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Abstract

This thesis investigates the dynamics of quantum many-body systems in isolation,
in three different setups.

We start by considering a paradigmatic quantum chaotic model of magnetism,
the Heisenberg antiferromagnet in 2 and 3 spatial dimensions. The focus is on
obtaining approximations for the full counting statistics (FCS) of a subsystem order
parameter, the staggered magnetization, both in and out of equilibrium (following
quantum quenches). We employ mappings of spin variables to bosonic ones, together
with self-consistent time-dependent mean-field schemes, to compute the FCS via
Gaussian techniques. In particular, we introduce a formula for the FCS of any
subsystem observable that is at most quadratic in the bosons. We obtain results
both in the presence and absence of long-range magnetic order.

We then turn to the first of two ergodicity-breaking scenarios, by considering
Hilbert space fragmentation (HSF) in charge- and dipole-conserving quantum chains.
We determine the critical charge density at which a “freezing” phase transition from
weak to strong fragmentation takes place, for any on-site Hilbert space dimension. To
characterize the degree of dynamical connectivity in the system, we introduce a novel
framework that enables us to obtain analytic results for the strongly fragmented
phase, and numerically explore the weakly fragmented one. We derive some critical
exponents, and show that the entanglement entropy of typical eigenstates in the
strongly fragmented phase obeys an area law. We also uncover the existence of rare
eigenstates whose entropy appears to scale beyond any area law.

Finally, we investigate dynamical correlators in the Lieb-Liniger gas, one of
the simplest interacting integrable theories solvable by Bethe ansatz. We employ
Markov chain Monte Carlo methods to sample matrix elements (form factors) that
appear in the Lehmann representation of the finite-temperature single-particle
bosonic Green’s function. In the physical regimes we consider, sampling is necessary
because a full summation of the relevant form factors is computationally intractable.
We benchmark our results against exact solutions available in specific limits, and
find them to be very accurate.
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1
Introduction

The world around us is made up of an astonishingly high number1 of elementary

particles that arrange themselves into atoms, which in turn give rise to all the

different phases of matter. The physical laws that govern the behaviour of these

elementary constituents are those of quantum mechanics, and this entails many odd

facts that easily defy our intuition. The majority of natural phenomena one might

classify as “interesting” ultimately emerge from the complex quantum dynamics

induced by the interactions between these very many constituents. Unfortunately,

despite the goal of theoretical physics being to predict, or simulate, these phenomena,

their underlying mathematical description generally results in tasks that possess an

exponential complexity of some sort. But not everything is lost, for at least three

(related) reasons: (i) we are usually not interested in capturing all the details of

a physical process; (ii) the very large number of elementary constituents involved

can, counter-intuitively, lead to significant simplifications of the problem; (iii)

approximate descriptions might suffice to capture the essence of a given phenomenon.

This thesis presents progress on different methods to describe dynamics in simple

models2 of many interacting quantum-mechanical degrees of freedom. Most of the
1One might think of an order of 1028–1030, in their immediate surroundings.
2These models are stripped of the usual complexity of real-world scenarios, and retain only what

we believe to be crucial ingredients to describe the emergence of important physical properties
from the interactions between the elementary quantum constituents.

1
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focus will not be on the experimental or technological applicability of the findings,

but on the possibility of learning general features of the (mathematical) structure

behind quantum dynamics, in different contexts [1–3].

1.1 Quantum dynamics

In the past few decades, several advances in experimental platforms that enable

the control of quantum degrees of freedom and the simulation of their dynamics

[4–12] have sparked significant interest in the theoretical description of quantum

time evolution in many-body systems. The essence of quantum dynamics within an

isolated system is fully encoded in the time-dependent Schrödinger equation

d

dt
|ψ(t)⟩ = H |ψ(t)⟩ −→ |ψ(t)⟩ = e−iHt |ψ(0)⟩ , (1.1)

where |ψ(t)⟩ is a normalized time-dependent quantum state3 and H denotes the

Hamiltonian governing the dynamics of the system [13]. One is usually interested

in the time evolution of the expectation value of some physical observable O (a

Hermitian operator) in the state |ψ(t)⟩

⟨ψ(t)|O|ψ(t)⟩ , (1.2)

or of some of its higher moments O2, O3, . . .. Given that the Hamiltonian is itself

Hermitian, there exists a complete orthonormal basis of the global Hilbert space

which is composed of eigenstates |n⟩ of H, each associated with an energy eigenvalue

En. Combining this with Eq. (1.1), we see that (1.2) can be expressed via the

following Lehmann representation

⟨ψ(t)|O|ψ(t)⟩ =
∑
m,n

eit(Em−En) ⟨ψ(0)|m⟩ ⟨m|O|n⟩ ⟨n|ψ(0)⟩ , (1.3)

where we have made use twice of the resolution of the identity ∑n |n⟩ ⟨n| = 1. The

theoretical and experimental protocol for which one considers or prepares some

simple (i.e. weakly entangled) state |ψ(0)⟩ and then lets it time evolve according to

a Hamiltonian H, whose action is suddenly switched on at time t = 0, goes under
3That is, a vector of unit norm in some (separable) Hilbert space.
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the name of quantum quench [14, 15]. The requirement of |ψ(0)⟩ being simple stems

from our desire to understand how complex quantum correlations, for example

defined by some entanglement measure [16], arise over time as a consequence of the

unitary evolution (1.1), and hence we want to exclude their presence in the initial

state4. Often, |ψ(0)⟩ is chosen to be the ground state5 of a different “pre-quench”

Hamiltonian H0. In the following, we will only be concerned with quantum systems

of extended size, e.g. occupying a large volume V of space, that possess a finite

density N/V of interacting degrees of freedom, as required to model real-world

scenarios. This implies that in the limit of large V the subregion of the spectrum

relevant for dynamical observables like (1.3) lies at a finite energy density above

the ground state of H. Indeed, one generally has

⟨ψ(0)|H|ψ(0)⟩ − EGS ∝ V , (1.4)√
⟨ψ(0)|H2|ψ(0)⟩ − ⟨ψ(0)|H|ψ(0)⟩2

⟨ψ(0)|H|ψ(0)⟩ = o(V 0) . (1.5)

The first equation states that the average energy in the system after a quantum

quench is extensively larger than the ground state energy of H. The second

equation, which can be derived on very general grounds only by invoking the

cluster decomposition principle [18], states that fluctuations around this average

are subextensive [19]. This helps us contextualize the intrinsic complexity behind

unitary time evolution in extended systems: there is an exponentially large (in

volume V ) number of eigenstates that meaningfully contribute to (1.3), and these all

lie very far away from the ground state sector, in a region of the spectrum where even

the approximate determination of an eigenstate |n⟩ is itself an exponentially hard

problem, due to the volume-law entanglement that typically characterizes such states

(see, e.g., [19–22], or Section 1.2). Given our interest in the dynamics of physical

observables, it is often standard practice to work in the Heisenberg picture [13]

O(t) = eiHtOe−iHt . (1.6)
4Requiring |ψ(0)⟩ to be simple also generally guarantees a nonzero overlap ⟨ψ(0)|m⟩ with

exponentially many (in the size of the system) eigenstates, in turn implying nontrivial dynamics.
5Ground states of Hamiltonians with local densities are, in fact, characterized by a low degree

of entanglement [17].
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While quantum quenches describe proper out-of-equilibrium protocols, in this thesis

we will also be concerned with dynamical properties in equilibrium, that is, within

the framework of quantum statistical mechanics [23]. In particular, we will consider

the following type of dynamical correlation functions

Tr[ρO(t)O] =
∑
m,n

eit(Em−En) ρm | ⟨m|O|n⟩ |2 , (1.7)

where ρ denotes the density matrix associated with a thermodynamic ensemble,

e.g. the microcanonical or canonical ones6 [23]. On the right-hand side of (1.7) we

have reported the associated Lehmann representation, where, due to the fact

that ρ is diagonal in the eigenstates of H, the thermal weight ρm coincides

simply with the eigenvalue of ρ for |m⟩. Unlike (1.2), correlators of the form

of (1.7) are not associated with experimental quantities directly obtainable by

projective measurements of the observable O. However, they are the primary

objects entering Kubo’s linear response theory [26, 27], and hence can be easily

related to measurements performed on systems in equilibrium after they have been

weakly perturbed. Whenever ρ is associated with a finite temperature (in the

language of the canonical ensemble), the weights ρm and the density of states along

the spectrum imply that only a subextensive subregion in energy space, which is

extensively far from the ground state, meaningfully contributes to (1.7), similarly

to what happens in the quench case due to Eqs. (1.4) and (1.5). Therefore, the

same conclusions as before about the exponential complexity of reconstructing

the time evolution apply also here.

1.2 Eigenstate thermalization and quantum chaos

Classical systems of many interacting degrees of freedom are generally chaotic [28,

29]. This means that vanishingly small perturbations in their initial conditions

produce very strong effects on their dynamical evolution at later times, the famous
6In the limit of large volumes V , all thermodynamic ensembles are equivalent from the point of

view of characterizing local properties of physical observables, including those time evolved in the
Heisenberg picture (which, even if not clear a priori, retain a strong degree of locality [24, 25]).
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“butterfly effect”. Chaotic systems are also typically ergodic7, i.e. they explore

all the phase space available over sufficiently long periods of time. In quantum

systems, there is no analogue of the butterfly effect at the level of the time-evolving

state |ψ(t)⟩, for the very simple reason that Schrödinger equation (1.1) is linear8 in

|ψ(t)⟩. Therefore, defining quantum chaos [30] by simple generalizations of concepts

from classical chaos theory is not in general possible.

Building on the work of Wigner [31, 32] and Dyson [33], it was eventually

realized [34–38] that quantum chaos can be defined on the basis of similarities

between the energy-level statistics in the spectra of quantum systems with classically

chaotic counterparts and those of large random matrices [39]. Importantly, this

definition naturally extends to systems without a classical counterpart, and has been

generalized to other spectral probes. These include the eigenstate delocalization

in a given basis [19, 40, 41], entanglement entropy [42–44], and, famously, the

scaling and statistics of matrix elements, described by the eigenstate thermalization

hypothesis (ETH). Pioneered by early works of Deutsch [45] and Srednicki [46],

ETH is a conjecture on the structure of matrix elements ⟨m|O|n⟩ of a physical

(e.g. local) observable O in the basis of eigenstates of an interacting quantum-

chaotic Hamiltonian. These are the same type of matrix elements entering Eqs. (1.3)

and (1.7). For a Hamiltonian H without a block diagonal structure (no symmetries),

the ETH ansatz states that ⟨m|O|n⟩ has the following universal form [19, 47, 48]

⟨m|O|n⟩ = O(e)δm,n + e−S(e V )/2fO(e, ω)Rmn , (1.8)

where e = (Em + En)/(2V ) is the mean energy density, ω = Em − En, S(E) is

the thermodynamic entropy at energy E, and Rmn are complex numbers that

vary erratically with m and n, and it can be helpful to think of them as random

variables with zero mean and unit variance9. Crucially, O(e) and fO(e, ω) are smooth
7And mixing, a closely related but different concept.
8This implies that the state |ψ̃(t)⟩ = e−iHt(|ψ⟩ + ϵ |ϕ⟩), where ϵ is small and |ψ⟩ and |ϕ⟩ are

arbitrary states, remains close to |ψ(t)⟩ = e−iHt |ψ⟩ at all times.
9The variance is 1 for off-diagonal matrix elements, i.e. for m ̸= n, while it can be higher but

still O(V 0) for the diagonal elements (m = n). For example, Rmm has variance 2 in the Gaussian
orthogonal ensemble of random matrix theory.
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functions of their arguments. ETH provides a remarkably simple explanation for

how isolated quantum systems locally thermalize [47, 49] (see also the reviews [19,

50–53]). To see this, it is convenient to start by considering infinite-time averages

of the time-dependent expectation value (1.2)

C = lim
t∗→∞

1
t∗

∫ t∗

0
dtC(t) C(t) = ⟨ψ(t)|O|ψ(t)⟩ . (1.9)

From (1.3) we obtain

C =
∑
m

| ⟨ψ(0)|m⟩ |2 ⟨m|O|m⟩ = O(e) + o(V 0) , (1.10)

where O(e) is the smooth function entering the diagonal ETH and e is equal to

⟨ψ(0)|H|ψ(0)⟩ /V , cf. Eq. (1.4). To obtain the first equality in (1.10) we have

assumed a nondegenerate spectrum, which is reasonable given the absence of

symmetries of H. The second equality follows, in the limit of large V , from the

use of Eq. (1.5) together with the ETH ansatz (1.8) and ∑
m | ⟨ψ(0)|m⟩ |2 = 1.

Given that O(e) is a smooth function of the energy density, it is easy to see from

the structure of (1.8) that, for large system sizes, O(e) also coincides with the

thermal expectation value of the observable O at energy density e. Employing

the canonical ensemble, this means that

lim
V→∞

C = lim
V→∞

1
Zβ

Tr[e−βHO] , (1.11)

where β is the inverse temperature that fixes an average energy density of e.

The remarkable prediction of Eqs. (1.10) and (1.11) is that, for large V , the

infinite-time average of C(t) equals the thermal expectation value of O, irrespective

of the details of the initial state |ψ(0)⟩. In other words, expectation values of

physical observables after quantum quenches thermalize at late times, and the

system loses any local memory of its initial state10. It is also elementary to prove

that the infinite-time average of the instantaneous deviations of C(t) from C are

exponentially suppressed in V

lim
t∗→∞

1
t∗

∫ t∗

0
dt (C(t) − C)2 ∝ exp(−aV ) a > 0 . (1.12)

10Aside, possibly, for the one relative to the conserved energy density.
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This is a consequence of the off-diagonal ETH in (1.8) [47]. The previous equation

suggests that the use of infinite-time averages, which makes the statements above

precise at any finite V , is not necessary in the thermodynamic limit. Indeed, in

infinitely large systems expectation values like C(t) relax to a stationary value

at late times. This is expected on very general grounds as a consequence of the

dephasing over time of the infinitely many (for V → ∞) off-diagonal phases in (1.3),

which is sufficient to argue that the finite-time deviations of C(t) from its asymptotic

value decay to zero at least polynomially with t. Therefore, it is generally expected

that the statement (1.11) can be replaced by one that involves no averaging11 [50]

lim
t→∞

lim
V→∞

C(t) = lim
V→∞

1
Zβ

Tr[e−βHO] . (1.13)

Note that the order of limits is crucial to ensure that the t → ∞ limit exists.

Another feature of the eigenstate thermalization phenomenon is related to

the entanglement entropy (EE) of single eigenstates. Consider a system that is

in a pure state ρ = |ψ⟩ ⟨ψ|, and imagine bipartitioning it into a subsystem A

and its complement B. The von Neumann EE SvN associated with this spatial

bipartition is defined as [16]

SvN = −TrA(ρA ln ρA) ρA = TrB(ρ) . (1.14)

Here TrA denotes a partial trace over the degrees of freedom in A (and analogously

for B). SvN represents a meaningful measure of entanglement in |ψ⟩, and is said

to follow a volume-law scaling if SvN ∝ |A|, where |A| is the volume of A. If we

identify |ψ⟩ with an eigenstate of a quantum chaotic model at finite energy density e

(above the ground state), then SvN/|A| coincides, up to finite-size corrections, with

the thermodynamic entropy density s(e) = limV→∞ S(eV )/V [19–22, 42–44, 54, 55].

This means that eigenstates of quantum chaotic models away from the ground state

sector possess volume-law EE, i.e. SvN ∝ V for any extensive subsystem A, and

hence they are highly complex quantum states. The phenomenon of thermalization

after quantum quenches, summarized at the level of expectation values by (1.13),
11We stress that, mathematically, Eq. (1.13) does not directly follow from ETH, due to the

order of limits on the left-hand side.
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has a counterpart at the level of EE. Indeed, if we initialize a system in a state

|ψ(0)⟩ with zero or very low EE, and let it time evolve as in Eq. (1.1), its EE

SvN (associated with a subsystem A) grows linearly with time, i.e. SvN ∝ t, until

it saturates at the thermal value s(e)|A| [14, 56–65]. This, together with (1.13),

suggests that at late times the pure state |ψ(t)⟩ becomes locally indistinguishable

from a thermal ensemble as a consequence of the build-up over time of complex

quantum correlations between its subparts. The ballistic growth of entanglement

SvN ∝ t is the major source of limitations in the attempt to classically simulate

unitary evolution up to late times, e.g. via numerical tensor network methods [66–68].

If H possesses a few symmetries, the ETH ansatz applies only within its

irreducible symmetry sectors. Indeed, if symmetries are not resolved, standard

indicators of quantum chaos like energy-level statistics fail to distinguish ergodicity-

breaking systems (see Section 1.3) from quantum-chaotic ones [41]. The structure

of ETH has also been found to depend on the type of symmetries present, and in

particular on their degree of locality, see e.g. [69] and references therein. For example,

in lattice systems discrete symmetries like lattice translation, which are nonlocal,

can give rise to identical diagonal matrix elements even in different sectors, while

this is not expected to be the case in the presence of U(1) symmetries associated

with local conserved charges12. The need to resolve symmetry sectors is even

more apparent for off-diagonal matrix elements, which vanish if the observable O

does not break the symmetries of H. Very recently, due to growing interest in

fundamental questions regarding the nature of thermal equilibrium in systems with

non-commuting charges [70–72], the ETH ansatz has been generalized to account

for the presence of non-Abelian symmetries [73–76]. Furthermore, ETH has been

extended to address higher-order correlations between matrix elements, yielding a

“full ETH” ansatz [77–81]. These correlations are closely related to known features

of higher-point dynamical functions of observables.

12In such cases, the diagonal matrix elements entering the ETH ansatz are expected to feature
a smooth dependence, in addition to the one on the energy density, on the intensive values of the
charge in each sector.
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In Chapter 2 we will be concerned with the equilibrium and out-of-equilibrium

properties of some specific quantum chaotic models. We will introduce an approx-

imate method to calculate every moment of a subsystem observable O, i.e. ⟨Or⟩

for r = 1, 2, . . ., where ⟨·⟩ indicates either thermal average or average in a quantum

state that is evolving after a quantum quench, like in Eq. (1.2). Knowledge of all

these moments is equivalent to determining (approximately within our method)

the full probability distribution of the outcomes of projective measurements of

O in the system’s quantum state.

1.3 Quantum ergodicity breaking

Not all quantum many-body systems are chaotic, in the sense defined in the

previous section. Violations of ETH and other indicators of quantum chaos are

usually associated with the existence of a high number of symmetries of H, which

strongly constrain dynamics and can significantly reduce the quantum complexity of

eigenstates. In Chapters 3 and 4 we will be concerned with two different mechanisms

for quantum ergodicity breaking: Hilbert space fragmentation and integrability. We

briefly introduce them here, and highlight some major differences compared to

features seen in the previous section. Further details on these two phenomena

will be discussed in their respective chapters.

It is worth mentioning that there are other very well-known mechanisms for

ergodicity breaking in a quantum many-body setup, most notably many-body

localization (MBL) [82, 83] and quantum many-body scars (QMBS) [84–87]. In

MBL systems, the combination of strong disorder and interactions leads to the

emergence of integrals of motion (symmetries) with a highly local nature, which in

turn imply the existence of localized13 eigenstates throughout the spectrum. MBL

represents a robust mechanism for strong ergodicity breaking (e.g. full violation of

ETH), in that it does not rely on fine-tuning of the model. However, its stability in

the limit of large system sizes V has still not been properly established14 [90–92].
13Here “localized” means that when an eigenstate is expanded in a simple computational basis,

only a small fraction of the basis states contribute to it.
14See, however, [88, 89] for progress in this direction.
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QMBS represent rare ETH-violating15 eigenstates in the spectrum of otherwise

chaotic Hamiltonians. Hence, systems hosting QMBS feature only a very weak

violation of quantum-ergodic behaviour, given that QMBS represent a measure-zero

set of all eigenstates (for V → ∞). Quantum scarring is not robust to generic

perturbations, i.e. it is a fine-tuned phenomenon, and can be understood as a

consequence of the Hamiltonian acquiring an approximate or exact block diagonal

structure (not emerging from any conventional symmetry) which separates the

sector where QMBS live from the rest of the spectrum [84].

1.3.1 Integrability

A classical Hamiltonian Hc with a 2n-dimensional phase space is Liouville-integrable

if there exist n independent quantities Q(i)
c , i = 1, . . . , n, such that

{Hc, Q
(i)
c } = 0 ∀ i {Q(i)

c , Q
(j)
c } = 0 ∀ i, j , (1.15)

where {·} denotes a Poisson bracket. The first of these conditions implies that

all the Q(i)
c are integrals of motion for the dynamical system. Therefore, the

dynamical exploration of the global phase space available is strongly restricted,

for example at a fixed energy. Furthermore, Eq. (1.15) enables one to perform

a canonical transformation to action-angle variables that trivially solve the full

dynamics. Hence, these systems are said to be classically solvable.

The quantum analogue of classically integrable systems are those governed by a

quantum many-body Hamiltonian H that possesses an extensive number of Abelian

symmetries, i.e. operators Q(i) (with local densities16) such that

[H,Q(i)] = 0 ∀ i [Q(i), Q(j)] = 0 ∀ i, j . (1.16)

Such systems, which usually exist in one spatial dimension, are solvable in the sense

that their spectrum and all (simultaneous) eigenstates of H and the other charges

can be determined explicitly, via the celebrated Bethe ansatz [93, 94]. In particular,
15With this we also mean that they exhibit violations of the volume-law EE scaling expected in

a chaotic spectrum, which is replaced by an area-law scaling.
16This means that the charges Q(i) can be expressed as extensive sums or integrals over operators

whose action is (almost entirely) limited to a finite region of space.
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the mathematical origin of the symmetries Q(i) is understood within a powerful

algebraic framework known as algebraic Bethe ansatz [94, 95]. Importantly, there is

a family of charges Q(i) that are ultra-local. This means that they can be expressed,

e.g. for lattice models, as extensive sums of operators that have a finite17 spatial

support. Given the existence of an extensive number of conservation laws, it is not

surprising that spectral properties of quantum integrable models differ considerably

from those that characterize chaotic ones. For example, integrable spectra do not

feature level repulsion [19] and the statistics of matrix elements associated with

local operators possesses a richer structure than the one associated with ETH, see

e.g. [43, 98–100]. For example, the diagonal ETH is modified by the appearance of

a smooth dependence on all the intensive charges, and the logarithm of off-diagonal

matrix elements can be proportional to V 2 [98], instead of being “merely” extensive

as in the ETH case of (1.8). The entanglement entropy of finite-energy-density

eigenstates, despite being extensive, features a volume-law coefficient that is smaller

[43] than the thermodynamic entropy density that characterizes the volume-law

scaling in the chaotic case. At the level of thermalization (after a quantum quench

with an integrable Hamiltonian H), Eq. (1.13) is replaced by a local relaxation

to a generalized Gibbs ensemble (GGE) [50, 101]

ρGGE = e−βH−
∑

i
γi Q

(i)

Zβ,γ
, (1.17)

where the Lagrange multipliers γi set the expectation values of the conserved charges

equal to those that characterize the initial state |ψ(0)⟩. Integrability is not a robust

form of ergodicity breaking, in that generic perturbations to H restore chaos and

ETH. For sufficiently weak perturbations, features of integrability can survive on

prethermal scales [102, 103]. However, we note that even perturbation strengths

exponentially small in V are believed to be sufficient to induce an onset of chaotic

behaviour [19, 104–106].

17Note that in certain physically relevant integrable systems also families of “quasilocal” charges,
where the finite support condition is replaced by, e.g., an exponential localization in space, play
an important role [96, 97].
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In Chapter 4, we will consider dynamical correlation functions like (1.7) in

the interacting Lieb-Liniger gas, a paradigm for quantum integrable models. In

particular, we will introduce a Monte Carlo method to numerically reconstruct

these correlators from their Lehmann representation (1.7). This is possible because

in the integrable setup the matrix elements involved are explicitly known. However,

given that an exponential number of them (in V ) appears in (1.7), a sampling

scheme is necessary to accomplish the task.

1.3.2 Hilbert space fragmentation

The Hilbert space H of any isolated quantum system18 can be decomposed into

decoupled subspaces as

H =
K⊕
i=1

spant{U(t) |ψi⟩} , (1.18)

where U(t) represents a unitary time evolution (e.g. e−iHt in Hamiltonian systems,

like in (1.1), or U t in quantum circuits with discrete evolution governed by a unitary

U [16]) and spant indicates the span of the vectors U(t) |ψi⟩ for all values of t

[107]. The K independent subspaces appearing in (1.18) are known as Krylov

sectors, and their definition implicitly depends on the choice of the |ψi⟩ states. The

decomposition (1.18) is particularly meaningful when |ψi⟩ are chosen to be simple

weakly-entangled states19. Below, and in Chapter 3, we always mean it in this sense.

Hilbert space fragmentation (HSF) [108, 109] is the phenomenon for which the

total number of Krylov sectors K (defined from simple |ψi⟩ states) scales exponen-

tially with the volume V of the system, despite the lack of simple conventional

symmetries capable of explaining this behaviour. It is usually a consequence of the

fractonic nature [110, 111] of the underlying system described by the unitary U(t),

in which elementary excitations possess very restricted mobility as a consequence
18Here we implicitly assume the Hilbert space to be finite dimensional, which is true in any

finite lattice with on-site dimension d < ∞. In the case of d = ∞, e.g. bosons, one can recover a
finite Hilbert space by restricting its attention to specific symmetry sectors, e.g. one with fixed
finite number of particles.

19Indeed, Eq. (1.18) carries little significance when the states |ψi⟩ are chosen to be, for example,
the eigenstates of U(t), in which case K = dimH.
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of the interplay between a few different constraints. HSF significantly differs from

quantum chaotic or quantum integrable models in several aspects:

• In general, a decomposition like the one in (1.18) is a consequence of U(t)

possessing some symmetries. In quantum chaotic systems these usually give

rise to K distinct symmetry sectors, with K growing only polynomially

(continuous global symmetries, e.g. U(1)) or being constant (discrete global

symmetries, e.g. Z2) in the volume V . This is in marked contrast with the

scaling K ∼ exp(c V ) that defines HSF.

• In quantum integrable models the extensive number of (quasi)local charges

Q(i) of Section 1.3.1 generates exponentially many symmetry sectors. However,

this is practically equivalent to a full diagonalization of the Hamiltonian (hence

of the unitary U(t)), and does not correspond to a decomposition like (1.18)

in which simple states |ψi⟩ appear20. On the contrary, the exponential scaling

of K in HSF is a consequence of the existence of highly non-local symmetries

which, unlike the integrable case, give rise to Krylov sectors featuring a very

wide range of dimensions (e.g. from 1-dimensional sectors to exponentially

large ones). Furthermore, as we discuss below, there exists a large class of

arbitrary-strength perturbations that leaves the HSF structure unchanged.

To see how the previous points emerge we can focus on Hamiltonian dynamics,

but identical conclusions apply for quantum circuit models. The HSF phenomenon

characterizes entire classes H(J) of Hamiltonians defined by a set of local operators

{ĥi} which have finite support [107]

H(J) =
∑
i

Ji ĥi . (1.19)

Indeed, HSF emerges solely from the interplay between the finite-range nature of

the interactions {ĥi} and a few simple symmetries that these local terms possess,

which together imply strong constraints on the dynamics. Unlike integrability, the
20As we have seen, finite-energy-density eigenstates of integrable models possess volume-law EE.
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couplings Ji can be chosen arbitrarily without altering the fragmented structure21.

From this point of view, HSF possesses a degree of robustness that integrability

lacks. On the other hand, HSF disappears as soon as any of the key features of

the set {ĥi} (finite-range support, compatibility with some specific symmetries)

fails to be exactly satisfied22.

In some of the simplest models hosting HSF the non-local symmetries that

label the exponentially many Krylov sectors possess a relatively simple form that

allows for their explicit construction [107, 112], but the same does not appear to be

possible in more general models (including many of those described in Chapter 3).

Furthermore, we note that HSF can be more rigorously formalized using the language

of commutant algebras [107]. Among other things, this makes it possible to draw a

clear distinction between “classical HSF”, which arises when all the states |ψi⟩ in

(1.18) can be chosen from a product-state basis, and “quantum HSF”, where the use

of some (slightly) entangled states is necessary to uncover the full block-diagonal

structure of H(J).

In Chapter 3, we will focus only on models that exhibit classical HSF. Due

to this, we will see that the same phenomenology of fragmentation characterizes

both quantum models with Hamiltonian (1.19) and classical stochastic models

in which the dynamics proceeds by application of classical gates23. Despite the

fact that the algebraic formalism based on the commutant algebra is very useful

to rigorously define many features of HSF, it does not yield any advantage in

tackling the questions we are concerned with in Chapter 3. To make progress,

we will introduce a simple yet powerful framework that allows us to analytically

characterize many aspects of fragmentation in the paradigmatic class of models

in which HSF has originally been pointed out as a phenomenon [108, 109, 113],

i.e. charge- and dipole-conserving chains.

21We note that for a given H there could be multiple different ways of expanding it in a sum
like the one in (1.19). As a consequence, such H inherits the fragmented properties of all families
H(J), H ′(J ′), . . . to which it belongs.

22In such cases, signatures of fragmented behaviour can be observed only on prethermal scales.
23Which implement the same type of transitions as the {ĥi}.



2
Full counting statistics in Gaussian

theories of quantum magnets

2.1 Introduction

Central to our understanding of quantum phenomena is the existence of a proba-

bility distribution function (PDF) PR,|ψ⟩ associated with the possible outcomes of

measuring an observable R in a given quantum state |ψ⟩ [13]. Knowledge of PR,|ψ⟩

is equivalent to that of all moments of the observable, i.e. ⟨ψ|Rn|ψ⟩, n = 1, 2, 3, . . ..

In the realm of quantum many-body physics, quantum mechanical PDFs have

appeared in relation to experiments in mesoscopic devices [114, 115], where precise

measurements of the temporal fluctuations of electrical currents give access to

the charge and statistics of quasiparticles relevant for transport. The interest

in quantum PDFs has also been extended to different experimental platforms

[116–124], where it is possible to measure the PDFs of various observables defined

on subsystems. These experiments motivated theoretical efforts to compute PDFs

both in [125–141] and out of [120, 142–157] equilibrium. We note that only very

recently the non-equilibrium PDF of extended subsystem observables, addressed in

this chapter, has become accessible experimentally [158–160]. In all these theoretical

and experimental contexts, the generating functions of moments (or cumulants)

associated with quantum PDFs are known as “full counting statistics” (FCS).

15
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Given the difficulties in calculating the FCS for subsystem observables, there

are relatively few known results, most of them established for systems in one spatial

dimension D = 1. In this chapter, we consider FCS of subsystem observables in a

paradigmatic model of quantum magnetism1, the Heisenberg antiferromagnet in

dimensions D = 2 and 3. We employ a range of representations of quantum spins

in terms of canonical boson operators and focus on physical regimes dominated by

Gaussian fluctuations of these bosons. This allows us to obtain efficient determinant

representations for the FCS of observables of interest, both in and out of equilibrium.

The prototypical example of spin systems where representations in terms of bosons

and Gaussian approximations can be successfully employed are those possessing

long-range magnetic order. Here Gaussian quantum fluctuations are the dominant

contribution beyond the classical mean-field solution. We will also see how Gaussian

approximations can be employed in absence of long-range magnetic order. As for

the observable, we will consider the FCS of the staggered magnetization, an order

parameter which is not a globally conserved charge.

The chapter is organized as follows. In Section 2.2 we introduce the PDF of

quantum observables, and report a simple formula for the FCS of any observable

expressible as at most a quadratic polynomial in bosonic variables, in any Gaussian

state of said bosons. We also briefly review mean-field theory methods in and out

of equilibrium. We then turn to applications of our FCS formula to extract PDFs in

the Heisenberg model both in and out of equilibrium (after quantum quenches). In

Section 2.3 we focus on regimes in D = 2, 3 that possess long-range magnetic order,

and employ spin-wave theory to reduce the problem to the study of Gaussian theories

of bosons. In Section 2.4 we turn to disordered phases of magnets and consider the

2D Heisenberg antiferromagnet at low but finite temperatures and its dynamics

after quantum quenches. Here, we employ a modified spin-wave theory originally

proposed by Takahashi, which we generalize to out-of-equilibrium scenarios.
1In our original work [1] we also addressed different systems using the same methods.
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2.2 Probability distributions in Gaussian theories
of bosons

2.2.1 Characteristic function

In the following sections we will be interested in quantum mechanical properties of

observables that live in a subregion of an extended system. In particular, consider

a generic system on a D-dimensional lattice and focus on a subsystem A with total

number of sites |A| = ℓ. Given any Hermitian operator RA with support only in A,

we want to determine the probability distribution function (PDF) PA(r) of obtaining

r as the outcome of a measurement of RA in a state of the system characterized

by the reduced density matrix (RDM) ρA. Making no assumptions on the nature

of the spectrum of RA, we can define PA(r) in full generality as

PA(r) = TrA [ρAδ(r −RA)] ρA = TrA [ρ] , (2.1)

where A is the complement of A and normalization derives from TrA [ρA] = 1. In

the case of observables with discrete spectrum, PA(r) can be trivially interpreted

as a discrete PDF.

PA(r) can be rewritten in terms of the characteristic function χA(λ) [131, 145]

χA(λ) ≡ TrA [ρA exp (iλRA)] PA(r) =
∫ ∞

−∞

dλ

2πe
−iλrχA(λ) , (2.2)

for which χA(−λ) = χ∗
A(λ) holds. The characteristic function is bounded by

|χA(λ)| ≤ 1, as evident by resolving the trace in (2.2) over the eigenvectors of

the RDM and applying Schwarz inequality to bound the contribution of the

unitary operator exp (iλRA).

In the following we will mostly be interested in the specific class of operators

RA that have discrete spectrum composed of equispaced eigenvalues

RA|m⟩ = rm|m⟩ rm = r0 +mR r0, R ∈ R, m ∈ Z . (2.3)

Given that RA has support in the finite region A, the set of integers m will be

generally bounded. For this class of observables, the second formula in Eq. (2.2)
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can be simplified thanks to the periodicity

χA(λ+ 2πn/R) = ei2πn r0/RχA(λ) n ∈ Z . (2.4)

Indeed, using (2.4), we can rewrite PA(r) as

PA(r) =
∑
n∈Z

∫ π/R

−π/R

dλ

2πe
−i(λ+2πn/R)rχA(λ) ei2πn r0/R = P̃A(r)

∑
m∈Z

δ(r−r0−mR) , (2.5)

where a Dirac comb emerges and

P̃A(r) ≡ R

2π

∫ π/R

−π/R
dλ e−iλ rχA(λ) = R

π
Re

[∫ π/R

0
dλ e−iλ rχA(λ)

]
(2.6)

is normalized to 1 when viewed as a discrete PDF over the eigenvalues (2.3). The

finite interval of integration in λ is the main advantage of (2.6) over the original

(2.2) when numerical integrations are required.

2.2.2 Full-counting statistics in Gaussian theories of bosons

In this subsection we present the key technical result of this chapter: a compact

formula for the characteristic function (FCS) of a quantum observable expressed

as at most a quadratic polynomial in bosonic variables, when the quantum state

can be expressed as a Gaussian function of said variables. The proof of the formula

can be found in Appendix A.2.

Let {ai}ℓi=1 be canonical annihilation operators for ℓ bosonic harmonic oscillators.

These can be assembled into a 2ℓ-component vector

a† = {a†
1, . . . , a

†
ℓ, a1, . . . , aℓ} ,

[
ai,a

†
j

]
= Σz

ij , (2.7)

where we have defined

Σx =
(

0 Iℓ×ℓ
Iℓ×ℓ 0

)
, Σy = i

(
0 −Iℓ×ℓ

Iℓ×ℓ 0

)
, Σz =

(
Iℓ×ℓ 0
0 −Iℓ×ℓ

)
. (2.8)

Let ρ denote the bosonic Gaussian state describing the system of ℓ bosons

ρ = 1
Z

exp
[1
2a†Wa + w† · a

]
, (2.9)

where W is a Hermitian 2ℓ× 2ℓ negative-definite matrix and w a vector of length

2ℓ such that w† = wTΣx. The redundancy in the definition of a in (2.7), i.e. the
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simultaneous presence of both creation and annihilation operators, always allows

us to choose W such that

ΣxWΣx = W T . (2.10)

As a consequence of Wick’s theorem the state ρ is fully characterised by the one

and connected two-point functions of bosons [161, 162] (see Appendix A.2)

ω = Tr [ρa] , ∆ = Tr
[
ρ
(
a − ω

) (
a† − ω†

)]
− 1

2Σz . (2.11)

In defining the 2ℓ × 2ℓ matrix ∆ we made use of the outer product between the

column vector
(
a − ω

)
and the row vector

(
a† − ω†

)
.

Consider now a Hermitian operator R which is at most quadratic in the bosons

R = 1
2a†Ga + g† · a Det(G) ̸= 0 ΣxGΣx = GT . (2.12)

The last relation is analogous to (2.10), which we are always free to enforce. Our

key result can be stated as follows.

Formula for the characteristic function

The characteristic function χ(λ) of the associated quantum mechanical PDF for

the operator R in the state ρ can be represented in terms of one- and two-

point functions as

χ(λ) = Tr
[
ρeiλR

]
= ZG

exp
[
−1

2

(
ω† − ω†

G

) (
∆ + ∆G

)−1(
ω − ωG

)]
√

Det (∆ + ∆G)
, (2.13)

where

ωG = −G−1g , ∆G(λ) = −1
2 coth

(
iλ

1
2 Σz G

)
Σz ,

ZG(λ) = exp
[
−iλ1

2 g†G−1g
]

Det
[
2 Σz sinh

(
−iλ1

2 ΣzG
)]−1/2

. (2.14)

A derivation of (2.13) based on coherent states methods is presented in Appendix

A.2. There we also discuss how the formula is modified in presence of a singular G.

It is also possible to derive the formula by purely algebraic methods (see Appendix
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D of our work [1]). We note that results similar to, but less general than, (2.13)

have been derived in [163, 164]. Eq. (2.13) generalizes the analogous formula for the

trace of the product of two physical Gaussian density matrices ρ1 and ρ2 specified

by Hermitian negative-definite matrices [161, 165–167].

2.2.3 Static and dynamic self-consistent mean-field theory

To be able to use Eq. (2.13) we must restrict our treatment to Gaussian theories of

bosons. In the context of quantum magnetism this will be achieved by mapping spin

variables, which define the Hamiltonians of many models of interest, onto bosonic

ones. The interacting bosonic Hamiltonian obtained in this way must then be

approximated by a quadratic one through self-consistent mean-field theory, provided

we are in a physical regime in which this step is expected to yield sensible results.

Self-consistent mean-field theory in equilibrium

The simplest example of a self-consistent mean-field theory (SCMFT) can be

given for the case of thermal equilibrium, where expectation values of observables

are computed as

⟨O⟩H = Tr [exp (−βH) O]
Tr [exp (−βH)] . (2.15)

Here β denotes the inverse temperature and H is an interacting bosonic Hamiltonian.

Suppose that H contains quartic interactions in bosonic variables, which we can

schematically denote ÂB̂ĈD̂, and that thermal 1-point functions vanish, e.g. ⟨Â⟩ = 0.

The self-consistent mean-field decoupling consists in the replacement

ÂB̂ĈD̂ →
(

⟨ÂB̂⟩ĈD̂ + ÂB̂⟨ĈD̂⟩ − ⟨ÂB̂⟩⟨ĈD̂⟩
)

+ (B̂ ↔ Ĉ) + (B̂ ↔ D̂) , (2.16)

where now ⟨ . ⟩ denotes the self-consistent mean-field expectation value

⟨ÂB̂⟩ ≡
Tr

[
exp (−βHMF) ÂB̂

]
Tr [exp (−βHMF)] , (2.17)

and HMF is the quadratic Hamiltonian obtained after decoupling H according to

(2.16). Eq. (2.17) represents the self-consistent step. The SCMFT can be understood
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from a variational point of view: the Gaussian density matrix exp(−βHMF)/ZMF

minimizes the free energy associated with the interacting Hamiltonian H in the

manifold of Gaussian states (cf. Gibbs-Bogoliubov inequality or see, e.g., [168]).

Using this variational principle the decoupling (2.16) can be generalized to the

case of higher-point interactions, or to the case in which odd-point functions,

like ⟨Â⟩, do not vanish.

Self-consistent mean-field theory out-of-equilibrium

Imagine a quantum quench that starts from a Gaussian pure state |ψ(0)⟩ and

unitarily evolves according to H, i.e. |ψ(t)⟩ = exp(−iHt) |ψ(0)⟩. If H contains

interacting terms in the bosons (i.e. it is not quadratic) then |ψ(t)⟩ will be non-

Gaussian for any t > 0. However, in certain physical scenarios one might hope

that, for small or even intermediate time scales, |ψ(t)⟩ remains sufficiently close to

being Gaussian and hence that a time-dependent Gaussian approximation might

yield results that accurately describe time evolution. A natural example are

Hamiltonians with weak interactions governed by a small coupling ε. In such

cases the approximation remains meaningful up to times that grow with 1/ε.

One such type of approximations is known as self-consistent time-dependent

mean-field theory (SCTDMFT) [1, 102, 103, 149, 169–179]. The idea is to replace

the time-independent interacting Hamiltonian H with a time-dependent quadratic

one HMF(t), which defines an approximate evolution of the initial state as

|ψMF(t)⟩ = UMF(t) |ψ(0)⟩ UMF(t) ≡ T
[
exp

(
−i
∫ t

0
dt′ HMF(t′)

)]
. (2.18)

Here T is the time-ordering operator and |ψMF(t)⟩ is a Gaussian state ∀ t. A proper

derivation of SCTDMFT, which addresses the generic construction of HMF(t) given

any H, is presented in Appendix A.1. To give an example of what SCTDMFT

looks like in a case of practical interest, we consider again a H involving quartic

interactions ÂB̂ĈD̂. The substitution H → HMF(t) amounts to a decoupling

identical to Eq. (2.16), where, however, the self-consistent expectation values (2.17)

are replaced by time-dependent self-consistent ones

⟨ÂB̂⟩(t) ≡ ⟨ψMF(t)|ÂB̂|ψMF(t)⟩ . (2.19)
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In the presence of an interacting Hamiltonian, the quantum time evolution of

an observable can be always rephrased as an infinite set of coupled differential

equations in time, known as BBGKY hierarchy (see, e.g. [102, 103, 172]). In

Appendix A.1 we prove that SCTDMFT is equivalent to truncating the infinite

BBGKY hierarchy by assuming the validity of a Wick decomposition. There we

also prove that SCTDMFT exactly conserves energy at all times

E = ⟨ψ(0)|H|ψ(0)⟩ = ⟨ψMF(t)|H|ψMF(t)⟩ ∀ t . (2.20)

2.3 Magnetically ordered systems

2.3.1 2D and 3D Heisenberg antiferromagnet

The D-dimensional antiferromagnetic Heisenberg model is described by the SU(2)

invariant Hamiltonian

H = J
∑
⟨i,j⟩

Si · Sj J > 0 , (2.21)

where Sγi are spin-s operators with su(2) algebra
[
Sγi , S

ρ
j

]
= iδijϵγρωS

ω
i on a D-

dimensional hypercubic lattice with N = LD sites, the sum subscript ⟨i, j⟩ indicates

that interactions are limited to neighbouring sites and periodic boundary conditions

(PBC) are assumed. The ground-state of this model (for N even) is a non-degenerate

SU(2) singlet [180, 181]. For D > 1 and any s, as well as for D = 1 (Heisenberg

chain) and s half-odd integer, the gap to the first excited states vanishes in the

thermodynamic limit [182, 183]. This is not the case for D = 1 and s integer, where

the famous Haldane gap [184–186] persists in the thermodynamic limit.

In D = 2, the gapless nature of the spectrum leads to the spontaneous breaking

of the rotational SU(2) symmetry at T = 0 [187]. The order parameter is the

staggered magnetization

Σ =
∑
i∈A

Szi −
∑
j∈B

Szj , (2.22)

where A and B are the “even” and “odd” sublattices respectively. In 3D the

antiferromagnetic order persists also at 0 ≤ T < Tc, with Tc/J ≃ 1 [188–192]. We
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are interested in calculating the PDF of the staggered magnetization in the presence

of long-range order for a local subsystem A with total number of sites |A| = ℓ. We

will focus both on the system at equilibrium for a given temperature T < Tc and

on the non-equilibrium time evolution following a global quantum quench from an

ordered initial state. For the latter, we will start both from the classical Néel state

or the ground state of the XXZ model, and time-evolve according to (2.21).

2.3.2 Holstein-Primakoff representation

To analytically study the model specified by (2.21) in the presence of long-range

order, we employ the Holstein-Primakoff (HP) representation [193, 194] of the

spin operators Sγi . In particular, we introduce two families of bosons a and b,

respectively associated with sublattices A and B

Szi = s− a†
iai S+

i =
√

2 s
(

1 − 1
2 sa

†
iai

)1/2
ai

Szj = −s+ b†
jbj S−

j =
√

2 s
(

1 − 1
2 sb

†
jbj

)1/2
bj ,

(2.23)

where s ≥ 1/2 and S± ≡ Sx ± iSy. This is an exact representation of the su(2)

spin algebra, as it can be verified using the bosonic commutation relations. HP

exactly coincides with the original spin formulation in the physical Hilbert space of

spins, which in bosonic language is the space spanned by all states with occupation

number a†
iai ≤ 2s, and similarly for bi. Bosonic states with occupation numbers

beyond 2s are unphysical. Crucially, the representation (2.23) does not connect

physical and unphysical states. However, the presence of the square roots makes it

intractable. To overcome this, one usually performs a Taylor expansion of the square

root and truncates it at some order in the inverse powers of s. The truncation has

the drawback of coupling the physical and unphysical Hilbert spaces, but it leads to

very convenient expressions of the spin operators in terms of finite-order polynomials

in the bosons. The intuitive rationale behind this scheme is that as long as one

probes physical regimes in which occupation numbers remain sufficiently smaller

than s, e.g. ⟨a†
iai⟩ ≪ s (strong magnetic order is present), the truncated expansion

is meaningful and the unphysical states generated play an insignificant role. This is
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the mechanism at the basis of spin-wave theory [187, 194–199] in ordered quantum

magnets, which somewhat surprisingly can remain accurate down to s values of 1/2.

In the following we will truncate the expansion of the Hamiltonian (2.21) at O(s0)

H = J
∑
⟨i,j⟩

− s2 + s
(
a†
iai + b†

jbj + aibj + a†
ib

†
j

)

− a†
iaib

†
jbj − 1

4
(
a†
ia

2
i bj + aib

†
jb

2
j + H.c.

)  .
(2.24)

Given the presence of quartic interactions we will refer to this truncation as HP4,

while the truncation at O(s) is the standard linear spin-wave theory (LSW).

We note that alternative approaches, based on normal ordering the string of

bosonic operators arising after the Taylor expansion of the square root, can generate

exact2 truncation schemes [194] (as recently rediscovered [200, 201]). However, as

pointed out already by Kubo in [194], these representations lead to unphysical

results when combined with mean-field approximations of the interacting terms,

so that we do not consider them here.

2.3.3 Equilibrium PDFs

We apply the equilibrium self-consistent mean-field theory of Section 2.2.3 to decou-

ple the quartic terms in (2.24). By directly passing to Fourier space in the bosons

ãk ≡
√

2
N

∑
i∈A

e−ik·xiai b̃k ≡
√

2
N

∑
j∈B

e−ik·xjbj , (2.25)

we get the self-consistently decoupled Hamiltonian

HMF = 2DJ
∑
k

[
Re(P ) (ã†

kãk + b̃†
kb̃k) + γ(k)(P ∗ ãkb̃−k + P ã†

kb̃
†
−k)

]
+ C , (2.26)

where C is a constant, P ≡ s − f − g and

f ≡ ⟨a†
iai⟩ = ⟨b†

jbj⟩ ∈ R g ≡ ⟨aibj⟩ i, j nearest-neighbours ,

γ(k) ≡ 1
2D

∑
δ⃗i

eik·δ⃗i |γ(k)| ≤ 1, γ(k) ∈ R .
(2.27)

In the previous equation, ⟨ . ⟩ is the thermal expectation value (according to HMF)

at inverse temperature β and δ⃗i runs over the vectors connecting a site to its nearest
2No coupling of physical and unphysical states.
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neighbours. To lighten the notation, we use k in place of k to express the dependence

of operators and variables on the vector k. Note that we are working in a grand

canonical ensemble, i.e. the trace involved in the thermal average is over the full

Hilbert space of bosons3. In mean-field decoupling the interaction we have used the

symmetries of the original Hamiltonian (2.24), i.e. we have set ⟨a†b⟩, ⟨aa⟩ and ⟨bb⟩

to zero because of the global U(1) symmetry a → eiϕa, b → e−iϕb (which coincides

with conservation of Sztot). Furthermore, ⟨a†a⟩ = ⟨b†b⟩ because of the exchange

symmetry a → b. Note that setting the mean-fields f and g to zero brings us from

the mean-field HP4 to LSW. We will assume that in equilibrium g ∈ R and check it

self-consistently at the end. With this additional assumption we can diagonalize

(2.26) by a canonical Bogoliubov transformation to a new set of bosons α̃k, β̃k

ãk ≡ cosh θk α̃k − sinh θk β̃†
−k b̃k ≡ cosh θk β̃k − sinh θk α̃†

−k , (2.28)

with the angle θk defined by tanh 2θk = γ(k). We arrive in this way to the diagonal

form

HMF =
∑
k

εk(α̃†
kα̃k + β̃†

kβ̃k) + E εk = 2DJP
√

1 − γ(k)2 , (2.29)

where E is a constant equal to the ground-state energy of HMF. Given that εk → 0

for k → 0, the spectrum of HMF is gapless, which is consistent with the presence

of Goldstone modes associated with the spontaneous symmetry breaking of the

SU(2) symmetry. It can be easily checked that below the transition temperature

Tc, solutions to the self-consistent equations f = 1/ZTr
[
exp (−βHMF) a†

iai
]

and

g = 1/ZTr [exp (−βHMF) aibj] exist, g is real (consistent with previous assumption)

and 0 < f < s. The last inequality implies a nonzero order parameter, see (2.23),

that reflects the presence of magnetic order [187].

The thermal Gaussian state is fully characterized by the set of all nonzero 2-point

functions, i.e. ∆aa
k ≡ ⟨ã†

kãk⟩ and ∆ab
k ≡ ⟨ãkb̃−k⟩, see Appendix A.2. Given (2.29),

3The chemical potential associated with the conserved z magnetization Sz
tot =

∑
j∈B b

†
jbj −∑

i∈A a
†
iai is zero, reflecting the absence of external magnetic fields, and similarly for the x and y

directions.
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the ∆k functions at inverse temperature β are easily found to be

∆aa
k (β) = 1

2
(2nk(β) + 1)√

1 − γ(k)2
− 1

2 ∆ab
k (β) = −γ(k)

(
∆aa
k (β) + 1

2

)
, (2.30)

where nk(β) = [exp (βεk) − 1]−1 is the Bose occupation for the mode of momentum

k. Given that our interest is in a local subset A of ℓ total sites, the knowledge of

the full density matrix ρ = exp(−βHMF)/Z is not required and we can work with

the RDM associated with A. Given that the partial trace of a Gaussian state is

another Gaussian state [161], ρA has the form of (2.9) but without linear terms

ρA = 1
ZA

exp
[1
2a†Wa

]
, (2.31)

where a defined as in (2.7) is a 2ℓ vector that accommodates all ai, a†
i , bj, b

†
j

operators, with i, j ∈ A. To compute the PDF of the staggered magnetization ΣA in

A, which we denote simply as PA, we start by expressing ΣA in terms of the HP bosons

ΣA = ℓs−
∑

i∈A∩A
a†
iai −

∑
j∈B ∩A

b†
jbj . (2.32)

It is evident that aside from the constant we can cast the previous quadratic

observable in the general form (2.12). The PDF PA is thus obtained by direct

application of (2.6) and (2.13).

For the rest of this subsection we focus on the specific case s = 1/2, for which

the effect of quantum fluctuations is the strongest in differentiating the quantum

ground state from the classical (s → ∞) Néel state. All the subsequent results

are expected to become more accurate for higher values of s. As a consequence

of the cluster decomposition principle and the central limit theorem, in states

with a finite correlation length ξ and for large values of ℓ1/D ≫ ξ, PA approaches

a Gaussian PDF with standard deviation that scales as the square root of the

subsystem volume ℓ [145]. In states with power-law correlations the asymptotic

PDF can be non-Gaussian if the decay is slow enough, see e.g. Refs [126, 132, 143].

In Fig. 2.1 we report PA for a square subsystem A in the ground-state of the

s = 1/2 2D Heisenberg antiferromagnet, where LSW and mean-field HP4 give the
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Figure 2.1: PDF of the staggered magnetization at T/J = 0 for the s = 1/2 2D
Heisenberg antiferromagnet in a square local subsystem A with ℓ total sites, for ℓ = 36, 144.
Phenomenological fits to extreme value statistics (EVS) Gumbel distributions are also
shown. The vertical dashed line indicates the physical threshold of 1/2 for the staggered
magnetization per site.

same result, given that the different scaling of εk is irrelevant at T/J = 0. Both the

probabilities shown yield an average of the staggered magnetization that exactly

matches the value of ⟨ΣA⟩/ℓ ≃ 0.303 reported in literature [187]. As shown in

Fig. 2.1, for intermediate values of ℓ the distribution PA is well described by the

extreme value statistics (EVS) Gumbel distribution

G(x|a, b) = 1
b

exp
[
x− a

b
− exp

(
x− a

b

)]
. (2.33)

We note that Gumbel distributions have previously appeared in the description of

PDFs of fringe visibilities in interference experiments with 1D Bose liquids [143].

However, in the current context it is a phenomenological fit4. The fact that our PA
is exactly zero beyond the physical threshold ΣA/ℓ = 1/2 is a direct consequence of

the HP representation for the operator Sz, which does not allow eigenvalues larger

than 1/2. In contrast, the lower bound of ΣA/ℓ = −1/2 is violated as the constraint

of the boson occupancy being at most one is not strictly enforced. However, in

ordered systems this effect is greatly reduced by the condition of having a small

number of bosons per site and indeed both curves in Fig. 2.1 are appreciable only

within the physical region. Finally, an even/odd effect in the values of ΣA is evident,
4Note that a proper identification of PA with the Gumbel distribution requires an analysis

of the extreme tails of the curve, which is not possible due to the finite range of values of the
staggered magnetization associated with the intermediate ℓ for which the fit appears to be good.
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Figure 2.2: a) LSW PDFs of the staggered magnetization at T/J = 0 and T/J = 0.5
for the s = 1/2 3D Heisenberg antiferromagnet in a cubic A with ℓ = 64, 216, together
with phenomenological extreme value statistics (EVS) Gumbel fits. Being at T = 0,
these are also the curves for mean-field HP4. b) Differences between LSW and HP4
for T/J = 0.5. The vertical dashed lines indicate the physical threshold of 1/2 for the
staggered magnetization per site.

in particular for ℓ = 36, where the even and odd eigenvalues of the staggered

magnetization follow two different smooth curves. Note that such an effect, already

reported in PDFs of magnetic models in [132, 145], would have been difficult to

infer from the sole knowledge of the first few moments of the distributions. As we

will see below, the even/odd effect is usually associated with small temperatures

and is suppressed by going to large values of ℓ.

In Fig. 2.2 we show the s = 1/2 3D Heisenberg antiferromagnet PA in a cubic

subsystem A both in the ground-state and for T/J = 0.5, as calculated using LSW

and the mean-field HP4 for ℓ = 64, 216. The probabilities associated with the

ground-state give an average ⟨ΣA⟩/ℓ ≃ 0.422, exactly matching the known value

reported in literature. We see how for T/J = 0.5 the temperature fluctuations

reduce the ordered moment. Furthermore, the fact that for the mean-field of HP4

at T/J = 0.5 the term P , which rescales (with respect to LSW) the dispersion εk

in (2.29), takes a value slightly larger than 1/2 is translated into a lower presence

of excitations. This induces the small right-shift of the mean-field HP4 curves with

respect to the LSW ones in Fig. 2.2b. By comparing the two curves at T/J = 0 in

Fig. 2.2a, it is evident the beginning of the transition from a Gumbel-like shape

towards a Gaussian one, given that for ℓ = 216 the fit is not as good as for ℓ = 64.
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The plot for ℓ = 64 and T/J = 0.5 also shows that the even/odd effect is not only

suppressed by increasing ℓ, but also by increasing the temperature.

2.3.4 Out-of-equilibrium PDFs

The Holstein-Primakoff formalism from Section 2.3.2 can be employed also out-

of-equilibrium. If we start from an initial state that breaks the SU(2) symmetry

along the z direction, i.e. ⟨Sxi ⟩ = ⟨Syi ⟩ = 0, ⟨Szi ⟩ ≠ 0 ∀ i, and time evolve according

to (2.21), we have ⟨Sxi ⟩ = ⟨Syi ⟩ = 0 throughout the time evolution. This is a

direct consequence of the surviving U(1) symmetry (rotations around z) that the

initial state possesses. Thus the HP representation (2.23) is suitable also in this

out-of-equilibrium scenario, as long as the order does not melt. In particular,

following a quantum quench an energy density e is injected into the system, and this

corresponds to an effective temperature Te in the thermal ensemble that is locally

reached at late times (see Chapter 1). Hence, as long as Te < Tc, we expect magnetic

order, i.e. ⟨Szi ⟩ ̸= 0, to survive at all times and the mean-field approximation to

be applicable. In [1] we also addressed the more general case in which, during a

time evolution, the vectorial order parameter ⟨Si⟩ changes both in direction and

magnitude. In such cases, a “static” HP expansion around the z axis can become

inaccurate already at very short times [1]. A path around this limitation was

proposed in Refs. [202, 203], and further developed in [204, 205]. It is based on the

idea of implementing spin-wave theory within a self-consistently determined rotating

frame. In [1] we show that such an approach possesses some intrinsic complications

that arise from the attempt to use SCTDMFT in a rotating frame. For example,

unlike SCTDMFT in a fixed frame (Appendix A.1), the method does not conserve

energy. We show in [1] that under certain conditions a better approximation can be

obtained.

To study quench dynamics using the HP representation we apply the SCTDMFT,

discussed in Section 2.2.3, to the HP4 Hamiltonian (2.24). We consider Gaussian
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initial states5, such as the classical Néel state or the ground state of the XXZ

Hamiltonian as determined by the self-consistent mean-field theory in equilibrium

of Section 2.2.3. The time-dependent mean-field Hamiltonian HMF(t) obtained by

applying the normal-ordering procedure of Appendix A.1 is formally identical to

(2.26), with the only difference in that the mean-field P acquires an explicit time

dependence as a consequence of Eqs. (2.18) and (2.19). We remark that even if

there is no small parameter in front of the quartic interaction in (2.24) to justify

the applicability of the SCTDMFT, as long as the number of bosons per site is

small (strong magnetic order) interactions among them are effectively suppressed,

and the approximation is expected to be good on short and intermediate time

scales. The Heisenberg equations of motion (EOM) for the Heisenberg picture

operators O(t) = U †
MF(t)OUMF(t) are

d

dt
ãk(t) = −i 2DJ

[
Re(P (t)) ãk(t) + P (t) γ(k)b̃†

−k(t)
]
,

d

dt
b̃k(t) = −i 2DJ

[
Re(P (t)) b̃k(t) + P (t) γ(k)ã†

−k(t)
]
.

(2.34)

From these we find
d

dt
∆aa
k = −4DJγ(k) Im(P ∗ ∆ab

k )
d

dt
∆ab
k = −i 4DJ

[
Re(P ) ∆ab

k + P γ(k)
(

∆aa
k + 1

2

)]
.

(2.35)

Thanks to (2.35) we have complete knowledge6 of the pure Gaussian state |ψ(t)⟩

that approximates the time evolution of the system. As in Section 2.3.3, given

our interest in PDFs within a local subset A of ℓ total sites, the knowledge of

the full state ρ = |ψ⟩⟨ψ| at each time is not required and we therefore work with

the Gaussian RDM ρA, which has exactly the same functional form as (2.31). By

making use of the representation (2.32) for ΣA, together with (2.6) and (2.13), we

can directly obtain the PDF PA for the staggered magnetization.

The HP4 Hamiltonian (2.24) possesses two local conservation laws: the energy,

defined by the Hamiltonian itself, and the total z magnetization Sztot = ∑
j∈B b

†
jbj −

5This is a requirement for the meaningful application of SCTDMFT, see Section 2.2.3.
6We solve (2.35) by a 4th order Runge-Kutta integration.
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Figure 2.3: Early instants of the out-of-equilibrium evolution of PA in a 3D cubic
subsystem A with ℓ = 64 total site and s = 1/2, following a quench from the classical
Néel state according to LSW theory and the SCTDMFT of HP4.

∑
i∈A a

†
iai. Starting from an initial state that is an eigenstate of Sztot, the dynamics

entirely takes place in the symmetry sector selected by the initial value of Sztot.

Within it, the system is expected to locally relax towards a Gibbs ensemble [49, 50,

206] (see Section 1.2) whose effective temperature 1/β is fixed by the post-quench

energy E0 by requiring E0 = ⟨HHP4⟩β. Given the equivalence of thermal ensembles

in the thermodynamic limit [23], the Gibbs average within a single Sztot sector

can be replaced by a Gibbs average over the entire bosonic Hilbert space (grand

canonical average), provided that an appropriate chemical potential for Sztot is

introduced. Actually, we will always start quenches in the sector Sztot = 0, and

hence no additional chemical potential will be needed. In the spirit of assessing the

SCTDMFT of HP4 as an approximation to the time evolution of the non-integrable

interacting Heisenberg Hamiltonian (2.21), we will compare its late time behaviour

with the mean-field HP4 Gibbs ensemble at the appropriate effective temperatures.

Even if the SCTDMFT is by construction not expected to yield good results at

late times [102, 103], in models where local observables relax quickly, i.e. over short

time scales where the SCTDMFT is expected to work well, it is possible to describe

approximate thermalization by this simple mean-field approach [178, 179].

We imagine to perform out-of-equilibrium time evolution following a global
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quantum quench starting from ground-states |GS, η⟩ of the XXZ model with

anisotropy parameter 0 ≤ η < 1

HXXZ(η) =
∑
⟨i,j⟩

[
η
(
Sxi S

x
j + Syi S

y
j

)
+ Szi S

z
j

]
, (2.36)

and then quenching to the XXX Hamiltonian (2.21) corresponding to η = 1. In

Fig. 2.3 we plot the early instants of the time evolution starting from the classical

Néel state |GS, 0⟩ for the 3D case with cubic subsystem A of ℓ = 64 total sites.

The spin is again set to s = 1/2, which is the most difficult case for the type of

HP scheme we are employing. The full order present at t = 0 is quickly destroyed

by the energy injected in the system by the quench, whose associated effective

temperature is of the order of 0.9J for both 1/βLSW and 1/βHP4, i.e. very close to

the transition temperature. Clearly, states too close to the transition, and more

generally states where the order is greatly reduced, lie beyond the limit of validity

of our approximation. Therefore, there is no reason to believe our approximation

to be any good at later times in this specific case. At the short times considered,

small differences between LSW and the SCTDMFT of HP4 are visible, and the very

strong even/odd effect that is present for times t < 0.20/J is almost completely

suppressed already at times t > 0.35/J .

To obtain a time evolution that is accessible to our approximation up to later

times, we need to reduce the energy injected in the system by the quench. This

is obtained by reducing the parameter jump, i.e. we start from |GS, η⟩ with η =

1/2, 3/4 and 9/10. Such ground state is obtained by exactly the same steps discussed

in Section 2.3.3, with the only difference in the replacement of η = 1 with η < 1.

These quenches have effective temperatures 1/(JβHP4) ≃ 0.69, 0.54, 0.40 in mean-

field HP4. In Fig. 2.4 we plot PA from the SCTDMFT of HP4 for s = 1/2 and a 3D

cubic A with ℓ = 64 sites, at initial, intermediate and late times after the quench

from the three different values of η. We also compare the late-time curves with

the thermal ones at the appropriate effective temperature. The η = 3/4 quench

is also produced for ℓ = 216. In all cases the system starts out at t = 0 being

strongly ordered, with PA featuring a peak close to ΣA/ℓ ∼ 1/2, which gets then
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Figure 2.4: Initial, intermediate and late time PA in the s-1/2 3D cubic subsystem
with ℓ = 64 for quenches from the ground-state of the XXZ model with a) η = 1/2, b)
η = 3/4, c) η = 9/10. d) Same plot with ℓ = 216 and η = 3/4. The late time probability
distributions are compared with the equilibrium ones at appropriate effective temperature
βHP4.

gradually broadened and shifted to the left, in a way proportional to the energy

injected by the quench. The deep quench η = 1/2, characterized by an effective

temperature which is beyond half of the transition one, presents a strong difference

between the initial PDF and the late-time stationary one. It is thus surprising that

even for such a high injected energy the agreement between the late-time PA and

the thermal one is reasonable. In the case η = 9/10 the match between late time

behaviour and Gibbs ensemble is essentially exact on the scale of Fig. 2.4c, which

includes the initial probability. The even/odd effect present in every initial state
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of Fig. 2.4 is seen to disappear in the late time dynamics, except for the shallow

quench η = 9/10, where a slightly suppressed even/odd effect is still visible at times

Jt ∼ 5. Finally, by comparing the two quenches for η = 3/4 of size ℓ = 64 in

Fig. 2.4b and ℓ = 216 in 2.4d, we note that the agreement thermal state/stationary

state in the latter is slightly worse. This is a consequence of the fact that the match

in the 2-point functions between thermal and stationary state is slightly better for

shorter distances7, like the ones involved in the ℓ = 64 plot.

2.4 2D disordered Heisenberg antiferromagnet:
modified spin-wave theory

In the previous sections we have addressed the problem of approximately determining

the PDFs of subsystem observables in models of quantum magnets that exhibit

long-range magnetic order. We now turn our attention to the same problem in

systems whose underlying quantum states are disordered, i.e. there is no spontaneous

breaking of any symmetry and order parameters are identically equal to zero.

In particular, we concentrate on the isotropic 2D spin-1/2 Heisenberg antiferro-

magnet in thermal equilibrium at finite temperatures8 and after quantum quenches

starting from disordered initial states. Exactly as in Section 2.3.1, our aim is to

obtain a good approximation to the FCS of the staggered magnetization. In our

original work [1], we employed two different approaches, one based on the Schwinger

boson mean-field theory (SBMFT) by Arovas and Auerbach [207] and the other

on Takahashi’s modified spin-wave theory (MSWT) [168, 208]. Although SBMFT

has the appealing property of respecting the full SU(2) symmetry of the problem,

it fails to quantitatively predict features of PDFs known from numerical studies.

In particular, we compared the equilibrium PDFs obtained from SBMFT for the

7Indeed, in producing the PDFs via Eq. (2.13) all that matters are the 2-point functions in
real space within the subsystem A.

8Contrary to the case of T = 0 considered in Section 2.3.3, absence of long-range order at any
T > 0 is guaranteed by Mermin-Wagner theorem.
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Figure 2.5: PDF for the staggered magnetization ΣA in a disc-shape subsystem A of
ℓ = 80 sites as computed in SBMFT at a) β = 1.59/J and b) β = 2.22/J . Comparison
with the exact Monte Carlo results from [135] are shown. The black dashed lines represent
the physical thresholds on the eigenvalues of ΣA.

staggered magnetization ΣA with those available from Monte Carlo results9 on a disc-

shape subsystem A of ℓ = 80 total sites at inverse temperatures Jβ = 1.59, 2.22 [135]

(these were motivated by the geometry and temperatures of the experiment in [122]).

In Fig. 2.5 we plot the SBMFT results from [1] and compare them with the Monte

Carlo PDFs. The main difference with the PDFs of ordered quantum magnets seen

before is that now the curves are symmetric around zero, as expected for disordered

systems. For the higher temperature (β = 1.59/J) shown in Fig. 2.5a the Monte

Carlo results are well described by a Gaussian PDF, which as noted in Section

2.3.1 is expected to emerge asymptotically when the linear subsystem size becomes

much larger than the correlation length. At the lower temperature (β = 2.22/J)

shown in Fig. 2.5b the correlation length is larger and the Monte Carlo results

are no longer well described by a Gaussian. The PDFs obtained from SBMFT

are seen to be a poor approximation to the Monte Carlo data. In particular, the

tails of the SBMFT distributions decay much slower than the Monte Carlo results

and extend beyond the physical thresholds ΣA/ℓ = ±1/2. The disagreement is

especially pronounced at lower temperatures where the exact distribution is broader.
9These were obtained for the disc-shape subsystem embedded in a total system of linear size

L = 32, which in general cannot be representative of the thermodynamic limit of the global system.
However, for the temperatures and subsystem sizes considered here the finite-size effects arising
from the use of such small L are expected to be negligible.
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In this chapter, we show that MSWT, unlike SBMFT, is surprisingly effective in

predicting PDFs with good accuracy. Compared to SBMFT, MSWT approaches the

problem from a very different perspective: designing a way to employ a spin-wave

formalism (Section 2.3) in a disordered context. The intuitive rationale behind

this is that, despite the absence of magnetic order, at sufficiently low temperatures

where antiferromagnetic correlations can be locally strong, a (modified) description

in terms of spin waves can remain meaningful10. MSWT represents one of the

simplest approximate descriptions of the 2D Heisenberg antiferromagnet at T > 0.

Similarly to SBMFT, the spin-spin correlation length ξ predicted by this theory is

ξ ∝ c1/T exp(c2/T ) , (2.37)

where c1, c2 are O(1) positive constants [209]. This functional dependence matches

the one-loop renormalization group result for the nonlinear σ model, but the

1/T pre-factor disagrees with the two-loop RG calculation [210] and Monte Carlo

results [187]. We start by briefly reviewing MSWT in equilibrium, and show

that the reason why MSWT improves over SBMFT is that it reduces the weight

associated with unphysical states. We then generalize MSWT to out-of-equilibrium

scenarios in Section 2.4.3.

2.4.1 Takahashi’s approach

Following the original derivation [168] we employ a Dyson-Maleev (DM) repre-

sentation of spin operators [211, 212]

Szi = s− a†
iai S−

i = a†
i S+

i = (2s− a†
iai) ai i ∈ A

Szj = −s+ b†
jbj S−

j = bj S+
j = b†

j(2s− b†
jbj) j ∈ B ,

(2.38)

where ai and bj are bosonic annihilation operators and [ai, bj] = [ai, b†
j] = 0. Note

that the DM representation is non-Hermitian with respect to the standard inner

product, but it has the advantage (over the HP representation from Section 2.3.2)
10For example, in Ref. [208] Takahashi observed that MSWT provides a low temperature

expansion of the free energy in the 1D Heisenberg ferromagnet that is in good agreement with the
exact results obtained from Bethe-ansatz.
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of being expressible in terms of only finite-order polynomials in the bosons. Clearly,

a physical constraint on the boson occupation, identical to the one for HP bosons,

applies here too. The DM representation yields the following expression for the

s = 1/2 Heisenberg Hamiltonian

H = J
∑
⟨i,j⟩

Si·Sj = J

2
∑
⟨i,j⟩

(
a†
iai + b†

jbj + aibj + a†
ib

†
j − a†

i (ai + b†
j)2bj

)
−J

2L
2 . (2.39)

In place of DM, it is also possible to employ HP and retain only terms involving

at most 2n bosons in H, as done up to n = 2 in Section 2.3.1. This results in an

approximation that (post mean-field decoupling) we refer to as “MSWT/HP2n”.

The key step is mean-field decoupling the quartic interaction in (2.39) while

ensuring a disordered state with ⟨Sγj ⟩ = 0 ∀ γ = x, y, z. To obtain ⟨Szj ⟩ = 0

Takahashi introduces a chemical potential µ in the Hamiltonian that fixes the average

occupation numbers ⟨a†
iai⟩ = ⟨b†

jbj⟩ = 1/2, while the z-rotational invariance11

ensures ⟨Sxj ⟩ = ⟨Syj ⟩ = 0, together with

⟨a†
ibj⟩ = ⟨aiai′⟩ = ⟨bjbj′⟩ = 0 ∀ i, i′ ∈ A, j, j′ ∈ B . (2.40)

Imposing ⟨a†
iai+q⟩ = ⟨b†

jbj+q⟩ from the physical equivalence between the two

sublattices, and setting ⟨aibj⟩ ∈ R to end up with a Hermitian mean-field theory,

results in the MSWT/DM Hamiltonian

HMF = − J∆
∑
⟨i,j⟩

(
a†
iai + b†

jbj + aibj + a†
ib

†
j

)
− µ

∑
i∈A, j∈B

(
a†
iai + b†

jbj
)

+ EMF

= −(4J∆ + µ)
∑
k

(
ã†
kãk + b̃†

kb̃k
)

− 4J∆
∑
k

γ(k)(ãkb̃−k + ã†
kb̃

†
−k) + EMF ,

(2.41)

where ∆ ≡ ⟨aibj⟩ ∈ R for i, j nearest neighbours, EMF is a constant and γ(k)

is defined as in (2.27). We note that MSWT/HP4 results formally in the same

mean-field Hamiltonian (2.41) for ∆ ∈ R, cf. (2.26). As we will see, this does

not imply that MSWT/DM and MSWT/HP4 yield identical results for physical

observables, given that they retain very different ways of expressing spin operators
11In terms of bosons, a rotation around the z-axis is obtained by a → aeiϕ, b → be−iϕ.
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in bosonic language (compare Eqs. (2.23) and (2.38)). The Hamiltonian (2.41) can

be diagonalized by the following Bogoliubov transformation

ãk = cosh θk α̃k − sinh θk β̃†
−k b̃k = cosh θk β̃k − sinh θk α̃†

−k

tanh 2θk ≡ η γ(k) η ≡ 4J∆
4J∆ + µ

,
(2.42)

thus obtaining

HMF =
∑
k

εk
(
α̃†
kα̃k + β̃†

kβ̃k
)

+E0 εk = −(4J∆ + µ)
√

1 − η2γ(k)2 . (2.43)

Here we have |η| < 1 and (4J∆ + µ) < 0. In equilibrium at inverse temperature

β the self-consistency equations for ∆ and µ read

∆ = − 1
L2

∑
k

η γ(k)2√
1 − η2γ(k)2

(1 + 2nk) , 1 = 1
L2

∑
k

(1 + 2nk)√
1 − η2γ(k)2

, (2.44)

where nk is a Bose occupation number for a mode of energy εk at inverse temperature

β. Very similar equations are obtained when dropping the assumption that ∆ is

real. We also note that they have the same form as the self-consistent equations

obtained in SBMFT [213]. For T > 0.91J the only solution to the self-consistent

equations is the unphysical (trivial) one with ∆ = 0. This reflects the inability of

MSWT to describe the high-temperature disordered phase of the 2D Heisenberg

antiferromagnet, where nearest neighbours correlations are strongly suppressed.

However, in the lower (but still finite) temperature interval 0 < T < 0.91J non-

trivial solutions to (2.44) exist. This fully defines HMF, which in turn gives us

access to all the 2-point functions within the subsystem A of interest.

Despite having set ⟨Sγj ⟩ = 0 for γ = x, y, z, the mean-field theory constructed

so far violates spin rotational symmetry. This is due to the particular choice of a

quantization axis which is intrinsic to the DM representation (2.38) (or the HP one).

This drawback is absent in the full SU(2)-invariant SBMFT, and must be resolved in

order to correctly describe a magnetic phase without long-range order. To address

this issue Takahashi introduces an explicit rotational averaging [208]. This involves

the replacement of generic expectation values of (products of) spin operators by
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rotationally invariant ones, by means of an integral over the SO(3) Haar measure12

⟨Ψ|O|Ψ⟩ → ⟨Ψ|O|Ψ⟩ = 1
8π2

∫ π

0
dθ sin θ

∫ 2π

0
dϕ
∫ 2π

0
dψ ⟨Ψ|U † OU |Ψ⟩ , (2.45)

where U is a global SO(3) rotation

U(θ, ϕ, ψ) = exp
(
iθ
∑
i

Syi

)
exp

(
iϕ
∑
i

Szi

)
exp

(
iψ n̂ ·

∑
i

Si

)
, (2.46)

and n̂ is the direction specified by the θ and ϕ angles. This prescription ensures

that for any SO(3) rotation V 13

⟨Ψ|V † O V |Ψ⟩ = ⟨Ψ|O|Ψ⟩ . (2.47)

This procedure trivially generalizes to expectation values with respect to a density

matrix ρ. Some examples of the rotational averaging are

⟨Ψ|Sαj |Ψ⟩ = 0 , ⟨Ψ|Sαj S
γ
k |Ψ⟩ = δα,γ

3 ⟨Ψ|Sj · Sk|Ψ⟩ ,

⟨Ψ|(Sγi S
γ
j S

γ
kS

γ
ℓ )|Ψ⟩

= 1
15⟨Ψ| (Si · Sj) (Sk · Sℓ) + (Si · Sk) (Sj · Sℓ) + (Si · Sℓ) (Sj · Sk) |Ψ⟩ .

(2.48)

2.4.2 PDFs in equilibrium

We start by considering the PDF associated with the on-site operators that define

the physical constraint in the chosen bosonic representation of spins. For DM or

HP this translates into calculating the PDF of the occupation number ni = a†
iai

(identical to the one for bj) in a thermal state at inverse temperature β. This provides

a useful diagnostic for the role of unphysical boson states introduced by not treating

the constraint exactly. Thanks to (2.40) and the fact that we impose ⟨ni⟩ = 1/2,

it is possible to obtain a temperature-independent analytical expression for the

one-site RDM ρ1 of the mean-field equilibrium state, and its associated PDF for ni

ρ1 = 2
3 exp [− log(3)ni] Pni

(n) =
∫ π

−π

dλ

2πe
−inλ 2

3 − eiλ
. (2.49)

12Given the lattice structure that we are considering, we always have an even total number of
sites, which guarantees a total integer spin. This justifies the interchangeability SU(2) ↔ SO(3).

13It also automatically satisfies ⟨Ψ0|O|Ψ0⟩ = ⟨Ψ0|O|Ψ0⟩ for any singlet state |Ψ0⟩.
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Figure 2.6: a) PDF of the constraint Ĉi in SBMFT (see [1]) and comparison with the
exact constraint. b) PDF from mean-field MSWT of the occupation number ni = a†

iai
and comparison with the exact distribution of a disordered spin-1/2 antiferromagnet.

In Fig. 2.6b we plot Pni
(n) as a function of n. For comparison with SBMFT, in

Fig. 2.6a we report an analogous PDF for an on-site operator Ĉi that in the exact

Schwinger-boson mapping is associated with the constraint Ĉi = 1, which however

SBMFT satisfied only on average ⟨Ĉ⟩ = 1 (see [1]). While also in MSWT there

are significant deviations from the exact PDF, the agreement is better than for

SBMFT. The higher weight given to unphysical states by SBMFT is the primary

reason why it represents a poorer approximation than MSWT.

By turning our attention to PDFs of the staggered magnetization ΣA in a

subsystem A, we however encounter a significant downside of MSWT (that SBMFT

does not have): the physically-required rotational averaging (2.45) precludes us

from applying our FCS formula (2.13). This is because the operator appearing in

the expectation value ⟨exp (iλΣA)⟩ over the Gaussian RDM ρA is not a Gaussian

bosonic operator, as required by Eqs. (2.12) and (2.13). We therefore resort to

computing the first few cumulants of the PDF by brute force, i.e. employing

Wick’s theorem. The first and third cumulants vanish identically as a result of

the rotational averaging. The second cumulant is given by

κ2 ≡ ⟨ Σ2
A ⟩ = 1

3
∑
i,j∈A

vij ⟨Si · Sj⟩ , (2.50)

where vij is equal to 1 if i, j are both in the same sublattice and −1 otherwise.

Expressing the spin operators by the DM representation (2.38) and using (2.41)
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κ2/ℓ
β Monte Carlo MSWT/HP6 MSWT/DM SBMFT

1.59 1.32 1.56 1.59 2.38
2.22 2.19 2.51 2.71 3.89

Table 2.1: 2nd cumulant per site of the staggered magnetization ΣA in the disc-shape
subsystem A with ℓ = 80 sites in the various mean-field approximations and Monte Carlo
results from [135].

κ4/ℓ
β Monte Carlo MSWT/DM MSWT/HP4 SBMFT

1.59 −51.5 −42.0 243.0 748.2
2.22 −240.2 −427.7 −60.8 2059.9

Table 2.2: 4th cumulant per site of the staggered magnetization ΣA in the disc-shape
subsystem A of ℓ = 80 sites.

together with the condition ∆ ∈ R gives

κ2 = 1
3

[
2
∑
i,i′∈A

(
⟨a†
iai′⟩2 + 1

2δi,i
′

)
+ 2

∑
i∈A, j∈B

⟨aibj⟩2
]

i, i′, j ∈ A . (2.51)

The same result is obtained by expressing the spins in terms of HP bosons and

discarding terms beyond quartic interactions. Thus κ2 is the same in MSWT/DM

and MSWT/HP4.

We explicitly computed κ2 for the disc-shape subsystem A of ℓ = 80 sites and

the two temperatures Jβ = 1.59, 2.22 discussed above [122, 135]. In Table 2.1 we

report values from MSWT/DM as well as the next order in the HP expansion

(MSWT/HP6), obtained by including and mean-field decoupling sextic interactions

in the Hamiltonian and taking into account sextic terms arising in (2.50). To

facilitate comparison, we also report the results from the Monte Carlo simulations

[135] and from SBMFT [1] (see Fig. 2.5). We see that the MSWT results are in

fair agreement with Monte Carlo simulations, in clear contrast to SBMFT.

The 4th cumulant of ΣA is given by

κ4 ≡ ⟨Σ4
A ⟩ − 3κ2

2 , (2.52)

and its evaluation requires Wick decomposing a fairly large number of terms, as

evident from (2.48). For this reason we limit the evaluation of κ4 to the cases
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MSWT/DM and MSWT/HP4, for which we obtain the two different results reported

in Table 2.2, together with the corresponding 4th cumulants from the Monte Carlo

simulations and SBMFT. We see that MSWT/DM is better than MSWT/HP4

in this case, and that both are better than SBMFT.

We can also attempt an approximate reconstruction of the PDF from the

knowledge of the first 4 cumulants (two of which vanish). This allows one to more

easily visualize the comparison with the Monte Carlo data [135]. The cumulants

κn are related to the characteristic function by

χA(λ) = exp
[ ∞∑
n=1

κn
(iλ)n
n!

]
. (2.53)

The approximation we employ follows from neglecting all κn for n > 4, i.e.

expressing χA(λ) as

χA(λ) ≈ exp
[
−1

2κ2λ
2 + 1

24κ4λ
4
]
. (2.54)

The approximate PDFs14 generated by integrating (2.54) are shown in Fig. 2.7,

with κ2, κ4 obtained from MSWT/DM or extracted directly from the Monte Carlo

results. The agreement with the full Monte Carlo PDFs is significantly better than

in the SBMFT case of Fig. 2.5. We note that the approximate construction of

PDFs just presented works only under the condition κ4 < 0 and thus cannot be

applied to MSWT/HP4 at β = 1.59, cf. Table 2.2.

2.4.3 Non-equilibrium dynamics and PDFs

We now generalize MSWT to non-equilibrium dynamics using SCTDMFT (Sec-

tion 2.2.3). We focus on quantum quenches starting from initial states |ψi⟩ that

exhibit no magnetic order. We are particularly interested in situations where |ψi⟩ is

characterized by a short correlation length and low energy density relative to the

ground state of the 2D Heisenberg antiferromagnet. We then expect the correlation

length to grow under time evolution and the PDF of the staggered subsystem

magnetization (along any direction) to become broader and flatter.
14The PDFs obtained assuming κn = 0 for n > 4 contain in general some negative values and

are not properly normalized, but these effects are negligible in the examples considered.
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Figure 2.7: Staggered magnetization PDFs in the disc-shape subsystem A with ℓ = 80
sites as reconstructed from 2nd and 4th cumulants using (2.54), and comparison with
full Monte Carlo PDFs. a) β = 1.59 with κ2, κ4 extracted from full Monte Carlo PDFs.
b) β = 1.59 with κ2, κ4 from MSWT/DM. c) β = 2.22 with κ2, κ4 extracted from full
Monte Carlo PDFs. d) β = 2.22 with κ2, κ4 from MSWT/DM.

A clear difference with respect to previous applications of the SCTDMFT is

that the DM Hamiltonian (2.39) is non-Hermitian. To proceed, we follow [214]

and define the Heisenberg-picture time evolution for a non-Hermitian Hamiltonian

H̃ (from an initial state |ψi⟩) as

⟨ψi|eiH̃tO e−iH̃t|ψi⟩ . (2.55)

This choice is sensible because it leaves the standard form of the Heisenberg EOM

unchanged, from which we also see that setting O = H̃ still yields conservation

of energy. If one could treat the evolution (2.55) exactly15 the results would be

identical to those of the Hermitian evolution in spin language. On the contrary, one

might be worried that the use of mean-field schemes on (2.55) could lead to complex

expectation values of Hermitian observables O and divergences (for t → ∞) due to

the complex nature of the spectrum of the non-Hermitian mean-field Hamiltonian.
15Hence, with no mixing of the physical and unphysical part of the bosonic Hilbert space.
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We will verify that neither of these two issues appears in our treatment16. Within

the prescription (2.55), the normal ordering of Appendix A.1 which is at the basis

of SCTDMFT can be generalized to the case of non-Hermitian H̃, leading to a

formally identical procedure to perform the mean-field decoupling. We hence arrive

to the following time-dependent mean-field Hamiltonian

HMF(t) = −4 J
∑
k

(
∆(t) ã†

kãk + ∆(t) b̃†
kb̃k
)

− 4J
∑
k

γ(k)
(
∆(t) ãkb̃−k + ∆(t) ã†

kb̃
†
−k

)
+ EMF(t) . (2.56)

Here the two complex time-dependent mean fields ∆(t), ∆(t) are defined by

⟨O⟩t ≡ ⟨ψi|UMF(t)−1 OUMF(t)|ψi⟩ , UMF(t) = T
[
e−i

∫ t

0 dsHMF(s)
]
,

∆(t) = ⟨aibj⟩t , ∆(t) = ⟨a†
ib

†
j⟩t , i, j nearest neighbours. (2.57)

In deriving (2.56) we have already used ⟨a†
iai⟩t = ⟨b†

ibi⟩t = 1/2 ∀ t, without the

need to introduce any (time-dependent) chemical potential. This is possible because

when starting from an initial state that satisfies ⟨ψi|nj|ψi⟩ = 1/2, the time evolution

with the SCTDMFT Hamiltonian (2.56) automatically ensures that ⟨nj⟩t = 1/2 is

fulfilled at all times (see third EOM below). The EOM for the momentum space

2-point functions derived from (2.56), (2.57) are

d

dt
⟨ãkb̃−k⟩t = i4J

[
(∆ + ∆)⟨ãkb̃−k⟩t + ∆ γ(k)

(
⟨ã†
kãk⟩t + ⟨b̃†

−kb̃−k⟩t + 1
)]

,

d

dt
⟨ã†
kb̃

†
−k⟩t = −i4J

[
(∆ + ∆)⟨ã†

kb̃
†
−k⟩t + ∆ γ(k)

(
⟨ã†
kãk⟩t + ⟨b̃†

−kb̃−k⟩t + 1
)]

,

d

dt
⟨ã†
kãk⟩t = i4Jγ(k)

[
∆⟨ã†

kb̃
†
−k⟩t − ∆⟨ãkb̃−k⟩t

]
= d

dt
⟨b̃†

−kb̃−k⟩t . (2.58)

Crucially, the structure of (2.58) ensures that the initial conditions ∆(0) = ∆(0)∗,

⟨ãkb̃−k⟩∗
0 = ⟨ã†

kb̃
†
−k⟩0 and ⟨ã†

kãk⟩0, ⟨b̃†
kb̃k⟩0 ∈ R remain valid at all times, despite

the fact that HMF(t) remains non-Hermitian at all times17. Thus, at the level of

2-point functions18 the non-Hermitian time evolution defined by (2.57) preserves
16The absence of divergences is not surprising, given that by construction SCTDMFT conserves

the expectation value of the energy.
17See terms in HMF(t) proportional to ã†

kãk and b̃†
k b̃k.

18This is in contrast to the EOM for 1-point functions, which expose the non-unitary nature of
UMF(t) in (2.57). However, all 1-point functions vanish due to the z-rotational invariance of the
DM and HP4 Hamiltonian.
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the relations expected from a Hermitian theory. In fact, one can verify that by

starting from the Hermitian HP4 Hamiltonian and performing the usual SCTDMFT

decoupling of Appendix A.1, one arrives exactly at the EOM (2.58) with the

identification ∆(t) ≡ ∆∗(t). From (2.58) we easily derive that |∆| is a conserved

quantity, and this ensures conservation of energy, which is always guaranteed when

using SCTDMFT (Appendix A.1). The EOM for the phase ϕ of ∆ = |∆|eiϕ is

dϕ

dt
= 8 J

[
Re(∆) + 1

L2

∑
k

γ(k)2
(
⟨ã†
kãk⟩ + ⟨b̃†

−kb̃−k⟩ + 1
)]

. (2.59)

Having obtained all the EOM needed to characterize the Gaussian RDM, we

turn to the construction of the initial state |ψi⟩. We require |ψi⟩ to respect the

ẑ rotational invariance and the spatial symmetries of the Hamiltonian, which

constraints us to the functional form

|ψi⟩ = C exp
−1

2
∑

i∈A,j∈B
ηija

†
ib

†
j

 |0⟩ , (2.60)

where |0⟩ is the vacuum of bosons and ηij := η(|xi − xj|) in order to enforce the

spatial symmetries. The ηij are chosen by requiring the state to be normalizable, to

possess an average bosonic occupation on a site equal to 1/2 and to be characterized

by a sufficiently small correlation length ξi for spin-spin correlations. Even though

(2.60) breaks SU(2) invariance, the latter is recovered after applying the averaging

procedure (2.45). Furthermore, although by satisfying the constraint only on average

the Gaussian state (2.60) is not a physical spin state, it is expected to generate

dynamics with features similar to those obtained starting from physical singlet

states, or SU(2)-invariant density matrices, with correlation length close to ξi. At

late times the system governed by the Heisenberg Hamiltonian will thermalize at an

effective temperature set by the energy density in the initial state (Section 1.2). Spin

correlations in this thermal state can approximately be described by equilibrium

MSWT and will possess a finite correlation length ξf . To clearly exhibit the growth

of the spin correlation length under time evolution we adjust the parameters ηij
in order to achieve ξf ≫ ξi. This is done by considering nonvanishing ηij for

the first seven consecutive classes of nearest-neighbours (ηi for i = 1, ..., 7) and
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Figure 2.8: Time evolution of 2-point spin correlation functions in MSWT/DM–HP4
starting from the initial state (2.60) with η1 = 0.35, η2 = η3 ∼ 0.024, η4 ∼ 0.012, η5 = 0,
η6 ∼ 0.008, η7 ∼ 0.015 (ξi ∼ 20, ξf (β, µ) ∼ 200), and comparison with thermal values at
appropriate β and µ. a) Same sublattice. b) Different sublattices.
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Figure 2.9: Time evolution of DM cumulants starting from the state |ψ1⟩ specified
by the ηi of Fig. 2.8 and the state |ψ2⟩ specified by η1 ∼ 0.386, η2 ∼ 0.017, η3 ∼ 0.012,
η4 ∼ 0.007, η5 ∼ 0.001, η6 ∼ 0.0, η7 ∼ 0.025 (ξi ∼ 10, ξf (β, µ) ∼ 45). The subsystem A
is a square with ℓ = 30 × 30 sites. Comparison with thermal values is shown. a) 2nd
cumulant κ2(t). b) 4th cumulant κ4(t).

tuning them to have a low initial energy density (which ensures ξf large) while

retaining ξi ≪ ξf (hence maximizing the correlation length growth). We stress

again that while it is well-understood that a simple self-consistent time-dependent

mean-field approximation like the one employed here cannot correctly describe

thermalization [102, 103, 176, 177, 215], it can describe relaxation to a steady state

that is approximately thermal, see e.g. Ref. [178].

In Fig. 2.8 we plot the time evolution, starting from (2.60), of some SU(2)-

invariant 2-point functions of spins. The late-time behaviour captures their
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Figure 2.10: Approximate PDFs of ΣA constructed from the DM 2nd and 4th cumulants
at different times, in the time evolution from initial state specified by the ηi of Fig. 2.8.
The subsystem A is the 30 × 30 square of Fig. 2.9. Comparison with the PDF constructed
from the DM thermal κ2 and κ4 is shown.

approximate thermalization. As expected, correlators between spins on different

sublattices possess antiferromagnetic character, as opposed to those within the same

sublattice. Note that expressing the operators Si · Sj in terms of bosons and using

Wick contractions to compute their expectation value in the SCTDMFT yields

identical results for the DM and HP representations. The same is not true for

2n-point spin-functions with n ≥ 2. In [1] we also showed that the time evolution

for the 2-point spin functions agrees in functional form with the Lieb-Robinson

bound for correlators [24, 25], and that ∆ = ⟨aibj⟩ (i, j nearest-neighbours) relaxes

to a real value at late times.

In Fig. 2.9 we show the DM time evolution, starting in two different initial states,

of the 2nd and 4th cumulant of the staggered magnetization in a square subsystem A
with ℓ = 30×30 sites. We compare the late time values with the DM thermal values

at appropriate β and µ. The DM time evolution of the 2nd cumulant coincides

with the HP4 result, but this is not true for the 4th cumulant. We avoid explicitly

reporting results for the 4th cumulant from HP4 as they display a poorer agreement

between stationary values and thermal ones, with respect to DM. This is perhaps

not surprising given that HP4 represents a truncation of the exact HP mapping,
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while the DM mapping requires no truncation19. As seen in Fig. 2.9 both the 2nd

and 4th cumulants increase in absolute value after the quench. This is a consequence

of the fact that the final correlation length is larger than the initial one and thus

antiferromagnetic correlations grow in strength. We also notice that the agreement

between stationary values and thermal ones is better for the quench possessing a

larger final correlation length. This is expected because, by construction, MSWT

works better at low energy densities (low temperatures, in equilibrium).

Given that κ4 < 0 during the whole time evolution, we can generate approximate

PDFs obtained from the knowledge of κ2 and κ4, exactly as done in equilibrium.

The results are shown in Fig. 2.10. As expected the PDFs broaden in time and

eventually approach their appropriate thermal values. Moreover, the shapes of

the approximate PDFs are closer to what one might expect (after a quench in

which the correlation length strongly increases) than those obtained, again for

quench dynamics, with SBMFT in [1].

2.5 Conclusions

The main technical result introduced in this chapter is the determinant repre-

sentation (2.13) for the FCS in Gaussian theories of bosons. This allowed us to

explore the PDFs of the subsystem staggered magnetization, a local order parameter

that is not conserved globally, in the paradigmatic Heisenberg antiferromagnet in

dimensions D = 2 and 3. We obtained results in equilibrium and after quantum

quenches, both in the presence and in the absence of long-range magnetic order,

by employing (modified) spin-wave representations together with time-dependent

self-consistent mean-field schemes.

Given the rich dynamics we uncovered for PDFs of the subsystem staggered

magnetization after quantum quenches, it would be interesting to investigate these

experimentally. This appears to be within close reach [122, 158–160].

19One may expect that considering higher truncations HP2n with n ≥ 3 would lead to results
closer to DM.



3
Universal freezing transitions of charge-

and dipole-conserving chains

3.1 Introduction

The phenomenon of HSF, introduced in Section 1.3.2, has been originally pointed

out in the context of quantum chains conserving a charge N and its dipole moment

X [108, 109, 113]. In this chapter, we present considerable progress on the analytical

and numerical characterization of this paradigmatic class of ergodicity-breaking

systems. These models effectively arise in the context of the quantum Hall effect

[216, 217], in systems of particles exposed to strong tilt potentials [218–223], and

in the presence of driving at special frequencies [224]. The combined effect of the

two conserved charges and the finite local support of interactions greatly inhibits

mobility and generates HSF. In particular, isolated charges cannot propagate on

their own, as they require other nearby charges to interact with. This induces a

fracture of (N,X) quantum sectors into multiple Krylov subspaces (Section 1.3.2)

that are dynamically disconnected.

Recently, there have been attempts to understand how these and other types

of systems undergo a continuous “freezing” phase transition between “weak” and

“strong” HSF as the charge density ν = N/L (with L length of the chain) is

varied [225–228]. These two distinct phases differ in the degree of fragmentation

49
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Figure 3.1: Conjectured universal (with respect to the on-site dimension d) phase
diagram of charge- and dipole-conserving quantum chains with range-k interactions.
The relevant variables are the continuous particle filling ν ≥ 0 and the discrete range of
interactions k ≥ 3. A first strong-to-weak fragmentation transition occurs at νc = 1/(k−2),
and is independent of d. Note that for each value of d we depict the corresponding phase
diagram only below the half-filling (d− 1)/2 (vertical dashed lines). Beyond half-filling
the phase diagram is mirrored by particle-hole symmetry, leading to a second opposite
transition (not depicted here) at d− 1 − νc. Also note that for d = 2 it is only meaningful
to consider k ≥ 4, as there can be no dynamical evolution at k = 3 which respects the
global conservation laws.

they exhibit (see Section 3.2.2). By considering quantum chains with unbounded on-

site dimension d = ∞, range-k interactions and charge-dipole symmetry, Ref. [226]

analytically argued that the critical density for the freezing transition1 is located at

νc = (k − 2)−1. In this chapter we make considerable progress on characterizing the

transition in dipole-conserving chains with any on-site dimension d. In particular,

we present analytical and numerical evidence that the critical density νc = (k− 2)−1

of Ref. [226] is “universal”: for arbitrary on-site Hilbert space dimension d, there is

a strong-to-weak transition at ν = νc, with a second weak-to-strong transition at

ν = d−1−νc by particle-hole symmetry2. This leads to the universal phase diagram

of Fig. 3.1. We note that, unlike previous analytical results on this phase transition

[226], our framework provides several analytical insights into the dynamical impacts

of strong fragmentation.
1In the largest dipole moment sector, as N = νL varies.
2Note that this result on the precise location of the phase transition point in principle relies on

the natural assumption of “gate completeness” discussed in Section 3.2.1.
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𝑘 𝑘
Inward hop Outward hop

Figure 3.2: Examples of range-k gates (k = 4) implementing inward (left) and outward
(right) hops that conserve N and X. The initial and final configurations are compatible
with any on-site dimension d ≥ 4.

The remainder of the chapter is organized as follows. In Section 3.2 we introduce

the dipole-conserving models, and the order parameters that enable to distinguish

between weak and strong HSF. In Section 3.3 we introduce a new framework to

identify local hindrances to the global (dynamical) connectivity of the system. In

particular, we uncover the existence of novel forms of obstructions to transport. In

Section 3.4 we use this framework to analytically prove that typical (N,X) symmetry

sectors at ν < νc are strongly fragmented. In Section 3.5 we present numerical

evidence compatible with the fact that typical (N,X) sectors at ν > νc are weakly

fragmented. In this section we also analytically determine some critical exponents,

hence establishing on firm grounds the dipole-conserving universality class, and

conjecture the existence of an inverse QMBS phenomenon on the basis of the EE of

eigenstates. We highlight how the underlying mechanisms behind the non-ergodic

features of the EE also have important consequences on quantum dynamics.

3.2 Fragmentation in dipole-conserving models

3.2.1 Charge- and dipole-conserving local models

Despite our main objective being the characterization of charge- and dipole-

conserving quantum chains, due to the classical nature of HSF in these models

significant progress can be made by considering their classical counterparts [225–227].

For many purposes, it is hence sufficient to focus on classical particles hopping

on one-dimensional lattices and subject to finite-range local rearrangements that

conserve a charge and its dipole moment.
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We consider a chain of L sites with open boundary conditions (OBC), where

each site can host from 0 up to d − 1 particles, with 2 ≤ d ≤ ∞. The particles

dynamically evolve through sequences of hopping moves implemented via range-k

gates, as depicted in Fig. 3.2. Letting ni indicate the number of particles on site i,

every gate conserves the total number of particles N and the dipole moment X

N =
L−1∑
i=0

ni X =
L−1∑
i=0

i ni . (3.1)

We define the filling ν and the intensive centre of mass νx as

ν = N

L
νx = X

N L
, (3.2)

where X/N represents the centre of mass. In order to uncover universal features of

broad classes of dipole-conserving chains, we will require that the dynamics satisfies

“gate-completeness”, i.e. that the set of available gates (and their combinations)

enables all possible rearrangements of particles compatible with range-k locality of

interactions, maximal occupancy of d− 1 and conservation of N and X. This is a

very natural requirement, as it implies that if two particles are within a distance k

one from the other, they can perform any move compatible with the constraints

above. It is clear that violations of gate-completeness further reduce mobility. An

example of this, for d = 4, k = 4, would be a chain in which the move on the left

in Fig. 3.2 is available, but the move on the right is not allowed. We anticipate

that, as a consequence of the additional hindrance to dynamics that a violation

of gate-completeness entails, the main results for the strongly fragmented phase

derived in this thesis remain unchanged.

In the following, we will be mainly concerned with understanding which and

how many configurations can be reached starting from a given initial configuration

of particles and performing classical (stochastic) dynamics, e.g. randomly drawing

and applying sequences of range-k gates. Our focus will be on “infinite-time”

properties, whose quantum counterparts describe the block diagonal structure of

quantum dynamics and properties of eigenstates. Indeed, all the results derived

in this thesis via classical reasoning have direct consequences on the physics of 1D
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quantum lattice models with any on-site Hilbert space dimension d and range-k

interactions that conserve a charge N̂ and its dipole moment X̂, with [N̂ , X̂] = 0.

In the case of Hamiltonian quantum dynamics, the Hamiltonian H is a sum of

range-k terms ĥ(k)
i and has a form identical to (1.19)

H(J) =
∑
i

Ji ĥ
(k)
i + H.c. ,

[
ĥ

(k)
i , N̂

]
=
[
ĥ

(k)
i , X̂

]
= 0 ∀ i . (3.3)

Here any individual operator ĥ(k)
i (possibly non-Hermitian) can be chosen such that

it maps product states in a properly defined “particle basis” to other product states

in the same basis. Analogously to the classical case, we require gate-completeness

of the set {ĥ(k)
i } and all their combinations. A standard example is a model of

spin-s variables with k = 4 and Hamiltonian

H =
L−4∑
i=0

Ji Ŝ
+
i Ŝ

−
i+1Ŝ

−
i+2Ŝ

+
i+3 +

L−3∑
i=0

Ki Ŝ
+
i (Ŝ−

i+1)2Ŝ+
i+2 + H.c. , (3.4)

where Ŝ±
i represent on-site raising and lowering operators and Ji, Ki are arbitrary

scalars. Note that any product state in the Ŝz basis is in one-to-one correspondence

with a product state in a particle basis with d = 2s+ 1, where the on-site particle

occupation n̂i = (Ŝzi + s) allows one to define N̂ , X̂ analogously to Eq. (3.1).

Identical considerations can be applied to fermionic (d = 2) and bosonic (d = ∞)

models. Instead of Hamiltonian dynamics, one can equally well consider (stochastic)

quantum dynamics implemented via unitary circuits that are built using range-k

quantum gates with charge and dipole conservation [109, 113].

In what follows we refer to individual configurations of particles on the chain

simply as “states”. In Section 3.5.2, where we discuss entanglement and quantum

dynamics, we refer explicitly to “eigenstates” and “product states” to highlight their

quantum nature. From now on, we restrict our attention to fillings 0 ≤ ν ≤ (d−1)/2.

The regime (d− 1)/2 ≤ ν ≤ d− 1 can be exactly mapped to the former by particle-

hole symmetry. Similarly, our conclusions for νx ≤ 1/2 can be automatically

extended to νx ≥ 1/2. Finally, we often implicitly resolve the dynamics of particles

in terms of sequences of pairwise one-site hops. Indeed, provided gate-completeness

is satisfied, it is easy to verify that this is always possible independently of the

on-site dimension d (see [2] for a more explicit discussion).
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3.2.2 Order parameters for the degree of fragmentation

Let D(d)
N,X denote the size (dimension) of a given (N,X) symmetry sector in the

classical (quantum) setup. Given that N and X are the only “obvious” symmetries

of the models introduced in the previous subsection and that terms like ĥ(k)
i in

(3.3) represent genuine interactions, one might expect from the phenomenology of

quantum chaotic models that N and X resolve the entire block diagonal structure of

dynamics. However, this is not the case, as a consequence of the fractonic nature of

dynamics that emerges from the interplay between conservation of N and X and the

finite-range locality of interactions. The simplest way to see this is considering an

isolated particle at a distance larger than (k−2) (k is the finite-range of interactions)

from other particles. Due to the conservation of X, the particle remains immobile

until another particle enters its k-site interaction window. This is in striking contrast

with more standard forms of dynamics, e.g. a simple tight-binding model. The

major consequence of this N,X, k interplay is that each (N,X) symmetry sector

necessarily fractures into exponentially many (in system size L) Krylov sectors3.

These feature a wide variety of dimensions [108, 109], ranging from 1-dimensional

to exponentially large ones. An example of a 1-dimensional Krylov sector, which

therefore represents an eigenstate for any of the Hamiltonians H(J), is depicted

below for a chain with (d = 3, k = 4, L = 26)

.

Here the two single particles are immobile because isolated by a distance equal or

greater than k − 1 from neighbouring ones, the two stacks of consecutive doubly-

occupied sites are frozen because of the finite d constraint and the two particles on

the right boundary cannot move due to the finite size of the chain and the open

boundary conditions enforced. Note that for any choice of d and k it is possible to

construct exponentially many (in L) 1-dimensional Krylov sectors by combining in
3Krylov sectors in the classical case are defined to be the set of product states in the particle

basis that span their associated quantum Krylov subspace. Hence, classical Krylov sectors coincide
with the subsets of states within each classical symmetry sector that are connected by the classical
(stochastic) dynamics.
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different ways frozen configurations like the ones just discussed [108, 109]. We will

discuss examples of exponentially large Krylov sectors later in the chapter.

While in the highly constrained models with (d = 2, k = 4) and (d = 3, k = 3) it

is possible to identify Krylov subspaces as the quantum number sectors of simple

non-local symmetries expressed as “strings” of local operators [107, 112], we note

that this is not possible for the general class of models with arbitrary d and k

considered in this chapter4.

Let D(d,k)
N,X (i) ≥ 1 denote the dimension of the i-th Krylov sector (for some choice

of indexing i) of a given (N,X) sector for on-site dimension d and interaction

range k. Then we have

D
(d)
N,X =

K
(d,k)
N,X∑
i=1

D(d,k)
N,X (i) , (3.5)

where K(d,k)
N,X is the total number of Krylov sectors in the (N,X) sector. Importantly,

we always consider families of (N,X) sectors, where one family includes all the

(N,X) sectors characterised by N = νL and X = νxνL
2 as we let L approach

the thermodynamic limit, with ν and νx either fixed real numbers or fixed real

functions of L. In terms of the dimensions just introduced, Refs. [108, 109]

identified two distinct phases of HSF, characterized by a strikingly different degree

of fragmentation. These are referred to as strong and weak fragmentation, and

are defined in terms of the ratio

r
(d,k)
N,X = D(d,k)

max (N,X)
D

(d)
N,X

, (3.6)

lim
L→∞

r
(d,k)
N,X =

0 strong fragmentation
1 weak fragmentation

, (3.7)

where D(d,k)
max (N,X) represents the dimension of the largest Krylov sector in a given

(N,X) sector. We see that in families of symmetry sectors that are strongly

fragmented each Krylov sector constitutes only a vanishingly small fraction of its

corresponding symmetry sector. Furthermore, numerical evidence for small system
4The models with (d = 2, k = 4) and (d = 3, k = 3) are atypical in that they possess a higher

degree of ergodicity-breaking compared to other choices of d and k. We later discuss this point
further (see also the explicit discussion in [2]).



3. Universal freezing transitions of charge- and dipole-conserving chains 56

sizes has been given in Refs. [108, 109] that r(d,k)
N,X decays to zero exponentially fast

with L. In contrast, in weakly fragmented families the largest Krylov sector includes

in the thermodynamic limit a measure-1 fraction of all configurations present in

the corresponding (N,X) sector. It is evident that strong and weak HSF represent

two different scenarios within the realm of ergodicity-breaking mechanisms. In

particular, strong fragmentation represents a strong violation of diagonal ETH

(Section 1.2), given that typical eigenstates do not appear thermal within their

corresponding (N,X) sector. On the contrary, in weakly fragmented (N,X) sectors

only a vanishingly small fraction of all eigenstates is expected to be non-thermal,

and ETH is violated only weakly [108]. In this sense, weak HSF is similar to weak

ergodicity breaking due to QMBS (see Section 1.3), even though we note that in

many models hosting QMBS the number of scar eigenstates scales polynomially

with the volume of the system, while in systems hosting HSF, non-dominant (hence

non-thermal) Krylov subspaces in weakly fragmented symmetry sectors are still

exponentially many in L.

A different probe for the nature of fragmentation was introduced in Ref. [225].

Let ρ(d,k)
F (i) be the density of frozen sites in the i-th Krylov sector of a given N

sector, where a frozen site is a site whose occupation number is the same throughout

the entire Krylov sector. Then, numerical evidence for small system sizes suggests

that the average density of frozen sites in a given N family of symmetry sectors,

defined by the weighted average

ρ
(d,k)
F (N,L) =

∑K
(d,k)
N

i=1 ρ
(d,k)
F (i)D(d,k)

N,X (i)∑K
(d,k)
N

i=1 D(d,k)
N,X (i)

, (3.8)

is a non-increasing function of the filling ν, which is exactly zero (in the thermo-

dynamic limit) beyond a critical filling. Here we have defined K
(d,k)
N to be the

total number of Krylov sectors in fixed N sectors, i.e. we are not resolving5 over
5One can also define a ratio of dimensions analogous to (3.6) that, however, does not resolve

with respect to X. Its expression is identical to the right-hand side of (3.6) but with a sum over
all X sectors (for a given N) both in the numerator and denominator.
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the different dipole moments X compatible with N . The numerical evidence for

d = 3, k = 4 and small system sizes in [225] is compatible with the existence of a

unique critical filling, coinciding with our νc = (k − 2)−1, that characterizes the

phase transition point for both the ratio r(d,k)
N,X from (3.6) and the density of frozen

sites6 ρ
(d,k)
F . We note that both the “order parameters” (3.6) and (3.8) introduced

are highly non-local. For example, in computing ρ(d,k)
F one cannot recognize a site

as frozen without having first globally resolved the Krylov sector.

In the following sections we will obtain both analytic results and strong numerical

evidence regarding the behaviour of these order parameters as a function of the

filling ν. For example, in Section 3.4 we prove analytically that for any d, any

ν < νc = (k − 2)−1, and any typical7 family of (N,X) sectors, r(d,k)
N,X decays to zero

exponentially with L and hence these families are strongly fragmented.

3.3 Blockages and fully extended states

We present in this section a framework that allows us to analytically characterise

the strongly fragmented phase of models with any on-site dimension d. It also

forms the basis of the efficient numerical procedure for addressing the weakly

fragmented phase discussed in Section 3.5.3.

The main idea behind our formalism is that the degree of “dynamical connectiv-

ity” in the system is directly related to the presence or absence of blockages along

the chain. These are defined as subregions of the chain across which transport of

particle number and dipole moment cannot occur, i.e. blockages prevent the regions

to their left and right from exchanging particles and dipole moment quanta. We

prove the existence of two distinct types of blockages, which we classify as type-1

and type-2. The former involve k − 1 or more consecutive empty sites that are

frozen, and hence create a disconnection in the system due to the finite range k of
6Despite this powerful connection between the strongly fragmented phase and the presence of

finite densities of frozen sites, it is quite easy to verify that in the regime (k − 1)−1 ≤ ν < νc rare
Krylov sectors devoid of frozen sites exist for any d (see Section 3.4.3).

7Here with “typical” we mean families characterized by an intensive centre of mass νx =
1/2 + o(L0), as these exponentially dominate their corresponding N sectors for large L (as we
prove in Section 3.4.1).
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interactions. Type-2 blockages are more subtle, as they do not involve frozen sites

but still prevent transport. For d = ∞, we show that type-1 and type-2 blockages

can be efficiently located by analyzing simple local properties of a special state

called a “fully extended state” (FES) that is present in each Krylov sector, despite

the fact that blockages reflect global properties of the sector. We then generalize

our results to finite on-site dimension d by a procedure we refer to as the “FES

picture”. Finally, we discuss special Krylov sectors that lack blockages, and hence

that possess a high degree of dynamical connectivity. Perhaps unsurprisingly, in

later sections we will be able to connect the existence of these special sectors to

the onset of the weakly fragmented phase.

3.3.1 Blockages as local features of fully extended states

Our framework for identifying blockages is centred around the concept of FES

originally introduced in Ref. [226]. An FES is a state of a d = ∞ system in which

no pair of particles can perform an outward hop (cf. Fig. 3.2). In this regard, it

is important to remember that two particles separated by k − 3 or more empty

sites (holes) cannot perform an outward hop. This significantly constraints the

structure of any FES. Indeed, to exclude the possibility of performing outward hops

an FES can host at most 1 particle on any of its sites and different particles must

be separated by sequences of at least k − 3 holes. On the two boundary sites of the

open chain, however, an indefinite number of particles can be stacked and there

is no lower bound on how many holes separate each of these stacks from the next

closest particle. An example of an FES with k = 5, N = 12, X = 162 is

k − 2 k − 3 k − 1 k − 3 k − 1 .

In a d = ∞ system an FES can always be reached by starting from any initial

configuration of particles and applying outward hops (irrespective of the order

of application) until it is no longer possible to proceed further [226]. Clearly,

this statement relies on the natural assumption of gate-completeness discussed in
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Section 3.2.1, and it is not true for systems with finite values of d8. In Appendix

A of [2] J. Classen-Howes proved the following uniqueness property of FESs for

any range of interactions k:

In a d = ∞ system, an FES cannot be dynamically connected to a different

FES, i.e. each Krylov sector possesses a unique FES.

We now show that in d = ∞ systems this uniqueness enables the identification

of blockages from local features of FESs, despite the fact that blockages reflect

global properties of Krylov sectors. An obvious but important property for the

following derivation is that any subsystem composed of adjacent sites of an FES

also represents an FES (with associated uniqueness) if considered in isolation. We

call any such contiguous subregion of an FES a “sub-FES”.

Type-1 blockages. Consider a d = ∞ system and an FES that possesses

a sequence of k − 1 or more consecutive holes somewhere along the chain, as

depicted below
. . . . . . . . .

≥ k − 1 .

Given that 2 particles separated by k − 1 or more empty sites cannot interact,

the subsystems on either side of these holes can be dynamically connected only if

one of them expands further, i.e. if one of the 2 particles in the figure is “pushed”

towards the other and reaches the k-site interaction window of the latter. However,

the left and right subsystems represent sub-FESs that are (by uniqueness of FESs)

maximally expanded, and hence none of them can push its corresponding boundary

particle. This proves that the k − 1 empty sites are frozen and hence the regions

on their left and right are dynamically disconnected. A consequence of this is that

dynamics will conserve N and X separately on both sides of the hole sequence.

Thus, the hole sequence represents a blockage composed of empty frozen sites.

8Because the maximal occupation of d− 1 on each site can lead the system to remain stuck in
a state where no further outward hops can be applied, even though it does not coincide with an
FES.
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Figure 3.3: Schematic representation of type-2 blockages, as identified from the sub-
FES that occupies a region A of the chain. (a) Example of region A enclosed by two
type-1 blockages. Subregions separated by a type-2 edge (i.e. a sequence of exactly k − 2
consecutive holes in an FES) are associated with particles of different colours. Any region
consisting of two type-2 edges and the sites enclosed by them represents a type-2 blockage.
(b) Close-up of the portion of region A highlighted by the dashed gray rectangle in panel
(a), where two sequences of k − 2 holes (type-2 edges) appear in the FES. In between the
two type-2 edges, particles are separated only by sequences of k− 3 holes. (c) Example of
a possible partition of the portion of A from panel (b) into disjoint subregions that can
at most host two different colours. Note that it is irrelevant where between two chosen
particles of the FES we place a given partition cut.

Type-2 blockages. Consider a d = ∞ system in an FES and a subregion

A of the chain that is enclosed by two type-1 blockages, so that A is dynamically

disconnected from the rest of the chain. We also require that within A there are no

type-1 blockages. In cases where there are no type-1 blockages in the entire system,

A coincides with the whole chain. Let us denote as “type-2 edge” any sequence of

k− 2 consecutive holes enclosed between two particles in an FES. Within A we can

employ a useful colour scheme according to which regions separated by a type-2

edge have particles of different colours, as schematically depicted in Fig. 3.3(a) and

(b). In the example of Fig. 3.3(b) two type-2 edges are separated by a nonzero

number of sequences of k − 3 holes. However, type-2 edges can also be next to each

other, i.e. enclose just one particle and no sequence of k − 3 holes.

Consider the “local” Krylov sector composed of all the particle configurations

in A that can be reached starting from the sub-FES that originally occupies A.

In Appendix B.1 we prove that:
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Any configuration in this local Krylov sector can be dynamically reached by

partitioning A into disjoint subregions that contain at most two different colours

each and, starting from the sub-FES, performing independent series of hops within

each of these subregions.

We note that different particle configurations in the local Krylov sector might

be associated with different partitions of A. In the following, we will refer to the

statement above as “2-colour connectivity”. An example of a 2-colour partition for

the local subregion in Fig. 3.3(b) is represented in Fig. 3.3(c).

With reference to the particle configurations and colours of Fig. 3.3(b)-(c), let us

refer to the region consisting of the two type-2 edges and all the sites enclosed by them

as the “central region”. An elementary consequence of the 2-colour connectivity is

that the green and red regions cannot exchange particles or dipole moment quanta,

and hence that the central region represents a blockage. Indeed, the 2-colour

connectivity ensures that given any particle configuration in the local Krylov sector,

we can find a cut somewhere along the central region such that the particle number

and dipole moment to the left and right of the cut are the same as in the original

sub-FES. In striking contrast to type-1 blockages, here no frozen site is involved

and the green and red regions can exchange particles and dipole quanta with the

blockage. Identical conclusions hold for all the other colours in A, cf. Fig. 3.3(a).

In the following we will refer to any subregion of an FES devoid of type-1

blockages and consisting of two type-2 edges and the sites enclosed by them as

a “type-2” blockage. These constitute an example of active blockages in that

they do not involve frozen sites.

3.3.2 The FES picture

The methods just introduced to identify blockages when d = ∞, which leverage the

nice properties of FESs, allow us to also address systems with finite d. Consider a

configuration of particles on the chain in a system S with d finite. Starting from

this state, we can imagine to perform dynamics in an auxiliary system S̃ which is

identical to S aside from having no upper bound on the maximal on-site occupancy,
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i.e. d̃ = ∞. This allows us to apply outward hops until we reach the corresponding

unique FES in S̃. If in this FES some sequences of empty sites constitute type-1

blockages, the same sites will also be empty and frozen in the finite-d system S,

thus representing frozen blockages there as well. Indeed, the Krylov sector in S

associated with the initial state is included in the corresponding Krylov sector in

S̃, as a consequence of the fact that any dynamical move allowed in the finite-d

case is also allowed for d̃ = ∞ (but the converse is not true). By similar reasoning,

sites identified with type-2 blockages in S̃ constitute, or are part of, blockages

also in S. Indeed, they necessarily prevent the propagation of particles and dipole

moment between the regions to their left and right. In the following, we refer to

this approach that maps a configuration of the system S to its corresponding FES

in the auxiliary system S̃ as the “FES picture”.

We remark that the only blockages that can exist for d̃ = ∞ are type-1 and

type-2 blockages. However, in general, S might possess frozen sites and blockages

in addition to those it has in common with S̃, due to the maximal occupation

constraint of d− 1 particles per site. Importantly, there can be finite-d blockages in

S that cannot be identified using the FES picture. The simplest example is given

by k − 1 or more contiguous sites with maximal occupation d− 1 embedded in an

otherwise empty chain. These sites are clearly frozen in S, but when using the FES

picture no type-1 blockage emerges to signal them, and hence this finite-d feature

is invisible to the FES picture. We note that finite-d blockages are accounted for

by the numerical methods addressing the weakly fragmented phase in [2]. They

are expected to play a minor role in the transition.

3.3.3 Blockage-free FESs

Given the dynamical disconnections induced by the presence of blockages, it is

natural to ask if Krylov sectors devoid of type-1 and type-2 blockages can exist.

Defining n1 and n2 respectively to be the number of type-1 blockages and of type-2

edges in an FES, we see that a Krylov sector devoid of blockages must necessarily
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contain a “blockage-free FES”, i.e. its unique FES must be characterized by n1 = 0

and n2 = 0 or 1. Thus, if one considers all the separations between neighbouring

particles in a blockage-free FES, there can be at most one separation of k − 2 holes

while all the other separations must be of k− 3 holes, with the only exception being

the separations next to the two boundary sites which can be composed of fewer

than k − 3 holes. Note that stacking remains allowed at the two boundary sites

and that the single sequence of k − 2 holes, if present, can also be in-between one

of the boundary sites and the next closest particle. An example of a blockage-free

FES for k = 6, L = 21, N = 13, X = 112 is given by

k − 3 k − 3 k − 2 k − 3 .

Importantly, blockage-free FESs can only exist for states with filling ν ≥ νc

(cf. Section 3.4), which already hints at their importance for the onset of the

weakly fragmented phase. Fillings ν < νc are compatible with another special class

of FESs, composed of a sub-FES which hosts no blockages and is surrounded by

empty sites (which constitute frozen blockages) up to the chain boundaries9. We

refer to the latter type of FESs and to blockage-free FESs collectively as “particle-

connected” (PC) FESs, given that both types host no “disconnections” between the

leftmost and rightmost of their particles. In [2] J. Classen-Howes and I proved that:

Given an interaction range k, there exists one and only one PC FES within

each (N,X) sector.

Cases in which the unique PC FES is not a blockage-free FES arise when ν < νc

or when the centre of mass X/N is significantly far from the centre of the chain

(the latter case is atypical, as we will see in Section 3.4.1). From the analysis in

Section 3.4 it will become apparent that, for any d, in typical weakly fragmented

(N,X) sectors a necessary condition for a Krylov sector to be the dominant one,

i.e. the one appearing in the limit of r(d,k)
N,X going to 1 in (3.7), is for it to be free of

9Note that it is also possible for the sub-FES to overlap with one of the two boundaries.
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blockages. This means that dominant Krylov sectors must necessarily be mapped

by the FES picture to the unique blockage-free FES associated with the chosen

(N,X) sector. The intuition behind this is that a dominant Krylov sector cannot

possess the strong dynamical disconnections induced by the presence of type-1 and

type-2 blockages. In Section 3.5.3 we will present numerical evidence for d = ∞

that a necessary and sufficient condition for a typical (N,X) sector to be weakly

fragmented is for it to contain a blockage-free Krylov sector (which dominates in

size the symmetry sector). In [2] this conclusion is extended numerically to finite-d

systems.

3.4 Analytic characterisation of strong fragmen-
tation

In this section we prove that, given any on-site Hilbert space dimension d, any

typical (see below) family of symmetry sectors with ν < νc = (k − 2)−1 is strongly

fragmented. In particular, we show that the decay of the ratio r(d,k)
N,X in Eq. (3.6) is

exponential with L. The proof relies on the fact that for ν < νc there is an extensive

presence of blockages along the chain. This leads to a significant restriction of the

number of configurations that can be reached from a given initial state via range-k

dipole-conserving dynamics, and hence implies strong fragmentation.

We start by discussing the scaling of the dimensions of symmetry sectors, and

defining what we mean by a “typical” symmetry sector. This, combined with

the FES picture, allows us to very easily prove that the region ν < (k − 1)−1

is strongly fragmented. We then present the full proof, which addresses the less

trivial region (k − 1)−1 ≤ ν < νc. Some of the technical details for this last

part are discussed in Appendix B.2.

3.4.1 Size of symmetry sectors and typicality

The asymptotic formulas (and related statements) reported in this subsection have

been derived by me in Appendix D of [2]. For some of them, I made use of recent
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results from the mathematical literature [229].

Let D(d)
N denote the total number of configurations in the symmetry sector of

N = νL particles, where we do not fix the dipole moment X. For 0 < ν < d − 1

and asymptotically large L one has (see Appendix D of [2])

lnD(d)
N (L) = Lηd(ν) − 1

2 lnL+ O(L0) . (3.9)

Here ηd(ν) is a strictly concave O(L0) function of ν with a unique global maximum

at half-filling ν∗ = (d− 1)/2, where it takes the value ηd(ν∗) = ln d. We can also

consider the dimension D
(d)
N,X of the symmetry sector with N = νL particles and

X = ν νxL
2 dipole moment. Its asymptotic form is

lnD(d)
N,X(L) = L

(
ηd(ν) − Λd(ν, νx)

)
− 2 lnL+ O(L0) , (3.10)

where Λd(ν, νx) ≥ 0. For νx sufficiently close to 1/2 the function Λd can be expanded

as

Λd(ν, νx) = λd(ν) ν2
x0 + o(ν2

x0) , (3.11)

where λd is a positive function and νx0 = νx − 1/2 is the intensive centre of mass

when the origin is set in the middle of the chain. If we fix ν, Eqs. (3.10) and (3.11)

imply that for any family of (N = νL,X) sectors characterized by νx0 = o(L0),

i.e. with intensive centre of mass infinitesimally close (in the thermodynamic limit)

to the middle of the chain, one gets

1
L

lnD(d)
N,X(L) = ηd(ν) + o(L0) νx0 = o(L0) . (3.12)

By comparing with Eq. (3.9) we see that families characterized by νx0 = o(L0) are

typical, i.e. together they contain a fraction that tends to 1 exponentially with L

of all the configurations in the chosen N = νL sector.

Another important property needed in the following is related to “spatial”

typicality, which is a natural consequence of the strict concavity of ηd(ν):

Typical states in a given family of N = νL sectors are homogeneous over

extensive length scales, i.e. the “local” filling of any extensive subregion equals

the global ν.
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(ω2) = Wd,ω(p, s, L)

Figure 3.4: Example of a bipartition of the chain with L sites and N = νL particles.
Wd,ν indicates the total number of configurations compatible with it, i.e. the number of
different configurations on the chain that can be reached by rearranging particles within
each subregion (without exchanges of particles between the two).

This is nothing but the familiar10 combinatorial property that homogeneous

arrangements dominate in number the configuration space. To formalize this,

consider a system of length L and N = νL particles, and imagine to introduce a

bipartition of the chain such that one of the two subregions contains sL sites and

pL particles, with 0 < s < 1. We are interested in the total number Wd,ν(p, s, L) of

different particle configurations compatible with such a bipartition, see Fig. 3.4 for

a schematic illustration. We can extract the asymptotic dependence of Wd,ν(p, s, L)

directly from (3.9), which yields

gd,ν(p, s) = lim
L→∞

1
L

lnWd,ν(p, s, L) (3.13)

= s ηd

(
p

s

)
+ (1 − s) ηd

(
ν − p

1 − s

)
.

It then easily follows from the strict concavity of ηd that

gd,ν(p, s) < ηd(ν) ∀ p ̸= p∗ , (3.14)

where p∗ = ν s is the unique global maximum of gd,ν , as a consequence of the identity

gd,ν(p∗, s) = ηd(ν). As there are only O(L) ways to distribute the total number of

particles N = νL between the two subregions (i.e. to choose p once s is fixed), we

see by comparing (3.14) with (3.9) that “homogeneous” configurations in which

both subregions have local filling equal to the global ν are typical, i.e. their number

exponentially dominates (with L) over all other configurations in the N = νL

10To any physicist, since the work of Boltzmann on the microscopic definition of entropy.
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sector11. Note that this spatial typicality condition is consistent with the typicality

of (N,X) sectors with vanishingly small νx0 .

3.4.2 Warm-up: strong fragmentation for ν < (k − 1)−1

Despite our goal being the proof that the entire region ν < νc = (k−2)−1 is strongly

fragmented, it is instructive to consider first the proof of the same statement for

the restricted region ν < (k − 1)−1. This is the simplest case, as a consequence

of the necessary presence of an extensive number of frozen sites.

Consider a chain S with 2 ≤ d ≤ ∞ and global filling ν < (k − 1)−1. Starting

from any configuration of particles on the chain, we can employ the FES picture of

Section 3.3.2 and reach an FES in the auxiliary system S̃. Let f denote the fraction

of sites in the chosen Krylov sector of S that are part of a frozen blockage. Given

the current upper bound on ν, we automatically know from the FES picture that

f ≥ 1 − ν(k − 1) > 0 . (3.15)

This lower bound is obtained by noticing that in the FES of S̃ the lowest number

of sites involved in a type-1 blockage is obtained when each one of the N particles

is separated from its neighbours by exactly k− 2 holes. This implies that at most a

fraction ν(k − 2 + 1) of all sites is not part of a type-1 blockage, leading to (3.15).

We now prove that as a consequence of Eq. (3.15), any typical (N,X) family (see

previous Section 3.4.1) in S is strongly fragmented according to the ratio test in

Eq. (3.7). Indeed, for any typical (N,X) family, the exponential scaling of D(d)
N,X is

given by Eq. (3.12). On the other hand, the f L empty frozen sites induce a natural

bipartition of the chain in which they represent one (possibly non-contiguous) of

two independent subregions that cannot exchange particles or dipole moment. By

construction, the total number Wd,ν(p = 0, s = f, L) of particle configurations (of

11We note that it is straightforward to generalize this argument to the case in which we
partition the system into any G = O(L0) number of extensively large subregions of size siL, with
s1 + . . .+ sG = 1.
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any dipole moment) compatible with this bipartition (see Fig. 3.4) is larger than

the dimension of any Krylov subspace in the chosen (N,X) sector, i.e.

D(d,k)
max (N,X) < Wd,ν(p = 0, s = f, L) . (3.16)

From the uniqueness of the maximum p∗ of gd,ν(p, s) discussed in Section 3.4.1 and

the fact that here p = 0 ̸= ν f = p∗, we automatically see that

lim
L→∞

1
L

ln r(d,k)
N,X ≤ gd,ν(0, f) − ηd(ν) < 0 . (3.17)

This proves, for any d, that all the (N,X) families characterized by ν < (k − 1)−1

and νx0 = o(L0) (typical) are strongly fragmented according to the ratio test (3.7),

given that r(d,k)
N,X decays to zero exponentially with L. We note that Eq. (3.15)

also trivially proves that the average density of frozen sites ρ(d,k)
F from Eq. (3.8)

is nonzero for fillings ν < (k − 1)−1 < νc.

3.4.3 The full proof

We now conclude the full proof by addressing the interval (k−1)−1 ≤ ν < (k−2)−1 =

νc, to which we will refer as Ck−2. The crucial difference with respect to the ν

region discussed in the previous subsection is that in Ck−2 it is possible to have

Krylov sectors hosting no frozen sites.

Similarly to before, to prove strong fragmentation in Ck−2 it is not necessary to

understand the specific features of the largest Krylov subspaces in a given family

of (N,X) sectors, i.e. the one entering the definition (3.6) of r(d,k)
N,X . Our strategy is

once again simpler: we aim to show that for any ν ∈ Ck−2, the largest Krylov sectors

occupy, irrespective of their characteristics, an exponentially vanishing fraction

of their corresponding symmetry sectors (N,X).

We start by noticing that in Ck−2 there still exist exponentially many FESs of

the auxiliary chain S̃ that possess a non-vanishing fraction f > 0 of frozen sites

that are part of a type-1 blockage. This leads us to

Case 1: The largest Krylov subspaces within a typical family of (N,X) sectors

in S possess a nonzero fraction f of frozen sites that are part of a type-1 blockage.
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By reasoning identical to the previous subsection we see that, in Case 1, r(d,k)
N,X

is exponentially suppressed in L.

Now we turn to the scenario in which f = 0, which is possible because the

inequality (3.15) does not hold in Ck−2. Assume that, in addition to f = 0, there are

no particles stacked on the two boundary sites of the FES of S̃ to which the Krylov

subspace of S in question is connected (by the FES picture). If we call ρ2 and ρ3

the densities of particles that are separated from the next closest particle to their

right by k−2 and k−3 holes respectively, then in the thermodynamic limit we have

ρ2 + ρ3 = ν ρ2(k − 1) + ρ3(k − 2) = 1 , (3.18)

from which we find

ρ2 = 1 − ν(k − 2) ρ3 = ν(k − 1) − 1 . (3.19)

This proves that for fillings ν within Ck−2, one has ρ2 > 0 and ρ3 ≥ 0. If we

keep f = 0 but allow stacking of particles at the two boundary sites, then ρ2

necessarily increases with respect to the case (3.19) with no stacking. This means

that every Krylov sector with f = 0 must possess an extensive number of type-2

edges, and thus, of type-2 blockages. Given the O(L) number of possible choices

to select one, we can always pick a type-2 blockage (B) of L-independent size

such that the regions to its left (A1) and right (A2), up to the boundaries, are

both extensively large. Given that A1 and A2 are prevented from exchanging

particles and dipole moment (by definition of blockage), we can upper bound the

dimension of the largest Krylov sector as

D(d,k)
max (N,X) < D

(d)
NA1+B,XA1+B

D
(d)
NA2+B,XA2+B

. (3.20)

Note that on the right-hand side of the previous inequality the blockage is joined

both to A1 and A2. To obtain an expression that avoids this doubling of B, we

notice that starting from a chain with L sites and N particles that possesses

D
(d)
N configurations, if we add to it ℓ = O(L0) sites which contain n = O(L0)

particles, then limL→∞ D
(d)
N+n(L + ℓ)/D(d)

N (L) is a finite O(L0) number, as seen
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by applying Eq. (3.9). The same is true when we consider the sizes D(d)
N,X(L) of

(N,X) sectors. This implies that there always exists an L-independent constant

Q such that from Eq. (3.20) we can arrive to

D(d,k)
max (N,X) < QD

(d)
NA1+B,XA1+B

D
(d)
NA2 ,XA2

, (3.21)

in which the doubling has been removed. From this we can consider

Case 2: The largest Krylov subspaces within a typical family of (N,X) sectors

have f = 0, and the regions A1 + B and A2 can be chosen in such a way that their

local filling is different from ν in the limit of large L.

Remembering that extensive subregions with “local” filling different from the

global one can characterize only atypical states (see Section 3.4.1), similarly to the

steps that led to (3.17) we can use (3.14) (together with (3.12) for the denominator

in r(d,k)
N,X ) to obtain again that limL→∞ ln r(d,k)

N,X /L < 0, i.e. r(d,k)
N,X decays exponentially

with L also in Case 2.

Let’s now consider the final scenario, given by

Case 3: The largest Krylov subspaces within a typical family of (N,X) sectors

have f = 0, but the “inhomogeneous” assumption on A1 + B and A2 of Case

2 does not hold.

Case 3 implies that any extensive subregion of the chain has “local” filling

approaching the global ν for large L values. As we show in Appendix B.2, this

provides us with an algorithm to partition the system into an extensive number

G of subregions Ai that are separated by type-2 blockages Bi of L-independent

size, as pictured in Fig. 3.5. The length ℓi of each subregion Ai is guaranteed to be

subextensive. Given such a partition of the chain, and given the disconnecting effect

induced by type-2 blockages Bi, one arrives at the inequality (see Appendix B.2)

r
(d,k)
N,X < L2

G∏
i=1

Q̃

ℓ2
i

. (3.22)

Here Q̃ is an L-independent positive constant such that Q̃ < ℓ2
i ∀ i. Given that

G = O(L), Eq. (3.22) shows that also in Case 3 the ratio r(d,k)
N,X decays exponentially
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. . .
A1 A2 AG−1 AG

B1 B2 BG−2 BG−1

Figure 3.5: Partition of the chain into contiguous subregions (Ai) separated by type-2
blockages of L-independent size (Bi). Each vertical line represents a type-2 edge.

with L, hence concluding the proof.

A few remarks are in order. For a brief discussion of the fate of strong

fragmentation in atypical families of (N,X) sectors, i.e. those with a centre of

mass significantly far from the centre of the chain, we refer to Appendix E of

our original work [2].

In [2] it is also proved for d = 2 and d = ∞ that typical states in a given

N = νL sector with ν < νc host an extensive number of type-1 blockages. In the

language of this section this implies that Krylov sectors with f = 0 are vanishingly

rare. Therefore, if one could easily prove the same for any d (which we believe

to be true), then the previous proof of strong fragmentation12 could be limited

to the case of f > 0, which we have seen to be trivial.

Finally, we remark that even if the assumption of gate-completeness from Sec-

tion 3.2.1 does not hold, our results still prove that r(d,k)
N,X decays to zero exponentially

with L in typical symmetry sectors for ν < νc, and hence that these sectors are

strongly fragmented. This is a trivial consequence of the fact that violations of

gate-completeness further suppress dynamics and reduce the connectivity in the

system, and hence all the blockages identified by our method remain such.

3.5 Critical exponents, entanglement entropy and
weak fragmentation

In this section we present additional analytical results, as well as numerical evidence,

concerning both the strongly and weakly fragmented phases. For example, we
12According to the ratio test in Eq. (3.7).
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derive the scaling with (νc − ν) of the total number of blockages in the strongly

fragmented phase, and thoroughly discuss the EE of eigenstates. Our findings

constitute significant additional evidence for the phase diagram of Fig. 3.1.

3.5.1 Critical scaling for the number of blockages

The discussion in this subsection implicitly addresses models that possess a weakly

fragmented phase (and hence a transition), i.e. we exclude the special cases d =

3, k = 3 and d = 2, k = 4. These coincide with the only two choices of the pair

(d, k) for which the lower phase transition point νc = (k − 2)−1 and the upper one

d − 1 − νc (by particle-hole symmetry) coincide, and hence these models do not

possess a weakly fragmented phase. This fact is tightly related to the existence,

for such (d, k) pairs, of absolute blockages [2, 109].

Consider a typical state13 at ν < νc for any d, and apply the FES picture

to it. Let ρ1,ℓ designate the density of particles in the FES that have to their

right a type-1 blockage of length ℓ, i.e. exactly ℓ holes before the next particle.

Similarly, let ρ2 indicate the density of particles that have to their right a type-2

edge (i.e. exactly k− 2 holes before the next particle) and ρ3 the density of particles

that have to their right exactly k − 3 holes. Clearly, ρ2 coincides with the total

density of type-2 edges. Similarly, the sum over ℓ of ρ1,ℓ coincides with the total

density of type-1 blockages, i.e. ρ1 = ∑
ℓ ρ1,ℓ.

Given that in the following we consider only intensive quantities, we can ignore

the presence of possible stacks of particles at the boundaries. Indeed, for typical

states such stacks can host at most a subextensive number of particles for ν <

νc (by reasoning identical to the one employed in the partitioning algorithm in

Appendix B.2, see also [2]). We hence obtain in the limit of large L

ρ3 + ρ2 +
ℓmax∑
ℓ=k−1

ρ1,ℓ = ν (3.23)

(k − 2)ρ3 + (k − 1)ρ2 +
ℓmax∑
ℓ=k−1

(ℓ+ 1)ρ1,ℓ = 1 . (3.24)

13Remember that, as proved in Section 3.4.1, any extensive subregion of a typical states has
“local” filling equal to the global ν.
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In principle ℓmax can grow with L (subextensively, given our restriction in considering

only typical states). However, at any nonzero ν type-1 blockages with ℓ = O(Lγ) and

0 < γ < 1 are extremely unlikely to arise14. This means that for any nonzero ν there

exists a large but finite15 cutoff length ℓcut = O(L0) such that ∑ℓmax
ℓ=ℓcut+1 ℓ ρ1,ℓ ≪ 1

for any large size L. Combining (3.23) and (3.24), and neglecting the vanishingly

small error in replacing ℓmax with ℓcut, we obtain

ρ2 +
ℓcut∑

ℓ=k−1
(ℓ− k + 3)ρ1,ℓ = 1

νc
(νc − ν) , (3.25)

where we have used νc = (k − 2)−1. From (3.25) it is straightforward to obtain

the following inequalities

(νc − ν)
ℓcut νc

< ρ2 +
ℓcut∑

ℓ=k−1
ρ1,ℓ <

(νc − ν)
νc

. (3.26)

Given the finiteness of ℓcut, we obtain from (3.26)

ρ2 + ρ1 ∝ (νc − ν) . (3.27)

It is our expectation that the previous scaling applies separately to the two terms, i.e.

ρt ∝ (νc − ν)β β = 1, t = 1, 2 . (3.28)

We confirm this numerically in Section 3.5.3 (see the linear dependence in Fig. 3.7(c)

for ν close to νc). Notice that from the scaling of ρ1 and the finiteness of ℓcut we also

obtain ρF ∝ (νc − ν)β with β = 1, where ρF denotes the density of frozen sites. For

d = ∞ this follows from the fact that type-1 blockages are the only source of frozen

sites (notice that a single particle enclosed by two type-1 blockages represents a

frozen site too), while at finite d they are expected to represent the largest source

by far16. The value of β = 1 agrees with the one suggested for the density of frozen
14Instead of the typicality class characterised by homogeneity over extensive length scales, one

can consider smaller but still dominant classes of states that have local filling equal to the global
ν over any region of length O(Lγ), for a given 0 < γ < 1.

15This finiteness is crucial because to arrive to Eq. (3.26) we will need to divide for a length
that doesn’t diverge in the thermodynamic limit.

16Indeed, other types of frozen sites can only emerge from the additional constraints due to
the maximal on-site occupation of d− 1. However, at the low fillings ν < νc = (k − 2)−1 we are
considering, these constraints are not expected to play any major role.
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sites in [225] on the basis of numerical evidence and heuristic arguments. Note that

in Section VIIA of [2] I also derived the critical scaling for the average length of

active subregions17 and of a related characteristic length scale ξ.

3.5.2 Entanglement entropy and quantum dynamics in the
strongly fragmented phase

As already mentioned, in [2] it is proved for d = 2 and ∞ that type-1 blockages

are extensively present in typical states at any ν < νc = (k − 2)−1 (note that in

Section 3.4 we only proved this for ν < (k−1)−1, although for any d). We numerically

show that the same is true for other finite d values in Section 3.5.3. Also, typically

these type-1 blockages are quite uniformly distributed along the chain (see analytical

proof in [2], based on the same type of partitioning algorithm used in Appendix B.2,

or numerical evidence in Figs. 3.7(d)-(e) from Section 3.5.3). On the basis of this, in

this subsection we demonstrate that typical eigenstates in the strongly fragmented

phase feature an area law for EE, and discuss further consequences for quantum

dynamics. On the other hand, we will see that contrary to frozen blockages, type-2

blockages allow the exchange of some amount of quantum information between the

two regions that they disconnect from the point of view of transport (of particles

and dipole moment). This is because these regions can both interact with the active

type-2 blockage, as described in Section 3.3.1. This is the mechanism behind an

“inverse quantum many-body scar” phenomenon that we conjecture, based on the

existence of rare eigenstates which possess beyond-area-law EE scaling.

Type-1 blockages

As discussed in Chapter 1, in both quantum chaotic and integrable models eigenstates

at a finite energy density above the ground state possess volume-law EE

SA = −TrA(ρA ln ρA) ∝ |A| , (3.29)

17Here “active” refers to the fact that these subregions host no type-1 blockage.
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where A is a subsystem of size |A|, B its complement, ρA = TrB(|Ei⟩ ⟨Ei|) and |Ei⟩

an eigenstate at energy Ei. We now show that the EE of typical eigenstates in

N -sectors characterized by ν < νc follows instead an area law.

The bipartite EE of each eigenstate within the i-th Krylov sector of an (N,X)

sector can be upper bounded by lnD(d,k)
i (A), where D(d,k)

i (A) is the dimension of

the Krylov sector restricted to the subsystem A of the bipartition [85, 109, 230],

where we are assuming D(d,k)
i (A) ≤ D(d,k)

i (B). In particular, this ensures that

all eigenstates of strongly fragmented (N,X) families have EE density s upper

bounded in the thermodynamic limit by

s ≤ lim
L→∞

1
L

lnD(d,k)
max < lim

L→∞

1
L

lnD(d)
N,X . (3.30)

In quantum chaotic models, the rightmost term in the previous inequality would be

expected to coincide with the EE density of highest-DoS eigenstates (i.e. typical ones)

in the chosen family of (N,X) sectors (see works on generalizations of Page formula

[231, 232] to symmetry sectors [44, 233]). Thus, the inequality in Eq. (3.30) proves

ergodicity breaking at the level of entanglement on the basis of the exponential

suppression of the dimension of Krylov sectors compared to the dimension of

symmetry sectors. However, given that usually D(d,k)
max scales exponentially with

L, the inequality in (3.30) remains compatible with volume-law EE scaling in the

strongly fragmented phase. It has been first remarked in Ref. [109] that further

restrictions on the generation of entanglement can arise from local configurations

that completely disconnect the regions of the chain to their left and right. In [109]

these disconnections coincided with “absolute blockages” (using the language of

[2]), which exist only in the special models with d = 2, k = 4 and d = 3, k = 3,

which are strongly fragmented irrespective of the filling ν. Armed with the more

general concept of type-1 blockages introduced in Section 3.3.1, we now generalise

this idea to models with any d and k.

Consider a Krylov sector K that contains a type-1 blockage somewhere along the

chain. By the definition of Krylov sectors, the Hamiltonian leaves the vector space K
invariant, i.e. HK ⊆ K. Call HK the restriction of H to K. Imagine now to partition
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the chain by inserting a cut somewhere in the middle of the type-1 blockage, and

obtain in this way two subregions α and β. By definition of type-1 blockages we have

HK = Hα ⊗ Iβ + Iα ⊗Hβ , (3.31)

where I represents the identity operator and Hα, Hβ are Hermitian operators. From

(3.31) we see that the eigenstates of HK, which form a basis of K, have the form

|n,m⟩ = |n⟩α ⊗ |m⟩β , (3.32)

where |n⟩α and |m⟩β are eigenstates of respectively Hα and Hβ. More generally, if

a Krylov sector contains several type-1 blockages which partition the system into

G regions αi, then all its eigenstates can be expressed as product states of active

regions enclosed by the type-1 blockages |n1, . . . , nG⟩ = |n1⟩α1 ⊗ . . .⊗ |nG⟩αG
. From

this “separable” structure of the eigenstates we trivially derive the following results:

1. The bipartite EE associated with a single entanglement cut located within

a type-1 blockage is exactly zero.

2. The bipartite EE associated with a single entanglement cut that has to its left

or right a type-1 blockage is upper bounded by lnD∗, where D∗ is the dimension of

the Krylov sector restricted to the subregion enclosed by the entanglement cut and

the type-1 blockage. We notice that for any such subregion of size ℓ, lnD∗ ≤ ℓ ln d.

The previous statements trivially generalise to the case in which the entanglement

bipartition arises from two entanglement cuts. Given the extensive presence of

type-1 blockages, and their fair uniformity, in typical Krylov sectors for ν < νc

(discussed above), we conclude that typical eigenstates in the strongly fragmented

phase possess area-law EE18.

More generally, the decomposition in Eq. (3.31) and the finite density of

uniformly distributed type-1 blockages imply that, in the strongly fragmented

phase, quantum unitary dynamics19 can be typically resolved into the independent

action of extensively many ultralocal Hamiltonians on regions of L-independent
18E.g. the bipartite EE with single entanglement cut does not grow with L as the latter is

increased to infinity.
19For example starting from a product state belonging to a strongly fragmented (N,X) sector.
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Figure 3.6: Time-dependence of the bipartite von Neumann entropy S(t) under
Hamiltonian dynamics computed using tDMRG. The Hamiltonian is characterised by
d = 2, k = 6 and the initial product state is chosen among the set of configurations
discussed in Section 3.5.2, for various system sizes L. We report results for bond dimensions
χ = 200 and 800. (a) Local disturbance coinciding with the simplest kind of type-2
blockage. (b) Local disturbance represented by a single sequence of k − 2 holes (no
blockage). (c) No disturbance.

size. In other words, the quantum many-body problem is transformed into a set

of extensively many independent few-body problems. The consequences of this

range from eigenstate expectation values of local operators strongly deviating from

the ETH prediction (Section 1.2), to entanglement growth by quench dynamics

(e.g. starting from a simple product state) saturating to an area-law value, and to

the possible presence of long-lived oscillations in the dynamics of local observables20.

We remark that such conclusions do not hold if one considers eigenstates in

weakly fragmented sectors, or dynamics starting from product states that belong to

them, due to the typical absence of type-1 blockages in such cases.

Type-2 blockages and inverse quantum many-body scars

We now consider the effect of type-2 blockages on the EE, which turns out not to

be as drastic as the one of type-1 blockages. Given that type-2 blockages prevent

transport of particles and dipole moment between the regions to their left and right,

their presence along the chain typically reduces the value of lnD(d,k)
i (A) discussed

in the previous subsection, thus lowering the maximal eigenstate EE reachable
20The emergence of long-lived oscillations in this context has a different nature compared to

that due to QMBS [84] or other known mechanisms (see, e.g., [179]).
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in principle through a bipartition into A and B. This is however only a weak

suppression of EE generation compared to the strong disconnecting effect of type-1

blockages, and it is compatible with volume-law EE scaling. One might wonder

whether any type of strong suppression, similar to type-1 blockages, is produced

also by active blockages. However, due to the possibility of the regions to the

left and right of a type-2 blockage interacting with the particles involved in the

blockage, these active blockages are not in principle expected to fully block the

generation of entanglement. This is verified numerically in Fig. 3.6 for d = 2,

using tDMRG [234] (see also [67] and references therein). We consider a chain of

length L in an FES, in which the boundary sites are occupied and particles are

separated by exactly k − 3 holes, with the only exception of a local disturbance

in the middle of the chain. This is chosen to be a type-2 blockage formed by two

type-2 edges separated by just one particle.

. . . . . . . . . . . . . . . . . . . . . . . .
k − 3 k − 3 k − 2 k − 2 k − 3 k − 3

We focus on quantum Hamiltonian dynamics, with H from Eq. (3.3) characterized

by d = 2 and k = 6, for which we choose {ĥ(k)
j } to represent a gate-complete set

as defined in Section 3.2.1. We place the entanglement cut somewhere within the

type-2 blockage and calculate the von Neumann entropy S(t) as a function of time.

From Fig. 3.6(a) we see that S(t) is different from zero and becomes larger as L is

increased. This must be contrasted with the case in which the local disturbance

is a type-1 blockage with entanglement cut within it, for which S(t) = 0 ∀ t, ∀ L.

In Fig. 3.6(b) and 3.6(c) we produce the same kind of dynamics but replacing the

type-2 blockage with, respectively, a single sequence of k − 2 holes and no sequence

of k − 2 holes, as these do not give rise to blockages of any kind. These plots show

a very similar evolution for S(t) compared to the type-2 blockage case, confirming

that the latter does not lead to any absolute hindrance to the generation of EE.

Similar conclusions are reached if one places the entanglement cut just to the left

or just to the right of the disturbance. This supports the claim that the bipartite
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EE with entanglement cut lying in a subregion A that hosts active blockages but

no type-1 blockages can have a dependence on the size of A.

We remark that in the entire phase ν < νc there exist atypical Krylov sectors

that contain extensively large “connected” subregions devoid of type-1 and type-2

blockages. These can give rise to eigenstates with volume-law EE, if the entanglement

cuts lie within one of these subregions. Given the numerical evidence just presented,

even more interesting are the rare Krylov sectors in the interval (k − 1)−1 ≤ ν ≤ νc

(see Section 3.4.3) which possess an extensive number of type-2 blockages uniformly

distributed along the chain, but no type-1 blockages. Our tDMRG results suggest

that the EE of their eigenstates scales beyond any area law, irrespective of the

entanglement cut’s location. This phenomenon of rare eigenstates with beyond-

area-law EE, embedded in a sea of area-law eigenstates, could be interpreted

as inverse QMBS [235–238].

3.5.3 Numerical results for strong and weak fragmentation

In this subsection we provide numerical results supporting the claim that, for any

d, typical states in the strongly fragmented phase host an extensive number of both

type-1 blockages and type-2 edges, which are fairly uniformly distributed along the

chain. This is analytically demonstrated in [2] for d = 2 and ∞. We also show that

blockages become vanishingly rare as soon as ν > νc, and for d = ∞ we discuss

evidence of weak fragmentation according to the ratio test in Eq. (3.7). In [2] weak

fragmentation is addressed numerically also for finite d.

We numerically determine the total number nt of type-1 blockages (t = 1) and

type-2 edges (t = 2) associated with a given state by using the FES picture from

Section 3.3.2, i.e. by mapping a state of a finite-d system S to its associated FES in

the d̃ = ∞ auxiliary system S̃. We also record their location along the chain. From

a computational point of view the FES mapping is an easy task, given that it only

involves applications of outward hops in S̃ (in no particular order) until no further

hops can be applied (see Section 3.3.1). However, to easily address large system sizes
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of the order of 105 sites, we employ a more advanced algorithm developed in [2] by J.

Classen-Howes, which allows us to perform the FES mapping even more efficiently.

In Fig. 3.7(a)-(c) we plot numerical results for the average densities ρ(d,k)
1 =

⟨n1⟩ /L of type-1 blockages and ρ(d,k)
2 = ⟨n2⟩ /L of type-2 edges21. These results were

obtained by uniformly sampling states in a given N sector22 (in accordance with

the on-site dimension d) and identifying blockages in each of them by the procedure

outlined above. In Fig. 3.7(a), where the system is in its strongly fragmented phase

given that ν < νc, we see that for various values of d the average densities tend

to a constant with increasing L. Importantly, both type-1 blockages and type-2

edges are simultaneously present, in an extensive number, in each of the states

sampled. In Figs. 3.7(d)-(e) we present the spatial distribution of type-1 blockages

along the chain for two randomly generated states at large L, with particle densities

ν < νc and d = 2 and 4. As anticipated, the distribution of blockages is seen to

be quite homogeneous along the entire chain. This was found to be the case for

all other randomly generated states tested, and the spatial distribution of type-2

edges was also found to be generally uniform.

In Fig. 3.7(b) type-1 blockages and type-2 edges are seen to become vanishingly

rare with increasing L for ν > νc, which is consistent with the onset of the weakly

fragmented phase. Indeed, as anticipated in Section 3.3.3, the analytic results of

Section 3.4 imply for any d that a necessary condition for a Krylov sector to be

dominant (and hence for the weakly fragmented phase to arise) is that any state in

the Krylov sector must be mapped by the FES picture to the unique blockage-free

FES present in the corresponding (N,X) sector. Indeed, even the presence of a

single blockage in the bulk of the chain leads to a zero ratio r
(d,k)
N,X for L → ∞

(cf. Appendix B.2). In this regard, the data in Fig. 3.7(b), together with several

other tests performed (see [2]), show that typical randomly drawn states for any

d are mapped by the FES picture to an FES with n1 = 0 and n2 ≤ 1, i.e. to

the unique blockage-free FES compatible with the chosen values of N , X and L.
21Compared to Section 3.5.1 we are now making the d and k dependence explicit.
22These states were found to have vanishingly small intensive centres of mass νx0 , as expected

for typical states.
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Figure 3.7: (a) Numerical estimates for ρ(d,k)
t (from random sampling) as a function of

L for 100 randomly generated states with local on-site dimensions d = 2, 4, for k = 5 and
fillings ν < νc = 1/3. The error bars show the standard deviation associated with the
set of 100 random states at each L value. (b) ρ(d,k)

t as a function of L for 1000 randomly
generated states at ν = 0.34 > 1/3 = νc, k = 5 and d = 3. (c) ρ(d,k)

t for d = 3, k = 6
as a function of ν < νc = 0.25 for L = 2 × 104 (1000 randomly generated states) and
L = 2 × 105 (100 randomly generated states). The leftmost vertical line coincides with
(k − 1)−1 and the rightmost one with νc = (k − 2)−1. (d) Spatial distribution for k = 5
of type-1 blockages in a single randomly drawn state with L = 105, d = 2, ν = 0.2 < νc.
Here, i = 1, . . . , L labels the sites of the chain. The histogram shows the number of
type-1 blockages that occurred in each bin, with bin width equal to 250. (e) Analogous
histogram for k = 5, L = 105, d = 4, ν = 0.25 < νc.

Exceptions to this become rarer and rarer as we increase L at fixed ν > νc, or if at

fixed L we increase ν. For example, in the case of d = 3, k = 5 from Fig. 3.7(b), if

we set ν to a slightly higher value23, say ν = 0.38, already for L = 103 all the 1000

randomly sampled states have n1 = 0 and n2 ≤ 1. For d = ∞, this represents direct

numerical evidence of weak fragmentation according to the ratio r(d,k)
N,X in Eq. (3.7).

Indeed, the fact that in S (identical to S̃ for d = ∞) typical states are all mapped

to the unique blockage-free FES associated with their (N,X) sector implies that

typical symmetry sectors at ν > νc possess a dominant Krylov subspace (the one

containing the blockage-free FES in question) and hence that r(d,k)
N,X → 1 for L → ∞.

It also implies weak fragmentation from the point of view of the density of frozen

sites in Eq. (3.8): in d = ∞ systems frozen sites can only arise as a consequence

of type-1 blockages24, and hence n1 = 0 implies absence of frozen sites. Note that

while these results are also consistent with the onset of the weakly fragmented phase
23In Fig. 3.7(b) ν is set to 0.34, which is very close to the critical point νc = 1/3 for k = 5.
24Provided gate-completeness is satisfied.
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for d finite, they do not represent direct evidence for it. Indeed, for d finite S ̸= S̃

and hence a state mapped by the FES picture (dynamics in S̃) to a blockage-free

FES might not be actually connected to it by the real dynamics that satisfies the

finite d constraint (hence we cannot directly deduce r(d,k)
N,X → 1). Similarly, from the

point of view of the density of frozen sites, in finite-d systems there can be frozen

sites beyond those due to type-1 blockages, as well as blockages invisible to the FES

picture (cf. Section 3.3.2). These issues are resolved in [2], where proper numerical

evidence of weak fragmentation for any ν > νc and d finite is presented.

In Fig. 3.7(c), we fix L and study ρ
(d,k)
t as a function of ν. Below νc we find

ρ
(d,k)
t to be a smooth positive function that tends to zero linearly as ν → νc, in

accordance with the critical scalings derived in Section 3.5.1. Given that above the

critical filling the average density ρ(d,k)
t is zero in the thermodynamic limit, the latter

is seen to have a discontinuous first derivative with respect to ν at νc, signaling

a phase transition. We also note that there is no evidence of a discontinuity at

ν = (k − 1)−1, supporting the claim that even if it becomes possible for densities

ν > (k − 1)−1 to generate states without type-1 blockages (cf. Section 3.4.3), these

states are extremely rare and do not lead to an additional thermodynamic phase

transition. Note also that ρ(d,k)
t has a peak at some finite value of ν, and decreases

both for fillings above and below it, as expected25. Note that in Section VIIC of [2],

to further verify the existence of a universal d-independent strong-to-weak transition

at the critical filling νc = (k − 2)−1, I numerically verified the presence of a critical

scaling for r(d,k)
N,X at ν = νc. Indeed, at ν = νc the ratio is expected [226] to decay to

zero (unlike the weakly fragmented phase), but only polynomially with L (unlike

the strongly fragmented phase).

We conclude by stressing that the universality26 of the critical point νc =

(k − 2)−1 for the strong-to-weak transition relies on the natural assumption of

25The decrease for fillings below the peak is due to the fact that, e.g., ρ(d,k)
1 probes only the

number of distinct type-1 blockages, ignoring their length.
26With respect to the on-site dimension d and choice of the interactions couplings entering the

dipole-conserving Hamiltonian that governs dynamics.
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gate-completeness discussed in Section 3.2.1. It is in principle possible that

specific models violating this assumption possess a critical filling higher27 than

(k − 2)−1, as a consequence of the reduction in connectivity that violations of

gate-completeness entail.

3.6 Conclusions

We introduced a number of new approaches for characterising the strongly and

weakly Hilbert-space-fragmented phases of charge- and dipole-conserving quantum

chains. These allowed us to derive a number of new analytic results concerning

these phases and the “freezing” transition between them. Our results lead to

the interesting conclusion that dipole-conserving chains have the universal phase

diagram depicted in Fig. 3.1, with a critical density of νc = (k− 2)−1 irrespective of

the on-site dimension d or the precise details of the dynamics, as long as the natural

assumption of gate-completeness (see Section 3.2.1) holds. We remark that while

in this thesis we focused solely on open boundary conditions (OBC), we expect

that the main physical conclusions drawn here28 would also characterize systems

with periodic boundary conditions (PBC), see e.g. Ref. [226].

In future work, it would be valuable to generalize our results to lattices in

higher spatial dimensions, obtain an analytic understanding of how EE scales in

the strongly fragmented phase for states hosting only active blockages (relevant for

our conjectured “inverse QMBS”), and uncover whether a strong-to-weak phase

transition can be driven by tuning the intensive centre of mass νx instead of the

filling ν, as briefly discussed in Appendix E of [2].

27For example, a system with k = 6 interactions which is only gate-complete at the k = 5 level
may have a phase transition point somewhere in between ν = 1/4 and ν = 1/3 (extremes included,
in principle).

28Like the location of the phase transition point or the existence of a finite density of blockages
in the strongly fragmented phase.
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Finite-temperature dynamical correlators

in the Lieb-Liniger model

4.1 Introduction

In this chapter, we present finite-temperature results for one-body dynamical

correlation functions in the one-dimensional Bose gas with point-like interactions

[239, 240], known as the Lieb-Liniger model. This field-theory, governed by a

single interaction strength c, describes one of the simplest interacting integrable

systems solvable by Bethe ansatz [93, 94]. As such, it offers unique possibilities for

the exploration of quantum many-body dynamics in an interacting yet (partially)

solvable setup, providing both rare insights on the phenomenology of unitary

evolution and important benchmarks for approximate methods that aim to tackle

quantum chaotic regimes1. Approximate experimental realizations of the model

have been achieved thanks to the major developments on the control of ultracold

quantum gases [242–244], see also the reviews [4, 245]. For these reasons, in the

past two decades significant efforts have been devoted to describing the dynamics

of the model both in equilibrium [246–261] and during out-of-equilibrium protocols

[262–276]. In the presence of interactions, calculating (dynamical) correlation

functions is a very hard task even in integrable systems. Analytical results at
1See, e.g., [241].
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finite temperatures, which allow connections to experiments via linear response

theory, can be obtained only in a handful of limits: at very low temperatures,

Luttinger Liquid (LL) theory (aka bosonization) [277–279] enables description of

the low-frequency and long-distance asymptotics of correlation functions, which is

governed by low-energy excitations around the edges of a Fermi sea2 [245, 279, 283,

284] (see also [285]); (static) short-range expansions, valid for the ground state but

also capturing low temperatures, can be obtained from integrability methods [286];

in the limit of large c, analytic 1/c expansions of dynamical correlation functions

at arbitrary temperatures are available [258] (see also [248]); similarly, in the limit

of small densities n, expansions in n at any c have been obtained [259]. We also

note that some analytic results (like expressions for asymptotic correlation lengths)

at arbitrary temperatures, densities and interaction strengths can be obtained for

static correlators3 via integrability methods [287].

Away from these asymptotic (or static) limits, i.e. in the experimentally relevant

regimes of finite temperatures at arbitrary frequencies, momenta, densities and cou-

plings c, numerical procedures are required. Numerical algorithms that reconstruct

dynamical correlators by explicitly summing matrix elements (aka form factors4) that

appear in Lehmann representations (Chapter 1) have been particularly successful

in the context of the Lieb-Liniger gas. In particular, dynamical correlators of the

density operator have been determined both at zero [246] and finite temperatures

[251] by the ABACUS algorithm [288, 289] (for a fairly large number of particles

N ≈ 50–200, depending on the temperature). For the Bose field, i.e. for one-particle

dynamical correlation functions, results have been obtained at zero temperature
2As we will see, a Fermi sea can arise in one-dimension even in bosonic systems. We notice

that certain parameters entering the LL description can be analytically obtained in the repulsive
weakly-interacting limit c ≪ 1 by extending Bogoliubov theory to treat quasicondensates at small
temperatures [280]. They are also known from integrability techniques [281, 282] both at c ≪ 1
and in the hard-core limit c ≫ 1.

3The static results of [287] for the correlation length can be used as an additional benchmark
of the numerical scheme presented in this chapter (directly in the interacting regime). We have
performed this benchmark and found excellent agreement, but given the focus of this thesis on
dynamical correlators, we do not report it here.

4These form factors are analytically available in some integrable models, including the Lieb-
Liniger gas, for some specific observables.
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[249], and very recently extended to very low but nonzero temperatures (for N ≈ 40–

80) [260]. The success of these approaches is surprising at first, given that in

general exponentially many (in system size) form factors enter Lehmann sums and

hence summation over all of them is a computationally hopeless task. Indeed, the

applicability of ABACUS relies on the fact that in the low-temperature limits5

considered in these works only a significantly smaller number of matrix elements

is relevant for the reconstruction of correlation functions.

In this chapter, we consider a regime of temperatures, interaction strengths and

number of particles that lies beyond this paradigm, in that the number of relevant

form factors for the reconstruction of correlation functions (of the Bose field) is

orders of magnitude larger than what can be handled with classical computational

resources. Therefore, sampling of relevant matrix elements becomes necessary.

We present a Monte Carlo sampling scheme based on a probability distribution

defined directly in terms of form factors. We note that the idea of sampling with

respect to a form-factor (or an eigenstate-overlap) weight previously appeared in

Refs. [262, 273, 290–292], in several contexts6. However, the evaluation of dynamical

finite-temperature correlation functions and the systematic analysis of the accuracy

and applicability of such Monte Carlo schemes have not been pursued to date. We

obtain the full space and time dependence of the spectral function in the Lieb-

Liniger model, and benchmark the method against some exact results available.

This enables us to prove the power of the approach, and to explore some physically

relevant regimes that cannot be addressed by other methods.

The chapter is organized as follows. In Section 4.2 we review the integrability

of the Lieb-Liniger model. In Section 4.3 we describe our sampling method and

present results for the one-body dynamical correlator for a wide range of couplings
5We note that in [251] some temperatures far from T = 0 have been addressed for N ≈ 50–100.

This is possible due to some special features of matrix elements of the density operator, as we
discuss in depth in Section 4.4.

6We also note that other Monte Carlo approaches have been used in the context of integrability
and coupled with the Bethe ansatz technology [293–297], but these do not involve sampling of
form factors and so are intrinsically different.
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and temperatures. In Section 4.4 we explore important consequences stemming

from differences between the form factors of the Bose field and the density operator.

4.2 Integrability of the Lieb-Liniger gas

4.2.1 The model

The Lieb-Liniger Hamiltonian describes spinless bosons on a ring (PBC) of length

L with contact repulsive interactions. For N bosons, the Hamiltonian H is given

by (in first quantization language)

H = −
N∑
i=1

∂2
xi

+ 2 c
∑

1≤i<j≤N
δ(xi − xj) − hN , (4.1)

where c > 0 is the interaction strength of the contact interactions and h is a chemical

potential. This model corresponds to the following field theory Hamiltonian

H =
∫ L/2

−L/2
dx
[
ϕ(x)†(−∂2

x − h)ϕ(x) + c ϕ†(x)ϕ†(x)ϕ(x)ϕ(x)
]
. (4.2)

Here ϕ(x) is a complex bosonic field obeying the canonical commutation relations

[ϕ(x), ϕ†(y)] = δ(x − y) and PBC ϕ(x + L) = ϕ(x). As becomes evident in the

language of the algebraic Bethe ansatz [94, 95], H possesses an extensive number of

mutually commuting local charges Q(m), which as discussed in Section 1.3.1 is a

hallmark of quantum integrability. These local symmetries include the total number

of particles Q =
∫
dx ϕ†(x)ϕ(x) and the momentum P = −i

∫
dx ϕ†(x)∂xϕ(x). The

symmetric eigenfunctions χN(x1, . . . , xN) of (4.1) in the Q = N sector can be

determined exactly by the coordinate Bethe ansatz [94, 239], and are given by

χN(x1, . . . , xN |λ1, . . . , λN) =
∏
k<j(λj − λk)√

N !∏k<j[(λj − λk)2 + c2]

×
∑
P

exp
i N∑

j=1
xj λPj

 ∏
1≤k<j≤N

[
1 − i c sgn(xj − xk)

λPj
− λPk

] ,

(4.3)

where sgn(x) is the sign function, P denotes all the permutations of the integers

1, . . . , N and a set of N real “rapidities” λ = (λ1, . . . , λN ) appears. The latter can be

thought of as a generalization to the interacting integrable context of the momenta

appearing in the wavefunction of free particles. We note that χN is two-particle
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reducible7, which is a distinctive feature of all models solvable by Bethe ansatz.

The fact that the rapidities are all real for c > 0 is a special simplifying feature of

the Lieb-Liniger model, given that in more general integrable systems they take

complex values as a consequence of the existence of bound states [95]. Crucially,

the wavefunction (4.3) is antisymmetric in the rapidities λj, i.e. χN = 0 if λj = λk

for any j ̸= k. This gives rise to a generalized Pauli principle (despite the fact

that we are describing bosons) and has important consequences for the structure

of the ground state of the model. By imposing periodic boundary conditions in

the positions xi for the wavefunction χN , one obtains the Bethe equations for the

Lieb-Liniger model, which in logarithmic form read

Lλj +
N∑
k=1

θ(λj − λk) = 2πIj j = 1, . . . , N . (4.4)

Here θ(x) = 2 arctan(x/c) and {Ij} is a set of distinct integers (half-odd integers) for

N odd (even). For any given {Ij} the solutions λ of the Bethe equations are unique,

hence the sets {Ij} are in one-to-one correspondence with the eigenstates of (4.1),

which in Dirac notation we denote simply as |λ⟩. The eigenvalues of H and P in the

N -sector eigenstate |λ⟩ are given by simple expressions in terms of the rapidities λ

Eλ =
N∑
i=1

(λ2
i − h) Pλ =

N∑
i=1

λi , (4.5)

and similarly for the higher charges Q(m) which involve higher powers of the

rapidities, i.e. Q(m)
λ = ∑

i λ
m
i for m ≥ 3. We also note that as a consequence of

the antisymmetry of θ(x) in (4.4), the following useful equality holds for the total

momentum Pλ in (4.5) at any interaction coupling c

Pλ = 2π
L

N∑
i=1

Ii . (4.6)

The ground state of the model in the N sector is described by the rapidities λ that

solve the Bethe equations (4.4) for the following set of (half-odd) integers [94, 239]

Ij = −N − 1
2 + j − 1 j = 1, . . . , N . (4.7)

7That is, it is expressed as a sum over permutations of products of terms that involve at most
two particles. The origin of this reducibility is the famous Yang-Baxter equation from the algebraic
Bethe ansatz.
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This corresponds to a Fermi sea in the rapidities λj, and emerges as a consequence

of the generalized Pauli principle.

We note that no closed-form solution λ of the Bethe equations is available given

a generic set of (half-odd) integers. In the following, we solve Eq. (4.4) numerically

using the Newton–Raphson method, which converges to the solution in very few

iterations and is hence extremely efficient.

4.2.2 Macrostates

In the thermodynamic limit L → ∞ (n = N/L fixed) it is convenient to switch from

a description in terms of “microstates”, i.e. single eigenstates with fixed rapidities

λ, to one in terms of “macrostates” [298]. These represent families of eigenstates

with identical coarse-grained distribution ρ(λ) of rapidities. The function ρ(λ) is

known as “root density” and can be defined in the limit of asymptotically large L as

Lρ(λ)∆λ = number of rapidities λj in [λ, λ+ ∆λ] . (4.8)

We say that two eigenstates belong to the same macrostate (for L → ∞) if they

possess identical root density. Given that the rapidities λj need to satisfy the non-

trivial Bethe equations, it is simpler to start by considering the distribution of the

(half-odd) integers {Ij} that appear in Eq. (4.4), given that these can be arbitrarily

chosen. We define the distribution ρ̃(z) of intensive (half-odd) integers zj = Ij/L as

Lρ̃(z)∆z = number of zj = Ij
L

in [z, z + ∆z] 0 ≤ ρ̃(z) ≤ 1 . (4.9)

By means of the Bethe equations we can explicitly relate ρ̃(z) to its associated

root density ρ(λ). We start by noticing that the rapidities λj solving the Bethe

equations Eq. (4.4) with (half-odd) integers {Ij} follow the same order as the

latter, i.e. if Ii > Ij then λi > λj. Furthermore, λi and λj cluster together if

their associated intensive (half-odd) integers zi and zj do, as a consequence of

the following inequalities [94]

2π
(1 + 2n/c)(zi − zj) ≤ λi − λj ≤ 2π(zi − zj) zi > zj . (4.10)
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On the basis of these relations, we see that ρ̃(z) and ρ(λ) are related in the

thermodynamic limit by

ρ̃(z)dz = ρ(λ)dλ . (4.11)

Noticing that for L → ∞ we can substitute sums with integrals

1
L

N∑
i=1

f(λi) L→∞−−−→
∫ ∞

−∞
dλ ρ(λ)f(λ) , (4.12)

the strictly monotonically increasing function λ = λ(z) that implicitly appears in

(4.11) is obtained by taking the thermodynamic limit of (4.4) after replacing Ij/L

with a real variable z and λj with the real function λ(z)

z = λ(z)
2π + 1

2π

∫
dµ ρ(µ) θ(λ(z) − µ) . (4.13)

From the inverse function z = z(λ) and (4.11) we get

ρ(λ) = dz

dλ
ρ̃(z(λ)) = 1

2π

[
1 +

∫
dµ ρ(µ)K(λ− µ)

]
ρ̃(z(λ)) ,

K(x) = θ′(x) = 2c
c2 + x2 .

(4.14)

Given that 1 − ρ̃(z) represents the distribution of unoccupied (half-odd) integers,

in light of (4.11) and (4.14) it is natural to interpret ρh(λ) in

ρ(λ) + ρh(λ) = 1
2π

[
1 +

∫
dµ ρ(µ)K(λ− µ)

]
= dz

dλ
(4.15)

as the distribution of “holes” in rapidity space, associated with the distribution

of “particles” ρ(λ). Indeed, dz in (4.11) represents an infinitesimal interval in the

space of both occupied and unoccupied (half-odd) integers, therefore dz/dλ must

be given the interpretation of a density of occupied and unoccupied rapidities.

From Eq. (4.8) we see that eigenstates |λ⟩ belonging to the same macrostate

ρ(λ) possess identical intensive eigenvalues for all the charges Q(m) in the limit

of large L, given that

q
(m)
λ = Q

(m)
λ

L
= 1
L

N∑
i=1

λmi =
∫
dλ ρ(λ)λm + o(L0) m ≥ 0, m ̸= 2. (4.16)

Clearly an identical expression holds for Q(2)
λ = H once we add to it Nh, see (4.5).

Given the local nature of the charges Q(m), Eq. (4.16) suggests that eigenstates in the
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same macrostate have identical local properties, that is, identical expectation values

for any local operator, up to finite size corrections. As mentioned in Section 1.3.1,

this is the direct generalization to the integrable setting of the diagonal ETH, which

states that expectation values of local observables over eigenstates of quantum

chaotic systems are smooth functions of the energy density alone8.

Given a macrostate ρ(λ), we can define its entropy density functional s[ρ] as

s[ρ] = lim
L→∞

1
L
SL[ρ] , (4.17)

where SL[ρ] indicates the logarithm of the total number of eigenstates in the

macrostate ρ(λ), at finite L. Clearly, associating a finite-L eigenstate with a

macrostate ρ(λ) (which is properly defined only in the thermodynamic limit) is in

principle an ambiguous procedure, and some prescription for precisely performing

the identification must be chosen. However, any such prescription works as long

as it is compatible with the definition (4.8) for L → ∞. In particular, in light

of (4.9), we can say that there are

WL =
(

L∆z
Lρ̃(z)∆z

)
(4.18)

different ways compatible with the macrostate ρ̃(z) of rearranging occupied and

unoccupied (half-odd) integers in a given interval [z, z+∆z]. This gives the following

contribution ∆SL to the entropy SL[ρ] (using Stirling’s asymptotic formula in

the limit of large L)

∆SL = lnWL = L∆z
[

− ρ̃(z) ln ρ̃(z) −
(
1 − ρ̃(z)

)
ln
(
1 − ρ̃(z)

)]
. (4.19)

Different prescriptions for the counting result in negligible o(L) corrections to the

previous equation. Summing up contributions ∆SL in every interval ∆z yields

in the thermodynamic limit

s[ρ] =
∫
dλ
[(
ρ(λ)+ρh(λ)

)
ln
(
ρ(λ)+ρh(λ)

)
−ρ(λ) ln ρ(λ)−ρh(λ) ln ρh(λ)

]
, (4.20)

where we have used Eqs. (4.14) and (4.15).
8Or, at most, of the density of a few mutually commuting charges.
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Maximizing s[ρ] with respect to the function ρ(λ) under the constraints
∫
dλ ρ(λ) =

n and
∫
dλ ρ(λ)(λ2 − h) = e (i.e. minimizing the free energy) yields the “thermal”

root density ρ(T )(λ) that characterizes typical eigenstates at particle density n

and energy density e. It coincides with the solution of the following nonlinear

integral equations [94, 298]

ρ(T )(λ)
ρ(T )(λ) + ρ

(T )
h (λ)

= 1
1 + eε(λ)/T , (4.21)

ε(λ) = λ2 − h− T

2π

∫
dµK(λ− µ) ln

[
1 + e−ε(µ)/T

]
, (4.22)

where the temperature T and chemical potential h fix the particle and energy

densities, and the hole distribution ρ(T )
h is defined as in Eq. (4.15). The appearance

of a Fermi-Dirac functional form in (4.21) is a consequence of the single-occupancy

constraint on the (half-odd) integers {Ij} (generalized Pauli principle), which

justifies the use of the binomial coefficient (4.18) in the calculation of the entropy.

By construction, typical (i.e. thermal) eigenstates dominate (exponentially with

L) thermal expectation values of local observables O

⟨O⟩T = 1
ZT

Tr
[
e−H/TO

]
, (4.23)

where the trace can either be restricted to the Q = N sector or be extended9 over all

particle-number sectors and the chemical potential h used to fix the average density

⟨Q⟩T /L = n. We note that the exponential domination of thermal eigenstates

can be formalized in the limit of large L by representing the trace in (4.23) as a

functional integral over root densities and employing the saddle-point method to

evaluate it [94], which leads exactly the constrained maximization we performed

to obtain Eqs. (4.21) and (4.22). Crucially, given that eigenstates in the same

macrostate have identical local properties, in the limit of large L the trace in (4.23)

can be replaced, up to finite-size corrections (cf. Eq. (4.16)), by the expectation

value on a single representative eigenstate |λ(T )⟩ of ρ(T )(λ), i.e.

⟨O⟩T = ⟨λ(T )|O|λ(T )⟩ + o(L0) . (4.24)
9By equivalence of thermodynamic ensembles [23].
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We remark that to obtain the thermal root density ρ(T )(λ) at temperature T

and chemical potential h we need to determine the solution ε(λ) of the Yang-Yang

equation (4.22). This can be done iteratively: we start by evaluating the right-hand

side of (4.22) after the substitution ε(λ) → ε0(λ) = λ2 − h, and setting the result

equal to ε1(λ); we then iterate this step in order to determine εm+1(λ) from εm(λ).

This sequence is guaranteed to converge to the solution of the Yang-Yang equation

for m → ∞, see [94, 298]. In practice, we choose a sufficiently large cutoff kmax > 0

for the rapidities (it must be checked a posteriori that
∫∞
kmax dλ ρ

(T )(λ) ≪ 1), and set

up a grid of M values λi in the finite interval [−kmax, kmax], with associated weights

wi, according to the Gauss-Legendre quadrature rule. This allows us to approximate

the integral in the Yang-Yang equation with a discrete sum, and convergence with

M and n is achieved very quickly. Having obtained ε(λ), we determine ρ(T )(λ)

by solving Eqs. (4.15) and (4.21). Given the quadrature rule discretization, this

simply amounts to computing the inverse of a matrix. The entropy density s[ρ(T )]

can then be directly obtained from Eq. (4.20).

4.2.3 Impenetrable limit

The Hamiltonian (4.2) has two free limits: free bosons in the absence of interactions

(c = 0) and free fermions in the impenetrable limit (c = ∞) [299]. The former

corresponds to the standard, rather trivial, field theory of free scalar bosons in

1D. The impenetrable limit, on the other hand, although mappable to a non-

interacting theory retains several non-trivial features which will be very useful

in the following sections.

Due to the divergent coupling constant c = ∞, the wavefunctions χN (x1, . . . , xN )

from Eq. (4.3) at any finite energy density, although symmetric (bosons), must

vanish whenever xi = xj for i ̸= j, which is the characteristic feature of fermionic

wavefunctions. Indeed, for c = ∞ the bosonic wavefunction χN can be exactly

mapped to a fermionic one χ(F )
N by the Girardeau formula [299]

χ
(F )
N (x1, . . . , xN) =

∏
1≤i<j≤N

sgn(xj − xi)χN(x1, . . . , xN) . (4.25)
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The boson-fermion mapping leading to a free Hamiltonian is best illustrated in

second quantization language at the level of the bosonic field ϕ(x). For c = ∞,

within the physical part of the Hilbert space associated with a finite energy density,

the boson field ϕ(x) can be mapped to a fermionic one ψF (x) by a continuum

generalization [300] of a Jordan-Wigner transformation [180, 301, 302], which in

the thermodynamic limit reads

ϕ(x) = exp
[
iπ
∫ x

−∞
dy ψ†

F (y)ψF (y)
]
ψF (x) . (4.26)

Here ψF (x) obeys canonical anticommutation relations {ψF (x), ψ†
F (y)} = δ(x− y)

and a non-local “string” operator appears in the argument of the exponential10.

The generalization of (4.26) on a ring of size L, given the PBC on the bosons

ϕ(x + L) = ϕ(x), yields the following boundary conditions for the fermions11 in

the sector with N particles

ψF (x+ L) = (−1)N−1ψF (x) . (4.27)

This is a consequence of the presence of the non-local string in (4.26). We note that

the existence of two topologically distinct sectors associated with different boundary

conditions is also a standard feature of the Jordan-Wigner mapping on 1D lattices.

The representation (4.26) implies that ϕ2(x) |Ψ⟩ = 0 (from anticommutations of

ψF ) for any state |Ψ⟩ of finite energy density relative to the H
∣∣∣
c=∞

Hamiltonian,

and this represents the operatorial analogue of the hard-core constraint χN = 0 for

xi = xj (i ̸= j). Using the boson-fermion mapping, the Hamiltonian (4.2) at c = ∞

becomes quadratic (separately in each sector with N even or odd, see (4.27))

H
∣∣∣∣
c=∞

=
∫ L/2

−L/2
dx
[
ψF (x)†(−∂2

x − h)ψF (x)
]
, (4.28)

where we have used again ψ2
F (x) = 0 when taking the derivatives ∂x. This coincides

with a standard free fermionic theory subject to the boundary conditions (4.27).

We can diagonalize H
∣∣∣
c=∞

by introducing canonical Fourier-space fields ψ̃pj
of

10We note that the spectrum of the non-local string is composed only of integer numbers, hence
the choice of the sign in front of iπ is irrelevant.

11Note that the total number of bosons N coincides with the total number of fermions, as a
consequence of ϕ†(x)ϕ(x) = ψ†

F (x)ψF (x).
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discrete momenta pj = 2πIj/L, with Ij forced by (4.27) to be a half-odd integer

(integer) for N even (odd)

ψF (x) = 1√
L

∑
j

eipjx ψ̃pj
H

∣∣∣∣
c=∞

=
∑
j

(p2
j − h)ψ̃†

pj
ψ̃pj

. (4.29)

These results are compatible with the fact that for c → ∞ the logarithmic Bethe

equations (4.4) simplify to

λj = 2π
L
Ij j = 1, . . . , N , (4.30)

i.e. the rapidities coincide with the momenta pj of free fermions. Given the simple

form of the Hamiltonian in this limit, it is elementary to identify the set of extensively

many mutually commuting local charges Q(m)

Q(m)
∣∣∣∣
c=∞

=
∑
j

pmj ψ̃
†
pj
ψ̃pj

= (−i)m
∫ L/2

−L/2
dxψ†

F (x) ∂mx ψF (x) m ≥ 0,m ̸= 2 .

(4.31)

In the following we will be interested in dynamical correlation functions for the Bose

field ϕ(x) in the interacting regime 0 < c < ∞. The fact that at c = ∞ the field

ϕ(x) is not local relative to the free Fermi field ψF (x), as clear from (4.26), already

suggests that correlation functions of ϕ(x) in the impenetrable limit are rather

difficult to obtain, compared to the trivial non-interacting case c = 0. This is related

to the fact that matrix elements of ϕ(x) between eigenstates of H at c = ∞ are

non-sparse12, i.e. there is an exponential number (in L, fixed any arbitrarily large but

O(L0) momentum cutoff) of them with a nonzero value [98]. This is very different

from more standard free theories, in which matrix elements of physical operators

are sparse (only a polynomial number of them does not vanish). These observations

will allow us to make use of the impenetrable limit c = ∞ as a benchmark for the

numerical methods that we developed to address the interacting region 0 < c < ∞.

12This non-sparseness is not unique to the impenetrable Lieb–Liniger model; it appears in any
free theory where a local operator is non-local (Jordan-Wigner-like) with respect to the theory’s
local free variables.
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4.3 Finite temperature single-particle Green’s
function via Monte Carlo sampling

4.3.1 Lehmann representation and form factor sampling

Consider the one-body dynamical correlation function

C(x, t) = ⟨λ|ϕ†(x, t)ϕ(0, 0)|λ⟩ , (4.32)

where |λ⟩ is an N -particle eigenstate representative of the thermal macrostate ρ(T )(λ)

associated with a temperature T and chemical potential h, and ϕ(x, t) denotes the

Heisenberg time evolution of ϕ(x) with the Lieb-Liniger Hamiltonian H in (4.2).

Due to (4.24), the correlator C(x, t) is equal, up to finite-size corrections, to

⟨ϕ†(x, t)ϕ(0, 0)⟩T = 1
ZT

Tr
[
e−H/Tϕ†(x, t)ϕ(0, 0)

]
. (4.33)

This coincides13 with the finite-temperature single-particle Green’s function of the

Bose field [27, 303]. The validity of (4.24) even for the operator ϕ†(x, t)ϕ(0, 0), which

is in principle non-local due to the Heisenberg time evolution, follows from the fact

that for any finite t it retains a local nature in any finite-energy-density (guaranteed

by T finite) state14, as a consequence of the locality of interactions in (4.2).

In the thermodynamic limit L → ∞ (n = N/L fixed) thermal expectation values

like (4.33) depend only on two dimensionless parameters

γ = c/n τ = T/n2 . (4.34)

This can be seen by rescaling space variables with the density as y = x/n in

Eqs. (4.1), (4.2) and (4.33) and noticing that for N → ∞ any dependence on n

other than the one in (4.34) disappears15.

The Lehmann representation of the correlation function C(x, t) is obtained by

inserting a resolution of the identity ∑µ |µ⟩ ⟨µ| between the two fields in (4.32)

C(x, t) =
∑
µ

gλ,µ(x, t) |Fλ,µ|2 , (4.35)

13Up to the presence of a time-ordering operator.
14Employing an intuitive quasiparticle picture, the requirement of a finite energy density

translates into an effective cutoff for the speed of the quasiparticles that govern the propagation
of correlations and operator spreading. This gives rise to an effective state-dependent light cone.

15We are now interpreting (4.33) as the canonical ensemble expectation value.
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where
Fλ,µ = ⟨µ|ϕ(0, 0)|λ⟩ ,

gλ,µ(x, t) = ei(Eλ−Eµ)t−i(Pλ−Pµ)x .
(4.36)

Here |λ⟩ and |µ⟩ are normalized to 1. Crucially, closed-form expressions for the

form factors Fλ,µ are known from the algebraic Bethe ansatz [94, 249, 304, 305].

These show that Fλ,µ is nonzero for any eigenstate |µ⟩ of N − 1 particles16, i.e. there

are exponentially many in L (fixed any arbitrarily large but finite momentum cutoff

for the rapidities) nonzero matrix elements involved in the Lehmann representation

(4.35). While in systems that satisfy ETH matrix elements like Fλ,µ are all

exponentially suppressed in L (cf. Section 1.2), their structure is richer in integrable

systems, as a consequence of the existence of extensively many commuting charges.

In particular, the scaling of

Mλ,µ = − ln(|Fλ,µ|2) (4.37)

can be superextensive for |λ⟩ and |µ⟩ that differ considerably in the distribution

of their rapidities [98]. This implies that only a tiny (but still exponentially

large) fraction of eigenstates |µ⟩, characterized by a “merely” extensive Mλ,µ, can

contribute a finite amount to the Lehmann sum (4.35) for L → ∞.

As shown in Ref. [249], at zero temperature T = 0 and number of particles

N ≲ 200, the number of relevant |µ⟩ states for the reconstruction of C(x, t) is

not prohibitively large and an explicit sum over them can be carried out by the

ABACUS algorithm [288, 289], which searches for relevant |µ⟩ states with sufficiently

small Mλ,µ until a certain sum rule (see e.g. Eq. (4.39) below) is close to being

fully saturated. Recently Ref. [260] addressed, using similar methods, very small

but nonzero temperatures for number of particles N ≈ 40–80. ABACUS has been

successfully employed at finite temperatures also to reconstruct 2-point dynamical

correlators of the density ϱ(x) = ϕ†(x)ϕ(x), for fairly large values of N ≈ 50–100

(depending on the specific choice of T ) [251]. In Section 4.4 we will present numerical

results which allow us to explore why ABACUS can, in certain regimes of T and N ,
16Note that Fλ,µ trivially vanishes for |µ⟩ with more or less than N−1 particles, as a consequence

the selection rule on the particle-number Q.
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be successfully employed for reconstructing correlation functions of ϱ(x), while it

fundamentally struggles with correlators of the Bose field ϕ(x). Indeed, away from

the low temperature limit, the number of |µ⟩ states that meaningfully contribute

to (4.35) lies significantly beyond the capabilities of ABACUS already for systems

with a few tens of particles.

We now show that it is possible to overcome this limitation by employing a

simple yet very effective scheme (see also [273]), based on Markov chain Monte

Carlo (MCMC) sampling [306–310]. We rewrite (4.35) as

C(x, t) = Zλ
∑
µ

gλ,µ(x, t)e
−Mλ,µ

Zλ
, (4.38)

where the “partition function” Zλ simply corresponds to the density of particles

Zλ =
∑
µ

e−Mλ,µ = ⟨λ|ϕ†(0, 0)ϕ(0, 0)|λ⟩ = n . (4.39)

To draw a helpful analogy with classical statistical mechanics, we can interpret

Pλ(µ) ≡ exp(−Mλ,µ)/Zλ as a normalized Gibbs distribution, where Mλ,µ plays the

role of an “energy”. The key realization is that eigenstates |µℓ⟩ can be sampled

according to Pλ(µ) via MCMC, yielding the following estimate for C(x, t)

C(x, t) → Zλ
ℓmax

ℓmax∑
ℓ=1

gλ,µℓ
(x, t) . (4.40)

The technical details of the MCMC sampling are discussed in Appendix C.1.

Crucially, we find that the number of MCMC steps ℓmax needed to reconstruct

C(x, t) with high accuracy is drastically lower than the number of |µ⟩ states that

meaningfully contribute to the sum in (4.38). This enables us to probe significantly

higher temperatures and system sizes than those available by previous approaches.

In the following we always set the chemical potential h such that n = N/L = 1.

Furthermore, we choose |λ⟩ in Eq. (4.32), i.e. the N -particle eigenstate representative

of the thermal macrostate chosen, to be a “smooth microstate” of ρ(T )(λ) [98]. In

other words, we require that the finite-N distribution of its Bethe rapidities matches

as smoothly as possible the thermodynamic root density ρ(T )(λ) chosen. For a simple

construction of smooth microstates given an arbitrary root-density ρ(λ), see [98].
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4.3.2 Monte Carlo estimates for the number of relevant
states

Let m = Mλ,µ/L denote the generalized “energy” density associated with the Gibbs

expectation value in Eq. (4.38). In the limit of large L the product between the

Gibbs weight Pλ(µ) = exp(−Lm)/Zλ and the density of |µ⟩ states at a given m,

which we denote as exp(Lsµ(m)), is expected to give rise to a single sharp peak

that dominates the sum in (4.38), as evident from the use of saddle-point methods.

From the fact that Zλ = n = O(L0), it follows that at the saddle point m∗ the

entropy density sµ is sµ(m∗) = m∗ + o(L0), i.e. the number of relevant |µ⟩ states

for the reconstruction of C(x, t) scales to leading order as exp(Lm∗).

To show that our MCMC scheme is capable of probing this saddle-point

behaviour, we plot in Fig. 4.1 the values of m sampled in single runs of MCMC,

for several temperatures τ and couplings γ. As we increase L = N , the variance

of the m values shrinks, compatible with the expected L → ∞ limit in which all

sampled m sit on a line that coincides with m∗. We also compare the MCMC

output with the entropy density s[ρ(T )] associated with the thermal macrostate at γ

and τ , see Eq. (4.20). The results show that s[ρ(T )] > m∗ ≈ sµ(m∗), i.e. the number

of relevant |µ⟩ states for the computation of C(x, t) represent an exponentially

small fraction of all eigenstates in the thermal macrostate of |λ⟩. The difference

s[ρ] −m∗ is seen to increase with the dimensionless temperature τ , as shown more

explicitly in Fig. 4.2, where we plot the average value of m over single MCMC

runs at γ = ∞. We note that the inequality s[ρ] > sµ(m∗) is compatible with

the findings of Ref. [98], which numerically showed that typical (N − 1)-particle

eigenstates |µ⟩ in the same macrostate as the N -particle reference state |λ⟩ feature

matrix elements with scaling Mλ,µ ∝ L lnL, and hence that these do not contribute

to C(x, t) in the thermodynamic limit.

The states |µ⟩ that matter are characterized by a distribution of rapidities {µj}

which is anomalously close to the reference one {λj} [98], as for these one finds

Mλ,µ ∝ L. As an example of this, we show in the insets of Fig. 4.1(b) and (f) the

linear scaling with L of the average Mλ,µ for 100 eigenstates |µ⟩ randomly generated
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Figure 4.1: Values of Mλ,µ/L sampled in a single run of the MCMC sampling, at
different strengths γ, temperatures τ and sizes L. We plot 1 value every 3000 MCMC
steps. The dashed lines represent the entropy densities s[ρ] (see Eq. (4.20)) associated
with the thermal macrostates ρ(λ) = ρ(T )(λ) at couplings γ and temperatures T = τ n2.
The insets in (b) and (f) show that Mλ,µ grows linearly with L = N for a simple scalable
family of |µ⟩ states (see main text).

by solving the Bethe equations (4.4) with integers {J (µ)
j = Ĩ

(λ)
j ±1/2}N−1

j=1 (the signs ±

are drawn at random), where {Ĩ(λ)
j }N−1

j=1 are N−1 of the N half-odd integers {I(λ)
j }Nj=1

that determine the rapidities {λj}. It is evident that the distribution of integers

for this family of |µ⟩ states is anomalously close to that of the half-odd integers

{I(λ)
j }Nj=1, and this extends at the level of their rapidities via the Bethe equations.

By estimating m∗ ≈ sµ(m∗) from the data in Fig. 4.1 we realize that the

number of MCMC steps employed in the sampling is drastically lower than the

number of relevant |µ⟩ states exp(Lsµ(m∗)). For example, by considering the

mean and standard deviation of the Mλ,µ values at τ = 10, γ = 10, L = 200 in

Fig. 4.1(d), we get sµ(m∗) = 0.82 ± 0.06. This gives an order of magnitude of



4. Finite-temperature dynamical correlators in the Lieb-Liniger model 101

Figure 4.2: Average values of Mλ,µ/L as a function of the temperature τ over single
MCMC runs at γ = ∞ and L = 400, cf. Fig. 4.1(e). We compare them with the entropy
density s[ρ] of the thermal macrostate ρ(λ) = ρ(T )(λ) at temperature τ and γ = ∞. The
orange error bars indicate standard deviations.

1066–1076 for the number of relevant states. On the other hand, we will show in

the next subsection that very accurate results for C(x, t) can be obtained using

a total of only 108–109 MCMC sampled points.

4.3.3 Benchmarks and results

To benchmark the approach, we consider the impenetrable limit γ = ∞. As

discussed in Section 4.2.3, despite the fact that here the model can be mapped to

free fermions, unlike generic (not Jordan-Wigner-like) local operators in standard

free theories the form factors Fλ,µ of the Bose field ϕ(x) are nonzero for any eigenstate

|µ⟩ with N − 1 particles [98], exactly as in the interacting case γ < ∞. Hence,

from the perspective of reconstructing C(x, t) by sampling states appearing in the

Lehmann sum (4.38), the limit γ = ∞ poses challenges identical to the ones faced

in the penetrable case. However, in the impenetrable limit analytical expressions for

limL→∞ C(x, t) exist [94, 311–313] and give us access to a direct comparison with

exact results. These formulas involve Fredholm determinants [94, 304, 311, 314,

315] that can be numerically computed by standard methods [316]. In Fig. 4.3(a)

we plot the MCMC results for Re[C(x, t)] at γ = ∞, τ = 5 and L = 200. The
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Figure 4.3: Values of Re[C(x, t)] (real space) and C̃(k, ω) (Fourier space) obtained
running 100 Markov chains in parallel with ℓmax = 106 MCMC steps each (ℓmax = 107 for
γ = ∞). All plots refer to L = 200 and τ = 5, and probe different couplings γ. We rescale
the frequencies in terms of the Fermi momentum kF = π n associated with the Fermi
surface at γ = ∞ and τ = 0. (a)-(c) Real space correlators as a function of the position
at times t = (0, 0.2, 0.4, 0.6)/n2 (respectively blue, red, yellow and purple curves). The
dots and dashed lines are exact thermodynamic-limit results respectively at γ = ∞ (from
Fredholm determinant representations [94, 311]) and in absence of interactions (γ = 0).
The inset in (a) shows the same data in log-scale. (d)-(f) Fourier space correlators as a
function of the frequency at momenta k/kF = (0, 0.16, 0.32, 0.48, 0.8) (respectively from
lightest to darkest curves). The dots are obtained by Fourier transforming the exact
real-space Fredholm results.

agreement with the Fredholm results is found to be excellent. The MCMC output

also recovers the exponential decay with x expected from the finiteness of correlation

lengths at finite temperatures, see inset of Fig. 4.3(a).

As an additional (qualitative) check, in Fig. 4.3(c) we perform a comparison

between the MCMC data at γ = 1/2 and the exact thermodynamic-limit results in
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the absence of contact interactions (γ = 0). The curves appear to be very similar,

as expected from the fact that low values of γ should tend towards the free limit

γ = 0. Fig. 4.3(b) shows results for the intermediate value of γ = 4, where the

curves visually interpolate between those in Fig. 4.3(a) and (c).

To extract information on the spectrum of physical excitations created by

the action of ϕ(x) at finite T it is convenient to consider the Fourier transform

of C(x, t) [249]

C̃(k, ω) =
∫ L/2

−L/2
dx
∫ ∞

−∞
dt eiωt−ikxC(x, t)

= 2πL
∑
µ

δ(ω − Eµ + Eλ) δk,Pµ−Pλ
| ⟨µ|ϕ(0, 0)|λ⟩ |2 .

(4.41)

This is proportional to the bosonic spectral function up to a factor of (1 + nB(ω))

[27], where nB(ω) denotes the Bose-Einstein distribution function. While it is in

principle possible to compute C̃(k, ω) by Fourier transforming the MCMC data

for C(x, t), it is more convenient to sample directly in Fourier space. Furthermore,

given that at any finite L the function C̃(k, ω) consists of a sum of Dirac delta

peaks, we implement a smoothing procedure appropriate for comparison with

L → ∞. Details of the sampling in Fourier space and the smoothing procedure

are presented in Appendix C.2.

In Fig. 4.3(d) we compare the γ = ∞ MCMC curves for C̃(k, ω) with the exact

Fredholm results in Fourier space, finding perfect agreement. In Fig. 4.3(e) and (f)

we plot results for the finite couplings γ = 4 and 10. We see that, fixed τ > 0, a

decrease in γ causes the curves to become more sharply peaked and to drift towards

negative values of ω. The former behaviour is consistent with the emergence, at low

interaction couplings, of well-defined quasiparticles that couple to ϕ(x) and whose

damping rate vanishes as the non-interacting limit γ = 0 is approached. Similarly,

the drift towards negative energies can be understood from the fact that at γ = 0 the

Fourier correlator is a sum of Dirac deltas lying on the free dispersion ω(k) = −k2+h

at minus the occupied momenta of the reference eigenstate |λ⟩, i.e. at ki = −λi.
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To check the magnitude of finite-size deviations from the thermodynamic limit

behaviour in Fig. 4.4 we plot C̃(k, ω) at distinct sizes L. We see that in the range

of k and ω values of interest, where the signal is significant, finite size effects are

very weak already at L ≳ 50, given the good agreement of all the curves.

Figure 4.4: Finite size effects in the values of the Fourier-space correlator C̃(k, ω), at
different temperatures τ and couplings γ. The frequency and momenta are rescaled with
kF = π n.

Figure 4.5: Density plots for C̃(k, ω)/n at different temperatures τ and couplings γ.
Data obtained for L = 200 by running 100 parallel Markov chains with ℓmax = 106 steps
each. The white ‘x’ markers in (a), (e), (i) denote the free dispersion ω = −k2 + hγ=0,
where hγ=0 is the chemical potential that sets n = 1 at γ = 0 (for each given τ). Note
the different scales of colours for each subplot.



4. Finite-temperature dynamical correlators in the Lieb-Liniger model 105

In Fig. 4.5 we show full density plots for C̃(k, ω) at several temperatures τ and

couplings γ. For γ = 0.5 the spectral weight closely follows the free dispersion

ω = −k2 +h of the non-interacting limit γ = 0. In fact, for γ ≤ 1 the results uncover

the presence of a fairly sharp single-particle mode whose peak is slightly broadened

by the temperature and finiteness of interactions. At higher γ (especially for τ ≥ 5)

the weight significantly spreads out into a continuum. We note that the plots at

τ = 1 and high γ appear to correctly approach the zero and very-low-temperature

results of Refs. [249, 260], with the beginning of a broadened “type II” dispersion

[240] clearly visible for ω > 0 (see also log-scale plots below). In the context of

matrix elements of the Bose field ϕ(x), the zero-temperature type II dispersion ω2(k)

is associated with energies ω2 = Eµ−Eλ and momenta k = Pµ−Pλ where |λ⟩ is the

ground state of N particles (see Eq. (4.7)) and |µ⟩ is constructed by starting from

the ground state with N − 1 particles and implementing a particle-hole excitation

that creates a hole in the Fermi sea and adds a particle at the positive boundary

of the latter, i.e. just to the right of the Fermi momentum. For any interaction

coupling c > 0 the dispersion ω2(k) vanishes at k = 0 and k = 2kF , and is maximal

at k = kF , where kF = nπ denotes the Fermi momentum of the impenetrable

c = ∞ model17. Given that at τ = 0 the type II dispersion ω2(k) represents a

sharp lower threshold for C̃(k, ω), at small but nonzero τ this feature is expected

to remain visible (although it can be broadened by the finite temperature). This

is verified more explicitly in Fig. 4.6(a) and (c), which present log-scale density

plots of C̃(k, ω) from MCMC at τ = 1 and γ = 10,∞.

The data in Fig. 4.6(c)-(f) also provide additional benchmarks at temperatures

τ = 1 and τ = 5 for the impenetrable case (γ = ∞), by comparing MCMC log-scale

density plots for C̃(k, ω) (L = 200) with the exact Fredholm-representation ones

(L → ∞). Again, we find excellent agreement. In Fig. 4.6(b) we show a log-scale

density plot for MCMC results at γ = 10 and τ = 5. Together with Fig. 4.6(d),

this clearly highlights that the fairly sharp type II threshold disappears at the

higher dimensionless temperature τ = 5.
17The fact that kF = nπ characterizes the boundaries of ω2(k) at any c is a consequence of

Eqs. (4.6) and (4.30).
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Figure 4.6: Density plots for ln[C̃(k, ω)] at L = 200 and temperatures τ = 1 and 5.
MCMC data obtained by running 100 parallel Markov chains with ℓmax = 106–107 steps
each. (a)-(b) MCMC results for large but finite couplings γ = 10. (c)-(d) MCMC results
for the impenetrable limit γ = ∞. (e)-(f) Exact results for γ = ∞ and L → ∞ from
Fredholm representation. The weak non-smooth feature visible in (e) around k/kF ≈ 0.3
and ω ≈ 0 is due to small noise generated by computing Fredholm determinants for the
real space correlators C(x, t) and Fourier transforming to (k, ω) space.

In Fig. 4.7 we plot again the MCMC data from Fig. 4.6(c) and (d) but down

to values of ln[C̃(k, ω)] of −8. We see that the MCMC data appear to capture

the signal well even down to these low values (cf. log-scale results at τ = 0 from

Ref. [249] for a direct comparison). In particular, the τ = 1, γ = ∞ plot in Fig. 4.7(a)

clearly shows the slightly broadened ω2(k) dispersion stretching up to 2kF .

Figure 4.7: Density plots for ln[C̃(k, ω)] for the same MCMC data as Fig. 4.6(c) and
(d) but on a colour scale down to −8.

We stress that although we have presented here results only for thermal

macrostates ρ(T )(λ) due to their obvious physical importance, our methods can be

applied equally well to atypical macrostates, as shown in [3].
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4.4 Comparing Bose field and density operator

Interacting integrable theories possess exponentially many (in system size) nonzero

off-diagonal matrix elements of any local operator between eigenstates [43, 94, 98,

100, 249, 304, 305, 317–322]. The vast majority of them18 is expected to be at

least exponentially suppressed in L [98, 100]. On the contrary, in free theories

only a few sparse matrix elements generally do not vanish, and their magnitudes

decay to zero at most polynomially with L.

Exactly as for the Bose field ϕ(x), in the interacting regime (0 < c < ∞) of

the Lieb-Liniger model the exponential (or superexponential) suppression of the

matrix elements of the density ϱ(x) = ϕ†(x)ϕ(x) can be easily checked numerically

starting from known expression for its form factors [317, 318], or analytically by

employing expansions of the form factors in 1/c (for c large but finite) [98]. This

suppression implies that, as we increase L, the use of sampling schemes for the

reconstruction of correlation functions becomes eventually necessary for both ϕ(x)

and ϱ(x), given that the number of relevant terms becomes prohibitively large at

sufficiently large L. Despite this similarity, we highlight here important differences

in the structure of off-diagonal matrix elements of ϕ(x) and ϱ(x). The existence

of such differences is perhaps not surprising in light of the fact that form factors

of ϱ(x) are sparse both at c = 0 and c = ∞ [98], while those of ϕ(x) correspond

to a standard free theory only at c = 0. These dissimilarities shed light on why

correlation functions of ϱ(x), unlike those of ϕ(x), can be efficiently reconstructed

at finite temperatures and up to fairly large system sizes (N ≈ 50–100) without

the use of sampling [251], although sampling becomes necessary at larger N . En

passant, we uncover the existence of some matrix elements of ϱ(x) that are merely

polynomially suppressed in L (as in free theories) even in the interacting regime

0 < c < ∞. This is an interesting fact by itself.

18Below we uncover an exception to the exponential suppression behaviour, which rules out the
applicability of this statement to all off-diagonal matrix elements.
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Given a reference eigenstate |λ⟩ of N particles, the squared form factors

|F (ϱ)
λ,λ̃

|2 = | ⟨λ̃|ϱ(0)|λ⟩ |2 = exp(−M (ϱ)
λ,λ̃

) (4.42)

of the density are nonzero for any N -particle eigenstate |λ̃⟩ with Pλ ̸= Pλ̃ [317,

318] (we are restricting to off-diagonal matrix elements, i.e. we require |λ̃⟩ ≠ |λ⟩).

Similarly to the case of Mλ,µ for ϕ(x), M (ϱ)
λ,λ̃

scales superextensively with L for typical

eigenstates |λ̃⟩ in the same macrostate as |λ⟩ and eigenstates in a different macrostate

[98]. Hence, for large L only atypically large rare form factors in the same macrostate

as |λ⟩ contribute a finite amount to correlation functions. Below we focus on these.

We fix for both ϱ(x) and ϕ(x) an N -particle smooth microstate |λ⟩ of a thermal

macrostate at some given values of τ and γ (see Section 4.3.1). To meaningfully

compare off-diagonal matrix elements of the two different operators we draw a

parallelism between the N -particle (with N even) eigenstates |λ̃⟩ for the density

(characterized by half-odd integer quantum numbers {J (λ̃)
j }) and the (N−1)-particle

eigenstates |µ⟩ for the Bose field (characterized by integers {J (µ)
j }). We start by

considering the limit of large τ , which corresponds to high temperatures T or low

densities of particles n. Here, each half-odd integer in the set of quantum numbers

{I(λ)
j } that fix |λ⟩ is well separated from its nearest neighbours. This allows us to

construct a reference (N − 1)-particle eigenstate |µref⟩ by removing an element from

{I(λ)
j } (we always choose this among the two half-odd integers of lowest absolute

value) and shifting all the remaining I(λ)
j by ±1/2, where each sign is chosen at

random (similarly to the construction used for the insets of Fig. 4.1). Note that in

the limit of large τ (and large γ) it is easy to check that the family of states |µref⟩

is associated with the lowest possible factors Mλ,µ, i.e. the largest matrix elements

of the Bose field. We can generate arbitrary eigenstates |λ̃⟩ and |µ⟩ by adding an

arbitrary number nph of particle-hole excitations19 on top of, respectively, |λ⟩ and

|µref⟩. This construction allows us to compare Mλ,µ and M
(ϱ)
λ,λ̃

for eigenstates |µ⟩

and |λ̃⟩ arising from an equal number nph of particle-hole excitations.
19By a particle-hole excitation we mean the replacement of a (half-odd) integer from a set of

quantum numbers {Jj} with another unoccupied (half-odd) integer.
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Figure 4.8: Histograms for M (ϱ)
λ,λ̃

(density) and Mλ,µ (Bose field) from randomly drawn
eigenstates |λ̃⟩, |µ⟩ at τ = 500, γ = 7 (as in the main text n = N/L = 1) and sizes
L = 100, 300. Each |λ̃⟩ and |µ⟩ is generated by applying nph random particle-hole
excitations on top of, respectively, |λ⟩ and |µref⟩ (see text for the construction of |µref⟩).
Histograms display the relative frequency over the 400 eigenstates drawn for each nph.
Each particle-hole excitation is constrained to have momentum transfer |∆Pph| ≤ 1.
Colours from blue to red are associated with nph = 2, 3, 5, 8, 10, 13, 19, see (a). Insets show
a zoom-in on the region with the lowest number of particle-hole excitations: nph = 1, 2
for the density in (a)-(b) and nph = 0, 1, 2 for the Bose field in (c)-(d) (the value nph = 0
indicates the reference state |µref⟩).

In Fig. 4.8 we show histograms for 400 randomly drawn eigenstates |λ̃⟩, |µ⟩

for different values of nph at τ = 500 and γ = 7. We find that the results for

the density display a considerable degree of “lumpiness” (multimodality of the

underlying distribution) compared to the ones for the Bose field. Indeed, for ϱ(x)

the peaks associated with different values of nph are well separated from each other,

and the lumpiness appears to become more significant as L is increased. The mode

separation is most apparent for low values of nph, see insets in Fig. 4.8(a)-(b). On

the other hand, it is significantly more difficult to resolve different peaks in the

case of the Bose field, and the degree of multimodality decreases as we increase L.

The key (striking) difference between the two operators is the magnitude of the

M
(ϱ)
λ,λ̃

and Mλ,µ sampled. Indeed, Mλ,µ is associated with values significantly larger

than M
(ϱ)
λ,λ̃

, both with respect to a given nph and overall (in this regard, notice the

different x-axis scale in Fig. 4.8(d)). Furthermore, M (ϱ)
λ,λ̃

appears to vary very slowly

with L, unlike Mλ,µ which is subject to changes of order L. This dependence on
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system size already suggests that, fixed L, the number of relevant states for the

reconstruction of correlation functions of ϕ(x) (see Section 4.3.2) is significantly

higher than for the case of ϱ(x). In [3] we also report an analogous plot for the

higher coupling γ = 70 (still at τ = 500), for which identical conclusions hold.

To address a region of the τ -γ parameter space closer to the one that, for the

density ϱ(x), has been probed by the ABACUS algorithm [251], we want to perform

similar comparisons at lower values of τ (corresponding to lower temperatures or

higher density of particles). In this case, constructing |µref⟩ by the previous method

based on the ±1/2 perturbations is not as meaningful as in the high-τ regime.

Indeed, at lower τ most half-odd integers in {I(λ)
j } lie very close to their nearest

neighbours and random choices of the signs ± typically lead to double occupancies

(which must be discarded). Instead of focusing on ±1/2 perturbations that avoid

the previous issue (by more carefully selecting the signs ±), here we choose |µref⟩

to be the smooth microstate of (N − 1) particles associated with the thermal root

density ρ(T )(λ) that specifies the macrostate of |λ⟩. Note that unlike before, we

now have a single |µref⟩ at each L instead of a family of them. In Fig. 4.9 we plot

the histograms of M (ϱ)
λ,λ̃

and Mλ,µ at τ = 5 and γ = 7. We see that the features

highlighted in the high-τ regime, and in particular the striking difference in the
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Figure 4.9: Same as Fig. 4.8 but for the lower dimensionless temperature τ = 5, at
coupling strength γ = 7. Colours from blue to red are associated with values nph =
1, 2, 3, 4, 6, 8, 10, see (b).
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Figure 4.10: Scaling of M (ϱ)
λ,λ̃

and Mλ,µ with L at τ = 5, γ = 7. The eigenstates |λ̃⟩
and |µ⟩ are constructed by implementing a single particle-hole excitation of momentum
∆Pph on top of, respectively, |λ⟩ and |µref⟩. (a) M (ϱ)

λ,λ̃
− 2 lnL as a function of L, following

the functional form conjectured in [98]. Dashed lines represent 2-parameter linear fits
aL+ b (performed on the 4 data points of largest L). The inset shows analogous data
for the vanishing momentum ∆Pph = 4π/L, with the horizontal black line denoting the
constant asymptotic value. (b) Mλ,µ as a function of L for the same momenta ∆Pph of (a)
and for the reference (N − 1)-particle state |µref⟩ (see text). The dashed line indicate a
1-parameter linear fit aL on the |µref⟩ data (performed on the 4 data points of largest L),
for which we obtain a ≈ 0.525. Linear fits for the ∆Pph > 0 data (not reported) feature a
parameter a that grows with ∆Pph, e.g. we find a ≈ 0.550 for ∆Pph = π/2.

magnitudes of M (ϱ)
λ,λ̃

and Mλ,µ, remain true also here.

To explore more explicitly the different scaling with L of M (ϱ)
λ,λ̃

and Mλ,µ we

focus on single particle-hole excitations, i.e. we fix nph = 1. We consider again

τ = 5, hence |µref⟩ is the smooth microstate with (N − 1) particles (note that

Pµref = Pλ = 0). For the density (Bose field) we implement a particle-hole excitation

on top of the reference state |λ⟩ (|µref⟩) by removing one among a few half-odd

integers (integers) of lowest absolute value and inserting an unoccupied positive

one, such to create a positive momentum transfer ∆Pph > 0.

In Fig. 4.10(a) we present the scaling of M (ϱ)
λ,λ̃

with L for ∆Pph = 4π
L
, π/10, π/2.

On the basis of analytic expansions in 1/c of matrix elements of ϱ(x), Ref. [98]

conjectured the following form for the squared form factors (4.42) associated
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with nph = 1

|F (ϱ)
λ,λ̃

|2
∣∣∣∣∣
nph=1

= β

L2 e
−αL → M

(ϱ)
λ,λ̃

∣∣∣∣∣
nph=1

= αL+ 2 lnL− ln β , (4.43)

where α and β are positive O(L0) scalars that depend on details of the distribution

of rapidities in |λ⟩ and on the particle-hole excitation that leads to |λ̃⟩. To verify

this functional form we plot M (ϱ)
λ,λ̃

− 2 lnL as a function of L and find the data to

be accurately described by a 2-parameter linear fit aL+ b. For finite momentum

transfers ∆Pph = π/10, π/2 we obtain finite but extremely small (order 10−4–10−3)

values of a, which estimate the scalar α in Eq. (4.43). This shows that, for system

sizes L on the order of a few hundred, the exponential suppression of these form

factors of ϱ(x) is negligible. In the inset of Fig. 4.10(a) we show an analogous plot

for the momentum transfer ∆Pph = 4π/L, which vanishes in the thermodynamic

limit. Surprisingly, in this case the data are compatible with α = 0, i.e. absence

of exponential suppression with L. This suggests that in integrable models it is

possible to have matrix elements of local operators that are merely polynomially

suppressed in L (as in free theories) also in the presence of interactions (0 < c < ∞),

see also [323]. In Fig. 4.10(b) we present the scaling of Mλ,µ with L for the same

momentum transfers of Fig. 4.10(a), and for the reference state |µref⟩. The data

are well described by 1-parameter linear fits aL, with a of the order of 10−1–100,

i.e. significantly higher than in the case of M (ϱ)
λ,λ̃

. This is consistent with the L-

dependence found in Figs. 4.8 and 4.9, and shows that the exponential decay of

off-diagonal matrix elements is significantly faster for the Bose field than for the

density. Furthermore, it is compatible with the claim that, unlike for the density

ϱ(x), all matrix elements of the Bose field are at least exponentially suppressed in L.

Overall, the numerical results presented in this section yield insights on why

it is possible to reconstruct finite-T correlation functions of ϱ(x) by the ABACUS

algorithm up to fairly large values of N , of the order of 50–100 (depending on the

specific temperature chosen) [251]. By construction, ABACUS can only take into

account eigenstates with a few particle-hole excitations on top of |λ⟩, i.e. nph ≤ nmax
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with nmax finite and not very large. The total number of such eigenstates (given a

physical momentum cutoff for their rapidities) scales polynomially with L, hence they

become eventually irrelevant for the reconstruction of correlation functions at large

enough L, due to the (slow) exponential decay20 of the density form factors shown

in Fig. 4.10(a). However, given the smallness of the coefficient α in their exponential

decay exp(−αN), these finite-nph states remain relevant for the reconstruction

of correlation functions at N ≈ 50–100, where αN ≪ 1 and the exponential

suppression is negligible. This is ultimately the reason why ABACUS manages to

saturate sum rules for the density ϱ(x) by employing an explicit sum over these

types of states. However, similar strategies applied to ϕ(x) correlators are limited to

significantly smaller temperatures or system sizes [260], and further progress requires

the use of sampling schemes like the one presented in the previous sections. Indeed,

already at τ > 1 and N ≲ 100, the total number of eigenstates constructed by

applying a small number of particle-hole excitations on top of a reference state is very

far from counterbalancing the smallness of their matrix elements, cf. Fig. 4.10(b).

We conclude by remarking that while at larger values of N than those probed in

[251], or at larger temperatures, the use of sampling schemes becomes necessary also

for ϱ(x), we find that one cannot directly employ the MCMC strategy described in

Appendix C.1 for the Bose field. There, we show that a simple proposal update that

implements a single particle-hole excitation, coupled with the Metropolis acceptance

step, is very successful in exploring the manifold of relevant states. However, due to

the lumpiness that characterizes the matrix elements of ϱ(x) (see Figs. 4.8 and 4.9),

these type of Markov updates are associated with extremely small acceptance rates,

which lead to very limited explorations of the landscape of relevant eigenstates. It is

an interesting problem for future work to identify an efficient strategy for sampling

relevant matrix elements for the reconstruction of correlation functions of ϱ(x).

20Note that also the form factors that decay only polynomially with L, e.g. those associated
with a ∆Pph ∝ 1/L, become irrelevant at large L because their total number does not grow with
L.
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4.5 Conclusions

We have shown that the MCMC method introduced is capable of reconstructing

with high accuracy 2-point dynamical correlation functions of the Bose field, directly

from their Lehmann representation. It does so by efficiently sampling relevant form

factors, in regimes in which their number is so high that full sums cannot be carried

out with classical computational resources.

It would be interesting to extend the form-factor-sampling method to other

dynamical scenarios and to other interacting integrable models, although in the

latter case the presence of strings of complex rapidities makes accurate solutions of

Bethe equations much harder to obtain. Finally, we remark that in the attempt to

generalize the current method, implemented here for 2-point functions, to higher-

point dynamical correlators, one encounters difficulties analogous to the famous

“sign problem” that plagues MCMC simulations in fermionic systems. This is due

to the oscillatory phases that appear in the products of (more than 2) form factors

in the Lehmann sum. Indeed, unlike in Eq. (4.35), these products do not square

to a positive real weight (|Fλ,µ|2 in the 2-point case) for higher-point functions.

The presence of a “sign problem” in these cases is easily detected by performing

saddle-point-like estimates on the Lehmann representation modified by inserting

an absolute value inside the sum (see also [77]).
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A
Appendices for Chapter 2

A.1 Self-consistent time-dependent mean-field the-
ory (SCTDMFT)

Consider a generic many-body Hamiltonian H written in terms of bosonic creation

and annihilation operators a† = (a†
1, . . . , a

†
n, a1, . . . , an). We are interested in

studying the time evolution of a Gaussian bosonic state |ψ(0)⟩ under H. In general,

the presence of interacting terms in the Hamiltonian turn |ψ(t)⟩ into an entangled

non-Gaussian state at any t > 0, and no exact solution for the dynamics can be

determined. To approximately derive the time evolution we employ a self-consistent

time-dependent mean-field theory (SCTDMFT) approach [102, 103, 149, 169–179],

where H is replaced with a quadratic time-dependent Hamiltonian HMF(t) that

preserves the Gaussianity of the state

|ψMF(t)⟩ = UMF(t)|ψ(0)⟩ = T
[
exp

(
−i
∫ t

0
dt′HMF(t′)

)]
|ψ(0)⟩ . (A.1)

Given the Gaussian nature of |ψ(t)⟩MF it can be written in the form

|ψMF(t)⟩ = Q(t)|0⟩ Q(t) = C exp
[1
2a†Λ(t)a + λ(t) · a

]
, (A.2)

where |0⟩ is the boson vacuum. This shows that |ψMF(t)⟩ is a “vacuum” for the opera-

tors

di(t) = Q(t) aiQ(t)−1 . (A.3)

116
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Given the form of Q(t), di(t) is a linear combination of operators a, a†, plus a

constant. This also implies [di(t), dj(t)] = 0, [di(t), d†
j(t)] ∈ C. Inverting (A.3) we get

ai = Mij(t) dj(t) +Nij(t) d†
j(t) + ⟨ψMF(t)| ai |ψMF(t)⟩ , (A.4)

where M , N are matrices. We can now express H as a function of the d(t) bosons and

apply Wick’s theorem to efficiently write H only in terms of normal ordered operators

with respect to |ψMF(t)⟩. We split the result of this operation in the two contributions

H = N [H≥3(t)] +HMF(t) , (A.5)

where H≥3(t) indicates terms in H that contain 3 or more d(t), d†(t) and N is

the normal ordering operator. Equations (A.1) and (A.5) self-consistently define

HMF(t), which generally takes a simple form when re-expressed back in terms

of a, a† and their 1 and 2-point functions. Using normal ordering arguments, it

is easy to see from (A.5) that

1. Energy is conserved in the sense that

d

dt
⟨ψMF(t)|H |ψMF(t)⟩ = i⟨ψMF(t)| [HMF(t), H] |ψMF(t)⟩ = 0 . (A.6)

2. The equations of motion (EOMs) of 1 and 2-point functions of bosons, from

which every expectation value can be obtained by Wick’s contractions, are

given by

d

dt
⟨ψMF(t)|O |ψMF(t)⟩ = i⟨ψMF(t)|[HMF(t), O]|ψMF(t)⟩

= i⟨ψMF(t)|[H,O]|ψMF(t)⟩ ,
(A.7)

where O contains one or two a, a† operators. The last equality makes apparent

that the SCTDMFT truncates the infinite BBGKY hierarchy of EOMs [102,

103, 172] by considering the expectation value of the exact term [H,O] over

a Gaussian state. This allows to express the result only in terms of Wick’s

contractions, thus closing the otherwise infinite set of coupled differential

equations in the hierarchy.
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Importantly, there always is an early time window in which the SCTDMFT is

expected to be quantitatively accurate. This follows from the fact that the EOMs

in (A.7) neglect the contribution of connected n-point functions of bosons for n > 2,

which however vanish at t = 0 because |ψ(0)⟩ is Gaussian. In many cases of interest,

for example when interaction strengths are small, the growth of the connected

n-point functions is expected to be slow and the SCTDMFT is quantitatively

accurate up to parametrically large times.

A.2 Derivation of the characteristic function for-
mula

In this appendix we derive equation (2.13) for the characteristic function

χ(λ) = Tr [ρ exp (iλR)] , (A.8)

where ρ is a Gaussian density matrix

ρ = 1
Z

exp
[1
2a†Wa + w† · a

]
, W = W †, w† = wTΣx . (A.9)

Here the normalization Z enforces Tr[ρ] = 1 and W is restricted to be negative

definite. The definition (2.7) of the vector a always allows to choose W such that

ΣxWΣx = W T . (A.10)

The 1-point functions and the correlation matrix ∆ in this Gaussian state are

[161, 162] (or see Appendix D of [1])

ω = Tr [ρa] = −W−1w ,

∆ = Tr
[
ρ (a − ω)(a† − ω†)

]
− 1

2 Σz = −1
2 coth

(1
2 ΣzW

)
Σz , (A.11)

where ∆ = ∆† is positive definite. For the quadratic observable R we consider

the general class

R = 1
2a†Ga + g† · a, G = G†, g† = gTΣx, Det(G) ̸= 0 . (A.12)
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Similarly to (A.10) we choose without loss of generality ΣxGΣx = GT . We will

consider the special case Det(G) = 0 at the end of this appendix.

We start by defining displacement operators Dβ associated with vectors of

complex constants β

Dβ ≡ exp
[
a†Σzβ

]
, D−1

β = D†
β , (A.13)

which have the following properties

D−1
β aiDβ = ai + βi , DβDτ = Dβ+τ exp

[
−1

2β†Σzτ
]
. (A.14)

The displacement operators are a complete orthogonal set on the space of bounded op-

erators [161]. For operators O such that Tr [ODβ] is well defined this translates into

O = 1
πℓ

∫
d2β Tr [ODβ] D†

β Tr [Dτ Dβ] = πℓδ2ℓ (τ + β) , (A.15)

where d2β = ∏ℓ
i=1 dRe(βi) dIm(βi). We can use this to express the characteristic

function in the form

χ(λ) =
( 1
πℓ

)2 ∫
d2β

∫
d2τ Tr

[
ρDβ

]
Tr
[

exp (iλR) Dτ

]
Tr

[
D†
βD

†
τ

]
= 1
πℓ

∫
d2β Tr

[
ρDβ

]
Tr
[

exp (iλR)D−β

]
. (A.16)

The first factor is known, see e.g. [161],

Tr [ρDβ] = exp
[
−1

2β†Σz∆Σzβ + ω†Σzβ
]
, (A.17)

where ∆ and ω are defined in (A.11). This reduces the problem to determining

the second factor, which is of the form

f(β, H,h) = Tr
[
ei(

1
2 a†Ha+h†·a)Dβ

]
, (A.18)

where H, h have absorbed the λ factor in front of G, g. Shifting the boson

operators by a constant s = −H−1h gives

f(β, H,h) = exp
(

−i12h† H−1h − h† H−1Σzβ
)
f(β, H, 0) . (A.19)
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We can now use a splitting formula derived in Appendix D of [1] to write the

second factor as

f(β, H, 0) = Tr
[
e
i

(
1
2 a† Ha+A†·a

)]
exp

(
iB
)
,

A† =
(
−β†Σz

)
[exp (iΣzH) − I]−1 (ΣzH) ,

B = 1
2
(
A†H−1

)
[H − Σz sin (ΣzH)]

(
H−1A

)
. (A.20)

Noting that A retains the symmetry A† = ATΣx of β we can perform a final

shift to a new set of canonical bosons b

Tr
[
e
i

(
1
2 a† Ha+A†·a

)]
= e− i

2 A†H−1A Tr
[
e

i
2 b† Hb

]
. (A.21)

Putting everything together we obtain

f(β, H,h) = ZG exp
[
−1

2β†Σz∆GΣzβ + ω†
GΣzβ

]
, (A.22)

where

ωG = −G−1g , ∆G(λ) = −1
2 coth

(
iλ

1
2ΣzG

)
Σz ,

ZG(λ) = exp
(

−iλ1
2g† G−1g

)
Tr
[
eiλ

1
2 b† G b

]
. (A.23)

The first complication in evaluating the trace in ZG(λ) is that in general b† G b

cannot be diagonalized by a transformation to canonical bosons. It is however

possible to diagonalize these generic quadratic forms by introducing a set of “almost

canonical” bosons, which provide us with a generic formula to calculate the trace

needed, see Appendix D of [1]. The second complication is that the trace in

ZG(λ) is in general not well defined. However, we know from Section 2.2.1 that

χ(λ) is bounded and well-defined for any R, given the presence of the physical

density matrix ρ. This allows one to introduce an infinitesimal regularization when

evaluating ZG(λ). Hence, the final result for ZG(λ) follows directly from the trace

formula derived in Appendix D of [1], and is given by

ZG(λ) = exp
(

−iλ1
2g† G−1g

)
Det

[
2 Σz sinh

(
−iλ1

2ΣzG
)]−1/2

. (A.24)
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Substituting (A.17) and the expression (A.22) for f(−β, λG, λg) back into (A.16) we

obtain

χ(λ) = ZG
1
πℓ

∫
d2β exp

[
−1

2β†Σz (∆ + ∆G) Σzβ +
(
ω† − ω†

G

)
Σzβ

]
=

= ZG√
Det (∆ + ∆G)

exp
[
−1

2
(
ω† − ω†

G

) (
∆ + ∆G

)−1(
ω − ωG

)]
,

(A.25)

which is the result (2.13) stated in the main text. The last equality follows

from standard Gaussian integrals [161] when we transform the integration from

complex to real variables z by

β = S z S ≡ 1√
2

(
Iℓ×ℓ i Iℓ×ℓ
Iℓ×ℓ −i Iℓ×ℓ

)
=
(
S†
)−1

. (A.26)

The convergence of the integral for any choice of the Hermitian matrix G in (A.12)

is a consequence of the fact that S† (∆ + ∆G)S is a complex symmetric matrix

with positive-definite real part1.

So far we have assumed that G is invertible. If G is singular we introduce a

regulator ε such that det(Gε) ̸= 0. We then replace

(∆ + ∆Gε)−1 = −iλGε +GεMGε Gε , (A.27)

where MGε is non-singular in the limit ε → 0. Given that

Σz sinh
(

−iλ1
2 ΣzGε

)
= Gε LGε LGε non-singular for ε → 0 , (A.28)

one can easily verify that all terms formally ill-defined in (A.25) for ε → 0

exactly cancel.

1The positive-definiteness of the real part ensures convergence and the formula can be proved
for complex matrices by analytic continuation from the real matrices formula [324].
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B.1 Proof of 2-colour connectivity

. . . . . . . . . . . . . . . . . . . . .
k − 2 k − 3 k − 3 k − 2

G1 B1 B2 Bm−1 Bm R1

Figure B.1: Configuration of particles in an FES from Fig. 3.3(b)-(c), which leads to
the formation of a type-2 blockage. Regions separated by a type-2 edge (i.e. a sequences
of k − 2 holes in an FES) host particles of different colour. We name the m particles in
the blue region B1, . . . , Bm, while the right-most green particle and left-most red particle
are respectively G1 and R1.

It is enough to prove the statement for a subregion of the chain containing

3 colours, as the result trivially generalises to the whole system. We can thus

refer to the particle configurations, colours, and labels from Fig. B.1. We start

by noticing that because of uniqueness of the FES, any given configuration in a

Krylov sector can be reached starting from the FES and performing only inward

hops. Call “central” region the one consisting of the two type-2 edges (sequences of

k− 2 holes) and all the sites between them. Assume that there is a configuration of

particles C in the Krylov sector that violates the 2-colour connectivity. This means

that wherever in the central region we place a cut between two sites, during the

series of inward hops from the FES to C there must be at least one inward hop

that involves a particle on the left and one on the right of the cut. This implies
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that at least one inward hop involving G1 and B1 from Fig. B.1 must occur before

these interact with any other particle, otherwise a sequence of k− 1 holes is created

between them, preventing any future inward hop between the two. Thus, at some

point during the series of inward hops, B1 is moved for the first time and goes at

least one site to its left. This necessarily creates a separation of k − 2 or more

holes between B1 and B2. Given the assumption about C, this separation must

necessarily be of k − 2 holes. We can now repeat the same reasoning used for G1

and B1, for B1 and B2. In this way we keep propagating to the right a sequence of

k− 2 holes1. Thus, at some point two sequences of k− 2 holes must be next to each

other, with a single particle in the middle that has not been part of any inward

hop yet. By the assumption about C, the particle in the middle must perform an

inward hop, and this necessarily creates a sequence of k − 1 holes. By placing a

cut anywhere between two sites that are part of this sequence of k − 1 holes, we

contradict the assumption about C. This concludes the proof.

B.2 Details of the full proof

To conclude the proof from Section 3.4.3 we present here technical details that

properly address “Case 3”. We start by generalizing the inequality between ηd(ν)

and gd,ν(p, s) of Eq. (3.13) to the case in which we take into account the dipole

moment. Consider a symmetry sector of the chain characterized by N = νL and

X = νxνL
2 and create a bipartition into two subregions of size sL and (1 − s)L.

Say that the first of the two subregions has N1 = pL particles and dipole moment

X1 = x p sL2. The second subregion has N2, X2 such that N1 + N2 = N and

X1 + X2 = X. Define g̃d,ν,νx(p, x, s) as

g̃d,ν,νx(p, x, s) = lim
L→∞

1
L

ln W̃d W̃d = D
(d)
N1,X1(sL)D(d)

N2,X2(L− sL) , (B.1)

where W̃d is the total number of particle configurations compatible with the

bipartition. Given that everyone of these W̃d configurations is also a configuration
1Clearly, by analogous reasoning the sequence of k − 2 holes that originally separate Bm from

R1 must propagate to the left.
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of the global (N,X) sector chosen, using Eq. (3.10) and taking the thermodynamic

limit one arrives to

ηd(ν) − Λd(ν, νx) ≥ g̃d,ν,νx(p, x, s) , (B.2)

for any p, x and s in their respective domains. The inequality (B.2) trivially

generalises to the case in which we partition the system into more than 2 subregions.

As we have seen in Section 3.4.3, Case 3 implies, in addition to having a zero

fraction f of frozen sites being part of type-1 blockages, that any extensive subregion

of the chain has local filling approaching the global ν for large L values. We now

exploit a trivial property of the FES picture starting from any state of the system

S with on-site dimension d: if an extensive subregion of the chain is enclosed by

two blockages of either type-1 or type-2 of o(L) size, then for asymptotically large

L values this region has identical local filling in the FES of the auxiliary system

S̃ and in the chosen state of the system S.

This provides us with an algorithm to partition the system as in Fig. 3.5,

i.e. into G subregions Ai that are separated by type-2 blockages Bi of L-independent

size. The first subregion A1 must necessarily have size ℓ1 scaling as O(Lγ1), with

0 ≤ γ1 < 1. Indeed, assume for the sake of contradiction that the first L-independent

in size type-2 blockage is encountered only extensively far away from from the left

boundary, and so ℓ1 = O(L). This means that either A1 does not possess type-2

edges at all or that the ones present are at least an O(h(L)) apart from each other,

with h(L) a function that diverges for L → ∞. This would however imply that

for large L the local filling in A1 is greater or equal to νc, which is not possible

given the condition of having local filling equal to ν, i.e. lower than νc, in any

extensive subregion of the chain. Exactly the same reasoning can be applied to all

the remaining Ai regions. In particular, after each blockage Bi−1 we try to look

for the next type-2 blockage of L-independent size at a fixed distance ℓ = O(L0)

to the right of Bi−1, with ℓ ≫ 1. If no such blockage is found at such ℓ distance,

we keep scanning to the right, until we find Bi at a distance ℓi from Bi−1. From

the argument above we are guaranteed that for any subregion Ai the size ℓi ≥ ℓ
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is subextensive, i.e. it scales as ℓi = O(Lγi) for some 0 ≤ γi < 1. We can now

generalize Eq. (3.20) from Section 3.4.3 to the multipartite case as

D(d,k)
max < D

(d)
A1+B1

[
G−1∏
i=2

D
(d)
Bi−1+Ai+Bi

]
D

(d)
BG−1+AG

. (B.3)

Using the analogue of (3.21) in the multipartite case we get

D(d,k)
max < QG−1

[
G−1∏
i=1

D
(d)
Ai+Bi

]
D

(d)
AG

, (B.4)

where Q is again an L-independent positive constant. The right-hand side of

the previous inequality involves the total number of configurations in a partition

of the chain into G regions that cannot exchange particles and dipole moment

with each other. Using Eq. (3.10) together with the generalization of Eq. (B.2)

to the multipartite case, we obtain

r
(d,k)
N,X < L2

G∏
i=1

Q̃

ℓ2
i

. (B.5)

Here Q̃ is an L-indepdendent positive constant that has absorbed the Q factors from

(B.4) and the O(L0) constants arising from the use of (3.10) on every D(d)
Ai+Bi

and on

D
(d)
N,X from (3.6). Importantly, we choose the L-independent distance ℓ to be much

larger than the size of any Bi. In this way we can always guarantee that ℓ2
i ≥ ℓ2 > Q̃.

We see that if G is extensively large, i.e. if after applying the subdivision algorithm

we find among the set of all Ai regions a subset of extensively many sizes ℓi = O(L0),

then r(d,k)
N,X in Eq. (B.5) decays to zero exponentially with L. The fact that G = O(L)

is guaranteed by our requirement of having an extensive number of type-2 edges in

the system (given that Case 3 requires a zero fraction of type-1 blockages). Indeed,

assume by contradiction that G = O(Lγg), with γg < 1. The total number of

type-2 edges in the system are obtained by summing the following contributions:

(i) two edges per Bi blockage and at most O(L0) edges per each Ai region with

size ℓi = O(L0); (ii) at most ℓi/h(L) edges in each Ai region of size ℓi = O(Lγi)

with 0 < γi < 1. Here h(L) is again a function that diverges for L → ∞. Summing

these contributions under the assumption of a subextensive G yields a subextensive

number of type-2 edges in the chain, which contradicts our requirements of having an

extensive number of them. Hence G = O(L) and r(d,k)
N,X decays exponentially with L.
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Appendices for Chapter 4

C.1 Details of Markov Chain Monte Carlo sam-
pling

Given that |µ⟩ eigenstates with N − 1 particles (N even) are in one-to-one corre-

spondence with the sets of N − 1 distinct integers {Jj}N−1
j=1 that enter the Bethe

equations Eq. (4.4), we can directly perform sampling over the space of integers. In

particular, we can implement a Markov process with stationary distribution that

coincides with Pλ(µ) = exp(−Mλ,µ)/Zλ from Eq. (4.38).

We start by recollecting a few elementary results from the theory of Markov

processes [308, 310]. Consider a finite set E = (x1, x2, . . . , xR) and a stochastic

variable X(ℓ) that takes values in E at discrete steps ℓ. In our case, each xi denotes

a set of N − 1 distinct integers {Jj}, and we guarantee finiteness of E by imposing

any arbitrarily-large cutoff Jmax on max |Jj|. Consider a Markov chain on E with

transition matrix Tij defined as the probability of transitioning from xi to xj in one

time step, that is, P(X(ℓ+1) = xj|X(ℓ) = xi) = Tij , where P(·|·) indicates conditional

probability. If we call π(ℓ)
i the probability associated with X(ℓ) = xi, we have

π(ℓ) = π(0)T ℓ π(ℓ) = (π(ℓ)
1 , π

(ℓ)
2 , . . . , π

(ℓ)
R ) , (C.1)

where by construction ∑R
i=1 π

(ℓ)
i = 1. Consider transitions matrices T that are irre-

ducible and aperiodic [310]. Then, there exists a limiting distribution limℓ→∞ π(ℓ) ≡

126
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π given by the unique solution of π = π T . A simple way of constructing a

Markov chain with stationary distribution π is to require that T satisfies the

detailed balance condition

πiTij = πjTji . (C.2)

In our context, π represents the target distribution Pλ(µ). To construct a T

that satisfies detailed balance one can employ the Metropolis-Hastings algorithm

[306–308]. This allows to (approximately) generate samples X(ℓ) from the target

distribution π, by letting ℓ run up to large values. The Metropolis-Hastings

construction is based on a proposal matrix wij, which denotes the probability of

proposing the move X(ℓ) = xi → X(ℓ+1) = xj, and on accepting or refusing it with

probability, respectively, αij and 1 − αij. This is defined as

αij = min
[
πj wji
πiwij

, 1
]
. (C.3)

It is easy to see that the overall transition matrix T for this Markov process, given by

Tij = wij αij i ̸= j Tii = 1 −
∑
j

(j ̸=i)

wijαij , (C.4)

satisfies the detailed balance of Eq. (C.2). This implies that, if we choose wij in

such a way that T is irreducible and aperiodic, then at large steps ℓ the stochastic

variable X(ℓ) will be sampled according to π, irrespective of the initial value X(0).

Given that each X(ℓ) represents a set of integers {J (ℓ)
j }, we can construct a

proposal matrix wij for single-integer updates (i.e. single particle-hole excitations).

In particular, for the step ℓ → ℓ + 1 we select at random one among the N − 1

integers J (ℓ)
j , say j = s. We then consider the nearest Q/2 unoccupied integers

both to its right and left (Q even), and select one at random, call it J∗ (if we hit

the boundaries defined by the cutoff Jmax we wrap around, but in practice Jmax

can be chosen large enough that this never happens). It is clear that the proposal

matrix wij associated with the move J (ℓ)
s → J∗ is symmetric, i.e. wij = wji, and

hence it cancels out from the expression (C.3) for the acceptance probability, which

only depends on π = Pλ(µ) (this is the original algorithm of [306]). If the move is
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accepted we update J (ℓ+1)
s = J∗, otherwise J (ℓ+1)

s = J (ℓ)
s . We note that our choice

of wij yields an overall T which is irreducible and aperiodic, as we required.

For the data presented in the main text, we have: (i) tuned the value of Q such

to always have an average acceptance rate of around 10% or higher; (ii) verified

that irrespective of the initial set {J (0)
j } chosen, the Markov chain always ends up

sampling from the same distribution (which appears stationary) at large-enough

times1; (iii) discarded a “burn-in” number of initial steps, where we set ℓburn−in

to be 1/11 of the total number of MCMC steps ℓburn−in + ℓmax; (iv) extracted

the statistical uncertainty on the final MCMC data by computing the standard

error on the mean associated with the output of C Markov chains run in parallel

(where usually we set C = 100), and found that the uncertainties obtained were

negligible in all regimes of physical interest.

C.2 Reconstructing C̃(k, ω)

The correlation function C̃(k, ω) in Fourier space is given by Eq. (4.41). At

any finite L it consists of a sum of Dirac delta peaks centred around the energy

difference Eµ − Eλ. Due to this, it is more convenient to sample an integral

of C̃(k, ω) over the frequency

C̃int(k, ω) =
∫ ω

−∞
dy C̃(k, y) = 2πL

∑
µ

θH(ω − Eµ + Eλ) δk,Pµ−Pλ
| ⟨µ|ϕ(0, 0)|λ⟩ |2 ,

(C.5)

where θH is the Heaviside step function. Fixed k, the curve C̃int(k, ω) as a function

of ω consists of many discrete steps of height ∝ | ⟨µ|ϕ(0, 0)|λ⟩ |2 = e−Mλ,µ separated

by a distance δω ∼ Dµ(E)−1, where Dµ(E) indicates the density of |µ⟩ states in

energy (which grows exponentially with L at any finite energy density). However,

if one resolves the curve C̃int(k, ω) (k fixed) only on a finite grid of ω values with

∆ωgrid ≫ δω, it appears to be smooth, enabling a direct comparison with the

smooth function limL→∞ C̃int(k, ω) in the thermodynamic limit.
1This was achieved by monitoring the values of Mλ,µ as in Fig. 4.1, as well as those for the

energies Eµ and momenta Pµ.
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Figure C.1: (a) C̃int(k, ω) =
∫ ω

−∞ dy C̃(k, y) obtained by running 100 parallel Markov
chains with ℓmax = 106 MCMC steps each at τ = 5, γ = 4, L = 200. The dots represent
the average of each (k, ω) point over the 100 runs, while the dashed lines indicate the
standard error on the mean. (b) C̃(k, ω) obtained by performing a spline interpolation of
C̃int(k, ω) (k fixed) and computing its ω derivative (bright lines). The noise in the curves
can be removed by using a simple low-pass filter (dark lines).

Similarly to Eq. (4.40), C̃int(k, ω) can be estimated on the k and ω grids via

MCMC. In Fig. C.1 we plot C̃int(k, ω) for τ = 5, γ = 4 and L = 200. At each

k value, the curve as a function of ω appears to be smooth, and the statistical

fluctuations around the average are negligible. To obtain C̃(k, ω) = dC̃int(k, ω)/dω

we compute a numerical derivative by first performing a spline interpolation of

C̃int(k, ω) at each k, and then taking the derivative of the smooth spline function

fk(ω). In Fig. C.1(b) we plot dfk(ω)/dω (bright lines) obtained in this way from

the curves in (a). On top of the smooth profile it is evident the presence of some

noise2 arising from the small but nonzero statistical fluctuations in the MCMC

values for C̃int(k, ω). To obtain a smooth Fourier correlator C̃(k, ω) (appropriate

for comparisons with L → ∞ limit) we filter out the high-“frequency” components

characteristic of the noise (where here “frequency” refers to the Fourier conjugate of

ω, i.e. time). As evident from Fig. C.1(b) the filtered curves (dark lines) perfectly

capture the smooth profile of the original derivatives dfk(ω)/dω.

2This is a consequence of the fact that, by construction, spline interpolations are designed to
pass directly through each given data point.
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