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Abstract

This paper presents a new adaptive strategy to efficiently exploit velocity discontinuities in 3D finite-element-based
upper bound limit analysis formulations. Based on an initial upper bound result, obtained with a conventional ap-
proach without velocity discontinuities, possible planes of plastic flow localisation are determined at each strain-rate
evaluation node and, subsequently, this information is used to sequentially introduce discontinuities into the consid-
ered discretised structure. During a few iterations, by means of introducing new and adjusting existing discontinuities,
an optimal velocity discontinuity layout is obtained. For the general 3D case, the geometry of this layout is defined by
the well-known level-set method, standardly used to define the geometry of cracks in extended finite element method.

To make this method also applicable for orthotropic strength behaviours, traction-based yield functions defining
the plastic flow across discontinuities are derived form their stress-based counterparts. This procedure is outlined
in detail and the obtained traction-based yield functions are verified numerically, to guarantee a consistent strength
behaviour throughout the whole discretised structure.

By means of three different examples, including isotropic as well as orthotropic yield functions, the performance
of the proposed strategy is investigated and upper bound results as well as failure modes are compared to reference
solutions. The proposed approach delivered reliable upper bounds for each example and the majority of plastic flow
takes place across the sensibly-arranged discontinuities. For this reason, very good upper bounds can be obtained
with a quite coarse finite element mesh and only few introduced velocity discontinuities. This represents an attractive
alternative to commonly-used adaptive mesh refinement strategies, where often a huge amount of degrees of freedom
needs to be added to capture localised failure.

Keywords: adaptive strategy, velocity discontinuities, upper bound limit analysis, level-set method, orthotropic
strength behaviours, localised failure

1. Introduction

Limit analysis has been proven as a powerful computational method for strength predictions of a wide range of
materials used in practical engineering areas, such as soil, masonry, and composite materials [1, 2, 3, 4, 5, 6]. Origi-
nally, the main objective of limit analysis has been determining the ultimate load a structure, exhibiting elastoplastic
material response, can resist without structural collapse. Since structures lose the capability to store further external
work as recoverable internal energy at structural collapse, limit analysis exclusively focuses on the time instant when
the critical plastic dissipation rate is achieved.

This problem can be stated as: Find the kinematically admissible velocity field which minimises the energy dissipa-
tion rate over the set of all statically admissible stress fields which maximise the dissipated energy, according to Ciria
et al. [7]. Based on the assumptions of small deformations, perfectly plastic material behaviour, and associated plastic
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flow, the plastic bounding theorems by Drucker el at. [8, 9] are normally employed, leading to a lower and an upper
bound of the collapse load multiplier. The lower bound theorem states that, the highest load supported by a statically
admissible stress field, which satisfies equilibrium, the static boundary condition, and a plastic yield criterion, is an
optimal lower bound on the exact collapse load. In contrast, the upper bound theorem states that, when the velocity
field is kinematically admissible by satisfying compatibility, the kinematic boundary conditions and an associated
plastic flow rule, the lowest load determined by equating the external work rate to the internal plastic dissipation rate
is an optimal upper bound on the exact collapse load. Note that this paper mainly focuses on the upper bound problem.

Since analytical solutions of limit analysis are normally limited to simple problems, the limit analysis theorems
have been successfully implemented in numerical formulations since the early 70s and excellent practical capabili-
ties have been achieved in such numerical approaches, from simple two-dimensional (2D) benchmark examples to
complicated three-dimensional (3D) problems. Time efficiency and solution quality of these approaches have also
benefited from the rapid development of mathematical programming methods used to solve the underlying optimisa-
tion problems.

In early implementations, during the last three decades of the 20th Century, these optimisation problems were
solved using linear programming methods by linearising the applied plastic yield functions, as can be found in [10,
11, 12, 13, 14, 15, 16]. Lyamin and Sloan [17, 18] and Krabbenhgft and Damkilde [19] were the pioneers who
used nonlinear programming methods to solve numerical limit analysis formulations with nonlinear yield functions
formulated in their native form. However, since such implementations require differentiability of the yield surfaces,
local smoothening procedures are often necessary. Alternatively, as proposed by Makrodimopoulos and Martin [20,
21], Ciria and Peraire [22], and Krabbenhgft et al. [23], second-order cone programming (SOCP) has been proven
to be a robust and efficient method to solve large-scale nonlinear optimisation problems of numerical limit analysis,
allowing most commonly-used yield functions to be formulated in their native form. Also in this work SOCP is
employed, since all used yield functions can be formulated as second-order cones, including the isotropic von Mises
yield function, the Drucker-Prager yield function, as well as the orthotropic Tsai-Wu yield function.

On the other hand, the performance of numerical limit analysis formulations also heavily depends on the dis-
cretisation method and the related shape functions. Since rigorous upper bound solutions require the associated
plastic flow rule being satisfied at each point of the structures, it is straightforward to use constant strain elements
[2, 15, 18, 22, 24]. To achieve a higher quality of upper bound solutions, the simplex strain element using lin-
ear shape functions for the strain-rate field has been introduced by Makrodimopoulos and Martin [21, 25]. In their
implementations, associated plastic flow can still be guaranteed within each element since the strain-rate is linear
and the associated plastic flow rule is evaluated at all vertices. From the numerical point of view, further performance
improvements can be expected by using higher order interpolation functions. For this purpose, several different imple-
mentations were developed using the element-free Galerkin method by Le et al. [26, 27], the radial point interpolation
meshless method by Liu and Zhao [28] and Yu et al. [29], and the smoothed finite element method by Le et al. [30]
and Nguyen-Xuan et al. [31]. However, in such implementations, it is difficult to guarantee both compatibility and
satisfaction of the associated plastic flow rule in each point of the structure, thus, the so-obtained numerical upper
bounds are not necessarily rigorous.

Beside using higher order interpolation functions, velocity discontinuities can be implemented into numerical limit
analysis formulations, adding additional degrees of freedom to the discretised structure. In an early implementation by
Sloan and Kleeman [16], velocity discontinuities were introduced in finite-element-based upper bound formulations
where linear velocity jumps were allowed between constant strain elements introduced in [15]. As a development
of this approach, zero-thickness interface elements were introduced by Krabbenhgft et al.[32], allowing the use of
general yield criteria. In a contribution by Makrodimopoulos and Martin [33], velocity discontinuities were introduced
between simplex strain elements, defined in [21], allowing both linear and quadratic velocity jumps, showing a robust
and efficient performance for a large number of applications.

Alternative approaches of numerical upper bound formulations were proposed by Chen et al. [34] and Milani
et al.[3, 4, 35], where all solid elements are considered as rigid and plastic failure is only possible across velocity
discontinuities between elements. Such implementations exhibit good performance for certain engineering problems,
e.g. in masonry engineering, but the strong dependence of the solution quality on the finite element mesh restricts its
application, and even adaptive mesh refinement cannot fully compensate this drawback. For this reason, a sequential
linear programming method was applied by Milani and Lourengo [36], to iteratively adapt the finite element mesh.
This approach is able to increase the efficiency of velocity discontinuities, but so far it has been proposed only for 2D

2



63

64

65

66

67

68

69

70

al

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

problems and the original mesh has to be fine enough to provide a sufficient number of velocity discontinuities, since
no additional velocity discontinuity can be introduced during the adaptive iterations. Another interesting approach
is the so-called discontinuity layout optimisation, presented by Smith and Gilbert [37] for 2D and Hawksbee et al.
[38] for 3D problems. Thereby, velocity discontinuities are determined by using a truss layout optimisation algorithm
based on a prescribed grid. Although this approach performs well for 2D problems, the determination of complex
failure mechanisms in 3D solid bodies requires a very fine grid and large computational effort.

For this reason, in the author’s opinion, the most promising approach so far to obtain rigorous upper bounds seems
to be the use of solid finite elements with or without velocity discontinuities. Due to the fact that plastic failure often
occurs very localised, adaptive mesh refinement has been intensively investigated in [7, 22, 31, 39, 40, 41, 42, 43].
However, such strategies normally lead to very fine meshes in failure regions and, thus, increase the number of degrees
of freedom and computational effort significantly.

Recently, an alternative approach has been presented by the authors [44], where finite-element-based upper bound
formulations with sensibly-arranged velocity discontinuities have been proven reliable and efficient, without the need
of intensive mesh refinement in failure regions. Additionally, although the implementation of orthotropic yield func-
tions in numerical upper bound formulations has been presented in several publications [45, 46, 47, 48, 49, 50], to the
authors’ knowledge, the combination of orthotropic yield functions and velocity discontinuities was presented by the
authors in [44] for the first time. In order to apply this approach to more general problems, in this paper, a compre-
hensive introduction on the numerical implementations as well as an adaptive introduction and adjustment strategy on
the sensible arrangement of velocity discontinuities will be presented.

Thus, the main objectives of this work can be introduced as follows:

1. The implementation of orthotropic yield functions and velocity discontinuities in 3D finite-element-based upper
bound formulations, using simplex strain elements with the plastic flow measured by both the linear strain-rates
within solid elements and linear velocity-jumps only across sensibly-arranged velocity discontinuities.

2. The derivation of traction-based yield functions for the velocity discontinuities, taking both their orientation
and the orthotropic stress-based yield function assigned to the solid elements into account, in order to guarantee
consistent orthotropic strength behaviour throughout the whole discretised structure.

3. The implementation of an adaptive approach to introduce and adjust velocity discontinuities in an efficient and
meaningful way at regions where very localised plastic failure can be expected.

With respect to these objectives, the paper is structured as follows: In Section 2, upper bound formulations consid-
ering orthotropic strength behaviour and velocity discontinuities are introduced analytically. In these formulations,
the traction-based yield function applied to velocity discontinuities are guaranteed to represent similar orthotropic
strength behaviour as the stress-based yield function applied to solid elements by means of a projection algorithm
introduced in Section 3. The formulation of associated plastic flow rule both in continuum and across velocity discon-
tinuities are presented in Section 4. Then, in Section 5, upper bound formulations are given in discretised form, using
simplex strain elements and linear velocity discontinuities. The algorithm for introduction and adjustment of velocity
discontinuities is presented in Section 6. A verification of these implementations by means of two commonly-used
benchmark examples under plane strain conditions and a 3D example can be found in Section 7. Finally, a brief
summary and concluding comments are given in Section 8.

2. Kinematic theorem

Upper bound calculations exclusively focus on the kinematically admissible velocity field u = (iy, iy, it;,)T € %3
at the time instant of structural collapse, and search for the failure mechanism leading to the minimum internal
plastic energy dissipation rate W;,,, which must equal to the external work rate W,,,. Thereby, a velocity field u
is considered to be kinematically admissible when it fulfills compatibility, the plastic flow rule, and the kinematic
boundary conditions at each point of the considered structure.

In this work, to be able to consider very localised plastic failure mechanisms more easily, the velocity field u
is not enforced to be continuous, rather velocity-jumps Au = (Ait,, Ay, Ait,)T € %3 are allowed across prescribed
discontinuities I'y;;. These consist of one part denoted as I'};. with the related velocity field ), and an opposite
part I';. - with the related velocity field u, . Then, diffused plastic failure is measured by the plastic strain-rate field
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& = (&xx, &)y, 82, 28,),28,,,28,)7 € RO (in Voigt notation) in the continuum  and very localised plastic failure is
measured by the velocity-jump field Ai = 0, — . at certain discontinuities I'y;q.
The plastic dissipation functions for these two failure mechanisms can be expressed as

dpat(€&) = supoTe, F ={0|fa(0) < 0} in Q
oeF
(1)
dgis(Aw) = suptTAu, D = {t|fy;,(t) < 0} on [yg
teD

where o = (0 vy, Oy, Oy Oxy, Oy, 03)T € RO denotes the stress field, t = (¢, L, )T € R3 represents the surface
traction field, f,./(07) < 0 is a stress-based yield function assigned to the continuum €, and f;(t) < O is a traction-
based yield function (depending on f,,(0) < 0) assigned to the velocity discontinuities I'y;;. Consequently, the
internal energy dissipation rate W;,, over the whole structure reads

Wi = f dpar(&)AV + f dgis(An)dA = f ETodV + f AuTtdA )
Q T, Q Lais

dis a

consisting of the rate of plastic energy dissipated within the continuum as well as at discontinuities.
The upper bound problem can then be formulated as a nonlinear optimisation problem, reading

min  W;,,
st. &=Lz in Q
Al = Lyl on Lyis
o &)
u = Uy onI
&= /.lmataﬁnat(o-)/ao- inQ
Au = Rdisafdis(t)/at on Ty
where 0y, = (W}, ,u; )T € R® contains the velocity fields of both surfaces of a discontinuity Iy, and
d/ox 0 0
0 d/oy O
0 0 d/o
L, = /o2 eR® and Ly = (1 —I) € |30 )
dloy 0  9/oz
dlox 0d/dz 0
0 d/oy 0/ox

are the compatibility operators for the continuum Q and the discontinuities I'y;, respectively.

Through the first constraint of the upper bound formulation in Eq. (3) compatibility between the velocity field
u and the strain-rate field & is enforced at each point of the continuum Q; the second constraint enforces compati-
bility between the velocity-jump field Au and the velocity field u across each discontinuity I'y;; the third constraint
represents the kinematic boundary conditions, prescribing a velocity field u,. on the surface I' = 9Q. The last two
constraints ensure associated plastic flow in Q as well as across I'y;;, where A, and Ay, denote the corresponding
plastic multiplier rates, determining the magnitude of plastic flow.

According to duality in nonlinear programming, the primal form of the upper bound problem in Eq. (3) can also
be formulated in dual form, reading

max W,y

st Jo&TodV+ [ pTtdA = [ aTpg,dV + [ uTgedV + [ aTAt,dA + [ aTt,dA
Jmar(0) <0 inQ
S®ais <0 on Ty

®
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where the first constraint represents a weak form of equilibrium for the whole structure, with 8 as an unknown collapse
limit load multiplier. The objective function becomes the maximum external work rate in the dual formulation, which
can be written as

Wt = f u'pBg,dV + f u’gt,dA + f u'gdV + f u't,dA 6)

Q T, Q ' r;

containing contributions from the unknown body force field g, = (gu.x, 8u,y» 8u.))T € R3 and the fixed body force field
8= (8181 817 € %3 in the continuum €, as well as from the unknown traction field t, on the boundary surface
part I', and the fixed traction field t; on the boundary surface part I'y, with ' =T, N I'y.

3. Traction-based plastic yield function

As discussed in several publications [16, 32, 33], the implementation of velocity discontinuities in finite-element-
based upper bound formulations can significantly improve the quality of upper bound results and locking phenomena
can often be avoided. The number of unknown variables, however, is greatly increased and, thus, a higher computa-
tional effort is required.

In existing finite-element-based upper bound formulations with velocity discontinuities exclusively shear-failure-
based isotropic yield functions f,,,;(0) < 0 (e.g. the von Mises yield function, the Mohr-Coulomb yield function and
the Drucker-Prager yield function) are assigned to the continuum €. In this case, the formulation of an equivalent
strength behaviour at discontinuities (between finite elements) is straightforward and leads to a function f;;5(0,, 7) < 0
depending on the normal stress 0, and the shear stress 7 at the discontinuity. Thus, this failure criterion can easily
be linked to and expressed in terms of the traction forces acting at the discontinuity, giving a function fy;,(t) < 0
However, this is only possible for shear-failure-based strength criteria and becomes much more complicated for other
types of failure criteria, like e.g. orthotropic strength behaviour.

For this reason, in this section an algorithm is proposed which allows the projection of a quite general stress-
based yield function f;,,,(0) < 0 onto an equivalent traction-based yield function fy;5(t) < 0 with respect to a certain
velocity discontinuity I'y;,. In this way a consistent strength behaviour throughout a structure with discontinuities can
be achieved.

3.1. Projection algorithm

As stress-based yield function for the continuum Q the following differentiable quadratic form will be considered,
formulated with respect to the local coordinate basis of the material (X" —y" — 2)as:

1
Fraoip) = o TR+ (5 A S Told? <0, inQ )

loc Tioe Tioe loc

where 0% = R}“ 0 represents a stress state with respect to the local coordinate basis of the material, and the matrices

Prat ¢ ROX6, F”(;”H € RO and F}*~ € RO determine the type of yield function as well as strength parameters. Of
course, when the special case of an isotropic yield function is considered, the introduction of a local coordinate basis
for the material is not necessary and 07'%' = 0.

The transformation matrix for stress vectors from the global coordinate basis (x — y — z) to the material local
coordinate basis (x" — ¥ — 7). reads

Rg_wt —
R 2 2t
n;’}itz n;_',‘za n;’f‘z”z 2njint 2] 2n
n?féﬂ n%a nl;?lZ 2nmal ;ngl znmulnlzniil znmatnizn?l g
n;rft)zctninzt n;’fgtn;}‘;t nmatn;nzzzt nmitnmat + n;riz)zctngu)zt nmt)ztn;mzzt + nmt;tninzt n%’ni’f“’ + nT(;ctnTgr ( )
n?}?n?il n;?;tn:;?t n;rf?tnrznat nymit nmat 4 n;;)actnz}?t n’;";tn’z”;” + nT;tnmat n;m)zrtntzn?t + nr:lz;tn;m:t
n’;filn?il n;’,’,‘y”n%’ n;nlc;tn?? I’l’;’itl’l’;fl + nmt;tnmaz nz:u;tnmat + I’lm(;ll’llzn;” nmczztn?zt + nz;u;znlngz
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with % = (0% nj’:‘;’ npinT € R3, n ’”‘” = (n;’,‘j’ n;”;’ ’”‘”)T e N3 and Y = (nl), Z"i{’,nffﬁj’)T € N3 as the three
normal vectors of the material local coordinate basis.

In order to derive a traction-based yield function for velocity discontinuities based on Eq. (7), the first step is the
transformation of this yield function from the material local coordinate basis (x’ — ¥ — z’)u4 into the discontinuity

local coordinate basis (n — m — p)g;s, reading

d di 1 i
Frar(@30) = 0, TP O+ ( FF o) = (1= SF Ty <0, on L ©)
where (rld” = R% ¢ denotes a local stress state at the discontinuity with respect to the discontinuity local coordinate
basis. Rfi” is the related transformation matrix equally defined as the matrix in Eq. (8), with nd” = (nﬂf, nd” d”)T €

R3, nd” = (nﬁ{;, nﬂj;, d”)T € ®3 and nd” = (nﬁ’xY R ﬁ‘;, d”)T € R3 as the normal vectors of the local coordlnate basis
(n—m— p)gis (with nd” as the out of plane normal vector and nd” and nd” as the in plane normal vectors). According

to these definitions, o' (Eq. (7)) and o5 (Eq. (9)) are connected as follows ot = R(RE)orlis The yield

loc
function matrices in Eq. (9) can then be determined as

Pg-[s - (R:’lr’lat(R(dTi‘Y)fl)TPr;lat(Rr(;_la[(RZ_iS)fl) c mGXG
Fz-iS,Jr — (Rinut(Rdl?) l)TF:’l;at,Jr c %6 (10)
Fg-is,f (Rmut(RdH) )TFmat c 916

Next, the local stress field at discontinuities o-f(ﬁg is linked to the corresponding traction field tfoig simply by

tdis = Ldsogdis - on Ty (11)
with
1 00000
L% =10 0 0 1 0 0]eR¥® (12)
000001

dis _

e Rf”t, with the transformation matrix

as the projection operator. Thereby, the local traction field is obtained by t

ndzs ndlS ndts

nx ny nz
R/ = [ndis ndis plis) e P9 (13)

dis dis dis

n[’x py nPZ

According to Eq. (11), it is obvious that, from a critical stress state, the corresponding critical traction forces at a
discontinuity can easily be evaluated. However, the reverse way, evaluating whether a traction force state is critical
or not with respect to the stress-based yield function in Eq. (9), is not possible without further conditions, because
the local traction field t;’{fj only defines three stress components (025, o-4is, d”) of the related local 3D stress state.
For this reason, three additional constraints are needed to ensure that the ﬁnally derived traction-based yield function
Jais(t) < 01is only triggered for traction force states which in any case lead to plastic failure. This can be achieved by
adding the following three constraints:
dzv — Adzs o_dzs — ﬂd”aﬁnut(aﬁz /ao_dts =0

Emm loc

édm AdH( m) — /']'gisafma[(o_dn)/ao_dm =0 (14)

pp loc

- di dis ( - dis 2di
Emp = A1) = 4850 fran(070) [0y = O
enforcing the plastic strain-rate field 8;’()’5 to be localised with respect to the discontinuity ['y;s ((n — m — p)ais), as
introduced by Wu and Cervera [51]. Thereby, A% Ad” and Ad” represent the partial derivative expressions of the
yield function Eq. (9) with respect to the three stress components 0"’” d” and 0';1,:;, irrelevant to the interface plane

mm?
of I’ dis-
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Substituting the stress components o', o and oy in Eq. (14) with the local traction components 2", #4* and

nn°

t""s according to Egs. (11) and (12), the remaining stress components can be expressed as functions L of the local

tractlon vector téis

o> reading

dm Ldu (tdlY)

T m loc

dzs _ LdlS(tdlS) (15)

loc

dlS — Ldls(tsz)

loc

Now, each local traction force state tfo’g can be linked to a unique 3D local stress state 0';10"5, reading
disgdi
s = LAl on Ty (16)

where L7 € R®3 represents the projection operator determined from Egs. (11) and (15) with respect to [y.
Finally, by inserting Eq. (16) into Eq. (9), the stress-based yield function fma,(a'j‘gg) < 0in Q can be projected

onto a traction-based yield function fdiA(thZ) < 0 locally on I'y;5, which reads
) = TR 4 CFE T - (1 - SR Ty (17
= (LB TP LIES) + (1Fii’“"”(L;”‘°‘t;§g‘))2 -(1- %F?S"T(L:’”t;ﬁznz (17b)
= o P+ (5 F”’”Ttﬁ’ébz (1 - SF ey = fus %) (170)

. di . . i di i is.— di is.— . o s
where P#5 = LIPTPISLdis ¢ j33, Féist = I ”TF(d,”’Jr € R and F*~ = LY“TF*~ ¢ %3 are the matrices containing
strength parameters for the traction-based yield function.

3.2. Numerical verification

In the following, the presented transition (Eq. (17)) from a stress-based yield function into a traction-based yield
function is numerically verified. Assuming the material local coordinate basis as identical to the global coordinate
basis, arbitrary Tsai-Wu strength parameters for the stress-based yield function (Eq. (7)) are chosen as

0.0750 0.0250 0 0 0 0 0
0.7500 0 0.2500 0 0 0 0
0.1905 0 0 0.0476 0 0 0
FZ_“” — Pg—’lat - (18)
0 0 0 0 0.1111 0 0
0 0 0 0 0 0.2500 0
0 0 0 0 0 0 0.0400
Then, a set of failure stress states 0@ (i € {1,--- ,n r}) with respect to the global coordinate basis (x — y — z) can be

determined by inserting the parameters in Eq. (18) into the general form of the yield function in Eq. (7), where ny
represents the number of selected failure stress states.
Considering two different and arbitrarily selected planes (discontinuities) I'; and I'; defined by their normal vectors

n; = (0.1826,0.9129,0.3651)7 forI'y
(19)
n, = (-0.8018,0.5345,-0.2673)7 for I,
two sets of local traction force states t‘;”l’ and td”zl (ie€l{l,---,n,}) can be determined as
t% = LIRS0’ Vie(l, - ,n,)and j € {1,2) (20)

with respect to their local coordinate bases (n — m — p); and (n — m — p),, respectively. In Eq. (20), L%* denotes
the operator projecting the stress state into the traction force state defined in Eq. (12), and Rd’s and Rd” are the

7
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tdzs

(a) (b)

Figure 1: Local traction point clouds determined by projecting the set of global failure stress state o into two sets of local traction states (a) td” !

dis,i , Vl/})

on the plane I'; with respect to (n —m — p); and (b) tlw, )

on the plane I'; with respect to (n —m — p), where (i € {

transformation matrices similar to Eq. (8) based on the axial normal vectors n,; = (0.1826,0.9129,0.3651)T, n,,; =
(=0.9806,0.1961,0.0000)T, n,, ; = (-=0.0716,-0.3581,0.9309)T for (n—m~—p); and n,,» = (-0.8018,0.5345,-0.2673)7,
n,» = (0.5547,0.8321,0.0000)T, n,, = (0.2224, -0.1483, -0.9636)T for (n — m — p),, respectively.

Although all failure stress states o naturally lie on a continuous surface, as defined through the stress-based yield
function in Eq. (7), the corresponding traction force failure stress states td’” and t“;’;’, obtained through Eq. (20) are
not necessarily located on such. They rather represent point clouds whose shapes heavily depend on the orientation of
the planes I'; and I';, as illustrated in Figure 1. However, a clear ellipsoidal outer envelope can be observed, meaning
that every traction force state lying outside this envelope is for sure related to a failure stress state according to Eq. (7).

According to Eq. (17), the stress-based yield function using the strength parameters in Eq. (18) can be projected
into the traction-based yield functions with respect to the local coordinate basis (n —m — p); and (n —m — p), for which
the strength parameters are determined as

0.4584 0.1515  0.0424 —0.0485

Fé=101290 | P =]00424 00780 -0.0111| forT, (21a)
-0.1012 -0.0485 -0.0111 0.1488
0.0899 0.0296  0.0260 —0.0037

F/5=100791 | P/ =]00260 00782 -0.0033| forl, (21b)
-0.0020 -0.0037 -0.0033 0.0356

Inserting these strength parameters into the general form of the traction-based yield function in Eq. (17¢) leads to
yield functions for the two planes I'; and I',, respectively.

For each plane, a set of traction force failure states td’]” (iefl,---,n}and je{l,---,2})is evaluated and plotted
in Figure 2 as red point cloud (7, is the number of selected failure traction states based on the traction-based yield
function), where the blue point cloud is identical to Figure 1. It can be seen that, for each example plane, the red point
cloud spans a continuous surface identical to the outer envelope of the blue point cloud. This proves that the presented
traction-based yield function in Eq. (17c) represents a suitable criterion to indicate wether a traction force state at
a discontinuity should exhibit plastic deformation or not. Of course, there are plenty of traction force states which
could lead to failure but do not violate the traction-based yield function. In these cases plastic deformation takes place
in the adjacent solid finite elements, and the upper bound theorem itself will never be violated. Thus, to exploit the
performance of discontinuities in this kind of formulation, they should be aligned according to planes where strain
localisation takes place. This requires an adaptive implementation, which will be presented and discussed in Section
6.
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Figure 2: Verification of the projection in Eq. (17) by means of two example planes (a) I'; and (b) I'2, where the blue point clouds indicate all

possible traction states, t?i’l and t:lr';", related to the yield stress states o determined by the stress-based yield function with the parameters in

Eq. (18) (i € {1, -+ ,ny}). The red point clouds indicate the yield traction states tj"f’j and t;i;S’j according to the traction-based yield function with
the parameters in Eq. (21) (j € {1,--- ,n/}).

4. Associated plastic flow rule

In both the primal and dual form of the upper bound problem in Egs. (3) and (5), all nonlinear constraints are
related to the yield functions and their associated plastic flow rule. As stated by Makrodimopoulos and Martin [21] and
Ciria et al. [7], for 3D problems, most commonly used failure criteria are smooth and can be formulated into second-
order cone constraints (e.g. the von Mises failure criterion, the Drucker-Prager failure criterion and the Tsai-Wu failure
criterion), thus, the nonlinear optimisation problems in Egs. (3) and (5) can be solved efficiently by using SOCP. The
widely-used 3D Mohr-Coulomb failure criterion is non-smooth and, thus, cannot be formulated into a second-order
cone. However, using semidefinite programming instead of second-order cone programming, as introduced by Martin
and Makrodimopoulos [25] and Krabbenhgft et al. [52], this problem can be overcome. In the following, only
formulations of smooth yield functions and their associated plastic flow rule are considered and their reformulation as
second-order cone constraints is described.

Associated plastic flow rule in the continuum
In the continuum Q the plastic flow is measured by the strain-rate field and the associated plastic flow rule reads
€t = A0 fra i) [ 00! (22)

mat

where s’l’z’ represents the strain-rate field with respect to the material local coordinate basis (x" — y" — z’);q and )lloc

is the corresponding plastic multiplier rate.

If the stress-based yield functions can be formulated according to Eq. (7) and the parametric matrix P?* is either
positive definite or positive semidefinite, so that it can be decomposed as P"% = D;“TD™ with D" € RS, the
yield function f,,,(072%") < 0 can be reformulated as

mat __ mat mat at
S = as +B(r loc

23
smt e ¢ *)

where 5”4 € R® is the second-order cone expression of the stress-based yield function Eq. (7), % refers to the quadratic
cone, and the parametric matrices are composed as follows

1 pmat,—
1 _QF(r T
ar’ = [ ) eR® and B =| Dre |eR®e (24)
0 lFmat,+‘|'
25T
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according to the definition of second-order cones (Eq. (A.3)).
As applied by Makrodimopoulos and Martin [21] and Li et al. [49], if the yield function can be formulated as
second-order cone constraint (Eq. (23)), the corresponding associated plastic flow rule Eq. (22) can be formulated as

.omat __ matT . mat
Eloc = -B, €

, (25)
el e

where &' € N8 represents the second-order cone expression of the associated plastic flow rule and €* is the dual
cone of the primal quadratic cone € of Eq. (23).

Associated plastic flow rule at velocity discontinuities

As introduced in Section 2, velocity-jumps Au are employed in the primal upper bound problem Eq. (3) as addi-
tional degrees of freedom beside the strain-rate field & measuring the localised plastic flow. At velocity discontinuities
[4is plastic flow occurs when the traction-based yield function according to Eq. (17¢) is violated. Then, a velocity
jump field between the surfaces I'), and '}, appears, given by

dis
AW = Q050 fis (K1) [ Ot (26)
where Auf = Ré“Au is the local velocity discontinuity field with respect to (n — m — p)gis,» RIS = R¥S is the

transformation matrix with similar definition as in Eq. (13), and /ljﬁf denotes the corresponding plastic multiplier rate.
As indicated in Eq. (17), the traction-based yield function exhibits a similar structure as the stress-based yield

function and, thus, can also be formulated as second-order cone constraint, reading
S;ils — a[dzx + B;izstdzs

. loc (27)
s ¢ 7

where s%* € R is the second-order cone expression of the traction-based yield function Eq. (17¢) and the parametric
matrices are composed as follows

1 pdis,—T
~iF

(1 4 .
af"“:(o)e*Rj and B/ =| DI e (28)
%F;ﬁs,+1’

with D45 € R3*3 a5 the decomposed matrix of P45 = D Tpdis,
Furthermore, similar to Eq. (25), the associated plastic flow rule at I'y;; can be formulated as the dual cone con-
straint of Eq. (27), reading
Al-ldis — _Bdi»VT - dis

e
loc t Ait
- dis * (29)
&l e?
where é%‘f € N is the second-order cone expression of Eq. (26).

5. Finite-element-based upper bound formulation

In this work, 10-noded simplex strain tetrahedral elements are used for discretisation, which are capable of
providing more accurate upper bound results compared to the often used 4-noded (constant strain rate) elements
[21, 25]. In each element el, the strain-rate field & is obtained through interpolation between nodal strain-rate vectors

qgl” = (qgl’;x, qgl;y, qi”z’z, qz‘l;ﬁy, qgl’y’z, qzl;'z)T € RO at 4 evaluation nodes (4 vertices) using 3D linear interpolation func-

tions Ngl’i(x) Vel e{l,--- ,UE}and i€ {l,---,4}) and the velocity field u is obtained through interpolation between
nodal velocity vectors qzl” = (qi{’){, qi’yj, qﬁ{’zj )T € R3 at 10 evaluation nodes (4 vertices and 6 edge middle nodes) using

3D quadratic interpolation functions Nsl’j x) Vel e {l,--- ,UE}and j € {1,---,10}) with UE as the total number of
10
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elements in the upper bound problem. Here, X = (x, x,, x,)T € R represents an arbitrary position vector inside each
element. In the discretised structure, the strain-rate field & is piecewise linear within each element and allowed to
be discontinuous between elements, thus, each element has its own internal strain-rate evaluation nodes but adjacent
nodes from different elements can share the same coordinate.

Consequently, each boundary surface of an element be is triangular with 6 velocity evaluation nodes (3 vertices
and 3 edge middle nodes), and the velocity field 1 is obtained through interpolation between nodal velocity vectors
qze’k using 2D quadratic interpolation functions Nﬁe’k(x) (Wbe € {1,--- ,UBE}and k € {1,---,6}) with UBE as the
total number of 6-noded boundary elements on I'.

As mentioned above, velocity jumps Au are only allowed at prescribed discontinuities I'y;;, where each surface

pair '}, and T", - has its own set of internal velocity evaluation nodes with different nodal velocity vectors qzﬁ’i

and quf’j (Vde € {1,--- ,UDE}and i, j € {1,---,6}). Each triangular surface at a discontinuity de, located on the
interface part I“Zfs C T4y, has 6 velocity evaluation nodes with corresponding 2D quadratic interpolation functions
Nge’[(x). Here UDE represents the total number of velocity discontinuity elements on I'y;;.

5.1. Primal formulations

The discretised form of each constraint in the primal upper bound problem (Eq. (3)) is introduced in the following.

Compatibility within elements
Based on the assumptions of small strains and straight element edges, all changes in geometry of the considered
structure during collapse are negligible, and the discretised form of the first constraint in Eq. (3) can be written as

4 10
D INHQ =L Y N g, Velell,-- UE) (30)

i=1 j=1
enforcing compatibility between the velocity field and the strain-rate field within each solid element Q¢ c Q.

Compatibility across velocity discontinuities
Since the strain-rate field & is linear within each solid element Q¢, to guarantee consistency of plastic flow, it
is straightforward to enforce the velocity jump Au to be linear across each velocity discontinuity Fdfs, where Au is

obtained through interpolation between the nodal velocity jumps qii’i = (qi‘;”;, qi’;’iy, q‘i‘;’iz)T € N3 at 3 evaluation nodes

(3 vertices) using 2D linear interpolation functions NZZJ x) (Vdee{l,--- ,UDE}andi€{l,---,3)}).
Then, the second constraint in Eq. (3) reads in discretised form as follows:

3 6
D Nimoay = D Ly gy, Vdee(l,--- UDE) (31)
i=1 Jj=1

with Ly, as defined in Eq. (4) and qge’j = (qZ”’j , qge_’j )T € ®3*% is a vector containing each pair of nodal velocities
across the discontinuity I'y;;. Additional constraints are applied reading

e l e e
LAqu 4= E(LAqu 1t LAqu %)

1
Laql” = E(Lnge,z +Lpq’?), Vdee(l,---,UDE) (32)
e 1 e e
Laigi® = E(LAqu 4+ Lag)

in order to enforce a linear velocity jump distribution across each discontinuity.
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Kinematic boundary conditions
The kinematic boundary conditions are applied as

q)" =q)", Vbee({l,--- ,UBE}andi€{l,---,6} (33)
where qZ :(fi is the prescribed nodal velocity vector at each velocity evaluation node on the boundary surface I'.

Associated plastic flow rule
In each solid element Q¢, the associated plastic flow rule is enforced at each strain-rate evaluation node, using the
discretised form derived from Eq. (25), reading
Rglqzl,i — —Bg_lTézl'i
i , VYele{l,--- ,UE}andie{l,---,4} (34)
et e

in which qzl’l"o . is the local nodal strain-rate vector determined from the transformation matrix Rf.f with similar shape

as Eq. (8) based on the axial normal vectors n%, n¢/, n¢/ of the material local coordinate basis (x' —y’ — 2')5,, of the

element, éil’i € N3 is the nodal vector for the associated plastic flow rule Eq. (22) in the second-order cone expression
and BY € R is the parametric matrix defined in Eq. (24). Note that, in this paper the strength behaviours are
considered as constant within one element.

Similarly, across each velocity discontinuity ijs, the discretised associated plastic flow rule is derived from

Eq. (29), reading ' .
Rizqii,t — _B;IeTéde,t

_ M VYdee{l,--- ,UDE}andie(l,---,3) (35)

é’i‘;’ €EE€”
where qii;il{)c € N3 is the local nodal velocity-jump vector, Ri; is the transformation matrix, defined similar as in
Eq. (13), from the global coordinate basis (x — y — z) into the local coordinate basis (n — m — p)fjlfx for ijs, éi‘; is the

nodal second-order expression of the associated plastic flow rule Eq. (26) and B% € R is the parametric matrix
defined in Eq. (29).

Internal dissipation rate
Inserting Egs. (30) and (31), the internal plastic dissipation rate Eq. (2) can be formulated numerically as

UE UDE
. _ selt el . deT (de
Wi —mes o dV+Zf AT dA

A
el=1 de=1 YT

UE 10 4
(L ) N a7 Ny xag v
Z fg;el ; jz;

el=1

UDE 6 (36)

3
nde,i de,i ode,j ~de,j
3 [ s Y e M i haa

de=1 dis i=1 j=1

<
t

10

2z

i=1 j

4 UDE 6 3
eliT (~eli,jnel,j de,iT ~dei,j ade,j
q G4+ 9, Gy 4
=1 de=1i=1 j=1

=~
Il

e

where the numerical integration operators over each solid element Q¢ and discontinuity FZ?X are defined as

&

G = f LIN;M (N (x)dV € 916
Qel
@37
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with Vel € {1,--- ,UE},Vde € {1,--- ,UDE},ie{l,---,10}, je{l,--- , 4}, ke{l,.---,6}andl € {1,---,3}.

As stated by Makrodimopoulos [53], since the upper bound problem is based on the kinematic theorem the stress
field o in each solid element Q¢ and the traction field tjffc at each discontinuity I" Zfs can not be numerically interpo-
lated. Instead, nodal weighted-average stress and traction vectors are obtained, reading

4 = f N x)o'dv/ f NeH(x)av, Vele(l,--- ,UE}andie({l,---,4}
el el

(38)
0 = fN‘*”( )t,ULdA/f Ny'()dA,  Vdee{l,--- ,UDE}and j€({l,---,3)

at the strain-rate evaluation nodes, with the interpolation function for the strain-rate Nzl’i(x) and the traction evaluation
nodes with the interpolation function for velocity-jump NZ‘;” (x), respectively.

Assembly
Assembling above constraints, the primal upper bound problem Eq. (3) in discretised form reads
min W,
st AP"q, = q:
AX i = Qai

Alm qu =0

Qi = Gy, 39)
Re'lqe"l,i — _BEITé?l*i

~el,i € cg*

de de,j _ deT ;de,j
RAquu Bl eAu

de.j %
€, €C

withel € {1,--- ,UE},de € {l,--- ,UDE},i €{l,--- ,4}and j € {1,---,3}. In the formulation Eq. (39), qa; € RV,
q: € R**VE and qp, € R°YPE are the assembly of all nodal velocity vectors, nodal strain-rate vectors and nodal
velocity-jump vectors over the whole structure with respect to the global coordinate basis (x —y — z). Here, UN is the
total number of velocity evaluation nodes in the upper bound formulations. The assembled matrices are introduced
as the compatibility operator in solid elements AS™ € R*#VESUN from Eq. (30), the compatibility operator on
velocity discontinuities A5 € ROVPESUN from Eq (31), the operator enforcing linear velocity jumps across velocity
discontinuities A" e RIVPESUN from Eq. (32) and the prescribed kinematic boundary conditions q;,, € R*Y" from
Eq. (33).

5.2. Dual formulations

The dual upper bound problem Eq. (5) is based on the stress field o and is mathematically equivalent to the
primal problem Eq. (3). As mentioned above, in the finite-element-based formulations, the numerical interpolation
and integration can only be directly applied to the velocity field and the strain-rate field, thus, in the dual formulations
the stress field and the traction field are interpolated using the nodal weighted-average vectors defined in Eq. (38) at
evaluation nodes for the strain-rate field and the velocity field, respectively.

External work rate
The external work rate Eq. (6) in discretised form reads

Wew = > (q]Bd}, + 4] d),) (40)
i=1

where ¢, is the nodal velocity field, ¢, = (¢}, .. 4}, .45, )T € R° is the unknown nodal force at each velocity
evaluation node determined from the unknown body force field g, in Q and the unknown traction field t, on I, and
Ay, = (@00 Gy G, )T € R3 is the fixed nodal force determined from the fixed body force field g in Q and the
fixed traction field t; on I';.
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Weak form of equilibrium
The weak form of equilibrium refers to the equality between the total internal energy dissipation rate and the total
work rate done by external loads. Considering Eqgs. (36) and (40), the discretised form can be expressed as

UE 10 UDE 6 3
ZZZq”’TG””Q?” + > ZZqZ‘”TG‘”’““’ Zq”(ﬁqm ) (41)
el=1i=1 j=1 de=1i=1 j=1 =1

where it is obvious that the velocity vector at both sides can be eliminated in the assembly.

Plastic yield function
Since in the discretised formulations the stress field and the traction field are obtained as weighted-average vectors
defined in Eq. (38), the second-order cone expressions of yield functions Eqgs. (23) and (27) are formulated as

= aff + BIRYG:!
. , Vele{l,--- ,UE}andie{l,---,4} (42a)
siew
§;16',j — atde + B?ERde(A];JEJ
, Vdee{l,---,UD}and je{l,---,3} (42b)

ode.j
§7e®

where RY = R, R% = R%  and §' € %® and §7/ ¢ 3 are the weighted-average vectors for the second-order cone
expressions of the stress- based and traction-based yield functions, respectively.

Assembly
The discretised formulation of the dual upper bound problem Eq. (5) can be expressed as

max W,y

st. GaQo + Gauf, + AA”;,TI' =p4qp, + 4,
§elt — ael + BelRel(’iZ_ll
Af,’" €Y
ST = R

§fe” I

(43)

withel € {1,--- ,UE},de € {1,--- ,UDE}, i € {1,--- ,4} and j € {1,---,3}. In the dual upper bound formulation
Eq. (43), o € R**VE and q, € ROYPE are the assembly of the nodal weighted-average stress vectors in all solid
element Q“ and the nodal weighted-average traction vectors at all discontinuities I'% | g, € ®*" and q,,, € R3UN
are the assembly of unknown and fixed nodal force vectors at all velocity evaluation nodes, and G; € R3UN*24UE and
Gy € RIUNOUDE gre the assembled matrices for integration operators from Eq. (37). The auxiliary term AIAi';Tr in the
first constraint is derived from the third constraint of the primal assembled formulation Eq. (39) due to the duality and
is vanished in the internal energy expression Eq. (41) since Aa;q; = 0 where r € R3UV is an auxiliary vector.

6. Adaptive arrangement of the velocity discontinuity

In existing finite-element-based upper bound approaches, velocity discontinuities are often introduced between all
finite elements with their orientation only depending on the finite element mesh. However, in most cases significant
velocity jumps occur only at very few discontinuities, in regions where very localised plastic failure modes can be
identified [7, 16, 32, 33]. Thus, in many parts of a discretised body the additional degrees of freedom introduced by
discontinuities are not well invested and, additionally, an in general arbitrary orientation of discontinuities prevents
them to capture localised plastic flow efficiently. Subsequently, strong mesh refinements are necessary to further
improve upper bound results, even if adaptive mesh refinement strategies are used.
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However, as shown by the authors in [44], if discontinuities are only introduced in regions with large plastic
flow and arranged/oriented in view of potential directions of plastic flow localisation, very good upper bounds can be
obtained (even for orthotropic material strength behaviour) using relatively coarse finite element meshes. In this way,
only as many as useful discontinuities are implemented and, due to a sensibly arrangement, they are on average much
better utilised.

Naturally, the performance of this approach relies heavily on the algorithm for the adaptive introduction and
adjustment of velocity discontinuities, and its applicability to arbitrary problems. Such an algorithm will be proposed
within the next sections.

6.1. Determination of planes of plastic flow localisation

As introduced in Section 3, plastic flow (a velocity jump) across a discontinuity will only happen when the strain-
rate localisation conditions in Eq. (14) are fulfilled. Thus, these conditions can also be used to find a meaningful
orientation of a discontinuity. The task of a related algorithm can be formulated as: for a given strain-rate state find
the critical plane on which the two tangential components and the in-plane shear component of the local strain-rate
vector equal zero. In particular, for a given 3D strain-rate state & = (&xx, &yy, £z, 285y, 28y, 28,)T € RO the critical
plane I';,;; on which the local strain-rate state reads &..iy = (&m, 0,0, 28,0, 28,,)7 € RO with respect to the local
coordinate basis (n — m — p).; needs to be found.

The strain-rate state can be represented by three Mohr’s circles based on the three principal strain-rates &1, & and
&3 (&1 = & > €&3). Denoting the eigenvectors of the the strain-rate tensor as v; € R3, vy € R and v3 € N3, the
transformation matrix from the global coordinate basis (x — y — z) into the principal coordinate basis (1 — 2 — 3) reads
R, = (v}, V2, v3)T € R3S,

The corresponding strain-rate invariants then read

jl =& +&+ & =&m (44.’:1)
b= &1+ &283 + £183 = —é0, — &np (44b)
Iy = &1&83 =0 (44c¢)

Egs. (44b) and (44c) are only ever met when the following conditions are satisfied
£ >0 and & =0 and & <0 45)

That means, if strain-rate states can be found fulfilling Eq. (45), ideal orientations for a discontinuity can be easily
calculated at which plastic flow will happen very localised, as will be shown in the following.

Cq

CQ - 2007‘#

Figure 3: Mohr’s circles for the given strain-rate state & and the two critical orientations +6.. in the 1 — 3 plane, where the tangential strain-rate
components equal zero.

The Mohr’s circles for the strain-rate state & are plotted in Figure 3 as C for the 2 — 3 plane, C, for the 1 — 3 plane
and C; for the 1 — 2 plane. According to Eq. (45) (since &; > 0) the vertical axis must form a tangent to C; and C;
and C, must intersect with the vertical axis since &; > 0 and &; < 0. Note that, in a 3D coordinate basis an arbitrary
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plane intersects with two coordinate planes if it passes through the origin (0, 0, 0). Thus, the critical plane I',; for
the strain-rate state & can be determined from its two intersecting lines with different coordinate planes along with the
tangential strain-rate component equals zero.

By means of Mohr’s circles in Figure 3, since both C; and C3 conform to the vertical axis, the first intersecting
line runs parallel to axis 2 and its orientation is given by the normal vector né’{’;; =(0,1,0)T € R3 with respect to the
principal coordinate basis (1 — 2 — 3); since C, intersects with the vertical axis, the second intersecting line can be
determined in the 1 — 3 plane. Introducing 6,,;; as the angle between the intersecting line and axis 1 in the 1 — 3 plane,
based on the strain-rate transformation Eq. (8), the tangential strain-rate component along this line can be expressed
as

1(co8(Berir))* + &3(c08(Brir))* = 0 (46)

resulting in
Ocrir = xatan(—£&1/£3) 47

Thus, the second intersecting line can be determined in the 1 — 3 plane and exhibits two possibilities, with the normal
vectors reading n'">* = (cos(erir), 0, £ sin(f,,))T € R3. Obviously, these two lines coincide with each other if

(123)
=n/"2" = (0,0,1)T and & = 0, &3 < 0 then n}%>" = n["2” = (1,0,0)7.

. . line,2+
&1 >0, &3 =0 thenn )3 (123) (123) (123)

Finally, the out-of-plane normal vectors for the two possible critical planes, with respect to the global coordinate
basis (x — y — z), are determined as

surfix _ py—losurfox _ yy—1,. line,l line,2+ 3
N = R; n3 = R; (n(m) X3 )eR 48)

where nf;’gf € R3 represent the normal vectors for the critical planes with respect to the principal coordinate basis

(1 =2 —3) and R, is the transformation matrix from (x —y — z) to (1 — 2 — 3).

6.2. Adaptive introduction and adjustment of velocity discontinuities

Based on the determination of critical planes, where localised plastic failure will occur, an adaptive strategy for
the introduction and adjustment of velocity discontinuities I'y; is presented in the following. The procedure of this
adaptive strategy is roughly illustrated in the flowchart Figure 4.

At first, an upper bound calculation without any velocity discontinuity using a relatively coarse mesh is performed.
Based on this result, at each strain rate evaluation node (of the solid elements) the normal vectors n(’x”yrf)+, f)’:;f)’_,
indicating the two possible critical planes of plastic flow localisation, are determined. Then, the node with the highest
plastic multiplier rate serves as starting point for the first introduced discontinuity. From the two possible orientations,
n(s)':yr{; and n(sz;g’_, the one is selected which points into the region with higher plastic multiplier rates. All subsequent
discontinuities are introduced in a repetitive sequence, starting always at the previous end node of the last introduced
discontinuity and oriented along the critical plane with the lower deviation angle to the existing discontinuity. As will
be introduced in the following, the length of each discontinuity is of the same magnitude as the characteristic mesh
size and defined by a straight line for problems under plane strain conditions and as an interior surface cutting through
the corresponding solid element for 3D problems, respectively. In the first iteration, since a quite coarse mesh is used,
the so-obtained layout for the velocity discontinuities is normally not able to capture localised failure sufficiently, and
thus, adjustments through further iterations are needed, as sketched in Figure 4.

In every further iteration, the structure is discretised again, taking the introduced discontinuities into account. The
improvement in the upper bound result is measured by A,,(%) = ’U B ﬂ’g LI;) /ﬂ”; 113 % 100, as the percentage reduction
of the collapse load multiplier from the previous iteration ,B’J llg to the current iteration ﬁ"U - As soon as the discontinuity
layout is sufficiently arranged with respect to the appearing failure mode, only small improvements will be obtained
from further iterations, and the iteration is ended as soon as A, is smaller than the prescribed threshold value fol.

In the following, the introduction of discontinuities is explained in more detail, separately for the plane strain case

and the general 3D case.

Plane strain case
The first method is applied for problems under plane strain conditions, in which the introduction of discontinuities
can be defined by lines on a 2D plane. Thereby, the y axis represents the out-of-plane direction and, then, if the
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Step 1: Generation of the geometrical
model and definition of boundary condi-
tions and strength behaviour.

&
<

L 2
Step 2: Discretisation of the structure Iter. step 2: Introduction of new discon-
and performance of numerical upper bound tinuities and adjustment of old ones, based
calculation. on the results in Step 3 and the information
generated in Iter. step 1.
A 2 A
Step 3: Evaluation of upper bound results. Iter. step 1: Determination of possible ori-
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Figure 4: Flowchart introducing the adaptive strategy, where in each iteration the introduction and adjustment of velocity discontinuity (Iter. step
1-2) are based on the upper bound calculations (Step 2-3).

conditions in Eq. (45) are satisfied, one principal axis coincides with the y axis and the principal strain rates &, &3 can
be found in the x — z plane. _

Based on an upper bound calculation, the plastic multiplier rate A, and the two normal vectors n(‘i’;f)i according
to Eq. (48), defining the critical discontinuities I'.,;;, are determined at each strain rate evaluation node. Through linear
interpolation between the plastic multiplier rates and nearest neighbour interpolation between the normal vectors, the
fields A (X) and n(s;‘yrg’i(ﬁ) are defined, where X refers to an arbitrary node in the x — z plane.

The subsequent determination of discontinuities is demonstrated in Figure 5, where the abandoned critical planes
are plotted as dashed lines and the dot-dashed curves indicate contours of the plastic multiplier rate field. As illustrated
in Figure 5a, the starting point of the first discontinuity is automatically chosen as the boundary node Xy with the
highest plastic multiplier rate A,,,(Xo). The end point &, is defined by the characteristic length of the mesh and the
orientation given by the normal vectors nf;'vr{)’i(ﬁo), where the orientation is selected leading to the higher plastic
multiplier rate at the end point. Any further discontinuity always starts a the end node of the previous one X;_; and

the normal vector ngj':)rg' is determined as the one with the smaller angle to the previous normal vector, indicated as

6, < 0, in Figure 5a, where i € {2,--- ,n,} and n, is the total number of introduced discontinuities in this iteration.
This sequence of introducing discontinuities is terminated as soon as the end node of the last line X; intersects with
either the boundary of the 2D plane, as shown in Figure 5b, or an existing discontinuity, as shown in Figure 5c.

17



457

458

459

460

461

462
463

464

465

466

(a) (©)

Figure 5: Illustrative example for the introduction of velocity discontinuities under plane strain conditions. (a) First and second discontinuity; (b)
the last discontinuity in an iteration step in case it intersects with the boundary of the structure; (c) the last discontinuity of an iteration step in case
it intersects with an existing discontinuity.

General 3D case

Instead of lines, as for the plane strain case, in 3D, discontinuities are determined and defined through surfaces.
Thus, a slightly different approach is required to introduce them into a 3D body. For this reason, piecewise planar
surfaces are introduced, which cut through the tetrahedral elements. To track the evolution of surfaces, the level-set
method is employed [54, 55]. Thereby, for each element, which is cut by a surface, all nodes have nonzero ¢-values,
such that ¢(x) = O clearly defines the partition surface. Analogously to the plane strain case, first, the element with the

surf,t i
s

Figure 6: Two examples of an element i (green) with a possible partition/discontinuity and normal vector n’*” i

(xy2)
fﬁ)’g’*[ (blue), obtained in a previous step of the algorithm.

The partition surface is tracked by using the level-set method, where the iso-zero level set ¢(x) = O defines the surface location.

(red), which is adjacent to an

element i — 1 with already determined partition/discontinuity surface and normal vector n

highest plastic multiplier rate A,,,;(Xo) on one of the boundary surfaces is chosen as the starting point of the partitioning

algorithm. A first partition (in this element) with the normal vector n™”:’ is determined from the two possibilities

(xyz2)
niﬂf (X0), where the one is selected leading to end nodes on the interface of the adjacent element with higher plastic

multiplier rate.
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To ensure a continuous surface, the next partition is introduced in the current element following the algorithm
demonstrated in Figure 6, where the blue surface indicates the determined partition surface in the adjacent element
with end nodes marked in blue. Thus, three of the four ¢-values (¢, ¢§, ¢§) for the current element are already
predetermined by the neighbouring element and only the last one (¢}) has to be calculated. The partition with the

k) i—1
normal vector n®“7 surfi
(2) (xyz)
surf,+

element, is chosen out of the two possible normal vectors e (X;_1) and the resulting fourth ¢-value is calculated.
It can also be noticed that the resulting iso-zero level set, and, therefore, the partition surface, inside a tetrahedron is
either a triangle or a quadrilateral.

This step is then repeated until no more partitioning candidates are found, which means that the piecewise planar
partition has reached a boundary surface on all sides and the model can be separated into two parts, where all nodal
¢-values on one side of the partition have the same sign. The resulting iso-zero level set surface, which is built up of
planar triangles and quadrilaterals, is then used to partition the model. Next, the partitioned model is re-meshed with a
similar mesh size as the original version and the simulation is rerun with velocity discontinuities introduced between
the two model parts.

as the one with the smallest angle to the normal vector n of the partition in the adjacent

7. Numerical results

In this section, the performance of the proposed upper bound formulations with adaptive introduction of velocity
discontinuities is assessed by means of several examples. Two often used benchmark problems (under the plane
strain condition) with isotropic strength behaviour are discussed and the results are compared with reference solutions,
providing a basic verification of the proposed approach. Subsequently, these two examples are extended by orthotropic
strength behaviour, showing that both the traction-based yield functions as well as the adaptive arrangement of velocity
discontinuities also work for such cases. Finally, the full potential of the presented approach is shown by means of an
example 3D problem.

It should be noted that the main goal of this section is to assess the performance of the adaptive arrangement
of velocity discontinuities with respect to reliability and efficiency whereas the chosen examples themselves have no
special significance. Thus, focus is laid on comparisons between upper bound results with velocity discontinuities (re-
ferred to as discontinuous upper bound results) and reference solutions obtained without any discontinuities (referred
to as continuous upper bound results).

The computations were performed on a Linux desktop machine with an AMD FX(tm)-8350 processor (8 cores)
and 16 GB of RAM. All pre- and post-processing tasks as well as the assembly of SOCP optimisation problems were
carried out by self-written codes in Fortran. The mesh generation and introduction of velocity discontinuities into
the discretised structure were done by the commercial software package ABAQUS controlled via self-written Python
scripts. The SOCP optimisation problems themselves were solved using the commercial software MOSEK [56],
which is based on the conic interior-point algorithm described in [57]. The adaptive approach introduced in Section 6
runs fully automated, realised by only a Python script for the plane strain problems and in combination with a Matlab
script for general 3D problems.

7.1. Block with thin symmetric notches

In this benchmark problem, double-sided uniform tensile load is applied on a square block with zero-thickness
symmetric notches under plane strain conditions. This example has already been extensively studied in [58, 59, 19,
20, 7, 31, 43], where very good lower as well as upper bound predictions could be obtained. An exact solution is
not available for the collapse limit load multiplier 5, thus, the solutions obtained based on Richardson extrapolation
[58, 59] are considered as reference value §*, with the difference between the obtained results and this reference value
measured by err(%) = (8 —%)/8" x 100.

For the upper bound calculation, only a quarter of the square is considered, with geometry and boundary conditions
as shown in Figure 7a. L is the length of each side, a is the length of the notch, and p refers to the uniform tensile
loading. Note that, in this paper all calculations are carried out by 3D finite-element-based upper bound formulations.
An example mesh with 592 tetrahedral elements is shown in Figure 7b. The plane strain condition is enforced with
respect to the x — y plane by applying symmetric boundary conditions on the z— and z+ boundary surfaces. Thus, in
the following, all results will be plotted only in the x — y plane.
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Figure 7: Example square block with symmetric notches under uniform tensile loading: (a) geometry and boundary conditions; (b) example
discretisation with 592 tetrahedron elements.

Isotropic strength behaviour is defined using the von Mises yield function vJ; < ¢, with J, as the second devia-
toric stress invariant and ¢ as the coefficient of cohesion. With respect to the general form of yield function in Eq. (7),
the von Mises criterion is recovered by

I =05 =05 0 0 0
-05 1 -05 0 0 0
pra_ L[705 205 1000 . ., )
7320 0 0 300 ° d
0 0 0 030
o 0 0 003

The traction-based yield function for velocity discontinuities is determined using the projection algorithm introduced
in Section 3 and is, because of the isotropic strength behaviour, independent on the orientation of the discontinuities.
The matrices according to Eq. (17¢) then read

000

. 1 is is

Plr= 5[0 1 0 FT=F"" =0 (50)
00 1

By means of an example with a notch length of a = L/2, the performance of the adaptive introduction and
arrangement of discontinuities is shown in the following. Thereby, in each iteration the improvement of the upper
bound and the related failure mechanism is discussed. An upper bound value of 4* = 1.1316 according to [59] is
chosen as reference.

step UE UDE DOFs B err [%] CPU time [s]
1 395 0 2646 1.2532 10.7 12.8
2 431 16 2985 1.1518 1.8 16.3
3 425 22 2991 1.1455 1.2 18.7
4 421 22 2970 1.1454 1.2 20.0

Table 1: Computational performance of the proposed adaptive approach with respect to the results presented in Figure 8.

Initial step In an initial step, an upper bound calculation is performed using a relatively coarse mesh and no velocity
discontinuities, as shown in Figure 8al. The resulting failure mode (deformed configuration and plastic multi-
plier rate field) is plotted in Figure 8b1, where it can be observed that plastic failure is very dominant in regions
close to the notch tip as well as at the corner between the loaded surface and the symmetric surface. In general,
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(al) UE =395, UDE =0 (b1) B =1.2532 (err = 10.7%)

pEl

(a2) UE =431, UDE =16 (b2) B =1.1518 (err = 1.8%)

(a3) UE = 425, UDE =22 (b3) B = 1.1455 (err = 1.2%)

(a4) UE =421, UDE =22 (b4) = 1.1454 (err = 1.2%)
Figure 8: Example notched block under uniform tensile loading with a = L/2. The adaptive introduction of velocity discontinuities through three

iteration steps. (al)-(a4) The initial mesh and the meshes for each iteration with the introduced velocity discontinuities in blue; (b1)-(b4) the related
upper bound failure modes with the plastic multiplier rate /'lé’"‘” distribution plotted in the range [0 : 3.7 x 107'].

529 due to the coarse mesh in combination with the continuous velocity field, the plastic failure is distributed over
530 several elements and no obvious failure/slip lines can be identified. However, based on that results, according

21



531

532

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

577

578

to the algorithm presented in Section 6, a first layout of velocity discontinuities is determined. The CPU time
for this iteration step was 12.8 s.

First iteration A first layout of velocity discontinuities is introduced into the structure as a sequence of partitions as
shown in Figure 8a2. After re-meshing, the failure mode in Figure 8b2 is obtained, showing significant interface
shear failure across the introduced discontinuities and, simultaneously, a reduction of plastic dissipation within
adjacent elements, especially within those close to the notch tip. Since the characteristic length of the introduced
discontinuities is of the same size as the characteristic initial mesh size, the fineness of discretisation remains
almost the same, and only a minor amount of degrees of freedom is added through the velocity discontinuities.
From the initial step to this first iteration, the total number of degrees of freedom increases slightly from 2646
to 2985 but leads to an improvement of the upper bound from 10.7 % error to 1.8 % error. However, very high
dissipation within elements can still be observed in the right bottom corner (Figure 8b2), suggesting further
introduction of discontinuities. The CPU time for this iteration was 16.3 s.

Second iteration A second iteration of the presented algorithm leads to the introduction of additional discontinuities
in the right bottom corner, as illustrated in Figure 8a3. Finally, only small plastic dissipation is observed within
elements and the dominant failure takes place at the introduced discontinuities. A further improvement of the
collapse load multiplier from 8 = 1.1518 to 8 = 1.1455 is achieved, resulting in an error with respect to the
reference solution of only err = 1.2%. The CPU time of this iteration was 18.7 s.

Third iteration In a third iteration the velocity discontinuities in the bottom right corner are slightly adjusted, see
Figure 8a4, which doesn’t significantly change the result, indicating that the velocity discontinuities are already
well arranged and further iterations wouldn’t improve the upper bound significantly. The CPU time for this last
iteration was 20.0 s.

This adaptive approach runs fully automated with the iteration sequence controlled by a self-written Python code,
based on the strategy outlined in Figure 4. The total CPU time for this example was 74.7 s and the computational
performance has been summarised in Table 1. Note that DOFs refers to degrees of freedoms.

For a brief study on the mesh sensitivity of the proposed approach, two different initial meshes have been used, a
coarser one with 161 elements, shown in Figure 9al, and a finer one with 4800 elements, shown in Figure 9a2, and
the collapse load multipliers were obtained as 8 = 1.1737 with err = 3.72% in a CPU time as 52.4s and g = 1.1391
with err = 0.66% in a CPU time of 2641.2s, respectively. According to Figure 9c, increasing DOFs from 1812 to
2970 (from the first data point to the second) leads to a much larger decrease on the collapse load multiplier S than
decreasing DOFs from 2970 to 25746 (from the second to the third). With respect to the upper bound failure mode,
a similar pattern of adaptively introduced velocity discontinuities was determined as in the original failure mode in
Figure 8b4 and the refined failure mode in Figure 9b2, but the use of the coarse initial mesh led to a slightly different
layout of discontinuities (see Figure 9b1) as well as a higher collapse load multiplier. The comparisons indicate that
the mesh size we chose for the original illustrative example in Figure 8 has been sufficiently fine to obtain a good
prediction on the localised failure mode. By using a coarser mesh, the adaptive approach is still able to provide a
rough predictioin of the localised failure mode but the error increases very fast with further increase of the element
size since it is too difficult for the proposed adaptive approach to identify the loacalised effect in the large elements.

Additionally, also for two other notch lengths very good results were obtained: for a = L/3, 8 = 0.9361 with
err = 1.3% (8" = 0.9241) obtained after three iterations with a CPU time of 82.8 s, and for a = 2L/3, 8 = 1.4024 with
err = 1.4% (B = 1.3833) obtained after three iterations in a CPU time of 92.4 s. The corresponding failure modes
are plotted in Figure 10, again showing almost no plastic dissipation within elements.

The obtained failure modes of the presented three examples agree very well to the ones obtained in [59, 7, 31, 43].
However, in the referenced works adaptive mesh refinement is extensively used, leading to a large increase in degrees
of freedom. Although the proposed results are slightly less accurate than some references (error between 1 to 2 %),
due to the quite rough discretisation and few iteration steps these upper bounds could be obtained very efficient.

7.2. Block with symmetric rectangular holes

As second benchmark example the square block with symmetric rectangular holes under uniform load is consid-
ered. This example has also been investigated in [22, 31], where numerical limit analysis formulations with adaptive
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(al) Coarse initial mesh UE = 161 (bl) Coarse failure mode 5 = 1.1737

(a2) Fine initial mesh UE = 4800 (b2) Fine failure mode 8 = 1.1391

0 5000 10,000 15,000 20,000 25,000
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(c) The collapse load multiplier S with respect to DOFs

Figure 9: The mesh sensitivity study by means of the example notched block under uniform tensile loading with @ = L/2. In failure modes (b1)
and (b2), the plastic multiplier rate )l?‘” distribution has been plotted in the range [0 : 1.8 X 10T and [0 : 4.8 x 107!], respectively.

mesh refinement led to reliable and very good results. However, in these references only purely cohesive material
behaviour under uniform tensile load has been considered. A more interesting problem is the failure behaviour of the
block under uniform compressive load with cohesive frictional strength behaviour, as stated in [33].

The considered geometry and boundary conditions are plotted in Figure 11a, and an exemplary 3D mesh of the
model with 618 tetrahedral elements is shown in Figure 11b, where symmetric boundary conditions are prescribed
on the z— and z+ boundary surfaces. A cohesive frictional strength behaviour is defined through the Drucker-Prager
yield function vJ, = A — BI, with I; as the first stress invariant. Since the Drucker-Prager yield function and the
Mohr-Coulomb yield function are equivalent to each other under plane strain conditions, the strength parameters are
determined for two different friction angles ¢, reading

A=c B=0 for ¢=0°

(51
A =0.8321c B =0.1601 for ¢ =30°
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Figure 10: Example notched block under uniform tensile loading. (a) a = L/3 with UE = 581, UDE = 22 and )g’"’ in the range [0 : 4.5 X 10‘3];

(b) a = 2L/3 with UE = 578, UDE = 24 and /'l’é""’ in the range [0 : 6.2 X 1073].

(@) (b)
Figure 11: Example square block with symmetric rectangular holes under uniform compressive loading. (a) Geometry and boundary conditions;

(b) Exemplary mesh with 618 tetrahedron elements.

For ¢ = 0° the Drucker-Prager yield function reduces to the von Mises yield function and the strength parameters
according to Eq. (49) and Eq. (7), respectively, are used. For ¢ = 30° the matrices defining the yield functions become

1 -05 =05 0 0 O 1
-0.5 1 -05 0 0 O 1
1 [(-05 =05 1 0 0 O 1
P?at - Fgatd— — 0 Fgat.— — (52)
342 0 0 0 3 00 0
0 0 0 0 30 0
0 0 0O 0 0 3 0
for the stress-based yield function according to Eq. (7) and
1 - 128 000 B :
P = d-1287 _A2 Mo 1 0 F/St =0 F = 710 (53)
0 0 1 0

for the traction-based yield function according to Eq. (17c).

For this example, in the following only the upper bound results of the initial step and of the last iteration are
discussed. For purely cohesive strength behaviour, ¢ = 0°, an initial calculation is performed using a mesh with
only 192 elements, as plotted in Figure 12al. The corresponding failure mode is shown in Figure 12b1, where two
separated regions with high plastic dissipation can be identified. Based on that initial result, after three iterations and
the introduction of 10 discontinuities a final layout of velocity discontinuities was obtained, shown in Figure 12a2. The
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(al) UE = 192, UDE = 0 (b1) B = 1.4265

(a2) UE =204, UDE =10 (b2) B =1.3432

Figure 12: Example block with symmetric rectangular holes under uniform compressive loading, considering purely cohesive strength behaviour.
(al) Discretised structure for the initial calculation; (a2) discretised structure with velocity discontinuities (blue), determined through three itera-
tions; (b1) and (b2) related failure modes with /'l’;“’ plotted in the range [0 : 1.05 x 1072].

step UE UDE DOFs B CPU time [s]
1 192 0 1344 1.4265 9.9
2 191 4 1395 1.4304 13.2
3 204 10 1509 1.3432 154
4 206 16 1602 1.3492 14.5

Table 2: Computational performance of the proposed adaptive approach with respect to the results presented in Figure 12.

se7  total number of degrees of freedom increased from 1344 to 1509. The final failure mode, illustrated in Figure 12b2,

see  again shows that plastic dissipation can be captured very localised by the introduced discontinuities. During the three

se0  iterations, the upper bound collapse multiplier S reduced from 1.4265 to 1.3432 and the total CPU time was 53.0 s.
The computational performance has been summarised in Table 2.

step UE UDE DOFs B CPU time [s]
1 192 0 1344 2.2214 10.2
2 180 4 1350 2.2237 11.5
3 180 4 1350 2.2218 12.8
4 192 10 1464 2.0764 12.9
4 204 12 1557 2.0754 16.7

Table 3: Computational performance of the proposed adaptive approach with respect to the results presented in Figure 13.

600
601 For cohesive-frictional strength behaviour, ¢ = 30°, the discretised structures and the corresponding results are
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(al) UE =192, UDE =0 (b1) g =2.2214
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Figure 13: Example block with symmetric rectangular holes under uniform compressive loading, considering cohesive-frictional strength behaviour,
¢ = 30°. (al) Discretised structure for the initial calculation; (a2) discretised structure with velocity discontinuities (blue), determined through four
iterations; (b1) and (b2) related failure modes with }l’&lm’ plotted in the range [0 : 1.1 x 1072].

shown in Figure 13. Again, through the introduction of only a few velocity discontinuities the very localised failure
could be captured appropriately. Since cohesive-frictional strength behaviour is considered, not only shear failure but
also normal velocity jumps across discontinuities can be observed. In this way, the upper bound collapse multiplier
B was improved from 2.2214 to 2.0754, at a total CPU time of 69.3 s. The computational performance has been
summarised in Table 3.

Authors LB/UB UE B (¢ =0° B (¢ =30°
.. . LB 4788 1.3219 -
Ciria and Peraire[7] UB 4788 1.3342 i
LB 34000 1.3221 2.0605
Makrodimopoulos and Martin [33] UB 4788 1.3290 2.0840
UB 34000 1.3260 2.0705
Nguyen-Xuan and Liu [31] UB 4208 1.3247 -
present UB 204 1.3432 2.0754

Table 4: Comparison of obtained (present) collapse limit load multiplier 8 with reference solutions, including the number of elements (UE).

Since no exact solution is available for this problem, the collapse load multiplier 8 obtained from our calculations
are compared with those available in references listed in Table 4. Note that for this example, when purely cohesive
strength behaviour is considered, ¢ = 0°, the collapse limit load multipliers 8 obtained from uniform tensile load
([7, 31]) and compressive load ([33] and present work) are equivalent to each other. Table 4 shows that the present
upper bound approach is able to provide quite good strength predictions by using much less elements compared to the
reference solutions, even though 3D tetrahedral elements are used in our calculation versus 2D triangular elements
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7.3. Examples with orthotropic strength behaviours

In the following, the performance of the presented approach including orthotropic strength behaviour is assessed
by means of the two examples above. Therefore, a Tsai-Wu yield function is assigned to the material, defined by
inserting

Py P P O 0 0 Fy
Po Pp P3 0 0 O F,

Pmat — P13 P23 P33 O O O Fmal,+ — Fmat,— — F3 (54)
v 0 0 0 Py O 0 7 v 0
0 0 0 0 Pss O 0
0 0 0 0 0 Pes 0

into the general stress-based yield function in Eq. 7.
The strength parameters are chosen in a way that they represent the behaviour of Norway spruce clear wood, a
classical orthotropic material, as introduced in [60], giving

0.0002 0 0 0 0 0 —~0.0066
0 00659 0 0 0 0 0.0856
| o 0 00659 0 0 0 , | 0.0856
P = Ut = pro = (55)
0 0 0 00473 0 0 0
0 0 0 0 0118 0 0
0 0 0 0 0 0.0473 0

with respect to the material local coordinate basis (L — R — T'). The traction-based yield function for each velocity
discontinuity is determined according to the projection algorithm introduced in Section 3.

step UE UDE DOFs B CPU time [s]
1 216 0 1521 2.3705 9.6
2 264 8 1857 2.0785 19.8
3 264 6 1836 2.0785 12.5

Table 5: Computational performance of the proposed adaptive approach with respect to the results presented in Figure 14.

Firstly, the example illustrated in Figure 7a with a notch length of @ = L/2 is investigated. The arbitrary chosen
longitudinal direction L is defined in Figure 14al, also showing the mesh for the initial calculation. The corresponding
failure mode is given in Figure 14b1, showing a concentration of plastic dissipation rate around the notch tip, but no
distinct failure surface / slip line can be identified. In the course of two iterations 8 velocity discontinuities were
introduced (see Figure 14a2), almost parallel to the longitudinal direction L, increasing the total number of degrees
of freedom from 1521 to 1857 and the number of elements from 216 to 264. The final failure mechanism is shown
in Figure 14b2, where almost all plastic failure occurs across discontinuities. Through the whole iteration process,
the upper bound collapse load multiplier 8 decreases from 2.3705 to 2.0785, within a CPU time of 47.5 s. The
computational performance has been summarised in Table 5.

Since neither an exact solution nor a reference value is available for this example, the obtained upper bounds
are compared to a solution without velocity discontinuities but with a very fine mesh consisting of 55571 tetrahedral
elements, shown in Figure 16a. Additionally, the 3D lower bound formulations proposed by the authors in [50] was
applied to enclose the exact collapse load multiplier 5, giving

1.7855 < B* < 2.0878 (56)
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(al) UE =216, UDE =0 (b1) B =2.3705

(a2) UE =264, UDE =8 (b2) B =2.0785

Figure 14: Example block with symmetric notches (@ = L/2) under uniform tensile loading considering orthotropic strength behaviour. (al)
Discretised structure for the initial calculation and the prescribed longitudinal direction L (blue arrow); (a2) discretised structure with velocity
discontinuities (blue), determined through two iterations; (b1) and (b2) related failure modes with }lg’“’ plotted in the range [0 : 4 x 1072].

The total CUP time for the upper bound as well as lower bound calculation with the fine mesh were 10.6 min and
18.6 min, respectively. The upper bound obtained with velocity discontinuities, 8 = 2.0785, can thus be considered
as reliable, since it is located within the bound gap given in Eq. (56). It is even slightly better than the upper bound
obtained using the very fine mesh.

step UE UDE DOFs B CPU time [s]
1 192 0 1344 5.9887 12.0
2 175 4 1329 5.9812 24.4
3 190 10 1449 5.7743 12.5
4 175 10 1383 5.7742 17.0

Table 6: Computational performance of the proposed adaptive approach with respect to the results presented in Figure 15.

Secondly, the orthotropic strength behaviour is applied to the example defined in Figure 11a, with the longitudinal
direction L defined in Figure 15al. The discontinuity layout shown in Figure 15a2 was obtained after three iterations,
the introduction of 10 discontinuities, and an increase of the total number of degrees of freedom from 1344 to 1383.
The collapse load multiplier decreased from 5.9887 to 5.7742 within a CPU time of 71.8 s. Note that, in this example,
the number of elements even decreases from 192 to 175, being an output of the proposed algorithm without any
manual influence. The computational performance has been summarised in Table 6.

Again, the result is compared to upper and lower bounds obtained with an approach without velocity discontinu-
ities but a very fine mesh with 56894 tetrahedral elements, as displayed in Figure 16b, giving

5.6681 < B* < 5.7981 67

in a CPU time of 12.5 min and 24.0 min, respectively. Also for this example, the upper bound obtained with a discon-
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(al) UE = 192, UDE = 0 (b1) B = 5.9887

(a2) UE = 175, UDE = 10 (b2) B = 5.7742

Figure 15: Example block with symmetric rectangular holes under uniform compressive loading considering orthotropic strength behaviour. (al)
Discretised structure for the initial calculation and the prescribed longitudinal direction L (blue arrow); (a2) discretised structure with velocity
discontinuities (blue), determined through three iterations; (b1) and (b2) related failure modes with }lg’“’ plotted in the range [0 : 6 x 1072].

tinuous velocity field and a very rough mesh represents a reliable solution and the best upper bound. Comparing the
failure modes of these two approaches, Figure 16b versus Figure 15b2, it becomes obvious that velocity discontinu-
ities can only unfold their full potential if there is really localised failure, as in the lower right part of this example. In
case of distributed plastic collapse, as in the upper left region of this example, discontinuities are, clearly, not able to
take over plastic dissipation. Thus, there is still plastic dissipation within solid elements after the last iteration, as can
be seen in Figure 15b2. Nevertheless, both examples show that the presented approach works also very reliable and

(a) UE = 55571, 8 = 2.0878 (b) UE = 56894, B = 5.7981

Figure 16: Upper bound failure modes for the two examples with orthotropic strength behaviour using a fine mesh and no velocity discontinuities.
(a) block with symmetric notches under uniform tensile loading with }lg'“’ plotted in the range [0 : 0.0015]; (b) Block with symmetric rectangular
holes under uniform compressive loading with )lg"” plotted in the range [0 : 1 x 1073].

efficient for problems with orthotropic strength behaviour.
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7.4. 3D cylinder with central circular notch

As a first 3D example a cylinder with central circular notch is considered, applying the algorithm presented for
the general 3D case instead of the plane strain case. Thus, the introduced discontinuities not necessarily form a plane
surface.

e

60°
T . /\/
|
', = ~
y /Ik o= \T ‘_\jl/

Figure 17: Example cylinder (H = D) with central circular notch under uniform tensile loading p, and 60° slice used for upper bound calculations.

The geometry and boundary conditions are defined in Figure 17. For the upper bound calculation, a 60° slice
of the upper-half of the cylinder is considered. Cohesive-frictional isotropic strength behaviour is assigned using
the Drucker-Prager yield function according to Eq. (52), with the parameters A = 0.9219¢ and B = 0.1118. Again,
according to the projection algorithm in Section 3, the traction-based yield function for the strength behaviour across
velocity discontinuities is determined according to Eq. (53), which is identical for all orientations due to the isotropic
strength behaviour.

step UE UDE DOFs B CPU time [s]
1 923 0 4707 1.1184 41.0
2 995 56 5190 1.0565 90.0

Table 7: Computational performance of the proposed adaptive approach with respect to the results presented in Figure 18.

Similar to the previous examples, an initial upper bound calculation is performed using a coarse mesh with 923
tetrahedral elements, as shown in Figure 18al. The corresponding failure mode is displayed in Figure 18bl, leading
to an upper bound of the collapse load multiplier of 5 = 1.1184. A very high plastic dissipation rate can be observed
around the notch tip, but a distinct localised failure region can hardly be identified.

Based on this initial result, the algorithm proposed in Section 6 for the general 3D case was applied, making use of
the level-set method as illustrated in Figure 6 to define the geometry of discontinuities to be introduced. By applying
this algorithm, a sequence of continuous discontinuities, plotted in Figure 19a, are determined, cutting through the
tetrahedral elements. Since the so-obtained discontinuities are either triangular or quadrilateral plane surfaces in
various sizes, it is not ideal to use the resulting surface directly for re-meshing the whole structure. For this reason,
the Face from mesh feature in ABAQUS/CAE is used for smoothing, resulting in the surface shown in Figure 19b.
Since this smoothed surface can be discretised using triangular elements of uniform size, it is guaranteed that the
new mesh created for the next iteration is balanced and of similar mesh size as the initial mesh. Performing only one
iteration, 56 discontinuities were introduced and the structure was re-meshed with 995 tetrahedral elements, as shown
in Figure 18a2. The total number of degrees of freedom is 5190.
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(b)) =1.1184

(a2) UE =995, UDE = 56 (b2) B = 1.0565

Figure 18: Example cylinder with central circular notch under uniform tensile loading, considering cohesive-frictional isotropic strength behaviour.
(al) Discretised structure used in the initial calculation; (a2) discretised structure with velocity discontinuities (blue); (b1) and (b2) related failure

modes with /'l?‘” plotted in the range [1 x 1079 : 3.3 x 1073].
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Figure 19: Example cylinder with central circular notch under uniform tensile loading. (a) Continuous partitions cutting through tetrahedral
elements defined by the level-set method introduced in Figure 6; (b) resulting smooth surface determined from the piecewise plane partition

surfaces using the Face from mesh feature in ABAQUS/CAE.

Finally, a distinct plastic flow across the introduced velocity discontinuities is obtained (Figure 18b2), and the
plastic dissipation rate within the solid elements around the notch tip is reduced significantly. A continuous upper
bound calculation with 88798 tetrahedral elements (379593 degrees of freedom) was performed to obtain a reference
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Figure 20: Example cylinder with central circular notch under uniform tensile loading. (a) Fine mesh with 88798 tetrahedral elements and without
velocity discontinuities, and (b) the corresponding continuous upper bound failure mode with the collapse load multiplier 8 = 1.0547.

solution. The mesh as well as the corresponding failure mode is shown in Figure 20a and Figure 20b, respectively. The
failure modes agree very well and the collapse load multiplier of the discontinuous upper bound approach, 5 = 1.0565,
is only slightly larger than the one of the continuous approach, 8 = 1.0547. However, the total CPU time of the
continuous approach was 131.7 min, whereas the discontinuous approach only took 131.0 s. 41.0 s for the initial
upper bound calculation, 44.1 s for the introduction of velocity discontinuities, and 45.9 s for the discontinuous upper
bound calculation. The computational performance has been summarised in Table 7.

Note that, in the discontinuous failure mode in Figure 18b2, the high plastic dissipation rate (red and orange
regions) within tetrahedral elements beneath velocity discontinuities indicates a mixed mode of shear and tensile
failure which is rather dispersed, as also observed in the continuous failure mode in Figure 20b. It is also worth
mentioning that, in this paper, only one iteration is used for the introduction of velocity discontinuities for general 3D
problems and no further adjustment is included. This is because the introduction of velocity discontinuities is based
on the framework of the level-set method, and the adjustment of an introduced discontinuity as well as the intersection
between a new discontinuity with an existing one has not yet been implemented and is considered as a difficulty to be
overcome in future work.

7.5. 3D cylinder with half-circular notch

As final example the previous one is slightly modified by introducing a half-circular notch into the 3D cylinder,
which results in a 3D failure mechanism compared to the axisymmetric one in the last example.

The geometry and boundary conditions are defined in Figure 21 and for the upper bound calculation the upper
front quarter of the cylinder is considered. Again, cohesive-frictional isotropic strength behaviour is assigned using
the Drucker-Prager yield function according to Eq. (52), with the parameters A = 0.9219¢ and B = 0.1118, and
according to the projection algorithm in Section 3, the traction-based yield function for the strength behaviour across
velocity discontinuities is determined according to Eq. (53), which is identical for all orientations due to the isotropic
strength behaviour.

step UE UDE DOFs B CPU time [s]
1 796 0 4065 0.7896 26.5
2 1386 49 6789 0.7122 34.0

ref 36020 0 156468 0.7241 687.9

Table 8: Computational performance of the proposed adaptive approach with respect to the results presented in Figures 22 and 24.

The initial upper bound calculation with a coarse mesh (796 tetrahedral elements) is shown in Figure 22al. As
expected this leads to a rather dispersed failure mechanism (see Figure 22b1) and an upper bound of the collapse
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Figure 21: Example cylinder (H = D) with half-circular notch under uniform tensile loading p, and quarter cylinder used for upper bound
calculations.

load multiplier of 8 = 0.7896. Applying the algorithm proposed in Section 6, continuous partitions cutting through
the tetrahedral elements were obtained, plotted in Figure 23a using the level-set method. Figure 23b shows the
resulting smooth surface, which was used to partition the original model. With this single iteration and introducing
49 discontinuities, the collapse load multiplier could already be significantly reduced (8 = 0.7122). Compared to a
simulation with a fine mesh (36020 elements and shown in Figures 24a and 24b) it can be concluded that the failure
modes agree very well with an even slightly lower collapse load multiplier than for the fine mesh (see Table 8).

The total CPU time of the continuous approach was 11.5 min, whereas the discontinuous approach only took 140.3
s. 26.5 s for the initial upper bound calculation, 79.8 s for the introduction of velocity discontinuities, and 34.0 s for
the discontinuous upper bound calculation. The computational performance has been summarised in Table 8.

8. Summary and conclusions

In this paper, a new implementation of finite-element-based upper bound formulations including the possibility
to consider orthotropic strength behaviour is proposed, where velocity discontinuities are introduced iteratively in a
sensibly way based on an adaptive introduction and adjustment algorithm.

With respect to the objectives specified in Section 1, the main findings of this paper can be summarised as follows:

1. Finite-element-based upper bound formulations have been implemented taking orthotropic strength behaviour
into account and allowing velocity-jumps across sensibly-arranged discontinuities. In the discretised dual up-
per bound formulation, both the used stress-based yield functions assigned to solid elements and the related
traction-based yield functions, describing plastic failure across velocity discontinuities, could be formulated
in the form of second-order cone constraints. Thus, the resulting optimisation problems could be solved effi-
ciently by SOCP. The obtained velocity discontinuity layouts were able to capture localised failure modes very
efficiently and the obtained upper bounds agree very well with reference solutions or values obtained without
discontinuities but a very fine discretisation. In this way, plastic dissipation within solid elements could be
reduced significantly, making any kind of adaptive mesh refinement in failure regions obsolete.

2. The required projection of an orthotropic stress-based yield function into a locally-equivalent traction-based
yield function, with respect to the orientation of an arbitrary plane, could be shown successfully and is described
in detail. This algorithm has been verified numerically, showing that the failure surface in the traction basis
represents a perfect envelope to the critical traction point cloud determined from critical stress states on the
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(b1) B = 0.7896

(a2) UE = 1386, UDE =49 (b2) B =0.7122

Figure 22: Example cylinder with half-circular notch under uniform tensile loading, considering cohesive-frictional isotropic strength behaviour.
(al) Discretised structure used in the initial calculation; (a2) discretised structure with velocity discontinuities (blue); (b1) and (b2) related failure
modes with }I'E."‘” plotted in the range [1 x 1076 : 1.2 x 1073].

735 corresponding plane. Thus, under the assumption that plastic strain localisation with respect to a plane can
736 occur, consistent strength behaviour throughout the whole discretised body can be guaranteed.

737 3. An adaptive algorithm has been implemented to iteratively introduce and arrange velocity discontinuities. At
738 each iteration, based on the plastic multiplier rate in each strain-rate evaluation node, two critical orientations of
739 plastic strain-rate localisation are determined. Starting from the node with the highest plastic multiplier rate, a
740 sequence of line segments for the plane strain case and plane surfaces for the general 3D case is then generated,
741 defining the velocity discontinuities to introduce. The so-obtained discontinuity layouts played a dominant role
742 in the final failure mode at all investigated examples, and reliable upper bounds were obtained using relatively
743 coarse meshes and only a limited number of velocity discontinuities.

744 The present approach provides an alternative method to the commonly-used numerical upper bound approaches

7s  with adaptive mesh refinement. Especially for problems where plastic failure through the body occur very localised,
ns  efficient and good upper bound solutions can be expected with a minimum number of degrees of freedom. This also
77 applies to materials exhibiting orthotropic strength behaviour, which can be of great value for practical applications,
78 since plastic failure in laminated structures and orthotropic materials often takes place very localised. An example
79 would be wood at the microscale [61, 62] as well as at the product scale [63, 64].

750 Note that the main goal of this paper has been to propose this new concept as a further development of existing
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Figure 23: Example cylinder with half-circular notch under uniform tensile loading. (a) Continuous partitions cutting through tetrahedral elements
defined by the level-set method introduced in Figure 6; (b) resulting smooth surface determined from the piecewise plane partition surfaces using
the Face from mesh feature in ABAQUS/CAE.

(a) (b)

Figure 24: Example cylinder with half-circular notch under uniform tensile loading. (a) Fine mesh with 36020 tetrahedral elements and without
velocity discontinuities, and (b) the corresponding continuous upper bound failure mode with the collapse load multiplier 8 = 0.7241.

numerical upper bound formulations. The capabilities of this new approach have been assessed by means of several
examples, showing high efficiency with respect to computational cost and good solution qualities. However, it is also
necessary to mention that several difficulties needs to be overcome in future work. Firstly, for general 3D problems,
velocity discontinuities are introduced in the discretised structures as partitions cutting through tetrahedron elements
determined by means of the level-set method introduced in Section 6. When a set of partitions have been determined in
the first iteration, the adjustment of existing partitions and the introduction of additional partitions in further iterations
would require more advanced and comprehensive algorithms, such as the multiphase level set method, which have
not yet implemented in the present approach. Secondly, for the algorithm introduced in Section 6, critical orientations
can only be determined from the strain-rate states satisfying the condition in Eq. (45), derived from the assumption of
strain localisation formulated in Eq. (14. This condition is fulfilled for shear-based yield functions, such as von Mises
or Drucker-Prager, but seems to be too strict for other yield functions, such as the Tsai-Wu orthotropic yield function.
Thus, a further development of the present algorithms is still necessary to allow a feasible and stable application for
any engineering problem.
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Appendix A. Second-order cone programming
The definition of the cone set € is that,
VxeFand1>0 & Ixe¥ (A.1)
and then its dual cone € can be defined as,
XTy>0,VXx€e¥ — ye¥" (A.2)

where x € R"” and y € R". If ¥ = €* holds, the cone is considered as self-dual.
The most common second-order cones is the quadratic cone %,

¢ ={x:x = [Xll, x1 > 0} (A3)

and the rotated quadratic cone,
€ =1{x:2x1x% > |[X3.4ll, X1 = 0, x5 > 0} (A4)

where X,,., = [X,,, ... x,]T € R"™™, and both the two second-order cones are self-dual.
Then the optimization problem of the second-order cone programming (SOCP) can be expressed as

min c¢Tx
st. Ax=Db (A.5)
Xe¥

where b € R, ¢ € R", A € R™" and ¥ is the second-order cone.
The dual optimization problem is

max b7z
st. ATz+y=c (A.6)
y €%

where z € R"™ and €™ is the dual cone of €.

SOCP can be regarded as a generalization of classical linear programming where the linear constraints are supple-
mented by specialised nonlinear constraints in the form of the cone constraints. The resulting optimization problem
can be solved efficiently with primal-dual algorithms based on the interior-point method.
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