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Abstract

Superconducting circuits are well established as a viable candidate for the realisation

of quantum computers. Circuits based on the transmon qubit are now ubiquitous, ow-

ing to its simple design and reduced control wiring overhead. An issue with transmon

qubit-based architectures is the always-on unwanted interactions that impose limits

on gate speeds and introduce errors into their operation. In addition, understand-

ing sources of noise and decoherence is essential to the low-error operation quantum

computers.

This thesis describes the implementation of a multi-mode superconducting qubit in

a coaxial circuit QED architecture. Constructed from three superconducting islands,

connected via two Josephson junctions, the device possesses two transmon-like modes

with orthogonal field symmetries. The unique polarisation of each mode allows for

engineering dissipation and coupling in the system, extending functionality beyond

the single-mode transmon. Experimental results on the unit-cell of the two-mode

coaxial transmon are presented, demonstrating coherent control and simultaneous

dispersive readout of the modes of the device. A predictive theory of charge sensitiv-

ity in a multi-mode superconducting qubit is presented, and experimental results in

agreement of this theory are shown, observing sensitivity to four charge-parity config-

urations and two independent gate-charge offsets. The utility of a multi-mode qubit



as a charge detector in spatially tracking local-charge drift of ≃ 100 µm length scales

is also shown, demonstrating the use of these devices as tools in understanding charge-

noise in superconducting circuits. Finally, a system of a pair of coupled two-mode

coaxial transmons is introduced, demonstrating a highly mode-selective coupling ar-

chitecture. A suppressed quantum crosstalk of 2 kHz between protected modes of the

devices is measured, along with equal single qubit gate fidelities when operated both

individually and simultaneously. A first characterisation of a microwave activated

conditional phase interaction between computational modes driven via ancillary tran-

sitions (AT-MAP) is presented. Whilst not shown in this work, this state-dependent

two-qubit interaction can be used to generate entanglement. Combined with the low

crosstalk demonstrated, this shows the multi-mode qubit architecture is a promising

candidate for the construction of larger scale quantum processors with fast gates and

low crosstalk-related errors.
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Chapter 1

Introduction

1.1 Motivation

Realising practical quantum computation requires the low-error operation of many

fully controlled quantum bits with individual state readout and initialisation [1].

There are many physical systems being explored in the development of quantum

computers, including: systems of trapped ions [2, 3], photonic structures [4], sys-

tems of neutral atoms [5], and silicon quantum dots [6]. Superconducting circuits

are well established as a potential platform for quantum computation [7, 8]. One

superconducting qubit variant, the transmon [9], has found enduring success due to

its resilience to decoherence and simplicity in design. However the development of

alternative qubit designs is an active area of research [10–13].

One particular issue transmon qubits suffer from is the always-on unwanted ZZ

interactions that arise due to fixed dipole couplings between qubits. This quantum

crosstalk causes non-negligible errors in both single-qubit and two-qubit computa-

tional operations [14], and scales quadratically with the coupling between qubits. As

such, there is a trade-off to manage between two-qubit gates speeds and the con-

tribution to errors from unwanted interactions. In addition, these static unwanted

interactions cause dephasing and can limit the fidelity of parity measurements in some

quantum error-correction schemes [15]. Mitigation of these contributions to errors is

an active area of research, with candidates such as tunable couplers [16–19], level

1



1.1. MOTIVATION

structure engineering [20, 21], auxiliary circuits modes [22], or active cancellation

techniques with additional drive tones [23, 24]. Whilst effective, these methods add

additional circuit components, tuning parameters such as flux that add sensitivities

to noise [25], or contribute to active heat loads incompatible with current cryogenic

hardware [26].

Here we investigate the multi-mode transmon qubit. The addition of a degree of

freedom in the circuit results in an additional ancillary energy level and transition

[27]. The use of these ancillary transitions has been explored widely within the field.

Such uses include novel readout schemes for fast qubit state determination [28], as

well as tunable coupling that limits contributions to decay due to the Purcell effect as

a result of coupling to a lossy readout mechanism [29], and suppression of photon shot

noise dephasing [30]. The energy level structures can also be utilised in multi-qubit

operations, enabling generous resonance conditions and fast entangling operations

[17], as well as native Toffoli class gates [31]. These new functionalities make multi-

mode qubits potentially useful components in future quantum information processors.

Since the modes of these multi-mode systems are transmon-like, they are suscepti-

ble to the same decoherence mechanisms, and can exhibit more complex sensitivities

to noise [32]. One such decoherence mechanism that affects superconducting cir-

cuits is low frequency, 1/f -like charge noise [33]. This has been well characterised

and studied in single-mode transmons, which are typically designed to operate in

a charge-insensitive regime [34]. Alternatively, devices can be deliberately designed

to be sensitive to charge noise, and operate as detectors of it, in order to better

understand and characterise this source of decoherence [35–37].

The goal of this work is to explore how multi-mode transmon qubits can be en-

gineered for usage in superconducting quantum information processors. We aim to

exploit the multi-mode structure with a mode-selective coupling to generate protected

states that can be used as computational modes, as well as coupled ancillary transi-
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1.2. THESIS SYNOPSIS

tions that can allow for fast entanglement operations. This can alleviate the coupling

strength constraints and unwanted interactions between computational modes that

conventional transmon based architectures suffer from. In addition, we aim to ex-

plore charge-sensitivity in a multi-mode transmon qubit, ensuring that sensitivity to

this decoherence mechanism can be suppressed. We aim to explore how this charge

sensitivity allows the device to be used as a novel detector, and provide insights

into the source of the decoherence mechanism. Understanding the origins of charge

fluctuations can lead to reduction of errors in high-coherence quantum devices.

1.2 Thesis Synopsis

We begin in Chapter 2 by introducing the field of circuit quantum electrodynamics

and superconducting quantum circuits. We present an overview of concepts that

we explore throughout the work including charge noise, unwanted interactions, and

multi-mode superconducting circuits.

Chapter 3 introduces the theoretical description of the device at the core of this

work, the two-mode coaxial transmon. We explore the device Hamiltonian and the

characteristic features it presents, as well as its sensitivity to charge noise and fab-

rication imperfections. We also introduce a system of coupled two-mode coaxial

transmons, exploring the implementation of a mode-selective coupling, as well as

introducing a novel two-qubit gate for entangling the protected modes of the system.

The first demonstration of the unit-cell of a two-mode coaxial transmon is shown

in Chapter 4. We introduce the measurements used to characterise this and future

devices, as well as demonstrating charge-insensitivity.

We explore charge sensitivity in a multi-mode superconducting qubit in Chapter

5. We observe sensitivity to four charge-parity configurations, and demonstrate a

proof-of-principle experiment, utilising the multi-mode qubit as a detector of spatial

charge fluctuations. This work has been published in [38].
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1.2. THESIS SYNOPSIS

In Chapter 6, we present measurements of a system of a pair of statically coupled

two-mode coaxial transmon devices. We establish the highly mode-selective coupling

architecture, as well as presenting measurements of a two-qubit state dependent in-

teraction that is the prerequisite for an entangling gate.

Finally, in Chapter 7, we conclude by postulating the utility of these novel multi-

mode devices to larger superconducting quantum processors. We summarise the main

results of the thesis, and present possible directions for future work.
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Chapter 2

Superconducting Quantum
Circuits

In this chapter, we present an introduction to superconducting quantum circuits in

the LC resonator and the transmon qubit. We introduce two sources of noise and

decoherence in superconducting qubits—charge noise and quasiparticles—presenting

an overview of current research into both areas.

An introduction to multi-qubit coupling is presented, along with two examples

of multi-qubit interactions: the cross-resonance gate and microwave activated phase

gate. We explore how static coupling introduces always-on unwanted ZZ interactions,

and present an overview of current research into the mitigation and suppression of

these error-inducing interactions.

Finally, we present an overview of research into multi-mode superconducting cir-

cuits, and an introduction to the coaxial circuit quantum electrodynamics architec-

ture. In later chapters we present research that is built upon these two areas.

2.1 Superconducting Quantum Circuits

Weakly driven macroscopic electrical circuits with low dissipation exhibit quantum

mechanical behaviour [39]. Constructing these circuits out of superconducting mate-

rials, such as aluminium or niobium-titanium alloys, enables the energy dissipation

of the system to be close to zero, thus reaching the quantum mechanical regime.
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2.1. SUPERCONDUCTING QUANTUM CIRCUITS

Conventional cryogenic solutions such as dilution refrigeration can be utilised to cool

circuits to temperatures of ∼ 20 mK, and typical circuits operate in the microwave

frequency regime (≈ 4 − 12 GHz). At this temperature the thermal excitations of

qubits are suppressed, such that excited state populations, pe, are ∼ 0.1 %. Hence a

quantum system can be assumed to be approximately in its ground state.

The physical length scale of superconducting quantum circuits (d ≈ 1 mm) is

smaller than the microwave frequency wavelength at which they resonate (λ ≈ 1 cm).

We use a lumped element treatment of electrical circuit components [40], however

note that d ≈ 0.1λ is approaching the limit where this approximation is no longer

valid. For any larger circuits, a distributed-element model is required.

The field of superconducting quantum circuits is not limited to the investigation

of quantum information and quantum computing. Recent advancements have been

made in quantum limited amplifiers [41], as well as single photon detectors for axion

searches [42, 43], both utilising superconducting circuit engineering.

2.1.1 The LC Resonator

We first introduce the simple circuit of consisting of an inductor (LR) in parallel with

a capacitor (CR), shown in Fig. 2.1 (a). The classical Hamiltonian of this circuit is

given by [44],

H =
Q2

2CR

+
Φ2

2LR

, (2.1)

where Q is the charge on the capacitor, and Φ is the flux, defined as the time integral

of the voltage. The quantum mechanical description of this circuit requires that we

promote the charge and flux coordinates to operators. Following this assignment, the

quantum-mechanical Hamiltonian of the circuit becomes,

Ĥ = 4EC n̂
2 +

1

2
ELϕ̂

2, (2.2)

where we have introduced the reduced flux operator ϕ̂ = (2πΦ/Φ0), where Φ0 = h/2e

is the superconducting magnetic flux quantum, and number operator n̂, correspond-
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Figure 2.1: (a) Circuit diagram of an LC resonator. (b) Quadratic potential and
wavefunctions of the first four energy levels of the quantum harmonic oscillator (QHO)
as a function of superconducting phase ϕ. (c) Circuit diagram of a fixed frequency
transmon qubit (d) Cosinusoidal potential and wavefunctions of the first four energy
levels of the anharmonic oscillator as a function of superconducting phase ϕ. QHO
potential and energy levels (dashed) plotted for comparison. Transmon wavefunctions
calculated using [45].

ing to the excess number of Cooper pairs on the superconducting island. We also

introduce EC = e2/(2CR) as the charging energy, and EL = (Φ0/2π)
2/LR as the

inductive energy.

This Hamiltonian is analogous to that of the quantum harmonic oscillator (QHO).

The quadratic potential and wavefunctions are shown in Fig. 2.1 (b). Quantising the

Hamiltonian a second time in the harmonic oscillator basis yields the Hamiltonian,

Ĥ = ℏωr(â
†
râr +

1

2
), (2.3)
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2.1. SUPERCONDUCTING QUANTUM CIRCUITS

where â
(†)
r is the annihilation (creation) operator, and ωr =

√
8ELEC/ℏ = 1/

√
LC is

the resonant frequency of the system. The energy levels of the QHO are equidistant,

separated by energy Em+1 − Em = ℏωr. As such, the transitions are not able to be

selectively addressed.

2.1.2 The Transmon Qubit

One of the simplest and most successful designs for a superconducting circuit is the

transmon qubit. This fixed frequency device can be designed in a regime such that

sensitivities to decoherence mechanisms are effectively suppressed, without additional

control requirements. As such, it is frequently a key component of scaling supercon-

ducting quantum circuit architectures [8].

In order to construct a transmon qubit, we first introduce a non-linear supercon-

ducting circuit component, formed of a superconductor, insulator, superconductor

junction, known as Josephson junction [46]. The insulating barrier thickness (≈ 1 nm

[47]) is significantly smaller than the superconducting coherence length (≈ 1600 nm

[48]), such that a Cooper pair can tunnel between the superconducting layers without

dissipation [46]. The Josephson junction behaves as a non-linear inductive element

that has a potential energy ϵpot of the form,

ϵpot = −EJ cos (φ), (2.4)

where EJ = Φ0Ic/(2π) is the Josephson energy, φ is the phase difference of Ginzburg-

Landau order parameters across the junction [46], and Ic is the critical current of the

superconductor. The Hamiltonian of the circuit formed by a Josephson junction in

parallel with a capacitor, as shown in Fig. 2.1 (c), is given by [9, 49],

Ĥ = 4EC(n̂− ng)
2 − EJ cos φ̂, (2.5)

where EC is the charging energy, the operator n̂ is the excess number of Cooper pairs

on the island, with ng being the effective offset charge of the device, measured in
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Figure 2.2: First four energy levels of the Hamiltonian of Eqn. 2.5, as a function of
gate-charge offset ng, in the charge qubit regime (a), and the transmon regime (b).
Energy levels offset by Ē0.

units of 2e. The eigenenergies of this Hamiltonian can be calculated by solving the

Schrödinger equation Ĥψ = Eψ. This can be solved exactly in the phase basis by

using the Mathieu functions. The resulting wavefunctions are shown in Fig. 2.1 (d).

The Hamiltonian of Eqn. 2.5 shows a dependence on gate-charge offset ng that

causes a dispersion of the energy levels, shown in Fig. 2.2. We can understand the

nature of this charge dispersion by employing a tight-binding model approximation.

The periodic potential energy landscape with equal tunnel-barrier energy between

adjacent lattice sites produces a dispersion relationship of the form [9],

Em(ng) ≃ Em(ng = 1/4)− ϵm
2

cos 2πng, (2.6)

where Em(ng = 1/4) is the average energy of the mth energy level, and ϵm is the peak

to peak value for the charge dispersion. In the limit of large Josephson energies, the

magnitude of the dispersion is given by,

ϵm ≃ (−1)mEC
24m+5

m!

√
2

π

(
EJ

2EC

)m
2
+ 3

4

e−
√

8EJ/EC . (2.7)

Eqn. 2.7 shows an exponential suppression of charge dispersion with
√
EJ/EC .

We describe this circuit operating with a sufficiently high EJ/EC such that transition
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2.2. NOISE AND DECOHERENCE

frequencies are stable, with respect to gate-charge offset, as being in the transmon

regime.

The nonlinearity the Josephson junctions adds ensures that the energy levels of the

transmon are not equidistant. The well-resolved and nonuniformly spread spectral

lines resemble those of an atom, hence the transmon qubit is sometimes described

as an artificial atom. In contrast to the LC resonator, this nonlinearity allows us to

selectively address transitions. The ground state (|0⟩) and first excited state (|1⟩) are

used to form a qubit.

An effective Hamiltonian of the transmon qubit can be obtained by starting from

Eqn. 2.5. We perform a second quantisation by expanding the cosine potential terms

to fourth order, and assuming a weakly nonlinear oscillator-like behaviour. Keeping

only counter-rotating terms produces,

Ĥ/ℏ =
(
ω +

η

2

(
â†â− 1

))
â†â, (2.8)

where ℏω = E1 − E0 =
√
8EJEC − EC is the frequency of the |0⟩ → |1⟩ transition,

and η = −EC is the anharmonicity. Typical designed qubit parameters are such that

ω/2π ≈ 4− 6 GHz, and η/2π ≈ 100− 200 MHz, with EJ/EC ≳ 70.

The Hamiltonian representing the subspace of the first two transmon levels |0⟩

and |1⟩ can be written as,

Ĥ/ℏ = −ω
2
Ẑ, (2.9)

where Ẑ = |0⟩ ⟨0| − |1⟩ ⟨1|.

2.2 Noise and Decoherence

2.2.1 Qubit Relaxation and Decoherence

We understand qubit relaxation and decoherence by first introducing the Bloch sphere

representation of a two-level system. We can describe a qubit state as being any
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2.2. NOISE AND DECOHERENCE

Figure 2.3: Energy relaxation and decoherence in the Bloch sphere description. (a)
Bloch sphere representation of quantum state |ψ⟩. (b) Illustration of longitudinal
relaxation rate Γ1, comprising of both relaxation (purple) and excitation (yellow)
rates. (c) Illustration of pure dephasing Γϕ as a loss of coherence in purely the X−Y
axis of the Bloch sphere. (d) Illustration of transverse relaxation (decoherence) Γ2,
as a combination of both pure dephasing (red) and longitudinal relaxation (purple).
Figure from [51].

position on the surface of the unit sphere as in Fig. 2.3. The two basis states |0⟩

and |1⟩ are the north and south poles respectively. The states that lie as points

on the equator represent all the equally weighted superposition states and cannot

be interpreted classically [50]. In this picture, the quantum state |ψ⟩ can be fully

described in spherical polar coordinates by,

|ψ⟩ = cos

(
θ

2

)
|0⟩+ eiϕ sin

(
θ

2

)
|1⟩ = α |0⟩+ β |1⟩ . (2.10)

Noise and the environment that the qubit is coupled to induce loss in the system

[52]. We characterise this loss in two forms: the longitudinal relaxation rate Γ1, and

the transverse relaxation rate Γ2 [51, 53].

The longitudinal relaxation rate Γ1 is such called as it describes how well the

system can maintain an eigenstate, along the Z-axis (quantisation axis) of the Bloch

sphere. Γ1 is given by,

Γ1 =
1

T1
= Γ1↓ + Γ1↑, (2.11)

where Γ1↑ corresponds to an excitation rate, and Γ1↓ corresponds to a relaxation rate,

and T1 is the characteristic decay time, which we refer to as the energy relaxation time.

This longitudinal relaxation is caused by an exchange of energy with the environment
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2.2. NOISE AND DECOHERENCE

of the qubit, causing either a loss of energy resulting in the relaxation rate Γ1↓,

or an excitation mechanism causing the rate Γ1↑ [54, 55]. Since superconducting

circuits are operated at T = 20 mK, the excitation rate Γ1↑ is low (as it is suppressed

exponentially with 1/T ), and so the longitudinal relaxation rate is dominated by the

energy relaxation rate.

The transverse relaxation rate describes how well the system can maintain coher-

ence of a superposition state |ψ⟩ = 1/
√
2(|0⟩+ |1⟩) lying on the equator of the Bloch

sphere. Γ2 is given by,

Γ2 =
1

T2
=

Γ1

2
+ Γφ, (2.12)

where Γϕ is the pure dephasing rate, and Γ1 is the longitudinal relaxation rate as

before. The contribution due to Γ1 is due to the superposition state being able to

decay to the |0⟩ state, with an average relaxation rate of Γ1/2. The pure dephasing

rate is a result of a loss of coherence along the X−Y axis of the Bloch sphere. It is the

result of a noise source that causes a shift in the qubit frequency, such as charge noise

(discussed in Section 2.1.4) or photon shot noise [56]. The upper limit of transverse

relaxation is given by T2 = 2T1.

In experimental chapters, we characterise the energy relaxation time T1 and co-

herence time T2 of measured devices to probe the noise sources and loss mechanisms.

These characteristics are a common benchmark of performance in superconducting

quantum devices.

2.2.2 Charge Noise

The Hamiltonian of Eqn. 2.5 shows a sensitivity to an effective offset charge ng.

This can be controlled via a capacitively controlled gate electrode, such that ng =

CgVg/2e+Qr/2e, where Cg and Vg are the capacitance and gate voltage respectively,

and Qr is the environmentally induced offset charge [9]. The irregular fluctuations

in this offset charge ng are what we describe as charge noise (or equivalently electric
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2.2. NOISE AND DECOHERENCE

field noise). Charge noise can arise from material factors such as defects within the

substrate or material interfaces [37, 57–60], and fluctuating localised dipole-like two-

level fluctuators (TLFs) [33, 60–63]. In addition, charge noise is theorised to arise from

surface drifts [38], patch potentials and voltage fluctuations in control electronics.

We describe charge noise as being a low-frequency, 1/fα-like noise source [64],

such that the spectral density takes the form [35],

SQ(f) = A2/fα, (2.13)

where A is the noise amplitude. The amplitude A and exponent α are dependent

on the materials, geometry and environment of the device, however typical noise

amplitudes range between A2 ≃ 10−4 − 10−3e2/Hz, with α observed to lie in the

range ≃ 1− 2 [32, 33, 35, 65–67].

Charge noise causes stochastic fluctuations in the qubit frequency. In the case

where charge sensitivity is not suppressed, these frequency fluctuations cause pure

dephasing, where the contribution to pure dephasing time (Tφ) due to charge noise

is given by [68],

Tφ ≈ 2eℏ
|ϵ1|πA sin 2πng

. (2.14)

In addition to slow drifts in charge configuration due to the 1/f nature of charge

noise, experiments on charge sensitive devices observe large discrete jumps in charge

configuration. These jumps are accompanied by reduction in longitudinal relaxation

time, and have been shown to be correlated over length scales of 600 µm [36]. It is

understood that these large jumps are due to the absorption of ionising radiation,

such as γ-rays and cosmic-ray muons, within the substrate causing a large charging

event [35, 36, 69–72].

Where shielding from γ-rays can be achieved through the use of dense materials

such as lead, mitigation of cosmic-ray muon impact events requires the use of deep
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2.2. NOISE AND DECOHERENCE

underground facilities [71, 73]. Quantum error correction protocols require mitigation

strategies to be developed in order to protect larger scale devices from correlated errors

due to these effects [74–76] .

2.2.3 Quasiparticles

Excitations above the superconducting ground state are referred to as quasiparticles

(QPs). They are superpositions of negatively charged electrons and positively charged

holes, commonly formed when a Cooper pair is broken, presenting as unpaired elec-

trons [77, 78].

In superconducting qubits, a QP tunnelling across a Josephson junction induces

a change in the offset charge on the islands by an amount 1e. This constitutes a

change in the charge parity between the junction electrodes, which switches between

“even” and “odd” parity configurations [79]. Typical transmon devices exhibit a

QP tunnelling rate of 0.01 µs−1 [80–82]. In addition, these tunnelling events (that

can be activated thermally or photon assisted [83]) can induce qubit transitions and

cause either excitation, relaxation, or dephasing events, as shown in Fig. 2.4 [80,

84]. QP-induced excitation events are the dominant source of residual excited state

populations in qubits (pe ≃ 10%) [80], and QP densities also constitute a significant

form of loss in superconducting circuits (QP limited relaxation time TQP
1 ≃ 200 µs)

[80, 85–88].

The ratio of thermally generated QP excitations to Cooper pairs, xthQP = nQP/nCP ,

is given by,

xthQP ≈
√

2πkBT/∆e
−∆/kBT , (2.15)

where kB is the Boltzmann constant, T is the temperature, and ∆ is the supercon-

ducting band gap [88]. Experimentally measured QP densities of 10−6 − 10−8 per

Cooper pair are significantly higher than what is predicted by this model [80, 81, 89].

In addition, measurements of decay and excitation events show that the distribution
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Figure 2.4: (a) Density of states (νs) in the leads of the Josephson junction. QP
tunnelling events corresponding to relaxation, excitation and interband transition
shown in dashed, dotted and solid lines respectively. (b) Lowest two energy levels of
the transmon as a function of gate charge offset ng, showing the two possible parity
configurations (odd, even) for each level. QP tunnelling event induced transitions
shown by arrows annotated as in (a). Figure adapted from [80].

of QPs is not consistent with what is expected of a thermal distribution. As such, the

total density of QPs is a combination of thermal (equilibrium) QP density and an ad-

ditional excess (“hot”) nonequilibrium contribution x0QP , such that xQP = x0QP +xthQP

[80, 86, 90, 91].

A simple model for QP dynamics is given by,

dxQP

dt
= g(t)− sxQP − rx2QP , (2.16)

where g(t) describes the generation, s describes the trapping rate, and r describes

the recombination rate of pairs of QPs forming cooper pairs [81]. Populations of QPs

are in constant flux due to this generation and recombination.

Infra-red radiation with energy above the superconducting band gap (ω/2π >

2∆ ≈ 100 GHz) is able to break Cooper pairs and contributes to this additional source

of nonequilibrium QPs [92, 93]. The source of this IR radiation is most generally com-

ponents, plates and shields within the dilution refrigerator at a higher temperature

emitting blackbody radiation, and the path that it takes to impinge upon the qubit
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is theorised to be via the microwave input and output lines. Adequate filtering of

these lines, along with the development of “light-tight” shielding is an active area

of research and development [92–95]. In addition, the higher frequency modes of the

qubit geometry can act as an antenna for radiation above this pair-breaking threshold

frequency, thus careful consideration when designing qubits is required [96, 97].

Ionising radiation is an additional source of nonequilibrium QPs [70, 95]. Sources

of this radiation include cosmic ray muons, gamma rays due to materials and internal

sources such as packaging and connectors, or even the local environment or lab [98].

High energy radiation incident on the substrate can scatter to form electron-hole

pairs, from which phonons can be created and transport energy through the bulk of

the substrate. QPs are generated as a result of phononic downconversion processes at

the substrate-superconductor boundary [69, 99]. This can cause spatially correlated

errors as stated in the previous section [36]. Phonon traps can be introduced to

reduce the generation of QPs due to phonon downconversion processes and can be

formed of superconducting or normal metal backplanes [72, 100, 101], or more complex

micromachined substrate features [102]. In addition, shielding can be introduced in

order to protect devices from impinging ionising radiation [70, 71].

Where the flux of QP–generating radiation cannot be reduced due to shielding,

the density of QPs can be reduced by increasing the trapping rate s. This can be

achieved with the addition of QP traps, or active QP pumping [103, 104]. QP traps

can be formed by the addition of a lower gap superconductor in the region of the

Josephson junction, such that QPs relax to a lower energy state, and be trapped

away from the Josephson junction [69, 105].

Investigations into the nature of decoherence due to QP tunnelling events and how

the densities can be reduced are an active area of research. In this work, we introduce

a shielding solution to reduce the incidence of pair-breaking photons from infra-red

radiation, and show reductions in residual excited state populations (Appendix F). In
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2.3. ENGINEERING QUBIT-QUBIT INTERACTIONS

addition, we introduce a device that has the potential to explore how QP tunnelling

events affect energy dissipation in multiple modes (Chapter 5).

2.3 Engineering Qubit-Qubit Interactions

2.3.1 Coupling

It is required that quantum gates be able to be performed between qubits for quan-

tum computation [1], which necessitates a form of inter-qubit coupling. This can

be achieved with the use of additional tunable circuit components [16, 106], or by

engineering a static capacitive or inductive coupling between qubits [51, 107]. In this

work, we consider only static coupling between qubits characterised in two classes:

transverse and longitudinal coupling [51].

The interaction Hamiltonian describing the transverse coupling is given by,

Ĥint/ℏ = J(â†i âj + âiâ
†
j), (2.17)

where J is the strength of the interaction between modes i and j. It is such named as

the Hamiltonian matrix elements describing the coupling are off-diagonal elements,

and the coupling axis is orthogonal to the qubit quantisation axis. It is commonly

engineered via a direct capacitive coupling between two transmon qubits [51, 107,

108]. We describe the interaction as a single photon exchange interaction, since two

qubits on resonance will exchange a single excitation between them at a rate J . In

the two level approximation, this interaction is also described as an X̂X̂ interaction,

since the coupling term in the Hamiltonian is of the form σ̂x ⊗ σ̂x, where σ̂i is the

Pauli operator.

The Hamiltonian describing longitudinal coupling is given by,

Ĥint/ℏ = χij â
†
i âiâ

†
j âj, (2.18)

where χij is the strength of the interaction between modes i and j. The coupling

matrix elements describing the interaction are along the diagonal, as they are in the
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2.3. ENGINEERING QUBIT-QUBIT INTERACTIONS

quantisation basis of the system. It can be a result of a purely inductive coupling,

or more complex circuit engineering [20, 109]. In superconducting circuits, it is de-

scribed as a state-dependent frequency shift, or cross-Kerr shift [110]. In the two

level approximation, this interaction is also described as a ẐẐ interaction, since the

coupling term in the Hamiltonian is of the form σ̂z⊗σ̂z, where σ̂i is the Pauli operator.

In this work, we explore both transverse coupling in the context of capacitively

coupling qubits, as well as strong cross-Kerr shifts as a result of circuit design.

2.3.2 Two-Qubit Gates

The set of implementations of two-qubit gates in superconducting circuits is extensive

[51, 53, 111]. Here we focus on two examples of microwave-activated two-qubit gates

between transversely coupled transmon qubits: the cross-resonance (CR) gate [112,

113] and the microwave-activated conditional phase (MAP) gate [114].

The CR gate is a driven interaction between two transversely coupled transmon

qubits. In driving the control qubit at the frequency of the target mode, one induces

rotations about the X-axis of the target qubit, conditional on the state of the control

qubit. The speed at which the interaction occurs is dependent on the exchange

interaction strength J , as well as the detuning between the qubits ∆0,1 = ω0 − ω1.

Whilst increasing the coupling strength J and reducing the detuning does increase

the speed of the gate, the tradeoff is that this increases the strength of the additional

unwanted ZZ interactions between qubit modes and sources of error, as discussed in

Section 2.2.3.

The MAP gate is an off-resonantly driven interaction that arises from the cou-

pling between transitions outside of the computational subspace. When the detuning

between the two qubit modes, ∆0,1, is twice the anharmonicity, η2, the |12⟩ and |03⟩

transitions (where |ij⟩ denotes the state in which i (j) excitations are present in qubit

0 (1)) are approximately on resonance, as shown in Fig. 2.5. The coupling between
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Figure 2.5: Truncated energy level diagram of two coupled transmon qubits. Com-
putational subspace highlighted in grey. |12⟩ and |03⟩ transitions on resonance in
interaction region (highlighted in blue). Transitions between |01⟩ and |02⟩, and |11⟩
and |12⟩ energy levels used in MAP interaction highlighted in blue and red respec-
tively. Figure adapted from [114].

the two qubits leads to a splitting of these two energy levels, such that the energy

difference between the |01⟩ and |02⟩ levels (labelled EA), is different to the difference

in energy between the |11⟩ and |12⟩ levels (labelled EB). This interaction region can

be driven off-resonantly leading to a Stark-shift induced phase accumulation on the

target qubit, conditional on the state of the control qubit. The conditional-phase gate

has a rate [114],

ζ ≈ J11,20J11,02

(
1

∆11,20

+
1

∆11,02

)
+

Ω2

2∆d

J2
12,03

J2
12,03 +∆d(ωd −∆03,11)

= ζ0 +
Ω2

2∆d

ζ2,

(2.19)

where Jij,kl is the matrix element describing the coupling between the |ij⟩ and |kl⟩

energy levels, ∆ij,kl is the difference between the |ij⟩ and |kl⟩ energy levels, Ω and

ωd are the drive strength and frequency respectively, and ∆d = ∆12,11 − ωd. ζ0 and

ζ2 represent the always-on and microwave activated components of the interaction

respectively.
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This interaction exploits the increased coupling strength between higher transi-

tions of transmon qubits, and the upper limit of gate speed is approximately 1/J .

Whilst the interaction is driven off-resonantly, higher power driving leads to leakage

into higher levels, as well as dephasing of the computational subspace modes, causing

errors in the gate operation.

Driving a two-qubit gate outside of the computational subspace reduces leakage

errors into computational states [115], however, like the CR gate, the MAP gate

requires very strict resonance conditions to be met in order to drive a fast gate.

In Section 3.3.3, we introduce a novel conditional phase interaction based on the

MAP interaction in multi-mode superconducting circuits. The gate relies on energy

levels outside the computational subspace, and the architecture entirely suppresses

the always-on interactions that cause errors in CR gates. In addition, by utilising

multiple possible ancillary transitions to drive the interaction, there is a much wider

range of resonance conditions that can be met, reducing sensitivity to fabrication

tolerances.

2.3.3 Always-On Unwanted ZZ Interactions

In the anharmonic oscillator approximation, the Hamiltonian of two fixed-frequency

transmon qubits (i = 0, 1), of frequency ωi/2π and anharmonicity ηi/2π, statically

coupled with an exchange interaction of strength J , is given by,

Ĥ/ℏ =
∑

i=(0,1)

(
ωi +

ηi
2

(
â†i âi − 1

))
â†i âi + J(â†0â1 + â0â

†
1). (2.20)

The entanglement rate of sets of two-qubit gates (including the CR and MAP

gates) is determined by the exchange interaction strength J [114, 116–118], thus it is

desirable to maximise the coupling to ensure fast and high fidelity gates in systems

with finite coherence. When diagonalised in the dispersive limit (J ≪ ∆0,1), this

static coupling results in a state-dependent qubit frequency shift, known as the ZZ
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shift [117, 119]. This is the frequency by which one qubit transition frequency shifts,

when the other qubit to which it is coupled is in the excited state. Derived from

second-order perturbation theory, this shift χ0,1 is given by [24],

χ0,1 = (E11 + E00 − E01 − E10)/ℏ =
2J2(η0 + η1)

(η1 −∆0,1)(η0 +∆0,1)
, (2.21)

where ∆0,1 = ω0−ω1, is the detuning between qubit frequencies, and Eij is the energy

of the level corresponding to i (j) excitations in qubit 0 (1).

We describe this ZZ shift as an always-on unwanted interaction (or quantum

crosstalk) since it introduces errors in both single-qubit and two-qubit operations [14,

15, 113, 120–123]. If we wish to use superconducting circuits for quantum computing

applications, these errors need to be reduced. We outline some of the methods to

mitigate these unwanted interactions in four main categories.

The first is introducing tunability into the coupling between the two qubit modes.

This can be in the form of a flux tunable transmon [106, 124–127], or more sophisti-

cated circuits [16, 19, 128–132]. By designing the interactions, one introduces regimes

in which very high on/off coupling ratios can be achieved, such that the static qubit-

qubit interaction is cancelled out. Whilst the addition of flux tunable components

does introduce additional DC control requirements, as well as flux sensitivities that

can impact gate operation[25], high fidelity two-qubit gates have been achieved in

fixed-frequency transmons in these architectures [131, 133].

The second method is to introduce additional static circuit components to mediate

the qubit-qubit coupling. This can be in the form of a coupling bus resonator [116],

or more sophisticated multi-path coupling (MPC) designs that enable anti-nodes at

frequencies in which the unwanted interaction is suppressed [134]. Work on MPC

based architectures has demonstrated a cross-resonance based CNOT gate in 180 ns,

with an error of 2.3 × 10−3 [134], a factor of 2 improvement over the previous best

record error of 5 × 10−3 [120]. The MPC architecture retains circuit simplicity and
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2.4. MULTI-MODE SUPERCONDUCTING CIRCUITS

adds no extra control requirements, however, the bandwidth of the region in which

ZZ interactions is suppressed can be narrow, thus making the performance of the

device highly sensitive to fabrication errors.

Thirdly, the ZZ interaction can be actively suppressed by manipulating higher

energy levels of the system with off-resonant drive tones [23, 24]. This method can

be used to both enhance and suppress the ZZ interaction between statically coupled

transmon qubits, and has been used to demonstrate both high fidelity CZ gates

and CNOT gates (gate time of 90 ns with an error of 0.19 ± 0.02% [24]). The off-

resonant nature of the drive scheme allows greater flexibility and reduces frequency

crowding constraints on qubits, however, the additional continuous drive tones provide

an additional active heat load on cryogenic systems when scales increase, and can have

a detrimental impact on qubit coherence when driven at high powers.

Finally, by inspection of Eqn. 2.21, it is clear that the static interaction can be

eliminated if the anharmonicities η0 and η1 are equal and opposite. This can be

achieved in novel qubit designs [21, 135–137].

The suppression of always-on unwanted interactions to achieve high fidelity single-

qubit and two-qubit operations is an active area of research. In Chapter 3 and Chapter

6, we introduce a method of suppressing the ZZ interaction in fixed frequency qubits

with static coupling that maintains circuit simplicity and avoids additional control or

tuning requirements.

2.4 Multi-Mode Superconducting Circuits

The use of Josephson junction based superconducting circuits as qubits for investiga-

tions into atomic physics, artificial atoms, and quantum information is widespread [7,

138]. The transmon qubit previously introduced has a single degree of freedom and

presents a single ladder based energy level structure, as shown in Fig. 2.6 (a). The

anharmonic nature of the structure lends itself to using the lowest two energy levels

22



2.4. MULTI-MODE SUPERCONDUCTING CIRCUITS

Figure 2.6: (a) Ladder type energy level structure of the transmon. Highlighted area
shows the subspace that is used as a qubit. Red lines indicate allowed transitions.
(b) V-shaped energy level structure of the two-mode system. Red arrows indicate
allowed transitions.

as a qubit. The flexibility of superconducting circuits allows us to develop more com-

plex alternative designs [10–13] and engineer the energy level structure of quantum

systems. One such structure that has previous applications in nitrogen-vacancy cen-

tres in diamond [139] and trapped ion based quantum computers [2] is the V-shaped

energy-level structure.

We understand a V-level energy structure as a qubit formed by a ground state |g⟩

and excited state |e⟩, with an additional ancillary energy level |a⟩, as shown in Fig.

2.6 (b). The ancillary level is coupled to the ground level |g⟩, forming the ancillary

transition, whilst the transition between the |e⟩ and |a⟩ states is suppressed [27]. We

describe this system as a multi-mode device, since the transitions are independently

addressable modes with distinct properties. We refer to the |g⟩ → |e⟩ transition as a

qubit mode, and the |g⟩ → |a⟩ as the ancillary mode.

The multi-mode energy level structure described was first introduced in the field

of superconducting circuits in the work of Gambetta et. al. [29] with a device known

as the tunable coupling qubit (TCQ). This device consists of three superconducting

islands, connected via two Josephson junctions, as shown in Fig. 2.7. The addition of

a second degree of freedom introduces a second transmon-like mode in the device, and

a V-shaped energy level structure [17, 18, 140–142]. The premise of this device is that
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Figure 2.7: (a) Schematic of the three island tunable coupling qubit device. Arrows
show electric dipole and quadrupole moments of the device. (b) Equivalent circuit of
the tunable coupling qubit device (green) with capacitances (C), Josephson energies
(EJ), coupled to an LC resonator (blue) for readout purposes. Figure and caption
adapted from [29].

the transverse coupling between each mode and the readout resonator can be tuned,

such that there is a bright state |B⟩ dispersively coupled to a readout resonator, and

a dark state |D⟩ that has no coupling to the readout mechanism [143, 144].

This selective coupling of modes to the readout mechanism can be utilised in sev-

eral ways in the measurement of a qubit. Firstly, one can create a decoherence free

subspace (DFS) with respect to Purcell decay via the lossy readout channel. This

coupling suppressed regime has additional benefits in that it can be used to sup-

press dephasing due to thermal photons populating the readout resonator [20, 30].

Secondly, one can couple the ancillary transition very strongly to the readout mech-

anism [145]. Due to the strong coupling between modes of the V-shaped structure,

this allows for extremely fast quantum non-demolition readout of the qubit mode,

with the state-of-the-art experiments observing single-shot readout fidelities of 97.4%

using 50 ns readout pulses [28].

An additional utilisation of the multi-mode structure is in two-qubit gates and en-

tanglement operations. By moving the coupling between qubits outside of the com-

putational subspace, one can allow for far-detuned computational transitions with

minimised single-qubit-gate crosstalk [146], while retaining gate speeds comparable
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to fixed coupled transmons [147, 148]. The versatility of the energy level structure

can also allow for native multi-modal gates with higher connectivity within the mul-

tidimensional Hilbert space [31, 149].

2.5 Coaxial cQED Architecture

Conventional 2D planar superconducting circuit architectures require the routing of

control and readout lines across the surface of the substrate. Signals propagate along

coplanar waveguide structures to address circuit elements. In an architecture where

qubits are arranged in a grid-like array of N × N , the number of qubits increases

as N2, whereas the available space for routing signals to the device depends on the

perimeter, and only increases as 4N . As the density of wiring increases, this can

lead to issues with connectivity and addressability, as well as control line crosstalk as

wiring becomes more tightly packed. Large arrays of qubits are required to implement

error-correction protocols [150, 151], and investigating the issues of addressability and

connectivity is an active area of research [152–154].

In this work, we construct superconducting quantum devices in a coaxial circuit

quantum electrodynamics architecture [155]. Developed at the University of Oxford,

this architecture consists of a qubit formed of a concentric inner and outer super-

conducting island connected via a Josephson junction forming a coaxial transmon

(coaxmon), as shown in Fig. 2.8. Dispersive readout is achieved via a lumped ele-

ment resonator, fabricated on the opposing side of the substrate [156]. Signals are

delivered via capacitively-coupled coaxial control lines, out of the plane of the sub-

strate. The coaxial geometry allows for selective mode-matching between elements,

with no galvanic connections to the substrate, or added fabrication complexity.

It is simple to consider extending the architecture to large arrays of qubits via a

simple tiling, alleviating the constraints of control wiring in the plane of the substrate.

Since it’s development in 2017, two-qubit gates [157–159], as well as high coherence
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Coaxmon
(coaxial transmon)

Control
port

Readout
port

Substrate

Figure 2.8: Schematic and equivalent circuit diagram of the coaxial circuit QED
architecture. The coaxial transmon (coaxmon) components are shown in orange, and
the LC resonator components, used for dispersive readout, are in blue.

and low crosstalk in a 2× 2 array [160], have been demonstrated in this architecture.

In addition, more complex engineering, such as fast flux control [157], have been

demonstrated in coaxial cQED.

In this work, we implement a multi-mode qubit within the coaxial cQED archi-

tecture. The architecture allows us to build natural symmetries into the system,

generating both symmetry protected modes and strongly coupled modes. Engineer-

ing these symmetry protections allows for low crosstalk, as well as protection from

decay through the coaxial control lines.
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Chapter 3

Theory of the Two-Mode Coaxial
Transmon

Here we introduce the device at the core of this work, the two-mode coaxial transmon.

We first present the theoretical background of the multi-mode device and explore the

predicted behaviour and sensitivities to fabrication asymmetries and charge noise.

We show how the design can be engineered for potential use in readout and sensing

applications. Finally, we then explore how multiple two-mode coaxial transmon de-

vices can be coupled together, and how we can generate entanglement between modes

of the system.

3.1 Two-Mode Coaxial Transmon

3.1.1 Circuit Quantisation and Device Hamiltonian

A transmon qubit is a simple superconducting circuit consisting of a capacitance in

parallel with a Josephson junction, and is insensitive to charge fluctuations across the

capacitor in the regime of large Josephson-to-charging energy ratio, EJ/EC [9]. Here

we work with a circuit with two transmon-like modes, built from three superconduct-

ing islands and two Josephson junctions, depicted in Fig. 3.1 (a).

We begin analysing the behaviour of the circuit by performing circuit quantisation

methods. The Hamiltonian of the circuit can be derived from [39],
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CC

C C
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EJ

EJ

a) b)

100 μm

Figure 3.1: (a) A simplified schematic of the device shows a coaxial pad geometry
with a split inner conductor resulting in three superconducting islands. The two inner
islands (green and orange) are labelled 1 and 2 (the exact assignment is symmetrically
invariant), and outer island (purple) is labelled island 3. Two near-identical Josephson
junctions with phase φ1, φ2 are used resulting in two non-degenerate modes (∆,Σ).
(b) An equivalent circuit of the two-mode coaxial transmon. The two inner super-
conducting islands are connected by a coupling capacitance (Cm), and connected to
the outer superconducting island by Josephson junction (EJ) and capacitance (2C).

H =
1

2
q⃗ t[C−1]q⃗ + ϵpot, (3.1)

where the independent variables qi correspond to degrees of freedom and ϵpot is the

potential energy. C is derived from the constructed capacitance matrix C′ of the

circuit, where,

C′ =

2C + Cm −Cm −2C
−Cm 2C + Cm −2C
−2C −2C −4C

 , (3.2)

where, C corresponds to the capacitance between the inner island and the outer island,

and Cm corresponds to the capacitance between the two inner islands, as shown in

the circuit diagram in Fig. 3.1 (b). We transform from C′−1 → C−1 by eliminating

the row and column corresponding to a reference ground of the circuit. We make the

choice of the outer island being the reference ground, and eliminating the third row
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and column of the matrix C′ to transform to C, such that

C−1 =
1

2(C∗2 − C2
m)

(
C∗ Cm

Cm C∗

)
, (3.3)

where C∗ = C(C+2Cm

C+Cm
) the total shunting capacitance of each island.

The potential energy ϵpot of the circuit is due to the Josephson junctions, giving

non-linear function of the Josephson phases φ̂i, written as,

ϵpot = −EJ cos φ̂1 − EJ cos φ̂2, (3.4)

where EJ is the Josephson energy of the junctions. For simplicity, we assume here

that the junctions are identical, and explore the effect of asymmetry in Section 3.1.4.

We choose the degrees of freedom qi to correspond to the charge operator of the

two inner superconducting islands, and label as (Q̂1, Q̂2). We rescale this to the

dimensionless Cooper-pair number operator n̂i = Q̂i/2e. From this we are able to

derive the Hamiltonian of the two-mode coaxial transmon as,

Ĥ =4EC(n̂1 − ng1)
2 + 4EC(n̂2 − ng2)

2 + 4Ep(n̂1 − ng1)(n̂2 − ng2)

− EJ cos φ̂1 − EJ cos φ̂2,
(3.5)

where the charging energy EC = e2C∗/2(C∗2 − C2
m), and Ep = e2Cm/(C

∗2 − C2
m) is

the coupling energy between the two modes [32]. ngi correspond to gate charge offsets

of the two independent inner islands 1 and 2.

The Hamiltonian of this system is identical to that of two resonantly-coupled

transmons, the eigenmodes of which are sum and difference modes with φ̂Σ = φ̂1+ φ̂2

and φ̂∆ = φ̂1−φ̂2 respectively. In the sum and difference mode basis, the Hamiltonian

of the circuit becomes:

Ĥ =8ECΣ
(n̂Σ − ngΣ)

2 + 8EC∆
(n̂∆ − ng∆)

2 − 2EJ cos
φ̂Σ

2
cos

φ̂∆

2
, (3.6)

where ECΣ
= EC+Ep/2 = e2/2(C∗−Cm) and EC∆

= EC−Ep/2 = e2/2(C∗+Cm) are

the charging energies of the sum and difference modes respectively. n̂Σ(∆) corresponds
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a) b) Σ-modeΔ-mode

Figure 3.2: Illustration of electric field oscillations (positive (red) and negative (blue))
of the modes of the two-mode coaxial transmon. (a) ∆-mode, corresponding to out-
of-phase oscillations of the two inner superconducting islands. (b) Σ-mode, corre-
sponding to in-phase oscillations of the two inner superconducting islands. Outer
island also participates, oscillating out-of-phase with the two inner islands.

to the number operator of the sum (difference) modes. This Hamiltonian shows

a dependence on gate-charge offsets ngΣ and ng∆, corresponding to the sum and

difference of gate-charge offsets of the two inner islands, ng1 and ng2. We explore the

effects of offset-charge sensitivity in Section 3.1.6.

In this representation, it is clearer that the first two excited states of this system

correspond to an excitation in either the in-phase (Σ-mode), or out-of-phase oscil-

lations (∆-mode) of the two inner superconducting islands, shown in Fig. 3.2. The

antisymmetric mode is lower in frequency, has an electric dipole moment, and couples

well to electric fields polarised in the plane of the device. The symmetric mode is

higher in frequency, has an electric quadrupole moment, and couples well to radial

fields and coaxial control ports. This difference in polarisation symmetry can be used

for Purcell protection [29].
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3.1.2 Effective Hamiltonian

We can obtain an approximate effective Hamiltonian of the two-mode coaxial trans-

mon by starting from the Hamiltonian of Eqn. 3.6 and expanding the cosine potential

terms to fourth order. This yields,

Ĥ = 8ECΣ
n̂2
Σ + 8EC∆

n̂2
∆

− 2EJ

(
1− 1

2

(
φ̂Σ

2

)2

+
1

4!

(
φ̂Σ

2

)4

− . . .

)(
1− 1

2

(
φ̂∆

2

)2

+
1

4!

(
φ̂∆

2

)4

− . . .

)
= 8ECΣ

n̂2
Σ + 8EC∆

n̂2
∆

− 2EJ

(
1− 1

2

(
φ̂Σ

2

)2

− 1

2

(
φ̂∆

2

)2

+
1

4!

(
φ̂Σ

2

)4

+
1

4!

(
φ̂∆

2

)4

+
1

4

(
φ̂Σ

2

)2(
φ̂∆

2

)2
)
,

(3.7)

Here we make a canonical transformation from the number and phase operators,

n̂i and φ̂i (where i = Σ,∆), to the creation and annihilation operators â†i , âi of the

harmonic oscillator basis, such that,

φ̂Σ(∆) =
√
ξΣ(∆)(â

†
Σ(∆) + âΣ(∆))

n̂Σ(∆) =
i

2
√
ξΣ(∆)

(â†Σ(∆) − âΣ(∆)),
(3.8)

where â
(†)
Σ(∆) is the annihilation (creation) operator of the Σ-mode (∆-mode), and ξi

is the characteristic impedance of the mode i, a dimensionless normalisation factor.

This transformation preserves the commutation relations for the conjugate flux Φ̂i

and charge Q̂i since,

[
Φ̂i, Q̂i

]
=

[
Φ0

2π
φ̂i, 2en̂i

]
=
iℏ
2

[
â†i + âi, â

†
i − âi

]
= iℏ. (3.9)

We can first obtain the plasma frequencies of each mode by inserting the relations

in Eqn. 3.8 into Eqn. 3.7, and collecting the second order terms. This yields the

second order approximate Hamiltonian of mode i, Ĥ
(0)
i , given by,

31



3.1. TWO-MODE COAXIAL TRANSMON

Ĥ
(0)
i = 8ECi

n̂2
i + EJ

φ̂2
i

4
=

−8ECi

4ξ
(â†i − âi)

2 +
EJξ

4
(â†i + âi)

2. (3.10)

Assuming a weakly non-linear harmonic oscillatorlike behaviour, and ignoring counter

rotating terms, collecting terms yields the Hamiltonian of each mode i as,

Ĥ
(0)
i = ℏω(0)

i

(
â†i âi +

1

2

)
, (3.11)

where we have defined

ξi =

√
8ECi

EJ

, (3.12)

giving the plasma frequency of each mode as,

ω
(0)
i =

√
8EJECi

ℏ
. (3.13)

In order to obtain the anharmonicities (deviations from the harmonic oscillator

energy levels) of the modes, we consider the fourth order terms in the previous ex-

pansion. By taking the relations in Eqn. 3.8 and inserting them into Eqn. 3.7,

now taking into account fourth order terms, we obtain the fourth order approximate

Hamiltonian, Ĥ(1), given by,

Ĥ(1) =ℏωΣâ
†
ΣâΣ + ℏω∆â

†
∆â∆ − ECΣ

24
(â†Σ + âΣ)

4 − EC∆

24
(â†∆ + â∆)

4

−
√
ECΣ

EC∆

4
(â†Σ + âΣ)

2(â†∆ + â∆)
2.

(3.14)

The eigenenergies of this Hamiltonian can be found using the expectation value

⟨k| Ĥ(1) |k⟩, where |k⟩ are Fock state eigenvectors. The energy of mode i in state |k⟩

(whilst the opposite mode is in the ground state) is given by,

E
(i)
k = ℏωi

(
k +

1

2

)
− ECi

24
(6k2 + 6k + 3). (3.15)

The anharmonicity, ηi, of each mode is the deviation in energy of higher energy

levels from the harmonic oscillator energy, given by,
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ηi =
(E

(i)
2 − E

(i)
1 )− (E

(i)
1 − E

(i)
0 )

ℏ

=
(ℏω(0)

i − ECi
)− (ℏω(0)

i − ECi
/2)

ℏ

=
−ECi

2ℏ
.

(3.16)

We obtain the fourth order correction to the mode frequency ωi as,

ωi = ω
(0)
i − ECi

2ℏ
=

√
8EJECi

ℏ
− ECi

2ℏ
. (3.17)

The coupling between the Σ-mode and ∆-mode is non-linear as a result of the

junctions in the circuit. The â†ΣâΣâ
†
∆â∆ term in the Hamiltonian is a purely longitu-

dinal (ZZ) coupling, the coefficient of which is the state-dependent frequency shift,

also know as the cross-Kerr shift χΣ∆, given by,

χΣ∆ =
√
ECΣ

EC∆
= 2

√
ηΣη∆. (3.18)

Finally, we arrive at the effective Hamiltonian of the two-mode coaxial, ĤQ trans-

mon, given by,

ĤQ/ℏ = ωΣ ∗ â†ΣâΣ + ω∆ ∗ â†∆â∆ − ηΣ/2 ∗ â†Σ
2âΣ

2 − η∆/2 ∗ â†∆
2â∆

2

− χΣ∆ ∗ â†ΣâΣâ
†
∆â∆.

(3.19)

This effective Hamiltonian describes two anharmonic oscillator modes with a

purely non-linear coupling between them.

3.1.3 V-Shaped Qutrit Energy Level Structure

Both modes are very strongly coupled to each other through the junctions of the

device. Notably, the non-linear coupling (χΣ∆) is larger than their respective anhar-

monicities (ηΣ, η∆). This produces addressable transitions that make up an effective

V-shaped qutrit energy diagram [27], as shown in Fig. 3.3 (a). The states are la-

belled as |nm⟩, where n(m) corresponds to the number of excitations in the Σ-mode
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Figure 3.3: (a) Truncated energy level diagram of the two-mode coaxial transmon il-
lustrating anharmonicities (ηΣ,∆), and state-dependent shift (χΣ∆). States labelled as
|nm⟩ where n(m) corresponds to the number of excitations in the Σ-mode (∆-mode).
The V-shaped qutrit subspace is highlighted in grey. (b) Eigenenergies of the first
6 energy levels of the two-mode coaxial transmon, as a function of relative coupling
energy Ep/EC , for EJ = 50EC . Result obtained from numerical diagonalisation of
the Hamiltonian of Eqn. 3.5. Figure adapted from [29].

(∆-mode). The wavefunctions of the lowest six energy eigenstates are shown in Fig.

3.4.

We have the potential to use the qutrit system for all-microwave two-qubit gates

[146, 147], using one transition as a computational bit and the other to generate en-

tanglement with other qutrits. This allows for far-detuned computational transitions

for minimised single-qubit-gate crosstalk, while retaining gate speeds comparable to

fixed coupled transmons. These features make the two-mode transmon a potentially

useful component for an extensible quantum computing architecture.

3.1.4 Effect of Asymmetry

In our derivation of the Hamiltonian of the circuit, we assumed that the two Josephson

junctions were of identical Josephson energy EJ . Whilst this is a parameter regime

that we target, the reality of the nanofabrication process is that there are local de-

viations in the junction energies across a chip scale device. Here we investigate the
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Figure 3.4: Wavefunctions of the six lowest energy eigenstates of the two-mode coaxial
transmon in the phase basis. Diagonal dashed lines indicate the summation ((φ1+φ2),
orange) and difference ((φ1−φ2), green) phases. States labelled as |nm⟩ where n(m)
corresponds to the number of excitations in the Σ-mode (∆-mode). Wavefunctions
generated using [45].

effect of the junction energy asymmetry in the single two-mode coaxial transmon. 1

We start with the original Hamiltonian of the two-mode coaxial transmon, as

given in Eqn. 3.5. In this asymmetric case, we have two non-identical Josephson

junctions, of energy EJ1 and EJ2. In the charge and phase basis of n̂1,2 and φ̂1,2, the

circuit has the Hamiltonian given by,

Ĥ =4EC(n̂1 − ng1)
2 + 4EC(n̂2 − ng2)

2 + 4Ep(n̂1 − ng1)(n̂2 − ng2)

− EJ1 cos φ̂1 − EJ2 cos φ̂2,
(3.20)

where the parameters EC , Ep and ng1,2 are defined as before. From here, we change

1We also assumed that the capacitances of the inner islands to the outer island C is identical
for both islands. This capacitance is given by the geometry of the islands, which is fabricated via
photolithographic methods. In general, the local deviation of this process is small, and the features
are very large, thus we neglect this asymmetry. The junction asymmetry is the dominating effect in
this system.
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to the sum and difference basis of φ̂Σ = φ̂1+φ̂2, and φ̂∆ = φ̂1−φ̂2. With the charging

energies defined as previously, we obtain the Hamiltonian given by,

Ĥ =8ECΣ
(n̂Σ − ngΣ)

2 + 8EC∆
(n̂∆ − ng∆)

2

− (EJ1 + EJ2) cos
φ̂Σ

2
cos

φ̂∆

2
+ (EJ1 − EJ2) sin

φ̂Σ

2
sin

φ̂∆

2
.

(3.21)

The key difference between the Hamiltonian of Eqn. 3.6 and Eqn. 3.21 is the

second term in the potential energy component given by (EJ1 −EJ2) sin
φ̂Σ

2
sin φ̂∆

2
. It

is clear that this term vanishes to zero in the symmetric case that EJ1 = EJ2, however,

in the asymmetric case this term introduces an additional coupling between the Σ-

mode and ∆-mode. In a similar way to previously, we can calculate this coupling by

expanding the potential terms about zero to fourth-order and performing a canonical

transformation to the harmonic oscillator basis. Expanding the potential terms in

the Hamiltonian of Eqn. 3.21 yields,

Ĥ = 8ECΣ
n̂2
Σ + 8EC∆

n̂2
∆

− (EJ1 + EJ2)

(
1− 1

2

(
φ̂Σ

2

)2

+
1

4!

(
φ̂Σ

2

)4

− . . .

)(
1− 1

2

(
φ̂∆

2

)2

+
1

4!

(
φ̂∆

2

)4

− . . .

)

+ (EJ1 − EJ2)

((
φ̂Σ

2

)
− 1

3!

(
φ̂Σ

2

)3

+ . . .

)((
φ̂∆

2

)
− 1

3!

(
φ̂∆

2

)3

+ . . .

)
.

(3.22)

Inserting the operators of Eqn. 3.8 into Eqn 3.22 yields a (â†Σ + âΣ)(â
†
∆ + â∆)

term (due to the φ̂Σ × φ̂∆ resulting from the expansion of the sinusoidal potential),

corresponding to a transverse coupling between the two modes. The coefficient of this

term in the Hamiltonian yields the coupling strength, gxx. We isolate the transverse

coupling component of the Hamiltonian due to the asymmetry as Hasym., given by,

Ĥasym. = (EJ1 − EJ2)

(
φ̂Σ

2

)(
φ̂∆

2

)
=

(EJ1 − EJ2)

4

√
ξ′Σξ

′
∆(â

†
Σ + âΣ)(â

†
∆ + â∆)

=
(EJ1 − EJ2)√
EJ1 + EJ2

4
√
ECΣ

EC∆
(â†Σ + âΣ)(â

†
∆ + â∆)

= gxx(â
†
Σ + âΣ)(â

†
∆ + â∆),

(3.23)
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Figure 3.5: Transverse to longitudinal coupling ratio (gxx/χΣ∆) as a function of junc-
tion asymmetry. Plotted from Eqn. 3.23 (a) Vertical dashed lines show point at which
gxx = χΣ∆ at a junction asymmetry of ≈ 30 %. (b) Vertical dashed lines show junc-
tion asymmetry of 2%, corresponding to usual fabrication process variations. Relative
transverse coupling is less than 7% of χΣ∆, indicated by horizontal line.

where2 ξ′i =
√

16ECi

(EJ1+EJ2)
.

In Fig. 3.5, we plot the strength of the transverse coupling due to junction asym-

metry. Whilst the device appears very sensitive to junction asymmetries, we note

that in the nanofabrication process, we are able obtain a spread in junction energies

on a single chip of 2% [161]. Further post processing techniques can also be applied

to reduce this spread and resulting asymmetries further in future works [162].

This additional potential term and subsequent transverse coupling manifests itself

in two areas that we investigate. The first is charge sensitivity, where the asymmetry

leads to a difference in the magnitude of the maximum charge dispersion measured.

The second is in a system of two coupled two-mode coaxial transmons, where the

asymmetry leads to unwanted coupling between protected modes. We outline both

these effects in Section 3.1.6 and Section 3.3.2 respectively.

2This is the same definition as before with EJ → (EJ1 +EJ2)/2, is the average junction energy.
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Figure 3.6: (a) A simplified schematic of the device shows a coaxial pad geometry with
a split inner conductor resulting in three superconducting islands. A lumped element
LC resonator (blue) on the opposing side of substrate allows for dispersive readout of
modes. (b) Simplified equivalent circuit of the two-mode coaxial transmon coupled
to a linear resonator (of inductance LR, and capacitance CR) via inner island to
inner island capacitances (Ci, Cj) and outer to outer island capacitance (Co). Islands
coloured as in (a).

3.1.5 Qubit-Resonator Unit-Cell

Here we describe the unit-cell of our architecture, comprising of a two-mode coaxial

transmon, coupled to a linear resonator, shown in Fig. 3.6 (a). The qubit and

resonator are situated on opposite sides of a substrate, and the coupling between

them is due to the capacitances between the five superconducting islands. We show a

simplified circuit diagram of the system in Fig. 3.6 (b), neglecting cross-capacitances

between the inner islands of the qubit and outer island of the resonator, and vice

versa.

We write the Hamiltonian of the two-mode coaxial transmon transversely coupled

to a linear resonator as,

Ĥ/ℏ = ĤQ/ℏ+ ωr(â
†
râr + 1/2) + gΣr(â

†
Σ + âΣ)(â

†
r + âr), (3.24)

where â
(†)
r is the annihilation (creation) operator for the resonator mode, ωr is the

resonator mode frequency, and gΣr is the coupling between the resonator mode and

38



3.1. TWO-MODE COAXIAL TRANSMON

0 10 20
Co (fF)

0

5

10

15

20
C i

 (f
F)

(a) r

2 MHz
4 MHz

6 MHz

0 10 20
Co (fF)

(b) r

5 MHz
10 MHz

0 10 20
Co (fF)

(c) r r

0.5 MHz
1.2 MHz

2

4

6

8

10

(M
Hz

)

2.5

5.0

7.5

10.0

12.5

(M
Hz

)

0.5

1.0

1.5

(M
Hz

)

Figure 3.7: State dependent shift χir between the linear resonator and ∆-mode (a),
and resonator and Σ-mode (b), as a function of the inner to inner island capacitance
(Ci = Cj), and outer to outer island capacitance (Co). (c) Difference between χΣr and
χ∆r. Results obtained from quantum circuit analysis (QuCat) simulation of circuit
in Fig. 3.6 (b). [164]

the Σ-mode. Due to the symmetry of the ∆-mode, there is no direct transverse

coupling to the resonator mode.

The coupling between the resonator and Σ-mode results in a state-dependent

frequency shift χΣr. In the dispersive limit [163], where g ≪ (ωr − ωΣ), this shift is

given by,

2χΣr ≈
2g2ΣrηΣ

(ωr − ωΣ)((ωr − ωΣ) + ηΣ)
≈ 2ηΣ

(
gΣr

(ωr − ωΣ)

)2

, (3.25)

given the additional approximation that ηΣ ≪ (ωr − ωΣ).

Whilst the ∆-mode has no direct coupling to the readout resonator, it does inherit

a state-dependent frequency shift, χ∆r due to its coupling to the Σ-mode. This

frequency shift is given by [28],

2χ∆r ≈
2g2ΣrχΣ∆

(ωr − ωΣ)((ωr − ωΣ) + χΣ∆)
≈ 2χΣ∆

(
gΣr

(ωr − ωΣ)

)2

, (3.26)

in the limit that χΣ∆ ≪ (ωr −ωΣ). Notably, the frequency shift χ∆r does not depend

on the detuning between the ∆-mode and the readout resonator, alleviating any

constraints on the qubit frequency in terms of Purcell limit or readout speed.

We explore how this allows us to perform dispersive readout of the multi-mode

state in Chapter 4. In Fig. 3.7, we show how the state-dependent frequency shift

39



3.1. TWO-MODE COAXIAL TRANSMON

between each mode and the readout resonator changes as a function of the capaci-

tances shown in the circuit in Fig. 3.6 (b), by using a quantum circuit analyser tool

[164] simulation of the circuit. We make the assumption that the capacitances of the

inner islands to the readout resonator island (Ci,j) are equal, and choose values of C,

Cm, LR and CR to achieve mode frequencies and anharmonicities that match device

regimes in experimental chapters. This shows that by modifying the design to reduce

the capacitive coupling between the five superconducting islands, one can reduce the

coupling between the qubit modes and readout resonator. This demonstrates the en-

gineerability of our architecture, but also that we are not in the regime of other TCQ

devices where this coupling can be tuned to zero. In addition, since χ∆r ̸= χΣr, we

can implement a joint readout of both modes using a single readout resonator [165].

3.1.6 Charge Sensitivity 3

The Hamiltonian of Eqn. 3.6 shows a dependence on gate-charge offsets ngΣ and

ng∆, corresponding to the sum and difference of gate-charge offsets of the two inner

islands, ng1 and ng2. Plots of the energy levels E00, E01, E10 and E11 are shown in

Fig. 3.8, for several values of EJ/EC . As in the case of the transmon qubit [9], we

observe the dispersion in energy levels due to the offset charge decreases rapidly with

the ratio of EJ/EC .

We can understand the nature and behaviour of charge dispersion in Eqn. 3.5 in

a transmon regime (EC , Ep ≪ EJ) by using a 2D tight-binding approximation (see

Appendix A).4 In Fig. 3.9 (a), the potential energy landscape shows that for each

energy minimum, there are four neighbouring lattice sites dependent on ng1 and ng2,

with an equal tunnel-barrier energy between them. This will produce a dispersion

relationship of the form E(ng1, ng2) ∼ (cosng1 + cosng2).

3Parts of this work have been published in [38]
4We note this method can be extended to n degrees of freedom for more complex multi-mode

devices.
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Figure 3.8: Eigenenergies Emn of the |00⟩ (blue), |01⟩ (green), |10⟩ (orange) and |11⟩
levels of the charge sensitive two-mode coaxial transmon Hamiltonian of Eqn. 3.5, as
a function of gate charge offsets (ng1, ng2) for different Josephson energy to charging
energy ratios EJ/EC (with constant Ep = 0.4EC). Eigenenergies in units of lowest
mode transition energy (E01 − E00) evaluated at degeneracy point ng1 = ng2 = 0.5.
Zero point chosen as bottom of m = n = 0 level.

This can be represented in terms of the sum and difference offset charges, ngΣ and

ng∆, as:

Emn(ngΣ, ng∆) ≈ Emn +
ϵmn

4
cos πngΣ cos πng∆, (3.27)

where ϵmn is the maximum measured charge dispersion for the Emn level, where m(n)

is the number of excitations in the Σ-mode (∆-mode).
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landscape of the device, where local minima are 2π periodic along the diagonals.
White dashed arrows indicate the four possible tunnelling routes to nearest neigh-
bouring lattice sites. The probability of tunnelling to a neighbouring well in each
of the four directions is equal in the symmetric case. (EJ1 = EJ2) (b) The
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potential en-

ergy landscape of the device in the asymmetric case (EJ2 = 0.6EJ1). The potential
barrier between adjacent nearest neighbouring lattice sites is not equal.

One source of decoherence is sudden changes in offset charge due to tunnelling of

quasiparticles across Josephson junctions from one superconducting island to another

[80]. This corresponds to jumps in either ng1 → ng1 +0.5, ng2 → ng2 +0.5, otherwise

denoted as jumps in charge parity Odd (O) to Even (E) or Even to Odd. This results

in four different parity configurations, two for each mode in the system. Fig. 3.10

(a) shows the energy-level dispersion with dependence on four parity configurations

(OO, EO, OE, EE), with a maximum dispersion of ϵmn.

In Fig. 3.10 (b) we show numerical calculation of charge dispersion ϵmn as a

function of EJ and EC for Ep = 0.4EC , obtained by calculating the eigenvalues of the

Hamiltonian in Eqn. 3.5 in the charge basis. We use a semi-analytical wavefunction

approach [166] to derive an analytical form of this dependence:
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Figure 3.10: (a) Dispersion of eigenenergies of the four lowest energy levels of the
qubit Hamiltonian as a function of gate charge offset ng1, with constant gate charge
offset ng2, showing the four possible parity configurations (OO, EO, OE, EE). (b)
Comparison of numerical (solid) and tight binding model (dashed) calculations of
charge dispersion for the lowest four energy levels of the qubit Hamiltonian, as a
function of the ratio EJ/EC . The right vertical scale gives the charge dispersion in
MHz for a lowest transition frequency of 5 GHz. (c) Magnitude of charge dispersion
of the lowest four energy levels as a function of the junction asymmetry, for charge
sensitive device (EJ/EC = 22, solid lines, measured in Chapter 5), and charge sup-
pressed device (EJ/EC = 70, dashed lines, measured in Chapter 4).

ϵmn ≈ A0EJ
22(m+n)

m!n!

×
(

EJ

EC(1 + Ep/2)

)m/2(
EJ

EC(1− Ep/2)

)n/2

× exp

{
−

(√
2EJ

EC(1 + Ep/2)
+

√
2EJ

EC(1− Ep/2)

)}
.

(3.28)

This charge dispersion follows an exponential suppression, and in the limit Ep → 0,

the exponent term tends towards the value for the standard transmon. The factor A0

is obtained empirically by fitting to the numerical calculation of charge dispersion,

shown in Fig. 3.10 (b).

As previously calculated, any asymmetry in the Josephson junction energies can

have a significant effect on the behaviour of the device. Here, we note the junction
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asymmetry modifies the potential term, as shown in Fig. 3.9 (b). This changes

our previous assumption that the tunnel-barrier energies between adjacent lattices

are equal. Since the dominant term in the calculation of the magnitude of charge

dispersion is the overlap of these adjacent wavefunctions modulated by the potential,

this will result in a non-equal maximum charge dispersion of each mode. We show

this calculated numerically in Fig. 3.10 (c).

Each mode is sensitive to both charge offsets, i.e. if there are fluctuations in ngΣ,

this can be observed in dispersion of the ∆-mode. Importantly, this means that a

single mode can detect fluctuations in both offset charges simultaneously.

We note that whilst the multi-mode qubit structures posses more complex charge

sensitivities, we present a method to suppress this sensitivity. In the same way the

transmon qubit is designed to have high EJ/EC ratio, we can also increase the ratio

of Josephson energy to charging energies to suppress the sensitivity to low-frequency

charge noise.

In experimental chapters, we explore devices with a range of parameter regimes

and magnitudes of charge sensitivity. In Chapter 5, we present results of experiments

on a highly charge-sensitive two-mode coaxial transmon, and utilise the complex

multi-mode device as a spatial detector of surface charge.

3.2 Inverted Two-mode Coaxial Transmon

The versatility of superconducting circuits allows us to easily modify designs in order

to achieve more desirable parameter regimes. Here we present a modified design of a

three-island, two-junction, coaxial superconducting qubit device, which we name the

inverted two-mode coaxial transmon.
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Figure 3.11: (a) Simplified schematic of the inverted two-mode coaxial transmon.
Inner superconducting islands connected by Josephson Junction (E∗

J). Outer su-
perconducting island connected via Josephson junction (EJ) to upper inner super-
conducting island (green). (b) Equivalent circuit diagram of the inverted two-mode
coaxial transmon. Inner islands connected via capacitance (Cm) and Josephson junc-
tion (E∗

J) between them. Inner islands connected to outer island via capacitance (2C),
and upper inner island (green) connected to outer island via Josephson junction (EJ)

3.2.1 Device Design

The circuit of this design is shown in Fig. 3.11, where the notable modification is

the moving of one of the junctions to be between the two inner islands. Whilst this

does break the symmetry of the device, and the symmetry protection aspects that the

previous device presented possesses, the effect is that the frequencies of the Σ-mode

and ∆-mode are reversed (ω∆ > ωΣ). The device still has two modes, however, the

higher frequency mode has an electric dipole moment, and the lower frequency mode

has an electric quadrupole moment, inverted to the previous device presented.

3.2.2 Potential Use Cases

This inversion in the polarisation of the electric fields of the two modes of the device

lends itself to novel use cases. One such architecture we can consider is coupling the

higher frequency mode to a uniform electric field (due to the dipole-like nature of the
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mode), in a 3D electromagnetic environment.

The simplest example of this is to consider embedding a substrate with the in-

verted two-mode coaxial transmon fabricated on inside a 3D cavity. In this case, the

cavity would couple to the higher frequency dipole-like mode, allowing for dispersive

readout, whilst the lower frequency quadrupole like-mode would be protected5. This

architecture can also be exploited to generate a global coupling scheme between many

inverted two-mode coaxial transmon devices, with a selective local control.

The second example of the inverted two-mode coaxial transmon embedded in a

3D electromagnetic environment architecture we consider is that of a waveguide. The

useful characteristic of a waveguide is that it acts as a microwave transmission line,

with a cutoff frequency given by,

fc =
1

2a
√
µϵ

=
c

2a
, (3.29)

where a is the width of the waveguide, µ (ϵ) is the relative permeability (permittivity)

of the transmission medium, and c is the speed of light through the medium. Below

this frequency, no waves can propagate through the waveguide [167].

This high pass filtering mechanism allows us to engineer a system such that the

higher frequency dipole-like modes can couple to, and be addressed by, the waveguide

(with frequencies above fc), whereas the lower frequency quadrupole-like modes can

be placed below the waveguide cutoff frequency. This adds an additional layer of

protection, since the lower frequency modes cannot couple to the waveguide mode,

and are below the cutoff frequency.

This has multiple possible applications, notably in the areas of multiplexing read-

out, well as single microwave photon detection [168–170].

5Protected with respect to decoherence as a result of being coupled to a cavity [30]. Breaking
the symmetry does introduce a transverse coupling between the Σ-mode and ∆-mode, such that
the protected mode would be susceptible to Purcell losses, albeit mediated via the higher frequency
mode which would act as a Purcell filter.
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Figure 3.12: 3D render of an inverted two-mode coaxial transmon device embedded
in a 3D waveguide architecture. Higher frequency dipole-like modes couple to the
waveguide mode, allowing addressability of multiple devices from a single control
port. Coaxial control lines protrude into the waveguide from behind the substrate to
address the protected, lower frequency, quadrupole-like modes.

Whilst we introduce this modified device and conjecture of the potential use cases,

we do not present any experimental demonstration or results. Incorporating multi-

mode qubits in 3D waveguides is the subject of ongoing investigations, for usage in

multiplexed readout, and photon detection applications. We show a visualisation of

this experiment in Fig. 3.12.

3.3 Coupled Two-mode Coaxial Transmon Archi-

tectures

In this section, we introduce a system consisting of two statically-coupled two-mode

coaxial transmons, depicted in Fig. 3.13. We investigate the coupling of the four

modes of the system, and show that we are able to engineer a highly mode-selective

coupling, using the spatial symmetries of the modes. This allows us to demonstrate

the use of two protected modes of the system as computational modes, with no mea-

surable quantum crosstalk (unwanted ZZ interactions) between them. In addition,
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QA

QB

Figure 3.13: Simplified schematic of a pair of two-mode coaxial transmon devices
QA (blue) and QB (green). Outer islands coupled together via an overlapping arm
capacitor. LC resonators on opposing side of substrate allow for selective readout of
each two-mode coaxial transmon device, as in Section 3.1.5, along with coaxial control
lines, as described in Chapter 2, for addressing the device and readout resonator.

we present a theory of how a microwave activated conditional phase gate can be

operated, utilising the coupled ancillary modes of the system (AT-MAP).

This system of two coupled two-mode coaxial transmons (labelled as QA and QB)

has four modes: QA-Σ-mode, QA-∆-mode, QB-Σ′-mode and QB-∆′-mode. We label

the four mode state of the device as |ijkl⟩, where i(j) correspond to the number of

excitations in the QA-Σ-mode (QA-∆-mode), and k(l) corresponds to the number of

excitations in the QB-Σ′-mode (QB-∆′-mode). This is more clearly pictured when

we write the wavefunction of the system as |ψ⟩ = |Σ∆Σ′∆′⟩

3.3.1 Device Hamiltonian and Mode-Selective Coupling

The system we explore in this work comprises of a pair of two-mode coaxial transmons,

coupled together via an overlapping arm capacitor, as depicted in Fig. 3.13 (a). In

the coupled anharmonic oscillator approximation, this system has the Hamiltonian:

ĤTotal/ℏ = ĤQA + ĤQB + Ĥint, (3.30)
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Figure 3.14: Mode selective coupling in two-mode coaxial transmons. (a) Illustration
of electric field oscillations and superconducting island participation in both QA Σ-
mode and QB Σ′-mode. Modes hybridise due to coupling capacitance between outer
islands of devices. (b) Illustration of electric field oscillations and superconducting
island participation in both QA ∆-mode and QB ∆′-mode.

where ĤQA and ĤQB are the two-mode device Hamiltonians of Eqn. 3.6, and Ĥint

is the interaction Hamiltonian, given by:

Ĥint/ℏ = J(â†ΣâΣ′ + âΣâ
†
Σ′). (3.31)

Here, J is the exchange interaction strength between the symmetric modes of each

device, labelled as Σ(′) for QA (QB). Since the capacitor couples on the outer islands

of the devices, only modes in which the outer islands participate in will couple across
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the devices, as shown in Fig. 3.14 (a). This is true for the symmetric Σ-modes

of each device, hence there is an exchange interaction between them, identical to

that of statically coupled fixed frequency transmon devices. However, as the outer

island does not participate in the antisymmetric ∆-modes, that correspond to out-

of-phase oscillations on the two inner islands of the device, as shown in Fig. 3.14 (b),

there is no direct coupling between these modes across the device. In addition, the

introduction of the transverse coupling between symmetric modes does not introduce

a perturbative cross-Kerr shift between antisymmetric modes [146]. As such we are

able to create a mode-selective coupling in this system, where only the symmetric

Σ-modes of each device are coupled, and the antisymmetric ∆-modes are protected

from each other.

This structure lends itself to using the ∆-modes of the system as protected compu-

tational modes, whilst using the coupled Σ-modes as communication modes. By re-

moving the direct coupling between computational modes, we eliminate the always-on

unwanted interaction that introduces errors into computations within fixed-frequency,

statically coupled, transmon systems.

3.3.2 Effect of Junction Asymmetry

As introduced previously in Section 3.1.4, asymmetry in the junction energies of the

two-mode coaxial transmon introduces an additional transverse coupling between the

Σ-mode and ∆-mode. The introduced mode-selective coupling is engineered to sup-

press any coupling between computational modes, however, this asymmetry induced

transverse coupling between each pair of Σ and ∆-modes does introduce a coupling

between the protected ∆-modes across the two devices, mediated by the ancillary

transitions.

To demonstrate this, we first construct the Hamiltonian of coupled two-mode

coaxial transmon system in the anharmonic oscillator approximation, with an ad-
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Figure 3.15: State-dependent frequency shift χ∆∆′ between the protected, computa-
tional, ∆-modes, of QA and QB, as a function of ∆-mode detuning, for increasing
parasitic exchange coupling Jp. State-dependent frequency shift of two coupled single
mode transmon (purple) with J = 5 MHz (and equivalent ω and η) shown for com-
parison. Vertical dashed lines indicate anharmonicities (ηi/2π = 0.1 GHz). Results
obtained from numerical diagonalisation of Hamiltonian in Eqn. 3.32.

ditional junction-asymmetry-induced parasitic coupling between the Σ-modes and

respective ∆-modes (of strength Jp, calculated from Eqn. 3.23) such that the system

Hamiltonian is given by,

Ĥasym./ℏ = ĤTotal/ℏ+ Jp(â
†
Σâ∆ + âΣâ

†
∆) + Jp(â

†
Σ′ â∆′ + âΣ′ â†∆′). (3.32)

We numerically calculate the eigenenergies of this Hamiltonian using a QuTip [171]

simulation, using a range of values Jp, and the system parameters: ω∆/2π = 5 GHz,

ωΣ/2π = 7 GHz, ωΣ′/2π = 7.1 GHz, ηi/2π = 0.1 GHz, χΣ∆/2π = χΣ′∆′/2π = 0.2

GHz, J/2π = 10 MHz. We obtain the state-dependent frequency shift between the

computational modes, χ∆∆′ , as a function of the detuning between these modes,

shown in Fig. 3.15. Note this frequency shift is a perturbative cross-Kerr shift as a
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result of the parasitic transverse coupling, not a direct longitudinal coupling between

the two ∆-modes. We choose values of Jp approximately corresponding to a 0%

(Jp/2π = 0 MHz), 1% (Jp/2π = 10 MHz), 5% (Jp/2π = 50 MHz) and 10% (Jp/2π =

100 MHz) asymmetry in internal device Josephson junction energies, and assume Jp

to be equivalent across both coupled devices for simplicity. The obtained χ∆∆′ , shown

in Fig. 3.15, shows that even with a large asymmetry in internal junction energies,

the resulting frequency shift is orders of magnitude smaller than the equivalent to

the always-on unwanted ZZ interaction in coupled transmon circuits. The typical

spread in nanofabricated junction energies of 2% on a chip (corresponding to a 2%

asymmetry in the junctions of a single device), result in χ∆∆′ ∼ 10 Hz. This is

immeasurable with current experimental sensitivities.

3.3.3 AT-MAP Interaction

In order for the coupled two-mode coaxial transmon system to be used for quantum

computation, it is necessary to be able to perform two-qubit gate operations between

computational modes. Whilst the ∆-modes of the device have suppressed quantum

crosstalk between them, making them favourable for computational states, there is

no direct coupling and so conventional two-qubit gates (as described in Section 2.2.2)

are not possible. Here we describe how we can use the ancillary modes of the device

to generate an entanglement between these computational modes.

3.3.3.1 Perturbation Theory and Gate Operation

In 3.16 (a), we show a simplified truncated energy level diagram of the coupled system.

Due to the capacitive coupling between the outer islands of the devices, there is an

exchange interaction of strength J between the ancillary Σ-modes of the system,

shown in the highlighted dark blue region of Fig. 3.16 (a). When these transitions

are on resonance, they will experience a splitting due to the interaction and avoided
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Interac�on Region

QA QB

Energy Levels:

Two-qubit Subspace

Interac�on
Region
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Figure 3.16: Energy levels of the truncated coupled two-mode coaxial transmon sys-
tem. (a) Energy levels in the separate two-mode coaxial transmon picture. Each de-
vice has a V-shaped energy level structure, with the ancillary transitions (Σ-modes)
on resonance, causing a conditional splitting 2δ. Dotted arrow shows where AT-
MAP interaction is driven, when QA ∆-mode is operated as the control, and QB
∆′-mode is the target. (b) Energy level diagram in the tensor product of compu-
tational modes and ancillary modes picture. Highlighted interaction region shows
where ancillary transitions are excited. Grey region shown computation subspace of
the two ∆-modes. Difference in transition energies between |0000⟩ → |0010⟩ and
|0100⟩ → |0110⟩, (of magnitude δ) leads to driven AT-MAP interaction, shown by
orange arrows.

53



3.3. COUPLED TWO-MODE COAXIAL TRANSMON ARCHITECTURES

crossing of the energy levels. Even if the transitions are not exactly on resonance,

they will still undergo a splitting of 2δ, where,

δ =
1

2

(√
4J2

ΣΣ′ +∆2
ΣΣ′ −∆ΣΣ′

)
, (3.33)

where ∆ΣΣ′ = ωΣ −ωΣ′ is the detuning between the Σ-modes, JΣΣ′ is the interac-

tion strength between the ancillary transitions.

We describe this as a conditional splitting due to the large internal mode cross-

Kerr shift χΣ∆. This ensures a difference between the energies of the |0000⟩ → |0010⟩

and |0100⟩ → |0110⟩ transitions, where the QA ∆-mode is used as the control mode,

given by δ as shown in Fig. 3.16 (b).

In order to use this mechanism for a two-qubit gate operation, we utilise the ac-

Stark effect. Introducing an external drive of amplitude Ω, detuned from a transition

by ∆d, we can shift the energy level by an amount Ω2/∆d, provided this quantity

is small. Due to the strong longitudinal coupling between the Σ-mode and ∆-mode

of each device, we can drive the ancillary transitions off-resonantly and accumulate

a phase ϕ on the |0000⟩ state relative to the |0001⟩ state. When driving the target

qubit ancillary transition off-resonantly in the interaction region, as shown in Fig.

3.16 (a), the conditional splitting of the coupled ancillary modes previously described

leads to a phase accumulation dependent on the state of the ∆-mode of the control

device. As such, we are able to obtain a conditional phase rotation in the ∆-mode of

the target device (QB), dependent on the state of the ∆-mode of the control device

(QA). This is how we drive an all-microwave conditional phase gate via the ancillary

transitions (AT-MAP), and are able to generate an entanglement operation between

two modes with no direct coupling between them.

The interaction can be analytically described through perturbation theory. We

first constructing the diagonalised matrix of the Hamiltonian of Eqn. 3.30 up to the
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Figure 3.17: Perturbative analysis of the AT-MAP interaction. (a) Gate rate ξ as
a function of detuning between drive and target mode ancillary transition (∆d =
ωd − ωΣ), for a drive strength of Ω/2π = 5 MHz. Vertical dashed lines indicate
asymptotes at ∆d = 0 and ∆d/2π = δ/2π = 3.8 MHz. (b) Gate rate ξ as a function
of drive strength, at a detuning of ∆d/2π = 15 MHz. Numerical result (black, solid)
calculated from an N = 6 level simulation of the coupled two-mode coaxial transmon
Hamiltonian. Analytical result (red, dashed) plotted from Eqn. 3.35.

two-photon excitation manifold and model the AT-MAP interaction as a drive term

on the target mode ancillary transition, given by,

Ĥd = Ω(â†Σ′ + âΣ′). (3.34)

We move to the rotating frame of the drive term of frequency ωd, and diagonalising

the matrix using a second order Schreiffer-Wolff transformation [172], we obtain a gate

rate of:
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ξ = (E0101 − E0001 − E0100 + E0000)/ℏ ≈ Ω2δ

∆d(∆d − δ)
, (3.35)

where Ω is the drive strength, δ is the splitting of the ancillary transitions, and

∆d = ωd − ωΣ is the drive detuning. This is defined as the microwave induced ZZ

interaction between the protected ∆-modes of the system. We plot the analytical

result, along with the result of a N = 6 level numerical simulation of the system

with parameters listed in Section 3.3.2 (with Jp = 0), in Fig. 3.17. Our analytical

expression identifies the asymptotic behaviour of the interaction when ∆d = 0, and

∆d = δ, indicating when the ancillary transition is driven on resonance. However,

we observe the perturbative result breaks down for strong drive strengths, and small

detunings. In experiments, we use larger drive strengths in an attempt to maximise

gate speeds.

We see that there is poor agreement between our analytical results and numerical

calculation for small detunings or large drive strengths. This is due to our analytical

calculation treating the perturbations of the transverse coupling between ancillary

modes and the additional drive term separately, and is also seen in [114]. A more

thorough treatment considering both perturbations simultaneously, as in [173], could

produce more accurate results, but is beyond the scope of this work.

To demonstrate how this conditional phase interaction can be used as a two-qubit

gate between protected computational modes, we perform a simulation of the time

dynamics of the coupled two-mode coaxial transmon system under a constant off-

resonant drive to an ancillary transition. Constructing the Hamiltonian of Eqn. 3.30,

with parameters ω∆/2π = 4 GHz, ωΣ/2π = 7 GHz, ω∆′/2π = 4.5, ωΣ′/2π = 7.1 GHz,

ηi/2π = 0.1 GHz, χΣ∆/2π = χΣ′∆′/2π = 0.25 GHz, J/2π = 15 MHz, we introduce a

time varying drive term of the form

Ĥdrive/ℏ = Ωcos (ωdt)(â
†
Σ′ + âΣ′), (3.36)
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Figure 3.18: Driven simulation of the AT-MAP gate procedure, described in main
text. Excited state population of the QA Σ-mode (a), QB Σ′-mode (b) and QA
∆-mode (c), with the control mode (QA ∆-mode) initialised in the ground (red)
or excited state (black). (d) Expectation of the |+⟩ ⟨+| operator of the target mode
(QB ∆′-mode) as a function of AT-MAP interaction drive time with the control mode
initialised in the ground (red) or excited (black) state. Target mode initialised in the
|+⟩ = 1/

√
2(|0⟩ + |1⟩) state. Oscillations indicate rotation around the Z axis of the

Bloch sphere. Vertical dashed line at 500 ns shows when oscillations are maximally
out of phase, such that a conditional π phase shift occurs.

where Ω/2π = 50 MHz is the drive amplitude, and ωd/2π = ωΣ′/2π − 50 MHz is

the drive frequency. Using a master equation solver [171], we are able to observe the

time evolution of the system under set initial conditions. The two initial condition

cases we observe are when the control mode (QA-∆-mode) is in the ground or excited

state.

In Fig. 3.18 (a) (b) and (c), we show the expectation of the labelled modes being

in the excited state when the interaction is driven. As expected, the control qubit

ancillary transition (QA Σ-mode, Fig. 3.18 (a)) shows no excited state population,

and the control qubit computational mode is in the ground or excited state dependent

on the initialisation. The target qubit ancillary transition (QB Σ′-mode, Fig. 3.18

(b)) shows a small amount of excited state population, since it is being driven off-
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resonantly (detuned by 50 MHz). We note that the excited state population is very

similar for the two control states, due to the drive detuning (50 MHz) being much

larger than the target qubit ancillary transition frequency shift ((E0110 − E0010 −

E0100 + E0000)/ℏ = χΣ′∆/2π ∼ 5 MHz). In Fig. 3.18 (d) we show the expectation

of the |+⟩ ⟨+| operator of the target qubit computational mode (QB ∆′-mode). The

oscillations visible show the Bloch vector rotating about the Z axis at a rate dependent

on the state of the control mode. When these oscillations are maximally out-of-phase,

the target mode accumulates a phase ϕ = π relative to the phase accumulated when

the control mode is in the ground state. This is how we implement a conditional

phase gate, also described as a [ZZ]π, or CZ gate.

3.3.3.2 Resonance Conditions

As this gate is driven outside the computational subspace of the ∆-modes, we can

utilise other transitions of the multi-mode device that are coupled in order to perform

this interaction. In this system, the |1000⟩-|0010⟩, |1100⟩-|0011⟩, |1100⟩-|0010⟩ and

|1000⟩-|0011⟩ energy levels will all have an exchange coupling of strength J|ijkl⟩|mnop⟩,

where J|ijkl⟩|mnop⟩ is the matrix element corresponding to the interaction between the

|ijkl⟩ and |mnop⟩ transitions, due to their spatial symmetry. This will lead to a

conditional splitting δ as before that can be used in the same way as previously

described in order to perform the AT-MAP interaction. This allows us much greater

flexibility in frequency allocation when designing these devices for multi-qubit gate

operations, as there are four possible resonance conditions that can be met in order

to maximise gate speed:
ωΣ = ωΣ′

ωΣ = ωΣ′ − χΣ′∆′

ωΣ − χΣ∆ = ωΣ′

ωΣ − χΣ∆ = ωΣ′ − χΣ′∆′

(3.37)
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Figure 3.19: Conditional energy level splitting δ of the four possible pairs of ancillary
transitions around which the AT-MAP interaction can be driven, as a function of
detuning between Σ-modes. Vertical dashed lines show locations of the four resonance
conditions in Eqn. 3.37. Energy level diagrams (right) of coupled two-mode coaxial
transmon system, as in Fig. 3.16, with the pair of transitions on resonance in each
case highlighted in grey. Result from numerical diagonalisation of Hamiltonian in
Eqn. 3.30, with parameters from device measured in Chapter 6 (parameters shown
in Table 6.1)

In Fig. 3.19, we plot the state dependent shift between all four of these possible

resonant transitions, as a function of the detuning between the Σ-modes of the devices,

and highlight the frequencies at which each resonance condition is met. In each case,

even if the resonance condition is not exactly met, there is still a conditional shift of

at least 2 MHz across all possible pairs of ancillary transitions, shown in Fig. 3.19

(e). By having the freedom to operate the gate using different transitions, there is

much more flexibility when it comes to hitting frequency targets in fabrication. In

contrast to cross resonance, where optimal gate speeds are obtained when the qubits

are in the straddling regime and separated by ≈ 100 MHz, there is a frequency range
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of 2χΣ∆ ≈ 500 MHz where fast gate operation is possible. The additional peaks in

the spectrum are due to the anharmonicities of each ancillary transition (ηΣ,Σ′).

An additional benefit of this multi-mode structure and AT-MAP gate scheme is

that there is no limit imposed on the interaction strength J between the ancillary

transitions. Unlike CR based architectures where this coupling is small in order to

reduce unwanted always-on interactions, due to the symmetry of the modes, the ∆-

modes will always be protected, and so the engineered coupling can be significantly

larger by comparison.

There are potential issues and sources of error when operating the AT-MAP gate

in the mode-selective architecture. The most significant is leakage into the ancillary

modes of the system. Whilst we aim to reduce this by driving off-resonantly, there

may be some non-negligible population in these Σ-modes if the gate is driven at high

drive amplitudes. Due to the large χΣ∆ state dependent shift between the Σ-mode

and ∆-mode of each device, any unwanted population in the ancillary modes will

cause significant errors when addressing the computational mode. Secondly, there are

additional frequency collision conditions to consider in this off-resonant AT-MAP gate

implementation. Whilst the computational modes will be protected, care needs to be

taken when designing the ancillary mode frequencies to ensure gates can be driven

selectively in larger arrays of devices. We note that since this gate is driven far (≈ 1

GHz) from ∆-mode transitions, unwanted off-resonant driving of the computational

modes resulting in Stark-shift induced phase errors is minimal.

Whilst we operate the system using the Σ-modes as ancillaries to drive this partic-

ular gate, it is also possible to use this structure for 4-qubit interactions and perform

Toffoli class gates. A simple extension of our AT-MAP interaction is to use the target

ancillary mode as an additional control mode, thus implementing a CCCPhase gate.
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3.4 Conclusion

In conclusion, we have presented a theoretical introduction to the two-mode coaxial

transmon device. The addition of a second transmon-like mode within the unit-

cell of the coaxial circuit QED architecture presents multiple opportunities in the

development of superconducting-circuits-based quantum computers, for both readout

mechanisms and two-qubit gates. We have outlined how the sensitivities of device to

charge-noise can be suppressed, and how a mode-selective coupling can be engineered.

Finally, we showed how one can drive a conditional interaction between protected

modes in a system of coupled two-mode coaxial transmons, introducing a microwave

activated conditional phase interaction driven via ancillary transitions (AT-MAP).

The theoretical work in this chapter presents the premise for experimental work

conducted in this thesis, demonstrating the unit-cell operation and characterisation

measurements (Chapter 4), investigating charge sensitivity and use-case as a detec-

tor of spatial charge fluctuations (Chapter 5), and generating entanglement between

protected modes in a coupled two-mode coaxial transmon system (Chapter 6).
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Chapter 4

Demonstration of the Two-Mode
Coaxial Transmon

In this chapter, we present results of experiments performed on a single unit cell

two-mode coaxial transmon. We show how the Hamiltonian can be characterised

through two-tone spectroscopy methods, as well as the operation and optimisation of

simultaneous dispersive readout of the two modes. We characterise energy relaxation

and coherence with time-resolved measurements, and demonstrate how a fast inter-

modal gate can be implemented utilising the large cross-Kerr shift of the device.

4.1 Device Design

We design the device using the simulation methods outlined in Appendix B in order to

obtain the parameters shown in Table 4.1 (shown on page 77). These parameters are

targeted in order to reduce the effects of charge noise in the system, as well as have a

sufficiently high cross-Kerr shift between modes, useful for performing fast gates. The

parameters are also targeted to allow two-qubit gate operations between multiple two-

mode coaxial transmons, presented in Chapter 6. Whilst we aim for mode transition

frequencies in the range of 4 - 6 GHz, fabrication processes mean that these cannot

always accurately be matched. As such, we focus on device parameters defined by

large scale features such as pad geometry (EC , Ep), that are photo-lithographically

patterned and have much higher tolerances.

62



4.1. DEVICE DESIGN

Figure 4.1: 3D model of device used in Ansys HFSS simulation aided design. The
chip consists of 4 two-mode coaxial transmon devices (purple), on the opposing side
of a silicon substrate (black) to coaxial spiral resonators (white), used for dispersive
readout. The model shows the four coaxial control and readout lines suspended above
the readout resonators. A single-sided control wiring configuration is used to address
both readout resonators and modes of the device via the same control port.

The devices are fabricated using a double sided, wafer scale nanofabrication pro-

cess on a 0.5 mm silicon wafer. Following an HF surface treatment, aluminium is

deposited onto both sides of the substrate, and photolithography and etching meth-

ods are used to pattern large scale features of the devices, such as qubit islands and

resonators. Electron beam lithography and double-angle evaporation of aluminium is

used to pattern the small scale Josephson junction features. Details of the process are

outlined in Appendix C (p162-170) of [161]. The resulting wafer is diced into 5 × 5

mm chips. The device measured is shown in Fig. 4.2 (a).

For these experiments, we mount the device in an aluminium sample holder, placed

within a light-tight µ-metal magnetic shield, anchored to the 20 mK stage of a di-

lution refrigerator, operating in the standard cQED experimental setup presented
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Figure 4.2: (a) 5mm x 5mm x 0.5mm silicon substrate with nanofabricated two-mode
coaxial transmon device measured in these experiments. Substrate is sitting in a
custom machined PTFE holder, designed to protect the reverse side with readout
resonators photo-lithographically patterned. (b) Sample holder in which the two-
mode coaxial transmon chip is mounted. Four wires shown are the coaxial control
and readout pins for addressing both the resonators and qubit devices.

in Appendix C. The device is secured in place in the sample holder using small

quantities of indium, placed in the corners of the chip pocket of the sample holder,

shown in Fig. 4.1. The sample holder, shown in Fig. 4.2 (b), has a single sided

wiring configuration, such that both the qubit and resonator are addressed through

the same coaxial control port. Experimentally, this is achieved by combining the

signals externally to the cryogenic system. Whilst this does reduce the overall wiring

requirement and passive heat load of the control wiring, it can introduce difficulties

when driving qubits through the resonator, since out-of-band signals will be filtered.

Additional care is also taken to ensure output amplifiers are not saturated by qubit

control signals, with the use of bandpass filters.

64



4.2. READOUT CHARACTERISATION

4.2 Readout Characterisation

The Hamiltonian describing the system of a two-mode coaxial transmon coupled to

a linear resonator is given by,

Ĥ/ℏ = ĤQ/ℏ+ ωr(â
†
râr + 1/2) + gΣr(â

†
r + âr)(â

†
Σ + âΣ) (4.1)

where ĤQ is the Hamiltonian of the two-mode coaxial transmon in Eqn. 3.6, â
(†)
r is

the annihilation (creation) operator for the resonator mode, ωr is the resonator mode

frequency, and gΣ(∆)r is the coupling between the resonator mode and the Σ-mode

(∆-mode). This weak coupling between each transmon mode and the resonator mode

leads to a modal-state-dependent resonator frequency shift of χΣ(∆)r. In the dispersive

limit, g ≪ (ωr − ωΣ), the interaction Hamiltonian (Ĥint) is of the form,

Ĥint/ℏ =
∑
i=Σ,∆

χirâ
†
rârâ

†
i âi (4.2)

where the frequency shift χΣ(∆)r is defined as previously in Chapter 3.

This state-dependent frequency shift, χΣ(∆)r, is the mechanism that allows us to

readout the state the device. By probing the resonator frequency, we can determine

whether each mode is in the ground or excited state.

When characterising the readout resonator, we perform a weak continuous mea-

surement. In the steady state regime, this populates the resonator in a coherent state

of average photon number ⟨n⟩. When performing qubit control operations and pulse

sequences, we use a pulsed measurement scheme, such that there are no photons in

the resonator, and thus no stark-shifts of the qubit, during qubit control sequences.

Qubit measurement is then achieved by sending a ≈ 5 µs soft square pulse to the

resonator and analysing the response as outlined in Appendix D.
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4.2.1 Resonator Spectroscopy

We use a two-port Vector Network Analyser (VNA) connected to the input and output

line of the experiment setup to identify readout resonator frequencies initially. To

calibrate the room temperature attenuation required, we identify the power required

to reach the bifurcation regime [174], and add an extra 10 dB of attenuation to

the readout signal generation such that the dynamic range of the readout signal

generation setup is insufficient to reach the power required to reach this transient

regime. Experimentally, this leads to approximately 50 dB of attenuation at room

temperature, to ensure that we are always operating in the low photon number regime

of the system.

When in the low power regime, we fit the measured signal by treating the modes

as a single port resonator connected to a feed line, the complex S11(f) is given by,

S11 =
(Qe −Q0)/Qe + j2Q0δf

(Qe +Q0)/Qe + j2Q0δf
(4.3)

where f0 is the resonant frequency of the mode, δf = (f − f0)/f , Qe is the external

quality factor, and Q0 is the internal quality factor [175].

Due to the finite length of the transmission line, there is an additional phase change

as the signal propagates through the line, given by ej(x.δx+θ), where δx = (f − f0)/f0,

and v and θ are free parameters. There is also some damping caused by the microwave

cables, which can be approximated with linear dependence, given by a + b.δx. An

additional offset for power reflected back without crossing the device is modelled as

Ic + iQc. These additional components are fitted to the data far from resonance and

then added to the original model for S11(f), giving the equation we fit the measured

resonator signal to as,

S11,meas(f) = (a+ b.δx)S11(f)e
j(v.δx+θ) + (IC + iQc) (4.4)

The measured and fitted resonator spectroscopy for this device measured is shown

in Fig 4.3, with a frequency of ωr/2π = 9.317 GHz and linewidth of κr/2π = 1.9 MHz.
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Figure 4.3: Resonator spectroscopy response (black) fitted to Eqn 4.4 (red), showing
the real and imaginary components (left), magnitude (center) and phase response
(right). From the fit we extract the resonator frequency ωr/2π = 9.317 GHz and
linewidth of κr/2π = 1.9 MHz, with Q0 = 20600 and Qe = 6600.

4.2.2 Joint Dispersive Readout of a Multi-Mode Device

Since the Σ-mode and ∆-mode of the two-mode coaxial transmon have different detun-

ings and couplings to the readout resonator, they induce a different state-dependent

shift in the resonator frequency χΣ(∆)r. This allows us to perform a joint dispersive

readout of the two-mode state of the device [165]. We observe this when performing

a resonator spectroscopy measurement, conditional on the state of the multi-mode

device, as shown in Fig. 4.4.

By observing the real and imaginary components of the readout signal S with

sufficient measurement averaging, we can identify the centres of each state distribution

on the IQ plane at each readout frequency. In the ideal case, we wish to identify a

frequency for which the angle between the |10⟩, |00⟩ and |01⟩ distributions is 90◦.

This is such that when measuring a readout signal, we can rotate the IQ plane to

observe only a single axis and measure the state of each mode independently of the

other. Being able to independently determine the state of each mode of the multi-

mode device allows us to firstly ensure independent control and tuning, as well as

effectively measure leakage and unwanted state populations when performing multi-

qubit operations. It is a form of localised readout multiplexing and demonstrates the

additional capability of the multi-mode unit cell compared to the standard coaxial

67



4.3. HAMILTONIAN CHARACTERISATION THROUGH SPECTROSCOPY

9.305 9.310 9.315 9.320 9.325
Frequency (GHz)

1

0

1

2

3

4
 (r

ad
.)

Fit
Data

75 50 25 0 25 50 75
I ( V)

80
60
40
20
0

20
40
60
80

Q 
(

V)

|00
|10
|01
|11

Figure 4.4: Joint readout of the two-mode coaxial transmon. (left) Phase responses
of the readout resonator fitted to Eqn. 4.4, conditioned on the |00⟩ (blue), |10⟩
(orange), |01⟩ (green) and |11⟩ (red) states being prepared, from which we can extract
each χΣ(∆)r. Dotted vertical line indicated frequency (9.315 GHz) we use for readout
to maximally distinguish the |10⟩ and |01⟩ states. (right) IQ plane showing signal
distributions resulting from 100 measurements preparing the two-mode system in the
same four states as previous. Each measurement is averaged 1000 times to improve
signal to noise.

transmon device.

An example of the joint dispersive readout of the multi-mode device is shown in

Fig. 4.4. During readout, the state of the two-mode system collapses to the |00⟩, |01⟩,

|10⟩ or |11⟩ state. When performing averaged measurements the state is approximated

by the interpolated distance between the |00⟩ cluster centre and |10⟩ or |01⟩ clusters.

4.3 Hamiltonian Characterisation through Spec-

troscopy

4.3.1 Qubit Spectroscopy

In order to determine the transition frequencies of the modes of the two-mode coaxial

transmon, we perform a continuous wave (CW) spectroscopy measurement. This

consists of probing the resonator at it’s previously determined frequency ωr, whilst

simultaneously applying a weak continuous drive tone of frequency ωd to the control

port, sweeping the frequency range where we expect to observe the mode frequencies

(∼ 4− 6 GHz). Any transition coupled to the resonator that is driven on resonance
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will cause the resonator frequency to shift, and will thus induce a change in the

readout signal that is measured.
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Figure 4.5: Qubit Spectroscopy of the ∆-mode (left) and Σ-mode (right). Driving
at low powers (blue) results in a single peak corresponding to the frequency of the
|0⟩ → |1⟩ transition. At higher powers (orange), this first lineshape is broadened
and a second smaller peak emerges, corresponding to the (|0⟩ → |2⟩)/2 transitions.
Data is fitted to Lorentzian lineshapes, with vertical dashed lines indicating fitted
frequencies of transitions.

From the first two spectral peaks that emerge we identify the |00⟩ → |10⟩ and

|00⟩ → |01⟩ transitions, at the frequencies ωΣ = 5.74 GHz and ω∆ = 4.58 GHz. These

are single photon transitions and so require the least power in order to drive. Note

that ∼ 20 dB higher power is required to drive the ∆-mode than the Σ-mode. This

is likely due to the mode match (mismatch) between the Σ-mode (∆-mode) and the

coaxial drive field, as well as the difference in detuning from the readout resonator

which acts as a filter of the control signal.

The next transitions that appear at increasing drive power negatively detuned

from the single photon transitions in spectroscopy measurement are the two photon

|00⟩→|20⟩
2

and |00⟩→|02⟩
2

transitions, as shown in Fig. 4.5. From these frequencies we

extract the anharmonicity from ωi = (ωΣ(∆) − ηΣ(∆))/2, where ωi is the two photon

transition frequency, and we find ηΣ = 154 MHz and η∆ = 108 MHz.

Next we would like to measure the signature of the large cross-Kerr shift (χΣ∆)

between the two modes. In principle we should be able to observe this transition
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Figure 4.6: Wide qubit spectroscopy measurement at increasing drive power. Vertical
dashed lines indicate previously identified transitions from Fig. 4.5.

in spectroscopy around ω(|00⟩→|11⟩)/2/2π ≈ 5 GHz, based on our design parameters.

In Fig. 4.6 we show a spectroscopy measurement of the device in the 4.4 - 6 GHz

range. A set of spectral lines can be seen to appear at high power in the range 4.8

GHz < ωd/2π < 5.4 GHz. One of these spectral lines may be the 2-photon |00⟩→|11⟩
2

transition, but it is difficult to distinguish from other multi-photon transitions of the

device. In order to unambiguously distinguish these transitions, we turn to two-tone

spectroscopy.

4.3.2 Two-tone Spectroscopy

In order to obtain more information from spectroscopic measurements, we employ a

method of two-tone spectroscopy1. We use two continuous tones to drive the qubit

and sweep both frequencies at a fixed power, creating a two-dimensional spectroscopic

result. This allows us to probe a multitude of resonance conditions, which will be

different for each transition photon number, yielding a unique spectroscopic signature

1We note that strictly this is a three-tone measurement consisting of two qubit drive tones and
a readout tone (although a pulsed readout method is used here). It should not be misinterpreted as
being the same as other experimental methods describing a two-tone spectroscopy, consisting of a
single qubit tone and readout tone.
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for each.

Experimentally, we use two nominally identical signal generators to output the

continuous tones, and combine the signals at room temperature. We use a power high

enough to observe the transitions of interest over the full 4 - 6 GHz initially. This

does result in significantly larger broadening of the easier to drive transitions of the

Σ-mode, and so these are probed additionally at lower power in a smaller frequency

range. However, the aim of this spectroscopic method is to identify the blue sideband

transition ((|00⟩ → |11⟩)/2) between the Σ-mode and ∆-mode, in order to measure

the cross-Kerr shift χΣ∆.

The spectroscopic signature is dependent on the photon number of each transition.

The simplest example is a single photon transition, that can be driven equally well

by each drive tone. This manifests as a “+” type feature, as shown in Fig. 4.7 (a).

When each drive tone is at the transition frequency, the resonance condition that

fA/B = ft is met.

Figure 4.7: Spectroscopic signature of a single-photon (a), two-photon (b) and three-
photon (c) transition, as outlined in the main text. Axes correspond to the frequencies
of the two generators (A and B) providing the drive tones.

The second example is a two-photon transition. Like the single-photon transition,

the resonance condition can also be met by a single drive tone if the power is high

enough, resulting in a “+” feature. Additionally, there is the resonance condition
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from the combination of the drive tones, such that fA + fB = ft. This condition is

met at every point along the line, fA = ft−fB, resulting in a diagonal line of gradient

−1 in the spectroscopic signature, as shown in Fig. 4.7 (b). This feature is how we

identify two-photon transitions in our spectroscopy measurements.

The third most prominent feature is a three-photon transition. The single drive

resonance condition is unlikely to be met, since it requires a higher power than the

previous two examples, so the characteristic “+” shape is unlikely to be visible. The

three photon resonance condition is met when two photons from one drive tone mix

with an additional photon from the other drive tone, such that 2ℏωA/B+ℏωB/A = Et.

This condition can be met in two different ways; two photons from drive A mixing

with a single photon from drive B, or two photons from drive B mixing with two

photons from drive A. This results in two lines where the resonance condition is met,

2fA + fB = ft and fA + 2fB = ft, as shown in Fig 4.7. (c). This signature is how we

identify three photon transitions in the spectroscopic result.

There are additional spectral signatures that can often be visible in two-tone

spectroscopy methods when using high drive powers able to excite much higher photon

number transitions. An additional more complex higher power feature is the driving

of a single photon transition with a red sideband. That is where three drive photons

interact with the transition, such that 2fA − fB = ft, resulting in two diagonal lines

of positive gradient passing through the transition frequency. We only observe this

when driving the Σ-mode at high powers.

In Fig. 4.8 we show the result of the wide two-tone spectroscopy measurement.

With the knowledge of the spectroscopic signatures of each photon number transi-

tion, we are more easily able to identify features of the device. As with previous

spectroscopy measurements, the higher frequency Σ-mode transitions are easier to

drive than the lower frequency ∆-mode transitions, and so appear more prominently

at the same power. The two prominent cross shaped features at 4.57 GHz and 5.73
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GHz are the |0⟩ → |1⟩ transitions of the ∆-mode and Σ-modes previously identified.

One additional feature highlighted by this spectroscopy measurement, is the faint di-

agonal line between the two transitions, passing through 5.03 GHz. This corresponds

to the two-photon Bell-Rabi transition, or (|00⟩ → |11⟩)/2 transition. From this we

extract the cross-Kerr shift (ωΣ + ω∆ − 2ω(|00⟩→|11⟩)/2)/2π = χΣ∆/2π = 269 MHz. In

Fig. 4.8 (b) we show the two-tone spectroscopy plot with the identified transitions

overlaid for additional clarity. These transitions are also highlighted on the energy

level diagram of the two-mode coaxial transmon, shown in Fig. 4.8 (c).
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Figure 4.8: (a) Two-tone spectroscopy measurement result of the two-mode coaxial
transmon. (b) Spectroscopy measurement with transitions of the Σ-mode (orange)
and ∆-mode (green) highlighted. Grey diagonal dashed line shows the two-photon
|00⟩ → |11⟩ transition. (c) Energy level diagram of the two-mode coaxial transmon
with identified transitions labelled.
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4.3.3 Hamiltonian Parameters

From the spectroscopic measurement of the transitions frequencies we obtain the first

estimate of the mode frequencies, anharmonicities and cross-Kerr shifts ωΣ, ω∆, ηΣ,

η∆, χΣ∆, χΣr and χ∆r. More accurate measurements of the transition frequencies can

be obtained through time-resolved measurements, outlined in section 4.4.3.

In order to obtain the Josephson energy, charging energies and coupling energies

(EJ , EC and Ep) of the two-mode coaxial transmon Hamiltonian, given by Eqn. 3.6

and restated here as,

Ĥ =4EC(n̂1 − ng1)
2 + 4EC(n̂2 − ng2)

2 + 4Ep(n̂1 − ng1)(n̂2 − ng2)

− EJ cos φ̂1 − EJ cos φ̂2,
(4.5)

we construct the Hamiltonian in the charge basis and numerically diagonalise using

QuTip [171]. We can write analytical equations relating the frequencies obtained to

the Hamiltonian parameters as outlined in Chapter 3, however, since they are derived

from a finite truncation of the cosine terms in Eqn. 4.5, they are only approximate. As

such, the numerical diagonalisation procedure is a more accurate method of obtaining

these parameters.

Using this procedure, we obtain the values shown in Table 4.1. This table also

shows the simulated parameters using the methods outlined in Appendix B, and show

a good agreement with what is measured. From the values of EJ , EC and Ep, we can

determine that we do not expect there to be any resolvable charge dispersion in the

|0⟩ → |1⟩ transitions from our predictive model described in Section 3.1.6 (ϵ ∼ 100

Hz). These methodologies and results show that we are able to effectively design and

simulate these two-mode coaxial devices, and show that measured parameters are in

agreement with those designed.
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Table 4.1: Device Parameters

Sim. Measured
LC Resonator
Frequency fr (GHz) - 9.32
Linewidth κr/2π (MHz) - 1.9
Dispersive Shift 2χ∆r/2π (MHz) - 1.7
Dispersive Shift 2χΣr/2π (MHz) - 2.1

∆ - Mode
Transition Frequency ω∆/2π (GHz) - 4.58
Anharmonicity η∆/2π (MHz) 120 108

Σ - Mode
Transition Frequency ωΣ/2π (GHz) - 5.74
Anharmonicity ηΣ/2π (MHz) 140 154

Cross Kerr Shift χΣ∆/2π (MHz) 230 269

EJ (GHz) - 16
EC (GHz) - 0.23
Ep (GHz) - 0.1

4.4 Demonstration of Coherence

4.4.1 Pulsed Control

We now proceed to use time-resolved measurement techniques to characterise the

coherence of our two-mode coaxial transmon.

Driving one of the qubit mode transitions on resonance induces Rabi oscillations

at a rate proportional to the drive amplitude [176]. As shown in Fig. 4.9, the Rabi

rate increases with the generator drive power. The differences in Rabi rate of the

Σ-mode and ∆-mode for equivalent drive power are due to the differences in the

geometry of the field polarisation of each mode and coupling to the drive line, as well

as the detuning between the mode and the resonator through which they are being

driven [177].

We define pulses by Rθ, where R is the axis of rotation on the Bloch sphere (X, Y
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Figure 4.9: Rabi oscillations of the ∆-mode (green) and Σ-mode (orange) |0⟩ → |1⟩
transitions. Data from measuring each mode separately is fitted to a cosine oscillation,
and excited state populations are estimated from the IQ plane voltages. (right)
Extracted oscillation frequencies (Rabi frequency) as a function of generator drive
power.

and Z) and θ is the angle of rotation. For instance a rotation of π around the X axis,

resulting in a qubit mode initialised in the ground state becoming excited, is written

as Xπ. The frequency of the pulse determines which mode is excited. We follow the

same procedures as previous works to calibrate pulse frequencies and amplitudes [158,

161]. Since the time domain measurements to obtain energy relaxation and coherence

parameters are insensitive to small state preparation and measurement errors, we

do a single calibration of frequency and amplitude, and do not apply higher order

corrections such as DRAG [178] or use pulse train calibration methods [179]. We use

a truncated Gaussian pulse of form,

Ω(t) = A0 exp

(
− t2

(t0/2)2

)
, (4.6)

where A0 is the amplitude, and 2/πt0 is the Gaussian envelope width. Qubit control

pulses are generated using single sideband modulation methods, outlined in Appendix

E.
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Figure 4.10: Energy Relaxation (a) Pulse scheme of the energy relaxation T1 mea-
surement. (b) (d) Repeated measurement signals as a function of delay (∆t). Traces
follow an exponential decay, fitted to S(∆t) = a + be−∆t/T1 , in order to extract the
energy relaxation time T1. (c) (e) Histograms of the fitted T1 extracted from the
measurements. Statistics are from 409 repeated measurements of the ∆-mode (501
measurements of the Σ-mode).

4.4.2 Energy Relaxation

To measure the energy relaxation of a particular mode, we use anXπ pulse to initialise

the mode in the excited state, and then wait some delay period ∆t before measuring,

as shown in the pulse sequence in Fig. 4.10 (a). Sweeping the delay period results in a

measured signal of an exponential decay of the form S(∆t) = a+ be−∆t/T1 , where the

decay constant T1 = 1/Γ1 is the energy relaxation time, and a and b are offsets due

to the state preparation fidelity and final state (residual excited state population).

We repeat this measurement 100s of times over the course of a few hours, or

overnight, in order to build statistics of the energy relaxation rate. In a small time

78



4.4. DEMONSTRATION OF COHERENCE

20 30 40 50 60 70
T1 ( s)

0.000

0.025

0.050

0.075

0.100

0.125

0.150

No
rm

al
ise

d 
Oc

cu
re

nc
es

-mode
-mode

Figure 4.11: Overlaid normalised histograms of extracted T1 parameters for each
mode.

window where the system is stable, the distribution of T1 can be approximated to be a

Gaussian distribution, however, over long periods of time, various re-combinations of

local defects and loss mechanisms cause the relaxation rate to change [180, 181]. As

such, these long measurements of T1 follow multi-modal Gaussian distributions due to

the multiple loss mechanism configurations throughout the measurement period. We

report the mean fitted value of the measurements as the measured T1 for simplicity.

In Fig. 4.10 (b), we show the resulting traces and distributions of fitted T1 from

the energy relaxation measurements. We measure the energy relaxation of each mode

separately, and find the Σ-mode has a TΣ
1 = 27 µs (4 µs), and the ∆-mode has a

T∆
1 = 51 µs (10 µs).

The fact that T∆
1 ≫ TΣ

1 is likely to originate from the intentional difference in

geometry between the two modes, and hence their coupling to the coaxial output

ports. Another possible contribution is the difference in detuning and coupling to

the readout resonator [29], and corresponding losses as a result of the Purcell effect.

Further work is required to determine these contributions in detail.
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Figure 4.12: Ramsey Oscillations (a) Pulse scheme of the Ramsey oscillation T ∗
2 mea-

surement. (b) (d) Repeated measurement signals as a function of pulse spacing (∆t).
Traces follow a decaying oscillation, fitted to S(∆t) = a+b cos(2π∆f∆t+ ϕ)e(−∆t/T ∗

2 ),
in order to extract the Ramsey coherence time T ∗

2 . (c) (e) Histograms of the fitted
T ∗
2 extracted from the measurements. Statistics are from 131 repeated measurements

of the ∆-mode (251 measurements of the Σ-mode).

4.4.3 Ramsey Oscillations

The transverse relaxation rate, 1/T ∗
2 = 1/2T1 +1/Tϕ, describes the rate at which the

coherence of a superposition state, i.e. one lying on the equator of the Bloch sphere,

is lost. It is affected by both energy relaxation events and pure dephasing (Γϕ).

To measure T ∗
2 , we first place the mode in a superposition with an Xπ/2 pulse. We

then allow the system to freely evolve for a time ∆t, before returning the state to the

Z basis with a second Xπ/2 pulse. When the control pulses are slightly detuned from

the transition frequency, the state precesses about the Z axis at a rate ∆f during the

free evolution, where ∆f is the detuning between the drive frequency and transition
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frequency. We use this method to more accurately determine the mode transition

frequencies.

We fit the resulting signal trace to a decaying oscillation of the form S(∆t) =

a + b cos(2π∆f∆t+ ϕ)e(−∆t/T ∗
2 ), where a, b and ϕ are amplitude and offset param-

eters. As with energy relaxation measurements, we repeat the Ramsey oscillation

measurement n ≈ 100 times to build statistics of the mechanism. This also allows us

to track any qubit frequency drifts over a long period of time. In the case of a charge

sensitive device, the signal has multiple frequency components due to the multiple

parity configurations and charge dispersion. As shown in Section 4.5, this device is

insensitive to charge noise and so Ramsey oscillations have only a single frequency

component.

In Fig. 4.12 we show the fitted traces and distributions of fitted T ∗
2 for the Σ-

mode and ∆-mode. We measure a T ∗Σ
2 = 21 µs (2 µs) and T ∗∆

2 = 24 µs (7 µs) for

Σ-mode and ∆-mode respectively. We calculate a pure dephasing rate of 1/ΓΣ
ϕ = 35

µs and 1/Γ∆
ϕ = 32 µs. In combination with the similar Spin-Echo coherence time,

this suggest that the modes are suffering dephasing due quasistatic noise processes,

such as a poorly thermalised readout resonator and control lines, as the optimum

filter location had not been identified at the time of this experiment.

4.4.4 Spin-Echo

In Fig. 4.13, we show the pulse sequence for a Spin-echo sequence. Whilst similar to

the Ramsey interferometry pulse sequence, the additional Xπ pulse between the two

Xπ/2 pulses has the effect of refocusing the inhomogeneous contributions to dephasing.

As such, the measurement is less sensitive to low-frequency (< ∆t) noise. Conversely

to the Ramsey experiments, we choose the frequency of the pulses to be on resonance,

since the frequency detuning would be refocused away.

Through an ensemble measurement, we expect the signal to decay to a mixed
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Figure 4.13: Spin-echo sequence (a) Pulse scheme of the spin-echo T2E measurement.
(b) (d) Repeated measurement signals as a function of pulse spacing (∆t). Traces
follow an exponential decay, fitted to S(∆t) = a + be−∆t/T2E , in order to extract
the coherence time T2E. (c) (e) Histograms of the fitted T2E extracted from the
measurements. Statistics are from 502 repeated measurements of the ∆-mode (502
measurements of the Σ-mode).

state. To ensure this assumption is correct, and the measurement is performing as

expected, we repeat the measurement changing the sign of the final control pulse.

As such, we obtain two sets of decay curves, one pertaining to the final state of

the qubit being |0⟩, and the other |1⟩. Since both curves decay to the same point,

we know the measurement is behaving as expected. We repeat the measurement

many times to build statistics and fit the resulting signals to an exponential decay,

S(∆t) = a+ be−∆t/T2E .

In Fig. 4.13 we show the resulting traces and distributions of fitted values of

T2E. We find TΣ
2E = 19 µs (4 µs) and T∆

2E = 25 µs (4 µs) for Σ-mode and ∆−mode
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4.5. CHARGE INSENSITIVITY

respectively.

In contrast to the differing energy relaxation rates of the modes, the T2E values

are very similar. In addition, they are far from the limit T2 = 2T1. This indicates

the modes suffer from dephasing due to high frequency noise, such as excess residual

photons in the resonator and improperly filtered control lines. Additional work is

needed to improve this filtering and thermalisation to ensure lower dephasing rates

in devices. From other works [80], it is clear that devices are sensitive to the exact

placement of filters within shielding configurations. Additionally, design and materials

choices in sample holders and devices could aid thermalisation of chips.

4.5 Charge Insensitivity

0 5 10 15 20 25 30
t ( s)

40

20

0

20

40

S
ig

n
a
l (
m
V
)

0.0 0.5 1.0 1.5 2.0
Frequency (MHz)

0

1

2

3

4

5

FF
T
 S

ig
n
a
l (

m
V
)

Xπ/2Xπ Xπ/2

ωrΔt
ωΔ ωΣ	-	χ ωΣ	-	χ

t

a)

b) c)

0 5 10 15 20 25 30
t ( s)

40

20

0

20

40

S
ig

n
a
l (
m
V
)

0.0 0.5 1.0 1.5 2.0
Frequency (MHz)

0

1

2

3

4

5

FF
T
 S

ig
n
a
l (

m
V
)

Figure 4.14: Ramsey interferometry on the |01⟩ − |11⟩ transition of the charge in-
sensitive two-mode transmon. (a) Pulse sequence for the Ramsey interferometry
measurement. (b)(c) Ramsey oscillation and Fourier transform of the measurement,
with data points in black, and fits in solid lines. The data in (b) is fitted to a decaying
oscillation, and the dashed lines show an exponential decay envelope with the same
decay constant. The data in (c) is fitted to a single Lorentzian peak.

In order to demonstrate a suppression of offset charge sensitivity in this device,

we perform Ramsey interferometry measurements on the |01⟩− |11⟩ transition. From
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4.6. FAST INTER-MODAL GATES

our predictive model, we expect a maximum charge dispersion of ϵ11/h ≈ 10 kHz.

To measure this dispersion, we first prepare the system in the |01⟩ state using a

Xπ pulse, at a frequency ω∆. We then place the system in a superposition using a

Xπ/2 pulse, at a frequency ωΣ−χ. The system is then left to idle for time ∆t, before a

second Xπ/2 pulse is applied, as shown in the pulse scheme, shown in Fig. 4.14 (a). As

with the previous Ramsey interferometry measurements, the experiment is sampled

many times, and so we expect to average over all possible parity configuration.

In Fig. 4.14, we show the measured Ramsey oscillation, and fast Fourier trans-

form (FFT), for this transition. In contrast to the measurements performed on the

charge sensitive device, shown in a later chapter, the oscillation is comprised of a

single frequency component. This is demonstrated in the FFT of the decaying oscil-

lation, shown in Fig. 4.14 (c), where we are unable to distinguish a further frequency

component, to a resolution of 10 kHz. This demonstrates this device design iteration

has a suppressed sensitivity to charge noise.

4.6 Fast Inter-Modal Gates

The rich energy level structure of multi-mode devices lend themselves naturally to

many intrinsic forms of two-qubit gate. For example, due to the large cross-Kerr shift

(χΣ∆) a CNOT gate between the Σ-mode and ∆-mode (where the Σ-mode is the

control and the ∆-mode is the target) can be implemented by driving the |10⟩ → |11⟩

transition for half a Rabi period. Additionally, a Bell state can be prepared by

driving the Bell-Rabi transition (|00⟩ → |11⟩) with a strong drive pulse producing a

two-photon transition, for a quarter of a Rabi period.

4.6.1 Microwave Activated Inter-modal Phase Gate

In this experiment, we implement an all-microwave phase accumulation by driving

the ancillary transition of the two-mode system. We use the ∆-mode as our target
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4.6. FAST INTER-MODAL GATES

Figure 4.15: Microwave Activated Phase Accumulation. (a) Illustration of Bloch vec-
tor trajectory when driving off-resonantly. Phase accumulates at rate Ω2/∆, and if
sufficiently detuned, the mode remains in the ground state. (b) Bloch vector tra-
jectory for an on-resonant 2π excursion. The first pulse (blue) places the mode in
the excited state, and the second (red) returns the mode to the ground state along a
different axis, such that the mode accumulates an additional phase component.

mode, and the Σ-mode as the ancillary transition. Due to the strong cross-Kerr shift

(χΣ∆), we can drive these phase interactions at a very fast rate, making them ideal

for reduced error operations.

As outlined previously, one of the motivations for the additional mode in the sys-

tem is to allow for a protected mode for computation, and an ancillary mode for

communication. This is such that in larger processor, the coupling strength between

communication modes can become significantly larger than in standard configura-

tions, allowing for fast two-qubit operations, whilst retaining the protection of the

computational mode. The interaction we demonstrate here is the basis for the mi-

crowave activated conditional phase gate via ancillary transitions (AT-MAP), used

to generate entanglement between protected computational modes of two coupled

two-mode coaxial transmons, described in Chapter 3.

There are two ways in which we can accumulate a phase in the ∆-mode by driving

the ancillary Σ-mode transitions. The first method of phase accumulation is via an

off-resonant drive. Driving detuned from the ancillary mode transitions induces an ac-

Stark shift, and yields a phase accumulation of Ω2/∆, where Ω is the drive strength
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4.6. FAST INTER-MODAL GATES

and ∆ is the detuning between drive and ancillary mode transition, to first order

approximation. If the drive is sufficiently weak and detuned, then the excitation of

the ancillary mode transition will be minimal. This method is illustrated in Fig. 4.15

(a).

The second method is to drive on resonance for a full Rabi period. A full 2π

rotation around the Bloch sphere returns the ancillary mode to the ground state but

with an eiϕ = −1 phase accumulated relative to the excited state. By applying an Xπ

pulse, and then a second Rπ pulse, where the phase of the second pulse is varied, we

can return the ancillary mode to the ground state whilst accumulating an arbitrary

phase. The speed of this interaction is twice the single qubit gate speed, which for

the Σ-mode is in the 10s of ns, however, it does require careful calibration of the

pulse amplitudes to ensure that the ancillary mode returns to the ground state after

the interaction. Single-qubit-gate errors are the dominant source of infidelity in this

on-resonant interaction. This method is illustrated in Fig. 4.15 (b)

Whilst a phase gate in itself is not a novel concept, and hardware efficient virtual

Z-gates present significantly fewer errors [182], the key concept here is that we are

implementing a phase accumulation driving ≈ 1 GHz detuned from the mode we

will be using as a computational mode in future experiments. This is sufficiently far

outside the computational subspace of the system, and so will result in fewer errors.

4.6.2 Interaction Spectroscopy

In order to measure the phase accumulated in the ∆-mode due to the Z-gate operation,

we perform a modified echo sequence, shown in Fig. 4.16. The first Xπ/2 pulse on

the ∆-mode puts the system in the 1√
2
(|00⟩+ |01⟩) state. Following this, the Z pulse

is applied, driving ∼ 200 MHz detuned from the Σ-mode transition (ωΣ). Due to the

ac-Stark shift, this induces a phase accumulation in the |00⟩ state., causing the system

to evolve to the state 1√
2
(eiϕ |00⟩+ |01⟩). The echo pulse refocuses and mitigates any
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4.6. FAST INTER-MODAL GATES

additional low frequency noise that may interfere with pulse calibration. The overall

sequence maps the phase accumulated due to the pulse to the ⟨Z⟩ measurement

basis, such that when measuring the ∆-mode, P (|0⟩) = 1
2
(1− cos(ϕ)), and P (|1⟩) =

1
2
(1 + cos(ϕ)). For example, if the Z-gate were to induce a full Zπ rotation, the

measurement would show the ∆-mode of the system in the |0⟩ state. In the case

where the Σ-mode has some excited state population due to the interaction, such as

driving on resonance for less than a full Rabi period or the off-resonant drive causes

some excitation, the final state is more complicated. In a system of multiple two-mode

coaxial transmons being used for computational purposes, any excitation in the Σ-

mode would cause significant errors in the operation of gates on the corresponding ∆-

mode. As such, when performing multi-modal gates, we aim to minimise the excited

state population of the Σ-mode, and use it purely as an ancillary or communication

mode.

We start by characterising this interaction through spectroscopy. We fix the pulse

length at 300 ns and sweep the amplitude and frequency from 5.2 – 5.9 GHz.

In Fig. 4.16 (b) we show the signal corresponding to the ∆-mode population,

thus a measure of the phase accumulation. In (c) we show the population of the

Σ-mode. In this region we observe a non-negligible accumulation of Σ-mode excited

state population, around the Σ-mode transition at 5.7 GHz, as well as additional

non-negligible excited state populations of this mode at frequencies detuned by ηΣ/2,

χΣ∆ and χΣ∆ − ηΣ/2. Due to the characterstic large χΣ∆ of the system, there is an

extremely large range of frequencies in which this interaction can be driven. This

is significant for when designing two-qubit gates in systems of multiple two-mode

coaxial transmons, as outlined in Chapter 3.

In addition to the magnitude of the phase accumulated, we can also measure

the sign. We achieve this by modifying the echo pulse scheme such that the final

pulse is a Yπ/2, again at the ∆-mode frequency ω∆. In Fig. 4.17, we show the same
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Figure 4.16: Microwave activated phase interaction spectroscopy. (a) Pulse scheme
for the phase accumulation detection. (b) ∆-mode signal, identifying the phase accu-
mulated in the interaction. Sharp features occur when on resonance with transitions
of the Σ-mode, labelled above the axes. (c) Corresponding population of the Σ-mode
transition simultaneously measured.

interaction spectroscopy measurement with this modified pulse scheme. As expected,

the Σ-mode structure remains the same, however we observe a change in the sign of

the phase accumulated. Above ωΣ, and below ωΣ − χΣ∆, we observe one sign of the

phase accumulated, however, between the two transitions the sign is opposite. This

enables the interaction to be tuned for both positive and negative phase accumulation

gates.

In order to clearly illustrate the on-resonance and off-resonance driving regimes,

we can look at the results of the phase interferometry measurement at two specific

drive frequencies, ωd = ωΣ and ωd = ωΣ−χΣ∆+2π× 50 MHz. In Fig. 4.18, we show
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Figure 4.17: Microwave activated phase interaction spectroscopy sign. (a) Pulse
scheme for the detection of the sign of the accumulated phase. As previous, however
with the final pulse as a Yπ/2 rotation. (b) Measured ∆-mode signal. The shape is
the same as Fig. 4.16, however the oscillation change colour in between the ωΣ and
ωΣ − χΣ∆ features, indicating the phase accumulated changes sign.

the ∆-mode and Σ-mode populations resulting from driving the ancillary transition

on resonance at 5.73 GHz. As expected, this is driving Rabi oscillations on the Σ-

mode, as shown by Fig. 4.18 (b). Since it requires a full 2π to rotation to induce

a π phase accumulated in the ∆-mode, we observe oscillations at half the frequency

in the ∆-mode. In contrast to this, in Fig. 4.19, we show the ∆-mode and Σ-mode

populations resulting from driving at 5.52 GHz, 50 MHz detuned from the |01⟩ → |11⟩

transition, at ωΣ−χΣ∆. We observe the expected cos(Ax2) shaped oscillation feature

in the ∆-mode, whilst observing no excitation of the ancillary Σ-mode. This regime

allows us to maintain high speed driving of the interaction, whilst retaining a minimal

leakage into the ancillary transition, ideal for reducing errors in further single qubit

rotations of the ∆-mode.

In Fig. 4.20, we show demonstrate how the speed of the off-resonant interaction

increases with drive amplitude. We fix the frequency at 5.521 GHz, 50 MHz detuned
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Figure 4.18: Simultaneous measurement of both modes when driving this phase in-
teraction on resonance with the Σ-mode. The drive frequency and pulse length (100
ns) are fixed, and the amplitude of the pulse is swept. In the Σ-mode, we simply
see amplitude Rabi oscillations, and fit the data to a cosine oscillation. We also see
a cosinusoidal oscillation in the ∆-mode signal, at half the frequency of the Σ-mode
oscillation. A pulse amplitude of 80 mV results in a full 2π rotation of the Σ-mode,
and ϕ = π phase accumulated in the ∆-mode.

from the |01⟩ → |11⟩ transition (ωΣ − χΣ∆). In this regime, we have already shown

that the ancillary transition has minimal leakage. We sweep the drive amplitude

and interaction pulse length, observing the oscillations increasing in frequency as the

drive amplitude increases. In Fig. 4.20, we observe the smallest pulse length for

which there is a full oscillation, corresponding to a phase accumulation of ϕ = π, is

30 ns. However, the speed of this interaction could be increased with a higher drive

power since there is no detectable leakage into the Σ-mode.

4.7 Conclusion

In conclusion, we have presented the first experimental methods and results of mea-

suring a two-mode transmon in a coaxial cQED architecture. We have outlined the

spectroscopic methods and procedures used to obtain the Hamiltonian parameters
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Figure 4.19: Simultaneous measurement of both modes when driving this phase in-
teraction off resonantly, 50 MHz above the ωΣ − χΣ∆ features. The ∆-mode mode
signal follows a cos (Ωx)2 shape, and data is fitted to this function. The flat signal
of the Σ-mode signal shows there is no leakage into this mode in this off-resonant
regime, optimum for reducing errors in subsequent single qubit gates.

of these devices, and shown that they are in agreement with simulated parameters.

We show that these devices can be coherently controlled in time domain measure-

ments. We have also shown how one can implement a microwave activated phase

accumulation (or Z rotation) in the ∆-mode by driving the ancillary Σ-mode tran-

sition, detuned by ∼ 1 GHz from the computational subspace. This interaction can

be driven in the on-resonant regime, or off-resonantly, where leakage into the ancil-

lary mode is minimised. Due to the strong cross-Kerr shift between the modes, this

interaction has a very wide frequency range in which it can be driven, and can be

driven at speeds equivalent to single qubit gate operations (30 ns). This microwave

activated phase interaction will be used in Chapter 6 as the basis of the microwave

activated conditional phase gate, driven via ancillary transitions (AT-MAP, described

in Chapter 3).

The methods outlined here form the basis of how we characterise devices in fur-

ther experiments. The time domain measurements are very typical of standard su-
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Figure 4.20: Demonstration of a Zπ gate speed. The drive frequency is fixed at 5.521
GHz, in the off-resonant regime. The pulse length and amplitude are swept. The
signal follows the same cos (Ax)2 shape as in Fig. 4.19. From fitting to this shape,
we extract the amplitude for which a ϕ = π phase is accumulated, and a Zπ gate is
implemented, as shown by the white dotted line. We also show this Zπ gate length as
a function of amplitude, fitting to a 1/Ω2 line (red). This shows the interaction can
be sped up with increasing drive amplitude to 20 ns or lower. The signal generator
delivering this phase interaction tone is set to output a power of 3 dBm, and so there
is still range to deliver more power to increase the interaction speed further.

perconducting circuit experiments, however identifying the |00⟩ → |11⟩ transition

and characterising the cross-Kerr shift of the device requires two-tone spectroscopy

methods.

The interaction between the two-mode coaxial transmon and readout resonator

is not optimised in this experiment, and further design work can be done to adjust

couplings to reduce losses due to the Purcell effect [29]. In addition, the ∆-mode

is very weakly coupled to the drive line, due to the geometry and polarisation of

the electric field component. Whilst not explored in this work, a stronger coupling

between the coaxial control line and the dipole like asymmetric mode would result in

much faster single qubit gates, and higher fidelity operations. Additional optimisation

of the filtering of coaxial lines is also needed in order to reduce the dephasing rate

due to high frequency noise sources, such as resonator photon number fluctuations.
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Chapter 5

Charge Sensitivity in the
Two-Mode Coaxial Transmon

In this chapter, we characterise charge sensitivity in a two-mode coaxial transmon1.

We demonstrate how these devices show unique sensitivities to charge-parity con-

figurations and charge-offset biases. Using Ramsey interferometry, we observe sen-

sitivity to four charge-parity configurations and track two independent charge-offset

drifts over hour timescales. We show how the predictive theory for charge sensitiv-

ity in such multi-mode qubits previously derived agrees with our results. Finally,

we demonstrate the utility of a multi-mode qubit as a charge detector by spatially

tracking local-charge drift.

Understanding decoherence mechanisms, such as charge noise, is vital to the ap-

plication of superconducting qubits in a low-error quantum processor. In turn, a

charge-sensitive multi-mode transmon could prove a useful tool for identifying the

origins of such charge fluctuations in high-coherence quantum devices.
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Figure 5.1: 3D model of the charge-sensitive two-mode coaxial transmon chip
mounted in the sample holder. Four devices (purple) with readout resonators (white)
are fabricated on opposing sides of a sapphire substrate (light blue). Four coaxial
control lines are held below the readout resonators, used for both readout and control
signals. Circular voids in corner of sample holder shows where indium is placed to
ensure the chip is securely mounted in the sample holder.

5.1 Device Design

A 3D model of the charge-sensitive two-mode coaxial transmon device2 is shown in

Fig. 5.1. In the same way as the previous chapter, both the readout resonator and de-

vice are addressed by the same coaxial control port, fixed in place above the resonator.

The electromagnetic properties of the device is simulated using an eigenmode solver in

Ansys HFSS to obtain mode frequencies and electric and magnetic field distributions.

This information is used in EPR calculations in order to obtain anharmonicities and

cross-Kerr shifts, shown in Table 5.1.

There are notable differences in the design of this two-mode coaxial transmon

device compared to others measured in this work. Whilst the geometry of the outer

1Work from this Chapter has been published in [38].
2We note that this device is fabricated using aluminium on a sapphire substrate, and measured

in a dilution refrigerator fitted with a 100 mK shield, rather than the light-tight shield. Details of
this fabrication recipe are in Appendix A of [157] (p157-159).
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island is the same, the inner islands of the devices are significantly smaller (radius of

125 µm, gap of 120 µm) than the previously presented device (radius of 220 µm, gap

of 125 µm). If we consider the Hamiltonian of the device and the charging energy

EC = e2C∗/2(C∗2 − C2
m), with C∗ = C(C+2Cm

C+Cm
), and coupling energy between the

two modes Ep = e2Cm/(C
∗2 − C2

m), reducing the capacitance C between the outer

and inner islands has a significant effect on the charging energy EC . This is shown in

the simulated anharmonicities ηΣ(∆)/2π being much larger than previously presented

devices.

The result of this is that this particular design is much more sensitive to charge

noise, and has a much higher charge dispersion. From the simulated EC and range

of targeted EJ parameters, the charge dispersion, ϵmn, is expected to be in the range

of 1 – 10 MHz. Since this is large compared to typical transmon dephasing rates, we

expect it to be clearly measurable via spectroscopy and Ramsey interferometry. As

such, this design presents an ideal platform for use in measuring and understanding

charge noise dynamics in a multi-mode system, as well as testing the predictive theory

of charge dispersion, presented in Chapter 3.

5.2 Hamiltonian Characterisation Through Spec-

troscopy

5.2.1 Two-Tone Spectroscopy

In Fig. 5.3, we show the full two-tone spectroscopy measurement result for the charge-

sensitive two-mode coaxial transmon. From the spectroscopic signatures, we identify

the single-photon transitions of the Σ-mode and ∆-modes and extract the mode

frequencies ωΣ/2π = 6.71 GHz and ω∆/2π = 5.51 GHz. These transitions are labelled

in Fig. 5.3 (b).

We observe the Σ-mode transitions are broadened more than the ∆-mode transi-

tions, since these modes are easier to drive as they are both coupled to the control
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Figure 5.2: (left) Optical microscope image of the fabricated charge sensitive two-
mode coaxial transmon device. Since a sapphire substrate is used in this device, it
is possible to observe both the qubit device and resonator patterned on the opposite
side of the substrate. (right) Photograph of the charge-sensitive two-mode coaxial
transmon device, again showing both the qubit devices and resonators patterned on
opposite sides of the substrate. Whilst a 4-device chip is fabricated, we only measure
and present results for one of the devices on the substrate.

line more strongly, and have a smaller detuning to the readout resonator through

which they are being driven. Additionally, at the Σ-mode transition frequency, we

observe a clear three-photon red sideband transition signature, indicated by the two

diagonal lines of positive gradient coinciding at the Σ-mode transition. This is a

three-photon destructive interference mixing process with the resonance condition

2ℏωA/B − ℏωB/A = ℏωΣ, where ωA(B)/2π is the drive frequency of generator A(B).

From the spectroscopic signatures of the two-photon transitions detuned from the

main mode frequencies, we identify the (|0⟩ → |2⟩)/2 transitions for the ∆-mode

and Σ-mode, identified by the green and orange diagonal dashed lines in Fig. 5.3

(b). From these, we extract the anharmonicities of the modes to be η∆/2π = −0.38

GHz and ηΣ/2π = −0.34 GHz, consistent with our simulations. Additionally there

is the three-photon (|00⟩ → |30⟩)/3 visible at 6.37 GHz, indicated by the two orange

diagonal dotted lines.

We identify the |00⟩−|11⟩ transition at (ω∆+ωΣ−χΣ∆)/4π = 5.86 GHz, showing
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Figure 5.3: (a) Two-tone spectroscopy measurement result of the two-mode coaxial
transmon. (b) Spectroscopy measurement with transitions of the Σ-mode (orange)
and ∆-mode (green) highlighted. Grey diagonal dashed line shows the two-photon
|00⟩ → |11⟩ transition.
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Figure 5.4: Detailed section of the two-tone spectroscopy measurement showing the
∆-mode (|0⟩ → |2⟩)/2 transition. The X frequency axis is the fast swept parameter,
and the Y frequency axis is the slow swept parameter. We label the time taken for
the overall measurement on the right Y-axis label (red).

an inter-modal state-dependent shift of χΣ∆/2π = 0.50 GHz. Whilst the deviation

between the simulated result and measured result is within the same limit as previ-

ously measured devices of approximately 20%, further investigation into refinement

of simulation and mesh detail is required to improve this accuracy.

In Fig. 5.4, we show a zoom of the ∆-mode |0⟩ → |1⟩ and (|0⟩ → |2⟩)/2 transi-

tions. We observe an additional feature at the higher photon number transition due

to the high charge dispersion of the system. The X frequency axis is the fast axis

as it is swept first, whilst the Y frequency axis is the slow axis. As such, the slow

drifts in charge configuration are more visible in the two vertical spectroscopic lines.

Observing the region from t = 0 mins to t = 25 mins, indicated by the red dashed line
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in Fig. 5.4, the configuration changes with each sweep, indicated by the moving tran-

sition frequency lines around 5.35 GHz. From t = 25 mins to t = 95 mins, the system

remains in a more stable configuration, before again returning to a more transient

regime. This dispersion and charge sensitivity can also be observed in the additional

features around the ∆-mode |0⟩ → |1⟩ transition. Due the wide range of this mea-

surement and reduced local resolution, we do not resolve the four frequency peaks,

corresponding to the four parity configurations of the two-mode coaxial transmon, as

detailed in Chapter 3.

5.2.2 Hamiltonian Parameters

We restate the previously defined Hamiltonian of the charge sensitive two-mode coax-

ial transmon here as,

Ĥ =4EC(n̂1 − ng1)
2 + 4EC(n̂2 − ng2)

2 + 4Ep(n̂1 − ng1)(n̂2 − ng2)

− EJ cos φ̂1 − EJ cos φ̂2.
(5.1)

From the parameters obtained in spectroscopy measurements, we use numerical

methods to estimate values of EJ/h = 11 GHz, EC/h = 0.5 GHz, and Ep/h = 0.2

GHz, as defined in Chapter 3. The table of parameters of device measured is shown in

Table 5.1. Notably, in comparison to previous devices measured, the anharmonicity is

large in this device. Whilst this is more optimum for the operation of fast single qubit

gates with lower leakage into higher states, it comes at the cost of higher sensitivity

to charge noise.
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Table 5.1: Device Parameters

Sim. Measured
LC Resonator
Frequency fr [GHz] - 9.72
Linewidth κr/2π [MHz] - 2.8
Dispersive Shift 2χ∆r/2π [MHz] - 3.9
Dispersive Shift 2χΣr/2π [MHz] - 4.9

∆ - Mode
Transition Frequency ω∆/2π [GHz] - 5.51
Anharmonicity η∆/2π [MHz] 330 380

Σ - Mode
Transition Frequency ωΣ/2π [GHz] - 6.71
Anharmonicity ηΣ/2π [MHz] 310 340

Cross Kerr Shift χΣ∆/2π [MHz] 650 500

EJ [GHz] - 11
EC [GHz] - 0.5
Ep [GHz] - 0.2

Given these parameters, we estimate a charge dispersion of the lowest two modes to

be 4 MHz and 4.1 MHz, calculated numerically. This predicted charge dispersion and

EJ/EC regime is shown in Fig. 5.5 for the charge-sensitive (A) and charge-insensitive

(B, from Chapter 4) devices measured.
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Figure 5.5: Comparison of numerical (solid) and tight binding model (dashed) calcu-
lations of charge dispersion for the lowest four energy levels of the qubit Hamiltonian,
as a function of the ratio EJ/EC . The right vertical scale gives the charge dispersion
in MHz for a lowest transition frequency of 5 GHz. Vertical dotted (dashed) line
shows the regime of the charge sensitive Device A, EJ/EC = 22 (charge suppressed
Device B, EJ/EC = 70). Figure from [38]

5.3 Coherence Characterisation

We now move to time-domain measurements using pulsed control of modes. Xπ and

Xπ/2 pulses are calibrated using amplitude Rabi oscillations as previously outlined in

Chapter 4. We again observe that the ∆-mode requires more power to drive since

it is detuned further from the readout resonator through which it is being driven, as
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well having a different field polarisation to the coaxial control port.

We present measurements and statistics of energy relaxation and spin-echo se-

quences. Due to the charge dispersion, the Ramsey oscillations have unique charac-

teristics and so are presented separately in Section 5.4. Detailed statistics of T ∗
2 for

each mode are not taken for this device.

5.3.1 Energy Relaxation
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Figure 5.6: Energy Relaxation (a) Pulse scheme of the energy relaxation T1 mea-
surement. (b) (d) Repeated measurement signals as a function of delay (∆t). Traces
follow an exponential decay, fitted to S(∆t) = a + be−∆t/T1 , in order to extract the
energy relaxation time T1. (c) (e) Histograms of the fitted T1 extracted from the
measurements. Statistics are from 101 repeated measurements.

We measure the energy relaxation rate (Γ1 = 1/T1) of each mode by exciting

them with a calibrated Xπ pulse, and waiting a delay time ∆t before measuring, as

depicted in the pulse sequence shown in Fig. 5.6 (a). As previously, we expect the
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subsequent measurement signal as a function of delay time to follow an exponential

decay. We plot the measured signals in Fig. 5.6 (b) and (d). We repeat each averaged

measurement 101 times in order to build statistics. Each trace is fitted to an equation

of the form S(∆t) = a + be−∆t/T1 , where a and b are offsets. The histograms of the

fitted values of T1 of the ∆-mode (green) and Σ-mode (orange) are shown in Fig. 5.6

(c) and (e) respectively.

From these repeated measurement we extract average fitted energy relaxation

times of TΣ
1 = 13.5 µs and T∆

1 = 40.7 µs for the Σ-mode and ∆-mode respectively.

We again attribute the difference in these values for each mode to the difference in

field polarisations, detuning and coupling to the readout resonator, and control port

coupling. In contrast to previous measurements of T1 presented in Chapter 4, the

distributions of fitted relaxation times follow more closely a single modal Gaussian

distribution. This can partly be attributed to the measurement being conducted over

a short period (3 hours), and so fewer loss channel recombination events that affect

relaxation rates occur [180].

5.3.2 Spin-Echo

We perform a spin-echo sequence in order to obtain the coherence time T2E, as de-

picted in Fig. 5.7 (a). Whilst we expect the charge sensitivity to induce significant

noise and decoherence, the additional echo pulse in the sequence refocuses these

low-frequency noise contributions to dephasing. In this measurement, each point is

averaged to provide an ensemble measurement, and the sequence is repeated 101

times to build statistics. The resultant trace of signal as a function of delay ∆t is

S(∆t) = a + be−∆t/T2E . We plot these traces in Fig. 5.7 (b) and (d) for the ∆-mode

(green) and Σ-mode (orange).

The resulting distributions of fitted T2E values are shown in Fig. 5.7 (c) and (e).

From the repeated measurements, we extract average fitted values of TΣ
2E = 13.1 µs
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Figure 5.7: Spin-echo sequence (a) Pulse scheme of the spin-echo T2E measurement.
(b) (d) Repeated measurement signals as a function of pulse spacing (∆t). Traces
follow an exponential decay, fitted to S(∆t) = a + be−∆t/T2E , in order to extract
the coherence time T2E. (c) (e) Histograms of the fitted T2E extracted from the
measurements. Statistics are from 101 repeated measurements.

and T∆
2E = 33.8 µs for the Σ-mode and ∆-mode respectively. We note again that

the distributions follow more closely a single mode Gaussian distribution, and that

the coherence times are far from the limit T2E = 2T1, suggesting that the modes are

susceptible to additional dephasing from high frequency noise sources such as poorly

thermalised readout resonators and control lines.

5.4 Charge Configuration Detection

5.4.1 Ramsey Interferometry

We use Ramsey interferometry in order to measure energy dispersion. A mode is

prepared in a superposition state using an Xπ/2 pulse, allowed to idle for time ∆t,
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Figure 5.8: Time scales of the measurement and physical processes involved in the
Ramsey interferometry measurement.

before a second Xπ/2 pulse is applied, as shown in the pulse sequence in Fig. 5.9 (a).

We detune the frequency of the control pulses from the average mode frequency by

approximately 3.5 MHz to prevent aliasing for large frequency excursions. At each

∆t, we sample 2500 times, taking approximately 100 ms to acquire. Typical trans-

mon devices exhibit a quasiparticle tunnelling rate of 0.01 µs−1 [80], therefore we

expect to average over all possible parity configurations during the measurement. As

a result, we expect to observe four frequency components in a Ramsey oscillation,

corresponding to the four parity configurations. We show an illustration of the rele-

vant time scales of the measurement and physical processes involved in the Ramsey

interferometry, shown in Fig. 5.8.

In Fig. 5.9 we show example Ramsey oscillations measured for both the ∆ - mode

and Σ - mode. Fig. 5.9 (c) and (e) show the fast Fourier transform (FFT) of the

Ramsey oscillations, in which we observe four distinct frequency components. We

fit the FFT data to four identical Lorenztian peaks, which are symmetric about

the average frequency, E0Σ(∆). The separation of the two inner peaks closest to the

symmetry point, is labelled as ∆f1, and the separation of the two outermost peaks is

labelled as ∆f2, as shown in Fig. 5.9. Using our tight-binding model, we find that:

∆f1 =
ϵmn

h
sin πngΣ sin πng∆,

∆f2 =
ϵmn

h
cosπngΣ cos πng∆.

(5.2)
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This allows us to determine the charge configuration from the energy dispersion.

Repeating this measurement, we are able to track frequency fluctuations due to cor-

related and anti-correlated charge-noise dynamics over extended periods of time.

Note that there are several technical shortcomings of our demonstration experi-

ment, which can be remedied in the future. Firstly, there is no gate charge control

in this current architecture, which prevents us from resolving jumps or drifts larger

than 0.5e for ng1 and ng2. This limits our ability to determine a charge noise spectral

density at this time [35], but can be alleviated with the incorporation of local control

of static electric fields via gate electrodes. Secondly, the time taken to acquire each

Ramsey oscillation trace limits the ability to observe changes in charge configuration

faster than two minutes. This can be remedied using higher fidelity readout with a

parametric amplifier, or a more efficient sampling of Ramsey delay times.

There are practical shortcomings to this method of Ramsey interferometry, in

addition to those stated previously. Firstly, in order to observe four frequency peaks in

the Fourier transform of the Ramsey oscillation, the drive frequency must be detuned

at least half the maximum charge dispersion (ϵmn). In the mode with the largest

charge dispersion, this creates difficulty in driving the transitions with the largest

detuning. This is visible in the time series Fourier transform data of the ∆-mode

measurement in Fig. 5.10, where the higher frequency peaks show significantly less

contrast to the background signal. When fitting, we utilise the fact that the four

frequencies are symmetric about an average transitions frequency, as shown in Fig.

5.9 (c) and (e). From the time series measurements we extract this symmetry point

first, before proceeding to a brute force grid search of ∆f1 and ∆f2 (with the condition

that ∆f2 > ∆f1 by definition) for each trace in order to fit the spectrum. This allows

us to restrict the number of free variables when fitting and account for lower signal

to noise in the measurements with larger charge dispersion.

The second practical shortcoming is that if the drive detuning is not at least half
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Figure 5.9: Ramsey interferometry based measurement of charge bias configuration.
Experimental measurement of charge dispersion and four parity configurations in the
coaxial multi-mode qubit, with data points in black and fits in solid lines. (a) Pulse
sequence for the Ramsey interferometry measurement. (b) (c) Ramsey oscillation
performed on the ∆-mode. The solid line in (b) shows a decaying oscillation with fre-
quency components, and decay constant, obtained from fitting the Fourier transform
of the oscillation, shown in (c). The dashed line shows an exponential decay envelope
with this same fitted decay constant. The Fourier transform of the measured ∆-mode
Ramsey oscillations shows four frequency peaks, corresponding to the four possible
parity configurations. The data is fitted to four Lorentzian peaks, symmetric about
the average frequency. We define the separation of the inner peaks to be ∆f1, and
the separation of the outer peaks to be ∆f2. From this separation of frequency peaks
we can extract the charge bias configuration. (d) (e) Ramsey oscillation and Fourier
transform of measured oscillation performed on the Σ-mode. Figure from [38].

the maximum dispersion, there can be some aliasing of frequency peaks in the Fourier

transform data, since the system is being driven between the four transition frequen-
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cies. For later measurements in charge configuration tracking we use the Σ-mode,

since it has a lower charge dispersion and aliasing is not an issue. Future refinements

of this Ramsey interferometry method could drive at the average transition frequency

(E0i), to avoid the aliasing issue. This would reduce the detuning between the drive

frequency and the transition frequencies, resulting in a lower oscillation frequency of

the Ramsey trace (which would subsequently only have two frequency components).

Further improvements would involve optimising the sampling rate for faster signal

acquisition.

5.4.2 Interleaved Ramsey Interferometry

Since both the Σ-mode and ∆-mode are sensitive to the sum and difference offset-

charge configurations (ngΣ, ng∆), only one mode needs to be measured in order to

obtain the charge configuration. However, we expect each mode to have a different

maximum charge dispersion (ϵmn) and so the configuration of the four parity configu-

ration transition frequencies will appear different when measuring each mode. Here,

we perform an interleaved measurement of the Σ-mode and ∆-mode, in order to inves-

tigate the differing frequency configurations for the same offset-charge configuration.

The interleaved measurement consists of performing a full Ramsey oscillation mea-

surement, as in the pulse sequence in Fig. 5.9 (a), first on the ∆-mode, and then

immediately afterwards on the Σ-mode. This process is repeated over the course of

four hours to obtain a time series measurement. As in Fig. 5.9 (b) and (d), the

resulting traces are decaying oscillations with four frequency components. We take

the Fourier transform of each of these oscillations and plot the resulting time series

measurement of the frequency configurations in Fig. 5.10.

We fit the each resulting FFT data to a sum of four Lorentzian line shapes, with

an inner peak separation (∆f1) and outer peak separation (∆f2) as defined previously.

The time series measurement of these extracted peak configuration parameters are
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Figure 5.10: Interleaved time series Ramsey intereferometry of the ∆-mode and Σ-
mode. (Left) Fourier transform of repeated Ramsey measurements, as shown in Fig.
5.9, performed interleaved on the ∆-mode and Σ-mode over a period of four hours.
Each vertical cut is fit to a sum of four Lorentzian peaks, centred about an average
frequency. The position of each of the four fitted peaks is shown by the overlaid dots.
The connecting line illustrates the dynamics of the peak movement, filtering out data
with poor signal to noise and fits. (Right) Tracking of fitted inner peak separation
(∆f1) and outer peak separation (∆f2) extracted from the time series measurement
(left). Line demonstrates filtered peak dynamics. Dashed vertical lines on each plot
show the occurrence of large discrete jumps in offset-charge configuration, observable
simultaneously across each mode of the device.

shown in Fig. 5.10.

In these time series measurements of frequency configuration, we observe the two

key characteristics of charge noise within our system. The first is a slow drift in

configuration, such as that seen from T = 0 minutes to T = 80 minutes in Fig. 5.10.

The second characteristic is discrete jumps in charge configuration, as indicated by

the sudden change in frequency configuration. These events are indicated by the

vertical dashed lines in Fig. 5.10. The precise attribution of the cause of these two
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unique characteristics requires further investigation, however, we speculate the slow

drifts are due to a localised reconfiguration of a charge distribution within the region

of the device (such as a charge moving on the surface of the substrate). The sudden

jumps are more commonly attributed to ionising radiation events [36].

Since both modes are sensitive to both offset-charge configurations (ngΣ, ng∆), as

expected, the sudden jumps in frequency configuration are observable in both modes

at the same time. Some asymmetry in the fabrication of the device will cause a

difference in the magnitude of the maximum charge dispersion (ϵmn) measured, and

so the exact frequency configuration of each mode will present differently. However,

we expect the configuration in the number of peaks visible in each mode to be the

same between each measurement. Each Ramsey oscillation trace takes approximately

two minutes to acquire, which is not sufficient time for the low frequency charge noise

drifts to substantially change.

As we observe in the time series measurements in Fig. 5.10, both modes show

nominally the same frequency configuration. From T = 80 minutes, to T = 140

minutes, both show a stable configuration of four peaks, and following the sudden

jump, both modes show a slow drift predominantly of the outer peaks before becoming

stable again. From T = 210 minutes to the end of the measurement, there is a

difference in the configuration between the two modes. The ∆-mode shows four

peaks with a large inner and outer peak separation, whereas the Σ-mode has a much

smaller inner peak separation. We attribute this to the fact the outer island is not

a perfect ground, as in our models. As such, it presents an extra degree of freedom

in the charge configuration. In turn, this could create a phase difference between

the modes, thus causing the difference in observed charge configuration. Further

investigation is required to determine the effect this additional degree of freedom has

on the device.
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Figure 5.11: Monte-Carlo simulation of frequency configurations from 300 randomly
generated pairs of offset-charge configurations. (Left) Histogram of ∆f1 (solid) and
∆f2 (hatched). (Right) 2D histogram of extracted pairs of ∆f1 and ∆f2. Diagonal
lines enclose region in which measurable parameters lie, given a set maximum charge
dispersion of 5 MHz.

5.4.3 Charge Dispersion

Since we have no method of local control of static electric fields in this architecture,

we are unable to directly control the offset-charge configuration of the device. As

such, it is not possible to directly measure the maximum charge dispersion (ϵmn) by

tuning the charge configuration to this point. Instead, we perform many repeated

measurements of the frequency configurations of each mode to build up a statistical

distribution.

To understand what the distribution of frequency separations ∆f1 and ∆f2 looks

like, we perform a Monte-Carlo simulation. We take 300 randomly generated pairs

of gate charge offsets ngΣ and ng∆, and generate the four transition frequencies cor-

responding to the four parity configurations, as per Eqn. 3.27, given a set maximum

charge dispersion of 5 MHz. From this we extract the inner and outer peak separations

and plot 1D and 2D histograms of these parameters, shown in Fig. 5.11.

We measure each mode independently over the course of the experiment run and

obtain 10 hours of time series Ramsey measurements. From the fittable data, we ex-

tract the corresponding inner and outer peak separations and plot histograms, shown
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in Fig. 5.12. This consist of 868 individual Ramsey measurements for the ∆-mode,

and 343 measurements for the Σ-mode. We note that in the measurements of the

∆-mode, as previously stated when discussing practical shortcomings, the drive de-

tuning is less than half the maximum charge dispersion, and so outer peak separations

above 7 MHz are not measurable. Despite this, since we know the maximum inner

peak separation is half the maximum charge dispersion, from Eqn. 5.2, we can still

obtain an approximate value of the maximum charge dispersion of the mode. In the

Σ-mode measurements, we observe a distribution that is much more characteristic of

what we expect, given the previous Monte-Carlo simulation in Fig. 5.11.

Through repeated Ramsey interferometry of the device, monitored over the course

of 10 hours, we find a maximum dispersion of ϵ10/h = 5 MHz (ϵ01/h = 10 MHz)

for the Σ-mode (∆-mode). This is consistent with the order of magnitude of our

predicted values of 4 MHz (4.1 MHz). The larger difference between ϵ10 and ϵ01 is

due to asymmetries in the Josephson energies of the junctions, caused by fabrication

imperfections, as shown in Fig. 3.10 (c).

5.5 Spatially Resolved Charge Detection

Offset-charge sensitive devices are used in investigations into the source of charge

noise in superconducting qubit systems. An individual single-island charge-sensitive

transmon device can be used as a detector of localised charge noise sources [35]. If we

consider a mobile charge on the surface substrate, an offset-charge will be induced on

the superconducting island, depending on how far away the charge is from the island.

This presents a first order spatially resolved detection of a surface charge. However,

with a single island device, only a singular dimension of locality can be ascertained,

the distance between the charge and the island of the device.

In the charge-sensitive two-mode coaxial transmon device, the circuit has an ad-

ditional superconducting island. This acts as a second detection antenna, allowing
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Δ-mode
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Figure 5.12: Statistical distributions of measured charge dispersion. (a) (c) His-
tograms of measured inner peak separation (∆f1, solid) and outer peak separation
(∆f2, hatched). (b) (d) 2D histograms of the simultaneously measured inner and
outer peak separations. Diagonal lines show region in which all possible measure-
ments occur, given by the area between the line y = x, and y = −x+ ϵmn. From this
we approximately extract the maximum charge dispersion.

an additional dimension of localisation in spatially resolving a surface charge.

In this section, we present a methodology of spatially resolving a surface charge

using the previously presented Ramsey interferometry measurement.

5.5.1 Spatial Charge Sensitivity

Here we aim to simulate the charge bias induced by a point charge (1e) on the

surface of the substrate. We note that unlike many architectures, the coaxial cQED

architecture used here does not posses an on-chip ground plane. The qubit devices
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Figure 5.13: Simulated surface potential due to a 1V excitation on the upper (left),
lower (middle) or outer (right) island of the device.

are floating on the surface of the substrate. The ground of the system is taken

to be the aluminium sample holder in which the chip is placed. Since there is no

direct galvanic connection between the sample holder and the on-chip circuitry, the

capacitance of each island to the ground of the sample holder needs to be considered

in these capacitance calculations.

Here we use an ANSYS Maxwell electrostatic simulation to obtain a capacitance

matrix for the system, using the 3D model of the device and sample holder shown in

Fig. 5.1. From this we obtain a capacitance to ground of C = 200 fF for the outer

island to ground, and A = 10 fF for each of the inner islands to ground.

Following this, we simulate the potential on the surface of the substrate due to

an excitation of 1 V on each of the islands. These simulation results are shown in

Fig. 5.13. Using these results, we calculate the charge bias induced in the summation

(ngΣ) and difference (ng∆) charge configurations as,

ngΣ = (αVUpper + αVLower − βVOuter)/2,

ng∆ = (VUpper − VLower)/2
, (5.3)

where α = C/(2A + C), β = 4A/(2A + C), calculated using a four-island circuit

model (including the ground). The factor of 1/2 is to rescale into units of (2e).

Using this calculation, in Fig. 5.14 we show the charge bias induced in each
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Figure 5.14: Simulation of charge bias induced by a point charge (1e) in the sum-
mation (ngΣ, left), and difference (ng∆, right) charge configurations on the two inner
islands.

configuration due to the point charge on the surface of the substrate. We note that

this is an assumption, and the same effect would be true of a wider surface charge

distribution with a centre-of-charge at this point. In addition, we do not consider

effects in the bulk of the substrate. We use this map of charge bias induced in time-

series spatial tracking of charge configuration.

By taking the gradient of the scalar field of charge bias induced, we can identify

the spatial sensitivity of the device, shown in Fig. 5.15. Observing the magnitude of

this gradient in the upper two plots, the areas of high contrast show where a small

movement of the surface charge will induce a large change in charge bias configura-

tion. Since our Ramsey interferometry is relatively slow and takes approximately two

minutes to acquire a single trace, depending on the velocity of the surface charge, the

charge configuration can change during the course of the measurement and cause a

poor signal acquisition. This can either manifest as very high instability of the fre-

quency configuration over time, or the Fourier transform data not showing four clear

peaks. We use this localised spatial sensitivity to make an argument for a potential

source of charge noise in superconducting quantum devices.
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Figure 5.15: Spatial sensitivity of charge bias induced. (Upper) Magnitude of gradient
of the charge bias induced plotted in Fig. 5.14. High contrast areas around the two
inner islands show where a small movement of a surface charge can induce a largest
change in offset charge configuration. (Lower) Streamline plot of the vector field

∇⃗(charge induced) in the ngΣ and ng∆ configurations.

5.5.2 Biangulation of Surface Charge Location

We now use the device to demonstrate a proof-of-concept detector of localised charge

fluctuations. By repeating the Ramsey interferometry we can track the frequency

dispersion ∆f1 and ∆f2, and using our tight-binding model, we are able to infer a

time-series measurement of charge configuration of ngΣ and ng∆. We find the expected

spatial charge sensitivity of these sum and difference modes using an electrostatic

simulation, shown in Fig. 5.14 (d) and (e). As the induced gate-charge offsets ngΣ

and ng∆ exhibit different spatial sensitivities, we can deduce the position of a potential

surface-charge distribution centre on the device3, using a biangulation method.

3We note that whilst localisation of a singular charge (1e) is discussed and used in modelling,
experimentally the tracking is of an average of a distribution of many charges on the surface of the
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For a given value of ngΣ, we use the simulation data shown in Fig. 5.14 (left) to

identify an area where a charge (1e) would induce a gate-charge offset of that value.

We repeat this for a corresponding value of ng∆ with the simulation data shown in

Fig. 5.14 (right). The overlap of these two individually obtained areas allows us to

identify the location of the centre of a charge distribution (1e) on the surface of the

substrate. However, the precise quadrant in which the surface charge is located cannot

be determined due to the symmetry of the system. As a result, the measured offset

charge could be in any one of four equivalent locations on the surface of the substrate.

Future devices could use three or more islands, and incorporate a symmetry breaking

geometry, in order to more accurately triangulate surface charge position.

5.5.3 Time Series Measurements of Charge Configuration

We perform a demonstrative tracking experiment using repeated Ramsey interferom-

etry measurement over a 150 minute period, as shown in Fig. 5.16, and Fig. 5.17.

We observe both slow frequency drifts corresponding to fluctuating charge configura-

tion, as well as a singular large frequency jump, indicative of non-equilibrium charge

dynamics [69]. We convert the measured frequency dispersion to give a spatial esti-

mation of charge location at time T = 0, T = 50, and T = 100 minutes, indicated by

the dashed vertical lines on Fig. 5.16 (b).

From T = 0 to T = 50 minutes, we observe a slow drift in surface charge moving

outwards away from the inner islands of the device. The uncertainty in position from

T = 50 onwards is high, as the device is not sensitive to spatial fluctuations far from

the two inner islands, shown by the lower gradient in the simulation of induced charge

in Fig. 5.15. In this period we also observe a much clearer signal in the raw FFT data

of Fig. 5.16 (a), consistent with the charge configuration remaining stable throughout

the individual Ramsey oscillation measurement.

substrate, and cannot be concretely be attributed to the dynamics of a single charge.
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Figure 5.16: Time series measurement of charge dispersion. (a) Fourier transform of
repeated Ramsey oscillation experiments performed on the Σ-mode, over a period of
2.5 hours as shown in Fig. 5.9. (b) Tracking of inner frequency peak separation (solid
line), ∆f1, and outer frequency peak separation (dashed line), ∆f2, from time series
measurement shown in (a). Black vertical dashed lines highlight T = 0 mins, T = 50
mins and T = 100 mins. (c) Gate charge offsets ngΣ (dashed), ng∆ (solid), extracted
from peak separations using Eqn. 5.2. Figure from [38].
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Figure 5.17: Spatial charge tracking. (a), (b), (c) Mapping of charge configuration
to physical location of charge distribution centre on substrate at highlighted times
shown in Fig. 5.16 (b). Uncertainty in position due to error in fitting of Fourier
transform data, shown for 1σ (solid line) and 2σ (dashed line), with the most likely
position indicated by the black dot. One quarter of the device is shown due to the
four-fold symmetry of the system. Figure from [38].

From T = 100 onwards, we observe a shift in the surface charge distribution

towards the two inner islands of the device. In this region, we have a much higher

spatial resolution, shown by the larger gradient in simulation of induced charge from

Fig. 5.15. As such, any small movement in surface charge distribution will cause

a larger shift in charge configuration of the device. We observe this as a noisier

measurement of frequencies shown in Fig. 5.16 (b). This is also shown in the raw

FFT data where the peaks are less clear in this region, consistent with the charge

configuration changing during the course of the measurement. With an improved

measurement rate, this detector could be used for observing spatial charge fluctuations

with a resolution of less than 100 µm.

5.6 Conclusion and Outlook

In this Chapter, we have investigated charge sensitivity in a two-mode transmon. Our

results show observations of multiple charge parity configurations, and show agree-

ment with a predictive theory for charge sensitivity using a tight binding approxi-

mation. In addition, we show this sensitivity can be suppressed for high coherence

quantum computing applications.
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Figure 5.18: Illustration of an asymmetric 3-island multi-mode coaxial transmon
(purple) and readout resonator (white) unit cell, designed for the triangulation of
surface charge.

We use a two-mode device in the charge-sensitive regime to demonstrate proof-of-

principle spatially-resolved charge detection. Combining a similar device with high

fidelity state readout in future would enable detection of parity jumps between three-

superconducting islands, and determine how quasi-particle tunnelling events affect

energy dissipation in multiple modes. If local control of static electric field were in-

corporated in a future device via gate electrodes, it would become possible to unam-

biguously translate frequency fluctuations to precise charge configurations, for precise

detection of local differential charge-noise vs. global charge-noise. We hence propose

such multi-mode charge-sensitive qubits as potentially powerful tools for ongoing in-

vestigations into sources of decoherence in superconducting quantum devices.

By performing a time-series measurement of charge configuration, we observe the

two main characteristics of measurements of charge sensitive transmon devices. We

observe a sudden jump in charge configuration, previously investigated and attributed
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to ionising radiation [36]. Whilst our model attributes the observed slow drifts in the

charge configurations to movement of a charge on the surface of the substrate, it is

more likely to be the result of a movement of a distribution of charges on the surface

of the substrate. This movement of charge distribution is in contrast to previous

postulates of a uniform flux of charge incident upon the device [35]. We argue that

the varying stability in measured frequency configuration and identified areas of high

spatial sensitivity from our simulation further suggest this. When the surface charge

is identified to be closer to the centre of the device, the frequency configuration is

observably less stable over time, whereas when the charge is located closer to the

outer island, the configuration is more stable.

This conclusion prompts further investigation into this source of decoherence with

an optimised multi-mode device. A limitation of the symmetry of the device is that

we are unable to localise a charge beyond a single quarter of the device. In addition,

the Ramsey interferometry measurement methodology is very slow due to the averag-

ing required to obtain good signal to noise ratio. We suggest a further investigation

into tracking of surface charge could utilise a three-island multi-mode device with

asymmetric islands, as shown in Fig. 5.18. This would allow for a more direct trian-

gulation of the suspected surface charge distribution movement, and further suggest

methods of mitigation in future superconducting circuit devices. There is a trade-

off with the added circuit complexity and asymmetry. The device has three modes,

with eight parity configurations for each transition, making Ramsey interferometry

measurements challenging.
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Chapter 6

Extension to Multi-Qubit Circuits

In previous chapters, we introduced the concept of the two-mode coaxial transmon,

and the behaviour and operation of the unit-cell. We demonstrated how charge-noise

affects these systems and how to mitigate against these sources of decoherence. Whilst

it is important to understand these systems at a small scale, ultimately our aim is

to create large arrays of qubits and be able to demonstrate multi-qubit interactions

across an array of devices, utilising the tileability of the coaxial cQED architecture.

This paves the way to using these two-mode coaxial transmons as useful computa-

tional devices, and reducing errors in superconducting quantum devices by exploiting

the characteristics of the multi-mode system.

In this chapter, we present experimental results on statically-coupled two-mode

coaxial transmon qubits in which we utilise spatial symmetries to introduce highly

mode-selective coupling. We demonstrate an all-microwave activated conditional

phase interaction with the potential to generate a fast entanglement operation be-

tween computational modes. Through simultaneous readout of both computational

and ancillary modes, we show minimal leakage outside of the computational basis due

to the entanglement operation.
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6.1 Device Design

Figure 6.1: 3D model of the coupled two-mode coaxial transmon device. QA (blue)
has dimensions: inner island radius = 240 µm, inner island gap = 90 µm. QB (green)
has dimensions: inner island radius = 200 µm, inner island gap = 150 µm. Both
devices have the same outer island geometry, with inner radius of 389.5 µm, and
outer radius of 489.5 µm. Overlapping arm capacitors (separation = 40 µm, overlap
= 100 µm), provide coupling between outer islands.

To introduce a coupling between the two two-mode coaxial transmon devices, we

use two overlapping arms to introduce a capacitance between the outer islands of

the devices. In a similar fashion to other coupled coaxial transmon devices [159],

this introduces an exchange interaction of strength J , dependent on the size of the

capacitance. As outlined in Chapter 3, this is how we implement a selective coupling

between the two higher frequency, quadrupole-like, modes of the system. Since the

outer island does not participate in the lower frequency, dipole-like, modes of the

system, we do not expect them to have any direct coupling due to this additional

capacitance introduced.

The device and sample holder are simulated using ANSYS HFSS, using the 3D

model shown in Fig. 6.1. Eigenmode simulations are performed to identify the four

transition frequencies, with subsequent EPR calculations using the simulated fields
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Figure 6.2: Photograph of the measured two-mode coaxial transmon device. Fabri-
cated chips have two pairs of qubits, with nominally identical parameters.

to obtain self and cross-Kerr shifts, using the methodology outlined in Appendix B.

We design this system with the intention of implementing the ancillary transition

driven microwave activated phase gate (AT-MAP) previously introduced, targeting

the resonance condition ωΣ = ωΣ′ (ancillary transitions on resonance). Target junc-

tion inductances of LJ = 9 nH (11 nH) (EJ = 18 GHz (14.5 GHz)) are identified

and used in the simulations to obtain the transition frequencies of QA (QB). The

parameters obtained from these simulations are shown in Table 6.1 (on page 136).

Once designed, we fabricate the device using the same process as the device in

Chapter 4. We use photolithography to pattern large scale features (qubit islands,

coupling arms, and readout resonators) on both sides of a 0.5 mm thick silicon wafer.

Electron beam lithography is then used to pattern the smaller Josephson junction

features. Following this process, the wafer is diced into 5×5 mm chips (shown in Fig.

6.2), where a suitable candidate for measurement is selected using room temperature

resistance measurements. Once identified, the chip is mounted inside an aluminium

sample holder within a µ-metal magnetic and light-tight shield, anchored to the 20

mK stage of a dilution refrigerator, operating with a standard cQED experimental
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6.2. READOUT CHARACTERISATION

Figure 6.3: Labelling and colour scheme of the coupled two-mode coaxial transmon
system. Arrows show the engineered type of coupling between each mode. We high-
light the ∆-mode and Σ-mode of QA in green and orange (as in previous chapters),
and highlight the ∆

′
-mode and Σ

′
-mode of QB in purple and red respectively.

setup, outlined in Appendix C.

For consistency and clarity with notation, we label one two-mode coaxial transmon

QA, with corresponding it’s ∆-mode and Σ-mode (as previously defined). The second

two-mode coaxial transmon we label QB, and it’s corresponding modes ∆
′
-mode and

Σ
′
-mode. This labelling structure and corresponding colour identification is outlined

in Fig. 6.3. Recall that in this architecture, we identify the Σ-modes as our ancillary

(or communication) transitions, and the ∆-modes as the protected computational

modes.

6.2 Readout Characterisation

We perform continuous wave (CW) spectroscopy measurements in the low power

regime to obtain the parameters of each readout resonator. We fit the real and

imaginary part of each signal using Eqn. 4.4, plotting the corresponding data and fits

in Fig. 6.4. We find the resonant frequency of ωr/2π = 8.204 GHz (ωr/2π = 8.676

GHz), with a linewidth of κr/2π = 500 kHz (κr/2π = 470 kHz) for QA (QB). Notably,
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Figure 6.4: Measured resonator complex (left), magnitude (centre) and phase (right)
responses for QA (a) and QB (b). Data (black) is fitted to Eqn. 4.4 (red). From this
fitting we extract internal quality factors Q0 = 67000 (Q0 = 134000), with external
quality factors Qe = 22000 (Qe = 21000) for QA (QB), reported to the nearest
thousand.

the linewidths are much smaller than the previous devices measured.

In Fig. 6.5, we show the readout resonators phase responses when the modes

of the two-mode coaxial transmons are prepared in the excited state. From this,

we extract the state dependent shift of the modes and corresponding resonators χir,

shown in Table 6.1. Due to the ratios of χΣr/χ∆r and χir/κr, we are able to identify

a frequency for which we can optimally simultaneously readout both modes of each

device. This is shown in the IQ plane plot of Fig. 6.5, where the angle between the

|10⟩, |00⟩ and |01⟩ state signal distributions is 90◦. When performing experiments,

we can calibrate to identify the signal rotation required such that the measurement

of one mode is in the real axis, and the measurement of the other mode is in the

imaginary axis. This is beneficial when we characterise entanglement operations and
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Figure 6.5: (Left) Phase response of the readout resonator as a function of the two-
mode coaxial transmons (QA upper, QB lower) being prepared in the |00⟩, |10⟩ and
|01⟩ state. Vertical dashed lines show chosen readout frequency for simultaneous
readout. Data (dot) is fitted (line) to Eqn. 4.4. (Right) IQ plane distributions of
readout signals measured when the two-mode coaxial transmon is prepared in the |00⟩,
|10⟩ and |01⟩ state, and the readout resonator is probed at the frequencies indicated
in (left).

wish to show minimal leakage outside the computational subspace.

6.3 Hamiltonian Parameters

Using qubit spectroscopy methods previously introduced, we are able to identify the

transition frequencies for each of the modes of the system. For Qubit A (Qubit B),

we find the transition frequencies to be ω∆/2π = 3.89 GHz and ωΣ/2π = 5.13 GHz

(ω∆′/2π = 4.21 GHz and ωΣ′/2π = 5.24 GHz), with anharmonicities of η∆/2π = −90

MHz and ηΣ/2π = −140 MHz (η∆′/2π = −150 MHz and ηΣ′/2π = −200 MHz). By
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identifying the |00⟩−|11⟩ transition for each device, we are obtain the cross-Kerr shifts

χΣ∆/2π = 240 MHz and χΣ′∆′/2π = 320 MHz for Qubit A and Qubit B respectively.

With these parameters we approximately achieve the resonance condition for the

AT-MAP interaction ωΣ − χΣ∆ ≈ ωΣ′ − χΣ′∆′ .

Using a numerical simulation [171], we construct and estimate for the Hamiltonian

parameters EJ , EC and Ep, which are summarised in Table 6.1. As shown in the

table, the extracted values of EJ are approximately 20% and 25% lower than what

was designed and simulated. As a result, the EJ/EC ratios, also listed in Table

6.1, are sufficiently low that the modes are weakly and measurably charge-sensitive

(ϵ01/10 ∼ 100 kHz). We observe this in Ramsey oscillations, shown in Section 6.4.2.

6.4 Coherence Characterisation

6.4.1 Energy Relaxation

In order to measure the energy relaxation rate (Γ1 = 1/T1) of each mode, we use a

calibrated Xπ pulse to prepare the mode in the excited state, then wait a delay period

∆t, before reading out the state. The pulse sequence is illustrated in Fig. 6.6 (a).

We perform this measurement on each mode individually.

We repeat this measurement ∼ 100 times in order to build statistics, and plot

the measured traces for each mode in Fig. 6.6. As expected the traces follow an

exponential decay, which we fit to an equation of the form S(∆t) = a + be−∆t/T1 , in

order to extract the energy relaxation time T1.

The histograms of extracted T1 values for each respective mode are plotted in

Fig. 6.6. As with previous experiments, the two ∆-modes have a lower energy

relaxation rate due to the symmetry of the electric fields and weaker coupling to the

loss mechanisms of the readout resonator and coaxial control port. The quadrupole-

like Σ-modes both have similar values and distributions of energy relaxation rates,

shown in Fig. 6.7.
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Figure 6.6: (a) Pulse scheme of the energy relaxation rate measurement. (Left)
Resulting traces from multiple measurements of the energy relaxation rate of each
mode labelled. (Right) Histogram of extracted T1 calculated by fitting each trace
(left) to an exponential decay of the form S(∆t) = a + be−∆t/T1 , where a and b are
constant amplitude and offsets.

As previously discussed, the distribution of measured T1 varies with time in these

longer measurements, as two-level-systems and loss channels reconfigure [180]. We

report the arithmetic mean of the extracted T1 values, and standard deviation σ,

summarised in Table 6.1. Whilst we report these values, we note that the presented
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Figure 6.7: Combined normalised histograms of extracted T1 values from each mode
of the coupled two-mode coaxial transmon device.

distributions provide more detailed insights into the dynamics of the energy relaxation

properties of the modes.

6.4.2 Ramsey Oscillations

We measure the transverse relaxation rate 1/T ∗
2 = 1/2T1 + 1/Tϕ using a Ramsey

oscillation measurement. Using a calibrated Xπ/2 pulse amplitude and detuned drive

frequency, we prepare the mode in a superposition state, and allow it to evolve for a

time ∆t. We then return the state to the measurement basis with a second detuned

Xπ/2 pulse, before measuring. This is shown in the pulse sequence in Fig. 6.8 (a).

When ∆t is varied, we expect the resulting signal to follow a decaying oscillation, with

the frequency of the oscillation corresponding to the detuning between the control

pulse and transition frequency.

Whilst the devices were designed to be insensitive to charge noise, we resolve a

charge dispersion of roughly 50 kHz for the modes of Qubit A, and 200 kHz for the

modes of Qubit B. This is due to the Josephson energies, EJ , of the fabricated devices

being lower than what was designed. In later measurements, we use the ∆-mode of
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Figure 6.8: (a) Pulse sequence for the transverse relaxation rate measurement. (Left)
Example measured Ramsey oscillation traces. Data (dots) is fitted (line) to the
product of an exponential decay sum of four cosinusoidal oscillations. The decay
constant and frequency components are extracted from the fitting of the Fourier
transform data. (Right) Fast Fourier transform of the Ramsey oscillation (left). Data
(dots) is fitted (lines) to the sum of four equal Lorentzian lineshapes, symmetric about
the mean detuning. This method is presented in further detail in Chapter 5.

QA as a target mode, since it has the lower charge dispersion of the two computational

modes. We do not perform thorough measurements of charge dispersion and charge-
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offset configuration tracking in this experiment, as we did in the previous chapter,

hence quoted values of charge dispersion are approximate.

In Fig. 6.8, we show examples of the Ramsey oscillation measurements, and

corresponding fast Fourier transforms (FFT), as in Chapter 5. We note that the

dispersion measured here is an order of magnitude smaller than the designed charge-

sensitive device previously presented (MHz), due to the engineering of the capacitance

of the device. From the measured decaying oscillation, we first fit the FFT data to

a sum of four Lorentzian lineshapes (of equal linewidth), symmetric about the mean

detuning between the drive frequency and transition frequencies. We use the extracted

frequencies and linewidth as the frequency components and decay constant to fit to

the Ramsey oscillation data. The indicated dotted line illustrates the decay envelope

corresponding the the extracted linewidth, showing a decay constant of T ∗
2 = 25 µs

for each mode (T ∗
2 = 32 µs for QB ∆-mode). Since these modes are weakly charge-

sensitive, we do not report repeated fitting or statistics of Ramsey dephasing rates.
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6.4.3 Spin-Echo
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Figure 6.9: (a) Pulse sequence of the Spin-Echo coherence measurement. (Left) Mea-
sured traces from repeated Spin-Echo experiments. Data is fitted to an exponential
decay, from which the coherence time T2E is extracted. (Right) Histograms of ex-
tracted T2E values. Modes labelled as per the colour scheme in Fig. 6.3.

The Ramsey oscillation method of measuring transverse relaxation rate is susceptible

to quasistatic noise (over the scale of ∆t). As previously, we introduces an “echo”

pulse at the midpoint of the free evolution to refocus inhomogenous contributions
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to dephasing. The pulse sequence is shown in Fig. 6.9 (a). The resulting signal

measured as a function of ∆t follows an exponential decay.

In Fig. 6.9, we show the measured spin-echo traces for each of the four modes.

These traces are fitted to an exponential decay of the form S(∆t) = a+be−∆t/T2E , from

which the coherence time T2E is extracted. In Fig. 6.9 we also show the histograms of

the extracted T2E values. We report the arithmetic means and standard deviations,

shown in Table 6.1.

We once again note that the extracted coherence times T2E are below the funda-

mental limit of 2T1, however the ∆-mode coherence times are larger than the esti-

mated Ramsey decay T ∗
2 ≈ 25 µs. Firstly, this suggests that the modes are susceptible

to high frequency noise sources, such as photon shot noise from the readout resonator.

Secondly, this suggests that, in this device, charge noise is a notable source of deco-

herence. Further design and optimisation work is required to tune the coupling of the

qubit modes to the resonator to improve coherence [30], and reduce the sensitivity to

charge noise [38] (the latter can be achieved by increasing the Josephson energy EJ

as was designed).

6.5 Device Parameters

We summarise the results of the characterisation measurements performed on indi-

vidual modes in Table 6.1.

We note there is a large disparity between the target frequencies and measured fre-

quencies. This is due to Josephson energies obtained through fabrication of devices in

this particular wafer being lower than what was designed. Whilst this can sometimes

occur due to the sensitivity of the fabrication process, we note that the effects we wish

to investigate are insensitive to global variations in fabricated frequencies. What is

important is the local variation in Josephson energies, since asymmetry introduces

unwanted coupling, and resonance conditions may be missed. In our process, the chip
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Table 6.1: Device Parameters

Device: QA Sim. QB Sim. Qubit A Qubit B
LC Resonator
Frequency fr (GHz) - - 8.20 8.68
Linewidth κr/2π (kHz) - - 500 470
Dispersive Shift 2χ∆r/2π (MHz) - - 1.9 2.1
Dispersive Shift 2χΣr/2π (MHz) - - 2.5 2.7

∆ - Mode
Transition Frequency ω∆/2π (GHz) 4.48 4.95 3.89 4.21
Anharmonicity η∆/2π (MHz) 86 150 90 150
T1 (µs) - - 86 (19) 63 (10)
T2 Echo (µs) - - 41 (13) 39 (10)

Σ - Mode
Transition Frequency ωΣ/2π (GHz) 5.96 6.01 5.13 5.24
Anharmonicity ηΣ/2π (MHz) 170 170 140 200
T1 (µs) - - 27 (3) 26 (3)
T2 Echo (µs) - - 32 (11) 25 (6)

Cross Kerr Shift χΣ∆/2π (MHz) 230 320 240 320

EJ (GHz) 18 14.5 14.5 11
EC (GHz) 0.21 0.29 0.21 0.29
Ep (GHz) 0.12 0.11 0.11 0.13

EJ/EC 86 50 69 38
Ep/EC 0.57 0.38 0.52 0.45

level spread of Josephson energies is 2 % [161], corresponding to a frequency spread

of approximately ±50 MHz.

6.6 Mode-Selective Coupling

With the basic parameters of each mode characterised, we move on to measuring the

coupling between the four modes.
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6.6.1 Conditional Ramsey Oscillations

In order to measure the state-dependent frequency shift between modes (χij), we

employ a method of conditional Ramsey interferometry. As with previous Ramsey

experiments, we can use these measurements to precisely identify transition frequen-

cies, since the frequency of the oscillations is given by the detuning between the drive

frequency and transition frequency.

The pulse sequence we employ in these measurements is shown in Fig. 6.10 and

6.11 (a). In each measurement of frequency shift we perform the experiment twice.

The first with the control mode prepared in the ground state (indicated by the identity

gate I in the pulse scheme), before measuring the Ramsey oscillation on the target

mode. In the second measurement, we prepare the control mode in the excited state

using an on-resonant calibrated Xπ pulse, before running the same Ramsey oscillation

measurement on the target mode. In each case, the Xπ/2 control pulses on the target

mode are at the same frequency, detuned from the calibrated transition frequency by

approximately 500 kHz.

The difference between the two frequencies of the Ramsey oscillations yields the

state-dependent frequency shift χij between the target and control modes. For two

transmon modes that are transversely coupled (as in the case of the two ancillary

Σ-modes), recall from Eqn. 2.21 that the frequency shift is related to the exchange

interaction strength J via,

χij =
2J2(ηi + ηj)

(∆ij + ηi)(∆ij − ηj)
, (6.1)

where ∆ij is the detuning between the modes i and j, and η is the respective an-

harmonicity. From the measurement of χΣΣ′ , we are able to extract the exchange

interaction strength J . Note that this equation is only true of modes with a purely

transverse coupling between them, and the resulting χij is a perturbative cross-Kerr

shift.
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As discussed previously, the modes of this particular system are weakly charge

sensitive. This can lead to complications when conducting Ramsey based measure-

ments, as illustrated in Fig. 6.8. In these measurements, we perform the Ramsey

oscillation sequence on the modes of QA (using them as the target modes), since

it has the lower charge dispersion of the two devices. We ensure that the sequence

length is sufficient to resolve the corresponding frequency components of the Fourier

transform, and is fast enough to reduce frequency drifts due to changes in the charge

configuration. We also note that the charge dispersion is small compared to the drive

detuning.

6.6.1.1 Σ− Σ
′
Mode Coupling

We first use the conditional Ramsey oscillation measurement to obtain the coupling

between the two higher frequency Σ-modes of the system. Recalling from Chapter 3,

and Fig. 6.3, we expect these modes to have a significant measurable state-dependent

shift between them, as is designed.

In Fig. 6.10 (b), we show the resulting two traces for the conditional Ramsey

experiment performed with the QA Σ-mode as the target, and QB Σ
′
-mode as the

control. We note the red trace (control mode prepared in the excited state) has a

lower contrast, since the control pulses are significantly further detuned and hence

have a lower fidelity. In Fig. 6.10 (c) we show the fast Fourier transform of the

decaying oscillations shown in Fig. 6.10 (b). We fit these to a Lorentzian lineshape

to determine the frequency of the oscillations, and hence the detuning between the

drive frequency and transition frequency. The difference between the two extracted

frequencies yields the state dependent shift.

From this measurement, we identify a state-dependent shift of χΣΣ′ = 2.679 MHz

(±6 kHz). Using Eqn. 6.1, we extract an exchange interaction strength of J = 9.3

MHz.
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Figure 6.10: (a) Pulse sequence of the conditional Ramsey experiment. (b) Resulting
traces of the two Ramsey oscillation measurements, corresponding the control mode
in the ground state (black) and excited state (red). Data (dots) is fitted (line) to
a decaying oscillation, with the frequency component extracted from the Fourier
transform data. (c) Fast Fourier transform of the decaying oscillation traces in (b).
Data (dots) is fit (line) to a Lorentzian lineshape in order to extract the frequency of
oscillations. Drive detuning, (ωd − ωΣ)/2π = −284 kHz.

6.6.1.2 ∆−∆
′
Mode Coupling

We next use the conditional Ramsey oscillation measurement to obtain the coupling

between the two computational ∆-modes of the system.

In Fig. 6.11 (b) we show the measured traces resulting from the two conditional

Ramsey experiments. By inspection, these show no difference in the frequency of

oscillation between the two, and appear qualitatively the same. In Fig. 6.11 (c)

we show the two FFTs of the decaying oscillations, again showing two Lorentzian

lineshapes of qualitatively the same frequency.

From fitting the two Lorentzian lineshapes in Fig. 6.11 (b), we identify the de-
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Figure 6.11: (a) Pulse sequence for the conditional Ramsey experiment. The control
mode is prepared in the ground or excited state by either an identity gate (I) or Xπ

gate respectively. (b) Measured traces of conditional Ramsey oscillations on the target
(QA ∆-mode) corresponding to the control mode (QB ∆

′
-mode) being prepared in the

ground (black) or excited state (purple). Data (dots) is fitted (solid line) to a decaying
oscillation. (c) Fast Fourier transform of the corresponding decaying oscillation traces
in (b). Data (dots) is fitted (solid line) to a single peaked Lorentzian, from which the
frequency is extracted. Drive detuning, (ωd − ω∆)/2π = −431 kHz.

tuning between the control pulse and the |0000⟩ → |0100⟩ transition to be ωd/2π −

ω|0000⟩→|0100⟩/2π = 431.6 kHz (±0.4 kHz), and detuning between the control pulse and

the |0001⟩ → |0101⟩ transition to be ωd/2π−ω|0001⟩→|0101⟩/2π = 429.6 kHz (±0.5 kHz).

This yields a state-dependent shift χ∆∆′/2π = (E0101+E0000−E0100−E0001)/h = 2.0

kHz (±0.6) kHz.

This presents one of the main results in demonstrating the mode-selective coupling

structure in our system. In a system of four modes, we are able to show that we

can selectively couple two modes, and have a greatly suppressed coupling between

protected modes.
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Recalling the result obtained in Fig. 3.15, if this frequency shift were purely

a result of junction energy asymmetry, it would suggest an error significantly larger

than the previously reported 2% junction energy spread. We postulate this coupling is

likely due to the geometric coupling of two coincidentally oriented electric dipoles. As

such, this can be eliminated by orientating the adjacent two-mode coaxial transmons

perpendicularly.

6.6.1.3 Cross-Mode Coupling

For completeness, we also note that the cross modes (QA-∆ - QB-Σ
′
, QA-Σ - QB-∆

′
)

will also have some state-dependent frequency shift between them. This is important

to understand in our architecture, since these frequency shifts are indicative of how

fast we are able to perform the AT-MAP interaction between the computational

modes.

In Fig. 6.12 we show the corresponding conditional Ramsey oscillation traces for

the cross-coupling measurements. The pulse scheme is the same as in the previous

experiments. The measurements are repeated at two different detunings in order to

ascertain the exact frequency shift and allow for any aliasing in the FFT data. In

the case of these traces, the drive frequency is between the two transition frequencies,

and so the state-dependent frequency shift is determined by the sum of the fitted

frequencies.

By fitting a Lorentzian lineshape to the fast Fourier transform data in Fig. 6.12

(b) and (d), we obtain shifts of χΣ∆′/2π = 1.292 MHz (±6 kHz), and χ∆Σ′/2π = 0.699

MHz (±8 kHz).

We note that this state-dependent shift is not a result of a direct coupling, since

there is no direct coupling in the circuit design or bare device Hamiltonian. It is

instead a coupling mediated by the Σ-mode, in the same fashion as the coupling

between the ∆-mode and readout resonator. The values measured here are consistent

with values obtained in EPR simulation methods.
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Figure 6.12: (a)(c) Measured traces of conditional Ramsey oscillations on the tar-
get ((a) QA Σ-mode, (c) QA ∆-mode) corresponding to the control mode ((a) QB
∆

′
-mode (c) QB Σ

′
-mode) being prepared in the ground (black) or excited state

(purple/red). Data (dots) is fitted (solid line) to a decaying oscillation. (b)(d) Fast
Fourier transform of the corresponding decaying oscillation traces in (a)(c). Data
(dots) is fitted (solid line) to a single peaked Lorentzian, from which the frequency is
extracted. Drive detuning, (ωd − ωΣ(∆))/2π = −1.062 MHz (−492 kHz).

6.6.2 Randomised Benchmarking

In addition to measuring the state-dependent frequency shifts of each mode, we use

individual and simultaneous randomised benchmarking to quantify the selective ad-

dressability and crosstalk between the computational modes [183–185].

At each step m in the randomised benchmarking sequence, we construct k = 50

random sequence seeds, sampling rotations from the single qubit rotation Clifford

group. To improve signal to noise, each sequence measured is repeated 1000 times

and an average signal taken. Given we start in the ground state, and with the inversion
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gate at the end, the entire sequence amounts to an identity gate (I). If the gate error

is modelled as a depolarising channel with parameter α, the probability the sequence

yields the initial state (ground state) is given by,

P = αm +
1− αm

2n
=

2n − 1

2n
αm +

1

2n
= A0α

m +B0 (6.2)

where m is the number of Cliffords, n is the number of qubits, and A0 and B0 are

amplitude and offset parameters respectively. Thus the sequence exponentially decays

with sequence length and parameter α.

The randomised benchmarking procedure extends naturally to many qubits, how-

ever we only use the single qubit result, where n = 1. From the depolarising parameter

α, we calculate the error per Clifford (EPC) as,

EPC =
1

2
(1− α) (6.3)

In order to obtain the error due to a particular gate, one can implement an in-

terleaved randomised benchmarking procedure. This is beyond the scope of what

we are interested in, hence we only take the average error per single qubit rotation.

Since each Clifford rotation is compiled using a combination of physical gates, we can

extract the average error per gate (EPG) as,

EPG =
1

2
(1− α1/Ng) (6.4)

where Ng is the average number of physical gates per Clifford rotation (Ng = 2.2)1.

For completeness, we also present the error per gate in the ideal case, where fidelity

is only limited by coherence. This coherence limited error per gate (EPGc.l.) is given

by,

EPGc.l. = (3− e−τg/T1 − 2e−τg/T2E)/6 (6.5)

where τg is the physical gate time.

1The gateset in this experiment is composed of only Xπ/2 and Yπ/2 gates, hence the larger average
number of physical gates than if Xπ and Yπ gates were also used.
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Figure 6.13: Individual and simultaneous randomised benchmarking. (a) Illustration
of an example pulse sequence of an individual randomised benchmarking sequence
(m = 8). Grey pulses control target mode, whilst second mode has an empty sequence.
Clifford rotations comprise combination of physical Xπ, Xπ/2, Yπ, Yπ/2 gates. (b)
Illustration of an example pulse sequence of a simultaneous randomised benchmarking
sequence (m = 8). Two unique sequences are applied to computational ∆-mode and
∆

′
-modes. (c)(d) Individual (black) and simultaneous (purple/green) randomised

benchmarking sequence result of measuring the ∆-mode (c) and ∆
′
-mode (d). Data

(crosses) is fitted to Eqn. 6.2 (lines). Measured sequences sample every m = i ∗ 2.
Error bars show standard deviation of 50 sequences sampled, plotted alternatively
every m = i ∗ 10 for clarity.

We perform the randomised benchmarking measurement in two configurations.

The first is the individual case, where gates are only applied to one mode and every-

thing else remains in the ground state (C ⊗ I / I ⊗ C). The second configuration

is a simultaneous randomised benchmarking sequence, where sequences and gates

are applied simultaneously to two modes (C ⊗ C). In systems of statically-coupled,

fixed-frequency, transmon qubits, the error per gate extracted is larger in the case

where the two computational modes are measured simultaneously [185]. This is due
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Table 6.2: Randomised Benchmarking Results

Mode: EPCind (x102) EPCsim (x102) EPGind (x102) EPGsim (x102)
∆-mode 2.73(6) 2.78(9) 1.26(3) 1.28(8)
∆

′
-mode 4.48(0) 4.48(6) 2.08(8) 2.09(1)

Avg. 3.6(1) 3.6(4) 1.6(8) 1.6(9)

to the always-on unwanted ZZ interaction between the two modes inducing a state-

dependent frequency shift.

To demonstrate the suppressed crosstalk between computational modes in our ar-

chitecture, we perform individual and simultaneous randomised benchmarking mea-

surements on the ∆-modes.

In Fig. 6.13, we show illustrations of pulse schemes ((a), (b)) and results of the

individual and simultaneous randomised benchmarking experiments ((c), (d)). We

observe no visible difference between the two curves plotted.

From fitting of the curves in Fig. 6.13 (c) and (d), we obtain the depolarising

parameter α, from which we extract the error per Clifford (EPC) and error per gate

(EPG). These values are summarised in Table 6.2. Here we once again demonstrate

the suppression in crosstalk, by observing a minimal increase in gate errors when the

sequences are applied simultaneously compared to individually.

Whilst this result demonstrates a significant merit of this architecture in suppress-

ing unwanted interactions between computational modes, we note the single-qubit-

gate errors are far from state-of-the-art obtained in coaxial superconducting circuits

[160]. This is largely due to the weak coupling between the coaxial control port,

and the dipole-like ∆-modes, since there is poor mode-matching between the electric

fields of these components. As such, we are required to either drive the modes at

high powers, or have very long pulses. In this case, the single qubit control pulses

are Gaussian pulses with a total edge-to-edge gate time of τg = 450 ns and τg = 1.05

µs. Using the coherence parameters in Table 6.1 and Eqn. 6.5, we obtain coherence
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limited errors per gate of EPGc.l.∆ = 0.4(5)x10−2, and EPGc.l.∆′ = 1.1(6)x10−2, for

the ∆-mode and ∆
′
-mode respectively. In future designs, we aim to increase this

coupling to the control port by adding intrinsic asymmetry in the layout, allowing for

faster gates and errors comparable to other similarly high-performing architectures

[160].

6.6.3 Summary

From our measurements of state-dependent frequency shifts through conditional Ram-

sey oscillation experiments, in addition to spectroscopy measurements, we are able

to construct a full χ matrix of the coupled two-mode coaxial transmon system. Note

the diagonal entries correspond to self-Kerr shifts (anharmonicities χii/2π = ηi/2π),

and the off diagonal elements are due to couplings between modes. For simplicity,

we order modes in ascending order of frequency, as in the vector (∆,∆
′
,Σ,Σ

′
). The

matrix is in units of MHz, and is symmetric about the diagonal, hence we only show

the bottom half for ease of reading.

χij/2π =


90 − − −

0.002 150 − −
240 1.292 140 −
0.699 320 2.679 200

 (6.6)

6.7 AT-MAP Interaction

As the mode-selective coupling structure has been established, we move on to demon-

strating a two-qubit state-dependent interaction between the two uncoupled ∆-modes

of the system. The interaction we choose to implement is the microwave activated

conditional phase via ancillary transitions (AT-MAP) interaction, previously intro-

duced in Section 3.3.3.

In order to measure a phase accumulated by the interaction, we use an Hahn-echo

type pulse sequence, shown in Fig. 6.14 (a). We use the QB ∆′-mode as the target,
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applying an Xπ/2, Yπ and Xπ/2 pulse at ω∆′ as shown in purple. Single-qubit control

pulses on the ∆-mode and ∆′-mode are applied on resonance with the transition

frequency of these modes. We also add the Gaussian conditional phase (CZ) pulse

driven at a frequency of ωd and power Ω2, shown in grey. This sequence is conditioned

on the state of the control mode, the QA ∆-mode, by applying either an identity,

I, or Xπ pulse, shown. This sequence maps the phase accumulated due to the CZ

pulse to the excited state population of the target mode, allowing us to characterise

the interaction. This sequence is identical to the measurements performed in Section

4.6, which forms the premise of this interaction.

6.7.1 Interaction Spectroscopy

Using the phase accumulation detection measurement sequence, we first explore the

AT-MAP interaction through spectroscopy. We perform the echo sequence depicted

in Fig. 6.14 (a) both with the control mode starting in the ground and excited state,

sweeping both the drive frequency (ωd) and drive power (Ω2) of the CZ pulse. We

subtract the two measured signals in order to obtain the conditional phase accumu-

lated in the interaction. The length of the CZ pulse is fixed at 250 ns.

In Fig. 6.14 (b) we plot the difference measured ∆′-mode signal between these two

measurements, showing the conditional phase accumulated in the interaction. The

individual measurements before the difference is taken can be seen in Fig. 6.15 (a)

and (b). Driving the interaction around the |0100⟩ → |1100⟩ and |0001⟩ → |0011⟩

transitions that are close to being on resonance, ωΣ − χΣ∆ ≈ ωΣ′ − χΣ′∆′ ≈ 4.9 GHz,

we see a strong signal with clear fringes. Simultaneously, we are able to measure the

excited state population of the ancillary transition of Qubit B, the Σ′-mode, whilst

performing this interaction, shown in Fig. 6.14 (c). There are three key features

at the transition frequencies labelled (ωΣ − χΣ∆, ωBSB′ , ωΣ′ − χΣ′∆′), corresponding

to the |0100⟩ → |1100⟩ and |0001⟩ → |0011⟩ transitions, as well as the sideband
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Figure 6.14: (a) Pulse scheme for the echo based conditional phase accumulation de-
tection measurement. The 250 ns Gaussian pulse frequency and power (ωd, Ω

2) are
swept to tune the interaction. (b) Difference in phase accumulated in QB ∆-mode
between QA ∆-mode starting in ground and excited state, swept versus drive fre-
quency and power. High contrast features labelled at ancillary transition frequencies
ωΣ′ −χΣ′∆′ and ωΣ−χΣ∆, as well as the blue sideband between these two transitions.
(c) Target mode ancillary transition (QB Σ-mode), measured simultaneously to the
QB ∆-mode. High contrast features show where the interaction can be driven on
resonance by driving one full Rabi period. (d) Estimated excited state population
of the QB ∆-mode (Σ-mode) versus AT-MAP drive power with the control mode,
QA ∆-mode, in the ground (blue (black)) or excited state (green (red)), driving the
AT-MAP interaction at 4.9 GHz, as indicated by the vertical dashed line in (b) and
(c). Data (dots) is fitted (lines) to a cos (Ωx)4 function in the case of the ∆′-mode,
and a linear fit in the case of the Σ′-mode
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Figure 6.15: Wide AT-MAP interaction spectroscopy. Pulse sequence as in Fig. 6.14,
with a fixed pulse length, and swept CZ pulse frequency and signal generator power.
Transition frequencies in region labelled. Ancillary transitions required to be on-
resonance for the AT-MAP interaction labelled with vertical dashed lines in orange
(Σ-mode), and red (Σ′-mode). (a) (b) ∆′-mode estimated phase conditioned on the
control ∆-mode initialised in the ground state (a) or excited state (b). (c) Magnitude
of the difference in phase (C. Phase) measured in (a) and (b).

transition between these two transitions (ωBSB′ = (ω|0101⟩→|1111⟩)/2) . These higher

contrast regions indicate where there is a non-negligible excited state population of

the target qubit ancillary transition.

To demonstrate the wide range of frequencies for which this interaction can be

driven, we perform the interaction spectroscopy measurement from 4.7 GHz to 5.3

GHz, shown in Fig. 6.15. We identify and label the transition frequencies that

correspond to features in the spectroscopy. The ancillary transitions involved in the
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6.7. AT-MAP INTERACTION

AT-MAP interaction are highlighted, and correspond to areas of high contrast in Fig.

6.15 (c), showing where the conditional phase interaction takes place.

From this spectroscopy, we choose to drive the AT-MAP interaction at a frequency

of 4.9 GHz, indicated by the dashed vertical lines in Fig. 6.14 (b) and (c), in order

to operate in a minimal leakage regime. We show a vertical slice of the spectroscopy

measurements in Fig. 6.14 (d), showing the estimated excited state populations of

the target computational (∆′-mode, blue and orange) and ancillary mode (Σ′-mode,

green and red), conditioned on the state of the control mode. The ∆′-mode population

follows the expected cos (Ωx)4 form, and for low power, the population of the Σ′-mode

is negligible. The difference in contrast between the green and blue data in Fig. 6.14

(d) is due to the lower fidelity of the control-mode Xπ pulse than the I operation

(corresponding to no control pulse being applied). As with many microwave-activated

interactions, driving at higher power can lead to unwanted effects and leakage, which

can cause errors in the operation of a two-qubit gate.

6.7.2 Interaction Power and Duration

With the drive frequency established, we investigate the effect of changing the pulse

length and drive power to tune the interaction. We use the same phase accumulation

detection sequence as previously shown in Fig. 6.14 (a), and vary the length of the

CZ pulse and generator drive power, sweeping the amplitude of the pulse. In Fig.

6.16 (a) we show the conditional phase accumulated in the target mode (∆′-mode),

and observe fringes that increase in frequency as the power is increased. By taking

a vertical slice of Fig. 6.16 (a) and performing a Fourier transform, we are able to

obtain the two frequency components of the conditional phase oscillation. These two

frequency components correspond to the sum and difference in the frequency of the

oscillations of the target mode phase with the control mode starting in the ground or

excited state. The slower of the two frequencies obtained indicates the difference in
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Figure 6.16: AT-MAP interaction versus power. (a) Conditional phase accumulated
in target mode versus pulse length and power, driven at 4.9 GHz. Step features occur
due to internal attenuation switching of signal generator when increasing drive power.
(b) Minimum [ZZ]π two-qubit gate length extracted from frequency of oscillations
of (a). (c) Estimated phase acquired on target mode QB ∆-mode, controlled on the
state of control mode QA ∆-mode as a function of interaction pulse length, with
constant drive power -3.9 dBm, indicated by vertical dashed line in (a) and (b).

the rate at which phase is acquired in the target mode with the control mode in the

ground or excited state, and hence the rate of the conditional phase rotation. After

one quarter of the time period of this frequency, the conditional phase acquired is

a the maximum value of π. This is what we extract as [ZZ]π gate time, when a π

phase rotation is applied to the target mode, conditional on the state of the control

mode. This data is plotted in Fig. 6.16 (b), fitted to an equation of the same form as
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6.7. AT-MAP INTERACTION

Eqn. 3.35. As expected, we find a increase in extracted gate speed, which saturates

at higher power to an extracted gate length of approximately 200 ns.

In Fig. 6.16 (c), we show a vertical slice of the 2D sweep, with a drive power of -3.9

dBm, indicated by the vertical dashed line in Fig. 6.16 (a) and (b). We plot the phase

accumulated in the target mode as a result of the AT-MAP interaction, conditioned

on the state of the control mode of the system. The point at which the oscillations are

out-of-phase is when a conditional π phase shift occurs in the target mode, or a [ZZ]π

gate, indicated by the vertical dashed line. Whilst not demonstrated in this work,

the alignment of these oscillations can be fine tuned with additional single qubit Z(θ)

rotations. What these two different oscillations show is that we are able to drive a

conditional phase interaction between two modes of a system, that have been shown

to have no measurable coupling between them.

6.7.3 Further Work

One of the limiting factors we encounter in this conditional phase interaction is the

poor single qubit gate fidelity of the ∆-modes of the system as previously described,

due to their weak coupling to the coaxial control port. At higher powers we also

expect leakage into other states of the system to become significant and cause errors.

A more detailed investigation into these error syndromes in more complex multi-mode

systems is needed for them to become more useful in quantum computing applications.

With our initial design of device, the coherence-limited gate fidelity for this 200 ns

gate is above 99%. The gate can be made faster by increasing the exchange coupling

J between ancillary modes, which will be a subject of future work. By doubling this

exchange interaction strength, we estimate the [ZZ]π gate can be driven in less than

100 ns, and approach state-of-the-art two-qubit gate fidelities.

We note here that these results do not explicitly demonstrate a two-qubit entan-

glement operation. This is due to the measurement limitations of the experimental
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6.8. CONCLUSION AND OUTLOOK

setup and lack of single-shot readout capabilities. In further work, we aim to perform

a thorough demonstration and characterisation of the two-qubit gate, through state

tomography, process tomography, or two-qubit randomised benchmarking.

6.8 Conclusion and Outlook

In this chapter, we have explored a system of two statically coupled, fixed-frequency,

two-mode coaxial transmons. We show that in this architecture, we can implement

a mode-selective coupling, and are able to greatly suppress unwanted interactions

between modes of the system. This allows us to use the protected ∆-modes as com-

putational states, and the coupled Σ-modes for communication. This architecture

shows promise for reducing errors in larger scale superconducting processors.

In addition, we demonstrate the ability to perform a conditional phase interaction

between the modes of the system with no measurable coupling between them, and no

additional circuit complexity. We describe how this microwave activated conditional

phase interaction is driven via the ancillary transitions of the system, and has a wide

range of resonance conditions that can be met. We show a proof-of-principle of the

AT-MAP interaction, demonstrating how a [ZZ]π operation can be performed in

∼ 100 ns. Increasing the coupling J between ancillary modes would allow faster gate

speeds, whilst maintaining crosstalk suppression between computational states.

In future work, we aim to optimise the device design for both faster single-qubit

and two-qubit gate operations, and benchmark the AT-MAP gate, investigating the

sources of error in the implementation. The coupling of this multi-mode structure

also lends itself to other gate operations. Whilst here we aim to reduce leakage into

the ancillary modes, they can be used as additional control modes and form a 4-qubit

Toffoli class in this system, implementing a CCCNOT type gate or other Toffoli gate.

Due to the versatility and engineerablity of these multi-mode devices, we propose
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that they have the potential to make promising contributions to the performance of

large scale quantum processors.
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Chapter 7

Conclusions and Outlook

7.1 Conclusions

In this thesis, we have presented an implementation of a multi-mode superconducting

qubit in a tileable circuit architecture, with 3D-integrated control and readout. Ex-

tending beyond the simplicity of the transmon qubit, we have added capability and

symmetry protection within the unit-cell of the coaxial cQED architecture, without

additional circuit or control complexity.

We began by presenting a theory of the behaviour of the two-mode coaxial trans-

mon in the unit-cell of the coaxial cQED architecture. We showed how alternative

3-island two-junction device designs behave, and outline how they can be used for

multiplexed readout mechanisms and photon detection experiments. We introduce

how a mode-selective coupling can be implemented, as well as presenting a theory of

an entangling operation between symmetry protected modes.

In a first experimental demonstration of the two-mode coaxial transmon and read-

out resonator unit-cell, we demonstrated high coherence in both modes with selective

control and readout. We also introduced two-tone spectroscopy techniques to char-

acterise complex energy level structures that can be utilised in more complex novel

qubit designs.

Charge noise is a leading source of decoherence in superconducting circuits. We in-

vestigated this topic using a charge-sensitive two-mode coaxial transmon as a probe.
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Our results include observations of multiple charge-parity configurations, showing

agreement with our predictive theory for charge sensitivity using a tight-binding ap-

proximation, as well as the utility of the device as a detector of spatial charge fluctu-

ations. We also showed how we can design the two-mode transmon device to be in a

parameter regime in which the charge sensitivity is suppressed.

Always-on interactions contribute to errors in the operation of single-qubit and

two-qubit gates in quantum computers. We performed experiments on a system of

coupled two-mode coaxial transmons, and demonstrated a mode-selective coupling

that suppressed the always-on interaction to 2 kHz, orders of magnitude smaller than

conventional statically coupled fixed frequency transmon circuits. In addition, sup-

pression of single-qubit gate errors when operated simultaneously versus individually

was shown in randomised benchmarking. We also show the first characterisations

of an two-qubit state-dependent interaction between the protected modes via an

off-resonant driving of the ancillary transitions of the system, which we name the

AT-MAP interaction. We show how this interaction has a wide range of resonance

conditions available for optimum operation, making it less sensitive to fabrication

imperfections than other two-qubit gates implemented in superconducting quantum

processors.

7.2 Outlook

Quantum computing requires the low-error operation of many qubits, and a simple

scaling of fixed frequency transmon architectures is not sufficient to reach the thresh-

olds required for error correction protocols. Further work is required to characterise

and benchmark the entangling operation we have introduced in this work, however,

we postulate that the multi-mode coaxial transmon qubit has the potential to be an

additional candidate for the building block of a quantum processor. Optimisation of

the design, in conjunction with the shielding configuration, has the potential to lead

155



7.2. OUTLOOK

to device performance approaching state-of-the-art. In addition, further exploitation

of the complex energy level structure can allow for a number of four-qubit Toffoli

class gates, such as a CCCNOT gate.

The orthogonal polarisation of the dipole-like antisymmetric mode and quadrupole-

like symmetric mode of the two-mode coaxial transmon lends itself to novel global

and local selective coupling schemes. This has applications in multiplexed detection

architectures as previously stated, as well as being potentially useful in quantum

simulation applications.

The work presented here demonstrates a simple extension of the coaxial transmon

qubit, whilst retaining the extensibility and tileability that comes as a result of the

out-of-plane wiring solution. As systems scale beyond current quantum advantage

class quantum computers, solving the problems of crosstalk and always-on interactions

in a scalable way is essential. In words attributed to Albert Einstein [186]:

“Everything should be made as simple as possible, but not simpler.”
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Appendix A

Tight-Binding Model of Charge
Dispersion

The Hamiltonian of Eqn. 3.6 can be written as Ĥ = T̂ + Û , where the kinetic term

T̂ = 8ECΣ
n̂2
Σ + 8EC∆

n̂2
∆, and the potential term can be rewritten as:

U(φΣ, φ∆) = −2EJ cos
φΣ

2
cos

φ∆

2

= −2EJ cos
φΣ

2
− 2EJ cos

φ∆

2

− 4EJ sin
2 φΣ

4
sin2 φ∆

4

= U0(φΣ, φ∆) + U1(φΣ, φ∆),

(A.1)

where U0 = −2EJ cos
φΣ

2
− 2EJ cos

φ∆

2
, is the potential term for two uncoupled trans-

mons, and U1 = −4EJ sin
2 φΣ

4
sin2 φ∆

4
, is a perturbation coupling the two transmon

modes together. The potential U0 is 4π periodic in φΣ and φ∆, and the additional

potential term U1 introduces lattice sites at (φΣ, φ∆) = (±2π,±2π).

Given this lattice structure, we use Bloch’s theorem to pick an approximate solu-

tion to the Schrödinger equation Ĥ |ψ⟩ = E |ψ⟩ as:

ψ(φ⃗) =
1√
2
(ψ(1)(φ⃗) + ψ(2)(φ⃗))

=
1√
2
eik⃗.φ⃗(uk(φ⃗) + eik⃗.⃗auk(φ⃗− a⃗)),

(A.2)

where k⃗ is the wave vector of the wavefunction ψ, φ⃗ is the position vector given by

(φΣ, φ∆), a⃗ denotes the lattice site introduced by the additional potential U1, and
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uk is a 4π periodic function. Due to the symmetry of the system, we only need to

consider the lattice sites located at φ⃗ = (0, 0) and φ⃗ = (2π, 2π).

We calculate the energies of the system with this approximate wavefunction using:

E(k) =
⟨ψk| Ĥ |ψk⟩
⟨ψk|ψk⟩

, (A.3)

leading to the dispersion relation:

E(ngΣ, ng∆) ≈ E0 + cos πngΣ cosπng∆(γ − αβ), (A.4)

where the wave vector k⃗ = (ngΣ/2, ng∆/2), and the quantities α, γ and β are the tight

binding coefficients given by:

α = 4

∫ 2π

0

uk(φ⃗)uk(φ⃗− 2π) d2φ⃗ (A.5)

β = −16EJ

∫ 2π

0

|uk(φ⃗)|2 sin2 φΣ

4
sin2 φ∆

4
d2φ⃗ (A.6)

γ = −16EJ

∫ 2π

0

uk(φ⃗)uk(φ⃗− 2π) sin2 φΣ

4
sin2 φ∆

4
d2φ⃗ (A.7)

The dominant term here is γ, which describes the bond energy between wavefunc-

tions at adjacent lattice sites, also known as the two center integral. The α and β

terms describe the overlap integral between wavefunctions on adjacent lattice sites,

and the energy shift due to the potential on neighbouring lattice sites respectively.

These two terms are small compared to γ and so can be neglected, leading to the

approximate form of the maximum charge dispersion ϵmn/4 ≈ γ.

This form of the charge dispersion ϵmn can either be calculated numerically, using

the wavefunctions shown in Fig. 3.4, or analytically using a semi analytical wave-

function approach to obtain the functional form of uk [88]. Using this approach, we

arrive at the analytical form for the maximum charge dispersion shown in Eqn. 3.28.
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Appendix B

Design and Simulation of Quantum
Devices

B.0.1 Finite Element Simulation

We simulate the classical electromagnetic behaviour of devices and environments us-

ing standard microwave simulation software ANSYS HFSS. This software uses a finite

element method (FEM) in order to numerically solve Maxwell’s equations in differ-

ential form in order to obtain electric and magnetic field distributions, given a set

3D geometry and appropriately assigned boundary conditions. The method divides

the geometry into small tetrahedral mesh elements, as shown in Fig. B.1, enabling

the expression of the fields within the finite elements through a large linear system

of differential equations. A matrix eigenvalue is found to such that the fields can be

found at each node of the geometry at the desired frequency. As such, the simulation

complexity scales as the volume of the device and environment increases.

From the classical simulation techniques, we are able to extract bare mode fre-

quencies and quality factors (where a lossy environment is simulated), capacitance

matrices that can be directly input into circuit quantisation methods, and surface

voltage distributions that can be used in charge sensitivity design operations. Fur-

ther post processing and calculations are required in order to obtain the quantum

mechanical parameters of devices.

In small scale devices (n ≈ 4 qubits), it is possible to simulate the entire chip and

159



Figure B.1: Electromagnetic simulation of two-mode coaxial transmon (grey) and res-
onator (green) system. (a) 3D design of qubit and resonator device. (b) Tetrahedral
mesh operation of device for FEM simulation. A higher density of mesh elements is
used around smaller geometry components around the inner islands and junctions.
(c) Electric field (E) and vector surface current (J) of low frequency ∆-mode. (d)
Electric field (E) and vector surface current (J) of high frequency Σ-mode.

sample holder environment, and extract mode frequencies and Hamiltonian parame-

ters, using a standard workstation computer. For larger devices (n ≈ 16 qubits), these

simulations have much higher memory (RAM) requirements, and so are performed on

high performance computing clusters. Beyond this scale it becomes prohibitively re-

source intensive to simulate using standard numerical methods, and so for the design

and understanding of larger scale devices, other techniques need to be employed.

B.0.2 Quantum Parameter Calculation

In order to determine the quantum mechanical properties of the devices, such as

couplings and nonlinearities, we can combine the results of classical FEM simulations

with a quantum mechanical model of a device, using methods established in the field

such as the energy participation ratio (EPR) [187] or black-box quantisation (BBQ)
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[188, 189].

The EPR calculation method allows us to extract quantum parameters of the

system by determining how much the nonlinear inductor component of the Josephson

junction contributes to the energy of each mode. Formally, the EPR parameter pmj

of junction j in mode m is defined as the ratio of inductive energy stored in junction

j to inductive energy stored in mode m, such that,

pmj =
⟨ψm| 1

2
Ejφ̂j

2 |ψm⟩
⟨ψm| 1

2
Ĥlin |ψm⟩

=
1
2
LjI

2
mj

ϵind,m
, (B.1)

where Ej is the Josephson energy, φ̂j is the junction flux operator, Ĥlin is the linear

component of the full system Hamiltonian, and |ψm⟩ is a coherent state or Fock

excitation of mode m. In the simulation and calculation, we define the junction

inductance Lj, and using the field results from the FEM simulation, can determine

the current Imj from the surface current density over the junction geometry, and

inductive energy stored in the mode ϵind,m.

The participation ratio pmj can then be used to determine the quantum zero-point

fluctuations using the relation,

ϕ2
mj = pmj

ℏωm

2Ej

. (B.2)

This allows us to construct the full Hamiltonian of the device and environment

system and efficiently extract mode frequencies ωm, anharmonicities ηm and couplings

and cross-Kerr shifts χmn. In practise, we use an open-source package PyEPR [190] to

perform the calculation and Hamiltonian diagonalisation. This method utilises both

perturbation theory methods and numerical diagonalisation techniques to calculate

the Hamiltonian of the system, and so faces the same memory overhead requirement

issues when scaling to larger systems of modes, however is sufficient for the devices

designed in this work.
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Figure B.2: Demonstrative workflow for designing superconducting quantum devices.
Once iterated sufficiently and target parameters met, the physical circuit design is
prepared for nanofabrication.

One can additionally calculate the quantum parameters of devices using the sim-

ulated impedance responses, in methods including and derived from black-box quan-

tisation. We find both BBQ and EPR methods give the same results, however, due

to the lack of frequency sweep requirements, and simplicity in extracting relevant

cross-Kerr shifts (χ) of devices, we find EPR methods more favourable and use them

in circuit design and simulation.

When designing devices for experiments, we use an iterative workflow outlined

in Fig. B.2. An initial 3D geometry is set using previous devices as a template,

and target parameters are given by experimental requirements and theoretical work.

This can be target frequencies and couplings between modes for optimum gate per-

formance, or aharmonicities for charge sensitivity measurements. Multiple refinement

passes are conducted before settling on a device design for fabrication.
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Appendix C

Experimental Setup

In order to initialise quantum systems in the ground state, we cool them down to

temperatures such that kBT ≪ ℏω. For the energy scales associated with super-

conducting quantum devices, this results in temperatures in the range of 10s of mil-

likelvin. To achieve this, we operate experiments in dilution refrigerators, and mount

sample holders and devices to the He3/He4 mixing chamber, as illustrated in C.1.

The exact temperature depends on the system used, however, systems are routinely

capable of cooling to a range of 10 - 20 mK. Thermalisation of devices to this temper-

ature is necessary, however not sufficient to presume the quantum systems initialise

in their respective ground states. It is also necessary to shield devices from sources

of radiation, as described in Appendix F.

A more detailed description of the experimental setup to perform measurements

is shown in Fig. C.1 is presented in [157, 161, 191]. The control of room temperature

instruments is performed using commercial measurement software “Labber” [192].
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Figure C.1: Schematic of the measurement and control setup used for cQED exper-
iments. Qubit and readout signals propagate through coaxial control lines in the
fridge and are attenuated at multiple stages before reaching the sample holder. The
readout signal is reflected and passes through the output amplification and filtering
chain before being downconverted and digitised. The dilution refrigeration systems
used have shields at the 800mK, 4K and 50K plate levels. The sample holders are
placed in a light tight mu metal shield to protect devices from IR radiation and global
magnetic field offsets.
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Figure C.2: Photograph of experimental setup consisting of a Triton 200 dilution
refrigerator and rack mounted room temperature control electronics. Full details of
components as listed in [157].
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Appendix D

Readout Signals and Digitisation

As with the qubit control pulse generation, we use single sideband modulation with

suppressed carrier frequency to generate readout signals, as depicted in Fig. C.1.

We attenuate the output from the external IQ mixer such that signals incident at

the device level are of a low photon number, and the readout procedure operates in

the low power regime. Readout signals are reflected by the resonator being probed

and pass through the circulator, filters and HEMT amplifier of the fridge output

chain. These signals are amplified further by an additional two amplifiers at room

temperature.

Using a heterodyne detection setup, we downconvert the readout signals into the

real (I) and imaginary (Q) components in the form,

IIF (t) ∝ ARO cos (ωIF t+ θRO),

QIF (t) ∝ ARO sin (ωIF t+ θRO).
(D.1)

This maintains the amplitude (ARO) and phase (θRO) information of the readout

signal, but within a signal at a lower frequency (ωIF ≈ 120 MHz) that can be digitised

using standard analogue-to-digital converter (ADC) technologies.

In software we demodulate these signals to DC resulting in a time varying signal

voltage given by,

V (t) = VI(t) + iVQ(t), (D.2)
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Figure D.1: Simulated magnitude of the time resolved resonator response for the qubit
being in the ground (blue) and excited (red) states in the dispersive readout regime.
The lighter background traces are simulated Gaussian noise. (Simulated T1 = 0.5µs)
(b) A scatter plot in the IQ plane of simulated measurements of 500 resonator traces,
each with added noise. (c) Histograms and fitted Gaussian distributions of the IQ
plane data projected onto the bisector of the centre of each of the red and blue
clusters. From the overlap of these we can calculate the fidelity of the measurements.

where VI and VQ are the real and imaginary components of the trace. This sacrifices

speed and fast feedback, but enables us to demodulate any arbitrary frequency. This

allows simple processing of frequency domain multiplexed (FDM) signals for future

experimental implementations. To return a single complex value (S = I + iQ =∫
VI(t) + iVQ(t)dt) from a measurement, we integrate these demodulated signals.

The signals returning from the device have additional noise added to them, dom-

inated by the noise added by the 4K HEMT amplifier. This is illustrated in the

simulated traces shown in Fig. D.1 (a). Obtaining the single-shot signal value S from

a number of these noisy traces results in 2D Gaussian distributions of signals, plotted
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on the complex IQ plane, shown in Fig. D.1 (b). Accurately determining the state

of the qubit in a single measurement is dependent on the distinguishability of the

state-dependant readout signal distributions. In order to improve the signal-to-noise

of a measurement, we repeat N times and take an average, resulting in an ensemble

measurement. This reduces the error in the measurement value by 1/
√
N .

Assigning the qubit state from a single noisy measurement has an error that can

be characterised by the measurement fidelity F , defined by,

F = 1− (P (g|e) + P (e|g))/2, (D.3)

where P (a|b) is the probability of assigning state b given preparation of state a. In

experiments this assignment is determined by the signal S being above or below a

threshold, set by the intersection of the 1D projection of the IQ plane distributions,

shown in Fig. D.1 (c). Measurement fidelity can be calculated from the overlap, I,

between these two 1D histograms as F = 1− I/2.

Signal processing techniques can also be implemented in order to improve the

signal to noise ratio. As shown in Fig. D.1 (a), the ground and excited state traces

take a finite time to diverge due to the ring-up time of the readout resonator. After

long time the traces converge due to the qubit relaxation processes. As such, there

is an optimum window ([t1 : t2]) in which to integrate in order to maximise signal

to noise and measurement fidelity. A second order correction to this is a weighted

integration procedure, such that,

S =

∫ ∞

0

VI(t)WI(t) + iVQ(t)WQ(t)dt, (D.4)

where WI/Q are the real and imaginary weighting functions defined by,

WI/Q(t) = Ve,I/Q(t)− Vg,I/Q(t). (D.5)

Additional methods to increase the distinguishability of readout signals, such as

longitudinal coupling based readout [28] or utilisation of higher excited states for

readout [193, 194] are widely investigated.
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Appendix E

Control of Multi-Mode Coaxmons

Control of a qubit is achieved by propagating signals through a microwave drive

line capacitively coupled to the device such that the system evolves with the drive

Hamiltonian [156],

Ĥd(t) = Ω(t)
(
â†e−iωdt + âeiωdt

)
, (E.1)

where Ω is the time varying drive amplitude, ωd is the drive frequency.

In order to generate pulses, we use single sideband modulation (SSB) methods

with a suppressed carrier frequency. Two channels of an arbitrary waveform gen-

erator (AWG) generate the envelope of the pulse at a lower intermediary frequency

(ωIF ≈ 140 MHz), which is then mixed with a CW tone from a signal generator at

frequency ωLO. This creates a pulse with the amplitude and phase components of

the intermediate frequency (IF) signal, but with the frequency component ωLO±ωIF ,

as shown in Fig. E.1 (a). We use the lower sideband (ωLO − ωIF ) in order to avoid

unwanted driving of transitions of the transmon that are lower in frequency. Due

to the complex transition landscape of the two-mode coaxial transmon, we carefully

calibrate amplitude and phase offsets of the I and Q channels of the mixers to ensure

sufficient isolation (≈ 35−40 dB) between opposing sidebands and suppression of LO

frequencies. Improper calibration of these sidebands can lead to errors when driving

single and multi-qubit gates, due to amplitude or phase errors and leakage [179].
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Figure E.1: Generation of qubit control signals. (a) Schematic of IQ modulation setup
for generating control signals for a single qubit mode. Frequency spectrum and voltage
time plot shown (right). Dashed lines in spectrum indicated suppressed frequency
components due to tuning of ϕI/ϕQ and VI , VQ. (b) Schematic of IQ modulation
setup for generating control signals for a multi-mode qubit. Two IF signals (green,
orange) are used to generate pulses with frequency components shown (right).

The configuration of our qubit control setup is shown in Fig. C.1. We use signal

generators with built-in IQ mixers to generate pulses. In addition, we use 10 dB

attenuation to protect the devices from noise from room temperature electronics,

anecdotally finding that residual excited state populations are reduced when used.
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Generating IF signals with additional frequency components allows us to generate

pulses at frequencies of ωLO − ωIF1 and ωLO − ωIF2 , as shown in Fig. E.1 (b). With

the appropriate choice of LO and IF frequencies, this allows us to generate control

pulses for both modes of the two-mode coaxial transmon from a single pair of AWG

channels, in a form of control multiplexing.

The precise shaping of signals, in order to optimally control the state of qubits

is an active area of research [51, 53]. In our measurements, we employ Gaussian

pulses for general control with first order DRAG corrections [178] when higher fidelity

operations are required.
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Appendix F

IR Radiation and Shielding

Whilst we focus on filtering within the band of readout and qubit frequencies, it has

been shown that radiation and frequencies outside of this band can be highly detri-

mental to qubit performance [93]. Notably, radiation of hν ≈ 2∆, where ν is the

frequency and ∆ is the superconducting band gap, is responsible for photon assisted

processes within the Josephson junctions of devices [83] that contribute to excess

excited state populations, and can be a dominant cause of loss in the system. In

addition, this radiation can cause an excess residual number of photons in readout

resonators, which in turn can lead to large qubit dephasing [195]. For aluminium

based superconducting qubit devices, the 2∆ gap corresponds to frequencies of ap-

proximately ν ≈ 100 GHz. As depicted in the cryogenic system wiring diagram,

there are 12 GHz low pass filters and 8− 12 GHz band pass filters in use, as in many

cQED systems. These commercial filters are designed to operate well within the

band of qubit and readout frequencies, however, transmission at higher frequencies

(∼ 100 GHz) is not well characterised. As such, for the increased performance of

superconducting circuits systems, it is important to design solutions to address this

issue.

There are two main paths that IR radiation can take to in order to impinge on the

devices measured, as shown in Fig. F.1 (a). The first is travelling waves propagating

through the coaxial lines of the fridge to the sample holder and device. The second
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Figure F.1: (a) Illustration of the path of IR radiation incident on sample holder
and device. Radiation can either propagate through the coaxial line to the device,
or radiate from the shield of the fridge. (b) Spectral radiance from a blackbody
of temperature 800 mK, 100 mK and 20 mK, corresponding to the plates of the
dilution refrigeration system to which the still, cold plate and mixing chamber shields
are thermalised. Vertical dashed lines indicate qubit frequencies (5 GHz) and the
approximate frequency threshold for pair breaking photons (100 GHz).

is from free space radiation due to higher temperature stages of the dilution fridge.

In the case where coaxial cables with a braided outer conductor that are designed

for greater flexibility are used, the higher temperature components of the fridge can

irradiate the cables since they are transparent to IR, resulting in a combination of

the two main paths taken by the high frequency radiation. It is reasonable to assume

mitigation of both sources simultaneously is required to increase qubit performance.

F.0.1 Light-Tight Shielding

Whilst many newer dilution refrigeration systems designed for the operation of super-

conducting quantum devices can be configured with mixing chamber shields to reduce

IR radiation incident on devices, it is not always possible with older systems due to

space requirements, or it is prohibitively expensive. As such, we design a smaller and

more localised shielding solution to protect devices, whilst still allowing easy access

to the device and re-usability.
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Figure F.2: Light-tight and magnetic shielding solution. (a) 3D render of light tight
and magnetic shield assembly. The aluminium sample holder is attached to a vertical
clamp such that it can be placed sufficiently far down the can such that it is effectively
shielded from magnetic fields. The assembly is attached to the mixing chamber plate
of a dilution fridge via the two brackets, made from oxygen free high conductivity
(OFHC) copper, to enable proper thermalisation of the system. (b) Photograph of
the inside of the shield lid showing the indium filled trench. This enables a good
seal between the lid and magnetic shield parts. Hermetically sealed bulkheads (not
shown) are also indium sealed. (c) Photograph of shield mounted to mixing chamber
plate of cryogenic system. Wiring external to shield is constructed from plated semi-
rigid cabling to maintain the light-tight environment.

The light-tight shield solution consists of a cylindrical µ-metal magnetic shield,

commonly used in cQED experiments to protect devices from global magnetic field

offsets, and a copper lid with hermetically sealed SMA feedthrough bulkhead con-

nectors, as shown in Fig. F.2 (a) and (b). The assembly is attached to the mixing

chamber plate of the fridge using a copper bracket, shown in Fig. F.2 (c).

Indium seals throughout the assembly to ensure the light-tightness of the shield.
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The top of the µ-metal shield sits in a trench machined into the lid which is filled with

indium, and is tightly pressed into the seal using the copper collar piece, shown in Fig.

F.2 (b). In addition, indium is wrapped around the thread of the SMA feedthrough

connectors on the inside, in order to prevent IR radiation leaking through.

In order to maintain the shielded environment and prevent IR radiation from

leaking into the device via other paths outside of the shield, we use plated semi-rigid

cabling for all connections from the fridge wiring to the lid of the light tight shield,

shown in Fig. F.2 (c). Inside the shield, we use flexible braided coaxial cables, for

ease of connectivity to the sample holder itself. As these cables are inside the shielded

environment, it is not strictly necessary to use the plated cabling. Additional IR

filters [94] can be attached to the SMA feedthroughs on the inside of the shield [196],

however we do not investigate their usage or effectiveness in this work.

F.0.2 Qubit Temperature

The metrics we use to determine the effectiveness of shielding configurations are the

energy relaxation time (T1), ground and excited state populations (Pg, Pe), and qubit

temperature (TQ).

For a qubit with a high excited state population (Pe ∼ 10 %), Pe can be extracted

from spectroscopy of the resonator and fitting the relative heights of the spectral

peaks [197], as shown in Fig. G.1. In the case of very hot qubits, there is a non-

negligible population of the higher excited states that can also be identified with this

method. For a qubit with a low excited state population (Pe ∼ 1 %), the resonator

spectroscopy method is insufficiently sensitive, and so single-shot measurements of

ground state preparations are used, shown in Fig. G.2. We calculate the qubit

temperature from the ground and excited state populations using the principle of

detailed balance, such that Pe/Pg = exp(−ℏωQ/kbTQ).
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Table F.1: Qubit parameters of different shield configurations.

Ref. Shielding T1 (µs) Pg (%) Pe (%) TQ (mK)
This work Still (800 mK) ∼ 10 39 27 539

[160] Cold Plate (100 mK) 179 (21) 87 13 104
This work L-T Shield (20 mK) 192 (30) 99.5 0.5 37

We compare three different shielding configurations using these metrics, measuring

the the same device (Q3 from P. Spring et al. [160], ωQ/2π = 4.13 GHz) in each.

The first shielding configuration is that of the dilution refrigerator setup shown in

Fig. C.1, without the light-tight shield. In this configuration, the lowest temperature

shield is a copper can mounted to the still plate (800 mK) of the fridge. The measured

qubit temperatures are shown in Table F.1. The high excited state population and

low energy relaxation time motivated the development of the light-tight shielding

configuration. Thorough statistics of T1 were not completed on this device.

The second configuration is the work of P. Spring et al. [160]. This was measured

in a different dilution refrigerator fitted with a copper can mounted to the cold plate

(100 mK) of the fridge. The measured qubit temperatures are shown in Table F.1.

The third shielding configuration is that of the setup shown in Fig. C.1, complete

with light-tight shield assembly described in Section F.0.1. As seen by the measured

qubit temperatures and excited state populations shown in Table F.1.

The developed light-tight shielding solution presents an order of magnitude im-

provement in all metrics over the first configuration presented, and a significantly

lower qubit temperature than what was presented in [160]. This suggests not only

that improper shielding from IR radiation is a significant source of loss in supercon-

ducting circuits, but also that more thorough shielding can reduce excitation rates

due to IR radiation. This work enables the measurement of high coherence devices

presented in following chapters, operating in the experimental setup shown in Fig.

C.1.
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F.0.3 Further Work

Whilst we demonstrate improvements in qubit performance with the addition of the

light-tight shielding solution, there are still more thorough A/B testing measurements

required to more accurately determine the contributing sources of loss and decoher-

ence in our systems and which elements protect against them. We do not investigate

parity jumps or determine quasiparticle densities, which are an additional indicator

of the effectiveness of shielding and filtering. There are more thorough investigations

into these effects in other works [80, 83].

An additional potential improvement to the light tight shield is the addition of an

IR absorber on the inside of the shield. This would consist of coating the inside of the

mu metal shield in a material that absorbs IR photons, and reduces the probability

of any photons that do leak into the shield being reflected and reaching the device.

Previous works [198] have shown that entirely encasing the sample holder in an IR

absorber can increase coherence, at the obvious cost of re-usability, and so unfeasible

in our configurations.

Finally, the geometry of the qubits and resonators produces spurious resonant

modes at the higher frequencies ≈ 100 GHz. It has been shown that the pad geometry

acts as an antenna for these frequencies, and so the devices are resonant absorbers of

pair-breaking radiation [96]. Further investigation and design considerations can be

made to generate qubit designs that are insensitive to this effect and result in reduced

radiative losses at the qubit frequency.
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Appendix G

Qubit Temperature Measurement
Methodology

To understand what is meant by a poorly performing or “hot” qubit, we conduct

measurements on a device known to show high coherence and energy relaxation times

[160] and compare measured parameters when it is placed in the Triton 200 system

with native shielding configuration. An initial spectroscopy measurement of the res-

onator shows multiple frequency peaks, corresponding to the qubit having significant

population of the first, second, and third excited states and the dispersive shift be-

tween the qubit and resonator, as shown in Fig. G.1. From the relative weights of

each Lorentzian lineshape we are able to extract the state populations [197].

In contrast, when measuring a qubit with a much lower excited state population

(such as in the light-tight shielding configuration shown in Appendix F), initial spec-

troscopy measurements of the resonator show only a single peak, corresponding to the

qubit being mostly in the ground state, and no excited state population is measur-

able in this method, as shown in Fig. G.2. To more accurately determine the residual

excited state population, we perform single shot readout measurements of the qubit

initialised in the ground state (by waiting 5 T1 periods between measurements). We

plot the resulting signals in the IQ plane and fit to two spherical Gaussian distribu-

tions. By examining the relative weights of these two distributions and normalising,

we can obtain the percentage of readout measurements for which the qubit was in
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Figure G.1: Spectroscopy of a resonator coupled to a qubit with high residual pop-
ulation of higher excited states, described as ”hot”. Data is fitted to a sum of four
Lorentzian functions of equal linewidth but different center frequency and amplitude.
Vertical dashed lines correspond to resonator frequency with the qubit in the ground,
first excited state, second excited state, and third excited state from right to left.
These peaks are separated by the dispersive shift between the resonator and qubit
(2χ).

the excited state, and thus the residual excited state population. This plot is shown

in Fig. G.2, where the residual excited state population is calculated to be 0.5%.

179



8.0
83

2
8.0

83
4

8.0
83

6
8.0

83
8

8.0
84

Frequency (GHz)

450

500

550

600

650

700

Si
gn

al
 (

V)

Fit
Data

200 0 200 400
I ( V)

600

400

200

0

200

400

Q 
(

V)

Ground
Excited

Figure G.2: Resonator spectroscopy and residual excited state population of an IR
shielded device. In contrast to Fig G.1, the spectroscopy only shows a single peak,
and no additional features 2χ lower in frequency, indicated by the vertical dashed line.
The histogram on the right shows the signal measured from 105 measurements of a
qubit initialised in the ground state (by waiting 5 T1 periods between measurements).
The large distribution indicates the measurements of the qubit in the ground state,
and the second smaller distribution in the upper right indicates measurements of the
qubit in the excited state. From the fitting we determine a residual excited state
population of 0.5%.
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[110] S. Rebić, J. Twamley, and G. J. Milburn. “Giant Kerr Nonlinearities in Cir-

cuit Quantum Electrodynamics”. Physical Review Letters 103.15 (Oct. 2009),

p. 150503.

[111] X.-Y. Lü et al. “Two-qubit gate operations in superconducting circuits with

strong coupling and weak anharmonicity”. New Journal of Physics 14.7 (July

2012), p. 073041.

[112] J. M. Chow et al. “Simple All-Microwave Entangling Gate for Fixed-Frequency

Superconducting Qubits”. Physical Review Letters 107.8 (Aug. 2011), p. 080502.

[113] S. Sheldon et al. “Procedure for systematically tuning up cross-talk in the

cross-resonance gate”. Physical Review A 93.6 (June 2016), p. 060302.

190



BIBLIOGRAPHY

[114] J. M. Chow et al. “Microwave-activated conditional-phase gate for supercon-

ducting qubits”. New Journal of Physics 15.11 (Nov. 2013), p. 115012.

[115] M. Malekakhlagh and E. Magesan. “Mitigating off-resonant error in the cross-

resonance gate”. Physical Review A 105.1 (Jan. 2022), p. 012602.

[116] L. DiCarlo et al. “Demonstration of two-qubit algorithms with a supercon-

ducting quantum processor”. Nature 460.7252 (July 2009), pp. 240–244.

[117] E. Magesan and J. M. Gambetta. “Effective Hamiltonian models of the cross-

resonance gate”. Physical Review A 101.5 (May 2020), p. 052308.

[118] G. S. Paraoanu. “Microwave-induced coupling of superconducting qubits”.

Physical Review B 74.14 (Oct. 2006), p. 140504.

[119] Y. Hu et al. “Cross-Kerr-effect induced by coupled Josephson qubits in circuit

quantum electrodynamics”. Physical Review A 84.1 (July 2011), p. 012329.

[120] P. Jurcevic et al. “Demonstration of quantum volume 64 on a superconduct-

ing quantum computing system”. Quantum Science and Technology 6.2 (Apr.

2021), p. 025020.

[121] D. C. McKay et al. “Three-Qubit Randomized Benchmarking”. Physical Re-

view Letters 122.20 (May 2019), p. 200502.

[122] S. Krinner et al. “Benchmarking Coherent Errors in Controlled-Phase Gates

due to Spectator Qubits”. Physical Review Applied 14.2 (Aug. 2020), p. 024042.

[123] K. X. Wei et al. “Verifying multipartite entangled Greenberger-Horne-Zeilinger

states via multiple quantum coherences”. Physical Review A 101.3 (Mar. 2020),

p. 032343.

[124] S. H. W. van der Ploeg et al. “Controllable Coupling of Superconducting Flux

Qubits”. Physical Review Letters 98.5 (Feb. 2007), p. 057004.

[125] S. S. Hong et al. “Demonstration of a parametrically activated entangling gate

protected from flux noise”. Physical Review A 101.1 (Jan. 2020), p. 012302.

[126] M. R. Geller et al. “Tunable coupler for superconducting Xmon qubits: Per-

turbative nonlinear model”. Physical Review A 92.1 (July 2015), p. 012320.

191



BIBLIOGRAPHY

[127] S. J. Weber et al. “Coherent Coupled Qubits for Quantum Annealing”. Phys-

ical Review Applied 8.1 (July 2017), p. 014004.

[128] M. C. Collodo et al. “Implementation of Conditional Phase Gates Based

on Tunable ZZ Interactions”. Physical Review Letters 125.24 (Dec. 2020),

p. 240502.

[129] Y. Xu et al. “High-Fidelity, High-Scalability Two-Qubit Gate Scheme for Su-

perconducting Qubits”. Physical Review Letters 125.24 (Dec. 2020), p. 240503.

[130] Y. Sung et al. “Realization of High-Fidelity CZ and ZZ-Free iSWAP Gates

with a Tunable Coupler”. Physical Review X 11.2 (June 2021), p. 021058.

[131] J. Stehlik et al. “Tunable Coupling Architecture for Fixed-Frequency Trans-

mon Superconducting Qubits”. Physical Review Letters 127.8 (Aug. 2021),

p. 080505.

[132] C. Leroux, A. Di Paolo, and A. Blais. “Superconducting Coupler with Ex-

ponentially Large On:Off Ratio”. Physical Review Applied 16.6 (Dec. 2021),

p. 064062.

[133] F. Marxer et al. “Long-distance transmon coupler with CZ gate fidelity above

99.8%”. arXiv preprint arXiv:2208.09460 (Aug. 2022).

[134] A. Kandala et al. “Demonstration of a High-Fidelity cnot Gate for Fixed-

Frequency Transmons with Engineered ZZ Suppression”. Physical Review Let-

ters 127.13 (Sept. 2021), p. 130501.

[135] P. Zhao et al. “High-Contrast ZZ Interaction Using Superconducting Qubits

with Opposite-Sign Anharmonicity”. Physical Review Letters 125.20 (Nov.

2020), p. 200503.

[136] J. Ku et al. “Suppression of Unwanted ZZ Interactions in a Hybrid Two-Qubit

System”. Physical Review Letters 125.20 (Nov. 2020), p. 200504.

[137] X. Xu and M. H. Ansari. “ZZ Freedom in Two-Qubit Gates”. Physical Review

Applied 15.6 (June 2021), p. 064074.

192



BIBLIOGRAPHY

[138] J. Q. You and F. Nori. “Atomic physics and quantum optics using supercon-

ducting circuits”. Nature 474.7353 (June 2011), pp. 589–597.

[139] F. Jelezko et al. “Observation of Coherent Oscillations in a Single Electron

Spin”. Physical Review Letters 92.7 (Feb. 2004), p. 076401.

[140] F. Lecocq et al. “Coherent frequency conversion in a superconducting artificial

atom with two internal degrees of freedom”. Physical Review Letters 108.10

(Mar. 2012).

[141] F. Lecocq et al. “Nonlinear coupling between the two oscillation modes of a

dc SQUID”. Physical Review Letters 107.19 (Nov. 2011).

[142] K.-H. Chiang and Y.-F. Chen. “Tunable Λ -type system made of a supercon-

ducting qubit pair”. Physical Review A 106.2 (Aug. 2022), p. 023707.

[143] A. J. Hoffman et al. “Coherent control of a superconducting qubit with dynam-

ically tunable qubit-cavity coupling”. Physical Review B 84.18 (Nov. 2011).

[144] Z. K. K. Minev et al. “To catch and reverse a quantum jump mid-flight”.

Nature 570.7760 (June 2019), pp. 200–204.

[145] I. Diniz et al. “Ultrafast quantum nondemolition measurements based on a

diamond-shaped artificial atom”. Physical Review A 87.3 (Mar. 2013), p. 033837.

[146] A. D. K. Finck et al. “Suppressed crosstalk between two-junction supercon-

ducting qubits with mode-selective exchange coupling”. Physical Review Ap-

plied 16.5 (Nov. 2021), pp. 1–5.

[147] S. Hazra et al. “Engineering cross resonance interaction in multi-modal quan-

tum circuits”. Applied Physics Letters 116.15 (Apr. 2020), p. 152601.

[148] K. N. Nesterov et al. “Microwave-activated controlled- Z gate for fixed-frequency

fluxonium qubits”. Physical Review A 98.3 (Sept. 2018), p. 30301.

[149] T. Roy et al. “Multimode superconducting circuits for realizing strongly cou-

pled multiqubit processor units”. Physical Review A 98.5 (Nov. 2018), pp. 1–

14.

193



BIBLIOGRAPHY

[150] J. F. Marques et al. “Logical-qubit operations in an error-detecting surface

code”. Nature Physics 18.1 (Jan. 2022), pp. 80–86.

[151] R. Versluis et al. “Scalable Quantum Circuit and Control for a Superconduct-

ing Surface Code”. Physical Review Applied 8.3 (Sept. 2017), p. 034021.

[152] D. Rosenberg et al. “3D integrated superconducting qubits”. npj Quantum

Information 3.1 (Dec. 2017), p. 42.

[153] N. T. Bronn et al. “High coherence plane breaking packaging for supercon-

ducting qubits”. Quantum Science and Technology (2018).

[154] B. Foxen et al. “Qubit compatible superconducting interconnects”. Quantum

Science and Technology 3.1 (Jan. 2018), p. 014005.

[155] J. Rahamim et al. “Double-sided coaxial circuit QED with out-of-plane wiring”.

Applied Physics Letters 110.22 (May 2017), p. 222602.

[156] A. Blais et al. “Cavity quantum electrodynamics for superconducting electrical

circuits: An architecture for quantum computation”. Physical Review A 69.6

(June 2004), p. 062320.

[157] J. Rahamim. “Development of a Coaxial Circuit QED Architecture for Quan-

tum Computing”. DPhil Thesis. University of Oxford, 2019.

[158] A. Patterson. “Control of Prototype Quantum Processors based on Coaxial

Transmon Qubits”. DPhil Thesis. University of Oxford, 2018.

[159] A. Patterson et al. “Calibration of a Cross-Resonance Two-Qubit Gate Be-

tween Directly Coupled Transmons”. Physical Review Applied 12.6 (Dec. 2019),

p. 064013.

[160] P. A. Spring et al. “High coherence and low cross-talk in a tileable 3D in-

tegrated superconducting circuit architecture”. Science Advances 8.16 (Apr.

2022), pp. 1–10.

[161] P. A. Spring. “Developing a Tileable Superconducting Circuit for Quantum

Computation”. DPhil Thesis. University of Oxford, 2021.

194



BIBLIOGRAPHY

[162] J. B. Hertzberg et al. “Laser-annealing Josephson junctions for yielding scaled-

up superconducting quantum processors”. npj Quantum Information 7.1 (Dec.

2021), p. 129.

[163] M. Boissonneault, J. M. Gambetta, and A. Blais. “Dispersive regime of cir-

cuit QED: Photon-dependent qubit dephasing and relaxation rates”. Physical

Review A 79.1 (Jan. 2009), p. 013819.

[164] M. F. Gely and G. A. Steele. “QuCAT: quantum circuit analyzer tool in

Python”. New Journal of Physics 22.1 (Jan. 2020), p. 013025.

[165] S. Filipp et al. “Two-Qubit State Tomography Using a Joint Dispersive Read-

out”. Physical Review Letters 102.20 (May 2009), p. 200402.

[166] G. Catelani et al. “Relaxation and frequency shifts induced by quasiparticles

in superconducting qubits”. Physical Review B 84.6 (Aug. 2011), pp. 1–24.

[167] D. Pozar. Microwave Engineering. Fourth Edition. New York: Wiley, 2012.

[168] M. Zanner et al. “Coherent control of a multi-qubit dark state in waveguide

quantum electrodynamics”. Nature Physics 18.5 (May 2022), pp. 538–543.

[169] H. Zheng et al. “Accelerating dark-matter axion searches with quantum mea-

surement technology”. arXiv preprint arXiv:1607.02529 (2016).

[170] S. Kundu et al. “Multiplexed readout of four qubits in 3D cQED architecture

using broadband JPA”. arXiv preprint arXiv:1901.07211v1 (2019).

[171] J. R. Johansson, P. D. Nation, and F. Nori. “QuTiP 2: A Python framework for

the dynamics of open quantum systems”. Computer Physics Communications

184.4 (2013), pp. 1234–1240.

[172] S. Bravyi, D. P. DiVincenzo, and D. Loss. “Schrieffer–Wolff transformation

for quantum many-body systems”. Annals of Physics 326.10 (Oct. 2011),

pp. 2793–2826.

[173] M. Malekakhlagh, E. Magesan, and D. C. McKay. “First-principles analy-

sis of cross-resonance gate operation”. Physical Review A 102.4 (Oct. 2020),

p. 042605.

195



BIBLIOGRAPHY

[174] P. Brookes et al. “Critical slowing down in circuit quantum electrodynamics”.

Science Advances 7.21 (May 2021).

[175] R. Manenti. “Circuit quantum acoustodynamics with surface acoustic waves”.

DPhil Thesis. University of Oxford, 2018.

[176] J. M. Martinis et al. “Rabi Oscillations in a Large Josephson-Junction Qubit”.

Physical Review Letters 89.11 (Aug. 2002), p. 117901.

[177] S. Kono et al. “Breaking the trade-off between fast control and long lifetime of

a superconducting qubit”. Nature Communications 11.1 (Dec. 2020), p. 3683.

[178] J. M. Chow et al. “Optimized driving of superconducting artificial atoms for

improved single-qubit gates”. Physical Review A - Atomic, Molecular, and

Optical Physics 82.4 (2010), pp. 2–5.

[179] B. Vlastakis. “Controlling Coherent State Superpositions with Superconduct-

ing Circuits”. PhD thesis. Yale University, 2015.

[180] J. J. Burnett et al. “Decoherence benchmarking of superconducting qubits”.

npj Quantum Information 5.1 (2019), p. 54.

[181] M. Carroll et al. “Dynamics of superconducting qubit relaxation times”. arXiv

preprint arXiv:2105.15201 (May 2021).

[182] D. C. McKay et al. “Efficient Z gates for quantum computing”. Physical Review

A 96.2 (Aug. 2017), p. 022330.

[183] E. Magesan, J. M. Gambetta, and J. Emerson. “Scalable and Robust Random-

ized Benchmarking of Quantum Processes”. Physical Review Letters 106.18

(May 2011), p. 180504.

[184] E. Magesan, J. M. Gambetta, and J. Emerson. “Characterizing quantum gates

via randomized benchmarking”. Physical Review A 85.4 (Apr. 2012), p. 042311.

[185] J. M. Gambetta et al. “Characterization of Addressability by Simultaneous

Randomized Benchmarking”. Physical Review Letters 109.24 (Dec. 2012), p. 240504.

[186] A. Calaprice. The Expanded Quotable Einstein. Princeton: Princeton Univer-

sity Press, 2000, p. 314.

196



BIBLIOGRAPHY

[187] Z. K. Minev et al. “Energy-participation quantization of Josephson circuits”.

npj Quantum Information 7.1 (2021), pp. 1–11.

[188] S. E. Nigg et al. “Black-Box Superconducting Circuit Quantization”. Physical

Review Letters 108.24 (June 2012), p. 240502.

[189] F. Solgun, D. W. Abraham, and D. P. DiVincenzo. “Blackbox quantization of

superconducting circuits using exact impedance synthesis”. Physical Review B

90.13 (Oct. 2014), p. 134504.

[190] Z. K. Minev et al. pyEPR: The energy-participation-ratio (EPR) open- source

framework for quantum device design. May 2021.

[191] M. Peterer. “Experiments on multi-level superconducting qubits and coaxial

circuit QED”. DPhil Thesis. University of Oxford, 2016.

[192] Labber Software, https://www.keysight.com/us/en/products/software/application-

sw/labber-software.html.

[193] S. S. Elder et al. “High-Fidelity Measurement of Qubits Encoded in Multilevel

Superconducting Circuits”. Physical Review X 10.1 (Jan. 2020), p. 011001.

[194] L. Chen et al. “Transmon qubit readout fidelity at the threshold for quan-

tum error correction without a quantum-limited amplifier”. arXiv preprint

arXiv:2208.05879 (Aug. 2022).

[195] D. I. Schuster et al. “ac Stark Shift and Dephasing of a Superconducting

Qubit Strongly Coupled to a Cavity Field”. Physical Review Letters 94.12

(Mar. 2005), p. 123602.

[196] Kyle Serniak. “Nonequilibrium Quasiparticles in Superconducting Qubits”.

PhD thesis. Yale University, 2019.

[197] M. J. Peterer et al. “Coherence and Decay of Higher Energy Levels of a Su-

perconducting Transmon Qubit”. Physical Review Letters 114.1 (Jan. 2015),

p. 010501.

197



BIBLIOGRAPHY

[198] S. Chakram et al. “Seamless High-Q Microwave Cavities for Multimode Cir-

cuit Quantum Electrodynamics”. Physical Review Letters 127.10 (Aug. 2021),

p. 107701.

198


