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We derive all contributions to the dispersion measure (DM) of electromagnetic pulses to linear
order in cosmological perturbations, including both density fluctuations and relativistic effects. We
then use this result to calculate the power spectrum of DM-based cosmological observables to linear
order in perturbations. In particular we study two cases: maps of the dispersion measure from a
set of localized sources (including the effects of source clustering), and fluctuations in the density of
DM-selected sources. The impact of most relativistic effects is limited to large angular scales, and
is negligible for all practical applications in the context of ongoing and envisaged observational pro-
grammes targetting fast radio bursts. We compare the leading contributions to DM-space clustering,
including the effects of gravitational lensing, and find that the signal is dominated by the fluctuations
in the free electron column density, rather than the local source clustering or lensing contributions.
To compensate for the disappointing irrelevance of relativistic effects, we re-derive them in terms of
the geodesic equation for massive particles in a perturbed Friedmann-Robertson-Walker metric.

I. INTRODUCTION

Fast radio bursts (FRBs) [1] are short (∼ 1− 10 ms)
and bright (∼ 1 Jy) radio pulses with a yet-unknown
origin [2]. Since their detection [3], interest in them
has grown across all branches of astrophysics [4]. The
group velocity of these pulses changes with their fre-
quency as they propagate through cold electron plasma,
and the time delay between pulses at different frequen-
cies is inversely proportional to their squared frequency
(∆t = (4.15 × 10−3 s) DM (1 GHz/ν)2). The propor-
tionality constant, the so-called “dispersion measure”
(DM), is proportional to the column density of free elec-
trons along the pulse’s trajectory. Since FRBs are de-
tected with DM values of & 1000 pc cm−3, while the
Milky Way contribution to DM is . 50 pc cm−3 across
most of the sky [5], FRB sources are most likely extra-
galactic. This is reinforced by their isotropic sky dis-
tribution [6], together with the identification of extra-
galactic persistent radio counterparts in long baseline
interferometers [7–9]. Our understanding of FRBs is
likely to improve fast, with facilities like CHIME, UT-
MOST [10] or HIRAX [11] set up to provide catalogs
containing thousands of FRBs.

For these reasons, and in spite of the mystery sur-
rounding their origin, FRBs have attracted the atten-
tion of cosmologists in recent years. Simple cosmologi-
cal tests using DM as a distance measure [12] are chal-
lenging, due to the scatter of the intergalactic compo-
nent of the DM, and the degeneracy with the ionization
fraction of the intergalactic medium (IGM) [13]. DM
can also be used to reconstruct the three-dimensional
distribution of their sources [14, 15], and the use of
cross-correlations with optical surveys may allow us to
estimate the redshift distribution of FRB sources and
the clustering properties of the ionized IGM [16]. Mea-
surements of the DM can also be used as a probe of
structure in the IGM, and help address the missing
baryon problem [17, 18], constrain the epoch of reion-
ization [19], and break the optical depth degeneracy in

observations of the kinematic Sunyaev-Zel’dovich effect
[20], enabling a useful probe of structure growth [21].
Other more ambitious proposals include using FRBs to
test the equivalence principle [22, 23], and even to con-
strain the level of primordial non-Gaussianity [24].

Although the prospect of using FRBs for precision
cosmology lies in the future, given current uncertainties,
it is important to have a complete quantitative descrip-
tion of the physical effects that DM-based observables
are sensitive in order to best plan for that future. In
this paper we provide a complete census of the gravi-
tational relativistic effects that affect the propagation
of electromagnetic pulses over cosmological distances at
linear order in metric and density perturbations. We
then quantify their impact on two DM-based cosmo-
logical observables based on anisotropies: the statistics
of DM maps from a catalog of pulse-emitting sources,
and the observed clustering of those sources when using
DM as a radial distance proxy. The physical origin of
the additional relativistic terms we will present is, for
example, the modification of the pulse frequency (and
hence its group velocity) due to gravitational redshift-
ing and the integrated Sachs-Wolfe effect [25], as well
as observational modifications to the inferred comov-
ing distances and cosmic times assuming a background
cosmological model. Most of these effects are only rele-
vant on horizon-sized scales, and are largely unobserv-
able [26]. Nevertheless, it is relevant to quantify the
expected amplitude of these General Relativistic con-
tributions if e.g. tests of the equivalence principle from
the large-scale distribution of dispersion measures are to
be reliable [22, 23]. The results shown here are derived
using methods similar to those presented in [27, 28] in
the context of source number counts.

The paper is structured as follows. Section II derives
the expression for the dispersion measure of pulses prop-
agating on a perturbed Friedmann-Robertson-Walker
(FRW) backgound to linear order. This is then used
in Section III to derive expresions for the anisotropies
of DM maps from pulse-emitting sources, and for the
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FIG. 1. Spacetime diagram describing the calculation of the
time delay for pulses propagating through the intergalactic
plasma. The trajectories of the pulse, an infinite-frequency
pulse, the final observer, and an observing station comoving
with the plasma are shown in red, blue, black and yellow,
and labelled xµm, xµ∞, xo, and xµe respectively. As the pulse
arrives at the comoving station, an infinite-frequency pulse
is emitted (black dashed lines) towards the final observer.
The total time delay can be calculated as the sum of time
intervals between the arrivals of these photons dt. This can
be connected to the proper time measured by the comoving
stations between the arrival of the pulse and the infinite-
frequency pulse emitted by the previous observer (events
marked with a cross in the figure).

perturbation in the number counts of these sources us-
ing DM as a distance measure. We summarize our re-
sults and conclude in Section IV. Appendix A derives
the solution to the geodesic equation for massive and
massless particles in a perturbed FRW metric, offering
an alternative derivation of the DM presented in Sec-
tion II, while B reviews a few standard results regarding
the calculation of angular power spectra for projected
cosmological anisotropies.

Throughout the paper we will use natural units,
where ~ = c = 1.

II. TIME DELAY AND DISPERSION
MEASURE

An electromagnetic wave moving through cold
plasma follows the dispersion relation:

ω2 − |k|2 = ω2
e , ωe ≡

4πe2ne
me

, (1)

where ω, k, and ne are the wave’s angular frequency,
wave vector and electron number density, all measured
in the rest frame of the electrons. In that frame,
electromagnetic pulses propagate at a group velocity
vg =

√
1− ω2

e/ω
2, which is equivalent to the motion of

a massive particle with mass ωe and energy ω. For rel-
evant frequencies and electron densities, the ratio ωe/ω

is small [29], and thus we can approximate:

vg ' 1− 1

2

ω2
e

ω2
(2)

Consider now a source emitting pulses at different
frequencies. Our aim is to calculate the time delay ∆t
measured by an observer between a pulse at observed
frequency ωo, and a high-frequency pulse propagating at
the speed of light. Following the analogy above, we will
label these the “massive” and “massless” pulses respec-
tively. To calculate this, consider a set of free-falling sta-
tions moving with the electron plasma between source
and observer along the trajectory of the massive pulse.
As the massive pulse passes through a given station, the
station emits a massless pulse directed at the observer.
The total time delay between the original massive and
massless pulses is then the sum of the time intervals
between the reception of the masless pulses emitted by
each station. This setup is described in Figure 1. Let
dτ be the proper time measured by one of the stations
between the arrival of the previous station’s massless
pulse, and the massive one (events marked with crosses
in the diagram). The corresponding time interval mea-
sured by the observer is dt = (1 + z)dτ , where z is the
station’s redshift. The time interval measured by the
station is the difference between the times taken by the
massless and massive pulses to arrive from the preced-
ing station, i.e.:

dt

1 + z
= dτ =

dl

vg
− dl, (3)

where dl is the proper distance between the two sta-
tions. Writing the massless pulse’s 4-momentum as
kµ = dxµ/dλ, where λ is an affine parameter, the proper
length interval is dl = (kµue,µ)dλ, where ue,µ is the sta-
tion’s 4-velocity. Thus, to lowest order in ωe/ω:

dt =
(1 + z)ω2

e

2ω2
(kµue,µ)dλ. (4)

Summing over all such time intervals, and relating ω
to the observed frequency νo via ω = 2πνo(1 + z), we
obtain:

∆t =
e2

2πmeν2
o

D, (5)

where we have defined the dispersion measure D as

D ≡
∫ λo

λe

dλ

(
ne
kµue,µ
1 + z

)∣∣∣∣
λ

, (6)

The subscript λ is a reminder that the integrand is eval-
uated along the pulse’s trajectory. Note that this is
evaluated along a null geodesic (i.e. assuming the pulse
propagates at the speed of light). Evaluating it along
the massive pulse’s trajectory would lead to higher-
order corrections in ωe/ω, which we neglect here.

Let us consider now the propagation in a perturbed
flat cosmological background. Considering only scalar
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perturbations, the perturbed FRW metric in the New-
tonian gauge is:

ds2 = a2(η)
[
(1 + 2ψ)dη2 − (1− 2φ)δijdx

idxj
]
, (7)

where η is the conformal time. Appendix A 1 presents
the solution to the geodesic equation in this metric.
Substituting Eqs. A4, A9 and A10 into Eq. 6 we obtain

D(η) =

∫ ηo

η

dη′ a2 n̄e(η
′)
[
1 + δ̃e

]
(8)

δ̃e(η) ≡ δe + 2ψ +

∫ ηo

η

dη′(ψ′ + φ′),

where we have decomposed ne into background n̄e and
perturbation n̄eδe. Partial derivatives with respect to
η are denoted ∂ηξ ≡ ξ′. This constitutes the main re-
sult of this paper. Appendix A 2 offers an alternative
derivation of the same result from the geodesic equation
of massive particles.

Ignoring all perturbations we recover the usual ex-
pression for the background value

D̄(z) '
∫ z

0

dz′

H(z′)
(1 + z′)n̄e,c(z

′) (9)

where n̄e,c ≡ a3n̄e is the comoving electron density, and
H ≡ a−2a′ is the expansion rate. In what follows, we
will model the background electron density as

n̄e,c(z) =
3H2

0 Ωb
8πGmp

xe(z) (1 + xH(z))

2
, (10)

where xe is the free electron fraction, xH is the hydrogen
mass fraction, Ωb is the baryon density fraction, and
mp is the proton mass. For simplicity here we will use
xH = 0.75 and xe = 1.

III. DISPERSION MEASURE-BASED
COSMOLOGICAL OBSERVABLES

In the context of the study of cosmological large-
scale structure, measurements of D from astrophysical
sources can be used in two ways. First, since D de-
pends on the electron density and metric fluctuations
integrated along the line of sight, D can be used as a
tracer of the projected large-scale structure in its own
right (see e.g. [20, 23, 24]). Secondly, assuming the
background relation between D and redshift (Eq. 9),
one can use the D measured from a catalog of objects
to reconstruct the three-dimensional large-scale struc-
ture (see e.g. [14, 16]). We discuss all the linear-order
contributions to both observables in Sections III A and
III B.

A. Dispersion measure as a structure tracer

Given a set of pulse-emitting sources with known an-
gular positions, it would be possible to make maps of

the average local D as a function sky position. Further-
more, radio interferometers are already able to local-
ize FRB sources down to arc-second resolution [11, 30],
and therefore we will be able to obtain redshifts for a
large number of them in the future. These maps could
then be made tomographically to potentially recover
the three-dimensional distribution of free electrons. We
study the properties of these maps here.

Consider a set of pulse-emitting sources with known
angular coordinates and redshift. The number of these
sources in an solid angle dΩ and redshift interval dz can
be written as:

dN

dΩdz
= n̄Ω(z)[1 + δ̃N ], n̄Ω(z) ≡ n̄s,c(z)

χ2(z)

H(z)
(11)

where n̄Ω is source surface density, n̄s,c(z) is the co-
moving density of sources, and χ(z) and H(z) are the
comoving distance and expansion rate, all evaluated at
the time η∗ corresponding to the measured redshift in
the background metric. δ̃N collects all perturbations to
the source number counts at linear order, which were
presented in detail in [27, 28].

Likewise, the dispersion measure in Eq. 8 can be
written as:

D = D̄(z) [1 + δD], (12)

where D̄(z) is the background dispersion measure eval-
uated at η∗, and

δD ≡
1

D̄(z)

[∫ ηo

η∗

dη n̄e(η) a2(η) δ̃e − δη a2 n̄e

]
. (13)

Here δη is the difference between the true conformal
time and η∗. This can be found from Eq. A10 to be
[28]:

δη = −H−1

[
ψ +

∫ ηo

η

(ψ′ + φ′)− vr
]
, (14)

where vr is the radial peculiar velocity of the sources.
Consider now a sample of sources selected in redshift

with a selection function w(z), and let DN (n̂) be the
mean dispersion measure measured from these sources
along direction n̂. The sky-averaged value is then given
by

D̄N =

∫
dz p(z) D̄(z), p(z) ≡ w(z)n̄Ω(z)∫

dz′w(z′) n̄Ω(z′)
,

(15)
where p(z) is the normalized redshift distribution of the
sample. The fluctuations around this mean are, to lin-
ear order, given by

δDN (n̂) =

∫
dz p(z) D̄(z)

[
δD +

(
1− D̄ND̄(z)

)
δ̃N

]
.

(16)
The second contribution is due to the clustering of the
pulse sources, and appears at linear order because the
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quantity being traced (D) has a non-zero background
value. This is in contrast with e.g. the second-order
source clustering effects present in cosmic shear studies
[31, 32]. In order to focus our attention on the rela-
tivistic effects inherent to D-based observables, in what
follows we will ignore this second term for the most part,

assuming that the evolution of D̄ is negligible within the
bin (i.e. assuming the prefactor of δ̃N is negligible). As
we will see, however, this second contribution is likely
more relevant than any of these relativistic effects.

In that case, expanding δD and δη, we obtain a final
expression for the observed perturbation in DN :

δDN (n̂) =

∫ ∞
0

dz

H(z)
(1 + z)n̄e,cP (> z)

[
δe + (2− ρ)ψ + (1− ρ)

∫ ηo

η(z)

dη′(ψ′ + φ′) + ρ vr

]
, (17)

where we have defined the cumulative distribution P (>
z) and its slope ρ:

P (> z) ≡
∫ ∞
z

dz′ p(z′), ρ ≡ 1

1 + z

d logP (> z)

dz
. (18)

In order to compare the different contributions to
the power spectrum of δDN , this result can be Fourier-
transformed and each perturbation connected with the

primordial curvature perturbations via linear transfer
functions [28]. This procedure is outlined in Appendix
B. The power spectrum between two δDN maps esti-
mated from two galaxy samples α and β is:

C
DN ,(α,β)
` = 4π

∫
dk

k
PR(k) ∆DN ,α

` (k) ∆DN ,β
` (k),

(19)
where

∆DN ,α
` (k) ≡

∫ ∞
0

dχ (1 + z)n̄e,c P
α(> z)

[
beTδ(k, ηo − χ) + (2− ρ)Tψ(k, ηo − χ) +H(fe − 3)

Tθ(k, ηo − χ)

k2

]
j`(kχ)

+

∫ ∞
0

dχ

(∫ ∞
χ

dχ′(1 + z′)(1− ρ)n̄e,cP
α(> z′)

)
Tψ′+φ′(k, ηo − χ) j`(kχ)

−
∫ ∞

0

dχ (1 + z)n̄e,c P (> z) ρ(χ)χTθ(k, ηo − χ)
j′`(kχ)

kχ
. (20)

Here Tξ(k, η) is the transfer function for perturbation ξ,
θ = ∇·v is the divergence of the peculiar velocity field,
and we have assumed that the electron overdensity is a
linearly biased tracer of the matter fluctuations δ in the
synchronous gauge with bias be [33]. In this case, since
δe is the linear overdensity in the Newtonian gauge:

δe = beδ + (fe − 3)H θ

k2
, (21)

where H ≡ a′/a, and we have defined the evolution bias

fe =
d log n̄e,c
d log a

. (22)

For our simple parametrization of n̄e,c (Eq. 10) fe = 0.
To simplify things further, we will assume the follow-

ing transfer function relations, applicable at low red-
shifts in ΛCDM:

Tθ = −H f Tδ, Tψ = Tφ = −3ΩmH
2
0

2ak2
Tδ, (23)

Tφ′+ψ′ = −3ΩmH
2
0

ak2
H (f − 1)Tδ, (24)

where f is the linear growth rate f ≡ d log δ/d log a.
All calculations were carried out using the Core Cos-
mology Library [34], using CAMB to compute the lin-
ear matter power spectrum [35]. We assume a flat
ΛCDM cosmology with parameters (Ωc,Ωb, h, σ8, ns) =
(0.25, 0.05, 0.7, 0.8, 0.96). We also used Limber’s ap-
proximation throughout [36, 37]:

j`(x) '
√

π

2`+ 1
δD(`+ 1/2− x). (25)

This is a valid approximation for the broad radial ker-
nels considered here, and the inaccuracies it leads to at
low ` do not change the qualitative results presented
here.

Figure 2 shows the different contributions to the an-
gular power spectrum for a dispersion measure map
from a sample located at z ' 1. Explicitly, we model
the redshift distribution as a Gaussian centered at that
redshift with width σz = 0.15. For simplicity we assume
unit bias be = 1 for electrons, and fe = 0 (constant co-
moving electron density). The contributions from the
two velocity terms, the potential term ∝ ψ, and the
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FIG. 2. Angular power spectrum for a dispersion measure
map from a sample of sources at redshift z ∼ 1 (black line).
The different coloured lines show the contribution from dif-
ferent relativistic terms (including their cross-correlation
with the electron density). Red, blue and yellow lines show
the contribution from the two velocity terms, the gravita-
tional potential term, and the ISW term respectively. The
gray line shows the linear contribution from source clus-
tering, which becomes significantly more relevant on small
scales. Negative contributions are shown as dashed lines.

ISW term in Eq. 20, including their correlation with
the leading overdensity term are shown in blue, red and
yellow respectively. We also include, in gray, the leading
clustering contribution from Eq. 16, neglecting all rela-
tivistic and lensing terms in δ̃N , for a sample of sources
with linear bias bs = 1.5. This contribution becomes
significantly more relevant on small scales.

The contribution from relativistic effects is largest on
large scales, but negligibly small at all `, and completely
undetectable even assuming a cosmic variance-limited
map. Although it might be possible to beat this cos-
mic variance limit via multi-tracer methods [26, 38–40],
the prospects for this also seem unrealistic given the ex-
pected size of FRB samples (< 105 sources). In turn,
effects of source clustering are detectable at high sig-
nificance (more than 20σ on ` < 1000 assuming cos-
mic variance uncertainties) and could become relevant
for sufficiently dense FRB catalogs, especially in cross-
correlation.

B. Dispersion measure as a distance proxy

From the discussion above, it is evident that detect-
ing the impact of the relativistic effects affecting the
D-distance relation is challenging, and most likely un-
feasible. However, the formalism developed thus far can
be used to provide a complete census of the different ef-
fects that come into play at the linear level when using
dispersion measure as a distance proxy to reconstruct
the three-dimensional density distribution. We do so
here.

Consider a population of sources with known angular
coordinates n̂ and dispersion measure D. Following a
derivation similar to that of [28], the number of sources
in a solid angle dΩo and dispersion measure interval dD
is related to the number density of sources via

dN

dΩodD
= ns

dAe
dΩo

(kµus,µ)
dλ

dD , (26)

where kµ is the wave vector of a light ray emitted by
the sources, uµs = a−1(1−ψ,v) is the sources 4-velocity,
ns is the source number density in their rest frame, dAe
is the invariant area subtended by dΩo, and (kµus,µ)dλ
is the proper length interval covered by the ray in an
interval dλ of the affine parameter. Using the results
found in Appendix A and [27, 28], the different terms
above are, to linear order:

ns = n̄s(η) (1 + δn), (27)

dAe
dΩ

= a2(η)χ2(η) (1− 2φ− 2κ), (28)

(kµus,µ)
dλ

dD = (kµus,µ)
dλ

dη

dη

dD

= a(η) (1 + ψ + vr)
dη

dD , (29)

where κ is the lensing convergence

κ ≡ ∇2
n̂

∫ χ

0

dχ′
χ− χ′
χχ′

φ+ ψ

2
, (30)

with ∇2
n̂ the angular Laplacian.

dD/dη can be calculated from Eq. 8, and therefore

dN

dΩodD
=
an̄sχ

2

n̄e

[
1 + δn − δ̃e − 2φ− 2κ+ ψ + vr

]
.

(31)
The prefactor in this equation is evaluated at conformal
time η, which is different from the conformal time ηD
associated with the observed dispersion measure D as-
suming no perturbations. The difference between both
is, from Eq. 8:

δηD ≡ η − ηD =
1

a2n̄e

∫ ηo

η

dη′ a2n̄e δ̃e. (32)

Using this, the different components in the prefactor of
Eq. 31 are, to linear order:

a(η) = a(ηD) [1 +H δηD] , (33)

n̄x(η) = n̄x(ηD) [1 + (fx − 3)H δηD] , (34)

χ2(η) = χ2(ηD)

[
1− 2

χ

(
δηD −

∫ ηo

η

dη′ (ψ + φ)

)]
,

(35)

where we have used A8 in the last line, and fx is the
evolution bias for species x as in Eq. 22. Substitut-
ing everything back into Eq. 31, and expanding δ̃e, we
obtain
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dN

dΩodD
=

(
an̄sχ

2

n̄e

)
D

[
1 + δn − δe +

(
1 + fs − fe −

2

Hχ

)( H
a2n̄e

∫ ηo

η

dη′a2n̄e

(
δe + 2ψ +

∫ ηo

η′
dη′′(ψ′ + φ′)

))
−2φ− ψ −

∫ ηo

η

dη′(ψ′ + φ′)− 2κ+ vr +
2

χ

∫ ηo

η

dη′(ψ + φ)

]
. (36)

Eq. 36 contains all linear-order contributions to the
perturbation in the number of sources in “dispersion
measure space”. The terms involving δe are the D-space
distortions introduced by [14], and can be interpreted
as the perturbations to the observed comoving volume
and cosmic time caused by using D as a proxy for radial
distance and time in the lightcone1. The term propor-
tional to κ is the usual lensing effect due to the appar-
ent displacement of source positions. Note that we have
not accounted for the effects of gravitational lensing on
source flux, which would effectively modify the prefactor
of this term by the slope of the source flux distribution
leading to the standard source magnification effect. The
specific value of this prefactor depends strongly on the
selection function of the sample. Nevertheless, to pro-
vide an order-of-magnitude estimate of the correction
due to lensing in comparison with the other contribu-
tions, we will simply keep this prefactor as is (−2). All
other contributions are suppressed with respect to the
∝ δ and ∝ κ terms by factors ofH/k and (H/k)2, where
H ∼ 2× 10−4 Mpc−1 at z ∼ 1. This leads only to small
modifications to the large-scale power spectrum that
can be neglected, as discussed in the previous section
(see also e.g. [26, 39, 41]). Discarding these subdomi-
nant terms, and assuming a linear bias relation between
δn, δe and the synchronous-gauge matter overdensity δ,
the overdensity of D-selected sources in Eq. 36 reduces
to:

δND = (bn − be)δ +A(χ)
H
a2n̄e

∫ χ

0

dχ′a2n̄e be δ − 2κ,

(37)

where we have defined

A(χ) ≡ 1 + fs − fe −
2

Hχ. (38)

We will label the three contributions in Eq. 37 the
“local” (L), “non-local” (NL) and “lensing” (κ) terms,
in that order.

The projected overdensity of sources in a dispersion-
measure bin characterized by a DM distribution p(D)

1 Note that our expression for the so-called “non-local” term in-
volving the integral of δe along the line of sight is different
from that found by [14], which did not account for the change
in a2n̄e as a function of distance.

101 102 103

`

10−9

10−7

10−5

C
`

L× L
NL×NL
κ× κ
L×NL

L× κ
NL× κ
Full

FIG. 3. Angular power spectrum for the projected overden-
sity of DM-selected sources at z ∼ 1. The six coloured lines
show the contributions from the auto- and cross-correlations
of the “local”, “non-local” and “lensing” terms in Eq. 37,
while the black line shows the total power spectrum. The
signal is dominated on all scales by the non-local term,
and the lensing contribution is subdominant to both the
local and non-local components. Negative contributions are
shown as dashed lines.

is:

∆ND(n̂) =

∫
dD p(D) δND(χDn̂, ηo − χD)

=

∫
dz p̃(z) δND(χ(z)n̂, ηo − χ(z)), (39)

where in the second line we have translated w(D) to
redshift space for convenience via

p̃(z) = p(D̄(z))
dD̄
dz
, (40)

with D̄(z) given by Eq. 9. We can then make use of
the procedure outlined in Appendix B to calculate the
angular power spectrum of ∆ND.

The result is shown in Figure 3. The figure shows the
contributions from the six auto- and cross-correlations
of the L, NL and κ terms. The sources and electron
density are modelled as in Section III A (Gaussian red-
shift distribution centered at z = 1, bs = 1.5, be = 1,
fe = 0), and setting fs = 0 (constant comoving source
density). As found in [14], the non-local contribution
dominates the signal at all scales. The lensing con-
tribution, new in this work, is smaller than both the
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local and non-local terms on all `s. As argued above,
all other contributions in Eq. 36 are only relevant on
super-horizon scales, and can be safely neglected.

This result is somewhat counter intuitive: although
we have selected sources based on their radial distance,
using D as a proxy, their clustering signal is dominated
by the distribution of the projected electron overden-
sity, rather than their intrinsic clustering. The main
reason for this, is that the geometric perturbations to
the volume in “dispersion-measure space” are signifi-
cantly larger than the inhomogeneities in the source
density. This is in contrast with the case of redshift-
selected sources, where the impact of redshift-space dis-
tortions on the observed comoving volume are signifi-
cantly milder. In addition to this, the partial cancel-
lation betwee δs and δe in the local term also reduces
its amplitude significantly if both quantities have biases
bx ∼ 1.

IV. CONCLUSION

We have presented a full derivation of all linear-
order contributions to DM-based probes of cosmological
anisotropies, including the impact of relativistic met-
ric perturbations. These affect the dispersion measure
directly by, for example, modifying the pulse frequen-
cies and their group velocity via gravitational redshift-
ing. We have then propagated these to two specific ob-
servables: the fluctuations of dispersion measure maps
generated from a sample of localized sources, and the
clustering of DM-selected sources. Most of these rel-
ativistic effects are suppressed with respect to density
contributions by powers of H/k, and thus are only po-
tentially relevant on large, horizon-sized scales. A full
description of these is nevertheless important if we are

to use future FRB catalogs to constrain fundamental
physics [23, 24]. Note that our calculation has not in-
cluded other non-gravitational effects (e.g. scattering or
absorption), as well as non-linearities and second-order
lensing contributions. These may be more relevant than
the relativistic effects presented here.

As expected, we find that the impact of relativistic
effects is small and mostly unobservable. Neverthe-
less, our formalism allows us to explore other contri-
butions to the DM-induced anisotropies. We find that
source clustering may be non-negligible when studying
the fluctuations in dispersion measure maps, particu-
larly in cross-correlation studies. We also find that
the effects of gravitational lensing on the anisotropies
of DM-selected sources are subdominant to that of geo-
metric distortions in dispersion measure space, and that
the latter likely dominate over the intrinsic source clus-
tering signal. The use of dispersion measure as a tracer
of large-scale anisotropies will thus provide a new win-
dow to study the properties of the inhomogeneous IGM
over a wide range of scales and cosmic time, although
doing so will also require a better understanding of the
clustering of FRB sources.
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complemented by the constraint on the norm of the 4-momentum which, for a particle of mass m, reads

a2
[
(1 + 2ψ)(k0)2 − (1− 2φ)|k|2

]
= m2. (A3)

As in [28], we make the following change of variables: given a comoving observer with 4-velocity uµ = a−1(1−ψ)δµ0 ,
we define the comoving energy ε as kµuµ ≡ ε/a. We then write the spatial components of the 4-momentum in
terms of their modulus and direction vector ê. Using Eq. A3, ê and ε are related to the components of kµ ≡ ẋµ via

dη

dλ
= k0 = a−2ε(1− ψ),

dx

dη
=

k

k0
= (1 + ψ + φ)

√
1− γ−2 ê, (A4)

where we have defined the Lorentz factor γ ≡ ε/(ma). The massless limit is achieved for γ →∞.
In terms of these variables, the geodesic equations read:

dε

dη
= ε

[
−dψ
dη

+ ψ′ + φ′ + γ−2(H− φ′)
]

(A5)

dê

dη
= − 1

(1− γ−2)1/2
∇⊥ψ − (1− γ−2)1/2∇⊥φ, (A6)

where we have defined the transverse gradient ∇⊥ ≡ ∇− ê (ê · ∇). For simplicity, we will set all perturbations at
the observer to zero, which only contribute to monopole and dipole terms ignored here.

1. Solution for massless particles

Setting γ−2 = 0, the equations above can be solved to first order in the perturbations to yield:

ε

εo
= 1− ψ −

∫ ηo

η

(ψ′ + φ′)dη′, (A7)

x = −êo
∫ ηo

η

dη′(1 + φ+ ψ)−
∫ ηo

η

dη′(η′ − η)∇⊥(φ+ ψ), (A8)

The redshift z for a source with 4-velocity uµs = a−1[1 − ψ,v] is defined as 1 + z ≡ (kµus,µ)/(kµuo,µ), where the
observer’s 4-velocity is uµo ≡ δµ0 . Using Eqs. A7 and A8 we find, to first order in the perturbations:

kµus,µ = a−1 ε (1 + vr), (A9)

where vr ≡ n̂ · v is the velocity along the line of sight n̂ ≡ −êo. The redshift is therefore

1 + z =
1

a(η)

[
1− ψ −

∫ η

ηo

dη′(ψ′ + φ′) + vr

]
. (A10)

2. Time delay for small-mass particles

For massive particles, in the small-mass limit γ−2 � 1 the spatial geodesic equation reads

dê

dη
' −∇⊥(ψ + φ)− γ−2

2
∇⊥(ψ − φ). (A11)

Assuming ψ = φ, this can be integrated to yield

x = −êo
∫ ηo

η

dη′(1 + φ+ ψ)

(
1− γ−2

2

)
−
∫ ηo

η

dη′∇⊥(φ+ ψ)

∫ η′

η

dη′′
(

1− γ−2

2

)
, (A12)

Consider now two particles, one massless and one massive, emitted simultaneously by a source at coordinates
(ηe,xe), and reaching the observer at spatial coordinate xo = 0 and times ηo,0 and ηo,m respectively. From Eq.
A12, the radial coordinates of both particles at time η are separated by

χm(η) = χ0(η) +

∫ η

ηe

dη′
γ−2

2
. (A13)
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A given perturbation ξ evaluated along the massive geodesic is therefore related to the same quantity along the
massless trajectory via:

ξ(η, χm(η)) = ξ(η, χ0(η)) + ∂χξ

∫ η

ηe

dη′
γ−2

2
= ξ(η, χ0(η)) +

(
ξ′ − dξ

dη

) ∫ η

ηe

dη′
γ−2

2
. (A14)

Evaluating Eq. A12 at η = ηe for the massless and massive particles, subtracting them, projecting the result
along êo, and using Eq. A14 to relate φ and ψ along both geodesics, we obtain:

0 = ηo,m − ηo,0 −
∫ ηo

ηe

dη
γ−2

2

(
1−

∫ ηo

η

dη′(ψ′ + φ′)

)
. (A15)

Writing γ−2 in terms of ε, and using Eq. A7, we can write the time delay as

∆t =

∫ ηo

ηe

dη
m2a2

ε2o

(
1 + 2ψ +

∫ ηo

η

(ψ′ + φ′)

)
. (A16)

This matches the expression found in Eqs. 5 and 8 for m = ωe and εo = 2πνo.

Appendix B: Angular power spectra

Let m(n̂) be a map of a projected quantity of the form:

m(n̂) =

∫
dχ
∑
α

Oα(χn̂, η(χ)), (B1)

where η(χ) = ηo − χ is the conformal time at comoving distance χ in the background, and Oα(x, η) a set of linear
perturbations. Let q`m be the spherical harmonic coefficients of a given function q(n̂). In general, the harmonic
coefficients of Oα(χn̂, η) can be connected with the primordial curvature perturbations in Fourier space R(k) via:

Oα`m(χ) =

∫
dk

2π2
k2fα` (k, χ)i`

∫
dn̂k Y

∗
`m(n̂k)R(k), (B2)

where n̂k is the unit vector in the direction of k, Y`m(n̂) are the spherical harmonic functions, and the form of
f`(k, χ) depends on the contents of Oα. To find fα` for a given Oα, we express all perturbations in terms of their
Fourier-space coefficients, connect them with R(k), and use the plane wave expansion. The 5 most common forms
for Oα are:

1. Simple terms of the form Oα = A(η) ξ(χn̂, η), where ξ(x, η) is a density or scalar metric perturbation. In
this case, fα` (k, χ) reads:

fα` (k, χ) = A(ηo − χ)Tξ(k, ηo − χ)j`(kχ), (B3)

where j`(x) is the order-` spherical Bessel function, and Tξ is the transfer function relating ξ and R (ξ(k, η) =
Tξ(k, η)R(k)).

2. Doppler terms of the form Oα = A(η) vr(x, η), where vr is the radial peculiar velocity. In this case:

fα` (k, χ) = −χA(ηo − χ)Tθ(k, ηo − χ)
j′`(kχ)

kχ
, (B4)

where θ = ∇ · v is the divergence of the velocity field.

3. Redshift-space distortion terms of the form Oα = A(η)∂χvr. In this case:

fα` (k, χ) = −A(ηo − χ)Tθ(k, ηo − χ) j′′` (kχ). (B5)

4. Integrated terms of the form Oα = A(η)
∫ χ

0
dχ′B(χ) ξ(χ′n̂, η′). In this case:

fα` (k, χ) = A(ηo − χ)

∫ χ

0

dχ′B(χ′)Tξ(k, ηo − χ′) j`(kχ′). (B6)

When further integrated over χ, these terms can be simplified by swapping the order of the integrals over χ
and χ′, to yield terms of the form:∫ ∞

0

dχ

(∫ ∞
χ

dχ′A(ηo − χ′)
)
B(χ)Tξ(k, ηo − χ) j`(kχ). (B7)
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Then, using the definition of the primordial power spectrum

〈R(k)R∗(k′)〉 ≡ (2π)3δD(k− k′)
2π2

k3
PR(k), (B8)

the power spectrum of the map in Eq. B1 is given by:

C` = 4π
∑
αβ

∫
dk

k

∫
dχ

∫
dχ′ PR(k)fα` (k, χ) fβ` (k, χ′). (B9)
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