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Abstract

Probabilistic programming systems (PPSs) automate the process of running
Bayesian inference in stochastic simulator models. These stochastic simulators
are ubiquitous in science and engineering: climate researchers build earth system
models to predict future climate change; particle physicists build simulators to
understand the experimental outcomes of particle colliders; and epidemiologists
build models to predict how diseases spread. PPSs give us a principled way to
incorporate these simulators into our decision-making process by enabling us to
calibrate them to observed data using the tools of Bayesian inference. However to
do so, PPS inference algorithms need to deal with all the complexities of modern
programming languages. Importantly for this thesis modern PPSs often permit the
usage of stochastic control flow, leading to so-called programs with stochastic support:
programs in which the number and type of latent variables are no longer fixed.

We will make the argument for treating these programs as mixtures over program
paths. Using this breakdown we derive a new variational inference algorithm
that we term Support Decomposition Variational Inference (SDVI). In contrast
to prior work which constructs the variational family on a variable-by-variable
basis, SDVI constructs the guide as a mixture over program paths, constructing
a separate variational distribution for each path independently. This allows us
to bring advances from variational inference from the static support setting to
the stochastic support setting.

The breakdown of the program into a mixture over paths does not only help us
derive new inference algorithms. We will also use it to investigate the properties of
the posterior distribution more generally. Specifically, we show that the weights
assigned to individual program paths can often be unstable; a problem that can
arise either due to model misspecification or inference approximations. These
instabilities make it harder to replicate results and can potentially give the user
misleading confidence in their model’s inferences. To alleviate these issues, we
will propose alternative mechanisms to weight the program paths that instead
optimize the path weights on predictive objectives.

Many PPSs focus on the goal of automating inference, however, it is important
to also consider how the outcomes of inference are used in practice. Many workflows
use the outputs of inference engines to estimate downstream expectations. To
facilitate this use case, we will introduce the concept of expectation programming
which allows users to directly define and estimate expectations in a target-aware
manner; meaning the backend computation engine specifically tailors the estimation
algorithm towards a user-specified expectation.
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Introduction

Science and engineering are driven by developing models of the world. Progress is
made by continuously comparing the predictions of our models against our observed
data and refining our models to better match our observations [Popper, 1959,
Box, 1976, 1980, Good, 1983, Rubin, 1984, Mayo, 1996, Jaynes, 2003, Gelman and
Shalizi, 2013, Blei, 2014]." In a simplified view, this can be portrayed as an infinite
loop of: 1) constructing a model of the phenomenon of interest, 2) calibrating
the parameters of the model to observed data, 3) testing the calibrated model
against new data and going back to step 1 to revise the model. To speed up
progress in science, it is important to develop tools and algorithms which speed
up each of these steps as much as possible.

Any model that is constructed will necessarily have to make simplifications
and approximations when modelling the real-world. For example, when modelling
voting patterns of citizens in the UK, we do not go all the way down to the level of
trying to model the firing of individual neurons in the brains of each voter; doing
this would be computationally prohibitively expensive and would most likely not
provide any additional insights into voting patterns. However, by making simplifying
assumptions we will inevitably introduce errors into our models. These errors will
often exhibit randomness: if our model for predicting voting patterns is solely based

on the age of the voter, we will have voters of the same age who vote differently.

!This general procedure of building and updating models does not necessarily only apply to
science and engineering. In neuroscience, it has also been proposed as a general mechanism for
how humans learn from experience and make decisions [Friston, 2010, Tenenbaum et al., 2011,
Lake et al., 2017].
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The mathematical formalization of probability allows us to construct models which
can account for this randomness and enables us to build probabilistic models.”

Each sufficiently sophisticated model will tend to have a number of free parame-
ters that cannot be determined from pure theory alone but need to be estimated
from data. In our voter example, we might extend our model to not just take
into account a voter’s age but also their income, education, and the postcode
they live in. We know that each of these factors will probably influence their
vote but we do not know the exact effect each of them has, so we need to infer
these effects based on observational data.

Dealing with these sort of inference problems is at the heart of the field
of statistics [Casella and Berger, 2001, Gelman et al., 2013]. In statistics, we
traditionally construct models for the observed data, y, through a parameterized
probability distribution p(y | #) where the parameters 6 live in some parameter space
©. This thesis will predominantly focus on a Bayesian perspective on statistics which
quantifies a modeler’s belief about the parameters of the model with probabilities.
Hence, to specify a Bayesian model, a modeller first defines their beliefs about
the unknown parameter 6 before observing any data through a prior distribution
p(0). The goal of inference is then to compute the posterior distribution p(6 | y),
the belief about the parameters after having observed the data. The relation
between the prior (p(0)), the likelihood (p(y | €)), and the posterior (p(@ | y)) is
given by Bayes’ rule as a simple application of the rules of conditional probability.
However, in practice, computing the posterior distribution is often intractable to
compute exactly for complex models and large datasets and we need to resort
to approximate inference algorithms.

For most applications, computing the posterior distribution is not enough but we
want to use our posterior beliefs to make decisions. Bayesian decision theory (Robert
et al. [2007], Section 2.2) provides a principled framework to make decisions under
uncertainty by optimizing a loss which is defined as an expectation with respect to
the posterior distribution. In that sense, Bayesian decision theory provides us with a

model-based mechanism to make decisions because all our decisions depend explicitly

2The voter example here describes only one possible source of randomness/uncertainty.
Describing and classifying the different sources of randomness and the suitability of probability to
model them is a topic of never ending debate in statistics. In machine learning it has been argued
for distinguishing between aleatoric, meaning roughly uncertainty that cannot be reduced further,
and epistemic uncertainty, meaning roughly the uncertainty that can be reduced by collecting
more data or improving the model. However, there is no universally agreed upon precise definition
of these terms and they are less established in the wider statistics community which is why we
forego their usage here. We will refer the interested reader to Hiillermeier and Waegeman [2021]
for a more in-depth discussion of these terms and to Section 1.6 in Gelman et al. [2013] for a
general discussion of the different sources of uncertainty from a statistical perspective.
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on our probabilistic model. As the quality of our decisions now depends on the quality
of our models, we want to make sure that our models are as accurate as possible.

This then leads to a fundamental trade-off in Bayesian statistics: as our models
become more sophisticated, the more accurately we can capture the underlying phe-
nomenon but the more difficult it becomes to approximate the posterior distribution
with high accuracy. The models used in practice are often the models that sit on
the boundary of what is computationally feasible. The task of inference algorithm
developers is then to push this boundary ever outwards to allow practitioners
to leverage more realistic models.

Over the years, a plethora of different Bayesian inference algorithms have
been developed with that goal in mind. However, due to the diversity of models
considered in practice, there are multiple different paradigms for constructing
inference algorithms. Among the most popular are the Markov chain Monte Carlo
(MCMC) [Brooks et al., 2011] and variational inference (VI) [Blei et al., 2017]
methods; both of which we will discuss more in Chapter 2.

The inference algorithms employed in practice are often extremely complex
making their implementation difficult and error-prone. As a response to this
complexity, probabilistic programming [Gordon et al., 2014, van de Meent et al.,
2018, Barthe et al., 2020] aims to automate the process of running inference in
user-specified probabilistic models. Because of the diversity in the types of inference
algorithms, many probabilistic programming systems (PPSs) focus on automating
only one particular class of inference algorithm. For example, the BUGS language
[Lunn et al., 2000, Spiegelhalter et al., 2007] was developed to allow users to encode
graphical models [Koller and Friedman, 2009] and conduct inference using Gibbs
sampling [Geman and Geman, 1984, Gelfand and Smith, 1990]. More recently,
the Stan language [Carpenter et al., 2017] was developed with the main focus
to automate the application of Hamiltonian Monte Carlo (HMC) [Neal, 2011,
Betancourt, 2018], a powerful MCMC algorithm.

PPSs significantly lower the barrier of entry to use Bayesian inference algorithms,
enabling the application of Bayesian modelling in areas as diverse as epidemiology
[Flaxman et al., 2020], player skill rating systems [Herbrich et al., 2006], and election
forecasting [Heidemanns et al., 2020]. However, many PPSs restrict the types of
models that can be expressed in their input language, as the underlying inference
algorithms which they automate can only handle a specific class of models; we
will refer to these languages as restricted PPSs.

Notwithstanding the success of these restricted PPSs, there are still many

probabilistic models that are not easily expressible in these languages. To simplify
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inference many PPSs disallow specific language features such as branching on
the outcomes of stochastic variables, stochastic loops, and recursion. These
constraints inhibit the user to unleash the full modelling flexibility of modern
programming languages.

The fact that lifting these restrictions would be useful is demonstrated by
the countless scientific models that are already naturally expressed as stochastic
simulators. For example, the world’s largest supercomputers are used to forecast
the weather for the next hours and days, simulate the climate for the next decades,
and model the behaviour of the smallest particles in the universe. Many of these
simulators leverage the aforementioned language features and, hence, cannot be
expressed in restricted PPSs. Currently, calibrating these simulators to observed
data relies on hand-tuning and a myriad of heuristics. Integrating these models
within a PPS, would allow us to automate the calibration process and unlock the full
power of Bayesian reasoning. Importantly, we could easily integrate these models
in frameworks for Bayesian decision making, giving us a principled mechanism
to incorporate the wealth of domain knowledge encoded in these simulators into
our decision making process.

So-called universal PPSs® are designed to place minimal restrictions on the
types of models that can be expressed with their input language [Goodman et al.,
2008, Wood et al., 2014, Goodman and Stuhlmiiller, 2014, Bingham et al., 2019,
Cusumano-Towner et al., 2019, Ge et al., 2018]. The development of universal
PPSs opens up a whole new avenue of research in Bayesian inference algorithms, as
the probabilistic models expressed in universal PPSs can generally not be handled
by traditional inference algorithms.

While universal PPSs have had early success in running inference in real-world
scientific simulators [Baydin et al., 2019, 2020], they are still in their infancy
and more work is needed to understand the inference problems defined in these
languages. In general, universal PPSs are still held back by their ability to derive
efficient inference algorithms for the type of inference problems that arise in complex
simulators. Of particular interest are programs with stochastic support which arise if
the input PPSs allows for branching on the outcomes of stochastic variables, leading

to models in which the number and type of latent variables is no longer fixed.

3These languages are called “universal” because they are Turing-complete [Rainforth, 2017].
Another widely used term for these languages is “higher-order” PPS [van de Meent et al., 2018] to
describe the fact that the language permits language features such as recursion and higher-order
procedures/functions. We will mainly use the term “universal” for brevity and to emphasize
the fact that PPS places minimal restrictions on the input program. More careful semantic
descriptions of PPSs can be found in van de Meent et al. [2018] or Staton et al. [2016].
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Programs with stochastic support are incredibly expressive and therefore give
users a lot of flexibility when constructing models. To give a few examples, they
allow users to express models for program synthesis based on probabilistic context-
free grammars [Saad et al., 2019] or models for the evolution of species based on
branching processes [Ronquist et al., 2020]. While there exist specialized inference
algorithms for these models, they are often not easily generalizable. Thus, this
motivates the need of having automated inference algorithms that can be readily
applied to all programs with stochastic support.

Alas, due to its generality the corresponding inference problem poses several
obstacles to developing efficient inference algorithms. For example, because of
the stochastic control flow in the program, the dependency structure between
different parameters in the model can vary between program executions making
it difficult to efficiently apply standard approaches to inference. We will go into
more detail discussing these challenges and existing approaches to inference in
programs with stochastic support in Chapter 3.

As a brief aside, we will not consider the problem of how to efficiently run
inference in existing simulators which are not already written in a PPS; there already
exist approaches to this which rely on hijacking the random number generator of
the simulator—via a purposefully designed communication protocol PPX—[Baydin
et al., 2019, 2020] or automated code transformation tools [Zhi-Xuan et al., 2021].
The goal of this thesis is rather to isolate the conceptual hurdles that inference
algorithms in programs with stochastic support need to overcome to be practical.
The empirical validation therefore focuses mainly on models that are already
implemented in a PPS. A valuable future research direction would be to make
the methods developed in this thesis available as inference backends to arbitrary
existing simulators through communication protocols such as PPX.

Overall, having efficient inference algorithms is only one piece in the puzzle
to make probabilistic programming systems useful in practice. Most of the time,
inference is only one step in a wider Bayesian workflow [Gelman et al., 2020].
Therefore, it is important to consider how our models and inferences are going to
be used in practice, in order to inform the design of our systems and algorithms.

One particular prominent issue is that models are almost always misspecified
due to the need to make simplifying assumptions, as outlined earlier. From a
purely Bayesian perspective this is not an issue because our model encodes our
subjective beliefs about the world but from a practical perspective it is important to
be aware of the consequences of using a model that is misspecified [Box, 1976,
Gelman and Shalizi, 2013].
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Another aspect that tends to be overlooked is the fact that the results of inference
are often used in downstream analyses that manifest as the need to estimate
expectations. Even though it is completely valid to decouple the computational
tasks of inference and expectation estimation, we are potentially missing out on
computational efficiencies that can be gained by considering these tasks jointly
[Gelman and Meng, 1998, Lacoste-Julien et al., 2011, Owen, 2013, Golinski et al.,
2019, Rainforth et al., 2020].

This thesis will touch on all of these aspects: inference, model misspecifi-
cation, and expectation estimation. The contributions specific to this thesis

are outlined next.

1.1 Contributions of the Thesis

In Chapter 4, we will introduce a new variational inference algorithm for programs
with stochastic support. While variational inference has had wide success in models
with static support, they have faced significant complications when faced with
models with stochastic support. We will demonstrate how existing variational
algorithms for programs with stochastic support [Paige, 2016, van de Meent et al.,
2018, Wingate and Weber, 2013] often struggle. To improve them, we present a
new mechanism to construct the variational family based on decomposing the input
program into sub-programs called straight-line programs (SLPs).

In Chapter 5 we will look more closely at the form of the posterior distributions in
programs with stochastic support. Because the posterior distribution in models with
stochastic support decomposes as a weighted sum over different SLPs, we can draw
explicit connections to the literature on Bayesian model averaging (BMA) [Hoeting
et al., 1999]. Crucially, when faced with model misspecification the path weights in
the posterior can become unstable, leading to nonsensical inferences. As a remedy we
will propose to instead optimise the path weights by optimising a predictive objective
which leads to weights that are more stable in the face of the misspecification.

Finally in Chapter 6, we further develop the idea of having alternative quantities
of interest as the computational goal in probabilistic programming systems. We
introduce the concept of expectation programming which, instead of focusing on
the calculation of posterior distributions, focuses on the estimation of expectations.
Traditionally, in PPSs the user first runs an inference algorithm and then uses
the outputs of inference to run any downstream analysis which can often be
formulated as expectations under the posterior. However, if the user knows the

target expectation ahead of running the inference, we can leverage more efficient
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computational pipelines for the estimation. We provide a concrete implementation
of our expectation programming concept as an extension of the Turing PPS [Ge

et al., 2018] which we call Ezpectation Programming in Turing (EPT).



Fundamentals of Bayesian Statistics

In this section we will give a brief introduction to the fundamentals of Bayesian
statistics. This is by no means an extensive introduction to the topic, more
comprehensive treatments can be found in Bishop [2006], Robert et al. [2007],
Gelman et al. [2013], McElreath [2018], or Murphy [2022]. It would be disingenuous
to present the Bayesian approach to statistics as the only approach without

mentioning its criticisms and alternatives which we will do in Section 2.4.

2.1 Probabilistic Models

As mentioned in the introduction, before we can make any statistical inferences
we first have to specify a model. Bayesian statistics requires us to specify a joint
probability distribution over the (fixed) observed data y and the parameters of the
model 0, usually in the form of a probability density p(y,6).! The parameter space of
the model 6 € © is not necessarily finite dimensional; later chapters will discuss more
explicitly how to deal with infinite dimensional parameter spaces. This joint density
factorises into a likelihood function p(y | §) and a prior p(f) over the parameters.”

The prior specifies our beliefs about the parameters before observing any data.

'We will use the term ‘density’ somewhat informally. Our parameters and data are not
necessarily continuous but could also be a mix of discrete and continuous variables. Formally,
then we are talking about the Radon-Nikodym derivative of a probability measure with respect
to a suitable reference measure. A full formalization of this would require going into a measure
theoretic treatment of probability which we will eschew in favour of a simplified notation.

2While the likelihood is denoted as a conditional probability distribution, it actually is a
function of the parameters 6 and not the data y because the data is fixed. For this reason the
likelihood is sometimes also denoted as L(0 | y) := p(y | 6).
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In practice, we often have access to additional inputs x (also sometimes referred
to as covariates, explanatory variables, or independent variables) which are taken
to be fixed and not explicitly modelled as random. In this case our joint probability
model can be denoted as p(y,# | x). For notational clarity, we will mostly omit the
inputs from here but the extension to the case with inputs is straightforward.

To update our beliefs after having observed the data, we can apply Bayes’

rule to obtain the posterior

p(y [0)p(6) _  ply [0)p(0)
p(y) Son(y [ 0)p(0)do”

The posterior is a natural consequence of applying the rules of conditional proba-

p@ly) = (2.1)

bility, however, in practice computing it is associated with major computational
complexity. The main obstacle to computing the posterior is the normalising
constant, p(y), which is also known as the marginal likelihood or evidence. As
the normalising constant is an integral over the (potentially high-dimensional)
parameter space, it is generally intractable to compute, making the posterior
intractable to compute as well.

A notable class of models in which the posterior can be computed exactly
are conjugate models [Raiffa and Schlaifer, 2000]. In these models the prior and
likelihood are chosen such that the posterior is of the same form as the prior
and the prior-posterior update can be computed using known algebraic rules.
Computing the posterior in conjugate models is then simply a matter of plugging
in the data into a known formula.

However, in general, there is no analytic formula available and we will have
to resort to approximate methods to compute the posterior. Luckily, in the past
two decades significant progress has been made in developing ever more powerful
inference algorithms, in turn allowing the use of ever more complex and realistic
models in practice. We will discuss these inference algorithms in Section 2.3.

Example: Logistic regression. Let us assume we are a bank and want to
predict whether a given transaction is fraudulent or not. We have collected a dataset
of N transactions with data about the amount of the transaction x € R" and a
corresponding label of whether the transaction was fraudulent or not y € {0, 1}*.
We can specify a simple logistic regression model to model the probability of a
transaction being fraudulent as a function of the amount of the transaction

ply|a,p,x) = (o + Bxp)’" (1 —o(a + ﬁxn))(l_y”) (2.2)

::]2

n=1
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where the intercept, a, and slope, (3, are the parameters of our model, 0§ = {«, 5}
and the sigmoid function is given by o(x) = 1/(1 + exp(—x)). Specifying a prior
on our parameters p(«, 3) = N(«;0,1) N(5;0, 1) completes the specification of our
Bayesian model. Even for this naively simple model it is not possible to compute

the posterior distribution in closed-form.

2.2 Decision Theory

The previous section introduced the concept of a probabilistic model and how to
update our beliefs about the parameters of the model after observing data. However,
computing the posterior distribution is not necessarily end goal of an analysis in an
applied setting. Generally, we want to use our models to inform our decision making.
Otherwise, what is the point of going through all the hard work of constructing a
realistic model if at the end of the day it does not influence our decision making?

We can formalise the idea of decision making through the framework of decision
theory [Robert et al., 2007] in which we consider a set of possible decisions § € D
and a loss function L(6,0) : © x D — R which measures the cost of making
decision  when the true state of the world is #. Since our uncertainty about the
state of the world is measured by the posterior distribution, we can compute

the posterior expected loss

0(0) = By [L(0,9)] = j L(8.8)p(6 | y)db. (2.3)

S}

to inform our decision making. Hence, in the classical Bayesian framework the
optimal decision minimises the posterior expected loss

d* = argmin o(9). (2.4)
0eD

Example (continued): Logistic regression. Continuing with our fraud pre-
diction example from above, our end goal is not learn about the parameters of
the logistic regression model but to make decisions about whether to approve or
decline a transaction. The decision is then to predict for a new transaction z*
whether it is fraudulent or not, i.e. assigning a label y* € {0,1} to z*. For binary
classification the log-loss is a commonly choice of loss function leading the posterior

expected loss that can be expressed as

o(y*) = Epaslyx [— (¥ log(o(a + 7)) + (1 = y*)log(1 — o(a + f27)))] . (2.5)

Intuitively, optimizing the log-loss leads to picking the label that is assigned the
highest posterior expected log probability.
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There is a lot more to be said about Bayesian decision theory, we will refer the
reader to discussions in Robert et al. [2007], Bishop [2006], Gelman et al. [2013] for
a more comprehensive treatment of the subject. For now, the crucial point is that
making decisions requires us to be able to compute the posterior expected loss and
solve the optimisation problem. As we noted in Section 2.3, computing the posterior
distribution is generally intractable and, hence, computing the posterior expected
loss is as well. We therefore have to resort to estimation methods to approximate
0. This need to estimate expectations guides the development of many common

approximate inference algorithms which we will discuss in the next section.

2.3 Inference Algorithms

We have now established that the key mechanism with which we interact with
the posterior distribution is through evaluating expectations. For a general target

function f(#), the expectation under the posterior distribution is given by

i B LFO)] = | 701006 | )0 (26)

For most interesting models that are used in practice, there is no analytic solution
to compute the integral defined by the expectation. Instead, we need to find ways to
compute estimates of our estimand, j. Arguably, the most fundamental estimator
is the simple Monte Carlo estimator [Owen, 2013] which is constructed by sampling

from the distribution of interest and averaging the target function over the samples

1<
s = 5 Z F(09) where 6 ~ p(-|y). (2.7)

s=1

Having constructed our first estimator the natural next question to ask is: What
makes a good estimator? Generally, there are three properties we care about:
consistency, bias, and variance. An estimator is consistent if in the limit of large
sample sizes it converges to the true estimand (making the standard assumption that
p exists and is finite). Based on the weak and strong law of large numbers, there
are also two types consistency. An estimator is weakly consistent if it converges

in probability to the true estimand, i.e.
5lvim P(|is —p| >€) =0 forall e>0. (2.8)
—00

On the other hand an estimator is strongly consistent if it converges almost surely

to the true estimand, i.e.

P (lim s — p = 0) = 1. (2.9)
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Consistency ensures that having infinite time and compute we will eventually
converge to the true estimand. However, in the real world we are restricted with
finite time and resources so it is important to consider what happens for a finite
number of samples S. An estimator is unbiased if its expectation is equal to the
true estimand, i.e. E [fis] = p. For the simple Monte Carlo estimator we can easily

show that it is unbiased using the linearity of the expectation operator

Els] = ¢ DE[FEO)] = g Dlu=p (2.10)

If an estimator is unbiased, we know that for many different independent estimates,
the average will converge to the true estimand. Finally, the variance of an estimator
gives an indication of how much the estimate will vary around the true estimand.
Assuming the variance of p(f | y) is given by 0? < o, the variance of the simple

Monte Carlo estimator is given by

(s - ] = % (2.11)

In summary, we generally want our estimator to be consistent, unbiased, and
have low variance.

The decision theoretic framework in combination with Monte Carlo estimators
provides the foundational motivation for many Bayesian inference algorithms. To
inform decision making, we have to compute expectations under the posterior
distribution and we can estimate these expectations by generating samples. This is
why so many inference algorithms are focused on generating samples. Sections 2.3.1
and 2.3.2 will discuss two of the most fundamental sampling algorithms: importance
sampling and Markov Chain Monte Carlo (MCMC).

2.3.1 Importance Sampling

The key obstacle to applying the simple Monte Carlo estimator to estimate posterior
expectations is the inability to sample from the posterior. Importance sampling
assumes that we have an alternative proposal distribution q(6) which we can sample
from instead. Some basic algebraic manipulations allow us to reformulate the

expectation under the posterior

Epory) L (0)] = L fO)p(8 | y)do (2.12)

as an expectation under the proposal distribution

_ L f(@)p(j(‘e)y >q(9)d9 = Eq0) [ f(&)p(e | y>]. (2.13)
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Algorithm 1 Self-Normalised Importance Sampling

Require: Joint distribution p, proposal ¢, number of samples S
1: fors=1,...,5do
2 Sample 0¢) ~ ¢(0)
3 Compute importance weight w) = ;)(%7((95(;;)
4: end for
5
6

. Compute normalised importance weights w(®) «
. Return {(w™,0W), ... (w™, 05))}

This then leads to the importance sampling (IS) estimator

R 1 p(0©®) |y)
IS _ P19 96« g(4). 2.14

|

S
Zw(s)f(G(s)) where w(®) =
s=1

The importance weights w'® are the key mechanism with which we adjust our
estimate to account for the difference between the proposal and the target distri-
bution. To have a valid proposal we require that ¢(#) > 0 whenever p(6 | y) # 0
so that we avoid division by zero. However, in practice we cannot compute the
importance weight because we do not know the normalising constant of the posterior
distribution. We can instead use the ratio p(y, #)/q(f) to compute unnormalised
weights and then normalise the weights to obtain the self-normalised importance
sampling (SIS) estimator [Owen, 2013]

N £(ps) (s)
~SIS . _ 2 W f(0) (s) _ p(y,0') (s) ]
fig” = Z§=1 e where w'¥ = 7@1(0(5)) ,0 q(-).

(2.15)

Note that the weights themselves do not depend on the target function f, hence
we can generate a set of samples and compute their corresponding weights once
and then re-use the weighted samples for different target functions. This then
provides us with our first inference algorithm that is summarised in Algorithm 1.
All we need to do is sample from the proposal distribution, compute the importance
weights, and then normalise the weights to obtain the weighted samples. Crucially,
the sampling from the proposal can be done in parallel which can be done very
efficiently on modern hardware.

It is important to note that the SIS estimator is generally biased and there is
a fundamental lower limit on the variance that can be achieved by the estimator,
even with an optimal proposal that has access to the true value of u, we will refer
to Owen [2013] for a more detailed discussion of this topic. In Chapter 6 we will

discuss a mechanism that overcomes this fundamental limit.
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Algorithm 2 Metropolis-Hastings

Require: Joint distribution p, number of samples N, initial point 6,
1: fors=1,...,5 do

2: New proposal 6 ~ k(- | §6D)
. 0 .y)k p(s—1) g

3: o = min <1, p(g((sfi‘);?yg,{(e/wgsjl)))

4: Sample u ~ Uniform(0, 1)

5: if u < a then

6: ) — ¢

7: else

8: 0) — gs=1)

9: end if

10: end for

11: Return {#), ... 90}

2.3.2 Markov Chain Monte Carlo

Importance sampling requires the construction of a proposal distribution ¢(6) that
we can easily sample from. Additionally, as the dimensionality of the parameter
space increases it becomes significantly more difficult to construct a suitable
proposal distribution. The performance of importance sampling tends to degrade
exponentially with the dimensionality of the parameter space, a phenomenon known
as the curse of dimensionality. In high-dimensional spaces, probability distributions
often behave in unintuitive ways. For example, most of the probability mass of a
high-dimensional Gaussian distribution is concentrated in a thin shell away from
the mode in an area that is known as the typical set [Betancourt, 2018].
Markov chain Monte Carlo (MCMC) methods [Robert and Casella, 2004, Owen,
2013, Brooks et al., 2011] aim to overcome this challenge by instead making local
moves that try to find and then explore the typical set of the target distribution.
Formally, MCMC methods are a general class of algorithms that aim to generate
samples from a target distribution by constructing a Markov chain which has the
target distribution as its stationary distribution. More precisely, a Markov chain is
a sequence of random variables 8, 0®) ... 0 which satisfy the Markov property,

meaning the distribution of #¢) only depends on = and not on any previous values
p(6® | 0D 9Dy = p(e) | gL, (2.16)

In the context of MCMC, the distribution p(8¢) | #~Y) is conventionally referred
to as the transition kernel and we will denote it as x(6) | #*~Y) from here on.
Hence, to specify a (time-homogenous) Markov chain we only need to specify an

initial distribution p(*)) and a transition kernel (6 | #=1). Overall, our goal
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is to construct Markov chains so that 6 is distributed according to the posterior
p(0 | y) as s — oo. This is to say, we want the unique stationary distribution of
the Markov chain to be the posterior distribution. Two requirements need to be
satisfied for this to hold. The first is that the posterior distribution is invariant

under the application of the transition kernel which is formalised as

p(0]y) = LW | y)(6 | 8)db. (2.17)

The second requirement is that the Markov chain is ergodic which means that it
is irreducible and aperiodic. A Markov chain is irreducible if from an arbitrary
starting state we can reach any other state and it is aperiodic if there is no state
which can only be reached at certain times.

Now that we have outlined the basic requirements that we want our Markov
chain to satisfy, we can think about how we can construct one in practice. A common
mechanism to satisfy the invariance property is to ensure that the transition kernel

adheres to detailed balance, i.e.

p(O" | y)s(6 | 0') = p(6 | y)r(6" | 0). (2.18)

Detailed balance is a sufficient but not necessary condition to satisfy the invariance
property. MCMC algorithms that do not satisfy detailed balance are known as
non-reversible [Bierkens et al., 2016, Bouchard-Coté et al., 2018, Andrieu and
Livingstone, 2019, Syed et al., 2021, Bierkens et al., 2020].

The Metropolis-Hastings (MH) ? algorithm [Metropolis et al., 1953, Hastings,
1970] provides the foundation for the development for a wide range of MCMC
algorithms. The high-level idea is to propose a new state # from the current

state 6, compute the acceptance probability

p(t',y)r(0 | 9’))
PO, y)R(0"[0) )

then sample a random number u ~ Uniform(0, 1) and, finally, accept the proposal

a = min (1 (2.19)

if u < a. Algorithm 2 provides an outline of the MH algorithm. It is possible to
show that the transition kernel of the MH algorithm satisfies detailed balance and,
hence, the invariance property (see e.g. Section 11.4 Owen [2013]).

3An early version of the algorithm assuming symmetric proposals was presented in Metropolis
et al. [1953] and a more general version was presented in Hastings [1970]. The current conventional
naming scheme of the algorithm omits the other co-authors on the original 1953 paper, namely
Arianna Rosenbluth, Marshall Rosenbluth, Augusta Teller, and Edward Teller. Some significant
discussion about who should receive credit for the original work can be found in Gubernatis [2005].
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The sequence of samples 8 92 . 0 generated by an MCMC algorithm
can be used to estimate expectations with a Monte Carlo estimator. However, the
samples are only distributed according to the target distribution in the infinite limit.
In practice, we are always restricted to a finite number of samples, so the MCMC
samples will only be approximately distributed according to the target distribution
and the initial samples tend to be a poor representation of the target. Additionally,
consecutive samples are correlated as they are generated based on local moves.
These issues can introduce biases into our estimates and measures to overcome
these complications lead to the usage of burn-in periods, where a fixed number of
initial samples of the Markov chain are discarded from the estimator, and thinning,
where only every k-th sample is retained to reduce the correlation between samples.

There is much more to say about MCMC methods, including the development
of more advanced algorithms, such as Hamiltonian Monte Carlo (HMC), and the
more detailed theoretical properties of these algorithms. However, in the interest of
brevity and conciseness we will refer the interested reader to the existing literature
[Robert and Casella, 2004, Owen, 2013, Brooks et al., 2011].

2.3.3 Variational Inference

MCMC methods are robust and reliable inference algorithms for many models
encountered in practice. However, they can struggle to converge quickly to the
target distribution, especially in problems with large datasets. An alternative
approach to inference is to instead recast the inference problem as an optimization
problem, this is known as variational inference (VI) [Jordan et al., 1999, Wainwright
et al., 2008, Blei et al., 2017]. In VI, we postulate a variational family q(0; ¢) with
variational parameters ¢ and then aim to optimize the variational parameters such
that the variational distribution is close to the true posterior distribution. The
key idea in VI is that the variational family consists of distributions that we are
able to sample from and can evaluate the density of.

A common measure to quantify the “closeness” between the two distributions is

the KL divergence. VI algorithms aim to minimize the reverse or exclusive KL*

KL (q(0;9) [| p(0 | ¥)) = Eq(050) llog pqg] gi,))} : (2.20)

4Inference algorithms which aim to minimize the forward or inclusive KL, KL(p | ¢) are
generally not referred to as VI algorithms but are known under other names. Prominent examples
include expectation propagation [Minka, 2001], reweighted wake-sleep [Bornschein and Bengio,
2015], and Markovian score climbing [Naesseth et al., 2020].
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however, as the posterior is not tractable, we cannot use this form of the KL
divergence to optimize the variational parameters. Instead, we can apply Bayes
rule to rewrite the KL divergence as

= Ey(0:0) llog W] (2.21)
= Ey0:0) [log ;Ef}i (z;] + log p(y). (2.22)

Note that the first term in Eq. (2.22) only needs access to the joint probability density
p(y, #) which is tractable, while the second term does not depend on the variational
parameters at all. Hence, we can see that minimizing the KL divergence is equivalent
to maximizing the negative of the first term in Eq. (2.22) which is known as the
evidence lower bound (ELBO) The name stems from the fact that if we re-arrange

Eq. (2.22) and use the fact that the KL divergence is non-negative, we obtain

log p(y) = —Eqo:0) [10% ng,i(z;] = Ey(p:9) llog ];E‘Z;’z;] =: L(¢). (2.23)

It is important to pause for a second and reason about the properties of the ELBO.
The inequality becomes tight if the variational distribution is equal to the true
posterior, i.e. KL (q(0;9¢) || p(@|y)) = 0. Additionally, if the posterior is multi-
modal and the variational family is unimodal then the variational distribution will
tend to collapse onto a single mode instead of trying to cover all modes. This is
known as the mode-seeking behaviour of the ELBO [Blei et al., 2017] and is caused
by the fact that the ELBO heavily penalises the variational distribution for placing
mass in regions where the true posterior has low density. Finally, maximizing the
ELBO is, apart from a few special cases, a non-conver optimization problem which
means that there potentially exist multiple local optima.

Having established an objective for optimization, the next step lies in constructing
a suitable variational family for our parameter space © which can be potentially high-
dimensional. Constructing flexible, but still tractable, variational families in high-
dimensional parameter spaces is an ongoing research challenge [Agrawal et al., 2020].
A common simplifying assumption is to construct a mean-field variational family

which assumes that the parameters are independent, leading to the factorization®

— o

q(0;0) = | | a:(0s; ¢). (2.24)

i=1
The mean-field variational family is practical because it allows us to derive efficient

algorithms for optimizing the ELBO. An early example of this is coordinate ascent

5Here #; denotes the i-th component of the D-dimensional vector 4.
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variational inference (CAVI) which updates each variational parameter in turn
while keeping the others fixed [Bishop, 2006]. However, CAVI requires access
to model dependent conditional distributions which can be difficult to derive for
complex models. In general, for long the adoption of VI was limited by the need
to develop custom variational families and optimization algorithms for each model
and variational family combination which often involved tedious mathematical
derivations [Jaakkola and Jordan, 1997, Ghahramani and Beal, 2000, Jordan
et al., 1999, Blei and Lafferty, 2006, Braun and McAuliffe, 2010, Knowles and
Minka, 2011, Blei et al., 2017].

Significant progress came from utilizing techniques from stochastic optimization
[Robbins and Monro, 1951, Asmussen and Glynn, 2007] which leverages gradient
estimates of the ELBO to optimize the VI parameters [Paisley et al., 2012, Nott
et al., 2012, Wingate and Weber, 2013, Salimans and Knowles, 2013, Kingma and
Welling, 2014, Rezende et al., 2014, Ranganath et al., 2014, Blei et al., 2017]. Given
the objective L£(¢) and estimates h;(¢) of the gradient V4L(¢), we can iteratively

update the variational parameters using the update rule

i1 = O+ pihi(dr) (2.25)

under certain regularity conditions on L£(¢) this update rule will converge to a
local optimum of the ELBO if the learning rates p; satisfy the Robbins-Monro
conditions [Robbins and Monro, 1951]

0 0
Zpt = o0, pr < 0. (2.26)
t=1 t=1

The usage of a Robbins-Monro learning rate schedule is motivated by its theoretical
properties; however, in practice, other optimization algorithms, such as Adam
[Kingma and Ba, 2015], are often used instead due to their empirical success.
Stochastic optimization requires estimates of the gradient of the ELBO with respect

to the variational parameters

(2.27)

VoL(0) = VB [bg oLy, 9)] -

q(0;¢)
This is complicated by the fact that the expectation is itself defined with respect

to the variational distribution; naively moving the differentiation operator inside
the expectation and applying a Monte Carlo estimator would lead to an invalid
estimator. Instead, we need specialised estimators for this problem. In fact, finding

efficient estimators for the gradient of the ELBO which are applicable to wide
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range of models and variational families is a key challenge in the development of
VT algorithms. The two most common classes of estimators are the score-function
estimator and the pathwise gradient estimator (see Mohamed et al. [2020] for an
extensive discussion on these).

The score-function estimator [Kleijnen and Rubinstein, 1996], also sometimes
referred to as the REINFORCE estimator [Williams, 1992], makes use of the identity
Veq(0;0) = q(0;¢)(Vylogq(; ¢)) to rewrite the gradient of the ELBO as

Vo L(®) = Eqo,0) [(Vlog q(6; ¢)) (log p(y, 0) — log q(6; ¢))], (2.28)

which permits the Monte Carlo estimate
18
~ < 2, (Valoga(6);0)) (logply, 09) —logq(6;0)) . (2.29)
s=1

where 0¢) ~ q(0; ¢). The term black-box variational inference (BBVI) was popular-
ized by Ranganath et al. [2014] to describe the use of the score-function estimator
in combination with stochastic optimization. A significant issue in practice is
that the estimator in Eq. (2.29) has high variance which can make optimization
difficult and a variety of variance reduction techniques usually need to be applied
to the standard score-function estimator to make it practical [Paisley et al., 2012,
Mnih and Gregor, 2014, Ranganath et al., 2014, Titsias and Lazaro-Gredilla, 2015,
Mohamed et al., 2020].

As an alternative, the pathwise gradient estimator, also often referred to as the
“reparameterization trick” [Rezende et al., 2014, Kingma and Welling, 2014], relies
on reparameterizing the variational family, ¢(#; ¢), such that we can sample from
it by applying a deterministic transformation, S,(e), to an independently sampled

noise variable, € ~ p(e), to rewrite the gradient of the ELBO as

VoL(0) = By | Volog L2 (2.30)

Notably, the pathwise gradient estimator generally exhibits significantly lower
variance than the score-function estimator. Theoretical results show that the
variance of the pathwise gradient estimator is bounded by the Lipschitz factor
of f(0) = log(p(y,0)) — log(q(0; ®)) but does not depend on the dimensionality
of the parameter space [Glasserman, 2004], explaining its success in models with
high-dimensional parameter spaces [Rezende et al., 2014, Kingma and Welling,
2014]. Additionally, for a specific variational parameter ¢;, by differentiating the

model density, p(y, @), the pathwise gradient estimator will exclude all the terms
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which are not influenced by ¢; [Mohamed et al., 2020] and will reduce the order
of the terms in f(#) [Xu et al., 2019].

As a result, the pathwise gradient estimator is then often the preferred choice
in practice, especially since modern automatic differentiation (AD) tools [Baydin
et al., 2018] make it easy to compute the required gradients. However, the pathwise
gradient estimator requires additional assumptions about the model and variational
family compared to the score-function estimator. Most notably, we require access to
the gradients of the joint model density with respect to the latents, Vqlog p(y,0);
that the joint density is differentiable in the whole support of 8; and that we can
reparameterize the variational family in the first place (see Mohamed et al. [2020]
for a more precise statement on the assumptions required for the pathwise gradient
estimator). The score function estimator is then mostly used as a fallback when
the pathwise gradient estimator is not applicable, and a significant amount of
research has been dedicated to broaden the class of models for which the pathwise
gradient estimator is applicable [Lee et al., 2018, Figurnov et al., 2018, Jankowiak
and Obermeyer, 2018].

A particular instantiation of the general framework of using the pathwise
gradient estimator to train a variational approximation is given by the automatic
differentiation variational inference (ADVI) algorithm [Kucukelbir et al., 2017].
ADVI considers a restricted class of models known as differentiable probability models
which are assumed to have continuous parameters © < R” and a differentiable
joint density Vylogp(y,#) for all § € ©.

To fully automate the construction of the variational family, ADVI transforms
the constrained parameters into an unconstrained space using a differentiable
transformation T : © — RP. The construction of the transformation can be fully
automated from the model specification and does not require any user input. It is
constructed by considering the support of individual parameters in the parameter
space. For example, if parameter 6; is defined with a Gamma prior, it is constrained
to be positive, and to transform it to an unconstrained space we can apply
the transformation T;(6;) = log(6;). A pre-specified library of transformations
indicates how to map parameters with restricted support to an unconstrained
space. The transformations from individual variables are then combined to form the

full transformation T(0) = (Ty(0,),...,Tp(0p)).° Applying a change of variables

5The full procedure also easily generalizes to the setting where a subset of the parameters is
assumed to have multivariate priors, e.g. a Dirichlet distribution.
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using this transformation defines a new probability density in the unconstrained

parameter space, ( € R”, given by

p(y,¢) = ply, T7H(Q))|det (Jr-1(C))]. (2.31)

where Jp-1(¢) is the Jacobian of the transformation 77!

This unconstrained model density now allows us to define a variational family
in the unconstrained space, ¢ € RP, which is significantly easier than working in
the constrained space ©. Notably, it is now easier to induce correlations into the
variational family as it is possible to use a multivariate normal distribution as
the variational family. The multivariate normal distribution also allows for the
application of the type of reparameterization that is necessary to apply the pathwise
gradient estimator. Specifically, if our variational family is given by ¢((;¢) =
N (C; i, ), where the variational parameters are given by ¢ = (u, 2), we can sample
from it by first sampling from a standard normal distribution ¢ ~ p(¢) = N(0,I) and
then apply the transformation Sy(€) := p+ Le where L is the Cholesky decomposition
of the covariance matrix ¥ = LLT. Notably, because the transformation 7' is
potentially non-linear, the variational family in the true parameter space © can
be non-gaussian. Notably, the transformation 7" does not contain any additional
trainable parameters that need to be considered during the optimization process.
The only parameters that are being optimized are the parameters of the variational
distribution in the unconstrained space (i.e. ¢ = (u, 2)).”

Using the two transformations 7-!({) and Sg(e), along with the law of the
unconscious statistician, we can then rewrite the ELBO as an expectation under

the noise distribution
L(d) = Epe [f(€,0)]- (2.32)
where
fle,¢) :=logp(y, T~ (S4(e))) + log|det (Jr-1(Sy(€)))| — log q(Se(e); ¢).  (2.33)

Crucially, the noise distribution does not depend on the variational parameters,
allowing us to interchange the gradient and expectation operators. We can then

estimate the gradient of the ELBO using the pathwise gradient estimator as

VsL(0) = Epe) [V (e, 0)], (2.34)

1 S
~ Z Vef(e®, ¢) where € ~ p(e). (2.35)
s=1

"There are other approaches to constructing variational families that do train the transformation
parameters such as normalizing flows [Papamakarios et al., 2021] but we will not discuss them
further here.



2. Fundamentals of Bayesian Statistics 22

Algorithm 3 Automatic Differentiation Variational Inference (ADVI)

Require: Joint distribution p, variational family ¢, number of iterations 7, initial
parameters $(®), Robbins-Monro learning rate schedule p;
1: Construct transformation T’
2: fori=1,...,1do
3 Draw S samples ¢®) ~ p(e)
4: Compute Monte Carlo estimate of V4L(¢V) using Eq. (2.35)
5
6
7

B — 60D + VLot D)
. end for
. Return ¢

This then provides us with all the necessary ingredients for the ADVTI algorithm
which is stated in Algorithm 3. The algorithm iteratively optimizes the variational
parameters using the pathwise gradient estimator and a Robbins-Monro learning rate
schedule (although other choices for the optimizer are also often used in practice).
While the version presented here runs optimizations for a fixed number of steps it
is also possible to run optimization until a desirable convergence criteria is reached.

A major obstacle for scaling Bayesian inference to large datasets is the cost of
evaluating the model likelihood, p(y | ), which is also required for the ELBO. The
variational inference approach can more easily scale to large datasets through data
subsampling [Hoffman et al., 2013] by noting that the data only appears in the ELBO
through the likelihood. Then assuming the likelihood factorizes as logp(y | 0) =
Zﬁil logp(y; | 0), it can be approximated by sampling a subset of the data of size
B and then scaling the log-likelihood by ¥ s.t. logp(y | 0) ~ & Diery, ogp(yi | 0).
This leads to an optimization that has been termed “doubly” stochastic [Titsias
and Lazaro-Gredilla, 2014] as there are two sources of stochasticity: the Monte
Carlo estimate of the ELBO and the data subsampling.

This section only provided a brief overview of the key ideas behind VI. There
are still many areas of open research, such as how to construct flexible variational
families that are still tractable while being able to capture complex posterior
distributions [Rezende and Mohamed, 2015, Papamakarios et al., 2021, Morningstar
et al., 2021, Ambrogioni et al., 2021, Ko et al., 2024, Klein et al., 2024]; deriving
more efficient gradient estimators [Mnih and Gregor, 2014, Schulman et al., 2015,
Maddison et al., 2016, Jang et al., 2016, Oates et al., 2017, Roeder et al., 2017,
Lee et al., 2018, Shi et al., 2022]; or considering alternative divergence measures
[Li and Turner, 2016, Bamler et al., 2017, Lopez et al., 2020, Geffner and Domke,
2020, Welandawe et al., 2022, Yi and Liu, 2023, Giordano et al., 2024]. For recent
reviews of the advances in the field we refer the reader to Zhang et al. [2018],
Agrawal et al. [2020], and Dhaka et al. [2021].
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2.4 Justifications for the Bayesian Approach

So far we have focused on the Bayesian approach to statistics and decision making.
In this section we will briefly discuss the Frequentist approach which is the most
prominent alternative to the Bayesian viewpoint. The debate about which approach
is preferable has been going on for decades and is still ongoing. Here, we only scratch
the surface the debate but it should be noted that by now it is not uncommon for
practitioners to mix ideas from Frequentists and Bayesian statistics in their work.

In our introductions to probabilistic modelling and decision making in Sections 2.1
and 2.2 we used probabilities to quantify our beliefs about the unknown model
parameters. However, the Frequentist approach to statistics disagrees with this
usage of probability. Instead, it argues that probabilities should only be used
to quantify the frequency of events [Von Mises, 1981]. Hence, we cannot use
probabilities to quantify our beliefs about unknown model parameters, as these
are non-observables and therefore their frequentist properties cannot be measured
directly. In a pure Frequentist framework, uncertainty stems from the fact that
we only get to observe one realisation of the data and uncertainty then measures
how our inferences would change if the data would change.

The Frequentist approach is then often characterized by evaluating estimators

based on the Frequentist risk
R(0,6) = Epyo) [L(G,0(y))] - (2.36)

Crucially, the Frequentist philosophy of quantifying uncertainty by variation in the
observed data is signified by now taking the expectation over the data y, instead
of the parameters 6. However, to evaluate the risk we somehow need to set the
parameters . The Frequentists approach does not prescribe a unique way to select
the parameter, instead a variety of methods are employed in practice. The most
common approaches include plugging in a specific value #*, finding the parameter
setting which maximizes the risk R (leading to minimax estimators), or averaging
over possible parameter settings using a prior distribution p(f) (leading to the Bayes
risk). These techniques then provide mechanisms to derive and evaluate estimators
for the parameters # and measure the uncertainty in the estimates by constructing
confidence intervals (CIs) on the estimates [Casella and Berger, 2001].
Compared to the Bayesian approach, the Frequentist approach does not prescribe
a unique mechanism for using the estimated parameters to make decisions. Instead,
different approaches to decision making are often used depending on the specific

problem setting. Within the context of supervised learning, arguably the dominant
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approach is based on empirical risk minimization (ERM). In supervised learning
we have a set of features x and a set of labels y, and we aim to learn a decision
function f(x) which maps the features to the labels. In the ERM setting, we
define the population risk [Murphy, 2022] as

R(f) = Eptrue(y,af) [L(y7 f(ZL’))] ’ (237>

where the expectation is taken with respect to the true data generating distribution,
Puwe- In practice, this distribution is unknown and we instead estimate the

population risk using the empirical risk

R(P) = 7 2 Lo £(a)) (2.38)

The decision function f is then optimized based on this empirical risk (hence,
the name empirical risk minimization)

f = argmin R(f), (2.39)
feH

where H is the hypothesis class containing all the possible functions. Notably, this
is a fundamentally different approach to the decision making task then the one
we presented in Section 2.2. ERM does not build an explicit model of the data
generating process and instead directly optimizes the decision function based on
the collected data. In contrast, Bayesian approaches generally try to model the
data generating process explicitly and then use the model to optimize our decisions.
However, it is important to note that Bayesian models might not specify a model for
all the variables in the dataset. For example, in a supervised setting the features x are
often not modelled as random but rather are treated as a fixed input to the model.®

In ERM, we tend to split the data into training and validation set. The training
set is used to optimize the decision function. Consequently, the empirical risk
evaluated on the training set is no longer a good estimate for the population
risk because the decision function has been optimized to minimize it. Hence, the
validation set is then used to provide an estimate of the population risk. If our

overall dataset is small, it might not be feasible to have a validation set that is

8This also explains why the Frequentist vs Bayesian distinction is not the same as the generative
vs discriminative distinction in machine learning. In their purist instantiations, the Frequentist
and Bayesian approaches disagree in how to estimate model parameters 6. For example, an
autoregressive language model [Vaswani et al., 2017] is a generative model, however, the parameters
of the autoregressive model are still optimized based on a loss defined on a training data set. A
Bayesian neural network [MacKay, 1995] for a supervised classification task could be viewed as a
discriminative model, however, crucially the parameters of the neural network are computed by
approximating the posterior distribution.
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large enough to provide a reliable estimate of the population risk. The solution
of cross-validation is then to have multiple training and validation data splits and
then average the empirical risk over these splits.

In a purely Bayesian framework there is no need for cross-validation as our
model fully encapsulates our beliefs and uncertainty.” There is also no concept
of a “wrong” model. Our prior and likelihood encode our subjective belief about
the state of the world and our beliefs get updated through the rules of Bayesian
inference as new data arrives.

However, this view clearly has some practical limitations. In general, it is quite
challenging for humans to be able to build mathematical probability models which
accurately represent their beliefs and be aware of all the consequences of their
modelling choices. Furthermore, the inferences implied by the laws of probability
can itself sometimes lead to counter-intuitive results [Gelman and Yao, 2020]. Hence,
a more pragmatic approach to Bayesian modelling acknowledges the need to validate
a models predictions and inferences on held-out data [Gelman et al., 2013]. In the
“hypothetico-deductive” view of Bayesian modelling [Gelman and Shalizi, 2013], the
decision theoretic framework from Section. 2.2 is not just used to make final decision
but also to check the adequacy of models and their assumptions. Crucially, all
parts of a model should be checked, including the prior distribution, the likelihood
function, and the decision function.

Given all the potential pitfalls with building probabilistic modelling, one might
ask: if we can just directly optimize decisions using observed data with the
ERM framework, why bother building models at all and why should we use
probabilistic models?

There are many answers to the second questions, which are concisely summarised
in Bruinsma et al. [2021]. Notably, there are multiple desirable properties we
can list that a given modelling framework should have—e.g. inference should
be coherent/consistent meaning that inferences should not depend on the order
the data arrives in—and we can show that the laws of probability satisfies these
properties [Cox, 1946, Savage, 1972, Jaynes, 2003]. Probabilistic models also have
desirable frequentist properties if we assume that our postulated model matches
the true data generating distribution: the posterior will asymptotically concentrate
on the true parameter if we assume that data was generated from the model
[Van der Vaart, 2000] and we can make optimal predictions made using the posterior
predictive distributions [Aitchison, 1975].

9Interestingly, there are deep connections between cross-validation and the marginal likelihood
in a Bayesian model, see e.g. Fong and Holmes [2019].



2. Fundamentals of Bayesian Statistics 26

We should build models because they can help us understand the world.
In science and engineering, our understanding of the world is mainly driven
by developing idealised, but ever more elaborate, models of the world. The
mathematical formalization of probability then provides a convenient mechanism to
introduce uncertainties into our models and the Bayesian framework allows us to
easily incorporate this uncertainty into our decision making process. Furthermore,
by basing decisions based on probabilistic models we can easily trace back our
decisions to the assumptions we made in our models. This in turn helps us to
improve our models and our understanding of the world.

The Bayesian approach to statistics can then be a useful formalism to build
and use probabilistic models but we should not be dogmatic about it. A view that
was succinctly summarised in Rubin [1984]: “The applied statistician should be
Bayesian in principle and calibrated to the real world in practice. [They] should
attempt to use specifications that lead to approximately calibrated procedures
under reasonable deviations from [their assumptions]. [They] should avoid models
that are contradicted by observed data in relevant ways — frequency calculations
for hypothetical replications can model a model’s adequacy and help to suggest

more appropriate models.”



Probabilistic Programming Systems

As we showed in the previous chapter, Bayesian statistics hinges on the ability to

build expressive models and to run inference in them. Probabilistic programmings
systems (PPSs) [Gordon et al., 2014, van de Meent et al., 2018, Barthe et al., 2020]
facilitate this process by providing programming abstractions that enable users to

express probabilistic models with programming languages. Fundamentally, there

are multiple reasons of why we might want to use programming languages to express

probabilistic models. A non-exhaustive list of motivations includes:

1. In most models used in practice, we need to resort to approximate inference

algorithms of the sort presented in Section 2.3. However, implementing these
algorithms is often quite complex and can be error-prone. Applied modellers
are often not experts in implementing inference algorithms, so we want to
provide them with mechanisms to automate inference without them having

to implement their own inference algorithm.

. Programming languages provide a flexible abstraction layer to express models.
Language constructs such as loops, recursion, and higher-order functions allow
us to concisely define models that would be cumbersome to express in more

classical modelling frameworks.

. Many models are already expressed as stochastic simulators. Fields as diverse
as climate science [Eyring et al., 2016], particle physics [Baydin et al., 2020},
and drug discovery [Schymkowitz et al., 2005] develop sophisticated simulators
which encode decades of domain knowledge. We want to be able to use these
simulators as probabilistic models in a Bayesian framework to have access to

more expressive models when guiding our decision making.

27
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4. By using programming languages to express models, we open up the possibility
of using techniques from programming languages research to derive new

inference algorithms.

Of course, these motivations are not mutually exclusive, however, they are important
to understand the different design trade-offs that are made in the process of devel-
oping PPSs. In general, PPSs provide the user with a modelling language to denote
probabilistic models and a library of functions to run inference in these models.

The separation of modelling and inference is an important aspect of most PPSs.
In principle, in a Bayesian framework it does not matter what inference algorithm
we use to make decisions, as long as our inferences are accurate. In practice,
however, the choice of algorithm can often have an influence on our decision making
because approximate inference algorithms might fail to give good approximations
to the posterior. Further, for computational reasons it can sometimes be beneficial
to break the abstraction barrier between modelling and inference and optimize
the definition of a model for a specific inference algorithm. Overall, however, the
separation of modelling and inference still provides a useful distinction as it allows
modeller to focus on building good models and inference algorithm developers to
focus on developing better inference algorithms.

Early PPSs were generally focused on automating a specific inference algorithm
which then guided the design of the modelling language. Crucially, many inference
algorithms developed in the statistics community tend to make assumptions on the
form of the model. For example, ADVI (Section 2.3.3) assumes that the model
is differentiable and that we can compute the gradients of the log density. Hence,
early PPSs tended to design the modelling language with restrictions in place to
ensure that the specified model satisfies the assumptions of the inference algorithm.
After Zhou [2020], we will refer to these sorts of PPSs as restricted PPSs.

In contrasts, universal PPSs interpret arbitrary stochastic simulator models
expressed in general-purpose programming languages as probabilistic models and
lift the constraints of restricted PPSs. Crucially, universal PPSs give rise to a whole
new class of probabilistic models which can invalidate a lot of the assumptions made
by conventional inference algorithms. One important example of this is the ability
to define models with stochastic control flow which leads to models with stochastic
support; a class of models we will describe in more detail in Section 3.1.3.

It is important to note that this chapter is not meant as an extensive review
of all PPSs and their different implementation approaches. Instead, we will focus

on the essential ideas behind probabilistic programming that are necessary for
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the remaining chapters. Relatedly, this thesis is concerned with statistical PPSs.
There is also a growing body of work on logic-based PPSs [De Raedt et al., 2007,
De Raedt and Kersting, 2008, Fierens et al., 2015, Manhaeve et al., 2018] but they
will not be discussed here. While they are also based on Bayesian reasoning, they
often have quite considerable differences in their underlying theory and algorithms,

leading to different design decisions in practice.

3.1 From Probabilistic Programs to Probabilistic
Models

Just as there are many different design choices in the development of standard
programming languages, there are also many different design choices in the devel-
opment of PPSs. A crucial decision to make for every PPS is whether to develop
a custom domain-specific language (DSL) for expressing models or to embed the
PPS into an existing programming language.

Many PPSs that develop a DSL are designed to easily compile a model to
an internal representation for inference. Notably, having a purpose-built DSL
and compiler allows the PPS to optimize the internal representation for the given
inference algorithm. Furthermore, the DSL allows the PPS to easily enforce
restrictions on the class of models users can define.

As a specific example of a PPS with a DSL, Stan [Carpenter et al., 2017]
allows users to specify differentiable continuous probability models (as defined in
Section 2.3). Models in Stan are defined using an imperative DSL that gets compiled
to a C++ program that is able to compute the log joint probability density of
the model and evaluate its gradients through the use of reverse-mode automatic
differentiation [Carpenter et al., 2017]. The focus on differentiable probability
models means that Stan does not support models with discrete latent parameters,
unless they are explicitly marginalized out. The Stan program for the logistic
regression model from Section 2.1 is shown in Figure 3.1.

While using a custom DSL to define models can be beneficial for enforcing model
constraints, it can also be a barrier of entry for new users because they will have
to learn an entirely new programming language. Another option is to embed the
PPS into an existing programming language, either through a library or language
extension. This is the approach taken by languages such as Turing [Ge et al., 2018],
Gen [Cusumano-Towner et al., 2019], Anglican [Wood et al., 2014], Pyro [Bingham
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data {

int<lower=0> N;

vector [N] x;

array [N] int<lower=0, upper=1> y;
}
parameters {

real alpha;

real beta;
}
model {

y ~ bernoulli_logit(alpha + beta * x);
¥

Figure 3.1: Logistic regression in Stan.

def model(x, y):
alpha = pyro.sample("alpha", dist.Normal (0, 1))
beta = pyro.sample("beta", dist.Normal(0, 1))
logits = torch.sigmoid(alpha + beta * x)
with pyro.plate("data", x.shape[0]):
pyro.sample("y", Bernoulli(logits=logits), obs=y)

Figure 3.2: Logistic regression in Pyro.

et al., 2019], PyMC [Salvatier et al., 2016], Edward [Tran et al., 2016], PyProb
[Baydin et al., 2020], and ProbTorch [Siddharth et al., 2017].!

Crucially, by embedding the PPS into an existing programming language, the
PPS can leverage the ecosystem of libraries and tools from that language. For
example, Pyro is built on top of PyTorch [Paszke et al., 2019] and can utilize its
automatic differentiation capabilities to compute gradients. Furthermore, the user
can easily use custom functions within a model to define more complex models. As
we see in Figure 3.2, the logistic regression model in Pyro is defined using standard
Python constructs and PyTorch functions, hence Pyro models are simply standard

Python functions which internally make calls to the Pyro library.

3.1.1 Evaluation-Based Probabilistic Programming Systems

This thesis mainly focuses on evaluation-based PPSs which extend standard pro-

gramming languages through two constructs: sample and observe.? In general,

!Note, that the distinction between a PPS with a DSL and a PPS embedded into an existing
programming language is orthogonal from the distinction between restricted and universal PPSs
we introduced earlier. For example, PyMC is a PPS embedded into Python that restricts the type
of models users can define, whereas Venture is a universal PPS with a custom DSL.

2The reason we focus on the evaluation-based approach in more detail here, as opposed to e.g.
the compilation-based approach taken by Stan, is because it is arguably the dominant approach
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the sample(addr, dist) statement takes as input a lexical address, addr, and a
distribution object, dist; allowing users to define random variables in the program.
Similarly, the observe(addr, dist, value) statement takes as input a lexical
address, a distribution object and additionally a value; allowing users to condition
the program on observed data.

Note, that not every language uses these exact names and syntax but we use
them here to be consistent with prior work [Rainforth, 2017, van de Meent et al.,
2018]. For example, as can be seen in Figure 3.2, Pyro, instead of providing
an explicit separate observe primitive, overloads the sample primitive to take an
additional obs argument which is used for conditioning. Overall, the ability to
condition the program on observed data is the key property that distinguishes
probabilistic programs from ‘usual’ programs [Gordon et al., 2014].

The exact behaviour of sample and observe can change based on the evaluation
context in which they are used. In standard “forward execution”, i.e. the program
is executed without the goal of running inference, sample generates a random
draw from the corresponding distribution object using a programming language’s
random number generator. On the other hand, the observe is either a no-op
or simply returns the value passed to it as an argument. As we will see in the
next section, in the context of running an inference algorithm, the behaviour of
these primitives can change.

Importantly, in PPSs we assume that the sample statements are the only source
of randomness in the program. If we fix the outcome of the sample statements then

the behaviour of the program is assumed to be completely deterministic.

3.1.2 Programs with Static Support

We will now describe how probabilistic programs in evaluation-based PPSs implicitly
define an unnormalized density function. In this section, we first focus on describing
the densities defined by programs with static support, which we define as programs
that do not branch on the outcomes of sample statements. On a high-level, a
probabilistic program implicitly defines an unnormalized density function through its
use of sample and observe. As the program gets executed, each encounter of a sample
or observe statement adds another term to the unnormalized density function.
To formalize this a bit further, let a; be the address of the ith sample statement

encountered during execution of the program, 6; be the random draw generated

for universal PPSs and, notably, the approach taken by Pyro and Turing which we use in later
chapters. Furthermore, while not every PPS uses the sample and observe constructs, they
apply to a wide range of PPSs and are a useful abstraction to understand the core concepts of
PPSs.
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from the corresponding distribution object g,(- | 7;), where n; are the arguments
passed to the distribution object. Similarly, let b; denote the jth observe statement,
y; the value passed to it, and hy, (- | ¢;) the corresponding distribution object. The
execution of a program then generates a trace 0;.,, and an address path ay.,,. We
will also sometimes use the term raw random draws to refer to the values 6;.,,.

This allows us to define the unnormalized density function
9 y
V(Ormg) = | [ gac(Os [ ) [ [ P, (w5 | ). (3.1)
i=1 j=1

Note, that we use the term ‘density function’ in a loose sense here. In general,
probabilistic programs denote measures (or kernels if there are free variables).
When we talk about the density function of a probabilistic program, formally we
are referring to the Radon-Nikodym derivative of the measure denoted by this
program with respect to an appropriate reference measure, where this reference
measure is itself implicitly defined by the program.! We will not delve deeper into
the measure-theoretic foundations of more formal semantic treatments of PPSs but
instead refer the interested reader to Kozen [1979], Borgstrom et al. [2016], Staton
et al. [2016], Lew et al. [2019], Barthe et al. [2020], and Mak et al. [2021a].

The property of static support manifests in the unnormalized density v by
having ng, ga,, ny, and hy, fixed between different program executions. However, n;
and ¢, are random variables but are defined as a pushforward from the raw random
draws. In this restricted setting, we can view sample statements as defining the
prior on latent variables and observe statements as defining the likelihood terms.

Notably, some PPSs actually provide inference algorithms which assume that the
model has static support without explicitly enforcing the constraint. For example,
Pyro allows users to run HMC on user-defined models without validating that the
model indeed has static support, leading to incorrect results if that assumption
is violated [Mak et al., 2021b]. In Chapter 4, we show how this can also be

problematic for Pyro’s variational inference algorithms.

3.1.3 Programs with Stochastic Support

Higher-order programming languages are clearly a useful tool to specify models

which is proven by the fact that there already exist many scientific models that

3For conciseness we avoid explicitly denoting the free variables of a program.

4In cases in which we want to explicitly denote the reference measure, we will denote it
with £4(61.,,) and integration with respect to it as {~v(01.n,)dp(61.5,). However, for the sake of
conciseness, we will mostly omit denoting it explicitly.
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def model_with_stochastic_support ():

z0 = sample("z0", Normal (0, 2))

if z0 < 0:
z1 = sample("z1", Normal(5, 2))
sample ("z2", Normal(zl, 1), obs=[9])

else:
z1 = sample("z1", Normal (5, 2))
z2 sample ("z2", Normal(zl, 2))
sample ("z3", Normal(z2, 1), obs=[9])

Figure 3.3: A simple Pyro program with stochastic support.

are expressed as stochastic simulators. Ideally, we would want to be able to use
any program that is defined as a stochastic simulator as a probabilistic model in a
Bayesian framework. This requires us to be able to not just deal with the simple
programs with static support but also allow programs that utilize programming
language features such as stochastic branching, loops, and recursion.

Universal PPSs aim to fully unleash this potential of using higher-order pro-
gramming languages to specify probabilistic models. Examples of universal PPSs
include Church [Goodman et al., 2008], WebPPL [Goodman and Stuhlmiiller, 2014],
Anglican [Wood et al., 2014, Tolpin et al., 2016], Venture [Mansinghka et al., 2014],
Gen [Cusumano-Towner et al., 2019], Turing [Ge et al., 2018], Birch [Murray and
Schon, 2018], PyProb [Baydin et al., 2020], ProbTorch [Siddharth et al., 2017], and
Pyro [Bingham et al., 2019]. The development of universal PPSs has gone hand
in hand with the development of novel inference algorithms which can handle all
the intricacies of programs defined in universal PPSs.

One important class of problems that we will focus on are programs with
stochastic support. These programs arise when languages permit branching based
on the outcomes of sample statements. The branching introduces discontinuities
into the density function defined by the program which complicates inference. Even
more, different branches potentially contain different number of sample and observe
statements. Hence, the number and type of latent variables and observed variables
can change between different executions of the program.®

Figure 3.3 shows a simple example of a program with stochastic support. The

program has two branches and which branch is taken depends on the outcome

5We chose the term programs with stochastic support partly to be consistent with prior work
in the area [Zhou et al., 2020] and to emphasize that we are concerned with programs that have
stochastic branching. While these programs are often written in universal PPSs, they can also
be written in certain restricted PPSs—e.g. Zhou et al. [2019] present a first-order PPSs that
allows for stochastic branching—which is why we use the qualification “with stochastic support”
to describe this class of programs rather than “program in an universal PPS”.
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of the first sample statement. Crucially, the traces of this program can have
different lengths; both t; = [—0.3,4.3] and t; = [1.4,8.2,7.3] are valid traces of
the program. It is instructive to go through the program step-by-step to see how
the different traces are generated.

For t;: the sample statement at line 2 generates a random draw —0.3 with address
"z0", the conditional statement at line 3 evaluates to true, the sample statement at
line 4 generates a random draw 4.3 with address "z1", and the program terminates
without encountering any further sample statements.’

For t5: the sample statement at line 2 generates a random draw 1.4 with address
"z0", the conditional statement at line 3 evaluates to false, the sample statement
at line 7 generates a random draw 8.2 with address "z1", the sample statement at
line 8 generates a random draw 7.3 with address "z2", and the program terminates
without encountering any further sample statements.

However, note that not every trace of length 2 or 3 is valid. For example,
ts = [1.2,3.3] is not a valid trace. Assuming the sample statement on line 2
generates a random draw 1.2 with address "z0", the conditional statement at line 3
evaluates to false, the sample statement at line 7 generates a random draw 3.3 with
address "z1", but then there will be another random draw with address "z2" before
the program terminates. Hence, the trace t3 is incomplete and not a valid trace.

Naturally, a program’s density should only be defined on walid traces, and we
denote the domain of valid traces as ©. Even though the length of the traces ny
is now a random variable, we can still define the unnormalized density function,

v, of a program on the traces
g ny
V(Or:ng) = L[01ny € OF [ [ g0 (i [ ) [ [ 1o, (w5 | 65)- (32)
i=1 j=1

This definition makes sense for a large class of programs, permitting stochastic
branching, higher-order functions, and recursion [Rainforth, 2017, §4.3]. However,
for this function to correspond to a valid unnormalized probability density we need
to assume that a) the program halts with probability 1 and b) that the integral
over the entire domain of v with respect to the implicitly defined reference measure
is finite, i.e. 0 < 867(91;n9)d91;n9 < .

While the definition of the density for programs with stochastic support (Eq. (3.2))
is seemingly similar to the one for programs with static support (Eq. (3.1)), their

differences have a significant impact on the difficulty of the task of inference. All of

6To stay consistent with terminology in the rest of the thesis we will refer to Pyro’s sample
function with an observation passed in as an observe statement.
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def model(y):

num_clusters = pyro.sample(

"num_clusters", dist.Poisson(self.poisson_rate)
)
num_clusters += 1 # avoid num_clusters = 0
cluster_means = [

pyro.sample(f"mean_{k}", dist.Normal (O, 10))
for k in range(num_clusters)

]

cluster_means = torch.stack(cluster_means)
with pyro.plate("data", y.shapel[0]):
mix = dist.Categorical(logits=torch.ones(num_clusters))
comp = dist.Normal(cluster_means, 0.1)
pyro.sample("obs", dist.MixtureSameFamily (mix, comp), obs=y)

Figure 3.4: Mixture model with a Poisson prior on the number of components.

ng, Ny, i; bj, ga;, and hy, are now random variables and no longer fixed constants.”
Additionally, the indicator function I [6;.,, € ©] constraining the density to valid
traces introduces discontinuities into the density function.

Furthermore, programs with stochastic support are no longer restricted to having
a finite upper bound on the length of the traces, leading to models with potentially
infinite dimensional support. One of the simplest practical models with infinite
dimensional support is a Gaussian mixture model (GMM) with a Poisson prior on
the number of components. The Pyro code for such a model is shown in Figure 3.4.
In the program, we place a Poisson prior on the number of components in the model
and then sample the component means from a normal distribution.

Using models with infinite support is a powerful mechanism to specify models
whose complexity increases with the amount of data. While not all models with
stochastic support have infinite support, any inference algorithm for programs
with stochastic support should consider how to deal with this use case to allow
users maximum modelling flexibility. However, it also poses a significant challenge
for the design of new inference algorithms, as we can no longer assume that the
number of latent variables our inference algorithm needs to consider is fixed. It
also makes it difficult to compile the program into an intermediate representation
that the inference algorithm can operate on.

This is why many inference algorithms for universal PPSs take the evaluation-
based approach we introduced earlier. The exact implementation details for how

different PPSs control the behaviour of sample and observe statements varies

"Though, we still assume that all the randomness is generated through the sample statements
and therefore ng, ny, a;, bj, ga;, and hy; can all be computed as a pushforward from the raw
random draws 61.,, [Rainforth, 2017, §4.3].
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between PPSs. To highlight a couple of approaches: Anglican [Wood et al., 2014,
Tolpin et al., 2016] uses the continuation-passing-style (CPS) transform to be able
to interrupt, fork, and resume the input program during execution; Pyro [Bingham
et al., 2019] uses effect handlers [Plotkin and Power, 2001, Plotkin and Pretnar,
2009] which can be composed with each other; Turing [Ge et al., 2018] uses Julia’s
multiple dispatch system [Bezanson et al., 2017] to change the behaviour based

on the type of inference algorithm used.

3.1.3.1 Differences to Bayesian Nonparametric Models

Readers well-versed in Bayesian statistics might raise the fact that Bayesian
nonparametric (BNP) models already allow practitioners to define models with
infinite dimensional parameter spaces and wonder how the BNP models differ
from programs with stochastic support.

To construct models on infinite dimensional parameter spaces, BNPs expresses
models as stochastic processes. When constructing a new BNP model, significant
care needs to be taken in ensuring that the constructed model actually satisfies
all the requirements to be a valid stochastic process and indeed defines a valid
probability measure. Due to the significant effort that this requires, there are
a limited number of well-studied, fundamental stochastic processes which most
BNP models are based on. Among these are the Dirichlet process (DP) [Hjort
et al., 2010], a stochastic process (amongst others) whose sample paths are discrete
distributions, and the Gaussian process (GP) [Rasmussen and Williams, 2006],
which defines a distribution over continuous functions.

The modelling flexibility of BNP models also comes with a number of challenges.
One of these is that BNP models can be non-consistent [Diaconis and Freedman,
1986, Freedman, 1999, Grinwald and Langford, 2007], e.g. the posterior of a
Dirichlet process mixture model will not concentrate on the true number of clusters
in the data if the observed data is actually generated from a finite mixture model
[Miller and Harrison, 2013]. Not all BNP models exhibit these non-consistencies
but it shows that care needs to be taken when applying these models in practice.
Additionally, most BNP models also require the derivation of custom inference
algorithms, as the non-standard probability spaces that they are defined on make
it difficult to apply standard inference algorithms.

At the same time, due to the flexibility of these models it is often not necessary
for practitioners to develop custom BNP models for every new application. For

example, GPs are widely used for regression and classification tasks and are often the
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go-to model for modelling non-linear functions in the Bayesian statistics literature
[Gelman et al., 2013].

So how do programs with stochastic support differ from BNP models then?
Fundamentally, they represent two different mechanisms for expressing probabilistic
models. As just described, BNP models are generally expressed by defining valid
stochastic processes which tends to require a fair bit of sophisticated mathematical
machinery. In contrast, programs with stochastic support are defined through
specifying a stochastic simulator which in turn implicitly defines an unnormal-
ized joint density.

This seemingly innocuous difference does indeed have practical implications.
While many BNP models can be expressed as stochastic simulators, this is not true
for all BNP models. Interestingly, BNP models need not be defined through a joint
density and can instead be represented as a collection of conditional distributions;
some BNP models might not even have a computable joint density [Orbanz and
Teh, 2010]. On the flipside, if a model has a computable joint density, this does not
necessarily imply that the model also has computable conditional distributions which
has implications for probabilistic programming [Ackerman et al., 2019]. Furthermore,
BNP is generally concerned with models that have infinite dimensional latent
parameter spaces (hence the name ‘nonparametric’) while programs with stochastic
support also encompass models with finite dimensional latent parameter spaces
(which occur when the number of possible program paths in a program is finite).

Thus, neither are BNP models a subset of programs with stochastic support
nor are programs with stochastic support a subset of BNP models. Both modelling
frameworks have their respective strength and can be complementary to each other.
Indeed, the intersection of these two fields has been a fruitful area of research (e.g.
[Goodman et al., 2008, Roy et al., 2008, Roy, 2011, Saad et al., 2019]). Probabilistic
programming is appealing because many practitioners are already specifying models
as simulators, demonstrating that writing programs is a natural mechanism for
practitioners to express models. Deriving inference algorithms for programs in
universal PPSs then gives practitioners the ability to specify models in a familiar

way without requiring them to learn new ways of constructing models.
3.2 Inference Algorithms for Probabilistic Pro-
grams with Stochastic Support

Eq. (3.2) specified the form of the unnormalized density defined by programs with

stochastic support. The goal of inference is now to find a representation of the
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distribution specified by the normalized density

7(01:719)
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where we re-iterate again that the integration is done with respect to an implicitly
defined reference measure, and that we assume that a valid probabilistic programg
has a normalization constant that exists and is finite, i.e. 0 < Z < 0.

The high-level approaches to inference we introduced in Section 2.3 will still
be relevant for programs with stochastic support, although, the algorithms need

to be adapted to deal with the new problem setting.

3.2.1 Importance Sampling

As we explained in Section 2.3, importance sampling (IS) is one of the most
elementary inference algorithms. As a reminder, IS fundamentally requires two
steps: generating a set of samples from a proposal distribution ¢ and assigning a
weight to each sample based on the target and proposal densities.

A key obstacle to applying IS to programs with stochastic support is then
to construct a valid proposal distribution due to the fact that the validity of a
trace is difficult to establish without running the program. Therefore, a common
technique is to use the program itself as a proposal distribution which automatically
ensures that the proposal distribution is valid.

Let ¢, be a trace sampled from the program as a proposal. The unnormalized
importance weight is then given by the ratio v(6.,,)/q(0.,,)- In the case of using
the input program itself to generate traces, the proposal density is given by the
product of all the conditional distributions g,, (6; | 7;) corresponding to the sample
statements encountered during the execution of the program. However, the exact
terms will appear in our (unnormalized) target density 7, resulting in a cancellation
of the terms. The only remaining terms in the importance weights are the terms
hy,(y; | ¢;) which are added while encountering the observe statements.

To generate valid weighted samples that can be used for inference, we therefore
only need to execute the program S times, record the traces and the corresponding
observe terms Ay, (y; | ¢;). Because the unnormalized weights only depend on the
observe terms, this technique is also referred to as likelihood weighting.

While this method is a valid inference algorithm that is simple to implement, it
has similar drawbacks to the standard IS algorithm. Notably, it will struggle to
scale to higher dimensions because it is more unlikely that the program will be a

good proposal and will generally suffer from the curse of dimensionality.
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3.2.2 Markov Chain Monte Carlo Approaches

Stochastic support substantially complicates the application of MCMC methods.
Consider the problem of deriving a single-site Metropolis-Hastings algorithm for a
program with stochastic support. Assuming we have a trace 6;.,,, we can update
a single latent variable 6; with address a; by proposing a new value ¢, from the
prior g, (- | ;). However, there is no guarantee that the new trace ¢y, (with
g; replaced with ¢]) will be valid.

Again, it is important to remember that the program is deterministic for a fixed
trace 0,.,,. Hence, if we only change the ¢th value of the trace, then the prefix
01.,_1 will always lead to the sample statement with address a; with distribution
9a; (- | m;). However, a change in the value at address a; might lead to the program
taking a different branch downstream which can change the validity of the trace.
A way around this is to regenerate the trace from the sample statement with
address a; onwards.

This approach to inference is known as single-site/lightweight MH or the random
database algorithm [Wingate et al., 2011]. While the high-level idea of this approach
is clear, it can be difficult to correctly implement the approach in practice [Kiselyov,
2016, Hur et al., 2015]. Naively regenerating all values downstream can be wasteful
and inefficient which has lead to methods exploring the ability to re-use values
from the existing trace 6.,, [Yang et al., 2014, Mansinghka et al., 2014, Ritchie
et al., 2016a, Cusumano-Towner et al., 2019]. Additionally, random-walk MH [Le,
2016] provides further improvements by constructing a local proposal instead
of using the prior.

Single-site MH is easy to implement because it only requires changing the
behaviour of the sample and observe statements and does not require any additional
program analysis. However, this also limits its efficiency and scalability. In the
setting of static support Hamiltonian Monte Carlo (HMC) [Neal, 2011] has been
tremendously successful in practice due to its ability to leverage the gradients of
the log density. This has inspired recent developments of nonparametric HMC [Mak
et al., 2021b, 2022] algorithms which can be applied to programs with stochastic
support and can leverage gradient information but they still struggle with the
problem of efficiently transitioning between different program paths.

The aforementioned approaches all provide an automated mechanism to apply
MCMC inference to a program with stochastic support. However, it is also possible
to manually construct MCMC algorithms through the framework of reversible-jump
MCMC (RIJIMCMC) [Green, 1995, Roberts et al., 2019] and its generalization
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involutive MCMC [Neklyudov et al., 2020]. Especially the PPS Gen [Cusumano-
Towner et al., 2019] has done extensive work on providing a framework for users
to specify manual transition kernels [Cusumano-Towner et al., 2020]. While this
provides a powerful mechanism to construct efficient MCMC kernels for programs
with stochastic support, it requires a lot of expertise and therefore constitutes

a higher barrier of entry for users.

3.2.3 Divide, Conquer, and Combine

Overall, transitioning between different branches of a program is the source of many
difficulties when generating samples from a program’s posteriors. As we saw in the
previous section, changing a single value might invalidate the trace, meaning we
often have to regenerate large parts of the trace from scratch and even if a lot of
the samples in the trace can be re-used, there is actually no guarantee that the
resulting trace will be in a region with high posterior density.

To alleviate these complications of transitioning between different branches, Zhou
et al. [2020] introduce the novel Divide, Conquer, and Combine (DCC) framework
for inference in programs with stochastic support. The main idea behind DCC
is to decompose the program into its constitution program paths, referred to as
straight-line programs (SLPs), then run inference in each SLP separately, and in a
final step combine the inferences from all SLPs. Crucially, inference within a single
SLP reduces back to the static support setting. This makes it easier to efficiently
generate samples from a single SLP compared to the whole program at once.

To formalize this a bit further, Zhou et al. [2020] showed that decomposing
a program into its constituent SLP partitions the domain of the traces, ©, into
a (countable) number of disjoint subsets {O,} indexed through some index set
K,ie. © = Jux©Or and ©, n ©; = J for all i # j with ¢,j € IC. The local
unnormalized density for the kth SLP is then given by

7k(91:n9) =1 [915'”6 € @k] 7(911719)' (34)

Now, this density has static support and can be used as a target for inference to
approximate the local normalized density m(0) = v(0)/Zx where Z;, = Sek v(6)dé
denotes the local normalization constant. The normalized density for the whole

program then becomes a weighted sum of the local normalized densities

() = I;C 7’“2(? = ];C ZZZZQ (3.5)
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Hence, in the DCC setup any local inference algorithm also needs a mechanism
to estimate the normalization constant of the kth SLP. In their implementation of
DCC, Zhou et al. [2020] use a version of the single-site MH algorithm implemented in
Anglican as the local inference algorithm with the normalization constant estimated
using an adaptive importance sampler [Martino et al., 2017].

To implement the DCC approach in practice, we also need a mechanism to
actually discover the constituent SLPs of a program. While this could in theory be
done using program analysis techniques [Sankaranarayanan et al., 2013, Chaganty
et al., 2013, Beutner et al., 2022], this would make it difficult to deal with the
case of an unbounded (but countable) number of SLPs. Instead, Zhou et al. [2020]
discover SLPs dynamically by simply recording the address traces of the program
during execution, each address traces then defines its own SLP. An initial set of
SLPs can be discovered at the start to initialize the inference process but the set
of SLPs can be expanded during inference by occasionally running global MCMC
steps on the program and keeping track of the proposed SLPs. For all newly
proposed SLPs, DCC then runs a few local MCMC steps, estimates the local
normalization constant, and decides whether to further run inference on that SLP
based on the estimated normalization constant. Crucially, in contrast to other
sampling based inference algorithms like RIMCMC or lightweight MH, whether
to run inference on a proposed SLP is then no longer based on a single proposed
sample but on a larger set of samples.

In general, most SLPs will have a relatively small normalization constant, hence
collecting the same number of samples from each discovered SLP is not an efficient
use of computational resources. Zhou et al. [2020] derive an efficient resource
allocation mechanism to determine how many samples to collect from each SLP.
Their resource allocation scheme models the problem of selecting SLPs as a multi-
armed bandit problem with the need to balance exploration and exploitation, using
a version of the upper confidence bound algorithm from the bandits literature
adapted to the inference setting [Rainforth et al., 2018].

3.2.4 Variational Inference

Constructing a suitable variational inference (VI) algorithm for programs with
stochastic support runs into similar issues as the IS approach as we need to construct
a suitable variational family ¢(-; ¢) (also sometimes referred to as a guide in the
probabilistic programming literature).

The BBVI algorithm [Ranganath et al., 2014, Wingate and Weber, 2013] can

be extended to programs with stochastic support by constructing a guide on a
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variable-by-variable basis [Paige, 2016, van de Meent et al., 2016]. The approach
presented by Paige [2016], which is implemented in Anglican, lazily constructs the
guide during inference. Specifically, we can construct a guide for the input program
by executing the program forward and every time we encounter a sample statement
with a new address a; we initialize a new variational distribution g, (- | ¢4,). For a

specific trace 0., this then leads to the mean-field variational family of the form

91 7’L97 1_[(]&z 9 |¢a1 (36)

Notably, any sample statement with the same address will get assigned the same
guide. Essentially, the same gradient estimators as in BBVI [Ranganath et al.,
2014, Wingate and Weber, 2013] can be used to train the variational parameters.
We can generate S samples from the guide by executing the program and instead
of sampling from the distribution object, g4, (- | 7;), that is passed to a given
sample statement we instead sample from the corresponding variational family,
Qa;(* | ¢a;), and record the difference in log densities log g,, (0; | ;) —log qu,(0; | ¢a;)
and the gradient V, logqa, ( | ¢q;). For the observe statements we simply
record the log density loghy, (y; | &;).

If we execute the program S times in this manner, all the recorded quantities
together allow us to compute the score-function/REINFORCE gradient estimator

for the variational parameters at address a;

Sa; S
Vo L Sl Z ii ” (v% log g, (017 | 64.)) (3.7)
where S, is the number of times the address a; was sampled (due to the property
of stochastic support a given address might not appear in every execution trace).
The estimator in Eq. (3.7) can struggle to produce low-variance estimates without
further variance reduction methods. A standard approach is to use control variates
[Paisley et al., 2012] to reduce the variance but the use of more sophisticated
variance reduction methods, like Rao-Blackwellization, is challenging due to the
properties of stochastic support [Paige, 2016].

The derivation of a BBVI algorithm for universal PPSs actually has some
non-trivial applications. van de Meent et al. [2016] exploited connections between
inference and control [Attias, 2003, Levine, 2018] to represent policies in a rein-
forcement learning setting as programs. Running BBVI inference in a suitable

setup then allows the user to optimize the policy.
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Due to the challenges of fully automating the construction of guides, some PPSs
such as Pyro or Gen allow the user to manually define the guide. These languages
then provide mechanisms to automate the optimization of the variational parameters,
including the automated use of gradient estimators and variance reduction methods
[Bingham et al., 2019]. However, in the setting of stochastic support even just
checking whether a given guide is valid for a program is difficult to establish [Lee
et al., 2019, Lew et al., 2019].

Overall, for programs with stochastic support it is still an open question with
how to best construct suitable guides. In Chapter 4, we will try and make some

progress on this research question.

3.2.5 Amortized Inference and Inference Compilation

So far we have assumed that the data in a model or program is fixed and that we
only want to run inference once. Amortized inference [Gershman and Goodman,
2014] considers the problem of running inference in the same model multiple times
on different data sets. In the context of universal PPSs, Le et al. [2017] introduced
inference compilation which trains an autoregressive neural network to generate
suitable importance sampling proposal distribution for a fixed program.

In inference compilation, the proposal has a similar form to the guide in the BBVI

setting with the added complexity that it now takes in the observed data y as well

ng
0Oy | ¥30) = | [ 0a:(0: | (011,75 0)). (38)
i=1
The regressor n is parameterized by ¢ and maps the previously encountered
sampled variables along with the observed data to the parameters of the proposal
distribution g,,. It is usually parameterized as a recurrent neural network [Hochreiter
and Schmidhuber, 1997, Le et al., 2017], potentially extended with an attention
mechanism [Vaswani et al., 2017, Harvey et al., 2019].

Notably, the inference compilation proposal is trained with a different objective
than the VI guides. Minimizing the reverse KL through maximizing the ELBO
leads to “mode-seeking” behaviour of the guide. This is undesirable if we want to
use the trained approximation as a proposal in an importance sampling scheme
because we generally want the proposal to be more “diffuse” than the target density.
Hence, inference compilation targets the expected forward KL divergence which
leads to more mode-covering behaviour of the proposal, similar to previous methods
for learning IS proposals [Paige and Wood, 2016]. Targeting the expected forward

KL divergence instead of just the forward KL divergence avoids the need to generate
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samples from the posterior distribution during training. Instead, the model itself
can be used to generate the training data for the proposal by changing the behaviour
of the observe statements. It is possible to sample alternative datasets by ignoring
the value used for conditioning that is passed to the observe statement and instead
sample a new value from the distribution object. Let 7(6,y) denote the distribution

defined by this sampling process, inference compilation then minimizes the objective

£(¢) = Ew(G,y) [7 log Q(Q | Y Qb)] . (39)

This objective is essentially equivalent to doing density estimation on samples
generated from the program and it can be minimized using stochastic gradient
descent. This inference compilation approach has been successfully applied on
complex, real-world simulators from particle physics [Baydin et al., 2019, 2020].
Baydin et al. [2019] were able to apply inference compilation to a simulator that is
not written in a PPS through the use of a communication protocol called PPX®.
PPX can be used more generally to adapt existing simulator code that is not written
in a PPS and, by only changing the calls to random number generators in the
code, makes it possible to run inference in the simulator.

More generally, neural networks have been extremely successful in providing
flexible mechanisms to construct guides [Ritchie et al., 2016b]. They are especially
powerful in setting in which the model also has learnable parameters that are
optimized jointly with the guide according to a variational objective [Kingma
and Welling, 2014]. However, a lot of these techniques require a lot of data to
train the neural networks and also usually require manual effort to construct the

neural network architectures.

8https://github.com/pyprob/ppx
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Rethinking Variational Inference for
Programs with Stochastic Support

4.1 Introduction

As outlined in the previous chapter, probabilistic programming systems (PPSs)
enable users to express probabilistic models with computer programs and provide
tools for inference. Restricted PPS, such as Stan [Carpenter et al., 2017] or PyMC3
[Salvatier et al., 2016], limit the expressiveness of their language to ensure that
existing inference algorithms are applicable to the models encoded with the PPSs.
In contrast, universal PPSs [Tolpin et al., 2016, Goodman et al., 2008, Bingham
et al., 2019, Ge et al., 2018, Cusumano-Towner et al., 2019, Mansinghka et al.,
2014, Narayanan et al., 2016, Goodman and Stuhlmiiller, 2014, Murray and Schon,
2018] can encode non-standard models by allowing stochastic branching. This
leads to challenging inference problems because it allows for programs where the
sequence of variables—not just the variable values—changes between executions,
leading to models with stochastic support. These models have applications in
numerous fields, such as natural language processing [Manning and Schiitze, 1999],
Bayesian Nonparametrics [Richardson and Green, 1997], and statistical phylogenetics
[Ronquist et al., 2020]. A wide range of simulator-based models similarly require such
stochastic control flow [Baydin et al., 2019, Le et al., 2017, Gram-Hansen et al., 2019].

The effectiveness of PPSs is heavily reliant on the underlying inference schemes
they support. Variational inference (VI) is one of the most popular such schemes,
both in PPSs and more generally [Blei et al., 2017, Kucukelbir et al., 2015, Agrawal
et al., 2020]. This popularity is due to its ability to use derivatives to scale to large

45
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datasets and high-dimensional models [Zhang et al., 2018, Hoffman et al., 2013,
Rezende and Mohamed, 2015, Kingma and Welling, 2014], often providing much
faster and more scalable inferences compared to Monte Carlo approaches [Brooks
et al., 2011]. To provide the required derivatives, a number of modern universal
PPSs—such as Pyro [Bingham et al., 2019], ProbTorch [Siddharth et al., 2017],
PyProb [Baydin et al., 2019], Gen [Cusumano-Towner et al., 2019], and Turing [Ge
et al., 2018]—have introduced automatic differentiation [Baydin et al., 2018§]
capabilities for programs with stochastic control flow. One of the core aims behind
these developments was to support VI schemes in such settings [Bingham et al., 2019].

However, constructing appropriate variational families, typically known as
guides in PPSs, can be very challenging for problems with stochastic support,
even for expert users. This is because the stochasticity of the control flow induces
discontinuities and complex dependency structures that are difficult to remain
faithful to and design parameterized approximations for. Furthermore, while
there are a plethora of different automatic guide construction schemes for static
support problems [Kucukelbir et al., 2015, Blei et al., 2017, Agrawal et al., 2020],
there is a lack of suitable schemes applicable to models with stochastic support.
Consequently, existing methods tend to give unreliable results in such settings,
as we demonstrate in Figure 4.1.

We argue that a significant factor of this shortfall is that standard practice—for
both manual and automated methods—is to construct the guide on a variable-
by-variable basis [Wingate and Weber, 2013, Paige, 2016, van de Meent et al.,
2016, 2018]. Namely, existing approaches generally use a single global guide
that mirrors the control flow of the input program, then introduce a variational
approximation for each unique variable. This is problematic because control flows
inherently introduce discontinuities into the program’s density function, such that
the conditional distribution of each variable will typically change significantly
whenever the program path—that is the sequence of random variables—changes.
Thus it is extremely challenging to learn a single approximation for each variable that
is appropriate across all paths. Further, as the set of variables that exist can itself
be stochastic, it is difficult for such guides to appropriately condition on previously
sampled variables. Existing automated approaches, therefore, typically rely on
mean-field assumptions [Paige, 2016], thereby forgoing any conditioning on the
program path itself, consequently leading to poor approximations for most problems.

To overcome these difficulties, we propose Support Decomposition Variational
Inference (SDVI), a new VI approach based around a novel way of constructing

the variational guide. SDVI “rethinks” the guide construction by breaking it down
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Figure 4.1: Pyro program with stochastic control flow [Left]. Existing procedures
for automatically constructing the guide mirror the control flow of the input program
[BBVI, ]. However, this produces an inherently limited variational family, leading to
unsatisfactory performance despite the problem’s simplicity. By breaking down the guide
over paths, SDVI [Red] is able to provide accurate inference. Results computed over 102
replications, plotted are mean and standard deviation.

over paths, instead of building it on a variable-by-variable basis. Specifically, by
utilizing the fact that any program can be reformulated as a mixture of straight-line
programs (SLPs) [Chaganty et al., 2013, Sankaranarayanan et al., 2013, Zhou et al.,
2020]—each defined by a unique realization of the path—SDVTI constructs the
guide as a mixture of sub-guides with static support. We show that optimizing the
variational objective with this guide structure leads to a natural decomposition of
the overall optimization problem into independent sub-problems, each taking the
form of a VI with static support. The sub-guides can thus be effectively constructed
and trained using more standard VI techniques, before being recombined to form
our overall variational approximation. To make SDVI accessible to a wide audience,
we have implemented it in Pyro [Bingham et al., 2019]. We evaluate it on a set
of example problems with synthetic and real-world data, finding that it provides

substantial improvements over existing techniques.

4.2 Background

For clarity, we here briefly restate the key definitions for programs with stochastic
support and variational inference. We refer the interested reader for more extensive

introductions to these topics to Sections 3.1.3 and 2.3.3, respectively.

4.2.1 Probabilistic Programs with Stochastic Support

PPSs allow users to express probabilistic models and condition on observed data
[Gordon et al., 2014, van de Meent et al., 2018]. A common mechanism to achieve
this is to extend standard programming languages with two new primitives: sample

and observe.! sample(addr, dist) draws samples from the distribution object

!As an alternative interface, Pyro instead overloads the sample primitive:
sample (addr,dist,obs=data) =observe(addr,data,dist).
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dist, where addr is a unique lexical identifier. observe(addr, data, dist) enables
conditioning on an observed outcome data, where dist and addr are as before. For
problems admitting a Bayesian formulation, the sample and observe terms can
informally be thought of as prior and likelihood factors respectively.

Universal PPSs allow users to write complex models whose support can vary
from one execution to the next, e.g. stochastic branching can mean certain vari-
ables only sometimes exist. This can substantially complicate the process of
performing inference.

A probabilistic program in a universal PPS defines an unnormalized density
function v(61.,,) over the raw random draws 0;.,, € ©—defined as the (sequences
of) direct outputs of sample statements—where ng € N* is itself potentially random.
Though each outcome of 6;.,,, uniquely defines a program execution, it is notationally
convenient to further associate an address a; to each draw 0; that indicates the
position in the program the draw was made. This address can be uniquely defined
as the tuple formed by the addr of the sample and the number of times that sample
has previously been called. For a given execution of the program, the addresses
now form an address path A = aj.p,.

Each sample statement encountered during execution contributes the factor
9a; (0; | m;) to the program density, where q; is the address of the sample statement,
Ja;, is a parameterized density function, and 7; are its associated parameters.
Similarly, each encountered observe statement contributes the factor hy, (y; | ¢;),
with b; denoting an address, y; the observed value, hy, a parameterized density
function, and ¢; its parameters. Following [Rainforth, 2017, §4.3.2], we write

the program density function as
ng Ny
V(O1:ng) 1= Hgai<ei | i) thj (v5 | &;). (4.1)
i=1 j=1

All of ng, ny, @1y, Mings Y1:nys bim,, and ¢1.,, are potentially random variables. The
goal of inference is to approximate the conditional distribution of the program,
which has normalized density 7(61.,,) = V(01.n,)/Z with marginal likelihood Z =
S@ (01, )d01.0, and the integral is computed with respect to a reference measure

that is implicitly defined by the sample statements in the program.

4.2.2 Variational Inference

Variational Inference (VI) [Wainwright et al., 2008, Blei et al., 2017] solves the
inference problem by transforming it to an optimization problem. Specifically,

given an unnormalized joint distribution 7(f) and a parameterized distribution
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q(0; ¢), VI computes the variational parameters ¢ such that ¢(6; ¢) most closely
approximates m(f) = ~v(0)/Z. This is most commonly done by maximizing the
Evidence Lower Bound (ELBO) L(¢) := Eq@.¢) [log v(0) — log ¢(8; ¢)] via stochastic
gradient ascent using Monte Carlo estimates of V4L(¢) [Mohamed et al., 2020].
Two popular estimators are the score function estimator [Kleijnen and Rubinstein,
1996, Williams, 1992], and the reparameterized gradient estimator [Rezende et al.,
2014, Kingma and Welling, 2014, Titsias and Lazaro-Gredilla, 2014]. The latter
provides lower variance gradient estimates but requires that the distribution ¢(6; ¢)

can be reparameterized and that ~(0) is differentiable everywhere.

4.3 Difficulties for Variational Inference in Uni-
versal PPSs

The starting point for any VI scheme is to construct an appropriate variational
family, also known as a guide. To automate inference, we desire to (at least
partially) automate the process of constructing this guide. Existing methods for
this all generate the guide on a variable-by-variable basis [Wingate and Weber,
2013, Paige, 2016, van de Meent et al., 2018]: they introduce a single variational
distribution g, (0; ¢,,) for each unique sampling address a;, then form the guide
by replacing all the original random draws, 6; ~ ¢,,(- | 7;), with draws from the
corresponding variational distribution instead. This forms a global guide that
maintains the stochastic dependency structure of the original program, such that
the guide itself has stochastic support.

Our motivating insight is that this high-level approach has some fundamental
limitations. Consider the simple example from Figure 4.1. Here the variable
x influences the program’s control flow. This causes discontinuities that mean
it is difficult to approximate its conditional density with a single variational
approximation, especially if that variational approximation is restricted to a simple
distribution class. Here the different possible paths are essentially working against
each other, as what is helpful for the approximation of x on one path, is generally
detrimental for the other.

A further complication occurs when the stochastic control flow of a program
influences whether a variable exists at all. Here it can become extremely challenging
to set up guides which are faithful to the dependency structure of previously
sampled variables [Webb et al., 2018], as the set of variables we condition on is
itself stochastic. Because of this, existing approaches often rely on mean-field
assumptions [Wingate and Weber, 2013, Paige, 2016, van de Meent et al., 2016].
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However, this assumption is rarely reasonable given that the path typically strongly
influences the distribution of individual variables.

Finally, creating a single unique variational approximation for each address
also leads to challenging optimization problems: the same address can be present
in multiple program paths, and the number of variables and their dependencies

can vary between different paths.

4.4 Support Decomposition Variational Inference

We now introduce a novel VI approach to overcome the challenges mentioned in
Section 4.3. We call our method Support Decomposition Variational Inference
(SDVI), because the key design decision is the choice (and automatic construction)
of a guide that takes the form of a mixture distribution over the set of possible
paths a program can take. That is, rather than constructing a single guide with
the same stochastic control flow as the original program and a separate variational
approximation for each unique address, we instead construct separate sub-guides
with deterministic control flows for each unique path. These are then combined
into an overall guide using the mixture distribution which maximizes the overall
ELBO. As we will see, this alternative approach substantially simplifies the process
of constructing effective guides and allows the full weight of the well-developed
techniques for VI in the static support setting to be brought to bear on problems

with stochastic support.

4.4.1 Decomposing Probabilistic Programs into Straight-
Line Programs

As noted by, e.g., [Chaganty et al., 2013, Sankaranarayanan et al., 2013, Zhou
et al., 2020], all probabilistic programs can be reformulated as mixture distributions
over straight-line programs (SLPs), which are sub-programs without any stochastic
control flow. Building on our earlier notation, the constituent SLPs of a program
correspond directly to the unique instances of the program path, A. Given the
path, the set of variables making up the raw random draws in the program is fixed,
along with their form and reference distribution; that is each SLP represents a
probabilistic model with fixed variable typing and support.

Following the notation of Zhou et al. [2020], we can apply an arbitrary fixed
ordering on the set of SLPs in a program, such that we can uniquely define and
index them using the set of possible addresses A;, for k € IC, where K is a countable

(but potentially infinite) indexing set. Each SLP Ay now corresponds to a particular
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sub-region, O, of the raw random draw sample space, ©. These sub-regions are
disjoint and their union is the full sample space. Unlike O, each element in any given
O has the same length n, and is measurable with respect to the same reference

measure. The unnormalized density for the kth SLP is now given by

’Yk(elznk) = H[elznk Egk] 7(91:71;@) (42)
= 1[0;.n, € O] HgAk[i] (0 | m:) H by, (y; | ¢5), (4.3)
i=1 j=1

and the unnormalized density function for the original program can be written
as a simple sum of the individual SLP densities: v(61.n,) = > e V601, ). The
corresponding normalized conditional density can then be written as mixture
distribution over the conditional distributions of the individual SLPs, with mixture

weights given by their (normalized) local partition functions:

n(0) = Y w0 | k) (k) (4.4)

kel

where

ZEGIC Zg ’

Y1 (0)
7

70| k) = (k) Zy = J i (6)d6. (4.5)
O
4.4.2 Decomposing the Variational Family into Straight-

Line Programs

The key idea behind SDVI is now to construct the guide using a factorization
that is analogous to that of the SLP decomposition above. Precisely, we aim to

learn variational approximations of the form

q(0;0, %) = Y 4k (6; d)a(k; \) (4.6)

where ¢(k; \) defines a categorical distribution over the indices of the SLPs, with
support k € {1, ..., K}; and qx(0; ¢x) is the local guide of the kth SLP, with support
0 € ©,. Critically, as each Oy represents a fixed support, the local variational
families g, can be automatically constructed using standard techniques for static
problems; as we discuss in Section 4.4.5. Note that it is valid for the guide ¢(0; ¢, \)
to not cover all SLPs, i.e. it is possible that K < |K|.

Writing ¢ = {¢x}5,, the KL divergence we wish to minimize for standard VI is

now

KL(q(6; 0, M) | 7(0)) = Eq(o:,) [log 4(8; 6, A) — logm(6)] (4.7)
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which we call the global KL divergence. By standard reasoning, minimizing this

is equivalent to maximizing the global ELBO

v(0)
_ . o v(0)
- Lq(e, 0.\ log s, (49)

using the fact that the subsets O provide a partition of © we can write the integral
as a sum of integrals over the subsets

= Z J A) log q(;(Z?A)d@, (4.10)

using the factorization of the guide, ¢(6; ¢, A), in Eq. (4.6) and the fact that for § € ©
the program density is given by the density for the kth SLP, i.e. v(0) = vx(0), we get

- ZJ q(k: \) log (H;Z()?(k; 550 (4.11)

We can then move the guide weight for the kth SLP, ¢(k; \), outside of the integral
as it does not depend on the latents

N ()
= Sjatki | atsonton G

df — log q(k; \), (4.12)

which we can write concisely as

= By [Li(dn) — logq(k; )], (4.13)
where we define the local ELBO for the kth SLP as
Y1 (0)

log —————|. 4.14

£4(6) = B 108 757 (4.14)

Notice that each local ELBO, Lj(¢x), depends only on the local variational
parameter, ¢, and the local SLP density, ~;; it is completely independent of
q(k; \), the other SLPs, and ¢ for k' # k. Thus, it follows from Eq. (4.13) that the
inference problem for the whole program can be decomposed into independent ‘local’
inference problems for the component SLPs, along with establishing the mixture
probabilities ¢(k; A). Furthermore, it turns out that the optimal g(k; ) is simply

the softmax of Li,..., Lk, as shown by the following result.

Proposition 1. Let L = {L4,...,Lk} be the set of local ELBOs, defined as
per (4.14), where L is countable but potentially not finite. If 0 < Zle exp(Ly) < o0,
then the optimal corresponding q(k; \*) in terms of the global ELBO from Eq. (4.8)

is given by

exp(Ly)

B = R
X = S el

(4.15)
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Proof. By the assumption that 0 < Zszl exp(Ly) < o, we have that

exp(L

plk) = L) (4.16)
Di—1 exp(Ly)

forms a valid probability mass function over k € {1,..., K}. We can therefore

rewrite the global ELBO from Eq. (4.13) as

L(¢,\) = Eyiny | o _owll) 0 ; ]+ 0 E exp(L :
( >‘) q(k;\) [1 ng:le ( :Z> 1 gQ(k )‘) 1 gzzl p( E) (4 17)
= — ] —e ( k) O ex
KL <q(k, Al o Z)) +1 gz_gl p(Le) (4.18)

Now as the second term in the above equation is constant in ¢(k; ) and a KL
divergence is minimized when the two distributions are the same, we can immediately
conclude the desired result that the optimal g(k; \*) is

ol %) = o)

S exp(Le) 419

[]

Additionally, for the optimal setting of the mixture distribution, ¢(k; A*), the KL
divergence in Eq. (4.18) goes to zero and the global ELBO then reduces to

L(¢,X*) = log > exp(Ly).

k=1

Though each of the L£; terms here is itself intractable, they can be estimated
efficiently and accurately by simple Monte Carlo. We can thus straightforwardly
construct our weighting over SLPs, q(k; A), once we have learned our local variational
approximations. Conveniently, these two processes are perfectly separable, q(k; \)

is not needed until after the individual local guides, g, are trained.

4.4.3 Finding SLPs

We have just shown how we can solve the VI problem of a probabilistic program
with stochastic support by reducing it to a set of independent and simpler VI
problems, each concerning an SLP, a program with static support. However, we
still need a mechanism to ‘discover’ the SLPs, i.e. extract the possible address
paths from a program.

Here we first note that we only need to consider an SLP if it has a non-zero

probability of being identified under forward simulation of the program, while
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Algorithm 4 Support Decomposition Variational Inference

Require: Target program -, iteration budget 7', minimum no. of SH candidates m
. Extract SLPs {y}£, from v and set C = {1,..., K} > Sec. 4.4.3
: Formulate guide g for each SLP and initialize parameters ¢ > Sec. 4.4.5
cforl=1,...,L = [logy(K) —logy(m) + 1] do
for k€ C do

Run {

end for
Remove min(['%'], |C| —m) SLPs from C with the lowest Ly (¢y) = Sec. 4.4.4
end for
Truncate g outside of SLP support, Oy, using Eq. (4.24)
Estimate each Li(¢x) using Monte Carlo estimate of Eq. (4.13)
. Calculate ¢q(k; \) according to Eq. (4.15)
: return ¢(0; ¢, \) as per Eq. (4.6)

% optimization steps of ¢, targeting Lo k(Pr) © Sec. 4.4.5

© PTGy

—_ = =

ignoring conditioning statements. This hints at a cheap and simple discovery
mechanism whereby we draw samples by forward simulation and take note of the
unique paths that have been generated. We can either do this upfront, or in an online
manner whereby we seek new SLPs as our budget increases and we have scope to deal
with them (see Appendix A.l for details). Although this is a stochastic procedure
that is not guaranteed to find all the SLPs for finite budgets, for the problems
considered in our experiments, it was always able to reliably identify all SLPs with
non-negligible posterior mass. Nonetheless, this approach may not be sufficient for
all problems, such as when the likelihood concentrates in an area of very low prior
mass. Here one should instead look to employ more sophisticated discovery methods
instead, such as those based on MCMC sampling [Zhou et al., 2020] or static analysis
of the program code [Chaganty et al., 2013, Nori et al., 2015, Beutner et al., 2022].

4.4.4 Allocating Resources

Using the same amount of computational budget on each SLP is potentially
wasteful, particularly if there is a large number of SLPs with insignificant marginal
likelihoods. Therefore, we seek a scheme that allocates more computational resources
to promising SLPs, making sure to exploit the fact that the different inference
problems are trivially parallelizable.

To formalize this resource allocation problem, let T" represent some fixed resource
budget. Further, let ¢, be the amount of this budget we spend on optimizing the
kth SLP, such that ), ¢, = T at the end of our training. Our ultimate aim is
produce the maximum possible final global ELBO, which will be a function of

d1(t1), .., 0K (ti), where ¢k (t)) denotes the value of ¢, achieved after allocating
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t; resources to that SLP. By plugging the optimal mixture distribution g(k;\)
from Eq. (4.15) into Eq. (4.8), we see that, after some rearranging, our resource

allocation can be formulated as trying to maximize

L(¢,N*) =log > exp(Li(dn(ts)) st. Y tx=T. (4.20)

k=1

In practice, this is not a suitable objective for controlling our resource allo-
cation directly, as it is still itself a random variable given ti,...,tx, because
the optimization procedure is stochastic. Moreover, we cannot consider its ex-
pectation, since the distribution of the ¢ (t;) is unknown. However, it does
provide insight into how we ideally would like to allocate resources: we want
to allocate more resources to SLPs whose exponentiated ELBOs are significant.
In particular, we can think of the ‘reward’ for allocating € more resources to SLP
k as exp(Ly(dr(ty + €))) — exp(Ly(dr(tr)))-

One could now, in principle, formulate the problem as a sequential decision
making problem [Lattimore and Szepesvari, 2020]. However, the diminishing nature
of the rewards and the fact that they are highly unlikely to be sub-Gaussian,
along with the need to allow choosing multiple arms at once for parallelization,
mean that setting up such an approach that is effective in practice is likely to
be quite challenging.

Instead, we propose a simple heuristic, based on the Successive Halving algorithm
(SH) [Karnin et al., 2013] (see Appendix A.l for a description), an approach
commonly used for resource allocation in hyperparameter optimization [Li et al.,
2018, Falkner et al., 2018]. In standard SH, the final objective is to identify and
train the single best candidate, whereas ours is to maximize the sum of all the
local ELBOs. Despite this difference, the use of SH can still be justified by the fact
that the distribution over exp(Ly(¢r(20))) will typically be heavily concentrated to
a small number of SLPs, often only a single one. Nonetheless, we make a small
adaptation to the approach to stop over-focusing on a single SLP: we stop the
halving process when a chosen number, 1 < m < K, of the candidates are left,
with m = 1 corresponding to standard SH. The minimum proportion of the budget
allocated to any given candidate by this scheme is 1/(K[log, K — log, m + 1]), so
we can use m as a hyperparameter to control how evenly resources are allocated,
with m = K corresponding to uniform allocation. This approach is also helpful for
parallelization, as we can set m equal to the number of available cores.

Putting everything together, a summary of our SDVI algorithm is given in

Algorithm 4. In Appendix A.1, we further show how this can be extended to an
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online variant of the approach, wherein we repeatedly run SH using the objective
exp(aLly(Pr(tr)))/tr, where 0 < a < 1 is a hyperparameter, with smaller values

of a encouraging more exploration.

4.4.5 Formulating and Training the Local Guides

In Algorithm 4 we assume a mechanism to construct the local guide qx(0; @) for
each SLP specified by path Ax. In many situations—mnotably when the program
path is uniquely determined by the sampled values from discrete distributions—it is
possible to construct guides g, that are guaranteed to place support within the sub-
region O, which, in turn, allows us to use the reparameterized gradient estimator
for the gradients of Ly(¢r). Many models encountered in practice, e.g. mixture
models [Richardson and Green, 1997], have this property. In this case it is possible
to eliminate all the variables which influence the control flow by conditioning,
effectively setting them to constants. We will discuss this further in Section 4.4.5.1.

In situations where we cannot easily construct a ¢, which places support only
within O, we need to take care when training our guide. Recall that for path Ay
the number of variables n; and their type sequence is fixed, which allows us to
construct an initial guide ¢, with correct dimensionality and variable typing. Let
the support of this guide be denoted by 0}, = supp(gx). In general, we will have
O < O}, because the control flow in the program imposes additional constraints
on each individual variable. Having constructed a guide with supp(gx) = ©)}, one
might be tempted to optimize KL(G(0; ¢x) || w(0 | k)), but we cannot guarantee
the absolute continuity condition (i.e. ¢x(6; ¢x) = 0 if 7(0 | k) = 0), and so, the
KL divergence may not be well-defined, giving an ELBO of —oo. To alleviate this

issue we temporarily create a new surrogate target density defined as

Y6 (O1:ny) := Y(Or:n) + 1[0, & O], (4.21)

for a small positive, finite constant c¢. This surrogate density is used solely for

optimizing G (0; ¢r). We train ¢ to optimize the corresponding surrogate ELBO

Leure (1) := Egy0:0,) [l0g Y1 (0) — log Gi(0; é)] - (4.22)

We need to be careful to choose an appropriate ¢ that is sufficiently small compared
to the values of 74(0) for 6 € O, which we ensure by setting ¢ adaptively. During
the SLP discovery phase (Line 1 in Algorithm 4), we keep track of the smallest
density value encountered so far, and call that d,,;,. We then set ¢ = 0.01d,,;, to

ensure that the density values for 4, (0) outside of ©, are significantly below the
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values of () for § € O. Hence, optimizing Eq. (4.22) faithfully optimizes g
to be a good approximation to 7,(#) while avoiding the issues of infinite ELBO
values. While 7 is not a proper unnormalized density (it will in general not
integrate to a finite value) this is not an issue in practice due to the mode-seeking
behaviour of optimizing the ELBO.

Unfortunately, the bounds on the support of the SLP inevitably create a
discontinuity in the objective. Thus, for fully unbiased gradients we need to
use the score function estimator or some extension thereof. Note that Loy i (k)
retains the desirable property of the standard ELBO that, if the observations are
conditionally independent given the latent variables, we can get unbiased estimates
of the ELBO using minibatches of the full dataset [Hoffman et al., 2013, Titsias
and Lazaro-Gredilla, 2014, Kucukelbir et al., 2015].

Further we need to be careful when initializing ¢, as we require it to place
sufficient probability mass within ©; to provide a suitable training signal. To
ensure this, we initialize ¢ by minimizing the forward KL divergence between
the prior density of the kth SLP and G (x; ¢x)

KL(Tpriork (0) || Ge(0; ¢1)) o€ Ex,, .0y [-1[0 € Ok]log Gi(0; ¢)] (4.23)

where Tprior(O1:my) == [ 1121 Ga;(0; | ;) is the product of all the sample statements
encountered during execution. This objective can be optimized via stochastic
gradient descent (cf. Appendix A.2). Note that, for the purpose of initialization,
we are targeting the prior, and thus we do not have to resort to expensive schemes
to estimate the gradients which are necessary if one aims to minimize the forward
KL targeting the posterior [Naesseth et al., 2020].

So far we have outlined how to train ¢, but to evaluate the local ELBOs,
Ly, we need to construct a distribution ¢, which satisfies the hard constraint
supp(qx) = Ok. Our solution for this is truncating g, by checking whether specific
raw random draws 0}, are valid for the path Ay, i.e. whether 1[6},, € ©;]. We
can do this by simply executing the program with fixed draws set to ¢, and
then noting that the program terminates and follows the address path A; if, and

only if, ¢}, € ©g. Thus, we truncate g using

_ Gr(0; 9p)L[0 € O]
Zy(o) 7

where  Zy(¢p) = f@ G (6; d)L [0 € ©] db. (4.25)

qr.(0; bx) (4.24)

k
Hence, g is implicitly defined as the output of a rejection sampler with g as a

proposal. Note, that as we use the surrogate ELBO in Eq. (4.22) when training
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¢, we never need to take gradients through ¢, or Zk(gbk), thereby avoiding the
significant practical issues this would cause (see Appendix A.G). Thus, the local
guide g (Eq. (4.24)) is only used for estimating the local ELBOs (Eq. (4.13)). This
is done by first drawing N samples {z("}¥, from G, then rejecting samples which
do not fall into the SLP and estimate Z as the acceptance rate of this sampler
(i.e. Ny/N where Ny is the number of samples accepted). Using A to denote the

set of indices of accepted samples, we form our ELBO estimate as

Ly = Zlog(NA Y (09)) —log(N G(07; ¢1)). (4.26)

1
DﬁAieA
Note here that A and N, are random variables that both implicitly depend on ¢y,

which is why we can use this for estimation, but not training.

4.4.5.1 Exploiting Program Structure: Discrete Branching Optimization

In practice, many user-defined programs have structural properties which can be
exploited to construct a valid local guide directly and deterministically (without
resorting to the stochastic mechanism described in Section 4.4.5). Specifically, con-
sider the class of programs whose program paths are determined solely by variables
sampled from discrete distributions. For these programs, we can assume that for
each SLP (kth, say) there is an (ordered) set of indices Ipranen < {1,...,nx} =1
and a set of constants 741,...,7% |1,..a| € Z such that the local unnormalized

densities are expressible as

| Toranch|
Ve (O1n,) = V(010 [0y pment) = 7]
1=1
where Ipanen[j] means the jth element in Iyanen. It follows that we can construct
densities for the kth SLP on a subset of variables in 6;.,, by eliminating all the
variables given by indices lyanen (by instantiating them to constants). This is
effectively equivalent to replacing the sample statements corresponding to the
variables which influence the control flow with observe statements which induces

a new program density that has the form

|]branch|

"
W Orn) = | 9 @ln) [] 90Uty (e
i=1 =1

[ Th ol 6)  (127)

where I’ := [1,..., 7] \Ibranch, and nj, := |[I’|. Furthermore, if all the remaining
r.v. are continuous distributions with support in R (i.e. supp(fa,;7) = R for i e I')

then %(61:”2 ) itself has support in R™. It is then straightforward to construct



4. Rethinking Variational Inference for Programs with Stochastic Support 59

a guide ¢, with support in R™ using existing methods, and we can get gradient
estimates using the reparameterization gradient estimator (assuming there are
no more discontinuities in ).

To realize the discrete branching optimization in our Pyro implementation we al-
low users to annotate the sample statements which influence the branching. While it
is in principle possible to automatically identify programs with discrete branching us-
ing program analysis, formalizing and implementing such a program analysis tool to
work with arbitrary Pyro program would be a significant contribution in itself which
is out of scope for this paper as we are focused on the statistical evaluation of SDVI.
Specifically, the relevant sample statements within a Pyro program can be annotated
as follows: pyro.sample("x", dist.Poisson(7), infer={"branching": Truel}). Our
implementation of SDVI is then able to use these annotations to create the density
e in Eq. (4.27).

4.5 Related Work

The vast majority of prior work on deriving automated VI algorithms focuses on the
setting of static support [Ranganath et al., 2014, Kucukelbir et al., 2017, Rezende
and Mohamed, 2015, Ambrogioni et al., 2021, Dhaka et al., 2021, Agrawal et al.,
2020, Lee et al., 2018]. More generally, there have been models with stochastic
support for which bespoke guides where developed which do not follow the control-
flow structure of the input program [Eslami et al., 2016]. However, these custom
guides do not leverage the breakdown of the input program into SLPs.

The Divide-Conquer-Combine (DCC) algorithm [Zhou et al., 2020] also exploits
the breakdown of the program density into individual SLPs. However, Zhou
et al. [2020] mainly focused on local inference algorithms that are sampling based,
especially MCMC. As we showed in Section 4.4 unique challenges and opportunities
arise when we consider the breakdown from a variational perspective. Further,
our work shows that using a variational family based on SLPs naturally leads to
divide-and-conquer style algorithm, due to the resulting separability of the ELBO.
One of the most practical differences is that SDVI only requires (exponentiated)
ELBOs to be estimated for each SLP, rather than marginal likelihoods. The former
can typically be estimated substantially more accurately for a given budget, allowing
SDVI to scale better to high dimensional problems (see Section 4.6.2). Chaganty
et al. [2013] and Sankaranarayanan et al. [2013] both also use the general idea
of breaking down programs into SLPs, but both papers consider starkly different

problem settings. Neither have any direct link to variational inference.
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Our work is situated in the larger context of automated inference for universal
PPSs. Other popular approaches include particle-based methods [Paige and Wood,
2014, Ge et al., 2018, Wood et al., 2014, Rainforth et al., 2016, Murray and Schon,
2018] and MCMC approaches with automated proposals [Wingate et al., 2011, Le,
2016, Mak et al., 2021b] (see Section 3.2 for more details).

Of particular relevance for variational inference is the related technique of
amortized inference [Stuhlmiiller et al., 2013, Paige and Wood, 2016, Le et al., 2017,
Webb et al., 2018, Harvey et al., 2019] that we briefly discussed in Section 3.2.5.
Constructing a guide in these settings faces additional challenges as we also need
to define a mapping from the observed data to the variational parameters. This
mapping often comes in the form of a complex neural network with many parameters
that need to be trained on a large dataset (at the same time this makes it possible
to scale the technique to complex simulators [Baydin et al., 2019]). Amortized
techniques sometimes also target alternative objectives, such as the forward KL
divergence, because the goal is no longer to learn a guide that directly approximates
the posterior but instead to learn a guide that can be used as a proposal in an
importance sampling setting [Le et al., 2017, Harvey et al., 2019]. In contrast, SDVI
is able construct guides with fewer parameters” and it targets the conventional ELBO
objective. Extending SDVI to the setting of amortized inference and comparing
it against existing approaches for constructing amortized guides is an exciting

direction for future research.

4.6 Experiments

To make SDVI easily accessible to practitioners we have implemented it in Pyro
with code available at github.com/treigerm/sdvi_neurips. The first baseline we
consider, Pyro AutoGuide, uses the AutoNormalMessenger class to automatically
generate a guide, and trains it with Pyro’s built-in tools for VI (http://pyro.ai/
examples/svi_part_i.html). As an additional VI baseline, we also implement a
custom guide for each model which uses the variable-by-variable scheme outlined in
Section 4.3, in combination with the score function gradient estimator; we refer to
this baseline as BBVI. For SDVI, we run SH until there are 10 active SLPs left (i.e.
m = 10 in Algorithm 4) and parallelize the computation across 10 cores. We further
construct each local guide distribution ¢, as a mean-field normal. The specific

configurations for each method for each experiment are provided in Appendix A.3.

2At the same time SDVI is able leverage advances from static support setting to construct
flexible guides through e.g. normalizing flows. Whether to use more simple local guides with
interpretable parameters or maximally flexible ones is a decision that is somewhat problem
dependent. Crucially, SDVI gives the user the opportunity to make this decision.


https://github.com/treigerm/sdvi_neurips
http://pyro.ai/examples/svi_part_i.html
http://pyro.ai/examples/svi_part_i.html
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Figure 4.2: Results for the model in § 4.6.1. Computational cost is measured in the
number of likelihood evaluations. For each metric we show the mean and standard
deviation over 10 runs. a) Squared error between the true SLP weights and the estimated
SLP weights. b) Evidence Lower Bounds (ELBOs) for the variational algorithms, dashed
line indicates the analytic log marginal likelihood.

4.6.1 Program with Normal Distributions

We use our first experiment to further clarify the failure modes of existing VI
approaches. We consider an extension of the model from Figure 4.1 to contain

more SLPs. The full model is

U~ N<0752)7 0, ifue(—o0,—4]
r~N(z1), where z=<K, ifue(-5+K,—4+K|for K=1,...,8
y~N(z,1). 9, ifue(4,0)

We assume we have observed y = 2. The results in Figure 4.2 demonstrate that SDVI
is able to overcome the limitations of the other variational approaches. and
Pyro AutoGuide both use the same guide in this model; uses the score function
gradient estimator for training, whereas Pyro AutoGuide uses the reparameterized
gradient estimator. This difference results in different posterior approximations
for the different baselines. The guide tends to place all its mass on a single
SLP and then provides a suitable approximation for only that one SLP, ignoring
all the others. This explains the large standard deviations for the ELBO values in
Figure 4.2b as the ELBOs in different SLPs will converge to drastically different
values. For Pyro AutoGuide the biased gradient estimates will train the variational
approximation for variable u to be close to the prior AV(0,5%). SDVI is able to
avoid the shortcomings of the baselines as it provides an overall better posterior
approximation leading to larger ELBO values, i.e. lower KL divergences to the true

posterior, and a more accurate weighting of the different SLPs (Figure 4.2a).
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4.6.2 Infinite Gaussian Mixture Model

Our next model is a Gaussian Mixture Model (GMM) with a Poisson prior on

the number of clusters:

K ~ Poisson(9) + 1;
up ~N(0,101) for k=1,..., K;

1 K
Y~ E2k=1N<'uk’O‘1I)’

where [ is the D x D identity matrix and 0 is a D dimensional vector of zeros (we
set D = 100). A similar model was considered in Zhou et al. [2020] but with D = 1
instead of D = 100. We generate a dataset of 1250 observations with K = 5. To
compare and evaluate the different algorithms, we hold out 250 data points as a
test dataset to compute the log posterior predictive density (LPPD).

The Pyro AutoGuide baseline from the previous experiment is not applicable
here since it assumes all latent variables are continuous. In BBVI, for practical
reasons, we had to cap the maximum number of clusters in the guide at 25 (cf.
Appendix A.3). To provide a further baseline, we have also implemented DCC
[Zhou et al., 2020] in Pyro with Random-walk lightweight Metropolis-Hastings
(RMH) [Le, 2016] as a local inference algorithm. We chose DCC in particular
because it also exploits the same breakdown into SLPs, so comparing against DCC
is an opportunity to highlight the benefits of using a VI method.

In this model, the observations are assumed to be conditionally independent
given the latent variables, thus enabling SDVI to work on subsets of the whole
dataset [Hoffman et al., 2013, Kucukelbir et al., 2015]. Specifically, we run SDVI
on a model which samples a random minibatch of size B = 100 at each iteration
and then scales the likelihood by the factor N/B, where N = 1000 is the size of
the full dataset; we refer to this setup as Stochastic SDVI (S-SDVI). Furthermore,
for this model SDVI is able to directly construct valid local guides g (using the
mechanism for models branching on discrete variables outlined in Section 4.4.5)
and therefore (S-)SDVI can use the reparameterized gradient estimator.

Table 4.1 shows that SDVI and S-SDVT significantly outperform the baselines,
yielding a several orders of magnitude larger posterior predictive density and
providing the only reasonable predictions for the numbers of clusters. In the few
instances were (S-)SDVI returns a suboptimal MAP estimate of K = 6, this was
because the local guide for the SLP with 5 components had fallen into a local
model that fails to correctly identify all the clusters in the data, in turn returning
a suboptimal local ELBO. BBVI and DCC struggle with this model due to the
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Table 4.1: Log posterior predictive densitiy (LPPD), ELBO, and maximum a posteriori
(MAP) estimate for K for GMM model. Mean and standard deviation for LPPD and
ELBO computed over 5 runs.

Method LPPD (1, x103) ELBO (1, x10%)  MAP K

DCC  —9842.90 +3904.57 N/A 14, 11, 16, 14, 15
BBVI  —2217.07 + 146.31  —8770.55 + 544.95 25, 25, 25, 25, 25
SDVI  32.84 + 0.02 128.76 + 0.17 5,5,6,6,5
S-SDVI  32.80 + 0.02 128.63 + 0.22 5,5, 6,5, 6

I

e Observed Data
Held-Out Data

Number of Passengers

Month

t

Figure 4.3: Posterior predictions of the GP for SDVI, shaded regions indicate 2 standard
deviations that are computed from 100 posterior samples.

high-dimensional parameter space. DCC’s local inference algorithm, RMH, only
updates one variable at a time which results in slow mixing times. Note, DCC does
not provide any ELBO values; its marginal likelihood estimator PI-MAIS [Martino
et al., 2017] constructs an importance sampling (IS) proposal distribution based
on the outputs of MCMC chains which could theoretically be used to estimate an
ELBO value. However, as IS requires over-dispersed proposals, the ELBO scores

for this approach are trivially —oo, preventing a sensible comparison.

4.6.3 Inferring Gaussian Process Kernels

For our final experiment, we consider the problem of inferring the kernel structure
of a Gaussian Process (GP). Following [Duvenaud et al., 2013, Janz et al., 2016],
we place a prior over kernel functions using a probabilistic context-free grammar
(PCFG) . We consider the squared exponential (SE), rational quadratic (RQ),
periodic (PER), and linear (LIN) base kernels, and use the production rules

K — SE|RQ|PER|LIN | K x K | K + K.
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Table 4.2: Final log posterior predictive densitiy (LPPD) and ELBO for GP model.
Shown are mean and standard deviation computed over 5 runs.

Method LPPD (1) ELBO (1)

DCC —58.92 +£32.47 N/A
BBVI —18.824+1.20 —48.48+0.33
SDVI 2.05 £ 3.30 34.53 +21.42

Sampling from the PCFG is implemented with a recursive probabilistic program
that uses samples from a categorical distribution to decide which production rule in
the PCFG should be applied. In addition to the kernel structure, we also perform
inference over the kernel hyperparameters for each base kernel and the observation
noise; we place an inverse-gamma prior on each base kernel hyperparameter
and a half-normal prior on the observation noise. We further assume a normal
likelihood function and marginalize out the latent GP. Additional model details
are in Appendix A.3. We apply this model to a dataset of monthly counts of
international airline passengers [Box et al., 2015], withholding the last 10 % of
all observations as a test dataset.

For SDVI we can construct local valid proposals ¢; using the mechanism for
models with discrete branching outlined in Section 4.4.5. Hence, in each SLP the
local guide ¢ provides a posterior approximation over the kernel hyperparameters
and the observation noise; the posterior distribution over kernel structures is
implicitly defined through the mixture distribution over program paths. Table 4.2
shows that SDVI provides higher LPPD wvalues, and is also able to achieve a
higher final ELBO value compared to BBVI. Figure 4.3 shows the posterior
predictions for the SDVI run with the median LPPD score. SDVI is able to
provide qualitatively reasonable predictions, as the predictions follow the periodic

trend in the observed data.

4.7 Discussion

We believe that SDVI provides a number of significant contributions towards the
goal of effective (automated) inference for probabilistic programs with stochastic
support, nonetheless it still naturally has some limitations. Perhaps the most
obvious is that it, if there is a very large number of SLPs that cannot be easily
discounted from having significant posterior mass, it can be challenging to learn
effective variational approximations for all of them, such that SDVI is likely to

perform poorly if the number becomes too large. Here, customized conventional
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VI or reversible jump MCMC approaches might be preferable, as they can be
set up to focus on the transitions between SLPs, rather than trying to carefully
characterize individual SLPs.

Another limitation is that our current focus on automation means that there
are still open questions about how best to construct more customized guides within
the SDVI framework. Here the breakdown into individual SLPs and use of resource
allocation strategies will still often be useful, but changes to our implementation
would be required to allow more user control and customization. For example, the
discovery of individual SLPs using the prior is a potential current failure mode,
and it would be useful to support the use of more sophisticated program analysis
techniques (e.g. [Beutner et al., 2022]).

A more subtle limitation is that the local inferences of each SLP can sometimes
still be quite challenging themselves. If the boundaries constraining the support for
an SLP are very complex, it will be challenging to learn a good guide, meaning we
might need advanced local variational families (e.g. normalizing flows [Papamakarios
et al., 2021]) and/or gradient estimators [Lee et al., 2018, 2023, Lew et al., 2023,
Wagner et al., 2024]. In general, it might also be possible to extend the space
of programs for which we can analytically construct valid guides for individual
SLPs, as we have done for programs with discrete branching. Such problems also
occur in static support settings and are usually much more manageable than the
original stochastic support problem, but further work is needed to fully automate
dealing with them.

Finally, variational methods are often used not only for inference, but as a
basis for model learning as well. In principle, SDVI could also be used in such
settings, but as described in Appendix A.5, there are still some hurdles that need

to be overcome to do this in practice.

4.8 Conclusion

We have presented SDVI and shown that it is able to overcome the limitations
of existing VI approaches for programs with stochastic support by using a novel
guide structure that breaks the program down into SLPs with fixed support, rather
than matching the original stochastic control flow. The structure of the variational
family separates the ELBO into multiple independent inference problems which
naturally motivates a divide-and-conquer style training procedure with explicit
resource allocation. Experimentally we found that these innovations meant that
SDVI was able to provide significant performance improvements over the previous

state-of-the-art approaches.



Beyond Bayesian Model Averaging over
Paths in Probabilistic Programs with
Stochastic Support

5.1 Introduction

As we saw in previous chapters, universal probabilistic programming systems (PPSs)
provide flexible frameworks for expressing powerful probabilistic models, along with
tools to aid performing inference in them. By permitting branching on the outcomes
of sampling statements, they allow users to express programs with stochastic support,
wherein the number of latent variables varies between program executions, leading
to challenging inference problems.

We showed in Chapter 3 that such programs can be thought of as a combination
of independent sub-programs, each with static support, known as straight-line
programs (SLP) [Chaganty et al., 2013, Sankaranarayanan et al., 2013, Luo et al.,
2021]. The overall posterior is then given by the weighted sum of individual SLP
posteriors, with weights corresponding to the local normalization constants of the
SLPs; a breakdown we exploited in Chapter 4 to derive an improved variational
inference algorithm for programs with stochastic support.

In this chapter, we show that this decomposition also reveals that the posterior
of any program with stochastic support is a Bayesian Model Averaging (BMA)
[Hoeting et al., 1999] over the constituent SLPs of the program. Thus, all PPS
inference engines are implicitly estimating a BMA when the program has stochastic

support, whether they explicitly account for this or not.
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However, it is widely acknowledged in the Bayesian statistics literature that
BMA can be a problematic mechanism for combining the posteriors of individual
models [Minka, 2000, Yao et al., 2018], with alternatives often preferred in practice,
especially when our aim is to make good predictions. In particular, BMA often
performs poorly under model misspecification [Gelman and Yao, 2020, Oelrich
et al., 2020], wherein it tends to produce overconfident posterior model weights
that collapse towards a single model [Huggins and Miller, 2021, Yang and Zhu,
2018]. Given that models will rarely be perfect when working with real data [Box,
1976, Key et al., 1999, Vehtari and Ojanen, 2012], this is a serious practical concern
that has been observed to cause notable issues in many applied fields [Yang and
Zhu, 2018, Smets and Wouters, 2007, Leff et al., 2008].

We argue that PPSs need to account for these shortfalls and provide access to
more robust weighting schemes. To provide such alternatives, we suggest optimizing
the SLP weights for predictive performance. Specifically, we introduce weighting
schemes based on stacking of predictive distributions [Wolpert, 1992, Breiman,
1996, LeBlanc and Tibshirani, 1996, Yao et al., 2018] and PAC-Bayes objectives
[Masegosa, 2020, Masiha et al., 2021, Morningstar et al., 2022, Alquier, 2023]. We
show how to run them as a cheap post-processing step on the outputs of any
sample-based inference scheme, and demonstrate that they provide more robust
weights with better predictive performance.

In summary, our contributions are: (a) By interpreting the posterior in programs
with stochastic support as a BMA, we show that the weights assigned to SLPs
can be unstable, e.g. due to model misspecificiation. (b) Providing a general
scheme to adapt PPS inference algorithms to utilize alternative weighting schemes,
with an implementation in Pyro [Bingham et al., 2019]. (c) Investigating their
behaviour for a variety of different programs and showing its benefits on synthetic

and real-world data.

5.2 Background

5.2.1 Bayesian Model Averaging

An important question in Bayesian statistics is how to best combine the inferences
of different possible models. In a pure Bayesian framework, this is done by weighting
the model posteriors according to their posterior model probability, leading to a
framework called Bayesian model averaging (BMA) [Hoeting et al., 1999].

To be more precise, assume we have a countable set of Bayesian models indexed by

k, each with corresponding latent parameters 6y € Oy, prior px(6x), and likelihood
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! In BMA, we set a prior

pr(y|0k), where y is data we want to condition on.
over which model generated the data, p(M = k), from which we can derive

the posterior model probability
p(M=k | y)cp(y | M=k) p(M=k) (5.1)

where p(y | M=k) = (pi(y|6k) pr(6x)dO) is the model evidence, or marginal
likelihood, for the kth model.

Predictions and expectations can now be calculated by combining those from
individual models using p(M=k | y) as weights. In particular, the posterior

predictive distribution for new hypothetical data, g, is given by
p(i | y)=> p(M=k | y) By (0,1 [P (§10k)] (5.2)
k

where py (0 |y)ocpr (0 )pr(y|0k) and pg(y|6x) are the local posterior and local pa-

rameterized predictive distribution, respectively.

5.2.1.1 Criticisms of BMA

In practice, our models will never be able to capture the full complexities of the real
world as, in the words of George Box, “all models are wrong, some are useful” [Box,
1976]. It is therefore important to investigate the behaviour of frameworks when our
models are misspecified, that is when there exist no 6y and k s.t. pp(y|0r) = Dirue (V)
for all possible y, where pyue(y) is the (unknown) true data generating distribution.

Crucially, BMA implicitly assumes that the data was sampled from exactly one
of the constituent models. This is often referred to as the M-closed assumption
[Bernardo and Smith, 2009, Clyde and Iversen, 2013, Key et al., 1999]. As a result, as
the amount of data increases the BMA weights will always (except for a few special
edge cases) collapse on a single model [Clyde and Tversen, 2013]; the approach reverts
to just performing model selection. Consequently, BMA predictions are often inferior
compared to other model combination techniques [Minka, 2000, Yao et al., 2018].

Viewed another way, model misspecification tends to lead to posterior model
probabilities that are overconfident: both empirical and theoretical results have
shown that they too readily collapse on a single model [Huggins and Miller, 2021,
Yang and Zhu, 2018], even when there are multiple plausible models with similar
predictive performance. Moreover, the exact model onto which the posterior

collapses can change drastically when regenerating the data from pyue(y). In

I'Note our formulations apply equally when there are also inputs the model is conditioned on,
i.e. we have py(y|0k, z), but we negate this from our notation to avoid clutter.
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general, we expect there to be some variance in the BMA weights due to the
fact that we need to estimate the model evidence for many real-world models.
However, previous work has demonstrated that overconfidence is an issue even
with analytic BMA weights and not an artifact of using approximate inference

algorithms [Huggins and Miller, 2021, Oelrich et al., 2020].

5.2.2 Introduction to Scoring Rules

Scoring rules are functions which take as input a probabilistic forecast and a realized
event.? The goal of scoring rules is then to evaluate the quality of the probabilistic
forecast. In a Bayesian context, these scores are often instead referred to as
utilities and Bayesian decision theory aims to maximize the predicted utility of
a given action (see Chapter 2).

More formally, assume we have a random variable on the sample space (€2, .A)
and P is a convex class of probability measures on (£2,.4). Then, any member
P € P is referred to as a probabilistic forecast and a scoring rule is a function
S:PxQ— [—w,0,0] st. S(P,-) is P-quasi-integrable for all forecasts P € P.
So for a probabilistic forecast P and observed event y € Q, S(P,y) is the score
which indicates the quality of our forecast. For notational convenience, if P and
@ are both probabilistic forecasts, we define S(P,Q) = §{S(P,y)dQ(y). Then a
scoring rule is proper if S(Q, Q) = S(P, Q) holds for all P € P, and strictly proper
if the equality holds only when P = () almost surely.

Some common examples of scoring rules include: the quadratic score S(p,y) =
2p(y) — |lp||3, where p is a predictive density; the logarithmic score S(p,y) = log p(y);
and the continuous-ranked probability score S(F,y) = — {(F(y') — Iy’ = y|)dy/,
where F' is the cumulative distribution function of the forecast. Under regularity
conditions, Bernardo [1979] showed that the logarithmic scoring rule is the only
proper local scoring rule where a local scoring rule is a rule that depends on the
predictive density p only through the actual observed event y.

We refer the reader to Gneiting and Raftery [2007] for more extensive details

on scoring rules.

2This introduction mainly follows from Gneiting and Raftery [2007] and Yao et al. [2018].
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5.2.3 Programs with Stochastic Support

As outlined in Chapter 5, a probabilistic program can be interpreted as defining
an unnormalized density function v : © — R>% where © denotes the sample space
of the latent variables in the program [Borgstrom et al., 2016, Staton et al., 2016].
The goal of inference is then to find a representation of the normalized program
density 7(6) = v(0)/§~+(0)df, where df is an implicitly defined reference measure
[Gordon et al., 2014, Rainforth, 2017, van de Meent et al., 2018]. One can informally
think of 7(0) as a posterior distribution, p(f|y).

Universal PPS allow users to branch on the outcomes of random sampling
statements leading to programs with stochastic support. As we saw in Chapter 4,
an important property of such programs is that they can be decomposed into
(a countable number of) straight-line programs (SLPs), sub-programs without
any control flow [Chaganty et al., 2013, Sankaranarayanan et al., 2013, Zhou
et al., 2020, Luo et al., 2021, Reichelt et al., 2022a]. These SLPs are effectively
the different possible control-flow paths that exist in the program and they are
defined by their address path, i.e. the sequence of the lexical addresses encountered
during the program’s execution.

Each SLP corresponds to a disjoint sub-region, ©, of the overall sample
space (such that © = [ J, ©x) and has the local unnormalized density v, (0) =
[0 € ©k]v(#). The unnormalized density for the whole program can thus be written

as () = >, 7x(0). Similarly, the normalized program density can be rewritten as

5.3
where Z;, = {~,(0)d0 and 74 (0) = 4(0)/Z are the local normalization constant
and local posterior respectively. We refer to m(0) as the full Bayes posterior.
Note that the disjoint supports of the SLPs means that there exists exactly one
k : m(0) > 0 for any given 6.

5.3 Full Inference in Programs with Stochastic
Support is BMA

Examining Eq. (5.3), we immediately see that 7(6) is a weighted sum of localized
posteriors. This decomposition also reveals that using the full Bayes posterior

to calculate predictions or expectations is implicitly performing a BMA over



5. Beyond Bayesian Model Averaging over Paths in Probabilistic Programs with
Stochastic Support 71

the individual SLPs. To see this, consider calculating the expectation of some

parameterized predictive density p(yj|0):
Er( Z E9k~7fk [Pk (910k)] (5.4)

where pj, is any conditional density function such that pg(g|0) = p(9|0) Vg, 0 € Oy,
and we have defined new random variables 8, drawn from the local posterior of
the kth SLP. We thus have that the downstream posterior predictive on ¢ is a
weighted sum of the posterior predictives that would result from using the kth
SLP instead of our full program.

There is now a clear analog between Eq. (5.4) and Eq. (5.2). To show that
the former corresponds to a BMA, all that remains is to show that the weights
can be interpreted as posterior model probabilities. At a high-level, this follows
simply from the fact that the Zj are analogous to (unnormalized) posterior model
probabilities (note, though, they are not analogous to the model evidences).

To be more precise, consider the factorization v(0) = g(0)h(0) where g(0)
corresponds to all terms from the sampling and h(6) all terms from conditioning
statements, such that we can think of them as prior and likelihood components
respectively. The prior probability of choosing the kth SLP is now given by
P, :={g(0)I[0 € ©4] df, while the “model evidence” is

)10 eO
By e J IO €O ovap (5.5)
By

The posterior model probability is then equal to

BB, _ §9O)L[6cO]h(O)d) _ 2 iy
o PE Y, 90)[0eO]h0)dd Y, Z (5.6)

Thus, Eq. (5.4) is a BMA with model prior p(M = k) = P, local posteriors
pk(0k|y) = m(0k), model evidences p(y|M = k) = Ej, and identical local param-

eterized predictive distributions pg(7|0x) = p(g|0 = 6y).
Having realized that using the full Bayes posterior leads to BMA, we can
instead define a generalized model averaging scheme over the SLPs that is explicitly

parameterized by a learnable set of weights, w:
w) = Zwk () (5.7)
k

with >, wi = 1,wy = 0. This opens the door for considering alternative approaches
that avoid the shortfalls of BMA. We refer to wy, oc Z;, as the BMA weights; the

choice made by all current inference engines.
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At this point, a critical reader might argue that all Bayesian inference in general,
and not just the weights in a BMA, is sensitive to model misspecification. However,
averaging over a finite discrete set of models has been highlighted as a special
case in which Bayesian inference can give counter-intuitive results and is especially
susceptible to misspecification [Yao et al., 2018, Gelman and Yao, 2020, Oelrich
et al., 2020]. Additionally, in most realistic models used in practice we need to
estimate the posterior and the local normalization constants. As we will show
in our experiments in Section 5.6 this can be an additional source of variance
leading to sub-optimal predictions. This thus motivates treating the SLP weights
as explicit parameters that we may wish to set in a non-Bayesian manner, while

leaving the local posteriors unchanged.

5.4 Weighting Program Paths Using Predictive
Objectives

There are different ways we can choose the SLP weights, wy, in Eq. (5.7), with
BMA only one possible choice. A simple, albeit crude, alternative would be to just
set them equally. While we find that this can sometimes empirically outperform
the BMA weights (see Section 5.6), it is clearly not an appropriate general-purpose
solution and there are cases where it can perform very poorly.

To provide more principled alternatives, we now show how the weights can
be optimized to maximize predictive performance. For the purpose of exposition,
we will introduce the main ideas through the eyes of stacking [Yao et al., 2018,
Wolpert, 1992, Breiman, 1996, LeBlanc and Tibshirani, 1996] but we will show
in Section 5.4.4 how we can also use PAC-Bayes objectives [Morningstar et al.,
2022] to fit the SLP weights.

5.4.1 Stacking Objective for PPSs

The goal of stacking is to improve predictions by optimizing the model weights,
w. To achieve this, we need to define a method for making predictions for a
hypothetical new observation, which we denote as y € ). Just as we previously
defined a generalized version of the posterior in Eq. (5.7), we now need to establish
a generalized version of the posterior predictive.

For simplicity, we will assume for now that an explicit predictive density, p(- |

)Y x © - R3Y has been provided, before showing how this can instead be
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derived from the program itself in Section 5.4.2. This ensures for each SLP we

have a local posterior predictive density

pr(7) = Er o) [P | 0)]. (5.8)

With this, we can define the stacked predictive density
PG w) = B [p(7 | 0)] = D wi pi() (5.9)
k

In its most general form, stacking defines an objective with a user-defined scoring
rule S(p, y) which takes as input a predictive distribution and a data point (Gneiting
and Raftery [2007]; see Section 5.2.2). It then optimizes the weights, w, to

maximize the expected score

R(w; S) := Eppe () [S(A(- | w), )] (5.10)

We will focus on using the logarithmic score rule, as it is by far the most popular

one used in practice, yielding the objective

R(w) := Epoe() [10?; (Z wy, Pk@))] - (5.11)

Maximizing the stacking objective is equivalent to minimizing the KL divergence
between the true data generating distribution and the stacked predictive den-
sity [Gneiting and Raftery, 2007, Yao et al., 2018], due to the relationship

KL(puue (@) || 2(7;w)) = Ep,,.oo (@) 1108 Perue(9)] — Epyep) Hog p(75w)],  (5.12)
= Eptrue(g) [logptrue(gﬂ - R(w)7 (513>

where the first term, E, 5 [l0g pue(7)], is a constant that does not depend
on the stacking weights, w.

We now need a mechanism to estimate the expectation w.r.t. pyue(7) in Eq. (5.11).
Multiple strategies for this exist [Vehtari and Ojanen, 2012]. We will first show how
to do so using an explicit validation set, {,}} ,, before describing how to avoid
the use of a validation set for a broad class of models in Section 5.4.3.

As an aside, the stacking weights should be interpreted differently from BMA
weights. In BMA, the weight of the kth SLP represents the posterior probability
that the data was generated from the kth SLP. In contrast, stacking generates a
mixture of the local posterior predictive distributions and optimizes the mixture
weights on held-out data. Hence, the stacking weight for the kth SLP estimates
the probability that a new data point is drawn from the kth SLP.
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Algorithm 5 Stacking as Post-Processing (Section 5.4.2)

S

Require: Program -y, Weighted samples from base inference procedure {(vs, 65)}5_;

1: For each 0, record address path and return values {g(7, | 0,)}, = Sec. 5.4.2
2: Partition indices 1,...,S into subsets {I}5_, using address paths = Sec. 5.4.2
3: Compute predictive densities pg () > Eq. (5.18)
4: Compute w* = argmax R(w) > Eq. (5.19)
5. Compute new sample weights w; > Eq. (5.20)
6: return {(w,,0,)}5_,

5.4.2 Stacking as Post-Processing

Given (normalised) weighted samples {(v,,0,)}>_, generated from an arbitrary
inference algorithm, the posterior of the program is approximated by the em-

pirical measure

S

#(0) = . vy 00, (0), (5.14)
s=1
unweighted sampling schemes correspond to the special case vy = 1/S. The

local posteriors of the kth SLP are consequently approximated by all the samples
which fall into the kth SLP, i.e.

#(0) = Y 28,0 (5.15)
sel, 'k
where [, := {s € {1,...,S5} | 05 € O} are the indices of the samples from the kth
SLP and V}, := ZSG 1, Us is the sum of all the associated sample weights. Recall from
Section 5.2.3 that the SLP of a sample 6, is determined by its address path. Thus,
we can generate the index sets [ by grouping all samples with the same path.
The full Bayes posterior implicitly uses the approximation #(6) = >, Vi 7 (6),
assigning the weight Vj, to each SLP. We instead replace these with the learnable
SLP weights wy:

7(0;w) ~ Zwk e (0) = Z 2 w‘k/:s g, (). (5.16)

k sely

We can then use this approximation to get an estimate of the stacked predictive
density defined in Eq. (5.9)

P(Je; w) %Zk Wi, Pr(Je) (5.17)
where  pr(7,) 3=Zselk(vs/Vk)p(@e | 6) (5.18)
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are the local posterior approximations. In our implementation, the user implicitly
defines the p(g, | -) through the program return values. We can now approx-

imate R(w) using

R(w) := iZlog (Z wy, ﬁk(gjg)> . (5.19)
(=1 k

Note that, as the pp(7,) do not depend on the SLP weights, we can precompute
these estimates before optimizing w in a separate, typically cheap, procedure.

After having obtained the optimized weights, w* = argmax,, }?(w), we want to
be able to obtain estimates w.r.t. the reweighted normalized density 7(6;w*). This
can be done easily by reweighting the individual posterior samples 5. Letting k(6)
denote the SLP index of sample 6 we can rewrite Eq. (5.16) as

S
7(0;w) ~ 2 ws g, (6), with w, = (5.20)
s=1

Vi.)
Alg. 5 summarizes the high-level steps of our post-processing stacking procedure.
Given an input program and corresponding (weighted) posterior samples, we first
use the program to extract the address path and return values for each sample 6,
(e.g. using the Trace data structure in Pyro). Then, we compute the index subsets
I, ..., I by grouping unique address paths together. We can then compute the
estimate of the local posterior predictive densities py(g,) and store the estimates
in a K x L matrix. Finally, this matrix can be used to evaluate our stacking
objective R(w) and thus optimize the weights. This optimization can be done
cheaply relative to the cost of inference as it is a convex optimization of a small
number of parameters and does not require further inferences; we use the L-BFGS-B
algorithm [Byrd et al., 1995, Zhu et al., 1997] for this. In Appendix B.3 we provide

further details on our full implementation in Pyro.

5.4.3 Stacking Without Validation Sets

So far, we have assumed the existence of an explicit predictive density p and held-out
data {g/}L |, but neither is often actually needed to utilize stacking. Specifically,
if we assume that the local unnormalized SLP densities model the observed data
y; € Y as conditionally independent given parameters 6, then for each SLP we

can write the local unnormalized density as

=

(0, y1.x) = 1[0 € Okl gu(0) | [ (i | 0),

i=1
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where g : © — R>? represents a prior density on #. We then use this to derive the

following leave-one out (LOO) cross-validation estimator for Eq. (5.11),

LN
Rroo(w) = NzlogZ wi pe(Yi | Y—i),
=1 k

where pi(y; | y—_;) denotes the local posterior predictive density corresponding to
V&0, y1.8\y;), i.e. that results from removing the i-th observation term from ~.

Naively computing each of the predictive distributions py(y; | y—;) would require
running inference N times to evaluate the stacking objective. However, as shown in
Yao et al. [2018], this can be avoided using Pareto smoothed importance sampling
to estimate the LOO densities (PSIS-LOO) [Vehtari et al., 2017]. Computing the
PSIS-LOO approximations to the densities px(y; | y_;) requires access the individual
likelihood terms hy(y; | 0s) for each posterior sample 0, (c.f. Appendix B.2 ).
Luckily, these can be extracted automatically for many common PPSs,; e.g. using
the loo function of the ArviZ library [Kumar et al., 2019] for Pyro models.

5.4.4 Regularized Stacking and PAC-Bayes

Stacking directly optimizes an estimate of the expected predictive density on held-
out data (Eq. (5.11)). Such estimates are fundamentally based on a finite amount of
data and optimizing them directly can, at least in principle, lead to overfitting. Our
proposed remedy for this is to add an additional KL regularization term inspired

by PAC-Bayes objectives. Namely, we consider

Rg(w) := 22 log (Z wkﬂk@l))
= B

— (1/pL) KL(Categorical(wy, . .., wk) || r(k)),

where r(k) is a reference weighting we want to regularize towards. Since we want to
discourage the SLP weights from collapsing towards a single SLP, we will generally
take r(k) to be the uniform distribution. The hyperparameter [ controls the
amount of regularization: § — oo recovers the standard stacking objective, and
S — 0 leads to the weights following r(k).

This regularized objective corresponds to a particular instantiation of a PAC-
Bayes bound that was proposed by Morningstar et al. [2022]. In the PAC-Bayes
literature, —R(w) (Eq. (5.11)) is sometimes referred to as the true predictive risk.
Hence, optimizing Rz(w) can be viewed as optimizing a stochastic bound on that

true predictive risk, see Appendix B.5 for details.
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5.5 Related Work

Alternatives to BMA. Bayesian model combination (BMC) [Minka, 2000, Mon-
teith et al., 2011, Kim and Ghahramani, 2012] aims to break the BMA assumption
that the data was generated from exactly one of the candidate models. This is
done by specifying a new extended model that explicitly combines the predictions
of all candidate models. However, fitting the new extended model is significantly
more expensive, as the inference task no longer breaks down into independent
sub-problems. Further, how to best combine predictions from different models is
highly problem dependent and a modelling decision in its own right and, hence,
not suitable for automation.

Yao et al. [2022] introduced Bayesian hierarchical stacking, which infers different
weights for different regions in the covariate space, similar to the frequentist mixture
of experts [Gormley and Frithwirth-Schnatter, 2019]. This is less suitable for the
fully automated PPS setting because it requires knowledge of the covariate space and
assumes the existence of covariates in the first place. So-called Pseudo-BMA weights
[Geisser and Eddy, 1979] use LOO predictive densities to replace marginal likelihoods
but have been shown to work less well than stacking [Yao et al., 2018]. BayesBag
[Huggins and Miller, 2021] weights models by generating bootstrapped datasets, and
averaging the normalization constant over datasets. This is computationally very
intensive as it requires running inference separately in each bootstrapped dataset.

PAC-Bayes. Warrell and Gerstein [2022] extend PAC-Bayes bounds to work
with hierarchical models inspired by deep probabilistic programs [Tran et al., 2017]
and use this extension to derive bounds for multi-task settings such as transfer and
meta-learning. However, they do not consider programs with stochastic support,
the impact of model misspecification, nor integrate their method with a PPS.
PAC-Bayes style arguments have also been used to reason about the hardness of
posterior inference in PPS [Freer et al., 2010].

Programs with stochastic support as BMA. Existing inference algorithms
for programs with stochastic support [Wingate et al., 2011, Yang et al., 2014,
Wood et al., 2014, Rainforth et al., 2016, Le et al., 2017, Mak et al., 2021b, 2022]
all implicitly generate a weighting of individual SLPs through the proportion
of (weighted) samples generated from each SLP. Some inference algorithms are
adaptions and extensions of the reversible-jump MCMC methods that were originally
developed for the BMA setting [Green, 1995, Roberts et al., 2019, Cusumano-
Towner et al., 2020]. However, previous work does not discuss the inherent

issues with targeting the BMA model weights and the consequences of this for
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making predictions; existing algorithms which explicitly assign weights to SLPs
only target the default BMA model weights [Zhou et al., 2020, Luo et al., 2021,
Reichelt et al., 2022a].

5.6 Experiments

We will now compare different weighting schemes on a range of models and datasets.
Our quantitative measure for comparison will be the average log posterior predictive
density (LPPD) on held-out data fi.z;, where LPPD := L3 log i(j;w). In
particular, we focus on the difference in LPPD from other methods to stacking,
LPPDpig = LPPDother — LPPDstacking-

Additionally, we will investigate the behaviour of the SLP weights wy,; a major
criticism of the BMA weights is that they are too sensitive to minor changes in the
data. To ensure replicable analysis, we desire the SLP weights to be robust and
consistent, i.e. they should be similar across different possible generated datasets.

Except when otherwise indicated, we use a variant of the divide, conquer,
and combine (DCC) inference algorithm [Zhou et al., 2020] for the base inference
algorithm. Our DCC implementation uses HMC [Neal, 2011, Hoffman and Gelman,
2014, Betancourt, 2018] for the local inference algorithm of each SLP and allocates
the computational budget uniformly between SLPs. Additionally, we also consider
the reversible-jump MCMC (RIMCMC) algorithm implemented in Gen [Cusumano-
Towner et al., 2019]. Our implementation is available at https://github.com/

treigerm/beyond_bma_in_probprog.
5.6.1 When is Stacking Helpful?

Distinct SLPs SLPs with Overlap Dominant SLP

BMA-{ © [§] [ © [
Stacked e ey o]
T — T T T T T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(a) Computed weight for the first SLP; each dot is the weight computed in one of the datasets

e |

~030 ~0.25 020 ~0.15 —0.10 —0.05 0.00 ~0.175-0.150-0.125-0.100-0.075-0.050-0.025 0.000 ~0002 0000 0002 0004  0.006

(b) LPPDp;s on held-out data. Negative values imply stacking is performing better. Diamonds
show medians.

Figure 5.1: Behaviour of the BMA and stacked weights in the models as described in

Section 5.6.1.

First, to develop an understanding of the scenarios in which stacking is beneficial,

we consider three simple examples in which we limit ourselves to input programs


https://github.com/treigerm/beyond_bma_in_probprog
https://github.com/treigerm/beyond_bma_in_probprog
https://github.com/treigerm/beyond_bma_in_probprog
https://github.com/treigerm/beyond_bma_in_probprog

5. Beyond Bayesian Model Averaging over Paths in Probabilistic Programs with
Stochastic Support 79

with two SLPs. Unless otherwise stated, BMA weights are computed analytically
and the stacking weights are based on PSIS-LOO. For each problem, we generate
10 datasets with 200 data points each and generate another 10® data points to
evaluate the held-out LPPD.

Distinct SLPs. For the first setting, we assume the data is generated from
a standard normal, y; ~ N(0,1). We consider a program with two misspecified
SLPs where the unnormalized density for the kth SLP is given by

T
V(01 62) = 1[0 = k| 3 HN(%; 01,08) N(61;0,1) (5.21)

where we set 02 = 0.62177 and 03 = 2 (cf. Appendix B.4 for the corresponding
Pyro program). This example is adapted from Yang and Zhu [2018].

SLPs with overlap. Next, we generate a dataset using the linear regres-
sion model y; = 23:1 Baxiq + € where ¢ ~ N(0,1), ;4 ~ N(0,1) and § =
[1.5,1.5,0.3,0.1]. For inference, we consider a program with two SLPs with un-

normalized densities

1 N 2
(01, 02,05) = 1[03 = k] 5 [ [N (wis 0, 02, 2:). D [ [N(0550.0), (5.22)
i=1 j=1

where for the first SLP f1 (61, 0o, x;) = 612;1+02x; 3 and for the second fa(6y, 02, x;) =
012; 1 + 027, 4. Note, that the covariates x; 4 are modelled as fixed by the program, so
here the two different SLPs essentially fit the slope coefficients of a linear regression
model. Both SLPs are misspecified because they do not have access to all the
covariates. However, the two sub-models share complexity /expressiveness, as they
both have access to the first covariate.

Dominant SLP. Lastly, we generate data from y; = f(x;) + ¢; with f(z) =
2z; + sin(5x;) and €,x; ~ N(0,1). Our program for inference has two SLPs

which are defined as

| N
Ve(b1,02,05) = 1[0 = k] 3 [ [V (i (01, 2:), 63) N (61,0, 1) T(6;1, 1) (5.23)
i=1

where f1(0,z) = Oz, f2(0,x) = sin(fx), and ['(#; a, B) is a Gamma distribution
parameterized by shape «, and rate 5. The first SLP will provide a significantly
better fit to the data as it is able to recover the dominant linear trend. We use
importance sampling to estimate the BMA weights (see Appendix B.4).
Results. The results are presented in Figure 5.1. For the first two models the

stacked weights lead to better predictive performance and more robust weights.
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While there is some variation in the stacked weights, their overall distribution is
unimodal whereas the distribution of the BMA weights are bimodal instead. The
tendency of the BMA weights to collapse on either 0 or 1 is exactly the overconfident
behaviour we described in Section 5.3. In the setting with one dominant SLP, both
the BMA and stacking weights lead to similar predictive performance (with BMA
doing slightly better) and consistently collapse onto the dominant SLP; here this

is desirable behaviour as the first SLP is clearly superior.

5.6.2 Subset Regression

To further outline the issues of the default BMA weights, we consider a regression
problem with data generated from a linear model of the form y; = ¢; + 26115:1 BaTia
where ¢; ~ N (0,1) and all the covariates x,, 4 are drawn independently from N (5, 1).
Note, the covariates are sampled to generate the synthetic data set, but they
are modelled as fixed by the program. The ground-truth values for the regression
coefficients (4 are set following a scheme used in Breiman [1996] and Yao et al. [2018]
which ensures all covariates are relevant for the prediction of y,, (c.f. Appendix B.4).

We compare multiple methods: 1. Stacked, using PSIS-LOO to compute weights,
w (Section 5.4.3); 2. , which uses an explicit validation set instead
(Section 5.4.2); 2. , using the PI-MAIS algorithm [Martino et al., 2017]
to compute local normalization constants (this is the default weighting in DCC);
3. , using analytic solutions for the local normalization constants;
4. RIMCMC, implemented in Gen [Cusumano-Towner et al., 2019];* 5. Equal,
weights each SLP equally. We use warm colors to present the results which use one of
our proposed alternative objectives to set SLP weights and cooler colours for methods
which target the BMA weights. Note , , and RIMCMC
all target the posterior distribution in Eq. (5.3); in practice, differences between these
methods will arise due to differences in the quality of the posterior approximation.

Our input program has 15 SLPs and each SLP only gets access to one of the
covariates so our overall model is misspecified. However, since every covariate
influences the targets y;, each SLP is relevant for making good predictions. We
generate 50 different datasets from the true data generating distribution, with
200 data points used to run our inferences and 10® data points to evaluate the

held-out log posterior predictive density. For the we use half

3We also have conducted experiments that run stacking on top RIMCMC and found that this
also led to improvements in predictive performance (c.f. Appendix B.4). Here, we only present the
stacking results with samples generated from DCC as this gave the best base inference procedure.
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Table 5.1: LPPDpg (1 better) for models in Section 5.6.2, 5.6.3, and 5.6.4, results
computed over 10 replications. Bold indicates no significant difference to Stacked under a
Wilcoxon signed-rank test.

Model Stacked RJMCMC Equal
Subset 0.0 —0.01 +0.01 —0.11 +0.05 —0.11 +0.05 —0.11 +0.04 —0.02 +0.01
Fun. Ind. (misspecified) 0.0 —1.73e—3 +2.98¢—3 —9.10e—4 +2.42e—3 N/A —0.08 + 0.03 —0.31+0.01
Fun. Ind. (well-specified) 0.0 —5.6le—3 + 7.14e—3 —3.76e—1+2.5le—1 N/A —2.44 +0.32 —2.31+0.09
California 0.0 —1.55e—3 +2.89¢—3 —2.10e—2+6.19e—3  —2.10e—2+ 6.0le—3 —2.82e—1+1.19e—1 —1.96e—1+ 3.11e—3
Diabetes 0.0 —8.22¢—3 + 1.44¢—2 —1.0le—2+1.64c—2 N/A —3.83¢—2+2.19¢—-2 —3.66e—2 + 9.97c—3
Stroke 0.0 —7.79e—4 +1.57e—3 —6.22e—3 +3.8le—3 N/A —2.25e—1+9.94e—2 —1.3le—1 + 5.68¢—3
1.004 e
£ 0.754 ® Stacked
% Stacked (Val)
= 0.50 BMA
4 BMA (Analytic)
7 0.25 . . » . 3 s g e s RJMCMC
0.001@0s00 85-00 escee 82088 eb-ee escee elsce 03.58 $5.08 escse 83:ce $o:08 essee sscee esses

SLP Index

Figure 5.2: SLP weights for problem in Section 5.6.2. Each dot represents the weight of
the corresponding SLP in the model. Results are computed over 10 generated datasets.

of the 200 data points for inference and use the rest to estimate the stacking
objective (c.f. Eq. (5.19)).

Tab. 5.1 shows that stacking outperforms all other methods in terms of predictive
performance. The BMA weights here actually provide even worse predictions than
weighting each SLP equally. Figure 5.2 shows the behaviour of the weights for
the SLPs over different randomly generated datasets. Both and

exhibit clear signs of overconfidence as described in Section 5.2.1: the
weights often collapse onto a single SLP, but the exact SLP changes between
datasets, leading to a bimodal sampling distribution for the SLP weights. As
expected, RJMCMC produces qualitatively and quantitivaly similar results to the
other Bayesian weighting mechanisms. This is in contrast with the Stacked weights
which are more evenly spread. The weights behave qualitatively
similarly to using PSIS-LOO, but with slightly worse predictive performance. This

is likely due to the corresponding reduction in training set size.

5.6.3 Function Induction

Our next example investigates how well stacking scales to a larger number of
SLPs. We generate observations from the relation y; = —x; + 2 sin(22?) + ¢
with ¢; ~ N(0,0.1?) and the inputs z; uniformly sampled between -5 and 5. We
generate 400 data points used for inference and 10° data points for evaluation.
Following Zhou et al. [2020], we use a probabilistic context-free grammar (PCFG)
to posit a model over functions. We consider two PCFGs, the misspecified PCFG



5. Beyond Bayesian Model Averaging over Paths in Probabilistic Programs with
Stochastic Support 82

has production rules e — {z | sin(axe) | a e+ b+ e}, where z is a terminal
symbol denoting an input, and a, b are coefficients to be inferred. The well-specified
PCFG additionally includes the terminal symbol x2. Therefore, the well-specified
PCFG can express the data generating function whereas the misspecified one
cannot. The program recursively samples from the PCFG using samples from
categorical distributions to select production rules and defines latent variables
for all the coefficients in a given expression (c.f. Appendix B.4). Note analytic
BMA weights cannot be calculated here.

Tab. 5.1 shows that Stacked provides better predictions compared to all other
methods, even when the model is well-specified! Notably, inference in this model is
particularly challenging due to the fact that distinct SLPs can have similar or even
identical posterior predictive distributions due to symmetries in the PCFG, e.g.
x + sin(z) and sin(z) + x correspond to two separate SLPs. The fact that stacking
outperforms the methods targeting the BMA weights in the well-specified case is
an indicator that the inference algorithms are struggling in this model. Indeed, we
found RJMCMC tends to get stuck in a single SLP which is a well-known issue
with MCMC methods for programs with stochastic support (all weights are shown
in Appendix B.4). Even though Stacked weights give better predictions, we found
that the weights themselves exhibit relatively high-variance. This is due to the
finite sample size of the dataset and the usage of approximate inference algorithms
which introduce variance in estimating the stacking objective. However, the fact
that stacking is able to produce superior predictions shows that it can be a useful
mechanism for improving predictive performance even when inference algorithms

struggle to produce accurate posteriors approximations.

5.6.4 Variable Selection

Next, we apply stacking to real-world classification and regression tasks. Here,
we have a matrix of covariates X € RY*P and targets yi.nx, and we want to do
variable selection, i.e. select a subset of the features D < {1,..., D} to make
predictions. This problem of variable selection can be encoded as a probabilistic
program with stochastic support in which each SLP corresponds to one of the
potential subsets of the features D. We consider three different datasets: California
(regression) [Pace and Barry, 1997], Diabetes (classification) [Smith et al., 1988],
and Stroke (classification) [Kaggle, 2020]. For the regression, our model is a linear
regression with conjugate priors, permitting an analytic solution to the BMA
weights. For the classification tasks, we use a logistic regression model which

does not permit an analytic solution. As the true data generating process in this
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Figure 5.3: SLP weights for Section 5.6.5. X-tick labels _8.9246—3 + 1.90e—2

indicate the different modelling choices for o and §; the RIMCMC  —5.99e—2+ 1.86e—2
pattern is “a model choice, 8 model choice” with P = _Faual —1.88e24 1182
pooling, NP = no pooling, H = hierarchical, and G =
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setting is unknown, we run each method on different train-test splits to estimate
the variation in the weights and predictions.

Tab. 5.1 shows the LPPD values of the weighting schemes on different datasets.
The Stacked and weighting schemes generally give better predictive
performance compared to the alternatives. Overall, these results show that stacking

can be beneficial for predictive performance even on real-world data.

5.6.5 Radon Contamination

Our final example considers the analysis of data about Radon contamination for
houses in different US counties [Gelman and Hill, 2006]. We here only give a
high-level description of the dataset and model, full details in Appendix B.4. For
each house recorded in the dataset, we have radon measurements, y;, as well as, a
covariate, x; € {0, 1}, which indicates whether the measurement was made in the
basement (z; = 0) or first floor of the house (x; = 1). Our program for this dataset
has at its core the regression relation y; = o+ 3 x; + ¢; and the different SLPs in the
program make different assumptions for how to model the coefficients a and . For
both, we can either: 1) Fit the same coefficient across all counties; 2) Fit a separate
coefficient . for each county ¢; or 3) Have separate coefficients for each county
but assume they come from the same underlying population distribution. For the
intercept term we also consider a fourth option: using county-wide level uranium
measurements as a group-level predictor. The program considers all combinations
of modelling choices for a and g, i.e. it has 4 -3 = 12 SLPs.

Each SLP in this program can have potentially hundreds of latent variables and
exhibit complex posterior geometries, making this a good testing ground to compare
the different weighting schemes. In Tab. 5.2 we find that the Stacked weights give
better performance compared to the weights (we do not consider using a
validation set here because some counties contain only a handful of observations).

Figure 5.3 shows that the weights tend to concentrate on SLPs with modelling
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Figure 5.4: Impact of regularization parameter 5 on predictive performance in the
different models (higher is better). Plotted are mean and standard deviation.

choices “H,H” or “G,H” and have a bimodal sampling distribution. The Stacked
weights are more robust, giving more consistent results between different train-test
splits and more conservative weights. Notably, RJMCMOC here collapses onto
different SLPs than the BMA weights. This is due to the fact that the RIMCMC
struggles with SLPs which have a large number of latent variables. In the limit
of infinite samples, the behaviour of RIMCMC and BMA will be identical but
Figure 5.3 illustrates nicely that approximate inference algorithms might collapse

onto different SLPs based on the quality of their posterior approximation.

5.6.6 Impact of Regularization: PAC-Bayes

As we have shown in Section 5.4.4, the PAC-Bayes bound Rz(w) offers an alternative
objective to fit the weights and can be interpreted as the stacking loss with an
added regularization term where the hyperparameter 5 controls the amount of
regularization. Smaller values of 5 push the stacking weights closer to the uniform
distribution over SLPs. In Figure 5.4 we plot the effect of varying # on the
predictive performance on the different models. In our experiments, values of (3
below 1 tend to lead to worse predictive performance and the stacking objective
with no regularization (8 = o in Figure 5.4) is not outperformed by any form
of regularization. However, depending on the application setting some level of

regularization might still be desirable.

5.7 Discussion

We have demonstrated that in programs with stochastic support, the conventional
posterior path probabilities can be unstable (e.g. due to model misspecification or
inference approximations) and that this in turn can lead to sub-optimal predictions.

In practice, one of the key sources of instability is model misspecification.
When dealing with misspecification, the general advice is to revise or expand the

model [Gelman et al., 2020]. However, when using real-world data it is often not
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Table 5.3: Timings for running inference and stacking, averaged over 5 runs. Inference
is conducted using DCC.

Subset Var. Select. Fun. Ind. Radon

Inference 29 s 297 s 285 m 700 s
Stacking 0.09s 43 s 11 s 0.2s

obvious how to further expand a model and mitigate against misspecification. The
radon experiment (Section 5.6.5) is a good example here as it is already the result
of multiple model iterations and expansions, with no clear strategy for how to
extend it further. Additionally, revising and fitting a new expanded model is often
prohibitively expensive and therefore not a viable alternative. As our timings in
Tab. 5.3 demonstrate, stacking is a very cheap procedure compared to the cost of
inference. With the automated post-processing techniques presented in this paper,
stacking can therefore be conveniently applied at the end of an analysis after the
user has gone through multiple iterations of model building. Thus, rather than
viewing stacking as a replacement for model expansion, we view it as a useful tool
to safeguard against the instabilities of the default BMA weighting scheme.

While we have demonstrated that the instability in the BMA weights can
appear in realistic models and datasets, for any given problem there is no guarantee
that the BMA weights will indeed be unstable. For example, as we saw in the
initial experiments in Section 5.6.1, stacking and BMA will produce similar weights
if there is one SLP which clearly dominates the others. However, finding clear
criteria that determine when BMA will lead to unstable weights is still an area
of open research [Yang and Zhu, 2018, Oelrich et al., 2020, Huggins and Miller,
2021}, so for practitioners it is difficult to know a priori whether a given model
will produce unstable SLP weights or not.

Overall, this means there are few reasons not to use stacking: it is cheap, easy-

to-use, provides generally more robust weights, and leads to improved predictions.



Expectation Programming: Target-Aware
Expectation Estimation

6.1 Motivation

Estimating expectations is at the center of many scientific workflows. For example,
the decision theoretic foundations of most statistical paradigms that we presented
in Chapter 2 are rooted in calculating the expectation of a loss function [Robert and
Casella, 2004]. Carrying out this estimation often requires approzimate inference
to be performed: we may not be able to directly draw samples of the random
variable we wish to calculate the expectation of, or a simple Monte Carlo estimate
might produce problematically high variance.

Probabilistic programming systems (PPSs) provide a powerful basis for encoding
such inference problems and then assisting with, or even fully automating, the
approximation of their solution [Gordon et al., 2014, van de Meent et al., 2018]. As
we saw in the previous chapter, programs are typically specified (often indirectly)
through an unnormalized density (). Assuming analytic solutions are not available,
the role of the system’s inference engine is now to construct an approximation,
7(0), for the distribution specified by the normalized density w(0) = ~(0)/Z,
where Z is an unknown normalizing constant and 7(f) typically represents a
conditional distribution, such as the posterior in a Bayesian modelling setting.
This approximation can then be used in turn for downstream tasks, such as
approximating one or more expectations.

Though ostensibly very general, our key insight is that this standard PPS
computational pipeline—which is implicitly followed by all contemporary PPSs that

86
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conduct inference approximately (e.g. Bingham et al. [2019], Carpenter et al. [2017],
Cusumano-Towner et al. [2019], Ge et al. [2018], Salvatier et al. [2016], Tran et al.
[2016], Wood et al. [2014], Mansinghka et al. [2014], Goodman and Stuhlmiiller
[2014], Murray and Schon [2018], Minka et al. [2018])—can be highly suboptimal
when our ultimate aim is to estimate a particular expectation, E.@)[f(6)]. This
is because such a pipeline fails to perform estimation in a target-aware fashion:
it does not allow information about f to be exploited by the inference engine,
thereby forgoing the substantial empirical gains that using information about f can
yield [Torrie and Valleau, 1977, Hesterberg, 1988, Wolpert, 1991, Oh and Berger,
1992, Evans et al., 1995, Meng and Wong, 1996, Chen et al., 1997, Gelman and
Meng, 1998, Lacoste-Julien et al., 2011, Owen, 2013, Golinski et al., 2019, Rainforth
et al., 2020]. Note here that it is not generally possible to incorporate the required
information about f by adjusting the model definition; fundamental changes to
the computational pipeline itself are required.

To address this, we introduce, and formalize, the concept of expectation program-
ming. Here an expectation program is analogous to a probabilistic program, but
its target quantity of interest is the expected value of the program’s return values,
rather than their conditional distribution. This subtle distinction leads to changes
in the requirements for the program to be valid, and, critically, the estimation that
must be performed by the backend inference engine. This, in turn, allows us to
construct computational pipelines which are target-aware, utilizing information
in the program itself to estimate expectations substantially more efficiently than
can be achieved by existing PPSs.

We realize our expectation programming concept through a specific system we
call EPT (Expectation Programming in Turing), built upon the Turing PPS [Ge
et al., 2018]. EPT takes as input a Turing-style program and uses a combination of
program transformations and existing inference strategies to construct target-aware
estimators via the TABI approach of [Rainforth et al., 2020].

We formally demonstrate the statistical soundness of EPT, proving that it
produces consistent estimates under nominal assumptions. We further show
empirically that it can be used to express and run effective inference for a number
of problems, finding that it produces estimates that are significantly more accurate
than conventional usage of Turing. As part of this, we also implement a new
annealed importance sampling (AnlS) [Neal, 1998] inference engine for Turing,
finding that this allows for effective marginal likelihood estimation in a much wider

array of problems than Turing’s previously supported inference strategies.
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To summarize, our key contributions are: a) identifying the shortfall of existing
PPSs when estimating expectations and introducing the concept of expectation
programming to address this; b) developing EPT as a particular realization of
the expectation programming concept; c¢) formalizing the notion of an expectation
program and demonstrating the statistical correctness of EPT; d) introducing a new
AnlS inference engine to Turing; and e) showing that EPT can provide substantial

empirical benefits over conventional use of Turing on real problems.

6.2 Background

6.2.1 Turing Programs as Densities

To provide a basis for introducing expectation programming, we consider the
PPS Turing (Ge et al. [2018], https://turing.ml/dev/docs/using-turing/), but
note that the concepts introduced apply to PPSs in general. We provide a
brief introduction to Turing here, along with our own new formalism for the
densities Turing programs define that by building on the approach from Chapter 3.
This is necessitated by some technical intricacies of the expectation programming
approach. To assist with this, we will use the following simple Turing program

as a running example:

@model function model(y)
x ~ Normal(0, 1)
@addlogprob! (0.1)

y ~ Normal(x, 1)
end

A Turing program is defined similarly to a normal Julia function [Bezanson et al.,
2017]: the emodel macro indicates the definition of a Turing model, with tilde
statements inside the body, e.g. x ~ Normal(0, 1), to denote probabilistic model
components. Observed data can be passed in as a formal argument to the function.
If the variable name on the left-hand side of the tilde statement is not part of the
arguments of the function then it is interpreted as a random variable.

Let 01.,, denote the set of direct outputs from sampling statements and y;.,,, the
observed data. We can view Turing programs as defining an unnormalized density
7(01.n,) (with an implicit appropriate reference measure). To compute the density
for a given 0,.,, the program executes like a normal Julia program, while keeping
track of the density of the current execution. Specifically, when Turing reaches
a tilde statement corresponding to a random variable, it samples a value for 6;,

evaluates the density of this draw, and factors this into the overall execution density.
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We denote the density of the draw as g;(6;|n;), where n; denotes the form of the
sampling statement and n; its parameters. For the tilde statements corresponding
to the observed data, it evaluates the density function h;(y;|¢;)—where h; and ¢;
are analogous to g; and 7; respectively—and factors the overall density accordingly.

Sometimes a user might want to add additional factors to the density with-
out using a tilde statement. For this, Turing provides the @addlogprob! (log_p)
primitive which multiplies the density of the current execution by an arbitrary
value exp(log_p). We use ¢1,...,%x to denote all the terms that are added to
the density using ©addlogprob!.

Putting these together, the unnormalized density defined by any valid program

trace can be written as

V(b1:ny) = l—g[gz-(@ln» [ [islei) | [exp(en). (6.1)
i=1 j=1 k=1

Our example program thus defines the density () =exp(0.1)N(;0, 1)NMy; 6, 1),
with a fixed input y. Note here that again everything (i.e. ng, O1.np, Mmgs G1ings
Ny, Yimys Plings Mimy, K, Y1.x) can be a random variable because of potential
stochasticity in the program path. However, using the program itself, everything
is deterministically calculable from 6,.,,, which can thus be thought of as the
‘raw’ random draws that dictate all the randomness of the program; everything

else is a pushforward of these.

6.2.2 Annealed Importance Sampling

Annealed importance sampling (AnIS) [Neal, 1998] is an inference algorithm which
was developed with the goal of efficiently estimating the normalization constant
Z of an unnormalized density v(#). Similar to standard importance sampling
(see Section 2.3.1) AnlIS generates a set of weighted samples by sampling from
a proposal distribution. However, AnIS uses an annealing scheme to implicitly
define this proposal. It works by defining a sequence of annealing distributions
70(0), . .., m,(6) which interpolate between a simple base distribution 7y () (typically
the prior for a Bayesian model) and the complex target density m,(6) = v(6). The

most common scheme is to take
mi(6) oc Ag(6) = mo(6)' v (6)7, (6.2)

with 0=y <...<f,=1. The algorithm further requires the definition of Markov

chain transition kernels x1(6 | 6), ..., k,_1(0" | #) and proceeds to generate the ;"
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weighted sample as follows: First, sample initial particle 0(1) ~ 7'('0(9) then for i =
1,...,(n—1), generate 9](-” ~ K- | 9( ) and, finally, return sample 9 ) with weight
NG ( D)0

W= Wy (n)
7T0<6 ) ( )...)\n_l(Oj )

We can estimate expectations with the weights and samples just as in importance

(6.3)

sampling. Thus we can estimate the expectation and the normalization constant as

Exo)f(0)] ~

Z;'V:l wjf(ej('n)) Z w;
j-

< ~
Zj:l wj

6.2.3 Target-Aware Inference

Consider the problem of estimating an expectation of the form E,)[f(0)] where
f(0) is known, but 7(0) cannot be directly evaluated or sampled from. Namely,
7(0) = v(0)/Z where (0) is a known unnormalized density, but Z is an unknown
normalization constant (sometimes referred to as the marginal likelihood).

The inference engines in PPSs like Turing are setup to approximate 7(6) of this
form. As such, the standard pipeline to approximate an expectation using a PPS
is to first approximate 7 () (e.g. with samples) and then use this to approximate
the expectation in turn.

Unfortunately, this ignores information about f and is therefore suboptimal if f
is known [Golinski et al., 2019]. While one might initially expect that information
about f can be easily incorporated through simple model adjustments, this is
unfortunately not the case in practice: any adjustments we make will mean we
need to estimate an additional corrective factor on top of performing inference for
the new model. Indeed, naive approaches to incorporating information about f,
like adding |f(€)| as a density factor to the model, have been found to typically
worsen, rather than improve, the final estimates [Rainforth et al., 2020].

Rainforth et al. [2020] recently showed that this issue stems from fundamental
limitations of the efficacy of using a single Monte Carlo estimator for such expecta-
tions. Namely, through their Target-Aware Bayesian Inference (TABI) framework,
they show that by breaking down the expectation into three parts:
zZi —Zy

= Ero)[f(0)] = Z

| (6.4)
where

7 = j VO)fH(O)dr, 7y = f W0 [~ (O)dz, 2, = j 2(6)de,
F5(0) = max(£(6).0), £~ (6) = — min(f(6).0)
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and then estimating each term separately, one can often achieve a substantially

improved overall estimator,

o4z
Ero)[f(O)] = fii= ——5— (6.5)
Zs

The intuition here is that each individual term can often be estimated more
accurately in isolation than the original expectation. To see this, first note that the
three subcomponents can be seen as the respective normalization constants of

the three densities

N (0) cy(6)f7(6),
" (0) oy (0)f7(0), (6.6)
72(6) = ()

The TABI framework now allows one to define a separate estimator tailored to
each of these problems. In general, it allows one to repurpose any algorithm which
provides estimates of the normalization constant into a target-aware inference
algorithm by separately applying it to each of v{ (6), 77 (#), and (6).

As the following proposition shows, TABI can theoretically achieve an arbitrarily
low error for any fixed sample budget (> 3), unlike standard approaches such as
self-normalized importance sampling whose expected error is lower bounded even

when using an optimal proposal/sampler.

Proposition 2 (Rainforth et al. [2020]). If Z{", Z1, Zy < o0 and we use importance
sampling estimators 21+,Zf,22 with the corresponding optimal set of proposals
a (0)ocy(0) f7(0), g7 (0)ocy(0) f~(0), and q2(0)ocy2(6), then the TABI estimator in
(6.5) satisfies

E[a] = p,  Var[i] = 0. (6.7)

See Section 3.2 of Rainforth et al. [2020] for a formal proof; it relies on applying
the standard importance sampling estimator results to each of the three components.

Naturally, sampling exactly from the optimal proposals is not always possible.
To investigate the behaviour that one might expect to see in practice it is instructive
to consider the asymptotic mean squared error (MSE) of the TABI estimator.
Until the end of this sub-section we will assume that we have f(6) > 0 and the
TABI estimator simplifies to i = Z; / Z.' The following results (first presented
and proven in Rainforth et al. [2020]) characterise the asymptotic mean squared
error of the TABI estimator.

IThe results can be extended to the general case, we only consider the simplified case here to
avoid clutter in the notation.
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Proposition 3 (Rainforth et al. [2020]). Let & = (Zy— Zy) /o1, & = (Zo— Z3) /0,
02 = Var[Z,], and 02 := Var[Z,]. Assuming that Zy and Z, are independent
estimators, the asymptotic mean squared error of the TABI estimator is given by

E[(p — )] = “Z" (K2 +1) +O(e) (6.8)

where k := 01/(uoz) and O(e) represents terms that are dominated asymptotically.

The term s measures the relative effectiveness of the two estimators Zl and Zg.
Conventional estimators like self-normalized importance sampling or MCMC can be
viewed as using the same proposal for both 7, and Z,. Then, if we have a mismatch
between 7(#) and 7(0)f(0), it can become difficult to keep the term x small; any
decrease in oy will likely lead to an increase in o9, and vice versa. By separately
targeting Z; and Z,, TABI estimators are able to break this deadlock and achieve
a lower MSE than conventional estimators. Hence, overall the achievable gains
increase, both theoretically and empirically, with the degree of mismatch between
7(0) and 7(0)f(6). For a more detailed discussion and further empirical validation

of the theoretical results of the TABI estimator we refer to Rainforth et al. [2020].

6.3 Expectation Programming

At a high level, expectation programming adapts probabilistic programming systems
to automate the estimation of expectations in a target-aware manner. As we now
explain, an expectation program is analogous to a probabilistic program, but where
the quantity of interest is the expectation of its return values under the program’s

conditional distribution, rather than the conditional distribution itself.

6.3.1 Formalization

To formalize the concept of an expectation program, we first statistically formalize

probabilistic programs as follows.

Definition 1. A probabilistic program P in a probabilistic programming language
defines an unnormalized density v(01.n,) over the raw random draws 6., € © of the
program, which collectively we refer to as the program trace, along with an implicitly

defined reference measure .
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We let 7(01.n,) = 7(01.n,) / Z denote the normalized density with the normal-
ization constant Z = S@ Y(01:ny)dpt (1., ). Here w(61.,) and g combined implicitly
define the conditional probability distribution specified by P, which we denote

= 5 (0100 dpa(O1:y)-

To ensure that the induced probability measure of a program is well-defined, we
require that v(f;.,,) corresponds to a valid unnormalized density. This guarantees
that there is a valid probability distribution the inference algorithm of the particular
PPS can converge to. We use this to formalize the concept of a wvalid probabilistic

program as follows.

Definition 2. A probabilistic program, P, is valid (and defines a valid unnormalized
probabilistic program density y(61.,,)) if and only if both of the following hold:
Y(01:my) = 0,01, € O; and 0 < S@ Y(O1:np ) dpt (01 ) < 0.

For Turing we have described how programs specify v(6;.,,) in Section 6.2.1,
but Definitions 1 and 2 apply more generally and only require that we can derive an
unnormalized density function for a given program; a requirement that is satisfied
by most existing popular PPSs.

We can now formalize the concept of an expectation program by associating

return values to our program:

Definition 3. An expectation program, &, is a probabilistic program (as per
Definition 1) with an associated set of return values F' € F < R? that are a

deterministic mapping of the trace 0.y, .

From this definition we see that expectation programs are largely equivalent
to probabilistic programs, indeed programs in any PPS that allows return values
will also be expectation programs provided their outputs are numeric and fixed
dimensional. However, as their underlying quantity of interest is the expectation
of their return values, E[F], they require a slightly different set of assumptions

to ensure validity as follows.

Definition 4. An expectation program & is valid if and only if it is a wvalid

probabilistic program and F' is integrable.

Here the additional requirement of the expectation program’s outputs being
integrable essentially equates to requiring that the expectation E[F] exists and
E[|F;|] < oo for each dimension F; of F'. This is generally a very weak requirement,
and strictly weaker than an assumption typically implicitly made by existing PPSs

when confirming the validity of their inference engines. To ensure correctness most
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PPSs assume that a particular inference algorithm will converge to the distribution
of F' (i.e. the distribution over return values). A standard PPS Monte Carlo
inference engine will now produce a sequence of samples F,,, n = 1,2,... and
consistency requires that F), converges in distribution to F' as n — oo. This is
equivalent to requiring that for any integrable function h, E[h(F},)] — E[h(F)];
and it presupposes that the distribution of F' is a finite measure, i.e., E[F] is finite.
We thus see our assumption is strictly weaker than that of standard PPSs that
allow return values from programs: we only need convergence in the case where
h is the identity mapping, not all integrable functions.

To link expectation programs back into our early expectation notation, we now
note that the requirement for the return values to be a deterministic mapping of the
trace means that we can write F' = f(f1.,,), such that E[F] = Er,., )[f(014,)]-
Thus, the formal definition of the function we are taking the expectation of is
that it is the full mapping from the raw random draws to the returned values,
rather than what is lexically written in any return statement(s). This is why,
for instance, it is still valid to have multiple different return statements in a
program; provided each return statement defines the same number of return values.
In practice, this is not something we need to worry about when writing either
models or inference engines as the law of the unconscious statistician relieves
us from explicitly delineating the random variable defined by our function (the
expectation of this random variable does not vary if we change the parameterization
of our model). However, the distinction is important for ensuring validity and to
identify the precise target function we wish to extract information about when

making the inference target-aware.

6.3.2 Target-Aware Inference Engines

The key idea of our expectation programming paradigm is to use the formalisms
from the previous section to set up inference engines that exploit information from
f to perform target-aware estimation. As explained in Section 6.2.3, this can lead
to estimators that provide substantial performance improvements over the standard
PPS approach of simply approximating 7(6;.,,), ignoring f(6;.,,) completely.
Note that the approximate computation we are performing here is fundamentally
different to that of conventional inference engines: we are estimating an expectation,
rather than approximating a conditional distribution. This means the form of
the outputs from our engine will change, while we will have to exploit additional
information about the program. As such, we will generally need to make changes to

how the program itself is processed, rather than just implementing a new inference
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Gexpectation function expt_prog(y)

x ~ Normal(0, 1) # x~N(x;0,1)
y ~ Normal(x, 1) #y~N(yz1)
return x"3 # f(0)=2?

end
expct_estimate, diagnostics =
estimate_expectation(expt_prog(2),
TABI(marginal likelihood_estimator =
TuringAlgorithm(AnIS() ,num_samples=100)))

Figure 6.1: An example of estimating an expectation with EPT. Here
estimate_expectation is our “do estimation” call which takes in expectation program
expt_prog (with input y = 2) and an estimation method to apply (here a TABI estimator
using annealed importance sampling), and returns an estimate for the expected return
value of expt_prog.

engine in the existing PPS structure. Thankfully though, it will still usually be
possible to repurpose existing inference engines as part of an overall target-aware

estimation scheme, as we now show.

6.3.3 Expectation Programming in Turing

We now introduce a particular realization of the expectation programming
concept which we call Expectation Programming in Turing (EPT). EPT builds on
the PPS Turing to provide a highly effective, and surprisingly simple, mechanism
to perform expectation programming. It allows users to specify () analogously to
how they would using Turing’s @model macro, and uses Turing’s return semantics
to define F' and thus f(6).

The key component of the EPT framework is splitting up the estimation of
the desired expectation as per the TABI framework of Section 6.2.3. To do so we
use source-code transformations to generate three different Turing programs, one
for each of the densities v; (6), 77 (6), and 12(6) (as per Equation (6.6)). We then
estimate the expectation by individually estimating the normalization constant of
cach of these densities and then combining them as per Equation (6.4). Generating
valid Turing programs allows us to leverage any inference algorithm in Turing that
provides marginal likelihood estimates to estimate the quantities Z;", Z;, and
Zy. This modularity means that we do not have to implement custom inference
algorithms that would only work with EPT.

Estimating expectations with EPT is done in two stages. First, users define
an expectation program with the @expectation macro, which is a drop-in replace-

ment for @model, and an example for which is shown in Figure 6.1. Using code
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Q@expectation function expt_prog(y)  @model function expt_prog(y)

x ~ Normal(O, 1) x ~ Normal(O, 1)
y ~ Normal(x, 1) y ~ Normal(x, 1)
return x°3 tmp = x°3
end ©@addlogprob! (log(max(tmp, 0)))
return tmp
end

Figure 6.2: The results of one of the three program transformations applied to the EPT
@expectation program from Figure 6.1 [left]. Presented is the transformation into a
valid Turing @model program [right] corresponding to the density v; () ocy(6) f7(0). The
transformed code fragment is highlighted. The full transformation is slightly more complex
due to Turing’s internals. Appendix C.2 shows the full source code transformation.

transformations, @expectation automatically generates the three Turing programs
representing the densities v; (), 77 (#), and ~2(6#). This happens behind the scenes
and the user does not need to deal with the transformed programs directly.

To estimate the expectation, the user calls estimate_expectation(expt_prog,
method), where method specifies the estimation approach to be used. At present,
the only supported class of methods is TABI, which implements the previously
explained TABI estimators, but the syntax is designed to allow for easy addition
of hypothetical alternative approaches.

EPT then estimates the normalization constants Z;", Z;, and Z, by running
a Turing inference algorithm on each Turing program generated by @expectation
and combining the normalization constant estimates to form an estimate of the
expectation. In the example in Figure 6.1, we use TABI with annealed importance
sampling AnIS, which is a new Turing inference algorithm that we have added to the
system for the purposes of this paper. TuringAlgorithm is a thin-wrapper object
storing the necessary information that allows TABI to use a Turing inference method.
AnIS can be substituted with any other Turing inference algorithm that returns a
marginal likelihood estimate. Here AnIS() implies the use of some arbitrary default
AnlS parameters regarding the Markov chain transition kernel, and the number

and spacing of intermediate potentials used.

6.3.4 Program Transformations

We now consider how to generate the Turing programs corresponding to each of
the TABI densities. Note that expectation programs in EPT are also valid Turing
models, i.e., replacing @expectation with @model yields a valid Turing program.
Such a program corresponds to the unnormalized density v9(0) = v(0) without

requiring any transformation of the source-code.



6. Ezxpectation Programming: Target-Aware Fxpectation Estimation 97

To create a Turing program corresponding to v (), we need to multiply the
unnormalized density of the unaltered Turing program ~(6) by max(f(6),0). This
is achieved using Turing’s aforementioned @addlogprob! primitive, such that we can
think of it as adding a new factor max(f(61.,,),0) to the program density definition
n (6.1). Our transformations are pattern matching procedures that find all the
return expr statements in the function body and then a) create a new local variable
tmp = expr (where tmp is a unique identifier generated using gensym()), b) insert a
statement ©addlogprob! (log(max(tmp, 0))) before the return, and c) change the
return statement itself to return tmp. A concrete example of the transformation
is presented in Figure 6.2. The transformation for v; (#) is analogous but inserts
a statement @addlogprob!(log(-min(tmp, 0))) instead.

Users can define multiple expectations by specifying multiple return values, while
each individual return value needs to almost surely be a numerical scalar. This
ensures that each target expectation is well defined and individually identified. For
each return expression, we apply our program transformation separately and derive
a corresponding TABI estimator for each. For example, if we have return expri,
expr2, expr3, the program transformation for {~; (6)}, would add the statement

©addlogprob! (log(max(expr2, 0))). Appendix C.7 shows a full example of this.

6.3.5 Validity of EPT

We now formalize and demonstrate the statistical correctness of the EPT approach.
For simplicity, we will assume throughout that programs almost surely return a
single scalar value (i.e. the probability that the return value fails to be a well-
defined scalar is 0). Generalization to programs with multiple return values is
straightforward (provided the number of return values is fixed) by considering each

return value separately in isolation (as EPT does itself).

Proposition 4. Let £ be a valid expectation program in EPT with unnormalized

density v(01.,), defined on possible traces 01.,, € O, with return value F' = f(01.p,).
Then 7?(01%9) = 7(91:719) maX(O, f(elrne))> 71_(‘911719) = _’7(‘911719) min(oa f(‘gl:ne))f

and Y2(61.ny) 1= V(01.m,) are all valid unnormalized probabilistic program densities.

Further, if {Z{ Ym, {27 Y, {Zo}m are sequences of estimators for m € Nt such that

{E%iLﬁ@M@@w, (6.9)

{22}m 5 J@ V2 (61:ny ) dpt(61:1y) (6.10)



6. Ezxpectation Programming: Target-Aware Fxpectation Estimation 98

P . ..
where — means convergence in probability as m — oo, then

{(Zm — 121}
{Z2}m

Proof. We start by noting that as v9(61.,) is identical to y(6y.,), it is by as-

E[F)]. (6.11)

sumption a valid unnormalized program density. Meanwhile, by construction,
Y(O10)T,7(01:0)7 = 0,V01, € ©. Further, each can be written in the form
of (6.1) by taking the correspond definition of v(6;.,) and adding in factors

exp(Vr+1) = max(0, f(01.,)) and exp(¢x41) = —min(0, f(0y.,)) for v(01.,)7 and
7(01.,)7 respectively. To finish the proof that v*(6;.,) are valid densities, we show
that 0 < Z{ < co.

Starting with the standard definition of an expectation for arbitrary random

variables, we can express E[F] as
f@ f(el:ng)dp(gl:ng) (612)
— | 1 OO~ | 0161, (6.13)
o Q)

Noting that if F' is integrable then by the definition of the Lebesgue integral
both S@ fH(01:ny)dP(01.y,) < 00 and Se (01:, )dP(61.,) < 0. Now inserting the
distribution the program defines over 0;.,,,

= J;a f+ (012719)77-(‘91%0)61#(61:”9) - J@ fﬁ (eline)ﬂ(elino)du(gliTLo) (6'14>

and noting that, by assumption, the density satisfies v(61.,,) = 0 for all 6,.,, € ©
and the program’s normalization constant is finite, 0 < S@ Y(O1:m ) dpe(61:,) < 0,

S@ 61 ng ‘91 RY) d,u 61 ng S@ 91 TLg 01 ng)d,u(el ng)

To 761 )i (01.0,) (6:15)

Using the definitions of +; and vy gives
_ S0 (Brn))dpt(B1ny) — § 11 (Brony ) dps(B1:n,) 6.16)

$o 72(O1ing ) dpa(61:n,)
- ZTZ_Z)Z; (6.17)

In our theorem statement we have assumed that {Z; }n 2 Zi, {Z7 }m & Z7, and

{ Zg}m = Zs, from which it now follows by Slutsky’s Theorem that

{ZlJr}m B {Zl }m N _ Zf
{Z2}m Z2

— E[F] (6.18)

as required. O
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Proposition 4 shows that if we have programs with the desired densities and we
use consistent marginal likelihood estimators for each, then our resulting expectation
estimates will themselves be consistent. The latter is covered by the consistency
of Turing’s own inference engines. The former requires that our transformed
programs are valid Turing programs with the intended densities. We now show
that this is indeed the case.

Given an input EPT program £, EPT applies transformations to get the three
Turing programs P;", Py, and Py with v, (01.,), 71 (01:0,), and v2(61.,,) as their
respective densities. To ensure that the transformations for v; (61.,,) and 77 (61.,)
are correct, we need to ensure that a) the inserted code in our transformations is
itself valid, b) the transformation does not have any unintended side effects, and c)
the new density terms add valid factors to the program density. The first is true
as the operation of the transformed sections of code are identical to the originals
except for the new @addlogprob! terms, which themselves produce no outputs and,
by construction, use only the variables that are in scope. The second is guaranteed
by ensuring that the tmp variables are given unique identifiers that cannot clash
with each other or any other variables in the program. The third follows from
the restriction that each return value must almost surely be a numerical scalar,
coupled with the fact that the added density factors (namely max(tmp, 0) and
-min(tmp, 0)) are non-negative by construction.

Thus, we have shown that EPT will produce a consistent estimation of program
expectations, under the assumptions of Definition 4 and the consistency of the base
inference algorithms implemented in Turing. In addition to this, EPT inherits all
the desirable estimation properties of the TABI estimator that were discussed in
Section 6.2.3. Altogether, this provides a theoretical motivation for the use of EPT

which, as will show in Section 6.5, is underlined by empirical results.

6.4 Related Work

Our focus is explicitly on the case of estimating expectations. Though a few
papers [Gordon et al., 2014, Zinkov and Shan, 2017] have provided alternative
formalizations for the expectation defined by a probabilistic program, none do
this from the perspective of directly targeting this expectation as the quantity to
estimate. Relatedly, a few languages provide primitives to compute expectations
analytically in the rare situation where this is possible, such as Hakaru [Zinkov
and Shan, 2017] or APSI [Gehr et al., 2020]. Unlike in our setting, these do not

require notable changes to the backend computation from the standard inference
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setting because the underlying problem remains the same: calculate an integral
analytically. The contributions of these works are thus somewhat tangential to our
own, with our key message being that estimating expectations efficiently requires
a distinct computational pipeline to that of modern PPSs.

Some PPSs also provide syntactic sugars for forming expectation estimates
from the samples produced by inference, but these do not adjust the inference
itself to exploit target function information. For example, in Stan [Carpenter
et al., 2017] users can apply target functions to posterior samples using the
generated_quantities block. Similarly, in Pyro [Bingham et al., 2019] the return
values are stored along with MCMC posterior samples, thus allowing expectations
to be estimated by taking empirical averages. PyMC3 [Salvatier et al., 2016] allows
users to track deterministic transformations of the latent variables. Turing itself
also provides a generated_quantities function, similar to Stan (see Appendix C.1

for an example).

6.5 Experiments

We demonstrate the effectiveness of the EPT target-aware inference methods on
three problems: a synthetic numerical example, an SIR epidemiology model, and
a Bayesian hierarchical model of Radon concentration. Our EPT implementation
and the code for all experiments is contained in the supplementary material.

The performance of EPT depends on the performance of the chosen marginal
likelihood estimator. At the time of writing, Turing provides implementations of
Sequential Monte Carlo [Del Moral et al., 2006] and Importance Sampling (IS) as
inference algorithms that provide marginal likelihood estimates, but only allows
using the prior as the proposal which can never be target-aware. To address this
issue, we implemented a new Turing inference engine that uses Annealed Importance
Sampling (AnlS) [Neal, 1998]. We chose AnlS because it is effective at estimating
the normalization constant even for high-dimensional models [Wallach et al., 2009,
Salakhutdinov and Larochelle, 2010, Wu et al., 2017].

AnlS requires setting two hyperparameters: an annealing schedule and a transi-
tion kernel. Currently, users can choose between two transition kernels: Metropolis-
Hastings (MH) implemented in AdvancedMH. j1 [Turing Development Team, 2020]
and Hamiltonian Monte Carlo (HMC) [Neal, 2011, Hoffman and Gelman, 2014,
Betancourt, 2018] in AdvancedHMC. j1 [Xu et al., 2020]. To ensure a fair comparison
we use the same setup and hyperparameters for both EPT’s backend and standard,

non-target-aware AnlS. We also compare directly to MCMC targeting the posterior
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and using the same type of transition kernel as AnlS and EPT. This transition
kernel is MH in Section 6.5.1 and HMC elsewhere. Detailed configurations are
given in Appendix C.4.

To compare the performance of the estimators we look at the effective sample
size (ESS) and the relative squared error (RSE) § := (4 — p)2/u2, where p denotes
the ground-truth value and i is the estimate. All our experiments correspond to
target functions which are always positive, so we use Z; to refer to Z;" as Z; = 0.
Appendix C.3 shows how EPT can avoid computation for Z; when possible.

Both EPT’s backend and AnIS produce unnormalized weighted samples w;
so the ESS is calculated as (3, w;)?/ Y, wi. For MCMC we focus solely on the
RSE, as MCMC ESS estimates, which are based on autocorrelation [Vehtari et al.,
2020], are not directly comparable with ESS estimates based on importance weights,
and unreliable if the RSE is large.

For EPT we can look at the ESS of the two AnlS runs which we denote ESSy,
and ESSz,. Similarly, ESSang is the ESS for AnIS. We use ESSanis retargeted tO
denote what the ESS would be if we use the AnlS samples to estimate Z; by
multiplying the weights generated by AnlS with f(6).

When comparing our estimators based on RSE and ESS we ensure that we
give each estimator the same computational budget i.e. same number of likelihood
evaluations. Thus if we have an AnlS estimator with n intermediate distributions
and K samples, then we compare it to the EPT estimator which uses n intermediate
distributions and K /2 samples for each of the two separate terms. In turn, we
compare AnlS and EPT to an MCMC estimator with n - K samples.

6.5.1 Gaussian Posterior Predictive

The first problem considered is calculating the posterior predictive distribution of
a Gaussian model with an unknown mean, where v(6) = N(6;0, ) N (y;6,I) and
f(0) = N(-y;0, %] ) are the unnormalised density and target function, respectively.
We assume our observed data is y = (3.5/4/10)1 where 1 is a 10-dimensional vector
of ones. Using EPT we can express this expectation in just 5 lines of code—the
full model is given in Appendix C.8. This problem is amenable to an analytic
solution so allows us to compute the error of the estimates. Figure 6.3 compares
the performance of EPT, AnlS, and MCMC (here MH). We see a clear benefit
to using the target-aware inference algorithm to estimate the expectation. EPT
achieves a lower RSE, and the ESS highlights the advantage of using separate

marginal likelihood estimators for Z; and Zs.
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Figure 6.3: Relative squared error and effective sample size for the Gaussian posterior
predictive experiment. The solid lines show the median of the estimator while the shaded
region show the 25 % and 75 % quantiles. Medians and quantiles are computed over 10
separate runs with different random seed for the posterior predictive problem. For the ESS
plot we are plotting min(ESSz,, ESSz,) for EPT and min(ESSAnts retargeteds ESSants) for
AnlS.

6.5.2 SIR Epidemiological Model

Our second problem setting is a more applied example based on the Susceptible-
Infected-Recovered (SIR) model of Kermack et al. [1927] from the field of epidemi-
ology. Assume we face a disease outbreak. The government has provided us with
a function yielding the expected cost of the disease which depends on the basic
reproduction rate Ry, which indicates the expected number of people one infected
person will infect in a population where everyone is susceptible. We seek to infer
Ry and the expected cost of the outbreak.

The SIR model divides the population into three compartments: people who
are susceptible to the disease, those who are currently infected, and those who
have already recovered. The dynamics of the outbreak are modelled by a set
of differential equations

ds 1
= ——pS=,

with parameters § and . S, I and R correspond to the number of people susceptible,

dR

dl I
s a1, g 6.19
dt b N dt T ( )

infected and recovered, respectively. The size of the total populationis N = S+ 1+ R.
Roughly, 5 models the constant rate of infectious contact between people, while
v is the constant recovery rate of infected individuals. From these parameters we
can calculate the basic reproduction rate Ry = /7. We assume v to be known,
and we want to infer § and the initial number of infected people Iy. The full
statistical model along with the cost function which is defined with respect to
Ry is given in Appendix C.5.

This scenario is a good use case for EPT because we are interested in estimating

a specific expectation with high accuracy. Furthermore, our cost function has some
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Figure 6.4: Relative squared error and effective sample size for the SIR experiment.
Conventions as in Figure 6.3. Medians and quantiles are computed over 5 runs for different
random seeds.

outcomes which might have low probability under the posterior but which incur
a very high cost. These outcomes are liable to be missed by non-target-aware
schemes, leading to extremely skew estimators that almost always underestimate
the expectation.

Figure 6.4 compares the performance of the estimators. Since this problem is not
amenable to an analytic solution, we estimate the ground-truth using a customized
IS estimator with orders of magnitude more samples than estimates presented in the
plot (see Appendix C.4). We see that our approach substantially improves on the
baselines, with MCMC (here HMC) failing to provide any meaningful estimate; it
produces no samples where f(#) is significant. EPT" is able to overcome this through
its use of a separate estimator for v(6)f(0). The fact that MCMC does far worse
than AnlS, despite neither being target-aware, stems from the latter producing a
greater diversity of (weighted) samples, a small number of which land in regions

of high f(6) by chance, see Appendix C.10 for discussion.

6.5.3 Hierarchical Radon Concentration Model

Our third problem setting is a Bayesian hierarchical model for the radon concentra-
tion in households in different counties, adapted from Gelman and Hill [2006]. For
the j*" house in county i, we would like to predict the log radon concentration y;;
inside the house. For each house we have a covariate x;; which is 0 if the house has

a basement, and 1 if it does not. With this setup, the model is defined as

e ~ N(0,10), a; ~ N (pte,0.12), (6.20)
5 ~ N0, 10), B~ N(115,0.22), (6.21)
¢ ~ HalfCauchy(0, 5), Yij ~ N(oi + Bixij, €). (6.22)
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Table 6.1: Final estimates for the Radon
experiments. Mean and standard deviation
estimated over 10 runs.

METHOD FINAL ESTIMATE

‘ EPT 3.74e—8 + 2.39e—9
10" 10° 10° 10 Ta
Number of Samples ANIS 1.15e—9 £ 3.02e—9
MCMC 7.79e—18 + 2.46e—17

Figure 6.5: ESS plots for the Radon experi-
ment. Conventions as in Figure 6.3; estimates
based on 10 runs/seeds.

We now want to find out whether the radon level in all households is below an
acceptable level, taking this threshold to be 4pCi/L. The probability of this event
is equal to the expectation under the posterior of a step function f(0). However, to
allow the use of HMC transition kernels we use a logistic function as a continuous
relaxation of this step function. See Appendix C.6 for more details.

This problem cannot be solved analytically and estimating the ground-truth with
sufficient accuracy is computationally infeasible. We, therefore, resort to comparing
EPT and AnlS based on their ESSs, noting that a low ESS almost exclusively
means a poor inference estimate, while a high ESS is a strong (but not absolute)
indicator of good performance. As we can see in Figure 6.5, EP'T" outperforms
standard AnlS by several orders of magnitude. Additionally, Table 6.1 presents the
final expectation estimates for each method. All methods differ in their estimates.
However, EPT is the only one where the standard deviation of the estimate is
small relative to its mean estimate, which, coupled with our ESS results, provides
strong evidence that it is significantly outperforming the baselines. In particular,
it seems clear that the MCMC (here HMC) estimate is very poor, as its estimate
is many orders of magnitude smaller than the others, confirming that it has failed

to produce any samples in regions where f(f) is non-negligible.

6.6 Conclusion

We have introduced the concept of expectation programming which describes the
process of encoding expectations programmatically and automating their estimation
in an efficient, target-aware manner. This concept is realized in EPT, which is
based on Turing, and we have shown that EPT estimates expectations effectively

in practice through a combination of program transformations and target-aware
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estimators. The modularity of EPT means that it can easily be built on by others
through alternative base inference algorithms or target-aware strategies.

As EPT relies on TABI as its main estimation engine, the potential computational
gains that can be achieved by TABI (in comparison to traditional inference
pipelines) will increase with the mismatch between the posterior density and
the target function.

Future work. We believe the introduction of the expectation programming
concept can pave the way for exciting future advances. EPT focuses on the
automation of TABI estimators but other implementations focusing on different
approaches are conceivable, for example, systems targeting the automatic synthesis
of control variates for a given input program, just as there are different PPSs

focusing on distinct inference algorithms.



Conclusion

We began this thesis by describing science as a continuous process of: 1) constructing
models of the world, 2) calibrating the models to observed data, 3) testing the
model predictions against unseen data, and going back to step 1 to revise the model.
Probabilistic programming systems provide us with a powerful framework to specify
probabilistic models. However, seemingly simple programming constructs such
as branching and loops can lead to new types of inference problems that require
new algorithms to tackle them. Not only that, while estimating the posterior is
the fundamental computational challenge in a Bayesian framework, the overall
scientific workflow has many other aspects that need to be considered when building
models in practice. Hence, when designing our probabilistic programming systems,
it is worth not only to consider how to automate inference but also to think more
holistically about the overall workflow of building and using models. In this thesis,
we touched on multiple aspects on how to improve and expand the existing set
of tools and algorithms for this.

In Chapter 4, we showed that breaking down the program into its individual
program paths provides a powerful mechanism to construct flexible variational
families. By decomposing the variational family as a mixture over program paths,
we can consequently decompose the ELBO objective, resulting in an optimization
process that can be easily parallelized over the program paths.

Chapter 5 started the theme of thinking more deeply about practical applications
of probabilistic programming. When running inference on real-world data, we need
to consider the fact that our models are misspecified. By relating the posterior in

programs with stochastic support to Bayesian model averages, we showed that this
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class of programs is particularly sensitive to model misspecification. Specifically,
the posterior weights assigned to individual program paths can vary highly with
small changes in the input data. We can produce more stable weights by optimizing
the path weights based on predictive objectives instead of weighting the paths
proportional to their normalization constant.

Chapter 6 demonstrated that it is worth thinking beyond the standard task
of inference. The end goal of many workflows is to estimate expectations and if
we can define the expectation in question ahead of time, we can leverage target-
aware inference algorithms that lead to more accurate estimates. The framework
of expectation programming allows users to automate the application of these

target-aware algorithms, with big computational gains in practice.

7.1 The Place of Probabilistic Programming in
a Deep Learning World

To conclude, it makes sense to step back and think about how probabilistic
programming fits into the current wider machine learning research landscape. A
lot of machine learning research has been driven by the goal of building systems
that can reason and understand the world in a human-like way.

Broadly speaking, there are two dominant schools of thought on how to achieve
this goal: the first believes that deep learning architectures based solely on neural
networks are enough to reach this goal [LeCun et al., 2015, Schmidhuber, 2015],
while the second believes that deep learning is fundamentally insufficient and instead
we need to build systems which explicitly reason over “symbols” [Tenenbaum et al.,
2011, Lake et al., 2017]. Proponents of the second school of thought often argue
that probabilistic programming systems provide a natural framework to build
such reasoning systems because Bayesian reasoning resembles how humans learn
new concepts [Lake et al., 2015].

In the last couple of years, the “deep learning” school has demonstrated
remarkable success in many domains, most notably in building so called “foundation
models” [Bommasani et al., 2021] which are big deep learning models trained on
large and potentially multi-modal datasets [Team Gemini et al., 2023, Achiam et al.,
2023, Touvron et al., 2023|. Rather than building models that can incorporate more
domain knowledge or reasoning tools, the biggest progress has been made by simply
scaling up flexible base architectures and training them on the largest possible
datasets [Vaswani et al., 2017, Rae et al., 2021, Brown et al., 2020]. A key principle

has been to constrain the deep learning architectures only with a minimal set of
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“inductive biases” and then let the learning algorithm—most often stochastic gradient
descent—figure out the rest, instead of providing an extensive list of hard-coded rules.
On the outset, it seems then that the deep learning approach has won the
argument for how to build intelligent systems and that elaborate systems that reason
over symbols are not needed. However, despite their success, current foundation
models, especially large language models (LLMs) for natural language processing,
also have critical flaws, e.g. their tendency to produce hallucinations and incoherent
reasoning [Achiam et al., 2023, Bubeck et al., 2023]. One potential avenue to tackle
these flaws is to integrate deep learning architectures with programming abstractions
and Bayesian reasoning (as argued for by e.g. Wong et al. [2023]). Probabilistic
programming systems could then be used as a layer on top of pre-trained foundation
models to imbue the deep learning architectures with reasoning capabilities.

Whether the probabilistic programming approach can truly make a difference in
this domain still has to be proven, though. Crucially, it might fall victim to the
“Bitter Lesson” described by Rich Sutton [Sutton, 2019]: seemingly elegant and
clever methods are time and time again beaten by the “brute-force” approach of
simply throwing more data and computing power at a problem. However, it is at
least a research direction that is worth exploring and could potentially be an area
in which probabilistic programming will be able to make a significant impact.

Not all of machine learning research is focused on building models that can
reason and understand the world in a human-like way, though. There is a whole host
of problem domains outside the classical Al tasks of vision and natural language
processing where probabilistic programming can thrive and is already successful.

In many statistical tasks, we are often actually limited by the amount and quality
of data we have access to, e.g. in election forecasting, clinical trials, or epidemiology.
Probabilistic programming has been tremendously successful in these settings, as
a way to champion the usage of Bayesian statistics and allowing practitioners to
incorporate their domain knowledge into their models. These domains also continue
to be a fruitful area for future research in probabilistic programming, as they are
always in need to run inference in more complex models.

Additionally, in some scientific applications, the useful inductive biases that we
need might have to be encoded in the form of simulator models. Compared to tasks
such as language generation, many scientific prediction tasks satisfy well-known
constraints and rules. For example, we know that for weather and climate predictions
the overall underlying physical system conserves energy. While deep learning has
recently shown initial successes in atmospheric modelling on short-term weather
prediction tasks [Bi et al., 2022, Kurth et al., 2023, Lam et al., 2023], these deep
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learning models often do not account for physical constraints which makes them fail
to reliably generalize in settings outside their training regime [Kochkov et al., 2023].

A solution to this could lie in combining the strengths of deep learning with the
physical constraints of climate models, by having simulators in which parts of the
program are specified based on domain knowledge and others that are learned from
data. Early examples of this approach, notably Neural General Circulation Models
[Kochkov et al., 2023], have shown promising results in the context of weather
modelling. This is similar to earlier work in PPSs which has already advocated for
so-called deep probabilistic programming [Tran et al., 2017, Bingham et al., 2019,
van de Meent et al., 2018] in which parts of a program are learnable components
and this could prove to be a promising approach in the future.

Finally, while deep learning techniques provide us with extremely powerful
mechanisms to make predictions from data, they often do not necessarily advance our
understanding of the underlying systems. Fundamentally, probabilistic programming
systems are tools to build probabilistic models of the world. Then, as long as
humans are interested in improving their understanding of the world, probabilistic

programming will continue to be a valuable tool for scientists to express their models.
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Appendix: Rethinking Variational
Inference for Probabilistic Programs with
Stochastic Support

A.1 Details on Resource Allocation

A.1.1 Background on Successive Halving

Successive Halving (SH) divides a total budget of T iterations into L = [log,(K)]+1
phases and starts by optimizing each of K candidates, in our case the SLPs,
for |T/(KL)| iterations. It then ranks each of the candidates in terms of their
performance, in our case the values of exp(Ly), before eliminating the bottom
half. This process then repeats, with each of the remaining candidates run for
271T /(K L) iterations at the /-th phase. This results in an exponential distribution
of resources allocated to the different candidates, with more resources allocated
to those that are more promising after intermediate evaluation.

Adapting it to our setting of treating the problem as a top-m identification is done
by simply using L = [log,(K) — logy(m)| 4+ 1 phases instead of L = [log,(K)| + 1.

A.1.2 Online Resource Allocation

Here, we present an online version of Algo. 4, where the term ‘online’ refers to
the fact that the algorithm considers more and more SLPs as the computational
budget increases. The online variant of the algorithm is useful if a user is unsure

about the total iteration budget that they want to spend on the input program.
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Algorithm 6 Online SDVI

Require: Target program 7, iteration budget per SH run 7', minimum no. of SH
candidates m, parameter controlling a > 0 exploration

1: Extract SLPs {v;}5_, from v and set C = {1,..., K}

2: Formulate guide ¢ for each SLP and initialize parameters ¢y

3: tp, =0forall keC

4: while Stopping criteria not satisfied do

5: CC

6: Phases in successive halving L = [log,(|C|) — logy(m)] + 1

7 for(=1,...,L do

8: Number of iterations n; = [%J

9: for ke C’ do

10: Perform n; optimization iterations of ¢y targeting Loy k(ok)

11: Estimate Lok (¢r) using Monte Carlo estimate of Eq. (4.22)

12: tp =1, + 1y

13: end for

14: Remove min(||C'|/2],|C'| — m) SLPs from (' with the lowest
eXp(Oé ‘Csurr,k ((bk))/tk

15: end for

16: Extract new SLPs from v and add them to C, set ¢y = 0 for each new SLP
with index &’

17: end while

18: Truncate g outside of SLP support, Oy, using Eq. (4.24)

19: Estimate each L (¢x) using Monte Carlo estimate of Eq. (4.13)

20: Calculate ¢(k; \) according to Eq. (4.15) and return ¢(0; ¢, A) as per Eq. (4.6)

This user might want to run SDVI with an initial iteration budget 7} and after
having observed the results, they might decide that they want to keep further
optimizing the guide parameters. We therefore need to adapt Algo. 4 so that it
can be ‘restarted’ after it has terminated. A naive approach to this would be to
simply run Algo. 4 again but re-use the g;’s for the SLPs that have already been
discovered and only initialize the ¢; from scratch for SLPs which have not been
seen before. However, this scheme is limited as it disproportionately favours SLPs
which were discovered in the previous run. This is because for those SLPs the local
ELBOs will already be relatively large compared to the newly added SLPs. As
a consequence, SH will not assign significant computational budget to the SLPs
that were added after the algorithm was restarted.

To safeguard against this behaviour we instead propose an online version of SDVI
in Algo. 6 which is using a modified ‘reward’” for SH. Instead of ranking the different
SLPs according to Ly (¢x(tx)) we instead propose the objective exp(aLy(ox(tr)))/tr

where 0 < a < 1. The reward is scaled by the reciprocal of t; because we are no
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longer aiming to select the SLPs with the highest L£x(¢x(tx)) but instead aim to
choose the SLPs which have been ‘underselected’ compared to other SLPs; assuming
we should have selected them in proportion to exp(aLly(¢x(tx))). The scaling by
the scalar « is a further mechanism to encourage more exploration, with setting
a = 0 equivalent to uniform sampling in the limit of repeated SH runs. Since this
adapted objective takes into account the computational budget that was spent on

each SLP, it is a more suitable objective when running SH repeatedly.

A.2 Details for Training Local Guides

A.2.1 Density Estimation of the Prior

Before we can define the KL divergence we first have to carefully define global
and local prior distributions. We first define what we informally call the global
“prior” distribution of the program as the product of all the terms added to the

program density by the sample statements

ng
7Tprior(‘glzng) = Hgai (91’771) (A1>
i=1

However, here we are using the term prior only informally, since (A.1) is not a prior
in the conventional Bayesian sense since the 7; can be functions of the observed
data y. Note that here ng in (A.1) is again a random variable since the raw
random draws 6.,, of the program do not necessarily have fixed length. Then

similarly we define local ‘prior’ distributions

ﬂ-prior,k’(elznk) — ]I[‘glink € @k] Hi=1 9AL[i] (91|771> _ H[lek € Gk]ﬂ-prlor<01:nk)’ : (AQ)

Zprior,k Zprior,k

where

Zprior,k = f H[e € @k] 7"-prior(e)de- (A?))
(€]

Note that for our purposes we will never actually have to estimate Z,;o 1, we only
defined it to ensure that 7., is a normalized density. This allows us to define

the forward KL divergence which we would like to optimize with respect to ¢y

- prior, 0
KL (tpiors(8) || @(6560)) = Er.oo 10 [1og W] (A4)

which we can rewrite as

= Eriorn @ 108 Tpriork (0)] — Ex_ .. 0) [l0g §(0; dr)] -
(A5)
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The first term is a constant with respect to ¢, and therefore does not affect
the optimization

% Erpior(0) [~ 108 (63 01)] (A.6)

then by the definition of Ty (6) in Eq. (A.2) this is equivalent to

- E..0bcOlloganBia)]. (A7)

Zprior,k

Finally, Z, ior is a constant with respect to ¢, and can be dropped

oC Eﬂprior(g) [—]1[9 € ®k] 10g qk(g, ¢k>] . (A8)

We can estimate the gradients of the objective in Eq. (A.8) using a Monte

Carlo estimator

1

N ¢
J

I[29) € ©),]V, log e (zY); k, o)

M=

Ve Ero o) [ 1[0 € O] log 4 (6; k, )] ~

1

(A.9)
where ) are raw random draws generated by executing the input program
forward. These gradient estimates can then be used in a stochastic gradient descent
optimization procedure. In our experiments, we generate a fixed set of N samples and
re-use the same set of samples for the entire optimization process. Other approaches
are also possible such as periodically collecting a new set of samples and using local

MCMC moves to collect samples instead of repeatedly sampling from the prior.

A.3 Additional Details for Experiments

For all experiments that rely on optimization we use the Adam optimizer [Kingma
and Ba, 2015]. The experiments were executed on an internal cluster which uses

a range of different computer architectures.

A.3.1 Model From Figure 4.1

Listing A.1: Pyro Code for Figure 4.1.

import pyro
import pyro.distributions as dist

def model ():
x = pyro.sample("x", dist.Normal (0, 1))
if x < 0:
z1l = pyro.sample("z1l", dist.Normal(-3, 1))
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else:
z1 = pyro.sample("z2", dist.Normal (3, 1))

X = pyro.sample(
"x", dist.Normal(zl, 2), obs=torch.tensor (2.0)
)
guide = pyro.infer.autoguide.AutoNormalMessenger (model)
optim = pyro.optim.Adam({"1r": 0.01})

svi = pyro.infer.SVI(
model, guide, optim, loss=pyro.infer.Trace_ELBO()
)

for j in range (2000):
svi.step ()

The full Pyro code for the model in Fig. 4.1, including automatically generating
and training the guide is given in Listing A.1. The code for BBVI and SDVT is
provided in the code supplementary. For Pyro’s AutoGuide and BBVI we run the
optimization for 2000 iterations with a learning rate of 0.01. Similarly, for SDVI
we have a total iteration budget of T = 2000 and use a learning rate of 0.01; we

set the minimum number of SH candidates to m = 2

A.3.2 Program with Normal Distributions

For SDVI, we use 10 samples from the prior to discover SLPs. To train the local
guides to place support within the SLP boundaries we collect 10> samples per SLP
and optimize the objective in Equation (4.23) for 10? iterations. We run Algorithm 4
with a total budget of T' = 10° with 5 particles for the ELBO and to estimate the
final SLP weights we use 10® samples per SLP. We use a learning rate of 0.01.
For Pyro AutoGuide, we run the optimization for 10° steps with 1 ELBO particle.
For BBVI, we run the optimization for 10* steps with 10 ELBO particles. For

both we use a learning rate of 0.01.

A.3.3 Infinite Gaussian Mixture Model

For SDVI, we use 10® samples from the prior to discover SLPs, run Algorithm 4
with a total budget of T' = 2 + 10* with 10 particles for the ELBO and to estimate
the final SLP weights we use 10? samples per SLP. We use a learning rate of 0.1.

For BBVI, we run for 2 * 10* iterations using 10 particles for the ELBO and
a learning rate of 0.1. In the guide, we use a categorical distribution for number

of components K over the range K € [1,25]. We ran initial experiments with
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instead using a Poisson distribution paramterized by the rate but we found this
leads to an explosion in the number of components in the guide which resulted in
the program running out of memory. For each p; the variational approximation
is a diagonal Normal distribution parameterized by the mean and the diagonal
entries in the covariance matrix.

For DCC, we run for 200 iterations, at each iteration we run 10 independent
RMH chains generating 10 samples and to get a marginal likelihood estimate
we use PI-MAIS [Martino et al., 2017] which places a proposal distribution (in
our case a Gaussian) on the outputs of the RMH chains and samples from this

proposal M times; we set M = 10.

A.3.4 Inferring Gaussian Process Kernels

A.3.4.1 Model Details

Our probabilistic context-free grammar for the kernel structure has the production

rules

K — SE|RQ|PER |LIN | K x K| K+ K. (A.10)

with the production probabilities [0.2,0.2,0.2,0.2,0.1,0.1]. On each base kernel
hyperparameter we place an InverseGamma(a = 2,3 = 1) prior. For each base

kernel the specific hyperparameters we wish to do inference over are:!

Squared Exponential (SE): Lengthscale

Rational Quadratic (RQ): Lengthscale, Scale Mixture

Periodic (PER): Lengthscale, Period
 Linear (LIN): Bias

Assuming we have N observations with inputs x € R" and outputs y € RY our

model can then be written as
K ~PCFG(), o ~ HalfNormal(0,1), y ~ N(0,K(x) + o°I) (A.11)

where PCFG() samples a kernel (and its hyperparameters) from the probabilis-
tic context-free grammar and K(x) is the N x N covariance matrix computed

from kernel K.

'We use the same naming conventions as the Pyro Docs at https://docs.pyro.ai/en/stable/
contrib.gp.html#module-pyro.contrib.gp.kernels.


https://docs.pyro.ai/en/stable/contrib.gp.html##module-pyro.contrib.gp.kernels
https://docs.pyro.ai/en/stable/contrib.gp.html##module-pyro.contrib.gp.kernels
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A.3.4.2 Algorithm Configurations

For SDVI, we use 103 samples from the prior to discover SLPs, run Algorithm 4
with a total budget of T' = 10° with 1 particles for the ELBO and to estimate the
final SLP weights we use 10? samples per SLP. We use a learning rate of 0.005.
For BBVI, we run for 10° iterations using 10 particles for the ELBO and a
learning rate of 0.005. The guide uses a log-normal distribution for the kernel
hyperparameters and the observation noise, and for the discrete variables which
influence the kernel structure we use categorical distributions. For DCC, we run
for 103 iterations and otherwise use the exact same hyperparameters as in the

Gaussian Mixture Model experiment.

A.4 Additional Experimental Results

A.4.1 Program with Normal Distributions

For completeness we include here the
results for DCC on the model from
Sec. 4.6.1. DCC does not have the same
fundamental limitations as the BBVI

baselines therefore is competitive with 10% 10* 10°
Computational Cost

== DCC

10—4 1 ===+ Pyro AutoGuide
BBVI

= SDVI

Squared Error

SDVI and provides a similar squared

error for the SLP weights. In fact, it is Figure A.1: Squared error for the model in
§ 4.6.1 with DCC baseline. Conventions as

quite impressive that SDVI is able to in Fig. 4.2a.

match the performance of DCC because

DCC leverages marginal likelihood estimators which asymptotically converge to
the true marginal likelihood whereas SDVI calculates the weights based on the
ELBO. This is therefore a further indicator that for this model SDVI is able to

provide good posterior approximations for each SLP.

A.5 Difficulties of Parameter Learning for Models
with Stochastic Support

In static support settings, one often uses variational bounds not only as a mechanism
for inference, but also for training model parameters themselves [Kingma and
Welling, 2014, Rezende et al., 2014]. Using our notation from Sec. 4.2.2, this setting
corresponds to having model parameters, ¢, that we wish to optimize alongside the

variational parameters, ¢, such that the unnormalized density can be written as
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v(0;1), with corresponding normalization constant Z(v)). The ELBO then depends
on both the variational and model parameters L(¢,v) 1= Eqq.4) [log 70%)/g6:0)].
Provided Z(v) is differentiable with respect to v, both ¢ and ¢ can then, at least
in principle, be simultaneously optimized using stochastic gradient ascent.

However, similar as to the case of pure inference, naively extending this scheme to
models with stochastic support is non-trivial and quickly runs into both conceptual
and practical problems.

Parameters, 1;, that are inherently local to only a single SLP can be dealt
with straightforwardly: as Vy, £, = 0 V{ # k for such parameters, we can simply
ignore parameters not associated with the SLP we are updating, that is we only
take a gradient step for {¢y, 1} on Line 5 of Algo. 4.

Problems start to occur, though, in the more common scenario where parameters
are shared between SLPs, in the sense that they influence more than one 7. Consider,
for example, the GP model from Sec. 4.6.3 and assume that instead of doing inference
over the observation noise, o, we instead wish to treat this as a learnable parameter
instead. Here o could be seen as a ‘global’ model parameter as it appears in every
SLP, so could be viewed as shared between them.

This now creates an issue in ‘balancing’ updates from different SLPs; the need to
learn a shared ) breaks the separability between inference problems for individual
SLPs. Consequently, we can no longer directly treat how often we update each
SLPs as just a resource allocation problem: making more updates on a given
SLP now increases the influence that SLP has on the i) which are learned. This
problem is unlikely to be insurmountable—one could maintain a running estimate
of q(k; \) during training and then use this to either directly control the resource
allocation or scale the updates of ¢ depending on how often the corresponding
SLP has been used—but it does represent a notable complication that would
require its own careful consideration.

Beyond this specific practical challenge, there is also a more fundamental
and general issue for parameter learning under stochastic support: should shared
parameters be treated globally when we are learning them? Going back to the
example of the observation noise, o, in our GP example, it will actually be quite
inappropriate here to learn a single global value for o, as the optimal observation
noise will be different depending on the kernel structure. Thus, though the variable
is shared between SLPs in the program itself, it would be advantageous to learn
separate values for it for each SLP, regardless of the inference approach we take.

The natural solution to this issue would be to perform parameter learning

separately for each SLP, e.g. learning a separate o, for each SLP in the GP example
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above. However, this raises a variety of issues in its own, not least the fact that the
inference algorithm will now start to influence the model itself: SDVI and BBVI
will learn fundamentally different models. There may also be settings where it is
important for a parameter to be truly global and thus shared across the SLPs, e.g.
because such sharing is an explicit prior assumption we wish to make.

Further problems occur when we consider that it is also feasible for learnable
parameters to influence the control flow of the program, or even the set of possible
SLPs. For example, a learnable parameter could impact the maximum possible
recursion depth of a recursive program. This will create challenging interactions
between SLPs: updates of one will influence the desirable behaviour for the
variational approximation of another. In turn, this can substantially complicate
the resource allocation process and even the SLP discovery process itself.

Together, these aforementioned issues demonstrate that parameter learning for
models with stochastic support is a complex issue, requiring specialist consideration

beyond the scope of the current work.

A.6 Issues with Directly Training Local Guides

A natural question one might ask with the SDVI method is why do we not directly
train g to (4.13) by treating it as an implicit variational approximation defined
by ¢r? Namely, we can express (4.13) in terms of g, as follows

1 Vi (6)

which, in principle, could be directly optimized with respect to ¢y.

There are unfortunately two reasons that make this impractical. Firstly, though
Zk((bk) can easily be estimated using Monte Carlo, we actually cannot generate
conventional unbiased estimates of log Z(¢y) and 1/Z,(¢y) (or their gradients)
because mapping the Monte Carlo estimator induces a bias. Second, this objective
applies no pressure to learn a ¢, with a high acceptance rate, i.e. which actually
concentrates on SLP k. such that it can easily learn a variational approximation
that is very difficult to draw truncated samples from at test time.

By contrast, using our surrogate objective in (4.22) allows us to produce unbiased
gradient estimates. Because of the mode seeking behaviour of variational inference,
it also naturally forces us to learn a variational approximation with a high acceptance
rate, provided we use a suitably low value of c. If desired, one can even take ¢ — 0

during training to learn an approximation which only produces samples from the
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target SLP without requiring any rejection. Figure A.2 shows that empirically we
learn a ¢, with a very high acceptance rates for the problem in Section 6.1.
Note that the surrogate and true ELBOs are exactly equal for any variational
approximation that is confined to the SLP (as these have Z;(¢y,) = 1). This does
not always necessarily mean that they have the same optima in ¢, for restricted
variational families, even in the limit ¢ — 0. However, such differences originate
from the fact that the truncation can itself actually generalize the variational
family (e.g. if ¢ is Gaussian, then g, will be a truncated Gaussians). As such,
any hypothetical gains from targeting (4.13) directly will always be offset against

drops in the acceptance rate of the rejection sampler.
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Figure A.2: Acceptance rates for evaluating the local ELBOs in each SLP for the model
from Sec. 4.6.1. Each plot represents a separate SLP; the plot with “SLP i” corresponds
to the SLP with z =i in Eq. (4.6.1). We can see that for all SLPs the acceptance rate
approaches 1 with more iterations, confirming the mode seeking behaviour that arises
when maximizing the surrogate ELBO in Eq. (4.22).



Appendix: Beyond BMA over Paths

B.1 Probabilistic Programs without Predictive
Distribution

def model(y):
# Input data is a list of length 2
if y[0] > 10:
x = sample("x1", Normal (10, 1))
sample("y1", Normal(x, 10), obs=y[0])
sample ("y2", Normal(y[0], sqrt(y[0]l)), obs=yI[1])
else:
x = sample("x2", Normal(O0, 1))
sample("y1", Normal(x, 1), obs=y[0])
sample ("y2", Normal(y[0], 1), obs=y[1])

Figure B.1: Example of a probabilistic program without a predictive distribution.

Conventionally, in Bayesian statistics the modeller defines a prior p(f) and
predictive distribution p(y; | €). Then for a dataset y = (y1,...,yn), these two
ingredients together define the joint density p(6,y) = [, p(v: | 0) p(d) from which
can compute the posterior p(f | y)axp(f,y). In order to predict new data g, we

can then use the posterior predictive distribution defined as

p(5|y) = j p(716)p(8 | y)dz. (B.1)

However, more generally, the joint density does not necessarily factorize in this
manner which makes it more difficult to automatically deduce a prediction task from

the model alone. Additionally, in the setting of universal probabilistic programming

122



B. Appendiz: Beyond BMA over Paths 123

languages the input data can directly influence the model definition as well. Take
for example the Pyro program in Fig. B.1. Here, the input data y directly influences
what sample statements we encounter during execution. Furthermore, in both
sample statements with address "y2" the distribution depends on the first data
point y[0]. Therefore, just from this program definition alone, it is not clear what

exactly a reasonable predictive distribution for a new data point would be.

B.2 PSIS-LOO Approximation

We here only give a brief description of the PSIS-LOO approximation as it is a
common procedure. We refer the reader to Vehtari et al. [2017] for full details
on the approximation and to Vehtari et al. [2015] for more details on PSIS. We

want to approximate the local posterior predictive
il | v-i) = | I | 6) 8| -0t (B2)
Ok

which can be rewritten in terms of the posterior of the full dataset as

me(0 | y—i)
J@k Wk(e | yl:N)
Importantly, the ratio in that integral is proportional to a term that only depends
on the individual predictive density

- 1 (0 | y—i)
v hi(yi | 0)  me(0 | yrin)

Hence, we can use a self-normalized importance sampler to get an estimate of
Eq. (B.3) as follows

(B.4)

Dser, 7 My | 05)
pr(yi | y—i) ~ =+ ; (B.5)
Zselk Ti

where 17 = 1/hi(y; | 05) and 6, are (approximate) samples from the posterior.
However, these ratios 7§ can often have high variance since 7 (6 | y1.5) will usually
have lower variance and thinner tails than (0 | y_;), in turn, leading to unstable
estimates. To avoid these instabilities, the PSIS-LOO approximation replaces
the ratios r; with smoothed importance weights 7. The importance weights are
computed by fitting a generalized Pareto distribution to the raw ratios r; and
replacing them with the expected order statistics of the fitted Pareto distribution.
This then leads to the estimate

Zse[ st hk(yz ’ 08)
Pe(yi | y—i) = : 5 : (B.6)
Zselk Vi
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def pyro_subset_regression(X, y, X_val, y_val):
k = pyro.sample(

llkll ,
dist.Categorical (torch.ones(X.shape[1]) / X.shapel1l]l),
infer={"branching": Truel},

)
X = X[:, kI
beta = pyro.sample(

f"beta_{k.item()}", dist.Normal (0, np.sqrt(10)))
sigma = pyro.sample("sigma", dist.Gamma (0.1, 0.1))
mean = X * beta
with pyro.plate("data", X.shape[0]):

pyro.sample("y", dist.Normal (mean, sigma), obs=y)

X_val = X_vall[:, kIl
mean_val = X_val * beta
return dist.Normal (mean_val, sigma).log_prob(y_val)

Figure B.2: Pyro program for the experiments in Sec. 5.6.2.

B.3 Implementation details

To be able to evaluate the stacking objective defined in Eq. (5.19) we need
access to pr(7¢), the estimates of the predictive densities. These, in turn, depend on
the evaluations of the predictive densities. Hence, given validation data 71, ..., 7.
and posterior samples 6y, ..., 0g, for stacking we require the evaluations g(g, |
65). Note that the local posterior predictive distributions py(g¢) are expectations
under the posterior.

This is important because previous work noted that in the context of probabilistic
programming these types of expectations can be formalized as the expected return
values of a program [Gordon et al., 2014, Zinkov and Shan, 2017, Reichelt et al.,
2022b, Lew et al., 2023]. Then to apply stacking, we require the user to define a
program in which the return values for a given sample 6, are the predictive density
evaluations ¢(7; | 0s),...,9(9zL | 0s). For our Pyro implementation this means that
we require the user to define a program which returns an L-dimensional vector which
correspond to the (log) predictive density on the validation data points. Fig. B.2
shows how this can be done for the subset regression model from Sec. 5.6.2.

To actually compute the stacking weights we rely on Pyro’s Trace! data structure
which saves important metadata of each program execution such as the distribution
type of each sample statement, the corresponding sampled value, its address, and,
crucially, also the return value of the program. Algorithm 5 can then be implemented

as a simple function which takes as input a list of posterior samples in the form

lhttps://docs.pyro.ai/en/stable/poutine.html#trace
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of Pyro Traces. Because each Trace stores the address path of a given run, we
can easily determine the set of SLPs and associate each sample with its SLP.
From the Trace data structure we can then also extract the return values i.e. the
evaluations log g(7, | 65). From these evaluations we can calculate the estimates
Pr(Je¢) which are needed in our stacking objective in Eq. (5.19). The optimization
of the objective is done using SciPy’s [Virtanen et al., 2020] implementation of
the L-BFGS-B optimizer [Liu and Nocedal, 1989].

Similarly, to Zhou et al. [2020] and Reichelt et al. [2022a] we also allow
the user to annotate specific discrete sampling statements to indicate that they
influence the SLP of the program. In our implementation, this is done by passing
{"branching": True} to the infer keyword argument of Pyro’s sample statement.
Using this annotation the inference backend can then control which SLP of the
program is sampled by conditioning these sample statements on specific values.
Furthermore, these annotations allow the inference backend to deterministically
enumerate all SLPs. In our implementation, we give the user to enumerate all SLPs
using breadth-first search, i.e. in the enumeration procedure we run the program
as normal but if we encounter an annotated sampling statement we enumerate
the whole support of the distribution and put each possible sampled value onto
a queue. Once enumeration of a sample site has finished, execution resumes by
popping a value from the front of the queue and continuing executing the program
from the sample statement from which the value was sampled. This enumeration
procedure is similar to how marginalization of discrete sample sites is implemented
in Pyro. Note that we are assuming that each annotated discrete sample site
has finite support. Future implementations could deal with finite support by

truncating the sampling distribution.

B.3.1 Alternative Interface for Stacking

def model_average (models, model_args, model_kwargs):
k = pyro.sample(

llk” ,
dist.Categorical (torch.ones(len(models)) / len(models)),
infer={"branching": Truel},

)

return models [k] (*model_args, **model_kwargs)

Figure B.3: Alternative interface to enable stacking of a list of user-specified models.

The main aim of our paper is to highlight the shortcomings of the default BMA

weights in posteriors of probabilistic programs with stochastic support. However,
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as a side-effect our Pyro implementation also provides a convenient mechanism for
users to utilize stacking. Probabilistic programs with stochastic support allow users
to encode a large class of problem settings, including the traditional BMA setting.
However, in some cases, for convenience, users might not wish to write a single
program with stochastic support which encodes all the different models in the BMA.
Instead, the user might want to write K separate programs, each with static support,
and then want to apply either BMA or stacking to that list of models. However,
this interface is easily encoded within our framework because the user only needs
to write another program which combines all the models together. This program
is shown in Fig. B.3, it takes as input a list of Pyro models, and the arguments
that should be passed to these models. The program then samples an index £ and
chooses one of the candidate models. Running standard inference in this program
would correspond to BMA. If the user instead wants to run stacking instead of BMA,

they can simply choose our stacking implementation and apply it to this program.

B.4 Experimental Details and Additional Results

To make the stacking approach widely applicable we implemented a version of the
DCC framework in Pyro [Bingham et al., 2019]. For our implementation of DCC, we
assume that all the stochastic branching happens on variables with discrete support
and that the remaining latent variables in the program are continuous. Models of
this form then permit the usage of Pyro’s built-in Hamiltonian Monte Carlo [Neal,
2011, Hoffman and Gelman, 2014, Betancourt, 2018] as the local inference algorithm.
To improve efficiency, our implementation also leverages Pyro’s just-in-time (JIT)
compilation ability to compile each SLP. Note that leveraging Pyro’s JIT compilation
is possible due to breaking down the original program into its SLPs because by
default the JIT compilation cannot handle programs with stochastic support.
Our experiments were conducted on an internal compute cluster which consists
of a mix of Intel Broadwell, Haswell, and Cascade Lake CPUs. In general, we
use 16 cores to parallelize our computation and running a single replication of
an experiment finishes in a matter of minutes if not seconds. An exception is
the function induction experiment in Sec. 5.6.3 which takes around 3 hours for

a single replication, using 32 cores.
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Figure B.4: Impact of varying regularization parameter 5 on the computed SLP weights.
Smaller values of 3 lead to more regularization, pushing the SLP weights more towards
the uniform distribution over SLPs.

B.4.1 When is Stacking Helpful?

For each setting we collect 10> HMC samples from each SLP with 400 burn-in
samples. To estimate the normalization constant for the dominant SLP setting we
use a proposal of q(f1,60y) = N (61;0,1)T'(0;1,1) with 10° samples.

Overall, the experiments show that stacking is particularly useful if there are
multiple SLPs which fit the data roughly equally well (with respect to the local
normalization constant). In these cases, the SLP weights are at risk of being
unstable and stacking can provide a more robust weight estimation procedure. On
the other hand, if there is one dominant SLP which clearly performs better than
all the other SLPs then we would expect there to be less to gain from stacking,

as the weights will already be fairly stable.

B.4.2 Subset Regression

Following Breiman [1996] and Yao et al. [2018], we generate the regression coefficients
according to B3 = 1 (Ca(4) +Ca(8) +(4(12)) with (4(a) :=T[|d — a < h]] (h—|d—al)*.
The parameter h determines the number of “strong” coefficients. Following Yao
et al. [2018] we set h = 5 which leads to 15 weak coefficients and set n such
that the signal-to-noise ratio V[Y.1°, Ba Xa] /(1 + V[, Ba X4]) = 4/5 where
X4 is the random variable for the dth covariate. Our input program has 15
SLPs and each SLP has the unnormalized density i (6:,62,605) = 1[0 = k]
TTY, N (i; 61251, 63) N(610,10) T'(8; 0.1, 0.1) DiscreteUniform(6s; 1, 15). For DCC
inference, for each SLP we collect 103 HMC samples with 400 burn-in samples.
For RIMCMC our transition kernel samples a new 63, the variable controlling the
covariate that is selected, from a uniform categorical distribution and new 6, the
local regression coefficient, from a standard normal distribution. The noise variable

is independently updated using a Metropolis-Hastings kernel.
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Figure B.5: SLP weights for the function induction model with the misspecified PCFG.
We only plot SLPs which have achieved a weight > 0.3 in any run for any method.
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Figure B.6: SLP weights for the function induction model with the well-specified PCFG.
We only plot SLPs which have achieved a weight > 0.3 in any run for any method. The
SLP indices 11 and 12 both correspond to the true function (due to the symmetry in the
+ operator there are two SLPs which represent the true function).

B.4.3 Function Induction

We are using the probabilistic context-free grammar e — {x | sin(axe) | axe+b=e}.
In our model, we use prior production probabilities [0.4,0.4,0.2] and for each of
the sampled coefficients (denoted a and b in the PCFG) we use a N(0, 10) prior.
Using the PCFG we can sample an expression for a function f : R — R, then

informally our model can be written as
f ~PCFG(); o ~T(0;1,1); wi~N(f(x),0%) for i=1,...,N. (B.7)

For DCC inference, we run 4 chains with 500 HMC samples and 200 burn-in samples
for each SLP. The sampling distribution of SLP weights are shown in Fig. B.5.
For RIMCMUC, our transition kernel represents each expression as a PCFG parse
tree. To propose a new expression, the transition kernel picks a random node in
the parse tree and replaces that node with a sampled expression from the prior
PCFG. The standard deviation of the likelihood, ¢, is updated independently with
a Metropolis-Hastings transition kernel. For RIMCMC, we collect the same number
of total samples as for DCC to ensure a fair comparison.

Due to recursion in the PCFG rules, the program actually defines an infinite
number of SLPs. Similar to Zhou et al. [2020], to avoid infinite recursion we restrict
the underlying inference engine to only consider a finite number of SLPs. Our
inference engine enumerates the possible PCFG expressions using breadth-first

search and only considers the first 128 expressions.
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B.4.4 Variable Selection

def variable_selection_model (X, y,):
n_features = X.shape[1]
features_included = torch.zeros((n_features,))
for ix in range(n_features):
features_included[ix] = pyro.sample(
f'"feature_{ix}", dist.Bernoulli(0.5),
infer={"branching": True}
)
X_selected = X[:, features_included]
num_selected = X_selected.shape[1]

noise_var = pyro.sample(
"noise_var", dist.InverseGamma (2.0, 1.0))
with pyro.plate("features", num_selected):
w = pyro.sample (
"weights", dist.Normal (0, noise_var.sqrt()))
means = w @ X_selected.T

with pyro.plate("data", y.shape[0]):
pyro.sample(
"obs", dist.Normal (means, noise_var.sqrt()), obs=y)

Figure B.7: Pyro program for the variable selection experiments.

We assume we are given data y;.y and an associated matrix of covariates
X e RV*P_ 'We consider both regression and classification problems. The problem
of variable selection is to find a subset of the features D < {1,..., D} to make
predictions given our data. For regression task, we have y; € R and our model

for a specific subset D of the features is given by

o ~T712,1), (B.8)
Ba~N(0,0%) forde D, (B.9)
yi ~ N, Baia, o). (B.10)

This form of the regression model allows us to analytically calculate the marginal
likelihood (see e.g. Ch. 3.5 in Bishop [2006]). For classification tasks, we instead

have y; € {0,1} and use the logistic regression model

By~ N(0,1), for de D and y; ~ B(S(Zdep Batig)),

where S(z) = 1/(1 + exp(—z)) and B is the Bernoulli distribution.

The three different datasets we consider are: California housing (N = 20, 650,
D = 8; 50 % train, 50 % test) [Pace and Barry, 1997], a regression dataset where
the goal is to predict the median house prices for districts of California; Diabetes
(N =768, D = 8; 80 % train, 20 % test) [Smith et al., 1988], a classification dataset
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Figure B.8: SLP weights for the models in Sec. 5.6.4 (conventions as in Fig. B.5). The
Stroke and Diabetes problems do not permit an analytic solution to the BMA weights.

on if a person has diabetes or not; and Stroke (N = 4908, D = 8; 80 % train, 20
% test), a classification dataset on if a person will have a stroke or not. For DCC
inference, we collect 102> HMC samples with 400 burn-in samples for each SLP. The
sampling distribution of the SLP weights are plotted in Fig. B.8&. For RIMCMC,
the transition kernel randomly selects a feature dimension d and for that dimension
flips the inclusion, i.e. if the feature was previously included it will be excluded
and vice versa. For a previously excluded feature, a new coefficient is sampled from
the prior. For all other coefficients, a new coefficient is proposed from a standard

normal centred at the current value. To ensure a fair comparison to DCC, we collect

the same number of samples from RIMCMC as we do for DCC.

B.4.5 Modelling Radon Contamination in US Counties

As mentioned in the main text, our program encodes different modelling choices for
both the intercept(s), «, and the slope parameter(s), 3, of the regression relation
y; = a+ [ z;. Below we describe in detail the four different modelling choices for the
intercept term. The modelling choices for the slope parameter are analogous, except
we do not consider using a group-level predictor for 5. The full Pyro program
for this experiment is shown in Fig. B.9.

Pooling. This model corresponds to the SLP denoted “P, P” in Fig. 5.3.

a ~ N(0,10), 3 ~ N(0,10), (B.11)
o ~ Exponential(5), yi ~ N(a+ B, 0%). (B.12)

No pooling. Here c[i] refers to the county index of the ith house. This model
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corresponds to the SLP denoted “NP, P” in Fig. 5.3.

a. ~ N(0,10) for each county c, (B.13)
B ~ N(0,10), (B.14)
o ~ Exponential(5), (B.15)
yi ~ N(ae + B, 0°). (B.16)

Hierarchical. This model corresponds to the SLP denoted “H, P” in Fig. 5.3.
We are using a non-centred parameterization to allow for better sampling per-

formance from the HMC sampler.

0o ~ Exponential(1), (B.17)
f1a ~ N(0,10), (B.18)
€. ~N(0,1) for each county c, (B.19)
Qe = b + 04 €Ec, (B.20)
B ~ N(0,10), (B.21)
o ~ Exponential(5), (B.22)
fi = acp) + By, (B.23)
yi ~ N (fi,0%) (B.24)

Group-level predictor. This model corresponds to the SLP denoted “G,
P” in Fig. 5.3.

Yo ~ N(0,10), (B.25)
7 ~ N(0,10), (B.26)
0, ~ Exponential(1), (B.27)
€. ~N(0,1) for each county c, (B.28)
Qe = fla,e T O €c, (B.29)
g~ N(0,10), (B.30)
o ~ Exponential(5), (B.31)
i~ N(firo?) (B.32)

where Hae = Yo T 71 Uc and fz = Q¢4 + ﬂmz
To ensure we have a balanced representation of data in each county in both the
training and the testing data we apply stratified sampling: for each county, we hold

out 20 % of the observations for evaluation. For this dataset we do not run stacking
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with a validation set because of the limited amount of data available per county.
For DCC inference, we collect 2000 HMC samples with 2000 samples for burn-in
for each SLP. For RIMCMC, the transition kernel picks a modelling choice of «
and  and then samples the local parameters for each modelling choice from the
prior. The standard deviation ¢ is updated separately with a Metropolis-Hastings
transition kernel. To ensure a fair comparison between DCC and RIMCMC we

collect the same total number of samples.

B.4.6 Stacked RIJIMCMC

We conducted further experiments to determine the impact of running stacking
on top of RIMCMC, we call this Stacked RJMCMC. The results can be viewed
in Fig. B.10 where we plot the difference in LPPD between RJIMCMC and other
methods, i.e. LPPDpig = LPPDoiher — LPPDRrjvcnmc. Note, compared to the main
paper we here evaluate the difference in LPPD to RJIMCMC and not to stacking
on top of DCC. This is because we care about investigating the performance
improvement relative to RIMCMC. We observe in Fig. B.10 that Stacked RIMCMC
generally leads to higher LPPD than RJIMCMC. The difference is positive for
all problem settings. Further, the difference is statistically significant under a

Wilcoxon-signed rank test in all problems, except for California and Stroke.

B.5 PAC-Bayes and Stacking

For completeness, we first give a brief introduction into PAC-Bayes which is mostly
based on Morningstar et al. [2022]. Morningstar et al. [2022] assume a setting
in which data is sampled i.i.d. from §, ~ puue(7), that we have a parameterized
probability model p(g | ) and we want to find a mechanism to fit a distribution,
q(0), over the parameters of the probability model.

The true predictive risk is given by

P(q) := —Eppue() [l0g Eq(o)[p(7 | 0)]] (B.33)

and in most applications is the quantity we care about in the end because it
directly measures the quality of our predictions. However, in practice we cannot
evaluate the true predictive risk because we do not have access to the true data
generating distribution. The goal of PAC-Bayes methods is then to provide a
stochastic upper bound on P(q) which can be used to train ¢(#) [Masegosa, 2020,
Morningstar et al., 2022].
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The empirical predictive risk

= Z log Eqe)[p(7e | 0] (B.34)

is an empirical estimate of the true predictive risk. Ensemble methods (which include
stacking) directly minimize the empirical predictive risk. For example, our stacking
objective in Eq. (5.19) is a particular instantiation of the empirical predictive risk.
We will explain the connection in more detail below.

The true inferential risk

R(q) := —Eporne(@)[Eq() [log p(5 | 6)]] (B.35)

is an upper bound on the true predictive risk (by applying Jensen’s inequality).
In the case that our model is well specified, i.e. 30" s.t. piue(-) = p(- | €), then
argmin P(q) = argmin R(q). Hence, when our model is well specified minimizing
the true inferential risk is equivalent to minimizing the true predictive risk.

The empirical inferential risk

Rla) := 1 By llog p(ii | 0] (B.36)

is the empirical estimate of the true inferential risk. Minimizing this risk directly
is equivalent to maximum likelihood estimation. By adding an extra regularization

term to the empirical inferential risk we get the PAC-inferential risk, given by

L
5 a(9)
R(g;r,B) :=E log p(ge | 6) +—1 B.37
(457 [ £ D lewp(in 10) + 57 low T (B.37)
where () is a user specified prior distribution on the parameters 6. This is a
stochastic upper bound on the true predictive risk.
Morningstar et al. [2022] use results from Burda et al. [2016] to tighten the
PAC-inferential risk and introduce the PACM bound

Parr(g;r, B) : Z a(0M) [10g< ZP Ge | 0 )] +*KL( (0) [l r(6))-
) (B.38)

Notably, as the PAC-inferential risk, this bound contains a regularization term

which is meant to prevent overfitting.

Theorem 1 (Morningstar et al. [2022]). For all q(0) absolutely continuous with
respect to 1(0), Yo ~ Pirue(y) i.0.d., B € (0,0), L, M € N, p(g | 0) € (0,00) for all
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{0 €O | prue(g) >0} x {0 €O |r(0) >0}, and £ € (0,1), then with probability at
least 1 — &,

~ 1
P(a) < Pars 7 0) + i 5. M. L) = og € (B.39)
and furthermore (unconditionally)
Pusri(:7,B) < Purrlgir, B) (B.40)

where 75M,L(q; r,3) as in Eq. (B.38) and:

w(ptmeyﬁ M L Ty ’S) (9 )ET(GM) [eXp(ﬁLMA(gL79M))]7 (B41>

1
log &
/6 M L Og DPtruelY

A(gh,0M) = Zlog (sz(ﬂzlf)j)) (B.42)
~ Eppe(@) [log( Z (@0 )] (B.43)

For a proof see Appendix C.3 of Morningstar et al. [2022].

B.5.1 From PAC-Bayes to Regularized Stacking

In order to connect the ideas from Morningstar et al. [2021] with the stacking
objective for probabilistic programs we need to define a specific form for the
parameterized probability model and the distribution ¢ which is meant to be
optimized. We choose the latent variable of our probability model to be the random
variable k which indexes into the SLPs. Our probabilistic model then turns out to be
p(y | k) = pr(y) and our approximate posterior ¢(k) is a categorical distribution over
{1,..., K} parameterized by the weights w, i.e. ¢(k) = Categorical(wy, ..., wg).

In this formulation the true predictive risk is given by

P(q) = —Eppue@[log Eqy[or(7)]] (B.44)
= —Epue(@) llog <Z wpr (7 )] (B.45)
k=1

which is equivalent to our stacking objective (Eq. (5.11) in the main paper). The
PACM bound becomes

Purn(g;r, B) = g a(kM) [10g< Zpk )] +67KL( q(k) || (k).

(B.46)
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Note that f = 1 can be interpreted as the “standard Bayesian” setting as it
provides an equal weighting of the prior term KL(gq(k) || r(k)) and likelihood
term Y | E g(kM) [log < ij‘il pk].(gjg)ﬂ. We can rewrite the sum inside the log

as a sum over SLPs, as follows

Puslair,§) = LZEW [m(Z B ) >]+;LKL<<>Hr<k>> (B.47

where Iy, := {k; | j = {1,..., M}, k; = k} is the set of all parameter samples that

are equal to k. Now by the law of large numbers (LLN) as m — oo this converges to

Py 1(g;7, B) = Ra(wix) = ffZlog (Z w.pr (Yo ) + ;LKL( (k) || r(k)).
(B.48)

The first term in this objective is now the stacking objective and the second term
is a regularization term pushing the distribution over weights to the prior r(k).
In other words, this is our estimated stacking objective from Eq. (5.19)
with an added regularization term.

There is one caveat with pushing M — oo, as shown by Morningstar et al.
[2021] the slack term v that controls the tightness of the bound grows linearly
in M. Hence, the bound becomes vacuous for infinite M. However, there are
several reasons why in our setting it is still reasonable to work with the objective
JBOO,L(q;r, B). First of all, in our specific setting the special case M = 1 is the
degenerate setting in which we collapse onto a single SLP. This is exactly the
behaviour we are trying to avoid in the first place. Additionally, Morningstar
et al. [2022] have shown that performance increases with using larger M and show
empirically that using IBOO, 1(q;r, B) can be beneficial when it is possible to do so.
The only practical consideration they mention for increasing M are issues with
gradient variance which are not applicable in our setting.

To choose the prior one could be inclined to use the posterior SLP weights
Zi/ Y Zw, as they are our Bayesian beliefs about which SLP has generated the
data. However, as we have argued in the main text these weights can be very
unstable and expensive to estimate. Hence, a reasonable default choice could be to
use the discrete uniform distribution. This will further discourage stacking from
collapsing onto a single SLP. For the special case of the prior (k) being chosen

to be the uniform distribution the objective further simplifies to

1

3(w1.K) Zlog (2 wy.pr(Je ) - 57( [q(k; wi.x)] + log K) (B.49)

where H denotes the Shannon entropy.
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def radon_model(log_radon, floor_ind,
alpha_choice pyro.sample (
"alpha_choices",
infer={"branching":
if alpha_choice 0:
# Pooled model
alpha pyro.sample("alpha",
elif alpha_choice 1:
# County specific intercepts
with pyro.plate("num_alpha",
alpha
alpha alphal...
elif alpha_choice
if alpha_choice 2:
# Partially pooled model

Truel})

, county]
2

pyro.sample("alpha",

or alpha_choice

county, n_counties, uranium):

dist.Categorical (torch.ones(4)),

dist.Normal (0O, 10))

n_counties):

dist.Normal (0, 10))

3:

mean_a = pyro.sample("mean_a", dist.Normal (0, 1))
elif alpha_choice == 3:
# Uranium context
gamma_0O = pyro.sample("gamma_0", dist.Normal (0, 10))
gamma_1 = pyro.sample("gamma_1", dist.Normal(0O, 10))
mean_a = gamma_0 + gamma_1 * uranium
std_a = pyro.sample("std_a", dist.Exponential (1))

with pyro.plate("num_alpha",
z_a pyro.sample("z_a",

alpha mean_a + std_a * z_a

alpha alphal[..., county]
beta_choice = pyro.sample(

"beta_choices",

infer={"branching":
if beta_choice 0:

# Pooled model

beta pyro.sample("beta",
elif beta_choice 1:

# County specific slopes

Truel})

dist.Normal (O,

n_counties):

dist.Normal (0, 1))

dist.Categorical (torch.ones(3)),

10))

with pyro.plate("num_beta", n_counties):
beta = pyro.sample("beta", dist.Normal(O0, 10))
beta = betal..., county]
elif beta_choice == 2:
# Partially pooled model
mean_b = pyro.sample("mean_b", dist.Normal (0, 1))
std_b = pyro.sample("std_b", dist.Exponential (1))

with pyro.plate("num_beta",
z_b = pyro.sample("z_b",
= mean_b + std_b *x z_b
betal[..., county]
theta alpha + beta * floor_ind
sigma pyro.sample("sigma", dist
with pyro.plate("data", log_radon
pyro.sample("ys", dist.Normal

beta
beta

n_counties):
dist.Normal (O,

1))

.Exponential (5))
.shape [0]):

(theta, sigma), obs=log_radon)

Figure B.9: Pyro program for the radon model.
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Figure B.10: Difference in LPPD between RIMCMC and other methods (higher is
better).

def

def

def

distinct (y):

modell = pyro.sample("modell", dist.Bernoulli(0.5))

if modell:

z = pyro.sample("zl", dis
with pyro.plate("data", y.shapel[0]):
pyro.sample("obs", di

else:

z = pyro.sample("z2", dis
with pyro.plate("data", y
pyro.sample("obs", di

overlap (X, y):

t.Normal (0, 1))
st.Normal(z, 0.62), obs=y)
t.Normal (0, 1))

.shape [0]):
st.Normal(z, 2.0), obs=y)

modell = pyro.sample("modell", dist.Bernoulli (0.5))

if modell:

w = pyro.sample (

Ilwlll s

)

dist.Normal (0O,

mean = w @ X[:, [0, 2]].T

elif model2:

w = pyro.sample (

|Iw2ll s

)

dist.Normal (0O,

mean = w @ X[:, [0, 3]].T
with pyro.plate("data", X.shape[0]):

pyro.sample("obs",

dominating (X,

y):

1) .expand ([2]).to_event (1),

1) .expand ([2]).to_event (1),

dist.Normal (mean, 1.0), obs=y)

modell = pyro.sample("modell", dist.Bernoulli(0.5))

if modell:
w = pyro.sample("w", dist.Normal (0, 1))
fs = w * X
else:
sin_w = pyro.sample("sin_w", dist.Normal(O, 1))
fs = torch.sin(sin_w * X)
sigma = pyro.sample("sigma", dist.Gamma(1l, 1))

with pyro.plate("data",
pyro.sample("obs",

X.shape [0]):
dist.Normal(fs, sigma), obs=y)

Figure B.11: Pyro program for experiments in Sec. 5.6.1



Appendix: Expectation Programming

C.1 Estimating Expectations in Turing

C.1.1 Standard approach

OGmodel function model(y=2)
x ~ Normal(O, 1)
y ~ Normal(x, 1)

end

num_samples = 1000
posterior_samples = sample(model(), NUTS(0.65), num_samples)

f(x) = x73
posterior_x = Array(posterior_samples[:x])
expectation_estimate = mean(map(f, posterior_x))

Full example of the estimation of an expectation with the Turing language. The
user first defines the model, then conditions it on some observed data, computes
posterior samples and then uses these samples to compute a Monte Carlo estimate

of the expectation.

C.1.2 Using generated quantities function

When we designed the API Turing largely ignored the return statements in the
model definition. In the meantime Turing introduced a convenience function
generated_quantities. Given a model and N samples it returns a list of the

N return values generated by running the program on each sample. Note that

158
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generated_quantities reruns the entire model function for each posterior sam-
ple to compute the return value. This means that for models which have an
expensive likelihood computation the use of generated_quantities might incur
a significant overhead.

It is important to note that generated_quantities is merely a convenience
function and does not change how Turing interprets model definitions. In fact, the
generated_quantities function provides complimentary functionality and Turing
models generated with EPT can use this function without problems.

The example from Section C.1.1 can be rewritten to use generated_quantities

OGmodel function model(y=2)
x ~ Normal(O, 1)
y ~ Normal(x, 1)
return x~3

end

num_samples = 1000
posterior_samples = sample(model(), NUTS(0.65), num_samples)

expectation_estimate = mean(generated_quantities(model(),
- posterior_samples))

C.2 Full Example of Macro Transformation

The expectation

@expectation function expt_prog(y)
x ~ Normal(0, 1)
y ~ Normal(x, 1)
return x~3

end

gets transformed into

OGmodel function gammal plus(y)
x ~ Normal(0, 1)
y ~ Normal(x, 1)
tmp = x°3
if _context isa Turing.DefaultContext
@addlogprob! (log(max (tmp, 0)))
end
return tmp
end

OGmodel function gammal minus(y)
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x ~ Normal(0, 1)
y ~ Normal(x, 1)
tmp = x°3
if _context isa Turing.DefaultContext
Q@addlogprob! (log(-min(tmp, 0)))
end
return tmp
end

Omodel function gamma2(y)
X ~ Normal(O, 1)
y ~ Normal(x, 1)
return x~3

end

expt_prog = Expectation(
gammal plus,
gammal minus,
gamma2

The type Expectation is simply used to have one common object which stores
the three different Turing models. Notice that for gamma2 the function body is
identical to the original function.

For gammal_plus and gammal_minus we also have to check in what _context the
model is executed in. Turing allows to execute the model with different contexts
which change the model behaviour. For example, there is a PriorContext which
essentially ignores the tilde statements which have observed data on the LHS. This is
useful for evaluating the prior probability of some parameters. However, by default
the @addlogprob macro ignores the model context. As a consequence if a Turing
model includes an @addlogprob macro and is executed with a PriorContext then it
no longer calculates the log prior probability but instead the log prior probability plus
whatever value was added with the eaddlogprob statement. Since we want to use the
Turing model with Annealed Importance Sampling we need to be able to extract the
prior from our model and hence we need to ensure that we do not call eaddlogprob

when executed in a PriorContext. This is what the added if clause ensures.

C.3 Different Estimators for 7, Z{ and 72

The target function f(z) = z? in the following expectation is always positive:
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Q@expectation function expt_prog(y)
x ~ Normal(0, 1)
y ~ Normal(x, 1)
return x"2
end
Therefore, we already know that Z; = 0, so it would be wasteful to spend
computational resources on estimating Z; . EPT allows users to specify the marginal
likelihood estimator for each of the terms in TABI separately which means if the
user knows that the target function is always positive they can specify that 0
samples should be used to estimate Z;:
expct_estimate, diagnostics = estimate_expectation(
expt_prog(2), TABI(
TuringAlgorithm(AnIS(), num_samples=1000), # Z;
TuringAlgorithm(AnIS(), num_samples=0), # 7
TuringAlgorithm(AnIS(), num_samples=1000) # 7,
)
It is easy to see how this can be adapted to the case in which we have Z; = 0.
This interface is not just useful for avoiding unnecessary computation, in some
cases the user might also want to have different marginal likelihood estimators for
each term. This allows user to further tailor the inference algorithm for the

given target function f(6).

C.4 Hyperparameters for Experiments

EPT runs standard annealed importance sampling twice: one time to estimate
Z{ and the other time to estimate Z,. For each of the problems we always use
the same hyperparameters for the annealed importance sampling algorithm both
to run AnlIS and for the two estimates in EPT. Running times for the individual

scripts are given in the code supplementary.

C.4.1 Posterior Predictive

For the annealed importance sampling, we use a MH transition kernel with an
isotropic Gaussian with covariance 0.51 as a proposal and 5 MH steps on each
annealing distribution. We use 100 uniformly spaced annealing distributions. For
the MCMC, we collect 5 - 10° samples in total. To parallelise sampling we run 500
chains with 10* samples each in parallel, discarding the first 10* samples as burn-in.

We use a MH transition kernel with standard Normal proposal.
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C.4.2 SIR Model

For the annealed importance sampling estimators we use HMC transition kernels
with a step size of 0.05, 10 leapfrog steps and 10 MCMC steps on each annealing
distribution. We use 100 geometrically spaced annealing distributions.

For the MCMC model we collect 10° samples in total with Turing’s implementa-
tion of NUTS and a target acceptance rate of 65%." We parallelise sampling over
102 chains with 10* samples and discard the first 10® samples as burn-in.

The ground truth is computed using importance sampling with 10® samples and
the prior as a proposal distribution. See Equation (C.1) for the full SIR model
including the priors. The observed data was generated from the model described in
(C.1) with 8 = 0.25, Iy = 100, N = 10* and ¢ = 10 as the overdispersion parameter
of the SIR model. We generate data for 15 time steps.

C.4.3 Radon model

We run EPT and AnlS with 200 intermediate distributions and one step of the
dynamic HMC transition kernel [Betancourt, 2018, Hoffman and Gelman, 2014] on
each intermediate distribution with a step size of 0.044. The step size was informed

by running adaptive MCMC on the target distribution.

C.5 SIR Experiment

We assume we are given data in the form of observations y;, the number of observed

newly infected people on day i. Fixing v = 0.25, this gives us the statistical model

B ~ TruncatedNormal(2, 1.5%, [0, o0]), (C.1a)
Iy ~ TruncatedNormal(100, 1002, [0, 10000]), (C.1b)
Sy = 10000 — I, (C.1c)
Ry =0, (C.1d)
x = ODESolve([3,~, S, Iy, Ro), (C.1e)
y; ~ NegativeBinomial(y = x;, ¢ = 0.5). (C.1f)

Here ODESolve indicates a call to a numerical ODE solver which solves the set of
equations (6.19). It outputs x;, the predicted number of newly infected people on
day . We assume the observation process is noisy and model it using a negative

binomial distribution, which is parametrised by a mean g and an overdispersion

https://turing.ml/dev/docs/library/#Turing. Inference.NUTS
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coefficient ¢. For an in-depth discussion about doing Bayesian parameter inference

in the SIR model we refer the reader to the case study of Grinsztajn et al. [2020].
We are further given a cost function in terms of Ry, cost(Ry) = 10*+logistic(10Ry—

30). Intuitively, the cost initially increases exponentially with Ry. However, the total

cost also saturates for very large Ry (as the entire population becomes infected).

C.6 Hierarchical Radon Model

The data for this problem was taken from: https://github.com/pymc-devs/
pymc-examples/blob/main/examples/data/radon.csv (the repository uses an
MIT license; the data contains no personally identifiable information). The original
data contains information about houses in 85 counties. In order to make estimating
normalization constants more tractable we reduce the number of counties to 20.

Our target function is a function of predicted radon levels y; for a typical house
with a basement (i.e. z; = 0) in county i; y; is calculated using the predictive
equation given in (6.22). We apply the function

1
T = B =)

to all the predicted radon levels and then take the product of all the f;. Finally,

to avoid floating point underflow we set a minimum value of 1e—200.

C.7 Multiple Expectations

The user is not restricted to defining only one expectation per model. By spec-
ifying multiple return values the user can specify multiple expectations. The
@exptectation macro can recognise multiple return values and generates an expec-
tation for each of them. The user can then estimate each expectation independently
using estimate_expectation:
@expectation function expt_prog(y)
x ~ Normal(0, 1)
y ~ Normal(x, 1)
return x, x 2, x~3
end
y_observed = 3
expt_progl, expr_prog2, expt_prog3 = expt_prog
expctl = expt_progl(y_observed)
expctl_estimate, diagnostics = estimate_expectation(
expctl,
- method=TABI(marginal likelihood_estimator=TuringAlgorithm(
AnIS(), num_samples=1000)))


https://github.com/pymc-devs/pymc-examples/blob/main/examples/data/radon.csv
https://github.com/pymc-devs/pymc-examples/blob/main/examples/data/radon.csv
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C.8 Posterior Predictive Model in EPT

The expectation from Section 6.5.1 can be defined in just 5 lines of code with EPT:

Q@expectation function expt_prog(y)

x ~ MvNormal(zeros(length(y)), I) #x~N(x;0,1)
y ~ MvNormal(x, I) #y~N(y;x,1I)
return pdf (MvNormal(x, 0.5%I), -y) # f(x) =N(-y;x,3])

end

C.9 Syntax Design

Prior works have considered two families of syntax design corresponding to the
semantics required by EPT. Gordon et al. [2014] define the semantics for expectation
computation via the syntax of probabilistic program’s return expression, which is the
approach we adopted in the design of EPT. Zinkov and Shan [2017] take a different
route and define the expectation semantics via the use of syntax expect(m, f)
where m is the program defining a measure and £ is the target function.

While designing the interface of EPT we considered two different design for
defining the target function: either letting users specify the target function im-
plicitly through the return values of the function or allowing users to specify a
target function f externally. The external function could then be passed to the
estimate_expectation function explicitly.

For EPT, we decided to adopt the former of the two designs mainly due to the
simplicity of the resulting user interface and implementation. In particular, it allows
for simple to execute program transformations of the @expectation macro into
valid Turing programs to represent the individual densities, and thus the ability
to use native Turing inference algorithms. Adopting the other approach would
additionally require designing and specifying the interface between the function
signature £ (.) and the values of the named random draws performed by the model
m. This would result in a more complex user-facing interface, at the slight advantage

of improved compositionality of models and functions.

C.10 SIR Discussion

In the SIR experiment AnlIS achieved a significantly lower RSE than MCMC even
though both are non-target-aware. Figure C.1 shows samples from the different
algorithms. The EPT samples for Z; visualise well in which regions of parameter

space both the posterior and the target function have sufficient mass (5 € [0.5,2.0]).
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Figure C.1: Samples from the different algorithms for the SIR model. Note that for
Figure C.1b some burn-in samples lie outside the boundaries of the plot but we adjusted
the axis limits so that they are the same for all plots to allow for easier comparison.

The samples from AnIS and MCMC suggest that most of the posterior mass is
located in the interval 8 € [0.3,0.7]. However, AnIS also generates a significant
amount of samples in the parameter region 5 € [1.0, 1.5]. The samples in this second
“mode” are directly in the region of the target-aware samples. Further, the plots
suggest that AnIS generates more samples in this regions than MCMC which is what
allows AnlS to achieve a lower RSE. However, it seems that the AnlS represents the
second “mode” disproportionally. Specifically looking at the burn-in samples from
MCMC in Figure C.1b shows that MCMC will converge to the parameter space in
p € [0.3,0.7] even if the initial parameter samples are around /5 € [1.0,1.5]. This
indicates that this is not a failure of MCMC to detect another mode but rather that
there is negligible posterior mass in that parameter region. Therefore the better
performance of AnIS compared to MCMC seems to occur mostly because AnlS got

lucky by accidentally generating samples in the right parameter region.



C. Appendiz: Ezxpectation Programming 146

C.10.1 A Note on MCMC ESS

The SIR experiment provides a good example of how the MCMC ESS [Vehtari
et al., 2020] is unreliable for our use case. As detailed in Section C.4.2 for
MCMC we run 100 chains with 10,000 samples each. This is replicated 5 times
to get estimates on the variability in behaviour. After discarding the burn-in
samples for each chain the 5 replications give us the following final ESS estimates:
[631, 360; 805, 868; 873,269; 665,683; 5,114]. We observe that all but one repli-
cation give disproportionally high ESS estimates. We found that the replication
which gives a more conservative ESS estimate of 5,114 is the replication which
generated samples in the parameter region f € [1.0, 1.5] (see Figure C.1a). More
importantly, the MCMC ESS estimates do not seem to show any correlation with
the RSE values (see Figure 6.4) which is the more important metric because it
directly measures the error in our estimate. Therefore, we decided against using
the MCMC ESS in our evaluation because it can give the impression that MCMC

is performing well when it is actually failing dramatically (in terms of RSE).

C.11 Effective Sample Size
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Figure C.2: Individual ESS values as defined in Section 5.6 for the three different experi-
ments. Instead of taking min(ESSz,, ESSz,) for EPT and min(ESSants retargeted; ESSAnts)
for AnIS we plot each value individually. Plotting each ESS value separately shows that
the performance of AnlS is severely limited by its ability to generate samples in regions
in which the target function f(6) is large. This is indicated by the low values for

ESSAHIS retargeted

C.12 Positive and Negative Target Functions

To demonstrate that EPT is also beneficial for target functions which are positive
and negative we provide a brief description of a synthetic experiment. We assume

the following model which gives us a banana shaped density (see Figure C.3):
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@expectation function bananal()
x1 ~ Normal(O, 4)
x2 ~ Normal(0, 4)
©@addlogprob! (banana_density(x1l, x2))
return banana_ f(x1, x2)
end

banana_density(xl, x2) = -0.5%(0.03*x172+(x2/2+0.03*(x172-100))"2)
Note that there is no observed data in this experiment which is why we chose
to express the banana distribution as an unnormalized density (i.e. use the

@addlogprob! primitive). Our target function is given by

function banana_ f(x1, x2)
cond = 1 / (1 + exp(50 * (x2 + 5)))
return cond * (x1 - 2)73

end

Note that the target function can be positive and negative. Figure C.3 shows the
RSE for EPT and AnlIS. We used an MH transition kernel and 200 intermediate
potentials for the Annealed Importance Sampling estimators. The RSE of AnIS
does not improve because it fails to generate samples in the regions in which the
target f(0) is large. Rainforth et al. [2020] provide a comparison to MCMC on

a similar problem so we omit it here.
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Figure C.3: Banana experiment. [Left] Heatmap of the density of the model. [Right]
Relative Squared Error for EPT and AnlS.
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