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Abstract

This thesis presents a theoretical investigation of clusters composed of

transition metals and main-group elements, namely Zintl clusters. The

studied systems can be broadly categorised into two types: (i) endohedral

clusters with core-shell architectures, and (ii) clusters in which transition

metal centres are coordinated directly to inorganic or organic ligands.

All clusters discussed in this work have been synthesised and structurally

characterised by single-crystal X-ray diffraction. However, limited exper-

imental data beyond crystallographic analysis underscore the importance

of gaining a deeper understanding of their electronic structures through

theoretical approaches. The central strategy of this thesis is to compare

the target clusters with either experimentally known or hypothetical ref-

erence systems, allowing us to elucidate differences in geometry and elec-

tronic structure. Particular emphasis is placed on metal-metal bonding,

which is analysed using Density Functional Theory, and where necessary,

multi-configurational methods such as Density Matrix Renormalisation

Group are employed to account for strong correlation effects — especially

in high-spin systems or in the presence of spin contamination when using

DFT. In endohedral clusters, metal-ligand interactions are explored in de-

tail, with special attention to the role of back-bonding and its influence

on stabilising intermediate cage geometries. In Fe-pnictogen systems, cor-

relations between metal and ligand geometries are examined, originating

from electron density redistribution within the clusters. Collectively, this

work highlights how theoretical methods can provide essential insights

into the bonding and electronic properties of Zintl chemistry.



Contents

1 Introduction 1

2 Theoretical Background 8

2.1 Foundations of quantum chemistry . . . . . . . . . . . . . . . . . . . 8

2.2 Single-determinant methods . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 Hartree-Fock approximation . . . . . . . . . . . . . . . . . . . 10

2.2.2 Extended Hückel theory . . . . . . . . . . . . . . . . . . . . . 14

2.2.3 Density functional theory . . . . . . . . . . . . . . . . . . . . 15

2.2.3.1 Hohenberg-Kohn theorem . . . . . . . . . . . . . . . 15

2.2.3.2 Kohn-Sham formalism . . . . . . . . . . . . . . . . . 16

2.2.3.3 Unrestricted framework . . . . . . . . . . . . . . . . 17

2.2.3.4 Functionals . . . . . . . . . . . . . . . . . . . . . . . 18

2.3 Post-Hartree-Fock methods . . . . . . . . . . . . . . . . . . . . . . . 21

2.3.1 Configuration interaction . . . . . . . . . . . . . . . . . . . . . 21

2.3.2 Complete active space self-consistent field . . . . . . . . . . . 22

2.3.3 Density matrix renormalisation group theory . . . . . . . . . . 24

2.3.4 Multi-configuration pair-density functional theory . . . . . . . 26

2.4 Basis sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3 Electronic Structures of Open-Shell Endohedral Zintl Clusters 34

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.1.1 Introduction to endohedral clusters . . . . . . . . . . . . . . . 34

3.1.2 Stability of clusters . . . . . . . . . . . . . . . . . . . . . . . . 37

3.1.3 Open-shell Zintl clusters . . . . . . . . . . . . . . . . . . . . . 41

3.1.4 Metal-metal bonding in clusters containing Fe and Cr . . . . . 43

3.2 Structure and bonding in [Cr2Sb12]
3– and [Fe2Sn4Bi8]

3– : isoelectronic

but not isostructural . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

i



3.2.2 Computational details . . . . . . . . . . . . . . . . . . . . . . 49

3.2.3 Electronic structure analysis . . . . . . . . . . . . . . . . . . . 49

3.2.3.1 DFT analysis . . . . . . . . . . . . . . . . . . . . . . 49

3.2.3.2 DMRG analysis . . . . . . . . . . . . . . . . . . . . . 56

3.2.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.3 Fe-Fe bonding and its role in the cluster formation in [Fe3Sn18]
4– . . . 66

3.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.3.2 Computational details . . . . . . . . . . . . . . . . . . . . . . 68

3.3.3 Electronic structure analysis . . . . . . . . . . . . . . . . . . . 69

3.3.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.4 Isomerisation of the Fe4 core in [Fe4E18]
4– (E = Sn, Pb) . . . . . . . 78

3.4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.4.2 Computational details . . . . . . . . . . . . . . . . . . . . . . 80

3.4.3 Electronic structure analysis . . . . . . . . . . . . . . . . . . . 81

3.4.3.1 DFT analysis . . . . . . . . . . . . . . . . . . . . . . 81

3.4.3.2 DMRG analysis . . . . . . . . . . . . . . . . . . . . . 87

3.4.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4 Metal-Metal Bonding and Structural Modulation in Iron-Pnictogen

Clusters 107

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.2 [Fe3As13]
3– with an unsymmetrical Fe3 core . . . . . . . . . . . . . . 112

4.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

4.2.2 Computational details . . . . . . . . . . . . . . . . . . . . . . 113

4.2.3 Electronic structure analysis . . . . . . . . . . . . . . . . . . . 114

4.2.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

4.3 Electronic structures of the Fe2Pn4 (Pn = P, As, Bi) core in

[{(dppe)Fe}2(Pn2)2]
2– . . . . . . . . . . . . . . . . . . . . . . . . . . 119

4.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

4.3.2 Computational details . . . . . . . . . . . . . . . . . . . . . . 120

4.3.3 Electronic structure analysis . . . . . . . . . . . . . . . . . . . 121

4.3.3.1 DFT analysis . . . . . . . . . . . . . . . . . . . . . . 121

4.3.3.2 MC-SCF analysis . . . . . . . . . . . . . . . . . . . . 124

4.3.3.3 Comparison to [(LFe)2(Pn4)] . . . . . . . . . . . . . 125

4.3.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

ii



4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

5 Summary 131

References 133

iii



List of Figures

1.1 Schematic plot of bonding generated from (a) s orbitals, (b) p orbitals

and (c) d orbitals. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Representatives of Zintl clusters composed of Group 14 and Group 15

elements. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1 Schematic illustration of CASSCF and related approximate approaches:

RASSCF and GASSCF restrict electron excitations within the active

space, while DMRG compresses the wavefunction using tensor decom-

position. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2 Comparison of the radial distributions of a single-zeta H 1s STO (blue

solid line) and its STO-3G Gaussian approximation (purple dashed

line). Three components of the STO-3G are plotted as GTO1 (orange

dashed line), GTO2 (green dashed line) and GTO3 (red dashed line). 32

3.1 Geometries of representative endohedral clusters, including (a) endohe-

dral metallofullerene and endohedral cluster fullerene; (b) aluminium

cluster; (c) FK-type and three-connected silicon clusters; (d) endohe-

dral Zintl clusters from single metal doped to giant Matryoshka clusters. 35

3.2 Methods used to explain the stability of [Pb12]
2– , including (a) Wade-

Mingos rules, (b) aromaticity analysed by AdNDP, and (c) Kohn-Sham

orbitals. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.3 Open-shell Zintl clusters discussed in this chapter, along with their

closed-shell references. . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.4 Unit cells of (a) [Fe2Sn4Bi8]
3– and (b) [Cr2Sb12]

3– , including front and

top views of the anions. The X-ray Diffraction (XRD) experiment

was performed by Ya-Nan Yang in Prof. Zhong-Ming Sun’s group.

(Reproduced from our published work as Ref. 1) . . . . . . . . . . . . 46

3.5 Structural trends within the ME12 and M2E12 families. The two new

clusters reported in this section are highlighted in the box. . . . . . . 48

iv



3.6 (a) Kohn-Sham orbital array of D4h-[Ni2Bi12]
4+; (b) PDOS plot of Ni

3d, Bi 6s, Bi 6p and OPDOS plot of the Ni-Ni bond. The orbital levels

are broadened with Lorentzian functions with the width of 0.1 eV; (c)

Kohn-Sham orbital isosurface plots for significant orbitals, including

all orbitals contributed by Ni 3d as well as 1a1u and 1a2g located on

the cage. The isovalue for the orbitals is 0.05 e/Bohr3. . . . . . . . . 51

3.7 (a) Spin-α and spin-β Kohn-Sham orbital arrays of 2A2u-[Fe2Sn4Bi8]
3– ;

(b) PDOS plot of Fe 3d, Sn 5s/5p, Bi 6s/6p and the OPDOS of the

Fe-Fe bond of the minority spin. The orbital levels are broadened with

Lorentzian functions at the width of 0.1 eV; (c) Kohn-Sham orbital iso-

surface plots for significant orbitals, including all orbitals contributed

by Fe 3d as well as 1a1u and 1a2g located on the cage in the spin-β

array. The orbital isovalue is 0.05 e/Bohr3. . . . . . . . . . . . . . . . 53

3.8 Electron Density Difference plots for [Ni2Bi12]
4+ and [Fe2Sn4Bi8]

3– ,

showing the difference in electron density between the self-consistent

solution and the sum of two separated fragments ([Ni2]
0 + [Bi12]

4+ or

[Fe2]
3– + [Sn4Bi8]

0, respectively). Contours range from −3×10−3 to 3×
10−3 e/Bohr3, and values on the x- and y- axes are in Å. (Reproduced
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Chapter 1

Introduction

Chemical bonding is a central topic in chemistry and forms the foundation for our un-

derstanding of molecular structure and chemical reactivity. The making and breaking

of chemical bonds underpin the majority of chemical reactions, catalysis, biological

processes, energy storage and conversion. The two-centre-two-electron bond is a cor-

nerstone of bonding theory, but many molecules exhibit non-classical bonding types

involving multiple centres (diborane is a classic example) or more or fewer than two

electrons. The essence of the chemical bond is the overlap of atomic orbitals, which

results in the accumulation of electron density in the vicinity of two or more nuclei.

The strength of this overlap, and thus the bond, depends on both the type of orbital

(s, p, d, f) and the effective nuclear charge of the atom, which determines its spatial

extent. A schematic plot of the types of overlap available to s, p and d orbitals is

shown in Figure 1.1. An s orbital has no angular dependence, leading to direction-

ally non-selective σ bonds. A p orbital has a nodal plane separating its two lobes,

and so a chemical bond involving p electrons is directional, giving rise to σ bonding

through head-to-head and π bonding through side-to-side overlap. d orbitals show

even greater angular preference and, although d-d overlap tends to be weaker than

that of s or p orbitals, d orbitals can participate in σ, π and δ bonding, leading to

metal-metal bond orders of up to five. The δ-symmetry interactions, achieved by

face-to-face interactions of two d orbitals, are typically amongst the weakest bonding

known. Perhaps the most famous example of a δ bond is one component of the Re-

Re quadruple bond in [Re2Cl8]
2– , made up of one σ bond (from overlap of the dz2

orbitals), two π bonds (from dxz and dyz), and one δ bond (from dxy), resulting in

a short Re-Re distance of 2.24 Å.5 An even higher Cr-Cr bond order of 5 is found

in Cr2Ar′2, Ar′ = 2,6-(2,6-iPr2 –C6H3)2-C6H3), where a σ2π4δ4 configuration reflects

the full utilisation of five d electrons on each Cr(I) to form Cr-Cr bonds.6 The Cr-Cr

distance in this compound is extremely short, reaching 1.8351(4) Å.
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Figure 1.1: Schematic plot of bonding generated from (a) s orbitals, (b) p orbitals
and (c) d orbitals.

The diversity of metal-metal bonding types in d-block element chemistry has made

this class of compounds an important testing ground for new theories of chemical

bonding, and the simple diatomics, M2, have been studied using everything from

Extended Hückel Theory (EHT) to Multi-Configurational Self-Consistent Field (MC-

SCF) methods. However, in the realm of stable molecules that can be isolated, metal-

metal bonds typically require the presence of a ligand coordination shell. These can be

classical ligands (H2O, Cl– , NH3, PR3, CO, etc.) but, more recently, post-transition

metal clusters have been used to stabilise metal ions and larger clusters, providing

a flexible environment for generating new types of metal-metal bonds. This class

of compounds, broadly termed ‘Zintl clusters’, is the subject of the majority of this

thesis.

The field of Zintl chemistry originated from the reaction between sodium and lead

in liquid ammonia.7,8 A landmark discovery was made in 1931 when Eduard Zintl

elucidated the composition of Na4Pb9,
9 laying the foundation for decades of subse-

quent research into (semi)metal clusters and solid phase frameworks. Zintl clusters

are now broadly defined as polyatomic anions composed of main-group elements.10,11

Examples are shown in Figure 1.2. Clusters containing the Group 14 elements (Si,

Ge, Sn, Pb) often adopt deltahedral structures similar to the borane family, where the

number of electrons is insufficient to fulfil localised two-centre-two-electron bonding

for all existing bonds. Electron-deficiency is therefore an intrinsic feature of this class

of cluster, and delocalised bonding dominates. The Wade-Mingos rules12–15 can pro-

vide a preliminary understanding of the relationship between structure and electron

count. Clusters containing Group 15 elements also fall into the general class of Zintl
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chemistry, but here, the electron count is higher and localised models of bonding are

more appropriate.

Figure 1.2: Representatives of Zintl clusters composed of Group 14 and Group 15
elements.

These polyatomic clusters, whether from Group 14 or 15, can provide a cavity

that can accommodate one or more transition metal atoms, forming endohedral Zintl

clusters. Encapsulation of transition metal ions can lead to expansion of the main-

group cage by buffering the high negative charge, and metal-metal bonding can emerge

as a result. Most known intermetallic Zintl clusters contain a late transition metal

with a filled d shell: in these circumstances, the interactions between the cluster

and the encapsulated atom are relatively weak. In recent years, a number of Zintl

clusters with earlier transition metals have been synthesised.16–20 The metal cores

in these clusters typically have a partially filled d shell, enabling more extensive

covalent bonding to the main-group shell as well as the potential for metal-metal

bonding. This new class of ‘open-shell’ clusters gives access to a broader range of

magnetic properties and versatile cluster architectures, where the structure can vary

significantly from that of the corresponding empty cluster. The diversity of structures

and magnetic properties opens up possibilities in the realm of single-molecule magnets

and spin-based devices.

In an experimental context, single-crystal XRD has been a powerful tool, providing

detailed information on atomic positions based on Bragg’s law. However, XRD has

limitations in distinguishing elements with similar nuclear charges (Ge and As, or

Sn and Sb, for example) due to the negligible difference in their electron density,

which can hinder accurate resolution of their positions in binary or ternary clusters.

Additionally, the experimental yields are often rather small and the products are

susceptible to oxidation, both of which limit the range of spectroscopic techniques that
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can be applied. As a result, theoretical studies are playing a crucial role in helping

to interpret data and in establishing a unified model for the electronic properties of

these clusters.

Density Functional Theory (DFT) is the most commonly applied method due to

its balance between computational efficiency and reasonable accuracy. Full details

will be given in Chapter 2, but, in short, the DFT framework describes the energy

of a system as a functional of the electron density, where the ground-state energy is

determined by the optimal electron density. Orbital-based approaches, introduced as

part of the Kohn-Sham ansatz, yield eigenvectors that can be interpreted as canonical

molecular orbitals and their eigenvalues as the orbital energies. However, the exact

relationship between density and energy remains unknown, and the wide choice of

available functional forms presents a challenge to the field. Open-shell systems are

the focus of this thesis, and here the Unrestricted Density Functional Theory (UDFT)

approach is used to allow for different spatial distributions for the majority and mi-

nority spin orbitals. This often leads to a lower energy than the restricted approach,

but the resulting unrestricted wavefunction is not, in general, an eigenfunction of

the spin operator. This can result in spin contamination and artificial symmetry

breaking. This limitation can introduce artefacts that complicate the interpretation

of spectra.

An alternative approach to capturing electron correlation lies in post-Hartree-

Fock (post-HF) methods based on Configuration Interaction (CI). The CI method

is a straightforward way to capture electron correlation by expanding the wavefunc-

tion as a linear combination of Slater determinants or Configuration State Functions

(CSFs) of the system. Further iterative optimisation of both the configuration coef-

ficients and the active orbitals leads to the MC-SCF method, which allows for a bal-

anced treatment of near-degenerate configurations. While MC-SCF accounts mainly

for static correlation, it fails to capture most dynamic correlation, which arises from

the instantaneous interactions between electrons. This deficiency can be addressed

using post-MC-SCF methods such as Complete Active Space Second-Order Pertur-

bation Theory (CASPT2),21 n-Electron Valence State Second-Order Perturbation

Theory (NEVPT2),22 or Multi-Configuration Pair-Density Functional Theory (MC-

PDFT).23,24 MC-SCF and MC-PDFT are introduced in Chapter 2, and are used

extensively in Chapters 3 and 4.

The canonical orbitals that emerge from a typical calculation (DFT or MC-SCF)

are always highly delocalised, reflecting the symmetry of the molecule, and it is not

always clear how they relate to simple ideas of localised chemical bonding. This link
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can, however, be made using several approaches. Firstly, the canonical molecular

orbitals can be localised by unitary transformations, resulting in the concentration

of amplitude into a smaller subset of orbitals, providing a more intuitive picture of

the bond. Natural orbitals, obtained by diagonalising the one-electron density ma-

trix, are another orbital representation for MC-SCF calculations. The correspond-

ing occupation numbers also provide indications of electron correlation. A similar

orbital-reinterpretation method in single-reference calculations is the Natural Bond

Orbital (NBO) analysis, which can identify lone pairs, two-centre bonds and even

up to three-centre bonds.25,26 The Adaptive Natural Density Partitioning (AdNDP)

method extends the NBO concept by identifying multi-centre bonding patterns, which

are particularly prevalent in Zintl clusters.27 Additional orbital interaction analyses,

such as Principal Interaction Orbitals (PIOs)28,29 and Energy Decomposition Anal-

ysis with Natural Orbitals for Chemical Valence (EDA-NOCV),30,31 help isolate and

quantify the dominant bonding pairs between fragments. Bond strength and other

properties can be analysed using the following methods, based on either canonical

orbitals or re-interpreted orbitals. A classical method involves analysing the occu-

pancy differences between bonding and antibonding molecular orbitals, giving rise

to the concept of an Effective Bond Order (EBO). Alternatively, bond order can be

quantified via orbital overlap. For example, the Wiberg bond index32 is derived from

the quadratic of the density matrix between atomic orbitals, while the Mayer bond

order33 incorporates the overlap matrix to provide a refined picture of bond strength.

A related visualisation method is the Overlap Population Density of States (OPDOS),

where the density of states is weighted by the overlap to highlight energy windows

where bonding or antibonding character between orbital pairs is significant. OPDOS

analysis is used extensively throughout the thesis. In addition to these overlap-based

approaches, bonding can also be rationalised using topological analysis of the elec-

tron density. Quantum Theory of Atoms in Molecules (QTAIM)34 identifies critical

points in the electron density based on its gradients along three perpendicular axes,

providing quantified indicators of bonding interactions. The closely related concept

of the Electron Localisation Function (ELF)35 indicates the location of lone pairs or

bonding regions by determining the local maxima.

This thesis describes a series of studies on clusters that can be considered in some

sense as ‘Zintl clusters’, in the sense that they contain transition metals surrounded

by ligands based on main-group elements. In some cases (primarily with Group 14)

the main-group elements form a continuous approximately spherical unit, while in

others (primarily with Group 15) they are fragmented into smaller components. The
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transition metals are typically from the first transition series, where the compact 3d

orbitals lead to strong electron-electron repulsions and, hence, strongly correlated

motion. The work has been done in collaboration with Professor Zhong-Ming Sun

from Nankai University, whose group performed all the syntheses and characterisa-

tion. The purpose here is to extend our theoretical understanding of metal-metal

bonding through the study of Zintl clusters. The thesis begins with a detailed re-

view of the relevant computational methods employed across the thesis, ranging from

single-reference methods such as Hartree-Fock (HF) approximation, DFT, and EHT,

to multi-reference approaches including Complete Active Space Self-Consistent Field

(CASSCF), Density Matrix Renormalisation Group (DMRG), and MC-PDFT. The

appropriate choice of computational method is essential for obtaining reasonable re-

sults at moderate computational cost. EHT is a semi-empirical approach which ac-

counts for electron repulsion only through the parametrisation of orbital energies and

sizes. It is a highly approximate but computationally efficient method, and is used

primarily for plotting Walsh diagrams to describe changes in geometry. Qualitative

trends in orbital energy as a function of geometry change can be captured through a

series of single-point calculations. DFT introduces electron correlation via exchange-

correlation functionals, and generally provides reliable results for both closed-shell

and open-shell clusters. However, the performance of DFT depends strongly on the

choice of functional, which can lead to inconsistent predictions, highlighting the need

for careful benchmarking, especially in systems with strongly correlated electrons,

such as the high-spin open-shell clusters that are the subject of most of this the-

sis. In such circumstances, a more explicit treatment of electron correlation offered

by post-HF methods is required. Static correlation is treated using CASSCF and

DMRG, while dynamic correlation is incorporated using MC-PDFT. The computa-

tional methods selected in the following chapters reflect the physics of the systems,

and also the nature of the question that I am trying to address.

The results are collected into two chapters, which are loosely organised on the

basis of the content of the main-group shell: Chapter 3 deals with clusters contain-

ing Group 14 elements in a core-shell structure, while Chapter 4 documents studies

on clusters composed of Group 15 elements. This distinction is not exact, as some

clusters contain both ([Fe2Sn4Bi8]
3– , for example). In Chapter 3, I present a more

detailed introduction to cluster chemistry, and then set out three distinct studies, all

of which have been published in separate articles. The work is arranged in such a way

that I progress from clusters containing two transition metal ions, to three and then

four. In all cases, the main-group cage serves as a geometric constraint, confining
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the metals in a small volume. This unique setup allows us to theoretically explore

multi-centre metal-metal bonding in depth. Furthermore, we examine how core-shell

interactions influence the overall cage geometry. Comparisons with closed-shell ana-

logues offer critical insights into these effects. The structural evolution leading to the

formation of complex cage architectures is also discussed. These open-shell clusters

can exhibit a multi-configurational electronic structure, making accurate treatment of

electron correlation essential for identifying the true ground state. This is addressed

through multi-reference methods, including CASSCF, DMRG and MC-PDFT, as a

complement to DFT. In Chapter 4, I turn to Zintl clusters coordinated by Group

15 elements, in this case with either two or three transition metal ions. The higher

electron count of the Group 15 elements leads to more open structures where the

metals are not fully encapsulated. Nevertheless, the main-group component serves to

hold the metals in close proximity, allowing metal-metal bonding to develop. Here,

the analysis of metal-metal bonding begins with a Linear Combination of Atomic

Orbitals (LCAO)-based approach to understand bonding interactions. MC-SCF cal-

culations are again used as a complementary method to carefully explore the change

in electronic configuration as the metal-metal bond length varies. By applying these

different levels of theoretical treatment, I hope to generate a more coherent interpre-

tation of metal-metal bonding in these systems. The geometric correlation between

the transition metal and the ligand is also discussed from the view of electronic struc-

ture variations. Finally, we conclude the thesis with a brief summary and outlook on

the future of computational Zintl chemistry.
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Chapter 2

Theoretical Background

This chapter introduces fundamental concepts and theorems of quantum chemistry

that underpin the computational methods used throughout this thesis. The time-

independent Schrödinger equation will first be introduced, followed by a discussion

of the physical meaning of its eigenvalues and eigenfunctions. In order to solve this

fundamental equation from first principles, the nature of the interaction between

electrons needs to be considered, as does the mathematical treatment of the atomic

orbitals. The first aspect leads to the development of ab initio methods for solving the

Schrödinger equation, ranging from the Hartree-Fock approximation to Density Func-

tional Theory and Configuration Interaction. In the second aspect, the mathematical

representation of the atomic orbitals takes us to a discussion of basis sets.

2.1 Foundations of quantum chemistry

Unlike classical Newtonian systems, microscopic particles like nuclei and particularly

electrons exhibit both wave-like and particle-like characteristics, and hence the posi-

tion and momentum of such particles cannot be measured simultaneously. Therefore,

these particles can only be described within the framework of quantum mechanics,

the centrepiece of which is the solution to the time-independent Schrödinger equation

ĤΨ = EΨ (2.1.1)

Here, the Hamiltonian Ĥ is an operator, whose eigenvalues are the total energies

(E) of states of the system. Ψ, also called the wavefunction, is the corresponding

eigenfunction of the Schrödinger equation. The Hamiltonian can be decomposed into

a series of kinetic and potential energy terms as follows:

Ĥ = T̂n + T̂e + V̂nn + V̂ne + V̂ee (2.1.2)
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T̂n and T̂e represent the kinetic energy of the nuclei and electrons, and V̂nn, V̂ne and

V̂ee terms describe the nucleus-nucleus, nucleus-electron, and electron-electron inter-

actions, respectively. As the nuclear mass is at least three orders of magnitude larger

than that of the electron, the nuclei can be considered to be static on the timescale

of electron motion. This is called the Born-Oppenheimer approximation, which de-

couples the motion of electrons and nuclei and eliminates the kinetic energy of nuclei

from the Hamiltonian. The repulsion between nuclei, V̂nn, is then a constant term

(for a fixed arrangement of nuclei) that can be calculated using classical electrostat-

ics, and the total wavefunction can be separated into a product of nuclear (Ψn) and

electronic parts (Ψe). We can therefore focus only on the electronic part of the time-

independent Schrödinger equation where the electronic part of the Hamiltonian Ĥe

can be expressed as

ĤeΨe = EeΨe (2.1.3)

Ĥe = T̂e + V̂ne + V̂ee (2.1.4)

The wavefunction is a complex mathematical description of the quantum state

of the electronic system, but it can be connected to experiment through the Born

interpretation, which states that its square (or more precisely the product of the

wavefunction and its complex conjugate) at a point in space is proportional to the

probability of finding an electron within a finite volume element surrounding this

point. The expectation value of observable properties (λ) such as energy can be

obtained by calculating the wavefunction with an appropriate Hermitian operator

(Q̂):

λ =

∫
Ψ∗Q̂Ψdτ∫
Ψ∗Ψdτ

=
⟨Ψ|Q̂|Ψ⟩
⟨Ψ|Ψ⟩

(2.1.5)

As the electron motions are correlated with each other, it is not possible to solve

for the exact energy and wavefunction analytically in systems with more than one

electron. However, the variational principle provides an upper bound to the exact

ground-state energy of the system: it states that the energy generated from any trial

wavefunction must be greater than or equal to the true ground-state energy. This

principle provides a basis for many approximate methods, as it enables a strategy to

approach the ground-state energy (E0, defined by the ground-state wavefunction Ψ0)

by optimising the trial wavefunction (Ψ′) to minimise the total energy.

E =
⟨Ψ′|Ĥ|Ψ′⟩
⟨Ψ′|Ψ′⟩

≥ ⟨Ψ0|Ĥ|Ψ0⟩
⟨Ψ0|Ψ0⟩

= E0 (2.1.6)
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2.2 Single-determinant methods

2.2.1 Hartree-Fock approximation

As stated above, the exact solution of the Schrödinger equation is only available in

analytical form for simple one-electron systems. For systems with more than one elec-

tron, strategies have to be introduced to reach an approximate solution of sufficient

accuracy. The starting point here is the Hartree-Fock approximation,36,37 where each

electron is assumed to move independently in an external mean-field created by all

other particles (electrons and nuclei). A second constraint is imposed by the Pauli

exclusion principle, which requires the wavefunction to be antisymmetric under the

exchange of two identical fermions. The total wavefunction of an n-electron system

in the Hartree-Fock approximation can then be expressed as a single determinant

composed of spin orbitals χi as

|Ψ⟩ = |χ1χ2...χiχjχaχb...χN⟩ =
1√
N !

∣∣∣∣∣∣∣∣
χ1(1) χ1(2) ... χ1(N)
χ2(1) χ2(2) ... χ2(N)
... ... ... ...

χN(1) χN(2) ... χN(N)

∣∣∣∣∣∣∣∣ (2.2.1)

The spin orbitals are orthogonal to each other as ⟨χi|χj⟩ = δij. The spatial part of

any spin orbital (ψj) is expressed using the LCAO approximation

ψj =
∑
µ

cµjϕµ (2.2.2)

The atomic orbital and its expansion coefficient are represented as ϕµ and cµj, re-

spectively. In order to obtain the energy and the composition of a spin orbital, the

Fock operator f̂1 acting on electron 1 can be introduced as:

f̂1χ1(1) = ϵ1χ1(1) (2.2.3)

The orbital energy, ϵ1, can be optimised variationally with respect to the coefficient

vector of the spin orbitals. The orbital energy and wavefunction correspond to the

eigenvalue and eigenvector of this equation. The Fock operator defining the effective

one-electron Hamiltonian can be expanded as:

f̂a = −1

2
∇2 −

∑
A

ZA

r1A
+
∑
b̸=a

Ĵb −
∑
b̸=a

K̂b (2.2.4)

The first two terms are from one-electron contributions: the kinetic energy (−1
2
∇2)

and the electron-nuclear attractions (−
∑

A
ZA

r1A
) between electron 1 and nucleus A
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with the nuclear charge as ZA. The remaining terms arise from two-electron inter-

actions. The Coulomb operator, Ĵb, captures the classical electrostatic interactions

between an electron in χa and another in χb. There is no simple physical explanation

for the exchange operator K̂b other than it emerges from the requirement for anti-

symmetry to electron exchange on the wavefunction. In the equation, the exchange

operator ‘exchanges’ the orbital location of electron 1 and 2 on its right side. The

effect of Ĵb and K̂b operating on an electron located in χa can be expressed as:

Ĵb(1)χa(1) =

[∫
dx2χ

∗
b(2)

1

r12
χb(2)

]
χa(1) (2.2.5)

K̂b(1)χa(1) =

[∫
dx2χ

∗
b(2)

1

r12
χa(2)

]
χb(1) (2.2.6)

Decomposing the spin orbitals into separate spatial and spin components allows fur-

ther simplification. In a closed-shell system, each orbital is doubly occupied by two

electrons with identical spatial distribution but opposite spins (α or β). The Coulomb

operator acts on each electron by considering its interaction with all other electrons,

regardless of their spin. Since two electrons occupying the same orbital have iden-

tical spatial distributions, the Coulomb repulsion operating on both electrons is the

same. In contrast, the exchange interactions show a dependency on spin, where the

exchange term vanishes when acting on electrons possessing an opposite spin due

to spin orthogonality. In other words, in the Hartree-Fock approximation, exchange

interactions occur only between electrons with the same spin. After integrating over

spin coordinates, the Fock operator operating on closed-shell spatial orbital ψj(r1)

for a system in terms of orbital c can be written as:

f̂(r1)ψj(r1) = (−1

2
∇2 −

∑
A

ZA

r1A
)ψj(r1) +

2

N/2∑
c

∫
dr2ψ

∗
c (r2)

1

r12
ψc(r2)

ψj(r1)

−

N/2∑
c

∫
dr2ψ

∗
c (r2)

1

r12
ψj(r2)

ψc(r1)

(2.2.7)

The molecular orbitals can be represented in terms of the LCAO approximation us-

ing basis functions. If we multiply ϕ∗
µ on the left, followed by integration, the HF

equations can then be converted into a matrix problem, the so-called Roothaan-Hall

equations.38,39∑
ν

Cνi

∫
dr1ϕ

∗
µ(1)f̂(1)ϕν(1) = εi

∑
ν

Cνi

∫
dr1ϕ

∗
µ(1)ϕν(1) (2.2.8)
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FC = ϵSC (2.2.9)

The complete Fock matrix, F , can be constructed from the integration of Fock oper-

ators over all basis functions. The orbital energies in this equation are denoted by ϵ.

The coefficient vectors, C, represent the LCAO expansion of the molecular orbitals

and S is the matrix of overlap integrals between basis functions.

Fµν =

∫
dr1ϕ

∗
µ(1)ĥ(1)ϕν(1) +

N/2∑
c

∫
dr1ϕ

∗
µ(1)(2Ĵc(1) − K̂c(1))ϕν(1) (2.2.10)

where the one-electron operator is

ĥ(1) = −1

2
∇2 −

∑
A

ZA

r1A
(2.2.11)

The product of the coefficient matrix can be simplified through the introduction of

the density matrix Pµν :

Pµν =

N/2∑
c

CµcCνc (2.2.12)

If the overlap matrix can be converted to a unit matrix, the Roothaan-Hall equations

can be converted to an eigenvalue problem. This diagonalisation procedure can be

performed by U †SU = s with a unitary matrix, whose inverse equals its conjugate

transpose. An appropriate choice is S−1/2, which is a Hermitian matrix as S−1/2 =

S−1/2†. The equation can be translated as an eigenvalue problem with a derived

coefficient matrix from C = S−1/2C ′.

S−1/2SS−1/2 = S−1/2S1/2 = I (2.2.13)

(S−1/2FS−1/2)C = (S−1/2SS−1/2)Cε (2.2.14)

F ′C ′ = C ′ε (2.2.15)

By solving the equation, the orbital energies are obtained as the eigenvalues and the

composition of the molecular orbitals can be extracted from the coefficient matrix

converted from the eigenvectors. The equation must be solved iteratively using the

Self-Consistent Field (SCF) method, due to the mutual dependency between the

charge density and the elements of the Fock matrix (the Coulomb and exchange

operators both depend on the coefficient matrix). The SCF procedure can be carried

out in the following steps:

• Initialise the one-electron Hamiltonian, one-electron and two-electron integrals.
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• Diagonalise the overlap matrix and obtain the transformation matrix S−1/2.

• Generate an initial guess for the density matrix.

• Calculate the Coulomb and exchange integrals.

• Construct the Fock matrix and convert it into F ′.

• Diagonalise F ′ to obtain C ′ and the orbital energies.

• Convert the C ′ back into the coefficient matrix and form the density matrix for

the next iteration.

• Determine the convergence of the SCF cycle, by comparing the energy and

density matrix between the previous and current cycle. If not converged (i.e.

the current and previous values differ by more than a specified tolerance), use

the F ′, C ′ and density matrix Pµν in the next iteration of the SCF.

The variational principle guarantees that the SCF procedure yields the lowest energy

within the chosen single-determinant ansatz, as well as its corresponding orbital set.

The Hartree-Fock approximation provides an elementary approach for solving the

Schrödinger equation. Even though an exact description of the exchange interactions

between parallel spins is provided in the Hartree-Fock equation, the model is limited

by the choice of wavefunction, a single determinant. This is chosen because it ensures

that the antisymmetry requirements are met, but it is by no means the only conceiv-

able wavefunction that would achieve this. Any linear combination of determinants

also has this property. Thus the single-determinant description that is the basis of

Hartree-Fock theory can be seen as the minimal acceptable form of the wavefunction.

The limitations of this choice are, however, clear: if two electrons with opposite spin

(α and β) are described by the same spatial wavefunction then the most probable

outcome of a (hypothetical) experiment that would measure their position simulta-

neously would be that they would be in the same place. This is clearly unphysical —

we say that the motion of the two electrons is uncorrelated. An electron only feels the

average repulsion generated by all other electrons, but does not respond to the spe-

cific position of another electron at any instant in time. Therefore, the Hartree-Fock

approximation tends to overestimate the repulsion between electrons. The ability of

electrons to avoid each other in a way that is not captured by the Hartree-Fock theory

is called correlation, which can be captured with post-Hartree-Fock methods.
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2.2.2 Extended Hückel theory

Unlike Hartree-Fock theory, which solves the Schrödinger equation using SCF tech-

niques, a more computationally feasible approach is to incorporate experimentally

fitted parameters to develop a semi-empirical method at the cost of accuracy and

universality. Extended Hückel Theory is a semi-empirical method,40 closely related

to Hückel Theory (HT) which has been used extensively to describe molecules like

benzene with conjugated bonds. EHT considers only valence atomic orbitals, and the

elements of the Fock matrix are obtained using empirical parameters (specifically, the

experimentally measured ionisation energies). The use of parameters and the neglect

of core orbitals mean that the total energy is not calculated by EHT, and so properties

that derive from the total energy, such as the optimal geometry, are not accessible.

EHT is, however, very useful as a means of quickly computing orbital energies, and

particularly in exploring how they vary over a reaction coordinate.

The molecular orbitals ψi in EHT are also constructed using the LCAO approxi-

mation, and Slater-type basis functions are typically used (see later discussion).

ψi =
∑
µ

ciµϕµ (2.2.16)

The orbital energy can be obtained by solving a one-electron effective Hamiltonian

ĥeff eigenvalue problem. Its expectation value as energy, εj, can be expressed by Eq.

2.2.18.

ĥeffψj = εjψj (2.2.17)

εj =
⟨ψj|ĥeff |ψj⟩

⟨ψj|ψj⟩
(2.2.18)

The LCAO method applied here again introduces a coefficient matrix into the

equations. The elements of the overlap matrix, S, are computed analytically, in much

the same way as in HF theory. The elements of the Hamiltonian matrix, in contrast,

are calculated using parameters and a set of empirical rules devised by Hoffmann and

others.

The diagonal elements,

Hii =

∫
ψ∗
i Ĥψidτ (2.2.19)

are approximated as the ionisation energies of the element in question. The off-

diagonal elements are then constructed using the so-called Wolfsberg-Helmholtz for-

mula:

Hij =
1

2
K[Hii +Hjj]Sij (2.2.20)
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The best value of K has been debated, but 1.75 is used in most implementations,

including the calculations in this thesis. The orbital energies are then given by coef-

ficients cr, elements in the Hamiltonian Hrs and in the overlap matrix Srs:

εj =

∑N
r=1

∑N
s=1 c

∗
rjcsjHrs∑N

r=1

∑N
s=1 c

∗
rjcsjSrs

(2.2.21)

In this thesis, EHT is employed to compute the orbital arrangements of inter-

polated structures between stationary ones, facilitating the construction of Walsh

diagrams. Since these structures exist in different charge states, SCF methods such

as DFT will lead to discontinuities associated with changes in the total number of

electrons. This problem is avoided in EHT (as long as the parameters are treated as

fixed) and this aids in interpretation. The calculations can be efficiently performed

using a Python interface on a laptop. Compared with DFT results, EHT provides

qualitatively reasonable orbital energies and frontier orbital compositions as a func-

tion of structural distortions at a much lower computational cost.

2.2.3 Density functional theory

2.2.3.1 Hohenberg-Kohn theorem

The limitations of the Hartree-Fock approximation to the Schrödinger equation were

previously discussed in Chapter 2.2.1, which neglects electron correlation. It does,

however, provide a convenient starting point for further theoretical improvement.

Approaches include developing wavefunction-based methods, and re-formulating the

expression for the exchange-correlation energy which is the key idea in density func-

tional theory.

The earliest form of density functional theory, a density-based equation to calcu-

late the energy, was provided by Thomas and Fermi in 1927.41,42

E =
3

10
(3π2)2/3

∫
[ρ(r)]5/3dr + Z

∫
ρ(r)

r
dr +

1

2

∫
ρ(r)ρ(r′)

|r − r′|
drdr′ (2.2.22)

In the Thomas-Fermi equation, the kinetic energy, electron-nuclear attraction and

electron-electron repulsion are all expressed as a functional of electron density ρ(r).

The direct connection between the energy and density greatly simplifies the number of

variables involved from 4N (N is the number of particles) to 3 (the three orthogonal

directions in which the density, ρ(x, y, z), can vary). The significance of this equation

lies in its ability to relate the total energy of a system directly to its electron density.

The major drawback of this method, however, is its poor accuracy in estimating the
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electron kinetic energy and the absence of explicit terms for exchange and correlation.

Since this equation relies only on the electron density, with no reference to orbitals,

it is regarded as a representative of ‘orbital-free’ density functional theory.

In 1965, Hohenberg and Kohn first proposed that the external potential is uniquely

determined by the ground state electron density for any system of interacting elec-

trons.43 The external potential Vext can be a medium, which establishes the unique

relationship between the ground state electron density with the Hamiltonian. With

this connection, all properties including the wavefunction can, in principle, be gen-

erated from the ground-state electron density. The energy can then be expressed

as:

E[ρ] = T [ρ] + Vee[ρ] +

∫
ρ(r)Vext[ρ]dr (2.2.23)

The second Hohenberg-Kohn theorem deals with the variational principle. It states

that the ground-state energy is lower than or equal to the energy derived from any

trial density ρ̃.

⟨Ψ̃|Ĥ|Ψ̃⟩ = T [ρ̃] + Vee[ρ̃] +

∫
ρ̃(r)Vextdr = E[ρ̃] ≥ E0[ρ0] = ⟨Ψ|Ĥ|Ψ⟩ (2.2.24)

2.2.3.2 Kohn-Sham formalism

The Hohenberg-Kohn theorem provides the foundation for a further evolution to the

Kohn-Sham formalism by highlighting the importance of the ground state density.

However, the challenge in calculating the kinetic energy in the Thomas-Fermi equation

remained to be solved. Kohn and Sham realised that this term could be calculated

more accurately using a wavefunction and an orbital basis, from which the density

could be easily generated as the sum of the squares of the wavefunctions of the

occupied orbitals φi.
44

ρ(r) =
N∑
i

|φi|2 (2.2.25)

The Hamiltonian in the Kohn-Sham equation (f̂KS) is written as a kinetic energy

term plus an effective potential term. The orbital energies and wavefunctions are

obtained as the eigenvalues and eigenfunctions. Each φi is referred to as a ‘Kohn-

Sham orbital’. The total wavefunction is constructed by a single Slater determinant

composed of these orbitals, as in the Hartree-Fock ansatz.

f̂KSφi = ϵiφi (2.2.26)

f̂KS = −1

2
∇2 + V̂eff (2.2.27)
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The kinetic energy TS is computed as in the Hartree-Fock framework as follows:

TS = −1

2
⟨φi|∇2|φi⟩ (2.2.28)

The effective potential operator is the sum of the nucleus-electron attraction

V̂ne[ρ(r)], classical Coulomb repulsion Ĵ [ρ(r)] and exchange-correlation interactions

V̂xc[ρ(r)].

V̂eff (r) = V̂ne[ρ(r)] + Ĵ [ρ(r)] + V̂xc[ρ(r)]

= −
∑
A

ZA

|r −RA|
+

∫
ρ(r′)

|r − r′|
dr′ + V̂xc

(2.2.29)

The exchange-correlation term that emerges in the equation is a complex one: it

contains the exchange energy as well as the difference in kinetic energy between

the interacting (as T [ρ]) and non-interacting system (as TS[ρ]), the corrections to

the self-interaction error, and also correlation between electrons. Nevertheless, the

Hohenberg-Kohn theorem states that, if an exact form of Vxc were known, the equa-

tion would yield the exact energy of the system without any approximation. Unfortu-

nately, the exact form of Vxc is unknown, and we can only approximate it. A detailed

discussion of common exchange-correlation functionals is reserved for Section 2.2.3.4.

Vxc =
δExc

δρ
(2.2.30)

Exc[ρ(r)] = (T [ρ] − TS[ρ]) + (Eee[ρ] − J [ρ]) (2.2.31)

The Kohn-Sham equations are, like the Roothaan-Hall equations, non-linear, and

iterative techniques are required. The trial electron density can be optimised, the

variational principle guarantees that the process approaches the ground state.

The chemical significance of the Kohn-Sham orbitals still remains controversial:

in principle, the orbitals exist only as a means to generate the density. Nevertheless,

Hoffmann has argued that they are very similar to Hartree-Fock orbitals, and they are

usually interpreted in the same way.45 In the following chapters, I will make extensive

use of the Kohn-Sham orbitals to analyse the chemical bonding in molecular systems.

2.2.3.3 Unrestricted framework

In the discussion above, it is assumed that orbitals of both spin-α and spin-β sets

share the same spatial part — this is called Restricted Kohn-Sham Density Functional

Theory (RKS-DFT) or Restricted Hartree-Fock (RHF). However, a restricted calcu-

lation cannot accommodate dissociated H2, where one electron (α or β) necessarily
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ends up on one H atom and the other electron on the other. If we lift the restriction

of identical spatial distributions for both spins, an Unrestricted Kohn-Sham Density

Functional Theory (UKS-DFT) formalism is reached. In this ansatz, the majority

and minority orbital arrays are optimised separately in the SCF cycle by solving two

sets of Roothaan equations, which doubles the computational cost. In the H2 case,

the unrestricted method can correctly describe the dissociation limit as a combination

of two hydrogen atoms, where the spin-α density locates on one H and spin-β on the

other. Even though it corrects the density distribution, the unrestricted approach

breaks the symmetry of the wavefunction, as the α and β spin density may localise

on different parts of the molecule, a so-called ‘broken-symmetry’ state. The wave-

function is then not an eigenfunction of the spin operator, Ŝ2, which is called spin

contamination. As a result, an unrestricted DFT/HF wavefunction can be regarded

as the wavefunction of the corresponding spin state mixed with some higher spin state

wavefunctions. For example, the unrestricted wavefunction for H2 at its dissociation

limit is a 50:50 mixture of singlet and triplet states. More generally, an unrestricted

‘doublet’ (2Ψunrestricted) can be considered as a combination of wavefunctions of higher

spin states such as quartet, sextet, octet and so on.

2Ψunrestricted = c1
2Ψres + c2

4Ψres + c3
6Ψres + ... (2.2.32)

In order to obtain a wavefunction as an eigenstate of the spin operator, it is possi-

ble to treat the doubly occupied orbitals in a restricted way and the singly-occupied

orbitals as unrestricted — a so-called restricted open-shell calculation (Restricted

Open-Shell Hartree-Fock (ROHF) or Restricted Open-Shell Density Functional The-

ory (RODFT)). It can compensate for the drawback that the unrestricted Hamiltonian

does not necessarily commute with the spin operator, but still fails for dissociated H2

due to its lack of spatial flexibility. If we wish to retain both spin and spatial symme-

try of the wavefunction, it is necessary to use more than one Slater determinant to

represent the wavefunction, as CSFs in CASSCF. These methods will be introduced

in the next section.

2.2.3.4 Functionals

The exchange-correlation energy in DFT constitutes a relatively small but essential

component of the total energy. If the exact exchange-correlation functional were

known, DFT would yield the exact ground-state energy for the Schrödinger equation.

However, this exact functional remains unknown and is, in practice, unattainable.
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Therefore, one of the main topics in DFT is the development of suitable approxi-

mations for the exchange-correlation functional. Since the central idea of DFT is to

construct the total energy as a functional of the electron density, a natural starting

point is to approximate the exchange-correlation energy directly using the local value

of the electron density. This leads to the Local Density Approximation (LDA). For

spin-unrestricted systems, the method can be extended to treat the spin-up and spin-

down electron densities separately, resulting in the Local Spin Density Approximation

(LSDA). The LDA gives accurate predictions for the model homogeneous electron gas

system, where the constant electron density assures an exact exchange energy. It can

also be extended to inhomogeneous systems like molecules by dividing the system

into grids inside which the density can be considered as locally homogeneous.

ELDA
xc [ρ] =

∫
ρ(r)ϵxc(ρ(r))dr (2.2.33)

The exchange-correlation energy can be further decomposed into the exchange part

ϵx and correlation part ϵc. The success of LDA for systems with inhomogeneous

electron densities is often attributed to a fortuitous error cancellation of the under-

estimated exchange energy and the overestimated correlation energy, as well as the

good prediction of the spherical average of the pair density. The most commonly used

LDA functionals include VWN (Vosko, Wilk and Nusair),46 which is named after the

developers.

The LDA serves as a foundational reference for the development of more sophisti-

cated exchange-correlation functionals. An improved method is the Generalised Gra-

dient Approximation (GGA), in which the functional depends not only on the local

electron density but also on its first derivatives (gradients). Both exchange and corre-

lation parts in GGA are based on the LDA approximation with an additional correc-

tion term comprising the gradient of the density. The empirical parameters in GGA

functionals can be constructed either by fitting to experimental data or high-level

theoretical results, or based on fundamental conditions that the correct functional

should meet. The extensively used PBE (Perdew-Burke-Ernzerhof) functional47 in

this thesis is based on this second approach. Other common GGA functionals include

BP86 (Becke for exchange, Perdew for correlation, 1986),48,49 PW91 (Perdew-Wang

1991)50 and BLYP (Becke for exchange, Lee-Yang-Parr for correlation).48,51 In prac-

tical terms, the GGA often performs better than LDA in calculations of transition

energy barriers, structural properties and dissociation energies.

EGGA
xc [ρσ] =

∫
f [ρσ(r),∇ρσ(r)]dr (2.2.34)
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A natural extension to GGA is to add the Laplacian of the electron density (its

second derivative) or the kinetic-energy density as a variable in the approximation

alongside the local density and its gradient — so-called meta-GGA functionals. Spe-

cific examples include TPSS (Tao-Perdew-Staroverov-Scuseria)52 and M06-L (Min-

nesota 06 - local)53,54 which incorporate the kinetic-energy density.

Emeta-GGA
xc [ρσ] =

∫
f [ρσ,∇ρσ(r),∇2ρσ(r)]dr (2.2.35)

Emeta-GGA
xc [ρσ] =

∫
f [ρσ,∇ρσ(r), τ ]dr (2.2.36)

Even though Hartree-Fock theory does not capture the correlation energy, the

exact expression for the exchange term can also be incorporated into the DFT frame-

work to improve its performance. The so-called hybrid functionals achieve this by

replacing a portion of the DFT exchange energy with the Hartree-Fock description,

while keeping the correlation term from the DFT approximation. The mixing pa-

rameter can be determined by fitting to experiment — 20% in B3LYP (Becke, 3-

parameter, Lee-Yang-Parr)55 or from theoretical foundations, as in the 25% used

for PBE0 (Perdew-Burke-Ernzerhof Hybrid).56,57 Hybrid functionals require an ad-

ditional overhead compared to pure DFT because the Hartree-Fock exchange part

has to be calculated. As a result of the addition of a fraction of exact exchange en-

ergy, increasing the fraction of exact exchange often stabilises high-spin states relative

to low-spin states, particularly in transition-metal systems. Indeed, the energy gap

between high-spin and low-spin states often varies linearly with the amount of exact

exchange included. Moreover, hybrid functionals help reduce self-interaction error and

often yield more accurate estimates for some properties such as the HOMO-LUMO

gap.

Ehybrid
xc = αEHF

x + (1 − α)EGGA
x + EGGA

c (2.2.37)

All the functionals mentioned above represent different strategies for approximat-

ing the exchange-correlation energy, but none is guaranteed to reproduce the true

ground-state energy. It is, therefore, critical to choose an appropriate functional for

a particular research problem. I will discuss the choice of functionals and the impact

of the choice at various points in the following chapters.
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2.3 Post-Hartree-Fock methods

2.3.1 Configuration interaction

DFT provides an efficient pathway for solving the Schrödinger equation by approxi-

mating an interacting electron system through a non-interacting model, utilising ap-

proximate exchange-correlation functionals. In contrast, wavefunction-based methods

derived from HF theory aim to enhance the description of electron correlation by ex-

plicitly refining the electronic wavefunction. The HF approximation employs a single

Slater determinant, inherently capturing exchange interactions but omitting corre-

lation energy entirely. To overcome this limitation, advanced wavefunction-based

methods can be introduced. One fundamental method in this category is the Config-

uration Interaction approach. In the CI framework, the wavefunction is expressed as

a linear combination of Slater determinants, each corresponding to distinct electronic

configurations based on HF orbitals. To achieve spin adaptation — wavefunction as

eigenfunctions of spin operators Ŝ2 and Ŝz — CSFs can be employed to replace Slater

determinants to represent the wavefunction. These CSFs, which themselves are linear

combinations of Slater determinants, guarantee the proper spin symmetry of the total

wavefunction. If a CI calculation incorporates every possible Slater determinant or

CSFs within a given basis set, it is termed a Full Configuration Interaction (Full CI)

calculation. Full CI provides the exact correlation energy achievable within the cho-

sen basis set. Thus, the exact correlation energy within the given basis set at the HF

level of approximation can be precisely quantified as the energy difference between

the Full CI and the corresponding HF calculation.

Ecorr = EFCI − EHF (2.3.1)

However, in practical quantum chemical calculations, reaching the Full CI limit

is generally infeasible due to the exponential scaling with system size. Therefore,

truncations are necessary to balance computational cost and accuracy. These trun-

cations are typically made by classifying Slater determinants or CSFs according to

the number of excited electrons relative to the HF reference. For example, Configura-

tion Interaction Singles (CIS), Configuration Interaction Singles and Doubles (CISD),

and Configuration Interaction Singles, Doubles, and Triples (CISDT) include single,

single-double, and single-double-triple excitations, respectively.

ΨCI = c0ΨHF +
∑

cSΨS +
∑

cDΨD +
∑

cTΨT +
∑

cQΨQ + ... (2.3.2)
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This excitation-based truncation is convenient and widely used. However, for ground-

state calculations, Brillouin’s theorem implies that singly excited determinants do not

directly interact with the ground state and thus do not contribute straightforwardly

to the correlation energy. As a result, CISD is often the minimal meaningful level for

capturing electron correlation, where doubly excited determinants provide the dom-

inant contribution, while singly excited configurations contribute indirectly through

interaction with double excitations. Higher-level truncations such as Configuration

Interaction Singles, Doubles, Triples, and Quadruples (CISDTQ) include triple (T)

and quadruple (Q) excitations. Because the electronic Hamiltonian contains at most

two-body operators, determinants differing by more than two spin orbitals do not

couple directly. Therefore, triple excitations do not couple directly to the reference

determinant, but may do so weakly through the doubly-excited states. Quadruple

excitations, on the other hand, can interact more strongly with double excitations,

enhancing their contribution to the correlation energy. In many cases, D and Q

excitations dominate the correlation energy, while S and T contributions remain rela-

tively small. Although these truncated CI methods can recover a large portion of the

correlation energy for small molecules, their performance degrades with increasing

molecular size. A major drawback is their lack of size-consistency, meaning that the

energy of two non-interacting subsystems is not equal to the sum of their individual

energies. This inconsistency arises from the improper factorisation of wavefunctions

in truncated CI, which can lead to errors in computing dissociation or binding ener-

gies. In contrast, Full CI is size-consistent by construction. Nonetheless, both full and

truncated CI methods obey the variational principle, guaranteeing that the computed

ground-state energy is an upper bound to the exact energy and is approached from

above.

2.3.2 Complete active space self-consistent field

In molecular systems, chemical behaviour is often dominated by the valence shell

electrons. To make a Full CI calculation more computationally affordable, one can

restrict the CI expansion to a selected set of electrons and orbitals, treating the re-

maining ones at the Hartree-Fock level. This forms the basis of the Complete Active

Space Self-Consistent Field method.58 A CASSCF calculation involving m active elec-

trons distributed among n active orbitals is denoted as CAS(m, n). Within the active

space, orbitals can exhibit fractional occupation numbers, typically ranging between

0 and 2. In contrast, core orbitals remain fully occupied, and secondary orbitals

remain unoccupied. For active orbitals, a typical range of occupation numbers lies
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between 0.02 and 1.98, reflecting their involvement in electron correlation. Active

orbitals are usually included as pairs, such as bonding and antibonding orbitals, to

effectively describe static correlation. The active space can also be constructed by

explicitly including the designated valence orbital shell, ensuring all related valence

electrons and orbitals are treated at the multi-configurational level. An initial guess

for the active space can be obtained using Møller-Plesset Second-Order Perturbation

Theory (MP2).59 Orbitals with natural occupation numbers between 0.05 and 1.95 in

MP2 are often good candidates for the active space. Due to the exponential growth

of CSFs with the number of electrons and orbitals, current computational capabilities

limit CASSCF to roughly CAS(20e, 20o) in systems without symmetry. Approxima-

tions or truncations are required when calculating a larger active space. Variants of

CASSCF include the Restricted Active Space (RAS)60 and Generalised Active Space

(GAS) methods,61 both of which aim to reduce the number of CSFs while retaining

the essential correlation effects. A schematic illustration is exhibited in Figure 2.1

(a). RAS partitions the active space into three subspaces: RAS1, RAS2, and RAS3.

A limited number of electrons are allowed to excite from RAS1 and into RAS3, while

RAS2 is treated as a full Complete Active Space (CAS). Typically, orbitals in RAS1

have occupation numbers close to 2, and those in RAS3 have occupations close to

0. GAS, on the other hand, divides the active space into groups where electron

excitations are only allowed within each subspace, while inter-group excitations are

forbidden. This block-wise structure is commonly employed as a selective treatment

of electron correlation, allowing the separation of excitations associated with different

bonding characters. Both RAS and GAS approaches effectively reduce the number

of configurations in the wavefunction, allowing the treatment of larger systems while

preserving the dominant correlation effects essential for accurate electronic structure

calculations.

As mentioned above, CI calculations are typically performed using a fixed set of or-

bitals to solve the multi-determinant problem. However, in the CASSCF method, the

orbitals within the active space are not kept fixed but are optimised self-consistently

along with the CI coefficients to minimise the total energy. This is achieved by intro-

ducing orbital rotations in addition to the standard CI coefficient updates, forming

an SCF procedure. The energy is minimised variationally under the constraints of

orbital orthonormality and normalised wavefunction coefficients, forming the mathe-

matical foundation of CASSCF. By allowing both the orbitals and the configuration

mixing to adapt, CASSCF can effectively capture static correlation.
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Figure 2.1: Schematic illustration of CASSCF and related approximate approaches:
RASSCF and GASSCF restrict electron excitations within the active space, while
DMRG compresses the wavefunction using tensor decomposition.

2.3.3 Density matrix renormalisation group theory

Full CI within the active space of a CASSCF calculation limits the size of the ac-

tive space due to its exponential growth of the computational cost. For systems

containing more than two transition metals, it often becomes computationally pro-

hibitive to include all valence d orbitals without approximation. To address these

limitations, methods based on restricting electron excitations, such as the RAS and

GAS approaches, have been developed and mentioned above. In this section, an al-

ternative CI solver based on density matrix truncation will be introduced, known as

the Density Matrix Renormalisation Group method, which enables the treatment of

an active space as large as 100 electrons in 100 orbitals, while maintaining accurate

correlation effects. DMRG was first proposed by Steven White for strongly corre-

lated one-dimensional systems, such as Heisenberg spin chains.62,63 Its applicability
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was later extended to quantum chemistry by combining the formalism with Matrix

Product State (MPS) and Matrix Product Operator (MPO) forming the basis of

modern DMRG implementations.64,65 In this framework, orbitals in the active space

are regarded as aligned in a one-dimensional chain. The wavefunction is decomposed

into a product of local wavefunctions, one for each orbital (called a site), in the style

of MPS. This allows the replacement of the prohibitively large Full CI wavefunction

with a sequence of localised tensors with a restricted bond dimension, significantly

reducing the computational complexity. Each site (ni), corresponding to an orbital

in the active space, can exist in four possible occupation states: (1) doubly occu-

pied, (2) singly occupied with spin-up, (3) singly occupied with spin-down, and (4)

unoccupied.

|ni⟩ = {| ↑↓⟩; | ↑⟩; | ↓⟩; | ⟩} (2.3.3)

A Full CI wavefunction, which is a linear combination of CSFs, can be re-written in

the following form

|Ψ⟩ =
∑

n1n2n3...nL

cn1n2n3...nL|n1n2n3...nL⟩ (2.3.4)

Here, |n1n2 . . . nL⟩ denotes the basis states representing all possible occupations of

L spatial orbitals in the active space, where each ni corresponds to one of the four

possible local states. The coefficients cn1n2...nL represent the amplitudes of the respec-

tive configurations. The total number of such basis states grows exponentially as 4L.

Since the CSFs form an orthonormal basis in the Full CI space, the wavefunction

|Ψ⟩ can be interpreted as a high-dimensional tensor (or vector) composed of the CI

coefficients. To reduce the computational complexity, Singular Value Decomposition

(SVD) is applied to factorise the Full CI coefficient tensor into a product of lower-rank

tensors. At each step in the decomposition, the tensor is reshaped into a matrix and

factorised as M = USV †, where S is a diagonal matrix containing singular values

sorted in decreasing order. To make this method feasible for larger active spaces, only

the largest m singular values in S can be retained, truncating the less significant con-

tributions. In a DMRG calculation, m is defined as the bond dimension and a critical

parameter that determines the accuracy of the calculation. The larger the value of

m is, the more accurate the DMRG calculation can be, and the more entanglement

can be retained between the neighbouring sites. If m becomes infinite, DMRG ap-

proaches Full CI within the chosen basis. Correspondingly, the unitary matrices U

and V † are also truncated to match this reduced dimensionality. This approximation

preserves the most important information of the system while significantly reducing

the computational cost. The matrix U is then reshaped into a site-local renormalised
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tensor A that connects to neighbouring sites through a defined bond dimension m.

By applying this decomposition sequentially from the left end of the orbital chain to

the right, the wavefunction is ultimately expressed in the left-canonical MPS form

|Ψ⟩ =
∑
n

∑
a1a2...aL−1

An1
1a1
An2

a1a2
...AnL−1

aL−2aL−1
AnL

aL−11
|n⟩ (2.3.5)

where Ani
ai−1ai

represents the local rank-3 MPS tensor associated with orbital i, de-

composed from the coefficient vector. The superscript ni denotes the local occupation

state of the orbital, while the subscripts ai−1 and ai are the auxiliary bond indices

that encode entanglement between orbital i and its connecting orbitals. To maintain

consistency at the boundaries of the MPS chain, the first and last tensors are treated

specially by setting a0 = aL = 1. The MPS decomposition can also be performed from

right to left, resulting in a right-canonical form. By combining both left- and right-

normalised decompositions and meeting at a site in the middle of the tensor chain,

one obtains the mixed-canonical form, which is essential for efficiently optimising the

wavefunction at a specific site. The Hamiltonian can similarly be decomposed into

an MPO form, where the site-local tensors can be contracted with the MPS tensors

on the corresponding sites. During optimisation of the wavefunction, all MPS and

MPO tensors except MPS at the site(s) being optimised are contracted along both

the auxiliary indices and the physical indices. The tensor at the target site remains

the variational degrees of freedom, which are updated through solving an eigenvalue

equation constructed from the Lagrange multiplier. This optimisation and update

process can be repeated for each localised site in forward and backward sweeps until

convergence criteria are reached. This process is called ‘sweeping’ in DMRG. The

total wavefunction is optimised as a combination of the improved site-based MPS.

The schematic plot of the DMRG procedure is shown in Figure 2.1 (b).

2.3.4 Multi-configuration pair-density functional theory

CASSCF calculations use a full configuration expansion within the chosen active

space to provide a balanced description of near-degenerate electronic states, which is

essential for capturing static correlation. However, dynamic correlation, which arises

from the instantaneous repulsion between electrons, is not effectively accounted for

within the limited active space. This type of correlation is especially significant in

electron-dense regions, such as the 3d orbitals of transition metal centres. This cor-

relation needs to be captured by some post-MC-SCF strategies focusing on electron

excitations or on capturing the instantaneous density distribution. These include
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perturbation theories such as CASPT2,21 Multi-Reference Configuration Interaction

(MRCI), and MC-PDFT.23,24 While CASPT2 and MRCI are widely used, they suffer

from certain limitations. In perturbation theory, a notorious issue is the appearance

of intruder states, which can lead to spuriously large dynamic correlation energies.

Remedies such as level shifting are often applied to address this, but these shifts can

result in unphysical problems when energy levels are artificially overlapped. Further-

more, perturbation theory can suffer from double-counting of electron correlation,

when combined with MC-SCF. The method also relies on the computation of three-

and four-body reduced density matrices, which are computationally demanding, even

with available approximations. In contrast, MC-PDFT provides a more efficient al-

ternative by combining the multi-configurational wavefunction from CASSCF with

DFT concepts through the on-top pair density. It avoids both intruder-state problems

and double-counting errors, making it a computationally attractive and conceptually

consistent approach for treating dynamic correlation on top of a multi-configurational

wavefunction.

The fundamental idea of MC-PDFT is to use an on-top density functional to

calculate the exchange-correlation energy based on the MC-SCF density. The one-

and two-electron reduced density matrices (ρ(r1) and P (r1, r2)) and the on-top pair

density (Π(r)) can be represented as

ρ(r1) = N

∫
Ψ∗(x1, x2, ..., xN)Ψ(x1, x2, ..., xN)dσ1dx2dx3...dxN (2.3.6)

P (r1, r2) =
N(N − 1)

2

∫
Ψ∗(x1, x2, ..., xN)Ψ(x1, x2, ..., xN)dσ1dσ2dx3...dxN (2.3.7)

Π(r) = P (r1, r2)|r1=r2=r (2.3.8)

The one-electron density refers to the probability of finding an electron at r1, therefore

the integration is carried out only over the spin (σ1), not the spatial coordinate (r1)

of electron 1. The pair density shows the probability of simultaneously finding an

electron at r1 and another at r2. The on-top pair density represents the probability

of finding two electrons at the same place, r.

The MC-PDFT energy can be calculated following the equation as

E = VNN + Te + VNe + Vee + Eon-top[ρ,Π] (2.3.9)

The energy is composed of classical interactions between all nuclei and electrons, the

electron kinetic energy, and an on-top exchange-correlation energy (Eon-top[ρ,Π]) that

depends on the electron density and on-top pair density. The kinetic energy, electron
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density and on-top density are all obtained from the preceding MC-SCF calculation.

VNN and VNe can be evaluated using the electron density in conjunction with the

known nuclear positions. The electron-electron repulsion term already incorporates

the static correlation by the MC-SCF density. The electron correlation in the on-

top functional accounts only for the correlation ignored in the active space, which

mostly corresponds to the dynamic correlation. To incorporate the on-top pair den-

sity into functionals, the standard Kohn-Sham Density Functional Theory (KS-DFT)

functionals need to be translated into the MC-PDFT formalism. This is achieved

by introducing the spin density m as an auxiliary variable, allowing the exchange-

correlation energy to be expressed in the form Exc(ρ,m). The spin density can be

rewritten as a function of the total electron density ρ(r) and the on-top pair density

Π(r), providing a bridge between standard DFT and MC-PDFT as

R(r) =
4Π(r)

ρ(r)2
(2.3.10)

m(r) = ρ(r)[1 −R(r)]1/2 (2.3.11)

where R(r) ≤ 1 as a consequence of the Pauli principle in the single-determinant

framework. However, in a multi-determinant calculation, R(r) can be greater than 1.

The translated functional in the MC-PDFT concept proposed a categorised format

for different ranges of R.

Eot[ρ,Π] = Exc

(
ρ(r),

{
ρ(r)(1 −R(r))1/2 if R ≤ 1

0 if R > 1

}
,

ρ′(r),

{
ρ′(r)(1 −R(r))1/2 if R ≤ 1

0 if R > 1

}) (2.3.12)

This equation corresponds to a translated functional derived from a GGA func-

tional in KS-DFT, in which the gradients of both the electron density and the spin

density are incorporated. However, a known drawback of this approach is its poten-

tial discontinuity in the spin-density-dependent terms at R(r) = 1. Specifically, the

term ρ(r)(1 − R(r))1/2 is forced to vanish when R(r) is greater than 1, resulting in

unphysical behaviour and non-smooth transitions in regions of strong correlation. To

resolve this issue, a fully-translated functional was developed.24 This refined func-

tional introduces a smooth polynomial interpolation between two threshold values,

R = R0 and R = R1, to eliminate the discontinuity in the spin density and its gra-

dient at R = 1. In addition to improved numerical stability and physical continuity,
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the fully-translated functional enables the explicit inclusion of the gradient of the on-

top pair density, and allows for the analytical evaluation of first and second energy

derivatives, facilitating geometry optimisations and vibrational analyses within the

MC-PDFT framework.

Eot[ρ(r),Π(r)] = Exc

(
ρ(r),


ρ(r)χt(R) for R < R0

ρ(r)χft(R) for R0 ≤ R ≤ R1

0 for R > R1

 ,

ρ′(r),


ρ′(r)χt(R) + ρ(r)χ′

t(R) for R < R0

ρ′(r)χft(R) + ρ(r)χ′
ft(R) for R0 ≤ R ≤ R1

0 for R > R1


) (2.3.13)

χt(R) = (1 −R)1/2 (2.3.14)

χft(R) = A(R−R1)
5 +B(R−R1)

4 + C(R−R1)
3 (2.3.15)

The function χt(R) in the equation corresponds to the form used in the translated

functional, while χft(R) is a higher-order polynomial that ensures a smooth decay

to zero at R1. The parameters R0 and R1 define the interpolation range, and the

coefficients A, B and C in the expression for χft(R) are determined by enforcing

continuity and differentiability conditions at the boundaries.
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2.4 Basis sets

Another aspect we need to address to achieve an accurate solution to the Schrödinger

Equation is how to accurately describe the atomic orbitals. The mathematical ex-

pression for atomic orbitals can be decomposed into the radial and the angular part

as:

ψn,l,m(r, θ, ϕ) = Rnl(r)Y
l
m(θ, ϕ) (2.4.1)

The radial part of an atomic orbital is described by Rnl(r), and the angular part

is given by the spherical harmonic function Y l
m(θ, ϕ). In atomic systems, the radial

distribution of the wavefunction decays exponentially with increasing distance from

the nucleus, whereas the angular part depends on both the angular quantum number

l and the magnetic quantum number m, typically involving trigonometric functions.

To represent atomic orbitals in quantum chemical calculations, mathematical basis

functions are employed. A straightforward approach is to mimic the radial behaviour

of atomic orbitals using an exponential form. This can be expressed as:

ψn,l,m(r, θ, ϕ) ∝ rn−1exp(−ζr)Y l
m(θ, ϕ) (2.4.2)

The radial distribution incorporates both the principal quantum number to produce

nodes and an orbital exponent as ζ to describe the degree of radial diffuseness of

the wavefunction. Such functions to depict the atomic orbitals are called Slater-

type Functions (STFs) or Slater-type Orbitals (STOs).66 The larger the value of ζ,

the more contracted the wavefunction is. The energy of the atomic orbital can be

minimised with respect to the value of ζ in a variational way in order to obtain the

best description of a single atomic orbital. However, the drawback of the STOs is

that the integrals involving the wavefunction are difficult — specifically, the many

two-electron integrals that make up the Coulomb and exchange terms are extremely

challenging with a Slater-type basis. A solution to this problem is to replace STOs

with so-called Gaussian-type Orbitals (GTOs):67

ψ(x, y, z) ∝ xiyjzkexp(−αr2) (2.4.3)

Here, i, j, and k are non-negative integers, and α is the orbital exponent that controls

the width of the Gaussian function. The sum i + j + k corresponds to the angular

quantum number l, thereby determining the orbital’s angular characteristics. The

key difference between STOs and GTOs is in the exponent, which varies as r in

the former but as r2 in the latter. This subtle difference renders the integrations

necessary for the two-electron terms much simpler, and Gaussian basis functions are
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used in the majority of electronic structure calculations. One notable disadvantage of

GTOs, however, is their inability to accurately reproduce the shape of atomic orbitals

compared to STOs. Specifically, GTOs exhibit a gradient that is too flat near the

nucleus and decay too rapidly at long distances. This discrepancy limits the accuracy

of GTOs when used individually to model real electron distributions. To address this

limitation, a method known as ‘contracted Gaussian-type orbitals’ was developed, in

which a linear combination of multiple GTOs is applied to approximate a single STO.

This approach is referred to as STO-nG, where n denotes the number of primitive

Gaussians used in the contraction.68 For example, the minimal basis set STO-3G uses

a linear combination of three Gaussian primitives to approximate one STO. It can be

written as

ψSTO−3G = c1ψ
GTO
1 + c2ψ

GTO
2 + c3ψ

GTO
3 (2.4.4)

The radial distribution comparison between a single-zeta H 1s STO and its STO-3G

Gaussian approximation is shown in Figure 2.2: the behaviour of STO-3G is very

similar to the STO that it is representing.

In molecular systems, the atomic orbitals have different radial distributions de-

pending on the chemical environment, oxidation state, etc. Basis sets with a single

ζ value do not have the flexibility to describe atomic orbitals with different radial

extents, and so multiple basis functions with different ζ values are needed to describe

an atomic orbital in all the possible chemical environments that it might be found.

For instance, if we are using two ζ values, the basis sets can be expressed as

ψn,l,m(r, θ, ϕ) ∝ rn−1[c1exp(−ζ1r) + c2exp(−ζ2r)]Y l
m(θ, ϕ) (2.4.5)

which is called a double-zeta basis set. Triple-zeta and quadruple-zeta basis sets can

be built up in a similar manner. The parameters of ζ still need to be optimised also

in a variational manner until reaching the energy minimum.
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Figure 2.2: Comparison of the radial distributions of a single-zeta H 1s STO (blue
solid line) and its STO-3G Gaussian approximation (purple dashed line). Three
components of the STO-3G are plotted as GTO1 (orange dashed line), GTO2 (green
dashed line) and GTO3 (red dashed line).

In addition to improving the radial distribution by including multiple Gaussian

functions, it is also essential to enhance the angular flexibility of basis functions. This

is achieved by incorporating basis functions with higher angular momentum than

those required to describe the occupied atomic orbitals. These additional functions

allow for orbital relaxation in response to bonding and are crucial for accurately

modelling anisotropic electron distributions. For instance, p-type orbitals are added

as polarisation functions when describing valence s orbitals, enabling a more flexible

angular representation. In general, the inclusion of polarisation functions in an n-zeta

basis set is denoted as an nZP basis set. Multiple sets of polarisation functions can be

included to further increase angular flexibility; however, excessive polarisation may

lead to artificial electron delocalisation and overestimation of bond strengths. Another

important complement to standard basis sets is the addition of diffuse functions,

which describe the long-range character of atomic orbitals. Diffuse functions are

characterised by small orbital exponents, allowing electrons to extend further from

the nucleus. These functions are particularly important in systems where long-range

interactions or weak non-covalent interactions are significant. They are also essential

for accurately describing anions, where the extra electron is more loosely bound and
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resides in a spatially more diffuse region.

In this thesis, different types of basis functions are used for different purposes.

For the MC-SCF calculations, basis sets are always of the GTO type — the very

large number of two-electron integrals that are required make this the only practical

choice. The majority of the DFT calculations in this thesis were performed with the

Amsterdam Density Functional (ADF) software package,69 which uses Slater-type

basis functions (other packages such as Gaussian and ORCA use GTOs for DFT). The

reason for this choice in ADF is that the two-electron integrals that are so problematic

with STOs are not required for pure DFT, which has been the core functionality of

ADF (although they are for hybrid functionals). There is, therefore, no particular

benefit to using GTOs, and it is then practical to use STOs, fewer of which are needed

to give an accurate representation of an atomic orbital. The EHT calculations also

use STOs, again because two-electron integrals are not required (they are included

implicitly through the parametrisation of the orbital energies and exponents). Indeed,

the only integration required is the overlap integral, which is only marginally more

difficult with STOs than GTOs.
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Chapter 3

Electronic Structures of Open-Shell
Endohedral Zintl Clusters

3.1 Introduction

3.1.1 Introduction to endohedral clusters

Endohedral clusters containing one or more transition metal atoms inside a shell of

main-group atoms represent an increasingly diverse family of molecules that exhibit

remarkable electronic properties.70 The notation ‘@’ is commonly used to denote

encapsulation. The nature of the interactions between the encapsulated metal and the

surrounding cage is extremely flexible, varying from strongly covalent through to much

weaker London-type forces. In the latter scenario, the metal is trapped inside the

cluster only by the high barrier to passing through the wall of the cage. Investigations

into endohedral clusters originated with fullerenes, and LaC60 was synthesised via

laser vapourisation of graphite and La2O3 in 1985.71 Like many clusters of this type, it

was identified using mass spectrometry and recognised as the first observed endohedral

metallofullerene. Since then, the family of endohedral metallofullerenes has expanded

to include a variety of encapsulated species, including di-metal, tri-metal fragments as

well as metal-nitride and metal-carbide units.72,73 Examples are shown in Figure 3.1

(a).74–76 The encapsulated species are mostly metals from the lanthanide and actinide

series, which interact with the shell primarily via charge transfer.

Moving beyond carbon-based metallofullerenes, the p-block elements from the

third period including aluminium and silicon can also form endohedral clusters, with

aluminium species typically encapsulating other main-group elements (Figure 3.1

(b)),77 while silicon has been shown to encapsulate many transition metals (Figure

3.1 (c)).78,79 The [AlAl12]
– cluster was the first confirmed example of a ‘superatom’,

so-named because its 40-electron configuration generates a closed electronic shell,
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Figure 3.1: Geometries of representative endohedral clusters, including (a) endohedral
metallofullerene and endohedral cluster fullerene; (b) aluminium cluster; (c) FK-type
and three-connected silicon clusters; (d) endohedral Zintl clusters from single metal
doped to giant Matryoshka clusters.

and in that sense it mimics the properties of a noble gas element.77 By tuning the

dopant, superhalogen and superchalcogen clusters can be created by shifting the elec-

tron count relative to [AlAl12]
– .80,81 Unlike carbon, silicon shows a reduced tendency

to undergo s/p hybridisation and also a reduced inclination to form π bonds, both of

which destabilise fullerene-like electron delocalisation. Silicon clusters can adopt ei-

ther electron-deficient deltahedral Frank-Kasper (FK) structures, or three-connected

networks resembling fullerenes.70,78,82 Cluster size ranges from MSi10 to MSi20, where
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the dopant plays a key role in determining the cage size and conformation. However,

experimental characterisation of these gas-phase clusters still relies heavily on spec-

troscopic techniques (primarily infrared), and theory has a vital role to play in aiding

the interpretation of this data.

Clusters of the heavier Group 14 elements, such as Ge, Sn and Pb (Zintl clusters),

are the main focus of this chapter. Examples are shown in Figure 3.1 (d).83–89 In

contrast to electron-rich metallofullerenes, the heavier analogues adopt frameworks

with highly connected vertices, much like the boranes, and this structural category

is with very typical of electron-deficient bonding. Typical sizes are also very dif-

ferent: fullerenes like C60 have a diameter of ∼7 Å whereas simple Zintl clusters

such as [Pb12]
2– 90 and [Pb10]

2– 91 are smaller by about 1 Å and can usually ac-

commodate only a single transition metal. The first example of endohedral Zintl

clusters, [PtPb12]
2– , was synthesised by Esenturk and co-workers, swiftly followed by

[MPb12]
2– and [MPb10]

2– (M = Ni, Pd, Pt).92 The endohedral metals in these clus-

ters have an inert d10 configuration, and the remaining valence electrons make up the

skeletal electron count for the cage, following the Wade-Mingos rules.12–15 For exam-

ple, the 60 valence electrons in [PtPb12]
2– can be partitioned into a d10 configuration

at the metal and 50 = 4n+2, the typical count for a closo cluster, on the cage (where

n is the number of vertices, here n = 12). The details of the electron-counting rules

will be introduced in the following paragraph.

Endohedral Zintl clusters are now known with 9 to 14 vertices, and their struc-

tures can be classified based on their topology according to the Wade-Mingos rules.

For example, 10-vertex [RhSn10]
3– and 12-vertex [RhSn12]

3– ,85 and [MPb12]
3– (M

= Co,93 Rh,85 Ir94) can be classified as closo-type. Nido-type clusters are less

common, but include 9-vertex [CoGe9]
5– ,95 [NiSn9]

4– ,96 [CuE9]
3– (E = Sn, Pb),97

[CoSn9]
5– ,98 and 11-vertex [AgPb11]

3– .86 Larger Zintl clusters can form by expand-

ing or fusing individual cages. Examples of vertex-sharing clusters that accommodate

multiple transition metals include [Ni2Sn17]
4– ,99 [Pt2Sn17]

4– ,100 [Co2Sn17]
5– ,101 and

[Rh2Sn17]
6– .85 Transition metals can also occupy the bridging vertex, as for example

in [Cd(NiSn9)2]
6– ,102 [In(NiGe9)2]

5– ,103 [Au8Pb33]
6– and [Au12Pb44]

8– .104 Alterna-

tively, clusters can form through face-sharing or fusion, leading to an integrated cage

that encapsulates multiple transition metals within a single cage structure. Examples

include [Ni2Bi12]
4+,105 [Ni2E7Pn5]

3– (E = Sn, Pn = Sb, Bi; E = Pb, Pn = Bi),106–108

[Co2Sn5Sb7]
3– ,106 [Co2Ge16]

4– ,84 [Cu4E18]
4– (E = Sn, Pb),109 [Pd2E18]

4– (E = Ge,110

Sn111), [Ni3Ge18]
4– ,112 [Rh3Sn24]

5– .85 This latter class is particularly relevant to this
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thesis, as the presence of multiple metals inside a continuous cage admits the pos-

sibility of metal-metal bonding. At the extreme of structural complexity, onion-like

Matryoshka clusters such as [SnCu12Sn20]
12– 88 and [AsNi12As20]

3– 87 represent the

highest level of hierarchical encapsulation. These multi-layered clusters offer unique

opportunities for superatom investigations.

Endohedral clusters with closed electronic shells (d10) typically adopt a highly

symmetric, almost spherical structure, but open-shell analogues are often distorted.

The distortion reflects the increasingly active role of the d orbitals, which can transfer

electron density to the cage, driving distortion. For example, the 10-vertex [FeSn10]
3–

adopts a distorted C2v geometry in contrast to the D4d structure of the [NiPb10]
2– .17

An even more pronounced structural change is observed in [FeGe10]
3– , which is a

pentagonal prismatic cage with D5h symmetry.18 Similar patterns can be discerned

in the 12-vertex family, where the D2h-symmetric [MnPb12]
3– represents a slightly

distorted form of the icosahedron adopted by [NiPb12]
2– ,16 while [RuGe12]

3– has a

D2d-symmetric fullerene-like structure.19 The open-shell clusters noted here have for-

mal d-electron counts of less than 10, but geometric distortion can also be triggered by

excess electrons, for example in D5d-symmetric [AuPb12]
3– , which can be formulated

as (Au)+@(Pb12)
4– .104 The presence of two additional electrons on the cage, over and

above the 50 electrons needed to fill the bonding orbitals of a perfect icosahedron,

drives the distortion from Ih symmetry.

Even though various larger Zintl clusters have been synthesised, the cluster growth

pathways have not been extensively studied. It is appealing to think of modular

pathways where larger clusters can be constructed by the fusion of smaller pre-formed

fragments, but it is difficult to find experimental evidence to support or refute this

idea. A comprehensive study has been performed for [Au12Pb44]
8– , where coinage

metals doped on the cage act as electron acceptors, accepting electron density from

the main-group elements and stabilising the cage expansion. A well-defined growth

sequence has been proposed based on structural similarities between [AgPb11]
3– ,86

[Cu4Pb22]
4– ,113 and [Au8Pb33]

6– ,86 all of which have been characterised using X-ray

crystallography.

3.1.2 Stability of clusters

The stability of encapsulated clusters, particularly their cage structures, is intrin-

sically linked to the encapsulated fragment, which can influence the electron count

of the cage through charge transfer. For spherical π-systems, such as fullerenes,

cage stability can be explained via the concept of spherical aromaticity proposed by
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Hirsch.114 An aromatic electron count is given by the formula 2(N + 1)2, where N

refers to a positive integer, and some Zintl clusters, often composed of Group 15

elements, possess electron counts that allow their stability to be rationalised more

straightforwardly using the octet rule. For electron-deficient clusters, the traditional

two-centre-two-electron bonding model is insufficient to explain their skeletal struc-

tures, simply because there are insufficient electrons to assign a pair to each short

interatomic contact. This limitation is particularly evident in boron clusters, where

multi-centre bonding plays a crucial role in stabilising the framework. The presence

of such delocalised bonds necessitates the development of a systematic correlation

between the architecture of the cluster and its valence electron count. The isolobal

relationship between a BH fragment and a tetrel atom suggests that the framework

developed to understand borane cluster chemistry should be applicable to the Zintl

cluster family. The Wade-Mingos rules, which are widely used to interpret the struc-

tural chemistry of electron-deficient compounds, specifically predict the electron count

required for different cluster structures based on their vertex count, n, for the delta-

hedral cluster family. The prototype structures and electron counts predicted by the

Wade-Mingos rules are shown in Figure 3.2 (a). For a closo cluster, which is a fully

closed deltahedral structure, the closed-shell electron count is 4n+ 2, where n is the

number of vertices. This corresponds to the occupation of all the s orbitals (2n),

one in-phase combination of inwardly-directed radial p orbitals (2), and the bonding

combinations of the tangential p orbitals (2n). If one vertex is removed from the closo

structure, a nido structure forms, with an electron count of 4n + 4, and further ver-

tex removal leads to an arachno cluster, which requires 4n + 6 electrons. The hypho

structure, which has three fewer vertices than the closo, requires 4n+ 8 electrons.

To illustrate this framework from the orbital perspective, we can consider [Pb12]
2– ,

a 12-vertex deltahedral cluster, as an example. Its occupied frontier orbitals, 13 in

total, span the ag + gu + hg + t1u representations. These constitute the in-phase

combination of inwardly-directed p orbitals (ag) and in-phase combinations of tan-

gential orbitals (gu + hg + t1u) alluded to in the previous paragraph — the 12 linear

combinations of Pb 6s orbitals are at lower energy and are not shown. The electron

count to fill all orbitals shown in Figure 3.2 is therefore 26, supplemented by 24 in the

doubly-occupied Pb 6s orbitals, giving 50 (4 × 12 + 2 = 50) in total. If the electron

count is reduced to 4n, the degeneracy of the Highest Occupied Molecular Orbital

(HOMO), t1u, will drive a Jahn-Teller distortion. Similarly, if the electron count in-

creases by 2 to 4n + 4, the degeneracy of the Lowest Unoccupied Molecular Orbital

(LUMO), gg, will drive a distortion. The Wade-Mingos rules are not a panacea for all

38



clusters, and exceptions are known, but they suggest that cluster stability is associ-

ated with the occupation of high-degeneracy frontier orbitals that maximise bonding

character. Jemmis has extended the Wade-Mingos rules to a more general ‘mno’

rule that can accommodate larger clusters based on fused polyhedral fragments.115

In this concept, m is the number of polyhedra used to construct the cluster, n is the

number of vertices, o is the number of single-vertices connecting the monomers, p is

the number of missing capping atoms associated with open faces and q refers to the

number of capping atoms. The required number of Skeletal Electron Pairs (SEPs) is

m+n+ o+ p− q. As all clusters investigated in this chapter are composed of a fused

cage, we will heavily use this method to pre-analyse the SEP of the structures.

Figure 3.2: Methods used to explain the stability of [Pb12]
2– , including (a) Wade-

Mingos rules, (b) aromaticity analysed by AdNDP, and (c) Kohn-Sham orbitals.

The Wade-Mingos framework and its extensions are not the only models available

that relate cluster structure to electron count. The superatom concept suggests that

the stability of spherical clusters reflects the relationship between the nodal struc-

tures of their frontier orbitals and those of atomic orbitals. This perspective, based

on the jellium model,116,117 provides a complementary framework for understanding

the electronic structure and stability of such clusters. As a result, atomic orbital

labels can be assigned to the molecular orbitals based on nodal characteristics in

their isosurface representations. This approach was first applied to [AlAl12]
– and
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then extended to other spherical clusters such as fullerenes and Zintl clusters. For

example, the theoretically proposed [CaPb12]
2– cluster has been interpreted as a su-

peratom with a closed-shell electronic configuration of 1S21P 61D101F 8, as revealed by

AdNDP analysis.118 This assignment aligns with the symmetry-adapted irreducible

representations of the occupied molecular orbitals — specifically, ag, t1u, hg, and gu.

Electron donation from the [Pb12]
2– to Ca2+ 4s, 4p and 4d orbitals is observed.

AdNDP analysis, which localises electrons as far as possible, has also been used

with some success to understand cluster structure from the viewpoint of aromatic-

ity.119 For example, the AdNDP analysis of [Pb12]
2– shown in Figure 3.2 (b) suggests

that the molecule can be decomposed into three parts, as two capping pentagonal

pyramids (PbPb5) fragments and a connecting Pb10 pentagon antiprism. Each Pb6

cap is composed of three six-centre-two-electron bonds, with Occupation Numbers

(ONs) in the range of 1.95–1.98, which corresponds to the σ-aromaticity in the cap-

ping region. The Pb10 moiety is constructed by seven ten-centre-two-electron bonds,

which conform to the 4n + 2 electron count and lead to a σ-aromaticity in this

fragment. The isosurface plot of ten-centre-two-electron bonds in the flat pentagon

antiprism can be connected with the characteristics of disk aromaticity applied to

planar boron clusters.120 NICS,121 ring current,122,123 and shielding cones are comple-

mentary indicators for justifying aromaticity. The concept of aromaticity established

for the archetype, [Pb12]
2– , and similar clusters such as [Pb10]

2– can be extended to

more complicated examples such as [Ge24]
4– and [Mo2(CO)6Sn2Sb5]

3– .124,125

In contrast to the delocalised bonding models that are required for the electron-

deficient Group 14 clusters, the structures of Group 15 analogues (which will be the

focus in Chapter 4) are rather simpler to rationalise. The additional electron per

atom renders them much less electron deficient, and in fact the structures can very

often be rationalised in terms of localised two-centre-two-electron bonds along each

short interatomic contact. Tetrahedral P4 is a good example, where the 20 valence

electrons can be divided into 4 lone pairs (1 per vertex) and 6 σ bonding pairs, 1 per

P-P edge. The Zintl-Klemm concept establishes an equivalence between As and Ge– ,

Sb and Sn– , Bi and Pb– , and so mixed clusters can, in principle, be interpreted using

either framework.126–129

In summary, the stability of Zintl clusters can be rationalised through multiple

approaches, including electron-counting rules and orbital-based analyses. The essence

of these methods lies in the principle of maximising bonding interactions while pre-

serving the orbital degeneracies associated with high symmetry. The selection of an
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appropriate analytical framework is essential and should be guided by the structural

and electronic characteristics of the specific cluster under investigation.

3.1.3 Open-shell Zintl clusters

Recent synthetic work on intermetallic Zintl clusters has succeeded in incorporating

many early- and mid-transition metal atoms inside polyhedral cages. Unlike late

transition metals such as Ni, Co, and Cu, whose low-lying and fully-occupied d-

bands typically contribute to an inert metal core in closed-shell Zintl clusters, early-

and mid-transition metals possess relatively higher energy d orbitals with unpaired

electrons. These d electrons become actively involved in bonding, effectively be-

having as valence electrons and giving rise to open-shell electronic configurations in

the resulting Zintl clusters. Most reported open-shell Zintl clusters to date feature

a single encapsulated transition metal atom: notable examples include spin-doublet

[FeGe10]
3– ,18 [FeSn10]

3– 17 and spin-triplet [MnPb12]
3– ,16 [RuGe12]

3– .19 These clusters

can be broadly categorised based on the distribution of their metal d electrons. In

the first category, exemplified by [MnPb12]
3– and [FeSn10]

3– , the unpaired electrons

are largely retained on the metal centre. These clusters resemble closed-shell ana-

logues in their deltahedral geometry and retain a similar overall electronic structure,

though a small degree of structural distortion may arise due to the metal-to-cage

back-bonding. In the second category, exemplified by [RuGe12]
3– and [FeGe10]

3– , the

metal d electrons show a high degree of covalent orbital mixing with the surround-

ing cage, consistent with their valence-like character. The structures of clusters in

this category can be interpreted using the ‘jigsaw’ model, wherein electron-sharing

between the core and shell components shifts electron density onto the cluster, driv-

ing the system toward structures that are typical of electron-precise three-connected

cases. This greater orbital hybridisation often leads to more pronounced distortions

in cage geometry and more complex bonding interactions.

The presence of unpaired electrons in active d orbitals also opens up the possibil-

ity of metal-metal bonding when multiple transition metals are encapsulated within

a cage. The first reported example was [Fe2Ge16]
4– ,20 where the two Fe atoms reside

within a prolate cage with a very short Fe-Fe distance at 2.636(3) Å. DFT calculations

confirm a spin triplet ground state for this system. However, two closely separated

states, 3B1g and 3B3u, were identified. The two states differ in the occupation of core-

related orbitals in the spin-β electron manifold: in the 3B1g an out-of-phase combina-

tion of Fe 3dz2 orbitals in the minority spin is occupied while for 3B3u the spin-β Fe

3dx2−y2 out-of-phase combination is occupied. The other unpaired electron occupies
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an Fe-Fe π∗ orbital (dxy) in both states, resulting in an identifiable Fe-Fe bond with

π character. A notable and recurring feature is the presence of spin contamination in

DFT calculations. As discussed in the previous chapter, spin contamination arises in

spin-unrestricted calculations and serves as an indicator of the multi-configurational

nature of the cluster, effective as the admixture of higher spin state wavefunctions

into the ground state. The presence of two near-degenerate states suggests that MC-

SCF approaches may afford a more accurate picture of the electronic structure than

DFT, and indeed Generalised Active Space Self-Consistent Field (GASSCF) calcu-

lations revealed significant multi-configurational character, reflected in deviations of

the natural orbital occupation numbers from the idealised 2/0 pattern. Strong elec-

tron correlation was particularly observed in the π∗ (Fe 3dxz) and δ (Fe 3dyz) orbitals,

giving an EBO of 0.66 for the Fe-Fe bond. An even more extreme example of the

distortions caused by open d shells comes from the complex Matryoshka-type open-

shell clusters such as [AsCo12As10(As5)2]
4–/5– and [SbFe12Sb10(Sb5)2]

5– ,130 which are

open-shell analogues of the closed-shell species [AsNi12As20]
3– and [SnCu12Sn20]

12– ,

respectively. Replacing Ni and Cu with Co and Fe introduces unpaired electrons on

the transition metal centres, and the resulting charge transfer between main-group

and transition metal orbitals drives significant geometric distortions from the idealised

dodecahedral structures.

The investigations described in the previous paragraphs establish a basic con-

ceptual framework for studying open-shell Zintl clusters. A well-defined closed-shell

reference always serves as a valuable starting point for constructing the initial elec-

tronic structure, and this idea will be used extensively in the following sections. The

synthesis of diamagnetic multi-metal-encapsulated Zintl clusters has now reached a

mature stage, and useful references are often available. Open-shell behaviour then

arises from partial electron depletion from the spin-β metal d orbitals, often leading to

marked changes in electronic properties and geometry distortions. While DFT offers

useful insights, it is frequently insufficient for the description of open-shell clusters

due to spin contamination and inadequate treatment of static correlation. MC-SCF

approaches therefore have an important role, often as complements to DFT, and we

can identify common features emerging from the two quite different approaches. The

remainder of this chapter will explore three distinct examples of this emerging class of

clusters, and will emphasise the interplay between open-shell character, metal-metal

bonding, metal-cage interactions and electronic correlation in multi-metal encapsu-

lated Zintl clusters.
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3.1.4 Metal-metal bonding in clusters containing Fe and Cr

Over the following three sections, I will describe the structure and bonding of a series

of clusters containing two, three, and four transition metal atoms as cores within

Zintl cages. In the majority of cases, the metal in question is Fe, although one im-

portant case involves Cr. It is useful, therefore, to provide a brief overview of the

now quite extensive literature on metal-metal bonding between these first-row transi-

tion metal elements. Metal-metal bonding, particularly in paramagnetic clusters, has

been extensively studied in coordination chemistry due to promising applications in

single-molecule magnets, spintronic devices, and quantum information technologies.

Iron clusters are known with a wide variety of nuclearities and geometries, ranging

from simple dinuclear complexes to larger species such as the distorted Fe8 cube core

in the Kochi cluster.131 In dinuclear systems, the oxidation state of iron typically

ranges from +1 to +3, and the bridging ligands play a critical role in supporting

the Fe-Fe bond and modulating its strength. For example, in Fe2(Pipiso)2 (Pipiso =

[(DipN)2C(cis-2,6-Me2NC5H8)]), a short Fe-Fe bond length of 2.127 Å is observed,

corresponding to a high-spin state (S = 3).132 By contrast, when bridging ligands are

absent, as in Fe2(tim)2 (tim = 2,3,9,10-tetramethyl-1,4,8,11-tetraazacyclotetradeca-

1,3,8,10-tetraene) coordinated in a paddlewheel fashion, the Fe-Fe bond is significantly

elongated, reaching 2.687 Å (S = 1).133 Cr-Cr bonds have played an important role

in the story of the metal-metal bond, starting from the synthesis of chromium ac-

etate in 1844,134 a molecule that was subsequently recognised as an example of the

quadruple bond. Cr(I), with a d5 configuration, is remarkable in so much as is can

form quintuple bonds, σ2π4δ4, with ultra-short Cr-Cr bonds ranging from 1.7056 Å in

Cr2(AriPrNC{dmp}NAriPr)2 to 1.8351(4) Å in Cr2Ar′2.
6,135–138 Cr(II), with a d4 con-

figuration, supports quadruple bonding (σ2π4δ2) in a wide range of compounds, with

bond lengths between 1.77 and 2.52 Å, often in paddlewheel type geometries.139,140

The stability of these clusters relies to a large extent on the relatively diffuse nature

of the 3d orbitals in the elements in the middle of the first transition series which

allows effective overlap to be established.

Both iron and chromium can also form larger high-spin assemblies, and Betley and

co-workers have reported polynuclear giant spin clusters such as Cr3L and LFe3(thf)3

(triangular arrangements),141–145 as well as Fe6L (octahedral geometries),146–148 where

L is a multi-dentate ligand. These clusters often exhibit substantial spin multiplici-

ties, as confirmed by EPR spectroscopy, magnetic susceptibility, and magnetisation

measurements. Linear tri-iron clusters, such as [Fe3(DpyF)4]
2+ (DpyF = dipyridyl-

formamide),149,150 have also been synthesised, with high-spin ground states where the
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ferromagnetic coupling rather than formal covalent bonding has been invoked. Many

linear tri- and penta-chromium clusters such as Cr3(dpa)4X2 (dpa = dipyridylamide,

X = axial ligands, including halide and pseudohalide ions), Cr5(tpda)4(NCS)2 (tdpa =

tripyridyldiamido dianion) and Cr5(etpda)4Cl2 (etpda = bis(4-ethyl-2-pyridylamido)

pyridine) are also known,151–154 and have been extensively investigated in the context

of ‘molecular wires’. The axial ligands X in the tri-chromium cluster, which lie trans

to the Cr-Cr bonds, have been shown to exert a significant influence on both the

Cr-Cr separations and the magnetic behaviour of these clusters.155 In this context,

Zintl clusters offer an interesting alternative, in so much as the cage structure often

prevents a ‘ligand’ atom from occupying the site immediately trans to the M-M bond,

allowing stronger M-M bonding to develop. In these systems, electron density can

also be transferred from the high-lying M-M antibonding orbitals to the cage, further

enhancing both metal-metal and metal-cage bonding. It is this complex electronic

landscape that has motivated the studies in the next two chapters.

In this chapter, I extend the exploration of open-shell Zintl clusters to the domain

of multi-metal encapsulated systems with direct metal-metal bonds. Specifically, I

examine three classes of endohedral Zintl clusters with two, three and four Fe centres,

using DFT. The focus is on the nature of the covalent metal-metal bonds which sig-

nificantly influence the magnetic properties, as well as the geometry and the overall

stability of the clusters. The presence of unpaired electrons in compact 3d orbitals

leads to strong electron correlation, and indeed these clusters can exhibit signifi-

cant multi-configurational character. We have, therefore, also used multi-reference

methods such as CASSCF, DMRG and MC-PDFT calculations on the same clus-

ters to provide a different but complementary perspective on the bonding. A central

strategy in our analysis involves comparing the open-shell clusters with their known

closed-shell counterparts, which are typically easier to interpret with simple electron-

counting paradigms and the emergence of metal-metal bonding.

The first section deals with a pair of dimetallic clusters, [Fe2Sn4Bi8]
3– and

[Cr2Sb12]
3– (Figure 3.3 (a)), both of which have been structurally characterised by

our collaborator, Prof. Zhong-Ming Sun and his group. The two clusters have very

different structures, but share the same valence electron count. Our exploration of

their electronic structure shows how different energetic alignment of orbitals on the

transition metal and the main-group cluster can drive charge transfer, which in turn

drives structural change. The second section moves on to trimetallic systems, specif-

ically the [Fe3Sn18]
4– cluster with a linear Fe3 unit (Figure 3.3 (b)). Here, there
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is an obvious comparison with related closed-shell species such as [Cd(NiSn9)2]
6– ,

and the structural differences reflect the emergence of Fe-Fe bonding in the former.

Walsh diagrams prove to be particularly powerful here in understanding the evolu-

tion of structure as a function of electron count. Finally, we move on to a pair of Fe4

clusters, [Fe4Sn18]
4– and [Fe4Pb18]

4– (Figure 3.3 (c)), which have the same valence

electron count but subtly different structures for the diamond-shaped Fe4 core. Our

results suggest that this difference reflects the presence of two closely-spaced elec-

tronic states with different Fe-Fe bonding. Deeper insight into the electronic ground

state of [Fe4Sn18]
4– was obtained via DMRG/MC-PDFT.

Figure 3.3: Open-shell Zintl clusters discussed in this chapter, along with their closed-
shell references.

45



3.2 Structure and Bonding in [Cr2Sb12]
3– and

[Fe2Sn4Bi8]
3– : isoelectronic but not isostruc-

tural

In this section, I compare the electronic structures of a pair of clusters, [Cr2Sb12]
3–

and [Fe2Sn4Bi8]
3– , that share the same valence electron count (75). The compounds

were synthesised and characterised by Prof. Zhong-Ming Sun and his group, and all

experimental results are theirs. The crystal structures are shown in Figure 3.4. The

work was also done in collaboration with another student in the group, Dr. Sourav

Mondal. The work has been published in Chinese Chemical Letters, 2024, 35, 109048.

Figure 3.4: Unit cells of (a) [Fe2Sn4Bi8]
3– and (b) [Cr2Sb12]

3– , including front and
top views of the anions. The XRD experiment was performed by Ya-Nan Yang in
Prof. Zhong-Ming Sun’s group. (Reproduced from our published work as Ref. 1)

3.2.1 Introduction

The icosahedral ME12 framework, with a single metal inside a 12-vertex shell, is a

common motif in Zintl cluster chemistry, and the earliest examples exhibit a delta-

hedral shell structure and a metal atom with a d10 configuration, such as [MPb12]
2–
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(M = Ni, Pd, Pt).92 The structures of these clusters can be predicted by the Wade-

Mingos rules: there are 60 valence electrons on [MPb12]
2– , 10 of which fill all five

valence d orbitals of the metal centre. The remaining 50 electrons construct the

skeleton structure of the cage, which corresponds to the 4n + 2 (4 × 12 + 2 = 50)

electron count required for a closo structure in Wade’s scheme. These 60-electron

clusters have proved to be useful reference points for understanding geometric distor-

tions in related clusters with more or fewer electrons. For example, [MnPb12]
3– is a

58-electron cluster and is slightly distorted from Ih to D2h.16 A more extreme distor-

tion is observed in [RuGe12]
3– 19 and [TaGe8As4]

3– ,156 which are in a three-connected

fullerene-like structure. The 60-electron [TaGe8As4]
3– cluster can be considered an

electron-precise cage if all the valence electrons on the tantalum centre are considered

in the skeletal electron count, where all Ge atoms can mimic a Group 15 atom. In the

context of this chapter, the salient point is that whilst [NiPb12]
2– and [TaGe8As4]

3–

share the valence electron count, their structures are very different due to differences

in the character of the metal d electrons — inert, core-like d electrons in [NiPb12]
2–

and valence-like d electron in [TaGe8As4]
3– .

The relatively small volume of the 12-vertex pseudo-spherical clusters makes en-

capsulation of more than one metal challenging. M2E12 (E = Si,157–159 Ge160–162)

have been explored using gas-phase spectroscopy and computational analysis, but

in these clusters one of the two metal atoms typically occupies a vertex of the

cage, rather than exhibiting complete endohedral encapsulation. However, a se-

ries of triple-decker clusters in M2E12 have been synthesised by Ruck, Dehnen and

co-workers, where a prolate D4h-symmetric E12 cage accommodates two transition

metals, each sandwiched between two E4 layers (Figure 3.5). Examples include the

binary cluster [Ni2Bi12]
4+ 105 and ternaries such as [Ni2Sn7Sb5]

3– ,106 [Ni2Sn7Bi5]
3– ,107

[Ni2Pb7Bi5]
3– 108 and [Co2Sn5Sb7]

3– .106 All clusters are in a similar D4h point group

ignoring the necessarily asymmetric distribution of Sn, Sb and Bi in the ternaries, and

all have the same valence electron count of 76. The metal-metal distances presented

in Table 3.1 are all approximately 2.45 Å, and the transition metals are all in d10

configuration. There is, therefore, no possibility of direct M-M bonding, despite the

short distance that is clearly imposed by the confining effects of the cage. In this

section, we compare these 76-electron prolate clusters to two new open-shell cases,

[Fe2Sn4Bi8]
3– and [Cr2Sb12]

3– , both of which have 75 rather than 76 electrons. The

[Fe2Sn4Bi8]
3– retains the D4h structure adopted by the 76-electron Ni and Co family,

but [Cr2Sb12]
3– is very different: it distorts to a C4v geometry, with separated Sb4

and crown-like Sb8 units. The Cr-Cr bond length in [Cr2Sb12]
3– is also much shorter
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than the Fe-Fe bond in [Fe2Sn4Bi8]
3– . The situation is reminiscent of the transition

from icosahedral [NiPb12]
2– 92 to the fullerene-like [RuGe12]

3– ,19 and my purpose is

to establish how the geometry change and the emergence of metal-metal bonding

are linked to the changes in orbital energies on the transition metal and main-group

fragments. The initial calculations were done using DFT, but I then extended this to

the DMRG method to explore their multi-configurational character.

Figure 3.5: Structural trends within the ME12 and M2E12 families. The two new
clusters reported in this section are highlighted in the box.

Table 3.1: Total valence-electron count and crystallographic and DFT-optimised
bond lengths for members of the M2E4E

′
8 family (all values in Å).

VE M-M M-E M-E′ E-E E′-E′ E-E′ ref

[Fe2Sn4Bi8]
3– 75 X-ray 2.396(4) 2.670 2.698 3.374 3.095 3.290 This work

DFT (D4h) 2.37 2.68 2.71 3.40 3.10 3.30

[Cr2Sb12]
3– 75 X-ray 2.319(17)

2.782
2.831

2.757
2.740

3.614
2.755
3.725

3.549
2.801

This work

DFT (D4h) 2.16 2.79 2.64 3.64 3.19 3.09

DFT (C4v) 2.29
2.78
2.83

2.77
2.73

3.62
2.85
3.65

3.51
2.87

[Ni2Bi12]
4+ 76 X-ray 2.429 2.678 2.741 3.371 3.045 3.393 105

DFT (D4h) 2.45 2.69 2.75 3.39 3.06 3.416
[Ni2Sn7Bi5]

3– 76 X-ray 2.444 2.631 2.665 3.290 3.009 3.307 107

[Ni2Pb7Bi5]
3– 76 X-ray 2.499 2.710 2.710 3.401 3.066 3.355 108

[Ni2Sn7Sb5]
3– 76 X-ray 2.432 2.609 2.595 3.264 2.897 3.275 106

[Co2Sn5Sb7]
3– 76 X-ray 2.411 2.626 2.575 3.298 2.885 3.253 106
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3.2.2 Computational details

All DFT calculations in this section were performed with the ADF package, ver-

sion 2021.104.69 The exchange-correlation functional proposed by Perdew, Burke and

Ernzerhof (PBE) was used throughout,47 and scalar relativistic effects were intro-

duced using the scalar Zeroth-Order Regular Approximation (ZORA).163 For all

geometry optimisations, a triple-zeta quality basis set of Slater-type orbitals was

used,164 supplemented by two sets of polarisation functions. All electrons were in-

cluded in the basis set. The Conductor-like Screening Model (COSMO)165 was ap-

plied to simulate the confining effects of the crystalline environment with water as

the solvent.

The DMRG calculations were performed with the Block 2.0 interface166 compiled

with the OpenMolcas package.167 The two-electron integrals were approximated by

Cholesky decomposition at the threshold of 10−6, and the integration grid was tuned

to ‘ultrafine’. Atomic Natural Orbital for Scalar-Relativistic Core-Correlated (ANO-

RCC) basis sets were applied at the level of double-zeta plus one polarisation func-

tion.168 Symmetry was treated using the Abelian point group. In all DMRG cal-

culations, the bond dimension m was set to 1500. The default convergence criteria

were used, where the energy, orbital rotation matrix and energy gradient thresh-

olds are 10−8, 10−4, 10−4 respectively. Orbital entropies and mutual information

were calculated with the PySCF package169–171 from the FCIDUMP file generated by

OpenMolcas.

3.2.3 Electronic structure analysis

3.2.3.1 DFT analysis

Just as closed-shell [NiPb12]
2– serves as a reference point for the ME12 family, the 76-

electron [Ni2Bi12]
4+ is a logical starting point for analysing the electron-deficient pairs.

DFT optimisation confirms its ground spin state to be a singlet, and its geometry is

consistent with the X-ray result shown in Table 3.1. A large HOMO-LUMO gap of

1.77 eV implies its electronic stability, which is close to 1.80 eV in [NiPb12]
2– that was

identified as stable. To explore the electronic structure in more detail, the Kohn-Sham

orbital arrays are presented in Figure 3.6 (a), and the Projected Density of States

(PDOS) to Ni 3d, Bi 6s, Bi 6p along with the Ni-Ni OPDOS, is in Figure 3.6 (b).

The midpoint of the HOMO and LUMO is set as the energetic zero for both plots.

The PDOS projects the total Density of States (DOS) onto the appointed basis χµ,

to exhibit the importance of individual orbitals in the DOS. The OPDOS is weighted
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by the overlap between χµ and χν , with positive values associated with bonding

interactions and negative values with antibonding interactions. The magnitude of

the OPDOS peak is proportional to the product of the atomic orbital coefficients

as Cµi · Cνi. Isosurfaces of significant Kohn-Sham orbitals are also included. In the

PDOS, almost all the Ni 3d character is located below the Fermi level, ranging from π

bonding orbitals at −3.3 eV to σ∗ orbital near the HOMO. The full occupation of Ni

3d indicates that both Ni atoms are in d10 configurations, just as in the icosahedral

[NiPb12]
2– cluster. Even though the Ni-Ni distance is as close as 2.45 Å due to a

confined space, the Ni-Ni formal bond order is 0, resulting in the absence of significant

Ni-Ni bonding. The OPDOS plot also confirms that the occupied bands contain

almost all bonding and antibonding character. The charge distribution of [Ni2Bi12]
4+

can then be described as [Ni2]
0 + [Bi12]

4+, and so the skeletal electron count for

the empty triple-decker [Bi12]
4+ cage is 56. The precise reasons why the triple-decker

geometry is favoured are not easy to discern. Dehnen failed to rationalise the structure

of [Ni2Pb7Bi5]
3– , which is isoelectronic and isostructural to [Ni2Bi12]

4+, with either

the localised Zintl-Klemm-Busmann model or the Wade-Mingos rules, because there

is a large deviation from a spherical reference. Alternatively, the more general Jemmis

‘mno’ rules provide a rationale: in the case of [Ni2Bi12]
4+, its structure can be regarded

as two anti-prismatic Bi8 fused by sharing a Bi4 face (m = 2). The top and bottom

Bi4 square can be considered as two open faces (p = 2). According to Jemmis’ rules,

its SEP corresponds to m+n+o+p− q = 2 + 12 + 0 + 2−0 = 16. Counting an extra

s electron pair for each vertex, the aggregate SEP is 28, which corresponds to the

electron count of 56 in [Ni2Bi12]
4+. Based on the analysis above, the [Ni2Bi12]

4+ can

perform as an electron-precise reference like [NiPb12]
2– for the other two open-shell

cases in this section.

The 75-electron [Fe2Sn4Bi8]
3– cluster possesses a similar D4h structure to

[Ni2Bi12]
4+, but is more electron deficient, and the metal-metal distance contracts

to 2.396(4) Å compared to 2.429 Å in the nickel analogue. Our DFT calculations

confirm the ground state to be a doublet, 2A2u, a conclusion that is independent

of the functional choice (PBE, M06-L and PBE0 were tested). The geometry op-

timised by the PBE functional aligns best with the experimental data, and forms

the foundation of the subsequent analysis. In comparing 76-electron [Ni2Bi12]
4+ to

75-electron [Fe2Sn4Bi8]
3– , it is crucial to identify which orbital hosts the missing elec-

tron. Intuitively, the decreasing metal-metal distance and conserved cage structure

suggest that the radical could be localised on the metal centres, and indeed the total

Mulliken spin density of 1.67 on Fe2 fragment supports this conclusion. A deeper
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Figure 3.6: (a) Kohn-Sham orbital array of D4h-[Ni2Bi12]
4+; (b) PDOS plot of Ni 3d,

Bi 6s, Bi 6p and OPDOS plot of the Ni-Ni bond. The orbital levels are broadened
with Lorentzian functions with the width of 0.1 eV; (c) Kohn-Sham orbital isosurface
plots for significant orbitals, including all orbitals contributed by Ni 3d as well as 1a1u
and 1a2g located on the cage. The isovalue for the orbitals is 0.05 e/Bohr3.

analysis can be performed with the help of the Kohn-Sham orbital array in Figure

3.7 (a), the PDOS on the spin-β valence shell of Sn, Bi, Fe, and the Fe-Fe OPDOS

of the minority spin manifold in Figure 3.7 (b). The Fe 3d orbitals in the major-

ity spin manifold remain occupied, just as in the nickel reference, but in the spin-β

channel, the σ∗ orbital is unoccupied (∼0.3 eV), while the rest of the Fe 3d-based

bands lie below the Fermi level. The singly-occupied σ∗ orbital and its corresponding

low-lying σ bonding orbital at −1.6 eV generate a formal Fe-Fe bond order of 0.5,

but the calculated Mayer bond order analysis gives a slightly higher value of 0.92.

This difference can be attributed to the interactions between the metal core and the
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Zintl shell. By analogy to the [Ni2Bi12]
4+ reference ([Ni2]

0, [Bi12]
4+), we could assert

a charge distribution of [Fe2]
3– and [Sn4Bi8]

0, where the cage retains both 56 valence

electrons and D4h symmetry. However, the highly negatively charged metal fragment

can interact strongly with the cage (back-bonding from [Fe2]
3– to [Sn4Bi8]

0). This

mechanism can be identified in the 4eg/5eg pair in the Kohn-Sham array, which are

highlighted in blue and red boxes respectively in Figure 3.7 (c). There is substan-

tial Fe-Fe π∗ character in the vacant 5eg orbital, which serves to increase the Fe-Fe

bond order above the formal value of 0.5. Also, it results in the slight elongation of

the Bi-Bi bond length from 3.06 Å in [Ni2Bi12]
4+ to 3.10 Å in [Fe2Sn4Bi8]

3– . The

back-bonding is more pronounced in the spin-β manifold, where the metal d orbitals

are less stable, and this asymmetry results in spin contamination, a deviation of the

spin operator eigenvalue, Ŝ2, from the expected value of 0.75 to 0.88. The key dif-

ferences between [Ni2Bi12]
4+ and [Fe2Sn4Bi8]

3– are captured in the Electron Density

Difference (EDD) plots shown in Figure 3.8. The EDD is generated by subtracting

the sum of the fragment electron densities (
∑
Dfrag) from the total electron density

(Dtot) (The fragments were [Ni2]
0 and [Bi12]

4+ and [Fe2]
3– and [Sn4Bi8]

0, and the

electronic configurations of the fragments are adjusted to be consistent with those in

the encapsulated cluster).

Ddiff = Dtot −
∑

Dfrag (3.2.1)

The EDD is projected onto the Bi2-M2-Bi2 plane. The red area in the plot corresponds

to electron concentration, and the blue area indicates electron depletion, relative to

the respective fragments. In [Ni2Bi12]
4+, redistribution of electron density is largely

restricted to the 3d and 4s orbitals of Ni2, while charge transfer between core and

shell is less obvious. In [Fe2Sn4Bi8]
3– , in addition to the redistribution between the

metal orbitals, there is an accumulation of density on the Bi corners, at the cost

of density depletion on Fe2, a consequence of the back-bonding noted above. This

density redistribution carries the fingerprint of the 4eg/5eg orbitals.

Turning to [Cr2Sb12]
3– , I emphasise that it has the same electron count as

[Fe2Sn4Bi8]
3– , but the structure is distorted to a combination of a square pyramid

CrSb4 and a crown-like CrSb8 with C4v symmetry, and the connecting Cr-Cr bond

is contracted to 2.319(17) Å. Its ground state is also confirmed to be a doublet, but

now with 2B2 spatial symmetry. DFT computations were again performed with a

range of functionals (GGA (PBE), meta-GGA (M06-L) and hybrid (PBE0)) with

PBE exhibiting the closest match to the XRD data. The Kohn-Sham orbital arrays,

spin-β-PDOS and spin-β-OPDOS of the C4v-symmetric ground state are shown in
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Figure 3.7: (a) Spin-α and spin-β Kohn-Sham orbital arrays of 2A2u-[Fe2Sn4Bi8]
3– ;

(b) PDOS plot of Fe 3d, Sn 5s/5p, Bi 6s/6p and the OPDOS of the Fe-Fe bond
of the minority spin. The orbital levels are broadened with Lorentzian functions at
the width of 0.1 eV; (c) Kohn-Sham orbital isosurface plots for significant orbitals,
including all orbitals contributed by Fe 3d as well as 1a1u and 1a2g located on the
cage in the spin-β array. The orbital isovalue is 0.05 e/Bohr3.

Figure 3.9, and there are immediately obvious differences in the distribution of 3d

character compared to [Fe2Sn4Bi8]
3– . There is now much more 3d character in the

vacant manifold, above the Fermi level, and the OPDOS confirms that it has domi-

nant Cr-Cr antibonding character (negative OPDOS). Both components of the Cr-Cr

σ∗ orbital (10a1) are empty, as are 12e, which have significant Cr-Cr π∗ character. 9e,

in contrast, are largely localised on the Sb12 cage, indicating that the back-bonding

noted in the case of [Fe2Sn4Bi8]
3– has now developed into a more complete oxidation

of Cr with concomitant reduction of Sb. The total Mulliken spin density on Cr2 is
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Figure 3.8: Electron Density Difference plots for [Ni2Bi12]
4+ and [Fe2Sn4Bi8]

3– , show-
ing the difference in electron density between the self-consistent solution and the sum
of two separated fragments ([Ni2]

0 + [Bi12]
4+ or [Fe2]

3– + [Sn4Bi8]
0, respectively).

Contours range from −3×10−3 to 3×10−3 e/Bohr3, and values on the x- and y- axes
are in Å. (Reproduced from our published work as Ref. 1)

1.44, showing increased spin contamination compared to [Fe2Sn4Bi8]
3– . There is also

a δ component to the Cr-Cr bond, by virtue of the singly-occupied Cr-Cr δ∗ 5b2 or-

bital. The calculated Mayer bond order for the Cr-Cr bond is 1.38 compared to 0.92

in [Fe2Sn4Bi8]
3– , reflecting the enhanced back-donation.

The link between the greater transfer of charge from Cr to Sb and the distortion

of the Sb12 unit can be established by imposing a symmetry constraint, forcing the

[Cr2Sb12]
3– cluster to remain D4h-symmetric, and then relaxing the constraint. The

D4h-constrained calculation optimises to a stationary point which is 0.86 eV more

unstable than the C4v isomer, indicating that the driving force for distortion is sub-

stantial. Spin-β PDOS plots for both isomers are presented in Figure 3.10, and a

Walsh diagram connects the two sides. The Walsh diagram was generated by per-

forming single point calculations on 20 structures generated by interpolation between

the optimised D4h and C4v stationary points. Orbital energies from single point cal-

culations were read and connected to construct the Walsh diagram. In the distortion

process, only orbitals with the same irreducible representation can interact with each

other. The PDOS for the D4h isomer is significantly different from the [Fe2Sn4Bi8]
3–

in Figure 3.7, in that the 1a2g orbital is now occupied and the 2b1u is empty. These

orbitals are localised on the Sb4 square and on the Cr2 unit, respectively, so even in

the D4h limit, the more extreme charge transfer from metal to cage is apparent. In
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Figure 3.9: (a) Spin-α and spin-β Kohn-Sham orbital arrays of 2B2-[Cr2Sb12]
3– ; (b)

PDOS plot of Cr 3d, Sb 5s/5p and OPDOS plot of the Cr-Cr bond in the minority
spin. Orbital levels are broadened with Lorentzian functions at the width of 0.1 eV;
(c) Kohn-Sham orbital isosurface plots for significant orbitals, including all orbitals
contributed by Cr 3d. The 1a2 and 2a2 pair located on the cage in the spin-β array
is also presented, which triggers the second-order Jahn-Teller distortion. The orbital
isovalue is 0.05 e/Bohr3.

terms of formal electron counting, the count at the Sb12 cage is increased by 2 to 58,

while the count on the Cr2 unit is reduced to 17.

As the structure relaxes from D4h to C4v, the filled 1a2g and vacant 1a1u orbitals

in D4h symmetry both transform as a2 in C4v, and so mixing between the two drives

the distortion (a second-order Jahn-Teller distortion). This is highlighted by the
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divergence of the two levels shown in blue in the Walsh diagram. Physically, this

interaction corresponds to the transfer of electron density from the equatorial Sb4

unit to one of the Sb4 poles, fragmenting the triple-decker Sb12 unit into separate Sb4

and Sb8 units.

Figure 3.10: The Walsh diagram connects the D4h- and C4v-symmetric limits in
[Cr2Sb12]

3– . 18 intermediate structures were generated by interpolating between the
two optimised structures in Table 3.1. The orbitals and PDOS plots shown correspond
to the spin-β set: Occupied levels are shown as solid lines, virtual levels as dashed
lines and the 1a2/2a2 pair is shown in blue.

3.2.3.2 DMRG analysis

The significant spin contamination that emerges from the DFT calculations on the

open-shell cluster pair — [Fe2Sn4Bi8]
3– and [Cr2Sb12]

3– implies that they have sig-

nificant multi-configurational nature. This issue arises from the inherent limitation

of unrestricted DFT, which employs different spatial distributions for the spin-α and

spin-β orbitals. The increase of the expectation value of the spin operator Ŝ2 above

the value implied by the number of unpaired electrons present is a direct consequence

of the difference between the spin-α and spin-β manifolds. In such circumstances,
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multi-configurational approaches offer an alternative means of capturing the electron

correlation. The active space of the MC-SCF calculation should incorporate all 3d

orbitals of both transition metal cores and their correlated orbitals (i.e. bonding-

antibonding pairs), which requires an active space close to, or equal to, (20e, 20o)

(20 electrons in 20 orbitals), a dimension that is at the limit of conventional (ex-

act) CASSCF. We have therefore chosen to adopt the DMRG approach, which is a

computationally efficient approach to multi-configurational calculations.

Mirroring our approach to the DFT work, the DMRG approach was first applied to

the closed-shell reference [Ni2Bi12]
4+. DFT calculations assigned its electronic struc-

ture as [Ni2]
0 + [Bi12]

4+, where both nickel atoms are in core-like d10 configurations,

giving 20 electrons in 10 occupied 3d orbitals. Each 3d orbital is then correlated with

an empty orbital, giving an active space of DMRG(20e, 20o). The symmetry was

set to D2h, the highest Abelian sub-point group implemented in OpenMolcas. The

isosurface of the natural orbitals and their occupation numbers are shown in Figure

3.11. The ONs of Ni 3d orbitals are predominantly over 1.95, along with their cor-

related orbitals holding less than 0.06 electrons, indicating the Ni 3d10 configuration

dominates the total wavefunction. The correlated orbitals (those with low ONs) can

be divided into two groups according to their distribution. In the first group, or-

bitals in b2u and b3u symmetry have Ni-Ni π character, and the correlated orbitals are

primarily located on Bi 6p with Ni-Bi antibonding character. The underlying cause

here is the slight back-bonding within the Ni-Ni π orbitals noted in the PDOS in the

context of the DFT calculations. Likewise, in b1g, the correlated orbitals are localised

on the equatorial Bi4 unit. The correlation in these symmetry groups can be viewed

as ‘in-out’ correlation between the metals and the cage.

In the second group, ag, b2g, b3g, b1u and au, the 3d orbitals correlate with their

4d counterparts, which is known as the ‘double-d-shell’ effect. The difference arises

because there are no vacant orbitals on the Bi12 cage that can engage in back-bonding

with these metal orbitals, so the only available correlated orbitals are d orbitals with

larger radial amplitudes. The ‘double-d-shell’ effect highlights the necessity to incor-

porate excitations from metal 3d to 4d orbitals in the wavefunction when metal-cage

interactions are weak.

We can extract further insight from the single-orbital entropy s(1)i and mutual

information Ii,j, which serve as criteria for distinguishing different types of electron

correlation. Their values are generated from the one-orbital and two-orbital reduced

density matrix (1o-RDM and 2o-RDM) introduced by Boguslawski et al.172
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Figure 3.11: Isosurface plots of natural orbitals and their ONs in the active space of
a DMRG(20e, 20o) calculation on [Ni2Bi12]

4+. D2h symmetry in the Abelian point
group was imposed. Single orbital entropies correspond to the size of a circle on each
site, and mutual information is represented by the line connecting sites. Different line
styles reflect the strength of entanglement.

s(1)i can be obtained from the eigenvalues of the 1o-RDM

s(1)i = −
4∑

α=1

wα,i ln wα,i (3.2.2)

Two-orbital entropies can also be represented by the eigenvalues of 2o-RDM

s(2)i = −
16∑
α=1

wα,ij ln wα,ij (3.2.3)

and the mutual information is obtained from single-orbital and two-orbital entropies
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according to:

Ii,j =
1

2
(s(2)i,j − s(1)i − s(1)j)(1 − δij) (3.2.4)

According to Reiher et al.,173 orbitals with s(1)i > 0.5 and Ii,j ∼ 10−1 are crucial

for the non-dynamic correlation, while those with 0.1 < s(1)i < 0.5 and Ii,j ∼ 10−2

contribute primarily to static correlation. In contrast, orbitals characterised by neg-

ligible s(1)i and Ii,j are associated with dynamic correlation. Non-dynamic corre-

lation refers to maintaining the correct charge distribution upon bond dissociation.

Static correlation is important for obtaining a balanced description of several near-

degenerate states and dynamic correlation accounts for the instantaneous movement

of electrons, which is always related to electron excitations. The single-orbital en-

tropies and mutual information for [Ni2Bi12]
4+ were also plotted in Figure 3.11. The

orbitals are arranged in a circular layout, where the size of each circle at a given

orbital site reflects its single-orbital entropy value. Mutual information between or-

bitals is represented by lines connecting the sites. Red dashed lines indicate pairs

with Ii,j ∼ 10−1, corresponding to non-dynamic correlation; green dash-dotted lines

match Ii,j ∼ 10−2, associated with static correlation; and blue dotted lines demon-

strate Ii,j ∼ 10−3, as a contribution to dynamic correlation. All active orbitals show

moderate single-orbital entropies ranging from 0.1 to 0.4, indicating their importance

on describing static correlation. Orbitals 5–8, which correspond to the degenerate

π bonding orbitals and their correlated partners related to the ‘in-out’ correlation,

exhibit s(1)i values over 0.3. This value is marginally higher than those of other

active orbitals, where their s(1)i values are around 0.2. The mutual information be-

tween these π correlated pairs, I5,6 and I7,8, is also high at 0.16, even reaching the

non-dynamic range. Significant mutual information values are found within each sym-

metric group, and also observed between orbitals belonging to different irreducible

representations, especially for the entanglement between Ni-Ni bonding orbitals and

the correlated orbitals of their corresponding antibonding ones (for example I5,16)

or Ni-Ni antibonding orbitals and the correlated orbitals of their bonding ones (for

example I8,17). This analysis suggests that the ‘in-out’ correlation orbitals exhibit

a stronger static correlation than those associated with the ‘double-d-shell’ effect.

The correlations between different irreducible representation groups are also predom-

inantly dynamic in nature. In summary, DMRG calculations on [Ni2Bi12]
4+ provide

a perspective that is complementary to the DFT picture captured in Figure 3.6. The

encapsulated Ni atoms possess relatively contracted, core-like 3d orbitals that do not

interact strongly with the cage, resulting in ‘double-d-shell’ correlation rather than

‘in-out’ correlation with the [Bi12]
4+ shell in many cases. The intermediate values of
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s(1)i and Ii,j indicate the presence of static correlation in the active space, with the

‘in-out’ correlation stronger than the ‘double-d-shell’ one.

In the case of 75-electron [Fe2Sn4Bi8]
3– , DFT calculations indicate that the ground

state of the cluster is 2A2u, with the unpaired electron located in the Fe-Fe σ∗ orbital.

The electron distribution was characterised as [Fe2]
3– + [Sn4Bi8]

0, albeit with substan-

tial back-bonding from the Fe2 unit. The active space was initialised as DMRG(19e,

20o), where every 3d orbital is paired with a correlated orbital. After optimising for

all state symmetries, the 2B1u state was confirmed to be the ground state, which lies

at least 0.54 eV below the others. In the active space of 2B1u, the σ∗ orbital has an

ON close to 1, while its correlated orbital has an ON of less than 0.01, indicating that

this correlated orbital remains vacant in almost every configuration, and has little in-

fluence on the correlation energy. As a result, the active space was then truncated to

DMRG(19e, 19o) without significant loss of accuracy. Natural orbitals and their ONs

for the DMRG(19e, 19o) active space are shown in Figure 3.12. Compared to the high

occupancy of ∼1.95 of the Ni 3d orbitals in [Ni2Bi12]
4+, the ONs of the occupied Fe 3d

orbitals are substantially lower, in the range of 1.80-1.92, and the correlated orbital

ONs rise to approximately 0.15. These much greater deviations from 2/0 indicate

that the Fe-based orbitals show increased valence character compared to the Ni 3d

orbitals. The isosurface plots of the natural orbitals also confirm stronger interactions

between Fe 3d and the p orbitals on the surrounding cage contrary to [Ni2Bi12]
4+, con-

sistent with more pronounced ‘in-out’ correlation effects. The correlated orbitals are

mostly the corresponding p-d antibonding interactions, made up predominantly by p

orbitals from the cage. Among these active orbitals, the degenerate Fe-Fe π∗ orbitals

in b2g (orbital 14) and b3g (orbital 16) symmetry groups have the lowest ONs (1.81)

within the Fe 3d manifold and their correlators (orbitals 15 and 17) have the highest

ONs (0.19) and the largest contribution from Fe dxz/dyz orbitals, accounting for 47.0

% of the total composition. The single-orbital entropy values, s(1)i, of most active

orbitals in [Fe2Sn4Bi8]
3– also increase compared to [Ni2Bi12]

4+, and only orbitals 4

and 19 (those with ON below 0.05) now fall below 0.2. s(1)i values of orbital 1 and 12

as Fe-Fe σ/σ∗ pair and orbitals 14–17 with Fe-Fe π∗ character, are over 0.5, implying

strong correlation. The orbital entanglement, captured in the mutual information

indices, is most pronounced for the Fe-cage bonding/antibonding pairs (I1,2, I5,6, I7,8,

I11,12, I14,15, I16,17), although correlation between Fe-Fe bonding/antibonding pairs is

also apparent, for example in I3,13 (Fe-Fe σ/σ∗). This picture is again fully consis-

tent with the back-bonding that emerged from the DFT framework from the same

4eg/5eg pairs, highlighted by blue and red boxes in Figure 3.12. The wavefunction
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and DFT approaches are therefore consistent with each other, although the relevant

information emerges in a rather different context (spin contamination in DFT and

ON, mutual information in DMRG). Both DMRG and DFT calculations reveal a

greater tendency for the Fe 3d orbitals to engage in back-bonding compared to the

more core-like Ni 3d orbitals.

Figure 3.12: Isosurface plots of natural orbitals and their ONs in the active space of
a DMRG(19e, 19o) calculation on [Fe2Sn4Bi8]

3– . D2h symmetry in the Abelian point
group was used. Single orbital entropies correspond to the size of a circle on each
site, and mutual information is represented by the line connecting sites. Different line
styles reflect the strength of entanglement.

The C4v-[Cr2Sb12]
3– was deduced to have a charge distribution of [Cr2]

5– +

[Sb12]
2+. Following a similar DMRG initialisation approach used in [Fe2Sn4Bi8]

3– ,

all Cr 3d orbitals and their correlated orbitals are selected to be in the active space,

establishing a preliminary calculation framework as DMRG(17e, 20o) under a re-
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laxed C2v symmetry. The introductory results confirm that the spatial symmetry of

the ground state is 2A2, matching the result from DFT. The wavefunction analysis

further reveals three active orbitals with ONs lower than 0.01, which correlate to the

Cr-Cr σ, σ∗ and δ∗ orbitals. Among these orbitals, the δ∗ one hosts the unpaired

electron, and does not exhibit strong correlation with any other orbital. The unoccu-

pied Cr-Cr σ∗ now shows correlation with the σ orbital, demonstrating a ‘left-right’

correlation between two Cr atoms. According to these findings, the following calcula-

tions were then performed with an active space of (17e, 17o) in 2A2 spatial symmetry

for further detailed investigations. The computational result is presented in Figure

3.13. The occupation numbers of Cr 3d orbitals are comparable to those of Fe 3d

orbitals in [Fe2Sn4Bi8]
3– in most active orbitals, which also deviate significantly from

uncorrelated pair as 2/0. However, their isosurface plots exhibit a stronger mixing

between Cr 3d and Sb 5p orbitals. Due to the symmetry reduction from D4h, the δ/δ∗

orbital pair is decomposed into two separate dxy orbitals, each of which localises on

one Cr atom. These orbitals exhibit correlations with the upper and lower Sb4 units,

respectively. The ‘in-out’ correlation can be captured in most pairs, with approximate

ONs of 1.85/0.15. The most significant orbital mixing between Cr 3d and Sb 5p still

occurs on two Cr-Cr π∗ orbitals, labelled as 3b2/4b2 (orbital 16 and 17) and 3b1/4b1

(orbital 9 and 10), which should be degenerate under C4v symmetry. Natural orbital

isosurface plots suggest that the occupied orbitals now clearly represent back-bonding

interactions from the Cr 3d to the bottom and top Sb4 decks. Their corresponding

correlated orbitals exhibit a substantial contribution from the Cr 3d orbitals, consis-

tent with Cr-Cr π∗ interactions. Their ONs also exhibit the largest discrepancy to 2/0

as 1.90/0.18. In addition to the prominent ‘in-out’ correlation, there are exceptions

in the electronic structure of [Cr2Sb12]
3– . As briefly mentioned above, the σ∗ orbital

(orbital 6) remains unoccupied, which can accept electrons excited from σ orbital

(orbital 5), giving rise to the ‘left-right’ correlation. The ONs for this correlation pair

deviate significantly from 2/0, as 1.72/0.29. This indicates substantial interactions

between the Cr-Cr σ/σ∗ orbitals. Furthermore, the δ∗ orbital, primarily contributed

by the dxy orbital in the a2 symmetry array, possesses an ON of 0.99, which can be

identified as a singly-occupied orbital. Even though there is negligible change on the

ONs from [Fe2Sn4Bi8]
3– to [Cr2Sb12]

3– , the increased s(1)i can demonstrate stronger

non-dynamic correlation for the chromium cluster. In the active space of [Cr2Sb12]
3– ,

s(1)i values of more than half orbitals are greater than 0.5. The most prominent s(1)i

values occur on orbital 5 and 6 at over 0.7, which corresponds to the Cr-Cr σ/σ∗ or-

bital pair. The I5,6 = 0.36 also supports the strong non-dynamic correlation between
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these orbitals. For orbitals with δ character by Cr 3dxy, the non-dynamic correlation

is contributed mostly by the interactions between the Cr-Cr δ bonding orbital (or-

bital 11) and its correlated orbital (orbital 12). The unpaired electron on Cr-Cr δ∗

orbital (orbital 13) mainly donates to the static correlation, through its interactions

with the other two δ orbitals in a2 symmetry. Cr 3dyz and 3dxz are involved in the π

interactions between two chromium atoms. The π bonding orbitals (orbital 7 and 14)

show non-dynamic correlation with the empty π∗ correlated orbitals (Orbital 10 and

17) proven by both I7,10 and I14,17 reaching 0.15. This observation can be explained

by strong electron density back-donation from Cr-Cr π∗ to the cage on the occupied

orbital 9 and 16, leading to most Cr 3d contributions left on the mostly vacant ones

as orbital 10 and 17. The obvious exceeding mutual information value of I14,17 over

I14,16, plus the ON summation of orbital 14 and 17 close to 2, can be evidence for

direct π/π∗ correlation. There are still two orbitals that possess s(1)i close to 0.1

as orbital 1 and 2, which present the ‘in-out’ correlation based on the dx2−y2 orbital

on Cr2. Their mutual information with other orbitals is at the magnitude of 10−3

and 10−2, exhibiting their contribution to both dynamic and static correlation. The

dynamic correlation can be captured between orbitals in different symmetry groups,

as the blue dashed lines crossing the orbital site circle in the mutual information plot.

Based on the results of DMRG calculations, Cr 3d orbitals now show pronounced

valence character, especially for the Cr-Cr π∗ orbitals. This valence character can be

explained through both spin contamination and back-bonding in the spin-β manifold

by DFT calculations, and through its multi-configurational nature as robust ‘in-out’

correlation by ONs and mutual information from DMRG calculations. Either way

finally induces the electron accumulation on the cage and a second-order Jahn-Teller

distortion from the D4h structure.
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Figure 3.13: Isosurface plots of natural orbitals and their ONs in the active space of
a DMRG(17e, 17o) calculation on [Cr2Sb12]

3– . C2v symmetry in the Abelian point
group was applied. Single orbital entropies correspond to the size of a circle on each
site, and mutual information is represented by the line connecting sites. Different line
styles reflect the strength of entanglement.

3.2.4 Conclusion

In this section, we perform both DFT and DMRG calculations to investigate the elec-

tronic configurations of [Ni2Bi12]
4+, [Fe2Sn4Bi8]

3– and [Cr2Sb12]
3– . The 76-electron

[Ni2Bi12]
4+ is as a closed-shell reference point, confirming that 56 skeletal electrons

are required to support a D4h cage without the help of core-like nickel atoms. Two

75-electron clusters exhibit different geometries. [Fe2Sn4Bi8]
3– has a similar D4h

structure as [Ni2Bi12]
4+, but a stronger back-donation from metal to the cage. The

singly-occupied electron locates on the Fe-Fe σ∗ orbital and helps build up the Fe-Fe

bond. In the meantime, the electronic structure of the cage is largely retained. From
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Fe to Cr, the metal d-band is shifted upwards, creating two more electron holes at the

Cr-Cr σ∗α and δ∗β orbitals. These holes are compensated by the occupation of 1a2 or-

bital leading to the second-order Jahn-Teller distortion on the cage, downgrading the

geometry symmetry to C4v. The charge distribution can be regarded as lying between

two extreme ends as [Cr2]
5–+[Sb12]

2+ and [Cr2]
–+[Sb12]

2– . The progressive upward

shift in the energy of the d orbitals shows more valence-like d orbitals, which strength-

ens the back-bonding and finally triggers the geometry distortion. The back-bonding

appears as spin contamination in the unrestricted DFT, and as orbital isosurface plots

with ON deviation from 2/0 and mutual information change in DMRG. This distor-

tion pathway from [Ni2Bi12]
4+ to [Cr2Sb12]

3– shown in Figure 3.14 is a replication to

the change from [NiPb12]
2– to [RuGe12]

3– with the existence of the metal-metal bond.

[Ni2Bi12]
4+ matches [NiPb12]

2– as a reference. The slightly distorted case is covered

by [Fe2Sn4Bi8]
3– and [MnPb12]

3– , and d electrons become valence-like in [Cr2Sb12]
3–

and [RuGe12]
3– , finally rearranging the cage geometry.

Figure 3.14: Overview of the trends in electronic structure across the 75- and 76-
electron M2E12 series.
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3.3 Fe-Fe bonding and its role in the cluster

formation in [Fe3Sn18]
4–

This section focuses on the tri-iron cluster, [Fe3Sn18]
4– , which was synthesised by Prof.

Zhong-Ming Sun and co-workers. All experimental work referenced here, including

the X-ray structure, is theirs. The unit cell and structure of [Fe3Sn18]
4– are presented

in Figure 3.15. The motivation for the work was to understand how the presence of

Fe-Fe bonding, made possible by the open-shell nature of the Fe centres, impacts on

the cluster. The work has been published in Chemical Science, 2024, 15, 1018–1026.

Figure 3.15: Unit cell of [K(2.2.2-crypt)]4[Fe3Sn18], including front and side views of
the anions. The XRD experiment was performed by Dr. Wei-Xing Chen in Prof.
Zhong-Ming Sun’s group. (Reproduced from our published work as Ref. 2)

3.3.1 Introduction

Moving beyond the encapsulated M2E12 clusters discussed in the previous section,

I now consider further expansion of the Zintl cluster to incorporate three transition

metal atoms. The cluster in question, [Fe3Sn18]
4– , is a high-spin Fe3 system com-

posed of a linear tri-iron core encapsulated inside a D3d-symmetric E18 cage. X-ray
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crystallography shows that the length of the cluster is 9.74 Å approximately 1.5 times

as large as [Fe2Sn4Bi8]
3– (5.59 Å). The Fe-Fe distances of 2.4300(9) Å indicate the

existence of metal-metal bonds, which will be discussed in detail below. Intuitively,

the E18 cluster can be regarded as two fused E9 fragments, joined by two trian-

gular faces. The relatively small E9 cluster is common in endohedral Zintl cluster

chemistry, and is known to adopt two isomeric structures. [CoSn9]
5– ,98 [RuSn9]

6– ,95

[RhSn9]
4– ,174 [NiSn9]

4– 96 and [PdSn9]
4– 174 are C4v-symmetric Monocapped Square

Antiprism (MSA) while [CuE9]
3– (E = Sn, Pb) is a Tricapped Trigonal Prism (TTP)

with D3h point symmetry.97 The MSA is formally a nido cluster, while the TTP is

closo. The two isomers are, in fact, relatively similar in energy. The [E9]
4– cage

(with a nido electron count) can be derived by adding two electrons to the LUMO

of closo-[E9]
2– , which causes an elongation along the principal axis. The stability

of both [E9]
2– and [E9]

4– has been explained in terms of aromaticity through Ad-

NDP analysis.175 The square faces in MSA and a triangle face in TTP geometries

of E9 or ME9 clusters, are loci for functionalisation by metal complexes. For exam-

ple, the square base of the MSA isomer can act as an η4 ligand (shown in Figure

3.16 (a)) in [E9M(CO)3]
4– (E = Sn, Pb; M = Cr, Mo, W),176–180 [Sn9Ir(cod)]3– ,94

[Cu(Ge9)R]3– (R = PCy3, Pi-Pr3),
181 [E9ZnR]3– (E = Ge, Sn, Pb; R = Mes, iPr,

Ph),182 [Ge9PdPPh3]
3– ,183 [NiSn9Ni(CO)]3– ,184 [CoSn9NiL]3– (L = CO, C2H4).

185

A triangular face of the TTP isomer can also act as an η3 ligand (shown in Fig-

ure 3.16 (b)) in [Ge9Ni(CO)]3– ,186 [Ni(Ge9NiL)]x – (x = 2, L = CO; x = 3, L

= CCPh),186 [Ni(Ge9PdPPh3)]
2– ,183 [PtSn9Pt(PPh3)]

2– ,184 [PdSn9Pd(SnCy3)]
3– ,187

[CoSn9Pt(PPh3)]
3– , and [CoSn9AuPh]3– .185 In addition to functionalisation by metal

ligands, self-functionalisation, in the form of fusion or oligomerisation, can also oc-

cur through the formation of localised exo or delocalised bonds connecting triangular

faces. Unlike the Coulomb attraction between a negatively-charged Zintl ion and

a transition metal cation, the challenge in dimerisation arises because both compo-

nents typically carry negative charges, leading to strong Coulomb barriers. In ex-

amples with exo bonds, the repulsion can be compensated by sharing electron pairs

between fragments, as for example in [(Ge9)3]
6– 188 and [(Sn9)4]

8– .189 In cases with

only a single direct bond between E9 units, the introduction of the positively charged

transition metal can also reduce the Coulomb repulsion, as in [AgSn18]
5– 190 and

[AuSn18]
5– .191 The bonding between two units can also be highly delocalised, with a

transition metal cation again playing a role in balancing the negative charges, such

as in [Cd(NiSn9)2]
6– ,102 [In(NiGe9)2]

5– ,103 [NbCp2(Ge9)2]
5– , [(NbCp2)2(Ge9)2]

5– .191

The formation of the metal-metal bonds can also favour cluster fusion, as in the case
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of [Ni3Ge18]
4– 112 and [Pd2E18]

4– (E = Ge,110 Sn111). In this series, the germanium

fragment Ge18 shows a progressive fusion from the separated-limit [In(NiGe9)2]
5– 103

to an intermediate stage in [Ni3Ge18]
4– 112 and finally to the completely fused-limit

[Pd2Ge18]
4– .110 In the analogous Sn chemistry, only the fully separated and fully-fused

limits were known, in [Cd(NiSn9)2]
6– 102 and [Pd2Sn18]

4– ,111 respectively. The new

[Fe3Sn18]
4– represents the missing intermediate in the Sn18 cluster fusion process,

having structural properties intermediate between [Cd(NiSn9)2]
6– and [Pd2Sn18]

4– .

After discussing the electronic structure of the new cluster, we will consider how it

fits amongst the known structural chemistry of this class, and what information it

provides about possible cluster growth mechanisms.

Figure 3.16: Geometries of MSA and TTP [E9]
4– and their coordinated derivatives.

(H atoms were omitted for clarity)

3.3.2 Computational details

All computational work in this section was performed by the ADF 2021.104 package.69

The PBE,47 M06-L53,54 and PBE057,192 functionals were used to benchmark, and the

results with the former were applied for further analysis. Slater-type TZ2P basis sets

were used.164 All electrons were incorporated in the basis sets. Relativistic effects were
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considered by the scalar-ZORA.163 The numerical grid was tuned to ‘verygood’.193

The COSMO165 was included using water as the solvent (equals to the dielectric

constant of 78.39) to produce a confined space mimicking the crystalline environment.

EHT calculations were performed by Gaussian16,194 where the Hoffmann parameters

were applied.

3.3.3 Electronic structure analysis

DFT calculations confirm the high-spin nature of D3d-[Fe3Sn18]
4– : it has a 7A2g

ground state, which lies 0.1 eV below the Ms = 1 broken-symmetric state (PBE

functional). Through benchmarking using PBE, M06-L and PBE0 functionals, the

results from the PBE functional show the best agreement with the geometry in ex-

periment as shown in Table 3.2, and these geometric parameters were applied for

further electronic structure analysis. Its structure is very similar to D3d-symmetric

[Ni3Ge18]
4– . Both clusters show a large difference between the E4-E9′ and E8-E9′

distances (4.05 Å vs. 3.47 Å in [Ni3Ge18]
4– and 4.10 Å vs. 3.460 Å in [Fe3Sn18]

4– ),

and the ratio of E4-E9′ to E8-E9′ is similar for both clusters (1.17 in [Ni3Ge18]
4–

and 1.18 in [Fe3Sn18]
4– ) (see Figure 3.15 for atom numbers): the E7-E8-E9 face ex-

pands as the two E9 fragments fuse. The electronic structure of [Ni3Ge18]
4– is first

reinvestigated here as a precursor to our study of [Fe3Sn18]
4– . The ground state of

[Ni3Ge18]
4– is a singlet, and Figure 3.17 shows (a) the Kohn-Sham eigenvalue array,

(b) the PDOS plus OPDOS and isosurface plots of significant orbitals of [Ni3Ge18]
4– .

The orbital levels dominated by Ni 3d character are highlighted in the Kohn-Sham

array, and those with Ni-Ni-Ni σ character are connected by the red dashed line.

From the PDOS, it is evident that there is a small Ni 3d band above the Fermi level,

at +0.4 eV, which corresponds to antibonding interactions according to the negative

OPDOS. This band corresponds to the 9a1g orbital, the isosurface plot of which con-

firms it to be the Ni-Ni σ∗ orbital of the Ni3 core. Other orbitals with σ character

include 7a1g and 5a2u, with bonding and nonbonding character, respectively. There-

fore, the configurations of the σ framework can be represented as σ2σnb 2σ∗0. The

remaining Ni 3d-based orbitals are all in the occupied manifold: 4eg, 5eu, 7eg have

Ni-Ni π character and 5eg, 4eu, 6eg are Ni-Ni δ set. Their net contribution to the

Ni-Ni bonds is 0, as all bonding, nonbonding and antibonding combinations are filled.

The formal Ni-Ni bond order is therefore 0.5 (half of a σ bond), consistent with the

computed Mayer bond order of 0.45. The electron distribution of [Ni3Ge18]
4– can be

summarised as follows: there are 28 valence electrons located on the [Ni3]
2+ chain,

with the remaining 78 valence electrons forming a [Ge18]
6– cage.
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Table 3.2: Selected bond lengths from crystallographic and DFT-optimised structures
for the [M3E18]

4– family (all distances in Å). See Figure 3.15 for atom numbering.

M1-M2 E2-E8 E6-E9 E8-E9′ E4-E9′ ref

[Fe3Sn18]
4– X-ray (100 K) 2.4300(9) 3.690 3.004 3.460 4.10 This work

DFT (7A2g) 2.45 3.64 3.04 3.50 4.22

[Ni3Ge18]
4– X-ray (100 K) 2.395(1) 3.016 2.612 3.47 4.05 112

DFT (1A1g) 2.43 3.09 2.66 3.29 4.01

[Cd(NiSn9)2]
6– X-ray (100 K) 4.201 3.549 2.981 5.24 6.71 102

DFT (1A1g) 4.26 3.71 3.02 5.32 6.81

[Pd2Sn18]
4– X-ray (100 K) - 3.303 3.145 3.426 3.096 111

DFT (1A1g) - 3.31 3.13 3.33 3.10

Figure 3.17: (a) Kohn-Sham orbitals of [Ni3Ge18]
4– (b) PDOS of Ni 3d, Ge 4s and Ge

4p along with OPDOS of the Ni-Ni bond. The Lorentzian broadening parameter was
set to 0.1 eV. Levels with Ni-Ni-Ni σ character are labelled by red dashed lines and
their orbital isosurfaces are shown along the right side of the PDOS/OPDOS plot.

Based on the analysis of [Ni3Ge18]
4– and the structural similarity between the

Sn18 and Ge18 cages, we can assign the charge distribution of [Fe3Sn18]
4– as [Sn18]

6–

(78 electrons), and therefore [Fe3]
2+ (22 electrons). The frontier Kohn-Sham energy
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arrays and orbital isosurface plots (for both spins), along with the DOS for the spin-

β manifold, are presented in Figure 3.18. The eigenfunctions with dominant Fe 3d

contribution are highlighted by black lines and green arrows. As was the case in

[Ni3Ge18]
4– , the Fe-Fe-Fe σ∗ orbital, 9a1g, is unoccupied in both spin manifolds. Both

spin components of the corresponding σ and σnb orbitals are again occupied (7a1g and

7a2u in the spin-β array, 5a1g and 5a2u in spin-α). The configuration of the Fe-Fe

σ framework is therefore σ2σnb 2σ∗0, giving a net bond order of 0.5 for each Fe-Fe

bond, precisely as we saw in the Ni3 case. The multiplicity of the ground state as

septet indicates the presence of six unpaired electrons, which are found in 8egα, 7egα

and 5euα — the corresponding vacant spin-β components are 10egβ, 9egβ and 8euβ.

Both Fe-Fe π and δ orbitals belong to the e symmetry and so a clean separation

on symmetry grounds is not possible. However, the isosurfaces show dominant π

character in 4egα/5egβ, πnb character in 4euα/7euβ and π∗ in 8egα/10egβ. The latter

is vacant, so the π bonding manifold of the Fe-Fe-Fe chain is π4πnb 4π∗2, giving a

formal π bond order of 0.5 per Fe-Fe bond. The δ bonding and nonbonding orbitals

are also singly occupied (unoccupied in 8euβ and 9egβ), but as δ overlap is weak,

these orbitals make little contribution to the overall bond strength. Therefore, each

Fe-Fe bond can be regarded as 1/2σ+1/2π and the total bond order is 1, also in

accordance with the calculated Mayer bond order of 0.95. Compared to [Ni3Ge18]
4– ,

the electron count on the linear tri-metal core is reduced from 28 to 22, which creates

an additional π component of the bond.

After clarifying the nature of Fe-Fe interactions in [Fe3Sn18]
4– in the previous

paragraph, we now turn to its relationship to the other known clusters in the E18

family. As noted in the introduction, the three clusters [In(NiGe9)2]
5– , [Ni3Ge18]

4–

and [Pd2Ge18]
4– map out a progressive fusion of the two Ge9 units, and so the elec-

tronic changes associated with fusion can be analysed by decreasing the distance

between two Ge9 fragments. Bond formation is usually associated with removal of

electrons from antibonding orbitals, so we anticipate that the charge state of the clus-

ter will change along the pathway. The charge state of the cluster during the fusion

process can be determined by the oxidation state of the encapsulated metal atoms,

with the remaining electrons assigned to the cage. In [In(NiGe9)2]
5– , the nickel is

in the Ni0 oxidation state while indium is +3, leading to a net charge of −8 on the

[Ge18]
8– cage. For [Ni3Ge18]

4– , we have established a charge of +2 on the [Ni3]
2+

fragment, and therefore a [Ge18]
6– cage. Finally, in [Pd2Ge18]

4– the metals are also

in the Pd0 oxidation state giving a [Ge18]
4– cage. The fusion of Sn18 units follows a

similar pattern across the series [Cd(NiSn9)2]
6– , [Fe3Sn18]

4– and [Pd2Sn18]
4– , where
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Figure 3.18: (a) Kohn-Sham frontier orbital arrays of both spin-α and spin-β. Orbitals
with dominant Fe 3d contributions are highlighted with green arrows and black lines.
(b) PDOS projected to Fe 3d and Sn 5p atomic orbital, along with OPDOS of Fe-Fe
bond in the minority spin. The Lorentzian broadening parameter was set to 0.1 eV.
(c) The isosurface plots of the Fe 3d based Kohn-Sham orbitals, and their irreducible
representations were denoted below the figure. The isovalue for the orbitals is 0.04
e/Bohr3.

again the charge on the Sn18 unit decreases −8 → −6 → −4 during the fusion pro-

cedure. With this preliminary hypothesis on the charge states in different stages of

Sn18 fusion, we then need to determine the orbitals involved in the redox events. Be-

cause the three endohedral clusters encapsulate different numbers of transition metal

atoms, it is not straightforward to compare them, especially in the case of an open-

shell species as [Fe3Sn18]
4– . An alternative approach is to consider only the Sn18 cage

structures. The cage geometries are extracted from the geometries of the optimised

endohedral clusters, and a series of 8 intermediate geometries were generated by in-

terpolation between either two consecutive structures among these three points. The

Walsh diagram shown in Figure 3.19 connects the frontier levels of isolated [Sn18]
8– ,

[Sn18]
6– and [Sn18]

4– in the geometries of [Cd(NiSn9)2]
6– , [Fe3Sn18]

4– and [Pd2Sn18]
4– .
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As the charge state changes across this coordinate, we have chosen to use a simple

non-self-consistent electronic structure model, namely Extended Hückel Theory, to

avoid discontinuities at points where the charge changes. Moreover, the relatively

small electron-electron repulsions in the valence orbitals of the heavier main-group

elements reduce the demand for highly accurate computational methods. From Table

3.2, we can identify two geometric parameters, Sn4-Sn9′ and Sn8-Sn9′, as the ones

that differ most across the series of three clusters. These can then be used to define

the reaction coordinate for Sn18 fusion. The Sn4-Sn9′ distance contracts continuously

from the separated limit to the fused limit. The Sn8-Sn9′ distance, in contrast, de-

creases rapidly in the first stage from [Sn18]
8– to [Sn18]

6– , while having little change in

the second step to the fused limit. Both structural parameters are incorporated along

the x-axis in the Walsh diagram to give a comprehensive picture of the geometry

changes involved in cluster fusion.

From the separated-limit to the intermediate state, the [Sn18] unit is oxidised by 2

electrons. From the Walsh diagram, it can be recognised that the energy of the 7a2u

level increases steeply in the first section of the coordinate, and it is from this orbital

that the first pair of electrons is removed. This orbital, shown in Figure 3.19, has

antibonding character between the six atoms at the interface of the two Sn9 fragments

— Sn8-Sn9′ as well as five other equivalent bonds. The removal of two electrons from

this orbital therefore contributes to the formation of the red bonds shown in the

schematic plot below the Walsh diagram. In the second step, the major geometric

change is in the Sn4-Sn9′ bond, which contracts rapidly. In this second section of

the reaction coordinate the 7a1g orbital is raised in energy from the low-lying orbital

arrays, and its depopulation leads to further oxidation from −6 to −4 to reach the

fused-limit. The corresponding isosurface shows antibonding character across the

Sn4-Sn9′ bond, as well as five other equivalent bonds according to D3d symmetry.

It also contains some bonding character between Sn4-Sn8 as well as in two capping

Sn3 triangle surfaces. Therefore, from the intermediate to the fused-limit, the Sn4-

Sn9′ distance, which is highlighted as blue bonds in the schematic plot, shrinks from

4.10 Å to 3.10 Å while at the same time the Sn4-Sn8 and Sn1-Sn2 distances expand,

increasing the radius at the waist of the cluster.

The detailed electronic changes involved in the stepwise cluster fusion highlighted

by the Walsh diagram provide a framework to rationalise the number of SEPs required

to construct the [Sn18]
n – cage. The Wade-Mingos rules and the jellium model are most

suitable for the pseudo-spherical structure, but the prolate Sn18 cluster represents a

significant deviation from a sphere. We therefore turn to the more general Jemmis
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Figure 3.19: Walsh diagram showing the coalescence of the two Sn9 polyhedra to
a single ellipsoidal Sn18 unit. The figure is generated by interpolating between the
optimised structures of the Sn18 unit as it is found in the optimised geometries of
[Cd(NiSn9)2]

6– , [Fe3Sn18]
4– and [Pd2Sn18]

4– .

mno rule,115 which can be applied to clusters made up of fused monomers. At the

fused limit, we have no single connecting vertices, no open faces and no capping

atoms, so o = p = q = 0 and the number of SEPs predicted is m + n + o + p − q =

2 + 18 + 0 + 0− 0 = 20. Along with the 18 lone pairs at the vertices, this corresponds

to the electron count of 76, i.e. [Sn18]
4– as in [Pd2Sn18]

4– . At the separated limit,

the two connecting faces can be regarded as ‘open-face’ (Sn8-Sn9 = 3.30 Å compared

to 3.11 Å for Sn1-Sn2). Hence the number of SEPs increases to m+ n+ o+ p− q =

2+18+0+2−0 = 22 which, along with the lone pairs at each vertex, corresponds to

the [Sn18]
8– at the separated-limit. For the intermediate [Sn18]

6– , we can regard the

connecting trigonal antiprism as a pseudo-‘open-face’, as two triangle faces are only

partially fused. Therefore, the SEP count is m+n+o+p−q = 2+18+0+1−0 = 21,
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which matches skeletal electron count of [Sn18]
6– .

It is striking that the first pair of electrons in the Walsh diagram in Figure 3.19

results in the formation of six bonds across the waist of the cluster (Sn8-Sn9′ and

symmetry-related bonds). Clearly, then, these cannot be two-centre-two-electron

bonds, but rather highly delocalised bonds. The alternative would be to form a single,

stronger, two-centre-two-electron σ bond between two atoms for each pair of electrons

removed: this is referred to as oligomerisation as opposed to fusion. Oligomerisation

is known to occur in the closely-related [AgSn18]
5– and also in Sn36

8– in Figure 3.20

(b), where four Sn9 units are linked by two localised bonds. The oxidation level of the

Sn18 cage in [AgSn18]
5– is clearly −6 (Ag is +1), exactly the same as in [Fe3Sn18]

4– ,

yet the two Sn9 units in the former are linked by a single two-centre-two-electron

bond, where only a single Sn-Sn bond exists. To analyse the different outcomes of

two-electron oxidation, the Sn18 structures were extracted from the optimised geome-

tries of [AgSn18]
5– and [Sn36]

8– , and the changes in frontier orbitals are compared to

those of the [Cd(NiSn9)2]
6– , [Fe3Sn18]

4– , [Pd2Sn18]
4– series in Figure 3.20 (a). The

oligomerisation process was initiated from D3h-[Sn18]
8– , which is generated from a

180◦ rotation of a Sn9 fragment from its D3d isomer. The energy difference between

two isomers is as negligible as 0.02 eV, since the weak interaction between fragments

creates a small energy barrier for the rotation of Sn9. The important frontier orbitals

in the oligomerisation process are highlighted in Figure 3.20 (b). In the first step,

the electrons are oxidised from the 7a′′2 orbital, which is an out-of-phase combination

between the connecting faces. This orbital is the direct counterpart of the 7a2u orbital

in D3d-[Sn18]
8– . This orbital correlates with the 13b1 orbital in [Sn18]

6– , where the

antibonding interaction is mostly localised along the Sn9-Sn9′ bond with σ character.

This process generates a localised two-centre-two-electron exo bond between the two

Sn9 fragments. In the second step, the 12b1 orbital in C2v-[Sn18]
6– is destabilised

and becomes vacant, correlating with the 7bg orbital in C2h-[Sn18]
4– . Going back

to the D3h limit of [Sn18]
8– , this orbital is derived from one component of the 6e′′.

Its antibonding component is localised primarily to Sn9-Sn9′ and Sn7-Sn8′ bonds,

forming a four-centre-two-electron localised bond. Comparing the two oxidation pro-

cesses, fusion across a face versus oligomerisation by forming isolated exo bonds, it

is clear that the electronic processes are very similar: both are driven by depopula-

tion of antibonding orbitals. If these orbitals are localised exo bonds, the coalescence

will proceed via oligomerisation, while if delocalised bonds prevail, fusion to form

larger clusters will occur. The existence of metal-metal bonds in [Fe3Sn18]
4– resists
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the bending at the central metal atom that is essential to oligomerisation and so di-

rects the process to formation of delocalised six-centre-two-electron bonds instead of

a localised Sn9-Sn9′ bond. The Fe3 has an important role to play in templating the

formation of a continuous Sn18 cluster rather than two Sn9 units linked by a localised

exo bond.

Figure 3.20: Schematic plot of significant frontier orbitals for (a) cluster fusion pro-
cess from D3d-[Sn18]

8– to D3d-[Sn18]
6– and finally reaching D3d-[Sn18]

4– . Three cage
structures were obtained from the optimised endohedral clusters as [Cd(NiSn9)2]

6– ,
[Fe3Sn18]

4– and [Pd2Sn18]
4– , respectively; (b) cluster oligomerisation process from

D3h-[Sn18]
8– , C2v-[Sn18]

6– and C2h-[Sn18]
4– . The first two structures were obtained

from the optimised D3h-[Cd(NiSn9)2]
6– , [AgSn18]

5– respectively, and C2h-[Sn18]
4– was

individually optimised.
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3.3.4 Conclusion

In this section, an endohedral Zintl cluster [Fe3Sn18]
4– composed of a linear tri-iron

core and a semi-fused Sn18 cage was investigated using DFT and EHT. The Fe-Fe

bond length of 2.4300(9) Å observed in XRD indicates significant Fe-Fe bonding, with

a formal bond order of 1/2σ and 1/2π. Both the architecture and the charge state of

the [Sn18]
6– cage are intermediate between the separated-limit, [Sn18]

8– , as observed in

[Cd(NiSn9)2]
6– and the fused-limit, [Sn18]

4– , found in [Pd2Sn18]
4– . In that sense, the

[Fe3Sn18]
4– cluster is the analogue of the [Ni3Ge18]

4– cluster in germanium chemistry,

where the charge state is also −6. Cluster fusion is accompanied by a stepwise electron

oxidation from the delocalised antibonding orbitals, from the separate-limit to the

fused-limit. Along the reaction coordinate for fusion, the strong repulsion between

two [Sn9]
4– units is reduced through the transfer of electron density to the transition

metal fragments. The competition between fusion and oligomerisation (presented in

Figure 3.21) equates to a contest between delocalised and localised bonding, and the

presence of Fe-Fe bonding in the Fe3 chain resists the bending that is essential to

oligomerisation, thereby directing the reaction towards fusion instead.

Figure 3.21: Cluster fusion vs. cluster oligomerisation of E9 polyhedra (E = Ge, Sn).
(Reproduced from our published work as Ref. 2)

77



3.4 Isomerisation of the Fe4 core in [Fe4E18]
4–

(E = Sn, Pb)

In this section, I explore the electronic structure of a pair of Fe4 clusters, [Fe4Sn18]
4–

and [Fe4Pb18]
4– , each of which has 108 valence electrons. Both DFT and DMRG

approaches are employed. The cluster pair has similar structures, but subtle differ-

ences in the geometry of the rhombic Fe4 core suggest different electronic structures.

The isostructural copper analogues, 120-electron [Cu4Sn18]
4– and [Cu4Pb18]

4– ,109 are

known and, following the pattern established in previous sections, these are used

as a closed-shell reference. This work was done in collaboration with Prof. Zhong-

Ming Sun and co-workers, who carried out all the experimental work including the

X-ray crystallography (unit cells are shown in Figure 3.22). It has been published in

Chemical Science, 2024, 15, 4981–4988.

Figure 3.22: Unit cells of (a) [K(2.2.2-crypt)]4[Fe4Sn18]·4Py and (b)
[K(2.2.2-crypt)]4[Fe4Pb18]·4Py, including front and side views of the anions.
XRD experiment was performed by Dr Wei-Xing Chen in Prof. Zhong-Ming Sun’s
group. The Fe4 structures are highlighted. (Reproduced from our published work as
Ref. 3)
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3.4.1 Introduction

The investigation of intermetallic Zintl clusters containing heavy tetrel elements

started in 2006 with the identification of [MPb10]
2– and [MPb12]

2– (M = Ni, Pd,

Pt),92 and numerous other clusters have emerged in the following decades.10,11 Ex-

amples of mono-metallic Zintl cages include [CoSn9]
5– ,98 [CuE9]

3– (E = Sn, Pb),97

[NiSn9]
4– ,96 [AgPb11]

3– ,86 [IrSn12]
3– ,94 [RhSn12]

3– ,85 where in all cases the transition

metal is in a closed-shell d10 configuration and the geometry of the cage is consis-

tent with the predictions of Wade’s rules. A smaller number of open-shell cases

have also been studied, including C2v-[FeSn10]
3– 17 and D2h-[MnPb12]

3– ,16 both of

which have distorted structures compared to the ideal Wade-Mingos model. These

monomeric fragments can, at least conceptually, be used as building elements for

constructing larger fused clusters. For example, [Ni2Sn17]
4– can be regarded as being

constructed from two [NiSn9]
4– units by fusing a Sn vertex.99 Co, Pt and Rh can also

form the [M2Sn17]
n – geometry, albeit with stronger interactions between the fused

monomers.85,100,101 [NiSn9]
4– can also be connected by a third metal cation, leading

to the [In(NiSn9)2]
5– 195 and [Cd(NiSn9)2]

6– 102 clusters introduced in the previous sec-

tion. The presence of two Sn9 cages in close proximity can be viewed as a precursor

to stepwise fusion, as seen in [Fe3Sn18]
4– 2 and [Pd2Sn18]

4– ,111 or oligomerisation, as

in [AgSn18]
5– .190 The 18-vertex cage in [Fe3Sn18]

4– could, in principle, also rearrange

into the D2h-symmetric geometry that has been reported for the pair of copper clus-

ters, [Cu4E18]
4– (E = Sn, Pb),109 which are the closed-shell analogues of [Fe4E18]

4– .

An even larger cluster, [Rh3Sn24]
5– , has also been investigated — it can be regarded

as D2h-[Sn18] capped by a [SnSn5] fragment.85 The [Cu4Pb22]
4– cluster is also known,

but in this binary cluster two of the copper atoms form part of the icosahedral cage

rather than remaining encapsulated.113 This cluster can also be considered as a link

between [AgPb11]
3– and the trimeric and tetrameric binary clusters [Au8Pb33]

6– and

[Au12Pb44]
8– .86 In these coinage metal clusters, and indeed the majority of other

cases, the transition metal in the fused cage has a fully occupied valence d-band.

Geometries of the above-mentioned intermetallic clusters are shown in Figure 3.23.

In this section, I present a pair of iron/tetrel binary clusters, [Fe4Sn18]
4– and

[Fe4Pb18]
4– , where open shells generate a magnetic moment. The two clusters have

very similar geometries to their copper analogues, with a D2h-symmetric E18 cage

made up of two E9 units fused via a common E-E edge, rather than a face as in

[Fe3Sn18]
4– . Two of the Fe atoms are endohedral, sitting at the approximate centres

of the E9 cages, while the remaining two are exohedral, sitting on either side of the

shared edge. The four Fe atoms form a rhombus, with short Fe-Fe distances suggestive
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Figure 3.23: Representative Zintl cluster geometries composed of Sn and Pb.

of direct Fe-Fe bonding. The Sn and Pb clusters are grossly isostructural, but the Fe4

rhombus is subtly different in different cages. Specifically, the Fe2-Fe2′ bond length

is 2.496 Å in the Sn18 cluster, but only 2.328 Å in the Pb18 analogue (Figure 3.23,

red box). The electronic configurations that drive this change will be discussed, and

the D2h cage architecture will also be compared with the isomeric D3d-[Sn18]
n – family

discussed in the previous section. The high-spin electronic structure based on 4 × 5

highly degenerate Fe 3d orbitals generates a complex electronic landscape with many

close-lying states, so a detailed study of [Fe4Sn18]
4– using DMRG is also presented as

a complement to the DFT in search of the ground state configuration.

3.4.2 Computational details

All DFT work in the section was done using ADF 2021.104 package.69 The PBE,47

M06-L53,54 and PBE056,57,192 functionals were used to benchmark, and the results of

the PBE functional are adopted for further analysis. Slater-type TZ2P basis sets were

used throughout164 and all electrons were incorporated in the basis sets. Relativistic

effects were considered by the scalar-ZORA,163 and the numerical grid was ‘very-

good’.193 The COSMO165 was included with the dielectric constant of 78.39 as water
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to produce a confined space simulating the crystalline environment. The Extended

Hückel Theory calculations were performed with Gaussian16,194 using the Hoffmann

parameter set.

The DMRG calculations were done using the Block 2.0 interface166 compiled

with the OpenMolcas package.167 The two-electron integrals were approximated by

Cholesky decomposition at the threshold of 10−6, and the grid was tuned to ‘ultra-

fine’. ANO-RCC basis sets were used at the level of double-zeta plus one polarisation

function.196 Symmetry was considered with the Abelian point group. The details

of the bond dimension setting (m) will be specified for different calculations. The

convergence criteria were the defaults, where the energy, orbital rotation matrix and

energy gradient thresholds are 10−6, 10−3, 10−3 respectively.

3.4.3 Electronic structure analysis

3.4.3.1 DFT analysis

[Fe4E18]
4– can be regarded as an open-shell counterpart of [Cu4E18]

4– .109 Both clusters

possess similar D2h structures with a rhombic M4 core, and the charge distribution

of the iron analogues can be assumed, as a first approximation, to be similar to

[Cu4E18]
4– , where the E18 cage carries 8 negative charges, leaving each metal atom

in the +1 oxidation state. The electron count of the cage can be rationalised using

Jemmis mno rule.115 The E18 cage can be regarded as composed of two E9 shells,

leading to a monomer count of 2, and straightforwardly the vertex count is 18. There

is no single-vertex connecting two segments (o = 0), and the number of open-faces is

two (Sn5-Sn8-Sn6′-Sn7′ and its symmetry-related square face) considering the case of

[Rh3Sn24]
5– . Therefore, the SEP count according to the mno rule is m+n+o+p−q =

2 + 18 + 0 + 2 − 0 = 22. Adding the 18 5s2 lone-pair electrons on each vertex gives

40 pairs in total, consistent with the total electron count of 80 for [Sn18]
8– .

We start the discussion of the electronic structures of [Fe4Sn18]
4– and [Fe4Pb18]

4–

using DFT. As the clusters have 28 electrons in 4 × 5 = 20 3d orbitals, we anticipate

a complex and flat potential energy surface around the global minimum, with many

near-degenerate states. Both clusters are optimised with M06-L, PBE and PBE0

functional using different multiplicities to avoid functional bias. Due to the very

inefficient treatment of two-electron integrals in ADF, the hybrid PBE0 functional

was only used for the two S = 5 states of [Fe4Sn18]
4– . Experimental measurements

of [Fe4Sn18]
4– show a magnetic moment of 9.37 µB at 300 K, which equates to 8.42

unpaired electrons if the spin-only formula is applied. The fact that the magnetic
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moment is not converged at low temperature also indicates the possibility of a higher

multiplicity ground state. We have therefore also considered states with S = 4 as well

as higher spin states, S = 5 and S = 6. In order to identify the true ground state,

potential energy surfaces were carefully explored by perturbing the starting electronic

configurations and by initialising calculations for Sn using optimised structures for

Pb and vice versa. The lowest energy state of both clusters has 11B1g symmetry,

with 10 unpaired electrons. For [Fe4Sn18]
4– , the 11B3g state lies only 0.05 eV above

using M06-L, and only 0.02 eV at PBE. With PBE0 the order is reversed with the
11B3g is 0.07 eV more stable than 11B1g. For [Fe4Pb18]

4– , PBE and M06-L functionals

have the 11B3g state over 0.15 eV above 11B1g. The S = 6 state, 13B2g, which is the

maximum multiplicity possible for 28 electrons in 20 orbitals, also lies more than 0.15

eV above the ground state: the gain in exchange energy is clearly not enough to offset

population of the most antibonding orbitals in the Fe4 array. The very small energy

gap and the strong functional dependency between the 11B1g and 11B3g of [Fe4Sn18]
4–

means that we cannot determine the ground state with confidence using only the

DFT energies. Therefore, we turn to a comparison of the optimised geometries with

the known XRD structure. As noted above, the Fe2-Fe2′ bond length across the

diagonal of the Fe4 rhombus is the most obvious distinction between the Sn and Pb

clusters, and it is on this that we will focus. The computational results using M06-L

summarised in Table 3.3 show that the Fe2-Fe2′ bond length is approximately 0.2

Å shorter in the 11B1g state compared to 11B3g, in both tin and lead clusters. The

XRD value of 2.496 Å in [Fe4Sn18]
4– is a strong match for the value of 2.52 Å in the

11B3g state, while the distance of 2.328 Å in [Fe4Pb18]
4– is a better match to 2.28 Å

for 11B1g. This comparison suggests that we can assign 11B1g as the ground state for

[Fe4Pb18]
4– , and 11B3g as the electronic state for [Fe4Sn18]

4– , despite the fact that
11B3g is 0.05 eV less stable than 11B1g for the latter.

As we noted above, the Fe/Sn binary cluster is an open-shell analogue of [Cu4Sn18]
4– ,

and a comparison between Cu and Fe analogues can be made by plotting PDOS and

OPDOS, as well as the projected density plot on the M4 plane shown in Figure 3.24.

The DOS is projected onto Cu 3d/4s, Sn 5s/5p for [Cu4Sn18]
4– and Fe 3d/4s, Sn

5s/5p of the minority spin for [Fe4Sn18]
4– . The OPDOS, shown as dashed lines, is

weighted by the overlap integral of M1-M2 (sky blue) and M2-M2′ (maroon), and

highlights the bonding/antibonding properties of the bands. The projected density

plots shown in Figure 3.24 (b) highlight the concentration of electron density on M4

plane, where the electron density increases with the colour from blue to red.
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Table 3.3: Selected bond lengths from crystallographic and DFT-optimised structures
(M06-L functional) for the [M4E18]

4– family (all energies in eV and distances in Å).

Erel M1-M2 M2-M2′ E2-E6 E5-E9′ E7-E8′ ref

[Fe4Sn18]
4– X-ray (100 K) 2.413 2.496 3.142 3.225 4.898 This

DFT (9Ag) 0.59 2.41 2.47 3.17 3.18 4.89 work
DFT (11B1g) 0.0 2.42 2.31 3.20 3.19 4.88
DFT (11B3g) 0.05 2.41 2.52 3.17 3.24 4.86
DFT (13B2g) 0.25 2.43 2.63 3.14 3.27 5.06

[Fe4Pb18]
4– X-ray (100 K) 2.437 2.328 3.247 3.287 4.941 This

DFT (9B1u) 0.79 2.41 2.46 3.32 3.37 4.99 work
DFT (11B1g) 0.0 2.44 2.28 3.35 3.32 4.99
DFT (11B3g) 0.17 2.43 2.48 3.32 3.36 4.98
DFT (13B3g) 0.18 2.46 2.35 3.34 3.37 5.05

[Cu4Sn18]
4– X-ray (100 K) 2.525 2.631 2.842 3.219 4.915 109

DFT (1Ag) 2.52 2.58 3.14 3.24 4.91

[Cu4Pb18]
4– X-ray (100 K) 2.547 2.561 3.224 3.299 5.012 109

DFT (1Ag) 2.55 2.52 3.30 3.35 5.02

The DOS and OPDOS for the Cu clusters confirm that the Cu 3d bands lie well

below the Fermi level, between −4.5 eV and −2.5 eV. Bands with dominant Sn

5p character are well separated from Cu 3d, lying above −2.5 eV, indicating largely

ionic interactions between [Cu4]
4+ and [Sn18]

8– . All bonding and antibonding orbitals

generated by linear combinations of Cu 3d atomic orbitals are below the Fermi level,

resulting in a total bond order of 0 between any two neighbouring copper atoms. The

Cu-Cu distances are 2.631 Å for Cu2-Cu2′ and 2.525 Å for Cu1-Cu2, which can be

taken as a measure of nonbonding distances in this family of clusters. The density

plots in Figure 3.24 (b) also show blue in between Cu atoms, which reinforces our

result.

In contrast to the inert 3d electrons in [Cu4Sn18]
4– , some of the spin-β orbitals of

the Fe 3d bands are raised up above the Fermi level, indicating open-shell character.

All of the majority (spin-α) orbitals are occupied and the DOS/PDOS plot (not

shown here) is qualitatively very similar to the Cu cluster. The distribution of spin-

β Fe 3d is broader than the Cu case, in the energy range between −2 eV and 2

eV. The overlap between the Fe 3d and Sn 5p bands also implies the existence of

covalent character in the Fe-Sn bonds. From the OPDOS, it can be seen that the

occupied levels have positive OP values on both Fe2-Fe2′ and Fe1-Fe2 bond, indicating

their bonding character. Conversely, the unoccupied bands have mostly negative OP

values, indicating antibonding character. It is clear, therefore, that net Fe-Fe bonding

is present in the [Fe4]
4+ unit. The same feature can be seen in the electron density

plots, where the yellow and green regions emerge between the Fe atoms. The Fe-Fe
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bond distances are also ∼0.2 Å smaller, at 2.413 Å and 2.496 Å for Fe1-Fe2 and

Fe2-Fe2′ respectively, compared to the Cu-Cu distances.

Figure 3.24: (a) PDOS projected to Cu 3d and Sn 5p for [Cu4Sn18]
4– , Fe 3d and Sn

5p for [Fe4Sn18]
4– . OPDOS was plotted for the M1-M2 and M2-M2′. The isosurface

plots for significant orbitals [Cu4Sn18]
4– and [Fe4Sn18]

4– . The isovalue for the orbitals
was set to be 0.04 e/Bohr3. (b) Projected density plot in the M4 plane for [Cu4Sn18]

4–

and [Fe4Sn18]
4– .

The comparison of measured and computed Fe-Fe bond lengths suggests that

[Fe4Sn18]
4– and [Fe4Pb18]

4– have 11B3g and 11B1g ground states, respectively. A

schematic Kohn-Sham plot for these two states is shown in Figure 3.25 (the spin-

β eigenvalues are shown). The orbital isosurface plots are shown on the right. We

84



can classify the Fe-based orbitals into in-plane and out-of-plane groups. The in-

plane orbitals are linear combinations of Fe 3dxy, 3dx2−y2 and 3dz2 , giving irreducible

representations of ag, b1g, b2u, b3u symmetry. These correspond to Fe-Fe σ, πip, δ in-

teractions. The out-of-plane orbitals are generated from linear combinations of 3dxz

and 3dyz with au, b1u, b2g, b3g symmetry, and local πop and δ symmetry with respect to

the Fe-Fe bonds. The majority of the orbital manifold is identical for the two differ-

ent states. In both 11B1g and 11B3g states, the 7b1g orbital remains unoccupied. This

orbital is Fe2-Fe2′ πip antibonding, and is generated by a linear combination of the

Fe 3dxy orbitals. An Fe2-Fe2′ σ interaction is present in doubly-occupied 8ag while

σ∗ character is present in the singly-occupied 8b2u orbital, giving a net configuration

of σ2σ∗1. The Fe2-Fe2′ πop interactions in 4b1u and 5b3g form a bonding/antibonding

pair, giving rise to a common π2
opπ

∗ 1
op contribution to the Fe-Fe bonding.

The major difference between the 11B3g and 11B1g comes in the occupation of

6b1g and 4b3g orbitals. In the 11B3g-[Fe4Sn18]
4– , the 6b1g is doubly occupied and an

unpaired electron is present in 4b3g, while in 11B1g-[Fe4Pb18]
4– , 4b3g is doubly occupied

and 6b1g singly occupied. The isosurface plot for the 6b1g orbital, highlighted by a

red box, has π∗
ip character between Fe2-Fe2′ and σ character on Fe1-Fe2. The 4b3g

orbital, however, is concentrated on Fe1 and Fe1′, and is essentially a nonbonding

orbital between Fe2 and Fe2′. Therefore, in the 11B3g state, the double occupation

of the 6b1g orbital increases the Fe2-Fe2′ antibonding character, leading to the longer

Fe-Fe bond. The Mayer bond order33 of Fe2-Fe2′ also decreases from 0.91 to 0.51

when replacing in the respective ground states of [Fe4Pb18]
4– and [Fe4Sn18]

4– . At the

same time, the enhanced σ contribution to Fe1-Fe2 increases its bond order slightly

from 0.69 to 0.85.

Another separate point of interest for us to investigate is the relationship between

the Sn18 cases in [Fe4Sn18]
4– and [Fe3Sn18]

4– . Both clusters are Fe/Sn binary clusters

with an 18-vertex cage but [Fe3Sn18]
4– is in D3d symmetry with two Sn9 cages fused

across two trigonal faces while [Fe4Sn18]
4– has D2h symmetry with the two units shar-

ing a common edge. Also, the arrangement of the Fen core is linear in [Fe3Sn18]
4– but

rhombic in [Fe4Sn18]
4– . In the synthetic procedure, both clusters rely on K4Sn9 as the

source of tin, but the source of iron differs, as does the reaction temperature: FeCp2

at 60◦C for the synthesis of [Fe4Sn18]
4– and [K(thf)Fe(OtBu)3]2 at room temperature

for the synthesis of [Fe3Sn18]
4– . From the DFT electronic structure analysis, both

[Fe3Sn18]
4– and [Fe4Sn18]

4– have a completely unoccupied Fen σ∗ orbital, 9a1g and

7b1g in [Fe3Sn18]
4– and [Fe4Sn18]

4– , respectively. The Fe-Fe overlap is clearly suffi-

cient in both cases to prevent unpairing of an additional electron on the antibonding
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Figure 3.25: Kohn-Sham molecular orbitals for the 11B3g state of [Fe4Sn18]
4– and

the 11B1g state of [Fe4Pb18]
4– . The eigenvalues correspond to the spin-β manifold in

both cases, and they are shifted such that E = 0 is defined as the midpoint between
the eigenvalues of HOMO and LUMO. The orbitals highlighted in red and blue are
those whose occupations differ in the 11B3g and 11B1g states. The isosurfaces shown
correspond to the spin-β set of [Fe4Pb18]

4– .

orbital to generate the maximum possible spin multiplicity. The [Cr2Sb12]
3– cluster

discussed previously also shows a similar preference as its 2B2 state leaves the σ∗

orbital vacant in both spin manifolds.

The electronic changes that occur as the cluster rearranges from the D3d to D2h are
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summarised in the Walsh diagram in Figure 3.26. The first step is the reverse of the

fusion process discussed in the previous section: an increase in the distance between

the two Sn9 units leads to stabilisation of one orbital, 7a2u, and hence a two-electron

reduction of the cluster to [Sn18]
8– . From this intermediate point, a rotation of the

two Sn9 units, such that two atoms move into positions that bridge the two clusters,

is associated with the stabilisation of one orbital (from 7eg to 5b1g) while destabilising

another (from 7a1g to 5b2g). The final conclusion, then, is that the ‘natural’ charge

(the charge that maximally occupies the bonding orbitals) for the D2h isomer of the

Sn18 cluster is −8, whereas it is −6 for the D3d form. The additional Fe centre in

[Fe4Sn18]
4– therefore delivers an extra pair of electrons to the cluster, driving it into

the geometry that is characteristic of its more negative charge state.

3.4.3.2 DMRG analysis

The DFT calculations summarised in the previous section show that the two distinct

geometries of [Fe4Sn18]
4– and [Fe4Pb18]

4– correspond to two different electronic states,
11B3g and 11B1g. Both states correspond to local minima with nearly identical total

energies using both PBE and M06-L functionals. The structural differences are subtle:

the Fe2-Fe2′ bond length in the Fe4 core, and the geometry in the 11B3g resembles the

crystal structure of [Fe4Sn18]
4– while the optimised structure of the 11B1g resembles

the X-ray structure of [Fe4Pb18]
4– . In the remainder of this section, we will refer

to the structure with a long Fe2-Fe2′ bond (as in [Fe4Sn18]
4– ) as isomer 1 and the

structure with the short Fe2-Fe2′ bond (as in [Fe4Pb18]
4– ) as isomer 2.

In trying to identify the ground state of these clusters, we are left frustrated by the

very small energy differences, of the order of 0.05 eV, between them at the DFT level.

Given the known sensitivity of spin states to functional choice, the differences are be-

low the level that we could confidently treat as significant. The presence of these two

energetically comparable states as well as the close-lying frontier orbitals highlights

the strongly correlated nature of the wavefunction, and this has prompted us to turn

to multi-configurational methods for an alternative perspective on the identities of

the ground states. Traditional multi-configurational approaches such as CASSCF are

limited by the size of the active space they can handle: for example, an active space

comprising 18 electrons in 18 orbitals generates over 448 million CSFs for a singlet

state, exceeding the capabilities of most high-performance computers. In this cluster,

the presence of four Fe+ centres requires a minimum active space that includes at least

all their 3d shells, 28 electrons and 20 orbitals, rendering a full CASSCF treatment
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Figure 3.26: Walsh diagram showing the geometry rearrangement of the Sn18 cage
from D3d-[Fe3Sn18]

4– to D2h-[Fe4Sn18]
4– . An intermediate state of the D3d-[Sn18]

8–

was generated from [Cd(NiSn9)2]
6– . 18 interpolated structures connect two optimised

structures.

impractical without significant truncations. To overcome this limitation, various ap-

proximation methods have been developed, including Configuration Interaction using

a Perturbative Selection made Iteratively (CIPSI),197 heat-bath CI,198 and DMRG.

In our work, DMRG62,64,199 is chosen due to its ability to handle very large active

spaces (up to approximately 100 orbitals and 100 electrons) and its implementation

in software packages such as Molcas. Whilst multi-configurational methods can ef-

fectively account for static correlation arising from near-degenerate states, dynamic

correlation associated with instantaneous electron movement requires post-DMRG
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treatment. It is likely here that a significant contribution to the relative energies of

isomers 1 and 2 will come from rearrangement of the Sn or Pb atoms, rather than

the change within the Fe4 core, so dynamic correlation is an important element of the

calculation. Methods for capturing dynamic correlation include CASPT2, MRCI, and

MC-PDFT. As mentioned in Chapter 2, CASPT2 is often hindered by the presence

of intruder states, which, although partially mitigated by level shifting, can still lead

to arbitrary and unreliable results. MRCI, on the other hand, is severely constrained

by memory requirements in practical computation. In contrast, MC-PDFT offers

an efficient and accurate means of recovering dynamic correlation, with the added

benefit of avoiding double counting of correlation already captured by DMRG. In the

remainder of this section, we explore the extent to which MC-PDFT can be applied

to the Sn cluster, [Fe4Sn18]
4– , of this size, and the extent to which the choice of active

space and the on-top functional matters.

For both isomers of [Fe4Sn18]
4– , our initial work involved a minimum active space,

DMRG(28e, 20o), incorporating only a single Fe 3d shell. According to the DFT

calculations reported previously, the two states with S = 5 are almost degenerate,

but the gap to states with S = 6 is also within 0.2 eV. DMRG calculations were

therefore performed for all possible spatial symmetry states (Ag, B3u, B2u, B1g, B1u,

B2g, B3g and Au) under both S = 5 and S = 6 spin multiplicities. The calculations

were single-point ones, using the geometries of [Fe4Sn18]
4– optimised in the 11B3g state

(labelled isomer 1) and in the 11B1g state (labelled isomer 2) by the M06-L functional.

To ensure a balanced description of active orbitals and avoid convergence to a local

minimum, a state-averaged DMRG calculation was first carried out over the three

lowest-lying electronic states in each specific spin and state symmetry. The ground-

state candidates identified from these calculations were subsequently re-optimised in a

state-specific calculation to refine the energy. A bond dimension of 1500 was selected

for all calculations.

The optimised energies of the various states are summarised in Table 3.4. The

results from the DMRG calculations are quite different from the DFT values, in so

much as it is now a state with S = 6, 13B2g of isomer 1, which has the lowest energy

among the 32 examined states (2 multiplicities × 2 isomers × 8 spatial symmetries

in D2h). The tendency of CASSCF and similar methods to over-stabilise high-spin

states is well known, and our results here reflect that trend. The 11B3u and 11B1u

states of isomer 1, as well as 13B2g,
11B1u and 11B2g states of isomer 2, lie within 0.1

eV of the global minimum.
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Table 3.4: Relative energy of [Fe4Sn18]
4– isomer 1 and isomer 2 in all spatial symmetry

states with S = 5 and S = 6 by DMRG(28e, 20o). All energies are reported relative
to the 13B2g of isomer 1.

Energy/eV isomer 1 isomer 2 isomer 1 isomer 2
13Ag 0.19 0.18 11Ag 0.17 0.20
13B3u 0.26 0.39 11B3u 0.05 0.19
13B2u 0.32 0.26 11B2u 0.15 0.19
13B1g 0.11 0.42 11B1g 0.18 0.23
13B1u 0.22 0.39 11B1u 0.06 0.09
13B2g 0.00 0.10 11B2g 0.11 0.10
13B3g 0.20 0.43 11B3g 0.18 0.30
13Au 0.21 0.44 11Au 0.11 0.20

For a more detailed analysis of the static correlation, we have chosen to focus on

the 13B2g and 11B1u states of the two isomers, because these states are no more than

0.1 eV above the ground state for each isomer. The results of the DMRG calculation

are summarised in the cycle plot in Figures 3.27 for 13B2g and 3.28 for 11B1u. The 20

active orbitals are arranged on the circumference of a circle, and are numbered 1–20,

starting at 12 o’clock and going clockwise. The isosurface of the natural orbital and its

occupation number are shown alongside the orbital index. The number inside the blue

circle indicates the single orbital entropy, and the size of the circle is proportional to

the number. The occupation numbers and single-orbital entropies give an indication

of the participation of a given orbital in static correlation: occupation numbers that

deviate from 2, 1 or 0, and orbital entropies above 0.5 indicate strong correlation.

Finally, the mutual information, or entanglement, is shown by the lines connecting

the circles: the red lines correspond to the most strongly correlating pairs.

For the 13B2g state shown in Figure 3.27, the isosurfaces of the natural orbitals of

isomer 1 are generally more localised than those of isomer 2. This is most evident in

orbitals 11 and 12 (b1g symmetry) and orbitals 15 and 16 (b2g symmetry). In isomer

1, 1b1g/1b2g are localised on Fe1/Fe1′ while 2b1g/2b2g are localised on Fe2/Fe2′. In

contrast, in isomer 2, the corresponding orbitals within the same irreducible repre-

sentation display significant mixing over all Fe1 and Fe2 3d orbitals, specifically in

3dxy for b1g and 3dxz for b2g. In the isosurface of isomer 2, an Fe1-Fe2 σ/σ∗ pair is

apparent in b1g and Fe1-Fe2 πop/π
∗
op in b2g. In the 13B2g state for both isomers, the

majority of orbitals possess occupation numbers close to 1 or 2, conforming to either

a formal singly or doubly-occupied state. The exceptions are the σ and πop bonding

and antibonding orbitals associated with the Fe2-Fe2′ interactions. The bonding part

has ONs of approximately 1.7, while their antibonding components have ONs around
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1.3. This deviation is a measure of the inherent correlation and entanglement between

these orbitals. Also, the excessive ON on the bonding orbital rather than antibonding

ones indicates a net bonding interaction between the Fe2 and Fe2′ centres in both

isomers. A comparison of the single orbital entropies and the mutual information

shows that the s(1)i values of isomer 1 are generally larger than the corresponding

orbitals of isomer 2, indicating a stronger degree of orbital correlation in isomer 1.

The strong static correlation in both isomers can be attributed to interactions be-

tween either two of Fe2-Fe2′ σ, σ∗, πop, π
∗
op orbitals, which corresponds to the orbitals

with ONs deviating from 1 or 2. The six largest values of the mutual information

(those with a magnitude of > 10−1, shown in red), correspond to interactions between

these orbitals. The two isomers show a similar number of orbital pairs with mutual

information values Ii,j of the order of 10−2, usually associated with static correla-

tion. However, isomer 1 displays more than twice as many dynamic correlated pairs

(characterised by Ii,j values of ∼ 10−3) as isomer 2. The cumulative effect of these

numerous weakly correlated pairs contributes significantly to the higher single-orbital

entropy values observed in isomer 1.
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Figure 3.27: Single orbital entropies and mutual information plot of the wavefunc-
tion of 13B2g-[Fe4Sn18]

4– on both (a) isomer 1 and (b) isomer 2. The corresponding
isosurfaces are shown adjacent to the respective orbital vertices.
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Figure 3.28: Single orbital entropies and mutual information plot of the wavefunc-
tion of 11B1u-[Fe4Sn18]

4– on both (a) isomer 1 and (b) isomer 2. The corresponding
isosurfaces are shown adjacent to the respective orbital vertices.
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In the 11B1u configuration, the electron correlation is more prominent due to the

greater number of CSFs, and no single dominant configuration can be identified in

the wavefunction. The values of s(1)i and Ii,j for 11B1u in Figure 3.28 are therefore

generally larger in both isomers compared to 13B2g state. This is indicative of stronger

entanglement between orbitals. The dominant contributions to the static correlation

come from the Fe2-Fe2′ σ/σ∗ and πop/π
∗
op orbitals, just as in 13B2g. Additionally, a

significant static correlation also emerges between the in-phase and out-of-phase com-

binations of Fe1/Fe1′ 3dx2−y2 and 3dyz orbitals in both isomers. In isomer 2, orbitals

with b1g and b2g symmetry also show orbital mixing between Fe1 and Fe2, generating

bonding/antibonding pairs among four Fe atoms. Stronger static correlation contri-

butions are observed in isomer 2, as indicated by mutual information values (Ii,j)

on the order of 10−1. In particular, significant static correlation arises between the

in-phase and out-of-phase combinations of the Fe1/Fe1′ 3dxz and 3dxy orbitals. As

the out-of-phase combinations of these orbitals show mixing with the corresponding

3d orbitals on Fe2/Fe2′, the in-phase orbital shows strong static correlation with both

orbitals after mixing. Furthermore, the mutual information between orbitals 15 and

16 (I15,16) is also in the strong static correlation regime. These orbitals correspond

to the πop and π∗
op interactions between the Fe1 and Fe2 centres. Even though in

isomer 2, there are more orbital pairs contributing to non-dynamic and static corre-

lations, the sum of single-orbital entropy values of orbitals in isomer 1 is still higher

than that in isomer 2, which can be ascribed to the complex and numerous dynamic

contributions between orbitals in isomer 1.

Overall, in both the 11B1u and 13B2g states, the single-orbital entropies of isomer

1 are consistently higher than those of isomer 2, indicating stronger orbital entan-

glement associated with the elongation of the Fe2-Fe2′ bond. However, the static

correlation is more pronounced in isomer 2. The increased s(1)i values in isomer 1

are assigned to the presence of growing dynamically correlated orbital pairs.

The energy separations calculated by DMRG are different from those obtained

by DFT, but the differences remain small, underscoring the necessity of includ-

ing dynamic correlation effects, which are not adequately captured by the multi-

configurational method itself. To address this, MC-PDFT calculations were per-

formed using eight on-top functionals, either translated or fully-translated, t-LSDA,

t-PBE, t-BLYP, t-revPBE and ft-LSDA, ft-PBE, ft-BLYP, ft-revPBE. These func-

tionals were selected to benchmark their performance in the absence of established

DMRG/MC-PDFT protocols for Zintl clusters, particularly those involving multiple

Fe-Fe interactions. The results are presented in Figure 3.29 in the form of a heat
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map. The left-hand column shows results for S = 5 (isomer 1 and isomer 2) while the

right-hand column shows S = 6. Areas shaded dark blue are those with lowest en-

ergy, varying to red for the highest energies (+1.2 eV). With the inclusion of dynamic

correlation via MC-PDFT, the energy separations between electronic states increase

significantly, from less than 0.5 eV in the DMRG results to over 1 eV. The plot

clearly shows that the MC-PDFT approach, irrespective of functional, stabilises iso-

mer 2 over isomer 1, and S = 5 over S = 6, with the result that the three lowest-lying

states, 13B2g,
11B1u, and 11B2g, are almost degenerate in the geometry of isomer 2.

These states also exhibit almost identical natural orbital occupation numbers. Among

them, the 11B1u state is slightly favoured by all translated functionals and ft-LSDA,

while 11B2g is preferred by all GGA-based fully-translated functionals. Benchmark-

ing reveals that the relative energy differences between translated and fully-translated

functionals derived from the same GGA root remain fairly consistent, with LSDA-

based functionals being the exception. In most cases, fully-translated functionals

yield larger energy gaps between electronic states compared to their translated coun-

terparts. Based on these observations, t-PBE and ft-PBE were selected as represen-

tative on-top functionals for MC-PDFT calculations to compute on-top energies in

the subsequent analysis.

The strong energetic preference for isomer 2 for [Fe4Sn18]
4– shown by the MC-

PDFT calculations contrasts with experimental observations, which show it to adopt

the isomer 1 structure. A number of possible factors may account for this discrepancy.

First, we have selected geometries optimised at the DFT level to be representative of

isomers 1 and 2, but of course these are not necessarily the minima on the full MC-

PDFT surface. Second, the partitioning of static and dynamic correlation between

DMRG and MC-PDFT may lead to an overestimation of the latter by MC-PDFT,

compromising the accuracy of the results. This issue could potentially be resolved by

expanding the active space to include the Fe 4d shell, accounting for the ‘double-d-

shell’ effect, or by capturing ‘in-out’ correlation between the Fe4 core and the Sn18

shell, as has been demonstrated previously for M2E12 clusters.

To address the first of these challenges, we conducted a wider exploration of the

MC-PDFT potential energy surfaces by elongating the Fe2-Fe2′ bond. We have per-

formed a series of constrained geometry optimisations with S = 5 where the Fe2-Fe2′

bond is constrained in the range of 2.1 to 2.8 Å in 0.1 Å increments and all other

parameters are allowed to vary freely (M06-L functional in ADF 2019.304). Through-

out the constraint optimisation, the molecular symmetry was restricted to D2h. The

Potential Energy Surface (PES) profiles of the 11B1g and 11B3g states computed using
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Figure 3.29: Heatmap plot of the MC-PDFT energies for all spatial symmetries of
both isomers in S = 5 and S = 6. All energies are relative to 11B1u-[Fe4Sn18]

4– of
isomer 2. The colour scale varies from blue to red with the increment of the energy.
Functionals were benchmarked with eight approximations, as t-PBE, ft-PBE, t-BLYP,
ft-BLYP, t-revPBE, ft-revPBE, t-LSDA, ft-LSDA.

DFT are shown in Figure 3.30 (a). The PES clearly shows the two local minima re-

ferred to previously: one at 2.3 Å and the other at 2.5 Å, corresponding to two distinct

electronic configurations, 11B1g and 11B3g states, respectively. A conical intersection

of these two states is located around 2.4 Å.
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Figure 3.30: PES generated from (a) DFT calculations on S = 5 state; (b) DMRG
calculations on S = 5 and S = 6 states; (c) DMRG/MC-PDFT calculations using
t-PBE functional on S = 5 and S = 6 states; (d) DMRG/MC-PDFT calculations
using ft-PBE functional on S = 5 and S = 6 states.
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The geometries obtained from each point of this PES scan were then used as input

to compute the DMRG energies for all spatial symmetries, for both S = 5 and S = 6

spin states. A total of sixteen PES curves obtained are shown in Figure 3.30 (b),

divided into two subplots according to the spin state. Generally, all PES profiles

from DMRG exhibit the same two local minima upon the elongation of the Fe2-Fe2′

bond, one centred around 2.4 Å and the other near 2.7 Å. In most cases, the second

minimum is slightly lower in energy, but no lower than 0.27 eV. The exception includes

the 13Ag (blue line) and 13B2u (green line), which favour the minimum with shorter

Fe2-Fe2′ bond length. This trend suggests a spin- or spatial symmetry-driven energy

reordering of electronic configurations along the Fe2-Fe2′ elongation. Among these

PES plots, the 13B1g state (purple line) notably shows a particularly deep and sharp

minimum at 2.4 Å, with discontinuous jumps to its adjacent geometries (Fe2-Fe2′ at

2.3 Å and 2.5 Å) on the PES. This behaviour points to the existence of a narrow

but deep potential well. The global minimum on the DMRG PES is located at 2.7 Å

for the 11B3u state (orange line). Several near-degenerate states such as 13B1g,
11B2u,

and 11B1g are also found at this bond length, lying within 0.1 eV above the ground

state.

Dynamic correlation was then incorporated into the PES using the MC-PDFT

with the t-PBE (Figure 3.30 (c)) and ft-PBE (Figure 3.30 (d)) functionals. The two

local minima persist even after inclusion of dynamic correlation: one at 2.3 Å and

the other beyond 2.8 Å. Again, within the investigated range, we see a systematic

stabilisation of isomer 2 (2.3 Å) over isomer 1 (2.7 Å) and, with the t-PBE functional,

the global minimum shifts to the 11B1u state (brown line) at 2.3 Å, closely followed

by the 13B2g state (gray line) at the same Fe2-Fe2′ distance, only 0.01 eV higher in

energy. The ft-PBE functional generates a very similar PES topology, with again a

negligible energy separation of 0.02 eV between 11B1u and 13B2g.

The stabilisation of the first minimum at the shorter Fe-Fe bond length can be

attributed to the fact that dynamic correlation energy is more prominent in the

bonding region at reduced Fe2-Fe2′ distances, where the electron density becomes

more concentrated between the metal centres. This configuration is also characterised

by a single dominant CSF, reducing the role of static correlation. In contrast, the

stabilisation of the second minimum at the elongated bond length can be understood

as a consequence of Fe-Fe bond cleavage, resulting in electron localisation on the

individual Fe atoms. While this reduces electron density in the bonding region, it

enhances electron localisation on the Fe2/Fe2′ centres, thereby increasing the relative

contribution of dynamic correlation to the total energy.
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This wider analysis of the PES does not alter the conclusion from MC-PDFT that

isomer 2 is the most stable, contrary to the experimental evidence. The second pos-

sibility that we wish to explore is that the discrepancy between the experiment and

theory arises from the limited size of the active space used in the multi-configurational

calculations. In particular, the single-d-shell active space may omit orbitals involving

strong static correlation that are essential for an accurate static correlation descrip-

tion. To overcome the limitations imposed by the small active space, we extended

our approach to include the ‘double-d-shell’ effect, which facilitates radial correlation

by introducing more diffuse orbitals into the active space, often referred to as the

4d orbitals. Due to the computational resource constraints and convergence issues,

these calculations were performed only for electronic states lying within 0.4 eV above

the ground state at the DMRG/MC-PDFT(ft-PBE) in the single-shell calculations.

D2h symmetry is still retained. To keep adequate information in the reduced den-

sity matrix, the bond dimension was increased to 2000. Furthermore, state-averaged

DMRG-SCF calculations were performed over the three lowest-lying states to ob-

tain a consistent and optimally balanced set of active orbitals across the calculated

electronic states.

The relative energies of the electronic states are presented in Table 3.5, from which

it is clear that the larger active space has resulted in an energy reordering among these

configurations. The ground state is now identified as the 13B2g of isomer 1, which is at

least 0.23 eV more stable than any of the electronic states of isomer 2. Upon inclusion

of dynamic correlation, the energy separation changes, the 13B2g is preferred by 0.01

eV with the ft-PBE functional compared to 11B2u and this preference even reaches

0.22 eV with the t-PBE functional. These results provide a clear energy separation

between states after incorporating Fe 4d orbitals to the energy. The absolute increase

in correlation energy in the DMRG calculation resulting from the addition of the 4d

shell is large (15 eV) but this is compensated by a reduction in the dynamic part

captured by MC-PDFT, and the total correlation energy increases by only about 1.0

eV. The redistribution between the static and dynamic correlation indicates a more

complete description of static correlation effects by providing correlated partners for

the Fe 3d orbitals.

A comparison between the single- and double-d-shell calculations for the 13B2g

state of [Fe4Sn18]
4– shows some notable differences in the occupation numbers of

orbitals involved in the ‘double-d-shell’ correlation, as illustrated in Figure 3.31. In

this figure, the second d shell of each orbital (numbered 21–40) is shown directly

outside the corresponding 3d orbital in the second concentric circle. The differences
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Table 3.5: Relative energies for the DMRG(28e, 40o) and DMRG(28e, 40o)/MC-
PDFT calculations for the low-lying states determined from single-shell calculations.
Root 1 of 13Ag in isomer 2 is the reference point.

Isomer 1 Isomer 2
Method 11B3u

13B2g
11B2u

11B1u
11B2g

11Au
13Ag

13B2g

DMRG Root1 1.61 -0.23 0.46 1.50 1.32 2.03 0.00 1.12
DMRG Root2 1.96 0.43 0.85 1.69 1.60 2.06 0.56 1.23
DMRG Root3 1.99 1.32 1.44 2.26 2.07 2.36 1.34 1.83
t-PBE Root1 2.24 -0.40 -0.18 1.09 0.72 1.22 0.00 1.20
t-PBE Root2 2.39 0.13 0.13 1.29 1.20 1.23 0.45 1.54
t-PBE Root3 2.38 1.36 0.75 1.49 1.40 1.41 1.31 1.50
ft-PBE Root1 1.81 -0.29 -0.28 0.76 0.42 1.23 0.00 1.08
ft-PBE Root2 2.10 0.18 0.03 1.10 0.96 1.20 0.46 1.31
ft-PBE Root3 2.10 1.26 0.63 1.11 1.14 1.28 1.31 1.48

arise from the enhanced delocalisation of the Fe 3d-based orbitals upon inclusion of

the 4d shell. For example, the 4ag orbital (orbital 4), which is fully localised on

Fe2 and Fe2′ and acts as its σ-bonding orbital in the single-shell description, exhibits

significant mixing with the out-of-phase combination dz2 orbitals on Fe1 and Fe1′ when

the ‘double-d-shell’ effect is included. The occupation numbers from the double-d-

shell DMRG calculations also differ from the single-shell ones, which deviate strongly

from 1 or 2. In contrast, ONs of the Fe 3d orbitals in the double-d-shell calculations

are typically close to 1 or 2. In cases where the 3d orbitals have occupancies close to

2, their 4d counterparts have ONs exceeding 0.05. In contrast, 4d correlated orbitals

paired with singly-occupied 3d orbitals (occupation close to 1) typically exhibit very

low ONs below 0.01. For this reason, three decimal places on the occupation number

were retained in Figure 3.31 to highlight their negligible difference. This behaviour is

attributable to the limited need for correlation in singly-occupied orbitals. Although

the contribution of such weakly occupied orbitals to the total correlation energy and

wavefunction is minimal, their inclusion in the active space is essential for maintaining

a consistent active space across different electronic states. This consistency ensures

a balanced treatment of orbital correlations when comparing states in different state

symmetries.

The orbital entanglement analysis presented in Figure 3.31 shows that the previ-

ously strong static correlation contributed by the Fe 3d orbitals is significantly relaxed

upon inclusion of the Fe 4d shell. The most prominent mutual information values in

the single-shell calculations, associated with Fe2-Fe2′ πop, π
∗
op, σ and σ∗ orbitals are

now reduced, and lie in the range typically associated with static rather than non-

dynamic correlation. In contrast, the non-dynamic correlation now concentrates along
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Figure 3.31: Single orbital entropies and mutual information plot for the 13B2g-
[Fe4Sn18]

4– of isomer 1 at an active space of DMRG(28e, 40o) including the ‘double-
d-shell’ effect. The isosurfaces are shown adjacent to the respective orbital vertices.

the Fe1-Fe2 bond. This is reflected in the σ-bonding and antibonding interactions

between Fe1 3dxy and Fe2 3dx2−y2 orbitals in the b2u set, as well as in π interactions

constructed by the in-phase combination of Fe2 3dxy and the out-of-phase combina-

tion of Fe1 3dx2−y2 orbitals in 1b3u and 2b3u, complemented by another in-phase Fe1

3dx2−y2 orbital in 3b3u. The 3d-4d correlation is dynamic in nature. However, static

and even non-dynamic correlation also exist. A significant portion of both static and

non-dynamic correlations involve the Fe 4d orbitals, with notable 3d-4d orbital pairs

contributing. Fe 4d orbitals with relatively high single-orbital entropy values are pri-

marily located within the ag and b1u subgroup, with s(1)i > 0.29. These orbitals

are responsible for several non-dynamic correlations with their 3d counterparts. For
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example, the in-phase combination of Fe1 and Fe2 3dx2−y2 orbitals forms a bond-

ing interaction across the central rhombus of Fe atoms in 3ag orbital. Additionally,

the in-phase combination of Fe1 and Fe2 3dz2 orbitals constitutes another bonding

orbital along the Fe1-Fe2 axis in the 1ag orbital. These orbitals show non-dynamic

correlations with their corresponding 4dx2−y2 orbitals in the 7ag representation. Fur-

thermore, the 1ag orbital also exhibits non-dynamic correlation with the correlated

orbital of out-of-phase combination of Fe1 and Fe2 3dx2−y2 orbitals as 6ag. In the b1u

subset, the 1b1u orbital — an in-phase combination of Fe2 3dyz and Fe1 3dxz — ex-

hibits delocalised πop-bonding character across four Fe atoms and shows non-dynamic

correlations with both its 4d counterpart as 3b1u and the correlated orbital of the cor-

responding π∗
op interactions as 4b1u. Static correlation effects are observed across the

ag, b3u, b2u, b1g, b1u and au subsets and include either 3d-4d or 4d-4d interactions.

Since DMRG is particularly adept at capturing static and non-dynamic correla-

tions, the inclusion of the second d shell orbitals appears to be crucial for an accu-

rate description of electron correlation in systems with metal-metal bonding. This

shifts the balance between static and non-dynamic correlations that can be distin-

guished by their single orbital entropies and mutual information. This observation

aligns with previous findings for single metal complexes, where the importance of the

‘double-d-shell’ effect has been demonstrated,173,200 although the behaviour diverges

in exchange-coupled bimetallic systems.201 In some cases, the ‘double-d-shell’ effect

of transition metals can be less pronounced than that of metal-ligand correlation or

correlation with s and p shell of the metal core. We have additionally tested the

possibility of including Fe 4s and 4p orbitals into the active space. However, DMRG-

CI calculations reveal that their ONs are much lower than 0.01, indicating negligible

contributions to the wavefunction. Subsequent DMRG-SCF calculations rotate these

orbitals out of the active space, reaffirming their unoccupied character and their lack

of importance to static correlation in this system.

3.4.4 Conclusion

In conclusion, DFT calculations were applied to explain the isomerisation of the Fe4

rhombus in [Fe4Sn18]
4– and [Fe4Pb18]

4– . Both clusters are in an S = 5 high-spin

configuration, but in different state symmetry, as 11B1g for [Fe4Pb18]
4– and 11B3g

for [Fe4Sn18]
4– . The inherent reason is an electron swap between two spin-β orbitals,

where the occupation of 6b1g orbital in [Fe4Sn18]
4– introduces more in-plane π∗ compo-

nent to the Fe2-Fe2′ bond. However, PBE and M06-L functionals exhibit a negligible

energy difference between 11B1g and 11B3g for [Fe4Sn18]
4– , which can be attributed to
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its inherent strong correlation that cannot be captured by the exchange-correlation

term in DFT. The follow-up DMRG and MC-PDFT calculations based on the DFT

optimised geometry and all Fe 3d orbitals in the active space, even though incorpo-

rating both static and dynamic correlations, fail to reproduce the correct energetic

ordering of two isomers either with or without symmetry. A scrutinisation on the PES

of [Fe4Sn18]
4– on Fe2-Fe2′ bond was performed, while the minimum was observed at

2.3 Å by DMRG/MC-PDFT. A stronger correlation character was noticed for the

isomer possessing longer Fe2-Fe2′ bond. Another effort was made by introducing Fe

4d orbitals into the active space, to capture the ‘double-d-shell’ effect and obtain a

correlated orbital for each 3d orbital for the low-lying states. The isomer 1 is energet-

ically preferred in this framework. The importance of the 4d orbitals incorporation

in correlation is highlighted by this method. However, due to the lack of search

for all possible state symmetries as well as the exploration on the non-symmetric

wavefunction, the identity of the true ground state of [Fe4Sn18]
4– therefore remains

uncertain.
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3.5 Summary

In this chapter, we have explored five multi-centre, transition metal-encapsulated

Zintl clusters featuring open-shell electronic configurations, including [Fe2Sn4Bi8]
3– ,

[Cr2Sb12]
3– , [Fe3Sn18]

4– , [Fe4Sn18]
4– , and [Fe4Pb18]

4– . Our discussion centres on two

primary aspects: (1) the nature of metal-metal bonding between the transition metal

centres, and (2) the interactions between these metals and the surrounding Zintl cage.

Regarding metal-metal bonding, the spatial confinement inherent to Zintl clusters re-

sults in relatively short intermetallic distances, creating an environment favourable

for valence-bond formation between transition metal atoms. These metals, as mid-

transition elements, exhibit partially filled and energetically near-degenerate d or-

bitals. Due to the weak ligand field provided by the Zintl cage, which is insufficient

to pair all unpaired electrons, unpaired electrons retain in linear combinations of 3d

orbitals. The balance between exchange energy stabilisation and the increasing anti-

bonding character of high-energy orbitals culminates in a characteristic feature of leav-

ing the σ∗ orbital along the metal-metal bond axis unoccupied in the clusters. This

pattern is consistently observed in open-shell clusters such as [Cr2Sb12]
3– , [Fe3Sn18]

4– ,

and [Fe4E18]
4– . Given the presence of unpaired electrons and the small energy gaps

within the d-manifold, these clusters also have a strong multi-configurational char-

acter. This multi-configurational nature manifests as significant spin contamination

in UDFT calculations, indicating the necessity of using MC-SCF methods such as

CASSCF and DMRG. The DMRG approach provides insights into both metal-metal

(‘left-right’ and ‘double-d-shell’) and metal-cage (‘in-out’) electron correlations with

a higher computational efficiency compared to CASSCF. Quantitative analysis of

these correlations via occupation number deviations, single-orbital entropy (s(1)i),

and mutual information (Ii,j) reveals that correlations between metal centres are gen-

erally stronger. Nevertheless, core-shell interactions, particularly metal-to-cage back-

donation, are also substantial. For instance, the mutual information study reveals

that in [Cr2Sb12]
3– occupied π-bonding orbitals of the cage are prominently correlated

more strongly with the unoccupied correlated orbitals of π∗ than with itself. This

indicates the electron density flowing back to the cage in the occupied orbital. This is

further supported by isosurface plots of the corresponding molecular orbitals and their

occupation numbers. In more complex systems, such as [Fe4Sn18]
4– , which contain

multi-centre metal-metal bonds, an accurate description of both static and dynamic

correlations is crucial, rather than relying solely on the obscure exchange-correlation

energy in the DFT framework. There can be energy degenerate states manifested by
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DFT calculations, underscoring the need for multi-reference approaches. A minimal

active space including only the 3d orbitals may overestimate intra-3d static correla-

tions while neglecting essential 3d-4d correlations that cannot be simply treated by

post-MC-SCF calculations. Furthermore, on-top dynamic correlation energy incor-

porated by MC-PDFT can alter the relative energies of electronic states, highlighting

the system’s sensitivity to correlation effects. Due to computational constraints, we

have limited our treatment to ‘double-d-shell’ effect in a subset of representative sys-

tems; however, the roles of the metal 4s/4p orbitals and valence p orbitals of the cage

in correlation energy remain obscure. Moreover, benchmarking against traditional

perturbative methods such as CASPT2 and NEVPT2 is still required to validate our

results from the MC-PDFT. These limitations point to promising directions for future

research on open-shell Zintl clusters.

The skeletal electron counts of the Zintl cages can be anticipated using the Wade-

Mingos rules or the more generalised Jemmis mno rules. Closed-shell analogues with

inert d10 metal cores provide additional guidance for deducing electronic structures

of the cage, which can be a useful reference for their open-shell analogues. These

approaches are complementary and help establish an initial hypothesis for electron

distribution of the intermetallic clusters. DFT calculations can corroborate this pre-

defined electron count for the cage. With the incorporation of transition metals, the

electron repulsion between main-group cluster fragments is moderated, allowing for

cluster expansion. Except for understanding the electron count of the shell, eluci-

dating the cluster-growth pathway also becomes an important topic of investigation.

In studying various 18-vertex cage conformations, our analysis reveals the electronic

drivers behind the cluster growth from two [Sn9]
4– fragments to a fused D3d-[Sn18]

4–

cluster, which proceeds via stepwise electron oxidation from antibonding orbitals lo-

cated between two fragments with the help of transition metals. Besides, the existence

of the metal-metal bonds can inhibit cluster oligomerisation and favour fusion. The

transformation pathway from D3d to D2h-[Sn18]
8– is also clarified through Walsh di-

agram analysis. Geometrically, D2h-[Fe4Sn18]
4– can be viewed as a D3h-[Sn9]

4– unit

where two FeSnSn5 caps replace the Sn atom in the middle deck, while the remaining

Sn is removed and replaced by two Fe atoms to reduce steric strain and charge repul-

sion. A structurally analogous species, [Sn24]
8– in [Rh3Sn24]

5– , can be interpreted as

the replacement of a third central Sn atom with a RhSnSn5 fragment. This structure

also supports a growth model where Sn18 is capped by SnSn5 units on its open faces.

Notably, [Sn9]
4– can function either as a trigonal prismatic Sn6 centre or as a sub-

stitutional ligand as SnSn5 for the transition metal. However, further experimental
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evidence and computational studies are still required to support this geometrically

derived growth hypothesis.

The incorporation of transition metals with an active d-band into Zintl cages pro-

motes valence-like behaviour of these orbitals. As shown in Figure 3.32, based on

the present work and previous studies, Mn (Group 7) appears to be a borderline

case between core-like and valence-like d orbital behaviour when incorporated into

heavy main-group Zintl frameworks. While in Ge-based clusters, size mismatches

between the cage and the encapsulated metal often preclude the formation of delta-

hedral structures. Open-shell clusters such as [MnPb12]
3– , [FeSn10]

3– , [Fe2Sn4Bi8]
3– ,

[Fe3Sn18]
4– and [Fe4E18]

4– exhibit only minor geometry distortions on the cage rel-

ative to their closed-shell analogues, with moderate metal-cage back-bonding. In

[MnPb12]
3– , strong spin contamination and a D2h symmetry that deviates from ideal

icosahedral geometry can be rationalised by resonance between Mn2+@Pb12
5– and

Mn–@Pb12
2– configurations. As for the latter four iron binary/trinary clusters, their

shell structures largely retain the symmetry and shape of their closed-shell coun-

terparts. The reduced electrons are depleted from the metal core and promote

metal-metal bonding. In contrast, [Cr2Sb12]
3– shows stronger back-bonding than

[Fe2Sn4Bi8]
3– with the same electron count, inducing noticeable cage distortion.

Figure 3.32: Representative intermetallic deltahedral Zintl cluster structures and their
geometries. The borderline between valence and core-like d orbitals is located at
Group 7.
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Chapter 4

Metal-Metal Bonding and
Structural Modulation in
Iron-Pnictogen Clusters

4.1 Introduction

In the previous chapter, our focus was on Zintl clusters with core-shell architectures

mainly composed of Group 14 elements. In this chapter, we extend our research

to functionalised clusters composed of iron and Group 15 (Pn) elements. In con-

trast to the delocalised bonding discussed in the previous chapter, localised bonding

becomes more prevalent in electron-precise pnictogen-based clusters. Homonuclear

pnictogen anion clusters, such as [Pn4]
2– , [Pn7]

3– , and [Pn11]
3– , are fundamental

building blocks for transition-metal-containing intermetallic clusters. These homonu-

clear clusters can also act as flexible electron donors, enabling the coordinated tran-

sition metal to satisfy the 18-electron rule by varying its coordination mode from

one-atom (η1) to four-atom coordination (η4).202 Studies on [Pn7]
3– -based clusters

show bonding modes from two-connected [(η2-Pn7)Pt(PPh3)]
2– (Pn = P, As)203

to four-connected [(η4-Pn7)M(CO)3]
3– (M = Cr, Mo, W and Pn = P, As, Sb),204

[(η4-P7)Ni(CO)]3– (Figure 4.1 (a)),205 [(η4-P4)Fe(η4-P7)]
– .206 In general, early and

mid-transition metals with fewer d electrons tend to bind to a larger number of pnic-

togen atoms than their late-transition-metal analogues. Clusters incorporating multi-

ple transition metals bound to a single Pn7 unit have also been investigated, examples

include the homometallic [Sb7Ni3(CO)3]
3– ,207 [Bi7M3(CO)3]

2– (M = Co, Rh) (Fig-

ure 4.1 (b))208 and heterometallic [(Cp′′
2Sm)2As7(Cp∗Fe)] (Cp′′=1,3 -tBu2C5H3),

209

where each metal centre is coordinated by four pnictogen atoms from the Pn7. Ad-

ditionally, dimerisation of Pn7 units can occur via one or two transition metal atoms
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acting as a bridge. For example, in the single-metal case [M(η2-Pn7)2]
4– (M = Zn,

Cd; Pn = P, As) (Figure 4.1 (c)),210 the transition metal is coordinated by two pnic-

togen atoms from each Pn7 fragment, and two Pn7 are aligned in a staggered fashion.

In [Fe(η4-HP7)2]
2– ,211 a bonding rearrangement occurs in each HP7 fragment to form

an open rectangle motif coordinated to the iron centre. The copper atoms act as

electron acceptors in [Cu2(η
4-As7)2]

4– (Figure 4.1 (d)),212 where Cu is coordinated

by four atoms of one As7 fragment, but bound only to one As atom on the other As7

to form a donor-acceptor pair. Dimerisation mediated by an M2 bridge is also seen

in [Ag2(η
1, η1-As7)2]

4– ,213 [Au2(η
1, η1-As7)2]

4– ,214 and [Pd2(η
2, η2-As7)2]

4– .215,216 In

these cases, each metal is coordinated to atoms from both As7 units. Metal-metal

bonding is also observed between the transition metal atoms, for example, in the

Hg-Hg bond in [Hg2(η
2-As7)2]

4– (Figure 4.1 (e)).210

Figure 4.1: Representative structures of Pn7-based clusters.

Another category of clusters arises from the isolobal relationship between Pn and

CH. The geometries of Pnn species often resemble those of their isoelectronic organic

molecules. For instance, (P2)
2– can be regarded as an inorganic counterpart of ethy-

lene (C2H4), and P6 can adopt a hexagonal structure similar to that of benzene. Such

planar Pnn units can function either as end-blocks or bridging ligands in transition

metal complexes. As end-blocks, Pnn rings can substitute for cyclopentadienyl (Cp)

ligands in sandwich compounds, with ring sizes ranging from Pn3 to Pn6. Examples

illustrating this role include [(CpRNi)(P3)] (CpR = Cp′′′ (1,2,4 -tBu3C5H2)
217 or Cp∗

(C5Me5)
218), [(Cp′′′Co)(P3)]

– (Figure 4.2 (a)),219 [(Cp′′′Co)(P4)] (Figure 4.2 (b)),220

[(C5Ph5Fe)(P4)]
– ,221 and [(Cp∗ M)(Pn5)] (M = Fe (Figure 4.2 (c)),222 Ru,223 Pn =

P; M = Fe, Pn = As;224 Cp∗ = C5Me5). There are also cases where both Cp rings

are replaced by Pnn rings to yield inorganic ferrocene analogues such as [Fe(P4)2]
2–

(Figure 4.2 (d))206 and [Ti(P5)2]
2– .225 In these clusters, both Pnn and Cp ligands act

as electron-donating ligands, again helping the transition metal centre to adopt an
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18-electron configuration. A general trend is that smaller Pnn ligands bind to later

transition metal centres. When Pnn ligands act as bridging moieties, dinuclear or

double-sandwich structures can be constructed. For example, a small bridging unit

such as Pn3 appears in [(Cp′′′Ni)2(P3)] (Figure 4.2 (e)),226 while larger rings such as

Pn5 have been observed in [(CpR M)2(P5)] (M = Cr, Mn), [(Cp∗Mo)2(Pn5)]
– (Pn =

P, As), and [(CpV)2(Pn5)] (Pn = Sb, Bi) (Figure 4.2 (g)).227 Pn6 rings have been syn-

thesised as bridging ligands in compounds such as [(CpR M)2(P6)] (M = Ti,228 V,229

Nb,230 Mo,231 W232) (Figure 4.2 (h)). The wider ring size also facilitates metal-metal

bonding across the pnictogen ring, which was analysed in [(CpV)2(Pn5)].
227 In clusters

with smaller rings such as Pn4, the cyclo ring can be cleaved with concomitant for-

mation of a metal-metal bond, as in [(Cp∗M)2(P2)2] (M = Fe, Co) (Figure 4.2 (f)).233

Planar Pnn rings can also replace Cp-type ligands in coordination complexes bound

by multidentate ligands, such as [(PhPP2
CyFe)(P4)],

234 and [(PHDICo)(P4)]
– (PHDI

= bis(2,6-diisopropylphenyl)phenanthrene-9,10-diimine).235 Rings ranging from Pn3

to Pn5 are observed as bridges between metal complexes. The smallest example fea-

tures As3 in [(L3Co)2(As3)] (L3 = [{N(2,6-C6H3iPr2)C(Me)}2CH]) (Figure 4.2 (i)).236

Pn4 units exhibit various isomers as bridging moieties — from the all-single-bond

[Pn4]
4– , to aromatic [Pn4]

2– , to neutral Pn4 with alternating single and double

bonds. These species are often generated from activation of white phosphorus or

yellow arsenic. Ni and Cu show limited ability to activate E4, typically forming

non-planar species like [(L3Cu)2(E4)] (E = P, As)237 and [(MeLDippNi)2(P4)] (LDipp

= CH[CHN(2,6 -iPr2C6H3)]2).
238 Co and Fe complexes can reduce Pn4, leading to

planar geometries. [(LFe)2(Pn4)] complexes will be discussed in detail in Section

4.3. Cobalt analogues including [(LCo)2(As4)] (L = β-diiminato) (Figure 4.2 (j)),236

[(LDepCo)2(P4)] (LDep = CH[C(Me)N(2,6 -Et2C6H3)]2),
239 and [(LDippCo)2(P4)]

240 have

been widely investigated. Similar clusters have also been isolated for f -block elements,

such as [{(DippForm)2Sm}2(E4)] (E = P, As; DippForm = (2,6 -iPr2C6H3)NC(H)).241

A notable example containing a five-membered Pn ring is [{(IMes)Co}2(Bi5)] (IMes =

bis(1,3-(2,4,6-trimethylphenyl))imidazol-2-ylidene) (Figure 4.2 (k)).242 Clusters con-

taining small Pnn ligands can serve as precursors for the assembly of extended Pnn

fragments in the cluster, as illustrated by [(Cp′′′Co)2(P8)]
2– ,243 [(Cp′′′Co)4(As10)],

244

[(Cp′′′Co)3(As12)],
244 and [(LFe)4(P8)],

245 [(LFe)4(As8)] (L stands for the multidentate

ligand).246

In addition to planar structures, non-planar Pnn moieties are also observed in

clusters, especially those resembling the prismane motif. Representative examples

include [(Cp*Co)3(As6)]
2+ (Figure 4.3 (a)),247 [{CpRu}3(Bi6)]

– , [{(cod)Ir}3(Bi6)]
–
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Figure 4.2: Representative clusters containing the Pnn moiety.

(cod = 1,5-cyclooctadiene)248 and [Bi6{Mo(CO)3}3]4– (Figure 4.3 (b)).249 In these

clusters, Cp rings serve as ligands coordinating the transition metals adjacent to the

square faces of the Pn6 trigonal prism — similar to the η4 coordination seen in M3Pn7

clusters. An alternative non-planar arrangement of Pnn is found in clusters where an

icosahedral skeleton is composed of both transition metals and main-group elements,

in which the transition metals are coordinated by CO in [Ni0.3{Bi6{Ni3(CO)4}2}]4– 250

and [Bi12Ni7(CO)4]
4– (Figure 4.3 (c)),251 or phosphine ligands in [Co6As12(PEt2Ph)6]

(Figure 4.3 (d)).252 These clusters possess a 9-vertex or 12-vertex deltahedral archi-

tecture, sharing structural similarities with clusters composed of Group 14 elements.

The examples given above mainly contain late transition metals, but early transi-

tion metals (pre-Group 7) tend to donate d electrons to the cage framework, consistent

with the findings in the previous chapter regarding their valence character, and they

can influence cluster rearrangement. This behaviour can be observed in crown-like

pnictogen clusters, which are well-documented for arsenic and antimony as [NbE8]
3–

(E = As, Sb),253 [MoAs8]
2– ,254 [MoSb8]

3– , and [CrAs8]
3– (Figure 4.3 (e)).255 The ac-

tive d orbitals of early transition metals can contribute their valence electron density

to the cage, enabling the formation of eight two-centre-two-electron Pn-Pn bonds.

These clusters may exist as discrete species or may be extended into infinite chains,
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typically stabilised by potassium cations. Crown-like Pn8 units can further connect

with smaller pnictogen fragments to build larger clusters.256 Ternary clusters, nor-

mally comprising one transition metal and two main-group elements, have also been

widely investigated. Representative examples include [Cr5Sb20Sn2]
4– and its dimer,257

[K2Zn20Bi16]
6– (Figure 4.3 (f)),258 and [Pd3Sn8Bi6]

4– (Figure 4.3 (g)).259

Figure 4.3: Representative pnictogen-based deltahedral clusters ((a) to (d)) and bi-
nary/ternary clusters ((e) to (g)).

In this chapter, we present two Fe/Pn-based clusters, analysed through DFT and

MC-SCF calculations. The two clusters, one based on an unsymmetrical Fe3 core, the

other on Fe2, are connected by the presence of a Pn4 bridging unit: As4 in the former

and P4 in the latter. We show that they share a common oxidation state, but different

structures. We first present an iron/arsenic binary cluster, [Fe3As13]
3– with an iron

triangle core.4 The Fe-Fe bonding in this cluster is discussed, and the origin of the

unsymmetrical structure is also explored, shedding some light on the cluster’s assem-

bly pathway. In the second case, a series of clusters of the type [{(dppe)Fe}2(Pn2)2]
2–

(dppe = 1,2-Bis(diphenylphosphino)ethane; Pn = P, As, Bi) is analysed. These three

clusters adopt similar geometries but exhibit increasing Fe-Fe bond lengths from P

to Bi as the bridging element. Both DFT and MC-SCF were applied to understand

the similarities and differences on the Fe-Fe bonds, and comparison with related

[(LFe)2(Pn4)] is presented to explain the difference in the electronic configuration

behind the different bridging Pn4 isomers.
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4.2 [Fe3As13]
3– with an unsymmetrical Fe3 core

In this section, we discuss an iron/arsenic binary cluster as [Fe3As13]
3– , in which three

iron atoms are arranged in a triangular core, each coordinated by an As3 fragment.

An As4 chain surrounds the Fe3 unit and, together with Fe3, constructs a FeAs4

pentagonal ring. All experimental synthesis and characterisation were carried out by

Prof. Zhong-Ming Sun’s group, including structures determined from XRD (shown

in Figure 4.4). In the theoretical work, we aim to elucidate the metal-metal bonding

in the Fe3 core and understand the distorted geometry by introducing a transition

state. This work has been published in Angewandte Chemie International Edition

2023, 62, e202217316.

Figure 4.4: (a) Unit cell of [K(2.2.2-crypt)]3[Fe3As13] and (b) its asymmetric unit
with the cluster fragment. X-ray crystallography was performed by Dr. Wei-Qiang
Zhang in Prof. Zhong-Ming Sun’s group. (Reproduced from our published work as
Ref. 4)

4.2.1 Introduction

As mentioned in the introduction, arsenic is isolobal to the CH fragment, allowing

its frameworks to adopt skeletal structures analogous to those of isoelectronic organic

molecules. The geometry of the arsenic skeleton can be divided into two categories as

planar (Figure 4.5 (a)) and prismatic (Figure 4.5 (b)). Investigations of clusters con-

taining planar Asn began with the sandwich compound [Cp∗Fe(As5)], which can be

regarded as an analogue of ferrocene.222 This cluster can serve as precursors for syn-

thesising its binary and other large and complex clusters through reduction by potas-

sium and its hydride, as [(Cp∗Fe)2(As10)], [(Cp∗Fe)2(As14)] and [(Cp∗Fe)4(As18)].
260
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The As-based four-membered ring and its derivatives were also investigated, as a

pathway to activate yellow arsenic. Scheer and co-workers reported such a pair of

isomers as [(Cp′′′Fe)2(As4)].
261 The Fe-Fe distance decreases from 3.502 Å to 2.693

Å upon ring opening of the As4 fragment from the cyclo-As4 to catena-As4. DFT

calculations also identified two local minima in agreement with the isomer pair, with

the energy difference of only 0.18 eV. The electron redistribution from Fe to As4 also

exhibits the flexibility of charge states in the Fe/As clusters. Another example is

[(L3Fe)2(As4)] also reported by Scheer’s group.246 The Fe-Fe bond length exhibits as

3.787 Å in the presence of a cyclo-As4 and 2.940(5) Å with a dumbbell (As2)2 frag-

ment. The other category of iron-arsenic clusters comprises a trigonal prismatic As6

skeleton structure (a prismane). Early DFT investigations verified that the prismane-

like As6 is the most stable structures over other isomers.262 Recently, two analogues

with the same electron count as [(Cp∗Fe)3(As6)] and [(Cp′′Fe)3(As6)] were synthesised

again by Scheer.263,264 Each iron atom is coordinated by an aromatic ligand, located

above the square side faces of the trigonal prism. The Fe-Fe distances are averaged to

3.789 Å in [(Cp′′Fe)3(As6)] due to the strong repulsion between the aromatic ligands,

where the As-As bonds in the trigonal prism largely retain in the bonding range below

2.90 Å. However, one Fe-Fe bond in [(Cp∗Fe)3(As6)] becomes apparently shorter than

the other two bonds, as 3.2504(4) Å vs. 3.5012(4) Å. Its cation [(Cp∗Fe)3(As6)]
+ was

also synthesised by removing the FeCp∗ fragment from [(Cp∗Fe{(η3-As3)Fe}(As6)].
265

This cation also possesses uneven Fe-Fe bond lengths. The Fe3As6 core in these clus-

ters shows a structure similar to the MSA and TTP [Sn9]
4– . A common point among

all clusters mentioned above is that the Fe atoms are always coordinated by an aro-

matic ring. The only exception is [(Cp∗Fe)3{(η3-As3)Fe}(As6)], in which one of the

iron atoms is coordinated by As3. In [Fe3As13]
3– , all Fe atoms are coordinated by an

As3 fragment, as a final destination to pure inorganic clusters.

4.2.2 Computational details

All computational work on [Fe3As13]
3– was performed by ADF 2021.104.69 PBE47

and M06-L53,54 functionals were applied. Triple-zeta all-electron basis sets were used

with two polarisation functions.164 The grid was tuned to ‘verygood’ in numerical

integration quality setting.193 All geometries were optimised to stationary points.

Scalar-ZORA was used to incorporate relativistic effects.163 The COSMO was in-

cluded with the dielectric constant of 78.39 to provide a confined space for optimising

the anion.165
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Figure 4.5: Representative iron-arsenic clusters, including (a) a planar Asn fragment
and (b) a trigonal prismatic As6 fragment.

4.2.3 Electronic structure analysis

Because each As3 fragment is bound to Fe with considerable rotational freedom, the

local minimum exploration was conducted by rotating the As3 fragments. During

this process, three spin-triplet stationary points are denoted as T1, T2 and T3, as

shown in Figure 4.6. T1 and T2 were examined as local minima by the absence of any

imaginary frequency. The two local minima differ only in the orientation of the As3

connected to Fe3 without perturbing the structure of Fe3 too much. In T1, the Fe-Fe

bond lengths are 2.66 Å for Fe1-Fe3, 2.44 Å for Fe1-Fe2 and 2.46 Å for Fe2-Fe3, and

in T2, the Fe1-Fe3 bond length becomes 2.70 Å, as well as 2.43 Å for Fe1-Fe2 and 2.55

Å for Fe2-Fe3. DFT calculations manifest that the energy difference between the two

local minima is within 0.01 eV by both PBE and M06-L functionals, where the PBE

prefers T1 while M06-L prefers T2. The functional sensitivity as well as negligible

energy difference does not allow an unambiguous ground state assignment between
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two close-lying isomers. These results indicate that this cluster possesses a very flat

potential energy surface due to the loosely bound As3. The XRD data also exhibit

a slight disorder between T1 and T2. In this section, T1 will be discussed primarily,

and the results of the PBE functional will be our reference for further investigations.

Figure 4.6: Stationary points T1, T2 and T3, on the triplet potential energy surface
of [Fe3As13]

3– .

An important characteristic of this cluster is the distorted Fe3 triangle core, where

the unequal Fe-Fe bond lengths motivate an investigation into the origin of the dis-

tortion. In our survey on the potential energy surface, a structure with isosceles Fe3,

denoted T3, was constructed. It possesses Cs symmetry, and the mirror plane is

perpendicular to the Fe3 triangular plane crossing the Fe3 atom. All Fe-Fe distances

are within the bonding range, as 2.53 Å for the isosceles Fe-Fe bonds, and 2.41 Å for

the Fe1-Fe2 bond. The structure is optimised to a stationary point 0.24 eV above a

local minimum as T2, with one imaginary frequency of i120 cm−1. Perturbing along

the imaginary frequency mode, we can reach a local minimum as T1. Therefore, T3

can be regarded as a transition state connecting two mirror-related T1 minima.

The electronic structure change along this pathway needs to be further clarified

by an in-depth orbital analysis on both T1 and T3. For the transition state T3, the

spin eigenvalue is 2.13. Mulliken spin density analysis manifests that the unpaired

electrons concentrate on Fe3, with spin density of +1.88. Fe1 and Fe2 only carry

+0.30 spin density. The minority spin PDOS of Fe 3d and OPDOS of three Fe-

Fe bonds shown in Figure 4.7 can be applied to explain the bonding properties of

Fe-Fe bonds as well as the distribution of orbitals with dominant Fe 3d character.

The Mulliken charge distribution analysis assigns two positive charges to the Fe3
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fragments, leaving 20 electrons distributed among 3 × 5 3d orbitals. For the Fe1-

Fe2 bond shown as black dotted lines in OPDOS, two low-lying Fe1-Fe2 π bonding

orbitals can be identified at −3.6 eV. However, the π bonding contributions are offset

by their corresponding antibonding orbitals located close to the Fermi level. Its σ

bonding orbital can be found at −1.3 eV, while the σ∗ remains vacant as LUMO+2 at

0.9 eV, creating a net σ interaction between Fe1 and Fe2. As for the two equivalent

bonds as Fe1-Fe3 and Fe2-Fe3, their OPDOS are shown as red dash-dotted line and

green dotted line, respectively. The two OPDOS curves overlap with each other due

to symmetry. An obvious character is that the overlap integral between Fe3 and

Fe1/Fe2 is smaller than Fe1-Fe2. The bonding interactions between Fe3 and the two

other iron are generated mainly by the bonding orbital at −3.3 eV. The two unpaired

electrons are mostly distributed over the dxy and dz2 orbitals of Fe3 as shown in the

isosurface plots of LUMO and LUMO+1, consistent with the spin density analysis.

Therefore, T3 can be regarded as a closed-shell Fe2As10 capped with a triplet FeAs3.

From T3 to T1, the spin density now not only locates on Fe3, but also generates

+0.92 on Fe2. There is still negligible spin density detected on Fe1. We again look

into the PDOS and OPDOS plots of T1. The OPDOS shape of the Fe1-Fe2 bond in

T1 is mostly identical to T3. The Fe1-Fe2 π bonding and antibonding pairs remain

in the occupied levels, and the positions of σ/σ∗ bands are at −1.3 eV and +1.0 eV,

respectively, keeping a net σ interaction along the Fe1-Fe2 bond. The corresponding

bond distance also has little change, as 2.41 Å in T3 and 2.44 Å in T1. However,

the bond lengths have drastically changed for Fe1-Fe3 and Fe2-Fe3. This is due to

the polarisation of the σ interactions to the Fe2-Fe3 bond. The HOMO originally in

T3 now becomes a σ bonding orbital localised on the Fe2-Fe3 bond in T1 at −0.9

eV. The corresponding antibonding orbital is generated on the LUMO at +0.8 eV.

The bond order of Fe2-Fe3 increases from 0.47 to 0.55 after the distortion. Therefore,

the structure of [Fe3As13]
3– can be regarded as a diamagnetic Fe2As10 capped with

a triplet FeAs3, creating a first-order geometry as T3, and further distorts to T1

through the orbital interactions between HOMO and LUMO.
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Figure 4.7: OPDOS for the three Fe-Fe bonds, Fe1-Fe2 (black), Fe1-Fe3 (red) and
Fe2-Fe3 (green). T3 is shown on the left and T1 on the right. Positive values of the
OPDOS indicate that states are making a net bonding contribution to the particular
bond, while negative values indicate a net antibonding interaction. Plots are shown
for the transition structure (left) and the equilibrium structure (right). Kohn-Sham
orbitals that contribute to the most significant peaks in the OPDOS plots are also
shown. All plots are for the spin-β eigenstates.

4.2.4 Conclusion

In this section, we introduced an iron-arsenic binary cluster [Fe3As13]
3– with an un-

symmetrical iron triangle, where the Fe-Fe bond lengths are 2.66 Å, 2.44 Å and 2.46 Å.

DFT calculations confirm two local minima, T1 and T2, separated by a small energy

difference below 0.02 eV. The geometries of the two isomers can be distinguished by

the orientation of the capping FeAs3. The unsymmetrical Fe3 core can be understood

by considering the higher-symmetry transition state T3. A second-order Jahn-Teller
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distortion generates a σ bond on Fe2-Fe3, leading to unequal bond lengths for Fe1-

Fe3 and Fe2-Fe3. The cluster can be elucidated as a diamagnetic Fe2As10 fragment

capped by a triplet FeAs3 fragment, following a second-order Jahn-Teller distortion.
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4.3 Electronic structures of the Fe2Pn4 (Pn = P,

As, Bi) core in [{(dppe)Fe}2(Pn2)2]
2–

In this section, I focus on an aspect of the structural chemistry of the pnictide lig-

ands that is closely related to that discussed in the context of [Fe3As13]
3– . The

motivation for this work comes from a series of iron complexes with general formula

[{(dppe)Fe}2Pn4]
2– (Pn = P, As and Bi) that have been synthesised by Prof. Zhong-

Ming Sun and co-workers. The last of these is the first bismuth cluster of this type.

The work is as yet unpublished.

4.3.1 Introduction

The structure of the central Fe2Pn4 unit is the focus of attention here, because the

Fe-Fe bond length elongates from 2.574 Å for Pn = P to 2.820 Å for Pn = Bi.

The Pn4 unit is split into two separate ‘dumbbell’ units, with the closest separation

between the atoms (of phosphorus) being more than 3.2 Å. There is, therefore, a direct

comparison to Scheer’s [(L3Fe)2(As4)] cluster (shown in Figure 4.8 (b)),246 which has

been isolated in two distinct forms. In one isomer, the As4 unit is split into two

distinct As2 dumbbell units, and the Fe-Fe bond length is 2.940(5) Å. In the other

isomer, the Fe-Fe bond length is 3.787 Å and the As4 ligand is in the cyclo-As4 form.

The structural chemistry also resembles that for the [(CpFe)2(As4)] cluster discussed

in the previous section,261 except that in the isomer with the short Fe-Fe bond length

(2.6927(6) Å), the E4 unit splits into two E2 dimers rather than a butadienyl-like E4.

The clusters described here are part of a wider family with bridging ligands of

various sizes from Pn3, Pn4, Pn5, Pn8, Pn11, Pn14 as summarised in reviews.266–269

Among these, the Pn4 members exhibit great structural flexibility, as was empha-

sised in the previous section in the specific context of As4. The dumbbell-type motif

was first reported in [{Cp(CO)Mo}2(P2)2] by Scherer,231 but a number of related

examples quickly followed, including [(Cp∗M)2(P2)2] (M = Fe, Co)233 (left in Fig-

ure 4.8 (a)). The dumbbell-like (P2)2 architecture is typically associated with short

M-M distances, as in [(LDippCo)2(P2)2], [(LDippFe)2(P2)2] and its anion. In the lat-

ter case, one-electron reduction elongates the Fe-Fe bond from 2.777 Å to 2.871 Å

(middle in Figure 4.8 (a)).240 The cyclo-P4 is also well established, and is found in

different isomers noted in the introduction to this chapter including [(LCo)2(P4)],
239

[(L3Fe)2(P4)] (right in Figure 4.8 (a)),245 [{(BIAN)Co}2(P4)]
2– (BIAN=1,2-bis(2,6-

diisopropylphenylimino)acenaphthene)270 and [{(P2N2)Zr}2(P4)] (P2N2=
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PhP(CH2SiMe2NSiMe2CH2)2PPh).271 White phosphorus can also be slightly acti-

vated to a non-planar P4 moiety with late transition metals such as Ni and Cu in

[(CpiPr4Ni)2(E4)] (E = P, As),272 [(L3Cu)2(E4)] (E = P, As).237 Whilst there are many

examples of P4 and As4 clusters, the synthesis of heavier analogues containing Sb and

Bi has been less well explored, and [Sb4{Mo(CO)3}2]4– is the only antimony example

so far.273 A Bi4 butterfly structure bridging two Ga centres has been reported,274

but planar bismuth-bridged dinuclear transition metal complexes are unknown. The

(Bi2)2 dumbbell reported here in the (dppe)Fe is the first example of its kind.

Figure 4.8: Schematic plots of representative [(LFe)2(Pn4)] (Pn = P, As, Bi) com-
plexes.

4.3.2 Computational details

The computational details of the DFT calculations follow precisely on the calculations

on [Fe3As13]
3– , except the dielectric constant set to 100.0 in COSMO. The results

from the PBE functional were chosen for further analysis. Restricted Active Space

Self-Consistent Field (RASSCF) calculations were performed with OpenMolcas using

pymolcas v2.01.275 ANO-RCC basis sets were used at the level of double-zeta plus

one polarisation function. Cholesky decomposition was applied to accelerate the two-

electron integral calculations, where the threshold is 10−6. The RASSCF convergence
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criteria were set as 10−8 for energy, 10−4 for orbital rotation matrix, and 10−4 for the

energy gradient.

4.3.3 Electronic structure analysis

4.3.3.1 DFT analysis

The XRD analysis of the three clusters indicates that although they are isostruc-

tural, their precise symmetries are slightly different, as shown in Figure 4.9. The

phosphorus- and arsenic-containing species have D2 symmetry while the bismuth

analogue is C2h-symmetric. The structural differences between the anions are, how-

ever, small, and the low-symmetry distortion in the bismuth case is probably a con-

sequence of structural correlations induced by the packing cations. Specifically, the

[K(18-crown-6)]+ cation stabilises theD2-symmetric structures of [{(dppe)Fe}2(P2)2]
2–

and

[{(dppe)Fe}2(As2)2]
2– , whereas the use of [K(2.2.2-crypt)]+ in [{(dppe)Fe}2(Bi2)2]

2–

favours the C2h symmetry. To probe this structural preference, geometry optimisa-

tions were performed using the PBE functional for all three clusters. The results

confirm that both symmetry-adapted structures are local minima on the singlet po-

tential energy surface, as indicated by the absence of imaginary frequencies. While

the D2-symmetric structure is slightly lower in energy in all cases, the energy differ-

ences are marginal, less than 0.1 eV in each case. These findings highlight the role

of cation-mediated packing effects in small distortions. As in other parts of this the-

sis, we use a high-dielectric continuum solvent to mimic the effects of the crystalline

environment, but this inevitably fails to replicate subtle cation-anion contacts.

Table 4.1: Selected bond lengths of the [(LM)2(Pn)4] clusters.

M1-M2 M1-Pn1 M1-Pn2 Pn1-Pn2 Pn1-Pn2′ Ref

[{(dppe)Fe}2(P2)2]2– X-ray 2.5742(9) 2.2903(14) 2.3583(13) 2.0851(1) 3.265 This
DFT 2.55 2.27 2.35 2.10 3.24 work

[{(dppe)Fe}2(As2)2]2– X-ray 2.6331(18) 2.3922(15) 2.5000(16) 2.3119(13) 3.416
DFT 2.62 2.38 2.48 2.34 3.37

[{(dppe)Fe}2(Bi2)2]2– X-ray 2.8202(13) 2.7354(7) 2.7282(7) 2.8189(3) 3.738
DFT 2.81 2.74 2.72 2.86 3.69

Cs2P4 X-ray - - - 2.146(1) 2.1484(9) 276

DFT - - - 2.16 2.16
[(L3Fe)2(P4)] X-ray 3.902 2.4376(6) 2.5064(6) 2.178(1) 2.207(1) 245

DFT 3.70 2.42 2.43 2.19 2.24
[{(P2N2)Zr}2(P4)] X-ray 4.441 2.7202(10) 2.7355(10) 2.2407(13) 2.2407(13) 271

DFT 4.50 2.77 2.74 2.25 2.25

The energy difference between the D2 and C2h symmetric structures is negligible in

all three clusters, so the D2 structure is adopted for subsequent analyses. The cleaved

Pn4 fragment contains two short Pn-Pn bonds, each within the typical range of double
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Figure 4.9: Front and top views of [{(dppe)Fe}2(Pn2)2]
2– (Pn = P, As, Bi).

bonds. Based on the octet rule, the Pn4 fragment can be considered to carry a −4

charge and, as the dppe ligands are neutral, the oxidation state of each iron centre

is assigned as +1. The Fe-Fe bond distances increase systematically with the heavier

bridging pnictogen ligands: from 2.5742(9) Å in [{(dppe)Fe}2(P2)2]
2– , to 2.6331(18)

Å in [{(dppe)Fe}2(As2)2]
2– , and finally to 2.8202(13) Å in [{(dppe)Fe}2(Bi2)2]

2– . To

gain deeper insight into the electronic configurations of these three clusters, we have

examined the isosurface plots of Fe-dominated molecular orbitals, as well as the PDOS

on Fe 3d and Pn np orbitals and the OPDOS for the Fe-Fe bond, as shown in Figure

4.10.

The PDOS and OPDOS reveal that Fe-Fe interactions are qualitatively consistent

across all three complexes. Using [{(dppe)Fe}2(P2)2]
2– as a representative example,

the Fe-Fe σ bonding band is located at approximately −2.0 eV as 40a, while the

corresponding σ∗ antibonding orbital appears above the Fermi level at around +0.6

eV as 40b1. This supports the presence of a σ bonding interaction between the Fe

centres. Orbitals with π character are oriented either in the dppe-Fe-Fe-dppe plane

(Fe 3dxz) or perpendicular to it (Fe 3dyz) (the xy-plane is perpendicular to the Fe-

Fe bond). The out-of-plane π orbital (πop), 39b3, is located at −0.7 eV and its

antibonding π∗
op counterpart, 38b2, is at −1.3 eV. Both are in the occupied manifold,

resulting in no net πop bonding. In the orthogonal orientation, the πip and π∗
ip orbitals

derived from the Fe 3dxz orbitals are strongly mixed with the P 3p orbitals of the dppe

ligands, forming molecular orbitals 43b2 and 44b3, respectively. Both orbitals lie above
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the Fermi level and therefore do not contribute to the Fe-Fe bonding interaction. We

conclude, therefore, that there is a single Fe-Fe σ bond linking the two metals.

Similar electronic features are apparent in the arsenic and bismuth analogues,

and the Fe-Fe Mayer bond orders are almost constant at ∼0.54 across the series.

The increase in Fe-Fe bond length is therefore primarily driven by the larger atomic

radius of the pnictogen atoms, which results in steric expansion and elongation of

the Fe-Fe distance, rather than any substantial change in the nature of the Fe-Fe

bond. However, the Fe 3d band does become slightly more compressed as the Fe-Fe

distance increases from P4 to Bi4: the vacant Fe-Fe σ∗ orbital shifts down in energy

to +0.5 eV in [{(dppe)Fe}2(Bi2)2]
2– , while the occupied σ bonding orbital shifts up

to −1.6 eV. The variations in the σ/σ∗ gap, whilst small, suggest the potential for

increased multi-configurational character in the Bi system, which we now explore

using MC-SCF calculations.

Figure 4.10: PDOS on Fe 3d, P 3p, and Pn np orbitals, along with the OPDOS for
the Fe-Fe bond in [{(dppe)Fe}2(Pn2)2]

2– (Pn = P, As, Bi). The isosurface plots of
Fe-Fe σ and π bonding orbitals are shown on the left, with their corresponding bands
marked by grey horizontal lines in the PDOS plots.
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4.3.3.2 MC-SCF analysis

Given the relatively modest size of these spin-singlet systems, with only two active

metal centres, we have chosen to perform direct RASSCF, rather than DMRG, cal-

culations to investigate their detailed electronic structures. While the three systems

exhibit broadly similar bonding motifs, the discrepancies in Fe-Fe bond lengths may

reflect underlying configurational differences. The natural orbitals and their occupa-

tion numbers are shown in Figure 4.11. Based on their crystallographic structures,

the D2 and C2h point groups were employed for the phosphorus/arsenic and bismuth

systems, respectively. The active space included all Fe 3d orbitals along with their

correlating partners, amounting to 18 electrons in 18 orbitals (18e, 18o). In the

RASSCF protocol, orbitals with strong correlation (as measured by occupation num-

bers between 0.1 and 1.9) are assigned to RAS2, and all possible excitations within

these orbitals are included in the CI expansion. Orbitals with occupation numbers

greater than 1.9 were assigned to RAS1, and those below 0.1 to RAS3. Only one-

and two-electron excitations are allowed from RAS1 into RAS2, and from RAS2 into

RAS3. In this way, the number of configurations is kept to a manageable level. The

active orbitals can be divided into two subgroups: one involving correlation with the

dppe and Pn4 fragments, evident in in-phase and out-of-phase combinations of Fe dxy

and dyz orbitals; while the other reflects the metal-metal correlation. The occupied

orbitals of dyz have occupation numbers above 1.94, while the associated correlating

orbitals located on dppe fall below 0.06, indicating limited electron excitation into

these orbitals. The Fe dxy orbital is correlated with orbitals on the Pn4 moiety, espe-

cially a π∗
op orbital formed from pz for the out-of-phase combination and a σ∗ orbital

from px in b1 symmetry for the in-phase combination. These orbitals display slightly

stronger correlation than the dppe-related orbitals, with occupation numbers around

1.90 (occupied) and 0.10 (virtual), respectively. As previously discussed, electron

donation from the dppe ligands to Fe dxz orbitals results in Fe 3d-dominated unoccu-

pied orbitals in b2 and b3 symmetry, further supporting the assignment of Fe in the

+1 oxidation state. The Fe 3dx2−y2 orbitals, however, correlate with their 4d coun-

terparts in RAS1 and RAS3, through the ‘double-d-shell’ effect. Their occupation

numbers are 1.97/0.03. The strongest correlation is also observed between the two

Fe centres through the σ/σ∗ orbital pair, the occupation numbers of which deviate

substantially from the values of 2 and 0 for single-determinant methods. This reflects

a significant contribution from the σ0σ∗2 configuration to the multi-configurational

wavefunction. On replacing the bridging P4 ligand with As4, the bonding orbital

occupation decreases from 1.69 to 1.64 as the weight of the σ2σ∗0 CSF drops from

124



68.0% to 65.3%, while the weight of the doubly excited σ0σ∗2 configuration rises from

9.4% to 11.1%. Upon further substitution of the bridging element with Bi, the sym-

metry changes to C2h, but the general orbital and correlation characteristics of the

active space remain largely conserved. The weak ‘in-out’ correlation between Fe and

dppe persists, while Fe-Pn4 correlation becomes slightly stronger. The most notable

change lies in the ‘left-right’ correlation between Fe atoms. Although still dominated

by the σ/σ∗ pair, the weight of the σ2σ∗0 configuration is reduced to 59.1%, while

the contribution from the σ0σ∗2 configuration increases to 15.6%. The occupation

number of the bonding orbital therefore drops to 1.48 and the antibonding one rises

to 0.52, indicating stronger correlation than in the P and As analogues. As a result of

these rather subtle changes, the effective Fe-Fe bond orders derived from the RASSCF

calculations decrease along the series from 0.68 for P4 to 0.64 for As4 and 0.46 for

Bi4, in line with the observed trend of Fe-Fe bond elongation. The effective bond

orders arising from RASSCF calculations appear, therefore, to be more sensitive to

structural change than are the Mayer bond orders from DFT calculations.

4.3.3.3 Comparison to [(LFe)2(Pn4)]

We have noted in previous sections that the P4 moiety can adopt various isomeric

forms when acting as a bridging ligand in dinuclear complexes, one of which is the

dumbbell-like (P2)2 form present in the new clusters described here. However, several

examples of isomerism are known, where the P4 or As4 units adopt quite different

geometries. In this section, we explore how the electronic configuration of P4 evolves

in response to changes in structure. A convenient reference point for this discussion is

the [P4]
2– ring, which has an aromatic electron count characterised by six π electrons,

and has uniform P-P bond lengths. This six-π-electron aromatic P4 fragment has

been observed both as an isolated anion in Cs2P4 and also as a bridging ligand in the

dinuclear complex [(L3Fe)2(P4)]. The electronic structure of cyclo-[P4]
2– is shown at

the left end of Figure 4.12. The orbital energies of all structures were normalised

with respect to the midpoint between the HOMO and LUMO energies. For spin-

unrestricted calculations, the spin-β manifold was selected as the reference zero point.

Frontier orbitals that are localised primarily on the P4 fragment and are relevant to

the geometry changes are highlighted with black lines and green arrows. The HOMO

of P4
2– , 1eg, is a pair of degenerate out-of-plane π orbitals (denoted as πop) localised

on opposite sides of the square P4 ring. The LUMO, 1b1u, corresponds to the fully

π∗
op orbital, composed of an out-of-phase combination of four pz orbitals. The fully

bonding, in-phase combination of pz orbitals, not shown in the diagram, completes
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Figure 4.11: Isosurfaces and occupation numbers of the active orbitals from RASSCF
calculations on (a) D2-[{(dppe)Fe}2(Pn2)2]

2– (Pn = P (ONs in black), As (ONs in
red)) and (b) C2h-[{(dppe)Fe}2(Bi2)2]

2– (ONs in blue).

the aromatic πop electron count of 6. Only 0.4 eV above the LUMO is a degenerate

pair of orbitals, 3eu, with mixed P-P σ∗ and π character.

In clusters where the charge state on the Pn4 unit is −4, two-electron further

reduced than P4
2– , the structural characteristics are determined by which orbital the

extra electrons occupy. In [{(P2N2)Zr}2(P4)], the charge on the P4 unit is unambigu-

ously −4 (the P2N2 ligand carries a −2 charge, each Zr is +4) and the additional

pair of electrons occupies the π∗ orbital locates at 94a shown in the second column

of Figure 4.12. The P4 unit therefore remains approximately square, with P-P bond

lengths of 2.25 Å, considerably longer than those in Cs2P4.
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The correlation of orbitals is also traced from Cs2P4 to [{(dppe)Fe}2(P2)2]
2– in

Figure 4.12. The picture here is rather different, because it is not the P-P π∗ orbital

that is filled, but rather one of the components of the 3eu LUMO+1 of Cs2P4. The

occupation of one component of the degenerate pair drives a first-order Jahn-Teller

distortion, leading to the dumbbell structure with P-P distances of 2.10 Å and 3.24

Å. The effect of the distortion is to stabilise the occupied component, 38b3, and

destabilise the vacant one (43b2). The P-P π∗ orbital, 46a, remains unoccupied. It is

significant that the 45b1 orbital, with P2-P2 σ
∗ character, remains vacant (not labelled

in the figure). This means that there is residual P-P σ bonding character (a formal

bond order of 1.0) between the two P2 fragments, which are not, therefore, entirely

separated despite the separation of 3.24 Å. Likewise, three of the four π symmetry

orbitals are occupied, so there is a net π bond order of 1, distributed over the two P2

units. It is not, therefore, correct to view these as entirely separated (P––P)2– units.

What is it, then, that makes the Zr complex favour the cyclo form whereas the

[{(dppe)Fe}2(P2)2]
2– complex adopts the dumbbell geometry, given that the two ar-

rangements of the P4 unit are isoelectronic. The Kohn-Sham orbitals of the latter

show that the P-P π∗
op orbital, 46a, has significant Fe d character: it is engaged

in π-back-bonding, which destabilises it. This then favours the P-P σ∗ 3eu orbital

to accommodate additional electrons, as this can be done without compromising

the back-bonding. In complexes of Zr4+, there are no d electrons to participate in

back-bonding, so the P-P π∗
op orbital is more readily available to accommodate the

additional electrons, preserving the cyclo structure.

A further comparison can be made with [Fe3As13]
3– at the right end of Figure

4.12, which features a ‘U-shaped’ As4 ring. In this As4 fragment, the two outer As-

As bonds are at 2.65 Å, whereas the central As-As bond measures at 2.43 Å in the

double-bond range. This bonding arrangement suggests an As1-As2=As3-As4 motif.

According to the octet rule, each terminal arsenic atom (As1 and As4) carries a −2

charge and arsenic atoms in the middle retain neutral, leading to a charge assignment

of [As4]
4– . The reduced symmetry of the ring can be understood from a second-order

Jahn-Teller distortion from the dumbbell prototype. Specifically, the mixing between

π∗
op and πop1 results in enhancement of the π∗

op component onto As2-As3 bond, locating

above the Fermi level as 20a′′. Meanwhile, the out-of-phase combination of pz orbitals

on As1 and As4 stays occupied at 11a′′, as a counterpart of 20a′′. On the other hand,

the low-lying out-of-plane π orbital mixes with the πop2 orbital, and creates a πop

bonding orbital along As2-As3 on 21a′, leading to a second bond order on As2-As3

bond except for the σ bond. In contrast, the πip1 bonding orbital interacts with the
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unoccupied π∗
ip1 orbital and shows significant localisation on As1 and As4 in 8a′′,

rather than contributing to in-plane π bonding on As1-As2 and As3-As4 bonds in the

dumbbell.

4.3.4 Conclusion

In conclusion, we have introduced here a series of dinuclear complexes of the type

[{(dppe)Fe}2(Pn2)2]
2– (Pn = P, As, Bi), where the Pn4 unit is split into two Pn2

dumbbells. The Bi4-bridged species is the first of its type to be reported. The Fe-Fe

bond length increases systematically from approximately 2.57 Å to 2.82 Å as the

bridging pnictogen changes from P to As and then to Bi. DFT calculations reveal

that an Fe-Fe σ bond persists across the entire series, with a constant Mayer bond

order of 0.54, despite the 0.25 Å increase in bond length. RASSCF calculations, in

contrast, indicate that the EBO of the Fe-Fe bond decreases progressively from P4 to

Bi4, as a result of a small reduction in the contribution of the σ2σ∗0 CSF to the total

wavefunction. This trend is attributed to the increasing steric repulsion associated

with the larger atomic radii of heavier pnictogens, which leads to elongation of the

Fe-Fe bond.

The geometry of the P4
4– unit, split into two P2 dumbbells, is a common motif in

bimetallic complexes, but it contrasts with the structure of P4
4– in the Zr complex

[({P2N2}Zr)2(P4)]. The different structural chemistry arises from the energetic prox-

imity of P-P π∗
op and σ∗ orbitals, and the possibility that either can accommodate the

highest-lying electrons. In the [({P2N2}Zr)2(P4)] case, the highest-energy electrons

occupy the P-P π∗
op orbital, leading to an expansion of the ring compared to Cs2P4. In

[{(dppe)Fe}2(Pn2)2]
2– , in contrast, the electrons occupy one component of the degen-

erate P-P σ∗ LUMO+1 of Cs2P4, and a first-order Jahn-Teller instability then drives

the distortion to the dumbbell structure. A further second-order distortion from the

[(Pn2)2]
4– dumbbell to the ‘U-shaped’ [As4]

4– in [Fe3As13]
3– produces another πop

bond on As2-As3. The in-plane double bond collapses with the polarisation of πip

to As1 and As4. This closes up the relationship between [{(dppe)Fe}2(Pn2)2]
2– and

[Fe3As13]
3– in this chapter.
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4.4 Summary

In this chapter, we investigate two classes of Fe/Pn-based clusters that feature low-

valent Fe cores using DFT and RASSCF calculations. The metal-metal interactions

and the structural correlation between the Fen units and Pnn ligands have been

analysed using DOS and frontier orbital analysis. Although apparently rather dif-

ferent, the [Fe3As13]
3– and [{(dppe)Fe}2(Pn2)2]

2– (Pn = P, As, Bi) systems share

many features. This becomes most apparent if we view the [Fe3As13]
3– cluster as

an Fe2As10 dimer unit, capped by an additional FeAs3 fragment. The Fe2As10 con-

tains two Fe centres bridged by an As4 unit, and in that sense is very similar to

the [{(dppe)Fe}2(As2)2]
2– cluster described in the second section. Furthermore, our

analysis shows that the oxidation level of the two As4 fragments is the same: −4 in

both clusters, and the dumbbell and ‘U-shaped’ geometries can both be considered

as resonance structures of As4
4– . Indeed, the similarity even extends to the σ and π

bond orders: in both cases, the net π bond order, summed over all bonds, is one, while

the net σ bond order is 3. Despite the rather different geometries, the As4 units in

[Fe3As13]
3– and [{(dppe)Fe}2(As2)2]

2– share many common features, and differ only

in the subtle distribution of electrons among the same set of orbitals, understood in

terms of a second-order Jahn-Teller distortion.
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Chapter 5

Summary

This thesis explores the electronic structure of intermetallic Zintl clusters containing

transition metal ions coordinated by main-group element ligands, either as encapsu-

lating shells or as direct bonding partners. Specifically, I focus on systems with two or

more metal atoms, where open-shell character is the norm and metal-metal bonding

emerges in various forms. Much of the fundamental work was carried out with dinu-

clear models, before I extend to more complex systems such as the linear tri-metallic

[Fe3Sn18]
4– , triangular [Fe3As13]

3– , and rhombic [Fe4Sn18]
4– clusters. DFT is used

throughout the thesis and, when combined with techniques such as PDOS, OPDOS,

and frontier molecular orbital analysis, this combination proves to be a powerful tool

set for assessing the character and strength of the metal-metal bond. Across the sys-

tems studied here, the presence of a high-lying and vacant or partially occupied σ∗

antibonding orbital is a common factor, and so net σ bonding underpins the integrity

of all clusters. In some cases, including M2E12 and [{(dppe)Fe}2(P2)2]
2– , where multi-

configurational character is significant, I have also turned to MC-SCF methods for a

complementary perspective on electron correlation. In the case of [Fe4Sn18]
4– , where

a precise identification of the ground state is the goal, I have used the DMRG ap-

proach to access large active spaces, along with the MC-PDFT approach to capture

dynamic correlation. These post-HF methods confirm the importance of including Fe

4d orbitals in the active space to capture sufficient static and nondynamic correlation

effects in the active space and achieve an accurate ground-state description.

A second theme that runs through the thesis is a focus on the correlations between

electron count and geometry. The field is rich in structural detail, and identifying

links between apparently unrelated molecules is perhaps one of the most important

roles for a computational chemist. In many cases, isostructural systems with closed-

shell electron counts (d10 configurations at the metals) are available (typically with
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the late transition metals), and these provide a valuable reference point for their open-

shell counterparts. The structure of the ligand cage depends heavily on the valence

properties of the transition metal d orbitals, particularly for early transition metals

where the d orbitals are high in energy and relatively diffuse. Across the series of

clusters explored here, it seems that the transition from active to inert, in a structural

sense, occurs around Groups 6 and 7.

The triple-decker M2E12 clusters that form the first results section capture most of

the important themes in this thesis: back-bonding increases for the earlier transition

metals (Fe, Cr), culminating in a symmetry reduction from D4h to C4v in [Cr2Sb12]
3–

that is associated directly with the transfer of two electrons from the metal to the

cage. The picture that emerges from DMRG calculations allows us to quantify the

effects of so-called ‘in-out’ correlation (metal-to-ligand back-donation) and ‘left-right’

correlation between the metals. The first logical increase in complexity is then the

[Fe3Sn18]
4– cluster, where the metal chain remains linear. The presence of Fe-Fe

bonding here is essential for maintaining the D3d symmetry, preventing collapse to

a bent structure with a localised exo-bond, as seen in isoelectronic [AgSn18]
5– . In

coordinated clusters, such as [Fe3As13]
3– and [{(dppe)Fe}2(P2)2]

2– , the electron dis-

tribution governs the geometry, and first- and second-order Jahn-Teller distortions

provide a powerful framework for understanding structure. A deeper understanding

of the electron density distribution in the bridging Pn4 units in these two quite dis-

tinct clusters highlights the fact that they share much in common, most notably the

oxidation level ([Pn4]
4– ) and the net σ and π bond orders. In fact, they differ only

in the distribution of the frontier orbitals over the Pn4 framework.

In summary, this thesis extends the theoretical understanding of Zintl chemistry

to open-shell species with multiple transition metal centres by applying a range of

electronic structure methods, from EHT, through DFT, to post-HF approaches, to

study electronic structures, bonding interactions, and geometric distortions in these

intermetallic clusters. The findings not only enhance our comprehension of bonding

and structure in Zintl systems but also provide a valuable computational reference for

future studies, including those targeting magnetic properties and machine-learning-

based structural prediction in main-group cluster chemistry.
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Sciences, 1891, 113, 795.

[8] C. A. Kraus, Journal of the American Chemical Society, 1907, 29, 1557–1571.

[9] E. Zintl, J. Goubeau and W. Dullenkopf, Zeitschrift für Physikalische Chemie,

Abteilung A, 1931, 154, 1–46.

[10] J. E. McGrady, F. Weigend and S. Dehnen, Chemical Society Reviews, 2022,

51, 628–649.

[11] R. J. Wilson, B. Weinert and S. Dehnen, Dalton Transactions, 2018, 47, 14861–

14869.

[12] K. Wade, Journal of the Chemical Society D: Chemical Communications, 1971,

792–793.

133



[13] D. M. P. Mingos, Nature: Physical Science, 1972, 236, 99–102.
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[114] M. Bühl and A. Hirsch, Chemical Reviews, 2001, 101, 1153–1184.

[115] E. D. Jemmis, M. M. Balakrishnarajan and P. D. Pancharatna, Journal of the

American Chemical Society, 2001, 123, 4313–4323.

[116] M. Brack, Reviews of Modern Physics, 1993, 65, 677–732.

[117] Z. Lin, T. Slee and D. Mingos, Chemical Physics, 1990, 142, 321–334.

[118] B. Huo, X.-L. Guan, C. Yuan and Y.-B. Wu, Inorganic Chemistry, 2025, 64,

3000–3007.

[119] C. Liu, I. A. Popov, Z. Chen, A. I. Boldyrev and Z.-M. Sun, Chemistry – A

European Journal, 2018, 24, 14583–14597.
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[190] J.-Q. Wang, B. Wahl and T. Fässler, Angewandte Chemie International Edition,

2010, 49, 6592–6595.

[191] Y.-S. Huang, W.-J. Tian, J.-X. Zhang and Z.-M. Sun, Chinese Chemical Letters,

2025, 110827.

[192] M. Ernzerhof and G. E. Scuseria, The Journal of Chemical Physics, 1999, 110,

5029–5036.

[193] M. Franchini, P. H. T. Philipsen and L. Visscher, Journal of Computational

Chemistry, 2013, 34, 1819–1827.

[194] M. J. Frisch, G. W. Trucks, H. B. Schlegel, G. E. Scuseria, M. A. Robb,

J. R. Cheeseman, G. Scalmani, V. Barone, G. A. Petersson, H. Nakatsuji,

X. Li, M. Caricato, A. V. Marenich, J. Bloino, B. G. Janesko, R. Gomperts,

B. Mennucci, H. P. Hratchian, J. V. Ortiz, A. F. Izmaylov, J. L. Sonnen-

berg, D. Williams-Young, F. Ding, F. Lipparini, F. Egidi, J. Goings, B. Peng,

A. Petrone, T. Henderson, D. Ranasinghe, V. G. Zakrzewski, J. Gao, N. Rega,

G. Zheng, W. Liang, M. Hada, M. Ehara, K. Toyota, R. Fukuda, J. Hasegawa,

M. Ishida, T. Nakajima, Y. Honda, O. Kitao, H. Nakai, T. Vreven, K. Throssell,

J. A. Montgomery, Jr., J. E. Peralta, F. Ogliaro, M. J. Bearpark, J. J. Heyd,

E. N. Brothers, K. N. Kudin, V. N. Staroverov, T. A. Keith, R. Kobayashi,

J. Normand, K. Raghavachari, A. P. Rendell, J. C. Burant, S. S. Iyengar,

J. Tomasi, M. Cossi, J. M. Millam, M. Klene, C. Adamo, R. Cammi, J. W.

Ochterski, R. L. Martin, K. Morokuma, O. Farkas, J. B. Foresman and D. J.

Fox, Gaussian˜16 Revision C.01, 2016, Gaussian Inc. Wallingford CT.

[195] C. Zhang, H. W. T. Morgan, Z.-C. Wang, C. Liu, Z.-M. Sun and J. E. McGrady,

Dalton Transactions, 2019, 48, 15888–15895.

[196] B. O. Roos, R. Lindh, P.- Malmqvist, V. Veryazov and P.-O. Widmark, The

Journal of Physical Chemistry A, 2005, 109, 6575–6579.

146



[197] B. Huron, J. P. Malrieu and P. Rancurel, The Journal of Chemical Physics,

1973, 58, 5745–5759.

[198] A. A. Holmes, N. M. Tubman and C. J. Umrigar, Journal of Chemical Theory

and Computation, 2016, 12, 3674–3680.

[199] J. Dukelsky, M. Mart́ın-Delgado, T. Nishino and G. Sierra, Europhysics Letters,

1998, 43, 457–462.

[200] L. Freitag, S. Knecht, S. F. Keller, M. G. Delcey, F. Aquilante, T. Bondo Ped-

ersen, R. Lindh, M. Reiher and L. González, Physical Chemistry Chemical
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1992, 125, 2661–2665.

[273] H. Ruan, L. Wang, Z. Li and L. Xu, Dalton Transactions, 2017, 46, 7219–7222.
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