 6 inversion sym-
metric copies of p ± ip on the surface. Next we paste so(3)3 × so(3)3 on the northern and
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southern hemispheres which effectively provides additional modes corresponding to (12, 6).
Upon such a surface pasting, we end up with (−6,−6)⊕ (12, 6) = (6, 0) ∼ (2, 0). Since we
can create two Majorana zero modes on antipodal points on the surface without manipu-
lating the bulk, we can always absorb the surface modes contributed by a third order class
D superconductor.

Having obtained the STO for class D, we now proceed to discuss the surface topological
order for 3D inversion TSC in BDI class. According to Ref. [27], 3D inversion-symmetric
TSC in class BDI has a third order phase but no non-trivial first or second order phases.
Conveniently, we make use of the notion of block state introduced in Ref. [84, 85]. Gener-
ically, a block state |Ψ〉 has the form |Ψ〉 =

⊗
b∈B |ψb〉, where B is a collection of blocks,

and block b is a db-dimensional system embedded in a d-dimensional space. In our case, the
wavefunction of a non-trivial third order phase is physically equivalent (up to a inversion-
symmetric finite depth unitary circuit) to a block state |Ψ〉 = |Ψ1〉 ⊗ |Ψa〉 where |Ψ1〉
denotes a state in the non-trivial phase of the 1D BDI Majorana chain embedded in the
3D space with inversion symmetry, and |Ψa〉 denotes a state, describing the rest of the 3D
space, in the trivial phase. The 1D BDI Majorana chain can be described by the following
Hamiltonian

Ĥ =
1

2

∫
dxψ̂†(x)H(x)ψ̂(x), (2.63)

where
H(x) = −iτy∂x +m(x)τz, ψ̂† = (a†x, ax), (2.64)

with a†x being a complex fermion creation operator. The Altland-Zirnbauer symmetries are
represented as

T = K, P = τxK, I = τz. (2.65)

The mass profile m(x) is positive (negative) inside (outside) the chain. If we denote the
two edges of this chain as x+ and x− separately, then Jackiw-Rebbi procedure shows that
these two edges host Majorana zero modes γx+ and γx− , which have the form [18]

γx+ =

∫
dx

1√
2
(ax + a†x)e

∫ x
xa
dx′m(x′),

γx− =

∫
dx

i√
2
(−ax + a†x)e

−
∫ x
xb
dx′m(x′)

, (2.66)

where xa/b are parameters that ensure the normalization condition
∫
dxe2

∫ x
xa
dx′m(x′) =∫

dxe
−2

∫ x
xb
dx′m(x′)

= 1. The actions of TRS and inversion are as follows

T γx+T −1 = γx+ , T γx−T −1 = −γx− . (2.67)

Iγx+I−1 = iγx− , Iγx−I−1 = −iγx+ . (2.68)
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The above symmetry actions satisfy the basis invariant relations {I,P} = 0, [I, T ] = 0,
T 2 = 1 and I2 = 1, independently agreeing with Ref. [27]. We thus propose that the STO
for 3D third order inversion TSC in BDI class to be SO(3)3 × SO(3)3, which is the same
as we found for the 3D third order inversion TSC in D class. Recall that in Section 2.2.3,
we showed that an inversion symmetric surface realization of SO(3)3 contains a gapless
modes (denoted as J a

N/S currents) appearing on an inversion-symmetric line (chosen as the
equator for our convenience). We then used such a current mode to gap out the 9 chiral
Majorana modes on the equator contributed by the bulk as well as the surface pasting of
p ± ip superconductors. Similarly, SO(3)3 × SO(3)3, which is the proposed STO for class
BDI, has 9 pairs of counter-propagating Majorana modes, without the contribution from
the bulk. Let us denote these modes as αi, ᾱi with i = 1, . . . , 9. The TRS action on the
Majorana modes is

T : i 7→ −i,
[
αi
ᾱi

]
7→
[
ᾱi
αi

]
. (2.69)

While the inversion acts naturally on the current operators contributed by the STO on the
equatorial hinge as

I :

[
J a
N

J̄ a
N

]
(θ)←→

[
J a
S

J̄ a
S

]
(θ + π). (2.70)

After the conformal embedding, we regroup the Majoranas as χi, γ(1)i , γ
(2)
i , χ̄i, γ̄

(1)
i , γ̄

(2)
i ,

where the definition is taken as

χ1,2,3 ≡α1,2,3,

γ
(1)
1,2,3 ≡ α4,5,6,

γ
(2)
1,2,3 ≡ α7,8,9, (2.71)

and similarly for the χ̄i, γ̄(1)i , γ̄
(2)
i . Inversion action on the Majoranas is

I :



χi

γ
(1)
i

γ
(2)
i

χ̄i

γ̄
(1)
i

γ̄
(2)
i


(θ) −→



iχi

iγ
(2)
i

iγ
(1)
i

−iχ̄i
−iγ̄(2)i

−iγ̄(1)i


(θ + π). (2.72)

We now proceed to gap these modes in groups. For the γ’s and γ̄’s, we can write the
following gapping term

δĤ1 =
∑
i

m1(θ)(i(γ
(1)
i )(†)γ̄

(1)
i − i(γ

(2)
i )(†)γ̄

(2)
i ), (2.73)
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which gaps all the γ and γ̄. For the χ’s, χ̄’s, we can write the following gapping term:

δĤ2 =
∑
i

m2,i(θ)(iχ
(†)
i χ̄i). (2.74)

Note that inversion forces m2,i(θ) = −m2,i(θ + π), and each counter propagating χ, χ̄

contributes a pair of Majorana zero modes. Since we have three pairs of counter-propagating
χ, χ̄, two pairs of Majorana zero modes will be gapped out, and we are therefore left with
one protected pair of Majorana zero modes on the equator located at inversion-symmetric
positions. Furthermore, the Jackiw-Rebbi procedure shows that these Majorana zero modes
transform in the exact same way as in Eq. (2.67) and Eq. (2.68). Thus the zero modes from
the STO can gap out the zero modes from the BDI bulk.

What about the third order inversion symmetric topological phase in AIII? According to
Ref. [27], a 3D inversion symmetric TI in class AIII has only a third-order implementation.
Physically, this phase can be thought of as a 1D AIII Su-Schrieffer-Heeger (SSH) chain which
is in non-trivial phase inserted into a 3D manifold. There is a close connection between
the 1D SSH chain and the 1D BDI chain, as pointed out in Ref. [18]. We can establish an
exact mapping from two copies of the BDI Kitaev chain to one copy of SSH chain. The two
dangling Majorana zero modes form a Dirac zero mode, which is the dangling zero mode
of the SSH chain. Since two copies of Kitaev chain have an emergent O(2) symmetry, its
subgroup SO(2) corresponds to the U(1) symmetry for the AIII chain. Crucially, the TRS
in the BDI chain corresponds to the sub-lattice/chiral symmetry of the AIII chain (We
comment that the TRS is still anti-unitary in the Fock space after the mapping, but it is
unitary on the single-particle Hamiltonian [18]). Therefore, we naturally conclude that the
STO for the 3D third order AIII phase is equivalent to the STO for two copies of 3D third
order BDI phase, with chiral symmetry implemented in the same way as the TRS in the
STO for BDI phase.

2.3.2 Class DIII

In this subsection, we discuss the STO for third order class DIII HOTSC. To that end,
we first demonstrate the fact that, for 3D class DIII HOTSC protected by inversion, the
classification is Z4, which is an extension of Z2 (second-order phases) by Z2 (third-order
phases). Consider the second-order case, where there is a pair of helical hinge modes. We
denote the Majorana hinge modes as (χ, χ̄). The TRS action on these modes is

T :

[
χ(θ)
χ̄(θ)

]
7→
[
χ̄(θ)
−χ(θ)

]
, (2.75)
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while the inversion action on these modes is

I :


χ(θ)
χ̄(θ)

χ(θ + π)
χ̄(θ + π)

 7→

iχ(θ + π)
−iχ̄(θ + π)
−iχ(θ)
iχ̄(θ)

 . (2.76)

As in the case of Class D, the above action can be derived using recursive Jackiw-Rebbi
procedures. Now suppose we have two copies of such helical modes (χ1, χ̄1, χ2, χ̄2), with
symmetry action exactly the same as the above. A gapping term can be written down in
the 1D model

δĥ =

∫
dθ
[
im(θ)

(
χ
(†)
1 (θ)χ̄2(θ) + χ̄

(†)
1 (θ)χ2(θ)

)]
. (2.77)

The above term is TRS invariant, and inversion symmetry imposes m(θ) = −m(θ + π).
Thus the 1D system is gapped out except at two inversion symmetric points. Furthermore,
these two point modes can be gapped out if we take a double stacking of this model. We
therefore conclude that the class DIII HOTSC protected by inversion has classification Z4,
which is an extension of Z2 (second-order phases) by Z2 (third-order phases).

To gap out the third order topology, we make use of the fact that the third order phase
is obtained by two copies of second order phase. Now since the STO for the second order
phase is SO(3)3 × SO(3)3, we conclude that the STO for third order topological phase is
two copies of SO(3)3 × SO(3)3 topological order.

2.3.3 Class CII

We now briefly discuss the STO for the third order 3D HOTSC in class CII. Similarly
to the case AIII, we can view the 3D inversion-symmetric third order CII phase as a 1D
inversion-symmetric CII chain embedded in a 3D manifold. The 1D CII chain always has
even number of Majorana zero modes at its edge, instead of single Majorana zero mode at
the edge of Kitaev chain. we can view the edge zero modes for CII chain as a Kramers’ pair
of Majorana zero modes, similar to the edge mode in the case of 1D DIII chain. However
1D CII chain has a 2Z classification whereas the 1D DIII chain has a Z2 classification [86].
Here we briefly look at the following linearised 1D model for CII chain taken from Ref. [87]

H(k) = −kτzσy +mτx, T = σyK, P = τyK. (2.78)

The chain is in the topological phase when m > 0, and the zero modes are trapped at the
m = 0 domain wall. We perform the Jackiw-Rebbi projection to track the symmetry action
on the zero modes, and found that Tedge ∼ Pedge ∼ iσyK. Because of this, stacking any
number of copies of CII chains cannot enable us to gap these zero modes out, as TRS must
commute with the mass term, whereas the PHS must anti-commute with the mass term.
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The fact that CII can be viewed as a stacking of a Kitaev chain and its TRS copy with
P2 = −1 implementation of PHS leads us to conjecture that the STO for the third order
3D inversion CII phase to be the same as the STO for the third order 3D DIII phase, with
the P2 = −1 implementation of PHS on the STO level.

2.A K-matrix Luttinger liquids

In this appendix, we briefly review the K-matrix theory of Luttinger liquids [73, 74, 88].
2D Abelian topological orders can be described by n emergent U(1) gauge fields coupled
via a Chern-Simons action [89]. If the 2D system has a boundary, the boundary can be
described by U(1) compact boson theory [74]. Specifically, the bulk Lagrangian and the
boundary Lagrangian can be written as:

Lbulk =
KIJ

4π
ϵµνσa

I,µ∂νaJ,σ,

Lboundary = KIJ∂tϕ
I∂xϕ

J − VIJ∂xϕI∂xϕJ

+
∑
j

gj cos[l
T
j,Iϕ

I + α]. (2.79)

In the bulk Lagrangian, the KIJ is a symmetric integer matrix which describes the Chern-
Simons coupling of emergent gauge fields aIµ. By requiring the gauge invariance of the
theory on a 2 + 1d manifold with boundary, the boundary must carry degrees of freedom
ϕI described by the corresponding boundary action. The sine-Gordon terms are derived by
local Hermitian gapping terms i.e. cos[lTj,IϕI +α] ∼ eil

T
j,Iϕ

I

+ e−il
T
j,Iϕ

I

, where lTs are integer
vectors (usually referred to as the gapping vectors). For the convenience of discussion, we
also introduce the concept boundary gapping lattice Γ∂ = {lj}, namely the lattice spanned
by gapping vectors.

The advantage of focusing on the K-matrix is that we can represent quasiparticles in a
convenient algebraic way. Let us denote the order of the K-matrix as n, i.e., there are n
gauge fields in the bulk, and a quasiparticle can be represented by a n-components vector
l. The braiding phase between two quasiparticles is given by θll′ = 2πlK−1l′, and the
topological spin (exchange phase) of the quasiparticle l is given by θl = θll/2 = πlK−1l.
To identify local particles i.e. bosons/fermions in the theory, we require the local particle
to braid trivially with all particles, thus resulting in the constraint l = KΛ, where Λ is an
integer vector.

To have a fully gapped boundary, there are certain criteria that the sine-Gordon terms
have to satisfy. More concretely, we look at:

δLboundary =
∑
j

gj cos[l
T
j,Iϕ

I + α]. (2.80)
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Physically, by writing such terms, quasiparticles ljs are condensed on the boundary. For all
quasiparticles to condense, we require the following conditions [90]

1. The condensed quasiparticles have bosonic self-statistics: ∀lj ∈ Γ∂ , lTj,IK
−1
IJ lj,J ∈ 2Z.

2. The condensed quasiparticles mutually braid trivially.

3. The bosonic fields corresponding to the condensed quasiparticles can acquire classical
values at the same time: ∀lj , li ∈ Γ∂ , lTi,IK

−1
IJ lj,J = 0. This condition is also known as

the Haldane criterion.

4. The condensed quasiparticles must be local/non-fractional particles: ∀lj,I , lj,I = KIJΛj,J ,
where Λj,J is an integer vector.

5. Completeness: ∀lj,I = KIJΛj,J , if lTj,IK
−1
IJ lj,J = 0, and lTj,IK

−1
IJ li,J = 0 for ∀li,J ∈ Γ∂ ,

then lj,I ∈ Γ∂ .

6. Non-chirality: the boundary theory must have p left movers and p right movers to
begin with.

So far we have ignored the existence of global symmetries. It is beyond the scope of this
appendix to introduce a complete inclusion of symmetry in the K-matrix formalism. We
wish only to describe the more relevant symmetry to this chapter here. Crucially, we
usually have a global U(1) symmetry if the system under discussion is a fermionic insulating
system, e.g., quantum Hall systems and topological insulators. The presence of the global
U(1) symmetry is usually signalled by the coupling of the original degrees of freedom to a
background gauge field AI :

δLbulk,U(1) = −
1

2π
tIϵµνσA

µ∂νaI,σ

δLboundary,U(1) =
1

2π
tIϵµν∂

µϕIAν , (2.81)

where tI is an integer vector usually referred to as the electric charge vector. Quasiparticle
l’s electric charge is given by ql =

1
2π l

TK−1t. Upon the introduction of the global U(1)
symmetry, the quasiparticle condensation on the boundary is further restricted: only the
charge neutral particles can be condensed ,i.e., ∀lj , ljK−1t = 0.

2.B SO(N)1 Wess-Zumino-Witten theory

In this appendix, we briefly review the chiral SO(N)1 WZW conformal field theory which
describesN chiral Majorana fermions on a 1+1dmanifold [81]. The SO(N) global symmetry
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arises due to the flavor symmetry of the N chiral Majorana fermions χi 7→ Oijχj , Oij ∈
SO(N). Since this is a continuous symmetry, there exists corresponding Noether currents:

Ja =
i

2
χlL

a
lmχm, a = 1, . . . ,

N(N − 1)

2
, (2.82)

where Las are anti-symmetric N ×N matrices that generate the so(N) Lie algebra. Ma-
jorana fermions operators have the following OPE:

χa(z)χb(w) =
δab

z − w
+ . . . , (2.83)

from which the OPE for currents is derived:

Ja(z)Jb(w) =
δab

(z − w)2
+
ifabcJ

c(w)

z − w
+ . . . , (2.84)

where fabc is the structure constant for so(N). The energy momentum tensor is obtained
via the Sugawara construction, and is equivalent to the free fermion energy momentum
tensor

T (z) =
1

2(N − 1)
J⃗(z) · J⃗(z) = −1

2

∑
i

χi∂χi(z). (2.85)

The OPE of the energy momentum tensor is given by:

T (z)T (w) =
N/4

(z − w)4
+

2T (w)

(z − w)2
+
∂wT (w)

z − w
+ . . . , (2.86)

from which we can read off the chiral central charge c− = N/2. A procedure termed the
conformal embedding allows us to decompose the original WZW theory into two smaller
theories i.e. so(N2)1 ⊇ so(N)

(1)
N × so(N)

(2)
N . For illustration purpose, we will review the

conformal embedding for so(9)1 ⊇ so(3)
(1)
3 × so(3)

(2)
3 . The original so(9)1 theory has 9

Majorana fermions, denoted by a pair of indices (i, j), i, j = 1, 2, 3. We introduce a spinor
Ψ to simplify the notation, thus all Majoranas are denoted by Ψ(i,j). The current of the
so(9)1 theory is given by:

J j =
i

2
Ψ(a1,a2)Σ

j
(a1,a2),(b1,b2)

Ψ(b1,b2), j = 1, 2, . . . , 36, (2.87)

where Σj is the generator of the Lie algebra so(9). To perform conformal embedding, we
consider the following currents:

J j,(κ) =
i

2
Ψ(a1,a2)σ

j,(κ)
(a1,a2),(b1,b2)

Ψ(b1,b2), (2.88)

where j = 1, 2, 3;κ = 1, 2

σ
j,(1)
(a1,a2),(b1,b2)

= Λja1,b1δa2,b2 ,

σ
j,(2)
(a1,a2),(b1,b2)

= δa1,b1Λ
j
a2,b2

. (2.89)
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Note that Λj are the generators for so(3). In the fundamental representation, these take
the following form

Λ1 =

0 0 0
0 0 1
0 −1 0

 ,Λ2 =

 0 0 1
0 0 0
−1 0 0

 ,Λ3 =

 0 1 0
−1 0 0
0 0 0

 . (2.90)

Explicitly, the currents of the sub-theories in terms of Majorana fermions are

J1,(1) = i(χ2χ3 + χ5χ6 + χ8χ9)

J2,(1) = i(χ1χ3 + χ4χ6 + χ7χ9)

J3,(1) = i(χ1χ2 + χ4χ5 + χ7χ8)

J1,(2) = i(χ4χ7 + χ5χ8 + χ6χ9)

J2,(2) = i(χ1χ7 + χ2χ8 + χ3χ9)

J3,(2) = i(χ1χ4 + χ2χ5 + χ3χ6), (2.91)

where we have used the notation

Ψ(1,1) = χ1,Ψ(2,2) = χ5,Ψ(3,3) = χ9;

Ψ(1,2) = χ4,Ψ(2,3) = χ8,Ψ(3,1) = χ3;

Ψ(2,1) = χ2,Ψ(3,2) = χ6,Ψ(1,3) = χ7. (2.92)

The OPEs computed for these currents takes the form

Ja,(u)(z)Jb,(u)(w) =
3δab

(z − w)2
+
iϵabjJ

j(w)

z − w
+ . . . , (2.93)

where the level 3 is determined by double contraction. Note that Ja,(1)(z)Jb,(2)(w) is non-
singular, so that the two sub-theories are decoupled. Thus we conclude that J i,(u) forms
so(3)

(u)
3 current algebra. Furthermore, it was shown in Ref. [80] that

Tso(9)1 = T
so(3)

(1)
3

+ T
so(3)

(2)
3

. (2.94)

Thus the conformal embedding is complete.

2.C Jackiw-Rebbi projection procedures

In a seminal work, Jackiw and Rebbi [78] identified a generic mechanism where fermionic
zero modes appear localized on the mass domain walls of a 1D Dirac fermionic system.
Their approach has been generalized in the condensed matter literature to study zero modes
localized at the boundaries of bulk topological phases, e.g., Dirac mode at the end of the
SSH chain. In this chapter, we have used this procedure to track the symmetry action on
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the gapless modes of the higher order topological phase. We demonstrate the procedure in
this appendix for the second order inversion HOTSC in class D.

First, we start with one copy of 3D bulk Hamiltonian of class DIII TSC with inversion
symmetry. After a series of Jackiw-Rebbi procedures, we end up with a chiral Majorana
hinge modes on which the symmetry actions have explicit forms. Note that we will break
TRS in the process, so eventually the system is a class D TSC with inversion symmetry.
The bulk Hamiltonian is:

Ĥ =
1

2

∑
k⃗

ψ̂†
k⃗
H(k⃗)ψ̂

k⃗
, (2.95)

where

H(k⃗) = (−kxτxσz − kyτy + kzτxσx) + λτz,

ψ̂†
k⃗
= (c†

k⃗,↑
, c†
k⃗,↓
, c−k⃗,↑, c−k⃗,↓). (2.96)

The symmetries are represented as follows:

T = iσyK, P = τxK, I = τz. (2.97)

Note that here σ⃗, τ⃗ are Pauli matrices in different spaces. σ is the spin space, and τ is
the Nambu space. The 3D system lives inside a 3D ball, of which the boundary is S2.
Specifically we will pay attention to the gapless modes near x± = (±1, 0, 0), as these two
points are related to each other by inversion. The strategy is as follows: first we perform
Jackiw-Rebbi from 3D to 2D so that we end up with a system which is a 2D stacked system
Hx− ⊕Hx+ with a 3D inversion symmetry which relates system x− and x+ to each other;
second we write a mass term m(z)Γ in the stacked 2D system, and observe the behavior
of the term under inversion symmetry. If m(z) = −m(−z), then the stacked system hosts
gapless mode along the hinge.

The mass coefficient λ ≡ λ(x) has the behaviour such that λ = 1 inside the supercon-
ductor, and λ = −1 outside the superconductor. Let us investigate the surface modes near
x+. If we denote the surface eigenstate of the first quantized Hamiltonian as |φ〉, then

(iτxσz∂x + λ(x)τz)|φ〉 = 0, (2.98)

as we require the state to have no dispersion along the x-direction. The above equation is
equivalent to

∂x|φ〉 = iλ(x)τxτzσz|φ〉 = λ(x)τyσz|φ〉. (2.99)

The above equation implies that |φ〉 is an eigenstate of τyσz. There are four eigenstates of
τyσz:

|+, 1〉 = (e−i
π
4 , 0, e+i

π
4 , 0)T;
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|+, 2〉 = (0, e+i
π
4 , 0, e−i

π
4 )T;

|−, 1〉 = (e+i
π
4 , 0, e−i

π
4 , 0)T;

|−, 2〉 = (0, e−i
π
4 , 0, e+i

π
4 )T, (2.100)

where the phases are added so that boundary excitations are explicitly Majorana fermions.
Using these eigenstates, the Eq. (2.99) can be reduced to:

∂x|φ,±〉 = ±λ(x)|φ,±〉, (2.101)

for which the solutions are:

|φ,±〉 = exp[±
∫ x

x0

dx′λ(x′)]|±〉, (2.102)

where x0 is a constant to fix the normalisation condition. We therefore see that the states
with positive eigenvalues are the normalisable states near x+.
We further define the following matrix:

U =
1√
2
[|+, 1〉, |+, 2〉, |−, 1〉, |−, 2〉]. (2.103)

The first quantized Hamiltonian of the combined system is:

Hcomb(k⃗) = U †H(k⃗)U = −kyszσ̃z + kzσ̃x, (2.104)

where “comb” stands for “x+ and x− combined”. Note that we have omitted the exponential
factor in the definition of U for convenience. The exponential factor is only useful in telling
us that the effective Hamiltonian is describing the physics near x+, and writing it down
explicitly helps us remove the −kxτxσz + λ(x)τz term after the projection. The s-space is
now the space of x+ and x−.

We can now examine the representation of symmetries in this basis:

Tcomb = U †T U = iσ̃yK,

Pcomb = U †PU = K,

Icomb = U †IU = −syσ̃z. (2.105)

We conclude here, that we have obtained a stacked 2D system, of which the Hamiltonian
is:

Ĥcomb =
1

2

∑
k⃗

[ψ̂x
+†
k⃗

, ψ̂x
−†
k⃗

]Hcomb(k⃗)

[
ψ̂x

+

k⃗

ψ̂x
−

k⃗

]
, (2.106)
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with symmetries having representations as in Eq. (2.105). We can have more explicit form
of the spinor:

[
ψ̂x

+

k⃗

ψ̂x
−

k⃗

]
=


γx

+

−k⃗,↑
γx

+

k⃗,↓
γx

−

k⃗,↑
γx

−

−k⃗,↓

 = U †ψ̂
k⃗
. (2.107)

In terms of c, c†, the Majoranas are:

γx
+

−k⃗,↑ =
1√
2
(ei

π
4 c
k⃗,↑ + e−i

π
4 c†

−k⃗,↑
)

γx
+

k⃗,↓ =
1√
2
(e−i

π
4 c
k⃗,↓ + ei

π
4 c†

−k⃗,↓
)

γx
−

k⃗,↑ =
1√
2
(e−i

π
4 c
k⃗,↑ + ei

π
4 c†

−k⃗,↑
)

γx
−

−k⃗,↓ =
1√
2
(ei

π
4 c
k⃗,↓ + e−i

π
4 c†

−k⃗,↓
). (2.108)

Let us add a surface perturbation which breaks TRS, i.e., a mass term on the whole surface
of the 3D system that depends only on z. On our combined system, this perturbation
is represented as m(z)Γ, where Γ is some matrix. Such a term is m(z)σ̃y. Also this term
breaks TRS explicitly. By imposing Icombm(z)σ̃yI−1

comb = m(−z)σ̃y, we end up with m(z) =

−m(−z). Thus we can conclude that the class D TSC with inversion symmetry hosts hinge
modes, i.e., it hosts second order topology, which is consistent with the previous work.

We now proceed to perform Jackiw-Rebbi procedures on the combined 2D system, so
that symmetries on the 1D hinge modes will manifest.

The first quantized Hamiltonian with perturbation is:

Hcomb + δHcomb = −kyszσ̃z + kzσ̃x +m(z)σ̃y, (2.109)

in which we assign the behavior of m(z) to be

m(z) =


−1, if z < 0

0, if z = 0

+1, if z > 0

. (2.110)

If we denote the hinge eigenstate of the first quantized Hamiltonian as |φ〉, then

(−iσx∂z +m(z)σ̃y)|φ〉 = 0, (2.111)

as we require the state to have no dispersion along the z-direction. The above equation is
equivalent to

∂z|φ〉 = −im(z)σ̃xσ̃y|φ〉 = m(z)σ̃z|φ〉. (2.112)
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The above equation implies that |φ〉 is an eigenstate of s0σ̃z. There are four eigenstates of
s0σ̃z:

|+, 1〉 = (1, 0, 0, 0)T;

|+, 2〉 = (0, 0, 1, 0)T;

|−, 1〉 = (0, 1, 0, 0)T;

|−, 2〉 = (0, 0, 0, 1)T. (2.113)

Using these eigenstates, the Eq. (2.112) can be reduced to:

∂z|φ,±〉 = ±m(z)|φ,±〉, (2.114)

for which the solutions are:

|φ,±〉 = exp[±
∫ z

z0

dz′m(z′)]|±〉, (2.115)

where z0 is a constant to fix the normalisation condition. We therefore see that the states
with positive eigenvalues are the normalisable states.

We further define the following matrix:

U ′ = [|+, 1〉, |+, 2〉, |−, 1〉, |−, 2〉]. (2.116)

Note that U ′ will take us to the space ζ ⊗ s̃ which can be read off by studying the basis.
ζ is the space of normalisable states and non-normalisable states. We intend to keep the
normalisable states as hinge states, therefore keep the −− block of the ζ space.

The first quantized Hamiltonian of hinge state is:

U ′†(Hcomb + δHcomb)U
′|−− = U ′†(−kyszσ̃z)U ′|−− = ky s̃z. (2.117)

The symmetries are:

Phinge = U ′†PcombU
′|−− = K,

Ihinge = U ′†IcombU
′|−− = s̃y. (2.118)

And the spinor is:
X̂
k⃗
= (χx

+

k⃗
, χx

−

−k⃗)
T. (2.119)

The explicit form can be obtained in the following way:

X̂
k⃗
= U ′†

[
ψ̂x

+

k⃗

ψ̂x
−

k⃗

]
|lower, (2.120)
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since the normalisable states correspond to the −− block of the Hamiltonian. We can have
more explicit forms from this expression:

χx
−

k⃗
= γx

−

−k⃗,↓

χx
+

−k⃗ = γx
+

k⃗,↓. (2.121)

Therefore we can conclude that the 1D hinge Hamiltonian is:

Ĥhinge =
1

2

∑
k⃗

X̂†
k⃗
(ky s̃z)X̂k⃗ =

1

2

∑
k

X̂†
k⃗
Hhinge(k⃗)X̂k⃗, (2.122)

with symmetries defined as in Eq. (2.118).
We use θ to parametrise the full hinge which has periodicity π, and x− = 0, x+ = π.

The action of inversion is therefore:

Ihinge :

[
χ(θ)

χ(θ + π)

]
7→ s̃y

[
χ(θ)

χ(θ + π)

]
=

[
−iχ(θ + π)

iχ(θ)

]
. (2.123)

We conclude that, the 3D class D TSC with inversion symmetry hosts a single chiral Ma-
jorana hinge mode χ on the surface with symmetries defined as above.

2.D Third-order class DIII inversion-symmetric superconduc-
tor

In this appendix, we show that the surface zero modes of 3D class DIII topological super-
conductor with inversion are stable to weakly-interacting surface perturbations.

We proceed to describe the weakly-interacting surface perturbation. Specifically, if we
specify that the great circle connecting the antipodal corner modes as the equator, then we
paste one copy of 2D TRS invariant topological superconductor on the northern hemisphere
surface and another copy of 2D TRS invariant topological superconductor on the southern
hemisphere surface, and these two copies are related to each other by inversion symmetry.
To show that the original point modes are stable under this perturbation, it is sufficient
to show that the pasted 2D model will not host any new corner modes on the equator, as
these new corner modes will be able to be used to ’annihilate’ the original point modes.

Our effectively 2D model, which can be called N-S model, has the following Hamiltonian:

H = (−kxσzτx − kyτy + λτz)ζ0, (2.124)

where ζ denotes the N-S orbital space. The symmetries in this model are as follows:

T = σyK, P = τxK, I = ζxτz, (2.125)

note that inversion switches the N-S orbitals.

65



The 1D edge of the N-S model, i.e. the equator, can be completely gapped out without
leaving point modes behind. This can be shown by introducing the following gapping term
in the bulk:

δH = mr⃗σxτxζy, (2.126)

which is TRS invariant and PHS respecting. At the same time, by requiring IδH(r⃗)I−1 =

δH(−r⃗), we necessarily arrive at mr⃗ = m−r⃗. To see what this means on the equator, we
invoke the projection procedures as before. Upon projection, the 1D Hamiltonian and the
gapping term become:

h = −kSσzζ0, δh = −mr⃗(n̂r⃗ × σ⃗)zζy, (2.127)

with symmetries:
TS = σyK, PS = −(n̂r⃗ · σ⃗)σyK, IS = −ζx. (2.128)

Note that here kS denotes momentum perpendicular to n̂r⃗. Here we can see again, by
requiring ISδh(r⃗)I−1

S = δh(−r⃗), we necessarily arrive at mr⃗ = m−r⃗.
Thus we have proved that the edge of N-S model can be completely gapped without

breaking symmetries or leaving corner modes, and consequently, the corner modes that
arise from the third order topology of the 3D class DIII topological superconductor with
inversion symmetry are stable under such surface perturbation.
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Chapter 3

Finite-Entanglement Scaling of 2D
Metals

3.1 Introduction

In this study we extend the finite-entanglement scaling analysis to two dimensions and show
that a similar scaling collapse is possible for the entanglement entropy of metals, i.e., states
with a Fermi surface, despite the fact that there is no underlying CFT describing the long-
wavelength physics. Our results show that by exploiting the scaling collapse, moderate (and
numerically tractable) bond dimensions already give rise to a sufficiently high numerical
accuracy to reliably access all information about the Fermi surface that is contained in
the Widom formula, and hence apply the general approach of “entanglement spectroscopy”
to metallic systems. Some interesting previous works have studied finite-correlation-length
scaling for 2D TNS [91, 92, 93, 94], but these works did not consider area-law-violating
ground states.

Chapter heading: fish motif, detail of the pan, Shang dynasty, Erligang period (circa 17th/16th – circa
14th centuries B.C.), source unknown.

θ̄hx,βθhx,α

f †x,a
θ̄vx,σ

θvx,λa) b)

Figure 3.1: (a) A 2D tensor network on a 3 × 3 square lattice. (b) The assignment of
physical creation operators f †x to the physical index, and virtual Grassmann variables θx, θ̄x
to the virtual indices, of a Gaussian fermionic tensor.
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3.2 Gaussian fermionic TNS

For concreteness we will perform our analysis on a square lattice. Since we are interested
in 2D states with a Fermi surface we use fermionic projected entangled-pair states (PEPS)
[95, 96, 48, 97, 98, 99]. In particular, we will be working with Gaussian fermionic tensors,
which produce either a Slater determinant or a Bardeen-Cooper-Schrieffer (BCS) pairing
(or pfaffian) state after contraction of the virtual indices. To define the Gaussian tensors,
we assign fermion creation operators f †x,a (a ∈ {1, . . . , N}) to the physical index of the
tensor at site x, and Grassmann variables θhx,α, θ̄hx,β, θvx,λ, θ̄vx,σ (α, β, λ, σ ∈ {1, . . . ,M}) to
the virtual indices, as in Fig. 3.1. The Grassmann variables square to zero, are mutually
anticommuting, and also anticommute with the creation operators f †x,a. The Gaussian
tensor at site x is defined as

T̂x = exp

(
1

2
χTxAχx

)
, (3.1)

where the column vector χx ≡ (f †x, θ
h
x, θ̄

h
x, θ

v
x, θ̄

v
x) collects the N creation operators and 4M

Grassmann variables assigned to site x and the antisymmetric matrix A ∈ C(N+4M)×(N+4M)

contains the variational parameters. Note that A is independent of x, which means that we
are restricting ourselves to translation-invariant states. With the definition of the tensors in
place, we can now define the (unnormalized) contracted Gaussian fermionic TNS (GfTNS)
via the Berezin integral [100]

|ψ〉 =
∫
[Dθ]

∫
[Dθ̄]

∏
x

eθ̄
hT
x θhx+exe

θ̄v
T

x θvx+ey T̂x|0〉 , (3.2)

where |0〉 is the physical Fock vacuum and ex/y are unit vectors along the x/y-direction. Ev-
ery Grassmann variable spans a two-dimensional super vector space, so the bond dimension
of the GfTNS is D = 2M .

Because we are considering translationally invariant states, the Gaussian Grassmann
integral in Eq. 3.2 can be further simplified by going to momentum space. Working with a
large but finite system of Ns = NxNy sites and (anti-)periodic boundary conditions while
defining χk = 1√

Ns

∑
x e

ik·xχx, we can write

|ψ〉 =
∫
[Dθ]

∫
[Dθ̄] exp

(
1

2

∑
k

χT−k[A+M(k)]χk

)
|0〉 .

Here, M(k) is defined as M(k) = 0N ⊕ M̃(k), with 0N a N ×N zero matrix, and

M̃(k) =

(
0M −eikx1M

e−ikx1M 0M

)
⊕
(

0M −eiky1M
e−iky1M 0M

)
. (3.3)
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Writing A =

(
B −CT
C D

)
, with N ×N submatrix B, 4M ×N submatrix C, and 4M × 4M

submatrix D, we finally obtain

|ψ〉 ∝ e
1
2

∑
k f

†
−k(B+CT [D+M̃(k)]−1C)f†k |0〉 . (3.4)

Here, we have assumed that D + M̃(k) is non-degenerate at every k and refer to Ref. [69]
for the degenerate case.

The construction of GfTNS as presented here was introduced in Ref. [97], and has been
used in previous studies [101, 98, 102, 103]. There also exists an alternative formulation in
terms of density matrices [95].

The state in Eq. 3.4 takes the form of a general BCS pairing state. Given that we set out
to study states with a Fermi surface, the reader might worry that we are using TNS which
contract to pairing states. The reason for this is simply that a finite-D Gaussian fTNS
with explicit charge conservation symmetry always has an integer particle number at every
momentum which is constant throughout the Brillouin zone, and therefore cannot represent
or even closely approximate a state with a Fermi surface. This is not an embarrassing
shortcoming of GfTNS, but a direct consequence of the Lieb-Schultz-Mattis theorem, which
states that one cannot have a trivial insulator at noninteger fillings [104, 105, 106, 107]. In
particular, in Ref. [108], it was shown that if a general, explicitly translationally invariant
and U(1)-symmetric fTNS is forced to have a filling ν = p/q, with p and q > 1 coprime
integers, then the tensors necessarily have a purely virtual Z2q symmetry. The entanglement
entropy (EE) in a generic tensor network state with such virtual symmetry scales as S =

αL− ln 2q+O(L−1), which implies that the fTNS has nontrivial topological order [109, 110,
111, 112]. So the incompatibility of Gaussianity and explicit U(1) symmetry at fractional
filling ν = p/q for fTNS is a manifestation of the simple fact that Slater determinants
cannot represent states with nontrivial topological order. The only way for a translationally
invariant GfTNS to introduce finite entanglement in a metallic state is therefore to open a
small superconducting gap at the Fermi surface.

3.3 Spinless Fermi surface

We first consider the case with N = 1, i.e., spinless fermions with a single orbital per site.
To obtain the GfTNS, we minimize the energy of the following simple hopping Hamiltonian:

H = −t
∑
⟨ij⟩

f †i fj − t
′
∑
⟨⟨ij⟩⟩

f †i fj + h.c.− µ
∑
i

f †i fi , (3.5)

where the first (second) sum is over nearest (next-nearest) neighbours. We choose the
chemical potential µ such that there is a single electron pocket centered at the Γ point.
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Figure 3.2: Results for spinless fermions with t′/t = 0.353 at half filling of Ns = 9992

sites. (a) Relative difference in energy per site (denoted as ∆e/eexact) between the exact
ground state and the optimized GfTNS as a function of bond dimensionD; and the standard
deviation σq of the particle number per site of the optimized GfTNS. (b) |〈frf0〉| for D = 16
GfTNS vs the exact ground state. Near ξ, which is extracted from the EE, |G(r)| for GfTNS
starts to decay much faster than the power law behaviour for that of the exact ground state.
(c) |〈fkf−k〉|2 at D = 32 along a radial direction in the Brillouin zone as a function of the
single-particle energy εk of H (Eq. 3.5). (d) 〈fkf−k〉 at D = 32 throughout the Brillouin
zone. The color map denotes the magnitude, the arrows the complex phase.

With periodic boundary conditions, the total number of electrons in the spinless Fermi sea
is odd for every system size. If a state at momentum k is occupied, then so is the state
at −k. So the electrons appear in pairs, except at the time-reversal invariant momenta
(TRIM). Here, the only TRIM which is occupied is the center of Brillouin zone k = 0;
hence the overall fermion parity is odd. The tensors defined in Eq. 3.1 have even fermion
parity, and therefore the GfTNS also necessarily has even parity (for every system size).
This is reflected in the fact that the wave function in Eq. 3.4 with N = 1 always leaves the
states at the TRIM empty. It is possible to fix this discrepancy by inserting an additional
Grassmann variable “on the virtual level” in Eq. 3.2, which makes the fTNS have odd parity
(this Grassmann variable is identical to the string operators that have appeared in fTNS
constructions [113] of the px + ipy superconductor [114]). Here, however, we will use a
simpler way to sidestep this issue and work with antiperiodic boundary conditions such
that the spinless Fermi surface state always has even fermion parity.

We choose µ to fix the total particle number Ne at half filling, i.e., ν = Ne/Ns = 1/2, and
use t′/t = 0.353 to realise an almost circular Fermi surface. We have optimized the GfTNS
to minimize its energy 〈H〉, at different bond dimensions D (see Sec. 3.5 for details of the
numerical simulations). Fig. 3.2(a) depicts the difference in energy of the optimal GfTNS
compared the exact result, as well as the standard deviation of the total particle number
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Figure 3.3: (a) Scaling collapse of the entanglement entropy S of a L× L square region in
the optimized GfTNS for spinless fermions at half filling with t′/t = 0.353 and Ns = 9992,
obtained at different bond dimensionsD. (b) Collapse of the GfTNS entanglement entropies
using the scaling law of Eq. 3.7. (c) Linear fit of the correlation length ξ as a function of D
obtained from the scaling collapse of S, with κ = 1.074.

per site, i.e., σq ≡
√
〈N2

e 〉 − 〈Ne〉2/Ns. The latter is a quantifier for the charge conservation
symmetry breaking in the GfTNS. We see that both the energy error and σq decrease as
a function of D, indicating—similarly as Ref. [115]—that the optimised GfTNS provides
an approximation to the exact metallic ground state which improves systematically with
bond dimension. Fig. 3.2(b) shows the correlation function G(r) = 〈f †r+r′fr′〉 of the D = 16

GfTNS, which agrees with the exact result for |r| ≲ ξ ≈ 70. Note that ξ � Nx = Ny, such
that we can take our results to be representative of the thermodynamic limit. In Fig. 3.2(c)
and 3.2(d) we plot the pairing function 〈fkf−k〉 for D = 32, both along a radial cut, and
throughout the entire Brillouin zone. |〈fkf−k〉|2 is peaked at the Fermi surface, and can
be approximated by the BCS expression ∆2/4(∆2 + ε2k), where εk is the single-particle
dispersion of H. Fig. 3.2(d) illustrates that the phase of 〈fkf−k〉 winds by 2π along the
Fermi surface, i.e., it is a px + ipy gap. We explain how the GfTNS deals with the chiral
topology of the weak-pairing px + ipy superconductor [114, 116, 102] in the Ref. [69].

The leading term in the EE of a square L × L spatial region R in a 2D state with a
single spinless Fermi surface is given by

S =
log(ΛL)

24π

∮
∂R

∮
FS
|dSx · dSk| , (3.6)

where Λ is a nonuniversal inverse length scale, and the integrals are over the boundary of R
and over the Fermi surface, and dSx (dSk) is a surface element of ∂R (the Fermi surface)
[55]. For the special case of a circular Fermi surface with radius kF , this general expression
evaluates to Scirc =

2kFL
3π log ΛL.
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In Fig. 3.3(a), we plot the EE S as a function of L, directly calculated from the correla-
tion matrix of the optimized GfTNS at different D. This plot shows our main result, which
is that the leading contribution to the EE at finite D can be written as

SfTNS = log (Λξf(L/ξ))× 1

24π

∮
∂R

∮
FS
|dSx · dSk| , (3.7)

where ξ is the finite-bond-dimension-induced correlation length, and f(x) is a scaling func-
tion which satisfies f(x � 1) ∼ x and f(x � 1) = constant. Fig. 3.3(a) shows how the
optimized GfTNS at different D approximate the L logL scaling of the EE, while Fig. 3.3(b)
directly plots the scaling function f(x) onto which the numerical data obtained at different
D can be collapsed. Note that to obtain the scaling collapse we have only one tuning pa-
rameter ξ if we require that the GfTNS results agree with the exact result at small L. The
length scale ξ obtained from the EE of the D = 16 GfTNS (see 3.A) is indicated as the
vertical dashed line in the plot of G(r) in Fig. 3.2(b). This shows that ξ agrees with the
physical correlation length, i.e., the length scale at which the exponential decay of correla-
tions in the GfTNS sets in. Finally, Fig. 3.3(c) confirms that ξ increases monotonically as
a function of D. For the moderate bond dimensions used in this work, ξ seems to follow a
power law as a function of D. However, based on both analytical [117] and numerical (see
3.B) results in 1D, which show that Gaussian fermionic matrix product states (GfMPS)
cannot reproduce the power-law scaling ξ ∝ Dκ of generic MPS, we anticipate that for
GfTNS, deviations from the power-law relation between ξ and D could occur at higher D.
For general (i.e., non-Gaussian) fTNS, we nevertheless conjecture that ξ ∝ Dκ.

3.4 Properties of the scaling function

Similarly to the scaling functions of gapless systems with conformal symmetry in the IR,
f(x) is expected to be insensitive to lattice-scale details. We also expect that f(x) will
depend on the shape of the Fermi surface, in analogy to the finite-temperature entropy
scaling functions for Fermi liquids [118]. To verify the first expectation we have performed
numerical data collapses of the EE obtained at different fillings, while keeping the FS
approximately circular. These results (see 3.A), confirm that the EE at different fillings can
indeed be collapsed on the same curve. By tuning away from t′/t = 0.353 in either direction,
which changes the FS to being either more diamondlike or more squarelike, we observe that
the results collapse on different scaling functions, thus confirming the dependence of f(x)
on the FS geometry (see 3.A).
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3.5 Gu-Verstraete-Wen formalism for spinless fermions:
optimisation method and additional results

In this section, we describe our numerical method to optimise GfTNS for 2D states with a
Fermi surface composed of a single spinless fermion in detail. We apply the Gu-Verstraete-
Wen (GVW) formalism for Gaussian tensor networks, as introduced in [97]. As N = 1, the
B submatrix of A now reduces to zero so that

|ψ〉 =
∫
D[θ]D[θ̄]

∏
x

exp
(
θ̄h

T

x θhx+ex

)
exp

(
θ̄v

T

x θvx+ey

)
exp

(
1

2
θTxDθx

)
exp

(
θTxCf

†
x

)
|0〉 ,

(3.8)
where θx ≡ (θh

T

x , θ̄h
T

x , θv
T

x , θ̄v
T

x )T collects the virtual Grassmann numbers associated to site
x and f †x creates the spinless fermion on site x. Furthermore, D is a complex antisymmetric
4M × 4M matrix, whereas C is a complex vector of length 4M . The number of (complex)
variational parameters in this state thus seems to be 8M2 + 2M . However, the state has
gauge redundancies which can be eliminated. The origin of the gauge redundancies can be
discerned by examining a single term exp

(
θ̄h

T

x θhx+ex

)
, which is invariant under

θ̄h
T

x 7→ θ̄h
T

x W−1, θhx+ex 7→Wθhx+ex ∀W ∈ GL(M,C) . (3.9)

Similarly we can also transform θv and θ̄v. To keep the translation invariance explicit,
we can apply the same transformation to every bond. Since we are integrating the Grass-
mann variables out, we can check that the resulting Gaussian state is invariant under these
transformations.

To make the discussions more transparent, let us write D and C in terms of blocks,

D ≡


Dhh Dhh̄ Dhv Dhv̄

Dh̄h Dhh̄ Dh̄v Dh̄v̄

Dvh Dvh̄ Dvv Dvv̄

Dv̄h Dv̄h̄ Dv̄v Dv̄v̄

 , C ≡


Ch
Ch̄
Cv
Cv̄

 . (3.10)

There are two independent gauge transformations, Wx and Wy, transforming, for instance,
the blocks Dhh and Dvv in the following way,

Dhh 7→W T
x DhhWx, Dvv 7→W T

y DvvWy . (3.11)

Because Dhh and Dvv are antisymmetric, they admit real normal forms [119],

Dhh = UTh

⌊M
2
⌋⊕

i=1

[
0 αi
−αi 0

]
(⊕[0])

Uh , Dvv = UTv

⌊M
2
⌋⊕

i=1

[
0 βi
−βi 0

]
(⊕[0])

Uv, (3.12)
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where Uh and Uv are unitary matrices, {αi, βi} are non-negative real numbers and the direct
sums ⊕[0] only appear when M is odd. Therefore, by choosing

Wx ≡ U †
h

⌊M
2
⌋⊕

i=1

[
1√
αi

0

0 1√
αi

]
(⊕[1])

 , Wy ≡ U †
v

⌊M
2
⌋⊕

i=1

[
1√
βi

0

0 1√
βi

]
(⊕[1])

 , (3.13)

we bring Dhh and Dvv into very simple form J⊕⌊M
2
⌋ (⊕[0]) with J = iσy. Thus, the gauge

degrees of freedom are eliminated by fixing Dhh and Dvv in our GfTNS, thereby reducing
the number of complex variational parameters to 7M2 + 3M . We optimised GfTNS with
and without fixed gauge and found matching energies, thus not only confirming the validity
of the gauge fixing procedure but also providing confidence that the optimisation procedure
(as described in the next paragraph) is not struggling with local minima. However, the
optimisation with gauge degrees of freedom removed convergence significantly faster, which
was crucial to obtain converged results for the larger bond dimensions D used in this study.

To evaluate the energy of the GfTNS, we go to momentum space,

|ψ〉 =
∫
[Dθ]

∫
[Dθ̄] exp

(
1

2

∑
k

θT−k[D + M̃(k)]θk + θT−kCf
†
k

)
|0〉

=
∏
k

1√
1 + |gk|2

exp

(
1

2
gk f

†
−kf

†
k

)
|0〉 , (3.14)

where gk ≡ CT [D + M̃(k)]−1C = CTS(k)−1C and where M̃(k) is defined as in Eq. 3.3
in the main text. Consequently, the modal occupation and pairing term expectation val-
ues are given by Eq. 3.21. Using this and the fact that we can rewrite the free-fermion
Hamiltonian from Eq. 3.5 as H =

∑
kH(k)f †kfk with H(k) = −2t (cos kx + cos ky) −

2t′ (cos(kx + ky) + cos(kx − ky))− µ, we obtain the energy density,

e =
1

Ns
〈ψ|H |ψ〉 = 1

Ns

∑
k

H(k)
|gk|2

(1 + |gk|2)
. (3.15)

The above expression serves as our cost function e ≡ e(z) with the variational parameters in
z encoding D and C. More concretely, the first 7M2 −M elements of this complex vector,
denoted as zD, encode the gauge independent entries of D. The last 4M entries, denoted
as zC , correspond directly to C. The gradient of the cost function w.r.t. (the complex
conjugate of) z can hence be expressed as

2
∂e

∂z̄
=

2

Ns

∑
k

H(k)
gk(z)

(1 + |gk(z)|2)2
∂ḡk(z̄)

∂z̄
, (3.16)

where

∂gk
∂zD

= −CTS−1(k)
∂S(k)

∂zD
S−1(k)C ,

∂gk
∂zC

=
∂CT

∂zC
S−1(k)C + CTS−1(k)

∂C

∂zC
. (3.17)
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It should be noted that ∂S(k)/∂zD and ∂C/∂zC are sparse matrices/vectors. Consider-
ing zD as example, each entry in zD is associated with an ordered pair (i, j), such that
(∂S(k)/∂zD)ij = −(∂S(k)/∂zD)ji = 1, and the rest of the matrix is 0. Having the analyt-
ical form of the cost function and the gradient, we use the quasi-Newton BFGS method,
implemented in the Optim.jl package [120], to optimise the cost function. We observed
that, for this problem, the BFGS method greatly outperforms alternative methods. We also
remark that it is not difficult to work out the analytical expression of the Hessian of our
cost function. While this enables the use of the second-order Newton’s method, we found
that it is too expensive in practice.

In addition to the result in the main text, we further optimised GfTNS and performed
scaling collapses for Fermi surfaces with different fillings and shapes, the results for which
are collected in Fig. 3.4 and Table 3.1. The four columns in the figure correspond to: 1)
t′/t = 0.353, with µ = 0.754 that enforces the filling to be 0.5; 2) t′/t = 0.353, with µ = 0.449

that enforces the filling to be 0.45; 3) t′/t = 0.353, with µ = 1.00 that enforces the filling to
be 0.55; 4) t′/t = 0.2, with µ = 0.476 that enforces the filling to be 0.5; 5) t′/t = 0.5, with
µ = 0.963 that enforces the filling to be 0.5. For all of these cases, we observe a similar
scaling of energy error/correlation length with the bond dimension. Furthermore, we find
that the scaling function is independent of the filling fraction (comparing cases 1, 2 and 3),
but does show an (albeit weak) dependence on the shape of the Fermi surface (comparing
case 1 with 4 and 5), as demonstrated in Fig. 3.6 . The former is quite remarkable. Indeed,
deriving a general scaling law for the EE (as in Ref. [121]), one could start from the exact
ground state EE, given by S = αkFL log ΛL for a circular Fermi surface. Simultaneously
scaling L by a factor 1

s and kF by s (thus scaling the periodicity of the Friedel oscillations in
real-space by a factor 1

s ) while maintaining the same Λ should then decrease exp
(

S
αkFL

)
by

a factor s. For an optimal GfTNS, the same reasoning applies but now also the correlation
length should be scaled down, yielding the scaling hypothesis,

exp

(
S(kF , L, ξ)

αkFL

)
= s exp

(
S(skF ,

L
s ,

ξ
s)

αkFL

)
. (3.18)

Setting s = ξ, one obtains

S(kF , L, ξ) = αkFL log ξ + S

(
kF ξ,

L

ξ
, 1

)
= αkFL log

(
ξΛf

(
kF ξ,

L

ξ

))
, (3.19)

where everything was written down with a single logarithm by defining the scaling function
via S

(
kF ξ,

L
ξ , 1
)
= αkFL log

(
Λf
(
kF ξ,

L
ξ

))
. Here the Λ prefactor was added to make f

dimensionless. We thus retrieve the same scaling law as in Eq. 3.7 but now also depending
on kF ξ. Based on Fig. 3.6, this additional dependence drops out. For different Fermi surface
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t′/t µ/t nfilling D = 4 D = 8 D = 16 D = 32 D = 64

0.353 0.754 0.50 12.4 30.2 68.9 141.8 287.5
0.353 0.449 0.45 11.8 28.1 63.4 132.1 265.0
0.353 1.000 0.55 13.3 33.4 77.6 163.6 321.1
0.200 0.476 0.50 13.5 34.4 80.9 170.1 322.8
0.500 0.963 0.50 11.6 27.3 60.1 127.6 244.8

Table 3.1: The collection of correlation lengths, for the spinless case, obtained via the scaling
collapse procedure.

shapes on the other hand, the scaling function does change. Drawing intuition from the
finite temperature behavior of Fermi surface EE [118], this does not come as a surprise. We
leave a detailed analysis to a future study.

3.A Performing the scaling collapse

Once optimised, real-space correlation functions like

〈f †xfy〉 =
1

Ns

∑
k

eik·(x−y) n(k) and 〈fxfy〉 =
1

Ns

∑
k

e−ik·(x−y) x(k) . (3.20)

(here for N = 1) can easily be calculated for GfTNS by (inverse) Fourier transforming

n(k) = 〈f †kfk〉 =
|gk|2

1 + |gk|2
and x(k) = 〈fkf−k〉 =

gk
1 + |gk|2

. (3.21)

One then constructs a real-space correlation matrix C, consisting of

Cx,y = Cx−y =

(
〈f †xfy〉 〈f †xf †y〉
〈fxfy〉 〈fxf †y〉

)
(3.22)

blocks for all combinations of x and y. Restricting to vectors comprised in an L × L

subregion, the resulting correlation matrix CL×L can be used to calculate the entanglement
entropy. Indeed, for a Gaussian state, S = −

∑
ζ log ζ with ζ the eigenvalues of CL×L. Now

recall the scaling hypothesis for the EE from Eq. 3.7. For a circular Fermi surface it reduces
to

S = αkFL log

(
ξΛf

(
L

ξ

))
, (3.23)

with L a length scale proportional to the circumference of the real space region, kF the
Fermi momentum, an inverse length scale proportional to the circumference of the Fermi
surface and α = 2

3π a dimensionless prefactor depending on the shape of both. Together
with the UV cut-off Λ, the latter can be determined from the exact ground state so that
the only tunable parameters in the scaling law are the correlation lengths. These infrared
length scales, depending on the bond dimension D of the GfTNS approximation, should be
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Figure 3.4: Collection of additional GfTNS results for the spinless model. The columns
correspond to different parameter choices for (t, t′, nfilling), respectively (1, 0.353, 0.5),
(1, 0.353, 0.45), (1, 0.353, 0.55), (1, 0.2, 0.5) and (1, 0.5, 0.5). The system size for the op-
timisation of these GfTNS is Ns = 10002. The first row collects the relative energy errors
for the GfTNS. The second row collects 〈fkf−k〉 at D = 32 throughout the Brillouin zone.
The color map denotes the magnitude. The third row collects the EE of a L×L region. The
color of the data is chosen to match that of Fig. 3.3 for bond dimensions D = 4, 8, 16, 32, 64,
while the D = 2 results have been omitted because they offer a poor description of the
Fermi surface.

such that the results are described by a single scaling function f . To this end, we rewrite
the scaling law as

log

(
f

(
L

ξ

))
=

S

αkFL
− log(ξΛ) . (3.24)

For the correct ξ, plotting the right-hand side of the equation versus (the logarithm of)
L
ξ should thus yield a single curve. However, this leaves an overall scale undetermined as
setting ξ̃ = sξ simply leads to a redefined scaling function f̃(x) = 1

sf(sx) with the same
shape. This scale can be fixed by requiring that the asymptotic value limx→∞ f(x) = 1,
so that limL→∞ S(L) = αkFL log(Λξ). However, as the cost to compute S(L) grows quite
rapidly in L, namely as O(L6), the calculations are restricted to moderate values of L.
Hence, in practice, the scale is chosen schematically as demonstrated in Fig. 3.5, i.e. by
setting f(x) = 1 for x = L/ξ for the largest L and for the smallest D in our set, where
the asymptotic regime is approximately reached. Once the correlation length for one bond
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dimension is fixed, the correlation lengths for the GfTNS at other values of D can be fixed
by the collapse.

1 2 3 4 5

logL

1.0

1.5

2.0

2.5

3.0

S L

ξ4

PEPS D=4

PEPS D=8

PEPS D=16

PEPS D=32

PEPS D=64

Exact

2 3 5 10 20 30 50 80 100 140

Figure 3.5: Illustration of the procedure to extract the correlation length from the EE
data (here for the same data as in Fig. 3.3). For the GfTNS with bond dimension D, the
crossover from the logL-Fermi surface regime to the area law regime is long. When the
crossover is completed, S/L enters into a plateau with value yplateau,D = SD/L. We identify
the correlation length ξD to be the length scale at which the exact Fermi surface Sexact/L
reaches the value yplateau,D.

3.B GfTNS in 1D cannot reproduce the power law relation
between correlation length and bond dimension

In Ref. [117], the authors showed that GfMPS approximate critical states significantly less
efficiently than generic MPS. Here we back this claim from another perspective, namely by
showing that GfMPS cannot reproduce the power-law relation ∆e ∼ D−ω (recall that ∆e

is the error in the energy density), which is known to hold for generic MPS approximations
to one-dimensional critical ground states [53, 54, 122]. Here we study a one-dimensional
fermion system, with antiperiodic boundary condition, described by the following hopping
Hamiltonian,

H = −
∑
⟨ij⟩

(
f †i fj + f †j fi

)
. (3.25)

We work with system size Ns = 100 000, and µ = 0 to ensure half-filling. Using the
GVW formalism, we optimised GfMPS of D = 4, . . . , 4096. For the optimised GfMPS, the
energy density errors are plotted in Fig. 3.7. A closer examination of the data shows a
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Figure 3.6: The scaling collapse of EE data for different Fermi surfaces. the fuzziness near
the transition region indicates that the scaling function for the spinless case could be Fermi
surface dependent after all.

clear deviation from the power-law behavior. Since our bond dimensions satisfy D ≡ 2M ,
∆e(M+1)
∆e(M) would be a constant if the power law relation is satisfied. However, as we can see in

Table. 3.2, this is clearly not the case. Moreover, in the generic MPS case, ∆e(M+1)
∆e(M) = 5.28

for the model we wrote down. Thus the data presented in Table. 3.2 shows that GfMPS are
not able to approximate critical states as nearly as well as generic MPS with comparable
bond dimension.
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Figure 3.7: The energy density error of optimised GfMPS.

This behaviour is quite well understood for GfMPS. For a bipartition of the ground
state (with open boundary conditions) into a left and right half, the reduced density matrix
is also Gaussian, and can be diagonalised to take the form exp

(
−
∑

m νmb
†
mbm

)
. For the
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M 2 3 4 5 6 7 8 9 10 11
∆e(M+1)
∆e(M) 6.6962 4.9788 4.1240 3.6087 3.2619 3.0111 2.8206 2.6707 2.5500 2.4519

Table 3.2: The energy density error ratios between adjacent GfMPS.

Hamiltonian in Eq. 3.25 in particular, the values νm are proportional to the nonnegative
integers in the thermodynamic limit, i.e. νm ∼ m. The entanglement spectrum (loga-
rithm of the spectrum of Schmidt coefficients) can then be scaled to also correspond to
the integers (now including zero), where each value n has a degeneracy given by the num-
ber of strict partitions q(n) of that integer. A GfMPS approximation of the true ground
state with M virtual fermions (or Grassmann numbers) corresponds to an MPS with bond
dimension 2M , but can only capture the values νm ∼ m for m = 1, . . . ,M . As a conse-
quence, the distribution of the entanglement spectrum of the GfMPS captures the right
degeneracy only up to the value n = M , even though it contains values all the way up to
n = M(M + 1)/2. Hence, only the first

∑M
n=1 q(n) � 2M Schmidt coefficients are correct,

with in particular limM→0 2
−M∑M

n=1 q(n) = 0, i.e. the relative fraction of correct Schmidt
coefficients decreases for increasing M . A generic MPS of bond dimension 2M is not bound
by this free-fermion structure of the entanglement spectrum and can capture all Schmidt
coefficients up to its full bond dimension correctly.

Whether this behaviour extends to the GfPEPS case is unclear. As there is no clear
entanglement interpretation to a single PEPS bond, it is impossible to make an informed
prediction about the role of the free-fermion structure in the PEPS truncation.
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Chapter 4

Quantum spin liquids on the
trillium lattice

4.1 Introduction

In this work, we consider the classification of symmetric spin liquid states on the trillium
lattice [123]. Trillium is a network of corner-sharing triangles—like the more well-known
kagome and hyperkagome lattices— in three dimensions. The lattice is displayed in Fig. 4.1.
Trillium is the magnetic lattice of MnSi, or that of the Ce moments in CeIrSi— which has
been considered before in the context of frustrated magnetism [124, 123]. Recent charac-
terisations of the quantum spin liquid material K2Ni2SO4 [125, 126, 127] show that the
magnetic Ni2+ ions lie on two interconnected trillium lattices, having the same set of sym-
metries as a single trillium lattice— implying, that these structures share the classification
of symmetric spin liquid states in terms of projective symmetry groups. Our interest in
trillium is also seeded by its remarkable similarity to the hyperhyperkagome (HHK) lattice
which describes the network of coupled Cu2+ ions in PbCuTe2O6, which was shown to host
a QSL ground state in a series of recent experiments [128, 129, 130], leading to theoretical
work on spin liquid states on the underlying HHK structure [131, 132]. Both trillium and
HHK are three-dimensional networks of corner-sharing triangles with a cubic Bravais lattice
where each site is a part of three corner-sharing triangles. Classical frustrated magnets on
these lattices share similar phenomenology [124]: a large regime with classical-spin-liquid
behaviour until eventual ordering into co-planar configurations at very low temperatures.
For both lattices, large-N approaches yield “partial ordering” [133, 124, 134, 135] ; this
implies a macroscopic but sub-extensive number of ordering wave vectors: the manifold of

Chapter heading: dragon motif, detail of the pan, Shang dynasty, Yinxu period (circa 14th- 12th/11th
centuries B.C.), Meiyintang Collection # 180.
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ordering wave-vectors is a line (HHK) or surface (trillium) in three dimensional momentum
space. It is instructive to contrast this to order and spin-liquid behaviour in the large-N
approach: “Order” corresponds to a single ordering wave-vector, or a few, subextensive
number of symmetry-related ordering wave vectors; Disorder or classical spin liquid be-
haviour — such as ones obtained in the pyrochlore, kagome and hyperkagome lattices —
correspond to an extensive manifold of ordering wave-vectors [136, 137, 138]. In the context
of QSLs, it is also pertinent to mention the three-dimensional hyperkagome lattice, in which
each site is shared by two corner-sharing triangles. The hyperkagome structure describes
the magnetic lattice of the well-known candidate spin liquid material Na4Ir3O8 [139, 140,
141, 142]; and have invited numerous theoretical investigations of its ordered and spin-liquid
states [138, 143, 144, 145, 146, 132]. The hyperkagome lattice has the same space group
and therefore has the same classification of PSGs as the HHK lattice [131]. The space group

x

y

z

α

β

γ

δ

Figure 4.1: The three-dimensional trillium lattice of corner-sharing triangles. Each site is
shared by three triangular plaquettes. The Bravais lattice is cubic, with basis of 4 sublattice
sites labelled α, β, δ and γ.

of HHK (P4132) has a 3-fold rotation and a 4-fold non-symmorphic screw operation, where
the non-symmorphic screw is known to cause a drastic reduction of total number of QSL
states [146, 131]. The space group of trillium, P213, has a three-fold rotation, along with
two twofold non-symmorphic screw operations [124]. In light of the preceding discussion,
it is natural to ask what QSL phases are consistent with the symmetries of the trillium
lattice. To this end, in this chapter, we undertake a classification of PSGs for the frustrated
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ζ u⃗j − u⃗i (si, sj)

1 (0, 0, 0) (β, γ)
2 (0, 0, 1) (β, γ)
3 (0, 1, 1) (δ, α)
4 (0, 1, 0) (δ, α)
5 (0, 0, 0) (γ, δ)
6 (1, 0, 0) (γ, δ)
7 (1, 0, 1) (β, α)
8 (0, 0, 1) (β, α)
9 (0, 0, 0) (δ, β)
10 (0, 1, 0) (δ, β)
11 (1, 1, 0) (γ, α)
12 (1, 0, 0) (γ, α)

Table 4.1: The labelling of the 12 translationally inequivalent nearest neighboring links
for a unit cell, indexed by ζ. Each link is specified by the unit-cell positions and sublattice
indices of the two lattice sites making up the link. For a given label ζ, the head of the bond
is labeled i and the end is labeled j. u⃗i/j is the position of the unit cell, whereas si/j is the
sub-lattice index.

trillium lattice. We hope this will guide the interpretation of results of future experiments,
and add to our theoretical understanding of QSL phases in three dimensions.

Without time-reversal symmetry (TRS) we find 4 Z2 QSLs, out of which only 2 survive
the imposition of TRS. One of them hosts a gapless nodal star protected by projective
symmetries— two gapless bands along the lines from the center of the Brillouin zone to
its corners. We find two U(1) QSLs without TRS, out of which only one survive the
introduction of TRS— the surviving U(1) TRS is proximate to the Z2 QSL without the
nodal star. The U(1) has a spinon Fermi surface. Further, TRS ensures that there aren’t
any non-vanishing ansatzes for the SU(2) QSLs [147]: mean-field parameters must vanish
for all. As we explain in the main text later, the symmetry group (SG) of trillium has no
chiral PSGs, which have also been considered

The rest of this chapter is organised as follows. In Sec. 4.2, we introduce the trillium
lattice and the symmetries in its space group, followed by two tables that collect the alge-
braic solutions of the PSG equations. In Sec. 4.3, we present the mean-field ansatzes of QSL
states corresponding to the algebraic PSG solutions and discuss their physical properties,
including spinon dispersions and spin structure factors.

4.2 PSGs of the trillium lattice

In Sec. 4.2.1 we introduce the crystal structure of the trillium lattice and the symmetry
generators of its space group. In Sec. 4.2.2 we present the symmetry group relations of
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Gx Gy Gz Ga Gb Gc GT
(u⃗, α) τ0 τ0 τ0 τ0 A† A E
(u⃗, β) τ0 τ0 τ0 A A† τ0 E
(u⃗, γ) τ0 τ0 τ0 A† A τ0 E
(u⃗, δ) τ0 τ0 τ0 τ0 A τ0 E

Table 4.2: The Z2 PSG solutions for the trillium lattice with the symmetry group P213×ZT
2 .

Here A = τ0, e
i 2π

3
τz , and E = τ0, iτz. Thus in total we have 4 Z2 PSG. We will, however,

note that the E = τ0 cases do not produce physical mean-field ansatzes. If TRS is not
included, we have 2 PSG solutions.

Gx Gy Gz Ga Gb Gc GT (nT = 1) GT (nT = 0)

(u⃗, α) τ0 τ0 τ0 τ0 e−iAτz eiAτz iτxe
iAτz iτz

(u⃗, β) τ0 τ0 τ0 eiAτz e−iAτz τ0 iτx iτz
(u⃗, γ) τ0 τ0 τ0 e−iAτz eiAτz τ0 iτxe

−iAτz iτz
(u⃗, δ) τ0 τ0 τ0 τ0 eiAτz τ0 iτxe

iAτz iτz

Table 4.3: The U(1) PSG solutions for the trillium lattice with the symmetry group
P213×ZT

2 . When TRS is not included, the PSG solutions are characterised by A, where we
have A = 0, 2π3 . When TRS is included, there are two classes of PSG solutions. 1.) nT = 1:
in this class, no new constraint is introduced; 2.) nT = 0: in this class, we have GT = iτz
uniformly. Later we will see that only the case with A = 0 and nT = 1 leads to physical
nearest neighbor mean field ansatz invariant under the PSG actions. Thus in total we have
4 U(1) PSG. If TRS is not included, we have 2 PSG solutions.

trillium, and outline the classification of its PSGs using them. We also present the gauge
transformations accompanying physical symmetries for all of the PSGs. The details are
relegated to Appendices. 4.A and 4.B.

4.2.1 The trillium lattice

Here we introduce the trillium lattice and its spatial symmetries. The spatial symmetries,
along with time reversal, will constitute the physical symmetries which our QSL ground
states (after projection to the correct Hilbert space) must respect, and is therefore naturally
of paramount importance in determining the PSGs on this lattice.

The trillium lattice has a cubic Bravais lattice with four sub-lattices: α, β, γ and δ. The
positions of the sublattice sites relative to the unit cell position are given by:

r⃗0α = (κ, κ, κ), r⃗0β = (
1

2
+ κ,

1

2
− κ, 1− κ),

r⃗0γ = (1− κ, 1
2
+ κ,

1

2
− κ), r⃗0δ = (

1

2
− κ, 1− κ, 1

2
+ κ), (4.1)

where κ is a free parameter. As mentioned before, connecting up the lattice sites with
nearest neighbour links forms a network of corner sharing triangles, with each site being
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part of three triangles. These triangles are the elementary motifs seeding frustration in this
lattice. We have displayed the trillium lattice in Fig. 4.1.

We denote the position of an unit cell i by the vector u⃗i = (x, y, z), where x, y, z

are integers. A generic lattice site i is referred to by specifying its unit cell position and
sublattice as i ≡ (x, y, z; s); such site lies at position u⃗i+r⃗0s . Since the mean-field parameters
{Uij} specifying the ansatz are associated with the links, it is convenient to uniquely label
all links for the purpose of further discussion. We exploit the translation invariance of
the lattice to do this: there are 12 links per unit cell, none of which are translationally
equivalent to another. We introduce the labels ζ = (1, 2 . . . 12) for these links, and specify
each of these links in Table 4.1.

The space group for the trillium lattice is P213, which has the symmetry generators
{Tx, Ty, Tz, ga, gb, gc}. The Tis are the three translational generators, gc is a threefold ro-
tation, and ga and gb are are the generators of non-symmorphic screw symmetries. It has
been noted in the literature [146] that non-symmorphic symmetries generally lead to strong
constraints on possible PSGs, and a consequent reduction of their number.

The action of the generators ga, gb and gc on a lattice site i ≡ (x, y, z, s) is given by

ga :(x, y, z;α) 7→ (−x,−y − 1, z; δ),

(x, y, z;β) 7→ (−x− 1,−y − 1, z + 1; γ),

(x, y, z; γ) 7→ (−x− 1,−y − 1, z;β),

(x, y, z; δ) 7→ (−x,−y − 1, z + 1;α),

gb :(x, y, z;α) 7→ (−x− 1, y,−z; γ),

(x, y, z;β) 7→ (−x− 1, y,−z − 1; δ),

(x, y, z; γ) 7→ (−x− 1, y + 1,−z;α),

(x, y, z; δ) 7→ (−x− 1, y + 1,−z − 1;β),

gc :(x, y, z;α) 7→ (z, x, y;α),

(x, y, z;β) 7→ (z, x, y; γ),

(x, y, z; γ) 7→ (z, x, y; δ),

(x, y, z; δ) 7→ (z, x, y;β) (4.2)

4.2.2 PSG classification on the trillium lattice

The PSG involves the group of the transformations (Gg(n), g) that leaves the mean-field
ansatz invariant. Here g is a physical symmetry transformation, and Gg(n) ∈ SU(2) is
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the associated site-dependent gauge transformation, with n denoting the physical site.
(Gg(n), g) acts on a mean-field parameter Uij as

(Gg(n), g) : Uij 7→ Gg(i)Ug−1(i)g−1(j)G
†
g(j). (4.3)

Since the elements of the IGG G are pure gauge transformations which leave the ansatz
invariant, it is clear that whenever (Gg(i), g) is an element of the PSG, (WGg(i), g), for
all W ∈ G, is also an element of the PSG. If one considers a gauge-equivalent ansatz,
WiUijW

†
j , the PSG element (Gg(i), g) changes to (WiGg(i)W

†
g(i)). PSGs related by such

gauge transformations are equivalent; they are associated with gauge-equivalent ansatzes
and represent the same QSL phase. Our task is to find all such equivalence classes; in
other words, to find out one representative from each class, singled out by fixing the gauge
freedom.

It is convenient to carry out this task purely “algebraically”, i.e., by making no reference
to the ansatz. To do this, we note that given a physical symmetry group and the IGG G,
the PSG can be viewed as a group equipped with a projection P to the physical symmetry
group, such that P : (Gg(i), g) 7→ g. From the discussion in the previous paragraph, P :

(WGg(i), g) 7→ g for W ∈ G . As a specific corollary, P projects pure gauge transformations
in the IGG back to the identity element, P : (W, e) 7→ e for W ∈ G.

The projection map between the PSG and the physical symmetry group implies that the
gauge transformation Gg(i) associated with the symmetry transformation g is constrained
by the relations between symmetry group elements g. These constraints on Gg can be used
to enumerate all gauge-inequivalent choices of Gg for all symmetry transformations g, and
hence enumerate all PSGs.

To see this, one starts with the relations between the symmetry generators {Tx, Ty, Tz, ga,
gb, gc, T } which completely specify the group. Each such relation will lead to a equation
constraining the associated PSG elements. The minimal set of such relations that specify
the group is called the “presentation” of the group. We have used GAP[148] to obtain the
finite presentation of the space group of trillium:

g3c = e, (4.4a)

T−1
z g2a = e, (4.4b)

T−1
y g2b = e, (4.4c)

T−1
x T−1

y TxTy = e, (4.4d)

T−1
y T−1

z TyTz = e, (4.4e)

T−1
z T−1

x TzTx = e, (4.4f)

g−1
a TxgaTx = e, (4.4g)
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g−1
a TygaTy = e, (4.4h)

g−1
a T−1

z gaTz = e, (4.4i)

g−1
b TxgbTx = e, (4.4j)

g−1
b T−1

y gbTy = e, (4.4k)

g−1
b TzgbTz = e, (4.4l)

g−1
c T−1

y gcTx = e, (4.4m)

g−1
c T−1

z gcTy = e, (4.4n)

g−1
c T−1

x gcTz = e, (4.4o)

g−1
a g−1

c g−1
b T−1

x Tygagc = e, (4.4p)

g−1
b g−1

a TxT
−1
y Tzgbga = e, (4.4q)

g−1
c g−1

b T−1
x Tygagbgcgb = e, (4.4r)

where e denotes the identity of the symmetry group.
We also consider spin liquid phases on the trillium lattice which respect time-reversal

symmetry (TRS). The TRS operator T acts on the mean-field ansatz by complex conju-
gating the mean-field parameters Uij and µi. It is convenient to include a global gauge
transformation iτ2 in the definition of GT , such that we have

(GT , T ) : Uij 7→GT (i)iτ2U
∗
ij(−iτ2)G

†
T (j)

=−GT (i)UijG
†
T (j). (4.5)

The introduction of the TRS brings the following relators, expressing the fact that T com-
mutes with generators in the space group:

T 2 = e, (4.6a)

T −1T−1
x T Tx = e, (4.6b)

T −1T−1
y T Ty = e, (4.6c)

T −1T−1
z T Tz = e, (4.6d)

T −1g−1
a T ga = e, (4.6e)

T −1g−1
b T gb = e, (4.6f)

T −1g−1
c T gc = e. (4.6g)

Chiral spin liquids, which break TRS and some lattice symmetries separately while preserv-
ing their combinations, have also been considered in the literature [147, 149, 150]. For chiral
PSGs, one considers the symmetry group generated by gT ϵg instead of the usual symmetry
group generated by {g} [149, 147]. ϵg = {0, 1} specifies whether the lattice symmetry g is
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preserved on its own (ϵg = 0), or preserved only up to TRS (ϵg = 1). In the context of
trillium and, the SG relations given by Eqs. 4.4a-4.4r impose the constraint ϵg = 0 for all
generators. This can be easily seen from the fact that for each generator g, there exists one
SG relation which has only an odd number of appearances of that generator— imposing
ϵg = 0. Therefore, there are no chiral PSGs for trillium. Ground states for classical spins on
the trillium lattice [124] are also known to be non-chiral (or, as it boils down to for classical
spin configurations, co-planar). Despite this, we have collected the PSG solutions without
the presence of TRS as well.

The projective relation between the symmetry group elements and the corresponding
PSG elements allow us to translate the above symmetry relations (Eqs 4.4a- 4.6g) into
constraint equations for the PSG elements. Consider a general symmetry group relation
among a set of elements ,

∏
ν gν = e. The product of the corresponding PSG elements are

given by (G̃,
∏
ν gν = e), where G̃ can be constructed from the matrices Ggν (i) using Eq. ??.

Under the projection P to the symmetry group elements mentioned above, (G̃, e) 7→ e); this
immediately implies a constraint equation expressing that G̃ must be a member of the IGG,
G̃ ∈ G.

The unknowns in these equations are of two kinds: first, the site-dependent gauge trans-
formation matrices {Gx, Gy, Gz, Ga, Gb, Gc, GT } accompanying each symmetry transforma-
tion in {Tx, Ty, Tz, ga, gb, gz, T }; and second, an element of the IGGW ∈ G corresponding to
each symmetry group relation in Eqs 4.4a-4.6g. Solving these equations, along with choice
of gauge described earlier, leads to the different inequivalent PSGs that we are after.

The explicit procedures of solving these equations in a fixed gauge is detailed for specific
lattices in the seminal work of Wen (Ref. [66]), as well as several later works classifying PSGs
in different spatial lattices [146, 147]. We have undertaken this procedure to enumerate and
classify all symmetric spin liquids with the IGG set to both Z2 and U(1). The calculations
are tedious, and we have relegated their detailed presentation to the Appendices. 4.A and
4.B to preserve the clarity of the presentation. Each inequivalent PSG is uniquely specified
by the expressions for site-dependent gauge transformations {Gx, Gy, Gz, Ga, Gb, Gc, GT }
which accompany the symmetry transformations, and here we present the results of our
calculations by specifying these gauge transformations for all the PSGs we find.

When the IGG is fixed to Z2, we find 4 inequivalent PSGs. Once the global gauge
freedoms are fixed, the gauge transformation matrices associated with lattice translations
turn out to be uniform, with no position or sublattice dependence for all PSGs, i.e.,
Gx = Gy = Gz = 1. The PSGs can be uniquely indexed by constraints on the gauge
transformation matrices obtained from the PSG equations. First, the transformation cor-
responding to time-reversal GT takes the values τ0 or iτz, though the PSGs corresponding
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to GT = τ0 do not lead to any non-zero mean-field ansatzes. Gauge transformation ma-
trices associated with other symmetry generators are also unit-cell independent, although
they retain a sublattice dependence. Second, the gauge transformation associated with the
rotation gc acting on sites of sublattice α, Gc(α) = A, takes the 2 values exp(ik(2π/3)τz)

for k = {0, 1}. All other gauge transformations can be specified in terms of these three, as
detailed in Table 4.2. The 2 possible values of Gc(α) and the 2 possible values of GT lead
to 4 inequivalent PSGs, out of which only 2 (corresponding to GT = iτz) lead to non-zero
mean field ansatzes.

Then, we fix the IGG to U(1). As in the case of Z2, the gauge transformations cor-
responding to the three translations are uniform, Gx = Gy = Gz = 1. The other gauge
transformations, however, acquire both a unit-cell and a sublattice dependence. The PSGs
can again be indexed by the parameters specifying certain gauge transformations. The gauge
transformation associated with the rotation gc acting on sites of sublattice α, Gc(α) = A,
takes the 2 values exp(ik(2π/3)τz) for k = {0, 1}. On including time reversal, we find two
possibilities for the associated gauge-transformation GT : first, GT can be iτz uniformly,
and this case does not lead to any physical spin-liquid ansatz with non-zero mean-field
parameters— and we do not consider these PSGs further; second, GT can acquire a space-
dependent form depending on A which leads to physical spin liquids. Following the second
possibility, therefore, we have one U(1) spin liquid, as we will later show that only the
k = 0 case leads to nearest neighbor mean field spin liquid states. We specify the PSGs by
expressing all gauge transformations in terms of the parameters A in Table 4.3. In the next
section, we will construct mean-field ansatzes for spin liquids corresponding to these PSGs
and proceed to investigate them.

4.3 Mean field spin liquid phases
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Figure 4.2: In this figure, we collect the band structure of the mean field quantum spin
liquids along the high symmetry lines.
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QSL label Uζ µs
Z20 Uζ = Uxτx + Uyτy, ζ ∈ {1, . . . , 12}. µs = µxτx + µyτy, s ∈ {α, . . . , δ}.
Z21 Uζ = Uxτx + Uyτy, ζ ∈ {1, 2, 3, 4, 5, 6, 9, 10}, µs = 0, s ∈ {α, . . . , δ}.

Uζ = Ux
′
τx + Uy

′
τy, ζ ∈ {11, 12},

Uζ = Ux
′′
τx + Uy

′′
τy, ζ ∈ {7, 8}.

U(1) Uζ = U zτz, ζ ∈ {1, . . . , 12}. µs = µzτz, s ∈ {α, . . . , δ}.

Table 4.4: In this table, we collect the forms of the nearest neighbor mean field ansatz that
correspond to the algebraic PSG solutions obtained. Given a generic label Z2x, we can read
off the phases in our PSG solutions: A = exp(ix2π

3 τz). Note that in certain entries we have
parameters denoted as Ux′ etc., these are related to Ux and Uy via Eq. 4.8.

QSL label Numerical values of the mean field parameters Energy density
Z20 Ux = −0.161242, Uy = −0.333897, µx = 0.115602, µy = 0.239386. -1.647184
Z21 Ux = −0.110700, Uy = 0.330299. -1.458114
U(1) U z = 0.370536, µz = −0.295063. -1.646913

Table 4.5: In this table, we collect the numerical values of the mean field parameters and
their energetics. We note that Z21 QSL state has energy considerately higher than the
rest. Although the rest of the QSL states can be discerned by their energies, the differences
between the energies are too small to be attributed to physical reasons.

In this section, we construct the mean field QSL solutions to the Heisenberg Hamiltonian
on the trillium lattice. For our purposes, we consider only the nearest neighboring J and
set J = 8/3 uniformly. The form of the ansatzes are constrained by the PSG: different
PSGs enforce different forms for the ansatz. Concretely, a given PSG (Gg, g), g ∈ P213×ZT

2

requires that,

∀g :Gg(g(i))Ug(i)g(j)G
†
g(g(j)) = Uij ,

Gg(g(i))µg(i)G
†
g(g(i)) = µi. (4.7)

The form of the ansatzes for each PSG is derived in detail in Appendix. 4.C by sys-
tematically imposing Eq. 4.7 using the gauge transformations detailed in Table 4.2 and
Table 4.3. Here we have tabulated the results in Table 4.4. The labeling scheme in the
table is such that, given a generic label Z2x, we can read off the phases in our PSG solu-
tions: A = exp(ix2π

3 τz). There is only 1 U(1) QSL, which is labeled as such. The primed
parameters, i.e. quantities like Ux′ , are defined as follows:[

Ux
′

Uy
′

]
=

1

2

[
−1

√
3

−
√
3 −1

] [
Ux

Uy

]
,[

Ux
′′

Uy
′′

]
=

1

2

[
−1 −

√
3√

3 −1

] [
Ux

Uy

]
. (4.8)

Concretely, this means we need to find {Uij , µi} such that the following self-consistency
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equations and on-site constraints are satisfied:

χij = 〈f †i↑fj↑〉+ 〈f
†
i↓fj↓〉,

ηij = 〈fi↓fj↑〉 − 〈fi↑fj↓〉,

1 = 〈f †i↑fi↑〉+ 〈f
†
i↓fi↓〉,

0 = 〈fi↑fi↓〉. (4.9)

We can impose symmetry conditions on the mean field solutions to reduce the number
of unknowns, and the PSG determines these symmetry conditions by requiring that We
discuss the consequences of the symmetry conditions on the form of the ansatzs in detail
in Appendix 4.A and Appendix 4.B, and the results are tabulated in Table 4.5. Once
we obtained the form of the mean field Hamiltonians, we can assemble the Hamiltonian
using our variational parameters, and solve the non-linear equation set Eq. 4.9 using the
NLSolve package [151] available in JULIA [152]. We set up our system with periodic
boundary condition (PBC), with L = 99 in the three directions. The numerical values of
the solutions are tabulated in Table 4.5, where we also record the energies of the QSL states.
We note that the Z21 QSL state has energy considerately higher than the rest.

Figure 4.3: In this figure, we plot the collection of gapless points for certain mean field QSL
states. a.) U(1): this state features the two sheeted spinon fermi surfaces, with one located
at the center of BZ, and another one at the corners; b.) Z21: this state has a star-shaped
gapless manifold, and features a dispersion-less band along the diagonals of the BZ.

4.3.1 Relations between the QSLs

Among the 3 QSL states we obtained, the connection between them is very clear. The
parent state of Z20 is U(1). This can be seen by doing a gauge transformation on U(1):

W (α) =W (β) =W (γ) =W (δ) = e−i
π
4
τy , (4.10)

91



which renders, for U(1):

Uζ = U zτx, ζ ∈ {1, . . . , 12},

µs = µzτx, s ∈ {α, . . . , δ}, (4.11)

It is then clear, that by introducing perturbation ∆Uζ ∼ τy and ∆µs ∼ τy, we break the
U(1) symmetry and thus U(1) is reduced to Z20. The Z21 QSL state cannot be obtained by
perturbing around the U(1) QSL state.

4.3.2 The spinon spectra and the nodal star

The spinon band structures for the mean-field QSL states are plotted in Fig. 4.2. Further-
more, in Fig. 4.3, we plot the collections of gapless points in the Brillouin zone (BZ) for
U(1) and Z21.

We note that all the mean field states we obtained are gapless. The U(1) possesses a
spinon fermi surface at the center of the BZ, with another sheet of spinon fermi surface at
the corners.

The Z2 mean-field states are also gapless. The Z20 state has similar spectrum to those
of the U(1), which is due to the fact that the Z2 mean field state is in the vicinity of the
U(1) states. The Z21 state hosts a spectrum with a “nodal star” of gapless points, with
dispersion-less bands running from the center of the BZ to its 8 corners. This can be seen
from Fig. 4.3. This nodal star is not a specific property of the short-range ansatz we use
to display the bands in Fig. 4.3; rather it is robust to the addition of arbitrary links in the
ansatz. In Appendix. 4.C we prove that the gapless nodal star is protected by projective
symmetries of the Z21 phase.

Such gapless nodal stars have received significant attention in the pyrochlore lattice [153,
154], where two gapless bands along the nodal star were recently proven to be protected
by the projective symmetries [154]. Such lines were also observed in FCC structures in
Ref. [155], where the whole mean field Hamiltonian vanishes along the nodal star. Gapless
nodal loops were observed in diamond lattice [156] where strong evidence of symmetry-
protection was provided by showing that the gapless nodal loops persist despite longer range
bond amplitudes being included in the ansatz.

Our proof of the protected nodal star is algebraic and close in spirit to that of Ref. [154].
We look at the symmetries of the mean-field Hamiltonian directly in momentum-space

HMFT =
∑
k⃗

ψ†(k⃗)HMFT(k⃗)ψ(k⃗),
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When the spinors (Eq. 1.80) are arranged as ψ(k⃗) =
(
ψα1 (k⃗), ψ

β
1 (k⃗), ψ

γ
1 (k⃗), ψ

δ
1(k⃗), ψ

α
2 (k⃗),

ψβ2 (k⃗), ψ
γ
2 (k⃗), ψ

δ
2(k⃗)

)
, time-reversal already implies that HMFT(k⃗) takes the form

HMFT(k⃗) =

(
04×4 h4×4(k⃗)

h†4×4(k⃗) 04×4

)
. (4.12)

This block off-diagonal hermitian structure implies that the eigenvalues come in symmetric
pairs of ±E(k⃗) everywhere in the BZ. Next, we work out the most general form of h4×4(k⃗)

allowed by the projective representations of the symmetries (Ga, ga), (Gb, gb) and (Gc, gc).
Restricting the general form of h4×4(k⃗) to the “nodal star” wavevectors k⃗ = (±k,±k,±k),
we show, using elementary linear algebraic techniques, that it has a maximum rank of 3.
This implies thatHMFT has a maximum rank of 6 along the nodal star, proving the existence
of two gapless bands.

4.3.3 The structure factors
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Figure 4.4: In this figure, we collect the static structure factor plots of Z20, Z21 and
U(1) mean field states in the ky-kz plane. We note that the U(1) QSL exhibits remarkably
broadened static structure factors, and the Z21 QSL is the most featureful. The seemingly
four fold rotation symmetry in the ky-kz plane is due to the two screw symmetries on the
lattice.

In Fig. 4.4, we plot the static structure factor of Z20, Z21 and U(1) mean field states in
the ky-kz plane.

The definition of the static structure factor is:

Ssi,sj (q⃗) ≡ 1

N

∑
R⃗

e−iq⃗·(R⃗+d⃗0ij)〈S⃗(0;si) · S⃗(R⃗;sj)
〉, (4.13)

where si and sj are the sub-lattice indices of site i and j, R⃗ is the distance between the two
unit cells, and d⃗0ij is the distance between the two sub-lattice sites within in the unit cell.
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And we compute the sum of all these components:

S(q⃗) ≡
∑
si,sj

Ssi,sj (q⃗), (4.14)

then plot the normalized results.
The structure factor plots indicate that we have obtained remarkable quantum spin

liquid states, especially the U(1) QSLs, which are visibly featureless, implying a sharp
departure from the ordered states. We also note that the Z21 state is the most featureful
among the three. It is curious to recall that the Z21 state exhibits dispersion-less bands
along the diagonals of the BZ, much like the case for the conventional mean field calculations
of the Heisenberg model on the trillium lattice, as mentioned in the last section.

4.A IGG = Z2

One can translate the SG relations to the PSG relations:

Gc(g
3
c (i))Gc(g

2
c (i))Gc(gc(i)) = ηc, (4.15a)

G†
z(g

2
a(i))Ga(g

2
a(i))Ga(ga(i)) = ηa, (4.15b)

G†
y(g

2
b (i))Gb(g

2
b (i))Gb(gb(i)) = ηb, (4.15c)

G†
x(T

−1
y TxTy(i))G

†
y(TxTy(i))Gx(TxTy(i))Gy(Ty(i)) = ηxy, (4.15d)

G†
y(T

−1
z TyTz(i))G

†
z(TyTz(i))Gy(TyTz(i))Gz(Tz(i)) = ηyz, (4.15e)

G†
z(T

−1
x TzTx(i))G

†
x(TzTx(i))Gz(TzTx(i))Gx(Tx(i)) = ηzx, (4.15f)

G†
a(TxgaTx(i))Gx(TxgaTx(i))Ga(gaTx(i))Gx(Tx(i)) = ηax, (4.15g)

G†
a(TygaTy(i))Gy(TygaTy(i))Ga(gaTy(i))Gy(Ty(i)) = ηay, (4.15h)

G†
a(T

−1
z gaTz(i))G

†
z(gaTz(i))Ga(gaTz(i))Gz(Tz(i)) = ηaz, (4.15i)

G†
b(TxgbTx(i))Gx(TxgbTx(i))Gb(gbTx(i))Gx(Tx(i)) = ηbx, (4.15j)

G†
b(T

−1
y gbTy(i))G

†
y(gbTy(i))Gb(gbTy(i))Gy(Ty(i)) = ηby, (4.15k)

G†
b(TzgbTz(i))Gz(TzgbTz(i))Gb(gbTz(i))Gz(Tz(i)) = ηbz, (4.15l)

G†
c(T

−1
y gcTx(i))G

†
y(gcTx(i))Gc(gcTx(i))Gx(Tx(i)) = ηcyx, (4.15m)

G†
c(T

−1
z gcTy(i))G

†
z(gcTy(i))Gc(gcTy(i))Gy(Ty(i)) = ηczy, (4.15n)

G†
c(T

−1
x gcTz(i))G

†
x(gcTz(i))Gc(gcTz(i))Gz(Tz(i)) = ηcxz, (4.15o)

G†
a(g

−1
c g−1

b T−1
x Tygagc(i))G

†
c(g

−1
b T−1

x Tygagc(i))

×G†
b(T

−1
x Tygagc(i))G

†
x(Tygagc(i))

×Gy(Tygagc(i))Ga(gagc(i))Gc(gc(i)) = ηacb, (4.15p)

G†
b(g

−1
a TxT

−1
y Tzgbga(i))G

†
a(TxT

−1
y Tzgbga(i))
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×Gx(TxT−1
y Tzgbga(i))G

†
y(Tzgbga(i))

×Gz(Tzgbga(i))Gb(gbga(i))Ga(ga(i)) = ηab, (4.15q)

G†
c(g

−1
b T−1

x Tygagbgcgb(i))G
†
b(T

−1
x Tygagbgcgb(i))

×G†
x(Tygagbgcgb(i))Gy(Tygagbgcgb(i))Ga(gagbgcgb(i))

×Gb(gbgcgb(i))Gc(gcgb(i))Gb(gb(i)) = ηcba. (4.15r)

The Gs in the above relations are SU(2) matrices, and are associated with the SU(2) gauge
symmetry, which transforms the G in the following way:

Gg(i) 7→W (g−1(i))Gg(i)W
†(i), W ∈ SU(2); (4.16)

This equation can be understood as follows: under gauge transformation, we have:

Uij 7→ Ũij ≡W (i)UijW
†(j), (4.17)

and the requirement for the gauge transformed PSG is:

G̃g(g(i))Ũg(i)g(j)G̃
†
g(g(j)) = Ũij . (4.18)

From the above relations we derived the gauge transformation of Gs.
Aside from the gauge symmetry, we note that we can replace a generic element G with

gG, where g ∈ IGG = {τ0,−τ0}. Wisely making use of this fact is going to help us reduce
the number of phases on the right hand side of the PSG equations.

By performing:

Gx 7→ ηcyxGx, Gz 7→ ηczyGz,

Ga 7→ ηacbηcbaGa, Gb 7→ ηacbηcyxGb,

Gc 7→ ηcGc, (4.19)

we eliminate the phases on the right hand side (RHS) of Eq. 4.15a, Eq. 4.15m, Eq. 4.15n,
Eq. 4.15p and Eq. 4.15r.

4.A.1 Solving for the translational Elements

Let us start by considering the following equations Eq.4.15d, Eq.4.15e and Eq.4.15f that
arise because of the commutation of translational generators. Canonically, this gives us the
following expressions of Gx, Gy, Gz:

Gx(x, y, z; s) = τ0, Gy(x, y, z; s) = ηxxyτ0,

Gz(x, y, z; s) = ηxzxη
y
yzτ0. (4.20)
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4.A.2 Solving for Gc

Using the IGG Z2 gauge symmetry, we had eliminated the phases on the RHS of Eq.4.15m,
Eq.4.15n. To solve for Gc, one then plug the canonical expressions of the translational PSG
elements into Eq.4.15m, Eq.4.15n and Eq.4.15o. One arrives at the following expressions:

G†
c(T

−1
y (i))η−xxy Gc(i) = τ0, (4.21a)

G†
c(T

−1
z (i))η−xzx η

−y
yz Gc(i)Gy(g

−1
c (i)) = τ0, (4.21b)

G†
c(T

−1
x (i))Gc(i)Gz(g

−1
c (i)) = ηcxz. (4.21c)

Further simplifying the expressions, one arrives at:

Gc(x, y, z) = ηxxyGc(x, y − 1, z), (4.22a)

Gc(x, y, z) = ηxzxη
y
yzη

−y
xy Gc(x, y, z − 1), (4.22b)

Gc(x, y, z) = η−yzx η
−z
yz ηcxzGc(x− 1, y, z). (4.22c)

The above expressions are valid for all sub-lattice indices, and we have suppressed the s
indices. One then assumes that the following form is valid for Gc: Gc ≡ fc(x, y, z; s)Mc(s).
Because of the mentioned reason, we have fc(x, y, z; s) = fc(x, y, z). Then the separation of
variable allows one to arrive at:

fc(x, y, z) = ηxxyfc(x, y − 1, z), (4.23a)

fc(x, y, z) = ηxzxη
y
yzη

−y
xy fc(x, y, z − 1), (4.23b)

fc(x, y, z) = η−yzx η
−z
yz ηcxzfc(x− 1, y, z). (4.23c)

For fc to be a path-independent function, there are certain constraints that the phases
have to satisfy. For example, one considers two paths to arrive at fc(x + 1, y + 1, z):
1.) fc(x, y, z) 7→ fc(x + 1, y, z) 7→ fc(x + 1, y + 1, z); 2.) fc(x, y, z) 7→ fc(x, y + 1, z) 7→
fc(x+ 1, y + 1, z). One then compares the phases resulted from the two paths, and enforce
them to be identical. Such a process produces the relevant constraints on the phases. We
check the path independence on the xy, yz and zx planes respectively, and arrive at the
following constraint:

ηxy = η−1
zx ; ηyz = ηxy; ηzx = η−1

yz . (4.24)

It follows then ηxy = ηyz = ηzx = η1. The previous equations on fc become:

fc(x, y, z) = ηx1fc(x, y − 1, z), (4.25a)

fc(x, y, z) = ηx1fc(x, y, z − 1), (4.25b)

fc(x, y, z) = η
−(y+z)
1 ηcxzfc(x− 1, y, z). (4.25c)
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Therefore, at this point we claim that Gc = ηxy+xz1 ηxcxzMc(s).
Let us take a look at Eq.4.15a. One can eliminate the phase on the RHS by making use

of the IGG gauge symmetry. Plugging the above expression into Eq.4.15a, we arrive at:

M3
c(α) = τ0; (4.26a)

Mc(δ)Mc(γ)Mc(β) = τ0; (4.26b)

ηcxz = 1. (4.26c)

It is useful to make a summary before we close this subsection:
1.) ηc = ηcyx = ηczy = ηcxz = 1;
2.) ηxy = ηyz = ηzx = η1;
3.)Gc = ηxy+xz1 Mc(s), for which the following relations are satisfied:

M3
c(α) = τ0; (4.27a)

Mc(δ)Mc(γ)Mc(β) = τ0; (4.27b)

4.A.3 Solving for Ga

To solve for Ga, one plugs the simplified expressions of the translational PSG elements into
Eq.4.15g, Eq.4.15h and Eq.4.15i. One arrives at the following expressions:

G†
a(Tx(i))Ga(i) = ηax, (4.28a)

G†
a(Ty(i))Gy(Ty(i))Ga(i)Gy(g

−1
a (i)) = ηay, (4.28b)

G†
a(T

−1
z (i))G†

z(i)Ga(i)Gz(g
−1
a (i)) = ηaz. (4.28c)

One makes the usual ansatz Ga(i) ≡ fa(x, y, z; s)Ma(s), only this time one does not have
fa(x, y, z; s) = fa(x, y, z), for the evaluation of Gy/z(g−1

a (i)) is not s-independent.
We have, for s = α/δ, the following conditions for fa:

η−1
ax fa(x, y, z;α/δ) = fa(x+ 1, y, z;α/δ), (4.29a)

η−1
ay fa(x, y, z;α/δ) = fa(x, y + 1, z;α/δ), (4.29b)

ηazη1fa(x, y, z;α/δ) = fa(x, y, z + 1;α/δ); (4.29c)

and for s = β/γ, the following conditions for fa:

η−1
ax fa(x, y, z;β/γ) = fa(x+ 1, y, z;β/γ), (4.30a)

η−1
ay η

−1
1 fa(x, y, z;β/γ) = fa(x, y + 1, z;β/γ), (4.30b)

ηazfa(x, y, z;β/γ) = fa(x, y, z + 1;β/γ). (4.30c)
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Note that this time we do not have to check the path independence of fa, as the phases
appearing in the above equations are constants. We then arrive at the following expressions:

fa(x, y, z;α/δ) = η−xax η
−y
ay η

z
azη

z
1 ,

fa(x, y, z;β/γ) = η−xax η
−y
ay η

−y
1 ηzaz, (4.31)

from which we write:

Ga(x, y, z;α/δ) = η−xax η
−y
ay η

z
azη

z
1Ma(α/δ),

Ga(x, y, z;β/γ) = η−xax η
−y
ay η

−y
1 ηzazMa(β/γ). (4.32)

In plugging these expressions into Eq.4.15b, we first consider i ≡ (x, y, z;α). The condition
we arrive at is:

G†
z(−x,−y − 1, z; δ)Ga(−x,−y − 1, z; δ)Ga(x, y, z;α) = ηa, (4.33)

which further simplifies to:

ηx+y+1
1 ηayMa(δ)Ma(α) = ηa. (4.34)

The above equation dictates that η1 = 1. Consequently, one has:

Ma(δ)Ma(α) = ηaη
−1
ay . (4.35)

We then consider other sublattice sites, and they give us:

Ga(−x− 1,−y − 1, z + 1; γ)Ga(x, y, z;β) = ηa, (4.36a)

Ga(−x− 1,−y − 1, z;β)Ga(x, y, z; γ) = ηa, (4.36b)

Ga(−x,−y − 1, z + 1;α)Ga(x, y, z; δ) = ηa. (4.36c)

Plugging the explicit forms into the above equations, and we arrive at:

Ma(γ)Ma(β) = ηaη
−1
ax η

−1
ay η

−1
az , (4.37a)

Ma(β)Ma(γ) = ηaη
−1
ax η

−1
ay , (4.37b)

Ma(α)Ma(δ) = ηaη
−1
ay η

−1
az . (4.37c)

It is useful to make a summary again before we close this subsection:
1.) ηxy = ηyz = ηzx = η1 = 1, and as a result, Gx = Gy = Gz = τ0;
2.) We have Ga(x, y, z; s) = η−xax η

−y
ay ηzazMa(s); for which the following relations are satisfied:

Ma(δ)Ma(α) = ηaη
−1
ay , (4.38a)

Ma(γ)Ma(β) = ηaη
−1
ax η

−1
ay η

−1
az , (4.38b)

Ma(β)Ma(γ) = ηaη
−1
ax η

−1
ay , (4.38c)

Ma(α)Ma(δ) = ηaη
−1
ay η

−1
az . (4.38d)
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4.A.4 Solving for Gb

Now we attack Eq.4.15j, Eq.4.15k and Eq.4.15l. Since Gx, Gy and Gz are trivial now, the
equations are reduced to the following form:

G†
b(Tx(i))Gb(i) = ηbx, (4.39a)

G†
b(T

−1
y (i))Gb(i) = ηby, (4.39b)

G†
b(Tz(i))Gb(i) = ηbz. (4.39c)

We make the ansatz Gb ≡ fb(x, y, z)Mb(s), where the separation of variables is possible
because the above conditions are s-independent. One can quickly arrive at the condition
that Gb = η−xbx η

y
byη

−z
bz Mb(s).

Plugging the expression into Eq.4.15c, one ends up with:

Gb(gb(i))Gb(i) = ηb. (4.40)

Considering the individual sublattice sites respectively, one arrives at:

Mb(γ)Mb(α) = ηbη
−1
bx , (4.41a)

Mb(δ)Mb(β) = ηbη
−1
bx η

−1
bz , (4.41b)

Mb(α)Mb(γ) = ηbη
−1
bx η

−1
by , (4.41c)

Mb(β)Mb(δ) = ηbη
−1
bx η

−1
by η

−1
bz . (4.41d)

A quick summary:
We have Gb(x, y, z; s) = η−xbx η

y
byη

−z
bz Mb(s); for which the following relations are satisfied:

Mb(γ)Mb(α) = ηbη
−1
bx , (4.42a)

Mb(δ)Mb(β) = ηbη
−1
bx η

−1
bz , (4.42b)

Mb(α)Mb(γ) = ηbη
−1
bx η

−1
by , (4.42c)

Mb(β)Mb(δ) = ηbη
−1
bx η

−1
by η

−1
bz . (4.42d)

4.A.5 Solving Eq.4.15p, Eq.4.15q and Eq.4.15r

To attack the remaining three equations, note that we can use the IGG gauge symmetry of
Ga and Gb to eliminate ηacb and ηcba. The equations are reduced to:

G†
a(g

−1
c g−1

b (i))G†
c(g

−1
b (i))G†

b(i)

×Ga(T−1
y Tx(i))Gc(g

−1
a T−1

y Tx(i)) = τ0, (4.43)

G†
b(g

−1
a (i))G†

a(i)Gb(T
−1
z TyT

−1
x (i))
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×Ga(g−1
b T−1

z TyT
−1
x (i)) = ηabτ0, (4.44)

G†
c(g

−1
b T−1

x Ty(i))G
†
b(T

−1
x Ty(i))Ga(i)

×Gb(g−1
a (i))Gc(g

−1
b g−1

a (i))Gb(g
−1
c g−1

b g−1
a (i)) = τ0. (4.45)

We consider first i = (x, y, z;α). Plugging this into Eq.4.43 gives us the following:

G†
a(y − 1,−z,−x− 1;β)Mc(γ)G

†
b(x, y, z;α)

×Ga(x+ 1, y − 1, z;α)Mc(δ) = τ0. (4.46)

Recalling Ga = η−xax η
−y
ay ηzazMa(s) and Gb = η−xbx η

y
byη

−z
bz Mb(s), the LHS of the above expres-

sion is evaluated as:

ηy−1
ax η−zay η

x+1
az M†

a(β)M
†
c(γ)

× ηxbxη
−y
by η

z
bzM

†
b(α)η

−x−1
ax η−y+1

ay ηzazMa(α)Mc(δ)

=(ηazηbxη
−1
ax )

x(ηaxη
−1
ay η

−1
by )

y(ηazηbzη
−1
ay )

zηazηay

×M†
a(β)M

†
c(γ)M

†
b(α)Ma(α)Mc(δ). (4.47)

Since the RHS of the previous expression is unit cell independent, we would have the
following equations:

ηazηbx = ηax,

ηbyηay = ηax,

ηazηbz = ηay. (4.48)

Naming η2 ≡ ηax, η3 ≡ ηay and η4 ≡ ηaz, we would have ηbx = η2η
−1
4 , ηby = η2η

−1
3 and

ηbz = η3η
−1
4 . Also, we now have Ga = η−x2 η−y3 ηz4Ma(s) and Gb = η−x+y2 η−y−z3 ηx+z4 Mb(s).

The previous constraint becomes:

M†
a(β)M

†
c(γ)M

†
b(α)Ma(α)Mc(δ) = η−1

3 η−1
4 . (4.49)

What happens now for Eq.4.45? Plugging i = (x, y, z;α) into the equation gives us:

M†
c(γ)G

†
b(x− 1, y + 1, z;α)

×Ga(x, y, z;α)Gb(−x,−y − 1, z − 1; δ)

×Mc(β)Gb(−y − 1,−z, x− 1; δ) = τ0. (4.50)

Evaluating the LHS of the above equation gives us:

ηx−y2 ηy+z+1
3 η−x−z+1

4 η−x2 η−y3 η−z4 ηx−y−1
2

× ηy−z3 η−x+z−1
4 ηy+1−z

2 ηz−x+1
3 η−y+x4
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×M†
c(γ)M

†
b(α)Ma(α)Mb(δ)Mc(β)Mb(δ)

=(η−1
2 η−1

3 η4)
x(η−1

3 η−1
4 η2)

y(η4η
−1
2 η3)

z

×M†
c(γ)M

†
b(α)Ma(α)Mb(δ)Mc(β)Mb(δ). (4.51)

Again, the unit cell independence gives us an extra condition η2 = η3η4. The original
equation becomes:

M†
c(γ)M

†
b(α)Ma(α)Mb(δ)Mc(β)Mb(δ) = τ0. (4.52)

No further conditions on the phases can be derived from the three equations. We are in the
position to write Ga = η−x−y3 η−x+z4 Ma(s) and Gb = η−x−z3 ηy+z4 Mb(s). Iterating scenarios
with different s for i ≡ (x, y, z; s), we arrive at the following constraints:

M†
a(β)M

†
c(γ)M

†
b(α)Ma(α)Mc(δ) = η−1

3 η−1
4 , (4.53a)

M†
a(γ)M

†
c(δ)M

†
b(β)Ma(β)Mc(γ) = η4, (4.53b)

M†
a(α)M

†
c(α)M

†
b(γ)Ma(γ)Mc(β) = τ0, (4.53c)

M†
a(δ)M

†
c(β)M

†
b(δ)Ma(δ)Mc(α) = η3, (4.53d)

M†
b(δ)M

†
a(α)Mb(α)Ma(γ) = ηabη3η4, (4.53e)

M†
b(γ)M

†
a(β)Mb(β)Ma(δ) = ηabη3η

−1
4 , (4.53f)

M†
b(β)M

†
a(γ)Mb(γ)Ma(α) = ηabη3η

−1
4 , (4.53g)

M†
b(α)M

†
a(δ)Mb(δ)Ma(β) = ηabη3η

−1
4 , (4.53h)

M†
c(γ)M

†
b(α)Ma(α)Mb(δ)Mc(β)Mb(δ) = τ0, (4.53i)

M†
c(δ)M

†
b(β)Ma(β)Mb(γ)Mc(α)Mb(α) = η−1

3 , (4.53j)

M†
c(α)M

†
b(γ)Ma(γ)Mb(β)Mc(δ)Mb(γ) = η3η4, (4.53k)

M†
c(β)M

†
b(δ)Ma(δ)Mb(α)Mc(γ)Mb(β) = η4. (4.53l)

4.A.6 Solving for the Ms

We start by performing some SU(2) gauge transformations. Let us consider a type of gauge
transformation W (i) ≡ W (s). Had we started at a generic gauge, we could always make
the following gauge transformation:

W (α) = Ma(α),W (β) = Mc(β),

W (γ) = M†
c(δ),W (δ) = τ0. (4.54)

so that:

g.t. : Mc(δ) 7→W (β)Mc(β)W
†(β) = τ0, (4.55)

Mc(γ) 7→W (δ)Mc(δ)W
†(δ) = τ0, (4.56)
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Ma(δ) 7→W (α)Ma(α)W
†(α) = τ0. (4.57)

Now we make use of Eq.4.27b, and arrive at Mc(β) = Mc(γ) = Mc(δ) = τ0. It should be
noted that we are silent on Mc(α). Indeed, it is not possible to use gauge symmetry alone
to trivialise Mc(α). However, as we shall see, other equations will bring enough restrictions
on the form of Mc(α).

Before we take a step further, let us note that taking traces over Eq.4.38a and Eq.4.38d
dictates that η4 = 1. After the simplification, we have:

M3
c(α) = τ0, (4.58a)

Ma(δ)Ma(α) = ηaη
−1
3 , (4.58b)

Ma(γ)Ma(β) = ηa, (4.58c)

Ma(β)Ma(γ) = ηa, (4.58d)

Ma(α)Ma(δ) = ηaη
−1
3 , (4.58e)

Mb(γ)Mb(α) = ηbη
−1
3 , (4.58f)

Mb(δ)Mb(β) = ηb, (4.58g)

Mb(α)Mb(γ) = ηbη
−1
3 , (4.58h)

Mb(β)Mb(δ) = ηb, (4.58i)

M†
a(β)M

†
b(α)Ma(α) = η−1

3 , (4.58j)

M†
a(γ)M

†
b(β)Ma(β) = τ0, (4.58k)

M†
a(α)M

†
c(α)M

†
b(γ)Ma(γ) = τ0, (4.58l)

M†
a(δ)M

†
b(δ)Ma(δ)Mc(α) = η3, (4.58m)

M†
b(δ)M

†
a(α)Mb(α)Ma(γ) = ηabη3, (4.58n)

M†
b(γ)M

†
a(β)Mb(β)Ma(δ) = ηabη3, (4.58o)

M†
b(β)M

†
a(γ)Mb(γ)Ma(α) = ηabη3, (4.58p)

M†
b(α)M

†
a(δ)Mb(δ)Ma(β) = ηabη3, (4.58q)

M†
b(α)Ma(α)Mb(δ)Mb(δ) = τ0, (4.58r)

M†
b(β)Ma(β)Mb(γ)Mc(α)Mb(α) = η−1

3 , (4.58s)

M†
c(α)M

†
b(γ)Ma(γ)Mb(β)Mb(γ) = η3, (4.58t)

M†
b(δ)Ma(δ)Mb(α)Mb(β) = τ0. (4.58u)

Let us first look at Eq.4.58s, which can be rewritten as:

Mb(α)M
†
b(β)Ma(β)Mb(γ)Mc(α) = η−1

3 .
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The above expression, when combined with Eq.4.58t and Eq.4.58d, gives us:

Mb(α)Mb(γ) = η−1
a , (4.59)

that, when combined with Eq.4.58h, gives us:

η−1
a = ηbη

−1
3 . (4.60)

Now we look at Eq.4.58o, which can be rewritten as:

Ma(δ)M
†
b(γ)M

†
a(β)Mb(β) = ηabη3.

The above expression, when combined with Eq.4.58p and Eq.4.58d, gives us:

Ma(δ)Ma(α) = ηa, (4.61)

that, when combined with Eq.4.58b, gives us:

η3 = 1. (4.62)

Looking at Eq.4.58q and Eq.4.58r, with the help of Eq.4.58b, we reach:

Ma(β) = ηabηaMb(δ). (4.63)

Similarly, Eq.4.58n and Eq.4.58u, with the help of Eq.4.58b, give us:

Ma(γ) = ηabηaMb(β). (4.64)

Consider, now, Eq.4.58t and Eq.4.58l. The coupled equations can be manoeuvred to give
us:

Ma(α)Mb(β)Mb(γ) = τ0. (4.65)

The above equation, when paired with Eq.4.58j, gives us (note that ηa = ηb now):

Mb(β)Ma(β) = η−1
a , (4.66)

which can be coupled with Eq.4.58i and Eq.4.63 to give us:

ηab = ηa. (4.67)

At this point, there is only one phase left in the problem: ηa = ηb = ηab. Let us look at
Eq.4.58k, which gives us:

M3
b(β) = η−1

a , (4.68)

which then implies that:
M3

b(δ) = τ0. (4.69)
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We note that, at this point, there are four independent SU(2) matrices, denoted as follows:

A ≡Mc(α),B ≡Mb(δ), C ≡Ma(α),D ≡Mb(α). (4.70)

More completely, the Mas and Mbs are represented as follows:

Ma(α) = C,

Ma(β) = B,

Ma(γ) = ηaB†,

Ma(δ) = ηaC†; (4.71)

and

Mb(α) = D,

Mb(β) = ηaB†,

Mb(γ) = ηaD†,

Mb(δ) = B. (4.72)

There are, in fact, only five independent constraints for these matrices:

A3 = τ0, (4.73)

B3 = τ0, (4.74)

A = CBC†, (4.75)

A = DBD†, (4.76)

A = DB†C†. (4.77)

However, note that C = τ0 from Eq. 4.57, we immediately have:

A = B, D = A†. (4.78)

In summary:
1.) Gx = Gy = Gz = τ0;
2.) Ga/b/c(x, y, z; s) = Ma/b/c(s), where the Ms have the following forms:

Ma(α) = τ0,Ma(β) = A,Ma(γ) = ηaA†,Ma(δ) = ηaτ0;

Mb(α) = A†,Mb(β) = ηaA†,Mb(γ) = ηaA,Mb(δ) = A;

Mc(α) = A,Mc(β) = τ0,Mc(γ) = τ0,Mc(δ) = τ0. (4.79)

Since we have ηa = ±1, and A = τ0, e
i 2π

3
τz , ei

4π
3
τz , corresponding to apparently 6 solutions.

However, let us note that a further gauge transformation W (x, y, z; s) ≡ η
(x+y+z)
a leads us
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to:
1.) Gx = Gy = Gz = ηaτ0;
2.) Ga/b/c(x, y, z; s) = Ma/b/c(s), where the Ms have the following forms:

Ma(α) = τ0,Ma(β) = A,Ma(γ) = A†,Ma(δ) = τ0;

Mb(α) = A†,Mb(β) = A†,Mb(γ) = A,Mb(δ) = A;

Mc(α) = A,Mc(β) = τ0,Mc(γ) = τ0,Mc(δ) = τ0. (4.80)

Due to the fact that ηa now becomes global signs which are elements of the IGG, we
conclude that ηa = ±1 PSGs are equivalent. We also remark that a gauge transformation
W (x, y, z; s) ≡ iτx maps the PSG solutions in which A = ei

2π
3
τz to that in which A = ei

4π
3
τz .

In conclusion, we have:
1.) Gx = Gy = Gz = τ0;
2.) Ga/b/c(x, y, z; s) = Ma/b/c(s), where the Ms have the following forms:

Ma(α) = τ0,Ma(β) = A,Ma(γ) = A†,Ma(δ) = τ0;

Mb(α) = A†,Mb(β) = A†,Mb(γ) = A,Mb(δ) = A;

Mc(α) = A,Mc(β) = τ0,Mc(γ) = τ0,Mc(δ) = τ0, (4.81)

where A = τ0, e
i 2π

3
τz , corresponding to 2 solutions.

4.A.7 Adding Time-Reversal Symmetry

Having arrived at the PSG solutions given the space group for the trillium lattice, we are
at a position to add time-reversal symmetry (TRS) to the story. The extra relations are
translated into the corresponding PSG equations:

GT (i)GT (i) = ηT , (4.82a)

G†
T (T

−1
x (i))G†

x(i)GT (i)Gx(i) = ηxT , (4.82b)

G†
T (T

−1
y (i))G†

y(i)GT (i)Gy(i) = ηyT , (4.82c)

G†
T (T

−1
z (i))G†

z(i)GT (i)Gz(i) = ηzT , (4.82d)

G†
T (g

−1
a (i))G†

a(i)GT (i)Ga(i) = ηaT , (4.82e)

G†
T (g

−1
b (i))G†

b(i)GT (i)Gb(i) = ηbT , (4.82f)

G†
T (g

−1
c (i))G†

c(i)GT (i)Gc(i) = ηcT . (4.82g)

We make the ansatz that GT ≡ f(x, y, z; s)MT (s), and Eq.4.82b, Eq.4.82c and Eq.4.82d
immediately tell us that:

GT (i) = ηxxT η
y
yT η

z
zT MT (s). (4.83)
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The above form, when plugged into Eq.4.82a, gives us the following constraint:

M2
T (s) = ηT . (4.84)

We now discuss about the consequences of Eq.4.82e, Eq.4.82f and Eq.4.82g.

4.A.7.1 Solving Eq.4.82g

First, we consider i ≡ (x, y, z;β), since in this case Gc(i) = τ0. It is straightforward to reach
the following constraint on the phases:

ηxT = ηyT = ηzT ≡ η5. (4.85)

Also the following constraints for MT (s) arise if we iterate the sub-lattice indices:

M†
T (δ)MT (β) = ηcT , (4.86a)

M†
T (β)MT (γ) = ηcT , (4.86b)

M†
T (γ)MT (δ) = ηcT , (4.86c)

M†
T (α)M

†
c(α)MT (α)Mc(α) = ηcT . (4.86d)

From Eq.4.86a and Eq.4.86b, we can reach M†
T (δ)MT (γ) = τ0. This statement, when

coupled with Eq.4.86c gives us ηcT = 1.
A quick summary:
1.) ηxT = ηyT = ηzT ≡ η5, ηcT = 1;
2.) We have GT (x, y, z; s) = ηx+y+z5 MT (s); for which the following relations are satisfied:

M†
T (α)M

†
c(α)MT (α)Mc(α) = τ0, (4.87)

MT (β) = MT (γ) = MT (δ). (4.88)

4.A.7.2 Solving Eq.4.82e and Eq.4.82f

Iterating the sub-lattice indices, we arrive at the following constraints:

M†
T (δ)M

†
a(α)MT (α)Ma(α) = ηaT , (4.89a)

M†
T (γ)M

†
a(β)MT (β)Ma(β) = ηaT , (4.89b)

M†
T (β)M

†
a(γ)MT (γ)Ma(γ) = ηaT η5, (4.89c)

M†
T (α)M

†
a(δ)MT (δ)Ma(δ) = ηaT η5, (4.89d)

M†
T (γ)M

†
b(α)MT (α)Mb(α) = ηbT , (4.89e)

M†
T (δ)M

†
b(β)MT (β)Mb(β) = ηbT η5, (4.89f)

M†
T (α)M

†
b(γ)MT (γ)Mb(γ) = ηbT η5, (4.89g)

M†
T (β)M

†
b(δ)MT (δ)Mb(δ) = ηbT . (4.89h)
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4.A.7.3 Collection of Constraints

We further specify that MT (α) ≡ E and MT (β) = MT (γ) = MT (δ) ≡ F . We note that
Eq.4.89b and Eq.4.89c immediately imply that η5 = 1 since Ma(γ) = ηaM

†
a(β). Further-

more, comparing Eq.4.89b and Eq.4.89h gives us ηaT = ηbT ≡ η6, since Ma(β) = Mb(δ).
In the end, we reach the following five independent constraints:

E2 = ηT , (4.90a)

F2 = ηT , (4.90b)

E†A†EA = τ0, (4.90c)

F†B†FB = η6, (4.90d)

C†E†CF = η6. (4.90e)

Since C = τ0, and A = B, we can determine that η6 = 1 and E = F . Also, when ηT = 1,
we have E = F = τ0; when ηT = −1, we have E = F = iτz. Since without TRS, we had 2

solutions, now we have 4 solutions, as collected in Table 4.2.

4.B IGG = U(1)

In this section, our target is to find the PSG solutions with U(1) IGG. The PSG relations
listed in Section 4.A still hold, only with the signs on the RHS being replaced as ηg ≡
exp[iϕg].

To proceed, we mention a fact which is a blessing for us. In [66], Wen proved that for
PSG solutions with U(1) IGG, the Gs always have the following canonical forms:

Gg(i) ≡ (iτx)
ngeiθg(i)τz , ng = 0 or 1, (4.91)

where θg ∈ [0, 2π). Another thing we would like to mention before moving on is that, in
this section θ always stands for a function which depends on position i, whereas ϕ always
stands for a constant phase.

Let us first look at Eq.4.15b, which can be rewritten as:

Ga(ga(i))Ga(i) = Gz(ga(i))e
iϕaτz . (4.92)

The above equation already dictates that nz = 0. Why? This is straightforward to see if
na = 0. Now supposing na = 1, we would have:

LHS4.92 = ei(−θa(ga(i))+θa(i))τz , (4.93)

which also implies that nz = 0 on the RHS4.92. Similarly, due to Eq.4.15a and Eq.4.15c, we
can conclude that ny = nc = 0.
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There is a valuable lesson from the above operation. Given a PSG equation GgG
†
h · · · =

eiϕiτz , we demand that (ng − nh . . . ) = 0 mod 2. Using the above lesson, we see from
Eq.4.15q that nx = 0. And Eq.4.15p tells us that nb = 0, whereas Eq.4.15r implies that
na = 0. This is remarkable, for nx = ny = nz = na = nb = nc = 0! What was for us
originally a set of coupled SU(2) matrix equations now reduces to a set of coupled U(1)

matrix equations, which are equations of compact U(1) phases.

4.B.1 Solving for the Translational Elements and the Simplification

Before we take a step further, let us rewrite the remaining PSG equations in terms of θs:

θc(g
2
c (i)) + θc(gc(i)) + θc(i) = ϕc, (4.94a)

− θz(ga(i)) + θa(ga(i)) + θa(i) = ϕa, (4.94b)

− θy(gb(i)) + θb(gb(i)) + θb(i) = ϕb, (4.94c)

− θa(Tx(i)) + θx(Tx(i)) + θa(i) + θx(g
−1
a (i)) = ϕax, (4.94d)

− θa(Ty(i)) + θy(Ty(i)) + θa(i) + θy(g
−1
a (i)) = ϕay, (4.94e)

− θa(T−1
z (i))− θz(i) + θa(i) + θz(g

−1
a (i)) = ϕaz, (4.94f)

− θb(Tx(i)) + θx(Tx(i)) + θb(i) + θx(g
−1
b (i)) = ϕbx, (4.94g)

− θb(T−1
y (i))− θy(i) + θb(i) + θy(g

−1
b (i)) = ϕby, (4.94h)

− θb(Tz(i)) + θz(Tz(i)) + θb(i) + θz(g
−1
b (i)) = ϕbz, (4.94i)

− θc(T−1
y (i))− θy(i) + θc(i) + θx(g

−1
c (i)) = ϕcyx, (4.94j)

− θc(T−1
z (i))− θz(i) + θc(i) + θy(g

−1
c (i)) = ϕczy, (4.94k)

− θc(T−1
x (i))− θx(i) + θc(i) + θz(g

−1
c (i)) = ϕcxz, (4.94l)

− θa(g−1
c g−1

b T−1
x Tygagc(i))− θc(g−1

b T−1
x Tygagc(i))

− θb(T−1
x Tygagc(i))− θx(Tygagc(i))

+ θy(Tygagc(i)) + θa(gagc(i)) + θc(gc(i)) = ϕacb, (4.94m)

− θb(g−1
a TxT

−1
y Tzgbga(i))− θa(TxT−1

y Tzgbga(i))

+ θx(TxT
−1
y Tzgbga(i))− θy(Tzgbga(i))

+ θz(Tzgbga(i)) + θb(gbga(i)) + θa(ga(i)) = ϕab, (4.94n)

− θc(g−1
b T−1

x Tygagbgcgb(i))− θb(T−1
x Tygagbgcgb(i))

− θx(Tygagbgcgb(i)) + θy(Tygagbgcgb(i))

+ θa(gagbgcgb(i)) + θb(gbgcgb(i))

+ θc(gcgb(i)) + θb(gb(i)) = ϕcba. (4.94o)

108



These θs and ϕs in the above equations are compact U(1) phase factors, and an equation
θ = ϕ means θ = ϕ mod 2π. The θs are associated with the SU(2) gauge symmetry like
before, specifically the U(1) subgroup of SU(2) transforms the θ in the following way:

θU (i) 7→ θU (i)− φ(i) + φ(U−1(i)), φ ∈ [0, 2π); (4.95)

note that since we do not want to spoil the choice of τz, we consider only the U(1) subgroup
of SU(2).

Similar to the Z2 case, we eliminate the phases on the right hand side of Eq. 4.94a,
Eq. 4.94j, Eq. 4.94k, Eq. 4.94m and Eq. 4.94o.

4.B.2 Solving for the translational Elements

Let us start by considering the equations that arise because of the commutation of transla-
tional generators. Canonically, this gives us the following expressions of Gx, Gy, Gz after a
gauge fixing:

Gx(x, y, z; s) = τ0, Gy(x, y, z; s) = eixϕxyτz ,

Gz(x, y, z; s) = ei(xϕzx+yϕyz)τz . (4.96)

In other words, we have the following representation:

θx(x, y, z; s) = 0, θy(x, y, z; s) = xϕxy,

θz(x, y, z; s) = xϕzx + yϕyz. (4.97)

4.B.3 Solving for θc

Using the IGG gauge symmetry, one can eliminate the phases on the RHS of Eq.4.94j,
Eq.4.94k and Eq.4.94l, as each of θx, θy and θz appears only once in these equations. To
solve for θc, one then plug the canonical expressions of the translational PSG elements into
Eq.4.94j, Eq.4.94k and Eq.4.94l. We make an ansatz analogous to the one we made in the
Z2 case: θ(i) ≡ f(x, y, z; s) +m(s). We realise that the equations under attention are valid
for all sub-lattice indices, therefore we have fc(x, y, z; s) ≡ fc(x, y, z), and:

fc(x, y, z) = fc(x, y − 1, z) + xϕxy, (4.98)

fc(x, y, z) = fc(x, y, z − 1)

+ xϕzx + yϕyz − yϕxy, (4.99)

fc(x, y, z) = fc(x− 1, y, z)

− yϕzx − zϕyz + ϕcxz. (4.100)
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Checking the path-independency of fc, we arrive at the following constraint:

ϕxy = ϕyz = −ϕzx ≡ ϕ1. (4.101)

Eventually we arrive at the conclusion that fc(x, y, z) = (xy − xz)ϕ1.
Let us look at Eq.4.94a. We had eliminated the phase on the RHS by making use of the

IGG gauge symmetry. Plugging the above expression into Eq.4.94a, we arrive at:

3mc(α) = 0, (4.102)

mc(β) +mc(γ) +mc(δ) = 0, (4.103)

ϕcxz = 0. (4.104)

Before moving on, we make a brief summary:

θx(i) = 0, θy(i) = xϕ1, θz(i) = (y − x)ϕ1,

θc(i) = (xy − xz)ϕ1 +mc(s). (4.105)

4.B.4 Solving for θa

To solve for θa, one plugs the simplified expressions of the translational PSG elements into
Eq.4.94d, Eq.4.94e and Eq.4.94f. One arrives at the following expressions:

θa(Tx(i)) = θa(i)− ϕax, (4.106)

θa(Ty(i)) = θa(i) + θy(Ty(i))

+ θy(g
−1
a (i))− ϕay, (4.107)

θa(i) = θa(T
−1
z (i)) + ϕaz

+ θz(i)− θz(g−1
a (i)). (4.108)

One makes the usual ansatz θa ≡ fa(x, y, z; s) + ma(s), only this time one does not have
fa(x, y, z; s) = fa(x, y, z), for the evaluation of θy/z(g−1

a (i)) is not s-independent.
We have, for s = α/δ, the following conditions for fa:

fa(x+ 1, y, z;α/δ) = fa(x, y, z;α/δ)− ϕax, (4.109)

fa(x, y + 1, z;α/δ) = fa(x, y, z;α/δ)− ϕay, (4.110)

fa(x, y, z;α/δ) = fa(x, y, z − 1;α/δ)

+ ϕaz + (2y − 2x+ 1)ϕ1; (4.111)

and for s = β/γ, the following conditions for fa:

fa(x+ 1, y, z;β/γ) = fa(x, y, z;β/γ)− ϕax, (4.112)
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fa(x, y + 1, z;β/γ) = fa(x, y, z;β/γ)− ϕay − ϕ1, (4.113)

fa(x, y, z;β/γ) = fa(x, y, z − 1;β/γ) + ϕaz

+ (2y − 2x)ϕ1. (4.114)

Checking the path-independency of fa, we arrive at the following constraint:

2ϕ1 = 0⇒ ϕ1 = 0 or π. (4.115)

After the path-independency is guaranteed, we arrive at the following expressions:

fa(x, y, z;α/δ) = −xϕax − yϕay + z(ϕaz + ϕ1), (4.116)

fa(x, y, z;β/γ) = −xϕax − y(ϕay + ϕ1) + zϕaz. (4.117)

Plugging the forms of θa ≡ fa(x, y, z; s) + ma(s) into Eq.4.94b, further constraints can be
derived. Specifically, we iterate the sub-lattice index. Let us consider i ≡ (x, y, z;α), we
have:

− θz(−x,−y − 1, z; δ) + θa(−x,−y − 1, z; δ) + θa(x, y, z;α) = ϕa, (4.118)

which gives us:

ϕa = −(−y − 1 + x)ϕ1 + (xϕax + (y + 1)ϕay

+ z(ϕaz + ϕ1)) + (−xϕax − yϕay

+ z(ϕaz + ϕ1)) +ma(α) +ma(δ)

= −(−y − 1 + x)ϕ1 + ϕay + 2zϕaz

+ma(α) +ma(δ). (4.119)

The implication from the above equation is that:

ϕ1 = 0, 2ϕaz = 0; ma(α) +ma(δ) = ϕa − ϕay. (4.120)

For i ≡ (x, y, z;β), we have:

θa(−x− 1,−y − 1, z + 1; γ) + θa(x, y, z;β) = ϕa, (4.121)

which gives us:

ϕa = ((x+ 1)ϕax + (y + 1)ϕay + (z + 1)ϕaz)

+ (−xϕax − yϕay + zϕaz)

+ma(β) +ma(γ)

= ϕax + ϕay + ϕaz +ma(β) +ma(γ). (4.122)
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For i ≡ (x, y, z; γ), we have:

θa(−x− 1,−y − 1, z;β) + θa(x, y, z; γ) = ϕa, (4.123)

which gives us:

ϕa = ((x+ 1)ϕax + (y + 1)ϕay + zϕaz)

+ (−xϕax − yϕay + zϕaz)

+ma(β) +ma(γ)

= ϕax + ϕay +ma(β) +ma(γ). (4.124)

Combining with the equation for i ≡ (x, y, z;β), we have:

ϕaz = 0; ma(β) +ma(γ) = ϕa − ϕay − ϕax. (4.125)

Lastly, the case for i ≡ (x, y, z; δ) does not give us new relations.
Before moving on, we make a brief summary:

θx/y/z(i) = 0, θa(i) = −xϕax − yϕay +ma(s). (4.126)

4.B.5 Solving for θb

To solve for θb, one plugs the simplified expressions of the translational PSG elements into
Eq.4.94g, Eq.4.94h and Eq.4.94i. One arrives at the following expressions:

θb(Tx(i)) = θb(i)− ϕbx,

θb(i) = θb(T
−1
y (i)) + ϕby,

θb(Tz(i)) = θb(i)− ϕbz. (4.127)

One makes the usual ansatz θb ≡ fb(x, y, z; s) +mb(s), we arrive at

fb(x, y, z; s) = −xϕbx + yϕby − zϕbz. (4.128)

Plugging the forms of θb ≡ fb(x, y, z; s) + mb(s) into Eq.4.94c, further constraints can be
derived. Specifically, we iterate the sub-lattice index. Let us consider i ≡ (x, y, z;α), we
have:

θb(−x− 1, y,−z; γ) + θb(x, y, z;α) = ϕb, (4.129)

which gives us:

ϕb = ((x+ 1)ϕbx + yϕby + zϕbz)

+ (−xϕbx + yϕby − zϕbz)
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+mb(α) +mb(γ)

= ϕbx + 2yϕby +mb(α) +mb(γ). (4.130)

The implication from the above equation is that:

2ϕby = 0; mb(α) +mb(γ) = ϕb − ϕbx. (4.131)

For i ≡ (x, y, z;β), we have:

θb(−x− 1, y,−z − 1; δ) + θb(x, y, z;β) = ϕb, (4.132)

which gives us:

ϕb = ((x+ 1)ϕbx + yϕby + (z + 1)ϕbz)

+ (−xϕbx + yϕby − zϕbz)

+mb(β) +mb(δ)

= ϕbx + ϕbz +mb(β) +mb(δ). (4.133)

For i ≡ (x, y, z; γ), we have:

θb(−x− 1, y + 1,−z;α) + θb(x, y, z; γ) = ϕb, (4.134)

which gives us:

ϕb = ((x+ 1)ϕbx + (y + 1)ϕby + zϕbz)

+ (−xϕbx + yϕby − zϕbz)

+mb(α) +mb(γ)

= ϕbx + ϕby +mb(α) +mb(γ). (4.135)

Combining with the equation for i ≡ (x, y, z;α), we have:

ϕby = 0; mb(α) +mb(γ) = ϕb − ϕbx. (4.136)

Lastly, the case for i ≡ (x, y, z; δ) gives us the same relation from the case for i ≡ (x, y, z;β),
which is:

mb(β) +mb(δ) = ϕb − ϕbx − ϕbz. (4.137)

Before moving on, we make a brief summary:

θb(i) = −xϕbx − zϕbz +mb(s). (4.138)
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4.B.6 Solving Eq. 4.94m

The equation Eq. 4.94m is then reduced to:

− θa(g−1
c g−1

b T−1
x Ty(i))− θc(g−1

b T−1
x Ty(i))

− θb(T−1
x Ty(i)) + θa(i) + θc(g

−1
a (i)) = 0. (4.139)

For i ≡ (x, y, z;α), the above equation is:

0 = −θa(y,−z,−x;β)− θc(−x, y,−z; γ)

− θb(x− 1, y + 1, z;α)

+ θa(x, y, z;α) + θc(−x,−y − 1, z − 1; δ)

= x(ϕbx − ϕax) + y(ϕax − ϕay) + z(ϕbz − ϕay)− ϕbx

−ma(β)−mc(γ)−mb(α) +ma(α) +mc(δ). (4.140)

We can conclude from the above equation that ϕ2 ≡ ϕax = ϕay = ϕbx = ϕbz. Thus we have
fa(x, y, z) = −(x+ y)ϕ2 and fb(x, y, z) = −(x+ z)ϕ2.
For i ≡ (x, y, z;β), the above equation is:

0 = −θa(y,−z − 1,−x; γ)− θc(−x, y,−z − 1; δ)

− θb(x− 1, y + 1, z;β) + θa(x, y, z;β)

+ θc(−x− 1,−y − 1, z; γ)

= −2ϕ2 −ma(γ)−mc(δ)−mb(β)

+ma(β) +mc(γ). (4.141)

For i ≡ (x, y, z; γ), the above equation is:

0 = −θa(y + 1,−z,−x;α)− θc(−x, y + 1,−z;α)

− θb(x− 1, y + 1, z; γ) + θa(x, y, z; γ)

+ θc(−x− 1,−y − 1, z − 1;β)

= −ma(α)−mc(α)−mb(γ) +ma(γ) +mc(β). (4.142)

For i ≡ (x, y, z; δ), the above equation is:

0 = −θa(y + 1,−z − 1,−x; δ)− θc(−x, y + 1,−z − 1;β)

− θb(x− 1, y + 1, z; δ) + θa(x, y, z; δ)

+ θc(−x,−y − 1, z;α)

= −ϕ2 −ma(δ)−mc(β)−mb(δ)

+ma(δ) +mc(α). (4.143)
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4.B.7 Solving Eq. 4.94n

The equation is reduced to:

− θb(g−1
a TxT

−1
y Tz(i))− θa(TxT−1

y Tz(i))

+ θb(i) + θa(g
−1
b (i)) = ϕab. (4.144)

For i ≡ (x, y, z;α), the above equation is:

ϕab = −θb(−x− 1,−y, z; δ)− θa(x+ 1, y − 1, z + 1;α)

+ θb(x, y, z;α) + θa(−x− 1, y − 1,−z; γ)

= ϕ2 −mb(δ)−ma(α) +mb(α) +ma(γ). (4.145)

For i ≡ (x, y, z;β), the above equation is:

ϕab = −θb(−x− 2,−y, z + 1; γ)− θa(x+ 1, y − 1, z + 1;β)

+ θb(x, y, z;β) + θa(−x− 1, y − 1,−z − 1; δ)

= ϕ2 −mb(γ)−ma(β) +mb(β) +ma(δ). (4.146)

For i ≡ (x, y, z; γ), the above equation is:

ϕab = −θb(−x− 2,−y, z;β)− θa(x+ 1, y − 1, z + 1; γ)

+ θb(x, y, z; γ) + θa(−x− 1, y,−z;α)

= −ϕ2 −mb(β)−ma(γ) +mb(γ) +ma(α). (4.147)

For i ≡ (x, y, z; δ), the above equation is:

ϕab = −θb(−x− 1,−y, z + 1;α)− θa(x+ 1, y − 1, z + 1; δ)

+ θb(x, y, z; δ) + θa(−x− 1, y,−z − 1;β)

= ϕ2 −mb(α)−ma(δ) +mb(δ) +ma(β). (4.148)

4.B.8 Solving Eq. 4.94o

The equation Eq.4.94o is then reduced to:

− θc(g−1
b T−1

x Ty(i))− θb(T−1
x Ty(i)) + θa(i)

+ θb(g
−1
a (i)) + θc(g

−1
b g−1

a (i))

+ θb(g
−1
c g−1

b g−1
a (i)) = 0. (4.149)

For i ≡ (x, y, z;α), the above equation is:

0 = −θc(−x, y,−z; γ)− θb(x− 1, y + 1, z;α)
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+ θa(x, y, z;α) + θb(−x,−y − 1, z − 1; δ)

+ θc(x− 1,−y − 1,−z;β) + θb(−y − 1,−z, x− 1; δ)

= 2ϕ2 −mc(γ)−mb(α) +ma(α)

+mb(δ) +mc(β) +mb(δ). (4.150)

For i ≡ (x, y, z;β), the above equation is:

0 = −θc(−x, y,−z − 1; δ)− θb(x− 1, y + 1, z;β)

+ θa(x, y, z;β) + θb(−x− 1,−y − 1, z; γ)

+ θc(x,−y − 1,−z;α) + θb(−y − 1,−z, x;α)

= ϕ2 −mc(δ)−mb(β) +ma(β)

+mb(γ) +mc(α) +mb(α). (4.151)

For i ≡ (x, y, z; γ), the above equation is:

0 = −θc(−x, y + 1,−z;α)− θb(x− 1, y + 1, z; γ)

+ θa(x, y, z; γ) + θb(−x− 1,−y − 1, z − 1;β

) + θc(x,−y − 2,−z; δ) + θb(−y − 2,−z, x; γ)

= 3ϕ2 −mc(α)−mb(γ) +ma(γ)

+mb(β) +mc(δ) +mb(γ). (4.152)

For i ≡ (x, y, z; δ), the above equation is:

0 = −θc(−x, y + 1,−z − 1;β)− θb(x− 1, y + 1, z; δ)

θa(x, y, z; δ) + θb(−x,−y − 1, z;α)

+ θc(x− 1,−y − 2,−z; γ) + θb(−y − 2,−z, x− 1;β)

= 2ϕ2 −mc(β)−mb(δ) +ma(δ)

+mb(α) +mc(γ) +mb(β). (4.153)

4.B.9 Collected equations for ms

In this subsection, we collect the coupled equations to solve for ms. Before doing so, we
note that we can use the SU(2) gauge symmetry to fix certain ms. Recall that the action
of the gauge transformation is:

g.t. : θU (i) 7→ w(i)− θU (i) + w(U−1(i)). (4.154)

We start off in a generic gauge where all ms are non-trivial. We first perform the gauge
transformation w(β) = mc(β) and w(γ) = −mc(δ). The consequence is that mc(β) =
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mc(δ) = 0. And because mc(β) + mc(γ) + mc(δ) = 0 from one of our constraints, we have
mc(γ) = 0. We then perform the gauge transformation w(α) = ma(α), such that ma(α) = 0.
And because ma(α)+ma(δ) = ϕa−ϕ2 from one of our constraints, we have ma(δ) = ϕa−ϕ2.

The remaining equations after the reductions are:

3mc(α) = 0, (4.155a)

ma(β) +ma(γ) = ϕa − 2ϕ2, (4.155b)

mb(α) +mb(γ) = ϕb − ϕ2, (4.155c)

mb(β) +mb(δ) = ϕb − 2ϕ2, (4.155d)

−ma(β)−mb(α) = ϕ2, (4.155e)

−ma(γ)−mb(β) +ma(β) = 2ϕ2, (4.155f)

−mc(α)−mb(γ) +ma(γ) = 0, (4.155g)

−mb(δ) +mc(α) = ϕ2, (4.155h)

−mb(δ) +mb(α) +ma(γ) = ϕab − ϕ2, (4.155i)

−mb(γ)−ma(β) +mb(β) = ϕab − ϕa, (4.155j)

−mb(β)−ma(γ) +mb(γ) = ϕab + ϕ2, (4.155k)

−mb(α) +mb(δ) +ma(β) = ϕab + ϕa − 2ϕ2, (4.155l)

−mb(α) +mb(δ) +mb(δ) = −2ϕ2, (4.155m)

−mb(β) +ma(β) +mb(γ) +mc(α) +mb(α) = −ϕ2, (4.155n)

−mc(α)−mb(γ) +ma(γ) +mb(β) +mb(γ) = −3ϕ2, (4.155o)

−mb(δ) +mb(α) +mb(β) = −ϕa − ϕ2. (4.155p)

We now set A ≡ mc(α), B ≡ ma(β), C ≡ mb(α) and D ≡ mb(β). Eq. 4.155e tells us
that −B − C = ϕ2. Also, Eq. 4.155f tells us that D = 2B − ϕa. Thus all the ms can be
represented using A and B, as deduced from Eq. 4.155a to Eq. 4.155f:

ma(α) = 0,

ma(β) = B,

ma(γ) = ϕa − 2ϕ2 −B,

ma(δ) = ϕa − ϕ2,

mb(α) = −ϕ2 −B,

mb(β) = 2B − ϕa,

mb(γ) = ϕb +B,

mb(δ) = ϕb − 2ϕ2 + ϕa − 2B,
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mc(α) = A,

mc(β) = 0,

mc(γ) = 0,

mc(δ) = 0. (4.156a)

Eq. 4.155g tells us that:
A+ 2B = ϕa − ϕb − 2ϕ2, (4.157)

whereas Eq. 4.155h tells us that:

A+ 2B = ϕa + ϕb − ϕ2. (4.158)

From which we can see that ϕ2 = −2ϕb. Now if we look at Eq. 4.155i, we have ϕab = −ϕb.
In fact, Eq. 4.155j to Eq. 4.155l do not tell us more than this. Eq. 4.155m tells us that
3B = 4ϕb + 2ϕa, Eq. 4.155n tells us that A − B = −ϕa − ϕb, Eq. 4.155o tells us that
A−B = −2ϕb and finally Eq. 4.155p tells us that 3B = ϕa+ϕb− 2ϕ2. The above relations
allow us to assert that:

ϕ3 ≡ −ϕab = ϕa = ϕb, ϕ2 = −2ϕ3, B = A+ 2ϕ3, (4.159)

and:

ma(α) = 0,

ma(β) = A+ 2ϕ3,

ma(γ) = 3ϕ3 −A,

ma(δ) = 3ϕ3,

mb(α) = −A,

mb(β) = −A+ 3ϕ3,

mb(γ) = 3ϕ3 +A,

mb(δ) = 2ϕ3 +A,

mc(α) = A,

mc(β) = 0,

mc(γ) = 0,

mc(δ) = 0. (4.160)

We also have:
fa(i) = 2(x+ y)ϕ3, fb(i) = 2(x+ z)ϕ3. (4.161)
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Similar to the Z2 case, we now consider a further gauge transformation:

w(x, y, z;α) = −2ϕ3 + ϕ3(x+ y + z),

w(x, y, z;β/γ/δ) = ϕ3(x+ y + z), (4.162)

we see that:
1.) Gx = Gy = Gz = e−iϕ3τz ;
2.) Ga/b/c(x, y, z; s) = eima/b/c(s)τz , where the ms have the following forms:

ma(α) = 0,ma(β) = A,ma(γ) = −A,ma(δ) = 0;

mb(α) = −A,mb(β) = −A,mb(γ) = A,mb(δ) = A;

mc(α) = A,mc(β) = 0,mc(γ) = 0,mc(δ) = 0. (4.163)

Due to the fact that ϕ3 now becomes global signs which are elements of the IGG, we conclude
that ϕ3 is redundant. We also remark that a gauge transformation W (x, y, z; s) ≡ iτx maps
the PSG solutions in which A = ei

2π
3
τz to that in which A = ei

4π
3
τz .

In conclusion, we have:
1.) Gx = Gy = Gz = τ0;
2.) Ga/b/c(x, y, z; s) = eima/b/c(s)τz , where the ms have the following forms:

ma(α) = 0,ma(β) = A,ma(γ) = −A,ma(δ) = 0;

mb(α) = −A,mb(β) = −A,mb(γ) = A,mb(δ) = A;

mc(α) = A,mc(β) = 0,mc(γ) = 0,mc(δ) = 0, (4.164)

where A = τ0, e
i 2π

3
τz .

4.B.10 Adding Time-Reversal Symmetry

We firstly write the algebraic relations:

GT (i)GT (i) = eiϕT τz , (4.165a)

G†
T (T

−1
x (i))G†

x(i)GT (i)Gx(i) = eiϕxT τz , (4.165b)

G†
T (T

−1
y (i))G†

y(i)GT (i)Gy(i) = eiϕyT τz , (4.165c)

G†
T (T

−1
z (i))G†

z(i)GT (i)Gz(i) = eiϕzT τz , (4.165d)

G†
T (g

−1
a (i))G†

a(i)GT (i)Ga(i) = eiϕaT τz , (4.165e)

G†
T (g

−1
b (i))G†

b(i)GT (i)Gb(i) = eiϕbT τz , (4.165f)

G†
T (g

−1
c (i))G†

c(i)GT (i)Gc(i) = eiϕcT τz . (4.165g)
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As usual, the canonical form of GT (i) = (iτx)
nT eiθT (i)τz . Later we can show that when

nT = 0, the PSG solutions do not produce mean field U(1) spin liquids. At the moment,
let us focus on the case when nT = 1.

Let us first look at Eq. 4.165a, we straightforwardly conclude that ϕT = π. We denote
θT ≡ fT (x, y, z; s) +mT (s). Then Eq. 4.165b to Eq. 4.165d tell us that:

fT (x, y, z; s) = xϕxT + yϕyT + zϕzT . (4.166)

We would like to plug the above results into Eq. 4.165g. We arrive at the folllowing con-
straint:

− θT (g−1
c (i)) + 2θc(i) + θT (i) = ϕcT . (4.167)

For the case with i = (x, y, z;α), we have:

ϕcT = −θT (y, z, x;α) + 2A+ θT (x, y, z;α)

= x(ϕxT − ϕyT ) + y(ϕyT − ϕzT )

+ z(ϕzT − ϕxT ) + 2A, (4.168)

we arrive at ϕ4 ≡ ϕxT = ϕyT = ϕzT , and ϕcT = −A, where we used 3A = 0.
For the case with i = (x, y, z;β), we have:

ϕcT = −θT (y, z, x; δ) + θT (x, y, z;β)

= −mT (δ) +mT (β). (4.169)

For the case with i = (x, y, z; γ), we have:

ϕcT = −θT (y, z, x;β) + θT (x, y, z; γ)

= −mT (β) +mT (γ). (4.170)

For the case with i = (x, y, z; δ), we have:

ϕcT = −θT (y, z, x; γ) + θT (x, y, z; δ)

= −mT (γ) +mT (δ). (4.171)

Thus if we denote mT (β) ≡ E, we have mT (γ) = E −A and mT (δ) = E +A.
We now look at Eq. 4.165e. Similar to the case before:

− θT (g−1
a (i)) + 2θa(i) + θT (i) = ϕaT . (4.172)

For the case with i = (x, y, z;α), we have:

ϕaT = −θT (−x,−y − 1, z − 1; δ)
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+ 2ma(α) + θT (x, y, z;α)

= −(−x− y − 1 + z − 1)ϕ4 −mT (δ)

+ (x+ y + z)ϕ4 +mT (α)

= x(2ϕ4) + y(2ϕ4)

+ 2ϕ4 +mT (α)−mT (δ), (4.173)

from which we have:
2ϕ4 = 0, mT (α)−mT (δ) = ϕaT . (4.174)

For the case with i = (x, y, z;β), we have:

ϕaT = −θT (−x− 1,−y − 1, z; γ)

+ 2ma(β) + θT (x, y, z;β)

= mT (β)−mT (γ) + 2A

= 0. (4.175)

For the case with i = (x, y, z; γ), we have:

ϕaT = −θT (−x− 1,−y − 1, z − 1;β)

+ 2ma(γ) + θT (x, y, z; γ)

= 3ϕ4 +mT (γ)−mT (β)− 2A

= 3ϕ4. (4.176)

Note that this relation combined with the one before, gives us that ϕ4 = 0.
For the case with i = (x, y, z; δ), we have:

ϕaT = −θT (−x,−y − 1, z;α)

+ 2ma(δ) + θT (x, y, z; δ)

= ϕ4 +mT (δ)−mT (α). (4.177)

Combining the above constraints, we arrive at a set of relations summarised here:

ϕaT = ϕ4 = 0

mT (α) = mT (δ), mT (β) = mT (γ) +A. (4.178)

Let us now look at Eq. 4.165f:

− θT (g−1
b (i)) + 2θb(i) + θT (i) = ϕbT . (4.179)
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For the case with i = (x, y, z;α), we have:

ϕbT = −θT (−x− 1, y − 1,−z; γ)

+ 2mb(α) + θT (x, y, z;α)

= −2A+mT (α)−mT (γ). (4.180)

For the case with i = (x, y, z;β), we have:

ϕbT = −θT (−x− 1, y − 1,−z − 1; δ)

+ 2mb(β) + θT (x, y, z;β)

= −2A+mT (β)−mT (δ). (4.181)

For the case with i = (x, y, z; γ), we have:

ϕbT = −θT (−x− 1, y,−z;α)

+ 2mb(γ) + θT (x, y, z; γ)

= 2A+mT (γ)−mT (α). (4.182)

For the case with i = (x, y, z; δ), we have:

ϕbT = −θT (−x− 1, y,−z − 1;β)

+ 2mb(δ) + θT (x, y, z; δ)

= 2A+mT (δ)−mT (β). (4.183)

Combining the above constraints, we arrive at ϕbT = 0 and no new relations.
We can then summarise:

mT (α) = E +A,

mT (β) = E,

mT (γ) = E −A,

mT (δ) = E +A. (4.184)

In the above, E is a free U(1) phase. However, note that we did not make use of the
IGG gauge degrees of freedom associated with TRS. Recalling that GT ∼ GTWT , where
WT ∈ U(1). We choose WT ≡ exp(−iE), thus eliminating the free phase in our solutions.
We collect the U(1) PSG solutions into Table 4.3. Thus we have:

GT (r⃗, α) = iτxe
iAτz ,

GT (r⃗, β) = iτx,

GT (r⃗, γ) = iτxe
−iAτz ,

GT (r⃗, δ) = iτxe
iAτz . (4.185)
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4.C Mean-field ansatzes for the PSG solutions

Our PSG classification obtains a set of gauge-inequivalent transformations Gg for all g ∈
P213×Z2. In this appendix, we derive the constraints imposed on the mean-field parameters
Uij and µi by requiring that an element of the PSG leaves the ansatz invariant. We repeat
this condition for convenience:

∀g :Gg(g(i))Ug(i)g(j)G
†
g(g(j)) = Uij ,

Gg(g(i))µg(i)G
†
g(g(i)) = µi. (4.7)

4.C.1 Z2

Here we specify the ansatzes for the PSGs corresponding to the IGG being Z2. As derived
in Appendix 4.A and displayed in Table 4.2 in the main text, the four Z2 PSGs can be
indexed by , A = exp(i2πn/3) for i = 0, 1, and E = τ0 or E = iτz, in terms of which all
gauge transformations are listed in Table 4.2.

We note that if GT = τ0 then the invariance of the ansatz under time-reversal requires
Uij = −Uij and µi = −µi, leading to no non-zero mean-field ansatzes.

For GT = iτz, the invariance under TRS requires the following form for all links and
sites:

Uij = Uxijτx + Uyijτy (4.186)

µi = µxi τx + µyi τy. (4.187)

Finally, since Gx = Gy = Gz = τ0 in our solutions, we must require Uij and µij to
be translationally invariant. We then encode the dependence of the parameters Uij on
the link (ij) by determining U for each of the unique links in Table 4.1, and determining
the functions Uxi , U

y
i , where i ∈ {1, 2 · · · 12} specifies the link in Table 4.1. The on-site

parameters are described as µα, µβ, µγ and µδ, where the subscripts denote the sublattice
dependence.

Imposing the invariance of the ansatz under the action of (Gc, gc), we get the following
relations between 4 groups of links that are closed under the application of gc

U1 = U5 = U9

U2 = U6 = U10

U3 = AU7 = A2U11

U4 = AU8 = A2U12 (4.188)
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The relations between different groups of links are obtained by the invariance under
(Gb, gb) and (Ga, ga). The action of (Ga, ga) gives us

U1 = U2

U3 = U4

U5 = A2U7

U6 = A2U8

U9 = AU12

U10 = AU11 (4.189)

Similarly, the invariance of all links under (Gb, gb) give us the conditions

U1 = U3

U2 = U4

U5 = A2U8

U6 = A2U7

U9 = U10

U11 = U12 (4.190)

Combining the conditions in Eqs. 4.188, 4.189 and 4.190 we find that the Uij for all
links can be specified in terms of only two parameters Ux and Uy:

U1 = Uxτx + Uyτy;

U2 = U1; U3 = U1; U4 = U1;

U5 = U1; U6 = U1; U7 = A2U1;

U8 = A2U1; U9 = U1; U10 = U1;

U11 = A2U1; U12 = A2U1 (4.191)

Similarly, demanding the invariance of µi under (Gc, gc) gives us µγ = µδ = µβ, and
µα = A2µα. Under (Ga, ga), we have µα = µδ and µβ = A2µγ . This already implies that
when A 6= 1, µ = 0 on all sites. When A = 1, site-independent on-site terms of the form
µxτx + µyτy are allowed in the ansatz.

4.C.2 U(1)

The U(1) spin liquid mean field ansatz has the following form:

Uij = iU0
ijτ0 + U zijτz, (4.192)
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dictated by the fact that the ansatz is invariant under the U(1) IGG gauge transformation.
We would like to investigate how the PSG solutions we obtained constrain the nearest
neighbor mean field ansatz by subjecting them to the following test:

∀g ∈ P213× ZT
2 : Ĝg ĝ(Uij) = Uij . (4.193)

Among the PSGs we have, we first study the class in which A = 0. After enumerating all
the conditions imposed by the PSG, we arrive at the following nearest neighbor mean field
ansatz in the class where A = 0.:

Ui = λτz, where i ∈ {1, . . . , 12}. (4.194)

Next we would like to argue that, when A 6= 0, there would be no nearest neighbor mean
field ansatz. We write U1/3 ≡ iU1/3 exp[iφ1/3τz]. The TRS conditions on these two bonds
give:

2φ1 +A = π, φ3 = π/2. (4.195)

However, the condition Ĝbĝb(U1) = U1 gives us:

φ3 + 2A+ 4ϕ3 = φ1. (4.196)

We time the above equation by 2, and combined with the last two relations, we would
immediately arrive at 5A = 0. Note that we had 3A = 0. Thus the ansatz does not vanish
only when A = 0.

We conclude that we obtain only one nearest neighbor U(1) mean field ansatz:

Uζ = λτz, ζ ∈ {1, . . . , 12}

as = ωτz, i ∈ {α, . . . , δ}. (4.197)
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Chapter 5

Conclusion and outlooks

In Chapter 2, we have established via an explicit construction that all inversion-symmetric
higher-order topological insulators and superconductors (except for AZ class C) admit
gapped surfaces with anomalous topological order. While we have done so for the case of
inversion symmetric electronic phases, we expect it to hold more generally for both Bosonic
and electronic three-dimensional higher-order phases with various spatial symmetries. This
consequently extends the list of symmetric surface terminations of 3D second and third-
order topological phases to include ‘anomalous gapped surfaces’. A technical consequence
of this work is the study of spatial symmetries and their anomalies in 2D topological orders.
In this regard, there is a recent systematic algebraic framework to study the spatial sym-
metry enrichment of modular tensor categories [157]. In particular, obstructions to such
symmetry enrichment must precisely encode anomalies that in turn can be compensated by
crystalline topological phases in one higher dimension. It would be interesting to pursue
this direction in future work.

In Chapter 3, we have shown that the theory of finite-entanglement scaling can be
generalized from 1D gapless systems to 2D states with a Fermi surface. Our main result
is that SfTNS(L,D), the EE of a L × L spatial region in the optimal bond-dimension-D
fTNS approximation of a metallic state, can be written as SfTNS(L,D) ∼ L log(ξDf(L/ξD),
where ξD is a finite infrared length scale which results from the area-law structure (and thus
the finite bond dimension D) of the tensor network state, and f(x) is a scaling function
which depends on the shape of the Fermi surface, but not on the length scale k−1

F , with
kF the Fermi momentum. It will be interesting to explore quantitatively the Fermi surface
dependence of the scaling function.

Fermionic tensor networks are being used in a variety of different ways, e.g., for numer-
ical studies of lattice gauge theories [158, 159, 160], as numerically tractable Gutzwiller-

Chapter heading: bird motifs, zun, Middle Western Zhou dynasty (circa 10th – 8th centuries B.C.),
Meiyintang Collection # 193.
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projected states [161, 162, 163, 164, 165, 166, 167], as a tool for large-scale mean-field
calculations [168, 169], as trial states for topological phases [50, 110, 170, 116, 102, 171,
172], and as a general class of variational states for numerical simulations of strongly inter-
acting systems [48, 173, 174, 175, 176, 177]. The results presented in this work show how
these applications of fTNS can be extended to metallic states. In particular, being able to
perform a scaling collapse for the EE provides solid numerical evidence for the existence of a
Fermi surface, and hence can be used to numerically determine whether the ground state of
Hubbard-type models (e.g., those obtained from the flat bands of twisted transition-metal
dichalcogenides) are metallic or insulating. Similarly, a scaling collapse for the EE can be
used to determine whether a frustrated spin model has a spin liquid ground state with a
spinon Fermi surface. Furthermore, the scaling collapse significantly enhances the accuracy
of the numerically obtained Widom prefactor, and hence provides more reliable information
about the fermiology of the metallic ground states.

In Chapter 4, we have computed the PSGs for the trillium lattice, with and without time
reversal symmetry. Considering the presence of TRS, the algebraic information of PSGs
leads us to write down the nearest neighbor mean field (fermionic) parton Hamiltonian of
the corresponding quantum spin liquid states, and we report 2 such Z2 QSLs, and 1 such
U(1) QSL. We further evaluate the band structure and the static structure factors to provide
physical information about the QSLs.

The main result of our chapter is Table. 4.2 and Table. 4.3, since we hope that our results
will guide the theoretical studies of the recently reported quantum spin liquid material
K2Ni2SO4. The natural next step is to apply our PSG classifications to the double trillium
lattice of K2Ni2SO4, and perform Monte Carlo studies of the Gutzwiller projected mean
field QSL wavefunctions to compare with the available experimental data.
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