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Abstract

This thesis is concerned with randomized algorithms for two matrix problems: numerical
rank estimation, with extensions to low-rank approximation, and numerical solutions to
least squares (LS) problems. As the dimensions of matrix problems in modern compu-
tational settings grow, classical algorithms become increasingly insufficient in terms of
computational, communication, and storage costs. Randomized algorithms have been
shown to provide excellent alternatives in large-scale settings, and they are the main
focus of this thesis. The work focuses on under-explored elements of randomized algo-
rithms, such as numerical stability and parameter selection. The main overarching aim
is to develop theory and algorithms that further aid in bringing randomized numerical

linear algebra towards the mainstream of computational science.

Randomized algorithms have achieved significant speed-ups for the computation of low-
rank approximations. However, these algorithms often require the target rank as input,
which is difficult to determine a priori if a specified accuracy is desired. Within this
context, a randomized rank estimation algorithm for approximately low-rank matrices is
presented in Chapter [3] The algorithm is based on dimension reduction using random
embedding matrices (sketching), and is theoretically and experimentally shown to pre-
serve the order of magnitude of leading singular values. This allows users to inspect the
approximate spectrum of the matrix as part of a low-rank approximation algorithm, and
adjust the target rank as necessary — thus saving computational cost. The rank estima-
tion algorithm is suitable for matrices with rapidly decaying singular values, specifically

for which the tail is much smaller than the dominant singular values.

Next we consider linear LS problems and (randomized) iterative solvers to compute ap-
proximate solutions. Sketch-and-precondition is a state-of-the-art algorithmic framework
for solving highly-overdetermined LS problems. Through sketching, an excellent random-
ized preconditioner is obtained at low computational cost. This preconditioner is then
used in combination with an iterative (Krylov subspace) method to solve the LS problem.
In Chapter [4] we first discuss different metrics for the quality of approximate solutions of
LS problems and show how available (classical) algorithms perform on these metrics. It
is then shown that a particular class of implementations of the sketch-and-precondition

framework does not perform well on various performance metrics for a range of problems.



This is caused by rounding error accumulating throughout the run of the algorithm. In
particular, we conclude that the sketch-and-precondition algorithm without initialization
is not numerically stable. Numerical evidence suggests that these instabilities are not
necessarily caused by the randomization, but rather inherent to preconditioned Krylov
subspace solvers for LS problems and that rounding errors are incurred specifically by

repeated application of a preconditioner.

In Chapter 5] we aim to resolve the numerical instabilities present in the sketch-and-
precondition algorithm without initialization. We first note the importance of a good
initialization for improved stability properties. This is in agreement with Rokhlin and
Tygert (2008) and Cartis, Fiala, and Shao (2021) who include it in their sketch-and-
precondition implementations. However, we find that sketch-and-solve initialization it is
inadequate for guaranteeing stability. We propose a variation, coined sketch-and-apply,
and show that it is numerically stable using classical stability analysis. The algorithm
is based on explicitly computing the preconditioned operator and solving the resulting
well-conditioned system iteratively. This is one of the first randomized algorithms shown
to be backward stable in a classical sense. However, the asymptotic complexity O(mn?)
of sketch-and-apply is on par with classical algorithms and slower than existing sketch-

and-precondition variants.

Finally, in Chapter [f] the sketch-and-precondition framework is extended to regularized
least squares problems. Regularization of LS problems is necessary when problems are ill-
conditioned, noisy, and the main objective is to minimize the (forward) error, as is often
the case in inverse problems. However, selecting a good parameter that controls the level
of regularization is highly nontrivial. In Chapter [f] we present a variety of algorithms, all
of which efficiently compute accurate solutions for a range of admissible regularization
parameters. They are all based on inexpensively updating a randomized preconditioner
and initial guess to solve a sequence of problems. One of the algorithms exploits low-
rank structure in the problems with improved numerical stability as compared to previous

work, and is suitable for even square problems provided they are sufficiently low-rank.

Through our investigation of parameter selection for low-rank approximation and regular-
ized LS, we improve the cost-effectiveness and user-friendliness of randomized approaches
to these problems. Our research on numerical stability of sketch-and-precondition algo-
rithms and stabilizing suggestions aids in understanding the finite-precision behaviour
of the algorithms. Guarantees on the performance of these algorithms in finite-precision
arithmetic are crucial for widespread adoption of the methods. Investigation of these

themes improves the understanding and performance of randomized algorithms for these



problems, and is important for the implementation of randomized algorithms in wider

computational science.
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Chapter 1

Introduction

Today’s world is data-driven. Modern applications generate enormous amounts of data, for instance,
in weather forecasting [191], machine learning [287], tomographic imaging |10], medical imaging [280],
astronomical surveys [286], and particle simulations [210]. Computations with these large datasets,
arising in a wide range of sciences, are reliant on fundamental linear algebraic tasks. Recognising
patterns in the data, filtering out noise, compressing data sets, and fitting data to a model are all
important tools that can be reduced to linear algebraic problems. If one hopes to gain information
from (big) data, it is inevitable to, e.g., compute low-rank decompositions, solve linear systems and
optimization problems, and compute eigenvalues.

The scale of the data, however, is steadily moving beyond the reach of traditional computa-
tional routines [88]. Traditional numerical linear algebra (NLA) routines are highly accurate and
optimized for moderately-sized matrices, but often come with significant computational, communi-
cation, and memory costs. Although the speed at which computers perform elementary operations
has increased, traditional computing often still demands a computational cost too large for enor-
mously large datasets [181]. Developments in hardware mean that communication costs — accessing
and moving of data — are increasingly becoming the limiting factor [192]. New computational con-
texts arise when storing the data at all might be impossible. At the same time, it is appropriate in
many applications to accept a trade-off between accuracy and computational speed, especially when
computational errors are outweighed by inaccuracies in the data [8§].

Computational scientists are therefore tasked with designing new approaches to computing in
order to meet modern demands; there is significant need for algorithms that allow much larger di-
mensions, require less communication, require less memory, and can efficiently permit lower-accuracy
results [89]. An exciting and fast-emerging framework for constructing such algorithms is to intro-
duce probabilistic elements. This has given rise to the field of randomized numerical linear algebra,

which has enabled computation on a scale beyond the reach of traditional NLA [181].



Avron, Maymounkov, and Toledo (2010) claim (quite reasonably) in the widely influential
‘Blendenpik’ paper [14] that “randomization is arguably the most exciting and innovative idea to
have hit linear algebra in a long time.” It offers a tool to tackle fundamental NLA problems in mod-
ern computational settings. Throughout this thesis we will demonstrate the relevance of randomized
algorithms in this era of computing with extreme data. We specifically focus on themes in random-
ized NLA related to the implementation, accuracy, and reliability of randomized algorithms, such
as parameter selection and numerical stability. We argue that these are important, and sometimes
understated, elements that are crucial to the further development of the field.

This thesis is specifically concerned with designing and analysing randomized algorithms for
two fundamental matrix problems: numerical rank estimation and linear least squares. In this
introduction, we first discuss these fundamental problems and then introduce randomized NLA
through a discussion on the emergence of the field, paying special attention to algorithms for these

problems.

1.1 Two fundamental matrix problems

Randomized algorithms have already demonstrated the ability to accelerate classical algorithms
considerably [181]. Two of the biggest successes are the development of algorithms for low-rank
approximation and linear least squares problems, and these methods have greatly influenced the
development of the field |76,/174]. In this section, we introduce these problems, classical approaches
to solving them, and the limitations of classical algorithms. In the following sections, we then discuss

how randomization can improve upon the classical approaches.

1.1.1 Low-rank approximation and numerical rank

We first consider low-rank matrices, low-rank approximation, and numerical rank estimation. It is
within the context of low-rank approximation that numerical rank estimation is especially important.
A wide variety of problem settings in data analysis [8,[231], machine learning [110}228], scientific
computing [116}253], and signal processing [71}/73] — to name a few domains — produce matrices
with low numerical rank. These matrices have intrinsically low-dimensional representations; the
dimensionality of the information they contain is smaller than the dimension of the data. One
may exploit this low-rank structure for further computations, or the low-rank factors may contain
relevant information about the data itself, as in signal processing and principal component analysis
(PCA).

The numerical rank of a matrix is determined by its singular values. Let A € C™*" (m > n)
have a singular value decomposition (SVD) A = UXV*, where U € C™*"™ and V € C™" have

orthonormal columns and ¥ € R"*" is a square diagonal matrix with singular values oy > -+ >
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Figure 1.1: The full-rank and rank-r truncated SVDs. The singular values o1 > ...0, > 0 are ordered in
magnitude, and 3; contains the r largest singular values.

opn, > 0. For a given tolerance £ > 0, we define the (relative) numerical rank to be the integer ¢ such
that o;(A4) > ¢||All2 > 0:4+1(A) (as in [29)]).

The problem of low-rank approximation is to find a matrix A of size m x n with a specified
(maximal) rank r < min{m, n} such that the quantity |A — A|| is minimal in some norm (often the
spectral or the Frobenius norm). The approximation will generally be the product of matrices of
which at least one has a dimension equal to r. Such a low-rank decomposition will result in lower
storage cost, and when computing with the approximation instead of the full-rank matrix, smaller
communication and arithmetic cost.

Many full-rank matrix decompositions are well-known, such as the QR factorization, the eigen-
value decomposition, or the SVD. Some of these decompositions naturally lead to low-rank approx-
imations, for instance by truncating an SVD . Split the factors of the full-rank SVD up in a
dominant and a trailing part as in Figure The rank-r truncated SVD A, is given as a product
of the dominant parts A, = U %, V}*, where Uy € C™*", 31 € R™" and V; € C™*".

The truncated SVD is the optimal solution to the low-rank approximation problem in the spectral

and Frobenius norm. By the Eckart-Young Theorem we have in any unitarily invariant norm [114]

Ort1 i )=l

min_[|A—AJl = |4 - 4, = (L1)
k(A)< 2
rank(4) < > oz il =1l

k>r+1

The quality of the approximation depends on the next singular value o, (for the spectral norm) or
the tail of the singular values (for the Frobenius norm). The optimality guarantee, interpretability
of the decomposition, and availability of a very efficient algorithm make the SVD a great choice for
decomposing moderately-sized data. Computing a full SVD costs O(mn?) flops for an m x n matrix
with m > n. One can compute a rank-r truncated SVD in O(mnr) time [174]. Any algorithm
that aims to improve upon the (asymptotic) computational cost would have to run in sub-cubic

complexity.



We note that one may write the truncated SVD as
A, =U U A=AV V.

This is a fundamental fact that many of the randomized algorithms for low-rank approximation
we discuss here exploit. If one has an approximation Uy to the dominant column space U; or
an approximation Vl to the dominant row space, one naturally has a low-rank approximation to
the truncated SVD A, = Uy (UFA) or A, = (AV})V}*, i.e. by projecting A onto the approximate
dominant spaces.

We distinguish between two types of low-rank approximation problems: fixed-rank and fixed-
precision. The fixed-rank problem is to find a matrix AT of specified rank r so that ||A— ATH is small.
The fixed-precision problem is to find a low-rank matrix A so that |4 — A|| < e for some specified
tolerance . Considering , if we know the numerical rank of a matrix for a specified tolerance,
we know (approximately) what rank our approximation should be to attain that same tolerance.
Similarly, with the numerical rank in hand one can decide whether a fixed-rank approximation leads
to a reasonable error given its rank. The widespread nature of low-rank matrices in a variety of

computational sciences make (numerical) rank estimation an important problem.

1.1.2 Linear least squares

We turn to a fundamental problem in numerical linear algebra; solving linear systems. We focus our

attention on the overdetermined linear least squares problem, which is defined as
min ||Az — bl|2, AeR™™  beR™, (1.2)
rER™

where m > n. Problems of this form are ubiquitous in applications, such as medical imaging, image
deblurring, or linear regression [76}/130]. The LS problem has a unique solution provided that
A is of full column rank. This unique minimizer is denoted by x* and equal to the pseudo-inverse
of A applied to b, that is z* = AJfb If b happens to lay in the range of A, the minimizer z* results
in a zero residual. More often, we cannot solve Ax = b exactly and compute minimizers that have
some residual |||z = ||Az — b||2 > 0. If A does not have full column rank, the minimizer to is
not unique. The vector z* = A'b is still a solution, and it is the solution with the smallest spectral
norm [140].

RM*n

We will also consider the underdetermined least squares problem in this thesis. For A €

with m < n, the problem Az = b can be solved with zero residual provided that A has full row

IThe pseudo-inverse of a matrix A can be found using the (economy-sized) SVD of A. If A = UXV7T is an SVD
of A with 3 a square matrix of dimension rank(A), then AT = VE~1UT is the pseudo-inverse of A.



rank. Following [140], we let the unique least squares solution to the overdetermined problem
be the solution that minimizes the spectral norm. Once again, this is given by 2* = Afb. The
underdetermined problem will be revisited in Chapter [} Throughout the thesis, we focus primarily
on overdetermined problems.

There is a multitude of algorithms available to solve (1.2]). For direct methods, all of these
cost O(mnmin(m,n)) operations. Among the most prominent is using the QR decomposition of
A = QR [250]. The minimizer to is then computed as z* = R7'QTb. This method is
numerically stable [140], which roughly means that it computes a solution as good as one can hope
to compute in finite precisionE| An alternative direct method for the overdetermined problem is
to solve the (n x n)-dimensional normal equations A7 Ax = ATb using, for instance, a Cholesky
decomposition. Despite the equivalence in exact arithmetic, introducing the normal equations and
specifically the Gram matrix A7 A, deteriorates the conditioning of the problem [140]. As a result,
it may not be possible to compute accurate solutions.

To exploit sparsity or otherwise cheap matrix-vector products, reduce storage cost, or in large-
scale settings, we may prefer iterative methods to direct methods [250]. Such methods compute
iterates that (hopefully) get increasingly close to a sufficiently good solution. Throughout this thesis,
we focus primarily on Krylov subspace methods. At each iteration k£ we search for an approximate
solution in a growing subspace of R™. This subspace is the k-dimensional Krylov subspace associated

to the normal equations
Kr(AT A, ATb) = span {ATh, (AT A)ATD, ... (AT A1 ATh).
The iterative Krylov subspace solver LSQR [205], for instance, computes iterate zj at iteration k

xp = argmin  ||Ax — bl|2. (1.3)
zEK(AT A,ATb)

The dominant computational cost of such algorithms is matrix-vector products with A and A* in
each iteration, which is O(mn) for dense matrices and O(nnz(A)) for sparse matrices, where nnz(A)
is the number of nonzeros of A. The number of iterations necessary depends on the desired accuracy
and the conditioning of the problem. The conditioning of the problem refers to the width of the
singular value spectrum of A. We say the ratio of the largest and smallest singular value is the
condition number k9(A) = 01(A)/o,(A). If the condition number is close to 1, Krylov subspace
methods converge very quickly [224]. For this reason, these methods are usually competitive when

A is large, sparse, and well-conditioned.

2Throughout this thesis, we use the term numerical stability to refer to the backward stability of an algorithm.
This is precisely defined in Section @



If A is ill-conditioned, we can try to find a change of variables P € R™"™ that clusters the
spectrum of A in the sense that ko(AP) is smaller than x2(A). We then iteratively solve the
preconditioned problem

min |APy — b|l2, x = Py, (1.4)
yER™

where P is referred to as a preconditioner. If A is well-conditioned or if we have access to a good
preconditioner, iterative solvers can converge in less than O(mn?) time.

It is not immediately obvious what makes a good numerical solution to . Taking into account
the approximate nature of computing, a computed solution & will always be an approximation to z*.
We might desire the computed solution to attain optimal residual ||AZ — b|| = ||Axz* — b||, minimize
the (forward) error ||& — z*||, or satisfy AT A% = ATbh. These are sometimes competing wishes,
especially when A is ill-conditioned (i.e. has large condition number). Ill-conditioning combined
with very small perturbations in A or b, such as rounding errors, can result in a very large error
(see Figure . As numerical analysts, we might aim for backward stable solutions, which means
the computed solution solves a nearby problem. Practitioners, especially in an inverse problem

context, might be more interested in minimizing the error [130]. They must turn to regularization.

Figure 1.2: If A is very ill-conditioned, the (numerically stable) computed solution & = A'b might be very
different from x¢rye. Here, we have a ground truth linear system Axirue = birue, but we observe slighly noisy
data b = berue + €. Solving the LS problem 2* = argmin ||Az — b||2 results in a large error ||2* — Ztrue||2. If
we wish to minimise the error, it is necessary to regularize. This figure is inspired by [130} Fig. 4.1].

1.1.3 Regularized least squares problems

There are various contexts in which regularization is necessary to (numerically) obtain a reasonable
solution to the least squares problem. In particular, if min || Az — b|| does not have a unique solution
(either because A is tall and rank-deficient or because the problem is underdetermined), regular-

ization is a necessary tool to transform the problem into a well-posed one. Even if the problem



is full-rank but A is very ill-conditioned, regularization can aid in minimizing the error in . We

consider the Tikhonov regularized least squares problem, which has the form
min [ Az — blI3 + All|3, (1.5)

for some regularization parameter A > 0. The regularization term A||z||3 serves to ‘smoothe’ the
computed solution by improving the overall conditioning of the problem. Figure shows that a
regularized solution ;¢ is likely much closer to x¢rye than A'h. Fundamentally, we are balancing
goodness-of-fit (small || Ax—b||2) with regularity (small ||z||2). The parameter A controls this balance,
and selecting an appropriate value is a non-trivial task [122//130,/132]. From a linear algebraic point
of view, including the regularization term makes a full-rank overdetermined LS problem with
a unique solution.

This can be seen by rephrasing into standard LS formulation. The problem is equiv-
alent to the minimization problem

2

A b
min x— . (1.6)

TeR™ \/XI 0
2

We can apply standard LS solvers on this reformulated problem, but ideally one exploits the structure
present in the problem. An SVD of A is sufficient to solve (|1.6)) for any A, yet incurs O(mn min(m, n))

cost. Iterative methods for the regularized LS problem are discussed in detail in Chapter [6]

1.2 The origins of randomized numerical linear algebra

We will discuss randomized NLA through a discussion on randomized algorithms for the before-
mentioned problems. More technical detail on the algorithms and theory stated informally here
is presented in Chapter 2] We start with low-rank matrix approximation, which kick-started two

decades of research on randomized algorithms and is still a very active area of research.

1.2.1 Subsampling era

The first algorithms that resemble modern randomized NLA were designed for approximate low-rank
decompositions. As mentioned in Section[I.1.1} an approximation to the SVD of a matrix A can be
obtained if one has an approximation to the dominant column or row space of A. Frieze, Kannan,
and Vempala (1998) were the first to suggest randomly sampling rows from A to create such an
approximate rowspace [104]. This process is graphically displayed (in simplified form) in Figure

The authors show that if the subsampling probabilities are proportional to the norms of the rows



of A, then there exists a good approximate basis for V; within the sampled submatrix (when more
rows are sampled than the rank of V7). This submatrix is now referred to as a sketch of A, because,
although it is much smaller, we hope it ‘sketches’ a dominant space of A. The authors name it a

Monte Carlo algorithm for low-rank approximation.

e Orthonormalize
A > —> [ 7 > A W%
Sketch of A Approximate
dominant
Sample rows rOw space Low-rank approximation

Figure 1.3: A simplified version of the ‘Monte Carlo’ algorithm for low-rank approximation from \\

Drineas, Kannan, and Mahoney (2006) built on this work and suggested a sophisticated algo-
rithm for sampling important columns to obtain a good ‘sketch’ . The column-based low-rank
approximation is similar to the process in Figure yet we select columns that should contain a
basis for U;. The approximation is then given by A, = Ui (U A). A variety of algorithms where
subsampling rows or columns is the basis of SVD-based low-rank matrix approximation algorithms

followed . Error bounds for these algorithms are of the form
1A= A2 < A= A2 + poly(r, 1/5)||Al1% (1.7)

where A, is the resulting rank-r approximation, A, is the optimal rank-r approximation, and s is
the number of sampled columns or rows. Note the final term, the Frobenius norm || A[|%, might be
very large despite the low-rank structure of A.

The low-rank approximation algorithms highlight a fundamental idea in almost all randomized
algorithms that followed: reducing the size of the matrix yet retaining most of the relevant informa-
tion using a random procedure. In the previous examples the authors used random sampling. An
early example of a different kind of dimension reduction is developed in Papadimitriou, Raghavan,
Tamaki, and Vempala (1998). They are also concerned with low-rank approximation and obtaining
an approximate dominant row-space for that purpose. Instead of sampling rows, however, they
propose premultiplying A with a small random matrix S € R**™, s < m, n, with orthonormal rows
to obtain a different kind of sketch SA .

The procedure of randomized dimension reduction is now known as ‘sketching’. Despite the work
in , the focus of sketching procedures remained on sampling techniques in the early 2000s with
algorithms for SVD-like low-rank approximations [79,[209], other low-rank decompositions such as
the CUR decomposition , and different matrix problems .

The early consensus on sampling was that uniform sampling of rows or columns is inadequate

to obtain approximations with small errors . Instead, sampling probabilities were sometimes



based on Euclidean row or column norms. That is, if one were to sample rows from a large matrix,
the probability of sampling a particular row would be proportional to its row norm squared. The
underlying idea is that such rows are, in some sense, ‘more important’ to the geometry of the matrix.
Regardless of this slightly more sophisticated sampling technique, randomized procedures produced
error bounds of the form (L.7), with a bothersome [|A|r term.

Drineas, Mahoney, and Muthukrishnan (2006) were the first to extend the idea of random sam-

pling to the overdetermined least squares (LS) problem

;2%3 |Az —bl|, AeR™" beR™ m:>n,

and simultaneously further developed sampling algorithms [90]. They proposed sampling based
on the row-norms of an orthogonal basis for A, instead of A itself. That is, say A = ULV7T is
an (economy-sized) SVD of A, then the probability of sampling row ¢ of A is proportional to the
squared row-norm of the ith row of U. The squared row-norms of U are referred to as leverage
scores (see Definition for a formal definition), and provide a much better representation of the
‘importance’ of a row than the row-norms of A directly. In particular, the ith leverage score is a
measure for the leverage or influence that the ith row of A has on the solution z* to the LS problem
(see [87] and [234] for further details).

After having sampled rows from A and b according to leverage scores, one can solve the (much
smaller) subsampled problem exactly using a classical approach. Let S € R**™ denote a sampling
operator: a short matrix consisting of rows of the identity matrix corresponding to rows of A that

are to be sampled. The subsampled (or sketched) least squares problem is then

& = argmin ||S(Az — b)||2. (1.8)

EGR‘!L
Since m > s > n, solving (L.8)) is much cheaper than solving the full-dimensional problem. This
is the first work where it was shown that this randomized approach leads to good relative error

approximations in the sense that, with high probability
[|AZ — b]|2 < (1 + &) min ||Az — b]|2, (1.9)

where ¢ is typically a number not smaller than, say, 0.1 [76]. The issue, however, is that sampling
probabilities based on an orthogonal decomposition of A require such a decomposition, incurring
O(mn?) cost. Does there exist a randomized dimension reduction technique that is cheaper than

O(mn?) but still about as effective in attaining relative error approximations?



1.2.2 Random embeddings: fast relative error approximations

In a seminal work discussing a breadth of matrix problems, Sarlés (2006) answered this affirma-
tively and laid the foundation for randomized algorithms to move past sampling [229]. He proposed
randomized algorithms for matrix multiplication, least squares problems, and approximate singular
value decompositions; obtaining accurate approximations that improve on the asymptotic computa-
tional cost of classical algorithms. The foundation of the work was a different kind of randomized
dimension reduction matrix, inspired by the fast Johnson—Lindenstrauss transform embedding ma-
trix introduced by Ailon and Chazelle (2006).

The Johnson-Lindenstrauss Lemma [152] that n vectors in R™ can be embedded into R* space
such that the distance between the vectors are preserved up to a 1 + € factor, provided that
s = O(log(n)/e?) [229]. In particular, there exist random, linear maps that will achieve this with
high probability. Consider for instance a Gaussian matrix S € R**™ with A(0,s7!) identically
and independently distributed (i.i.d.) entries, where s = O(log(n)log(1/8)/e?). Then, for a set
{a1,...,a,} C R™, with probability at least 1 —§

(1 = o)llai — ajl| < [1S(a; = aj)|| < (1 +e)llai —ajl|,  forall 1 <4,j <n.

Sarlés’ seminal contribution was extending this idea to matrix problems. Random matrices preserve
the geometry of a set, so can we also use them to preserve the geometry of a matrix? We call

preserving matrix geometry in lower dimensions subspace embedding:
(I =)l Az|]2 < ||SAz|2 < (1 +¢)||Az|]2, for all z € R™. (1.10)

Intuitively, the dimensionality of a whole subspace is ‘larger’ than of a finite set, so we need a
larger random matrix to achieve ((1.10). For a Gaussian matrix, this embedding dimension is s =
O(nlog(1/68)/e?) for a mxn matrix of full column rank, and more generally s = O(rank(A)log(1/6)/e?)
(see [275] for a proof). The subspace embedding property is very useful for matrix algorithms.
Similarly to subsampling, it achieves a randomized dimension reduction but does so more efficiently.
A Gaussian matrix, however, costs O(mns) operations just to apply to A. If we set out to
improve the asymptotic cost of low-rank approximation or LS algorithms, this is the cubic cost we
wish avoid. The fast Johnson-Lindenstrauss embeddings in [4] were revolutionary because they can
be applied in O(mnlog(s)) time. This is possible due to the usage of an FFT-type procedure. The
embedding proposed in [229] has the form S = GH D, where D is a diagonal matrix of random signs,
H is a orthogonal Hadamard matrix, and G € R**™ is a sparse matrix with non-zeros distributed
as normal random variables. Such a matrix satisfies the subspace embedding property with
high probability when s = O(rank(A)log(rank(A))/e?) (we suppress the O(log(1/d)) dependency

10



on the failure probability ¢ throughout). The fast random embedding comes with a slightly larger
dimension than in the Gaussian case, but with improved computational cost.

Many different types of random embedding matrices now exist and have been studied in-depth,
both theoretically and practically. We discuss this in Section [2.1.3] Fundamentally, a random em-
bedding for A € R™*" is a matrix S € R**™ for which holds, and it is fast if it can be
applied quicker than in O(mns) time. We distinguish between oblivious and non-oblivious embed-
ding matrices; oblivious embeddings are constructed without prior knowledge about the matrix A,
whereas non-oblivious embeddings use properties of A (e.g. leverage score sampling) [181]. Applying
a random embedding is often referred to as sketching, and the resulting matrix SA as a sketch of A.

Sarl6s (2006) showed that by applying such a fast random embedding one can obtain relative
error bounds on the approximate SVD that do not include the ||A|p-term as in (7). Draw a
random matrix S € R**™ from the distribution of fast random embeddings discussed before, with
s = O(r/e+rlog(r)), and sketch the column space of A by computing AST. Compute an orthogonal
matrix U; whose columns span the column space of AST. If we exactly compute the rank-r truncated

SVD of Uy (UT A) denoted A, = (U,UF A),., then, with probability at least 1/2
JA— Ale < 1+ o)A - Alr. (L.11)

For dense matrices, the asymptotic cost is still O(mnr) due to the matrix-matrix multiplication
UL A. However, this procedure and error bound much resembles modern state-of-the-art randomized
SVD algorithms.

Sarlés [229] obtained a similar result for least squares problems. If one embeds a (full rank)
m X n least squares problem using a random embedding S of dimension s = O(nlog(n)/e), then,
with probability at least 1/3, & = argmin | S(Ax — b)||2 satisfies ||AZ — b||2 < (1 + &) min ||Az — b|2.
This is a very fast way to obtain an approximate solution that attains a residual within a small
multiple of the optimal residuall We now refer to this procedure as a sketch-and-solve algorithm
(see Section [2.3.1)).

A similar result for a general random embedding is presented in Lemma For an em-
bedding matrix S € R**™ that is Gaussian with s = O(rank(A)e=2) or a fast embedding with
s = O(rank(A) log(rank(A))e~?), we have

& = argmin [S(Az — D)2 : A& —b] < 5

Az* —b
e bl

with high probability. As s < m is needed to ensure solving the s x n LS problem deterministically

is computationally beneficial, we cannot make & very small. Indeed, usual relative errors for this

‘sketch-and-solve’ approach would have € > 0.1.

11
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Figure 1.4: A sketch-and-precondition-type algorithm. Rokhlin and Tygert [222] specifically performed final
step with the preconditioned conjugate gradient algorithm.

1.2.3 Sketch-and-precondition for highly accurate results

Another revolution in randomized numerical linear algebra occurred when Rokhlin and Tygert (2008)
was published. This work showed that random embedding approaches in NLA do not just lead to
rapid approximations, but can also result in faster high-quality computations. They introduced what
would later be known as the sketch-and-precondition framework for solving LS problems. Instead of
reducing the dimension of the entire problem to solve it in a lower-dimensional space, as in ,
the authors suggest to use the random embedding to find a good preconditioner.

In particular, the tall matrix A € R™*" with m > n is sketched to a smaller matrix SA4 € R**"
with a random embedding S. One then computes a QR decomposition of SA = QR and uses
P = R7! as a preconditioner (see ) in an iterative solver for the original LS system. This
process is displayed in Figure [[.4]

The sketch-and-precondition algorithm requires O(mnlog(n) + n?log(n)) cost for embedding A
and computing the preconditioner. The condition number of AR~ will be close to 1, which means
an iterative Krylov subspace solver converges in O(log(1/e)) iterations for & accuracy [222]. The
change from O(nlog(n)e~2) dependency on the accuracy ¢ for sketch-and-solve to O(mnlog(e~1))
dependency for sketch-and-precondition meant the LS problem could be solved to € relative precision
for values of ¢ close to machine precision, as opposed to in the sketch-and-solve framework .
Using randomization, one could now obtain solutions with similar accuracy guarantees as direct
solvers, but while reducing the computational and communication cost.

The ideas presented here on using randomized algorithms for approximate truncated SVDs,
approximate solutions to LS problems, and preconditioning LS problems have been highly influential

to the future of the field. Much of the current work is still connected to these fundamental ideas.

1.3 Randomized numerical linear algebra matures

We next describe how these new and exciting ideas — originally mostly written in a theoretical
computer science (TCS) context — made their way to numerical linear algebra and broader scientific

computing communities, where algorithms were seeing practical applications.
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1.3.1 Low-rank approximations

In a sequence of papers, approximate low-rank SVD’s and other low-rank decompositions were fur-
ther developed [126}/167,[179.2211/276]. Liberty, Woolfe, Martinsson, Rokhlin, and Tygert (2007) were
the first to use the random embedding to improve the computational complexity of an approximate
SVD algorithm for dense matrices [167]. One of these variants uses an interpolative decomposition
(ID). If A € R™*" has exact rank r < min(m, n), then it can be decomposed as A = A(. ;)Z, where
A7) € R™*" is a subset of columns of A indexed by J and Z € R™*" has some columns from the
identity matrix and no entry greater than 2 in absolute value. An approximate ID can be defined
in the same way, but with A ~ A ;)Z, and can be computed in O(rmnlog(n)) operations [276].
The low-rank approximation algorithm suggested in [167] is based on computing the approximate
rank-r ID of a sketch SA = (SA)(. ;)Z, where S € R*" is a fast random embedding with s > r
(but not much larger). A low-rank approximation can then be defined as A, = A¢.,7)Z, which has
cost just O(mnlog(s) + rsnlog(n)) operations. In this case, the sketch serves to identify important
columns of A. An approximate SVD of A can then be obtained at an additional O((m + n)r?) cost
by computing the QR of Z* = QR and the SVD of A, jyR*. Woolfe, Liberty, Rokhlin, and Tygert
(2008) suggest similar algorithms shortly after.

Martinsson, Rokhlin, and Tygert (2006) used Gaussian matrices for the choice of embedding [178].
Although this approach does not improve computational complexity relative to deterministic ap-
proaches, it was influential because the authors showed — with theory and experiments — how well
the algorithms performed in terms of errors and failure probability. Rokhlin, Szlam, and Tygert
(2010) build on this work, showing that a much better approximation to the dominant column space
can be obtained by using a power iteration with A [221]. Specifically, instead of sketching A with
a random embedding S € R™ " we form the sketch (AAT)7AST for a small integer ¢. Martinsson,
Szlam, and Tygert (2011) improve on the stability of this scheme [180].

The survey paper by Halko, Martinsson, and Tropp (2011) brought randomized algorithms for
approximate matrix decompositions to the attention of a mainstream NLA audience. They showed
with extensive theory and numerical experiments that the approximate truncated SVD approach
with random embeddings, which is now coined the randomized SVD, provides significant speed-ups
relative to classical algorithms. They present an algorithm that computes a high-quality approxima-
tion to A, in O(mnlog(r)) flops using the ideas before combined with an interpolative decomposition.
The low-rank matrix approximation algorithms presented there came with implementation sugges-
tions, posterior error estimations, and original error analysis. This was somewhat different from
the majority of the prior work, where the focus was theoretical rather than practical. Randomized

algorithms were thus shown to have the potential to be valuable alternatives to classical algorithms.
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1.3.2 Least squares problems

Similar in significance to the NLA community, Avron, Maymounkov, and Toledo (2010) presented
a high-performance implementation of the sketch-and-precondition framework suggested in [222].
They discuss the algorithm in detail, provide implementation details and a software package, and
most importantly, show that their randomized algorithm outperforms LAPACK’s highly-optimized
classical LS solver [14].

Similarly, Meng, Saunders, and Mahoney (2014) developed an algorithm they called LSRN (least
squares random normal) based on embedding with a Gaussian matrix [187]. The work had much more
of a linear algebra flavour than [222], suggesting adaptations for underdetermined, rank-deficient,
and regularized problems as . In particular, LSRN uses the SVD of the sketch S A and therefore
can account for rank-deficiency by truncating (see also Section . Regardless of the rank of
A, it is shown that LSRN converges to the minimum-norm solution. Although using a Gaussian
embedding comes with O(mn?) cost for a dense matrix-matrix multiplication, its implementation
is considerably more straightforward than for fast embeddings. Additionally, Gaussian random
matrices can be fast embeddings when A is sparse and, even for dense matrices, the process of
applying them is “embarrassingly parallel” [187, p. 2]. LSRN can be implemented in just a few lines
of code, bringing the sketch-and-precondition framework further into the mainstream.

These contributions further embedded the idea that randomized algorithms have great practical
value. The sketch-and-precondition framework was extended to different contexts, such as kernel
ridge regression [12], constrained least squares [2651266], and various data-specific contexts |78}241].

It is also one of the main inspirations for this thesis.

1.3.3 Changing computational context

The usefulness of randomized algorithms was underlined due to their applicability in difficult com-
putational settings [174]. At the same time, such contexts also strongly influenced the direction of
the development of the field. The algorithms discussed so far improve computational cost both theo-
retically and practically, and are very suitable for large-scale problems. Note as well that, especially
for the low-rank approximation algorithms, we need few passes over the matrix A, also improving
communication cost. Randomized algorithms have been developed for challenging data settings,
such as data only being available through matrix-vector multiplications, data too large to be stored
in fast memory, or data that may not be stored at all.

Clarkson and Woodruff (2009) suggest a one-pass algorithm for low-rank approximation, which
means the matrix A only has to be accessed once. This is particularly useful for a streaming

(turnstile) context: the data is presented as a stream of linear updates that cannot be stored. One
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of the approximations they suggest is of the form
A= AST(5,AST)1S,A, (1.12)

where S; and S are random embeddings of conforming size. We now refer to this as generalized
Nystrom. This approximation is further analysed in the extensive randomized NLA review paper by
Woodruff (2014). However, these works on generalized Nystrom do not include any computational
experiments or specify implementation suggestions.

On the other hand, Tropp, Yurtsever, Udell, and Cevher (2017, 2019) focus on developing user-
friendly algorithms and provide extensive numerical experiments [252,[253]. They consider further
computational contexts, such as when the columns of data are revealed one-by-one and a new
approximation has to be computed on the reveal of a new column, or when data is presented through
a sum of ordered updates. The approximation they consider is in the same form as , but with
orthogonalization steps that improve the numerically stability. This is one of the first algorithms
explicitly considering finite-precision behaviour in algorithm design, and was later improved on
in |196]. Similarly, Halko et al. (2011) discuss a randomized low-rank algorithm for data stored
out-of-core [126].

Works like these mark the development of randomized NLA away from TCS towards a NLA

focus.

1.4 Modern randomized NLA and this thesis’ contributions

Derezitiski and Mahoney (2024) write that “the area of RandNLA (randomized NLA) has achieved
a certain level of maturity” [76]. We now have a multitude of randomized algorithms available
for fundamental matrix tasks. Computational experiments in a range of contexts confirm com-
petitiveness and speed-ups relative to classical deterministic algorithms. Sketching is particularly
useful in a streaming context and when communication cost is high, as it usually means performing
classical linear algebraic tasks in a lower dimension. Randomized algorithms have developed for a
variety of fundamental linear algebra tasks such as approximating matrix functions [69,[125}213],
trace estimation [15,[68}/189}225], CUR matrix decompositions [38}/83.[269}/279], kernel matrix ap-
proximation [6}/55,/165], operator learning [35,212], square linear systems [20}[21}(77,(78]|197], op-
timization [43,/48-504/160,215], model order reduction |[7,/16,40L/218], and dynamic mode decom-
position [3,(75,/102]. We refer to the surveys Mahoney (2011), Halko, Martinsson, and Tropp
(2011), Woodruff (2014), Martinsson and Tropp (2020), Murray et al. (2023), and the references
therein [127]174,|181}[192,275].

There are increasingly many efforts to bring randomized algorithms into a high-performance

computing world. Various algorithms have been implemented in, for instance, the NAG library,
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MATLAB, and NVIDIA’s cuSOLVER [192]. Increasingly many papers are accompanied by software
libraries, such as Blendenpik [14], LSRN [187], Ski-LLS [47], pylspack [235], and LibSkylark [156].
Even standard software libraries RandBLAS and RandLAPACK optimized for randomized NLA are
under development [192]. Various recent papers discuss online or streaming contexts [39/15111641236,
242|253|, or design algorithms in a distributed or low-memory environment [19105109}151}194,282].

These efforts all show a development in the direction of mainstream computational science.
However, the young field still faces many challenges. We discuss some of these challenges and then

introduce the aims of this thesis.

1.4.1 Challenges in randomized NLA

Already in 2017, Tropp, Yurtsever, Udell, and Cevher [252| noted on low-rank approximation us-
ing random embeddings in complicated computational contexts “(...) how do we implement these
methods? Are they numerically stable? How should algorithm parameters depend on the input ma-
triz? What is the right way to preserve structural properties? (...) These questions have often been
neglected in the literature” [252]. We agree with this point of view, and believe questions surround-
ing reliability, numerical stability, and user-friendliness need to be taken seriously for randomized
algorithms to have a bigger impact on the wider scientific community. In this thesis, we specifi-
cally focus on questions on parameter selection in low-rank approximation algorithms, on ways in
which randomized NLA can aid in parameter selection for regularized problems, and the reliability

of randomized algorithms for LS problems in finite precision.

1.4.1.1 Parameter selection

An efficient way to set parameters is important to the use of algorithms in real-world applications.
Many algorithms for low-rank approximation require the target-rank of the approximation as in-
put [127,[196]. However, although there might be an upper bound on the rank available in terms
of memory, practitioners might be more interested in an approximation being of particular quality.
For instance, there may be a user-specified tolerance € so that the approximation A must satisfy
(A — /1|| < ¢ (the fixed-precision problem). Adaptive algorithms for the fixed precision problem
exist (and are discussed in Section , but usually either require much more passes over the data
increasing communication cost (e.g. randQB_EI in [284]) or decreased accuracy (e.g. randQB_FP
in [284]).

Similarly (and related), an important problem in regularized least squares problems is the selec-
tion of an appropriate regularization parameter A\. This parameter determines the balancing between
fitting the data (small residual) and regularity in the solution (small solution norm). Various ex-

isting methods with rigorous justification require large computational cost [122}[130},[132], such as
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solving (|1.5) for many different values of A or computing the SVD of A. This is currently inaccessible

for large-scale problems with classical approaches.

1.4.1.2 Numerical stability

The numerical stability of randomized algorithms has not been studied in much detail. Numerical
stability refers to the performance of algorithms when performed in finite precision, as opposed to
exact arithmetic. Small rounding errors are made whenever algorithms are performed on a computer,
and when they accumulate it can lead to large errors in a computed solution. As many randomized
algorithms exist to compute approximations with a few digits of accuracy, rounding errors have not
been much of a concern for the community. However, optimising computational routines to avoid
the accumulation of rounding errors is important to attain accurate results.

One of the first works explicitly considering the numerical stability of a random embedding-
based algorithm through stability analysis was Nakatsukasa (2020) [196]. Nakatsuksa analysed a

generalized Nystrom algorithm that computes a low-rank approximation of the form
AS{ (S2AS])[S2 4,

where (S2AST)! denotes the pseudo-inverse of a truncated SVD of Sy ASY. This is a stabilized
version of that avoids the orthogonalization cost associated to Tropp et al. (2017). Con-
nolly, Higham, and Pranesh (2022) analyse the randomized SVD algorithm in finite precision, and
also suggest a mixed precision implementation of the adaptive randomized low-rank approximation
algorithm [66]. As far as the author is aware, there are no other works explicitly considering the

numerical stability of randomized algorithms in a classical sense.

1.4.2 Contributions of this thesis

1.4.2.1 Numerical rank estimation

In the context of low-rank matrices, their numerical rank, and low-rank approximations, Chapter [3]
discusses how sketching a dominant matrix subspace also roughly preserves singular values. As
discussed in detail throughout the introduction, one can draw a small random matrix S € R**"™ to
approximate the dominant column space of a matrix A € R™*" by computing AS”. In low-rank
approximation algorithms, the sketch is then often orthogonalized (see Figure . In performing
this orthogonalization, all singular values of the sketch are lost. We argue that the singular values
of AST contain useful information about A that can aid in selecting an appropriate rank for the
approximation. More generally, cheap and coarse estimates of the singular value spectrum of A can

inform further algorithmic considerations in low-rank approximation. Examples include whether it
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is appropriate to use a randomized SVD-type algorithm, whether the cheaper generalized Nystrom
algorithm would be sufficient, or whether power iterations are a useful computational step.

The rank estimation algorithm is based on two sketching procedures: AS7 to estimate the leading
singular values of A roughly, S2AST to estimate all singular values of AST through embedding. Using
theoretical and experimental evidence, we show that the numerical rank of SoAST is close to the
numerical rank of A. The main theoretical contribution is on how well the first sketching procedure
AST preserves singular values. We show order-of-magnitude estimates of the leading singular values
of A provided that the tail of A is small compared to the singular values one tries to estimate,
making the algorithm suitable for matrices with rapid singular value decay.

Many randomized algorithms exploit the fact that this kind of sketching preserves the dominant
range (see left panel in Figure . The fact that the spectrum is also roughly preserved by such
a sketch has often been exploited implicitely in low-rank approximation and in error estimates.
For instance, for an approximation A = QQT A of A, the error estimate ||(I — QQT)A||lp ~ ||(I —
QQT)AS| r can be used, where S is a small Gaussian embedding of sketching dimension, say, 10 [127,
181]. The singular values of A are also naturally used in the generalized Nystrom approximation [196,
252], where the spectrum of the approximation is entirely determined by spectra of the sketches.
The novelty of our algorithm is in the coarse (leading) spectrum approximation that is provided
at very limited cost, and can inform further algorithmic choices for low-rank approximation We
explicitely look at singular values rather than matrix norms, and show in Chapter [3] that the order
of magnitude of the singular values in the compression regime is preserved provided A is sufficiently
low-rank.

Most straighforwardly, the numerical rank estimate is useful for determining a suitable rank in
the fixed precision low-approximation problem. Using the knowledge on the spectrum of AST and
error bounds available for randomized low-rank approximation algorithms, we can estimate whether
the sketch size is of appropriate dimension. If we find the sketch is either too small or too large, it is
trivial to reduce the size. This saves computational cost because the expensive steps in the low-rank
approximation algorithms are orthogonalization and matrix-matrix multiplication. Although we
still require an initial guess, combining the low-rank approximation algorithms with rank estimation
scales much better with respect to this initial guess. In addition, information on the spectrum of A
prior to any computationally expensive steps can inform further algorithmic choices, such as which
low-rank approximation algorithm to use. This work aims to improve the cost and user-friendliness

of randomized algorithms.

1.4.2.2 The stability of sketch-and-precondition for LS

The remainder of the thesis is concerned with least squares problems. The content in Chapters [f]

and [0 is based upon the sketch-and-precondition framework. We investigate the numerical stability
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Sketching regimes

Compression: approximate dominant Embedding: approximate all right
right singular vectors singular vectors and singular values

Figure 1.5: We distinguish between two sketching regimes. On the left, the sketching matrix is significantly
smaller than the matrix A. As a result we preserve only an approximation to the dominant right singular
vectors. We call this a compression regime. On the right, the matrix S serves as a subspace embedding for
the column space of A, approximately preserving all right singular vectors and singular values. This can
only happen when the smallest dimension of the embedding S is larger than the rank of A.

of the these algorithms for LS problems and find, surprisingly, that they are not numerically stable
in their forms presented in popular implementations (i.e. without initialization). In terms of various
measures for the quality of a computed solution of a LS problem, solutions computed by sketch-and-
precondition algorithms without initializationperform poorly for a range of complicated problems.
These issues are caused by performing the algorithms in finite precision. In Chapter [ we discuss
two types of iterative solvers (and their preconditioned variants) in depth. Although we do not
uncover the exact reason of the accumulation of rounding errors in sketch-and-precondition, this
discussion serves to understand the behaviour of these algorithms better, so hopefully future work
can pinpoint the stability issues.

In Chapter 5] we discuss stabilizing approaches to the sketch-and-precondition framework. Al-
though still not always entirely numerically stable, we show empirically that using a good initial guess
considerably improves the computational properties of the framework. The initialization of choice is
the sketch-and-solve solution , as suggested in Rokhlin and Tygert’s paper and included
in general sketch-and-precondition framework . The majority of the chapter is dedicated to the
development and analysis of a new algorithm, which we call sketch-and-apply. Sketch-and-apply
works by first explicitly computing a new operator ¥ = AP, where P is a randomized precondi-
tioner. Then, solving min, ||Yz — b|| using unpreconditioned LSQR on the very well-conditioned
matrix Y, which we conjecture is backward stable.

As a result of the classical stability analysis of sketch-and-apply, we deduced that the approach
has no stability guarantees for extremely ill-conditioned matrices, say a condition number greater
than 106 in double precision. To resolve this we propose ‘smoothing’ the data with a tiny amount
of Gaussian noise. This not only stabilizes the method in this extremely ill-conditioned regime, but

can even improve convergence behaviour of iterative solvers.
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1.4.2.3 Randomized algorithms for regularized least squares

In Chapter [6] we extend the sketch-and-precondition algorithm to regularized linear LS of the
form . Heuristic, as well as more formal methods, exist for selecting the appropriate regu-
larization parameter [130]. The problem with many of these methods is that they require expensive
preprocessing steps, such as computing the SVD of A, or require computing many solutions for
different values of the regularization parameter.

We focus on a context where the optimal regularization parameter is unknown and develop a
variety of algorithms to efficiently compute solutions corresponding to a range of admissible pa-
rameters. These algorithms are based on the sketch-and-precondition framework. We show that
one can exploit the structure of to efficiently sweep through the parameter space and update
computed regularized solutions. The class of algorithms for this can handle underdetermined and
overdetermined problems, can exploit low-rank structure, and is trivially parallelizable.

Theoretically, one of the main contributions of the chapter is the exploitation of rapidly decaying
singular values in the data matrix for randomized preconditioners with low-rank structure. This is
the first work that does so without invoking the normal equations, resulting in improved stability

properties.

1.4.3 Relation to published work

Some of the work in this thesis has been published, either in a peer-reviewed journal, or as an

preprint on arXiv.

e The content in Chapter [3|is based on the paper Meier, M., and Nakatsukasa, Y. (2024). Fast
randomized numerical rank estimation for numerically low-rank matrices. Linear Algebra and

its Applications, 686, 1-32.

e Some of the content in Chapter [4 and a large part of the content in Chapter [5] is based on
the paper Meier, M., Nakatsukasa, Y., Townsend, A., and Webb, M. (2024). Are sketch-and-
precondition least squares solvers numerically stable?. STAM Journal on Matrix Analysis and

Applications, 45(2), 905-929.

e Part of the content in Chapter@is based on the preprint Meier, M., and Nakatsukasa, Y. (2022).

Randomized algorithms for Tikhonov regularization in linear least squares. arXiv:2203.07329.
The following work has been submitted to a journal, but its contents are not included in this thesis.

e Epperly, E. N.; Meier, M., and Nakatsukasa, Y. (2024). Fast randomized least-squares solvers

can be just as accurate and stable as classical direct solvers. arXiv:2406.03468.
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1.5 Notation

In this thesis, A denotes a matrix, usually of dimension m X n, over some field F. In our case,
F =R or F = C. The ith largest singular value of A is denoted by 0;(A), and we use omin(A4)
and omax(A) for the smallest and largest singular values respectively. The condition number of A
is Ka(A) = K(A) = omax(A)/min(A). The superscript AT denotes the pseudoinverse of A. We use

|| <] or || - ||2 to denote the spectral norm, and || - ||z for the Frobenius norm.

1.6 Outline

In Chapter [2| we discuss preliminaries on sketching, different types of randomized embedding ma-
trices, low-rank approximation algorithms, and randomized algorithms for least squares problems.
We give algorithms and discuss error bounds. Chapter |3|is on fast randomized rank estimation for
numerically low-rank matrices, with extensions to low-rank approximation. We then switch to least
squares problems. In Chapter [d we discuss iterative solvers for least squares problems and compare
their numerical stability to direct methods. We then delve into the numerical stability of the sketch-
and-precondition framework and display its instabilities. The next chapter, Chapter |5, discusses
stabilizing approaches and introduces a new sketch-and-apply algorithm. This algorithm is shown
to be numerically stable using classical stability analysis. We consider randomized approaches to

regularized least squares problems in Chapter [} In the final chapter we conclude the thesis.
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Chapter 2

Preliminaries

We discuss some of the basic preliminaries from randomized numerical linear algebra literature.
Firstly, we discuss sketching, provide intuition and theory as to what it achieves, and present dif-
ferent types of random embedding matrices. Next, we formalize some of the randomized low-rank
approximation algorithms introduced in Chapter [I] and present corresponding error bounds in Sec-

tion We finally introduce randomized algorithms for least squares (LS) problems in Section

2.1 Sketching

In Chapter [I] we introduced two different applications of random embeddings; using a sketch smaller
than the original matrix one can perform low-rank decompositions, and using a sketch slightly larger
than the original matrix one can solve least squares problems. These different regimes are shown
graphically in Figure and we call them compression and embedding regimes, respectively. We
discuss the intuition and theory behind these two regimes, and finally discuss different types of

sketching matrices and their performance.

2.1.1 Compression: sketching dominant spaces

Consider first a matrix A € R™*", where both m and n are large. What happens when this matrix
is multiplied with a tall and skinny Gaussian matrix G € R™*", m,n > r, from the right
Following [173], suppose that A is of exact rank r < min(m,n), so it has singular values o1 >
0200 > 0pp1 = 0 = Opin(m,n) = 0 and SVD A = U121 Vi where Uy € R™ ", Let S € R™*"
be a random matrix with independent and identically distributed (i.i.d.) N'(0,1) entries. Since the

columns of S are linearly independent with probability 1, the columns of AS span the column space

1Note that this is the transpose operation of compression as displayed in Figure Most low-rank approximation
algorithms sketch the column space of a matrix instead of the row space, which is why we focus our discussion there.
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of A with probability 1. That is, Range (AS) = Range (U;). Just by multiplying with a smaller
random matrix, we were able to reduce the dimension of the matrix at hand while recovering its
entire range. In fact, this can be seen as both compression and embedding (see Figure .

If the trailing singular values are not exactly zero, but still small (o1 > ...0. > gppq > -+ >
Omin(m,n) > 0), we have a similar effect. The rank-r truncated SVD is now an approximation to
A=~ U2V, and the range of A is dominated by the dominant left singular vectors corresponding
to the r largest singular values. If we now apply the same Gaussian matrix, we will still retain
most of Range (U1) with Range (AS). However, the space will be slightly ‘polluted’ by the trailing
singular values and corresponding singular vectors.

This procedure is commonly referred to as randomized rangefinder [127]: by using a random
matrix we can construct a small matrix whose columns roughly span the dominant range of A. As
described in the introduction, we prefer random matrices that can be applied to a matrix quicker

than the dense Gaussian embedding matrix. The intuition carries over to different random matrices.

We discuss some variants in Section 2.1.3

2.1.2 Embedding: sketching full spaces and the spectrum

In the embedding context, where the random matrix is larger than the matrix A, we embed the

entire fundamental space of a matrix. We formally define the general subspace embedding.

Definition 2.1 (Subspace embedding [181]). A matriz S € F**™ is said to be a subspace embedding

with distortion 0 < e < 1 for an n-dimensional subspace ¥V C F™ if
(IT=29)|vll2 < ||Sv]l2 < (1 +¢€)|v|lz for all v € V. (2.1)

A subspace embedding is said to be oblivious if it is constructed without prior knowledge of V except
its dimension. If the columns of U € F™*™ form an orthonormal basis for V, then (2.1)) is equivalent

to the condition
1—e < omin(SU) < 0max(SU) < 1+4e¢. (2.2)
The matriz S is an embedding for the column space of A € R™*™ if
(1 =9)||Az|l2 < ||SAz||2 < (1 +¢)||Az|]2 for all z € R". (2.3)

Subspace embedding matrices are useful when the dimension n of the subspace is considerably
smaller than the dimension m of the space it lives in. In this case, we are able to map the entire

subspace to a smaller dimension while preserving its geometry. We have seen how this is especially
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useful for highly-overdetermined least squares problems, where our data is m x n with m > n. In
this context, the subspace V is the column space of A or of the augmented matrix [4, b].

Next we discuss different embedding matrices that achieve the subspace embedding property.

2.1.3 Sketching matrices

There are various ways to construct sketching matrices; almost all are randomly generated. We
consider a few important types here: (1) Gaussian matrices [187,1259,1275], (2) subsampling ma-
trices [146], (3) sparse random embeddings [36147./57,61,63], (4) subsampled randomized trigono-
metric transforms (SRTTs) [141[181,222}251], and (5) hashed randomized trigonometric transforms
(HRTTs) [47].

We discuss what dimension these sketching matrices must have to ensure they satisfy the subspace
embedding property in with high probability. On the one hand, the embedding dimension s is
ideally as small as possible so further computational routines with the sketch SA are cheaper. On
the other hand, the cost of applying the random embedding to A should not be too large. There
exists a trade-off between theoretical guarantees that allow us to use small sketches and the cost of
sketching, as the following theory on sketching matrices shows. Throughout this section, we assume

A is an m X n matrix of rank 7.

2.1.3.1 Gaussian embedding matrices

A Gaussian embedding matrix S of size s xm is a matrix with independent and identically distributed
(i.i.d.) Gaussian entries of mean 0 and variance 1/s. If one selects s = O(re~?2), then G is a
subspace embedding for A € R™*™ with high probability [275]. This is the optimal dependency of
the embedding dimension s on the dimension r of the subspace. It has been shown that the entries
of S can be any i.i.d. sub-Gaussian random variable, for instance a matrix of random signs [2].
The drawback of (sub-)Gaussian matrices is the cost of computing SA. In particular, the dense
matrix-matrix multiplication costs O(mns) operations. This cubic cost is often exactly what we
aim to avoid, making them not practical unless the embedding dimension s = O(1). However,
Gaussian sketching matrices are often used in theoretical analysis due to the availability of excellent

probability theory and concentration of measure arguments [127}(181].

2.1.3.2 Subsampling matrices

Subsampling matrices (which we denote with &) have just one non-zero entry per row. The position
of these non-zeros correspond to sampling the associated row and are chosen at random according
to some distribution. One such distribution is uniform sampling, where each row has the same prob-

ability of being sampled. Uniform sampling approaches are not generally subspace embeddings for
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reasonable dimensions s, because they do not take into account that some rows are more ‘important’
than others. This concept is captured by the ‘leverage scores’ of a matrix. The extent to which
information is clustered in a few important rows is captured by the ‘coherence’ of A. These two

quantities are defined as follows.

Definition 2.2 (Leverage scores and coherence [275]). Let A € R™ ", m > n, and let U € R™*"
be a matriz with orthonormal columns spanning the column space of A. The ith leverage score I? of
A is defined as

12 = U3, (2.4)

where Uy denotes the ith row of U. The coherence u(A) of A is

u(4) = max 17

We note that there is some slight ambiguity about this definition in the literature. We follow the
notation from [275] and [87] that the leverage scores are row-norms squared, whereas [47] follows [174]
and defines the ith leverage score as I; = ||U(;)||2. The coherence of a matrix is conventionally defined
as the maximum leverage score, and as a result suffers from the same ambiguity.

The effectiveness of uniform sampling is indicated by the coherence. The minimal coherence of
a matrix of size m x n of rank r is u(A) = r/m [47). This condition is met when all the rows of A
are equally important, which makes sampling most effective. The worst possible coherence is 1: if
there is a row with {? = 1, then not sampling that row will make the sketch rank-deficient.

The sketching dimension s required to ensure S is a random embedding with high probability is
s = 0O(e?mpu(A)log(r)) |37). Note that mu(A) is r at best and m at worst. Higher leverage scores,
and so larger coherence, imply we need to sample more rows to obtain a subspace embedding. On
top of that, there is an oversampling factor of log(r) not present for Gaussian sketches.

Uniform sampling does not meet theoretical guarantee standards as a result of the dependency
on the coherence. For such guarantees, we need to sample with a distribution related to the leverage
scores [64]. If rows are sampled with a probability proportional to {2, then the required sketching
dimension is s = O(e~2rlog(r)) [90]. The exact computation of leverage scores is not achievable in
less than O(mn?) time, but algorithms exist to estimate these quantities quicker [87]. Such leverage
score estimation algorithms also result in a sketching dimension of s = O(e~2rlog(r)), making these

approaches competitive.

2.1.3.3 Sparse random embeddings

Sparse, hashed, or CountSketch random embeddings are matrices with a fixed number of non-zeros

per column. These non-zeros are usually scaled random signs. We say a matrix is a (-hashing matrix
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if it has ¢ random signs per column. In their first appearance in [61], sparse random embeddings
were presented as 1-hashing matrices, and the sketching dimension required was O(n2e~2). If one
has an upper bound on the coherence, however, the dimension can be smaller. Bourgain et al. [36]
show that if the coherence of A is O(log™>(r)) then s = O(rlog?(r)e2) is required. Cartis et al.
show that the optimal sketching dimension s = O(re~?2) can be achieved with a 1-hashing matrix if
wu(A) = O(r=2) [47]. Note that this can only hold when m > r.

Better embedding dimension bounds can be achieved by using (-hashing matrices for ¢ > 1.
[63] showed that if ¢ = O(logr) then s = O(rlog(r)e~2) results in a subspace embedding, without
any conditions on the coherence. Tropp et al. [253] suggest that ¢ = 8 leads to good embedding
properties in practical applications, whereas Cartis et al. [47] obtain good results with ¢ = 3. The
main advantage of sparse embedding matrices is that they can be applied to A € R™*™ in O(¢mn)

flops.

2.1.3.4 Subsampled randomized trigonometric transforms

Considering the dependency on the coherence of a matrix, we might also consider approaches to
reduce the coherence before subsampling. This is the idea behind the subsampled randomized

trigonometric transform (SRTT) embedding matrix [14,/181,/222,/251]. It has the form
S =S8FD, (2.5)

where D is a square diagonal matrix with £1 entries at random, F is an orthogonal trigonometric
transform (e.g., Fourier, cosine, or Hadamard), and S is an s x m scaled uniform sampling matrix
with one non-zero entry per row. Application of the random signs and orthogonal transform serves
to smooth out the information in the rows, thus reducing the coherence. We make this specific
in Section[3.4l After this smoothing, we can perform uniform subsampling with embedding dimension
s = O(rlog(r)e—?), exactly because the coherence will be close to minimal [251].

Although the performance guarantees of these embeddings are less strong because of the log(r)
factor, practically, the obtained accuracy is comparable to Gaussian random matrices. That means
the log(r) factor in s can often be dropped in practice [181]. Moreover, the matrix-matrix product
SA can be computed in O(mnlogs) operations [181], although the usual computational cost is
O(mnlogm) associated with computing S(F(DA)), as fast implementations for the SRTT are not

readily available.

2.1.3.5 Hashed randomized trigonometric transforms

Naturally, one might also combine sparse random embeddings with randomized trigonometric ‘pre-

conditioning’. The hashed randomized trigonometric transform is equivalent to (2.5)), but with the
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subsampling matrix S replaced by a sparse random embedding. To the author’s best knowledge,
these embeddings were first introduced in [47]. It is shown in [47] that for sufficiently overdeter-
mined matrices (m > n?), combining a randomized trigonometric transform with a 1-hashing matrix
requires an embedding dimension of just s = O(re~2), thus removing the additional log(r) factor

present for SRTTs.

2.2 Randomized low-rank approximation

We next discuss the most widely-known randomized algorithm for low-rank approximation: the
randomized SVD algorithm. Discussed in detail throughout the introduction, the idea is to sketch
the dominant range of A and project A upon the subspace spanned by the sketch. Let A = UXV*
be an SVD of A € C™*", and let A = U;3,V}* be its rank-r truncated SVD. We form the sketch
AS € C™*" using a random embedding S, and then orthogonalize its columns (for instance, with
a QR decomposition AS = QR) to obtain a matrix Q € R™*" with the same range. We can then

project A onto the range of () to obtain a low-rank factorization:
A, =QQ*A~UUA = A,. (2.6)

This is the main idea in the randomized SVD algorithm (see also Figure .

By letting B = Q* A, we see that this is already a low-rank approximation of the form A ~ @B,
where Q@ € C™*" and B € C™*". We can reformulate it as an approximate truncated SVD by
computing the SVD of the small matrix B = Usv* (using a classical algorithm) and setting U= QU .
Then, A, ~ USV*, where U € C™*" and V € C™*" are matrices with orthonormal columns and 3
is a diagonal r x r matrix.

In practice, the quality of the space spanned by @ as an approximation for Uj is greatly improved
by setting the sketching dimension s of S slightly larger than the dimension r of U;. This is referred
to as oversampling: s = r + p, where p is usually a small integer |127] or a small multiple of

r |196}/208]. The algorithm is displayed in pseudocode in Algorithm

Algorithm 1 Randomized SVD [127] or randomized rangefinder [181]. Given an m x n matrix A,
a target rank r, and an oversampling parameter p, this scheme computes a low rank approximation
Agp = QB (Q € F™* (")) or Aggyp = USV*, where & € RU+P)X(+P) i diagonal and U and V
have orthogonal columns.

Draw a n x (r + p) random matrix S.

Form the m x (r + p) matrix Y = AS.

Construct m x (r + p) factor @ of the QR decomposition of Y.

Compute the factor B = Q* A.

Let Agp = @B, or compute the SVD of B = ﬁif/*, set U = QU, and let Arsvp = USV*.
These factors can be truncated to obtain a rank-r approximation.
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Error bounds have been extensively studied and both typical error bounds and tail bounds are
available. We present the expected error in the Frobenius norm here. These bounds are later used

in Section [3.5.2]

Lemma 2.3 (Halko, Martinsson, and Tropp (2011)). Let A € R™*™ have an SVD A = U1 S, V{L +
UsXo Vi as in Figure where Uy (m X 1) and Vi (n X 1) have orthonormal columns and X1 is
a diagonal matriz of size r X r (the other factors are of conforming size). Let A= App = Apsvp

denote the low-rank approzimation of A computed using Algorithm[1, then
14 = AP < [[Zalf? + [[S2V2"S(VT9) 1%, (2.7)

in both the spectral and Frobenius norm. Furthermore, assuming S € R™"+P) s o Gaussian random

matriz and r,p > 2, then

1/2

r 1/2 r 1/2
E|A-Alp < (14— 2 =(1 ollp 2.8
la-dle< (14-50) (S = (1+55) Il (2.8

Jj>r

Recall that the optimal error of a rank-r approximation is ||¥z||p. This typical error bound,
as well as numerical experiments, confirm that the approximation is quite close to optimal [127].
The particular error bound is specific to Gaussian embedding matrices, although in practice
observed errors are similar for other kind of embedding matrices [126]. Invoking these error bounds
a priori to ensure a certain accuracy on the approximation requires knowledge about the singular
value spectrum of A. This is one application of the numerical rank estimation scheme discussed
in Chapter[3] Ensuring a specific accuracy on the approximation can also be done adaptively, which
we discuss in Section [3.6.4]

The quality of the sketch AS is not trivially deduced from the embedding properties of the
sketching matrices used. The embedding property is not immediately related to the errors
terms in low-rank approximations, e.g. [S2V5 S(V{'S)T|| in (2.7). Analysis of the such terms in
deterministic error bounds of randomized low-rank approximation algorithms is key, but requires

separate analysis for different types of sketching matrices (see [37,[227]).

2.3 Randomized algorithms for LS problems

There is a wide range of randomized algorithms available to solve linear least squares problems where

the task is to compute

¥ = argmin [|[Az — b, A€R™" m>nbeR™. (2.9)
zeR™
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We discuss the two main randomized paradigms. The first, sketch-and-solve, sacrifices some accuracy
to substantially speed up the computation of an approximate solution. The second, sketch-and-
precondition, is a framework to design preconditioners to be used in deterministic iterative solvers.
Other methods that we do not discuss include iterative sketching [100}/159(2001/216] and randomized
Kaczmarz [240].

2.3.1 Sketch-and-solve

In the sketch-and-solve paradigm, we map the entire least squares problem ([1.2)) to a lower dimension.
The idea was first introduced and analysed in [229]. The (much smaller) sketched problem is then

solved using a classical method to find an approximate solution zgag to min ||Az — b|| by computing

rsas = argmin ||SAz — Sb|, (2.10)
z€R™
where S € R**™, with n < s < m, is an embedding matrix. Classical algorithms such as the QR
decomposition solve this problem in O(sn?) operations. One would compute SA = QR and then
rsas = R71QT Sb.
The accuracy of sketch-and-solve solutions are well-understood [90,229,275]. For appropriately
sized embedding matrices, we are able to attain a residual within a small constant of the optimal

residual. This is made specific in the following lemma.

Lemma 2.4 (Woodruff (2014)). Let A € R™*"™ and S € R**™, where n < s < m, and assume A
and SA are of full column rank. Let Q[a ) denote a matriz whose columns form an orthonormal basis
for the column space of [A, b]. Let xg5as denote the sketch-and-solve solution as defined in ,
and let x* be the solution to the original LS problem . Then

| Azsas — bll < Ka(SQram) | Az* —b]l. (2.11)

Note the relation between x2(SQpa,)), the singular values of SQp4 4, and Definition Ifrs
is a subspace embedding for an (n + 1)-dimensional space, then the condition number above will
be bounded by (1 +¢)/(1 — ¢). The embedding distortion € € (0, 1) is usually o(1). It follows that
for a sufficiently large sketch dimension, the accuracy (in terms of residual) of the sketch-and-solve
solution is of the same order of magnitude as that of the optimal solution. This brings the total
cost of the method to O(mnlog(n)+n3log(n)), where the first term is the cost of sketching and the
second of computing the solution to the sketched problem.

The smaller sketched system may also be solved iteratively, for instance with the normal equations
or in the dual space for underdetermined problems [170]. Chen et al. [54] propose an algorithm to

sketch-and-solve the normal equations efficiently.
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2.3.2 Sketch-and-precondition

An important deterministic class of algorithms to solve LS problems are iterative Krylov subspace
method [224,250]. These methods minimize a specific quantity in a growing solution space. For LS
problems, the solution space at the kth iteration is the k-dimension Krylov subspace associated to

the normal equations [187}[205]
Kr(AT A, ATb) = span {ATb, (AT A)ATb, ... (AT A 1ATb} .

LSQR [205], for instance, computes iterates that minimize the residual 2 = argmin, ¢, [[Az—b]|,
whereas in LSMR [187] we look to minimize the normal residual ||AT (Ax —b)]| in each iteration. The
cost per iteration is O(mn) for dense matrices and O(nnz(A)) for sparse matrices, where nnz(A) is
the number of non-zero entries in A. The number of iterations required to reach a desired accuracy
typically depends on the condition number of A |34, Ch. 7.4]. The condition number ko(A) is

defined as the ratio of the largest and smallest singular values of A:

Umax<A)

KJQ(A) = a’min(A) .

(2.12)
If A has a wide spectrum (large k3(A)), then any Krylov subspace method will need many iterations
to converge to a reasonable solution, making them computationally infeasible.

A solution to this is to use a preconditioner. A preconditioner is a full-rank matrix P € R™*"

that applies a change of variables to turn the LS problem into
y* = argmin ||[APy — b||, z* = Py", (2.13)
yE]R”

where AP should be better conditioned than A. The rate of convergence of this equivalent problem
is then dominated by ko(AP). With a good preconditioner, we can ensure robustness and a rea-
sonable speed of convergence for the iterative solver. The difficulty is, of course, how to find such a
P at low computational cost. Various methods exist for sparse LS problems |115]. For dense prob-
lems, however, good algebraic preconditioners were not available before the sketch-and-precondition
framework was introduced.

The idea behind the sketch-and-precondition technique, first proposed in [222], is that an excel-
lent preconditioner can be constructed from a sketch of A. There are many details of sketch-and-
precondition which vary in approaches to sketching, constructing P, and which iterative LS solver
is employed [14L47],/187,222].

One of the most prominent sketch-and-precondition algorithms is known as Blendenpik [14]

(see Algorithm . In Blendenpik (see Figure , the matrix A is sketched to a small tall-skinny
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matrix SA and the preconditioner is taken to be the inverse of the upper triangular factor from
a QR factorization of SA = QR, i.e., P = R™'. The problem is then solved using the iterative
solver LSQR. [205]. Another popular sketch-and-precondition technique is LSRN [187], which specif-
ically uses a Gaussian sketch and the SVD of SA = ULV instead of the QR decomposition. The
preconditioner is then P = VX!, A general presentation of the sketch-and-precondition frame-
work is provided in [47], accompanied by a C++ implementation named Ski-LLS. This framework
most notably can account for rank-deficiency by allowing the use of rank-revealing and truncated
decompositions of the sketch in the computation of a preconditioner.

We take the point-of-view that the most standard sketch-and-precondition algorithm uses QR to
compute a preconditioner and LSQR as the iterative solver, but that other choices are part of the

sketch-and-precondition framework.

Algorithm 2 A sketch-and-precondition LS solver for (5.1)). Here, HHQR refers to the Householder
QR algorithm.

: Draw a random sketching matrix S € R**™ where m > s > n

: Compute B =S4

: Compute the triangular factor R of a QR factorization of B using HHQR
: Solve min ||Az — b|| with LSQR and right-preconditioner P = R~}

>~ W N

With careful sketching, the condition number of AP with P = R~ from Algorithm[2](SA = QR)
is small with high probability (see [222, Lem. 1] and Lemma. In particular, the condition number
of AP is equal to the condition number of SQ 4, where @ 4 is an orthonormal basis for the column

space of A.

Lemma 2.5. Let A € R™*" have linearly independent columns, S € R**™ with s > n have linearly
independent rows, and B = SA. If A= QaRa and B = QR are economized QR factorizations of
A and B, respectively, then

ko (AP) = £2(SQ4).

where P = R~1.

Proof. The proof follows the same argument by Meng, Saunders, and Mahoney in [187, Lemma 4.2]
and Rokhlin and Tygert in [222) Thm. 1]. Note AP = QaRaR™!, so that ka(AP) = ko(RaR™1Y).
Now, since B = SA = QR = S(QaR4), we have that (SQ4)RAR™ = Q is orthonormal. Hence,
Ko(RAR™Y) = ka(SQa). O

Lemma [2.5] shows that the main idea behind sketch-and-precondition techniques is excellent:
the value of ko(AP) is independent of k(A), and can be made O(1) using the sketching matrices
previously introduced. As a result, one expects rapid convergence of iterative LS solvers using the
preconditioner P. The only task at hand is choosing a sketching matrix S so that k2(SQ4) is close

to 1 with high probability. Again, note that this is equivalent to finding a subspace embedding for
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Q 4, due to . If S is a subspace embedding for @ 4 with distortion ¢ € (0, 1), then k3(SQ4) <
(1+¢)/(1 —¢€). The theory in Section gives us appropriate embedding dimensions to achieve
a well-conditioned matrix.

Sketch-and-precondition algorithms require O((log(n) + log(1/¢))mn + n3log(n)) operations to
obtain a solution to relative precision €. The cost of applying a subspace embedding is upper
bounded by O(mnlog(n)). The embedding dimension is then usually O(nlog(n)) for a condition
number k(SQa) = O(1). The associated computational cost for computing the preconditioner
is O(n3log(n)). Because of the well-conditioning of AP, a Krylov subspace solver converges in
O(log(1/¢)) iterations for

[Az, — 0|l < (1 +¢€)||Az™ — ||

relative accuracy at 4mn cost per iteration [222|. Recent high-performance implementations can be
found in [47}|148(149].

Rokhlin and Tygert [222] included a sketch-and-solve initial guess in the description of their
original sketch-and-precondition algorithm. This initial guess is the solution to , and can be
computed with the QR decomposition of SA (with almost no additional cost). Notable later works,
such as Blendenpik [14] and LSRN [187], have not (clearly) included this initialization, so we do not
include it in the standard framework at this point. A sketch-and-solve initialisation is included in
the standard framework presented by Cartis et al. (2021) and in the Ski-LLS implementation [47].
Indeed, throughout this thesis, we argue that this inclusion is crucial for good performance of the

sketch-and-precondition algorithms.

2.4 Looking ahead

The randomized SVD and sketch-and-precondition frameworks are two very successful randomized
algorithms. Their practical significance has been observed countlessly and the algorithms have been
adopted by the wider computational science community. They also serve as the main inspiration for
this thesis.

As noted before, a significant drawback of the randomized SVD algorithm in Algorithm [1] is
that the target rank much be user-specified. Although there might be some upper bound on the
rank available through, e.g., memory limitations, it is often more natural to look for a low-rank
approximation A such that 1A — AH < ¢ for some tolerance €. Even this tolerance might not be
obvious, but rather determined by some gap in the singular value spectrum of A. In the next chapter,

we provide an algorithm aimed at answering these questions.
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Chapter 3

Fast randomized rank estimation

for numerically low-rank matrices

3.1 Introduction

Low-rank matrices are ubiquitous in scientific computing and data science. Sometimes a matrix of
interest can be shown to be of numerically low rank [29})257], for example by showing that the singular
values decay rapidly. More often, matrices that arise in applications may have a hidden low-rank
structure, such as low-rank off-diagonal blocks [176,/181]. As is well known, low-rank approximation
is also the basis for principal component analysis.

Algorithms and methods that are able to exploit low-rank structure usually require a low-rank
approximation. As discussed in Chapter [I] for large-scale matrices, traditional deterministic algo-
rithms for low-rank approximation based on computing a truncated singular value decomposition
(SVD) might be infeasible. This can be caused by the sheer scale of the matrix and the complexity
of classical algorithms, as well as the fact that access to the matrix may be restricted because it is
stored in RAM or cannot be stored at all (streaming model) [181]. Randomized algorithms have
become a powerful and reliable tool for efficiently computing a near-best low-rank approximation
for such matrices. Landmark references on randomized low-rank factorizations are [275] and [127],
which extensively analyze the randomized SVD (also introduced in Section .

A key step in low-rank algorithms, including randomized SVD, is the determination of the numer-
ical rank (based on the spectral norm). For instance, a variety of low-rank factorization techniques
require the target rank of the factorization as input information. Once a low-rank approximation A,
of the specified target rank has been computed, a posteriori estimation of the error ||A — AT‘“Q via a

small number of matrix-vector multiplications [181] is a reliable means of checking if the input rank
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r was sufficient. If r was too low, one would need to sample the matrix with more vectors. This
clearly requires more computational work, and can be a major difficulty in the streaming model,
wherein revisiting the matrix is impossible [253]. Conversely, if the input rank r was too high, the
computational cost of computing A, would be higher than it could be. Having a fast and reliable
rank estimator is therefore highly desirable.

In this work we propose and analyze a fast randomized algorithm for estimating the numerical

rank of an approximately low-rank matrix A € R™*" or A € C™*"

. The algorithm is based on
sketching both the column as well as the row space of A, forming S, AS;, where S; and Sy are
random (subspace embedding) matrices. The key idea is that with high probability, the singular
values of AS; are good estimates of the (leading) singular values o;(A) of A. Therefore the decay of
0;(A) can be reliably estimated by the decay of ¢;(AS7). To estimate o;(AS;) we once again sketch
AS; to obtain the much smaller matrix Sy ASy; it is only 0;(S2AS1) (or their estimates) that we
actually need to compute. It is noteworthy that in the algorithm it is only necessary to view the
matrix A once. Furthermore, since we obtain estimates 0;(52A457) for the leading singular values
o;(A), we will be able to detect a gap in the spectrum of A and hence have the possibility of setting
a tolerance for the numerical rank in a data-driven manner. We must note that for o;(S2A4S51) to
be order-of-magnitude estimates of o;(A), the tail singular values of A must be light as compared
to the singular values we aim to estimate. As a result, the algorithm is suitable for matrices with
rapidly decaying singular value spectrum.

The singular values of the sketch AS have been used previously in randomized numerical linear
algebra. In particular, it is a well-established technique to employ a small Gaussian sketch for a
posteriori error estimation for low-rank approximation algorithms. Halko, Martinsson, and Tropp
propose an error estimation algorithm for the approximation A ~ QQ*A “(almost) for free” [127] p.
242]. Fundamentally, for a Gaussian vector g (or a small number of Gaussians vectors [181]),
(T —QQ*)Ag||2 is an excellent estimate for the error ||(I — QQ*)A| and can be computed cheaply.
Another important application of the spectrum of AS is in the generalized Nystrom approximation.
This low-rank approximation has the form A ~ ASl(SQASl)TSQA. It is immediate that the entire
spectrum of the approximation is determined by the spectra of the sketches AS7, SaA, and S;AS].
Our contribution is to use the spectrum of S5 AS; a priori, as a way to estimate the spectrum of A
and inform further algorithmic choices.

To our knowledge, the fact that a sketch of the form S3AS; preserves ‘some coarse spectral
structure’ was first noted in [9]. We use techniques similar to their proofs for our theoretical results.
Related results for the bulk of the eigenvalues of (AS;)*(AS1) were first obtained in [111]. The
main theoretical contributions of this work, deterministic and probabilistic bounds on the accuracy
of 0;(AS7) as estimates for o;(A), build on these results. In particular, we provide a tighter lower

bound on ¢;(AS1)/0;(A) relevant for small singular values of AS;.
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The complexity of our algorithm is O(mn logn +73) for dense m x n matrices, and can be lower
if A has structure that can be exploited for computing the sketches AS; and Sy AS;. This is clearly
a subcubic complexity (assuming r < m,n), and it runs significantly faster than computing the
full SVD. Moreover, in many cases, computing AS; (which is usually the dominant part of our
rank estimation algorithm) is a required part of the main algorithm (e.g. randomized SVD); and in
some algorithms [61[196] this is true even of S2AS7. In such cases, the additional work needed for
estimating the rank is therefore significantly smaller, such as O(r3) or sometimes even O(T)E| Our
algorithm is competitive when the target rank 7 is much smaller than the dimensions of the matrix.

In particular, for the widely used randomized SVD we argue that it is computationally efficient
to compute S92 AS; and its singular values, after having computed a sketch AS7. The reason is that
0;(S2AS7) will provide information on how appropriate the size of the sketch AS; is. Subsequently,
more columns can be added or columns can be removed before computing a QR decomposition
QR = AS; and computing the product B = Q*A. This will save computational cost in either
case: an unnecessary large sketch, or a sketch of insufficiently large dimension. We also introduce an
algorithm that combines the rank estimation algorithm with randomized SVD, using the information
provided by o;(S2A4S1). This is a specific example of how the rank estimation algorithm may be
useful in combination with a low-rank approximation scheme. However, we argue that its usefulness
is broader than that. With a cheap estimate of the leading part of the spectrum of A, one can
be make an informed decision on different types of low-rank approximation algorithms to use (e.g.
randomized SVD or generalized Nystrom), how much oversampling is necessary, and whether power
iterations are necessary for the desired accuracy.

The analysis in this chapter will be specific to Gaussian or subsampled randomized trigonometric
transform (SRTT) [181] embedding matrices at times. We will use G € R™*", where n > r, to denote
a matrix where each entry is iid A(0,1) distributed and call this matrix a real (standard) Gaussian
matrix. In case of F = C, G € C"*" denotes a complex Gaussian matrix with iid CA/(0,1) entries.
That is, Re(Gi;),Im(G;;) ~ N(0,1/2) and independent. A Gaussian matrix can be scaled to an
embedding matrix by defining S = G//r (in both the real and complex case); we call the scaled
Gaussian matrices Gaussian embedding matrices. SRTT matrices are defined in Section and
as the scaling is included in the definition, they are naturally embedding matrices. We will use ©

to denote an SRTT matrix.

3.1.1 Numerical rank and goal of a rank estimator

So far we have been using the term “the numerical rank” informally. Let us now define the notion.

This is a standard definition, see for example [29].

LA computational cost of O(r) is possible if one uses the diagonal elements of the R factor of a QR decomposition
of S2AS; as estimates for the singular values.
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Definition 3.1. Let A € F™*™. The e-rank of A, denoted by rank.(A), is the integeﬁ. i such that
0i(A) > €l|Allz = 0i1(A).

We adopt the relative e-rank definition as it is a natural choice in the context of low-rank matrix
approximation. One could easily adapt the algorithm presented to estimate the absolute e-rank. Let
us discuss what the goal of a rank estimator should be. One natural answer of course is that the
estimator should output rank.(A) given A and the (user-defined) relative threshold e. However, we
argue that the situation is more benign: consider, for example, a matrix with ||A|| = 1 and & singular
values > 10¢, five singular values in (e, 1.1¢), five more in (0.9¢, €), and the remaining n — k — 10 are
< 0.0le. What should the estimator output? Is it crucial that the “correct” value rank.(A) =k +5
is identified?

In this thesis we take the view that the goal of the rank estimator is to find a good e-rank,
not necessarily the e-rank. In the example above, any number between k and k + 10 would be an
acceptable output. In most applications that we are aware of (including low-rank approximation,
regularized linear systems, etc), there is little to no harm in choosing a rank 7 # rank.: a slight
overestimate # > rank. usually results in slightly more computational work, whereas a slight un-
derestimate 7 < rank, is fine if o711(A) = O(€||4||), that is, a rank-# matrix can approximate A to
relative O(e)-accuracy.

On the other hand, it is clearly not acceptable if the rank is unduly underestimated in that
or+1(A) > €||A|. It is also unacceptable if 07(A) < €||A||. The goal in this chapter is to devise an
algorithm that efficiently and reliably finds an # such that

o g;:11(A) = O(e||All) (say, or41(A) < 10€||A||): 7 is not a severe underestimate, and
o g:(A) = Q(e||A]) (say, o7(A) > 0.1¢|]|A||): 7 is not a severe overestimate.

Any such 7 is sensible in that there exists a rank-7 approximation of A with O(e) relative accuracy,
and 7 is not much larger than the best possible for the accuracy required. In addition, the nature
of randomized algorithms means that the user must be willing to accept results that do not hold
precisely and that small inaccuracies in the results are acceptable. As a result, we assume one is
not looking for the exact numerical rank, but an order-of-magnitude estimate. Our rank estimate
will satisfy these conditions with high probability. In particular, in situations where the numerical
rank is clearly defined, i.e., if a clear gap is present in the spectrum o,.(A) > €||Al| > o,41(A), the
algorithm will reliably find the exact rank # = rank.(A).

Additionally, in situations where it is unknown whether the matrix A is low-rank approximable,

our rank estimator can tell us (roughly) how well A can be approximated with a low-rank matrix.

2If no such 4 exists, we take ranke(A) = min(m,n); however, in this chapter we are never interested in this full-
rank case. We also note that MATLAB’s rank function takes the absolute erank, i.e., o0;(A) > € > o;11(A) for a
user-specified tolerance e
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Similarly, if it is unknown what a suitable tolerance would be and/or the user would like to detect
a gap in the spectrum, the algorithm can be used to plot an estimated spectrum and detect gaps.
Furthermore, the general shape and decay of the spectrum can inform further algorithmic choices
for low-rank approximation algorithms.

This chapter is organized as follows. Section [3.2] discusses related studies in the literature. In
Section [3.3] we show that o;(AS)) gives useful information about o;(A) for leading values of i. Then
in Section we show that o;(AS]) can be estimated via 0;(S2AS7). Section summarizes the

overall rank estimation algorithm. Numerical experiments are presented in Section [3.6}

3.2 Related work

3.2.1 Existing methods for numerical rank estimation

At the core of numerical rank estimation lies singular value estimation; specifically, the rank can be
found by counting the number of singular values greater than the tolerance e. The most direct way
to do this is to explicitly compute the singular values of a matrix. However, as is well known, this
requires O(mn?) operations for an m x n matrix [114], and for large matrices this is computationally
inadmissible. Another point of view, specifically for Hermitian matrices, is that a numerical rank
estimate can follow from estimating the density of states (DOS). The DOS can be interpreted as a
probability density function describing the position of the eigenvalues, and can be estimated with
algorithms analyzed in Lin et al. [169].

Regarding fast algorithms that can run with subcubic complexity, the literature on rank estima-
tion appears rather scant. Exceptions include the work of Ubaru and Saad [254], Ubaru, Saad and
Seghouane [255], Zhang, Wainwright and Jordan [285] and Di Napoli, Polizzi and Saad [82]. These
works are all concerned with counting the number of eigenvalues in a certain interval for a Hermitian
matrix. Alternatively, [58] discusses an algorithm for computing the exact rank of a matrix.

The first two references [2541255] employ the idea of density of states (DOS). In [254], the authors
use the DOS to locate a gap in the spectrum, derive an appropriate tolerance € and subsequently
use polynomial approximation and stochastic trace estimation to count the number of eigenvalues
greater than the tolerance. Computationally, the algorithm only requires matrix-vector products
with A but consequently also requires many views of A. In the second paper [255], the authors
also first estimate the DOS to locate a gap and then estimate the integral of the DOS. We compare
against these algorithms in the numerical experiments, although they need to be adjusted slightly to
account for matrices that are not symmetric positive semi-definite. An advantage of both methods
is that the entire spectrum is estimated, however they require many more views of the matrix than
most randomized methods. The results are discussed in Section [3.6.3] The works [285] and [82] are

similar in spirit. The first focuses on minimizing communication cost involved with rank estimation
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in a distributed setting, the second approximates an eigenvalue count using polynomial and rational
approximation filtering.

As for more theoretical contributions, much of this work builds upon Andoni and Nguyén [9],
which is to the best of the author’s knowledge the first work that shows rank can be estimated via
sketches. The work is focused on estimating eigenvalues of Hermitian matrices via the sketch ST AS1,
but also considers the singular values of non-symmetric matrices using S3AS;. While Andoni and
Nugyen work with the Gram matrix of the sketch, obtaining results in terms of the difference of the
squared singular values (or via the Jordan-Wieldant matrix, which is larger), we work with SyAS;
directly. Moreover, their work is of a theoretical nature, and do not present a concrete algorithm
for estimating the rank. They also state results that only come with relatively low probability
guarantees, although it is possible to take a larger sample to improve the probability.

Here we introduce precise algorithms (also for low-rank approximation), show numerical experi-
ments, and phrase our results in terms of popular embedding matrices allowing for results that hold

with exponentially small failure probability.

3.2.2 Related work in statistics

Rank estimation, or singular value estimation, is a well-known problem in the context of covariance
matrix estimation or PCA in statistics, or the detection of signals in signal processing. Most rank
estimation algorithms in this context require computing an SVD or eigendecomposition; exceptions
include [256]. Since we consider a context where computing these decompositions exactly is not
computationally feasible, we do not take this into account.

The statistics literature is connected to this work in yet another way: relating the singular values
of the sketch AG to the singular values of A is equivalent to the problem of covariance matrix
estimation. This can be seen as follows: let A = UXV™* be the SVD of A and note the singular
values of AG are the same as the singular values of ¥G1, where G; = V*G is a Gaussian embedding
matrix. The columns of ©G; can be viewed as r scaled observations from an n-dimensional A/ (0, $?)
distribution. As the number of observations tends to infinity, the singular values of the ’data matrix’
¥, tend to the singular values of ¥. Estimation of (approximately) low-rank covariance matrix is
studied in, among others, [157,260,263] and has a clear relation to PCA.

One specific related example in the statistics literature that is well studied is the spiked covariance
matrix model, introduced by Johnstone [153] and analyzed by, among others, Bai and Silverstein [18],
Nadler [195] and Rao et al. [219]. We find that the theory in these works cannot be applied in our
context, since the tail of the singular values in this model is very heavy. In the general context of
covariance matrix estimation, various authors have suggested different manipulations to the sample
covariance matrix or its eigenvalues to improve the estimator, known as shrinkage. See, for instance,

the work by Ledoit and Wolf on linear shrinkage [161], nonlinear computational shrinkage [162]
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and nonlinear analytical shrinkage [163], or by El Karoui based on random matrix theory [97].
Our numerical experiments suggest these methods are either inefficient for large-scale matrices or
unsuitable for numerically low-rank matrices. One of the main obstacles is the numerical stability
of these methods for spectra that span widely varying orders of magnitude, which is not a usual
context in (high-dimensional) statistics. We discuss DOS-based alternatives for rank estimation

in Section but do not further consider any shrinkage-based approaches.

3.2.3 Related algorithms in (randomized) numerical linear algebra

A number of recent papers focus on randomized algorithms to perform numerical linear algebra tasks
on large matrices. Specifically, randomized algorithms for either full or low-rank matrix factorization
are of interest in the discussion of numerical rank estimation. This relevance is two-fold, as a
numerical rank estimate can be a natural consequence of a factorization. In other cases, an a priori
rank estimate can aid in performing a (low-rank) factorization.

The former is the case for rank-revealing full factorizations, such as rank-revealing QR decom-
positions [94] or UTV factorizations [177]. Full factorizations are (relatively speaking) most useful
when the e-rank is not much smaller than the matrix rank, and still require cubic O(mnrank(A))
complexity. As we mainly consider the case where rank.(A) < min(m, n), we focus on methods that
have subcubic complexity.

A number of randomized algorithms for a low-rank factorization have been proposed and they
can often be modified to yield a (rank r) QB factorization: A ~ QB, where Q € F™*" is a matrix
with orthonormal columns and B € F"*" is a short and fat matrix. Singular value estimates can
then be obtained by computing the exact singular values of B, which in turn leads to a numerical
rank estimate. Within randomized algorithms for QB factorizations, we can distinguish between
(adaptive) algorithms that focus on solving the fixed-precision problem and non-adaptive algorithms
that focus on the fixed-rank problem.

The fixed-precision problem can be summarised as: find @B such that ||A—QB| < €| A||. Adap-
tive algorithms for this problem include the adaptive randomized range finder |127], the incremental
rangefinder [181], RandQB_b [182] and RandQB_EI [284]. The fixed-precision problem is discussed
in more detail in Section B.6.4l

Conversely, the fixed-rank problem is: find @B of exact rank r such that |4 — QB]|| is as
small as possible. One of the most well-known algorithms in randomized fixed-rank factorization
is randomized rangefinder [127], which is a core part of the randomized SVD algorithm proposed
in [127].

We discuss these algorithms further, comparing with our algorithm, in Sections to demon-
strate that our algorithm is much more efficient for rank estimation, and can often be used as a

convenient preprocessing step for a low-rank approximation algorithm to determine the input rank.
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Conversely, a numerical rank estimate can aid the factorization process. This is discussed in
detail in Section [3.6.4] and forms the basis for a non-adaptive low-rank factorization algorithm we

propose for the fixed-precision problem.

3.3 Sketching roughly preserves singular values: ;(AS)/o;(A) = O(1)

for leading 1

In this section we show that if a matrix A has low numerical rank, then sketching preserves its
leading singular values sufficiently well to provide an estimate for its numerical rank. Again drawing
the connection to sample covariance matrix estimation, it is intuitive that it should be difficult, if not
impossible, to obtain information about an n-dimensional distribution using only r samples, when
r < n. As before, for a matrix A = UXV7 and a Gaussian embedding G € R™*", let G; = VTG
be an another Gaussian embedding matrix. The sketch AG and Z = ¥(G; have the same singular
values, and the columns of Z are r (scaled) samples from an N(0,¥?) distribution. In general, one
would need O(n) samples to estimate the covariance matrix X2 [260]. However, if the covariance
matrix is approximately low-rank, the number of samples need simply be proportional to the stable
rank of 3, which is || S||%/[|X]13 (see also [260, Sec. 9.2.3]). This provides us with some intuition, as
to why we can get away with estimating (the dominant part of) ¥ with much less than n samples.

We make the connection between the low-rank structure of A and our ability to estimate its
singular values using AS explicit with the deterministic and probabilistic error bounds on the ratio
0;(AS)/o;(A). The analysis will focus on Gaussian matrices. As explained before, G € R™*" denotes
a Gaussian matrix with iid M(0,1) (F = R) or CN(0,1) (F = C) entries, and a Gaussian embedding
matrix will be of the form S = G/\/r. We start from the unscaled sketch AG. Let A = UXV* be
the SVD of A and decompose this further to A = U131 V¥ + Us X0 V', where Uy contains the leading

]FmXT

r singular vectors of A. Now decompose AG € as

AG = UlEl(Vl*G) + UQEQ(‘/Q*G) =U131G1 + UXsGo, (31)

where ¥q is r x r and G1 € F"™*" and G5 € F»~")*" are independent Gaussian matrices. Define
B, = U1Z1Gy € F™" and By, = UsXsGy € F™*". We start with the following result, which

examines the relation between o;(AG) and o;(A).

Lemma 3.2. Let A € F™*" and G € F**". Decompose AG as in (3.1). Then, fori=1,...,r,
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where é{i} is an i X r matriz consisting of the first i rows of G1, and GN{T,Z»H} is the matriz of the
last r —i+ 1 rows of G1. Furthermore, if G is a Gaussian matriz, then for each i € {1,...,r}, the

random matrices G’{i}, é{r—i+1}; and Gy are independent Gaussian in F.

Proof. The proof consists of establishing the identities

O'l(AG) Or (A)Umax(G) 2
1<% g\/1+( Hm(Bl) 2) , (3.3)

fori=1,...,r.
It is immediate from the definitions of By and Bs that (AG)*(AG) = BfB1 + B3 Bs. As a result,

we have by Weyl’s theorem, fori =1,...,r,
0i(B1)* + omin(B2)® < 0:(AG)* < 0i(B1)* + || B |- (3.5)

The upper bound follows from observing || Bzl < ||X2]|[|G2|| = 041(A)0max(G2). The lower bound
is immediate.

We use the interlacing property of singular values to show . For a square matrix B € Frxk,
let Bl_, € F**(*=P) denote a submatrix of B obtained by deleting any p columns. Then [183]

0j(B) < 0(B—p)) < 0j1p(B), forj=1,2,....k—p. (3.6)
First, notice the upper bound (3.4)) is trivial for ¢ = 1. For ¢ = 2,...,r, partition G{X; as
Gi%1 = [GhonySu Gy S

where ¥1; € ROTDXE=D anq 3y, € RUTHDX=i4D) 4p0 diagonal matrices which contain the

singular values of ;. We then have

O'i(Bl) = Ui([é?i_l}zll G?T_Hl}Eu])

< 01(Gr 41y T12)

IN

IZ12l2l|G r—it1y ll2 = i (A |G r—isyll2,

where we applied (3.6) with j = 1 and p = i — 1 for the first inequality. Similarly, for the lower
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bound and ¢ =1,...,r — 1, consider the partition
GTZl = [G?i}211 é?’!‘—i}212:| 5
where now X7 is 4 x ¢ and Xq9 is (r — @) x (r — ). We have

oi(B1) = ou([ 610 G, yia])
> 0:(GyS11)

Z U{i}(zll)amin(é{i}) = Ui(A)Urrlin(G{i})-

The lower bound is immediate for ¢ = 7.
If G is Gaussian, its orthogonal invariance implies [“f* } G is also Gaussian. Since é{i}, C;’{T_H_l},
2
and G are submatrices of this matrix with no overlap for a fixed 4, it immediately follows that they

are Gaussian and independent. O

It is worth noting that (3.2)) holds without the assumption that G is Gaussian.
Lemma motivates us to look at the singular values of independent Gaussian matrices é{i},
(N?{T_H_l} and G5. To this end we use two classic results from random matrix theory to derive

probabilistic bounds on the expected error and on the failure probability.

Theorem 3.3 (Marcenko and Pastur [175], Davidson and Szarek [72], Aubrun and Szarek [11]).

Let G € R™*" be a standard Gaussian matriz with m > n. Then
Vm = v/n <Eowin(G) < Eomax(G) < vVm +/n. (3.7)
Furthermore, for every t > 0 one has
P{owmin(G) < vVm— v —t} < e/ Ploma(G) > Vm+vn+t} <e 2 (38)
Let G € C™*™ be a complex Gaussian matriz with m > n. Then, for every t > 0 one has
P{omax(G) > vVm + vn+1t} < %e_tz. (3.9)
Furthermore, for every t > 4y/2logn/(y/m/n — 1),

P{omin(G) < Vm —vn—t} <e /% (3.10)
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A useful way to interpret these results in simple terms is that rectangular random (Gaussian)
matrices with aspect ratio m/n > 1 are well-conditioned, with singular values supported in [\/m —
Vi, v/m + /n]. We note that (3.7), which follows from the Marcenko and Pastur rule [175], holds
more generally for random matrices with iid entries with mean 0 and variance 1. The second pair
of bounds do not generally hold for other random matrices, see [223] for details. As far as
the author is aware, there does not exist a lower bound on the expectation of the smallest singular
value of a complex normal matrix. An upper bound for the largest singular value can be found
in |11, Prop. 6.33]. We use these results to bound the singular values of G{i}, G{T,Hl}, and Gs,
which leads to the following theorem. We present the result only in the real case, but it can easily

be extend to the complex case by combining Lemma with (3.9) and (3.10).

Theorem 3.4. Let S € R"™" be a Gaussian embedding matriz, i.e., S = G/+/r, and let A € R™*",

where m >n. Then, fori=1,...,r
i o;(AS) r—i+1  op11(A) n—r
1—4/-<E—-+<1 1 — . 3.11
\[— )~ e UV (3:.11)
Additionally, for each i =1,...,r we have, with failure probability at most 3€_t2/2,

r—i+1  op11(A) n—r t ort1(A)
R (H r>+ﬁ(“£<ix>>' 12

Proof. Note first from Marcenko-Pastur (3.7)) that we have

<

<

Eamin(é{i}) Z \f— \ﬁ,
E 0max(Groig1y) SVF+Vr—i+ 1
E 0max(G2) < Vn =71 + /7.
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We can combine this with the result of Lemma to find

1/2

3 ~ Or I(A)Jmax(G) 2
E oi(A) < [UmaX(G{r_iH}F +( : oi(A) 2 ) 1

Or41 (A)Umax(GQ) :|

< E [Umax(é{r—i+1}) +

= ]E Umax(G{r z+1}) o-::r(ljgl)) ]E Umax(GQ)

At "”(1()) (V=T + V),

and

> ]Eo—min(é{i}) > \/’F - \ﬁ

The first result of Theorem then follows by applying the scaling 1/4/7. Similarly, by (3.8) we

—t2/2

have with failure probability at most 3e that the following statements hold simultaneously:

min(Griy) | \ﬁ_ t
vroooo T

Jmax(é{r—i+1}) <14+ r—i41 i
VT - T

Ort1 Omax(G2) < ort1(A) (1 n n—r) n orr1(A) t

g; \/; - (L(A)

Since the deterministic results in Lemma [3.2| imply

owin(G1iy) _ 0i(AG) _ omax(Gproit1) | 0141 (A) Tmax(Ga)
i S wd S aA)

the result follows. O

3.3.1 Bounds for general subspace embeddings

The results above focus on Gaussian embedding matrices, and show that the ratios of the singular
values 0;(AS)/c;(A) are reasonably close to 1, as specified by (3.11). We now show that much of
this carries over to a general subspace embedding S. We let S € F"*° be of general embedding

dimension s necessary to embed an r-dimensional subspace.

Theorem 3.5. Let Vi € F™*" be the leading v right singular vectors of A € F™*"  and suppose
S € F™"** is a subspace embedding for the subspace Vi satisfying o;(VLS) € [l —e,1 + €] for some
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e<1. Then, fori=1,...,r,

1 e< 0;(AS) < \/(1+€)2 + (07""1(‘4)”*%>2. (3.13)

O'Z(A) O‘i(A)

Proof. We start with a variant of (3.2]), which follows from the same arguments:

& Uz(‘ls) & 0T+1(A)Umax(s2) 2 .
. . < < - 2 + = e, T
Umm(S{z}> > Ui( 1) >~ \/amax(s{errl}) ( Uz’( 1) ) ? 1a , T

Here S'{i}, S{T_H_l} are submatrices of V;'S (as in Lemma, and Sy = V;1'S, where V5 € Frx (=)

are the trailing right singular vectors of A. By the assumption o;(V;'S) € [1 — ¢, 1 + €], we have
Tmin(Sgiy) > Omin(VFS) > 1 — &,
which gives the lower bound in , and also
Tmax(Sgr—it1}) < Omax(Vi'S) < 1+e.

Finally, omax(S2) = [[V4 Sl2 < ||S||2 to obtain the upper bound. O

We note that the ||S]|2 term in (3.13) is bounded by /n/s, often deterministically, in most
commonly-used embeddings (see, e.g. (2.5)). This is roughly equal to /2= appearing in (3.4).

T

Thus Theorems and offer roughly the same level of guarantee in terms of the quality of

0;(AS) as an estimate for o;(A).

3.3.2 The effect of tail singular values and oversampling

The proof of Lemma [3.2] allows us to see how the tail of the singular values, o, affects the lower
bound on the ratio ¢;(AG)/c;(A). This allows us to make a case for oversampling based on singular
value estimation, whereas usually oversampling is inspired through a discussion on singular vectors.

Again using the Courant-Fischer theorem, we have

¥1Gy

SCF"  z€S
dims=i ||z]=1] | X2G2
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Now let S C F” and 4 € S be such that

max min ||2,Gz|| = min [|,Gz]| = |21G12]| = || Bi2|| = 04(By).
SCF" zeS €S
dimS=i |z|=1 l=ll=1

T
Then 0;(AG) > | [2101 22G2] #|| = /| B12]]2 + [|£2G22(|2. We can use this to show

0i(AS) _ 0i(AG) 0i(B1) _ Tmin(Gryy) [[Z2Go]|2
0i(d)  a(Br) oA~ F m : (3.14)

As GoZ is a Gaussian vector, we know E||X2G2Z|| = ||X2]|p. Additionally, it is worthwhile to note

omin(é{i})/ﬁ ~ 1 — /i/r in expectation. The lower bound (3.14]) thus suggests that a heavier

tail o, in terms of ||Xa||F, would result in larger values for o;(AS) than a light tail. Consider in
particular the last few singular values of AS, where the term Umin(é{i}) is small. If the tail is light
to0, i.e. || X2Ga2| is small, the lower bound will not be strong. We see in practice that this effect is
indeed noticeable for the smallest singular values of AS, making them less reliable estimators. The
bulk of the singular values of AS are, however, not affected by the size of the tail given the low-rank

structure of the matrix. We display this effect in Figures and with small-scale experiments.

10%¢ 10°¢ 10%¢
. o g;(A) (X (X
n @@ ° Ul(AS) 0 @@ n O@
< @ 5 @ < 3
I % s % I %
> -5 Q = -5 Q = -5 Q
% 10 Q@ % 10 QQ ;5 10 Q@
= = B
: B A N I B Y
N n © N <
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Figure 3.1: How the tail of the singular value spectrum influences the singular value estimates. Each of the
graphs shows the first 30 singular values o;(A) of a square matrix of dimension n = 1000. The first 20 singular
values are identical for each of the matrices. The matrices in the graphs have constant, slow polynomially
decreasing exponentially decreasing tails (from left to right). We sketch with a Gaussian embedding matrix
of size r = 19. Although 0,41 = 020 is the same for each of the matrices, we see the tail affects (only) the
last few estimates. The results shown here are the average of 1000 trials, yet the behaviour is very typical.

The small-scale experiments agree with bigger numerical results, as well as with theoretical
results, in the sense that the extreme (smallest) singular value estimates are not trustworthy. For
this reason we recommend oversampling by 10% and disregarding the singular values corresponding

to the oversampling.
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Figure 3.2: One could argue that in none of the cases discussed in Figure is the numerical rank very
well-defined, because there is no clear gap between any of the singular values. We repeat the experiment
of Figure but with slightly different singular values. The top row shows the estimates of the first 19
singular values when there is a gap between the 20th and 21st singular value of A. We see that the effects
of different tails becomes negligible. In the bottom row we repeat the experiment with r = 25 instead of
r = 19. This illustrates that we can detect the gap in each of the cases.

3.3.2.1 The effect of a heavy tail

The experiments in Figures and investigate tails of matrices with very small numerical rank
and a very rapidly decaying singular value spectrum. Let us briefly investigate the performance of
the singular values of AS as estimates for o;(A) when the decay is much slower. We repeat the same
experiments as before, but the first 20 singular values of A € R1000x1000 416 hetween 1 and 0.01. The
tails are again constant, polynomially decaying, and exponentially decaying with Frobenius norms
equal to 0.313, 0.0603, and 0.0351 respectively. The results are shown in Figure |3.3

We first note the top row of Figure [3:3} the tail effects are clearly visible. Especially for the
(very heavy) flat tail, the last few singular values of AS are significant overestimates for the singular
values of A, as is predicted by . However, it is noteworthy that for the matrices with slow
polynomially and exponentially decaying tails — both also very heavy — the singular values are still
good order-of-magnitude estimates. In the middle row, we see that the lighter tails now cause an

underestimate in o;(AS). This effect is diminished when we estimate more singular values, and
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Figure 3.3: The effect of heavy tails on the singular values of AS. The matrices in the top row do not have
a significant gap in the spectrum, whereas the matrices in the middle and bottom row do. In the top and
middle row, we embedding dimension of S is 19, whereas in the bottom row we estimate the first 24 singular
values. On the left: a flat tail; in the middle column: a slow polynomially decaying tail; and on the right:
an exponentially decaying tail.

indeed we can identify the gap except for the flat tail.

These small-scale experiments show that the singular values of AS are good estimates for the
leading singular values of A provided that the tail singular values (those that we do not estimate)
are small relatively to the leading singular values. Extremely heavy tails, like in the case of the flat
spectrum, significantly affect the quality of the approximations. In particular, we requier || Xz
to be small compared to the singular values we estimate, otherwise we cannot guarantee order-
of-magnitude estimates (as predicted in ) Our further experiments will only consider such

matrices.
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3.3.3 Choice of sketch matrix

In our analysis we have mainly focused on Gaussian embedding matrices, as they are the most
well-studied class of random matrices and allow us to derive sharp constants. A Gaussian embed-
ding matrix is a random matrix with iid entries N'(0,1/r). They are often the simplest sketch to
implement. While it requires O(mnr) operations to compute AS, when r = O(1) the complexity
is optimal as mn is a lower bound for dense A, as clearly all entries of A need to be read. In fact,
Gaussian sketches can be among the fastest to execute when r = O(1). Furthermore, Gaussian is
the most efficient type of embedding in the sense that an embedding for an r-dimensional subspace
can be achieved with high probability using O(r) samples.

Otherwise, if > 1, other, more structured, classes of sketch matrices have been suggested and
employed to speed up the computation of AS. These include subsampled randomized trigonometric
transforms (SRTTs) [181], hashed randomized trigonometric transforms (HRTTs) [47], and sparse
matrix embeddings [61,[63}[154] (see Section [2.1.3).

In particular, SRTTs such as the subsampled randomized Hadamard, Fourier, discrete cosine or
discrete Hartley transforms are random embeddings that allow fast application to a matrix. The
use of these sketches can be justified by Theorem [3.5] While they come with weaker theoretical
guarantees than Gaussian embeddings [251] (in that the size of the sketch needs to be at least
O(rlogr) to ensure an embedding with high probability), empirical evidence strongly suggests that
they usually perform just as well. The performance of SRTT matrices is discussed more in the next
section.

Related to SRTTs are the recently introduced class of random embeddings, HRTTs [47]. In these
works it is shown an embedding for an r-dimensional subspace can be achieved with high probability
using O(r) samples (as with Gaussians) rather than O(rlogr), by replacing the subsampling matrix
S in with a hashing matrix (e.g. Countsketch [275]), which can be done without increasing the
complexity. Computational results suggest HRTTs perform adequately in pathological cases where
SRTTs fail, such as diagonal matrices (see discussions on coherence in [46}/146]).

When A € F™*™ has no structure to take advantage of (e.g. dense), SRTT embeddings allow us
to compute AS with O(mnlogn) operations, which is optimal up to an O(logn) factor. When A has
structure such as sparsity, AS could be computed much more efficiently, for example in O(nnz(A)r)
operations for a Gaussian embedding and less for sparse sketches.

The choice of S therefore depends on the structure of A; but the complexity of the sketching AS

can be bounded from above by O(mnlogn) for dense matrices.
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Figure 3.4: Numerical rank estimation of matrices with polynomially decaying singular values and exponen-
tially decaying singular values, where only the sketch AS € R™*" is used. The matrices are real and square
diagonal of dimension n = 10°. The results are shown when using a subsampled randomized DCT embedding
(SRTT), a Gaussian embedding matrix (Gaussian) and a hashed randomized DCT embedding (HRTT). The
hashing matrix in the HRTT has one non-zero per column (1-hashing). The black lines indicate the exact
numerical rank, rank.(A).

3.3.4 A numerical experiment

We show how the theoretical result of this section, namely o;(AS)/0;(A) = O(1) for leading 4,
practically translates to a rank estimation technique. After sketching with an n X r embedding
matrix S, we compute the singular values o1(AS),...,0,.(AS) and estimate rank.(A) for a given
tolerance € to be the first 7 such that o:(AS) > €||A|| > 0:4+1(AS). If (an estimate of) [|4]| is
unavailable, we may use o1(AS). We applied this method to two synthetic example matrices, one
diagonal matrix with polynomially decaying singular values (o;(A) = i~3), and one diagonal matrix
with exponentially decaying singular values (o;(A) = 10°91G=1)) The matrices are square of
dimension n = 10°.

Figure shows the results of the experiment. We plot the estimates for the numerical rank
7 that result from varying embedding dimensions r, and the ratio 0741(A)/0vank, (4)+1- As both
matrices do not have large gaps in the spectrum, the latter is an important quantity to judge the
effectiveness of the rank estimator (see Section [3.1.1)). We see that even for small values of r and
when using an HRTT or Gaussian embedding, o741(A) is very close to 0yank, (4)+1 and € and well
within the acceptable range described in Section 1. Additionally, we see that SRTT matrices perform

less than optimal for this pathological example of a diagonal matrix.
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3.4 Preserving all singular values with embedding:

O',(SzASl)/O'Z(Asl) = O(]_)

We have seen that the numerical rank of AS; is a good estimator for the numerical rank of A,
provided that A is approximately low-rank. Although AS; is of much smaller dimension than
A, it may still be prohibitively expensive to compute its exact singular values. Furthermore, one
could question whether it is worth calculating the singular values accurately spending O(mr?) work,
considering the accuracy that was lost in the sketching step.

We propose to sketch again, now from the left. Subspace embeddings specifically preserve the
singular values of tall and skinny matrices, as specified in Section If S € F¥*™ is a subspace

embedding for the column space of B € R™*" with distortion ¢, we have
(1 - 6)Umin(B) < Umin(SB) < Umax(SB) < (1 + 5)Urnax(B)~

It follows that, in our context, we may estimate the singular values of AS; using the singular
values of Sy AS7, where Sy is another random embeddding (independent of S7) of size ro x m. It is
then only necessary to compute the numerical rank (by computing the exact singular values) of the
very small matrix Sp AS; € F™2*" to estimate the numerical rank of the large matrix A. This is the
final step of our rank estimation algorithm, which is discussed fully in the next section.

As for the choice of Sy: unlike the first sketch of computing AS7, in most cases the structure of
A (such as sparsity, if present) is lost in B = AS;. It is therefore usually recommended that we take
Sy to be an SRTT embedding, so that SoB = ©B can be computed in O(mr logm) operations. We
note most importantly that the majority of the inaccuracy in the singular value estimates results
from the first sketch AS; since approximating the singular values of AS; using the singular values
of S3 AS, is inherently a much easier task. For this reason we argue it is not strictly necessary that
the second sketching matrix would be, for instance, an HRTT. This is confirmed by the numerical
experiment in Figure 3.5

We assume the choice for an SRTT below and throughout the remainder of the chapter, switching
between the notations Sy AS; and ©AS; when appropriate.

Specifically the subsampled randomized Hadamard transform is analyzed extensively in [37}[251].
These results can be readily extended to a general SRTT matrix and used in our context, which we
prove here. They are essentially restatements of [251, Thm. 3.1] and [37, Lem. 4.1]. It leads to the

following result on the accuracy of 0;(S2AS1) as estimates for o;(AS7).

Corollary 3.6. Let A € R™*" and let © € R**™, n < s < m, be an SRTT matriz as in (2.5),

where the trigonometric transform F in © satisfies n = mmax |F;;|*. Let0 < é<1/3 and 0 < § < 1.
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If
6n€72[y@{%f\/8log0n/6ﬂ210g(n/5)523j§7n, (3.15)

then, with failure probability at most 30

1—¢€

IN

<Vité (3.16)

for eachi=1,...,n.

We wish to prove the following lemma from which Corollary follows in a straightforward

fashion.

Lemma 3.7. Let U € R™*" have orthonormal columns and let S € R"™™ be a SRTT matriz as
in (2.5), where the trigonometric transform F in © satisfies 1 = mmax |Fj;|*>. Let 0 < e < 1/3 and
0<o<1. If

6me 2 [\/ﬁ + \/810g(m/6)}2 log(n/d) <r <m, (3.17)

then, with failure probability at most 30
V1—€<omin(SU) < omax(SU) < V1+e (3.18)

The use of the number 7 = mmax|Fj;|? in Lemma is a natural choice as it only depends
on the choice of trigonometric transform, not on the size of the matrices involved. Choices for the
trigonometric transform include Fourier, cosine, Hadamard, and Hartley transforms. The optimal
7 is attained for a Hadamard transform, for which n = 1. The same holds for a Fourier matrix,
but this involves operations in C and when A is real, we may prefer real transforms. Since the
Hadamard transform is only available when the dimension m is a power of 2 (for which one solution
is to append zeros to the matrix), we make use of the discrete cosine transform with 1 = 2 in our
experiments when A is real. Alternatively, we could have chosen the discrete Hartley transform with
the same coherence n = 2. See [14] for more discussion.

The proof of Lemma [3.7] consists of two main steps: first to show that premultiplying an or-
thonormal matrix with a randomized trigonometric transform smooths out information in the rows
(or equivalently, lowers the coherence), and second to show that sampling rows uniformly from a
matrix with small coherence works well. The proofs are analogous to those by Boutsidis and Git-
tens [37], but as their discussion only covers subsampled randomized Hadamard transforms instead
of general SRTT matrices, we include the proof for completeness.

A key concept in the proof is coherence, which was defined in Definition For a tall and

skinny matrix A and an orthogonal matrix U spanning its column space of A, the coherence of A is
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defined u(A) = max ||U;) |3 where Uy;) denotes the ith row of U. The following lemma essentially

states that applying a randomized trigonometric transform reduces the coherence of a matrix.

Lemma 3.8 (Tropp [251]). Let U € F™*" have orthonormal columns. Let F be a square orthogonal

matriz of dimension m with 7 = m max |Fij\2 and let D be a m x m diagonal matriz of independent

random signs. Let 0 < & < 1. Then, with probability at least 1 — ¢

u(FDU) <

(vF + VTogm/3)

A
m

Recall that u(FDU) > r/m, which is the leading order term here. As a result, the coherence of

FDU is close to the minimal with high probability. We use the following proposition in the proof
of Lemma 3.8

Proposition 3.9 (Tropp [251], Prop. 2.1). Suppose f is a convex function that satisfies the Lipschitz

condition

[f(@) = f)l < Lllz -yl Va,y.

Let X be a vector of random signs. Then for all t > 0,
P{f(X) > Ef(X)+ Lt} < e /%,

The proof of Lemma [3.8] then follows from defining such a convex, Lipschitz function.

Proof of Lemma [251)]. Fix a row index j € {1,2,...,m} and define the function
f(z) == ||ejF diag(z) U|| = ||lz"EU],

where F = diag(e}*F ) is a diagonal matrix constructed from the jth row of F. Let X be a vector
of random signs. Since the diagonal of D is also a vector of random signs, we can bound the norm
of the jth row of FDU by bounding f(X) using Proposition We will first show that f satisfies
the conditions of Proposition Note that it is convex by the triangle inequality. Since we have
that |Fj;| < W for all 4, j, the entries of ' = diag(e}F) all have magnitude less than or equal
to \/n/m as well, which means ||E|| < /n/m. We use this to show the Lipschitz constant of f is
L=+/n/m.

[f(@) = f()l = [z EU[| = ly*EU|| < [[(z — y)"EU| < [|E][[lx -y
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We bound the expected value of f(X) as
1/2 « 1/2 n
Ef(X) < [Ef(X)")"” = [EIX*EUI?) = | BU |l < |BIIU|F < 4/ L.

Now apply Proposition E with ¢ = y/8log(m/d) to find

]P{He;‘»FDUH > ,/:ﬂbr—i—,/:lSlog(m/&)} < %

We need this to hold for each of the m rows. By the union bound, we obtain

p{ s 67 DU) 2\ 2L (7 + BTogm/a) | < m 2 =
_]_m,

m

Finally, note that u(FDU) = max; |5 FDU|?, O
We need to combine this result with Lemma 4.3 of [37] which is a corollary to Lemma 3.4 of [251].

Lemma 3.10 (Boutsidis and Gittens, Lem. 4.3 |37]). Let U € F™*"™ have orthonormal columns

and let p(U) denote its coherence. Let 0 < € <1 and 0 < § < 1. Let ry be an integer such that
66 2mu(U) log(r1/8) < ry < m.

ns.

Let S € R™*™ sample ro rows uniformly at random and without replacement, and define S = -

Then, with probability at least 1 — 20
V1—¢€ < Umin(SU) < Umax(SU) <v 1+e

Lemma now follows by combining Lemma 3.8 and Lemma [3.10

3.4.1 A numerical experiment

We explained how all singular values of a tall and skinny matrix AS; € F™*" can be estimated

F™2*™ is an embedding matrix and ro > 7. In the

by the singular values of S5 AS7, where Sy €
next section we conclude how this, combined with the results of the previous section, leads to a rank
estimation algorithm. In the following numerical experiment, we first illustrate the error one can
expect in practice in the step from AS; to S92 AS;.

We let B be a dense matrix with fast polynomially decaying singular values, o;(B) = i~3, of

size 10° x 2000. We estimate o;(B) with o;(Y B), where Y is either a subsampled randomized DCT
embedding or a Gaussian embedding of dimension 4000. The relative error |o;(Y B) — 0;(B)|/0:(B)
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Figure 3.5: Relative error in the singular value estimates of a real matrix B with fast polynomially decaying

singular values of size 10° x 2000 based on the singular values of Se B, where Sz € R4000x10 j5 apy embedding

matrix (either a subsampled randomized DCT (SRTT), a Gaussian embedding matrix or a hashed rando-
mided DCT (HRTT)).

is plotted in Figure We see the relative errors are o(1) for each ¢ = 1,...,2000. We use a
dense matrix with incoherent left singular vectors to resemble the matrix AS7, which will never be
very coherent due to the prior application of embedding S;. As a result, the SRTT embedding is

sufficient.

3.5 A numerical rank estimation scheme

The numerical rank estimation scheme that follows from the observations
1. 0,(AS1) = 0,(A) for an approximately low-rank matrix and leading singular values, and
2. 0;(S2AS1) =~ 0;(ASy) for all singular values of AS;.

We first present the theorem that ties both of these facts together. The remainder of the section
focusses on a practical algorithm resulting from the theorem.

We combine Theorem [3.5] with the general embedding property presented in Definition [2:1]

Theorem 3.11. Let A € F™*" (m > n) have leading right singular vectors Vi € F"*". Let
S1 € F™™"™ and Sy € F™2*™ be two subspace embedding matrices withr < ry < ry. Let USVT = AS
be an SVD of AS;. Assume

1. ST is a subspace embedding for Vi with distortion e; s.t. 1 —e; < o;(VILS)) <1+ ¢es.
2. Ss is a subspace embedding for U with distortion ey s.t. 1 — g9 < 0i(S2U) < 1+es.

Then, fori=1,...,r,

2
(et e < PEAS) L o ey (RIS
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Proof. Note first that 0;(S2AS;) = 03(SeULVT) and thus that
Umin(S2U>0'7l(A81) < 0;(S2A51) < Umax(S2U)O'i(A51)-

The result then follows immediately from Theorem [3.5] and the subspace embedding property of
Sa. O

3.5.1 Algorithm and parameter choices

The rank estimation algorithm we propose based on Theorem is displayed in pseudocode in
Algorithm [3] In the first stage we sketch from the right, in the second stage from the left, and in

the final stage we compute the singular values of the small sketch.

Algorithm 3 Randomized rank estimation. Given an m X n matrix A, a tolerance e (optional) and
an estimate for the upper bound for rank rq, this scheme computes an estimate for the e-rank of A.

1. Sketching the leading singular values:
1: Set 71 = round(1.17q).
2: Draw n x 7; random embedding S .
3: Form AS;.
2. Sketching to embed all singular values:
4: Set ro = 27.
5: Draw r9 X m SRTT embedding ©.
6: Form ©AS;.
3. Singular value estimates:
7: Compute the first ry singular values of © AS;.
8: Let the numerical rank estimate be the first 7 s.t. 0741(©AS1) < €||Al|. The norm of A can be
estimated by opax(S2451) or ||ASt||2.
9: If no such 7 exists, repeat the algorithm with a larger 1, e.g. r1 := 2r;, by appending to the

sketches as described in Section B.5.11

There are a few parameter choices that must be considered. Primarily, the algorithm requires an
upper bound for the numerical rank as an input (r1). This input informs the size of first embedding
So, and is the total number of singular values estimates that will be obtained. If the input rank rq
was not large enough, i.e. 71 < rank.(A), Algorithm [3[is naturally only able to detect that ry is a
lower bound for rank.(A). To get a proper estimate, we then need to rerun the algorithm with a
larger input rank, taking advantage of the preceding computation by appending extra columns to

S1 and rows to ©.
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The choice of r; can be based on a number of possible considerations. For example, one might
choose 1 based on memory requirement, e.g. when one is unwilling to store more than (m + n)rq
numbers. If some information is available on A (e.g. it is updated from a matrix with known singular
values), that can provide a good choice of r;. If sketching is not a computationally expensive part
of the routine (e.g. because of sparsity in A), then a generous overestimate of the rank can provide
a lot of information at limited cost.

If no information is available one might choose a small value of 1 = O(1) initially, and then
increase the rank until a desired tolerance is reached. Naturally, this approach results in some
inefficiency. If the sketches employed are Gaussian, the complexity is O(mnry) (dominated by
sketching) and the overhead of underestimating 71 is minimal. If the update rule is r; := 2rq, then
the inefficiency is bounded by a factor 2. If an SRTT or HRTT is used, then increasing r; without
resketching the whole matrix requires some care. For an SRTT SFD or a HRTT HF D, where S
(H) is a subsampling (hashing) matrix, F' is a trigonometric transform, and D is a diagonal matrix
of random signs, we can choose to temporarily store ADF so we can subsample increasingly from
this matrix. The same is true for the second round of sketching, and one might decide to store
Fy, Dy AD4 F; for independent random sign matrices Dy and Dy and trigonometric transform F; and
F5 of conforming size.

When an appropriate upper bound r; has been identified, the actual embedding dimension
for S; will be chosen as 71 = round(1.171). This is because we have identified that the smallest
singular values of AS; are not reliable estimators of the corresponding singular values of A; this
was discussed in Section [3.3.2.1] By oversampling with 10% and disregarding the smallest singular
values corresponding to oversampling, we diminish tail effects.

In the second stage, we set the standard embedding dimension to be ro = 27;. This is a small
sketch compared to theoretical guarantees, but we argue it is still reasonable. The bulk of the
accuracy is lost in the first sketch: in this step we preserve the order of magnitude of the singular
values. Since we are applying an embedding in the second stage, the theoretical guarantees on
singular values are much stronger. Although we do not need it, we preserve the singular values of
AS7 up to a small multiple. For this reason, we focus on reducing computational complexity and
take a small sketch dimension.

Provided the algorithm runs sucessfully, the computational complexity is O(mnlogn + 73) for a
dense matrix A € F"*" where the two terms come from steps 3 and 7, assuming both S; and Sy are
SRTT matrices. The cost of step 3 can be lower if A has structure, in which case the O(mr; logm)
cost in step 6 may become significant.

Regarding step 7, computing the singular values of S3AS7, one can of course compute them via
the SVD. We do this in most cases as the O(r$) cost is usually negligible. Alternatively, since it

suffices to retrieve estimates for o;(S2A4S57), one can compute the QR factorization S;AS; = QR
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and take the diagonal elements of R as approximations of the singular values; this works as a QR
factorization of a matrix whose (right) singular vectors are randomized are rank-revealing with high
probability [22]. As a result, the numerical rank of Sy AS; is approximately preserved in the rank of
R, and it can be used to estimate the rank of A.

Finally, we note that this algorithm has merit even when a tolerance € is not provided. We have
shown that the singular values of S3AS; are good order of magnitude estimates for the singular
values of A. This provides much more knowledge than just numerical ranks. Most straightforwardly,
one can visually investigate the spectrum to identify gaps and make algorithmic choices (such as
determining an appropriate €) based on the spectrum. The ability to identify the rate at which
singular values decay is also useful in, e.g. inverse problems, where the level of ill-posedness informs
appropriate computational routines. In the general context of low-rank approximation, the spectrum
does not just inform a suitable rank, but can also inform what algorithm to use (e.g. randomized SVD
or generalized Nystrom) or whether to apply a power iteration. We discuss the specific combination

of rank estimation with the randomized SVD algorithm in the next section.

3.5.2 Rank estimation as part of randomized low-rank approximation

It is worth discussing the case where Algorithm [3]is used as an initial step for randomized low-rank
approximation, such as RSVD [127] or generalized Nystrom [196]. In such cases, computing the
sketch AS; is needed anyway, so step 3 incurs no additional cost.

Moreover, with generalized Nystrom, even Sy AS] is required, as the low-rank approximant is of
the form AS;(S3AS;)TS2A. Furthermore, to evaluate (S3AS;)" a QR factorization SoAS; = QR
is computed. It follows that the additional work needed to execute generalized Nystrom is just to
estimate the singular values of R. As described above, to do so one can simply take the diagonal
elements of R, requiring just O(r;) work. Thus in the context of generalized Nystrom, a rank
estimate can be obtained essentially for free.

In the next section we explain how this rank estimate can be employed to speed up fixed-precision
low-rank approximation. In particular, we note that using the singular value estimates we can reduce

the size of a sketch as appropriate before performing the dominant computational work.

3.5.2.1 Fixed-precision low-rank approximation problem

Rank estimation as part of low-rank approximation is inherently linked to the fixed-precision prob-
1e where one aims to compute a low-rank factorization A of unspecified rank such that [|A— A <

€| Al for some user-specified tolerance e. We propose a scheme to combine rank estimation and

3We note that the terminology ‘fixed-precision’ here is unrelated to mixed-precision algorithms. We use fixed
precision to denote a fixed tolerance (see also Section |1.1.1]).
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low-rank approximation through existing error estimates. The algorithm will be used here for ap-
proximation in the Frobenius norm but can easily be extended to approximation in any other norm
for which randomized low-rank approximation error estimates are available. The aim will be to find
an approximation of the form A= QB, where Q € F™*" has orthonormal columns and r < n.

In their landmark paper of 2011, Halko, Martinsson and Tropp [127] describe and extensively
analyze the randomized rangefinder (or randomized SVD) algorithm to compute such an approx-
imation. This algorithm is displayed in pseudocode in Algorithm [I] in Section A limitation
of this factorization routine, as well as of other randomized low-rank approximation algorithms, is
that we often wish to solve a fixed precision problem instead of a fixed rank algorithm, where the
appropriate choice of the input rank r is usually unknown.

As mentioned, we propose to use rank estimation to tackle this problem using a priori error
estimates. Under the conditions of Algorithm [I] with a Gaussian embedding matrix, it is known

that [127, Thm. 10.5] (see also Lemma [2.3)

s 1/2
r 2
E||A - QB|r < <1 + p—l) Zaj . (3.20)
j>r
We can use the Rank Estimation Algorithm [3| to compute estimates of the trailing singular values
which appear in the estimate (3.20). Suppose we have estimates &; = 0;(52451) ~ 0;(A) for the
first 7 singular values of A, as a result of step 6 of Algorithm [3] Conservatively, and taking into
account that there could be underestimation in the last few estimates if the tail is light, we set
G; =06y, fori =71 +1,...,n. We can then choose the target rank r in the rangefinder algorithm to

be the first r such that
1/2

r 1/2
(1+ ) Yooz <Al

p_l j>r

where p is fixed to be 5 or 10 as suggested in [127] or where p is fixed relative to r, say p = 0.1r, as
suggested in [196].

As mentioned before, the rank estimation part of this scheme requires only O(mrylogm + r3)
additional cost. More importantly, the singular value estimates it provides allow us to reduce the
size of the sketch AS; ahead of the rangefinder process. This could result in considerable speed-up,
as the QR factorization of AS; and the matrix-matrix multiplication @Q* A are usually the dominant
costs in the algorithm. Finally, we also know the rank of QB is nearly minimal while (approximately)
satisfying the accuracy criteria; by contrast, reducing the rank of a QB factorization without rank

estimation requires computing the SVD of B and truncating it.
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Algorithm 4 Rank Estimation combined with Randomized Rangefinder. Given an m x n matrix
A, a tolerance ¢, an oversampling parameter p > 2 (either fixed absolutely or fixed relatively to 7)
and an upper bound for the numerical rank rq, this scheme computes a QB factorization of A such
that ||A — QB||r < €[|A]l.

1. Rank Estimation:

Set 71 = round(1.1ry), draw n x 7; random embedding S7, and form AS,

Set ro = 271, draw ro x m SRTT O, and form ©AS;

Compute the first r; singular values of ©AS;.

Set 6; = 0;(OAS;) fori=1,...,r; and 6; = 0, (OAS;) fori=r1 +1,...,n

2. Randomized Rangefinder:

5: Set r to be the smallest integer s.t.

, O\ 12 1/2

2

<1+p_1> (;a]) < €| A (3.21)
If no such r exists, repeat the algorithm with a larger rq, e.g. 71 := 2ry, by appending to the
sketches. If (an estimate of) || Al is unavailable, use o1 (©AS) to approximate || A|l

6: ASp < ASl(Z, 1: (7" +p))

7. [Q, ~] = qr(AS1,0)  (thin QR factorization)

8: B = Q*A

3.6 Numerical experiments

We introduce synthetic example matrices to experimentally support the theoretical results. Each
of the matrices is diagonal and square of dimension n = 10°. They are, however, treated as dense
matrices by the algorithms here. The singular values are on the diagonal in decreasing order. We

distinguish the following singular value spectra and resulting matrices, inspired by [253]:

1. Gaps in spectrum: we define a matrix Ag with o; = 1 for ¢ = 1,...,100, o; = 10~* for
i=101,...,200, 0; = 1078 for i = 201, ..., 300, o; = 10712 for i = 301,...,400 and o; = 10716
for ¢ > 400.

2. Polynomial decay: each singular value takes the value o; = i~P for a parameter p. We define
a matrix Agp with a slow polynomial decaying spectrum (SP) with p = 1, and a matrix App

with fast polynomial decay (FP) with p = 3.

3. Exponential decay: the singular values are logarithmically equally spaced between 1 and o,
that is o; = 10790=1) for a parameter ¢. We study a matrix Agp with slow exponential decay

(SE) for which ¢ = 0.01 and a matrix Apg with fast exponential decay (FE) for which ¢ = 0.5.

Each of the matrices has spectral norm || A|| = 1 so the relative accuracy notation will be suppressed
in this section. Considering the discussion in Section [3.3.2.1] we restrict our experiments to matrices
with very rapidly decaying singular values.

In each of the experiments in subsections 3.6.2-3.6.4, we will choose the embedding matrix Sy

to be a hashed randomized DCT matrix with a 1-hashing matrix and So = © to be a subsampled
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randomized DCT matrix. We display the perfomance of Algorithms [3] and [4] in various numerical

experiments.

3.6.1 Detecting gaps in the spectrum

Here we demonstrate that Algorithm [3| works extremely well for approximately low-rank matrices
that have gaps in their singular value spectrum. The algorithm can in fact be used in two ways: 1) if
the specified tolerance is within the gap between two singular values, the algorithm will perform very
well in identifying the correct rank even for a small number of samples, and 2) by considering the
gaps in the singular value spectrum of Sy AS;, one can identify gaps in the singular value spectrum
of A and use this to inform the € value and target rank.

To illustrate this we compare the singular values o;(52A451) to 0;(A) for various values of r1 (see
Algorithm . Note that we oversample by 10% and disregard the singular values associated with
oversampling. The results are shown in Figure[3.6] The figure displays the remarkable effectiveness
of the algorithm, where gaps in the spectrum are clearly identified even for small values of ry.

We use Gaussian embeddings for the column space and SRCTs for the row space, to allow for
an adaptive procedure. That is, we start with a Gaussian S; of dimension 110, compute S3AS| and
its singular values, and then increase the sketch dimension of S; by a 100 until we can identify the
gap. This is how Algorithm [3| could be used if there is no upper bound on r; available. We compare
against the performance of the DOS algorithms [254] (Chebyshev-based) and [255] (Lanczos-based).
Our rank estimation algorithm took 18.33 seconds to reveal the gap at the 400th singular value.
The runtime of the DOS algorithms was 2223 sec. for [254] and 199.1 sec. for [255]. The DOS plots
are also shown in Figure (3.6

It is inherently difficult to detect gaps visible on a log-scale using a DOS algorithm. The algo-
rithms are based on estimating a sum of Dirac delta functions using a sum of smooth functions such
as Gaussians. To be able to distinguish between very small eigenvalues, the width of the Gaussian
has to be as small as the smallest eigenvalue. That is, it would be necessary to have a very high-
resolution spectral density. The resolution refers to the size of the interval in which we estimate
the number of eigenvalues [169]. However, a fine resolution implies the number of sample points
needed to detect larger eigenvalues is large. As a result, the computational effort necessary is not
tractable. Figure shows that even if the DOS is estimated perfectly for the chosen Gaussian

standard deviation, the gaps are not visible.

3.6.2 Robustness of the rank estimator

The other four example matrices discussed (SP, FP, SE, and FE) do not have significant gaps in

their singular value spectra, which makes the numerical rank less well-defined. Rather than focusing
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Figure 3.6: On the left, the singular values of Ag and S2AgS1, where Sp is a Gaussian embedding and S2
is an SRTT matrix with a discrete cosine transform (SRCT). The plots from top to bottom correspond to
r1 = 110,210, 310, 410 respectively. The gaps that exist in the spectrum of A are also visible in the spectrum
of S3AgS1, even for values of 1 close to the location of the gaps. On the right, the density of state plots
resulting from the Chebyshev-based and Lanczos-based algorithms [255]. The algorithms are unable to
identify the gaps for very small singular values. Even the exact regularized DOS can only identify the bulk
of eigenvalues is of order 1072 or smaller. See the references for further details on interpretation of these
graphs.

on the numerical rank estimate, 7, it thus makes sense to look at o;41(A) and its proximity to
e. Figure [3.7] shows the results of Algorithm [3] applied 100 times to each of the example matrices.
We see that, although the rank estimate 7 we recover is often an underestimate when there are
no significant gaps between singular values near the desired accuracy €, osy1(A) is always very
close to €. One could argue this is not necessarily a shortcoming of the algorithm, but rather
a display of the difficulties associated to the concept of the exact numerical rank rank.(A) when
0.(A) = 0,41(A). Importantly, the algorithm always found a rank that satisfies the two desiderata
set out in Section [3.1.1] In particular, when there are significant gaps in the singular value spectrum
we recover the exact numerical rank in all except one instance; see the rightmost column of the

figure (and the forthcoming Figure [3.6)).

3.6.3 Comparison with other numerical rank estimation algorithms

Suppose that the goal is to obtain the numerical rank of a given matrix for some tolerance e. We
compare five different methods to achieve this for a 10° x 10°> matrix with slow exponential decaying
spectrum (SE) and various values of € ranging from 107! to 1072, The results are shown in Figure
B3

The algorithms we compare are rank estimation (RE) with different parameters rq, the rank

estimate obtained from RSVD with different parameters for r, the rank estimate obtained from
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Figure 3.7: The results of Algorithm 1 applied 100 times to four dense synthetic test matrices with singular
value spectra that decay Slow Polynomially (SP), Fast Polynomially (FP), Slow Exponentially (SE), and
Fast Exponentially (FE), as defined at the start of Section Each matrix is square diagonal with n = 105.
The blue line indicates the tolerance € and the blacks dots represent the singular values o;(A). The red dots
indicate the singular values o74+1(A), where 7 is the numerical rank estimate found by the algorithm. The
area of the dot represents the frequency with which it a specific # was found. The algorithm would work
perfectly if the singular value on the blue line were found in each iteration, as is (almost) the case for the
FE matrix. The upper and lower row correspond to upper limits r1 = 2rank.(A) and r1 = 4rank.(A)
respectively.
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Figure 3.8: We compare four algorithms to compute the numerical rank of a real square 10° x 10° matrix
with slow exponentially decaying singular values (SE). The algorithms we compare are rank estimation (RE)
with different parameters r1 = 1500, 3000, the rank estimate obtained from RSVD with different parameters
for » = 1500, 3000, the rank estimate obtained from rand@QB_EI with parameter b = 100, the DOS algorithm
with Chebyshev filters introduced in [254] (Cheb) and the Lanczos DOS algorithm introduced in [255]
(Lanczos), both with degree 50 and nvecs = 30.

randQB_EI with parameter b = 100, the DOS algorithm with Chebyshev filters introduced
in (Cheb) and the Lanczos DOS algorithm introduced in [255] (Lanczos), both with degree 50
and 30 samples, which are the default parameters in the authors’ implementatiorﬁ We see that the
latter two DOS algorithms do not accurately compute the rank for smaller values of e. A higher
degree polynomial approximation would be necessary for this, which will slow down the computation.
The DOS algorithms work very well for smaller matrices, but in the case of small tolerances and
extremely large data, where each matrix-vector operation is costly in communication, the algorithms
are outperformed by RE, RSVD, and randQB,EIE

As for these three, we see that RE is considerably faster in the context of rank estimation. Note
also that the difference in running time will be more pronounced when the matrix is too large to fit
into fast memory, as the other algorithms need to pass over the data more than once. Although the
numerical rank is slightly underestimated for each value of € with the Rank Estimation algorithm,
and is exact for the other algorithms, we see that o711 is always extremely close t0 opank, (4)4+1 & €.

This requirement for a good rank estimation set out in the introduction is thus satisfied.

3.6.4 The fixed-precision problem

Often when dealing with large-dimensional approximately low-rank matrices, our aim is to obtain a
low-rank approximation that is accurate within a given tolerance, as discussed in Section We

compare three different algorithms to obtain such an approximation, Rank Estimation combined

4The implementation used is available at https://shashankaubaru.github.io/codes.html.
5We used the implementation of randQB_EI by the authors of 284], available  at
https://github.com/WenjianYu/randQB_auto.
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Figure 3.9: We compare four algorithms to compute a low-rank ¢ B approximation to solve the fixed precision
problem ||Asg — QB|| < ¢, where Agg is a 10° x 10° square matrix with slow exponential decaying singular
values. The algorithms include rank estimation with rangefinder (RE), rangefinder (RF) and RandQB_EL
We compare for the parameter choices r1 = 1500, 3000, » = 1500, 3000 and b = 100 for each of the algorithms
respectively.

with Randomized Rangefinder (Algorithm [4), Randomized Rangefinder (Algorithm [1)), and the
adaptive algorithm RandQB_EI [284]). The results are shown in Figure The figure shows that
the adaptive algorithm RandQB_EI is the fastest in most cases.

It is difficult to compare these algorithms as the performance is very dependent on the context
of the problem, and the parameters chosen. We argue that our algorithm is the best choice when it
is very expensive to communicate with the matrix, and a reliable prior rank estimate is unavailable.
In this case, overestimating the target rank in randomized rangefinder and randomized SVD is much
more expensive than it is in Algorithm M| rank estimation with rangefinder. This is portrayed in

Figure 3.10

3.7 Summary and outlook

We have presented theory and algorithms related to the rank estimation of approximately low-rank
matrices. The main theoretical contribution is the analysis of the singular value spectrum of the
sketch AS, where A is a large matrix in both dimensions and S is a tall random embedding matrix.
We showed that, provided A is approximately low-rank, the order of magnitude of its singular
values is approximately preserved by the sketching procedure. A second sketch from the left, to
obtain a very small matrix S¥ AS;, further preserves the singular values. This naturally leads to
an algorithm to approximate singular values coarsely, which as a result provides a numerical rank
estimate. We showed the algorithm effectively detects gaps in the spectrum, provides sufficiently
good rank estimates, and has a small failure probability. We note that A need to be sufficiently

low-rank for the spectrum of AS to provide order-of-magnitude estimates. In particular, the tail
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Figure 3.10: We compare three algorithms for fixed precision estimation that require only two views of
the matrix, randomized rangefinder (Algorithm , randomized SVD with truncation and rank estimation
combined with randomized rangefinder (Algorithm shown as RE (QB)). For a fixed tolerance ¢ = 1072, we
vary the input target rank/upper bound for the rank. Although each of the algorithms satisfy the condition
of an error smaller than €, we see that Algorithm@ is much faster, especially for greater overestimates. The
matrix is Asg of dimension n = 10°.

singular values of A should not be heavy compared to the dominant singular values.

We also show that the process can improve the performance of algorithms for fixed-precision low-
rank approximation. Although in its standard form still not entirely parameter-free, we have shown
that combining rank estimation with randomized low-rank approximation algorithms scales much
better in the user-specified upper bound on the rank than existing approaches (see Figure . We
have achieved this by leveraging information from the spectrum of the (cheaply obtained) sketch
AS to update the dimensions of AS accordingly, before performing expensive steps of the low-rank
approximation algorithm (orthogonalization and matrix-multiplication). We believe there is a wide
range of both randomized and deterministic algorithms that can benefit from such a cheaply available
estimate, especially if there is already sketching involved. This cheap estimate can provide guidance
for more general algorithmic choices, such as the selection of a suitable low-rank approximation
algorithm and parameter choices within (e.g. oversampling, power iterations).

From a theoretical point of view, we believe this work also highlights the possible connections
between random matrix theory (RMT) and high-dimensional statistics, on the one hand, and on the
other hand randomized numerical linear algebra. The sketch AS can be seen as random samples
drawn from an m-dimensional distribution determined by the singular values and vectors of A.
The analysis of the spectrum of AS is thus equivalent to covariance matrix estimation in high-
dimensional statistics. This provides avenues to improve the accuracy of 0;(AS) as approximations
to 0;(A) through statistical procedures as shrinkage .

Furthermore, much of the theory in randomized NLA comes from a decoupling of the linear
algebra and the statistics . As a result there may be theory developed in our community, that

provides new insights in the statistics community. Additionally, statistics theory on, for instance,
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PCA is deeply related to low-rank approximation through sketching. In general, we believe there is

a wealth of theory in RMT and high-dimensional statistics left unused by numerical analysts.
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Chapter 4

Iterative solvers for least squares
problems and the numerical

stability of sketch-and-precondition

4.1 Introduction

We consider the linear least squares (LS) problem:
m]'in | Az — b||2, AeR™™  beR™, (4.1)
2ERN

where m > n. The LS problem arises in a variety of contexts, including inverse problems [991130,243],
approximation of functions [67,123}249], and regression analysis [137,250].

The most well-known example of a least squares problem is perhaps linear regression. In its
simplest form, we have a response variable y and one or more explanatory variables z1,...,z,. If

we assume a linear relation between these variables,
y:ﬂ0+ﬂlxl ++6nxn+57

where € represents some error in the model, we can estimate the regression coefficients Ay, ..., By
from a dataset {xgi), ... ,cvgf), y}m | of m samples. The vector of coefficients that best explain the

variation present in the dataset is the solution to the LS problem:

*= min | X3 -Y
B /grelﬁg}l\lﬁ I,
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where X;; = xéi) and Y; = y(© are a matrix and vector of respective size m x n and n x 1. Linear
problems like this appear in diverse fields, including economics, finance, medicine, biology, chemistry,
physics, sociology, and numerous other areas [53].

Another important class of problems leading to LS problems of the form are linear inverse
problems. In an inverse problem, we have some measurements of an observable, and we wish to
reconstruct the values of some variables on which the observable depends, given some relation
between them; i.e. we want to invert the relationship. An example is the problem of gravity surveying
in geophysics (following [130]), in which we wish to reconstruct an unknown mass distribution f(t)

over some line 0 < ¢ <1 at a particular depth from measurements of the vertical component of the

gravity field at the surface g(t). These quantities are related through an integral equation,

/0 K (s, 1) f(t)dt = g(s),

where the kernel K(s,t) is a function relating f and g (see [130, Sec. 2.1] for details). In a real
problem, the measurements ¢(¢;), ¢ = 1,...,m, are discrete, and we actually solve a LS problem
min | K f — g||, where K is a discretization of the integral transform, and f and g are discretizations
of f(t) and g(s) respectively. Inverse problems are discussed in more detail in Chapter [6]

The LS problem is ubiquitous in data science and scientific computing [174], and has received
significant attention from the randomized NLA community in the last two decades [141/47/61}/90}/93]
1051|146}148}/149,(158,[187,|222,275]. One of the big successes in the field is the development of the
sketch-and-precondition framework introduced in Section 2.3.2] The idea in this framework is the
use a sketch SA € R**", n < s < m to find a preconditioner for so that it can then be solved
with an iterative LS solver. This framework is also the foundation of the work in Chapters [5] and [6]
of this thesis. This chapter serves primarily to provide necessary background details and context to
Chapters [ and [f]

In this chapter, we will primarily discuss the case where A is full-rank and dense, and m > n.
One of the reasons is that the perturbation bounds due to Wedin [272] we present here are only
suitable for full rank matrices. Furthermore, stability results for direct methods for LS problems
are usually dependent on an assumption that the condition number of A is not large compared to
the reciprocal of machine precision. In Section we briefly discuss existing approaches in the
literature for adapting the sketch-and-precondition framework to rank-deficiency. In Chapters
and [6] we drop the the assumption of full-rankedness. In either chapter, we present a different
approach to tackling rank-deficiency. Additionally, the underdetermined problem, i.e. m < n, is
discussed briefly in Chapter [6]

We review linear algebra preliminaries relating to LS problems and introduce perturbation theory

for LS in [4.2.3] This perturbation theory explains the effects of small perturbations on the quality
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of approximate solutions. We accompany this discussion with an introduction to the concepts
of backward error and backward stability in Section We then discuss some classical direct
methods for solving LS problems, demonstrate their behaviour in finite precision in Section {4.2.5
and try to explain this behaviour by combining perturbation theory with numerical stability theory.
We follow classical textbooks [34,137,{140,|145] throughout these sections and include illustrative
numerical experiments.

We then turn to classical iterative algorithms for LS problems, specifically LSQR [205] and
LSMR [103]. We derive the LSQR algorithm in full and describe how it can be efficiently imple-
mented in finite precision in Section|4.3] These algorithms are crucial to the sketch-and-precondition
framework. We briefly discuss the convergence behaviour and numerical stability of LSQR and
LSMR in Section [4.4l

We derive the preconditioned version of LSQRE in Section We are then fully set-up to
investigate the finite precision behaviour of sketch-and-precondition. In Section we show that
preconditioned LSQR or LSMR with a randomized preconditioner (as in the sketch-and-precondition
framework) performs poorly on various quality metrics, namely the residuals, backward error, and
(forward) error of solutions. In particular, we show the sketch-and-precondition framework as pre-
sented in Algorithm [2]is not numerically stable. Although we are unable to pinpoint the exact source
of these instabilities, we hope this chapter serves as necessary background information to investigate

this further.

4.1.1 Accuracy metrics for approximate solutions to LS problems

Let 2* denote an exact minimizer to (4.1). In finite precision arithmetic, a computed solution & is
clearly not exactly equal to z*. Even with numerically stable algorithms, small rounding errors are
incurred. There are a few metric which we might require a solution & to minimise, depending on

the problem context.

1. Residual minimization: a computed solution should explain the observed data well:

|AZ — b|| = ||Az* — b]|.

2. Small (forward) error: a computed solution should be close to the exact minimizer:

min || & — x¥||.

IPreconditioned LSQR is implemented in MATLAB [144] without the explicit computation of the iterates in the
preconditioned system, similar to preconditioned conjugate gradient implementations. However, we are unaware of
any texts explicitly deriving the preconditioned LSQR algorithm as implemented in MATLAB. We note the SciPy
implementation in Python has implemented preconditioned LSQR with explicit computation of preconditioned iter-
ates.
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3. Small error with respect to some ground truth: in a model where there exists a ground truth
Tirue and birye such that Azirue = birue, Ut we observe b = Axye + € Where e is some noise,

we want & to recover the ground truth:

min ||Z — Ztryel|-

4. Small backward error: the backward error associated to a solution Z is the distance between
the problem (4.1)) we set out to solve, and the problem that is exactly solved by &. This

distance should be small:

min [|[[AA, Ab]||F such that & = argmin||(4+ AA)x — (b+ Ab)||.
TER™

In Sections [4.2.3] |4.2.4] and |4.2.5 we discuss perturbation theory of least squares problems together

with empirical investigation to investigate the performance of classical algorithms on the metrics
listed above.

The backward error is the quantity that can most naturally be controlled through the specific way
in which an algorithm is designed. Solutions that have backward errors close to machine precision
are referred to as ‘backward stable’, and algorithms that always compute backward-stable solutions
are themselves backward or numerically stable. At the end of this chapter in Section 1.6, we show
that the sketch-and-precondition framework introduced in Section 2:3.2] is in fact not numerically
stable, despite being claimed to be so in [14]. Chapter [5|is consequently concerned with stabilizing
the sketch-and-precondition framework and with developing an algorithm based on randomized
preconditioning that always computes backward stable solutions.

In Chapter [6] we rather focus on minimizing the forward error and the error with respect to some
ground truth. It is necessary to regularize the LS problem to achieve this, changing the structure
of . The perturbation theory and experiments in this chapter demonstrate why it is necessary

to regularize LS problems if the goal is a good solution & in terms of forward error.

4.2 Exact and approximate solutions to LS problems

4.2.1 The exact solution to a LS problem

We denote by z* the solution to (4.1]), that is:

2* = argmin || Az — bl|2. (4.2)
TER™
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If A has full column rank, then there exists a unique minimizer x*. For rank-deficient problems,
the minimizer is not unique. As a resolution, we are often interested in the minimum-norm solution
amongst the set of minimizers (following [140]). We denote this solution by «*. Unlike for full-rank
square problems, it will not generally be true that Az* = b. An important quantity in least squares

problems is the residual » = b — Axz. We denote the optimal residual as
r* =b— Az*. (4.3)

The norm of the optimal (relative) residual is a measure for the consistency of the least squares
problem. We say is conmsistent if r* = 0; the larger the norm of the residual, the more
inconsistent the problem is.

There are various ways to express the solution to . We first note that =* can be expressed

as the solution to the normal equations
AT Az = ATb.

This square system is always consistent (even when A is low-rank). An immediate consequence is

that the optimal residual r* is orthogonal to the column space of A:
AT(b— Az*) = 0.

The singular value decomposition (SVD) offers a useful tool to further inspect 2*. Let A = UXVT
be an SVD of a rank r matrix where the columns of U € R™*" span the range of A, and let
Uy € R™*0"=7) he the orthogonal complement of U. Furthermore, let u;, v;, and o; denote the left
singular vectors, right singular vectors, and singular values of A, respectively. The exact (minimum-
norm) solution can be expressed as [137]

T T
v A= VT = Y Bl

=1

and the residual satisfies

I = lAz™ — bl = [Ub — SVTa™||* + |ULb]* = [UTb]*.

The norm of the residual is exactly equal to the norm of b projected onto the orthogonal complement

of the range of A.
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An alternative characterization of «* and r* is provided by the augmented system [34]:

I Al |r b
AT 0] |z 0

4.2.2 Approximate solutions to a LS problem

It is impossible to numerically compute x* in finite precision. Instead, we compute an approximate
solution Z to the least squares problem and hope that it is a “good” solution according to
some definition. We argue there are two main factors that impact the quality of an approximate
solution. On the one hand, there is the inherent sensitivity of the problem to perturbations. This
sensitivity exists outside of the context of computing and depends on the conditioning of the problem.
Perturbation theory considers & as the exact solution to a nearby, perturbed problem, and then
quantifies upper bounds on the size of the error ||z* — #|| and distance from the optimal residual
|lr* — #]]. On the other hand there are errors introduced by algorithms that may amplify this
sensitivity, or compute solutions that cannot be expressed as exact solutions of nearby problems.
This is related to the stability of the particular algorithm that is used. We discuss both concepts in

this section.

4.2.3 Perturbation theory

In practically all real contexts, the best we can do when setting out to solve (4.1f) is to solve a

perturbed problem. That is, we actually compute a solution to the problem:
Ig%ar}l (b4 Ab) — (A+ AA)x]|.

The perturbations Ab and AA can arise due to multiple sources. Most intuitively, one should note
that data often has measurement errors that can perturb the true A and b. In this case, we assume
some underlying model A¢rueTirue = Dirue O AtrueLirue = birue, DUt assume that we only have access
to perturbed versions. This is the case, for instance, in many inverse integral problems, in which the
operator A is a discretization of some integral operator, and b is a measurement. Ideally, we solve
AZtrue = birue, but we end up attempting to numerically compute a solution to min || Az — b||, where
b = birue + € is perturbed by some noise e.

Additionally, without assuming any errors in the collected data, we note that by representing A
and b, as well as x*, in finite precision, one may incur rounding errors.

We are interested in the sensitivity of our solutions to these perturbations. As for square linear

systems, this is highly dependent on the condition number of the matrix A, xo(A). The condition
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number of a rectangular matrix is defined as

Omax(A)

wa(4) = AT = T2

where opax(A) and opin(A) denote the largest and smallest singular values of A, respectively. The
condition number of any matrix is lower bounded by 1, which would be a matrix with orthogonal
columns. Within the context of double precision arithmetic, where machine precision u ~ 10716,
we refer to matrices as being moderately ill-conditioned when ko(A) ~ 108, and extremely ill-
conditioned when ko (A) &~ 106, A matrix with condition number smaller than, say, 10%, would often
be considered well-conditioned. We use this terminology because we are particularly interested in the
numerical behaviour of iterative solvers for systems with condition number of at least xo(A) > 108,

The following perturbation theory due to Wedin [272] provides us with attainable upper bounds
on the error and residual in terms of the conditioning of the problem. See also [140] and [34] for

details.

Theorem 4.1 (Wedin, 1973). Let A € R™*" be a full rank matriz, and let x* denote the solution
to the LS problem min || Az — b|| with optimal residual r* = b— Ax*. Consider the perturbed problem
min [|(b + Ab) — (A + AA)z|| with minimizer & and residual 7. Assume the perturbations satisfy

ol sl
A <e Tl =
and that k2(A)e < 1. Then
Tt — T Kko(A)e b Ko(A)||r*
< Tt (T Tl * Tt ) (44
and
I = 7 < & (ra(AY Il + ANl | + Bl (45)

Consider first the bound on the error (4.4); in this case we distinguish between two different
cases. If ko(A)||r*|| < 1, that is, the optimal residual is small compared to the condition number of

A, we see that the dependence is

Alternatively, if the optimal residual is large compared to the condition number (k2(A)||r*|| > 1)

the
B o — 2]
El

This explicit dependency on the sensitivity of b through the presence of r* is unlike the case of

square linear systems [250], and it is noteworthy that one suffers from 9(A)? dependency in the
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Figure 4.1: The perturbation bounds of Theorem with ¢ equal to machine precision u ~ 10716,

error for (highly) inconsistent systems [140]. As for the residual, we see that if ro(A)[r*|| < 1, the
residuals are close up to the size of the perturbation: |r* — 7| < e. If ko(A)||r*]| > 1, we have
[lr* — #)|/|l7*|] < erz2(A). We visually display the upper bounds from Theorem in Figure
assuming a perturbation ¢ = u, where u ~ 107! is machine tolerance in double precision. Both
panels in Figure [4.1] portray the change in regime when moving from the left bottom to the right
top, as ko (A)||r*|| becomes greater than 1. These bounds are generally attained by direct backward

stable solvers, such as using a QR decomposition; this can be seen in Figure

4.2.4 Backward error and backward stability

We next turn to computational errors that might affect the quality of the computed solutions. The
most natural quantity to consider is the backward error of a computed solution. Suppose we aim
to solve the problem min ||Az — b||; we run some algorithm to solve the problem, and it outputs an

approximate solution Z. The backward error of this solution is defined as [264]:
nr(Z) ;= min{||[AA4, Ab]||F : & = argmin||(4A+ AA)x — (b+ Ab)||}. (4.6)
TER™

In words, how far away is the closest problem that & solves exactly? In double precision arithmetic,
we say a solution is backward stable if its backward error is a small multiple of machine precision
u. An algorithm is backward stable if it always computes backward stable solutions, regardless of
the specific problem properties (such as ill-conditioning). Backward stability, unlike properties such
as the error ||z* — Z|| or difference in residual ||r* — #||, is a concept that allows us to state that we

have computed the best possible solution we can expect to compute.

75



Theorem clearly states the relationship between the backward error and the forward error:
backward stability corresponds to small perturbations, and as such corresponds to the tightest
possible bound on the forward error. Of course, if there are measurement errors that are significantly
bigger than the backward error, they will dominant the size of the perturbation and limit the accuracy
of z. This is why, in practice, we aim for a backward error smaller than the size of other errors in
the data.

Backward stability is important when a number of LS problems are solved as part of larger
computational routine. In this case, backward errors might accumulate and eventually cause errors

greater than acceptable.

4.2.5 Direct methods and their stability

So, what algorithms solving are backward stable? Most commonly known, QR solvers based
on Householder or Givens rotations will compute backward stable solutions [140]. Note that given
a (thin) QR decomposition A = QR, where R € R™*" is upper triangular and Q € R™*" has
orthogonal columns, the solution z* = R!QTb. If we compute an approximate solution # using
this method, then the backward error is proportional to a small multiple of machine precision [140].
In fact, if the modified Gram-Schmidt procedure is employed on the augmented matrix [A, b], one
can also find a backward stable solution with careful computation [33].

As is also commonly known, using the normal equations to solve a LS problem causes instabil-
ity [140, Ch. 20]. A common method, however, is still to compute the Gram matrix C = AT A, and
then compute the Cholesky or LU factorization of C = RTR. Since AT Az* = ATb, we can then
solve RTy = ATb and Rx* = y to compute &. As noted in [143], we then find that the backward
error bound contains a factor k2(A). Higham [140] notes that as a result, the forward error bound

worsens to

< ukg(A)?, (4.7

where v is machine precision. Although we might find this particular dependency also for a backward
stable method if ko (A)||7*|| > 1, it can be much worse than optimal for consistent problems.

We perform an experiment to display the behaviour of direct methods to solve (4.1). The
experiments are performed in MATLAB [144] using backslash, either on the rectangular system or
on the square normal equations. For the rectangular system, backslash performs a QR factorization
to solve for z; for the normal equations MATLAB attempts a Cholesky factorization AT A = RTR
and computes & with two triangular solves. If that fails, which happens when ko(A) 2> 108, it instead
computes an LU factorization of AT A = LU, and solves the linear system using triangular solves

with L and U.
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We construct LS problems at random by setting A = UXV”, where U € R™*™ and V € R"*"™ are
random orthogonal matrices from the Haar distribution and ¥ = diag(o1,...,0,), where 01,...,0,
are logarithmically spaced between o1 = 1 and o, = (k2(4))~1. We set m = 2000 and n = 100.
The right-hand side of the LS problem is generated as b = Az* + r*, where z* is a random vector
with i.i.d. standard Gaussian entries and r* represents a noise vector. The noise is chosen to be
orthogonal to the column space of A so that * is the exact solution to min ||Az — b||. As a result,
the computed residual is bounded from below by ||7*||2. We design 900 such problems, varying
the condition number k5(A) and the optimal residual 7*. The results of the experiment are shown
in Figure [1.2]

Figure shows the backward error ng(Z), the relative (forward) error ||2* — Z||/||z*||, and the
relative residual ||b— Az||/||b|| attained using the QR factorization or the normal equations. We first
consider the results for the QR method (left in Figure . The top panel shows that regardless of
the conditioning of the problem, we have a backward error of order machine precision, as expected.
In the middle row, we see that the QR method always attains an optimal relative residual, even for
very ill-conditioned and highly consistent problems. The optimal residual is the residual attained
by the exact solution z*. In the bottom row, we can see that the (forward) error is in line with
Wedin’s perturbation bounds in Theorem The relative residual and error are qualitatively and
quantitatively very close to the upper bounds shown in Figure

In the right panels of Figure [f.2] we first note two different algorithms are used. Both the
Cholesky decomposition and the LU factorization are (componentwise) backward stable to solve a

positive definite square linear system Cz = d in the sense that [140]
(C+AC)E=d, [AC|S O(u|C]),

where O(u) is a low-degree polynomial in machine precision u and |C| denotes the matrix |C|;; =
|Ci;]. However, as the backward error plot shows, this does not translate to a backward stable
method to solve LS problems (also noted in [143]).

The top-right panel of Figure shows the dependency that the backward error achieved through
solving the normal equations depends on k2(A), as was noted in [143]. We also note this effect is
diminished for very inconsistent systems.

The errors clearly show a sensitivity behaving like x2(A)? to the conditioning, as predicted
in . Notably, for highly consistent problems, the computed residual is also suboptimal, even
when the condition number is moderate.

Although commonly regarded as the dominant direct LS solver due to its excellent numerical

properties, the QR algorithm requires 2n?(m —n/3) flops [140]. The normal equations algorithm is
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Figure 4.2: The backward error (top), attained residual (middle), and forward error (bottom) when us-
ing MATLAB’s backslash on either the rectangular A (x = A\b) or on the normal equations via x =
(A’*A)\ (A’ *b). MATLAB performs a Householder QR-based routine in the rectangular case, and a Cholesky
or LU factorization-based routine for the square case. The matrix A is 2000 x 100 with exponentially decaying
singular values ranging from o1(A) = 1 to o100(A) = (k2(A))™! and Haar distributed singular vectors. The
solution z is a random Gaussian vector and b is created as b = A x x + noise, where the noise is orthogonal
to the range of A and of specified magnitude.

twice as fast in flop count, but must be used with care in the presence of ill-conditioning, as Figure[.2]
shows.
A completely separate class of LS solvers are iterative solvers, to which the remainder of this

chapter is dedicated. Although the behaviour of these solvers in exact arithmetic and their theo-
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retical convergence behaviour is well-understood, their behaviour in finite precision is much more
theoretically opaque. We will investigate the numerical stability of various solvers through experi-
ments as in Figure[4.2] We start by introducing LSQR [205] and LSMR [103], two popular iterative

Krylov solvers for LS problems.

4.3 Iterative Krylov subspace solvers: LSQR and LSMR

Iterative solvers for linear systems are a type of algorithm that, on each iteration, aim to improve
the quality of the current iterate. A Krylov subspace solver does this by growing the subspace in
which it looks for solutions. This subspace is the Krylov subspace, which is defined for a square

matrix C' and a starting vector d as
Ky (C,d) = span{d,C4d,...,C*"1d}.
In the LS case that subspace is, at the kth iteration,
Ki(AT A, ATb) = span {ATb, (AT A)ATb, ... (AT A)F=1AThY, (4.8)

which is the Krylov subspace associated to the normal equations A7 Az = ATb.

Conjugate gradients (CQG), invented in 1952 by Hestenes and Stiefel [139], is the first and most
famous of the Krylov subspace methods [250]. It is used on symmetric positive definite square linear
systems Cz = d, and on each iteration minimises the C-norm of the (forward) error. That is, letting

z* denote the exact solution to Cx = d, we look for iterates

rp = argmin ||z —z*|% = (z* —2)TC(z* — z).
€K1 (C,d)
By exploiting the symmetric positive definite nature of the problem, one can compute zj; extremely
efficiently, using just one matrix-vector product and a few inner products per iteration. We will not
provide a detailed description of this algorithm (see e.g. |119]), but instead show its equivalence in
exact arithmetic to LSQR so we may use CG convergence theory.
LSQR is an iterative Krylov subspace solver for LS problems that, at an iteration k, computes

an iterate xj that minimizes the residual || Az — b||2 over Kj. That is,

xp =  argmin  |Az — bl2.
2E€K ), (AT A,ATb)
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It is straightforward to show that for 2* = (AT A)~1ATb:
lz = 2* %7 4 = [[ Az = blJ3 + | Az — b3,
which means that

argmin ||z —2¥||q4r4 =  argmin  ||Az — b||2.
2€K), (AT A,ATY) €Ky, (AT A,ATb)
That is, LSQR is mathematically equivalent to CG on the normal equations.
LSMR (Least Squares Minimum Residual) is another Krylov subspace solver for LS problems,
built on the same ingredients as LSQR. Instead of minimizing the residual || Az —b||, LSMR minimizes

the normal residual at each iteration:

zp = argmin  ||AT(b— Ax)]s.
€KL (AT A,ATb)
This is equivalent to the Minimal Residual Method (MINRES) algorithm applied to the normal
equations. This equivalance is immediate from the fact that MINRES is a Krylov subspace solver

for real and symmetric linear systems Cz = d that minimizes the residual

xp = argmin ||d — Czlls.
€K, (C,d)

The basis of both LSQR and LSMR is Golub-Kahan bidiagonalization [112]. This is an iterative
method to reduce a matrix to bidiagonal form through orthogonal transformations. Using iterative
matrix-vectors multiplications with A and A7, we obtain an orthogonal basis for the relevant Krylov
subspace K1, (AT A, ATb). We then project onto this basis, and by applying identities resulting from
the bidiagonalization, we are left with a (k + 1) x k lower-bidiagonal least squares problems at the
kth iteration. The convenient structure allows us to easily update the QR decomposition of the

bidiagonal matrix, and as a result find the new iterate xy.

4.3.1 Ingredients of LSQR and LSMR

We discuss the various ingredients of LSQR and LSMR in this section, and derive the LSQR. algo-

rithm. LSMR is discussed in less detail as it its derivation is very similar in nature.

4.3.1.1 Golub-Kahan bidiagonalization

Golub-Kahan bidiagonalization [112] is a procedure to compute orthogonal matrices U and V' such

that UT AV is bidiagonal. The steps are as follows:
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Algorithm 5 Golub-Kahan bidiagonalization. Note, aj and () are chosen to ensure wug and vy
have unit norm.

1: fruy :=b

20 aqvy = ATy

3: fork=1,2,... do

4: Br1uky1 = Avy — apug
5: h1Vk1 = AT w1 — Begavk
6: end for
The vectors vy, ..., v, span an orthonormal basis for the Krylov subspace Kp(AT A, ATb), and
the vectors u1, .. ., uy span Kp(AAT,b). Furthermore, by collecting the vectors vy and uy in matrices

Vi € R™*F and U € R™*F respectively, we have

AVy, = Up1 By, AU, = Vi LT, (4.9)
where
— - a1
(€51
B2 a2
B2 g Ly, )
L, = ) . , Bp= = B3 . . (410)
: : 5k+1€£
(673
Br  ax
) ) Br+1

The vector e denotes the k-dimensional vector with zeros everywhere except in the kth entry, which

is 1.

4.3.1.2 Projection onto the Krylov subspace and minimization

As the columns of V}, span a basis for the Krylov subspace Ky, := K (AT A, ATb), we may express any
x € Ky as xp = Viyy for some y, € R*. This leads to the following identities for the minimizations

involved in LSQR and LSMR.

min ||b — Az|| = min ||b — AVyy|| = min |Ug41(Sre1 — Bry)|| = min ||S1e1 — Bryl|, (4.11)
TEK yERF yERk y€ERF
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where e; € RF™! is the first canonical basis vector with 1 in the first coordinate and 0 everywhere

else. Similarly,

min HAT(b — Az)|| = min ||Vk+1Lf+1(ﬁlel — Bry)|| = min ||ayf1e1 — L{_HBkyH. (4.12)
€K yERF yERF

We can solve ([@.11)) and (4.12)) using QR decompositions of By, and L], By, which we discuss next.

4.3.1.3 Updating the QR factorization

We will only consider the QR factorization of By for the LSQR algorithm here, as the derivation
is somewhat tedious. The ideas are very similar for LSMR. In fact, instead of computing the QR
decomposition of By we decompose the augmented matrix [By, Bie1] using Givens rotations. The

final result is

a1 b1 p1 02 $1
P2 o 0 p2 - ¢2
. . . Ry [k
Qi1 Bz - = o0 | T . ) (4.13)
0 ki1
a0 Pk Pk
Br+1 0 Prt1
where Qf_H is a product of Givens rotations, say Qf_H =J(k,k+1)...J(1,2), where
1
ci S
J(ii+1)= C
—S8; C;
1
only acts on the ith and (¢ + 1)th rows. In particular, these rotations will be of the form
c1 s1| a1 0 By _ | 02 <ZA51 ’ (4.14)
—s1 ci| |B2 az O 0 p2 ¢
¢ Si Di 0 ¢ i 0 i
g _ | A(b i>1 (4.15)
—=s; ¢i| |Bit1 iy O 0 pit1 ditr
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We can obtain recursive formulas using the structure of the rotations. From the definition of a

[0
plz\/a%+ﬁ§7 31:&7 01:717
P1 P1

which allows us to define 05, p2, ¢1, and (52. Then, recursively, for i > 1

/A Bi+1 P
pi = P? +51-2+1, 8 = 7;) , € = ;i

7

Givens matrix, we have

This leads us to a sequence of updates defined in Algorithm [6]

Algorithm 6 A recursively defined QR decomposition of the augmented matrix [By, 81e1], where
By, is defined as in (4.14) and p;, 6;, and ¢; define the R-factor of the decomposition as in (4.13)).

1: ﬁlzal
2: 51:51
3: fori=1,2,...,k do

4 Pi =1/ p; + Bz‘2+1

5: i = Biv1/pi

6: C; :ﬁ7/p7

7: Oiy1 = si0i41
8 ¢ =ci

9: Gir1 = —5iP;
10: Pitr1 = Ciiq1
11: end for

4.3.1.4 Updating the iterates

Now that we have a QR factorization of the problem, we can update the iterate x; accordingly. We

have
2

Ryyr — [

16— Az | = [|b — AViyrll® = || Bryr — frea || = = |frs1l,

—Prt1
and Rpyr = fr with zp = Viyr. We do not need to explicitly compute yi, but instead we can
recursively add columns to Dy = VkRgl. This equation can be solved with forward substitution by

noting that RgDT = VkT implies
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where the d; are the columns of Dy. Then finally, since xy = Dy fi, we have

k
o= idi = w1 + brdr.

=1

We can now state the full LSQR algorithm.

Algorithm 7 The LSQR algorithm to solve min || Az — b||.
1: ﬂlul =b

2: aq1v1 = ATu1

3 p1 = o, ¢A>1 =B
4: 01 =0,dp =0
5: fori=1,2,... do
1. Golub-Kahan bidiagonalization:
6: Bit1tit1 = Av; — a;u;
7: Qit10i41 = ATuiq — By
2. Update QR decomposition:
8 pi=4/P+ B
9 s =Bit1/pi

10: ci = pi/ pi

11: Oiv1 = Siviq1
120 ¢ = i

13: <ZA5i+1 = —s;0i
14: Pit1 = Citiq1

3. Update iterate:
15: d; = (v; — 0;d;—1)/pi
16:  wp=wi—1+ ¢id;

17: end for

4.3.2 Stopping criteria

As should be clear from the discussion in Section we would ideally terminate the algorithm if
the backward error reaches a user-specified tolerance, informed by acceptable errors.
The original stopping criteria for LSQR and LSMR, and those still implemented in MATLAB,

are based on this reasoning. Specifically, we have:

S1 Stop if ||rk|| < 7 + Tallzk]-
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S2 Stop if | AT/ |7kl < Ta-
S3 Stop if £2(A) > Kmax-

Here, the tolerances 74 and 7, are (estimates for) the magnitude of measurement error. Let Atyye
and bgye be the ‘true’ data without error, then ideally 74 = ||A — Agruell and 7 = ||b — berue]|-
Although these quantities are often not known in practice, the tolerances still provide a way for the
user to specify the level of desired accuracy.

The first two stopping criteria are related to the backward error defined in . Recall that in

the perturbed problem an iterate x; exactly solves
(A+ AA)z, =b+ Ab,
and by the definition of the backward error, we desire the quantities AA and Ab to satisfy
[AA] < |A = Apruell,  [[AD]] < [|b = beruel-

Define

ok = 7o + TallzK |,

and note that

T
TeX T T
(A+7'A Kk )xkAxk+TA|xk||kabk,
Ok |kl Ok Ok

where the last inequality follows from the identity (7, + Tallz|x)rk/0x = 7¢. In other words, xy

exactly solves a perturbed system. If S1 holds, we have that ||rg| < d, and so

Tk Tk
jaa) <l < jany = o 10 <y
Ok Ok
Note that ||r|| is lower bounded by ||7*||, so that this stopping criterion might never be reached,
even for a backward stable solution. The criterion S2 can be used for inconsistent systems. To see
how it relates to the backward error, we note that the backward error can be computed as [264] (see

also [140, Thm. 20.5])

n(e) = min {6, o ([4 6L —rh)])}, 0= == r=b- Az
L+ [||
From this we can find an upper bound:
AT ATy
nF(ﬂfk) < Omin ([A ¢(Im — 7“le):|) < mizll < ” ” |T|’
llzll= ¢ — V"k'f']t) Tk
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by choosing z = ri/||rg]|- This estimate was first noted by Stewart [237]. Therefore, in infinite
precision, if S2 is satisfied then we should have ||AA|| < 74.

The purpose of the final criterion S3 is to implicitly regularize the problem by stopping early.
The value Ro(max) is the estimate of the condition number of A which is updated throughout the
iterations. In some sense, one can interpret the Krylov-subspace nature of the solver as iteratively
resolving directions corresponding to singular values, starting with the largest one. If we stop before
we resolve very small singular values, we have implicitly ignored the corresponding singular vector
directions leading to a regularized solution.

The estimate &2 (max) is computed through the scalar values used in the LSQR iterations. Note
first that B,;FB;C = VkTATAVk so that B,?Bk and A,{Ak have interlacing eigenvalues by the Courant-
Fischer theorem [114], and

Umin(A) S Omin(Bk) S Umax(Bk:) S Umax(A)~

Similarly, since B,{Bk = R{Rk and D, = Vlezl, we have opin(Bk) = omin(RE) = ||Dgl|~*. This

leads to a lower bound on the condition number,

max A
ra(A) = Zox @y bl

Omin (A)

Instead of using the spectral norm, the stopping criterion uses the Frobenius norm of B and Dy

which can be accumulated cheaply through the identities
IBellF = 1Be-1llE + of + Bira, 1Dkl = D1l + lldil*.

The LSQR stopping criteria are, however, a delicate aspect, and significant research has been devoted

to the subject [52,/129,238]. We refer to [128] for an excellent overview.

4.4 Convergence behaviour of LSQR and LSMR

The behaviour of Krylov subspace solvers in exact arithmetic can differ significantly from finite

precision behaviour. We briefly discuss both in this section.

4.4.1 Convergence in exact arithmetic

The convergence of many Krylov subspace methods for symmetric systems is determined by the
spectral properties of the matrix. For an m X n matrix A, it is well-known that both LSQR and

LSMR in exact arithmetic converge after at most n iterations. This can be deduced from the
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definition of the Krylov subspace (4.8)), which spans all of R™ after n iterations. If A has ¢ distinct
singular values, they converge after at most t steps [137].

For LSQR, the decrease in the norm of the residual r, = b — Axy satisfies

k
* K2 (A) - 1) *
=gl <2 ——F—— " —7ol, 4.16
I =l <2 (S0 ) 1" = ol (4.16)
where 7* is the optimal residual [34]. We can use this result to bound the number of iterations
necessary to reach a certain accuracy e [34]:

lIr* = el <e = k> 1fig(A) log(2/¢).

[l = 7ol 2
The solution zj converges to the minimum-norm solution z* = A™h [139,203|. The (forward) error
|lzx — 2*|| and the residual norm ||rg|| are both known to decay monotonically [139].

In Section we wrote that sketch-and-precondition algorithms converge in O(log(1/¢)) itera-
tions for e relative accuracy. This is a result of (4.16)) combined with the fact that the preconditioned
matrix has a condition number of O(1).

We can derive the convergence bounds for LSMR by considering the convergence theory for
MINRES applied to positive definite systems. Using Greenbaum'’s result [119) Eq. (3.12)], we find
that LSMR iterates xj, satisfy

KQ(A) -1

AT (A = o) < 2 (20

k
) 147 (Ao = ). (4.17)
These iterates are also well-known to have monotonically decaying error, residual, and normal resid-
ual. LSMR might be preferred to LSQR exactly because ||AT7r|| is monotonically decreasing, al-

lowing us to stop early more safely [103].

4.4.2 Finite precision behaviour

In finite precision, LSQR and LSMR might need considerably more than n iterations to converge.
This is caused (at least in part) by the loss of orthogonality amongst the basis vectors for the Krylov
subspace. The results in Section are based on the vectors vq,...,v; being an orthogonal
basis for the Krylov subspace Kj (AT A, ATb). It is not obvious that the convergence bounds
and should also apply to finite precision [119].

We refer to [119] and [188] for discussions of the finite precision behaviour of CG and MINRES,
the algorithms for symmetric systems from which LSQR and LSMR can be derived. The analyses
of these algorithms are often rooted in finite precision analysis of the Lanczos algorithm, which is

the symmetric counterpart to Golub-Kahan bidiagonalization, and Paige’s revolutionary work into
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the subject [202]. It is clear there is some maximal attainable accuracy of CG in finite precision due
to the rank-deficiencies in the Krylov subspace [188]. Various works seem to strongly hint at back-
ward stability of CG under assumptions on the condition number, but use computational results to
complement the claim, see [32,[118]. A recent result by Musco, Musco and Sidford [193] Thm. 2.1],
when specialized to well-conditioned positive definite linear systems, implies that € forward error is
achieved by using O(log é) bits, using the Lanczos method with modified Gram-Schmidt orthogo-
nalization. For well-conditioned linear systems, taking ¢ = u, this would imply that the solution has
an O(u) backward error, i.e. it is backward stable.

However, the performances of CG and MINRES in finite precision depend strongly on the exact
implementation [168|. For this reason, it is not at all straightforward to extend results on CG and the
Lanczos method to LSRM and LSMR, despite the clear connections in exact arithmetic. An analysis
of the finite precision behaviour of precise LSQR implementations would be of great interest, but
are beyond the scope of this thesis. We restrict ourselves to observations on the empirical maximal

attainable accuracy similar to the investigation in Figure

4.4.2.1 Empirical investigation of the finite precision behaviour

We perform an empirical investigation of the maximal attainable accuracy of LSQR and LSMR. We
do not set a maximum number of iterations, and let the algorithms iterate until stagnation. The
problems are the same as in Figure The results are shown in Figure 4.3

We first must comment that this does not represent realistic usage of LSQR and LSMR, but that
the experiment serves to demonstrate the optimal accuracy that these algorithms can achieve offer
before stagnating. For ill-conditioned matrices however, stagnation occurs after more than a million
iterations. This is clearly unacceptable computational cost for a problem of dimension 2000 x 100.
We also note that this experiment was repeated with various different singular vectors that are not
Haar distributed, and the same qualitative results were obtained.

Figure shows immediately that for any of the considered metrics (backward error, error,
residual, and normal residual), LSQR and LSMR, perform similarly. Both algorithms can likely
not be considered backward stable, considering the panels in the first row of Figure [I.3] For very
ill-conditioned matrices with small residuals, both iterative methods cannot obtain a backward error
smaller than 10~'4. However, it it perhaps surprising that the backward error is still relatively small,
even after millions of iterations. For all well-conditioned problems, LSQR and LSMR are backward
stable.

The forward errors are surprisingly small when compared to the forward error of the QR al-
gorithm in Figure For highly ill-conditioned and inconsistent problems, the backward stable
QR algorithm lost all accuracy in terms of the forward error, as we were able to explain with the

perturbation theory described in Section [4.2.3] The forward error for LSQR and LSMR appears
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Figure 4.3: The maximal attainable accuracy of LSQR and LSMR (without a preconditioner). All problems
are randomly generated 2000 x 100 with exponentially decaying singular values, as in Figure
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to be empirically bounded by 1 in these example problems. This relates to a regularizing effect of

Krylov iterations |341{137] and is related to iterative regularization algorithms (see Section [6.1.2.2)).

4.5 Preconditioned LSQR

The rate of convergence and maximal attainable accuracy of LSQR is greatly influences by the
condition number k2(A), as we saw in and Figure Indeed, to obtain the small backward
errors observed in Figure many more than n iterations were needed, even for moderately ill-
conditioned problems. We can improve the conditioning through preconditioning of the problem to
ensure rapid convergence and a robust solver. A preconditioner aims to ensure that the new system
is sufficiently well-conditioned, so that iterative methods converge in much less than n iterations.
A (right-)preconditioner is a matrix P € R™*" that can be applied quickly and approximately
‘orthogonalizes’ A, in the sense that x2(AP) is small (say, k2(AP) = O(1)). If we find such a matrix,

we apply a change a variables to solve

w* = argmin ||[APw — b2, z* = Pw". (4.18)
weRM X"
The convergence will then be determined by k2(AP) instead of k2(A).

One way to algorithmically resolve the preconditioner in is to call, for instance, LSQR
with an operator v — A(Pv) instead of v > Av. For instance, if P = R™!, where R is an upper
triangular matrix, we could call v — A*(R\v) for the non-transposed operation. Within the LSQR
routine we then compute w* = argmin ||[APw — bl|s and we have to explicitly transform back to
r* = Pw*, with, for example, another triangular solve.

Alternatively, we can implicitly keep track of w without ever computing it. This is the precon-
ditioned version of LSQR implemented in MATLAB [144]. However, we are unaware of any text
reference explicitly deriving this algorithm.

We start with the preconditioned variant of Golub-Kahan bidiagonalization:

Brui =0, ajvg:=PTATy, (4.19)
For i=1,2,... (4.20)
Biz1uiry = APv; — ayuy, (4.21)
@iy1vip1 = PTATu; oy — Birvs, (4.22)

which leads to the identity APVy = Uy41 By in exact arithmetic. The columns of Vi and Uy now
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span the Krylov subspaces:
span(vy, ..., vx) = Kp(PTATAP, PTATbY),  span(uy,...,u;) = Kp(APPT AT 1),
and we essentially solve the well-conditioned problem

wy = argmin |[APw —b||a, x = Pwg.
wek, (PTAT AP,PT ATb)

We now show how to avoid the computation of the iterates wy, but rather immediately change back

to iterates x = Pwjy without an extra application of the preconditioner. Note that we now have
rr = Pwy, wr=Viyr, Rryr = fr,

where Ry, and fj are defined as in (4.13)). As a result we find the identity zj = PVlezlfk. Defining

Dy = PV;CR,;1 and solving R{D,{ = VkTPT with forward substitution leads to the recursive identity

1 1 1 1
= i+1 = (Pviy1 — Oip1di) = — (zip1 — iad;) , fori=1,2,...
P1 P1 Pi+1 Pi+1 "

where z; = Pv;. The computation of z; is necessary as part of the next diagonalization step and so
comes at no extra computational cost, although we do need to store one additional n-dimensional

vector. The full algorithm is displayed in Algorithm

Algorithm 8 The preconditioned LSQR algorithm to solve min || Az — b|| with a right

preconditioner P.
1: frup =b

2: U = ATU1

3: aqv; = PTiy
4 pr=a1, ¢1 =P
5: 0, =0,dy=0
6: fori=1,2,... do
1. Golub-Kahan bidiagonalization:

T z; = Pv;
8: Bit1uiyr = Az — aju;
9: Qi41Vip1 = PT(ATUHl) — Biy1v;

2. Update QR decomposition:

10: Pi =4/ [)% + 62‘2+1

11: si = Bit1/pi
12: c; = pAZ/pZ
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13: 9,‘4_1 = S$iQi+1

4 ¢ = cits
15: Qip1 = —5if;
16: Pig1 = Citiq1

3. Update iterate:
17: d; = (Zl — 01d1,1)/,02
18 @ =wi-1 + ¢id;

19: end for

The dominant cost in the algorithm is the bidiagonalization. At each iteration, we perform
2C4 + 2Cp flops, where C4 is the cost of applying A or AT to a vector and Cp is the cost of
applying P or PT to a vector. For a dense A and P = R™!, where R is triangular, we have
Ca = 2mn and Cp = n?.

The number of iterations necessary now depends on the spectrum of AP, and all convergence
theory from Section |4.4 carries over. The finite-precision behaviour of preconditioned Krylov sub-
space methods is even more elusive than the unpreconditioned variant. We are unaware of any work
that investigates this. Our analysis of the stability will be purely empirical.

Since we now are interested in the spectrum of AP considering , P should be chosen such
that AP has small condition number of a clustered singular value spectrum. The question that
remains is how to find such a matrix P that improves the conditioning of A. Various methods exist
for sparse data matrices such as an incomplete Cholesky factorization [30}/224L230] or the Multilevel
Incomplete QR factorization [166] (see [115] for a discussion on state-of-the-art methods for sparse
LS). These exploit the sparsity pattern of A to cheaply compute preconditioners. For dense matrices,
however, sketch-and-precondition has shown to be a powerful preconditioning method when A is

highly-overdetermined [270].

4.5.1 The sketch-and-precondition framework

This sketch-and-precondition framework [222] has been discussed in detail in Section [2.3.2 This
class of algorithms uses sketching to design a preconditioner for a LS problem. In the most common
implementation, a tall matrix A € R™*" is sketched to a smaller (yet still tall) matrix SA € R**"
using a random embedding matrix S € R**™, where the embedding dimension s satisfies n < s < m.
The sketch SA is then decomposed using some classical algorithm, e.g. a QR decomposition or an
SVD, and the decomposition is used to find a preconditioner P. In the QR-based algorithm for
full-rank A, if SA = QR then P = R™!'. If we rather compute an SVD of SA = USV7 then the
preconditioner is P = VX ~!. A specific implementation can be found in Algorithm

The conditioning of AP depends only on the quality of S as an embedding for the column space
of A. In Lemma we showed that ko(AP) = k2(SQ4), where Q4 is an orthogonal basis for the
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column space of A. Through the choice of embedding matrix and dimension, one can control the
conditioning of S@ 4 with high probability, as explained in Section Most fundamentally, the
conditioning of the preconditioned system xo(AP) does not depend at all on the condition number
of A.

Cartis et al. present a general framework for the sketch-and-precondition algorithm in [47]. This
framework counsists of the following steps: 1) drawing an embedding matrix and sketching A and
b, 2) computing a (rank-revealing) decomposition of the sketch SA, 3) computing a sketch-and-
solve initial guess based on the full-rank part of the decomposition, and 4) iteratively solving the
least squares system with a preconditioner based on (the full-rank part of) the decomposition, with
the initialization from step 3, and using LSQR. This framework allows for rank-deficient matrices
and a range of decompositions, making it extremely general. The inclusion of the sketch-and-solve
initialization (see Section[5.2.1]for details) is incredibly important for the performance of any sketch-
and-precondition algorithm, as we will argue in the next chapter.

So far, we have not included sketch-and-solve initialization as a standard part of the sketch-and-
precondition algorithm. Although it was introduced in Rokhlin and Tygert’s original paper [222],
Blendenpik |14] and LSRN [187] do not explicitely include it. In the remainder of this chapter, we
consider sketch-and-precondition without initialization. We aim to demonstrate the inherent lack
of stability in the algorithm without this step. In the next chapter, we argue (as does [47]) that it
should be a standard part of the algorithm.

The framework and problems we consider here are also less general as compared to [47] in terms of
applicability to rank-deficient problems. Both [47] and [187] allow the sketch SA to be of rank r < n
(numerically or exactly). In LSRN, the sketch is decomposed as SA = ULVT where ¥ € R"™™",
and the preconditioner is P = VX~!. More generally, the Ski-LLS general framework allows for a
decomposition [47]

SA = |:Q1 Q2:| o) )
0 0 Vi
where Ri; € R™™" is non-singular and @Qq, @2, Vi, and V5 have orthonormal columns. In this
chapter, we consider only sketches that are of full column rank, but given the convergence results
in [47] and [187] conjecture that the results carry over. In Chapters [f] and [6] we allow for rank-
deficiency.
Thefore, the specific sketch-and-precondition framework we consider in this chapter is as follows.

Throughout, let A = Q4R 4 denote a QR decomposition of A € R™*",

1. Any embedding matrix S € R**™ can be used to sketch A provided that n < s < m and
k2(SQ4) = O(1).
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2. Any decomposition of SA can be used to find a preconditioner P € R™*" aslong as k2(SQ4) =
k2(AP) and P can be applied to a vector in O(n?) time. We focus on the QR decomposition
SA = QR for P= R~ and the SVD SA=UXVT for P=V¥x~L

3. Any iterative solver that solves min ||APw — b|| can be used. We restrict ourselves to Krylov

subspace solvers LSQR and LSMR.

In the next section, we experimentally investigate the numerical stability of these types of algorithms.

4.6 The numerical stability of sketch-and-precondition without initializa-
tion

We now demonstrate the numerical instabilities that occur with sketch-and-precondition tech-
niques without initialization. We let S be an SRTT embedding with embedding dimension
s = 4n, we use the QR decomposition to compute a preconditioner, and we employ LSQR as the it-
erative solver. LS problems are constructed at random in the same way as described in Section
Figure compares the performance of unpreconditioned LSQR, sketch-and-precondition (SAP),
and Householder QR in terms of the relative residual ||Az — b||2/]|b|2 (left column), the normwise
backward error np(x) (middle column, see (4.6))), and the (forward) error ||z* — z||/|lz*|| (right

column).
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3
3
Error ||z* — f|/[l2*|

Residual ||Azy — b||
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Figure 4.4: Unpreconditioned LSQR, sketch-and-precondition (SAP) with P = R™!, sketch-and-precondition
(SAP) with P = VX!, and the QR decomposition to solve two noisy and randomly generated LS problems.
We display the residual, the backward error, and the forward error for each LSQR iteration. The experiments
are performed with two noise levels: ||Az* — b||2 = |e[l2 = 1072 (top row) and ||Az* — b||2 = |le||2 = 1072
(bottom row). The matrix A is 10000 x 200 with condition number s2(A4) = 10°.

Consider first the top row of Figure an inconsistent, moderately ill-conditioned problem.

We see that all algorithms attain the optimal residual. However, considering the backward error,
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both sketch-and-precondition varieties fail to converge to a backward stable solution. The same
behaviour can be observed for the forward error. In general we find that for inconsistent problems,
i.e., problems with large optimal residual, sketch-and-precondition converges to a solution with good
residual. However, for moderately ill-conditioned problems, these solutions are often not backward
stable.

The bottom row of Figure[4.4]shows the more obvious instabilities of sketch-and-precondition: the
minimal attainable residual is not optimal. Consider the final residuals: the sketch-and-precondition
solution stagnates around 10~® residual. This instability is also visible in the backward error and
forward error, where we see sketch-and-precondition is not backward stable.

In all of the experiments, the tolerance tol in LSQR is set to be equal to machine precision, to
allow us to investigate the maximal attainable accuracy. In each of these experiments, the iterates

stagnate before the maximum number of iterations is reached.

4.6.1 Sensitivity to the condition number and consistency

Similar to Figure[f.2]and Figure[£.3] we investigate the sensitivity of sketch-and-precondition without
initialization to problems with varying condition number and optimal residual. The results are
shown in Figure [.5] The left plot shows that the maximal attainable residual appears to be upper
bounded by approximately rs(A)u. This is portrayed by the bottom-right corner of the figure
(where ||Az* — b|] > k2(A)u) showing residuals close to optimal, and the top-left corner (where
[|[Az* — b]| < K2(A)u) showing a rounding-error effect. There appears to be no clear connection
between the optimal residual and the size of the backward error of solutions, portrayed in the
middle figure of Figure This panel shows there is apparently very little influence from ||Az* —b|
on the final backward error, only the conditioning of the problem affects the size of the backward

error. The most difficult problem is moderately ill-conditioned.

4.6.2 Variants of sketch-and-precondition

We repeat these experiments for SVD-based randomized preconditioners and LSMR as the iterative
solver. We create matrices using different singular vectors and a different singular value spectrum.
The left and right singular vectors are given by the singular vectors of wel111033 from the SuiteSparse
Matrix Collection (m = 1033, n = 320, nnz(A) = 4732), and create a polynomially decaying singular
value spectrum setting o;(A) = i~P, where p = log(x2(A))/log(n). The backward errors are shown
in Figure [f.6] We also note that the qualitative behaviour shown in Figures [{:4] {5 and [£.6]
is unaffected by different types of embedding matrices or embedding dimensions. These choices

influence ko(AP) and ko (P) slightly, which can somewhat affect the convergence behaviour in terms
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Figure 4.5: The sketch-and-precondition algorithm (without initialization) with LSQR and preconditioner
P = R7! applied to A € R?000%190 with varying condition number and consistency. We investigate the
minimal attainable residual (left), the final backward error (middle), and the error (right).

of speed and maximal attainable accuracy. However, we do not observe qualitative differences

provided that ko(AP) = O(1).
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Figure 4.6: The backward error of all considered (non-initialized) sketch-and precondition variants for prob-
lems with varying consistency and optimal residual. The matrices all have the same singular vectors, taken
from well1033 from the SuiteSparse Matrix Collection . The singular values are polynomially decaying.
No matter whether one uses LSQR or LSMR, or a QR-based or SVD-based randomized preconditioner,
sketch-and-precondition is not always backward stable.

4.7 The numerical stability of preconditioned LSQR

The instability of sketch-and-precondition in various forms begs the question: is the problem the
‘sketch’-part or the ‘precondition’-part? We perform one more experiment to demonstrate that (at
least in some cases) it is the way that the preconditioner is employed, and not how it is formed.
We take the transpose of the Maragal_8 matrix from the SuiteSparse Matrix Collection and
regularize it to ensure its full-rankedness. The final matrix A € R™*" (m = 108289, n = 33212,
nnz(A)= 1341627) is the transpose of Maragal_8, appended with v/Als3212 where VX = 10~'*. The
condition number of A is approximately x2(A) ~ 1012, We generate a right-hand side b by forming

a normalized random solution z drawn from N(0, I,,) and letting b = Az + 10~ !1e, where e € R™ is
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normalized random noise.

We solve the LS problem with unpreconditioned LSQR, sketch-and-precondition without initial-
ization, the QR decomposition — which all behave as expected — and with preconditioned LSQR
with a different preconditioner. This preconditioner is obtained by computing the Householder QR
factorization A. In particular, let A = QaR4 be QR decomposition, then P = R;‘l This approach
is not practical because it requires the full factorization of A, but is done to demonstrate that the
quality of the preconditioners is not at fault. The result is shown in Figure [£.7] Even with the ideal
preconditioner for which (kg (ARZI) = 1, preconditioned LSQR stagnates before an optimal residual

is attained.

10 W-EEaar
_____________ 1
—- Unpreconditioned LSQR
%“ PLSQR with P = R (SA = QR)
= —6—PLSQR with P = Ry (A= QaR4)|
N — QR
<
‘ > = = = =
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LSQR iterations

Figure 4.7: The residual attained by unpreconditioned LSQR, sketch-and-precondition, preconditioned
LSQR (PLSQR) with the exact R factor of the QR decomposition of A, and the QR method for LS problems.
In exact arithmetic k2 (AR;\l) =1, so LSQR should converge in 1 iteration. We still see rapid convergence
at the start, but then stagnation occurs around a residual || Az — b|| = 10™%, whereas QR attains a residual
|| Az — b|| =~ 107!, The problem is Maragal_8 as a regularized overdetermined LS problem.

While we have not determined the precise source of instability in the standard preconditioned
LSQR routines, we believe that it lies in the fact that each application of the preconditioner P —
which involves solving an ill-conditioned linear system Rv = w — incurs a relative error proportional
to uko(R). Such errors are present every time we apply P or PT. Moreover, each application behaves
somewhat differently, in that in the ith iterate we have (R4 AR;)0 = w + dbw;, where AR;, db; are
small but different for each . In other words, one can view the preconditioner as having a uxa(R)
nonlinear effect. The fact that the convergence of iterative methods can be impaired by nonlinear

preconditioners has been observed in [271].

4.8 Summary and outlook

We have discussed perturbation theory for least squares problems, different algorithms for LS
problems, and their behaviour in finite precision. Most notably, we showed that the sketch-and-
precondition framework without initialization suffers from numerical instabilities. These instabilities
significantly limit the minimal attainable residual and backward error, especially for moderately to

severely ill-conditioned problems. The residual of iterates seem to be lower bounded by a minimal
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attain accuracy proportional to ||Az — b|| < k2(A)u. This means that particularly for consistent
problems, iterations stagnate potentially long before the optimal residual is reached. In terms of
the backward error, the loss of accuracy is largest for problems with x2(A4) ~ 10*° in double preci-
sion. We observe the same qualitative behaviour regardless of specific choices for sketching matrix,
sketching dimension, decomposition, and Krylov subspace solver.

In fact, we observe similar instabilities in preconditioned LSQR with a deterministic precondi-
tioner; in particular R4 from the QR decomposition A = Q4R 4. Figure [£.7 shows that even with
this ideal preconditioner, which clusters all singular values at 1 in exact arithmetic, cannot converge
to a good and stable solution.

We discussed how LSQR, LSMR, and their preconditioned variants are implemented in finite-
precision, but can only conjecture towards the source of the instability. The finite-precision behaviour
of any (short-recurrence) iterative Krylov subspace solver is difficult to grasp despite various seminal
works [117,/120,/188,/203,/239]. The finite-precision behaviours of preconditioned Krylov subspace
solvers appear to be completely uncharted territory in the literature. One reason for this might be
the wide range of available preconditioners of varying quality and varying finite-precision behaviour.
However, the excellent theoretical properties of randomized preconditioners ensuring ko (AP) = O(1)
combined with thorough understanding of, for instance, a triangular solve in finite precision, can
offer a good environment to pursue better understanding of this class of algorithms.

Randomized preconditioners were revolutionary when they were introduced because they allowed
practitioners to precondition dense (highly-overdetermined) linear systems, for which there previ-
ously existed no viable method. The low computational cost and excellent theoretical convergence
properties accompanying the sketch-and-precondition framework make it a popular choice with im-
mense potential. It is therefore extremely worthwhile to investigate strategies that improve the
numerical stability of the framework.

One solution has already been mentioned throughout this chapter: the use of sketch-and-solve
initialization. In the next chapter, we show that this indeed greatly improves the convergence prop-
erties of the sketch-and-precondition framework and should be a standard element of this algorithm
(as is also argued in [47]). However, initialization does not resolve all instabilities. We will show
that for certain problems, even sketch-and-precondition with sketch-and-solve initialization cannot

obtain backward stable solutions. Resolving this further is the focus of the next chapter.
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Chapter 5

Stabilizing the

sketch-and-precondition framework

5.1 Introduction

Sketch-and-precondition algorithms have been discussed in detail in the previous chapter. It is a

class of randomized algorithms for solving overdetermined least squares (LS) problems of the form
min ||Az — bl|e, AeR™™  bheR™, (5.1)
rER™

where m > n. In Chapter 4] we showed that sketch-and-precondition techniques without initial-
ization are numerically unstable. For moderately ill-conditioned problems (1 < s2(A) < u™!,
where k2(A) = omax(A)/Omin(A4) is the condition number of A and w is the unit round-off), sketch-
and-precondition iterations stagnate in terms of residual and backward error, potentially before
optimal levels are reached (see Figure . The main focus of this chapter is deriving a provably
stable method to resolve these numerical instabilities. We suggest a modification to the sketch-and-
precondition framework to obtain a new algorithm, which we coin sketch-and-apply.

The algorithm is based on directly applying the randomized preconditioner to the data matrix,
as opposed to applying it to vectors within an iterative solver. Essentially, having computed a
preconditioner P (usually P = R™! for SA = QR), we explicitly compute Y = AP and solve the
well-conditioned system

2" = argmin |Yz — b||2
zER™

using unpreconditioned LSQR. The solution to (5.1) is then found by the change of coordinates

¥ = Pz*.
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We show using classical stability analysis as well as experimentally that sketch-and-apply attains
backward stable solutions under modest conditions, making it one of the first randomized algorithms
shown to be backward stable in a classical sense. The caveat on the backward stability is that it
relies on the backward stability of unpreconditioned LSQR on a very well-conditioned matrix, which
we discussed in the previous chapter. However, one of the main downsides of sketch-and-apply is
that its computational complexity is O(mn?) which is on par with backward stable direct solvers.

A much more computationally inexpensive, yet partial fix, was readily available in the literature.
As discussed in the previous chapter, various authors include sketch-and-solve initialization as a
standard part of the sketch-and-precondition framework. It was originally suggested in the seminal
paper by Rokhlin and Tygert [222], as well as included in the general framework proposed in [47]. We
empirically show that this significantly improves the performance of the framework on the different
metrics discussed in the previous chapter. However, we must also conclude that it is still not entirely
backward stable.

In the next section, we introduce these two different approaches to stabilizing the sketch-and-
precondition framework. The focus of the remainder of the chapter is proving the backward stability
of sketch-and-apply. In Section [5.3] we introduce some background material on numerical stability
analysis and smoothed analysis. In Section we consider sketch-and-apply (see Algorithm
in finite precision. In Section [5.5] we consider extremely ill-conditioned LS problems and look at
the numerical stability of smoothed sketch-and-apply algorithms (see Algorithm . We introduce
a master algorithm and display numerical experiments in Section [5.6] Finally, in Section [5.7, we
conclude by noting the practical significance of the sketch-and-solve initialization.

Throughout the chapter, we drop the assumption that A € R™*™ is of full column rank. We
deal with rank-deficiency in a different way than in [47] and [187] (see Section [4.5.1). Instead of
truncating the decomposition of SA, we smoothe A before sketching so we ensure SA is of full
column rank. This is discussed in more detail in Sections [£.2.3]and 5.5l We focus on overdetermined
LS problems in this chapter, but we expect much of the stability results to carry over to solving

underdetermined linear systems using sketching, as is done in LSRN [187].

5.2 Stabilizing approaches to the sketch-and precondition framework

We discuss two different attempts at stabilizing the sketch-and-precondition framework. The first
is to include an excellent initial guess in the iterative solver, which is not an original idea. The
particular initialization was suggested in Rokhlin and Tygert (2008), but not explicitely included in
Blendenpik [14] and LSRN [187]. The very general sketch-and-precondition framework and imple-
mentation Ski-LLS presented in [47] does include the initialization as standard practice. Cartis et al.

(2021) also provide convergence guarantees (in exact arithmetic) that assume initialization. Through
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experimental evidence in this section, we note that these improvements in convergence behaviour are
even more notable in finite-precision. Although this approach greatly improves the numerical prop-
erties of sketch-and-precondition, it is still not always numerically stable. After having introduced

the initialization approach and having shown its deficiencies, we focus on sketch-and-apply.

5.2.1 Sketch-and-precondition with sketch-and-solve initialization

The sketch-and-precondition framework as presented in Blendenpik [14] and LSRN [187] (see Algo-
rithm [2) has zg = 0 as the initial guess in LSQR. However, as suggested in Rokhlin and Tygert’s
paper [222] and amplified in [47], a more natural guess is readily available; the solution to the
sketched LS problem, i.e.,

xo = argmin || SAz — Sb||2. (5.2)
TER™

This can be computed directly with the QR decomposition of S A; the resulting algorithm is displayed
in pseudocode in Algorithm @ Although originally proposed in [222| as part of the sketch-and-
precondition framework, some notable implementations (e.g. [14,[187]) do not mention this choice
of initial guess as part of their algorithmsﬂ Notable, Ski-LLS does include the sketch-and-solve

initialization as standard [47].

Algorithm 9 A sketch-and-precondition LS solver for (5.1)) with a sketch-and-solve solution as
initial guess. Here, HHQR refers to the Householder QR algorithm.

: Draw a random sketching matrix S € R**™, where m > s > n

: Compute B = SA and ¢ = Sb

: Compute both @ and R of the QR factorization of B using HHQR

: Compute initial guess o = R~'QT¢c

: Solve min ||Az — b|| with LSQR using right preconditioner P = R~! and initial guess z

U W N

The performance of Algorithm [J]is displayed in Figure[5.1] We test the algorithm on the same set
of problems as in the previous chapter, where the condition number x5(A) and the optimal residual
||[Az* — b are varies. See Section for details on how these problems are constructed.

The sketch-and-solve solution typically attains an accuracy within a small multiple of the optimal
accuracy (see Section. Although the attainable accuracy of sketch-and-precondition algorithms
with a zero initial guess will stagnate before a desired accuracy when dealing with ill-conditioned
problems (see Figure (b))7 our experiments show Algorithm |§| attains optimal residuals in all
cases, and is therefore significantly better than the standard, trivial initial guess o = 0. This
can be observed in the left panel of Figure Furthermore, as the QR decomposition (or SVD)

of the sketch SA is necessary for any sketch-and-precondition solver, this initial guess is obtained

n the C implementation of Blendenpik [14], sketch-and-solve initialization is available as an option, but the user
needs to append ‘improve_start_point’ to the parameters.
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Figure 5.1: The sketch-and-precondition algorithm with sketch-and-solve initialization attains optimal resid-
uals in all considered problems, but is not backward stable for moderately ill-conditioned problems with large
optimal residual. Note that the algorithm does appear to be forward stable, in the sense that the (forward)
errors are of the same order as for the stable QR algorithm in Figure @

practically for free. We join Cartis et al. @ in urging practitioners to adopt this as standard
practice for these types of algorithms.

It should be noted, however, that there are instances where the solution found by sketch-and-
precondition with sketch-and-solve initialization does not attain backward stable solutions. This is
demonstrated in the middle panel of Figure In particular, problems where the optimal residual
is large (inconsistent) and the matrix A is moderately ill-conditioned cannot be solved in a stable
way. There is a clear intuition to describe this phenomenon. The sketch-and-solve solution has
a residual that is close to optimal. For a problem with, say, ||Az* — b|| = 10710 or smaller, this
means the solution is already very good. It resolves directions corresponding to quite small singular
values. On the other hand, for an optimal residual of one or two digits, only a few singular vector
directions in the solution need to be accurate. As for the conditioning of A: if A is extremely ill-
conditioned, then in some sense many solutions are backward stable as small perturbations to the
smallest singular vector directions can drastically change the computed solution, while maintaining
backward stability.

To further resolve the numerical instabilities, we introduce the sketch-and-apply algorithm.

5.2.2 Sketch-and-apply

The sketch-and-apply algorithm is a modification of the sketch-and-precondition algorithm for which
we can ensure that the computed residual is close to optimal and the backward error is approximately
machine precision regardless of the initial guess. This is demonstrated experimentally in Figure
The top row corresponds to sketch-and-apply with trivial initialization, and the bottom row to

sketch-and-apply with sketch-and-solve initialization. Both variants are backward stable for all the
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Figure 5.2: Top row: sketch-and-apply without initialization, bottom row: sketch-and-apply with sketch-
and-solve initialization (see Algorithm. The sketch-and-apply algorithm attains optimal residuals and is
backward stable for all considered problems. The error is of similar levels as the error in the QR algorithm.

considered problems. However, we must note that this approach to initialization comes at significant
cost. The complexity of sketch-and-apply is O(mn?), which bring it on equal footing with direct
solvers as QR. This contribution is primarily of a theoretical nature.

The modification to sketch-and-precondition is simple. Instead of using P = R~! as a precondi-
tioner, we explicitly apply P by computing AP and then employ an unpreconditioned iterative LS
solver on (AP)z = b with = Pz. We therefore call this a sketch-and-apply technique. Of course, in
exact arithmetic sketch-and-precondition and sketch-and-apply compute the same solution; however,
for ill-conditioned LS problems in floating-point arithmetic, we find a significant difference.

By computing AP explicitly, we remove all ill-conditioning from the iterative solver and instead
use an unpreconditioned solver on a well-conditioned system. This results in accurate and backward
stable solutions. In particular, we prove that if ko(A) < w1, where u is machine epsilon, our sketch-
and-apply technique computes a backward stable solution provided that LSQR on a well-conditioned
matrix computes a backward stable solution (see Theorem [5.6)).

Unfortunately, while sketch-and-precondition techniques cost O(mnlogm) operations, sketch-

and-apply costs O(mn?) operations as AP must be computed. Therefore, sketch-and-apply tech-
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Algorithm 10 A sketch-and-apply LS solver for (5.1)). Here, HHQR refers to the Householder QR
algorithm. One can include a sketch-and-solve initial guess by computing the QR decomposition
QR = SA and zy = QT Sb, and setting zy as an initial guess in step 5.

Draw a random sketching matrix S € R**™ where m > s >n

Compute B=SA

Compute the triangular factor R of a QR factorization of B using HHQR
Compute Y = AR™! with forward substitution

Solve min ||Yz — b|| with LSQR and no preconditioner

Compute = R~z with back substitution

niques have the same computational complexity as the classical QR~based LS solver. We note,
however, that LSRN, another popular sketch-and-precondition algorithm, also uses O(mn?) oper-
ations but is still competitive as the expensive computation is in matrix multiplication, which is

highly parallelizable. The same applies to sketch-and-apply.

5.2.3 Smoothed sketch-and-apply

When ka(A) 2 u~!, our analysis does not guarantee that Algorithmleads to an accurate solution.
However, in practice, we often get accurate final LS residuals. To explain why this is the case, we
model floating-point rounding errors using smoothed analysis. That is, we consider “smoothing” A
to A+ oG/+\/m, where the entries of G are independent and identically distributed (i.i.d.) standard
Gaussian random variables and o is a scaling factor that we select as ¢ = 10||A||ou. The idea is
that A + 0G/+/m is significantly better conditioned than A itself, assuming that A is extremely
ill-conditioned. In fact, for sufficiently small o, one can show that ko(A + 0G/v/m) < 1/0 with
high probability [41] (see Corollary . The additive perturbation of cG/y/m to A ensures that
sketch-and-apply techniques can also compute solutions with good backward error, even when A is
extremely ill-conditioned (see Algorithm . For extremely ill-conditioned LS problems, one could
explicitly add an additive random perturbation or hope that floating point rounding errors deliver

the same effect, as it often does in practice.

Algorithm 11 A smoothed sketch-and-apply LS solver for (5.1)) when ro(A4) > u=1.
1: Draw a random standard Gaussian matrix G € R™*" with i.i.d. entries
2: Compute A = A+ oG //m for o = 10[|Al[ou
3: Perform Algorithm [10[on A

The remainder of this chapter focuses on analyzing the sketch-and-apply algorithm. The numer-
ical stability of sketch-and-apply (without smoothing) is considered in Section and the stability

of its smoothed variant in Section [5.5
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5.3 Finite-precision preliminaries

We now introduce some background material for the numerical stability analysis (see Section [5.3.1))
and smoothed analysis (see Section [5.3.2]). Background material on sketch-and-precondition tech-
niques and sketching matrices can be found in Sections and

5.3.1 Numerical stability analysis

Basic arithmetic operations (e.g., +, —, -, and /) on a computer are performed with rounding
errors due to the finite precision of numbers in floating-point representation. The stability of a
numerical algorithm refers to the property to compute solutions with a small backward error [140]
in the presence of rounding errors. We are particularly interested in proving that sketch-and-apply
computes backward stable solutions. The backward error for LS problems is defined in . A
backward stable algorithm computes solutions with a backward error of the same order as the
precision.

We assume that computations are performed with a precision of © < 1 and that numbers and
arithmetic operations are exact up to this precision. We now consider three example algorithms: (1)
The standard algorithm for matrix-matrix multiplication, (2) Householder QR, and (3) Triangular

solve with substitution. We need these results to understand sketch-and-apply LS solvers.

5.3.1.1 Matrix-matrix multiplication

Consider matrix-matrix multiplication of two matrices A € R™*™ and B € R"*P, It is shown that

the standard algorithm for computing AB satisfies [140, Chapt. 3]

nu nu
[AlIB] = mlAllBl,

|AB — fi(AB)| < (5.3)

1—nu Tl

where fl(AB) means that AB is computed with precision u and |A| denotes the entry-wise absolute
value of A. The inequality in (5.3)) is understood as holding for each entry. It can be shown that ([5.3))
leads to the bound

IAB — fi(AB)|2 < v, min(v/m, v/n) min(v/n, v/p) || All2|| B|2, (5-4)

where || - ||2 is the spectral norm. The inequality in (5.4)) is a forward error in the sense that it shows
that fi(AB) is close to AB.

105



5.3.1.2 Householder QR factorization

Next, we consider the Householder QR of a matrix A € R™*" where m > n. We denote the
triangular factor computed by the Householder QR algorithm as Re R™"™ and we are interested in
the accuracy of R. By [140, Thm. 19.4], there exists a matrix @ € R™*™ with orthonormal columns
such that

A+E=QR,  llejlla < Amnllajlla, 1<j<mn,

where e; and a; denote the jth columns of E and A respectively, and ., = cmnu/(1 — cmnu) for

a small integer constant c. A direct consequence is that

IElF < AmallAllr, (5.5)

where || - || F is the matrix Frobenius norm. The inequality in (5.5) has the interpretation that the

QR factorization computed by Householder QR is exact for a slightly perturbed matrix A.

5.3.1.3 Triangular system solving with substitution

Finally, we consider the error arising from solving a triangular system with substitution. Let R €
R™*"™ be a nonsingular upper-triangular matrix. It is known that the computed solution, &, of the

linear system RTx = b satisfies [140, Sec. 8.2]

[l = &fls <

\/ﬁ’\/nHQ(R) T
1_\/5,}/”%2(}3)” ||2a (56)

where -, is defined in . The inequality in tells us that we expect the relative forward error
of the computed solution to be on the order of ka(R).

When we do any sketch-and-apply technique, we need to compute AP, where P = R~'. We
compute AP by solving RTx; = a; for 1 < i < m, where a! denotes the ith row of A and z! is the

ith row of AP. If we denote the computed solution to RTz; = a; by #;, then from ([5.6) we find that

m R) 2 m
|2 < {M] 22,
Dl =l < | T | el

We conclude that for P = R~! we have

5 \/777”“2(13)
AP — AP||lp < —————||AP .

where AP denotes the computed matrix-matrix product. Roughly speaking, AP is close to AP

when k5(P) is modest. We additionally bound the backward error resulting from solving Rx = b

106



with back substitution. The computed solution Z satisfies [140, Theorem 8.5]

(R+AR)E=b, [AR]2 < yuv/nl|RB]>- (5.8)

5.3.2 Smoothed analysis of condition numbers

Due to rounding errors, most matrices with ro(A) > u~! are perturbed to a matrix with condition

number less than !

once represented on a computer. To explain this, we can model the rounding
errors by an additive Gaussian perturbation to A. This type of technique fits into the field of
smoothed analysis and has been studied in |141]. More precisely, we suppose that A € R™*™ and
that we would like to bound the condition number of A+ oG, where o is a small number and G is a

standard Gaussian matrix with i.i.d. entries. We have the following statement, which is a corollary

of [A1, Thm. 1.1].

Corollary 5.1. Let A € R™*™ with m > 3n and r > 10*. If A is perturbed to A = A + oG //m

with o = 8.25||All2/r, where G is standard Gaussian matriz with i.3.d. entries, then

P|::‘<C2(A) > r} <2nm,

Proof. The result immediately follows by setting z = (r(1 — X))/e and o = 8.25/(ry/m) in Theorem
1.1 of [41]. This takes into account that Theorem 1.1 of [41] considers the case when m < n. The
extra ||A]|2 factor of o in the statement of the corollary ensures that our final result continues to

hold when ||A||2 # 1. O

Corollary [5.1]shows us that a small additive Gaussian perturbation to a matrix A ensures that the
condition number is small with high probability. It partially explains why matrices represented in
floating-point arithmetic rarely have a condition number > v=1. In Section we use Corollary
to explain why sketch-and-apply techniques continue to deliver accurate LS solutions, even when we

have ka(A) > u~t.

5.4 On the numerical stability of sketch-and-apply without smoothing

We now consider the sketch-and-apply algorithm presented in Algorithm[I0]and analyse its behaviour
in finite precision arithmetic. We split this up in two parts: we first look at the condition number
of the preconditioned system, and secondly we look at the algorithm as a whole. We will find

a necessary assumption for convergence is that ra(A) < u~!, which corresponds to (numerical)
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full-rankedness of A. In Section [5.5] we drop this assumption and investigate the smoothed sketch-
and-apply algorithm in finite precision.

We first consider the conditioned of the preconditioned matrix AP in finite precision (without
smoothing). By the properties of sketching matrices and Lemma we know that if one computes
P and AP in exact arithmetic, then ko(AP) is bounded by a constant independent of ko(A) with
high probability. In finite precision, one typically needs to be more careful. In this section, we show
that when r2(A4) < ™!, the condition number of the computed matrix AP can also be bounded by
a constant with high probability (see Theorem . Unfortunately, such a bound does not extend
to the case when ka(A) > u~! (see Section. In Section We use the result on the condition
number of AP to analyse the complete sketch-and-apply algorithm.

There are three main steps to compute AP. In finite precision, the computed matrices satisfy

the following:

where hats denote that we are accounting for rounding errors. The matrix-matrix multiplication
error E; can be bounded using . We have a bound on the error arising from the Householder
QR algorithm FEs in . Note that Q has orthonormal columns but is not equal to @, where Q
is the orthonormal factor of the exact QR factorization of B = SA. Finally, the error term AY in
the step resulting from solving the triangular matrix system can be bounded using . After all
these errors, we want to derive a bound on xo (f’), as Y is the computed preconditioned matrix in
finite precision.

A~

5.4.1 Bounding k2(Y) in terms of numerical errors

First, let E = E; 4+ E5 be the sum of the additive errors from the matrix-matrix multiplication
and the QR factorization, such that QR = QR + E. We show in Lemma that the quantity

g1 := ||E||2]|R7}||2 controls the numerical error in the first two steps.

Lemma 5.2. Let A = QaRa and SA = QR be economized QR factorizations of A and B =
S A, respectively. Let B be the computed SA and R be the computed upper triangular factor from
the Householder QR algorithm of B, both computed in finite precision. Let Q be a matriz with
orthonormal columns such that E = QR — QR is the numerical error associated with R. Define
e1 = ||E|2|R" 2. Assuming that e, < 1, we find that R is invertible and AR™" is full rank.

Furthermore,

< k2(R) + €1 < k2 (SQa)k2(A) + 1

RQ(R)i 1—¢4 - 1—¢e;

b
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and

Ka(ARY) < ka(SQ)
Proof. We have
IR]2 = [|QRll2 = QR+ Ell2 < IR}z + || El|2, (5.9)
and
Omin(R) = 0umin(QR + E) > omin(R) — || E|2. (5.10)

We see that omm(fi) > 0 provided that 1 < 1. We can combine l) and || together to obtain
an upper bound on k5(R). To bound ky(AR™"), we use the fact tha ART'QT = ARTHQ+ER Mt
to find that for any v € R™, we have

[T AR a1 4 21) 7 < 0T ARy < 0T AR a(1 — 1), (5.11)
The bound follows as ka(AR™!) = k2(SQ4) (see Lemma . O

Lemma shows us, assuming ¢; is sufficiently small, that o (R) cannot be larger than about
ko(SQA)ka(A), and ka(AR™1) cannot be much larger than ke (SQ4).
As the following lemma shows, the error incurred by solving the triangular system depends on

the quantities in Lemma |5.2

Lemma 5.3. Let R~ be the upper triangular matriz defined in Lemma and let Y be the matriz
obtained by computing AR™" with forward substitution in finite precision. Define AY =Y — AR™1
and e9 = ||AY ||2|[(AR~)||o. Assuming that eo < 1, we find that Y is full rank and

o (}/}) < HQ(ARil) + &2
2 - 1—e9 ’

Proof. This follows immediately from the relationship Y = AR~! + AY and similar reasoning to
the proof of Lemma [5.2 O

In exact arithmetic, clearly x2(Y) = ko(AR™!). The numerical error incurred due to the trian-
gular solve is controlled by [[AY||, which depends on ks(R) and k2(AR™!). We show that the error
is small under the assumption that xo(A)u < 1. As a result, the condition number of Y will be
bounded by a small constant related to the conditioning of S and SQ 4. Thus, the computed AP

has a reasonable condition number provided that the numerical errors €; and €5 are small.

2The ‘1’ superscript on a matrix denotes the matrix pseudo-inverse.
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5.4.2 Bounding the numerical errors

We now bound the errors 1 and es.

Lemma 5.4. Assume the same setup as in Lemma and Lemma where 1 = || E||2]|R7}|2
and e = |AY ||o||[(AR™Y)||o, and all quantities in finite precision are computed with unit round-off

w. Furthermore, define
Cr = Vs + Vidsa(L+ V), k() := |[S]|2/1(SQa) |2 (5.12)
If ka(A) < 1/(C1K(S)), then we have
g1 < C1k(S)k2(A),

and
nynk2(SQa)(k2(A)k2(SQa) +€1)(1 +&1)
(I —e1— Vnyn(re(A)ke(SQa) + 1)) (1 — 1)

€2

Proof. We first note that F = E; + Es, where E; = B — SA is the error arising from matrix-matrix

multiplication and Fy = QR — B is the error arising from the Householder QR algorithm. We can
bound these terms using (5.4)) and (5.5)) to find

IEll2 < [ Erll2 + vVndsn | SA + Exl2

< ViianllSl2llAllz + (1 + VnFsn)Venym [ Sl2lAllz = C1l|S2lIAll2-

This is then combined with
Umin(R) - Umin(QR) = Umin(SQARA) Z CTmin(SQA)Umin(AA)-
As for ||AY |2, by (5.7) we have

IAY o < [AY [ < Y082y poy < o) AR .
1 — /nynka(R)

where

sy (B i (ea(ma(5Qu) + )

T Vb (R) T 1 —e1 = /nyn(k2(A)ka(SQa) +61) (5:13)

We have e < ¢(R)k2(AR™1), which can be bounded using the result on 2 (AR™1!) in Lemma O

The condition that ka(A) < 1/(C1k(S)) is closely related to the assumption ro(A) < u~!
(see Section for further discussion), which ensures that ¢; < k2(A)u < 1. The bound &3 <

110



#(R)ka(AR™Y), where ¢(R) is defined in (5.13)), tells us that the dominant term in the bound for e,
is n2ka(SQA)ka(A)u, when g1 < 1.

A,

5.4.3 Bounding k2(Y)

We now combine Lemmas to to obtain a bound on the condition number of Y, which is the
computed version of AR, We find that ro(Y) < 4k2(SQ4) + 1 provided that ko (A) is sufficiently

small.

Theorem 5.5. Let A € R™*" have linearly independent columns, S € R**™ have linearly indepen-
dent rows, and m > s >n. Let A= QaRs and SA = QR be the economized QR factorizations of
A and B = SA, respectively. Assume that

Ko (SQ4) < 49, n2u < 1/201, % +/n > 200, (5.14)

and that ko (A) is sufficiently small so that

1
A) < ———— 1
where Cy = O((y/snm+sn3/?)u) and k(S) are defined in (5.12)). Compute the preconditioned matriz

Y as detailed in Lemma and Lemma Then,
ko(Y) < 4k2(SQA) + 1.

Proof. Throughout the proof, we assume the notation introduced in Lemmas[5.2] to By assump-
tion (5.15) we immediately see that e; < 1/3, defined in Lemma and hence R and AR™! are
full rank. It follows that ko(AR™!) < 2k9(SQ4). Furthermore, also by Lemma we find

< HQ(R) + &1 §

. 1
HQ(R) - 1—81 5

(3k2(SQA)ka(A) +1) < % ((;1 + 1> . (5.16)

By using the fact that m > s > n, we can show that C; > (m + n3/2)7n, which can be substituted
into (5.16). One can use the bound on 2(R) to then bound ¢(R), defined in (5.13), as

. 1 1
NYnk2 (R) < 2" (m + ’Yn) _ \/ﬁc(ma n)
1—+/nynka(R) 11— NG (m + ’Yn) 1—c(m,n)

3That is, compute the matrix-matrix product SA, compute its R factor by the Householder QR algorithm, and
finally compute the preconditioned matrix by solving AR~ with forward substitution.

¢(R) =

bl
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where
2 m +n3/2

c(m,n) = 1\/ﬁ (1 +*yn) :

The assumptions in (5.14) imply that c(m,n) < (4y/nk2(SQ4) + 1)~1, where we used that nu <
1/201, i.e. ny, < 1/200. Now we have that ¢(R) < (4k2(SQ4))~! and so

2 < SRR ) < malSQUARIT T < 3.

By Lemma Y is full rank and its condition number is bounded by

N K}Q(AR_l) + &9

F&Q(Y) < < 4%2(5@_,4) + 1.

1*62
O

It is worth discussing the assumptions of Theorem Consider the assumption in . The
k(S) term (see (5.12)) is a small constant depending on the particulars of the embedding matrix.
The constant Cy (see ) can be bounded by the product of a low-degree polynomial in m, n, and
s and the unit-round-off u, say C; < p(m,n, s)u. We specifically have C; = O(y/sn(m + /sn)u),
as ym = O(mu) and 74, = O(snu). In classical stability analysis, this polynomial term p(m,n,s)
can be more or less ignored. As a result, a condition of the form ro(A) < (p(m,n,s)u)~! is often
loosely restated as ra(A) < u™L.

The rationale behind ignoring these m, n, and s terms is that classic stability analysis, as
we performed in this section, provides us with worst-case bounds on numerical errors. These are
generally pessimistic [140]; composing n operations would only result in an error of order nu if
each rounding error is of the same sign and of maximum magnitude [141]. We could improve these
bounds by using probabilistic backward error analysis, which would give us results proportional to
V/nu instead of nu [141}/142]. However, it must be noted that even probabilistic stability analysis
would theoretically result in a large factor multiplied by u.

The other assumptions of Theorem in , are reasonable in practice. The condition
number of SQ 4 is generally observed to be bounded by a modest number, such as 5 or 10, with
high probability. Furthermore, we assume that the problem dimensions are small compared to the
unit round-off. Most importantly, Theorem informs us that, provided that xa(A) < u~?, the

condition number of the preconditioned matrix is independent of k2(A) (with high probability).

5.4.4 The backward error of sketch-and-apply

Until now, we have only considered the condition number of the preconditioned matrix AP. The

analysis in this section related rounding errors incurred in the final steps — solving (AR 1)z = b
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with LSQR and computing = R~'z with back substitution — to the backward error of sketch-and-
apply. It is not immediate that the last step in the algorithm preserves the numerical stability of the
algorithm. After all, solving linear systems with R in LSQR iterations is one potential reason for
the numerical instability of sketch-and-precondition algorithms. Nonetheless, we show that sketch-
and-apply performs as well as LSQR on very well-conditioned matrices and that the numerical error
in the last step is O(u) instead of O(ur2(A)) (see Theorem [5.6)).

Throughout this analysis, we will not consider a sketch-and-solve initialization and consider
stability properties from any starting point. We reiterate that the following theorem relates to
sketch-and-apply without any smoothing. Smoothed sketch-and-apply is investigated in Section |5.5

We show that the backward error in sketch-and-apply is of the same order as the backward error

from unpreconditioned LSQR with i(AR™!), under the assumptions of Theorem [5.5

Theorem 5.6. Assume the embedding matriz S € RS*™ and A € R™*" satisfy assumptions
and in Theorem . Apply Algorithm and assume that LSQR terminates at an iterate Z
that satisfies the backward erroif]

2= (Y 4+ AY) (b + 6b). (5.17)

Then, the computed solution T to Ax = b has the backward error (A + AA)Z = b+ b satisfying
1aAz < IS/l2)|All2 (60477, [(SQa) |2 + 2,01 AT )

Proof. The final step of Algorithm involves solving the triangular system Rz = 2. We know
from (5.8)) that the computed solution Z satisfies

(R+AR)E =2, ARz < yav/nl|R]lo-

We now have

i=(R+AR) 2= (R+AR) (Y + AY)(b+db) = (A + AA) (b + ob),

where AA = (YR — A) + AYR + YAR + AYAR. For the YR — A term we have that each row
satisfies

TR —al = —gT AR, |AR| < 7R,
so that |[YR — Alls < nya||R||2||Y 2. Tt follows that

|84l < 1Bl (2 + VY wall VIl + (1 + Vi) |AY )

4Note that the backward error term AY is not the same as the numerical error AY resulting from solving the
triangular system Y = AR™! in finite precision.
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where ||R||z < (1+C1)||S[lzl|All2 < 2[|S]|2]| A2, and

N . A S T
71l < AR + 18V < (14 68) LT < 1515001,

where the last inequality follows from the assumptions (5.14)) and (5.15). We obtain
|AA] < 2082l Alls (3:0203,]|(5Q)' 2 + 100 |AT )

where we used that n + /n < 2n and /nvy, < nvy, < 1/200 by (5.14). O

The moral of Theorem is that sketch-and-apply is backward stable as long as LSQR on Y
is backward stable, that is, [|AY ]|y and [|6b]|2/|/b]|2 are both O(u) in . Under the conditions
of Theorem the matrix Y is well-conditioned with high probability. As discussed in the previ-
ous chapter, we cannot provide rigorous theoretical backing that this means LSQR will be stable.
However, numerical experiments provide strong evidence.

Remarkably, the final step of the algorithm does not influence the accuracy of the solution, i.e.,
solving Rx = y with back substitution. This is despite the fact that R is ill-conditioned when A
is. The mechanism with which stability is established is similar to the backward stability of an

algorithm based on repeated CholeskyQR [281].

5.4.5 Ill-conditioning caused by poor column scaling

If the ill-conditioning in an LS problem is caused by poor column scaling in A, we strongly recommend
using QR-based sketch-and-apply techniques. The reason is that computing AR~ is invariant to
column scaling, while the SVD is not. In fact, the assumption that x2(A4) < u~! in Section can
be replaced by

mgn{/sg(AD) . D =diagb"), k; €Z,i=1,...,n} <u?,

where b is the machine base (usually b = 2). Of course, one can also pre-process an LS problem by
scaling the columns of A by powers of the machine base so that each column has a norm that is

close to 1.

5.5 On the numerical stability of smoothed sketch-and-apply

We now analyze smoothed sketch-and-apply (see Algorithm . When k2(A) < 1/u, Theorem
states that sketch-and-apply computes a preconditioned matrix with a condition number independent

of ka(A) with high probability. Moreover, we can reliably estimate ko(A) by ka(SA). We do not

114



have a guarantee on the stability of sketch-and-apply if k2(A) 2 1/u. It is in this context that we
consider smoothing.

We note that smoothing is one of various ways in which rank-deficiency can be tackled. One may
add explicit regularisation that transforms the problem to be full-rank; we consider this in Chapter [6]
This is also employed in the iterative LS solvers presented in [101]. Alternatively, Cartis et al. suggest
computing a rank-revealing decomposition of the sketch SA and truncating the preconditioner to
be numerically full-rank [47], similarly to using a truncated SVD as in [187].

One could consider Algorithm [I1] from two points of view. Firstly, a practitioner may add an
O(ul|A|]2) Gaussian perturbation to a severely ill-conditioned problem. As a result, the perturbed
problem can be accurately solved with sketch-and-apply. Secondly, floating point errors arising from
the representation of any matrix in finite precision could be modeled as a Gaussian perturbation
and then smoothing partially explains the success of sketch-and-apply to highly ill-conditioned LS

problems.

A~

5.5.1 Bounding k,(Y)

Similar to the stability analysis in Section [5.4] we have the following steps in finite precision after

we have smoothed A:
1. A= A+0G/ym,

2. B=SA+ E,

4.Y = AR71 + AY,
where the hats denote that we are accounting for rounding errors and the scaling parameter o
controls how much A is perturbed. Assuming o is sufficiently large to ensure that A satisfies 1)
we then show that the stability analysis from Section carries over to A.

The following theorem tells us how large o needs to be.

Theorem 5.7. Let A € R™*™ with m > 3n, S € R**"™ have linearly independent rows, and let
m>s>mn. Set
A=A+ 0G//m, o = 52||A||2k(S)smy/nu, (5.18)

where G € R™X" s q standard Gaussian matriz with i.i.d. entries, k(S) is defined in (5.12)) and
w is the unit round-off. Let A = Q;iR; and SA = QR be economized QR factorizations of A and
B = SA, respectively. Lastly, assume thaﬂ

k2(SQ1) <49, T4 n>200,  smu<1/67. (5.19)
n

5We also assume that cn < m for the same integer ¢ defined in 7s, to simplify the notation.
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Now compute first the product SA, then the upper triangular factor R by the Householder QR algo-
rithm on SA, and finally compute Y = AR with forward substitution. Assume all computations

are performed in finite precision. Then,
P (52(?) > 4k2(SQ 5) + 1) < onm,

which completes the proof.

Proof. We start by showing that o in (5.18)) is sufficiently large to ensure that A satisfies (5.15))
in Theorem [5.5] To this end, note the assumptions in (5.19)) imply that mu < 1/64 and csnu < 1/64
so that we have ~,, < 1.02mu and 5, < 1.02csnu < 1.02smu. We can then bound C; defined

in (5.12) as
C1 < 1.02 x 65sm(1 + v/n)u/64 < 2.1smy/nu.

As a result
1

- ~ 8.25
P A)> —— | <P A)> ———— | < 2"7™.
(”2( ) 301k(5)> <“2( ) 52k(S)sm\/ﬁu>
The final result on o (Y) follows by applying Theorem to A, which is possible since the last
assumption in ([5.19) is stronger than nu < 1/201. O

Theorem shows that the magnitude of the perturbation cG/y/m needs to be approximately
O(sma/nu) to ensure the condition number of A is sufficiently small, that is, xo(A4) < 1/u. The low-
degree polynomial term sm+/n arises from (5.15), which includes the constant C; = O(y/sn(m +
Vsn)u). As discussed in Section these are often pessimistic bounds. Probabilistic error

1/4

analysis provides a theoretical justification to select o proportional to /smn'/*u. This may still

be a relatively large perturbation if the dimensions of the problem are enormous, enlarging the

backward error to an unacceptable level (see Section [5.5.2)).

5.5.2 The backward error of smoothed sketch-and-apply

In Section we showed that a small additive random perturbation to a small-skinny matrix
ensures that the condition number of the perturbed matrix is sufficiently small. This allows us to
conclude that ko (Y) is small with high probability. We now show that smoothed sketch-and-apply
(see Algorithm computes a backward error similar to Theorem with an additional term from

the additive perturbation.

Theorem 5.8. Assume the same setup as in Theorem . Apply Algorithm to Az = b and

assume LSQR terminates at an iterate Z that satisfies the backward error

2= (Y + AY) (b + ob).
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Then, the computed solution T to Ax = b has the backward error (A + AA)Z = b+ b satisfying

AA]l2 < |All2 | 1S]l2 (1 + 197k(S)smy/nu)

(6.04n'yn||(SQ DTl + 2.01||A3>H2) +197k(S)smy/nu|  (5.20)

with probability at least 1 —2"~™ — 1073,

Proof. We combine Theorem and Theorem to obtain the result. Additionally, we use the

following classic result in the analysis of Gaussian matrices |72]:

n t 2
L W
P (||G||2/\/m >14 p- + \/ﬁ) <e ,

applied with ¢ = 3.8. This shows ||A|y < ||All2 + o||Gll2/v/m < ||A]l2 + 3.780 with probability at

least 1073, where o = 52|| A|2k(S)sm~/nu. O

Theorem allows us to conclude that under mild assumptions, smoothed sketch-and-apply
results in a backward error of the same order as the backward error of unpreconditioned LSQR on
Yz = b. Under the conditions of the theorem, Y is indeed a well-conditioned matrix and LSQR is
expected to obtain backward stable solutions. We removed the assumptions on x2(A).

Theorem suggests that the perturbation needs to be of size O(sm+/nu). This would be im-
permissible for many problems, especially if the dimensions are large. We recommend a perturbation
of magnitude approximately 10||A||zu. Although we lack the theoretical evidence for this choice, it
works in our experiments (see Section [5.6.2)).

Smoothing an LS problem should be done with much caution. There are many contexts where
ka(A) > u~! yet perturbing the problem is unnecessary. For instance, if the ill-conditioning is caused
by poor column scaling, sketch-and-apply will still compute accurate solutions without smoothing
(see Section [5.7). In this sense, r(A) is not an effective predictor of whether smoothing will be

beneficial. We suggest one should smooth only if sketch-and-apply does not converge (see Algo-

rithm .

5.6 Master sketch-and-apply algorithm and numerical experiments

We now present the implementation of the sketch-and-apply algorithms (see Algorithm in a
similar fashion to the overall solver in Blendenpik [14]. We perform the standard initial steps, i.e.,
drawing an embedding matrix S, computing the sketch SA, and computing the QR factorization
QR = SA using the Householder QR algorithm. Next, we compute the preconditioned matrix ¥ =
AR™! explicitly with forward substitution and use (unpreconditioned) LSQR to solve min ||Yz — b]|.
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We include sketch-and-solve initialization in this algorithm to speed up convergence. This step
consists of computing zo = Q7 Sb. If LSQR converges to the desired tolerance, we compute z = R~z
with back substitution. In this case, we assume our algorithm computed a backward stable solution.

In the case where LSQR does not converge, we perturb/smooth A. This will only happen when
A is numerically rank-deficient, as we’ve theoretically shown in this chapter. In this case, we resolve
the rank-deficiency by smoothing Aﬁ In particular, we compute A = A + ¢G /+/m for a Gaussian
matrix G with o = 10||A||au and perform the sketch-and-apply steps including a sketch-and-solve
initial guess on Az = b. We recommend doing this because there are examples, although rare, where

sketch-and-apply converges to an accurate solution only after smoothing (see Section [5.6.2)). The

spectral norm of A can be estimated, for instance, with the sketch SA or using the power method.

Algorithm 12 Master algorithm for sketch-and-apply to solve (5.1)). Here, HHQR refers to the
Householder QR algorithm.

Draw a random sketching matrix S € R**™ where m > s > n
Compute B = SA and ¢ = Sb
Compute both @ and R of the QR factorization of B using HHQR
Compute Y = AR™! with forward substitution
Compute initial guess zp = Q¢
Solve min ||Y 'z — b|| with LSQR and no preconditioner and initial guess z
if LSQR converges to the desired tolerance then
Compute = R~z with back substitution
else
Draw a random standard Gaussian matrix G € R™*" with i.i.d. entries
Compute A = A + oG/y/m for o = 10||Al|u
Compute B = SA
Compute both @ and R of the QR factorization of B using HHQR
Compute Y = AR~ with forward substitution
Compute initial guess zo = Q¢
Solve min ||Y 'z — b|| with LSQR and no preconditioner and initial guess zy
Compute 2 = R~z with back substitution
end if

L T e e

It should be noted that without smoothing, LSQR iteration can converge to a solution with a
sub-optimal residual (see Figure (right)). However, it is infeasible to compute the backward
error when m is large as it requires computing the smallest singular value of an m x (m +n) matrix
(although it is possible to reduce the cost [129]). If the residual obtained from sketch-and-apply is
less accurate than desired, one could estimate the condition number of A via the condition number
of R. If the condition number estimate of R is of the same order of magnitude as u~!, then the
problem is severely ill-conditioned and one could try smoothing to potentially improve the accuracy
of the computed solution. Smoothing can improve the convergence rate of LSQR, even if sketch-

and-apply obtains a backward stable solution without smoothing (see Figure . Nonetheless one

6 As mentioned throughout, this is certainly not the only resolution to rank-deficiency. Primarily, one can truncate
the (low-rank) decomposition of SA before computing a preconditioner (as in [47)f187], see Section[4.5.1). Alternatively,
one can apply a different type of regularisation, such as Tikhonov regularisation discussed in Chapter @
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should be careful with smoothing because examples exist where k2(A) is large but smoothing remains

unnecessary (see Figure [5.5). Exactly when and when not to smooth remains unclear.

5.6.1 Numerical experiments with sketch-and-apply

Now we examine the performance of sketch-and-precondition with sketch-and-solve initialization,
sketch-and-apply with and without sketch-and-solve initialization, and the QR-based direct solver.
The experiment considers ill-conditioned LS problems that are randomly generated (see Sectionm
for details on how A and b are formed) and can be stored in local cache. The QR solver is implemented
with the qr and backslash \ (with R) commands in MATLAB. The execution times are shown
in Figure [5.3]

We find that on this scale, sketch-and-apply, especially with SAS, is competitive relative to QR
in terms of computational time. A sketch-and-solve initialization improves the computing time as
fewer iterations are needed. Sketch-and-precondition with SAS is the computationally most efficient,
and will in almost all cases converge to a solution with optimal residual and backward error. For

most practical applications, this should remain the preferred option.

n=10% m = 106
3 : : 3.5 :
= SAP-SAS
=3 SAA
251t SAA-SAS
—— QR

Runtime relative to SAP-SAS
Runtime relative to SAP-SAS

108
m n

Figure 5.3: The relative execution time to solve large LS problems using sketch-and-precondition with sketch-
and-solve initialization (SAS), sketch-and-apply, sketch-and-apply with SAS, and Householder QR. For each
problem k(A) = 10*° and the noise level |le||2 = 107°. The tolerance is set to 1072 and the maximum
number of iterations to 100 (this is never reached). Left: Timings for n = 4000 and 2'? < m < 22°. Right:
Timings for m = 10° and 27 < n < 2'2.

We furthermore note that sketch-and-apply (and sketch-and-precondition) algorithms could out-
perform the direct QR method by a larger factor if it is expensive to communicate with the matrix
A. This context occurs, for example, when A is too large to be stored in local cache and is instead
stored on disk. Provided we obtain a good sketch of A, the number of iterations in LSQR before

convergence will be modest, requiring limited streaming. The QR method, however, requires n views

for an m x n matrix.
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Figure 5.4: The iteration count necessary for convergence when using sketch-and-apply with or without
sketch-and-solve initialization.

Figure and the analysis throughout the chapter show that sketch-and-apply always obtains
backward stable solutions, regardless of whether initialized or not. Figure [5.4] displays that the
difference in the two approaches is the number of iterations necessary to get there. The quality of
the sketch-and-solve solution depends on the optimal residual, as previously noted in Section [5.2.1

For small optimal residuals, we start closer to a backward stable solution.

5.6.2 Numerical experiments with smoothed sketch-and-apply

Sketch-and-precondition with initialization, sketch-and-apply, its smoothed version, and Householder
QR can compute accurate solutions to LS problems, even when r2(A) > 1/u (see Figure the
problems are generated as explained in Section . Therefore, smoothing is only sometimes
required for extremely ill-conditioned least squares problems. However, even when smoothing is
unnecessary, there is some potential benefit to smoothing because the perturbed LS problem can
lead to rapid LSQR convergence. Of course, there is a trade-off here as one converges rapidly to an
accurate solution of the perturbed problem, and the computed solution may be less accurate for the
original LS problem of interest.

However, there are also examples for which smoothing provides a more accurate solution to the
original problem of min, || Az — b||, not min,, || Az — b|| (see Figure . For example, we take an LS
problem involving a 1000 x 100 Kahan matrix with § = 1.1 from the MATLAB gallery collection
and another one involving a column-scaled 1000 x 10 Vandermonde matrix involving equally spaced
points between —1 and 1. The Kahan and Vandermonde matrices are designed so that their condition
numbers are > 1/u. Without smoothing, even the QR-based algorithm fails to compute an accurate
solution along with all the other methods. This is because the problem is so ill-conditioned that
even a backward stable solution can behave wildly. However, after smoothing, sketch-and-apply
computes an accurate solution to the original LS problems. It should be noted that one could also

smooth before solving the problems with QR to obtain more accurate solutions.
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k(A) = 10%, (m = 10°, n = 10%), ||e[|s = 10~ K(A) =107, (m = 10°, n = 10%), |le[, = 1071
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Figure 5.5: Smoothing is not always needed for LS problems with x2(A) > 1/u. These matrices are formed by
drawing singular vectors from the Haar distribution and letting the singular values decay exponentially from
1 to 1/k2(A). For comparison, we show the residual error computed by Householder QR. These problems
are so ill-conditioned that the backward error is not an informative measure, i.e., most computed solutions
(e.g., with very few LSQR iterations) give a backward error O(u). Note that the reported residual is always
the residual in the original problem with A, not the residual of the smoothed problem.
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Vandermonde matrix (m = 1000, n = 10), |/l = 1071 = 1000, n = 100), [le]2 = 1071
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Figure 5.6: Smoothing can solve extremely ill-conditioned LS problems, even when sketch-and-apply and
Householder QR cannot. For the Vandermonde matrix, we can only obtain accurate solutions using a
smoothed algorithm (note the y-axis is the residual || Az —b||/||b]|, not the residual in the smoothed problem).
The problem with the Kahan matrix can only be solved optimally with certain sketch-and-apply variations;
the initialized sketch-and-precondition algorithm and standard sketch-and-apply attain sub-optimal residu-
als. Again, these problems are too ill-conditioned for the backward error to be informative.

5.6.3 Sparse matrices

We briefly discuss the performance of the various algorithms in question on sparse matrices. Firstly,
it should be noted that any sketch-and-apply variant will not respect the sparsity: the matrix
Y = AR is generally dense. As a result, convergence will be slower and computational cost will
be unnecessarily high. Remarkably, Figure shows that standard sketch-and-precondition can
be numerically stable for sparse matrices with few non-zero entries. It appears that if nnz(A) is

sufficiently small, the rounding errors compound less and the algorithm finds accurate solutions.
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A precise explanation is left for future work. Unsurprisingly, all algorithms with sketch-and-solve

initialization converge rapidly to accurate solutions.

A spase: k(A) = 10" (m = 10, n = 10? , nnz = 28625), |le[» = 10714 A spa

10 Sketch-and-precondition
:8 Sketch-and-precondition with SAS
Sketch-and-apply
=% Sketch-and-apply with SAS
=3 Smoothed sketch-and-apply
Smoothed sketch-and-apply with SAS
— QR I

o
&

| Az — bll2/l[bll2

3
[| Az — bl|2/[bll2

0 10 20 30 40 50
Iteration Iteration

Figure 5.7: Sketch-and-apply algorithms cannot take advantage of sparsity of A. Note that sketch-and-
precondition without sketch-and-solve initialization can lead to accurate solutions for sparse matrices with
few non-zero entries (left figure). This behavior depends nontrivially on the sparsity etc; in the right figure,
we observe the numerical instabilities we have seen throughout this work.

5.7 Summary and outlook

We have proposed a stable iterative LS solver sketch-and-apply, derived from the sketch-and-
precondition framework by explicitly computing the preconditioned matrix AP and using an un-
preconditioned iterative solver on AP. We furthermore demonstrated that using sketch-and-solve
initialization greatly improves convergence properties as well as the maximal attainable accuracy
of sketch-and-precondition. Practically, the sketch-and-apply algorithm requires the same compu-
tational cost as direct solvers, i.e. O(mn?), although it can be faster in terms of running time
(see Figure . It may therefore be seen as a theoretical contribution more so than a practi-
cal one. The radical improvement in performance of sketch-and-precondition when combined with
sketch-and-solve initialization is the main take-away for practitioners. This was previously argued
in .

As to the numerical stability of sketch-and-apply, we were not able to state that the backward
error [[AAl|2 is O(ul|A||2) (see Theorems [5.6/and [5.8). Instead, we have shown that ||AAll2/||All2 is
of the same order as the backward error | AY || incurred when Yz = b is solved with unpreconditioned
LSQR, where Y is well-conditioned. The finite-precision behaviour of Krylov subspace solvers is a
difficult topic, strongly dependent on the particular implementation (as discussed in Section .
Empirically, however, we find that sketch-and-apply is always stable when ro(A) < u=!.

We have assumed specific choices for how the randomized preconditioner is constructed. In

LSRN \ , for instance, the preconditioner is chosen to be P = VX!, where SA = UXV7 is the
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SVD of the sketch. The sketch-and-apply technique can also be used with LSRN ideas where the
preconditioned matrix is computed as Y = AVX~!. We suspect one can also prove similar results
to our sketch-and-apply analysis for sketch-and-apply LSRN. Versions of Lemmas and hold
almost identically for SVD-based sketch-and-apply, with R replaced by V. The key difference is the
numerical errors €1 and €5, which we have not investigated. Since computing the SVD is typically
more expensive than a QR factorization, we recommend sketch-and-apply. One notable exception is
when solving a sequence of Tikhonov regularized LS problems for various regularization parameters
(see Chapter [6] and [187]).

Backward stability is important to ensure that errors incurred throughout the computational
process are as small as one could hope. These errors are the smallest perturbations to the data so
that the computed solution exactly solves the perturbed system. However, in any real problems the
data A, b, or both will already be perturbed by measurement errors. In this case, we only desire the
backward error to be smaller than the size of the measurement error, which are usually not of order
machine precision. Backward stability would then not be strictly necessary; all we would need is a
reasonably small backward error. One argument for backward stability is if a least squares problem
is solved as part of a larger computational routine in which backward errors might accumulate.

There is an important question that has been left unresolved in this chapter: is there an iterative
LS solver based on randomized preconditioning that is both stable and has smaller computational
cost than direct solvers? In recent work by Epperly, Meier, and Nakatsukasa (2024), such an al-
gorithm is proposed. It is shown that combining sketch-and-solve initialization with two rounds of
sketch-and-precondition resolves the numerical instabilities of sketch-and-precondition [101]. The
algorithm, which is called SPIR, (Sketch-and-Precondition with Iterative Refinement) works as fol-

lows

1. Draw a random embedding S, sketch A and b, compute a randomized preconditioner P from

the sketch SA.
2. Set xy = argmin ||S(Az — b)||;

3. Use an iterative solver with initial guess z¢ and preconditioner P to solve min ||Az — b|| and

find solution z;

4. Use an iterative solver with initial guess z; and preconditioner P to solve min ||Az — b|| and

find solution 5.

We have shown throughout this chapter that z( is far from backward stable, but leads to good
residual errors. Similarly, x; is not always a backward stable solution, but gives optimal residuals
and forward errors of similar accuracy as the QR method (see Figure . Finally, in [101], we show

Zo is a backward stable solution. A significant reason of the good performance of this algorithm
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is the careful stopping criteria (also based on sketching), monitoring when to refine the solution
and when backward stability is attained. This work not only highlights the potential of randomized
preconditioning as a default solver for highly-overdetermined least squares problems, but also em-
phasizes the importance of leveraging classical NLA knowledge (finite-precision analysis, numerical
stability, stopping criteria for iterative solvers, iterative refinement) to unleash the full potential of

randomized algorithms.
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Chapter 6

Randomized algorithms for
Tikhonov regularization in linear

least squares

6.1 Introduction

In the previous chapter, we set out to compute backward stable solutions to highly-overdetermined
least squares problems. Now, we investigate how we can use randomization to compute solutions

with small forward error. We again consider the least squares problem
min ||Az —bl|3, A€R™"™  bheR™, (6.1)
zER™

but allow for various different dimensions of the problem: m > n, n > m, or problems with rapidly
decaying spectra of any dimension, including m = n.

As discussed in Section[4.2.3]and displayed in Figures[d.2|and [5.2] backward stable solutions of ill-
conditioned problems can have extremely large forward errors. Small rounding errors are amplified
in the direction of the smallest singular values and the solution norm blows up. We might be solving
a nearby problem, but the solutions may differ enormously (see also Figure .

From a numerical point of view, ill-conditioning to the point of rank-deficiency can make standard
LS solvers fail. In Chapter |5, we resolved this by adding random noise to the matrix A to improve its
conditioning. Other works have proposed sketch-and-precondition schemes that can be applied to

rank-deficient matrices through truncating decompositions of the sketch [47,[187]. In this chapter, we
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discuss another option: namely Tikhonov regularization. This type of regularization will transform
any linear system into an overdetermined sytem of full column rank.

Our treatment will be more general than previous chapters, in that we will also discuss under-
determined and square systems. Section will mainly consider highly overdetermined problems,
i.e. m > n, as in most of this thesis. All the theorems and algorithms presented in Section [6.2] may
be extended to the highly underdetermined case, i.e. n > m. We discuss this in Section [6.2.5] Most
notably, in this chapter we also discuss sketch-and-precondition-type algorithms for problems of any
dimension, including square A, provided the matrix has rapidly decaying singular values. This case
is considered in Section [6.3]

Let us discuss the need for regularization beyond numerical stability. Consider a linear inverse
problem of the form Az, + € = b, where e € R™ is some unknown noise and e is some ground
truth that we wish to recover from A and b. If A is very ill-conditioned and we were to find the

exact solution z* = argmin || Az — b||, we would have

2 = ATh = Abyye + ATe = 2o + Afe.

The magnitude of Afe might be as large as ||Afe|| ~ r2(A)|e||, rendering the solution z* useless for
very ill-conditioned matrices. The ill-conditioning results in amplification of the (e.g. measurement
or approximation) error in b and (potentially) A [45,/62]. In this chapter, we set out to resolve this
and compute a solution & that minimizes the error ||Z — T¢yuel|-

To do so, we must turn to regularizing the problem before solving it numerically [99]. Regular-
ization roughly refers to ‘filtering out’ the effect of very small singular values, and thereby obtaining
solutions with smaller error. Regularization is often proposed in the contexts of inverse problems,
which are of interest in a number of domains such as (medical) imaging [31,(198,|199], scattering
problems [42}51}|65], geophysics [147},244], and astronomy [1241[171]. In many of these applications,
A is the discretization of an integral operator [121] and b are the measurements. If the operator A
is (very) ill-conditioned, as it often is, then recovering xiye from A and b is an ill-posed problem.

We demonstrate this using the example of computed tomography.

6.1.1 An example inverse problem: computed tomography

In computed tomography (CT) for radiology, a cross-section of the human body is exposed to X-rays.
The goal is to reconstruct the X-ray attenuation of the tissue at different points; this is accomplished
by measuring the loss in intensity. A simple physical model for this is described through an integral
transform called the Radon transform. Following [135], let f(z1,22) be a function describing the
X-ray attenuation at a point (2, 75) € [~1,1]? of the image. Any line Lg s through the image can

be parameterized by 6 € [0,180) and s € [—1,1] if we define Ly s to be the line with distance s from
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the origin and orthogonal to the z;-axis rotated 6 degrees. The Radon transform of f for a given
line is simply the line integral

R[f](& S) = . f(lL'1,!L‘2)dl.

Radon showed in 1917 that the object f(z1,z2) can be completely reconstructed from a full set of
line integrals over all angles, say ¢(#, s) |217]. This is the basis of CT [198§].

In an ideal world, we take our measurements (the line integrals g(0, s) collected in a sinogram)
and apply the inverse Radon transform to reconstruct the image of the body part. In the real world,
we only take measurements over a discrete number R angles and a discrete number P lines per angle,
such that we measure data b € RF®. The image is pixelated into a M x N grid and then reshaped
as a vector Tirye € RMN . We can similarly discretize the integral transform R into a PR x M N
matrix A so that AZirue = birue. The actual measurements b = by + € contain some noise e.

The discretized Radon transform is available as a fast transform in MATLAB, but we choose to
explicitly form the matrix A so we can investigate its spectrum. The is done by applying the radon
function in MATLAB so M N images of size M x N with just one entry equal to one and the rest
Zero.

We take the modified Shepp-Logan phantom of size 110 x 110 (a model for the cross-section of
a human head, see [144,232,[248|) as an example image. The Radon transform is computed over
R =90 angles and P = 159 lines. Figure shows this image and the associated sinogram which
is obtained through the matrix-vector multiply Azi... We add a small amount of artificial noise
to this sinogram to create the data b, and then solve the LS problem z* = argmin ||Az — b||. The
reconstruction is shown in the right-most panel in Figure It is immediately apparent that it is

completely useless.

Sinogram Noisy sinogram

Original Reconstructed image

Figure 6.1: The sinogram by ue is the result of the Radon transform applied to the original image Tiyue to
which we add some artificial noise of magnitude 10~% to obtain the noisy sinogram b. The right image shows
the reconstruction z* = A'b.

The Radon transform, both in its continuous and its discretized form, has rapidly decaying
singular values in its tail [135]. The ill-conditioning in A amplifies the error e and renders the naive

solution z* useless. To tackle this issue we must turn to regularization.
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6.1.2 Tikhonov regularization

There exist various different types of regularization, and we refer to [99}[122}|130}|132] for excel-
lent discussions. In this chapter we focus on Tikhonov regularization, which is “probably the most
successful regularization method of all times” according to Hansen [132].

When using Tikhonov regularization [122}]246}|247] (also known as ridge regression), the LS
problem is transformed to

x) :arg{élin{HAx—bH%+/\||Lm||§}, (6.2)
z€ER™

for a regularization parameter A > 0. In the standard form L = I, and in the general form
L € RP*™ is any operator [34]. The regularization operator L is usually chosen to be some discretized
differential operator with physical relevance to the underlying problem [132]. The conditioning of
the problem improves for larger A and x tends to the solution of as A tends to zero. By
adding the regularization term A||Lzx|, we force the solution to have a physically relevant norm.
The regularization parameter dictates how much we penalize the solution (semi-)norm. The optimal

regularization parameter \* minimizes the error [130]

A* =min ||zx — Teruel-
A>0

6.1.2.1 Selecting a regularization parameter

The optimal regularization parameter is usually unknown a priori and is to be determined in an ad
hoc manner, for instance by considering an L-curve |132}|133], using the discrepancy principle |99}

13219011214}, or generalized cross-validation [113}262]. Many such methods depend on the quantities
|[Azx — b2 and ||Lzy||2,

illustrating that we are balancing goodness-of-fit (small || Az — b||2) with regularity (small | Lzy]|2).
This balancing act is displayed graphically in an L-curve, which plots || Lz ||z versus || Az — bl|2 as
a continuous function of X in a log-log scale |133]. This graph often has a characteristic L-shape.
We plot the L-curve and the singular value spectrum of the example CT problem in Figure [6.2)
The vertical part in the left part of the figure corresponds to solutions that are ‘undersmoothed’:
the solution norm blows up without the fit improving. In the horizontal part solutions are ‘over-
smoothed’, the solution no longer captures the trend in the data since the residual is large. Critically,
the optimal regularization parameter is close to the regularization parameter in the corner of the

L-curve [131]. In this particular example, there is a small range of regularization parameters that
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Figure 6.2: The L-curve associated to a discretized Radon transform A and its singular value spectrum.
The left panel shows a log-log plot of the norm of the residual and the norm of the solution as a continuous
function of the regularization parameter A. Different values for A are marked on the curve. The right panel
shows the spectrum of A. The rapidly decaying singular value spectrum without clear gaps is typical for
inverse problems [132]. The image and its (regularized) reconstructions are shown in Figures [6.1and

10712 A2 =10"% A2=1072 A2 =10t

Figure 6.3: We try to reconstruct the original image using Tikhonov regularization (in its standard form). A
small regularization parameter A> = 1072 corresponds to undersmoothing, and if the regularization value
is too large, we have oversmoothing and the lines become blurry. Note the correspondence to the values on
the L-curve in Figure The optimal regularization parameter is approximately A\? = 107",

result in corner solutions. The reconstructions corresponding to this particular example and a few
regularization parameters can be seen in Figure [6.3]

Naturally, the L-curve defines a criterion for regularization parameter selection. Choosing the
‘corner’ of the curve

(log [[Azx — bl|2, log [ Laxl|2)

corresponds to selecting the point that has maximum curvature [70,[136]. Computation of this point,
however, is not computationally straightforward. An SVD of A (for L = I) or generalized SVD of
(A, L) (for L # I) is necessary to determine it precisely, although one may approximate it using
a bidiagonalization procedure [44]. Alternatively, with access to a multiple points on the curve we
can interpolate it to find an appropriate parameter [133]. In this case we need to compute multiple
solutions z,, for regularization parameters Aj,..., An.

The Reginska criterion [220] is related to the L-curve; instead of maximising curvature, we aim
to minimize || Az — bl|||z]|* for some & > 0. This is still related to finding the corner of the L-curve.
If multiple solutions z, or the SVD of A are not available, [26] proposed a fixed-point algorithm for
selecting the minimizer of his function (see also [27}28]).

If we have knowledge on the magnitude of the error present in the data, we can use the (Morozov)
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discrepancy principle to select a regularization parameter [991/190214]. Following [132], say Aztrue =
btrue holds for some exact solution xi,e and exact data byye. If we have data b with (measurement)
errors but with some upper bound ||b — biryell2 < dp, then we should pick A so that ||Azy —b| =
dp. Note that this would again involve computing solutions x), for various parameters \;, if a
decomposition of A is not available.

Hansen (2010) notes that these types of methods to select a good regularization parameter “are
designed for problems where it is feasible to compute the SVD or compute Tikhonov solutions via
the least squares formulation for several values of the reqularization parameter. Many real prob-
lems, however, lead to large matrices where these factorization methods are infeasible with respect to
computing time and/or storage” [130]. We argue that owing to the randomized approach presented
in this chapter, this argument no longer holds and we are able to apply sophisticated criteria to
large-scale problems. This is the context of this work. The aim is to efficiently solve the same LS

problem for multiple regularization parameters:

find 2}, = argmin {||[Az — |3 + \;||z|3}, fori=1,...,N. (6.3)
IER’VL

6.1.2.2 Other regularization methods

There are many other methods for determining a regularization parameter. We distinguish between
direct, iterative, and hybrid regularization approaches [108}|134]. The methods we discussed before
are all part of the direct regularization approach. Tikhonov regularization is one class of direct regu-
larization: fundamentally the problem is formulated explicitly and, through some mechanisms
(e.g. maximizing the curvature of the L-curve, the discrepancy principle), a regularization parameter
A is determined and the corresponding solution x is given. Another class of direct regularization
is to use the truncated SVD of A, where the rank of the truncation determines the level of regu-
larization. Different ways to select the regularization parameter include generalized cross-validation
(GCV) [262], the unbiased predictive risk estimator (UPRE) [261], and the quasi-optimality crite-
rion [98L|131]. See [1},5}/24]25}/122}/206}[245], the work by Hamarik, Hanke, and Lukas, and 132, Ch.
7] for overviews of different methods to select a suitable parameter in direct regularization.
Another class of algorithms are iterative regularization methods. There is no explicit regulariza-
tion parameter A present in these methods, rather regularization occurs through early termination
of an iterative method. Common choices include Landweber iterations, Kaczmarz’s method [155],
and iterative Krylov subspace methods [132]. In iterative regularization, the solution xj at any
iteration k before convergence is considered to be regularized. The parameter that controls the
amount of regularization is not the number of iterations. The phenomenon on which this is based

is sometimes called semi-convergence [198]. The idea is that solutions first converge in the direction
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of dominant singular values towards a solution close to xiye and only in later iterations converge
to the naive solution z* = A'b. One of the reasons iterative methods are preferred to methods that
require full factorizations is that they often require only matrix-vector operations with A, instead of
access to the entire matrix. This makes them suitable for large-scale problems where matrices are
not explicitly stored [130].

There also exists a class of regularization algorithms that combine direct and iterative regular-
ization. In these methods the small projected problem in each iteration is explicitly regularized.
Recall that, at the kth iteration of, for instance LSQR, we solve the small LS problem . In a
hybrid method, rather than solving , we solve

min {||B1e1 — Byl + Aellyl*} .
yCRF

where the regularization parameter A\ is determined on-the-fly using criteria we previously discussed
(but based on the small, projected problem). See [60}/108] for excellent reviews of hybrid Krylov
methods for inverse problems.

In this chapter, we focus on direct regularization. We aim to show that, using randomization, it

becomes feasible to apply Tikhonov regularization to large-scale problems.

6.1.3 Scope and focus of the algorithms

We set out to solve for a sequence of parameters A{,...,Ay. Our approach is to solve each
sub-problem with an iterative sketch-and-precondition type solver, that is suitable for a variety of
different problems. We discuss the sketch-and-precondition approach tailored for the problem in the
next section. First, here, we discuss the range of problems for which this approach is useful.

We distinguish between two types of spectra of the data A. Firstly, a general context in which
A is close to full-rank. That is, the singular values of A are not rapidly decreasing, or, more likely
for inverse problems, just a few singular values are small. Secondly, we consider a context where A
is approximately low-rank and has rapidly decaying singular values. In the context of a Tikhonov
regularized LS problem, we then say that has small statistical dimension (see Definition .
We are able to exploit a small statistical dimension to reduce the total computational cost. In fact,
if the statistical dimension is very small the problem need not be highly over- or underdetermined
(which is the usual setting for randomized algorithms for LS). If the statistical dimension is much
smaller than min(m,n), we can even solve square problems.

Any algorithm we present here for the highly overdetermined case (m > n) is trivially extendable
to the highly underdetermined case (n < m, see Section . For full generality, we consider
L =TI and L # I separately using SVD- and GSVD-based techniques, respectively. The case L # I
is discussed in Section [6.4.11
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Although we show in Chapter [4] and Chapter [f] that this framework is not numerically stable,
even with the inclusion of the sketch-and-solve initialization, we argue that it is sufficiently stable
for practical applications in the regularized context. By including a regularization parameter, we
are implicitly filtering out singular vectors corresponding to small singular values. As a result,
considering the discussion in Section [£.2:4] it is not necessary to have a backward error smaller

smaller than the errors in the data.

6.1.4 Sketch-and-precondition for Tikhonov regularization

Building on the vast body of previous work on randomized numerical linear algebra for least squares
problems, we leverage existing knowledge on sketch-and-precondition techniques (see Section
to design efficient solvers for . The algorithms we present aim to exploit the structure present
in the regularized problem to efficiently update preconditioners. The overarching idea is that a
decomposition of a sketch of A allows us to decompose, in some sense, the entire problem. As a
result we can recycle certain computed quantities and easily update them for new regularization
parameters.

We first briefly discuss the sketch-and-precondition framework and how must be framed to
allow for this randomized approach. We focus on the standard case with L = I for now, but return
to the general formulation in Section Recall that in the standard LS problem 7 a sketch-
and-precondition algorithm does the following. One draws a random embedding matrix S € R**™,
where n < s < m and applies it to A to obtain the sketch SA. Next, this smaller matrix SA is
decomposed, usually into a QR decomposition SA = QR. The inverse of the upper triangular factor
is then used as a preconditioner in an iterative solver (P = R~!), such as LSQR [205]. Additionally,
through the QR decomposition of SA and the sketch Sb one obtains a good initial guess for the
iterative solver with the sketch-and-solve solution [222], as discussed in detail in Chapter |5 If S is
a sufficiently good embedding for the column space of A, then AR~! will be well-conditioned in the
sense that ka(AR™1) = O(1). As a result, the iterative solver that is used will converge rapidly.

We transform the regularized problem to standard LS formulation to be able to extend
the sketch-and-precondition framework to this context. Regardless of the dimensions of A, is
equivalent to

. A .
min || Bz — b3, B= , b= , (6.4)
ek VAL, 0

where B € R™"¥™*™ and b € R™*". For the underdetermined problem we can equivalently to (6.2)
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find the minimum-norm solution to the problem [62]

X X
st. D =b, D= [A—l/ZA Im:| ) (6.5)
T T

min
zeR™, reR™

The solution z73 to is then given by the top n coordinates = of the solution to . E|

A naive randomized approach to solving for multiple regularization parameters would be
to solve the problem from scratch for each \;. The algorithms we present in this work use ‘partly-
exact’ sketches instead. The idea is to sketch A only once and reuse this sketch for each of the
i, while leaving the scaled identity part ‘exact’. Reusing sketches in Tikhonov regularization was
similarly suggested in LSRN [187], and follows naturally in various works [54,59,268]. Avron et
al. [13] introduced the name ‘partly-exact’ sketching. In our context, a partly-exact sketch of the

matrix in the overdetermined problem (/6.4]), would be

U
Sy
Il

Il

(6.6)

for an embedding matrix S € R**™, s < m (as opposed to sketching B with an s x (m + n)
embedding matrix). We can equivalently define this for the underdetermined case.

As explained before, if we were to compute the QR factorization SB = QR, BR™! would be a
well-conditioned matrix. A fundamental idea throughout this work is that we can equivalently state

R~!is a good preconditioner provided that
RTR = (SA)T(SA) + \,. (6.7)

This point of view allows us to rephrase the sketch-and-precondition problem to finding any matrix
R that satisfies (6.7) and may be cheaply inverted. In the next section we discuss broadly our
approach to this.

6.1.5 Our contributions

We introduce a variety of algorithms within the sketch-and-precondition framework to solve (6.3]).
Each algorithm uses partly-exact sketching, combined with a particular way of choosing an R that
satisfies (6.7). The overarching idea is to choose a smart decomposition that allows for a compu-

tationally inexpensive update of the preconditioner. As a result, the work involved in solving (6.3)

IThis formulation for I # I requires L to be non-singular. We do not consider the weighted underdetermined case
for a singular or non-square matrix L, as it does not lend itself to the sketch-and-precondition framework. This is
further discussed in Section [5.4.1]
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will (for our best case complexity algorithms) be the cost of a single sketch, the cost of a single

decomposition, and then the cost of N instances of the iterative solver.

6.1.5.1 General context

For the general context, we propose three algorithms based on different decompositions: the SVD,
the eigendecomposition and the Cholesky decomposition. The SVD-based algorithm has excellent
complexity and allows for an easy update of an initial guess for LSQR, which is essential for rapid
and stable convergence (see Section . Its complexity is upper bounded by O(mnlogm +
n?log(n)+ Nmnlog(1/e)) to solve for N regularization parameters to relative accuracy . The
term O(mnlog(m) is an upper bound for the cost to sketch A to SA. Computing the SVD of SA
costs O(n3log(n)) operations assuming an embedding dimension of nlog(n), and finally we have
O(mnlog(1/e)) cost N times to iteratively solve for all parameters.

The SVD- and eigendecomposition-based algorithms are similar in nature and have the same
computational complexity. The difference is that we compute the eigendecomposition of (SA)7(SA)
instead of the SVD of SA, yet both procedures cost O(n3log(n)). The advantage of the SVD-based
algorithm is that a sketch-and-solve initialization naturally follows, whereas a stable initialization is
not readily available for the eigendecomposition-based approach. It can still be competitive, because
our experiments show the computation of the eigendecomposition of the Gram matrix of the sketch
can be quicker than computation of the SVD of SA.

The Cholesky decomposition-based algorithm has a much worse complexity than the two previous
algorithms. Its complexity is upper bounded by O(mnlogm + N(n® + mnlog(1/¢))). The Nn3
complexity comes from having to compute N Cholesky decompositions of n x n matrices.

However, if there are just a few regularization parameters, it may still outperform alternatives
with better complexity due to its low start-up cost and the speed with which the Cholesky decom-

position is computed.

6.1.5.2 A context with low-statistical dimension

We furthermore introduce an algorithm that can efficiently tackle the situation where the matrix
A has rapidly decaying singular values, regardless of the dimension of the problem. Specifically,
even if A is square or nearly-square, then the proposed algorithms might be used; provided that the
spectrum of A decays sufficiently rapidly. The quantity of interest in this case, in the context of

Tikhonov regularization, is the statistical dimension (also called degrees of freedom).

Definition 6.1 (Statistical dimension). For A > 0 and a rank-r matriz A with singular values

o1(A),...,0.(A), the quantity
. 1
dy(A) =
() =Y —

—_— (6.8)
i=1 (A2
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18 the statistical dimension.

One can loosely interpret the statistical dimension as the number of singular values of A that are
larger than v/X. The quantity is bounded above by the the rank of A. The statistical dimension has
received significant attention in the randomized NLA literature as recent work [12}13}/59}/63] shows
the sketch size can be of the same order as the statistical dimension. The theory on embedding
matrices presented in Section suggests that the optimal embedding dimension is O(r), where
r is the rank of A. In the context of Tikhonov regularization, and thus in the presence of the
parameter \, we can instead consider an optimal dimension proportional to sdy(A). For a matrix A
with rapidly decaying singular values, we could form a sketch with sketch dimension smaller than
the rank of A.

Inspired by the Kernel Ridge Regression (KRR) solver [12], we propose a scheme that results
in a preconditioner based on a small sketch SA € R**"™, where s < n. In at most O(mnlog(n) +
min(m, n)s?) operations we find a preconditioner that is suitable for any value of . This is possible
by computing the SVD of SA and then using the Woodbury matrix identity and the (truncated)
SVD factors of SA to compute a preconditioner with low-rank structure that can be applied cheaply.
Notably, this sketch-and-precondition-based algorithm is suitable for problems of any dimension,
even square. The only requirement is a very rapidly decaying singular value spectrum. This makes
the scheme particularly useful for inverse problems.

Although our work in (approximately) low-rank LS problems is close in spirit to [12] (translated to
a LS context) and [59], these works are concerned with solving the normal equations, thus involving
the Gram matrix ATA (or AAT). This results in squaring the condition number (as A — 0).
It is well-known for LS problems that solutions obtained via the normal equation are unstable,
whereas better stability can be recovered if one works directly with the matrix A [140, Ch. 20]
(see Section . Our approach does this, and finds a preconditioner for A rather than its Gram
matrix. Furthermore, we avoid O(min(m, n)?) work and instead only perform O(min(m,n)sd,(A4)?)

operations.

6.1.5.3 Convergence results

We finally present convergence results for all algorithms. The theoretical results are based on the
structural conditions presented in Chowdhury et al. (2018) [59)]. In particular, for the overdetermined
case in a general context, we would be interested in bounding the singular values of SU,4 from either
side, where S is an embedding matrix and U4 are the left singular vectors of A. Similarly, for the

low statistical dimension context we would like our embedding matrix S to satisfy

ISAUTSTSUAS, — 232 <€, By = Ba(T4 +A1)72
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for some 0 < € < 1, where X 4 is the diagonal matrix of singular values of A. This is further expanded

upon in Sections and

6.1.6 Related work

The regularized system can be solved with direct methods based on the SVD in O(mn min(m, n))
operations. For very large scale systems, this cost is prohibitively large and we must turn to iterative
solvers and/or randomized methods. We have discussed various approaches in Section

Recently, a new class of randomized algorithms for LS that does not require any decompositions
was introduced. These are iterative methods in which sketching is used in each iteration, most
notably Iterative Hessian Sketching (IHS), proposed in [216], which uses a sketched Hessian and
inexact inversion. Extensions of this work include Accelarated IHS [267], Momemtum-THS [200L201],
and Polyak-THS [158]. Wang et al. discuss more general iterative sketching methods for regularized
methods (that might require decompositions) in [268], in particular from a statistical perspective. Of
works in this category, [59] is closest in spirit to our work. The authors design an iterative algorithm
for the underdetermined problem which only requires a sketch (based on leverage scores) of size
proportional to the statistical dimension. A difference is that it does require a min(m, n) x min(m, n)
exact inversion.

There are also works in Kernel Ridge Regression (KRR) that are closely related, most notably [12]
which we discussed above. Chen et al. [56] discuss a general framework for sketch-and-solve in KRR
and [13] analyses errors in this context. In [96], the authors propose a sketch-and-solve algorithm
based on leverage score sampling and in [283] a sketch-and-solve algorithm based on a different
definition of the statistical dimension is introduced. An iterative sketching algorithm is proposed
in [106].

There are various randomized approaches to regularized problems that use the randomized
SVD [150,/172,[277] or randomized generalized SVD [226,[258}273,/278]. Other methods have a

sketch-and-solve flavour [170].

6.2 Randomized sketch-and-precondition algorithms for Tikhonov regu-

larization in general settings
We start with the exposition of a scheme that fits a general spectral regime: the singular values of
A do not decay very rapidly and as a result, the statistical dimension sdy(A) of the problem is not

much smaller than min(m,n). The algorithmic consequence is that the necessary sketch dimension

s is proportional to min(m,n): that is, s > min(m,n) and SA is a matrix of full column rank.
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We discuss three algorithms: 1) SVD-based, 2) eigendecomposition-based, and 3) Cholesky
decomposition-based. In this section we treat the overdetermined case for standard Tikhonov reg-
ularization (L = I) and discuss the problem setting, the algorithms, and the convergence analysis.
All algorithms and theory can be trivially extended to the underdetermined setting.

Let us start with specifying the problem. Let A € R™*™ with m > n. We aim to find precon-
ditioners for the system for multiple regularization parameters Ai,...,Ay. In particular, by
denoting

A
B, = . i=1,...,N,

Vil
we find preconditioners Pi,..., Py such that x(B;P;) = O(1). Additionally, we ideally compute

initial guesses acgg), i=1,..., N such that

o [P Al b
xy — <(1+49) xy, — ,

7

VAL, 0 VA, 0

2 2

for a small constant § > 0 with high probability. Here, 3  denotes the optimal residual solution
to the regularized problem with A;. One choice that satisfies this condition is the sketch-and-solve
solution, as suggested in [222] and discussed in Sections and Our eigendecomposition-
based and Cholesky-based algorithms will include different initializations.

Having obtained a preconditioner P; and an initial guess zgi), the solution to is obtained
with a preconditioned iterative solver. As a default we use LSQR [205].

6.2.1 An SVD-based approach

Let S € R**™, n < s < m, be an embedding matrix and let SA be the sketch of A. Suppose
we have an SVD of SA = UXV?, where U € R**" and V € R™ " have orthogonal columns and
¥ € R**® is diagonal. For the ease of notation, fix a regularization parameter A > 0. Under the
assumption that S is a good embedding matrix for A, we know that R~! is a good preconditioner
provided that

RTR = (SA)T(SA) + \I,..

Note that this is equivalent to

RTR=VvY2VT 4 \I, = V(22 + \I,,)V7T,
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which is satisfied for R = (X2 4+ A\I,,)*/2VT with inverse
R =V(X24+2,) V2 =P

The preconditioner P can be applied to a vector € R™ in 2n(n + 1) operations. More importantly,

once V and ¥ are computed, one can easily update the preconditioner for new values of A.

6.2.1.1 A sketch-and-solve initial guess

The sketch-and-solve solution to (6.4]) given a partly-exact sketch is the solution to

SA Sb
Zog = argmin x — . (6.9)

e€R™ VAT, 0
2

Given the SVD SA = UXVT, one can show that the SVD of the partly-exact sketch is given by

SA US(X2 + \,)"1/2
= ( ) (Z2 4 AL)2VT.
VI, VAV (22 + \,) "2

As a result, the sketch-and-solve initial guess is

t

SA | |Sb ) -
vo = — V(2 4+ AL,) " UTSh. (6.10)

6.2.1.2 Algorithm

We display the final algorithm in pseudocode in Algorithm The full complexity is O(mnlogm +
sn? + Nmnlog(1/e)) to solve (6.3)) to relative accuracy €. We note that solving the N problems in

the for loop can trivially be parallelized.

6.2.2 An eigendecomposition-based approach

Note that for the actual preconditioners, only the right singular vectors and the singular values of
the sketch are necessary. As a result we, can alternatively compute the eigendecomposition of the
Gram matrix (SA)T(SA) = VAV, where A = %:2. This approach might sometimes be preferred to
an SVD-approach as computing the Gram matrix and its eigendecomposition can be quicker than
computing the SVD, despite both routines having the same complexity. The preconditioner is then
of the form

P,=V(A+ )\Jn)_l/z.
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Algorithm 13 An SVD-based sketch-and-precondition algorithm for Tikhonov regularized overde-
termined LS. Given an m x n matrix A, m > n, a set of regularization parameters A1, Ag, ..., Ay,and
a sampling parameter s (n < s < m), this algorithm computes approximate solutions 3, to (6.3).

1: Draw an s x m random embedding matrix S.

2. Compute Y = SA and b = Sb.

3: Compute the economy-sized SVD [U, 3, V]| = svd(Y, ‘econ’).
4: Compute yo = UTb.

5: fori=1,2,...,N do

6 Compute :EE\(? =VES(Z2+ N1)  Lyo.

7 Solve the following system

(6.11)

r), = argmin
zER™

A lo

P =V (22 4+ NI,) Y2,

using LSQR with preconditioner

and with initial guess xE\(Z).

8: end for

We might consider an initial guess xg of the form
(ATSTSA)zy = ATb,

which can be seen as a sketched version of the normal equations. The solution to this problem using
the eigendecomposition of (SA)T(SA) is

zo = V(A+ )"V TATD,

We find that for small values of A and highly ill-conditioned problems, the diagonal matrix A + AI
is so ill-conditioned that the norm of the solution zy blows up. These instabilities can harm the
convergence of the iterative solver. As a work-around, we suggest to first compute the solution
corresponding to the largest A, i.e. the best-conditioned problem, and using this solution as an
initial guess for the next largest value of A, and continuing this process, initializing a new sub-

problem with the previously found solution.

6.2.3 A Cholesky-based approach

We finally propose an algorithm that is most useful when there are just a few regularization param-
eters we would like to compute solutions for. We propose to compute the Cholesky factorization of

the Gram matrix combined with the regularization term:
RTR = (SA)T(SA) + AL

The preconditioner is then given by P = R~!. The only preprocessing step is computing the Gram
matrix of the sketch. For each A; we will consequently have the cost of computing the Cholesky

factor of an m x n matrix, which has complexity O(n3) with a small constant.
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Even though this approach has O(Nn?) complexity, as opposed to O(n?) in the previous sections,
it can still be competitive because the preprocessing steps are much cheaper and the Cholesky
decomposition is very fast to compute. Furthermore, computing the decomposition is possible for
almost all regularization parameters ), as the requirement is that the matrix (SA)T(SA) + A is
numerically full rank, so R can be computed without breakdown [140, Ch. 10].

A natural initial guess is again available from the equation (ASTSA + A )zg = ATb. We then
need to complete two triangular solves to compute zg: firstly, RTyy = ATb and secondly, Rxy = o.
This approach faces similar instabilities as the initial guess arising from the eigendecomposition,

discussed in the previous section. We suggest it is only used for large values of \.

6.2.4 Convergence analysis

Throughout this chapter, we propose convergence proofs based on the structural conditions presented
in [59]. These conditions are on the quality of the embedding matrix, in particular how well the

relevant information in A is preserved. For the case s > n, the relevant condition is
|ULSTSUL — I,||2 <&,

for some 0 < € < 1. Here, Uy is the matrix consisting of the left singular vectors of A. We use the

closely related condition on the singular values of SUy,4:
1—e¢ S Umin(SUA) S Umax(SUA) S 1+e

It results in the following lemma on the condition number of BR™!. It is important to note that
Algorithm and the other algorithms proposed in this section, output preconditioners P; = R; !

that satisfy (in exact arithmetic)
RIR; = ATSTSA + \I,.

Lemma 6.2. Let A € R™*", m > n have SVD A =USAV], where Uy € R™ ™, and let A > 0.
Let S € R**™ m > s >mn, be a matriz such that 1 — € < omin(SUA) < 0max(SUA) < 1+ € for some
0 <e<1. Suppose R € R™™" is an invertible matriz such that

RTR=ATSTSA + \,,.

Then

—

+

[0}

ke(BR™) <

)

—_

™

where

A
VAL,

Proof. The proof is inspired by that of [59, Lem. 15]. We write S < T for Hermitian matrices S and T
to imply that S—T is negative semi-definite . We start from the fact that o;(SU)? = \; (U4 STSU ),

where \; denotes the ith greatest eigenvalue. Then

. (6.12)

Omin(SUA) T R UL STSUA < 0max (SUA)?T.
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Multiply this expression by V4% 4 from the left and (V43X )7 from the right to find
Omin(SUA)2ATA < ATSTSA < 010k (SUA)? AT A,
which is equivalent to
Omin(SUA)?ATA + AT < ATSTSA + A < 01max(SUA)? AT A + A1

Under the assumption that omin(SUA) < 1 < 0max(SU4) this implies

Omin(SUA) (AT A+ XI) < ATSTSA 4+ A < 01nax (SUA)? (AT A + NI).
We can rephrase this as

Omin(SUA)’BTB < RTR < 01ax (SUA)?BT B.

It follows that
Omax(SUA) 2T < (BR™HT(BR™') = 0min(SUA) 1.

This finally implies
Umax(SUA)_l S Umin(BR_l) S Umax(BR_l) S Umin(SUA)_17

so we have
ka(BR™Y) < ko (SU,),

as required.

(6.13)

O

It is well-known that LSQR. applied to a well-conditioned LS problem converges geometrically

with respect to the number of iterations. It follows from the above result that we obtain an e-
accuracy solution for (6.11)) with O(log(1/¢)) iterations in LSQR. Note that ¢ is different from € in

the condition of Lemma In practise, € is usually not much smaller than 1, say 0.5, whereas ¢

can be much smaller.

6.2.5 Adaptation to underdetermined problems

We demonstrate how the SVD-based algorithm can be extended to the underdetermined case. The

eigendecomposition- and Cholesky-based algorithms follow trivially, as does the convergence re-

sult Lemma Essentially, the previously proposed algorithms will be applied to AT as opposed

to A. The main difference is that we now find the minimum-norm solution to a consistent system,

as opposed to a solution to an (inconsistent) overdetermined problem.

Let us first summarise the problem set-up: we aim to find preconditioners R; for

D; = [A;”QA Im}, i=1,...,N
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such that x(R; 7 D;) = O(1). We then use an iterative solver to find solution to [187]

IR

Luckily, LSQR converges to the minimum-norm solution when presented with the linear system
R;7'D;z = R;Tb naturally [187].

We drop the subscripts and define D = [A\=1/24 I,,,]. Since A is now a short matrix, we sketch
it from the right instead of the left with an embedding matrix S € R™*® where m < s < n.
Translating to this context, we find that R~! is a good preconditioner to D if

2
T

)

= argmin
zeR™ yeR™

=R; b, (6.14)

such that R;TDZ- l

2

RTR = \"1AS)(AS)T + I,

Suppose we have the SVD of the sketch SA = ULV7T. We can repeat a similar argument as before

to observe
RTR=U\'2?+1,)U7,

and thus R~' = U(A\™'S + I,,,)~'/? is a good preconditioner.

We can prove a result analogous to Lemma but with the condition on the sketching matrix
replaced by (1 — &) < omin(STVa) < 0max(STVa) < 1+ &, where V4 are the right singular vectors
of A.

6.3 Randomized Tikhonov regularization for problems with small statis-

tical dimension

A regularized linear least squares problem with an approximately low-rank data matrix, i.e. one
for which A has rapidly decreasing singular values, may be solved in a way that takes advantage of
this particular structure. Specifically, we may sketch the matrix with an embedding matrix that is
smaller than either of the original dimensions. In this section we discuss an algorithm that computes
a preconditioner for this context. Recall that we no longer desire m < n or m > n, but rather just
that the statistical dimension is much smaller than min(m,n). This means the approach also works
for (nearly) square systems.

We take inspiration from Avron et al. (2017) |12], which discusses a sketch-and-precondition
algorithm for kernel ridge regression. The authors use the Woodbury matrix identity combined with
a Cholesky decomposition of (SA)(SA)T + Al to obtain a preconditioner for the normal equations
mathematically equivalent to P = (SA)T(SA) + Al,,. That is, the matrix they are interested in is
P whereas we are interested in obtaining a matrix R such that P = RTR. This is an important
difference that avoids instabilities caused by invoking the normal equations (and thus computing
the Gram matrix of A), as opposed to preconditioning B (in ) directly and solving the LS
problem. Our experiments illustrate the improved stability.

In this section we assume A to be (approximately) low-rank, with decaying singular values such
that sdy(A) as defined in Definition is (much) smaller than min(m,n). Again, we consider
a sequence of regularization parameters \; > --- > Ay for which we aim to solve with an

iterative solver. We propose an algorithm that finds a sequence of preconditioners for either B; and
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D;, where

B; = \/Aiiln’ Di:[A mjm}, i=1,...,N,

in O(mnlog(max(m,n)) + min(m,n)sdy(A)?) operations. The preconditioners can be applied to a
vector in O(min(m,n)sdy(A4)) operations. We furthermore discuss an easy update of the sketch-
and-solve initial guess.

Throughout this section we assume m > n, but all algorithms and theory may trivially be

extended to the underdetermined case similar to Section [6.2.5l

6.3.1 A preconditioner with low-rank structure

Let A € R™*"™ where m > n, and fix a A (for the sake of the argument) such that sd(A4) < n. We
look for a preconditioner for B = [AT V/AL,]T. Let S € R**™ be an embedding with s < n < m
and s = O(sd)(A)). We use the (short and fat) sketch Y = SA € R**". Our aim is to find R such
that

RTR=Y"Y + I, (6.15)

as we will show this results in a good preconditioner for B. First take the SVD of Y:
Y:UZVT, UERSXS’ ) ERSXS’ VGR”XS.

Then

V4 T
Vi

Y2 4+ N 0
0 M,

)

YTY 4+ AL, = V2V 4+ AL, = [V VL}

where V| € R"*("=) is such that [V VL} is a square orthogonal matrix. If we let

VT
Vi

(32 4 \,)'/2 0

k= {V VL} 0 oY

: (6.16)

then RTR =YTY + Al,,. Note we can reformulate R to not include V| as follows

R=V(S2+ \)2VT +Vav,vT
= V(22 + AL)V2VT + VAT, —VvVT)
=VAVEVT + 1),

where

F=\1222 4 1)12 -1,

is a diagonal matrix. We are interested in the inverse of R. By using the Sherman-Morrison-
Woodbury [233/274] formula we have

(VFVT 4+ 1) =1, -Vv(FE**+vivy" vl =1, - vavT,
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where G = (F~1 + I,)7! is a diagonal matrix with elements

1
Gi=1-
1 + ‘71,(;\/)2
Finally,
R =X"Y2(1, —vavT), (6.17)

where V € R"™® and G € R**®. This matrix, although not triangular, has a low-rank structure that
allows it to be applied quickly. Most importantly, it is such that (6.15)) holds while we avoided the

decomposition of an n X n matrix.

6.3.2 A sketch-and-solve initial guess

The initial guess advised by [222] and shown to be important for numerical stability in Chapter [5|is
the sketch-and-solve solution to (6.2f). That is,

SA
VAL,

To = argmin

zeR™ 0

[Sb
.

| . (6.18)

We would like to express the solution to (6.18)) in terms of the SVD of only the sketch SA = UXVT
as before. One can show, using similar manipulations as above, that the SVD of the partly-exact
sketch is given by

SA | | US(S2+AML)7Y2 0 | (324 A)Y2 0 [V v }T
VAL | |[VAV(E2 4+ M) vy 0 Vs o
As a result, the solution to (6.18)) is given by
zo = V(2?2 + \,) U S, (6.19)

and can be easily updated for various A given the SVD of SA.

6.3.3 An algorithm exploiting small statistical dimension

We aim to solve for a sequence of regularization parameters A\;y > --- > Ay. The way the
algorithms in Section were designed allowed us to sketch the matrix A only once, and reuse
the sketch for different values of \;. For problems with low statistical dimension it is slightly more
difficult to do this, because we want our sketch size to depend on sdy,(A) which in turn depends on
Ai- We propose an algorithm to bypass this problem.

As the statistical dimension increases as A decreases, the largest statistical dimension corresponds
to the smallest value of A — which we assume is Ay . Our algorithm sketches A once, with dimension
corresponding to sdy, (A4), and computes the SVD of this sketch. For all other values of A\, we
truncate the factors of the SVD and so use lower-rank matrices that correspond to sdy, (4).

The resulting algorithm is presented in Algorithm We are able to find a sequence of pre-

conditioners in O(mnlogm + nsdy,(A)?) operations. It can be applied to a vector z € R" by
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computing
R 'z =\"Y3 (2 -VSVa),

which requires 2(2ns + s +n) operations — compared to n? for an upper triangular preconditioner.
One of its main advantages is that we only need to compute a preconditioner once, and for any
(sufficiently large) A, one can truncate this without any additional computational work.

An important algorithmic consideration is the estimation of the statistical dimension for the

various values of A. This is discussed in the next section.

Algorithm 14 An SVD-based sketch-and-precondition algorithm for Tikhonov regularized overde-
termined or square LS problems with small statistical dimension. Given an m X n matrix A, m > n,
a set of regularization parameters Ay > Ay > -+ > Ay, estimates of sdy,(A4) for i = 1,..., N, and
an oversampling parameter « such that asdy, (A) < n, this scheme computes solutions z}, to .

1: Set s = afsdy, (4)].
2: Draw an s X m random embedding matrix S.
3: Compute Y = SA and Sb.
4: Compute the SVD [U, X, V| = svd (Y, ‘econ’).
5: fori=1,2,...,N do
6: Set s; = afsdy, (4)].
7 Truncate U; = U(:,1:8;), Vi =V (:,1:8;), and 3; = 5(1: 85,1 8;).
8: Compute xél) =Vi(Z2 + N1 IS,ULSh
9: Form a diagonal matrix G; with elements
1
(Gi)ij =1— |~
1 + )’\JJ
10: Solve the system
. A1 B
Ty, = aigggin VoW z=1olll -
using LSQR with preconditioner
Py =\ (1, - VGV,
and with initial guess m(()i).
11: end for

6.3.3.1 Estimating the statistical dimension

In Algorithm [14] it is necessary to obtain estimates of the statistical dimension for various values of
A. One approach is to sketch A with an embedding matrix of size s considered to be an upper bound
for the statistical dimension. This could be n if no information is known, as the sketching step is
not the dominant part of the algorithm. The singular values of SA can then be used as estimates
for the leading singular values of A, as described in Chapter [3] In particular, for each value of A; we

can find an estimate sdy, (4) for the statistical dimension with

S

A 1
sdy, (4) =) T

=111 o (sAp

Although we may need to compute the SVD of a matrix with greater dimensions than necessary
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once, a good estimate of sdy, (A) for each value of \; will allow us to truncate the low-rank structure
in the preconditioner, making it very cheap to apply. Note that these estimates come without any
additional cost, as computing the SVD of S A is a necessary step in Algorithm

Other methods to estimate the statistical dimension use a randomized trace estimator such as
described in [15]. However, this will involve solving a linear system, possibly approximately, as
in [201]. Avron et al. propose a new method in [13] with which the statistical dimension can be
estimated in O(nnz(A)) time up to a constant factor, yet as is noted in [201], this is exclusively

applicable in a context of very rapid decay of o;(A).

6.3.4 Convergence analysis

Throughout this analysis, let A = UsaX4V{ be the economy-sized SVD of A. We again employ the
structural conditions proposed in [59]. The proofs on the condition numbers of the preconditioned
matrices are again inspired by the proofs in [59]. We first show these conditions are equivalent to
the conditions used in [13], as also follows from Lemma 12 in [13].

The following lemma relates the condition in [59] to the condition in [13], and their relation to

the statistical dimension.

Lemma 6.3. Let Uy consist of the first m rows of the left singular vectors of B such that

A
VI

U,
Us

B =

BVB.

Define a diagonal matriz Xy by
Yy =Za(B4 4+ M)V = (34 4 M),
For an embedding matriz S € R**™, s <n < m, we have
|ULSTSU, — UL U || = |2AUL ST SUASA — 53]

Furthermore
[UL[% = [UaZAl7 = sda(A).

Proof. First note that we have the following for the right singular vectors and values of B
BTB=ATA+ N = VaA(Z4 + M)V = VE3VE,
so Vg = V4 and ¥p = (X% + AI)'/2. Then

A
VI

Ur(Z2 + A\D)YV2VT
Us (3% + AD)YV2VT

I

so that
Uy = AVA(S4 4+ M) 7V2 = UpS4 (34 + A 7Y2 = Uas,.
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The first result follows; as for the second result, note that

n 2
_ ag;
010 = 123 = IS4G+ AD 720 = 30 -7 = sz (4).

i=1 ¢

We use one of these equivalent conditions in the convergence theorems for Algorithm [T4]

Theorem 6.4. Assume the notation of Lemma and suppose the following condition holds for

some € > 0
UL sTsu, —UTUy|| <e. (6.20)

Let R be such that
RTR = (SA)TSA + \I,.

1+e
< .
k(BR )_”176

Proof. We start from condition ((6.20]) to find

Then

—el X S\ULSSTSUAE, — 23 < el.
Multiply these inequalities by V4 from the left and VI from the right and use the fact that
VaSaUY = Va(Z4 + MDYV VTS, = (ATA 4 A1) 72 AT,
to obtain

—el < (ATA+ A "YV2ATSTSA(AT A+ \I)~1/2—
(ATA+XI)TV2ATAATA + XI)7V2 < el

By multiplying with (AT A + X\I)'/? on either side, we find
—eBTB < ATSTSA - ATA < BT B,
which is equivalent to
—eBTB < ATSTSA+ X — (ATA+ \I) < eB”B.

We then have
(1-¢)B"B<R"R < (1+¢)B"B,

which results in the following inequalities

(1462 <opin(BR™Y) < omax(BR™Y) < (1 —¢)7V/2.
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6.3.5 Sketching matrices

The relationship between condition (6.20)) and the statistical dimension of the problem can be
explained by random matrix multiplication bounds in terms of the stable rank [63]. See for instance
Corollary 15 and its proof in [13]. The following theorem describes the size that is required for

various oblivious subspace embeddings to obtain a desired level of accuracy.

Theorem 6.5 (Ozaslan et al. (2023) [201]). Let A € R™ ", m > n, and X\ > 0 have statistical
dimension sdy(A). Let Uy consist of the first m rows of the left singular vectors of B = [AT v/AIL,]T

such that
A

VI

Uy
Us

B = YXpVp.

The condition
|UFSTSU, — U U || < e

for an embedding matriz S € R°*™ is satisfied with probability at least 1 — & in the following cases:

e S is a sparse subspace embedding [275] with one non-zero element in each column and

s = Q(sdr(A)*/(¢%9)).
e S is a subsampled randomized trigonometric transform [181] and
s = Q((sdx(A) +log(1/ed) log(sdx(A)/5))/€*).
e S is a sub-Gaussian embedding [259] and
s = Q((sdr(A)/€%)).

Here, the Q(-) notation is defined as a(n) = Q(b(n)), if there exist two integers k and ng such that
for all n > ng we have a(n) > kb(n).

One could also use a subsampling matrix based on leverage scores to satisfy the condition of
the theorem, see for instance [59]. Note that the sketching dimensions in Theorem [6.5] scale very
similary in sdy(A) as regular embedding dimensions in n (see Section [2.1.3]).

6.4 A weighted regularization function
We now consider the set of problems

min || Az — b3 + ;|| Lz||3, i=1,...,N, (6.21)

where A € R™*™, L € RP*™ and Ay,...,Ax > 0 are regularization parameters.
In Sections [6.2] and [6.3] we discussed the case L = I,,. If this is not the case, we often have that L

is a diagonal matrix with entries not all equal to zero, an upper triangular matrix that spans some
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differential operator, or rectangular differential operators [130]

1 -1 1 -2 1
L1: 6]:&(71—1)><’n7 LQZ eR(n—Q)XTL
1 -1 1 2 -1

It is generally assumed that L is chosen such that
N(A)NN(L) =0. (6.22)

In the overdetermined case (m > n) we can reformulate the problem in two ways. Firstly, we

b= H , (6.23)

may aim to solve

A
VAL

and to find preconditioners R; such that x(B; Rl._l) = O(1). Note that B, is full column rank if
(6.22)) is assumed.

Secondly, if L is invertible, we can perform a change of variable and solve the system

“ b
i-[] oo

The minimizer x is given by ) = L~ 'y, and we then wish to find preconditioners R; such that
BiR; ! is well-conditioned.

In the underdetermined case (m < n) we may consider the problem [138,/187]

min || B;z — b||2, B; = 0

AL
Vil

myin ||f3zy — IAJH%7 B; =

min__ | M 12 s.t. D M =b, D;=|A\124L1 Im}, (6.25)
yER™ weR™ w w

and we wish to precondition D; with R; such that x(R;*D;) = O(1). The condition that L
is invertible to transform (6.21) to LS standard form in the underdetermined case makes it less
suitable for our sketch-and-precondition algorithms, and we do not discuss it further.

We consider how our work for L = I may be extended to this setting in the overdetermined case.

6.4.1 GSVD-based approach to the overdetermined problem

Consider first (6.23]), and a sketch dimension s > n. Our goal is to find a good preconditioner R;
for B; as in (6.23). Suppose we have R; such that

RIR; = ATSTSA+ \LTL,

then we are able to show that x(B;R; ') < r(SU,) as before, where Uy € R™** are left singular
vectors of A. We propose a method that requires a single generalized SVD (GSVD) [95,[204] of size
(s 4+ p) x n and a single LU factorization of an n x n matrix.

We extend the idea of performing a single decomposition to solve for a sequence of values of \; to

this setting. Consider the generalized singular value decomposition of the following matrices, where
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SAcR**™ L ecRP*™ and s > n > p,

SA
VAL

SA
L

U,Cy
VS

U,C4
ViSy

_ \, = H,. (6.26)

In these decomposition, Uy and U; are s x n with orthonormal columns, V) and V; are p X p square
orthogonal, Cy and C; are n x n square diagonal, Sy and S; are p x n diagonal, and Hy and H; are

n X n matrices without structure. The diagonal matrices are such that
crfoy+8Tsy=clo, +8Ts, =1,.
We have the following identities relating the GSVDs of the matrices in (6.26]):

Uy=U:=U, VA=V, :=V,
C\ = C\ D5, Sy = VA8, D}t
Hy = Dy\H,

Dy =/CTCy + ASTS,

is a diagonal matrix. Furthermore, we have

where

(AS)T(AS) + \LTL = HF CTUTUC\Hy + HY STVTV S\ H),
= HY [C{Cx+ S} 55| Hy
= HIH,
= HI' DI D\H,
=R"R,

for R = DyH;. We wish to quickly apply the inverse of R. For that reason, suppose we have an LU
factorization of LyUy = Hy, then
-1 —1y-1p-1
R =U"L""D,",

which may be applied to a vector x € R” in O(n?) operations. The main advantage is we only need
to compute the GSVD of the matrix B = [AT LT]|T, that is, for A = 1.
We also compute the sketch-and-solve solution to be used as an initial guess:

le
.
0

SA
VAL

(4)

Ty = argmin

TER™
| <

‘. (627)

It immediately follows that

SA
VAL

UAC)\

)
— -1 T T
s, HA> (NN
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As a result,

sal’

VAL

Sb
0

fc(()i) =

] = H; 'C\U{ Sb= H{ 'C1D;*UT Sb.

The full algorithm is displayed in Algorithm[I5] The most expensive steps are the computation of the
GSVD of SA and L, and the computation of the LU decomposition of H; the first costs O(n?log(n))
operations and the second costs O(n3) work [17]. The cost of computing the initial guess is 3n? flops
and the cost of applying the preconditioner is 2n? flops. The total cost is O(mn log(m) +n3log(n) +

N(mnlog(1l/¢))) to solve for N regularization parameters.

Algorithm 15 A GSVD-based sketch-and-precondition algorithm for Tikhonov regularized prob-
lems with weighted regularization function. Given an m X n matrix A, m > n and a set of regular-
ization parameters A1, ..., An, this scheme computes solutions z3_ to (6.23).

1: Draw an s x m random embedding matrix S.

2: Compute Y = SA and Sb.

3: Compute [U, ~, Hy, Cy, S1] = gsvd (Y, L, ‘econ’).

4: Compute [Ly, Uy] = 1u (Hy).

5: fori=1,2,...,N do

6 Compute the entries of the diagonal matrix D; = (CT Cy + ASTS;)1/2.
7
8

Compute xéi) = Uy 'L;*C.D;2UT Sb.
Solve the system
Al B
VoA R
P =U,'Ly;'D; !,

x), = argmin
zeR™

)

using LSQR with preconditioner

and with initial guess wéi).

9: end for

6.4.2 Convergence analysis

We obtain a convergence result very similar to Lemma [6.2

Lemma 6.6. Let A € R™", m > n have SVD A = UpSAVY, where Uy € R™*", let L € RP*™,
and let A > 0. Let S € R®*™, m > s > n, be a matriz such that 1 — € < opnin(SUA) < Omax(SUA) <
1+ € for some 0 < e < 1. Suppose R € R™*" is a matriz such that

RTR=ATSTSA+ A\LTL.

Then

—_

_|_

[0}

ke(BR™Y) <

)

—_

™

where
A

VAL
Proof. We start from (6.13]) in the proof of Lemma as the assumption on the random embedding

. (6.28)
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is the same. We have that
Omin(SUA)?ATA+ ALTL < ATSTSA + ALTL < 01max (SUA)?ATA + ML L,

and by the positive semi-definiteness of LT L, and under the assumption opmin (SUA) < 1 < 01max(SUA),
we have that
Omin(SUA)’BTB < RTR < 01ax (SUA)?BT B.

The result follows in the same manner as in the proof of Lemma [6.2 O

Since we use a partly-exact sketch, the conditioning of L (in addition to the conditioning of
A) is not relevant for the conditioning of the final system. One may interpret the preconditioner
arising from a partly-exact sketch as approximately orthogonalizing A and exactly orthogonalizing

(or inverting) L.

6.5 Numerical experiments

In this section we aim to present numerical experiments to investigate the performance of the algo-

rithms we have introduced. We use three different problems

1. A square, dense, inverse diffusion problem with very rapidly decaying singular values. This
experiment portrays the performance of the algorithms suitable to the low statistical dimension

context introduced in Section [6.3

2. A highly-overdetermined and ill-conditioned sparse matrix. We display the performance of the
algorithms introduced in Section It shows the effectiveness of iterative algorithms when
the matrix-vector multiplications are computed rapidly and the sketch is much smaller than

the original problem.

3. A dense and moderately overdetermined inverse tomography problem as introduced in Sec-
tion|6.1.1] The sketch is not much smaller than the orginal matrix in this case, so the algorithms
in Section[6.2]are less competitive compared to computing the SVD of A directly. This example
shows the efficiency of the Cholesky-based algorithm from [6.2.3] when N is small.

Throughout these experiments, we use a sparse random embedding matrix with ( = 8 and a
sketching dimension of s = 2[sdy, (A)] or s = 2n. The operator A is stored as a matrix in each of

the experiments.

6.5.1 A square ill-posed inverse problem

We start with an experiment on a type of problem that has not been studied so far in this thesis: a
square linear system. We look at an inverse diffusion problem from the IRtools toolbox [107]. The
forward problem is a simple diffusion problem with homogeneous Neumann boundary conditions
solved with a Crank-Nicolson-Galerkin finite-element method [81], the details of which are beyond
the scope of this thesis. The inverse problem is to reconstruct the initial conditions from the solution
at the final time-step. We have access to the operator A corresponding to the forward problem and

its inverse. For this experiment, we start by explicitly storing this operator as a matrix. The matrix
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Figure 6.4: The decaying singular value spectrum of the forward diffusion operator, and the corresponding
L-curve computed using three methods discussed in Section The corner of the L-curve corresponds to
A=10"%.

has size 10* x 10, is dense, and has rapidly decaying singular values. From exact (random) initial
conditions Zyue we form a perturbed right-hand side b = Axyue + €, where e is white noise of
magnitude |le]| = 1071°. The singular values of A and associated L-curve to the problem are shown
in Figure [6.4]

We compare three methods: computing the SVD of A, Algorithm and preconditioned con-
jugate gradients (PCG) with the kernel ridge regression (KRR) preconditioner [12]. This final algo-
rithm, when applied to least squares problems, preconditions the normal equations with a matrix of

low-rank structure Pxrp given by
T T p—1 —1 1 T
Rxrr = chol (SA(SA)" +A,), U= (SA)" Rgpr: Prrr= X(I -UU"), (6.29)
where S € R**™ and s < n. This preconditioner is applied to solve
(ATA+ Nz = ATb,

with preconditioned conjugate gradients (PCG). LSQR and PCG are set to tol = 1071° and
the exact singular values of A are used to compute the statistical dimension. We sketch with
oversampling parameter 2; that is, s = 2[sdy (A)]. We consider N = 50 admissible regularization
parameters ranging from A; = 1 to Ay = 10728, The results are shown in Figure

The low-rank-based preconditioner from Algorithm [I4]has the lowest computational time without
sacrificing stability; it has very small start-up cost, scales well, and computes accurate solutions even
for small values of \. The KRR-based preconditioner fails there because the Cholesky decomposition
cannot be computed when X is too small. Even before it fails, by invoking the normal equations the
maximal attainable residual is limited (see also Figure .

6.5.2 A highly ill-conditioned sparse matrix

We next consider a highly-overdetermined and very ill-conditioned sparse linear system. The matrix
A has size 10% x 5000, condition number x2(A4) ~ 10716, and has 4750895 non-zeros, which is about
0.001 density. It is created with MATLAB’s sprand function. The singular values do not decay
very rapidly, so we cannot use any of the low-rank-based algorithms. The solution and noise in the

right-hand side are randomly generated with noise level 104, and the tolerance in LSQR is tol
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Figure 6.5: An ill-posed inverse diffusion problem solved for a sequence of regularization parameters. We
compare the SVD, the low-rank-based sketch-and-precondition (SAP) method in Algorithm and the KRR
preconditioner in ((6.29)) combined with preconditioned conjugate gradients. The computation of the Cholesky
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the middle panel the residual norm for different regularization parameters, and the right panel the error
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Figure 6.6: Different methods from Section compared against computing the SVD of A. The problem
is a highly-overdetermined and ill-conditioned sparse matrix. The left panel shows the cumulative running
time, the middle panel the residual, and the right panel the error with ¢ ye.

= 107%. The results are shown in Figure

Figure shows all sketch-and-precondition (SAP) methods are much faster than computing
the SVD of the matrix. The start-up time in the Cholesky-based algorithm is smallest, but then the
algorithm scales worse than the other two iterative methods. There is not much difference observed
between the SVD- and eigendecomposition-based preconditioners. We note that for small values of
A, the initial guess in all cases is very close to the required residual, which mean LSQR terminates

with very few iterations.

6.5.3 A dense and overdetermined problem from CT

We finally consider a problem arising in computed tomography (CT). The coefficient matrix A €
[RZ59695x10000 35 5 discretization of the Radon transform (see . The problem corresponds to
2D X-ray tomography over R = 1791 angles with P = 145 lines per angle. This problem does not
have very rapidly decaying singular values, and so we only compare the computation of the SVD
and the preconditioners in general settings (SVD, eigendecomposition, and Cholesky decomposition-
based). The right-hand side is a noisy sinogram of the modified Shepp-Logan phantom of dimension
100 x 100. The noise level is |le| = 107* and the LSQR tolerance is set to tol = 1075. The

regularization parameters range from A\; = 1 to Ay = 1072°, where N = 50. The results are shown
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Figure 6.7: A CT problem where A is a discretized Radon transform. Note that A is applied through a
regular matrix-vector transformation, not using a fast transform.

in Figure [6.7]

The iterative methods are less dominant compared to a full factorization in this example, although
it must be noted that the the Cholesky-based approach is very fast if one is interested in computing
just a few solutions. The effectiveness of the sketch-and-precondition-based algorithms here is highly
dependent on the specifics of the problem, in particular on the aspect ratio and the singular value
spectrum. In this problem, the aspect ratio is approximately 26, which apparently does not lead to

a significant speed up for sketch-and-precondition algorithms in this context.

6.6 Summary and outlook

We have discussed various algorithms to efficiently compute solutions to regularized problems for
different regularization parameters. The algorithms allow practitioners to select an appropriate
regularization parameter based on high-accuracy corresponding solutions. We discussed a range of
contexts: over- and underdetermined systems, low-rank structure in the data matrix, and weighted
regularization functions. All algorithms are part of the sketch-and-precondition framework, and
leverage the structure of a (directly) regularized problem to efficiently compute randomized precon-
ditioners and initial guesses. Experiments showed the effectiveness of the iterative algorithms when
the sketch SA is much smaller than A (either because A has very small statistical dimension or
because A is highly over-determined) and when application of the operator A is cheap.

We specifically highlight the preconditioner that can exploit low-rank structure. This scheme
does not require the problem to be highly over- or underdetermined, in fact the matrix can be nearly
square or even square, provided it is sufficiently low-rank. This is different from many other sketch-
and-precondition algorithms and makes the scheme exceptionally well-suited for inverse problems,
where A is often a discretized integral operator with a rapidly decaying spectrum. Under the
assumption that A is a discretization of some operator, it would be worthwhile to investigate ways
to accelerate the sketching of these matrices, for instance by considering physical interpretations
of sketching these operators. Furthermore, sketch-and-solve-type methods could be of interest in
problems with high noise levels where backward stability is not the main concern. A sketch-and-solve
technique could be employed to estimate the optimal regularization parameter, for instance, after
which a higher-accuracy is computed with that regularization parameter.

The context of the entirety of this chapter was direct regularization. In practice, however,

iterative regularization methods are currently popular for large-scale problems [130]. There is no
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explicit regularization parameter present in these methods, rather regularization occurs through
early termination of an iterative method. Preconditioning these iterations is contradictory to this
process, since semi-convergence relies on the singular value spectrum decaying. However, if there is
some information known about the relevant part of the spectrum, it might be possible to develop
randomized preconditioning techniques for those directions only. This could potentially speed up the
iterations before semi-convergence sets in. A similar argument can be made for hybrid regularization
methods.

We have not discussed the inherent regularization effect that randomization can have. We saw
this before in Section [5.6.2] where random noise improved the conditioning and convergence of
the problem. Mahoney [174] discusses that through implicit regularization one can quantify “a
sense in which the output of randomized matrix algorithms is even “better” than the output of the
corresponding deterministic algorithms 7 |174, p. 45]. This is an area we have not yet investigated
in the context of regularized least squares.

Extremely large-scale regularized least squares, and inverse problems specifically, are ubiquitous
in many scientific areas. These matrices come in all shapes and with varying levels of sparsity and/or
fast transforms. In this chapter, we showed that direct regularization for large-scale problems can be
within reach by exploiting randomized NLA across a range of matrix types. A deeper understanding

of the potential of randomized algorithms in this context is therefore extremely worthwhile to pursue.
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Chapter 7

Concluding remarks

In this thesis, several algorithms have been proposed and analysed for fundamental problems in
numerical linear algebra: numerical rank (or singular value) estimation, least squares problems, and
their regularized variants. The basis of all of these algorithms is randomization; using a random
matrix allows us to project part of the problem onto a lower dimension. In this lower dimensional
space, we can perform classical numerical linear algebra (NLA) routines at an acceptable cost.
Randomized algorithms have already been demonstrated to provide significant improvements in
computational, memory, and communication cost for a number of fundamental numerical linear-
algebraic tasks, predominantly for low-rank approximation and least squares problems.

However, as we argued in the introduction, questions around implementation, parameter selec-
tion, and numerical stability require additional attention. In this thesis, we set out to contribute to
randomized NLA literature with respect to these themes. In particular, we focused on parameter
selection for low-rank approximation, numerical stability of randomized algorithms for least squares,
and the use of randomization for parameter selection in regularized least squares.

In the context of numerical rank estimation, we have shown in Chapter [3| that sketching the
dominant column space of an approximately low rank matrix preserves the order of magnitude of
the singular values (provided the tail of singular values is not heavy). This sketching procedure is
commonly applied in low-rank approximation algorithms to retrieve an approximate range, or for a
posteriori error estimation in low-rank approximation algorithms [127,|181]. We demonstrate that
we can use the full spectrum of this sketch a priori, to inform algorithmic choices. Selection of a
suitable target rank in a fixed-precision low-rank approximation algorithm can be informed by this
spectrum. Combining our numerical rank estimation algorithm with existing low-rank approximation
algorithms allows practitioners to solve the fixed-precision problem more efficiently.

The theory of Chapter [3| leans heavily on combining linear algebra techniques with random
matrix and high-dimensional statistics theory. Mahoney [174] argues that a crucial development
in randomized NLA was the ‘decoupling of the randomization from the linear algebra’. This de-
coupling is also what allowed us to prove the results in Chapter [3] Sketching in the embedding
regime (see Figure can be viewed as sampling from a high-dimensional distribution described
by the spectral properties of the original matrix. Similarly, samples from important models in high-
dimensional statistics, for instance the spiked covariance model [153], can be investigated through a

linear algebraic lens (e.g. as in [211]). We believe there is a wealth of knowledge in both the NLA
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and statistical communities that can aid these respective fields.

A large part of this thesis was dedicated to randomized algorithms for least squares (LS) problems.
The sketch-and-precondition framework has been one of the main successes of randomized NLA,
particularly for large-scale, highly-overdetermined problems. Despite the framework having been
the topic of much research in recent years, its finite precision behaviour was ill-understood.

We investigated this behaviour in Chapter ] and demonstrated that sketch-and-precondition
algorithms are numerically unstable without good initialization. In a number of metrics, namely
the residual, error, and backward error, sketch-and-precondition algorithms perform significantly
worse than stable classical alternatives. These observed instabilities raise doubt on the stability of
preconditioned iterative solvers for LS problems in general, as the accumulation of rounding errors
is also observed for deterministic preconditioners. Further investigation is required into the finite
precision behaviour of preconditioned Krylov subspace methods to understand the source of the
instabilities. A deeper understanding into the finite-precision mechanics of preconditioning might
aid in the development of classes of preconditioners that do not suffer from these numerical errors.

In Chapter [f| we aimed to stabilize the sketch-and-precondition framework. We demonstrate that
much of the instability can be resolved by using sketch-and-solve initialization in the iterative solver.
An important take-away for practitioners from Chapter [5|is that this initialization should always be
employed. However, for highly inconsistent and moderately ill-conditioned problems the resulting
algorithm is still not backward stable.

To resolve the lack of backward stability completely, we introduced a new algorithm in Chapter
called sketch-and-apply. We show, using classical stability analysis, that it is backward stable, and
support this further with experimental evidence. However, the computational complexity of sketch-
and-apply is on par with direct solvers.

Chapter [5| raised the question: is there a numerically stable way to employ the randomized
preconditioner that is faster than classical direct algorithms? Recent work [101] shows that this
can be answered affirmatively. [101] builds heavily on traditional NLA techniques, such as iterative
refinement and numerical stability analysis, and pays significant attention to parameter selection and
reliable stopping criteria. The successful combination of traditional NLA themes and randomization
further emphasizes that investigation of these themes improves randomized algorithms.

A fundamental fact of ill-conditioned LS problems is that backward stable solutions are not
necessarily solutions with small forward errors. If a practitioner is primarily interested in recovering
a solution that is close to some ground truth, they must turn to regularization. In Chapter []
we discussed how the sketch-and-precondition framework can be extended to this context. We
argue that through randomization, one can now tackle a class of large-scale problems with direct
regularization, where that was previously impossible. The key contribution presented in Chapter [6]
is a sketch-and-precondition-type algorithm for ill-posed inverse problems of any dimension (even
square), provided the statistical dimension is small.

Chapter [6] also serves to demonstrate the potential of randomized algorithms on regularized
LS problems, and particularly linear inverse problems. Various avenues for further research are
suggested, in particular combining randomization with iterative or hybrid regularization methods.

As the field of randomized numerical linear algebra matures and our algorithms are adopted
by other communities, it is of paramount importance to accompany them with implementation

suggestions rooted in theory and computational experiments, as well as an understanding of their
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finite precision behaviour. The work presented in this thesis contributes to this goal.
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