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We investigate the existence of quantum disentangled liquid (QDL) states in the half-filled Hub-
bard model on bipartite lattices. In the one dimensional case we employ a combination of integra-
bility and strong coupling expansion methods to argue that there are indeed finite energy-density
eigenstates that exhibit QDL behaviour in the sense of J. Stat. Mech. P10010 (2014). The states
exhibiting the QDL property are atypical in the sense that while their entropy density is non-zero,
it is smaller than that of thermal states at the same energy density. We argue that for U > ¢ these
latter thermal states exhibit a weaker form of the QDL property, which carries over to the higher

dimensional case.
I. INTRODUCTION

The last decade has witnessed significant advances in
our understanding of relaxation in isolated many-particle
quantum systems. Many of these were driven by ad-
vances in ultra-cold atom experiments, which have made
it possible to study the real-time dynamics of almost iso-
lated systems in exquisite detail' ''. At present there
are three established paradigms for the relaxational be-
haviour in such systems. According to the eigenstate
thermalization hypothesis'> 15 “generic” systems relax
towards thermal equilibrium distributions. In this case
the only information about the initial state that is re-
tained at late times is its energy density. Quantum in-
tegrable models cannot thermalize in this way as they
exhibit additional conservation laws, but they relax to
generalized Gibbs ensembles instead'% 2!, Finally, disor-
dered many-body localized systems fail to thermalize as
well?2727, This is related to the existence of conservation
laws27 29, although in contrast to integrable models no
fine-tuning of the Hamiltonian is required.

Recently it has been proposed that certain isolated
quantum systems may exhibit behaviour that is not cap-
tured by these three known paradigms®C. The resulting
state of matter has been termed a “quantum disentangled
liquid” (QDL). A characteristic feature of such systems
is that they comprise both “heavy” and “light” degrees
of freedom, which will be made more precise below. The
basic premise of the QDL concept is that while the heavy
degrees of freedom are fully thermalized, the light degrees
of freedom, which are enslaved to the heavy degrees of
freedom, are not independently thermalized. A conve-
nient diagnostic for such a state of matter is the bipar-
tite entanglement entropy (EE) after a projective mea-
surement of the heavy particles. Specifically, we define
a QDL to be a state in which the entanglement entropy
reduces from a volume-law to an area-law upon a projec-
tive measurement of the heavy particles. The possibil-
ity of realizing a QDL in the one dimensional Hubbard
model was subsequently investigated by exact diagonal-
ization of small systems in Ref. 31. Given the limitations

on accessible system sizes it is difficult to draw definite
conclusions from these results. Motivated by these stud-
ies we explore the possibility of realizing a QDL in the
half-filled Hubbard model on bipartite lattices by ana-
lytic means. We employ methods of integrability as well
as strong-coupling expansion techniques3?3% to analyze
properties of finite energy-density eigenstates of the Hub-
bard Hamiltonian
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Here n; , = c}‘.’acjyl7 and (j, k) denote nearest neighbour
links that connect only sites from different sub-lattices
A and B. At half-filling (one electron per site) (1)
is invariant under the 7-pairing SU(2) symmetry with
generators>0
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In the strong interaction limit of the Hubbard model
(U > t), the bandwidths of the collective spin and charge
degrees of freedom are proportional to t2/U and ¢ respec-
tively. In this regime the spin (charge) degrees of freedom
therefore correspond to “heavy” (“light”) particles.

The outline of our paper is as follows. In section II we
employ methods of integrability to show that it is possible
to construct certain (“Heisenberg sector”) macrostates
at finite energy densities for which the charge degrees of
freedom do not contribute to the volume term in the
bipartite EE. This strongly suggests that these states
have the QDL property. In section III we then turn to
strong-coupling expansion methods in order to examine
the QDL diagnostic proposed in Ref. 30. In the one di-
mensional case this analysis shows that in the framework
of a t/U-expansion a projective measurement of the spin



degrees of freedom in a Heisenberg sector state indeed
leaves the system is a state that is only area-law en-
tangled. Our strong-coupling analysis further suggests
the existence of a weaker version of the QDL property,
where a projective measurement of the heavy degrees of
freedom leaves the system in a state characterized by a
volume-law entanglement entropy, but with a pre-factor
that is exponentially small in U/t. Section IV contains
a summary and discussion of our results. Various tech-
nical aspects of our calculations are presented in three
appendices.

II. INTEGRABILITY

The one dimensional Hubbard model is exactly solv-
able by the Bethe ansatz method3”. This provides a
description of energy eigenstates as well as the corre-
sponding macro states in the thermodynamic limit. We
now use this framework to identify a class of macro

states that exhibits a property that is characteristic
of a QDL. In the framework of the string hypothesis
general macro states in the one dimensional Hubbard
model are described by sets of particle and hole densi-
ties {p?(k), p"(k), 0% (A), 0% (A), 0P (A), 04" (A)|m € N}.
These are analogs of the well-known particle and hole
densities used to characterize macro states in the ideal
Fermi gas. The main complication in integrable mod-
els is that there are in general (infinitely) many different
species of excitations, which interact with one another.
In the case at hand the pp/ h describe pure charge excita-
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tions, the o3/~ correspond to elementary spin excitations

as well as their bound states and o7,” /h represent bound

states between spin and charge degrees of freedom. As
a consequence of the interacting nature of the Hubbard
chain the root densities are related in a non-trivial man-
ner: they are subject to the thermodynamic limit of the
Bethe Ansatz equations®”
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Here v = U/4t and
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The energy and thermodynamic entropy per site are then
given by
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where we have defined
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The ground state of the half-filled Hubbard model in zero
magnetic field is obtained by choosing
(7)
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A. The “Heisenberg sector”

Motivated by Ref. 31 we now consider a particular class
of macro states, which we call Heisenberg sector states.
The principle underlying their construction is to “freeze”
the charge degrees of freedom in its ground state config-
uration while imposing a finite energy density in the spin
sector. This is achieved by requiring

PME)=0=0"(A), n=1,2,...

n
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Condition (8) corresponds to the absence of bound states
between spin and charge degrees of freedom (i.e. no k-A



strings) and a completely filled “Fermi sea” of elemen-
tary charge degrees of freedom. Importantly the ther-
modynamic entropy per site of Heisenberg sector states
depends only on the spin sector
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As shown in Appendix A the total number of Heisenberg
sector states Nyg fulfils

lim 7111 <NHS)
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The result (10) suggests that for large, finite L there are
approximately 27 Heisenberg sector states.

B. Entanglement entropy of Heisenberg sector
states

We now make use of the relation between the volume
term in the EE and the thermodynamic entropy density
for eigenstates of short-ranged Hamiltonians. Consider a
finite energy density eigenstate |¥) and a large subsystem
A of size |A]. Then the volume term in the EE of the state
| W) is given by

Svn.a = slAl+o(|4]) . (11)

where s is the thermodynamic entropy density of the
macro state associated with |U).

Combining (9) with (11), we conclude that for Heisen-
berg sector states the volume term in the entanglement
entropy is entirely due to the spin degrees of freedom, and
the charge degrees of freedom do not contribute. This is
very much in line with what one would expect for a QDL
state.

C. Thermal states in the large-U limit

It is very instructive to contrast the entanglement
properties of Heisenberg sector states to those of typical
states. The maximum entropy states at a given energy
density are thermal and can be constructed by the Ther-
modynamic Bethe Ansatz (TBA). This provides a system
of coupled non-linear integral equations for the ratios of
the hole and particle densities37-3

oy,
s M (A) =

on(A) Tn

P (k) o, (A)

h
s Mn(A) = ) .

P(A)

(12)
For the sake of completeness we present the TBA equa-
tions in Appendix B. While in general the TBA equations
can only be solved numerically, in the limit of strong in-
teractions analytic results can be obtained*®*2. For sim-
plicity we focus on the “spin-disordered regime”

2

At
T <T<U. (13)

This regime corresponds to temperatures that are small
compared to the Mott gap, but large compared to the
exchange energy. Here one has*?

PRy =0(eT) o) =0 T) (4)
where we have set ¢ = 1 as our energy scale. Substitut-
ing this into the general expression (5) for the thermo-
dynamic entropy density we obtain

s = i /j:o dA S [O'np(A),O'nh(A)] + (’)(%eﬂ‘/T).

(15)
Finally, using the relation between thermodynamic and
EE (11) we conclude that for thermal states in the spin-
disordered regime the contribution of the charge degrees
of freedom contribute to the volume term is

SVN7A = (Sspin + Scharge)|A| + 0(|A|) )

Sspin = O(1),  Scharge = O(%e_“/T) . (16)
Here scharge includes the contributions from pure charge
degrees of freedom as well as bound states of spin and
charge. Importantly, unlike Heisenberg sector states,
typical states have a contribution from the charge de-
grees of freedom to the volume term. However, this con-
tribution is exponentially small in «/T" and therefore only
visible for extremely large subsystems. While we have fo-
cussed on the spin-disordered regime, the behaviour (16)
extends to thermal states for all 0 < T < U.

III. ¢/U-EXPANSION

The analysis presented above provides a strong indi-
cation that the Heisenberg sector states realize the QDL
concept. However, the exact solution does not presently
allow one to examine the QDL diagnostic proposed in
Ref. 30, which requires the calculation of the EE after a
partial measurement. We therefore now turn to a com-
plementary approach, namely a strong-coupling expan-
sion in powers of ¢t/U. This is most conveniently imple-
mented by following Ref. 33. At a given site j there are
four possible states |0);, |1); = c;r-,T 0);, 4); = ;,¢‘0>]’

and |2); = ;[.ch»i|0)j. Defining Hubbard operators by

Xj‘-lb = |a);;(b|, the Hamiltonian (1) can be expressed in
the form

H=UD+t(To+Ti+T-1), (17)
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are correlated hopping terms that change the number of
doubly occupied sites by a
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The t/U-expansion is conveniently cast in the form of a
unitary transformation®3

H' = He ™ = H4[iS, H)+ [iS, [iS, H]]+..., (18)
where the generator 1S is chosen as a power series in ¢/U
iS =300 (£)"iSM. The operators SIV,..., SK) can
be chosen such that the first k£ + 1 terms in the ¢/U-
expansion of H’ will not change the number of doubly
occupied sites. It follows from Ref. 33 that the unitary
transformation can be written as

iS5 ZZ( ) oW T®m],  (19)

k>0 [m]

T(k) [m] = Tm1Tm2 . '-ka , mj € {71’0’ 1}’(20)

where a(*)[m] are suitably chosen coefficients.

A. Heisenberg sector states in the ¢/U expansion

We now need to identify the Heisenberg sector states
in the framework of the t/U-expansion. We propose
that they are characterized by their property that, in the
framework of the ¢/U-expansion, they are connected by
our unitary transformation to states without any double
occupancies

W)H> = Z foq aL[HXaJ i||0
t/U
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(21)
Our identification is based on the fact that in the Bethe
ansatz solution exact eigenstates are labelled by sets of
(half-odd) integer quantum numbers, which makes it pos-
sible to follow a particular state when changing the in-
teraction strength U. When sending U/t to infinity for
a large but fixed system size one finds that in this limit
the lowest energy eigenstates belong to the Heisenberg
sector, which in turn leads to the identification (21). In
the following we will use the eigenstate |1 g) and its t/U-
expansion [¢) interchangeably and leave a discussion of
contributions not captured by the ¢/U-expansion for our
concluding remarks. The ground state of the half-filled
Hubbard model is a particular example of a Heisenberg
state. Heisenberg sector states have the important prop-
erty that they are singlets under the n-pairing SU(2) al-
gebra. This follows from the easily established fact that

. Tn)=0=["Ty = n*,Tn] , m=0%1. (22)

The commutation relations (22) imply that 7®)[m] com-
mute with the n-pairing operators, and this in turn im-
plies by virtue of (19) that

e =0=[n",e] = [*,e~*]. (23)

This, together with the fact that all states with only
singly occupied sites are annihilated by both 7 and nf,

establishes that all Heisenberg states are n-pairing sin-
glets

nly) =ntly) =n7lp) = 0. (24)

Using the results of Refs 43,44 we may construct a basis
for the space of n-pairing singlets. Let us select a set
A ={ay,... a2} of 2q lattice sites and denote the com-
plementary set by A. We take all A sites to be singly
occupied by spin-o; fermions, while we form singlet 7-
pairing dimers [S(a,b)) = [2)4]0)p + (=1)2T071]0)4[2)s
on the A sites. This gives an overcomplete set of states

q
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where k = ki,..., kg is a permutation of {ai,..., a2}

It is easily verified that the states (25) are n-pairing sin-
glets. A linearly independent set of states (25) is formed
by imposing a “non-crossing” constraint on the permit-
ted values of k as follows. We first impose an ordering of
sites {a1,...,a2¢}, €.g. a1 < as < -+ < aze. In one di-
mension this is simply the natural order of the sites. We
then connect the ¢ pairs of sites {(k2;_1,k2;)} by lines,
¢f. Fig. 1. If no lines cross, the state corresponding to
the pairing k is permitted. A basis B of all n-pairing sin-
glet states in the half-filled Hubbard model is obtained
by taking into account all “sectors” 0 < 2¢g < L and all
distinct sets {ai,...,as,} of lattice sites in a given sec-
tor. All eigenstates in the Heisenberg sector can then be
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FIG. 1: The pairing k = {a1, as, a2, as, as, ar, as, as } does not
involve crossed lines and fulfils the constraint.

expressed in the form

Z Ak;o’ |k;0’> . (26)
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B. One spatial dimension

The t/U-expansion allows us to determine the depen-
dence of the amplitudes Ag., on U. It is useful to define
the “total bond length” by

DY Ao ko)) =

|k;o)eDB

Jmax D (|k;o)), (27)
Ak;o 70

where we take D(|k; o)) = 20 (||koic1 — kasl| +1). Tt
is a straightforward matter to show (see the Supplemen-
tary Material) that D(T,|v)) < D(|))) + n + 1 where
n = 0,41 and [¢) is any Heisenberg sector state (26).



This in turn implies that D [T(’“) [m]|1o)] < k+q, where
q= Zle m; and |¢g) is any state with only singly oc-
cupied sites. Applying this to the expressions (21), (19)

for Heisenberg states, we conclude that the expansion
coefficients in (26) fulfil

= o((t/u)>itttamly, (28)

These results cannot be straightforwardly generalized to
D > 1 because our definition of a total bond length
hinges on |k; o) forming a basis of states, which im-
poses constraints on the allowed values of k. In a typ-
ical Heisenberg sector state we have a finite density of
doubly occupied sites and the coefficients (28) are of an
extremely high order in ¢t/U. In order to proceed we will
assume that the ¢/U-expansion for the wave-function (26)
has a finite radius of convergence. We know this to be
the case for certain quantities such as the ground state
energy>”

C. Quantum disentangled diagnostic

According to Refs 30,31 a QDL can be diagnosed by
preparing the system in a finite energy-density eigenstate
with volume-law bipartite EE, and then to carry out a
projective measurement of the z-component of spin on
each site of the lattice. If the resulting state is charac-
terized by an area-law EE, the original state realizes a
QDL.

We now address this proposal in the framework of
the ¢/U-expansion. As our initial state we choose a fi-
nite energy density eigenstate (21) in the Heisenberg sec-
tor. These generically have volume-law entanglement en-
tropies as can be seen from the fact that the correspond-
ing macro-states have finite thermodynamic entropy den-
sities. As the 1D Hubbard model is integrable there also
exist finite energy density eigenstates with area-law EE,
but these are the exception rather than the rule. Let
us assume that the outcome of our projective spin mea-
surement is that we obtain spin zero at all sites in the
set A = {a1,as,...a9,} and spin o; = £1/2 everywhere
else. Then the state of the system after the projective
measurement can be written as

alf
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where A is a normalisation factor. Using our results

(26) for the structure of Heisenberg states in the ¢/U
expansion, we can rewrite this in the form

a
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Here |o) = [];4 4 |o;) is a product state fixed by the pro-

jective measurement, and the sum Z/Qe 55, 18 restricted
to the permutations @ such that aq,,aq,,.--aq,, cor-
responds to singlet states that satisfy the non-crossing
condition. As a result of (28) the amplitudes W (Q) fulfil

W(Q) ~ 0 (o)== tentenl) )

In the leading order in the ¢/U-expansion that is allowed
to be non-zero by the above considerations there is only
a single term in (30) and we are dealing with a spatially
ordered product state of singlet dimers, ¢f. Fig. 2. In the

a2p—1 azn A2n41 A2n42 A2n4-3 A2n44

FIG. 2: Structure of the singlet pairings in the leading non-
vanishing term of the projected state in the ¢/U-expansion.

following we will assume for simplicity that the numerical
coefficient of this term is indeed different from zero, which
will be generically the case. Depending on the choice
of the initial Heisenberg state and the outcome of the
projective measurement it is possible that this coefficient
vanishes. Such cases can be accommodated by relatively
straightforward modifications of the following discussion.

D. Entanglement entropy.

At any finite order in the t/U-expansion the projected
states (30) are only weakly entangled. Let us consider
the generic case, in which the leading non-zero term in
the projected state has the form shown in Fig. 2. In
this case the leading term in von Neumann entropy of a
sub-system A is simply given by Syn,4 = In(2) if we cut
one of the singlet dimers when we bipartition the system,
and zero otherwise. At leading order it is not possible for
the bipartition to cut more than one dimer. In order to
describe the structure of the leading corrections to this
result we take the subsystem A to be the interval [1, /],
where ag,, 41 < £ < ag,y2. Here {a;} are the sites in the
projected state that are either doubly occupied or empty.
We then cast the projected state in the form
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where [¢r) (|¢r)) is the part of the leading term
of the projected state that involves the sites j <
agn—1 (j > aan+a). The coefficients €; 5 are of order
(t/U)>@2nts3=azn42) and (t/U)>(@2n+17920) respectively.
The von Neumann entropy for our subsystem is then
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We note that the correction is positive. The physical
picture that emerges is very simple: for small ¢/U, the
projected state is very close to being a product of Bell
pairs and the bipartite EE takes the form shown in Fig. 3.
The average double occupancy in a Heisenberg state is
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FIG. 3: Form of the bipartite entanglement entropy after pro-
jective measurement of a general Heisenberg state. Deviations
from S(z) = In2,0 arise from higher order terms, as seen in
(32), (33).

O(t2/U?), which implies that the average distance be-
tween doubly occupied/unoccupied sites is very large
~ U?/t2. Hence, if the outcome of our spin measure-
ment is close to its average, the sites ay, ..., az, are well
separated and the leading term (2) is expected to provide
an excellent approximation as long as the t/U-expansion
converges. We note that the results obtained by the t/U-
expansion are fully compatible with those obtained by in-
tegrability methods in section II. This, and the fact that
the t/U-expansion is known to converge for simple quan-
tities like the ground state energy37®, provides support
for its applicability.
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(32)

E. Higher dimensions D > 1

A key element of our analysis in the one dimen-
sional case is the notion of a bond length, which fulfils
D(|J11)) < D(J91) + |2)) for arbitrary n-pairing singlet
states |11 2). Our definition of a bond length utilizes the
availability of a convenient basis of such states. It is this
aspect which makes the D = 1 special. In D > 1 we pro-
ceed by again first fixing a set A = {a;} of 2¢ unoccupied
or doubly occupied sites. We denote by F;; a bond that
joins sites a; and a;. We then define a dimer configu-
ration € as a set of ¢ bonds C;; connecting sites a; and
a; such that all sites belong to precisely one bond. Each
dimer configuration gives rise to n-pairing singlet states
of the form

1&o) = [ IS(ai,a) [] loy); - (34)

Ci;ec JjEA

The states (34) form an overcomplete set. In order to se-

lect a set of linearly independent states we use the func-

tion D defined by D (|€;0)) = Y, c¢ ([lai — ayll + 1),

where ||a; —a;|| denotes the Manhattan distance between
. 29)!

sites a; and a;. Among (34) we select the (‘JJEL% states

that have the lowest values under the map D: it is this
criterion that allows the inequalities in 1D to be inherited
in the higher-dimensionsal case. Repeating this construc-
tion for all values of 2¢ < L and all distinct sets A gives
a basis B of n-pairing singlet states. We now define our
total bond distance D in the same way as in (27) with the
covering € taking the place of the vector k. With these
definitions in place it is straightforward to show (see the
Supplementary Material) that D (T}, [¢)) < D(|¢))+n+1
where n = 0,41 and |¢)) is any Heisenberg sector state

W)= Y Aeo [€o) . (35)
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This in turn implies that D [T(k) [m]|¢0)] < k+ q, where
q= Zle m; and |t¢bg) is any state with only singly oc-

cupied sites. It follows that the d-dimensional generali-
sation of (28) is

AQ;o‘ — O((t/U)Zc,;j“Haz—ajH)' (36)



The main difference to D = 1 is that now there can be
several basis states contributing to the leading order term
in t/U. To see this we may consider a square lattice and
focus on the situation where the sites in A completely fill
an m x n rectangle (with at least one of m, n even). The
leading-order term is that generated by (Ty)™"/? pro-
duces a superposition of all states in 8 that correspond
to nearest-neighbour dimer coverings of this rectangle.
Nevertheless, it is apparent that to leading order in the
t/U-expansion the structure of the state is such that the
entanglement entropy follows an area-law.

IV. CONCLUSIONS

We have shown that there are particular “Heisenberg
sector” eigenstates in the one dimensional half-filled Hub-
bard model that realize the quantum disentangled liquid
state of matter in the strong sense proposed in Ref. 30.
These states are obtained by freezing the charge degrees
of freedom in their ground state configuration in the
framework of the Bethe ansatz solution of the Hubbard
model. Using methods of integrability we have demon-
strated that the charge degrees of freedom (“light parti-
cles”) do not contribute to the volume term of the bipar-
tite entanglement entropy. Employing strong-coupling
expansion techniques we have shown (under the assump-
tion that the expansion converges) that a measurement of
the spin degrees of freedom at all sites (“heavy particles”)
leaves the system in a state that is area-law entangled,
which is the defining characteristic of a “strong QDL”3°,

In contrast to Heisenberg sector states, the entangle-
ment entropy for maximal entropy (thermal) states at a
given energy density at large values of U/t does have a
contribution that involves the charge degrees of freedom,
but it is of the form (16), i.e.

SVN,A = (Sspin + Scharge)|A‘ —+ O(IAl) s
Sspin = O(l) ;  Scharge = O(%G*U/T) , (37)

We expect a similar volume law to occur in the entan-
glement entropy after a measurement of all spins. This
suggests that there is a weak variant of a QDL, which
is characterized by a volume term in the EE after mea-
surement of the heavy degrees of freedom that is expo-
nentially small in the ratio of masses (i.e. the ratio U/t
in the Hubbard model). In this limit the volume term is
only observable in enormously (exponentially) large sys-
tems and would be practically impossible to detect in
numerical simulations. We expect this weak scenario to
be realized quite generally in strong coupling limits irre-
spective of whether the model one is dealing with is inte-
grable or not. In particular, this scenario is compatible
with our strong-coupling analysis of the QDL diagnostic
in D=2.

An interesting question is how to access Heisenberg
sector states in the one dimensional case. In principle this
can be achieved by means of a quantum quench!” from

a suitably chosen initial state. At late times the system
locally relaxes to a steady state that is described by an
appropriate generalized Gibbs ensemble. The parameters
of this ensemble are fixed by the initial conditions and can
in principle be tuned in such a way that one ends up with
a Heisenberg sector state. How to do this in practice is
an interesting albeit rather non-trivial question. Fixing
the energy density to be small compared to the Mott gap
is sufficient to obtain a non-equilibrium steady state that
realizes the weak form of a QDL characterized by (16). In
order to remove the scharge contribution, the expectation
values of higher conservation laws in the initial state have
to be chosen appropriately and it would be interesting to
investigate this issue further.

Acknowledgments

We are grateful to P. Fendley, J. Garrison, T. Grover,
L. Motrunich and M. Zaletel for helpful discussions.
This work was supported by the EPSRC under grant
EP/N01930X (FHLE), by the National Science Founda-
tion, under Grant No. DMR-14-04230 (MPAF) and by
the Caltech Institute of Quantum Information and Mat-
ter, an NSF Physics Frontiers Center with support of the
Gordon and Betty Moore Foundation (MPAF).

Appendix A: Counting Heisenberg sector states

In order to get a measure of how many Bethe ansatz
Heisenberg sector states there are we proceed as follows.
We start with the thermodynamic limit of the Bethe
ansatz equations (3) for Heisenberg sector states

1 [
_ ) o P
k) = 5 +c05k7;/_oodA an(l —sink)ol(A) ,
oh(A) = =) / dN Ap (A — A') 0P (A)
m=1Y —>

+ /7r dk an(sink — A) pP(k) .

—Tr

(A1)

We then construct the maximum entropy state at a given
energy density by extremizing the free energy

/ﬂ dk pP (k) — im /Oo dAai;;(A)] ,

- n=1 v o0

(A2)
where e and s are the energy and entropy densities of
Heisenberg sector states and are given by (5) and (9)
respectively. B plays the role of a magnetic field and will
eventually be set to zero. The “temperature” T plays
the role of a Lagrange parameter that allows us to fix
the energy density. Extremizing (A2) with respect to
the particle and hole densities under the constraints (A1)

f=e-Ts—B




fixes the ratios 7, = Z& for the maximal entropy state at
a given value of T Vld “the TBA-like equations

g1(A)
T

N i /_O; A’ Ay (A — A') In [1 + ﬁ} J(A3)

where g1 (A) = —4Rey/1 — (A — inu)? + 4nu+2nB. The

entropy density of this state is

— [~ g91(A)

= dA\ | ——=
> [ [

where go(A) = Re\/ﬁ

thermodynamic estimate of the number of Heisenberg
sector states we now consider the limit B, 7 — oo at
fixed B/T. In this limit the solution of the system of
equations (A3) is37

In (1 + na(A)) =

oT(A) + go(A) In (1 +n51(A))} ,
(A4)

In order to obtain a

sinh (£02) 1"

—1. A5
sinh (%) (45)

Nn =

—2cosk — p—2u

In¢(k) =

—T

T +nz:1/oodA an(sink — A)In <1—|—
_ Z/ dA an(sink—A)ln(
n=1Y >

In(1+n,(A) = — /7T dk cos(k) an(sink — A)In (1 + ﬁ) +

Finally we take B/T to zero

M= (n+1)>—1. (A6)
Substituting this back into the expression (A3) for the

entropy we have

7_1131005—21 [n+1 21}_111(2). (A7)

This tells us that the most likely macro state in the
Heisenberg sector has an entropy density of In(2). All
other macro states in this sector are exponentially less
likely, and hence we conclude that the total number of
Heisenberg sector micro states fulfils (10).

Appendix B: Thermodynamic Bethe Ansatz
equations

The Thermodynamic Bethe Ansatz equations for the

one dimensional Hubbard model in zero magnetic field
are37:39

7))

1
nnm)) ’ (B1)

I (14 7,(A) =

+ ZAnm*ln(l—i—#)

m=1 Thm

A

Appendix C: Some inequalities for the total bond
length of Heisenberg states

Here we show that

D(Tu) <D () +n+1, n=0,+l. (Cl)

We consider the one and higher dimensional cases sepa-
rately.

Rey/1 — (A —inu)? — 2nu — 4nu /’T

i Apm *1n (1 + i) , (B2)
m=1 "lm A
» dk cos(k) an(sink — A)In (1 + %}g))
(B3)

1. One Dimension

Any Heisenberg state can be written in the form (26)

> Ak k;o)

|k;o)eB

(C2)

To establish (C1) it therefore suffices to show that
D(T.k;o)) <D(k;o))+n+1. (C3)

We next consider the three cases n = 0, £1 in turn.



a. Inequality for T :

Due to the definition of the bond distance, it is clear
that

DY Tnjlkio) | <supD(Tn;lk;o)), (C4)
. J
J

and therefore for m = £1,0, we simply need to find the
case which yields the largest value in order to prove the
inequality. T ; creates an n-singlet on two adjacent sites
and D counts the total number of sites spanned by the
singlet bonds, applying T} ; increases this by at most that
in the case of a system with no doubly occupied sites. We

can view the result graphically
A2n-202n-1 5 j+1

D (Tl.,j Lor >> <D (
<D ( RS >) +2.

b. Inequality for Ty:

(C5)

Tp,j neither creates nor destroys any n-singlet pairs. In-
stead, for a given singlet pair, it moves one of the doubly-
occupied /empty sites in the pair either left or right one
site i.e. it extends the bond distance of the pair by +1.
The case where the distance increases i.e. saturates the
inequality, can be represented graphically as

o))

c. Inequality for T_1:

(Co)

It is simple to show that T_; ; “fuses” the ends of sin-
glet pairs together to create a new singlet pair between
the unaffected sites. Using this, we can consider the
two possible distinct cases graphically. Explicit calcu-
lation shows that this intuition holds. The cases are: (i)
A2n—1 = Gop, — 1 i.e. they are adjacent

D (Tl’a27"1 (’ZQI IZQ >>
n—2 20— n A2n+1

<D ( Py >) | e

<D ( O M >> :
A2n—202n—-1 O2n (2n+1

(i) agn = agn+1 — 1 ie. two singlets are nested

D (TLGZ” dzmﬂ >>

<D ( o U>) | -

<D< -/m>>

2. Higher Dimensions

Any Heisenberg state can be written in the form (35)

)= Y Aeo &0, (C9)

|€;o)eB
so that in order to establish (C1) it suffices to show that

D (T,|¢ o)) <D(|€o))+n+1. (C10)
for all basis states |€;0) € B. We consider the three
cases n = 0, +1 in turn.

a. Inequality for Ty:

We note that by construction we have for all basis
states
D(|¢;0)) =D(|¢;0)) . |€0) € B. (C11)
Following through the same steps as in the one dimen-
sional case we see that T, can increase the Manhattan
distance between any pair in the configuration by at most
lie.

D (Ty|¢; o)) (To|<;0)) ,

<D
=P (C12)
<D(|¢;0)) +1="D(¢;0)),

where in the last step we used (C11).

b. Inequality for Ti:

Similarly, acting with 77 creates a new configuration
with an additional edge

D (T|¢;0)) (Th|¢;0)),

<D
= (C13)
<D(|¢o)) +2=D(|¢0)) +2,

where in the last step we used (C11).



c. Inequality for T—_1:

Finally, acting with T__; always removes a pair of “ad-
jacent” unoccupied/doubly occupied sites. Thinking in
terms of configurations, this then either removes a paired
bond, or fuses two bonds into one. If we explicitly write
the points defining the configuration €, the first case cor-
responds to

T,1 N {{kl, kz}, {kg, k4}, ey {kgqfl, kgq}}

Cl14
T S e
This implies that
D(T-1|¢;0)) <D (€ 0)) — (ki — k2| +1). (C15)
The second case corresponds to
T 1 :{{k1, Kk ks kat, ..., {kog—1,k
1 {{ 1, 2}5{ 35 4}7 7{ 2g—1 2q}} (016)

— {{k1, ka}, .. {kag=1,k2q}},

10

which implies that

D (T-1]¢;0)) <D (€ 0)) + (k1 — kal + 1)

= (Ikr = Fall + 1) = ([[ks — Fall +1) .
(C17)
By construction ks and k3 are “adjacent”, so that

(k1 = Fall + 1) = (k1 = kol + 1)

C18

— (ks — kall +1) < 0. (C18)
Putting everything together we have

D(T|¢ o)) <D(G0o), |&Go)eB.  (Cl9)
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