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ABSTRACT

The purpose of this thesis is to study some aspects of
Japanese corporate finance, wusing the analytical tools of
the Modigliani-Miller theorem.

The Modigliani Miller theorem is a fundamental element
in the theory of finance, and establishes the conditions
under which the financial structure of the firm is
irrelevant to the determination of real corporate values. In
its simplest form the theorem requires the presence of
perfect capital markets. 1In the real world, however, in
which perfect capital markets dont exist the validity of the
theorem depends upon a number of additional restrictions
which can be viewed as special <case extensions of the
general form. One set of sufficient conditions ensuring the
validity of the theorem, 1is obtained by imposing the
assumption of riskless debt.

Large groups of major Japanese corporations can be
characterized as operating virtually free of bankruptcy
risk. The thesis attributes this to the Japanese system of
values underlying economic relationships, to the system of
corporate groupings (known as keiretsu), and to the
strategic objectives of industrial policy which provide
industry with a safety-net. It arguec that the popular
belief that Japanese industry is subject to excessive risk

exposure because of 1its high degree of leverage 1s
misleading. The belief arises from data based on accounting
conventions which distort the true position of firms own
wealth.

The thesis undertakes an empirical study of the
validity of +the MM theorem. Although the focus of the
analysis 1is on the period 1978-80, the study is run on a
second and very different time period, 1970-72. The major
finding for the most recent period is that debt, after
adjustment for tax advantages, makes no significant
contribution to the valuation of companies in keiretsu
groups. Interestingly, however, in the earlier period debt
is found to make a positive and significant contribution to
valuation.
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PREFACE
The purpose of this thesis is to study some aspects of
Japanese corporate finance using the analytic tools of the

Modigliani Miller (MM) theorem.

The MM theorem is now recognized as one of the
fundamental elements in the theory of finance. Stiglitz has
suggested that its significance, for purposes of
understanding this theory, is analogous to the understanding
of frictionless surfaces in the physics of motion. He has
furthermore defended empirical testing of the theorem,
despite the inability to construct conditions approximating
frictionless environments, as revealing the extent of the

limitations which impede the operation of the theorem.1

Nevertheless, despite the considerable and growing
body of literature available on Japanese industrial and
financial ecconomics, no attempt appears to have been made -
to date - to study the theorem in the Japanese context. This
thesis sets out to investigate the applicability of the
Modigliani Miller (MM) 1leverage theorem to Japanese
industry. The study is divided into three parts: the first
surveys the main theoretical (as distinct from empirical)
developments in the understanding of the MM theorem; the
second focuses on those features of the Japanese financial
and industrial system which are relevant to an application
of the theorem; and the third tests for the validity of the
theorem in the Japanese context.

1J.Stiglitz, "On The Irrelevance of Corporate Financial
Policy" American Economic Review, Dec. 1974, pp.851-66.
ii
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1. INTRODUCTION.

Part I of the thesis reviews the main developments in
the theoretical understanding of the Modigliani-Miller (MM)
leverage theorem. This introductory section provides an

outline of what is covered.

In their classic study entitled: "The Cost Of
Capital, Corporation Finance, and The Theory of Investment",
Franco Modigliani and Merton Miller demonstrated a result
having far reaching implications for the theory of finance.1
Their conclusion was explicit. Using some familiar
neoclassical assumptions, they showed that the compositicn

of debt and equity in the financial structure of a firm was

irrelevant to the determination of its market valuation.

The 1irrelevance of 1leverage theorem, as the main
proposition came to be known, proved highly controversial in

view of the new and conflicting predictions which it mad

®

(D

relative to the traditional doctrine.2 Unfortunately, th
partial equilibrium approach adopted by the original authors
left many important implications of the proposition, as well

S S G e — — - —— - ———————— - — | —— ——— — ——— —— — . —— — - — — —— " S — —— — ——— . —— — —

lF. Modigliani and M. H. Miller, "The Cost of Capital,
Corporation Finance and the Theory of Investment," American
Economic Review, June 1958, pp.261-96.

2Traditional theory had implied that some optimum capital
structure exists in the sense that up to some critical point

as leverage rises the cost of capital decreases; thereafter
however, the opposite happens as investors become
increasingly aware of the rising risk associated with
growing leverage. For a discussion see: A. Barges, The

Effect of Capital Structure on the Cost of Capital
(Englewood Cliffs, N.J.: Prentice-Hall Inc., 1963) p.1l1l.




as the exact nature of the underlying assumptions it
required, 1implicit and unclear. As a result, much of the
early theoretical debate engendered by the theorem proved
immaterial to the correct understanding of the issues
involved and served largely to divert attention away from
the main implications. The implicit nature of the partial
equilibrium exposition meant that even the internal
consistency of the MM arguments remained unresolved for some

time.3

The major breakthrough in clarifying the theorem -
both with regards to its implications and to the underlying
assumptions it required - came with the successful
expression of the theorem in a general equilibrium
framework, which enabled attention to be focused on the
simultaneous determination of investor portfolios and the
equilibrium prices of all securities. Changes in the market
value of firms could then be examined in terms of changes in
the returns accruing to investors, and the main conclusion
to emerge from the general equilibrium discussion was that:
viewed 1in terms of income (or returns) space, for the
irrelevance theorem to be valid, any purely financial change
must leave the attainable set of income (or returns)
distributions available to investors unaffected. The
opportunity set must remain unaltered, neither shrinking nor

growing as a result of leverage changes.

3 See: J. Boness, "A Pedagogic Note on the Cost of Capital",
The Journal of Finance, March 1964, pp.99-106.




The general market equilibrium models which were
applied to the MM theorem can be classified according to the
assumptions they make about the characteristics of capital
markets. One approach ensures the wvalidity of the theorem
by constraining the opportunity set. A sufficient
restriction on the opportunity set is to assume that capital
markets are complete in the Arrow-Debreu sense - implying
that any distribution of returns created by a financial
structure change on the part of any particular firm would
have been available to investors beforehand. When capital
markets are complete, the opportunity set remains unaffected
by purely financial changes and any set of returns

distributions will always be attainable by investors.

Complete capital markets are, however, essentially
theoretical constructs bearing little resemblance to reality
and serve only as useful pedagogical tools. Recent studies,
recognizing the existence of incomplete capital markets,
have focused on the additional restrictions which must be
imposed on 1investor and firm behaviour to prevent the
opportunity set from being affected by purely financial

changes.

Although no single necessary assumption exists,
several - mutually exclusive - sets of sufficient
conditions, each of which can be viewed as a special case
solution for the theorem, have been put forward. Three have
received widespread attention in the literature. They are:

1. the Stiglitz model which utilizes the no bankruptcy



assumption to impose the requisite restrictions; 2. the Fama
(and Miller) model which rules out any erosion of investor
positions; and 3. the mean variance approach which depends

on conditions satisfying portfolio separability.

Following our review of the partial equilibrium models
of the theorem in section 2, and the general equilibrium
model with complete capital markets in section 3, the
discussion of secticn 4 surveys each of the above noted
models along with three further proofs of weaker forms of
the theorem. Section 4 also considers the gquestion of
taxation which, since the 1963 tax correction study of the
original authors, had remained problematic.4 Prior to
Miller’s celebrated study, most attempts to incorporate
further features of real world tax systems had adopted a
partial equilibrium interpretation taking different features

of the tax system one at a time.5

The breakthrough in the
understanding of the full implications of the theorem within
a tax framework had the further advantage - in addition to
being expressed in a market equilibrium context - of

explicitly incorporating personal as well as corporate tax

features.6 Finally, section 5 considers another special case

4F.Modigliani and M.Miller, "Corporate Income Taxes and the
Cost of Capital: A Correction", Amer. Econ. Rev., June 1963,
pp.433-43.

> M.H. Miller, "Debt and Taxes", The Journal of Finance, May
1977, pp. 261-275

6 See: J. Stiglitz, "Taxation, Corporate Financial Policy,
and the Cost of Capital" Journal of Public Economics 2,
1973, ppl-34; and M. King, "Taxation and the Cost of
Capital”, Review of Economic Studies, 41, 1974, pp.21-36.




solution of the MM theorem when capital markets are
incomplete by imposing sufficient restrictions on investor
behaviour and the characteristics of capital markets to
ensure that the conditions for portfolio separability are
satisfied and all 1investors hold perfectly balanced

portfolios of risk - assets.

We should note at thHe outset, the limitations on the
scope of the survey. The present survey 1is inevitably
selective. It focuses only on the models demonstrating the
validity of the MM theorem. This restriction has meant that
a wide range of related issues and models have had to be
excluded. Specifically, the following related areas are
omitted: 1) discussion of the so-called traditional view of
the cost of capital; 2) the historical debate surrounding
the original theorem; 3) models considering simultaneous
changes in financial structure and investment; and 4) the
optimal capital structure 1literature which examines the
consequences of the introduction of real world limitations
which obstruct the operation of capital markets and
invalidate the thecrem. The scope of this study does not
permit their proper consideration. Another area omitted from
the study is the relationship between 1inflation, leverage
and valuation. Several important contributions have recently
been made in this field which it was not possible to

properly assess.



2. PARTIAL EQUILIBRIUM INTERPRETATIONS

Two important partial equilibrium expositions of the
MM leverage theorem have been widely reported in the
literature. They are: i) the contributions of the original
authors (based on the risk class concept of uncertainty) and
ii) Hirshleifer s extension of the same partial equilibrium
context to a world characterized by Arrow-Debreu type

uncertainty. We consider each in turn.

A. THE MM MODEL. The primary contributions of MM to
the leverage theorem bearing their name were threefold and
extended over a number of articles spanning more than
thirteen vyears since their first publication.l They were
respectively: 1. the demonstration of the irrelevance result
under certainty and its extension to a world characterized
by uncertainty; 2. explicit illustration of the operation of
the arbitrage mechanism ensuring the irrelevance result; and
3. demonstration of the effects of two different types of

tax schemes on the validity of the theoremn.

The study of the evolution of the partial equilibrium

results is largely of historical interest and adds little to

'These include, in addition to MM [1958], the following
well- known publications: "Reply to Rose and Durand"”
American Economic Review (Amer. Econ. Rev.), September 1959,
pp.655-59; "Dividend Policy, Growth, and the Valuation of
Shares" The Journal of Business, October 1961, pp.411-33;
"Corporate Income Taxes and the Cost of Capital" Amer.Econ.
Rev., June 1963, pp.433-43; "Reply to Brewer and Michaelson"
Amer .Econ.Rev., June 1965, pp524-7; and "Reply to Heins and
Sprenkle" Amer. Econ,Rev., September 1969, pp.592-5.




our present understanding of the theorem. It is, therefore,
not included in this selective survey. Here, we confine
ourselves to a brief review of each of the three above

results.

The first result demonstrated by the original authors
was based on the single price law of markets according to
which no two assets having identical characteristics could,
in equilibrium, have different prices. Initially they
confined themselves to the demonstration of the result 1in a
world characterized by: 1) perfect certainty - where each
investor has full knowledge of the future investments and
the exact returns of each firm; 1ii) perfect capital markets
- implying in addition to the usual atomistic properties,
equal and costless access to information by all, no
taxation, and the absence of transaction costs;2 and 111)
investor rationality - according to which investors prefer
efficient boundary positions. Based on these building blocks

they were able to demonstrate that the following two results

would hold:
2The presence of transaction cost are another constraint on
the free operation of capital markets. As with non-

distortionary taxes (more about which will be said Dbelow)
transaction costs can be accomodated into the model if
strict proportionality is preserved. Such is not the case in
the real world, however. One of the few studies to
explicitly incorporate transaction costs into the derivation
of a model of optimal capital structure was the one by W. J.
Baumol and B. Malkiel (1967) ["The Firm’'s Optimal Debt
Equity Combination and the Cost of Capital” Quarterly
Journal of Economics, 1967, pp.547-78] but their result that
in a world with transaction costs the levered firm can
command a premium over the unlevered firm were ruled out by
Stiglitz (1969) who also guestioned the ability of a simple
two period model to cope with the sort of problems
introduced by transaction costs.




i) the market value per dollar invested must be the same
for all firms. This means that all firms with the same scale
- total wvalue of capital employed - would have identical

total market values; and

ii) the market value of each firm would be independent of
the sources and composition of its financing. The financial
structure of the firm would be irrelevant to the

determination of its (total) market value.

Both of the above results denote equilibrium
properties of a system characterized by perfect certainty
whereby the market wvalue of the firm 1is exactly the
discounted value (at the riskless rate of return) of the
firm’s earnings stream - which is known with certainty.
There 1is no meaningful distinction in such a world between
debt and equity. Both earn the same riskless rate of return.

In this sense, the above results are trivial.

A more important contribution of the original authors
was, however, the extension of the same results to a world
characterized by uncertainty. They accomplished this within
their partial equilibrium framework by using the ingenious
construct of the equivalent-risk-class hypothesis whereby
all firms having the same ex ante probability distribution
of expected returns are classified together into equivalent

risk classes.3 This enabled the authors to associate a

3The risk class assumption was used by MM in lieu of a
valuation model. It allows the securities to be evaluated by
comparison with the prices of other securities identical to
them in all respects. It is discussed in more detail
below in part 3.



single capitalization factor with all firms belonging to the
same risk class and to infer that all firms within that
risk class - having the same expected ex ante probability
distribution of returns - would have the same market value
adjusted for differences in scale (or per dollar invested)

regardless of their financial structures.

MM demonstrated the prevalence of the single price law
of markets by explicit illustration of an arbitrage
mechanism through which investors by engaging homemade
leverage would ensure that the market paid only one price
for any two assets in the same risk class - possessing the

same expected pattern and size of returns.

Their actual proof of the irrelevance theorem lay in
depicting how an investor could engage homemade
leverage to undo - on personal account - any undesirable
effects of leverage engaged at the corporate 1level. They
relied on the pair-wise comparisons afforded by the
equivalent risk <class hypothesis to show how two firms
having 1identical ex ante distributions of expected returns

could not but have the same market value in equilibrium.

To 1illustrate, consider two firms identical in all
respects except their respective financial structures.4 For

simplicity, let one firm be wunlevered (which for

4This proof is based on MM [1969] and focuses on the
properties of market equilibrium rather than the switching
operations of investors which MM had criginally concentrated
on. The earlier proof had imposed such unnecessary
additional restrictions. See: MM, "Reply to Heinz and
Sprenkle" p.557.



demonstration purposes can be denoted by the subscript U)
and the other be levered (denoted by the subscript L). It
follows from the firm’s basic accounting identities that for

the unlevered firm the total market value, V

u’ is equal to

the market value of equity outstanding, SU:

Vo = Sy

and for the levered firm, total market value, VL’ is equal

to the market value of leverage adjusted equity, S and

LI

debt, D outstanding:

LI

Since both firms are identical in all real respects -
that is except in their financial structures - both have the
same expected earnings, X, and their respective expected

rates of return, Y, and Y may be written:

U L'
YU = X/VU and YL = X/VL.
Since both firms have the same expected returns in

equilibrium they must represent the same market value.
Otherwise opportunities are created for arbitrage, which in
equilibrium, will bring the values to equality. These
arbitrage opportunities can be exemplified by considering

two counter-examples.

Let us suppose VL<VU, that is, the value of the

wnlevered firm exceeds that of the levered one. In such
circumstances YU would be ¢myllef than YL and the levered
firm would be relatively undervalued (yielding a higher rate
of return). Investors would then have an incentive to
dispose of their assets in thefaevered firm and buy the

assets of the undervalued levered firm, thereby providing

10



for themselves the same expected return per dollar invested

at a smaller capital cost.

This can be shown by focussing on some individual, 1,
who initially owns a fraction z of the shares of the
unlevered firm, SU' For the capital investment zSU he earns
the return 2zX. Now, if he finds that the levered firm is
undervalued, investor i will switch out of the unlevered

firm to acquire holdings in the levered firm and reproduce

through a portfolio of security holdings the same return at

a smaller capital investment. Since V >S. + D;, by selling
his shares, zSU, he can Dbuy zSL of the shares of the
unlevered firm, where:

zS; = z [V - DL].

This produces the returns z(X - rDL). The second term in the
last bracket represents the gross interest expenses on the
levered firm’'s debt and is deducted from earnings before

distribution to shareholders. With the funds left-over, zV

U
- ZSL’ the investor <can also buy the fraction zDL of the
debt which the levered firm issues. The returns to the

investor from the capital investment zDL in the debt of the

levered firm is zrDL.

Combining the two, the investor can create an income
of:
- + 1 =
[z(X rDL rDL)J zX

which 1is exactly the return he would have got from the

unlevered firm.

Next, consider the converse and suppose VL>VU. In this

11



case the unlevered firm is relatively undervalued. The
investor can now obtain the same returns as in the levered
firm at a lower «capital cost, by forming a portfolio
consisting of shares of the (undervalued) unlevered firm and

borrowing.

Initially, for a capital investment of z(VL - DL) in

the equity of the levered firm he earned the returns z(X -

rDL). Since (SL + DL) > VU it follows that SL > (VU - DL)

and SO by 1investing the equivalent funds zSL in a

combination of equity of the unlevered firm and debt of the

levered firm, z(SU - DL), where the negative value of debt

denotes borrowing, the investor can reproduce the returns

z(X - rDL) which secure for him exactly the same returns as

he would have obtained from his investments in the levered
firm, but at a smaller capital cost. Therefore in

equilibrium Y must equal Y. and the same applies for the

U

values of the two firms.

L

The third contribution of the original authors to the
understanding of the leverage theorem was the explicit
treatment of taxation. When a uniform tax system 1is
incorporated into the analysis the validity of the theorem
is unaffected. The returns throughout are adjusted by the
rate of tax and the equality in equilibrium is preserved -
taxes affect debt and equity in a non-distortionary manner.
In the real world, however, tax schemes are almost
invariably discriminatory in their treatment of equity and

debt. One important characteristic common to most real world

12



tax schemes is the deductibility of interest charges in the
computation of taxable income. MM incorporated this feature
into their analysis of the irrelevance theorem and found
that it served, by favouring debt finance through an
effective subsidization, to invalidate the 1irrelevance

theorem.S

The effects of both types of tax schemes can be
illustrated. With uniform taxation and no deductibility
clause, the after-tax returns on the levered firm are: (l-t)
(X), where t represents the marginal rate of
corporation tax. When interest payments on debt are tax
deductible, after-tax returns have the form: {[(1 -t)(X -

rDLx

Assuming that the tax savings on debt are measured with
certainty, converting them into a market value is
accomplished by capitalizing them at the rate r, and gives a

present value of tax savings equal to tDL. Consequently, the

market value of the levered firm will, in equilibrium,
exceed that of the unlevered firm by the capitalized value
of the tax savings on debt. The MM theorem is invalidated
and the equality no longer holds. Financial structure makes

a real difference.

The views of the authors regarding the effects of taxation
on the cost of capital underwent major revision during the
course of their contributions. Most significantly, MM [1958]
had argued that for each risk class the proportionality (or
capitalization) factor remained intact relative to expected
returns measured net of taxes even when a tax scheme
incorporating the -deductibility of interest charges was
considered. This was, of course, incorrect and MM
subsequently found that the tax advantages to debt had
permanent effects on valuation. This discussion considers
only the corrected view presented by the authors in: MM,
"Corporate Income Taxes: A Correction".

13



B. THE MODEL WITH ARROW DEBREU TYPE UNCERTAINTY. The
next significant extension of the MM theorem, due to
Hirshleifer [1966], was to incorporate a generalized
characterization of uncertainty based on the Arrow- Debreu

contingent claims model.6

Fundamental to the incorporation of Arrow-Debreu type
uncertainty is the extension of the definition of a
commodity to specify the state (of the world) in which 1t
becomes available. Accordingly, two units of the same good
available at the same place are not identical if they appear
exclusively in different states of the world. Re-defining
commodities to make them state contingent introduces
uncertainty into the model. Each state of the world 1is
characterized by a single random variable which describes
all relevant aspects of wuncertainty with no loss of
generality - since any state distinct from others in any
aspect of uncertainty 1s separately classified. If there are
n traditionally defined commodities and s states of the
world, there will be ns state contingent commodities. All
investors agree about the finite number of mutually

exclusive states of the world.

Completeness conditions in the context of a state
theoretic model ensure a unique solution to the set of state

contingent prices enabling firms to make their profit

A S G D AP W . —— —— ——— —— — —— — — —— . —— A IRy AT W A A — A — . — — A — —— —— — — — —— — - —— —— —

6J. Hirshleifer, "Investment Decisions under Uncertainty:
Applications of the State Preference Approach", Quarterly
Journal of Economics, May 1966, pp.237-77.

14



maximizing investment decisions and investors to choose
their optimal holdings of portfolios. Completeness requires
the existence of a full set of prices - one for each state
contingent security. This means that there must be as many
linearly independent securities as there are states of the
world. When a wunique set of prices exist then the profit
function of the firm, despite the presence of uncertainty,
will Dbe determinate.7 If the number of securities available
were to exceed the different states of the world, arbitrage
opportunities would be created and individual securities
would not all be linearly independent. On the other hand, if
the number of states exceed the number of securities, then
even 1if all securities are linearly independent, no unique
solution would exist and the resulting allocations would be
inconsistent with efficiency considerations except under

special circumstances.

Complete <capital markets are, however, no more than
theoretical constructs bearing 1little resemblance to
reality, although they serve a useful pedagogical function
when studying the theorem - because they preclude any
possibility of the opportunity set (of investors) becoming

enlarged as a result of any purely financial changes.

The main shortcoming of the Hirshleifer study was that
it, too, was essentially partial equilibrium by nature and
left many of the underlying assumptions of the theorem

T ———————— A —— i ——— ——— ——— - ———— e — ——— —— ——————————— - — ——— — —— — —— —— —— ——— — —— —

7For a discussion see:J. Hirshleifer, "Investment Decisions
Under Uncertainty: Choice Theoretic Approaches" Quarterly
Journal of Economics, November 1965, pp.509-536.

15



implicit. Nevertheless, because of its more advanced
conceptualization of uncertainty it succeeded in developing
some novel implications of the theorem which had not Dbeen

made explicit by the original authors.8

He focused on and made explicit the overall investment
and financing constraints for the single firm under
consideration. From the identity of the sources and uses of
funds (whereby total output is just equal to the sum of
inputs measured by debt and equity type securities) and
from the assumption that all of the firm’s income 1is
distributed to its security holders, he invoked the single
price law of markets - utilized by MM in their proof - to
show that 1in equilibrium the sum of claims to contingent
incomes of the elementary securities of a firm could not

diverge from a value of a package of the same claims.

Therefore, the market value of the firm can not, 1in
equilibrium, diverge from the sum of its debt and equity
outstanding, since the former is non other than the product
of the price of each state contingent security outstanding
times the number issued. The total value of the package of
debt and equity type claims remains invariant to their
composition. Hirshleifer drew the following implications
from these results: 1.) production decisions alone determine
income levels; 1i.) financing decisions are taken in the
context of each firm’s overall wealth contraint and do not

Hirshleifer demonstrated the above results using a simple
two-period and two-contingent-state model where the set of
prices of all Arrow-Debreu securities are given.

16



change that constraint; and iii.) financial decisions can
affect the distribution and timing of income claims but not

their real levels.

Although the necessity of the risk class concept was

obviated, the partial equilibrium nature of Hirshleifer's

contribution still left many of the theorem’s key
assumptions implicit. Did the characterization of
uncertainty imply homogeneous expectations? Did the

successful operation of the arbitrage mechanism imply equal
access to capital markets by investors? These and several
other key questions remained unanswered. The further
extension of the model to a general equilibrium context
proved necessary before the underlying assumptions could be
made explicit and the further implications of the leverage

theorem developed.9

- . v i g —— ——— . — — ——— - — G — — ——— —— — ————— e Y M —m— a—a — D - - — —— —— b e m

9The partial equilibrium models take all the relevant
information, namely the financing decisions and security
prices, of all firms as given except for the one under
study. They focus only on the effects of financing on its
market valuation. The general equilibrium models take only
the over-all resource constraints of the economy as given.
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3. GENERAL EQUILIBRIUM RESULTS: COMPLETE CAPITAL MARKETS.

A. OVERVIEW. In 1967 Diamond extended the
demonstration of +the MM irrelevance results to a general
equilibrium context utilizing the wusual neoclassical
specification of production and utility functions, as well
as explicitly recognizing the over-all resource and budget
constraints of the system.1 He characterized uncertainty by
adopting the state-theoretic approach of Arrow and Debreu
but where allocation is effected by stock market trading of
corporate securities rather than by means of the contingent

claims model.2

The main contribution of the Diamond study to the
understanding of the leverage theorem lay in its formulation
of a precise set of conditions sufficient to establish the
theorem s validity, and in its making explicit the

limitations of the model. The demonstration of the MM

results were, however, only secondary implications of the
Diamond model. The primary objective of his study was to
1P. Diamond, "The Role of a Stock Market in a General
Equilibrium Model with Technological Uncertainty", Amer.
Econ.Rev., Sept.1967, pp.117-30

2

These authors had, earlier, shown that a central result of
equilibrium theorem under certainty - which stated that when
individuals engage 1in competitive exchange at a set of
market clearing prices then the resulting equilibrium
allocations will be Pareto-optimal - would hold even under
uncertainty subject to a number of additional restrictions
on the characterization of uncertainty and the description
of investor behaviour. See: K. Arrow, "The Role of
Securities in the Optimal Allocation of Risk Bearing", re-
printed in Arrow, Essays in the Theory of Risk Bearing,
(Amsterdam, North Holland, 1974).
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show that the allocation effected through exchange on the
stock market was Pareto optimal. The sufficient conditions
for a Pareto optimal allocation were found to coincide

exactly with those sufficient to establish the MM theorem.

An important contribution of the Hirshleifer model,
discussed earlier, had been to show that the
characterization of uncertainty was a significant element in
the sufficiency conditions for the irrelevance result.
Hirshleifer’'s results depended critically on the existence
of complete contingent claims markets - having a full set of
Arrow-Debreu securities. Diamond s stock market model
appeared, on the surface at least, to offer an improvement
in the realism of the wunderlying characterization of
uncertainty. The implications of equilibrium resulting from
trading on the stock market differ from the contingent

commodity model in two important respects.3

First, whereas the profit function in the contingent
claims model 1is determinate and no probabilistic element
enters in its calculation, 1in the stock market model there

is technological uncertainty associated with the production

3The question of the Pareto optimality of the equilibrium
allocation effected by the stock market has been studied by
a number of other authors - most notably by Jensen and Long
[see:M.Jensen, and J.Long, "Corporate Investment Under
Uncertainty and Pareto Optimality in the Capital Markets",
Bell Journal of Economics and Management Science, vol.3, no.
1, Spring 1972, pp.l51-74 and J.E. Stiglitz (["On the
Optimality of the Stock Market Allocation of Investment"
Quart. J. Econ., 1972, pp.25-60. That the conclusions of
both these studies contradicted the Diamond results can be
attributed to the special nature of the Diamond assumptions
which were that firms were price takers and considered the
demand schedule for their shares as being perfectly elastic.
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function of the firm. Shareholders receive residual returns
and the owners of the firm have to bear risks. Diamond
bridged this discrepancy by assuming that capital markets
were complete in the sense that the equilibrium set of
Arrow-Debreu prices could be imputed from the prices of

securities available on the stock market.

Second, whereas in the contingent claims model
individuals purchase elementary consumption claims in each
state of the world, in the stock market model they purchase
packages of elementary Arrow-Debreu securities (joint
patterns of consumption claims across states of the world).
In the Diamond model, therefore, consumption claims are
confined to linear combinations of firm output and in this
sense the resulting Pareto optimal allocation is a
constrained one.4 These two assumptions effectively imply an
Arrow-Debreu type world, as would exist when capital markets

are complete.

Focusing only on the implications directly relevant to
the leverage theorem, we re-construct a simplified version
of the model. This reconstruction provides the background
for many theoretical models of capital market equilibrium

including some to be considered later in this chapter.

4We describe the resulting allocation as constrained because
the allocation effected via securities 1ssued by firms
restricts the pattern of second period returns to being some
linear function of the firm’s output. This is because the
securities give owners returns which are directly
proportional to the returns of the firm and preclude any
non-proportional distribution however desirable.
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B. CHARACTERIZATION OF THE WORLD. The world, in the
Diamond model, consists of only a single time period. At the
start of the period firms exist and individuals find
themselves with fixed initial endowments of wealth. During
the period trading occurs and firms make their investments.
At the end of the period the state of the world is
announced, the actual returns become known and are
distributed to investors. The final distribution consists of
gross returns -- earnings as well as capital invested.

Nothing remains of the firms after returns are distributed.

Uncertainty, 1is restricted to the technology of the
economy - only the outcome of production decisions are
uncertain - and price uncertainty is ruled out altogether.
This was accomplished by assuming that all relative prices
are fixed so that all goods can be combined into a single
composite good.5

To focus attention only on the implications of the
leverage theorem we make two simplifying modifications to
the original version of the Diamond model. First, Diamond
distinguishes between the individual s supply of labour
input to the firm, for which he receives a contractually
fixed wage and financial assets which he holds against

investments in the firm. Here, the investor makes no labour

input. Inputs into the firm consist only of delivering

The treatment of price uncertainty introduces
complications with which even the Arrow-Debreu model is
unable to cope. The possibility of trading conveying

information about future returns distributions introduces
the difficult problem of expectations with which the model
cannot cope.

21



quantities of the single good in exchange for which the
individual is entitled to a claim on the firm’s gross
returns. Second, in the original Diamond model individuals
exchange quantities of the composite good among each other.
Here, transfers take place only between firms and individual
investors. Trading among investors is restricted to only

exchange 1in securities.

There are altogether n firms. The first n-1 firms each
face a stochastic production function of the same
decomposable form. For these firms output is a function of
inputs (since there 1is only one good we may consider a
single input or a composite input subject to a fixed
technology) and the state of the world which occurs after

investment levels are chosen.

Production functions conform to the usual restrictions
on concavity and the absence of externalities. They are
continuous and twice differentiable with positive first and
negative second derivatives. If we denote output of the jth
firm in the state g by Xj(ﬂ) and the level of inputs by kj,
then:

X. (@) = f.(kj,ﬂ)

J J

£.°>0, f.77<0.
J ]

The decomposibility of the function implies that
changes 1n 1inputs affect outputs equally in all states of
the world. Output is changed by the same proportion in each
state when the scale of input is altered. Consequently, the

production function may be expressed as:
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Xj(ﬁ)

Not only is the firm a price taker in the usual competitive

sense but its value changes directly and in exact proportion
to the investment it undertakes. The latter is, of course, a

rather restrictive behavioural assumption.

The last firm, denoted by the subscript n, is riskless
and provides investors with an opportunity to obtain a
certain rate of return, r, independently of which state of
the world prevails. For simplicity, the riskless firm is
assumed to operate subject to a constant returns to scale
production function. Given the overall feasibility
constraints of the economy (by which the total supply of
resources 1s just equal to the total demand) the optimal

scale of the nth firm is determined as a residual.

There are m individuals each receiving at the beginning
of the first period an initial endowment of wealth. From the
beginning, this wealth 1is held by firms on behalf of
individuals in exchange for which the latter own claims
against the firms. Even 1in this simplified world there are
two kinds of <claims on firms revealing the fundamental
distincticon between bonds and shares. Claims on the n-1
risky firms are share-type claims earning an uncertain
return while the riskless firm yields a certain return

characteristic of bond type claims.

Just as under certainty, the individual has a
preference ordering over the combination of returns

allocated to him at the end of the period. Only now, the
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utility function is expressed in terms of state contingent
end of period income. Each individual has a subjective
probability distribution defined over state-space. His
utility function conforms to the convexity requirements of
utility levels, and is strictly in accordance with the Von
Neumann Morgenstern axioms of expected utility maximization.
In the context of this model this is equivalent to defining

the function in terms of end of period wealth.

We can express this subjective density function over
the states of the world as follows: Let hi(ﬁ) express the
probability with which the ith individual expects the state,
@, to occur. Then maximizing the expected value of utility,
Ui, we can proceed in the usual manner by maximizing:

ot =Z'Pui(yi(¢))hi(¢)
subject to the individual s budget constraint which we can

now spell out.

The 1investor finds himself at the start of the first
period with an endowment consisting of some initial holdings

of <c¢laims on the riskless firm and claims on the gross

returns of the n-1 risky firms. Denoting his initial wealth
i
W:
by ae
1 _ A1 Mo
| W-Dn+AjCj
where Dt represents the aggregate bond holdings of

individual i, and clj his holding of the shares of the jth

firm.



C. THE MODEL. By assumption market clearing and full
resource utilization conditions are satisfied. The n-1 risky
firms incur no fixed contractual charges -- they have no
debt outstanding and no factor inputs which earn contractual
returns. Their profits, P(@) consist of the returns on total
investment value, kj’ so that total profits distributed just

equal the output of the firm in that state:

Pj(ﬂ) = Xj(ﬂ).

When trading is completed, investors have altered
their portfolios to hold preferred combinations of the n
firms. Their new holdings will reflect their attempts to
maximize expected utility from end of period consumption
opportunities made available to them by their investments.
Their budget constraints impose the restiction that the
equilibrium value of each investor’s portfolio must be equal

to the value of his initial endowment. This can be expressed

as: . n-1i . - —n=L,
DY+ Z‘cl.=Dl + ). Ct.
n =1 ] n = ]
where the tilde over the variables on the right hand side
indicate$ that those variables represent final equilibrium

holdings.

Income 1is defined as the final gross consumption
stream made available to the investor. 1In this simplefied
time context, 1income, consumption and wealth maximization
are all identical. Income can be expressed as:

vhg) = ept e (57 P /v et
where r represents the gross (one-plus-the) rate of return

for the riskless firm. For the unlevered firm:
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Vo= 4 clj.

Faced by the set of market clearing prices, investors choose
their portfolios to maximize E{Ui[Yi(Q)]}, subject to the
satisfaction of the wealth constraint in their preferred
portfolios. The E[°] denotes an expectations operator and
applies to the probability distribution. A Lagrangean
function can be formed from which optimal portfolio holdings
satisfving the first order conditions for expected wutility
maximizations are obtained:

1 ~i

3 -~ ~ | ~ . ~ .
Gt = ut{rDp' + [(Zjupj(g)/vj)clj] £ LWt - b )

from which the following first order conditions are derived:
dg/ap* = r - L = 0
and
i

~i
. = [P. ] - =0
dG/dcC 5 [PJ(Q)/V]] L

. . i .
which after setting to zero and substitution for L~ gives:

= R .= ' V
r Pj(g)/v] x](g)/ 3

from which the market value of the firm can be expressed:

V. = Pj(ﬂ)/r = Xj(g)/r-

J
Now consider the same economy identical in all
real respects but where all firms issue debt. The

incorporation of widespread leverage poses no complications.
Investors still find themselves with 1initial endowments
comprised of the same two types of <claims - shares and
bonds. The only difference is that whereas previously all
bond type claims were concentrated in the single riskless
firm, the same volume of bond type claims are now divided

among the n firms. To preserve comparability all bonds are

considered riskless.
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In this new scenario initial wealth holdings remain
unchanged, In the absence of detault risk on debt it does

not matter who issues bonds. The new constraint can be

written as:
) A —N
i

N i i
W= "JsaD ] v ZJ;'C 3

and the income of the ith investor now becomes:
. - e =4 .
1 \ 1 \ 1
Y = . rD”. + , L P. V. - D. C ..
(9) by TD7 + 4, [PS(0) /(Y ;117

but the profit function has now become:

14

. = X. - rD.
P](ﬁ) ](9) r]

so the Lagrangean function must be written as:

i i 3. -i N ~i
G =U 2 D”. + 1X. -rD. V.-D. )

( 2irpt, ..E ~Z.J( j(Q)-'r 2)./( ;D) 1ct,
le Dlj - zlj Clj]}

giving the following first order conditions:

+ LY wt -

dG/lej =r -1 =0
and
i

. ) - . V.-D. - =
(xj(m rDy)/(Vy-D)] - L 0

dG/dClj

. .
vihi~rh ke ceat++an~y A 7arvyA anA irmAn ciihimd T Rl Arm At rTAaA e .



financial structures, both will have the same market value
irrespective of the proportion of debt they carry. The
strict dichotomy between real and financial variables 1is

preserved.

Another remarkable feature of the Diamond model was
the demonstration of the coincidence of the sufficient
conditions for Pareto optimality with leverage irrelevance.
The conjunction of the two in the certainty model was only a
trivial result - competitive exchange at a set of market
clearing prices ensures both outcomes - and was left
implicit in the work of the original authors. The extension
of the same results to a world with uncertainty and where
the allocation is effected by means of trading in securities
was, however, a significant outcome even though a complete
set of state contingent prices could be imputed by all

agents and so capital markets were effectively complete.

Mossin (1977) illustrated the Pareto optimal nature
of an allocation similar to that implied by the Diamond
model and it can be shown as follows:6 Let us focus on the
earlier case where only the nth firm is levered and denote
the scale of the riskless firm by D, D= Di. First we set

up the ith investors utility function,

. g | — . R
ut = Z.;, ut (Yt (g))ht(g)

from which we can derive marginal utility:

6J.Mossin, The Economic Efficiency of Capital Markets,
chapter 3, (Toronto: D.C. Heath & Co.), 1977.
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Next, we set up the investors utility maximization problem
by again defining a Lag;a?gean function having the form:
A . :
i i,,1 i1 i |
G =)/U (Y7 (@) + LTLW™ - 2gq(@)Y ™ (9) )
where L' is the Lagrangean multiplier and g(¢) denotes the
set ot prices (which are explained below, p.31) and from

which the following first order utility maximizing condition

1s obtained: . (Hfﬁ)_ - .
i. i i -
Um A= L0 2g q(@)h™(g) ]

where Li is equal to the marginal expected utility of
wealth. Substituting from the first order term into the
expression tor marginal utility:

aut = Lt T q(gart(s)
and summing over all individuals, i, for the market clearing

conditions:

: o C.
5, dut = Z/,q(gn 5. ttavi(g))
Now, expressing the change in income in terms of the change

in returns from the n firms:

) o
Lea () [ 5;avt ()1 = Zya(e)1 Xjax (@) + rdp]

and substituting this into the right hand side above gives:

— i _ — l __'.
24U = 2y A9) (LT[ 2;a%,(9) + rdD])
and expressing output in terms of the production function:

_S:ldui = SF q(@) I ZJ- dxj(Q) + r ap]
= 2,5 q(@)l Zj fj'(kj,ﬁ)dkj + r dD].
For profit maximizing firms, in equilibrium, fj'(kj,ﬁ)/dkj =
r and since we also know that when capital markets are
complete z,q(ﬂ) = (l/r) we have +the result that 1in
equilibrium:

Z;,dUi = L 2‘) Ak, + dD].
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For the reallocation to be feasible the overall change must

equal zero:

za(l/Ll)dUl = [dkj + dD] = 0
Since, LY is the marginal expected wutility of initial
wealth, it must be positive. Then, some dU -- changes 1in
utility -- must be negative for the product to be zero when

summed over all individuals. Some dU<K0 implies that the

allocation is Pareto optimal.

The Diamond model had three main shortcomings. One had
to do with its continued characterization of uncertainty 1in
terms of the unrealistic completeness conditions. A second
problem had to do with the neoclassical restrictions imposed
on production and wutility functions. It was not clear
whether these unnecessarily restricted the generality of the
results obtained. Finally, the model assumed riskless debt
and left the issue of the validity of the theorem 1in the

face of default risk unresolved.

The first and third problems Jjust cited are not
mutually independent. Given the assumption of complete
capital markets, the Diamond model could have been extended
to incorporate risky debt without affecting the validity of
the leverage theorem. Recognition of this requires an
understanding of the significance of the completeness

assumption.
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D.SOME IMPLICATIONS OF COMPLETENESS. An explicit
illustration of the insignificance of default risk when
capital markets are complete was subsequently provided by a
number of authors, most significantly by Baron [1976] whose

) 7
results we review below.

In a contingent claims model when capital markets are
complete and a full set of Arrow-Debreu securities exist
then the set of market clearing (equilibrium) prices can be
standardized by defining g(g) as the price of a security
promising to pay one unit of the (single) good upon the
occurrence of the state . A portfolio of s state-contingent
securities, one tor each possible state, gives a sure return
of unity and its value in the first period must be equal to

the present value of a unit return in the second period:
-l

2, alg = (1/r).
Given these prices, the outputs of firms and the

incomes of individuals can be evaluated.

When debt is riskless the returns to it are given by:
r{(g) = r’
in every state that may occur and the market value of the
firm’s debt can be expressed as:
r(ﬂ)Dj = r Dj
for all @. When debt is risky, however, state space can be
partitioned, say, by the state, ﬂ* such that for all 0>G*

7D.P.Baron, "Default Risk and the Modigliani-Miller Theorem:
A Synthesis", Amer. Econ. Rev., March 1976, pp.204-12.
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*
the firm remains solvent while for those states (<@ 1t

defaults on its debt and goes bankrupt.s

The conditions for a change in the value of the firm
due to a purely financial change can now be made explicit.

First, we need to define the market value of the firm, Vj’

and to express it in terms of its component parts, Sj and

Dj' which are equity and debt outstanding respectively.
Then, changes in the market value of the firm can be

obtained by total differentiation of Vj.

The total differential of Vj’ given a change 1in
financial structure is, of course, the sum of the respective
differentials of the equity and debt components. Totally
differentiating Sj, gives:

L4

- -
ds. =) . ,dg(@)[(X.(g)-xD.] +2,,q(9) dX.(g)-[D.(dr) + r(dD.)]
5 7 4 (g>g%) 7 Hy (9>9%] ) )

Analogously, when debt i1s riskless:

ap. = 3. dq(@)rD. + Y. q(@)(D.(dr) + r(dp.) |
3 = Apdalfirdy + 2ya(@)Dyldr) + r(aD,

for all @.

Then, since
dv. = dS. + dD.
J J

.
av. = % ,dq(g)X.(F) + q(g) £ .dX.(9).
] f alljﬂ ZJ¢ Ja1? 1)

For a purely financial transaction the second term on
the right hand side is nil because de(Q) = 0. The change in
the wvalue of the firm must therefore be a function of the

change_ in_the_set _of state contingent prices. _When capital
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8 The discrele form of the above charseteriantion intro dvies the complication that for large
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markets are complete the set of prices will be unaffected by
financial changes, dg(@) = 0, and the market value of the

firm will be independent of its financial structure.

Remarkably, so long as capital markets are complete,
the same results hold even when debt is not riskless. This
can be demonstrated by noting that when there is a risk of
default attached to debt its returns are given by:

r(g) =min [ r~, Xj(ﬂ)/ Dj]
where r  is the nominal gross return promised and which 1is
actually paid in those states @>@* where Xj(g)>rDj. In the
remaining states, @<@*, where Xj(ﬂ)<rDj then the actual
gross returns on debt are Xj/Dj' From these the market

value of the firm’s risky debt may be expressed as:

i 2¢ C.T(Qf)r'Dj for @g>@g*
Lg ald)x (g)  for pegx.

Just as 1in the no risk case above the conditions for a

r(Q)Dj =

change 1in the value of the firm due to a purely financial
change can be obtained by total differentiation of Vj' de
remains the same as in the no risk of bankruptcy case, but

dDj now becomes:

d S5, dq(g) > da(#)x. (9) S (@) g
D. = q rD. + q X. + o .AdX. (@)
] SUNTI. TS ? sz;a*?
S q(ﬁ [D (dr) + r(dD.)]
ﬁ Q>ﬂ* ]
In this case:
av. = 2¢dq(ﬂ)x.(¢) + Z¢q(ﬁ) fr.dx.(g) +
J fo>g%) (g>g%*) 3]
D.alg) £7.4X,(g) +2.dq<sz)x (9)
ANVITTIR . P (ggod

which upon simplification gives:
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av. = 2, dq(Q)X () + 2gq(@)E’ dX (9).
J ? " (a11g) PR B
When capital markets are complete bankruptcy makes no
difference to the outcome and the strict dichotomy between
real and financial variables is preserved -- the leverage
theroem 1is upheld and the market value of the firm remains

independent of its financial structure.
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4. GENERAL EQUILIBRIUM RESULTS WITH INCOMPLETE MARKETS,

A. OVERVIEW. Capital markets, in reality, are far from
complete and models based on such assumptions are
interesting more as pedagogical constructs than as any
representations of the real world. Incomplete capital
markets imply that financial changes will normally affect
the opportunity set of returns. When the opportunity set
expands combinations of returns which were not attainable
previously now become feasible and when the opportunity set
shrinks previously feasible returns no longer are
attainable. The conditions which preserve the validity of
the theorem in incomplete capital markets can, therefore, be
viewed as special case instances which impose sufficient
restrictions on firm and investor behaviour to ensure that
the subspace of returns distributions available to investors
remains unaffected by purely financial changes undertaken by

any firm or firms.

In this section we consider three models (or
approaches) which establish the theorem when capital markets
are incomplete.l The first two models, associated with the
names of Stiglitz and Fama respectively, distinguish between
two facets of the independence theorem. The first, which we

shall for convenience call the weak facet, 1implies only the

independence of market value from financial structure while

1We defer the discussion of mean-variance models ensuring
the wvalidity of the theorem when capital markets are
incomplete, until the next chapter.
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the second, stronger, version 1implies additionally the
indifference of investors to any financial structure which
any firm may choose2’3. Stiglitz (1974) showed that in the
latter case no optimal or predetermined overall debt-equity

ratio exists for the economy as a whole.

In their proof of the weak facet of the theorem both
models adopt an essentially common apprcach. The set of
sufficient conditions in both is based on characteristics of
perfect capital markets and depends critically on equal
access to capital markets by all investors. The Stiglitz
model proves this by means of explicit consideration of the
arbitrage mechanism which brings about equilibrium in the
system. Fama, on the other hand, relies primarily on an
intuitive understanding of the nature of the restriction on

second period returns distributions.

The two models, however, differ substantially with

respect to the assumptions they make in order to derive the

stronger facet of the theorem. 1In both cases restrictions
2The Stiglitz "model" was developed during the course of the
following studies: J.E.Stiglitz, "A Re-examination of the
Modd\jliani-Miller Theorem" Amer. Econ. Rev., Dec.1969,
pp.784-93; J.E. Stiglitz, "Some Aspects of the Pure Theory
of Corporate Finance: Bankruptcies and Take-overs", Bell
Journal of Economics & Management Studies, 1972, pp.458-482;
and J.E. Stiglitz, "On the 1Irrelevance of Corporate
Financial Policy".

3

The Fama "model"” was first developed in the stronger facet
jointly by Fama and Miller: E. F. Fama, and M. H. Miller,
Chapter 4, "Financing Decisions, Investment Decisions, & the
Cost of Capital", The Theory of Finance and subsequently
extended by Fama, in: E. F. Fama, "The Effects of a Firm’s
Investment and Financing Decisions on the Welfare of 1its
Security Holders", Amer. Econ. Rev., June 1978, pp.272-84.
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need to be imposed to confine the distribution of returns to
a particular sub-set of returns space which would have been
attainable to investors initially - before any financial
change. Stiglitz restricted his model by ruling out
bankruptcy while Fama adopted restrictions on the

expropriation of investor positions.

The third model to be considered provides the most
general proof of the independence theorem. Fama, its author,
shows that even the equal access assumption 1s not necessary

and can successfully be replaced.4

B. THE STIGLITZ MODEL WITH NO DEFAULT RISK. In the
first of the special case expositions, Stiglitz (1969)
formally re-examined the leverage theorem in a general
market equilibrium context and demonstrated the result that
- in the absence of default risk - the MM theorem remained
valid even when capital markets were incomplete. His model
had two further, significant, advantages: i) no restrictions
needed to be imposed on the nature of production and utility
functions, and 1ii) the characterization of uncertainty
remained completely general.

- e - - > - — - —— ——— —— — ——— - — " —_—— N — W S — e N — G e e o S iy e M o e S e e e

4Fama, "The Fffects of A Firm's Investment and Financing
Decisions on The Welfare of Its Security Holders"

SCompared with the Diamond model, for example, this one does
not require production functions to be either decomposable
or subject to the proportionality assumption. The only
restriction on investor behaviour is that they act
rationally and evaluate their portfolios in terms of the
distributions of second period returns (income). In terms of
the characterization of uncertainty, moreover, no
distinction needs to be made between technological or price
uncertainty.

37



The following assumptions underlie the first Stiglitz

model: 1. market imperfections such as taxes or transaction

costs are ruled out; 2. all investors have equal access to
capital markets; 3. all investors agree that there is no
risk of default associated with corporate debt, and 4. the

world consists of only two periods and investors evaluate

their portfolios in terms of the second period returns (or

income) which they generate.6

The first +two assumptions belong to the usual
characterization of perfect capital markets.7 The third also
belongs to the same category but is much weaker than would
usually be associated with the perfect markets assumption.
In particular, no agreement on the subjective probability
distribution of expected returns is required. The two period
context 1is innocuous and was adopted only to simplify the

analysis.8 The only new assumption adopted by Stiglitz was
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6Another assumption implicit in the above model 1is the
independence of investor expectations from any efrects of
financial changes. This rules out any signalling effects
which may arise from changes in the firm’s financial
structure. The need for such an assumption is apparent, 1if
investors expect the changes in the firm’s financial
structure to signal changes in the firm's real prospects
then financial changes will indeed be relevant.

7An important respect in which the Stiglitz model differs
from those assuming perfect capital markets 1is that no
restrictions are imposed on the number of firms and the
model is quite consistent with a less than perfectly elastic
supply curve of bonds for any particular firm.

8This was subsequently extended (Stiglitz, 1974) and 1is
described below.
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the no default risk assumption.

The demonstration of the validity of the theorem, 1in
equilibrium, consisted of essentially two steps. In the
first, the distribution of second period returns accruing to
investors was shown to be a function of the total funds
invested by the firm, independently of the composition of
those funds -- as between debt and equity type claims. The
second shows the exact operation of the arbitrage mechanism,

ensuring the irrelevance result in equilibrium .

Bankruptcy was incorporated into the characterization
of uncertainty by defining some critical value @* separating
solvency from bankruptcy in state space such that in all
states @<@*, the firm defaults on its debt. In the two
period context this is equivalent to its going bankrupt. The
riskless debt assumption implies that attention is confined
only to the states, Q>Q*.10 Then, the second-period returns
of the ith investor in each state ¢ may be written as:

i _ T SEl . o
vh(g) = rDT + ((Q, CLIXy(8) - xD1/0V, - D).

This states that the income of the ith investor in the

- ————— —— — —— —— —— —— — —— VI ——— —— ————— —— — — —— ——— —— ———— —— - W — . —— Y S — —— — - — o —

9The role and significance of bankruptcy in the Diamond
model was ambiguous. Diamond, clearly, thought that
bankruptcy made no difference. Stiglitz, however, argued
that the validity of the Diamond model depended on the no
bankruptcy assumption. The ambiguity seems to arise from the
fact that completeness characteristics of capital markets
are difficult to reconcile with the effects of bankruptcy on
the totality of securities available when the model is based
on a stock market.

loThis characterization 1is necessary in order to restrict
the distribution of second period returns to only those
states in which the firm remains solvent.
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state @ 1is equal to the sum of: his returns from debt-
holdings and from his total holdings of corporate equity.
There are, 1in such a world, only these two types of
securities because when debt is riskless, there is no need

-~

to distinguish between its issuers. 1In equilibrium, Clj is
the amount of wealth the ith investor has invested in the
shares of the jth firm and can be viewed as the procduct of:
the fraction, aij, of the jth firm’s equity owned by the ith

investor and the market value of that firm’s equity.

Consequently, we can write Clj as:

S Ti - i
,C . = ».a .S..
2’4 3 45 7 373

which 1is exactly as in the Diamond model.11

We know from the wealth constraint, moreover, that in
equilibrium the holding: of debt by the ith investor is just
equal to the excess of the individual “s wealth over the

value of his equity holdings:

"4 P
D™ = W~ - C ..
2; 5

Substituting first the wealth constraint and then aijsj
into the returns function for the investor, gives:

Yi(g) = r(Wi - Zg éij) + Ei-éij(xj(ﬂ) —rDj)/(Vj—Dj).
= r(wt - Z:.aijsj) v 2 aijsj[xj(a) -rD41/5,
= r(Wi - Eaaijsj) + E:iaij[xj(ﬂ) —rDj]
= b o+ Z_)-aij[xj(g) - vl

Re-arranging terms, as above, it becomes apparent that

As before, the tilde ( ) represents equilibrium holdings.
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the 1income stream depends only on the total funds invested
and 1is independent of how that sum is divided between debt
and equity type claims.12 Any change in the debt-equity
ratio which leaves the aggregate value, Vj’ unaffected will
have no influence on the level of second period income and

leaves the investor indifferent.

The arbitrage mechanism which sustains the above
equilibrium characteristics can be shown as follows: suppose
some firm disrupts an initial equilibrium situation by
engaging in a purely financial change in its capital
structure. We can trace how investors can undo the
undesirable effects of such a change, thereby leaving - in
the new equilibrium attained - their opportunity sets (of
expected second period returns distributions) unchanged.
Then, 1if all market clearing conditions are satisfied it
can be said that the original equilibrium remains unaffected

and the MM theorem is valid.

Let, as demonstrated by Stiglitz, the initial
equilibrium be disrupted by only one firm (let us say the
first firm). Let wus also suppose that this firm was
originally levered but now alters its capital structure to
become unlevered (all equity financed). Then, if the ith
investor’s second period distribution of returns could
initially be expressed as:

12 It is apparent from this arrangement that the irrelevance
result depends critically upon the no bankruptcy assumption
whereby different units of debt are indistinguishable from
one another and can be aggregated without any problem.
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i i i Ui
= W - . ' ' + . . X "I'D.
Yo(F) = rf 427585} + 25 any[x509) 51
now, when the first firm substitutes new equity for all its
debt, the ith investor’'s opportunity set becomes:
i

Yi(Q)' = ri{w - [ailS’1 + Ei;f;jsj]} + {allxl(ﬂ) +

Etjlj[xj(g)—rDj]}'
Under the circumstances, for the opportunity set to remain
unchanged despite the changes in the firm’s capital
structure, total second period income must be the same 1in
both cases:
vig) = vig) .

This equality implies that:

The first term on the right hand side of Yi(ﬂ), r[Wi—
aljsj], is the ith investor’s income from the holding of
debt assets directly. The second term represents the same
investor s income from equity holdings. Therefore, if in the
new equilibrium the income stream cf the investor is to
remain unchanged, the bond holdings of the ith investor must

increase by exactly the amount of debt the particular firm

unloaded when it disrupted the equilibrium.

This change can be effected by investors buying the
new equity issued - which are claims to the same income
stream as before but now unlevered - and engaging the same
degree of leverage as existed in the original equilibrium.
They can do this by pledging the unlevered shares to borrow

just as the firm previously did.
Investors encounter no difficulty in engaging in the
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above arbitrage operations because it is assumed that they
can borrow under the same terms and conditions as firms. 1In
equilibrium, as a result of these operations the amount of
debt the firm withdraws from the market is re-supplied by
investors on personal account and the new issue of equity is
fully subscribed by the original shareholders. Therefore, if
the equity and debt markets originally cleared, they now do
too and all market clearing conditions are satisfied as they

were originally.

C. EXTENSIONS OF THE STIGLITZ MODEL. The Stiglitz
model has been extended in a number of important respects
making it both more realistic and developing the
implications of the underlying assumptions. We begin by
considering the relaxaticn of the two period restriction as

demonstrated by Stiglitz (1974).

Extension to a multi-period context complicates the
characterization of the world. The most serious complication
introduced concerns the additional features of financial
structure and decision-making which are important factors in
real world finance, but were absent in the simple two period
model. The most important of +these 1is the dividends-
retention decision. Stiglitz focused on this and showed that
the individual’s consumption stream was unaffected by it,
implying, therefore, that this complication was of no

consequence to the outcome of MM theorem.

The new characterization of firms in the multi-period
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context is based on two accounting identities. The first 1is
the identity of total investment with the sum of changes in
the value of equity, debt, and retained earnings which can
be written:

= %
I.(t) = ,T)[D.(t, - D.(t-1,
]( ) Ann?(t ) ](t'T) ](t 1,T)] +

(s¥.(t) - S_j(t)J + RET,(t)

where:

Ij(t)= investment by the jth firm during period t.

p(t,T)= the price during period t, of a unit of debt due in
period T. The model assumes all interest charges are
capitalized into the discount value so the debt bears no
coupon or interest charges.

D.(t,T)= debt units issued in period t and due in period T.

S j(t)= jth firm’s value of equity at the end of period t.

S j(t)= jth firm’s value of equity at the start of period t.

RETj(t)= jth firm’s retained earnings during period t.

. St .
Since 2, p(t,T)D.(t,T) is the wvalue of debt
Pet4) J

outstanding at the end of period t, and S+j(t) 1s the value

of the same firm’s equity at the same time, we can write:

+ + o
V .(t) = 8 .(t) + (t,T)D.(t,T).
j ] 2 L™
By substitution,
+ -—
I.(t) =V .(t) -V .(t) + RET.(t).
j( ) J( ) j( ) j( )

The second identity states that total income equals
the sum of income distributed (as returns to both debt and
equity) and retained earnings:

€l
v
X.(t) = Q.(t) +D.(t-1,L) + RET.(t
J( ) Q]( ) 4P /L) J( )
) Y|
where:

Xj(t) = income of the jth firm in the period t.
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Qj(t) = dividends paid by firm j during period t.
Dj(t—l,T) is of course the correct measure for debt because
bonds are defined as a promise to pay one unit (of currency)

at some fixed time in the future and there are no coupons.

Substitution of the first identity into the second
(and solving for dividends) gives:

= - + - u-
Q;(t) = Xy(t) ~Is(e) + [V (e) - v (t)]

As before, the characterization of investors in the
economy focuses on their wealth levels. At the end of period

t’dn

. wealth of the jth investor is equal to the value of his

portfolio of assets (equalling the sum of the value of his

debt and equity holdings) which can be expressed as:

. . w .
Whe) = 3y atistie) % p(e,mDY(E,T)

J Tz lept)
where:
W+l(t) = the wealth of investor i at end of period t.
p(t,T)Dl(t,T) = the value of the debt holdings, of investor

i, due in period T.

the
At the end of period t,,wealth of the ith investor can

alternatively be expressed as being equal to his wealth at
the beginning c¢f the period plus dividends received minus

his consumption:
. . - 1 .
W) - W (k) = JatL(t-1)Q.(8) = ch(t)
SR J
where

ct(t)= consumption of investor i in period t.

By substitution into Qj(t):

+1 -1 i + -

W t) - W t) = [, AX.(t) - (t) + Vv . -V .(t) -
(t) (t) = Jatilx () - 108) ] j(t)

Dj(t-l.T)] - Ci(t).
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Solving for ct(t):

+1

Dj(t—l,T)] - W " (t).

. : +1 : .
From the above definition of W l(t), it can be written:

—d . -

-1 _ . 1 _ - \ \ 1 _ _
W h(t) = ), a eV (6 + 4 p(t,T)D (£-1,T)
—

Z-ai.(t-l)p(t,T)D-(t—l,T).
1 J J

Substitution into the investor s consumption opportunity set

gives:
ctiey = Loallce-n X.(€) - I.e) + vi.(t) -
;%3 y R SR
Zr p(t,T)D,(t-1,1)] + 3 p(&,T)B (t-1,T) - W *(¢t)
=t J TsT

which shows the consumption set 1is 1independent of the

composition of dividends and retained earnings.

From these results, Stiglitz proceeded to establish
the validity of the leverage theorem by comparing two market
equilibria identical 1in all respects except the financial
structure of firms. From the market clearing conditions
necessary for equilibrium, Stiglitz argued that if all
investors make offsetting changes to neutralize the effects
of the firm s financial change then the consumption stream,
as outlined above, remains unaffected and the returns
distributions originally attainable by investors continue to
remain so; and since the consumption stream is unafifected
the portfolio allocations which were originally preferred by

investors continue to remain so.
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A second respect 1in which the multi-period context
changes the characteristics of the two period model is with

13 In the two period

respect to the definition of bankruptcy.
model bankruptcy was unambiguously identifiable. In the
second period when the state of the world was finally
announced, either the firm could meet its debt obligations
in which case it was declared solvent or it could not, in
which case it was declared bankrupt. In the multi-period
context however the requirement that earnings be less than
contractual (debt) obligations is not sufficient for
bankruptcy to occur. The shortfall in earnings during any

period can be made up by either borrowing or issuing new

equity.

Stiglitz defined bankruptcy as occuring, in the multi-
period context, when the market value of equity fell to zero
- it can not be negative because of the limited liability
status enjoyed by firms. For the market value of equity to

be zero the value of bonds outstanding would have to exceed

D S A e am e D D anm e A —— o —— ———— —— ——— — T —— — —— —— —— — > —— a— — — —— — ———— — —— — W} D S S ——— . — . o v < o comm

13A more detailed discussion of the bankruptcy problem was
presented in: J.E. Stiglitz, "Some Aspects of the Pure
Theory of Corporate Finance: Bankruptcies and Take-overs",
Bell Journal of Economics & Management Studies, vol. 2,
1972, ©pp.458-482. There Stiglitz noted that the condition
that no investor believes that the value of equity will be
zero, although a sufficient condition for bankruptcy will
not necessarily lead to the bankruptcy decision because the
interests of various categories of claimants to the returns
of the firm are not identical and the ability to pronounce

the firm bankrupt depends on at least three factors: 1.how
each category views its interests, 2.the legal delineation
of the rights and obligations of each category, and

3.factors facilitating coalitions to ensure settlements in
favour of certain parties. For a discussion of the last
point (especially) see: J.I.Bulow and J.B.Shoven, "The
Bankrutcy Decision", Bell Journal, Autumn vol. 9, nc. 2,
1978, .pp.437-56.

47



the value of the firm at some date and in some state.
Therefore, the subspace of states in which the firm goes

bankrupt is much smaller than in the two period context.

D. DIFFERENTIAL EXPECTATIONS AND RISK AVERSION.
Differential expectations and the question of investor risk
behaviour, although considered, were left largely implicit
in the original Stiglitz study. The consideration of their
exact role and nature helps in the understanding of the true
significance of the no bankruptcy assumption and Stiglitz
returned to the question of expectations in his 1972 study
as part of his continuing work on the implications of the
bankruptcy assumption for optimal capital structure. An
important conclusion which emerged from this study was
recognition of the fact than when capital markets are
incomplete and bankruptcy is possible then the MM theorem
will depend <critically wupon the composition of investor
portfolios, an 1important element of which is homogeneous
expectations on the part of all investors. 1In the model
formulated, he showed that so long as debt is riskless the
theorem remains intact even when investors have differential

expectations.

In focusing on the question of investor expectations,
Stigiitz <considerably simplified the context of his 1972
model. Let there only be two investors (denoted by the
superscripts 1 and j) or equivalently let the m investors be
divided into two groups with all members in each group being

identical 1in all respects. Analogously, 1let there be two
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firms, one of which is riskless - establishing therrisk-free
rate of return for the system - while the other is risky.
Let the uncertainty associated with the returns of the risky
firm be characterized by a density function, £(X), and a
cumulative distribution function, F(X). Also, 1let the
expected value of X by the kth group of investors be denoted
E(Xk) where:
0

., IX%] = ffo(xmx.
Now, define Y = Tb as the critic;T'value of X below which
the firm 1s unable to meet its debt obligations and goes
bankrupt. The expected value of X conditional upon X>Y can
be expressed as: "

EO; LxK =fofK(X)dx
and finally the expected value of X in those states in which
the firm goes bankrupt is:

!

Ei, (k8] = foK(X)dX.
- &

The returns to shareholders, s(f), and the returns to debt-

holders, d(@), can be described respectively as:

X(@g) - tb for X(g)>Y
s(g) =
0 for X(g)KY
and:
b for X(g)3Y
d(g) =
X(9) for X(@)<Y

where ¥ is the promised (or contractual) rate of interest on
the firm’s outstanding debt, D. Debtholders have priority in
claiming the earnings of the firm but shareholders are
protected by limited liability status restricting their

returns to being non-negative.
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The market value of the firm is the sum of the wvalues
of equity and debt, V=S+D, the present values of which are
obtained by discounting the risk adjusted expected values of
the respective returns at the riskless rate. 1In order <tToO
focus on the expectations of investors any influence due to
risk behaviour must be eliminated. Therefore Stiglitz
assumed that all investors have identical risk behaviour
which for convenience is assumed to be risk neutral, making
them interested only in the expected value of returns and
indifferent to any higher order moments of the probability

distribution of returns.

The two groups of investors have different
expectations regarding the expected value of returns. This
complicates matters because the market values are obtained
by discounting expected values and any solution must specify
which investor’s expectations are the relevant ones. Let
group i investors be more optimistic regarding the expected
earnings of the firm. That 1is,

E:: [Xi] > E;o [Xj].

Then in equilibrium the shares of the risky firm would have
to be held by group i investors. For convenience assume that
group i holds all the shares of the risky firm sc only their
expectations are relevant for determining the market wvalue
of that firm’s equity:

[xi] - Ew [(fb)i]}/r*

s = 0
= {E v

Y
where r* is the riskless rate of interest and the returns to

shareholders are zero when the firm goes bankrupt.
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Group j investors are the holders of the firm’'s debt

and it is their expectation that has to be used in deriving

that market value:

od ~ » .
- i ] Y .
D= (B, [(rb)'] + E, [(xI1}/ r*
so that:
o) : . - . .
v={E, (x']- By [(Eb)'1}/r* + (B [(r b)I) + X (¥ 1}/ =

where:

Y (-] (-

E., [XI = E_,[X] - E, [X]
and by substitution:

o) i @ i 4 A o - ® :

v =(E, [X']-E, UED)' + B, [(gb)) + B [x)]-E, [x31}/c*

collecting terms for which:

0

i3y .
xJ] + E,

- b : : - =

= {E, I[X L(zb)d - (Eb) ] + E X I}/r*

from which it is readily apparent that when investors have

homogeneous expectations,

o : ” . . . .

E, [x'1=©E, [x’] ana Ej [(#p)I] = B, [(Eb)"] which then
D ] )

simplifies to: E.q (x) 1/r*

where the market value of the firm is equal to the expected

value of 1ts earnings independently of its £financial

structure.

When the two groups have non-identical expectations,

but there is no risk of bankruptcy we get the result:

od l [~
* § = - =
r*§ E, [x7] E, [b]
“
*H — T~
r D EY (Eb]
o i
V=2S+D=E, [X*]/c*.

In the absence of bankruptcy the MM theorem 1is valid

regardless of the differential expectations of investors.

51



Stiglitz next asked, what would happen when there 1is a
risk of bankruptcy and the two groups have non-identical
expectations. When the firm has no debt or such low levels
that the more pessimistic lenders do not perceive any risk
of default, then the results of the former case apply. As
the firm increases its debt (substituted for equity) lenders
first expect a real risk of default. At that level of debt,
the more optimistic shareholders do not yet expect the firm
to go bankrupt. Stiglitz shows that at this point an optimal

debt-equity ratio will exist and the MM theorem is

invalidated.14

1A‘Thj.s can be illustrated as follows: Since E_: [X] =1, let

o0

EY = (1-F) and Ez,= F, according to which (1-F) represents the

probability that the firm will not go bankrupt, and F the
cunulative probability that it will. Then we can write:

r*y = (1-F)Xx* - (1-F)xJ + (1-F)(2bJ ) - (1-F)(gbY) + xJ
r*(dv/db) = {(x1(1-F1)7 + (1-Fh)x* 7 - ((1-£)x37 + xI(1-FI) ")
+ (1-r) ((eb7) " + (zpI)(1-FI)7 - [(1-FY) (zbY)”

+ (fbi)(l—Fi)'] + xj’} drb/db.

In this case X-_ . > &b > X7 _. , SO Jgroup 1 1nvestors
min min

continue to neglect any risk ot default despite ch%nges in
t?e firm’s financial structure. So for group i, F~ =0, and
X~ “=0 also. Moreover since they do not expect the firm to go

bankrupt, (fb)*‘=0. Therefore,

.

r*av/db = { -{(1-FH)x37 + xI(1-¥d) ] +(1-FI)(zbd)”° +
(£bJ) (1-FJ)* + xI°} d¥b/db

upon elimination of the terms equal to zero. Focusing on
which is negative because it is being evaluated at the lower
limit of the integral. . :
x1’ = -xdrJ/ax,
Since, %

1-F = f(X)dX
(cont’d on next page)“Ft
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Increasing debt anywhere beyond the point where
lenders to the firm perceive a risk ot default makes the
expected value of their returns smaller than the contractual
value and means that the market value of the firm 1is
decreased. When debt was riskless, the only restriction that
needed to be imposed on the expectations of investors was
the agreement by all investors that, in fact, debt was
riskless. Then, all investors and firms would have equal
access to the capital market. If debt were risky, however,
equal access would require that each investcr correctly
assess the risk associated with his investments and that all

investors be in agreement about these assessments.

Another element upon which the composition of investor
portfolios depends is the risk behaviour of investors. From
the above discussion it is intuitively apparent that when
debt is riskless, differential risk aversion of investors 1is
of no consequence and the MM theorem remains valid

regardless. Nickell (1978) studied the effects of

dFJ/dx = fjmin(X)’ the probability of X evaluated at the

particular point xJ .. Therefore, xd° = -x3 . £ | (X).
min min~ min

b, b

(X7 . ).

s _
Also, -F £-(X) f min

By substitution these give the following result for the
value of the derivative:

* = J ---"'jj(j ¥ =
r*dv/db { X rp £ (X min)drb/db 0

min
from which the second order condition

r*d%v/db? = -f](XJmin)[(dfb)/db]z <0

1s negative implying a maximum value, V, at this level of
debt.
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differential risk aversion on the outcome of the MM results

when the no bankruptcy assumption was relaxed.15

E. RELAXATION OF RISKLESS DEBT. Was the no bankruptcy
assumption immutable? Already MM had considered a case,
although its implications remained implicit in their
discussion, where the risk premium function associated with
debt increased 1in identical fashion for all borrowers --
personal and corporate. Stiglitz (1969) noted a second case
where investors held some reserve of corporate bonds which
could be drawn upon when engaging in homemade leverage. The
implication of this was that so long as the debt- eqguity
ratio of firms was high enough to keep individual investors
continually in a net lender position then they could undo
the effects of purely financial changes initiated by firms
and would be indifferent to alternative financial structures

within a wide range of debt-equity ratios.

In his 1974 study Stiglitz focused on the implications

of the relaxation of the riskless debt assumption and found

15S. J. Nickell [The Investment Decision of Firms, (Welwyn:
James Nisbett & Co., 1978), Ch. 9] used a two investor, two
firm context similar to Stiglitz (1969) but in order to
focus on risk behaviour he assumed that while investors had
homogeneous expectations one was risk averse and the other
risk neutral. Of the two firms, moreover, one was risky and
the other riskless. Without bankruptcy he found that the MM
theorem held regardless of the risk behaviour of investors.

When bankruptcy was introduced, however, Nickell found
that his model implied two equilibrium allocations. In one
the risk neutral investor held all of the risky securities
and the risk averse investor only riskless assets. In such a
situation the MM theorem remained valid because the risk
(cont’d on next page)
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that in fact the no risky debt assumption, which earlier had
appeared to be necessary for the validity of the MM theorem,
was not. There was little to be gained from expanding the

formal model so his arguments were presented in intuitive

form and proceeded as follows:

If from any initial equilibrium position where all
firms have capital structures which are optimal in the sense
that they are market value maximizing configurations, some
firm were to alter its financial structure so that the
combinations of debt and equity it now 1ssues were non-
optimal, and if financial intermediaries could be
costlessly formed, then such an intermediary could purchase
the non-optimal configuration and re-issue securities in
optimal proportions. The arbitrage profits which could be
made in the process would provide an incentive for such

situations to be exploited whenever they arose.

Given equal access to capital markets by investors,
the financial intermediaries would be none other than
personal investors re-issuing the securities on personal
account. Investors could then alter the financial
characteristics of securities on personal account thereby

preserving the irrelevance results even when there 1is a

neutral investor owns all of the securities of the risky
firm and the risk averse investor holds no risky assets and
so both returns will be unaffected by purely financial
changes. In the second allocation, the risk neutral investor
would hold all of the securities of the risky firm but also
borrow from the risk averse investor to do so. This
borrowing meant that the risk averse investor was indirectly
affected by the variability of returns implied by changes in
the risky firm’s financial structure, and served to
invalidate the MM theorem.
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positive risk of default.

The result is that the no bankruptcy assumption is not
necessary for the validity of the leverage theorem. When
investors have equal access to capital markets, financial
market equilibrium and the final positions that investors
take depend on the expectations they have of the real
investment plans (already announced) of firms,
independently of their financial decisions. The fact that a
particular firm may, relative to its expected real returns,
isssue any particular contiguration of debt and equity has
no bearing on investors who <can alter the financial
characteristics of the securities on personal account.
The equal access and no risky debt assumptions are not
entirely independent of each other. When debt is riskless

the equal access assumption is quite harmless.

Relaxation of the no risk of default assumption
affects the equal access assumption both directly and via
the more severe restrictions needed to be imposed on the
expectations of investors. Any investor can borrow any
amount on identical terms as any other. When debt is risky,
however, personal investors will have equal access to

capital markets only under more stringent conditions.

Personal investors, normally, can not borrow on
identical terms as firms and do not in the normal course of
events benefit from limited liability status which
incorporated firms have by law. Accordingly, whereas

personal investors are liable to the full extent of their
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total assets if they default on debt, corporate firms are
only 1liable to the extent of their capital commitment. 1n
those states, then, when default on debt does occur the
investor who is not protected by limited liability status is
unable to duplicate exactly the pattern of returns created
by the firm. The equal access assumption must, therefore,

include the ability of investors to acquire limited

liability status.

F. EXPROPRIATION WITH RISKY DEBT. Fama and Miller
(1972) drew attention to the fact that the no bankruptcy
assumption (adopted by Stiglitz, 1969) was not the only
restriction which, when combined with the perfect capital
markets assumptions (described earlier), would suffice to
ensure the irrelevance results. They presented another set
of sufficient conditions ensuring independence of market
value and indifterence of all investors to financial

structure without requiring the no bankruptcy assumption.

They focused on the fact that when - in a multiperiod
context - debt is risky, financial changes 1initiated by
firms can affect the returns to different groups of
investors in the firm by causing the returns of some groups
(in certains states) to be expropriated in favour of other

groups, without commensurate compensation.
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lf)E.F.Fama and M.H.Miller, "Financing Decisions, Investment

Decisicns, and the Cost of Capital", ch.4 in: The Theory of
Finance (New York: Holt, Rinehart & Winston, 1972).
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which in an initial equilibrium issued only riskless debt
were to engage in a financial structure change to 1issue
enough debt to make it risky. Then, if the firm were toO
default on its debt the returns to shareholders would only
be a fraction of the returns which would have accrued tc the
original holders of the firm’s debt (in the initial
equilibrium) if the firm had not 1issued the additional
debt. The issue of new debt by the firm, effectively, serves

to erode the positions of its original debtholders.

When no default occurs erosion of investor positions
cannot occur because the contractual returns on debt are
certain. The no risk of default assumption is, therefore,
sufficient to ensure that expropriations would not take

place. Consequently, even if investors were able, as in the

Stiglitz models, to duplicate exactly any returns
distributicon generated by firms, it the riskless debt
assumption were withdrawn, the original positions of

investors «could be unalterably affected by the financial

decisions of firms.

Unless the original debtholders make prior
arrangements to protect themselves, the increased debt
outstanding would, in the event ot bankruptcy, mean that the
original holders must share the total returns with a larger
number of claimants. The authors demonstrated that by
inserting "me-first" clauses into debt contracts 1investors
could ensure that their positions could not be eroded by any
subsequent actions of a purely financial nature by the firm.

The me-first protective rules impose sufficient
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restrictions to ensure that no erosion of positions would

occur even with risky debt.

Fama (1978) further investigated the implications of
expropriation when investors have equal access. He found
that in consequence of the equal access assumption investors
could reconfigurate any financial structure initially
established by the firm and so the firm s market value would
be independent of its financial structure. From this he
concluded that the consequent erosion of investor positions
could not influence the irrelevance proposition; because if
the original positions taken by investors were determined
independently of the financing decisions of firms, then the
positions which are subsequently eroded, too, must
necessarily be independent of the financing decisions of
firms. Expropriations could take place regardless of whether
the positions taken by investors were based on securities
issued directly by firms or indirectly by other investors

reconfigurating the original securities of firms.

That erosion 1is a characteristic of the positions
taken by investors independently of the financing decisions
of firms, is apparent from the fact that actions by
investors can lead to expropriations of positions of fellow
investors, too. Investors are, therefore, the ones who
choose either expropriable or non-expropriable positicns and
firms can do nothing about this. If the positions of some
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17Fama, "The Effects of A Firm's Investment and Financing
Decisions on The Welfare of Its Security Holders".
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investors under equal access conditions are eroded this
happens irrespectively of the tirm’s financing decisions.
Consequently when investors have equal access me-first rules

are not necessary for the leverage theorem either.

Quite analogously to the Stiglitz model, where
relaxation of the no risky debt assumption necessitated
stronger retrictions to be imposed on the nature of the
expectations assumption 1in order to re-establish the
validity of the leverage theorem, so too, in the case where
investors are not protected by me-first clauses, we require
more stringent conditions of the expectations assumption. It
must be defined in such a way that all investors correctly
assess outcomes and identify all positions which, in any

state, could lead to expropriation.

G. RELAXATION OF THE EQUAL ACCESS ASSUMPTION. The
second significant result derived by Fama (1978) was that
even the equal access assumption is not necessary for the
validity of the leverage theorem. This proof, too, was
intuitive and based on the following line of reasoning. Any
change 1in the financial structure of any particular firm,
when the market is in value maximizing equilibrium, will
leave the original equilibrium unchanged if security prices
remain unchanged and if other firms can make offsetting

financial structure changes.

The market value of the firm would, then, be
unaffected by changes in its financial structure, and the

proportions of securities available to investors in the
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market would remain unchanged. 7This would remain the case
whether me-first type restrictions or no risky debt

assumptions are additionally imposed or not.

Sufficient conditions substituting for the equal
access assumption were shown to be: 1) that no tirm issues a
security monopolistically - meaning that some firm will
always be able to issue a perfect substitute for any given
set of security prices - creating an incentive for firms to
take oftfsetting action; and 2) financing decisions are
always made to maximise market value for the given set of
security prices - which was, of course, implicit in the
Stiglitz model too. Given these two assumptions there was no
need for investors to take action to neutralize the effects
of financial changes inititated by tirms. Other firms could
do so on their behalf and the leverage theorem would be

valid without the equal access assumption.

H. TAXATION AND THE IRRELEVANCE RESULTS. The extension
of the model to a general equilibrium context, with taxation
and the study of its expanded implications were due
primarily to the 1977 Presidential adress by Merton Milier,
one of the theorem’'s original authors, to the American
Finance Society.18 The major extension made by Miller was to
incorporate into the analysis a third important
characteristic ot tax systems (following the explicit
treatment of corporation tax and the deductibility of
interest charges), namely consideration of personal

M.H. Miller, "Debt and Taxes", The Journal of Finance, May
1977, pp.261-275.
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income tax. Miller showed that (in the U.S. tax system) the
relative discriminatory tax burden applying to income from
debt relative to income from equity at the personal level
served, 1in equilibrium, to exactly offset the favourable
treatment which debt got at the corporate level.
Consequently, although a finite aggregate debt level existed
for the economy as a whole, the financial structure of any
particular firm would remain irrelevant to the determination

of its market value.

Market valuation is derived by capitalization of the
net cash flow. Whereas after tax returns on equity and debt
are respectively (l1-t)(X-rD) and rD when there are only
corporation taxes in the model, the incorporation of
personal taxes into the model and the differential tax
treatment of different classes of personal income means that
each type of income has to be adjusted for net return (after
tax) before capitalization. 1In the Miller model only two
rates of personal income tax are assumed. One applies to
egquity 1income, denoted te’ and the other applies to all
other sources of income including the returns from bond
holding, denoted T In such a world the market value of an

unlevered firm can be expressed as:

s=V" = {X(1-t_)(l-t_)}/p
where all the wvariables are as described earlier 1in the
chapter. For a levered firm, the returns to shareholders and
bondholders must be counted separately. The returns to
shareholders are: (X—rD)(l—tc)(l—t e)

and the returns to the bondholders are: rD(l-t b).



Adding the two together gives the total returns to all
suppliers of capital:

X(l-tc)(l-te) + rD{(1l-t, ) - (l—tc)(l-te)}.

b
In order to convert these cash flows into a market value the
first term is capitalized at p and gives exactly Vu which 1is
the market value of the unlevered firm. The market value of
debt 1is the discounted value of the cash flow (gross
contractual returns) adjusted by the marginal rate of tax
for that class of income. We, therefore, need to define a

new variable, rB(1l-t, ) representing the cash flow associated

b
with debt. The relationship of this variable to the market

value of debt can be expressed as D=B(l-t, ), where the cash

b
flows generated are discounted at the same rate of interest
as exists on the debt.

D = rB(l-tb)/r

This gives the following valuation for the levered firm:

Vo= Vg o+ D{l—[(l—tc)(l—te)]/[l*tb]}.

From this the two special cases considered earlier 1in the
chapter are apparent. In the absence of taxation altogether,
the second term on the right hand side becomes zero and
L=VU. Likewise, 1in the

special case where corporate taxation exists but there is no

there are no gains from leverage, V

personal taxation, the gains from leverage become tCD,

exactly as derived by MM.

The main significance of Miller’s analysis was,
however, to show that in equilibrium for +the marginal
investor who serves as the price setter in the market, the

following marginal tax condition will hold:
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(1-t,) = (1—tc)(l—te)

b
and consequently in equilibrium there will be no gains from
leverage, as predicted by the theorem. Miller incorporated
the progressive nature of the personal tax, and assumed that
it extends in range trom well below the rate of corporate
tax to well above it. He further assumed, for simplicity of
exposition, that the marginal rate of personal tax on income
from equity was zero, te=0, and that tax exempt bonds yield

the riskless rate of return, r. Furthermore the model rules

out the possibility of tax arbitrage whether directly - such

as borrowing on personal account to buy tax free bonds - or
indirectly - such as by short selling common stocks which
can lead to 1infinite arbitrage opportunities. The

equilibrium rate of interest and aggregate quantity of bonds

can then be determined in a straightforward manner.

On the supply side, companies would not issue taxable
bonds 1if the savings from their interest deductibility does
not compensate for the extra increased returns which they
must offer Dbecause of the tax burden which bonds carry on
personal account. If they were over-compensated no equity

would be issued. Therefore the supply of taxable bonds 1is

s
b

tax free rate grossed up by a premium equal to one minus the

perfectly elastic at the rate: r = r/(l—tc), which is the

rate of corporation tax. This ensures that the excess
returns over and above the tax free rate Jjust equal the

corporate tax savings on the interest deductibility of debt.

On the demand side investors would only demand taxable
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bonds if their returns reflected the additiocnal tax burden
which they carry. As increased supplies of bonds are offered
to the market the compensation over and above the tax free
rate must continually rise to induce investors in higher

marginal tax brackets to hold bonds. Since the marginal tax

d
b

tb), too, 1is a rising funcition, etherwise investors in

rates are progressive the demand interest rate, r = r/(1l-

progressively higher tax brackets would not find

investment in bonds very attractive.

In equilibrium r = rd and r/(1-t

b b’ b

implied property of this equilibrium condition is that the

) = r/(l—tCL An

marginal rate of personal income tax of the marginal
investor just equals the rate of corporation tax. Otherwise
the bond market will not clear. From the point of view of

the individual firm, since tS=O, t, = tC means that there

b

will be no gains from leverage and the market value of the

firm is indevpendent o0f 1its financial structure. The



choosing firms with high leverage. 19

The assumption of te=0, or no personal tax on equity
income is not necessary for the irrelevance result. What is
necessary 1s that te be significantly less than tb. This 1is
because the presence of a positive tax rate on income trom
shares serves to raise the supply rate of interest and
therefore, in equilibrium, the bracket of the marginal
investor. De Angelo and Masulis (1980), formulated a model

.20 From the

explicitly treating the case where te>0
assumption that the firm selects its financial structure soO
as to maximize its market value, and that investors seek to
maximize a utility function defined in terms of after tax
returns, they show that positive supply of both bonds and
equity requires that neither have a price premium. A price
premium on debt would mean that the firm issues only bonds
and a premium on equity would mean that it issues no bonds.
On the demand side they assumed that because of the

progressive nature of the personal tax system there would

always be some investors in one of the three following

categories:
1 (l—tb) > (l—tc)(l—te)
2 (1—tb) = (L-t )(l—te)
3 (l—tb) < (l~tc)(l-te)

l9The reason for this is that investors with relatively low
tax rates find it is cheaper to pborrow via the firm because
proportionately more income is shielded by the tax savings
afforded.

20H. De Angelo and R. Masulis, "Optimal Capital Structure
Under Corporate and Personal Taxation", Journal of Financial
Economics, March 1980, pp.453-67.
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Investors choose their portfolios of debt and equity
on the basis of their respective atter tax yields. 1In
equilibrium there can only be positive supply and demand for
both debt and equity if neither carries a price premium. In
the absence of a price premium then the marginal - price
setting - investor is category 2, for whom the net after tax
yields are equal. Again the market value of the firm will be

independent of its financial structure.

The authors also show that riskless debt 1s not a
necessary assumption either. This is appareht from the fact
that the prevailing prices of debt and equity are unaffected
by the introduction of the possibility of bankruptcy. On the
supply side, in the absence of bankruptcy the market value

maximizing problem, expressed in terms of:

< N . . ,
max ggy) V = Zﬁ;Pb(Q)D(ﬁ) + Z#_Pe(ﬂ)(l—tc)[x(g)—D(g)]
where @ represents the states of the world, and P(b) and
P(e) represent respectively the market prices of bonds and

equity in each state, @. The first order conditions for the
above are:

av/db = P (@) - P () (1-t ).

With bankruptcy risk the maximization problem beccmes:
—_ il _., (~t,.) max

which wupon differentiation gives the same first order

condition.

Corporation tax, personal taxes, and deductibility of
interest charges, however, do not fully characterize tax
systems. A fourth major feature of most tax systems is the

presence of interest and non-debt tax shields and shelters.
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These, as would be expected, invalidate the theorem and are

important elements to be considered in the study of optimal

capital structure.21
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21For a discussion see: E.Han Kim, "Miller’s Equilibrium,
Shareholder Leverage Clienteles, and Optimal Capital
Structure", The Journal of Finance, May 1982, pp.301-19.
See also De Angelo and Masulis, "Optimal Capital Structure
Under Corporate and Personal Taxation".
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5. THE MM THEOREM, INCOMPLETE CAPITAL MARKETS,
AND PORTFOLIO SEPARABILITY

A. OVERVIEW. This section reviews some of the issues
underlying the derivation of the MM theorem in the context
cf the mean variance approach to capital market theory. It
considers the building blocks in the derivation of the
Capital Asset Pricing Model (CAPM), which wutilizes the
generalized characterization of risk afforded by
developments 1in portfolio theory and the equilibrium risk
return relationship implied by investor behaviour, to make
explicit the two key linkages between leverage and the cost
ot capital.1 The review then proceeds to shcow explicitly the
demonstration of the validity of the MM theorem in the CAPM
framework. It describes some of the shortcomings of the
model, focuses on the incompatibility of the standard two
parameter version with some essential principles of firm
valuation, and surveys an alternative three parameter model

consistent with our expectations of investor risk behaviour

and firm valuation.

The discussion of this section is, 1in a sense, a

special case extension of the models of the previous

sections. In the discussion of the MM theorem in the first
section we saw that where capital markets are complete, a
Zero-sum redistribution of the types of securities

outstanding would leave the set of the state contingent
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1These linkages are, of course, the risk-return
relationship on the one hand and the risk-leverage
relationship on the other.
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returns (return distributions) available to investors
unaffected. The total set of returns in all states of the
world would already have been accessible to investors prior
to the zero-sum redistribution; and from all combinations of
expected returns, investors would have selected the
combination of portfolios they now hold. These portfolios,

therefore, represented their preferred (or optimal)

positions.

Since any combination of state contingent returns
created by the zero-sum redistribution would have been

accessible to 1investors through homemade re-alignment of

portfolios, their expected utility - which is defined
strictly 1in terms of expected returns - remains unaffected
by purely financial changes because their preferred

positions are still attainable. Conseguently, the market
values of firms (which are a direct function of their
expected returns) remain unaffected by their financial
policies and the characteristics of the securities which

they issue.

B. RESTRICTIONS ON RETURNS DISTRIBUTIONS: THE
IMPLICATIONS OF PORTFOLIO SEPARABILITY. Our main concern in
this chapter is with the following problem: under what
conditions will a zero sum redistribution of securities
outstanding, as implied by a purely financial capital
structure change, leave the expected utility of 1investors
unaffected? When capital markets are incomplete the set of
state contingent returns covered by the portfolios of

investors extends only to a restricted sub-set of returns
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space. There 1is, then, no certainty that =zero sum
redistribution will not alter the returns space attainable
by investors and the market value of the firm cannot
generally be said to remain unaffected by changes 1in 1its

financial structure.

A sufficient condition for a =zero sum financial
redistribution to leave the second period distribution of
expected returns accruing to investors unaffected, even when
capital markets are incomplete, is that second period
returns depend only on aggregate wealth in each state of the
world and be independent of the different types of

securities comprising them. This will be the case it all

investors hold perfectly balanced portfolios.2

It will be remembered from the discussion of section one
that the function specifying second period returns had the

linear form:
-

_ooai S i .
Y. (f) = rB* + ), a X5 (0).

Consequently, when portfolios are perfectly balanced the
function defining second period income also takes the linear

form:
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2When firms 1ssue only shares then the fraction of +the
shares of each firm held by the investor will be the same
constant for all firms and for all investors. This means
that 1f one investor holds 1% of the shares of the jth firm
in equilibrium he will also hold 1% of the shares of all
other firms. Different 1investors having varying budget
constraints will hold different fractions of shares from one
another. When they issue both debt and equity investors must
hold the same proportion of the total of debt and equity.
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where z is a constant, such that

z7 = a .
B
for all j firms. By simple substitution from the wealth
constraint, also described in the first chapter, 1t can be
seen that with balanced portfolios the income of each

investor will be a function of his aggregate wealth in the

state, @, -
W(g) = B + 24-, X5 (8)

independently of its component parts. Then,
vig) = 2twig) - rBl + rB
by re-arran%@ent we have:
Yi(Q) = [rBi - zirB] + ziw(g)
where the term in square brackets is a constant independent
of the state, 4. Yi(Q) is therefore a function of aggregate

wealth only.

The critical guestion for our purposes is, therefore,
under what conditions will it be optimal for investors to
hold perfectly balanced portfoliocs? Formal conditions
answering this question have been rigorously established by
Cass and Stiglitz (1970).3 For portfolios to be perfectly
balanced optimal asset proportions must be the same for all
investors; and in order for this to be the case the optimal
asset proportions must be independent of levels of investor
wealth. In other words portfolios must, be separable so that
the optimal asset proportions in them will Dbe 1independent

3D.Cass and J.E.Stiglitz, "The Structure of Investor
Preferences and Asset Returns, and Separability in Portfolio
Allocation: A contribution to the Pure Theory of Mutual
Funds" Journal of Economic Theory, 2, 1970, pp.122-60.

72



of the level of wealth.4

Cass and Stiglitz show that a sufficient condition for
separability is that the utility functions of all investors
belong to the linear risk tolerance class and homogeneous
expectations prevail universally.5 Then the risk properties
of any asset can be characterized only in terms of market

parameters independently of the behaviour of investors.

The CAPM conforms to both sets of the above
conditions.6 The equilibrium it implies is, therefore, one
where separability in the above sense applies. All investors
hold the same combination of risky assets. This combination,
called the market portfolio, ensures that the portfolios of
all investors are perfectly balanced and the composition of
risk assets in each are identical. It is this condition
which leads to the expectation that the MM theorem will hold
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4Separability also implies that a Pareto optimal allocation
can be effected even when capital markets are incomplete -
i.e., a full set of Arrow Debreu Securities doesn 't exist.

5The linears risk tolerance property of utility functions
can be expressed as:

(U"wWw)/u”""(W)] = a + LW
where U(W) denotes the utility (of wealth) function. It 1is
readily apparent that the property, as described, 1is the
reciprocal of the Pratt-Arrow absolute risk aversion

function. The latter indicates how the risk premium demanded
by an investor changes as a function of his wealth.

6Only a restricted number of classes of utility function
display linear risk tolerance properties. Among these are
the logarithmic, exponential, and power functions. The
gquadratic wutility function, which served largely as the
basis for the development of the CAPM in 1ts basic two
parameter version, and which belongs to an acceptable class
of functions, was first demonstrated by Tobin. See: J.Tobin,
"Ligquidity Preference as Behaviour Towards Risk" Review of
Economic Studies, 2/1958, pp.65-86.
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and indicates that the model can be viewed as a special case

extension of those discussed in the previous chapters.

A simple and straightforward demonstration of the
necessity of utility functions belonging to the linear risk
tolerance class has been given by Mossin (1977).7 It has the
further advantage of conforming to the basic model under
consideration in this study. The proof consists of solving
the system of three functional equations:

D L= kot Gam W) - v
2) W(g) =7 ¥

v

3) YH(g) = a + bw(@)

to show the equations are compatible with one another only
when risk tolerance functions are linear. The first equation
is the Lagrangean function set up in the demonstration (in
an earlier section) of the Pareto optimality of the
allocation implied by the Diamond model. The second equation
represents the feasibility constraint for the system and
implies that total wealth is the sum of individual incomes.
The third equation represents the condition that income 1is

a function of aggregate wealth independently of its

components.

The following is a step by step demonstration of

Mossin’s proof. From the Lagrangean function:
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7J.Mossin, Efficiency of Capital Markets, Chapters 5 & 6.

8The Lagrangean fungtion is defined with a set of non-
negative weights, k7, defined such that a Pareto optipal
allocation implies maximizing the weighted sum, ktut
subject to the usual constraints.
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wd
v= kvt v 2w - vh)
the first order optimal conditions can be written,
ktot (vtoonton = oltroebonte,
where the arbitrary weight kl has been set to unity. To find
the solution to the system of equations, we differentiate

with respect to the parameters W(¢g) and k* and substitute

from Yi(Q) = ai + biW(Q). This gives respectively:
khotetpnptatog) = ol vgptal e
and
ottt + kot ettt + et nt -
ol (vtig) altt + pHwig)ntig).
aii (ali) 1s the derivative of ai (al) with respect to ki
and bii (bli) similarly for bi (bl). By substitution £from

the first into the right hand side of the second gives:
ot (etegnntn + kPot vt ettt + ptwennte) =
(Mot vt nt (g ety at + ptwin ).
Collecting terms on the right hand side:

11

(kipl/pliot  (vrnt o) att + pliweg))

and transferring terms:

tot(yrgnt ) vt vt gt gy =

11 1i 11

1 f bt hwigy) + (kiel/phyalt + pliweg)).

-k (a
Now, substituting W(g) = (¥ (g) —ai)/bi gives:
-totvtnt g ot (i et )1 =
Hatt o+ ptrivh - aty/pt
11

k

- keiphyraltt ¢ plt o (vieg) - aty /ot

simplifying:

1 11

1 11 i, 11 1 (klbl/bl)a +

= xfatl o+ pilph)xivie) - kipitalsp

(ki/bl)bliYi(Q) _ (kibliai)/bl)
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and collecting terms for which:

ratt s oiimliyviig) - otiaisely - olimlyviig -
(bli/bl)ai]-

Letting:

kirali- (bi/phiatty - xlalitiet) - il = gt

and

kILptt/pt) - (eriphiviig) = a iyl

gives the result that:

-tot vt mnt ottt ) = gt o+ atytn.

This indicates the need, if the first order optimality
conditions are to be satisfied, for utility functions to

belong to the linear risk tolerance class.

The necessity of 1investors having homogeneous
expectations can be demonstrated by showing that for the
second period returns of each investor, 1, to be a linear
function of aggregate wealth only, homngeneous expectations
must prevail. The illustration, again, is based on a step by
step derivation of Mossin’ s proof; but whereas he assumed
investors had exponential utility functions, we assume that
investors have logarithmic utility functions of the form:
1

ut(yY) = 1n(yt + R}), with marginal utility, ut (Yt = 1/(yt

+ 1)

Y

Substitution into the first order condition of the
Lagrangean gives:

Mgy o+ gh

kintogy /et + gh = nh) /(Y
from which it follows that:
vig) = ket bt + gt - R/

Letting, Ai(g) = [kihi(ﬁ)/hl(g)], then
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vl = Attt s gt -/
and summing over all i, we have:
Lvie = Latodte /g -t = e,
Solving for Yl(g):
o

= /g At -t At/ 5 At G 3]

which when substituted back into Y (g) gives:

vig= ati iy Latn - et 3oty 3 et mh-R?
= iatigy/ B At W + (3R 5 AN - o
=(0 5, 1/ 2,001 - g1 o+ (AN / 5, AT () In(g)

which will have the desired form, Yl(g)

Il
Q

+bW(@), only if
the coefficients of Ai are state independent. From the
definition of Ai(ﬁ) it is apparent that for this to be the
case, hi(Q) = hl(ﬁ), is a necessary condition,

C. SIMPLE DERIVATION OF THE CAPM. The first building
block in the derivation of the CAPM is the characterization
of uncertainty.9 The model approaches the problem of
uncertainty in the Markowitz tradition by viewing the return
on an uncertain asset as a random vaiable governed Dby a
probability distribution.10 Description of the parameters of

this distribution would specify the

uncertainty prevailing.

Uncertainty, in the two parameter version of the CAPM,

is fully characterized by the first and second moments of
For an evaluation of the foundations of the model and its
relationship to mean variance type uncertainty see: M.C.
Jensen, "Risk, The Pricing of Capital Assets, and the
Evaluation of Investment Portfolios" The Journal of
Business, April 1969, pp.l67-247.

10Markowitz, "Portfolio Selection", Journal of Finance,
March 1952, 7, pp.77-91.
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the distribution of returns about the mean. Higher order
moments either do ndlexist or if they do they make no
difference to 1investors. The distribution of returns on
every asset 1s assumed to be univariate normal. Since
portfolios are, by definition, linear combinations of assets
the distribution of returns on portfolios, too, 1§ -

multivariate normal. A complete description of a
multivariate normal distribution requires knowledge not only
of the means and variances of the n risky assets but also of

the (1/2)(n(n-1)) pairwise covariances.ll

Investors are expected utility maximizers behaving in
accordance with the Von Neumann-Morgenstern axioms of choice
under uncertainty. They are risk averse and their preference
orderings are defined only in terms of the first +two
parameters of the distribution of returns. It makes no
difference to them what the actual characterizationr of the
distribution is and whether higher order moments exist or
not. The risk aversion of investors means that their utility
functions have both expected returns and variance as
arguments; positive partial derivatives with respect to the
former and negative partial derivatives with respect to the
latter. Investor behaviour is based on the criterion that
he <chooses from among any set of alternatives having the
same expected value but differing variances of returns the
option having the lowest variance; and from a set of
alternatives having the same variance but different expected

.t v S —— ——— — — ————— — —— — —— - —— ———— ——— ———— — ——— ———— ———— — —————— — = — . ——— —

llSee: E.F. Fama, Foundations of Finance (Oxford: Basil
Blackwell, 1972), Chapter 3.
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returns the option with the highest expected return. By this
criterion the 1investor «can, when ranking alternative

portfolios, restrict his attention to only those which are

mean variance efficient.

Utility functions can be expressed in the form:

Ul _ fl(el , 621 )

p p
where e 1s the expected cash flow on the portfolio of the
ith investor and 62 is the variance of the same. The
function U is continuous and twice differentiable. Because

investors are risk averse, it is concave with positive first

» rd 3 7z 7

and second derivatives: UT > 0, and gt < 0.

A third building block 1s the principle of
diversification and portfolio formation which follows from
the risk averse behaviour of investors in a two parameter
world. Diversification appeals to risk averse 1investors

because it eliminates some variance.

Investors holding a portfolio are interested in the
variance of the entire portfolio and are only concerned with
the variance of any single asset insofar as it affects the
variance of the portfolio. Diversification eliminates most
of the effects of the own variance term leaving the
covariance term as the contribution of an asset’s variance
to that of the portfolio. This can be 1illustrated by
considering the first and second central moments of any
linear combination of risky assets. Let Rysreeer Ry
represent the random returns (cash flows) on n-1 risky

assets 1n the market. The expected values of these returns
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may be denoted, E(Rl),...,E(R ). Then the expected return

n-1

on a portfolio, P, which consists of a linear combination of

these assets can be expressed as:
i
E(R_) = 2 .x. E(R.)
P’ 4T3 TS
where the expected return on the portfolio is a weighted sum

of the expected return on each asset comprising it. x is a

constant representing the fraction (or weight) that asset j

is of the portfolio; ZL xj = 1.
J
The variance of the portfolio is:

var(Rp) =2LLLIRj - E(Rj)][Rk - E(Rk)]xjxk

P
2 _ 2 -
where:
6jk = [Rj - E(Rj)][Rk - E(Rk)}

represents the pairwise covariance of assets j and k. The
variance of the portfolio is comprised of two components, i)
the sum of an own variance term for all assets, and ii) the
sum o0f all pairwise covariances between assets. For a
portfolio containing all (n-1) assets in equal proportions,
the effects of the own variance term 1is only of the order
{1/(n-1)}. In a well diversified portfolio, then, the
relative effects of the own variance term will be small
compared to the covariance term. In the limit as the number
of assets in the portfolio increases the average variance

component approaches zero and the variance of the portfolio

approaches the average covariance of the respective
assets.12
12See: H.M.Markowitz, Portfolio Selection: Efficient

Diversification of Investments, New Haven: Yale Univ. Press
Cowles Foundation Monograph 16, 1959.
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On the basis of the above characterization a simple
geometric description of the equilibrium properties of the
model can now be presented.13 The Von Neumann-Morgenstern
axioms enable us to visualize FIGURE 3-1
a set of positive sloping and €4Rn)
strictly convex indifference *\EQ\\\
curves 1n mean-variance space.
These are 1indicated by the
sets o0f curves marked I and J
in figure 3-1. In the same
space, corresponding to the

indifference curves are a set

of investment opportunities ;5(@‘;)
representing all possible risk and return combinations
obtainable from the n-1 risky assets. The locus of mean
variance efficient combinations of assets (or portfolios)
forms - when the assets are perfectly divisible and less

than perfectly correlated - a positive sloping concave

frontier denoted in the figure by FF’.

The wusual tangency solution between the investor's
indifference curve and the opportunity frontier represents
for him the optimal choice of portfolio. Optimal portfolio
combinations for different investors, in equilibrium, will
differ according to their respective degrees of risk

aversion as indicated by the different tangency points of I

o o G ———— — . — o — — —— T —— - — A — S i, - M — —— o —— i —— - —— o - ——" —

13For a mathematical derivation using the latter approach see,
for example: J. Mossin, "Equilibrium in a Capital Asset
Market" Econometrica, October 1966, pp.768-83.
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and J. Although all portfolios selected have the efficient

set properties, generally each investor will have a unique

optimal portfolio.

The introduction of a riskless asset into the analysis
fundamentally alters the FIGURE 3-2
equilibrium properties of the
model. The model with a
riskless asset is depicted in
figure 3-2. Given a riskless
asset, the investor can choose

to place his funds entirely in

that asset, entirely in the
portfolio of risky assets, or

in. some preferred combination

of the two. Whatever fraction

> &(Rp)
of his wealth the investor may
choose to place in the riskless asset, 1its availability
dramatically alters the opportunity set facing all
investors. It is apparent from Figure 3-2 that both

investors with indifference curves I and J stand to gain by
choosing the market portfolio, M, and combining it with
holdings of the riskless asset. Each will in equilibrium
hold different fractions of the riskless asset but the same
combination of risky assets. The parameters of the new

frontier can now be 1illustrated.

Consider the expected return on a combined portfolio

containing risky and riskless assets:
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E(Rz) = g E(Rp) + (l-q) R,
where q is the fraction of the investor’s wealth placed 1in
the risky portfolio, E(Rp), and (l-g) is the fraction of his

wealth (or investible funds) placed in the riskless asset.

The variance of the combined portfolio is:
2 2.2

6 (RZ) = q 6 (Rp).
Solving for g in each equation:
q = [6(R)/6(R)] = {[E(R,) - R I/IE(R,) - R, 1

from which by substitution:
E(R,) = R+ {[E(R,) —Rn]/[6(RZ)]}6(Rp).
The efficient opportunity frontier faced by investors

is linear with slope

(IE(R,) -R_1/[6(R,)]}6(R )
and intercept equal to the riskless rate. The convexity of
both indifference curves and the original opportunity
frontier implies that a new linear frontier tangent to the
original <convex frontier will be preferred by utility

maximizing investors who will locate themselves somewhere on

the new linear frontier.

For our purposes, the characteristics of this new
equilibrium are significant. First, the fact that all
investors locate themselves on the linear frontier means
that they will divide their total investible wealth between
some combination of risky and riskless assets. The exact
proportions of risky and riskless assets which are 1included
in the optimal portfolios of investors may differ according
to the degree of risk aversion of different 1investors but

'
the composition of all risky asset portfolios the same
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for all investors. Portfolio seperability holds and all

portfolios are perfectly balanced.

Next, from the equilibrium relationship expressing the
rate of substitution between risk and return, we can derive
an expression for the expected return, in equilibrium, on
each asset. This relationship takes the form:

E(Ry) = R+ ([E(R) - Rn]/62(rm)}cov(Rj,Rm).
It «can be derived by considering the equilibrium condition
as applying to the two combined portfolios, a and b, where a
is a combination of a single risky asset, Jj, and the
portfolio, m; and b is a combined portfolio of the riskless
asset, n, and m. Denoting the fraction of investible funds
put 1into the single asset in either case by vy, and the

fraction put into the portfolio, m, by (l-y), then their

expected returns can be written respectively as:

E(Ra) = yE(Rj) + (l—y)E(Rm)
and
E(Rb) = yE(Rn) + (l—y)E(Rm).
Focusing on portfolio a, the variance is:
2 _ 2.2 _ 32,2
6 (Ra) = y76 (Rj) + 2y (1 y)cov(Rj,Rm) + (1-y)~6 (Rm)

and taking derivatives of E(Ra) and 62(R) with respect to vy:

2 2
a6%(R,)/dy = 2y6°(Ry) + 2(1-2y)cov(R,,R ) - 2(1-y)6° (R _)
and
dE(R_)/dy = E(Rj) “E(R_).
Solving for d62(Ra)/dE(Ra) by substitution gives:
2 _ 2
d6 (Ra)/dE(Ra) = [deé6 (Ra)/dY]/[dE(Ra)/dY]
_ 2 -
={2y6 (Rj)2 + 2(1 2y)cov(Rj,Rm)
- 2(1l-y)6 (Rm)}/{E(Rj) - E(R_)}.

By the same process for portfolio b,

2 2
d6” (R_)/dE(R,) = {2y67(R ) + 2(1-2y)cov(R_,R_)
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2
- 2(l-y)6 (Rm)}/{E(Rn) - E(Rm)}.

Evaluating each at y=0;

d62 2

(Ra)/dE(Ra) = {ZCov(Rj,Rm) - 26 (Rm)}/{E(Rj)—E(Rm)}

and

d62(Rb)/dE(Rb) = {2cov(R_,R ) - 262(Rm)}/{E(Rn)-E(Rm)}

which since the variance of Rn=0 can be simplified to;

2 gl -
a6 (Rb)/dE(Rb) = -26 (Rm)/[E(Rn) E(Rm)].

From the equilibrium conditions, knowing:

2 _ g2 _
[cov(Rj,Rm)—6 (Rm)]/[E(Rj)-E(Rm)] = -6 (Rm)/[E(Rn) E(Rm)]

the right hand side of which can be written;

2
6 (Rm)/[E(Rm) - E(Rn)].

Therefore by substitution and simplifying:
2 3 _ L2
6 (Rm)[E(Rj)—E(Rm)] = cov(Rj,Rm)[E(Rm) R 1 - 67 (R JE(R )
2

+ 67(R_)R
m n

from which we have the equilibrium relationship:
- _ 2
E(Rj) =R, * {[E(Rm) Rn]/6 (rm)}COV(Rj,Rm),
expressing the equilibrium expected return on each asset, J,
as a linear function with intercept equal to the riskless
rate of return, and slope equal to the product of 1) the

asset’s covariance with the market portfolio and 1ii) the

market price per unit of risk.

D. MM RESULTS IN A TWO PARAMETER MODEL. Based on the
above results we can proceed to consider the demonstration,
by Hamada, of the validity of the MM theorem in the context
of the CAPM.14 We construct his proof by first defining the

expected rate of return on asset j as follows:

E(R.) = )/S.]1 -1 =
( J) [E(XJ)/S]] 1 [E(XJ)/S]]
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Now consider another firm, denoted by the subscript K,
identical in all real respects to j but differing only 1in
that firm k is levered. The expected rate of return for the
levered firm, k, can be written:

E(R ) = {E(x,) - R b }/S
where S represents the market value of the firm’s equity.
Then in equilibrium:

_ _ 2
E(Rk) = Rn + [E(Rm) Rn]COV(Rk’Rm)/6 (Rm).

Since both firms are identical in real respects the
above notation can be simplified by dropping the subscripts

on the earnings variable. Then:

E(x)/Sj = Rn + Lcov(Rj,Rm)
where L= [E(Rm)—Rn]/62(Rm). Then, for the kth firm we can
write:
E(x) = Sk[Rn + Lcov(Rk,Rm)] + Rnbk
= Rn(Sk + bk) + SkLcov(Rk,Rm)
= Sk[Rn(l+bk/Sk) + Lcov(Rk,Rm)].
Before combining terms, the covariance terms can be

expressed in directly comparable forms:

cov(Rj,Rm) = cov{[x/Sj] —E(x/Sj)}{Rm - E(Rm)}

which can equivalently be written as:

cov(Rj,Rm) = (1/Sj)cov(x,Rm)
and similarly
cov(Rk,Rm) = (l/Sk)cov(x,Rm).
14R.S. Hamada, "Portfolio Analysis, Market Equilibrium and

Corporation Finance" The Journal of Finance March 1969,
pp.11-31. See also: R.S. Hamada, "The Effect of the Firm's
Capital Structure on the Systematic Risk of Commons Stocks”
The Journal of Finance, May 1972, pp.435-52.
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Then by substitution:

Sj{Rn + L/Sj[cov(x,Rm) = Sk{Rn[l + (bk/sk)] + Lcov(x,Rm)
= SR [1 + (b /8. )]
- SkRn - Rnbk
Sj = Sk + bk

according to which the market value of the equity of the
unlevered firm is equal to the sum of the value of debt and
equity of the levered firm, which is the original MM

proposition.

E. EXTENSION TO THREE PARAMETERS. A number of studies
have recently critically re-appraised the CAPM, questioning
both 1its underlying theoretical structure and the empirical

evidence relating to it.15

The theoretical objections focus
largely on the restrictive nature of the assumptions,
particularly such problems as: aggregation to a market
portfolio, the convexity and efficiency of the market
portfolio, identical expectations, the coincidence of the ex
post distribution of returns with the ex ante wupon which
investors decisions are based, the heterogeneous horizons
problem, the existence of non-diversifiable assets, problems

with the riskless rate, the adequacy of the two-parameter

treatment of uncertainty and many others.

— e M —— S M A ——— A — - — — — S —— —— — — — — —— — — —— — — — ——— — — A ———— - — . —— — — - ———— — - a———— ————

15See:R. Roll, "A Critique of the Asset Pricing Theory's
Tests; Part I: On the Past and Potential Testability of the
Theory"; Journal of Financial Economics, March 1977, pp.129-
76; see also: S.A. Ross, "The Current Status of the Capital
Asset Pricing Model (CAPM)" The Journal of Finance, June
1978, pp.885-902.
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We focus only on the adequacy of the parametric
treatment of the mean-variance model as this is the most
relevant to the study of valuation models. As noted earlier
the standard version of the model assumes eithe; that the
probability distribution of asset returns K fully
characterized by the first two central moments oOr investor
preference functions are defined only in terms of the same.
In reality, however, firms are protected by limited
liability laws which truncate the distribution of returns
from below by restricting the returns of firms to being non-
negative. Moreover, the returns to debt holders are also
truncated at the contractual rate. Therefore, the normality

of returns distributions can not be justified as an adequate

basis for describing expected returns in probability space.

Nor is the alternative assumption of quadratic utility
functions very plausible. It is well known that quadratic
utility functions, or any second order polynomial, are
unacceptable as wutility (of wealth) functions because of
their incompatibility with the Pratt-Arrow risk aversion
conditions. According to the Pratt-Arrow conditions an
appropriate utility function of wealth, [U(W)], must possess
at least the following properties: 1. positive marginal
utility of wealth, (U°(W)>0), implying non-satiety of wealth
and that the function is monotonically increasing. 2.
decreasing marginal utility of wealth, (U”"(W)<0), implying
risk aversion and that the rate of increase of wutility
continuously declines. And, 3. non-increasing absolute risk

aversion, {d[-U " "(wW)/U"(w)]/dw = 0}, indicating that risk
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asset holdings increase with wealth and are not inferior

goods.16
It can readily be shown that quadratic utility
functions do not satisfy the first condition - positive

marginal wutility - for all levels of wealth. This can be
made apparent by considering a quadratic utility function
having the form:

U(W) = a + bW - cW-.
Satisfaction of the risk aversion conditions would require:
b>0, W<b/2c and c>0; since U (W)= b -2cW>0 and for U (W)>0,

W must be smaller than b/2c. Moreover, U"(W) will be

negative only if c>0 because U"(W)=-2C.

Recently Gonzalez, Litzenberger and Rolfo have argued
that the standard version of the CAPM based on the
assumption of quadratic utility functions misspecifijes the
market value of the firm and lead§to paradoxical results.17

The market value of the firm can readily be derived from the

eqgquilibrium returns relationship of the model:

R. = R_ + Lcov(R.,R ).
] n jm
Si R. = (X.-V.)/V. = (X./V.)-1, b ] ti :
ince, R, ( ; ])/ 3 ( ]/ J) y substitution
(Vj/Xj) -1 = Rn + Lcov(Rj,Rm).
Also since:
16See:K.J.Arrow, "The Theory of Risk Aversion", Essays in

the Theory of Risk Bearing. (Amsterdam: North Holland) 1970;
also J. Pratt, "Risk Aversion in the Small and in the Large"
Econometrica, 1964, pp.122-36.

17N.Gonzales, R.Litzenberger, and J.Rolfo, "On Mean Variance
Models of Capital Structure and the Absurdity of their
Predictions" Journal of Financial and Quantitative Analysis,
June 1977, pp.165-79.
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cov(Rj,Rm) = (l/Vj)cov(Xj,Rm)
by substitution again:

X. - L X.,R = (1 + R_)V.

: cov ( 5 m) ( n) 3

and:
V. = [X. - Lcov(Xj,Rm)]/(l+Rn)

J J
giving the equilibrium market value of the jth firm. From
this wvaluation the changes in the market value as a result
of changes in the volume of debt outstanding can be found by

differentiating:

[de/dDj] = [l/(1+Rn)][(de/dDj) - L(dcov(Xj,R.m)/dDj].

This states that the marginal changes in the market value of
the firm are the result of two separate effects: 1i)changes
in the expected earnings of the firm with respect to changes
in its debt, and ii)changes in the covariance of the firm’s
earnings (with the market) due to changes 1in 1its debt.
Whereas, when the changes in the covariance term are
positive - as would normally be the case - the market value
of the firm will not necessarily be a monotone increasing
function of 1leverage; the authors have argued that 1in a

world where bankruptcy costs are absent, the non-negative

present value of tax savings on debt would mean -for
the . L . .
alnvestor having positive marginal utility of wealth -that

the valuation implied is inconsistent with the principles of

first degree stochastic dominance.

Quadratic wutility functions also imply that risky
assets are inferior goods. From the measure for absolute

risk aversion:
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[-u""(w)/u"(W)] = 1/ [(-b/2c) - W]
it 1s apparent that the investor’s risk aversion (in the
Arrow sense) as indicated by his willingness to accept any
bet of fixed amount decreases as his wealth increases -

implying that risk assets are inferior goods.

A third objection to quadratic wutility functions
arises from the preference for positive skewness by
investors. Arditti has shown that the absolute risk aversion
property 1is sufficient to ensure preference for positive
skewness by investors.18 Such preference can be noted from
the unwillingness of a risk averse investor to invest in an
asset with asymmetric returns combining a large probability
of loss with a small gain. Characterization of this aspect

of 1investor preferences would require a utility function

capable of handling the next higher moment of the
distribution of returns. The extension, theoretically, 1s a
significant one and recently a number of authors have

extended their treatment of the CAPM to incorporate a third
parameter. The validity of the MM theorem in the context of

an extended three parameter model has been demonstrated. To

illustrate, first we set out the model.19 The relevant

utility function can be defined as:

- ——— — —— ————— —— —— — ——— ——— — ———— —— - — — ——— ———— o —— — ——— —— ——————— — T —— A —— i —— . — —— —— — —— — ——

8F. Arditti, "Risk and the Required Return on Equity",
58urnal of Finance, March 1967, pp.19-36.

19These problems have been discussed in some detail in:
A.Kraus and R. Litzenberger, "Skewness Preference and The
Valuation of Risk Assets" Journal of Finance, Sept. 1976,
31, pp.1085-1099; For the general extension of the model to
a multi-parameter context see: M. Rubenstein, "The
Fundamental Theorem of Parameter-Preference Security
Valuation" Journal of Financial and Quantitative Analysis,
Jan. 1973, pp.61-9.
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U =U[ E(W, 62(W), m>(W) ]

where the arguments: mean, variance, and skew, are
respectively:
|ﬁ‘|
E(W) = c R+ lﬁ ch\Rj)
4. - -
62(W) = Z Z c C coka Ry )
and ]’
4 =t el
3 A D \
m- (W) -—4) A’L[".! c]ckclcosk(R] Rk’Rl)

When the market portfolio is held the covariance and
coskewness terms can be expressed in terms of the bivariate
distribution of each asset with respect to the portfolio, m.
The utility function can then be written:

-l

= > J
U(W) [J[LU ch(Rj) + c R, L; cjcov(Rj,Rm),

c.cosk{(R.,R_,R )].
3 3 F’ m’ T m

As usual, the first order optimal allocation conditions can

be derived from a Lagrangean function maximizing utility

subject to the investor’s budget constraint. Setting up the

Lagrangean:

GU[" E(R.) R? (R.,R_) y k(R.,R_,R_)]
= .C. .) + cC ,>.c.cov(R., . C. ., , +
AiE 4500 nn’4;"; 57 Bm) s 4 ©4COSKIRyRLRy

_ Y
L(W - c LJCj)
from which, upon differentiation, the following first order
conditions are obtained:
dG/dcj = (dU/dW)Rj - L + (DU/d62)cov(Rj,Rm) +

3
(dU/dm )cosk(Rj,Rm,Rm)
dG/dcn = (dU/dW)Rn - L
and

_ _ _ N
dG/dL = W Cn 4J Cj

Eliminating L, substituting, solving and setting to zero:
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i
o

2 3

(Rj R ) (dU/dw)+(4au/dé )COV(Rj,Rm)+(dU/dm )cosk(Rj,Rm,Rm)
_ B 2 _ 3

Rj = Rn + (-dw/de )cov(Rj,Rm) + (-dW/dm )cosk(Rj,Rm,Rm)
gives the equilibrium expected returns relationship:
Rj = Rn + chov(Rj,Rm) + Q3cosk(Rj,Rm,Rm)
where ﬂz and Q3 are, respectively, the marginal rates of
substitution between total expected returns and variance; and
total expected returns and skewness of returns. The rate of
substitution, at the margin, between return and each measure

of risk 1is the market’s price of risk reduction for that

measure.

The wvalidity of the MM theorem can be demonstrated in
this context by means of a straightforward extension of the
Hamada proof.20 Considering again, two firms - a and b -

which are identical in all respects except that Db 1is

levered,

E(Ra) = Rn + chov(Ra,Rm) + Q3 cosk(Ra,Rm,Rm)
and

E(Rb) = Rn + chov(Rb,Rm) + g3cosk(Rb,Rm,Rm)
where

E(Ra) = E(x)/Sa
and
E(R,) = [E(x) - Rnbb]/Sb

solving for E(x):
___Blx) = SR, + S, Fyc0v(R,Ry) * Sy Fycosk(RyRpBe) .
2OSee: J. Becker, "General Proof of Modigliani-Miller

Propositions I and II Using Parameter-Preference Theory"
Journal of Financial and Quantitative Analysis, March 1978,
pp.-65-69.
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and

E(x) = SbRn + Rnbb + Sbﬂzcov(Rb,Rm) + Sb Q3cosk(Rb,Rm,Rm).

Since

cov(Ra,Rm) (l/Sa)cov(x,Rm)

and
cov(Rb,Rm) = (l/Sb)cov(x,Rm)
and likewise:
cosk(Ra,Rm,Rm) = (1/Sa)cosk(x,Rm,Rm)
cosk(Rb,Rm,Rm) = (l/Sb)cosk(x,Rm,Rm).

By substitution
SaRn + chov(x,Rm) + ¢3cosk(x,Rm,Rm)
and

n b

which simplifies to

SbRn + R_b, + chov(x,Rm) + Q3cosk(x,Rm,Rm)

S _
or aRn - SbRn + bbRn
Sa = Sb + bb

which 1is exactly the same as the MM result obtained for the

two parameter model.
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6. CONCLUSION

This part of the thesis has surveyed the main
theoretical contributions to the MM leverage theorem. Each

of the models considered has presented a set of sufficient

conditions ensuring the wvalidity of the theorem and,
consequently, the irrelevance of financial structure to the
determination of real corporate values - the cost of capital

and market valuation.

Although the theorem was originally presented in
partial equilibrium exposition, this context left the exact
implications of the theorem implicit. The earliest extension
to a general equilibrium framework focused on complete
capital markets. It was found that, generally, the MM theorem
appeared to be a perfect capital market construcg, the
sufficiency conditions for which seemed to coincide with
those establishing a Pareto optimal allocation of security

holdings.

Specifically, the validity of the theorem was found to
depend on the opportunity set of returns distributions
remaining unaffected by any purely financial changes
undertaken by firms. When capital markets are complete, this
opportunity set remains unaltered by purely financial
changes. The characteristics of every security created can
be matched. Apart from the usual competitive assumptions of
no impediments (such as distortionary taxes or transaction

costs), access to correct information costlessly, and equal
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access to markets by all agents, no further restrictions
need to be imposed on investor behaviour or the
characteristics of the economic system in order to obtain

the MM results.

In reality <capital markets are not complete and the
opportunity set attainable by investors is restricted to
only a subspace of the complete set. The <creation of
securities with new characteristics (returns distributions)
as a result of financial structure changes will not normally
leave the opportunity set unaffected. When the subspace of
returns distributions is altered, investors will not
normally be 1indifferent to changes because their income
streams will naturally be affected. Only under excepticnal
circumstances will the subset of returns distributions

remain unaffected by financial changes.

In order to ensure the validity of the theorem when
capital markets are incomplete the special case solutions
impose additional restrictions on the behaviour of investors

and the characteristics of the system.

One set of further restrictions, additional to the
perfect capital markets assumptions, sufficient to establish
the theorem was presented by Stiglitz. He found that the
absence o0f default risk on debt was sufficient to restrict
the subset of feasible returns distributions to those which
could be re-created by investors and that this would
consequently leave the opportunity set available to

investors unaffected. An important implication of the
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Stiglitz results was that with the riskless debt assumption
the perfect capital market assumptions of homogeneous
expectations and equal access took on very different
meaning. All that was required of the expectations
assumption, now, was that all investors agree that debt was
riskless and with riskless debt the main obstacles to equal
access were also removed. Although the riskless debt
assumption was not a necessary condition for the validity of
the theorem and it could be proven only on the strength of
the perfect capital markets assumptions, 1in this case the
implications required of the expectations and equal access

requirements would be much more stringent.

An entirely different approach to restricting returns
distributions was investigated by Fama and Miller. They
focused on means to prevent firms from issuing securities
with new characteristics which would alter the opportunity
set. They found that this could be accomplished imposing
contractual stipulations (me-first «clauses) 1into debt
contracts, thereby preventing the positions taken by
investors from being expropriated as a result of financial

structure changes.

More recently, Fama has shown that yet another set of
sufficient restrictions could be imposed only by assuming
that no firm can issue securities monopolistically. This
ensures that any security issued could have been 1issued
previously and so does not alter the returns distributions

available to the market. Obviously, any configuration of
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securities which could have been issued previously - ceteris
paribus - but was not,must have been sub-optimal. Therefore
if any firm were to issue such a sub-optimal configuration
other firms could duplicate its original configuration and
supply it to the market making arbitrage profits in the

process.

A fourth set of restrictions sufficient to ensure the
validity of the theorem has evolved out of the mean variance
approach to capital market theory and the formulation of the
Capital Asset Pricing Model. In this case all of the perfect
capital market assumptions are preserved while additional
restrictions on investor behaviour and the characterization
of uncertainty are imposed. These are sufficient for the
portfolios of all investors to be separable, in which case
from the homogeneous expectations assumption 1t follows that
all investors hold perfectly balanced portfolios and 1in
equilibrium carry the same fraction of all risky
securities. When portfo<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>