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Abstract
We show that uniform lattices of isometries of products of real hyperbolic spaces act
properly discontinuously and cocompactly on a median space. For lattices in products
of at least two factors, this is the strongest degree of compatibility possiblewithmedian
geometry. The result follows from an analysis of a quasification of median geometry
that provides a geometric characterization of spaces at a finite Hausdorff distance from
a median space. The case of complex hyperbolic metric spaces is different; we show
that these spaces cannot be at finite Hausdorff distance from a median space.
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1 Introduction

1.a. Median spaces and spaces with walls. Amedian space is a metric space (X , d)

such that every triple of points x1, x2, x3 ∈ X admits a unique median point, i.e. a
point m ∈ X satisfying

d(xi ,m) + d(m, x j ) = d(xi , x j ), for all i, j ∈ {1, 2, 3}, i �= j .

The map X × X × X → X , (x1, x2, x3) �→ m, endows X with a ternary algebra
structure, called median algebra. These were studied in [2, 25, 44, 57, 58]. The geo-
metric study of median spaces was started in [52, 55], and more recently by Bowditch
in [11–13].

Examples of median metric spaces are trees, R
n with the �1 metric for any n ≥ 1,

and CAT(0) cube complexes on which the Euclidean metric on cubes is replaced by
the �1 metric. According to Chepoi and Gerasimov [20, 34, 35] the class of 1-skeleta
of CAT(0) cube complexes coincides with the class of median graphs, which are
simplicial graphswhose 0-skeletonwith the combinatorial distance ismedian. General
median spaces can be thought of as non-discrete versions of 0-skeleta of CAT(0) cube
complexes, in the same way in which real trees are non-discrete generalizations of
simplicial trees. Indeed, according to Bowditch [11, 12], the metric of a complete
connected finite rank median metric space has a bi-Lipschitz equivariant deformation
that is CAT(0).1

The interest of median geometry comes, among other things, from the relevance of
median graphs in graph theory and computer science [21], and in optimization theory
(see [50, 61] and references therein). Moreover, two important properties of infinite
groups, Kazhdan’s Property (T) and a-T-menability, can be reformulated in terms of
actions on median spaces [18]. The δ-hyperbolicity of metric spaces, characterized by
the fact that all geodesic triangles are δ-thin, is connectedwith bothmedian andBanach
space geometry (e.g. Yu [62] showed that every hyperbolic group acts properly on an
�p-space, for p large enough). In this paper, we investigate the following common
generalization.

Definition 1.1 [Roughly median (pseudo-)metric spaces and groups] We say that a
(pseudo-)metric space (X , pdist) is roughlymedian (or δ--median ifwewant to empha-
size the constant) if there is δ, D ≥ 0 such that, given any three points x, y, z, there
is a point m ∈ X

m ∈ I2δ(x, y) ∩ I2δ(y, z) ∩ I2δ(z, x) ⊆ B(m, D)

where a rough interval or δ-interval is the set

Iδ(a, b) = {t ∈ X | pdist(a, t) + pdist(t, b) ≤ pdist(a, b) + δ}.
1 Finite rank seems to be the optimal condition for the existence of such a deformation (see Sect. 2 for the
notion of rank).
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Median geometry for spaces with measured walls… 2927

Namely, we require any triple intersection of δ-intervals to be non-empty and of
diameter at most D. A group is called roughly median if it admits a geometric action
(i.e. properly discontinuous and cocompact) on a roughly median metric space.

This natural notion encompasses both median geometry and hyperbolicity, and
is an instance of coarse median geometry, but is more restrictive as, for instance, the
Euclidean spaceR

2 is not roughlymedian, but is coarsely median.Whether any coarse
median space can be given a rough median metric is unclear. In [51] the authors have
a notion of intervals that allows to express a rough median, but their relation with
metric intervals is unclear. The class of roughly median groups is contained in the a
priori larger class of coarse median groups, and includes mapping class groups [53],
see Proposition 2.12. It is stable under direct products, relative hyperbolicity (see
Proposition 2.11) and rough isometries, that is quasi-isometries with multiplicative
constant one.

Another structure that appears naturally in the study of actions on Banach spaces
is that of space with measured walls (see Definition 3.1). We proved in [18] that, in
some sense, the category of spaces with measured walls is equivalent to the one of
subspaces of pseudo-metric median spaces (see Sect. 2), by constructing, for any given
wall space X , a median space M(X) containing it.

In the present work, we show that a δ-median structure on a wall space X is in fact
equivalent to being at finite distance from the associated median space M(X).

Theorem 1.2 Let (X ,W, μ) be a space with measured walls, μ-locally finite
(Definition 4.9), and such that all its half-spaces are quasi-convex (Definition 4.5).
The following are equivalent:
(1) the metric space (X , dist) associated to the wall structure is δ-median;
(2) the medianization M(X) is at finite Hausdorff distance from X;
(3) X admits an isometric embedding ϕ into a median space M such that M is

within finite Hausdorff distance from ϕ(X).

A more precise and expanded formulation of the above can be found in Theo-
rem 4.14, and combined with Proposition 5.1 allows us to deduce the following.

Corollary 1.3 The real hyperbolic space H
n embeds isometrically and Isom(Hn)-

equivariantly into a locally compact median space at finite Hausdorff distance from
the embedded H

n .

In particular, the full isometry group of the real hyperbolic space H
n, as well as

all its uniform lattices, act properly and cocompactly on the locally compact median
space associated to the usual measured walls structure on H

n .

1.b. Cubulable and medianizable groups. The previous results bring to light the
existence, in the class of finitely generated groups, of several degrees of compatibility
with median geometry, starting with cubulable, and proceeding in a decreasing order
of strength, as follows.
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2928 I. Chatterji, C. Druţu

Definition 1.4 A group is said to be

• cubulable if it acts geometrically (i.e. properly discontinuously and cocompactly)
on a CAT(0) cube complex;

• strongly medianizable if it acts geometrically on a median space of finite rank
(Definition 2.1);

• medianizable if it acts geometrically on a median space.

Note that the cocompactness assumption is crucial here, and the study of proper
actions on median spaces, according to [18], is the one of a-T-menability (also some-
times called Haagerup property, or antiT). If a finitely generated group is cubulable,
the CAT(0) cube complex on which it acts has finite dimension, so finite rank as a
median space and if it is medianizable then the median space on which it acts is locally
compact, without necessarily having finite rank in the sense of median spaces.

The difference between strongly medianizable versus cubulable is unclear, at this
point it even seems possible that the two properties are equivalent. Some evidence
comes from the fact that key properties known for cubulable groups (Tits alternative,
superrigidity) have been proven for strongly medianizable groups as well [28, 30, 31].
Recent work byMessaci [47], showing that a connected locally compact median space
of finite rank which admits a transitive action is isometric to R

n endowed with the �1-
metric, provides further evidence for the equivalence of the two properties. Note that a
Rips-type theorem formedian spaces of finite rank as discussed in Sect. 1.d would give
a weaker result than the equivalence between cubulable and strongly medianizable,
if the connection between stabilizers is similar to the one established for actions on
trees, as in [8, 9, 32, 39, 56].

On the other hand, the distinction betweenmedianizable and strongly medianizable
groups is clear: there are interesting examples of groups that are in the former class
but not in the latter. Indeed, Corollary 1.3 implies the following.

Corollary 1.5 Uniform lattices in a product SO(n1, 1)×· · ·× SO(nk, 1), with k ≥ 1,
are medianizable.

For k ≥ 2, irreducible uniform lattices in products SO(n1, 1) × · · · × SO(nk, 1)
are not cubulable, due to results of Chatterji–Fernós–Iozzi [19]. Moreover, by work of
Fioravanti [28, 31], they are not stronglymedianizable either and, in fact, any isometric
action on a finite rank median space has a fix point. Thus, Corollary 1.5 is the best one
can hope for, in terms of median geometry, for these lattices. It is unknown if these
same lattices can act properly on an infinite dimensional CAT(0) cube complex.

Even in the case of one factor (k = 1), Corollary 1.5 may turn out to be significant.
It is not known if all arithmetic uniform lattices in SO(n, 1), with n odd and larger
than 3, are cubulable, cocompactly or even just properly. It is for instance the case
for the uniform lattices described in [48, 59] and [46, §6]. The general consensus
seems to be that these lattices are cubulable, except for the construction in dimension
7 [3], especially for the lattices constructed using octonions instead of quaternions
[46, Theorem 6.7]. For the congruence subgroups of these latter lattices, it is proved
in [4] that the first Betti number is always zero. Thus, to cubulate these lattices one
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would have to find finite index subgroups other than congruence subgroups, and it is
not known if such subgroups exist.

1.c. Other rank one symmetric spaces. Quaternionic hyperbolic spaces and the
Cayley hyperbolic plane over the field of octonions cannot be equipped with measured
walls structures, due to the fact that their groups of isometries have Property (T). As
far as the complex hyperbolic spaces are concerned, we explained in [18] how, using
results of Faraut and Harzallah [27], they can also be equipped with structures of

spaces with measured walls (the wall metric being in this case dist
1
2 , where dist is the

hyperbolic metric), hence their groups of isometries also act properly by isometries
on a median space. However, the action is no longer cobounded.

Corollary 1.6 (1) The space (Hn
C
, dist) cannot be isometrically embedded into a

median space. In particular, the hyperbolic distance dist cannot be awall metric.
(2) For any α ∈ [1/2, 1), whenever distα is a wall metric, (Hn

C
, distα) cannot be at

bounded Hausdorff distance from a median space.

1.d. Possible further applications and open questions.
Infinite dimensional real hyperbolic spaces. These spaces can be defined either

as quotients of stabilizers of quadratic forms of signature 1 on infinite dimensional real
vector spaces [37, §6.A.I I I ], or by an infinite dimensional hyperboloid model [14,
49]. They have a natural structure of measured walls, inducing a metric that equals the
hyperbolic metric (see Remark 4.18 and references therein for details).

Some important groups have interesting actions on these spaces, such as the groups
of automorphismsof (products of) regular trees and their lattices (including theBurger–
Mozes examples) [14] and the groups of birational transformations of complex Kähler
surfaces [15]. It seems natural to ask the following.

Question 1.7 Is the infinite dimensional hyperbolic space at finite Hausdorff distance
from the median space associated to it?

Rips-type theorems for median spaces. Our results are also relevant in the set-
ting of potential extensions of Rips-type theorems to actions on median spaces [18,
Question 1.11]. The existing Rips-type theorems provide conditions under which a
non-trivial (i.e. without global fixed point), minimal action of a group G on a real tree
T �= R, yields a non-trivial cocompact action on a simplicial tree, with stabilizers of
edges virtually cyclic extensions of stabilizers of arcs in T (see [8, 9, 32, 39, 56] and
references therein).

For instance, Bestvina and Feighn prove in [8, Theorem 9.5] that if G is finitely
presented, and the action G � T is stable (a condition satisfied by free actions) then
the required action on a simplicial tree can always be produced (with virtually cyclic
stabilizers of edges, if the initial action was free).

The interest of a Rips-type theorem for median spaces is that it would relate
the negation of property (T) to actions on CAT(0) cube complexes, and it would
provide conditions under which a-T-menability implies weak amenability with
Cowling-Haagerup constant 1 [18, §1.3].

The results in this paper show thatone cannot expect, for actions onmedian spaces, a
theorem similar to the one of Bestvina–Feighn: uniform irreducible lattices in products
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2930 I. Chatterji, C. Druţu

SO(n1, 1)×· · ·× SO(nk, 1) are finitely presented, they act properly discontinuously,
minimally and with compact quotient on median spaces, but cannot act non-trivially
on a CAT(0) cube complex [19] when k ≥ 2. Still, the following question may still
have a positive answer

Question 1.8 It is possible to obtain Rips-type theorems for stable (e.g. proper) actions
of finitely presented groups on median spaces of finite rank?

This is consistent with the case of real trees, which are median spaces of rank one.
For such Rips theorems, themost appropriate condition corresponding to the condition
T �= R for trees seems to be “median space with no global fixed point at infinity under
the full isometry group, and which is not within bounded Hausdorff distance from a
spaceR

n with the �1 norm”. This follows from the fact that a finite rank median metric
space has a bi-Lipschitz equivariant metric that is CAT(0), and from the results in [16].

1.e. Plan of the paper. In Sect. 2 we recall the definition of (pseudo-)median
space, and define and discuss other relevant notions, such as that of δ-tripodic and of
geodesically δ-tripodic spaces. Section 3 recalls the construction of a median space
associated to a space with walls (this is done in more detail in [18, 28, 29]). Section 4 is
devoted to the proof of Theorem 4.14. In Sect. 5 we prove that the medianization of the
real hyperbolic space is locally compact. Section 6 discusses the complex hyperbolic
case and Corollary 1.6.

2 Tripodic andmedian spaces

Recall that a pseudo-metric space (X , pdist) is a space such that pdist satisfies all the
properties of a distance, except for “pdist(x, y) = 0 ⇒ x = y”. Its separation is the
metric space ̂X obtained as a quotient by the equivalence relation pdist(x, y) = 0.

Definition 2.1 A point a in the pseudo-metric space X is said to be between two other
points x, y in X if

pdist(x, a) + pdist(a, y) = pdist(x, y).

The interval I (x, y) of endpoints x and y is the set of points that are between x and
y. A point a is said to be δ-between two other points x, y if

pdist(x, a) + pdist(a, y) ≤ pdist(x, y) + δ.

When δ = 0, a is between x and y and it belongs to the interval I (x, y). The δ-interval
Iδ(x, y) of Definition 1.1 is the set of points that are δ-between x and y.

A subset A in X is called convex if every point a that is between two points x, y in
A lies in A. When X is a metric space, this is equivalent to the fact that I (x, y) ⊆ A
for every two points x, y in A.

A median pseudo-metric space is a space for which, given any triple of points
x, y, z, the set I (x, y) ∩ I (y, z) ∩ I (x, z) is non-empty and has diameter zero. Any
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Fig. 1 A line T × [0, 1] with pieces of a rectangle removed

point in the latter set is calledmedian point for the triple x, y, z.When pdist is ametric,
this coincides with the notion of median metric space recalled in the introduction.

The rank of a median metric space X is the supremum over the set of integers k
such that X contains an isometric copy of the set of vertices {−a, a}k of the cube of
edge length 2a endowed with the induced �1-metric, for some a > 0. Equivalently,
it is the supremum over the set of integers k so that there exist k pairwise transverse
convex walls. The rank of a median pseudo-metric space (X , pdist) equals the rank
of its separation.

Given R > 0, the open R–neighbourhood of a subset A, i.e. {x ∈ X : pdist(x, A) <

R}, is denoted by NR(A). In particular, if A = {a} then NR(A) = B(a, R) is the
open R-ball centered at a. We use the notation N R(A) and B̄(a, R) to designate the
corresponding closed neighborhood and closed ball, defined by non-strict inequalities.

Remark 2.2 In any metric space, since for a ∈ N R(I (x, y)) there is a point in I (x, y)
at distance less than R, one can see that

N R(I (x, y)) ⊆ I2R(x, y). (1)

The reverse inclusion is true in median metric spaces, but false in general. It is
false in a Euclidean space, even with N R(I (x, y)) replaced by N D(I (x, y)), for
some uniform D = D(R). The following examples show spaces that are at bounded
distance from a median space where the reverse inequality is still false.

Example 2.3 Consider a simplicial tree T , the median space M = T × [0, 1], and the
subspace X ofM obtained by removing relative interiors of rectangles [xn, yn]×[0, 1]
and, in the copy T ×{1}, the relative interiors of geodesics [xn, yn]×{1},with [xn, yn]
pairwise disjoint geodesics in T of respective length n. In the space X with the metric
induced from M, I ((xn, 1), (yn, 1)) = {(xn, 1), (yn, 1)}, while I2((xn, 1), (yn, 1))
contains the entire geodesic [xn, yn] × {0} (see Fig. 1).

Another example would be to consider R
2 with the L1 norm, remove the interior

of pairwise disjoint translates of squares [0, n]× [0, n], n ∈ N, and replace them with
the other faces of a height one parallelepiped over that square, with the interior of the
bottom square removed.
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2932 I. Chatterji, C. Druţu

Remark 2.4 Let (X1, d1) and (X2, d2) be metric space, and δ1, δ2 ≥ 0. Then, for any
x = (x1, x2), y = (y1, y2) ∈ (X1 × X2, d1 + d2), a direct computation shows that

Iδ1(x1, y1) × Iδ2(x2, y2) ⊆ Iδ1+δ2(x, y) ⊆ Iδ1+δ2(x1, y1) × Iδ1+δ2(x2, y2).

The second inclusion is false in general for the �2 combination of the metrics, even
with different constants. For instance, in the Euclidean plane R

2, taking x = (0, 0)
and y = (2R, 0), one checks that t = (R,

√
Rδ) ∈ Iδ(x, y) is not contained in the

rectangle Iδ(0, 2R) × Iδ(0, 0), when R is large enough.

The followinggeneralizations of bothmedian spaces andGromovhyperbolic spaces
requires, loosely speaking, that the set of ‘quasi-centers’ of any triple of points is
non-empty, or that they come from a thin geodesic triangle.

Definition 2.5 [(Geodesically) tripodic (pseudo-)metric spaces and groups] A
(pseudo-)metric space (X , pdist) is called tripodic (or δ-tripodic when we want to
specify the constant) if, given any three points x, y, z,

I2δ(x, y) ∩ I2δ(y, z) ∩ I2δ(z, x) �= ∅.

We say that X is geodesically tripodic (or δ-tripodic) if given any three points
x, y, z, there exists a δ-thin geodesic triangle with vertices x, y, z, namely a geodesic
triangle such that each of its sides is contained in the δ-neighborhood of the union of
the other two sides.

A finitely generated group G is (geodesically) tripodic (or δ-tripodic) if it admits
a geometric action on a (geodesically) tripodic metric space.

Remark 2.6 Roughly median spaces and groups (Definition 1.1) are in particular
tripodic. A tripodic space is then roughly median if the diameter of those non-empty
triple intersections is uniformly bounded. Similarly, we can talk about geodesically
roughly median spaces, when one can actually see those thin triangles in the space,
which is not always the case, as Example 2.3 shows.

Example 2.7 (1) In metric graph theory, 0-tripodic graphs are called modular graphs.
Thus, all the examples of modular graphs are also examples of 0-tripodic spaces.

(2) Pseudo-modular graphs (in particular Helly graphs) are 1-tripodic [17, §2.2.2.2].
(3) Quasi-median graphs of finite cubical dimension d are d-tripodic by work of

Genevois [33, Proposition 2.84].

Remark 2.8 Geodesically δ-tripodic implies tripodic, but the converse implication is
not true in general. Example 2.3 depict spaces that are 1-tripodic, but not geodesically
1-tripodic. These examples display the key difference between the two notions: in a δ–
tripodic space in generalwemaynot have that Iδ(x, y) is a subset ofND(I (x, y)) for all
x, y ∈ X , for some uniform constant D; in a geodesically δ-tripodic space, on the other
hand, for any α ≥ 0 there exists D = D(δ, α) ≥ 0 such that Iα(x, y) ⊆ ND(I (x, y)).
Indeed, take t ∈ Iα(x, y) and consider a δ-thin triangle with vertices x, y, t . Take
p ∈ I (x, y), at distance less than δ from both px ∈ I (x, t) and py ∈ I (y, t).
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Then pdist(x, p) ≤ pdist(x, px ) + δ and pdist(y, p) ≤ pdist(y, py) + δ and from
t ∈ Iα(x, y) we get that

pdist(x, px ) + pdist(px , t) + pdist(t, py) + pdist(py, y)

≤ pdist(x, p) + pdist(p, y) + α

hence pdist(px , t) + pdist(t, py) ≤ 2δ + α and so 2pdist(t, py) − 2δ ≤ 2δ + α since
pdist(px , t) ≤ pdist(py, t) + 2δ. Then pdist(t, p) ≤ pdist(t, py) + δ ≤ D(α, δ), so
that t ∈ ND(I (x, y)).

Example 2.9 (1) Geodesic Gromov hyperbolic spaces are (geodesically) δ-tripodic;
(2) (geodesic) median spaces are (geodesically) 0-tripodic;
(3) if (X1, d1) and (X2, d2) are δ1 and δ2-tripodic respectively, then, from the

inclusions in Remark 2.4, one deduces that the product (X1 × X2, d1 + d2) is
(δ1 + δ2)-tripodic. In particular, products of hyperbolic spaces are δ-tripodic.

(4) Euclidean (and Hilbert) spaces cannot be δ-tripodic for any δ < ∞ unless if they
are of real dimension one.

(5) According to Huang and Osajda [43], certain Artin groups and Garside groups
(e.g. braid groups) are tripodic.

With the above definition and D = 0, a 0-median space is a median space. It is
immediate from the definitions that a roughly median space is coarse median in the
sense of Bowditch [10].

Remark 2.10 The property of being roughly median is strictly stronger than that of
tripodic: the building associated to Sp(4, Qp) admits ametric that is 0-tripodic. Indeed,
this metric corresponds to a consistent choice of a pair of orthogonal roots in each
flat. This is possible because it has two pairs of roots of different lengths. For such a
metric, intervals grow exponentially, medians are not unique and can have arbitrarily
large diameters. The metric cannot be median because Sp(4, Qp) has property (T). A
similar argument works for Sp(2n, Qp) and SL4(Qp). They cannot be coarse median
either [40], hence in particular not roughly median.

Being tripodic or roughly median behaves well under rough isometries, which are
quasi-isometries with multiplicative constant 1, see in Arnt’s PhD thesis [1]. Those
notions also behave well under relative hyperbolicity, as the following stability result
shows.

Proposition 2.11 Let G be a finitely generated group hyperbolic relative to a finite fam-
ily of finitely generated subgroups H1, . . . , Hn . Assume that for every i ∈ {1, . . . , n}
the subgroup Hi is δ-tripodic (resp δ-median). Then the group G is α-tripodic (resp.
roughly median) for some α ≥ 0.

In particular, any lattice in SO(n, 1) is δ-tripodic. However, non-uniform lattices
in SU (3, 1) are not δ-tripodic: a group that is δ-tripodic must have sub-cubic Dehn
function [26], and these lattices have cubic Dehn functions. Note that Elder’s proof
in [26] is purely metric, thus even though the result is formulated for word metrics
and Dehn functions, it is also true for metrics quasi-isometric to word metrics and for
metric generalisations of Dehn functions, as defined in [37, 5.F].
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Proof of Proposition 2.11 Assume that for every i ∈ {1, . . . , n} the subgroup Hi admits
a geometric action on a (geodesically) δ-tripodic metric space Xi (resp. roughly
median). According to Section 4 of [38] or [45], there is a metric space Y on which
G acts geometrically and such that the Xi ’s are isometrically embedded. Let us show
that this metric space Y is (geodesically) α-tripodic (resp. roughly median) if the
subspaces Xi are. According to [23, 24], relative hyperbolicity implies that there is a
constant δ such that for any triangle �, consisting of a triple of points x, y, z in G
and (discrete) geodesics between those points, there exists a coset gHi such that if we
denote by x1, x2, y1, y2, z1, z2 ∈ gH the entrance and exit points of the geodesics of
� from this coset, we have that d(x1, x2), d(y1, y2), d(z1, z2) ≤ δ. Now, since Xi is
(geodesically) δi -tripodic (resp. roughly median) and isometrically embedded in Y ,

there is a δi -centre for the triple x1, y1, z1, which will work for the triple x, y, z as
well. ��

The geodesical versions of δ-tripodic (resp. δ-median) are a little more subtle as
one needs to control where the actual geodesics travel, and are left to an interested
reader. It is straightforward to check that products of geodesic hyperbolic spaces are
roughly geodesically median. There has been a lot of lively research recently around
the question of the existence of an (equivariant) embedding of a group into a finite
product of hyperbolic spaces. This started with the work of Bestvina, Bromberg,
Fujiwara [5], and later Bestvina, Bromberg, Fujiwara and Sisto [7], who introduced a
set of axioms allowing to construct such an embedding, and applied it, for instance,
to mapping class groups. Hagen and Petyt later proved that, at least in the case of
mapping class groups, this embedding endows the group with a structure of δ-median
space [41]. After that, Bestvina, Bromberg and Fujiwara showed that in certain cases
(e.g. for mapping class groups) the construction can be adapted to yield an equivariant
quasi-isometric embedding into a finite product of quasi-trees. This construction has
been proven to induce a roughly median structure on mapping class groups by Petyt
[53] (but it is unclear if it can be obtained using word metrics).

Proposition 2.12 (Petyt) Mapping class groups are roughly median.

Proof LetG be amapping class group, that acts on a product of quasi-trees as provided
by [6]. According to Proposition 3.2 of [53], under the orbit map, any hierarchy path
in the finite index, colour-preserving subgroup of G, turns into a quasi-geodesic in
each of the quasi-trees. It remains to see that the orbit is coarsely median-preserving.
This is the content of the first two paragraphs of the proof of Theorem A, just below
the statement of Proposition 3.2 on p.12, which shows that the median of 3 points in
G in lies on a triangle of hierarchy paths, which turns into triangles of quasi-geodesics
in the quasi-trees. ��

Alternatively, one can also use Proposition 3.9 of [41], which embeds the mapping
class group in a product of hyperbolic spaces with coarsely median-preserving orbits
(with the same argument).
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3 Themedian space associated to a space withmeasured walls

From [42], we recall that a wall of a set X is a partition X = h � hc (where h is
possibly empty or the whole X ). A collectionH of subsets of X is called a collection
of half-spaces if for every h ∈ H the complementary subset hc is also in H. We call
collection of walls on X the collection WH of pairs w = {h, hc} with h ∈ H. For
a wall w = {h, hc} we call h and hc the two half-spaces bounding w. Another wall
w′ = {h′, h′c} is said to intersect w = {h, hc} if each half-space boundingw intersects
non-trivially each half-space boundingw′, and the wallsw,w′ are parallel otherwise.
We say that a wall w = {h, hc} separates two disjoint subsets A, B in X if A ⊆ h and
B ⊆ hc or vice-versa and denote by W(A|B) the set of walls separating A and B. In
particular W(A|∅) is the set of walls w = {h, hc} such that A ⊆ h or A ⊆ hc; hence
W(∅|∅) = W. We use the notation W(x |y) to designate W({x}|{y}).
Definition 3.1 (Space with measured walls [22]) A space with measured walls is a set
X , with W a collection of walls, B a σ -algebra of subsets of W and μ a measure on
B, such that for every two points x, y ∈ X the set of separating wallsW(x |y) is in B
and has finite measure. We denote by pdistμ the pseudo-metric on X defined by

pdistμ(x, y) = μ (W(x |y)) ,

and we call it the wall pseudo-metric.

Remark 3.2 Consider the set H of half-spaces determined by W, and the natural
projection map p : H → W, h �→ {h, hc}. The pre-images of the sets in B define a
σ -algebra on H, which we still (abusing notations) denote by B; hence on H can be
defined a pull-back measure that we also denote by μ. This allows us to work either
inH or inW.

For the definition of homomorphisms of spaces with measured walls we use a
slightly modified terminology, in accordance with the one in [28, 29].

Definition 3.3 Let (X ,W, μ) and (X ′,W ′, μ′) be two spaces with measured walls. A
map φ : X → X ′ is a homomorphism of spaces with measured walls if:

• for any w′ = {h′, h′c} ∈ W ′ we have {φ−1(h′), φ−1(h′c)} ∈ W; this latter wall
we denote by φ∗(w′);

• the map φ∗ : W ′ → W is measurable and (φ∗)∗μ′ = μ.

We say that φ is a monomorphism of spaces with measured walls if φ∗ is surjective,
and that φ is a coarsely surjective monomorphism if moreover there exists D > 0 such
that X ′ is contained in the closed D-neighbourhood of φ(X), and for every half-space
h of X there exists a half-space h′ of X ′ at Hausdorff distance less than D of φ(h).

Both neighbourhoods are considered with respect to the wall pseudo-metric pdistμ′ .

Note that being a monomorphism does not necessarily imply injectivity. On the
other hand, being a homomorphism already does imply that the map is an isometric
embedding with respect to the wall pseudo-distances.
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Example 3.4 The planeR
2 with the Euclidean distance can be isometrically embedded

in a median space, via the map

R
2 → L1([0, 2π ])

(

x
y

)

�→ 1

4
(x sin t + y cos t) .

Example 3.5 Asmentioned in the introduction, a medianmetric space is endowedwith
a structure of convexmeasuredwalls, such that thewall pseudo-metric pdistμ coincides
with the median metric, and isometries are automorphisms of the space with measured
walls [18, Section 5]. Thus, every L1-space has a measured walls space structure, and
every L p-space, with p ∈ (1, 2] (in particular, every Hilbert space), has a measured
walls space structure, since they all embed isometrically in an L1-space [60].

Example 3.6 (Finite dimensional real hyperbolic space) Define the half-spaces of the
real hyperbolic space H

n to be closed or open geometric half-spaces, so that the
boundary of half-spaces is an isometric copy ofH

n−1 (a geometric hyperplane ofH
n).

More precisely, if we use the model of one sheet of a hyperboloid,

Hn = {(x1, . . . , xn+1) ∈ R
n+1 | x2n+1 −

n
∑

i=1

x2i = 1, xn+1 > 0}

for H
n, then a closed half-space h is defined by x1 ≥ 0, with boundary hyperplane ∂h

defined by the equation x1 = 0. The connected component of the identity, SOI (n, 1),
of the group stabilizing the form x2n+1 − ∑n

i=1 x
2
i , acts transitively on the set of unit

tangent vectors of H
n identified withHn, hence all closed half-spaces are in the same

orbit. The stabilizer of the half-space h can be identifiedwith the stabilizer of the vector
(1, 0, . . . , 0)t in SOI (n, 1), thus with SOI (n − 1, 1) (identified with the subgroup
of SOI (n, 1) with 1 in the upper left corner and all the other entries of the first row
and the first column zero). Thus, we can identify the set of closed half-spaces with
SO(n, 1)/SO(n − 1, 1).

An element in the stabilizer of the hyperplane x1 = 0 can either fix h or swap it with
the opposite closed half-space, as it contains for instance the symmetry represented
by the diagonal matrix σ with diagonal (−1,−1, 1, . . . , 1). Thus, the stabilizer of the
hyperplane ∂h is the semidirect product of SOI (n − 1, 1) with Z2 = {id, σ }. The set
of hyperplanes can therefore be identified with SO(n, 1)/[SO(n − 1, 1) � Z2].

The set of walls is of the form {h, hc}, with h a closed half-space and hc the
complementary open half-space, and can therefore be identified with the set of closed
half-spaces, hence with SO(n, 1)/SO(n−1, 1). Since the stabilizer of a wall/a closed
half-space is unimodular, there is a SO(n, 1)-invariant borelianmeasureμHn on the set
of walls. The set of walls separating two points has a compact closure, therefore it has
finite measure and thus (Hn,WHn , μHn ) is a space with measured walls. By Crofton’s
formula [22, Proposition 3], up to multiplying the measure μHn by some positive
constant, the wall pseudo-metric on H

n coincides with the usual hyperbolic distance.
The case of the infinite dimensional hyperbolic space seems more complicated, see
Remark 4.18.
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We now recall how a space with measured walls naturally embeds in a median
space. This is done in detail in [18, 28, 29] and we just give the outline here.

Definition 3.7 Given a space with measured walls (X ,W, μ), a section s for the
projection p : H → W is called admissible if its image contains, together with a half-
space h, all the half-spaces h′ containing h.We denote byM(X) the set of admissible
sections.

Remark 3.8 We identify an admissible section s with its image σ = s(W); with this
identification, an admissible section becomes a collection of half-spaces, σ, such that:

• for every wall w = {h, hc} either h or hc is in σ, but never both;
• if h ⊂ h′ and h ∈ σ then h′ ∈ σ.

Such a collection of half-spaces is commonly called ultrafilter in the literature on
median spaces.

For any x ∈ X we denote by σx the image of the section of p associating to each
wall {h, hc} the half-space containing x . That is, σx is the set of half-spaces h ∈ H
such that x ∈ h. This is an admissible section and

p(σx � σy) = W(x |y).

Let now x0 denote some base point in X . We define

B0 := {A ⊆ H such that A � σx0 ∈ B and μ(A � σx0) < +∞},

and endowed with the following map

pdistμ(A, B) = μ(A � B),

the set B0 becomes a median pseudo-metric space. Indeed, the identity A � σx1 =
(A � σx0) � (σx0 � σx1) proves the triangle inequality, and the fact that σx0 � σx1
is measurable with finite measure shows that the median pseudo-metric space B0 is
independent of the chosen base point x0. In particular, σx ∈ B0 for any x ∈ X and the
elements inM(X) \B0 are the elements at infinite distance from the sections coming
from the elements of X , and form the Roller boundary (that we will not discuss here).
The map

χ x0 : B0 → S1(H, μ), χ x0(A) = χA�σx0
(2)

is an isometric embedding of B0 into the median subspace S1(H, μ) ⊆ L1(H, μ),

where S1(H, μ) = {χB | B is measurable andμ(B) < +∞}.Notice that for x, y ∈ X
we have pdistμ(x, y) = μ(σx � σy), thus x �→ σx is an isometric embedding of X
into (B0, pdistμ).
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Definition 3.9 The median space associated to X is the metric spaceM(X) obtained
as the separation of the pseudo-metric space

M(X) ∩ B0.

Since each admissible section σx belongs to M(X), it follows that X isometrically
embeds in M(X). We will denote by ι : X → M(X) this isometric embedding.
Given two elements τ, τ ′ inM(X), we denote

W(τ |τ ′) = {w = {h, hc} ∈ W | h ∈ τ, hc ∈ τ ′} = p(τ � τ ′).

The following result emphasizes that the construction ofM(X) is the right one.

Proposition 3.10 (Proposition 3.14, [18]) The space M(X) is a median subspace of
̂B0. Let (X ′,W ′) be another space with measured walls. Any homomorphism of spaces
with measured walls φ : X → X ′ induces an isometric embeddingM(X) → M(X ′).
In particular the group of automorphisms of (X ,W) acts by isometries on M(X).

Remark 3.11 To all intents and purposes, the spaceM(X) can be replaced byM0(X),

the metric completion of the median closure of X in M(X). The space M0(X) may
in general be different fromM(X), but is equal to it when the spaceM0(X) is locally
convex [29].

All the results in [18] and in this paper that are formulated forM(X) also hold for
M0(X). Moreover M0(X) has the advantage of being a complete geodesic metric
median space when X is connected. Indeed, according to Bowditch [12], a complete
median space is geodesic if and only if it is connected. The median map is 1-Lipschitz,
therefore the image of X by it in M(X) is connected, and as the median completion
of X in M(X) equals the increasing union of (connected) sets obtained by iterative
applications of the median map to X , it is itself connected. The space M0(X) is the
metric completion of this latter median completion, hence it is itself connected.

4 Distances to the associatedmedian space

Notation 4.1 Let (X ,W, μ) be a space with measured walls. For any subset Y ⊆ X ,

we denote by W(Y ) the set of walls separating two points of Y (we also say that
these walls cut Y ). We denote byH(Y ) = p−1(W(Y )) the corresponding set of half-
spaces. The sets W(Y ) and H(Y ) are not a priori measurable, unless Y is countable
for instance, in which case W(Y ) = ⋃

y,y′∈Y W(y|y′). We write μ(W(Y )) ≤ K if
for any measurable subset E ⊆ W(Y ) we have that μ(W(E)) ≤ K , hence we may
talk about a priori non-measurable sets having bounded measure.

In this sectionwe investigate underwhat circumstances a spacewithmeasuredwalls
is within bounded Hausdorff distance of its associated median space, or a complete
median space in general. Such a measured wall space would have to satisfy metric
properties similar to those of a median space, up to bounded perturbation. We briefly
recall here a few more properties of median spaces, as discussed in [18], ending with
the property that will be central to our approach.
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Fig. 2 The Euclidean plane with most walls close to x and crossing h, versus the hyperbolic plane where
only hyperplanes near p can cross h

Definition 4.2 Given a metric space (X , dist), a subset A and a point x in X , an ε-
projection p of x on A is a point p ∈ A such that pdist(x, p) < pdist(x, A) + ε. A
gate between a point x and a subset Y of X is a point p ∈ Y that is between x and any
point y ∈ Y . A subset Y is gate convex if every point x ∈ X \ Y has a gate.

Every gate convex set is closed and convex. The converse is true if X is a complete
median space. In particular, in a complete median space the closure of every half-
space is gate convex. This is the property that we will quasify and use to discuss the
finiteness of the Hausdorff distance of a measured wall space to its associated median
space.

Definition 4.3 A measured wall space (X ,W, μ) is said to have quasi-gated half-
spaces if there are constants ε, K ≥ 0 such that every half-space h of X is (ε, K )-gated,
namely, for every point x outside h, and every ε-projection p of x on h (for the wall
pseudo-distance), the set of walls separating x from p and intersecting h has measure
bounded by K .

Remark 4.4 The Euclidean plane (R2, �2) does not have quasi-gated half spaces.
Indeed, any straight line (or hyperplane) corresponds to a wall, and half-spaces are
given by a side h of that hyperplane. For a point x ∈ hc, any ε-projection p has to be
in the ε-ball centered around the orthogonal projection of x on the hyperplane h̄. But
the measure of the hyperplanes separating x from p and intersecting h̄ is the same as
the one of all hyperplanes separating x from p, since the ones not intersecting h̄ are
the ones parallel to h̄, which is a measure 0 set of hyperplanes. Hence that measure is
almost equal to the distance between x and p, so cannot be bounded by any constant
independent of the distance between x and p. This phenomena doesn’t happen in the
hyperbolic plane: there walls correspond to bi-infinite geodesics, and given a point x
and a wall h̄, again any ε-projection is in the ε-ball around the nearest point projection
of x onto h̄, but now if x is far enough from h̄, most geodesic passing near x will fail
to intersect h̄, only the ones close enough to that ε-projection will (see Fig. 2).
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A consequence of the property that half-spaces are quasi-gated is a property of
quasi-convexity of walls. The latter quasi-convexity property is slightly different from
the one introduced in [18], where we defined quasi-convex sets to be sets Y such that
for every a, b ∈ Y , I (a, b) ⊆ N M (Y ) for some uniform M ≥ 0. Here, we extend the
notion of quasi-convexity as follows.

Definition 4.5 Given ametric space (X , dist), and constants δ, M ≥ 0, a subsetY ⊆ X
is called (δ, M)-quasi-convex if, for every a, b ∈ Y , then

Iδ(a, b) ⊆ N M (Y ).

With this terminology, we obtain the following.

Lemma 4.6 Let (X ,W, μ) be a measured wall space with quasi-gated half-spaces.
Let ε, K ≥ 0 be constants such that all its half-spaces are (ε, K )-gated.

Then, for every δ ≥ 0, all the half-spaces of X are (δ, K + δ)-quasi-convex.

Proof Let δ ≥ 0, x, y two distinct points in a half-space h and a ∈ Iδ(x, y). Let p be
an ε-projection of a onto h. Then W(a|p) \ W(a|h) has measure at most K .

On the other hand

W(a|h) � W(x |y) ⊆ W(a|x) ∪ W(a|y),

whence

μ(W(a|h)) + pdistμ(x, y) ≤ pdistμ(x, a) + pdistμ(a, y) ⇒ μ(W(a|h)) ≤ δ.

It follows that pdistμ(a, p) ≤ K + δ. ��
Remark 4.7 If we don’t assume gated or quasi-gated, but we know instead that for
any point x ∈ X and any half-space h ∈ H not containing the point x, the set
W(x |h) is measurable and its measure is equal to the pseudo-distance pdistμ(x, h)

between x and h, then the half-spaces are convex with respect to pdistμ, in the
sense that if a and b are two points in a half-space h and x ∈ I (a, b), then
pdistμ(x, h) = μ(W(x |h)) = 0. Indeed, x ∈ I (a, b) satisfies by definition that
pdistμ(a, x) + pdistμ(x, b) = pdistμ(a, b). Hence, since in general pdistμ(a, b) =
μ(W(a, x | b)) + μ(W(a | x, b)), we have

2μ(W(x |h)) + pdistμ(a, b) = μ(W(a, x | b)) + μ(W(x | h))
︸ ︷︷ ︸

μ(W(x |b))
+μ(W(a | x, b)) + μ(W(x | h))

︸ ︷︷ ︸

μ(W(x |a))

since W(a, x | b) � W(x | h) ⊆ W(x | b), and similarly W(a | x, b) � W(x |
h) ⊆ W(x | a). Combining the above, we get 0 = pdistμ(a, x) + pdistμ(x, b) −
pdistμ(a, b) ≥ 2pdistμ(x, h) ≥ 0.
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The condition that pdistμ(x, h) = μ(W(x |h)) is satisfied for R
2 when endowed

with the �1 metric, but not with the Euclidean metric, as in the latter case the hyper-
planes are all the straight lines; we can have points arbitrarily far from a hyperplane,
but the measure of the set of hyperplanes separating a point from another hyperplane
is always 0, since this set can only contain hyperplanes of a fixed slope.

Having quasi-gated half-spaces also suffices to ensure that walls separating a point
x from awall actually cut a small ball around x,which again is not true in the Euclidean
plane.

Lemma 4.8 Let (X ,W, μ) be a measured wall space with the property that there are
constants ε, K ≥ 0 such that all its half-spaces are (ε, K )-gated.

Then for every τ ∈ M(X), and x ∈ X , ε-projection of τ onto X ⊆ M(X), each
wall inW(x |τ) cuts the ball B̄(x, 2K + ε) ⊆ X .

Proof Take w = {h, hc} ∈ W(x |τ), so that x ∈ h and hc ∈ τ. Let p ∈ hc be a point
such that pdistμ(p, x) ≤ pdistμ(hc, x) + ε. By assumption, we have that

μ(W(x |p) \ W(x |hc)) ≤ K .

We can write

pdistμ(τ, σp) = μ((τ � σx ) � (σp � σx ))

= μ(W(x |τ) \ W(x |p)) + μ(W(x |p) \ W(x |τ)).

By the admissibility of τ, W(x |hc) ⊆ W(x |τ). It follows that W(x |p) \ W(x |τ) ⊆
W(x |p) \ W(x |hc), so that, using the assumption once again, we have μ(W(x |p) \
W(x |τ)) ≤ K .

On the other hand

μ (W(x |τ) \ W(x |p)) = pdistμ(τ, σx ) − μ (W(x |τ) ∩ W(x |p))
≤ pdistμ(τ, ι(X)) + ε − μ

(W(x |hc) ∩ W(x |p)) .

Now μ (W(x |hc) ∩ W(x |p)) = μ(W(x |p)) − μ (W(x |p)\W(x |hc)) , which by
assumption is larger than pdistμ(x, p) − K . Combining all, we get that

pdistμ(τ, σp) ≤ K + pdistμ(τ, ι(X)) + ε − pdistμ(x, p) + K ,

hence that pdistμ(x, p) ≤ 2K + ε, as desired. ��

This result is a quasification of the property that median spaces have, and that closed
walls are gate convex. It will suffice to conclude that X is within bounded distance
fromM(X), provided that the set of walls intersecting a ball has finite measure. This
is the condition that we introduce next.
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Definition 4.9 A wall space (X ,W, μ) is called μ-locally finite if for every R > 0,
there existsM = M(R) ≥ 0 such thatμ(W(B(x, R))) ≤ M < +∞ for every x ∈ X ,

where the open ball B(x, R) is with respect to the wall metric pdistμ. When we want
to avoid specifying the measure μ and there is no risk of confusion, we simply say
that the measured wall space is measurably locally finite.

Example 4.10 (1) The measured wall space structures on R
n endowed with either

the Euclidean norm or the �1-norm are measurably locally finite, as is the
structure on the real hyperbolic space H

n .

(2) Discrete wall spaces whose wall distance is uniformly proper are μ-locally
finite.

(3) More generally, if for each ball we have a covering

W(B(x, R)) ⊆ W(x |a1) ∪ · · · ∪ W(x |an(R)),

with d(x, ai ) ≤ g(R), then themeasuredwall space ismeasurably locally finite.

Lemma 4.8 implies the following.

Lemma 4.11 Let (X ,W, μ) be a measured wall space with quasi-gated half-spaces
and μ-locally finite. Then M(X) is within Hausdorff distance from ι(X), and in
particular is roughly median.

Precisely, if there are constants ε, K ≥ 0 such that all half-spaces are (ε, K )-gated,
then M(X) is within Hausdorff distance at most

δ = δ(K , ε) := μ̄(W(B̄(x, 2K + ε))

from ι(X), and hence X is δ-median (Definition 1.1).

To complete the characterization of measured wall spaces within finite distance
of their associated median space, we have to consider a converse of the statement in
Lemma 4.11.

Remark 4.12 The property alone that M(X) is within bounded distance from ι(X)

does not suffice to imply that half-spaces are quasi-gated. Example 2.3 shows this,
since the space X is within bounded Hausdorff distance of M(X) = M, but for the
midpoints (an, 0) of the geodesics [xn, yn] × {0} in X , there exist no points pn in
the half-space h = T × [1/2, 1] ∩ X such that W(an, pn) \ W(an, h) has uniformly
bounded measure. Indeed, for every pn ∈ h, the measure of W(an, pn) \ W(an, h)

is at least n/2 − 1. The reason for this is that in this example half-spaces are not
quasi-convex in the sense of Definition 4.5. Quasi-convexity is therefore a condition
independent of the “bounded distance from M(X)” condition and, as it is also a
necessary condition for the half-spaces to be quasi-gated, it has to be added to obtain
a converse. This is the subject of the next lemma.

It is to be noted that, when the quasi-convexity of the half-spaces is required, the
condition “within bounded distance from M(X)” can be weakened to “tripodic”.

123



Median geometry for spaces with measured walls… 2943

Lemma 4.13 Let (X ,W, μ) be ameasuredwall space that is δ-tripodicwhen endowed
with the wall pseudo-metric, for some δ ≥ 0, and such that there is M ≥ 0 such that
all the half-spaces are (2δ, M)-quasi-convex.

For every half-space h of X , every point x outside h, and every ε-projection p of x
on h, thewalls separating x from p and intersecting h must intersect B̄(p, 2δ+M+ε).

Namely, for every k ≥ 2δ + M + ε then

W(x |p) ∩ W(h) ⊆ W(B̄(p, k)).

In particular, if X is μ-locally finite, then all its half-spaces are (ε, K )-gated for
K ≥ μ̄(B̄(p, 2δ + M + ε)).

Proof Let x be a point outside a half-space h0, and let p be a ε-projection of x on
h0. Let E be a measurable subset of W contained in W(x |p)\W(x |h0). For any
wall w = {h, hc} ∈ E assume the notation is such that x ∈ h (so p ∈ hc). Since
the wall w does not separate x from h0, the intersection h ∩ h0 is not empty. Take
q ∈ h ∩ h0. As X is δ-tripodic, there exists a point m that is 2δ-between any two
of the three points x, p, q. In particular, since the walls are (2δ, M)-quasi-convex,
m ∈ I2δ(x, q) ⊆ N M (h), and m ∈ I2δ(p, q) ⊆ N M (h0) so

pdist(x,m) ≥ pdist(x, h0) − M ≥ pdist(x, p) − ε − M

hence pdist(x, p) − pdist(x,m) ≤ M + ε. Finally, from m ∈ I2δ(x, p) we compute

pdist(p,m) ≤ pdist(p, x) − pdist(m, x) + 2δ ≤ 2δ + M + ε.

This shows that w ∈ W(B̄(p, ε + M + 2δ)). ��
Combining all the preceding lemmas, we obtain the following result, that immedi-

ately implies Theorem 1.2.

Theorem 4.14 Let (X ,W, μ) be a space with measured walls that is μ-locally finite
(see Definition 4.9). The following are equivalent:
(1) there are constants δ, M ≥ 0 such that the Hausdorff distance from ι(X) to the

associated median space M(X) is at most δ and all the half-spaces of X are
(2δ, M)-quasi-convex;

(2) there are constants δ, M ≥ 0 such that there exists a median space M and a
monomorphism ϕ : X → M such thatM is within Hausdorff distance at most
δ from ϕ(X), and all the half-spaces of X are (2δ, M)-quasi-convex;

(3) there exists δ and M non-negative constants such that X with the wall pseudo-
metric is δ-tripodic, and all the half-spaces of X are (2δ, M)-quasi-convex;

(4) the space X has (ε, K )-gated half-spaces, for some ε and K non-negative
constants.

Proof That (1) implies (2) is immediate, and that (2) implies (3) follows from the fact
that roughly median spaces are in particular tripodic. That (3) implies (4) is the content
of Lemma 4.13, and that (4) implies (1) follows from the combination of Lemmas 4.11
and 4.6. ��
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Note that the property of being at finite Hausdorff distance from its median space is
not inherited by subsets, not even when they are geodesic. Indeed, every L2 space can
be embedded isometrically into an L1 space [60]. A particular case of the equivalence
in Theorem 4.14 is the following.

Theorem 4.15 Let (X ,W, μ) be a space with measured walls that is μ-locally finite
and has quasi-convex half-spaces. The following are equivalent:
(1) theHausdorff distance from ι(X) to the associatedmedian spaceM(X) is finite;
(2) there exists a median space M and a monomorphism ϕ : X → M such that

M is within finite Hausdorff distance from ϕ(X);
(3) there exists δ such that the pseudo-metric space (X , pdistμ) is δ-tripodic;
(4) there are ε and K non-negative constants such that the space X has (ε, K )-gated

half-spaces.

Corollary 4.16 A space with measured walls that is μ-locally finite and geodesically
δ-tripodic (e.g. geodesic Gromov hyperbolic or finite product of geodesic Gromov
hyperbolic spaces) with respect to the distance pdistμ is at finite Hausdorff distance
of its associated median space.

Corollary 4.17 A finite product of finite dimensional real hyperbolic spaces is within
bounded distance from its associated median space.

Remark 4.18 The infinite dimensional real hyperbolic space can be described in several
ways (see Example 3.6 for the finite dimensional case). For instance, given the Hilbert
space �2 and O(1,∞) the space of bounded operators preserving the form −x21 +
∑∞

i=2 x
2
i , one can defineH

∞ as the infinite dimensional Riemannian symmetric space
of constant negative curvature O(1,∞)/[O(1)×O(∞)],where O(∞) represents the
space of orthogonal operators that keep the first coordinate x1 fixed [37, §6.A.I I I ].
Alternatively, given a Hilbert space H and a 1-dimensional subspace L in it, one can
define a bilinear symmetric form determined by the quadratic form

B(v, v) = ‖vL‖2 − ‖vL⊥‖2,

where vL and vL⊥ are the orthogonal projections of v on L, respectively on its orthog-
onal L⊥. For a fixed non-zero vector e in L one can define the hyperboloid model of
the infinite dimensional hyperbolic space as

H
∞ = {v ∈ H | B(v, v) = 1, B(v, e) > 0},

with distance defined by cosh (distH∞(x, y)) = B(x, y), turning it into a complete
metric space with constant curvature−1 (in an appropriate sense) [49]. Note that there
is a generalization of this construction, Hα, of Hilbert dimension α, for every cardinal
α ≥ 2 [14]. For simplicity, here we restrict to α = ℵ0.

Finally, H∞ can also be defined as the direct limit of the sequence of metric spaces
(Hn)n∈N ,whereH

n ↪→ H
n+1 is the natural inclusion obtained by adding a 0 direction.

It is unclear how to endow the space X = H
∞ with a measured walls structure,

and even if it were, only a few of the previous arguments would work. In particular,
the following are true:
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(1) for every λ > 0, the coarse interval Iλ(x, y) is contained inNλ+δ(I (x, y)), for
every x, y, where δ only depends on the hyperbolicity constant. Therefore, all
the half-spaces are quasi-convex in the most general sense.

(2) the half-spaces are quasi-gated only in the following sense: given a half-space
h, a point x outside h and an ε-projection p of x onto h, every wall inW(x |p)\
W(x |h) intersects a ball B(p, δ), with δ depending only on the hyperbolicity
constant and on ε (Lemma 4.13).

However, as X is not measurably locally finite, the rest of the argument fails. It is
nevertheless natural to ask whether the result cannot be obtained by different means.
An answer toQuestion 1.7 cannot be obtained by taking a limit of the finite dimensional
case either, as the bound we obtain for the distance to the associated median space in
that case depends on volumes of balls, that increase with the dimension.

Remark 4.19 To complete the picture, we note that for a measured wall space X sat-
isfying the equivalent assumptions of Theorem 4.14, a connection can be established
between its half-spacesh and corresponding setshM ofM(X), that are not half-spaces
in general, defined, for each h ∈ H, by

hM = {[σ ] ∈ M(X) such that h ∈ σ for some σ ∈ [σ ]}.

These sets are convex, but their complements in M(X) might not be. Note that the
complement of a set hM is in general not (hc)M, sincewe can have hM∩(hc)M �= ∅,

see Remark 2.18 in [29].

5 Local compactness of themedianization of real hyperbolic spaces

In this section, wewill show that themedianization of a real hyperbolic space is locally
compact. To do so, we will show that balls in that medianization are totally bounded,
namely they can be covered by finitely many balls of any given radius. In a metric
space, a subset is compact if and only if it is complete and totally bounded. More
precisely, the aim of this section is to show the following.

Proposition 5.1 Let n ≥ 1. For any R ≥ 0 and any ε > 0, any ball of radius R in
M(Hn) can be covered by a finite collection of balls of radius ε.

We start by identifying the walls in H
n .

Notation 5.2 Fix a basepoint x0 in H
n . For every point x �= x0, we denote by Hx the

unique hyperplane orthogonal to the unique geodesic [x, x0] and containing x, and by
Wx the unique wall determined by Hx and whose closed component contains x0.

Lemma 5.3 Let n ≥ 2. For every admissible section τ ∈ M(Hn) and non-trivial
geodesic [a, x0] in H

n, one of the following cases occurs:
(1) the exists θ ∈ (a, x0) such that τ coincides with σa on every Wx with x ∈ (θ, x0]

and τ coincides with σx0 on every Wx with x ∈ [a, θ);
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(2) τ coincides with σa on every Wx with x ∈ (a, x0);
(3) τ coincides with σx0 on every Wx with x ∈ (a, x0).

Proof Suppose that we are neither in case (2) nor in case (3). Thus, there exists a point
u ∈ (a, x0) such that τ coincides with σa on Wu and a point v ∈ (a, x0) such that
the section τ coincides with σx0 on Wv. Clearly for every x ∈ [u, x0], the section τ

coincides with σa on Wx , and for every y ∈ [a, v], it coincides with σx0 on Wy . In
particular u must be between v and x0. Let δ be the supremum of the distances to x0
of points such as u and let θ be the point on [a, x0] that is at distance δ from x0. As
θ appears as limit of a sequence of points un as above and (θ, x0] = ⋃[un, x0], the
first property in (1) follows, and the second property follows according to the choice
of θ and the fact that for every x ∈ (a, x0), then τ must equal either σa or σx0 . ��
Notation 5.4 We denote by θτ (a) the point θ in case (1), the endpoint a in case (2)
and the endpoint x0 in case (3). Note that when a varies on the sphere S(x0, R), the
parameter θτ (a) defines a map

δτ : S(x0, R) → [0, R]
a �→ dist(x0, θτ (a)).

Lemma 5.5 For every admissible section τ ∈ M(Hn), the map δτ defined above is
continuous.

Proof Let a0 be a fixed point on S(x0, R) and let a be a point on S(x0, R) such that
the angle between [x0, a] and [x0, a0] is at most ε. For every point y0 on [a0, x0], the
point y on [a, x0] that is nearest to a such that Hy does not intersect Hy0 satisfies

dist(x0, y) ≤ dist(x0, y0) + κεR,

for a universal constant κ. This implies that dist(x0, θτ (a)) ≤ dist(x0, θτ (a0))+ κεR.

The opposite inequality is obtained by swapping a0 and a in the previous argument. ��
Remark 5.6 According toLemmas4.13 and4.8, given τ an arbitrary admissible section
in M(Hn), and x ∈ H

n a point such that pdistμ(τ, σx ) ≤ pdistμ(τ, ι(Hn)) + 1, any
wall that separates x from τ also cuts the ball B(x, ρ), where ρ only depends on the
hyperbolicity constant and the dimension of H

n . This implies that (in the Notation 4.1
where H(Y ) is the set of half-spaces cutting Y )

τ = [

σx ∩ H(B(x, ρ))c
] � [τ ∩ H(B(x, ρ))] ,

meaning that τ andσx , as admissible sections, coincide on thewalls that donot intersect
B(x, ρ) but may differ on the walls intersecting that ball, see Fig. 3. In particular,

distM(X)(τ, σx ) ≤ μ(H(B(x, ρ))) := �ρ.

We now have everything in place for the proof of Proposition 5.1.
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Fig. 3 A wall separating τ from a 1-projection x in ι(Hn) also cuts the ball B(x, ρ)

Proof of Proposition 5.1 According to Corollary 4.17, the median space M(Hn) is at
finite Hausdorff distance from H

n, so it suffices to consider balls centered at some
σx0 , for x0 ∈ H

n fixed. Let τ be an arbitrary admissible section in this ball B(σx0 , R),

any 1-projection in ι(Hn) ⊆ M(Hn) of that given τ is within distance R + �ρ from
x0. In particular, for R′ = R + �ρ + ρ we can write (see Remark 5.6 above)

τ = [

σx0 ∩ H(B(x0, R
′))c

] � [

τ ∩ H(B(x0, R
′))

]

,

meaning that τ coincides with σx0 on walls that are far enough from x0.
To show that the ball of radius R is totally bounded, it suffices to find, for every

ε > 0, a finite number of admissible sections τ1, . . . , τm in the closed ball of radius
R around σx0 such that for every admissible section τ at distance at most R from σx0 ,

there exists some τi such that the symmetric difference

τ � τi = [

τ ∩ H(B(x0, R
′))

]

�
[

τi ∩ H(B(x0, R
′))

]

(= pdist(τ, τi ))

has measure at most Cε, where C is a constant depending on the hyperbolicity con-
stant and the dimension of H

n . To construct those admissible sections, we consider
a1, . . . , ak points on the sphere S(x0, R′) such that for every a ∈ S(x0, R′) there
exists an ai such that the angle between [x0, a] and [x0, ai ] is at most ε/2R′. For
each i ∈ {1, 2, . . . , k} we consider b1(i), . . . , bn(i) on [x0, ai ] ordered from x0 to ai ,
dividing it into subgeodesics of equal length ε. This process subdivides the ball of
radius R′ into a grid of mesh ε.

On the finite set of walls

WF =
k

⋃

i=1

n
⋃

j=1

{Wbj (i)}

the number of admissible sections is finite. Let τ1, . . . , τm be admissible sections at
distance atmost R from σx0 such that all the possible restrictions τ |WF of an admissible
section at distance at most R from σx0 are realized by some τ�. In particular, for any
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τ at distance at most R from σx0 there exists τ� such that τ restricted to WF coincides
with τ�.

We are left to show that the distance from τ to τ� in M(X) is at most Cε. To this
end, assume that θτ (ar ) is inbetween b j (i) and b j+1(i), possibly equal to b j (i). Then,
on the set Wbj+1(i), the section τ coincides with σx0 and on the set Wbj (i), the section
τ coincides with σa . Whence the same is true for τ� and θτ�

(ar ) is inbetween b j (i)
and b j+1(i). It follows that the distance between θτ (ar ) and θτ�

(ar ) is at most ε.
For an arbitrary a ∈ S(x0, R′), the above and Lemma 5.5 imply that the distance

between θτ (a) and θτ�
(a) is at most (1+ κ)ε, for the constant κ of Lemma 5.5 above.

Thus, for every a ∈ S(x0, R′), the sections τ and τ� coincide on every Wx with
x ∈ [a, x0], except maybe on a small sub-interval of length at most (1 + κ)ε. The
distance between τ and τ�, given by the measure of the walls on which they differ, is
hence bounded by Cε, where C depends on the dimension n. ��

Proposition 5.1 combined with Corollary 4.17 imply the following.

Corollary 5.7 Let X be a finite product of finite dimensional real hyperbolic spaces.
Every uniform lattice in Isom(X) acts on the metric completionM(X) of the median
space associated to X properly discontinuously and with compact quotient.

Remark 5.8 It would be interesting to know ifM(X) is already complete, but this is not
immediate in our opinion. It follows from results of [28, 31] that irreducible lattices as
in Corollary 5.7 cannot act properly discontinuously cocompactly on a median space
of finite rank. This implies that:

• the median space M(X) has infinite rank;
• the action described in Corollary 5.7 is the best type of action on a median space
that can be found for such lattices.

6 The complex hyperbolic space

In the case of complex hyperbolic spaces H
n
C
, their hyperbolic metric distHC

cannot
be induced by a wall structure (see the proof of Corollary 1.6, at the end of this
section). The square root of thismetric however is known to come from awall structure
(possibly also larger powers distα

HC
with α ∈ (1/2, 1) might, but nothing is proven in

this respect). Here we explain that no metric distα
HC

can be δ-tripodic, hence the wall
space it would be induced by cannot be within bounded Hausdorff distance from a
median space. This is explained in Proposition 6.2 below, which follows from simple
considerations about snowflaked metrics. For the sake of completeness, we provide
the entire (easy computational) argument here.

Lemma 6.1 Let a ≥ b ≥ 0, let 0 < α < 1 and β > 1. The following inequalities
hold:
(1) (a + b)β ≥ aβ + bβ;
(2) aα + bα − (a + b)α ≥ bα(2 − 2α) ≥ 0.
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Proof The inequalities are trivial when b = 0. Thus we may assume that b > 0, in
fact without loss of generality we may assume that b = 1 and a ≥ 1.

(1) follows from the fact that the function f (x) = (x + 1)β − xβ − 1 is increasing
for x ≥ 1 and f (1) = 2β − 2 > 0.

(2) follows from the fact that the function g(x) = xα + 1− (x + 1)α is increasing
for x ≥ 1 and g(1) = 2 − 2α. ��
Proposition 6.2 (Snowflaked metric spaces) Let (X , dist) be a metric space and let
0 < α < 1. This implies that distα is a metric, and the following holds.

(1) For every two points x, y in X , the interval with respect to the metric distα

reduces to {x, y}.
(2) If (X , distα) is δ-tripodic, for some constant δ > 0, then X has bounded

diameter.

Proof That distα is a metric follows from Lemma 6.1.
(1) We denote the distance d = distα, and set β = 1

α
. We thus have that dist = dβ.

Let z be a point between two points x, y in X , with respect to the metric d. Thus
d(x, y) = d(x, y) + d(y, z), whence

dist(x, y) = [d(x, z) + d(z, y)]β ≥ dist(x, z) + dist(z, y) ≥ dist(x, y). (3)

The first inequality in (3) follows from Lemma 6.1(1). Note that equality holds if
and only if one of the two numbers is zero. Since the first and the last terms in (3) are
equal, all inequalities become equalities, in particular from the above we can deduce
that either d(x, z) = 0 or d(z, y) = 0.

(2) The proof is a coarse version of the proof of (1). Take three points x, y, z ∈ X and
consider a δ–median point m with respect to the metric d. Without loss of generality
we can assume that dist(m, x) ≤ dist(m, y) ≤ dist(m, z). We can write

d(x, y) + δ ≥ d(x,m) + d(m, y) ≥ (dist(x,m) + dist(m, y))α ≥ dist(x, y)α

= d(x, y). (4)

The second inequality is Lemma 6.1 (2). Using (4) and again Lemma 6.1(2), we can
write that

δ ≥ dist(x,m)α + dist(m, y)α − [dist(x,m) + dist(m, y)]α ≥ (2 − 2α)dist(m, x).
(5)

If we repeat the arguments in (4) and (5), with x, y replaced by y, z, we obtain that

(2 − 2α)dist(m, y) ≤ δ,

whence

dist(x, y) ≤ 2δ

2 − 2α
.
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This shows that only close enough triples of points admit a δ-median point, and hence
(X ,d) is δ-tripodic only if it has bounded diameter, that is only when (X , dist) has
bounded diameter. ��
Corollary 6.3 Let (X , dist) be an unbounded geodesic Gromov hyperbolic metric
space, and let 0 < α < 1. Then (X , distα) cannot be δ-tripodic for any δ > 0.

In particular if the snowflakedmetricdistα is induced by ameasuredwalls structure,
then no isometric embedding of (X , distα) into a median metric space M has image
within bounded distance of M.

Consider now the hyperbolic space H
n
C
with n ≥ 2, endowed with the hyperbolic

distance dist.Recall thatHn
C
admits a structure of space with measured walls such that

the induced distance is dist1/2. Possibly the exponent 1/2 can be increased to some
other value α ∈ (1/2, 1). In either case, the space with measured walls thus obtained
cannot be within finite distance of a median space due to Proposition 6.2. Thus we
can finish the proof of Corollary 1.6 stated in the introduction.

Proof of Corollary 1.6 (1) An isometric embedding of any metric space Y in a space
with walls X gives a wall structure on Y (by restricting the walls of X to the iso-
metrically embedded subspace Y ). But a wall on a manifold gives a codimension one
totally geodesic submanifold as the intersection of the topological closure of each
side. However, according to [36, §3.1.11], every totally geodesic submanifold of H

n
C

is either totally real or complex-linear, and in particular has real-codimension at least
2 when n ≥ 2. See also Remark 2.11 of [54].

(2) is an immediate consequence of Corollary 6.3. ��
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18. Chatterji, I., Druţu, C., Haglund, F.: Kazhdan and Haagerup properties from the median viewpoint.
Adv. Math. 225, 882–921 (2010)

19. Chatterji, I., Fernós, T., Iozzi, A., With an Appendix by Caprace, P.-E.: The median class and
superrigidity of actions on CAT(0) cube complexes. J. Topol. 9, 349–400 (2016)

20. Chepoi, V.: Graphs of some CAT(0) complexes. Adv. Appl. Math. 24, 125–179 (2000)
21. Bandelt, H.-J., Chepoi, V.: Metric graph theory and geometry: a survey. In: Surveys on Discrete and

Computational Geometry. Contemporary Mathematics, vol. 453, pp. 49–86. American Mathematical
Society, Providence (2008)

22. Cherix, P.A., Martin, F., Valette, A.: Spaces with measured walls, the Haagerup property and property
(T). Ergod. Theory Dyn. Syst. 24, 1895–1908 (2004)
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32. Gaboriau, D., Levitt, G., Paulin, F.: Pseudogroups of isometries of R and Rips’ theorem on free actions
on R-trees. Isr. J. Math. 87(1–3), 403–428 (1994)

33. Genevois, A.: Cubical-like geometry of quasi-median graphs and applications to geometric group
theory. Preprint. https://arxiv.org/1712.01618

34. Gerasimov, V.N.: Semi-splittings of groups and actions on cubings. Algebra, geometry, analysis and
mathematical physics (Russian) (Novosibirsk, 1996), Izdat. Ross. Akad. Nauk Sib. Otd. Inst. Mat.,
Novosibirsk, vol. 190, pp. 91–109 (1997)

35. Gerasimov, V.N.: Fixed-point-free actions on cubings. Sib. Adv. Math. 8(3), 36–58 (1998)
36. Goldman,W.M.:ComplexHyperbolicGeometry.OxfordMathematicalMonographs,ClarendonPress,

Oxford University Press, New York (1999)
37. Gromov, M.: Asymptotic invariants of infinite groups. In: Niblo, G.A., Roller, M.A. (eds.) Geometric

Group Theory, vol. 2. Proceedings of the Symposium Held in Sussex. LMS Lecture Notes Series, vol.
181. Cambridge University Press, Cambridge (1991)

38. Groves, D.: Limit groups for relatively hyperbolic groups, I: the basic tools. Algebr. Geom. Topol. 9,
1423–1466 (2009)

39. Guirardel, V.: Actions of finitely generated groups on R-trees. Annales de l’institut Fourier 58(1),
159–211 (2008)

40. Haettel, T.: Higher rank lattices are not coarse median. Algebr. Geometr. Topol. 16, 2895–2910 (2016)
41. Hagen, M., Petyt, H.: Projection complexes and quasimedian maps. Algebr. Geomet. Topol. 22, 3277–

3304 (2022). https://doi.org/10.2140/agt.2022.22.3277
42. Haglund, F., Paulin, F.: Simplicité de groupes d’automorphismes d’espaces à courbure négative.

In: Rourke, C., Rivin, I., Series, C. (eds.) The Epstein Birthday Schrift. Geometry and Topology
Monographs, vol. 1, pp. 181–248. International Press, Somerville (1998)

43. Huang, J., Osajda, D.: Helly meets Garside and Artin. Invent. Math. 225, 395–426 (2021)
44. Isbell, J.R.: Median algebra. Trans. Am. Math. Soc. 260, 319–362 (1980)
45. Kar, A.: Discrete groups and CAT(0) asymptotic cones. PhD Thesis, Ohio State University,

Mathematics (2008)
46. Kapovich, M.: Noncoherence of arithmetic hyperbolic lattices. Geom. Topol. 17, 39–71 (2013)
47. Messaci, M.L.: Isometric actions on locally compact finite rank median spaces. Groups. Geomet. Dyn.

(2023). Preprint. arXiv:2309.10760
48. Li, J.-S.,Millson, J.J.:On thefirstBetti number of a hyperbolicmanifoldwith an arithmetic fundamental

group. Duke Math. J. 71, 365–401 (1993)
49. Monod, N., Py, P.: An exotic deformation of the hyperbolic space. Am. J.Math. 136, 1249–1299 (2014)
50. McMorris, F.R.,Mulder, H.M., Roberts, F.S.: Themedian procedure onmedian graphs. Report 9413/B,

Econometric Institute, Erasmus University Rotterdam
51. Niblo, G., Wright, N., Zhang, J.: Coarse median algebras: the intrinsic geometry of coarse median

spaces and their intervals. Sel. Math. (N.S.) 27, 20 (2021)
52. Nica, B.: Group actions on median spaces. Master Thesis. arXiv:0809.4099
53. Petyt, H.: Mapping class groups are quasicubical. American J. Math. Preprint. arXiv:2112.10681
54. Petyt, H., Spiriano, D., Zalloum, A.: Hyperbolic models for CAT(0) spaces. Adv. Math. 450, 1–66

(2024)
55. Roller, M: Poc sets, median algebras and group actions. Preprint. arXiv:1607.07747
56. Sela, Z.: Acylindrical accessibility for groups. Invent. Math. 129(3), 527–565 (1997)
57. Sholander, M.: Medians and betweenness. Proc. Am. Math. Soc. 5, 801–807 (1954)
58. Sholander, M.: Medians, lattices and trees. Proc. Am. Math. Soc. 5, 808–812 (1954)
59. Vinberg, E.B., Shvartsman, O.V.: Discrete groups of motions of spaces of constant curvature.

“Geometry, II”. Encyclopaedia ofMathematical Sciences, pp. 139–248, vol. 29. Springer, Berlin (1993)
60. Wells, J.H., Williams, L.R.: Embeddings and Extensions in Analysis. Springer, New York (1975)
61. Wildstrom, J.: Cost thresholds for dynamic resource location. Discret. Appl. Math. 156, 1846–1855

(2008)
62. Yu, G.: Hyperbolic groups admit proper affine isometric actions on �p-spaces. Geom. Funct. Anal. 15,

1144–1151 (2005)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123

https://arxiv.org/1712.01618
https://doi.org/10.2140/agt.2022.22.3277
http://arxiv.org/abs/2309.10760
http://arxiv.org/abs/0809.4099
http://arxiv.org/abs/2112.10681
http://arxiv.org/abs/1607.07747

	Median geometry for spaces with measured walls and for groups
	Abstract
	1 Introduction
	2 Tripodic and median spaces
	3 The median space associated to a space with measured walls
	4 Distances to the associated median space
	5 Local compactness of medianization of real hyperbolic spaces
	6 The complex hyperbolic space
	Acknowledgements
	References




