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Abstract

By growing together in dense communities, microorganisms (microbes) have a huge

impact on human life. Microbes also come in a wide variety of shapes, but we have yet

to understand the importance of these shapes for community biology. How are multi-

species communities, such as biofilms and colonies, affected by the morphologies of

constituent cells? Which morphologies might these environments select for in turn?

To address these questions, we use individual-based modelling to investigate the

effects of cell shape on patterning and evolution within microbial communities. We

develop a flexible simulation framework, coupling a continuum model of the biofilm

chemical environment to a cellular-level description of biofilm growth mechanics. This

modelling system allows competitions between different microbial cell shapes to be

simulated and studied, in different community contexts.

Our models predict that cell shape can strongly affect spatial structure and patterning

within competitive communities. Rod cells perform better at colonising surfaces

and the expanding edges of colonies, while round cells are better at dominating the

upper surface of a community. Our predictions are supported by experiments using

Escherichia coli and Pseudomonas aeruginosa bacteria, and demonstrate that particular

shapes can confer a selective advantage in communities.

In summary, the work presented in this thesis predicts and examines new mecha-

nisms of self-organisation driven by cell shape, demonstrating a new significance for

microbial morphology as a means for cells to succeed in a dense and competitive

environment.



Lay summary

The shapes of living organisms are sculpted by the environments in which they live.

Around us, we can observe plants and animals whose forms are suited to their function.

But what about microscopic life forms – how do their shapes help them to get an

edge over their competitors? Currently, we understand that microbes adopt certain

shapes in order to achieve certain goals, resulting in a rich catalogue of weird and

wonderful forms. However, little is known about the role of cell shape inside microbial

communities (dense, slimy mounds of cells attached to a surface), where cells face a

fierce struggle for space and nutrients. Understanding how these communities develop

is a high priority, not least because unchecked growths can endanger human health.

This thesis involves simulating communities of microbes using computer models,

which describe the pushing forces between cells as they grow and divide, as well

as their struggle for limited food. Unlike previous models, ours allows different

microbial shapes to be pitted against each other in a battle for dominance, helping

us to understand the selective advantages that particular cell shapes can confer under

different circumstances. Supported by experimental tests, our models show that shape

can have unexpected effects on cells’ positioning, and, consequently, their survival and

reproduction.
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1

Introduction

“The number of these animalcules

in the scurf of a man’s teeth are so

many that we believe they exceed

the number of men in a kingdom.”

Antony van Leeuwenhoek,

1632-1723 [274]

At this very moment, we are surrounded by invisible life-forms, moving and growing

unseen. They are inside us, outside us and around us, on our skin and in our mouths

[253, 150], and in the air we breathe [39]. They are a fundamental part of us, and yet

have lived on this planet far longer than we have [114].

What are these invisible beings? They are microbes: tiny single-celled organisms, too

small to see with the naked eye, but visible through the lens of a microscope. Since

their discovery by the Dutch scientist Antony Van Leeuwenhoek in the 17th century

[274], we have learned that our world teems with microbial life. Microbes rank among

the most abundant organisms on Earth [138], and have managed to colonise practically

every environment on the planet [176]. Habitats thought too extreme to support life,

such as arctic snows and deep sea vents, have been found brimming with microbes

[260, 118].



1.1 What are microbial communities? 2

Although they sometimes live alone, microbes are, by and large, gregarious organisms,

and are often found living alongside each other in dense communities [169]. This

thesis is all about microbial communities, and this introductory chapter is intended as

a brief primer on them. Here, we explain what these communities are, and why it is

important that we study and understand them. We then provide an overview of rest

of the thesis, which begins with a literature review that defines our specific topic of

interest: the influence of cell shape in microbial communities.

1.1 What are microbial communities?

We once thought of microbes as being predominantly solitary organisms [281]. The

realisation that the majority of microbes actually live in large, surface-attached com-

munities, has transformed the field of microbiology over the past 60 years [114].

Estimated to comprise over 90% of all microbial biomass [228], these aggregates can

be found in virtually all natural, industrial and medical ecosystems [65].

Microbial communities can form on virtually any surface with access to moisture [66],

and so appear in all sorts of contexts in nature: in aquifers and the soil [70], in lakes

and in rivers [102]; on, and even inside, other living organisms, including plants and

mammals [240, 253]. Communities are often found playing key roles in all of these

different ecosystems [282], and in some cases can grow large enough to see with the

naked eye. Figure 1.1 shows some common examples of microbial communities taken

from various environments.

A common example of a microbial community is a biofilm, which consists of a large

number of microbes attached to a surface, protected by a gel-like layer of cellular

secretions known collectively as EPSs (Extracellular Polymeric Substances) [65, 114].

Microbes in a biofilm absorb chemicals that diffuse into the structure from the external

environment, using them to create biomass, to grow and to divide. It is believed that
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most microbial life on the planet exists in some form of biofilm, making this type of

community particularly significant in the study of microbiology.

So, what is it like to live in a microbial community? Communities from many different

natural ecosystems display a number of similar characteristics. One such characteristic

is spatial heterogeneity, particularly in the chemical species present in the community.

High cell densities create intense demand for solutes, resulting in steep chemical

gradients – and so the conditions experienced by microbes often vary significantly

over small lengthscales [265]. Strong chemical gradients consequently influence

community spatial structure—the arrangement of microbes and EPS in space—byFigure 1: Microbes and communities
A B C

D FE

Figure 1: Microbes and community life. Microbes can live in a low-density 
planktonic state (A), but more frequently live alongside one another in 
dense communities (B). Microbial communities occur in various natural 
contexts: examples include “streamers” in rivers (C) and “mushrooms” in 
lakes (D). In some cases, community growth may involve a close 
association with a host organism: (F) shows a community growing on a 
bean leaf. As well as high cell densities, communities are typified by rich 
spatial structure, as visible in a ~2 billion-year-old stromatolite fossil (F). 
Images taken with permission from references 1 (A), 2 (B,E,F) and 
(Hall-Stoodley2004) (C,D).

Fig. 1.1 Microbes can live in a low-density planktonic state (A), but more frequently
live alongside one another in dense communities (B). Microbial communities occur in
various natural contexts: examples include “streamers” in rivers (C) and “mushrooms”
in lakes (D). In some cases, community growth may involve a close association
with a host organism: (E) shows a community growing on a bean leaf. As well
as high cell densities, communities are typified by rich spatial structure, as visible
in a 2-billion-year-old stromatolite fossil (F). Images taken with permission from
references [139] (A), [191] (B,E,F) and [114] (C,D).
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creating instabilities at its growing boundaries [105], and can lead to a loss of diversity

through genetic bottlenecking events [151, 191].

A second important characteristic is the potential for strong social interactions. Mi-

crobes are social organisms in the sense that they interact, often via the secretion of

diffusing chemicals [26]. The very high cell densities found in communities allow

individual microbes to interact with many neighbours at once [190]. These interactions

can facilitate coordinated and synchronised behaviour [160, 294], mediated through

communication systems such as quorum sensing [185, 71]. Collectively, microbes

can also increase their biological fitness—their capacity to grow and reproduce—by

collaborating to produce ‘public goods’ [281], such as digestive enzymes [213] and

scavenger molecules [62].

A third characteristic is strong competition. Microbes growing in communities often

have strong metabolic overlap, meaning that they compete for the same limited food-

stuffs [169, 63, 190]. This resource competition can in turn drive the development of

aggressive strategies, such as toxin secretion [294, 171, 17, 63], and the emergence of

‘cheating’, where microbes exploit the public goods of rival strains without paying the

metabolic costs of their production [199, 226].

Each of these factors—steep chemical gradients, strong social interactions and fierce

competition—can be decisive in controlling the composition and development of

microbial communities. The complex interplay between physical, chemical and

biological processes underlying these behaviours create the potential for a rich variety

of emergent phenomena – but also make comprehending and predicting community

properties far from trivial [114].
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1.2 The importance of microbial communities

1.2.1 Why study microbial communities?

Whether we realise it or not, humans are constantly interacting with microbial commu-

nities. Through collective action, they can have profound influences on our lives, with

consequences both good and for bad. For example, aggregates of microbes cause a

host of problems in industrial settings: blocking pipes [53], impeding shipping vessels

[251], and damaging machinery [161]. Losses of energy and resources from nuisance

biofilms have been estimated to cost the USA alone over 1 Billion USD per year [279].

In medical contexts, microbial communities have an enormous capacity to aid or

threaten human health. For example, biofilms are notorious pathogens, accounting

for some 80% of all chronic infections [289]. These films can collect on and degrade

implanted devices such as catheters and artificial joints [78], and are a major factor in

chronic wounds [25], ear and heart infections [10, 111], tooth decay and gum disease

[229], prostatitis [179] and cystic fibrosis [196, 124]. By understanding microbial

communities better, therefore, we can develop and improve therapies for treating these

illnesses.

In other circumstances, the development of a microbial community can be highly

desirable. Many industrial processes involve the deliberate culturing of biofilms,

harnessing their ability to degrade harmful chemical species for applications such as

water treatment and bioremediation [207]. The formidable metabolic powers possessed

by microbes can be used to create useful products such as ethanol or electricity, using

bioreactors and microbial fuel cells [75, 230].

Many multicellular organisms also benefit from symbiotic relationships with microbial

groups, outsourcing parts of their metabolism to hosted communities [195]. Notable

examples include the nitrogen-fixing bacteria that live in the root nodules of leguminous

plants [59, 240], and, closer to home, the microbiota that line the mammalian gut
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[125, 253]. Humans rely on these biofilms to process nutrients, block infections from

pathogens [256] and to train their immune system [19, 243].

Finally, microbial communities serve as an important scientific tool, providing a

test-bed with which to probe fundamental questions about the nature of life, such as

the evolution of sociality [200, 199, 191, 63]. Because communities comprise the

dominant habitat for microorganisms, understanding this particular context of growth

is essential for understanding microbes themselves, and the various roles they play in

our planet’s ecosystems [282].

1.2.2 Methods for studying communities

As a consequence of their importance, microbial communities have received a huge

amount of attention from researchers over the past 60 years. Today, a wide range

of experimental and theoretical techniques are used to study them at various levels

of detail [283]. Some of the methods commonly used are shown on the graph in

Figure 1.2, plotted according to the scales and complexity levels for which they

provide most insight.

As shown in Figure 1.2 (magenta ellipses), experimental techniques such as pro-

teomics, metabolomics and genomics—collectively known as ‘omics’—respectively

enable the study of proteins, metabolic intermediates and genomes associated with

individual microorganisms [60, 164]. These techniques are supported by a spectrum

of analytical tools, such as HPLC (High-Performance Liquid Chromatography), MS

(Mass Spectrometry), NMR (Nuclear Magnetic Resonance) spectroscopy, and X-ray

crystallography [119, 3].

The realisation of the significance of social interactions between microbes has em-

phasised the importance of also studying community-level interactions, achieved by

examining naturally-occurring communities (in situ methods), or by culturing com-

munities on laboratory media (in vitro) using agar plates, microfluidic devices and



1.2 The importance of microbial communities 7

chemostats [144, 69]. Likewise, ‘gnotobiotic’ model organisms, such as mice and

chickens, are used to study host-associated communities (in vivo) [175].

Community-level analyses are increasing facilitated by ‘meta-omics’ methods, qPCR

([quantitative] Polymerase Chain Reaction) and flow cytometry techniques, which

allow high-throughput analysis of genes, proteins and metabolites [306]. The spatial ar-

rangement of microbes in a community can be interrogated using confocal microscopy,

and labelling techniques such as FISH (Fluorescence In Situ Hybridisation) [23].

Experimental investigations of microbial communities are widely supported by a

range of theoretical frameworks and techniques (Figure 1.2, green ellipses) [279, 147].

Computational and mathematical models complement experimental approaches by

integrating empirical findings, analysing and parameterising mechanisms underly-

ing processes of interest, and by predicting behaviour in new scenarios. Ideally,

experiments and models should work together synergistically – happily, there are
Figure 3: Methods to study microbial 
communities

Various methods have been developed to study different phenomena in microbial communities (A). Here, experimental 
(magenta) and theoretical (green) methods are sorted according to the spatio-temporal scales and the levels of community 
complexity they include (horizontal and vertical axes respectively). Diagram taken from reference~\cite{Widder2016}. 
Acronyms are listed in the nomenclature section of this thesis.

Fig. 1.2 Various methods have been developed to study different phenomena in micro-
bial communities. Here, experimental (magenta) and theoretical (green) methods are
sorted according to the spatio-temporal scales and the levels of community complexity
they include (horizontal and vertical axes respectively). Diagram reproduced with
permission from Reference [283]. Acronyms are defined in the main text, and in the
nomenclature section at the front of this thesis.
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many examples of successful model-experiment synergy in the field of microbiology

(Figure 1.2, white boxes) [283].

For example: on a cellular scale, FBA (Flux-Balance Analysis) and DS (Dynamical

Systems) approaches provide mechanistic descriptions of processes inside microbial

cells, while correlational and causal network models are used to study interactions

between cellular components [148]. Network models are also used to describe eco-

logical interactions between large numbers of species in communities, such as those

found in the human gut [44, 68].

On larger scales, analytical ODE (Ordinary Differential Equation) descriptions were

among the first models of microbial communities, and aimed to describe substrate

kinetics and utilisation in biofilms [235]. Advances in computing allowed the explicit

modelling of community spatial structure using CA (Cellular Automaton) and PDE

(Partial Differential Equation) approaches, facilitating mechanistic descriptions of

community dynamics and structural development [224]. During the drive to predict

and understand biofilm structure, the emergence of the IbM (Individual-Based Model)

proved hugely influential, providing a more biologically-detailed representation of

social interactions between populations of microorganisms in a community [154, 297,

122]. We discuss IbM approaches further in Chapters 2 and 3.

1.3 What this thesis is about

Microbial cells come in many different shapes and sizes. Cells range in shape from

simple forms, such as rods and cocci (spheres), to more exotic branched, spiral or

filamentous shapes [258, 300, 158]. Scale diagrams of some of the microbial shapes

found in nature, shown in Figure 1.3, indicate some of this variation.

Shape is understood to be important for microbes, as particular shapes may help them

to survive and thrive in different environments [299–301, 218]. However, we do not

yet understand what the effects of cell shape are in microbial communities. This
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Figure 2: Morphological dirversity in microorganisms. A scale diagram 
depicting various microbial species (A) shows the wide range of shapes and 
sizes adopted. Different shapes frequently grow alongside one another in 
microbial communities, such as those found in the human intestine (B, 
false-colour scanning electron micrograph) and in two-species biofilms grown 
in a laboratory (C, confocal micrograph). Images taken without permission 
from references \cite{Young2006}, XXX and \cite{Sanchez-Vizuete2015} 
respectively.

Fig. 1.3 A scaled diagram depicting various microbial species (A) shows the wide
range of shapes and sizes adopted. Different shapes frequently grow alongside one
another in microbial communities, such as those found in the human intestine (B,
false-colour scanning electron micrograph) and in two-species biofilms grown in a
laboratory (C, confocal micrograph). Images taken with permission from references
[300], [174] and [244] respectively.

constitutes a significant gap in our knowledge, as many microbial communities are

known to contain cells of many different shapes [57, 204, 262]. Further, experiments

have shown that cell shape can affect spatial patterning and self-organisation in dense

groups of microbes, by modulating mechanical interactions between neighbouring

cells [157, 276, 238].

The aim of this thesis is to address this ambiguity, and explore what consequences

cellular shape might have in the context of a community. To that end, we develop

computational models to study the effects of cell shape in microbial communities. We

apply these models in different biological contexts in order to explore the consequences

and value of cell shape, supporting our findings with experimental data.

Here we give a brief overview of the content of each chapter. The layout of the thesis,

summarised in Figure 1.4, is as follows:
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Figure 4: Diagram summarising the layout of this thesis. Subsequent chapters are 
shown as numbered boxes (2-8), grouped into four stages (columns). First, I review 
the literature on cell shape in microbial communities (2), and argue for the use of 
individual-based modelling tools to explore shape effects further. I show how to 
combine an existing physics engine (3) with a solute modelling system (4) to create a 
hybrid individual-based model, with which to investigate cell shape (blue circle). I then 
apply this model in three separate scenarios (5,6,7). Finally, I summarise and discuss 
my findings, and suggest future directions for research (8).

!
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Fig. 1.4 Diagram summarising the layout of this thesis. Subsequent chapters are
shown as numbered boxes (2-8), grouped into four stages (columns). First, we review
the literature on cell shape in microbial communities (2), and argue for the use of
individual-based modelling tools to explore shape effects further. We show how to
combine an existing physics engine (3) with a solute modelling system (4) to create a
hybrid individual-based model, with which to investigate cell shape (blue circle). We
then apply this model in three separate scenarios (5,6,7). Finally, we summarise and
discuss our findings, and suggest future directions for research (8).

• Chapter 2: Here we provide a detailed literature review summarising what is

known about microbial cell shape, and how it might serve to influence com-

munity properties. Citing evidence of shape effects, we argue in favour of

investigating the role of cell shape in communities such as biofilms. We define

specific research questions and examine potential experimental and theoretical

methodologies to answer them.

• Chapter 3: Individual-based models are an important theoretical tool for study-

ing microbial communities, but until recently have focussed purely on spherical
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shapes. In this chapter, we review computational methods for including non-

spherical shapes in individual-based models. We select a particular model (the

Rudge model), define its underlying assumptions, and give a detailed account

of its derivation and parameterisation. We also discuss how the model can be

extended to include periodic boundary conditions.

• Chapter 4: The Rudge model provides a detailed description of biomechanical

interactions in a community, but omits solute transport. In this chapter we show

how to model solute transport, and solve the resulting equations using the finite

element method. We verify the scheme using convergence tests, and show how

to couple the solute and mechanics representations to create a hybrid model like

that used in previous studies, but with variable cell shape. This hybrid model

framework then forms the basis for the studies presented in Chapters 5, 6 and 7.

• Chapter 5: Here, we use the hybrid model to study the properties of communi-

ties containing different mixtures of cell shapes. We show that cell shape can

strongly affect spatial patterning and strain fitness within biofilms, and charac-

terise a novel mechanism for generating emergent layered biofilm structures.

We also validate our model predictions with image analysis of bacterial colonies,

grown using differently-shaped strains of Escherichia coli.

• Chapter 6: In this chapter, we move focus from the bulk of a biofilm to the

edge of a microbial colony, using our model to understand an experimental

system for studying antibiotic resistance in Pseudomonas aeruginosa bacteria.

We show that cell elongation (filamentation) in response to antibiotic exposure

can provide bacteria with a competitive advantage, again by altering colony

spatial structure. Importantly, this patterning occurs via a different mechanism

to that reported in Chapter 5.
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• Chapter 7: Here we present a preliminary study, examining the role of shape-

driven patterning in controlling social interactions within a community. We

extend our model to include aggressive microbial phenotypes, which produce

bacteriocins (diffusing toxins) to attack rival cells. We implement, analyse and

extend an existing model of toxin secretion, but find that cell shape has only a

limited effect on the dynamics of community competition.

• Chapter 8: In this final chapter, we provide a synopsis and discussion of our

findings, and an evaluation of their impact for microbial community research.

We also suggest directions for future work in this field.



2

Literature review: the impact of

microbial shape



Abstract

Why study cell shape in microbial communities? The literature review presented in

this chapter provides the motivation for the thesis, reviewing our current understanding

of cell shape, and summarising evidence for its influences in communities. We argue

that cell shape is an important but overlooked factor deserving further analysis, and

examine methods that could be used to study its role in the community context. We

conclude by defining the research questions of this thesis, and outline our strategy for

addressing them.

2.1 Introduction

In the previous chapter, we introduced microbial communities and commented on

their importance for science, technology and human health. This chapter builds on

that general introduction and goes into specifics. Reviewing and commenting on the

scientific literature of the field, we define the ‘what’, ‘why’ and ‘how’ of our studies:

• What is our current understanding of the role of bacterial shape?

• Why might cell shape be important in microbial communities?

• How can we investigate the impact of cell shape in this context?

These are the questions that we answer in Sections 2.2, 2.3 and 2.4 of this chapter.

Overall, the purpose of this review is three-fold:

1. To motivate our study into the effects of cell shape;
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2. To examine the scientific literature –

(a) To define what is currently known and unknown about cell shape; and

(b) To determine suitable methods for its study;

3. To define the research questions that we will address in this thesis.

2.2 What is the role of microbial shape?

In the previous chapter, we discussed the wide variety of morphologies displayed by

microbes. Much research has been devoted to the question of how and why microbes

have adopted this marvellous catalogue of forms. Although our molecular description

of microbial morphogenesis is far from complete [92, 303, 86], studies using simple

model organisms—predominantly rod and coccoidal bacteria—are establishing a

general consensus [302]. Most bacteria make a cell wall out of peptidoglycan that

helps them keep their shape, and morphogenesis is governed through coordinated

activity of multiple cytoskeletal complexes acting on this structure [46, 210, 48, 272].

2.2.1 Does microbial shape have a function?

While the ‘how’ of cell shape is an interesting question in its own right, in this thesis

we will be focussing more on the question of ‘why’ [299, 302]. Why did microbes

arrive at this enormous catalogue of diversity? Is it all incidental, or does it have some

function? Several pieces of evidence suggest that the shapes we see in microbes are

adaptations, serving functions that benefit these organisms in different contexts. Here

we review the evidence supporting this hypothesis.

Firstly, we observe that shape is consistent, but responsive. Microbes have a wide

range of morphologies, yet within any particular genus, cell shape is tightly conserved

for a given set of environmental conditions [301]. This suggests that, while microbes

have a potentially vast range of morphologies to choose from, they only adopt the
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optimum form for a given situation [299]. Further, when environments change, cer-

tain microbes are observed to change shape in response – a phenomenon known as

pleiomorphism [104, 206]. Common examples include cell elongation in response to

nutrient-poor environments [277] or during pathogenesis [136], and divergence in cell

size in response to the threat of predation (the bimodal effect) [217]. Certain shapes are

also found to be particularly prevalent in particular environments: for instance, cells

living in high-viscosity habitats are often found to be helical in shape [90, 20, 236].

Secondly, shape is under regulatory control. While not all microbes display pleiomor-

phism, in all cases shape is tightly controlled through robust regulatory networks

[272, 86]. Since regulatory infrastructure is generally costly, this implies that selection

exists to maintain control of cell shape – in turn implying that cells can maximise their

fitness by adopting particular shapes in particular circumstances [300]. After all, why

bother regulating a trait that has no bearing on fitness?

Thirdly, shape is evolutionarily convergent. Most microorganisms belong to one of

two domains of living organisms: bacteria and archaea. Bacteria and archaea are

fundamentally different organisms [288], yet have evolved a similar catalogue of

cell shapes [301, 158]. In particular, coccal morphologies appear to have evolved

independently numerous times [258, 270]. This suggests that there may be some

common mechanism that selects these morphologies, and that the habitats these

organisms share make similar morphologies adaptive.

2.2.2 What is the function of microbial shape?

For the reasons stated above, we currently understand shape to be an adaptive trait –

one that serves some function, or functions, for microorganisms. Various hypotheses

have been put forward as to what these functions are. The cartoon shown in Figure 2.1

summarises some of the rationales collated in the excellent reviews by Kevin Young

[300, 301].
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Figure 1: The wheel of shape function. Shown here is a cartoon summarising 
proposed functions of cell shape, operating at the individual cell level. Reading 
clockwise from top right, particular cell shapes are thought to benefit cells in multiple 
ways: enabling more efficient motility or dispersal (‘Movement’); increasing nutrient 
access and waste efflux (‘Nutrition’); enabling reliable cell division (‘Reproduction’); 
evading or disrupting predation threats (‘Evasion’); and resisting shear forces on 
surfaces (‘Attachment’). This list is likely to be incomplete, and so a blank sector is 
reserved for additional functions as yet unknown (top).

Fig. 2.1 The wheel of shape function. The cartoons shown above summarise proposed
functions of cell shape. Reading clockwise from top right, particular cell shapes are
thought to benefit cells in multiple ways: enabling more efficient motility or dispersal
(‘Movement’); increasing nutrient access (‘Nutrition’); enabling reliable cell division
(‘Reproduction’); evading or disrupting predation threats (‘Evasion’); and resisting
shear forces on surfaces (‘Attachment’). This list is likely to be incomplete, and so a
blank sector is reserved for additional functions as yet unknown (top).

Some of the earliest work on the functional value of shape concerned its effect on

microbial motility. While life in sessile communities dominates, many microbes spend

at least some of their existence in a motile state, using appendages such as flagella

to swim and feed [188]. Rod-shaped morphologies are thought to be optimum for

swimming [61], and experiments show that disrupting cell shape alone is enough to

impair motility [269]. Some cell shapes are also thought to facilitate passive motility

(dispersion), by allowing cells to be carried along on fluid currents [83], or to resist

movement by allowing firmer attachment to fixed surfaces [300, 84].

Cell shape affects the rate at which microbes can exchange solutes—particularly

nutrients—with their surroundings, as a cell’s surface area constrains the number

of importer (or exporter) protein complexes that can operate simultaneously [149].
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Additionally, because microbes lack active internal transport systems, their shape and

size are constrained by the need for fast internal mixing and diffusion [172]. Microbes

respond to reductions in nutrient by changing shape, elongating or branching in a

manner thought to improve their nutrient access [250, 277].

Finally, most microbes reproduce asexually by dividing in two (binary fission) [275,

225], which places constraints on cell shape. Symmetrical, non-random morphologies

make it easier for cells to duplicate and partition their genetic material between

daughter cells [300]. Many microbes also face predation (bacterivory) from larger

organisms, such as protists and the immune cells of animals [95, 41]. By adopting

awkward sizes and shapes, microorganisms can make it more difficult for a predator to

engulf or trap them [217, 232], and thus increase their chances of survival.

2.3 Does microbial shape affect communities?

Far from being an incidental attribute, then, there is much evidence to suggest cell

shape has a functional value, helping microbes to survive and thrive in different

situations. There is, however, a gap in our understanding here. While the surveys

discussed in the previous section focus on the functional effects of shape for individual

cells, much less attention has been paid to the potential functions of shape in groups of

cells.

Given the importance of community life for microbes, any effects operating at the

collective level would be expected to have a strong influence on their evolution.

Further, shape is likely to have particularly strong effects in communities, because

living together in close physical contact could make direct mechanical interactions

between different shapes particularly significant [103].

Recent studies have illustrated the impact of individual cell shape on collective be-

haviours in microbial groups. Figure 2.2 depicts some of these effects in cartoon

form, and shows examples pertaining to each case. Firstly, collectives of rod-shaped
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cells can behave very differently to those of spherical cells: when rod-shaped motile

bacteria collide on a surface, steric interactions lead to their axes becoming aligned

(Figure 2.2-A). For example, when Bacillus subtilis bacteria swarm together at high

enough cell densities, steric alignment leads to cluster formation (Figures 2.2-B, C;

[54, 261]), allowing cells to move efficiently together in raft-like collectives [300].

While spherical cells can also partake in collective motion [231], the speed and size of

motile clusters is thought to depend strongly on cell shape [219, 263, 131, 261].

The orientational ordering produced by steric interactions also affects how groups

of sessile cells grow and expand (Figure 2.2-D). As shown by experiments in which

rod-shaped Escherichia coli grow in microfluidic chambers, steric alignment leads to

orientational ordering at high cell densities [276, 177], helping to direct growth forces

along the axis of the chamber (Figures 2.2-E, F; [276, 56]). In a 2007 study using

various chamber shapes, Cho et al. further suggested that this self-organisation aided

growth by efficiently guiding bacteria towards chamber exits and relieving internal

growth pressure [56].

Finally, cell shape can influence spatial patterning in microbial communities, by

controlling so-called ‘buckling’ interactions (Figure 2.2-G; [35]). In 2013, Rudge et

al. showed that lines of rod-shaped E. coli cells buckle under growth forces, folding

neighbouring cell groups into one another to create a fractal-like boundary (Figure 2.2-

H; [238]). By contrast, repeating the experiment using a coccal mutant of E. coli

produced a smooth boundary (Figure 2.2-I). This result matches the predictions of

previous models of cell buckling, which suggest that lines of shorter cells are much

less stable and so buckle on much shorter lengthscales [35].

By influencing biomechanical interactions between microbes, the cell shapes present

in a group may have far-reaching consequences for its properties and prospects [103] –

yet we know little about how self organisation processes vary with shape parameters.

We have also yet to test how different shapes interact together in mixed-species

communities.
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Figure 2: Influences of cell shape in microbial collectives. Experiments suggest that cell shape could 
influence community properties by modulating 3 types of process: steric alignment between cells (A,B,C), 
directed growth (D,E,F) and buckling and folding interactions (G,H,I). Cartoons (A,D,G) summarise how 
each process works, supported by experimental examples using motile \textit{Bacillus subtilis} (B,C) and 
sessile \textit{Eschericia coli} bacteria (E,F,H,I). Steric alignment leads to cluster formation and collective 
motility, as shown by cell velocity arrows (B) and vorticity colormap (C). For immotile cells, directed growth 
also develops at high density (E) and is influenced by solid surfaces (F). Finally, rod-cell buckling folds 
neighbouring cell groups into each other (H, blue and green), creating a fractal-like boundary. Mutant 
coccal cells buckle on shorter lengthscales and create a smooth boundary (I). Images (B,C), (E,F) and 
(G,H,I) taken from references \cite{Chen2012,Sokolov2012}, \cite{Volfson2008,Cho2007}, and 
\cite{Rudge2013} respectively.

Fig. 2.2 Influences of cell shape in microbial collectives. Experiments suggest that
cell shape could influence community properties by modulating 3 types of process:
steric alignment between cells (A, B, C), directed growth (D, E, F) and buckling and
folding interactions (G, H, I). Cartoons (A, D, G) summarise how each process works,
supported by experimental examples using motile Bacillus subtilis (B, C) and sessile
Escherichia coli bacteria (E, F, H, I). Steric alignment leads to cluster formation and
collective motility, as shown by cell velocity arrows (B) and vorticity colormap (C).
For immotile cells, directed growth also develops at high density (E) and is influenced
by solid surfaces (F). Finally, rod-cell buckling folds neighbouring cell groups into
each other (H, blue and green), creating a fractal-like boundary. Mutant coccal cells
buckle on shorter lengthscales and create a smooth boundary (I). Images (B, C), (E, F)
and (G, H, I) adapted with permission from references [54, 261], [276, 56], and [238]
respectively.
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As a result, we have yet to comprehend what functional value, if any, cell shape might

offer to microbes living in communities. One of the major factors hampering our un-

derstanding of morphology is the absence of comparative studies, where the properties

of microbial communities are measured systematically for different constituent cell

shapes. In the next section, we examine experimental and theoretical approaches that

might be used to devise such comparisons.

2.4 How can we study cell shape in communities?

To examine the impact of cell shape in a microbial community, we require a system

in which cellular morphology can be varied whilst controlling other variables, and in

which dependent effects, such as spatial patterning, can be observed and measured.

Both experimental and theoretical methods offer ways in which to achieve this goal.

Here we examine some of the options, and discuss their suitability.

2.4.1 Experimental approaches

To make a comparison based on cell shape fair, we require methods to control and

vary microbial morphology in isolation of other variables, on the community scale.

Differences in community properties (or indeed, lack thereof) can then be attributed

directly to imposed changes in cell shape.

One such method is to grow cells inside microscopic chambers with the desired shape

– a technique used previously to study the effects of cell morphology on flagellar

motility [269]. Because the synthesis of new microbial cell wall is in part directed by

mechanical stress [272], the microbe then adapts its shape to that of the chamber, and

maintains that shape once removed from it. Unfortunately however, this technique is

very difficult to scale to the number of cells typically comprising communities, as the

morphological changes induced are not heritable [269].
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Instead of trying to directly control the shape of a particular strain of microbe, another

solution might be to conduct a meta-analysis of cell shape effects, pooling data from

communities composed of various pairings of differently-shaped species. Clearly,

any particular pair of species will differ in many ways other than shape. However,

by comparing a large number of different mixed-species communities, each having a

common pairing of cell shapes, one might be able to average out intrinsic differences

in microbes, leaving cell shape per se as the only differential variable separating the

two groups. Nevertheless, it is unclear how large sample sizes would have to be in

order to achieve this convergence, and whether the range of species required could

practicably be cultured in vitro [158].

A third method for manipulating microbial cell shape is through genetic modification.

Altering cell shape by mutating genes encoding morphogenic protein complexes often

causes unwanted side effects, potentially crippling the cell’s ability to grow and divide

robustly [18, 303]. However this does not always seem to be the case: in 2014, Monds

et al. reported a library of E. coli mutants with a range of different cell aspect ratios,

but with near-identical growth rates [193]. Recent biotechnological advances such as

this offer new ways to survey the effects of cell shape in communities.1

2.4.2 Theoretical approaches

As discussed in the previous chapter, computational modelling is used extensively to

study and understand microbial communities. These models support experimental

work by integrating observations, helping to interpret data, and predicting behaviour

under new circumstances.

Major themes in community modelling include the development of community struc-

ture [224, 146, 28], its interactions with liquid flow [266, 221, 69], chemical trans-

1A fourth route to manipulating microbes’ shape in vivo is through the control of their chemical
environment – alterations to which can induce morphological changes [21]. We examine this concept
further in Chapter 6, where we study the elongation of Pseudomonas aeruginosa bacteria in response to
antibiotic exposure.
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Modelling approaches for microbial 
communities

Figure 3: Approaches for investigating cell shape effects in microbial communities. Individual-based models (IbMs, A) 
can incorporate detailed representations of the chemical and biological processes governing community development, 
but have largely neglected detailed physical modelling of non-spherical cell shapes. Models incorporating 
non-spherical cell shapes have recently been developped (B), and could be combined with the IbM approach to 
examine cell shape effects and functions at the community level.

A B

Fig. 2.3 Approaches for investigating cell shape effects in microbial communities.
Individual-based models (IbMs, A) can incorporate detailed representations of the
chemical and biological processes governing community development, but have largely
neglected detailed physical modelling of non-spherical cell shapes. Models incor-
porating non-spherical cell shapes have recently been developed (B), and could be
combined with the IbM approach to examine cell shape effects and functions at the
community level. Images A and B taken from references [43] and [239] respectively.

port and transformation [291, 72, 165], and ecological interactions between con-

stituent microbes [201, 147, 198]. As we noted in Chapter 1, these investigations

draw upon a range of computational modelling methods, using both continuum

(e.g. ODEs [147, 279] and PDEs [6, 7]) and discrete representations (e.g. cellular

automata [222, 123], network-based [44, 68] and particle-based methods [297, 159])

of community features, in order to study phenomena of interest.

Of these, a particularly important type of computational model is the so-called agent-

based or individual-based model (IbM). Broadly speaking, IbMs represent a system

of interest using a large number of discrete objects (the individuals or agents), each

programmed with a set of rules about how it responds to different environmental

conditions [163]. This rule-based approach distinguishes IbMs from other modelling

techniques, such as systems of differential equations, which prescribe the global

behaviour of the system [163].

Individual-based models are a major tool in the study of microbial communities

[89, 121, 197, 122, 198]. Figure 2.3-A shows an example of an individual-based

model in which different strains microbes attack each other with diffusing toxins.

IbMs like this one have been used to study a wide range of community phenomena,
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including social interactions [30, 31], gene transfer dynamics [183, 173, 96], and

the development of spatial structure [199, 192]. They are ideally suited to testing

the functional value of a trait, such as cell shape, in the context of a competitive

community, where resources such as nutrients are often limiting. However, for all

of this chemical and biological detail, most existing IbMs model only spherical cell

shapes.

Meanwhile, new methods for dealing with the mechanics of non-spherical cell shapes

have been recently introduced, as part of studies examining the biomechanics and

self-organisation of microbial groups [219, 56, 276, 239, 88, 106]. As a result, we

now have access to a range of computational tools with which to systematically vary

cell shape in simulations. We discuss these methods further in Chapter 3.

Currently, most models incorporating non-spherical shapes lack the capacity to simu-

late the chemical environment of a microbial community. However, combining one of

these systems (for instance, the Rudge model pictured in Figure 2.3-B [239]) with the

detailed chemical transport models used in traditional IbMs now offers a way to test

the competitive value of cell shape in a community. We show how to construct such a

model in Chapter 4.

To summarise: in both experimental and theoretical approaches, cell shape is not

an easy variable to work with, and this may partly explain the apparent gap in our

understanding of its influence and purpose. Yet on both fronts there are ways forward.

Combining the chemically-detailed community representations of existing IbMs with

biomechanical models of non-spherical cell shapes offers new insights into the role of

cell morphology, while newly-published ‘morphotype libraries’ have the potential to

test cell shape effects in vitro.
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2.5 Research questions

The canon of literature suggests that cell shape is of fundamental importance to

microbes, but we still have little understanding of its potential effects and functions in

communities. Experimental and theoretical studies suggest that shape may produce

several types of emergent phenomena in communities, where many groups of different

cell shapes interact together at high density. The full biological implications of cell

shape, and these emergent effects, have therefore yet to be explored. Given the ubiquity

and importance of microbial collectives, we should seek to further investigate cell

shape’s role in communities.

Following these observations, therefore, we undertake to address the following research

questions in this thesis:

1. Does cell shape influence collective behaviour in a dense community, such as a

colony or biofilm?

(a) containing particular shapes?

(b) containing mixtures of different shapes?

2. What features of the community does it influence?

3. By what mechanism(s) do such effects occur?

4. How do these effects affect competition in a community?

5. What implications does this raise for our picture of shape function?

To do this, we will use a combination of the methods listed to study cell shape,

focussing primarily on the development of computational modelling tools, but also

considering experimental approaches as a methods to test model predictions. Our

goals can therefore be summarised as:
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1. To create an individual-based modelling framework that incorporates both cell

shape and the other solute interactions that drive so much of community dynam-

ics;

2. To use said model to simulate competition scenarios between different cell

shapes;

3. Where possible, to support the model’s findings with experimental tests, using

morphotype cell libraries to vary cell shape in isolation of other variables.

2.6 Conclusions

In this chapter, we have discussed evidence showing that microbial shape is important,

and the ways in which particular shapes might benefit microbial life. A review of the

scientific literature highlights a substantial gap in our understanding: while we know

that communities often contain microbes of different shapes, we still rationalise the

function of shape in terms of its effects at the individual level. Experimental evidence,

meanwhile, suggests that shape is able to influence interactions in communities, by

controlling self-organisation, spatial patterning and mixing – yet to date, few systematic

studies of cell shape effects have been carried out.

Recent advances in modelling and biotechnology could now enable systematic studies

of mixed-shape communities, opening the way to understanding shape’s role. To that

end, we will focus in this thesis on the creation and application of individual based

models incorporating different cellular shapes, and devise experimental tests of their

predictions. We begin this process in the next chapter, by choosing and defining a

biomechanical model of rod-shaped cell growth dynamics.
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Abstract

This chapter summarises our methodology for modelling mechanical interactions be-

tween non-spherical microbes in the colony environment. Here, we review individual-

based approaches for representing non-spherical cell shapes, and provide a detailed

description of the model of Rudge et al. and its implementation as the open-source soft-

ware CellModeller. We also discuss our extensions CellModeller, proposing schemes

to represent periodic boundary conditions and cell cycles for microbes of different

shapes. The resulting model forms the basis for work presented in this thesis.

3.1 Introduction

Computational modelling is being used extensively to study and understand micro-

bial communities [89, 122, 283]. As discussed in Chapter 1, these models support

experimental work by integrating observations, helping to interpret data, and pre-

dicting behaviour under new circumstances. When it comes to cell shape, so-called

“individual-based” models (IbMs) can offer new insights into the role of cell shape in

microbial collectives, providing a theoretical framework to complement experimental

investigations.

In this methodological chapter, we discuss individual-based modelling techniques and

systems for simulating mechanical interactions between non-spherical cell shapes. Of

these models, we identify one in particular—the model of Rudge et al. [239]-–which

fulfils the requirements of this project, and which accordingly forms the basis for the
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modelling framework detailed in this thesis. We describe the model’s assumptions,

formulation and implementation in detail, before covering modifications to the scheme

necessary for the work presented in this thesis.

3.2 Individual-based models including cellular shape

How should cell shape be incorporated into an individual-based model? Many existing

IbM frameworks incorporate a spatially-explicit representation of cell shape – that is,

they consider cells to be objects with specific geometries, with physical rules about

how they move in space and interact with other cells. Here, we review the techniques

used to describe the interactions between discrete cells of different shapes.

3.2.1 Methods and representations

Until recently, most IbMs focussed entirely on spherical morphologies [153, 154, 297,

159] – and for a good reason. The assumption of spherical geometry—representing

bacterial cells or cell clusters of coccal morphology—is a useful simplification: with it,

cell rotational degrees of freedom can be ignored, so that cell movements consist only

of translational motion. It also makes it easier to compute cell-cell interactions, and

less computer memory is used in storing the configuration of the system [154, 297].

Consequently, spherical cell models continue to enjoy widespread application, being

used to model bacterial communities [154, 297, 7, 295], as well as other systems such

as eukaryotic tissues [215, 187] and tumours [246].

Now however, methods for dealing with the mechanics of more complex shapes are

being introduced. So far, the vast majority of these models are based on rod-shaped

morphologies [276, 239, 88, 209, 106, 267], but some methodologies also extend to

more complex cell shapes [227, 50]. In any case, the ability to include non-spherical

cells is a critical step forward, allowing a range of cell shapes to be modelled using
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a single system [267]. These recent developments therefore offer new methods for

comparing different cell shapes, in the context of a microbial community.

Interactions between non-spherical cells are generally treated using one of two meth-

ods:

• Force-based methods, in which cell movements are calculated by summing

forces on cells, computed as functions of relative cell orientation. Net forces are

then integrated in time to compute cell movements each simulation step [215].

• Constraint-based methods, which exchange an explicit description of inter-

cellular forces for a set of biophysical constraints, detailing what properties

simulated cell configurations ought to have. Many of these methods are based

on mechanical relaxation, and define procedures that move cells into a state of

mechanical equilibrium [297, 239].

In some cases, it is possible to model a system of interest using both methods, and

such studies have been used to check their equivalence [99].

As well as different methods for describing cell-cell mechanical interactions, we also

find a range of geometric representations used to approximate the shape of microbial

cells. Figure 3.1 provides a visual comparison of some of cell representations found in

the literature, grouped by the approach used to simulate mechanical interactions. The

representations chosen for cell geometries and interactions are hardly independent:

as might be expected, some combinations work much more naturally together than

others. For example, force-based models of rod-shaped cells (Figure 3.1, A-C) often

represent cell-cell interactions using some variety of particle-spring network, reducing

non-spherical objects to a system of connected spheres. Three popular methods here

include:

• The sphere chain method, where cell bending and compression are accounted

for by internal springs (Figure 3.1-A) [106];
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Force-based models Constraint-based models

Figure 1: Individual-based representations of non-spherical cells using Force-based (left) and Constraint-based 
(right) approaches. Force based methods often approximate rod-shaped cells using collections of spherical 
particles, placed along the length of the cell (A), at the cell tips (B) or at the point of closest approach between 
two line segments (C). Forces between particles are combined to compute overall cell movements. 
Constraint-based representations include on-lattice cellular Potts models (D) and off-lattice capsule (E) and 
vertex (F) systems. As the name suggests, these models substitute explicit forces for constraints, such as 
overlap minimisation, whose resolution creates realistic configurations of cells.

A B C D E F

Fig. 3.1 Representations of non-spherical (polar) cells using Force-based (left) and
Constraint-based (right) approaches. Force-based methods often approximate rod-
shaped cells using collections of spherical particles, placed along the length of the
cell (A), at the cell tips (B) or at the point of closest approach between two line
segments (C). Forces between particles are combined to compute overall cell move-
ments. Constraint-based representations include on-lattice cellular Potts models (D)
and off-lattice capsule (E) and vertex (F) systems. As the name suggests, these mod-
els substitute explicit forces for constraints, such as overlap minimisation, whose
resolution creates realistic configurations of cells.

• The end-sphere method, where neighbouring cell poles are connected with

springs (Figure 3.1-B) [267];

• The closest sphere method, where forces are computed for pairs of spheres

placed at the points of closest approach between neighbouring cells (Figure 3.1-

C) [88].

By contrast, common representations for rod cells in constraint-based models (Fig-

ure 3.1, D-E) include:

• Cellular Potts methods, representing cells as collections of adjacent lattice

elements with a particular state (Figure 3.1-D) [227];

• Rigid-body methods, which model rod cells as inflexible elastic capsules (Fig-

ure 3.1-E) [239, 209];

• Vertex-based methods, where cells are represented as polygons bound by a

number of mobile vertices, which move to minimise energy functions (also used

to simulate tissue mechanics (Figure 3.1-E) [187].
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Both force-based and constraint-based methods have their own distinct strengths

and weaknesses, and both approaches remain popular. Force-based models tend to

be easier to compose and interpret, because they are based on parameters with a

clear interpretation. By contrast, it is not always clear exactly what combination of

biophysical rules will produce a realistic simulation of collective phenomena, and

therefore constraint-based approaches are harder to construct.

Physical quantities of interest, such as stress or strain, are also easier to extract from

force-based simulations. However, by effectively coarse-graining out the dynamics

of relaxation processes and focussing only on equilibrium states, constraint-based

methods can be less susceptible to numerical instabilities, and so can admit larger

timesteps (so, fewer calculations per unit of time simulated). Constraint-based methods

can therefore offer higher performance, and may help to group many unmeasurable

physical parameters into effective parameter clusters.

3.2.2 The Rudge model

As we have seen, recent developments in individual-based modelling have created

a range of possible approaches for investigating cell-shape effects. Given all of this

choice, which model do we pick? To identify the most suitable framework for our

studies, we need to identify selection criteria and then review the properties of these

models with respect to those criteria. Three critical factors to check are:

• Realism. The model should adequately and demonstrably emulate the bio-

physics of a real bacterial colony.

• Performance. The model implementation should minimise cost of computa-

tional operations and memory usage, in order to maximise the range of spatial

and temporal scales that can be simulated.
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• Accessibility. To be effective, the model software should be freely available,

and easy to modify and combine with other computational tools.

Of the resources available at time of writing, the open-source colony modelling

software CellModeller provides a good match with these prerequisites [239, 238].

Designed by Tim Rudge, Paul Steiner, Andrew Philips and Jim Haseloff, CellModeller

is a program under continuous development, documented online at http://haselofflab.

github.io/CellModeller/. The underlying biophysical model, which we will refer to

as the Rudge model, represents microbial cells as growing capsules, and simulates

cell biomechanics using a constraint-based scheme. This scheme, combined with a

high-performance parallel implementation in OpenCL, allows communities with large

populations to be simulated quickly: for example, the growth of a 105-cell colony

from a single cell can be simulated in only 3 hours of real time [239]. Because the user

interface of CellModeller is primarily written in Python, it can also easily be adapted

and interfaced with other pieces of scientific software.

Further, the Rudge model has already been validated using experimental data in

previous publications, as highlighted in Figure 3.2. Here, we show a comparison

between confocal images of growing Escherichia coli bacterial colonies (Figure 3.2,

A-C) and colonies simulated using CellModeller (Figure 3.2, A-C) – demonstrating

that the model can reproduce the bulk geometry of a developing colony over time

[239]. On similar lengthscales, the model can also reproduce spatial patterning effects

in two-strain communities, such as the fractal-like strain boundaries that develop in

colonies of rod-shaped cells (Figure 3.2, G-K, [238]).

Overall then, the Rudge model—and its implementation, CellModeller—provide

suitable means for simulating biomechanical interactions between non-spherical cells,

and can therefore be used as the basis for a community model incorporating mixed

cell shapes. Accordingly, we devote the remainder of this chapter to examining it

in detail. We begin with a derivation of Rudge’s model from starting assumptions,

http://haselofflab.github.io/CellModeller/
http://haselofflab.github.io/CellModeller/
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Confocal images (A-C) of BW27783 \textit{E. coli} colonies grown at room temperature show similar 
morphologies to \texttt{CellModeller} simulations (D-F), which reproduce both colony width (top) and depth 
(bottom) properties at comparable time points. Simulated colonies also reproduce effects such as fractal 
boundary patterning (G-J) between adjacent clonal cell groups, shown with blue and green fluorescent 
markers. Boundary fractal dimension measurements (K) found in confocal images are mirrored by 
simulations. 

The CellModeller software

Fig. 3.2 Confocal images (A-C) of BW27783 E. coli colonies grown at room tem-
perature show similar geometries to those in CellModeller simulations (D-F), which
reproduce both colony width (top) and depth (bottom) properties at comparable time
points. Simulated colonies also reproduce effects such as fractal boundary patterning
(G-J) between adjacent clonal cell groups, shown with blue and green fluorescent
markers. Boundary fractal dimension measurements (K) found in confocal images
are mirrored by simulations. Scale bars in A-F and G-J correspond to 30 and 10 µm
respectively; figures reproduced with permission from references [239] (A-F) and
[238] (G-K).
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and proceed to discuss its implementation and parameterisation in the CellModeller

software. Finally, we conclude by showing how the model can be adapted to include

additional features, such as a shape-independent growth model, and periodic boundary

conditions.

3.3 Model derivation

Here we provide a derivation of the Rudge model, beginning with an overview of the

model’s underlying assumptions, as illustrated in Figure 3.3.Rudge method: capsule representation

Figure 2: In the model of Rudge \text{et al}.~\cite{Rudge2012}, bacterial cells are 
represented as growing 3-dimensional capsules (A) of fixed radius $r$ and variable 
segment length $l$. Each capsule has a position vector $\mathbf{p}$ (B) and a unit 
axis vector $\mathbf{\hat{a}}$. Cell movement is overdamped and driven by elastic 
repulsion between elongating cells, as represented by a set of constraints that 
minimise overlap distances $d$.

A B

Fig. 3.3 In the model of Rudge et al. [239], bacterial cells are represented as growing
3-dimensional capsules (A) of fixed radius r, variable segment length li, and variable
tip-to-tip length λi. Each capsule has a position vector pi (B) and a unit axis vector
âi. Cell movement is overdamped and driven by elastic repulsion between elongating
cells, as represented by a set of constraints that minimise overlap distances d.

3.3.1 Model assumptions

The model rests on five sets of assumptions:

1. Cells. The colony is comprised of n discrete cells, each labelled with a unique

index i. These cells are represented by inflexible elastic capsules1. Each capsule

1A capsule is a cylinder with hemispherical ends, equivalent to the locus of points at distance r from
a line segment of length l. We refer to cell segments later on, as they can be used to identify which cells
are in physical contact.
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has a variable segment length li, a fixed radius r, and a variable tip-to-tip length

λi = li + 2r, as shown in Figure 3.3-A. Its location, orientation and length in

Cartesian space are given by a position vector, pi and a unit axis vector, âi,

respectively, summarised by the generalised coordinate p̃i = (pi, âi, li)
⊤.2 Thus,

each cell has a total of seven degrees of freedom.

2. Growth. Each cell’s unconstrained growth rate is proportional to its segment

length li, so that dli
dt = µli, where µ represents the cell’s intrinsic growth rate.3

However, cellular growth is also constrained by intercellular forces, so that

dli
dt ≤ µli according to the mechanical pressures cell i experiences. These me-

chanical growth constraints are parameterised by the number Γ, defined as

Γ =
Energetic cost of moving cells

Energetic cost of constraining cell growth
. (3.1)

3. Division. Each capsule cell divides by symmetric binary fission once its tip-

to-tip length λi exceeds a threshold, λdiv. Every cell has its threshold length

drawn randomly at birth, from a fixed uniform distribution on the interval

[2l0 +4r, 2l0 +4r+ξl], with the noise parameter ξl representing variability in

cell division length. The parameter l0, the minimum cell segment length at

birth, controls cell shape. Upon division, the parent cell is replaced with two

daughter cells of length λdiv/2, placed inside the parent cell silhouette. Division

therefore conserves the tip-to-tip length of the parent cell, λ , but not its volume

or segment length. Daughter cells inherit the orientation vector â of the parent

cell, perturbed by random noise ξâ representing the effects of inhomogeneities

in the medium and cellular division machinery.

2The complete set of generalised cell coordinates, {p̃i(t)}, at a particular time t, is known as the cell
configuration.

3We will assume that all cells grow at the same constant rate µ for the time being. We go on to lift
this assumption in Chapter 4.
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4. Medium. Cells are implicitly surrounded by a medium of extracellular poly-

meric material (EPS). Drag forces between cells and the EPS matrix dominate

inertia, so that cells move only when subjected to a net force. Drag forces acting

on any point on the cell are proportional and opposite to that point’s velocity.

Cell movement is also constrained by planar elastic surfaces, such as the basal

surface on which the colony sits.

5. Dynamics. Colony expansion occurs over a series of discrete, short timesteps of

length ∆t. Cellular growth is much slower than mechanical relaxation, so that the

colony remains in mechanical quasi-equilibrium as it expands. This timescale

separation allows the cell configuration to be updated in five consecutive steps

each timestep ∆t:

(a) Allow each cell i to elongate by ∆li = µili∆t, where li is the current cell

segment length;

(b) Divide any cells whose total lengths exceed their assigned values of λdiv;

(c) Identify cells whose surfaces overlap (representing a non-equilibrium

configuration) and quantify these m contact instances with a set of overlap

distances {dk};

(d) Move and/or shorten the cells so as to remove overlap (restoring an equi-

librium configuration).

(e) Replace any cell ready for division with two daughter cells, positioned

roughly inside the parent cell silhouette, but with orientational noise added.

The variables of this model are collated for reference in Table 3.1. Using the assump-

tions listed above, we can derive a model to simulate the dynamics of a large system

of growing cells. The major result to establish is how to carry out stage (d) – the

restoration of mechanical equilibrium to a configuration of overlapping cells.
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Table 3.1 Variables of the Rudge model

Variable Symbol Units
Time t s
Number of cells n
Number of cell overlaps m
For each cell i:

position vector pi = (px, py, pz)
⊤ µm

orientation unit vector âi = (ax,ay,az)
⊤ µm

segment length li µm
generalised coordinate p̃i = (pi, âi, li)⊤ µm
tip-to-tip length λi = li +2r µm
volume Vi =

4
3πr3 + liπr2 µm3

3.3.2 Constraint formulation

Our goal is to specify a set of n generalised movement vectors, ∆p̃ = (∆p̃1, . . . ,∆p̃n)
⊤,

that remove all overlaps d present in a configuration {p̃i} of n cells. The crux of the

Rudge model is a constraint equation specifying how to do this, written in the form of

a cost function,

total cost = overlap cost+movement cost. (3.2)

The correct cell movements ∆p̃ for a given set of overlaps d are those which minimise

the cost function – i.e. which minimise cell overlap with the smallest possible move-

ment of cells (Figure 3.3-B). The inclusion of the movement constraint is necessary

in order to evaluate a unique solution to the overlap problem. We go on to show this

explicitly in Section 3.3.4.

In practise, it is easier to work not with the cell movements themselves, but with the

time-integrated forces (impulses, j̃) necessary to produce them. The Rudge model

formulates the cost function in Equation (3.2) as an energy minimisation problem,

Etotal( j̃ ) = Eoverlap( j̃ | d )︸ ︷︷ ︸
Cost of remaining overlap

+ α Emovement( j̃ )︸ ︷︷ ︸
Cost of moving cells

, (3.3)
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where α is a weighting constant controlling the relative importance of the overlap

and movement constraints. We now proceed to define the energy functions Eoverlap

and Emovement, before using these results compute the minimum-energy solution to

Equation (3.3) above. To do this, we draw upon the equations of motion for capsules

in a viscous medium [239], included for reference in Appendix A.

3.3.3 Energetic cost of cell movement
To define Emovement in Equation (3.3), we compute the work done by cells moving

through the medium. Consider first an individual cell acted on by a linear force Flin,

over a path S. The work, Wlin, performed by this linear force is

Wlin =
∫

S
Flin ·dr≈ Flin ·∆p, (3.4)

where ∆p is the linear displacement of the cell. Here we have assumed that the force

is approximately constant over the path S, allowing it to be taken out of the integral.

We can use the same assumption to relate work to an applied linear impulse, jlin, using

jlin =
∫ t1

t0
Flin dt ≈ Flin∆t, (3.5)

where ∆t = t1− t0 corresponds to the simulation timestep. Combining this result with

Equation (3.4) gives

Wlin =
1
∆t

jlin ·∆p. (3.6)

In the Rudge model, cells can undergo rotation (∆â) and compression (∆l) as well as

translation (∆p), and the work associated with each of these degrees of freedom needs

to be taken into account. By analogy to Equation (3.6), we can say

Wrot =
1
∆t

jrot ·∆â, and (3.7)

Wgro =
1
∆t

jgro∆l, (3.8)
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where the impulses jrot and jgro correspond to time integrals of rotational and compres-

sive forces acting on the cell, by analogy to Equation (3.5).

The total work Wtot performed by a generalised combination of these impulses,

j̃ = (jlin, jang, jgro)
⊤, is therefore

Wtot =Wlin +Wrot +Wgro =
1
∆t


jlin

jang

jgro

 ·


∆p

∆â

∆l

=
1
∆t

j̃ ·∆p̃, (3.9)

where ∆p̃ = (∆p,∆â,∆l)⊤ denotes a change in the cell’s generalised coordinates in

response to j̃. The work done in moving a system of n cells, equivalent to Emovement,

can be computed in exactly the same way,

Emovement =
n

∑
i=1

Wtot,i =
1
∆t


j̃1

...

j̃n

 ·


∆p̃1

...

∆p̃n

=
1
∆t

j̃ ·∆p̃, (3.10)

where above we have changed the meanings of j̃ and ∆p̃ to denote vectors of generalised

impulses and coordinate changes, respectively, for all of the n cells.

Finally, we can simplify Equation (3.10) by rewriting ∆p̃ in terms of j̃. This is

equivalent to computing the movement of a set of cells produced by the application of

a set of impulses: as shown in Appendix A.1, Equation (A.16),

∆p̃ = Dj̃, (3.11)

where D is a block diagonal matrix encoding the impulse response of a set of n cells.

Combining this result with Equation (3.10) gives us the required result,

Emovement =
1
∆t

j̃⊤Dj̃. (3.12)
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3.3.4 Energetic cost of cell overlap

As well as minimising cell movement, Equation (3.3) requires us to minimise overlap

between cells, and with other simulations objects such as hard surfaces. We therefore

need a geometric definition of what {dk} is for a given configuration of cells and

surfaces, in order to compute Eoverlap. Here we show how to do this, applying the

method to some simple cell configurations by way of example.

Cell-cell overlap

We must first define cell-cell overlaps geometrically. Figure 3.4-A shows a way of

parameterising the overlap between a pair of capsules with indices a and b. For this

and any pair of capsules, we can define the shortest possible vector connecting their

line segments as sa,b = sa,bn̂.4 Here, n̂ is unit vector parallel to sa,b, summarising the

relative orientation of the two cells in space. If it is the case that

sa,b < ra + rb, (3.13)

i.e. the connecting path is shorter than the sum of the cell’s radii, then the cells are

overlapping, as shown in Figure 3.4-A. In this case, we refer to n̂ as the contact vector

for this pair of cells, and assign it an index k = 1.

The points at which n̂1 intersects each cell’s surface are termed the contact points,

labelled as qa and qb in Figure 3.4-A. The overlap distance for this pair of cells, d1, is

then defined as

d1 = |qb−qa|= n̂1 · (qb−qa) = qb,n̂1−qa,n̂1. (3.14)

How will d1 change when generalised impulses, j̃, are applied to capsules a and b? To

compute the answer, we project the movement of each contact point onto the contact

4We use the convention that the shortest path vector sa,b points away from the cell of lower index.
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Rudge method: Parameterising cell-cell 
and cell-surface contacts 

Figure 3: In the Rudge model, overlaps between neighbouring cells $a$ and $b$ (A) are parameterised by a 
contact unit normal vector $\hat\mathbf{n}$, on which lie a pair of surface contact points ($\mathbf{z}_{a}$, 
$\mathbf{z}_{b}$), shown in red. To resolve the overlap we require that $\mathbf{z}_{a}$ and $\mathbf{z}_{b}$ 
move along $\hat\mathbf{n}$ such that their separation $d$ s reduced to zero. (B) Overlaps between cells and 
surfaces (B) are parameterised in much the same way, except that surfaces are immobile. Overlap distances 
have been exaggerated for clarity.

BA

Fig. 3.4 In the Rudge model, overlaps between neighbouring cells a and b (A) are
parameterised by a contact unit normal vector n̂, on which lie a pair of surface contact
points (qa, qb), shown in red. To resolve the overlap we require that qa and qb move
along n̂ such that their separation d is reduced to zero. (B) Overlaps between cells
and surfaces (B) are parameterised in much the same way, except that surfaces are
immobile. 3-D cells are shown as 2-D silhouettes for clarity.

vector n̂1. In Appendix A.2, we show that the movement of a surface point, ∆qn̂, along

a particular unit vector, n̂, is given by

∆qn̂ =
(
Cn̂,q,iDi

)
j̃i, (3.15)

where Cn̂,q,i and Di are respectively a vector of dimensions 1-by-7, and a matrix of

dimensions 7-by-7.5 Using this result, we can rewrite Equation (3.14) to define the

change in overlap, ∆d1, caused by applying generalised impulses j̃a, j̃b to cells a and b

respectively,

∆d1 = ∆qa,n̂1−∆qb,n̂1 (3.16)

=
(
Cn̂1,qa,aDa

)
j̃a−

(
Cn̂1,qb,bDb

)
j̃b. (3.17)

Cell-surface overlap

Overlaps between cells and fixed planar surfaces can be described in much the same

way as between cells. Figure 3.4-B shows a way of parameterising the overlap between

5Note that Di is related to D in Equation (3.11), according to Appendix A, Equation (A.18).
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a capsule a and an infinite planar surface b; we will assign this overlap with contact

index k = 2. Equations 3.13 and 3.17 still apply, except that the contact normal vector

n2 must be perpendicular to the face of the surface. Since the surface is fixed, its

corresponding contact point zb is immobile and ∆zb,n̂2 = 0. Thus, ∆d2 depends only

upon the impulse applied to cell a, i.e.

∆d2 = ∆za,n̂2 =
(
Cn̂2,za,aDa

)
j̃a. (3.18)

A system of many overlaps

We can now generalise these constraints to any system of contacts between cells and

surfaces. As an example, Figure 3.5 shows a set of three capsule cells and a surface,

connected by five overlaps.
Rudge method: Example contact systems

Figure 4: An example contact system, showing overlaps between three capsule cells ($a$-$c$) and one 
surface. Each overlap is assigned a unique index and color, and is shown with its corresponding contact vector 
(arrows), surface point pair (colored dots) and overlap distance ($d_{1}$-$d_{5}$). The constraints for this 
system can be found in Equation XXX. Note that, by convention, contact vectors point from low to high cell 
index. Overlap distances have been exaggerated for clarity.

Fig. 3.5 An example contact system, showing overlaps between three capsule cells
(a-c) and one surface. Each overlap is assigned a unique index and color, and is
shown with its corresponding contact vector (arrows), surface point pair (colored
dots) and overlap distance (d1-d5). The constraints for this system can be found in
Equations (3.19) and (3.20). Note that, by convention, contact vectors point from low
to high cell index. Overlap distances have been exaggerated; 3-D cells are shown as
2-D silhouettes for clarity.

As before, we can write down the constraints for this example system, allowing us to

specify the impulses required to resolve all five overlaps simultaneously. These are
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

Ca,1Da 0 0

Ca,2Da −Cb,2Db 0

Ca,3Da 0 −Cc,3Dc

0 Cb,4Db 0

0 Cb,5Db −Cc,5Dc




j̃a

j̃b

j̃c

=



∆d1

∆d2

∆d3

∆d4

∆d5


(3.19)

which can be factorised as



Ca,1 0 0

Ca,2 −Cb,2 0

Ca,3 0 −Cc,3

0 Cb,4 0

0 Cb,5 −Cc,5


︸ ︷︷ ︸

Overlap matrix C


Da 0 0

0 Db 0

0 0 Dc


︸ ︷︷ ︸

Drag matrix D


j̃a

j̃b

j̃c


︸︷︷ ︸

Impulse vector j̃

=



∆d1

∆d2

∆d3

∆d4

∆d5


︸ ︷︷ ︸

Overlap vector ∆d

, (3.20)

for this system of overlaps. While the terms of matrices C and D (and vectors j̃ and

∆d) depend on the exact number and configuration of cells present, the general form

CDj̃ = Aj̃ = ∆d, (3.21)

applies for any system of n cells and m overlaps, where C is an m-by-7n matrix, and D

a 7n-by-7n block diagonal matrix. Note that in Equation (3.21) we have introduced

the shorthand A = CD.

We are now ready to define Eoverlap. Let the sets of overlaps before and after appli-

cation of impulses j̃ be denoted dt0 and dt1 , respectively. Assuming that cells behave

elastically, the potential energy U associated with the remaining overlaps dt1 is given

by

U =
1
2

d⊤t1 Kdt1, (3.22)
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which is analogous to the potential energy of a linear spring, U = Kd2/2. In Equa-

tion (3.22), K is a diagonal matrix of cell stiffness coefficients – for the purposes of

this thesis, we can assume that all cells and surfaces have the same stiffness, such that

K = KI, with I representing the identity matrix. Using Equation (3.21), we can write

dt1 = dt0 +∆d = d+Aj̃, (3.23)

and so substitution into Equation (3.22) gives us our definition for the overlap energy

function Eoverlap,

Eoverlap =U =
K
2
|Aj̃+d|2. (3.24)

At this point, we can identify why minimising the overlap energy alone is not sufficient

to specify a unique set of impulses j̃ that restore a cell configuration to mechanical

equilibrium. The problem is that A is a singular matrix – in other words, there are an

infinite number of ways in which to separate cells so that they do not overlap. For

instance, the pair of overlapping cells depicted in Figure 3.4-A could be separated by

rotating cell b, or by moving a downwards, or b to the right, and so on and so forth.

Another way of seeing this is to note that we require a total of 7n equations to specify

impulse components for each of the system’s 7n degrees of freedom, where n is the

number of cells to be moved. However, each of the m overlap instances constrains

movements only along the three components of its contact vector. Since, for most

geometrically-feasible arrangements of n cells, 7n > 3m, A will generally be rank-

deficient, and therefore singular. We therefore need to specify additional constraints

to compute a unique solution j̃, and this is the purpose of the second energy term

Emovement.
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3.3.5 Energy-minimising solution

We have now defined the energy functions Eoverlap( j̃ | d ) and Emovement( j̃ ), and can

therefore rewrite the cost function shown in Equation (3.3) as

Etot = |Aj̃+d|2︸ ︷︷ ︸
overlap energy cost

+ α

(
1
∆t

j̃⊤Dj̃
)

︸ ︷︷ ︸
movement energy cost

. (3.25)

Above, we have absorbed the K
2 factor into the coefficient α , whose value reflects

the energy cost of cell movement relative to that of cell movement. We can therefore

interpret α as

α =
Energetic cost of cell movement

Energetic cost of cell overlap
= Γ, (3.26)

as stated in the starting assumptions. To minimise the energy associated with this

equation, we compute its differential with respect to the impulse set j and set this to

zero, i.e.

dEtot

d j̃
= 0, (3.27)

d
d j̃
(
|Aj̃+d|2

)
+

α

∆t
d
dj

(
j̃⊤Dj̃

)
= 0, (3.28)

A⊤Aj̃+A⊤d+
Γ

∆t
Dj̃ = 0, (3.29)(

A⊤A+
Γ

∆t
D
)

j̃ =−A⊤d. (3.30)

which retains the linear form

Mj̃ = b, (3.31)

where M = (A⊤A+ Γ

∆t D), and b =−A⊤d. Once the generalised impulses j̃ have been

found using Equation (3.31), the cell movements ∆p̃ resolving all m overlaps are given

by ∆p̃ = Dj̃ (Equation (3.11)).
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Note that, in Equation (3.30), mechanical work is being used as a regularising con-

straint on cell movement (i.e. matrix D regularises matrix A⊤A), so that the physical

quantity being minimised in Equation (3.31) is potential energy plus work. However,

other regularisation constraints are also feasible: in Appendix B, we present an alterna-

tive model in which cell movements are constrained using linear springs. In this case,

minimising the total potential energy of the system produces a similar linear problem

to Equation (3.30).

3.3.6 Iterative constraint identification

As we have described, an intuitive way of parameterising mechanical constraints for a

system of cells (and thereby composing matrix M in Equation (3.31)) is to identify

pairs of cells, or cells and surfaces, which are already in contact. However, knowledge

of all the current overlaps is not necessarily sufficient for bringing the system to

equilibrium, as resolving existing overlaps may result in the creation of new overlaps

with neighbouring cells.

As an example, consider a hypothetical configuration in which two cells are overlap-

ping, with a third non-overlapping cell nearby. Figure 3.6 shows an example of such

as system. If we concern ourselves only with existing overlaps, the problem appears

to just be that of separating the first two cells (Figure 3.6-A). However, doing so may

create new overlap with the third cell (Figure 3.6-B). The ‘hidden’ constraint here is

that the third cell must be moved along with the first two, as shown in Figure 3.6-C.

It is difficult to identify hidden constraints just by examining a given configuration

of cells, because it is not clear whether a given cell movement will produce any new

overlaps. To circumvent this problem, Rudge et al. proposed an iterative scheme to

account for new overlaps created by cell movement [239]. This scheme consists of the

following steps:
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A B C

Detecting only existing contacts between cells (1) is insufficient to resolve the 
cell relaxation problem: cell movements may then create new contacts not 
visible in the original configuration (`hidden' constraints, 2). Logging the first, 
resolved contact and then repeating the contact-solving process again takes into 
account both constraints, and solves the relaxation problem fully (3).

Iterative contact detection

Fig. 3.6 Detecting only existing contacts between cells (A) is insufficient to resolve
the cell relaxation problem: cell movements may then create new contacts not visible
in the original configuration (‘hidden’ constraints, B). Logging the first, resolved
contact and then repeating the contact-solving process again takes into account both
constraints, and solves the relaxation problem fully (C).

1. Test a configuration for overlaps, and determine the impulses needed to resolve

those overlaps.

2. If new overlaps are created as a result, then update the contact set to include

these new overlaps whilst retaining (and updating) the old ones.

3. Solve this new system as before, logging the impulses required and adding

them to the original set. The application of this impulse set creates a predicted

configuration that can be tested for new overlaps as before.

4. Repeat the process, until the predicted configuration contains no new overlaps,

or the iteration count exceeds a user-specified maximum NCon.

5. Apply the resulting total impulse set to move the cells and resolve all contacts.

In principle, step 4 of the above algorithm should be performed for as many iterations

as are necessary, to collect the complete set of constraints pertinant to a given con-

figuration. For the parameters and protocols used in this thesis, however, exceeding

the maximum number of iterations NCon does not appear to be catastrophic, as any
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overlaps that remain afterwards will always be identified and removed in the next

timestep of the simulation.

3.4 CellModeller: parallelised model implementation

Having defined the abstract assumptions and mathematics of the Rudge model, we

now move to describing how it is implemented in the CellModeller software package.

An important practicality to consider at this point is performance: individual-based

models need to be programmed efficiently, so that we can simulate systems containing

as many cells as possible (maximum n).

However, Equation (3.31) involves a matrix of size 7n× 7n, requiring us to define

and save hundreds of billions of floating point numbers for large cell populationes

(supposing, for instance, n = 105). If we assume entries to be of double precision,

this matrix would occupy a Terrabyte of information – well beyond the capacities

of most desktop computers at the time of writing. To deal with such population

sizes, we therefore require a high-performance implementation of this model, which

CellModeller provides. Here we give a brief overview of the essential elements of

the implementation, focusing on the methods used to improve performance. These

elements are as follows:

1. Efficient algorithms for iterative contact-finding and updates;

2. Solving Equation (3.31) using a matrix-free conjugate gradient (CG) method, so

that the size scaling is O(n logn) instead of O(n2) [239];

3. Parallel implementation using OpenCL, for running CellModeller on CPUs

(Central Processing Units) or GPUs (Graphics Processing Units).



3.4 CellModeller: parallelised model implementation 50

3.4.1 Efficient algorithms for identifying contacts

Computing cell movements requires us to parameterise cell contacts, as detailed

previously. Before solving Equation (3.31), we first need to compile a complete list of

all the contacts that appear in a given cell configuration.

This process, known as contact-finding, is computationally intensive. Firstly, since any

cell can in principle be in contact with any other cell, we must check 1
2n(n−1) cells

for contacts (n− 1 because a cell cannot be in contact with itself; 1
2 factor to avoid

double-counting). Secondly, for each pair of cells to be checked, we must compute

the shortest distance between those cells’ line segments. Whereas computing the

separation between two spheres is easy, algorithms to compute minimum segment

separations are more computationally demanding [4], raising contact-finding costs

further.
Identifying cell-cell contacts

A B

\texttt{CellModeller} employs several methods to speed up the identification and resolution of cell-cell contacts. Cells are 
assigned to elements of a uniform grid (A); when searching for the contacts of a focal cell (red) one has only to check 
cells in adjacent grid squares (green shading). Before applying the full shortest-distance algorithm, potentially-touching 
cell pairs a subjected to a computationally cheaper bounding spheres test (B), which eliminates geometrically impossible 
contacts.

Fig. 3.7 CellModeller employs several methods to speed up the identification of cell-
cell contacts. Cells are assigned to elements of a uniform grid (A) on the xy plane;
when searching for the contacts of a focal cell (red) one has only to check cells in
adjacent grid squares (green shading). Before applying the full shortest-distance
algorithm, potentially-touching cell pairs a subjected to a computationally-cheaper
bounding spheres test (B), which eliminates geometrically impossible contacts. 3-D
cells are shown as 2-D silhouettes for clarity.

CellModeller uses established methods to reduce the computational cost of contact

finding. These methods, shown in Figure 3.7, eliminate geometrically-impossible
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contacts without having to run the full shortest distance algorithm described in [4].

Firstly, cell x and y coordinates are used to assign each cell to a specific square in a

2-D grid drawn on the xy plane, as shown in Figure 3.7-B.6 Each grid element has

a width hgrid slightly larger than the largest possible cell in the simulation, and the

grid is expanded each simulation timestep so that the entire cell population always lies

inside of it. The search for a focal cell’s contacts can then be restricted to only those

cells lying in the Moore neighbourhood of its grid square (Figure 3.7-B, green shaded

area), since other squares are too far away for contact to be feasible. This reduces the

number of contact checks to at most 9np+ c, where p is the maximum cell population

of a grid square, and c is the overhead cost of sorting cells into their grid cells. Cells

of lower index than the focal cell are ignored so as to avoid double contact-counting.

Secondly, for any pair of capsules i, j to be in contact, their cell centres must be within

a distance s of one another, where s is given by (λi +λ j)/2; for greater separations,

contact is geometrically impossible, regardless of cell orientation, which can con-

sequently be ignored. This constraint gives rise to the so-called “bounding spheres”

method, shown in Figure 3.7-C, which eliminates impossible contacts without having

to use the more expensive shortest distance algorithm. Cells passing the second test

are subjected to the full shortest distance test as described by [4]; cells subsequently

found to be overlapping have their contact details (n̂k, dk) stored to compute entries in

matrix A in Equation (3.30).

3.4.2 Matrix-free conjugate gradient method

As discussed, large n makes for large M – potentially too large to be stored in a

computer’s memory at all. However, the matrix M in Equation (3.31) has some useful

properties that can be exploited, avoiding the need to define or store it explicitly.

6Although the cell grid is 2-dimensional, cells can still move in 3-D. A 3-D gridding system that
sorted cells according to their z-coordinate would be even more effective here, but has yet to be
implemented in CellModeller.
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Since A⊤A and D are both symmetric (each projection matrix in D is symmetric by

definition), M is also symmetric. M is also positive-definite, and Equation (3.31) is

therefore amenable to being solved using an iterated conjugate gradient method, as

described by Saad [241]. Matrix M only appears in the conjugate gradient algorithm

as part of products with other terms, and so we can avoid explicitly defining or storing

M itself.

CellModeller therefore uses the methods of iterated conjugate gradients, allowing up

to NSol iterations to solve Equation (3.31) to within an absolute tolerance of εCG – i.e.

such that

|Mj̃−b|L2 < εCG. (3.32)

If more than NSol iterations are needed to meet this criterion, CellModeller raises an

error message, and the simulation process is terminated.

3.4.3 Parallel programming

The Rudge model requires that numerous different calculations be performed at each

timestep of the simulation. Fortunately, many of these calculations can be divided

into smaller tasks, which, when carried out concurrently, accelerate computation. As

described by Rudge et al. [239, 238], the CellModeller mechanics scheme is designed

to exploit this property using parallel programming. As well as a frontend written in

Python, handling serial operations and the program’s user interface, CellModeller has

an OpenCL backend that can run parallel processes on different types of CPU or GPU

hardware.

Which parts of CellModeller operate in parallel? Figure 3.8 represents the Rudge

model implementation as a flow diagram (left column), showing the tasks required for

the removal of cell overlaps, and the Python functions responsible for carrying out

these tasks (middle column). Broadly speaking, there are three types of operation that

are parallelised (functions in bold text):
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update_grid()
bin_cells()
sort_cells()

Generate a regular 2-D grid enclosing all cells
Allocate cells to grid elements
Compile list of cells contained in each grid element

predict() Predict configuration given current impulse set

find_plane_contacts()
find_contacts()

Check for cell-plane overlaps; log contact geometries
Check for cell-cell overlaps; log contact geometries

collect_tos()
build_matrix()

Compile contact information
Compute entries of matrix M

calculate_Ax()
vaddkx()
vsubkx()
vdot()

Compute product of M and current impulse iteration
Vector addition with scalar multiplication
Vector subtraction with scalar multiplication
Vector dot product

add_impulse() Use impulses to update impulse set

intergrate() Apply converged impulse set to update configuration

Check A: out of CG iterations? (if yes, raise error)
Check B: CG solution converged?

Check C: out of contact-finding iterations?
Check D: no new overlaps detected?

Associated Python function in 
CLBacterium.py

Description of 
process

C3 Additional figure: flow chart showing mechanics algorithm and associated 
functions, highlighting parallelised elements [1 A4 page]

Fig. 3.8 Schematic showing the CellModeller implementation of Rudge’s biomechan-
ical model. Coloured boxes in flow chart (left column) indicate the sequence of
processes for converting an overlapping cell configuration (top) to a non-overlapping
configuration (bottom), to be carried out on each step of a simulation. Associated
Python functions are shown (middle column), along with a description of their purpose
(right column), for each process. Functions listed in bold are written as OpenCL ker-
nels, such that the corresponding task can be completed by multiple OpenCL ‘workers’
operating in parallel.
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1. Calculations regarding cells’ spatial arrangement within a given cell configura-

tion (e.g. bin_cells(), find_plane_contacts(), find_contacts()).

2. Compiling entries of the matrix M in a sparse format (e.g. collect_tos(),

build_matrix())

3. Individual matrix and vector operations associated with the conjugate gradients

(CG) solver (e.g. calculate_Ax()), or with handling the resulting solution as

part of the iterative search for hidden constraints (e.g predict(), integrate(),

add_impulse()).

In these cases, parallelisation is possible because each part of the calculation is

independent, and does not require input from, or coordination with, other parts7 –

except for a final synchronisation stage in which results are combined ready for use by

subsequent processes. For example, a given pair of cells can be checked to see if they

are in contact independently of the positions of all other cells; likewise, each row of a

matrix-vector product can be computed independently of all other rows.

By contrast, some elements of the algorithm cannot be parallelised, because of the

reliance of one part of the calculation on another. For example, the iterative contact-

finding procedure (loop exiting check D in Figure 3.8) and iterative conjugate gradients

solver (loop exiting check B) must run in serial, because each iteration depends on the

previous step.

At the end of this chapter (Section 3.7), we test the performance of the parallelised

scheme for a range of different domain geometries and initial conditions. In agree-

ment with previous publications [239], we find that simulation performance shows

impressive (and in some cases, sub-linear) scaling with cell population, but that run-

ning the mechanical relaxation scheme (Figure 3.8) is nevertheless the bottleneck to

simulation performance. We interpret this as a justification of CellModeller’s parallel

7In fact, these tasks might therefore be termed ‘embarrassingly parallel’.
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processing strategy: parallelising the mechanics scheme would likely have given the

best improvement in overall performance.

First however, we discuss how the parameters of the model may be determined, and

what modifications to the CellModeller implementation are necessary to address the

research questions of this thesis.

3.5 Model parameterisation

We have now defined the Rudge model and outlined its implementation in the CellMod-

eller software. However, the model depends on various parameters, values for which

need to be defined. Here, we provide an overview of model parameter meanings, and

how they can be assigned sensible values.

The parameters of the Rudge model fall into three main groups. These are:

1. Mechanical parameters, associated with the biophysical properties of the cells

and their surroundings;

2. Geometric parameters, associated with cell geometry;

3. Numerical parameters, associated with the computational implementation of the

model.

Mechanical and geometrical parameters are physical in nature – they correspond

to real-world quantities and correspondingly have units which need to be defined.

Numerical parameters are non-physical, and pertain more to the performance and

stability of the numerical methods used to run model simulations (particularly, the

contact iteration process, time stepping, and the iterative conjugate gradients scheme).

Table 3.5 summarises the parameters, along with their values, units and sources, for

each of these groups. Let us now visit each type of parameter in turn.
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Table 3.2 Parameters used in the Rudge model

Parameter Symbol Value Units Source in [238]
Mechanical:

Drag coefficient ζ 1.0 kgm−1 s−1 -
Growth restriction cost γ Unspecified kgs−1 -
Combined restriction factor Γ 0.1 m−1 Assumed
Cell stiffness K Unspecified kgs−2 -
Division axis noise ξâ 0.1 % Assumed

Geometric:
Min. cell birth length l0 1×10−6 m Measured
Cell radius r 0.5×10−6 m Measured
Cell division length noise ξl 1.5×10−6 m Measured
Cell growth rate µ 5.58×10−4 s−1 Measured

Numerical:
Simulation timestep ∆t 45 s Constrained by µ , r, l0
Cell grid element size hgrid 6×10−6 m Constrained by l, r
Max. contact iterations NCon 8 - Fitted
Max. CG solver iterations NSol 7n - Fitted
Absolute CG tolerance εCG 0.5×10−8 m Constrained by r

3.5.1 Mechanical parameters

So far, we have defined four mechanical parameters: the drag coefficient ζ , the growth

restriction cost γ , the cell stiffness K, and an orientational noise factor ξâ associated

with cell division (Table 3.5). However: only one grouping of these parameters actually

appears in the final constraint system (Equation (3.30)): the combined restriction factor

Γ = ζ/γ , which is present both in matrix D and the coefficient Γ

∆t .

The parameters ζ and γ are difficult to measure directly, and so we cannot know their

precise ratio Γ a priori. Nevertheless, the assumption that cells move in order to

maintain approximate mechanical equilibrium implies that 0 < Γ≪ 1, or else the cell

configuration would remain under significant compression during growth. In practice,

we find that Γ values between 1
10 and 1

500 , produce qualitatively similar simulations; if

desired, the parameter can be tuned to a particular value that best reproduces a feature

of interest, such as boundary fractal dimension [238].

As for the noise parameter ξâ, it is found this noise is significant only for symmetry

breaking, and its actual value does not matter provided 0 < ξâ≪ 1 holds. Its primary

role is to induce Eulerian buckling, preventing perfectly-aligned chains of cells from
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Figure 6. The geometric parameters on which the Rudge model is based can be extracted directly from confocal images of 
fluorescently-labelled \textit{E.~coli} bacteria. Images can be used to estimate cell birth length $\tilde_{0}$ and division 
length noise $\xi_{l}$ (A). The lengths of the yellow lines are plotted in the histogram below. A similar approach can 
applied to cell diameters (B). Scale bars equal to \SI{10}{\microns}; images and data reproduced with permission from 
reference~\cite{Rudge2013}.
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Fig. 3.9 Geometric parameters from the Rudge model can be extracted directly from
confocal images of fluorescently-labelled E. coli bacteria. Automated image processing
can be used to estimate mean cell tip-to-tip length (A) and diameter (B). Scale bars
correspond to 10µm; images and data taken with permission from reference [238].

forming [239]. This property can be exploited to constrain a simulation to a 2-

dimensional plane without the use of confining surfaces, since setting the z-component

of division axis perturbation vectors to 0 prevents cell buckling in the z direction.

3.5.2 Geometric parameters

The geometric parameters in the model are the minimum cell birth length l0, the

cell radius r, the cell division noise parameter ξl and the intrinsic cell growth rate

µ (Table 3.5). Fortunately, these parameters are easy to estimate through direct

observation. Provided cell outlines are clearly visible, high-resolution microscope

images of bacterial colonies can be processed to measure the range of cell lengths and

diameters present in a population. We demonstrate this procedure in Figure 3.9.

As shown in Figure 3.9-A, tip-to-tip cell length (λ ) measurements in fluorescent

BW27783 E. coli bacteria follow an approximately lognormal distribution, whose
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width can be used to estimate both cell birth length and the variability in division

length. Given that the distribution spans the range 2 ≤ λ ≤ 5.5µm and that cell

length is approximately conserved on division, we can estimate that cells divide

when they are between 2×2µm = 4µm and 5.5µm. This indicates that ξl ≈ 1.5µm

and l0 = 2− 2r ≈ 1µm. Diameter measurements (Figure 3.9-B) follow a normal

distribution with low variability (10-20%), supporting a model based on a constant

cell radius with a value of about 0.5 µm. Note that these parameter values are only

examples – we go on to use and test a range of microbial shapes (i.e. a range of l0 and

r values) later in this thesis, in Chapters 5-7. Nevertheless, it is instructive to see how

these parameters can extracted from microscope images.

Finally, the cell growth rate µ can be inferred from observed doubling times, τgrowth,

τgrowth =
ln(2)

µ
, (3.33)

for a given bacterial species in exponential phase. For example, E. coli bacteria can

achieve a doubling time of just 20 min when grown on rich media [93], corresponding

to a growth rate of µ = 5.58×10−4 s−1. However, microbes can only maintain these

rapid growth rates so long as nutrient are plentiful; in practice, this is not generally true

in microbial communities. We discuss how to account for this later on, in Chapter 4.

3.5.3 Numerical parameters

The five numerical parameters of the Rudge model are the simulation timestep ∆t,

the cell grid size hgrid, the maximum permitted number of contact-finding iterations

NCon, the maximum permitted number of conjugate gradient solver iterations NSol,

and the absolute solver tolerance εCG (Table 3.5). Many of these parameters are

directly constrained by the physical parameters defined above: for example, hgrid

should be slightly larger than the largest value of λi = li +2r in the simulation, since

this excludes the possibility of cells in non-adjacent grid elements from touching
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whilst minimising the number of cells in each element that must be checked. Similarly,

∆t and εCG are constrained by cell geometry: in the former case, no cell should be

able to elongate by more than half the cell radius r in any timestep, as this could

cause capsule line segments to intersect (this is undesirible, since then contact data

would become degenerate and our overlap constraints would break down). Since cells

elongate according to the equation ∆li = µli∆t, we have max(∆li) = µ∆t max(li) =

µ∆t(2l0 +2r+ξl), limiting the timestep to

∆t <
r

2µ(2l0 +2r+ξl)
, (3.34)

or ∆t < 99.6s using the E. coli parameters discussed above. CellModeller uses a default

timestep significantly below this limit at just ∆t < 45s. Likewise, if our requirement

that cell overlap be removed is to be meaniningful, we require 0< εCG≪ r. In practice,

setting a fairly high tolerance of εCG = 0.01r suffices.

Finally we have the iteration limits NCon and NSol. In the case of NCon, trial-and-error

testing indicates that 8 contact-finding iterations is usualy sufficient to identify all

contacts in a given system. We have noted previously that, when 8 iterations is not

enough, missed-out constraints can be solved in subsequent simulation iterations.

Meanwhile, setting NSol equal to the number degrees of freedom of the current cell

population, 7n, results in satisfactory performance – allowing the simulation more

time to solve the constraint problem as its size (and therefore difficulty) increases.

3.6 Extensions to the Rudge model

The Rudge model and its implementation in the software CellModeller provide a useful

basis on which to develop our individual-based modelling approach. Certain features

of the model, however, benefit from extension or modification. Here we describe and

explain how we have adapted CellModeller to suit the purposes of this thesis.
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3.6.1 Volume expansion model

For our studies, we require an individual-based model that is able to represent different

cell shapes. In order to do this fairly, we need a description of cellular growth that

works the same way no matter what a cell’s shape – i.e. independent of the value

of l0, the minimum cell segment length at birth. The growth model also needs to

agree with biological observations about the way in which microbial cells grow. These

requirements necessitate some small changes to the CellModeller cell growth scheme,

which we detail here.

In the original version of CellModeller (Section 3.3.1), capsule cells grow via expo-

nential elongation of their cylindrical segments, obeying the equation

dli
dt

= µli, (3.35)

where li is the cell segment length and µ the intrinsic growth rate, in the absence of

mechanical restriction effects. Indeed, there is some experimental evidence to support

this model of cellular growth: typically, the hemispherical poles of rod-shaped cells

remain inert, and only the cylindrical section of the cell wall undergoes extension

[278, 86]. Figure 3.10 (‘Growth’) provides a diagram of this scheme, showing a parent

cell elongating (t1-t5) and subsequently dividing.

However, this segment-based growth model creates several problems for cells of

different shapes. Firstly, truly round cells have a segment length of zero, which would

result in a growth rate of zero according to Equation (3.6.1). Secondly, CellModeller

does not conserve cell segment length during cell division events. Daughter cells are

placed to fit inside the parent cell silhouette, reducing the total length of growing

segment by 2r, as shown in Figure 3.10 (‘Division’, left-hand side) As a result, a set

of cells with a combined segment length ltot = ∑ li will then grow at a rate dependent
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scheme

Figure 5: Cell growth and division scheme for the Rudge model. A cell of index $a$ grows in discrete steps 
$t_{1}$-$t_{5}$ according to the linearised exponential growth (Green cells). Once it meets a division criterion 
(doubled length or doubled volume), it divides into two identical daughters (Gray cells $b$ and $c$). In the 
original growth-by-length model, both daughters fit within the parent cell silhouette; in the growth-by-volume 
extra overlap is created. 

Growth Division

Fig. 3.10 Cell growth and division scheme for the Rudge model. A cell of index a
grows in discrete steps t1-t5 according to the linearised exponential growth (Green
cells). Once it meets a division criterion (doubled length or doubled volume), it divides
into two identical daughters (grey cells, b and c). In the original growth-by-length
model, both daughters fit within the parent cell silhouette (left pair of grey cells); in
the growth-by-volume extra overlap is created (right pair).

on their shape: distributing ltot over many small cells results in more division events

and hence more losses than distributing the same ltot over fewer, longer cells.

A more universal variable to associate with cell growth is volume – i.e. the volume

enclosed by the cell membrane, equal to 4
3πr3 + liπr2 for a capsule of length li and

radius r. Provided cell volume is conserved upon cell division, a given total cell

volume will always grow in the same way regardless of how it is partitioned into

different cell shapes. Moreover, supported by experimental observations, previous

individual-based models have used cell volume to describe exponential cell growth

[154, 152].

With this in mind, we modified the CellModeller growth scheme as follows:

1. Cells grow according to the equation dVi
dt = µVi, and so increase in segment

length by dli
dt = µ

(4
3r+ li

)
each timestep ∆t;

2. Cell volume is conserved on cell division. Since this requires the daughter

cells to be altogether 2
3r longer than their parent, new overlaps are created (cell

placement is unchanged) as shown in Figure 3.10 (‘Division’, right-hand side).
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Additionally, we modified CellModeller’s overlap relaxation scheme to prevent cell

growth from being slowed by mechanical pressure. In the original model, cell length

is treated as a degree of freedom in the relaxation scheme such that cells reduce their

growth rates (elongation ∆l per simulation step) in response to mechanical forces

from surrounding cells. While there is some experimental evidence that microbes

experience such mechanical growth restriction [74], we chose to exclude this effect

from the model, such that cell division rates are controlled only by the specific growth

parameter µ .8 We made this decision for two reasons:

1. As yet, there is little information that could be used to parameterise mechanical

growth restriction, and to quantify its importance relative to nutrient growth

limitations, in biofilm communities.

2. As discussed above, it is important that our growth model allows all cells to

grow at the same intrinsic rate irrespective of their shape. Mechanical growth re-

striction could introduce confounding effects here, unfairly penalising particular

shapes because of their different spatial arrangements in cell groups.9

Figure 3.11 shows that, in simulations of 2-D colonies, mechanical growth restriction

can be controlled through the parameter Γ, which serves as a weighting factor for

the length-change degree of freedom ∆l in Equation A.16. High values of Γ result in

high mechanical restriction, causing significant deviations from exponential growth

behaviour (dashed line) and producing smaller colonies (end-state screenshots, right).

Whilst setting Γ = 0 is not possible because of the consequent loss of matrix regu-

larisation in Equation 3.30, low values of Γ (≤ 0.002) suffice to give approximately

exponential growth for colonies of up to 10,000 cells. We will therefore use the value

8µ may in turn be coupled to the availability of a rate-limiting nutrient, as we go on to explain in
Chapter 4

9This is not to discount such effects as impossible or uninteresting: indeed, it may be that certain
microbial shapes do enable faster growth by alleviating growth-limiting mechanical pressure, as
suggested in Reference [56]. We leave such questions for future studies, however.
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Fig. 3.11 Controlling mechanical restriction through the parameter ratio Γ = ζ/γ .
Simulations of 2-D colonies show that default value of Γ = 0.1 (yellow trace) results
in significant growth restriction, with cells reducing their effective growth rates in
response to mechanical compression by neighbouring cells, as shown by deviation
from exponential growth behaviour (dashed line). Lower values of Γ make restriction
effects less significant, resulting in larger colonies (end-state colony images, right).
Γ≤ 0.002 suffices to give negligible restriction for colonies of this size.

Γ = 0.002 throughout this thesis, as a means to exclude the mechanical restriction

effect built into CellModeller.

3.6.2 Periodic boundary conditions

In computational modelling, limitations in computer power constrain the length- and

time-scales that can be simulated. Using a micro-scale model to simulate a macroscopic

system is often impractical because of the computational expense involved. A standard

work-around to this problem is to approximate the properties of a large system by

simulating some smaller, representative section of it. This reduces the computational

workload in exchange for some loss of realism.

To be representative, the smaller simulation domain needs to have boundary conditions

that reflect what is going on in the full system, so that “edge effects” and other spurious

artifacts are avoided. Conventionally, this is achieved by imposing some combination
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of periodic boundary conditions on the simulation domain, so that the domain becomes

an element in some infinite tessellation of identical elements. This makes the domain

effectively edgeless [222, 154, 152, 199].

For an individual-based model, periodic boundary conditions require two features

of a computational domain: consistency of motion, and consistency of interaction.

Specifically:

1. When an individual leaves the domain by one edge or face of the domain, it must

re-enter via the opposite face. Its motion must not be affected by this process.

2. Individuals need to be able to interact over opposite faces of the domain just as

they would within the domain.

Figure 3.12 shows three diagrams summarising these principles. Individuals (colored

capsules) occupy a rectangular domain (blue grid); simulating periodic boundary

conditions in the horizontal direction is equivalent to changing the domain topology

to that of a cylinder (3.12-A). To achieve this, individuals need to be able to move

through opposing borders of the domain seamlessly (3.12-B) as well as interact across

them (3.12-C).

In order to extend the CellModeller contact search scheme to a domain that is periodic

in the x and y direction, we redefine cells’ Moore neighbourhoods so that squares on

the edge of the grid are treated as adjacent to those on opposite edges. Cell locations

in the grid are also used to extend the conventional contact checks so that cells can

interact via their minimal images. Figure 3.12-C shows this process in action: when

searching for the contacts of the blue cell, the red and green cells are identified as lying

in blue’s neighbourhood. Blue is too far away to interact with red or green directly, but

may still interact with the images of these cells. Using the minimum image convention,

the closest image of a cell j to a focal cell i in an xy-periodic domain measuring Lx by
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D
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Figure 6. Periodic boundary conditions require continuity in both cell movement and mechanical interactions over opposite 
borders of the simulation domain (A). To achieve this, cells that leave the domain are moved back onto at the opposite 
edge (B). Cell contact finding also operates over the domain edges (C). In (D), we show snapshots from an example 2-D 
periodic simulation using the extended CellModeller scheme. Cells (red) and their nearest images (grey) are both shown; 
the 3-by-3 cell grid used to compute contacts is highlighted in green. (E) shows an analogous 3-D simulation. 

Fig. 3.12 Periodic boundary conditions require continuity in both cell movement
and mechanical interactions over opposite borders of the simulation domain (A). To
achieve this, cells that leave the domain are moved back onto at the opposite edge
(B). Cell contact finding also operates over the domain edges (C). In (D), we show
snapshots from an example 2-D periodic simulation using the extended CellModeller
scheme. Cells (red) and their nearest images (grey) are both shown; the 3-by-3 cell
grid used to compute contacts is highlighted in green. (E) shows an analogous 3-D
simulation (periodic in x and y but not z).

Ly can be found at coordinates

(Nearest image location) j = p j +ax̂+bŷ, (3.36)

where a ∈ {−Lx,0,+Lx}, and b ∈ {−Ly,0,+Ly}. The coefficients a and b can be

chosen by comparing the grid squares that n and m lie in: if the indices of the squares

differ by more than 1 in, say, the x-direction, then i must be closer to j’s image than to

j itself along this axis. This means that a will be ±Lx, depending on the sign of the

difference in the square indices.
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Figure 3.12-D and E provide some examples of our periodic boundary condition

implementation, showing a sequence of snapshots taken of 2-D (D) and 3-D (E) xy-

periodic periodic simulations. Here, ‘real’ cells are highlighted in red, and their nearest

images are shown in grey to help verify continuity of cell motion and interaction.

3.7 Example simulations and performance testing

In this final section, we discuss profiling tests to assess the performance of CellModeller

in a range of different simulation scenarios. The purpose of these tests is to establish

how the program’s performance scales with cell group size, and to identify which parts

of the program most limit performance.

To this end, we ran four types of CellModeller simulation: box simulations in 2- and

3-D (cells growing upwards in a walled domain) and open simulations in 2- and 3-D

(cell movements unconstrained by walls). Box simulations were initiated by placing

100 cells on the base of the box (along a 400 µm line in 2-D, and on a 40 µm-by-40 µm

square in 3-D), with randomised cells positions, orientations and volumes. Open

simulations began with two such cells placed 6 µm apart. All simulations were run to

a fixed end-point of 10,000 cells, and configured to report wallclock and process times

alongside normal output configuration files.

The results of these profiling simulations are shown in Figure 3.13, with performance

data from box simulations shown on the first row (Figure 3.13-A), and those from

open simulations on the second (Figure 3.13-B). The left-hand column shows total

simulation (‘wallclock’) time as a function of increasing cell population (N), indicating

higher performance for 2-D simulations than for 3-D simulations, in both rows.10 This

observation may be rationalised as follows: firstly, simulations are less efficient in 3-D

because the CellModeller contact-finder (see Section 3.4.1) only sorts cells by location

10We note that traces have a staircase-like form in row B: this is due to synchronisation in cell division
events, such that all cells periodically divide at approximately the same time, creating huge spikes in
the number of cell overlaps (and consequently in the difficulty of the energy minimisation problem).



3.7 Example simulations and performance testing 67C3 Additional figure: profiling CellModeller performance for different simulation setups 
and geometries; showing mechanics solver as rate-limiting step [0.25 A4 page]

Figure 3.XXX. Tests of CellModeller performance as a function of cell count (N) for different 
simulation types, comparing enclosed (row A) and open domains (row B) in 2 and 3 
dimensions. Plots of total simulation time (left column) show that 3-D simulations are 
generally more computationally intensive than 2-D analogues; grey traces show individual 
simulations and colored lines mark means. Replotting data means on logarithmic axes 
(middle column, crosses) allows powerlaw-like performance scaling to be quantified using 
linear regression (fitted lines). Additional logarithmic plots (right column) show individual 
process durations within simulation timesteps, highlighting the mechanics solver as the 
overall performance bottleneck. Sample of 5 simulations per case.
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Fig. 3.13 Tests of CellModeller performance as a function of cell count (N) for different
simulation types, comparing enclosed (row A) and open domains (row B) in 2 and 3
dimensions. Plots of total simulation time (left column) show that 3-D simulations
are generally more computationally intensive than 2-D analogues. Grey traces show
individual simulations and coloured lines mark means; sample of 5 simulations per
case. Replotting data means on logarithmic axes (middle column, crosses) allows
powerlaw-like performance scaling to be quantified using linear regression (fitted lines).
Additional logarithmic plots (right column) show individual process durations within
simulation timesteps, highlighting the mechanics solver as the overall performance
bottleneck. Solid and dashed lines correspond to 2- and 3-D simulations respectively.

along the x and y axes. If a simulated colony expands along the z axis, each element of

the cell sorting grid will contain progressively more cells, necessitating more contact

checks per cell than in 2-D. Secondly, cell coordination number is higher in 3-D, such

that any given cell will have more contacts (i.e. matrix M is less sparse, and requires

more time to compile).

In the middle column of Figure 3.13, we quantify this performance data by replotting

trace means on logarithmic axes. Here, each dataset produces an approximately linear

trace, suggesting that total computational time ttot can be described by a powerlaw of
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the form

ttot = aNb, (3.37)

where N is the number of cells, and where a and b are constants. The exponent b

corresponds to the gradient of the line in each case, and summarises how program

performance scales with N. Note that for open 3-D simulations (Figure 3.13-B, red

crosses), the line gradient suddenly increases around the N = 1000 mark, and so we

have fitted a separate line for each section of the data.

The values for the scaling exponents are as follows: b = 0.699 (2-D box, cyan);

b = 1.151 (3-D box, blue); b = 0.448 (2-D open, yellow). In other words, performance

scaling is sub-linear in 2-D, but rises more rapidly with N in 3-D. For the open 3-D

simulations (red), b = 0.440, rising to b = 1.260 for N > 1000. In this case, cell

group expansion is initially planar (scaling like a 2-D simulation) but later becomes

more isotropic (scaling like a 3-D simulation), resulting in two separate powerlaw

behaviours.

Finally, in the right-hand column of Figure 3.13 we plot the calculation times associated

with the three main processes carried out in each timestep of a CellModeller simulation:

updating the backend data available to the OpenCL kernels (red traces), running

the mechanics solver (green), and updating frontend cell state data (blue). These

data indicate that the mechanics solver is the performance bottleneck, justifying the

extensive use of parallel programming in implementing this process.

3.8 Conclusions

Individual-based models provide a natural and powerful tool for investigating the

influences of cell morphology within a microbial community. In this chapter, we

have discussed tools and techniques which allow non-spherical cell shapes to be

incorporated into individual-based models. In particular, we have shown how to



3.8 Conclusions 69

derive, implement and extend one such model, the Rudge model, which describes the

dynamics of a growing microbial colony using a constraint-based method.

Implemented as the GPU-accelerated software CellModeller, the Rudge Model allows

us to flexibly model mechanical interactions within large microbial communities,

containing different cell shapes. We will therefore use CellModeller (along with the

modifications described in this chapter) as a basis for further work in the remainder of

this thesis. In the next chapter, we discuss methodology for extending the CellModeller

framework to incorporate interactions with chemical solutes, in order to create a model

that can explore the competitive ramifications of cellular shape.



4

Creating a hybrid model of biofilm

development



Abstract

Like all living organisms, microbes need to eat in order to survive and reproduce. The

fundamental processes of life, cellular respiration (catabolism) and the biosynthesis of

macromolecules (anabolism)—carbohydrates, proteins, lipids, DNA and RNA—all

rely upon microbes obtaining a supply of energy and nutrients from their environment

[47, 175]. Competition for these resources is a fundamental theme of biology, and is

one of the defining characteristics of microbial communities [295, 94, 63].

In the previous chapter, we described an individual-based model for describing in-

teractions between cells of different shapes. In this chapter, we extend this model

by coupling cell growth rates to the availability of nutrients, allowing us to simulate

competition between differently-shaped strains in a community. We begin by defining

partial differential equations for describing nutrient transport and uptake, noting the

assumptions made and defining the domain of applicability of the resulting model. We

then show how this representation can be implemented and added to the mechanics

model described in Chapter 3, creating a ‘hybrid framework’ that we use in subsequent

chapters.

4.1 Introduction

Compared with humans, microbial metabolism is very diverse [212, 175]: microbes

can extract energy and nutrients from organic or inorganic compounds [49, 245], from

the atmosphere [245, 45], or from sunlight itself [77, 156]. The metabolic strategy
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employed by a particular microbe is a crucial determinant of the ecological niches

it can inhabit, and the role it plays in its respective ecosystem [148]. Metabolism

can also be used to differentiate and classify microbes: for example, many lab-grown

bacteria (e.g. E. coli and B. Subtilis) are chemoheterotrophs[194], meaning that they

depend on organic chemicals for their supply of carbon and energy.

The need to absorb nutrients and excrete waste requires all microorganisms to exchange

chemicals with their environment – a task they achieve using arrays of transporter pro-

teins embedded in their plasma membranes [109]. Microbes also secrete various prod-

ucts to aid their nutrition, collecting ions with scavenger molecules (e.g. siderophores

[205]) and digesting large molecules with extracellular enzymes [22] or enzyme

complexes (e.g. cellulosomes [15]).

When microorganisms have a plentiful supply of nutrients, they can grow and divide

rapidly, leading to an exponential increase in cell biomass [194, 278]. However, nutri-

ent supplies often become limiting when microbes live together in communities [21],

creating the steep solute gradients that are a hallmark of this habitat [264]. As we

discussed in Chapter 1, such limitations exert powerful effects on community devel-

opment – for example, they can alter community structure (the spatial distribution of

biomass) by inducing growth instabilities at the community’s outer surfaces, producing

the ‘finger’-like edifices and branched patterns observed in microbial biofilms and

colonies [105, 186, 146].

Nutrient scarcity strongly affects the biology and ecology of microbial communities.

Rapid cell growth is often limited to the outer surfaces of biofilms, where the supply

of limiting resources is richest [191]. This spatial heterogeneity produces a selective

pressure that favours any phenotype granting access to these valuable positions. For

example, in colonies of P. aeruginosa, increased EPS secretion can help improve

resource access by pushing secretor phenotypes towards the upper surface of the com-

munity [144, 296]. Limited nutrient access also alters the spatio-genetic composition1

1I.e. the spatial distribution of different strains or species of microbe
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of a community: when only a small number of microbes can grow, the community

becomes more susceptible to genetic drift – leading to particular genotypes becoming

locally ‘fixed’, and reducing microbial diversity. The link between nutrient limita-

tion and spatial segregation is well-established both experimentally and theoretically

[115, 151], and has important consequences for mediating social interactions between

microbes in a community [199, 294].

Thus, nutrient limitations are major source of physical and biological heterogeneity

in microbial communities, necessitating their inclusion in our model. The individual-

based model (CellModeller) described in Chapter 3 extends previous models of micro-

bial communities, by including biomechanical interactions between non-spherical cells

– yet it currently lacks the functionality to model nutrient limitations.2 In order to assess

the effects and function of cellular shape in a competitive community environment,

therefore, we need to couple CellModeller to a description of nutrient fields.

The objective of this chapter, therefore, is to implement and test a model of solute

transport in a biofilm community, and to pair this model with CellModeller to create

a framework incorporating both cell shape and solute interactions. We begin first by

describing an existing solute interaction model and its boundary conditions, defining

its underlying assumptions, and reducing it to a simplified non-dimensional form.

2The version of CellModeller published in [239] does contain some functionality for modelling
cell-cell chemical interactions, through the exchange of diffusing chemical signals. However, this
implementation is insufficient for our purposes, because it makes very restrictive assumptions about the
behaviour of chemical fields at the simulation domain boundary.
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4.2 Defining a continuum solute transport model

4.2.1 Transport and growth equations

An established method for modelling the distribution of solutes in a biofilm is to define

a partial-differential equation of the form

∂u
∂ t︸︷︷︸

Accumulation

= D∇
2u︸ ︷︷ ︸

Diffusion

+ R︸︷︷︸
Reaction

. (4.1)

This reaction-diffusion equation (RDE) describes the variation in a solute’s concentra-

tion, u, in space x = [x,y,z] and time t. As the name suggests, this variation is governed

by two key processes:

• Reaction: the creation or removal of solute molecules, represented by a reaction

term R = R(u,x, t);

• Diffusion: the tendency for solute molecules to spread out, moving from re-

gions of high concentration to low. This spreading process is modelled by the

Laplacian ∇2u = ∂ 2u
∂x2 +

∂ 2u
∂y2 +

∂ 2u
∂ z2 , and weighted by the diffusivity parameter D,

which controls the rate of spreading out.

Reaction-diffusion equations are widely used in biofilm modelling [291, 290, 279,

147], and many existing IbMs incorporate a continuum description of solute fields

using this kind of equation (an approach known as the continuum-discrete or ‘hybrid’

method) [154, 297, 159]. In this chapter, we will examine a specific instance of this

equation, in which u represents the concentration of a rate-limiting nutrient, such as

oxygen. In this case, the reaction term R in Equation (4.1) corresponds to nutrient

uptake by microbes. Each microbial cell i requires this nutrient in order to grow, and

therefore has its specific growth rate, µi, coupled to the local nutrient concentration ui



4.2 Defining a continuum solute transport model 75

Variable Description Units
u(x,y,z,t) Nutrient concentration kgm−3

t Time s
x,y,z Cartesian coordinates m
φ(x,y,z, t) Local cell volume fraction —

Table 4.1 Nutrient model variables

using
dVi

dt
= µiVi = µmax

(
ui

ui +K

)
Vi, (4.2)

where Vi represents the volume of cell i, µmax is the cell’s maximum specific growth

rate, and K is a saturation constant. Here, the ‘Monod’ function, µmaxui/(ui +K), is

an empirical description of microbial growth kinetics, characterising a transition from

a 1st-order growth at low nutrient concentration (ui≪ K), to a 0th-order growth at

high nutrient concentration (ui≫ K). In essence, it states that microbial growth is

saturating, increasing with nutrient availability up to a maximum rate µmax [194, 147].

Using this coupling, cell growth rates throughout a biofilm then depend on variations in

local nutrient concentration, which we can describe using Equation (4.1). If microbes

are consuming nutrient for growth as in Equation (4.2), then the reaction term R in

Equation (4.1) is given by

R =−1
γ

µmax

(
u

u+K

)
ρφ(x, t), (4.3)

Here, 1
γ

represents the amount of nutrient consumed per unit cell biomass, ρ the

maximum biomass density, and φ the local cell volume fraction as a function of space

x and time t. The product ρφ approximates the discrete arrangement of cells in space

as a continuous density function, and so assumes that concentrations u vary in space

on longer lengthscales than those of individual cells. The dependent and independent

variables of this model (respectively x, y, z, t and u, φ ) are summarised in Table 4.1.
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Problem domain and boundary conditions

Figure 3: Boundary conditions for biofilm models. Diagram A shows a cross section of a typical biofilm 
growing in a fluid bath. For a generic solute, advective transport (grey arrows) is rapid in the bulk liquid, but 
is much slower close to the surface of the biofilm. The result is a boundary layer (dotted line) within which 
diffusion is the predominant transport mechanism. These observations motivate a simplified model of solute 
behaviour near the biofilm (B): the bulk liquid acts as an ideal source of solute (Dirichlet boundary condition 
or DBC) at some height $\delta$ above the top of the biofilm, while the impermiable substratum prevents 
solute from leaving through the base of the domain (Neuman boundary condition). Figure B adapted from 
reference XXX.

Substratum

Boundary layer
Biofilm

[Solute] 

Low

High

A B
Bulk liquid

Fig. 4.1 Boundary conditions for biofilm models. Diagram A shows a cross section
of a typical biofilm growing in a fluid bath. For a generic solute, advective transport
(grey arrows) is rapid in the bulk liquid, but is much slower close to the surface of
the biofilm. The result is a boundary layer (dotted line) within which diffusion is the
limiting transport process. These observations motivate a simplified model of solute
behaviour near the biofilm (B): the bulk liquid acts as an ideal source of solute at some
height δ above the top of the biofilm, while the impermeable substratum prevents
solute from leaving through the base of the domain. Diagram B taken with permission
from [154].

4.2.2 Model domain, boundary conditions and parameters

Having specified equations to describe nutrient transport in a biofilm, we now need

to define the domain on which these equations are to be solved, and the values of

the physical parameters governing them. In doing so, we must also consider what

the behaviour of our model will be at the domain’s boundaries, and specify boundary

conditions for our solute equations accordingly.

How large should our domain be? Biofilms found in nature often contain billions of

microbial cells, and it is therefore not usually possible to model an entire biofilm using

individual-based approaches. A typical work-around is to instead model a small 2-D

or 3-D section of a biofilm, and assume that the behaviour of this section approximates

that of the whole community [222, 223, 154]. In practice, this means solving transport

equations on domains with very simple geometries, e.g.

1. 2-dimensional domains spanning [0,Lx]× [0,Lz], corresponding to a vertical

slice through the biofilm;
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2. 3-dimensional domains spanning [0,Lx]× [0,Ly]× [0,Lz], corresponding to a

vertical section of the biofilm.3

Assuming an upper population limit of approximately 105 cells [239], each with a

diameter of roughly 1 µm, our domain size limit can be estimated as

L =
3
√

105×1µm3 ≈ 40µm (4.4)

in 3-D, or L = 2
√

105×1µm2 ≈ 300µm in 2-D. While less realistic, 2-D domains

therefore allow longer lengthscales to be simulated for the same computational cost.

When specifying the boundary conditions of these domains, we need to account for the

processes occurring in their immediate surroundings. Figure 4.1-A depicts a typical

context for biofilm growth. The biofilm grows on a fixed surface, and is immersed in

a fluid bath, which continuously supplies cells in the biofilm with the nutrients they

require for growth. The ‘bulk’ fluid above the biofilm is flowing and well-mixed, so

that the nutrient concentration u is maintained at a constant value u0 [79]. However,

close to the biofilm’s surface, fluid flow is reduced, forming a so-called diffusive

boundary layer [73, 280]. Within this layer, the supply of nutrient into the biofilm is

limited by diffusion, so that u(x, t)< u0. As the biofilm grows upwards, the position

of the boundary layer surface moves upwards with it.

Previous cellular-automata and individual-based biofilm models [222, 154, 297] have

approximated these surroundings using the following set of domain boundary condi-

tions:

• Let the domain include both the biofilm and the diffusive boundary layer above

it, so that the top surface of the solute domain (z = Lz) is the upper surface of

the boundary layer, while the bottom surface (z = 0) is the beginning of the

substratum (Figure 4.1-B).

3Note the convention for naming the vertical axis z in both cases.
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• Assume that the boundary layer has a flat, horizontal profile, and is of min-

imum thickness δ . Make the boundary layer track the upper surface of the

biofilm (i.e. the cell configuration, {p̃i}, defined in Chapter 3) by setting

Lz = δ +max(pz), where max(pz) denotes the z-coordinate of the highest cell

in the biofilm.

• Set the Dirichlet boundary condition u(Lz) = u0, representing nutrient supply

from the bulk liquid.

• Set ∇u · k̂ = 0 at z = 0, where k̂ is the unit vector in the z-direction, representing

the impermeability of the substratum to solute flux.

• On the side walls of the domain (x = 0, x = Lx, y = 0, y = Ly), impose either

– Zero-flux boundary conditions, ∇u · n̂ = 0, where n̂ is the unit vector

normal to a given boundary, or

– Periodic boundary conditions, such that

u(x = 0) = u(x = Lx), u(y = 0) = u(y = Ly), (4.5)

and
∂u
∂x

∣∣∣∣
x=0

=
∂u
∂x

∣∣∣∣
x=Lx

,
∂u
∂y

∣∣∣∣
y=0

=
∂u
∂y

∣∣∣∣
y=Ly

. (4.6)

These boundary conditions are written for 3-D domains. Analogous boundary condi-

tions apply in 2-D, except that the domain then has zero thickness in the y direction,

so that we no longer have to specify boundary conditions at y = 0 and y = Ly.

This type of nutrient-limited growth model has been used extensively in previous

models [222, 154, 297]. It represents a logical and convenient starting point for us,

because the parameters governing the model have already been measured, and because

the model’s behaviour has been validated against experimental data. Some example
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parameters for oxygen-limited growth are shown in Table 4.2, listed along with their

units and source.

Before using this model, however, it is important to define the assumptions underpin-

ning it, so that we can understand its domain of applicability, as well as the physical

meaning of its parameters and variables.

4.2.3 Model assumptions

There are several important assumptions built into this model that we need to be

aware of. Firstly, biofilms are heterogeneous systems, containing a multitude of

material phases (cells, EPS, bubbles, channels and so forth) and spatial scales [264, 72].

Consequently, models of biofilm transport phenomena, and the physical meanings

of their parameters and variables, change according to the spatial scale of interest.

The model we have described is a macroscopic picture of transport phenomena: by

writing Equations (4.1) and (4.3), we are assuming that the biofilm behaves as a single,

homogeneous phase, with a single, spatially-averaged concentration field u. This

homogenisation is a reasonable approximation on lengthscales larger than those of

individual cells, provided that average concentrations in each phase of the biofilm

(cells, medium, etc) remain in equilibrium, and do not change too quickly in space

[291, 290].

Parameter Description Value Units Source
u0 Bulk oxygen concentration 3.84×10−3 kgm−3 [222]
D Oxygen diffusivity 2.0×10−9 m2 s−1 [222]
ρ Cell biomass density 290 kgm−3 [222]
µmax Maximum specific growth rate 15.2×10−6 s−1 [222]
K Monod saturation constant 0.35×10−3 kgm−3 [222]
γ Biomass yield 0.045 — [222]
δ Boundary layer thickness 80.0×10−6 m [222]

Table 4.2 Example parameters for nutrient modelling
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However, it is important to remember that other representations apply at different

spatial scales. For example, subcellular-scale models of transport have to take into

account subcellular-scale details, such as interactions with transported complexes in

the cell membrane, and differences in extra- and intra-cellular solute concentrations

[291, 290]. On a molecular scale, reaction and transport processes (e.g. Brownian

motion, receptor binding) become stochastic instead of deterministic, and a different

model then applies [242, 16, 38]. Mathematical techniques such as spatial averaging

(‘upscaling’) can be used to convert between these descriptions and relate effective

parameters on each scale [97, 290].

Further, Equation (4.1) also assumes that diffusion is isotropic and constant in space

– in reality, it is neither. Biofilms are mostly comprised of water, yet diffusivities

measured in biofilms are consistently less than those in aqueous solutions, for solutes

of various molecular weights [264]. This is because biofilms are full of cells and other

obstacles that make molecular diffusion more tortuous and slow. Further, the nematic

ordering effects described in Chapter 3 could also make diffusion anisotropic (so that

D∇2u is replaced with ∇ · (D ·∇u), with D a diffusion tensor), by making it easier for

solutes to diffuse in some directions (such as in parallel to a group of axially-aligned

cells) than others [56].

In Equation (4.2), cell growth is controlled entirely by the availability of a single

nutrient. This assumption may seem to clash with our introductory observation that

microbes require multiple substrates to survive. In practice however, the supply of

one of these necessary solutes often becomes limiting [194, 152, 21], and so we need

consider only its concentration in order to predict cell growth rates [194]. Further,

Equation (4.2) supposes that the microbial response to nutrient availability is lag-free

and not subject to regulation – i.e. parameters K and µmax are fixed, so that growth

rate is purely determined by the local nutrient concentration ui. Cells do not incur

maintenance costs, and remain viable indefinitely regardless of nutrient concentration.

In other words, a non-growing cell will never die of starvation, and can start growing
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once more as soon as its nutrient access improves. These assumptions generally hold

for timescales of minutes to days, but are less realistic on longer timescales [21].

Our model neglects several couplings between biofilm development and fluid motion in

the bulk liquid. In reality, shear forces from fluid can alter biofilm structure, resulting

in streamer formation and biomass detachment [293, 221]. For simplicity however, we

ignore hydrodynamic interactions between the bulk fluid and the biofilm, and neglect

biomass detachment so that cells are never removed from the computational domain.

We also assume that the bulk fluid behaves as a perfect nutrient source, and that the

boundary layer has a flat profile independent of the arrangement of cells beneath it.

Having defined the model and its assumptions, we are almost ready to begin imple-

menting it as part of the CellModeller framework. Before we devise a method for

solving our model equations, however, we can simplify our model further by convert-

ing it to a non-dimensional (unitless) form. This procedure offers several advantages

[127, 197]: model variables are scaled in terms of natural units, making their meaning

more intuitive, and their values close to unity – reducing the model susceptibility to

computational error when solved numerically.

4.2.4 Dimensional analysis

Here we non-dimensionalise Equations (4.1) and (4.2), and identify intrinsic timescales

for the processes involved in the nutrient model. We use this analysis to justify a

separation of timescales that allow the dynamics of Equation (4.1) to be ignored, and

derive dimensionless control parameters that govern model behaviour.

To reiterate, our dimensional equations are

∂u
∂ t

= D∇
2u− 1

γ
µmax

(
u

u+K

)
ρφ(x, t), (4.7)
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which describes how the nutrient concentration field u = u(x, t) varies in time and

space, and
dVi

dt
= µmax

(
ui

ui +K

)
Vi, (4.8)

specifying how each rapidly each cell grows, in response to the nutrient concentration

it experiences. Beginning with (4.8), we define the unitless variables

t̄ = t/τd, V̄i =Vi/l3, ūi = ui/u0, (4.9)

where τd is the minimum cell doubling time given by ln2
µmax

, given in s, l is the diameter

of a microbial cell in m, and u0 is the bulk (maximum) substrate concentration in

kgm−3. Using these scaled variables, we can rewrite (4.8) as

dV̄i

dt̄
= (τdµmax)

ūi

ūi +K/u0
V̄i, (4.10)

which simplifies to
dV̄i

dt̄
= ln2

ūi

ūi +K/u0
V̄i. (4.11)

To non-dimensionalise (4.7), we can additionally define scaled spatial coordinates

x̄ = x/l, ȳ = y/l, z̄ = z/l, (4.12)

which gives

1
τd

(
∂ ū
∂ t̄

)
=

D
l2

(
∇̄

2ū
)
− ρµmax

γu0

(
ū

K/u0 + ū
φ(x, t)

)
. (4.13)

The model incorporates three key temporal processes in the biofilm: cell growth and

division, solute diffusion and solute uptake by cells. Each of these processes takes

place on a particular timescale. Table 4.3 compares estimates of these timescales, based

on the parameter values listed in Table 4.2. The example parameter values quoted



4.2 Defining a continuum solute transport model 83

dictate that substrate diffusion and uptake take place on a much shorter timescale than

cell growth. Rewriting (4.13) in terms of τgrowth, τdiffusion and τuptake

1
τgrowth

(
∂ ū
∂ t̄

)
=

1
τdiffusion

(
∇̄

2ū
)
− 1

τuptake

(
ū

K/u0 + ū
φ(x, t)

)
, (4.14)

we see that the term 1
τgrowth

is so small as to be negligible. This observation leads

naturally to the conventional splitting of timescales used in other IbM studies (see,

for example, [222, 154, 297, 248]), whereby the time dependence of (4.13) is ignored,

and the equation solved to ‘pseudo-steady’ state:

∇̄
2ū =

(
τdiffusion

τuptake

)
ū

K/u0 + ū
φ(x). (4.15)

Physically, this means that the substrate concentration field responds very rapidly to

any perturbation to the cell configuration (and therefore φ ) caused by cell growth, and

so depends on cell positions only parametrically. The dimensionless quantity given by

D =
τdiffusion

τuptake
=

l2ρµmax

Dγu0
(4.16)

is commonly known as the [second] Damköhler number (or Thiele modulus [222]).

This ratio summarises the rate of diffusive substrate transport relative to the substrate

uptake rate. An additional parameter cluster η = K/u0 controls how the intrinsic cell

growth rate drops with diminishing substrate availability. Thus, non-dimensionalisation

shows that there are effectively only two independent parameter groupings for Equa-

Process Timescale Equation Value
Cell growth and division τgrowth ln2/µmax 12.67 h
Solute diffusion τdiffusion l2/D 0.50 ms
Solute uptake by cells τuptake γu0/(ρµmax) 39.2 ms

Table 4.3 Characteristic timescales of dynamic processes
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tions (4.7) and (4.8)

∇̄
2ū = D

ū
η + ū

φ , and (4.17)

dV̄i

dt̄
=

ūi ln2
η + ūi

V̄i. (4.18)

Given the pseudo-steady-state nutrient field ū, Equation (4.18) can be solved by

evaluating the local nutrient concentration ūi = ū(xi) at each cell’s centroid pi, and

then updating each cell’s volume V̄i using the linearisation

∆V̄i ≈ ln2
ūi

ūi +η
V̄i∆t, ∀ i, (4.19)

where ∆t corresponds to the simulation timestep. It then falls to us to compute the

field ū by solving Equation (4.17) for a fixed configuration of cells {p̃i}. At this point,

we will drop the ū notation for clarity, and assume that u implicitly refers to the scaled

nutrient concentration (and likewise for our other scaled variables l̄, V̄ , x̄, ȳ, z̄, and t̄).

What is the physical meaning of the Damköhler number D? Equation (4.16) shows

how D can be interpreted as a ratio of model timescales τ , characterising the relative

rates of nutrient diffusion and uptake. However, D can additionally be understood as a

ratio of model lengthscales, which may be demonstrated as follows.

Suppose we wish to characterise a lengthscale L , over which nutrient concentrations

vary significantly with respect to the reference (bulk) concentration u0. Diffusion

increases L by spreading nutrients over space (see Equation (4.7)), and so we expect

L ∝ D, the nutrient diffusivity. By contrast, increasing the relative rate of nutrient

uptake (by raising ρ , µmax, or by decreasing γ , u0) will decrease L by making nutrient

gradients steeper. We therefore expect L ∝ γu0/(ρµmax). Combining these terms

gives a parameter cluster

A =
Dγu0

ρµmax
, (4.20)



4.2 Defining a continuum solute transport model 85

with overall units m2, which implies that
√

A qualifies as our gradient lengthscale L ,

L =

√
Dγu0

ρµmax
. (4.21)

Finally, we note that the quantity

l2

L 2 =
l2ρµmax

Dγu0
= D , (4.22)

where l is the reference lengthscale we used earlier. This demonstrates that the

Damköhler D is equivalent to a ratio of reference and gradient lengthscales.

This type of analysis can also be used to relate D to other dimensionless numbers

commonly used in biofilm modelling. One such number, Π, is defined as

Π =

√
u0Dγ

µmaxρδ 2 , (4.23)

and is used to quantify the depth to which nutrients penetrate into a biofilm [199, 43,

197].4 Using Equation (4.21), we can see that Π may be interpreted as

Π≡ L

δ
=

Nutrient gradient lengthscale
Boundary layer thickness

. (4.24)

In other words, nutrient penetration into the biofilm is significant when the gradient

lengthscale L is large relative to the boundary layer thickness δ . We describe further

extensions of this lengthscale analysis, applied to the case of diffusing toxins, in

Chapter 7.

4Note that Π is more commonly written as ‘δ ’, but since we are using δ to denote boundary layer
thickness in this thesis, we have relabelled it.
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4.3 Solutions using a finite element method

Equation (4.17) is a non-linear elliptic PDE of the form

∇
2u = f (u), (4.25)

defined on 2- or 3-dimensional domains Ω, and subject to the boundary conditions

described in the previous section. In this section, we discuss how to solve this type

of equation using finite element methods (FEM), a widely-used approach for solving

PDEs numerically [37, 133]. We begin by summarising an iterative scheme—a variant

of Newton’s method—for solving Equation (4.25), before going on to describe a FEM-

implementation of that scheme, using the finite element modelling library FEniCS.

4.3.1 Newton’s method

Numerical schemes such as Newton’s method can be used to solve Equation (4.25)

iteratively [140]. Beginning with some initial solution estimate u0, Newton’s method

may be written as a sequence of update steps,

uk+1 = uk +δuk+1, k = 0,1, . . . (4.26)

where δuk+1 represents a small perturbation that updates the solution estimate. We

can compute δuk+1 as follows: substituting Equation (4.26) into the right-hand side of

(4.25), we get

f (uk+1) = f (uk +δuk+1), (4.27)

which can be expanded as

f (uk) = f (uk)+ f ′(uk)δuk+1 +O
(
(δuk+1)2

)
(4.28)

≈ f (uk)+ f ′(uk)δuk+1. (4.29)
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Similarly, substitution on the left-hand side of (4.25) gives

∇
2uk+1 = ∇

2uk +∇
2
δuk+1, (4.30)

and so altogether we have

∇
2
δuk+1− f ′(uk)δuk+1 =−∇

2uk + f (uk), (4.31)

which has the form of a linear PDE in terms the perturbation δuk+1, assuming that we

know the previous solution uk. This indicates that we can solve non-linear PDEs, such

as Equation (4.17) by solving a linear PDE multiple times.

4.3.2 Variational forms

To solve the linear PDE Equation (4.31) using FEM, we rewrite the linear PDE using

the calculus of variations [37, 133]. Multiplying by a test function v = v(x) and taking

volume integrals over domain Ω results in the so-called weak form

∫
Ω

(
∇

2
δuk+1

)
vdV −

∫
Ω

f ′(uk)δuk+1vdV =
∫

Ω

f (uk)vdV −
∫

Ω

(
∇

2uk
)

vdV (4.32)

where dV is an infinitesimal volume element of Ω. Using Gauss’ theorem, we can

simplify integrals containing second derivatives, such as

∫
Ω

(
∇

2uk
)

vdV =
∫

Γ

(∇uk · n̂)vdS−
∫

Ω

∇uk ·∇vdV, (4.33)

and similarly for the term in ∇2δuk+1v. Here, Γ signifies the domain boundary, and

n̂ its unit outward normal vector. The boundary integral in Equation (4.33) vanishes

when we impose any combination of Dirichlet, periodic or zero-flux conditions on it.5

5This happens for different reasons in each case. For Dirichlet boundary conditions, we require
that v = 0 on the boundary. For periodic boundary conditions, the components of the integral may be
non-zero, but cancel out overall by definition. For zero-flux conditions, we have ∇uk · n̂ = 0 [133].
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The variational problem is then this: given a previous solution guess uk, update that

guess by finding perturbation δuk+1 such that

−
∫

Ω

(∇δuk+1) · (∇v)dV −
∫

Ω

f ′(uk)δuk+1vdV

≈
∫

Ω

(∇uk) · (∇v)dV +
∫

Ω

f (uk)vdV. (4.34)

4.3.3 Discrete solutions

To solve Equation (4.34) using finite elements, we divide the domain Ω into a set of

discrete, non-overlapping parts called elements, which completely span Ω. We can then

replace δuk+1 with a discrete approximation δuk+1
h , written as a linear combination of

basis functions ϕ j = ϕ j(x) defined on N nodes (points) connecting those elements,

δuk+1
h =

N

∑α
k+1
j ϕ j, (4.35)

with each basis function weighted by an unknown coefficient α
k+1
j that we aim to

determine. Certain choices of basis function qualify as suitable test functions v [133],

allowing us to discretise (4.34) as

−
N

∑
j

α
k+1
j

(∫
Ω

∇ϕ j ·∇ϕidV
)
−

N

∑
j

α
k+1
j

(∫
Ω

f ′(uk)ϕ jϕidV
)

=
∫

Ω

∇uk ·∇ϕidV +
∫

Ω

f (uk)ϕidV, i = 1,2, . . . ,N, (4.36)

or in matrix form,

− (K+M)k
α

k+1 = (b+ c)k, (4.37)
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whose elements are defined as

Ki j =
∫

Ω

∇ϕ j ·∇ϕidV, (4.38)

Mi j =
∫

Ω

f ′(uk)ϕ jϕidV, (4.39)

bi =
∫

Ω

∇uk ·∇ϕidV, and (4.40)

ci =
∫

Ω

f (uk)ϕidV. (4.41)

Each of these integrals can be computed numerically if we already know what the

functions ϕi, f and uk = f (αk) are. Note that basis functions centered on sections of

the domain boundary δΩ where Dirichlet boundary condition apply are not suitable

test functions because they are non-vanishing at these locations. Where this applies,

rows of K, M, b and c can be overwritten with known solution values.

We now have a method for approximating discrete solutions to non-linear elliptic PDEs:

given an initial solution estimate u0, we can solve a series of variational problems

using FEM to improve that estimate, updating the coefficients αk until the residual

∆2uk− f (uk) is satisfactorily small. Provided the initial iterate u0 is sufficiently close

to the true solution u, Newton’s method converges quadratically [55].

4.4 Implementation using FEniCS

To implement this finite element scheme numerically, we used FEniCS, an open-source

library for solving PDEs using finite element methods [168, 5]. For our purposes,

FEniCS is an ideal modelling tool: it has a front-end written in Python, which can

easily be interfaced with CellModeller, but an efficient back-end written in C++. It also

contains a large amount of in-built functionality for solving PDEs using finite elements,

including meshes, basis functions and numerical solvers. Here we summarise our

implementation of the scheme described in Section 4.3 using this library.
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4.4.1 Meshes, elements and boundaries

We discretise the 2-D and 3-D domains described in Section 4.2.2 using regular

crossed meshes (in-built FEniCS class RectangleMesh()) and box meshes (in-built

class BoxMesh()), as shown in Figure 4.2. Crossed meshes consist of an Nx-by-Nz grid

of rectangles of overall dimensions Lx×Lz , each containing four triangular elements

of equal area (Figure 4.2-A). Box meshes consist of an Nx-by-Ny-by-Nz grid of cuboids

of overall dimensions Lx×Ly×Lz, each containing six tetrahedral elements of equal

volume (Figure 4.2-B). The number of elements along the base of the domain, Nx (and

Ny in 3-D) are fixed to give a constant element size hx = Lx/Nx (and hy = Ly/Ny in

3-D). The domain height Lz depends on the cell configuration as Lz = δ +max(pz),

and so Nz is chosen so as to set the vertical element size hz ≈ hx = hy = h, using

Nz = ⌊Lz/h⌉, (4.42)

where the operation ⌊·⌉ denotes rounding to the nearest integer.

We then define basis functions {ϕ} on these meshes. Specifically, we use 1st order

Lagrange basis functions, selected using the in-built FEniCS class FunctionSpace.

This choice of basis function makes our discrete solution (Equations (4.26), (4.35)

and (4.37)) a piecewise-linear approximation to the true nutrient field u, as defined by

Equation (4.17). The boundary conditions specified in Section 4.2.2 are implemented

using the FEniCS class DirichletBC() for the source boundary condition at z =

Lz, and custom classes XPeriodicDomain() and XYPeriodicDomain() for lateral

periodic boundary conditions in 2 and 3 dimensions, respectively.6

6Note that zero-flux boundary conditions are ‘natural’ (set by default), and do not need to be imposed
explicitly [133].
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Finite element meshes 

2-D

3-D

A B C

Figure 4: Finite element meshes 2 and 3 dimensions. Rectangular or cuboidal simulation domains 
$\Omega$ are discretised using regular meshes (A) of the same dimensions. Each mesh is contructed from 
multiple copies of a single unit cell (B), which in turn contains multiple simplex elements (C): 4 triangles in 
the  2-D case, or 6 tetrahedra in the 3-D case. In both cases, the regular structure of the mesh enables 
efficient element assignment for each bacterial cell in the colony.

Fig. 4.2 Finite element meshes in 2 and 3 dimensions. Rectangular or cuboidal simula-
tion domains Ω are discretised using regular meshes (A). Each mesh is constructed
from multiple copies of a single unit cell (B), which in turn contains multiple simplex
elements (C): 4 triangles in the 2-D case, or 6 tetrahedra in the 3-D case. In both
cases, the regular structure of the mesh enables efficient element assignment for each
microbial cell in the colony.

4.4.2 Defining the volume fraction function

The finite element problem also requires a definition of the cell volume fraction field

φ(x), which needs to be calculated from the cell configuration {pi} for each simulation

timestep.

For each mesh element, we can approximate the local cell volume fraction by eval-

uating which cells lie in that element, summing their volumes, and dividing by the

element volume. This gives an element-wise approximation to φ , that can then be

supplied to FEniCS as a piece-wise constant function. We then avoid having to com-

pute integrals over φ(x) in Equations (4.39) and (4.40) for each iteration of the solver

scheme – instead, we can read off φ from a pre-computed list of values, increasing the

computational efficiency of the scheme.

This piece-wise constant approximation of φ is expected to be effective provided that

h > l, where h is the element width and l the characteristic cell size, which places an
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A B C
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Counting cells onto meshes

Figure 5: Methodology for computing the cell volume fraction function $Phi$ by counting capsule cells onto 
finite element meshes, defined by nodes (dots) and connecting edges (lines). We use a 2-part method, 
demonstrated using a 2-D example in A and B. First, the grid square containing the capsule (red) is 
assigned (A), by comparing the coordinates of its centroid to the unit cell size. Here, $0\times h_{x} < 
p_{x}\leq 1\times h_{x}$ and $1\times h_{x} < p_{y}\leq 2\times h_{x}$, showing that the capsule lies 0 
squares across from, and 1 square up from, the square indexed 0: grid square 2. Second, the capsule is 
assigned to one of the 4 triangular elements within that square (B), by comparing its coordinates (expressed 
in the frame of the square) to those defining the two mesh diagonals, $y_{1} = 0 + \frac{h_{y}}{h_{x}}x$, and 
$y_{2} = h_{y} - \frac{h_{h}}{h_{x}}x$. Here, the capsule’s center falls below both lines, so it is assigned to 
element index 0. The square and element indices from A and B are combined to give the global index of the 
capsules’ element. In 3 dimensions, the procedure is similar, except that each unit cube in the grid is divided 
into 6 tetrahedra by 3 diagonal planes, as shown in C. As before, element indices are determined by 
computing whether a given cell lies above or below each of these planes.

0
1 2

3

2 3

0 1

Fig. 4.3 Methodology for computing the cell volume fraction function φ by counting
capsule cells on finite element meshes, defined by nodes (dots) and connecting edges
(lines). We use a 2-part method, demonstrated using a 2-D example in A and B.
First, the grid square containing the capsule (red) is assigned (A), by comparing the
coordinates of its centroid to the unit cell size. Second, the capsule is assigned to
one of the 4 triangular elements within that square (B), by comparing its coordinates
(expressed in the frame of the square) to those defining the two mesh diagonals, y1
and y2. The square and element indices from A and B are combined to give the global
index of the capsules’ element. In 3 dimensions, the procedure is similar, except that
each unit cube in the grid is divided into 6 tetrahedra by 3 diagonal planes, as shown
in C. As before, element indices are determined by computing whether a given cell’s
centroid lies above or below each of these planes.

upper limit on the resolution of the mesh (i.e. on 1/h).7 A more detailed treatment of

the problem, in which φ(x) is represented as a continuous function, would extend this

limit further, but is beyond the scope of this thesis.

Because our finite element meshes will generally contain a large number of cells

(1000-10,000), it is important that cell element assignment is performed efficiently.

We use a two-part assignment process that exploits the regular structure and geometry

of our meshes, in order to rapidly define and export the φ function:

1. Given a cell’s coordinates, assign the unit grid cell to which it belongs;

2. Within that unit grid cell, compute which element the cell lies in.

This process is explained further in Figure 4.3, using a 2-dimensional example. Given

an Nx by Nz regular grid of squares, whose dimensions are Lx× Lz, Figure 4.3-A
7We test this limit in the next section by using meshes with h≈ l, which show satisfactory conver-

gence.
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shows how to compute which square a given point p = [px, pz] lies in. Numbering

grid columns along the x axis from 0 to Nx − 1 as shown, the point must be in

column ⌊px,i/hx⌋, where ⌊ ⌋ denotes the mathematical ‘floor‘ operation (nearest integer

rounding towards negative infinity). Similarly, the point’s row index is ⌊pz,i/hz⌋. If we

number the squares from 0 to NxNz−1 going along x then z, then the global index a of

the target square is

a = ⌊px,i/hx⌋︸ ︷︷ ︸
column index

+Nx ⌊pz,i/hz⌋︸ ︷︷ ︸
row index

. (4.43)

A similar procedure applies in 3-dimensions: this time there are three axis indices to

count along, giving

a = ⌊px,i/hx⌋+Nx⌊py,i/hy⌋+NxNy⌊pz,i/hz⌋. (4.44)

The next stage is to calculate which of the elements within square a contains point

p. As shown in Figure 4.3-B, each square in a cross mesh contains four triangular

elements, separated by two diagonal lines y1 and y2. If the origin of the square is

[ps,x, ps,z], we can write equations for these lines

y1 = 0+
hz

hx
x, and (4.45)

y2 = hz−
hz

hx
x. (4.46)

We can then score point p according to which of the planes it lies above, so that each

of the four triangles corresponds to a unique score b, given by

b = H

(
(pi,z− ps,z)−

hz

hx
(pi,x− ps,x)

)
+2H

(
(pi,z− ps,z)+

hz

hx
(pi,x− ps,x)−hz)

)
, (4.47)
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where above we have used the Heaviside function H , defined as

H (x) =


1, x > 0,

0, x≤ 0,
(4.48)

to compare cell coordinates with those of each plane.

In three dimensions, the arrangement of elements in a grid cell is different, but a similar

system can be devised. Figure 4.3-C shows how a cubic grid cell is divided up into six

tetrahedral elements of equal volume. These elements are separated by three planes,

which pass through the main diagonal axis of the cube. Writing the cube’s origin as

[ps,x, ps,y, ps,z], we can again score the point p according to which of the planes it lies

above, giving a unique tetrahedron index b,

b = H

(
hz

hy
(py,i− py,s)− (pz,i− pz,s)

)
+2H

(
hx

hz
(pz,i− pz,s)− (px,i− px,s)

)
+4H

(
hy

hx
(px,i− px,s)− (py,i)− py,s)

)
. (4.49)

In each case, once both a and b are known, the point’s absolute element index m can

be computed as

m =


b+4a, (in 2D),

b+6a, (in 3D).
(4.50)

Repeating the procedure for a list of cell positions {pi} produces a table of element

assignments that can then be searched (using Python functions such as bincount)

to sum the cell volumes (or areas) present in each element. Note that each of these

processes uses only the coordinates of cell centroids. We use the assumption that if

a cell’s centre lies within a particular mesh element, then all of that cell’s volume
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(or area) is then assigned to that element, even if part of the cell lies within another

element. The full procedure used to assign cells to the elements of regular 2- and

3-dimensional meshes are shown in Algorithms 1 and 2.

Data: Cell centroids {pi}, cell areas {Ai}, regular cross mesh M of dimensions
[0,Lx]× [0,Lz] with divisions Nx, Nz

Result: Empty list of cell area fractions for each element {Am}= 0
Initialise {Am}= 0; empty list of cell elements {Ei}= 0;
for each cell i do

1. Get rectangle index a:

a = ⌊px,iNx/Lx⌋+Nx⌊pz,iNz/Lz⌋. (4.51)

2. Get rectangle origin pa:

pa = [Lx⌊px,iNx/Lx⌋/Nx, Lz⌊pz,iNz/Lz⌋/Nz]. (4.52)

3. Get triangle index t:

b = H

(
(pi,z− pa,z)−

LzNx

LxNz
(pi,x− pa,x)

)
+2H

(
(pi,z− pa,z)+

LzNx

LxNz
(pi,x− pa,x)−

Lz

Nz
)

)
. (4.53)

4. Assign cell element index Ei = b+4a.
end
for each element m do

for each cell i do
if element Ei = m then

Am← Am +Ai
end

end
Am← Am/(

LxLz
NxNz

)

end
Algorithm 1: Cell counting algorithm for crossed 2-D meshes

4.4.3 FEniCS PDE solver

FEniCS contains an in-built version of the Newton’s method solver described previ-

ously, called using the function solve(). The solver performs the iteration procedure

in Equation (4.26) automatically, measuring values of the residual rk = ∇2uk− f (uk)
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Data: Cell centroids {pi}, cell volumes {Vi}, regular cubic mesh M of
dimensions [0,Lx]× [0,Ly]× [0,Lz] with divisions Nx, Ny, Nz

Result: Empty list of cell area fractions for each element {Vm}= 0
Initialise {Am}= 0; empty list of cell elements {Ei}= 0;
for each cell i do

1. Get rectangle index a:

a = ⌊px,iNx/Lx⌋+Nx⌊py,iNy/Ly⌋+NxNy⌊pz,iNz/Lz⌋. (4.54)

2. Get rectangle origin pa:

pa = [Lx⌊px,iNx/Lx⌋/Nx, Ly⌊py,iNy/Ly⌋/Ny, Lz⌊pz,iNz/Lz⌋/Nz]. (4.55)

3. Get tetrahedron index b:

b = H

(
LzNy

LyNz
(py,i− py,a)− (pz,i− pz,a)

)
+2H

(
LxNz

LzNx
(pz,i− pz,a)− (px,i− px,a)

)
+4H

(
LyNx

LxNy
(px,i− px,a)− (py,i)− py,a)

)
. (4.56)

4. Assign cell element index Ei = b+6a.
end
for each element m do

for each cell i do
if element Ei = m then

Vm←Vm +Vi
end

end
Vm←Vm/(

LxLyLz
NxNyNz

)

end
Algorithm 2: Cell counting algorithm for regular 3-D meshes
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Figure 6: Diagrams depicting test problems 1, 2 and 3, showing vertical 2-D slices through the simulation 
domain. Shaded areas show the sections of the domain where the cell volume fraction $\phi$ is non-zero. 1 
shows a simple model where $\phi$ is constant in space. In 2, $phi$ is a step function of height $z$, but 
homogenous in $x$ (and $y$ in 3-D problems). 3 represents the full nutrient modelling problem, where 
$\phi$ is taken from a realistic cell configuration generated by CellModeller.

Test problems

Test 1 Test 3Test 2

Fig. 4.4 Diagrams depicting test problems 1, 2 and 3, showing vertical 2-D slices
through the simulation domain. Shaded areas show the sections of the domain where
the cell volume fraction φ is non-zero. (1) shows a simple model where φ is constant in
space. In (2), φ is a step function of height z, but invariant in x (and y in 3-D problems).
(3) represents the full nutrient modelling problem, where φ is taken from a realistic
cell configuration generated by CellModeller.

for each iteration k. We control the solver performance using two parameters: the

relative solution tolerance εn, and the maximum iteration number Niter, set to default

values of 1×10−6 and 50 respectively. Solver iteration is set to end when either of the

following conditions is met: either the relative residual is satisfactorily low, rk/r0 < εn,

or the solver runs out of iterations k > Niter. In the former case, the converged solution

uk is returned; in the latter case, an error is reported and the program terminates.

4.5 Implementation testing

Having shown how to implement the reaction-diffusion solute model using the FEniCS

finite element library, we now need to test that implementation. Tests of computational

models generally fall into two categories:

1. Verification: given a model of some process, has that model been implemented

correctly?

2. Validation: independent of its implementation, is the model itself a valid repre-

sentation of the physical processes being modelled?

This section is all about verification – we will look at experimental validation later, in

Chapters 5 and 6. Our aim here is to test whether our FEniCS implementation—the
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computer code, numerical schemes and the solutions they produce—is able to represent

the model to a satisfactory degree of accuracy. The verification scheme presented

here consists of subjecting the implementation to three tests of increasing complexity.

Figure 4.4 shows diagrams summarising the three test problems, which are as follows:

• Test problem 1: Letting Lx = Lz = 40µm (= Ly for 3-D problems), assume that

the volume fraction function φ = 0.5 over all space (Figure 4.4-1).

• Test problem 2: Again using Lx = Lz = 40µm (= Ly for 3-D problems), make

the φ a step function of height z, so that φ = 1 when z≤ Lz/2 and zero otherwise

(Figure 4.4-2).

• Test problem 3: Using domains of similar geometry, compute φ from a ‘real’

configuration of cells {pi} produced by CellModeller, roughly filling the bottom

half of the domain, choosing Lz = max(pz,i).

For each test, we analyse the results of the implementation and use them to decide

if the answers provided are correct. If the answers are correct, we will assume that

the implementation is correct, and can be applied to other problems on top of the test

problem.

In Tests 1 and 2, φ is invariant in the x (and y) directions. This in turn makes the

transport PDE invariant in x and y, as there is nothing to drive lateral flow of solute. In

Test 1, the PDE reduces to a second-order non-linear ODE

d2u
dz2 =

1
2
D

(
u

u+η

)
, (4.57)

subject to the boundary conditions

du
dz

∣∣∣∣
z=0

= 0, u(Lz) = 1. (4.58)
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The same applies for Test 2, except the reaction term f (ū) becomes a step function of

height,

f (u) =


(

Du
u+η

)
, z≤ Lz/2

0, z > Lz

(4.59)

In these two cases, the volume fraction function φ can be generated directly from the

mesh, instead of from a cell configuration specified by CellModeller. The φ function

generator still needs to be tested however, so we need to feed it a list of cell positions

and volumes (areas) accordingly. To do this for Test 1, we place an imaginary cell

at the centroid of each mesh element, setting the cell’s volume (or area) in each case

to be half that of the element. For Test 2, we do this for only the first 50% of mesh

elements (corresponding to the bottom half of the domain), setting the volume or area

equal to that of the element.

The resulting boundary value problems are difficult to solve analytically, but very

simple to solve numerically. We can therefore test the output of the FEniCS PDE

implementation against a numerical solution provided by a different numerical solver –

one that has already been thoroughly tested, and whose errors are well-defined. For

this purpose, we use the Chebfun ODE solver [113, 81], implemented in MATLAB, to

compute trusted, high-resolution approximations of the true solution u.8 The accuracy

of our FEniCS solutions uh can then be quantified using metrics like the L2-norm

absolute error, Eabs, defined as

Eabs = ||u−uh||l2 (4.60)

=

(∫ Lz

0
(u−uh)

2dz
) 1

2

, (4.61)

8Solutions from the Chebfun solver also behave like continuous solutions, which makes computing
the integrals in Equations (4.61) and (4.63) straightforward [113, 81].
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or the relative error, Erel,

Erel = ||u−uh||l2/||u||l2 (4.62)

=

(∫ Lz

0
(u−uh)

2dz
) 1

2

/

(∫ Lz

0
u2dz

) 1
2

. (4.63)

Test 3 represents our most realistic test problem, equivalent to the PDE that FEniCS will

actually have to solve during simulations. Here, we compute φ as discussed previously

from cell configurations generated by CellModeller, in either 2 or 3 dimensions. Both

configurations consist of approximately flat layers of cells roughly 20 µm in depth.

However, since these cell configurations are not completely homogeneous in x and y,

the PDE for Test 3 does not reduce to a simple ODE form, and we have no trusted

solution to compare our answers against. However, since we expect φ functions to be

similar in Tests 2 and 3, we can compare their results and check for any unexpected

differences.

For each of the three test problems, we perform two types of analysis, using both 2-D

and 3-D domains:

• A parameter sweep using a fixed mesh resolution, varying the bulk solute

concentration value u0 (via the Damköhler number D) through four orders of

magnitude. This initial comparison helps to establish the form of the solutions

uh to the solute PDE, and their resemblance to the trusted solutions u.

• A convergence test using a mesh discretisation series: a sequence of increasingly

fine meshes used to check how the error of our discrete approximations varies

with the mesh parameter h. The aim here is to verify that solutions are convergent

– i.e. that error can be reduced to an arbitrarily low value by selecting a mesh of

appropriate fineness.

The results of these analyses are shown in Figures 4.5 and 4.6 respectively. Here we

discuss the behaviour of each in turn.
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Parameter sweeps for test problems

Figure 7: Parameter sweeps for test problems 1 (A,B) 2 (C,D) and 3 (E,F) , solved on 2-D (top rows) and 3-D 
(bottom rows) FEniCS meshes, where $h_{x}=h_{y}=h_{z}=h=2.5$. Solution plots (A) show variation in scaled 
solute concentration for decreasing values of bulk concentration parameter $u_{0}$, equal to 500, 50, 5 and 
\SI{0.5}{\gram\per\meter\cubed} in cases 1 through 4 respectively. Contours mark points of equal concentration, 
from $u / u_{0} = 0.1$ to $0.9$ in increments of 0.1. In B, we compare these solutions (circles) to trusted 
solutions produced by the Chebfun ODE solver (solid lines). Traces are colour-coded using case labels in A. 
FEniCS solutions were measured along the central vertical axes of each mesh, as shown by the yellow lines in 
A, case 1. C and D follow the same pattern as A and B, but depict the results of Test 2. In E and F we again plot 
solutions for the 4 parameter cases, shown alongside the cell configurations used to generate them.

E FCase 1 Case 2 Case 3 Case 4

2-D

3-D

2-D

3-D

Case 1 Case 2 Case 3 Case 4
A B

C DCase 1 Case 2 Case 3 Case 4

2-D

3-D

Fig. 4.5 Parameter sweeps for test problems 1 (A, B), 2 (C, D) and 3 (E, F), solved on
2-D (top rows) and 3-D (bottom rows) FEniCS meshes, where hx = hy = hz = h = 2.5.
Solution plots (A) show variation in scaled solute concentration for decreasing values
of bulk concentration parameter u0, equal to 500, 50, 5 and 0.5 gm−3 in Cases 1
through 4 respectively. Contours mark points of equal concentration, from u/u0 = 0.1
to 0.9 in increments of 0.1. In B, we compare these solutions (circles) to trusted
solutions produced by the Chebfun ODE solver (solid lines). Traces are colour-coded
using case labels in A. FEniCS solutions were measured along the central vertical axis
of each mesh, as shown by the yellow lines in A, Case 1. C and D follow the same
pattern as A and B, but depict the results of Test 2. In E and F we again plot solutions
for the 4 parameter cases, shown alongside the cell configurations used to generate
them.
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4.5.1 Results I: parameter sweeps

Figure 4.5 shows example solutions on 2- and 3-dimensional meshes for the three

test problems (Figure 4.5-A, C, and E for Tests 1, 2 and 3 respectively), using a

mesh parameter of h = 2.5µm in each case. On these meshes, solutions were gen-

erated using u0 = 500, 50, 5 and 0.5 gm−3 (labelled as Cases 1-4), representing a

spectrum of nutrient perfusion scenarios from rich feeding to poor feeding. The corre-

sponding dimensionless control parameters are D = 0.0001,0.001,0.01 and 0.1, and

η = 0.00033,0.0033,0.033 and 0.33, respectively.

For Tests 1 and 2 (Figure 4.5-B,D), we compare the FEniCS solution to the trusted

Chebfun solution u. 2- and 3-dimensional FEniCS solutions are converted into 1-D

solutions by measuring uh values along the central vertical axis of the mesh: the line

[Lx/2, 0]→ [Lx/2, Lz] in 2-D, and the line [Lx/2, Ly/2, 0]→ [Lx/2, Ly/2, Lz] in 3-D.

Because Nx and Ny are always even (by choice), this line always intersects with nodes

at the centre of the mesh, whose solution values can be read off.

Going from Case 1 to 4, the supply of nutrient from the bulk liquid to the biofilm

diminishes, resulting in increased nutrient gradients and decreased perfusion. In each

case however, we see good agreement between FEniCS and Chebfun solutions. We

also see good correspondence between the 2- and 3-D solutions, which appear identical.

This is as it should be, since our claim was that solutions would be invariant in the x

and y dimensions for Tests 1 and 2 – so that solutions in 1, 2 or 3 dimensions should

all be equivalent.

In the case of Test 3 (Figure 4.5-E and F), we have no Chebfun solutions to compare

with, so we plot the FEniCS solution only. Reassuringly however, the solutions

resemble those of Test 2, since the step function approximation to φ is similar to that

generated by a realistic cell configuration. This correspondence indicates that Test 2 is

a good approximation of Test 3 when examining a uniform layer of cells, and so the
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agreement with Chebfun solutions in Test 2 is good evidence to suggest the validity of

Test 3.

4.5.2 Results II: convergence analysis

Having qualitatively compared our FEniCS solutions against trusted values, we now

quantify discrepancies as a function of mesh resolution, beginning with results from

Test 1. In Figure 4.6-A, we show 2-D (top) and 3-D (bottom) mesh discretisation

series: four increasingly-refined meshes, with h ranging from 10 (left) to 1.25 µm

(right). On these meshes, we plot interpolated values of the elementwise cell volume

fraction function φ , as measured by our on-grid cell counting system.

In Figure 4.6-B, we compare FEniCS and Chebfun solutions to compute the absolute

and relative solution error as a function of mesh parameter h, both in 2-D (top) and

3-D (bottom). This procedure is applied for both periodic and non-periodic boundary

conditions. In all cases, the error converges quadratically: least-squares fitting to each

of the lines in Figure 4.6-B gives a mean gradient of 1.985 in 2D, or 1.997 in the 3-D

case.

Figure 4.6-C and D follow the same pattern as 4.6-A and B. In Figure 4.6-D, we see

the scheme again becomes approximately quadratically convergent once h = 5µm or

below. Here the mean convergence gradients are 1.827 (2-D case) and 1.845 (3-D case),

excluding the coarsest mesh h = 10µm. Overall, both observations are consistent with

the scheme being quadratically convergent in space.

Finally, Figure 4.6-E and F show similar analyses applied to the results of Test 3. In

this case, because cells have fixed coordinates instead of automatically being placed

at element centroids, the cell volume fraction function can become patchy at high

mesh resolution, as elements are too small to contain any cell’s centroid. Although

we lack trusted solutions for Test 3, we can still check that our FEniCS solutions are

converging to some particular set of values. In Figure 4.6-F, we compare solutions
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Convergence analysis for test problems
A

(M = 64) (M = 256) (M = 1,024) (M = 4096)

(M = 384) (M = 3,072) (M = 24,576) (M = 196,608)

B

2-D

3-D

2-D

3-D

1

0
C D

(M = 64) (M = 256) (M = 1,024) (M = 4096)

(M = 384) (M = 3,072) (M = 24,576) (M = 196,608)

Figure 8: Convergence analysis for test problems 1 (A,B) 2 (C,D) and 3 (E,F) , solved on 2-D (top rows) and 3-D 
(bottom rows) FEniCS meshes. A shows a discretisation series of increasingly refined meshes (left to right: h = 
10, 5, 2.5 and \SI{1.25}{\micro\meter}) annotated with their element populations $M$. Meshes are shaded 
according to the volume fraction field $\phi$. In B, we compare periodic and non-periodic solutions evaluated on 
these meshes to trusted 1-D Chebfun solutions, showing quadratic reduction in the relative error (least-squares 
fitting, gradient = ???) as $h$ is reduced. C and D are analogous to A and B respectively, repeating the same 
analysis for Test 2. Here the convergence gradient is ???, excluding the coarsest mesh 
$h=\SI{10}{\micro\meter}$. In Test 3, $\phi$ is evaluated from a real cell configuration, resulting in patchy 
distributions for low $h$ values (E). In F, we plot the pairwise convergence of solutions, as Test 3 cannot be 
solved by Chebfun. Convergence is subquadratic in the 2-D case, but quadratic (gradient = ???) in 3-D, even 
when $\phi$ becomes patchy.

1

0

2-D

3-D

(M = 64) (M = 256) (M = 1,024) (M = 4096)

(M = 480) (M = 3,456) (M = 26,112) (M = 202,752)
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Fig. 4.6 Convergence analysis for test problems 1 (A, B) 2, (C, D) and 3 (E, F), solved
on 2-D (top rows) and 3-D (bottom rows) FEniCS meshes. A shows a discretisation
series of increasingly refined meshes (left to right: h = 10, 5, 2.5 and 1.25 µm) anno-
tated with their element populations M. Meshes are shaded according to the volume
fraction field φ . In B, we compare periodic and non-periodic solutions evaluated
on these meshes to trusted 1-D Chebfun solutions, showing approximately quadratic
reduction in the relative error as h is reduced. C and D are analogous to A and B
respectively, repeating the same analysis for Test 2. In Test 3, φ is evaluated from a
real cell configuration, resulting in patchy distributions for low h values (E). In F, we
compare solutions to a reference FEniCS solution computed on a very fine mesh, as
Test 3 cannot be solved by Chebfun.
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on the discretisation series uh to solutions generated on a very fine mesh uH , with

H = 1.11µm ≈ l. We measure the absolute and relative differences between these

solutions using

Eabs =

(
N

∑
i=0

(uh,i−uH,i)
2

) 1
2

(4.64)

and

Erel =

(
N

∑
i=0

(
uh,i−uH,i

uH,i

)2
) 1

2

, (4.65)

where {ui,h} and {ui,H} are the N nodal values of the solutions. Plotting these metrics

against h shows that solutions are converging to particular values: convergence is

quadratic in 3-D (mean gradient of 1.997), but sub-quadratic in 2-D (1.291). Interest-

ingly, we see that convergence is maintained right up until the h≈ l limit.

Overall, these results indicate that a mesh parameter of ≈ 5.0µm is sufficient to ensure

a relative error of 2% or lower in each test case, for both 2- and 3-dimensional problems.

We will therefore use this value of h for the remainder of the thesis, unless indicated

otherwise.

4.5.3 Fully-coupled hybrid model

Our tests so far have examined the behaviour of solute field solutions for fixed cell

coordinates – generated either from the mesh itself (Tests 1 and 2), or by CellModeller

(Test 3). In these cases, the interaction between cells and solutes is one-way only.

However, the fundamental purpose of our proposed hybrid model is to describe two-

way interactions, or feedback, between the cell configuration and the solute fields

surrounding it.

As a final test of the framework, we show example simulations where the expanding

cell configuration is fully coupled to the solute fields, and vice-versa. Beginning with

some initial arrangement of cells, the state of the simulation is updated iteratively

according to a three-step algorithm:
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t1 t2 t3

A

5h0h 11h

B

48h0h 144h

Figure 9: Example simulations demonstrating full coupling between cell growth and solute fields, as 
described in this Chapter. Here we use the completed hybrid model to grow quasi-2-D ($L_{x}$ = 
\SI{150}{\micro\meter}, $L_{y}$ = \SI{150}{\micro\meter}) colonies from cell monolayers (t1), under 2 
contrasting perfusion regimes. In A, the bulk solute concentration $u_{0} = \SI{5}{\gram\per\meter\cubed}$ is 
sufficient for a \SI{5}{\micron}-deep layer of cells to grow rapidly (black arrows). The colony front expands 
evenly (t2), resulting in a smooth morphology (t3). In B, we repeat the same simulation with $u_{0} = 
\SI{0.5}{\gram\per\meter\cubed}$, comparing snapshots with similar colony volumes. In this scenario, solute 
is too scarse for a complete layer of cells to grow: the advancing front becomes unstable (t2), generating a 
branched colony morphology (t3, black arrows). In each case, cells are coloured by their growth rate 
according to the colorbar shown. Values of the dimensionless control parameters $\mathcal{D}$ and 
\mathcal{\eta}$ are listed (t2 column), along with the collection time for each snapshot. Contours mark points 
of equal concentration, from $u / u_{0} = 0.1$ to $0.9$ in increments of 0.1.

Fig. 4.7 Example simulations demonstrating full coupling between cell growth and
solute fields, as described in this chapter. Here we use the completed hybrid model to
grow quasi-2-D (Lx = 150 µm, Ly = 5 µm) colonies from cell monolayers (t1), under 2
contrasting perfusion regimes. In A, the colony front (t2, black arrow) expands evenly,
resulting in a smooth morphology (t3). In B, we repeat the same simulation with
u0 = 0.5gm−3, comparing snapshots with similar colony volumes. In this scenario,
the advancing front becomes unstable (t2), generating a branched colony morphology
(t3, black arrows). In each case, cells are coloured by their growth rate according to the
colourbar shown. Values of the dimensionless control parameters D and η are listed
(t2 column), along with the collection time for each snapshot. Contours mark points of
equal concentration, from u/u0 = 0.1 to 0.9 in increments of 0.1. Mesh parameter h
and boundary layer thickness δ are set to 5 and 40 µm respectively.

1. Computing the nutrient field to pseudo-steady state, given the current cell con-

figuration;

2. Growing and dividing cells, given local nutrient concentrations, according to

Equation (4.19);

3. Computing cell movement given a non-equilibrium cell configuration (as de-

scribed in Chapter 3).

Note that this algorithm is similar to the one discussed in Chapter 3, but importantly

now includes coupling between the growth of individual cells and the nutrients in their
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environment. In this way, the cells and the solute field surrounding them are allowed

to influence each other as the colony expands.

Figure 4.7 shows a series of snapshots from simulations performed using different

values of the bulk nutrient concentration u0: u0 = 5.0gm−1 in Figure 4.7-A, and

u0 = 0.5gm−1 in Figure 4.7-B. Both simulations use the same quasi-2-D domain

(Lx = 150 µm, Ly = 5 µm), the same boundary conditions (ū = 1 at z = Lz and zero-flux

elsewhere) and are initiated in the same way, by placing 70 randomly-oriented capsule

cells at regular intervals along the base of the domain. However, the difference in

bulk solute concentration is sufficient to drive a profound change in the shape of the

emerging colony.

In both cases, the nutrient supply to the colony is limited, so that only cells towards the

top of the colony experience concentrations high enough for rapid growth. However, in

Figure 4.7-A there is still sufficient solute to maintain a complete, 5 µm-thick layer of

growing cells (black arrows), whereas in Figure 4.7-B the layer is much thinner. This

difference is critical – the layer in Figure 4.7-A is thick enough to be stable, whereas

the layer in Figure 4.7-B is subject to a surface or “branching” instability. In the latter

case, small differences in cell position at the front trigger positive feedback events:

cells on the expanding front that are marginally higher than their neighbours receive

preferential nutrient access, allowing them to grow rapidly and gain further height,

and so on. The resulting colony (Figure 4.7-B, t3) has a “branched” morphology

[105, 186], in contrast to the smooth morphology in the first simulation (Figure 4.7-A,

t3).

This demonstrates that our finished hybrid model can recreate an important and widely-

modelled feature of biomass-nutrient interactions [222, 146, 199, 28]: the ability to

control the gross morphology of a community by changing the rate at which nutrient

is supplied to it.
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4.6 Conclusions

In this chapter, we have described the creation of a computational model for describing

nutrient-controlled growth in a growing microbial community. We have discussed

how community-scale continuum models of nutrient transport can be simplified,

discretised and implemented, using the method of finite elements. Using test problems

of increasing complexity, we have verified our model implementation, showing that it

fulfills stability and consistency criteria under a range of different conditions.

The end product of this work is a flexible, reliable hybrid model that can be applied

to simulate competition in a microbial community. Importantly, this model extends

previous model paradigms by enabling the simulation of mixtures of different cell

shapes, whilst still describing the all-important coupling between the colony and the

solute fields around it.
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Abstract

The clearest phenotypic characteristic of microbial cells is their shape, but we do not

understand how cell shape affects the dense communities, known as biofilms, where

many microbes live. Here, we use individual-based modelling to systematically vary

cell shape and study its impact in simulated communities. We compete cells with

different cell morphologies under a range of conditions and ask how shape affects the

patterning and evolutionary fitness of cells within a biofilm. Our models predict that

cell shape will strongly influence the fate of a cell lineage: we describe a mechanism

through which coccal (round) cells rise to the upper surface of a community, leading

to a strong spatial structuring that can be critical for fitness. We test our predictions

experimentally using strains of Escherichia coli that grow at a similar rate, but which

differ in cell shape due to single amino acid changes in the actin homolog MreB. As

predicted by our model, cell types strongly sort by shape, with round cells at the top of

the colony and rod cells dominating the basal surface and edges. Our work suggests

that cell morphology has a strong impact within microbial communities and may offer

new ways to engineer the structure of synthetic communities.

5.1 Introduction

In Chapters 3 and 4, we showed how to combine an existing model of microbial

biomechanics with a Python-based solute-modelling system. The product of this

development is a flexible individual-based modelling (IbM) framework that allows
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us to study the effects of cell shape in a microbial community, such as a colony or

biofilm, in which large numbers of cells compete for limited resources. Significantly,

our framework allows microbial shape to be varied as a simulation parameter: by

representing individual cells as capsules instead of spheres, we allow a range of simple

microbial shapes to be included and compared as part of the same model.

In this chapter, we apply our framework to perform original and fundamental tests of

cell shape effects in microbial communities. We simulate the growth of dual-strain

biofilms composed of simple coccal or rod-shaped cells, and demonstrate a relationship

between cell shape and community spatial structure. Our analyses identify a new

mechanism by which different cell shapes can self-organise into layered structures,

thereby providing particular genotypes with preferential access to favourable positions

in the colony. In addition, we test the predictions of the model using experiments, in

which mutant Escherichia coli bacteria of different shapes are cultured together in

colonies. Overall, this work demonstrates that differences in cell shape are central to

both spatial architecture and fitness within microbial communities.

5.2 Simulating growth of mixed-shape colonies

In this section, we provide a brief recap of the basis of the IbM framework described

in Chapters 3 and 4. Figure 5.1 provides an overview of components and processes

under consideration, and Tables 5.1 and 5.2 provide a list of the model variables and

parameters used in this chapter. We then go onto describe the results of simulations

using this model.

Overall, our model is similar in structure to previous IbMs based on spherical cells

[222, 152, 199], except that it allows us to study communities containing non-spherical

cell shapes. We represent microbial communities as collections of elongating cells

on a hard surface (Figure 5.1, t1 and t2); each cell is represented by a rigid, elastic

capsule, having fixed radius r, variable segment length l, position p=(px, py, pz)
⊤, and
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Figure 1: To simulate the growth of a mixed-species microbial colony on a hard surface, we the IbM framework 
developed in Chapters 3 and 4. In summary, microbial cells are represented using rigid elastic capsules of variable 
length $l$ and fixed radius $r$ (top left); coccal and bacillar cells are approximated respectively using short (S) and long 
(L) capsules (`Cells’), modelled on \textit{Staphylococcus aureas} (top) and \textit{Escherichia coli} (bottom) bacteria 
(SEM micrographs). Colony growth is driven by 3 primary processes (`Dynamics’): cells absorb nutrients from their 
surroundings (1) in order to grow and divide (2), and repulsive interactions between growing cells lead to the expansion 
of the colony in 3 dimensions (3). By sequentially updating the cell configuration according to these rules, we simulate 
the development of colony structure from an initial inoculum of cells (t\textsubscript{1}) to a mature colony 
(t\textsubscript{2}). Micrographs provided by the Public Health Image Library \cite{Picture1} and Rocky Mountain 
Laboratories \cite{Picture2}.

Fig. 5.1 To simulate the growth of a mixed-species microbial colony on a hard surface,
we use the IbM framework developed in Chapters 3 and 4. In summary, microbial
cells are represented using rigid elastic capsules of variable segment length l and
fixed radius r (top left); coccal and bacillar cells are approximated respectively using
short (S) and long (L) capsules (‘Cells’), modelled on Staphylococcus aureas (top)
and Escherichia coli (bottom) bacteria (SEM micrographs). Colony growth is driven
by 3 primary processes (‘Dynamics’): cells absorb nutrients from their surroundings
(1) in order to grow and divide (2), and repulsive interactions between growing cells
lead to the expansion of the colony in 3 dimensions (3). By sequentially updating the
cell configuration according to these rules, we simulate the development of colony
structure from an initial inoculum of cells (t1) to a mature colony (t2). Micrographs
provided by the Public Health Image Library [178] and Rocky Mountain Laboratories
[237]. Figure reproduced with permission from [259].

orientation â=(ax,ay,az)
⊤. Cells absorb diffusing nutrients from their surroundings to

grow and divide, causing the community to expand in space (Figure 5.1, ‘Dynamics’).

We assume cells to be immotile, moving only as a result of elastic repulsion.

Importantly, the capsule representation allows cell shape to be parameterised using a

single number: the aspect ratio AR = 1+ l/2r. By changing the value of AR, we can

model a range of common microbial morphologies, including cocci (round cells with

low AR), bacilli (rod-shaped cells with high AR) and coccobacilli (intermediate AR).
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Table 5.1 Model variables used in Chapter 5

Variable Symbol Units
Cartesian coordinates x,y,z µm
Cell volume fraction field φ

Nutrient field u kgm−3

For each cell i
position vector pi = (px, py, pz)

⊤ µm
orientation unit vector âi = (ax,ay,az)

⊤ µm
segment length li µm
volume Vi = πlir2 + 4

3πr3 µm3

local nutrient concentration ui = u(pi) kgm−3

growth rate µi = µmaxui/(K +ui) s−1

In this chapter, we represent bacillar and coccal cell shapes using short (S) or long (L)

capsules, whose geometries are modelled on those of S. aureus and E. coli respectively

(Figure 5.1, ‘cells’) [203, 238]. S-type cells have an initial aspect ratio AR0 = 1.1,1

increasing to a final value AR f = 1.7 at division, whereas L-type cells have AR0 = 3.0

and AR f = 5.7. We also consider shapes intermediate to S and L later on, in Section 5.5.

5.2.1 Simulation protocol

To investigate the impact of cell shape on community growth, we simulated the growth

of vertical colony sections in 2 and 3 dimensions. Each simulation was initialised

using an inoculum of cells arranged randomly on the base of the domain, with cell axis

vectors drawn randomly in the 3-D case. Each inoculum consisted of a 1:1 mixture of

two bacterial strains, marked with red and blue colour labels for lineage tracking.

Following inoculation, all cells were allowed to grow and divide until the colony

reached a fixed maximum height of approximately 30 µm. In 2-D simulations, cell

centroids and axes were confined to a plane of base length Lx = 300µm, whereas 3-D

simulations used a cuboidal domain with base dimensions Lx = Ly = 40µm. In both

1Note that perfectly spherical cells (AR0 = 1.0) lack a principal axis, which are used to compute
spatial relationships between cells. As such, we approximate spherical morphologies with “pseudo-
spherical” capsules of AR0 = 1.1.
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Table 5.2 Model parameters used in Chapter 5

Parameter Symbol Value Units Source
Domain size: µm [222]

width Lx 300 (2D) or 40 (3D)
depth Ly 1 (2D) or 40 (3D)
height Lz Lz = max(pz)+δ

Cell radius r 0.48 µm [238]
Cell birth aspect ratio: AR0 This study

S-type 1.1
L-type 3.0

Boundary height δ 40 µm This study
Nutrient diffusivity D 2×10−9 m2 s−1 [222]
Bulk concentrations: u0 gm−3 This study

case 1: unlimited ∞

case 2: limited 5
Dimensionless parameters (D , η) This study

case 1: unlimited (0, 0)
case 2: limited (0.01, 0.033)

Biomass density ρ 290 kgm−3 [222]
Specific growth rate µmax 2.8×10−4 s−1 [239]
Uptake saturation constant K 0.35×10−3 kgm−3 [222]
Biomass yield γ 0.045 [222]
Newton solver tolerance εn 1×10−3 This study
Max. Newton solver iterations Niter 50 [168]
Mesh element size h 5.0 µm This study
Division axis noise ξâ 0.1 % [239]
Division volume noise ξV 0.2 % [239]
Regularisation weight Γ 0.002 m−1 [239]
CG Solver tolerance εCG 1×10−3 µm [239]
Max. contact iterations NCon 8 [239]
Max. CG solver iterations NCG 7n [239]
Cell grid element size hgrid 10 µm This study
Time step ∆t 15 min [239]
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cases, domains were surrounded by hard walls to approximate repulsive mechanical

forces from the basal surface and surrounding sections of the biofilm. We set Γ =

0.04 throughout the study, so that cell growth would be effectively unconstrained

by mechanical forces. As a first approximation, we also allowed all cells to grow

exponentially at a maximal growth rate µmax, representing a scenario where nutrient

perfusion in the biofilm is complete and spatially homogeneous. In the next section

of this chapter, we remove this assumption in order to model competitive interactions

between different cell shapes.

To account for the stochastic noise terms in the model mechanics scheme (see Chap-

ter 3) and inoculation procedure, we increased simulation sample sizes until measure-

ments converged, using the convergence criterion

||⟨X⟩N−⟨X⟩N−1||l2 / ||⟨X⟩N ||l2 < εTOL, (5.1)

where ⟨X⟩N denotes a mean vector of measurements (of a quantity of interest) for a

sample size N, and εTOL is a convergence tolerance set to 5%. || · ||l2 represents the

Euclidean norm operation.

In total,≈ 3000 model simulations were performed in this way, using two NVIDIA Tesla

C2075 6GB GDDR5 PCIe workstation graphics cards for simulations without nutrient

fields, and on two NVIDIA Quadro K5000 4GB GFX graphics card for simulations

including them. Simulations were visualised and checked using Paraview 4.3.1, and

the post-processing of results was carried out using MATLAB 2015a.

5.2.2 Cell shape drives spatial patterning within colonies

Figure 5.2 shows representative end-state snapshots of biofilm sections, grown using

three 1:1 combinations of S and L cell shapes (SL, SS and LL mixtures, top of

Figure 5.2), using the protocol listed above. In these simulations, we found that

different spatial structures emerged, depending on the cell shapes that were present.
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Figure 2: Mixed-shape colonies in 2- and 
3-D

Figure 2: Cell morphology affects self-organization in simulations of exponential colony growth. A: Sections of 2-D 
colonies grown from 1:1 mixtures of red- and blue-labeled strains form different spatial patterns depending on whether the 
strains have a coccal (short, S) or rod-like (long, L) morphology. B: Volume-weighted histograms of cell $z$-coordinates 
($P(z)$) show that SL mixtures develop a layered structure in both 2- and 3-D colonies, with S cells sitting above L cells. 
In SS and LL control simulations, this layering is absent. C: 3-D simulations, in which cell positions and orientations are no 
longer confined to the $xz$ plane, produce spatial patterns similar to those shown in 2-D. 20 simulations per case.

Fig. 5.2 Cell morphology affects self-organisation in simulations of exponential colony
growth. A: Sections of 2-D colonies grown from 1:1 mixtures of red- and blue-labeled
strains form different spatial patterns depending on whether the strains have a coccal
(short, S) or rod-like (long, L) morphology. B: Volume-weighted histograms of cell
z-coordinates (P(z)) show that SL mixtures develop a layered structure in both 2- and
3-D colonies, with S cells sitting above L cells. In SS and LL control simulations, this
layering is absent. C: 3-D simulations, in which cell positions and orientations are no
longer confined to the xz plane, produce spatial patterns similar to those shown in 2-D.
20 simulations per case. Figure reproduced with permission from [259].

SL cell mixtures spontaneously developed a layered structure, with groups of red S

cells lying atop blue L cells. By contrast, SS mixtures tended to produce smooth,

vertical boundaries between adjacent strain groups, with no layering. LL colonies

produced a third type of spatial patterning, developing fractal-like interdigitations

between adjacent cell groups, as reported in previous modelling studies [238, 267].

In Figure 5.2-B, we show histograms of cell z-coordinates for the two strains: here, P(z)

corresponds to the biovolume distribution along the z axis, normalized by total colony

volume. This quantifies the tendency for SL colonies to develop layered structures.
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Mixed-shape simulations using hard and periodic mechanical boundaries behave 
similarly. Here we compare 2-D simulations featuring hard lateral walls (such as 
those shown in Figures 2, S10 and S11), before and after excluding cells within 
50\si{\micro\meter}, with periodic analogues of equivalent domain sizes. Colony 
snapshots (A), taken after 4.5\si{\hour} of growth, show unclipped, clipped and 
periodic simulations, which produce similar group structures. All three cases 
produce similar layering dynamics, as quantified by mean strain height traces (B). 
Sample of 5 simulations under uniform growth conditions, initiated as described in 
the main text; cell growth rates are homogeneous.

Figure 3: Testing different  boundary 
conditions

Fig. 5.3 Mixed-shape simulations using hard and periodic mechanical boundaries
behave similarly. Here we compare 2-D simulations featuring hard lateral walls (such
as those shown in Figures 5.2), before and after excluding cells within 50µm, with
periodic analogues of equivalent domain sizes. Colony snapshots (A), taken after 4.5h
of growth, show unclipped, clipped and periodic simulations, which produce similar
group structures. All three cases produce similar layering dynamics, as quantified
by mean strain height traces (B). Sample of 5 simulations under uniform growth
conditions. Figure reproduced with permission from [259].

By contrast, the vertical strain distributions seen in SS and LL control colonies are

identical, confirming the absence of layering. The same effect is reproduced in 3-D

simulations, where cell centers and axes are not confined to the xz plane (Figures 5.2-B

and 5.2-C).

5.2.3 Layering is independent of lateral boundary conditions

The simulation domains shown in Figure 5.2 are bounded by hard walls on the bottom

and sides, which represent the constraining forces imposed by the basal surface and

surrounding sections of the colony. In the latter case, the hard wall assumption might

be expected to introduce boundary artifacts, because cells close to the sides of the

domain face additional constraints to their movement and rotation.
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To mitigate these potential boundary artifacts, we used the precaution of excluding

cells close to side walls from our analyses (cells within 50 µm of a side wall in the

2-D case, and within 2 µm in 3D). We also repeated walled simulations using periodic

boundary conditions which recreate the lateral compressive forces without using hard

walls (see Chapter 3 for further details). We show a comparison of these cases in

Figure 5.3, which demonstrates that layering dynamics in periodic simulations were

very similar to those in Figure 5.2, implying that hard boundaries do not exert a strong

influence on the patterning dynamics.

Overall, these observations suggest that individual cell shape is capable of driving

significant structural changes in the wider biofilm environment – and in particular, that

combinations of differently-shaped cells can drive the formation of layered structures,

reported previously in multi-species biofilms [57, 117, 85].

5.3 The competitive value of cell shape

Next, we examined the consequences of layering phenomena on strain competition

within the biofilm environment. Because biofilms are typically characterised as highly

heterogeneous environments, systematic differences in the positioning of bacterial

strains could lead to significant differences in their fitness, offering a competitive

advantage to particular cell morphotypes [286, 200, 144].

5.3.1 Modelling nutrient gradients

To test this hypothesis, we repeated the 3-D biofilm growth simulations using nutrient-

limited conditions. Instead of allowing all cells to grow at the same rate as before,

we coupled each cell’s growth rate µi to the local concentration u of a rate-limiting

nutrient field, evaluated at that cell’s centroid pi. As discussed in Chapter 4 and

in previous studies [222, 224, 155, 199], we model this coupling using the Monod
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Table 5.3 Solute boundary conditions used in Chapter 5

Set Boundary Condition Description
A Top: z = max(pz)+δ u = u0 Supply from bulk liquid

Bottom: z = 0 ∇u · n̂ = 0 Zero flux through base
Left, Right: x = 0, Lx ∇u · n̂ = 0 Zero flux through walls

B Top u = 0 Removal by bulk liquid
Bottom u = u0 Supply from base
Left, Right ∇u · n̂ = 0 Zero flux through walls

equation µi = µmaxu(pi)/(K +u(pi)), where µmax and K are the maximum specific

cell growth rate and the uptake saturation constant, respectively.

By imposing different boundary conditions on the nutrient reaction-diffusion equation,

opposing perfusion scenarios can be created: one in which nutrient was supplied from

above the colony, and another in which supply came from below. These boundary

conditions are listed in Table 5.3. To compute the nutrient field u = u(x,y,z) for a given

cell configuration [p1, . . . ,pn], we solved the RDE (Reaction-Diffusion Equation)

D∇
2u =

1
γ

ρµmax

(
u

u+K

)
φ(p1, . . . ,pn), (5.2)

in dimensionless form, as described previously in Chapter 4. Here, D, γ , ρ , µmax, K and

φ correspond to the nutrient diffusivity, the biomass yield per unit solute, the biomass

density, the maximum specific nutrient uptake rate, the half-saturation concentration,

and the local cell volume fraction, respectively. Nutrient field parameters are listed in

Table 5.2; these were chosen so as to create thin growth layers of similar thicknesses

in the two perfusion scenarios. In both cases the Damköhler number D (the ratio of

nutrient uptake rate to diffusion rate, as defined in Chapter 4) was set to 0.01.

5.3.2 Shape-driven layering alters strain fitness

The results of the nutrient-limited simulations are shown in Figure 5.4. Figure 5.4-A

provides example snapshots of both simulation scenarios, showing colonies grown
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Figure 4: The competitive value of cell 
shape

Figure 3: Bacterial morphology influences strain fitness within colonies. A: 3-D colony sections are 
grown in silico from a 1:1 mixture of S and L cells, under nutrient-limited condititions. Nutrients are 
supplied either from above the colony (first row) or from below (second row). Cells on colony left face 
are coloured by their growth rate, showing that rapid cellular growth is limited to a thin layer at the top 
or at the base of the colony, in the two scenarios respectively. Contours on nutrient field 
(background) correspond to u / u0 = 0.25, 0.50 and 0.75. B: histograms of cell heights in 
nutrient-limited SL colonies show similar layering effects to those created under homogenous growth 
conditions. C. bar plots of strain fitness show that coccal morphologies outcompete rod-like 
morphologies in scenarios where nutrients are delivered from above the colony, but that the reverse 
is true when nutrients are delivered from below. 10 simulations per case.

Fig. 5.4 Cell morphology influences strain fitness within colonies. A: Competition
between different cell shapes is simulated by growing biofilm sections under nutrient-
limited conditions. Nutrients are supplied either from above the colony (first row)
or from below (second row). Cells on the left face of the colony are coloured by
their growth rate, showing that rapid cellular growth is limited to a thin layer at
the top or at the base of the colony, in the two scenarios respectively. Contours
on the nutrient field (background) correspond to u/u0 = 0.25,0.50 and 0.75. B:
volume-weighted histograms (P(z)) of cell heights in nutrient-limited SL colonies
show similar layering effects to those created under homogeneous growth conditions,
with S cells (red) growing atop L cells (blue). C: Bar plots of strain fitness show that
coccal morphologies outcompete rod-like morphologies in scenarios where nutrients
are delivered from above the colony, but that the reverse is true when nutrients are
delivered from below. 10 simulations per case; figure reproduced with permission
from [259].

from 1:1 SL cell mixtures after 12 hours of growth. Cells in the bulk of the colony are

coloured by type as before, but cells on its left face are coloured by their growth rate,

confirming that rapid cellular growth is limited to a thin layer at the top or at the base

of the colony, in the two scenarios respectively. In Figure 5.4-B, we plot histograms of

cell heights in these colonies, showing that S and L cell strains still adopt a layered

structure when grown together under nutrient-limited conditions. Cells close to the

side walls of the domain are removed from this analysis, as described previously.
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To quantify these growth advantages, we used the mean cell division rate as a strain

fitness metric ωi, given by

ωi =
1

tend
log2

(
∑

n
i Vi(tend)

∑
n
i Vi(0)

,

)
(5.3)

where tend refers to the duration of the simulation, Vi denotes the volume of cell i, and

n is the number of cells present at a given time. Figure 5.4-C shows the relationship

between cell shape and strain fitness in the two nutrient competition scenarios. In this

case, colonies were grown using not only SS, SL and LL cell strain mixtures, but also

with mixtures of intermediate cell aspect ratios, using the same simulation protocol.

The top row of Figure 5.4-C provides a pictorial representation of the cell shapes used.

Between the SS and SL cases, the birth aspect ratio of the blue strain is increased

through the values 1.1, 1.5, 2.0 and 3.0. Figure 5.4-C shows that the fitnesses of (red)

S cells increase at the expense of blue cells, up to a maximum at the SL case. Next,

between the SL and LL cases, the aspect ratio of the red strain is increased in the same

way, and the fitness differential is reduced to approximately zero. When the nutrient

conditions are reversed (Figure 5.4-C, bottom row), so too are the strain fitnesses, this

time in favor of L cells.

Importantly, these simulations confirm the hypothesis that strain layering effects can,

under limited nutrient conditions, translate into differences in strain fitness. When

nutrients are delivered from above the colony, S cells receive preferential nutrient

access at the expense of L cells below. S cells are correspondingly afforded an

increased growth rate and gain a fitness boost relative to the SS and LL cases where

no layering exists. As a result, the number of S cells present in the upper layer of the

colony is enhanced, as shown by the cell height histograms in Figure 5.4-B. In cases

where nutrients are delivered from below the colony, the fates of S and L cells in SL

mixtures are reversed.
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.
Control simulations show that fitness benefits must result from the heterogenous colony structure. When the distributions 
of cell heights are identical, as seen in the SS and LL control simulations above, no fitness difference between strains is 
observed - regardless of whether nutrients are delivered from above the colony (A, C) or from below (B, D).

Figure 5: Shape and fitness - controls

Fig. 5.5 Control simulations show that fitness benefits must result from the heteroge-
neous colony structure. When the distributions of cell heights are identical, as seen
in the SS and LL control simulations above, no fitness difference between strains is
observed – regardless of whether nutrients are delivered from above the colony (A, C)
or from below (B, D). This demonstrates that neither cell shape has an intrinsic fitness
advantage over the other. Figure reproduced with permission from [259].

Finally, Figure 5.5 shows additional colony pictures and cell volume density his-

tograms, corresponding to the control (SS and LL) cases discussed in Figure 5.4. In

these cases, no shape driven-layering occurs, and the histograms of each strain overlap

almost exactly. Consequently, strain fitnesses are identical, irrespective of the nutrient

delivery direction.

5.4 Experimental tests of shape-driven patterning

Having shown that cell shape can affect community development and composition

with our model, we then sought to test the predictions of our model experimentally.

As discussed in Chapter 2, studying cell shape empirically is challenging, because

differently-shaped strains will typically be physiologically different as well, introduc-

ing confounding effects. However, the E. coli mutants recently identified and described

by Monds et al. [193] provide a solution to this impasse. Strains in this library are

genetically identical except for a point mutation in the gene coding for the cytoskeletal

protein MreB. Critically, these mutations cause substantial and stable changes in cell
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Figure 6: Creating mixed-shape 
communities in vitro 

Diagram summarising experimental protocol for testing layering. Fluorescently-labelled short (A53K) 
and long (Ancestor) cells from the Monds \textit{E.~coli} morphotype library are grown in liquid culture 
(strains) to a fixed density, before being spotted onto agar plates in different 1:1 combinations (plates). 
After 48h growth, colonies growing on the agar are imaged using confocal scanning laser microscopy.

Fig. 5.6 Diagram summarising experimental protocol for testing layering.
Fluorescently-labelled short (A53K) and long (Ancestor) cells from the Monds E. coli
morphotype library are grown in liquid culture (strains) to a fixed density, before being
spotted onto agar plates in different combinations (plates). After 48 h growth, colonies
growing on the agar are imaged using epifluorescent and confocal laser scanning
microscopy.

aspect ratio, without significantly affecting exponential cell growth rates. For example,

the specific growth rate µ is reported as 0.519± 0.015 h−1 for the ancestral (WT)

strain, and 0.516±0.007 h−1 for mutant REL606mreB A53T [193]. This allows cells

of different shapes to be cultured together in set proportions.

In this section, we discuss experiments in which differently-shaped cells from the

Monds library are fluorescently labelled and grown together on agar plates. Figure 5.6

shows a diagram depicting this procedure. The resulting colonies are then imaged

using two types of microscopy:

• Epifluorescent microscopy (EM), which gives an overhead view of a whole

colony and its overall composition;

• Single-photon confocal laser scanning microscopy (CLSM), which reveals

the 3-D structure of small colony sections.

We show how the resulting data can be processed to examine shape-driven spatial

patterning in vitro, as a direct test of our model’s predictions. The experiments and
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image acquisition described below were performed by our collaborator Wook Kim,

whereas we performed the subsequent image analysis.

5.4.1 Experimental protocol

The strains used in these experiments are as follows: Escherichia coli REL606 is the

parent (WT) strain [162]. A53K (REL606mreBA53K) and A53S (REL606mreBA53S)

were previously constructed from REL606 with the respective non-synonymous muta-

tion at the 53rd amino acid residue of the mreB protein [193]. A53K (denoted AK)

exhibits the shortest and widest cellular morphology, and A53S (AS) is intermediate,

compared to WT. Importantly, these strains exhibit mean aspect ratios of 4.44 (WT),

3.55 (AS) and 2.50 (AK), but share the same specific growth rate, and differ only

marginally in lag phase time [193]. All three strains were kindly donated by Kerwyn

Huang (Stanford University, CA).

Fluorescent tag plasmids (pmaxRFP or pmaxGFP, Amaxa/Lonza Inc.) were introduced

into all three strains for epifluorescence and confocal microscopy, so that each strain

expressed either RFP or GFP (Red and Green Fluorescent Protein, respectively). For

routine culturing in liquid, cells were grown shaking at 250 rotations per minute in

LB (Lysogeny Broth, Thermo-Fisher Scientific) medium at 37◦C. For plate cultures,

cells were grown on DM (Davis Minimal) medium [162], supplemented with either

glucose (175µgmL−1) or lactose (210µgmL−1) as previously described [193] at 37◦C.

All media were supplemented with kanamycin at 50µgmL−1 to maintain plasmids.

Overnight cultures were serially diluted in PBS (Phosphate-Buffered Saline), mixed

together in a 1:1 ratio, then spotted in either 1 or 10µL volumes on the surface

of DM plates. We observed no significant difference between glucose or lactose

supplementation; data reported in this study are from glucose-supplemented plates

spotted at 1µL volume. For each combination of cell strains and fluorescent labels,

control experiments using reverse labellings were also carried out, and each experiment
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was repeated at least twice. Two days following inoculation, mixed-culture colonies

were imaged by epifluorescence and confocal laser scanning microscopy as described

in previous publications [144, 143].

5.4.2 Experiments corroborate shape-dependent fitness predictions

The array of epifluorescent micrographs shown in Figure 5.7 correspond to overhead

views of entire colonies, grown from 1:1 mixtures of different combinations of the

AK (short), AS (medium) and WT (long) E. coli strains, as listed above. Each column

in the array is labelled according to the strains used; label colours showing which

fluorescent label (red or blue) each strain has been tagged with. The images shown are

in pseudocolour, with the fluorescence signal from GFP-labeled cells shown in blue

(so as to match the strain colour labels used in simulations). The labels 1 and 2 denote

repeats of a given experiment.

These images can be used to test a primary prediction of the individual-based model.

Nutrients diffuse into colonies from the agar below, similar to the scenario shown

in Figure 5.4-A (second row). If mixed-shape colonies really produce layered struc-

tures, then this ought to benefit the longer cell type, which is predicted to become

concentrated at the base of the colony and thereby secure a richer supply of nutrients.

We can confirm this trend in the images shown in Figure 5.7-A, by examining the

edge of the colony in each case. In the first column (AK-AK), both cell strains (red

and blue) are present at the edge, suggesting a similar strain fitness. As the aspect

ratio of the red strain is increased however (cases AK-AS, AK-WT), the blue strain

disappears from the edge, implying that its fitness has fallen relative to that of the

red strain. When the aspect ratio of the blue strain is then increased in the same way

(cases AS-WT, WT-WT), the blue strain reappears at the colony edge, implying that its

fitness is once again equal to that of the red strain. These observations are consistent
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 Fluoroescently-labelled bacteria from the Monds library are grown together in solid culture, as an 
experimental test of morphotype-patterning relationships. Pseudocolor images of whole \textit{E.~ coli} 
colonies, grown from different binary combinations of AK, AS and WT strains, show that cell shape 
affects colony edge composition. In each case, two experimental repeats (1, 2) are provided. In A, 
strains are shown in red (longer cell strain, rfp label) and blue (shorter cell strain, gfp label). As the 
aspect ratio of the red strain is increased (AK-AK through AK-WT), its presence at the colony edge 
increases relative to the shorter blue type. Applying the same procedure to the blue strain (AK-WT 
through WT-WT) extinguishes the effect. This trend can be seen both in colonies containing mutant 
strains (AK, AS) and in those containing the ancestral strain (WT) - suggesting that the effect is not 
caused by mreb mutations per se, but by the cell shape changes they produce. In B, red and blue 
fluorescent labels are reversed, and the same trend appears.

Figure 7: Experiments with mixed-shape 
colonies 

Fig. 5.7 Fluoroescently-labelled bacteria from the Monds library are grown together in
colonies, as an experimental test of morphotype-patterning relationships. Pseudocolour
images of whole E. coli colonies, grown from different binary combinations of AK,
AS and WT strains, show that cell shape affects colony edge composition. In each
case, two experimental repeats (1, 2) are provided. In A, strains are shown in red
(longer cell strain, RFP label) and blue (shorter cell strain, GFP label). As the aspect
ratio of the red strain is increased (AK-AK through AK-WT), its presence at the
colony edge increases relative to the shorter blue type, implying a fitness benefit for
the former. Applying the same procedure to the blue strain (AK-WT through WT-WT)
extinguishes the effect. This trend can be seen both in colonies containing mutant
strains (AK, AS) and in those containing the ancestral strain (WT) – suggesting that
the effect is not caused by mreB mutations per se, but by the cell shape changes they
produce. In B, red and blue fluorescent labels are reversed, and the same trend appears.
Phase contrast cell images (of width 3.5 µm) taken with permission from [193]; figure
reproduced with permission from [259].

with the fitness predictions discussed in Figures 5.4 and 5.5, and are also reproduced

when the strain colour labels are reversed (Figure 5.7-B).
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5.4.3 Spatial patterning controlled by cell shape in vivo

Re-imaging the colonies shown in Figure 5.7 using confocal microscopy allows the

3-D spatial structure of each community to be inspected in greater detail. Figure 5.8

depicts high-magnification confocal images (‘confocal’) of colonies composed of

only one morphotype (AK-AK, AS-AS, WT-WT), shown below whole-colony images

for comparison (‘colony’). Each confocal image shows both the middle layer of

the vertical image stack, and that stack’s orthogonal projections, as computed using

FIJI microscopy software [247]. Following collection, confocal image stacks were

enhanced by setting pixel saturation to 1% and by normalising signal to the full

intensity range.

The confocal images in Figure 5.8, taken from the edge of each colony, corroborate

a second prediction of the model: that inter-strain (red-blue) mixing is strongly

dependent on cell aspect ratio. Similarly to Figure 5.2 (SS column), AK-AK colonies

show smooth inter-strain boundaries, whereas WT-WT mixtures reproduce the fractal-

like interdigitations seen in the model (c.f. Figure 5.2, LL column), again recapitulating

the findings of previous studies [238]. The intermediate AS cell shape (c.f. Figure 5.2,

center column) produces an intermediate level of mixing, generating fractal-like

patterns as in the WT case, but with an apparently lower fractal dimension.

5.4.4 Measuring layering using automated image analysis

The third key prediction made by the model was that mixed-shaped colonies should

produce a layered spatial structure, with shorter cells lying atop longer cells. To see

if this prediction would hold in vitro, we performed additional image analysis on

confocal image stacks, to check how the relative abundance of the two strains varied

as a function of height in the colony. The (automated) image processing protocol is

described below.
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Figure 8: Investigating mixing in 
mixed-shape colonies

Figure 4: Top row: colonies composed of wild-type (WT) E.coli are compared with those of mreB_A53S (AS) 
and mreB_A53K (AK) mutants, which differ in cell aspect ratio (middle inset) but which grow at the same rate. At 
higher magnification, representative confocal images of each colony are shown alongside orthogonal projections 
(bottom row). These images corroborate the predictions of our simulations: WT colonies show complex, 
fractal-like mixing between red and green cell groups, whereas AK colonies show smoother group boundaries 
extending vertically through the colony. AS colonies display intermediate behaviour, showing patterning of lower 
fractal dimension than in WT colonies. Images taken after 48h growth in each case, scale bars on top and 
bottom row correspond to 1mm and 20um respectively. 

Fig. 5.8 Colonies composed of Monds’ AK, AS and WT E. coli strains (top row)
reproduce spatial patterning predicted in simulations. At higher magnification, rep-
resentative confocal images of edge sections of each colony are shown alongside
orthogonal projections (bottom row). These images corroborate the predictions of our
simulations: WT colonies show complex, fractal-like mixing between red and blue cell
groups, whereas AK colonies show smoother group boundaries extending vertically
through the colony. AS colonies display intermediate behavior, showing patterning of
lower fractal dimension than in WT colonies. Images taken after 48h growth in each
case, scale bars on top and bottom row correspond to 1mm and 20µm respectively.
Phase contrast cell images (of width 3.5 µm) taken with permission from [193]; figure
reproduced with permission from [259].

Following enhancement in FIJI (see above), images were then segmented using the

MATLAB bioformats plugin, according to the following procedure. For each stack,

incomplete or excessively dark images were excluded by removing any layer in which

more than 1% of pixels had intensities less than 12% of the maximum, measured in

composite grayscale images. These thresholds were chosen manually to optimise the

segmentation accuracy. To ensure a sufficient number data points for curve fitting

later on, confocal stacks with fewer than 6 images remaining were removed from

the analysis outright. In each of the remaining images, the number of GFP-labeled

cells was estimated by counting the number of pixels in the green channel data with

intensities above a threshold, computed for each individual layer using Otsu’s method
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Quantification of cell layering effects using image analysis. Four examples of raw 2-channel confocal 
images (A) depict increasingly deep layers of a WT-AK colony, with longer WT cells labelled in red, and 
shorter AK cells labelled in green. To count the number of AK cells as a function of height in the colony, 
I first remove images that are incomplete slices (e.g. A, depth \SI{5}\{\micro\meter}, and images that 
have poor signal:noise ratio due to limited laser penetration. The remaining images are segmented 
using the green channel only to produce binary images (B), from which the green pixel count can be 
measured as a proxy for AK strain cell volume. 

Figure 9: Image processing to measure 
layering effect 

Fig. 5.9 Quantification of cell layering effects using image analysis. Four examples of
raw (non-pseudocolour) 2-channel confocal images (A) depict successively-deeper
layers of a WT-AK colony, with longer WT cells labelled in red, and shorter AK cells
labelled in green. To count the number of AK cells as a function of height in the colony,
we first remove images that are incomplete slices (e.g. A, depth 5 µm, and images
that have a poor signal-to-noise ratio due to limited laser penetration. The remaining
images are segmented using the green channel only to produce binary images (B), from
which the green pixel count can be measured as a proxy for AK strain cell volume.
Figure reproduced with permission from [259].

[211]. Figure 5.9 shows an example of this segmentation process, applied to confocal

images of a WT-AK colony.

5.4.5 Mixed-shape colonies reproduce layering effect

Confocal microscopy data demonstrates that mixing long and short cell strains together

can result in the emergence of layered structures. In Figure 5.10-A, we show that

WT cells (shown in blue) displace shorter AK cells (red) from the base of the colony.

This effect is visible both from side projections of confocal z-stacks (Figure 5.10-A,

top row) and from horizontal slices taken at increasing depths in the colony. Because

nutrients are supplied from the agar below the colony, we also see an overgrowth of

rod-cells at the colony base, as predicted by the second modelling scenario shown

in Figure 5.4. Reversing the colour labels produces the same result (Figure 5.10-B),



5.4 Experimental tests of shape-driven patterning 130

Figure 10: Mixed-shape colonies show 
layering

Mixed-morphotype colonies reproduce the layering phenomena predicted by simulations. Pseudocolor 
confocal images (A) show that GFP-labelled WT E.coli (AR ~ 4.4, blue) are able to burrow beneath 
shorter, wider AK mutants (AR ~ 2.48, red) labelled with RFP, leading to their enrichment at the base of 
the colony. The same is true when fluorescent labels are reversed (B). Images correspond to vertical 
colony sections (A,B, top row) and horizontal slices taken at successive depths (A, B, bottom row). In 
C, we quantify this layering effect by measuring the fraction of GFP-labelled cells as a function of depth 
in the colony, using automated image segmentation (Materials and Methods). Cell images in A and D 
are taken from reference <CITE>; scale bars correspond to 20um.Confocal images and data taken 
after 48h growth. 

Fig. 5.10 Mixed-morphotype colonies reproduce the layering phenomena predicted by
simulations. A: Pseudocolour confocal images show that GFP-labeled WT E. coli cells
(shown in blue) are able to burrow beneath shorter, wider AK mutants (red), leading
to their enrichment at the base of the colony. B: The same is true when fluorescent
labels are reversed. Images correspond to vertical colony sections (A,B, top row) and
horizontal slices taken at successive depths (A, B, bottom row). C: layering effects can
be quantified by measuring the volume fraction of GFP-labelled cells as a function
of depth in the colony, using automated image analysis. Cell micrographs in A and
B are taken with permission from reference [193]; scale bars correspond to 20 µm.
Confocal images and data taken after 48 h growth; figure reproduced with permission
from [259].

demonstrating that layering is not an artifact produced by the fluorescent labelling

scheme.

In Figure 5.10-C, we use the automated image analysis scheme (discussed above) to

quantify the layering effect. By counting the number of blue pixels in each layer of a

stack, we estimate the volume fraction of AK (top row) or WT (bottom row) cells as a

function of depth in the colony. These traces show an approximately linear reduction

in the AK cell fraction (and corresponding increase in WT fraction) within the first
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In C, we plot the fraction of green pixels in these segmentations as a function of depth in the colony, for 
various binary cell shape mixtures. Each line corresponds to one segmented confocal stack; lines are 
coloured red, green, black or orange to denote mixed-morphotype treatments, color-swapped treatments, 
single-morphotype controls and intermediate morphotype treatments respectively, as shown in the key 
(bottom right). The gradients of these traces, extracted using linear regression, are plotted in D (Replotted 
from Figure F7) with data points colour-coded to match (A). Images and data taken after 48h growth in each 
case.

Figure 11: Layering correlates with shape 
difference 

A B

Fig. 5.11 Exploring the relationship between layering and cell shape. In A, we plot the
fraction of green pixels in these segmentations as a function of depth in the colony, for
various binary cell shape mixtures. Each line corresponds to one segmented confocal
stack; lines are coloured red, green, black or orange to denote mixed-morphotype
treatments, colour-swapped treatments, single-morphotype controls and intermediate
morphotype treatments respectively, as shown in the key (bottom right). The gradients
of these traces, computed using linear regression, are plotted in B with data points
colour-coded to match (A). Images and data taken after 48 h growth in each case;
figure reproduced with permission from [259].

15 µm below the colony surface, which is in agreement with the cell arrangements

predicted in Figures 5.2 and 5.4.

5.4.6 Layering is dependent on cell shape differences

Finally, we repeated this analysis with images taken from colonies of other morphotype

combinations, including the control colonies shown in Figure 5.8. Figure 5.11-A shows

the complete set of green (G) cell fraction traces used. In each case, we quantified

inter-strain layering by computing the average slope of these fraction traces, using

linear fitting. Figure 5.11-B shows a plot of these gradients (‘Degree of layering’)

against the cell-shape combination used. This shows a strong relationship between

differences in cell shape and the degree of layering in the colony across these different

genotypes, as predicted by the model.
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In summary: in this experimental section, we have shown that microbes from the

Monds morphotype library can be grown together in agar plate colonies, enabling an

experimental test of our simulations. Although the shapes of the E. coli cells used

are not identical to those in our model, they nonetheless suffice to create the same

qualitative effects: significantly, these experiments corroborate several of the model’s

key predictions:

• Increased fractal mixing with longer cell shapes in single-shape colonies, in

agreement with previous experiments;

• Layering effects in mixed-shape colonies, with shorter cells lying atop longer

cells;

• Overall fitness advantage for longer cells in mixed-shape colonies, when limiting

nutrients are supplied from the substratum.

Having thus validated the predictions of shape-driven patterning and layering, we

will now turn our attention back to the individual-based model, and perform further

simulations to investigate the physical mechanisms underlying these phenomena.

5.5 Exploring the mechanisms of layering

How can we explain the shape-dependent spatial patterning observed both in simu-

lations and experiments? In particular, can we devise a physical description of how

layering occurs? To address these questions, we performed further simulations using

the IbM framework, but this time using variations of a second, simplified simulation

protocol.
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5.5.1 Simplified simulation protocol for testing layering

To investigate the mechanism of cell layering in SL shape mixtures, we grew 2-D

colonies from an inoculum of only two cells placed a fixed distance apart, instead of a

randomised inoculum of many cells. This enables us to focus on a single interstrain

(red-blue) boundary, and makes it easier to control the initial spacing of cells directly.

We also removed the lateral mechanical walls at x = 0,Lx so that colony expansion

would be restricted only by the basal surface, and set cell growth rates to a constant

value (µmax) as in Figure 5.2.

Figure 5.12 shows a set of representative simulation snapshots for SL, SS and LL

‘colonies’ grown for 8 h using this procedure. Measuring the mean heights for each

shape combination as a function of time shows the development of a significant strain

height difference in the SL case, but not in the SS and LL cases. This shows that the

simplified simulation protocol reproduces the essential patterning effects reported in

Figure 5.2.

5.5.2 The ‘wedge effect’: layering through self-organisation

Close examination of the growth of SL colonies, such as the one shown in Figure 5.12,

suggests that layering is driven by several interacting processes, summarised in Fig-

ure 5.13. In Figure 5.12-A we show two end-state snapshots of the same 2-D SL colony,

colouring cells either by their type or by the value of a local pairwise orientational

order parameter Φ, adapted from previous studies [276]. Φi is defined as

Φi =
J

∑
j∈J

ci, jϕi, j, (5.4)

where ϕi, j = 1− 2
π

arccos |âi · â j| measures the degree of alignment between a pair of

cell orientation vectors âi and â j, and ci, j is a Gaussian weighting factor given by

ci, j = exp
(
− |pi−p j|

2ζ 2

)
, where pi and p j are the respective cell positions. J refers to the
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Simplified 2-D simulations allow the physical mechanism of cell sorting to be explored. A: 2-group 
simulations using SL, SS and LL colonies form layered, smooth and interdigitated cell distributions 
respectively. Traces of mean cell height quantify the layering effect over time in SL colonies; black 
arrows indicate snapshot times. 100 simulations per case; bold lines and shaded areas correspond to 
mean values and 95% confidence intervals respectively.

Figure 12: Simple simulations to test 
patterning mechanisms 

Fig. 5.12 Simplified 2-D simulations allow the physical mechanism of cell sorting to
be explored. 2-group simulations using SL, SS and LL colonies form layered, smooth
and interdigitated cell distributions respectively. Traces of mean cell height quantify
the layering effect over time in SL colonies; black arrows indicate snapshot times. 100
simulations per case; bold lines and shaded areas correspond to mean values and 95%
confidence intervals respectively. Figure reproduced with permission from [259].

set of neighbouring cells within range 2ζ of the focal cell i, where ζ = 5µm. The

value of Φ measured at a focal cell increases when neighbouring cells become aligned

with that cell, reaching 1 when all neighbours are perfectly aligned.

As shown in Figure 5.13-A, steric interactions between neighbouring cells in the red

S-cell group are weak, and nematic ordering is correspondingly low (Figure 5.14

quantifies this effect as a function of cell shape). The lack of nematic ordering

means that the S-cell group expands isotropically, as cells are not elongating or

dividing in any particular direction. Consequently, groups of S cells form smooth,
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\begin{figure}[t!]
\centerline{\includegraphics[page=13, width=1\textwidth]{Figures_C5V1.pdf}}
\caption[Mechanisms underlying the layering effect]{Layering in SL mixtures appears to be driven by the 
formation of wedge-like arrangements of L cells, which force S cells upward. A: 2-D simulations show that 
wedges result from steric interactions between cells, which produce high levels of cell-cell and cell-plane 
alignment in L cells, but not S cells. The tendency for L cells to align together has several effects that are 
absent in S cell groups, \textit{viz}: rod cells align in cohesive, staggered files (Box 1), which are more 
robust to growth forces than unaligned spherical cells. Rods near the base of  the colony (Box 2) are 
forced into alignment with the substrate plane, forming a narrow wedge tip at the red-blue clonal 
boundary. Rod cells to the right of this tip grow laterally (Box 3), driving the wedge under the red cell 
group. B: 2-D cell density histograms reveal the same group structures in a merged dataset of 100 
simulation replicates, confirming that these phenomena are not limited to particular simulation runs. 
Colormaps correspond to cell counts per histogram bin; 100 bins arranged uniformly along each axis. C: 
Similar effects are also produced in 3-D simulations. Figure adapted with permission 
from~\cite{Smith2016}.}
\label{fig:c5f13}
\end{figure}

C5 Modified figure: Discussion of wedge effect mechansim + additional density plots

Fig. 5.13 Layering in SL mixtures appears to be driven by the formation of wedge-like
arrangements of L cells, which force S cells upward. A: 2-D simulations show that
wedges result from steric interactions between cells, which produce high levels of
cell-cell and cell-plane alignment in L cells, but not S cells. The tendency for L cells
to align together has several effects that are absent in S cell groups, viz: rod cells
align in cohesive, staggered files (Box 1), which are more robust to growth forces
than unaligned spherical cells. Rods near the base of the colony (Box 2) are forced
into alignment with the substrate plane, forming a narrow wedge tip at the red-blue
clonal boundary. Rod cells to the right of this tip grow laterally (Box 3), driving
the wedge under the red cell group. B: 2-D cell density histograms reveal the same
group structures in a merged dataset of 100 simulation replicates, confirming that
these phenomena are not limited to particular simulation runs. Colormaps correspond
to cell counts per histogram bin; 100 bins arranged uniformly along each axis. C:
Similar effects are also produced in 3-D simulations. Figure adapted with permission
from [259].

symmetric heaps. By contrast, the level of nematic ordering in groups of L cells is

very high, due to significant steric interactions between neighbouring cells, as reported

in several previous publications [56, 276, 35]. As a result, the growth of the colony is

initially highly anisotropic, and the group becomes asymmetric and directional. This
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cell growth anisotropy has been reported previously in both experimental [80] and

theoretical studies [231, 267].

In light of these observations, we propose that the different group structures created

by S and L cell shapes interact to produce layered colony architectures. The flatter,

directed L cell groups consistently form wedge-like structures (Figure 5.13-B) that can

slide underneath S cell groups, driving the latter upwards, as shown in Figure 5.13-A-1.

The basal plane is a vital component of this process: it prevents S cells from being

displaced downwards, and increases the degree of nematic ordering in L cells close to

the plane, redirecting L group growth towards—and into—the S group.

As shown in Figure 5.13-A-2, L cells are able to burrow beneath S cells because

their orientations are templated to this plane: through nematic ordering, L-cell growth

remains concertedly lateral, whereas S cells rapidly lose any lateral orientation and are

easily displaced upwards. Figure 5.13-A-3 shows that L cells behind the leading edge

of the wedge also assist the layering process by providing an expansion force to drive

the tip sideways under the S group. Similar behavior is observed in analogous 3-D

simulations, as shown in Figure 5.13-C.

5.5.3 Orientational alignment increases with cell aspect ratio

We propose a mechanistic description of layering based on group growth anisotropy,

resulting from different degrees of orientational ordering produced by S and L shapes.

Figure 5.14 demonstrates these differences by quantifying orientational ordering for a

range of different cell shapes. Figure 5.14-A depicts zoomed sections of single-shape

colonies, and Figure 5.14-B shows the corresponding mean values of the orientational

order parameter Φ in each case. The increase in orientational ordering from approx-

imately 0.50 (random orientations, S cells, ‘a’) to 0.65 (non-random orientations, L

cells, ‘d’) supports the above statement that nematic ordering is controlled by shape.
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Figure 14: Orientational ordering

To quantify the effects of cell shape on orientational alignment, we examined 
binary combinations of cells of four different aspect ratios, ranging from 
pseudo-spheres (a-type, equivalent to S) to long rods (d-type, equivalent to L), 
as shown in Figure 4. Cells a through d have an aspect ratio at birth of 1.1, 1.5, 
2.0 and 3.0 respectively. Colonies grown using each cell type in isolation (B) 
show that cell ordering increases with increasing cell aspect ratio, as quantified 
by population means of the pairwise orientational order parameter $\Phi$. 20 
simulations per case.

Fig. 5.14 To quantify the effects of cell shape on orientational alignment, we examined
binary combinations of cells of four different aspect ratios, ranging from pseudo-
spheres (a-type, equivalent to S) to long rods (d-type, equivalent to L), as shown in
Figure 5.4. Cells a through d have an aspect ratio at birth of 1.1, 1.5, 2.0 and 3.0
respectively. Colonies grown using each cell type in isolation (B) show that cell
ordering increases with increasing cell aspect ratio, as quantified by population means
of the pairwise orientational order parameter Φ. 20 simulations per case.

5.5.4 Layering rate increases with wedge pitch

Further tests support this mechanistic description of colony layering. In Figure 5.15,

we examine how layering, measured by the difference in mean heights for red and

blue cells (∆z = ⟨pz⟩S−⟨pz⟩L), varies as a function of the initial spacing between

the two strains. Plotting the natural logarithm of the strain height differential ∆z

(Figure 5.15, center) against time reveals that three separate process contribute to the

height advantage of the S cells: an initial jump (1) precedes a shallow, sustained climb

(2), followed by a steeper climb as soon as the S and L cell groups collide (3).

We attribute these observations to the following processes: lines of S cells buckle

earlier than lines of L cells, causing the initial jump (1). Thereafter, L cells continue to

preferentially grow along the basal plane instead of upward, leading to a slow increase
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Figure 15: Varying initial density: rod cell 
groups behaves as wedges

Figure S3 Testing the effects of varying initial spacing between red and blue cell strains (`Gap', left). Logarithmic plots 
of the strain height differential $\Delta z$ show three processes contributing to the height differential (center, 1, 2, 3). For 
each initial gap, eventual collision between S and L cell groups coincides with transition from slow (2) to fast (3) 
exponential growth in $\Delta z$, indicating the onset of layering. Larger initial gaps result in larger groups at the point of 
collision, increasing the rate of height splitting (inset). This is consistent with proposal that L cell groups behave as 
wedges, since as larger groups have a steeper edge and therefore produce faster layering (right).  

Fig. 5.15 Testing the effects of varying initial spacing between red and blue cell strains
(‘Gap’, left). Logarithmic plots of the strain height differential ∆z show three processes
contributing to the height differential (center, 1, 2, 3). For each initial gap, eventual
collision between S and L cell groups coincides with transition from slow (2) to fast
(3) exponential growth in ∆z, indicating the onset of layering. Larger initial gaps result
in larger groups at the point of collision, increasing the rate of height splitting (inset).
This is consistent with proposal that L cell groups behave as wedges, since as larger
groups have a steeper edge and therefore produce faster layering (right).

in the height differential (2). Contact between S and L cell groups initiates layering

via the wedge effect (3). Overall, (3) is the most significant process because it results

in a sustained, fast increase in the height differential. Thus, this analysis allows us

to untangle contributions to the height differential, distinguishing between intrinsic

differences in group properties (1 and 2) and interactions between groups (3).

Further, fitting lines to these traces shows that the rate of height splitting after colli-

sion increases with initial gap (Figure 5.15, inset), suggesting that the strain sorting

mechanism is dependent on the size of the cell groups at the point of collision. This

observation supports the hypothesis that cell sorting is driven by group structure (Fig-

ure 5.15, right): increases to the initial gap change the shape of L cell groups from

shallow wedges (Gap = 10µm case) to steeper wedges (Gap = 50µm case). As the

wedge pitch increases, so too does the rate of spitting.
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5.5.5 Layering interrupted by disrupting group structure

If layering is driven by the interaction of contrasting S and L group structures, then it

ought to be possible to prevent layering by artificially disrupting this structure. Here we

report a test of this idea, based on the simplified two-group protocol. We programmed

a set of simulations to trigger a random cell mixing event after an initial period of

normal growth. Each mixing event occurred instantaneously at a chosen time tevent,

and consisted of the following procedure: for each cell i present at time tevent, draw a

random number a ∈ {0,1}. If a < 0.5, do nothing. If a≥ 0.5, swap the cell type for i

to that of the opposite strain (i.e. an S cell becomes an L cell and vice versa). Cells

converted in this way then either divide (L to S) or elongate (S to L) to adopt the shape

of their newly-assigned type.

Figure 5.16 shows the effects of this random mixing for different values of tevent.

In each case, the mixing protocol removes the height differential, demonstrating

successful randomisation of cell locations. Subsequently, the height differential begins

to slowly increase again, coinciding with the gradual reformation of group structure,

but at a lower rate than in the absence of mixing. If cell layering emerged from

interactions between individual S and L cells, then the height differential would be

expected to strongly increase following mixing, as this would greatly increase the

number of individual contacts between S and L cell shapes. Instead we see the

opposite effect, again supporting the hypothesis that sorting results from strain group

interactions.

5.5.6 Patterning mechanisms for other shapes

This mechanistic description of group interactions can also explain observations about

patterns formed by other shape mixtures. Figure 5.17 shows repeats of the two-group

simulations shown in Figure 5.12, performed using the combinations of intermediate

cell shapes shown in Figures 5.4 and 5.14. Box plots of mean strain height for each
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Figure S6 (Supports F3). Cell layering mechanism relies on group structure. Repeats of simplified 2-group 
simulations show that the strain height differential delta h does not fully recover following random mixing events at 
4.9, 5.6, 6.5 or 7.1h. Strains are mixed by randomly changing each cell’s strain identity with probability 0.5, so that 
approximately half the S population becomes L-type and vice-versa. After mixing, the height differential begins to 
rise slightly as small groups of L shapes reform surface-hugging group structures, as shown in the inset colony 
snapshot (9h growth, following a mixing event at 4.9h). These observations can be used to exclude the possability 
that strain layering emerges at the individual level - in this case, mixing events would generate more S-L contacts, 
resulting in a rapid recovery of the height differential. Bold lines and shaded areas correspond to mean values and 
95% confidence intervals respectively. All simulations use an initial gap of 6μm. 20 simulations per case. 

Figure 16: Layering can be interupted by 
disrupting group structure 

Fig. 5.16 The cell layering mechanism relies on group structure. Repeats of simplified
two-group simulations show that the strain height differential ∆z does not fully recover
following random mixing events at 4.9, 5.6, 6.4 or 7.1 h. At these times, strains are
mixed by randomly changing each cell’s strain identity with probability 0.5, so that
approximately half the S strain population (red) converts to the L-type morphology
(blue) and vice-versa. Shortly after mixing, the height differential begins to rise
gradually as small groups of L shapes reform surface-hugging group structures, as
shown in the inset colony snapshot (8h growth, following a mixing event at 4.9 h).
Bold lines and shaded areas correspond to mean values and 95% confidence intervals
respectively. All simulations use an initial gap of 6µm. 20 simulations per case; figure
reproduced with permission from [259].

shape combination, showing a smooth relationship between the strain layering and cell

shape difference (similar to Figure 5.4).

In SS colonies, a smooth vertical boundary is formed because cell orientations are

unordered, so that growth forces are not exerted against the neighbouring group

in a concerted manner (Figure 5.17, SS). By contrast, when L cell groups meet,

neighbouring cells groups concertedly grow into one another, leading to fractal-like

interdigitations [238], and much greater variability in mean strain heights (Figure 5.17,

LL).
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C5 Modified figure: Wedge effect and cell sorting: additional density plots for 
intermediate cell shapes

%[Figure 17]
\begin{figure}[t!]
\centerline{\includegraphics[page=17, width=1\textwidth]{Figures_C5V1.pdf}}
\caption[Testing intermediate cell shapes]{Simulations using intermediate cell shapes show smooth 
transitions in the degree of cell sorting between SS, SL and LL cases. A: As the aspect ratio of the blue 
strain is increased, the height differential rises (SS to SL). Applying the same changes to the red strain 
extinguishes the height differential but leads to greater height variance (SL to LL). Solid lines denote means; 
boxes and whiskers show interquartile and absolute ranges, respectively. B: As in Figure~\ref{fig:c5f13}-B, 
2-D cell density histograms for the red (top row) and blue (bottom) strains provide a statistical picture of 
colony spatial structure in merged sample of 100 simulations.
\label{fig:c5f17}
\end{figure}

Fig. 5.17 Simulations using intermediate cell shapes show smooth transitions in the
degree of cell sorting between SS, SL and LL cases. A: As the aspect ratio of the
blue strain is increased, the height differential rises (SS to SL). Applying the same
changes to the red strain extinguishes the height differential but leads to greater height
variance (SL to LL). Solid lines denote means; boxes and whiskers show interquartile
and absolute ranges, respectively. B: As in Figure 5.13-B, 2-D cell density histograms
for the red (top row) and blue (bottom) strains provide a statistical picture of colony
spatial structure in merged sample of 100 simulations.

5.5.7 Layering is robust to variation in simulation parameters

Having examined the mechanisms underlying shape-driven layering, we sought to

evaluate the robustness of this effect with respect to changes in simulation parameters

and conditions. For example, one factor that might impact layering is the relative size

of the cells involved. Thus far, we had assumed that our S and L cells had identical

diameters, given by 2r ≈ 1µm. This parameter value is applicable for common

laboratory microbes such as coccal S. aureus and rod-shaped E. coli [203, 238], but

other species may differ significantly in size [300].

To test the effects of relative cell size on layering, we repeated our simplified S-

L colony simulations using S-type cells of different radii rS, but identical aspect
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Figure S7 (Supports F3): Additional tests help to ellucidate mechanisms by evaluating how changes to simulation 
parameters affect sorting dynamics. A: the sorting effect, characterised by time traces of mean strain height difference 
Δh, has a weak dependence on relative cell size, as demonstrated with simulations using modified S-type cells of 
different radii but identical aspect ratios (AR0 = 1.1). Smaller cells burrow more easily beneath larger ones regardless of 
shape, which can either attenuate sorting (rS > rL case) or enhance it (rS < rL case) relative to the original (rS = rL case). B: 
Sorting is robust to changes in septation noise (no jitter) or intial cell orientation (no alignment), but is extinguished when 
the basal plane is removed. Bold lines and shaded areas correspond to mean values and 95% confidence intervals 
respectively. All simulations use an initial gap of 5μm. 20 simulations per case. 

Figure 18: Testing the robustness of 
layering

Fig. 5.18 Additional two-group simulations provide further support for the layering
mechanism proposed in Figure 5.13. (A): the layering effect, characterised by time
traces of mean strain height difference ∆z, has a weak dependence on relative cell
size, as demonstrated with simulations using modified S-type cells of different radii
but identical aspect ratios (AR0 = 1.1). Smaller cells burrow more easily beneath
larger ones regardless of shape, which can either attenuate sorting (rS > rL case) or
enhance it (rS < rL case) relative to the original (rS = rL case). rS = 0.48, 0.76, and
0.40 µm for red, green and blue traces respectively. (B): Sorting is robust to changes
in division orientation noise (no jitter), and to initial cell orientation (no alignment),
but is extinguished when the basal plane is removed. Bold lines and shaded areas
correspond to mean values and 95% confidence intervals respectively. All simulations
use an initial gap of 5µm. 20 simulations per case; figure reproduced with permission
from [259].

ratio (AR0 = 1.1), whilst keeping L-cell radii and aspect ratio the same as before

(rL = 0.48µm, AR0 = 3.0). Height differential (∆z) traces for these simulations are

plotted in Figure 5.18-A, showing that the degree of layering has a weak dependence

on relative cell size. When rS > rL, individual L cells act as ‘ramps’ for larger S

cells, displacing them from the basal plane and enhancing the height differential ∆z

(Figure 5.18-A, green trace). Conversely, when rS < rL (Figure 5.18-A, blue trace),

S cells act as ramps for larger L cells, reducing the height differential relative to the

rrod = rsphere case (Figure 5.18-A, red trace).

We also wanted to exclude simulation artefacts as potential causes of the layering

effect. Firstly, we noted in Chapter 3 that, when a cell divides in CellModeller, its

daughters’ cell axes are perturbed by small noise terms (‘jitter’). Because S cells have
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a smaller division volume than L cells, they divide more often for the same intrinsic

growth rate µ , and receive more perturbations per unit time. To check the impact of

this difference on cell sorting, we ran 20 further 2-D simulations using our SL mixture,

this time removing division perturbations for S cells only (i.e. ξa = 0 for S cells, but

ξa = 9% for L cells). The ∆z trace shown in Figure 5.18-B (‘No jitter’) show that this

change has essentially no effect on the height differential, eliminating division noise as

an explanation for layering. We also found that changing the initial cell orientation, so

that both cells’ axes were perpendicular to the plane, attenuated the height differential

but did not remove it (Figure 5.18-B, ‘Alignment’). However, we found that layering

was completely removed in that absence of the basal surface, confirming its importance

in the layering mechanism (Figure 5.18-B, ‘No plane’).

In summary, we have proposed that layering occurs because groups of rod-shaped cells

form wedge-like structures, which, guided by the basal surface, collectively burrow

beneath groups of coccal cells. The necessary group structure is in turn produced

by cell-cell and cell-surface steric interactions, which produce nematic ordering in

rod-shaped cells but not in coccal cells. Simulations using different initial cell spacings

suggest that layering rate can be controlled by the wedge pitch, while simulations

using random mixing events show that layering is dependent on the maintenance of

group structure. From these findings, we conclude that cell layering is an emergent

patterning effect driven by interactions between groups of cells, and does not original

from individual cell-cell interactions.

5.6 Discussion

In this chapter, we have used simulations and experiments to show that cell shape

can be a determinant of both spatial patterning and composition within a microbial

community. In particular, we find that mixtures of rod-shaped and coccal cells can

produce layered colony structures, as observed previously in both biotic and abiotic
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environments [204, 57]. This indicates a new significance for bacterial cell shape,

both as a competitive phenotype in the biofilm context, and as a means for bacteria to

influence their environment through collective action.

It is perhaps noteworthy that the modelling and experimental approaches were carried

out sequentially, with the experiments recapitulating model predictions immediately

without first needing to tune conditions. This observation suggests that the effects

reported in this chapter are robust to experimental conditions, and may be common to

many existing experimental systems that use mixtures of different cell shapes.

From an evolutionary perspective, our work suggests that the biofilm environment

may select for particular cell shapes in specific environments, because of the ways

in which they collectively influence biofilm architecture. Given the predominance of

the biofilm environment for microbial life [65, 114], any selective effect produced

might be expected to have a strong impact on the evolution of bacterial morphology.

In natural biofilms, rapid cell growth is often limited to the upper regions of a biofilm

[199, 144], which will select for coccal morphologies. Indeed, this may partly explain

the ubiquity of the coccal morphology in spite of disadvantages such as decreased

nutrient absorption area [300].

In reality, microbial communities are far more intricate than the description used in

our simulations. Like all models, our framework makes simplifying assumptions: we

deliberately neglect the role of cell motility, detachment and shear forces from the

liquid surrounding the colony [155, 220, 224]. The representation of EPS secretions—

a hallmark of microbial biofilms—is purely implicit, whereas the inclusion of explicit

EPS particles has been shown to influence colony structure in previous studies [144,

103]. Further, E. coli biofilms can generate inhomogeneous EPS matrices, as cells

can secrete different matrix components according to their physiological state [257].2

2In a similar vein, it is also possible that the E. coli mutants discussed in this chapter differ in
their production of matrix components (e.g. curli fibers, flagella) [257]. For example, if (say) rates of
flagella secretion scaled with cell surface area, longer WT cells might increase their relative adhesivity,
allowing them to remain near the base of a colony while shorter AK cells were swept upwards. Recent
studies have demonstrated that differential adhesivity can drive stratification in microbial colonies
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Consequent inhomogeneities in the mechanical properties (e.g. adhesivity, elasticity)

of the matrix could introduce additional self-organisational effects, and alter strain

layering in unexpected ways.

However, these omissions allow a degree of realism to be traded for additional control

and tractability. Rather than attempting to reproduce the exact dynamics of colony

growth, our simulations instead predict the rich dynamics that can emerge when

non-spherical cell shapes are introduced to existing modelling paradigms [296, 199].

The fact that these predictions are corroborated by our experiments demonstrates the

usefulness of this approach.

Our findings highlight the need for further empirical and theoretical studies to examine

mixed-shape colonies in more detail, treating cell shape as a physical variable instead of

an incidental attribute. Microbial strains such as those developed by Monds et al. [193]

will be instrumental to this process, since they allow cellular shape to be varied in

isolation of other confounding variables. Likewise, investigating how the predictions

of previous theoretical studies are altered by the inclusion of morphological variability

will help fully characterise the influences of cell shape in microbial communities.

More generally, this work may also suggest new roles for shape and growth anisotropy

in other biological systems – ultimately, shape may prove to be an important physical

parameter not just for collectives of microbes, but for the morphogenesis of developing

tissues and cancer tumors [120, 11].

Finally, although this study considers only antagonistic interactions between microbes,

the patterning mechanisms we discuss could also influence other social interactions

between microbes. Systems in which spatial patterning facilitates cross-feeding interac-

tions are well-known, and shape-mediated self-organisation could enable cooperating

species to develop the requisite colony structure [255, 57, 117, 285, 36, 85]. Further,

our results suggest that cell shape can affect the degree of strain mixing within the

[144, 249, 181], and so effects such as these could influence, or even dominate, the layering effects
reported here.
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colony, which could in turn be used to control selective pressures for or against certain

social strategies. For instance, because mixtures of coccal cells produce less genetic

mixing than mixtures of rod-shaped cells, cooperative strategies such as enzyme secre-

tion may become more evolutionarily stable [199]. Our findings could therefore help

to engineer more productive or stable synthetic microbial consortia, by selecting for

community architectures which optimise cellular interactions.

5.7 Conclusions

Microorganisms of different shapes commonly grow together in their dense and

genetically diverse communities, known as biofilms. We have used modelling and

experiments to study the impact of cell morphology on biofilm architecture and

competition. Using the model framework developed in Chapters 3 and 4, we have

predicted, described and examined new mechanisms of self-organisation and spatial

patterning driven by bacterial cell shape. We have also documented the same patterns

emerging in real bacterial colonies. These results suggests that cell shape is a major

neglected determinant of patterning and evolutionary fitness within bacterial biofilms.
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Abstract

In the previous chapter, we examined the effects of cell shape on spatial patterning in

microbial communities, using our individual-based modelling framework. We tested

our model’s predictions using genetically-modified Escherichia coli bacteria, and

concluded that cell shape can be a significant determinant of spatial structure, and

strain fitness, in the bulk of a mixed-shape biofilm.

In this chapter, we examine the effects of cell shape in a different context: at the edges

of microbial colonies. Within these colonies, antibiotic agents such as carbenicillin

can induce morphological changes in susceptible Pseudomonas aeruginosa bacteria,

creating an additional scenario in which different cell shapes appear and compete in a

community. We adapt our model to study this new context, and identify an additional

mechanism through which cell morphology can affect both spatial patterning and

fitness. Overall, we show how our model can be used to offer mechanistic insight into

complex experimental systems.

6.1 Introduction

Altering microbial shape through genetic modification is one route to studying compe-

tition between different shapes. The mutant E. coli system presented in the previous

chapter is an ideal method for investigating the competitive effects of cell morphology,

because it allows morphology to be varied in isolation of other phenotypic variables–

particularly growth rate–that might also influence competition [193].
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However, there are also natural sources of morphological change in microbes, which

might tell us more about the roles and function played by cell shape within communi-

ties. Most microorganisms have an extensive network of regulation systems to control

their cell shape [134, 272], and normally this regulation serves to maintain a fixed,

well-defined morphology [305, 46]. However, in certain situations, microbes actively

change their morphology [301, 254, 21].

When do these morphological changes occur, and what functions might they serve?

Some microbes change their shape as part of their life cycle, reflecting the different

tasks cells need to perform at consecutive stages of their development [300, 301].

Other bacteria change their shape in response to particular environmental stimuli: for

instance, pathogenic bacteria may change their shape to resist consumption by immune

cells [126, 136], and rod-shaped cells may elongate in response to resource shortages

in their habitat [300].

A well-known example of an environmentally-driven shape change is microbial fila-

mentation. Filamentation occurs when elongating rod-shaped microbes arrest their cell

division (sepatation) machinery, so that cells become progressively longer without also

dividing into daughter cells, as per conventional binary division [24]. Filamentation is

regarded as a survival strategy that helps microorganisms to cope with environmen-

tal stressors, such as ionising radiation or external toxin exposure [184], that might

damage their chromosomes. Arresting cell division allows a cell time to effect any

necessary repairs to its DNA before errors are passed on to its offspring – whilst

simultaneously allowing it to continue absorbing nutrients and expanding in space

[137].

Filamentation is a well-known response to antibiotic agents [129, 27], but its conse-

quences in dense bacterial communities have yet to be fully characterised. In this

chapter, we turn our attention to filamentation induced by antibiotic exposure, and its

effects on competition in bacterial communities. In particular, we use our individual-

based framework to model and understand an existing experimental system, used
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to study the evolution of antibiotic resistance in bacterial colonies, to examine the

competitive effects of cell filamentation at the edges of bacterial colonies.

The structure of this chapter is as follows: first, we report experiments carried out

by our collaborator, Isabel Frost, in which antibiotic-resistant bacteria are competed

with antibiotic-susceptible bacteria in microbial colonies. Antibiotic exposure induces

filamentation only in susceptible bacteria, providing an alternative route to creat-

ing mixed-shape microbial communities in vitro. Then, using the individual-based

framework developed in Chapters 3 and 4 of this thesis, we develop models of shape

competition at the colony edge, and devise mechanistic hypotheses to explain the

observed enrichment. Importantly, we identify a second mechanism by which cell

shape can alter colony spatial structure, by increasing the propensity of elongated cells

to branch away from the colony edge.

Overall, both experiments and modelling show that the elongation of antibiotic-

susceptible cells coincides with their enrichment at the edges of colonies, suggesting a

potential role for filamentation both as a determinant of spatial patterning, and as a

functional phenotype.

6.2 Experiments using P. aeruginosa bacterial colonies

Here we describe the experimental methods used to create and image colonies of

antibiotic-resistant and antibiotic-susceptible bacteria, using similar culture and mi-

croscopy techniques to those discussed in Chapter 5. As noted at the beginning of this

chapter, these procedures were carried out by Isabel Frost.
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6.2.1 Experimental methods

Bacterial strains

Cells of P. aeruginosa strain PA01, tagged with yellow and red fluorescent proteins

(Yellow Fluorescent Protein and DsRed, respectively), were used as the antibiotic-

susceptible (‘S’) strain. Similarly-labelled, antibiotic-resistant (‘R’) variants of this

strain were created by transforming PA01 with a multidrug resistance plasmid (Rms149,

[42, 112]) using electroporation. Transformants were selected on Luria-Bertani (LB)

agar plates containing 200 µgmL−1 streptomycin, and transformation was confirmed

by PCR and plasmid extraction. Liquid pre-cultures of these strains were incubated at

37 ◦C and shaken overnight (at 250 RPM) in 3 mL of LB broth (Fisher Scientific, NJ,

USA).

Plate cultures

As an initial test of the effects of carbenicillin antibiotic on these microbes, R and S

strains were grown together in different combinations, in plate cultures containing

progressively higher antibiotic concentrations. These plates were prepared and imaged

as follows. Colonies of R and S strains were grown on plates of agar media, containing

25 mL of 1× LB Miller agar (40 gL−1 of which 15 gL−1 was agar), and supplemented

with 0, 6, 12 and 24 µgmL−1 of carbenicillin. Plates were inoculated using 1:1

mixtures of liquid pre-cultures (see above), mixed in the following combinations: S

(red) vs. S (yellow), R (red) vs. R (yellow), and S (yellow) vs. R (red). Each mixture

was diluted by one tenth in phosphate-buffered saline (PBS), and then pipetted on an

agar plate in a single, 1 µL central drop. Inoculated plates were then grown at 20 ◦C

for six days.
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Confocal microscopy and image analysis

After 1, 2, 3 and 4 days’ growth, plates were examined using confocal laser scanning

microscopy, by cutting individual colonies out of the agar, mounting them on a glass

slide, and then imaging with an LSM 700 laser scanning microscope (Zeiss), using

40× and 50× objectives and Zen Black software. Measurements of cell counts and

aspect ratios were made by adding 1 µL PBS to the edge of the colony to disperse

cells, before analysing captured images using the in-built cell-counting function of FIJI

[247].

Liquid culture controls

To investigate the role of community spatial structure in controlling strain interactions,

we also grew the R and S strains in liquid shaking culture in the presence of different

antibiotic concentrations. Pre-cultures were diluted in 3 mL of fresh LB broth to an

OD600 of 0.05 and incubated at the same conditions for 2 hours. Cultures of the

strains were then mixed at a ratio of 1:1 in phosphate buffered saline (PBS) with an

OD600 of 0.3. Following 10-fold dilution in PBS, 1 µL of the resulting suspension was

added per well in a 96 well plate, in triplicate. Wells contained a final total volume of

200 µL LB broth with the same (sub-MIC) carbenicillin concentrations as before (0, 3,

6, 12, 24 µgmL−1. Competitions were run for 12 hours (or 16 hours for antibiotic-free

competitions) overnight at 20 ◦C and 250 RPM.

Fitness and growth measurements

To compute final cell counts in solid culture experiments, colonies grown on competi-

tion plates were scraped from the agar and suspended in 1 mL PBS, diluted 106 and

105-fold and plated out to count colony-forming units (CFU), using fluorescence to

differentiate cells labelled with YFP.
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Initial ratios were calculated by plating 50 µL of a 106-fold dilution of the inocula

on LB agar plates. These were incubated overnight at 20 ◦C, after which CFU were

counted, using fluorescence to differentiate cells labelled with YFP. Initial and final

counts in liquid culture experiments were measured in the same way, except that here

the dilution was 105-fold. Further, cells from antibiotic-free liquid competitions were

counted using flow cytometry, in order to most accurately measure the fitness cost of

the plasmid.

In each case, the relative fitness of the susceptible strain was determined using the

formula

ωS = ln
(

NS, f

NS,i

)
/ ln
(

NR, f

NR,i

)
, (6.1)

where NS,i and NS, f are the numbers of susceptible cells before and after the competi-

tion, and where NR,i and NR, f are the numbers of resistant cells before and after the

competition. Similarly, the number of cell divisions C for each strain X = R,S over

the course of a competition was computed using the formula CX = log2(NX , f /NX ,i).

6.2.2 Experimental results

The collected confocal images of P. aeruginosa colonies are shown in Figure 6.1.

The presence of the carbenicillin antibiotic (AB) selectively induced morphological

changes in susceptible cells: images taken at the colony edge show that, in colonies

grown only using the S strain, cells become increasingly filamentous (S+S, Figure 6.1-

A) when grown on media prepared with progressively higher AB concentrations

[184] – whereas R cells are immune to the effects of AB [112], and maintain a fixed

morphology (R+R, Figure 6.1-B) under the same conditions.

Two further effects occurred when the R and S strains are grown together in 1:1

mixtures, as shown in Figure 6.1-C. We observed that, for intermediate antibiotic (AB)

dosing (6-12 µgmL−1), the degree of S-cell filamentation was reduced in the presence

of the resistant strain. This is to be expected, because the carbenicillin-degrading
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\caption[Filamentation in antibiotic-susceptible \textit{P.~aeruginosa} bacteria]{Confocal microscopy 
images of agar colony edges after two days’ growth, showing degree of cell filamentation for 
increasing concentrations of carbenicillin antibiotic. Strain combinations and fluorescent labels are 
shown in the left-hand column (`Cell strains’). (S)usceptible cells (A) undergo filamentation at 
non-zero concentrations of carbenicillin, whereas (R)esistant cells (B) do not. When the two strains 
are mixed (C), S cells (shown in yellow) filament less than when grown alone, indicating 
cross-protection. R cells have a marginally lower fitness than S cells in the absence of AB, because 
of the cost of the resistance plasmid. Surprisingly however, the S strain's advantage appears to 
increase for intermediate AB concentrations (6-\SI{12}{\micro\gram\per\milli\liter}), before eventually 
being wiped out. Figure adapted with permission from Reference~\cite{Frost2017}.}\label{fig:c6f1}

Figure 1: Filamentation in AB-susceptible Pseudomonas Aeruginosa 
bacteria

Antibiotic concentration

A

B

CC

S + S

R + R

S + R

Cell strains 

0 6 12 24
[Carbenicillin] (μg/ml)

Fig. 6.1 Confocal microscopy images of agar colony edges after two days’ growth,
showing degree of cell filamentation for increasing concentrations of carbenicillin
antibiotic. Strain combinations and fluorescent labels are shown in the left-hand
column (‘Cell strains’). (S)usceptible cells (A) undergo filamentation at non-zero
concentrations of carbenicillin, whereas (R)esistant cells (B) do not. When the two
strains are mixed (C), S cells (shown in yellow) filament less than when grown alone,
indicating cross-protection. R cells have a marginally lower fitness than S cells in the
absence of AB, because of the cost of the resistance plasmid. Surprisingly however,
the S strain’s advantage appears to increase for intermediate AB concentrations (6-
12 µgmL−1), before eventually being wiped out. Figure adapted with permission from
reference [98]; images taken using 50× objective lens.

enzymes encoded by the resistance plasmid are extracellular [112], and so R cells

degrade AB not only for themselves, but also from their immediate surroundings.

Provided they remain sufficiently close to R cells, S cells then receive a degree of

“cross-protection” from the deleterious effects of the antibiotic, and exhibit a more

moderate stress response with reduced elongation [82, 33, 304].
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C6 Additional figure: Comparisons of cell growth rates in liquid and solid culture [1 A4 
page]

Comparisons of cell growth rates and relative fitness in liquid (A,B,C) and solid (D,E,F) culture 
experiments. In liquid culture, S cell growth rates (A) decrease with increasing carbenicillin (AB) 
concentration, while R-strain growth rates (B) remain largely unaffected - irrespective of whether 
either strain is cultured alone or with the other. Relative fitness calculations (C) show that while [AB] 
= 0 selects for S (because R bears the cost of the resistance plasmid), all [AB] > 0 select for R. 
Conversely, in solid culture, S grows faster alongside R than alone (A), indicating cross-protection 
through extracellular AB degradation, and R grows more slowly with S than alone (B). Intriguingly, in 
the presence of spatial structure, S fitness for intermediate (6,12) [AB] is actually greater than for 
[AB]=0, and only the highest antibiotic concentrations select for R. Sample size: N=3 for monoculture 
(S+S, R+R) and N=6 for coculture (R+S) experiments.

Fig. 6.2 Comparisons of cell growth rates and relative fitness in liquid (A,B,C) and
solid (D,E,F) culture experiments. In liquid culture, S cell growth rates (A) decrease
with increasing carbenicillin (AB) concentration, while R-strain growth rates (B)
remain largely unaffected – irrespective of whether either strain is cultured alone or
with the other. Relative fitness calculations (C) show that while [AB] = 0 selects
for S (because R bears the cost of the resistance plasmid), all [AB]> 0 select for R.
Conversely, in solid culture, S grows faster alongside R than alone (D), indicating
cross-protection through extracellular AB degradation, and R grows more slowly
with S than alone (E). Intriguingly, in the presence of spatial structure, S fitness for
intermediate (6,12) [AB] is actually greater than for [AB] = 0 (F), and only the highest
antibiotic concentrations select for R. Sample sizes: 3 replicates for monoculture (S+S,
R+R) and 6 for coculture (R+S) experiments.



6.2 Experiments using P. aeruginosa bacterial colonies 156

However, we also found that S cells were present in higher numbers at the colony

edge, even in the presence of intermediate AB concentrations. Only the highest AB

concentration used (24 µgml−1, Figure 1-C) was sufficient for R cells to completely

take over the colony edge. This result was surprising, because filamentation normally

indicates cellular damage, and so one might expect significant growth inhibition in S

cells whenever it occurs. Instead, it appeared that S cells were actually performing

better at the colony edge when they were filamentous.

These results are corroborated by our measurements of cell growth rates and relative

fitness in agar colonies. In Figure 6.2, we compare these data with those for liquid

culture controls, to examine the effects of community spatial structure on S-R strain

interactions. Figure 6.2-A shows that in liquid culture, the S strain grows no better

in the presence of R than alone, while in solid culture (6.2-D) S is protected from

increases in carbenicillin concentration by R. The R strain in turn is unaffected by

S in liquid culture (6.2-B), but actually grows more slowly in its presence in solid

culture, for intermediate antibiotic concentrations (6.2-E). Together, these trends

drive selection for the R strain for all non-zero antibiotic concentrations in liquid

culture competitions (6.2-C) – yet solid cultures can select for the S strain (6.2-F).

Perhaps most interestingly, cross protection alone cannot explain why S-cell fitness

increases with antibiotic concentration in this case, nor why R-cell growth appears

to be suppressed in the presence of filamentous S-cells in spatially-structured solid

culture.

Filamentation coincides with strain enrichment at the colony edge

Could this unexpected advantage be caused by cell filamentation per se? To investigate

these result further, S-R colonies were subjected to further analysis. To examine

the dynamics of the interactions between S and R cells, 1:1 S-R mixture colonies

were grown in triplicate both with and without AB (12 µgmL−1 carbenicillin) as
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described above, and imaged at successive time points, as shown in Figure 6.3. These

confocal images of colony edges show that, in the absence of antibiotic, S cells come to

dominate the colony edge because they do not pay the cost of expressing the resistance

plasmid [112], and so have a faster growth rate under these conditions (Figure 6.3-A,

top row). Surprisingly however, they are also able to capture the edge even in the

presence of antibiotic (Figure 6.3-A, bottom row).

Susceptible cells increase in aspect ratio before outcompeting resistant cells in carbenicillin treated 
colonies. Yellow susceptible and red resistant cells were competed and the colony edge imaged 
during growth on either 12 μg/ml carbenicillin (red) or no antibiotic (black) (A, B). The bottom images 
are micrographs of the colony edge under the different conditions showing the shifts in aspect ratio 
in susceptible cells under carbenicillin treatment (C). 

HOW ARE THESE MEASUREMENTS MADE?

Figure 2: Filaments and the dynamics of colony edge-capture
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Fig. 6.3 Susceptible (S) cells increase in aspect ratio before outcompeting resistant
(R) cells in carbenicillin-treated colonies. As before, yellow S and red R cells were
competed in agar colonies, whose edges were imaged during growth on either 0 or
12 µgml−1 carbenicillin (A). Measurements of cell aspect ratios (B) show a transition
to filamentous morphology in S cells between days 1 and 3. Following this elongation,
the fraction of S cells (C) at the colony edge rises, eventually exceeding the S-cell
fraction in the absence of antibiotics, after 3 day’s growth. Figure adapted with
permission from reference [98]; images taken using 50× objective lens.
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Measurements of cell aspect ratios on successive days of colony growth determined

that edge capture coincides temporally with the onset of filamentation (Figure 6.3-B).

Counting the number of cells of each strain (see Section 6.2.1) showed that the fraction

of susceptible cells subsequently increases, actually exceeding the S-cell fraction

reached in the absence of antibiotics (Figure 6.3-C).

Overall then, these experimental results suggest that filamentation may offer a com-

petitive edge to S cells when grown alongside R cells, by facilitating ‘capture’ of

the colony edge. The colony edge is an advantageous position to occupy, because it

offers the best access to the solutes needed for cell growth [189, 144, 191, 273, 198].

What, then, is the physical mechanism by which filamentous S cells can become

enriched there? To study the processes underlying these observations, we devised

several models of colony edge growth, using our individual-based framework. We

describe these models, and the predictions they make, in the next section.

6.3 Individual-based modelling of the colony edge

In Chapters 4 and 5, we observed that nutrient uptake in microbial communities

often creates steep resource gradients, limiting growth to outer boundaries of the

community, where resources are most plentiful. In P. aeruginosa colonies grown on

agar, growth is observed to be restricted to the colony edge [189]. To try and capture

this heterogeneous growth in our model, we devised three separate descriptions of

limiting solute fields, which we refer to as Models A, B and Z respectively. Models A

and B are similar, and examine competition between cells of different shapes at the

colony edge. By contrast, Model Z compares cells of the same (coccal) shape, but

varies relative cell growth rate. Simulation parameters for each model are summarised

in Table 6.1, and are the same as in Chapter 5 unless otherwise stated; boundary

conditions are shown in Table 6.2. These models are described below in turn.
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Table 6.1 Model parameters used in Chapter 6

Parameter Symbol Unit Value
Model A Model B Model Z

Nutrient Damköhler num. DN 1.0 0.1 0.01 or 0.0001
Oxygen Damköhler num. DO 0.1
Nutrient saturation num. ηN 0.33 0.33 0.033 or 0.00033
Oxygen saturation num. ηO 0.33
Boundary layer width δ µm 20 40 40
Domain length (x dim.) Lx µm 100 max(px)+δ max(px)+δ

Domain length (y dim.) Ly µm 100 100 300
Domain length (z dim.) Lz µm max(pz)+δ 40
Birth aspect ratio:

R cells AR0,R 2.5 2.5
S cells AR0,S 4.5 4.5
A cells AR0,A 1.1
B cells AR0,B 1.1

Table 6.2 Solute boundary conditions used in Chapter 6

Boundary
Condition

Model A Model B Model Z
x = 0 – – –
x = Lx – ūN = 1 ūN = 1
y = 0 – – –
y = Ly – – –
z = 0 ūN = 1, ∇̄2ūO · n̂ = 0 – N/A
z = Lz ūO = 1, ūN = 0 – N/A

n̂ denotes the unit vector normal to a given boundary;
(–) denotes a zero-flux boundary condition for all solutes.

6.3.1 Model A: dual-field approach

P. aeruginosa bacteria are obligate aerobes, meaning that they require both a carbon

substrate and elemental oxygen (O2) for growth [175]. In agar plate cultures, these

resources diffuse into colonies from the agar below and the air above, respectively,

so that oxygen concentrations are maximised on the upper surface of the colony, and

nutrient concentrations are maximised at the colony base. We hypothesised that, if

both of these resources became limiting, then colony growth would be restricted to the

colony circumference, which has the best access to both solutes simultaneously.
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Agar

Figure 3: Simulating growth colony edge using a 3D hybrid agent-based model. We use a hybrid 
modelling framework to simulate resource competition between different cell shapes. 100μm section of 
the colony edge (A, top left)  is modelled using a walled cuboidal domain (A, center), containing both 
discrete cells and continuous chemical fields. Resistant (R) or susceptible (S) cells are represented using 
short or long capsules, respectively. Cells elongate according to the local concentration of Oxygen (O2, 
blue contours) and Nutrient (N, green contours), which diffuse into the colony from above and below as 
indicated. Each cell is coloured by its individual growth rate; repulsive elastic forces between growing 
capsules lead to expansion of the colony edge along the agar surface. Contours mark isoclines in each 
field in increments of 10%. Both resources are required for growth such that only cells on the outer edge 
of the colony (B, shown in profile) are able to proliferate, as with real agar colonies (C).

Figure 3: Individual-based modelling of colony edge competition
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Fig. 6.4 Simulating growth colony edge using Model A. A 100 µm section of the colony
edge (A, top left) is modelled using a walled cuboidal domain (A, bottom), containing
both discrete cells and continuous chemical fields. Resistant (R) or susceptible (S)
cells are represented using short or long capsules, respectively, whose aspect ratio
ranges were modelled on those of R- and S-type P. aeruginosa bacteria. Cells elongate
according to the local concentration of oxygen (O2, blue contours) and nutrient (N,
green contours), which diffuse into the colony from above and below as indicated.
Each cell is coloured by its individual growth rate; repulsive elastic forces between
growing capsules lead to expansion of the colony edge along the agar surface. Contours
mark isoclines in each field in increments of 10%. Both resources are required for
growth such that only cells on the outer edge of the colony (B, shown in profile) are
able to proliferate, as observed in real P. aeruginosa colonies (C). Scale bar equal
to 45 µm. Panels A and C taken with permission from references [98] and [191],
respectively.

We therefore adapted our Chapter 5 model to create a scenario in which both solutes

were required for cellular growth. Figure 6.4 provides a schematic of this model, Model

A, indicating the computational domain and boundary conditions used. As shown in

Figure 6.4-A, the model domain consists of a walled, 3-dimensional cuboidal domain

of dimensions Lx×Ly×Lz, containing cells at the edge of a colony. Simulations are

initialised with a line of capsule cells arranged randomly towards the rear face of this

box (at x = 0), representing the arrival of the colony edge at time t = 0. Cells then grow

and divide so that the colony front moves in the radial (x) direction, corresponding

to the expansion of the colony as a whole. Mechanical boundaries at the sides and
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base of the domain are imposed to represent repulsive forces from the cells around and

behind the edge section, and from the agar surface below it.

The cell geometry and mechanics parameters of Model A are identical to those pre-

sented in Chapter 5, with two important exceptions. The first is that capsule geometries

are now taken from experimental measurements of R- and S-cell aspect ratios at the

colony edge (Figure 6.3-B, day 1 data). Capsules representing R and S cells have initial

aspect ratios AR0 = 2.50 and 4.50, which increase to final aspect ratios AR f = 4.67 and

8.67 at division, respectively. We chose these values so that the cell-cycle averages of

aspect ratios, approximated as AR0+0.18 AR f , would coincide with the measurements

shown in Figure 6.3-B.

The second difference, noted above, is that microbes simultaneously require two

solutes—oxygen (O) and nutrient (N)—in order to grow. Thus, the intrinsic growth

rate of a cell i is determined by the local concentrations of these solutes, so that its

scaled volume V̄i =Vi/l3 increases according to the dimensionless equation

dV̄i

dt̄
=

(
ūO,i

ūO,i +ηO

)(
ūN,i

ūN,i +ηN

)
V̄i, (6.2)

where ūO,i and ūN,i are the dimensionless concentrations of oxygen and nutrient,

scaled by their respective bulk concentrations uO,0 and uN,0, and where ηO = KO/uO,0,

ηN = KN/uN,0 are scaled saturation constants. Time t̄ is scaled against the minimum

cell division time, τgrowth = ln(2)/µ , as described in Chapter 4.

Oxygen and nutrient diffuse into the domain from above and below respectively, as

shown in Figure 6.4-B, and their dimensionless concentration fields ūO and ūN are

modelled using the reaction-diffusion equations

∇̄
2ūO = DO

(
ūO

ūO +ηO

)(
ūN

ūN +ηN

)
φ(p1, . . . ,pn), (6.3)

∇̄
2ūN = DN

(
ūO

ūO +ηO

)(
ūN

ūN +ηN

)
φ(p1, . . . ,pn), (6.4)
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Figure M2. Experiments show that filamentous S (yellow) cells become enriched at the colony edge (A), 
and receive an unexpected fitness bonus, when grown alongside non-filamentous R cells (red). B: 
Computational modelling suggests a mechanism for these observations. Starting from a random 
configuration of S and R cells mixed in a 1:1 (t1), radially-oriented S cells instigate branching events (t2, 
black arrows), improving their resource access and in turn stimulating further growth (t3, black arrows). By 
t4, S cells have become enriched at the colony edge through positive feedback. C: The shape-driven 
enrichment process may be quantified using histograms of cell x-coordinates, taken at the same 4 time 
points as in B. Inset figures show side-on views of the colony edge. Data merged from sample of 20 
simulations; times t1-t4 correspond to 12, 24, 36 and 56 h of growth respectively. Cell colouring schemes 
are equivalent to those used in Figure M1.
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Figure 4: S cells win at edge
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Fig. 6.5 Experiments show that filamentous cells (S, yellow) become enriched at the
colony edge (A), and receive an unexpected fitness bonus, when grown alongside
non-filamentous cells (R, red). B: IbM simulations using Model A reproduce these
observations. Starting from a random configuration of S and R cells mixed in a 1:1 (t1),
radially-oriented S cells instigate branching events (t2, black arrows), improving their
resource access and in turn stimulating further growth (t3, black arrows). By t4, S cells
have become enriched at the colony edge through positive feedback. C: The shape-
driven enrichment process may be quantified using histograms of cell x-coordinates,
taken at the same 4 time points as in B. Inset figures show side-on views of the colony
edge. Data merged from sample of 20 simulations; times t1-t4 correspond to 12, 24, 36
and 56h of growth respectively. Cell colouring schemes are equivalent to those used in
Figure 6.4.
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where DO, DN are solute Damköhler numbers, and where ∇̄2 corresponds to the

Laplacian operator scaled by cell diameter l = 1µm. The scalar field φ(p1, . . . ,pn)

describes the spatial variation in cell volume fraction, computed from the current cell

configuration p1, . . . ,pn as described in Chapter 4. Each simulation timestep, solute

fields are computed by solving these coupled PDEs (in non-dimensional form, using

the FEniCS finite element library (in-built Newton solver of Solve() function [5]).

Filamentation drives enrichment at colony edge

We used Model A to grow 100µm sections of the colony edge from 1:1 mixtures of

R and S cells. Simulations were initiated by randomly placing 20 cells of each type

in the area defined by 0 < x ≤ 5µm, 0 < y ≤ 100µm, representing the leading edge

of the colony as it enters the simulation domain. Cells were then allowed to grow

and divide so that the colony edge propagated in the radial (x) direction, reaching an

average colony volume of 1.043×103 µm3 (approximately 6,500 cells) after 56 h. The

dimensionless parameters and boundary conditions used in Model A are summarised

in tables 6.2 and 6.2.

We found that this model successfully limited growth to the colony edge, as shown in

Figure 6.4-B and -C, and that the resulting simulations reproduced the edge enrichment

effect observed in our experiments (Figure 6.5-A). The simulation timeseries pictured

in Figure 6.5-B shows how, beginning from an equal starting position (t1), longer S

cells (yellow) emerge from the colony front to create fast-growing branches, occluding

shorter R cells (red) from the colony edge (t2-t3). Consequently, S cells accumulate at

the colony edge (t4), so that the entire front of the colony becomes occupied by S cells.

We tracked the enrichment process over time by plotting strain probability distributions

(P(x), the likelihood of finding a cell of a given strain at coordinate x) as a function

of the radial coordinate x (Figure 6.5-C). Here, each bar in the histogram is coloured

according to the average growth rate of cells contained within that bar, so that higher
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\begin{figure}[htb!]
\centerline{\includegraphics[page=5, width=0.9\textwidth]{Figures_C6V1.pdf}}
\caption[Model A: enrichment requires a shape differential]{In Model A, cell morphology drives edge enrichment 
and fitness advantage for susceptible cells in 3D colony edge simulations. Mixtures of short (R) and long (S) 
aspect ratio cells (SR) behave differently to control simulations where both strains have the same shape (RR, 
SS). A: The S cell is more sensitive to branching, leading to enrichment at the colony edge when grown 
alongside R cells. This spatial structure disappears in the RR case (neither strain branches) and the SS case 
(both strains branch). B: Histograms of cell $x$-coordinate quantify the enrichment of S cells at the colony edge 
in the SR case only. The spatial structure produces a growth rate advantage for S cells in SR mixtures but not 
otherwise, as shown in C. All data taken after 56\si{\hour} of growth, using a merged sample of 10 colonies. 
Figure taken with permission from reference~\cite{Frost2017}; cells in column A coloured by type only with no 
growth rate shading.}\label{fig:c6f5}
\end{figure}

Fig. 6.6 In Model A, cell morphology drives edge enrichment and fitness advantage
for susceptible cells in 3D colony edge simulations. Mixtures of short (R) and long
(S) aspect ratio cells (SR) behave differently to control simulations where both strains
have the same shape (RR, SS). A: The S cell is more sensitive to branching, leading to
enrichment at the colony edge when grown alongside R cells. B: Histograms of cell
x-coordinate quantify the enrichment of S cells at the colony edge in the SR case only.
The spatial structure produces a growth rate advantage for S cells in SR mixtures but
not otherwise. C: 2-D cell density histograms confirm that these structural differences
disappear in the RR case (neither strain branches) and the SS case (both strains branch).
All data taken after 56h of growth, using a merged sample of 10 colonies. Figure
adapted with permission from reference [98]; cells in column A coloured by type only
with no growth rate shading.

growth rates correspond to bolder colours. Profile snapshots of the colony, highlighting

cells by growth rate, show fast-growing S cells dominating the colony edge (Figure

6.5-C, inset). Meanwhile, control simulations show that a difference in the shapes

of competed strains is necessary for edge capture. Figure 6.6 shows that enrichment

occurs in 1:1 RS competitions, but is absent in SS and RR competition simulations

performed in the same way.
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6.3.2 Model B: single-field approach

Model A successfully reproduced the observed tendency for longer S cells to accu-

mulate at the growing edge of the colony. However, the dual-field description it uses

presupposes simultaneous limitation of two resources.

Therefore, we also tried modelling edge growth limitations using a simpler single-field

model (Model B), in which cells depend only on the nutrient stored in the agar for

growth. A schematic of the model is provided in Figure 6.7-A. This is effectively

the same as the single-field model described in Chapters 4 and 5, except that the

computational domain Lx×Ly×Lz is rotated, so that nutrient is supplied by a moving

boundary to the side of the colony (x = Lx) instead of above it. The scaled nutrient

concentration field ūN is computed by solving the non-dimensional PDE

∇̄
2ūN = DN

(
ūn

ūN +ηN

)
φ(p1, . . . ,pn), (6.5)

which governs cell growth rates as

dV̄i

dt̄
=

(
ūN,i

ūN,i +ηN

)
V̄i. (6.6)

Instead of assuming the agar to provide a continuous supply of nutrient, Model B

supposes that nutrient N is depleted around the colony (owing to uptake by cells),

and must therefore diffuse in laterally from the surrounding agar, which behaves

as a perfect nutrient source. As the colony expands, so to does the depletion zone;

we assume the nutrient source is always a constant distance δ from the colony edge,

computed in terms of the largest cell x-coordinate px, so that uN = uN,bulk at x= Lx, and

Lx = max(px)+δ . Zero-flux conditions are applied on all other domain boundaries,

as summarised in Table 6.2. Note that this description may be thought of as a 3-

dimensional analogue of existing 2-D models of colony growth, which use a moving

radial boundary condition to represent nutrient depletion in the agar below the colony
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[199]. By modelling the same situation in 3-D, we allow cells of different shapes full

freedom of movement.

Branching results from longer cell morphology

We performed simulations with Model B, using domains of dimensions Ly = 100µm,

Lz = 100µm and δ = 40µm, and initialising simulations with random 1:1 inocula of

SS, SR and RR strain combinations as before. This time, we also varied the supply

of nutrients using the Damköhler number DN , setting DN = 0.1 to represent poor

nutrient supply (as in Chapter 5) and DN = 0.01 to represent rich nutrient supply.

These parameters are summarised in Table 6.2.

The results of these simulations are shown in Figure 6.7. Under poor nutrient conditions

(Figure 6.7-B, C), we found that Model B produced edge enrichment in S-R mixtures,

but not in R-R and S-S controls, in agreement with the predictions of Model A

(Figure 6.6). One striking outcome here was the marked differences in the overall

morphologies of colony edges: under the same conditions, the edges of S-S colonies

were much more branched than those of R-R colonies, suggesting that the longer S

morphology makes cells more susceptible to branching.

Simulation repeats using a richer nutrient supply (DN = 0.01), and correspondingly

shallower nutrient gradients, corroborate this hypothesis. Under these conditions,

almost all cells at the colony edge are able to grow (Figure 6.7-D), and the colony

boundary remains stable to branching. As a result, all three shape combinations

produce colonies with similar overall morphologies, with a complete absence of edge

enrichment in S-R mixtures. In this case, we also observe marginal enrichment of S

cells towards the rear wall of the domain, produced by the layering effect discussed in

Chapter 5 (Figure 6.7-E, black arrow).

A possible explanation for this effect is shown in Figure 6.8. Suppose an S-type cell

and an R-type cell are placed alongside one another, aligned parallel to the x axis.



6.3 Individual-based modelling of the colony edge 167

Figure 6: Single-field model 
reproduces win for longer cell type 
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[Nutrient availability controls branching and edge enrichment in Model II] In Model II (A), a single limiting solute (nutrient 
N) is supplied from a bulk region surrounding the colony. When nutrient supply is limited (`Poor’ supply, 
$\mathcal{D_{N}} = 0.1$), surface instabilities are produced, and the colony edge becomes branched and irregular (B). 
S cells branch more than R cells, and become enriched at the colony edge in the SR mixtures (C, black arrow) but not 
in SS or RR controls (C). When nutrient availability is higher (`Rich’ supply, $\mathcal{D_{N}} = 0.01$), no branching 
occurs, and all three colonies develop similar overall morphologies (D) and spatial strain distributions (E), irrespective of 
cell shape. In SR mixtures grown under these conditions, we observe marginal enrichment of S cells towards the rear 
wall of the domain, produced by the layering effect discussed in Chapter 5. Note that branching is more pronounced 
and no longer limited to cells close to the agar surface (e.g. B, SR and SS cases). Cell and histogram box colourations 
encode growth rates as in Figures XXX and YYY respectively.

Fig. 6.7 In Model B (A), a single limiting solute (nutrient N) is supplied from a
bulk region surrounding the colony. When nutrient supply is limited (‘Poor’ supply,
DN = 0.1), surface instabilities are produced, and the colony edge becomes branched
and irregular (B). S cells branch more than R cells, and become enriched at the colony
edge in the SR mixtures (C, black arrow) but not in S-S or R-R controls (C). When
nutrient availability is higher (‘Rich’ supply, DN = 0.01), no branching occurs, and all
three colonies develop similar overall morphologies (D) and spatial strain distributions
(E), irrespective of cell shape. Note that branching is more pronounced than in Model
A, and is no longer limited to cells close to the agar surface (e.g. B, SR and SS
cases). Cell and histogram box colours encode growth rates as in Figures 6.4 and 6.5
respectively; 10 simulations per case.
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Figure: [Orientational persistance as an explanation for ].
Capsule cells of equal initial volume are placed on a surface, oriented along 
the $x$ axis ($t_{1}$). S (yellow) and R (red) cells are programmed to divide 
upon reaching volumes $V_{S}$ and $V_{R}$ respectively, with $V_{S} > 
V_{R}$. Although both capsule types grow at the same rate $\mu$, longer S 
cells are more stable with respect to buckling, and deviate less rapidly from 
their initial alignment (t_{2}). By maintaining a more consistent orientation, S 
cells move a longer distance along the $x$ axis than R cells: i.e. $\Delta 
x_{S} > \Delta x_{R}$ (t_{3}) on short timescales. Images created using 
CellModeller. 

If the cell’s growth rates are then coupled to local nutrient concentration, and 
nutrient concentration gradients along $x$ are steep, then the extra distance 
covered by S cells can translate into a substantial increase in their growth 
rates, in turn increasing $\Delta x_{S} / \Delta x_{R}$ and initiating a runaway 
branching event. 

 using $V_{R} = \SI{3.0}{\micro\meter\cubed}$ and $V_{S} = 
\SI{5.8}{\micro\meter\cubed}

x

Fig. 6.8 Capsule cells of equal initial volume are placed on a surface, oriented along
the x axis (t1). S (yellow) and R (red) cells are programmed to divide upon reaching
volumes VS and VR respectively, with VS >VR. Although both capsule types grow at the
same rate µ , longer S cells are more stable with respect to buckling, and deviate less
rapidly from their initial alignment (t2). By maintaining a more consistent orientation,
S cells move a longer distance along the x axis than R cells, i.e. ∆xS > ∆xR (t3) on
short timescales. Images created using CellModeller.

Lines of S cells are more stable with respect to buckling than those of R cells, and so

maintain their orientation for longer (Figure 6.8, t2). Thus, starting at the same position,

S cells can travel further than R cells through orientational persistence (Figure 6.8,

t3). If the cells’ growth rates are then coupled to local nutrient concentration, and

nutrient concentration gradients along x are steep, then the extra distance covered by S

cells can translate into a substantial increase in their growth rates, in turn increasing

∆xS/∆xR and initiating a runaway branching event. We argue that Models A and B

create an enrichment effect through this common mechanism.

6.3.3 Model Z: varying specific growth rates

Models A and B demonstrate that elongation can lead to the enrichment of S cells at

the edge of resource-limited S-R colonies, so that they receive a growth rate advantage

relative to R cells. Thus, individual-based modelling has provided us with a mecha-

nistic rationale for the experimental observations reported in this chapter: in colonies

of S and R bacteria, antibiotic-induced filamentation coincides with increased S-cell

counts at the colony edge.
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However, this is not the only possible explanation of edge enrichment, and we should

also consider alternative hypotheses. For example, Models A and B assume that the

intrinsic cell growth rates of S and R cells are the same in the presence of antibiotic,

so that S and R cells differ only in cell shape. Actually, this is unlikely to be the case.

S cells are expected to grow faster than R cells in the absence of antibiotic, but under

high antibiotic concentrations, S cells are killed, and have a lower effective growth rate.

As an additional complication, degradation of antibiotic by R cells protects nearby S

cells, and may ultimately deplete the supply of antibiotic. Overall then, there are many

factors in play that could affect cell growth rates, and it seems unlikely that S and R

cells grow at exactly the same rate.

Here we present a third and final model, Model Z, which offers an alternative explana-

tion for edge enrichment based on growth rate differences. The model is effectively

a 2-dimensional version of Model B, representing the edge of a 2-strain colony as a

laminar sheet of cells measuring, with a single growth-limiting nutrient (N) diffusing

into the colony from the bulk agar ahead of it. This time however, the two cell strains

(denoted A and B) have identical, coccal shapes, but different growth rates. These may

be written in dimensionless form as

dV̄A

dt̄
= κ

(
ūN

ūN +ηN

)
V̄A,

dV̄B

dt̄
=

(
ūN

ūN +ηN

)
V̄B, (6.7)

where V̄ is the cell volume scaled to cell length l3, t̄ is time scaled to the minimum

doubling time ln(2)/µ , ūN is nutrient concentration scaled to its value in the bulk agar

uN,0, ηN is a saturation number KN/uN,0. Here, κ represents the ratio between growth

rates of strains A and B: for example, κ = 0.5 corresponds to a 50% disadvantage for

the A strain relative to the B strain. Models A and B assume that κ = 1.

The corresponding dimensionless PDE for nutrients is

∇̄
2ūN = DN

(
ūN

ūN +ηN

)
[κφA +φB], (6.8)
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where φA and φB are the cell volume fractions for A and B strains respectively, and

where DN is the nutrient Damköhler number as defined above, controlling the steepness

of nutrient concentration gradients. Thus, Model Z assumes that A cells consume

less nutrient and therefore do not grow as fast as B cells. The boundary conditions

for Model Z are similar to those used in Model B. Nutrient is supplied from a perfect

source representing the agar ahead of the colony edge, such that ūN = 1 at x = Lx, with

Lx = max(px)+δ as before. All other boundaries are set to be reflecting (zero-flux).

Growth rate differences can also drive edge enrichment

We used Model Z to simulate the growth of 2-strain colonies, shown in Figure 6.9.

Horizontal (xy) slices of the colony edge were grown from 1:1 mixtures of A- and

B-type capsule cells, shown in red and yellow respectively, placed randomly along

the x = 0 edge of a 300 µm-wide box. A-type cells were given an intrinsic growth

disadvantage by setting κ = 0.95 (5% disadvantage against B) or κ = 0.90 (10%

disadvantage against B). In each case, the colony was fed with either a plentiful

(DN = 0.0001) or a poor nutrient supply (DN = 0.01) representing the perfusion

conditions present in liquid or solid cultures respectively. Simulations were terminated

once the total cell population reached a maximum value of approximately 7.5×103

cells, from a starting inoculum of 74 cells.

End-state snapshots of these simulations (Figure 6.9, ‘colony slice’) show that, when

the nutrient supply is limiting (DN) even a small (5%) growth rate disadvantage leads

to enrichment of B-type cells at the leading edge of the colony, as slower-growing A

cells are less likely to become locally fixed. Qualitatively, this enrichment increases

further when the growth rate disadvantage is raised to 10%. In Figure 6.9 (‘Relative

fitness’), we also quantify overall cell growth by computing the relative cell fitness for

the B-strain,

ωB/ωA = log
(

nB(tend)

nB(0)

)
/ log

(
nA(tend)

nA(0)

)
, (6.9)
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Individual-based modelling demonstrates that solid culture conditions can amplify cell 
growth advantages. We modelled competition between identical cell shapes A and B 
(pictured centre), conferring B cells with either a 5% (top row) or 10% (bottom row) 
growth rate advantage over A-type cells. Representative screenshots (A) show 2D 
colony sections grown under solid culture conditions, where rapid cell growth is limited 
to a thin layer at the top of the colony. Cells are coloured by type and by growth rate as 
previously, so that fast-growing cells appear brightly-coloured. Contours correspond to 
oxygen concentration isoclines in increments of 10% of ; snapshots show the central 
200µm section of the simulation domain. Plots of relative cell fitness  show that the 
type-B cell growth rate advantage is increased approximately 2-fold under solid culture 
conditions relative to liquid culture controls, in which the entire colony receives 
sufficient perfusion for rapid growth. Sample of 10 simulation replicates per case.

Figure 7: alternative hypothesis based 
on growth rate

Growth Rate

B
μmax 0

A

Fig. 6.9 Simulation of colony edge competition using Model Z. Here, A-type cells
have either a 5% (top row) or 10% (bottom row) growth rate disadvantage over B-type
cells. Simulation screenshots (left) show laminar colony sections grown under nutrient-
limited conditions, where rapid cell growth is limited to a thin layer at the edge of the
colony. Faster-growing B cells are more likely to become locally fixed and so become
enriched at the edge. As before, cells are coloured by type and by growth rate (see
legend), so that fast-growing cells appear brightly-coloured; contours correspond to
nutrient concentration isoclines in increments of 10%. Plots of relative cell fitness
(right) show that the type-B cell growth rate advantage is increased approximately
2-fold under solid culture conditions (DN = 0.01) relative to ‘liquid culture’ controls
(DN = 0.0001), in which all cells grow exponentially. Sample of 10 simulations per
case; snapshots show the central 200 µm section of the simulation domain.

where nA(t), nB(t) denote the numbers of A- and B-type cells present at the beginning

(t = 0) and end (t = tend) of the simulation. When nutrient perfusion is complete

(Figure 6.9, ‘Liquid’ culture conditions), all of the cells in the simulation can grow

exponentially, and so the end-state relative fitness is given by the inverse of the growth

rate ratio: 5% and 10% disadvantages for A give mean relative fitnesses ⟨ωB/ωA⟩ of

1.05 and 1.10 respectively. These values are equal to 1/κ to within 1% accuracy in

both cases.

However, when nutrient supply is limiting, the same intrinsic growth rates lead to a

larger difference in observed fitnesses (Figure 6.9, ‘Solid’ culture conditions): 5%

and 10% growth rate differences result in mean relative fitnesses ⟨ωB/ωA⟩= 1.10 and
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1.21 respectively, approximately doubling the cell fitness advantages measured where

nutrient is plentiful. This demonstrates that nutrient limitations can amplify intrinsic

growth rate differences: when only the outer edge of the colony can grow, having

a higher growth rate is even more valuable, because it increases the probability of

becoming fixed at the colony edge.

Thus, Model Z demonstrates that differences in growth rate alone are sufficient to

explain the enrichment of a particular strain at the edge of a colony. This gives an

alternative to our first hypothesis based on edge branching and the elongated geometry

of S cells: if S cells grow faster than R cells (through some unknown combination of

cross-protection, antibiotic depletion and R cells paying plasmid expression costs),

then they can become enriched at the colony edge.

6.4 Discussion

The edges of bacterial colonies are often characterised by significant resource limi-

tations and fierce competition. Occupying the edge of such a colony can therefore

confer a strategic advantage, and strongly influence bacterial competition and evolu-

tion. Understanding the physical, chemical and biological processes governing access

to the colony edge is therefore of great interest.

In this chapter, we have described experiments in which resistant (R) and susceptible

(S) strains of the pathogenic bacterium P. aeruginosa compete at the growing edges of

agar plate colonies. Within these colonies, exposure to antibiotic induces filamentation

in susceptible cells [184], but not in resistant cells [112]. The onset of this selective

elongation correlates temporally with enrichment of the S cells at the colony edge

– suggesting that cell elongation may benefit S cells by helping them to capture the

resource-rich colony edge.

Our individual-based modelling framework provides insight into the processes under-

lying these phenomena. By devising different models of the colony edge, we have
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identified two separate mechanisms through which S cells can accumulate at the colony

edge and outcompete their rivals. If S cells are able to maintain a higher growth rate

than R cells, they become more numerous in the colony (and, by extension, at the

colony edge) over time. When resource limitations allow growth at only the leading

edge of the colony, this amplifies the selective pressure favouring the faster-growing

phenotype – so that S cells require only a small growth rate advantage in order to

secure the colony edge. Cross-protection effects—where S cells benefit from antibiotic

degradation by R cells without paying its energetic costs—could confer such a growth

rate advantage [82, 33].

Interestingly however, we also find that cell elongation can lead to edge enrichment in

the presence of strong resource gradients, by increasing the distance that cells travel

through per unit biomass accumulated. By moving further out from the edge, filamen-

tous cells can increase their access to rate-limiting resources, triggering branching

events that occlude shorter cells. This mechanism suggests a new importance for

cell elongation as an SOS response to cellular damage: instead of being a simple

byproduct of division arrest, filamentation may serve an active function, offsetting

damage by enabling preferential access to resources at the edge of a colony. In this way,

filamentation could also influence the evolution of antibiotic resistance in microbial

communities, weakening selection for antibiotic resistance by helping susceptible

populations outcompete resistant mutants.

While our models are capable of capturing the enrichment effect, several of their

predictions deviate from experimental observations. For example, we model cells as

rigid capsules, yet real filamentous bacteria are flexible and can undergo significant

bending. The inclusion of cell flexibility might inhibit shape-driven branching, by

decreasing the orientational persistence of longer cell shapes. Further, the models do

not include any cell-cell or cell-surface adhesion, which could explain why colony

fronts appears as monolayers in experiments but have a more wedge-shaped profile in

3-dimensional simulations.
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As a method for studying microbial shape in communities, the experimental system

we have analysed is also much more complicated than the arrangements reported in

Chapter 5. Strain morphologies and growth rates are both coupled to the antibiotic

concentrations that individual cells experience, and these couplings are omitted from

our models. Ultimately, these additional interactions make it difficult to identify

which—if either—of our proposed mechanisms drives the edge enrichment effect seen

in experiments. We should also be mindful of plausible alternatives that have yet to

be modelled – for example, perhaps filamentous S cells might prevent R cells from

reaching the edge through mechanical means [170], forming a cohesive barrier to hold

back the resistant phenotype.

In spite of this ambiguity, we argue that both of the mechanistic hypotheses presented

in this chapter are potentially interesting effects in their own right. Importantly, our

modelling has identified a new mechanism, distinct from the mechanical layering

effect reported in Chapter 5, through which cellular shape per se can influence spa-

tial patterning and competition in microbial communities. This work highlights the

potential relevance of cell shape to a real and important experimental system, and

demonstrates the power of individual-based modelling as method for supporting and

interpreting observations in community biology.

6.5 Conclusions

In this chapter, we have focused on competition between different cells shapes at the

colony edge, adapting our model to examine a real experimental system in which resis-

tant and susceptible cells compete in the presence of antibiotic. Filamentation induced

in antibiotic-susceptible cells appears to confer a surprising advantage: preferential

access to the colony edge. Using individual-based modelling, we can now rationalise

this emergent effect in terms of differential solute gradient sensitivity in different cell

shapes. Overall, our findings suggest a new significance for filamentation as a method
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for cells to actively resist being out-competed by a resistant population, emphasising

the potential impact of cell shape in microbial collectives.



7

Cell shape and microbial warfare via

toxin secretion



Abstract

In Chapters 5 and 6, we pitted microbes against one another in a competition for

nutrients, and examined the ways in which their shapes help them to improve their

resource access in dense communities, such as biofilms and colonies. However,

microorganisms are by no means passive in their struggle for these vital resources:

often as not, communities play host to intense conflict, as microbes fight for supremacy

using an arsenal of chemical weaponry.

In this final research chapter, we adapt our individual-based modelling framework

to study the role of cell shape within the ‘battleground’ of a microbial community.

We focus on warfare waged using bacteriocins (diffusible toxins), and show how to

implement, extend and analyse an existing model of bacteriocin aggression. Our

modelling suggests that cell shape can affect the evolution of bacteriocin production

under nutrient-limited conditions, but that shape-driven patterning alone does not

affect bacteriocin effectiveness.

7.1 Introduction

As we have discussed, microbial communities are highly competitive environments,

in which many microbial cells struggle for space [167] and resources [189, 144].

While cooperative interactions can occur in communities, these are generally less

prevalent than competitive interactions [94, 64]. In Chapters 5 and 6 of this thesis, we

used an individual-based model of this type of competition, known to biologists as
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exploitation competition. Individuals interacting via exploitation competition harm

each other indirectly by consuming shared resources, thereby depriving neighbours of

the materials they require.

This type of interaction is only one side of microbial competition, however. It has been

suggested that microorganisms actively sense hallmarks of exploitation competition—

such as nutrient limitations, toxins, and quorum sensing molecules—and use these cues

to regulate aggressive phenotypes that directly harm other microbes in a community

[63, 2]. In other words, exploitation competition often leads to a second type of

competition [234], known as interference competition, in which competing species or

strains fight one another for the resources they require.

Interference competition is highly prevalent in microbial communities, exerting a

substantial effect on community structure and stability [1, 2, 141] in collectives such

as the human gut microbiome [68]. Consequent arms races [233] have led to the

evolution of a formidable array of molecular weapons, with which microbes wage war

on their competitors [64]. Weapons in this microscopic armoury include diffusible

antibiotics [234], pore-forming ‘hole punches’ (R-pyocins) [208, 202], temperate

viruses [32, 40] and poisoned needles [13, 12]. Microbes have also developed a range

of defensive equipment for fending off attacks, using enzymes to degrade toxins [141]

and to suppress their production [271, 2].

Bacteriocins are a commonly-studied example of microbial weaponry. These antibiotic

agents are small, diffusible polypeptide toxins [145], released by bacteria to attack

closely-related strains [67].1 A defining trait of many human pathogens [128], bacteri-

ocins damage target cells through various mechanisms, including DNA degradation

[214], protein synthesis inhibition, and by compromising cell membrane function

through depolarisation or lysis [292]. Certain bacteriocins have dual modes of action:

for example, Nisin [58] acts both as a transporter inhibitor and as a pore-former [67].

1Broad-spectrum bacteriocins are rarer, but also known [180, 58].
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Bacteriocin-producing microbes are protected from the effects of their own toxins

through the co-expression of immunity proteins [9, 91, 76]. However, bacteriocin

production still carries a cost: producer strains must forfeit some of their growth

resources in order to synthesise toxins [128, 64], and in some cases must undergo

cell suicide (lysis) in order to release the bacteriocin payload into their surroundings

[142, 234, 130]. Thus, bacteriocin production is considered a ‘spiteful’ social trait, in

that it harms both the target cell and the producer.

Determining the circumstances under which such traits might evolve, in spite of their

costs, is therefore an interesting problem in the field of social evolution, and has

received attention in previous theoretical and experimental studies [100, 101, 128].

These studies indicate that selection for bacteriocin-producing phenotypes is strongly

affected by community spatial structure, which determines both the lengthscales on

which toxins can accumulate, and the degree to which toxin activity is directed against

rival strains [43]. Bacteriocins are most useful when competing strains are spatially

mixed, and so producers can be put at a disadvantage in segregated biofilms [268].

Bacteriocin production could therefore be of particular interest from the perspective

of this thesis, because of its capacity to modulate community spatial structure. By

affecting inter-strain mixing, cell shape has the potential to alter biological selection

for toxin-producing phenotypes, and thereby affect the evolution of microbial warfare

itself. Further, as one of the central processes governing community dynamics [171],

bacteriocin production per se is amply worthy of study.

With this in mind, we decided to investigate the potential effects of shape on bacteriocin

toxin dynamics. In this chapter, we describe an existing model—that of Vanni Bucci et

al—of bacteriocin production, and implement it in our individual-based framework in

order to evaluate the effects of cell shape on interference competition. We also present

an extended version of Bucci’s model, which considers the implications of toxin

degradation, and devise lengthscale analyses to characterise the model’s behaviour.
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7.2 Modelling interference competition

In recent years, various theoretical models of interference competition have been

proposed, using ODE systems [63], cellular automata [142] and individual-based

approaches [43] to model the dynamics of bacteriocin production in microbial commu-

nities. Other forms of competition, such as the use of type-VI secretion systems [13],

are now also being modelled [29, 182].

To test the effects of including interference competition in our framework, we imple-

mented an existing individual-based model of bacteriocin production: namely, that

reported by Vanni Bucci et al. in 2011.2 Bucci’s model provides a logical extension to

the work presented so far in this thesis, considering interactions between bacteriocin-

producing and bacteriocin-sensitive strains in a microbial biofilm. Practically speaking,

this requires us to add an additional chemical field, describing the concentration of an

unspecified bacteriocin toxin, to our hybrid model.

Here, we specify the equations defining this model, before applying dimensional

analysis to identify parameter clusters controlling its behaviour. We then go on to

describe model simulations, examining how the inclusion of non-spherical shapes

influences the dynamics of interference competition under different physical and

biological conditions.

7.2.1 The Bucci model

The model of Bucci et al., which we will refer to hereafter as the Bucci model, is

summarised in Figure 7.1. The model describes the interaction of two microbial strains:

a bacteriocin-producing (P) strain in competition with a bacteriocin-sensitive (S) strain

(Figure 7.1-A). As in previous chapters, both strains require a nutrient N in order to

grow, but additionally P cells convert some fraction f of their nutrient supply into a

diffusible toxin T, which inhibits the growth of the S strain.

2This study was itself based on an earlier kinetic model by Michael H. F. Wilkinson [284].
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\caption[Schematic of the Bucci bacteriocin model]{A: In Bucci’s individual-based model, a 
toxin-immune producer strain (P) and a toxin-sensitive strain (S) compete for nutrients (N). 
Producers invest a fraction f of their resources in the creation of a bacteriocin toxin (T), which 
inhibits S-cell growth. B: Both strains grow in a 2-D domain of base width $L_{x}$, representing 
a vertical slice through a surface-attached biofilm (blue and green cells) immersed in a liquid 
bath. Nutrient (white arrows) diffuse down into the biofilm from the well-mixed bulk liquid, 
through a diffusive boundary layer of thickness $\delta$; toxins diffuse aways from groups of P 
cells (red arrows) and are removed by the bulk liquid.}

Fig. 7.1 A: In Bucci’s individual-based model, a toxin-immune producer strain (P)
and a toxin-sensitive strain (S) compete for nutrients (N). Producers invest a fraction
f of their resources in the creation of a bacteriocin toxin (T), which inhibits S-cell
growth. B: Both strains grow in a 2-D domain of base width Lx, representing a vertical
slice through a surface-attached biofilm (blue and green cells) immersed in a liquid
bath. Nutrients (white arrows) diffuse down into the biofilm from the well-mixed bulk
liquid, through a diffusive boundary layer of thickness δ ; toxins diffuse away from
groups of P cells (red arrows) and are removed by the bulk liquid.

There are therefore two coupled solute fields (N and T), modelled using two reaction-

diffusion equations. As before, we have a PDE to describe the variation in nutrient

concentration uN in Cartesian space x and time t,

∂uN

∂ t︸︷︷︸
N accumulation

= DN∇
2uN︸ ︷︷ ︸

N diffusion

− 1
γ

ρµmax

(
uN

uN +KN

)
[φP +φS]︸ ︷︷ ︸

N uptake

, (7.1)

where DN is the nutrient diffusivity, γ the biomass yield per unit nutrient consumed, ρ

the cell density, µmax the maximum specific cell growth rate, KN the nutrient saturation

constant, and φP(x, t), φS(x, t) the volume fractions for P- and S-type cells respectively.

Each term in Equation (7.1) is labelled according to the process it represents. Similarly,

for the toxin field we have

∂uT

∂ t︸︷︷︸
T accumulation

= DT ∇
2uT︸ ︷︷ ︸

T diffusion

+αT f ρµmax

(
uN

uN +KN

)
φP︸ ︷︷ ︸

T production

, (7.2)
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Table 7.1 Model parameters used in Chapter 7

Parameter Symbol Units
Bucci model:

Bulk nutrient concentration uN,bulk kgm−3

Nutrient diffusivity DN m2 s−1

Toxin diffusivity DT m2 s−1

Nutrient uptake Monod constant KN kgm−3

Biomass yield per unit nutrient γ

Toxin yield per unit nutrient αT

Maximum specific cell growth rate µmax s−1

Fractional investment in toxin production f
Inhibition rate per unit toxin kT m3 kg−1 s−1

Extended model:
S-cell inhibition Monod constant KI kgm−3

Toxin removal Monod constant KT kgm−3

Toxin removal per unit biomass βT

Maximum toxin removal rate νmax s−1

where DT is the toxin diffusivity, αT the toxin yield per unit biomass, and f the

fractional investment into toxin production. The growth rates for P- and S-type cells,

dVP
dt and dVS

dt , are coupled to the N and T concentration fields according to

dVP,i

dt
=

[
(1− f )µmax

(
uN,i

uN,i +KN

)]
VP,i, (7.3)

dVS,i

dt
=

[
µmax

(
uN,i

uN,i +KN

)
− kT uT,i

]
VS,i, (7.4)

where VX ,i represents the volume of a cell of type X and index i, and where uN,i

and uT,i are respectively the local concentrations of nutrient and toxin experienced

by that cell. kT is the rate of S-cell growth inhibition per unit toxin, so that S-cell

growth is slowed by a factor uT kT . These parameters and their units are summarised

in Table 7.1; likewise, Table 7.2 provides an overview of the model’s variables. All

other parameters in our individual-based framework (such as those governing the cell

mechanics scheme) are as they were in Chapters 5 and 6, unless indicated otherwise

here.
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Table 7.2 Model variables used in Chapter 7

Variable Symbol Units
Cartesian coordinates x, y, z µm
Volume fraction fields:

(P)roducer cells φP

(S)ensitive cells φS

Solute fields: kgm−3

Nutrient (N) uN

Toxin (T) uT

For each cell i:
position vector pi = (px, py, pz)

⊤
i µm

orientation unit vector âi = (ax,ay,az)
⊤
i µm

segment length li µm
volume Vi = πlir2 + 4

3 πr3 µm3

local solute concentrations: kgm−3

N uN,i = uN(pi)

T uT,i = uT (pi)

growth rates: µi s−1

P µi = (1− f )µmaxuN,i/(uN,i +KN)

S (Bucci model) µi = µmaxuN,i/(uN,i +KN)− kT uT,i

S (Extended model) µi = µmaxuN,iKI/((uN,i +KN)(KI +uT,i))

Model domain

Equations (7.1) and (7.2) are evaluated on a rectangular domain, shown in Figure 7.1-B.

As in Chapter 5, we model a 2-dimensional, vertical section of a biofilm, growing

on a solid, impermeable surface (‘Substratum’). The biofilm is comprised of many

microbial cells (shown in blue and green), which grow and divide according to the

nutrient and toxin concentrations they experience (Equations (7.3) and (7.4)). Cells are

confined to the model domain using hard mechanical boundaries placed at z = 0 (rep-

resenting the basal surface) and at x = 0, Lx (representing repulsion from surrounding

sections of the biofilm).

The biofilm is separated from a well-mixed bulk phase (Figure 7.1-B, ‘Bulk liquid’)

by a diffusive boundary layer of thickness δ . The bulk liquid behaves as a perfect

source for nutrients (N, white arrows), and as a perfect sink for toxins (T, red arrows)
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produced by P-type cells. As the biofilm grows upwards, the diffusive boundary layer

moves with it, so that the model domain has a fixed width Lx, but a variable height

Lz = max(px)+δ , where max(px) corresponds to the height of the highest cell in the

simulation at a given time. The PDE boundary conditions associated with this model

are provided in Table 7.3.

Model simplifications

Having defined the basis of the original Bucci model, we also need to specify the

ways in which our implementation deviates from it. Overall, our model is a slight

simplification of Bucci’s, with the following key differences:

• Specific cell growth rates µi are always positive, so that cells never decrease in

size. In Bucci’s model, spherical S cells grow by increasing their radius, but

can also decrease in radius when toxin concentrations are high. In our model,

all cells are represented as elongating capsules, making it less easy to model

cell shrinkage: cell segment lengths can only decrease as far as 0, after which

capsule radius must be reduced to shrink the cell’s volume further. Since this

scheme would be rather complicated, we simply ignore shrinkage altogether.

• We also ignore cell removal processes due to toxin activity or sloughing from

the top of the biofilm. In Bucci’s model, cells are removed from the simulation

if their volume falls below a critical threshold (representing cell death) or if they

move too far above the substratum (detachment).

Table 7.3 Solute boundary conditions used in Chapter 7

Boundary Nutrient field Toxin field Description
z = 0 ∇uN · n̂ = 0 ∇uT · n̂ = 0 Zero flux through base
z = Lz uN = uN,bulk uT = 0 Nutrient supply / toxin removal by bulk liquid
x = 0 ∇uN · n̂ = 0 ∇uT · n̂ = 0

Zero flux through lateral walls
x = Lx ∇uN · n̂ = 0 ∇uT · n̂ = 0
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• As noted in Table 7.3, lateral domain boundaries (x = 0, x = Lx) are reflecting

instead of periodic.

Later, in Section 7.2.3, we show that these changes do not have a serious impact on

the model’s behaviour.

7.2.2 Non-dimensional equations

We carried out dimensional analysis on Equations (7.1)-(7.4), using a similar process

to that described in Chapter 4. Here, we use the scaled, dimensionless variables

V̄ =V/l3, t̄ = t/τgrowth = tµmax/ ln(2), and ūN = uN/uN,bulk. When scaling the toxin

concentration uT , there is no imposed reference concentration because uT,bulk = 0. We

therefore scale uT against a ‘critical’ concentration µmax/kT , so that

ūT =
uT kT

µmax
=

Rate of S-cell inhibition
Rate of S-cell growth

. (7.5)

At the critical concentration ūT = 1, S cells are completely inhibited and are unable to

grow, no matter how great their nutrient access.

These choices of scaling variables convert Equations (7.1) and (7.2) to non-dimensional

form. Assuming, as before [43], that cell growth occurs on much longer timescales

than reaction or diffusion (for either solute, N or T), we can compute pseudo-steady

state, dimensionless fields ūN , ūT by solving

∇̄
2ūN = DN,rem

(
ūN

ūN +ηN

)
[φP +φS] (7.6)

∇̄
2ūT = DT,prod

(
ūN

ūN +ηN

)
φP. (7.7)

These equations are controlled by dimensionless parameter clusters: the Damköhler

numbers for the nutrient uptake and toxin production reactions, DN,rem and DT,prod,
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are given by

DN,rem =
l2ρµmax

DNγuN,bulk
, DT,prod =

l2ρ f αkT

DT
, (7.8)

and the uptake reaction saturation number ηN = KN/uN,bulk. Similarly, the non-

dimensional analogues of the growth equations (7.3, 7.4) are

dV̄P

dt̄
= ln(2)

[
(1− f )

(
ūN

ūN +ηN

)]
V̄P, (7.9)

dV̄S

dt̄
= ln(2)

[(
ūN

ūN +ηN

)
− ūT

]
V̄S. (7.10)

To implement Bucci’s model using our IbM framework, we use a similar simulation

loop to those described in Chapters 4, 5 and 6. For a given configuration of P and

S cells {pP,pS}, we compute the cell volume fractions φP and φS, and use these to

solve the coupled nutrient and toxin PDEs (7.6 and 7.6) with the finite element method

described in Chapter 4. Once both fields are solved, we calculate the local nutrient and

toxin concentrations at each cell’s centroid, and use these to evaluate cell growth rates

using Equations (7.9) and (7.10). Following cell growth and division, cell positions

are updated using the mechanical relaxation algorithm discussed in Chapter 3.

Overall, our non-dimensionalisation of the Bucci model highlights four parameter

groups—DN,rem, DT,prod, ηN and f —controlling the behaviour of nutrient and toxin

fields, and the response of cells to the concentrations of these solutes. It is instructive

to compare these parameter clusters with those used in Bucci’s original study [43].

Here, Bucci et al. proposed a lengthscale, Lbac, as a means to characterise the effective

range of a diffusing bacteriocin.3 Lbac is given by

Lbac =
αT kT ⟨m⟩

2πDT
, (7.11)

3A later study performed a similar derivation in more detail, applied to a system involving a diffusing
public good enzyme instead of a toxin [197].



7.2 Modelling interference competition 187

where αT , kT and DT are defined as above, and where ⟨m⟩ corresponds to the mean

biomass of producer cells. We see that this cluster is actually related to the toxin

production Damköhler number (Equation (7.8)) by

DT,prod = f
2πl2

⟨V ⟩
Lbac, (7.12)

where ⟨V ⟩= ⟨m⟩/ρ is the mean producer cell volume. This suggests a unity between

our non-dimensional scheme and that used in Bucci’s original model. In the next

section, we examine the effects of varying DT,prod on the outcome of a competition

involving bacteriocin production.

7.2.3 Simulations using the Bucci Model

To study interference competition in a biofilm, we performed simulations using our

implementation of Bucci’s individual-based model. As a first test of our implementa-

tion, we examined the dynamics of a simple competition scenario, under nutrient-rich

conditions (DN,rem = 0.001 and ηN = 0.033 as in Chapter 6). We ran simulations

using a range of values of toxin production Damköhler number DT,prod (between 0 and

0.01), to examine the consequences of making toxin T progressively more effective.

We assumed a fixed toxin investment fraction f of 0.3, which is the starting value used

in reference [43].

Each simulation was carried out within a 2-dimensional domain of base length

Lx = 200µm and boundary height δ = 40µm, and initialised by randomly distributing

a 1:1 inoculum of coccal (AR0 = 1.1) P and S cells (25 cells of each type) along the

base of the domain (z = r, the cell radius). Following initialisation, all cells were

allowed to grow and divide according to Equations (7.9) and (7.10). As described

previously, both toxin and nutrient fields (Equations (7.6) and (7.7)) were re-evaluated

from the cell configuration after every simulation step, so that cell growth, nutrient

and toxin distribution were all coupled. Simulations were run until the community
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Figure 2: Implementation of Bucci’s model 
using our framework reproduces killing 
curve
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\caption[Dynamics of bacteriocin warfare using Bucci’s model]{We implemented Bucci’s model 
of bacteriocin warfare using our IbM framework. Simulation snapshots (A) compare 
development of biofilms grown using low (left column) and high (right) values of the toxin 
Damk{\”o}hler number $\mathcal{D}_{T,\text{prod}} (0, 0.01 respectively). Strain volume curves 
(B) show that S cells attain higher volumes in the first case, but that P cells can overtake S-cell 
growth in the second.Times t\textsubscript{1}, t\textsubscript{2} and t\textsubscript{3} 
correspond to 2.5, 5.0 and \SI{7.5}{\hour} of growth, marked with arrows in B. Sample of 5 
simulations per case, performed under rich nutrient conditions ($\mathcal{D_{N,\text{rem}} = 
0.001$, $\eta_{N} = 0.0033$) and with intermediate toxin investment ($f=0.3$). Strains are 
coloured by type and growth rate (top); colormaps show toxin concentration fields with 
contours corresponding to $\bar{u}_{T} = 0.1$, 0.5 and 0.9.} 

Fig. 7.2 We implemented Bucci’s model of bacteriocin warfare using our IbM frame-
work. Simulation snapshots (A) compare development of biofilms grown using low
(left column) and high (right) values of the toxin Damköhler number DT,prod (0, 0.01
respectively). Strain volume curves (B) show that S cells attain higher volumes in
the first case, but that P cells can overtake S-cell growth in the second. Times t1, t2
and t3 correspond to 2.5, 5.0 and 7.5 h of growth, marked with arrows in B. Sample
of 5 simulations per case, performed under rich nutrient conditions (DN,rem = 0.001,
ηN = 0.0033) and with intermediate toxin investment ( f = 0.3). Strains are coloured
by type and growth rate (top); colormaps show toxin concentration fields with contours
corresponding to ūT = 0.1, 0.5 and 0.9.

reached an overall fixed volume of 3.8×103µm3, equivalent to approximately 5,000

cells, with a sample of 5 simulations per case.

Figure 7.2 shows two examples of simulations in this parameter sweep: one in which

the toxin effectiveness was zero (left column, DT,prod = 0) and one where toxin

effectiveness was high (right column, DT,prod = 0.01). Figure 7.2-A depicts a series

of representative snapshots for each case: here, cells are coloured both by their type
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and by their relative growth rate (Figure 7.2, top), so that P (blue) and S (green) cells

both appear red when their growth is inhibited by toxin (S strain only) or by lack of

nutrients (both strains). The snapshots show the upward growth of the biofilm section

at successive timepoints (t1-t3): when DT,prod is low, S cells grow unchecked by toxin,

and so outcompete the slower-growing P cells, which waste resources producing

ineffective toxin (Figure 7.2-A, left). However, when toxin effectiveness is high

(Figure 7.2, right column, DT,prod = 0.01), P cells are able to inhibit and eventually

outgrow S cells.

In Figure 7.2-B, we examine these dynamics by measuring the total cell volume

for each strain as a function of time, on semilog axes. Each trace here corresponds

to a single simulation. In the absence of the toxin (left column), both strains grow

exponentially until the biofilm depth exceeds the maximum penetration of the nutrient

– as depicted in Figure 7.2-A (snapshot t3), which shows that cells at the base of the

biofilm (marked in red) are unable to grow owing to lack of nutrient access. When toxin

effectiveness is increased, S cells still grow faster than P cells initially (Figure 7.2-B,

right column), but eventually become overwhelmed through the accumulation of toxin,

and stop growing altogether.

7.2.4 The effects of cell shape on interference competition

Next, we sought to quantify the transition between these two scenarios—victory

for sensitives vs. victory for producers—as a function of toxin effectiveness, and to

investigate how this competition might be affected by variation in cell morphology. In

their 2011 study, Bucci et al. characterised such transitions by measuring the change in

the producer phenotype frequency, ∆P/P0, over the course of simulations [43]. ∆P/P0

is given by

∆P/P0 =
Pf −P0

P0
, (7.13)
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where P0 and Pf are respectively the initial and final proportions of the producer strain

in the biofilm. Here, we calculate these proportions P(t) in terms of the total cell

volume of the producer strain at a given time t, i.e.

P(t) =
∑

nP
i=1Vi(t)

∑
nP
i=1Vi(t)+∑

nS
i=1Vi(t)

, (7.14)

where Vi is the volume of cell i, and where nP and nS are respectively the P- and S-cell

populations.

We carried out simulations of bacteriocin competition in biofilms grown either with

coccal or rod-shaped microbes. These cell shapes were modelled by setting minimum

cell birth aspect ratios, AR0, to 1.1 for coccal cells, and to 3.5 for rod cells, as in

Chapter 5. We examined simulation behaviour over a range of DT,prod values (between

0.0 and 0.02), under both nutrient-rich (DN,rem = 0.001, ηN = 0.0033) and nutrient-

poor (DN,rem = 0.1, ηN = 0.33) conditions. Simulations using coccal cells were

initiated and terminated as before, and their analogues using rod-shaped cells run for

the same number of steps in each case.

Figure 7.3 compares the results of these simulations performed under rich (left column)

and poor (right column) nutrient conditions. In Figure 7.3-A, we show simulation

snapshots for biofilms comprised of coccal (top row) and rod-shaped cells (bottom), for

the same value of DT,prod (0.01, as in Figure 7.2, right column). These show that, when

nutrients are non-limiting, this value of DT,prod is sufficient for bacteriocin-producing

cells to dominate the biofilm, irrespective of cell shape. Under these conditions, both

coccal and rod-shaped morphologies produce colonies with similar appearances (A)

and toxin production response curves (C), whose sigmoidal forms reproduce those

of Bucci’s original work [43]. Note that, in Figure 7.3-C and D, we have fitted

4-parameter sigmoid curves to each set of data points using the MATLAB function

nlinfit().
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Figure 3: cell shape effects toxin 
interactions by altering biofilm morphology

\caption[cell shape effects toxin interactions by altering biofilm morphology]{The effects of cell 
shape in Bucci model simulations, performed under different conditions. A and B compare end-state 
snapshots of biofilms grown using $\mathcal{D}_{T,\text{prod}} = 0.01$, under rich (A) and poor (B) 
nutrient conditions, using coccal (top row) or rod-shaped cells (bottom row). Cells are coloured by 
type only (P: blue; S; green); heatmaps show toxin concentration fields. Simulation outcomes (C,D) 
in both cases are quantified using $\Delta P / P_{0})$ (fold-change in producer cell volume, defined 
in main text) in parameter sweeps over $\mathcal{D}_{T,\text{prod}}}. Red and blue markers denote 
simulations using coccal or rod-shaped morphologies as shown in legend (C). High and low nutrient 
concentrations correspond to $\mathcal{D}_{N,\{text}} = 0.0001$, $\eta_{N} = 0.00033$, and 
$\mathcal{D}_{N,\{text}} = 0.1$, $\eta_{N} = 0.33$, respectively; $f=0.3$ in all cases. Sample of 2 
simulations per case.}

S

Fig. 7.3 The effects of cell shape in Bucci model simulations, performed under different
conditions. A and B compare end-state snapshots of biofilms grown using DT,prod =
0.01, under rich (A) and poor (B) nutrient conditions, using coccal (top row) or
rod-shaped cells (bottom row). Cells are coloured by type only (P: blue; S; green);
heatmaps show toxin concentration fields. Simulation outcomes (C,D) in both cases
are quantified using ∆P/P0 (fold-change in producer cell volume, defined in main
text) in parameter sweeps over DT,prod. Red and blue markers denote simulations
using coccal or rod-shaped morphologies as shown in legend (C). High and low
nutrient concentrations correspond to DN,rem = 0.001, ηN = 0.0033, and DN,rem = 0.1,
ηN = 0.33, respectively; f = 0.3 in all cases. Sample of 2 simulations per case.

However, when nutrient supplies are limiting (Figure 7.3-B,D), cell shape can make

more of a difference. As shown in (Figure 7.3-B, top), coccal cells produce biofilms

with an irregular surface: here, cell growth is limited to the upper surface of the

biofilm, and toxin production is much slower owing to the lack of nutrients (note: the

colourmap for right-hand column has been set to the range [0, 0.1]). However, P cells
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still win overall for this value of DT,prod. Rod-shaped cells, grown under the same

conditions (Figure 7.3-B, bottom), produce a more branched and segregated biofilm.

Branches of faster-growing S cells deprive P cells of nutrients required for growth and

toxin production, but simulation is also more stochastic, with cells becoming locally

fixed at random due to the enhanced branching effect (as described in Chapter 6).

In summary, these simulations show that cell shape can affect bacteriocin interference

competition by modulating the spatial structure of a biofilm, in response to nutrient

limitations. The increased surface branching produced by rod cells makes it more

difficult for producer cells to amass sufficient toxin to outcompete sensitive rivals. We

also see that our model implementation is able to reproduce the toxin response curves

described in Bucci’s original study [43], implying that our modifications do not have a

serious effect on the overall behaviour of the model.

Figure 4: Cell shape controls patterning at 
the inter-strain boundary

\caption[Cell morphology controls fractal mixing in experiments and simulations]{Previous 
studies show that cell shape controls spatiogenetic patterning in dense microbial 
communities. Confocal micrographs of 2-strain laminar colonies, composed of rod-shaped (A, 
BW27783 strain) or coccal (B, KJB24 strain) \textit{Escherichia coli} bacteria, respectively 
produce interdigitated (A) and smooth (B) patterns at the inter-strain (blue-green) boundary. 
CellModeller simulations from a previous publication reproduce this dependency, predicting 
an increase in boundary fractal dimension with cell aspect ratio at birth. Scale bars in A, B 
correspond to \SI{100}{\micro\meter}; figures adapted with permission from 
Reference~\cite{Rudge2013}.}
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Fig. 7.4 Previous studies show that cell shape controls spatiogenetic patterning in dense
microbial communities. Confocal micrographs of 2-strain laminar colonies, composed
of rod-shaped (A, BW27783 strain) or coccal (B, KJB24 strain) Escherichia coli
bacteria, respectively produce interdigitated (A) and smooth (B) patterns at the inter-
strain (blue-green) boundary. CellModeller simulations from a previous publication
(C) reproduce this dependency, predicting an increase in boundary fractal dimension
with cell aspect ratio at birth. Scale bars in A, B correspond to 100 µm; figures adapted
with permission from reference [238].

Nevertheless, we found that when nutrients are in rich supply, rod- and coccal-shaped

cells perform similarly. This result was unexpected – as discussed in Chapter 5,

cell shape is known to alter spatial patterning in microbial communities. Figure 7.4



7.2 Modelling interference competition 193

provides an experimental demonstration of one such shape effect, taken from previous

work by Rudge et al [238]. Figure 7.4-A shows a confocal image of a laminar, 2-strain

microbial colony, with cell lineages marked with green and blue fluorescent labels.

This colony is grown from rod-shaped Escherichia coli bacteria, which produce fractal-

like interdigitations at the inter-strain boundary. By contrast, Figure 7.4-B is grown

using a coccal mutant of E. coli (KJB24), and shows a smooth interstrain boundary.

CellModeller, the mechanics engine on which this thesis is based, is able to recreate

these effects in silico (Figure 7.4-C), demonstrating that increases in cell length in turn

increase the fractal dimension (a measure of pattern complexity) of the inter-strain

border.

Overall then, shape affects inter-strain mixing, and our IbM framework has already

been shown to capture this effect. If, as we indicated in the introduction, bacteriocin

effectiveness is modulated by community spatial structure, should we not expect to

see bacteriocin production varying with shape per se? Having observed no such

effects using the Bucci model, we wondered if this disagreement could be tied to the

lengthscales on which bacteriocins were effective. One of the assumptions built into

the Bucci model is that the bacteriocin toxin acts catalytically, inhibiting the growth of

S cells whilst not being used up in the process. Under these circumstances, toxins are

able to diffuse widely through a community (see Figure 7.2), being removed only by

the bulk liquid above the biofilm.

This description is likely be representative of some toxins – such as bacteriolysin [67],

which catalyse the hydrolysis of the bacterial cell wall. However, some bacteriocins

might not behave catalytically if they are consumed as part of their activity, or degraded

in the wider environment [216]. As noted in the introduction to this chapter, some

bacteria can actively degrade toxins, including bacteriocins, using extra- or intra-

cellular enzymes [216, 14]. A key example here are the beta-lactamase enzymes

produced by bacteria, which hydrolyse beta-lactam antibiotics (such as penicillin)

[166]. Degradational processes such as these are expected to limit the effective range
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of a diffusing toxin. We hypothesised that, if sensitive cells were able to rapidly

degrade bacteriocin, then it would only be able to penetrate a short distance into a

group of sensitive cells, limiting the effects of the toxin to the boundaries between

groups of P and S cells. We were keen to test this possibility, since, through the

patterning effects described above, cell shape might then control the extent of P-S cell

contact and consequent inhibition. To test this hypothesis, we therefore decided to

extend Bucci’s model to include the degradation of toxin by S cells. We describe these

modifications, and their consequences for the model’s behaviour, in the next section.

7.3 Extensions to the Bucci model

To examine the effects of toxin removal on bacteriocin effectiveness, we modified

Bucci’s model in two ways:

1. We added a Monod reaction term to Equation (7.2), so that the toxin would

be consumed (or degraded) when interacting with S cells (as shown in Figure

7.5-A).

2. We changed the way in which toxin T inhibits S-cell growth, so that the nutrient

uptake rate of S cells was reduced in proportion to their growth inhibition. In

other words, when S cells are attacked with toxin, they consume less nutrient. We

assume that the toxin-inhibition relationship takes takes the form KI/(KI +uT,i),

where KI is the toxin concentration at which S-cell growth is reduced by 50%.

7.3.1 Adding toxin removal

The dimensional equations for our extended model are as follows:

∂uN

∂ t︸︷︷︸
N accumulation

= DN∇
2uN︸ ︷︷ ︸

N diffusion

− 1
γ

ρµmax

(
uN

uN +KN

)
[φP +

(
KI

KI +uT

)
φS],︸ ︷︷ ︸

N uptake

(7.15)
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and

∂uT

∂ t︸︷︷︸
T accumulation

= DT ∇
2uT︸ ︷︷ ︸

T diffusion

+ f αT ρµmax

(
uN

uN +KN

)
φP︸ ︷︷ ︸

T production by P cells

−βT ρνmax

(
uT

uT +KT

)
φS.︸ ︷︷ ︸

T removal by S cells
(7.16)

In the extended model, the growth equation for P cells remains the same, but for S

cells we now have

dVS,i

dt
=

[
µmax

(
uN,i

uN,i +KN

)(
KI

KI +uT,i

)]
VS,i. (7.17)

This model can be converted to a non-dimensional, pseudo-steady state as before,

by rewriting the equations using the scaled variables ūN = uN/uN,bulk, ūT = uT/KI ,

t̄ = t/τgrowth, x̄ = x/l, ȳ = y/l, z̄ = z/l and V̄ =V/l3. This gives

∇̄
2ūN = DN,rem

(
ūN

ūN +ηN

)
[φP +

(
1

1+ ūT

)
φS], (7.18)

∇̄
2ūT = DT,rem

(
ūT

ūT +ηT

)
φS−DT,prod

(
ūN

ūN +ηN

)
φP, (7.19)

for the nutrient and toxin fields, and

dV̄S,i

dt̄
= ln(2)

[(
ūN,i

ūN,i +ηN

)(
1

1+ ūT,i

)]
V̄S,i. (7.20)

for the S-cell growth equation. The dimensionless equation for P-cell growth (Equa-

tion (7.9)) is unchanged from the original model. The equations of the extended model

are controlled by the dimensionless control parameters

DT,prod =
l2 f αT ρµmax

DT KI
, DT,rem =

l2βT ρνmax

DT KI
(7.21)



7.3 Extensions to the Bucci model 196

with DN,rem defined as before, and with ηN = KN/uN,bulk and ηT = KT/KI . Note

that if we set the toxin reference concentration KI = µmax/kT , then DT,prod is then

equivalent to the production Damköhler number in the Bucci model.

7.3.2 Predicting model behaviour using fixed cell configurations

We wished to establish whether or not the extended Bucci model was capable of gener-

ating different behaviours to those displayed by the original model – and particularly,

if the inclusion of toxin removal would limit its effective spatial range.

Therefore, as an initial test of the new model, we examined the spatial distribution

of toxin in a biofilm by solving Equation (7.19) for a set of five fixed cell configura-

tions, in the absence of nutrient limitations. Cell configurations consisted of vertical

biofilm sections of uniform depth and width Lx = 200µm, with a regular, alternating

arrangement of P and S cells. Each configuration was grown from an inoculum of

48 cells, placed at regular intervals along the domain base (z = R) in the repeating

sequence (P-P-P-S-S-S), using our individual-based model. All cells were allowed

grow at the maximal rate µmax until the biofilm reached a height of 45 µm; snapshots

of the resulting cell configurations are shown in Figure 7.5-C.

This ‘fixed configuration’ approach is similar to the PDE solver tests that we described

in Chapter 4. We use it again here for three primary reasons: first, keeping the arrange-

ment of cells constant makes it easier to compare solute distributions under different

conditions. Second, different fixed configurations can be created and compared accord-

ing to interest – for example, we tested the effects of changing the size of S- and P-cell

groups. Third, solving the PDE for only one cell configuration is much faster than

doing so repeatedly as part of an IbM simulation. This allows large areas of parameter

space to be explored quickly. The obvious disadvantage is that we lose the feedback

between the cell arrangement and the toxin fields, and so we cannot get a sense of
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Figure 5: The extended Bucci model 
predicts a new regime
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\caption[Extending the Bucci model by adding bacteriocin degradation]{A: schematic showing 
extended version of Bucci’s model, in which S cells can degrade the bacteriocin toxin T (red 
arrow). B: heatmaps parameter space show PDE behaviour as a function of toxin production 
and removal Damk{\”o}hler numbers, computed for fixed cell configurations. Cell growth rates 
are computed for each PDE solution; each element in the grid is coloured according to the 
average strain growth rate ratio $\mu_{S} / \mu_{P}$. C: snapshots of example configurations 
and fields show complete toxin perfusion for low values of $\mathcal{D}_{T,\text{}prod}$ (1, 2, 
3), as seen in the original Bucci model, but predict partial toxin perfusion when both 
$\mathcal{D}_{T,\text{prod}}$ and $\mathcal{D}_{T,~\text{rem}}$ are large (4). Numbered 
boxes in B mark the conditions used for snaphots 1-4. Sample of 5 configurations per case; 
calculations carried out assuming perfect nutrient perfusion ($\mathcal{D}_{N, \text{rem}} = 
0$).Toxin heatmaps and contours as described in Figure 2.}
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Fig. 7.5 A: schematic showing extended version of Bucci’s model, in which S cells
can degrade the bacteriocin toxin T (red arrow). B: heatmaps parameter space show
PDE behaviour as a function of toxin production and removal Damköhler numbers,
computed for fixed cell configurations. Cell growth rates are computed for each
PDE solution; each element in the grid is coloured according to the average strain
growth rate ratio µS/µP. C: snapshots of example configurations and fields show
complete toxin perfusion for low values of DT,rem (1, 2, 3), as seen in the original
Bucci model, but predict partial toxin perfusion when both DT,prod and DT, rem are
large (4). Numbered boxes in B mark the conditions used for snaphots 1-4. Sample of
5 configurations per case; calculations carried out assuming perfect nutrient perfusion
(DN,rem = 0). Toxin heatmaps and contours are as described in Figure 7.2.

what spatial structures might emerge in the biofilm. It is therefore also necessary to

perform fully-coupled simulations, which we discuss later in the next section.

To get a sense of the range of possible behaviours produced by the extended Bucci

model, we performed a 2-dimensional parameter sweep (Figure 7.5), varying the two
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toxin Damkohler numbers DT,prod and DT,rem independently through the range 10−4

to 1, but keeping the cell configurations (described above) the same in each case.

For the sake of simplicity, we also set ηT = 1, and assumed nutrient perfusion to be

non-limiting (ūT = 1 over all space) so as to remove the dependency on the nutrient

field. In each case, once the toxin field had been computed, we evaluated the growth

rate µ of every cell in the configuration using Equations (7.9) and (7.20), again

assuming an investment of f = 0.3. Boundary conditions for the toxin field were set as

before, except that lateral reflecting boundary conditions were replaced with periodic

boundary conditions.

Figure 7.5-B shows the results of this parameter sweep as a matrix heatmap, with

each grid element coloured according to the relative growth rate of sensitive cells,

µS/µP (averaged over all cells across the sample of 5 configurations). The parameter

sweep predicts a transition between regimes in which sensitive cells win (µS/µP > 1)

and in which producer cells win (µS/µP < 1). Interestingly, we found that the nature

of the transition varied with location in parameter space. When DT,rem was low

(DT,rem < 1×10−2), the transition between outcomes is invariant with respect to

DT,rem, as marked in Figure 7.5-B (vertical section of white dashed line). This

picture is consistent with the transition curves we generated for the Bucci model, with

relative cell growth rates being controlled by DT,prod alone. At higher values of DT,rem

however, the outcome appears to be controlled by the ratio of the two Damköhler

numbers (Figure 7.5-B, diagonal dashed line).

This analysis also suggested the existence of a new type of toxin distribution, distinct

from the behaviour of the original Bucci model. To highlight this observation, Fig-

ure 7.5-C shows a set of 4 example snapshots, corresponding to the 4 numbered boxes

in the parameter space map in Figure 7.5-B, showing toxin fields and cells coloured

by type and by growth rate, as before. We found that for low values of DT,rem, the

distribution of toxin through the cell configuration was approximately uniform, so that

all S cells in the configuration were equally inhibited – experiencing low (Figure 7.5-C,
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Box 1), intermediate (Box 2) or high (Box 3) growth inhibition according to the value

of DT,prod. However, when DT,prod and DT,rem were both high, we found a second type

of behaviour, in which the effect of the toxin was limited to the boundary between

adjacent S and P cell groups (Figure 7.5-C, Box 4, corresponding to DT,prod = 0.2 and

DT,rem = 1.0).

We dubbed these two behaviours ‘complete perfusion’ (Figure 7.5-C, Boxes 1-3)

and ‘partial perfusion’ (Box 4) respectively. The suggestion of the partial perfusion

regime is of potential interest since it confines the effect of the toxin to the inter-

strain boundary: the toxin produced is very effective, but is also degraded very

effectively, and so cannot penetrate deeply into groups of S cells. As indicated above,

cell shape is known to control patterning along the inter-strain boundary, and so

interference competition in a partial perfusion scenario might be expected to show a

strong dependency on cell shape.

7.3.3 Extended model simulations: testing the effects of cell shape

To investigate this hypothesis further, we ran full simulations using the extended Bucci

model, performing a sweep over the same area of parameter space as in Figure 7.5.

Simulations were initialised and terminated in the same way as before (Section 7.2.3),

and ran either using coccal or rod-shaped cells, to test the effects of cell shape.

Instead of measuring relative strain growth rates, we quantified simulation outcome

by measuring values of ∆P/P0 at the end of each simulation, averaging values over a

sample of 5 repeats per parameter combination.

Figure 7.6 shows the results of these parameter sweeps. Firstly, for coccal cells

(Figure 7.6-A and B) we found similar simulation outcomes to those predicted by our

static configuration analysis: the matrix of ∆P/P0 averages (Figure 7.6-A) has the

same overall form as that shown in Figure 7.5, with transitions between S- and P-cell

dominance characterised by either a vertical or a diagonal boundary depending on the



7.3 Extensions to the Bucci model 200

value of Drem,T . We were also able to identify partial perfusion behaviour, as shown

by end-state simulation snapshots (Figure 7.6-B). Here, Box 1 shows an intermediate

case with near-homogenous perfusion; Box 2 (parameters: DT,prod = 0.3, DT,rem = 1)

shows a more extreme case with S-cell inhibition limited to the inter-strain boundary.

Both cases are marked on the parameter space map as before.

Figure 7.6-B shows a further effect of interest: in a partial-perfusion scenario the fate

of S and P cells depends strongly on the size of the group in which they find themselves.

1
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Figure 6: Simulations reproduce 
predictions of static analysis, but show no 
dependence on cell shape

\caption[Simulations with extended Bucci model]{The effects of cell shape in the extending Bucci 
model. Parameter sweeps (A, C) show simulation outcome (measured by fold-change in producer 
strain, $\Delta P / P_{0}$) as a function of control parameters $\mathcal{D}_{T,~\text{prod}}$ and 
$\mathcal{D}_{T,~\text{prod}}$, using coccal (A) and rod-shaped cells (C). Simulation snapshots 
(B,~D) for each case confirm the existence of both complete (1,2) and partial (3,4) perfusion regimes 
as predicted in Figure~6. Surprisingly, simulations with rod-shaped cells (A,B) show very similar 
behaviour to those using coccal cells (C,D). Sample of N simulations per case, showing similar 
overall behaviour to that predicted.}
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Fig. 7.6 The effects of cell shape in the extended Bucci model. Parameter sweeps (A,
C) show simulation outcome (measured by fold-change in producer strain, ∆P/P0)
as a function of control parameters DT,prod and DT,rem, using coccal (A) and rod-
shaped cells (C). Simulation snapshots (B, D) for each case confirm the existence
of both complete (1,2) and partial (3,4) perfusion regimes as predicted in Figure 7.5.
Surprisingly, simulations with rod-shaped cells (A,B) show very similar behaviour
to those using coccal cells (C,D). Sample of 5 simulations per case, showing similar
overall behaviour to that predicted.
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In Figure 7.6-B, Box 2, we see a large group of blue producer cells enveloped in a

plume of toxin. Within this group are several small S groups in the process of being

cut off from the upper surface of the biofilm (black arrows). These groups are too

small to effect rapid toxin removal, and so end up completely inhibited by the high

toxin concentrations. Conversely, on the right-hand side of the image we see large

groups of S cells that have out-grown smaller groups of P cells (white arrows), which

have been unable to produce sufficient toxin to inhibit their competitors. It appears,

then, that partial perfusion conditions can increase genetic segregation in biofilms,

overwhelming small cell groups whilst preserving larger ones.

Surprisingly however, we found that, when subjected to the same analysis, biofilms

composed of rod-shaped cells performed very similarly, producing a virtually-identical

outcome matrix (Figure 7.6-C). Likewise, we observed analogous partial perfusion

behaviours for the same parameter combinations (Figure 7.6-D). We suggest that this

similarity is due to the selection for large group sizes discussed above: the fractal-like

patterning seen at the boundaries between rod-shaped groups is lost, because the small

and isolated cell groups produced by interdigitation are either inhibited (S surrounded

by P) or outgrown (P surrounded by S). Consequently, inter-strain boundaries end up

having similar patterning irrespective of cell shape.

7.3.4 Lengthscale analysis

Finally, we sought to explain the behaviour of the extended model, and to create a more

quantitative description of the transition between its different outcomes, as observed

above. Dimensional analysis of model spatial scales is a powerful analytical tool, often

used alongside individual-based modelling [199, 43, 197]. Accordingly, we devised

a method of lengthscale analysis to characterise the spatial scales on which different

model processes operate.
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In Chapter 4, we discussed how Damköhler numbers may be defined both in terms

of timescale ratios (the relative timescales of solute diffusion and reaction, τdiffusion

and τreaction), or in terms of lengthscale ratios. In the latter case, a given Damköhler

number D may be written as

D =
l2

L 2 , (7.22)

where L is a lengthscale on which solute concentrations change significantly due to

reaction and diffusion, relative to the reference concentration used to define D . l is the

reference length against which D is scaled.

In the same way, the two toxin Damköhler numbers, DT,prod and DT,rem, each describe

lengthscales over which toxin gradients develop. We can therefore associate each toxin

reaction with a characteristic gradient lengthscale L , and write

LT,prod =
l√

DR,prod
=

√
DT KI

f αT ρµmax
, (7.23)

LT,rem =
l√

DR,rem
=

√
DT KI

βT ρνmax
. (7.24)

Since we use l = 1µm, LT,prod and LT,rem correspond to gradient lengthscales in units

of microns – that is, lengthscales over which toxin concentrations vary significantly

relative to the reference concentration KI , due to the toxin production and removal

reactions respectively.

The crux of our analysis here is to compare these gradients to other lengthscales

characterising structural elements of the biofilm. Here we highlight two important

lengthscales, viz:

1. The vertical system size ℓsys = max(pz)+δ ≈ 80µm. ℓsys controls the distance

between the substratum and the bulk phase above the biofilm, and so adjusts the

rate at which toxin is removed from the domain by the bulk liquid.
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2. The group size ℓgroup, corresponding to half of the width of a isoclonal group of

cells in the biofilm. In the fixed cell configurations shown in Figure 7.5-C, for

example, there are 16 cell groups of alternating type arranged along the domain

base (length Lx = 200µm) and so ℓgroup = 0.5×200/16≈ 6µm.

To compare toxin gradient lengthscales LT,prod and LT,rem with biofilm lengthscales

ℓsys and ℓgroup, we return to the fixed-configuration parameter sweeps described in

Section 7.3.2. The results of this comparison are shown in Figure 7.7.

Figure 7: Transitions between regimes can 
be predicted by comparing lengthscales

\caption[Lengthscale analysis with the extended Bucci model]{Analysis of lengthscales rationalises 
transitions between different model behaviours. A: a higher-resolution repeat of the parameter sweep 
shown in Figure 6-B, plotted as contour map, shows mean strain growth rate ratios ($\mu_{S} / 
\mu_{P}$) as a function of toxin production and removal lengthscales, $\mathcal{L}_{\text{prod}}$ and 
$\mathcal{L}_{\text{rem}}$. These lengthscales can be compared against the system size 
$\ell_{\text{sys}}$ and the cell group size $\ell_{\text{group}}$ (dashed red lines): toxin degradation by 
S cells becomes significant when $\mathcal{L}_{\text{rem}} < \ell_{\text{sys}}$, and perfusion 
becomes incomplete when $\mathcal{L}_{\text{rem}} \approx \mathcal{L}_{\text{rem}} < 
\ell_{\text{group}}$. The contour $\mu_{S} = \mu_{P}$ (dotted white line) marks the transition 
between S cells winning and P cells winning. B: drawing the same plot for cell configurations with 
larger group sizes increases $\ell_{\text{group}}$. C: configuration snapshots compare parameter 
combinations in which increasing $\ell_{\text{group}}$ maintains full toxin perfusion (1,2) or produces 
partial perfusion (3,4). Sweep of 100 parameter combinations, sample of 5 configurations per case.}
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Fig. 7.7 Analysis of lengthscales rationalises transitions between different model
behaviours. A: a higher-resolution repeat of the parameter sweep shown in Figure 6-B,
plotted as contour map, shows mean strain growth rate ratios (µS/µP) as a function
of toxin production and removal lengthscales, Lprod and Lrem. These lengthscales
can be compared against the system size ℓsys and the cell group size ℓgroup (dashed
red lines): toxin degradation by S cells becomes significant when Lrem < ℓsys, and
perfusion becomes incomplete when Lprod ≈Lrem < ℓgroup. The contour µS = µP
(dotted white line) marks the transition between S cells winning and P cells winning.
B: drawing the same plot for cell configurations with larger group sizes increases ℓgroup.
C: configuration snapshots compare parameter combinations in which increasing ℓgroup
maintains full toxin perfusion (1,2) or produces partial perfusion (3,4). Sweep of 100
parameter combinations, with 5 configurations tested per case.

Figure 7.7-A shows a high-resolution repeat of the parameter sweep described in Fig-

ure 7.5-B, in which both toxin production and removal Damköhler numbers have been

varied independently in the sequence [0,1×10−4, 5×10−4,1×10−3 . . .5×10−1,1],
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testing 100 parameter combinations in total. For each parameter combination, we

solved the extended model toxin PDE (Equation (7.19)) as before, for the same set of 5

fixed cell configurations, and again measured the mean strain growth rate ratio µS/µP

in each case. This time however, we plot these measurements as a shaded contour map,

and label the plot axes with the gradient lengthscales L to which each Damköhler

number corresponds (Equations (7.23) and (7.24)). We also annotate the plot with

lines (Figure 7.7-A, dashed red lines) marking the fixed lengths ℓsys and ℓgroup, and

highlight the ‘critical’ contour µS/µP = 1 (Figure 7.7-A, dotted white line).

We can use the resulting diagram to rationalise the observed behaviour of the extended

Bucci model, as follows. Firstly, in the region towards the top of Figure 7.7-A, where

LT,rem > ℓsys, toxin removal by the bulk liquid predominates toxin removal by S cells.

Consequently, the behaviour of the system is independent of the value of LT,rem, and

the µS = µP contour is approximately vertical. We identify this region as representing

Bucci’s original model: here, toxin removal by S cells is negligible, and the success of

P cells is predicted by comparing ℓsys with LT,prod. If LT,prod <ℓsys, toxin accumulates

significantly (i.e. such that ūT ≈ 1) within the biofilm, and S-cell growth is effectively

inhibited. We note that the position of the critical contour corroborates this predicted

transition point.

Secondly, where LT,rem < ℓsys toxin removal by S cells becomes significant, so that

both LT,prod and LT,rem (i.e. both DT,prod and DT,rem) control relative cell growth

rates. Thus, below the horizontal ℓsys line, the critical contour (Figure 7.7-A, white

dotted line) transitions from being vertical to diagonal. In this regime, the metric Lbac

[43] (Equation (7.11)) is no longer representative of the critical bacteriocin range. To

demonstrate this, we note that Lbac is inversely proportional to toxin diffusivity DT .

According to Equations (7.23) and (7.24), decreasing toxin diffusivity is equivalent

to simultaneously decreasing both LT,prod and LT,rem, i.e. to moving diagonally

downwards on Figure 7.7-A. However, if LT,rem < ℓsys, relative growth rates become
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diagonally invariant, and changes to toxin diffusivity have no effect on bacteriocin

performance.

Thirdly, we can identify the conditions necessary to produce partial toxin perfusion,

by comparing toxin gradient lengthscales with the cell group size ℓgroup. When

LT,prod ≈ LT,rem < ℓgroup (bottom right of Figure 7.7-A), rapid toxin production

is balanced by rapid toxin removal, such that toxin concentrations change rapidly

within length ℓgroup. Under these circumstances, cells at the edge of an S-cell group

experience high toxin concentrations and are strongly inhibited, whereas cells towards

the centre of the group are able to grow maximally.

We demonstrate this point further in Figure 7.7-B, which shows a repeat of the same

parameter sweep performed with cell configurations of a larger group size (ℓgroup ≈

50µm; a visual comparison of the configurations is provided at the top of Figure 7).

Additionally, snapshots comparing toxin and cell growth distributions are shown in

Figure 7.7-C, both for the small-group (Boxes 1, 3) and large-group scenario (2, 4).

The parameter combinations used to produce each snapshot are marked on the maps in

Figures 7.7-A and 7.7-B, and are the same for pairs (1, 2) and (3, 4). The parameter

map in Figure 7.7-B has a similar overall appearance to that shown in Figure 7.7-A

(since ℓsys is unchanged). Changing the size of the cell groups has no discernible effect

when LT,prod, LT,rem > ℓgroup, as shown in Figure 7.7-C, Cases 1 and 2. However,

we see that when LT,prod, LT,rem < ℓgroup, increasing the group size turns a full toxin

perfusion into partial perfusion (Figure 7.7-C, Cases 3 and 4).

7.4 Discussion

In this chapter, we have used individual-based simulations and analysis to investigate

the effects of cell shape on microbial warfare (interference competition), mediated

through diffusing bacteriocin toxins. Using an existing model of bacteriocin production

(Bucci’s model [43]), we compared biofilm communities grown using different cell
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shapes, for different toxin production and nutrient supply regimes. We proposed an

extension to this model that includes toxin degradation, predicting new regimes in

which toxin range is spatially limited, and no longer described by the lengthscale Lbac

proposed previously [43]. We have also devised a method of lengthscale analysis that

predicts transitions in model behaviour.

Overall, we found that shape can affect the dynamics of interference competition under

nutrient-limited conditions, by modulating the transition from smooth to branched

colony morphologies. In agreement with our observations in Chapter 6, longer cell

shapes produced more branching under the conditions we tested, separating producer

and sensitive strains in space, and suppressing toxin production through nutrient

capture. However, we find that shape does little to change the effectiveness of toxin

production in the absence of nutrient limitations—even when toxin range is limited

through removal—in spite of our predictions based on shape-based control of spatial

patterning.

We suggest that this is because regimes which limit toxin effect to the boundaries

between strains also inhibit the cellular growth normally responsible for fractal pattern-

ing, and so cancel out the effects of cell shape. An interesting possibility here is that,

if short-ranged secretions were to increase the growth rates of target cells instead of

reducing them (e.g. replacing bacteriocin with some a metabolic enzyme [199]), then

this might actually enhance spatial mixing, and amplify the effects of shape-driven

patterning. Indeed, previous individual-based studies have examined cross-feeding

relationships in this way, and found that they lead to increased inter-strain mixing [87].

Aside from the issue of cell shape, the inclusion of toxin degradation could also have a

strong influence on community structure and stability. Our observations suggest that

short-ranged toxin activity leads to lineage demixing, avoiding the well-mixed com-

munities that favour toxin production, whilst keeping faster-growing non-producers

in check through local inhibition. In agreement with recent studies looking at short-

ranged inhibition [182], this effect could be characterised further by extending our
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modelling to multi-strain biofilms, and repeating the strain diversity measurements

reported by Bucci et al. in the presence of fast toxin removal [43].

Although it is ultimately a simplification of Bucci’s model, our implementation still

embodies a lot of complexity that we have yet to fully characterise, because of the

intricate coupling between community spatial structure, nutrient availability and toxin

perfusion. Including toxin removal in this system adds a new dimension to this

complexity, and while our lengthscale analyses go some way to predicting model

behaviours when toxin properties are varied, it is important that we also test the

model’s sensitivity to other parameters, such as the initial cell density and ratio.

In the future, our model could also be used to describe and compare alternative

forms of interference competition. As noted in the introduction, microbes wage war

with a variety of different weapons, of which bacteriocins are but one example [64].

Whereas bacteriocins can inhibit cells over a wide area when produced en masse

[52], other common weapons, such as the type-VI secretory system, operate on very

short lengthscales. By describing the dynamics of interference competition waged

on both long and short spatial scales, our extended model could serve to characterise

and compare the physical and ecological conditions in which each strategy is most

effective.

7.5 Conclusions

Despite being very common in microbial communities, interference competition is

comparatively understudied and poorly understood compared with more positive so-

cial interactions. In this chapter, we have applied our individual-based framework to

examine the potential role of cell shape in interference competition, mediated through

diffusible bacteriocin toxins. By implementing, analysing and extending an existing

model of bacteriocin production, we find that cell shape can affect the selection for

bacteriocin production when nutrient supplies are limiting, by controlling transitions
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between smooth and branched biofilm morphologies. Although we find that the con-

trasting spatial patterns controlled by cell shape do not affect bacteriocin competition,

we argue that the short-ranged toxin interactions produced by our extended model are

an interesting phenomenon in their own right, and suggest directions for their future

study.



8

Discussion and conclusions

This concluding chapter aims to integrate the work presented in this thesis, examining

its significance and impact. We begin by summarising the achievements and findings

of our methodology (Chapters 3 and 4) and application chapters (Chapters 5, 6 and

7), before discussing common themes and general conclusions. We comment on the

strengths and limitations of our approach, and suggest directions for future research.

8.1 Key findings and achievements

Chapter 3. Individual-based modelling of biomechanical interac-

tions in a microbial community

• Individual-based modelling is a powerful and well-established method for study-

ing the development of microbial communities. Most community individual-

based models (IbMs) omit non-spherical cell shapes, but recently several meth-

ods and representations have emerged that allow their inclusion.

• Of these, we identify the model of Rudge et al. [239] as a verified, high-

performance framework, capable of modelling different shapes. We describe its

formulation and implementation as the open-source software CellModeller.
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• To enable the simulation of mixed-shape communities, we implement extensions

to CellModeller. We add periodic boundary conditions to limit edge artifacts,

and devise growth schemes for growing cells of different shapes at the same

rate.

Chapter 4. Creating a hybrid model of biofilm development

• Diffusing chemicals mediate many important interactions in microbial communi-

ties. CellModeller provides a detailed picture of cell-cell mechanical interactions,

but is unable to simulate interactions between cells through chemical solutes. In

this chapter, we devise an extension to CellModeller that couples cells’ growth

rates to their local chemical environment, creating a continuum-discrete (hybrid)

model in the style of previous studies.

• We base this extension on established models of cell-solute interactions: fo-

cussing on the case of nutrient-limited growth, we show how to solve reaction-

diffusion equations using an iterated finite element method, and use dimensional

analysis to identify parameter clusters controlling the model.

• We implement this solute transport model using the open-source finite element

modelling library FEniCS. We perform parameter sweeps and convergence tests

with our implementation, and establish numerical parameters for computing

solute fields.

• Overall, the resulting hybrid model combines the mechanically-detailed CellMod-

eller software with a flexible system for solving reaction-diffusion equations

(The FEniCS library), joined using a custom Python interface. This framework

allows us to vary cell shape as a model parameter, enabling comparative studies

of cell shape in a microbial community.
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Chapter 5. Cell shape: a new determinant of spatial patterning in

biofilms

• This chapter contains the primary results of the thesis, recently published in

Smith et al. [259]. Here we show the first application of our hybrid framework,

examining the ways in which cell shape can alter spatial patterning and structure

in a dense biofilm community.

• Individual-based modelling predicts that cell shape modulates spatial patterning

in microbial communities. In particular, mixed-shape communities produce

emergent layered structures, altering cell fitness by changing strains’ access

to rate-limiting nutrients. Long shapes dominate the colony base and edges,

whereas shorter cells rise to the top of the biofilm. Our model also recapitulates

the results of previous studies, showing that longer cells produce fractal-like

interdigitations between neighbouring cell lineages.

• Further model tests allow the mechanisms of layering and shape-driven pat-

terning to be investigated. We argue that layering is a collective phenomenon

produced through the mechanical interaction of groups of differently-shaped

cells. Directed by a solid surface, groups of rod-shaped cells grow concertedly

along the base of a community, pushing rounder cells upward. These effects

appear in both 2-D and 3-D simulations, and are robust to changes in simulation

parameters.

• Experimental tests using colonies of differently-shaped Esherichia coli bacteria

confirm both patterning and layering predictions, and demonstrate a novel route

for comparing communities of different shapes in vitro. Overall, this estab-

lishes a link between cell shape and fitness in dense communities, suggesting a

functional value for shapes in collectives.
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Chapter 6. Antibiotic-induced filamentation and its effects in bacte-

rial colonies

• Bacterial filamentation (elongation) is a common example of morphological

change in response to environmental stress. Here we demonstrate the use of our

model framework in conjunction with an existing experimental system, used

to study competition between antibiotic-resistant and antibiotic-sensitive cells

in colonies. We report experiments showing that antibiotic-sensitive bacteria

become filamentous in response to antibiotic exposure – but that following this

elongation, they appear to actually outcompete resistant cells.

• We devise two models of nutrient-limited growth at the colony edge. These

models predict that cell elongation is advantageous, providing cells with a means

to congregate at the colony edge (‘edge enrichment’) where nutrients are most

abundant. This demonstrates a second mechanism through which cell shape can

affect community morphology – by modulating the stability of the colony front

in the presence of steep nutrient gradients.

• Our models can be also used to devise and compare alternative explanations of

patterning at the edge of colonies. We propose an alternative model for edge

enrichment based on small growth rate advantages for antibiotic-sensitive cells,

which we cannot rule out owing to the complexity of the experimental system.

• Overall however, the body of circumstantial evidence points to cell shape per se

as the root of the enrichment effect. This in turn suggests that filamentation may

be more than a passive by-product of the bacterial damage-control response,

conferring an active advantage in the presence of strong nutrient competition.
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Chapter 7. Cell shape and microbial warfare via toxin secretion

• Stiff ecological competition is a hallmark of microbial communities. In this

study, we extend our modelling framework to simulate interference compe-

tition, with rival strains actively harming one another using diffusing toxins

(bacteriocins).

• We implement an existing model (the Bucci model [43]) of bacteriocin produc-

tion and use it to simulate interference competition in biofilms composed of

different cell shapes. We show that shape can affect the favorability of toxin

production under limited nutrient conditions through control of biofilm branch-

ing. This demonstrates that the branching effect reported in Chapter 6 has direct

consequences in mediating social interactions in a community.

• We also propose an extended version of the Bucci model that accounts for toxin

removal, through reaction or degradation. These processes can limit the effective

range of a toxin, so that its activity is confined to boundaries between rival

cell groups. We propose a system of lengthscale analysis, which rationalises

transitions in the extended model’s behaviour, and defines its relationship to the

original Bucci model.

• Our preliminary data suggest that shape-driven patterning alone does not sig-

nificantly influence the effectiveness of bacteriocin production, in spite of our

predictions that it would do so through control of inter-strain mixing. Further

work is needed to verify the robustness of this result under different simulation

conditions.
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8.2 Thesis evaluation

Having summarised the key findings of the thesis, it is instructive to revisit the research

questions that we set out in Chapter 2. Broadly speaking, these can be expressed as

two interrelated questions: a) [how] does microbial shape affect a community, and b)

[how] do communities influence microbial shape? Here we use our findings to address

these questions, and comment on their impact for the scientific community.

8.2.1 The influences of microbial shape

To address the first question: our work shows that microbial shape can influence

community spatial structure, through several different mechanisms. In addition to

recapitulating the nematic ordering [276] and fractal patterning effects [238] associated

with polar cells, we have identified two additional mechanisms through which shape

can influence the spatial arrangement of cells in a community. Briefly, these are a) the

layering effect, in which groups of longer cells burrow beneath shorter cells (Chapter 5,

[259]) and b) the branching effect, in which longer cells branch away from a growing

community front through chemico-physical feedback (Chapters 6 and 7).

Of these shape-driven processes, we show direct experimental evidence of the layering

effect in colonies of E. coli bacteria, and circumstantial evidence for the branching

effect in competition experiments using P. aeruginosa. Both layered and branched

architectures are well-known in multispecies communities [36, 285, 192, 199, 28],

but were not previously thought to be dependent upon cell shape. Although the two

mechanisms are distinct, they ultimately stem from the same fundamental phenomenon:

the preservation of orientational order in groups of longer cells, and the loss of

orientational order in groups of shorter cells – which itself has been confirmed both

theoretically and experimentally [276, 35, 80].

What is the significance of spatial structure produced by shape? The arrangement of

microbes in a community is important, because it affects their interactions both with
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their surroundings [286], and with one another [43, 198]. Consequently, the spatial

patterns produced by different cell shapes can alter relative strain growth rates and

biological fitness. By controlling their positions in a community, shape allows groups

of microbes to secure better access to rate-limiting resources,1 and could serve to

protect vulnerable cells from attack [43] or exploitation [199].

These results call for a reevaluation of our understanding of community morphogenesis.

Conventionally, chemical and biological factors are seen as the major factors governing

the development of community spatial structure [287, 115, 116, 28, 87, 189]. While

these factors are far from unimportant, our findings emphasise the substantial influence

that mechanical interactions exert on community architecture, and how phenotypic

changes at the cellular scale can have far-reaching implications. In this perspective,

our work stands among numerous recent studies demonstrating the importance of

mechanical forces for the emergence of spatial structure [296, 88, 8, 144, 249, 80, 259].

8.2.2 Shaping evolution

So, cell shape can indeed affect microbial communities. Having answered the first

of our research questions, it is interesting to speculate on the second question: how

do communities affect microbial shape? Having established relationships between

fitness and morphology on the timescale of community growth, we can in turn infer

that community environments may select for certain morphologies on the timescale of

microbial evolution.

How did microbial shape evolve? A current view in microbiology rationalises the

different shapes displayed by microorganisms in terms of functions at the individual

cell level [300]. In this model, particular shapes are adaptive because they improve

individuals’ abilities to perform particular tasks, such as absorbing more nutrients, or

1Note that nutrient access is one of several possible couplings between cell positioning and fitness:
for example, if antibiotic agents were sprayed onto a biofilm, cells in the upper regions of the community
would experience the highest antibiotic concentrations, and suffer the most harm [51]. The value of a
particular position depends upon the nature of the external environment.
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swimming more efficiently [300, 301]. Our findings offer an extension to this view,

suggesting that particular shapes may be selected for because of the ordering effects

they produce at the community level. Moreover, the significance of the community

mode of life—as summarised in Chapter 1—suggests that collective-level fitness

effects exert a strong influence on the evolution of microbial shape.2

Finally, our findings show that different shapes can convey growth advantages in

different contexts. Despite having only considered a very limited (yet still biologically

relevant [301]) range of shapes, we find that there is no ‘one-shape-fits-all’ morphology

offering the best result in every community context. In a biofilm growing in situ,

adopting a coccal morphology might prove advantageous; when competing at the edge

of a community, cell elongation could be more beneficial. Since different scenarios

select for different shapes, there may be a strong selection for microbes to actively

regulate their morphology. This could explain the evolution of the microbial pleiotropy:

the tendency for certain microbes to modify their shapes in response to changes in

environmental conditions [257, 21]. In short, communities may select for the ability to

vary shape, as well as for particular shapes per se.

8.2.3 Impact summary

Shape is often regarded as a passive and incidental property of a microbial species,

secondary to other considerations such as metabolism and genetics [300, 301, 158].

Our findings demonstrate that the impact of shape in multispecies communities needs

to be critically reexamined, as it has the potential to actively alter community dynamics

and composition. This is a particularly important message to communicate given that

many laboratory models of multispecies communities now involve the co-culture of

differently-shaped microbes [298, 57, 262, 204]. While cell shape will not in practice

2For instance, phylogenetic studies show that coccal cell morphologies have evolved independently
many times [258, 270, 158], and the layering effects we have demonstrated could go some way in
explaining this apparent selection.
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always matter, this thesis demonstrates that it can be important, and its implications in

existing experimental and theoretical systems therefore need to be addressed. Now

that we know more of shape’s significance, the computational and experimental

tools developed in this thesis can be used by the wider community, to extend our

understanding of shape further.

8.3 Future directions

Here we make some recommendations for future investigation into the community

effects of microbial shape.

8.3.1 Model limitations and extensions

Individual-based modelling has provided insight into the emergent effects of cell shape

in communities. However, we should be mindful of the limitations of these models,

and of aspects of their behaviour that we have yet to fully characterise.

The findings presented in this thesis prompt a number of further questions about cell

shape, some of which could be addressed using the model in its current form. For

example, in Chapter 5 we showed that coccal cells layer on top of rod-shaped cells,

but not on top of similar coccal cells. This suggests that the degree of layering, and

its associated fitness benefits, depends on the relative frequencies of different cell

shapes. It would be interesting to investigate how shape-driven layering varies with the

initial ratio of cell shapes, and the presence of additional shapes and species influence

patterning in non-binary (multispecies) communities [191].

There is also ample scope for altering our model, and testing it against other approaches.

Two ways forward present themselves here, with two separate motivations. Firstly, as

we have discussed previously, there are many features of real microbial communities

that our model omits. Including some of these details will help establish how robust
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our findings are in the presence of additional processes and interactions, which might

reinforce or interfere with phenomena driven by shape. For example, previous studies

have shown that EPS secretion [252, 103] and modulation of cell adhesivity [249, 267]

can also influence community spatial structure. It is important to determine how these

effects—included either through further modifications to CellModeller or through use

of other frameworks [88, 267]—interact with shape-driven effects.

The second obvious direction for model change is simplification, motivated by the de-

sire to better understand the mechanisms of shape-driven phenomena. Individual-based

approaches can be instructive [197], but also generate large levels of complexity very

rapidly. This can make their operation cumbersome and their interpretation ambiguous,

compared with simpler, analytical models [135, 108]. Constructing parsimonious mod-

els of the novel patterning processes reported in this thesis—shape-driven layering and

branching—could offer further insight, helping to isolate the exact physical parameters

governing these processes. Approaches based on adapting continuum nematodynamics

models [110], used previously to describe microbial shape effects [276, 35], could

prove helpful here.

8.3.2 Further influences of cell shape

While this thesis has highlighted some of the ways in which cell shape can influence

microbial communities, our work is by no means exhaustive. Shape may yet have

further consequences in cell collectives, by modulating community processes and

properties in ways we have yet to consider.

In Chapter 7 we concluded that shape-driven patterning did not have a strong influence

on interference competition mediated through diffusing toxins – yet other forms of

microbial weaponry may prove more sensitive to cell shape. For example, the bacterial

T6SS (Type-VI Secretion System)—a molecular machine consisting of a spring-loaded

needle [107]—is a very short-ranged weapon, requiring target and producer cells to
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be immediately adjacent in order to be effective [13, 12]. Because shape affects the

packing arrangements of microbes at high cell densities, the effectiveness of this

weapon may then vary with cell morphology. Likewise, bacterial conjugation (transfer

of genetic material through cell-cell contact) might display a similar dependency, so

that cell shape affects rate of horizontal gene transfer through a community [183, 96].

Additionally, as we noted in Chapter 4, our reaction-diffusion model assumes that cell

shape has no effect on solute transport. However, this simplification is unlikely to be

true: long cell shapes produce local nematic cell alignment [276], potentially making

diffusion in the direction of alignment faster than in other directions. This coupling

between media anisotropy and solute transport forms the basis for technologies such

as diffusion MRI (Magnetic Resonance Imaging) [132], and previous studies have

demonstrated its effects in communities grown in microchambers [56]. An interesting

extension to our work, therefore, would be to couple solute diffusion tensors to a

metric of local cell alignment, and thereby investigate how solute perfusion varies with

cell shape.

Finally, while models can always be simplified or made more complex, they can never

be made complete. As the adage goes, ‘All models are wrong, but some are useful’

[34] – and models are useful insofar as they make interesting and testable predictions.

By this metric, our modelling has proven useful – generating unexpected predictions,

stimulating new experiments, and expanding our understanding of cell shape as a

whole. In spite of its various shortcomings, the general agreement between our model,

previous observations, and our own experiments, justifies this approach overall.

8.4 Summary

Microbial communities are ubiquitous, and often contain cells of different shapes

– yet to date we know little of the influences of cell shape in this context. In this

thesis, we have studied the effects of cell shape in dual-strain communities. Using
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individual-based modelling, we have performed systematic comparisons of cell shape

effects in biofilms and colonies. Supported by experimental tests, our work predicts

and characterises novel mechanisms of self-organisation, demonstrating that shape

itself can actively affect the physical, chemical and biological properties of microbial

communities. Overall, these findings transform current views of the effects, function

and evolution of cell shape.
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Appendix A

Equations of motion for capsule cells

In this appendix, we provide further derivations pertaining to the model presented in

Chapter 3, reproducing work presented in Reference [239]. Specifically, we show how

capsule cells respond to an applied impulse, and how to describe the motion of points

on a cell’s surface. These results are respectively used to formulate cost functions for

cell movement and overlap, and are subject to the assumptions stated in Section 3.3.

A.1 Motion of cells in response to impulse

Let the generalised position of a capsule cell be denoted p̃ = (p, â, l)⊤, where p, â

and l represent the cell’s position, orientation and length respectively. Moving the

capsule corresponds to a change to the general position ∆p̃ = (∆p,∆â,∆l)⊤ – i.e. some

combination of translation ∆p, rotation ∆â and expansion ∆l.

Firstly, we need to know how a capsule cell will change its position in response to

forces Flin and torques Fang, as well as compressive forces Fc acting along the cell axis.

We can break this problem down into the following steps:

1. Relate the movement of an arbitrary point on the capsule’s surface to the cap-

sule’s velocity;

2. Define the drag forces acting opposing this velocity;
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3. Assuming applied forces are always balanced by drag, use Newton’s laws to

relate time integrals of forces (impulses) to changes in the cell’s generalised

position.

Consider an arbitrary point on a capsule’s surface with position w relative to the cell’s

centroid. The velocity of that point vw can be related to capsule translation, rotation

and expansion velocities (respectively vlin, vang and vgro), as

vw = vlin︸︷︷︸
translation

+vang×w︸ ︷︷ ︸
rotation

+

(
1
2

â ·w
λ

â
)

vgro︸ ︷︷ ︸
expansion

, (A.1)

where λ denotes the tip-to-tip cell length, λ = l+2r, and where r is the capsule radius.

To determine how the capsule will move when external forces act on it, we need to

consider the drag forces which oppose its motion. As per our starting assumptions, we

have:

• The linear drag force acting on an infinitesimal section dl of the cell’s length is

proportional to that section’s velocity vw, such that

dFdrag =−ζ vwdl, (A.2)

where ζ is a fixed drag coefficient;

• Drag forces dominate cell inertia, so that applied forces are almost instantly

counterbalanced by drag forces.

Resistance to translation

When a capsule moves through the medium with a linear velocity vlin, what drag forces

does it experience? Substituting Equation (A.1) into Equation (A.2) gives

dFdrag =−ζ

(
vlin−wâ×vang +

1
2

w
λ

âvgro

)
dl. (A.3)
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Here we have assumed that the length segments dl all lie in the average position—on

the capsule’s principal axis—such that w = wâ. The total drag force resisting linear

movement can then be found by integrating Equation (A.3) over the length of the

cell. Of the velocity terms in Equation (A.3), all but the first are odd in l, and so after

cancellation we are left with

Fdrag =−ζ vlin

∫ + λ

2

− λ

2

dl (A.4)

=−ζ vlinλ . (A.5)

If an external linear force Flin is applied to the cell, then using the assumption that

applied forces are balanced by drag, we have

Flin =−Fdrag (A.6)

= ζ vlinλ . (A.7)

Integrating this applied force over a time interval, ∆t = t1− t0, gives the applied linear

impulse, jlin, and so

jlin =
∫ t1

t0
Flindt = ζ λ

∫ t1

t0
vlindt = ζ λ∆p, (A.8)

which rearranges to

∆p =
jlin

ζ λ
, (A.9)

giving the linear displacement of the cell ∆p in response to an applied impulse jlin.

Resistance to rotation

A similar approach can be used to evaluate the drag forces acting on a rotating cell,

and thereby calculate its change in angular position following the application of an

external force. Rudge et al. [239] showed that the change in a cell’s orientation, ∆â, in
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response to an angular impulse jang =
∫ t1

t0 Fang dt, is given by

∆â =

(
12Pjang

ζ λ 3

)
. (A.10)

Here, ζ and λ represent the drag coefficient and cell tip-to-tip length as before; P

denotes a 3-by-3 projection matrix1 defined as

P =


(1− â2

x) −âxây −âxâz

−âxây (1− â2
y) −âyâz

−âyâz −âyâz (1− â2
z )

 , (A.11)

where âx, ây and âz correspond to the x, y and z components of the cell axis vector â.

We note that Equations (A.9) and (A.10) are in keeping with the equations of motion

used in other rigid-body dynamics studies [88].

Resistance to expansion

Finally, we need to know how drag forces resist the cell’s elongation in the viscous

medium. Assuming that cell grows by uniform cell wall expansion along its length at

velocity vgro, we can write the compressive force resisting axial cell expansion, Fc, as

Fc =
ζ

2

[∫ + λ

2

0

(
vgro

w
λ

)
dl−

∫ 0

− λ

2

(
vgro

w
λ

)
dl

]
=

ζ λ

8
vgro, (A.12)

where w denotes position along the cell axis â as before. In order to model the cell’s

resistance to compression due to its own structural and mechanical properties, we

incorporate an additional drag term γ ,

Fc =

(
ζ λ

8
+ γ

)
vgro. (A.13)

1P serves to project vector jang onto the plane perpendicular to â, hence its name.
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Integrating over time as before to give the growth impulse jgro, we have

jgro =
∫ t1

t0
Fcdt =

(
ζ λ

8
+ γ

)∫ t1

t0

dl
dt

dt =
(

ζ λ

8
+ γ

)
∆l, (A.14)

where above we have assumed that ∆l≪ l so that l can be taken out of the integral.

If we also assume that the cell’s internal resistance to expansion is much greater than

the drag resistance, i.e. that ζ λ

8 ≪ γ (consistent with rigid body behaviour), then this

expression further simplifies to

∆l =
jgro

γ
. (A.15)

Response to generalised impulse

Together, Equations (A.9), (A.10) and (A.15) describe the translation, rotation and

contraction of a capsule i, in response to a generalised impulse j̃i =
(
jlin,i, jang,i, jgro,i

)⊤,

under the drag conditions we have specified. For each i we can write

∆p̃i =


∆pi

∆âi

∆li

=


jlin,i
ζ λi

12Pijang,i

ζ λ 3
i

jgro,i
γ

=


I
λi

0 0

0 12Pi
λ 3

i
0

0 0 Γ




jlin,i

jang,i

jgro,i

= Di j̃i, (A.16)

where I denotes a 3-by-3 unit matrix. Equation (A.16) therefore defines a linear rela-

tionship between changes in generalised cell coordinates ∆p̃i and applied generalised

impulses j̃i. Note that above we have approximated the ratio ζ/γ with the parameter Γ,

as defined in the starting assumptions.2 By analogy, we can also write the movements

for a system of n cells in the same way,

∆p̃ = Dj̃ (A.17)

2Note that, in the current CellModeller code, ζ is set to unity by default – i.e. it is factored out of
matrix D, such that Γ alone controls the relative weight of the ∆l elongation loss factor.
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where now ∆p̃ = [p̃1, . . . , p̃n]
⊤, j̃ = [j̃1, . . . , j̃n]

⊤, and where D is a 7n-by-7n block-

diagonal matrix of the form

D =


D1 . . . 0
... . . . ...

0 . . . Dn

 . (A.18)

A.2 Motion of points on cell surfaces

As stated in Section 3.3, we are interested not only in how cells move, but also in

how much they overlap with one another. In order to describe how overlaps between

cells vary with an applied impulse, we need to define a relationship between a cell’s

movement and the motion of a specific point on its surface. As shown in Chapter 3, the

motion of these surface points can then be used to parameterise and minimise cell-cell

and cell-surface overlap.

If a capsule undergoes a generalised movement ∆p̃ = (∆p,∆â,∆l)⊤, how will a point

located on its surface move? Let us denote such a point q in the cell’s reference frame

and qlab in the laboratory frame, such that qlab = p+q. If the cell’s displacement

is small, its axis vector â, projection matrix P and segment length l will remain

approximately constant during the movement, and the displacement of the surface

point ∆qlab can be written

∆qlab ≈ ∆p︸︷︷︸
translation

+(∆â×q)︸ ︷︷ ︸
rotation

+
∆l
λ
(â ·q)a︸ ︷︷ ︸

expansion

. (A.19)

Using Equation A.16, we can relate cell movement to an applied impulse j̃. Substitution

gives

∆qlab ≈
1

ζ λ
jlin−

(
q× 12P

ζ λ 3 jang

)
+

(â ·q)â
γλ

jgro. (A.20)



A.2 Motion of points on cell surfaces 248

We can also project this movement along any unit vector n̂, giving the displacement of

the surface point along that vector, ∆qn̂, where

∆qn̂ = n̂ ·
(

1
ζ λ

jlin−
(

q× 12P
ζ λ 3 jang

)
+

(â ·q)â
γλ

jgro

)
(A.21)

=
1

ζ λi
n̂ · jlin,i−

12
ζ λ 3 (n̂×q) ·P jang +

(n̂ · â)(q̂ · â)
γλ

jgro. (A.22)

By analogy with Equation (A.16), we can rewrite this in block matrix form as

∆qn̂ =

[
n̂⊤ −(n̂×q)⊤ (n̂·â)(q̂·â)

λ

]
I
λ

0 0

0 12P
λ 3 0

0 0 Γ




jlin

jang

jgro

 , (A.23)

or in shorthand, for a given cell i,

∆qn̂ =
(
Cn̂,q,iDi

)
j̃i. (A.24)

In Equation A.24, the subscripts on vector C and matrix D are included as a reminder

of the geometric elements on which each term depends. In brief, Cn̂,q,i encapsulates

geometric information on the relative orientations of the unit vector n̂, the cell axis

vector â, and the position of the surface point q in the cell’s reference frame. Mean-

while, matrix Di summarises the cell’s resistance to changes in generalised position,

independent of its orientation.



Appendix B

Alternative formulation of cell

mechanics scheme

In Chapter 3, we discussed the formulation of the Rudge model [239], which uses

a constraint-based scheme to compute the movements of a system of overlapping

capsule cells.

This scheme is written as an energy minimisation problem (Chapter 3, Equation (3.2)),

used to compute a set of unknown impulses j̃, whose application then restores the

cell configuration to mechanical equilibrium. As shown in Equation (3.25), Rudge et

al. formulated this minimisation problem in terms of an elastic potential energy

function Eoverlap = |Aj̃+d|2, representing the energetic cost of cell-cell overlap, and

an additional movement energy function Emovement, chosen as

Emovement =
1
∆t

j̃⊤Dj̃. (B.1)

corresponding to the mechanical work expended in moving cells through the medium.

Here, matrices A, D, overlap vector d and timestep ∆t are as defined in Chapter 3. This

addition energy term serves as a ‘regularising’ constraint, allowing a unique solution j̃

to be found.
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One criticism of this scheme is that there is no obvious physical reason why the

quantity Eoverlap+Emovement (potential energy plus work) should be minimised. In this

appendix, we present an alternative regularisation that instead minimises the overall

potential energy of the system of cells, and which results in a similar linear system to

that used in the original model. Overall, this demonstrates that there are alternative

physical interpretations to the constraints used in the Rudge model.

B.1 Assumptions

Here we lay out some assumptions for our alternative formulation.

1. For simplicity, suppose that the cell configuration consists of a set of n elastic

disks (instead of capsules) arranged on a plane xy, each having a fixed radius r,

index i and stiffness KA. Each cell has a position pi = (px, py)
⊤ and two degrees

of translational freedom, but cannot rotate or change in size.

2. Initially, cells are placed so that some of their boundaries overlap, producing a

total of m overlaps denoted by distance dk in each case. Overlap distances for

the whole system are collected in a vector d = (d1, . . . ,dm)
⊤.

3. When a cell moves away from its initial position, it is subjected to two types of

force:

(a) A drag force proportional to its velocity vi, as in Appendix A, Equa-

tion (A.2);

(b) A spring-like restoring force pulling it back to its original position, with

stiffness coefficient KB≪KA. This force could represent adhesion between

a cell and an elastic EPS matrix.
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4. Suppose that the cells are moved by the application of a set of n linear impulses

j = (j1, . . . , jn), where ji = ( jx, jy)⊤. Find j such that the total potential energy

of the system is minimised.

We make Assumption 1 for the sake of brevity; Assumptions 2-4 make the problem

equivalent to that discussed in Chapter 3, apart from the addition of the elastic restoring

force (Assumption 3.b).

B.2 Derivation

From our starting assumptions, there are two contributions to the total potential energy

of the system: elastic potential energy from cell-cell overlap, and elastic potential

energy from the restoring forces. Therefore we can write the total potential energy

Utotal as

Utotal =Uoverlap +Umovement. (B.2)

First, consider the movement potential Umovement. Application of the impulse set j will

change cell positions by ∆p, adding to the potential energy by

Umovement =
KB

2
|∆p|2 (B.3)

Assumption 3.a implies that we can write ∆pi = Diji by analogy to Equation (A.16) in

Appendix A. The terms of matrix Di depend on the nature of the drag force in 3.a: for

instance, if we assume drag Fdrag to be given by Stokes’ law, Fdrag,i =−6πηrvi, with

vi the cell’s velocity vector, then Di = I/6πηr, with I a 2-by-2 identity matrix. For a

set of n cells, it follows that

∆p = Dj, (B.4)
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and so we can rewrite Equation (B.3) as

Umovement =
KB

2
|Dj|2. (B.5)

Next, consider the energy term Uoverlap in Equation (B.2). When cells move, the degree

to which they overlap will change – let dres denote the remaining overlap following

impulse application. If cells are elastic as per Assumption 1, then we have

Uoverlap =
KA

2
|dres|2 (B.6)

as with Equation (B.3). To relate dres to impulses j, we use the result

dres = Aj+d (B.7)

by analogy with Equation (3.23) in Chapter 3, where d is the vector of initial overlaps

as per Assumption 2, and where A is an m-by-2n matrix summarising geometric infor-

mation on the relative orientations of cells in contact. Substitution of Equation (B.7)

into Equation (B.6) yields
KA

2
|Aj+d|2, (B.8)

which has the same form as Equation (3.24) in Chapter 3. Finally, combining Equa-

tions (B.5) and (B.8) gives

Utotal =Uoverlap +Umovement (B.9)

=
KA

2
|Aj+d|2 + KB

2
|Dj|2 (B.10)

From our starting assumptions, we choose j such that

dUtot

dj
= 0, (B.11)
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which implies
KA

2
d
dj
(
|Aj+d|2

)
+

KB

2
d
dj
(
|Dj|2

)
= 0. (B.12)

Multiplying out the left-hand derivative in equation (B.12), we get

d
dj
(
|Aj+d|2

)
=

d
dj

(
(Aj+d)⊤(Aj+d)

)
(B.13)

=
d
dj

(
j⊤A⊤Aj

)
+

d
dj

(
jA⊤d

)
+

d
dj

(
d⊤Aj

)
+

d
dj

(
d⊤d

)
(B.14)

= 2A⊤Aj+A⊤d+A⊤d+0 (B.15)

= 2
(

A⊤Aj+A⊤d
)
. (B.16)

Likewise, for the right-hand derivative, we obtain

d
dj
(
|Dj|2

)
=

d
dj

(
j⊤D⊤Dj

)
(B.17)

=
d
dj

(
j⊤D2j

)
(B.18)

= 2D2j, (B.19)

where above we have used D⊤ = D to write D⊤D = D2. Substituting Equations (B.16)

and (B.19) into (B.12) gives

KA

(
A⊤Aj+A⊤d

)
+KB

(
D2j
)
= 0, or (B.20)(

A⊤A+
KB

KA
D2
)

j =−A⊤d, (B.21)

which is similar to Equation (3.31) in Chapter 3 except for the term in D2. The spring

constant ratio KB/KA performs a similar role to Γ/∆t in Equation (3.31), acting as a

weighting coefficient to the regularising drag matrix D2.
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