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Abstract

Mobile robots are highly suited to large-scale data-gathering, monitoring and
exploration tasks in challenging and poorly understood environments such as
oceans and hazardous unmapped areas. To operate reliably in these settings,
they need decision-making methods that can function under a lack of knowledge
about the environment. This lack of knowledge is known as epistemic uncertainty.
A robot situated in such an environment faces several challenges: it has only
local information about its environment, its actions may be affected by unknown
environment dynamics such as water currents, and it may only have access to its
own on-board computational resources and sensors.

In this thesis, we aim to answer the question of how an autonomous system
such as a mobile robot can make the best possible decisions, given its bounded
computational resources and limited knowledge of its deployment environment. We
do this by contributing new decision-making methods for control of robot actions,
and new metareasoning methods for control of reasoning processes.

In one strand of work, we design three new decision-making methods for mobile
robots operating in epistemically uncertain environments. These range from an
offline method that pre-plans robot policies, to online methods that better adapt
to the environment but require more computational resources. We demonstrate
our methods in domains including underwater and hazardous environment mobile
robotics, and two real field deployments. In each case our algorithms achieve their
goals while incurring less cost than previous approaches, or are able to tackle
problem settings that previous approaches could not.

In an orthogonal research direction, we develop learning-based metareasoning
methods that automatically adapt a robot’s decision-making strategy to the de-
ployment environment, the robot’s reasoning capabilities, and the problem at hand.
We do this by proposing two metareasoning frameworks, which apply to offline
and online decision-making methods respectively. We evaluate our methods in
environments specifically designed to test how metareasoning improves decision-
making in situated systems, and demonstrate a significant performance increase
over fixed strategies and prior metareasoning methods.
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1 Introduction

Mobile robots offer the promise of revolutionising scientific, industrial and commer-

cial fields over the coming decades, and are therefore being deployed in increasingly

unstructured and uncertain environments. Advancements in tasks such as delivery

logistics (Srinivas et al., 2022) and human service robotics (Brohan et al., 2022)

have required reasoning methods capable of operating under this uncertainty, unlike

those in the highly structured environments of traditional industrial robotics. Both

of these examples require an agent to operate in environments designed for humans,

meaning that they have some level of structure and predictability, and large-scale

datasets are available at moderate cost. However, deploying robots in even more

unstructured natural environments can be more challenging still (Zereik et al.,

2018; Tranzatto et al., 2022).

This thesis focuses on sequential decision-making in environments with high levels

of epistemic uncertainty: that is to say, the agent’s knowledge of the environment

is incomplete and uncertain. Rather than local uncertain effects, such as noisy

sensors and uncertain dynamics model coefficients (Slade et al., 2017; Ramos

et al., 2019), we consider global uncertainty about the true state or dynamics of

the whole deployment environment. Example settings with high environmental

uncertainty include underwater and surface vehicles operating in the ocean (Ho

et al., 2020), robots deployed in hazardous environments with unknown hazard

distributions (Tsitsimpelis et al., 2019), and unmanned aerial vehicle navigation with

unpredictable spatial distributions of wind or communication signal quality (Ladosz

et al., 2019). To achieve their goals, our agents must make long-term plans that are

resilient or adaptive with respect to this uncertainty in the environment.

1



1. Introduction 2

In particular, we emphasise the situated nature of the agent in the environ-

ment (Kinny and George, 1991; Wooldridge, 1997; Parashar et al., 2018). The

agent’s actions are impacted by the environment, it generally has only local

information about the environment based on its sensors, and it likely cannot achieve

globally optimal behaviour. What it can achieve is bounded optimality (Russell and

Subramanian, 1994): the best possible decisions given its limited computational

resources and the uncertainty in the environment. In the situated setting, the

agent’s embodiment, resource constraints and its reasoning process itself should

be first-class entities in the decision-making problem.

For the first three methods described in this thesis, the situated nature of the

agent is taken into account by decision-making methods that are appropriate for

the problem setting. For example, some settings call for more adaptation to the

true environment dynamics (Chapter 5), and some require only general resilience

to possible environment instantiations (Chapter 3). All methods in this thesis are

based around the Markov decision process (MDP) framework (Puterman, 1994),

which is a standard tool for decision-making under uncertainty.

However, in many cases, it is difficult to determine in advance a decision-

making strategy that is optimal or even sufficiently well-performing. The optimal

strategy may depend on the agent’s current and future states, the environment,

or some cumulative budget such as remaining battery life. This is particularly

important for mobile robots: they must share their battery capacity between

sensing, computing and actuation demands. For each of the three aforementioned

decision-making methods, we identify cases where an inability to consider its own

reasoning process causes the agent to make suboptimal decisions. Therefore, the

final two algorithms presented in this thesis are automated metareasoning (Russell

and Wefald, 1991) methods which learn how best to use an agent’s reasoning

capabilities given the situation it finds itself in.
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1.1 Concepts and Context

Planning with models vs. reinforcement learning Planning is the task of

determining a policy – a mapping from states to actions – with a given model.

Value-based planning algorithms such as Value Iteration (VI) (Bellman, 1966) solve

for a policy by estimating the expected future cumulative reward from each state,

and selecting the action that maximises this value. Search algorithms such as

Monte Carlo Tree Search also estimate the value of states, but do so by sampling

trajectories using the model rather than calculating values for all states. By contrast,

in the reinforcement learning (RL) setting, the only information available is either

an interface to interact with the environment (online RL) or a fixed dataset of

interactions (offline RL). One common high-level approach to RL is value-based

model-free deep RL, which uses deep neural networks to approximate the value

function based on the agent’s experience. By contrast, model-based RL methods use

the agent’s experience to learn a model of the environment that can then be used

for planning or for sampling to train a model-free RL agent (Sutton et al., 1998).

Chapters 3 and 4 use variants of VI, and the algorithm in Chapter 5 is based

on MCTS. The model in Chapter 3 is learned using simulation before the mission,

whereas in Chapters 4 and 5 the model is learned online from execution data.

Chapters 4 and 5 are therefore model-based RL methods, as the agent learns a

model of the environment dynamics from data and uses a planning algorithm

to make decisions based on the model. Chapters 6 and 7 use model-free deep

RL to solve the metareasoning task, due to its complexity and the difficulty of

constructing a good model of reasoning processes.

Epistemic vs. aleatoric uncertainty Conceptually, uncertainty can be cate-

gorised as either epistemic or aleatoric (Sullivan, 2015). Aleatoric uncertainty is

noise or stochasticity considered to be inherent to the environment, and cannot

be reduced by collecting more data. Epistemic uncertainty arises from the agent’s

incomplete knowledge of the environment, such as unknown model parameters

or environment dynamics that cannot be captured by the model’s structure. Of
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course, the distinction between the two types of uncertainty is often a modelling

choice, made based on which sources of uncertainty may be practically reducible,

rather than a fundamental property of the environment. In principle, epistemic

uncertainty can be decreased by making the agent’s models more accurate, which

would typically require collecting more data.

Frequently, both types of uncertainty are present: consider a simple example in

a 1-dimensional continuous state space. The ground-truth transition outcome of

an action is given by a Gaussian distribution. The agent does not know the mean

and variance of the distribution, so its model of the environment contains epistemic

uncertainty. Even if the agent’s model of the environment is perfect, the action

outcome is still stochastic, so there is aleatoric uncertainty in the action outcome.

The types of environments we consider in this thesis are generally much larger

than the agent, and difficult to model even without the inherent limitations of a

single mobile robot’s sensors and computational resources. Although the agent can

gain some knowledge throughout its mission, it will never have a fully accurate

model of the environment. Therefore, our decision-making methods must be able to

reason about the uncertainty in the agent’s models. In this thesis we take a Bayesian

approach to epistemic uncertainty (Soize, 2017), where probability distributions,

or belief distributions, are used and updated to represent the agent’s changing

beliefs about the environment. All problem settings in this thesis include aleatoric

uncertainty, which is captured in the standard MDP model by the probabilistic

transition function.

We refer to methods that aim to optimise expected performance across the belief

distribution as resilient methods. This contrasts with methods which are robust to

epistemic uncertainty, which aim to optimise the worst-case performance (Rigter

et al., 2021a; Badings et al., 2023). Due to the minimax objective of robust

methods, they typically employ uncertainty sets, rather than belief distributions, to

characterise epistemic uncertainty. Finally, methods that are adaptive to epistemic

uncertainty are those that change their behaviour based on data collected during

deployment. They are therefore able to improve their performance in the updated
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belief distribution given the new data. Several existing RL methods achieve adaptive

behaviour in the online (Ross et al., 2007; Guez et al., 2013) and offline (Pong

et al., 2022; Ghosh et al., 2022) RL settings.

Algorithm modes of operation One classification scheme for decision-making

methods – based on when decision-making computation is performed – is what we

refer to as the mode of operation. Offline methods compute a policy before the agent

is deployed, and the policy is then executed without further computation other than

that required to determine the current state and look up the corresponding action

in the policy. Online methods carry out computation to synthesise or improve

the current policy during the agent’s deployment. Replanning methods can be

considered a hybrid of the two, where the agent alternates between executing a

policy (for one or multiple timesteps) and recomputing the whole policy.

In this taxonomy, online methods use a single policy which is frequently updated

to incorporate new information or improve expected performance based on the

currently available information. The amount of policy improvement computation

carried out per action selection timestep need not be fixed, although this is a

common approach.

In contrast, replanning methods recompute new policies from scratch, and use

those policies until the next recomputation. For example, we would label model-

predictive control (MPC) (Morari and Lee, 1999) as a replanning method, as it

typically recomputes a new fixed-horizon plan at each action-selection timestep.

More generally, policy recomputation may occur based on a schedule, new data, or

unexpected events in the environment (Yoon et al., 2007; Cashmore et al., 2019). If

new data has been collected, the agent’s models may be updated before replanning

in order to incorporate the new information.

Metareasoning. Metareasoning is the study of reasoning about the reasoning

process, and has an extensive history in artificial intelligence and cognitive sci-

ence (Horvitz, 1988; Russell and Wefald, 1991; Griffiths et al., 2019). In the context

of automated decision-making, we are generally interested in resource-bounded
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Plan Execute
Plan Execute

Online sequential metareasoning

Plan Execute

Offline plan-then-act metareasoning

(a) Examples of timelines for offline metarea-
soning. The lower timeline shows a shorter
planning period followed by a longer execu-
tion period. If the objective is to minimise
the total time taken, the lower timeline is
preferable despite the execution stage taking
longer.

Plan Execute
Plan Execute

Online sequential metareasoning

Plan Execute

Offline plan-then-act metareasoning

(b) Examples of timelines for online metar-
easoning. The lower timeline contains three
short planning periods, compared to two
longer periods in the upper timeline. The
makespan of the lower timeline is shorter, so
this planning approach is preferable.

Figure 1.1: Illustrative example timelines of offline and online metareasoning methods
controlling the planning time of an object-level algorithm. For these examples, it is
assumed that the metareasoning objective is to minimise the total planning and execution
time to complete a task.

metareasoning: optimising for an objective that includes the agent’s reasoning

process as a component. For example, a metareasoning agent might decide how

long to spend planning before executing a plan, which planning algorithm to use,

or how frequently to update its models based on new data already collected.

Specifically, the methods in Chapters 6 and 7 take a metalevel control ap-

proach (Cox and Raja, 2011). This setting posits a separate metalevel agent that

controls the reasoning process of an object-level agent or algorithm. The metalevel

agent may observe the object-level agent’s state, and can take actions to control the

object-level agent’s reasoning process. One key challenge in the metalevel control

setting is scalable prediction of reasoning dynamics. Benefit is only gained from

metareasoning if the metalevel agent has a low-overhead method for predicting the

outcomes of different reasoning actions, otherwise more computation is spent on

metareasoning than is saved by the improved reasoning process (Lin et al., 2015).

In this thesis we distinguish between offline vs. online metareasoning methods.

The distinction refers to the type of reasoning that is being controlled, rather than

the mode of operation of the metalevel agent itself: offline metareasoning is metar-

easoning to control offline reasoning, and online metareasoning is metareasoning

to control online reasoning. The offline metareasoning setting assumes a single

period of computation followed by a single period of execution, as illustrated in

Figure 1.1a. In the online setting, the metalevel agent controls the reasoning process
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throughout execution. This is illustrated in Figure 1.1b. Online metareasoning

methods are therefore necessary to control object-level algorithms with online or

replanning modes of operation.

Separately, the mode of operation of the metalevel agent itself may be online or

offline. In this thesis we design metalevel agents which are trained offline, in order

to avoid metareasoning overhead during deployment. Some metareasoning methods

carry out significant online computation during the reasoning process (Lin et al.,

2015; Svegliato et al., 2018), but generally ignore the computational overhead.

1.2 Thesis Structure

Chapter 2 covers preliminaries and a unified discussion of related work relevant to

the following chapters. Chapters 3-7 are paper chapters, each consisting mainly of a

paper that has been published or is currently under review. Paper chapters begin

with a review of the setting and assumptions of the work, and description of the

work’s contributions. They conclude with further analysis, including the limitations

of the work and potential future research avenues. Each paper is self-contained with

its own reference list, while sources outside of the paper content are collected at the

end of the thesis. Apart from Chapter 4, where the appendices are integrated into

the main text, paper appendices are collected at the end of the thesis. Citations for

the published versions of papers included in each chapter are provided at the end

of this section in Table 1.2, and before each paper. Page numbering for papers has

been overridden for continuous numbering across the thesis. Other than this, the

formatting of the paper chapters is unchanged from the published versions.

Table 1.1 gives an overview of the paper chapters in this thesis, comparing the

problem settings, assumptions and key method details from the following:

• Epistemic uncertainty: different problem settings focus on different sources

of epistemic uncertainty. As the thesis progresses, the focus shifts from

epistemic uncertainty in the environment dynamics to epistemic uncertainty

in the reasoning process of an agent situated in an environment.
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Chapter 3 Chapter 4 Chapter 5 Chapter 6 Chapter 7

uncertainty
Epistemic

dynamics
Environment

dynamics
Environment

dynamics
Environment

dynamics
Planner

dynamics
Planner

Mode Offline Replanning Online Offline Online

Model MDP
Timed EstMDP BAMDP MDP

Metalevel
MDP

Metalevel

method
Solution

(max reward)
VI

(reachability)
VI MCTS Deep RL Deep RL

regime
Data

medium
Small/ Small Small Large Large

Table 1.1: Settings, methods and features for each chapter. This table is repeated at
the start of each chapter.

• Mode: the offline/online mode of operation of the algorithm, generally a

design requirement for the algorithm given the problem setting. For the two

metareasoning methods, their mode of operation must match the mode of

operation of the reasoning algorithm they are controlling.

• Model and Solution method refer to the core formulation and corresponding

solution method used in each chapter. For the first three chapters, this is the

decision-making formulation and solution method used by the agent. For the

two metareasoning methods, this is the formulation and solution method for

the metalevel agent.

• Data regime: different methods have different data requirements. As the

first three chapters are designed for decision-making in partially unknown

environments, they are designed to operate with little or no prior data about

the deployment environment. A small data regime consists of tens of data

points, while a large data regime involves thousands or even millions.
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1.3 Contributions

In the situated setting, an agent’s embodiment, resource constraints and its reasoning

process itself should be first-class entities in the decision-making problem. Therefore,

in this thesis, we aim to address the following core research question:
Core research question

How can a situated agent make the best possible decisions given its limited
computational resources and knowledge of the environment?

We answer this question by breaking it down into a series of sub-questions.

First, we separate the setting by whether the agent has the on-board computational

resources to carry out decision-making during execution. For agents which cannot,

we take an offline approach to decision-making. For agents with sufficient compute

ability, we take a replanning or fully online approach. For each case, we develop

both decision-making and metareasoning methods. Decision-making methods are

designed to be resilient or adaptive to epistemic uncertainty in the deployment

environment. The metareasoning methods are designed to optimise the decision-

making process itself, and are therefore adaptive to epistemic uncertainty about

the reasoning process.

RQ1: Offline decision-making. How can we pre-plan decision-making for an agent

to be deployed in an epistemically uncertain environment?

RQ2: Offline metareasoning. How can a reasoning system optimise the process of

pre-planning and deploying a plan?

RQ3: Online decision-making. How can an agent with on-board computational

resources adapt its behaviour to the true environment dynamics?

RQ4: Online metareasoning. How can an agent with on-board computational

resources optimise its own reasoning process during deployment?

In Figure 1.2, we illustrate how the overall research question is broken down

into sub-questions, and show where each thesis chapter fits into this breakdown.
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RQ2
RQ1 RQ3

RQ4
mode

offline online

reasoning about
acting

reasoning about
decision-making

Chp. 3 Chp. 4 Chp. 5

Chp. 6 Chp. 7
metareasoning methods

reasoning methods

Figure 1.2: Research sub-questions RQ1 to RQ4, separated by mode of operation and
what is being reasoned about. Paper chapter methods are placed according to which
question they address.

The first three paper chapters in this thesis propose new methods for decision-

making under uncertainty for agents situated in epistemically uncertain environ-

ments. As chapters progress, the decision-making is increasingly adaptive to the

true environment dynamics, and require increasing online reasoning capabilities.

Methods are evaluated in real-world deployments (Chapters 3 and 4) or in high-

fidelity simulation (Chapter 5).

Chapter 3 addresses RQ1 by developing and analysing a new method, based

on parameterised simulators, for decision-making with limited onboard computa-

tional resources. We apply this concept to develop a first-of-its-kind probabilistic

decision-making method for underwater data retrieval with autonomous underwater

vehicles. The offline decision-making approach enables deployment with a low-cost

underwater vehicle with only limited computational capability. Chapter 6 addresses

RQ2 by developing a metareasoning method for offline decision-making. The

metareasoning method is applicable to any offline probabilistic planning method,

whereas previous methods only applied to deterministic planning or made strong

simplifying assumptions that degrade performance.

To address RQ3, we progress to decision-making using Bayesian belief models

that incorporate environment measurements made by the agent during execution.
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Chapter 4 details a replanning-based method which limits online compute require-

ments by replanning only when the agent’s belief about the environment changes in a

way that impacts the agent’s current plans. The task we consider is safe exploration

of unknown environments with unknown hazards. Our method expands the class

of environments which can be safely explored compared to previous methods, and

outperforms existing methods in exploration efficiency. As a replanning method,

Chapter 4 shares some properties with the offline setting and some with the online

setting, so is placed between categories in Figure 1.2.

Chapter 5 takes a fully online approach, making use of more online compu-

tation to adapt to the true environment dynamics with a theoretically optimal

exploration/exploitation trade-off. Our method outperforms previous algorithms

for belief-based decision-making in epistemically uncertain environments.

Chapter 7 addresses RQ4 by extending the framework in Chapter 6 to the

online setting. To illustrate the benefits of carrying out online metareasoning, one

experiment domain contains a simple didactic example of epistemic uncertainty in

the environment dynamics. Quantitative and qualitative results demonstrate our

method outperforming fixed reasoning time strategies, the offline metareasoning

method from Chapter 6, and the previous state-of-the-art metareasoning method

for online probabilistic planning.
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Chapter Paper reference

Chapter 3 Matthew Budd, Georgios Salavasidis, Izzat Kamarudzaman,
Benjamin Sherlock, Jeffrey Neasham, Bruno Lacerda, Nick Hawes,
Alexander B. Phillips, and Catherine Harris. AUV-based data
harvesting from underwater sensor networks using probabilistic
planning. Manuscript under review, Journal of Field Robotics, 2025.

The following conference publication covers the same method, but
with much less detail. Therefore it is not included in this thesis:
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Catherine A Harris, Alexander B Phillips, Paul Duckworth, Nick
Hawes, and Bruno Lacerda. Probabilistic planning for AUV data har-
vesting from smart underwater sensor networks. In 2022 IEEE/RSJ
International Conference on Intelligent Robots and Systems (IROS),
2022.
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provisional citations for papers currently under review.
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2 Background

2.1 Decision-Making under Uncertainty

In this thesis we take a probabilistic approach to sequential decision-making, and

make use of Markov decision process (MDP) models to represent environments

and agent reasoning processes. These are stochastic models which satisfy the

Markov property: evolution from the current state to the next state depends

only on the current state.

MDPs are discrete-time processes. We also define and use continuous-time

Markov decision processes (CTMDPs) in Chapter 3. As these continuous-time

models only appear in Chapter 3, we do not define or discuss them here.

2.1.1 Foundational Models

Markov Decision Processes

s0

s1

s2

s3

s4

a1
0.8

0.2

a1 0.9

0.1

a1

a2

a2

r = 1

a2

r = 10

Figure 2.1: A simple example of a fully defined finite MDP with 5 states and 2 actions.

A Markov decision process (MDP) is a tuple of the form M = ⟨S, s, A, T, R⟩,

where:

• S is a finite set of states,

13
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• s ∈ S is the initial state. In some cases we denote this as s0, or define instead

an initial state distribution init : S → [0, 1],

• A is a finite set of actions,

• T : S × A × S → [0, 1] is the probabilistic transition function, where T (s, a, s′)

is the probability of transitioning from state s to state s′ after taking action

a. In some cases we denote this as δ(s, a, s′) instead of T , and

• R : S × A → R≥0 is a reward function, where R(s, a) is the reward received

after taking action a in state s. Alternatively and equivalently, we can define

a cost function C : S × A → R≥0, where C(s, a) is the cost incurred after

taking action a in state s.

In some cases, we also define goal states G ⊆ S. This makes the MDP a stochastic

shortest path (SSP) MDP, where the goal is to reach a goal state while minimising

the expected cost to do so. An example of a finite MDP with rewards is shown in

Figure 2.1. In this thesis we focus on discrete, finite MDPs, but it is possible to

define MDPs with continuous state and action spaces. Where MDPs are defined

with a cost function, the objective is usually to minimise the expected cost incurred

by the agent. If defined with a reward function, the objective is usually to maximise

the expected reward received by the agent.

MDPs can be separated into three classes: finite-horizon MDPs, infinite-horizon

discounted-reward MDPs, and indefinite-horizon MDPs (Mausam and Kolobov,

2012). In Chapter 3 the MDP is defined by construction without loops, meaning

that the state space forms a directed acyclic graph (DAG). This is effectively a finite-

horizon MDP with the horizon implicitly defined by the structure of the MDP. Other

chapters generally use an SSP MDP formulation, which is a type of indefinite-horizon

MDP that terminates upon reaching a goal state. Infinite-horizon discounted-reward

MDPs also define a discount factor γ ∈ [0, 1) to ensure convergence of the expected

reward, but we do not study infinite-horizon discounted-reward MDPs in this thesis.

A policy π defines which action(s) to take in each state. We are generally

interested in deterministic, stationary policies, which define a single action to take
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in each state: π : S → A. A complete policy defines an action for every state in

the MDP. A partial policy defines an action for a subset of states in the MDP. For

SSP MDPs, a policy is proper in state s if following the policy from state s leads

to reaching a goal state with probability 1. A policy is proper if it is proper in

every state s ∈ S. As a defining condition for an SSP MDP, there must exist a

proper policy from the initial state (Mausam and Kolobov, 2012). All improper

policies incur infinite expected cost.

A history ht ∈ HM is a sequence of states and actions up to time t, where

h = (s0, a0, s1, a1, . . . , st). HM is the set of all histories in the MDP M. History-

dependent policies map histories to actions: π : HM → A. History-dependent

policies can enable more complex adaptive behaviour in partially observable or

uncertain models (Ghosh et al., 2021). They have a much larger input space than

stationary policies, so are harder to optimise or learn. In problems with an indefinite

or infinite horizon, the history length is unbounded, so the input space is infinite.

We now define value functions and optimal policies for MDPs. We focus

on the SSP MDP formulation because it is commonly used in this thesis, and

because SSP MDPs are strictly more general than the other MDP classes (Mausam

and Kolobov, 2012).

The value function V π(s) of a policy π in state s is the expected cost incurred

by following the policy from state s:

V π(s) = Eπ

[ ∞∑
t=0

C(St, At) | S0 = s

]
. (2.1)

Q-values can also be defined to represent the value of taking action a in state

s and following π thereafter:

Qπ(s, a) = C(s, a) +
∑
s′

T (s, a, s′)V π(s′). (2.2)

An optimal policy π∗ is a policy that minimises the expected cost from the

initial state s0, and the optimal value function V ∗(s) is the value function of
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the optimal policy or policies:

π∗ = arg min
π

V π(s0), (2.3)

V ∗(s) = min
π

V π(s). (2.4)

It can be shown that in SSP MDPs, there exist optimal policies that are both

deterministic and stationary (Mausam and Kolobov, 2012). The value of a policy π

in state s can be estimated using Monte Carlo (MC) methods (Sutton et al., 1998):

V π(s) ≈ 1
N

N∑
i=1

[ ∞∑
t=0

C(St, At)
]

, (2.5)

where the estimate converges to the true value function as N → ∞ with standard

deviation ∝ 1√
N

. In practice, evaluating an improper policy may cause Monte Carlo

evaluations to fail to terminate, preventing the estimate from converging.

Partially Observable MDPs and Belief MDPs

The Partially Observable MDP (POMDP) is a generalisation of the MDP, where the

state is not fully observable (Kaelbling et al., 1998). POMDPs are not utilised in

this thesis, but they are closely related to the uncertain parameter models we study.

A POMDP definition includes a set of possible observations and an observation

function that defines which observations may be stochastically emitted, based on the

action taken and the outcome state. At a high level, decision-making in POMDPs

requires maintaining a belief distribution (or simply “belief”), which is a probability

distribution over the possible current states. Decision-making in POMDPs can be

carried out by explicitly or implicitly constructing a belief MDP, which is an MDP

where the states are the possible belief states (Kaelbling et al., 1998). The belief

MDP is a continuous state space MDP, where transitions between belief states

are a combination of the transition function of the POMDP and a belief update

to the new belief state at the new node, given the observation received. Acting

optimally in the belief MDP optimally trades off information gathering and reward

gathering, so causes the agent to act optimally with respect to its beliefs in the

original POMDP. An equivalent MDP to the belief MDP can be constructed by
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augmenting the state space with histories of observations and actions, because the

belief state is a sufficient statistic for the history (Kaelbling et al., 1998). Due

to the continuous state space, belief-space planning suffers from the “curses of

dimensionality and history” (Pineau et al., 2006), making pre-planning for partially

observable problems of practical size very computationally expensive. We discuss a

specific type of belief MDP for epistemically uncertain models in Section 2.1.3.

2.1.2 Algorithms for Solving MDPs

Value Iteration

Value iteration (VI) is a standard dynamic programming algorithm for solving

MDPs (Bellman, 1966). VI stores the value function for each state in a table, and

iteratively updates the value function for each state using the Bellman equation.

For cost minimisation problems, the Bellman update equation is:

Vk+1(s) = min
a

[
C(s, a) +

∑
s′

T (s, a, s′)Vk(s′)
]

. (2.6)

The value function converges to the optimal value function V ∗ as k → ∞. In

practice, VI is run for a fixed number of iterations, or until the value function

converges to within a specified tolerance. VI is a full state space method, so

produces a policy for every state in the MDP.

Some states in the MDP are unreachable from the initial state, or unreachable

from the initial state under any optimal policy. This means that VI may waste

computational resources on unimportant states. Topological VI methods (Dai et al.,

2011) identify structure in the MDP to reduce the number of backups required.

In Chapter 3 we use a topological VI method to efficiently solve MDPs where a

timestep value is included in the state. As every transition in the MDP increments

the timestep by at least one, this leads to a natural topological ordering of the state

space. Also in Chapter 3, we mention point-based value iteration (PBVI) (Pineau

et al., 2003), which is a value iteration method for POMDPs based on sampling

representative belief points from the continuous belief state space.
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Trial-based Heuristic Tree Search

Trial-based heuristic tree search (THTS) (Keller and Helmert, 2013) is a framework

that subsumes several families of algorithms for solving MDPs. What the algorithms

have in common is that they carry out trials, simulated sequences of actions and

states up to a specified depth or termination condition, in order to estimate a value

function or create a policy. THTS categorises algorithms by several properties,

including which type of backups are used, and how actions are selected during trials.

One family of THTS algorithms is real-time dynamic programming (RTDP)

algorithms (Barto et al., 1995). As the name suggests, these algorithms carry out

full-width dynamic programming backups, but only for states visited during the

trial. One specific algorithm is Bounded RTDP (BRTDP) (McMahan et al., 2005),

which maintains two value functions for each state: a lower bound and an upper

bound. The lower bound is used to select actions during trials, and the inter-bound

difference is used to preferentially sample outcomes with high value uncertainty. In

Chapter 6 we build a variant of BRTDP with multiple lower-bound value functions.

Another family of THTS algorithms is Monte Carlo Tree Search, which is used

extensively in many decision-making problems (Świechowski et al., 2023), sometimes

in combination with learning-based methods (Schrittwieser et al., 2020). MCTS

algorithms iteratively construct a search tree that estimates the Q-value function

for states represented in the tree. During each trial, up to the point that a new

state is added to the tree, the algorithm selects actions according to a tree policy.

The most common tree policy is Upper Confidence Bound for Trees (UCT) (Kocsis

and Szepesvári, 2006), which selects actions according to an estimate of the upper

or lower bound of the value function, based on the number of visits to the state

N(s) and the number of times N(s, a) that action a has been tried in state s:

atree = arg max
a∈A

 Q(s, a) − c

√√√√ ln N(s)
N(s, a)

 , (2.7)

where c is a constant that controls the exploration-exploitation trade-off. This

tree policy is typically shown with an upper bound rather than a lower bound as

shown here, because the reward maximisation setting is more common than the
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cost minimisation setting. We make use of MCTS-based methods with UCT

exploration in Chapter 5.

After a new state is added to the tree, the algorithm uses a rollout policy to

estimate its value. Learning variants commonly use a value function approximator

instead of a rollout policy (Schrittwieser et al., 2020). Q-values and node statistics

are updated after the trial is complete, using Monte Carlo (MC) backups. Given

that the algorithm uses MC backups, it does not need access to a closed-form model

of the MDP: sample-based black box access is sufficient.

MCTS variants applicable to continuous state and action spaces are also available.

Progressive widening (Couëtoux et al., 2011) provides a method for controlling

branching factors, specifying when to sample new actions and/or outcomes. Other

methods focus on which actions to sample, such as Voronoi partitioning (Kim et al.,

2020). In large state and action spaces, deep RL is another common approach

to decision-making (Mnih et al., 2015).

Many MCTS-based algorithms exist for solving POMDPs, usually in an online

setting. A well-known approach is POMCP (Silver and Veness, 2010), which builds a

search tree consisting of histories of actions and observations. An unweighted particle

filter over histories is used as the belief state representation. POMCP introduces a

concept known as root sampling, where a possible state is sampled from the MCTS

tree root belief node and used as if it were the true underlying state throughout

one MCTS trial. This can be shown to result in the same rollout distribution as if

full belief distributions were maintained at every tree node, and new nodes were

created using full belief updates at every step. The method improves computational

efficiency, as explicit belief updates can be computationally expensive.

Recent algorithms further increase the search performance of POMCP, such as by

regularising policies (Ye et al., 2017). POMCPOW (Sunberg and Kochenderfer, 2018)

extends POMCP to continuous state, action and observation spaces by employing a

weighted particle filter and progressive widening. LCEOPT (Hoerger et al., 2024)

is another algorithm which applies to continuous state and action space POMDPs.
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THTS algorithms are commonly used online, where search is run for a fixed

time limit or number of trials before taking an action. If possible, the root node

of the search tree is updated with the result of the action taken, allowing some of

the search tree to be carried forward to the next time step.

2.1.3 Uncertain Parameter Models

MDPs with Uncertain Parameters

s0

s1

s2

s3

s4

a1

p01

p02

a1 p13

p14

a1

a2

a2

r = r4

a2

r = r3

Figure 2.2: A simple example of an uncertain, i.e. underdefined, finite MDP. Some
structure is known (e.g. which states are connected), but the transition probabilities and
rewards are not known for every state and action.

In this thesis we study MDPs with uncertain parameters. An example of an

uncertain MDP is shown in Figure 2.2. We focus on the case where the transition

function is unknown, and treat reward functions as known a priori because they

are frequently used to specify the task or intended behaviour.

The MDP in Figure 2.2 has two unknown parameters in the transition function,

p01 and p13. The other two parameters are simply 1 − p01 and 1 − p13, as transition

probabilities must sum to 1. Different approaches to decision-making with uncertain

models make different assumptions about the nature of the uncertainty, and aim to

optimise different metrics. One key distinction is whether parameters are correlated

or independent. If parameters are assumed to be correlated, experience can be

generalised rather than having to independently retry all actions in all states to

learn the transition function.

Reinforcement learning (RL) algorithms learn policies for MDPs with unknown

parameters by interacting with the environment. Most commonly, they assume

interactive access to the environment to collect large amounts of transition outcome
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data, or a large dataset of transition outcomes (the offline RL setting). Most

commonly, RL algorithms optimise for expected reward, but some algorithms

optimise for other metrics such as risk measures (Chow and Ghavamzadeh, 2014).

Contrastingly, robust MDP methods are planning methods that do not learn from

experience. They assume that transition probabilities belong to some uncertainty

set, and aim to find a policy that performs well under the worst-case transition

probabilities in the set (Suilen et al., 2024). Interval MDPs (Givan et al., 2000)

assume that transition probabilities are bounded by known upper and lower bounds,

and assume independence between different transitions. Sample-based uncertain

MDPs (Adulyasak et al., 2015) posit a finite set of possible transition functions,

thereby allowing generalisation by tracking which samples are consistent with the

observed transition outcomes so far.

Bayesian Model-Based RL

Bayesian model-based reinforcement learning (Bayesian MBRL) (Ghavamzadeh

et al., 2015) is a family of problem settings and algorithms where Bayesian methods

are used to learn the transition function of an MDP. In the Bayesian MBRL setting,

the agent maintains a belief distribution over the transition function parameters,

and updates the belief distribution based on observed transition outcomes.

In Bayesian MBRL, Bayes-optimal policies represent the theoretical optimal

behaviour of the agent, achieving optimal exploration/exploitation performance with

respect to the prior belief over the transition function. Many algorithms, however,

employ approximations that trade off optimality for computational efficiency. The

performance of a Bayes-optimal policy is upper bounded by the performance of the

optimal policy in the MDP with the true transition function (Ghavamzadeh et al.,

2015), which requires full knowledge of the transition function to calculate.

Depending on the form of the belief, there may or may not be correlation

between transition parameters. For discrete state and action spaces, one option is

to assume fully independent transitions where separate multinomial distributions

give the output probabilities for each transition. In this case, the belief distribution
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for each transition is a Dirichlet distribution, which is a conjugate prior for the

multinomial distribution. The Dirichlet belief distribution is updated using the

counts of observed transition outcomes, which are multinomial samples (Duff, 2002).

In Chapters 4 and 5 we use belief models based on Gaussian processes (Section 2.2),

which results in correlation between transition probabilities at different states,

enabling generalisation of experience.

The Bayes-Adaptive MDP

The Bayes-adaptive MDP is a special case of a belief MDP, where the belief is over

the transition function parameters (Duff, 2002). Rather than POMDP observations,

the agent uses the outcomes of actions taken in the MDP to update the belief

distribution. Acting optimally in this MDP achieves Bayes-optimal behaviour, in

the same way that acting optimally in a POMDP belief MDP leads to optimal

exploration/exploitation behaviour in that POMDP.

We define BAMDPs in terms of histories rather than belief states, again because a

belief is a sufficient statistic for the history. Given an MDP M = ⟨S, s, A, T, C⟩ with

an unknown transition function T , and a prior p(T ) over transition functions, the

corresponding BAMDP is defined as the tuple M+ = ⟨S+, s+, A, T +, C+⟩, where:

• S+ = S × HM, i.e. the state space is augmented with histories of actions and

states,

• s+ = (s, h0), where h0 is the empty history,

• A is the same action space as in the MDP,

• T + : S+×A×S+ → [0, 1] is the transition function, where T +((s, h), a, (s′, h′))

is the probability of transitioning from state s with history h to state s′ with

history h′ = (h, a, s′) after taking action a, and

• C+ : S+ × A → R≥0 is the cost function, where C+((s, h), a) = C(s, a).
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T + can be calculated by marginalising over possible transition functions T

according to the posterior belief distribution p(T | h), which is the belief distribution

over transition functions given the history h:

T +((s, h), a, (s′, h′)) =


∫

T T (s, a, s′)p(T | h)dT, if h′ = (h, a, s′),
0, otherwise.

(2.8)

A policy in the BAMDP is a mapping from histories to actions, therefore Bayes-

optimal policies are history-dependent policies.

In some sense, a BAMDP is easier to solve than a POMDP. In the equivalent

POMDP formulation, the environment state is fully observable, and the hidden

component of the state is the true transition function. This hidden component is

fixed during an episode, as the transition function does not change. In the case where

there are a finite number of possible transition functions, it is possible to define an

“information horizon” for the BAMDP (Arumugam and Singh, 2022). If this horizon

exists for the given BAMDP and policy class, it represents the latest timestep

by which the agent is guaranteed to have fully resolved all uncertainty about the

environment and to have exactly identified the transition function. However, in

practice BAMDPs are still highly complex to solve due to the continuous belief

state space, and practical algorithms are generally based on online MCTS.

Bayes-adaptive POMDPs (BA-POMDPs) formulate the problem of learning a

POMDP model from experience as a BAMDP, where belief over possible observation

functions must also be maintained (Ross et al., 2007).

2.1.4 Algorithms for Solving Uncertain Models

BAMCP

BAMCP is a modification of POMCP (Silver and Veness, 2010) for the BAMDP

setting. Where POMCP root samples the true unobservable state from the belief

state, BAMCP root samples (the parameters of) the transition function from the

belief state over transition functions. This transition function is then used for that

MCTS trial. The transition functions used when passing through search tree nodes

are stored in that node, forming a particle filter over transition functions that could
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have caused the observed history. This particle filter can be used as the belief

over transition functions when the root node is updated after taking an action

and observing the outcome. Alternatively, an exact belief update may be used if

the belief representation is sufficiently tractable to update after real actions, even

if it is not tractable enough to update for every new node added to the MCTS

tree during planning. Carrying out exact belief updates after real actions avoids

potential issues with particle filtering, such as particle depletion. We base our

algorithm in Chapter 5 on BAMCP, and use exact Gaussian process belief updates

after receiving real measurements from the environments, which are equivalent to

action outcomes in our formulation of Bayesian MBRL.

As an MCTS method based on histories, BAMCP (and POMCP) cannot

generalise between histories that correspond to the same or similar belief states. A

history where an agent tries action a1 before action a2 is represented in a different

branch of the MCTS tree to a history where the agent tries action a2 before action

a1, even if the same outcomes are observed. A successor to BAMCP, Bayes-Adaptive

planning with Function Approximation (BAFA) (Guez et al., 2014a), uses value

function approximation to generalise between histories and better scale to larger

or continuous state spaces. However, it removes the MCTS structure and so must

use simpler ϵ-greedy exploration strategies rather than UCT exploration.

Katt et al. (2017) extend BAMCP to apply to BAPOMDPs, carrying out root

sampling of the observation function as well as the transition function.

RL algorithms based on posterior sampling have had empirical success and

shown good regret performance (Osband et al., 2013; Osband and Van Roy,

2017) in the episodic setting. However, for single-episode settings where an

optimal exploration/exploitation trade-off is required, true Bayesian decision-making

methods are more effective (Guez et al., 2014b).

Methods Based on Deep RL

Meta-RL methods aim to enable agents to adapt to new tasks or environments

quickly (Nagabandi et al., 2018). Some meta-RL methods aim to learn approximately
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Bayes-optimal policies using deep RL, without incurring the computational cost of

online inference with the belief model. One well-known method is VariBAD (Zintgraf

et al., 2020), which defines a stochastic latent variable that represents which

MDP transition/reward function the agent is operating under. A variational

autoencoder (Kingma et al., 2013) is used to infer the distribution over the latent

variable given the observed history. The learned policy is conditioned on this

posterior over the latent variable. Some more recent model-based offline RL methods

use VariBAD-inspired latent variable models (Dorfman et al., 2020; Chen et al.,

2021). This enables adaptation at deployment time after training with only the

offline dataset, leading to better performance than offline RL methods that avoid

uncertainty rather than adapting to it (Yu et al., 2020).

As deep RL methods, meta-RL methods require access to a training distribution

covering the space of possible transition and reward functions. In the offline case,

this is a dataset of interactions from the training distribution.

2.2 Gaussian Processes

Gaussian processes (GPs) are a non-parametric Bayesian modelling approach,

commonly used for regression and classification (Rasmussen and Williams, 2006). A

GP models a function f as a collection of random variables, where any finite subset

of the random variables has a joint Gaussian distribution. A GP is fully specified by

its mean function m(x) and covariance function k(x, x′): f(x) ∼ GP(m(x), k(x, x′)).

By conditioning on observed data, GPs can be used to make predictions about

the function f at unobserved points.

GPs are particularly useful where uncertainty quantification is desired, and the

number of data points is limited (Rasmussen and Williams, 2006). GPs provide a

closed-form posterior over functions in the standard setting, assuming a Gaussian

likelihood and a Gaussian prior over functions. Though the posterior is closed-form,

a naive implementation of exact GPs requires inverting a covariance matrix, which

scales as O(n3) in the number of data points n. In certain cases, structure in the

covariance matrix can be exploited to reduce this complexity significantly. Adding
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a single new data point to a GP can be achieved with O(n2) complexity using a

Cholesky rank-1 update (Seeger et al., 2004). Approximate methods such as sparse

GPs (Snelson and Ghahramani, 2005; Titsias, 2009) and string and membrane

GPs (Samo and Roberts, 2016) can further improve scalability, allowing GPs to be

used with datasets up to millions of data points. For inputs on a fixed grid, Toeplitz

structure can be exploited to reduce the complexity to O(n log n) (Wilson et al.,

2015). These scalability methods tend to focus on big data analytics rather than

mobile robotics, where the number of data points is generally smaller but inference

speed with limited computational resources is more important.

GPs are well-studied in the contexts of Bayesian optimisation (BO) (González

et al., 2016; Morere et al., 2017), motion planning (Mukadam et al., 2016; Meng

et al., 2022), and non-RL control of large unknown MDPs (Imani et al., 2018). In

the RL setting, GPs have been used to model value functions directly (Kuss and

Rasmussen, 2003). Gaussian Process Dynamical Models (GPDMs) were used as

dynamics models for early model-based RL methods (Dallaire et al., 2009; Deisenroth

and Rasmussen, 2011), where the GP models the first-order Markov dynamics of a

system. In MCTS, GPs have been used for tree action sampling for the agent (Mern

et al., 2021) or for an adversary in a risk-averse setting (Rigter et al., 2021b).

A strand of works have used GPs to model the safety of RL-derived poli-

cies (Berkenkamp et al., 2017; Wachi et al., 2018) or the safety of individual states

and actions in an MDP (Turchetta et al., 2016; Wachi and Sui, 2020). With

assumptions such as Lipschitz continuity of the underlying safety function, this

allows for probabilistically guaranteed safe exploration of the MDP. In Chapter 4,

we use GPs to develop our own safe exploration algorithm that improves upon these

methods. In Chapter 5 we use GPs to model environment dynamics in a similar

manner, but treat it explicitly as a belief model for Bayesian RL.

2.3 Metareasoning

Metareasoning is a diverse field of study, with many different problem settings

and approaches. Our focus is on metalevel control of anytime planning algorithms,
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which are algorithms that can be interrupted at any time to produce a solution.

2.3.1 Metalevel Control

In the metalevel control setting, a metalevel agent observes the reasoning process of

an object-level agent. The metalevel agent’s actions are to control, change, or halt

the object-level agent’s reasoning process (Cox and Raja, 2011). Most commonly,

the objective of the metalevel agent is to optimise the total rewards achieved by the

object-level agent, minus the costs incurred through its reasoning. Costs may be

time or resource costs, or some finite budget that must be split between competing

reasoning strategies (Callaway et al., 2018).

Metalevel MDPs

To aid in understanding the metalevel control problem, we define a simple metalevel

MDP in a similar manner as Callaway et al. (2018). The simple metalevel SSP

MDP MM is defined as a tuple ⟨KM , k
M

, AM , T M , RM , GM⟩, where:

• KM = K ∪ {DONE} is the set of states, corresponding to the quality of the

solution κ(k) produced by the object-level agent and a reserved final state

DONE,

• k
M is the initial state, corresponding to the initial quality of the solution,

• AM = C ∪ {EXEC}, where C is the set of computations that can be run

using the object-level agent, and EXEC is the action of executing the current

solution,

• T M (k, a, k′) is the transition function, where k′ ∈ K if a ∈ C and k′ = DONE

if a = EXEC. I.e., if a computation action is chosen, the state transitions to

the new quality of the solution k′, and if the action is to execute the current

solution, the state transitions to the final state DONE,

• RM (k, a) = −λ if a ∈ C, where λ is a fixed cost of reasoning for one timestep,

and RM(k, EXEC) = κ(k), and
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• GM = {DONE} is a single goal state.

This defines a metalevel MDP for a single object-level problem instance, where

the object-level agent has produced a solution of quality κ(k) when it is in state

k. The metalevel agent has the choice between paying a fixed cost λ to run a

computation c ∈ C, which will change the solution quality to k′, or executing the

current solution, which will give the reward κ(k) of executing the solution. One way

that this model is simple is that it assumes that the evolution of quality depends

only on the previous quality of the solution and the computation action taken.

If only one computation action is available, i.e. C = {COMPUTE}, then the

expected evolution of quality over repeated computation actions can be represented

as a function f(t) = E[κ(k) | t], where t is the number of computation actions

taken. This is commonly referred to as a performance profile: the expected quality

of solution given time t spent reasoning. Rather than defining a computation

cost λ, some metalevel control methods instead define a utility function U(κ(k), t),

which is the expected utility of the solution quality κ(k) at time t (Svegliato et al.,

2018, 2020; Bhatia et al., 2022).

The optimal policy for the metalevel MDP is clearly the optimal policy πM∗ in

the simple metalevel SSP MDP we have defined. However, in any realistic setting,

the transition function T M is not known a priori. It may be possible to calculate

it for a given problem instance, but this is impractical if the aim is to create an

agent that can efficiently metareason across many different problem instances. It

can be shown that constructing T M for a given problem instance is at least as

hard as solving the original problem (Lin et al., 2015).

Due to the complexity of determining the optimal metalevel policy πM∗, a

common approximation is the meta-greedy or meta-myopic policy (Hansen and

Zilberstein, 2001). This is a one-step lookahead policy, where the metalevel agent

decides only between immediately executing the current solution or taking one more

computation action before executing the solution. For computation actions, the
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myopic value of computation VoC1 is defined as the expected increase in the quality of

the solution after the computation action, minus the cost of the computation action:

VoCmyopic(k) = Es′∼T M (k,c,·) [κ(s′) − λ] − κ(k). (2.9)

The meta-myopic policy is then to choose the computation action that maximises

the myopic value of computation, or to execute the current solution if the myopic

value of computation is negative:

πmyopic(k) =

EXEC, if maxc∈C VoCmyopic(k) < 0,

arg maxc∈C VoCmyopic(k), otherwise.
(2.10)

Although Equation (2.9) still contains the unknown transition function T M , it is

possible to estimate the myopic value of computation using, for example, an expected

performance profile where the expectation is also taken over the distribution of

problem instances. The meta-myopic policy can be shown to be optimal in the case

of diminishing returns (Svegliato et al., 2018), where the expected rate of increase

in quality of the solution is a decreasing function of the time spent reasoning

and thinking costs are non-decreasing.

2.3.2 Metalevel Control Algorithms
for Deterministic Decision-Making

Hansen and Zilberstein (2001) use dynamic programming to solve a metalevel MDP,

described as a “dynamic performance profile”. They estimate T M using a dataset

of previously observed performance profiles. This requires discretising the space

of solution qualities, and their method’s complexity scales quadratically with the

number of discretisation points. It also requires significant precomputation to build

T M , conceptually similarly to the requirement to pre-train deep RL policies.

Svegliato et al. (2018) use online nonlinear regression to predict performance

profiles. This avoids the need to precompute T M , but means the method cannot

learn common structure between different problem instances and incurs significant

metareasoning overhead. Taking a different approach, Svegliato et al. (2020) use

online model-free RL to learn a metalevel policy.
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Bhatia et al. (2022) also use model-free RL to learn metalevel policies. Because

they know the value of the solution quality in each state in the metalevel MDP,

they are able to define a metalevel reward which is the difference between the

cost of computation and the improvement in solution quality. This is a denser

reward than the metalevel reward we use in the simple metalevel MDP above and

in Chapter 6, which is only available at the end of the reasoning process. We

use this work’s approach to defining computation actions in terms of object-level

algorithm hyperparameters in our algorithm in Chapter 6.

In a motion planning setting, Sung et al. (2021) take a different approach to

metalevel control of the optimal execution time for a computed motion plan. They

take an imitation learning perspective, calculating the optimal stopping point of

full reasoning traces and using this as an expert demonstration. They also pass

information about the object-level problem to the metalevel agent, in a similar

manner as we do in Chapter 6.

Situated Temporal Planning

In temporal planning, actions have durations and deadlines and the aim is generally

to find a valid plan to reach a goal state. In situated temporal planning (Cashmore

et al., 2018), the agent’s reasoning process takes time. Situated temporal planning

works use metareasoning to generate satisficing plans (Shperberg et al., 2019), or

cost-effective plans (Shperberg et al., 2020), given that deadlines for starting actions

may be missed if too much time is spent planning.

In this setting it is key to identify when partial plans are unlikely or impossible

to execute in time, even if elaborated into full valid plans. These methods therefore

integrate metareasoning capabilities into existing temporal planners, rather than

separating the metalevel agent from the object-level agent.

Guiding Search with Metareasoning

In some cases, metareasoning abilities are integrated into object-level decision-

making algorithms in order to improve their performance. Several methods use

value of computation predictions to focus search effort on areas of the search space
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with high estimated value of computation. Hay et al. (2012), Sezener and Dayan

(2020) and Cope et al. (2023) do this for MCTS, and Gu et al. (2022) do this

for an online heuristic search algorithm.

2.3.3 Metalevel Control Algorithms
for Probabilistic Decision-Making

Probabilistic object-level problems are more difficult because the quality of the

current solution is not necessarily known, and is a distribution rather than a single

value. This is discussed in more depth in Chapter 6.

One RL-based method, Bayesian metalevel policy search (BMPS) (Callaway

et al., 2018), has demonstrated that metacognitive RL can learn near-optimal

metareasoning behaviour for relatively simple problems. Their method calculates

multiple approximations, including VoCmyopic, and uses Bayesian optimisation to

learn a weighted combination of these features that gives an estimate of the true

value of computation.

One practical metareasoning method for probabilistic planning exists (Lin et al.,

2015), but makes a meta-myopic simplification for tractability. The method is

also specific to the object-level algorithm Bounded RTDP (BRTDP) (McMahan

et al., 2005). Changes in the BRTDP value function bounds over the last timestep

are used to predict the increase in solution quality after a single additional period

of reasoning. This work also includes a complexity analysis to demonstrate why

exact optimal metareasoning is impractical.

Metalevel control can be carried out using simpler methods, such as linear

interpolation of planning time between similar problems (Kunze et al., 2017). This

method aims to control contract (Zilberstein, 1995) algorithms, which cannot be

interrupted once they start reasoning, rather than anytime algorithms. This setting

provides more limited scope for metalevel control, because the metalevel agent cannot

monitor and react to the object-level algorithm’s reasoning process during reasoning.
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Chapter 3 Chapter 4 Chapter 5 Chapter 6 Chapter 7
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dynamics
Environment
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Environment

dynamics
Planner

dynamics
Planner

Mode Offline Replanning Online Offline Online

Model MDP
Timed EstMDP BAMDP MDP
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MDP
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Solution

(max reward)
VI

(reachability)
VI MCTS Deep RL Deep RL

regime
Data

medium
Small/ Small Small Large Large

Table 1.1: Settings, methods and features for each chapter.

The objective of the HUDSON (Harvesting of Underwater Data from SensOr

Networks) project was to develop and demonstrate a proof-of-concept for retrieving

data from underwater sensor nodes using autonomous underwater vehicles. The

core of the project was the probabilistic planning method developed by the author

of this thesis and presented in this chapter.

The underwater environment contains high levels of epistemic uncertainty and

some aspects of partial state observability. The dynamics of vehicle navigation

and acoustic communication are uncertain, and the vehicle’s location and the data

contents of sensor nodes in the environment are both partially observable.

The system design was highly driven by the agent’s embodiment, its sensing

abilities, and the high level of uncertainty in the environment. A key aim of the

HUDSON project was to achieve autonomous operation in the highly uncertain

underwater setting, without relying on costly sensors and infrastructure commonly

32
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used by underwater vehicles to mitigate uncertainty. The chosen low-cost underwater

vehicle has very limited computing capability, meaning we were restricted to an

offline plan-then-act operation mode. To support this, the policy generated offline

must be small enough to fit on the vehicle’s hard drive, but large enough to cover

any state the vehicle may enter during the mission. We therefore developed a

method that approximately models epistemic uncertainty and partial observability

using only a standard MDP model, keeping the state space size small and ensuring

the model can be solved offline to give a complete policy. Epistemic uncertainty is

accounted for by using parameterised generative (sample-based) simulators, which

are run with a range of parameters to generate a distribution of possible environment

behaviours. These are modelled as aleatoric stochastic outcomes in the MDP model.

Partial observability and scalability are addressed by novel design of the MDP state

space and transition function. The implications and trade-offs of these design choices

are discussed in depth in the conclusion to this chapter, in Section 3.1. In summary,

representing uncertainty that is epistemic in nature as aleatoric uncertainty leads

to implicitly making a rectangularity assumption, where the values of potentially

correlated epistemic parameters are considered independent at each state. This

means that potentially exploitable online information gathered during the mission

cannot be used to improve the policy. Latter chapters improve on this approach

by introducing increasingly adaptive behaviour.

An additional contribution is a novel method for modelling stores of reward,

incorporating stochastic reward retrieval and uncertain contents initialisation. This

approach represents the process of the vehicle retrieving data from underwater

sensor nodes, which contain finite but uncertain quantities of data of varying value.

The model is formulated as a continuous-time Markov decision process (CTMDP),

and enables variable-quality approximation of the data retrieval process in order

to control scalability. It can be readily integrated into the MDP-based mission

model by transforming the CTMDP into a discrete-time MDP. Overall, the system

is the first practical demonstration of autonomous underwater data retrieval by
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underwater vehicles, and is shown to outperform existing human-designed strategies

in extensive simulation and real-world field trials.

The flow of a single mission, from problem specification to planning to execution,

is shown in Figure 6 of the paper. As summarised in Figure 6, the environment

beliefs given to the system may be derived from real previous mission data, or may

be uninformative priors. For the purposes of Table 1.1, we therefore place this

method in a “small/medium” data regime: the method can benefit from real-world

data to improve the accuracy of its models, but this is not essential.

The following paper is multidisciplinary, covering decision-making under uncer-

tainty, marine robotics, and underwater communication. It consists of contributions

from researchers from several institutions. To aid clarity, sections highlighted in

light grey are non-essential for understanding the core planning method developed

by the author of this thesis. A high-level description of the method, and the

results of narrower scope experiments, was published in (Budd et al., 2022). That

paper is not included in this thesis.

Please note that this paper is currently under review and has not yet been

accepted for publication in its current form.
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Abstract

Underwater acoustic and wireless sensor networks enable transformative spatio-temporal
ocean data collection for applications such as climate monitoring, marine life analysis, and
industrial diagnostics. However, retrieving data from submerged sensor nodes in near real-
time remains challenging due to environmental constraints and the high costs of traditional
methods, such as deploying research vessels. This work presents an integrated adaptive
framework that combines modelling approaches and planning under uncertainty to enable
an Autonomous Underwater Vehicle (AUV) to serve as a mobile sink for sparse underwa-
ter sensor networks. The framework dynamically prioritises nodes based on data value,
and utilises acoustic communication links for simultaneous data harvesting and time-of-
flight localisation. Key contributions include the systems integration effort that addresses
real-world operational challenges, a novel modelling approach that underpins the planning
methodology, and extensive field trials validating the framework’s performance. The results
demonstrate significant improvements over conventional hand-designed behaviours for un-
derwater data retrieval, advancing sustainable and autonomous ocean monitoring solutions
through robust integration, innovative planning, and real-world validation.

Keywords: Underwater Sensor Networks, Autonomous Underwater Vehicles, Probabilistic Planning, Data
Harvesting, AUV navigation, Underwater communication, Robot decision-making
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(a) ecoSUBm5 AUV alongside 8 smart sensor nodes (fore-
ground); preliminary tests of the system in July 2021.

(b) Recovery of the ecoSUBm5 AUV post mission in
November 2021.

Figure 1: Images from project field trials at the trial site, Loch Ness, Scotland.

1 Introduction

Ocean science has traditionally relied on large research vessels for both in-situ data collection and retrieving
information from fixed underwater sensor nodes. Static devices, such as oceanographic moorings (McCarthy
et al., 2020) and fixed-point observatories (Cristini et al., 2016) have been integral to observing the marine
environment, supporting applications like long-term climate monitoring (Henson et al., 2016) and indus-
trial asset management (Jones et al., 2019). These systems provide temporal coverage spanning months or
even years, which mobile platforms cannot achieve. However, retrieving data from these networks often re-
quires deploying research vessels, a process that is both logistically demanding and carbon-intensive, thereby
impeding efforts to transition to more sustainable practices.

The urgency to modernise ocean monitoring was underscored by the G7 Ocean Decade Navigation Plan
in May 2021, which emphasised the need to expand observing capacities while transitioning to low-carbon
models. Achieving this vision requires integrating smart underwater sensor networks, autonomous marine
robots, and efficient data pipelines to create persistent, sustainable monitoring systems. The integration of
these technologies will enable generation of vast amounts of oceanic observation data, leading to the rise of
Big Marine Data (BMD). BMD presents unique challenges to designing a capable sub-sea data infrastructure
to meet the demand. Addressing these challenges involves advances in low-power underwater sensing, reliable
acoustic communication, intelligent robotics, and sophisticated Machine Learning (ML) techniques to enable
efficient knowledge extraction and decision support (Jahanbakht et al., 2021).

Static Underwater Acoustic Sensor Networks (UASNs) (Heidemann et al., 2006) represent a pivotal compo-
nent of this transformation, providing the scalable infrastructure necessary to support the vision of persistent
monitoring. These networks, composed of seabed moorings, floats, and fixed sensor nodes communicating
via acoustic links, offer an effective solution to the growing demand for data collection and monitoring in
remote, hard-to-reach ocean areas. One of the notable strengths of UASNs is their potential to provide
near real-time data telemetry (Kilfoyle and Baggeroer, 2000), achieved through strategic network topologies
and multi-hop routing (Li et al., 2016; Blanc, 2020). By leveraging Internet-of-Things (IoT) technologies
in underwater environments (Mohsan et al., 2023), UASNs can offer broad applications, including water
quality monitoring, seismic tracking, marine animal observation, and offshore asset monitoring (Felemban
et al., 2015; Mohapatra et al., 2012).

However, UASNs face several challenges, primarily stemming from the complexity of underwater environ-
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ments (Awan et al., 2019). Acoustic communication in these settings is hindered by factors such as low
bandwidth, high propagation delay, multi-path interference, fading, and environmental variability, all of
which degrade the quality of acoustic signals (Zia et al., 2021). Additionally, the degradation of acous-
tic communication reliability, due to the intricate underwater physics, is further compounded by practical
constraints that hinder direct communication. For instance, oceanographic moorings may lack surface ex-
pression, making the network partially or completely inaccessible, particularly in challenging environments
such as ice-covered or deep waters, unless supported by specialized mobile technology. Additional challenges
include the limited battery capacity of underwater devices, sensor node failures, and uneven power consump-
tion across the network as central nodes may be subject to high-power demands for data relay, shortening
network lifetimes. In dense networks, traditional acoustic methods may no longer be sufficient, prompting
the need for alternative communication techniques, such as optical models, to facilitate rapid data offloading
by mobile platforms visiting network nodes (Pontbriand et al., 2015). These challenges are further ampli-
fied in large-scale deployments, where nodes may be sparsely distributed or disconnected, increasing the
communication-related issues (Akyildiz et al., 2004).

Addressing the challenges of timely data retrieval often requires the use of mobile platforms. Both Au-
tonomous Underwater Vehicles (AUVs) and Uncrewed Surface Vehicles (USVs) have been employed as
mobile sinks to harvest data from underwater sensor nodes (Favaro et al., 2012; Zhuo et al., 2020; Nam,
2018; Lv et al., 2018). Additionally, these platforms can enhance network routing and extend network life-
time by acting as mobile sensor nodes, performing tasks such as data relay and cluster management (Wei
et al., 2021). In some cases, AUVs and USVs are deployed in tandem, leveraging their complementary
capabilities to efficiently retrieve data from sensor nodes (Cheng et al., 2023). While both platforms offer
distinct advantages, the ability of AUVs to operate beneath the surface makes them indispensable for data
harvesting in environments where surface access is limited by factors such as sea ice or extreme water depth.

AUVs are increasingly utilised in ocean science (Wynn et al., 2014), but their deployment is often constrained
by limited onboard computational power, autonomy, and energy resources. Ensuring mission success and
safeguarding AUVs in complex, remote environments is challenging, particularly given the limited contin-
gencies currently available, such as weight dropping or mission aborts in response to environmental factors.
Current operational paradigms often depend on predefined mission plans, restricting the ability to make
real-time decisions, such as determining the optimal order for visiting sensor nodes, which can lead to delays
in retrieving time-sensitive data. Furthermore, navigation remains problematic in GPS-denied environments,
and communication constraints further hinder adaptability (González-Garćıa et al., 2020). Navigation un-
certainty arises from factors such as water currents, vehicle dynamics, and sensor biases (Salavasidis et al.,
2021). While advanced navigation sensors like Inertial Navigation Systems (INS) combined with Doppler
Velocity Logs (DVL) can significantly mitigate these errors, their high cost and energy demands often limit
their practicality in cost-sensitive platforms or long-duration missions. Acoustic position feedback systems
offer an alternative, but their reliance on extensive and expensive infrastructure makes them unsuitable for
large-scale or remote deployments (Paull et al., 2013). Enhancing AUV autonomy is therefore essential for
the efficient harvesting of data from a UASN. This involves improving adaptive navigation systems, real-
time lightweight decision-making, and resilience to communication disruptions. These advancements would
allow AUVs to better adapt to environmental variability, evolving mission priorities, and communication
disruptions, ultimately reducing reliance on costly infrastructure and external interventions while improving
the efficiency and reliability of data retrieval.

In response to this demand, we present an integrated adaptive framework developed and tested as part of
the Harvesting of Underwater Data from Sensor Networks (HUDSON) project. This framework incorporates
modelling approaches and uncertainty-aware planning to transform the ecoSUB low-power AUV (Phillips
et al., 2017) into an effective mobile sink for sparse UASN, addressing key challenges in underwater data
harvesting with precision and adaptability. By incorporating vehicle dynamics, communication constraints,
and environmental uncertainties into its decision-making, the framework allows the AUV to dynamically
prioritise sensor nodes based on data value as well as utilising acoustic communication links for simultaneous
data harvesting and time-of-flight localisation. The planning framework produces a policy that accounts for
these uncertainties, enabling the AUV to achieve adaptive behaviour during execution without the need for
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computationally intensive online planning.

The key contributions of our work are (i) a comprehensive system development and integration effort that
addresses real-world operational challenges; (ii) a novel modelling approach for planning under uncertainty
with this system, and (iii) extensive field trials (Fig. 1) validating the framework’s performance. Both
simulated experiments and real-world trials demonstrate significant improvements over conventional hand-
designed behaviours for underwater data retrieval, paving the way for more sustainable and autonomous
ocean monitoring systems.

2 Related Work

Several existing works have investigated data retrieval or underwater navigation decision-making. One
existing work (Cashmore et al., 2014) is conceptually similar to ours in its usage of waypoints and time-
aware planning. This work generates abstracted underwater waypoints using probabilistic roadmaps (PRMs),
and executes underwater inspection missions between these using a temporal planner. The temporal planner
accounts for action execution time uncertainty, but more general action outcome uncertainty is handled
by replanning whenever actions fail. This requires on-board computation, which requires more powerful
on-board computers. As well as adding to the size and expense of the AUV, this also increases the power
consumption, which is a significant concern for underwater vehicles. By comparison, our method reasons
about higher levels of uncertainty in navigation, communication and data contents and does not require online
replanning. Existing AUV data retrieval works generally do not consider navigation and communication
uncertainty, and simply plan shortest touring paths between sensor nodes (Duan et al., 2020). Some do
consider heterogeneous data types or values (Duan et al., 2020; Yan et al., 2018), but assume full prior
knowledge of the data contents of the sensor nodes. Our method does not make this assumption, and must
reason about uncertainty over the data contents of sensor nodes. A similar data muling problem has been
analysed in the context of autonomous aerial vehicles (Gong et al., 2018). Their method divides a touring
path into segments, where an aerial vehicle retrieves data from one sensor node during each segment. They
use a radio channel model, rather than an acoustic channel model in our work, and alter the vehicle’s speed
to ensure all data is retrieved from each sensor node. However, this work assumes deterministic navigation
and full knowledge of the data contents of the sensor nodes, which is not the case in our problem setting.

In this work we make use of the Markov decision process (MDP) family of models. These models are
commonly used for autonomous decision-making in environments with high stochasticity (Lacerda et al.,
2019), including some previous works which use kinematic AUV navigation simulators in a similar manner
as we do (Yan et al., 2018; Hollinger et al., 2012; Hollinger et al., 2016). By formulating components of the
AUV mission planning problem as MDPs, we assume that the current state is known, and stochastic action
outcomes are represented by fixed, known probabilities. Due to the limited computational resources of the
AUV, we are restricted to pre-planning methods that do not require significant online computation.

The Partially Observable MDP (POMDP) is an MDP generalisation where the system’s current state is
unknown and must be inferred from observations. This formulation would be well-suited to representing
the AUV’s localisation uncertainty and the uncertainty in the data contents of sensor nodes. However, due
to their computational complexity, POMDP methods generally rely on online computation to scale to large
problems (Kurniawati and Yadav, 2016; Sunberg and Kochenderfer, 2018). We therefore develop a method
of abstracting the localisation and node data contents state space while retaining the MDP framework. This
approach encapsulates key aspects of state uncertainty while maintaining computational tractability.

Our problem includes parameters with uncertain values, such as the effect of water currents on the AUV’s
navigation. This type of uncertainty is known as epistemic uncertainty, and MDP generalisations exist which
explicitly consider this type of uncertainty. For instance, Bayesian methods maintain and iteratively update
a belief distribution over environment parameters (Duff, 2003; Budd et al., 2023), enabling an agent to use
observations to reduce epistemic uncertainty. However, ocean current models are generally computationally
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intensive and complex, making them infeasible to be represented and updated in real-time by our AUV.
Additionally, Bayesian methods are beneficial only if the information that can be acquired during one mission
meaningfully improves the AUV’s performance in the rest of the mission. Due to the very high stochasticity
of underwater navigation, the AUV’s ability to learn about the environment during a single mission is
very limited. Instead, our system uses probability distributions over uncertain parameters and samples
from these distributions when running the communication model (Section 4.3.1) and navigation simulator
(Section 4.3.2). This is a similar concept to domain randomisation in robotics (Peng et al., 2018), where a
controller is trained on a distribution of environments to improve its generalisation to unseen environments.
The generated policy is therefore more robust to the real dynamics of the environment than a policy generated
using a single set of parameters. This is particularly useful as the behaviour of the real environment will
never perfectly match the simulator due to unmodelled effects. Real environment interaction data gathered
from each mission can be used to update the distribution over uncertain parameters, improving the accuracy
of the simulators for future missions.

3 A System for Underwater Data Harvesting

HUDSON introduces a novel framework to enable an AUV to autonomously harvest measurements from sta-
tionary smart sensor nodes within a sparse UASN via acoustic communication. While retrieving data, the
AUV integrates its internal state awareness with considerations of communication and navigation uncertain-
ties, allowing it to dynamically prioritise mission objectives and react to changing environmental conditions.
In this section, we provide an overview of the HUDSON system, considering both the design concepts and
the hardware implementation. We describe four main modules (i) the underwater sensor network; (ii) the
AUV hardware and software; (iii) the communication between the nodes of the UASN and the AUV; and
(iv) the software architecture for the data retrieval planner.

3.1 Underwater Acoustic Sensor Network

3.1.1 Overview

The UASN in our framework consists of “smart” sensor nodes equipped with acoustic communication ca-
pabilities to interface with the AUV. These nodes record environmental measurements of interest, such as
temperature, salinity, and currents, and can adapt their sampling frequency based on observed environmen-
tal dynamics (Yan et al., 2018; Chou et al., 2009). For instance, a node may increase its sampling rate when
detecting rapid environmental changes, or it may focus on capturing infrequent but high-value events such
as passing marine life.

Each data type stored by the sensor nodes has an associated utility per byte, reflecting its scientific or
operational importance. Nodes prioritise offloading high-utility data first during interactions with the AUV.
However, the adaptive behaviour of the nodes means the precise data utility distribution within the UASN is
unknown to the AUV at the start of its mission. Consequently, the AUV’s objective becomes maximizing the
expected total utility of the data it retrieves, requiring decision-making that is reactive to the data contents
of sensor nodes throughout the mission.

To mitigate localisation errors inherent in underwater navigation, the AUV can acoustically ping sensor
nodes in a round-robin fashion to obtain range measurements. These measurements serve as feedback to
correct navigation drift, ensuring reliable operation within the acoustic range of the UASN.

3.1.2 NMv3 acoustic modems

The AUV and the underwater sensor nodes are all integrated with a low-cost, low-power, miniature acoustic
modem, NMv3, used for ranging & navigation, and communications during operations (Sherlock et al.,
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Figure 2: USMART Sensor Node showing the electronics and battery pack within the canister.

2022). The NMv3 acoustic modem operates in the 24 kHz to 32 kHz band with a transmit power source
level of 168 dB re 1µPa @ 1m and receive power consumption of 12.5mW. An effective data rate of 470 bit/s
with variable length payloads of 2 – 64 bytes. Operating range can be up to 2.3 km depending on acoustic
channel conditions. The acoustic modem firmware was updated to provide diagnostics features including
ambient noise measurement, and link quality indicators on received packets.
Available modem transmissions include: unicast message to a specific address; unicast message with ack
whereby the receiving modem will send an acknowledgement; broadcast message whereby all modems within
range will receive the message; ping to a specific address where a receiving modem will respond with an
acknowledgement that can then be used to determine the time of flight.

3.1.3 Sensor network nodes

Experimental prototype sensor nodes designed and developed for the USMART project, as described in (Mo-
rozs et al., 2022), were utilised to form the HUDSON sensor network. These sensor nodes contained elec-
tronics within diver canisters connected to NMv3 acoustic modems. Each sensor node contains a bespoke
PCB with power regulators, switches, and sensors (e-compass, temperature, pressure, humidity). Attached
to the PCB is a MicroPython Pyboard D-series (PYBD) with STM32F767 processor. The node is powered
from four alkaline C cells. An open sensor node is shown in Fig. 2. When the node and modem is in
listening mode awaiting incoming acoustic messages the power draw is 19.8mW. This allows the nodes to
be left deployed between mission runs with minimal power load on the batteries. The NMv3 modem when
powered also acts as a transponder which is used as part of the navigation system in this work.
In real world applications it is likely that a sensor node would incorporate more environmental sensing
capability for example to measure salinity, dissolved oxygen levels, temperature etc. The sensor nodes used
in these experiments are simplified units, with more trivial internal sensors, with a focus on testing the
communication algorithms and the concept in general.

In our setup, nodes are capable of transmitting three types of acoustic packets: a data transfer packet, which
typically has a variable size, but is fixed in size for the purposes of our experiments, a localisation packet
of minimal size that responds to a ping request from the AUV to estimate the range to the node, and a
status update packet, which conveys information about the node’s internal state as well as the data statistics
information used to plan data retrieval (Section 4.2.1).
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Figure 3: The ecoSUBm5, a micro AUV used in the HUDSON system for underwater data harvesting and
navigation tasks.

3.2 AUV

3.2.1 The ecoSUB vehicle

The HUDSON concept is independent of the AUV being used. The concept is adaptable to other types
or sizes of AUVs as long as they can navigate to the sensor nodes and harvest data. This study, however,
utilises the small and low-cost ecoSUB microAUV (Phillips et al., 2017). Specifically, the ecoSUBm5 unit
deployed has a mass of <12 kg, a depth rating of 500m, and an overall length of 1m. The hull shape of all
ecoSUB variants is based on Myring’s equations (Myring, 1976), giving it an axis-symmetric form with a
ducted propeller and a vertical rudder at the rear.
The control system is under-actuated, using an aft propeller for forward thrust, a moving-mass mechanism
to control pitch, and a rudder to control the yaw angle. The vehicle is ballasted to be slightly positively
buoyant, ensuring that the antenna stays clear of the water when stationary on the surface and increasing the
likelihood of the AUV returning to the surface in the event of a failure while submerged. This combination
of positive buoyancy and under-actuation requires the AUV to maintain a constant forward speed to sustain
its depth. This has implications for acoustic communication, as the continuously running propeller generates
both acoustic and electrical noise in the communications channel.
The ecoSUBm5 is equipped with a limited set of low-cost, low-powered navigation sensors that allow the
vehicle to navigate via GPS on the surface and dead reckon while submerged. The vehicle’s orientation is
measured using a Bosch BNO55 9-axis orientation sensor, which integrates a tri-axial 14-bit accelerometer,
a tri-axial 16-bit gyroscope (with a range of ±2000◦ per second), a tri-axial geomagnetic sensor, and a 32-
bit microcontroller running Bosch BSX3.0 FusionLib software. Depth is inferred from a Keller PAA-11LX
absolute pressure piezoresistive pressure transducer, which has an error margin of less than <0.05% of full
scale. For GPS positioning when on the surface, the ecoSUBm5 is equipped with a Venus638FLPx GPS
unit.
For underwater acoustic communication, an NMv3 transducer is mounted on the AUV’s nose, facing upward
(see Fig. 3). Additionally, the vehicle is equipped with a Valeport Hyperion Fluorometer and a Valeport
Fast Response Temperature sensor for environmental data collection.

3.2.2 Software architecture

The ecoSUB unit used in this research is powered by an Intel Edison module, which features a dual-core, dual-
threaded Intel Atom Central Processing Unit (CPU) operating at 500MHz, coupled with a 32-bit Intel Quark
microcontroller at 100MHz. The software architecture follows the front-seat/back-seat paradigm (Eickstedt
and Sideleau, 2009), enhancing software portability by decoupling the high-level autonomy system from the
lower-level Guidance, Navigation, and Control (GNC) system. This architecture is implemented using the
Robot Operating System (ROS) middleware (Quigley et al., 2009).
The front-seat serves as the core of the system, providing critical functionalities such as guidance, control,
navigation, and health and safety monitoring. Conversely, the back-seat extends the system’s capabilities by
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enabling high-level autonomy and decision-making algorithms tailored to specific application requirements.
The back-seat system is capable of generating demand requests for the front-seat controllers, including
parameters such as heading, depth, speed, and other operational settings. It can also request satellite
communication for message transmission when the vehicle is at the surface. In addition, the back-seat
may request vehicle status updates from the front-seat, including localisation data, sensor measurements,
and battery levels, to support its operations and ensure system efficiency. To maintain vehicle safety, the
front-seat has the authority to grant, revoke, or reclaim control from the back-seat if any commands from
the latter are deemed to compromise safety (Fenucci et al., 2022).
A key functionality of the back-seat system relevant to this work is the implementation of underwater
communication and acoustic-aided localisation. Initially developed for multi-vehicle cooperation (Fenucci
et al., 2022), this system has been refined to meet the specific demands of this research. The communi-
cation algorithm facilitates the transmission and reception of messages via the acoustic channel, while the
acoustic-aided localisation system leverages this communication to obtain range observations. By dynami-
cally scheduling messages and adapting transmission modalities, the system acquires additional localisation
data without disrupting network functionality. Equipped with acoustic modems, the underwater network
nodes allow the AUV to estimate distances through a point-to-point interrogation mechanism. The AUV
periodically sends unicast requests in designated time slots, receiving immediate acknowledgements from the
nodes to minimize turn-around time. Using an estimated sound speed, the measured two-way travel time
is converted into range measurements to each node. These range measurements, combined with the known
positions of the nodes, are integrated using an Extended Kalman Filter (EKF) running on the back-seat,
ultimately refining the front-seat’s dead-reckoning navigation estimates (Fenucci et al., 2022).

3.3 Data retrieval

3.3.1 Overview

The AUV retrieves data from sensor nodes using a polling mechanism, across one or more interrogation
cycles. Each interrogation cycle is started by the AUV, and the underwater nodes respond by sending data
transfer packets to the AUV. A time gap Tgap is left between each interrogation cycle to allow localisation
and status update packets to be exchanged between the AUV and the nodes.
A single interrogation cycle is visualized in Fig. 4, beginning with a Poll message requesting Mtrain data
transfer packets of a specified size. While the number of packets and their size can vary depending on factors
such as link quality, they are fixed for the purpose of our experiments. Upon reception of the request, the
target underwater node starts the data offloading process by sending initially a short status update packet,
followed by a train of Mtrain data transfer packets, and concludes with an End of Data (EOD) packet to
signal the completion of the transmission. At the reception side (AUV), all successfully received and decoded
packets are acknowledged after a pre-determined transmission threshold time Ttimeout. If all Mtrain packets
are successfully received earlier, then the acknowledgement is sent instantly without any further delays.
Then, acknowledged data transfer packets can now be removed from the node’s buffer. However, packets
that were lost during transmission, or those that the modem was unable to decode, will be maintained in the
buffer to be re-transmitted in the future. Table 1 presents the parameter values used in the implementation
of the data retrieval process. It includes the specific configurations and settings that define how data is
transferred, such as packet size, the number of packets, and other relevant parameters that influence the
retrieval process during experimentation.
As well as data retrieval, the AUV periodically requests underwater nodes to provide status update messages.
These messages contain information about the amount of different types of data that the sensor node has
recorded and stored (with the associated utility per byte) and an estimate of the rates at which the node
generates new data. The AUV can use these status updates to maintain an estimate of the data distribution
in the network, which is used by the data retrieval planer to determine the next optimal AUV action.
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Figure 4: Visualisation of the data offloading (polling) process.

3.3.2 Acoustic communications model

Simulation results for the acoustic communication signals in Additive White Gaussian Noise (AWGN) and
multipath channels (Sherlock et al., 2022) were used to produce lookup tables for packet success probabil-
ities in a communications performance model. For given parameters such as straight-line range, receiver
depth, payload length, ambient noise conditions, alpha attenuation, and a discrete level (none, low, high)
of estimated multipath interference, a probability of successful packet delivery is produced. This model is
used by the planner based on predicted environmental conditions as well as during the live mission using
real-time noise measurements from the modem on the AUV. Incoming packets received at the AUV also
provide link quality indicators (LQI) to provide additional metrics that relate to the Signal-to-Noise Ratio
(SNR) from noise and multipath arrivals. The expected low speeds of the AUV fall well within the Doppler
tolerance of the acoustic waveforms and receiver structures in the modem and will have negligible effect on
the packet delivery probabilities.
Packet delivery probability. The lookup tables for a given SNR value will provide a probability of
successful packet delivery. To obtain the estimated SNR value at the receiver, the source level (SL) of
168 dB re 1 µPa @ 1m, bandwidth of 8 kHz at centre frequency of 28 kHz, and range from transmitter to
receiver is used. The sonar equations are used to determine transmission losses (TL) in dB due to free field
spreading and attenuation (dB/km) combined with the ambient noise losses (NL) and then subtracted from
the initial source level (SL). The azimuth angle from sensor node to the modem on the ecoSUB also has to
be taken into account due to occlusion caused by the tail end of the vehicle. As the vehicle travels with
the nose angled downwards this causes a reduction in signal strength for acoustic communications arriving
from behind. A 10 dB reduction to SNR is applied for signals arriving from beyond 160◦.

TL = 20 · log10(range) + attenuation · range · 0.001 (1)

NL = spectral density + 10 · log10(bandwidth) (2)

SNR = SL− TL−NL (3)

Expected data throughput. The expected data throughput in bytes per second is calculated by consid-
ering different cases of i.e., (i) the length of the interrogation cycle in seconds, and (ii) the number of data
transfer packets successfully transferred in the interrogation cycle. The interrogation cycle is visualized in
Fig. 4.
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Parameter Value Description

breq 7B Payload size of the data request packet.
bpayload 16B Data retrieval content of a data transfer packet.
boverhead 16B Overhead size of a data transfer packet.
bdata 32B Payload size of a data transfer packet, consisting of bpayload +

boverhead.
bloc 0B* Payload size of a localisation packet.

* localisation packets are control messages with no payload.
back 6B Payload size of acknowledgement packet.
bstat 13B Payload size of status update packet.
beod 5B Payload size of end of data (EOD) packet.
Mtrain 4 Number of data transfer packets requested per interrogation cycle.
Ttimeout 15 s Time threshold for AUV to wait for all data to arrive.

Table 1: Parameter values for data retrieval process implementation. bpayload is separated from bdata because
only half of the data retrieval packet is used for data content. The rest consists of bookkeeping information
which we do not wish to optimise for.

Request
packet sent

Nrx = 0

Trx = Ttimeout

Not received,
p = 1−Prreq

Node sends
data packets

Received,
p = Prreq Nrx ∼ Bin(Mtrain, P rack)

Trx = Tint cycle

All received,
p = (Prdata)

Mtrain

Nrx ∼ Bin(Mtrain, P rdata · Prack)
Trx = Ttimeout

Not all received
p = 1− (Prdata)

Mtrain

Figure 5: Outcomes probability tree for a single interrogation cycle, giving the number of packets Nrx

successfully transferred and acknowledged and the time Trx taken to do so. Prreq, Prdata and Prack are the
respective probabilities of a single request, data, and acknowledgement packet being successfully transferred.
Tint cycle is the length of a successful interrogation cycle in seconds and Bin() is the Binomial distribution.

Fig. 5 shows the possible outcomes of a single interrogation cycle, defining the distribution of the ran-
dom variables Nrx and Trx. The packet delivery probabilities for each packet type are calculated as
Prreq = Pr(comm | breq, ·), Prdata = Pr(comm | bdata, ·), and Prack = Pr(comm | back, ·). Note that
the source/destination parameters for Pr(comm), for example the receiver acoustic noise level, will differ
depending on the sender/receiver. Additionally, the length of the interrogation cycle Tint cycle is distance
dependent due to propagation delays.
The expected data throughput in bytes per second, also incorporating the time gap Tgap between interro-
gation cycles, is then calculated as

λ = ENrx,Trx

[
Nrx · bpayload
Trx + Tgap

]
. (4)

3.4 AUV Data Retrieval Planning

When an AUV is dispatched on a data retrieval mission, its aim is to maximize the total utility retrieved
from the sensor network. It does this by navigating between sensor nodes and communicating with them,
under some time or battery bound. To achieve efficient data harvesting, a planning algorithm for the AUV
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Figure 6: Flow diagram of an AUV data retrieval mission.

has been developed to provide the required onboard autonomy. The workflow for the data retrieval planner
is shown in Fig. 6, and is comprised of the following steps:

All inputs to the planner are encapsulated in a problem definition (Fig. 6, 1). This contains all information
about the vehicle, data network and environment that a user has at the start of the mission. Some aspects
of the environment and data network are not known a priori, such as water current strength and direc-
tion, acoustic channel characteristics, and the data contents of each sensor node. These uncertainties are
represented by probability distributions over the relevant parameters (belief distributions), rather than fixed
values. The planner uses these distributions to reason about the possible outcomes of actions and to generate
a policy that is robust to environmental variability and incomplete information. If little prior information is
known about the deployment environment, belief distributions can be uninformative (e.g. uniform or wide
Gaussian distributions) or can incorporate predictions based on e.g. weather forecasts or a simulation of the
sensor network and the data it collects.

The problem definition includes the following components, collectively forming the input to the planner:

• Sensor node locations, which are assumed to be static and known,
• The initial location of the AUV, assumed to be known before the mission,
• Belief distributions over environment parameters (e.g. water current fields), the acoustic channel
characteristics, and the data contents of each sensor node,

• Mission parameters such as the mission time bound, the final position the vehicle must reach at the
end of the mission, and in-mission reporting requirements,

• Planner parameters: waypoint and action generation parameters (Section 4.4) and the timestep for
the navigation model (Section 4.7), and

• Vehicle data: vehicle model, belief distributions over vehicle parameters (e.g. dynamics coefficients,
sensor noise), and control system parameters (speed and depth demands, controller gains, timeouts,
etc.).

The planning algorithm (2) constructs a model, which is fully described in Section 4, to represent the AUV
data retrieval problem. The model accounts for uncertainty in navigation and communication and data
contents, and specifies rewards for retrieving data and constraints such as requiring the vehicle to return
to the final position before the end of the mission. To construct the model, the planner uses a model of
the vehicle and physical environment (Section 4.3.2), and a model of the acoustic communication process
(Section 4.3.1). This model is solved to give a reward-maximising policy (3), which is the output of the
planner. The processes internal to the planner are illustrated in Fig. 12.
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The policy specifies the optimal vehicle behaviour in any situation it may encounter during the mission.
By pre-generating a complete policy rather than planning online, the AUV can make decisions quickly and
efficiently without the need for additional on-board compute resources. The on-board policy executor (4)
reads the policy to determine the most appropriate action for the vehicle at any time based on in-situ
observations and the mission progress already achieved. To do so, it uses a SQLite database that is loaded
onto the AUV prior to the mission. This allows fast lookup of state to action mappings, without having to
load the entire large (≥ 1GB) policy file from disk into memory.

This workflow allows the AUV to react to new information and events during the course of the mission (5)
without further planning. Finally, logged data from previous missions can be used to improve the accuracy
of belief distributions for the next mission, forming a feedback loop of increasing performance.

4 Planning under uncertainty for underwater data harvesting

The AUV planning method was originally presented in condensed form in (Budd et al., 2022) and is described
in more detail in this section.

4.1 Preliminaries

Definition 1 (Markov Decision Process). A Markov decision process (MDP) is a tupleM = ⟨S, s,A, δ,R⟩,
where:

• S is a finite set of states;
• s ∈ Dist(S) is the initial state distribution;
• A is a finite set of actions;
• δ : S × A× S → [0, 1] is the transition function, specifying the probability of transitioning to state
s′ after taking action a in state s;

• R : S × A → R≥0 is the reward function, specifying the reward received after taking action a in
state s.

In this work, the AUV’s mission-level decisions are specified by a deterministic, stationary policy. A policy
in an MDP is a mapping π : S → A that specifies the action to take in each state.

Timed MDPs extend MDPs by adding discrete distributions over the duration of actions. They can be
seen as a special case of a Semi-MDP (Howard, 1960), where action durations are restricted to a finite set
of integer values. We use Timed MDPs to represent the AUV’s overall mission, including its stochastic
navigation outcomes and its mission time limit.

Definition 2 (Timed Markov Decision Process). A timed Markov decision process (TMDP) is a tuple
M̃ = ⟨S, s,A, δ, T,Θ, R⟩, where:

• S, s, A, δ and R are as in the MDP definition;
• T = {t1, . . . , t|T |} ⊂ N≥0 is a finite set of discrete action execution times, which we assume to be in
increasing order representing a constant time step; and

• Θ = {θs,a,s′ | δ(s, a, s′) > 0}, where each θs,a,s′ : T → [0, 1] is a probability distribution over integer
durations, representing the time taken to execute action a from s and finish in s′.

We consider TMDP problems with a finite time-bound β ∈ N>0. After the time bound, executing actions
and receiving additional reward is not possible. Given β, a TMDP can be unfolded into a finite MDP
MT

β = ⟨STβ , sTβ , A, δTβ , RTβ ⟩ via time augmentation. This state space of this MDP includes the current

timestep: ST = {(s, t) ∈ S × N | t ≤ β + t|T |}. The transition function δTβ and reward function RTβ are
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defined as follows:

δTβ ((s, t), a, (s′, t+ k)) =

{
δ(s, a, s′)θs,a,s′(k) if t ≤ β
0 otherwise

(5)

RTβ ((s, t), a) = R(s, a) (6)

Continuous time Markov Decision Processes (CTMDPs) extend MDPs to represent continuous-time systems.
Actions can be taken at any time and rewards are accumulated continuously. We use CTMDPs to model
the AUV’s data retrieval process from sensor nodes, as, at a high level, the AUV can continuously receive
data from a node while acoustically communicating with it.

Definition 3 (Continuous time Markov Decision Process). A continuous time Markov Decision Process
(CTMDP) is a tuple Q = ⟨S, s,A,∆,R⟩, where:

• S, s and A are as in the MDP definition;
• ∆ : S ×A× S → R≥0 is the rate transition function; and
• R : S × A → R≥0 is the reward rate function, specifying the rate that reward is accumulated after
taking action a in state s.

If multiple transitions are possible from a state s, a race condition occurs between processes corresponding to
each possible transition. The duration before the next transition occurs, the sojourn time, is exponentially
distributed with rate E(s, a) =

∑
s′∈S ∆(s, a, s′). The duration of the process that results in a transition

to a specific state s′ is modelled as an exponential distribution with rate ∆(s, a, s′). The probability of
transitioning to state s′ given that action a was taken in state s is given by ∆(s, a, s′)/E(s, a).

4.2 Problem formulation

4.2.1 Sensor nodes, acoustic packets and data contents

The UASN consists of a set of sensor nodes Φ = {ϕ1, . . . , ϕ|Φ|}. The known location of each node is loc(ϕ) =
(lat , lon, depth) ∈ R3. These nodes are able to communicate with the AUV via acoustic communication,
and potentially with each other if they are within some maximum communications distance. As described
in Section 3.1.1, nodes can send 3 types of acoustic packet with constant, known sizes:

• A data transfer packet is of size bdata and contains bpayload bytes of data;
• A localisation packet is of size bloc and provides the AUV with a distance estimate to the node;
• A data statistics packet is of size bstat and describes the data the node contains.

With some probability the AUV will successfully receive and decode a packet from a node. This probability
is dependent on acoustic channel conditions including transmission losses, ambient noise, and multipath
arrivals. These can be estimated from the distance between the node and the AUV, the depth of the node,
the depth of the AUV, and the environmental conditions (Section 3.3.2).

Sensor nodes contain data of varying types, where each type has a different utility per byte. Data types are
denoted by D = {d1, ..., d|D|}, and a utility function U : D → R>0 gives the utility per byte U(d) for data
type d. For simplicity, we assume that D is sorted in order of ascending utility. The number of bytes of data
type d in node ϕ is denoted by L(ϕ, d), where L : Φ ×D → Z≥0. Given this definition, the total utility of
data stored on a node ϕ is

∑
d∈D U(d) · L(ϕ, d).

Before the mission, the AUV has a prior over the value of L, and only knows the actual value with certainty
when it receives a data statistics packet from the node.
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4.2.2 Problem definition

Problem 1. Given a set of sensor nodes Φ, a set of data types D, a utility function U , a prior over the data
contents of each node {Dist(L(ϕ, d)) | ϕ ∈ Φ, d ∈ D}, and a time bound β, compute a policy that maximizes
the expected total utility of data retrieved from the sensor nodes before reaching the time bound.

Addressing Problem 1 requires solving a number of challenges:

1. Poor localisation. Although AUV depth is observable via pressure sensing, the AUV’s latitude/-
longitude location is unobservable while underwater. The AUV’s position is estimated through
dead-reckoning, a process prone to cumulative errors caused by unobserved water currents, sensor
noise, and uncertainties in the AUV’s dynamic model. When the AUV comes within range of sensor
nodes, it may receive noisy time-of-flight position feedback. This feedback is then integrated into
the navigation system using an EKF to improve positioning accuracy. When on the surface, the
AUV’s latitude/longitude is available via GPS.

2. Imperfect communication. Acoustic communications have a maximum range and are imperfect.
Packets, including those for localisation and data transfer, may not be successfully received.

3. Unknown node data contents. The AUV has a prior over the data contents of each node, but
only knows the actual contents with certainty when it receives a data statistics packet from the
node.

For the vehicle localisation and navigation aspect of the system, we address Challenges 1 and 2 by building
an uncertain navigation model (Section 4.7) which uses a communication-based abstraction of the AUV’s
position (Section 4.4.1). For the data retrieval aspect, we address Challenges 2 and 3 by building a stochastic
data retrieval model (Section 4.6) that represents the AUV’s ability to retrieve data from sensor nodes.

4.3 Planning method inputs

4.3.1 Acoustic communication model

As acoustic communications are used for both AUV localisation and retrieval of data from sensor nodes, the
planner uses a model of the acoustic communication channel to reason about these processes. The comms
model provides two functions:

1. The packet delivery probability function Pr(comm | b, dist, depthtx, depthrx, θcomm) is a function that
calculates the probability of successful packet receipt.

2. The expected data throughput function λ(dist, depthtx, depthrx, θcomm) is a function that calculates
the expected data transfer rate in bytes per second when retrieving data from a sensor node.

The arguments of the comms model functions are the packet payload size b in bytes (i.e. data bytes only,
excluding fixed components such as headers and checksums), the distance between the transmitter and
receiver dist, the depth of the transmitter depthtx, the depth of the receiver depthrx, and a set of comms
model parameters θcomm . Comms model parameters are discussed in detail in Section 3.3.2, and may
include the acoustic noise level, multipath interference level and attenuation/sound speed characteristics of
the environment.

As mentioned above, when using the comms model, the planner typically operates using a distribution over
comms model parameters Dist(θcomm), rather than a single parameter value set, to improve robustness. The
implementation of this model and its parameters are described in Section 3.3.2.
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Figure 7: Illustration of inputs to and outputs from the navigation simulator.

Parameter Description

AUV kinematic
parameters

Maximum speed, sensor noise bias values, including noise values for
AUV surge, sway and heave, etc.

AUV controller
parameters

Navigation parameters, PID controller gains, guidance system param-
eters (e.g. waypoint radius of acceptance, line-of-sight based heading
demand, ... ), target depth when travelling underwater, etc.

Water currents
field data

Specifies (potentially spatially-varying) water current vectors in oper-
ating area.

Bathymetry data Specifies the depth of the ocean floor in the operating area if available.

Table 2: Key variables in the navigation simulator parameters θnav .

4.3.2 Navigation simulator

The planner utilises a navigation simulator Nav() to model the AUV’s navigation process. The simulator
accounts for vehicle dynamics, sensor inaccuracies, and environmental disturbances, such as water currents.
The simulated vehicle also includes a navigation controller with the same behaviour as the real AUV. We
assume this simulator is a stochastic generative function that produces samples of navigation trajectories
given an initial location loc0 and some termination condition term on the simulated AUV’s state:

τ̃ ∼ Nav
(
τ | loc0, term, P r(comm | bloc, ·, θcomm),Φ, θnav

)
. (7)

Equation 7 formalises the inputs and outputs of a single call of the navigation simulator Nav . Each simulator
run is parameterised by a set of navigation simulator parameters θnav , which are detailed in Table 2, and
makes use of a comms model instance Pr(comm | bloc, ·, θcomm) to simulate the AUV’s ability to receive
localisation packets from sensor nodes. The navigation simulator uses the provided comms model function
by setting the values of the dist, depthtx and depthrx parameters, shown as “·” in (7), to match the positions
and depths of the simulated AUV and sensor node exchanging a localisation packet. A trajectory τ is a
sequence of locations τ = {(t1, loc1), . . . , (t|τ |, loc|τ |)}, where ti is the time at which the AUV is at location
loci = (lat i, loni, depthi). These inputs and outputs are illustrated in Fig. 7.

Due to random noise in the simulated AUV’s sensors and actuators, and random acoustic packet reception
sampling, the simulator produces a distribution of trajectories given the same input parameters. Similarly
to the comms model parameters, the planner is provided with a distribution over navigation simulator
parameters Dist(θnav ). Practically, sampling navigation simulator parameters entails sampling possible
water current fields and vehicle dynamics parameters, as the controller parameters are assumed to be known
by the system designer. Bathymetry data need not be given if the vehicle does not closely approach the ocean
floor or coastal areas. To sample a single trajectory, the planner samples navigation simulator parameters
θnav ∼ Dist(θnav ) and comms model parameters θcomm ∼ Dist(θcomm), and then generates a trajectory
using the navigation simulator.
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4.4 Navigation model: AUV topological map

The AUV topological map is a tuple T = ⟨V,E⟩ that represents the AUV’s operating area as a graph.
Topological waypoints V are described in Section 4.4.1, and topological edges E are described in Section 4.4.2.

4.4.1 Topological waypoints: defining locations to visit

We define a topological abstraction of locations in the operating area, rather than specifying e.g. a grid
of latitude/longitude coordinates. The topological waypoints V consist of underwater waypoints V u and
surface waypoints V s that the AUV can visit.

We start by defining the maximum communication range dcomm
max between a node and the AUV using a min-

imum packet delivery probability threshold on Pr(comm | bdata, ·, θcomm). To account for the distribution
over comms model parameters, dcomm

max is calculated by taking its expectation over Dist(θcomm). This thresh-
old implicitly defines a minimum data offload rate from a node to the AUV, as described in Section 3.3.2.
For simplicity we assume that the max communication range is the same for all nodes, but in practice this
assumption could be lifted if necessary (e.g. if nodes’ depths or communication abilities vary significantly).
This would require more complex optimisation of where to place waypoints than simply taking the centroid
of the nodes’ locations as we do below.

Underwater waypoints vu ∈ V u are defined by the set of sensor nodes that can be communicated with from
that waypoint. That is, waypoints are defined by

V u = {Φ′ ⊆ Φ | ∀ϕ∈Φ′ , ∥loc(ϕ), loc(Φ′)∥2 < dcomm
max }, (8)

where loc(Φ) is defined as the centroid of the locations of each sensor node ϕ′ ∈ Φ′. V u therefore defines a set
of underwater waypoints, where each waypoint is a subset of sensor nodes where there exists a location where
the AUV can feasibly communicate with all nodes in the subset. Informally and in practice, one underwater
waypoint is placed for each sensor node, and additional waypoints are placed in the middle of the overlap area
between nodes’ communication areas if the overlap area is sufficiently large. Three single-node waypoints
and one 2-node underwater waypoint are illustrated in Fig. 8.

Surface waypoints vs ∈ V s have an associated location loc(vs) = (lat , lon, 0). While on the surface, the
AUV’s current waypoint is the closest surface waypoint to the AUV’s current location. There exist different
methods of defining surface waypoints, such as building a grid map, Voronoi diagram, or analysing common
locations for AUV surfacing when underwater navigation fails. A simple method, illustrated in Fig. 8, is to
place a surface waypoint above sensor node locations while ensuring a minimum separation distance between
them.
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4.4.2 Topological edges: navigation between waypoints

Target Behaviour

vtgt ∈ V u 1. The AUV sets its target location to loc(vtgt). If the AUV starts on the surface, it starts
to dive to the target depth to ensure that it stays underwater for most of its travel.
Underwater travel is generally desired for AUVs, both to avoid surface effects such as
waves and to remain clear of surface traffic. However this is not a system requirement
and the vehicle could travel along the surface if desired.

2. When the distance to the target waypoint is less than a communications threshold, the
AUV starts attempting to contact the nodes ϕ ∈ vtgt.

3. Termination of the navigation action occurs when:
a. The AUV successfully contacts all nodes in vtgt. The outcome waypoint is vtgt.
b. The AUV fails to contact some of the nodes in vtgt by the time its estimated

position is within a small threshold distance of loc(vtgt). The outcome waypoint
is the waypoint matching the nodes it successfully contacted.

c. The AUV has no contact with any nodes by the time its estimated position is
within a small threshold distance of loc(vtgt). The AUV is lost so must surface
for a location fix. The outcome waypoint is the closest surface waypoint to its
surfacing location.

vtgt ∈ V s 1. The AUV sets its target location to loc(vtgt). However, it sets its target depth to a
travelling depth to ensure that it stays underwater for most of its travel.

2. When the distance from the current estimated position to the target waypoint is less
than a threshold, the AUV sets its target depth to 0 so starts to ascend to the surface.

3. When it reaches the surface, the action terminates and the outcome waypoint is the
closest surface waypoint to the surfacing location.

Table 3: Description of navigation behaviour between waypoints. vstart and vtgt are the navigation action’s
start and target waypoints respectively.

The AUV navigates between waypoints using a set of navigation actions, some of which are illustrated in
Fig. 8. Navigation actions have a start waypoint vstart and a target waypoint vtgt, but may not always reach
the target waypoint. Although it is possible to generate a navigation action between all pairs of waypoints,
in practice we only generate navigation actions between waypoints that are within a certain distance of each
other. Formally:

E = {(vstart, vtgt) ∈ V × V | ∥loc(vstart), loc(vtgt)∥2 < dnavmax}. (9)

This set provides a formal definition of the navigation actions available to the AUV, to be incorporated into
the navigation model.

AUV behaviour during navigation actions is described in Table 3, and differs based on the targeted waypoint.
Navigation actions ensure that the vehicle mostly travels underwater, to avoid wave and wind disturbance
and reduce the risk of collision with surface vessels. The table also describes the termination conditions
for underwater navigation actions, which are based on the AUV’s ability to contact sensor nodes when it
estimates that it is close enough to the waypoint. For single-node waypoints, the communications threshold
distance is dcomm

max . For multi-node waypoints, the communications threshold distance is based on the overlap
area between the communication ranges of the nodes.

4.5 Navigation TMDP

Given an AUV topological map T = ⟨V,E⟩, the Navigation Timed Markov Decision Process (Navigation
TMDP) is defined asMT = ⟨ST , sT , AT , δT , TT ,ΘT ⟩ where:
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p = 0.5
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Waypoint
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Simulated edge

Simulation end position

Nav simulations ending
at the same waypoint

Figure 9: 10 navigation simulations, resulting in three possible outcome waypoints, for an underwater
navigation action. The action’s target waypoint is underwater, with two associated sensor nodes.

• ST = V , i.e. states are waypoints in the topological map,
• sT ∈ V s is the initial state, assumed to be a surface waypoint where the mission commences,
• AT = E is the set of actions, i.e. navigation actions between waypoints as described in Section 4.4.2,
• The transition function δT and duration function ΘT are estimated by sampling action execution
attempts using the comms model and navigation simulator as described below.

The navigation simulator, given parameter distributions Dist(θnav ) and Dist(θcomm), is used to estimate
the probabilistic outcomes and durations of navigation actions. For each run of the navigation simulator,
parameter values are sampled from Dist(θnav ) and Dist(θcomm) and the initial location is sampled from
an area around the start waypoint. During the run, the navigation simulator simulates the real system
behaviour and action termination conditions as described in Table 3. This includes simulating localisation
packet receipt and the final waypoint achieved by the AUV.

For each edge e = (vstart, vtgt) ∈ E, the navigation simulator is run NA times to give a dataset x(vstart,vtgt) =

{(vi, ti, τi)}NA
i=0 where vi is the final waypoint achieved by the AUV, ti is the time taken until termination,

and τi is the trajectory taken by the simulated AUV. The transition function δT (v, e, v′) is calculated by
counting the proportion of samples that end in a given waypoint:

δT (vstart, (vstart, vtgt), v
′) =

1

NA
|{vi | (vi, ti, τi) ∈ x(vstart,vtgt) and vi = v′}|. (10)

This grouping of navigation simulations by their outcome waypoint is illustrated in Fig. 9 by the three
dotted circles, corresponding to three possible outcome waypoints. Five simulations out of NA = 10 end
with the AUV communicating with both sensor nodes, so the action is estimated to have a probability
p = 0.5 of transitioning to the intended target waypoint. Probabilities are similarly shown in the figure for
other outcome waypoints. Also shown are the times taken, ti, for each sample that ends in the corresponding
waypoint.

The duration function ΘT is estimated by fitting discrete distributions to the times taken for each (vstart, e, v
′)

combination present in the dataset for each edge. We start by separating the times ti in each dataset
x(vstart,vtgt) by their associated outcome waypoint:

T v
′

(vstart,vtgt)
= {ti | (vi, ti, τi) ∈ x(vstart,vtgt) and vi = v′}. (11)

T v
′

(vstart,vtgt)
therefore contains the navigation durations for all samples that ended in waypoint v′ after exe-

cuting action e = (vstart, vtgt) from vstart. We then cluster the times in the dataset T v
′

(vstart,vtgt)
into a fixed

number of clusters |T̂ |, to form a cluster set T̂ v
′

(vstart,vtgt)
= {t̂1, . . . , t̂|T̂ |}. The clustering algorithm we use is

Jenks natural breaks optimisation (Jenks, 1967). The duration function can then be defined based on how
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(a) Data contents of each node showing individual
bytes. The retrieval stochastic process is shown with
orange arrows.
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(b) Model of node data contents in blocks of bytes.
The stochastic retrieval process between blocks has
an adjusted rate based on the size of the block.

Figure 10: Illustration of the contents of a node containing two types of data, with differing utility values.
After the AUV retrieves all high utility data, it starts retrieving low utility data. After all data is retrieved,
the node is empty (∅).

many time values fall into each cluster:

θT ,vstart,e,v′(t̂) =





1
|Tv′

(vstart,vtgt)
| |{ti | ti ∈ T

v′
(vstart,vtgt)

and ti ∈ t̂}| if v′ ∈ x(vstart,vtgt) and t̂ ∈ T̂ v
′

(vstart,vtgt)

0 otherwise,

(12)
where ti ∈ t̂ means that ti falls into the cluster t̂, i.e. t̂ is the element in T̂ v

′
(vstart,vtgt)

that is closest to ti. By

carrying out clustering, we therefore limit the number of possible durations for each action, aiding scalability
given that the number of samples NA may be large.

In summary, transition probabilities and outcome durations for each navigation action in the navigation
TMDPMT are derived using trajectory samples from the navigation simulator.

4.6 Data retrieval model

For each sensor node ϕ ∈ Φ, the AUV may choose to retrieve data from the node while it is at a waypoint
where ϕ ∈ vu. The closer the waypoint is to the node, the higher the data transfer rate will be as packet
delivery probabilities will likely be higher and acoustic propagation times are lower. Using the comms model,
we can enable the AUV to reason about the data retrieval rate from different waypoints. For example in
Fig. 8, if the AUV visits the waypoint between the two left-hand nodes it will be able to retrieve data from
both nodes without travelling as far as it would by travelling to each node in turn. However, as well as
being a harder waypoint to reach navigation-wise, the data transfer rate will be lower for both nodes than
it would be if the AUV visited each node individually. If one node contains a large amount of data, it may
be more efficient to visit that node’s dedicated waypoint and hence move closer to the node. In this section
we describe how we generate a per-node CTMDP, which provides a model of the data retrieval process for
that node from each waypoint where the node can be contacted.

During the data retrieval process, nodes send packets containing several bytes of data each, with variable
timing between packets defined by the network protocol. For high-level decision-making purposes we abstract
this into the expected bytes rate over time λ(·), as defined in Section 4.3.1. The calculation of this retrieval
rate, given packet timing and delivery probablities, is given in Section 3.3.2. We define the data retrieval bytes
rate for an AUV at waypoint v retrieving data from node ϕ as λvϕ. To incorporate differing acoustic packet
delivery probabilities across possible comms model parameters, it is calculated by taking the expectation
over the comms model parameter distribution:

λvϕ = Eθcomm∼Dist(θcomm) [λ(∥loc(v), loc(ϕ)∥2, depth(ϕ), depth(v), θcomm)] . (13)
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As described in Problem 1, each sensor node contains an amount of data specified by L(ϕ, d) for each data
type d ∈ D. Recall that D is sorted in order of ascending utility, U(di) ≤ U(di+1), and is retrieved in order
of decreasing utility. As data retrieval is stochastic, it is therefore a stochastic counting process where the
number of bytes of data (of decreasing utility) remaining on the node decreases over time. This is illustrated
for a simple case in Fig. 10a.

Rather than formalise a CTMDP over individual bytes of data, we discretise the data contents of the node

into blocks of bytes {biϕ,d}
|i|ϕ,d

i=0 for each data type d. This is necessary for scalability reasons, as the number
of states in the CTMDP would be prohibitively large if we modelled the data contents at the byte level.
The smaller the blocks, the more fine-grained the model can reason about the data contents of a node, but
the more states the CTMDP will have. In Fig. 10b, we show the data contents of a node discretised into
i-indexed blocks of bytes of size biϕ,d for data type d.

For notational simplicity and because the number of bytes of data on a node is likely large, we treat the
data values in bytes as continuous rather than discrete variables. This allows us to define a CTMDP for
each node, where actions correspond to which waypoint the vehicle is at while retrieving the data.

4.6.1 Per-data type CTMDP

For a given node ϕ, the retrieval of data type d, represented as k blocks of data, is modelled as a CTMDP
Qϕ,d = ⟨Sϕ,d, sϕ,d, Aϕ,d,∆ϕ,d,Rϕ,d⟩.

• Sϕ,d = {siϕ,d}ki=0 is the set of states, where the CTMDP state is siϕ,d if the number of bytes of

that data type is within the range covered by that block of data (formally, L(ϕ, d) ∈ siϕ,d ⇐⇒∑i
j=0 b

j
ϕ,d < L(ϕ, d) ≤∑i+1

j=0 b
j
ϕ,d) and s

0
ϕ,d is the state where the node contains no data of type d,

• sϕ,d : Sϕ,d → [0, 1] is the initial state distribution, which we define below,
• Aϕ,d = {aϕ,v | v ∈ V u and ϕ ∈ v} is a set of actions corresponding to carrying out retrieval of data
type d from node ϕ while the AUV is at waypoint v,

• ∆ϕ,d : Sϕ,d ×Aϕ,d × Sϕ,d → [0, 1] is the transition rate function, which we define below, and
• Rϕ,d : Sϕ,d ×Aϕ,d → R≥0 is the reward rate function, which we define below.

While the AUV is retrieving data of type d, the reward rate is straightforwardly the expected transfer rate
in bytes per second times the utility per byte U(d):

Rϕ,d(siϕ,d, aϕ,v) = λvϕ · U(d). (14)

For a fixed retrieval waypoint, the reward rate will be higher earlier in the data retrieval process as the AUV
is retrieving higher utility data first.

A transition occurs from siϕ,d to si−1
ϕ,d when the node is exhausted of biϕ,d bytes of data of type d. The

transition rate is therefore the data retrieval rate divided by the size of the block of data:

∆ϕ,d(s
i
ϕ,d, aϕ,v, s

j
ϕ,d) =

{ λv
ϕ

biϕ,d

if j = i− 1

0 otherwise.
(15)

These adjusted transition rates between blocks of data are visualized in a simple example in Fig. 10b. In
the final state s0ϕ,d, no transitions are enabled and the reward rate is zero.

The initial distribution sϕ,d is defined by the prior distribution over the data contents of the node, i.e. it
depends on the level of knowledge and confidence the AUV has about the data contents of the node before
it starts the mission. The initial distribution for each data type d can be calculated by integration over the
prior distribution of the number of bytes of data of type d on the node:

sϕ,d(s
i
ϕ,d) =

∫

L(ϕ,d)∈siϕ,d

Dist(L(ϕ, d)) dL(ϕ, d). (16)
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The retrieval process duration and reward are random variables whose behaviour is a combination of the
prior distribution over the data contents of the node and the stochastic retrieval process. By building a
chain CTMDP, we are constructing a phase-type distribution over these random variables. A phase-type
distribution can arbitrarily well approximate any continuous distribution, and methods are available to carry
out this fitting (Bolch et al., 2006). We must also consider the model fidelity vs size tradeoff when introducing
more blocks of data, as each node in the system must be represented by its own CTMDP.

4.6.2 All data types CTMDP

Qϕ,d2

s2ϕ,d2

r = λvϕ · U(d2)

Qϕ,d1

s1ϕ,d2 s1ϕ,d1 s0ϕ,d1

r = λvϕ · U(d1)

λ1

r = 0

λ1λ2 · ss2ϕ,d1
λ2

s2ϕ,d1

λ2 · ss1ϕ,d1
λ2 · ss0ϕ,d1

Figure 11: Illustration of the chain CTMDP for the simple case shown in Fig. 10b, where the different data
type contents are discretised into two blocks each. For data type d1 the block size is b1, and for data type
d2 the block size is b2. The colour intensity of the LHS of each node shows the remaining high-utility data
d2, and the RHS shows the remaining low-utility data d1. λ2 = λvϕ/b

2
ϕ,d2

and λ1 = λvϕ/b
1
ϕ,d1

.

To form a full joint model of the data retrieval process, one could perform parallel composition for the
CTMDPS for each data type d ∈ D. However, this would result in an state space size exponential in the
number of data types. However, we can take advantage of the fact that the AUV will always retrieve the
highest utility data first, and only move on to lower utility data when the higher utility data is exhausted,
to simplify the model.

The all data types CTMDP is a chain of per-data type CTMDPs, where the AUV retrieves data in order
of decreasing utility. This is illustrated in Fig. 11 for a simple case with two data types, matching the case
shown in Fig. 10b. This diagram omits action labels as it only shows retrieval from one waypoint, and omits
sϕ as this is defined across all states in the CTMDP chain. If multiple waypoints could be used to contact
this node, the choice of waypoint would be an action in the CTMDP and would result in different values
of λvϕ. As shown in the figure, the transition to the empty state s0ϕ,d for each data type that is not the
lowest utility data type is replaced with a transition to the CTMDP of the next highest utility data type,
weighted according to the initial distribution of for that next data type. The CTMDP for sensor node ϕ is
then defined as Qϕ = ⟨Sϕ, sϕ, Aϕ,∆ϕ,Rϕ⟩ where:

• Sϕ = (Sϕ,d|D| \ {s0ϕ,d|D|
}) ∪ (Sϕ,d|D|−1

\ {s0ϕ,d|D|−1
}) · · · ∪ Sϕ,d1 ,

• The initial state distribution sϕ is defined as:

sϕ(s) =

{
sϕ,d|D|(s) if s ∈ Sϕ,d|D|(∏

di∈{d|D|,...,dx+1} sϕ,di(s
0
ϕ,di

)
)
· sϕ,dx(s) if s ∈ Sϕ,dx for some x ∈ {1, . . . , |D| − 1},

(17)
• Aϕ = {aϕ,v | v ∈ V u and ϕ ∈ v} is the set of actions corresponding to carrying out retrieval of
data from node ϕ while the AUV is at waypoint v, i.e. the same action space as the per-data type
CTMDPs,
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• The transition rate function ∆ϕ is defined as:

∆ϕ(s, aϕ,v, s
′) =





∆ϕ,dx(s, aϕ,v, s
′) if s, s′ ∈ Sϕ,dx for some x ∈ {1, . . . , |D|},

∆ϕ,dx(s, aϕ,v, s
0
ϕ,dx

) · sϕ(s0ϕ,dx−1
) if s ∈ Sϕ,dx and s′ ∈ Sϕ,dx−1

for some x ∈ {2, . . . , |D|},
0 otherwise.

(18)

The chain CTMDP simplification will introduce some approximation error. Namely, even if the AUV receives
a data statistics packet during the mission that informs it of a node’s contents of a data type that is not
the highest utility data type that that node currently contains, the AUV will not be able to act on this
information until it has exhausted the higher utility data. This is because the CTMDP is only able to
transition to the next highest utility data contents according to sϕ, which is based on the data contents prior
Dist(L(ϕ, d)) rather than on updated information in the statistics packet. In practice, this approximation
still allows for efficient behaviour since it most accurately reasons about the highest utility (and therefore
most valuable) data types present on a node.

Finally, note that this formulation assumes that the data contents of each node is known upon initialisation,
i.e. immediately upon starting the mission. In reality, the AUV will only know the data contents of a node
when it receives a data statistics packet from the node during the mission. We address this in Section 4.7.2
when combining the navigation TMDP with the data retrieval CTMDPs.

4.7 Mission TMDP construction

We must now combine the discrete navigation TMDPMT with the continuous CTMDPs for data retrieval
{Qϕ}ϕ∈Φ, to form a single TMDP that models the AUV’s mission. The full process of constructing the
mission TMDP, including earlier steps discussed in previous sections, is shown in Fig. 12. To carry out a
product composition of these models, we must discretise the CTMDPs into MDPs where one timestep in the
MDP corresponds to a timestep in the TMDP. This means that data retrieval actions in the mission TMDP
will take one timestep, giving the finest grained control possible over data retrieval durations. These steps
are described in this following section. Let the length of one timestep in the navigation TMDP be ∆t.

4.7.1 Timestep-conditioned uniformisation

As shown at (f) in Fig. 12, the CTMDP Qϕ for each sensor node is converted to an MDP QDϕ . The standard
method of converting a CTMDP to an MDP is to use uniformisation (Baier et al., 2005), which identifies a
fixed timestep value for that CTMDP given the fastest transition rate in the CTMDP and then introduces
self-loop transitions to match the CTMDP sojourn times and transition probabilities. However, we need
a common timestep for all CTMDPs, equal to the timestep of the navigation TMDP, to combine them
into a single mission TMDP. We therefore describe our own timestep-conditioned uniformisation process
below. This process is based on adjusting the reward values of the MDP to ensure they remain identical in
expectation to the CTMDP rewards. Transition probabilities are calculated by standard uniformisation.

Transitions in a CTMDP are a Poisson process, where the time until the next transition is exponentially
distributed with rate λ. Let Pλ(t ≤ T ) be the CDF of the first arrival time in the Poisson process. For our
chain CTMDP, there are two cases for the transition outcome after one timestep:

i. The data in the current block is not exhausted, and the MDP remains in the same state (self-loop).
Therefore data was retreived throughout the timestep, and the reward is λvϕ · U(d) ·∆t.

ii. The data in the current block was exhausted, and the MDP transitions to the next state. The
reward is λvϕ ·U(d) ·E[tex] where tex < ∆t is the time at which the data was exhausted, which could
have been at any point during the timestep.
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Figure 12: Data flow diagram showing components and steps in the construction of the TMDP model for
the AUV mission. Blocks with dotted line edges and shadows represent multiple copies of the same type
of component, iterating over the actions (i.e. topological map edges, on LHS) or nodes (RHS). Labels
correspond to the sections describing each process: (a): Topological map generation (Sections 4.4.1 and
4.4.2), (b) and (c): Trajectory sampling and clustering (Section 4.5), (d): Calculate data rates, using comms
model (Section 4.3.1), (e): Calculate transition and reward rates (Section 4.6.1), (f): Uniformisation with
common timestep (Section 4.7.1), (g): Evaluate statistics packet reception probabilities (Section 4.7.2), (h):
Time augmentation (Section 4.1).

We can calculate E[tex] in this way: from Bayes’ rule, the probability that the first Poisson process arrival
took place within T1 time units given that it took place within T2 > T1 time units is:

Pλ(t ≤ T1 | t ≤ T2) =
Pλ(t ≤ T2 | t ≤ T1)Pλ(t ≤ T1)

Pλ(t ≤ T2)
(19)

=
Pλ(t ≤ T1)
Pλ(t ≤ T2)

=
1− e−λ·T1

1− e−λ·T2
. (20)

The PDF can then be calculated by differentiating the CDF with respect to T1:

pλ(t = T1 | t ≤ T2) =
λ · e−λ·T1

1− e−λ·T2
. (21)

Finally, E[tex] can be calculated:

E[tex] =
∫ ∆t

t′=0

t′ · pλ(t ≤ t′ | t ≤ ∆t) dt′ (22)

=
1− e−λ·∆t · (λ ·∆t+ 1)

1− e−λ·∆t · λ . (23)
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4.7.2 Node data MDP initialisation

The initial state distribution of each node data CTMDP is defined by the prior distribution over the data
contents of the node, as described in Section 4.6.2. In reality, the AUV will only know the data contents
of a node when it receives a data statistics packet from the node. Statistics packets can be received at any
time, during any AUV action such as navigation or data retrieval actions for other nodes. We address this
by altering the MDP QDϕ generated from uniformisation in two ways:

i. Introduce a new, deterministic initial state for each node MDP: the unknown contents state s?ϕ. The

state space of QDϕ is then SDϕ = Sϕ ∪ {s?ϕ}.
ii. Extend the action space of the node MDP QDϕ to include all actions in the navigation TMDP and

the data retrieval CTMDPs of other nodes: ADϕ = Aϕ ∪ AT ∪
⋃
ϕ′∈Φ\{ϕ}Aϕ′ . These additional

actions have effect only in the initial state, and have zero reward. They exist only to model the
dynamics of the AUV receiving a data statistics packet during the course of that action.

Let pstat(a) be the probability that the AUV receives a data statistics packet during while carrying out
action a ∈ ADϕ \ Aϕ. The transition function for the initial state is then ∆D

ϕ (s
?
ϕ, a, s

′) = pstat(a) · sϕ(s), i.e.
initialisation to the prior distribution of the node’s data contents occurs with probability pstat(a).

pstat(a) is calculated given the statistics packet behaviour of the network. For simplicity, we assume here
that a statistics packet is transmitted with a fixed probability at each timestep, i.e. a Poisson process with
rate λstat. With this assumption we can calculate the probability of a statistics packet being received during
a trajectory τ :

pstat(τ) = 1−
t=|τ |−1∏

t=0

e−λstat·(tn+1−tn)·Pr(comm|bstat,∥locn,loc(ϕ)∥2,·,θcomm). (24)

For a navigation action, pstat(a | θcomm) is the mean probability across sampled trajectories for that action,
given a specific set of comms model parameters θcomm . For a data retrieval action for another node while
the AUV is at waypoint v, pstat(a | θcomm) is calculated based on the distance between the waypoint and
node and the length of a data retrieval action. Formally,

pstat(a | θcomm) =





1
|{τi|(vi,ti,τi)∈x(vstart,vtgt)

}|
∑

{τi|(vi,ti,τi)∈x(vstart,vtgt)
} pstat(τi) if a = (vstart, vtgt) ∈ AT ,

1− e−λstat·∆t·Pr(comm|bstat,∥loc(v),loc(ϕ)∥2,·,θcomm) if a ∈ ⋃
ϕ′∈Φ\{ϕ}Aϕ′ ,

0 otherwise.

(25)
The final value pstat(a) can then be calculated by taking the expectation of pstat(a | θcomm) over the comms
model parameter distribution Dist(θcomm). More complex behaviour, such as statistics messages being
shared throughout the network via gossiping between nodes, can also be modelled to derive a different form
for pstat(a) that encapsulates that behaviour.

4.7.3 Full mission TMDP

We can now define the mission TMDP as M̃ = ⟨S, s,A, δ, T,Θ, R⟩, where:

• S = V ×ϕ∈Φ S
D
ϕ ,

• s = (sT , s?ϕi
, . . . , s?ϕ|Φ|

) is the (deterministic) initial state,

• A = AT ∪
⋃
ϕ′∈ΦAϕ′ , i.e. nav actions and data retrieval actions for each node/associated waypoints,

• δ is the transition function, which is the product of the transition functions of the navigation TMDP
and the MDPs for each sensor node. State features keep their current value by default unless
explicitly specified by the transition function of that component (T)MDP,

• T is as defined in the TMDP definition (Definition 2),
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• Θ incorporates the navigation TMDP durations and a fixed duration of 1 for data retrieval actions:

θs,a,s′(t) =

{
θT ,vstart,e,v′(t) if a = (vstart, vtgt) ∈ AT and v′ ∈ s′
1(t = 1) if a ∈ Aϕ′ for some ϕ′ ∈ Φ.

(26)

• R is the reward function, which is defined by the reward rates of the MDPs for each sensor node:

R(s, a) =

{
Rϕ(sϕ, aϕ,v) if a = aϕ,v ∈ Aϕ for some ϕ ∈ Φ and v ∈ V u,
0 otherwise.

(27)

We can then convert the mission TMDP to an MDP by time augmentation as described in Section 4.1. This
final MDP can be solved using standard techniques. Since we aim to compute a policy offline, we use the
PRISM model checker to solve the model (Kwiatkowska et al., 2011), using topological value iteration to
exploit the acyclic structure of the MDP obtained from the mission TMDP: as all mission TMDP actions
have a duration of at least one timestep, the MDP has no self-loops and can be solved with a single backward
pass of value iteration.

4.8 Model extensions

The model described so far is the simplest version of the planning model: sensor nodes have a fixed amount of
data, and the acoustic communication environment is static. In this subsection we describe several extensions
to the model that can be made to increase its flexibility and applicability to the real world.

4.8.1 Node data generation during mission

In a setting where the rate of data collection by the sensor nodes is low, during the mission the data contents
of a node will only significantly change when data is retrieved by the AUV. However, in some settings sensor
nodes may collect data at a sufficiently high rate that their data contents will increase significantly during the
course of the mission. We refer to data collection by sensor nodes as data “generation” from the perspective
of the AUV, as it occurs independently of the AUV’s actions.

We model data generation as a Poisson process with rate λgenϕ,d for each sensor node ϕ and data type d.

Assuming that the generation rate λgenϕ,d ≪ λvϕ ∀ (ϕ, d, v), we can model data generation by extending the

action space of the node MDP QDϕ . Similarly to the statistics packet reception process modelling described
in Section 4.7.2, we add all actions present in the navigation TMDP and the data retrieval CTMDPs of
other nodes to the action space of the node MDP. If the current state of the sensor node MDP is siϕ,d, the
probability of enough data being generated to increment the state by one block of data of type d within time
t is:

δ(siϕ,d, a, s
j
ϕ,d) =




1− e

−
λ
gen
ϕ,dm

bi
ϕ,dn

·θ(a)
if j = i+ 1 and m = n, or i = |i|ϕ,dm and j = 0, n = m+ 1,

0 otherwise,
(28)

where θ(a) is the mean duration of action a. θ(a) = ∆t for data retrieval actions or is equal to the mean
duration of the sampled trajectories for navigation actions.

Implementation of this extension benefits from a hysteresis value for each block of data, acting as a minimum
amount of data that must be present in a block before the data status is incremented. This prevents e.g. a
block of data being incremented by only a few bytes being generated, which would be interpreted as a full
block of data by the AUV. The hysteresis effect is applied only to nodes not in contact with the AUV, so
that the AUV can fully empty a block of data if it chooses.
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Figure 13: Illustrations of the justification and approach for planning for varying acoustic performance. The
left-hand figure shows how effective communication range can vary with environmental conditions which may
be measurable by the AUV, leading to some waypoints potentially being infeasible in the right-hand figure.

4.8.2 Planning for varying acoustic performance

Recall that the comms model has parameters θcomm that define its behaviour, and the planner inputs
a distribution over these parameters Dist(θcomm). Different parameter values lead to different levels of
acoustic communication performance: the effective communication range, the data transfer rate, and the
localisation effectiveness. This is illustrated in Fig. 13a, where different values of the environmental noise
parameter result in different maximum ranges for effective data transfer. Equivalently, different distributions
over comms model parameters result in different distributions over acoustic communication performance.

Some parameters, in particular the ambient noise level, can be measured by the AUV during the mis-
sion. This information can be used to adapt the AUV’s behaviour to the current acoustic communi-
cation performance. To enable this, the planner inputs a set of comms model parameter distributions

Θcomm = {Dist(θcomm)i}|Θcomm |
i=0 . Policies are then generated that cover each case in Θcomm . During execu-

tion, the policy executor uses the onboard comms model (Section 3.3.2) to determine the closest-matching
comms model parameter distribution to the current environmental conditions.

To generate comms-dependent policies we introduce a new state variable Dist(θcomm)i which indexes the
set Θcomm . We have no model for evolution of the acoustic environment over time, and more importantly
we can assume that AUV actions do not affect the acoustic environment. Therefore Dist(θcomm)i is set
by the mission TMDP initial state distribution, making our Dist(θcomm)i-conditioned policy equivalent to
|Θcomm | separate policies. The transition, reward and duration functions are then conditioned on the value
of Dist(θcomm)i. Each component step for TMDP model construction detailed above is repeated for each
value Dist(θcomm)i ∈ Θcomm . Waypoint autogeneration (Section 4.4.1) is also conditioned on the value of
Dist(θcomm)i. Some waypoints may not be feasible with low communiation ranges: in Fig. 8, if the comms
range circles were smaller, there may be no overlap between them. The underwater waypoint between the
two nodes in the figure would then be infeasible: this is illustrated in Fig. 13b. Actions are only enabled in
a state s (and only simulated by the navigation simulator) if the value of Dist(θcomm)i in s is such that the
target waypoint is feasible.

4.8.3 Incentivising mission-level behaviours

As well as data retrieval, there are other mission-level behaviours that may be desirable. The first behaviour
we incorporate is to ensure that the AUV finishes its mission at a specified recovery waypoint. This can
be modelled by adding a mission termination action to this waypoint in the mission TMDP. As with other
TMDP actions, this action is only enabled before the time bound β.
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The second mission-level behaviour we incorporate is AUV mission progress reporting. When on the surface
the AUV can report its mission status via satellite modem. Progress reporting actions are enabled only at
surface waypoints and during reporting windows, specified as a set of time intervals. A state variable must
be added to the mission TMDP state to reflect that a progress report can only be made once during each
window.

There are different approaches to incentivising the planner to incorporate these actions into the policy. One
principled manner is to specify the reporting and recovery requirements in a specification language such as
Linear Temporal Logic (LTL), and carry out probabilistic model checking to trade off the reward of the
mission with the probability of satisfying the specification (Lacerda et al., 2019). We do not use this type of
method in our experiments due to the increase in solution complexity incurred. Instead we simply modify
the mission TMDP reward function by adding large rewards Rrecovery and Rreport to the relevant actions.

5 Simulation experiments

For the simulation and field experiments, we consider a setting with two classes of data with different utilities
per byte:

• Measurement data corresponds to standard logged environmental data, such as temperature or
salinity. This data has utility U(dm) = 1 per byte.

• Event data corresponds to more interesting and important observations, and therefore has a higher
utility U(de) = 5 per byte. This could be data from a more power-intensive sensor that is only
activated when an important environmental event is detected, or data about an infrequent event
such as passing marine wildlife or human activity.

Numerical results in this section and Section 6 are based on conservative implementation parameters chosen
for the project, for example network parameters in Table 1. By fixing these parameters we can ensure that the
results are comparable across experiments. Results therefore do not represent the maximum performance of
the system hardware. Byte rates reported are “valuable” bytes i.e. measurement or event data, not including
protocol overheads. Additional planner and experiment configuration details are given in the supplementary
material.

5.1 Simulator

A dedicated simulator has been developed as a ROS-based platform replicating the backseat system used
in the ecoSUB AUV, ensuring consistency with the operational setup. It models key elements such as the
vehicle dynamics, tuned specifically for the ecoSUBm5, and environmental factors such as bathymetry. To
simulate real-world navigation challenges, the simulator incorporates motion sensor inaccuracies like compass
biases, velocity errors, and noise. Additionally, it simulates communication constraints using the acoustic
models (discussed in Section 5.1.2), effectively capturing the complexities of underwater data transmission.
By integrating these elements, the simulator supports policy generation and also serves as a platform for
evaluating the performance of acoustic-aided localisation and the planning system across varied underwater
scenarios. When used for evaluation, the simulator’s random components are reproducibly seeded in order
to ensure that methods are evaluated in exactly the same environment.

5.1.1 Simulated physical environment and planner representation

Simulation experiments take place in a physical area designed to match the field trial layout (Section 6).
Five sensor nodes N2–N6 are placed as shown in Fig. 14, with approximately 800m between N2 and N5.
Sensor nodes are at a depth of 10m and the AUV travels at a depth of 10m.
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Figure 14: Planner representation of physical layout. This includes problem-defined parameters (sensor
node locations and initial location) and planner-defined concepts (waypoints, navigation actions, and comms
range estimates). Bathymetry data is used by the evaluation simulator but is not shown here for clarity.

The planner-generated layout includes 5 surface waypoints and 6 underwater waypoints, one of which can
communicate with both N3 and N4. As in the field trial, waypoints are moved from their autogenerated
positions to place them in deeper water, to ensure the safety of the AUV. 108 navigation actions, shown as
arrows in Fig. 14, are generated by the planner.

5.1.2 Evaluation communications simulator

For simulated experiments we require a simulator to model the acoustic channel between the simulated
AUV and simulated sensor nodes. Although the planner’s acoustic communications model (Section 3.3.2)
could be used for this task, this would produce unrealistically optimistic results. As illustrated by our
field trial acoustic data (Section 6.1), the real-world acoustic channel will never match the planning model
due to unmodelled environmental factors. We therefore define a more complex communication simulator
that behaves differently to the planner’s model, and should provide a closer representation of the real-world
channel. It does this by incorporating the effects of refraction and reflection based on the bottom depth, the
bottom acoustic reflectivity as a simple boolean, and a simplified sound speed profile defined as a constant
gradient of velocity change.

For each simulated packet transmission, the evaluation communications simulator evaluates whether a path
exists between the AUV and the sensor node using the radius of refraction and the bathymetry data depth at
the simulated AUV’s location. If a path exists, the simulator calculates the level of multipath based on the
reflectivity of the bottom and the sound speed profile. If a valid path exists, the SNR is calculated according
to Section 3.3.2, given the multipath level, to give the packet success probability. In simulation, localisation
and data transfer packets are dropped probabilistically based on this success probability.

Node status update packets may be transmitted at the same time as localisation pings, but with a minimum
period between transmissions such that not every localisation packet will be accompanied by a status update.

The acoustic environment parameters for simulated experiments are set to match those of the challenging
July trial communication environment (Section 6.1). This is in order to limit the communication ranges of
nodes, given the limited spatial scale of the trials layout. In better acoustic conditions, the NMv3 acoustic
modems (Section 3.1.2) would have a range exceeding the trials area, leading to all nodes being contactable
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Figure 15: Total utility of data retrieved by the policy-based and baseline methods with an unknown data
distribution in the network. 20 random seeds per plot, shown as scatter points with box plots summarizing
the distribution.

from the start location.

5.1.3 Baseline comparison method

The baseline comparison method is intended to represent the type of approach typically used for AUV
mission planning (Pebody, 2007; Phillips et al., 2023). It is a scripted, rule-based method that does not
consider uncertainty in navigation and communication. The baseline finds a shortest touring path between
single-node waypoints, and determines the expected duration of each segment based on the AUV’s nominal
speed. The mission time bound minus the total travel time is then the total allocated time for data retrieval.
This data retrieval time is allocated according to the expected total utility of the data on each node according
to the prior. If the priors are equal for all nodes, the data retrieval time is split equally between all nodes.
The AUV then follows the touring path, stopping at each node for the allocated retrieval time before moving
on to the next node. If the current node is fully exhausted of data, and is not currently generating new data,
the baseline will move on to the next node earlier than specified in order to minimize wasted time.

Note that the baseline may not successfully spend the intended amount of time at a node, because navigation
actions may take longer than expected. The baseline specifies time-of-departure rules (the time at which the
AUV should leave the node to reach the next node on time) to prevent the AUV falling further and further
behind schedule as the mission progresses. In order to avoid unfairly penalizing the baseline, we keep the
same waypoint navigation behaviour as used in our method, including surfacing when lost. This prevents
the baseline becoming permanently lost underwater and unable to complete the mission.

5.2 Results

5.2.1 Varying localisation uncertainty

Localisation period is defined as the time between sequential nodes producing localisation packets, so the
total time for all nodes to produce one localisation packet is |Φ| × localisation period. Greater localisation
periods lead to greater uncertainty in the AUV’s localisation, leading to more navigation failures and surfacing
to re-localise. Additionally, as the AUV must receive at least one localisation ping from a node to reach
a waypoint which include that node, successfully reaching a waypoint will likely take longer with longer
localisation periods. Finally, status update frequency also decreases with longer localisation period. For the
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Figure 16: Total utility of data retrieved by the policy-based and baseline methods with an a priori known
data distribution in the network. 20 random seeds per plot, shown as scatter points with box plots summa-
rizing the distribution.

policy method, this leads to uncertainty about the network’s data distribution persisting for a longer time
into the mission.

The mission time bound was set to 75 minutes. Simulated spatially varying water currents were drawn from
a 2D Gaussian process with a standard deviation of 0.0167m s−1, leading to a 97.5% confidence interval of
0.05m s−1 for east and west current magnitude, and a lengthscale of 1000m.

Fig. 15 compares the performance of the policy-based method and the baseline method with varying localisa-
tion period. For both methods, the total utility of data retrieved decreases with longer localisation periods,
and the standard deviation also increases. However, the baseline performance decreases more rapidly than
the policy performance, as the baseline method is less able to adapt to the increased uncertainty in localisa-
tion. For frequent localisation (localisation period of 10 s), the policy’s expected performance is 60% higher
than the baseline’s, while for localisation periods over 45 s the policy’s expected performance is over 100%
higher than the baseline’s.

Fig. 16 compares the performance of the policy-based method and the baseline when the exact data distri-
bution in the network is known before the mission. Although this is an unrealistic assumption in most cases,
this case demonstrates the contribution of the policy’s ability to adapting to data knowledge vs its general
ability to adapt to uncertain navigation outcomes. Compared to the unknown data distribution in Fig. 15,
the policy’s performance for a known data distribution is similar or slightly higher. The baseline performs
significantly better with a known data distribution, as it can pre-allocate data retrieval time more effectively.
Baseline (no N2) refers to a variant of the baseline that skips node N2, which does not have enough valuable
data to justify the time spent travelling to it. This variant is not possible for an unknown data distribution.

The results again show the increasing performance gap of the policy-based method over the baseline with
longer localisation periods, for both baseline variants. In every case the baselines are outperformed by the
policy-based method.

As localisation messages become less frequent, the vehicle’s position uncertainty grows more quickly while it is
underwater. For example, a localisation period of 50 s leads to approximately 2× greater average localisation
error than with a localisation period of 10 s in this experiment. As a result, navigation actions take longer
to complete and exhibit a higher standard deviation in navigation time. Navigation actions are more likely
to result in either the vehicle reaching a different waypoint than the target waypoint, or becoming lost and
having to surface for a GPS fix. On average, the vehicle spends approximately 4× as long at the surface
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with a localisation period of 50 s than with 10 s, due to the vehicle becoming lost more frequently and having
to surface.

As the localisation period increases, the policy-based method retrieves data from fewer nodes on average,
prioritising those nodes that it has discovered contain the most valuable data. At the longest localisation
periods, most executions of the policy-based method only manage to retrieve data from three nodes. With
increasing localisation period, the policy-based method is more likely to fully drain all data from sensor
nodes it manages to communicate with, as it will likely not be able to communicate with all sensor nodes.
Importantly, the policy-based method also adapts better than the baseline to reaching unexpected waypoints.
If the AUV reaches a waypoint that was not the target of the navigation action, it can still take advantage
of this and retrieve data from the associated sensor nodes. The baseline cannot do this, as it is focused on
communicating with a specific node.

5.2.2 Data generation
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Figure 17: Total utility of data retrieved by the policy-based and two baseline methods in a scenario where
data is generated at different rates by each node throughout the mission. The grey dotted line shows the
expected maximum utility of data that could be retrieved during the mission, given the data generation rate.

The previous section investigated retrieval of data from nodes with a fixed data distribution. This is an
appropriate assumption for networks which generate data sufficiently slowly that the data distribution does
not meaningfully change during the mission, for example a use-case where an AUV infrequently visits a
network of sensors to retrieve their collected data since the last visit. However, networks with faster data
generation rates will likely require more frequent visits, and the data distribution will change during the
mission. This experiment evaluates the in-mission data generation model extension (Section 4.8.1) on a
scenario with varying rates of data generation by each node.

In this scenario, the mission length was set to 2 hours 20 minutes, and the localisation period was set to 20 s.
Each sensor node has a maximum capacity of 800 bytes of measurement data, and has 400 bytes contents
at the start of the mission. Event data is not used in this experiment. Before the mission the system has
a belief over nodes’ data generation rate, corresponding to relative generation rates of 1, 5, 4, 0.5 and 2
for nodes N2–N6 respectively. When simulating each experiment, the total network generation rate is split
between the nodes according to these relative rates. The believed data generation rate of each node is then
multiplied by a Gaussian with mean 1 and standard deviation 0.1 to give the ground-truth data generation
rate for that node for that experiment. The on-board network state monitor on the vehicle uses the reported
generation rates from nodes to estimate the data contents of nodes in the time between receiving status
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update packets.

Fig. 17 shows the total utility of data retrieved by the policy-based method and two baseline methods, with
increasing total network data generation rates. Grey dotted lines show the expected total utility of the data
contents of the network over the whole mission, i.e. the utility of the initial contents plus the utility of the
data generated throughout the mission for all nodes. The line is therefore an upper bound on expected
performance. The results show the policy-based method clearly outperforming two baselines with differing
direction of travel around the network. With low data generation rates, e.g. 0.125B s−1, the policy-based
method only slightly outperforms the baselines and all results have a low variance. This is because, at such
low data generation rates, no complex behaviour is required to retrieve most of the data in the network
within the time bound. In this case the performance is dominated by the initial data contents of the nodes,
and the policy-based method shows similar behaviour to the baselines. It is, however, better able to adapt
to communication failures and navigation uncertainties, leading to a reasonable performance improvement
over the average performance of the baselines.

At higher data generation rates, the policy-based method increasingly outperforms the baselines by plan-
ning frequent sub-tours to nodes generating data quickly, while visiting nodes generating data slowly less
frequently. The policy-based method tends to organises its time such that fast data-generating nodes have
time to regenerate most of their data contents before the AUV returns to them. Some lower-rate nodes
are visited only once or not at all. At around 0.625B s−1 total network generation, the performance of all
methods starts to plateau, as data is being generated faster than it can be retrieved by the AUV. With the
comms simulator parameters used in this experiment, the AUV is able to retrieve data from nodes at an
average rate of around 1.4B s−1.

5.2.3 Multi-node waypoints
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(a) Autogenerated waypoints for field trial node
layout. WP N2N3 and WP N3N4 waypoints are
multi-node waypoints. Legend shown in Fig. 14.
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(b) Total utility of data retrieved by the policy-based method
with different waypoint configurations. 20 random seeds per plot.

Figure 18: Illustration of the benefit of planning to communicate with multiple sensor nodes.

This experiment investigates the utility of defining waypoints that can communicate with multiple sensor
nodes, rather than relying on travelling to and communicating with each node individually. To support
this, waypoint autogeneration is applied to the field trial node layout to give the layout in Fig. 18a, with
two multi-node waypoints WP N2N3 and WP N3N4. To avoid bias due to varying node data contents, the
same data distribution is used for all nodes in this experiment: 400 bytes of event data and 400 bytes of
measurement data. The data contents of nodes is not known a priori, and the localisation ping period is set
to 10 s.

Three different policy-based methods are compared in Fig. 18b. One policy was generated with both multi-

3. Offline Pre-Planning by Aleatoric Approximation 66



2 3 4 5 6 7

Number of nodes

10−2

100

102

M
em

or
y

si
ze

(G
B

)

Data blocks
2

3

4

5

(a) Memory utilisation with known data contents.

0.2 0.4 0.6 0.8 1.0

Proportion of actions can receive statistics

100

101

M
em

or
y

si
ze

(G
B

)

Data blocks
2

3

4

5

(b) Memory utilisation with unknown data contents.

Figure 19: Memory utilisation scalability analysis for two cases of the planning method.

node waypoints (“Both”), one only with WP N3N4 (“WP N3N4”), and one with no multi-node waypoints
(“Neither”). The multi-node waypoint policies outperform the single-node waypoint policy, with the policy
using both multi-node waypoints performing best. The large deviation in returns from WP N3N4 and
Neither is due to the fact that these policies must commit to travelling all the way to WP N2 in order to
retrieve data from N2. In some simulated missions, the AUV is able to quickly retrieve data from N3 and
N4 so has time to commit to travelling to N2, while in others it is not. The WP N3N4 policy generally saves
time by using waypoint WP N3N4, so is more likely to be able to commit to travelling to N2.

Policies perform better when given the option to use multi-node waypoints, as it gives them more flexibility
in their behaviour. Multi-node waypoints allow the AUV to retrieve data from multiple nodes, but typically
at a lower data rate. In many situations this is an acceptable trade-off as it reduces travel time. This is
particularly true when nodes do not have enough data to justify the time spent travelling to them individually.
Qualitatively, across all simulated experiments, policy-based methods seem to prefer to target multi-node
waypoints when they are available.

5.2.4 Planning method scalability

We solve planning models using PRISM’s Sparse engine (Kwiatkowska et al., 2011), meaning that the memory
requirements of the model are proportional to the number of states in the model and the total number of
transition outcomes defined between states. Our planning model is the parallel composition of one mission
Timed MDP with |Φ| sensor node MDPs, meaning that its size scales linearly with TMDP complexity and
exponentially with the number of sensor nodes and sensor node model complexity.

Fig. 19 shows the memory utilisation of the planning method for two cases: one with known data contents
before the mission (Fig. 19a) and one with unknown data contents (Fig. 19b). Fig. 19a illustrates the
exponential growth of model size with increasing number of nodes in the problem, and increasing complexity
of the sensor node models. “Data blocks” refers to the number of data blocks used to model the data contents
of each node.

Fig. 19b shows the memory utilisation for a problem with unknown data contents. These models therefore
incorporate the dynamics of statistics packet reception, as described in Section 4.7.2. The x-axis defines
the proportion of actions in the TMDP that have a positive probability of the AUV receiving a statistics
packet for a given node, while carrying out that action. With increasing proportion, the model size grows
exponentially, as the model must consider receiving any combination of statistics packets from nodes at each
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action. With larger number of data blocks, the size of the possible transition outcome set upon receiving a
statistics packet grows, leading to a larger model size.

Compared to memory requirements, solution time is generally not a limiting factor due to the timed MDP
structure enabling efficient solution (Section 4.7.3). Problems with a memory usage of ∼ 25GB can be solved
in under 20 minutes (3.4GHz 40-core CPU, 128GB RAM), and solution time is proportional to memory
usage. Some time is also required to run navigation simulations to build the TMDP. For 100 repeats of
100 navigation actions, the navigation simulator takes around 20 minutes to run. This simulation output is
cached for each previously computed combination of physical layout and model parameter belief distributions.

6 Field experiments

The system described in this study was experimented during the HUDSON project trials conducted in July
2021 and November 2021 in Loch Ness. The Loch is 36.2 km long with a maximum width of 2.7 km and a
maximum depth of approximately 230m. The water depth in the working area varied from 5m to in excess
of 200m. The shore site used was the Old Life Boat station, Temple Pier, Drumnadrochit. This site has
been used by the National Oceanography Centre (UK) very successfully in the past due to its proximity to
the Loch edge, and in particular the sheltered area of Urquhart Bay. At the trial site in July, the aim was
to integrate the main building blocks of the system (see Fig. 1a) and run some pre-trial wet tests to assess
the readiness of the system (performance of the underwater communication, controlling the vehicle through
back-seat driver, etc.). Following, the goal for the November trial was to deploy the network of sensor nodes
in the Loch and run full HUDSON missions with the ecoSUBm5.

6.1 Acoustic environment

The acoustic environment in the July 2021 pre-trials was particularly challenging. An extended period of dry
and sunny weather had produced a steep thermocline down to below 40m. This caused strong downward
refraction of the acoustic signals, which when combined with the soft sediment bottom in the bay area,
resulted in effective communication ranges being limited to around 600m with additional shadow zones at
closer ranges. An example Sound Velocity Profile (SVP) for July 2021 is shown in Fig. 20, which for a
transmitter positioned at 10m in a depth of 40m produced similar acoustic paths as shown. With sensor
nodes positioned several hundred meters apart, and outside of the effective acoustic range on account of the
downward refraction, this resulted in lost communication and navigation packets.
November 2021 trials benefited from considerably more benign channel conditions. The SVP and example
raytraces for comparison are shown in Fig. 21. The stark contrast between the acoustic environments is
clear from Fig. 20 and Fig. 21.

6.2 Experimental setup

In our experimental scenario in November, the UASN was comprised of 5 nodes, with each one generating
event and measurement data as described in Section 5. Fig. 22 shows a side profile diagram of a mooring,
and the physical layout of the network is shown in Fig. 23, with the geographical detailed in Table 4.
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Figure 20: July 2021 Depth vs Sound Velocity. Raytrace showing refraction of acoustic signals. Transmitter
set at depth of 10m, bottom set at depth of 40m. The steep thermocline led to strong downward refraction
of the acoustic signal. The soft silt bed led to minimal bottom reflection resulting in the reduced range and
shadow zones.

Figure 21: November 2021 Depth vs Sound Velocity. Raytrace showing refraction of acoustic signals.
Transmitter set at depth of 10m, bottom set at depth of 40m. Here the propagation provides much
improved acoustic channels over the conditions seen in July 2021.
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Node Network address Latitude Longitude Water Depth Modem Depth
N2 4 57.331194◦ -4.450417◦ 31m 10m
N3 8 57.333833◦ -4.450167◦ 19m 10m
N4 2 57.335083◦ -4.448083◦ 19m 10m
N5 5 57.335972◦ -4.441056◦ 33m 10m
N6 6 57.332376◦ -4.443250◦ 75m 10m

Table 4: Sensor node locations and network information.

Canister

Modem

Float

Anchor

Sensor Node

Weight

Figure 22: The sensor nodes were moored with the modem hanging below the canister. The modems
were also attached to the rope with a weight on the end in order to keep the modem orientation pointed
downwards.

Figure 23: Underwater network layout.

Additional planner and experiment configuration detail is given in the supplementary material.
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Figure 24: Estimates from the acoustic-aided localisation algorithm versus GPS position (when available)
over time during the policy-based mission (13 November). Top: Euclidean norm of the error over time.
Centre: estimated position in the North and East directions over time. Bottom: vehicle depth over time.

6.3 Localisation performance

The localisation ping period was set to 3 seconds, meaning the localisation algorithm on the AUV pings the
nodes in a round-robin fashion, with a 3-second interval between consecutive pings. However, in practice,
this schedule is not strictly adhered to. The process is interrupted when the acoustic channel is prioritised
for node communication, which takes precedence over the localisation pinging. The left-hand plot of Fig. 25
shows the AUV’s path during a mission conducted in November, where a policy was being executed onboard
the vehicle. Due to the lack of ground truth position information, Fig. 24 illustrates the localisation perfor-
mance during surfacing localisations mid-mission (approximately 3000 seconds from the mission start) and
at the mission’s conclusion. The error represents the deviation between the onboard localisation estimates
and the GPS data obtained at the water’s surface. The localisation system provided estimates with an error
of less than 5 meters, both mid-mission and at the end, which is comparable to the GPS error.
As can be seen in Fig. 25, localisation error generally increases during data retrieval as fewer localisation
pings are received and the AUV does small loops to retrieve data.

6.4 System performance

The full HUDSON system was tested against the baseline (Section 5.1.3) in two data retrieval scenarios. In
the unknown data contents scenario (Section 6.4.1), the network data contents were unknown to the AUV
a priori and must be discovered by receiving status packets from sensor nodes. The data distribution was
identical to that of the unknown data contents simulated experiments (Section 5.2.1). The known data
contents scenario (Section 6.4.2) had a different data distribution, with the AUV aware of the data contents
at each node.
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Method Date Retrieved Mean data rate Figure
Utility Event Measurement (B s−1)

Policy A 13/11 5560 1112 B 0 B 1.1 -
Policy B 13/11 8860 1660 B 560 B 1.4 Fig. 25
Policy C 14/11 9284 1764 B 464 B 1.6 -
Baseline 11/11 5256 952 B 496 B 1.4 Fig. 26

Table 5: Runs summary for the unknown network data contents scenario. The mean data rate in bytes per
second is calculated across the time spent attempting to communicate with sensor nodes.

Method Date Retrieval Packet Delivery Rate (PDR) per Node
N2 N3 N4 N5 N6

Policy A 13/11 N/A (05/12) 0.42 (18/24) 0.75 (21/32) 0.66 (28/28) 1.00
Policy B 13/11 N/A (30/36) 0.83 (32/40) 0.80 (28/40) 0.70 (61/64) 0.95
Policy C 14/11 (08/08) 1.00 (30/36) 0.83 (23/28) 0.82 (25/28) 0.89 (61/76) 0.80
Baseline 11/11 (31/36) 0.86 (13/16) 0.81 (13/16) 0.81 (16/24) 0.67 (18/20) 0.90

Table 6: Packet delivery rate summary for the unknown network data contents scenario. For each node
a total received packets over total requested packets is calculated to produce a packet delivery rate for
retrieved data and event packets.

6.4.1 Unknown network data contents

Table 5 summarizes the runs for the unknown network data contents scenario, totalling 3 policy-based and
1 baseline runs. One illustration of the stochasticity of the real-world environment is the large difference in
acoustic data rate experienced between Policy A and Policy B, despite the two missions being run on the
same day in immediate succession.

Table 6 breaks down the packet delivery rate for each node for the different runs. This is calculated based
on the acoustic packets associated with the data/event retrieval transaction as described in Section 3.3.
Comparing the relative PDR values in Baseline 11/11 for each node with the map of the AUV motion in
Fig. 26, the high PDR (0.90) for N6 corresponds to a relatively close range as the AUV transited past the
node. In contrast, the PDR for node N5 (0.67) aligns with the greater range from the AUV during the data
retrieval operation.

Fig. 25 shows one of the policy-based mission runs, scoring 8860 utility points. The AUV took a tour of
4 nodes of the network in a clockwise direction, starting with node N5. After visiting N6, it surfaced to
perform a mission progress report then continued to a location where it could communicate with both N3
and N4. In the policy execution trace in the top right of the figure, it can be seen that the AUV switches
between retrieving data from N3 and N4: it fully retrieves all valuable event data from both before starting
to retrieve measurement data from both in the remaining mission time before it must return to the recovery
location. As localisation was run at a high frequency (localisation period 3s), the AUV has low localisation
uncertainty at all times and does not fail any navigation actions.

Policy A acted qualitatively similar to Policy B, but encountered a much more difficult acoustic environment,
leading to a 30% lower data rate. Policy C encountered favourable water current and acoustic conditions
(with a high byte rate of 1.6 bytes per second) and was able to visit all nodes in a single clockwise tour,
starting with N5. It therefore scored the highest of all runs in the unknown network data contents scenario.

The baseline run for the unknown network data contents scenario is shown in Fig. 26. The AUV visited
all nodes in a single anticlockwise tour, starting with N4. The baseline scored lowest of all runs, close
only to Policy A which had a 30% lower data rate. The baseline run did experience an unexplained and
uncommanded surfacing event mid-mission, visible in the depth plot and by the purple GPS fix markers near
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Figure 25: A policy-based mission (13/11) with the unknown network data contents scenario. LHS: physical
layout and localisation estimates throughout the mission, with downsampled estimated positions and 99%
EKF confidence ellipses. RHS top: log of executed actions, with line segments showing action durations. The
green signal marker is a mission progress report (Section 4.8.3). RHS middle: localisation packets received,
one marker per packet receipt. RHS bottom: vehicle depth, with mid-mission surfacing for a progress report.

N2 in the navigation plot. However, this surfacing event took place while the vehicle was retrieving data
from N2, and execution data and the average byte rate in Table 5 show that the vehicle was able to continue
communicating with the node while surfacing and re-diving, such that the event did not meaningfully impact
the data rate or utility score.

6.4.2 Known network data contents

Method Date Retrieved Mean data rate Figure
Utility Event Measurement (B s−1)

Policy 13/11 7140 1136 B 1460 B 1.4 Fig. 27
Baseline 10/11 7828 1220 B 1728 B 1.3 Fig. 28

Table 7: Runs summary for the known network data contents scenario. The mean data rate in bytes per
second is calculated across the time spent attempting to communicate with sensor nodes.

Table 7 summarizes the runs for the known network data contents scenario, totalling 1 policy-based and 1
baseline run. With this distribution of known data contents, and high-frequency localisation, the policy’s
behaviour in this scenario was always to visit all nodes in a single tour, meaning that multiple policy runs
would not differ in their qualitative behaviour and would only differ in score due to the stochasticity of the
environment.

Table ?? breaks down the packet delivery rate for each node for the different runs. Comparing the PDR for
the Baseline (10/11) run with the motion of the AUV shown in Fig. 28, again it is clear to see the difference
in PDR for N5 (0.82) and N6 (0.91) and the relative range between AUV and each node during the data
retrieval process.

Fig. 27 shows the policy-based run for the known network data contents scenario. Both methods successfully
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Figure 26: A baseline mission (11/11) with the unknown network data contents scenario. A description of
the plots is provided in the caption of Fig. 25. This baseline run experienced an uncommanded surfacing
event, which is visible in the bottom right plot alongside the intended surfacing for the mission progress
report. The surfacing location can be seen in purple near N2 in the navigation plot.

Method Date Retrieval Packet Delivery Rate (PDR) per Node
N2 N3 N4 N5 N6

Policy 13/11 (10/12) 0.83 (32/36) 0.89 (24/28) 0.86 (45/52) 0.87 (52/60) 0.87
Baseline 10/11 (33/36) 0.92 (41/44) 0.93 (31/32) 0.97 (46/56) 0.82 (40/44) 0.91

Table 8: Packet delivery rate summary for the known network data contents scenario. For each node a total
received packets over total requested packets is calculated to produce a packet delivery rate for retrieved
data and event packets.

retrieved all event data from the network, meaning that the policy spent an adequate amount of time at
each node to maximize the valuable data retrieved. Other than going anticlockwise instead of clockwise, the
policy-based run behaved qualitatively similar to the baseline run shown in Fig. 28 in that it visited all nodes
in a single tour. Despite carrying out the same actions in reverse order to the baseline, the policy-based run
spent 10% longer time navigating due to environmental conditions. This is shown by the longer physical
path length in Fig. 27 compared to Fig. 28. Overall, the baseline method spent 25% more time (2263 s vs
1804 s) communicating with nodes so was able to retrieve more data. We therefore class the planner-level
performance of the policy-based method as comparable to the baseline method in this scenario.

7 Method Assumptions and Limitations

As discussed in Section 3.4, our method relies on the following assumptions. Firstly, we assume that the
locations of sensor nodes are known and static. This is not a strong assumption, as in practice sensor nodes
are most often deployed in fixed locations and their precise positions do not need to be known with high
accuracy. In our field trial, node deployment positions were recorded with standard GPS accuracy, and the
mooring lines (Fig. 22) would have allowed for some movement of the nodes. Despite this, the localisation
error was ≤ 10m in practice (Fig. 24), which is small relative to the communication range of the sensor
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Figure 27: A policy-based mission (13/11) with the known network data contents scenario. A description of
the plots is provided in the caption of Fig. 25. With a known and roughly even data distribution, the policy
determined visiting every node in a single tour, similar to a baseline run, was the optimal strategy.

nodes. Moreover, methods exist to automatically determine acoustic beacon locations using only range
measurements and no prior information (Olson et al., 2007; Blanco et al., 2008). The problem formulation
also assumes that the AUV’s initial position is known, but this assumption can easily be relaxed by defining
an initial state distribution over the AUV’s initial waypoint in the navigation model.

Secondly, we assume access to belief distributions over environment, acoustic channel, data contents, and
vehicle dynamics parameters. At the start of system deployment, these belief distributions can be initialised
as uninformative distributions to reflect the lack of prior knowledge. While inaccurate distributions may
reduce performance, more accurate distributions can be learned by analysing data from completed missions.
Both the field trial and simulation results were achieved with a uniform belief distribution over water current
strength, representing little prior knowledge other than the maximum expected current strength. Maintaining
belief distributions over unknown quantities is a standard approach in probabilistic robotics to address
uncertainty and partial observability (Thrun et al., 2005).

Thirdly, in order to plan for AUV navigation, the method requires a reasonably accurate model of the vehicle’s
navigation behaviour. While we maintain belief distributions over the vehicle’s dynamics coefficients, we
assume that the structure of the dynamics model, including the control system behaviour, is known. This
is a reasonable assumption, as we would expect the user of the system to have access to their vehicle’s
design parameters, such as its control system parameters and dynamics coefficients. In our field trial, the
AUV’s navigation model was comparitively simple and was not extensively tuned to the specific vehicle used.
A similar requirement applies for the acoustic communication model to reasonably accurately capture the
communication behaviour of the acoustic modems. Similarly, we assume that the user has access to the
acoustic modem’s design parameters, and we achieve good results in simulation and in the field trial with a
relatively simple acoustic model.

Finally, we do not model sensor node failure due to e.g. hardware failure or battery depletion, and we
assume that sensor nodes always have their acoustic modems powered in receive mode. The planning
method effectively assumes that given enough attempts, the AUV will always be able to communicate with
a sensor node if it is within range. The planning model could be extended to account for sensor node
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Figure 28: A baseline mission (10/11) with the known network data contents scenario. A description of the
plots is provided in the caption of Fig. 25.

failure by introducing an additional state in the sensor node CTMDPs to represent the node having failed.
Note that node failure may reduce the mission data retrieval performance, but does not prevent the AUV
from retrieving data from other nodes and returning to the mission end position. To reduce node power
consumption, future work could explore duty cycling and scheduling of modem power-up between sensor
nodes and the vehicle.

8 Conclusion and future work

Underwater acoustic and wireless sensor networks offer transformative capabilities for spatio-temporal ocean
data collection, supporting applications such as climate monitoring, marine life analysis, and industrial
diagnostics. However, retrieving data from submerged sensor nodes in near real-time remains a significant
challenge due to environmental constraints and the high costs of traditional methods like research vessel
deployments.

This work introduces an integrated adaptive framework that leverages modelling approaches and planning
under uncertainty to enable an Autonomous Underwater Vehicle (AUV) to function as a mobile sink for
sparse underwater sensor networks. By dynamically prioritizing nodes based on data value and utilising
acoustic communication for simultaneous data harvesting and time-of-flight localisation, the framework ad-
dresses critical operational challenges. Field trials validated the framework’s performance, demonstrating
substantial improvements over conventional hand-designed behaviours for underwater data retrieval. These
findings underscore the transformative potential of AUV autonomy in advancing sustainable ocean moni-
toring. With integration into long-range AUV platforms, like those from the Autosub Long Range (ALR)
family of vehicles (Roper et al., 2017; Roper et al., 2021), this approach paves the way for scalable, cost-
effective solutions to the growing demands of ocean science, unlocking new possibilities for understanding
and managing our oceans.

For the planning method, future work includes improving the scalability of the method to larger numbers
of nodes and longer missions. Methods to improve scalability include hierarchical planning, heuristic search
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or learning-based methods. Additionally, the system’s performance would likely be improved by extending
the MDP formulation to a robust MDP formulation (Nilim and El Ghaoui, 2005), which would allow the
planner to better consider the impacts of environment uncertainty.

Further work could explore formulating the system as a decision-making process spanning multiple missions,
rather than solving each mission individually as in this work. This would also require exploring effective
methods for updating planner belief distributions and models based on the data and experience gathered
during each mission.
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T., and Escobedo Cabello, J. A. (2020). Autonomous underwater vehicles: Localization, navigation,
and communication for collaborative missions. Applied sciences, 10(4):1256.

Heidemann, J., Ye, W., Wills, J., Syed, A., and Li, Y. (2006). Research challenges and applications for
underwater sensor networking. In IEEE Wireless Communications and Networking Conference, 2006.
WCNC 2006., volume 1, pages 228–235. IEEE.

Henson, S. A., Beaulieu, C., and Lampitt, R. (2016). Observing climate change trends in ocean biogeochem-
istry: when and where. Global change biology, 22(4):1561–1571.

Hollinger, G. A., Choudhary, S., Qarabaqi, P., Murphy, C., Mitra, U., Sukhatme, G. S., Stojanovic, M.,
Singh, H., and Hover, F. (2012). Underwater data collection using robotic sensor networks. IEEE
Journal on Selected Areas in Communications, 30(5):899–911.

3. Offline Pre-Planning by Aleatoric Approximation 78



Hollinger, G. A., Pereira, A. A., Binney, J., Somers, T., and Sukhatme, G. S. (2016). Learning uncertainty
in ocean current predictions for safe and reliable navigation of underwater vehicles. Journal of Field
Robotics, 33(1):47–66.

Howard, R. A. (1960). Dynamic programming and Markov processes. John Wiley.

Jahanbakht, M., Xiang, W., Hanzo, L., and Azghadi, M. R. (2021). Internet of underwater things and big
marine data analytics—a comprehensive survey. IEEE Communications Surveys & Tutorials, 23(2):904–
956.

Jenks, G. F. (1967). The data model concept in statistical mapping. International yearbook of cartography,
7:186–190.

Jones, D. O., Gates, A. R., Huvenne, V. A., Phillips, A. B., and Bett, B. J. (2019). Autonomous marine
environmental monitoring: Application in decommissioned oil fields. Science of the total environment,
668:835–853.

Kilfoyle, D. B. and Baggeroer, A. B. (2000). The state of the art in underwater acoustic telemetry. IEEE
Journal of oceanic engineering, 25(1):4–27.

Kurniawati, H. and Yadav, V. (2016). An online POMDP solver for uncertainty planning in dynamic
environment. In Robotics Research, pages 611–629. Springer.

Kwiatkowska, M., Norman, G., and Parker, D. (2011). PRISM 4.0: Verification of probabilistic real-time
systems. In Computer Aided Verification: 23rd International Conference, CAV 2011, Snowbird, UT,
USA, July 14-20, 2011. Proceedings 23, pages 585–591. Springer.

Lacerda, B., Faruq, F., Parker, D., and Hawes, N. (2019). Probabilistic planning with formal performance
guarantees for mobile service robots. The International Journal of Robotics Research, 38(9):1098–1123.

Li, N., Mart́ınez, J.-F., Meneses Chaus, J. M., and Eckert, M. (2016). A survey on underwater acoustic
sensor network routing protocols. Sensors, 16(3):414.

Lv, Z., Zhang, J., Jin, J., Li, Q., and Gao, B. (2018). Energy consumption research of mobile data collection
protocol for underwater nodes using an USV. Sensors, 18(4):1211.

McCarthy, G. D., Brown, P. J., Flagg, C. N., Goni, G., Houpert, L., Hughes, C. W., Hummels, R., Inall,
M., Jochumsen, K., Larsen, K., et al. (2020). Sustainable observations of the AMOC: Methodology and
technology. Reviews of Geophysics, 58(1):e2019RG000654.

Mohapatra, A. K., Gautam, N., and Gibson, R. L. (2012). Combined routing and node replacement in energy-
efficient underwater sensor networks for seismic monitoring. IEEE Journal of Oceanic Engineering,
38(1):80–90.

Mohsan, S. A. H., Li, Y., Sadiq, M., Liang, J., and Khan, M. A. (2023). Recent advances, future trends,
applications and challenges of internet of underwater things (iout): A comprehensive review. Journal
of Marine Science and Engineering, 11(1):124.

Morozs, N., Sherlock, B., Henson, B. T., Neasham, J. A., Mitchell, P. D., and Zakharov, Y. (2022). Data
gathering in UWA sensor networks: Practical considerations and lessons from sea trials. Journal of
Marine Science and Engineering, 10(9):1268.

Myring, D. (1976). A theoretical study of body drag in subcritical axisymmetric flow. The Aeronautical
Quarterly, 27(3):186–194.

Nam, H. (2018). Data-gathering protocol-based AUV path-planning for long-duration cooperation in under-
water acoustic sensor networks. IEEE sensors journal, 18(21):8902–8912.

Nilim, A. and El Ghaoui, L. (2005). Robust control of Markov decision processes with uncertain transition
matrices. Operations Research, 53(5):780–798.

3. Offline Pre-Planning by Aleatoric Approximation 79



Olson, E., Leonard, J. J., and Teller, S. (2007). Robust range-only beacon localization. IEEE Journal of
Oceanic Engineering, 31(4):949–958.

Paull, L., Saeedi, S., Seto, M., and Li, H. (2013). AUV navigation and localization: A review. IEEE Journal
of oceanic engineering, 39(1):131–149.

Pebody, M. (2007). The contribution of scripted command sequences and low level control behaviours to
autonomous underwater vehicle control systems and their impact on reliability and mission success. In
OCEANS 2007-Europe, pages 1–5. IEEE.

Peng, X. B., Andrychowicz, M., Zaremba, W., and Abbeel, P. (2018). Sim-to-real transfer of robotic control
with dynamics randomization. In 2018 IEEE international conference on robotics and automation
(ICRA), pages 3803–3810. IEEE.

Phillips, A. B., Gold, N., Linton, N., Harris, C. A., Richards, E., Templeton, R., Thuné, S., Sitbon, J.,
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3.1 Additional Discussion

Approximately modelling uncertainty that originates from epistemic sources as an

MDP with only aleatoric uncertainty is common in robotics, such as in sim2real

domain randomisation (Peng et al., 2018; Ramos et al., 2019). Although some success

was achieved with Markovian policies (Antonova et al., 2017), deep RL domain

randomisation methods typically learn history-dependent recurrent policies. This

allows these methods to achieve some adaptivity without explicitly modelling belief

dynamics. We are limited to Markovian policies due to the offline planning nature

of our method, which precludes learning of practical history-dependent policies.

We now discuss potential issues with the aleatoric approximation method, and

discuss why these do not significantly impact the system’s performance. The

standard MDP framework assumes stationary transition probabilities that do not

change based on the agent’s accumulated experience. However, when epistemic

uncertainty is converted to aleatoric uncertainty, this stationarity assumption is

violated: the agent’s experience should, in principle, provide information about the

true underlying parameters. This should reduce the level of epistemic uncertainty

and change the effective transition probabilities, but the aleatoric approximation

MDP treats all uncertainty as irreducible noise. Even if epistemic parameters are not

correlated between different states and transitions, multiple executions of the same

action in the same state should yield information that reduces uncertainty about

future executions of that same state-action pair. Figure 3.1a shows a simple MDP,

with two possible transition functions. The only parameters that vary between

transition functions are pA and pB, which must sum to 1.

Consider the case when the possible transition functions are deterministic: pA = 1

and pB = 0 for transition function A, and pA = 0 and pB = 1 for transition function

B. The initial belief over transition functions is uniform. The aleatoric simplification

is then to model the MDP as shown in Figure 3.1a, where pA = pB = 0.5. This case

results in the worst case approximation error, because an optimal infinite horizon (or

long enough finite horizon) policy for the approximate MDP will be to attempt a1
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(a) A simple MDP with an uncertain transi-
tion function. pA and pB vary based on the
transition function.
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(b) A belief state MDP for Figure 3.1a, if
the possible transition functions are deter-
ministic. The bottom of each state shows
the transition function belief.

Figure 3.1: Simple examples of an MDP with epistemic uncertainty and a possible belief
state MDP.

until reaching sB. In the case that the true transition function is A, this will result

in behaviour that never incurs any reward. Optimal behaviour in this epistemically

uncertain MDP is achieved by a policy for a simple belief state MDP as shown

in Figure 3.1b. The lower half of each state shows the transition function belief

for that state, starting with “?” representing the prior over transition functions.

This belief state MDP is finite due to the deterministic nature of the possible

transition functions, where the true transition function is known immediately after

a1 is taken. If the possible transition functions were not deterministic, the belief

state MDP would be infinite. Note that the more similar the possible transition

functions are, the more attempts of action a1 it would take to determine the true

transition function with high confidence.

Higher levels of epistemic uncertainty in some states will be modelled as higher

levels of aleatoric uncertainty. Depending on the problem setting, even the same

level of epistemic uncertainty may lead to different levels of aleatoric uncertainty

in different states. State-dependent aleatoric uncertainty can be straightforwardly

represented by the stochastic outcomes of an MDP, but this fundamentally obscures

the true behaviour of the system: in some states this uncertainty could be reduced,

in principle, by gathering more information, but in other states it cannot be.
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In practice, our method described in this chapter avoids the worst case described

above. This is largely because the transition function uncertainty set encompasses a

continuum of possible transition functions, with significant overlap in their outcome

probabilities, rather than being limited to two mutually exclusive deterministic

functions. Additionally, as the model is a timed MDP with a mission time bound,

the agent is disincentivised from repeatedly retrying durative actions to get slightly

better outcomes. In the next chapter, the problem setting and method make this

issue more apparent, and we discuss how it is addressed by online replanning.

Another consequence of many possible transition functions explaining the agent’s

experience during a mission is that an adaptive method offers limited benefit, even

if it were feasible given the vehicle’s compute constraints. The small amount of

data gathered during a single mission would not meaningfully change the prior over

underwater current dynamics, leading to no change in behaviour.

One alternative to adaptive behaviour would be a robust MDP method (Nilim

and El Ghaoui, 2005), which assumes an adversarial environment and aims to

maximise the worst case performance. The most common approaches to robust

MDPs make the rectangularity assumption for computational tractability (Iyengar,

2005). This is the assumption of independence between action outcomes. In our

domain, one result of this would be the outcome that experienced water currents

are always directly against the vehicle’s direction of travel, which would be a very

conservative and unrealistic assumption.

3.2 Limitations and Future Work

Our method is able to achieve some aspects of partial observability-aware behaviour,

using the transition from “unknown” data state to an initial data state distribution

(paper Section 4.7.2). This simplification works well for the fixed data distribution

collection case, but could be improved for longer missions with in-mission data

generation. Namely, there is no principled mechanism for the vehicle’s belief of

sensor node data contents to become more uncertain if it travels far from a node

after first contacting it. Integrating an offline POMDP planning method with
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the data contents models, for example point-based value iteration (Pineau et al.,

2003), would be a more principled (and for some more complex experiment settings,

better performing) approach. Also relating to the solution method, the value

iteration algorithm used to solve the TMDP provides a complete policy. A heuristic

search dynamic programming algorithm, such as LRTDP (Bonet and Geffner, 2003),

would likely provide faster solution times and smaller policy sizes. However, one

advantage of the complete policy is that, even if the real environment dynamics differ

significantly to the extent that the AUV enters a state that should be unreachable

under the policy and the model, there will still be a valid action to take. The AUV

can then attempt to continue the mission from this state.

Beyond a full POMDP treatment of the data retrieval process, an adaptive

method that accounts for parameter uncertainty could improve reasoning about

data retrieval process in some circumstances. Although the data CTMDPs are

constructed using distributions of possible data retrieval rates, these are aggregated

into an expectation in order to calculate the transition probabilities (paper, Eq. 13

and Section 4.6.1). The data retrieval process (and data regeneration process, in

the in-mission data generation case) is therefore represented with fixed probabilities

in the corresponding CTMDP. The method therefore only considers the expected

communication performance for the data retrieval process, no matter the other

aspects of the distribution of acoustic communication-related parameters. When

the ground-truth generation/regeneration rates differ during a mission execution,

these are effectively considered to be “unlikely” stochastic outcomes by the model.

Maintaining epistemic parameters for data retrieval rates for each node would be

possible, but would require belief planning and therefore a larger pre-computed

policy or more onboard computation.

One potentially useful addition to the modelling approach, not currently imple-

mented, would be to account for completely incommunicable sensor nodes. In the

case where a sensor node is inoperable or completely unreachable due to unmodelled

acoustic effects, the vehicle would ideally be able to conclude this and avoid spending

time attempting to communicate with it. This would be an example of simple
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binary epistemic uncertainty (reachable or unreachable sensor node), but would still

increase the state space size at least polynomially in the number of sensor nodes.

Finally, though we define and use belief distributions over model parameters, we

do not prescribe how these parameters and models are updated between missions

using experience collected by the robot. This is largely due to the complexity of

ocean current and acoustic communication models, and the fact that this is not

the focus of the paper. However, the system concept is designed to incorporate

such updates between missions (paper, Section 3.4).
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4 Replanning
with New Experience

Chapter 3 Chapter 4 Chapter 5 Chapter 6 Chapter 7

uncertainty
Epistemic

dynamics
Environment

dynamics
Environment

dynamics
Environment

dynamics
Planner

dynamics
Planner

Mode Offline Replanning Online Offline Online

Model MDP
Timed EstMDP BAMDP MDP

Metalevel
MDP

Metalevel

method
Solution

(max reward)
VI

(reachability)
VI MCTS Deep RL Deep RL

regime
Data

medium
Small/ Small Small Large Large

Table 1.1: Settings, methods and features for each chapter.

In this chapter, we study the MDP safe exploration problem (Moldovan and

Abbeel, 2012). In the simpler Bayesian optimisation (BO) setting, the safe

exploration task (as most commonly posed) is to find the global maximum of

an unknown scalar objective function, while avoiding sampling function values at

locations x where a safety function f(x) is below a certain threshold (Sui et al.,

2015; Bottero et al., 2022). The safety and objective functions may be the same

function, and the goal may be to maximise the objective function or to model it

with high accuracy within the safe region. In MDP safe exploration, the function

input space x is the state space of an MDP. This introduces additional complexity:

as well as determining where to safely and informatively sample the function, the

agent must determine how to safely reach and return from the sample locations.

We assume a more general problem setting than previous MDP safe exploration

methods. Previous methods apply only to deterministic MDPs (Turchetta et al.,

88
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2019; Wachi and Sui, 2020; Prajapat et al., 2022) or deterministic non-linear sys-

tems (Prajapat et al., 2025), whereas ours applies to stochastic MDPs. Furthermore,

in our setting, the unknown function may be multidimensional, and the MDP

transition and reward functions may depend on the unknown function. This greatly

increases the class of problems that can be solved, as demonstrated by the complex

underwater current mapping problem in the experiments.

The method in this chapter is based on two formalisms developed by the thesis

author: the PKSMDP and the EstMDP.

The Partially Known State MDP (PKSMDP) describes the interaction between

the agent and the environment, by separating the known agent dynamics from the

unknown environment dynamics. The transition function of the agent is fully defined,

but is conditioned on the environment dynamics at the agent’s current state. For

example, if the agent is an autonomous underwater vehicle, the navigation dynamics

of the vehicle can be predicted given a model of the vehicle and specific water current

vectors, even if the whole current field is not known. However, the PKSMDP cannot

be straightforwardly solved as a standard MDP, as the environment dynamics in

the transition function are not known.

The Estimated MDP (EstMDP) is the combination of the PKSMDP and a

Gaussian process (GP) (Rasmussen and Williams, 2006) model of the environment

dynamics, incorporating the environment measurements made by the agent so far.

We use Gaussian processes because they suit the noisy, local sensing capabilities

of the agent, and are considered “the gold standard for many real-world modeling

problems” (Wilson et al., 2020). This is particularly true for the natural phenomena

we are interested in modelling, such as radiation and ocean currents. The EstMDP

captures the agent’s belief about the environment dynamics, including stochastic

outcomes due to possible environment dynamics. It is therefore similar to the

TMDP model in the previous chapter, in that it approximates epistemic uncertainty

as aleatoric uncertainty.

The method explores the environment by selecting informative goal states to

reach, balancing the informativeness of the goal with the safety and cost of the
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path to the goal. Example safety limits include maximum values for radiation

level, terrain steepness, or water current velocity in a specific direction. While the

goal-reaching policy is executed, action outcomes and new measurements of the

environment are used to update the EstMDP. Rather than a fully online method

that solves the new EstMDP at each step, we develop a replanning method based

on model checking the current policy against the new model. Replanning occurs

when the policy is no longer safe or becomes too costly, or when the agent has

reached a goal state. While an online method may sometimes be able to identify a

better goal state or a better path to the current goal state given the new model,

it would require re-solving the EstMDP after every action execution. Given even

modest computational constraints on the robot, this would hugely increase the

time taken to explore the environment. Given that model checking the existing

policy is less complex than new policy synthesis (Baier and Katoen, 2008), our

replanning method maintains safety and computational tractability while allowing

the agent to adapt to the environment dynamics. We discuss in detail why it is

necessary to model check the policy during execution (compared to the previous

chapter, where we do not do so) in Section 4.1.

The PKSMDP (then named a U-MDP) and EstMDP were originally introduced

by Budd et al. (2020). The method in this chapter uses the models in a new

replanning-based framework, which is better able to adapt to the environment

dynamics. We also carry out extensive experimental evaluation of the method,

including a real-world deployment. To enable the real-world experiment, the

algorithm was integrated into a new frontier-based 3D map-building framework.

The frontier-based system was designed and integrated by the other joint first author

of this work. By incorporating the safe exploration algorithm into the framework, a

limitation of previous frontier-based exploration methods—namely, the lack of safety

considerations—is addressed (Akbari and Bernardini, 2021; Batinovic et al., 2021).

Other than broadening the class of environments that can be safely explored,

our method outperforms existing methods in terms of exploration efficiency while

achieving the same level of safety. We do this by reasoning about the safety and
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cost of multiple-step paths to new goal states, rather than only single steps to new

states (Turchetta et al., 2019; Wachi and Sui, 2020).
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Abstract
The exploration of new environments is a crucial challenge for mobile robots. This task becomes even more complex with
the added requirement of ensuring safety. Here, safety refers to the robot staying in regions where the values of certain
environmental conditions (such as terrain steepness or radiation levels) are within a predefined threshold. We consider two
types of safe exploration problems. First, the robot has a map of its workspace, but the values of the environmental features
relevant to safety are unknown beforehand and must be explored. Second, both the map and the environmental features
are unknown, and the robot must build a map whilst remaining safe. Our proposed framework uses a Gaussian process to
predict the value of the environmental features in unvisited regions.We then build aMarkov decision process that integrates the
Gaussian process predictionswith the transition probabilities of the environmentalmodel. TheMarkov decision process is then
incorporated into an exploration algorithm that decides which new region of the environment to explore based on information
value, predicted safety, and distance from the current position of the robot. We empirically evaluate the effectiveness of our
framework through simulations and its application on a physical robot in an underground environment.
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1 Introduction

Mobile robot tasks often involve navigating through envi-
ronments with hazardous conditions. These hazards can take
the form of steep terrain for planetary rovers, underwater
currents or shallow water depth for underwater vehicles, or
radiation levels in disaster recovery or nuclear inspection. In
this paper, we propose a safe exploration method that han-
dles cases where the values of the hazardous environmental
features are unknown a priori. We consider two settings: one
where the robot already has a map of the area to be explored
and wants to learn about the hazards in a safe manner, and
another where the robot lacks a map and needs to create one
while considering the hazards and maintaining safety.

The core of our framework is based on modelling
the robot’s navigation under the hazardous features with
unknown values as a partially known state Markov decision
process (PKSMDP), and utilising a Gaussian process (GP)
to estimate the unknown values across the environment. The
GP’s capability to quantify its prediction uncertainty is cru-
cial, since ensuring safety with a high degree of certainty
requires the robot to assess its confidence in the predictions
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about the environmental features. To plan considering this
uncertainty, we propose encoding the GP uncertainties into
the transition probabilities of the PKSMDP, yielding amodel
we call the Estimated MDP (EstMDP).

We propose two novel exploration algorithms that use the
EstMDP to plan safe paths to states expected to be infor-
mative. These safe paths take into account the probability
of falling into an unsafe state when navigating to an infor-
mative state, or when travelling back from an informative
state to a state with guaranteed safety. The first algorithm,
SafeEstMDP-Process, extends the work in Turchetta et al.
(2016) to handle probabilistic transition models and support
more complex safety specifications. SafeEstMDP-Process
selects new goal locations that reduce the uncertainty of the
GP estimates of the unknown hazard. The second algorithm,
SafeEstMDP-Map, integrates this framework with an online
mapping system, thereby extending it to settings where the
map of the workspace the robot is operating in is also
unknown. SafeEstMDP-Map incrementally builds a naviga-
tion PKSMDP online using data from onboard sensors, and
selects new goal locations based on expected information
gain of the underlying occupancy map representation of the
workspace.

We extensively evaluate our algorithms in simulations of
real-world environments, empirically showing that it sig-
nificantly outperforms the work of Turchetta et al. (2016)
and hand-crafted baselines, safely achieving increased envi-
ronmental exploration while also minimising the distance
travelled in the process. We also report on a trial performed
using a Boston Dynamics Spot deployed in an underground
mine section at Corsham, Wiltshire, UK.

The contributions of this paper are as follows:

• The PKSMDP, a novelmodelwhich formalises problems
of safe exploration with unknown hazardous features
under uncertain action outcomes;

• The encoding of GP predictions into the PKSMDP tran-
sition function, yielding the EstMDP planning model;

• Two exploration algorithms, under different assumptions
of prior knowledge of the environment map, which make
use of the EstMDP to decide where to explore next;

• An empirical evaluation emphasising the benefits of our
approach based on GP predictions and planning under
uncertainty.

2 Related work

Planning and exploration with MDPs and GPs. MDPs
are a widely used formalism for planning under uncertainty
for robots, e.g. Feyzabadi and Carpin (2017), Lacerda et
al. (2019), Gopalan et al. (2017). GP-modelled unknown

process exploration has commonly been investigated in the
Bayesian optimisation setting. Sui et al. (2015) introduced
the idea of using GP regression to maximise an objective
function value while ensuring high probability of not sam-
pling function values that break a safety bound. This is done
by considering the upper confidence bounds given by the
GP when exploring. This work has been extended to con-
sider safety functions which are separate from the objective
function (Sui et al., 2018) and to reason explicitly about the
information gain about the safety of the parameters (Bottero
et al., 2022), in order to improve sample efficiency.

Safe exploration of an MDP introduces the need to reason
about state reachability, which is not required in the Bayesian
optimisation setting where observations are assumed to be
taken freely across the domain. An early work on safe
exploration of MDPs was Moldovan and Abbeel (2012),
which investigated the problem of exploring an MDP whilst
ensuring returnability to the initial state but assumes full
knowledge of the safety of states. Turchetta et al. (2016)
introduced the SafeMDP algorithm for safe exploration of
MDPs using GPs. SafeMDP reasons about both reachabil-
ity from and returnability to the already visited set of states,
which must be safe if the safety bound has not been broken.
However, SafeMDP only considers new states to visit that
are a single step from an already explored state. We extend
the reachability and returnability concepts to reason about
multiple-step safety probabilities along paths. Alongwith the
inclusion of transition costs in the exploration objective, this
makes our algorithm far more cost-efficient and less myopic
when exploring. Finally, we alleviate SafeMDP’s determin-
istic transition function assumption and explore MDPs with
probabilistic transitions than allow for modelling the impact
of the unknown process on the robot’s dynamics. For exam-
ple, if the unknown process represents underwater currents
acting on an autonomous underwater vehicle (AUV), high
magnitude currents could push the robot intowaypoints other
than the intended goal waypoint (Budd et al., 2022). Some
actions may even be entirely infeasible because the water
current velocity from the goal waypoint towards the AUV
is higher than the maximum water-frame speed of the AUV.
Wind can have similar effects on an unmanned aerial vehi-
cle (Badings et al., 2022). If the unknown process is terrain
steepness, higher terrain gradients could make it more likely
that a wheeled robot slips into an unintended waypoint while
trying to navigate to the goal waypoint (Rutherford et al.,
2021). Other extensions of SafeMDP include multi-agent
safe exploration (Zhu et al., 2020).

The standard MDP formulation assumes a fully known
model of the environment, and full observability of the
current state. For sequential decision-making under state
uncertainty, the partially observable MDP (POMDP) formu-
lation is commonly used (Kaelbling et al., 1998; Spaan et al.,
2015; Lauri et al., 2019). Outside of the safety-constrained
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setting,GPs have beenused asPOMDPbeliefmodels to carry
out unknown process exploration in GP-modelled environ-
ments (Marchant et al., 2014; Morere et al., 2017; Flaspohler
et al., 2019).

As with existing MDP safe exploration algorithms above,
we do not use a partially observable formulation of the
problem to avoid the computational complexity of POMDP
planning. Although our approach will act more myopically
than a POMDP formulation, it requires far less computation.
Furthermore, given that models for exploration tend to be
inaccurate, it is common to use a next-best-view approach as
we propose here, rather than spend computational resources
performing lookaheads based on an inaccurate model. Our
approach also has similarities to a mixed observability
MDP (Ong et al., 2010), where the robot’s location is observ-
able but the environment process is only partially observable.

Exploration of unknown environments. The general
problem of exploration of unknown environments has been
addressed through frontier-based approaches, which aim to
guide the robot towards unknownareas of themap (Yamauchi,
1998; Yamauchi et al., 1998; Freda & Oriolo, 2005). The
research on this topic has recently received a lot of attention
due to the DARPA Subterranean Challenge (SubT), where
teams of robots must autonomously explore underground
environments. In the context of SubT, extensive teams of
researchers have developed and tested complex integrated
systems which address problems such as localisation and
mapping in GPS-denied environments, navigation in adverse
terrains, or coordination of heterogeneous multi-robot teams
under communication constraints (Tranzatto et al., 2022;
Rouček et al., 2022; Hudson et al., 2022;Morrell et al., 2022;
Scherer et al., 2022). Numerous exploration algorithms have
been developed in the context of SubT, a significant portion of
which rely on frontier-based methods (Bayer & Faigl, 2019;
Dang et al., 2020; Williams et al., 2020). Our SafeEstMDP-
Map approach also uses a notion of frontiers to drive the
robot towards unknown areas of the map. However, because
it must maintain safety with regards to the unknown pro-
cess, we also consider possible points which are not at the
edge of known space but for which the GP prediction of the
unknownprocess still has high variance.Given the large scale
of the SubT domains, exploration approaches are often hier-
archical, with the aim of ensuring thorough exploration at a
local level whilst considering when to move to other unex-
plored areas of the map at a global level (Dang et al., 2020;
Cao et al., 2021; Kim et al., 2021). Furthermore, approaches
used in SubT have a strong focus on the traversability of
edges in the navigation graph. In contrast, we either assume
the traversability is given, in the form of a navigation MDP,
or that traversability can be checked by simple ray casting,
assuming that the robot can traverse an edge unless there is
an obstacle on the way. Moreover, we do not separate the

exploration algorithm between local and global levels. This
is done because our focus is on the use of GPs to model
an external unknown process and reason about safety with
regards to it. Note that this aspect goes beyond what is con-
sidered in the SubT works. We also note that our approach
can in principle be integratedwith thesemore complex explo-
ration approaches, ensuring an extra layer of safety against
external processes.

3 Preliminaries

3.1 Markov decision processes & constrained
reachability

Definition 1 An MDP is defined as a tuple M = 〈S, s, A,

T , c〉, where S is a finite set of states; s ∈ S is the initial
state; A is a finite set of actions; T : S × A × S → [0, 1] is
a probabilistic transition function; and c : S × A → R≥0 is
a cost function.

Examples of cost functions are the expected time to exe-
cute an action, or the expected energy required to do so. A

path through an MDP is a sequence w = s0
a0→ s1

a1→ ...

where T (si , ai , si+1) > 0 for all i ∈ N. We denote the set of
all paths of M starting from state s as PathM,s . The choice
of action to take at each step of the execution of an MDP
is made by a policy. In this paper, we consider determin-
istic, stationary policies, defined as functions π : S → A
that map each state s ∈ S to the action to execute in s, and
denote the set of all such policies as �. Given an MDP M
and a policy π ∈ �, we can define a probability measure
PrπM,s over the set of paths PathM,s (Kemeny et al., 1976).
Furthermore, for a measurable function X : PathM,s → R,
we write Eπ

M,s(X) to denote the expected value of X with
respect to PrπM,s .

We consider cost-optimal reach-avoid problems forwhich
the probability of satisfaction might be less than one. These
involve identifying a policy to reach a set of goal states whilst
avoiding a set of forbidden states.

Definition 2 Let G ⊂ S be a set of goal states and F ⊂ S be
a set of forbidden states. We define the set of paths that reach
G whilst avoiding F as:

reach¬F,G ={(s0 a0→ s1
a1→ . . .) ∈ PathM,s0 |

exists i ∈ N such that

si ∈ G and s j /∈ F for all j ≤ i}. (1)

Wewill consider policies that are cost-optimal, in the sense
that they minimise the expected cumulative cost to reach
either a goal state, or a state where reaching the goal is not
possible.
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Definition 3 Letw = s0
a0→ s1

a1→ ... ∈ PathM,s0 .We define
lw as the timestep until which cost will be accumulated for
path w:

lw =
⎧
⎨

⎩

minl s. t. sl ∈ G if w ∈ reach¬F,G

minl s. t.
Prmax

M,sl
(reach¬F,G) = 0 otherwise,

(2)

where Prmax
M,sl

(reach¬F,G) denotes the maximum over � of
PrπM,sl

(reach¬F,G).

Note that the second condition in the definition of lw
encompasses the case where a forbidden state is visited
before a goal state, and the case where the path can never
reach a goal state. We can now define the cost-optimal reach-
avoid problem.

Problem 1 Let cumul¬F,G : PathM,s → R≥0 be a function

that maps a path w = s0
a0→ s1

a1→ . . . to the cost accumu-
lated up to lw:

cumul¬F,G(w) =
lw−1∑

i=0

c(si , ai ), (3)

and �∗ = {π ∈ � | π = argmaxπ ′ Prπ
′

M,s(reach¬F,G)} be
the set of policies that maximise the probability of reaching
G whilst avoiding F . The cost-optimal reach-avoid problem
is defined as finding the policy π¬F,G ∈ �∗ that has minimal
expected cumulative cost:

π¬F,G = argmin
π∈�∗

Eπ
M,s(cumul¬F,G). (4)

The above optimisation problem is a variant of a safest
and stochastic shortest path problem (Teichteil-Königsbuch
2012). The minimal expected cost for these problems
is known to converge to a finite value. We will write
E∗

M,s(cumul¬F,G) to denote the (minimal) expected value
corresponding to π¬F,G . In order to find π¬F,G , we encode
the constrained reachability problem in co-safe linear tem-
poral logic and use the approach presented in Lacerda et al.
(2019).

3.2 Gaussian processes

A GP (Rasmussen & Williams, 2006) is defined as a col-
lection of random variables, any finite number of which
have a joint Gaussian distribution. A GP is fully specified
by its mean function m(s) and kernel function k(s, s′),
i.e. f (s) ∼ GP(m(s), k(s, s′)). We let m(s) = 0 without
loss of generality. The kernel function k is parameterised
by hyperparameters θ that encode prior assumptions over
the unknown function f . We make the standard modelling

assumptions that f has bounded norm in the Reproducing
Kernel Hilbert Space associated with the chosen kernel func-
tion, and also that it is Lipschitz continuous with respect to
some metric d(·, ·) on S (Turchetta et al., 2016; Wachi et al.,
2018).

Definition 4 Let D = {si , zi }nD
i=1 be a dataset of nD noisy

observations of the form zi = f (si ) + εi , where each εi ∼
N (0, σ 2). For a test point s∗, the GP posterior is defined as:

PGP ( f (s∗) | D) ∼ N (kT∗(K + σ 2I)−1z,

k(s∗, s∗) − kT∗(K + σ 2I)−1k∗), (5)

where z = [z1, . . . , znd ]T; I ∈ RnD×nD is the identitymatrix;
K ∈ RnD×nD is the positive semi-definite kernel matrix such
that Ki, j = k(si , s j ); and k∗ = [k(s1, s∗), . . . k(snd , s∗)]T.

It is possible to account for noise in the dataset GP inputs
si as well as observations zi of f (si ) by transforming the GP
to maintain the noise-free input assumption. This is done
by adding a correction term to the GP observation noise
(McHutchon & Rasmussen, 2011).

3.3 Occupancymapmodels of unknown
environments

Consider a bounded environment X ⊂ Rn , partitioned into
free and occupied space. This is represented by sets Xfree

and Xocc, respectively. We will maintain these sets using
occupancymaps (Elfes, 1989) as they provide a versatile rep-
resentation of unstructured environments observed through
noisy sensor measurements. To simplify the presentation, we
will consider n = 2 for the remainder of the paper, i.e.,
we assume the robot is deployed in an environment which
can be navigated in a horizontal 2D plane. However, the
methods proposed here can generalise to consider a 3D envi-
ronment. Thus, we represent the environment as a grid map
M = {m1, . . .m�} of � cells m ⊂ R2.

We keep a classification of cells m ∈ M as either free
space, occupied space, or unknown space. There are several
ways tomaintain such a classification. In our implementation,
we use the OctoMap framework (Hornung et al., 2013), an
octree-based library that provides a probabilistic occupancy
estimate of each 3D voxel in the environment, projecting it
to 2D by taking a slice of the OctoMap at the height of the
robot’s lidar.

We are interested in maximising exploration coverage
over an unknown environment. To do so efficiently, we use
the notion of volumetric gain from Dang et al. (2020), which
estimates the unmapped volume that could be perceived by
an onboard sensor from a given location x ∈ X .

Definition 5 Let Nx be the set of cells observed from location
x ∈ X . We define volumetric gain at x as a weighted sum
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over the cells in each class observable from x , by casting
uniformly-spaced rays outwards in all directions:

gain(x) = αunkN
x
unk + αfreeN

x
free + αoccN

x
occ, (6)

where Nx
c is the number of cells observable from x of class

c, and αunk > αfree > αocc ≥ 0.

Theαc coefficients are normalised such that a gain value of
1 represents every ray cast seeing purely unknown space, and
a value of 0 representing the robot being completely enclosed
by occupied space. The specific values of the α parame-
ters that produce the best performance will depend on the
structure and connectivity of the environment: for example,
whether it is made up of constrained corridors or wide-open
spaces.

Note that our OctoMap-based environment representation
already is a 3D representation that we project to 2D. The
exploration algorithms we propose also generalise naturally
to 3D, thus extendingour framework to 3D is straightforward.

4 Modelling and Problem formulation

4.1 Underlyingmodel

We consider a set of environmental processes which are
unknown to the robot a priori. These processes represent
environmental phenomena that vary across the environment
X , such as radiation levels or underwater currents, for which
the robot can draw noisy sensor measurements at its current
location.

Definition 6 (Unknown Processes) The unknown processes
at environment X are defined as f : X → O where O = Rm

is the observation space of f , with m being the number of
modelled unknown processes. The robot can observe noisy
sensor measurement ω : X → Rm of the form:

ω(x) = f (x) + ε, (7)

where ε = [ε1, . . . , εm] is an m-dimensional vector of
Gaussian observation noise, i.e. ε j ∼ N (0, σ 2

j ) for all
j ∈ {1, . . . ,m}.
For the remainder of the paper, we will consider m = 1,

i.e., we assume there is a single unknown process. However,
the methods proposed can easily generalise to more than one
unknown process, either using amulti-output GP (Osborne et
al., 2008) ormultiple single-output GPs. The former assumes
non-independent process dynamics, where learning about
one process could improve predictions of another.

For the purpose of planning and navigation, we represent
the environment as a set of d waypoints V = {x1, . . . , xd} ⊂

X , and consider a stochastic model of navigation between
waypoints under the influence of the unknown process.

Definition 7 A partially known state MDP (PKSMDP) for
navigation is a tuple MO = 〈SO , sO , AO , T O ,CO〉 where:

• SO = V×O , i.e., the state space is composed of a loca-
tion in the environment v and the corresponding value
f (v) of the unknown process;

• sO = (v, f (v)), where v is the robot’s initial position;
• AO = V × V is a set of navigation actions such that

(v, v′) ∈ AO if the robot cannavigate fromv tov′ without
visiting any other waypoint on the way;

• T O : (V×O) × AO × V → [0, 1], where T O((v, o),
(v, v′), v′′) is the probability of the robot reaching way-
point v′′ given that it attempted to reach waypoint v′ from
v, and the value of the unknown process at v is o;

• CO : (V×O) × AO → R≥0 is the cost function, where
CO((v, o), (v, v′)) is the cost of attempting to navigate
from waypoint v to waypoint v′ when the value of the
unknown process at v is o.

Note that a PKSMDP is not a standardMDP as formalised
inDefinition 1. In particular, the transition function is defined
such that the action outcomes are a distribution over only
the set of waypoints. This is because the underlying state is
uniquely defined by the value of the waypoint v, i.e., sO =
(v, f (v)). Furthermore, since f is unknown and the robot is
only able to make noisy observations, the PKSMDP cannot
be directly used for planning. Finally, note that SO is not a
discrete set because its componentO is continuous. InSect. 5,
we will propose a model that estimates the PKSMDP.

Previous approaches generally model the unknown pro-
cess as a cost function rather than as part of the state. By
including unknown process values as part of the state, the
PKSMDP can model the impact of these process values on
the robot dynamics.

We also consider a safety function defined over the values
of the known and unknown state features.

Definition 8 Asafety function is amappingφ : SO → {0, 1}
where φ(so) = 1 when s is considered safe and 0 otherwise.
The sets of safe and unsafe states can then be defined as
safeφ = {so ∈ SO | φ(so) = 1} and unsafeφ = SO\safeφ .

A simple safety function which depends only on a single
unknown value state feature could be an upper-bound b ∈ R
on the value of that feature, as used in Sect. 8.1.1. However,
our approach allows for safety to be defined as an arbitrary
Boolean functionover the state-spaceof thePKSMDP, some-
thing which is not possible with existing approaches. We
demonstrate such a safety function in Sect. 8.1.2.
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4.2 Problem formulation

We now pose the two problems addressed in this paper. First,
we assume that the area has been previously spatiallymapped
and there is a knownPKSMDPdefined over themapped area.
The goal is to accurately estimate f whilst remaining safe.

Problem 2 Let MO = 〈SO , sO , AO , T O ,CO 〉 be a
PKSMDP and φ : SO → {0, 1} a safety function. Estimate
the unknown process f : X → O whilst avoiding states
so = (v, o) where so ∈ unsafeφ .

In Problem 2, we know the underlying spatial structure of
the environment, and assume it has been discretised into a
set of relevant waypoints. This discretisation can be achieved
manually by a designer, or automatically, e.g. by employing
Voronoi diagrams or gridding the space, removing edges and
cells that intersect with the obstacles. Quantifying the qual-
ity of our estimate depends on the robot’s objective and the
approach used for estimation, thus we deliberately leave it
undefined in the problem definition above. In our proposed
approach, we use the variance of the GP predictions of f on
the waypoints, as will be explained in Sect. 6.2.

Second, we remove the assumption of a known map – and
hence of a known PKSMDP – and consider the problem of
safely exploring and mapping the environment. To do so, we
assume the robot is equipped with a sensor (e.g. lidar) that
is able to build an occupancy map incrementally, which is in
turn used to classify voxels as unknown, occupied or free as
described in Sect. 3.3.

Problem 3 Let X be a bounded environment, M a grid map
representation of X , and φ : SO → {0, 1} a safety function.
Classify as much of M as possible as being in free or occu-
pied, whilst avoiding states so = (v, o) where so ∈ unsafeφ .

To solve Problem 3, we will adapt the solution of Prob-
lem 2 to incrementally build and solve estimates of a
PKSMDP rather than consider the exploration of a fixed
underlying PKSMDP.

5 GP-based PKSMDP estimation

Central to our approach is the construction of an MDP that
estimates the unknown process represented in the PKSMDP
given the data already observed by the robot. Our approach
to do so is to use a GP, trained on observations up to timestep
t , to iteratively estimate the mapping o between known state
feature values and their corresponding unknown state feature
values.

We start by partitioning the domain of the unknown pro-
cess O into a finite set of intervals of possible values of
the unknown process, allowing us to abstract the continuous
aspect of the problem.

Definition 9 We consider the finite partitions of O defined as
the sets of intervals I. Given o ∈ O , we write I [o] to denote
the interval in I that contains o.

Partitioning the continuous space of the unknown process
into a finite number of intervals enables the use standard solu-
tion techniques for MDPs, removing the need to consider
continuous state spaces. As usual in this kind of discretisa-
tion, increasing the number of intervals leads to a more fine
grained representation of the unknown process, at the cost of
increased computational complexity.

We consider the GP posterior over these intervals.

Definition 10 Let D be a dataset of observations of the
unknown process f , v∗ ∈ V be a waypoint, and I ∈ I be an
interval. The probability of the value of unknown process in
v∗ being in interval I is defined as:

PGP ( f (v∗) ∈ I | D) =
∫

o∈I
PGP ( f (v∗) = o | D) do. (8)

We can now define the Estimated MDP (EstMDP), which
encodes both the probabilistic transition function of the
PKSMDP and the GP model given the observed dataset D.

Definition 11 Let MO = 〈SO , sO , AO , T O ,CO 〉 be a
PKSMDP, I be the set of intervals, and D be a dataset of
observations of the unknown process f .

The estimated MDP is a tupleMD = 〈SD, sD, AO , TD,

CO〉, where TD : (V×I)× AO × (V×I) → [0, 1], where:

• SD = V × I, i.e., the state space are pairs of waypoints
and intervals over the unknown process value at those
waypoints;

• sD = (v, I [ω(v)]), where v ∈ V is the initial waypoint
of the robot;

• The transition function is defined as

TD((v, I ), (v, vg), (v
′, I ′)) =

T O((v, I ), (v, vg), v
′)PGP ( f (v′) ∈ I ′ | D), (9)

where T O
(
(v, I ), (v, vg), v

′) is the average of
T O((v, o), (v, vg), v

′) along interval I = [l, u]:

T O((v, I ),(v, vg), v
′) =

∫ u
l T O((v, o), (v, vg), v

′)do
u − l

. (10)

The EstMDP defines a transition function for which we
can plan for using standard techniques. It does so by (i) defin-
ing the transition function over intervals of O rather than O
itself, by averaging it along each interval; and (ii) completing
the transition definition, byweighting the transition probabil-
ities in T O the GP estimate with the GP posterior over each
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Fig. 1 Construction of the estimated MDP transition function TD ,
combining the PKSMDP probabilistic transition function T O and GP
predictive posterior given the dataset

possible interval, given the set of observed data D. Figure1
depicts an example TD.

The EstMDP is at the core of the exploration algorithms
presented in the next two sections. To reason about safety on
the EstMDP, we define the set of unsafe EstMDP states.

Definition 12 Let MD be an EstMDP. The set of unsafe
states of MD is defined as

Sunsafe = {(v, I ) ∈ SD | ∃o ∈ I s.t. φ((v, o)) = 0}, (11)

and the set of safe states of MD is defined as

Ssafe = SD \ Sunsafe. (12)

States (s, I ) are considered unsafe if they are unsafe for any
o ∈ I . This is an overestimate of the set of unsafe states,
which in turns lead to a conservative definition of safe states.
For convenience, we also define the set of safe intervals for
a specific waypoint v:

Isafe(v) = {I ∈ I | (v, I ) ∈ Ssafe}. (13)

6 SafeEstMDP-Process: modelling an
unknown hazard

In this section, we present our approach to Problem 2, i.e.,
whenwe assume a known underlying navigation graph V and
our goal is to predict f as well as possible. Given that we use
a GP to estimate f , we stop exploration when the predictive
variance of the GP is within a bound for all waypoints in V
that can be reached safely.

6.1 Algorithm description

The flow diagram (Fig. 2) provides a high-level descrip-
tion of the exploration approach.At each exploration step, the
robot uses its current knowledge of the PKSMDP to deter-
mine which goal state it should next visit in order to best
improve its knowledge of other uncertain states. It uses the
EstMDP to represent its current knowledge of the PKSMDP
and makes decisions based on this estimation.

While executing the current policy π that has been cho-
sen to reach the current goal state, the robot carries out a
policy safety check at each state. Carrying out the safety
check allows the robot to replan when the probability of
safely reaching the goal falls below the threshold pmin. This
check is particularly key when the transition function of the
PKSMDP depends on the value of the unknown process, as
the policymay entirely fail to reach the goal state if the values
of the unknown process are not as the algorithm expected at
goal selection time.

Constructing the EstMDP always uses themost up-to-date
GP posterior, which is maintained within the GP manager
module, and the PKSMDP given as input. In the next sec-
tion, we will discuss how we can also build an PKSMDP
incrementally, based on occupancy data sensed by the robot.

Algorithm 1 Safe exploration (SafeEstMDP-Process)
Input: PKSMDP Mo, safety function φ, safety probability threshold
pmin, kernel k(x, x ′), initial location v ∈ V
Output: GP posterior over unknown process
1: v ← v

2: vg ← v

3: visited ← ∅
4: D ← ∅
5: while vg �= nil do
6: if v /∈ visited then
7: visited ← visited ∪ {v}
8: D ← D ∪ {(v, ω(v))}
9: Rebuild MD (Definition 11) to consider current D
10: end if
11: if v = vg or

PrπMD ,(v,I [ω(v)])
(
reach¬Sunsafe,{(vg ,I )|(vg ,I )∈Ssafe}

)
< pmin then

12: vg, π ← ChooseGoal (Algorithm 2, Sect. 6.2)
13: end if
14: (v, I [ω(v)]) ← execute π((v, I [ω(v)])) and observe outcome
15: end while
16: No new goal state identified, end exploration

We provide further detail on the approach in Algorithm 1.
The algorithm receives a PKSMDP Mo to be explored, a
safety function φ, a minimum safety probability pmin, a GP
kernel k and an initial location v.

The exploration algorithm repeatedly finds newgoal states
to explore, until nomore goals are available (line 5). The algo-
rithm maintains a set of waypoints visited that have already
been explored (and must therefore be safe) and a dataset D
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Fig. 2 Flow diagram of the
exploration method. Full lines
represent main algorithm loop,
and dashed lines represent
structures responsible for data
gathered during deployment and
construction of the EstMDP
given that data. Parts in blue are
specific to the approach
presented in Sect. 7 (Color
figure online)

Algorithm 2 ChooseGoal
Input: EstMDP MD , visited waypoints visited, current state s = (v, I [ω(v)]), minimum safe probability pmin, accuracy threshold η

Output: New goal waypoint vg and corresponding policy π

1: V ′ ← GetCandidates (Algorithm 3)
2: while V ′ �= ∅ do
3: VN ← set of the first N elements v of V ′
4: V ′ ← V ′ \ VN
5: for v′ ∈ VN do
6: preach(s, v′) ← Pmax

MD ,s

(
reach¬Sunsafe,{(v′,I )|(v′,I )∈Ssafe}

)

7: preturn(v′) ← ∑
I∈Isafe(v′) P

max
MD ,(v′,I )

(
reach¬Sunsafe,{(v′′,I [ω(v′′)])|v′′∈visited}

) · P( f (v′)∈I |D)∑

I ′∈Isafe(v′) P( f (v′)∈I ′ |D)

8: if preach < pmin or preturn < pmin then
9: Remove vcand from VN
10: end if
11: end for
12: if VN �= ∅ then
13: vg ← argmaxv′∈VN

scoreD(s, v′)
14: return vg , and corresponding policy π¬Sunsafe,{(vg ,I )|(vg ,I )∈Ssafe}
15: end if
16: end while
17: return nil

of observations of the unknown process at the explored way-
points. These are updated whenever the robot visits a new
state (lines 7–8).

Before executing an action from the current policy, the
robot checks whether the policy can continue being exe-
cuted safely from the current state. It does this by evaluating
the same constrained reachability problem that was used
to select the current goal state, but now from the current
state. Evaluating π in the policy safety check is significantly
less computationally demanding than generating π as part
of ChooseGoal. When the policy safety probability falls
below a user-defined threshold pmin or the robot reaches its
current exploration goal (line 11), then a new goal state must
be selected. Where the PKSMDP transition and/or cost func-
tion are dependent on unknown value state features, one
may also check the expected cumulative cost of continu-
ing to execute π , and abandon the current goal if the cost

grows significantly beyond the expected cost calculated at
goal selection time.

The ChooseGoal routine and the policy safety check
make use of the EstMDP MD, obtained from Mo and the
GP posterior given the dataset D, as explained in Defini-
tion 11. The robot uses MD to choose a new waypoint to be
explored and computes the corresponding policy, according
toChooseGoal (line 12, Algorithm 2 to be explained next).
Finally, in line 14, the robot executes the action prescribed by
its current policy, observes the outcome location, senses the
value of the unknown process at that location, and updates
the new state accordingly.

6.2 Choice of goal waypoint

The choice of goal waypoint makes use of the EstMDP
model, and is detailed by Algorithm 2. A good goal way-
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point should provide information when observed (i.e. have
a high predictive variance before observation) relative to the
cost taken to reach it and, crucially, be safe to reach and return
from.

Algorithm 3 GetCandidates
Input: EstMDP MD , visited waypoints visited, minimum safe proba-
bility pmin, accuracy threshold η,
Output: Candidate goal waypoint ordered sequence V ′
1: V safe ← {v′ ∈ V \ visited | P(I [ f (v′)] ∈ Isafe(v′) | D) > pmin}
2: return {v′ ∈ V safe | Var( f (v′) | D) ≥ η}, ordered by decreasing

value of Var( f (v′) | D)

In line 1 the set of candidate goalwaypoints is generatedby
GetCandidates, as defined inAlgorithm3.This set consists
of unvisited waypoints that (i) are considered safe with high
probability and (ii) have a GP predictive variance greater
than the accuracy threshold η. We then enter a loop where
we analyse batches of N waypoints (lines 3 and 4).

Because Algorithm 3 orders candidates in V ′ by highest
predictive variance, this will be the N waypoints in V ′ where
theGP is less accurate. Each of thesewaypoints vg is checked
for reachability and returnability probabilities. Specifically,
the reachability probability (line 6) is defined as the maxi-
mum probability of safely reaching the set of states in MD

corresponding to vg from the current state s. The returnabil-
ity probability (line 7) is computed as the weighted average
of the probabilities of safely returning from one of the states
in MD corresponding to vg to a state corresponding to an
already visited (hence, safe) waypoint. For the returnability
check it is assumed that the initial state is safe, hence the
normalisation at the end of line 7. If either of these proba-
bilities is below the safety threshold pmin, they are removed
from the current batch of candidates (lines 8 and 9). Then, if
there are still waypoints in the current batch of candidates,
the remaining waypoint with the highest score (we propose
a scoring function in the next section) is returned as the new
goal waypoint (lines 12–14). The policy returned is the pol-
icy generated from the reachability check for the chosen goal
waypoint. If the current batch of candidates is empty, the pro-
cess is repeated for the next N highest variance waypoints. If
nowaypoint passing the reachability and returnability checks
is found, then all waypoints that could be safely explored
have been visited, and the algorithm returns nil, finishing
the exploration (line 17).

Goal scoring function. The goal scoring function scoreD :
SD × V → R is designed to indicate how beneficial a way-
point v would be to visit and observe from current state s,
given the current observed dataset D. This score should take
into account the GP’s predictive variance at v, the optimal
expected cost to safely reach a state in {(v, I ) | (v, I ) ∈
Ssafe} from current state s, and the reachability/returnability

Fig. 3 An example of a navigation graph G and corresponding Esti-
mated MDP transition function TD , defined based on an interval set
I = {Isafe, Iunsafe}. Numerical values are derived from the GP posterior
given D. Navigation graph edges are annotated with costs, transition
function edges with transition probabilities

probabilities for v. We propose the following scoring func-
tion:

scoreD(s, v) =
Var( f (v) | D)×
E∗

MD,s

(
cumul¬Sunsafe,{(v,I )|(v,I )∈Ssafe}

)−γ1 ×
(preach(s, v)preturn(v) − p2min)

γ2 , (14)

where the parameters γ1 and γ2 provide relative weightings
on different parameters.

Figure3 shows an example EstMDP that might be used
by SafeEstMDP-Process. In this scenario, starting at v1 and
supposing a safety threshold of pmin = 0.5, the selection of
the next goal state (between either v2 or v3) would weigh up
several factors: the cost to reach v2 is higher, but taking action
v3 comes with a significantly higher risk of ending up in an
unsafe state according to the GP. Given that the GP variances
are also similar, v2 would likely be selected as the next goal
node, whereas v3 would only be selected if its variance were
significantly higher.

7 SafeEstMDP-Map: exploring an unknown
environment

In this section, we present our approach to Problem 3, i.e.,
when there is no assumption over the underlying map and
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the goal is to safely explore a bounded environment X rep-
resented by a grid map M, and classify, as free or occupied,
as many cells in M as possible. For this problem, we will
incrementally build the navigation MDP MO (Definition 7)
and stop exploration when the volumetric gain associated to
all safely reachable waypoints in V is less than a specified
threshold.

7.1 Algorithm description

There are two main differences with regards to the approach
presented in the previous section: (i) there is a naviga-
tion graph construction process running in parallel with
Algorithm 1. Instead of receiving a complete PKSMDP a
priori, Algorithm 1 constructs an updated MO whenever
it needs to build an estimated MDP MD, making use of
the most up-to-date navigation graph representation of the
currently explored environment; and (ii) the candidate way-
point selection, scoring function and stopping condition of
ChooseGoal (Algorithm 2) are updated for the new explo-
ration objective of safely mapping the environment. The blue
part of the diagram in Fig. 2 highlights this additional step.

7.2 Incremental navigation graph construction

Our exploration system requires a mechanism for incre-
mentally growing MO based on local sensor measure-
ments. This mechanism assumes that the robot navigation
is deterministic, i.e., the transition function is such that
T O((v, o), (v, v′), v′′) = 1 if v′′ = v′, and 0 otherwise.
Furthermore, we consider the MDP cost to be based on the
Euclidean distance, i.e., C((v, o), (v, v′)) = ‖v, v′‖2.

The deterministic navigation assumption is used so we do
not need to estimate the outcome distribution of traversing a
specific edge from sensor data, which is outside the scope of
this paper.

However, if we have a mechanism that can do so, then our
approach can dealwith stochastic navigation, as there is noth-
ing in the exploration algorithm that assumes deterministic
dynamics. A PKSMDP with a deterministic transition func-
tion and Euclidean distance cost can be fully defined by its
underlying graph G = (V , AO). In the remainder of this sub-
section, we describe how to incrementally build G. Note that
any other cost function that maps pairs of waypoints to a pos-
itive number can be considered; we use Euclidean distance
for ease of presentation. Furthermore, whilst we consider ray
casting in a grid map which is derived from lidar scans, any
other approach to calculate volumetric gain could be used.
The graph-extending process is described in Algorithm 4.

The algorithm casts rays outwards from the robot’s cur-
rent location v in all directions within a horizontal plane, in
angular increments of δ. Along each ray, stepping outwards
based on a lengthscale �, a new query waypoint vq is cre-

Algorithm 4 ExtendGraph
Input: Existing graph G = (V , AO ), current waypoint v, angle incre-
ment δ, range r , lengthscale �, proximity factor f
Output: Updated graph G
1: for θ ∈ [0, 2π ] in increments of δ do
2: vprev ← v

3: for d ∈ [�, r ] in increments of � do
4: vq ← vprev + duθ � uθ is the unit vector in direction θ .
5: vc ← ClosestVertex(V , vq )

6: if ‖vq , vc‖2 ≤ f � then
7: vq ← vc � Use existing vertex.
8: end if
9: if PathBetween(vprev, vq ) then
10: V ← V ∪ {vq }
11: AO ← AO ∪ {(vprev, vq ), (vq , vprev)}
12: else
13: break
14: end if
15: vprev ← vq
16: end for
17: end for
18: return G = (V , AO )

ated (line 4). If vq is too close to the nearest pre-existing
waypoint vc, then the nearby waypoint is used as the query
waypoint instead (line 7). Then, the occupancymap is queried
to check if there is a path through free space between the pre-
vious query waypoint vprev and vq (line 9). If such a path
exists, vq is added to the vertices in the navigation graph, and
a bidirectional edge is added linking it to the previous ver-
tex. Otherwise, the current chain of waypoints ends, as it is
presumed blocked by an obstacle. In this way, the algorithm
constructs chains of waypoints outwards from the current
waypoint v through free space, connecting them to existing
nearby waypoints whenever possible.

Figure 4 demonstrates the navigation graph construction
algorithm in action, showing the graph itself as well as a
3D occupancy map obtained from a Clearpath Jackal robot.
The initial navigation graph (Fig. 4a) has edges radiating a
few metres outwards from the robot’s initial location, in all
directions except where the lidar’s line of sight is obstructed.
Figure4b shows a more developed navigation graph after a
few actions have been taken.

7.3 Choice of goal waypoint

The candidate goal selection routine inChooseGoal (Algo-
rithm 2, line 1) now calls the SafeEstMDP-Map version of
GetCandidates (Algorithm 5). The primary candidate set
of states (line 2) is similar to the one returned byAlgorithm 3.
The only two differences are: (i) replacing the GP predictive
variance term with volumetric gain to reflect the information
gain objective, and (ii) specifying a minimum volumetric
gain ηgain that a waypoint must have to be considered as a
primary candidate.
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Fig. 4 Navigation graph construction on a Clearpath Jackal robot simu-
lated inGazebo. Red spheres represent waypoints, yellow lines traversal
actions (Color figure online)

Algorithm 5 GetCandidates (SafeEstMDP-Map)
Input:Visitedwaypoints visited, minimum safe probability pmin, infor-
mation gain threshold ηgain, current waypoint v
Output: Candidate goal waypoint ordered sequence V ′
1: V safe ← {v′ ∈ V \ visited | P(I [ f (v′)] ∈ Isafe(v′) | D) > pmin}
2: V prim ← {v′ ∈ V sa f e | gain(v′) ≥ ηgain}
3: V prog ← {v′ ∈ V sa f e \ V prim | minv′′∈V prim ‖v′, v′′‖2 <

minṽ∈visi ted,v′′∈V prim ‖ṽ, v′′‖2}
4: return V ′ = V prim∪V prog as an ordered set, with elements of V prim

first, ordered by decreasing gain(v′), and elements of V prog after,
ordered by increasing ‖v, v′‖2

However, Algorithm 5 now also returns progression can-
didates (line 3), which are waypoints that progress the
robot towards primary candidates. These are states for which
gain(v) < ηgain, but visiting that state would decrease the
minimum distance between the visited set of states and any
primary candidate state. The addition of progression candi-
dates is necessary because of the decoupling of information
gain from the safety function. For most useful GP kernels,
taking measurements increasingly closer to a primary can-
didate state will provide more information about that state’s
safety.

Figure 5 shows an example of this behaviour. The robot is
at the start of a row of waypoints along a corridor, ending in
a 90◦ corner. At the first timestep (Fig. 5a), the robot is at vi .
For this example, pmin = 0.99. The waypoint vc provides a

viewaround the corner, so has a high information gain and is a
primary candidate. However, as it is several navigation edges
away from the robot, preach(vi , vc) < pmin: the robotwill not
choose vc as a goal state. Thewaypoint va is safely reachable,
but has information gain below the minimum threshold so
cannot be a primary candidate. However, va is a progression
candidate because visiting it would decrease the minimum
distance between the visited set of states and vc. At timestep
2, the robot has chosen va as its new goal and transitioned to
it. Having taken a measurement at va , it is now more certain
that vb and vc are safely reachable. It can then continue to
choose vb, which is now safely reachable with probability
greater than pmin, as a new goal state and progress further
towards vc. Without the addition of progression candidates,
the robot would be unable to move along the corridor in this
manner.

Goal scoring function. Our scoring function is designed
to encourage efficient exploration of the unknown space – a
waypoint v is beneficial to observe if its volumetric gain is
high, as this indicates it would likely be helpful in growing
the robot’s map of the environment. Thus, we replace the GP
variance component in Eq.14 with the information gain term
gain(v) defined in Eq.6. This mirrors Eq.14, except with
the exploration term now driven by increase of information
over the map rather than minimisation of GP variance:

scoreD(s, v) =
gain(v)×
E∗

MD,s(cumul¬Sunsafe,{(v′,I )|(v′,I )∈Ssafe})−γ1×
(preach(s, v)preturn(v) − p2min)

γ2 . (15)

Again, γ1 and γ2 specify the relative weightings of the
components.

8 Experiments

We present a series of experiments in simulation to demon-
strate the performance of the SafeEstMDP-Process and
SafeEstMDP-Map algorithms.

For all experiments, the MDP is solved via PRISM
(Kwiatkowska et al., 2011) using nested value iteration (Lac-
erda et al., 2019), and the GP framework used is GPy (GPy,
2012).

8.1 Evaluation domains

We use two sets of domains for evaluation of our algo-
rithms in simulation. In the first set of domains (Sect. 8.1.1),
the unknown process is nuclear radiation, and the transition
dynamics are independent of the unknown process. The sec-
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Fig. 5 Robot progress towards
high-information-gain states
using progression candidates
(Sect. 7.3)

ond set (Sect. 8.1.2) considers exploration in the presence of
unknown ocean currents, which affect the transition dynam-
ics.

8.1.1 Nuclear

We consider the safety hazard of gamma radiation expo-
sure, which can be harmful at high levels to both robots and
humans. Furthermore, standard gamma radiation survey sen-
sors only provide noisy, local measurements. This matches
our locally observable safety formulation.

We evaluate with the nuclear radiation hazard in two sim-
ulated domains, illustrated in Fig. 6.

1. Reactor room, Fig. 6a: a simulated world representing a
20m × 20m nuclear reactor room, from Wright et al.
(2021).

2. Researchmine, Fig. 6b:A35m× 28mmapbuilt from3D
SLAM in a real underground mine section at Corsham,
UK.

The evaluation of SafeEstMDP-Process in Sect. 8.2 requires
a PKSMDP to be provided. For each domain, PKSMDPs
are pre-generated using 8-connected grid maps with 1m grid
units, which can be seen in Fig. 6. In contrast, in Sect. 8.4 the
PKSMDP is sequentially built over themap by SafeEstMDP-
Map.

Simulation of radioactive environments.
Radiation is simulated using 1/r2 “solid angle” radi-

ation physics (Wright et al., 2021). Radiation sources
{(χ src

i , xsrci )}nsrci=0 have strength χ src
i and pose xsrci . Source

strength is the exposure value at a distance of 1m. The radia-
tion exposure λ(x) at robot pose x ∈ X from these radiation
sources is then:

λ(x) =
nsrc∑

i=1

χ src
i

‖x − xsrci ‖22
. (16)

For each exploration scenario, a PKSMDP (Sect. 8.2) or
a 3D simulated environment (Sect. 8.4) is combined with a
randomly generated distribution of radiation sources. Sam-
pled radiation distributions are discarded when they result

Fig. 6 2Doccupancymaps of both simulated experiment domains,with
the navigationmapused to build thePKSMDP for SafeEstMDP-Process
shown in grey (Color figure online)

in trivial exploration results with too much of the environ-
ment being safe or unsafe. In this work we generate radiation
distributions that result in a minimum of 40% of the environ-
ment’s states being safely reachable from the initial state, and
a maximum of 90%.

Random radiation fields are generated in both of the fol-
lowing ways, with each method contributing 50% of the
evaluation environments:
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Fig. 7 Two valid random radiation distributions, generated according
to Sect. 8.1.1. A table of all radiation distributions used in Sect. 8.2 can
be found in Appendix A.4

1. Random point-source distribution: insert a randomly
chosen number of sources (5 ≤ nsrc ≤ 30), with
uniformly random sampled poses across the environ-
ment’s domain, with randomly sampled z position values
z ∈ {1.0, 1.5, 2.5} and randomly sampled strengths
χ src ∈ {250, 500, 1000, 2000, 5000}. x and y position
values are sampled uniformly within the bounds of the
map ±2m.
An example of this type of radiation distribution can be
seen in Fig. 7a.

2. Randomly generated Gaussian random field distribution:
evenly cover the map with radiation sources at z = 1.0
and draw their log strengths from a Gaussian random
field.
The Gaussian random field is generated with a radial

basis function kernel, using uniformly sampled length-
scale hyperparameter l ∈ {3.0, 5.0, 7.0} and variance
hyperparameter σ ∈ {20, 30, 50, 75}.
An example of this type of radiation distribution can be
seen in Fig. 7b.

GP modelling of radioactive environments.
To explore while ensuring safety with high probability, an

exploration algorithm’sGPmodelmust be able towell-model
the ground-truth hazard function. Previousworks (Silveira et
al., 2018; West et al., 2021; Khuwaileh & Metwally, 2020)
have demonstrated GP regression as capable of accurately
modelling radiation fields in the real world. Silveira et al.
(2018), West et al. (2021) log transforms the radiation level
measurement data, in a similar manner to the log-warped GP
model we describe below. Several features of radiation fields
present challenges for standard GP regression. Firstly, the
values of the radiation intensity function over 3D space may
vary over several orders of magnitude. This is particularly
evident when high-intensity radiation sources are present.
Furthermore, since standard GP predictive Gaussian poste-
rior distributions are unbounded, the GP will assign some
probability to a radiation level < 0. This is clearly nonphys-
ical, as the ground-truth radiation level is non-negative.

Secondly, the standard GP assumption of zero-mean
Gaussian observation noise with input-independent standard
deviation does not hold. At an abstract level, radiation mea-
surements are based on counts of discrete detection events:
for example, counts produced by a Geiger-Muller tube.
Statistically these are samples from a Poisson distribution
with rate parameter λ being the ground-truth radiation level.
Samples from this distribution have standard deviation

√
λ.

Therefore, as the radiation level increases, the absolute mea-
surement noise increases and the relative measurement noise
decreases. Due to this effect and the non-linear behaviour
of the Geiger-Muller tube, real-world radiation sensors are
generally specified with a percentage rather than absolute
reading accuracy (Knoll, 2010).

GPs with a non-Gaussian or heteroscedastic observation
function are non-conjugate and therefore cannot be solved in
closed form. Computationally intensive methods, including
Markov Chain Monte Carlo sampling and Laplace approxi-
mation, are required (Williams & Barber, 1998).

To alleviate these issues, we follow the approach of Snel-
son et al. (2003) and use a log-warped Gaussian process
regression. In this formulation, we model the log of the
radiation level value f (log(rad)) with a GP. This trans-
forms a normally distributed percentage observation noise
with standard deviation σ% in the radiation level into a nor-
mally distributed observation noise with standard deviation
σ , where:
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exp (log(rad) + σ) = rad · (1 + σ%) ,

σ = log (1 + σ%) . (17)

The relative measurement noise formulation therefore better
matches our sensor’s percentage measurement noise. Fur-
thermore, the log-warped GP is also significantly better able
to handle order-of-magnitude variation in the radiation level
compared to a standard GP regression.

EstMDP modelling of radiation levels.
In this domain, the unknown process f : V → R is the

value of the radiation level at each state. As the radiation level
does not affect waypoint transitions, we need only define two
intervals I = {Isafe, Iunsafe} where Isafe = [0, log(λmax)]
and Iunsafe = [log(λmax),∞) and λmax is the radiation level
safety bound. If a non-log GP were used, the EstMDP struc-
ture would be identical, with equivalent intervals Isafe =
[0, λmax] and Iunsafe = [λmax,∞). The exploration GP mod-
els the 1D radiation level at each state: PGP : R2 → Dist(R).
The GP input is {x, y}, in units of metres in a local coordinate
frame.

8.1.2 Unknown currents

In this set of domains, the autonomous agent is an under-
water autonomous vehicle (AUV) exploring the open ocean.
The unknown process is the underwater current, which prob-
abilistically affects the AUV’s transition dynamics. This is
different from the setting of Sect. 8.1.1, where the PKSMDP
transition function T O is deterministic and independent of
O .

The AUV travels in a given direction by diving to a fixed
depth and then travelling at a fixed speed relative to the water
surrounding it, surfacing after a fixed length of time. Depend-
ing on the direction and magnitude of the water currents, this
can result in the AUV surfacing in different locations. We
discretise the ocean into a grid of hexagonal cells, as shown
in Fig. 8. The figure illustrates the three evaluation domains,
Faroe, Guernsey, and Norway, each of which is a 43.2km ×
37.4km area covered by a 24 × 18 hex grid of side length
1.2 km.

The AUV fails its safety specification when it enters a cell
with water depth ≤ 10m, as it is at risk of colliding with
the seabed. These “definitely unsafe” states are known to be
unsafe a priori, based on bathymetry data described below,
and are shown in red in Fig. 8. The AUV also fails its safety
specification when it enters a cell where the water current
magnitude is too high in the direction of an a priori unsafe

Fig. 8 AUV domain areas, showing ground-truth currents (arrows) and
state safety (hex cell colour) (Color figure online)
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Fig. 9 Illustration of possible and sampled outcomes of the AUV nav-
igating from (0, −2) to (0, 0) in the hex grid

state. This would result in the AUV being carried into an
unsafe state before it can dive again. States which may be
unsafe depending on the current value at that state, “maybe
unsafe” states, are shown in yellow in Fig. 8. Dark orange
cells show “maybe unsafe” states which are in fact unsafe
given the ground-truth current value at that state. This is an
example of a more complex safety specification, which is
defined on both known and unknown state feature values.

Actions are to attempt to travel 2 cells in one of the 6
hexagonal directions, with the AUV surfacing at the end of
the action. An action in the north direction from cell (0,−2)
to cell (0, 0) is illustrated by the blue arrow in Fig. 9. To
limit the number of possible action outcomes, we wish to
ensure that the AUV can only surface in the target cell or one
of its immediate neighbours. We do this by calculating the
minimum required AUV velocity for the maximum current
magnitude in the dataset.

As illustrated in Fig. 9a, the distance from an initial cell
to an action’s target cell is 2

√
3D where D is the hex

cell side length. The time taken for the AUV to travel this
distance is 2

√
3D/vAUV seconds. The maximum distance

that the AUV can be carried by the current in this time is
vmax × 2

√
3D/vAUV, where vmax is the maximum current

velocity. If this distance is less than 2D, then the AUV can
only surface in the target cell or one of its immediate neigh-
bours. TheminimumAUVvelocity to ensure this is therefore
vAUV > 1√

3vmax
.

We assume that throughout the dataset the maximum cur-
rent velocity in each axis is 0.65m s−1. We select vAUV =
1.8m s−1, as 1.8 > 1√

3
√

2(0.652)
.

Action costs are the constant time taken to execute an
action: C((v, o), (v, v′)) = 1.

Simulation of unknown currents and underwater
autonomous vehicle.

Ground-truth bathymetry and water current velocity data
is taken from the NORTHWEST_ SHELF_ANALYSIS_
FORECAST_PHY_004_013 dataset1 , which covers the
northwest European shelf area. A kinematic AUV simula-
tor (Budd et al., 2022) is used to forward simulate vehicle
control, actuation and stochastic disturbances in a Monte
Carlo manner, with a 1 Hz simulation frequency. The simu-
lated AUV is a small, moving-mass propellor-driven vehicle
with neutral buoyancy and noisy actuation. Water currents
acting on the simulated vehicle are linearly interpolated from
the ground-truth dataset points. The “true” outcome of a nav-
igation action is sampled by running this simulator with
ground-truth current values, as illustrated in Fig. 9b. This
results in an implicit “ground-truth” MDP with probabilistic
action outcomes.

EstMDP modelling of unknown current navigation.
In this domain, the unknown process f : V → R2 is the

2D vector of water current velocities at each state. Intervals
I therefore represent a range of values for the north and
east current velocity components vN and vE . We define the
intervals as the cartesian product of two 1D intervals, one
for each component of the 2D vector, i.e. I = IN × IE

where IN = IE for simplicity. We assume that the AUV
noisily measures current velocity at states it passes through,
using an onboard sensor or by analysing its end position after
surfacing. The exploration GP is a coregionalised GP which
models the 2D vector (vE , vN ) of east/north current velocity
at each state: PGP : R2 → Dist(R2). The GP input is {x, y},
in units of metres in a local coordinate frame.

To apply SafeEstMDP-Process to the AUV domain,
we must define the interval-dependent transition function
T O((v, I ), (v, vg), v

′).Wedonot have a closed-formexpres-
sion for T O((v, o), (v, vg), v

′) to use with Eq.10: we can
only sample navigation outcomes from the AUV simulator.
We therefore build a transition kernel which estimates the
probability of each possible outcome, relative to the cell the
action was taken in, given the 2D interval over the current
velocity at that start state. For a specific interval I , an evenly
spaced grid of 10 × 10 current velocity values (vN , vE ) are
taken from the interval.We run 20 repeats of theAUVsimula-
tor for each of these values, and record the resulting surfacing
cell. Figure9b shows 10 sampled outcomes for a specific
(vN , vE ) value. This process gives us an estimate of the prob-
ability of each possible transition outcome given the interval
I , and is independent of start state cell.

1 UK Met Office Marine Data Service. Available: https://www.
metoffice.gov.uk/services/data/met-office-marine-data-service.
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Fig. 10 Scatter plots comparing SafeEstMDP-Process, on the y-axis,
to SafeMDP, on the x-axis. The two algorithms are compared on a
the proportion of the ground-truth safely reachable set the algorithm
is able to correctly mark as safe, b the final KL divergence from the
algorithm’s GP model to a “ground truth” GP model, and c the total

cost the algorithm has incurred by the end of exploration. Total 400
runs of SafeEstMDP-Process and SafeMDP (2 domains, 20 randomly
generated radiation layouts, 10 repeats). All runs terminated without
breaking the safety specification. See Fig. 21 (appendix) for plots of all
scenarios shown here

8.2 SafeEstMDP-Process: mapping an unknown
hazard

In this section, we compare SafeEstMDP-Process to
SafeMDP (Turchetta et al., 2016), a prior MDP safe explo-
ration algorithm which aims to determine the ground-truth
maximum reachable safe set of states. To generate a navi-
gation MDP and unknown process to explore, we generate
8-connected grid maps with side length 1m in the reactor
room and research mine domains, combined with randomly
generated radiation distributions according to Sect. 8.1.1.

For all experiments pmin = 0.99, the goal selection
weights are γ1 = 1.0 and γ2 = 0.8, the batch evaluation
size N = 8 and η = 0.01. Unless otherwise stated, the GP
kernel was an RBF with variance 1.0 and lengthscale 2.0m.
We also ran these experiments with a Matern 3/2 kernel,
producing qualitatively similar results. The GP observation
noise σ 2 = 0.0009, corresponding to σ% ≈ 3% (Eq.17).
The robot’s initial position is randomly sampled from a set
of 4 waypoints. The safety bound λmax = 1000.

Figure 10 compares SafeEstMDP-Process and SafeMDP
across 400 runs for each algorithm: for each of the 2 domains,
20 radiation layouts are randomly generated and used for
10 repeats. Figure10a shows the proportion of the ground
truth safely reachable state space that each algorithm has
correctly determined as safe, at the point of termination
(larger is better). Similarly, Fig. 10b shows the KL diver-
gence at termination between each algorithm’s GP model
and a ground-truth GP trained on noiseless observations of
every state in the PKSMDP (smaller is better). KL diver-

gence is evaluated at all states in the PKSMDP, and is
normalised relative to the KL divergence of the algorithm’s
initial GP at the start of execution. Figure10c shows the
cumulative cost incurred by the robot at termination time.
Each figure includes a grey, dashed equal performance line.
Note the different axis scaling in Fig. 10c, which we use to
make visualisation easier. The need to do so highlights how
SafeEstMDP-Process clearly outperformsSafeMDP in terms
of cost. Finally, for a given marker on these scatter plots, an
illustration of the corresponding exploration scenario can be
found in Appendix A.4.

The symmetry and strong diagonal distributions of 10a
and 10b illustrate that SafeEstMDP-Process and SafeMDP
are equally capable of exploring the safely reachable state
space and building an accurate model of the unknown
process. The major difference is seen in 10c: SafeEstMDP-
Process is capable of achieving the same resultswith far lower
cost incurred. This is particularly true when exploringMDPs
with much of the state space safely reachable, e.g. the dark
blue circle markers ● at the top right of a and c, bottom left
of b. In this scenario SafeEstMDP-Process incurs approxi-
mately 5× less cost than SafeMDP (note that the axes are
not equally scaled).

The distribution ofmarkers in these figures illustrates that,
for both algorithms, it is harder to fully explore the safely
reachable state space in some scenarios than in others. The
dark blue circle marker ● scenario consistently terminates
with close to 100% of the safe reachable state space explored
and close to 0 final KL divergence. Conversely, the dark pur-
ple circle marker ● scenario is consistently barely explored,
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Fig. 11 The effects of varying GP kernel lengthscale (x axis) on the behaviour of SafeEstMDP-Process. Total 400 runs per GP lengthscale value
(2 domains, 20 randomly generated radiation layouts, 10 repeats)

with the explored proportion close to 0%. As can be seen in
the plot of this scenario in Appendix A.4 Fig. 21b, the initial
location for the robot immediately neighbours an unsafe area.
This results in the robot being unable to choose a location to
move to while ensuring safety with sufficient certainty.

One scenario which shows more complex behaviour is
that represented by the dark green cross marker ✖. In this
scenario, most runs terminate with close to 80% of the safe
reachable area explored, but some terminate with less than
10%. This scenario is plotted in Fig. 7a, which shows that
the robot initial location is at the start of a corridor leading
to the rest of the map. To reach the rest of the map, the robot
must travel towards a more dangerous area before rounding
the corner. In some runs, the robot will sample higher-than-
average noisy radiation level measurements. It may conclude
that it cannot safely round the corner, and will terminate
without exploring the rest of the map.

Overall, these results demonstrate SafeEstMDP-Process’s
improved cost efficiencyoverSafeMDP.SafeEstMDP-Process
is able to choose goal states that are multiple steps away
from the currently explored set, while SafeMDP will only
choose goal states neighbouring the currently explored set.
By evaluating the safety and cost of paths to goal states,
SafeEstMDP-Process is able to trade off exploration infor-
mation gain vs reachability cost, so is able to explore the state
space more efficiently. Considering multi-step paths to goal
states also offers the option of taking measurements only at
goal points (rather than every visited state), which is useful
if measurements are expensive or time-consuming.

In Fig. 11 we analyse the effect of the GP kernel length-
scale hyperparameter on safe exploration with SafeEstMDP-
Process. Figure11a illustrates the number of runs that termi-
nate safely compared to those that terminate by breaking the
safety bound. Figure11b shows distributions of the explored
ground-truth safely reachable state space over many runs,

this time depicted as a violin plot to facilitate comparison
across the three tested lengthscale values.

It can be seen that a longer lengthscale value allows the
exploration algorithm to reliably exploremore of the ground-
truth safely reachable state space, resulting in a higher
concentration of runs with safely explored proportion close
to 1.0 in 11b. With a lengthscale value of 1.5m, almost all
runs are unable to explore more than 20% of the safe state
space.

However, the safety guarantees provided by GP safe
exploration algorithms are entirely dependent on accurate
modelling of the hazard function with the GP. Despite pmin’s
value of 0.99, a lengthscale of 2.5m does not model the
radiation hazard function well enough, which yields overly
aggressive robot behaviour. This results in the robot break-
ing the safety bound in 3.25% of the runs, compared to only
0.5% of runs for lengthscale 2.0m.

In Appendix A.3, we show the results from repeating
these experiments using aGPwithout the log-warping,which
results in a significantly higher rate of safety bound violation,
since the model less accurately captures the true behaviour
of the radiation hazard. Note that, because pmin attempts to
bound the safety of an individual goal choice inSafeEstMDP-
Process, pmin is not directly comparable with success rates
over exploration episodes with many goal choice steps.

We carry out analysis of the effect of the γ1 and γ2 goal
choice hyperparameters (Eq.14) on SafeEstMDP-Process in
Fig. 12. Figure12a shows that as more priority is placed on
finding low-cost goal states by increasing γ1, the final cumu-
lative cost incurred by the robot decreases. This is expected,
as the robot is more likely to choose goal states that are
closer to the current state, and likely takes a more efficient
path throughout execution. As well as decreasing the relative
importance of the other goal candidate score components,
increasing γ1 also increases the number of goal choice steps
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Fig. 12 Ablation behaviour for SafeEstMDP-Process goal choice hyperparameters. Within violin plots, white dots show median values and thick
black lines show interquartile ranges (Color figure online)

taken throughout exploration, as the robot is more likely to
choose goal states that are closer to the current state. This
will increase the computational cost of the algorithm.

Figure12b shows a possible trend in safety violations as
γ2 increases. Confidence intervals are large as the propor-
tion of safety violations is low, but the trend is consistent
across the three tested values. Confidence intervals are pro-
duced by Jeffreys credible interval analysis using 600 runs
across all radiation domain environments. The figure shows
that the final cumulative cost incurred by the robot is largely
insensitive to the value of γ2. There was also no significant
effect on the number of calls to the goal choice algorithm.
This ablation used a 2.5m lengthscale value to ensure some
safety violations occurred.

8.3 SafeEstMDP-Process: exploration in the
presence of unknown transition dynamics

In this section we demonstrate the ability of SafeEstMDP-
Process to explore safely in the presence of unknown
transition dynamics. Existing MDP safe exploration algo-
rithms such as SafeMDP are not capable of reasoning about
probabilistic and uncertain transition dynamics, so we have
no baselines to compare SafeEstMDP-Process to.

Current velocity measurements have standard deviation
0.03ms−1 in each axis. The GP kernel is an RBF with
variance 0.2 and lengthscale 4 km, which were found to be
suitable for the NWES dataset area. The GP likelihood noise
was fixed to σ 2 = 0.0009. We define current value intervals
IN = IE = {(−0.65,−0.25), (−0.25, 0.25), (0.25, 0.65)},
resulting in 9 intervals. For all AUV experiments pmin =
0.95, the goal selection weights are γ1 = 1.0 and γ2 = 0.8,
the batch evaluation size N = 3 and η = 0.01. “Maybe
unsafe” states are unsafe if vE > 0.25 and the state to the
east is “definitely unsafe”, and similarly for vE < 0.25 and a

Fig. 13 An illustrative execution history of SafeEstMDP-Process in the
AUV domain. White arrows show the final GP model. Dive locations
are marked by green arrows. See Fig. 8b for the ground-truth current
field and safe set (Color figure online)

“definitely unsafe” state to the west. “Maybe unsafe” states
are also unsafe if vE > 0.25 and vN > 0.25 and the state
to the north-east is “definitely unsafe”, and similarly for the
other 3 diagonal directions in the hex grid.

SafeEstMDP-Process was evaluated with 10 runs in each
of the Faroe, Guernsey, and Norway maps. SafeEstMDP-
Process did not visit an unsafe state in any of the 30
runs. Figure13 shows an illustrative execution history of
SafeEstMDP-Process in the Guernsey map, and Fig. 14
shows quantitative results.

Figure14a illustrates the evolution in GP fit quality as the
AUV incurs cost while exploring. GP fit quality is measured
by Kullback–Leibler (KL) divergence from the exploration
GP to a ground-truthGP trained on noiseless observations of
the ground-truth current value at every hex cell. As the AUV
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Fig. 14 Exploration progress vs cumulative cost (time taken). For each
map, the solid line shows mean value and shaded area shows the range
of values across 10 repeats (Color figure online)

explores and incurs more cost, the GP model becomes more
accurate and the KL divergence therefore decreases.

Similarly, Fig. 14b shows the algorithm’s progress in iden-
tifying the ground-truth safe set of states. The algorithm starts
off immediately considering a large proportion of the state
space to be safe. This is because a majority of states (∼ 83%
of states for Norway and ∼ 90% for Faroe and Guernsey)
do not neighbour an unsafe state so are therefore always
safe. As the AUV explores, it becomes more confident in
the (un)safety of “maybe unsafe” states, and the proportion
of the state space considered safe increases.

SafeEstMDP-Process is able to identify most of the
ground-truth safe set of states and build an accurate model of
the unknown process in all three maps. The hardest map to
explore is Norway, where the best runs were able to identify
∼ 93% of the ground-truth safe set. This is because no runs
successfully reached the top right corner of the map, which
requires passing through a narrow channel with unknown
state safety either side.

8.4 SafeEstMDP-Map: exploring unknown
environments

We evaluate the SafeEstMDP-Map algorithm in the two
nuclear domains shown in Fig. 6, this time in a full physics
simulation in Gazebo (Koenig & Howard, 2004). The algo-
rithm is evaluated in each environment with three radiation
layouts generated randomly as described in Sect. 8.1.1.

For this set of experiments, and those in the following
section, we use pmin = 0.99, goal selectionweights γ1 = 1.5
and γ2 = 0.8, batch evaluation size N = 30, gain threshold
ηgain = 0.1, and volumetric gain parameters αunk = 20.0,
αfree = 1.0, αocc = 0.0. The GP kernel is an RBF with
variance 1.0 and lengthscale 2.0m.TheGPobservation noise
σ 2 = 0.0009, corresponding to σ% ≈ 3% (Eq.17). The
robot’s initial position is randomly sampled from a set of 4
waypoints.

We evaluate our algorithm against two baselines. The first
is a threshold-based algorithm which we denote Threshold-
BasedExplorer (TB), which selects exploration goals using
the same scoring function as SafeEstMDP-Map, but does so
without an explicit hazard model. Instead, the safety func-
tion φ for ThresholdBasedExplorer treats states as safe to
visit simply if the hazard value is no more than some safety
limit L , or unsafe otherwise. It then uses a threshold frac-
tion ϕ ∈ (0, 1) of the safety limit to prevent it from entering
unsafe states. If the robot reaches a state at which the radi-
ation level is more than ϕL on the way to its goal, it marks
all adjacent unvisited states as unsafe, and selects a new goal
from the remaining safe states, thereby turning back from
the path to the previous goal. The second baseline, Mean-
PredictionExplorer (MP), again uses the same goal selection
process as SafeEstMDP-Map, except with a limited version
of the full EstMDP. Rather than weighting the EstMDP inter-
vals based on the GP posterior at each state, this baseline
instead assigns all probability mass to the posterior mean
value at each state. This baseline therefore classifies states
as safe or unsafe based purely on the GP predictive mean,
with no consideration of predictive uncertainty. We evalu-
ate SafeEstMDP-Map against MeanPredictionExplorer and
ThresholdBasedExplorer with ϕ = 0.3 and ϕ = 0.8, simu-
lating each configuration for 30 exploration runs.

The plots in Figs. 15 and 16 show that SafeEstMDP-
Map is able to explore more effectively than the baselines
across the variety of simulated configurations. The mean-
prediction approach frequently results in unsafe termination,
since without the full EstMDP model the safe reachability
check is much less accurate, incorrectly classifying many
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Fig. 15 Experiments for SafeEstMDP-Map in the reactor roomdomain.
Each algorithm is tested on three randomly generated radiation layouts,
with each configuration repeated 30 times. Left: number of runs (out

of 30) terminated successfully: middle: violin plots summarising the
statistics over area explored; right: violin plots summarising the statis-
tics over of distance travelled (Color figure online)

unsafe states as safe. Of the threshold-based baselines, the
more conservative one (ϕ = 0.3) is able to remain safe on
almost every run. However, its exploration coverage onmany
of them is poorer than SafeEstMDP-Map’s, as it will tend to
turn back as soon as its radiation reading begins to increase,
whereas SafeEstMDP-Map’s radiation model allows it in
some cases to continue forwards cautiously. On the other
hand, the more aggressive baseline (ϕ = 0.8) explores more
area, at the cost of far more runs terminating unsafely due to
violating the safety specification.

SafeEstMDP-Map is able to use its GP model to explore
more effectively, pushing forwards when an unexplored area
is likely to be safe, and remaining cautiouswhen it is believed

unsafe. It also scales well with map size, as the EstMDP
model is usually not much larger than the underlying navi-
gation graph – even when the map is large, most waypoints
will have been visited or be safe with probablility close to
1, so only the outer areas of the map will have significant
uncertainty over radiation level. Consequently, the robot can
evaluate dozens of goal choice waypoints per second dur-
ing exploration, allowing for online planning with minimal
delay, even in the researchmine environmentwithmaps of up
to 150 waypoints. In some radiation layouts, SafeEstMDP-
Map does still violate the safety constraint, although this is
likely due to the GP model failing to accurately model the
radiation field. This issue could be mitigated through further
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Fig. 16 Experiments for SafeEstMDP-Map in the research mine
domain for different radiation layouts. Each algorithm is tested on three
randomly generated radiation layouts, with each configuration repeated
30 times. Left: number of runs (out of 30) terminated successfully: mid-

dle: violin plots summarising the statistics over area explored; right:
violin plots summarising the statistics over of distance travelled (Color
figure online)

tuning or, more generally, applying domain knowledge in the
design of the GP kernel.

9 Deployment in a physical environment

We further validated our exploration algorithm by deploying
it in a physical environment – the Corsham Research Mine –
integrating it with a complete robotic hardware and software
stack. Our experiments used simulated radiation sources, due
to the health and safety difficulties of working with real radi-
ation.

9.1 Hardware and system configuration

Our experiments were conducted on a Boston Dynamics
Spot robot, shown with its sensor payload in Fig. 17a. The
robot’s on-board computer was an Intel NUC with an Intel
i7-8559U processor, a 256 GB SSD and 16 GB of RAM. For
perception, the robot was equipped with an Ouster OS0-64
3D lidarwith a full 360◦ field of viewaround the robot. Local-
isation andmapping of the environment were provided by the
VILENS SLAM system (Wisth et al., 2022), and interfaces
between modules were through the robot operating system
(ROS) Quigley et al. (2009).
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Fig. 17 Progression of a single run of SafeEstMDP-Map in the Cor-
sham Research Mine. b–d Show a 3D occupancy map representing the
robot’s knowledge of the world around it (filtered for visual clarity), as

well as a topological graph constructed online for planning and naviga-
tion. The grayscale background represents (ground truth) log radiation
levels as a heatmap, with darker regions corresponding to higher levels

The radiation simulation system (Sect. 8.1.1) must know
the ground truth position of the robot and the radiation
sources. In the fully simulated experiments, the ground-truth
robot position is readily available. However, there was no
external ground-truth source (e.g. a motion-capture system)
available in Corsham Research Mine. To provide ground-
truth robot positioning,we therefore ran a separate instanceof
the VILENS SLAM system in localisation mode (i.e. using a
pre-built full coverage 3Dmap of the environment). Indepen-
dently from the ground-truth localisation system, an online
VILENS instance provided SLAM for each experiment run.
The navigation graph construction component (Algorithm 4)
used the coordinate system and OctoMap established by the
online SLAM system.

9.2 Deployment results

In order to illustrate the behaviour that can be obtained from
the SafeEstMDP-Map in the realworld, this section first steps
through a successful run of the algorithm in the Corsham
Research Mine. The output from this particular run is shown
in Fig. 17. We then also comment on the exploration perfor-
mance of the system across further deployments.

The robot started at the location shown in Fig. 17b, from
which SafeEstMDP-Map constructed its initial topological
map. Themap at this point extended atmost only a fewmetres
from the robot’s position, in directions in which line-of-sight
was unobstructed.

This area of the map had relatively low and uniform radia-
tion levels, so the variation in the SafeEstMDP-Map scoring
function (Eq.15)was dominated by the volumetric gain term.
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The robot’s first planwas therefore tomove up towards Loca-
tion 2 in Fig. 17d, since the nodes in this direction were
slightly more open than those to the right, and were therefore
expected to provide more information for growing the map.

Upon reaching Location 2, the robot found the corri-
dor blocked. Additionally, now that its map of this area
was more complete, there was very little unobserved space
nearby, so all nearby nodes had volumetric gain values
below the required threshold to act as exploration candidates.
Therefore, SafeEstMDP-Map turned back towards its other
unexplored frontier at Location 3, where the nodes still had
high exploration scores and were considered safe.

From Location 3, the robot was able to map the entire
“room” located below it (Fig. 17c), thus there was no more
unexplored space there and no need to explore further down-
wards. Instead, the robot moved to the right, incrementally
extending its map towards Location 4 as shown in the figure.
It is worth noting here that Fig. 17d does not show every goal
selected by SafeEstMDP-Map during the run, but rather a
simplified intuitive representation of the path followed – in
reality, when moving into unexplored territory, the algorithm
tends to plan only a few nodes ahead at a time, since far-away
nodes cannot be known with high confidence to be safe.

As the robot approached Location 4, the radiation levels it
measured began to increase, as indicated by the darker patch
in Fig. 17d. As this happened, SafeEstMDP-Map became
more cautious, tending to generate plans that only moved the
robot forwards one node at a time, or had it visit additional
nodes near the frontier rather than pushing aggressively into
the unknown region. Ultimately, when the robot did reach
Location 4, the unvisited nodes ahead of it were deemed
unsafe based on the GP model. The unvisited nodes in the
previously explored areas of themap, on the other hand, were
still safe to visit, but their volumetric gain values were below
the required threshold. There were therefore no more nodes
that could serve as candidates for SafeEstMDP-Map, so the
run terminated at Location 4.

This is overall a successful run of SafeEstMDP-Map,
exhibiting the desired behaviours of the algorithm. It bal-
anced exploitation of volumetric gain information with
safety, exploring more aggressively when confident about
safety, and becoming more cautious as safety became less
certain.

In total, three full runs of SafeEstMDP-Map were con-
ducted in the Corsham Research Mine using the radiation
layout shown in Fig. 17. In all runs, the system was able
to plan online and successfully explore the majority of
the safely accessible area. With a total accessible area
of approximately 400m2, the system achieved consistent
results of 348.31m2, 321.93m2, 345.07m2 of the environ-
ment explored, without violating the safety specification.

10 Conclusions

In this paper, we presented two algorithms, based on
decision-making under uncertainty and GP modelling of
unknown processes, for safe exploration and mapping of
unknown environments. The first algorithm, SafeEstMDP-
Process, assumes a known map and safely learns the distri-
bution of an unknown hazard, whilst the second algorithm,
SafeEstMDP-Map, drops the known map assumption and
focuses on safely building an environment map. Both these
algorithms rely on the EstMDP, a novel model which con-
siders the uncertainty over a GP posterior of the underlying
unknown process as part of its transition function. Our exper-
iments show that our algorithms are able to safely explore in
a two domains with a range of radiation configurations, and
that the approach can be run in a real robot. In the future,
we intend to extend the approach to goal-driven behaviour in
unexplored regions, and introduce lookahead when consid-
ering where to explore, in contrast with the next-best-state
selection approach presented in this paper.

A Appendix

A.1 Computational complexity

In SafeEstMDP-Process and SafeEstMDP-Map, each goal
selection step requires building and solving an EstMDP,
which involve respectively (i) performing GP inference for
eachwaypoint, and (ii) solving the resultingMDPusingvalue
iteration. Both of these problems have polynomial computa-
tional complexitywith respect to the number ofwaypoints. In

Fig. 18 Scaling of computation time used for EstMDP construction
(which includes all GP inference) and model solving versus number
of states. Values are cumulative over complete runs of SafeEstMDP-
Process on nuclear grid map domains of different sizes, using flat
radiation layouts where all states are safely reachable. Each configu-
ration was repeated 50 times
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contrast, the POMDP planning methods mentioned in Sect. 2
are PSPACE-complete for finite horizons, and would not
scale to problems of this size and larger. Figure18 shows
that, for the domain sizes considered in this work, the Est-
MDP solution step occupies significantly more computation
time than the model construction step. As such, GP inference
does not act as a computational bottleneck to the scalability
of our approach.

A.2 Autonomous underwater vehicle domain details

See Appendix Fig. 19.
For the AUV domain we implemented a policy cost check

alongside the policy safety check, and abandoned the current
goal when the cost of the policy to reach that goal from the
current state was more than 2 times the expected cost-to-goal
from that state as was calculated at goal selection time.

Due to the fact that (with the absence of current) theAUV’s
motion takes it 2 cells per action, we also edited goal policy
generation and execution to allow the policy executor to visit
a goal state by passing through it (hence observing it) rather
than solely by surfacing at the goal state.

The AUV dive depth was 10m.

Fig. 19 Location of the evaluation areas in the northwest European
shelf. Blue colour levels indicate bathmetry depth

A.3 GP comparison

See Appendix Fig. 20.

Fig. 20 The effects of varying GP kernel lengthscale (x axis) on the
behaviour of SafeEstMDP-Process, using a GP model without log-
warping. Total 200 runs per GP lengthscale value (2 domains, 20
randomly generated radiation layouts, 5 repeats)
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A.4 Nuclear domain radiation scenarios

See Appendix Fig. 21.

Fig. 21 Randomly sampled radiation scenarios used in Sect. 8.2. The
black hexagon shows the robot’s initial location. Contour levels are
coloured blue to showa radiation level rad which is 30% ≤ rad < 40%
of the safety bound, and green to show 80% ≤ rad < 90% of the safety

bound. Red shows levels above the safety bound. The two rows of each
figure were generated with the point source method, and the bottom two
rows were generated with the Gaussian field method
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4.1 Additional Discussion

Model Checking-Based Replanning
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Figure 4.1: An example of an EstMDP representing an epistemically uncertain transition
function. The spatial environment is 1-dimensional, and the initial state is the left hand
state at x = 0. There are two intervals of epistemic values, represented by I0 and I1.
The outcomes of action aR from state x = 1 depend on the interval value. The green
state at x = 2 is a goal state, and the red state at x = 3 is an unsafe state. For states at
x = {0, 2, 3}, the two interval values are combined into one circle for clarity.

In this section, we discuss why model checking is necessary to detect when

policy execution should stop and a new policy should be synthesised. In the

previous chapter (Section 3.1), we discussed policy execution in a simple MDP

where uncertainty that is epistemic in nature is approximated by aleatoric stochastic

outcomes. Figure 4.1 shows an example of an EstMDP with similar properties to the

MDP in Figure 3.1a. In this example, the outcomes of the aR action from state x = 1

depend on whether the environment feature values at state x = 1 are within interval

I0 or I1. Probabilities pI0 and pI1 represent the initial belief over the environment

features at state x = 1, calculated as described in the paper. In this EstMDP, it

is possible to reach the goal state x = 2 while avoiding the unsafe state x = 3

with probability 1, as long as pI1 > 0. However, the environment dynamics have

ground-truth values: in reality, one interval will always be experienced at each state.

In an environment where the true dynamics at x = 1 are I0, executing the policy

generated using the EstMDP will result in the agent looping between states x = 0

and x = 1. This potential issue is exacerbated by the lexicographic optimisation of
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the constrained reachability problem (Problem 1 in the paper). Because path safety

is always prioritised over cost, policies will be generated that will retry transitions

many times if the outcomes include even a very small probability of leading to

a safer path to the goal (i.e. pI0 ≫ pI1).1

With our replanning method, the EstMDP is updated with a new measurement

at x = 1 when x = 1 is first visited. By model checking the policy, we can determine

that the policy is not able to reach the goal in the new model. This triggers

generation of a new policy, which will select a different goal state or a different path

to reach x = 2. As well as accounting for the impact of information gain on the

policy, model checking-based replanning also detects when stochastic outcomes lead

to no longer being able to safely reach the goal state with high enough probability.

This allows for recovery from stochastic outcomes that were considered unlikely

when the policy was generated. Overall, the replanning method is an improvement

over that used by Budd et al. (2020), which only works in cases where the agent’s

transition function is independent of the environment dynamics.

Finally, note that the EstMDP model makes a rectangularity assumption (Iyen-

gar, 2005) about the environment features at each state. Environment feature

values at each state are assumed to be independent of each other. This is a key

assumption of the EstMDP model, and is a simplification of the true environment

dynamics. Despite this assumption, we are still able to achieve good safety and

cost performance in the experiments.

GP and Kernel Choice

The choice of a Gaussian process as the environment belief, and the kernel function

used, entails making assumptions about the environment dynamics. The experiments

in this work used the radial basis function (RBF, also known as the squared

exponential) kernel, which is a common choice for GP-based safe exploration

methods (Wachi et al., 2018; Bottero et al., 2022) alongside the Matérn 5/2
1This “retrying” of transitions will, however, lead to high expected cost of reaching the goal

state. This makes it a less attractive goal state according to the goal state scoring function, so
makes it less likely to be selected as a goal state in the first place.
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kernel (Turchetta et al., 2016). These kernels are stationary and isotropic, making

them straightforward to use in practice and frequently used in the literature for

modelling static spatial phenomena. RBF and Matérn kernels are the most common

choices for modelling radiation distributions (West et al., 2021; Khuwaileh and

Metwally, 2020), for example. Khuwaileh and Metwally evaluate several kernels

and find that the RBF kernel resulted in the lowest error when mapping three real

spatial radiation distributions. Despite its common use, the RBF kernel is generally

considered overly smooth for many real-world phenomena, as it assumes that the

function is infinitely differentiable (Rasmussen and Williams, 2006).

The use of an RBF kernel is less justified in the underwater current mapping

experiments, as real water current fields are neither stationary nor isotropic. A

standard GP also does not enforce the divergence-free condition that is required

for a valid current field. The RBF kernel worked well enough in practice to

demonstrate the method in the relatively small test areas, but it is likely that a

better suited kernel would enable the method to safely explore a larger proportion

of the ground-truth safe state space.

Placement within the Safe RL Field

Within the broad field of Safe RL, this method falls under the category of model-

based safe RL methods (Gu et al., 2024). Within the taxonomy of that survey paper,

our method is primarily a Gaussian process-based method, but uses formal methods

to attain probabilistic guarantees of safety. Our method also has some similarities to

GP-based safe RL methods which use Gaussian Process Dynamical Models (Wang

et al., 2005). Safe PILCO (Polymenakos et al., 2019) is one such method, which

safely controls uncertain dynamical systems (Deisenroth and Rasmussen, 2011)

using a similar state-based safety definition to ours. Also similarly, it ensures

safe behaviour during exploration, rather than solely after training as many Safe

RL methods do (Gu et al., 2024).

SafeEstMDP shares some similarities with the QMDP method (Littman et al.,

1995), in that both transform POMDPs into fully observable MDPs to make them
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more tractable. However, applying QMDP to this problem would require additional

modifications to provide the probabilistic safety guarantees that SafeEstMDP

achieves. The QMDP algorithm, as we discuss further in Section 5.1, would

also require significantly more computation due to the need to fully solve the

POMDP’s underlying MDP.

4.2 Limitations and Future Work

As described in the previous section, the EstMDP model approximates the distri-

bution of models consistent with the belief over environment dynamics. Its key

approximations are (a) the assumption of rectangularity for environment features

at each state, and (b) the approximation of epistemic uncertainty as aleatoric.

Although the replanning method is able to detect and react to the impact of

new information on the current policy, it is not able to proactively plan for this

eventuality. Replacing the EstMDP in the replanning loop with a more accurate

model could potentially lead to safer or faster exploration performance. However,

maintaining computational tractability while improving the accuracy of the model

is a challenge. The next chapter describes a fully online method that is able to lift

the rectangularity assumption, though its setting is minimum cost goal-reaching

rather than MDP safe exploration.

The current method performs lexicographic optimisation on the constrained

reachability problem. It identifies the minimum-cost policy among those that can,

with a minimum probability, reach the goal state without entering unsafe states.

Approaching the problem in a multi-objective manner, where cost and safety are

optimised to give a Pareto front of policies (Forejt et al., 2012; Lacerda et al., 2017),

could lead to better goal choices and more easily tuned exploration behaviour.

Although we also evaluated the method with a Matérn 3/2 kernel and saw

similar exploration performance, we did not investigate how well different kernels

and hyperparameter choices modelled the ground-truth environment dynamics.

Similarly to other safe exploration works (Turchetta et al., 2016; Wachi et al., 2018;

Bottero et al., 2022), our focus was on how different hyperparameter values affected
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exploration performance and safety, rather than how well the GP modelled the

environment dynamics. Also in common with previous works, we did not maintain

and marginalise over hyperparameter belief distributions, instead using a single

set of hyperparameters for each experiment. Maintaining beliefs over uncertain

hyperparameter values can result in significantly better-calibrated predictive un-

certainty (Svensson et al., 2015; Simpson et al., 2021), and would not significantly

increase the computational complexity of the method as most computational effort

is spent on EstMDP model checking rather than GP inference (paper, Fig. 18).

We did however conduct additional experiments using type II maximum likelihood

estimation (Rasmussen and Williams, 2006) to tune the GP hyperparameters at each

replanning iteration, given the priors and the data collected so far. However, the

safe exploration setting breaks the standard independent and identically distributed

(i.i.d.) assumption, as the dataset will only contain data from the safe region. As

the dataset grows, GP hyperparameters are tuned to model the safe region well,

and do not generalise well to unsafe regions. This safe region overfitting continues

until the GP, via the PKSMDP, incorrectly predicts that a path through an unsafe

area is sufficiently safe, causing the agent to fail the safety specification. This effect

can be slowed by using narrower priors over hyperparameters, but this reduces

the utility of hyperparameter tuning. Further research could investigate methods

for hyperparameter tuning with biased datasets, allowing the agent to perform

model structure improvements during exploration and enabling marginalisation

over hyperparameters for better GP uncertainty estimates.

There are some real-world environment effects that are difficult to capture with

a single GP model. For example, in the radiation mapping case, certain materials

can cause radiation shadowing and reflection. The greatest effect on safety would

be caused by a sudden change in radiation levels, as the agent moves from behind

a shielding object to a clear line of sight to a strong radiation source. This very

sharp spatial gradient would be difficult to capture with a GP without overfitting

and affecting the model’s ability to generalise. Similar shadowing problems are

tackled in the wireless communication modelling literature (Hähnel and Fox, 2006;
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Fink and Kumar, 2010), although these methods typically require reasoning over

the locations of signal/radiation sources, rather than the signal/radiation level

spatial distribution. These methods also commonly use a GP prior mean function

conditioned on signal propagation models, and/or multiple GPs for different areas

or signal sources. Inspired by these methods, to solve the radiation shadowing

problem, we could use a prior mean function based on the 2D or 3D map built

by the agent, pessimistically assuming that radiation levels are higher in corners

and behind obstacles. Further research is needed to determine whether this can

be carried out in a principled and consistent manner.

Finally, recent work in a control-theoretic setting (Prajapat et al., 2025) is able

to carry out safe exploration of deterministic non-linear systems. Similarly to other

MDP safe exploration methods, only a scalar constraint function is considered

rather than agent dynamics being altered by environment dynamics as in our

work. However, their method applies to continuous state and action spaces, where

ours is limited to discrete state and action spaces. The next chapter, which uses

a GP model of the environment dynamics in a similar manner to this chapter,

discusses the challenges of extending our methods from discrete to continuous

state and action spaces.
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5 Online Adaptation
to Uncertain Environments

Chapter 3 Chapter 4 Chapter 5 Chapter 6 Chapter 7

uncertainty
Epistemic

dynamics
Environment

dynamics
Environment

dynamics
Environment

dynamics
Planner

dynamics
Planner

Mode Offline Replanning Online Offline Online

Model MDP
Timed EstMDP BAMDP MDP

Metalevel
MDP

Metalevel

method
Solution

(max reward)
VI

(reachability)
VI MCTS Deep RL Deep RL

regime
Data

medium
Small/ Small Small Large Large

Table 1.1: Settings, methods and features for each chapter.

We now move on to the zero-shot adaptation setting: maximising performance

in the specific environment instantiation encountered by the agent during execution.

We approach this problem using online decision-making, given measurements of

the environment dynamics taken so far. Similarly to the previous chapter, a single

environment instantiation is encountered at test time, and the agent has only

one opportunity to operate in it. Compared to common settings in e.g. episodic

reinforcement learning, the agent will not repeatedly encounter the same environment

instantiation. Given the wide distribution over possible environments, it is not

possible to pre-plan for (or, equivalently, learn a deep RL policy for) every possible

environment instantiation before the mission.

We make use of the same factored state space and transition function formulation

as the previous chapter, given its ability to represent a clean separation between

agent and environment dynamics. The previous chapter made use of a rectangularity
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assumption for scalability, effectively assuming no correlation of independent

environment dynamics across the state space. In this chapter, we leverage methods

from Bayesian RL to make planning with consistent environment instantiations

tractable. By consistent, we mean that each draw from the environment belief

distribution is a coherent, valid possible environment instantiation. This allows

the agent to consider correlated environment dynamics across the possible agent

states when making decisions.

In this work, the PKSMDP is replaced with a U-MDP, a more abstract model

that does not assume that the agent operates on a topological map composed of

waypoints and edges. The PKSMDP is a special case of the U-MDP, but the state

space factorisation and transition function structure are the same. The differences

in notation are shown in Table 5.1.

MO = ⟨SO, sO, AO, T O, CO⟩
PKSMDP

Mo = ⟨So, so
0, Ao, T o, Co, Go⟩

U-MDP

SO = V × O So = Sk × Se

sO = (v, f(v)) so
0 =

(
sk,0, o(sk,0)

)
AO = V × V Ao

T O : (V × O) × AO × V → [0, 1] T o : (Sk × Se) × Ao × Sk → [0, 1]
CO : SO × AO → R≥0 Co : So × Ao → R≥0

Table 5.1: Formulation comparison, PKSMDP (Chapter 4) vs. U-MDP (Chapter 5).
The PKSMDP assumes a topological map with waypoints V and actions defined between
waypoints, whereas the U-MDP does not assume this. The two state space component
factors are renamed, and the unknown dynamics mapping function f is renamed to o.

For the same reasons as in the previous chapter, we use a Gaussian Process (GP)

to model the environment dynamics. From the Bayesian RL viewpoint, this GP is

the agent’s belief about the environment dynamics. The GP prior, equivalent to a

prior belief over possible transition functions, provides a principled way to include

prior information about possible environment dynamics. Basic information about

the environment dynamics can be encoded in the GP kernel: in the underwater

navigation example, priors can inform the agent about typical ranges of water

current magnitude and spatial variation found in the ocean.
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The most common problem setting where GPs are used for online decision-

making in environments with unknown dynamics is informative path planning

(IPP) (Morere et al., 2017; Flaspohler et al., 2019; Blanchard and Sapsis, 2022).

Their objective is to maximise the information gain about the environment dynamics,

rather than minimise the cost to achieve a goal specification. These methods must

carry out similar multi-step decision-making with GP beliefs, but differ in that

they generally assume that agent transitions are deterministic and do not depend

on the environment dynamics.

We make the following contributions: (i) reformulation of the U-MDP/PKSMDP

model into a Bayesian reinforcement learning framework, and (ii) using techniques

from the Bayesian RL literature, adapted to our model, to achieve adaptive

behaviour. Compared to previous IPP and GP-based decision-making methods, our

method achieves decision-making that is faster by one or two orders of magnitude.

This allows our method to make better decisions given the same time budget,

incurring lower cumulative cost in experiments in the radiation exposure and

underwater navigation domains.
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Abstract: We consider planning for mobile robots conducting missions in real-
world domains where a priori unknown dynamics affect the robot’s costs and
transitions. We study single-episode missions where it is crucial that the robot
appropriately trades off exploration and exploitation, such that the learning of the
environment dynamics is just enough to effectively complete the mission. Thus, we
propose modelling unknown dynamics using Gaussian processes, which provide
a principled Bayesian framework for incorporating online observations made by
the robot, and using them to predict the dynamics in unexplored areas. We then
formulate the problem of mission planning in Markov decision processes under
Gaussian process predictions as Bayesian model-based reinforcement learning.
This allows us to employ solution techniques that plan more efficiently than previ-
ous Gaussian process planning methods are able to. We empirically evaluate the
benefits of our formulation in an underwater autonomous vehicle navigation task
and robot mission planning in a realistic simulation of a nuclear environment.

Keywords: Planning under Uncertainty, Gaussian Processes, Single-Episode
Bayesian Reinforcement Learning

1 Introduction

Real-world mobile robots rarely have complete knowledge of their environment dynamics. When
operating under uncertainty, they need to be able to incorporate their online observations of uncertain
environment features into their plans. In this paper, we consider the single-episode setting where
a robot must carry out a mission in an environment for which the dynamics are not fully known at
deployment time. The mission is specified by a goal state(s) that the agent must eventually reach while
minimising incurred cost under an environment feature that has a priori unknown dynamics. The
robot’s information gathering capabilities are limited, as the environment features are only observable
at the robot’s current state. An example would be a Geiger counter-equipped robot minimising its
cumulative radiation exposure in an environment with an unknown radiation distribution. In this
setting, it is infeasible to pre-plan for every possible environment that might be encountered. Training
an RL agent on such a wide distribution of possible environment dynamics may take significant time
or be infeasible, depending on the range of true environment dynamics that may be encountered [1].

To model continuous environment features, we follow previous works [2, 3, 4, 5] and use a Gaussian
process (GP) [6] to predict unknown dynamics away from the agent’s current location. GPs are
well-suited for modelling spatio-temporal distributions by incorporating online measurements into
the posterior distribution, along with a measure of predictive uncertainty. GP prior hyperparameters
can be estimated from physical intuition or from a small dataset of similar environments. We discuss
this further in Section 3 of the appendix. Similarly to [2, 3, 4, 5], our GP maintains a belief over
the underlying dynamics of the environment. Rather than ensuring safe environment exploration or
maximising information collected, we extend these works by formulating a unified Bayes-optimal
framework for efficient online mission planning.

We therefore pose our task as online, model-based Bayesian RL (BRL) with a GP belief over the
transition function. As all environmental uncertainty is then encapsulated within the transition
function, we assume that the cost function is known given an instance of the environment dynamics.
Continuing the previous example, the robot does not need to learn online that it incurs more damage
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from higher levels of radiation. Our problem statement also assumes a discrete state space (except for
unknown environment dynamics, which are continuous) and full observability of the current state.

The BRL formulation provides several advantages. First, it is known to optimally trade off exploration
and exploitation [7], which is crucial in the single-mission setting we address: over-exploration may
hinder mission performance or increase the risk of failure. Second, it allows us to intuitively encode
the agent’s transition function and local observability limitations, and reflects the existence of fixed
(but a priori unknown) true underlying environment dynamics; third, it enables the use of efficient
Monte-Carlo planning approaches developed for BRL.

Our contributions are to 1. formulate goal-driven planning in unknown environments as model-based
BRL; 2. adapt the Bayes-adaptive Monte-Carlo planning (BAMCP) algorithm [7] for our GP-based
goal-driven BRL problem formulation; and 3. use this formulation and algorithm to improve on
previous GP planning approaches, both in expressibility and computational efficiency. In particular,
we exploit techniques that allow us to efficiently sample possible environment dynamics from the GP
to use during planning. To the best of our knowledge, we are the first to apply BRL with GP belief
models to goal-driven planning in partially unknown environments.

2 Related Work

Non-myopic decision-making with an unknown transition function requires reasoning over possible
observation (i.e. function evaluation) sequences. This task has been investigated from the perspective
of several fields, including sequential Bayesian optimisation (BO) of unknown functions. An example
BO objective could be to stay within a computational evaluation budget while improving a GP model
of the unknown function. Some recent methods are able to pose multiple-step look-ahead in GPs
as a single joint optimisation problem [8]. However, we focus on physical systems such as mobile
robots which are required to physically move and observe any queried location: observations cannot
be made in parallel or at freely specified locations. This implies reachability, observability and cost
limitations that are not usually considered when using BO.

Considering some of these aspects, recent literature [9, 4] performs non-myopic “informative path
planning” for environmental monitoring. Similar to our approach, these methods perform Monte-
Carlo tree search (MCTS) [10] in belief space with a GP belief. However, they assume robot actions
have deterministic outcomes, and do not consider the case where the unknown environment features
can affect robot transition dynamics, as we do. This recent literature uses a partially observable
Markov decision process (POMDP) [11] problem formulation, and plan with MCTS trees of com-
putationally expensive GP-represented beliefs due to their BO objective. Our Bayes-adaptive MDP
(BAMDP) [12] formulation more appropriately represents the existence of fixed but a priori unknown
environment dynamics. In the context of a goal-based planning objective, the two formulations and
solution methods are equivalent, as we demonstrate in this paper. However, we use model-based BRL
techniques to root sample the GP environment belief. This avoids computationally expensive belief
updates, enabling the construction of larger MCTS trees within the same computational budget.

Monte-Carlo tree search in GP-modelled unknown environments has also been carried out in [13],
where the environment features affect only transition durations in a semi-MDP. A model-based BRL
method with a Gaussian process dynamical model (GPDM) belief representation was presented
in [14]. Their method must make restrictive maximum likelihood transition/observation assumptions
for tractability, due to their unfocused Monte-Carlo planning algorithm. Alternatively, some RL
techniques such as Gaussian Process temporal difference [15] use GPs to directly model an MDP
value function. We argue that GP modelling the real-world environmental phenomena, rather than the
value function, lets us provide physically principled and interpretable prior knowledge.

3 Preliminaries

Markov Decision Processes. We consider stochastic shortest path (SSP) MDP problems [16], as
they are well-suited for specifying single episode goal-driven missions. An SSP MDP is defined as a
tupleM = 〈S, s0, A, T, C,G〉, where S is a finite set of states; s0 ∈ S is the initial state; A is a finite
set of actions; T : S ×A× S → [0, 1] is a probabilistic transition function T (s, a, s′) = p(s′ | s, a);
C : S × A → R≥0 is a cost function; and G ⊂ S is a set of absorbing, zero-cost goal states. A
history h of an MDPM is a state-action sequence s0a0s1a1 · · · at−1st such that T (si, ai, si+1) > 0
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for all i ∈ {0, · · · , t− 1}. We denote the set of all histories ofM asHM. A stationary, deterministic
policy is a mapping π : S → A that defines the action to take at each state. A policy is proper in a
state s if it reaches a goal state sg ∈ G when starting from s with probability 1. In an SSP MDP
there must exist a policy that is proper in all states, and all improper policies must incur infinite cost.
Under these assumptions, there exists a cost-optimal proper policy [17].

Bayesian RL. In BRL, an agent uses Bayesian inference to maintain a posterior distribution, or
belief, over the true dynamics of the underlying model given some prior distribution. For an MDP,
either or both of the transition function T and cost function C could be a priori unknown. We focus on
the case where only T is unknown. C can be assumed to be known in our setting, as it represents the
known effect of a given instance of environment dynamics on the robot. For example, the time cost
of travelling against given water current vectors can be calculated given the value of the vectors and
the vehicle’s known dynamics. Given a history h = s0a0s1a1 · · · at−1st, it is possible to generate
the posterior belief over the transition function T given h. This can be carried out with successive
applications of Bayes’ rule p(T | hi) ∝ p(hi | T )p(T ) from the initial history h0 = s0 up to the
full history ht = h. This allows for the definition of a Bayes-adaptive MDP (BAMDP) [12], which
achieves Bayes optimality by adding histories to its state representation, and encoding uncertainty over
T in its transition function. LetM = 〈S, s0, A, T, C,G〉 be an MDP with a prior belief p(T ) over the
true transition function T . The corresponding BAMDP is an MDPM+ = 〈S+, s+0 , A, T

+, C+, G+〉,
where S+ = S ×HM; s+0 = (s0, h0); C+((s, h), a) = C(s, a); G+ = {(s, h) ∈ S+ | s ∈ G}; and

T+((s, h), a, (s′, has′)) =

∫

T

T (s, a, s′)p(T | h)dT. (1)

Although the state-history pairs in S+ are redundant because the current state can be extracted from
the history, we use the (s, h) notation for clarity as in [7]. A policy in a BAMDP is a mapping
π : S × HM → A. The optimal policy π∗ minimises the expected cumulative cost to reach G+,
given the prior over T . This policy is stationary in S+ but is history-dependent in the original MDP.
π∗ considers the posterior p(T | h) and adapts its action selection to account for the conditional
distribution of T given the observed h.

Gaussian Processes. A GP is a collection of random variables, any finite number of which have
a joint Gaussian distribution [6]. A GP regression is of the form o(s) ∼ GP(m(s), k(s, s′)),
giving a probability distribution over functions fully specified by the mean m(s) and kernel k(s, s′)
functions. We can let m(s) = 0 without loss of generality. Given a dataset of n noisy observations
D = {(si, o(si) + εi)}ni=1 for locations si and where εi ∼ N (0, σ2

η) is Gaussian observation noise,
GP regression predicts unknown environment feature values at all inputs s∗. The kernel function
k is parameterised by hyperparameters θ. Given hyperparameter priors p0(θ), their values are
commonly optimised by maximising the log marginal likelihood for the model given the dataset. The
resulting Gaussian posterior, conditioned on the observations o = [o(s1) + ε1, . . . , o(sn) + εn]T, is
a multivariate normal pGP

(
o(s∗) | s∗,D)

)
∼ N (µ∗,Σ∗), where µ∗ = KT

∗ (Kn + σ2
ηI)−1o, and

Σ∗ = K∗∗ −KT
∗ (Kn + σ2

ηI)−1K∗.

The positive semi-definite kernel matrix Kn = [k(s, s′)]s,s′∈sn , K∗ = [k(s, s′)]s∈sn,s′∈s∗ , K∗∗ =
[k(s, s′)]s,s′∈s∗ , and I ∈ Rn×n is the identity matrix. We wish to sample possible, coherent
environment dynamics using the GP, to enable MCTS-based decision making in Section 4.3. Sampling
from the Gaussian process posterior at a finite set of m test points requires computing the joint
covariance structure between the training and test points, incurring O((n+m)3) computational cost.
Once this has been computed, drawing additional function samples has complexity O(m2).

4 Approach

4.1 Problem Formulation

In order to clearly separate known system transition dynamics from the unknown environment
dynamics, we represent the unknown environment and its effect on the agent as an MDP with
Unknown Feature Values (U-MDP) [5].

Let Sk be a set of state features with discrete, known values (e.g. pose of a robot in a grid map)
and Se a set of state features with unknown values in R (e.g. the water current vector at a pose).
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Let o : Sk → Se be an a priori unknown mapping that specifies the values o(sk) ∈ Se observed at
locations sk ∈ Sk. An SSP U-MDP is a tupleMo = 〈So, so0, Ao, T o, Co, Go〉where: So = Sk×Se;
so0 is the initial state so0 =

(
sk,0, o(sk,0)

)
; Ao is a finite set of actions; T o is the U-MDP transition

function T o : (Sk × Se)×A× Sk → [0, 1]. As the state of the U-MDP is uniquely defined by the
value of the known state feature(s) sk ∈ Sk, the transition function of the U-MDP only represents the
change in the known state feature(s); Co : So × A → R≥0 is the cost function; and Go ⊂ Sk is
the set of goal states, defined only across known value state features as o(sg) is not known for all
sg ∈ Go. The problem addressed in this paper is formalised as an SSP U-MDP. The objective is to
find a policy that minimises the expected cost to a reach state (sk, o(sk)) ∈ So such that sk ∈ Go.

4.2 From U-MDPs to GP-BAMDPs

For notational simplicity, in the following we assume a single state feature with unknown values.
The approach presented below can easily be extended to cases with more than one unknown value
state feature, either using a multi-output GP [18] or multiple single-output GPs. The former assumes
non-independent feature dynamics, where learning about one could improve predictions of another.

To estimate the unknown mapping o, we propose that the agent maintains a GP model created
by adding a new observation of o at each timestep. Specifically, after observing history h =
(sk,0, se,0)a0(sk,1, se,1)a1...at−1(sk,t, se,t), we define Dh = {(sk,i, se,i) | i ∈ {0, . . . , t}}. Then,
the GP model is denoted as GPDh

and the GP posterior over o(sk) is given by pGP
(
se | sk,Dh

)
.

We assume that observations of o have negligible noise, which corresponds to full observability of
the current state. Finally, note that by modelling unknown environment features with a GP we are
implicitly making regularity and Lipschitz continuity modelling assumptions on the environment
feature functions [6].

We now formulate SSP U-MDP as a BAMDP with GP belief over the transition function.
Proposition 1. Let Mo = 〈So, so0, Ao, T o, Co, Go〉 be a U-MDP. The GP-BAMDP for Mo

is a BAMDP Mo+ = 〈So+, so0+, Ao, T o+, Co+, Go+〉 where the transition function incorpo-
rates the GP posterior. Formally, for s = (sk, se), s

′ = (s′k, s
′
e) ∈ So; a ∈ A; and

h = (sk,0, se,0)a0(sk,1, se,1)a1...at−1(sk,t, se,t) ∈ HM
o

for (sk,t, se,t) = (sk, se):

T o+((s, h), a,(s′, has′)) = T o
(
(sk, se), a, s

′
k

)
· pGP

(
s′e | s′k,Dh

)
. (2)

Proof. We start by noting that the integral in Equation (1) is the product of two components. The
first component is a specific possible transition function. As the single unknown component of T o is
the mapping o, the value of T o(s, a, s′) given knowledge of o is defined according to the U-MDP
transition function, ensuring that the unknown state feature dynamics are consistent with o:

T o((sk, se), a, (s
′
k, s
′
e) | o) = T o

(
(sk, se), a, s

′
k

)
I[s′e = o(s′k)], (3)

where I[.] is the indicator function. The second component is the posterior distribution over possible
transition functions given a history h, which in our case is the GP posterior pGP :

p(o(s′k) | h) = pGP
(
o(s′k) | s′k,Dh

)
. (4)

As the unknown state feature dynamics are deterministic given o, the integral over T from Equation (1)
only has value when the indicator function in Equation (3) is 1. This leads to Equation (2), where all
uncertainty in T is captured in the GP posterior over o, and T o+ represents the combination of the
U-MDP transition function and the GP belief over the values of the unknown state features.

4.3 Solving U-MDPs with BAMCP

GP-BAMCP. Having framed the U-MDP mission planning problem as a BAMDP, we can exploit
MCTS planning frameworks that were developed in this context. Specifically, we base our algorithm
on BAMCP [7]. This algorithm plans in belief space1, but builds search trees of action-observation
histories rather than of belief states. The search tree consists of alternating state and action nodes and
is constructed over the course of Monte-Carlo trials starting from the root node and sampling action
outcomes from a generative model. BAMCP adapts the concept of root sampling from POMCP [19],

1The distribution over the transition function T in the case of BAMCP.
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Algorithm 1 GP-BAMCP: PLAN

1: procedure PLAN(GPDh
, history h, start

state (sk, se), goal state set Go)
2: repeat
3: ô← sample from GPDh

4: T̂ ((sk, se), a, (s
′
k, s
′
e)) ←

T o((sk, se), a, (s
′
k, s
′
e) | ô)

5: SIMULATE((sk, se), h, T̂ , Go)
6: until TIMEOUT( )
7: return arg minaQ

(
h, a
)

8: end procedure

Past — actual history

MCTS — tree policy

πrollout

sk

a1 a2

h

ha1s
′

GPDh

s′k
GPDh∪{(s′k, s′e)}

Sample s′ = (s′k, s
′
e)

according to T | GPDh

Parent node

Child node

Figure 1: Example BAMDP MCTS search-tree,
with search nodes as ellipses. Green shows search
node generation/contents with a root sampling ap-
proach, and blue shows full belief planning.

where for each MCTS trial a transition function T is sampled from the root belief node and used
throughout the trial. Actions are chosen inside the search tree using a tree policy, most commonly
UCT [10]. New leaf nodes’ values are estimated heuristically by continuing the trial trajectory from
the leaf node using a rollout policy.

Our online MCTS planning algorithm, a modified version of BAMCP for GP beliefs, is described
in Algorithm 1. To simplify the presentation, we assume that the rollout policy is able to reach the
goal set with probability 1. Our algorithm replaces BAMCP’s depth d and reward R parameters
with the goal set G and costs C, respectively, to reflect the SSP mission setting of our work. In our
case root sampling of T is performed by sampling from the current GP posterior, as described in
lines 3 and 4. Concretely, we take a sample ô ∼ GPDh

where ô : Sk → Se is a possible mapping
from known states to values of the unknown state features. Sampling ô from the root belief node
corresponds to sampling a possible environment that is consistent with the current GP environment
model, i.e. trained only on real-world observations. Finally, in line 7, the agent greedily selects a
single real-world action by running MCTS trials up to a computational budget.

Treatment of continuous se. Equation (2) represents a BAMDP with both discrete (known value)
and continuous (unknown value) state features, and therefore also a combination of a discrete
transition function, T o, and a continuous transition function given by the GP belief over o. This
presents challenges for MCTS methods, since the probability of transitioning to the same state twice
is 0. To enable generalisation between histories and allow the search tree to reach depths greater
than 1, our algorithm aggregates similar outcomes in se into the same child search node. Each search
node has an associated “mean” value se, where all outcomes ‖s′e − se‖1 < ε will be associated with
that node. When two MCTS trials sample s = (sk, se) and s′ = (sk, s

′
e) from the same start state

and action, if ‖se − se‖1 < ε and ‖s′e − se‖1 < ε, the two histories will be associated with the same
child node. Note that this only associates histories to nodes and does not discretise the computation of
reward or transition probabilities. The ε parameter therefore controls the search-tree branching factor,
similarly to ε in [13] and the two branching factor parameters in progressive widening MCTS [20].

4.4 Theoretical Analysis

Equivalence to Partially Observable MDP Belief Planning Methods. Figure 1 depicts an ex-
ample MCTS search-tree mid-mission. Several real actions have been taken in the environment,
corresponding to the history h in the root node. When carrying out BAMCP root sampling, a new
leaf node is added to the MCTS tree by appending the parent node history with a new state. This new
state s ∼ T (s, a, ·) is sampled from the MDP transition function which was itself sampled from the
root for this MCTS simulation, in lines 3 and 4 in Algorithm 1. This is depicted in green in Figure 1.

Several previous approaches [9, 4] that integrate GPs and MDPs for decision-making in uncertain
environments use a partially observable MDP (POMDP) [11]. We call these POMDP belief MCTS
approaches. These methods incorporate a GP environment belief into the POMDP state, and use
MCTS to plan in belief space. Here, new belief state leaf nodes are generated using a belief update
from the parent node. Belief update in this context is carried out by sampling a hypothesised data
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(a) Example radiation domain visualisation, with a
robot trajectory generated by GP-SSP-BAMCP (red)
and by GP belief MCTS (green) algorithms.
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(b) Example ocean currents domain visualisation, with
an AUV trajectory generated by GP-SSP-BAMCP
(red) and by GP belief MCTS (green) algorithms.

Figure 2: Experiment domains. Randomly selected multi-goal problem instances are shown.

point õ ∼ pGP
(
· | sk,Dparent

)
from the parent node GP belief posterior and augmenting the child

belief node’s GP dataset with this new point: Dparent ∪ {(sk, õ)}. This is shown in blue in Figure 1,
where the GP in the child node can be explicitly generated by a belief update from the parent node
GP. GP belief updates require adding a single new data point to the model, the complexity of which
can be reduced from O(N3) to O(N2) where N is the number of data and sample points [18]. Even
with this reduction, the belief update is still computationally expensive as the dataset of real and
hypothesised observations grows. Furthermore, the belief updates are required sequentially, once per
MCTS simulation to generate a new leaf node. This greatly slows the MCTS procedure.

In contrast, our method does not explicitly generate these hypothesised GPs and plans only using
histories. The child node in Figure 1 still represents the same belief as the GP shown in blue, but
only contains the history obtained using a root sampled transition function. We prove the history-GP
equivalence, and hence the validity of root sampling in our setting, by showing that the probability
of generating a history from the BAMDP is the same for root sampling as it is for maintaining and
updating full GP belief at each belief node.

Proposition 2. Let Pht
π (ht+τ ) be the probability of a history ht+τ in the BAMDP, starting at history

ht under policy π, when carrying out individual GP belief updates at every stage; and P̃ht
π (ht+τ ) be

the probability of ht+τ when carrying out GP root sampling. Then, Pht
π (ht+τ ) = P̃ht

π (ht+τ ) for all
policies π and all histories ht+τ .

The proof is given in the appendix and is a direct adaptation of Lemma 1 in [21], accounting for the GP
posterior over the transition function, and applies to a general stochastic policy π : HM×A→ [0, 1].

Once any new real observations have been added to the root node GP, one can draw an arbitrary
number of root samples to plan with at little additional computational cost. This means we can run
more trials with the same computational budget, thus building a larger MCTS search tree, as we
demonstrate in Section 5. Finally, we note that, due to the BO setting of [9, 4], where the objective is
directly related to the uncertainty in the function being predicted by the GP, it is not enough to ensure
the same distribution over histories. Thus, they must maintain full GP beliefs in their search nodes.

5 Experiments

Domains Description. We experimentally evaluate the proposed method in two simulated domains.
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1) Radiation domain: a robot must navigate to a goal location (single-goal variant), or one of three
goal locations (multi-goal variant), in a 20m × 20m reactor room with an unknown distribution
of radiation level, while minimising its cumulative exposure. The GP model is log-warped [22]
to constrain the predictions to be strictly positive and better model order-of-magnitude variation
in radiation level caused by 1/r2 “solid angle” radiation physics. Goal locations and radiation
distributions are randomly generated and described in full in the appendix. The map (Figure 2a) is
discretised into an 8-connected grid with side length 1.0m. The robot pose therefore comprises the
known value U-MDP state features: Sk is a finite set of (x, y) locations {x, y} ⊆ Sk. The radiation
level is a single unknown value state feature Se = R≥0 where rad exp ∈ Se is the level at a location.
The reactor room world is from [23] and is used with Gazebo [24] and ROS [25].

2) Ocean currents domain: an autonomous underwater vehicle (AUV) must navigate underwater to
one of a set of two to three goal locations (multi-goal variant) or a single goal location (single-goal
variant) across a 10km × 10km map, under the influence of currents. These are drawn from a
real-world ocean current dataset and modelled online by a multi-output coregionalised GP [26]. The
AUV is simulated by a kinematics, guidance, navigation and control (GNC) model of a small AUV.
The robot pose comprises the known value U-MDP state features: Sk is a finite set of (x, y) locations
{x, y} ⊆ Sk on a 18 × 20 hexagonal grid of states, giving approximately 500m spacing between
states. An example state grid with ground-truth currents is shown in Figure 2b. The unknown value
state features Se = R2 represent the current x and y velocities {vx, vy} ∈ Se. The cost function
encodes the expected traversal time between states given the AUV’s water-relative velocity and the
current vector values. Additional domain details and parameters are given in the appendix.

Algorithms. Our online BAMCP variant as described in Algorithm 1 is evaluated against two other
GP belief planning algorithm baselines. The performance of sampling-based methods is dependent
on the assigned compute budget to select each action, therefore we vary compute budget in each
experiment. The GP mean belief MCTS algorithm represents a full GP belief planning approach that
makes maximum likelihood assumptions. This is similar to [14], but with a GP rather than GPDM
model and replacing the Monte Carlo action selection search with MCTS due to the complexity of
the search problem. The GP belief MCTS algorithm represents the other full GP belief planning
approaches [9, 4] which plan with GP beliefs inside the MCTS search tree, but sample a fixed
environment dynamics instance for the MCTS rollout. This avoids carrying out belief updates during
the rollout, leading to a speed up in MCTS trials per second. For all algorithms the rollout policy is
to choose the action that minimises the travel distance from the next state to the closest goal state.

Results. The plots in Figure 3 are from multiple randomly generated problem instances: 10 for the
currents domain, and 5 for the radiation domain. Each algorithm/MCTS time budget combination
is given 25 repeats. Values are normalised by the expected minimum achievable cost for the
corresponding randomly generated problem, calculated using an exact method and full knowledge of
the environment. Due to stochasticity in the simulated robot and environment, it is possible for some
runs to achieve costs below this value. Experiments are run on a 3.20GHz i7 / 64GB RAM machine.

In the ocean currents domain, Figures 3a and 3b, GP-SSP-BAMCP significantly outperforms the other
algorithms. It is capable of achieving close to optimal cost with only 1 second of computation budget.
Given an increased computational budget, each algorithm achieves lower cost-to-goal mean and
variance. At lower computational budgets, the GP belief MCTS algorithm consistently outperforms
the GP mean belief MCTS algorithm, which must carry out a belief update for each step it takes
towards a goal state during a rollout. The 1000ms / GP mean belief MCTS combination is not shown,
as the algorithm is not capable of building a meaningful plan within that time limit.

GP-SSP-BAMCP also significantly outperforms the baselines in the radiation domain, shown in
Figures 3c and 3d. In this case, note that the increase in cost-to-goal with additional computation
time is caused by the robot spending more time planning while being exposed to radiation, while the
normalisation denominator is kept constant. For all methods additional computation time increases
plan quality, but this can be offset by the additional stationary time spent planning. The 3000ms time
budget case corresponds to the robot spending ∼ 50% of its runtime planning rather than moving.

As a summary, GP-SSP-BAMCP’s higher performance is due to its ability to carry out far more
MCTS trials than the two full belief planning methods. On average across all sampled problem
scenarios, GP-SSP-BAMCP carries out ∼ 100× more MCTS trials per second than GP mean belief
MCTS, and ∼ 40× more than GP belief MCTS.
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(a) Single-goal AUV time cost to goal results.

1000 3000 5000

MCTS time budget per action (ms)

100

101

R
el

a
ti

v
e

co
st

to
g
o
a
l

(b) Multi-goal AUV time cost to goal results.
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(c) Single-goal radiation exposure cost to goal results.
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(d) Multi-goal radiation exposure cost to goal results.

Figure 3: Single- and multi-goal experiment results. Plots consist of 25 simulated experiments for
each algorithm/MCTS time budget combination in each randomly generated problem instance for
that domain.

6 Conclusion

We have proposed a unified Bayesian RL framework for single-mission robot planning in GP-
modelled unknown environments, and demonstrated that we are able to plan more effectively in
representative real-world environments than previous approaches are able to. One potential avenue
for future work is to apply progressive widening [20] or function approximation [21] techniques
to our BAMCP search tree, to determine whether these produce better plans given the continuous
GP-BAMDP state-space. Relaxing the assumption of negligible measurement noise would require
introducing partial observability alongside transition function uncertainty. The reformulation would
transform the BAMDP into a more complex Bayes-adaptive POMDP [27] with continuous GP belief.
This would allow us to address settings with very high localisation uncertainty and sensor noise.

Limitations. As with any method using exact GP regression, there is a limit to the size of environ-
ment that can practically be modelled. Although root sampling limits the computational cost of GP
planning, exact GP regression scales withO((n+m)3) where n is the number of data points andm is
the number of sample points. In future work we aim to replace exact GP predictions with approximate
GP posterior sampling [28] to reduce the GP computational burden and improve scalability.

As our evaluation is in simulation there may exist a sim-to-real transfer gap when using the method
with a real robot. This concern should be partly alleviated by our use of realistic Gazebo [24]
simulation and use of real-world currents data with a complex kinematic AUV simulation. The
proposed method is also a higher-level planning approach, meaning that the gap should be less wide
than with low-level control methods, which are more sensitive to small sim-to-real changes.

Finally, for some environments or problem settings there is less inherent value in carrying out online
planning. For example, with only a single goal state and few feasible routes to that state, the best
approach for the radiation domain may be to navigate as quickly as possible to that state without
incurring the radiation exposure costs of stopping to plan.
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5.1 Additional Discussion

Similar considerations about the choice of GP kernel and hyperparameter priors

apply to this chapter as in the previous chapter, as discussed in Section 4.1. We can,

however, define and update GP hyperparameter priors, since we do not face the

same non-i.i.d. data issue arising from safety constraints as in the previous chapter.

A contemporaneous work (Cao et al., 2023) uses deep RL as a core component

of an IPP method. Similarly to other IPP methods, their focus is not on envi-

ronment dynamics which affect a situated agent, but on information gain about

the environment. Their method is able to avoid GP belief updates in a search

tree, which is a significant computational bottleneck in MCTS-based IPP methods

such as those we compare to. However, the method requires extensive training

on specific GP hyperparameters. Changes to hyperparameters require retraining

the model, at significant computational cost. Our method is able to work with

broad GP hyperparameter priors, making it better able to adapt to a wider range

of environments. In addition to the offline training requirement, their method still

relies on online computation, making it similar to ours in that respect.

Because our method uses sample-based simulation for planning, it shares

similarities with the concept of hindsight optimisation. At a high level, hindsight

optimisation techniques sample multiple simplified versions of a problem, solve

these, and combine the solutions to generate a good solution to the original problem.

A well-known example is probabilistic planning via hindsight determinisation, where

multiple possible determinised versions of the original probabilistic problem are

sampled and solved with a deterministic planner (Yoon et al., 2008).

A related algorithm is QMDP (Littman et al., 1995), which solves POMDPs and

therefore could straightforwardly be adapted to solving BAMDPs. QMDP solves

the “underlying” MDP of the POMDP, assuming full observability, and defines

the Q-value of a POMDP belief as the expected value of the belief-weighted MDP

Q-values. The approach therefore assumes that all state uncertainty will be resolved

after a single action, making it overly optimistic and unable to consider the value
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of information-gathering actions. Applying QMDP to BAMDPs would require

solving the underlying MDP for all possible transition functions, which is likely to

be infeasible for practical problems such as those we consider in this chapter.

Similar ideas are employed by more scalable algorithms, such as Thompson

sampling (Russo et al., 2018) and posterior sampling (Osband and Van Roy,

2017). These methods sample one or several transition functions from the posterior

distribution, solve the resulting MDPs (or use them to train an RL agent, in the RL

context), and select the best overall action across the samples. Posterior sampling

achieves state-of-the-art regret bounds (Osband and Van Roy, 2017) where the

setting allows multiple episodes of interaction with the same environment, but in

the few- or single-episode setting, Bayesian RL methods such as BAMCP tend

to perform better (Guez et al., 2014b).

MCTS-based planning methods, such as BAMCP, offer additional advantages

over posterior sampling planning methods in our setting. The MCTS search tree

focuses search effort on the most promising parts of the state space, and generally

avoids constructing overly deep trees that extend beyond the generalisation horizon

of the GP belief. Our method samples a large number of possible transition

functions from the GP posterior, and uses each for a single Monte-Carlo simulation.

In contrast, posterior sampling methods fully solve a small number of sampled

MDPs, which can lead to overfitting to the sampled transition functions and to

wasting computational effort on planning in regions of the state space with highly

uncertain dynamics. This is particularly true for Thompson sampling, which only

samples a single transition function from the posterior.

5.2 Limitations and Future Work

The PKSMDP/U-MDP model is referred to as partially known (or, equivalently,

partially unknown) because although the environment dynamics are uncertain, the

possible agent states where the agent experiences the dynamics are pre-specified.1

1In the safe exploration work, this set of locations is expanded as the agent explores the
environment, but is fixed during the new goal selection routine.
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In the previous chapter, possible agent states were defined by the waypoints in a

topological map. In this chapter, we have grids of agent states defined over the

robot’s operating area. This pre-specification of the sample points for the GP is

what allows us to efficiently root sample from the GP posterior.

The current approach uses standard Cholesky decomposition for GP inference,

which incurs cubic complexity in the number of data/sample points (Rasmussen

and Williams, 2006). The number of sample points (and therefore the size of the

agent state space) is therefore practically limited to a few thousand points. Sparse

GPs (Snelson and Ghahramani, 2005), or other GP approximations discussed in

Section 2.2, could be used to improve scalability. In particular, if agent states are

defined in a grid, Toeplitz structure could be exploited to significantly reduce the

complexity of the GP posterior computation (Wilson et al., 2015). Neural process

models (Garnelo et al., 2018) could also offer a more scalable alternative to GPs,

but have not been proven in the adaptive decision-making context.

Along similar lines, the requirement to pre-specify sample points to enable root

sampling makes extending to the continuous state/action space setting difficult. The

simplest approach would be to define a grid of sample points and linearly interpolate

between them. Issues would occur if the sample points are not sufficiently dense

compared to the environment dynamics lengthscales, or if the environment dynamics

are high dimensional. There exist methods for fast sampling from the posterior

GP distribution, such as (Wilson et al., 2020), which may be able to augment

or replace the root sampling method. As well as GP sampling considerations,

the continuous state/action space setting would require a continuous action space

MCTS method, which are well studied in the literature (Sunberg and Kochenderfer,

2018; Lim et al., 2021).

Lifting the assumption of negligible observation noise would make the method

more practically applicable to real-world problems. The GP model already incorpo-

rates observation noise in the GP likelihood, but the decision-making method would

need to move from a BAMDP method to a Bayes-adaptive POMDP (BA-POMDP)

method (Ross et al., 2007; Katt et al., 2017). BA-POMDPs are more complex
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than BAMDPs, due to the additional need to reason about partial observability.

However, for practical sensors with relatively low noise, this would not greatly

affect the computational tractability of our method.

Some domains have a time-varying aspect, which would require a spatiotemporal

GP to model. Our method is straightforwardly applicable to this setting, by

including time as an additional state feature, but we do not carry out experiments

in time-varying problem settings. The limited timescale of one mission means it is

difficult to learn a GP that captures the time-varying dynamics of the environment.

More prior information on temporal dynamics of the problem would be needed

to make this tractable.

Finally, it is worth noting that although our method is a Bayesian model-based

RL method, we do not use the GP belief in a truly Bayesian manner. A true Bayesian

treatment with respect to hyperparameter priors would require marginalising over

the hyperparameters, rather than taking a Maximum a Posteriori (MAP) estimate as

we do, and may result in significantly better-calibrated GP posteriors (Svensson et al.,

2015). Methods exist for carrying out this marginalisation, such as sequential Monte

Carlo (Svensson et al., 2015) and nested sampling (Simpson et al., 2021). However,

these methods would lose some of the computational benefit of root sampling, as the

posterior GP would need to be recomputed for each hyperparameter sample. The

MAP estimate is a very commonly used approximation (Rasmussen and Williams,

2006), so we do not consider this a significant limitation.
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6 Metareasoning
for Offline Decision-Making

Chapter 3 Chapter 4 Chapter 5 Chapter 6 Chapter 7

uncertainty
Epistemic

dynamics
Environment

dynamics
Environment

dynamics
Environment

dynamics
Planner

dynamics
Planner

Mode Offline Replanning Online Offline Online

Model MDP
Timed EstMDP BAMDP MDP

Metalevel
MDP

Metalevel

method
Solution

(max reward)
VI

(reachability)
VI MCTS Deep RL Deep RL

regime
Data

medium
Small/ Small Small Large Large

Table 1.1: Settings, methods and features for each chapter.

The previous three chapters described decision-making methods for situated

agents in epistemically uncertain environments. These methods reason about

possible outcomes of the agent taking actions in the environment. Their behaviour

and performance are often dependent on algorithm hyperparameters, and the most

appropriate hyperparameter values depend on the specific problem instance the

agent is operating in. However, most commonly these hyperparameters are fixed at

deployment time, potentially based on a hyperparameter tuning process.

We now turn our attention to the problem of controlling the decision-making

process itself. Rather than using a fixed decision-making approach, we are interested

in how to select the best decision-making approach for a given problem instance.

This chapter and the next chapter develop novel metareasoning methods for

controlling decision-making processes in the context of situated agents. The

metalevel controller agent manages decision-making by selecting and switching

147
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hyperparameters of the object-level algorithm, and deciding when to execute the

object-level algorithm’s best solution.

We present a metalevel control method for offline decision-making algorithms. In

this setting, a single period of decision-making is followed by a period of execution

of the planned actions, as shown in Figure 1.1a. Examples of offline decision-

making algorithms include TMIT* (Thomason et al., 2022) for task and motion

planning (TAMP), algorithms for motion planning under uncertainty (Bry and Roy,

2011) and the pre-planning method in Chapter 3. Metareasoning methods for the

offline setting exist for the TAMP problem (Sung et al., 2021), temporal planning

with durative actions (Cashmore et al., 2018), and heuristic search (Burns et al.,

2013). However, these methods apply only to deterministic search algorithms, and

correspondingly assume that the quality of the current object-level solution is always

known. This is not the case when policies are deployed in uncertain environments.

Even when the model is known, calculating the quality of the solution using policy

evaluation is computationally expensive.

In the offline setting of Chapter 3, the decision-making process takes place

before the agent is deployed in the environment. However, the combination of

the environment, agent and planning computer still forms a decision-making and

execution system. The entire system exhibits a trade-off between the time spent

generating plans and the time spent executing those plans. Using more complex

models and sampling more possible epistemic parameters leads to better-performing

policies at the cost of longer computation times. The user must therefore choose

between better-performing policies that spend overall less time in the water, and

simpler policies that can be deployed to the AUV more quickly.

We relax a key assumption from previous metareasoning works, making our

method applicable to probabilistic decision-making methods without requiring

strong simplifying assumptions that limit performance. This makes our method the

first non-myopic metareasoning method for probabilistic decision-making algorithms.

The method is agnostic to the object-level algorithm, and learns from the decision-

making traces of the object-level algorithm. Some previous metareasoning methods
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need to be trained on full solution traces, requiring the object-level algorithm to

be run to full convergence (Hansen and Zilberstein, 2001; Sung et al., 2021). By

training an RL policy in the loop with the object-level algorithm, our method avoids

running the object-level algorithms past the point of diminishing returns for the

metareasoning objective. By using an RL policy for the metalevel agent, the added

computational overhead of carrying out metareasoning is minimal.

Experimental evaluation shows the trained metalevel agent outperforming

baseline methods in performance, and acting rationally in the face of resource

constraints. When the cost of decision-making is high relative to problem complexity,

the metalevel policy learns to use hyperparameters that emphasise fast, lower-quality

solutions, then quickly act on that solution. When the cost of decision-making is

low relative to problem complexity, the metalevel policy reasons for longer before

execution and uses appropriate hyperparameters for high-quality solutions. Which

hyperparameter values are appropriate for a given problem instance is learned

from the decision-making traces of the object-level algorithm on the training

problem distribution.
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Abstract

The metareasoning framework aims to enable autonomous
agents to factor in planning costs when making decisions. In
this work, we develop the first non-myopic metareasoning
algorithm for planning with Markov decision processes. Our
method learns the behaviour of anytime probabilistic planning
algorithms from performance data. Specifically, we propose
a novel model for metareasoning, based on contextual perfor-
mance profiles that predict the value of the planner’s current
solution given the time spent planning, the state of the plan-
ning algorithm’s internal parameters, and the difficulty of the
planning problem being solved. This model removes the need
to assume that the current solution quality is always known,
broadening the class of metareasoning problems that can be
addressed. We then employ deep reinforcement learning to
learn a policy that decides, at each timestep, whether to con-
tinue planning or start executing the current plan, and how to
set hyperparameters of the planner to enhance its performance.
We demonstrate our algorithm’s ability to perform effective
metareasoning in two domains.

Introduction
Rational agents should reason about the consequences of
their actions. However, this reasoning process itself has its
own consequences: thinking is a physical process that re-
quires time and energy. In many systems this issue can be
ignored, in particular where the costs of any computation are
negligible compared to the costs of actions. In other systems,
the real-world effects of reasoning cannot be discounted. As
an example, for mobile robots thinking and acting are often
closely coupled. An autonomous vehicle can use its finite bat-
tery capacity on its on-board computer or its motors. To what
extent is the energy saved by executing a better motion plan
offset by the energy cost of additional computation? This
scenario is illustrated in Figure 1. Of course, this assumes
that the agent is reasoning online. If it is able to pre-plan all
of its tasks offline, planning effort is negligible at runtime
and no metareasoning tradeoff exists.

Over the last 40 years, the field of rational metareason-
ing has developed bounded optimal algorithms for reasoning
about these tradeoffs (Russell and Wefald 1991; Cox and
Raja 2011; Hay et al. 2012). Recent problem settings have

Copyright © 2024, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

Figure 1: A deep sea treasure problem. Each policy represents
the results of planning for a longer duration, and achieves re-
ward indicated by the number of coins. πt2 would be optimal
overall if the extra reward gained by πt3 is less than the cost
(duration) of the additional planning time.

included motion planning and heuristic search (Burns, Ruml,
and Do 2013; Sung, Kaelbling, and Lozano-Pérez 2021; Bha-
tia et al. 2022). Optimal exact metareasoning is polynomially
harder than reasoning (Lin et al. 2015), so all practical al-
gorithms carry out approximate metareasoning. A common
simplification is to only consider the immediate effects of a
single reasoning step: this is known as the meta-greedy or
meta-myopic assumption (Russell and Wefald 1989, 1991).

Under the umbrella of metareasoning problems, we focus
specifically on metalevel control of anytime algorithms (Cox
and Raja 2011). In this setting, reasoning is carried out by an
object-level process, which is an anytime interruptible algo-
rithm. This class of algorithms provides its current solution
at any time during computation, but the longer the algorithm
runs the better the solution will be. The object-level process
is supervised by a meta-level process, which observes the
object-level algorithm’s state. Metalevel actions consist of
allowing object-level computation to continue, or terminating
the algorithm and acting using its current solution.

We wish to apply metareasoning to probabilistic planning
with Markov decision processes (MDPs). Recent works have
used deep reinforcement learning (RL) to learn non-myopic
metalevel policies (Sung, Kaelbling, and Lozano-Pérez 2021;
Bhatia et al. 2022). However, these works apply only to
object-level algorithms where the current solution quality
is known exactly, for example the current minimum path
length in RRT*. Relaxing the solution quality observability
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assumption is one of the main contributions of this paper and
is crucial for the class of probabilistic planning algorithms
which we consider, since they often maintain only an ap-
proximation of the solution quality. We go on to develop a
novel contextual metalevel MDP formulation which enables
an RL agent to learn to infer solution quality from limited
information about the planner and problem instance.

Compared to existing MDP planning metareasoning works,
we avoid meta-greedy approximations and instead directly
learn the value function of the metalevel MDP. Our method
is agnostic to the choice of object-level algorithm, rather than
relying on properties of one specific algorithm as Lin et al.
(2015) do. Finally, we use the hyperparameter tuning method
proposed by Bhatia et al. (2022) to give the metalevel agent
more control over the object-level algorithm. This enables
switching between parameters that emphasise fast but low-
quality solutions vs slow and high-quality solutions, along-
side deciding when to execute the current solution.

Related Work
The metalevel control problem is commonly posed as a met-
alevel Markov decision process (Hay et al. 2012). Closest to
our setting, Lin et al. (2015) formulate online stochastic short-
est path (SSP) MDP planning metareasoning as a metalevel
MDP. In common with many metareasoning algorithms, they
are unable to exactly solve this model and must use a meta-
greedy approximation (Russell and Wefald 1991). This is
the simplifying assumption that the reasoning agent can only
choose between executing now, or executing after a single ad-
ditional reasoning step. The approximation ignores the value
of further computation, but can be shown to be optimal in the
case of diminishing returns and non-decreasing computation
cost (Callaway et al. 2018). However, solution quality plots
from real algorithms and problems rarely show smoothly
diminishing returns. One example from motion planning is
the sharp change caused by a change of homotopy class.

One way to achieve non-myopic metalevel behaviour is to
build a probabilistic model of the algorithm’s solution quality
evolution from a dataset, and use this performance profile to
determine the optimal execution point (Hansen and Zilber-
stein 2001). As long-horizon model-based planning is compu-
tationally expensive, the approach is limited to short horizons
to avoid excessive metareasoning overhead. Recent works
improve on this approach by learning the performance pro-
files, and metalevel control policies, from experience (Bhatia
et al. 2022; Sung, Kaelbling, and Lozano-Pérez 2021). These
works focus on deterministic search problems, and make
metalevel decisions based on a fixed utility function that
combines the object-level solution quality and computation
time. This contrasts with the setting of Lin et al. (2015),
where the effects and costs of reasoning depend on the cur-
rent object-level MDP state. By defining utility as a function
of object-level solution quality, these methods assume that
the current solution quality is always known. In this work
we relax that assumption in order to apply deep RL-based
metareasoning to probabilistic planning.

Callaway et al. (2018) present a method that estimates the
value of computation using a weighted combination of my-
opic and full-knowledge value of information (VOI) features.

These weights are learned from an object-level problem distri-
bution using Bayesian optimisation. Their algorithm outper-
forms those that depend only on myopic VOI features. How-
ever, the method assumes perfect knowledge of the metalevel
MDP dynamics, which is infeasible for a practical planning
algorithm. It also scales poorly with increasing complexity
of the object-level problem, due to the online calculations
required to compute the values of VOI features.

Indeed, Callaway et al. note that metareasoning is only
useful when object-level reasoning is significantly more ex-
pensive than metareasoning. It is counterproductive to spend
more time deciding whether to think than actually thinking.
Other work which explicitly analyses the overhead of metar-
easoning (Milli, Lieder, and Griffiths 2017) concurs with
this point. This explains the strong simplifying assumptions
commonly used in metareasoning algorithms, and justifies
using deep RL-trained policies for these problems: the cost
of querying actions from a trained policy is minimal.

A different but related problem setting is situated temporal
planning, which aims to maximise the probability of find-
ing a valid deterministic plan within a deadline (Cashmore
et al. 2018). Rather than a metalevel agent deciding when to
execute, metareasoning takes place on the level of deciding
which nodes to expand in a search tree. Some more recent
extensions also attempt to minimise the cost-to-goal of the
chosen plan (Shperberg et al. 2020). However, these methods
do not directly minimise the combination of planning cost
and execution cost as ours does.

Preliminaries
Markov Decision Processes. A stochastic shortest path
(SSP) MDP is a tupleM = ⟨S, init, A, T, C,G⟩, where S
is a finite set of states; init : S → [0, 1] is an initial state
distribution;A is a finite set of actions; T : S×A×S → [0, 1]
is a probabilistic transition function; C : S × A → R≥0 is
a cost function; and G ⊂ S is a set of absorbing, zero-cost
goal states.

When the initial state is deterministic, we will replace init
with s0 in the definition ofM. Actions are selected using
a stationary policy π : S → A. A policy is proper in state
s if the probability of reaching a goal state when starting
from s is 1. For an SSP MDP there must exist a proper policy
from the initial state. All improper policies must have infinite
expected cumulative cost from states that they are improper
in. It can be shown that there exists a minimum cost proper
policy (Mausam and Kolobov 2012). A policy is complete if it
provides an action for all states s ∈ S. Alternatively, a partial
policy π has a domain Sπ ⊂ S and is complete in Sπ. For a
proper policy π, let V πM = EM,s0∼init [

∑∞
i=0 C(si, π(si))],

where si is a random variable representing the state visited
at the i-th timestep, denote the expected cumulative cost of
executing policy π.

Problem Formulation
In this section, we pose our problem as minimising the ex-
pected cost of a metalevel SSP MDPMM that observes and
controls the behaviour of an object-level probabilistic planner.
Similarly to previous work (Milli, Lieder, and Griffiths 2017;
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Sung, Kaelbling, and Lozano-Pérez 2021; Bhatia et al. 2022),
we assume that object-level problems are drawn from a distri-
bution p(M) over a set of decision problems D. Specifically,
the planner operates on an object-level SSP MDP instance
M = ⟨S, s0, A, T, C,G⟩, whereM is sampled according to
p(M). The object-level planner has a set of hyperparameters
{∆i}N∆

i=1, which alter its behaviour. Each hyperparameter has
a set of valid values ∆n = {δ1, δ2, . . . , δkn

}.
The metalevel agent has no direct control over the actions

taken in the object-level MDP. At each metalevel timestep,
the metalevel agent observes the object-level planner’s con-
figuration (its internal state) χ and chooses a metalevel action.
Let πχ be the object-level planner’s current best solution, rep-
resented within its current configuration χ. Metalevel actions
are to a) continue planning for another timestep, altering
hyperparameter values if desired, or b) stop planning and
execute the current best solution πχ. Continuing planning for
one timestep runs the planner for time τ (which may corre-
spond to many object-level planning iterations), and incurs a
fixed instance-dependent planning cost λ(M).

The object-level planner’s current best policy πχ may not
be complete for all states reachable under that policy from s0.
We assume that πχ is combined with a default policy which
is complete and proper in state s0. This new complete and
proper policy, π̃χ, follows πχ when it is defined, and the
default policy when outside of πχ’s support.

We now define our metalevel reasoning model.
Definition 1 Given a stochastic shortest path object-level
MDP M = ⟨S, s0, A, T, C,G⟩, the metalevel MDP is an
SSP MDPMM = ⟨SM , sM0 , AM , TM , CM , GM ⟩, where:
• SM = X ∪ {DONE} where X is the set of all possible

configurations of the object-level planner and DONE is a
terminal state;

• sM0 = χ0 where χ0 is the initial configuration of the
object-level planner;

• AM = ({PLAN} × ∆1 × . . . ×∆N∆
) ∪ {EXEC}, i.e.

the agent may choose to let the planner run for another
metalevel timestep (τ time in planner time ) using the
specified hyperparameter values, or execute the current
best solution;

• TM : SM ×AM × SM → [0, 1] is defined as follows:

TM (χ, a, χ′) =





1 if χ ∈ X,
χ′ = DONE and
a = EXEC

p(χ′ | M, χ, a) if χ, χ′ ∈ X and
a ̸= EXEC

0 otherwise,

where p(χ′ | M, χ, a) is the probability of the object-
level planner transitioning to configuration χ′, given that
it was in configuration χ and ran on the object-level MDP
M for one metalevel timestep, using the hyperparameters
specified by a;

• CM : S ×A→ R≥0 is defined as follows:

CM (χ, a) =

{
λ(M) if a = PLAN

V
π̃χ

M if a = EXEC,

where λ(M) is the cost of planning for one metalevel
timestep in MDPM and πχ is the object-level planner’s
current policy; and

• GM = {DONE}.
A cost-minimising metalevel policy πM : SM → AM for

MM minimises the sum of expected total planning cost and
expected object-level policy execution cumulative cost. In
the definition of MM , we assume that X contains all the
internal features necessary to build Markovian internal state
dynamics. These dynamics might still be probabilistic be-
cause the object-level algorithm itself will typically have a
probabilistic nature (e.g. successor sampling in trial-based
search). Furthermore, to ensure that the metalevel cost min-
imisation objective is meaningful, we assume that the cost of
thinking λ(M) uses the same unit as the object-level MDP
cost. For example, the metalevel problem might be minimis-
ing total (planning + execution) time or energy spent.

Note that V π̃χ

M can be interpreted as the quality profile of
the anytime planner, i.e., given a planner configuration, it
provides a measure of the quality of the solution. With full
knowledge of p(χ′ | M, χ, a) and V π̃χ

M , the metalevel MDP
could be solved to find an optimal metalevel policy. However,
two key factors make this infeasible.

Firstly, for practical planners, the configuration space X
is prohibitively large, making offline solution impractical.
Online solution raises the spectre of metareasoning overhead.
Even more critically, the configuration dynamics depend on
the MDP instanceM. Evaluating the transition dynamics of
X onM is at least as hard as solvingM itself, negating the
value of performing metareasoning (Lin et al. 2015).

Secondly, although the configuration includes a represen-
tation of the current policy π̃χ, the expected cost V π̃χ

M of this
solution is not necessarily readily accessible. Many MDP
solution algorithms simultaneously carry out policy improve-
ment and policy value estimation. They will only precisely
calculate the expected cost of the optimal policy at conver-
gence. Of course, the current policy can be evaluated on the
current MDP instance, but this must be done sparingly to
avoid metareasoning overhead. Next, we propose an abstrac-
tion of the metalevel MDP which addresses these issues.

Method
Abstracting the Metalevel MDP
Inspired by Bhatia et al. (2022), we begin by abstractingX to
Ω, where ΦX : X → Ω provides a smaller representation of
algorithm features. Features ΦX(χ) are hand-designed and
algorithm specific, and aim to act as surrogates for the full
configuration χ. Examples include the total number of trials
or state expansions carried out, the depth of a Monte-Carlo
search tree, statistical properties of the lengths of sampled
trajectories, or value function estimates.

To learn a policy that is good in expectation across the
space of all MDPs in the domain D of object-level problems,
we extend the state-representation of the abstracted metalevel
MDP to include a context vector representing the object-level
instanceM being solved. By learning the correlations be-
tween context vector values and algorithm performance, we
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can approximate the effects of the object-level MDP instance
on p(χ′ | M, χ, a). The information contained in the con-
text vector is based on what the system could be reasonably
expected to know about the problem it is solving, and thus
is problem-dependent. For example, in our race track do-
main experiments, the context vector contains the maximum
speed and probability of acceleration failure for the agent’s
car. We denote the context set as Ψ, and define the function
ΦD : D → Ψ which maps an MDPM to its context vector
ΦD(M). The cost of thinking λ(M) is also included in the
context vector, as it is also a constant property of the object-
level MDP instance. The context vector can be treated as a
part of the state of the abstract metalevel MDP which is set in
the initial state according to p(M), and remains fixed during
execution.

We can now define our abstract metalevel MDP:
Definition 2 The abstract metalevel MDP is defined as
M̂M = ⟨ŜM , ˆinit

M

0 , AM , T̂M , ĈM , GM ⟩, where:

• ŜM = Ω × Ψ ∪ {DONE}, i.e., a state is either of the
form (ω, ψ) where ω is the current value of the algorithm
features and ψ is a context vector representing the object-
level MDP being considered; or is the final state DONE
which represents sending the current object-level policy
for execution;

• For s = (ω, ψ) ∈ ŜM :

ˆinit0(s) =

{∫
{M|ΦD(M)=ψ} p(M)dM if ω = ω0

0 otherwise,

where ω0 are the planner initial feature values (i.e. the
initial context vector value distribution is calculated via
marginalisation over p(M));

• As with the metalevel MDP, T̂M movesM to state DONE
with probability 1 when action EXEC is selected. For s =

(ω, ψ), s′ = (ω′, ψ) ∈ Ŝ and a ∈ AM , T̂M (s, a, s′) is
the probability of the planner moving to a configuration χ′

such that ΦX(χ′) = ω′, given that its algorithm features
were ω and it ran for one metalevel timestep, using the
hyperparameters specified by a;

• The cost function ĈM is only action-dependent and de-
fined as CM .

Note that the action space and goal state of the abstract
metalevel MDP are the same as the metalevel MDP in Def. 1.
Its behaviour is similar to the metalevel MDP, but it (i) op-
erates over a small set of algorithm features rather than its
full internal configuration, to achieve scalability; and (ii) con-
siders all possible MDPs in D using a context vector which
is fixed during execution and distributed in the initial state
according to p(M). We do not have access to a closed-form
definition of T̂M . Hence, next we propose a general deep RL
algorithm that learns the value function and optimal policy
for M̂. This approach assumes that the transition function
remains Markovian when defined over a state-space based on
abstraction ΦX . In future work, we will investigate how to
relax this assumption by allowing the agent to reason using
a history of its past actions and observations, e.g., using a
recurrent, LSTM or transformer architecture.

Algorithm 1: General deep RL on the abstract metalevel MDP
Input: Problem distribution p(M), object-level algorithm
PLANNERALG, default policy π̃, number of training episodes
Me, object-level planning time per metalevel timestep τ
Output: Trained policy πMθ .

1: Initialise πMθ randomly
2: for episode = 1, . . . ,Me do
3: SampleM from D according to p(M)
4: ψ ← calculate MDP context ΦD(M)
5: χ← initial configuration of PLANNERALG forM
6: ω ← calculate features ΦX(χ)
7: ŝ← (ω, ψ)
8: repeat {run episode}
9: â← select action using πMθ (ŝ)

10: if â = EXEC then
11: π̃χ ← best solution from current configuration

χ , completed by π̃
12: ĉ← estimate V π̃χ

M
using Monte-Carlo simulation

13: ŝ′ ← DONE
14: else {â = (PLAN, δ1, . . . , δN∆

)}
15: χ← update hyperparameters to δ1, . . . , δN∆

16: χ← run planner for time τ
17: ĉ← λ(M)
18: ω ← calculate new features ΦX(χ)
19: ŝ′ ← (ω, ψ)
20: end if
21: Store (ŝ, â, ĉ, ŝ′)
22: ŝ← ŝ′

23: until ŝ = DONE
24: Update parameters of πMθ using stored episode data
25: end for
26: return πMθ

Unlike previous metalevel MDP formulations (Sung, Kael-
bling, and Lozano-Pérez 2021; Bhatia et al. 2022), the state of
our abstract metalevel MDP does not include the performance
of the current policy. Thus, we cannot use a closed-form cost
function based on a utility function that combines the current
time and solution quality, as those methods do. Instead, we
must learn the cost function from experience, using evalua-
tions of the final policy cost at execution. This means that we
are implicitly learning contextual and feature-based perfor-
mance profiles for the planner algorithm.

Deep RL for the Abstract Metalevel MDP
An algorithm for training the RL metareasoning agent is
given in Algorithm 1. To simplify the presentation, we ab-
stract away the specifics of the exact RL algorithm used,
although the algorithm structure is based on that proposed
by Bhatia et al. (2022), which is similar to DQN (Mnih
et al. 2015). Adapting our approach to an actor-critic frame-
work is straightforward. Specifically, replacing DQN with
an algorithm that supports a hybrid action space, e.g. Hybrid
SAC (Delalleau et al. 2019), would enable continuous hyper-
parameter tuning alongside the discrete plan/act actions.

In Algorithm 1, each training episode corresponds to solv-
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Figure 2: The effect of differing heuristic weights on solution
convergence for WBRTDP, on a racetrack problem instance.

ing and then executing a policy in a single problem instance
sampled from the problem distribution p(M) (line 3). A new
object-level planner is initialised for each problem instance
(line 5). In line 7 the initial state contains the initial values of
the planner features plus the context vector ΦD(M) for the
sampled problem, which does not change during the episode.
At each timestep, the metalevel agent can choose to execute
the current best object-level policy (completed by the default
policy) π̃χ, (line 10) or to continue planning (line 14).

If the agent chooses to execute, we estimate the expected
cost of the completed policy π̃χ, by sampling N trajectories
of M under π̃χ, and taking their average cumulative cost
(line 12). With this final cost, the metalevel MDP transitions
to its final absorbing state DONE (line 13) and the episode
ends (line 23). If the agent chooses to continue planning, the
action specifies the object-level planner hyperparameters to
use for the next timestep (line 15). These are used by the
object-level planner to plan for a single metalevel timestep
(line 16) which, we recall, can correspond to many iterations
of the object-level planner. The thinking step costs λ(M)
(line 17), and causes the features ΦX(χ) to evolve (line 18).
This is reflected in the updated state (line 19).

Experienced state transitions are used to update the learned
policy (line 24), depending on the specific RL algorithm.
As the RL agent chooses when to terminate deliberation,
the metalevel episode length is not fixed. In practice, we
set a maximum number of timesteps per episode, and force
the action choice to be EXEC after that number. The policy-
dependent episode length has the advantage that the algorithm
performance data collected is only that which is relevant to
the metareasoning task. By comparison, sequence predic-
tion methods such as that proposed by Sung, Kaelbling, and
Lozano-Pérez (2021) require training on performance pro-
files that are run to full convergence. This can take a long
time due to diminishing returns as the algorithm converges.

Experiments
Object-Level Algorithm: Weighted BRTDP
Automatic hyperparameter tuning is generally useful to im-
prove algorithms’ performance (Falkner, Klein, and Hutter
2018), and one would expect a hyperparameter-tuning learn-
ing agent to learn the optimal hyperparameters to use for a
problem distribution p(M). However, we wish to demon-

strate the metareasoning-specific benefits of hyperparameter
tuning. To do so, we introduce a hyperparameterised version
of BRTDP (McMahan, Likhachev, and Gordon 2005), which
we call Weighted BRTDP (WBRTDP). By allowing the met-
alevel agent to change the weighting hyperparameter, we
can give it more control over the object-level algorithm’s be-
haviour. Specifically, we expect it to learn to use weights that
lead to fast, imperfect solutions when the cost of planning λ
is high relative to the cost of object-level policy execution.

The algorithm is inspired by variants of A* and AO*
(Hansen and Zhou 2007; Bonet and Geffner 2012) which
use inadmissible heuristics to bias the algorithms’ conver-
gence behaviour. WBRTDP allows switching between differ-
ent lower-bound heuristics during the search process, with
minimal overhead. Figure 2 shows WBRTDP running on a
single instance of the racetrack problem (described below),
using differing fixed heuristic values for each line. With the
admissible (hl = 0.0) fixed heuristic for all states, the algo-
rithm converges to the true optimal policy some time after
time t2. However, early in the search process (e.g. at t1), the
inadmissible heuristic values enable much faster convergence
to a suboptimal policy. We detail WBRTDP and the features
we used for metareasoning in the supplementary material.

Deep RL Algorithm
In our experiments we use DQN (Mnih et al. 2015), a
frequently-used model-free deep RL algorithm. The action
space for the algorithm is the EXEC action or choosing to set
the heuristic weight to a value hl ∈ {0.0, 10.0, 20.0, 30.0}.
Further details on the implementation of DQN for our method
can be found in the supplementary material.

Experiment Domains
We generate object-level MDP problems from problem distri-
butions in two domains.

The deep sea treasure (DST) domain is similar to that
in Figure 1, but larger. Object-level solution improvement in
this domain can result from the planner optimising its path to
a given treasure, or finding a better treasure. Finding a better
treasure will generally cause a larger improvement in the
solution expected cost. This makes the domain interesting for
metareasoning problems: performance profiles will typically
not show diminishing returns behaviour.

The domain was originally proposed as a deterministic
multi-objective episodic MDP by Vamplew et al. (2011). We
convert it to a probabilistic single-objective SSP. The agent
starts in the top left corner of a grid world with randomly
sampled dimensions, with actions that probabilistically ac-
celerate it in the eight cardinal directions. With probability
Pfail, the acceleration action fails. Each action (including no
acceleration) has a fixed time cost of 1. Final rewards for gath-
ering treasure are converted to costs. The cost of a treasure-
collection action is the maximum value of treasure generated
in this problem class minus the value of the treasure collected.
The default policy is to proceed directly downwards from the
current state. The shape of the sea floor, treasure locations,
treasure values and Pfail ∼ Uniform(0, 0.3) are randomly
sampled. Deeper states correlate with higher average treasure
values. Pfail, the x and y dimensions of the problem instance,
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and max velocity vmax ∈ {1, 2} are provided as context to
the metalevel agent.

The race track (RT) domain is a grid world originally
described by Barto, Bradtke, and Singh (1995), and used by
McMahan, Likhachev, and Gordon (2005) to evaluate their
BRTDP algorithm. The state space (x, y, vx, vy) ∈ S is 4
dimensional and consists of 2D position and velocity. Actions
are to accelerate in any of the 8 cardinal directions, or to do
nothing. Actions fail to have any effect with probability Pfail.
Colliding with a wall sets the velocity to zero. The initial state
is a state on the start line and goal states are the racetrack
finish line. The default policy is to proceed at a constant
speed of 1 in the direction along the track.

Problem instances for this domain are randomly generated
28× 21 racetrack layouts, combined with randomly sampled
maximum velocities and action failure probabilities. The
maximum allowed velocity of the agent in each axis is vmax ∈
{3, 4} with equal probability, and Pfail ∼ Uniform(0, 0.3).
These two values are provided to the metalevel agent as
context. Challenges for metareasoning in this domain are
the relatively large 4-dimensional state space, and the object-
level planner’s uninformative heuristic function. Unlike the
DST domain, goal states are located some distance from the
agent’s start state. This can lead to planning algorithms taking
a long time to generate an initial solution.

For the experiments we define time in units of object-level
planner state visits. For WBRTDP, a state visit consists of
evaluating transition probabilities and carrying out a backup
at a state, which can be assumed to take constant time if the
number of actions and transitions available is similar across
all states. Using this instead of elapsed real time aids repeata-
bility by negating external effects, such as varying processor
task load impacting processing time. The maximum time
for a metareasoning episode is 10K state visits for the DST
domain or 100K state visits for the RT domain. This is di-
vided evenly into 20 metalevel timesteps. For each problem
instance, the thinking cost per metalevel timestep is sampled
from Uniform(0.0, 10.0). For both domains, illustrations and
additional details are given in the supplementary material.

For each method, we evaluate across 8 DQN agents trained
from differing random seeds. Agents are trained with 300K
steps (RT) or 600K steps (DST) of experience, and their best
performing checkpoint (evaluated on a non-overlapping eval-
uation set) is used in the experiments. Experiments are run
using a held-out set of 1000 problems sampled from p(M).

Results
We compare our method to two alternative ways of address-
ing the lack of solution quality knowledge. These methods
use the known-solution-quality cost function from previous
works (Sung, Kaelbling, and Lozano-Pérez 2021; Bhatia
et al. 2022), but differ in how they estimate the current so-
lution quality. The first estimation method, MidBound, uses
the midpoint of the BRTDP bounds as an estimate of the ex-
pected cost of the solution. This is readily available and cheap
to compute, but is likely inaccurate. The second method,
PolicyEval, evaluates the current object-level policy on the
object-level MDP at each metareasoning step. This gives an
accurate estimate of the current solution quality, but is ex-

pensive to compute. The additional reasoning increases the
cost of thinking incurred by the metalevel agent by a constant
factor, which we measure empirically as described in the
supplementary material.

Additionally, we compare performance with ablations of
our method that disable certain components. The NoFea-
tures ablation removes algorithm features from the RL agent
state, the NoContext ablation similarly removes the problem
context, and the NoTuning ablation disables hyperparameter
tuning so carries out only stopping time optimisation.

We do not compare with the metamyopic agent proposed
by Lin et al. (2015) as their setting is online (rather than
single-shot) metareasoning. Furthermore their method relies
on predicting BRTDP bounds behaviour from the last step’s
bounds behaviour. In almost all cases in our experiments, it
takes more than one metalevel timestep for the planner to gen-
erate an initial solution. This would result in the metamyopic
agent assuming zero possibility of solution improvement and
always executing after a single thinking step.

Figure 3 shows the combined thinking and acting cost for
each method in the DST domain. Performance is normalised
for each problem instance, where 0.0 is the expected cost of
the optimal object-level solution (equivalent to the optimal
metalevel cost assuming zero thinking cost) and 1.0 is the
expected cost of the default policy. It is not possible for the
metalevel agent to achieve a cost lower than the optimal
object-level solution, as λ ≥ 0. This is a similar concept to
the metareasoning gap presented by Lin et al. (2015).

In the DST domain, our method achieves the lowest cost
on average. The NoContext ablation performs the worst of
the ablations, as this learning agent does not know the cost of
thinking for the current problem. At best it can only optimise
its behaviour in expectation for the cost of thinking distribu-
tion in the problem distribution. All ablations show a range
of deliberation time, demonstrating that they are carrying
out metareasoning based on the problem at hand rather than
converging on a fixed metalevel episode length that suits the
problem distribution. In fact all ablations have a termination
time ranging from the earliest timestep to the latest timestep.

The two methods that estimate solution quality, MidBound
and PolicyEval, have a much narrower range of deliberation
time and incur more cost on average. For MidBound, the
agent’s estimate of the current solution quality is particularly
inaccurate at the start of the episode, where the WBRTDP
bounds are very loose. This leads to myopic behaviour and
early termination. On the other hand, PolicyEval incurs an
increase in thinking cost by having to evaluate its current pol-
icy at every metalevel decision step. For this problem setting
and object-level implementation, the increase in thinking cost
varied from around 50% to 100%. This is too high a cost to
be offset by the improved solution quality estimate. Given
the high cost of thinking, it converges to always terminating
very early in the episode.

For the RT domain (Figure 4), the NoFeatures ablation
performs almost identically in cost and metalevel episode
length to the full method, although it does have higher stan-
dard deviation in cost. This suggests that for this domain
the algorithm features are not particularly useful, and good
performance can be achieved based on other state features.
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Figure 3: Normalised total thinking and acting cost and metalevel episode length on the held-out problem set in the DST domain.
The left hand side plot shows the mean and standard deviation of the incurred cost for each method or ablation, and the right
shows the distribution over number of thinking steps before executing. Triangles show mean values, orange lines show medians.
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Figure 4: Normalised total thinking and acting cost and metalevel episode length on the held-out problem set in the RT domain.

The mean metalevel episode length for the NoTuning abla-
tion significantly differs from the median and quartiles. This
could result from a small proportion of long episodes and a
large proportion of immediate execution. This makes sense
for an ablation which can only perform the slowest, most
optimal planning, and chooses to do this only when the cost
of thinking is low. Finally, the MidBound estimation method
is more successful in this domain than in the DST domain,
but still performs poorly compared to our method.

We analyse the statistical significance of these results using
the one-sided Mann-Whitney U test. Our method is signif-
icantly better (p = 0.01) than all ablations and alternative
solution quality estimation methods in both domains, except
for the NoFeatures ablation in the RT domain.

In order to demonstrate the metareasoning behaviour of
our method, we study metalevel episode length in more detail
in the DST domain. For the held-out problem set, Figure 5
shows the relationship between the cost of thinking for an
episode λ(M) and the timestep at which the metalevel agent
chooses the EXEC action. There is a strong negative correla-
tion between the two, indicating that the agent is more likely
to terminate early when the cost of thinking is high. The
figure also shows the agent’s hyperparameter optimisation
behaviour. Rather than learning a fixed optimal hyperparam-
eter value for the problem distribution, the agent is clearly
adapting its hyperparameter values to the cost of thinking in
the current problem. Higher costs of thinking correlate with
higher WBRTDP heuristic weights. Higher heuristic weights
decrease the time taken for the planner to generate an initial
imperfect solution, as illustrated in Figure 2.
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Figure 5: Correlation between the cost of thinking value in
an episode and two algorithm behaviour metrics: metalevel
episode length and average hyperparameter values chosen by
the metalevel agent. Lines are linear regression fits.

Conclusion
This paper has presented a learning-based method to achieve
non-myopic metalevel control of probabilistic planning al-
gorithms. Our abstraction of algorithm configuration to al-
gorithm features may lead to a non-Markov state transition
function, which could be addressed in future work using a
recurrent, LSTM or transformer architecture. We also aim to
extend this method to the online planning rather than single-
shot planning setting, widening its applicability. Finally, the
assumption of a default object-level policy could be lifted by
reasoning about both the goal-reaching success probability
and the expected cost of the current policy.
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6.1 Limitations and Future Work

As an offline metareasoning method, this work is only able to control object-level

algorithms which calculate a solution and then act on that solution with no further

reasoning. The reasoning system is not “strongly” situated in the environment:

the only connection is via the cost of reasoning for the agent in the problem

instance. Furthermore, our experimental domains only cover cases where the

object-level algorithm has a complete and accurate model of the environment. In

principle, the method is applicable to offline reasoning algorithms which are resilient

or adaptive to epistemic uncertainty. However, algorithms which reason about

epistemic uncertainty are more complex than those that do not, and the metalevel

policy would likely need to be trained on a much larger dataset of decision-making

traces to learn to perform well. Additionally, more complex object-level algorithms

lead to more computation being required to generate each metalevel data point,

leading to even longer training times.

Decision-making traces from the method in Chapter 3 are roughly two orders of

magnitude more expensive to generate than those from the object-level problem

domains studied in this work. Additionally, the method in Chapter 3 is not an

anytime algorithm. However, it is not difficult to imagine an anytime version of

the method in Chapter 3 which starts with fewer epistemic parameter samples and

then refines the solution over time. Metalevel control can be applied to this type of

contract algorithm, which must be given a commitment to a computation budget

before they can begin reasoning (Zilberstein, 1995). This would typically turn the

metalevel control problem into a regression, rather than sequential decision-making,

problem. However, metalevel control of contract algorithms removes the flexibility of

monitoring an anytime algorithm’s progress to better react to reasoning dynamics.

The method assumes that the environment and agent state in the environment

are static during the reasoning process. In the following chapter, we extend the

method to online decision-making algorithms, which includes the metareasoning

component more closely in the situated decision-making process. This allows for
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the agent’s state in the environment to change during reasoning, and for reasoning

costs to vary based on the agent’s state within the environment. Non-stationary

problem settings, with object-level reasoning problems represented as non-stationary

MDPs (Cheung et al., 2020), are an interesting avenue for future work.

We make use of off-policy model-free RL, giving higher sample efficiency than

on-policy methods (Haarnoja et al., 2018). However, the method still requires a

large number of samples to learn a metalevel policy. The learned metalevel policy

is specific to the object-level algorithm, training problem distribution, and the cost

of planning for the agent in the environment. Future work could investigate the

generalisability of the metalevel policy across problem distributions and planning

costs, such as starting from a pre-trained metalevel policy and fine-tuning it on

a new problem distribution. This may also identify interesting common features

between different metareasoning problems. Learning from datasets of reasoning

traces, in an offline RL manner (Levine et al., 2020), could allow for training

metalevel policies using only logged solution traces. This would significantly reduce

the computational cost of training a metalevel policy purely through interaction.

Improvements to training efficiency would help scale the method to problem settings

and object-level algorithms which operate under epistemic uncertainty.

The metalevel control formulation, where a separate metalevel agent controls an

object-level agent, has advantages and disadvantages. Designing the metalevel agent

as a separate component allows for algorithm agnosticism, and for interpretable

interfaces between the two agents. It allows for easier control of metareasoning

overhead, as the metalevel agent can be designed to be as lightweight as possible.

Several metareasoning works extend existing object-level reasoning algorithms

to include metareasoning components, effectively combining the two levels of

reasoning (Burns et al., 2013; O’Ceallaigh and Ruml, 2015; Sezener and Dayan,

2020). These works are able to exert more fine-grained control over the object-

level algorithm, such as selecting specific nodes to expand in a search tree based

on metalevel considerations. This type of integration is difficult to achieve with

hyperparameter-like control interfaces as defined in our work. The metalevel control
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separation of components can lead to suboptimal behaviour in cases where the

object-level agent is unaware of the metalevel agent’s objectives, or the metalevel

agent can potentially break assumptions of the object-level agent. This is explored

in more detail in the following chapter.

There is wide scope for more extensive and flexible control of the object-level

reasoning process than simply selecting hyperparameters. The metalevel agent

could select or switch between different reasoning algorithms or variants on-the-fly,

for example switching between upper confidence bound (Kocsis and Szepesvári,

2006) and Boltzmann (Painter et al., 2023) exploration in MCTS. Similarly, further

research could identify which object-level algorithm features are most useful for

metalevel control, and investigate automatic discovery of these features.
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7 Metareasoning
for Online Decision-Making

Chapter 3 Chapter 4 Chapter 5 Chapter 6 Chapter 7

uncertainty
Epistemic

dynamics
Environment

dynamics
Environment

dynamics
Environment

dynamics
Planner

dynamics
Planner

Mode Offline Replanning Online Offline Online

Model MDP
Timed EstMDP BAMDP MDP

Metalevel
MDP

Metalevel

method
Solution

(max reward)
VI

(reachability)
VI MCTS Deep RL Deep RL

regime
Data

medium
Small/ Small Small Large Large

Table 1.1: Settings, methods and features for each chapter.

In this chapter, we extend the offline metareasoning framework from the previous

chapter to a fully online setting. At each timestep in the environment, the metalevel

controller decides whether to execute the object-level action specified by the policy

from the object-level algorithm, or execute a reasoning action to improve this

policy. The cost of executing reasoning actions may vary depending on the agent’s

state in the environment, and may even result in a change of state according

to the environment dynamics.

The online metalevel control framework is applicable to a wider range of decision-

making problems, and aims to solve the practical reasoning-related challenges

encountered in previous chapters. In Chapter 4, the exploration algorithm explores

the environment in a cost-effective way by balancing the expected informativeness

of goal states with the estimated cost and safety of reaching them. In order

to optimise for exploration rate, the PKSMDP cost structure would represent

162
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execution time for each action. However, the algorithm has no ability to reason

about the time required to replan, which is significant and dependent on several

hyperparameters. One such hyperparameter is the number of potential goal states

to evaluate. Evaluating more possible goal states increases the likelihood of finding

well-performing goal states, but each goal state evaluation takes time. An online

metalevel controller could dynamically adjust the number of goal states to evaluate

based on exploration progress and the scores of goal states already evaluated, in

order to optimise exploration rate.

The online adaptive method in Chapter 5 by default carries out a fixed number

of MCTS trials per decision. Figure 3 in that work shows a result of the agent’s

reasoning process being situated in the environment: in the radiation domain,

spending longer reasoning can increase the amount of radiation cost incurred, as

radiation cost is incurred while reasoning. This hyperparameter could be tuned

to try to achieve better performance on average across deployment environments.

However, it is possible to achieve improvements beyond simply optimising the

number of reasoning trials across the environment distribution. An online metalevel

control agent could choose to carry out in-depth planning when the agent is in a

low-cost region of the environment, and carry out less or no planning computation

when the agent is in a high-cost region.

Our metalevel control framework is fully applicable to a replanning-based

approach, where the metalevel controller can choose to replan at any time, potentially

depending on the agent’s state. For clarity, we focus on a fully online approach

where a single policy is maintained and improved at the object level, using an

anytime planning algorithm.

Compared to online heuristic search metareasoning methods (O’Ceallaigh and

Ruml, 2015; Mitchell et al., 2019), our method applies to stochastic environments.

To our knowledge, a single existing practical method exists for metalevel control

of online probabilistic planning (Lin et al., 2015). However, it applies only to one

specific object-level algorithm, and makes a limiting meta-myopic simplification for

tractability. It also lacks the hyperparameter control aspect of our work, which
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allows the metalevel controller to tune behaviour of the object-level algorithm’s

reasoning process for the problem at hand. We show that our method can learn

to outperform this existing method, the offline metareasoning approach from the

previous chapter, and common fixed reasoning strategies.

Please note that this paper has not yet been submitted, or accepted for

publication in its current form.
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Abstract

When an autonomous agent’s decision-making has resource costs or incurs potential
real-world consequences, its performance can be improved by reasoning about
its own decision-making process. This is known as metareasoning, and is a key
capability of rational agents. However, existing metareasoning methods have
significant limitations. Most apply only to the offline setting, controlling only how
long the agent should think before executing its current best solution. Few methods
exist for online metareasoning, where the agent can interleave thinking and acting,
and these make strong simplifying assumptions that limit their performance. It is
rarer still for methods to be applicable to stochastic problems, or to consider the
effects of the environment on the agent’s planning process.
In this work we extend a learning-based metareasoning method for probabilistic
planning to the online setting. The framework enables the agent to learn when,
where and how to think in order to make better decisions in stochastic environments.
We demonstrate our method outperforming several baselines across two domain
distributions, each highlighting different benefits of online metareasoning.

1 Introduction

Autonomous agents often leverage online computation to surpass the performance attainable through
offline pre-training alone [1, 2]. For sequential decision-making, this is implemented using the
decision-time planning paradigm, where the agent performs planning computation before each
action [3, 4]. However, optimally balancing the time spent planning and acting is a challenging
problem. In practice, this parameter is usually set to a fixed value by the designer, based on their
knowledge of the agent’s capabilities and the types of problems the agent will encounter. In this work,
we aim to enable agents to learn how best to balance planning and acting, given the current state of
the agent and the environment.

We pose the problem of balancing planning and acting as a metalevel control problem [5]. In
this problem formulation, a metalevel agent supervises the object-level algorithm carrying out the
decision-making process. The metalevel algorithm may reason about when to allow the object-level
algorithm to continue planning, and when to act using the current solution. It may also change how
the object-level algorithm reasons, by selecting hyperparameters or even different algorithms that are
better suited to the current problem or situation [6, 7]. Anytime [8] object-level algorithms are ideal
in this setting, as they can be queried for their current solution at any point in time.

Metalevel control is particularly useful when real-world decision-making is subject to costs and
constraints on both acting and planning, often drawing from shared resources. Planning and acting
both take time and energy: this is particularly important for mobile robots, where a finite battery
reserve must be shared between planning and acting, and computation constraints make planning
time a meaningful consideration.

Preprint. Under review.
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Figure 1: A mobile robot plans and executes a
path across a radioactive environment. Using
online metareasoning, it can pause to plan
for longer (larger thought bubbles) in safer
areas so that it can move continuously through
hazardous zones without planning in them.

The costs of reasoning may also depend on the
agent’s state within an environment: Figure 1 illus-
trates an example setting inspired by Budd et al. [9]
where a mobile robot incurs varying rates of radiation
exposure while operating in a radioactive environ-
ment. In this setting, it can be difficult to specify
an optimal planning duration that is long enough for
good decision-making but short enough to avoid ex-
cessive radiation exposure while planning [9]. The
cost-optimal metalevel behaviour in this setting is to
pause to plan only in low radiation areas in order to
take advantage of lower planning costs. In other do-
mains, such as underwater robotics in strong current
areas, pausing to plan may even cause the agent’s
state to change due to environmental dynamics.

The simplest metalevel control problem is to decide
the length of time to spend planning, before proceed-
ing to fully execute the current best solution. We refer to this as offline metareasoning, as no planning
takes place during the execution period. Offline metareasoning methods aim to solve the how to
plan problem, by determining the optimal duration of the planning period and potentially which
hyperparameters to use for the planning process [6]. In this work we study the more general case of
online metareasoning, where the agent can interleave planning and acting. As well as broadening the
applicability of metareasoning to controlling a wider class of object-level algorithms, we also wish to
demonstrate several metareasoning-specific advantages of online metareasoning.

First, an online metalevel agent can decide when best to plan, based on its current knowledge of the
environment. Decision-time planning improves performance by focusing search effort on the current
state [4], and by adapting behavior to the actual environment parameters encountered at test time,
thereby better addressing epistemic (i.e. model) uncertainty [9]. Similarly, online metareasoning
enables adapting reasoning behaviour to the environment encountered: rather than planning for all
possible situations, the agent can reduce decision-making costs by deferring in-depth planning until it
has more information about the environment. For example, consider a robot navigating a building
with internal doors it cannot open: if possible, it is more efficient to observe whether the door is open
before planning a policy that includes paths passing through the door.

Second, online metareasoning enables optimisation of where to plan, rather than being limited to
planning at the initial state. Planning may incur more cost at some states than others, as illustrated by
the radiation exposure example. In some states planning may be unsafe or not be possible at all: for
example, autonomous underwater vehicles often offload their planning to a remote server via satellite,
so can only plan while at the water surface.

To the best of our knowledge, the method we present is the first to jointly consider the when-,
where- and how-to-plan aspects of metalevel control within a single framework. We achieve this by
extending a learning-based metareasoning method for probabilistic planning to the online setting. By
learning the behaviour of object-level algorithms from data, the framework applies to any object-level
algorithm and problem distribution. We demonstrate our method’s performance in domains which
highlight the different benefits of online metareasoning. Our method outperforms existing online
metalevel controllers, both adaptive and fixed, and a state-of-the-art offline metareasoning method [7].

2 Related Work

Due to the intractability of exact metareasoning [10], no generally applicable exact algorithm exists.
Metalevel control methods therefore differ by what type of object-level algorithm they supervise and
the assumptions they make. The difficulty of metareasoning means that algorithms must be cognisant
of the overhead of metareasoning [11, 12]. Effort spent on metareasoning should be less than the
effort saved as a consequence of using metareasoning, or the net effect is negative.

Our focus is on high-level control over an agent’s reasoning process during interaction with a
stochastic environment. We therefore take a metalevel control approach, and model an arbitrary object-
level algorithm as a parameterised black box. In contrast, some approaches integrate metareasoning

2
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components into a specific search algorithm [13, 14], enabling decision-making about which branches
of a search tree to expand or execute. The integrated approach is more suitable for problems with
timing constraints, where some search branches may become impossible to execute due to deadlines.

Offline metareasoning. Callaway et al. [15] carry out approximate metareasoning by defining three
estimated Value of Computation (VoC) features, which are designed to be upper or lower bounds
on the value of additional reasoning. These VoC features are combined, using weights learned by
Bayesian optimisation for the specific problem distribution, to estimate the true value of continuing
computation. However, their method incurs significant metareasoning overhead from calculating
VoC features and does not scale past the small deterministic MDPs they evaluate their method on.
They assume an idealised object-level reasoning process, rather than learning the behaviour of real
object-level algorithms, as we do.

One recent work carries out offline metareasoning for probabilistic planning [7], building on a
reinforcement learning-based framework that Bhatia et al. [6] designed for metalevel control of
deterministic search problems. One key advantage of deep RL-based metalevel control is that the
cost of querying the trained metalevel policy is small compared to other methods that require online
calculations to determine the benefit of further planning [11, 15]. As these methods are data-driven,
they are able to learn the optimal stopping point and hyperparameter control for a given object-level
problem distribution and arbitrary object-level algorithm.

Online metareasoning. To the best of our knowledge, the only practical online metareasoning
algorithm for probabilistic planning is presented by Lin et al. [11]. Their method adds a metalevel
control layer to a specific object-level algorithm, BRTDP [16]. It does not require training on
a problem distribution, but its performance is limited by several simplifying assumptions. The
most significant of these is the meta-myopic assumption, which means that the metalevel agent
only considers the immediate benefit of a single additional planning step. Though their formulation
supports reasoning about the cost of planning in the agent’s current state, the meta-myopic assumption
means that the agent is unable to reason about future states potentially having lower costs of planning
or more information available. They also do not consider hyperparameter control of the object-level
algorithm, so their metalevel agent cannot control how the object-level algorithm reasons.

Ho et al. [17] analyse online metareasoning by defining an information processing Bellman objective
that jointly optimises both reward and planning cost. They can therefore infer how much planning
effort should be spent in each state of the MDP, in a similar manner to our work. As their objective
is to study human cognition rather than a practical metareasoning algorithm, their gradient-based
algorithm scales very poorly with the state space size and is impractical for real-world problems.

3 Preliminaries

Object-level SSP MDP. The object-level problem we consider is a stochastic shortest path (SSP)
Markov Decision Process (MDP) [18], and we also formulate the metalevel control problem as an SSP
MDP. An SSP MDP is defined as a 6-tupleM = ⟨S, init, A, T, C,G⟩ where S is a finite set of states;
init : S → [0, 1] is an initial state distribution; A is a finite set of actions; T : S × A× S → [0, 1]
is a probabilistic transition function; C : S × A → R≥0 is a cost function; and G ⊂ S is a set of
absorbing, zero-cost goal states. When referring to the structure of a specific SSP MDP instance
M, we add a subscript for clarity, e.g. TM. The two widely studied problems of infinite- and
finite-horizon reward maximisation can be compiled into an equivalent SSP MDP [19].

The object-level algorithm aims to produce a policy π that minimises the expected cumulative cost of
reaching the goal from the initial state. We assume that the policy is stationary and deterministic (i.e.,
π : S → A), which is known to be sufficient for SSP MDPs [19]. A policy is proper in state s if,
when starting from s, it reaches a goal state sg ∈ G with probability 1. For an SSP MDP there must
exist a policy that is proper in all initial states. All improper policies must have infinite expected
cumulative cost from states they are improper in. Under these assumptions, a minimum cost proper
policy is known to exist [19].

In the same manner as in [11], the SSP MDP is assumed to include an action NOP which represents
the agent planning for a fixed duration. The cost of the NOP action is the cost of planning in that state,
and the probabilistic outcomes of the NOP action define possible state transitions that may occur.
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4 Problem Formulation

The object-level algorithm, which is a probabilistic planner, operates on SSP MDP instancesM
drawn from a problem distribution p(M) which is a probability distribution over possible MDPs
the agent may encounter. This distribution has domain DM, and MDP instances from this domain
may have different state spaces, action spaces, transition functions, and cost functions. However,
they will likely share some common structure, such as the factorisation of the state space [20]. The
internal state of the planner is represented by its configuration χ ∈ X . The configuration is the full
internal state of the planner, including all search trees, value function tables or approximators, and
any other internal state variables. A configuration induces a policy πχ which is the best policy found
by the planner so far given the current configuration. The objective of the planner is to find a policy
πχ that minimises the expected cumulative cost of reaching a goal state from the initial state in the
object-level MDPM.

The planner is parameterised by hyperparameters ∆ = {∆i}N∆
i=1, where each hyperparameter ∆i has

a finite set of valid values ∆i = {δ1, δ2, . . . , δki} or a range of valid values ∆i = [δmin,i, δmax,i]. The
planner’s configuration evolution over time is dependent on the hyperparameter values or sequence
of values it has been run with. To model the configuration evolution of the planner, we assume a
constant timestep τ which is the minimum time unit the metalevel controller can run the planner
for. This could correspond to many steps or trials of the object-level algorithm, and is not equivalent
to the timestep in the object-level MDP. The evolution of the planner’s configuration is dependent
on the problem instanceM and the current configuration χ. When planning is carried out using
hyperparameter values δ = {δi}N∆

i=1, the configuration transition function is defined as TχM(χ′ | χ, δ).
After an action is executed by the agent, including when the planner runs and the NOP action is
therefore executed, the planner configuration is updated to the new state s′ and the corresponding
configuration transition function is defined as TχM(χ′ | χ, s′). These transition functions may be
stochastic if the planner has a stochastic component, such as a random sampling component.

We are now ready to define the metalevel MDP, which represents the operation of the object-level
planner on a single problem instanceM.

Definition 1 Metalevel MDP: For a SSP MDP instanceM = ⟨S, init, A, T, C,G⟩, the metalevel
MDP is an SSP MDPMM = ⟨SM , initM , AM , TM , CM , GM ⟩ where:

• SM = S ×X , combining the object-level MDP state space with the planner configuration space,

• initM = init× δDirac(χ0), where δDirac(χ0) is a Dirac delta at the initial configuration χ0,

• AM = ({PLAN} × ∆1 × . . . × ∆N∆
) ∪ {ACT}, i.e. the agent may run the planner for

one metalevel timestep τ using the specified hyperparameter values, or execute a single action
(specified by the current policy) in the object-level MDP,

• TM ((s, χ), a, (s′, χ′))→ [0, 1] is defined as:

TM ((s, χ), a, (s′, χ′)) =

{
TχM(χ′|χ, δ) · T (s, NOP, s′) · TχM(χ′|χ, s′) if a = (PLAN, δ)

T (s, πχ(s), s
′) · TχM(χ′|χ, s′) if a = ACT.

(1)

The product terms indicate the transition order: for PLAN, the planner runs for one metalevel
timestep τ with hyperparameters δ, the NOP outcome at the object level is observed, and the
planner configuration is updated given the outcome state s′. For ACT, the object-level algorithm’s
policy πχ selects the object-level action, and the planner configuration is updated given s′,

• CM ((s, χ), a) is defined by the object-level cost function, using the object-level action taken:

CM ((s, χ), a) =

{
C(s, πχ(s)) if a = ACT

C(s, NOP) otherwise,
(2)

• GM = G×X , representing goal states in the object-level MDP with any algorithm configuration.

Given an object-level SSP MDPM, our objective is to derive a metalevel policy πM : SM → AM

that is optimal for the metalevel MDPMM . A cost-optimal solution to the metalevel MDP implies a
policy that optimally switches between running the object-level planner and acting on the planner’s
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current policy, given the cost of planning in different states in the MDP and using the optimal
hyperparameters at each timestep.

As previously discussed, it is infeasible to solve this metalevel MDP whenever the agent is provided
with a new problem instance [11, 7]. Even the simplest object-level algorithms have large configu-
ration spaces, and as the size of the metalevel MDP state space is larger than the object-level MDP
state space, metareasoning overhead is prohibitive. Online metareasoning overhead could be avoided
by pre-solving the metalevel MDP for every problem instance in the support of p(M), but this is
even more infeasible. To build a metalevel agent that can learn to solve metalevel MDPs for problem
instances sampled from p(M), we define a new metalevel MDP that is an abstraction of the metalevel
MDP for a single problem instance, and contains features that are practical for learning.

5 Method

In this section, we present our approach to learning a metalevel policy for the metalevel MDP that is
generalisable to new problem instances, in a similar manner as Bhatia et al. [6] and Budd et al. [7].

5.1 Abstracting the Metalevel MDP

Firstly, we reduce the state space of the metalevel MDP by abstracting the configuration space
X to a much smaller space of algorithm features Ω. The mapping function ΦX : X → Ω maps
configurations to features. ΦX and Ω are designed specifically for the object-level algorithm, and are
chosen to be informative summary statistics of the configuration space. As we will be using deep
function approximation to learn value functions, features will be automatically weighted and there is
no practical drawback to defining a large number of features. Features are often readily identifiable
from an algorithm’s description, such as estimated value functions, search tree size/depth, the number
of iterations or samples simulated, or the size of the latest update in an optimisation algorithm.

Secondly, we abstract the metalevel MDP so that it represents the operation of the planner on problems
from the problem distribution p(M), not a single problem instance. This consists of augmenting the
state with a context vector ψ ∈ Ψ, where ΦD : DM → Ψ. The context vector ψ = ΦD(M) is a
compact representation of the current problem instanceM, and allows for generalisation between
problem instances with similar attributes. ΦD and Ψ are designed to provide informative summary
statistics describing the MDP problem instance, and are problem-dependent. Producing these features
should not require extensive analysis of M, in order to avoid metareasoning overhead. As the
object-level MDP state representation is also a component of the metalevel MDP state, using a
consistent state factor representation across MDPs in the problem distribution will likely also improve
generalisation. Note that, as well as encoding a metalevel control problem, the abstract metalevel
MDP encodes a meta-RL problem [21] as we represent operating under a distribution of MDPs as a
single MDP. Also, as with all MDP state abstraction methods, the transition function may become
non-Markovian due to the chosen abstraction of the configuration space [22].

Definition 2 Abstract Metalevel MDP: For a problem distribution p(M) over problem instances
M, the abstract metalevel MDP is an SSP MDP M̂M = ⟨ŜM , ˆinit

M
, ÂM , T̂M , ĈM , ĜM ⟩ where:

• ŜM = SM × Ω×Ψ, i.e. states are (s, ω, ψ),

• ˆinit
M (

sM = (s, ω, ψ)
)
=

∫

{M|ΦD(M)=ψ}
initM(s) p(M) dM× δDirac(ΦX(χ0)),

where initM is the initial state distribution of problem instance M, and δDirac(ΦX(χ0)) is a
Dirac delta at the algorithm initial features ΦX(χ0),

• ÂM = AM , i.e. the action space is unchanged,

• T̂M : ŜM × ÂM × ŜM → [0, 1] is composed of three components Tψ, Tω, and πω, which are
abstracted versions of those in Equation 1:

T̂M ((s, ω, ψ), a, (s′, ω′, ψ)) =
{
Tω(ω′ | ω, δ, ψ) · Tψ(s, NOP, s′) · Tω(ω′ | ω, s′, ψ) if a = (PLAN, δ)

Tψ(s, πω(s), s
′) · Tω(ω′ | ω, s′, ψ) if a = ACT
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Algorithm 1 General deep RL on the abstract metalevel MDP
Input: Problem distribution p(M), object-level algorithm, number of training episodes Me, object-
level planning time per metalevel timestep τ
Output: Trained policy πMθ .

1: Initialise πMθ randomly
2: for episode = 1, . . . ,Me do
3: SampleM from D according to p(M)
4: ψ ← ΦD(M) {calculate MDP context}
5: χ← χ0; ω ← ΦX(χ) {instantiate planner, calculate initial features}
6: s ∼ initM {sample initial object-level state}
7: ŝM ← (s, ω, ψ) {construct metalevel state}
8: repeat {run episode}
9: âM ← select action using πMθ (ŝM ) {or e.g. ϵ-greedy exploration}

10: if âM = (PLAN, δ) then
11: χ ∼ TχM(· | χ, δ) {run planner for time τ with hyperparams δ}
12: a← NOP
13: else {âM = ACT}
14: a← πχ(s) {select action using current object-level policy}
15: end if
16: ĉM ← CM(s, a) {incur object-level cost from planning or acting}
17: s ∼ TM(s, a, ·) {object-level state outcome}
18: χ ∼ TχM(· | χ, s) {update planner with new current object-level state}
19: ω ← ΦX(χ) {update features, including Q-value of NOP action Qχ(s, NOP)}
20: ŝM ′ ← (s, ω, ψ)
21: Store (ŝM , âM , ĉM , ŝM ′) {e.g. replay buffer}
22: ŝM ← ŝM ′

23: until s ∈ GM
24: Update parameters of πMθ using stored episode data
25: end for

where Tψ represents object-level state transitions and Tω represents algorithm feature transitions
caused by planning or updating the object-level algorithm with the new state, as in Definition 1.
By abstracting the current object-level MDP instanceM to a context vector ψ, we no longer have
a specific transition function TM. Given the set of MDPs where ΦD(M) = ψ, we can construct
Tψ by marginalisation: Tψ =

∫
{M|ΦD(M)=ψ} TM p(M) dM. Similarly, Tω is constructed

by marginalisation over both the object-level algorithm configuration space and the problem
distribution. Finally, πω is the policy induced by the features ω, so is an abstraction of πχ
calculated by marginalising over the configuration space X . Note that the context vector ψ is
fixed within an episode, as a single object-level problem instance is being solved,

• ĈM and ĜM are defined as in Definition 1, but with πω replacing πχ and Ω replacing X .

5.2 Learning to Act in the Abstract Metalevel MDP

Algorithm 1 outlines our method for training a deep RL-based policy for the abstract metalevel
MDP. We present the approach with a DQN-like structure [23] for clarity, but the metalevel MDP
construction and interaction is independent of the learning algorithm used, and any deep RL algorithm
could be used to learn a metalevel policy. The RL policy is trained in-the-loop by sampling one
object-level problem instance from p(M) at the start of each episode. Additional implementation
details are given in the supplementary material, but we highlight two key concepts here.

Budd et al. [7] provide their RL-based offline metalevel controller with an observation of the offline
planning cost per timestep, so that it can learn how to act under different planning costs. Along similar
lines, we provide the agent with the Q-value Qχ(s, NOP). This Q-value is from the object-level
algorithm’s value function, so captures both immediate planning cost and the estimated value of
possible successor states after taking the NOP action. As it is dependent on the object-level algorithm
configuration χ, it is incorporated into the features ω in Line 19. A similar Q-value is also used by
the myopic metalevel controller in Lin et al. [11].
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6 Experiments

6.1 Baseline Algorithms

We compare to three baseline metalevel control methods. The most basic is a fixed decision-time
planner (DTP), parameterised by the ratio of planning to acting time. The optimal value of this
parameter is problem-dependent, and so we evaluate a range of values for each problem instance
to find the best-performing ratio. The second baseline, Bounds, is the correlated metareasoner
proposed by Lin et al. [11]. It uses a meta-myopic approximation based on how the object-level
algorithm’s value bounds changed over the previous computation step. The third baseline is the offline
learned metareasoner from Budd et al. [7] (OffLearn), which learns from reasoning data and uses
hyperparameter control to optimise the object-level algorithm’s performance as our method does, but
only supports planning at the initial state. This method relies on access to a default policy to complete
its policy outputs, effectively granting it privileged information not available to our approach. We
call our method the OnLearn metareasoner.

6.2 Object-level Algorithm: Weighted Bounded RTDP (WBRTDP).

Bounds is built on the Bounded Real-Time Dynamic Programming (BRTDP) algorithm [16]. For
fair comparison between metareasoning agents, we therefore use a BRTDP-based object-level
algorithm for both learning methods. As the learning-based methods support hyperparameter control,
we specifically use Weighted BRTDP (WBRTDP) [7] as the object-level algorithm. The weight
parameter allows the learning-based algorithms to trade-off the quality of the solution and the speed
of computing that solution. Each metalevel MDP timestep corresponds to a fixed number of state
Bellman backup operations in the object-level algorithm. This is a more consistent time unit than
walltime, which is dependent on hardware capability and load, or BRTDP trials, which vary in length.
Additional details, including discussion of the algorithm features abstraction function, are given in
Appendix A.2.1.

6.3 Deep RL Algorithm

We use DQN [23] as the deep RL algorithm for the metalevel controller. We are able to use DQN
as the metalevel controller because the hyperparameter values are discrete, leading to a purely
discrete action space. A different deep RL algorithm would be required if the hyperparameters were
continuous, which would lead to a mixed discrete-continuous action space [24]. Other learning
algorithms are evaluated in Appendix B.2. For RL-based metalevel controllers, we evaluate across
5 DQN agents trained with different random seeds. Details on training and compute resources are
given in Appendix A.3.

6.4 Experiment Domains

The ObstacleRacetrack domain is based on the racetrack domain used by Budd et al. [7] and
originally introduced by Barto et al. [25]. It is a 2D gridworld where the agent state is the 4-
tuple x, y, vx, vy, and actions are to accelerate in an 8-connected direction. Actions have a failure
probability that varies by problem instance. The agent’s goal is to reach one of two finish lines.
However, one finish line is potentially blocked by an obstacle: whether it is blocked or not is unknown
to the agent a priori. This is represented in the object-level MDP by a state factor with values
{−1, 0, 1}, where −1 indicates the obstacle state is unknown. The agent observes the state of the
obstacle by colliding with it if it is present, or passing through that area if it is not. The finish
line behind the possible obstacle is closer, so incurs less cost to reach and requires less intensive
planning to determine how to reach. This domain is designed to demonstrate the benefits of online
metareasoning under epistemic uncertainty: the optimal metalevel behaviour is to generate a simple
policy to reach the obstacle, and then to plan a detailed policy to reach the further away goal only if
the obstacle is present.

The RadWorld domain is based on the example in Figure 1. The agent exists in a gridworld with
randomly generated obstacles and radiation level distributions. It aims to reach a goal on the opposite
side of the map while minimising the total radiation exposure from planning and acting. Actions are
to move one cell in an 8-connected manner, with costs geometrically adjusted for diagonal movement.
Actions have a radiation-level dependent failure probability, ranging linearly from 0 to 0.75 for the
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Figure 2: Cost performance and planning time distributions in the ObstacleRacetrack domain.

lowest and highest radiation levels respectively. This domain is designed to demonstrate the benefits
of online metareasoning where different states have substantially different costs of planning.

Problem distributions are defined implicitly by procedural generation of object-level MDPs for the
agent to act in. Learning methods are trained on 10K object-level MDPs drawn from p(M). All
algorithms are evaluated on 1K object-level MDPs also drawn from p(M), with consistent random
seeding based on the evaluation problem instance ID. This random seeding ensures that the e.g. the
ground truth obstacle state in each ObstacleRacetrack problem instance is the same for all algorithms
at evaluation time. Domain visualisations, problem context functions and further details are given in
Appendix A.1.

6.5 Quantitative and Qualitative Results

Cost results are normalised by the expected cost of the optimal policy for that problem instance. It
is not possible to achieve normalised cost of 1 in expectation when cost is paid for reasoning, so a
normalised cost of 1 is as a lower bound on performance for all metareasoning methods. As domains
are stochastic, it is still sometimes possible for few runs to achieve normalised cost < 1. When
comparing algorithms in the text, we report how much excess cost they incur over the lower bound of
1, rather than the difference between the normalised costs of the algorithms. Statistical significance
is calculated using the one-sided Mann-Whitney U test, with significance threshold p = 0.01. For
the learning-based metalevel controllers, we also train and evaluate in a case where hyperparameter
control is disabled, giving the learned controllers access to the same interface as Bounds.

In the ObstacleRacetrack domain, OnLearn achieves significantly lower normalized cost than both
Bounds and OffLearn, as shown in Figure 2a. Relative to OnLearn, Bounds incurs a 37% mean excess-
cost increase (61% median increase), while OffLearn incurs a 30% mean increase (54% median
increase). All parameterisations of DTP perform worse than the other methods: the best-performing
parameterisation (0.2) incurs a 51% mean excess cost (82% median) relative to OnLearn. The ablated
version of OnLearn performs 18% worse than OnLearn, but is still significantly better than Bounds.
The ablated version of OffLearn performs significantly worse than all online methods.

Figure 2b shows the distribution of planning time used by three of the metalevel controllers, with the
distributions separated by whether the obstacle ground-truth state was present or not present in that
evaluation MDP. The two online metalevel controllers (OnLearn and Bounds) both use significantly
more planning time when the obstacle is present, as this is the state where the agent needs to plan a
more complex policy. Analysis of planning states in MDPs where the obstacle was present shows
planning taking place after the obstacle is reached. Despite varying its planning time, and displaying
a larger variation in planning times than OnLearn, there is no significant cost performance difference
between OffLearn and Bounds. OffLearn has the benefit of hyperparameter control and being provided
with a default policy, although the default policy does not check the obstacle state.

A wider cost performance gap is observed in the RadWorld domain, as shown in Figure 3a. For all
methods the mean and median performance is similar, indicating that the distribution of costs is more
consistent across runs than in ObstacleRacetrack. OnLearn achieves significantly lower normalized
cost than all baselines. Compared to OnLearn, Bounds incurs 2.4× as much excess cost and OffLearn
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Figure 3: Results for the RadWorld domain.

incurs 2.9× as much excess cost. Bounds performs significantly better than OffLearn, in this domain,
and OffLearn does not significantly outperform the best DTP parameterisation. Bounds is able to
make myopic metalevel decisions about the cost of planning in its current state, but is not able to
reason about the cost of planning being lower in potential future states. OffLearn is able to control
how long to reason based on the radiation level of the start state, but has no ability to reason at other
states. The ablated version of OnLearn performs very similarly to OnLearn, showing that most of
the performance gain is due to non-myopic metalevel reasoning rather than hyperparameter control.
Interestingly, in this domain, the ablated version of OffLearn performs slightly better than OffLearn.

Figure 3b shows the qualitative reasoning behaviour of OnLearn in a RadWorld MDP, showing only
the states near the start state. It spends 4 metalevel timesteps planning at the start state, but waits
until it reaches a low radiation level state to plan for longer. After this, it only performs one more
planning step during the 80-length trajectory to the goal.

We carried out an ablation of OnLearn by replacing the NOP action Q-value estimate observation
(Section 5.2) with the immediate cost of the NOP action in the current state, in a similar manner as
Budd et al. [7]. We found that this led to a statistically significant 10% increase in mean excess cost
in the ObstacleRacetrack domain, and no significant difference in the RadWorld domain. The lack of
effect in RadWorld is likely because the agent remains in the same state while planning, whereas in
ObstacleRacetrack the agent may transition state depending on its current speed. As the RL agent has
an observation of the object-level algorithm’s value estimate of the current state, it is straightforward
to reconstruct Qχ(s, NOP) from this and the immediate cost observation.

7 Conclusion

We have presented a learning-based metalevel control framework for online metareasoning in proba-
bilistic planning, and shown it to outperform several baselines in two novel environments that are
well-suited to evaluating metareasoning methods.

Limitations. As a deep RL-based method, the trade-off for minimal metareasoning overhead is
the requirement to train on a representative problem distribution, which we assume is available. The
metalevel control formalisation itself, with separate object-level and metalevel agents, also introduces
one notable limitation in the online setting: one can construct problems where optimal planning
and acting decisions are not aligned, leading to suboptimal metalevel performance. For example, if
there exists a state with a low cost of planning which does not contribute to solving the object-level
problem, the metalevel agent has no way to instruct the planner to visit that state.

This limitation could be addressed by tighter integration of the metalevel controller and planner, with
the drawback of losing the generality of the metalevel controller. Finally, although we consider a
simple case of epistemic uncertainty in the environment, we assume the agent has a perfect model of
the environment.
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7.1 Limitations and Future Work

As this framework is an extension of the offline metareasoning framework in the

previous chapter, it shares some common limitations. Again, we assume a known

MDP model for object-level decision-making. In the online setting, this also

includes specifying the physical outcomes of reasoning actions in the environment.

We do however investigate a simple didactic form of epistemic uncertainty in the

ObstacleRacetrack domain, by representing the agent’s belief about the state of an

obstacle with a simple deterministic belief model where the epistemic uncertainty

is immediately resolved upon reaching the obstacle. Though simple, this type of

epistemic state feature has been used in real applications (Lacerda et al., 2019).

Because belief in the obstacle state is represented as a ternary variable with simple

dynamics, the problem can be represented as a standard MDP and standard MDP

methods can be used to solve it, rather than needing to maintain continuous belief

distributions as in Chapter 5. However, this simple example works to demonstrate

the potential benefits of online reasoning in epistemically uncertain environments.

The agent learns to carry out in-depth planning only after checking the obstacle

state, meaning it avoids expending planning effort on every possible eventuality.

There is scope for substantial future work on metareasoning with uncertain

models. Recent work has formalised the meta-BAMDP reasoning problem and

looked at a simple multi-armed bandit domain (Godara et al., 2024), but to our

knowledge there are currently no practical methods for metalevel control of multi-

step decision-making in epistemically uncertain models.

In the current metalevel MDP formulation, the metalevel controller chooses

between planning or executing an object-level action at each timestep. However,

many practical systems can do both at the same time: executing real-world actions

while reasoning about the next action to take. Concurrent planning and acting has

been investigated in the heuristic search (Gu et al., 2022) and situated temporal

planning (Elboher et al., 2023) settings. To extend our method to concurrent

planning and acting, the metalevel MDP action space could be reformulated.
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Defining the metalevel action space as the Cartesian product of reasoning actions

and {act, nop} would allow the metalevel controller to choose between reasoning

while acting or reasoning without committing to an action.

One limitation of the online metareasoning case compared to the offline case

is that both the object-level and reasoning processes must standardise on the

timestep of the object-level problem. In the offline case, we can define an arbitrarily

fine-grained timestep for the metalevel MDP, as the object-level MDP is entirely

separate. In the online case, the decision-making costs and outcomes are defined in

the object-level MDP, giving less flexibility in the design of the metalevel MDP.

Similarly to the previous chapter, the metalevel control separation of object-level

algorithm and metalevel controller has some drawbacks as well as advantages. In

the online setting, a new issue is that the objectives of the metalevel controller and

object-level algorithm may not be fully aligned. For example, if there exists an

easily reachable state that has excellent reasoning dynamics (low cost to reason,

safe to remain in), then an optimal metareasoning policy would choose to go to

that state and reason there. However, if the state does not contribute to solving

the object-level problem, then the object-level algorithm will not choose to visit

that state. In most cases there is some shared objective between the metalevel and

object-level algorithms due to their coupled costs, so this is not a practical issue.

For example, in the radiation domain, both the metalevel controller and object-level

algorithm benefit from the agent staying in low radiation areas.

As noted in the previous paragraph, real environment actions are always chosen

by the object-level policy, other than nop actions which may be the result of the

metalevel controller’s decision. Despite this, we noted that in some problem settings

the metalevel controller could learn to use the nop action to achieve object-level

behaviour not intended by the object-level algorithm. In one test case, the metalevel

controller learned to use the nop action to block the object-level algorithm from

executing actions that are part of the object-level algorithm’s policy, but that

the metalevel controller has learned are not useful in the current state for the

problem distribution. Although this does result in better performance, it subverts
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the intended separation between the metalevel and object-level reasoning processes.

Investigating this type of impact of the metalevel control framework on online

decision-making is an interesting avenue for future research.
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8 Conclusion

In this thesis, we began by identifying different types of reasoning problems and

approaches that arise for situated agents operating in epistemically uncertain

environments. We identified two key axes of variation: (i) Offline vs. online

reasoning, chosen based on the agent’s reasoning capabilities and whether online

reasoning offers advantages in the deployment environment; and (ii) Object-level

reasoning vs. metalevel control of reasoning, distinguishing between directly solving

tasks and deciding how to allocate reasoning resources. These axes were used to

define four research questions, RQ1 to RQ4.

Chapters 3 to 5 presented algorithms for decision-making in epistemically

uncertain environments, varying in their onboard computational demands and

adaptability to the environment. These methods addressed RQ1 and RQ3. Two

of these algorithms (Chapters 3 and 4) were integrated and tested on real-robot

platforms, demonstrating their practical applicability.

In Chapters 6 and 7, we developed metalevel control methods that enable situated

agents to learn how best to employ object-level reasoning algorithms, given their

computational constraints and problem setting. These methods addressed RQ2

and RQ4. However, a significant gap remains between the object-level algorithms

used in these chapters and the object-level reasoning algorithms introduced in

Chapters 3 to 5. This issue is present because the computational cost of collecting

metalevel training data scales with the complexity of the object-level reasoning

algorithm. The ability of the metalevel controllers to learn how to use complex,

computationally expensive object-level reasoning is therefore limited by the high

data requirements of the model-free RL methods they are based on.

180
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Taking a broader perspective on metareasoning algorithms, we observe a growing

trend toward utilizing more online computation at test time, rather than relying

solely on pre-trained or pre-solved models. For instance, some recent offline RL

methods incorporate online planning despite being trained offline (Zhan et al., 2021;

Sikchi et al., 2022). The introduction of chain-of-thought reasoning to improve large

language model performance at inference time (Wei et al., 2022) is another example

of this trend. As machine learning systems continue to scale in model complexity

and resource consumption (Lin et al., 2024; Baraniuk, 2024), autonomous systems

that can dynamically select the most appropriate algorithm or model for a given

task will become increasingly valuable. As discussed in Section 8.1, we believe

there is substantial potential for improving metalevel control methods, especially

in the context of mobile robotics.

Although two of our decision-making algorithms were tested on real-robot

platforms, many robots deployed in real-world applications still rely on hand-

crafted mission scripts (Pebody, 2007; Phillips et al., 2023). In the future, we

hope to see broader integration of autonomous decision-making algorithms into

real-world robotic systems. This shift toward more autonomous reasoning will

likely be accelerated by the growing deployment of autonomous systems and

their increasing complexity.

8.1 Future Work

In this final section, we discuss potential future research directions that could

extend the work presented in this thesis.

Robust offline planning using generative simulators In Chapter 3, we make

use of parameterised stochastic simulators of different aspects of the environment.

Our method attempts to address epistemic uncertainty without using a robust

MDP formulation, and achieves good performance according to the real and

simulated experiments. However, a robust MDP formulation may be able to

achieve better performance in some settings, for example in cases where water
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currents are stronger compared to the vehicle’s propulsion. Robust MDP methods

are more computationally expensive than the method we proposed, which may

preclude solving for the same large, complete policies that our method produces.

However, a robust MDP method with a smaller policy representation may be able

to produce policies that are more robust to worst-case scenarios during deployment.

We did not consider the problem of updating the stochastic simulators based

on new data from the environment. Further work could also investigate the use of

Bayesian methods to update these models based on new data, potentially including

modelling of environment dynamics changing over time.

Uncertain environment models In Chapter 4 and 5, we focused on Gaussian

processes as a representative family of environment models. These models are well-

suited to the continuous, natural environments we considered, but are not the only

option. Deep learning-based models have been studied in a variety of settings and

have shown impressive performance in some domains. However, we would be limited

to data-efficient dynamics models that have some notion of epistemic uncertainty.

One approach with significant research interest is recurrent state space models

(RSSMs), often referred to as “world models” (Hafner et al., 2021). Although RSSM

formulations can include stochastic components, they are not usually explicitly

designed to model epistemic uncertainty. Recent exceptions to this are LAMBDA (As

et al., 2022) and MAMBA (Rimon et al., 2024), which develop Bayesian RSSM

and meta-RL methods respectively. The world model literature usually focuses

on pixel-based observations, rather than the structured sensor-based observations

common in robotics. Future work could investigate RSSM designs better suited

to explicitly modelling epistemic uncertainty in large-scale environments, using

appropriate observation models.

Offline model-based reinforcement learning methods commonly employ deep

ensembles of stochastic dynamics models to enhance adaptivity under some notion

of epistemic uncertainty (Yu et al., 2020). However, such approaches do not

provide an explicit separation between the aspects of the environment that are



8. Conclusion 183

well-known and those that remain uncertain. Their focus is on epistemic uncertainty

due to a small dataset or a poorly-performing behaviour policy, rather than the

fundamental uncertainty in the environment dynamics that we address in this

thesis. Future work could investigate how to incorporate priors over robot and

environment dynamics into deep ensemble methods, in a similar manner as the

GP-based methods we used in Chapters 4 and 5.

Evaluation problems and domains In Chapter 5, we formulated the problem

as a SSP MDP in order to enable goal-oriented behaviour rather than short-horizon

reward maximisation. However, we evaluated our approach on problems with a

simple goal – namely, reaching a target location – instead of considering tasks

with more complex goals. Some standardised evaluation domains, such as those for

offline RL (Fu et al., 2020), incorporate more complex goals that require longer-

horizon reasoning than the continuous control tasks commonly used to evaluate RL

methods (Brockman et al., 2016). However, these domains are often deterministic

or exhibit limited stochasticity (for example, small Gaussian control or sensing

noise), and do not emphasise epistemic uncertainty.

Finally, no widely-used benchmark domains exist for simulating the type of

highly epistemically uncertain domains we study in this thesis. For example, there is

no widely-used simulator and benchmark for underwater autonomous vehicles under

the influence of ocean currents. Development of such domains would enable better

standardisation and comparison between methods. Along similar lines, no widely-

used benchmark domains exist for evaluating metalevel control methods. Compared

to existing works on metalevel control, which often evaluate their methods on very

small object-level problems, we defined new domain distributions in Chapters 6

and 7 that are more representative of real-world problems. However, there is

still scope for defining larger domains with more complex dynamics, potentially

including epistemic uncertainty in the object-level problems.
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Multi-Agent Metareasoning and Communication In our studies of metarea-

soning in Chapters 6 and 7, we focused on a single-agent metalevel control problem.

As prior work has primarily addressed this single-agent case, metalevel control in

multi-agent systems remains underexplored (Raja and Lesser, 2007; Shynkar et al.,

2022). In particular, we are interested in the process of offloading decision-making

from the agent to remote computers or other agents. Mobile robots often have

communication links as well as on-board computers, and could choose to offload

computation to a remote computer to decrease usage of their own battery life, at

the cost of added communication latency. Some existing methods use metalevel

MDPs to reason about the costs and benefits of offloading computation (Chinchali

et al., 2021; Penmetcha and Min, 2021; Navardi et al., 2024) for immediate tasks

such as object detection and localisation. In comparison, offloading sequential

decision-making tasks introduces longer-term consequences that require a more

sophisticated metareasoning framework.

Further work into this setting would allow metareasoning about systems that

rely on offloading computation to remote computers or other agents. As well as

reasoning about the costs and benefits of offloading computation, this would also

require reasoning about the communication costs and constraints of the system. One

example of this is long mission duration underwater robots, the decision-making for

which is carried out remotely and sent to the vehicle via a low-bandwidth satellite link.

This setting introduces new costs and constraints relating to communication abilities

to the metalevel control problem. For example, in the underwater vehicle example,

the satellite link only works when the vehicle is at the surface and incurs monetary

costs per byte of data sent. Methods based on decentralised POMDPs (Spaan et al.,

2008; Wu et al., 2011) could be integrated into a multi-agent metalevel control

framework to reason about communication costs and constraints.

Metareasoning Generalisation and Scalability In Chapters 6 and 7, we

defined distributions of object-level problems and tested trained metalevel policies

on previously unseen object-level problems drawn from the same distributions.
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Therefore we did not test generalisation abilities: for example, we did not test the

performance of metalevel policies trained only with small object-level problems on

a distribution that included larger object-level problems than those seen during

training. It is almost certain that starting with a metalevel policy trained on small

object-level problems and then fine-tuning it on larger object-level problems would

be more efficient than training a metalevel policy from scratch (Svegliato et al.,

2020). This raises the question of whether it is possible to train general metalevel

policies that can be fine-tuned on a small number of object-level problems, rather

than training a metalevel policy for each new distribution of object-level problems.

The structure of such a general metalevel policy could provide insight into common

patterns of reasoning across different object-level problems.

Offline RL offers a potential avenue for reducing the training burden of running

object-level algorithms during metalevel training. However, no works to date

have investigated the use of offline RL for metalevel control. One question to be

investigated is whether datasets of historical reasoning traces would allow learning

of metalevel policies that differ from the reasoning approaches taken to generate

the dataset. For example, if the dataset was generated by a behaviour policy that

always reasoned until solution convergence, there would be a large distribution

shift between this behaviour policy and a metalevel control policy that could

stop computation at any time.

Finally, future work could look into tighter integration between metalevel control

and object-level reasoning. This may be able to offer some of the benefits of

fully integrated metalevel control, while still allowing control of arbitrary object-

level reasoning algorithms.
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Abstract

Underwater acoustic and wireless sensor networks enable transformative spatio-temporal
ocean data collection for applications such as climate monitoring, marine life analysis, and
industrial diagnostics. However, retrieving data from submerged sensor nodes in near real-
time remains challenging due to environmental constraints and the high costs of traditional
methods, such as deploying research vessels. This work presents an integrated adaptive
framework that combines modelling approaches and planning under uncertainty to enable
an Autonomous Underwater Vehicle (AUV) to serve as a mobile sink for sparse underwa-
ter sensor networks. The framework dynamically prioritises nodes based on data value,
and utilises acoustic communication links for simultaneous data harvesting and time-of-
flight localisation. Key contributions include the systems integration effort that addresses
real-world operational challenges, a novel modelling approach that underpins the planning
methodology, and extensive field trials validating the framework’s performance. The results
demonstrate significant improvements over conventional hand-designed behaviours for un-
derwater data retrieval, advancing sustainable and autonomous ocean monitoring solutions
through robust integration, innovative planning, and real-world validation.

Keywords: Underwater Sensor Networks, Autonomous Underwater Vehicles, Probabilistic Planning, Data
Harvesting, AUV navigation, Underwater communication, Robot decision-making
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A Experiment and planner configuration details

A.1 Planner common parameters

The fixed number of clusters |T̂ | when clustering action durations in the TMDP was set to 6. The comms
model belief for all experiments consisted of a uniform belief between 110 dB and 120 dB (re 1uPa @ 1m) for
environment acoustic noise, and a categorial belief over multipath interference levels of low, and high with
equal probability. The navigation TMDP timestep was set to 40 s for all experiments.

A.2 Scenario 1

This scenario was used in simulation experiments (Section 5.2.1) and for the field trial unknown data contents
case (Section 6.4.1).

Node Measurement data (B) Event data (B)
N2 400 120
N3 400 80
N4 400 280
N5 400 400
N6 400 900

Table 9: Initial data contents of nodes for unknown data distribution experiments.

Each node was modelled with |Sϕ,de | = 4 and |Sϕ,dm | = 2, where the expected number of bytes of mea-
surement data is 400 and increasingly large bins covering between 0 and 1000 bytes of event data. For the
unknown data contents case, the prior belief over node data contents was equal for each node and assigned
higher probabilities to lower event data contents.

A.3 Scenario 2

This scenario was used in the field trial known data contents case (Section 6.4.2).

Node Measurement data (B) Event data (B)
N2 960 160
N3 416 500
N4 1060 160
N5 400 320
N6 976 80

Table 10: Initial data contents of nodes for unknown data distribution experiments.

Each node was modelled with |Sϕ,de | = 4 and |Sϕ,dm | = 2, where each block of event data was 250 bytes
large and each block of measurement data was 600 bytes large.

A. Appendices of Chapter 3 200



B Appendices of Chapter 5

Bayesian Reinforcement Learning for Single-Episode
Missions in Partially Unknown Environments

Matthew Budd Paul Duckworth Nick Hawes Bruno Lacerda
Oxford Robotics Institute, University of Oxford

{mbudd, pduckworth, nickh, bruno}@robots.ox.ac.uk

Abstract: We consider planning for mobile robots conducting missions in real-
world domains where a priori unknown dynamics affect the robot’s costs and
transitions. We study single-episode missions where it is crucial that the robot
appropriately trades off exploration and exploitation, such that the learning of the
environment dynamics is just enough to effectively complete the mission. Thus, we
propose modelling unknown dynamics using Gaussian processes, which provide
a principled Bayesian framework for incorporating online observations made by
the robot, and using them to predict the dynamics in unexplored areas. We then
formulate the problem of mission planning in Markov decision processes under
Gaussian process predictions as Bayesian model-based reinforcement learning.
This allows us to employ solution techniques that plan more efficiently than previ-
ous Gaussian process planning methods are able to. We empirically evaluate the
benefits of our formulation in an underwater autonomous vehicle navigation task
and robot mission planning in a realistic simulation of a nuclear environment.

Keywords: Planning under Uncertainty, Gaussian Processes, Single-Episode
Bayesian Reinforcement Learning

1 Introduction

Real-world mobile robots rarely have complete knowledge of their environment dynamics. When
operating under uncertainty, they need to be able to incorporate their online observations of uncertain
environment features into their plans. In this paper, we consider the single-episode setting where
a robot must carry out a mission in an environment for which the dynamics are not fully known at
deployment time. The mission is specified by a goal state(s) that the agent must eventually reach while
minimising incurred cost under an environment feature that has a priori unknown dynamics. The
robot’s information gathering capabilities are limited, as the environment features are only observable
at the robot’s current state. An example would be a Geiger counter-equipped robot minimising its
cumulative radiation exposure in an environment with an unknown radiation distribution. In this
setting, it is infeasible to pre-plan for every possible environment that might be encountered. Training
an RL agent on such a wide distribution of possible environment dynamics may take significant time
or be infeasible, depending on the range of true environment dynamics that may be encountered [1].

To model continuous environment features, we follow previous works [2, 3, 4, 5] and use a Gaussian
process (GP) [6] to predict unknown dynamics away from the agent’s current location. GPs are
well-suited for modelling spatio-temporal distributions by incorporating online measurements into
the posterior distribution, along with a measure of predictive uncertainty. GP prior hyperparameters
can be estimated from physical intuition or from a small dataset of similar environments. We discuss
this further in Section 3 of the appendix. Similarly to [2, 3, 4, 5], our GP maintains a belief over
the underlying dynamics of the environment. Rather than ensuring safe environment exploration or
maximising information collected, we extend these works by formulating a unified Bayes-optimal
framework for efficient online mission planning.

We therefore pose our task as online, model-based Bayesian RL (BRL) with a GP belief over the
transition function. As all environmental uncertainty is then encapsulated within the transition
function, we assume that the cost function is known given an instance of the environment dynamics.
Continuing the previous example, the robot does not need to learn online that it incurs more damage
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Appendix

1 List of acronyms and abbreviations

AUV Autonomous underwater vehicle
BAMCP Bayes-adaptive Monte-Carlo planning
BAMDP Bayes-adaptive Markov decision process
BO Bayesian optimisation
BRL Bayesian reinforcement learning
GNC Guidance, navigation, control
GP Gaussian process
GPDM Gaussian process dynamical model
MCTS Monte-Carlo tree search
POMDP Partially observable Markov decision process
ROS Robot operating system
SSP Stochastic shortest path
U-MDP MDP with unknown feature values

2 Proof of Proposition 2

Proof. With individual belief updates at every stage, the history density is (shortening Pht
π (ht+τ ) to

Pht
π and P̃ht

π (ht+τ ) to P̃ht
π ):

Pht
π = p(atst+1at+1...st+τ | ht, π)

= p(at | ht, π)p(st+1 | ht, π, at)p(at+1 | ht+1, π)...p(st+τ | ht+τ−1, at+τ , π) (5)

=
∏

t≤t′<t+τ
π(ht′ , at′) ·

∏

t<t′≤t+τ
p(st′ | ht′−1, at′−1) (6)

=
∏

t≤t′<t+τ
π(ht′ , at′) ·

∏

t<t′≤t+τ

∫

T

T (st′−1, at′−1, st′)p(T | ht′−1)dT, (7)

where st = (sk, se).

Given the definition of T+ in (2), and the fact that a history ht uniquely specifies a GP GPDh
of

observations up to time t:

Pht
π =

∏

t≤t′<t+τ
π(ht′ , at′) ·

∏

t<t′≤t+τ

[
T o
(
st′−1, a, sk,t′

)
pGP

(
se,t′ | sk,t′ ,Dt′−1

)]
. (8)

The GP posterior pGP
(
se,t′ | sk,t′ ,Dt′−1

)
is a multivariate normal distribution (MVN). A GP belief

update with a noise-free sampled observation is performed by conditioning the posterior MVN on the
sampled value (for compactness we remove sk from the MVN probability density function pGP ):

Pht
π =

∏

t≤t′<t+τ
π(ht′ , at′) ·

∏

t<t′≤t+τ
T o
(
st′−1, a, sk,t′

)
·

[
pGP

(
se,t+1 | Dt

)
·
∏

t+1<t′
≤t+τ

p
(
se,t′ | se,t′−1, . . . , se,t+1

)]
. (9)

The repeated belief update product in the square brackets in (9) can be recognised as being equivalent
(via the chain rule for probability) as being equivalent to the joint distribution across all values of
se,t′ :

[
· · ·
]

= pGP
(
se,t+1, ..., se,t+τ | Dt

)
. (10)
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Therefore the rollout distribution is identical between individual belief updates and root sampling:

Pht
π =

∏

t≤t′<t+τ
π(ht′ , at′) ·

∏

t<t′≤t+τ
T o
(
st′−1, a, sk,t′

)
· pGP

(
se,t+1, ..., se,t+τ | Dt

)
= P̃ht

π .

(11)
Given the rollout distribution equivalence, search tree node statistics for both methods will converge
to the same values in expectation.

3 Gaussian Process Kernel Function and Hyperparameter Priors

The choices of kernel function and its hyperparameters encode assumptions about the smoothness,
periodicity, and variability of the target function. Priors on hyperparameters are particularly important
in the low-data regime, as they directly influence the GP’s ability to generalise from limited observa-
tions ([6], Ch. 5). Overly broad priors can allow hyperparameters to take on extreme or unrealistic
values, leading to poor generalisation.

In many real-world settings, physical laws and geometric constraints provide useful guidance for
designing priors. Physics-based or domain-specific knowledge can inform the choice of hyperparam-
eters, such as the expected smoothness and magnitude of the function being modelled [29, 30, 31].
For example, in geostatistics, variance and lengthscale parameters are often assigned Gamma or
related priors to enforce positivity and encode scale information [32]. When modelling radiation
fields, user-provided bounds on the maximum expected radiation source intensity and the minimum
possible distance between the robot and the radiation source can suggest a characteristic lengthscale
and variance for the GP kernel. More directly, in robotics we often know the characteristics of the
robot’s sensors, such as noise variance and spatial resolution, which can also inform hyperparameter
choices [33, 34].

When direct physical or system-based information is harder to come by, users or automated systems
can attempt to estimate hyperparameters from small datasets of similar environments [35, 36]. At a
minimum, empirical estimates of smoothness and variance from similar environments may provide a
principled starting point for hyperparameter prior design.

4 Radiation Domain Details

4.1 Radiation simulation

Radiation is simulated using 1/r2 “solid angle” radiation physics. Radiation sources {(si,xi), ...}ni=0
have strength si and pose xi. Source strength is the exposure value at a distance of 1m. The radiation
exposure λ(x) at robot pose x from these radiation sources is then

λ(x) =
n∑

i

ssrci
‖x− xsrci ‖2

. (12)

4.2 Domain Details

A problem instance consists of the following components: a) a randomly generated distribution of
radiation sources in the environment (below), b) the start location in the grid map, sampled from a
uniform distribution across the map, and c) 3 goal states, also uniformly sampled. Sampled problem
instances are discarded when they result in trivial solutions (e.g. due to the start and goal locations
being too close) or where one goal is significantly closer to the start location than the other sampled
goals.

Random radiation fields are generated in both of the following ways:

1. Random point-source distribution: insert between 5 to 20 radiation sources (uniform random
sampling), with randomly sampled z position values z ∈ {1.0, 1.5, 2.5} and randomly
sampled strengths s ∈ {1000, 2000, 5000, 10000}. x and y position values are sampled
uniformly within the bounds of the map ±2.0m.

13
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2. Randomly generated Gaussian random field distribution: evenly cover the map with radiation
sources at z = 1.0 and draw their log strengths from a Gaussian random field. The
Gaussian random field is generated with a radial basis function kernel, using uniformly
sampled lengthscale hyperparameter l ∈ {3.0, 5.0, 7.0} and variance hyperparameter σ ∈
{60, 75, 90}.

4.3 Gazebo simulation

A visualisation of the reactor room world in Gazebo is shown in Figure 4. The simulated robot is a
Clearpath Jackal2, using standard Gazebo lidar and odometry sensor simulation and standard ROS
components such as AMCL localisation3.

Figure 4: Visualisation of the reactor room Gazebo world in the middle of a simulated mission.

4.4 Algorithm parameters

The UCT exploration constant was dynamically set to equal the value of the decision node multiplied
by 1.414. The guided rollout policy attempts to minimise the L2 distance from the goal state at the
next state:

πrollout(sk) = arg min
a∈A(sk)

dist (s′k, sg)∀sg ∈ G, (13)

where A(sk) are the enabled actions at a state and dist is a function that returns the shortest grid map
path distance between two states in the grid map. The value of the ε parameter was 1.0 in the log GP
space, meaning that MCTS search nodes covers increasingly large ranges of continuous value with
increasing radiation level.

4.5 U-MDP Cost and Transition Structures

Transitions between grid map states are assumed to be deterministic as robot navigation does not fail
in this easy-to-localise environment.

The state space So = Sk × Se where {x, y} ⊆ Sk and rad exp ∈ Se. The set of actions Ao =
{left, left-up, left, up, right-up, right, right-down, down, left-down}.
The cost structure is

Co
(
(sk, se), a

)
= rad exp · (mcts-time + da/vrobot) , (14)

2https://clearpathrobotics.com/jackal-small-unmanned-ground-vehicle/
3http://wiki.ros.org/amcl
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where mcts-time is the MCTS time budget allocated to the algorithm, da is the travel distance
associated with the action (diagonal actions are 1.414 times further), and vrobot is the manually
estimated average velocity of the simulated robot, taken to be = 0.3ms−1.

4.6 GP model

The GP is a single-output GP that models o : R2 → Dist(R) where the GP input is {x, y} ⊆ Sk. The
GP is trained on log radiation measurements and predicts log radiation levels.

The GP kernel is a combination of a bias kernel

kbias(sk, s
′
k) = σ2

b , (15)

and a radial basis function kernel

krbf(sk, s
′
k) = σ2 exp

(
−‖sk − s

′
k‖2

2l2

)
. (16)

The radial basis function kernel hyperparameters are assigned the following uninformative Gamma
distribution priors:

GP hyperparameter Prior
Lengthscale l Γ(1, 0.5)
Variance σ Γ(1, 4)

This corresponds roughly to an expected lengthscale of 2m (standard deviation 2m) and expected log
magnitude variance of 0.5 (standard deviation 0.5). The bias kernel variance was set to a constant
σbias = 1, allowing a zero-mean GP prior to represent functions with a constant offset. At the
beginning of each experiment the agent is provided with observations at the start state and two
immediately neighbouring states as prior knowledge.

5 Underwater Currents Experiment

5.1 Domain Details

A problem instance consists of the following components: a) a 10km × 10km current field drawn
from the real-world currents dataset in the same manner as [12], sampled from a fixed set of 12 fields
where there is some variation in current across the field (rather than e.g. consistent current in one
direction), b) the AUV start location, sampled from a uniform distribution across the field, and c)
between 1 and 3 (with uniform probability) goal states, also uniformly sampled. Sampled problem
instances are discarded when they result in trivial solutions (e.g. due to the start and goal locations
being too close) or where one goal is significantly closer to the start location than the other sampled
goals.

This experiment makes use of E.U. Copernicus Marine Service Information4. This is a dataset of
north/east ocean current vectors on a 1500m spaced grid. To allow sampling of ground truth values
at locations other than the grid locations, interpolation of the dataset using a spatio-temporal GP is
carried out in the same manner as [12]. The currents experiment, the dataset used covers the region
from approximately 47 to 62 latitude and -12 to 5 longitude. The dataset was originally collected on
May 1 2020.

5.2 Kinematic GNC simulation

The vehicle’s movement is determined by a kinematic calculation given of the vehicle’s yaw, pitch
and velocity control demands, process noise and the currents acting on the vehicle. Currents are
drawn from the currents dataset at the vehicle’s simulated true position. Underwater localisation
is via an underwater acoustic beacon-aided extended Kalman filter. The vehicle uses this acoustic
time-of-flight position feedback to navigate to the target location of the action selected by the MCTS
planner. An example detailed run through the kinematic GNC simulator is shown in Figure 5.

4Available: https://resources.marine.copernicus.eu/?option=com_csw&view=details&
product_id=NORTHWESTSHELF_ANALYSIS_FORECAST_PHY_004_013. . Accessed 2021-08.
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Figure 5: Example run through kinematics / GNC simulator. The green line is the vehicle’s true
path, the red line is the demanded path the vehicle has attempted to follow (where the demanded
path is a result of an MCTS action selection at each grid MDP state), and the blue line is the “dead-
reckoned/odometry-only” position estimate for the AUV. This is where the vehicle would localise to
without any external EKF acoustic time-of-flight feedback.

5.3 Algorithm parameters

The UCT exploration constant was dynamically set to equal the value of the decision node multiplied
by 1.414. The guided rollout policy attempts to minimise the L2 distance from the goal state at the
next state:

πrollout(sk) = arg min
a∈A(sk)

‖s′k − sg‖2∀sg ∈ G, (17)

where A(sk) are the enabled actions at a state. The value of the ε parameter was 0.1.

5.4 U-MDP Cost and Transition Structures

Transitions between grid map states are assumed to be deterministic as the AUV will always eventually
reach a specified goal. The state space So = Sk ×Se where {x, y} ⊆ Sk and {vx, vy} ∈ Se. The set
of actions Ao = {0°, 60°, 120°, 180°, 240°, 300°, } corresponds to the direction the vehicle wishes to
travel to the hex grid state in that direction. The vehicle travels against the current such that its net
movement is in the action-specified direction.

The cost is the time taken to carry out the transition, given a constant vehicle speed v = 0.6m s−1,
the currents acting on the vehicle, and the requirement from the navigation controller that the net
direction of travel is in the action-specified direction. Given the chosen action this is solved to find
the net velocity veffa and the direction the vehicle must steer against the current at the state.

Co
(
(sk, se), a

)
=

ds

veffa

, (18)

where ds is the distance between states in the hexagonal grid.
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5.5 GP model

The GP is a vector-output coregionalised GP that models o : R2 → Dist(R2) where the GP input is
{x, y} ⊆ Sk.

The GP kernel is the sum of a bias kernel and a radial basis function kernel. The RBF hyperparameters
are assigned the following relatively broad Gamma distribution priors based on sensible current
values seen in the whole currents dataset, and distribution of optimised lengthscale parameters seen
when GPs are trained on a small number of random subsets of the dataset:

GP hyperparameter Prior
Lengthscale l Γ(a = 49.0, b = 0.014)
Variance σ Γ(a = 1.0, b = 4.0)

This corresponds roughly to an expected lengthscale of 3500m (standard deviation 500m) and
expected current magnitude variance of 0.25 (standard deviation 0.0625). At the beginning of each
experiment the agent is provided with observations at the start state and two immediately neighbouring
states as prior knowledge.

17
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C Appendices of Chapter 6

Stop! Planner Time: Metareasoning for Probabilistic Planning
Using Learned Performance Profiles

Matthew Budd, Bruno Lacerda, Nick Hawes
Oxford Robotics Institute, University of Oxford
{mbudd, bruno, nickh}@robots.ox.ac.uk

Abstract

The metareasoning framework aims to enable autonomous
agents to factor in planning costs when making decisions. In
this work, we develop the first non-myopic metareasoning
algorithm for planning with Markov decision processes. Our
method learns the behaviour of anytime probabilistic planning
algorithms from performance data. Specifically, we propose
a novel model for metareasoning, based on contextual perfor-
mance profiles that predict the value of the planner’s current
solution given the time spent planning, the state of the plan-
ning algorithm’s internal parameters, and the difficulty of the
planning problem being solved. This model removes the need
to assume that the current solution quality is always known,
broadening the class of metareasoning problems that can be
addressed. We then employ deep reinforcement learning to
learn a policy that decides, at each timestep, whether to con-
tinue planning or start executing the current plan, and how to
set hyperparameters of the planner to enhance its performance.
We demonstrate our algorithm’s ability to perform effective
metareasoning in two domains.

Introduction
Rational agents should reason about the consequences of
their actions. However, this reasoning process itself has its
own consequences: thinking is a physical process that re-
quires time and energy. In many systems this issue can be
ignored, in particular where the costs of any computation are
negligible compared to the costs of actions. In other systems,
the real-world effects of reasoning cannot be discounted. As
an example, for mobile robots thinking and acting are often
closely coupled. An autonomous vehicle can use its finite bat-
tery capacity on its on-board computer or its motors. To what
extent is the energy saved by executing a better motion plan
offset by the energy cost of additional computation? This
scenario is illustrated in Figure 1. Of course, this assumes
that the agent is reasoning online. If it is able to pre-plan all
of its tasks offline, planning effort is negligible at runtime
and no metareasoning tradeoff exists.

Over the last 40 years, the field of rational metareason-
ing has developed bounded optimal algorithms for reasoning
about these tradeoffs (Russell and Wefald 1991; Cox and
Raja 2011; Hay et al. 2012). Recent problem settings have

Copyright © 2024, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

Figure 1: A deep sea treasure problem. Each policy represents
the results of planning for a longer duration, and achieves re-
ward indicated by the number of coins. πt2 would be optimal
overall if the extra reward gained by πt3 is less than the cost
(duration) of the additional planning time.

included motion planning and heuristic search (Burns, Ruml,
and Do 2013; Sung, Kaelbling, and Lozano-Pérez 2021; Bha-
tia et al. 2022). Optimal exact metareasoning is polynomially
harder than reasoning (Lin et al. 2015), so all practical al-
gorithms carry out approximate metareasoning. A common
simplification is to only consider the immediate effects of a
single reasoning step: this is known as the meta-greedy or
meta-myopic assumption (Russell and Wefald 1989, 1991).

Under the umbrella of metareasoning problems, we focus
specifically on metalevel control of anytime algorithms (Cox
and Raja 2011). In this setting, reasoning is carried out by an
object-level process, which is an anytime interruptible algo-
rithm. This class of algorithms provides its current solution
at any time during computation, but the longer the algorithm
runs the better the solution will be. The object-level process
is supervised by a meta-level process, which observes the
object-level algorithm’s state. Metalevel actions consist of
allowing object-level computation to continue, or terminating
the algorithm and acting using its current solution.

We wish to apply metareasoning to probabilistic planning
with Markov decision processes (MDPs). Recent works have
used deep reinforcement learning (RL) to learn non-myopic
metalevel policies (Sung, Kaelbling, and Lozano-Pérez 2021;
Bhatia et al. 2022). However, these works apply only to
object-level algorithms where the current solution quality
is known exactly, for example the current minimum path
length in RRT*. Relaxing the solution quality observability

The Thirty-Eighth AAAI Conference on Artificial Intelligence (AAAI-24)
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Supplementary Materials

Weighted BRTDP (WBRTDP)
Prelims. In heuristic search, a heuristic function h(s)
guides search by estimating the expected cost of the optimal
policy π∗ starting from state s. A lower-bound (optimistic)
heuristic is admissible if it never overestimates the true cost
to reach the goal. An upper-bound (pessimistic) heuristic is
admissible if it never underestimates the true cost to reach
the goal.

Algorithm overview. WBRTDP is a weighted hyperparam-
eterised version of BRTDP (McMahan, Likhachev, and Gor-
don 2005). It maintains multiple lower-bound value functions,
each of which use different heuristic value initialisations. We
define state-action Q-values with respect to a value function
v as

Qv(s, a) = c(s, a) +
∑

s′

T (s, a, s′)v(s′). (1)

In WBRTDP, vl(s) is a tuple of Nv lower-bound value
functions

(
vil(s)

)Nv

i=0
, each initialised with a different lower-

bound heuristic. Let κ be an index into vl(s), and let hl(s)
be a Nv-length tuple of lower-bound heuristic functions used
to initialise vl(s). Each lower-bound value function is Bell-
man updated in parallel during planning using the cost and
transition function for the MDP. The action selected for each
state during a trial is the action that maximises the lower-
bound value function estimate at index κ. κ therefore acts as
a hyperparameter which selects which lower-bound heuris-
tic to use during planning, and may be altered during the
planning process. The WBRTDP PLAN method accepts a
hyperparameter κ to use for that planning cycle.

hl(s) is expected to be a tuple of the heuristic function with
increasing weights applied, or different heuristic functions
with increasing inadmissibility. As we use a tuple of fixed val-
ues in our paper, the tuple of heuristic initialisation values are
effectively weighted versions of a single fixed-value heuristic
function. Such a heuristic function was demonstrated in exper-
iments in the original BRTDP paper (McMahan, Likhachev,
and Gordon 2005), and is simpler than the heuristic gener-
ation algorithm also described in that paper. We also tested
weighted versions of simple heuristic functions, e.g. Manhat-
tan and Euclidean distance, but did not find they performed
any better than the fixed-value heuristic in either domain.

Note that only the lower bound heuristics are weighted.
The upper bound heuristic remains admissible, and as in
BRTDP, the output policy is greedy with respect to the upper
bound value function estimate. This means that the upper
bound value function remains an upper bound on the true
value function, and the weighted heuristics affect only the
speed of convergence by biasing search actions during plan-
ning. With an admissible upper bound heuristic, the upper

Algorithm 2: WBRTDP

Input: Solution convergence tolerance α, trial termination
constant τ , initial state s0, lower bound heuristic func-
tion hl(s), lower bound heuristic index κ, upper bound
heuristic function hu(s), maximum number of state vis-
its to run Nmax

visit
Output: Policy πvus0 , greedy with respect to the upper bound

value function estimate vu

1: procedure WBRTDP INIT
2: vu(s)← hu(s) ∀s ∈ S ▷ Or lazy initialise on visit
3: vl(s)← hl(s) ∀s ∈ S ▷ Or lazy initialise on visit
4: Nvisit ← 0
5: end procedure

6: procedure WBRTDP PLAN(α, τ, s0, κ,Nmax
visit )

7: while (vu(s0)− vκl (so)) > α and Nvisit < Nmax
visit do

8: WBRTDP TRIAL(s0)
9: end while

10: return πvus0 ▷ Calculate greedy policy wrt vu
11: end procedure

12: procedure WBRTDP TRIAL(s0)
13: visited← (empty stack)
14: s← s0
15: while true do
16: visited.push(s)
17: vu(s)← minaQvu(s, a)
18: a,vl(s)← BELLMANTUPLEUPDATE(s)
19: ∀s′, b(s′)← T (s, a, s′)(vu(s′)− vκl (s′))
20: B ←∑

s′ b(s
′)

21: if B < ((vu(s0)− vκl (s0))/τ) then break
22: end if
23: s← sample from distribution b(y)/B
24: end while
25: Nvisit ← Nvisit + visited.size
26: while visited.size > 0 do
27: s← visited.pop()
28: vu(s)← minaQvu(s, a)
29: ,vl(s)← BELLMANTUPLEUPDATE(s)
30: end while
31: end procedure

32: procedure BELLMANTUPLEUPDATE(s)

33: Qbest ←
(
minaQvil (s, a)

)Nv

i=0
34: a← argmaxaQvκl (s, a)
35: return a,Qbest
36: end procedure
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bound performance guarantee of BRTDP will therefore be
maintained.

If the algorithm is queried for a solution in the middle of
running a trial, it returns the current best solution found so
far in previous trials.

Algorithm description. The structure of WBRTDP (Algo-
rithm 2) is similar to BRTDP, with the addition of a hyperpa-
rameter κ to select the lower bound heuristic to use for the
current planning cycle. Some components are separated into
subroutines for clarity. The WBRTDP INIT routine is called
at the start of planning, to initialise the value functions and
the state visit counter. In practice, the heuristic values are
initialised lazily on first visit to a state, rather than all at once
at the start of planning.

The WBRTDP PLAN routine is called to run the planning
algorithm. This is expected to be called multiple times by the
metalevel agent, each time specifying the cumulative number
of state visits to run (line 6). The WBRTDP PLAN routine
carries out trials starting from the root node s0 (line 8) until
the termination condition is met. The trials loop terminates
when the difference between the upper and lower bound value
functions at the root node is less than a threshold α, or the
number of state visits exceeds a maximum Nmax

visit (line 7).
When the loop terminates, the greedy policy with respect to
the upper bound value function is returned (line 10).

Note that the termination condition depends on the current
lower bound heuristic index κ. If the solution has converged
within α for one lower bound heuristic, it may not have
converged for another lower bound heuristic. Planning can be
continued using a different lower bound heuristic by calling
the plan routine again with a different κ.

The WBRTDP TRIAL routine carries out a single trial,
starting from the root node s0. The structure is much the same
as in BRTDP, with three differences. Firstly, Bellman updates
for the lower bound value function (lines 18 and 29) are sepa-
rated into a subroutine BELLMANTUPLEUPDATE. Secondly,
the weighted sampling (line 19) and trial termination steps
(line 22) are dependent on the lower bound heuristic index κ.
Thirdly, we track the number of trial state visits in line 25.

The BELLMANTUPLEUPDATE subroutine is called to up-
date the lower bound value function at a state s and to return
the action greedy with respect to the κth lower bound value
function. As the transition and cost function components are
the same for each Q-value update in the tuple (line 33), we
can compute the Q-value updates for all lower bound value
functions in a single pass over actions and outcome combi-
nations. This leads to a negligible computational overhead
compared to updating a single lower bound value function.

The overall computational overhead of WBRTDP com-
pared to BRTDP is negligible as long as evaluating the tuple
of lower-bound heuristic functions is not signficantly more
expensive than evaluating a single heuristic function. This ap-
plies when using weighted multiples of a heuristic function.

Algorithm features. Algorithm features for WBRTDP are
the value of the upper and lower bound value functions at
the root node s0, the number of trials completed, the total
number of state visits during all trials, and the number of
state visits during the last trial.

Hyperparameters. For the experiments we provide uni-
form uninformative (fixed-value) heuristics for the up-
per and lower bound value functions. The lower bound
heuristic function therefore provides fixed values rather
than a weighted version of a heuristic function: hl(s) =
(0.0, 10.0, 20.0, 30.0) ∀s. This results in a metalevel action
space size of 5 (4 hyperparameter options and 1 EXEC action).
The heuristic initialisation for the upper bound function is
fixed at hu(s) = 100.0 ∀s, which is admissible for all prob-
lems.

Deep Q Network
The DQN (Mnih et al. 2015) algorithm implementation is
from Stable Baselines 3, version 1.8.0 (Raffin et al. 2021).
Training is vectorised with 10 parallel environments. Default
parameters are used, other than setting the number of gradient
steps to match the number of transitions collected across all
parallel environment instances. As a basic hyperparameter
evaluation, experiments were also run using the default pa-
rameters of the DQN implementation from the work of Bhatia
et al. (2022). This yielded slightly decreased performance so
these hyperparameters were not used for further experiments.

As is common with deep RL, we normalise algorithm
features and the context vector to the range 0 to 1. Value
functions are normalised using the maximum possible cost-to-
goal from s0 for the problem distribution p(M). The number
of trial state visits feature is normalised by the number of
trial state visits corresponding to the maximum number of
timesteps per episode.

Alternative solution quality etimation methods
The PolicyEval and MidBound methods estimate the value
of the current solution and use this estimate in the reward
function defined by (Bhatia et al. 2022). This consists of re-
warding the RL algorithm with the improvement in solution
cost minus the cost of thinking. The computational over-
head of PolicyEval is evaluated by recording the runtimes of
planning and policy evaluation for each metalevel timestep.
Using the ratio of these times, policy evaluation cost can
be expressed in cost-of-thinking units. The total deliberation
cost is the combination of planning cost and policy evaluation
cost. The PolicyEval RL agent is provided with this total cost
during training and evaluation. The same method is used to
adjust the incurred cost of thinking during evaluation on the
held-out problem set.

Experiments/Reproducibility
The held-out problem set used to evaluate algorithms’ per-
formance is reproducibly seeded. Each held-out environment
is seeded with the same value across all algorithms. This
ensures identical object-level policy execution and planner
dynamics across each evaluation.

Experiment-running machines were Amazon Web Services
G4dn.4xlarge instances with 16 vCPUs, 64 GiB RAM, and 1x
16GiB NVIDIA T4 GPU. The operating system was Ubuntu
20.04. The object-level MDP simulation and WBRTDP were
implemented in C++.
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Deep Sea Treasure domain

Figure 1: Four randomly generated deep sea treasure prob-
lems. The agent start location is shown in green, and increas-
ingly dark red colours show increasingly valuable treasures.

This section describes the generation of problemsM ∼
p(M) for the deep sea treasure domain.

Figure 1 shows four randomly generated deep sea trea-
sure layouts. Grid dimensions are sampled with dimx ∼
Uniform{10, 20} and dimy ∼ Uniform{18, 25}. The ocean
floor is generated by sampling a depth ∼ Uniform{3, dimy}
for each for each x up to dimx, and then sorting these points
in ascending order to give monotonically increasing depth
with x. A treasure is placed at each point just above the
ocean floor, with a probability Ptreasure = 0.9 for each point.
Treasure values are sampled using a Poisson distribution
with depth-dependent mean. The mean value for a depth is
proportional to a polynomial (depth)2. The maximum trea-
sure value that can be sampled is 99. Problem instances are
generated by combining a deep sea treasure layout with a
uniformly sampled cost of thinking λ ∼ Uniform(0.0, 10.0),
a per-axis speed limit vmax ∼ Uniform{1, 2}, and an action
failure probability Pfail ∼ Uniform(0, 0.3).

The initial state is always the top left corner of the grid.
The default policy action is always to descend towards the
ocean floor, and to proceed to the right if the agent is at the
ocean floor but no treasure is present at that location.

Race track domain

Figure 2: Four randomly generated race track problems. The
start line is shown in dark grey, and the finish line is shown
in light grey.

This section describes the generation of problemsM ∼
p(M) for the race track domain.

Figure 2 shows four randomly generated race track layouts.
Race track layouts are generated by sampling 2 random paths
in a 4× 3 grid of nodes, each with a minimum path length
of 5 and a maximum path length of 9. These paths are com-
bined to form a high-level layout which may include forks
and loops. The high-level layout is upscaled into a 28× 21
cell race track using a set of 7× 7 cell templates which map
to possible combinations of paths leading into/out of a node.
If the resulting race track is too short (minimum path length
from start to goal < 50), then the paths are resampled. A race
track being too short could result from the combination of
the two sampled node paths being too short, even if each in-
dividual path matches the path length requirements. The start
line is placed at the start of the path in the top left corner, and
the finish line is placed at the end of the path. Problems in-
stances are generated by combining a race track layout with a
uniformly sampled cost of thinking λ ∼ Uniform(0.0, 10.0),
a per-axis speed limit vmax ∼ Uniform{3, 4}, and an action
failure probability Pfail ∼ Uniform(0, 0.3).

The centre point of the start line is chosen as the determin-
istic initial state for the agent. The default policy action is to
proceed at a speed of 1 along the track towards the goal.
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Abstract

When an autonomous agent’s decision-making has resource costs or incurs potential
real-world consequences, its performance can be improved by reasoning about
its own decision-making process. This is known as metareasoning, and is a key
capability of rational agents. However, existing metareasoning methods have
significant limitations. Most apply only to the offline setting, controlling only how
long the agent should think before executing its current best solution. Few methods
exist for online metareasoning, where the agent can interleave thinking and acting,
and these make strong simplifying assumptions that limit their performance. It is
rarer still for methods to be applicable to stochastic problems, or to consider the
effects of the environment on the agent’s planning process.
In this work we extend a learning-based metareasoning method for probabilistic
planning to the online setting. The framework enables the agent to learn when,
where and how to think in order to make better decisions in stochastic environments.
We demonstrate our method outperforming several baselines across two domain
distributions, each highlighting different benefits of online metareasoning.

1 Introduction

Autonomous agents often leverage online computation to surpass the performance attainable through
offline pre-training alone [1, 2]. For sequential decision-making, this is implemented using the
decision-time planning paradigm, where the agent performs planning computation before each
action [3, 4]. However, optimally balancing the time spent planning and acting is a challenging
problem. In practice, this parameter is usually set to a fixed value by the designer, based on their
knowledge of the agent’s capabilities and the types of problems the agent will encounter. In this work,
we aim to enable agents to learn how best to balance planning and acting, given the current state of
the agent and the environment.

We pose the problem of balancing planning and acting as a metalevel control problem [5]. In
this problem formulation, a metalevel agent supervises the object-level algorithm carrying out the
decision-making process. The metalevel algorithm may reason about when to allow the object-level
algorithm to continue planning, and when to act using the current solution. It may also change how
the object-level algorithm reasons, by selecting hyperparameters or even different algorithms that are
better suited to the current problem or situation [6, 7]. Anytime [8] object-level algorithms are ideal
in this setting, as they can be queried for their current solution at any point in time.

Metalevel control is particularly useful when real-world decision-making is subject to costs and
constraints on both acting and planning, often drawing from shared resources. Planning and acting
both take time and energy: this is particularly important for mobile robots, where a finite battery
reserve must be shared between planning and acting, and computation constraints make planning
time a meaningful consideration.
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Supplementary Material
A Experiment Design

A.1 Domains

initial state goal state potential obstacle wall state

Figure 4: Example ObstacleRacetrack environments from the evaluation set.

ObstacleRacetrack. ObstacleRacetrack MDPs are generated by sampling a graph from a high
level graph structure in a grid of 5 x 3 nodes. The close goal line must be within 2 cells of the
initial position, and the far goal line must 10 cells from the initial position. Loops are possible
in the high-level graph. The high-level graph is upscaled to a 2D grid of cells, with each graph
node being represented by a 7×7 grid of cells. 7×7 cell grids are randomly generated to match the
connectivity of the corresponding graph node. Obstacle states (which act as wall cells or empty
cells depending on whether the obstacle is present) are placed to block the path between the initial
position and close goal. This forms the x and y state factor space of the sampled MDP. The maximum
velocity is 3 in any direction, so vx ∈ {−3,−2, . . . , 2, 3} and vy ∈ {−3,−2, . . . , 2, 3}. Colliding
with a wall or obstacle sets x and y velocities to 0, and the agent transitions to the closest cell to
the wall or obstacle in the direction of its velocity vector before the collision. The action failure
probability for the MDP is sampled pfail ∼ U(0.0, 0.2). The probability of the obstacle being present
is sampled pobstacle ∼ U(0.5, 0.8). Both of these probabilities are provided as context features to
the metalevel controller. As the obstacle state factor is ∈ −1, 0, 1, the maximum number of states
in ObstacleRacetrack MDPs is 108045 (7[vx] × 7[vx] × 3[obstacle] × 35[x] × 21[y]). As wall
states are unreachable, the number of reachable states is smaller. 9 examples of ObstacleRacetrack
environments from the evaluation set are shown in Figure 4.

In ObstacleRacetrack, the duration τ of one PLAN action in the object-level algorithm is 12500
Bellman updates. The maximum budget of Bellman updates is 400K, so the maximum number of
PLAN actions the agent can take in one episode is 32.

For OffLearn, the default object-level policy in this domain is to accelerate to a velocity of 1 along
the centre of the track to the far away goal. Introducing obstacle-adaptive behaviour into the default
policy would make the default policy overly well-performing compared to other metalevel algorithms
without access to a default policy.

For this domain, the object-level algorithm is provided with uninformative initial value function
values, set to 0 for all states for the lower bound value function, and 100 for the upper bound value
function.

12
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rad levelinitial state goal state wall state

Figure 5: Example RadWorld environments from the evaluation set.

RadWorld. RadWorld problems are generated with a multi-step process. First, physical obstacles
are placed in a 60 × 50 grid. The maximum number of obstacles is 10, and the maximum total
number of obstacle cells is 15% of the grid. Obstacles are variations of rectangles and L-shapes with
randomly sampled orientations, side lengths and thicknesses. The obstacle grid undergoes a binary
dilation with a 3×3 kernel to blend nearby obstacles together, followed by applying random binary
noise. This is finally followed by a binary erosion with a 3×3 kernel to remove small holes and small
obstacles. The initial and goal positions are randomly sampled from a truncated Gaussian distribution
with mean (5, 5) and (55, 45) respectively, and a standard deviation of 2. Problem instances are
discarded where obstacle placement makes the goal unreachable.

The radiation level distribution in the environment is generated by simulation of radiation sources
with 1

r2 radiation decay with distance. The joint distribution of radiation source numbers, strengths
and locations is designed to generate few large radiation sources and increasingly large numbers of
small radiation sources. Noise is added to the radiation level distribution to represent random variation
due to environment construction and shadowing effects. For 30% of the cells in the environment,
the radiation level is multiplied by 0.5 + 0.5 · Gamma(1.2, 1.2). In order not to unfairly bias results
against the offline metalevel controller and to reduce variance between evaluation runs, the radiation
level at the initial state is set to the median radiation level across the environment. 9 examples of
RadWorld environments from the evaluation set are shown in Figure 5.

In RadWorld, the duration τ of one PLAN action in the object-level algorithm is 5000 Bellman updates.
The maximum budget of Bellman updates is 320K, so the maximum number of PLAN actions the
agent can take in one episode is 64.

For OffLearn, the default object-level policy in this domain was to to take take actions that led to
states with the lowest 8-connected total distance to goal (taking into account obstacles), with ties

13
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broken via the smallest Euclidean distance to goal. This results in a default policy that takes the
shortest available diagonal path to the goal while avoiding obstacles.

For this domain, the object-level algorithm was provided with initial value function values based on
a scaled 8-connected distance to goal (taking into account obstacles). This distance measure was
multiplied by the maximum possible radiation level for the upper bound value function and by the
minimum possible radiation level for the lower bound value function, to give admissible initial value
function values. We also tested uninformative initial value function values as in the previous domain,
but this leads to high variance in how long BRTDP takes to find a goal state to terminate the first
trial. This can lead to metalevel controller performance being heavily biased by how quickly the
object-level algorithm finds a goal state in the first trial, which is not representative of the performance
of the metalevel controller.

A.2 Implementation

The metalevel MDP is implemented with a Gymnasium interface [26]. Bounds and DTP algorithms
use a smaller action set consisting only of PLAN and ACT actions, rather than the full hyperparameter
setting action space.

DTP aim to choose between PLAN/ACT actions to keep the ratio of planning to acting as close as
possible to their target. They are limited by the same total planning time budget, meaning that higher
planning ratios may exceed the budget during the episode and only ACT thereafter. The same total
planning budget applied to Bounds, but this algorithm did not tend to use the full budget. Also, DTP
agents must PLAN when they have no action specified by their object-level policy, so they may PLAN
for more than one timestep in the initial state to generate an initial valid policy.

RL algorithm implementations were from Stable Baselines3 [27], version 2.3.2. DQN parameters are
set to their default values, except for increasing the number of gradient steps per rollout to match the
number of environment steps taken in that rollout. The size of the hidden layer was set to 64, and the
number of hidden layers to 2.

We enforced a maximum planning time budget, both to ensure that training episodes terminate
and because there is no benefit to planning longer than the convergence point of the object-level
algorithm’s solution. As the DQN implementation used does not support action masking, we force
the ACT action to be selected if the maximum planning time budget is reached. We also implemented
truncation at a maximum number of environment interactions, to stop episodes in the case where
the agent ACTs on a poor policy and spreads its planning time budget over many object-level states,
leading to it not generating a valid goal-reaching policy within the maximum planning time budget.
We did not observe this occur in practice for the domains tested.

A.2.1 Object-level Planner: WBRTDP

WBRTDP was implemented in single-threaded C++. The WBRTDP algorithm is described in Budd
et al. [7]. (W)BRTDP trials have varying lengths when they terminate only on reaching a goal
state. This means that the end of a metalevel timestep τ likely does not coincide with the end of a
BRTDP trial. Although idealised as an anytime algorithm, the state of the object-level algorithm
is not consistent in the middle of a trial if interrupted. Rather than implementing functionality to
break trials and restore the state of the object-level algorithm as it was before the trial if the number
of Bellman updates exceeds that allowed for the metalevel timestep, we instead use checkpointing
of the object-level algorithm state to return a copy of the state at the start of the trial. When future
planning actions are taken, the state at the end of the trial can be returned if it was reached within the
new allowed number of Bellman updates.

We use similar algorithm features as in Budd et al. [7]. As we are using a deep learning-based agent,
we can provide many algorithm features to the learning agent, and it should learn which are useful.
However, we do not want to calculate complex observation features because this adds metareasoning
overhead. The features provided are the upper and lower Q-value bounds at the current state, the total
number of trials completed so far, the number of states visited during all trials, the number of states
visited during the last trial, and the number of trials that have passed through the current state.

When updating the planner with the new state s′, as described by the transition function TχM(χ′|χ, s′),
the planner is set to run from a state sampled from the transition function TM(s′, NOP, ·), not from
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the current state. This is because after committing to planning, the earliest that plan can be executed
is after the NOP action is completed, one object-level timestep later.

A.2.2 Evaluation

During evaluation, stochastic outcomes in the object-level MDP are seeded based on the evaluation
MDP ID. The ground-truth values of epistemic state factors, such as the presence of the obstacle in
ObstacleRacetrack, are sampled when the MDP is created. During evaluation, outcomes of stochastic
actions which depend on epistemic state factors are rejection sampled to match the ground-truth
epistemic state factor values. Evaluation is carried out with deterministic metalevel action selection
for learning-based policies.

A.3 Compute Hardware

Training was carried out with 16 training environments trained in parallel on a machine with a AMD
Ryzen Threadripper 7960X CPU (24 cores, base clock 4.2 GHz) and a NVIDIA GeForce RTX
4090 GPU. Training was CPU-bound due to CPU-based object-level planning dominating the time
taken to simulate episode steps. With this parallel training configuration, training one agent on the
ObstacleRacetrack domain took approximately 12 hours, and training one agent on the RadWorld
domain took approximately 3 hours.

This compute hardware was also used for evaluation, and for prelimiary experiments (not reported in
this work) to validate the system implementation and analyse performance.

B Additional Results

B.1 Varying Cost of Planning
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(a) Normalised cost-to-goal for the method and base-
lines, reproduced from Figure 2a in the main text.
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(b) Normalised cost-to-goal for the method and base-
lines, when the cost of planning is halved.
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(c) Planning time distribution for the method and base-
lines, reproduced from Figure 2b in the main text.
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(d) Planning time distribution for the method and base-
lines, when the cost of planning is halved.

Figure 6: Cost performance and planning time distributions in the ObstacleRacetrack domain, when
planning is made cheaper by a factor of 2.

We carried out an additional round of training and evaluation in the ObstacleRacetrack domain,
doubling the value of τ to 25K Bellman updates and the maximum planning time budget to 800K
Bellman updates. This is equivalent to halving the cost of planning in the environment. The results
are shown on the right hand side of Figure 6, where the left hand side shows the results from the main
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text for comparison. The same trends in cost performance are observed, with OnLearn significantly
outperforming the baselines. General performance is improved across the board due to the decreased
cost of planning, but the relative performance between methods is similar. The DTP methods still
perform best with the plan/act ratio set to 0.2, but the difference between parameterisations is more
pronounced at this lower cost of planning. In terms of planning time (Figures 6c and 6d), both
online methods tended to use fewer planning steps for the blocked path case, and a similar number of
planning steps for the no obstacle case.
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(a) Normalised cost-to-goal for the method and base-
lines, reproduced from Figure 3a in the main text.
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(b) Normalised cost-to-goal for the method and base-
lines, when the cost of planning is halved.

Figure 7: Cost performance and planning time distributions in the RadWorld domain, when planning
is made cheaper by a factor of 2.

We carried out an additional round of training and evaluation in the RadWorld domain, doubling the
value of τ to 10K Bellman updates. The maximum planning time budget was left unchanged, so the
maximum number of PLAN actions the agent can take in one episode is 32. This makes planning
faster, scaling radiation cost per Bellman update down by a factor of 2. The results are shown on
the right hand side of Figure 7, where the left hand side shows the results from the main text for
comparison. Compared to the full planning cost case, the mean excess cost decreases by 41% for
OnLearn, 50% for OffLearn, and 40% for Bounds. In this setting, OfflineAlg outperforms Bounds
significantly. The best parameterisation of DTP is still around 0.5 compared to 0.7 previously, but
there is no significant performance difference between the two parameterisations. The performance
difference between parameterisations is more pronounced at this lower cost of planning. DTP with a
plan/act ratio of 0.5 slightly outperforms Bounds, but the difference is not statistically significant.

B.2 Other Learning Algorithms

Results shown in previous sections used DQN [23] as the learning algorithm for the online metar-
easoner OnLearn. In this section we evaluate two alternative learning algorithms: PPO [28] and
A2C [29]. For the two policy gradient methods, we used the default hyperparameters from Stable
Baselines3 [27], other than changes to better match the distributional nature of the problem setting.
For PPO, the batch size and number of steps for each environment per update were set to 512. For
A2C, the number of steps for each environment per update was set to 64. These values were identified
as the best performing values using a parameter sweep. Similarly to DQN, we trained with 16
environments in parallel and used frame stacking with a stack size of 3. We also tested PPO with a
recurrent policy, but found this did not outperform frame stacking.

Figure 8 compares the performance of DQN, PPO, and A2C for the online metareasoner in both the
ObstacleRacetrack and RadWorld domains. In ObstacleRacetrack (Figure 8a), DQN outperforms
PPO and A2C by a small margin (∼10%), but in RadWorld (Figure 8b) it incurs slightly higher
cost. PPO and A2C perform similarly across both domains, with PPO slightly outperforming A2C in
ObstacleRacetrack. In both domains, PPO and A2C perform statistically significantly better than the
baselines, similarly to DQN.

The replay buffer and TD updates used by DQN allow it to learn more efficiently in our setting,
where the object-level problem distribution induces a meta-RL problem, compared to the on-policy
methods. The two on-policy methods required more than twice as much training to reach comparable
performance, and were more sensitive to hyperparameter settings than DQN.
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(a) Normalised cost-to-goal for the online metarea-
soner with different learning algorithms in the Obsta-
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(b) Normalised cost-to-goal for the online metarea-
soner with different learning algorithms in the Rad-
World domain.

Figure 8: Comparing the performance of using different deep reinforcement learning algorithms for
the online metareasoner.

B.3 Domains from Budd et al. [7]
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(a) Normalised cost-to-goal for the method and base-
lines in the DeepSeaTreasure domain [7].
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(b) Normalised cost-to-goal for the method and base-
lines in the Racetrack domain [7].

Figure 9: Cost performance results for the domains from Budd et al. [7].

We evaluated the method and baselines on the two domains from Budd et al. [7], DeepSeaTreasure
and Racetrack. The results are shown in Figure 9. Values reported for OffLearn differ from those in
Budd et al. [7] because we fix the cost of planning for OffLearn to be the cost of the NOP action in
the initial state, whereas in Budd et al. [7] the cost of planning was drawn from a distribution.

In the DeepSeaTreasure domain, we observe a large gap between mean and median cost performance
for most algorithms. This arises from a long tail of particularly high-cost episodes, caused by a poor
initial policy and the stochastic nature of the environment. Bounds performs especially poorly in
terms of mean performance in this domain, as it frequently myopically decides not to improve its
initial low-quality policy. The performance of DTP is highly sensitive to the plan/act ratio in this
domain, resulting in widely varying mean cost performance.

B.4 Additional object-level state observations for RadWorld

We also ran RadWorld experiments with an agent-centric observation window around the current
state, giving a field of view of 9x9 cells. This resulted in a 10% (statistically significant) decrease in
performance, which did not decrease with additional training time.
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