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techniques need to account for complexities associated with 
higher-order basis functions for both compressive and fric-
tional loads. Although finite element solutions using first-
order elements together with h-refinement can generate 
practical solutions, the recently increased development on 
p-refinement, in particular, second-order elements, provides 
an active opportunity for techniques that can offer higher 
accuracy in solutions [2–4]. The higher-order elements 
also have a better convergence rate with the refinement of 
meshes. In light of this, a contact interaction methodology 
accounting for the higher-order interpolation of geometry 
and solution on the surface nodes is presented in this work.

Typically, the general architecture of solving contact 
problems with finite element methods involves two aspects 
- contact discretisation and constraint enforcement. When 
two bodies composed of finite elements interact, pairs of 
discrete entities are formed on the surface to enforce contact 

1  Introduction

The finite element solution of frictional contact among com-
plex surfaces in multibody systems needs special attention. 
Commonly used first-order elements can not adequately rep-
resent the curvature of complex surfaces. However, higher-
order elements represent the curvature better due to their 
nonlinear shape functions, see Fig. 1. They are also effective 
in modelling flexure without reduced quadrature and hour-
glass control, as well as in the issues of volumetric locking 
in unstructured meshes [1]. Contact constraint enforcement 
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constraints over them. The Node-to-segment (NTS) based 
discretisation [5, 6] is the most widely used technique, 
wherein pairs between nodes on one surface and the seg-
ments on opposite surfaces are formed to define contact 
interaction and impose the contact constraint disallowing 
nodes on the slave surface from penetrating the master 
surface. Due to its limited accuracy and inability to trans-
fer even a uniform pressure in the contact patch test [7], 
segment-to-segment (STS) methods are more appropriate 
for problems where contact traction accuracy is critical. In 
STS methods, constraints are applied on pairs of segments 
(or facets) on opposite discretised surfaces in a continuous 
manner [8], and this is a physically more realistic approach, 
as is evident in its robustness and accuracy. Constraint 
enforcement generally employs either penalty or Lagrange 
multiplier-based methods. While Lagrange multiplier meth-
ods enforce the impenetrability condition exactly compared 
to the penalty method, it incurs an additional cost due to 
increased system size, whereas the penalty method obviates 
the need for additional equations and is computationally 
more efficient, thus being the preferred choice in the present 
work.

In the last decade and a half, a significant interest has 
developed in formulating methods for contact between 
higher-order elements for both implicit and explicit finite 
element methods. In implicit methods, mortar methods ini-
tially used for domain decomposition [9] have been exten-
sively studied for STS interaction by having enforcement 
of the non-penetration condition in a weak (weighted) 
sense instead of the strong imposition on the entire sur-
face, thereby having the continuity of traction through a 
weak formulation. In this approach, the traction is defined 
on one side chosen as mortar by using Lagrange multiplier 
basis functions together with the discrete nodal Lagrange 
multipliers [2, 10, 11]. It has been used in both 2D friction-
less contact [12] and frictional cases [13, 14], as well as 
in 3D problems [15–17] with the dual-mortar formulation 
for linear[18, 19] and quadratic shape functions [3, 20]. The 
dual-mortar methods employ a biorthogonality relationship 
between Lagrange multipliers and dual-shape functions, 
such that these methods are able to condense Lagrange 
multipliers to avoid large system sizes. The mortar meth-
ods, however, have a natural bias in the definition of contact 
with the choice of mortar and non-mortar sides. Some other 

works on second-order elements can be referred to in [21] 
for the smoothing procedure with multi-point constraints, 
[22] for covariant contact description, and [23] for 2D fric-
tional contact using splines and Hermite cubic interpolation. 
Some works on unbiased contact formulations, presented 
for first-order elements, can be referred to in [24–26].

Second-order elements have also been recently exten-
sively studied for their performance in explicit methods for 
different numbers of nodes and integration rules [27, 28] and 
for a contact using a double pass NTS scheme [4] where the 
solution is the weighted average of both passes. However, 
the use of the NTS scheme with complex higher-order ele-
ments significantly affects the accuracy of the solution, and 
the imposition of contact constraints on higher-order ele-
ments is a complex challenge with the definition of the con-
tact region and the enforcement of constraints. Although, in 
general, the use of explicit methods in common high-speed 
impact cases might not require high accuracy of surface 
traction, their use in slower applications where it can poten-
tially compete with implicit methods would depend upon 
the accuracy of contact detection and contact traction. This 
accuracy is better achievable using surface interaction-based 
methods, where the contact constraint is imposed continu-
ously over the entire surface represented by complex higher-
order basis functions. Additionally, applications involving 
multiple successive contacts transferring momentum will 
also be majorly affected by the direction of motion imparted 
to different bodies. While this work focuses on standard 
finite elements, a similar approach can also be beneficial for 
contact in isogeometric analysis where boundaries, employ-
ing higher order functions, have smooth and accurate spline 
based representation [29–39].

In our recent STS-based unbiased works for compressive 
[40] and frictional traction [41], contact traction is resolved 
in an unbiased manner using the midplane between inter-
acting facets by employing a uniformly imposed penalty. 
This methodology, initially proposed for facets represented 
by linear shape functions, is being extended here for con-
tact between facets having higher-order basis functions and 
stronger curvature. The single-pass, unbiased nature of the 
midplane-based method is preserved here, thereby avoiding 
the weighted dual-pass route of eliminating bias in contact 
definition generally used in most NTS and STS methods. 
In this paper, contact between higher-order elements is 

Fig. 1  Variation of boundary normal on 
edges of two first-order elements v/s the 
edge of one second-order element
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primarily studied through contact between 27-noded sec-
ond-order Lagrangian elements; however, a conceptual 
approach for similar implementation using a 20-noded 
serendipity element is also provided. Focusing on the sec-
ond-order Lagrangian finite element, a facet-to-facet (or 
segment-to-segment) pair refers to the contact between two 
9-noded facets, and a subfacet-to-subfacet (or subsegment-
to-subsegment) pair refers to the contact between 4-noded 
subfacets decomposed from the main 9-noded facet, as is 
typical in the literature. This work utilises an explicit finite 
element method with HRZ lumping of the mass matrix and 
is solved using a central difference scheme.

This paper is organised as follows- Sect. 2 describes the 
strong form of the contact problem between two solids and 
its development into a weak form for formulating the finite 
element-based problem. Section 3 introduces and explains 
the unbiased frictional contact methodology by focusing 
on second-order Lagrangian elements and brings attention 
to a source of error due to the linear approximation of the 
subfacets, which is inherent in the typical facet subdivision 
strategies. A pseudo-code for algorithmic implementation of 
the methodology is presented in Sect. 4 before proposing an 
idea for facet division in serendipity elements in 5. Numer-
ous examples are presented in Sect. 6 to test the robustness 
of the proposed method for both frictionless and frictional 
contact. Finally, a conclusion to the paper is presented in 
Sect. 7.

2  Problem description

For contact between any two solids Ωi (i = 1, 2) in R3, 
their reference and current configurations can be denoted 
using any spatial point in the domain as Xi and xi con-
nected by its displacement ui(X, t), i.e., xi = Xi + ui. 
The force-momentum equation representing the boundary 
value problem in the strong form at any point can be writ-
ten as

∇ · σi + bi = ρi∂2
t x ∀ xi ∈ Ωi × (0, T )

ui(xi) = ui ∀ xi ∈ γi
u × (0, T )

σini = t
i
σ ∀ xi ∈ γi

σ × (0, T )
� (1)

where the symbols σi, bi and ρi represent Cauchy stress, 
body force per unit volume and density at any point xi 
in Ωi. While the first equation is a result of the conserva-
tion of momentum, the second and third equations impose 
Dirichlet and Neumann boundary conditions on the γi

u 
and γi

σ, respectively. The contact zone formed between 
the two bodies during the motion and deformation is rep-
resented by γc(= γ1 ∩ γ2), such that γi

u, γi
σ, γc ⊂ γi. The 

different subsets of the boundaries do not overlap, i.e., 
γi

σ ∩ γi
u = γi

σ ∩ γi
c = γi

u ∩ γi
c = ∅. While both γi

u and γi
σ 

represent the known boundary conditions, γc is an unknown 
boundary with unknown tractions ti

c (t1
c = −t2

c) which 
come into effect during any mechanical interaction between 
the two solids. The contact traction ti

c at any point in γc can 
be decomposed into the normal and tangential parts, ti

N  and 
ti

T , as

ti
c = (ti

c · ni)ni + (I − ni ⊗ ni)ti
c� (2)

where the first term denotes ti
N , the second term denotes ti

T , 
and ni denotes the outward normal at this point with respect 
to the body Ωi. The methodology presented in this paper 
focuses on the finite element decomposition of the pristine 
domains Ω1 and Ω2 using higher-order elements for better 
capturing the smoothness of the boundary descriptions γi 
and evaluating the contact tractions ti

N  and ti
T  acting over 

γi
h.

2.1  Variational formulation

The above-presented strong form of the governing equation 
is converted into a weak form using variational methods 
over the domains of solids Ω1 and Ω2. For all kinematically 
admissible deformations ui contained in the space U i and 
their variations δui contained in the space V i, the weak 
form of the governing equations representing the dynamic 
equilibrium at any point in time for the solid Ωi is

ˆ

Ωi

ρi∂2
t ui · δuidV +

ˆ

Ωi

σi(ui) : ∇(δu)idV =
ˆ

Ωi

ρibi · δuidV +
ˆ

γi
σ

ti
σ · δuidγi +

ˆ

γi
c

ti
c · δuidγi, ∀δui ∈ Vi

� (3)
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unbiased segment-to-segment frictional contact algorithm 
over midplanes to find the frictional forces between the 
surfaces. Further, a subsection is devoted to describing the 
error incurred in the use of decomposed main facets, leading 
to four first-order subfacets and the associated linear shape 
functions used in lieu of the higher-order shape functions to 
locate the quadrature points in the parametric space over the 
midplanes between subfacet-to-subfacet pairs.

3.1  Midplane-based contact for higher-order 
elements

Consider the discretised form of the ith surface γi
h, which 

is represented by spatial interpolation of the discrete nodal 
points x̃i

j  as

x̃i =
m∑

j=1
ψi

j(ξ1, ξ2)x̃i
j , where, x̃i, x̃i

j ∈ γi
h� (8)

where ψi
j  represents the shape function associated with the 

node x̃i
j  and summation is over all m nodes on the discrete 

surface. Any contact which is detected by interpenetration 
between the two surfaces leads to the application of con-
tact forces between the two surfaces. This contact is stud-
ied through pairwise interactions between discrete facets on 
boundaries of the discretised domains. For domains discre-
tised by second-order Lagrangian elements having 27 nodes 
with the topological connectivity as shown in Fig. 2, such 
discrete facets refer to the 9-noded outer facets, which can 
also be seen as Lagrangian rectangular elements.

In the case of contact between first-order elements as 
presented in [40], a midplane is constructed between oppo-
site facets by approximating each facet with a plane pass-
ing through both parametric lines at the parametric centre of 
the facet. In this work, considering the case of a 27-noded 
hexahedron element, any outer facet will be a 9-noded qua-
dratic element with a potentially higher curvature than the 
first-order element. So, while the potential contact pairs are 
searched using two main 9-noded facets on the opposite 

Here, the spaces U i and V i are defined as

U i = {ui : Ωi → R3|ui ∈ [H1(Ωi)]nsd , ui = ui ∀x ∈ γi
u}� (4)

V i = {δui : Ωi → R3|δui ∈ [H1(Ωi)]nsd , δui = 0 ∀x ∈ γi
u}� (5)

where H1(Ωi) denotes the Sobolev space of functions. The 
last term in the virtual work Eq. 3, representing the virtual 
work contribution of contact, exhibits the nonlinear nature 
of contact problems as neither the contact zone γc nor 
the contact traction distribution ti

c is known a priori, and 
depends upon the evolving states of the two domains.

For active contact constraint between the solids Ω1 and 
Ω2, the total virtual work of contact is

δΠc(u, δu) =
ˆ

γ1
c

t1
c · δu1dγ +

ˆ

γ2
c

t2
c · δu2dγ � (6)

=
ˆ

γc

t1
c · (δu1 − δu2)dγ � (7)

Note that if a single body is considered, then as a result of its 
geometry and boundary conditions, its own boundary might 
experience a mechanical interaction, thereby leading to a 
possibility of self-contact. While this virtual work equation 
is denoted for only two bodies, this can also simultaneously 
extend to multibody interactions, where contact between 
any two bodies can be considered similarly.

3  Contact problem with higher-order 
elements

This section presents the unbiased frictional contact inter-
action between surfaces discretised by higher-order finite 
elements. Firstly, the geometrical aspects of the contact 
region construction using a midplane-based methodology 
are described by taking the second-order Lagrangian ele-
ments. This is used to evaluate the normal traction and the 
normal nodal forces, which are then considered with the 

Fig. 2  Schematic of a 27-noded 
hexahedral element with its nodal 
connectivity and conversion of 
a curved 9-noded facet into four 
subfacets for defining contact pairs 
and their respective midplane
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contact traction. Note that while the subfacets are idealised 
with first-order elements for midplane construction, the 
original curvature of second-order elements is utilised for 
gap calculation.

Based on the mathematical nature of the finite element, 
any surface traction on the outer boundary leads to a set 
of effective external forces acting on the boundary nodes, 
which are calculated using the interpolation functions asso-
ciated with those boundary nodes. So, using the shape func-
tions on the facet γhA , the set of effective nodal forces R on 
this facet can be written as [42]

R =
ˆ

γhA

Ψtdγ� (11)

where Ψ contains the shape functions corresponding to all 
nodes on the facet γhA . When contact interactions between 
all pairs of subfacets between main facets are considered, 
the net forces acting on the nodes of the discretised surfaces 
γ1

h and γ2
h result from overall contributions by all subfacet 

pairs between them. Note that each subfacet pair has its 
own midplane, so all the nodal forces due to interpenetra-
tion of subfacet pairs are aligned normally to the respective 
midplanes. A schematic of the contact between main facets 
using subfacet pairs can be see in Fig. 3. So, the net nodal 

surfaces, each main facet is subdivided into four subfacets 
(see Fig. 2) and potentially 4 × 4 subfacet-to-subfacet pairs 
are considered for contact interaction. These subfacets are 
idealised as first-order facets, and the procedure described 
in [40] is adopted to construct the midplanes for all of these 
subfacet pairs and calculate contact traction.

For any interpenetration between opposite subfacets, the 
use of linear penalty results in the application of normal 
contact traction that is directly proportional to the interpen-
etration gap gN  between the two surfaces interpolated by 
second-order shape functions. This traction is written as

tN = fsϵN gN H(−gN )nmp� (9)

where nmp is normal to the midplane, ϵN  is the normal pen-
alty (chosen as the minimum of the two bulk moduli), fs is 
a scaling factor, and H(·) is the Heaviside function. This 
normal traction is applied equally and oppositely on the two 
physical facets. Here, the gap gN  is calculated as

gN = (x2 − x1) · nmp� (10)

where x1 and x2 are points on the opposite subfacets nor-
mal to a point on the midplane. The gap gN  is negative in 
the case of interpenetration, thus resulting in compressive 

Fig. 3  a Two 9-noded facets approaching each other (arrows show the 
outward direction from the underlying 27-noded element) to come 
into contact at potentially 4 × 4 subfacet-to-subfacet pairs b one high-
lighted pair of interpenetrating subfacets and the midplane between 

them c normal projections of the two opposite subfacets over the mid-
plane, triangulation of the intersection polygon, quadrature points over 
all triangles for evaluating contact traction integral, and the basis for 
storing frictional traction
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have continuity in space. However, the finite element solu-
tion developed in this manner is considerably accurate for 
the full facet-to-facet pair, as demonstrated through multiple 
numerical experiments.

For progressing towards the numerical solution using 
quadrature points, the integral over the intersection polygon 
(contact region) between projections of pairs of subfacets 
over their respective midplanes can be subdivided over all 
triangles, and integration is performed using the Gaussian 
quadrature points over each triangle [43, 44]. The interpen-
etration gap between subfacets is evaluated pointwise by 
finding the physical points on both surfaces intersecting the 
virtual line normal to the midplane. The gap of each sub-
facet at the quadrature point xq can be written as

gi
N(xq) =

wi∑
j=1

ψi
j |(ξi

1,ξi
2)xi

j − xq,

where,
(
ξi

1, ξi
2
)

: Projγmp




wi∑
j=1

ψi
j |(ξi

1,ξi
2)xi

j


 = xq, xq ∈ γmp

� (14)

where wi is the number of nodes, and xi
j  represent nodes on 

either main facet. The gap vector of interpenetration at each 
quadrature point xq can then be written as

gN = g2
N − g1

N =
w2∑

j=1
ψ2

j (ξ2
1 , ξ2

2)x2
j −

w1∑
j=1

ψ1
j (ξ1

1 , ξ1
2)x1

j � (15)

The Eq. 14 requires a set of parametric coordinates (ξi
1, ξi

2) 
on each ith physical facet. While these can be accurately 
evaluated using an iterative scheme for the nonlinear shape 
functions of the main facets, an alternative of using the 
quadrilateral formed by the projection of linearised subfac-
ets is used here. For each quadrature point on the midplane, 
a pair of parametric coordinates of bilinear interpolation 
is found with respect to each projected quadrilateral using 
inverse bilinear mapping [45]. These parametric coordinates 
are then mapped to the coordinates (ξi

1, ξi
2) on each physical 

facet using an affine mapping, as can be seen in [2, 11].

forces can be written as the sum of the contribution from 
each subfacet-to-subfacet pair s, i.e.,

RN =
4×4∑
s=1

ˆ

γhs
cA

Ψts
N dγs� (12)

Here, the normal traction ts
N  is normal to the midplane 

(ns
mp) between the respective subfacet-to-subfacet pair 

s, and its magnitude is the penalisation of the normal gap 
between them. Effectively, this allows us to write the set of 
nodal forces on the ith node as

RN
iA

=
4×4∑
s=1

ˆ

γhs
cA

ψifsϵN gs
N H(−gs

N )ns
mpdγs� (13)

As these calculations are developed in an average sense, 
the net contact region between main facet-to-facet pairs is 
a union of the contact region between subfacet-to-subfacet 
pairs (defined as the polygon of intersection between their 
projections over the midplane), so it might not necessarily 

Fig. 5  Midplane correction procedure: a 2D equivalent showing the initial and final midplane direction b illustration in 3D showing the initial 
midplane direction and the normal to both physical surfaces corresponding to the interpenetration centroid

 

Fig. 4  Subdivision in the parametric domain for affine mapping 
between the main facet and its subfacets in case of a 9-noded Lagrang-
ian rectangular facet
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that do not carry any information about the curvature of the 
physical surface. This leads to a poor approximation of the 
midplane. To improve the accuracy of the solution, the mid-
plane can be corrected by utilising the knowledge of inter-
penetration between the physical surfaces.

The midplane correction fundamentally tries to follow 
the curvature of the opposite facets corresponding to the 
centroid of the interpenetration volume. To correct the mid-
plane, an average of all quadrature points weighted by their 
respective interpenetration gaps is taken to locate the normal 
projection of the centroid of interpenetration volume over 
the midplane. As the solution procedure is only affected by 
the midplane direction and not its position, the midplane can 
also be assumed to be passing through the centroid itself. 
Physical points on both surfaces corresponding to this cen-
troid are evaluated. The tangents to the parametric lines at 
both points are utilised to define the normal directions n1, 
n2 on the two surfaces. A schematic of this procedure is 
shown in Fig. 5 for a 2D equivalent problem and a 3D prob-
lem. The updated midplane normal can be written as

nmp = n1 − n2

∥n1 − n2∥ � (18)

This midplane correction can be continued iteratively to fur-
ther correct the tilt of the midplane. However, only a single 
midplane correction has been studied in this work, which is 
also influential only for dynamic collision cases.

3.3  Unbiased frictional contact

In this work, the frictional contact methodology uses relative 
sliding between the facets to evaluate the nodal frictional 
forces in an unbiased manner using the concepts presented 
in [41]. The frictional effect resisting the tangential motion 
is also evaluated through the pairwise interaction of subfac-
ets on the interacting boundaries using the predictor-correc-
tor approach. Similar to the use of subfacets for calculating 
normal nodal forces, the relative motion between the sub-
facets, with respect to the shared patch of overlap on the 
midplane, is penalised, and their contribution is added to the 
nodal forces as frictional forces.

The predicted tangential traction ttrialTn+1
 between any pair 

of subfacets due to relative sliding between solution steps n 
and (n + 1), causing changes in the local parametric coor-
dinates of the centroid of overlap with respect to opposite 
subfacets, is written as

ttrialTn+1
= tup

Tn
+ ϵT [(1ξα

Cn+1
−1 ξα

Cn
)a1

αn+1
− (2ξα

Cn+1
−2 ξα

Cn
)a2

αn+1
]� (19)

where C refers to the centroid of overlap and (1ξ1,1 ξ2) 
are the parametric coordinates of the centroid of overlap 
with respect to the interpolation of one main facet, and 

This affine mapping from a projection of a linearised 
subfacet to the main facet is an indirect measure and 
has been depicted in parametric space in Fig.  4. As an 
example, the mapping from parametric coordinates 
(u, v) ∈ ([0, 1] × [0, 1]) of subfacet I, to the parametric 
coordinates (ξ1, ξ2) ∈ ([−1, 1] × [−1, 1]) of the main facet 
is as following

u = ξ1 + 1, v = ξ2 + 1� (16)

The equations of the affine mapping for other subfacets with 
the main facet can be written in a similar manner (Fig. 5). 
Using this affine mapping, the parametric coordinates of 
physical facets corresponding to the quadrature points can 
be evaluated. Using the shape functions of the original main 
facet, the gap (or height) of the physical facet from the 
quadrature point can be evaluated. This enables the numeri-
cal evaluation of the integral for calculating the nodal forces 
corresponding to the normal traction using the interpenetra-
tion gap.

For the numerical integral, the interpenetration gap is 
evaluated at each quadrature point in all triangles. With m 
quadrature points per triangular subdivision, the numerical 
integral of non-constant quantities for each subfacet pair s in 
Eq. 13 can be expressed as

k∑
j=1

ˆ

△j

ψig
s
N H(−gs

N )dγ =
k∑

j=1
As

△j

[
m∑

q=1
ψj

iq
wqgs,j

Nq
H(−gs,j

Nq
)

]

= [ΨqVencl]i

� (17)

where the indices j, i, q denote triangles, nodes, quadrature 
points, respectively; wq is the weight of the qth quadrature 
point, and As

△j
 is the area of the jth triangular subdivision.

If a single midplane were constructed for contact 
between main facets by approximating them with first-order 
interpolation of their four corner nodes and following the 
procedure in [40], the calculated contact forces will have 
higher inaccuracies due to the curvature of main facets. 
The projection of parametric lines of Lagrangian interpola-
tion and first-order interpolation on the midplane will have 
high discrepancy, leading to higher error in the calculation 
of parametric coordinates at quadrature points and thereby 
the calculation of interpenetration gaps. The subdivision of 
main facets allows for a better orientation of contact forces 
by accounting for the local curvature of subfacets and also 
aiding in reducing the inaccuracies in interpenetration gap 
calculations.

3.2  Midplane correction

The construction of the midplane using the subsegments as 
described previously relies upon the linearised sub-facets 
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subfacet-to-subfacet pair. It should be noted that the fric-
tional contact between the main facets depends upon the net 
contribution to the nodal forces by all subfacet-to-subfacet 
pairs between them, which will all have independent tan-
gential traction calculations.

3.4  Error of interpolation

The approximation of subfacets by first-order elements 
serves two main purposes: (a) defining the initial midplane 
for each subfacet-to-subfacet pair and projections of these 
subfacets over the midplane to define the contact region 
(intersection polygon), and (b) finding the gap between the 
two physical facets at the quadrature points for the contact 
integral. In the above sections, the affine mapping between 
the parametric coordinates of bilinear interpolation of sub-
facets to the parametric coordinates of higher-order interpo-
lation is prone to error due to differences in the straight lines 
of bilinear interpolation and the curved lines of higher-order 
interpolation. This difference is explained in this section as 
a potential source of error in the overall contact algorithm 
that will also help understand the limitations of the similar 
approach generally seen in the literature [2, 11] for higher-
order elements.

The physical surfaces formed by first-order and second-
order Lagrangian elements in 3D have different mathemati-
cal descriptions. While the facets of a first-order element 
have bilinear interpolation, thereby having an equal spac-
ing between straight parametric lines, the facets of sec-
ond-order elements have nonlinear interpolation, and the 
parametric lines are, in general, curved and have unequal 
spacing between them. Similarly, when the projections of 
both first-order subfacets and the higher-order main facet 
over the midplane are considered, the discrepancies in their 
parametric lines are evident. At each quadrature point in the 
contact region, the normal gap calculation requires finding 
the points on opposite main physical facets that normally 
project over the quadrature point. However, using the first-
order subfacet and the subsequent affine mapping results in 
an error when evaluating the parametric coordinates of the 
required point on the physical facets. This eventually leads 
to inaccuracies in the contact integral and the evaluated 
normal nodal forces. The discrepancies in the parametric 
lines of the projections of higher-order interpolation and the 
first-order interpolation are illustrated in Fig. 6. Notice the 
differences between the parametric lines of quadratic inter-
polation and bilinear interpolation on projection in Fig. 6b. 
Intuitively speaking, if the bilinear interpolation were used 
on the quadrilateral formed by the four corner nodes of 
the main facet, there would be an even stronger disparity 
between its parametric lines and the quadratic paramet-
ric lines. It also shows that the four subfacets, with their 

{a1
αn+1

, a2
αn+1

} denote the co-variant vectors along the 
parametric lines of both main facets at the centroid. Alter-
natively, the tangential traction can also be written using the 
relative velocity of the two facets at the centroid

ttrialTn+1
= tup

Tn
+ ϵT [(I − nmp ⊗ nmp)(ẋ1 − ẋ2)∆tn+1]� (20)

where {ẋ1, ẋ2} denote the velocities of the physical point 
on both main facets corresponding to the centroid of the 
overlap of both subfacet projections. In the present finite 
element scheme, this essentially refers to interpolating the 
nodal velocities of all nodes on the main facets by using 
their shape function values at the centroid of the overlap of 
subfacets. This requires evaluating the parametric coordi-
nates 

(
ξ1, ξ2)

 corresponding to the centroid for calculating 
the shape functions. While (ẋ1 − ẋ2) is the relative velocity 
in the physical 3D space, its projection over the midplane 
is considered to define the relative tangential velocity, and 
subsequently, the displacement, which is penalised for pre-
dicting the tangential traction.

The predicted tangential traction ttrialT  for relative motion 
between any two subfacets is corrected using the return-
mapping algorithm in the friction cone for cases where its 
magnitude exceeds the limiting friction. The corrected (or 
updated) traction is

tup
Tn+1

=




ttrialTn+1
if ||ttrialTn+1

|| < µ||tNn+1 ||

µ||tNn+1 ||
ttrialTn+1

||ttrial
Tn+1

|| if ||ttrialTn+1
|| ≥ µ||tNn+1 || � (21)

This tangential traction is applied equally and in opposite 
directions over the midplane to oppose the relative motion 
between the two surfaces. To maintain the consistency 
with the normal nodal forces, the contribution of each sub-
facet-to-subfacet pair towards the tangential force on the 
kth (k = 1, ..., 9 ) node in the main facet on the ith surface 
(i = 1, 2) is written as

iRT
k = βµ||iRN

k || ti
T

||ti
T ||

, 0 ≤ β ≤ 1 � (22)

β =
||tup

T ||

µ
||Σk

iRN
k

||
As

� (23)

where µ is the coefficient of friction, As is the area of over-
lap between subfacet projections, RN

k  is the nodal force 
contribution on the kth node from this subfacet pair, and 
ti
T  is the corrected (or updated) tangential traction in the 

current solution step (with t1
T = −t2

T = tup
T ). It can be 

observed in Eq.  22 that the predicted-corrected tangential 
traction provides the direction of frictional forces and indi-
cates the fraction of the limiting friction that acts on the 
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the sake of simplicity, a case of 2-dimensional (2D) contact 
between facets with Lagrangian interpolation is shown in 
Fig. 7. Similar bounding boxes are considered in a 3-dimen-
sional case (3D), and all possible 4 × 4 subfacet-to-subfacet 
pairs are tested for interpenetration between them. Using 
this two-tier contact interaction enables better accounting of 
the curvature of the interpolated facet and its impact on the 
evaluated traction.

For contact detection between main facets that confirm 
interpenetration, the decomposed versions of the main fac-
ets in the form of their respective four subfacet are consid-
ered to detect contact between subfacet-to-subfacet pairs. 
Firstly, the intersection between the bounding boxes over 
the subfacets is considered to reduce the potential subfacet-
to-subfacet pairs. The bounding boxes used in this work are 
axis-aligned and are expanded along each dimension by a 
small amount to confine the possible curvature effect of the 
main facets. The subfacet-to-subfacet pairs with intersect-
ing bounding boxes are then run through a series of contact 
checks to confirm any geometrical interpenetration between 

linear nature, cannot capture the curvature of the main facet 
at their edges, which also adds to the error in the contact 
region evaluation.

4  Solution algorithm

For computational implementation and numerical solution 
of any multibody contact problems, the solution schemes 
generally progress in two stages - spatial search and contact 
detection. The spatial search is the first stage where inter-
sections between the bounding boxes confining solids are 
utilised to form a first list of spatial pairs between solids. 
Using a two-tier approach, the list of potential contacting 
body pairs is initially formed for the solids with intersecting 
bounding boxes. Subsequently, a list of potential contacting 
main facet pairs is formed by running a search algorithm to 
find main facet pairs with intersecting bounding boxes. This 
list also includes potential contact pairs on the same body, 
thereby accounting for any possibility of self-contact. For 

Fig. 7  Contact search between two 
Lagrangian interpolated quadratic facets 
in 2D using bounding boxes around all 
subfacets

 

Fig. 6  Illustration of the cause of error on using bilinear shape func-
tions for finding parametric coordinates of quadrature points on the 
midplane a A highly distorted 9-noded Lagrangian shell element with 

parametric lines (red) and linear edges of subfacets (blue) (b) projec-
tion of parametric lines (red) of quadratic element over the z=0 plane 
and the lines of bilinear interpolation (blue) of subfacets
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main facet due to the mathematical nature of the nonlinear 
interpolation of higher-order element facets.

One important thing to note is that the distribution of 
nodal forces, following the nonlinear mathematical descrip-
tion of the finite elements, might result in the direction of 
nodal forces being outside the facets (i.e. appearing to be 
opposite to the compressive nature) [4]. These nodal forces, 
in both their magnitude and direction, are dependent upon 
the behaviour of all the shape functions of the element that 
are used in the integral process. These are, however, consis-
tent with the mathematical behaviour of elements to bring 
out the compressive effect on the displacement of the finite 
elements. In this regime of nonlinear elements, these nodal 
forces do not give an intuitive understanding of the traction 
direction. But the stress states generated inside the elements 
are consistent with the traction direction, and their extrac-
tion onto the surface is a better representation of the traction.

them. These geometrical checks over the first-order approx-
imation of subfacets progress in the same manner as the 
interpenetration checks for the contact between solids dis-
cretised by first-order elements, as presented in [40] using 
the clipping algorithm[46] over the midplane for defining 
the contact region for each subfacet-to-subfacet pair.

The subfacet pairs with well-defined contact regions 
(intersection polygon) are considered for contact traction 
evaluation using the penalty method based on contact con-
straint enforcement. Firstly, the normal traction is evaluated 
for interpenetrating subfacet pairs, and subsequently, the 
history-dependent frictional traction is calculated for rela-
tive motion between the subfacets. The steps involved in 
these calculations are shown in the Algorithm 1. While the 
pairs of subfacets are taken into account, the effect of trac-
tion over any subfacet results in forces over all nodes of the 

Algorithm 1  Contact constraint enforcement in normal and tangential direction for each subfacet-to-subfacet pair

5  Case of serendipity elements

While this paper focuses on second-order Lagrangian ele-
ments for concept description and validation through 
experiments, the presented methodology can also be 
extended to serendipity elements by using a virtual node 
on the 8-noded serendipity quadratic facet to subdivide it 

into four subfacets. By considering the point in the para-
metric centre (ξ1, ξ2) = (0, 0) of the 8-noded quadratic 
facet, a physical point on the 8-noded facet can be located 
(x =

∑8
i=1 xiψi(ξ1 = 0, ξ2 = 0)) using the serendipity 

shape functions. This virtual node will serve as the central 
node, similar to the case of the 9-noded facet in the Lagrang-
ian element. With such a division, the contact methodology 
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Similar to the case of the second-order Lagrangian ele-
ment, the use of approximating subfacets with first-order 
interpolation and the mapping between subfacets and physi-
cal facets will also induce error in the solution due to the 
discrepancies in the alignment of the parametric lines of 
both main facets and subfacets.

6  Numerical experiments

The unbiased contact methodology for higher-order ele-
ments proposed in this work is examined for robustness and 
for its advantages over first-order elements through multi-
ple examples. Here, the primary objective is to demonstrate 
the advantage of having higher-order discretisation of the 
original domain in terms of the accuracy of the solution. 
The examples include contact interface with flat and curved 
surfaces, in static and dynamic conditions, for small and as 
well as large deformation problems. The contact patch test, 
Hertzian contact, and frictional sliding are treated as quasi-
static problems using the dynamic relaxation technique, 
whereas the remaining cases are modelled as dynamic prob-
lems. For the contact integral, thirteen Gauss points are used 
over each triangle to compute nodal forces. This FE algo-
rithm has been studied through its implementation in the 
in-house solver DEST[47] and Paraview [48, 49] has been 
used visualisations. The second-order elements are rendered 
as linear hexahedra connected by corner nodes, except in 
the fill rotation problem where the true curvature is shown 
for clarity. Although the use of linear hex introduces lossy 
visualisation, the actual physical mesh retains the full geo-
metric accuracy.

developed for the Lagrangian element can be directly 
applied here. Here, the similar use of the first-order subfac-
ets will determine the midplane and contact region through 
the intersection polygon for maximum 4 × 4 subfacet-to-
subfacet pairs. The main difference will be the change of 
shape function matrix in the Eq. 12, replaced by eight shape 
functions of the serendipity rectangular element. The use 
of a virtual node for the purpose of surface subdivision to 
form the subfacet pairs will not impact the integral as only 
forces on the physical nodes will be applied, thereby being 
consistent with the mathematical nature of the facet. This 
use subdivision is in contrast to the subdivision procedure 
of [2, 11] as it can better capture the local curvature, see 
Fig. 8a for visualisation of facets with exaggerated distor-
tion having the same first eight nodes. The 9-noded facet 
has just one extra node at the centre that changes the surface 
curvature drastically.

Fig. 9  Contact patch test with two blocks arbitrarily discretised using 
second-order Lagrangian elements

 

Fig. 8  a Comparison of subdivision of 9-noded Lagrangian and 8-noded serendipity facet b schematic for facet subdivision of 8-noded serendipity 
facet using a virtual node at the parametric centre of the physical facet

 

1 3

1645



Computational Mechanics (2026) 77:1635–1659

performs as accurately as the elements underneath the sur-
faces of contacting bodies.

6.2  Hertzian contact

In this classical test based on the Hertzian contact the-
ory[50], two cylindrical bodies are loaded against each other 
frictionlessly under the plane strain assumption. The contact 
pressure theoretically follows an elliptical (or ellipsoidal in 
3D) profile, maximum at the central point and vanishing at 
the periphery of the contact region. Consider two isotropic 
elastic bodies as quarter parts of two cylinders with radii 
R1 = 200 mm and R2 = 250 mm, respectively, and hav-
ing Young’s modulus and Poisson’s ratio as E1 = 10 GPa, 
ν1 = 0.3, and E2 = 1000 GPa, ν2 = 0.35, respectively, see 
Fig. 10a.

The boundary conditions over the geometries for adher-
ing to the plane strain assumption are as follows: the bottom 
surface of the lower cylinder is restricted against motion 
in the vertical direction but allowed to expand horizon-
tally. The surfaces at planes of vertical symmetry and front 
and back flat surfaces are restricted against motion in their 
normal directions. The top surface of the upper cylinder is 

6.1  Contact patch test

This test checks the robustness of the contact algorithm to 
transfer uniform contact pressure between two flat surfaces 
with frictionless contact. Consider two rectangular blocks 
with the same geometrical size of 20 × 20 × 10 mm3 but 
different discretisation using 27-noded Lagrangian hex ele-
ments with varying sizes to have a strong contrast in their 
discretisation throughout the contact interface; see Fig.  9. 
The Young’s modulus of elasticity and Poisson’s ratio for 
the upper and lower blocks are (E1 = 10 GPa, ν1 = 0.3) 
and (E2 = 100 GPa, ν2 = 0.35), respectively, and a scal-
ing factor of fs = 10 is used in the contact definition. The 
top surface of the upper block is pressed downwards by 
0.01 mm, while the lateral surfaces of both upper and lower 
blocks are restricted against motion in their respective nor-
mal directions. The distribution of the stress component 
σzz  extrapolated to the corner nodes of elements is shown 
in Fig.  9. The stress component is appreciably uniform 
throughout the two bodies, merely differing by a decimal 
place from the numerical precision of the element patch test 
performed for this second-order element implementation. 
So, the presented algorithm for contact between flat surfaces 

Fig. 10  Hertz contact: a Discretised cylinders with mesh ratio 4:11 near contact region b–e show the meshing scheme near the contact region for 
discretisation with first and second-order elements
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non-smooth variation of surface normal. This difference in 
mathematical description is being studied in this experiment 
to examine the variation in the contact pressure using differ-
ent types of elements but the same number of nodes, thereby 
the same number of degrees of freedom. For strong contrast 
in non-conformal meshes at the contact zone between the 
two cylinders, subdomains of both bodies near the interface 
are discretised with different sizes of elements, as shown in 
Figs. 10b, 10c, 10d, and 10e.

The variation of the contact pressure for both types of 
elements and discretisation ratios with fs = 10 by directly 
using the subsurface quadrature points inside elements and 
their locations are shown in Fig. 11. Observe that even when 
the coarser upper mesh is used, the second-order mesh does 
not have high oscillations like the first-order mesh. For first-
order elements, the smaller mesh ratio of 12:22 with less 

pressed downwards by applying a uniform pressure that 
corresponds to the case of actual full cylinders having a line 
loading of P= 9 kN/mm.

Four kinds of discretisations are considered in this exper-
iment, two types each for 8-noded first-order and 27-noded 
second-order hex elements, such that there are two pairs of 
first-order–second-order discretisations having the same 
nodes and just different connectivities for defining the ele-
ments, see Fig. 10. In other words, if all elements in each 
mesh of second-order discretisation are subdivided into 
eight first-order elements, the corresponding mesh of first-
order elements can be obtained. While both first and sec-
ond-order element meshes have the same number of nodes, 
the mathematical description of second-order elements will 
preserve the curvature of the original geometry. In contrast, 
first-order elements will have linear boundary facets with a 

Fig. 11  Hertzian Contact: Contact pressure variation between meshes discretised using first-order elements (a, c) and second-order elements (b, d) 
with both cases having the same number of degrees of freedom in the system and fs = 10 in all cases
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Fig. 13  Interpenetration between second-
order element mesh with ratio 4:11 and 
fs = 1 shown by vertically scaling the 
meshes by a factor of 20 to highlight the 
gap

 

Fig. 12  Hertzian Contact: Contact pressure variation for only second-order discretisation for different mesh ratios and penalty scaling factors
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interpenetration that attenuates the influence of the discrete 
nature of finite element contact pairs; see the Fig. 13 where 
mid-edge nodes are ignored for simplicity and line segments 
directly connecting the corner nodes are shown. With softer 
penalties, the rate of change in the gap along the contact 
interface between meshes is smaller, so the effect of changes 
in discrete element features is less pronounced.

6.3  Elastic collision of spheres

In this test of frictionless elastic collision between spherical 
solids, two cases are considered for comparing first-order 
and second-order Lagrangian elements. In each case, the two 
types of discretisation schemes have the same nodes, with 
the only difference being their connectivity for defining the 
elements. Their different shape functions lead to differences 
in the physical surface descriptions. So, they both have the 
same degrees of freedom. All the spherical bodies used in 
this section have a radius of R = 10 mm, Young’s modulus 
of elasticity, E = 100 GPa, Poisson’s ratio ν = 0.3, density 
ρ = 0.1 kg/mm3, and for contact definition, scaling factor is 
fs = 1. Both cases demonstrate that preserving the original 
curvature of the surface using second-order elements aids in 
correctly timed contact detection and subsequent constraint 
enforcement.

6.3.1  Ball striking against symmetrically placed balls

In the first case, three balls are placed in a triangular 
arrangement, as shown in Fig. 14. While the orientations of 
the discretised balls S2 and S3 are the same, the ball S1 is 
rotated by 5◦ about z-direction to induce a lack of symmetry 
in the discretised setting of the system. While the physical 

non-conformity provides relatively smoother contact pres-
sure variation compared to the higher ratio of 8:22, where 
the oscillations are significant. This increase in the oscilla-
tions is a consequence of the stronger influence of the non-
smooth nature of the first-order elements with a higher mesh 
ratio. On the other hand, the use of second-order elements 
not only provides a smoother variation of contact pressure 
for the mesh ratio of 6:11 compared to first-order meshes 
having the ratio of 12:22, but its use for the higher contrast 
in mesh ratio of 4:11 is also relatively better compared to 
its first-order counterpart of mesh ratio 8:22. The increased 
anomaly in the contact pressure in the outward contact 
region, on moving from mesh ratio 6:11 to 4:11, is a result 
of the discrete nature of the finite elements and consider-
ation of a flat midplane for each subfacet-to-subfacet pair. 
Nevertheless, if the contacting meshes have a higher con-
trast in the sizes of elements coming into contact, the use 
of second-order elements provides a better solution com-
pared to the first-order elements. This benefit results from 
the second-order elements being able to describe the curved 
physical surface, which gets accounted for in the interpen-
etration and its subsequent penalisation in the normal trac-
tion evaluation. The second-order contact problem shown 
in Fig.  11d was also tested with the midplane correction; 
however, the resulting contact pressure variation showed no 
improvement in this quasi-static test.

For testing effects of softer penalties, the same meshes 
with second-order discretisation are also studied for 
fs = 1, 5, and their plots are shown in Fig. 12. As can be 
seen, using a softer penalty with fs = 1 provides a relatively 
smoother solution; however, it is at the cost of increased 
interpenetration, thereby inaccurately predicting a larger 
contact zone. The smoothness is a result of the increased 

Fig. 14  Two meshes having same nodes used in collision for a first-order elements b second-order Lagrangian elements
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due to the loss of surface material, hence delayed detection, 
as can be seen in all plots in px and py . For original spheri-
cal geometry, the same momentum px will be expected for 
balls S2 and S3; however, due to higher discrepancy from 
the original geometry, first-order discretisation has a higher 
discrepancy in px. Although second-order elements capture 
the original curvature, the consideration of finite-sized con-
tact pairs with their respective flat midplanes causes a slight 
difference in px. Nonetheless, it is very small compared to 
the first-order elements. The same reasoning can also be 
extended to explain the differences in momentum py  in both 
cases, where the balls S2 and S3 gain similar momentum 
upon collision in the case of second-order elements, with a 
stark contrast to the error in the use of first-order elements.

surfaces in the case of second-order elements will be able 
to capture the curvature, the case of first-order elements 
will have a discrepancy with the actual surface and a loss of 
material in the physical space.

The ball S1 is given a velocity of 0.1 m/s to collide with 
the two symmetrically placed balls S2 and S3. The time-
based changes in momentum in the x and y directions for 
three different types of discretisations are shown in Fig. 15. 
Numerous observations can be made here on how the sur-
face description discrepancy between first-order and second-
order elements influences changes in momentum. Firstly, 
the initial momentum of the ball S1 is slightly lower in the 
case of first-order elements compared to second-order ele-
ments as they suffer from material loss due to their straight 
edges being unable to capture the curvature. The collision 
in the case of first-order elements is also slightly delayed 

Fig. 15  Symmetric collision of balls: Variation of net momentum of three balls along the (a, c) x-direction (b, d) y-direction for (a, b) first-order 
elements and (c, d) second-order Lagrangian elements
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the momentum px is transferred from ball S1 to the last ball 
S10 with successive collisions. The twin benefits of using 
second-order elements can also be noted here. Firstly, all 
collisions are quicker in second-order elements with a better 
representation of curvature, and the error in timing increases 
until the last collision. Secondly, the error in momentum due 
to the motion gained in the lateral direction (py) is much 
smaller with the use of second-order elements, so it pro-
vides superior accuracy.

6.3.2  Successive collision in an array of balls

In the second case, inspired by Newton’s cradle, ten spheri-
cal bodies are arranged with a uniform gap of 0.5 mm 
between them as shown in Fig. 16a. Each ball is rotated by 
5◦ about the z-axis with respect to the ball on its left. The 
ball S1 is given a velocity of 0.1 m/s and collides head-on 
with S2, and the motion is transferred to subsequent balls 
on respective collisions. The changes in the momentum px 
and py  are shown in Fig. 16 where it can be observed that 

Fig. 16  Successive head-on collision of 10 balls: a configuration of spheres (b, d) momentum variation px in first-order elements and (c) (e) 
momentum variation py  in second-order elements
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variation of normal along the surface. The non-smooth sur-
face of first-order mesh causes a clattering of fill against 
the cylinder, leading to slight rotation of the cylinder and 
the fill loses some angular momentum. On the contrary, the 
smooth surface variation of the second-order mesh results 
in 180◦ rotation of the fill while the cylinder remains sta-
tionary. Thus, this example perfectly demonstrates the util-
ity of the presented algorithm in cases where representation 
of curvature is critically important for correct prediction of 
state changes.

6.5  Frictional sliding: Block sliding against a slab

The frictional interaction capability of the proposed con-
tact algorithm is studied here by sliding a deformable block 
against a rigid slab. The rectangular block of size 5 × 5 × 10 
mm3 consists of an isotropic elastic material with Young’s 
modulus, E= 207 GPa, Poisson’s ratio of, ν = 0, and the 
contact definition between both bodies has a coefficient of 
friction, µ = 0.3, and the tangential penalty, ϵT = 10. Its top 

6.4  Rotation of a fill inside a cylinder

In this example, taken from [4], the contact algorithm is stud-
ied for the frictionless rotation of a fill with a softer material 
inside a concentric steel cylinder. Both fill and cylinder are 
composed of isotropic elastic materials with their Young’s 
modulus E1 = 5 GPa, E2 = 207 GPa, Poisson’s ratio being 
ν1 = 0.4, ν2 = 0.3, and density ρ1 = 7.83 × 10−7 kg/
mm3, ρ2 = 7.83 × 10−6 kg/mm3, respectively. The fill has 
an outer radius of 50 mm, whereas the cylinder has an outer 
radius of 75 mm, and there is a gap of 0.5 µm at the inter-
face. The fill is given an initial rotational motion such that 
it can freely cover 180◦ in 4 ms while the cylinder is ini-
tially stationary. Two cases of discretisation are considered, 
first-order (Fig.  17a, and second-order (Fig.  17c ). While 
the cylinder gets rotated with first-order discretisation, it has 
visibly no rotation with second-order discretisation. While 
the first-order discretisation does not capture the original 
curvature and has sharp corners, the second-order discretisa-
tion perfectly represents the circular curvature with smooth 

Fig. 17  Frictionless rotation of a 
fill inside a cylinder showing the 
initial and final configuration for 
(a, b) first-order discretisation and 
(c, d) second-order discretisation
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Fig. 19  Oblique collision of identical rings for frictionless and frictional conditions with hex connecting only corner nodes shown for visualisation

 

Fig. 18  Frictional sliding: a block being first pressed against a slab and then taken in a to-and-fro motion along it. The retention of frictional force 
(Fx) in (c) at the end of sliding shows the hysteresis effect due to the elasto-plastic analogy of friction
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losing the traction retained from the plastic effect before 
increasing in the forward direction and staying at the limit-
ing value. Due to the history of dependency on friction and 
retention of the tangential traction during sliding, the block 
retains the frictional forces in the contact region at the end 
of sliding when the top surface of the block is brought to its 
original position. The nodal forces acting on the top surface 
of the block to maintain its position and the contact forces 
that include the frictional effect are shown in Fig. 22. Notice 
the distribution of the nodal forces follows the mathemati-
cal behaviour of traction distribution over second-order 
Lagrangian elements.

surface is uniformly displaced downwards by 6 × 10−3 mm 
against a rigid slab of size 9 × 25 × 50 mm3 while keeping 
the scaling factor, fs = 1. It is pushed forward while main-
taining the downward push before being returned and held 
at its original position, thereby completing a full loop, see 
Fig. 18a. The components of the net force on the contact-
ing surface of the block are shown in Fig. 18c where it can 
be observed that the normal force (Fz) increases during the 
pressing of the block and stays constant during the sliding. 
On the other hand, the frictional force (Fx) starts increasing 
in the backward direction during the forward push on the 
block and stays constant once it reaches the limiting value. 
As soon as the backward push is initiated on the block, the 
frictional force, acting backwards, starts diminishing and 

Fig. 20  Crushing of a cylinder demonstrating a self-contact scenario: 
(a) original mesh b deformed configuration of nodes (the solid cells in 
the visualisation are linear hex connecting the corner nodes of actual 

second-order elements) c a slice section showing the distribution of 
the nodes and d schematic of the boundary showing smooth curvature
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continuous deformation and folds are formed throughout 
the length of the tube demonstrating self-contact capabil-
ity of the presented algorithm. While the visualisation 
using paraview [48, 49] only shows linear hex connecting 
corner nodes of the second-order element, schematic using 
quadratic curves on the boundary nodes in Fig. 20d shows 
smoothness in the deformed shape. This test, showing large 
deformation, highlights the utility of the curvature retention 
capability of second-order elements.

6.8  Frictional self-contact

A self-contact test with frictional effect is performed to 
emphasise the auto-detection of contact between surfaces 
of a single body along with contact constraint enforcement. 
This test is studied with both Hex27 and Hex8 elements with 
the same nodes in the discretised body in the originally unde-
formed configuration having size 200 × 200 × 50 mm3, see 
Fig. 21a. The original body discretised with Hex27 elements 
is shown in Fig. 21b. Its counterpart for first-order elements 
is obtained by discretising each element in this mesh into 
eight Hex8 elements, thereby having the same nodes in the 
two meshes. While the second-order elements have smooth 
surfaces at all circular surfaces, first-order elements have 
nonsmooth surfaces at element corners. In both cases, iso-
tropic elastoplastic material with linear hardening is used. It 
has Young’s modulus, E= 10 GPa, Poisson’s ratio ν = 0.3, 
initial yield stress σy0 = 1.0, and hardening modulus H= 0.1 
GPa. The bottom surface of the block is held fixed while 
the top surface is prescribed downward displacement by 
62.5 mm. For contact definition, the coefficient of friction 
is µ = 0.4, the normal penalty factor is ϵN = 10, and the 
tangential penalty factor is ϵT = 10, and three gauss points 
per triangle are used in the contact integral. The continuous 

6.6  Oblique collision of two rings

In this dynamic test, two identical rings with linear elas-
tic material having Young’s modulus E = 0.1 GPa, Pois-
son’s ratio ν = 0.49 and density ρ = 10−6 kg/mm3 collide 
obliquely with equal speed as shown in Fig. 19a. Rings are 
discretised with second-order Lagrangian elements, and 
frictionless and frictional cases (µ = 0.5) are considered 
here. As can be seen, both rings undergo large deformations 
due to their very high impact speeds. The deformations in 
the case of frictionless and frictional conditions are shown 
in Fig.  19. Notice the differences in the configurations of 
the ring near the contact region and the parts of the rings in 
contact at t = 1 ms due to the frictional effect.

6.7  Self-contact - crushing of a tube

The single-pass contact constraint enforcement capability 
of the presented formulation is of significant importance 
for self-contact problems. To study this, a problem of axial 
crushing of a tube is taken in this test. The tube has a length 
of 50  mm, external and internal diameter of 15  mm and 
14 mm, respectively, and is fixed at the bottom. It is per-
turbed by an inward radial scaling at the bottom by 1% and 
at 11.11 mm from the bottom by 0.5%. A ring with mass of 
about 2.28 kg is attached on top of the tube and is relatively 
rigid, see Fig. 20a. The tube is composed of elasto-plastic 
material with Young’s modulus of elasticity, E= 1.994 GPa, 
Poisson’s ratio ν = 0.3, yield stress σ = 336.6 MPa, hard-
ening modulus of 1 MPa, and density ρ = 7.85 × 10−6 kg/
mm3. Both attached mass and the tube are given an initial 
downwards velocity of 150  m/s and 75  m/s, respectively. 
For contact definition, penalty scaling of fs = 3.5 is used in 
this test. As can be seen in the Fig. 20, the tube undergoes 

Fig. 21  Self-contact test: a original undeformed geometry b mesh 
used for Hex27 elements and c deformed mesh along with nodes of 
both Hex27 (black) and Hex8 (cyan) discretisations. Note that straight 

edges connecting the corner nodes shown here are a limitation of visu-
alisation, however, the nodal positions are accurately visualised
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have the same nodes in the undeformed meshes and the two 
meshes are non-matching, as shown in Fig. 22. Both bars 
are made of the same elastoplastic material with linear hard-
ening having Young’s modulus E = 69 GPa, Poisson’s ratio 
ν = 0.33, initial yield stress σy0 = 0.276 GPa, and harden-
ing modulus H = 0.2 GPa. Their maximum dimensions are 
10.5 × 1 × 1 mm3, and axial speed is 320 m/s towards each 
other. Both bars undergo continuous deformation upon col-
lision, with the region near the interface undergoing plastic 
deformation. The deformed configuration of the two bars is 
shown in Fig. 23 for both first-order and higher-order dis-
cretisations. As can be observed, the deformation in the case 
of first-order discretisation results in a greater mismatch in 
the two bars at the interface, with the right mesh bulging 
outwards. On the other hand, second-order elements have 
a relatively flat interface in the contact region upon defor-
mation. Only one side view is shown here to highlight the 

deformation leads to gradual self-contact between different 
parts of the surfaces. The deformed configuration for discre-
tisation with Hex27 elements is shown in Fig. 21c overlayed 
with nodes of both first-order and second-order discretisa-
tion. As can be seen, the nodes in the two types of discretisa-
tion have position differences around the circular surfaces. 
This is a result of the differences in first-order and second-
order surface representation.

6.9  Inelastic collision of two bars

In this example of high-rate deformation, two bars with the 
symmetric original geometry collide axially at the same very 
high speed, which should ideally result in a flat interface 
of contact upon deformation as seen in symmetric Taylor’s 
impact test. Here, both first-order and second-order ele-
ments are used to discretise the two bars such that they both 

Fig. 23  Inelastic collision with dissimilar meshes: Comparison of deformed configurations with only nodes shown for two types of discretisation 
at time t = 0.02 ms

 

Fig. 22  Inelastic collision: a two bars with Hex27 discretisation moving towards each other b contacting part of the mesh with Hex27 discretisation 
and c contacting part of the mesh with Hex8 discretisation. Segmented straight edges in Hex27 mesh are only for visualisation
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between curved surfaces with increasingly non-matching 
meshes, as the corresponding first-order discretisation leads 
to oscillations in contact pressure. In contrast, the second-
order elements maintain closeness to the analytical solution 
with such an increasing mismatch in meshes. Due to the 
uniform imposition of penalty constraints over the interact-
ing curved surfaces, the solution of the frictionless dynamic 
problem of rotation of fill inside a concentric cylinder pro-
vided a solution with higher accuracy for second-order 
elements.

The second-order meshes are critically important in 
large deformation contact problems. In large deformation 
problems, the discrepancies between the original boundary 
γ and the discretised boundary γh get accentuated, result-
ing in significant differences in the resulting solution. The 
second-order elements are able to better represent the origi-
nal boundary γ as they leverage nonlinear shape functions, 
thus providing a more accurate solution with smoothness of 
deformed surfaces. This is the case in self-contact problems 
as well as inelastic collisions with non-negligible inertia 
effects. The use of higher-order elements will also be advan-
tageous in multibody systems where the domino effect of 
error propagation among components due to boundary con-
ditions of contact can be minimised with better represen-
tation of discretised surfaces. In cases of contact between 
higher-order segments having significant deviation between 
the parameters of linear and nonlinear lines of interpolation, 
the error due to the use of linearised subfacets for finding 
gaps will be higher. So a direct inverse problem of itera-
tively finding physical points normally to the quadrature 
points will aid in accuracy in such cases. In practical cases 
where first-order elements are preferred in the bulk, second-
order elements can be used over boundaries, along with 
transition elements in between to aid in a more accurate 

differences in contact region deformation due to curved sur-
faces in the original geometry. The overall dimensions of 
the two deformed meshes are also different in both cases. 
While the two colliding undeformed bars have mismatching 
element sizes, the second-order elements retain the original 
semi-circular curvature, whereas the first-order elements 
have differences with the original curvature. This difference 
also results in differences in the overall masses of the two 
bars, thus adding to the asymmetry in the net momentum 
exchange. An additional demonstration is shown in Fig. 24 
with both bars having same discretisations using first-order 
and second-order elements, that result in an overall sym-
metric deformation.

7  Conclusion

The unbiased frictional contact formulation presented in 
this paper for higher-order elements requires only a single 
pass and comprehensively outmatches the accuracy of first-
order elements in both static and dynamic conditions. Pen-
alty-based contact constraints are enforced over respective 
midplanes of subfacet pairs obtained by subdivision of facet 
pairs. The additional correction of these midplanes allows 
for capturing the local curvatures of the interacting facets 
and is critical in gaining higher accuracy in contact traction 
applications. While this work utilises the facet subdivision 
strategy with affine mapping, it also highlights a potential 
source of error due to the mismatches in parameteric lines 
of linear and nonlinear interpolation.

In practice, the accuracy of the presented algorithm 
matches the accuracy of finite elements for contact between 
flat surfaces. The nonlinear shape functions of second-order 
discretisation become especially advantageous for contact 

Fig. 24  Inelastic collision with similar meshes: Comparison of deformed configurations with only nodes shown for two types of discretisation at 
time t = 0.02 ms
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solution. The midplane and patch-based conceptual frame-
work presented in this work can also be advantageous in 
isogeometric analysis with contact.
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