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Abstract

Exoplanets are planets orbiting stars other than the Sun. Tidally locked exoplanets
always present the same face to their host stars, resulting in a global atmospheric
circulation unlike anything in the Solar System. _is thesis develops theories of the
formation of this global circulation, demonstrates the circulation in atmospheric
simulations, and shows its eòect on observations of the “lava planet” 55 Cancri e.

I use the the Gierasch-Rossow-Williams mechanism to describe the formation
of zonal �ow on tidally locked planets. I then use a shallow-water model linearised
about an equatorial jet to show how this zonal �ow produces the global circulation
pattern and hot-spot shi� seen in observations and simulations.

Next, I use the theory developed in the ûrst part of the thesis alongside atmospheric
simulations to interpret the thermal phase curve of 55 Cancri e. I model possible
atmospheres with diòerent bulk properties on this planet, and simulate observations
for comparison with the original phase curve. Finally, I simulate similar atmospheres
using more realistic radiative transfer, and show that the global circulation is similar
but that the observed hot-spot shi� requires a suõciently thick atmosphere.

I conclude that the meridional circulation is vital to the formation of zonal �ow
on tidally locked planets, and that the observable hot-spot shi� is caused by wave-
mean �ow interactions between this zonal �ow and the stationary wave response
to day-night forcing. _e case study of 55 Cancri e suggests that the observations
are evidence for an atmosphere thicker than 10 bar with a mean molecular weight
higher than that of H2, with night-side cloud formation. Future work should use this
theoretical understanding of the global circulation alongside more realistic modelling,
to interpret the more detailed observations that will be made in the coming decades.
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Chapter 1

Introduction

Exoplanets orbit stars other than the Sun. Over the past two decades since the ûrst

was discovered, new types of exoplanet have been discovered unlike anything in the

Solar System. Tidally locked planets, where the same side of the planet always faces its

star, are among the most striking examples. _e global circulation of an atmosphere

that is only heated on one side is very diòerent to anything seen in the Solar System.

_is thesis considers the formation and behaviour of this global circulation, and

investigates a case study of an observed tidally locked terrestrial planet.

Tidally locked planets appear to be common. Figure 1.1 shows the exoplanets

listed on the NASA Exoplanet Archive1 at the time of writing plotted by stellar masses

and semi-major axes. All the planets below the line were estimated to be tidally locked

by the simple estimate in Pierrehumbert and Hammond (2019). _ese planets are

also generally more easily characterised due to their proximity to their host stars

(Crossûeld, 2015). _is may have created a detection bias, where we are more likely to

ûnd tidally locked planets. However, it means that they make up many of the best

observational targets, so a theoretical understanding of them will be vital to making

the most of upcoming measurements.

1exoplanetarchive.ipac.caltech.edu

1
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Figure 1.1: _e population of known exoplanets plotted by semi-major axis and stellar
mass. All the planets below the line have a timescale to reach a tidally locked state of
less than 0.1 billion years, so are expected to be in this state. Chapter 2 explains how
this timescale is calculated.

Current observations and simulations show that these planets have an atmospheric

circulation unlike anything in the Solar System, but the mechanisms for the formation

of this circulation and its eòects on planetary climate are not fully understood (Heng

and Showman, 2015; Pierrehumbert andHammond, 2019). _e circulation governs the

temperature structure of the atmosphere, aòecting atmospheric stability, observations

of composition, and many other important features.

_is thesis has two main themes. In the ûrst part, Chapters 3 and 4 address

the theoretical circulation of terrestrial tidally locked planets and its observational

consequences. In the second part, Chapters 5 and 6 apply this theory to a case study

of the “lava planet” 55 Cancri e, using a variety of models to interpret observations of

its thermal emission.

2



_e two themes of the thesis are reviewed in Chapter 2, “_e Atmospheric Circu-

lation of Tidally Locked Exoplanets”, which discusses relevant work on the subject

of tidally locked exoplanets, focusing on the tidal locking process and the result-

ing atmospheric circulation. It introduces the planet 55 Cancri e, and discusses its

observational characterisation to date.

In Chapter 3, “_e Gierasch-Rossow-Williams Mechanism on Tidally Locked

Planets”, I propose a mechanism for the formation of the zonal �ow on tidally locked

planets. It shows that the meridional circulation is vital to this �ow, and uses the

equilibrium angular momentum �uxes predicted by the mechanism to explain the

behaviour of a suite of atmospheric simulations.

Chapter 4, “Wave-Mean Flow Interactions in Tidally Locked Atmospheres”, is

based onHammond and Pierrehumbert (2018). I linearise the shallow-water model of

Showman and Polvani (2011) about the equatorial jet discussed in Chapter 3, and show

how the response to stationary forcing explains the form of the global circulation in

GCM simulations. _is shows that the “hot-spot shi�” is a result of the interaction of

forced stationary waves with the zonal �ow, rather than simple advection of heat by

the zonal �ow.

Chapter 5, “Linking the Climate and _ermal Phase Curve of 55 Cancri e”, is

adapted from Hammond and Pierrehumbert (2017). It compares simulations of the

atmosphere of the tidally locked planet 55 Cancri e to the observations of Demory

et al. (2016), to constrain the properties of the atmosphere. _e observed day-night

contrast can be matched with one set of parameters, and the observed hot-spot shi�

can be matched with another simulation. It is only possible to match the observations

completely by adding an estimate of the eòect of night-side cloud formation.

In Chapter 6, “Phase-Resolved Emission Spectra of Potential Climates on 55

Cancri e”, I use an improved model with more realistic radiative transfer to follow up

the work in Chapter 5. _e new realistic simulations still obey the scaling relations

3



1. Introduction

in Chapter 5, and are qualitatively similar to the simulation results in the idealised

grey-gas model. I show that the simulations with surface pressures of 10 bar do not

have phase shi�s in their thermal emission at any wavelength, but that a simulation

with a surface pressure of 100 bar does have an observable hot-spot shi�. I suggest

that terrestrial atmospheres with a hot-spot shi� will not have a peak oòset in their

thermal phase curve, unless their atmospheres are suõciently thick. _e chapter

concludes that the hot-spot shi� observed by Demory et al. (2016) is evidence for an

atmosphere thicker than 10 bar and with a higher molecular weight than H2.

_e conclusions in Chapter 7 summarise the results of each chapter, and discuss

their signiûcance and the possibility of further work. _e ûrst part of the thesis shows

how the global circulation of tidally locked planets is governed by their meridional

circulation and the stationary waves produced by day-night forcing. I will conclude

that the shallow-water models of the formation of zonal �ow and a hot-spot shi� on

a tidally locked planet match GCM simulations, and suggest how the predictions of

these models could be tested by observations. _e second part of the thesis shows that

the observed thermal phase curve of 55 Cancri e is evidence for a thick atmosphere

with a surface pressure over 10 bar, with a mean molecular weight greater than H2. I

will conclude that this thesis has produced a consistent description of the formation of

the global circulation of tidally locked terrestrial planets, and suggest future directions

for modelling and observations.

4



Chapter 2

_e Atmospheric Circulation of Tidally
Locked Exoplanets

_is chapter reviews relevant work on the global circulation of tidally locked

planets. It discusses the discovery and characterisation of exoplanets, focusing on

the measurements that are relevant to their atmospheric composition and dynamics.

It reviews the formation of a tidally locked state, and the resulting atmospheric

circulation, then introduces the “lava planet” 55 Cancri e.

2.1 Exoplanets

Exoplanets are planets orbiting stars other than our Sun. Several thousand exo-

planets have been discovered, showing a large variety of planetary types including

many unlike anything in the Solar System. I will use the word “exoplanet” when

discussing speciûc planets or issues relating to observations, and “planet” in a more

general context. It is possible to characterise the atmospheres of some exoplanets,

measuring their composition or even the eòects of their global circulation.

Figure 2.1 shows all the exoplanets from the NASA Exoplanet Archive1 for which

radii and orbital periods were available at the time of writing. It shows several distinct

populations. _e ûrst divide is between the rocky planets with smaller radii, and the

1exoplanetarchive.ipac.caltech.edu
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2. The Atmospheric Circulation of Tidally Locked Exoplanets

gaseous planets with larger radii.

_e division between these two classes is by no means exact (Perryman, 2018).

Rogers (2015) shows that the majority of planets with radii 1.6RE and above are

not rocky – i.e. have a density that is too low to be entirely composed of iron and

silicates. _is radius is therefore an approximate boundary between “rocky planets”

with this composition, and small gaseous planets with large amounts of H, He, and

astrophysical ices (Spiegel et al., 2014). In this thesis, I will generally only deal with

terrestrial planets that are Earth-sized with surface pressures similar to Earth, and

gaseous planets like hot Jupiters that are primarily composed of H and He. _e

planet 55 Cancri e is a notable exception to this, with a radius larger than 1.6RE but

an apparently rocky composition (Demory et al., 2016). Extending the theories of

circulation for terrestrial planets and gas giants into this intermediate region will be a

key challenge in the work following this thesis.

At short periods and small radii are the terrestrial tidally locked planets considered

in this thesis, including the hot “lava planets” discussed later. _e rocky planets with

longer orbital periods are more similar to the inner planets in the Solar System. At

larger radii are the “super-Earths”, and then the gaseous “mini-Neptunes’ – again,

there is no exact division between the populations. At the highest radii are the gas

giants. _e hot Jupiters on the le� have short orbital periods, and provide the best

observations of the atmospheres of tidally locked planets.

2.1.1 Discovering Exoplanets

Most exoplanets discovered to date have been found using either a “radial velocity”

method or a “transit” method (Perryman, 2018). In the radial velocity (Doppler

spectroscopy) method, the motion of a star around its common centre of mass with

an orbiting planet is detected by measuring the Doppler-shi� of emission lines of the

star. _e period and magnitude of this motion give the period of the planet’s orbit,

6
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Figure 2.1: _e population of known exoplanets plotted by planetary radius and orbital
period, labelled by discovery method. _e discovery methods are biased towards
planets with particular properties.

and a lower limit on its mass, owing to the degeneracy between the mass and the

inclination in their eòect on the signal.

In the transit method, an observer measures the reduction in �ux from the star

when the planet crosses the line of sight from the observer to the star (its “primary

transit”). _e time between successive transits gives the orbital period of the planet,

and the depth of the transit gives the radius of the planet at the wavelength observed.

Combining the mass and period from a radial velocity measurement with the radius

and period from a transit observation gives the density of the planet. _e radius of

the planet, its semi-major axis, and the temperature of the star also give the planetary

equilibrium temperature (its temperature if it were a black body heated uniformly by

the star, which cools uniformly to space), which is a useful estimate of atmospheric

temperature.

7



2. The Atmospheric Circulation of Tidally Locked Exoplanets

Figure 2.1 shows how diòerent discovery methods are biased towards the detection

of diòerent types of planet. _e red dots show planets discovered by the transitmethod,

which are currently the most common due to the success of the Kepler telescope.

_ese planets are clustered to the le� of the plot, as transits are more likely to be

detected for close-in planets in short-period orbits, which occur more frequently.

_e blue dots show planets detected by the radial velocity method, which produces

stronger signals for higher-mass planets like the gas giants at the top of the plot.

_e planets shown in green were detected by direct imaging, in which the light

from their host star is blocked with a coronagraph and the planet is directly observed.

_is is currently only possible for young, large, self-luminous planets orbiting far

from their star, so these planets are found to the top right of the plot. Direct imaging

will become possible for more planets in the coming decade (Perryman, 2018).

2.1.2 Characterising Exoplanets

_e atmospheres of exoplanets can be characterised with transmission and emis-

sion spectroscopy. Transmission spectroscopy measures the spectrum of light from

the host star that passes through the atmosphere of the exoplanet as it transits. Cer-

tain wavelengths are absorbed by the species in the atmosphere, so the observed

planetary radius depends on wavelength according to the atmospheric opacity at

that wavelength. _is allows the absorption spectrum of the gases in the atmosphere

to be reconstructed (at low resolution, in comparison to the high-resolution spec-

troscopy discussed below), which can then be used to estimate the composition of

the atmosphere (Tsiaras et al., 2016).

Emission spectroscopy measures the spectrum of the thermal emission of the

planet and its atmosphere. Hotter planets are better suited to this method as they

emit more strongly at thermal wavelengths. _e thermal emission depends on the

composition of the atmosphere and its thermal structure, meaning that it can be used

8



2.2. Tidally Locked Planets

to reconstruct the vertical structure of the atmosphere (Stevenson et al., 2014).

High-resolution spectroscopy is a related technique to observe similar spectra

of exoplanet atmospheres at a high spectral resolution It resolves individual spectral

lines with a resolving power R > 25000, for R = λ/∆λ (the diòerence in wavelength

λ that can be resolved) (Birkby, 2018). _e spectral lines observed are compared to

modelled spectra to identify the presence of particular atmospheric species. _e lines

can also be Doppler-shi�ed by the motion of the planet, its rotation, and atmospheric

winds.

Features of the atmospheric circulation of exoplanets are starting to be measured.

_e bulk wind speed of the atmosphere of an exoplanet can be measured via the

Doppler-shi� of absorption lines in the high-resolution spectra discussed above

(Snellen et al., 2010; Louden and Wheatley, 2015; Brogi et al., 2016). Phase curve

observations of the thermal emission of an exoplanet over its whole orbit have been

used to infer the atmospheric circulation on hot Jupiters (Knutson et al., 2007; Zellem

et al., 2014; Parmentier and Crossûeld, 2017), which I will discuss in more detail later.

2.2 Tidally Locked Planets

An asynchronously rotating planet like the Earth has a diòerent rotation period (1

day) to its orbital period (1 year). A synchronously rotating, or “tidally locked”, planet

has the same rotation period as its orbital period. _is means that it always presents

the same face to its host star, so it has a permanent day-side and a permanent night-

side. I explained previously that planets orbiting close to their star are more likely

to be detected, and are better suited to atmospheric characterisation. _is section

will show that these close-in planets are more likely to be tidally locked. _is means

that tidally locked planets should make up many of the best targets for atmospheric

observations (Crossûeld, 2015).

9



2. The Atmospheric Circulation of Tidally Locked Exoplanets

2.2.1 Formation

All planets are aòected by tidal stress due to their gravitational interaction with

their host star. At the centre of mass of the planet, the gravitational force exactly

balances the centrifugal force. _e gravitational attraction is stronger than the cen-

trifugal force for the part of the planet closest to the star, and the opposite is true for

the part of the planet further from the star. _is produces a stress that elongates the

planet along the axis between it and the star. If the planet is not tidally locked, the long

axis of the resulting ellipse will rotate away from this axis. _e tidal stress will then

act to deform the planet to maintain the same elongation relative to the star-planet

axis as before. _is continual deformation removes rotational kinetic energy from the

planet, until it reaches a tidally locked state where the long axis of the ellipsoid points

towards the star permanently and no more energy is dissipated. Stable spin-orbit

resonances are also possible, such as the 3:2 resonant orbit of Mercury, so not all

planets aòected by these stresses will reach a 1:1 tidally locked state.

_e gravitational tidal stress acting on a planet is Σ = 2GM∗/r3, where G is the

gravitational constant, M∗ is the mass of the star and r is the distance between the

planet and the star (Pierrehumbert and Hammond, 2019). _e cubic dependence on r

makes the tidal locking timescale very sensitive to the semi-major axis. Pierrehumbert

and Hammond (2019) estimate the time for a planet to become tidally locked to be:

tlock = 3.01 × 108 ρΩ0r6
M2

∗

Q
k2
, (2.1)

where r is the mean orbital distance in AU, ρ is the mean density of the planet in

units of Earth density, and Ω is the angular velocity of the planet in units of Earth

angular velocity. Q corresponds to the eòect of the dissipation of energy from tidal

stresses (Goldreich and Soter, 1966), and k2 is the Love number, which depends on

the rigidity of the planet (Barnes, 2017). Pierrehumbert and Hammond (2019) use

10



2.2. Tidally Locked Planets

values for Earth and Venus to estimate the ratio for a generic terrestrial planet as

Q/k2 ≈ 1000.

Pierrehumbert and Hammond (2019) use this formula to estimate that the rocky

Earth-sized planet Trappist-1d would become tidally locked in 4000 years, assuming

that it forms with the same initial angular velocity as the current angular velocity of

Earth. By the same approximation, the super-Earth lava planet 55 Cancri e would

take 6 years to reach this state. _ese short timescales suggest that the planets are

very likely to be tidally locked. It is less clear whether planets with estimated tidal

locking timescales of millions or billions of years will actually have reached this state.

Leconte et al. (2015) showed how thermal tides oppose the gravitational tides

discussed above, and slow the progress towards tidal locking. _ermal tides are caused

by the thermal inertia of the atmosphere creating an excess of mass in the atmosphere

which lags behind the substellar point of an asynchronously rotating planet. _e

gravitational pull of the star on this mass excess produces a torque on the atmosphere,

which acts on the planet in the opposite direction to the torque from the gravitational

tide. Figure 2.2 shows that this could inhibit tidal locking on Earth-mass planets.

In Chapters 5 and 6, I will assume the planet 55 Cancri e to be tidally locked. _is

appears to be reasonable for atmospheres up to 10 bar, given its semi-major axis of

0.015AU which places it well into the “Synchronous Rotation” regime of Figure 2.2

(Von Braun et al., 2011). It is not clear whether the atmospheres considered in Chapter

6 with surface pressures up to 100 bar could be signiûcantly aòected by these thermal

tides. However, gaseous planets like hot Jupiters are certainly not restricted from

tidal locking, shown by the large number observed to have large dayside-nightside

temperature contrasts (Komacek and Showman, 2016). In the remainder of this thesis

I will not consider whether the planets modelled are tidally locked in reality, beyond

the simple estimate earlier – but, it is worth remembering that the simple estimate of

a “tidal locking timescale” is not the whole story for many planets.

11



2. The Atmospheric Circulation of Tidally Locked Exoplanets

Figure 2.2: A parameter space of stellar mass versus semi-major axis for discovered
exoplanets, with lines showing the regions expected to have tidally locked planets
with atmospheres of diòerent thicknesses, from Leconte et al. (2015). _e thermal
tide of the atmosphere may prevent Earth-like planets from becoming tidally locked.

2.2.2 Lava Planets and 55 Cancri e

Chapters 5 and 6 investigate the atmospheric dynamics of “lava planets”. _ese

are hot rocky planets with a partially or fully molten surface, known as a “magma

ocean”. Lava planets are well suited to atmospheric observations due to their high

temperatures and proximity to their stars, so are useful case studies for understanding

the atmospheric dynamics of tidally locked planets.

55 Cancri e is the best-characterised example of a lava planet. It is a super-Earth

with radius 1.95 RE and orbital period 0.737 days (Crida et al., 2018). McArthur

et al. (2004) ûrst detected the planet via the radial velocity method with an incorrect

period of 2.808 days. Dawson and Fabrycky (2010) showed that this period was due

to spurious aliasing caused by gaps in the observations and corrected the period. It is

expected to be tidally locked due to the short tidal locking timescale estimated above,

and the observations of Demory et al. (2016).

12



2.2. Tidally Locked Planets

Demory et al. (2011) andWinn et al. (2011) detected transits of the planet at infrared

and visible wavelengths, opening the possibility of atmospheric characterisation. _e

expected composition of 55 Cancri e has evolved as measurements have improved. It

was initially expected to be rocky, with Madhusudhan et al. (2012) suggesting a mostly

rocky composition and Ehrenreich et al. (2012) presenting only the possible detection

of an atmosphere. More recently, it has become viewed as more likely to have a large

atmosphere, given the detection of an atmosphere with the WFC3 instrument on the

Hubble Space Telescope by Tsiaras et al. (2016), which appeared to be hydrogen-rich

with a possible detection of HCN.

Demory et al. (2015) measured variable day-side thermal emission from 55 Cancri

e over eight secondary eclipses, and suggested that this could be due to large-scale

changes on the surface caused by strong tidal interactions with the star. Dragomir et al.

(2012) observed an optical phase curve of 55 Cancri with theMOST space telescope

but did not detect any �ux from the planet or its secondary eclipse, placing an upper

limit of 0.6 on its geometric albedo.

_e possibility of observing the composition of an atmosphere of the planet with

emission spectroscopy has been explored by Miguel (2018) and Ito et al. (2015), who

simulated a variety of spectra of potential atmospheres of diòerent compositions and

thicknesses. Miguel (2018) used a 1D model with imposed temperature proûles to

show how molecules such as CO and HCN, in a thick atmosphere composed of H2 or

N2, could be detected on 55 Cancri e with transmission spectroscopy. Ito et al. (2015)

used a similar model to show that SiO from a molten surface (“magma ocean”) could

produce observable features in an emission spectrum of a generalised “hot, rocky

super-Earth” like 55 Cancri e.
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Figure 2.3: _e thermal phase curve observed in the 4.5 µm Spitzer bandpass by De-
mory et al. (2016), showing an oòset of the maximum �ux from the secondary eclipse
(the second dip), corresponding to a hot-spot shi� possibly caused by atmospheric
circulation. Reproduced from Demory et al. (2016) with permission.

2.2.3 A_ermal Phase Curve of 55 Cancri e

A “phase curve” is the radiation received from a planet over one complete orbit

of its star. _ey contain information about how the emission or albedo of the planet

varies with longitude. Phase curves measured at thermal wavelengths correspond to

the radiating temperature of the planet or its atmosphere, so show features such as

day-night temperature contrasts on tidally locked planets. Phase curves measured

at optical wavelengths show the light from the host star re�ected by the planet, so

can show how the albedo of the planet varies due to heterogeneous features such

as clouds (Parmentier et al., 2016; Parmentier and Crossûeld, 2017). Planets at high

temperatures can emit thermally at wavelengths similar to the optical wavelengths

they re�ect from their star, giving phase curves composed of both components. _e

phase curve has no latitudinal resolution, as the �ux at any orbital phase only depends

on the longitude at which the planet is observed. Techniques such as “eclipsemapping”

can also retrieve latitudinal information, but require stronger emission from the planet

(Majeau et al., 2012).

Phase curves are especially relevant to the atmospheric dynamics investigated in

this thesis, as the longitudinal variation of temperature on a planet both controls and

14
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Figure 2.4: _e temperature map reconstructed by Demory et al. (2016) from the
phase curve in Figure 5.2, showing a hot-spot shi� of 41°, a day-side temperature of(2700 ± 270)K, and a night-side temperature of (1380 ± 400)K. Reproduced from
Demory et al. (2016) with permission.

is controlled by its global circulation. Figure 2.3 shows the thermal phase curve of 55

Cancri e measured by Demory et al. (2016) using the 4.5 µm channel of the Spitzer

space telescope. Figure 2.4 shows the map of brightness temperature inferred from

this phase curve. _e phase curve corresponds to a night-side temperature of 1300 K,

implying a signiûcant warming of the night-side by atmospheric heat transport as

in radiative equilibrium the night-side should cool to very low temperatures, as it

receives no instellation. It also shows a hot-spot shi�ed 41° east of the substellar point,

which would be the hottest part without any atmospheric circulation. _e dynamics

and temperature distribution near the equator are particularly important for phase

curves, as this region dominates the thermal emission and optical re�ectance viewed

by an observer, due to the angular weighting of diòerent latitudes in the �ux observed

(Parmentier and Crossûeld, 2017).

Most observations of tidally locked planets either show an eastward hot-spot shi�

like this, or no hot-spot shi� (Pierrehumbert and Hammond, 2019), but Dang et al.

(2018) found a westward hot-spot shi� in the thermal emission of the hot Jupiter

CoRoT-2b. _ey suggested this could be due to magnetic eòects or cloud coverage.

Angelo and Hu (2017) analysed the phase curve of 55 Cancri e using a similar 1D

energy balance model to Zhang and Showman (2017). _ey tuned the planetary Bond

albedo, atmospheric surface pressure, heat redistribution eõciency, and greenhouse
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eòect in this model, to match the observed phase curve. _e parameters that ût best

were a surface pressure of 1.4 bar and a heat redistribution eõciency of 1.47 (the ratio

of radiative to advective timescales).

2.3 Atmospheric Dynamics

_is section discusses current models of the dynamics of exoplanet atmospheres,

and the theory of their global circulation. It introduces the concept of superrotation,

which is a key part of the circulation of tidally locked planets.

2.3.1 Numerical Atmospheric Models

A General Circulation Model (GCM) is a three-dimensional �uid dynamical

model of the atmosphere or the ocean of a planet, or both. _ey have been used to

model the Earth, other planets in the Solar Systems, and are now used to simulate a

wide variety of exoplanet atmospheres, o�en closely matching observations (Heng

and Showman, 2015; Arcangeli et al., 2019). GCMs typically consist of a dynamical

core coupled to a representation of physical forcing such as radiative transfer or

convective adjustment. _e physics modelled in a GCM can range from very simple

parameterisations capturing key processes (Held and Suarez, 1994) to highly detailed

models of interacting clouds, radiative transfer, or other small-scale processes (Lines

et al., 2018; Drummond et al., 2018b).

_e GCM Exo-FMS used in this thesis is based on the GFDL Flexible Modelling

System2 and the associated cubed-sphere dynamical core3 (Ding and Pierrehumbert,

2016; Pierrehumbert and Ding, 2016; Hammond and Pierrehumbert, 2017, 2018).

Appendix A outlines the overall structure of the model, the dynamical core and

2gfdl.noaa.gov/fms/
3gfdl.noaa.gov/cubed-sphere-quickstart/
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2.3. Atmospheric Dynamics

associated grids, and the physics modules that can be swapped in and out of the

model.

In the ûeld of exoplanet studies, GCMs have perhaps been applied most suc-

cessfully to modelling the atmospheres of hot Jupiters (Showman and Guillot, 2002;

Mayne et al., 2014; Parmentier et al., 2016; Amundsen et al., 2016; Mayne et al., 2017).

Terrestrial planets have also been modelled to suggest potential circulation regimes

or stable climate states (Merlis and Schneider, 2010; Showman et al., 2012; Boutle

et al., 2017; Noda et al., 2017). Other classes of exoplanet such as super-Earths or

mini-Neptunes have been modelled in varying levels of detail (Carone et al., 2015;

Charnay et al., 2015; Heng and Showman, 2015).

_ere are several key diòerences between simulations of the atmospheres of

terrestrial planets, and those of gaseous planets such as hot Jupiters. Firstly, terrestrial

planet atmospheres are typically modelled down to surface pressures of the order of 1

to 100 bar, while gaseous planets can be modelled down to hundreds or thousands of

bar (Mayne et al., 2017; Pierrehumbert and Hammond, 2019). Secondly, terrestrial

atmospheres are typically heated by a combination of longwave radiation emitted

thermally by the surface, and shortwave radiation from their host star. Gaseous planets

have no such surface so are entirely forced externally by absorption of shortwave

radiation from their star. Finally, a surface drag such as a linear Rayleigh drag is

typically applied to the atmosphere of a terrestrial planet, but it is unclear whether an

equivalent drag should be applied deep in the atmosphere of a gaseous planet – see

Section 2.3.3 for further discussion (Mendonça et al., 2016; Mayne et al., 2017).

2.3.2 Superrotation

Superrotation refers to a state where an atmosphere has more axial angular mo-

mentum than the solid planet below it. _ere are diòerent ways of deûning this

mathematically – I will use the deûnition of Read (1986), which deûnes superrotation
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as a positive “superrotation index”, corresponding to an excess of atmospheric axial

angular momentum over solid-body rotation at the equator. _e local superrotation

index is:

s = m
Ωa2 − 1, (2.2)

where Ω is the planetary angular velocity, a is the radius, and the speciûc axial

angular momentum m is:

m = a cosϕ(Ωa cosϕ + u), (2.3)

where ϕ is the latitude and u is the local zonal velocity. I will refer to this angular

momentum in atmospheres fromnow on without specifying that it is axial (around the

axis of rotation of the planet). An atmosphere with an “ideal” meridional circulation

would homogenise the angular momentum of the equatorial surface in its upper

branch, so the local superrotation index would be zero at all latitudes in that layer.

_e meridional circulation does not achieve this in reality (as on the Earth) and the

superrotation index will be negative in most places (Read and Lebonnois, 2018). A

process transporting angular momentum towards the equator, such as the stationary

waves on tidally locked planets that produce an equatorial jet (Showman and Polvani,

2011), can produce an excess of angular momentum. _is gives a positive local

superrotation index at the equator.

_e global superrotation index is a mass-weighted integral of the local superrota-

tion index, and corresponds to a global measure of the magnitude of superrotation in

the atmosphere:

Sm = ∭ ρmdV
∭ ρΩa2 cos2 ϕ dV

− 1, (2.4)
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where ρ is the local density, and∭ dV is an integral over the total volume of the

atmosphere. Hide’s _eorem states that the local s and global Sm cannot be positive

anywhere without up-gradient angular momentum �uxes (Hide, 1969). Superrotation

is found in the atmosphere of Earth and other planets in the Solar System such as

Venus and Titan (Laraia and Schneider, 2015; Read and Lebonnois, 2018; Sugimoto

et al., 2019). In this thesis, eastward angular momentum is transported towards the

equators of tidally locked planetary atmospheres, producing a superrotating equatorial

jet (Showman and Polvani, 2011).

2.3.3 Dynamics of Tidally Locked Atmospheres

_e atmospheres of tidally locked planets are forced by their star in a very diòerent

way to the planets in the Solar System. _emain driver of atmospheric dynamics is the

strong contrast in heating and cooling between the day-side and the night-side. _is

could be expected to drive an isotropic �ow from the substellar point on the day-side

to the antistellar point on the night-side, which can sometimes appear in simulations

of very slowly rotating atmospheres, or in those with a very short radiative timescale

(Pierrehumbert and Hammond, 2019; Arcangeli et al., 2019). In more realistic cases

with faster rotation, the day-night forcing excites stationary waves that pump eastward

momentum towards the equator, producing a superrotating jet that transports heat

from the day-side to the night-side (Showman and Polvani, 2011). I will investigate

the formation of this zonal �ow in Chapter 3.

_is equatorial superrotation was predicted by GCM simulations of terrestrial

and gaseous tidally locked planets before its eòects were observed (Joshi et al., 1997;

Showman and Guillot, 2002). _ese simulations predicted that the jet would shi�

the hottest part of the planet to the east of the substellar point, which was found to

be true in thermal phase curves measured for many hot Jupiters (Parmentier and

Crossûeld, 2017). Figure 2.5 shows a typical global temperature map from a simulation

19



2. The Atmospheric Circulation of Tidally Locked Exoplanets
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Figure 2.5: _e global temperature ûeld at 500 mbar of a simulation of a tidally locked
Earth-sized planet with a 10 day rotation period and a 1 bar N2 atmosphere, showing
how the hottest hemisphere is shi�ed east of the substellar point, reproduced from
Pierrehumbert and Hammond (2019).

of a tidally locked planet, with the hottest hemisphere shi�ed east of the substellar

point. _is shi� was initially thought to be caused by pure advection of heat by the

�ow, but Tsai et al. (2014) showed that the eastward jet could shi� the stationary waves

excited by the day-night forcing eastwards, producing the hot-spot shi�. Perez-Becker

and Showman (2013) also showed that the wave timescale is more important to this

shi� than the advective timescale of a hot Jupiter. I will discuss this in more detail

in Chapter 4, and will show how a latitudinally sheared equatorial jet produces the

global circulation pattern and hot-spot shi�.

_e formation of the superrotating jet is still not fully understood. Studies such

as Kataria et al. (2015) compared real observations to the results of GCM simulations

of tidally locked hot Jupiters, expecting that the global circulation formed by the

GCM was reasonably accurate. However, _rastarson and Cho (2010) suggested that

simulations of the atmospheres of hot Jupiters depended strongly on initial conditions,

and that the equilibrium states were not necessarily unique. Liu and Showman (2013)

suggested that this was not the case if a bottom drag was applied to the atmosphere,

which they justiûed as an interaction with a deeper layer not represented in the
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GCM. _eir simulations reached the same equilibrium state regardless of the initial

conditions. However, Cho et al. (2015) demonstrated that the short timescale of this

drag removed the variability otherwise present in the simulations, and concluded

that while a bottom drag may remove sensitivity, it may also remove physically

important processes from the atmosphere. Polichtchouk et al. (2014) further cast

doubt on the results of other GCM simulations by showing signiûcant diòerences

between the results of diòerent GCMs modelling the same exoplanets. More recent

simulations such as Parmentier et al. (2016); Mendonça et al. (2016); Mayne et al.

(2017); Drummond et al. (2018a) have successfully modelled hot Jupiters without

applying a bottom drag, suggesting that the earlier discrepancies may have been

problems with the speciûc models. _e question of the sensitivity to initial conditions

and role of bottom drag is still not fully resolved, which motivates the investigation

of the basic dynamics forming this global circulation in Chapter 3.

It is becoming possible to predict and test scaling relations of atmospheric circula-

tion against observations of many exoplanets in a large parameter space. Perez-Becker

and Showman (2013), Komacek and Showman (2016), Komacek et al. (2017), and

Zhang and Showman (2017) used a 1D model balancing the advection of heat against

radiation to model the circulation of a tidally locked planet. _ese models were used

to explain scaling relations between the observed atmospheric circulation and the

bulk composition and parameters of the atmosphere. Showman and Guillot (2002)

and Showman and Polvani (2011) also produced scaling relations to estimate the hori-

zontal and vertical velocities expected in such planets. Chapters 5 and 6 will compare

simulations of the atmospheric dynamics of the tidally locked planet 55 Cancri to

observations of its temperature distribution, to constrain its potential atmospheric

properties.
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Chapter 3

_e Gierasch-Rossow-Williams
Mechanism on Tidally Locked Planets

_e global atmospheric circulation of tidally locked planets is driven by day-

side heating and night-side cooling. _is forcing drives a �ow from the day-side

atmosphere to the night-side. _e �ow normally takes the form of single, or multiple,

eastward zonal jets. _is �ow is of primary importance to the temperature distribution

(Stevenson et al., 2014), observable features (Louden andWheatley, 2015), and climate

stability of these planets(Pierrehumbert and Hammond, 2019).

Showman and Polvani (2011) used a linear shallow-water model to represent

the atmosphere of a tidally locked planet, showing that equatorward momentum

transport produces the eastward jet (Matsuno, 1966). _is linear model requires

westward �ow at high latitudes to conserve angular momentum when an eastward

jet forms on the equator. However, GCM simulations o�en have eastward �ow at all

latitudes at the level of their equatorial jet, which is inconsistent with the linear model

(Showman et al., 2015; Drummond et al., 2018a; Pierrehumbert and Hammond, 2019).

_is chapter uses the Gierasch-Rossow-Williams (GRW) mechanism to describe

the formation of the zonal �ow on tidally locked planets, and to explain the eastward

�ow at all latitudes seen in GCM simulations. _is mechanism has been used to

explain the formation of zonal �ow on Venus and Titan (Gierasch, 1975; Rossow and
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Williams, 1979; Read and Lebonnois, 2018). _e GRW mechanism combines a mean

meridional circulation with an equatorward momentum transport, to produce the

equatorial jet while accelerating subtropical jets at high latitudes.

I will recreate this mechanism in linear and non-linear shallow-water models,

and show how the eòect of the meridional circulation on a tidally locked planet can

be approximated by its zonal mean only. I will show that the momentum �uxes

governing the equilibrium �ow in the shallow-water models are the same as those

produced by GCM simulations. _e balance of �uxes will predict scaling relations

for the relative strengths and directions of the equatorial and high-latitude �ow. I

will conclude that the new mechanism requires sub-rotating �ow at high latitudes –

which can be eastward or westward – rather than the westward �ow required by the

linear model of Showman and Polvani (2011).

3.1 Linear Shallow-Water Model of a Tidally Locked Atmosphere

_is section reviews the linear shallow-water model used by Matsuno (1966) to

model equatorial waves in the Earth’s tropics. I will show how Showman and Polvani

(2011) used this model to explain the formation of equatorial superrotation in tidally

locked planetary atmospheres.

3.1.1 Linear Shallow-Water Equations

_e “Shallow-Water Equations” represent a single layer of incompressible �uid in

hydrostatic equlibrium, and govern the velocities and height of the free upper surface

of this layer. _ey can be intuitively thought of as representing a single layer of �uid

with perturbations to its upper interface. Here, I will use the model to represent the

active layer of an atmosphere that is forced in some way by stellar irradiation.

Matsuno (1966) constructs a single-layer shallow-water model representing a

single layer of �uid with a free upper surface on an equatorial beta-plane:
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∂u
∂t

− βyv + ∂h
∂x

= 0,

∂v
∂t

+ βyu + ∂h
∂y

= 0,

∂h
∂t

+ c2(∂u
∂x

+ ∂v
∂y

) = 0,

(3.1)

where u is the zonal velocity, v is the meridional velocity, h is the height, t is time,

and c = √
gH is the gravity wave speed. _e “beta-plane” approximates the Coriolis

parameter as f = βy, where β is the “Rossby parameter” and y is the meridional

coordinate. Appendix B describes the pseudo-spectral method used to solve these

equations.

Non-dimensionalising with time scale
√

1/cβ and length scale
√
c/β (the equa-

torial Rossby radius of deformation LR), and assuming all quantities have the form

f (y)e i(kx−ωt), the equations describing free perturbations are:

−iωu − yv + ikxh = 0,

−iωv + yu + ∂h
∂y

= 0,

−iωh + iku + ∂v
∂y

= 0.

(3.2)

Matsuno (1966) solves these equations analytically to ûnd the dispersion relation

of the free modes, and discusses the latitudinal structure of each mode. _is chapter

focuses on the response to stationary forcing rather than the free modes, but under-

standing their behaviour is important as their structures and eigenfrequencies will

determine their magnitudes and positions in the forced response. _e free modes

could also be important to the time-variable behaviour of the atmosphere.

_e wave-1 (zonal wavenumber kx = 1) forcing on a tidally locked planet is

stationary and symmetric about the equator, so it will preferentially excite the lowest-

order symmetric modes – the Rossby and Kelvin modes. Figure 3.1a shows the free
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(a) Rossby wave.
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(b) Kelvin wave.

Figure 3.1: _e non-dimensional height and velocity ûelds of the lowest order free
modes of a shallow-water system on an equatorial beta-plane. _e response to forcing
on a tidally locked planet is composed mainly of forced Rossby and Kelvin modes.

Rossby mode with zonal wavenumber 1. Its positive eigenvalue ω means that the

free Rossby mode travels westwards (following the convention in Matsuno (1966) for

the relation between eigenvalue and direction of travel). Figure 3.1b shows the free

Kelvin mode with zonal wavenumber 1. _is is a special solution of the equations

with zero meridional velocity, which has a negative eigenvalue so travels eastward as

a free wave.

3.1.2 Linear Response to Forcing

Showman and Polvani (2011) use this linear shallow-water model to represent the

atmosphere of a tidally locked planet. A tidally locked planet is constantly heated

on its day-side by stellar irradiation. _e day-side cools by thermal emission, and

transport of heat to the night-side. _e night-side is heated by transport of heat

from the day-side, and cools by thermal emission. _is can be approximated by a

sinusoidal day-night forcing ûeld Q(x , y) = Q0 sin(x)e−y2/2 Matsuno (1966). _is

forcing Q(x , y) acts on the h ûeld, giving the equations:
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αdynu − βyv + ∂h
∂x

= 0,

αdynv + βyu + ∂h
∂y

= 0,

αradh + c2(∂u∂x
+ ∂v

∂y
) = Q(x , y),

(3.3)

where damping is represented by a uniform linear relaxation to the equilibrium

state with no perturbations (i.e. ∂u/∂t = αdynu, and the same for v and h). Both

the dynamical and radiative damping rates αdyn and αrad are o�en set to a uniform

damping α for a simpler solution. _is assumption is discussed in Chapter 4, and

was examined in Perez-Becker and Showman (2013) and Debras et al. (2019). _e

boundary conditions are

u, v , h → 0 for y → ±∞. (3.4)

Matsuno (1966) shows how the response of Equation 3.3 to a forcing Q(x , y) =
Q0 sin(x)e−y2/2 and uniform damping αrad = αdyn = α can be found analytically as a
sum of the free modes of the system. _e forced response χ = (u, v , h) is a sum of

the free modes ξm = (um , vm , hm), weighted by coeõcients am:

χ = ∑ amξm , (3.5)

where the coeõcients are

am = 1
α − iωm

bm , (3.6)

where ωm is the eigenvalue of the mode m, and the projection of each mode onto

the forcing is

bm = [∫ ξm(y)σ(y)dy] / [∫ ∣ξm(y)∣2 dy] , (3.7)
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Figure 3.2: Non-dimensional response of Equation 3.3 to forcing Q(x , y) =
Q0 sin(x)e−y2/2, showing the maximum of the Rossby wave west of the maximum of
the forcing (the substellar point) and the maximum of the Kelvin wave east of this
point.

where σ(y) = (0, 0,Q(y). Figure 3.2 shows the response to the forcing Q(x , y) =
Q0 sin(x)e−y2/2. _e exact response requires a summation over all possible modes m,

but in this case all the coeõcients am are zero apart from those for the Kelvin wave

and n = 1 Rossby wave. _e Rossby wave appears west of the substellar point due to

its positive eigenvalue ωm, and the Kelvin wave appears east of the substellar point

due to its negative eigenvalue. In Chapter 4, the solutions will typically be represented

by modes below m = 10, as the magnitude rapidly decreases for higher-order modes.

3.1.3 Equatorial Acceleration

_e phase shi� between the Rossby and Kelvin waves in the response to forcing

produces an equatorward momentum transport that would be expected to produce

equatorial superrotation (Showman and Polvani, 2011; Tsai et al., 2014). Zonally aver-

aging the zonal momentum equation in Equation 4.1 gives the latitudinal acceleration

proûle (_uburn and Lagneau, 1999):

∂u
∂t

= v∗ [ f − ∂u
∂y

]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

I

− 1
h

∂
∂y

[(hv)′u′]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

II

+ 1
h
u′Q′

´¹¹¹¹¹¸¹¹¹¹¹¶
III

− u∗

τdrag²
IV

− 1
h
∂ (h′u′)

∂t
, (3.8)
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Figure 3.3: Terms in the zonal-mean zonal momentum equation (Equation 3.8) with-
out the correction R to the momentum. _e acceleration terms cancel exactly at the
equator, which is why Showman and Polvani (2010) introduced the correction R to
explain the formation of superrotation on tidally locked planets.

where for a variable X, X∗ = hX/h. Figure 3.3 plots the terms in Equation 3.8

for the response to forcing in Figure 3.2. _e last term of Equation 3.8 is not plotted

as it will always be zero for this steady-state forcing. It shows that the horizontal

convergence of eastward momentum at the equator due to stationary eddies (term

II) is exactly cancelled by the removal of eastward momentum from the equator by

vertical momentum transport (term III). _is means that the forced linear shallow-

water model of Matsuno (1966) does not accelerate at the equator, so a modiûcation

is needed to model the atmosphere of a tidally locked planet.

_is can be explained by rewriting Equation 3.8 in terms of the relative vorticity

ζ⃗ = (vx − uy) k̂ (Showman and Polvani, 2011):

∂u
∂t

= v′ζ ′ + v( f + ζ) − u
τdrag

, (3.9)

For forcing that is symmetric about the equator, the solutions are symmetric about

the equator in u and antisymmetric in v, so are also antisymmetric in ζ . v and ζ are

therefore zero at the equator, so the ûrst two terms in Equation 3.9 are zero. _is

results in zero acceleration at the equator, for an atmosphere at rest with u = 0.
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Showman and Polvani (2010) resolved this problem by introducing a correction

R to the mean vertical momentum transport. _e correction represents the eòect

of advection between the active upper layer and a quiescent lower layer (Shell and

Held, 2004). On a terrestrial planet, this lower layer corresponds to the layer near

the surface, where surface drag removes any angular momentum. On a hot Jupiter,

Showman and Polvani (2011) consider it to be the deep layer below the active region,

which has so much mass as to be an inûnite reservoir of angular momentum in the

model.

_is correction accounts for the fact that the vertical transport only aòects the

speciûc angular momentum of the jet layer on the day-side, where it moves stationary

air from the lower layer up to the jet layer, reducing the speciûc angular momentum

there. On the night-side, air moving down from the jet layer does not aòect the local

speciûc angular momentum, merely reducing the local mass.

Following Shell and Held (2004), Showman and Polvani (2010) impose conser-

vation of momentum between the stationary lower layer and the active upper layer,

resulting in the correction:

R(λ, ϕ, t) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−Qv

h , Q > 0

0, Q < 0
(3.10)

Shell and Held (2004) consider an axisymmetric planet where the air is rising at

the equator and falling at the poles. In the tidally locked case, the model approximates

that the air is rising at the substellar point and falling at the antistellar point. In reality,

the meridional circulation on a tidally locked planet may also produce subsiding air

at the poles (Sainsbury-Martinez et al., 2019), resulting in a combination of these two

cases. Figure 3.2 shows that this R term produces a net westerly acceleration at the

equator. On the day-side where Q > 0, the equatorial winds are mostly easterly, so R

is non-zero and positive, giving a westerly acceleration. On the night-side, Q < 0 so
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Figure 3.4: Terms in the zonal-mean zonal momentum equation (Equation 3.11) with
the correction R to the momentum. _e correction reduces the “Vertical Transport”
term in Figure 3.3, giving a net eastward acceleration at the equator.

there is no eòect from R. _is asymmetry in R produces a net westerly acceleration

at the equator.

Including the correction R, the zonal-mean momentum equation becomes:

∂u
∂t

= v∗ [ f − ∂u
∂y

]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

I

− 1
h

∂
∂y

[(hv)′u′]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

II

+[ 1
h
u′Q′ + Ru

∗]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

III

− u∗

τdrag²
IV

− 1
h
∂ (h′u′)

∂t
, (3.11)

and in vorticity form, it is:

∂u
∂t

= v′ζ ′ + v( f + ζ) − u
τdrag

+ Ru . (3.12)

_erefore, there is a positive acceleration on the equator unlike in Equation 3.9.

Figure 3.4 shows the net positive acceleration at the equator due to the reduced

“Vertical Transport” term (Term III in Equation 3.11). _is explains the formation

of eastward equatorial �ow in the atmospheres of tidally locked planets. However,

Figure 3.4 shows that this eastward equatorial �ow requires westward �ow at high

latitudes, which is inconsistent with some GCM simulations. _e next section will

introduce the GRW mechanism to resolve this problem.
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3.2 Linear Model of the GRWMechanism

_emeridional circulation of an atmosphere is driven by a diòerence in forcing

between its equator and pole. On the Earth, it consists of multiple overturning cells

that are approximately zonally uniform. _e instellation on tidally locked planets is

not zonally uniform so the meridional circulation should vary with longitude. Some

studies have measured aspects of the meridional circulation of tidally locked planets

in simulations of hot Jupiters and sub-Neptunes (Charnay et al., 2015; Showman

et al., 2015; Mendonça et al., 2018). _ese studies did not consider the eòect of the

meridional circulation on the zonal �ow, which I will discuss here.

_e previous section showed that the linear shallow-water model of Showman

and Polvani (2010) explains the formation of equatorial superrotation, but requires

westward �ow at high latitudes to conserve angular momentum. _is is not consistent

with many GCM simulations that have eastward �ow at all latitudes at the level of

their equatorial jet (Kataria et al., 2015; Showman et al., 2015; Pierrehumbert and

Hammond, 2019). _e shallow-water model is also not consistent with the evolution

of angular momentum seen in GCM simulations. It predicts that the jet layer must

lose angular momentum, as the only exchange of momentum out of the layer is a

net loss to the lower layer via term III in Equation 3.11. Many simulations of tidally

locked planets have positive net angular momentum at the level of their jet (and in

total in their atmosphere) so contradict the linear model (Heng and Showman, 2015;

Pierrehumbert and Hammond, 2019).

Both of these problems could be resolved by a process that adds eastward acceler-

ation to the jet layer at high latitudes. _is section will suggest that the meridional

circulation is this process, forming eastward subtropical jets via the “Gierasch-Rossow-

Williams” mechanism that also produces the equatorial jet. I will demonstrate this

mechanism in a linear and non-linear shallow-water models and an idealised GCM.
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3.2. Linear Model of the GRW Mechanism

3.2.1 _e GRWMechanism on a Tidally Locked Planet

_e “Gierasch-Rossow-Williams” (GRW) mechanism was developed by Gierasch

(1975) and Rossow and Williams (1979) to describe the formation of zonal �ow in

the atmosphere of Venus (Read and Lebonnois, 2018). Figure 3.5 shows the GRW

mechanism with the momentum �uxes particular to a tidally locked planet.

_e GRW mechanism has two key parts. First, a mean meridional circulation (the

solid lines in Figure 3.5) produces westerly acceleration in its upper branch, and east-

erly acceleration in its lower branch (Vallis, 2006). On a terrestrial planet, a surface

drag acts on the resulting surface easterly �ow, producing a westerly torque on the

atmosphere. Secondly, a non-axisymmetric process in the upper branch transports

westerly angular momentum towards the equator, giving equatorial superrotation.

_e net eòect is an atmosphere with net positive angular momentum, and a westerly

superrotating equatorial jet. _e key role of the surface drag means that the mech-

anism may operate diòerently on hot Jupiters with no deûned surface, which I will

discuss in Section 3.6.

_e solid arrows in Figure 3.5 show the momentum transport of the mean merid-

ional circulation. I will explain later why this is treated as a zonal-mean process when

it varies with longitude in reality. Hot air rises at the equator and travels towards

the poles, accelerating eastward to conserve angular momentum. It falls at the poles,

and then returns to the equator, accelerating westward to conserve momentum again.

Drag from the surface applies a westerly torque to this lower branch, adding prograde

eastward momentum to the entire atmosphere.

_e net eòect of this mean meridional circulation is to produce eastward subtropi-

cal jets at high latitudes, and a total positive eastward atmospheric angularmomentum.

_e ideal mechanism applies to a planet with a global Hadley cell, avoiding the multi-

ple cells and jets seen on Earth.
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3. The Gierasch-Rossow-Williams Mechanism on Tidally Locked Planets

_e dashed lines in Figure 3.5 show the momentum transport due to the

wavenumber-1 “eddy” stationary wave response to day-night forcing (Showman and

Polvani, 2011). _e horizontal momentum �ux in Figure 3.4 transports angular mo-

mentum towards the equator. _is produces the eastward equatorial jet and applies a

westward acceleration at high latitudes, which is opposed by the eastward acceleration

at high latitudes due to the meridional circulation. I will show later that the horizontal

and vertical transports balance at the equator in equilibrium, and the horizontal eddy

transport balances the mean meridional transport at high latitudes.

_is mechanism can resolve the problems introduced at the start of this section.

_e atmosphere and jet layer gain positive net angular momentum from the drag on

the lower branch of the mean meridional circulation. _e jet layer can have eastward

�ow at all latitudes, as the westward acceleration at high latitudes in Figure 3.4 is

opposed by the eastward acceleration from the meridional circulation. Instead of

requiring westward �ow at high latitudes to balance the eastward �ow at the equator,

thismechanism requires subrotating �ow at high latitudes to balance the superrotating

�ow at the equator – but, the subrotating �ow can still be eastward.

_e idealised GRW mechanism in Figure 3.5 assumes that the meridional circula-

tion has the same zonal-mean eòect on a tidally locked planet as on an asynchronously

rotating planet like Venus. _is ignores the longitudinal variation in this circulation

due to the longitudinal variation in the equator-pole temperature gradient. In reality,

the meridional circulation will be strongest at the substellar longitude, and negligible

or even reversed on the night-side (Charnay et al., 2015). However, I will show that in

the linear limit only the zonal mean of the meridional circulation is relevant to the

momentum transport and jet formation discussed above.

Held and Hou (1980) show that the properties of the meridional circulation 0–

zonal and meridional velocities, meridional momentum �ux etc. – are linear with

response to the forcing. _is holds separately at every longitude. _e linearity of any
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3.2. Linear Model of the GRW Mechanism

Substellar PolePole

Subtropical Jet

or Retrograde Jet
Equatorial Jet

Eddy Momentum

Transport

Mean Momentum

Transport

Figure 3.5: _e Gierasch-Rossow-Williams (GRW) mechanism (Read and Lebon-
nois, 2018), applied to the atmosphere of a tidally locked terrestrial planet. _e solid
line shows the mean momentum transport, which produces subtropical jets at high
latitudes. _e dashed lines show the horizontal and vertical momentum transports,
which accelerate and decelerate the equatorial superrotation respectively. _e equator-
ward �ow at the surface produces an easterly Coriolis acceleration which is opposed
by surface drag, producing a net westerly torque on the atmospheres.

property X with respect to the forcing Q(ϕ, λ) means that for axisymmetric forcing,

the zonal mean of X has the property:

X ∼ Q = Q0 cosϕ. (3.13)

For the same forcing on a tidally locked planet, the forcing is Q(ϕ, λ) =
Q0 cosϕ sin λ on the day-side, plus a uniform relaxation on the night-side. So, the

zonal mean is:

X ∼ Q = Q0 cosϕsin λ, (3.14)

where the mean of the sin λ is only taken over the day-side, giving:

X ∼ Q0 cosϕ, (3.15)

_e zonalmean of themeridional circulation therefore depends on the zonalmean
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Figure 3.6: Acceleration terms in the zonal-mean zonal momentum equation (Equa-
tion 3.11), with an imposed uniform zonal-mean meridional velocity V(y) =
V0 sin y/y0e−y2/y2

0 , showing prograde westerly acceleration at all latitudes.

of the forcing, when the local meridional circulation depends linearly on the local

forcing. It is therefore possible to consider the zonal-mean eòect of the meridional

circulation on a tidally locked planet as entirely due to the wave-0 (zonal mean)

component of the forcing. It is possible that non-linear eòects from high forcing

magnitudes or interactions with the zonal �ow will make this assumption invalid

(Debras et al., 2019).

3.2.2 Demonstration in a Linear Shallow-Water Model

_is section demonstrates the GRW mechanism on a tidally locked planet in a

modiûed version of the linear shallow-water model of Showman and Polvani (2011).

_e model is modiûed by adding a zonally uniform meridional velocity V(y) =
V0 sin y/y0e−y2/y2

0 to represent the poleward branches of the meridional circulation.

_e meridional scale is y0 = √
2 as before and in Matsuno (1966), and the scale of the

velocity is V0 = 0.02, chosen to produce an appropriate acceleration magnitude for

this demonstration.

_e imposed meridional velocity aòects Term I in Equation 3.11, producing a

westerly acceleration at high latitudes around the peak of the imposedmeridional �ow

36



3.3. Non-Linear Model of the GRW Mechanism

V(y). _is opposes the easterly acceleration due to horizontal momentum transport

from stationary eddies in the previous linear model, producing westerly prograde

acceleration at all latitudes if the meridional velocity is large enough. In the GRW

mechanism, this re�ects the fact that the equatorward momentum transport from

stationary eddies is moving momentum from a region that is already accelerated

eastward by the meridional circulation.

So, rather than requiring easterly �ow above a certain latitude as in the linear

model of Showman and Polvani (2011), this model requires sub-rotating �ow above

a certain latitude – but, the �ow can still be eastward. Next, I will use a non-linear

shallow-water model and a GCM to demonstrate the mechanism without needing to

impose the meridional circulation, as it will emerge naturally from the forcing in the

models.

3.3 Non-Linear Model of the GRWMechanism

_is section demonstrates the GRW mechanism in a non-linear time-stepped

shallow-watermodel. _emeridional circulation and the acceleration at high latitudes

will emerge naturally from the forcing ûeld, unlike in the linear model where the

meridional velocity was imposed. I will show that the equilibrium zonal �ow is

governed by the balance of momentum �uxes predicted by the GRW mechanism.

3.3.1 Non-Linear Shallow-Water Model

_e GFDL Spectral Dynamical Core1 solves the equations describing the �uid

dynamics of a model atmosphere by representing the solution as a series of spherical

harmonic functions (Polvani et al., 2004). In this section, it is conûgured to solve

the non-linear shallow-water equations in a single layer (Showman and Polvani,
1gfdl.noaa.gov/idealized-spectral-models-quickstart/
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3. The Gierasch-Rossow-Williams Mechanism on Tidally Locked Planets

2011). _e non-linear shallow-water equations in this model2 retain the terms that are

discarded by the linear shallow-water equations in the previous section. _e model is

forced by relaxation to a radiative equilibrium height ûeld heq, where a tendency ∆h

is applied to the height ûeld h at every timestep:

∆h = ∆t(h − heq)/τrad , (3.16)

where ∆t is the timestep and τrad is the thermal damping timescale. _e only

other forcing is the correction R to the zonal momentum (Shell and Held, 2004). _e

model could apply dynamical damping to the velocity ûelds of the shallow-water

layer, but I chose not to use this damping in order to match the GCM simulations

better. Section 3.4 will show that dynamical damping is not part of the balance of

forces on the jet in the GCM.

I ran three simulations in the model which were forced by relaxation to diòerent

radiative equilibrium height ûelds heq. _e models were run for 100 days, and the

results taken over the last 10 days a�er a steady state had formed. All the tests in

this section have h0 = 10 km, ∆h = 1 km, and a thermal damping time τrad = 0.1 days.

Figures 3.7, 3.8, and 3.9 show the height ûelds and zonal-mean zonal and meridional

velocities of each test.

3.3.2 Test A: Sinusoidal Forcing

Test A was forced by relaxation to a radiative-equilibrium height ûeld that varies

sinusoidally with longitude:

heq = h0 + ∆h sin λ cosϕ. (3.17)

_is is the same as the forcing ûeld used in the linear model ofMatsuno (1966) and
2gfdl.noaa.gov/wp-content/uploads/files/user files/pjp/shallow.pdf
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Figure 3.7: Test A with sinusoidal day-night forcing, showing the equilibrium height
ûeld, the zonal-mean zonal velocity U(y) (red), and the zonal-mean meridional ve-
locity V(y) (blue). _e height ûeld shows the stationary wave response that produces
an eastward equatorial jet and westward �ow at high latitudes.
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Figure 3.8: Test B with axisymmetric forcing, showing the axisymmetric height ûeld
and the meridional velocity that produces eastward subtropical jets.
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Figure 3.9: Test C with realistic forcing, showing the stationary wave response and
the meridional velocity, which together produce eastward �ow at all latitudes by the
GRW mechanism.
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3. The Gierasch-Rossow-Williams Mechanism on Tidally Locked Planets

the non-linear model of Showman and Polvani (2011). It is a simple representation of

day-side heating and night-side cooling, but does not produce a mean meridional

circulation in the linear limit, as the zonal mean of its radiative-equilibrium forcing

ûeld has a gradient of zero.

Figure 3.7a shows the resulting height ûeld in equilibrium, which is similar to

the non-linear simulations in Figure 8 of Showman and Polvani (2011). _e model

is forced in the same way as the linear response in Figure 3.2, but the non-linearity

produces a day-night asymmetry in this case. _e stationary waves created by the

forcing transport eastward momentum towards the equator, producing an eastward

equatorial jet and westward �ow at high latitudes shown in Figure 3.7b. Note that

there is some meridional velocity due to the small day-night asymmetry from the

non-linear terms. _e stationary waves are partly shi�ed eastwards by the zonal-mean

zonal velocity. As shown in Section 3.1, the sinusoidal forcing must produce westward

�ow at high latitudes to balance the eastward �ow at the equator, so is inconsistent

with GCM simulations that can have eastward �ow at all latitudes at the level of the

jet (Showman et al., 2015; Kataria et al., 2015; Pierrehumbert and Hammond, 2019).

3.3.3 Test B: Axisymmetric Forcing

_e GRW mechanism requires a meridional circulation that produces eastward

�ow at the level of the jet at high latitudes. Shell andHeld (2004)model themeridional

circulation of the Earth in a non-linear shallow-water model with an axisymmetric

forcing with an equator-pole gradient. _is produces a meridional velocity and

eastward subtropical jets. _e single-layer model does not represent the lower branch

of the circulation, which would produce westward zonal �ow. _is will be represented

in the GCM simulations later, where the westward surface �ow will be a source of

eastward atmospheric angular momentum due to surface drag.

Test B uses a simpliûed axisymmetric ûeld to qualitatively reproduce the Earth-
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3.3. Non-Linear Model of the GRW Mechanism

like circulation in Shell and Held (2004), and to show that a forcing ûeld with a

non-zero zonal mean produces an acceleration at high latitudes. _e axisymmetric

ûeld is:

heq = h0 + ∆h cosϕ/π. (3.18)

Figure 3.8a shows the axisymmetric height ûeld in equilibrium, with a small

equator-pole height gradient due to the forcing. _e height gradient produces the

meridional velocity shown in Figure 3.8b, that results in eastward zonal subtropical

jets. Note that there is zero zonal �ow at the equator. _e next test will show how

these subtropical jets are modiûed by equatorward momentum transport from the

stationary wave forcing in Test A.

3.3.4 Test C: Realistic Forcing

Test C uses a more realistic forcing ûeld to show how the GRW mechanism

can produce eastward �ow at all latitudes. _e radiative-equilibrium ûeld (with no

heat transport from dynamics) on a tidally locked planet should be uniform on the

night-side, as there is zero instellation everywhere. In Test A, the night-side cools

preferentially at the substellar point due to the sinusoidal radiative-equilibrium ûeld.

_e more realistic radiative-equilibrium ûeld is:

heq =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
h0 + ∆h sin λ cosϕ (∣λ∣ < π/2)
h0 (∣λ∣ > π/2) (3.19)

Perez-Becker and Showman (2013) used a similar height ûeld in a model of a

tidally locked planetary atmosphere. Unlike the ûeld in Test A, the ûeld in Test C has a

non-zero zonal mean. _e zonal mean of this forcing is the same as the axisymmetric

forcing in Test B, so it should produce a similar meridional circulation. _e day-side
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3. The Gierasch-Rossow-Williams Mechanism on Tidally Locked Planets

component of this realistic ûeld is the same as the day-side of Test A, so it should

give similar stationary waves and equatorward momentum transport. Together, these

components drive the GRW mechanism – the zonal-mean forcing ûeld produces

eastward zonal �ow at high latitudes, then the stationary waves transport eastward

momentum towards the equator. _e forcing ûelds of Tests A and B are essentially

the lowest-order Fourier components of Test C, where Test B is the zeroth-order

component and Test A is the ûrst-order component.

Figure 3.9a shows the equilibrium height ûeld of Test C, which is similar to the

height ûeld of Test A. _e stationary waves are weaker on the night-side than the

day-side, which may be due to the uniform forcing on the night-side. Figure 3.9b

shows the key result of this section – eastward zonal �ow at all latitudes, as predicted

by the GRW mechanism. _is is a result of the meridional circulation producing

acceleration at high latitudes, which is too strong to be reversed by the equatorward

momentum transport that creates the equatorial jet.

Note that Test C has weaker meridional velocity than Test A, despite its eastward

�ow at all latitudes. _is is because of the diòerence in forcing ûelds between the two

tests. Test A has stronger “Eddy Horizontal” westward acceleration at high latitudes

than Test C, because it has non-uniform forcing on its night-side, which produce

tilted stationary waves there. _e uniform forcing on the night-side of Test C does not

excite strong stationary waves there, so its “Eddy Horizontal” term is eòectively only

half as strong as in Test A. Both tests reach equilibrium by adjusting their velocity

ûelds to produce a Coriolis acceleration to balance the westward acceleration at high

latitudes. _e key diòerence is that in Test A, the day-night forcing component is

unrealistically stronger than the pole-equator forcing component, unlike in Test C

where the realistic forcing ûeld gives a relatively stronger meridional circulation,

producing eastward �ow at all latitudes.

In summary, the GRW mechanism modiûes the requirement of Showman and
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3.3. Non-Linear Model of the GRW Mechanism

Polvani (2011) of westward �ow at high latitudes to a requirement of subrotating �ow

at high latitudes (see Section 2.3.2 for the deûnition of subrotation). _e next section

will investigate the balance of sources of acceleration at diòerent latitudes in Test C.

3.3.5 Equilibrium Zonal Flow

_e mechanism in Figure 3.5 describes the balance of momentum �uxes that

should determine the equilibrium state of the zonal �ow. At the equator, the hori-

zontal momentum transport from the stationary waves should balance the vertical

momentum transport from rising and subsiding air at the substellar and antistellar

points. At high latitudes, the horizontal momentum transport from the stationary

waves should be balanced by the eastward acceleration of the poleward branch of

the meridional circulation. _is section will test this mechanism in the non-linear

shallow-water model.

_e zonal-mean momentum equation in a spherical geometry is (Showman and

Polvani, 2011):

∂u
∂t

= v∗ [ f − 1
a cosϕ

∂(u cosϕ)
∂ϕ
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(3.20)

where ϕ is longitude, and all other variables are the same as before. Figure 3.10

shows each of these terms for the steady-state �ow in Test C. _e “Mean Horizontal”

term is Term I, which produces an acceleration at high latitudes due to the mean

meridional velocity. _is is primarily balanced by the “Eddy Horizontal” �ux of Term

II, which produces a westward acceleration at high latitudes as it transports eastward

momentum towards the equator. _is is the balance predicted by Figure 3.5 and
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Figure 3.10: _e terms in the zonal-mean zonal momentum equation (Equation 3.20)
for Test C with realistic forcing in the non-linear shallow-water model, showing how
equilibrium is achieved at the equator and at high latitudes. Note the same balance of
forces as in Figures 3.6 and 3.18.

shown in the linear model in Section 3.2.2. _ere is also a westward acceleration at

high latitudes from the “Vertical Transport” �ux of Term III, as the eastward �ow

subsides in the descending branch of the meridional circulation. At the equator, the

balance is between eastward acceleration due to the “Eddy Horizontal” transport

from the stationary waves, and westward acceleration due to the “Vertical Transport”

term discussed in Section 3.1. Term I is zero at the equator as there is zero meridional

velocity. _is agrees with the mechanism in Figure 3.5 and Section 3.2.2.

_ese non-linear shallow-water simulations have shown how the sinusoidal day-

night forcing produces an equatorward momentum transport, how a non-zero zonal-

mean forcing produces a meridional circulation, and how a realistic forcing combines

these processes to drive the GRW mechanism. _e realistic forcing ûeld in Test C

produces eastward �ow at all latitudes, matching the GCM simulations that could

not be explained by the model with sinusoidal day-night forcing. _e balance of

momentum �uxes at the equator and at high latitudes matched the balance predicted

by the GRW mechanism. In the next section, I will show this is also the case in

idealised GCM simulations of the atmosphere of a tidally locked planet.
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3.4 GCM Simulations of the GRWMechanism

_is section shows the formation of zonal �ow in the GCM Exo-FMS. I will

compare an idealised simulation of a tidally locked planet to a simulation of an

asynchronously rotating planet, and show that the balance of momentum �uxes in the

GCM is same as the shallow-water models in the previous section. _e next section

will use this mechanism to predict the scaling behaviour of the zonal �ow in a suite

of tests in the non-linear shallow-water model and the GCM.

Test 1 is a tidally locked planet with a pure N2 atmosphere with radius 1.0 RE ,

rotation rate ΩE/10, surface pressure 1 bar, longwave optical thickness 1.0, shortwave

optical thickness 0.0, and instellation 1000 Wm−2. _is test is an idealised, general

example of a tidally locked terrestrial planet orbiting an M-dwarf, using Exo-FMS

with semi-grey radiative transfer and dry convective adjustment. Surface drag is

represented by a linear Rayleigh drag (relaxation to zero �ow), with a timescale of 1

day at the surface. _e damping rate (the inverse of the timescale) linearly decreases

with pressure away from the surface, until it reaches 0 at 0.7ps. Further work could

examine the eòect of these parameters on the formation of the zonal �ow.

Figure 3.11a shows the equilibrium global circulation of Test 1, time-averaged

from 1000 to 2000 days of the simulation. _e global temperature and wind ûelds

show the typical superrotating jet and hot-spot shi� seen on tidally locked planets

(Showman et al., 2012; Pierrehumbert and Hammond, 2019). _e zonal-mean zonal

wind is dominated by a single equatorial jet, which is shown in Chapter 4 to produce

the hot-spot shi� by shi�ing the stationary planetary waves eastward. Note that there

is prograde eastward �ow at all latitudes of the jet in this test, which is the situation

that this chapter aims to explain.

Test 2 is an asynchronously rotating planet with otherwise the same properties as

Test 1. Its instellation is zonally uniform but has the same zonal-mean instellation

45



3. The Gierasch-Rossow-Williams Mechanism on Tidally Locked Planets

180 90 0 90 180
Longitude

90

45

0

45

90
La

ti
tu

d
e

236

244

252

260

268

276

284

T
e
m

p
e
ra

tu
re

 (
K

)

(a) Temperature and velocity ûelds.

90 45 0 45 90
Latitude

10 2

10 1

100

P
re

ss
u
re

 (
b
a
r)

10

0

10

20

30

40

M
e
a
n
 Z

o
n
a
l 
V

e
lo

ci
ty

 (
m

s
1
)

(b) Zonal-mean zonal velocity.

Figure 3.11: _e global circulation of Test 1, time-averaged from 1000 to 2000 days of
the simulation. _e temperature ûeld is at the half-surface pressure level. _is is a
typical tidally locked Earth-sized planet, with prograde zonal �ow at all latitudes at
the level of maximum jet �ow.

as Test 1. I will show that this produces the same meridional circulation on the ûrst

day of the test when the response to forcing is small and linear. Figure 3.12 shows the

global circulation of the equilibrium state of Test 2, time-averaged from 1000 to 2000

days of the simulation. _is atmosphere has an zonally uniform temperature ûeld,

and two subtropical jets produced by its meridional circulation. Its “Hadley” cells are

global due to its 10 day rotation period, unlike the more rapidly rotating Earth with

its multiple cells.

_ese two tests will show how the meridional circulation on a tidally locked

planet produces subtropical jets before the stationary waves from the day-night forcing

produce equatorial acceleration, as described by the GRW mechanism. Norton (2006)

used similar simulations to these two tests to show the formation of superrotation by

tropical heating on the Earth.

3.4.1 Initial Meridional Circulation

Section 3.2.1 suggested that the meridional circulation on a tidally locked planet

primarily depends on the zonal mean of the instellation. _is means that the longi-

tudinal variation of the instellation and circulation does not greatly aòect the GRW
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Figure 3.12: _e global circulation of Test 2, time-averaged from 1000 to 2000 days of
the simulation. _e temperature ûeld is at the half-surface pressure level. _is is an
idealised asynchronously rotating Earth-sized planet, with subtropical jets formed by
the mean meridional circulation.

mechanism. Figure 3.13 shows that this is true for the early stages of Tests 1 and 2,

when the response to forcing is small and linear. _e ûrst column shows the zonal

velocity in the ûrst day at the surface of each test, where Test 1 has diverging �ow

from the substellar point and Test 2 has weak surface westerlies forming as part of a

meridional circulation.

_e second column shows the zonal-mean zonal velocity on the ûrst day. _e two

tests have almost exactly the same zonal-mean zonal velocity, despite their diòerent

longitudinal variation. _e third column shows that they also have almost the same

streamfunction. _is supports the argument in Section 3.2.1 that only the zonal

mean of the forcing (the same in Tests 1 and 2) aòects the zonal-mean meridional

circulation in the linear limit of weak forcing. _e meridional circulation only enters

the zonal-mean zonal momentum equation (Showman and Polvani, 2011) as a zonal-

mean quantity, so the GRW mechanism can be applied to the zonal-mean circulation

without considering the actual longitudinal variation of the instellation. In reality,

as each test spins up the assumption of linearity will become less accurate as the

perturbations increase and the zonal �ow aòects the meridional circulation.

_ese tests support the use of the GRW mechanism to explain the formation
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(a) 1: Surface zonal velocity.
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(b) 1: Zonal velocity.

90 45 0 45 90
Latitude

10 2

10 1

100

Pr
es

su
re

 (b
ar

)

6

3

0

3

6

St
re

am
fu

nc
tio

n 
(k

gs
1 )

(c) 1: Mass streamfunction.
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(d) 2: Surface zonal velocity.
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(e) 2: Zonal velocity.
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(f) 2: Mass streamfunction.

Figure 3.13: Time-mean results from Tests 1 and 2, for the ûrst day a�er initialisation
from rest. _e top row shows the tidally locked planet Test 1, and the bottom row
shows Test 2, a planet with axisymmetric forcing with the same zonal mean. _e
zonal mean zonal velocity and mean mass streamfunction are the same in both cases,
despite the large diòerences in the longitudinal distribution of the forcing.

of zonal �ow on tidally locked planets. _ey show that the meridional circulation

primarily aòects the zonal �ow through its zonal mean only. _e next section will

show how the equatorward momentum transport on tidally locked planets modiûes

the subtropical jets and produces equatorial superrotation.

3.4.2 Demonstration of GRWMechanism

_is section shows the formation of zonal �ow in Tests 1 and 2, demonstrating

how the GRW mechanism adds angular momentum to the atmosphere in Test 1 and

creates eastward �ow at all latitudes. _e total atmospheric angular momentum is

(Lebonnois et al., 2012):

M = ∫
V
ua cos θdm (3.21)

where ∫V is the integral of mass over the whole atmosphere, u is the local zonal

velocity, a is the planetary radius, and θ is the latitude.
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(a) Total angular momentum.
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(b) Angular momentum in the jet layer.

Figure 3.14: _e spin-up in Test 1 of angular momentum globally and at the pressure
level where the jet is strongest, showing how both regions gain momentum over time
then equilibrate.

Figure 3.14a shows the total atmospheric angularmomentum in Test 1 as it spins up

from rest. _e only source or sink of angular momentum apart from numerical error

is the linear Rayleigh drag applied to the winds in the boundary layer near the surface.

It gains angular momentum as the surface drags the winds in the boundary layer,

then reaches equilibrium when there is suõcient eastward wind and westward torque

for no net eòect. _e total angular momentum varies over a period of hundreds of

days, with �uctuations that are small compared to the large variability in the angular

momentum of similar simulations of superrotation on Venus (Lebonnois et al., 2012).

Figure 3.14b shows the angular momentum in Test 1 in the model level of the

maximum zonal-mean zonal �ow. _e angular momentum in this level increases as

the model spins up, then reaches a positive value at equilibrium. _is contradicts the

shallow-water model in Showman and Polvani (2011) which loses angular momentum

from the level of the jet. _e positive net angular momentum is explained by the

GRW mechanism, which transports angular momentum from the surface to the

atmosphere, and to the upper branch of the meridional circulation.

Figures 3.15 and 3.16 show the development of the zonal �ow in Tests 1 and 2. Figure

3.16 shows the evolution of the �ow in Test 2, where subtropical jets form immediately
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(a) Day 1.
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(b) Day 5.
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(c) 1000 to 2000 days.

Figure 3.15: _e zonal-mean zonal velocity of the tidally locked planet in Test 1 as
it spins up from rest, forming subtropical jets before the equatorward momentum
transport produces the equatorial jet. _e time-mean ûelds on day 1, on day 5, and
from day 1000 to 2000 are plotted.

due to the mean meridional circulation, then strengthen and reach equilibrium.

Figure 3.15 shows that the same subtropical jets form initially in Test 1, but then the

stationary waves transport angular momentum towards the equator (Showman and

Polvani, 2011). Test 1 reaches an equilibrium state with a single equatorial jet and

eastward �ow at high latitudes due to acceleration from the meridional circulation.

3.4.3 Zonal Momentum Fluxes

_is section shows that the GRW mechanism explains the equilibrium zonal

momentum budget in Test 1. _e steady-state zonal-mean momentum equation is

(Lutsko, 2018):

∂u
∂t

= f [v] − [v]
a cosϕ

∂
∂ϕ

([u] cosϕ)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Ia

−[ω]∂[u]
∂p´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Ib

− 1
a cos2 ϕ

∂
∂ϕ

([u′v′] cos2 ϕ)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

IIa

− ∂
∂p

[u′ω′]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

IIb

+[Fx]²
III

(3.22)

where ω is the vertical velocity, and all other variables are the same as before.

Terms Ia and Ib are the mean horizontal and vertical momentum transport due to the

mean meridional circulation. Term IIa is the eddy horizontal momentum transport

from the stationary wave response to the stellar forcing, and Term IIb is the eddy
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(a) Day 1.
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(b) Day 5.
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(c) 1000 to 2000 days.

Figure 3.16: _e zonal-mean zonal velocity of the axisymmetrically forced planet in
Test 2 as it spins up from rest, forming subtropical jets. _e time-mean ûelds on day 1,
on day 5, and from day 1000 to 2000 are plotted.

vertical momentum transport due to vertical motion. _is vertical motion is mostly

due to air rising at the substellar point and subsiding on the night-side. Term III is

the forcing applied to the zonal winds, which in this case is the Rayleigh drag in the

boundary layer near the surface.

Figure 3.17 shows each of themomentum transport terms in Equation 3.22. Term Ia

is plotted in Figure 3.17a, which shows how the mean meridional circulation produces

an acceleration in the midlatitudes in its poleward branch and has no eòect at the

equator. _ere is a westward acceleration at the surface due to the lower branch of the

mean meridional circulation. _is produces the westward surface �ow that results in

an eastward torque on the atmosphere from the Rayleigh drag in the boundary layer.

Note that the meridional extent of this circulation depends on the rotation rate and

equator-pole forcing gradient, so it does not reach all the way to the poles unlike in

the idealised non-linear shallow-water model earlier.

Figure 3.17b shows Term Ib, where the primary eòect is the ascending branch of

the mean meridional circulation moving the equatorial jet upwards, as shown by the

deceleration below the centre of the jet and the acceleration above the centre of the

jet. _is term has zero eòect where there is zero vertical gradient in the mean zonal

�ow, so it does not aòect the maximum zonal �ow at the centre of the jet, and is not

as important as the other terms to the equilibrium state.

Figure 3.17c plots Term IIa, and shows how the stationary waves excited by the
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3. The Gierasch-Rossow-Williams Mechanism on Tidally Locked Planets

stellar forcing transport eastward momentum horizontally towards the equator. _is

produces an acceleration at the equator and a deceleration at higher latitudes. Term

IIb in Figure 3.17d shows how the vertical momentum transport decelerates the jet.

It moves stationary air up on the day-side, reducing the speciûc westerly angular

momentum of the jet. _ere is an additional deceleration on the jet from the subsiding

air on the night-side moving eastward angular momentum down and out of the jet

layer. _is produces eastward �ow at the surface, which results in a westward drag

that opposes the eastward drag on the lower branch of the meridional circulation,

resulting eventually in equilibrium.

Figure 3.18 shows each term in Figure 3.17 at 0.3 bar, near the centre of the jet. It

shows that the Terms Ia and IIa balance at high latitudes, and that Term IIb balances

Term IIa at the equator, as shown in the linear model in Figure 3.6. Terms Ia and IIa

become weak at very high latitudes, unlike the shallow-water model in Figure 3.10

where both terms are strong almost until the pole. _is is because the meridional

circulation does not extend all the way to the pole in the GCM, unlike in the ide-

alised shallow-water model. _e balance of �uxes governing the equilibrium �ow

is still the same in both models. Tsai et al. (2014) and Mayne et al. (2017) showed

similar acceleration proûles in models of tidally locked hot Jupiters, although the hot

Jupiters tended to havemore complex meridional circulation patterns and accordingly

diòerent “Mean Horizontal” acceleration distributions.

_e “Mean Vertical” acceleration of Term Ib is also diòerent to the shallow-water

models. It contributes to the eastward acceleration at the equator, opposing Term

IIb. _is appears to be diòerent to the �uxes in the shallow-water models, where

the mean vertical acceleration has no eòect. However, Figure 3.17b showed that the

mean vertical acceleration has a negligible net eòect on the strength of the jet, with

an acceleration above its centre but a deceleration below its centre. _is means that it

has no net eòect on the strength of the jet, so does not need to be considered when
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(a) Term Ia, Mean Horizontal.

90 45 0 45 90
Latitude

1.0

0.5

0.2

0.1

Pr
es

su
re

 (b
ar

)

24
16
8

0
8
16
24
32

Ac
ce

le
ra

tio
n 

(1
06  m

s
2 )

(b) Term Ib, Mean Vertical.
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(c) Term IIa, Eddy Horizontal.
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(d) Term IIb, Eddy Vertical.

Figure 3.17: _e sources of zonal acceleration in Equation 3.22, showing how diòerent
terms accelerate and decelerate zonal �ow at the equator and at high latitudes. Figure
3.18 plots these terms at 0.3 bar.

comparing to the single-layer shallow-water models. _e balance of acceleration

terms in Figure 3.18 for the GCM is therefore qualitatively the same as the balance

of terms in Figure 3.10 for the non-linear shallow-water model, matching the GRW

mechanism.

3.5 Scaling Behaviour of Zonal Jets on Tidally Locked Planets

In this section, I will use the ideas developed so far to predict how the strengths

and positions of the zonal jets in the atmospheres of tidally locked planets could

scale with planetary parameters. Perez-Becker and Showman (2013) use a similar

non-linear model to derive scaling relations for the global height ûeld and associated

day-night contrast. _is section will focus on the scaling behaviour of the strength

and position of the jets formed on tidally locked planets.
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Figure 3.18: Acceleration terms in the zonal-mean zonal momentum equation at
0.3 bar in Test 1 in Exo-FMS, showing how Terms Ia and IIa in Equation 3.22 balance
at high latitudes, and that Term IIb balances Terms IIa and Ib at the equator. _is
matches the shallow-water models in Figures 3.6 and 3.10, except for the presence of
Term Ib, which is explained in the text.

3.5.1 Non-Linear Model Scaling Relations

Equation 3.20 shows how each source of acceleration scales with the planetary

parameters. Term II drives the equatorial jet, suggesting that the jet speed should

scale like 1
h

∂
∂y [(hv)′u′] ∼ u′v′ ∼ Q2α2. Term I in Equation 3.20 drives the subtropical

jets, suggesting that they should scale like v⋆ [ f − ∂u
∂y ] ∼ v′ f ∼ Qα f .

Figure 3.19 shows the scaling of the zonal-mean equatorial and subtropical jet

speeds with the forcing strength ∆h. Each test has the same parameters as Test C

in Section 3.3, except for the magnitude of the forcing. _e ûgure shows that for

low forcing values, the equatorial jet does scale quadratically with the forcing (as

identiûed by Showman and Polvani (2011)), and the subtropical jets scale linearly. For

forcing values higher than ∆h/h0 = 0.01, the jets increases more slowly than linearity,

as non-linear eòects become more important and the weak forcing limit does not

apply. For realistic forcing values of order 0.01 (Showman and Polvani, 2011), the jets

still obey this linear scaling trend.

_is predicts that increasing the forcing (instellation) on a tidally locked planet will

increase both the equatorial and subtropical jet speeds, andwill increase the equatorial
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Figure 3.19: _e equatorial and subtropical jet speeds in the non-linear shallow-water
model, versus the magnitude Q = ∆h/h0 of the realistic forcing ûeld in Test C, where
h0 = 1 × 104 m. _e lines show ûts of the predicted quadratic scaling of the equatorial
jet, and linear scaling of the subtropic jets.

jet speed relative to the subtropical jets. In addition, the equatorial acceleration comes

at the expense of the subtropical jets due to the equatorward momentum transport,

so for very strong forcing the subtropical jets may be replaced by easterly �ow.

3.5.2 Qualitative GCM Scaling Relations

_is section will qualitatively apply the scaling relations from the non-linear

shallow-watermodel to a suite of GCMsimulations. Figure 3.20 shows the zonal-mean

zonal velocity of nine GCM simulations with diòerent rotation rates and instellation

values, adapted from Pierrehumbert and Hammond (2019). _ese tests have a range

of zonal �ow patterns, with one, two, or three jets of varying strengths and positions,

which can be explained with the scaling relations of the previous section.

Increasing the instellation in the GCM increases the forcing Q, and raises the

damping rate α due to the higher temperature. I showed previously that increasing

55



3. The Gierasch-Rossow-Williams Mechanism on Tidally Locked Planets

the forcing Q and damping α in the shallow-water model increases the strength of all

the zonal jets, and increases the strength of the equatorial jet relative to the subtropical

jets. _is explains why the GCM tests with higher instellation have strong, single

equatorial jets, with all the “hot” tests having one single jet centred on the equator.

_e “hot, 2 day” test has easterly �ow at high latitudes, as the high forcing increases

the prograde momentum transport towards the equator.

_e GRW mechanism predicts that increasing the rotation rate of the planet

should strengthen the subtropical jets, and move them to lower latitudes. _is is

conûrmed by the GCM tests, and is shown most clearly by the “cold” cases, where

increasing the rotation rate gives faster jets than are closer together. In the “hot”

simulations, the subtropical jets merge with the equatorial jet and there appears to

only be one jet. _e GRW mechanism therefore explains the qualitative behaviour of

this suite of simulations, and provides an understanding of why GCM simulations of

the atmospheres of tidally locked terrestrial planets can have one, two, or three zonal

jets of varying strengths.

3.6 Discussion

_is section discusses some complicating aspects of applying theGRW mechanism

to 3D simulations of tidally locked planets. _eGRW mechanism in Figure 3.5 assumes

that the meridional circulation is global, transporting air from the equator to the pole.

_is is not the case for a rapidly rotating planet like the Earth, which contains multiple

cells of meridional circulation. If a tidally locked planet rotated rapidly enough to

limit the meridional extent of these cells, the GRW mechanism might only operate

below a certain latitude. _is may be the case in the more rapidly rotating tests in

Figure 3.5.2, where the subtropical jets are closer to the equator and there is easterly

�ow at high latitudes. However, these tests show that a global meridional circulation
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Figure 3.20: Time-mean zonal-mean zonal �ow of a suite of tests in the GCM Exo-
FMS, showing how the equatorial and subtropical jet speeds and positions depend
on instellation and rotation rate. Reproduced with data from Pierrehumbert and
Hammond (2019).

is not strictly necessary for the GRW mechanism to function. A limited meridional

circulation still receives westerly angular momentum from the surface and transports

it to the jet layer. _e subtropical jets will be closer to the equator, and the behaviour

at high latitudes may be diòerent.

_e meridional circulation is more complicated on tidally locked gas giants like

hot Jupiters, which do not have a surface to apply a lower bound to the meridional

circulation and apply drag to its lower branch. Heng et al. (2011) and Mendonça et al.

(2018) showed that the meridional circulation of a hot Jupiter has a direct Hadley-cell

like circulation above a certain pressure level, with indirect cells below it, which is
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similar to some models of Venus (Sugimoto et al., 2019). _e equatorial superrotation

in these hot Jupiter simulations is still in the same region as the direct cells, so the

GRW mechanism may still describe the formation of the zonal �ow. Hot Jupiter

simulations still o�en apply drag to their lower boundary (Liu and Showman, 2013),

which could add angular momentum to the atmosphere and produce a meridional

circulation. _e deep atmosphere may fulûl the same role as a surface if there is no

explicit bottom drag, providing a reservoir for retrograde �ow deep down.

Finally, this chapter has not considered an important mechanism discussed in

detail for hot Jupiters by Showman et al. (2015) – the formation of westerly midlatitude

jets by baroclinic instability. _is can transport enough westerly momentum away

from the equator to reduce the strength of the equatorial jet, and even to reverse its

direction. _is could be added to theGRW mechanism as another source of horizontal

transport of zonal momentum in the layer of the jet. Laraia and Schneider (2015)

considered a similar situation on non-tidally locked planets, estimating the eòect

of both equatorward momentum transport due to equatorial waves, and transport

away from the equator due to baroclinic instability. _is additional transport is only

important for more rapidly rotating planets, and so is not important for planets such

as those simulated earlier with 10 day periods. However, in a full consideration of the

formation of zonal �ow on tidally locked planets it cannot be ignored, especially for

hot Jupiters or more rapidly rotating terrestrial planets. It may be possible to classify

planets into diòerent regimes, where either the meridional circulation, stationary

wave forcing, or baroclinic instability dominates the formation of zonal jets (Showman

et al., 2015).
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3.7 Conclusions

_is chapter has shown how the Gierasch-Rossow-Williams mechanism describes

the formation of the zonal �ow at all latitudes in simulations of the atmospheres of

tidally locked terrestrial planets. I demonstrated this mechanism in a linear shallow-

water model, a non-linear shallow-water model, and the GCM Exo-FMS. All these

models predicted that equilibrium was produced by the same balance of sources

of acceleration in the zonal-mean zonal momentum equations. _is mechanism

correctly predicted how the zonal �ow at the equator and at high latitudes scaled

with forcing in the non-linear shallow-water model. It also explained the qualitative

scaling behaviour of the strength and position of the zonal jets formed in a suite of

idealised GCM simulations.

Further work should consider the role of this mechanism in the formation of zonal

�ow in the atmospheres of hot Jupiters, which have observable features that depend

on their zonal �ow (Showman et al., 2015). _e role of the surface drag in the GRW

mechanism suggests that the presence of drag in a hot Jupiter GCM may be vital to

the form and strength of its equilibrium zonal �ow (Cho et al., 2015). Understanding

the formation process in detail would also help to understand the approximations that

are possible in accurate simulations (Mayne et al., 2019), and to predict the scaling

behaviour of observable features such as the jet speed or hot-spot shi� (Zellem et al.,

2014; Louden and Wheatley, 2015).

In conclusion, the GRW mechanism can explain the formation and equilibration

of the zonal �ow on terrestrial tidally locked planets. It allows for eastward �ow at all

latitudes, unlike the shallow-water model of Showman and Polvani (2011) that does

not match some GCM simulations. _e next chapter will investigate the eòect of this

zonal �ow on the global circulation and observable temperature distribution of the

atmospheres of tidally locked planets.
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Chapter 4

Wave-Mean Flow Interactions in Tidally
Locked Atmospheres

Most of the results here were published in Hammond and Pierrehumbert (2018).

Strong zonal eastward jets are seen in simulations of tidally locked planetary

atmospheres, and their eòects on the temperature distribution in the atmosphere

have been observed on many planets (Parmentier and Crossûeld, 2017). _is chapter

shows how a shallow-water model linearised around a zonal jet U(y) reproduces

the global circulation of simulated tidally locked planets. _is zonal �ow creates the

distinctive global circulation pattern, and controls the temperature distribution of

tidally locked planets. I will show that the eastward hot-spot shi�, which has been

observed on many planets, is due to a Doppler-shi� of the stationary waves excited

by the day-night forcing diòerence (Tsai et al., 2014).

Sections 4.1, 4.2, and 4.3 will show how the zonal �ow discussed in Chapter 3

aòects the free and forced modes in the linear shallow-water model of Showman

and Polvani (2011). In Section 4.3, I will linearise the shallow-water model about a

shear zonal �ow U(y) and its associated geostrophic height perturbation H(y). _is

diòers from Showman and Polvani (2011), who used zero background �ow U(y) = 0

and a uniform background height H(y) = H0. It also diòers from Tsai et al. (2014),

who used a uniform background �ow U(y) = U0 and a uniform background height
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H(y) = H0. Chapter 3 justiûes the eastward �ow U(y) imposed at all latitudes, which

would otherwise contradict the predicted acceleration in Showman and Polvani (2011).

In Section 4.4, I will construct the same linear model on a sphere rather than on

a beta-plane, for direct comparison with GCM simulations and real planets. I will

then use this model to predict how the observable features of the global circulation

qualitatively scale with diòerent planetary parameters. Finally, I will discuss the

mechanism behind the observable “hot-spot shi�” on tidally locked planets. I will

conclude that the shallow-water model linearised about the jet U(y) and its height

perturbation H(y), matches the results of GCM simulations and explains the form

of the global circulation and temperature distribution. Future work could consider

the non-linear wave response to forcing in this system, which Debras et al. (2019)

has shown to explain the acceleration of superrotation in hot Jupiter atmospheres

without the need for unphysical dynamical damping.

4.1 Linear Shallow-Water Model in Zonal Flow

Chapter 3 introduced the linear shallow-water equations and the stationary wave

response to the day-night forcing on a tidally locked planet. _is chapter shows how

the zonal �ow produced by this response aòects the stationary waves themselves.

In this section, I will linearise the equations about a uniform eastward zonal �ow

U(y) = U0, and show how the �ow Doppler-shi�s the maximum of the forced

response eastwards (Tsai et al., 2014).

_e linear shallow-water equations in zero background �ow (as used in Section

3) are:
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∂u
∂t

− βyv + ∂h
∂x

= 0,

∂v
∂t

+ βyu + ∂h
∂y

= 0,

∂h
∂t

+ c2(∂u
∂x

+ ∂v
∂y

) = Q(x , y).
(4.1)

whereu and v are the zonal andmeridional velocities, h is the height, and c = √
gH

is the gravity wave speed (Matsuno, 1966). As before, these are non-dimensionalised

with time scale
√

1/cβ and length scale
√
c/β, and all quantities will be assumed to

have the form f (y)e i(kx−ωt).

Linearising about the background �ow U(x , y) = U0, as an approximation to a

zonal equatorial jet, gives the following equations (Tsai et al., 2014):

∂u
∂t

+U0
∂u
∂x

− βyv + ∂h
∂x

= 0,

∂v
∂t

+U0
∂v
∂x

+ βyu + ∂h
∂y

= 0,

∂h
∂t

+U0
∂h
∂x

+ c2(∂u
∂x

+ ∂v
∂y

) = Q(x , y).
(4.2)

_ese correspond to Equation 4.1 in amoving frame, with the time derivative ∂/∂t
replaced by the material derivative ∂/∂t +U0∂/∂x (hence the Doppler-shi� analogy).

With explicit damping ∂/∂t = α and zonal derivatives ∂/∂x = ikx , these become:

(αdyn + ikxU0)u − βyv + ikxh = 0,

(αdyn + ikxU0)v + βyu + ∂h
∂y

= 0,

(αrad + ikxU0)h + c2(ikxu + ∂v
∂y

) = Q(x , y),
(4.3)

for a forcing Q(x , y) = Q0 sin(x)e−y2/2, and a uniform background �ow U(y) =
U0. Chapter 3 showed how the forced response χ = (u, v , h) is a sum of the free

modes ξm = (um , vm , hm), weighted by coeõcients am:
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χ = ∑ amξm . (4.4)

_e solutions are now the same as before, except that the complex coeõcient am

(which determines the position of each mode in the forced response) is aòected by

the background �ow:

am = 1
α − i(ωm −U0kx)bm . (4.5)

As U0 increases, the imaginary part of the denominator increases. _e relative

magnitudes of the components of the denominator of am set the position of each

mode m, as shown in Figure 4.1.

Figure 4.1a shows how for a large damping α, am is mostly real and positive, and

the mode has its maximum close to the maximum of the forcing – at the substellar

point. For a large background �ow U0, Figure 4.1c shows that am is mostly imaginary

and positive, so the maximum of the mode is close to 90° – this gives the hot-spot

shi� later on. Figure 4.1b shows the standard forced solution of Matsuno (1966), with

zero background �ow and relatively weak damping. In this case, the eigenvalues of

each mode sets the position of that mode – the lowest-order Rossby mode is close to

−90°, and the Kelvin mode is slightly to the east of the substellar point.

Equation 4.5 gives an estimate of the parameters needed for a signiûcant eastward

hot-spot shi�. _e denominator of am must have a positive imaginary part for the

forced response to appear east of the substellar point. _is imaginary part must also

have a greater magnitude than the real part α. So, for the system with α = 0.2, and

the dominant lowest-order Rossby mode having ωm ≈ 0.254, an eastward hot-spot

shi� requires U0 > 0.254 and U0 − 0.254 > 0.2. _is means that a signiûcant hot-spot

shi� requires a zonal �ow of U0 with a non-dimensional magnitude ∼ 1.
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(a) Zero background �ow
and damping α = 1.0.
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(b) Zero background �ow
and damping α = 0.2.
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(c) Background �ow U0 =

0.5 and damping α = 0.2.

Figure 4.1: _e linear responses to a forcing with magnitude Q0 = 1.0 and α = 0.2
unless speciûed. _e positions of the various modes depends on the terms in the
denominator of Equation 4.5.

4.2 Free Modes in Shear Flow on the Beta-Plane

_is section investigates the free modes of the shallow-water equations linearised

about a shear background �ow U(y) and the associated geostrophically balanced

height perturbation H(y) (corresponding to an exact balance between the pressure

gradient and velocity ûelds). I will show how the �ow aòects these free modes, which

will be important later in understanding the response to forcing in a shear �ow.

_e shallow-water systems in this section have a forcing magnitude Q0 = 1 and

equal radiative and dynamical damping rates αrad = αdyn = 0.2 (Matsuno, 1966).

Section 4.3.2 will show the eòect of varying these damping rates. _e tests in this

section show the eòect of a zonal �ow with a maximum non-dimensional speed

between 0 and 1, which was shown previously to be the speed required for a signiûcant

zonal shi� of the stationary waves. _e value of Q0 = 1 in the forcing Q(y) =
Q0 sin(x)e−y2/2 was chosen to be the same as Matsuno (1966) and Showman and

Polvani (2011), and also to produce stationary waves with similar magnitudes to the

strength of the imposed zonal jet.

Section 4.1 showed how an exact solution for the response to a forcing can be

written as a sum of the free modes of the system. An exact solution is not possible

when the system is linearised about a background �ow U(y) and H(y), but it is still

useful to interpret the approximate solution in terms of the fundamental free modes.
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I will write the free solutions to the shallow-water equations as complex functions of

latitude A(y), and the forced solutions as functions of both latitude and longitude in

the form A(y)e iδ(y)x . _e function δ(y) determines the longitudinal structure of the

forced response, and is equivalent to the phase shi� (ωm − kxU) derived earlier for a
uniform background �ow.

_e response to forcing can still be interpreted as a sum of the free modes of

the system. _e free modes of this system linearised about a shear �ow have a

diòerent latitudinal structure u(y), v(y), h(y) and diòerent eigenvalues ωm, so will

have diòerent longitudinal positions in the forced response. Linearised around the

background �ow U(y) and height H(y), the shallow-water equations are:

∂u
∂t

+ αdynu + ∂U(y)u
∂x

+ (∂U(y)
∂y

− y)v + ∂h
∂x

= 0,

∂v
∂t

+ αdynv + ∂U(y)v
∂x

+ yu + ∂h
∂y

= 0,

∂H′u
∂x

+H′ ∂v
∂y

− yU(y)v + ∂h
∂t

+ αradh + ∂U(y)h
∂x

= Q(y),
H′ = 1 +H(y).

(4.6)

_e free modes of Equation 4.6 are found by setting Q(y) = 0 and ∂/∂t = −iω,
and writing u, v , h in the form A(y)e i(kx x−ωt). Casting the resulting equations in a

matrix form gives:

⎛⎜⎜⎜⎜⎜⎜⎝

αdyn + ikxU(y) ∂U(y)
∂y − y ikx

y αdyn + ikxU(y) ∂
∂y

ikxH
′ −yU(y) +H′ ∂

∂y αrad + kxU(y)

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝

u

v

h

⎞⎟⎟⎟⎟⎟⎟⎠
= iω

⎛⎜⎜⎜⎜⎜⎜⎝

u

v

h

⎞⎟⎟⎟⎟⎟⎟⎠
,

H′ = 1 +H(y).
(4.7)

_e background state of U(y) and H(y) must satisfy Equation 4.6, when u and

h are set to U(y) and H(y). On the beta-plane, this means that the shear �ow U(y)
66



4.2. Free Modes in Shear Flow on the Beta-Plane

is geostrophically balanced by the height perturbation H(y). _e second line of

Equation 4.6 requires that for a background �ow U(y), the background state is:

U(y) = U0e−y2/2

V(y) = 0

H(y) = U0e−y2/2

(4.8)

In this model, the perturbations in the forced system apply to a single shallow-

water layer of height H0 (which is non-dimensionalised to unity). _e vertically

varying heating proûle in a planetary atmosphere technically excites a continuum of

vertical modes, each deûning a shallow-water system of diòerent H0. However, Tsai

et al. (2014) showed that almost all the energy is conûned to the lowest-order vertical

mode in this forced shallow-water system, so this approximation by a single layer is

reasonable.

4.2.1 Free Mode Eigenvalues

Appendix B describes themethods used to ûnd the freemodes of the shallow-water

system deûned by Equation 4.7 for a background �ow U(y) = U0e−y2/2 (Hammond

and Pierrehumbert, 2018). Figure 4.2 shows the real parts of the eigenvalues of the

lowest-order (i.e. largest magnitude) modes excited by the symmetric, stationary

forcing. _ese are the free Kelvin mode and the symmetric free Rossby modes of

Equation 4.7 (Matsuno, 1966). _e value and sign of these eigenvalues determine the

position of the free mode in the forced response, as discussed in Section 4.1.

As the magnitude U0 of the equatorial jet U(y) increases in Figure 4.2, all the

eigenvalues of the free modes become more positive. _is corresponds to an eastward

shi� in their position in the forced response up to a maximum of 90° east, as in

Equation 4.5. _e Kelvin mode has a positive eigenvalue for U0 = 0, so is already east
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Figure 4.2: _e eigenvalues of the free modes of Equation 4.7, showing how eastward
�ow makes the eigenvalues more positive, corresponding to an eastward shi� in the
response to forcing.
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Figure 4.3: _e meridional structure of the free Kelvin mode, with and without a
background shear �ow (Hammond and Pierrehumbert, 2018). _e �ow introduces a
non-zero meridional velocity.
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Figure 4.4: _e meridional structure of the free Rossby mode, with and without a
background shear �ow (Hammond and Pierrehumbert, 2018). _e shear aòects the
meridional structure, eòectively changing the y coordinate (Boyd, 1978).
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of the substellar point. _is eigenvalue becomes larger as U0 increases, so the Kelvin

mode moves further east in the forced response.

_e Rossby modes of diòerent order m shi� by diòerent amounts. Tsai et al.

(2014) showed that in a uniform background �ow, the n = 1 Rossby mode is shi�ed

eastwards towards 90°, producing the hot-spot shi� (reproduced in Figure 4.1). In

fact, Figure 4.2 shows that in this non-uniform �ow U(y), the n = 1 Rossby mode

eigenvalue becomes less negative but does not become positive for U0 = 1.0. _is

means that it is shi�ed east from its original position in the forced response, but is

not shi�ed past the substellar point.

_e higher order Rossby modes are shi�ed further past the substellar point by

the �ow U(y), as shown by their positive eigenvalues for high enough �ow speed

U0. _e modes of higher order are shi�ed further, but contribute less strongly to the

forced response (Matsuno, 1966). _erefore, the response to forcing calculated below

will be interpreted in terms of the free modes up to the n = 5 symmetric Rossby mode,

as the contribution of the higher-order modes is negligible.

_e background shear �ow also changes the latitudinal structure of each free

mode. Figures 4.3 and 4.4 show the lowest-order free solutions of Equation 4.7. _ese

Kelvin and Rossby modes are slightly diòerent to the free modes in zero background

�ow (Matsuno, 1966). _e shear �ow changes these solutions by adding higher order

meridional structure, as discussed in more detail in Boyd (1978). In summary, the

free modes respond to a shear zonal �ow in a qualitatively similar way to the uniform

zonal �ow in Section 4.1, but the details of their structure and shi�s vary depending

on the mode m.

4.2.2 Unstable Modes

_e eigenvalues of the free modes of this system come in pairs, if there is no

damping. _ey have equal and opposite positive and negative imaginary parts. _e
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modes with positive imaginary parts will grow unstably (Wang and Mitchell, 2014;

Ribstein et al., 2014). For non-zero damping, the imaginary parts will become more

negative, making some free modes stable for large enough damping.

Technically, these unstable modes mean that any linear initial value problem in

this system is not well posed, as it will eventually be dominated by the most unstable

modes rather than the stationary response discussed elsewhere. However, the non-

linear shallow-water calculations and GCM simulations in other chapters show that

the linear stationary response still appears to dominate. _is suggests that in reality

the unstable modes are strongly damped or reach equilibrium due to nonlinear eòects.

_is suggests they will not be important for strong forcing that produces a non-linear

response (Qαrad > 0.1), or for dynamical damping of a higher magnitude than the

imaginary part of the eigenvalue of the mode. If present in the atmospheres of real

tidally locked planets, these modes, could cause observable time-variable behaviour

(Armstrong et al., 2016; Pierrehumbert and Hammond, 2019).

4.3 Forced Response in Shear Flow on the Beta-Plane

_is section shows the eòect of a background shear �ow on the response to forcing

in this linear model, which is the main result of this chapter. I will show the forced

solutions with and without a background shear �ow, discuss the form of the global

circulation, and compare the shallow-water solutions to GCM simulations.

Figure 4.5 shows a GCM simulation of a tidally locked planet, with the features

typical to such atmospheres. _is planet is an idealised example of a terrestrial planet

orbiting an M-dwarf, with radius 1.0 RE and orbital period of 10 Earth days. It has an

N2 atmosphere with surface pressure 1 bar. In the semi-grey radiative transfer scheme,

it has a longwave optical thickness of 1 and a shortwave optical thickness of 0. _e

large-scale features of the global circulation are not sensitive to these parameters, and
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Figure 4.5: _e time-mean height ûeld from a simulation of a tidally locked planet
in the GCM Exo-FMS, showing the typical eastward equatorial jet, shi�ed hot-spot,
and night-side stationary Rossby waves.

similar circulation patterns are seen in simulations of very diòerent types of tidally

locked planet (Showman et al., 2012; Heng and Showman, 2015).

4.3.1 Response to Forcing

_e stationary response to steady forcing of Equation 4.6 is found by setting

Q(y) = Q0e−y2/2 (Matsuno, 1966) and ∂/∂t = 0, giving the linear system of equations:

⎛⎜⎜⎜⎜⎜⎜⎝

αdyn + ikxU(y) ∂U(y)
∂y − y ikx

y αdyn + ikxU(y) ∂
∂y

ikxH
′ −yU(y) +H′ ∂

∂y αrad + kxU(y)

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝

u

v

h

⎞⎟⎟⎟⎟⎟⎟⎠
=
⎛⎜⎜⎜⎜⎜⎜⎝

0

0

Q(y)

⎞⎟⎟⎟⎟⎟⎟⎠
,

H′ = 1 +H(y).
(4.9)

_e eastward zonal �ow is U(y) = U0e−y2/2, where U0 is a free parameter. _e

equatorial Rossby radius of the planet sets the meridional scale of the beta-plane

system, and by extension the scale of the forcing and width of the jet. _is means

that this beta-plane solution is limited to planets where the equatorial Rossby radius

is comparable to the planetary radius and the width of the jet. _ese conditions are
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(a) _e response to forcing in zero back-
ground �ow (Matsuno, 1966).

(b) _e response to forcing in background
�ow U(y) = U0e−y2/2, U0 = 1.0.

Figure 4.6: _e eòect of a background shear �ow U(y) on the forced solutions
of Equation 4.9. _e eastward �ow Doppler-shi�s the maximum of the response
eastwards, producing the hot-spot shi� seen in GCM simulations (Tsai et al., 2014).

met on many realistic tidally locked planets, making the beta-plane solution a useful

approximation (Pierrehumbert and Hammond, 2019). I will extend the solution to a

spherical geometry without these limitations later in this chapter.

For the stationary solutions in this section, the non-dimensional damping rate

is α = 0.2 (Matsuno, 1966) and the non-dimensional forcing magnitude is Q0 = 1.0.

_e magnitude of the zonal �ow U0 is varied between 0 and 1, as it was shown

earlier that U0 ∼ 1 is required for a signiûcant hot-spot shi�. As in Section 4.3, the

geostrophically balanced background state is U(y) = U0e−y2/2 and H(y) = U0e−y2/2.

Solving Equation 4.9 with the method described in Appendix B gives the u, v, and h

ûelds that satisfy these equations.

Figure 4.6 shows the eòect of the shear �ow U(y) on the response to day-night

forcing. _is is the main result of this chapter, as it shows how the �ow produces

the global circulation pattern on a tidally locked planet in Figure 4.5. _e ûrst plot,

Figure 4.6a, shows the response to forcing in zero background �ow. _is is exactly

the same as the linear solutions in Matsuno (1966) and Showman and Polvani (2011),

which were used in Chapter 3 to calculate the initial acceleration of these atmospheres.

_is linear solution does not match the height ûeld and velocities in Figure 4.5. In
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particular, the “hot-spot” and cold (low height) Rossby waves are in diòerent places

in the shallow-water solution and in the GCM simulation.

_e second plot, Figure 4.6b, shows the response to forcing in the shear �ow U(y)
and height ûeld H(y), which models the equilibrium state of the atmosphere. _is

qualitatively matches the GCM simulations in Figure 4.5, with the “hot-spot” shi�ed

east and the cold Rossby waves in the same places. I suggest that the solution in zero

background �ow in Showman and Polvani (2011) predicts the initial acceleration

of the atmosphere, which forms a zonal jet that modiûes the response to day-night

forcing, producing the global circulation pattern and the hot-spot shi� as in Tsai et al.

(2014).

4.3.2 Eòect of Damping

_e linear shallow-water model has several free parameters. I discussed the choice

of the forcing strengthQ0 and jet speedU0 earlier. _e strengths of the free parameters

αrad and αdyn, the radiative and dynamical damping rates, aòect the magnitude and

form of the response to forcing. I previously showed that a very strong αrad gives

a response to forcing centred at the substellar point, but that for realistic radiative

damping rates (Showman and Polvani, 2011) the solution is similar to that in Figure

4.6. _e solution in Figure 4.6 assumed that αrad and αdyn were equal, which allows

an analytic solution but is not physically justiûed.

_e linear radiative damping αrad has a realistic physical basis, but the linear

dynamical damping αdyn does not. It could be considered an approximation to eòects

like eddy viscosity, magnetohydrodynamic damping, or the eòect of nonlinear terms

(Heng and Workman, 2014). _is section tests the eòect of varying this damping rate,

motivated by the uncertainty in the realism of a linear dynamical damping.

Figure 4.7 shows the response to forcing when the dynamical damping rate αdyn

is set to zero, with the same parameters as the solutions in Figure 4.6 otherwise. _e
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(a) Forced response in zero �ow, with zero
dynamical damping.

(b) Forced response in shear �ow U(y) =
U0e−y2/2, U0 = 1.0.

Figure 4.7: _e forced response in zero background �ow and a shear background
�ow, for dynamical damping αdyn = 0. _ese plots have the same form as those in
Figure 4.6, showing that the dynamical damping is not critical.

ûrst panel shows the solution in zero background �ow, where the Kelvin response

(the peak on the equator, in the previous plot) is suppressed in comparison to the

Rossby response (oò the equator). _is results in tilts in the velocity ûeld in the

opposite direction to the ûrst panel of Figure 4.6. _is would produce westward

acceleration according to the zonal-mean momentum equation from Showman and

Polvani (2011) discussed in Section 3.1, suggesting that this linear model requires

unphysical dynamical drag to produce equatorial superrotation. _e same issue was

seen in Komacek and Showman (2016). However, Debras et al. (2019) showed that

non-linear waves in a similar system produced by day-night forcing can have the

“correct” tilt for eastward acceleration, even when there is no dynamical damping (and

that the resulting acceleration proûle is similar to the linear case). _is suggests that

the linear model with dynamical damping is a convenient and simple representation

of the more complex non-linear waves in reality.

_ere is no such issue in the the second panel, which shows the response to

forcing in the shear background �ow U(y) = U0e−y2/2 and associated height ûeld

H(y). Despite the lack of dynamical damping, this response is qualitatively similar

to the equivalent plot in Figure 4.6._is suggests that once the zonal �ow has formed,
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(a) Zero background �ow, U(y) = 0. (b) Uniform background �ow, U(y) = U0.

(c) Height ûeld H(y) balancing U0. (d) Sum of panels (b) and (c).

Figure 4.8: Height ûelds of various responses to forcing, showing how the sum of the
Doppler-shi�ed height ûeld and the height ûeld due to the zonal jet produces the
distinctive pattern in Figures 4.5 and 4.6.

dynamical damping is not required to make the shallow-water model match the GCM

simulations.

_e qualitative form of the forced solution does not depend strongly on the choice

of the parameters αrad and αdyn. _e dynamical damping αdyn does not have a clear

physical basis, but is useful to include for a simpler solution that is closer to the

analytic result in Matsuno (1966).

4.3.3 Hot-Spot Shi� Mechanism

I have shown that the shallow-water response to forcing in a shear �ow U(y)
qualitatively matches a GCM simulation of a tidally locked planet. _is section shows
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how the �ow modiûes the global circulation.

Figure 4.8 explains how the solution in a shear �ow is built up from two main

eòects. _e ûrst panel shows the response to forcing in zero �ow, with the same

solution as Matsuno (1966). _e second panel shows the response to forcing in a

uniform �ow U0 (the same as the last panel of Figure 4.1). _is �ow shi�s the Rossby

and Kelvin modes eastwards, as explained in Section 4.3 (Tsai et al., 2014). _e

third panel shows the zonally uniform height perturbation H(y) that geostrophically

balances the zonal �ow.

_e fourth panel shows the sum of the second and third panels. East of the

substellar point, the on-equator maximum and oò-equator maxima combine to

form a large, meridionally continuous “hot-spot”. West of the substellar point, the

equatorial maximum and oò-equator minima combine to increase the meridional

height gradient. _is preserves the oò-equator cold Rossby lobes, unlike on the

day-side where the hot Rossby lobes are subsumed into the hot-spot. Both of these

features are in the same place as in the GCM simulations in Figure 4.5.

_is combination of eòects also explains the velocities in Figure 4.5. On the

equator west of the substellar point, the eastward Rossby wave velocities combine

with the eastward zonal jet to give strong eastward �ow. East of the substellar point,

the westward Rossby wave velocities on the equator oppose the jet, leading to the

region of weak zonal �ow east of the substellar point in Figure 4.5. _is simple model

of the global circulation as the sum of the wave-0 jet and the wave-1 forced response

will be used later to show how the observable temperature distribution scales with

planetary parameters.
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4.4 Forced Response in Shear Flow on a Sphere

_e forced linear system on a beta-plane is useful for an intuitive understanding of

the wave-mean �ow interactions, as it is closely linked to the simple analytic equatorial

wave solutions of Matsuno (1966). _e beta-plane is less useful for direct comparison

with real planets or GCM simulations, as the assumption of a linear Coriolis parameter

is inaccurate at high latitudes. It also does not directly represent the latitudinal

direction or the eòect of rotation rate, as the y-coordinate is non-dimensionalised

to the equatorial Rossby radius. _e system is therefore only appropriate for tidally

locked planets where the Rossby radius is similar to the planetary radius.

_is section shows the response to forcing for a shallow-water system in a spherical

geometry. _is represents the same physical system as the earlier beta-plane model,

but is more directly comparable to GCM simulations, as it does not require that the

equatorial Rossby radius is comparable to the planetary radius.

_e shallow-water equations on a sphere, linearised about a zonally uniform

background �ow U(ϕ) and height H(ϕ) are (Dunkerton, 1990; Iga and Matsuda,

2005):

∂u′
∂t

+ ∂ (Uu′)
a cos θ∂λ

+ v′ ∂U
a∂θ

− Uv′ tan θ
a

= 2Ωv′ sin θ − g∂h′
a cos θ∂λ

,

∂v′
∂t

+ ∂ (Uv′)
a cos θ∂λ

+ 2Uu′ tan θ
a

= −2Ωu′ sin θ − g∂h′
a∂θ

,

∂h′
∂t

+ v′ ∂H
a∂θ

+U ∂h′
a cos θ∂λ

+H∇H ⋅ v′ = 0,

(4.10)

where h is the height of the layer, v = (u, v) is the velocity, θ is latitude, λ is

longitude, t is time, a is radius, g is gravity, and Ω is angular velocity. _e forcing due

to the day-night instellation is approximated as F = F0 cos θ sin λ. Overbars denote

zonal-mean quantities, which are the background zonal �ow and the associated height

ûeld, and dashes denote perturbations to this background state.
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_e background state is stationary and in gradient wind balance (i.e. now in-

cluding a term U 2

a tan θ representing centrifugal force), satisfying the meridional

momentum equation in Equation 4.10, which gives a diòerent condition to the back-

ground height on the beta-plane:

1
a

∂
∂θ

(H + hg) = −(2ΩU sin θ + U2

a
tan θ) . (4.11)

_e perturbed variables are wavelike in longitude and are uniformly damped, so

are proportional to e i(mλ−σ t), where σ = iα. All variables are non-dimensionalised

with velocity scale 2Ωa, height scale (2Ωa)2/g and time scale 1/(2Ω), and denoted
as such by an asterisk. _is gives the following non-dimensional shallow-water

equations:

α∗u∗m + imU∗u∗m
cos θ

+ v∗m
∂U∗

∂θ
−U∗v∗m tan θ = v∗m sin θ − imh∗m

cos θ
,

α∗v∗m + imU∗v∗m
cos θ

+ 2U∗u∗m tan θ = −u∗m sin θ − ∂h∗m
∂θ

,

α∗h∗m + imU∗ h∗m
cos θ

= − є∗
cos θ

[imu∗m + ∂
∂θ

(cos θv∗m)] ,
(4.12)

where є ≡ (2Ωa)2/gH is Lamb’s parameter, which in this system determines the

strength of the eòect of the rotation of the planet (Longuet-Higgins, 1968). _is

parameter was not present in the beta-plane system, where the eòect of the rotation

rate on the system was non-dimensionalised out by setting the meridional coordinate

to the equatorial Rossby radius. I will show the eòect of varying the rotation rate later

in this section.

Appendix B shows how these coupled equations can be combined into a version

of Laplace’s tidal equation for the variable µ = sin θ (Dunkerton, 1990), modiûed to

include the eòect of the background shear �ow:
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∂2ϕ∗m
∂µ2 − B (σ∗, µ) ∂ϕ∗m

∂µ
− A(σ∗, µ)ϕ∗m = F(θ , x)

iσ
, (4.13)

where

A(σ∗, µ) ≡ 1
1 − µ2 [m(m + 1) −mµ 1

∆∗
∂∆∗
∂µ

+ є∆∗

+ m
∆∗σ̂∗

( f ∗1 ∂∆∗
∂µ

− ∆ ∗ ∂ f ∗1
∂µ

)],
B (σ∗, µ) ≡ 1

∆∗
∂∆∗
∂µ

+ 2µ(m + 1)(1 − µ2) ,

∆∗ ≡ f ∗1 ζ
∗ − σ̂∗2.

(4.14)

Appendix B shows how Equation 4.13 is solved with the Chebyshev pseudo-

spectral collocation method used in Wang et al. (2016) to ûnd the eigenfunctions of

Laplace’s tidal equation on a sphere (Longuet-Higgins, 1968; Dunkerton, 1990).

_e free parameters of the system are the forcing strength F0, damping rate α,

rotation rate Ω, radius a, gravity g, and background heightH0. _e background �ow is

set by the jet speedU0 and jet width L jet , for a �ow proûleU = U0 exp(−µ2/L jet) cos θ
where µ = sin θ. _is proûle was chosen to be similar to the zonal �ow proûle used in

the beta-plane model above, which itself was chosen to approximate the zonal �ow in

the example GCM simulation shown previously. _e default parameters of F0 = 0.3,

α = 0.6, Ω = 1.0, a = 1.0, g = 2.0, H0 = 1.0, U0 = 0.75, and L jet = √3 were based on

the GCM simulation in Figure 4.5.

Figure 4.9 shows the eòect of the background zonal �ow U on the response to

day-night forcing in a spherical geometry. _e background �ow Doppler-shi�s the

maximum of the wave response eastwards, as was the case in Figure 4.6 on the beta-

plane, and adds a zonally uniform height perturbation centred on the equator. _e

resulting response to forcing is qualitatively similar to the simulation in Figure 4.5.
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(a)_e forced solution with zero background
�ow, similar to the beta-plane solution in
Matsuno (1966) .
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(b)_e forced solution with background �ow
U0 exp(−µ2

/L jet) cos θ, U0 = 0.75, match-
ing the simulations in Figure 4.5.

Figure 4.9: _e eòect of a background shear �ow U(ϕ) on the forced solutions of
Equation 4.10, matching the form of the beta-plane solutions in Figure 4.6.

4.5 Scaling Relations

_eprevious section showed how the global circulation on a tidally locked planet is

a combination of a wave-0 jet and a wave-1 response to day-night forcing. _is section

considers how each of these components depend on planetary parameters, to predict

how the global circulation and temperature distribution scales with these parameters.

Komacek and Showman (2016) and Zhang and Showman (2017) produced 1D scaling

relations based on a balance of advective and radiative timescales on the equator

to predict how observables such as hot-spot shi� and day-night contrast scale with

planetary parameters. _is section derives similar 1D scaling relations using the

shallow-water model, discusses the 2D scaling of the global circulation, and compares

these predictions to GCM simulations.

4.5.1 1D Scaling Relations

Reducing the 2D shallow-water system to a 1D system on the equator gives an

analytically solvable system, which provides simple predictions of the observable

hot-spot shi� and day-night contrast. Setting ϕ = 0, retaining only the damping and

advection terms, and discarding the term in u to show only the eòect of U , the third
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line of Equation 4.6,

∂H′u
∂x

+H′ ∂v
∂y

− yU(y)v + ∂h
∂t

+ αradh + ∂U(y)h
∂x

= Q(y), (4.15)

becomes

∂h
∂t

+ αh + ∂U0h
∂x

= Q0. (4.16)

_e stationary wave-1 response is found by setting ∂/∂t = 0 and ∂/∂x = ikx :

− αh(y = 0) + ikxU0h(y = 0) = Q0. (4.17)

So, the on-equator height perturbation h(x , y = 0) = h(y = 0)e ikx x is:

h(x , y = 0) = Q0

α2 + k2
xU2

0
(−α cos(kx x) + kxU0 sin kx x). (4.18)

_is is a sinusoidal height perturbation on the equator, with magnitude

h0 = α + kxU0

α2 + k2
xU2 Q0. (4.19)

_e hot-spot shi� x0 is at the maximum of this sinusoidal curve, where ∂h/∂x = 0:

x0 = 1
kx

tan−1(kx
U0

α
). (4.20)

_is is the same as the simplest approximation of the hot-spot shi� calculated

by Zhang and Showman (2017), λs = tan−1( τrad
τadv

), (where τrad corresponds to 1/α and
τadv corresponds to kx/U0). Equation 4.20 predicts that the hot-spot shi� varies

between 0° and 90° east of the substellar point. _ere are two similar ways to interpret

this physically. First, the size of the shi� can be seen as a balance between the jet

transporting heat eastwards according to the advective timescale τadv , and the heat
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(a) F0 = 0.1, giving a weak wave-1 component
and a more zonally uniform ûeld.
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(b) F0 = 1.0, giving a strong wave-1 compo-
nent and a less zonally uniform ûeld.

Figure 4.10: Spherical solutions with low and high forcing F0, showing how this
aòects the strength of the wave-1 component relative to the unchanged wave-0 jet
component, aòecting the longitudinal variation and day-night contrast.

radiating away according to the radiative timescale τrad (Komacek and Showman, 2016;

Zhang and Showman, 2017; Hammond and Pierrehumbert, 2017). Or, as discussed

above, they can instead be seen as a balance of the �ow U0 shi�ing the stationary

waves 90° out of phase with the forcing, versus the damping αrad bringing them in

phase with the forcing (Tsai et al., 2014; Hammond and Pierrehumbert, 2018). Section

4.6 discusses these two mechanisms in more detail.

4.5.2 2D Scaling Relations

_is section shows how the forcing strength, damping rate, and rotation rate aòect

the global circulation in the linear shallow-water model on a sphere. _e spherical

shallow-water model is better suited to this than the beta-plane model, as it includes

the eòect of rotation rate. In the next section, I will show how this qualitatively

explains the global circulation of a suite of GCM tests.

Figure 4.10 shows the eòect of varying the forcing magnitude F0 in a system with

all other parameters the same as those in Figure 4.9b. _e case with low F0 has a weak

wave-1 height ûeld due to the day-night forcing compared to its wave-0 height ûeld

due to the jet, so the global height ûeld is very zonally uniform. In contrast, the case

with high F0 has a much stronger wave-1 height ûeld so varies greatly with longitude.
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_e hot-spot shi�s are the same in both cases, as the Doppler-shi� is not aòected.

_e phase curve of the case with high F0 would have a much larger magnitude than

weakly forced case, but their phase shi�s would be the same. If the atmosphere is in

hydrostatic equilibrium, the height ûeld corresponds to the temperature ûeld, so is

observable through the thermally emitted phase curve. A caveat is that the thermal

emission from an atmosphere corresponds to its photosphere, or can be from a range

of diòerent pressure levels, so these idealised height ûelds may not be observed in

reality. Chapter 5 investigates the behaviour of thermal phase curves in more detail

for the planet 55 Cancri e.

Figure 4.11 shows the eòect of varying the damping rate α in the same system. _e

case with low damping is similar to the case with high forcing, as it also increases

the strength of the wave-1 ûeld relative to the zonally uniform ûeld. _e case with

high damping has a weak wave-1 response, and a smaller hot-spot shi� as the high

damping rate brings the maximum more closely into phase with the forcing. _e

weakly damped case would have a phase curve with a large amplitude and large phase

shi�, while the strongly damped case would have a small amplitude and a small phase

shi�.

Figure 4.12 shows the eòect of the rotation rate Ω. Ω scales the magnitude of

the zonally uniform height perturbation due to the jet, due to the f dependence in

Equation 4.11. _is means that Ω has the same leading-order eòect as F0, scaling the

magnitude of the zonally uniform height perturbation relative to the wave-1 forced

response. _e case with low Ω would have a phase curve with a large amplitude and

large phase shi�, while the case with high Ω would have a smaller amplitude.

4.5.3 GCM Scaling Relations

_ese shallow-water solutions predict how the GCM should respond to changes

in its input parameters. Figure 4.13 shows a suite of tests in Exo-FMS that vary
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(a) α = 0.2, giving a strong wave-1 compo-
nent and a large hot-spot shi�.
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(b) α = 2.0, giving a weak wave-1 component
and a smaller hot-spot shi�.

Figure 4.11: Spherical solutions with low and high damping α, showing how this
aòects the strength of the wave-1 component and the magnitude of the Doppler-shi�
of the wave components.

(a) Ω = 0.3, giving aweak wave-0 component
and a large day-night contrast.
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(b) Ω = 3.0, giving a strong wave-0 compo-
nent and a small day-night contrast.

Figure 4.12: Spherical solutions with low and high rotation rate Ω, showing how this
aòects the magnitude of the wave-0 height perturbation H(ϕ) balancing the imposed
shear �ow U(ϕ).
the instellation and rotation rate of the test plotted in Figure 4.5. _e instellation

corresponds to the forcing strength in the shallow-water model, and also indirectly

aòects the radiative damping rate via the atmospheric equilibrium temperature.

Changing the forcing, damping, and rotation rate has the same qualitative eòects

in these GCM tests as in the shallow-water model. Increasing the forcing makes the

atmospheres hotter, giving larger day-night temperature diòerences (matching the

shallow-water solutions with high forcing). _e colder tests are more zonally uniform,

as their jets dominate the global height ûeld. _e more rapidly rotating tests are also

more zonally uniform, as this increases the zonally uniform height perturbation of
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Figure 4.13: _e temperature at the 500 mbar level from a suite of simulations of
tidally locked planets with 1 bar atmospheres in the GCM Exo-FMS, with diòerent
stellar constants and rotation periods. All other parameters are the same as those in
Figure 4.5. Reproduced with data from Pierrehumbert and Hammond (2019).

the jet, due to its dependence on Ω in Equation 4.11. _is is especially clear in the

“cold” tests, where the more rapidly rotating tests are very zonally uniform.

In the shallow-water model, an increased damping rate gives a smaller hot-spot

shi�, as it brings the wave response into phase with the forcing. In theGCM, the colder

tests have a low damping rate so all have hot-spots shi�ed further east. _e hotter

tests have higher damping rates so have smaller hot-spot shi�s – this is especially

clear in the 2 day cases. Chapter 5 also shows the eòect of damping, where varying

the mean molecular weight of the atmosphere aòects the damping rate and changes

the hot-spot shi�.
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4.6 Discussion

Section 4.5.1 showed how the hot-spot shi� can be interpreted either as caused by

advection of heat by the equatorial jet, or caused by a Doppler-shi� of the stationary

waves excited by the day-night forcing. _ese mechanisms are similar on some level,

giving the same scaling behaviour on the equator as shown previously. However, they

are physically diòerent ideas and should have diòerent eòects. If advection by the

jet produces the shi� then the temperature and tracer ûelds in GCM simulations

should be closely coupled. But, if the temperature ûeld is instead set by the stationary

wave pattern, it could be diòerent to the distribution of tracers advected by the �ow.

Comparing temperature distributions to cloud distributions via thermal and optical

phase curves could help distinguish these mechanisms.

_is chapter suggests that the Doppler-shi� of the waves is the appropriate mech-

anism, as it explains the global temperature and velocity distribution of the GCM

simulations. Figure 4.14 shows eddy ûelds (i.e. with the zonal mean subtracted at

every latitude) from the GCM simulation of a tidally locked planet shown in Figure

4.5. _is preserves the dominant wave-1 component forced by the day-night heating.

Comparing Figure 4.14 with Figure 4.8 or Figure 4.9 shows how the wave solutions

match the GCM results. _e cold, anticlockwise Rossby waves are shi�ed to −90° in

the GCM, matching the shi�ed pattern in Figure 4.8b rather than the non-shi�ed

pattern in Figure 4.8a. _e wave-based mechanism also explains the weak zonal �ow

east of the substellar point in the GCM simulation in Figure 4.5 – the mean eastward

zonal jet cancels with the local westward �ow due to the waves shown in Figure 4.14

_is Doppler-shi� mechanism was ûrst put forward for tidally locked planets by

Tsai et al. (2014), for a zonally uniform �ow. _is chapter generalised the mechanism

to the case of a zonally varying �ow and an associated height perturbation, which

was needed to fully match the global circulation in the GCM simulations. Advection
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of heat by the jet will still have some eòect on the circulation, but the wave-based

picture matches the circulation well enough that any advection eòects appear to

be minor. I have compared the shallow model to GCM simulations of a particular

idealised planetary atmosphere, but very similar �ow and wave patterns are seen in

other studies of a variety of planets (Charnay et al., 2015; Heng and Showman, 2015;

Kataria et al., 2014; Mayne et al., 2017; Boutle et al., 2017).

A compelling result of studying geophysical �uid dynamics on exoplanets is

the possibility of plotting trends in atmospheric behaviour for classes of similar

planets, as this is not possible with the individual data points of disparate Solar

System planets. Komacek et al. (2017) showed that the fractional day-night contrast

A = (Tday − Tnight)/Tday of many observed hot Jupiters increases with planetary

equilibrium temperature. _is is consistent with the discussion in Section 4.5.2,

which shows in Figure 4.10 how increased forcing gives a stronger wave-1 response

than the wave-0 jet height ûeld, giving a larger day-night contrast.

Komacek et al. (2017) also showed that the hot-spot shi� on hot Jupiters decreases

with increasing equilibrium temperature. _is is consistent with Section 4.5.2, which

predicted a decreased hot-spot shi� at higher temperatures due to increased radiative

damping. It is also consistent with the GCM simulations in Figure 4.13, where the tests

with higher temperature had smaller hot-spot shi�s. Komacek et al. (2017) explained

this trend as an increased damping rate giving a smaller shi� as it dominates the

heat transport via advection. _is chapter instead explains the trend as due to the

increased damping moving the stationary wave response into phase with the forcing,

due to Equation 4.5. As the number and quality of these observations increase, it will

become possible to test the predictions of diòerent descriptions of global circulation,

such as the advection-based versus wave-based mechanisms discussed here.
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Figure 4.14: _e time-mean eddy temperature, velocity, and streamfunction ûelds
(where the zonal mean at that latitude is subtracted from each point) on the half-
surface pressure level of the GCM simulation shown in Figure 4.5. _ese plots match
the “eddy” shallow-water response in Figure 4.8, before the zonally uniform jet is
added.

4.7 Conclusions

_is chapter showed how the zonal �ow discussed in Chapter 3 produces the

hot-spot shi� and global circulation pattern of the atmospheres of tidally locked

planets. I used a shallow-water model linearised about an equatorial jet U(y) to show

how the �ow Doppler-shi�s the stationary waves excited by the day-night forcing.

_ese waves combine with the zonally uniform jet to give the distinctive circulation

pattern produced by GCM simulations.

Varying the parameters of the shallow-water model showed how the global circu-

lation and temperature distribution scales with planetary parameters. _is predicted

scaling relations for observables such as day-night temperature contrast increasing

with temperature, and hot-spot shi� decreasing with temperature. _ese predictions

are similar to the advection-based scaling of Komacek et al. (2017) and Zhang and

Showman (2017), but have a diòerent physical mechanism. I suggest that the wave-

based mechanism is a better description of the global circulation and hot spot shi�

than the advection-based mechanism. Further observations could test the predictions

of these mechanisms to ûnd which is a better model.
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_e next step will be to use the linear model to predict the equilibrium �ow speeds

and global temperature ûelds of tidally locked planets. _e model could also be used

to ûnd the free modes in their atmospheres, then to compare these to the travelling

waves and instabilities seen in simulations and observations (Pierrehumbert and

Hammond, 2019; Armstrong et al., 2016; Jackson et al., 2019).

_is chapter showed how the interaction between the equatorial jet and the station-

ary waves excited by the instellation produces the global circulation and temperature

distribution in the atmosphere of a tidally locked planet. _e rest of this thesis will

apply this theory to a case study of the planet 55 Cancri e, comparing simple models

and numerical simulations to observations of its temperature distribution.
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Chapter 5

Linking the Climate and_ermal Phase
Curve of 55 Cancri e

Most of the results here were published in Hammond and Pierrehumbert (2017).

_e ûrst thermal phase curve of a terrestrial exoplanet was measured by Demory

et al. (2016) using the Spitzer space telescope to observe the thermal emission of the

“lava planet” 55 Cancri e. _is followed the measurement of transits in the visible

(Winn et al., 2011) and infrared (Demory et al., 2011). It was the ûrst observation

directly linked to the global circulation of a potentially terrestrial planet outside our

solar system, and provides an opportunity to test the theory of atmospheric circulation

of terrestrial tidally locked planets that was developed in the previous chapters.

_is chapter aims to recreate the observed thermal phase curve of 55 Cancri e

with simulations of an idealised atmosphere. I will use the GCM Exo-FMS to model a

range of potential atmospheres, with parameters based on analytic predictions of how

the phase curve depends on bulk atmospheric properties. _e simulations will show

that the observed phase curve could be explained by an atmosphere with speciûc

properties. _is chapter builds on studies such as Cowan and Agol (2011), Menou

(2012), Komacek and Showman (2016), and Zhang and Showman (2017), which all

explored the eòect of atmospheric properties on the observable global circulation of

tidally locked planets.
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Section 5.1 gives an overview of observations of 55 Cancri e to date, including

the thermal phase curve (Demory et al., 2016). Section 5.2 discusses the general

circulation of tidally locked planets, and introduces scaling relations from Zhang and

Showman (2017) that will be used to interpret the phase curve and GCM simulations.

Section 5.3 discusses the conûguration of the simulations of 55 Cancri e in Exo-FMS.

Section 5.4 shows the results of these simulations, focusing on their global temperature

distribution and vertical structure. _ese simulations are post-processed to produce

observations in Section 5.5. Section 5.6 discusses the constraints that this modelling

can place on the likely atmospheric composition of this planet.

_e model atmosphere that ûtted the observations best, “Test 4”, had a surface

pressure of 5 bar and a mean molecular weight of 4.6 gmol−1. _e phase curve of this

test matched the day-side magnitude and phase of the observations, but the simulated

night-side thermal emission was too high. Diagnostic estimates of cloud formation

suggested that the night-side could be cold enough for SiO clouds to form high on

the night-side, reducing the brightness temperature and matching the observations

better. _e simulations suggested that some atmospheric compositions could not be

consistent with the observations. An H2 atmosphere could not ût the observations

as it gave too small a day-night contrast in the simulations and scaling relations. An

atmosphere with a very low surface pressure on the order of 1 bar would also not be

possible, as it could not reproduce the observed hot-spot shi�.

_is chapter concludes that an atmosphere could explain the observed phase

curve of 55 Cancri e, given a suõciently high meanmolecular weight and high surface

pressure. _e simulations require a process such as night-side cloud formation to lower

the brightness temperature of their night-side, if they are to match the observations.

_e same problem occurs when comparing observations of hot Jupiters to simulations,

leading to similar suggestions about cloud formation (Zellem et al., 2014; Parmentier

et al., 2016). _ese conclusions highlight the need for further measurements of the
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5.1. Observations of 55 Cancri e

Figure 5.1: A schematic of the phase curve observed of the �ux from a planet as it
orbits its star. Position 1 is the secondary eclipse, 2 is the phase of the maximum
thermal emission, and 3 is the phase of minimum thermal emission.

atmosphere of 55 Cancri e and other tidally locked planets.

5.1 Observations of 55 Cancri e

_is section discusses observations of the planet 55 Cancri e, and considers its

possible atmospheric states and composition. I will show the thermal phase curve

observed by Demory et al. (2016), and introduce theoretical scaling relations used to

interpret the phase curves of tidally locked exoplanets.

5.1.1 55 Cancri e

55 Cancri e is a “lava planet”, a rocky super-Earth with radius 1.875 RE orbiting close

to its host star 55 Cancri A (Crida et al., 2018). It is expected to be tidally locked due to

its proximity to its star (Pierrehumbert and Hammond, 2019), which is supported by

the large day-night contrast shown by its thermal phase curve (Demory et al., 2016).
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Transits of 55 Cancri e in the visible (Winn et al., 2011) and infrared (Demory et al.,

2011) presented the possibility of characterisation. 55 Cancri e is particularly amenable

to observations for a terrestrial planet, owing to its high equilibrium temperature of

approximately 2500 K and its large radius (Tinetti et al., 2016).

5.1.2 _ermal phase curve

A phase curve is a measurement of the �ux from a planet and its star over one

orbital period (or averaged over many orbital periods). A “thermal phase curve” is

the �ux at a thermal wavelength, corresponding to the emission of the atmosphere,

which is determined by its temperature structure.

Figure 5.1 shows an idealised thermal phase curve of a tidally locked planet, and

highlights the key features. At 90°, the planet passes in front of the star, for its transit

or “primary eclipse”, causing a large dip in �ux from the system. At 270°, the planet

passes behind the star for its “secondary eclipse”, causing a small dip in �ux. _e

�ux above F/FS = 1 is due to the planet, and is approximately sinusoidal because of

the day-side heating and night-side cooling of the planet. _e diòerence in thermal

emission between the maximum andminimum of the planet’s �ux gives the diòerence

in brightness temperature between the day-side and the night-side –marked on Figure

5.1 as the “day-night contrast”.

_e ûnal key feature is the hot-spot shi�, the oòset between the peak of the thermal

emission and the position of the secondary eclipse. _is corresponds to a shi� of the

hottest hemisphere of the planet, moving its centre from the substellar point where it

would be on an idealised black body. Position 1 in Figure 5.1 is the secondary eclipse,

when the observer looks directly at the substellar point (or would, if the star was not

in the way). On a bare rock planet, the substellar point (marked by a dot) and the

centre of the hottest hemisphere (marked by an asterisk) would coincide, and there

would be no phase oòset. If a process redistributes heat around the planet, the hottest
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hemisphere does not have to coincide with the substellar point. Chapter 4 shows

how an atmosphere on a tidally locked planet can have a hot-spot shi�ed east of the

substellar point.

Figure 5.1 shows how the observer looks directly at this eastward shi�ed hot-spot

(at position 2) before the secondary eclipse (position 1). So, the maximum �ux is

measured before the secondary eclipse, and the diòerence in orbital phase between

these two points gives the longitudinal oòset between the substellar point and the

hottest hemisphere of the planet (or just the “hot-spot”). Phase curves at optical

wavelengths give similar information about the albedo of the planet, showing how

features such as clouds aòect the re�ection of stellar light from the planet at diòerent

locations (Parmentier et al., 2016).

Figure 5.2 shows the thermal phase curve measured by Demory et al. (2016) in the

4.5 µm channel of the Spitzer telescope IRAC1. _e phase curve has a hot-spot shi�

of 41±12°, a day-side temperature of (2700 ± 270)K, and a night-side temperature of

(1380 ± 400)K. Figure 5.3 shows maps of brightness temperature reconstructed from

the phase curve. Note that this phase curve is plotted as a function of orbital phase,

while the simulated curves later in this chapter are plotted as a function of planetary

longitude, meaning that they are reversed along the x-axis.

Angelo and Hu (2017) reanalysed the phase curve and suggested a hot-spot shi�

of 34°, a day-side temperature of (2700 ± 160)K, and a night-side temperature of

(1600 ± 140)K. _ese are both smaller than the hot-spot shi� and day-night contrast

reconstructed by Demory et al. (2016), although the two studies are still within the

range of uncertainty of each other. _ey are also more consistent with the GCM

simulations in this chapter and the predictions of Zhang and Showman (2017), as

the smaller hot-spot shi� and day-night contrast require a less extreme atmospheric

circulation.
1Infrared Array Camera
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Figure 5.2: _e thermal phase curve observed at 4.5 µm by Demory et al. (2016),
showing an oòset of the maximum �ux from the secondary eclipse, corresponding to
a hot-spot shi�. Reproduced from Demory et al. (2016) with permission.

Figure 5.3: _e temperature map reconstructed by Demory et al. (2016) from the
phase curve in Figure 5.2, showing a hot-spot shi� of 41°, a day-side temperature of(2700 ± 270)K, and a night-side temperature of (1380 ± 400)K. Reproduced from
Demory et al. (2016) with permission.

_e combination of this large hot-spot shi� and large day-night temperature

contrast presents a puzzle. 1D analytic models of circulation on tidally locked planets

suggest that a large hot-spot shi� implies a strong heat redistribution from day-side

to night-side (Zhang and Showman, 2017). But in the same models, a large day-night

contrast implies weak heat redistribution. So, the solutions of Zhang and Showman

(2017) cannot easily match both of these results.

5.1.3 Atmospheric Composition

It is not clear what sort of atmosphere, if any, to expect on a planet like 55 Cancri e.

An atmosphere like a hot Jupiter with a low molecular weight seems unlikely, given the
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planet’s proximity to its star and correspondingly high temperatures and high-energy

radiation, which would cause atmospheric escape of lighter components (Demory

et al., 2016). Gillon et al. (2012) used the observational mass and radius to suggest

that there is an atmosphere composed of high molecular weight volatiles.

Tsiaras et al. (2016) reported the detection of an atmosphere due to spectroscopic

deviations from a bare-rock planet, using observations in the near-infrared with

the WFC3 camera of the Hubble Space Telescope (HST). In this chapter, I do not

consider the exact atmospheric composition or origin, instead focusing on what bulk

properties – surface pressure, meanmolecular weight, and longwave optical thickness

– could be consistent with the observed thermal phase curve.

5.2 Simpliûed Scaling _eory

_is section applies scaling relations from the idealised 1D atmospheric models

of Zhang and Showman (2017) to understand how the atmospheric properties aòect

the observed phase curve. _e relations predict the eòect of the bulk properties of the

atmosphere on the main features of the phase curve – the hot-spot shi� and day-night

contrast. I will describe these scaling relations and show how they were used to select

a parameter space of atmospheres that could ût the observed phase curve.

5.2.1 1D Circulation Model

Zhang and Showman (2017) model the circulation on a tidally locked planet with

a 1D diòerential equation on the equator where heat transport is determined by a

balance of the radiative timescale and advective timescale (Komacek and Showman,

2016). _e resulting scaling relations are similar to those derived from the shallow-

water system inChapter 4. _e important timescales in these relations are the radiative

timescale τrad, the wave timescale τ wave , and the advective timescale τadv. _e radiative

97



5. Linking the Climate and Thermal Phase Curve of 55 Cancri e

timescale is the typical timescale of changes due to radiative forcing:

τrad ∼ pτ=1

µg
cp

4σT3 , (5.1)

where pτ=1 is the pressure at which the optical thickness is unity, µ is the mean

molecular weight, T is the equilibrium temperature of the planet, and cp is the at-

mospheric molar heat capacity. _e wave timescale is the time for planetary-scale

equatorial waves to propagate horizontally:

τ wave = L/NH, (5.2)

where L is the radius of the planet, N is the buoyancy frequency of the atmosphere,

and H is the atmospheric scale height. _e advective timescale is the time for the

mean zonal �ow (the equatorial jet) to advect air around the planet:

τadv = L/Ueq. (5.3)

Here, Ueq is the “wind speed that would result from acceleration of the wind

from day to night due to the day-night pressure gradient if the day-night temperature

diòerence were in radiative equilibrium and if the Rossby number exceeds unity”

(Zhang and Showman, 2017):

Ueq = (R∆Teq∆ ln p/2µ)1/2 , (5.4)

where ∆Teq is the day-night temperature diòerence, and “∆ ln p is the diòerence in

log pressure between some deep pressure where the day-night temperature diòerence

is small (10 bars in the theory and simulations from Komacek and Showman (2016))

and some smaller pressure of interest in the observable atmosphere” (Zhang and

Showman, 2017).
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5.2.2 Hot-Spot Shi�

_e hot-spot shi� is an observable consequence of the atmospheric circulation

on a tidally locked planet. Zhang and Showman (2017) predict the longitude of the

maximum temperature λm (i.e. the hot-spot shi�) to be given by:

sin (λs − λm) eλm/ξ = η
ξ cos λs

, (5.5)

where

η = ξ
1 + ξ2

e
π
2ξ + e 3π

2ξ

e
2π
ξ − 1

, (5.6)

for ξ = τrad/τadv and λs = tan−1 ξ. When λm is small in this expression, λm ≈ λs

and it reduces to the same expression as in Chapter 4, λm = tan−1(τrad/τadv). _is

expression assumes that the hot-spot shi� depends on a balance of eastward heat

transport versus radiation to space. It does not represent the eòect of the stationary

waves that are so important to the global temperature distribution, so does not apply

in regimes where these dominate or in regions away from the equator (Perez-Becker

and Showman, 2013; Hammond and Pierrehumbert, 2018).

5.2.3 Day-Night Contrast

_e day-night contrast on a tidally locked planet refers to the fractional diòerence

between the temperature diòerence between the day-side and the night-side, com-

pared to the temperature diòerence that would be expected in radiative equilibrium.

Zhang and Showman (2017) use the 1D model to predict the day-night contrast

to be:

A = ∆T
∆Teq

∼ 1 − 2
α +√α2 + 4γ2 (5.7)
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where the non-dimensional parameters α and γ are

α = 1 + (Ω + 1
τ drag ) τ2

wave

τ rad ∆ ln p

γ = τ2
wave

τ rad τ adv , eq ∆ ln p

(5.8)

A short radiative timescale τ rad gives a large day-night contrast A. _is is because

the heated air on the day-side radiates away its energy faster than it can be transported

to the night-side by jet advection or wave transport (Zhang and Showman, 2017;

Hammond and Pierrehumbert, 2017). From the alternative point of view of a global

circulation governed by stationary waves, this is because the high radiative damping

rate brings the forced wave response into phase with the forcing and strengthens it, as

discussed in Chapter 4 (Hammond and Pierrehumbert, 2018). Section 5.6 compares

these mechanisms in more detail.

5.2.4 Parameter Space of Simulations

Figure 5.4 shows a parameter space in atmospheric surface pressure and mean

molecular weight, predicted by the 1D scaling relations to be potentially consistent

with the observed thermal phase curve. _e red line shows the region in which

Equation 5.5 predicts the hot-spot shi� is greater than 20°. _e blue line shows the

region in which the day-night contrast is predicted to be greater than 80% by Equation

5.7. _e region shaded in green between these lines shows the parameter space that

could support both a signiûcant hot-spot shi� and day-night contrast. _e next

section uses this parameter space to select a suite of GCM simulations to compare to

the observed phase curve.
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Figure 5.4: _e atmospheric parameter space under consideration, where the green
region is predicted by the relations of Zhang and Showman (2017) to support both a
signiûcant hot-spot shi� and day-night contrast. _eblack points show the parameters
of the GCM tests. _e hot-spot shi� and day-night contrast were calculated with
a bulk wind speed of 1000 ms−1 and a mean temperature 2000 K. _e two lines
correspond to a hot-spot shi� of 20° and a day-night contrast of 80%.

5.3 Exo-FMS Conûguration

_is section describes how the GCM Exo-FMS was conûgured to simulate a suite

of idealised atmospheres on 55 Cancri e. _e parameters of the simulations were

selected using the scaling relations discussed above, to investigate the atmospheric

parameter space that could be consistent with the observations.

Appendix A describes the structure and components of Exo-FMS in detail. It is

based on the Flexible Modelling System structure and associated latitude-longitude

dynamical core from the Geophysical Fluid Dynamics Laboratory (GFDL). Similar

models based on the FMS structure have been used to investigate other terrestrial

and tidally locked planets (Merlis and Schneider, 2010; Heng et al., 2011; Koll and

Abbot, 2015, 2016). _e general results of simulations of these tidally locked planets

are not sensitive to the choice of model, as shown by the similar results of studies

using diòerent 3D atmospheric models (Mayne et al., 2014; Carone et al., 2014; Kataria

et al., 2014; Charnay et al., 2015; Boutle et al., 2017).

101



5. Linking the Climate and Thermal Phase Curve of 55 Cancri e

_e simulations were all conûgured with a radius rp = 1.91 RE , orbital period P =
0.737 days, surface gravity g = 21.7m s−2 (Demory et al., 2016), incoming stellar �ux

3.55 × 106 Wm−2 (Von Braun et al., 2011), and zero surface and atmospheric albedo.

_is means that the surface absorbs all of the incoming shortwave radiation, whereas

in reality some would be re�ected by the surface and atmosphere (approximately 30%

on the Earth, for example). _e albedo used means that the simulation results are

an upper bound on the atmospheric temperatures, as any albedo would reduce the

temperature.

_e model itself used a 144 by 96 by 40 grid, with vertical levels set by a hybrid

sigma-pressure system (see Appendix A), where the top pressure level was approx-

imately 10−5ps for surface pressure ps. We used a 10 second timestep to resolve the

short radiative timescale, and the high winds, especially around the poles (see Ap-

pendix A for further details – it was sometimes necessary to reduce this timestep in

the ûrst few days of the model spinup). A linear Rayleigh drag (relaxation to zero

�ow) was applied to represent surface drag, with a timescale of 1 day at the surface.

_e damping rate (the inverse of the timescale) linearly decreased with pressure away

from the surface, down to a value of 0 at 0.7ps.

A dry convective adjustment scheme was applied to every column, with instanta-

neous adjustment to a dry adiabat where the proûle was convectively unstable. _e

radiative transfer was modelled with a two-stream semi-grey scheme with variable

longwave optical depth that scaled linearly with pressure, and zero shortwave optical

depth (see Chapter 6 for further simulations with non-zero shortwave optical depth).

_e default longwave optical depth of 10 was chosen to approximate the observed day-

side temperature. _is optical depth was also consistent with the surface temperature

achieved by a 10 bar H2 atmosphere, using a one-dimensional radiative-convective

model with two-stream radiative transfer calculated using the H2 collisional opacity

(Pierrehumbert and Gaidos, 2011). _is corresponds to an opacity κ of 2.24 cm2 kg−1,
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which I used in all the tests apart from those where the opacity was explicitly varied.

For a 10 bar atmosphere, this corresponded to a total optical depth of 10, which scaled

linearly with pressure in the model (τ = tau∞(p/ps), for pressure p, surface pressure

ps, and total optical depth τ∞). _is is a very simple estimate of the opacity κ, and

diòerent gaseous absorbers could change the longwave and shortwave opacity of the

atmosphere greatly – a more realistic representation such as that in Chapter 6 would

be needed to interpret future observations.

_e simulations were initialised from rest (zero winds everywhere) with every

atmospheric column on a dry adiabat from a speciûed surface temperature at all grid

points. _is surface temperature was in the region of 2000 K to 2500 K, and was tuned

based on the optical depth assigned to the atmosphere. _e dry adiabat continued

up to a given pressure level where the proûle was set to an isothermal stratosphere.

_e simulation results were not sensitive to the initial conditions, owing to the short

radiative timescale of the atmosphere. _e atmosphere reached radiative equilibrium

when the outgoing longwave radiation and top-of-atmosphere temperatures stopped

evolving. Dynamical equilibrium was reached when the total angular momentum

stabilised. All the results presented are averaged over the ûnal 10 days of simulation

runs of at least 50 Earth days, a�er themodel reached equilibrium. _is is a comparable

number of planetary rotation periods to the hot Jupiters simulated in studies such

as Parmentier et al. (2016), and appears to reach equilibrium well before the data is

gathered.

_e suite of GCM tests listed in Table 5.1 were chosen to cover the region that

Figure 5.4 predicted to ût the observations, according to the scaling relations in

Section 5.2. Some simulations test the eòect of a particular parameter in more detail,

such as Tests 3, 4, and 5, which test the eòect of changing the surface pressure ps. _e

next section will discuss the simulations and show the eòect of the surface pressure,

mean molecular weight, and longwave optical depth on the global circulation.
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Test Composition ps µ τ∞ Hot-Spot Shi� Day-Night Contrast
1 H2 10 2.0 8 +45° 100 K
2 N2 10 28.0 8 0° 750 K
3 H2 + N2 10 4.6 8 +30° 200 K
4 H2 + N2 5 4.6 8 +25° 250 K
5 H2 + N2 3 4.6 8 +15° 300 K
6 H2 + N2 10 15.0 8 0° 1500 K
7 H2 + N2 5 15.0 8 0° 550 K
8 H2 + N2 3 15.0 8 0° 600 K
9 H2 + N2 5 14.6 2 +20° 200 K
10 H2 + N2 5 4.6 4 +20° 250 K
11 H2 + N2 5 4.6 8 +25° 250 K

Table 5.1: _e suite of GCM simulations, testing the eòect of varying the atmospheric
mean molecular weight µ, surface pressure ps, and optical thickness τ∞. Note that
when the composition is changed, themeanmolecular weight µ changes, which aòects
the speciûc heat capacity of the atmosphere, but not the molar heat capacity, which
is (approximately) constant for these diatomic molecules. Note also that changing
the optical depth while keeping the surface pressure constant changes the opacity κ
that was discussed in Section 5.3. _e hot-spot shi�s are rounded to the nearest 5°,
and the day-night contrasts to the nearest 50 K, and correspond to the values at the
half-surface-pressure level. _e observed phase curve has a hot-spot shi� of +41 ± 12○
and a day-night contrast of (1300 ± 670)K. Test 4 is the “best-ût” test discussed in
Section 5.6.

5.4 Simulation Results

_is section discusses the results of the simulations performed using Exo-FMS.

I will show the eòect of varying the mean molecular weight, surface pressure, and

optical thickness of the atmosphere, and compare the results to the theory in Section

5.2. _e simulations generally follow the scaling relations discussed above, but none

of them exactly match the temperature distribution inferred from the observed phase

curve. Some of the simulations match the observed hot-spot shi�, and some match

the observed day-night contrast, but none match both. In general, the night-side

temperatures of the simulations are higher than the observed night-side temperature.
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5.4.1 Eòect of Mean Molecular Weight

_e ûrst set of tests investigate the eòect of the mean molecular weight µ on the

global circulation and thermal phase curve. I selected a range of molecular weights

from 2.0 gmol−1 (H2) to 28.0 gmol−1 (N2) from the parameter space in Section 5.2.4.

Test 1 is a pure H2 atmosphere with µ = 2.0 gmol−1, surface pressure ps = 10 bar

and optical thickness τ∞ = 8.0. Section 5.2 predicts that this atmosphere will have a

large hot-spot shi� but a small day-night contrast, due to its high speciûc heat capacity,

giving a long radiative timescale. Figure 5.5 conûrms this prediction, showing that

it has a large hot-spot shi� in the second plot showing the mid-atmosphere, with

the hottest hemisphere centred at about 45°. Kataria et al. (2014) also showed that a

lower molecular weight atmosphere had a larger hot-spot shi� in simulations of the

atmosphere of a super-Earth. Drummond et al. (2018a) made a similar analysis of the

eòect of molecular weight and heat capacity on the global circulation of hot Jupiters,

showing how atmospheres with higher metallicity had stronger equatorial jets and a

larger day-night contrast. _e results of Chapters 3 and 4 explain these eòects as the

higher radiative damping rate giving a stronger stationary wave response to day-night

forcing. _is gives a higher momentum transport towards the equator, and a stronger

day-night contrast due to the magnitude of the stationary waves.

Figure 5.5 also shows that the day-night contrast is small, because of the highly

eõcient heat redistribution. _e surface air temperature in the ûrst plot does not

show such a large hot-spot shi�, as it is closely coupled to the incoming stellar �ux.

_e third plot shows the brightness temperature, which is calculated directly from

the outgoing longwave radiation of the semi-grey radiative transfer scheme. _is

corresponds to a very low pressure due to the high longwave optical depth of the

atmosphere, meaning that the brightness temperature is almost homogeneous as it

probes the upper atmosphere where the heat circulation is very eõcient.
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Test 2 is a pure N2 atmosphere with µ = 28.0 gmol−1, surface pressure ps = 10 bar

and optical thickness τ∞ = 8.0. Section 5.2 predicts that this atmosphere will have a

large day-night contrast but a small hot-spot shi�, due to its low speciûc heat capacity,

giving a short radiative timescale. Figures 5.5 and 5.9 conûrm this prediction, showing

a large diòerence in day-side and night-side temperature at all pressure levels, and

in the brightness temperature. _e hot-spot is centred on the substellar point, also

conûrming the prediction of a small or zero hot-spot shi�.

_ese two extremes of µ behave as predicted by Section 5.2, suggesting that

an intermediate value of µ may ût the observations better. Test 3 is a mixture of

H2 and N2, with µ = 4.6 gmol−1, surface pressure ps = 10 bar and optical thickness

τ∞ = 8.0. Figure 5.5 shows that at the half-surface-pressure level, and in the brightness

temperature, there is a signiûcant hot-spot shi� and day-night contrast (although not

as large as that observed by Demory et al. (2016)). I will simulate the thermal phase

curves of these tests later for a more direct comparison to the observations.

_e rest of this chapter will show the eòect of the surface pressure and longwave

optical thickness on the global circulation and simulated phase curve. Of these ûrst

three tests, Tests 1 and 2 reproduce the observed hot-spot shi� or day-night contrast

respectively – but not both. Test 3 has a signiûcant hot-spot shi� and day-night

contrast, but neither is as large as the observations. All these tests qualitatively match

the predictions of the scaling relations in Section 5.2.

5.4.2 Eòect of Surface Pressure

_is section investigates the eòect of the surface pressure on the global circulation.

Section 5.2 predicts that the surface pressure has a similar eòect to themeanmolecular

weight, as they both modify the radiative timescale. At low surface pressures, the

radiative timescale is short so there should be a large day-night contrast and small

hot-spot shi�, and vice versa. _e surface pressure and the speciûc heat capacity have
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Figure 5.5: 10-day time-averaged maps of diòerent temperature ûelds for Tests 1, 2,
and 3. Each row is a diòerent test. _e ûrst column shows the surface air temperature,
which has the strongest day-night contrast as it is closely coupled to the surface
temperature and stellar forcing. _e second column is the temperature at the half-
surface-pressure level, which can support both a large hot-spot shi� and day-night
contrast. _e third column is the brightness temperature calculated from the semi-
grey radiative transfer scheme, which generally corresponds to a low atmospheric
pressure, due to the high optical thickness.
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a similar eòect, as they both aòect the radiative timescale in the same way in Section

5.2.

Figure 5.6 shows the temperature at the half-surface-pressure level for these tests.

_e ûrst row shows Tests 4, 5, and 6, with µ = 4.6 gmol−1 and ps = 10, 5, and 3 bar. As

expected, the tests with higher ps have a larger hot-spot shi� and smaller day-night

contrast. _e second row shows Tests 7, 8, and 9 with µ = 15.0 gmol−1 and ps = 10,

5, and 3 bar. Again, the tests with higher ps have a larger hot-spot shi� and smaller

day-night contrast. In comparison with the corresponding tests in the ûrst row, all

these tests have a larger day-night contrast and smaller hot-spot shi� due to their

higher mean molecular weight.

Test 3, with µ = 4.6 gmol−1 and ps = 10 bar, is consistent with the hot-spot shi�

and day-night contrast of the observed phase curve, but has a hotter night-side than

the observations. Test 4 with µ = 4.6 gmol−1 and ps = 5 bar is a better ût as it matches

the day-side of the observations, and comes closer to matching the night-side. So,

I will consider Test 4 with ps = 5 bar to be the “best-ût” test (although none of the

simulations exactly matched the observations).

_e simulations suggest that a low mean molecular weight of µ = 2.0 gmol−1 (or

below) would not be consistent with the observations as the day-night contrast would

be too small, as predicted by the scaling relations of Zhang and Showman (2017). _is

is because the low molecular weight gives a long radiative timescale, which allows

the heat to circulate around the planet before it radiates away. _e simulations also

show that a high mean molecular weight of µ = 28.0 gmol−1 or above does not ût

the observations (in this range of surface pressures) as the hot-spot shi� would be

too small. Chapter 6 will investigate a larger range of pressures and consider the

possibility of a higher mean molecular weight atmosphere. In the current chapter,

the simulations suggest an atmosphere which is heavier than µ = 2.0 gmol−1, with a

surface pressure in the range 1 to 10 bar. _ese conclusions are similar to other studies
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Figure 5.6: Temperatures at half-surface-pressure averaged over 10 days, for atmo-
spheres with mean molecular weights of either µ = 4.6 gmol−1 or 15.0 gmol−1, and
surface pressures of 3, 5, or 10 bar. Note that the opacity is held constant in these tests,
so the total optical depth of the test with lower surface pressure is lower, which is why
their surface temperatures are lower.

using diòerent observations and models (Winn et al., 2011; Angelo and Hu, 2017).

_e rest of this chapter discusses the eòect of the longwave optical thickness and

other bulk parameters on the circulation and vertical structure of the atmosphere.

I will suggest that cloud formation could be responsible for the low temperatures

observed on the night-side, which would explain why the GCM simulations are

consistently too hot on their night-sides.

5.4.3 Eòect of Optical _ickness

_is section will show that the main eòect of changing the longwave optical

thickness τ∞ is to change the global mean temperature without strongly aòecting the

circulation and the shape of the phase curve. _ehigh day-side brightness temperature

observed by Demory et al. (2016) requires signiûcant greenhouse heating, which

approximately constrains the longwave optical depth of the atmosphere.
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Figure 5.7: _e temperature at the half-surface-pressure level for Tests 10, 11, and 12,
with µ = 4.6 gmol−1, surface pressure 5 bar and optical thicknesses of 2.0, 4.0, and
8.0. Increasing the optical thickness increases the global mean temperature but does
not signiûcantly aòect the global circulation and temperature distribution.

Figure 5.7 shows three atmospheres based on the “best-ût” Test 4. Tests 7, 8, and 9

have ps = 10 bar and µ = 4.6 gmol−1, with τ∞ = 8.0, 4.0, and 2.0. Section 5.2 predicts

that τ∞ will not have a large eòect on the hot-spot shi� and fractional day-night

contrast, beyond scaling the global mean temperature. _is is conûrmed by Figure 5.7,

where the temperature distributions have diòerent magnitudes but similar patterns.

_e high day-side temperature of Test 11 matches the day-side temperature of the

phase curve best, but its night-side temperature is much higher than the observations.

_e tests with lower optical thickness match the night-side observations better but

the day-side observations worse. _is is another example of the diõculty in ûtting the

observed phase curve, which appears to require a very speciûc atmospheric structure.

_ese tests suggest that the longwave optical depth of the atmosphere is in the range

τ∞ = 8.0 to 2.0, or the mean temperature of the atmosphere could be too high or

too low. Figure 5.18 will show later that varying τ∞ just scales the magnitude of the

temperature distribution at the half-surface-pressure level (and the resulting phase

curve from this pressure level), with no signiûcant diòerences in hot-spot shi� or

fractional day-night contrast.
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Figure 5.8: T(p) proûles for columns on the equator of Test 4. At the substellar point,
the lower atmosphere is convective. At the east terminator, there is an inversion due
to heat transport from the equatorial jet.
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Figure 5.9: Day-night contrast at each pressure level for Tests 1, 2, and 4, showing how
it is larger at higher pressures due to the eòect of the surface, which has the largest
day-night contrast as it receives all of the incoming shortwave radiation.
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Figure 5.10: Hot-spot shi� at each pressure level for Tests 1, 2, and 4, showing how it
increases with height as the eòect of the surface lessens and the eòect of the dynamics
increases.

5.4.4 Vertical Structure

_e thermal phase curve that would result from any of these simulations depends

on the radiative properties of the atmosphere in the wavelength range of the observa-

tions. _is chapter will assume that the outgoing radiation can be approximated as

the emission from a single pressure level in the atmosphere – see Chapter 6 for more

detailed modelling of the outgoing thermal emission.

_e phase curve of the emission from a radiating level near the surface will have

almost no hot-spot shi� and a large day-night contrast, as it is closely coupled to the

surface temperature which is dominated by the incoming shortwave stellar radiation.

If the radiating level is very high in the atmosphere, the phase curve could be almost

�at due to eõcient circulation as in Test 1, or it could still have a large day-night

contrast as in Test 2. Generally, to ût the observed large day-night contrast and large

hot-spot shi� the radiating level must be somewhere between these two extremes. In

this section, I will examine the vertical structure of the test atmospheres, and discuss
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how the observable quantities vary with pressure level.

Figure 5.8 shows temperature-pressure proûles of several vertical columns spaced

evenly around the equator of Test 4. _e red line at the substellar point is convective

at high pressures, driven by the stellar heating at the surface. _e blue line at the

east terminator has a temperature inversion above the lower atmosphere, caused by

the hot-spot shi� that is strongest at the level of the equatorial jet at approximately

0.5 ps. It might be possible to detect an inversion due to atmospheric dynamics

on a tidally locked planet with a strong circulation with phase-resolved emission

spectroscopy (Stevenson et al., 2014). _e temperature proûle at the antistellar point

is almost isothermal, as it is heated high in the atmosphere by the global circulation,

rather than at the surface. _ese proûles show that the observable day-night contrast

depends on the radiating level and thermal structure, as at the surface the temperature

proûles are well separated but at low pressure they are almost uniform.

Figure 5.9 plots the day-night contrast at each pressure level in the atmosphere for

Tests 1, 2, and 4. _is suggests that the large observed day-night contrast corresponds

to a radiating level near the surface. However, the high longwave optical thickness

in the GCM means that the outgoing radiation in the model comes from high in

the atmosphere, as shown in Figure 5.5. I will show later that the phase curves

calculated from the outgoing radiation in the semi-grey scheme always have a day-

night temperature contrast that is smaller than the observations.

_ese results suggest that the atmospheremust have a highmean longwave opacity

for a strong enough greenhouse eòect to explain the observed temperatures. However,

in this semi-grey model this would mean that the outgoing thermal emission is from

a low pressure level (around 1 bar), which does not have a large hot-spot shi� or

day-night contrast in most of the tests. _erefore, I suggest that the observations

could be consistent with an atmosphere with high mean longwave opacity, but a

window of lower opacity in the 4.5 µm region observed by Demory et al. (2016).
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Figure 5.11: Proûles of net (upwardminus downward) time-mean longwave �ux versus
pressure in Test 1, spaced evenly around the equator. _e outgoing longwave radiation
is also homogeneous despite the large variation in surface temperature and emission.
_is is because the high total optical depth of the atmosphere sets the photosphere to
approximately 1 bar, or p/ps = 0.1. At this pressure level, the atmospheric dynamics
have made the temperature ûeld almost homogeneous, resulting in the uniform
brightness temperature map for Test 1 in Figure 5.5.

Figure 5.10 shows how the hot-spot shi� varies with atmospheric pressure. It is

always small close to the surface, where the temperature is closely coupled to the

incoming stellar radiation due to the lack of shortwave absorption in these simulations.

_e hot-spot shi� generally increases with height, as the zonal �ow increases further

from the surface up to a maximum at the centre of the jet. _e heat redistribution can

be so eòective high in the atmosphere that it becomes almost isothermal, as shown by

the brightness temperature of Test 1 in Figure 5.5. _e brightness temperature maps

correspond to the outgoing longwave radiation of each test, which is approximately

determined by the temperature of the longwave photosphere at roughly p/ps = 0.1,

for a total optical depth of 10. Figures 5.11, 5.12, and 5.13 show net semi-grey longwave

�ux proûles around the equators of Tests 1, 2, and 4. _e �ux is determined by the

surface temperature and atmospheric temperature structure, which depends on the
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Figure 5.12: Proûles of net (upwardminus downward) time-mean longwave �ux versus
pressure in Test 2, spaced evenly around the equator. Unlike in Figure 5.11, the short
radiative timescale in Test 2 prevents the atmospheric dynamics from homogenising
the temperature ûeld at any pressure level, so the outgoing longwave radiation at the
top of the proûle varies with longitude. _is gives the large variation in the brightness
temperature map for Test 2 in Figure 5.5. Note the larger �ux at the east terminator
than the west terminator in this test, due to the eastward heat transport.

radiative timescale and atmospheric dynamics as discussed above.

_e next section will investigate the same eòects of atmospheric parameters on

the global circulation by simulating the phase curves of each test. _ese will show the

same trends as this section, and conûrm the predictions of the scaling relations of

Zhang and Showman (2017).

5.5 Simulated Observations

_is section will discuss phase curves calculated from the GCM simulations

shown previously. _e 4.5 µm phase curves were calculated using either the outgoing

longwave radiation from the grey-gas model, or for a speciûc radiating level using

the temperature of that level. _is �ux was integrated over the hemisphere centred
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Figure 5.13: Proûles of net (upward minus downward) time-mean longwave �ux
versus pressure in Test 2, spaced evenly around the equator. _e proûles are more
closely spaced than in Figure 5.12, but more closely spaced than in Test 5.11, due to
the intermediate radiative timescale in this test.

on each grid cell around the equator, to produce the phase curve (Cowan and Agol,

2008):

Ip(ξ) = ∫ π/2
−π/2 ∫ −ξ+π/2

−ξ−π/2 I↑4.5∣p=0 cos(λ + ξ) cos2(θ)dλdθ
∫ π/2
−π/2 ∫ −ξ+π/2

−ξ−π/2 cos(λ + ξ) cos2(θ)dλdθ (5.9)

where the phase angle is ξ, the outgoing 4.5 µm �ux is I↑4.5∣p=0, longitude is λ, and

latitude is θ. _e phase curves are plotted as a ratio of planetary �ux Fp to stellar �ux

FS :

Fp

FS
= Ip

IS
( rp
rS

)2
(5.10)

where the ratio of planetary radius to stellar radius is rp
rS = 0.0187 and the stellar

emission is determined by its eòective temperature of 5196K (Von Braun et al., 2011).
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5.5. Simulated Observations

5.5.1 Eòect of Radiating Level

Section 5.4.4 showed how the hot-spot shi� and day-night contrast vary with

pressure level due to changes in stellar forcing, radiative timescale, and jet speed.

Figure 5.14 shows phase curves calculated from the emission at 4.5 µm of diòerent

radiating levels in Test 4, which show the same trends in hot-spot shi� and day-night

contrast as the analysis in Section 5.4.4. _e phase curve from a pressure level close

to the surface has a large amplitude and small phase shi� as explained previously.

High in the atmosphere, the phase curve has a smaller amplitude and large phase

shi�. I will show later in Figure 5.15 that the mean molecular weight and radiating

level are somewhat degenerate in their eòects on the phase curve, as they both aòect

the radiative timescale which then changes the day-night contrast and hot-spot shi�

in the same way. Figures 5.14 and 5.15 show phase curves varying from a case with low

amplitude and large phase shi�, to a case with high amplitude and low phase shi�.

Observations at multiple wavelengths corresponding to multiple radiating levels

could break this degeneracy. As discussed earlier, it is possible to explain the high

observed brightness temperature and large hot-spot shi� if the atmospheric opacity

in the 4.5 µm Spitzer bandpass is lower than average in the longwave region – i.e., it is

observed in a window. A broadband thermal phase curve would constrain the overall

brightness temperature, and could be compared with the 4.5 µm observations to test

the prediction that they correspond to a window in the atmospheric opacity. Chapter

6 discusses these possibilities in more detail.

5.5.2 Eòect of Atmospheric Properties

Figure 5.15 shows the phase curves of the simulated atmospheres with diòerent

values of mean molecular weight, calculated with Equations 5.9 and 5.10 using the

outgoing longwave radiation from each test. _e black points show the maximum
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Figure 5.14: _ermal phase curves calculated at diòerent radiating levels in Test 4.
Moving the radiating level to lower pressures has a similar eòect to decreasing the
mean molecular weight, as shown in Figures 5.15 and 5.16. _e black point shows
the maximum (day-side) observed �ux, and the black line shows the minimum
(night-side) observed �ux.

and minimum of the observed phase curve. _e tests with very high or low molecular

weight do not ût the observations well, as discussed previously. _e phase curve of Test

1 (pure H2) has a large phase shi�, but a very small amplitude due to its eõcient heat

transport from day-side to night-side. _is can be explained using the wave-based

theory in Chapter 4, as the low molecular weight would give a long radiative damping

timescale, reducing the strength of the day-night wave-1 response, and producing a

more zonally uniform temperature ûeld like the solution in Figure 4.11a.

_e phase curve of Test 2 ûts the day-night contrast but not the hot-spot shi�,

owing to its high radiative damping rate. _e phase curve of Test 4 ûts the observations

better (as did its temperature distribution in Section 5.4.2) – it has a large amplitude

and oòset, although neither is quite as large as those in the observations. _e relatively

low amplitude of all the tests in Figure 5.15 is due to the use of the model OLR in the

phase curve. As discussed above, it may be that the observations at 4.5 µm correspond

to an atmospheric window, so actually re�ect the temperature of a lower level in the

atmosphere which would give a phase curve with a larger amplitude.
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Figure 5.15: Simulated 4.5 µm phase curves calculated from the grey-gas OLR of Tests
1, 2, and 4. _e red curve is the Test 1, the 10 bar H2 atmosphere, which has such
eõcient heat transport that it has a large peak oòset and very small amplitude. _e
blue curve is Test 2, the 10 bar N2 atmosphere, with very weak heat transport so a large
amplitude and peak oòset. _e green curve is Test 4, the 5 bar H2+N2 atmosphere,
with a signiûcant oòset and amplitude. _e oòset and amplitude are not as large as
the Demory et al. (2016) measurements, shown by the black point and line (with their
errors shown by the bars and the shaded area).
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Figure 5.16: Simulated phase curves for the emission from a radiating level at half-
surface-pressure for Tests 1, 2, and 4. _e amplitude and oòset are larger than the
phase curves calculated from the OLR in Figure 5.15. _e oòset and amplitude are
not as large as the Demory et al. (2016) measurements, but Figure 5.19 shows that
the H2+N2 atmosphere (green curve) could match the observations given night-side
cloud formation as discussed in Section 5.5.3.
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Figure 5.17: Phase curves calculated from the emission of the half-surface-pressure
level of the 4.6 gmol−1 H2 + N2 atmospheres (Tests 3, 4, and 5) with surface pressures
of 3, 5, and 10 bar, corresponding to the temperature maps in Figure 5.6.

To test this idea, Figure 5.16 shows the phase curves corresponding to the bright-

ness temperature of a radiating level at half-surface-pressure for the same tests. Test 4

ûts the observations better in this ûgure than in Figure 5.15 where the model OLR was

used. In this case, it has a larger amplitude and a large phase shi� due to the lower

radiating level. _e night-side �ux is still higher than the observations as in most of

the tests – later, I will discuss the possibility of night-side cloud formation producing

a diòerence between the model and the observations.

Figure 5.17 shows the phase curves of the tests of diòerent surface pressures in

Section 5.4.2. _ese show how increasing the surface pressure increases the phase

oòset and magnitude of the phase curve, due to the longer radiative timescale and

increased temperature (owing to the constant opacity).

However, the tests with higher pressure also have a higher night-side �ux which

is due to the long radiative timescale, so the overall fractional amplitude of the curve

decreases. _e case with ps = 10 bar matches the position and magnitude of the

observed the maximum �ux best, but does not match the observed minimum �ux as

well as Test 4 does.
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Figure 5.18: Phase curves calculated from the emission of the half-surface-pressure
level of the 5 bar 4.6 gmol−1 H2 + N2 atmospheres (Tests 9, 10 and 11) with optical
thicknesses of 2.0, 4.0, and 8.0, corresponding to the temperature maps in Figure 5.7.

Finally, Figure 5.18 shows the phase curves of the tests in Section 5.4.3, where the

optical thickness of Test 4 was varied. _is means that the opacity of the atmosphere

is changed by the same fraction as the optical thickness, as the opacity is constant

as a function of pressure. As expected from Section 5.2, the optical thickness only

aòects the magnitude of the phase curve. In particular, the hot-spot shi�s are almost

identical. _e optical thickness is something of a free parameter in this study, which

does not aòect the global circulation as strongly as the other parameters and can be

tuned to match the observed maximum day-side �ux.

In summary, the phase curve calculated from the thermal emission of the half-

surface-pressure level of Test 4 matched the observations best. In Figure 5.16, it

matches the observed phase curve peak oòset and magnitude, but not the observed

minimum. _e phase curves from the half-surface-pressure level matched the obser-

vations much better than the phase curves of the OLR of all the tests, suggesting a

high mean longwave opacity with an absorption window at 4.5 µm. I will discuss the

possible eòects of clouds and condensable species in the next section, focusing on

their eòect on the thermal emission from the night-side.
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Figure 5.19: Phase curves from the thermal emission of the half-surface-pressure level
of Test 4, modiûed to estimate the eòects of cloud formation from diòerent global
partial pressures of SiO. _e phase curve with a partial pressure of 300 mbar of SiO
shows that clouds could form on the day-side at high enough surface partial pressures.
_e oòset and amplitude of the 300 mbar case almost agrees with the observed phase
curve within error.

5.5.3 Condensables and Clouds

All the phase curves calculated from the simulations in this chapter had higher

thermal emission from their night-side than was observed in the phase curve. _is

section will discuss the possibility that clouds form on the night-side, raising the

radiating level and lowering the brightness temperature and night-side �ux. I will

post-process the simulation results to estimate where clouds could form, and will

show their eòect on the phase curve of the “best-ût” case, Test 4.

_ese clouds could be formed by condensables such as SiO or Na outgassed from

a day-side magma ocean. Miguel et al. (2011) calculated the partial pressures of

diòerent species outgassed by a silicate magma in a vacuum at diòerent temperatures.

A magma ocean at 2700 K would support signiûcant partial pressures of various

species, dominated by SiO and Na with partial pressures of about 10 mbar. For the

higher surface temperatures of over 3000 K in some tests, SiO becomesmore abundant

with partial pressures of hundreds of mbar.
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I used the results of Miguel et al. (2011) to calculate the partial pressures of SiO

and Na based on a range of possible surface temperatures, and assumed that these

were mixed uniformly with the rest of the atmosphere. I chose to test whether clouds

could form at the top of the atmosphere, as this gives an upper bound on their eòect

on the thermal emission (Parmentier et al., 2016). I calculated the saturation vapour

pressure of each species at the top of each column (Wetzel et al., 2013). If the partial

pressure is greater than the saturation vapour pressure, I assumed that clouds have

formed in that column and set the radiating level to the top of the atmosphere.

_is approximate calculation showed that SiO could condense on the night-side

of some tests including Test 4, but that Na would not condense in any tests. Figure

5.19 shows that at high enough partial pressures of SiO, the clouds could signiûcantly

increase the day-night contrast and phase curve amplitude. For a partial pressure of

300 mbar, the new post-processed phase curve matches the observations of Demory

et al. (2016) within error. Figure 5.19 also shows that cloud formation around the cool

west terminator can increase the hot-spot shi�, for high enough partial pressures of

SiO. _is is similar to the heterogenous day-side cloud formation shown to aòect

phase curves by Parmentier et al. (2016). _is eòect is small in the tests in this chapter,

but could be more important for optical phase curves.

In summary, SiO outgassed from a magma ocean is a plausible candidate for a

cloud species that would form on 55 Cancri e and aòect the observed phase curve. It

could form high on the cooler night-side, raising the radiating level and reducing the

thermal �ux observed from the night-side. _is could explain the diòerence between

the modelled and observed night-side �ux in the simulations. Further observations

at optical wavelengths could test for the presence of clouds, which would help to

explain the features of the thermal phase curve (Dragomir et al., 2012). A better

understanding of the species outgassed by a magma ocean would also help to predict

the possible cloud formation on 55 Cancri e (Miguel et al., 2011).
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5.6 Discussion

_e simulation results suggest a range of atmospheric composition and parameters

that could be consistent with the observations. Test 4 ûtted the observations the most

closely. It was a 90%-10% mixture of H2 and N2 with µ = 4.6 gmol−1, speciûc heat

capacity 7443 J kg−1 K−1, optical thickness 4.0, and surface pressure 5 bar. _ese are

similar to the parameters predicted to ût the observations by the scaling relations

of Zhang and Showman (2017) in Figure 5.4. _is test did not exactly match the

observations of Demory et al. (2016), but conûrmed that the scaling relations are

broadly accurate. _is means that while the idealised model cannot exactly ût the

phase curve, it can suggest constraints on the atmospheric composition. _e results

suggest that the atmosphere must have a mean molecular weight above 2 gmol−1 and

a surface pressure above 1 bar. Surface pressures of over 10 bar could be possible given

a higher atmospheric molecular weight. _e results also point towards the presence

of night-side clouds lowering the observed brightness temperature, as have been used

to explain observations of hot Jupiters (Zellem et al., 2014; Mayne et al., 2017; Lee

et al., 2016; Parmentier et al., 2016; Lines et al., 2018).

_e observational eòects of the diòerent circulation patterns in these simulations

depend greatly on the radiative properties of the atmosphere. _e outgoing longwave

radiation from each test, which would produce the observed thermal phase curve,

corresponds approximately to the τ = 2/3 level of the atmosphere, which is at 0.66

bar for the 10 bar atmospheres in this chapter. Figure 5.5 showed how the brightness

temperature corresponding to this outgoing radiation is very low, and o�en does

not show a hot-spot shi� or day-night contrast. _is is because the τ = 2/3 level is

at a relatively low pressure, where the greenhouse warming and global circulation

are weaker than at higher pressures. It appears to not be possible to match the

observed phase curve with a purely semi-grey model of climate and observations.
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5.6. Discussion

_is suggests that the atmosphere has a high mean longwave opacity, to give a strong

greenhouse warming, but a low opacity in the 4.5 µm band observed by Demory et al.

(2016), so that the observations corresponds to a suõciently hot and dynamically

active pressure level. _is is why I have focused on the temperature distribution at

speciûc pressure levels (such as the half-surface-pressure level) which are deeper than

the model photosphere. Chapter 6 will model the radiative transfer in more detail,

and investigate the relation between the global circulation and outgoing longwave

radiation further.

_e results in this chapter can be analysed using the wave-based theory in Chapter

4, rather than the advection-based scaling relations of Zhang and Showman (2017).

Tests 1 and 2 follow the qualitative predictions of the wave-based theory. Test 1 has a

long radiative timescale due to its low mean molecular weight, so has a low radiative

damping rate α. _is means that the wave-1 response due to the day-night forcing will

be weak in comparison to the wave-0 response due to the geostrophically balanced

jet – exactly what is seen in the earlier plots of the zonally homogeneous temperature

ûeld of Test 1. In addition, the low damping rate α in Test 1 is dominated by the jet

speed U in the expression for the hot-spot shi� (Equation 4.5). _is results in the

large hot-spot shi� in Figure 5.5.

Test 2 also behaves as expected from the wave-based theory. _e short radiative

timescale due to the N2 atmosphere corresponds to a high radiative damping rate

α, giving a very strong wave-1 response. _is causes the strong day-night contrast

in Test 2, as this response dominates the wave-0 response from the jet. _is test has

no hot-spot shi�, which can be explained as the high damping rate α dominating

the jet speed U in Equation 4.5. _is means that the real part of the denominator

in Equation 4.5 dominates the imaginary part, and the wave response is mostly in

phase with the forcing, giving a pattern similar to the response to forcing plotted in

Matsuno (1966).
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(a) Test 1, 10 bars of H2.
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Figure 5.20: _e radiative, wave, and advective timescales versus pressure for Tests 1
and 2. _e radiative timescale is signiûcantly shorter than the other timescales at all
pressure levels in Test 2, leading to the large day-night contrast.

Figure 5.20 shows these eòects more explicitly, by plotting the radiative, wave,

and advective timescales versus pressure for Tests 1 and 2, using temperature and

zonal velocity proûles zonally averaged around the equator. _e wave and advec-

tive timescales are calculated using the expressions in Section 5.2, but the radiative

timescale is calculated as the exact radiative timescale from the semi-grey radiative

transfer model:

τrad = ∆p cp
4σT3µg

1(1 − e−∆τ) (5.11)

where all the symbols are the same as in Section 5.2, and ∆τ and ∆p are the local

change in optical depth and pressure over the local model level. _is expression can

be derived by considering the change in thermal emission from a pressure level that

has its temperature perturbed by a small amount. _e radiative timescale becomes

approximately constant high in the atmosphere as the temperature becomes constant,

and the change in ∆p is exactly cancelled by the change in ∆τ as they are linearly

related.

_e expression in Section 5.2 only technically applies to the τ = 1 model level.

In Test 1, the radiative timescale is longer than the advective timescale for pressures
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between approximately 0.3 bar and 0.03 bar, meaning that heat can circulate very

eõciently around the planet at these pressures, giving the more zonally uniform

temperature distribution at the half-surface-pressure level and the photosphere shown

earlier. In Test 2, the radiative timescale is always shorter than the advective timescale

and wave timescale, leading to the large day-night contrast at all pressure levels shown

in Figure 5.9. Note that Test 1 still has a signiûcant day-night contrast near its surface,

where the radiative timescale is shorter than the advective timescale due to the high

temperature. _e surface temperature, which is controlled primarily by the local

instellation, also aòects the atmospheric temperature at high pressures by mixing.

Studies of hot Jupiters using radiative transfer schemes such as Newtonian relax-

ation (Showman et al., 2008), or non-grey models (Amundsen et al., 2016; Mayne

et al., 2017), can have a non-uniform radiative timescale high in their atmosphere, as

their opacity κ is not constant with pressure. Combined with non-zero shortwave

heating at the top of the atmosphere, this can give the largest day-night contrasts at

the top of their atmospheres. _is is exactly opposite to the results in Figure 5.9, as

the terrestrial planet is heated from below, giving the largest day-night contrast at the

surface.

_e wave-based and advection-based theories both give similar predictions for

the global circulation patterns. Which theory is a better description of the global

circulation of a tidally locked planet? Perez-Becker and Showman (2013) use a theory

based on wave transport (not stationary waves, as in Chapter 4) to argue that the wave

timescale is key to the global circulation of hot Jupiters, not the advective timescale.

_is agrees with the wave-based theory in this thesis. Perez-Becker and Showman

(2013) suggest that the two diòerent interpretations give similar results because the

wave timescale and advective timescale are similar on hot Jupiters.

I suggest that they re�ect the same fundamental physics and have diòerent uses.

_e wave-based theory matches the two-dimensional ûeld seen in the GCM, explains
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the form of the hot-spot shi� and night-side cyclones, and shows how the strengths of

the wave response and jet height ûeld vary relative to each other. But, the advection-

based theory supplies useful predictions of real observational features such as day-

night contrast and hot-spot shi�, which are harder to produce from themore idealised

wave-based picture. Ultimately, both pictures are useful for diòerent situations. –

further work could use the wave-based theory to provide more practical scaling

relations for real observable features.

5.7 Conclusions

_e thermal phase curve of 55 Cancri e observed by Demory et al. (2016) is a

puzzle. It implies a large hot-spot shi� and a large day-night temperature contrast,

features which should bemutually exclusive. _is chapter used idealised simulations of

atmospheres on 55Cancri e to show that the phase curve can be partially matched by an

atmosphere with the correct properties. _e results of these simulations qualitatively

matched the predictions of scaling relations for the global circulation of tidally locked

planets.

_e “best-ût” atmospheric simulation, Test 4, had a surface pressure of 5 bar and

a mean molecular weight of 4.6 gmol−1. It matched the phase shi� and maximum

amplitude of the observed thermal phase curve. However, it was too warm on the

night-side to match the observed night-side �ux, which was a problem for all the

simulations in this chapter. Using a simple estimate of where SiO clouds could form,

I showed that night-side cloud formation on the night-side could raise the radiating

level and lower the brightness temperature.

_e simulations suggested that the observations at 4.5 µm correspond to an absorp-

tion window. _is was because they required an atmosphere with a strong greenhouse

eòect, that was emitting from a relatively high pressure at the observed wavelength.

128



5.7. Conclusions

Further observations such as broadband phase curve or measurements at optical

wavelengths could constrain the temperature of the planet better, or test for the pres-

ence of clouds. _is would be very valuable to further, more realistic atmospheric

modelling.

In summary, this chapter has shown that the observed thermal phase curve of 55

Cancri e can be explained by an atmosphere with a surface pressure of 5 bar and a

mean molecular weight of 4.6 gmol−1, with a mechanism such as cloud formation to

lower the night-side brightness temperature. _e suite of GCM tests were consistent

with the theories of atmospheric circulation discussed so far in this thesis, but could

only partially match the observed phase curve. Chapter 6 will use a model with more

detailed radiative transfer to investigate this problem further.
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Chapter 6

Phase-Resolved Emission Spectra of
Potential Climates on 55 Cancri e

Chapter 5 modelled thermal phase curves using idealised simulations of 55 Cancri

e, and compared them to the observations of Demory et al. (2016). _e simple semi-

grey radiative transfer focused the modelling on the atmospheric circulation and

the eòect of bulk properties, but meant that the simulated observations were not

realistic. _is chapter uses the more realistic radiative transfer scheme Socrates to

model the atmosphere, and to simulate emission spectra and phase curves (Edwards

and Slingo, 1996). _is work follows Miguel (2018) and Ito et al. (2015) who simulated

emission and transmission spectra for a variety of nitrogen-dominated atmospheres

and outgassed rock vapour atmospheres on 55 Cancri e with diòerent absorbing

species.

Section 6.1 describes the updated dynamical core and new Socrates radiative

transfer scheme added to Exo-FMS for the modelling in this chapter. Section 6.2

discusses two control simulations using the new radiative transfer and compares them

to the equivalent tests in Chapter 5. I will show how the global circulation is similar

for both models, and simulate emission spectra and thermal phase curves to compare

to the observations. Neither of these control simulations exactly match the observed

phase curve, so in Section 6.3 I will discuss the results of a “best-ût” simulation with
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similar bulk properties to Test 4 in Chapter 5.

_is simulation has a hot-spot shi� in its temperature ûeld that does not appear

in the thermal phase curve at any wavelength. I will suggest that this is because the

atmosphere is too thin, and show that a test with a surface pressure of 100 bar does

have a phase shi� in its thermal phase curve, which is made possible by its higher

surface pressure.

Section 6.5 discusses the results of all the tests, and their implications for a possible

atmosphere on 55 Cancri e. I will explain why a suõciently thick atmosphere is

required for a hot-spot shi� to produce a phase shi� in the thermal phase curve. I

will conclude that the simulations are evidence for an atmosphere that is thicker than

10 bar on 55 Cancri e, with a mean molecular weight higher than that of H2. Further

observations to measure the atmospheric composition and to improve the accuracy

of the phase curve would be vital for further modelling.

6.1 Improvements to Exo-FMS

_is section describes the updated dynamical core and new radiative transfer

scheme added to Exo-FMS for the simulations in this chapter. I will discuss how

these changes improved the stability of the simulations, and the new capabilities of

the radiative transfer scheme.

6.1.1 Cubed-Sphere Dynamical Core

_e dynamical core of a GCM solves the equations describing the �uid dynamics

of the atmosphere on a grid. _e simulations in Chapter 5 used a dynamical core

on a latitude-longitude grid, which sometimes became unstable due to high winds

at the poles of the planet (see Appendix A). _e cell size is very small at the poles

of a latitude-longitude grid, meaning that high winds could easily break the CFL

condition (Courant et al., 1928).
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Figure 6.1: _e absorption coeõcient of CO versus wavenumber at 2500 K and 1 bar
from theHITEMP database (Rothman et al., 2010). For the simulations in this chapter,
the longwave radiation from the surface peaks at about 5000 cm−1 and the incoming
stellar radiation peaks at about 10 000 cm−1, so the longwave optical depth of the
CO-dominated atmospheres in this chapter is higher than the shortwave optical
depth.

I updated the model to use a newer dynamical core on a cubed-sphere grid to

avoid these problems. Appendix A shows the new grid in more detail, and explains

why it avoids the problems at the poles of the latitude-longitude grid. _e appendix

also shows the new model structure, which is based on a single interface between

the dynamical core and physics modules. _e updated model runs simulations of

55 Cancri e much faster and more stably, which made running the computationally

expensive radiative transfer model Socrates more feasible.

6.1.2 Socrates Radiative Transfer

Chapter 5 used a semi-grey radiative transfer scheme to model the atmosphere of

55 Cancri e. _is reduced the complexity and number of parameters of the model, but

had two main limitations. First, the simple scheme may not fully represent the details

of the real radiative transfer and global circulation. Second, the outgoing longwave

radiation had no wavelength dependence in the model, so the 4.5 µm radiation was
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post-processed by choosing a particular radiating level. _is chapter will show how

this approximation can be inaccurate, producing unrealistically large phase oòsets in

the thermal phase curve.

For the simulations in this chapter, I coupled the correlated-k radiative trans-

fer scheme Socrates (Edwards and Slingo, 1996) to Exo-FMS. _is scheme repre-

sents the wavelength-dependent radiative eòects of real gases, unlike the wavelength-

independent semi-grey model. It was ûrst adapted for use with 1D exoplanet atmo-

spheric models in Amundsen et al. (2014), then used in 3D GCM simulations of hot

Jupiters in Amundsen et al. (2016) and Amundsen et al. (2017). Studies such as Boutle

et al. (2017), Drummond et al. (2018a), and Lines et al. (2018) have applied the model

to simulations of terrestrial planets, and coupled it to atmospheric chemical and cloud

formation models.

_e simulations in this chapter used low-resolution spectral data, and were then

post-processed using higher-resolution data to produce simulated observations. _e

Socrates radiative transfer scheme requires a “spectral ûle” of gaseous absorption data

to be generated from line lists. _e simulations in this chapter generated this data

from line lists in the HITEMP database (Rothman et al., 2010), using the utilities

provided with the Socrates code (Edwards and Slingo, 1996). Figure 6.1 shows the

absorption spectrum of CO, which was used to produce Socrates spectral ûles for the

simulations.

6.2 Control Simulation Results

_is section discusses two control simulations in the updated model, based on the

ûrst two tests using the previous model in Chapter 5. _e ûrst control simulation is

Test 1, with a 10 bar H2 atmosphere and a 1% molar concentration of CO. _e second

simulation, Test 2, has a 10 bar N2 atmosphere with a 1% molar concentration of CO.

134



6.2. Control Simulation Results

_e small amounts of CO were not taken into account when calculating the heat

capacity of the atmosphere, to keep the bulk thermodynamic properties the same as

the equivalent previous tests. Only absorption from CO is considered in the tests, to

keep the radiative properties of the atmosphere the same. In reality, collision-induced

absorption from H2 and N2 would also contribute to the opacity of the atmosphere.

It is not clear what gases are likely to make up the atmosphere of a lava planet.

Miguel (2018) modelled N2-dominated atmospheres with absorbers such as CO, CO2,

and H2O, showing how these species could be detected in transmission and emission

spectra. Ito et al. (2015) modelled atmospheres of the rock vapour such as SiO that

would be outgassed by a magma ocean, and showed that absorption features of this

molecule could be detectable in emission spectra.

I will investigate the eòect of an atmospheric opacity dominated by CO, which

is a physically plausible gas with a strong longwave opacity. _e modelling in this

chapter does not aim to test the hypothesis that there is an atmosphere with exactly

this composition on 55 Cancri e, but rather to show the eòect of diòerent atmospheric

opacities at diòerent wavelengths on the observed phase curve.

Unlike the semi-grey radiative transfer used in Chapter 5, the optical depth of

the atmospheres in this chapter varies with wavelength. _e regions of non-zero

opacity in Figure 6.1 correspond to diòerent total atmospheric optical thicknesses.

_e strongest feature at 2000 cm−1 with an opacity of 1 × 10−19 cm2molecule−1 results

in an optical depth of approximately 10000 for a 10 bar atmosphere, or a photosphere

at about 1mbar. _e weaker features at 4000 cm−1 and 6000 cm−1 correspond to

optical depths of approximately 100 and 10 respectively, or photospheres at about

100 mbar and 1 bar. _e lower opacities on the edges of these features give lower

total optical depths, as shown in Figure 6.6. _is range of atmospheric opacities and

optical depths will allow an investigation of the eòect of observing the atmosphere at

diòerent wavelengths, corresponding to diòerent radiating levels.
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It is important to note that this atmospheric opacity structure is not very realistic,

and was chosen to show the eòect of strong variation in opacity with wavelength.

When the atmospheric opacity is zero in a particular band, or when no gas is as-

signed to be active in that band in the model, the longwave �ux is simply calculated

everywhere to be the upward �ux from the black-body emission of the surface. _e

regions with zero opacity may therefore result in unusual behaviour, where thermal

radiation emitted from the surface is not absorbed at all by the atmosphere, giving a

weak greenhouse eòect compared to the semi-grey model in Chapter 5. In addition,

the atmosphere will not radiate at these wavelengths, possibly changing the rate at

which it cools compared to a more realistic atmosphere without these windows.

_e regions of the absorption spectrum with zero opacity would not be present

in a real atmosphere, where collision-induced absorption from species such as H2 or

N2 would produce some opacity at all wavelengths. _is eòect would be particularly

strong for these thick atmospheres with surface pressures of 10 or 100 bar (Pierre-

humbert and Gaidos, 2011). Adding a weak opacity at all wavelengths to the tests

in this chapter would increase both the greenhouse warming and the heating due

to absorption of stellar radiation, increasing the surface temperature and possibly

also the temperature higher in the atmosphere. It would also reduce the extreme

day-night diòerences seen later in outgoing longwave radiation and phase curves

corresponding to regions with zero opacity

Realistic atmospheres with other gaseous species such as H2O could also have

non-zero opacity at all wavelengths, giving a similar eòect. However, for the purposes

of the theoretical questions posed in this chapter, I will use this idealised opacity

structure to show extreme cases of the eòects of atmospheric opacity on dynamics

and observations. Further work should use a more realistic opacity structure, such as

a combination of collision-induced absorption from species such as H2, and gaseous

absorption from species such as CO and H2O (Amundsen et al., 2014, 2016).
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Drummond et al. (2018a) ran simulations of the planet GJ 1214b with the Met

Oõce Uniûed Model GCM and the same radiative transfer scheme Socrates that I

use in this chapter. _ey showed that the atmospheric opacity was the dominant

factor in the circulation, temperature structure, and simulated observations. _ey

also investigated the eòect of mean molecular weight (via the metallicity) and heat

capacity separately. Increasing the mean molecular weight produced a narrower

equatorial jet. Decreasing the heat capacity gave a larger day-night contrast, the same

as the results in Chapter 5 and later in the current chapter.

_e atmospheres simulated in this section have surface pressures in the range 10 to

100 bar. No observational measurements so far have directly measured the thickness

of an atmosphere on 55 Cancri e, and its potential existence is still contested. An

atmosphere on 55 Cancri e could be very strongly aòected by atmospheric escape, due

to its proximity to the star (Owen and Wu, 2013). Demory et al. (2016) use an energy-

limited escape calculation to estimate that the planet would need at atmosphere of a

least 31 kbar, eòectively ruling out its presence. However, Tsiaras et al. (2016) claim

the detection of an atmosphere on the planet via transmission spectroscopy with

the Hubble Space Telescope. _e day-side temperature and the phase shi� of the

thermal phase curve of Demory et al. (2016) are also diõcult to explain without an

atmospheric greenhouse eòect, and heat circulation due to an atmosphere. Angelo

and Hu (2017) used an idealised model to estimate that an atmosphere of 1.4 bar

could match the observed phase curve. However, this model did not take eòects such

as radiating level and opacity at the wavelengths observed into account, which this

chapter will show to require a thicker atmosphere of tens or hundreds of bar.

_is section will compare the global circulation and temperature distribution of

the two control tests to the equivalent tests in Chapter 5 to determine if the non-grey

radiative transfer makes a signiûcant diòerence. I will then discuss the features of the

emission spectra and thermal phase curves, and show how the radiative properties of

137



6. Phase-Resolved Emission Spectra of Potential Climates on 55 Cancri e

180 90 0 90 180
Longitude

90

45

0

45

90
La

tit
ud

e

1310
1330
1350
1370
1390
1410
1430
1450

Te
m

pe
ra

tu
re

 (K
)

(a) Test 1: 10 bar H2 atmosphere.
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(b) Test 2: 10 bar N2 atmosphere.

Figure 6.2: Global temperature maps at the 3.57 bar pressure level of the simulations
with 1% CO. _e mean molecular weight of the atmosphere aòects the circulation
and temperature distribution in the same way as in Chapter 5.

the atmosphere can be degenerate with the strength of the circulation. I will conclude

that the realistic radiative transfer does not greatly aòect the global circulation in each

test, but does strongly aòect the observed thermal phase curve. I will follow these

control tests with a “best-ût” case based on similar tests in Chapter 5.

6.2.1 Global Circulation

_emodel results shown in this chapter were time-averaged over either 100 or

200 days, a�er the model was spun up for at least 100 days. _e model reached

equilibrium well before 100 days according to the same conditions as in the previous

chapter. Figure 6.2 shows the temperature ûelds at the pressure level corresponding to

the position of the maximum zonal-mean zonal �ow of Test 2. _is is the level where

the eòect of the equatorial jet should be strongest. _e tests have similar temperature

distributions to the equivalent 10 bar H2 and N2 tests in Chapter 5, suggesting that

the realistic radiative transfer in the new tests does not greatly change the global

circulation compared to the previous simulations.

Test 2 has a large day-night contrast due to its high mean molecular weight and

short radiative timescale, just like the equivalent test in the previous chapter. Test 1 has

a more zonally uniform temperature ûeld due to its low mean molecular weight and
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(a) Test 1: 10 bar H2 atmosphere.
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(b) Test 2: 10 bar N2 atmosphere.

Figure 6.3: Zonal-mean zonal wind of the simulations with 1% CO. _e strong west-
ward �ow at high latitudes in Test 2 is due to its strong radiative damping.

long radiative timescale, which is also in agreement with the semi-grey tests. Chapter

4 explains why the radiative timescale aòects the global temperature distribution.

Figure 6.3 shows the zonal-mean zonal wind for Tests 1 and 2. _e theory in

Chapter 3 correctly predicts that the more strongly damped Test 2 should have strong

eastward �ow at the equator and strong westward �ow at high latitudes. Chapter

3 also correctly predicts that the more weakly damped Test 1 should have weaker

westward �ow at high latitudes. It is not clear why there are two eastward jets at the

equator in Test 1, which merits further investigation.

Figure 6.4 shows temperature proûles of atmospheric columns in the model

spaced evenly around the equators of Tests 1 and 2. _e atmospheric temperature of

Test 1 is almost uniform around the equator, except for pressure levels very near the

surface, due to the long radiative timescale and eõcient heat redistribution. Test 2

has weaker heat redistribution due to its short radiative timescale caused by its higher

mean molecular weight, so the day-side and night-side temperature proûles are very

diòerent. _ese proûles are qualitatively similar to the equivalent test in Figure 5.8 of

Chapter 5.

_ese temperature proûles are aòected by shortwave absorption, which was not

the case in the semi-grey radiative transfer model of Chapter 5. Figure 6.5 shows the

downward shortwave �uxes at the substellar point and associated heating rates at
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(b) Test 2: 10 bar N2 atmosphere.

Figure 6.4: Temperature proûles of the simulations with 1% CO. Test 1 has much
more eõcient heat circulation than Test 2, so its temperature proûles are almost
homogeneous.

diòerent wavelengths for Test 1. _e atmospheric opacity is very low at4.0 µm, so

very little �ux is absorbed and the heating rate is very low. At 4.5 µm, the opacity is

higher and all of the incoming stellar �ux is absorbed before it reaches the surface.

_e �uxes and heating rates are the same for the other tests in this chapter with 10

bar surface pressure; the test later with 100 bar surface pressure will absorb more

incoming shortwave �ux before it reaches the surface, giving more heating as a result.

_e similarity of the global circulation and temperature structure of these tests

to the corresponding tests in the previous chapter suggests that the more realistic

radiative transfer does not strongly aòect the atmospheric dynamics. _is means that

the idealised semi-grey model is still useful to investigate the global circulation of these

planets. More realistic radiative transfer might be required to model atmospheres

with radiative features such as strong shortwave absorption or variable albedo, which

could be caused by heterogeneous composition or cloud formation.

6.2.2 _ermal Emission

_is section shows the outgoing longwave radiation and emission spectra pro-

duced by post-processing the ûnal state of each test with a higher-resolution spectral
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(a) Downward shortwave radiance versus
pressure at the substellar point of Test 1.
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(b) Heating proûle due to shortwave absorp-
tionat the substellar point in Test 1.

Figure 6.5: Proûles of shortwave radiance and heating at the substellar point in Test
1. _e magnitude of the �ux at the top of the atmosphere depends on the stellar
spectrum, and its attenuation with pressure depends on the atmospheric opacity at
that pressure. _e heating corresponds to the rate of absorption of �ux shown in
Figure 6.5a, divided by the local speciûc heat capacity.

ûle. _is ûle had 621 spectral bands, chosen to have a high enough accuracy to pro-

duce realistic emission spectra, while still calculating the radiative transfer quickly

(on the order of seconds for one global calculation). Hemisphere-averaged spectra

and phase curves were produced with the STARRY so�ware package (Luger et al.,

2019). Figure 6.6 shows the spectral radiance of the outgoing longwave radiation

in Tests 1 and 2, from columns evenly spaced around the equator at the substellar

point, east terminator, antistellar point, and west terminator. Each spectrum shows

the three main CO absorption features in this range, at 2000, 4000, and 6000 cm−1.

_e diòerences between the OLR of Tests 1 and 2 are only due to their global

circulation and the resulting temperature distribution, as they have the same surface

pressure and mixing ratio of CO. _e substellar and antistellar OLR are closer in

magnitude in Test 1 than in Test 2, due to the higher day-night contrast in Test 2

discussed above. _e eastward heat circulation in Test 1 warms the east terminator,

so the emission there is greater than the emission from the west terminator. _is

eòect is reversed in Test 2, where the stationary wave response temperature ûeld in
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(a) Test 1: 10 bar H2 atmosphere.
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(b) Test 2: 10 bar N2 atmosphere.

Figure 6.6: Spectral radiance of the outgoing longwave radiation (OLR) of Tests 1
and 2, showing the main CO absorption features at 2000, 4000, and 6000 cm−1. _e
relative magnitudes of the �uxes at each longitude are due to the instellation and
global circulation.

Test 6.2 is not shi�ed by the zonal �ow due to the short radiative timescale (giving

a wave pattern similar to the response to forcing in Matsuno (1966)). _is means

that the west terminator is warmer (as the unshi�ed stationary wave response is

stronger there), making the OLR at the west terminator stronger than that at the east

terminator. Observations of spectrally resolved phase curves may reveal dynamical

eòects like this in the future (Stevenson et al., 2014).

Figure 6.7 shows simulated emission spectra of the day-sides and night-sides of

Tests 1 and 2. _ese contain the same information as the plots in Figure 6.6, but the

emission spectra are averaged over the hemisphere and divided by the stellar �ux at

that wavelength. _e vertical dashed lines show the wavelengths of the phase curves

plotted later in Figure 6.8, and the shaded region shows the extent of the 4.5 µm

Spitzer bandpass used by Demory et al. (2016).

_e spectra show the same absorption features as Figure 6.6. Emission features

could appear in these spectra given a temperature inversion, which would require a

shortwave absorber high in the day-side atmosphere. _e diòerences between the day-

side and night-side emission spectra show the day-night contrast of each test, which is

much larger in Test 2 than Test 1. _ese ûgures show the three-dimensional radiative
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(a) Test 1: 10 bar H2 atmosphere.
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(b) Test 2: 10 bar N2 atmosphere.

Figure 6.7: Emission spectra of the day-side and night-side of Tests 1 and 2, showing
the CO absorption features. _e day-night contrast varies with atmospheric opacity.
_e green, orange, and blue dashed lines show the wavelengths corresponding to the
phase curves of the same colours in Figure 6.8.

and dynamical information contained in phase-resolved emission spectroscopy, which

may be possible for lava planets like 55 Cancri e using upcoming telescopes such as

ARIEL (Stevenson et al., 2014; Tinetti et al., 2016).

6.2.3 _ermal Phase Curves

Figure 6.8 shows thermal phase curves calculated from snapshots of the thermal

emission of Tests 1 and 2 at a higher spectral resolution. Figure 5.1 showed that the

phase curve is the hemisphere-integrated emission from the planet as a function of

orbital phase. Note that the phase curves in this chapter are plotted by orbital phase

rather than planetary longitude, so are reversed compared to the simulated phase

curve in Chapter 5. _e thick black line in Figure 6.8 is the phase curve measured

by Demory et al. (2016), with a hot-spot shi� of 41° east of the substellar point, and

a day-night contrast of 1300 K. _e observed phase curve contains the primary and

secondary eclipses at phases of 0 and π, unlike those calculated from the simulations.

_e colours of the other phase curves correspond to the wavelengths shown by

the dashed lines of the same colours in Figure 6.7. _e atmospheric opacity at the
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(a) Test 1: 10 bar H2 atmosphere.
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(b) Test 2: 10 bar N2 atmosphere.

Figure 6.8: _ermal phase curves of Tests 1 and 2. _e thick black line shows the
phase curve observed by Demory et al. (2016) in the Spitzer 4.5 µm channel. _e thick
red line is the phase curve simulated from each test using the same 4.5 µm bandpass.
_e other coloured lines show phase curves calculated at the wavelengths plotted in
the same colours in Figure 6.7.

wavelength of the phase curve determines the contributions of each pressure level to

the thermal emission, making the phase curve depend strongly on the wavelength

observed. _is is similar to the eòect of varying the radiating level in Chapter 5. A

phase curve at a low atmospheric opacity or at a radiating level close to the surface will

have a large day-night contrast, and vice versa. _e thick red lines shows the phase

curves that would be observed in the Spitzer 4.5 µm bandpass. _ey are weighted

by the response function of the IRAC1 instrument, which corresponds to the band

shaded in red in Figure 6.7.

Figure 6.9 shows in detail why the day-night contrast depends on the atmospheric

opacity. _e atmospheric opacity is high at 4.5 µm, so the longwave �ux depends

strongly on the local temperature. _e outgoing �ux therefore depends on the tem-

perature of the photosphere (at a very low pressure, for this high opacity) where

the atmospheric temperature is almost homogeneous. _is is why there is a small

day-night contrast at this wavelength in the phase curves shown in Figures such

1_e Infrared Array Camera, with a response function available at irsa.ipac.caltech.edu/

data/SPITZER/docs/irac/calibrationfiles/spectralresponse
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(a) Upward longwave �ux proûles for Test 1.
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(b) Upward longwave �ux proûles for Test 2.

Figure 6.9: Upward longwave �ux proûles for Tests 1 and 2, at the substellar (day-side)
and antistellar (night-side) points, and at the example wavelengths of 4.5 µm and
6.0 µm. _e diòerence in outgoing �ux at the top of the atmosphere is larger for the
wavelength with lower atmospheric opacity, as shown in the phase curves in Figure
6.8.

as Figure 6.8. Conversely, the atmospheric opacity is low at 6.0 µm so the upward

longwave �ux depends mostly on the surface temperature, leading to large diòerences

between the outgoing longwave radiation at the substellar and antistellar points in

both tests in Figure 6.9.

None of the phase curves in Figure 6.8 have a signiûcant phase oòset, despite

the eõcient heat redistribution in Test 1. _e OLR is dominated by emission from

the surface at most wavelengths. _e surface temperature is closely coupled to the

instellation, so there is normally no large phase shi� in its emission. I will discuss the

implications of this later in the chapter.

_e day-night contrasts of the phase curves in Figure 6.8 depend on both the

mean molecular weight of the atmosphere, and the opacity of the atmosphere at the

wavelength observed. _e phase curves of Test 1 have smaller day-night contrasts

than Test 2 due to the stronger heat circulation in Test 1; this is consistent with the

results of Chapter 5. Larger day-night contrasts are also seen in the phase curves

observed at wavelengths of lower opacity such as the blue 4.0 µm curves, where the
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emission from the surface dominates the OLR. Conversely, the orange 4.5 µm lines in

both cases are almost �at as the OLR is from very high in the atmosphere where the

temperature is almost uniform. _e thick red line calculated in the Spitzer bandpass

observed by Demory et al. (2016) approximately matches the day-night contrast of

the observations in Test 2, but does not match any of the features in Test 1.

6.2.4 Control Tests Summary

_e control tests using the updated model with the Socrates radiative transfer

scheme qualitatively matched the global circulation and temperature distribution

of the corresponding tests in Chapter 5. _is suggests that the semi-grey radiative

transfer was a good approximation to the more realistic model in this chapter.

However, the simulated observations of Tests 1 and 2 were very diòerent to the

results of Chapter 5. _e realistic radiative transfer showed that the phase curves

depended strongly on the atmospheric opacity, and that this was degenerate with

other properties such as mean molecular weight. Neither of the control tests matched

the observed phase curve well, so in the next section I will discuss two tests that were

designed to ût the observations more closely.

6.3 Best-Fit Simulation Results

_e control simulations did not match the observed phase curve. As in Chapter 5,

their extreme mean molecular weights led to either too much heat redistribution, or

too little. I therefore ran a new test similar to the “best-ût” simulation in the previous

chapter with an intermediate mean molecular weight. _is new test, Test 3, has a

mixing ratio of 0.1 N2 and 0.9 H2. Its other parameters are the same as the two control

tests, with a mixing ratio of 0.01 CO and a 10 bar surface pressure. _e results of Test

3 are plotted as a time-average from 200 to 400 days, for consistent comparison with
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(a) Test 3: 10 bar mixed H2-N2 atmosphere.
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(b) Test 4: 100 bar N2 atmosphere.

Figure 6.10: Global temperature maps of Tests 3 and 4, at pressure levels chosen to
show the largest hot-spot shi�. Test 3 is plotted at the 8.24 bar pressure level, and
has a small hot-spot shi� that does not appear in the thermal phase curve. Test 4 is
plotted at the 28.3 bar pressure level, and has a large hot-spot shi� that is apparent in
the thermal phase curve.

Test 4 where the spin-up time was longer than the ûrst two tests.

_is section shows its global circulation and simulated observations. I will show

how the scaling relations fromChapter 5 still describe the changes in global circulation

compared to the control tests. However, the simulated observations will show that

there is no observable phase oòset in the thermal phase curve despite the hot-spot

shi� in the temperature ûeld. I will suggest that this is because the surface pressure is

too low, and in the next section will simulate a thicker atmosphere.

6.3.1 Global Circulation

Figure 6.10a shows the global temperature ûeld at the pressure level of the maxi-

mum zonal-mean zonal velocity for Test 3. It has a distinct hot-spot shi� and day-night

contrast due to its intermediatemeanmolecular weight, like the best-ût test in Chapter

5. _e hot-spot shi� is smaller than that of the test in Chapter 5, possibly due to the

diòerent radiative transfer scheme in this chapter, but should still aòect the thermal

emission from the layer of the jet. Figure 6.11a shows the zonal-mean zonal �ow, with

a single eastward equatorial jet that produces the hot-spot shi�. _e westward �ow at

high latitudes is weaker than Test 2 but stronger than Test 1. _is is consistent with

147



6. Phase-Resolved Emission Spectra of Potential Climates on 55 Cancri e

90 45 0 45 90
Latitude

10 1

100

101

Pr
es

su
re

 (b
ar

)

240
120

0
120
240
360
480

M
ea

n 
Zo

na
l V

el
oc

ity
 (m

s
1 )

(a) Test 3: 10 bar mixed H2-N2 atmosphere.
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(b) Test 4: 100 bar N2 atmosphere.

Figure 6.11: Zonal-mean zonal wind of Tests 3 and 4, showing an equatorial jet
produced by longwave heating in Test 3 and a similar jet producedmostly by shortwave
heating in Test 4.
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(a) Test 3: 10 bar mixed H2-N2 atmosphere.

500 1000 1500 2000 2500
Temperature (K)

100

101

102

Pr
es

su
re

 (b
ar

)

(b) Test 4: 100 bar N2 atmosphere.

Figure 6.12: Temperature proûles around the equators of Tests 3 and 4, showing
the moderate day-night variation in Test 3 and the greater day-side heating due to
shortwave absorption in Test 4.

the predictions of Chapter 3, as its radiative damping timescale is shorter than Test 1

but longer than Test 2.

Figure 6.12a shows the temperature proûles around the equator of Test 3. _ere

is more day-night variation than Test 1 and less day-night variation than Test 2,

as expected from the intermediate radiative timescale. _e global circulation and

resulting temperature distribution is similar overall to the corresponding best-ût test

with semi-grey radiative transfer in Chapter 5.
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(a) Test 3: 10 bar mixed H2-N2 atmosphere.
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(b) Test 4: 100 bar N2 atmosphere.

Figure 6.13: Outgoing longwave radiation of Tests 3 and 4 from various columns on
their equators, showing the same CO absorption features as Figure 6.6.

6.3.2 _ermal Emission

Figure 6.13a shows the outgoing longwave radiation from atmospheric columns

spaced evenly around the equator of Test 3. _e CO absorption features have a greater

magnitude than Test 1, but are small than those in Test 2. Figure 6.14a shows the

emission spectra of the day-side and night-side of Test 3. _e intermediate molecular

weight of the atmosphere means that the heat redistribution is stronger than Test 2,

but weaker than Test 1. _is means that the magnitudes of the day-side and night-

side spectra are closer than they are in Test 2, but are further apart than in Test 1.

Observations of spectrally resolved phase curves could be compared to simulations

like these to constrain the day-side and night-side temperature structures.

6.3.3 _ermal Phase Curves

Figure 6.15a shows phase curves simulated from the thermal emission of Test 3, in

the same spectral bands as Figure 6.8. _e best-ût test in Chapter 5 produced a phase

curve that matched the hot-spot shi� observed by Demory et al. (2016). However,

Test 3 does not have a phase oòset in any of its phase curves, despite the hot-spot shi�

in its temperature ûeld.
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(a) Test 3: 10 bar mixed H2-N2 atmosphere.
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(b) Test 4: 100 bar N2 atmosphere.

Figure 6.14: _ermal emission spectra of the day-sides and night-sides of Tests 3 and
4, showing the same absorption features as Figure 6.13 and relative magnitudes that
depend on the atmospheric heat distribution eõciency.

_e Spitzer bandpass and the wavelengths chosen for the phase curves cover a

range of atmospheric opacities, so should probe a range of radiating levels. _e phase

curves at low and high atmospheric opacities have large and small amplitudes respec-

tively, as discussed previously for the control test. _e phase curves at the intermediate

opacity of 6.0 µm and in the Spitzer band should probe the mid-atmosphere where

the hot-spot shi� is present. _ey show no phase shi�, unlike the equivalent test in

the previous chapter.

So, why does the hot-spot shi� in the temperature ûeld not appear in these phase

curves? _e hot-spot shi� is not as large as the equivalent test in the previous chapter,

but should still be large enough to shi� the position of themaximum thermal emission

at the level of the jet. However, the thermal emission from the surface appears to

dominate the emission from the pressure level of the jet at the wavelength plotted

(apart from4.5 µm, where the phase curve is fromhigh in the atmosphere and is almost

�at). _e surface temperature is closely coupled to the incoming stellar radiation,

so has no hot-spot shi�. _is shows that the atmosphere is too thin to observe

the hot-spot shi� in the temperature ûeld, as the surface dominates the thermal

emission. Hot-spot shi�s are regularly observed and simulated in the atmospheres of
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(a) Test 3: 10 bar mixed H2-N2 atmosphere.
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(b) Test 4: 100 bar N2 atmosphere.

Figure 6.15: Phase curves at diòerent wavelengths and in the Spitzer bandpass of Tests
3 and 4. Test 3 has no phase oòset at any wavelength, due to its thin atmosphere. Test
4 has a signiûcant phase oòset at 7.0 µm, due to its thick atmosphere.

hot Jupiters (Zellem et al., 2014; Showman et al., 2015), suggesting that a suõciently

thick atmosphere is required for a phase oòset in the outgoing longwave radiation.

_e next section will show the results of a simulation of a 100 bar atmosphere on 55

Cancri e, which will be thick enough to produce an observable oòset in its thermal

phase curve.

6.4 _ick Atmosphere Results

_is section shows the results of Test 4, a simulation with a 100 bar surface pressure,

to test the hypothesis that a suõciently thick atmosphere is required for an oòset in

the thermal phase curve. _e higher mean molecular weight of its N2 atmosphere

balances the eòect of the increased surface pressure, which would otherwise increase

the radiative timescale and decrease the hot-spot shi�.

Signiûcant emission from the pressure level of the equatorial jet is needed for an

oòset in the thermal phase curve, so that emission from the hot-spot shi� dominates

emission from the level heated in phase with the stellar radiation. In the 10 bar

atmospheres earlier, the thermal emission was always dominated by emission from

the surface which has no hot-spot shi�. At wavelengths where the atmospheric
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opacity was high, such as the 4.5 µm phase curves earlier, the emission from the jet

level dominated the emission from the surface. However, the high opacity meant that

the phase curve re�ected a radiating level high in the atmosphere so was almost �at.

_is section will show that there is an observable hot-spot shi� in the temperature

ûeld and outgoing longwave radiation of Test 4, supporting the hypothesis that a

thick atmosphere is needed to observe a hot-spot shi�. _is thick atmosphere is more

similar to a hot Jupiter, where hot-spot shi�s are commonly simulated and observed.

I will conclude that this simulation is evidence for an atmosphere on 55 Cancri e with

a surface pressure greater than 10 bar.

6.4.1 Global Circulation

Figure 6.10b shows the global temperature map and winds at the pressure level of

Test 4 where the equatorial jet is strongest, as a time-average from 200 to 400 days.

_ere is a strong eastward hot-spot shi� and a large day-night contrast. Test 2 had a

similar 10 bar N2 atmosphere with no hot-spot shi� in Figure 6.2; the hot-spot shi� in

Test 4 is due to the increased radiative timescale caused by the higher surface pressure

(Zhang and Showman, 2017).

Figure 6.11b shows the zonal-mean zonal wind of Test 4. It is similar to the

zonal wind of a hot Jupiter simulation, where the equatorial jet extends through

many pressure levels due to shortwave heating through the atmosphere (Showman

et al., 2015). _e prograde eastward �ow at all latitudes at the level of the maximum

equatorial jet speed is explained by the mechanism discussed in Chapter 3.

Figure 6.12b shows the temperature proûles around the equator of this test. _ey

are similar to the temperature proûles of the other tests, but show higher tempera-

tures high on the day-side due to the increased eòect of shortwave absorption. In

reality, a 100 bar atmosphere would have a higher opacity at all wavelengths due to

collision-induced absorption, so shortwave absorption would play a greater role in
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the temperature proûles, as it does for hot Jupiters (Amundsen et al., 2016).

6.4.2 _ermal Emission

Figure 6.13b shows the outgoing longwave radiation from the substellar point,

antistellar point, and terminators on the equator of Test 4. _e spectrum has the same

absorption features as before, with deeper features than the other tests in regions of

intermediate opacity due to the thicker atmosphere. Figure 6.14b shows the emission

spectrum of the day-side and night-side of Test 4, which also has deeper absorption

features than the previous tests. _e magnitude of the emission is higher than the

previous tests, due to the increased surface temperature of the thicker atmosphere. As

discussed above, in reality such a thick atmosphere would have a higher opacity in the

absorption windows in this test, meaning that the emission from the surface would

not appear in the OLR. However, this idealised situation is useful for comparing the

eòect of diòerent opacities on the thermal emission and phase curves.

6.4.3 _ermal Phase Curves

Figure 6.15b shows phase curves calculated from Test 4 at various wavelengths

and in the Spitzer 4.5 µm bandpass. Note that an additional phase curve at 7.0 µm

is plotted for this test, as there is a signiûcant phase oòset at this wavelength. _is

feature did not appear at any wavelength in the phase curves of the other tests in this

chapter. _is supports the hypothesis that a suõciently thick atmosphere is required

to observe a hot-spot shi� in the phase curve. _e blue 3.2 µm phase curve matches

the day-side and night-side temperature of the observed phase curve, but not the

hot-spot shi�. _e 4.5 µm opacity is very high, so the phase curve at that wavelength

has almost zero amplitude. Even if there were a hot-spot shi� at this wavelength it

would not be visible due to the small amplitude of the phase curve.
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_e thick red line calculated in the Spitzer bandpass does not match the observa-

tions. _is suggests that the CO-dominated radiative transfer in the simulations is

not a good model of the observed atmosphere. _is is not a problem for the conclu-

sions of this chapter, which seeks to show the general eòect of variable atmospheric

opacity on the global circulation and observed thermal emission. It would be pos-

sible to tune the atmospheric radiative properties to probe exactly the right level in

the Spitzer bandpass, but this would be an artiûcial ût without any observational

constraints of composition. More observations such as emission spectra are needed

to constrain the composition, which would allow for further modelling with more

accurate parameters.

I therefore suggest that the observation of the hot-spot shi� on 55 Cancri e is

evidence for an atmosphere with a higher surface pressure than 10 bar. _is is a

diòerent conclusion to Chapter 5, which suggested an atmosphere of 1 to 10 bar

produced the maximum hot-spot shi�. Chapter 5 aimed to ûnd the maximum hot-

spot shi� and day-night contrast in the temperature ûeld only. _is chapter has

sought to ûnd the maximum phase oòset and amplitude in the thermal phase curve

from the spectrally resolved outgoing longwave radiation, which also requires a

suõciently thick atmosphere. So, the conclusions of the chapters are diòerent but do

not contradict each other.

6.5 Discussion

_eûrst aim of this chapter was to compare the simulations using the new Socrates

radiative transfer scheme to the results of the semi-grey scheme in the previous chapter.

Tests 1, 2, and 3 qualitatively matched the corresponding tests with the semi-grey

model, showing that the scaling relations for hot-spot shi� and day-night contrast

apply to this more realistic model as well (Zhang and Showman, 2017).
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However, there was an important diòerence between the simulated thermal phase

curves in this chapter and Chapter 5. Previously, the phase curves were calculated

from the 4.5 µm �ux emitted from a particular atmospheric pressure level radiating

as a black body. _is approximation meant that if a hot-spot shi� appeared in the

temperature ûeld at a particular pressure level, it had to appear in the thermal phase

curve calculated using that level. _e thermal phase curves in this chapter are instead

calculated with the OLR simulated by the Socrates radiative transfer scheme, which

does not correspond to a single pressure level for a given wavelength. In Tests 1, 2,

and 3 this meant that the emission from the surface dominated the emission from the

relatively thin atmosphere at most wavelengths, reducing the eòect of the atmospheric

circulation on the phase curve. In particular, there was no phase oòset in any of the

phase curves calculated from Tests 1, 2, and 3.

_is is due to the fact that surface temperature is higher than the jet layer tem-

perature. _e relative emission can be estimated with a simple model. If the lower

atmosphere follows a dry adiabat and the jet layer is at half the surface pressure, the

temperature of the jet layer is Tjet = 0.5R/cpTsur f , where R/cp is the dry adiabatic

lapse rate. _is gives Tjet ≈ 0.8Tsur f for an N2 atmosphere, which means that the

black-body emission from the surface is stronger than the emission from the level of

the jet – Bsur f ≈ 2.4B jet. _erefore, in the wavelength range observed, a suõciently

high opacity is required for the emission from the level of the jet to be stronger than

the emission from the surface. However, this high opacity may mean that the emission

from the jet is weakened, and the outgoing radiation is dominated by a level above

the jet. _ere may be no appropriate opacity for a thin atmosphere to give a thermal

phase curve dominated by emission from the level of the equatorial jet. _is could

be investigated further by varying the surface albedo, which was set to zero in these

tests. A higher albedo could lead to a cooler surface that might reduce this eòect.

_erefore, it is unlikely that a hot-spot shi� will appear in the thermal phase curve
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of a terrestrial planet with a thin atmosphere. Hot-spot shi�s are regularly seen in

observations and simulations of hot Jupiters with thick atmospheres (Amundsen

et al., 2016; Parmentier and Crossûeld, 2017). Hot Jupiters have much deeper zonal

jets due to the shortwave heating through a large range of pressure levels of their

atmosphere, rather than the longwave heating that produces a strongly forced jet in a

small pressure range on a terrestrial planet. _ey also have much thicker atmospheres,

meaning that the thermal emission from the potentially hotter deep atmosphere does

not aòect the OLR, unlike the emission from the surface in these terrestrial planets.

_e results in this chapter suggest that a hot-spot shi� will appear in the thermal

emission only for a surface pressure of at least 10 to 100 bar. _is eòect accounts

for the diòerence between the 10 bar tests and the 100 bar Test 4, where a hot-spot

shi� only appeared in the thermal phase curve of the thicker atmosphere. _ese

simulations therefore present a diòerent conclusion to those in Chapter 5. Instead of

a 5 bar atmosphere with a mean-molecular weight of 4.6 gmol−1, they suggest that an

atmosphere thicker than 10 bar is required, and that a heavier mean molecular weight

may be required to compensate for the increased radiative timescale.

_is conclusion does not contradict the work in Chapter 5. Chapter 5 used scaling

relations and simulations to identify the largest day-side temperature, day-night

contrast and hot-spot shi� possible in the temperature ûeld of 55 Cancri e, as the

radiative transfer could not accurately model the outgoing longwave radiation. _is

chapter, on the other hand, aimed to ûnd the best-ûtting phase curve at a particular

wavelength. _is required a higher surface pressure, which warmed the night-side

further (a problem with matching the observations in the previous chapter), but

produced an observable hot-spot shi� in the thermal phase curve that matched the

observations.

_e temperature ûelds of these simulations showed variability similar to that

discussed in Chapter 5 (Pierrehumbert and Hammond, 2019). It is possible that this
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means that the observed phase curve corresponds to a period of increased hot-spot

shi� or day-night contrast, and that more observations are required to ûnd the true

time-mean thermal phase curve. Processes such as condensable transport or cloud

formation could cause a more complex climate, or variability in the thermal emission

(Parmentier et al., 2013). Studies such as Parmentier et al. (2016) and Lines et al.

(2018) showed the strong eòect that cloud formation can have on the emitted and

re�ected radiation. A collaboration is underway to follow up this work with Graham

Lee, coupling the DIHRT model of cloud formation and transport to Exo-FMS, to

investigate the eòect of clouds formed by species outgassed by the magma ocean (Lee

et al., 2016; Lines et al., 2018).

6.6 Conclusions

_is chapter used simulations in an updated version of the GCM Exo-FMS to

show the eòect of realistic radiative transfer on the climate and thermal phase curve of

55 Cancri e. _e global circulation and temperature distribution of these simulations

qualitatively matched the grey-gas simulations in the previous version of Exo-FMS.

However, the thermal phase curves calculated with themore realistic radiative transfer

did not match the observations in the 10 bar tests, as the thermal emission was

dominated by the hotter surface which has no hot-spot shi�.

_is suggested that the hot-spot shi� observed in the thermal emission requires

a thicker atmosphere, comparable to a hot Jupiter. A test with a surface pressure

of 100 bar had a hot-spot shi� in its temperature ûeld, and also a phase shi� in its

thermal phase curve at some wavelengths. It may therefore not be possible to observe

dynamical features such as hot-spot shi�s in thermal phase curves of terrestrial planets

with atmospheres thinner than about 10 bar. _is may mean that the phase curve of

LHS 3844b measured by Kreidberg et al. (2019) to have no hot-spot shi�, may not yet
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be evidence for the lack of an atmosphere, or even for the lack of a hot-spot shi�.

In summary, the simulations with more realistic radiative transfer suggest that a

thick atmosphere is required on 55 Cancri e to explain the observed thermal phase

curve. It appears to be much harder to match the observed phase curve of a terrestrial

planet than a hot Jupiter, due to the variety of possible atmospheric composition and

eõciency of heat redistribution, and the strong eòect of the surface on the thermal

emission.

_is chapter modiûes the conclusions of Chapter 5, suggesting the phase curve re-

quires an atmosphere with a surface pressure higher than 10 bar, and ameanmolecular

weight higher than H2. Test 4 matched the observed phase curve at some wavelengths,

suggesting that a 100 bar N2 atmosphere could explain the observations. However,

the eòects of the radiative and thermodynamic properties of the atmosphere are

degenerate and can produce the same eòects on the phase curve. More observations

are needed to better constrain the composition and temperature distribution of this

planet.
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Chapter 7

Conclusions

_is thesis aimed to understand the atmospheric circulation and global tempera-

ture distribution of tidally locked planets. _e ûrst two chapters addressed the theory

of the formation of the atmospheric circulation, and the last two chapters applied this

theory to a case study of the observed thermal phase curve of the planet 55 Cancri e.

A�er introducing the topic of the thesis and reviewing relevant work in Chapters

1 and 2, I investigated the formation of the zonal �ow that dominates the atmospheres

of tidally locked planets in Chapter 3. I showed that the meridional circulation is vital

to the formation of this �ow, and used the Gierasch-Rossow-Williams mechanism

to explain how it combines with equatorward momentum transport from stationary

waves to produce superrotation. _is correctly predicted the equilibrium momentum

balance at all latitudes in linear and non-linear shallow-water models and 3D GCM

simulations. I used this mechanism to explain the qualitative scaling of the zonal �ow

of a suite of simulations, and concluded that the equatorial jet dominates the high-

latitude jets for strong stellar forcing, and vice versa. Further work could apply this

mechanism to predict scaling relations for observables such as zonal �ow speed and

hot-spot shi�, or consider how the mechanism operates in the thicker atmospheres

of hot Jupiters. Given the key role of surface friction in the mechanism on terrestrial
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planets, it will be very important to investigate the eòects, and physical plausibility, of

any drag applied to simulations of hot Jupiters.

Chapter 4 shows how this zonal �ow produces the eastward hot-spot shi� in

the atmospheres of tidally locked planets. I linearised a shallow-water model on an

equatorial beta-plane around an equatorial jet and its associated height perturbation.

_e resulting response to day-night forcing matched the form of the hot-spot shi�

seen in 3D simulations. It showed that the hot-spot shi� is not a result of advection

of hot air from the substellar point. Instead, it is a combination of the stationary

Rossby and Kelvin waves excited by the forcing, and the zonally uniform pressure

perturbation required to geostrophically balance the equatorial jet. _is explained how

the observable hot-spot shi� and day-night contrast scale with planetary properties.

_ese two chapters showed how the zonal �ow forms on a tidally locked planet, and

how it then aòects the observable temperature distribution.

I applied the theory of the ûrst two chapters to a case study of the observations

of the lava planet 55 Cancri e. Chapter 5 used 1D scaling relations and idealised 3D

atmospheric simulations to interpret the thermal phase curve measured by Demory

et al. (2016). _e scaling relations qualitatively predicted the eòect of surface pressure

and mean molecular weight on the global circulation of the simulations, and on the

observable day-night contrast and hot-spot shi�. It was possible to match either

the observed day-night contrast with a high mean molecular weight atmosphere,

or the observed hot-spot shi� with a low mean molecular weight and high surface

pressure. _e “best-ût” simulation with intermediate properties selected using the

scaling relations had a hot-spot shi� of 25° east compared to the observed value of 41°.

I concluded that the scaling relations were a powerful tool to predict simulation results

and interpret the observations, but that the radiative eòects of gaseous absorbers and

clouds needed to be represented to properly model the thermal emission.

Motivated by Chapter 5, Chapter 6 used an improved radiative transfer model
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to investigate the eòect of realistic gaseous absorption on the global climate and the

thermal emission of 55 Cancri e. I found that atmospheres with absorption dominated

by CO behaved similarly to the idealised grey-gas simulations in the previous chapter,

suggesting that this is a useful approximation and that the details of the radiative

transfer do not greatly aòect the global circulation. However, the thermal emission

and simulated observations calculated with the more realistic radiative transfer model

were very diòerent to the grey-gas model. _ey matched the day-night contrasts of the

previous chapter, but hot-spot shi�s present in the temperature ûeld did not appear in

the 4.5 µm phase curves. I explained why a suõciently thick atmosphere is required

for a shi� in the thermal phase curve, and used a test with 100 bar surface pressure to

conûrm the presence of a shi� at higher pressure. I concluded that the phase curve of

Demory et al. (2016) is evidence for an atmosphere with surface pressure signiûcantly

larger than 10 bar and a mean molecular weight greater than that of H2.

_ese chapters addressed the theory of the global circulation of tidally locked

terrestrial planetary atmospheres step by step. _e ûrst two chapters provided a

mechanism for the formation of zonal �ow, and a description of the eòect of the

�ow on the observable temperature distribution. _ey showed that the meridional

circulation is vitally important to the momentum budget of the equilibrium zonal

�ow, and that the hot-spot shi� is a combination of stationary waves with the pressure

structure of the zonal �ow itself. _e last two chapters showed how this theory

applies to a real planet, and how the thermal phase curve of 55 Cancri e constrains its

atmospheric composition. I concluded that a suõciently thick atmosphere is needed

to observe the hot-spot shi�, and that a suõciently high mean molecular weight is

required to explain the day-night contrast.

_ere are several key questions that I would like to investigate to continue the work

in this thesis. First, what is the time-variable behaviour – travelling waves, varying

�ow speed, and so on – on these planets (Armstrong et al., 2016)? I am planning to
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investigate this question using an analysis of the free modes in a shallow-water model.

Second, what is the role of the meridional circulation in the formation of �ow and

transport of momentum and heat in the atmospheres of hot Jupiters? _is appears to

be of primary importance to their equilibrium �ow, and has been suggested to be a

cause of their unexpectedly large radii (Sainsbury-Martinez et al., 2019). Finally, can

we predict the global circulation of a tidally locked planet – zonal �ow, hot-spot shi�,

and day-night contrast – from ûrst principles? _is would be a vital contribution

towards interpreting observations of exoplanets, which rely on an understanding of

planetary temperature distribution, heat transport, and circulation patterns.

_is thesis has developed a new description of the formation and observable eòect

of the global circulation of tidally locked terrestrial planets. _e study of exoplanetary

atmospheres is still very young, and has allowed the work in this thesis to be touched

by a great range of stimulating ideas, techniques, and (occasional) real data. I hope

that the huge potential of exoplanetary science can be realised, and that there are

many more surprises to come.
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Appendix A

_e Exo-FMS GCM

AGeneral CirculationModel (GCM) simulates the �uid dynamics, and important

physical processes of an atmosphere or ocean. GCMs are valuable tools for investigat-

ing the atmospheric dynamics of new types of exoplanet, as they can simulate a great

variety of planetary atmospheres without prior knowledge. _is appendix reviews the

structure and functionality of the GCM “Exo-FMS” used to model planetary atmo-

spheres in this thesis. Exo-FMS is hosted at github.com/OxfordPlanetaryClimate,

and will be made public soon.

A.1 Model Structure

Exo-FMS has a simple structure with as few changes as possible to the original

code release of the latest cubed-sphere version of the GFDL FMS1. In this section,

I will give an overview of the modelling structure “FMS”, the dynamical core and

physics modules, and the “Exo-FMS” interface between the dynamical core and

physics modules.

1gfdl.noaa.gov/cubed-sphere-quickstart
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A. The Exo-FMS GCM

A.1.1 FMS

Exo-FMS is built on the GFDL “Flexible Modelling System” (FMS)2, which is a

“so�ware framework for supporting the eõcient development, construction, execution,

and scientiûc interpretation of atmospheric, oceanic, and climate system models”. In

the context of Exo-FMS, FMS is the framework of the model, which manages the

compiling and running of the model, data input and output, parallelisation via MPI,

and many utilities such as time-keeping or initialisation.

A.1.2 Physics Interface

Exo-FMS is based on a single interface between the dynamical core and the

physics modules. _e interface takes the state of the atmosphere at each timestep

(its temperature, pressure, and so on) and passes it to each module in turn. _ese

each return a tendency in some variable (a temperature tendency from the radiative

transfer scheme, for example) which are then applied to the atmospheric state. _is

single interface can manage physical modules that interact with many variables (such

as a cloud formation module), as it manages all of the variables and tracers describing

the state of the atmosphere, as well as all of the �uxes of these variables.

I produced this interface to simplify the addition of new physics modules to the

model. _e interface also makes it simple to swap the modules in and out, to model

diòerent types of planet. _is is very valuable for simulating exoplanets that may

have diòerent processes at work in their atmospheres. Developing the new interface

allowed more use of the object-oriented style of the recent release of the FMS, giving

a more straightforward coupling between the dynamical core and physics modules.

2gfdl.noaa.gov/fms
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A.1. Model Structure

A.1.3 Physics Modules

_e default conûguration of the unmodiûed cubed-sphere release of the FMS

couples the dynamical core to a single physics module that applies a “Held-Suarez”

forcing scheme (Held and Suarez, 1994). Exo-FMS includes additional modules to

simulate diòerent physical processes, which can be swapped in and out using the

interface discussed above.

_e simplest conûguration applies dry convective adjustment, a Rayleigh drag

at the surface, and semi-grey radiative transfer (Pierrehumbert, 2010). _is conûg-

uration was used for the simulations in Chapters 3 and 4. Chapter 5 used the same

conûguration of modules in the previous version of Exo-FMS on latitude-longitude

grid. _e simulations in Chapter 6 use the new cubed-sphere version of Exo-FMS

with the more realistic radiative transfer model Socrates (Edwards and Slingo, 1996).

_e cloud formation and transport model DIHRT has also been coupled to Exo-FMS

(Lee et al., 2016). _e next steps in the model development will be to add more

detailed convective adjustment schemes or to couple it to a chemical model.

A.1.4 Utilities

I also produced Python utilities to run the model and process its output. _e

Python interface to run the model provides a single script to set its input parameters.

_e interface then produces the model runscript, several Fortran namelists to set the

parameters of the test, and sets the model diagnostics that will be saved. A�er the

test ûnishes, the interface then uses the “cubedsphere” Python package3 to re-grid the

diagnostic ûelds from a cubed-sphere grid to a latitude-longitude grid, with a bilinear

interpolation routine.

_e quantities are also interpolated using the FMS “pressure interp” routine, from

3github.com/JiaweiZhuang/cubedsphere

175

github.com/JiaweiZhuang/cubedsphere


A. The Exo-FMS GCM

the hybrid sigma-p coordinate system (see below) to a deûned set of pressure levels.

By default, these are the same pressure levels as the hybrid coordinate system given

the initial surface pressure of the model.

A.2 Finite-Volume Dynamical Core

_e dynamical core of the model solves the primitive equations describing the

�uid dynamics of the atmosphere (Lin, 2004; Vallis, 2006). A ûnite-volume core (as

opposed to a ûnite-diòerence core, or a spectral core) uses a grid of points, each with

a surrounding volume that exchanges �uxes with the adjacent volumes.

Both of the dynamical cores discussed below use a “hybrid sigma-p” vertical

coordinate system. _e pressure pk of each vertical level k of a given column in the

model with coordinates (i , j) is deûned:

pk = ak + bkps(i , j) (A.1)

where ps(i , j) is the surface pressure of the column, and ak and bk are coeõcients

chosen based on the desired pressure structure. _is coordinate systemgives a “hybrid”

between pressure levels at the top of the atmosphere deûned by ak , and sigma (p/ps)

levels at the bottom of the atmosphere deûned by bk. _is allows exactly deûned

pressure levels at the top of the atmosphere, and model levels that respond to changes

in topography or surface pressure in the lower atmosphere. _e coeõcients used

in the simulations in this thesis were based on the default FMS settings, which are

generally logarithmically spaced in pressure.

A.2.1 Latitude-Longitude

_esimulations inChapter 5 used a version of Exo-FMS inherited fromPierrehum-

bert and Ding (2016). _e dynamical core of this version was on a latitude-longitude
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A.2. Finite-Volume Dynamical Core

(a) Latitude-longitude grid. (b) Cubed-sphere grid.

Figure A.1: _e old latitude-longitude grid and the new cubed-sphere grid used in
Exo-FMS. _e new grid avoids the small grid scale at the poles of the old grid, which
was a source of instability.

grid, shown in Figure A.1a. It became clear that the poles of this grid were a source of

instability for the high temperature and high winds produced in simulations of 55

Cancri e. _e instability was likely due to a failure of the CFL condition at the poles,

which requires that

C = u∆t
∆x

≤ Cmax, (A.2)

where u is the local velocity, ∆t is the model timestep, ∆x is the local grid scale,

C is the Courant number, which must be below a critical value Cmax (Courant et al.,

1928). On a latitude-longitude grid, the grid scale ∆x becomes very small at the poles,

requiring a very small timestep ∆t to satisfy this condition. I therefore updated the

model to use a newer dynamical core on a cubed-sphere grid, which does not have

such a small grid scale at its poles.

A.2.2 Cubed-Sphere

Figure A.1b shows a cubed-sphere grid like the grid used in the updated version

of Exo-FMS (Putman and Lin, 2007). A cubed-sphere grid is a regular grid on the six
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A. The Exo-FMS GCM

faces of a cube that is projected onto the surface of a sphere. _is creates six “poles”

on the grid from the vertices of the cube, as well as small variations in the grid cell

sizes. _ese can produce instabilites at the poles, or artifacts in the pattern of the grid

(Putman and Lin, 2007), but these were never a serious issue in the simulations in

this thesis. _e updated version of Exo-FMS was found to avoid the instabilities and

crashing caused by high winds at the poles of the latitude-longitude grid, and to run

more stably which allowed for longer timesteps.

_e cubed-sphere grid also requires a “staggered grid”, where the “staggered”

components of the zonal andmeridional winds in the cubed-sphere coordinate system

are interpolated to orthogonal latitude-longitude components, for the purposes of

physical modules such as the Rayleigh drag. _e tendencies on these winds are applied

in the orthogonal coordinates, then the winds are ûnally transformed back to the

cubed-sphere grid for the dynamical core. _is allows the user to create physics

modules that work in a more intuitive coordinate system.

_e physics modules discussed in this thesis all return �uxes that produce ten-

dencies in the variables of the model, according to the top-level “dt atmos” timestep.

_e source code of the model4 contains details of the time-stepping of the dynamical

core. _e model also uses a fourth-order divergence damping by default, with a

dimensionless coeõcient that is discussed in the model documentation (Lin, 2004).

4gfdl.noaa.gov/cubed-sphere-quickstart
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Appendix B

Pseudo-Spectral Methods for the

Shallow-Water Equations

_is appendix describes the pseudo-spectral methods used to solve the linearised

shallow-water equations in Chapters 3 and 4. I will give a general description of

a pseudo-spectral collocation method, then show the methods used to solve the

shallow-water equations on the beta-plane and on a sphere.

B.1 Pseudo-Spectral Collocation for a Single Equation

Apseudo-spectral collocationmethod expands the solution to a partial diòerential

equation or system of equations as a series of “basis functions” and then imposes

the condition that the equation is satisûed at a number of “collocation points” (Boyd,

2000). _e resulting matrix equation provides the coeõcients of the series, giving

the solution to the initial equation.

For a linear ordinary diòerential equation:

Lu = q (B.1)

179



B. Pseudo-Spectral Methods for the Shallow-Water Equations

where L is a diòerential operator acting on the variable u, and q is the forcing or

eigenvalue term, the solution is written as a sum of a series of basis functions:

u(x) = ∑ anψn(x). (B.2)

_is is solved by imposing the condition that the diòerential equation is satisûed

at N “collocation points”, the positions of which depend on the set of basis functions.

_e condition is equivalent to specifying that the “residual” – the diòerence between

the exact solution and the pseudo-spectral series solution – is zero at these points.

_is provides N equations to solve for the N unknowns an, which gives the matrix

equation:

Ha = f, (B.3)

where the matrix elements Hi j are the operator L applied to the modes ϕ j at the

collocation points xi , and the vector elements fi are the right-hand-side forcing terms

q evaluated at the collocation points xi :

Hi j = Lϕ j(xi), (B.4)

fi = q(xi). (B.5)

Solving Equation B.3 with a numerical method such as LU decomposition gives

the coeõcients an of the solution u(x).
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B.2. Beta-Plane Shallow Water Equations

B.2 Beta-Plane ShallowWater Equations

_emethod above can be applied to a system of equations rather than a single

equation. Equation B.1 is modiûed so that L is a matrix and u and q are vectors. In

the case of a system of forced, time-independent equations:

Lu = q, (B.6)

the condition that the diòerential equation is satisûed at the collocation points

gives the equivalent matrix equation to Equation B.3:

Ha = f. (B.7)

H is an M × N square matrix with elements:

Hkl
i j = Lklϕ j(xi), (B.8)

i.e. the operator Lkl acting on the lth variable in the kth equation, applied to the

jth basis function and evaluated at the ith collocation point. f is a vector made up

of N subvectors fi , which are the forcing terms in each equation evaluated at each

collocation point.

H =
⎛⎜⎜⎜⎜⎜⎜⎝

⎛⎜⎜⎝
Hi j . . .

⋮ ⋱
⎞⎟⎟⎠

kl

. . .

⋮ ⋱

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝

⎛⎜⎜⎝
αi

⋮
⎞⎟⎟⎠
⋮

⎞⎟⎟⎟⎟⎟⎟⎠
=
⎛⎜⎜⎜⎜⎜⎜⎝

⎛⎜⎜⎝
fi

⋮
⎞⎟⎟⎠
⋮

⎞⎟⎟⎟⎟⎟⎟⎠
. (B.9)

H is the same as the matrix in Equation B.4 with the elements Hi j replaced by

submatrices Hkl
i j . Solving this system returns the coeõcients of the basis functions,

and the solutions are:
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u(y) = N∑
n=0
anϕn; v(y) = N∑

n=0
bnϕn; h(y) = N∑

n=0
cnϕn . (B.10)

_is gives a linear matrix equation with one solution corresponding to the coeõ-

cient vectors an, bn, cn of the forced solution.

For the forced linear shallow-water equations, the matrix equation B.6 corre-

sponds to Equation 3.3 in Chapter 3 (Matsuno, 1966). _ese can be solved using the

parabolic cylinder functions plotted in Figure B.1a. _ese functions are appropriate as

they obey the boundary conditions of the beta-plane linear shallow-water equations,

and the lowest order functions are exact solutions of the shallow-water equations.

Without forcing, the shallow-water equations deûne a free eigensystem where the

eigenvalue is the frequency ω.

Lu = ωPu. (B.11)

_e pseudo-spectral equation is then:

Ha = ωRa, (B.12)

where R is an M × N square matrix with elements:

Rkl
i j = Pklϕ j(xi), (B.13)

i.e. the eigenvalue operator Pkl acting on the lth variable in the kth equation,

applied to the jth basis function and evaluated at the ith collocation point:

H =
⎛⎜⎜⎜⎜⎜⎜⎝

⎛⎜⎜⎝
Hi j . . .

⋮ ⋱
⎞⎟⎟⎠

kl

. . .

⋮ ⋱

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝

⎛⎜⎜⎝
αi

⋮
⎞⎟⎟⎠
⋮

⎞⎟⎟⎟⎟⎟⎟⎠
= ω

⎛⎜⎜⎜⎜⎜⎜⎝

⎛⎜⎜⎝
Ri j . . .

⋮ ⋱
⎞⎟⎟⎠

kl

. . .

⋮ ⋱

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝

⎛⎜⎜⎝
αi

⋮
⎞⎟⎟⎠
⋮

⎞⎟⎟⎟⎟⎟⎟⎠
. (B.14)
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(a) Parabolic Cylinder Functions.

1.0 0.5 0.5 1.0
x

1.0

0.5

0.5

1.0T(x)
T1
T2
T3

(b) Chebyshev Polynomials.

Figure B.1: _e basis functions used for the pseudo-spectral methods to solve the
shallow-water equations on a beta-plane and on a sphere. _e choice of basis function
depends primarily on the boundary conditions of the system.

_is means that Equation B.11 is a solvable eigenvalue matrix equation, with N

eigenvalues and eigenvectors, corresponding to the frequencies and coeõcient vectors

an, bn, cn for each free mode. It can be solved with a similar numerical solution to

the linear matrix equation in the forced problem. _e solution may produce spurious

modes related to the number of collocation points. _ese can be identiûed by repeating

the calculation for diòerent numbers of collocation points, and identifying the modes

that do not appear in both cases. Visual inspection of the solutions can also make it

clear where a spurious mode is satisfying the equations merely by having its roots at

each collocation point, for example.

B.3 Spherical Shallow-Water Equations

_is method is used in Chapters 3 and 4 to solve the shallow-water equations on

a sphere. _ese equations are singular with respect to u and v at the poles (although

real solutions do exist), so all the variables cannot be solved simultaneously as on the

beta-plane (Iga and Matsuda, 2005). Instead, the three shallow-water equations can

be reduced to one equation in ϕ, also known as “Laplace’s Tidal Equation” (Pekeris,
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1975; Dunkerton, 1990). _is equation can be solved with a pseudo-spectral method,

then the solution for ϕ used to ûnd the solutions for u and v.

_e linear shallow-water equations on the sphere are:

∂u′
∂t

+ ∂ (Uu′)
a cos θ∂λ

+ v′ ∂U
a∂θ

− Uv′ tan θ
a

= 2Ωv′ sin θ − g∂h′
a cos θ∂λ

,

∂v′
∂t

+ ∂ (Uv′)
a cos θ∂λ

+ 2Uu′ tan θ
a

= −2Ωu′ sin θ − g∂h′
a∂θ

,

∂h′
∂t

+ v′ ∂H
a∂θ

+U ∂h′
a cos θ∂λ

+H∇H ⋅ v′ = 0,

(B.15)

where h is the height of the layer, v = (u, v) is the velocity, θ is latitude, λ is

longitude, t is time, a is radius, g is gravity, and Ω is angular velocity. Overbars

denote zonal-mean quantities (the background �ow and height U and H). Dashes

denote perturbations to this background state.

_e background state is stationary and the zonally uniform equatorial jet U is in

gradient wind balance:

1
a

∂
∂θ

(H + hg) = −(2ΩU sin θ + U2

a
tan θ) . (B.16)

_e perturbed variables are wavelike in longitude and are uniformly damped, so

have the form X(y) exp[imλ + αt)]. All variables are made non-dimensional with

velocity scale 2Ωa, height scale (2Ωa)2/g and time scale 1/(2Ω), and denoted as such

by an asterisk.

_is gives the following non-dimensional shallow-water equations:

α∗u∗m + imU∗u∗m
cos θ

+ v∗m
∂U∗

∂θ
−U∗v∗m tan θ = v∗m sin θ − imh∗m

cos θ
,

α∗v∗m + imU∗v∗m
cos θ

+ 2U∗u∗m tan θ = −u∗m sin θ − ∂h∗m
∂θ

,

α∗h∗m + imU∗ h∗m
cos θ

= − є∗
cos θ

[imu∗m + ∂
∂θ

(cos θv∗m)] ,
(B.17)
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where Lamb’s parameter is є ≡ (2Ωa)2/gH. _ese can be written as

−σ̂∗u∗m − ζ
∗

v∗m + mh∗m
cos θ

= 0,

σ̂∗v∗m + f ∗1 u∗m + dh∗mdθ = 0,

σ̂∗єαh∗m + mu∗m
cos θ

+ 1
cos θ

d
dθ

(v cos θ) = 0,

(B.18)

where

ζ
∗ = f ∗ − 1

cos θ
d
dθ

(U cos θ) (B.19)

is the absolute vorticity of the background �ow,

f1 = f + 2U tan θ (B.20)

is an eòective Coriolis parameter modiûed by the background �ow, and

σ̂∗ = σ∗ − mU
cos θ

(B.21)

is the Doppler-shi�ed time-derivative of the variables (see Chapter 4). Solving

the ûrst two shallow-water equations gives the two velocity components in terms of

the height ûeld:

u∗m = −σ̂∗h∗mm/ cos θ − ζ
∗

dh∗m/dy
∆

,

v∗m = σ̂∗dh∗m/dy + f ∗1 h∗mm/ cos θ
∆

.
(B.22)

where ∆ = f ∗1 ζ
∗ − σ̂∗2. _en, substituting these into the third shallow-water

equation, while changing variables to µ = sin θ and ϕ∗m = (1 − µ2)−m/2 h∗m to avoid the

polar singularities (Iga and Matsuda, 2005), gives:
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∂2ϕ∗m
∂µ2 − B (σ∗, µ) ∂ϕ∗m

∂µ
− A(σ∗, µ)ϕ∗m = F(θ , x)

iσ
, (B.23)

where

A(σ∗, µ) ≡ 1
1 − µ2 [m(m + 1) −mµ 1

∆∗
∂∆∗
∂µ

+ є∆∗

+ m
∆∗σ̂∗

( f ∗1 ∂∆∗
∂µ

− ∆ ∗ ∂ f ∗1
∂µ

)],
B (σ∗, µ) ≡ 1

∆∗
∂∆∗
∂µ

+ 2µ(m + 1)(1 − µ2) ,

∆∗ ≡ f ∗1 ζ
∗ − σ̂∗2.

(B.24)

_is equation is then solved with a pseudo-spectral method using the Chebyshev

polynomials plotted in Figure B.1 (Wang et al., 2016). _e tidal equation in spherical

coordinates can be modiûed to represent the beta-plane by setting cos θ = 1 and f1 = f
(Dunkerton, 1990).
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