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Abstract

This thesis is concerned with systems of nonlinear equations exhibiting both forward-
backward type behaviour, and non-standard growth conditions. A motivating problem in
one spatial dimension with application to the Met Office is discussed before proceeding
to consider higher dimensional problems.

In the higher dimensional setting, in the absence of a monotonicity condition we work
within the framework of Young measure solutions. We prove existence of large-data global-
in-time Young measure solutions to initial-boundary-value problems for multidimensional
nonlinear systems of forward-backward type of the form d,u — div(a(Du)) + Bu = F,
where B € R™*™ Bv-v < 0 for all v € R™, F'is an m-component vector-function defined
on a bounded open Lipschitz domain €2 C R”, and a is a locally Lipschitz mapping of the
form a(A) = K(A)A, where K : R™"™ — R. The long-time behaviour of these Young
measure solutions is then studied, and under suitable assumptions on the source term
we show convergence to Young measure solutions of the corresponding time-independent
equations. We also discuss how the results proven can be adapted to cover mappings a
which have different structure.

We develop a numerical algorithm for the approximate solution of problems in this
class, and we prove the convergence of the algorithm to a Young measure solution of the

system under consideration.
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Chapter 1

Introduction and Literature Review

1.1 Introduction

1.1.1 Systems under consideration

This work is concerned with particular nonlinear systems of partial differential equations
which exhibit a forward-backward, or non-monotone behaviour, and whose nonlinearity
has some non-standard growth conditions similar to those studied in [11], [12], [50], [58]

and [59], among others. More explicitly, we study systems of equations of the form
Oyu — div (a(Du)) — Bu = F, (1.1.1.1)

with w : [0, 7] x @ — R™ and Q C R". Throughout we will take real numbers p; (for

2n

, n—“}, and shall denote the Holder conjugate of p; by

i=1,...,m) to satisfy p; > max{1

P}, meaning that
1 1
pbi D;

We shall also define p := min;—; m{p:i}, and impose

..........

qg—p <l
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Further, we shall denote the Holder conjugates of p and ¢ by p’ and ¢’ respectively. We

also assume that

F e X I*(Qr), (1.1.1.2)
i=1
where, here and throughout the thesis, we define Q7 := [0, T] x €. Further, we assume
Bu-u<0 (1.1.1.3)

with B € R™™ a constant matrix, and that the systems we shall be considering are

subject to some initial data

u(0,-) = up(-) € L*(Q;R™), (1.1.1.4)

and boundary data of Dirichlet type

ul(o,rx00 = 9, (1.1.1.5)

where for the most part we shall consider the case ¢ = 0. Here Du denotes the spatial
derivative of u: (0,7) x 2 — R™, Q C R" is a bounded open subset of R" with a
sufficiently smooth boundary, and a : R™*™ — R™*™ is a locally Lipschitz mapping with

the following properties:

a(A) = K(A)A, (1.1.1.6)

where K : R™*" — R is continuous, and

U pi—2 U pi—2
coy (1 + A1) < K(A) < ey (g + |Af*) (1.1.1.7)
i=1 =1

with 0 < c¢o < ¢y, p; >1foralli=1,...,m, and pu; is a constant defined by

0 (1.1.1.8)

£20if 1 < p; <2,



and where |A;| denotes the Euclidean norm of the i-th row of the matrix A. Note that

we make no assumptions here about the monotonicity of the map a.

1.1.2 Physical relevance

The motivation for studying equations of this form comes from the following system of

equations, which is of interest to the Met Office:

dw — 0,(K(D.w)0w) — Aw =F  for (t,2) € (0,T] x (0, 1), (1.1.2.1)
w(t,1) = f(t) fort e (0,T], (1.1.2.2)

wi(t,0) = gi(t) for t € (0, 7], (1.1.2.3)

ws(t,0) = go(t) for ¢ € (0,77, (1.1.2.4)

O.ws(t,0) = h(t) for t € (0,77, (1.1.2.5)

subject to the initial condition

w(0,2) = we(z) for z € (0,1). (1.1.2.6)

Here, w : (0,7) x (0,1) — R3 is a vector with components w = (wy, wy, w3), A is the

skew-symmetric matrix

0 —1 0
A=11 0 0
0 0 0

and F' is a forcing term given by the constant vector

Ft,e)=| U |. (1.1.2.7)

In the Met Office model, the first two components of w represent wind velocity, whereas

9



the third represents temperature. The function K is given by
K(0.w) = N2(|0,w1)? + [0.w2|?) 2k (9,w), (1.1.2.8)

where k is referred to as a stability function and A\? is some mixing length which is a
strictly positive, continuous and bounded function of the spatial variable z. We give the
precise definition of K below:

3
(|0zw1 | +|0-w2|?) 2
‘8zw1|2+|8zw2|2+8zw3

if 0,ws > 0,

(|8.w1|> + [Dswo|?) 2k (Dw) = (1.1.2.9)

\/|azw1|2 + |8Zw2|2 - 8zw3 if 8zw3 S 0.

It should be noted that this is a one-dimensional version of a higher-dimensional model.

The model from which this problem stems can be found in [4], and is summarised below:

m—kau+v¢:a<z<ma“>,

Dt 0z 0z

dp 06—
0z —J 80 ’

Do 0 00

= _ 7K =

Dt 0z ( h(%)

ou N v N ow 0

or Oy 0z

where % = % + ua% + Ua% + w%, u, v are components of the horizontal wind velocity

vector u, w represents the vertical wind velocity, f is the Coriolis parameter (which is
a constant governed by the rotation of the Earth), k is the unit vertical vector, ¢ is the
geopotential (that is, the potential of the Earth’s gravitational field), € is the potential
temperature, 0 is a surface reference potential temperature, K,, = 0.7K}, (to be defined

below) and V denotes the horizontal gradient operator (so V- u+ 2% = 0).

To obtain the formulation given in (1.1.2.1) from this we consider a one-dimensional
“vertical slice”, meaning that we consider the horizontal wind vector u, temperature
and geopotential ¢ to depend only on the height, z, above the surface of the earth, and

we set the Coriolis parameter f = 1. In addition to this, we also ignore the fact that

10



K,, and K}, differ by a multiplicative constant, simply calling them both K. Finally, we
assume that A\, which in reality is a smooth function of z € [0, 1] which is bounded in the
sense that there are constants ¢; and ¢y such that 0 < ¢; < A(2) < ¢, is identically equal
to 1.

In the function K in (1.1.2.8) given above, the function k defined in (1.1.2.9) is really

a function of the ‘gradient Richardson number’, defined by Beare and Cullen in [4] as

9

Ri =
(|0:w1|* + |0.w2|?)00

8;;’[03,

where 6y is some constant reference surface potential temperature and g is the gravita-
tional constant. Then k is defined by

L if Ri >0,

1+10R:

VI—16Ri if Ri <0,

k(Ri) =

which, ignoring constants, is easily seen to agree with (1.1.2.9). As a final simplification
we set all constants to 1.

As mentioned above, the model under consideration is a one-dimensional version of
a higher dimensional model, which governs the evolution of the Atmospheric Boundary
Layer (henceforth ABL). The atmosphere of the Earth is divided into many different
layers, the lowest of which is called the troposphere. According to [64], the ABL is the
lowest part of the troposphere, and is the part which is most influenced by surface-level
forcings, reacting to these over a timescale of roughly one hour. Such forcings include, for
example, heat transfer, pollutant emission and flow modification induced by the terrain.
In [38] it is instead defined as “the layer of air directly above the Earth’s surface in which
the effects of the surface (friction, heating and cooling) are felt directly on time scales of
less than one day, and in which significant fluxes of momentum, heat or matter are carried
by turbulent motions on a scale of the order of the depth of the boundary layer or less”.

The effective modelling of the ABL is important. We spend almost our entire lives
living within the ABL, and it is here that pollution dissipates and where phenomena

such as fog occur. Additionally, weather forecasting of quantities such as dew, frost and
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temperature are in fact forecasts of the ABL, and the evolution of storms and hurricanes
is tied to the inflow of moist air in the ABL (according to [64]). Thus for correct modelling

of elements of the weather system it is important to have a well-posed model for the ABL.

1.1.3 Properties (or lack thereof) of the function K

(Classical monotone operator theory allows us to deal with well-posedness of PDE problems
when our function K satisfies certain coercivity, continuity, monotonicity and boundedness
assumptions. This theory is typically applied to the case where K (9,w) = |0,w|P~2 for
p € (1,00) to show existence and uniqueness of solutions to the parabolic p-Laplacian
problem, and to continuous functions of 0,w satisfying the same coercivity, monotonicity
and boundedness conditions as the p-Laplacian. However, our model fails to fall into this

category on multiple levels.

Firstly, the growth rates exhibited by K differ according to which component we
are looking at, making this vaguely reminiscent of the (p, ¢)-growth problems studied in

(among others) [12].

Secondly, there is a term of the form appearing in the function k£ when we have

_1
140, w3
0,wsz > 0, which is reminiscent of so-called linear growth problems. Such problems have
been considered in, for example, [2], where existence and uniqueness have been established
in a suitable function space for dimensions larger than or equal to 2. However, to this
author’s knowledge there are no results for (p, q)-growth problems which exhibit some

form of linear growth property, which is what would be needed to study the particular

systems we shall be considering in this thesis (under the assumption of monotonicity).

The third is that the operator a(§) := K(£)¢ is simply not a monotone operator. We
give the relevant calculations in an appendix, but we see that taking & = (0.035,0, —0.01)
and & = (0.05,0,0), as well as & = (—0.2,—0.1,0.2) and & = (—0.1,0,0.5), it holds that
at the points & and & the mapping a fails to satisfy the monotonicity condition.

Finally, there exists no function v for which a(§) = Vi (§). To see this, consider the

circle C' parameterised by r(6) = (1 4 cos(é),0,sin(#)). Then it can be shown (we refer
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to the appendix once again for calculations) that

§Iéca(x) dz #0.

This means that the vector field a is not conservative, and thus cannot be written as the

gradient of some C! function.

1.1.4 Literature Review

Problems with these types of nonstandard growth conditions were first considered in the
elliptic setting in the early 1990s by Marcellini in his paper [50]. In this, he investigated

the existence and regularity of solutions of elliptic equations of the following type:

div(a(z, Du)) = b(x) for z € Q,
(1.1.4.1)

u(z) = g(x) for z € 01,

where 2 C R” for n > 2 and the component functions of a are assumed to be locally
Lipschitz. Under some non-standard growth conditions (referred to throughout this as

(p, q)-growth conditions) of the following form:

Za@ 2, NN > m(1+ €))7 A2, (1.1.4.2)

0 0’2, €)] < M(1+[€) ", (1.1.4.3)

|0, al (w,€) — B! (2, )| < M(1+ €)=, (1.1.4.4)
0.0 (2, )] < (1+€) (1.1.4.5)

the following range being imposed on p and g:

2
2§p§q<p7<n+ >,
n

a bound on the component functions of a of the form

ja’ (z,0)] < M

13



and the following regularity assumed on b and the boundary data g:

be Li1(Q) N Lis(9),

pr(g—1)

geWh T (Q),

it was shown that there is a weak solution u to (1.1.4.1) in W?(Q) N W,54(Q) with the

following higher interior regularity

u € WHP(Q) N L2 (Q) N W22(Q). (1.1.4.6)

In addition to this, it was shown that if the coefficients a’ are C\v% and b is C2% then in
fact there is a classical solution to (1.1.4.1) lying in the space

(g +Wo" () N Tl (). (1.1.4.7)

These results have, under certain assumptions, been extended through the work of
I. V. Nezhinskaya, see [53], [54] and [55], under the assumption that  is a bounded
domain with a C? boundary (compared to the assumption that € is a bounded open set
used in [50]). Across the two papers [53] and [54] the solvability of the problem (1.1.4.1)

(as well as its parabolic counterpart) are considered, but with slightly different growth

conditions:
Zagj 2, NN = m(1+ [€2) T A2, (1.1.4.8)
aaz 2\ 4=2
> ag, (@8 <m+ ), (1.1.4.9)
8ai 9\ a=1
2 g, ) S oL+ )= (1.1.4.10)

We also have a different admissible range of p and ¢. In the elliptic case it is shown that

under this smaller range of

2
9<p<qg<plil 1.1.4.11
_p_q_p( +n2+n), ( )

14



that there is a weak solution to the problem which is of the class

CHH Q) N WHE(Q)

(compared to (1.1.4.6)). Further it is shown that one can obtain a classical solution with

the regularity
CQ,a (Q)

(compared to (1.1.4.7)). Nezhinskaya also considers the parabolic version of (1.1.4.1)
in [54], showing that under suitable growth conditions (but most importantly condition

(1.1.4.11)) one obtains a classical solution of the parabolic problem.

The final of Nezhinskaya’s papers which we discuss, [55], is of particular interest, as
it is the only example found by this author where Neumann data is considered alongside
the p, g-growth conditions, albeit only in an elliptic setting. Nezhinskaya considers the

following Neumann boundary-value problem:

div(a(z, u,)) = Bz, ) (1.1.4.12)

for v € Q (a bounded domain in R™ with n > 2 with a C? boundary d1), with the

following boundary condition:

Ai(z,u,) cos(n(z), 2) + U(z,u) = 0. (1.1.4.13)

Here n(x) denotes the outward unit normal to 92 at the point z, and the following growth

conditions are satisfied:

3 0, (@, M = m(1+ [€[2) AP, (11.4.14)
8ai g—2
> og, (08 <+ )", (1.14.15)
/L?J
8ai g—1
> oz, (8| < a1+ 1D, (1.1.4.16)
l’]

15



along with (1.1.4.11). The particular form of the boundary data considered aids with
smoothing out the boundary in order to obtain the necessary estimates. Under the above
assumptions, Nezhinskaya obtains the necessary boundary estimates needed in order to

pass to the limit in a sequence of approximating problems in order to obtain a solution.

More recently, Cupini, Marcellini and Mascolo in [22] proved analogous results to those
in [50]. In particular, the admissible range of p and ¢ is extended, and the criteria that

p > 2 is removed. In its place, the authors assume that

n—
l<p<qg<p—+1and,if p<n, that ¢ < p——,
n—p

and show that if b € L3 (Q), g € W' @1 (Q) (where Q is once again a bounded open

loc

subset of R™), and assumptions (1.1.4.2)—(1.1.4.5) hold, then there exists a weak solution
u to (1.1.4.1) in the sense that for every open subset Q' of Q satisfying ' C Q, and for
every ¢ € Wy'(€), it holds that

/Qa(x, Du) - Dé(x) + b(x)p(x) do = 0.

The authors also demonstrate that these weak solutions wu satisfy (1.1.4.6).

There are four papers in particular that have been encountered by this author which
relate to parabolic problems with these non-standard growth conditions. The first two
are the papers by Bogelein, Duzaar and Marcellini, see [11] and [12], both of which deal

with parabolic equations or systems of the form
Owu — div(Df(Du)) = 0,
with f a C? convex function satisfying growth conditions similar to
EIP < £(§) < L(L+[¢]9). (1.1.4.17)

In these papers, the nonlinear term is approximated by f(§) = f(£) + €/£]? so that

standard growth rates are satisfied. Monotone operator theory then applies to give a
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unique solution u., and local estimates on the gradient of the solutions are obtained to
justify passing to the limit in the weak formulation. We make this more precise in later
chapters, commenting here that the paper [11] deals only with equations (rather than
systems), and in both papers the lower growth rate is assumed to be at least 2. The third
and fourth papers are by Singer, [58] and [59]. In the second of these he considers systems
in which the non-linear term is allowed some space and time dependence (in particular it
is assumed that we have some Hoélder continuity condition in the spatial variable). The
proofs follow along the same lines as those found in [12], however it should be noted that
the assumption of Holder continuity in the space variable allows for an extension of the
result in [12] to include the case where the lower growth rate is larger than n2—+"2, at the
cost of having a shorter admissible range of the upper and lower growth exponents. The

first of these mimics the result of [11], but considering the case where the lowest growth

2n

—t The variational solutions discussed in section

exponent is assumed to be larger than
2.1 of [12] are expanded upon in [13], wherein the authors show the existence of global in

time variational solutions to equations of the form
Owu — div((Df)(z, Du)) = h(x)
for f a convex function satisfying

F(,u,€) > V€l — g(2)(1 + fu]) and / £, 0, Dutg) dr < oo,

where g € L” (), g > 0 and p > 1, subject to L? initial data. These solutions have the
properties that dyu € L*(Qu; R™) and u € C%2([0, T]; L*(Q2; R™)) for all T > 0.
Continuing on this variational note, there has been a significant amount of research
done into the regularity of minimisers of integrals in which the integrand satifies (1.1.4.17).
We do not delve into explicit details here; regularity of solutions is not something which
we concern ourselves with for the most part, and due to the assumptions we shall make
regarding the function a, the variational structure presented here is not something which
we shall be able to use. Results regarding the regularity of such minimisers can be found

in [9,10,17,21,30-33,49] (among others), and references contained within.

17



Up until now we have only been discussing the case where the operator defined by
the function a is monotone and has a particular structure, and as such the authors have
been in a position to study weak solutions of the equations or systems. On the non-
monotone, or forward-backward side of things, the situation is a little different. For the
most part, authors have been confined to studying Young measure solutions. Typically
Young measure solutions are a pair (u, ), with u being a function and v being a Young

measure, satisfying

T
/ /Gtu-w—i—(ut’x,a):Dwdxdt:O
0o Ja

for all ¢ in some suitable function space. Young measure solutions to parabolic partial
differential equations have been studied by a number of authors. Frehse and Specovius-
Neugebauer in [37] showed the existence of Holder continuous Young measure solutions
to two-dimensional non-monotone quasilinear problems exhibiting quadratic growth (that

is, p = ¢ = n = 2), under the assumption that their nonlinearity a was expressible as
a=Vo (1.1.4.18)

for some C! function ®. Young measure solutions to certain forward backward parabolic
equations were also studied by Demoulini in [23]: under the assumptions that m = 1,
p = q = 2 and that (1.1.4.18) is satisfied, a sequence of approximating solutions was
constructed by means of minimising an integral which involves the convexification of
®. Using this construction, a family of Young measures was generated displaying an
independence property, from which it was possible to deduce a uniqueness result regarding
the function u (but not regarding the family of Young measures). From this, a weak-
strong uniqueness result follows if the classical solution which is assumed to exist satisfies

additional constraints on its gradient.

In the PhD thesis of Thanh [65] and some of the references contained therein (in
particular [68]), possible regularising terms are discussed for forward-backward parabolic
equations, the inclusion of which allows for solutions with higher regularity to be ob-
tained than those considered here; Thanh also obtained results concerning the long-time

behaviour of certain Young measure solutions and (in the case of an equation in one space
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dimension) the support of the Young measure appearing in the Young measure solutions.

These results are achieved through studying the so-called Sobolev reqularisation

Oru = div(a(Du)) + €Adyu,

and making certain structural assumptions on the function a. In particular, in [65] it is
assumed that a is globally Lipschitz satisfying (p,p) growth conditions with p € (1,2]
and that (1.1.4.18) holds. The results deduced in [65] are applied only to equations, as
opposed to systems. More recently, Kim and Yan in [45] have expanded on their earlier
work in [44] to show the existence of infinitely many Lipschitz solutions (and under further
assumptions, the existence of a unique classical solution) for particular classes of forward-
backward parabolic equations with Neumann boundary conditions. Although their work
allows us to consider better notions of solution than the Young measure solutions which
we shall discuss here, many of their structural assumptions regarding their nonlinearities
are incompatible with our setting. Furthermore, their focus is solely on equations, whereas

we are concering ourselves with systems.

On the numerical side, Carstensen and Roubi¢ek [18] have previously considered the
numerical computation of Young measures arising in minimisation problems in the cal-
culus of variations. As we lack this variational structure ourselves (in this work we are
not assuming (1.1.4.18)), neither of the methods in [18] and [23] will be suitable in our
setting. In [5] the authors consider numerical experiments for equations which have a
regularising term added, but only for small values of the regularising parameter and do

not consider numerical schemes for the limiting case.

Furthermore, recent work by Fjordholm, Képelli, Mishra and Tadmor in [35] (and
by Fjordholm, Mishra and Tadmor in [36]) has focused on the development of a numer-
ical scheme for the numerical approximation of measure-valued solutions to systems of
hyperbolic conservation laws. Such measure measure-valued solutions were discussed by

DiPerna in [25] for equations of the form

Oyu~+ O, f(u) =0,
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with f: R™ — R", subject to

u(0, ) = up(x),

and were obtained as limits of diffusive and dispersive equations of the form

Ou+ 0, f(u) = €0pzu

and

Ou~+ O, f(u) = €0pppuu.

He then showed that under certain assumptions in the scalar case one could deduce
that the measure-valued solution was in fact a solution in the usual distributional sense.
Measure-valued solutions to incompressible fluid equations were introduced in a three-
dimensional setting by DiPerna and Majda in [26]. In this paper, measure-valued solutions
were defined for the Euler equations, and were obtained as limits of weak Leray-Hopf
solutions to the Navier-Stokes equations. We once again do not discuss details in depth,
but instead highlight certain publications which demonstrate a key difference between
the measure-valued solutions for hyperbolic conservation laws and the forward-backward
nonlinear systems of PDEs that we are considering in this thesis. One desirable property to
have is that of weak-strong uniqueness; the property by which measure-valued solutions
agree with classical solutions (under the assumption that the classical solutions exist).

Such a result for systems of hyperbolic conservation laws of the form

Owu + div, f(u) =0, (1.1.4.19)

with u : [0,00) x Q@ — R™ with 2 C R™ an open set in R™ and f : R™ — R™*" a C?
map, was obtained by Brenier, De Lellis and Székelyhidi in [14] under the assumption
that (1.1.4.19) possesses a strictly convex entropy. Similar results have also been obtained
for compressible fluid models (see [34] and [42]). Such results, at least to this author’s
knowledge, are sadly sparse for the nonlinear forward-backward systems which we shall be
considering in this thesis. As mentioned previously, Demoulini obtained one such result

for equations satisfying particular growth and structural conditions (see the remarks after
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Theorem 2.8 in [23]), and Kim and Yan (see Theorem 1.2 in [45]) obtained results in this
direction (once again for particular equations with particular assumptions in place) but
none of these results hold in our setting.

It is worth noting that there has been a significant amount of research carried out on

equations of the form

Oru — A(g(u)) =0,

where the function ¢ is non-monotone, and usually satisfying some additional structural
assumptions. We mention these types of equations only in passing; in one spatial dimen-
sion, if we were to formally take an extra spatial derivative of (1.1.2.1) and set F' = 0, we

would obtain the following:

00, w — 0.,(K(0,w)0,w) — Ad,w = 0.

Setting u = J,w gives

Ou — 0. (K (u)u) — Au = 0. (1.1.4.20)

Defining ¢(u) := K (u)u, we see that this can then be written as

O — 0., (d(u)) — Au = 0.

A wealth of information can be found in [7,8,16,41,51,60-62,65-69] and the references

contained therein.

1.2 Outline of thesis

The structure of this thesis is as follows.

1.2.1 Chapter 2

In Chapter 2 we shall review some of the key aspects of monotone operator theory. We
shall deduce some conditions on K for which we can apply monotone operator theory,

before moving on to decouple the system of equations obtained from the Met Office model.
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We shall demonstrate that one can apply monotone operator theory to each of these
decoupled systems (under certain conditions), before presenting a small (but important)

correction to [12].

1.2.2 Chapter 3

In Chapter 3 we shall begin with the definition of a Young measure solution, and we shall
introduce some necessary results and definitions needed in order to prove the existence
of these solutions for the systems under consideration. We shall then prove the existence
of a Young measure solution, and relate this back to the system of equations which is
of interest to the Met Office. We then move on to discuss the long-time behaviour of
the Young measure solutions which have been constructed in the existence proof. We
end the chapter by considering extensions of the results to different nonlinearities which
possess similar growth conditions, and discussing what one can do if one instead regularises
the problem to some fourth-order partial differential equation to overcome the lack of
monotonicity.

In this chapter we shall encounter some original content. Specifically, original results

shall be obtained which are related to the following

e Existence of Young measure solutions to non-monotone systems of parabolic equa-

tions with (p, ¢)-type growth conditions.

e The study of the long-time behaviour of Young measure solutions of non-monotone
parabolic systems and equations with (p, ¢)-type growth conditions, under suitable

assumptions regarding the behaviour of the source term.

e The study of parabolic systems of the form (1.1.1.1) where it is assumed that
(1.1.4.18) does not hold.

1.2.3 Chapter 4

In Chapter 4 we shall start by giving an overview of the algorithm presented in [35] and [36]

for the approximation of measure-valued solutions of nonlinear hyperbolic systems. After
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introducing additional definitions and further preliminary results, we shall consider a fully
discrete numerical scheme, and show that we can use a backward Euler method to handle
the time-discretisation. Following on from this, we shall develop and analyse a numerical
scheme (motivated by the one used in [35] and [36]) for the approximation of Young
measure solutions of the parabolic systems of equations which we have been considering
up until this point.

The analysis, and subsequent proof of convergence to a Young measure solution of a
non-linear forward-backward system of parabolic equations, of a numerical scheme forms

original content in this chapter.

1.2.4 Chapter 5

The final chapter of this thesis will discuss the attempts made by this author in conjunction
with Matteo Croci to implement the numerical scheme developed in Chapter 4. We shall

discuss directions in which further research could go.
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Chapter 2

Systems of Parabolic Equations with

(p, ¢)-growth conditions

As previously mentioned there are many aspects of the Met Office’s model (1.1.2.1)—(1.1.2.9)
which make it difficult to fit it into the existing theory of weak solutions for nonlinear
parabolic systems. In this chapter we explore conditions under which we can assert the
existence of a unique weak solution for systems of the form (1.1.2.1).

We start with a recap of the familiar monotone operator theory, and discuss what we
mean by “standard growth conditions”. Following this, we make attempts to apply this
theory to the Met Office model. To do this, we shall consider the system formed by the
velocity components (with prescribed temperature) and the temperature component (with
prescribed velocity) separately, showing that each of these systems satisfies a monotonicity
condition.

Finally in this chapter we discuss the work of Bogelein, Duzaar and Marcellini, in
particular [12], which details the existence of weak solutions to systems of PDEs exhibiting
growth conditions to which our growth conditions from the Met Office model can be

thought of being analogous.
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2.1 A review of the theory of monotone operators

In this section we start by introducing some notation and preliminary standard results
regarding Sobolev spaces, before moving on to present a review of the theory of monotone
operators. We end by showing that the parabolic p-Laplacian problem is well-posed.
In particular we show that if our function K(§)¢ was monotone and exhibited standard
growth conditions then we would have a unique weak solution under suitable assumptions

on the regularity of the given initial and boundary data.

2.1.1 Notation and Preliminaries

The definitions of Sobolev spaces and their duals are well known for scalar functions.
As we shall be mostly concerning ourselves with systems in this work, we here give the
corresponding notions of Lebesgue and Sobolev spaces for vector-valued functions within

the context of Bochner spaces which will be used in the bulk of our analysis.

Definition 2.1.1.1. We say that a function v : [0,7] x R* — R™, given by u =
(u1,...,um), belongs to the Lebesgue space LP(Qr;R™) (where Qr = [0,T] x Q) if it
holds that each component function u; : R™ — R belongs to the Lebesgue space LP(Qr).
Definition 2.1.1.2. We say that a function u : R™ — R™, given by u = (uq, ..., uy), be-
longs to the Bochner space LP(0, T; Wy P (€; R™)) if it holds that each component function

u; - R™ — R belongs to the Bochner space LP(0,T; Wy (2)).

We also take the opportunity here to recall a few useful results regarding Bochner

spaces. The first of these is the Aubin-Lions Lemma, found as Lemma 7.7 in [56].

Lemma 2.1.1.3. Let Xy, X and X be Banach spaces with X compactly embedded in

X, which is in turn continuously embedded in X1, and let 1 < p,q < oo. Let
Wp’q(Xo,Xl) = {U € LP(O,T,X()) : 8{& € Lq(O,T, Xl)} .

Then, if p < oo it holds that WP(Xy, Xy) is compactly embedded into LP(0,T;X). In
addition, if p = oo and g > 1 it holds that WP%( Xy, X1) is compactly embedded into

C([0,T]; X).
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The second result can be found as Lemma 7.3 in [56].

Lemma 2.1.1.4. It holds that WP? (WyP(Q; R™), W1 (Q; R™)) is embedded continu-
ously in C([0, T]; L*(€; R™)), and the following integration-by-parts formula holds for any
t1,ty € [0,T) and any uy,uy € WP (WyP(Q; R™), W17 (Q; R™))

/ul(tQ,:p)uQ(tQ,x) — up (ty, z)us(ty, ) de
Q

to
:/ <atu1(t)>u2(t)>W—l»P'(Q;Rm),W(}’p(Q;Rm) + <u1(t)78tu2(t»W—LP'(Q;]Rm),WOl’p(Q;Rm) dt.

t1

2.1.2 Monotone operator theory

We begin with some preliminary definitions. Throughout, V' will denote a reflexive Banach
space and V"’ will be the dual of V. We denote by (- ,-) an appropriate duality pairing

between V' and V’. The content of this subsection comes from [56] and [57].

Definition 2.1.2.1. An operator S: V' — V' is hemicontinuous if for each fixed uq, us,

v € V the function h : R — R, given by
h(A) = (S(u1 + Aug),v),

is continuous.

Definition 2.1.2.2. An operator S : V' — V' is monotone if for all u;, us € V' we have
<S<U1) — S(UQ),Ul - U2> Z 0,

and is called strictly monotone if the above inequality is an equality only when u; = uo.

If for all uy, us € V" we have

(S(u1) — S(uz),ur — ug) > a(|lur — ua|ly)|lur — ua|lv,

where a is a nonnegative strictly monotonic increasing function on [0, oo) which is strictly

positive on (0, 00), then S is uniformly monotone.

26



Definition 2.1.2.3. An operator S : V' — V"’ is pseudomonotone if it is bounded and
e u; ~uinV, and
e limsup; , . (S(u;),u; —u) <0

imply that for all v € V,

(S(u),u —v) < lminf(S(u;),u; —v).
j—o0
Remark 2.1.2.4. In [57], Proposition 2.5, it is shown that a hemicontinuous, bounded,

monotone map S : V. — V' is pseudomonotone.

Definition 2.1.2.5. An operator S : V — V' is coercive if

o Bww
lulv =00 ||ully

Theorem 2.1.2.6. IfS : V — V' is pseudomontone and coercive then it is also surjective,

meaning that there is at least one solution to the equation S(u) = F for any F € V.

We omit the proof, which can be found in [56], pp. 33—34. We remark that in the
case where S is some differential operator, so that S(u) = F represents a PDE, the
stronger assumption of uniform montonicity gives the existence of a unique weak solution
which depends continuously upon the given data (see, for example, [57], Remark 2.17 and
Remark 7.4).

We now discuss the adaption of this theory to the case where we have a parabolic

problem which we wish to solve.

Definition 2.1.2.7. Let V be a real separable and reflexive Banach space and H a real
separable Hilbert space with scalar product (-,-) such that the imbedding V' C H is
continuous and V' is dense in H. Then the formula (0,u) = (v,u) foru € V and v € H
defines a continuous linear function ¥ over V' and it generates a bijection between H and
a subset of V/. We may then write V" C H C V', which we call an evolution triple, or

Gelfand triple.
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We then have the following theorem, found as Theorem 7.1 in [57].

Theorem 2.1.2.8. Let V. C H C V' be an evolution triple, let 1 < p < oo and let
0 < T < oco. Assume that for all fived t € [0,T] the map S(t) : V — V' is monotone,

coercive and hemicontinuous. Assume also that it is bounded in the sense that
& 1
[S@) (W) llv < erllvlli + ka(t)

holds for all v € V and all t € [0,T] with a suitable constant ¢, and a function ky €
L¥(0,T). Finally for arbitrary fized u,v € V assume that the function t — (S(t)(u),v)
for t € [0,T] is measurable. Then for arbitrary F' € LP (0, T;V") and ug € H there exists

a unique solution to Oyu — div(a(Du)) = F lying in the space
Wrr (V. V') = {u € L(0,T;V), du € LV (0,T:V")}
with w(0) = g, and [S(w)](t) = [S(t)](u(t)) where

(S@)(t).v) = (5(0)](u(t)), v) = / o(Du(t)) : Do dz

Q

forallveV.

We remark (see [57], remark 7.4) that if in addition to this we have uniform mono-

tonicity of S(t) in the sense that
([S®)] (1) = [SB)](v2), 01 — v2) > ¢flvr — v

for vi,ve € V with some constant ¢ > 0 for all ¢ € [0,7], then we have continuous

dependence upon our given data.

2.1.3 Standard growth conditions

We start by defining what we mean by standard growth conditions.

Definition 2.1.3.1. Let 1 < p < co. We say that a function a : R™ — R™ satisfies

standard p-growth conditions, or (p,p)-growth conditions, if there exist constants c¢;, ¢y
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and c¢3 such that

la(&)| < (14 |€P71), and

a(§) - & > calélP — es,

where c¢1,co > 0 and c3 > 0.
Remark 2.1.3.2. In this subsection we shall be considering p > 2.

It is well-known that if the mapping a appearing in (1.1.2.1) is a continuous and
monotone operator satisfying standard growth conditions, then (1.1.2.1)—(1.1.2.7) has a
unique weak solution (for a sufficiently regular right-hand side). In this section we ask
the question: how could we alter the formulation of K appearing in (1.1.2.8)—(1.1.2.9) in
order to deduce the existence of a unique weak solution?

We show that if a(§) = K(£)¢€ has standard growth conditions, is continuous and is
monotone, then we can apply Theorem 2.1.2.8 in order to obtain a unique weak solution
to the system (1.1.2.1)—(1.1.2.6). We begin with the weak formulation to this problem.
As we have a mixture of Dirichlet and Neumann boundary conditions we need to choose

our space of test functions in a way which reflects this. We choose our test functions

¢ = (¢1, 02, ¢3) € LP(0, T; WyP(0,1)) x LP(0, T3 Wy (0, 1)) x LP(0,T; WP(0,1))
=: LP(0,T; W, 3(0,1)),

(2.1.3.1)

where by LP(0,T; W'?(0,1)) we denote the space of LP(0,T; W?(0,1)) functions v which
satisfy v(t,1) = 0 for all ¢ € (0,7). We now consider the smooth function u = (u1, ug, u3)

defined on Q7 which satisfies:

u(t, 1) = [ (1),
ui(t,0) = g1(t),
us(t,0) = ga(t),

8xu;5(t, O) = O,
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where f, g1, go and h are the smooth boundary data found in the system (1.1.2.1) —
(1.1.2.7). In this system we now make the substitution w = v + u, and search for a
solution v € LP(0,T; W*ljég(O, 1)). We remark that although we do not satisfy Dirichlet data
everywhere, we are still able to use the Friedrichs-Poincaré inequality as we have Dirichlet
boundary conditions in all components on at least one part of the boundary. Taking the
inner product of (1.1.2.1) with a test function chosen as in (2.1.3.1), integrating over
Qr = (0,T) x (0,1) and formally integrating by parts in time we arrive at the following
weak formulation:

W(v+u) o+ K(Ox(v+u)dp(v+u): 00— Alv+u)- ¢ dedt

or (2.1.3.2)

T
_ (/ F.6ds dt) +/ K(0,0, h(£)h(t)és(2, 0) dt.
Qr 0
From this we see that we need F € L¥ (0, T; (Wi’é’(O, 1)), and that if
K(§) < a1+,

then we can take h € LP(0,T) in order to satisfy the conditions of the right-hand side
needed in Theorem 2.1.2.8. We now deduce conditions under which we have monotonicity,
coercivity, hemicontinuity and boundedness properties needed to apply Theorem 2.1.2.8.

We first define the operator [S(v)](t) = [S(t)](v(t)) by the inner product:

([g(t)]v(t),(b(t)):/o K(9u(v(t, x) + ult,x)))0:(v(t, ) + u(t, z)) - 0:0(¢, 7) (2.1.33)

—A(v(t,z) + u(t,z)) - ¢(t,x) dx

for all ¢ € LP(0, T} W:ﬁj(o, 1)). We begin by checking coercivity, and impose that
K(€) > cal€P™? — 3.
Under this assumption we compute
3 1
([S@®)](v(t),v(t)) = / K(0:(v 4 u))(0p(v+u)) - 0pv — A(v 4+ u) - v dz
0
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1
> oo+ lfyamoan — s [ 1000+ ) da
0
1
— / |0y (v 4+ 1) |P20, (v + u) - Opu da
0
1
+/ c3(0y (v + u) - Opu) — c(Jul* + |v|?) dz
0

Co
=

> oolv + ullfyipme) — callv + ullfy12(0.1m8) — ) v+ ullfyim01.m9)

C2
- 7”“”%/11?(0,1;1[{3) —csllv+ u”%/[/lv?(o,l;R?’) - 63”“”%/[/12(0,1;1&3)

- C(HUHQL2(0,1;R3) + HUH%2(0,1;R3))7

from which we obtain coercivity by noting that by the reverse triangle inequality:

v+ uHil.;IflvP(O,l;Ri”) > C(H”H%fig(o,lﬂ:ﬁ*) + P([lullwreo,1.%), H'UHWj;g(o,l;Rii)»?

where P is an expression of growth at most p—1 in its second argument. The highest power
of ||1)||W1,éo(0 |.g3) appearing in the above inequality therefore has a positive coefficient and

the power is larger than 1, giving us the desired coercivity.

For the sake of ensuring uniform monotonicity we make the assumption that
[K(2)z = K(y)y] - (2 —y) 2 clz —yP

and compute:

(SO (1) =[S (1)), v (t) = v* (1))
= /0 (K (0:(0" +u)(@a(0" + 1)) = K (Da(0" + u) (0 (0" +w))| - (9u(0" = 2?)) dz

> |0z (v" = v*) ooy

noting that the lower order term involving A disappears as A is a rotation matrix by 90

degrees in the first two components.

The final things that we need are some continuity and boundedness properties. It can
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be shown (see, for example, [57]) that if the function

§ K(§)S§
is continuous and we have
|K(6)E] < ea(1+ €77,

then we satisfy the required boundedness and hemicontinuity properties. Thus by apply-

ing Theorem 2.1.2.8 we have the following result:

Theorem 2.1.3.3. Let wy € L*(0,1;R3), let h € LP(0,1;R3) and let u € WHP(0,1;R3)
satisfy u(t, 1) = f(t), u1(t,0) = g1(t),u2(t,0) = go(t) and Oyus(t,0) = 0. If K is continu-

ous and satisfies:
1 |K(§)E] < er(1+ [€F7),
2. K(§) = oofé]P™? — s,
3. [K(§)§ = K(mn] - (€ —n) = cl€ —nl,

then there is a unique v € LP(0,T; W:”gf((), 1)) solving the weak formulation (2.1.3.2) and

which depends continuously upon the boundary and initial data.

From this it follows that there is a weak solution w € LP(0,T;WP((0,1),R?)) to
(1.1.2.1) — (1.1.2.6). To show uniqueness we let w' and w? be two weak solutions and
consider w = w' —w?, noting that as w € W;’é’(o, 1;R?) it is a valid choice of test function.

It holds that w satisfies:
A
/ / ow - w + (K(9,wh)o,w' — K(9,w?)0,w?) - (9,w' — d,w?) dz dt = 0.
o Jo
By the assumed monotonicity condition it then follows that w satisfies:

||wH%°°(O,T;L2(O,1;R3)) + Hw||I[)/p(07T;ij(Z)7(071;R3)) S 07

from which we deduce that w = 0 and hence that w!' = w?.
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In the parabolic setting, merely having a monotone operator is enough to guarantee
existence and uniqueness (compared to the elliptic setting where one needs the extra con-
dition of strict monotonicity in order to have uniqueness). We give conditions which imply
the monotonicity of a map, and following that conditions which give the boundedness,

hemicontinuity and coercivity conditions needed.

Lemma 2.1.3.4. Let F': R™ — R"™ be a differentiable function. If D f is positive semidef-

inite then F' is monotone.
Proof. The proof is taken from [57], Proposition 3.3. Given x,y € R™, define a function
g(t) = F(tz + (1 = t)y) - (x — y).

Then,

(F(x) = F(y),r —y) = g(1) — g(0)

:/Olg’(t) dt

_ /0 (DF(tz + (1 — )y)(x — y),x — y) dt

Vv

0.

The following proposition comes from combining various results from sections 3 and

8 of [57]:

Proposition 2.1.3.5. Let S : L?(0,T;V) — L¥ (0, T; V') be an operator between a sepa-

rable reflexive Banach space V' and its dual V' defined by

([S(u)](t),v) :il Qaj(t,x,Du(:U))Djv(a:) dz.

If the functions a; are Carathéodory and if there is a constant ¢; > 0 and a function
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ki € LY (Qr) such that for almost every (t,x) € Qr and for all &,
Ja;(t, 2, )| < i€l + ka(t, @),

then the operator [S(u)](t) is bounded and hemicontinuous. Further, if there is a constant

ca > 0 and a function ky € LY(Qr) such that for almost every (t,z) € R"™! and all &,

i (42,66 > eolel — alt, 2),

then the operator [S(u)](t) is coercive.

2.2 Working with the model

In this section we decouple (1.1.2.1) into one system and one equation. We begin by
considering the system which governs the velocity, and derive suitable conditions on the
temperature for the system to posses a solution, before considering the equation governing
the temperature, and deriving suitable conditions on the velocity for the equation to have

a solution.

2.2.1 The system formed by the velocity components

We now consider the system formed by the first two components of (1.1.2.1), and show
that under suitable conditions on the temperature it possesses a unique solution. That

is, we consider the system
Oyu — 0, (K (0pu, 0,0)0,u) = 0, (2.2.1.1)

with the boundary conditions

u(t,1) = u(t,0) =0 (2.2.1.2)

and initial data

u(0,z) = up(x). (2.2.1.3)
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Here K is given by

B |0, ul? 1 + sign(9,9) a1 sign(9.0)

(2.2.1.4)

and u : [0, T] x Q — R? is a vector-valued function. We have the following proposition:
Proposition 2.2.1.1. The function K specified above satisfies the following properties:

1. K is continuous in its first argument,

2. The operator S(&,c) = K (&, c)é is monotone in its first argument, in the sense that

for any c € R?:
(K(&0)€ — K(n,c)n, & —m) >0 for every &1 € R,

3. There is a constant co > 0 such that K(Oyu, 0,0)0,u < co(|0zul? + 0,0]),

4. There is a constant ¢; > 0 such that K (dyu, 9,0)[0,u)? > ¢1(|0ul® — [0,0]2).

Proof. The first statement is obvious from the definition of K. For the second statement

we compute:

(K (0yzu, 0,0)0,u — K(0,v, 0,0)0,v, Oyt — Opv)

(1 +sign(0,0) |0,pul? ) M )
E ( 2 |(9 U|2 +a 0 azu |a 0‘2 4 8 0 axv78xu am’U
+<1—51gn89>< |0,ul? — 0,00,u — \/|9,0]2 — 0,00,v, Dyu — 8v>

_ (1 + mgn(@ﬂ)) 5t (1 — agn((’?ﬁ)) 7,

2 2

As the terms involving sign(d,0) are both non-negative, all that remains to be shown is

that J; and J, are both non-negative.

For the function F; : R? — R? defined by F;(§) = ‘ gﬁfc with ¢ > 0 one can compute

that it has the derivative

I 1O L JelE 30) [ & &k

DF =
1(¢) €2 +clg leP+e? \ge, & |
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which is clearly positive semi-definite. Similarly for the function F5(§) = &£,/[£|? — ¢ with

c < 0, one computes

10 1 512 §1&2
DFy(§) = /|¢]? — ¢ + —— :
’ 0 1 \/ €] —c && &

which is once again clearly positive semi-definite. Then by Lemma 2.1.3.4 we have the

desired monotonicity. For the third point one bounds:

K (0yu, 0,0)0,u < |0,ul? + |0pulr/|0ul? + 10,0

< co(|0,ul? + 10,9)).

Finally, for the fourth point:

5 : o
K(0,0,0,0)[0,uf > 102" (1 : Slgn(ame)) T 0.f? <1g<a9>>

|0, ul? + 0,0 2 2
B 5 |0.u?0.0 1 + sign(9,0) 5 (1 — sign(0,0)
_ (yaxm i : b foguft (L EN00)
> |0,ul® — |0ul|0,0]
> e1(0zul’ —10:6]2).
which completes the proof of the proposition. n

Proposition 2.2.1.1 gives us the following proposition which allows us to obtain the

existence and uniqueness of solutions to (2.2.1.1).

Proposition 2.2.1.2. Suppose that 6 € L%(O,T; Wl’%(O, 1)). Then, there exists a unique

solution u to (2.2.1.1) satisfying
u € L*0,T;WH(0,1)).

Proof. The proof follows by combining the results of Proposition 2.2.1.1, Proposition
2.1.3.5 and Theorem 2.1.2.8. O]
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2.2.2 Preliminary dealings with the linear growth term

As a starting step towards handling the linear growth term we prove some a-priori esti-
mates, which will allow us to construct a solution via the Galerkin method to a simplified

problem. We consider the equation:

dyu — 9, (amu” - ((%u)_) =0, (2.2.2.1)

subject to the boundary conditions
u(t,1) =0, 0Jyu(t,0)=0, (2.2.2.2)

and initial data

u(0, ) = up(x), (2.2.2.3)

with ug € WH(Q). Here, we use the following notation:

f+:max(f,0), f,:mln(f,())

Remark 2.2.2.1. This is not the usual definition of the negative part of a function, rather
it is the negative of the usual definition. We use this non-standard way of defining the

negative part in order to closely mimic the formula for K given by (1.1.2.9).

In the case where w? +w3 = 1 we see that this equation then corresponds to the third

component of (1.1.2.1)—(1.1.2.7).

Proposition 2.2.2.2. Let ug € W1°°(0,1). Then there is a unique solution u to the
problem (2.2.2.1) — (2.2.2.3) which depends continuously upon the specified initial datum

ug with the following reqularity:
1. we L*0,T; W(0,1)),
2. u e L0, T; Wh2(0,1)),
3. O € L3(0,T; L3(0,1)).
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Proof. We obtain a solution via the Galerkin method. By considering the following eigen-

value problem:

- mcd) = )\¢7
929(0) = 0,
¢(1) =0,

one obtains the existence of a complete orthonormal basis of eigenfunctions {¢;}°, in

L*(0,1) which are also in C*(0,1) N W1?(0,1) for all p € [1, 00]. We define

n

un(tv :L') = Z ai(t)gbi(x)v

i=1

where the functions «; satisfy

1 L Opun (t, 2)1/1 — (Opup) —
/0 O (t, x)di(x) da +/0 1<+ (8):cun<t i"))+ ) 0,¢i(z) de = 0.

From this one obtains the existence of local in time solutions through Peano’s Theorem.

In what follows we drop the index n for ease of notation, but we keep in mind that
the following computations are carried out on the constructed functions w,,, meaning that
we can differentiate in the classical sense in the spatial variable. Testing (2.2.2.1) with u

we see that

Ozt )2\ /1 — (Dault, )
1+ (Byult, 2))s

dz = 0.

/01 Ou(t,x) - ult,x) +

The second term in the above equation is non-negative, and therefore it holds that

1
/‘1&Odtxf)¢r§0.
.2

By integrating this in time we see that

sup |[Ju(t, )|l z20,1) < clluollL2(0,1)- (2.2.2.4)
te[0,T]

Suppose that m, M € R are such that our initial datum wug satisfies m < ug(x) < M for
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almost every x € [0,1]. Then one can show that

Ou(u — M)y/1 — (9 (u — M>>) o

Testing against (u — M), gives
u(t,x) < M,

for almost every x € [0,1] and ¢ € [0,T]. Similarly one can show that
u(t,x) >m
for almost every x € [0,1] and ¢ € [0, T]. Thus if ug € L>(0,1) we have that

we L=(0,T; L=(0,1)). (2.2.2.5)

In order to obtain higher regularity estimates we expand the z-derivative in (2.2.2.1),

computing:
Oy /1 — (Opu) - 1 — (Opu)_ 1 — (Opu)—
aw( 1+ (Opu), ) :a’”“< 1+ (0yu)+ ) +(a’”“)a””( 1+ (Opu), )

T+ @) 21— ()

which transforms (2.2.2.1) into

1+ (%)) 2,/1 — (B,u)_

By — = 0. (2.2.2.6)

Testing (2.2.2.6) with —0,,u one obtains

|Opau(t, )| |Oupul*(Opu) -

1 2 1
26t\!8xu(tw)!|mo,n+/o (L+ Qeult,2)4)* 2,/1— (8,u)-

dr =0,  (2227)

and after using that 2_(% > 0, one can deduce the inequality:

1—(Ozu)—
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HGMUH%%O 1)
’ < 0. 2228
T+ [l = (2:22:8)

1
§3t||amu||%2(o,1) +

By the Fundamental Theorem of Calculus, we have

(Ou(t, 2))* = (Oyu(t,0)) /8 ((Osu(t, s))?) ds

= 2/ 0s(Osu(t, s))0su(t, s) ds

< 2/|0zult, ) 2001020t )| 20,1

Thus

105u(t, M e 0,1y < 20100tult, Mz20) 1aate(t, )l 20,1)- (2.2.2.9)

Inserting this estimate into (2.2.2.8) we get

||8:cxu( )HL?(O 1)
14 2[|0zult, )l 20, 1922 u(, )l L20,1)

Ol Oault, ) Z2(01) + <0.

Multiplying by 4|0, u(t, )||L2 0.1y and using that for a > 0, we have ﬁ >a—1:

|0 ult, )”L2 01 T |0z u(t, )HL2(01 | Oz, )HL2 o1 < 1.

Using (2.2.2.9):

1
OellOzult, )Iz2(0. + 5 ll0sult, Miwn < 1. (2.2.2.10)

Now integrating in time:

1 t
19z u(t, ) 720, 2/0 10zu(t, )z ds < [0:u(0, ) |72y + T

Thus we have

dyu € L=(0,T; L*(0,1)), (2.2.2.11)

dyu € L*(0,T; L>(0,1)). (2.2.2.12)
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Returning now to (2.2.2.7) we see that after integrating in time we can deduce that

|0z (t, )2 )
< : 2 . AL
/ / 14 (Oyu(t, x)),)? dz dt < [|8:u(0,)lz201) (2.2.2.13)

If one considers

[ st ar = [ BG4k @),

uses the Cauchy-Schwarz inequality, integrates in time and uses (2.2.2.11) and(2.2.2.13),

one can show that

Oppu € L*(0,T; L0, 1)), (2.2.2.14)

which after using one-dimensional embeddings of Sobolev spaces gives

Opu € L*(0,T, L>(0,1)). (2.2.2.15)

In particular, from this we can show that

T 1
H@quiz;(QT) S/ / 0,u|?|0pu|? do dt
o Jo
T
S/ 10s0(t, M Zoe 0,1 10wtult, I 0,1y d dt
0

< HamuH%Q(O,T;LOO(O,l))”aTUH%OO(O,T;LQ(O,l)w

demonstrating that d,u € L*(0,T; L*(0,1)). From this it follows that

1
11— (Opw) || 20,2000 < TF + [|(O2t) | L4 (0,1329(0,1)

1
< T + [|0zul| ao,rsLa0,1))
and thus that there is some constant C for which

11— (awu)—||L4(o,T;L4(o,1)) <C. (2.2.2.16)
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Finally, we use these results to obtain some regularity of the time derivative. Testing
(2.2.2.6) against an arbitrary ¢ € L*(0,T; L*(0,1)) and applying (2.2.2.13) and (2.2.2.16)

we see that

//atu ¢dxdt<//
<C// 1+

xmu

u( 1= (Opu)- (Opu)—

L+ (0ou)+)? 2,1 — (9pu)_ )‘dedt

chll1 (Opu) | da dt

<c [/l zac0,L4(0,1))

L2(0,T;L2(0,1))

X |11 = (Opw) || La0,7524(0,1) -

From this, it follows that

B € L3(0,T;L3(0,1)). (2.2.2.17)

Using the previous estimates and applying them to the functions u, we obtain the exis-

tence of a convergent subsequence (still denoted by u,) and a function u such that

u, — u in L*(0,T; W>1(0,1)), (2.2.2.18)
u, — uin L>(0,T; W%(0,1)), (2.2.2.19)
Oyt — Byu in L3(0,T; L3(0,1)). (2.2.2.20)

In one dimension we have the embedding W*'(0,1) cc W'?(0,1) for all p € [1,00), and

so by the Aubin—Lions lemma we have the stronger convergence
u, — u in L*(0,T; W'?(0,1)),

for any p € [1,00). By considering an arbitrary ¢» € L*(0, T; W}4(0,1)) as the strong limit

of functions 1, of the form

wn(tv LL’) = Z 61<t)¢1(x)7
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it follows by considering ¥ = (¢ — 1,,) + 1, that

L Oun(t, 1 — (Opun)—
//@,untx W(t,x) dxdt+// ul_'_xau(ti))u)8$¢(t,x)dxdt—>0,

as n — oo for all v € L*(0,T; W40, 1)).

By the convergence result for 0,u,, we have that as n — oo,

T 1 T 1
/ / Oun(t, )Y(t, z) de dt — / / Ou(t, ) (t, x) da dt
o Jo o Jo

for all ¢ € L*(0,T;W4(0,1)). For the passage to the limit in the remaining term we
note that by Minty’s trick (see Lemma 2.13 in [56]) we need only check monotonicity of

the map f(§) = fg That is, we aim to show that (f(§) — f(n))(£ —n) > 0 for all
&nelR.

In the case where £ > 1 > 0 this is seen from the fact that the function & — 1—+§ is
increasing for £ > 0. In the case where £ > 0 > 7 this comes from the fact that f(§) >

0 > f(n). Finally in the case where 0 > £ > n we see that £ —n/1—n>n(l —/1—n).

Simple computations show that for 7 < 0 the right-hand side is nonnegative, and thus we
have monotonicity as required.
To show that the initial data are satisfied, we consider any ¢ € L*(0,1) and compute

as follows:

/0 (ult, ) — uo(2))d(z) dz = / (ult, 2) — wn(t, 1)) da
+/0 (un(t, ) — uy(0,2))o(z) do
n / (0, 2) — o(2))b(z)

< (lw = wnllo@oryzzony + () = un(0, )]

Hun(0,) = uo()l201)) Illz20,)-

The first and third term in the above parentheses converge to zero as n — oo, while the
second term converges to zero as t — 0 by the fact that u, € C([0,T]; L?(0,1)). Thus, by

first passing n — oo and then t — 0, we see that the initial condition is satisfied.
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Next we tackle uniqueness. Note that as u € L*(0,7; W'?(0,1)) we in particular
have that v € L*(0,T; L*(0,1)), and by the Gagliardo-Nirenberg inequality we also have
dyu € L*0,T;L*0,1)), which allows us to take u as a test funtion. So let u and v be

two solutions to (2.2.2.1) and test against u — v to obtain:

/1(9(—)(—) <8u\/1—8u 61)\/1—811) ) dr =0

1+ (0yu) 1+ (0,v)

Consider the function f(§) = £ Y i;f_ One can compute that

21— €)+(1-E)(-€)

O="Sivepvi-¢ ="

which gives strict monotonicity of the map f. Thus
Ju(t, ) = v(t, )llr201) <0

for every t € [0,T]. So for every t € [0,T], u(t,z) = v(t,z) for almost every z € [0, 1].
Thus the solution is unique in the class of L*(0,T; W4(0,1)).

Finally we tackle the dependence upon the initial data. Note that f/(£) > 1if £ < 0,

and f'(&) = + T if £ > 0. Thus f is uniformly monotone on bounded intervals. However,

we have u € L?(0,T; Wh>(0,1)), so f/(Oyu) > W, giving uniform monotonicity
x LOO

and hence continuous dependence upon the given data. O

In this section we have considered the benefits of monotone operator theory, and shown
that if the function K were to satisfy certain monotonicity, continuity, boundedness and
coercivity properties then the problem (1.1.2.1) would be well-posed. In particular, we
have considered the problem with a mixture of non-zero Dirichlet and Neumann boundary
data. In later chapters, we shall only concern ourselves with zero Dirichlet boundary data
for simplicity; the idea behind this section was to demonstrate that one can work with
non-zero data in a reasonable way.

We have also considered how the Met Office’s model behaves when we decouple the

velocity and the temperature components, showing that in each case we can apply some
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form of monotone operator theory in order to deduce existence and uniqueness of weak
solutions.

However, in these decoupled systems, we saw that when we were prescribing the tem-
perature 6, we needed it to be in a function space which was different to the function space
to which the velocity u belonged. If we were to attempt to look at the coupled system, we
would see that this would be slightly reminiscent of systems exhibiting (p, ¢)-growth. In
the next section, we look at what happens if we continue to prescribe monotonicity, but
allow for the exponents appearing in the growth and coercivity conditions to be different.

Then later, in chapters 3 and 4, we shall drop the monotonicity assumption, and work

more closely with the structure possessed by the Met Office’s model.

2.3 Parabolic systems with (p, ¢)-growth

Work on systems of parabolic equations with so-called (p, ¢)- growth conditions has been
carried out in, for example, [12] and [59]. Under monotonicity and suitable structural
assumptions, the authors of [12] and [59] are able to prove existence and uniqueness of
weak energy solutions to such systems and equations, provided that the exponents p and
q are sufficiently close.

In this section we present a minor correction to section 6 of [12]. In that paper
the authors apply a standard interpolation inequality after obtaining a Caccioppoli-style
inequality in order to deduce some higher integrability result. However, the exponents
used are incorrect. What we present here is a correction to this argument. We begin by

stating the problem in question and any assumptions that we will use.

2.3.1 Summary

The paper [12] is concerned with proving existence and uniquess of weak solutions to the

problem

Owu — div(Df(Du)) =0 in Qr,
(2.3.1.1)

u=g on dpQr,
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where Q7 = Q x (0,T) for some open and bounded 2 C R", dpQ7 denotes the parabolic
boundary of Qr, u: Q7 — R™ and f : R™" — R, is a C? integrand which satisfies the

following growth conditions:

€17 < F(6) < L(1+[€])7,

ID2f(€)] < L(1 + |€])972, (2.3.1.2)

(D*f(&)n,n) > v|€[P~2|n|?,

where the exponents p and ¢ satisfy
. 4
2§p<q<p—|—m1n{1,}. (2.3.1.3)
n

The purpose of this section is to correct this range of exponents from the claimed range

(2313) to tlle correct range
min S I
— p q p 7n 2 Y

which is, except for the cases where n = 1,2, more restrictive than the range (2.3.1.3)

reported in [12]. We begin by making the following definition of weak solution:

Definition 2.3.1.1. A map

we LP(0, T; WP (Q,R™) N L

loc

(0, T Wi (2, R™)) N Co ([0, T]; L*(Q, R™))

oc

with

lim [ (u(t,z) —g(0,2)) - p(z) de =0

t—04 Q

is defined as a weak solution of the parabolic system (2.3.1.1) with g € C([0, T, L*(©2, R™)),

if and only if for all ¢ € C§°(Qr) the following equality is satisfied:

/ u- o — (Df(Du), Dp) dx = 0.

T
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It is noted that this is a weaker notion of weak solution than the standard definition
(in [12] it is termed a weak energy solution), but for ease of writing we stick to the
terminology of weak solution. In the above definition we see the space C,, of weakly

continuous functions, which is defined as follows:

Definition 2.3.1.2. Let X be a Banach space. A function v € L*(0,7; X) is a member
of the function space C,([0,7T]; X) of weakly continuous functions from [0,7] to X if
u(t,-) € X for any ¢ € [0,7] and the mapping ¢ — (¢, u(t))x is continuous for any
e X'

The following existence result is then claimed (see the first part of Theorem 2.6 in [12]):

Theorem 2.3.1.3. Suppose that the integrand f : R™ — R is C* and satifies (2.3.1.2)
with (2.3.1.4) holding and with

g € La1(0,T;Wha(Q,R™)) N C°([0, T]; L*(Q, R™)),

gt € Lp'(o, T; W-LP'(Q, Rm))

Then there exists a weak solution of the system (2.3.1.1) in the sense of Definition 2.5.1.1.

The proof (or a sketch thereof) will be given after the correction to the paper, but
we remark now the idea and the structure of said proof. One regularises the integrand f
to fe(§) = f(&) + €|&|?. The derivative of this function now satisfies standard g-growth
conditions (see Definition 2.1.3.1), from which we deduce the existence of a unique solution
u, to the regularised problem using monotone operator theory. One then seeks to pass this
parameter € — 0 in the definition of weak solution in order to deduce existence of a weak
solution to (2.3.1.1) with (2.3.1.2) and (2.3.1.4) holding. Passing to the limit requires
the deduction of a local L? estimate on Du,, and on obtaining a local strong convergence

result on the sequence Du, in LP.

2.3.2 Parabolic function spaces

There are a number of definitions and embedding results we need regarding parabolic

function spaces before we can deduce the required L? estimate. We refer for all the
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results to section 6 of [12], and the references cited therein. We begin by stating a
standard interpolation inequality on a parabolic cylinder. The proof is based on a scaling
argument, combined with the Gagliardo—Nirenberg interpolation inequality, which we

include for the sake of completeness.

Lemma 2.3.2.1. Let 0 > 1, let Q,(20) = By(z0) X (to — p*, t0) C R* withn > 1 and

we L7ty — p2 to; W (By(20))) N C°to — 0t L*(B,(0)).

o(n+2)

Then w € L™= (Q,(20)) and there is a constant ¢ = c(n,o) such that the following

estimate holds:

/ ‘u|g(nn+2) dz <c (/ | Dul|” + ‘u da:) < sup / Ju(-, )] dx) .
Qp(z0) Qp(=0) P 1e(to=p"t0) S Byfao)

Proof. We begin with the following Gagliardo—Nirenberg type inequality, taken over a

ball of radius 1 (see [24], Theorem 2.1, with the obvious modification for non-specified

boundary data).

11—«

V|| Le (B (o)) < CHUHLQ(Bl(xO))HUH%/L"(Bl(xo)) (2.3.2.1)

where p = === and

1 n <1+1 1)1 n
o = _—— — _— = = .
2 on+2))J\2 n o n+2

Raising both sides of (2.3.2.1) to the power p we obtain

o(n+2)

20
||v||’2p(31(,;0)) < C||U||£2(B1(:ro))||U||%/1v°(31(1'0))' (2.3.2.2)

Now consider the function u such that v(¢, x) = u(t, pr) and substitute this into (2.3.2.2)

to get

g

/ |u|a(nn+2)dx S c </ |u’2 dl’) (/ u
By (x0) By (o) Bp(zo) | P

+ ]Du|"dx> . (2.3.2.3)

The remainder of the proof follows along the same lines as in DiBenedetto ([24], Proposi-
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tion 3.1). One integrates both sides of the inequality in time over the range t € (to— p?, to)
and uses Holder’s inequality to obtain the desired result. For the sake of clarity we
compute the integral involving the derivative. We have that |Du(t,z)| = p"|Du(t, px)|.

Raising to the power o and integrating over B,(z() before substituting y = px gives

[ ptar de= [ 5o |Dutty)” .
Bi(zo)

BP(:BO)

Performing similar computations for the other integrals results in being able to drop the

powers of p appearing in the above expression. O
Next we state a well-known iteration lemma:

Lemma 2.3.2.2. Let 0 < 0 < 1, A,B > 0 and a > 0. Then there exists a constant
¢ = c(a,0) such that for any 0 < r < p and any non-negative bounded function ¢ :

[r, p] = [0, 00) satisfying
o(s) <Op(t) + At —s)*+ B forall0<r<s<t<p,

we have

¢(r) < c[A(p—r)"* + B].

One of the main tools which we shall use in obtaining the local gradient estimate is
that of fractional Sobolev spaces. We recall the definition below, before giving the corre-
sponding notion of fractional Sobolev spaces in the context of time dependent functions.
Then we end this subsection by stating two embedding theorems from Section 6 of [12],
which will be used in the next subsection to obtain the desired estimate on the spatial

gradient.

Definition 2.3.2.3. We say that a function f € W*?P(Q,R™), with 1 < p < oo and
k € Ny, lies in the fractional Sobolev space W*+eP(Q) R™) with o € (0,1) if for any
multi-index § € Ny with |3| = k we have

DB — DB p
D= [ [P0 g0y < o
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We endow the space W*teP () R™) with the norm

1 f lwrtan) = | fllwrr) + Z [Dﬁf]a,p;ﬁ-
|Bl=Fk

Definition 2.3.2.4. We say that a function v € LP(0, T; W*P(Q2, R™)) is in the parabolic
fractional Sobolev space LP(0,T;W*ter(Q R™)) if for any multi-index 8 € N with
|8 = k we have

T DBu(t,z) — DPu(t,y)|P
[Dﬁu]gc,o,p;QT = / / / 1D7u(s, ) ult, )l dz dy dt.
0 QJQ

o=y

We endow the space LP(0,T; W*+eP(Q, R™)) with the following norm:

HUHHa,O,p;QT = Hu”LP(O,T;W’W(Q;Rm)) + Z [Dﬁf]a,o,p;cz:r-
|Bl=Fk

Lemma 2.3.2.5. Let B,(x,) X (t1,t2) C R'™™ be a general space-time cylinder with p < 1

and let X\, p € (0,1) and 1 < p,r < s < oo be such that

(S—M(l—u+:)ékp

Further, assume that u € LP(ty,to; WA (B, (x0))) N L(ty, to; W (B,(x0))). Then for
any 0 € (0, p) we have
Du e LS(BQ(QZ'(]) X (tl,tg)),

and the estimate

P s=p
L#(By(20) % (t1,t2)) < C||U||zp(t17t2;W1+A,p(Bp(x0))) tes(}flli | [lu(t, ')H‘/I%W(Bp(xo))
1,t2

|1 Dl

o 1
holds with ¢ = c(n, u, \,r,p, s, ﬁ)'

Finally we state two embeddings from Nikolskii spaces (defined via finite differences)

into fractional Sobolev spaces.
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Lemma 2.3.2.6. Let k€N, QC Q,0¢€ (0,1) and0<t, <t, <T.

1. Assume that u € L>(0,T; L*(2,R¥)) satisfies
sup / lu(t,z + he;) — u(t,z)|* do < M|h|*

tE t1 t2

foreveryi € {1,...,n} and h € R with |h| < min{dist(Q, dQ), A}, where A, M > 0.

Then for every a € (0,60) and © CC Q there exists a constant
= ¢(n, 0, o, A, dist(0, 09Q), dist (2, Q))

such that

u(t
sup [U(t")]ip-oz sup //| |x— |n+2ay)| dzr dy < cM.

te(t,ta) - te(ty ta)

2. Assume that u € LP(Qr,R¥) satisfies
t2
/ / lu(t, z 4 he;) — u(t, z)|P da dt < M|h|%
0

foreveryi € {1,...,n} and h € R with |h| < min{dist(Q, 0Q), A}, where A, M > 0.

Then for every v € (0,0) and O CC Q there exists a constant
c=c(n,0,v, A, dist(O, 3@), dist(€2, (NZ))

such that

u(t, ) —u(t, y)|?
[ ]aOpOX(tltz / / / ’I’—y’ner'y dw dy dtSCM

2.3.3 Correction to “A Local Li-Estimate for the Spatial Gra-

dient”

The first result deduced in section 6 of [12] as a step towards obtaining an L?—estimate

on the spatial gradient is the following Caccioppoli-style inequality. In what follows, we
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define 7, ;[u] to be the finite difference of the function u € L*(Qr). That is,
Thilul(t, ) == u(t,x + he;) — u(t, x),

where e; is the unit vector in the i-th co-ordinate direction. This finite difference is only

defined when (¢, + he;) € Q.

Lemma 2.3.3.1. Let u be a weak solution to (2.3.1.1) with (2.3.1.2) and (2.3.1.4) holding.
Then for any parabolic cylinder Q,(z0) CC Qp, any 0 < |h| < dist(B,(x¢),0Q) and any
i €{l,...,n}, there holds

sup / |7, 4[] (¢, I da +/ |Thi[Du]|P dz
te(to—r2,to) J Br(z0) Qr(20) (2 33 1)

C

< G o AP+ DU+
p\20

with a constant ¢ = c(v, L, p,q), with ty > r* and with p > r.

Using this we begin to make the correction of the error in [12].

Lemma 2.3.3.2. Let u be a weak solution to (2.3.1.1) with (2.3.1.2) and (2.3.1.4) holding.

Then for any o € [p,q), any cylinder Q,(20) CC Qr, any radius r € [5, p) and any

s<S(0)—pt iz +f)<q —9) (2.3.3.2)

the higher integrability estimate

nt2
/ |Du|® dz dt < ¢ </ |Du|? dz dt + MZW) (2.3.3.3)
Qr(z0) Qp(20)
holds true with ¢ = c¢(n,v, L,p,q,0,s,p,r) and with
My, =1+ sup / u(t, )2 dx+/ ul? dz dt. (2.3.3.4)
t€(to—p?,to) J By(xo) Qp(20)

Proof. We follow the proof of Lemma 6.8 in [12]. We start by choosing two radii p; and

po such that ry := p—;r <pr < po < 3"4i =: 15 and consider 0 < |h| < 5", This ensures
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that « + he; € B,(x) whenever x € B,,(z(). Now we define

(n+2)(qg—0)
2

o =2 —

(2.3.3.5)

and remark that in Lemma 6.8 of [12] the authors instead define o = 2 — ("“)nﬂ. Note

that 0 < a < 2 ifand only if 0 < ¢ — 0 < %ﬂ. As this must hold for all o € [p,q) we

see that we in particular need ¢ — p < %H. Now we use this parameter o along with

standard estimates regarding the finite difference 73,; to apply Holder’s inequality to the

right-hand side of (2.3.3.1). We remark that

q—2 a o—a—(¢—2)

=1,
o o o

and that 0 —a — (¢ —2) > 0, so we can apply Hoélder’s inequality with the exponents 3

2 and g
(07 o—

P ) B Doing so gives the following chain of inequalities:

sup / |7 [u] (¢, I da +/ |Thi[Du]|P dz dt
By, (xo)

tE(t()—p%t()) Qpl (wo)

C
< 2/ (14 | Du| + [ras|[Dul) 2 m st s d d
(p2 = p1) Qpy (20)
q—2
< % (/ (14 |Du| + |t Dul)? dz dt)
(p2 — p1) Qpy (20)
o o—a—(g-2)
o o(2—a) o
X (/ |Thi[u]|” dz dt) (/ |7h,i[u] 7= dx dt)
Qpoy (20) Qpoy (20)
gta—2 g—a—(q=2)

o

bl -
< LQ (/ (14 |Du])’ da dt)
(p2 — p1) Qp(z0)

We now compute:

(]

o(2—a)
|Th i [u] 7= dx dt)

p2(20)

0(2—a) B 07(””)2({’_‘7)

o—a—(q—2) O'_q+%

o+ 2)(g—o0)
~2(g—0) + (n+2)(g o)
o(n+2)

n
We make the further remark that in the proof of Lemma 6.8 of [12] the authors obtain
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that 0_052_7(5‘22) = U(";Q) with their choice of «, and hence the application of Lemma 2.3.2.1

is only valid in the case n = 2. For n = 2 the result obtained here coincides with that

obtained in [12]. Choosing « as in (2.3.3.5), we may apply Lemma 2.3.2.1 to obtain

/ dx dt
Q

X sup / |7h4(t, ) da dt
te(to—p3,to) J Bpy (o)

<c (/ (1+|Dul)? dz dt)
Qp(zO)

X sup / |Tha(t, )] da |
te(to—p2,to) J Bp, (20)

where we have used that p% < 1 in the final inequality. Inserting this into the previous

Th.i[u]

P2

o(2—a)
|Th[u]|7=e=@ do dt < ¢ (/ | D[mhiu)|” +
Q

p2(20)

p2(20)

chain of inequalities we get

su malul(t, )|? dz + Thi|Dul|P dx dt
p | Thlu](t, -)]| |Thi[ Dul
Bpl(l’o)

te(to—p?,to) Qpq (z0)
clh|®

<
(Pz - P1)2

/ s [DulP de dt
Qp(20)

o—a—(g-2)
X sup / |Thi[u](t, )| dz
te(tofpg,to) Bp2 (ﬁo)
Again, we compute the exponent appearing in the right-hand side of the above inequality:

c—a—(¢-2) o+ _g

n

n(q—o)
2n
q—o

2

2
2—(g—0)’

may apply Young’s inequality to the right-hand side of the above inequality to see that

We note that the Holder conjugate of q_% is and that ¢ — o0 < 2. Therefore, we

su alul(t, )|? dz + Thi|Dul|P do dt
b /()|,[](,)I [ madpa)
By, (w0

tG(to—p%,to) Qpy (zo)
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c|h| oo
<l |Th.i[Du]|P dz dt
(p2 — p1) Qp(20)

1
1w / il &, )P da.
lgPQ(IO)

te(to—p3,to)

Now we can apply Lemma 2.3.2.2 to reabsorb the supremum from the right-hand side of

the above inequality. Using that r, —r; = £- we see that we have:

sup / |7 [u] (¢, I da —i—/ |7hi[Du)|P dz dt
1371($0)

te(to—r?,to) Qr, (%0)

2
o T
§< <Ihl 2/ s DUl da dt) |
(p—r) Q,(20)

Now we may apply Lemma 2.3.2.6 to deduce that

w € LP(tg — r2 to; WA (B, (20), R™)) N L (ty — 72, to; W"2(B,, (z0), R™)),

along with the following estimates:

2

2—(q—0)
I:Du]§\707p;QT2(ZO) <c (/ (14 |Du|)? dz dt)
Qp(20)

and

2
2—(g—0)
sup  [u(t, ')]3,2;3,2(;50) <c </Q ( )(1 + |Du|)? dz dt) .
plZz0

te(to—r3,to)

This holds for any
2a

ey
and
u<m::ﬂ.

We remark that this is a valid choice of exponents for which to apply Lemma 2.3.2.6 as

o<1 (as % > (¢ — 0)). Note that ¢ = ¢(n,v, L, p,q,0, 1, A, p,7). Then as in [12]

we can bound

2
p(2—(q—0))
lwll 2o (to—r2 tos w120 (Bry (o)) < € ( / | Dul? dz + MZO,p>
Q

p(ZO)
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and

1
2—(q—o)
sup ||u(t, .)”WM’Q(BT‘Q(xO)) S c (/ |Du|‘7 dz + M207p> .
Qp(20)

te(to—r2,to)

We now apply Lemma 2.3.2.5, noting that we are allowed to do so as long as s < S(0) as

This, as 7 < ry gives us the estimate:

(1432) (5=1a=57)
/ |Dul® dz dt < ¢ (/ |Du| dx dt + Mp,;UO) )
Qr(20) Qp(20)

where ¢ = ¢(n,v, L,p,q,0,s,p,7). Now we estimate:

() ) < aa) (57
A S

n -+ 2

)

n

and use that M, ,, > 1 to obtain our final estimate

n—+2
n

/ |Dul® dz dt < ¢ (/ |Dul” dz dt + Mpm)
Qr(20) Qp(20)

All that remains to be checked is that this actually gives us some improvement in the
integrability of Du. For this we need to show that S(o) > o for all o € [p,q). Once we
have done this we can deduce the existence of a constant €y > 0 such that S(o) > o + €,
and remark that in this case the constant ¢, is determined by n, p and ¢, and can be
chosen as, for example,

_S(p)—p _4—(n+2)(q—p)
€ = 5= 5 . (2.3.3.6)
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In order to show this we first define the function

4—(n+2)(g-o0)

flo):=p—0+

(: S(U) - 0)7

and compute that
2
/ — —
fllo) ==

> 0,

so it suffices only to check that f(p) > 0. We easily see that:

d=(n+2)(g-p) _ 4—(n+2) (%)

f(p) =

=0,

as required. N

2.3.4 A sketch of the remainder of the argument

We now sketch the remainder of the argument which is found in [12] sections 6 and 7.
Existence:

Consider a cylinder Qr(z9) CC Qp and set

I 2n(q — p) w_[q—pw
4—(n+2)(q—p) €0
We define a sequence of exponents
S oi-1+ S(oi-1) -
2
and a sequence of radii
R R
r, = 5 + ﬁ

where ¢ € {1,...,I}. Then clearly o; € (0;-1,5(0y-1)), and S(o7) > ¢ follows from the

fact that
i(4—(n+2)(g—p))
2n

2n(q — p)
4—(n+2)(qg—p)

P+

>q = 1>

o7



Doing this we can iterate Lemma 2.3.3.2 I-times in order to obtain the bound

(
/ |Dul? dz dt < ¢ (/ | Du|Pdz dt + Mzo’R> (2.3.4.1)
Q%(ZO) Qr(z0)

with ¢ = ¢(n,v, L, p,q, R).

Now given € € (0,1] we define f.(§) := f(§) + €|£|? where f satisfies (2.3.1.2). One
can show that D f. now satisfies standard g-growth conditions, and so from the monotone
operator theory discussed in Subsections 2.1.2 and 2.1.3, we have the existence of a unique

weak solution u, to the problem

Oyue — div(D fe(Du.)) =0 in Qr,

(2.3.4.2)
Ue = ¢ on 8PQT-
We now seek to pass € — 0 in the following weak formulation:
/ ue - 6y — (DF.(Duy), DéYdz dt — 0 (2.3.4.3)

T

for all ¢ € C3°(Q2,R™). This is done by using an energy estimate to deduce bounds on
|te|lwre and ||| Loo (19— p2 10522 (0,rmy) in terms of only the given boundary data and initial
data. This allows us to deduce a local L? bound on Du, which is uniform in ¢, as we can
apply Lemma 2.3.4.1 to each element Du, in our sequence. This local L? bound is given
on cylinders of a small enough radius, from which the bound follows on any compactly
contained cylinder by a covering argument. Standard arguments are then applied in
order to obtain the required convergence properties, which allow us to pass to the limit

in (2.3.4.3), giving existence of the solution.

Uniqueness:

The regularity obtained on O,u in the above existence proof is insufficient to allow
for testing against the function v in the weak formulation of the problem, meaning that
the standard uniqueness argument fails to be applicable. Uniqueness is instead obtained

by considering wvariational solutions and demonstrating that, provided g has sufficient
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regularity, there is a unique variational solution, before showing that the notions of varia-
tional solutions and weak solutions coincide. Variational solutions for systems of the form

(2.3.1.1) are defined in [12] as follows:

Definition 2.3.4.1. Suppose that f : R™ — R is a C! function satisfying the following

growth and monotonicity assumptions:

0 < f(§) < L(1+1¢)),

(DF(€) — Df(n), & —n) > v(u® + €] + [n2) 7 |€ — )

(2.3.4.4)

for some v <1< L and p € [0, 1], and let the datum ¢ have the following regularity:

g € LVa=(0,T; W 6=D(Q, R™) 1 CO((0, T); LA(2, R™)),
(2.3.4.5)

dig € LY (0, T; W1 (Q, R™)).

Then a function u € LP(0, T; W, P(Q,R™)) N Cy ([0, T]; L*(€; R™)) is termed a variational
solution of (2.3.1.1) if and only if u(-,0) = g(+,0) and the following variational inequality
is satisfied for all

v e IP(0,T; WHP(Q,R™))

with

dyv € LP (0, T; W' (Q, R™))

and all 7 € (0,7:

/T(é?tv,v — uywrp(ormy dt —i—/ [f(Dv) — f(Du)] dz dt
0 2 (2.3.4.6)

1
> |[(v =), 7)||Z2mm) — 5“(0 — 9) (5 0) |72 umm)-

| —

With this definition in mind the following theorems are then proven (see Theorem 2.3

and 2.4 in [12]):

Theorem 2.3.4.2. Suppose that the exponents p and q satisfy

2
max{1, nTT-Z2} <p<qg<p+l. (2.3.4.7)
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Then there ezists a variational solution to (2.3.1.1).

Theorem 2.3.4.3. Suppose that g has instead the following higher regularity:

g € Limi=2 (0, T; Whs=3 (Q, R™)) N C°([0, T): L*(2, R™)),
(2.3.4.8)

dig € LY (0, T; W17 (Q, R™)).
Then the variational solution is unique.

It is shown in [12] that all weak solutions are variational. The following theorem gives

the converse; that all variational solutions are weak (also in [12]).

Theorem 2.3.4.4. Suppose that f is C* and satisfies (2.3.1.2) with

2<p<qg< '{1 7}
+ min
_p q p 7n 27

and g satisfying (2.3.4.8). Then any variational solution is also a weak solution.

Combining this with the previous theorem gives uniqueness of the weak solution.

2.3.5 Closing remarks

We close this section by giving some remarks regarding the range of valid exponents
and further remarks regarding the possible application of this to the model described by
(1.1.2.1)—(1.1.2.7).

In [12] it is claimed that the range for which the result holds is ¢ — p < min {1, %}
for n > 2. This turns out not to be the case, and instead one requires the smaller range
of ¢ — p < min {ﬁ?, 1}. This range agrees with the range found in [11], where a single
equation is considered as opposed to a system (that is, m = 1), and local L* bounds on
the spatial gradient are proven in place of the L? bounds we have shown here.

The inclusion of the lower order terms and a constant in space right-hand side does
not pose any problem to us in deducing the local L? bound on Du.. When obtaining the
Cacciopoli inequality, thanks to the fact that we have a constant right-hand side and a

matrix satisfying (Az, z) = 0 for all z € R3, the additional terms simply disappear when
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we choose the test function as in [12]. Passing to the limit in the term involving A follows
from the weak convergence results which have already been obtained and using the fact

that p > 2.
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Chapter 3

Forward-Backward Systems of
Equations Exhibiting (p, ¢)-like

Growth Conditions

As has been discussed previously, the formulation of the nonlinearity given by (1.1.2.9)
does not allow for the application of monotone operator theory. We now study higher-
dimensional problems exhibiting similar growth conditions, which also do not satisfy a
monotonicity condition. We begin this chapter by re-introducing the assumptions on
the system which we will be studying. We will also define a Young measure solution
to these systems. After showing existence, we consider the long-time behaviour of the
Young measure solutions, showing that under suitable assumptions on the source term
we have convergence (in some appropriate sense) to a particular Young measure solution
of the corresponding steady-state equation. Finally, this chapter will end with a brief
discussion about analogous results that hold for forward-backward systems of equations

under additional assumptions. Content of Sections 3.1—3.3 can be found in [15].
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3.1 Introduction of the systems under consideration

The systems which we shall be studying are of the following form:
Owu — div (a(Du)) — Bu = F, (3.1.0.1)

with u : [0,7] x @ — R™ and Q@ C R" a bounded open subset of R". We define Q1 =

(0,7) x Q. We define real numbers p; which satisfy, for each i = 1,...,m, the inequality

pi > max{l,nz—&}. We also define p := min,—y__,,{p;} and ¢ := max,_1__{pi}, § =
max{q, 2}, and impose

qg—p<1l.
We also assume

F e X LP(Qr) (3.1.0.2)
i=1

and

Bu-u<0 (3.1.0.3)

with B € R™*" g constant matrix. The function u satisfies the initial condition

u(0,-) = ug(-) € L*(Q; R™), (3.1.0.4)

and boundary data of Dirichlet type

u‘(oyT]XaQ = 0. (3105)

Here Du denotes the spatial derivative of u, and a : R™*™ — R™*" is a locally Lipschitz

mapping with the following properties:

a(A) = K(A)A, (3.1.0.6)
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where K : R™*"™ — R is continuous, and

m p;—2 m p;i—2
0 D02 + AR < K(A) < o0 Yo (2 + AR5 (3.10.7)
i=1 =1
with 0 < ¢y < ¢y, p; >1forallt=1,...,m, and p; is a constant defined by
" (3.1.0.8)

Z20if 1 <p; <2,

and where |A;| denotes the Euclidean norm of the i-th row of the matrix A. Note that

we make no assumptions here about the monotonicity of the map a. The constants yu; are

pi—2

defined in this way to ensure that in the case that 1 < p; < 2, the expression (p2+]A;|?) 2

has an upper bound, which shall prove useful during later energy estimates.

Definition 3.1.0.1. We say that a pair (u, ), where u is a function
w € L(0,T; LA R™)) 0 X LM (0, T3 Wy ™ ()
i=1
with
du e LT (0, T; W= (Q; R™)),

and v is a Young measure (defined below in Subsection 3.2.2) satisfying, for almost every
(t,z) € Qr, the identity

Du(t,x) = /mxnf dl/t,x(g)a

is a Young measure solution to the problem described by (3.1.0.1), (3.1.0.4) and (3.1.0.5)
if

T T
/0 (Oyu, ¢>(WOW(Q;Rm),W-Lé’(Q;}Rm)) + /Q<Vt’x’ a)y: D¢ — Bu-¢ dx dt = /0 /QF <o dx dt

holds for all ¢ € LI(0,T; Wy 9(Q; R™)), and the initial condition is satisfied in the sense

that u(0,x) = ug(x) for almost every z € Q.

Remark 3.1.0.2. For the sake of clarity we make the following remark regarding the
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notation (v, a) in the case, as we have here, that a : R™*"™ — R™*". In this case, by (v, a),
we mean the matriz whose (i,7)-th entry is given by (v, a;;), where a;; : R™™" — R is
the (i, j)-th entry of the matriz a. Thus, the expression (v, a) : D¢ is understood to be the

Frobenius inner product between the two matrices (v,a) and Da.

Before proceeding with the analysis we first need a significant number of preliminary

statements and results, which we have collected below.

3.2 Preliminary Definitions and Results

3.2.1 Function Spaces

We begin by defining the following spaces, which will be of use to us later. In what follows

we will let py, ..., p, be real numbers such that p; > max{f—&, 1} foralli=1,...,m. We

2n

also define ¢ := max;—1 . m{p:}, p := min,_1,_,{p:} and impose the conditions p > - 5

and ¢ —p < 1. We define, for r > 1, the following space:

E,(R™™R) = {g € C(R™™R): V}‘ILIIOO T+ AT ex1sts} :

We shall shorten this to E, for ease of notation. On the space E, we consider the norm

A
lolls, = sup 4L
Acrmxn 1+ |A|"

which makes (F,, | - ||g.) a separable space (see, for example, [43] or [46]). During what
follows we will need to consider spaces of the form L (Qp;E,), where o/ is the dual

exponent of a > 1. This is the space of functions v : Qr x R™*"™ — R for which
v(t,x,-) € E, for almost every (¢, x) € Qr,

and for which

T
[ [t ar at < o
0 Q

We will at times also wish to consider the dual of this space. As E, is separable we
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have that (L* (Qr; E,))" is isometrically isomorphic to L% (Qr; E'), the space of weakly
measurable maps v : Qr — E!, equipped with the usual dual norm. For details of the
isomorphism, see [29], Theorem 8.20.3. In particular we note that bounded sequences in
this space have weakly-star convergent subsequences by the well-known Banach—Alaoglu
Theorem.

We further remark that Co(R™*";R) C E, 1, and thus that E ; C M, the space of
finite Radon measures on R™*™.

We shall also at times consider the space E,(R™*™; R™*™)  the space of matrix valued
functions vy such that v;; € E.(R™™R) foralli = 1,....,m, j = 1,...,n. We shall

always write this space as E,.(R™*™; R™*™) in order to avoid confusion.

3.2.2 Young Measures

In this chapter we shall make use of the Fundamental Theorem of Young Measures. Below
we state the Fundamental Theorem of Young Measures from [52], as well as some remarks
from [3] which follow the statement of the Fundamental Theorem of Young Measures in

that paper.

Definition 3.2.2.1. A map u: Q — M(R™) is called weak-* measurable if the function
x = (g, f) for all f e Co(R™).

Theorem 3.2.2.2. Let 2 C R" be a subset of finite measure and let z; : Q@ — R™ be
a sequence of measurable functions. Then there exists a subsequence zj, and a weak-*

measurable map v : Q@ — M(R™) such that the following holds.

1. vy >0, |Vallm@my = Jgm dve <1 for almost every x € Q.

2. For all f € Co(R™), f(z;,) = f, where

3. Let K C R™ be compact. Then

supp v, C K if dist(z;,, K) — 0 in measure.
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4. Furthermore one has
|Vzllam =1 for almost every x € Q (3.2.2.1)
if and only if the sequence does not escape to infinity, i.e. if

. > _
A}linoos%p\{\zjk]_MH 0. (3.2.2.2)

5. If (3.2.2.1) holds, if A C Q is measurable, if f € C(R™) and if f(z;,) is relatively

weakly compact in L'(A) then
f(Z]k> — fin Ll(A)7

where f(z) = (v, f).
6. If (3.2.2.1) holds, then in the third point one can replace “if” by “if and only if”

Definition 3.2.2.3. The map v : Q@ — M(R™) in Theorem 3.2.2.2 is called the Young

measure generated by the sequence zj, .
The following remarks are from [3].

Remark 3.2.2.4. In the event that A is bounded, the condition that {f(z;,)} is sequen-

tially weakly relatively compact in L'(A) is equivalent to the existence of a mon-negative

continuous function 1: [0,00) — R satisfying @ — 00 as y — oo such that

sup [ 0153, do < oo,

Remark 3.2.2.5. If Q is bounded and z; are uniformly bounded in LP(5;R™) for some
p € (1,00), then we obtain from the theorem the ezistence of a family of probability

measures (v;) and a subsequence zj, such that

f(ij)4<I/,f>
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in L"(Q) where f:R™ — R is a continuous function satisfying
|FO] < e(T+[A])

with1<r<§andq>0.

3.2.3 Miscellaneous statements

We recall the following result from Strauss [63] (cf. also Lions & Magenes [47], Lemma
8.1, Ch. 3, Sec. 8.4).

Lemma 3.2.3.1. Suppose that X and Y are Banach spaces. Assume that the space X is

reflexive and is continuously and densely embedded in the space Y ; then,
L2(0,T; X) N Cu([0, T]Y) = Cu([0, TT; X),

where Cy,([0,T]; X) and Cy([0,T];Y) denote the spaces of weakly continuous functions

from [0,T] into X and Y, respectively.
We shall also require the following consequence of the Arzela—Ascoli theorem.
Lemma 3.2.3.2. Let {u’} be a sequence of functions with the following properties:

1. {w} is uniformly bounded in L>=(0,T; L*(Q;R™)) and

! S ouoin L0, T LA (S R™));

2. {07} is uniformly bounded in L* (0, T; W=1'(Q;R™)) for some s € [1,00), and

dyu? — dyu in LY (0, T; WL (Q; R™)).

Then, there is a subsequence {u’*} such that

/Quj"(t,x) cw(x) de — /Qu(t,x) cw(x) do
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uniformly for all w € L2(Q;R™) N W3 *(Q; R™) as k — co.
Proof. We shall apply the Arzela—Ascoli theorem. For w € L*(€;R™) N Wy P(Q;R™), we

define the family of functions f7 : [0,7] — R by

£t = / Wt x) - w(z) da.
0
Since gy’ € L (0, T; W=1'(Q; R™)), it automatically follows that
w’ € C([0,T]; W (4 R™)),

whereby also w/ € Cy ([0, T]; W5 (Q;R™)). As o/ € L>(0,T; L*(Q;R™)), it then fol-
lows from Lemma 3.2.3.1 with X = L2(Q;R™) and Y = L*(Q;R™) + WL (Q;R™) =
(L2(Q;R™) 0 W, * (1 R™)Y, that v/ € C,([0,T]; L*(Q; R™)). We note here that the d-
uality (L2(Q;R™) N Wy s (Q;R™)) = L2(Q;R™) + W-1'(2; R™) is a consequence of the
Duality Theorem (cf. Theorem 2.7.1 in [6]), because L*(Q;R™) N Wy *(Q; R™) is dense in
both L2(€; R™) and W, *(; R™). Hence, fI € C(]0,T]). We further have that

()] < / (¢, 2) | (2)] da

< ||UjHL°o(0,T;L2(Q;Rm))H’LUHL2(Q;Rm)

< Cllwlr2@mm),

which gives the uniform boundedness of the sequence {f7} in C([0,T]) for each w €
L2(Q; R™NW,*(Q; R™). For equicontinuity, note that, for all w € L2(Q; R™)NW,* (; R™),

P+ h) - ()] = / (W (¢ + hya) — i (t,2)) - w(e) da
t+h )
:/t /Qﬁtuj(s,a:) ~w(z) de ds

1
s

SHatujHLS/(O,T;W—l’s/(ﬂ;Rm))|h wllwrs@mm)

1
s

<Clh

w||W1,S(Q;Rm) .

Thus by the Arzela—Ascoli theorem there is a subsequence {f7}, which converges uni-
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formly as k& — oo to some function f € C([0,7]). We note that as this convergence is

uniform and the sequence f’¢ is uniformly bounded we have that

lim/ /uﬂk (t,x) - w(z) de dt = lim fj’“ ) dt = / f(t) de.
k—o00 k—o00

However, by the assumed weak convergence, we have that

T
lim/ /uj’“(t,m ) dz dt = / / (t,z) ) dz dt,
k—oo /g Q

allowing us to identify

f(t) = /Qu(t,a:) ~w(z) dr, te0,7].

Thus we have shown that, for all w € L2(Q; R™) N W, *(Q; R™),

/uj’“(tx dx—>/ (t,z) ) dx
0

uniformly in C([0,77). As L*(Q; R™) N Wy *(Q; R™) is dense in L2(Q; R™), it then follows
that, for all w € L?(Q;R™),

/uj’“(tm da:—)/ (t,x) ) dz
Q

uniformly, which in particular means that for all ¢ € [0, 7] we have w/*(¢,-) — u(t,-) in

the space L?(Q;R™). O
Next, the following standard interpolation result.

Lemma 3.2.3.3. Let u: [0,T] x Q — R™, where Q C R™ is open and bounded, satisfy
u € L0, T; Wy P (O, R™)) N L(0, T; L* (% R™))

for some p > 1. Then,

(n+2)

u€ L (QT,Rm)
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In later subsections we will make use of the Vitali Convergence Theorem. We state it

here, after first recalling the notion of uniform integrability of a family of functions.

Definition 3.2.3.4. Let (X, F, i) be a finite measure space. A set of functions ® C L' ()

is called uniformly integrable if for each € > 0 there exists a § > 0 such that

[ U<

whenever f € & and u(FE) < 0.

In our applications of uniform integrability we will be considering finite measures, for
which we can use the Vitali Convergence Theorem. This allows us to replace the assump-
tion of a uniform upper bound on a sequence of functions with the uniform integrability

of the sequence of functions under consideration:

Theorem 3.2.3.5. Let (X, F, 1) be a positive measure space and let {f,}°° be a family

of functions on X. If the following four conditions hold:

1. The measure space (X, F, 1) is a finite measure space, meaning that u(X) < oo,
2. The family of functions {f,}22, is uniformly integrable,
3. There is a function [ such that f, — [ for p-almost every point of X, and

4. The limiting function f satisfies |f(x)| < oo for p-almost every x € X,
then the following two statements hold:

1. The limiting function f is in L.

2. We have convergence of f,, to f also in the following sense:

i [ 17, Sl dn=o.

n—o0

3.3 Existence Theory and Examples

In this section we prove the existence of Young measure solutions to the systems given by

(3.1.0.1)—(3.1.0.8). In the proof presented below, one can replace the finite element basis,
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consisting of continuous piecewise linear basis functions satisfying a homogeneous Dirichlet
boundary condition on 02, by an abstract Galerkin basis of C§°(£2; R™) functions. This
allows us to relax the assumption that €2 is a Lipschitz polytope, and allows us to instead
consider those domains €2 which are instead open, bounded subsets of R™ with Lipschitz

boundaries. We start with two definitions about families of subdivisions of domains:

Definition 3.3.0.6. The family of subdivisions 7 := {7s}re(,no is said to be shape

regular if there is a constant ¢y > 0 such that

di n
max M <c¢ forall 7, eT.
ThETh |Th|

Definition 3.3.0.7. The family of subdivisions 7 := {75 }ne(o,,) is said to be globally
quasiuniform if there exists a constant ¢ > 1, which is independent of h, such that for

each fixed h, max,, ez, |7| < cmin,, ez, |75].

Suppose that 0 < hy < diam(€2) and that 7 := {7Tj }re(o,no] is a shape-regular family
of subdivisions 7j, of Q into closed simplexes A, where h = maxaer, diam(A). Consider

the finite element space
VI = {v" € Wy (Q) : 0| is affine for all A € T;}.

By V! we denote the space of m-component vector-valued functions, each of whose com-
ponents lies in V" and we denote by N(h) the dimension of the space V. We shall
assume that 7 is such that the L?(2;R™) orthogonal projector P* onto V" is stable in

Wy (€ R™): i.e., there exists a positive constant C', independent of h € (0, hol, such that

||D(PhQO>HLq(Q;Rm><n) S CHDSOHLQ(Q;R’"X”% (3301)

for all ¢ € Wy ?(Q;R™), where § := max{g,2}. On globally quasiuniform subdivisions
(3.3.0.1) is a consequence of a global inverse inequality and inequality (7) in [27]; we note,
however, that (3.3.0.1) is in fact valid under less restrictive assumptions on the subdivision

than quasiuniformity (see, for example, [20]).
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Let {qﬁ?}ﬁ(lh) be a basis for V. We shall seek an approximate solution u" € V" in the

form
N(h) -
W) =Y af(t)e)(x),  tel0,T), zeq,
i=1
satisfying
(O (t), ™) + (a(Du"(t)), Dv") + (Bu",v") = (F,o") VYot e VI (3.3.0.2a)

for all ¢t € [0, 7], and

u™(0) = ul, (3.3.0.2b)

with uf € V" and ul} — g (strongly) in L*(€;R™) as h — 0,. The system given by
(3.3.0.2a) is a system of ODEs for the coefficients o', i = 1,... , A(h), and a solution to
(3.3.0.2a), (3.3.0.2b) exists locally by Peano’s Theorem on some interval [0,7}) C [0, T,
thanks to the assumed (local Lipschitz) continuity of a. The existence theorem below is
based on proving that u" can be extended to the final time 7' > 0 for each h € (0, hg],
and that as h — 0, a subsequence of the sequence of approximate solutions converges, in

a sense to be made precise, to a Young measure solution of the problem.

3.3.1 Existence

Theorem 3.3.1.1. Suppose that Q C R" is a Lipschitz polytope, let uy € L*(Q;R™),

assume that

. 2n
p:= min p; > max ,1p and q:= max p;
n—i—2 7 m

i=1,....,m

satisfyq—p < 1, let F € XZI LP(Qr) N LA (Qp;R™), and suppose that a : R™*" — R™*"
is a locally Lipschitz mapping satisfying the assumptions (3.1.0.6)—(3.1.0.8). Then, there
exists a Young measure solution (u,v) of the problem (3.1.0.1) with data given by (3.1.0.4)
and (3.1.0.5). Furthermore, there exists a subsequence (not indicated) of solutions {u"}

to the semidiscrete problem (3.3.0.2a), (3.3.0.2b) such that
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u o in L°°(0, T L2 (Q; R™))
Dul' = Du; in LP/(0,T; LP*(Q; R™ ™)), i=1,...,m,
a(Dul) = (v,a) in LY(Qr; R™™),
du — du in L‘jl(O,T; W’l"jl(Q;Rm)), where § := max{q, 2},

u — win Cyu([0, T]; L*(Q; R™)).

Proof. As was noted above, (3.3.0.2a), (3.3.0.2b) is an initial-value problem for a system
of ODEs for the coefficients o, and a solution exists locally by Peano’s Theorem on some
interval [0,7},) C [0, 7], thanks to the assumed local Lipschitz continuity of a. We begin
by showing that we can extend the numerical solution u" € V" defined on [0,7},) x Q up
to time T for all h € (0, hg|, so that it is defined on the whole of [0, 7] x Q. To this end,

we take v" = u” in (3.3.0.2a) which yields,
T, Th
/ / o - ul + K(DuM)|Du"|* — Bu" - u" do dt = / / Foudzdt.  (3.3.1.1)
0 Q 0 Q

We apply Holder’s inequality followed by Young’s inequality to the RHS of (3.3.1.1):

Th
/ /F u dx dt<Z||F|| ||uh||m (@r,)
0
h
QTh +€ZHU ||LP1 (@1,

=1

=2

T_)’L m Ty
<SSRl oS [U [ b
i=1 Q) i=1J0 Q
<2

Pi g dt

Pi g dt

Th
m Ty
| e > / | D

Th pi>2

+

Th
/ (|Du"?)7 dz dt
pz<2 0

, m Ty
< Zcum b +oce / |Dul|Pi dz dt
i=1 L7i(Qry,) pi>2 Q
T, "
+ce Yy / /(,uz2 + |[Dul*)? dz dt
pi<20 Q
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m , m Ty
SIS / \Dut P da dt
i=1 ) Ppi>2
Th D 2
+ce Y / ’M’—H o ’2_” do dt
pi<2 (42 + | Dub|?)
m Th
; pip< —|— ey / |DulPi da dt
= L7(Qmy,) pi>2
Th D 2
+ce Yy / | u‘ pi—i—]uipid:vdt.
pi<? (142 + | Dub|?)

On the LHS of (3.3.1.1) we then insert the assumed bounds on K, use the fact that for

Pi—2

5, and take € to be sufficiently small in

p; > 2 it holds that |Dul

P2 < (i + [Dug]?)

the above inequality to obtain the following energy inequality:

te[0,Th]

Th m
sup ||u”(t, -)||%2(Q;Rm) —I—/ / [Z p? 4 | Dul)?) |Duh|2 de dt
° = (3.3.1.2)

< CHUOH%Q(Q) +C(va17"'vpm Z v + ce Z |lul|pz|QTh|

-1 QTh ) P <92

From (3.3.1.2) we obtain also the following inequality:

Pidz dt
) (3.3.1.3)

Th m
sup. (1, )2 + / S | Dut
0

t€[0,Th] Q=1

o(p1,-- . Pm) (Iluollm(m +Z ||F||p +(1+6)[Qr] X |l

m
miR™) pi<2

which shows that the right-hand side is bounded independently of h, and therefore we
can extend our solution from [0,7}) to the whole of the time interval [0, 7] as T}, cannot

have been the maximal existence time. Thus it holds that

o ) s + [ [ S5 D
te[o.T] @it (3.3.1.4)
C(Qapla'-wpm) (HU HL2 Q;R™) +ZH Lp i(Qr;R™) (1 pi<2 )

This gives bounds for u” in the product space X;.il LPi(0,T; W, 7 (Q)), and also in

L>(0,T; L*(€;R™)), which are independent of h. Hence there is a function u for which,
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up to a subsequence, we have

ul 5w in L°(0, T; L2 (Q; R™)), (3.3.1.5)
and
u — win Y LP(0,T; Wy (Q)). (3.3.1.6)
=1

We recall that we have defined ¢ := max{q,2} and ¢ := max;_y__,, p;- In order to
pass to the limit in the weak formulation, we do two things. We first show that a(Du") is
bounded in LY (Qr; R™*™), and then apply the Fundamental Theorem of Young Measures
to complete the passage to the limit in the sense of Young measure solutions. Secondly,
we obtain bounds on the time derivative in order to deduce the existence of a subsequence
for which we have weak convergence to a limit. One has the following bound using the

equivalence of norms:

m m pi—2
(D)) < O3 3 (12 + [Dul[?)"5" [ Du.

=1 k=1

Now we seek to bound each of these terms appearing in the above sum. Clearly for the case

p;—1

i = k we have an expression of the form (u? +|Dul'|*) ™2~ appearing, giving boundedness

of this term in L (Qr) by the previously obtained energy estimate (3.3.1.2). In the case
i # k we proceed by using Holder’s inequality together with (3.3.1.2) in order to obtain

the required bounds. We begin with the terms for which p; > 2:

T L, /
/ / (2 + |Dul )™= | Dl da dt
0

/ /mHDuh2

< (2 + D)

T P
< ( [ [+ 10y Dt o dt)
0 Q
T b 1-
X (/ /(u$+ |Dul?)2 dx dt)
0 Q
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<CQ, yeoo s Pm U 2 + .F;;pg/
< o) (ol + 3 I

/
p;

Qr| + 1D | Foi @) ™2

Pi

X (| s

< Q7 gy ey PUm 2 RmM + E p;’ )
FCTRL (TS I TR

-3
’ ("“ #1Qr|+ o @iz + L+ lQr] Y In ) |
pi<2

Now for the terms in which 1 < p; < 2:

T L,
/0 / (22 + | D)™ | Dul))? de dt
T P;—2 p;—2
= [ [+ 10y i Dty Dul
0 Q

T . —
F 12 + | Dul|?) T | Dul? dz
P2 24 |Du}?)"7 [ Dugl? dz di
0 Q

<\

+ (14 9|Qr] X |

¢ /
LP(Qr;R™)

< |ﬂi

Pi
pi<2

pi_2c(Q,p1, NN ,pm) (HUOH%Q(Q;Rm) + Z HE

=1

Thus we have bounded each term in the sum in LPi(Qp; R™™) (if p; > 2) or in
L2(Qr; R™™) (if 1 < p; < 2), so in particular we have the bound in L7 (Qp; R™*™). That
is, a(Du") is uniformly bounded in L9 (Qp; R™ "), meaning in particular that there is a

subsequence (still indexed only by h) and a y € L (Qp; R™*™) such that
a(Du") — x
in L9 (Qp; R™"). Using similar estimates to those above we can also show that
duu € LT (0, T; W19 (Q; R™)) (3.3.1.7)

with bounds independent of h.

Now let ¢ € Li(0,T; Wy 9(Q;R™)) be the strong limit of the sequence of functions
YNt 1) = Zﬁ(ll) BH(t)¢l(x) in the LI(0,T; Wy'(Q;R™)) norm as | — oo and h — 0,

with 8¢ € C([0,T]) and ¢! € V! (such a limit necessarily exists by density). Then we
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have that:

T
/ /Otuh-w—i—a(Duh) :Dp — Bul ) — F' o) da dt
0 Q
T
= / / uul - Yt + a(Du) - DYNO — Byl N ph oy N O qg de
0 Q
T
[ [ oat = VO 4 (D) : (D - DO
0 Q
= Bu - (¢ — N — F - (g = N ) da at
T
= [ [ out = N - a(Dul) s (D~ DO
0 Q
= Bu - (¢ — N — F* (g =N da at

< HatuhHLé/(o,T;W—Lé’(Q;Rm)) [ — wN(h)JHLQ(O,T;WOI’Q(Q;RT”))

+ la(Du™) Lar (0.1 (szemnyy 1 DY = DYV M| oo gy

S N (B)
+ <Z ||E||LPE(QT;R"”)> ||77Z} - ¢ ®) ||LQ(O,T;W(}’Q(Q;RW))

=1
+ cllull o @i 10 = VP a0 rawraammy,

< C<||u0||L2(Q;Rm)7Mi7Ta |Q|,TL, F)

X (||¢ - wN(h)J”Lti(()’T;WOL‘?(Q;Rm)) + ||D1/J - D¢N(h)7l||L‘?(O,T;L@(Q;]RM><7L))),

which is seen to converge to zero in the limit as h — 0 (N (h) — 00). Thus we have

T T
/ / ol - p + a(Du") : D — Bul-4p do dt = / / Fh .o da dt, (3.3.1.8)
0 Q 0 Q

for all ¢ € LI(0, T; Wy (Q; R™)).

The above results allow passage to the limit in the time derivative term in the usual

sense. That is to say that there exists a subsequence (still indexed by h) for which

Ol — dyu in LT (0, T; W14 (; R™)), meaning that

T T
(O, 6 dt = / (D, 6 dt, (3.3.1.9)
0

lim
h—0 0

for all ¢ € LI(0, T; W(Q; R™)).
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For the term

T
/ /Buh~¢dxdt,
0 Q
p(n+2)

note that by Lemma 3.2.3.3 it holds that «" is uniformly bounded in L™= (Qr;R™),
and that w > 2 > ¢. Therefore it holds that u” — u in L7 (Qp;R™). In order to
complete the passage to the limit in the second term we invoke Theorem 3.2.2.2. In order
to do this we need to check that the subsequence Du”* given by Theorem 3.2.2.2 satisfies,

for every R > 0,
Sliglosgp {(t,x) € ([0,T] x Q) NQr(0) : |Du™(t,z)| > s}| = 0.
In order to establish this we set
Apsr = {(t,2) € ((0.T] x Q)N Qr(0) : [Du"(t,z)| > s},

and apply Chebyshev’s inequality:

1

|Ap sl < — | Du" P dz dt
sP Ag,s,R
cl[uollZ2(q) + (0 — 1)|Qr]

sP ’

where we have used (3.3.1.2) along with the fact that for r; > ry, we have |s|™? < 1+ |s|™
to go from the first line to the second. The resulting bound is independent of £ and R,

and so by passing s — oo we show that the desired condition is satisfied.

Applying Theorem 3.2.2.2, we therefore deduce the existence of a parameterised family

of Young measures (14,) and a further subsequence (which we still index by h) for which
a(Du") = (v, a) in L™ (Qr; R™™),

where 1 < r < ﬁ (cf. Remark 3.1.0.2, and see the remarks following the statement of

Theorem 3.2.2.2, combined with the fact that a(A) < ¢(1 + |A]9™!) from the definition).

By the uniqueness of weak limits there is then a subsequence of u" (still indexed by h)
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such that

a(Du") — (V4 a) in LY (Qr; R™™).

This allows us to complete the passage to the limit and obtain the existence of a function

we X LP(0,T; Wy P (Q))

i=1

with

dyu € LY (0, T; W17 (Q; R™))

satisfying

T T
/0 (Oyu, @) + /Q(l/m,a) : D¢ — Bu-¢ dzx dt :/0 /QF-QS de dt (3.3.1.10)

for all ¢ € LI(0,T; Wy ?(€;R™)). It remains to be shown that the initial condition is
satisfied. By Lemma 3.2.3.2 it follows that we can extract a further subsequence h; along

which we have that

/Quhl(t,x) ~p(z)dr — /Qu(t,:c) ~(x) d, (3.3.1.11)

uniformly in C([0,T7), for all ¢ € L?(£2;R™). Let us decompose

/Q (o(z) — (0, 2)) - p(x) dz
- /Qwo(a:) M (0,2)) - plx) dr + / (u(0,) — (1, 7)) - plx) da

+ /Q(uhl (t,z) —u(t,z)) - o(x) dx + /Q(u(t,x) —u(0,7)) - o(x)dz

= I+ IL(t) + TTL,(t) + IV (t).

The term I; converges to zero as h; — 0, by the assumed strong convergence in L?(£2; R™)
of the discretized initial condition uf' to wug, and the term ITI,(t) converges to zero,

uniformly in C([0,7]) as by — 04 by (3.3.1.11). Hence, for any ¢ > 0, there exists an
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hi = hj(e, ) € (0, ho], such that

1
< —-¢ and max
4 t€[0,77]

/Q (uo(z) — % (0,2)) - () dz

/gz(uhT(t,x) —u(t,x)) - p(x)dz| < is.

Consequently, for any € > 0, there exists an h; € (0, hyl, such that

/Q (uolx) — u(0,2)) - plx) dz

<Ly +
—&
2

/Q (W (0, 2) — u (£ 7)) - o) da

/Q (ult,2) — u(0,2)) - () da .

With A} fixed, we now pass to the limit ¢ — 0, in this inequality. The term [I1[;(t)

"7 as a solution to the Galerkin equation (3.3.0.2a),

converges to zero as t — 0, because u
is continuous and satisfies the discretized initial condition. The term IV (t) converges to
as t — 0, since by Lemma 3.2.3.2 we have that u € C,([0,T]; L*(Q;R™)). Thus, by
passing to the limit ¢ — 0, in the last inequality we deduce that, for any ¢ € L*(2; R™)

and any € > 0,

/Q(UO(I) —u(0,2)) - p(z)dz| < ;5.

Taking ¢(z) = up(z) — u(0,x) and letting ¢ — 04 then yields that ug(z) = u(0,z) for
almost every = € €).

Finally we must show that

Du(t,z) = /Rmmg dvy () (3.3.1.12)

holds for almost every (¢,z) € Qr (cf. Remark 3.1.0.2). This follows from the fact that
Du" — Du in XZI LPi(0,T; W, P (Q)), but, letting f denote the identity function, we
have that f(Du") — (v, f) in L"(Qp;R™ ") for 1 < r < p (cf. Remark 3.1.0.2 and see
the remark following the statement of Theorem 3.2.2.2). From the uniqueness of the weak

limits the claimed equality holds true, completing the proof of the result. O]

We have the following Lemma, which gives us a way of interpreting the Young measures

v as elements of the dual space of a separable Banach space.
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Lemma 3.3.1.2. The Young measures v arising in the proof of Theorem 3.3.1.1 are

elements of the space Ly (Qr; Ey_y) for a € (1, 2).

Proof. We compute:

Wliee@re ) = | / / Vg, Y(t @, ) do di

mum .

_ / /< ")(1+"|q_1)> da dt
Il o L] |t
LY (QriEq—1)
Atz A)

< su
/ /Q%R,Em 1+ |Art

Mw —

</ /\ Voo 14| - 71 da dt)i.

As the function ((A) = 1+ |A|*"! € E,_;, we have that {(Du") — (v,() in the space

(Vg L+ - |q’1) dz dt

LY(Qr), where Du" is the sequence from the proof of Theorem 3.3.1.1 which generates
the Young measure v (this follows from the remarks made after the statement of Theorem

3.2.2.2). We then therefore have that

1 1
(/ [t 11 1>radxdt> <hmmf(/ [ pe e asar)

By the fact that « < . the fact that we are on a domain of finite measure, and using
the energy estimates obtained for the functions Du” we see that the right-hand side of

the above inequality is finite. m

We make some comments regarding the result proven above in Theorem 3.3.1.1. There
exist results in the literature (see for example [23] and [37]) for which the definition of
a Young measure solution includes extra regularity on the time derivative 0yu and some
extra spatial regularity, and thus is a stronger notion of solution than the one presented
here. However, in these papers extra structure of the non-linearity is assumed, whereby
the authors can express it as the gradient of a (non-convex) function (that is, they solve
Oyu — div(D(Du)) = 0 where ¢ € C1).

Comparisons should be drawn to the work of Bogelein, Duzaar and Marcellini in [12]

in the case where p; > 2 for all ¢ = 1,...,m. The nonlinear term described in the
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above model gives the problem (3.1.0.1) a p, g-growth flavour, which is seen as follows.
The nonlinearity described in [12] is the derivative of a convex function f satisfying the

following growth conditions:

|27 < f(§) < C(1+€]7),

D] < L(1+[€)"2,

(D2 f(&)n,m) = vIEP=2|nl*.

The convexity of the function f, combined with the above growth estimates, allow us to

deduce the following bounds on D f:
cl¢[P~ < [DFE)] < Clel.

Under these assumptions the existence of a weak energy solution was obtained with Dirich-
: . 4
let boundary data provided that 2 < p < ¢ < p+min{l, ;35 }.

The form taken by the mapping a in Theorem 3.3.1.1 yields the following bounds:
c(l¢fP™ = 1) < a(§)] < C(L+[¢77),

meaning that one can view the problem as being a non-monotone version of the (p, q)-

growth problems studied in [12].

3.3.2 Examples and the Met Office problem

The growth conditions used in this subsection were chosen to be similar to those used in

(1.1.2.9):

Example 3.3.2.1. In the case where we have n = 1, m = 3 and the function K is given

by K(&) = /& + &3 + |&] then we are in the regime 9.0 < 0 from (1.1.2.9). One has the

existence of constants ¢y and ¢; such that

collér] + 6] + /1) < K(€) < ex(lén] + €] + /1))
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through bounding and using the equivalence of norms on R®. Thus in this case we have a
Young measure solution. Recall from previous sections that this formulation of K leads
to a non-monotone operator. In the appendicies we show that this formulation leads to

the operator a(¢) = K(£)€ being a locally Lipschitz map from R? to R3.

3.4 Long-time behaviour of Young measure solutions

In this section we shall discuss the long-time behaviour of the Young measure solutions
arising in Theorem 3.3.1.1. We start by considering a nonlinear ordinary differential
inequality and its relation to a nonlinear ODE. Following that, we show the existence
of a global in time Young measure solution, and under suitable assumptions on F', show
convergence to a particular Young measure solution of the corresponding steady-state
problem. For this section, while we shall be assuming that p; > 2 forall: =1,...,m, and
that we are taking p; = 0 for all ¢ = 1,...,m, we shall nevertheless aim to give results

whose proofs are as general as possible, with the aim to cover other cases in the future.

3.4.1 Chini-type differential inequalities

Consider (3.3.0.2a) with the particular choice of ¢ = (0,...,0,u?,0,...,0)7, where the

Y 1

i-th component of ¢ is the i-th component of the vector u”. This gives

/@uf(t,x)u?(t,x) + K(Du"(t,2))|Dul(t,z)|* dz = / Fi(t,z)ul(t,z) dx.
Q Q

Using the lower growth bounds on K, applying the Sobolev inequality, and applying

Holder’s inequality to the right-hand side, the above equation yields the inequality

1d

5&““?(157 N + cllul(t,-)

T2 < CIE(, Wz llul (¢ )l z2@)- (3.4.1.1)

Setting «(t) := |lul(t, )|l L2(urm) and fi(t) := || E5(t, )| n2(;rm), and dividing through by

zh(t), we see that (3.4.1.1) becomes the following nonlinear differential inequality:

dzh
(O Tl P < fi(o), (3.4.1.2)
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subject to the conditions that z(t) > 0 for all £ > 0 and z](0) = =y = [[u}'(0,-)||r2(0)-

We also consider the associated nonlinear ODE

dy?
dt

() +yr ()" = fult), (3.4.1.3)

with y/(0) = x and f;(t) > 0 for all ¢ > 0. When p; is an integer and p; > 2, (3.4.1.3)
is a particular case of Chini’s equation. In general one cannot currently write down the
solution of Chini’s equation explicitly, but in certain cases we aim to study the long-time
behaviour of solutions to such inequalities.

The aim of studying (3.4.1.2) is to determine conditions on f; which will ensure that

h

the function ;' converges to zero as t — oo. In particular, for studying the long-time be-

haviour of the Young measure solutions we will be interested in obtaining decay estimates
which are independent of A and depend only on the initial condition, the source term,
and t. We begin the analysis by showing that, regardless of the choice of f, a function
satisfying (3.4.1.2) and a function y? satisfying (3.4.1.3) will also satisfy x7(t) < y2(t) for

all £ > 0.

Lemma 3.4.1.1. If 2} satisfies (3.4.1.2) and y]' satisfies (3.4.1.3), with y!(0) > xl then

a(t) < yi(t) for allt > 0.

Proof. Combining (3.4.1.2) and (3.4.1.3) we see that
(af —y)' () + 2 ()" =yl )" <0,
We multiply this inequality by ( — y),, the positive part of z!' — y, to get
(af =y () (@7 () =y ()4 + (@7 OF " =yl (@) ) (@i () — 9 (t)+ < 0. (3.4.1.4)
We compute that

S =] ) = @ - s Ono a0 — o O) it — ol )

= (z —yl) () (= =yl (1),
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which means that (3.4.1.4) becomes

Sy ] O+ @ - O - ) S0 341s)

As the term (z!(¢)Pi=t — y(t)Pi=1)(ah(t) — y(¢)), is non-negative, we can drop it from

(3.4.1.5), resulting in

1
5(1'? - yzh)i

(t) < 0. (3.4.1.6)

Integrating both sides of this inequality and using that z/(0) < y(0) we see that

which implies that

for all t > 0, as required. O

Therefore in order to obtain decay estimates for z7(¢) in the limit as ¢t — oo it suffices
to obtain decay estimates for y?(¢). Before considering the decay we first show that we

have uniqueness of the solution to (3.4.1.3) subject to a given initial condition.

Lemma 3.4.1.2. The equation (3.4.1.3), subject to the initial condition

Y (0) = [luf (0, )| 2y = 0

and with f;(t) > 0 and f;(t) € LPi(0,00), possesses a unique solution on (0,00).

Proof. By Peano’s Theorem we have the existence of a solution to (3.4.1.3) on the interval
(0,e) for some € > 0. Now we seek to show that we can bound independently of &,
showing that & cannot be the maximal existence time. Multiplying (3.4.1.3) by % (¢) and

integrating, and then by applying Young’s inequality, we can show that

V0 + 0 < e (4107 +\|f1uLp(O )
< (P + 1y, )
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Thus e cannot be the maximal existence time, and so we can extend to a solution on the
whole of the positive real line.

We let y; and y, be two solutions to (3.4.1.3). Note that we can repeat the calcula-
tions done in the proof of Lemma (3.4.1.1), testing against (y; — y2)+(f) and using that
(1 ()T — 42 ()7 (y1 — y2)2 () > 0, to obtain that y;(t) < ya(t) for all ¢ > 0. By

symmetry it follows that y;(t) > ya(t) for all £ > 0. ]

Lemma 3.4.1.3. Under the assumptions of Lemma 3.4.1.2, it holds that y!(t) > 0 for

allt > 0.

Proof. Note that the constant function z’(t) = 0 is a solution of (3.4.1.2) with z(0) = 0.

i

That y?(t) > 0 for all t+ > 0 now follows from Lemma 3.4.1.1. O

Now we wish to discuss the decay rates of the solutions to these equations. We start

off by deriving suitable energy estimates and from these deducing regularity of y”.

Proposition 3.4.1.4. Let f; € LPi(0,00) N L*(0,00) with f/ € L*(0,00). Then, there
exist constants cy,co > 0 depending on f; and y(0) such that the solution y* of (3.4.1.3)
satisfies

520000 < ex(Fill o1y 420))

for all r € [p;, 00|, and

< (|l fill 2 (0,00 ¥1(0))-

dyy
dt

L2(0,00)
Proof. Multiplying (3.4.1.3) by y?(¢) and integrating we see that:

S0+ [t as = [ £ o) ds+ o

Applying Young’s inequality and rearranging, we obtain:
t t ,
0+ [ater asse( [ asotor) < e (I, ot 02),
0 0 /0

using here the assumption that f; € L¥ (0,00). Therefore, taking the supremum over
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t € (0,00), we have that

yi € L>(0,00), (3.4.1.7)

and

yl € LP (0, 00). (3.4.1.8)

Note that by (3.4.1.7) and (3.4.1.8), it follows from interpolation results on Lebesgue

spaces that

yl € L7(0, 00) (3.4.1.9)
for all r € [p;, 00]. Returning to (3.4.1.3) and testing instead by dj’; we see that

t h 2 ‘ h
/0 (dj; (s)) +;i(y?(s>“) ds = /0 fi(s)ddy; (s) ds.

Applying Young’s inequality and using the assumption that f; € L?*(0,00) we see that:

2

oy T M0 S € (Millom) +0)"),

dy?
dt

from which it follows that

dyh
% € L2(0, ), (3.4.1.10)

as required. N

Proposition 3.4.1.5. In addition to the assumptions of Proposition 3.4.1.4, let f; €
C([0,00)) with limy o, f;(t) = 0. Then, lim;_,, y?(t) = 0.

Proof. Consider the following, which is obtained through the Fundamental Theorem of

Calculus, where o = %:
h h ' h 1dyh
0 =0+ [ a1 o) ds.
0

Through estimating as before we see that
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h a—1J4 h a—1 i
A —(s) ds| < ~ — d
ot T asl < [t e
t % t dyh 2 %
< (/ yh(s)2@=D ds) / “(s)| ds

— h
Therefore, since y? > 0, we have that y!" ldéjg € L'(0,00), and consequently

t

dyh
i [ yh(s) () ds

exists. Thus limy ., y(t)® exists and so limy ., y(¢) also exists as y?(t) > 0 for all t > 0
and the map s +— s is convex with positive derivative if s > 0.

We can then take t — oo in (3.4.1.3) to see that

. dyzh . hyp\pi—1

Recall that y(t) > 0 for all ¢ € [0,00). It must then hold that

dyl
: i <
tlggo dt (t) <0
If lim; o dj/; (t) = ¢ < 0, then it would follow that for each € > 0 there exists a § > 0 such
that ]%(t) —c| < ¢ for all t > 0. Choosing in particular € = —§ we see that there exists

a 0. > 0 such that %(t) < £ <0 for all t > d.. This contradicts the fact that y > 0, as

well as (3.4.1.7). Therefore lim; ., 4/'(t) = 0, and so by (3.4.1.11), lim; o, y2(¢t) = 0. O

Next we show that the family of functions y? converges strongly in the appropriate

space as we pass h — 0.

Lemma 3.4.1.6. Let y; : [0,00) — [0,00) be a solution of the nonlinear differential
equation
yi(t) +y(t)" 7 = filt)
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with the initial condition y;(0) = [|u;ol|z2(@rmy and fi(t) > 0 for all t € [0,00). Then we

have that ||y; — y!|| L= (0,00) = 0 as b — 0.

Proof. We have that

(i — Y1) () + ys ()P =yl ()Pt = 0.

Multiplying by y; — y* results in

— (5 = 9)”) () + ()" =y (P ) (i) =yl (1) = 0.

Note that both y; and y? are non-negative functions. It follows that if y(t) > y;(¢), then

y;(H)Pi~t > yP(¢)Pi~1 and vice-versa. Therefore, the expression

(ys ()P~ =y ()P ") (wilt) — w1 (1))

is always non-negative. Bounding this term in the above equality below by 0 and inte-

grating in time we see that

(i) — ' (1))* < (1i(0) — y7'(0))*.

The result now follows from the assumed strong convergence of our initial condition u}

to ug in L*(Q; R™). O

3.4.2 Asymptotic behaviour

In this subsection we discuss the long-time behaviour of the previously constructed Young
measure solutions. Such long-time behaviour has already been studied in [23] and [65]
among others, but under the assumption that there exists a C'-function v for which
a = D1, and that p = ¢ = 2. As usual, we aim to show that our time-dependent Young
measure solution converges to some limiting pair of function and Young measure, and
then identify this as a solution of a corresponding steady-state problem. We begin with

the definition of a global Young measure solution.
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Definition 3.4.2.1. We say that the pairing (u, ), where u is a function

we L=(0,T; L2 R™)) N X LP(0,T; Wy (Q)) for any T > 0
i=1
with
dyu € L0, T; WL (Q; R™)) for any T > 0,
and (V4z)(t,2)c0.. is a family of probability measures satisfying, for almost all (t,z) € Qr

for any T' > 0, the identity

Du(t,x) = /Rmxnﬁ dvy . (§),

is a global Young measure solution to the problem described by (3.1.0.1)—(3.1.0.5) if, for

any T' > 0, we have that

T T
/O (atu,¢>+A<yt,x,a>:D¢ — Bu-¢ dx dt:/o /QF-MQ; dt (3.4.2.1)

holds for all ¢ € L9(0,T; W, *(€; R™)), and the initial condition is satisfied in the sense

that u(0,x) = ug(x) for almost every z € Q.

We prove that such a solution exists. In [65] it is assumed that a is a Lipschitz map,
a property which is exploited in order to show the existence of a global Young measure
solution. As we are instead only assuming that a is locally Lipschitz, we use a similar

method to that found in [57].

Theorem 3.4.2.2. Let the assumptions of Theorem 3.3.1.1 hold, with the additional
assumptions that F € XZI L7 (Qso) N L*(Qoo; R™). There exists a global Young measure

solution to the problem described by (3.1.0.1)—(3.1.0.5).
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Proof. Let {7, },en be a sequence of real numbers satisfying lim, ., 7, = 0o. For the sake

of brevity, we shall define:
G, = L=(0,T,; L*(;R™)),

H, := Y LP(0,T,; WP (Q)),

i=1
and

I, = L7(0, T,; W19 (Q; R™)).

For each fixed T,, Theorem 3.3.1.1 yields the existence of a function u” € G, N H, with

Owu” € I, and a measure V" € LP—Z+1+6(QTk; E, 1) with (", a) € LY(Qr,) such that

/OTr<atuTv¢>+/Q<V£xaa>3D¢—Bur-¢dxdt:/0TT/QF.¢dxdt

for all ¢ € L9(0,T,; Wy?(Q)). Note that for a fixed T < T, we have that (u”, ") is a
Young measure solution on Qr (this follows by the fact that C§°(Qr) C C§°(Qr.), and
density).

Fixing T'= T, we then have that «" is bounded uniformly in the space G, N H,.. Then

there is a subsequence {k,(j)}32, of r and a function u, € G, N H, such that
uFr0) u, in H,,

and

kr(

y *, .
uFr0) 2oy in G,

In addition, by Theorem 3.3.1.1 there is, for each u*") a sequence P, j)(1) and a corre-
sponding sequence of functions u™&® such that w0 @ — kr0) in H, ulero @ 2 k()
in G, O+ —~ 9,uk0) in I, and such that u»® — *0) in C,,([0, T,]; L>(Q; R™)).
There is also a Young measure v**0) for which it holds that a(Du»®) — (V) q)
in LY (Qr; R™") (cf. Remark 3.1.0.2). Now there is a subsequence {hy, (j11)(1)}%; C
{h1.;(1)}£2, along which it holds that utG+n® — k-G iy f - gferGro® 2 qkeGHD

in G,, dulra+0® —~ 9kt in T and such that we have usrG+n®) — ¢krG+D) i
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Cw([0,T,]; L*(Q;R™)) and also a(Du"*u+v®) — (ykG+1) g). Continuing in this fashion
we see that there is a subsequence {u"s»®}2 c {uMG-0O}>e ... c {uhrO}2,
along which uw*®® — k0 in H, oM@ I 4k0) in G, and w60 — 4+0) in
C ([0, T]; L2(€; R™)), and a(Du+® 1) — (1#0) q). Now take the diagonal subsequence
hi,(j)(7). This gives, for each fixed r, the existence of a function u, and a measure v, for
which we have

uhkr(])(]) i ur ln G’I’7

and

ue»W) 5 in C, ([0, T); L2 (S R™)),
and

a(Duhkr(j)(j)) N <l/,«,a> in Lq’(QTr;Ran)'

Now considering 7' = T, we see that as the subsequence 1) is uniformly bound-
ed in the space G, N H,, there is a subsequence {hy,,(;)(7)}52; of {he,)(J)}52, and a

function u,,1 € G,41 N H,;1 and a measure v, such that

h H(J i
U kT+1(J)(]) — Up41 11D Hr+1

and
uhkr+l(3)(‘7) L /U/fr+1 in GTJrl?
WM 0V o in G ([0, Trga]; L2(Q;R™)),
and
a(Duhkr+1(j)(j)) N <Vr+17 CL) in Lq/(QT,.H;RmXH)-

Note that in particular we have the convergence w0 s Upyq in H,, w2
U1 in G, (this follows from the fact that if we take a function ¢ € L9(0, T,; Wy ?(Q; R™))
and extend it by zero in time to (0,7,.1) then the resulting function 1 is in the space

L0, Ty q; W (1 R™))), as well as a(Du*+10W) ~ (4,1 a) in LY (Qr,; R™™). So by
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the uniqueness of weak limits we see that u,1]07)x0 = U and v41|01)x0 = Vr-

Continuing in this fashion, we see that for every r € N\{0} there is a susbequence
e,y () 3521 € {he, () (3) 152 C -+ and a function u, € G, N H, and a measure v,
such that u™@U) —~ 4 in the space H, and w/#( ) 2 g in the space G, and such that
a(Du+ ) = (y. a) in LY (Qr,), and such that for all [ = 1,... 7 — 1, Ur|(01)x0 = W
and v,|omxo = v. Now we take the diagonal subsequence hy, (7). This gives the
existence of a function u and a measure v such that for any 7' > 0 we have v/ %) —
u in the space XZI LP(0, T; Wy P (Q)) and w0 () 2 g in L0, T; L2(Q; R™)), and
a(Dulr@ ™) =~ (v, a) in LY (Qp; R™*™).

For the time derivatives we have (for r sufficiently large)

T
Hatuhkr(v»)(?”)HLq,(o W14 (Q)) = sup / / 8tuhiw(7»)(7‘) - ¢ do dt
o ol Q

Lq,(O,T;WJI‘q/(Q)):
< O )| o pumxny + Clu™ OO o pwin yzmy)

+ 1 Fll o (@prem)-

This is bounded independently of r by previous estimates, and so there is a subsequence
converging weakly-star to d;u. Thus we can pass to the limit in the weak formulation to

see that for any T' > 0, the following identity is satisfied:

/()T/Qatu-¢+<ut,x,a>2D¢—Bu.¢dxdt:/0T/QF.¢dxdt

for all ¢ € L0, Ty; Wy ?(€; R™)). In addition, it follows from Lemma 3.2.3.2 that for

every w € L*(Q; R™),

/ e (¢, 1) - w(x) do — / (t, ) ) dz.
0

The satisfaction of the initial condition follows immediately from the fact that all elements

of the sequence u+» ) satisfy the initial condition.

Finally, for each T > 0 we have by Theorem 3.2.2.2 that Du/*®™ —~ (v id) in

L™(Qr; R™™) for any 1 < # < p, where id denotes the identity function (cf. Remark
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3.1.0.2). Then by the uniqueness of weak limits it holds that

Du(t,z) = /Rmxnﬁ dvy . (€)

for almost every (t,z) € Qr and for every T > 0, which completes the proof. ]

Remark 3.4.2.3. We note that in the case in whichp > 2 and p; =0 foralli =1,...,m

the bounds coming from Theorem 3.53.1.1 are independent of T' and we in fact have that

u € L(0,00; L2 (;R™)) N X LP(0, 00; Wy (92)),
=1
dyu e LT(0, 00; WH (Q; R™)),

and

(v,a) € Lq/(Qoo; R™>™).

Howewver, although the measure v is in the space L% (Qr; E;_l) for any T > 0, the bounds

cannot be made independent of T

Now we study one particular aspect of the long-time behaviour of the function wu,

making use of results from the previous subsection.

Proposition 3.4.2.4. Let F' be such that lim;_, || F(t, )| z2@rm) — 0 and let the as-

sumptions of Proposition 8.4.1.5 hold with f(t) = ||F(t,-)||z2@rm). Then we have that

limt%oo ||'U/(t, ')HLZ(Q;R"L) = 0.

Proof. We have by Lemma 3.2.3.2 that, for every T' > 0, u € C,,([0,T]; L*(Q;R™)) and

w0 (¢ 2) - w(z) de w(t,z) - w(x) dx
[ o0 ta) i) de > [ ) -wie) o

uniformly in C'([0,7]) as r — oo and for every w € L?(Q;R™). Letting y = (Y1, - -, Ym)

and y" = (y, ..., y"), with y; and y? be as defined in the previous subsection, we compute:
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/ u(t,z) - w(z) de = lim [ w00t 2) w(z) do
0 0

< Jim [P0tz ol 2oy

< lim |yhkr(T)(T) (t) |2 ||w||L2(Q;Rm)

r—00

= ly(Ol2llw] 2 2mm)

Thus, taking the supremum over functions w € L?(Q; R™) with [Jw||z2(qrm) < 1, we
see that

[u(t, )2 @zm) < ly(t)l2-

From Proposition 3.4.1.5 we have that lim;, |y(t)|2 = 0, and thus we have the claimed

result. O

We have the following definition of a Young measure solution to the corresponding
steady-state problem. We include this here for completeness, but we remark that for the
particular cases with which we are concerning ourselves, we shall not meet such a Young

measure solution.

Definition 3.4.2.5. We say that a pair (@, ) is a steady-state Young measure solution
of (3.1.0.1)—(3.1.0.8), with u € X:.il Wy (Q) and 7 = (7,)4eq a Young measure if the

following are satisfied:

1. For all ¢ € W,9(Q; R™) we have

/Q (7e,a) - Dé(x) — Bi(x) - ¢(x) da

I
S~

.
‘]
S~—
=
8
o,
S

2. For almost every x € ) we have that
Di(e) = [ ¢ dn(o)
Rmxn

Remark 3.4.2.6. In this subsection we will in fact only study the behaviour under suitable

decay properties of F'. It is hoped that in the future we will be able to deal with right-hand

96



sides which do not decay to zero.

We follow the ideas in [65], Lemma 1.6.2. Given the Young measure solution pair
(u,v) from Theorem 3.3.1.1 we take a strictly monotonic increasing divergent sequence ty

of positive real numbers and define a sequence (u*, %), where u*(t,x) = u(t + t;, r) and
I/ﬁx = Vtthk,z-
Lemma 3.4.2.7. There exists a subsequence of k (not re-labelled), and a function

@ e L®(0,T; L*(Q R™)) 0 X LP (0, T; Wi (Q))

i=1

with

Oyt e LY(0,T; W19 (Q: R™)),

for which we have the following convergence results:

ub — @ in YCLP(0, T: Wy (Q)),
=1
ub @ in L0, T; LA (S R™)),

P — 9y in LT (0, T; W1 (Q; R™)

for any T > 0. Furthermore there is a further subsequence of k (not re-labelled) and a

parameterised family of probability measures v = {i; .} such that

VP20 in Ly (Qr; Ey_y),

(V¥ a) — (D, a) in Lq/(QT;RmX”)

for any T > 0.

Proof. 1t is easily seen that
0¥ oo 0.7 220mm ) < Nl oo 0,044 22 (R ™)) 5

and

k
[ ||Lﬁi((),T;W01’pi(Q) HLPi (0, T+t W, 71 (92))
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foralli=1,...,m. Also we have

Hatuk | (0,7;W =14 (R™))

= Hatu“Lq’(thT—i—t;@;W*laq/(Q;Rm))
fTH’“ Jo Ouu(t, x)p(t, ) do dt

ty
= sup
¢eL<1(tk,T+tk;W(}*q(Q;Rm)) H¢||Lq(tk,T+tk;W01’q(Q;Rm))
< sup (v, @) ||L‘1'(QT+%;RW><") ||¢”Lq(tk,T—l—tk;Wol’q(Q;Rm))
B GELI (i, T+ty; Wy 9 (R™)) H¢||L4(tk7T+tk;W(}’q(Q;Rm))

S Prre—

In addition,

H <I/k, a) HLq,(QT;RmX”) S H <V7 CZ> Hqu(QT#—% -Rmxn)-

)

Thus we must identify the weak limit of (v* a). To do this we show that there is a
subsequence of the measures converging weakly-star to some measure . In what follows,
a superscript 7 will denote an element of the sequence defined by y{x = Viyt; 0, Whereas
a superscript hy, () (r) will denote an element of the diagonal sequence constructed in the

proof of Theorem 3.4.2.2. We compute:

T 3
[V || Lo@riEr ) < (/ / (g 14| 97D da dt)

0 Q

T 3
- </ / [ R e dt)

0 Q

T+t a
= (/ / Vi, L+ |- |7 da dt)

t; Q

T+t i 1
< liminf (/ / |DuhkT(r)(7")|(q_1)Oé dr dt) + |QT|E7
t; Q

T—00

which can be bounded independently of 7. Thus there is a subsequence j,, and a measure

7 such that for any 7' > 0 we have v € Ly (Qr; E,_;) and
vim S 0in Ly (Qr; E,_y).

As before this then allows us to identify the weak limit of (17, a). The fact that v is a

98



Young measure follows from weak-* lower-semicontinuity, combined with the fact that

the measure generated in the proof of Theorem 3.3.1.1 is a Young measure. [

Lemma 3.4.2.8. The function @ and the measure U defined in the statement of Lemma

3.4.2.7 satisfy
RmMmXn

for almost every (t,x) € Qr.

Proof. From the proof of Theorem 3.4.2.2 it follows that for each k£ we have

Du(t + ty,x) = / § dvypy, 2 (§)

RmXn

for almost every (¢, ) € Q7. By the convergence results established in Lemma 3.4.2.7 we

have that for every ¢ € C3°(Qr; R™*") the following two limits hold:

T T
/ / Du(t + ty,z) : ¢(t,x) do dt — / / Da(t,x) : ¢(t,z) dx dt,
o Ja o Ja

and

/OT/Q (/Rmxng duﬁtk,x(&)) ot ) da dt — /OT/Q </Rmxng dﬁm(g)> L o(t, x) de dt,

where we have used that the identity function componentwise is in £,_; in order to obtain
the convergence of the term involving the measures. Thus by the uniqueness of the weak

limits and the fact that T" was chosen arbitrarily we have the desired equality. O]

Now we are in a position to study 7. We have the following proposition, which was

inspired by Theorems 1.3.9 and 1.3.10 in [65].

Proposition 3.4.2.9. The measure U satisfies

T
/ /<ﬁt,xaa> : D¢(t,$) dr dt =0
0 Q

for all ¢ € LI(0, T; Wy 9(Q; R™)).
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Proof. We begin by considering ¢ € C3°([0, T]; Wy 4(Q; R™)) and perform the following

compuations:

T T
/0 /Q(ﬁt@,a) :Do(t,x) de dt = klggo/() /Q<1/k,a> : Do(t, z) do dt

T+tk
= lim /<l/t’z, a) : Do(t — ty, x) dz dt

k—o0 ¢

Tty
= lim lim / (DuMr O (1)) - Dp(t — ty, ) da dt

k—o0 r—00

k—o00 r—00

T-‘y—tk
_ lim lim / Ft2) - 6t — th,2) da dt

Tty
_ lim lim / OO (1, 3) - Bt — b, 2) dr dt

k—o0 T—00

k—o00 r—00

T—‘y—tk
= lim lim / F(t,x) - ¢(t — ty,z) dr dt
Q

— lim lim [ «"OO(T 4t ) ¢(T,z) dz

k—o0 T—00 Q

+ lim lim [ u" O (t,, 2) - ¢(0,2) dz

k—o00 1—00 Q

Tty
— lim lim / wtr " (¢ x) - 0yp(t — ty, ) do dt
Q

k—o0 T—>00

As we have chosen ¢ € C([0,T); Wy ?(Q; R™)), the second and third integrals on the final

line above are zero. For the first integral on the final line above, we estimate

T+t

F(t,2) - 6(t — ty,z) do dt| < NPl 2 sy xazm 16l s2aram

< CHF||Loo(tk7T+tk;L2(Q;Rm)) ||¢||L2(QT;R’")‘

Using the assumed properties of F', we have that the right-hand side of the above inequality
converges to zero as k — oco. Finally, for the fourth integral, we perform the limit passage
in r using the weak-* convergence of u@ ™ to v in L>(0,T; L*(£; R™)) for any T > 0,

and we estimate

Tt

u(t, ) - Opp(t — ty, x) de dt| < ||ul| oo by, 44122 [ 029l L2(Qrirm)

< hm mf Hu () (7 HLoo (tg, THtg; L2 (R™) HatQSHLQ(QT sR™)
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< sup  |y()|210:9l L2 (@rirm),
te(ty,T+tx)

where y(t) is, as in the previous subsection, a continuous non-negative function whose each
component y; satisfies y/(¢) + y;(t)* ' = ||Fi(t, )| 12 subject to y;(0) = ||luiollr2(). By
results from the previous subsection it therefore holds that limy e SUPse (s, 144,) [Y(E)]2 =

0. Therefore it holds that

/T/<l7m,a> :Do(t,z) de dt =0
o Ja
for all ¢ € CS°([0,T); Wy '(Q; R™)).

We now extend to L9(0,T; Wy (€ R™)) functions. The set of linear combinations of
Cs°([0, T]; Wy ' (€2; R™)) functions is dense in L(0, T; Wy (Q; R™)). Therefore, given for
any ¢ € L(0,T; Wy ?(Q; R™)) there exists a sequence @, (t, z) := 3V _, ¢ (t, ) converging
stongly to ¢ in the space L4(0,T; Wy (% R™)), where ¢, € C([0,T]; Wy 4(Q; R™)).

Then we have

T T
/ /(Dm,cw : D¢ dx dt = / /(ﬁm,a) - (D¢ — D®,) dz dt
0 Q 0 Q
T
+/ /(Dm,a> : D®, dx dt
o Jao

< K7, &)l 1 (@pimem) [ DD = D[ La(@rm),

which converges to 0 as v — . O
Combining this with Proposition 3.4.2.4, we obtain the following result:

Theorem 3.4.2.10. Let p > 2, let p; = 0 for i = 1,...,m and let (u,v) be a global
Young measure solution to (3.1.0.1)—(3.1.0.5), with the mapping a satisfying (3.1.0.6) —
(3.1.0.8), and with

F € I(Qui ™) N C([0,00); (O R™) 1 X 17(Quc)

and ||[F(t, )| 2@rm) — 0 ast — oo. Then, for any strictly monotone increasing divergent
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sequence of positive real numbers {t;}jen there is a subsequence (not relabelled), and a

measure U, for which the sequence (u?,17) converges weakly star to (0,7), where I satisfies

T
/ /(ﬂt@,a) :D¢ dx dt =0
o Jo

for all ¢ € L9(0, T; Wy (Q; R™)) and for any T > 0.

3.5 Extensions to more general nonlinearities

There are nonlinearities that one can consider which are of a more general form than
those we have considered up until this point. For such nonlinearities there hold similar
results to those found up until now in this chapter, and we now take some time to state
these. The proofs of these statements will be almost identical to their analogues appearing
previously in this chapter, and as such the proofs will be omitted where necessary.

In this section we will consider maps a : R™*"™ — R™*"™ satisfying the growth condi-

tions
a(§) - & > cl¢f?, (3.5.0.2)
()] < C(L+ ¢, (3.5.0.3)
where, as before, p > max{1, f—fz}, q > 2 (for convenience) and p < g < p+ 1.

At times we will also impose the existence of a function ¢ € C'(R™*") such that

a(§) = Vi(§). (3.5.0.4)

By the growth assumptions (3.5.0.2) and (3.5.0.3) we see that we then have that v satisfies

el — 2 <€) < C(1+1¢]7). (3.5.0.5)

3.5.1 Existence results

We start with the analogue to Theorem 3.3.1.1:
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Theorem 3.5.1.1. Let the assumptions of Theorem 3.53.1.1 hold, but with (3.5.0.2) and
(3.5.0.3) in place of (3.1.0.6), (3.1.0.7) and (3.1.0.8). Also, let F € L*(Qr;R™) N
LP(Qr;R™). Then there exists a Young measure solution to (3.1.0.1)—(3.1.0.5), but with

the space of test functions being given by Lr=a+1 oTT (0,7 Wo et (;R™)), and
u € L7(0, T Wy " (: R™)),

with
O € La—1 1(0 T, Wt (Q R™)).

Proof. The proof is mostly identical to the proof of Theorem 3.3.1.1. The only differences
appear in the energy estimates and in the space in which we can bound the sequence

a(Du"). The energy estimate we obtain is

[ 170 zsz2@my) + 16" 0 gty < € (1F Wiy F 0l 20y -
Using the growth condition (3.5.0.2) we see that we can make the following computations:

la(Du™)] S T+ [Dat

P
La=T(Qr;Rmxn Lq =T (Qp;Rmxn)

S |C2T|T + ||Duh||q; T.Rmxn)

qg—1
<1Qel'7 +C (IFIE, g mem + 103 20m)

From Theorem 3.2.2.2 it then follows that there is a subsequence {h;} and a parameterised

family of probability measures v such that

in the space L7 7 (Qg; R™*") (cf. Remark 3.1.0.2). O
Next, an immediate analogue to Proposition 3.5.1.1 under an additional assumption:

Proposition 3.5.1.2. Let the assumptions of Proposition 3.5.1.1 hold. In addition let

(3.5.0.4) and (3.5.0.5) hold, and let ug € Wy '(Q; R™). Then there exists a Young measure
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solution (u,v) in the same sense as in Theorem 3.5.1.1, and the function u has the

additional regqularity
we H'(0,T; L*(Q;R™)) N L®(0,T; Wy (2;R™)) N C([0, T); L* (1 R™)).

Proof. Due to the similarity with previous results, all we do here is state the energy
estimates at the Galerkin level that we would use to complete the proof (which follows in

the same way as Theorem 3.3.1.1 and Proposition 3.5.1.1).

Note that in the Galerkin equation we can test against d,u”, and use the structural

assumption (3.5.0.4) to write

a(Du") : DO = Opp(Du),
which, after applying (3.5.0.5), results in the following energy estimate:
100" 22 @ zem) 1 D" e 0 10 2y < € (IFZ2(@pmm) + 19+ 1D (0, ) oz ) -

Combining this with the energy estimate that arises from testing against u" instead of
O, we see that u” has the desired regularity, with bounds uniform in h (and 7). The

rest of the proof then proceeds as in Proposition 3.5.1.1. O

3.5.2 Asymptotic behaviour

In the interests of brevity we highlight three of the main results which one can prove. We

start by stating a theorem regarding the existence of global Young measure solutions:

Theorem 3.5.2.1. Let the assumptions of Proposition 3.5.1.2 hold, and assume further
that F € L*(Quo; R™)NLY (Qoo; R™). Then there is a global Young measure solution (u, v)

of the problem (3.1.0.1)—(3.1.0.5) in the sense that

u € H'(0,00; L*(Q;R™)) N L™(0, 00; Wy (4, R™)) N C([0, 00); L* (4 R™))
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and

v € Ly(Qr; E(’]*l)

fora e (1,-%), and

qg—1
T T
/ /8tu~¢+<ytﬂw,a>:D¢dxdt:/ /F‘qﬁdxdt
o Jo 0o Jo

is satisfied for every ¢ € LiaiT 0,7, I/Vol”"’q+1 (Q;R™)) for any T > 0.
Proof. The proof is similar to the proof of Theorem 3.4.2.2, and so is omitted. n
As before, defining (u*(t,z),v},) == (u(t+1t1), Vise, o) we see that the following holds:

Proposition 3.5.2.2. There ezists a subsequence of k (not relabelled), a function
i € H'(0,00; L*(Q; R™)) N L>(0, 00; Wy (4, R™)) N C([0, 00); L* (4 R™))
and a Young measure
v € Ly (Qr; E(/]—l)
such that
ub — @ in H'(0,00; L*(; R™))

ub =0 in L(0, 00; Wy P(Q; R™))

VP50 in LY(Qri EL_y) for any T > 0.

Finally we can show an analogue of Theorem 3.4.2.10.

Proposition 3.5.2.3. Let p > 2 and let (u,v) be a global Young measure solution to

(3.1.0.1)—(3.1.0.5), with the mapping a satisfying (3.1.0.6) — (3.1.0.8), and with
F € L*(Qo; R™) N C([0,00); L* (4 R™)) N LY (Qoo; R™)

and ||[F(t, )| 2@rm) — 0 ast — oo. Then, for any strictly monotone increasing divergent

sequence of positive real numbers {t;};en there is a subsequence (not relabelled), and a
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measure U for which the sequence (v, 7) converges weakly star to (0,7), where U satisfies

T
/ /(pt,x,@ . D dz dt = 0
0 Q

for all ¢ € LI(0, T; Wy (4 R™)) and for any T > 0

3.6 Regularisations

To bring this chapter to a close we consider a higher-order regularisation of the problems
considered up until this point, and show that given a suitable choice of regularisation and
additional boundary condition we can obtain weak solutions. However, as we pass our

regularisation parameter to zero we will still obtain Young measure solutions.

3.6.1 The regularisation

In this section we study systems of the following form:
O — div(a(Duf)) + eA(Auf) =0, (3.6.1.1)

with some initial condition

u(0,z) = up(x) (3.6.1.2)

On the nonlinearity a we assume that there is a function v € C' (note the lack of
convexity assumption) for which we can write a = Vi, and we assume that there are

constants existing for which the following growth rates hold:

la(€)] < C(1+ €177, (3.6.1.3)
a(§) - § > CIEP, (3.6.1.4)

and
clgl” < (&) < C(1+[¢]7), (3.6.1.5)
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where as in previous sections, p and ¢ are related by the inequality ¢ — p < 1, and in
this section we take ¢ > p > 2. On the initial data we assume that u§ € HZ(;R™) N
Wy (€ R™), and that it converges strongly to some function u, € Wy?(Q; R™) as € — 0.

We impose the boundary conditions
u(t,x) = Du(t,x) -n =0 for (x,t) € 9Q x (0,7T), (3.6.1.6)
where n is the outward unit normal to (2.

3.6.2 Existence

We first define the appropriate notion of solution:

Definition 3.6.2.1. We say that a function

ut € L=(0,T; Wy P(Q; R™)) N L*(0, T; H*(Q; R™)) N HY(0, T; L*(Q; R™))

NC([0, 7] L7 (4 R™))

is a weak solution of the system described by (3.6.1.1)—(3.6.1.6) if for all ¢ € C§°(Qr; R™)

we have that

T
/ / Ot - ¢+ a(Du) : Do+ eAuf - A¢p dx dt =0, (3.6.2.1)
0o Ja

and the initial condition is satisfied in the sense that u(0,z) = u§(z) for almost every

x € .

We then have the following result, giving the existence of a weak solution to the system

(3.6.1.1)—(3.6.1.6).

Theorem 3.6.2.2. There exists a weak solution to (3.6.1.1)—(3.6.1.6) in the sense of
Definition 3.6.2.1.

Proof. We employ the Galerkin method once more, only this time we shall use a complete
orthogonal basis of C§°(€2; R™) functions, as opposed to a finite element basis. That is,

we shall write



where {¢"}5°, is a countable dense subset of C5°(Q2; R™) where all of the functions ¢* are

pairwise orthogonal, and where the functions o' satisfy
/ O (t,x) - ¢'(x) + a(Duk(t,x)) : D' (x) + eAuF(t,z) - A¢!(z) dz = 0.
Q

As the details remain pretty much the same as in previous occasions in which we have
applied this method, we shall omit the majority of the details. Let u* be a Galerkin

approximation. Testing the equation against u“* we get
/ Out - u* 4 a(Du) : Du* 4+ eAu* - Aus* dx dt = 0, (3.6.2.2)
Q

which leads to the energy estimate

e,ka

LT’(O,T;WOLP(Q;R"L)) +€HD2u57k”%Q(O,T;LQ(Q;R”X"X’")) < HUOH%Q(Q;Rm)'

[ H%OO(QT;LQ(Q;R’”)) +u
(3.6.2.3)

There is therefore a function
ut € L*(0,T; Hg(Q;R™)) N L0, T5 L2(; R™)) N LP(0, T; Wy P (4 R™))
such that u®* = u€ in L>(0,T; L*(Q; R™)), and
ut — ucin L2(0,T; H3(Q;R™)) N LP(0, T; Wy P (Q; R™)).
From the energy estimates and the growth rate assumed on a it follows that we can bound

la(Duh)| < C(1Qxl, [Juoll 2 @mm)),

_p_
La—1 (QT;Ran) -

and as such that is a subsequence of u“* (not relabelled) and a function y € L1 (Qp; R™*™)
such that a(Du*) — y in L7 (Qr; R™*™). For the time derivative, testing our Galerkin

equation against
¢ € L2(0,T; HA(Q; R™)) N L= (0, T; Wy 7 (Q; R™))
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functions allows us to bound the sequence of time derivatives uniformly:
Bt € L2(0, T H2(R™)) N L7 7 (0, T; W™ ha T (Q; R™)),
and as such we get that

Bus* — Qs in L2(0, T; H2(QR™) N L1 (0, T; W ha 1 (Q; R™)).

However by the assumption on the initial condition, as well as the remark that
a(Du) : DO * = 9 (Du"),
we can test our equation against d,u** to get
r €
/ / O™ - Ot + 9 (Du*) + 5@(|Au‘"k]2) dz dt =0, (3.6.2.4)
0o Ja

from which we obtain the following estimate

||atue’k||%2(QT;Rm) + ||Due’kHpoo(o,T;Lp(Q;Ran)) + EHUE’kH%oo(o,T;Hg(Q;Rm))

e,k e,k
< C (1] + D [ ey + ellug ez
From this it follows that we can take a subsequence (again not relabelled) such that

Ot — gt in L*(Qp; R™),
ut = in L(0, T Wol’p(Q;Rm)),

ut ot in L°(0, T Hi(Q;R™)).

Also, by applying the Aubin-Lions Lemma, using that u®* € L>(0,T; Wy (2; R™)) and

Ok € L2(0,T; H-2(Q; R™)) to get that there is a subsequence (not relabelled) such that

uF — u in C([0,T]; LP(; R™)).
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We now recall some facts about embedding of Sobolev spaces. For n > 3 we have that
H2(Q;R™) is compactly contained in Wy ®(Q;R™) for any 1 < a < 2* = 2n For
n = 1,2 we have that H%({2;R™) is compactly contained in W12(Q; R™). Now applying
the Aubin—Lions Lemma we see that there is a subsequence (not re-labelled) for which we
have Du¢* — Du€ strongly in L%(0,T; L*(Q;R™)). Therefore we may extract a further
subsequence (which we once again do not re-label) such that we have Du“* — Du¢
for almost every point (t,x). By the continuity of the map a this then implies that
a(Du*) — a(Duc) almost everywhere. We also have by the boundedness of a(Du“*) in
LY (Qp; R™™) that the family of function {a(Du*)},ecx is uniformly integrable. The set
Q2 is bounded and so Q)7 is a finite measure space. Finally by the growth rates on a and fact
that u¢ is in some Sobolev space we see that |a(Du)| < oo almost everywhere. Therefore
we may apply Theorem 3.2.3.5 to see that a(Du*) — a(Du¢) in L'(Qr;R™"). By

uniqueness of weak limits we must therefore have that y = a(Du¢), and therefore passing

to the limit we have that
T
/ /8tue~¢—|—a(DuE) Do+ eAut - Ap dx dt =0
0 Jao

for all ¢ € L*(0,T; HZ(Q; R™)) N L1 (0, T; I/Vol”’_q+1 (©2;R™)). Verifying that the initial

data is satisfied is done similarly to previous existence results. O]

3.6.3 Passing the regularisation parameter to zero

We now pass ¢ — 0, showing the existence of a Young measure solution with higher

regularity than was obtained in Theorem 3.3.1.1.

Proposition 3.6.3.1. There is a subsequence €, a function
w € L=(0,T; Wo P (;R™)) N H' (0, T; L* (2 R™))

and a parameterised family of Young measures v such that the pair (u,v) is a Young

measure solution to

Oru — div(a(Du)) = 0,
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with

u(0,z) = up(x)

with uy € Wy '(Q; R™) and
u(t,z) =0 for (t,x) € [0.T] x 09,
with (u,v) being such that
u = in L0, T; Wy (4 R™)) N HY(0, T; L*(; R™))

and the measure v is generated by Du‘*.

Proof. We start with the term involving the Laplacian. We have that

T
/ / eAuf - A¢p dx dt‘ =
0o Jao

< \/E||u6||L2(O,T;Hg(Q;Rm))\/E||¢||L2(O,T;Hg(Q;Rm))

/OT/Q\/EAUE Jeé da dt

< \/Eliggiogf ||UE’kHL2(o,T;Hg(Q;Rm))\/EH¢||L2(0,T;H3(Q;Rm))
P &,k i e,k
< Clipninf (DU fygonny + VEIUG zann
X \/EH¢”L2(0,T;H§(Q;RT”)))

< CVel| Pl 20 m20mm)))

from which it follows that for all ¢ € L*(0,T; H3(Q;R™))) we have that

T
lim/ / eAuc - Agp dx dt = 0.
e—0 0 0

Passage to the limit in the other terms is carried out similarly to in the proof of Theorem

3.3.1.1, just with different regularity.

We have in particular that the sequence Duf is uniformly bounded in the space

LP(Qr; R™*™)). This, combined with the growth rates assumed on a, gives that a(Duc)

is uniformly bounded in the space L%(QT;R’”X”)), and so there is a subsequence of

e, denoted by u and a function y € La1(Qp;R™™)) for which a(Du®) — y in
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Lat (Qr; R™ ™). Once more we appeal to the remarks made following the statement of
Theorem 3.2.2.2 in order to identify this limit. The sequence of functions Du generates
a family of Young measures v, such that a(Du®*) — (v,a) in LY(Qr;R™*™)), where
l<ax< q%l. Therefore by the uniqueness of weak limits we have that y = (v,a). As in
the proof of Theorem 3.3.1.1, we can also consider the sequence f(Du®% where f is the
identity function to show that Du(t,z) = (V14 §).

Note that as Du€ is uniformly bounded in L>°(0,T’; LP(€2; R™*™))) we have that there

is a subsequence (not further relabelled) and a function u such that
uk 2o in L0, T; Wy P (Q; R™)).

Similar calculations to before then give that dyu* — dyu in L*(Qr; R™)), and so by the
Aubin-Lions Lemma it follows that there is a further subsequence (not further relabelled)
such that u* — u in the space C([0, T]; L*(2; R™))).

In addition to this we have that for all ¢ € Lﬁ(O,T; Wol’p‘?ﬁ(Q;Rm))) we have

that
T
/ /&tu-qﬁ—l—(yt,m,a) : D¢ dx dt = 0.
o Jo

Showing that the initial condition is satisfied is done in the same way as before and will

not be detailed again here. O]

As we have seen, this gives Young measure solutions which have a higher regularity
than those obtained in the proof of Theorem 3.3.1.1. Regularising the system in this
way could provide us with a selection criteria for Young measure solutions (at least, in
the event that the solutions constructed during the proof of Theorem 3.3.1.1 do not also
possess this highger regularity). However, regularising the system of PDEs in the way in

which we have done so here may not always have physical relevance.
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Chapter 4

Numerical construction of Young

measure solutions

In this chapter we shall discuss an algorithm which shall allow for the numerical construc-
tion of certain Young measure solutions which appeared in the previous chapter. The
main references for this chapter shall be [35] and [36], in which the authors develop and
analyse numerical schemes to compute measure-valued solutions for systems of hyperbolic
conservation laws. In this chapter we show that their main algorithm can be adapted for
our systems of parabolic equations. Content in this chapter can be found in [15]. Before
proceeding to the first section of this chapter, we first make a remark. Throughout this
chapter, we shall be taking subsequences to obtain a Young measure solutions, for which
we have not shown any uniqueness result. As taking different subsequences could result
in different Young measure solutions, and we have no notion of uniqueness, this makes
the results in this chapter difficult to use for actual computations. What follows in this
chapter is therefore another method to approximate Young measure solutions. We use the
term “construction” as opposed to “computation” to indicate this, and we keep in mind
that we are not computing a particular Young measure solution, nor are we approximating

a unique Young measure solution.
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4.1 Preliminary definitions and results

We collect here some results which shall be useful to us in the remainder of this chapter.
The majority of the results discussed in this section will deal with ways of expressing
Young measures which are more suitable to computations than what has already been

considered.

4.1.1 Young measures

We discuss some properties of Young measures which will be found to be useful when we
consider the numerical computation of the Young measure solutions. These results and

definitions can be found in (or are inspired by) Appendix A of [35].

Definition 4.1.1.1. We let P(R™) denote the set of probability measures on R™, and
define the subset PP(R™) (for 1 < p < o0) to be the set of probability measures p for

which (i, |£]P) < co. On this subspace, we define the p- Wasserstein metric W, as
W (p, p) = inf {/ € —nl” dn(&,m) = 7 e 1y, p)} ,
R™ xR™
where TI(p, p) is the set of probability measures on R™ x R™ with marginals p and p:
I(p, p) :={m € PR™ xR™) : w(B xR™) = pu(B), #(R™ x B) = p(B)},

where B is any Borel set.

We let (X, F, P) be a probability space and let u : X x Q7 — R™ be a random field

(that is, a jointly measurable function). Given this, we can define the law of u as follows:
pri(B) == P{w e X : u(w;t,z) € B}), (4.1.1.1)

for Borel subsets B C R™. It is clear that u(R™) = 1. We have the following result,

which is a standard result in probability theory:
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Lemma 4.1.1.2. Let (w;t,x) € X X Qr — u(w;t,x) € R™ be a random field; then,

(4.1.1.1) is equivalent to

(Utzr g) = /Xg(u(w;t,x)) dP(w) for a.e. (t,x) € Qr,

or every conttnuous r-component vecior juncrion (g, efinead on , wnich 18 suc a
y conti t vect tion g, defined on R™, which is such that

Jx lg(u(w;t, )| dP(w) is finite for a.e. (t,x) € Qr.

Proof. As the desired equality is understood componentwise, it suffices to prove it component-
by-component. We shall therefore assume in the argument below that » = 1, i.e., that ¢
is a continuous mapping from R™ into R such that [, [g(u(w;t, x))|dP(w) is finite for a.e.
(t,z) € Qr. Let us first consider the case when the function g : R™ — R is nonnegative,

and take a sequence of simple functions g, defined on R™ by

n2"+1

gn(€) = > bixap(§), E€R™, n=12,...,
k=1

where A}, k = 1,...,n, are disjoint measurable subsets of R™, n is a positive integer,

and b} € R, k = 1,...,n, are such that g,(§) increases to g(§). This can be achieved by

-1
AZ ::g_1<[]€217;>>a 1§k§n2n7

defining

and

An,n?"-l—l = g_l([n’ OO))

Observe that g,(£) < g(§) for all £ € R™. Further, for a given £ € R™ we have that

gn(&) = n for g(§) > n whereas for g(£) < n we have that

92(6) = 5 1279(6)],

where |y| denotes the greatest integer < y. As [2"T1g(£)] > 2[2"g(€)], it follows that
gnt1(€) > gn(&) for all € € R™. Furthermore, as [2"¢g(£)| > 2"¢(§) — 1, we have that

gn(&) > g(&) —2 ™ as soon as n > g(&). Since g(&) > g, (&) it follows that lim,, . g,(£) =

g(&) for all £ € R™.
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Now, let ! :={w € X : u(w;t,x) € A}}. We observe that

1 forwe Fp 1 for u(w;t,z) € A}
Xrr(w) = = = Xay(u(w;t,2)).
0 forw¢ F} 0 for u(w;t,z) ¢ A}

Hence we have that

n2™+1
es9) = [ 0O dal®) = Jim, [ on©)dpest®) = Jim " Hua(A)
m k=1

m n—oo
n2"+1 n2"+1
= lim Y bpP(F;) = lim > bixrr(w) dP(w)
n2"+1
= lim > bpxap(u(w;t,z)) dP(w)
n—00 X i
— lim [ ga(ulwit.0) dP@) = [ glutust.)) dP(),

where we have applied the Monotone Convergence Theorem in the first and last lines
to exchange the limit with the integral over R™. From here the extension to any, not
necessarily nonnegative, function g : R™ — R such that [ [g(u(w;t, z))| dP(w) is finite for
a.e. (t,z) € Qr, is straightforward: we decompose g as g = g*—g~, where g* := (]g|+9)
and g~ := £(]g| — g) are (respectively) the positive and negative part of g, and apply the

above argument to ¢g* and g~ separately, noting that both are nonnegative on R™. [

Remark 4.1.1.3. We can easily extend this to include functions of the form g(t, z, u(w,t, z))

which are continuous in the third variable and measurable in the first two.

We have the following proposition, which shows that the law j; , defined above is in

fact a Young measure. This is Proposition A.2 from [35]:

Proposition 4.1.1.4. If u : X x Qr — R™ is jointly measurable then the law p defines

a Young measure.
Proof. The proof is the same as that in [35]. O

Finally we consider the following result adapted from [35], found therein as Proposition

A.3:
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Proposition 4.1.1.5. For every Young measure {o,}.cq C P?! on R™ there exists a
probability space (X, F, P) with P € P*' and a Borel measurable function u: X x Q —
R™ such that u has law o. In particular we may choose the probability space to be the

Lebesque measure on the interval [0, 1) with the Borel o-algebra.

Proof. The proof of this result relies on using the characterization given in Lemma 4.1.1.2.
In [35] a proof is supplied with g € Cy(R™); we extend this result below to cover our
particular class of Young measures. We give the proof in the case of scalar-valued functions
u; the extension to vector-valued functions follows by a component-wise argument.

To extend Proposition 2 in Appendix 1 of [35] from g € Cy(R) to g € C(R) with
Jx lg(u(w;t, )| dP(w) < oo for ae. (t,x) € Qr, let ¢ € C5°(R) be such that 0 < ¢ <1,
p(&) =1 for || < 1 and ¢(§) =0 for |{] > 2. Let gx(z) := g(z)p(x/k). Clearly, gy is
a sequence of functions in Cy(R), gr(§) = g(§) if || < k, and gx converges pointwise to
g on R as k — oo. Furthermore, |gi(z)| < |g(x)| for all z € R. Thus, thanks to the
Dominated Convergence Theorem, we have that

/Xg(U(w;x))dP(w) = [ gkulwiz) dP(w) = lim | gy(€) dvm(ﬁ)Z/Rg(f) dva(€).

k—o0

We remark that progressing from the left-hand side of the second equality above to the
right-hand side of that equality is precisely the result of Proposition 2 in Appendix 1
of [35]. [

4.1.2 Miscellaneous statements

Finally, we state and prove a standard lemma regarding independent and identically

distributed random variables, and their images under measurable functions.

Lemma 4.1.2.1. Let (X, F, P) be a probability space and let f : X — R™ be a measurable
function. If two random wvariables on X, Y, and Ys, are independent and identically
distributed, then the random variables f(Y1) and f(Ys) are independent and identically

distributed.

Proof. We first prove that the random variables f(Y;) and f(Y3) are identically distribut-

ed. We let A € R™ be a measurable set. It then follows from the measurability of f
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that

P(f(11) € A)=P(Y1 € f'(A)
=P, € f1(A)
= P(f(Y2) € A).

To show independence, we let A; and A, be measurable sets and calculate

P((f(Y1) € A) N (f(Y2) € Ao)) = P((%h € F(A)) N (Vs € F1(A)))
— P(Yi € 7 (A))P(Ys € f(A2))
= P(f(Yh) € A)P(f(Y2) € Ay).

4.2 Time discretisation

During the proof of Theorem 3.3.1.1, Peano’s Theorem was utilised in order to show that
one could solve the Galerkin equation (3.3.0.2a). As the eventual goal of this chapter is to
be able to compute these Young measure solutions explicitly, one would ideally wish for
a numerical scheme to approximate the solutions to (3.3.0.2a). We discuss such a scheme

in this section.

4.2.1 Convergence of a backwards Euler method

The scheme we employ is the usual backward Euler method. Starting from our discretised
initial condition uf, we inductively define a sequence ugﬁrl as the solutions to the following

time-independent problems:

"
/ “H ¢! (D) : D" — Buly, - ¢ dx = / Fip-d'dz  (42.11)
Q Q
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for all ¢" € V. Here, At denotes the time step, chosen such that the sequence of points
0 = to,t1,...,txy = T with ¢t; = At form a partition of the interval [0, 7] on which we
wish to solve the system. Clearly, T'= NAt. We must also discretise our right-hand side
F. We define

and the function

Fng(t, ) = Fy(x), for t € (ti_y,t).

Before starting with the convergence analysis of this scheme we must first check that
the scheme is well defined, meaning that given u?, there necessarily exists a function
ul',, satisfying (4.2.1.1). The existence of such a function ul, ; will require the use of the

following proposition (see, for example, Corollary 1.1 on p.279 of [40]).

Proposition 4.2.1.1. Let g : R™ — R"™ be a continuous function, and suppose that there
exists a p such that (g(§),&) > 0 for |{] > p. Then there exists a & with |§| < p such

that g(&) = 0.

We use this proposition to prove the following result, showing that given u” we can

determine a function uf!,; satisfying (4.2.1.1):

Proposition 4.2.1.2. For a given function Fy., and a function u* € V! there exists a

function uiﬂrl € VI satisfying
/u?ﬂ ¢+ Ata(Duly,) : D" — At Bul' ;- ¢" dx = /(At Fiog+ul)-¢" do. (4.2.1.2)
Q Q

Proof. We follow [57] and apply Proposition 4.2.1.1 to the function g whose components

g; are given by

g;(a”) = At /Q a(e Do} + ...+ gy DRey) - DYy da

+ /Q(I — AtB)(al ol + ...+ Oé./}(/’(h)qb?\/(h)) : ¢§'L — (At Fiy +uf) - (/5? de,

119



where o = (af, ..., af,) and we set
N(h)
hoo_ hoh
Uiy == Z G P;
Jj=1

for gb? € B". Clearly the function g; is continuous for each j = 1,..., N'(h). Taking the

inner product of g and o we get

(9(a), a) = At/Qa(OZ?DGﬁ? + o+ ARy Do)+ (a1 DO + -+ + afrgy Ddlyy) da
+ /Q(I — AtB)(e} ¢ + -+ aryOhey) - (@401 + -+ alry i) d
- /Q(At Fipn+ui) - (0767 + - -+ aigy @) de
= At/Qa(Du?H) Dugyy + (uyy)? dz — /Q(At Fipo+uf) -y, do
> et 2 + gl — gl

7j=1

(0,21, )AL YT P I

7=1

LPJ

_02(|Q|7p17"~7pm 5AtZHU2+1] LPJ(Q)
j=1

where ¢ is such that ¢; — coe > 0. The final line of the above inequality is larger than zero
provided that we take |a| to be sufficiently large. Thus by Proposition 4.2.1.1 we have a

solution of (4.2.1.2) as required. O

We can now discuss the convergence analysis. We begin with the following estimate,

which is reminiscent of the energy estimates obtained in the proof of Theorem 3.3.1.1.
Lemma 4.2.1.3. There exists a positive constant ¢, independent of h and At, such that

the functions ul, i = 1,... N, satisfy, for all h € (0, hg,

N
max ||uh||L2 Qrm) T Z \u ?71|2 dz + Atz a(Du?) : Du? dx
i1Jo i—1JQ (4.2.1.3)

C(H“S”%Q(Q;Rm) + ||FH%2(QT;]RT")>'
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Proof. We begin by choosing ¢" = u/, in (4.2.1.1), and noting the following identity:

(a—0b)-a |a]*—|b]? N la — bJ?
At  2A¢ QAL

Ya,beR™

Using this in (4.2.1.1) gives

’Uz+1|2 ’U 2 ‘Uz+1 ug|® h Y. P h h h h
AL +a(Duiyy) : Dujlyy + Bugyy -y, do = o Fipr - uiy, do.

Now we use that Bv-v > 0 for all v € R™, multiply by 2A¢ and sum through: =0,..., M

for some M < N to get

/|uM+1|2d:v+Z |uz+1—uh|2dx+2AtZ DUZH) D“?+1d$

i=0J Q
t7,+1
§/|ugl2dw+2z (/ F(t,x)dt) cul,da (4.2.14)
Q i=0J Q t;

1
< /Q |Ug de + 2HFH%2(QT§Rm) + 5 maX HU HLQ (Q;R™)"

.....

By omitting the second and the third term from the left-hand side of the inequality
(4.2.1.4) noting the independence of its right-hand side of M, and then taking the maxi-
mum over M =1,..., N — 1, yields the desired bound on the first term on the left-hand
side of the inequality (4.2.1.3). We then return with that bound to the inequality (4.2.1.4)
to further estimate its right-hand side from above, whilst omitting the first term from the
left-hand side of (4.2.1.4); thus we arrive at the desired bound on the second and third
term on the left-hand side of the inequality (4.2.1.3). The expression on the right-hand
side of (4.2.1.3) is clearly independent of A¢. We remark that the right-hand side of the
above ineuqality is also independent of h by the assumed strong convergence of ul to ug

in L2(Q:R™). m

Note that the functions u?, i = 0,..., N, are only defined for the discrete times
{to = 0,...,t; = iAt,...,txy = T}, as opposed to being defined on the whole interval

[0,T]. We therefore define the following two interpolation functions:

t— 1 ti—1
ul, (1) := Al Lul + A7 ul | for t € [ti_1,t4],
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which is continuous and piecewise linear in time, and

al,(t) =ul fort e [ti_i,ti],

1

which is piecewise constant in time. With respect to these two new functions, (4.2.1.1)

can be expressed as:

/ ok, - ¢" + a(Duk,) : D" — Bily, - ¢" dw = / Fpg- ¢ da (4.2.1.5)
Q Q

for all ¢" € V. We aim now to obtain suitable bounds on the functions defined above,
which will allow us to complete a passage to the limit in At, possibly along some subse-

quence.

Lemma 4.2.1.4. There exists a positive constant c, independent of h and At, such that,

for all h € (0, hy),
H@At||2Loo(o,T;L2(Q;Rm)) < C(”“SH%?(Q;R”L) + HF||%2(QT;Rm)>7

1A, — @as (- — At L2 0.2y < ellluglliz@zm) + IF 2@ mm));

P
L(Qr) )’
LP (Qr ))

We recall that § :== max{q,2}. Furthermore, the right-hand sides of these inequalities are

la(DEAIT g gimeny < (1 1l gy + 1122

Z ID(@A)ill70: (07200 (irmy) < € (1 + Jlugll

bounded above by a positive constant, independent of h € (0, hy] and At.

Proof. The first two bounds follow from the bounds on the first two terms in (4.2.1.3),
while the fourth inequality is proved by an argument that is analogous to the proof of the
bound on the second term appearing on the left-hand side of (3.3.1.4). To prove the third

statement, we begin by noting that since a(§) : £ > 0 for all £ € R™*" we have that

la(Du)| = |a(Dul) : a(Dut)| 5

NN

= ‘(a(Du?) : Du?) K(Du})
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NEE

— (alDut) : DA, * [ (Dul)]%.

First suppose that ¢ > 2; then, § = g and ¢’ = ¢’ € (1,2); hence, by Young’s inequality,

~

a(Dul)|" = [a(Dul)| < La(Du}) : (Dul)|=7.

Therefore, by (4.2.1.3) and (3.1.0.7), we have that

T N
/ /|a(Dﬂ’&)|qAI dxdt:/ /|a Dk )| dzdt = Atz |a (DuM)|7 dz
o Ja
! N _q
< 2At2/a(Duf): b 5 Atz/u( (Dul)|77
Q i=

i=1

L

< c(g) (w132 0mm) + | Fll2mm))

N m pj—2 2—q’
DALY Q(clz(mjﬁﬂmﬁm) 2 ) dr
=1

j=1

< c(q) (HUOHL2(Q Rm) T 1F |72 (Qr; Rm))

(pj—2)

2—|—Z|Du|f12 dz.

ClaQ7 Atz Z |:u] zI
pj>2

As q = max{py,...,pn} > 2, for any j € {1,...,m} such that p; > 2 we have that

(pj 2)q

2 < Dj from which it follows that

T
| [ DI dwdt < cla) (IublFunes + 1P iem)
0

(pj—2)q

m Pj
+eler,gm) TIQ D | o
j=1

N m
+c(q,m,61,p1,...,pm,|Q|)Atz (Z|Du2j|pj) da
j=1

i=1JQ

The final term on the right-hand side of this inequality is then bounded analogously to
the corresponding term in the proof of Theorem 3.3.1.1, and as such we omit the details

(cf. (3.3.1.4)):

z(QT>>'

=1

Ati g (i::\Du ]pfdx) <c<
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Substituting this into the right-hand side of the previous inequality completes the proof
of the lemma in the case when § = ¢ > 2. If § = 2 (and therefore ¢’ = 2), then p; € (1, 2]

for all j =1,...,m. It then follows from (3.1.0.7) that

Pt YA EeR™,

0<K(A) <er ) |

whereby

2) (a(Dul) : Dil,).

(DU =D = (oDl - D) KD < e (3 o

Hence, by Lemma 4.2.1.3,

/ / la(Dah,)|7 da dt = Atz |a DuM)|7 da
¢ (ZWZ pi= )Atz . Dul dx
i=1

< (et 1o P 1, s 1 T) (0 32y + 1 F 32 0my ) -

The final assertion in the statement of the lemma follows from the assumed strong con-

vergence of ul} to ug as h — 0. O
Next, we prove the required uniform bounds on the sequence {u&,}.
Lemma 4.2.1.5. There exists a positive constant c, independent of h and At, such that,

for all h € (0, hy),

HUZtH%oo(o,T;m(Q;Rm)) < C(HU(}JLH%Q(Q;R’”) + HFH%P(QT;]R’”));
furthermore, with § := max{q, 2},

HatulitHL«i’(o,T;W—l«‘?’(Q;Rm)) ¢

and

(At) 1||uAt ﬁ'gt(' - At)||L‘?’(O,T;W*17@'(Q;Rm)) <c
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Proof. The first inequality is just a restatement of the bound on the first term in the
inequality (4.2.1.3) in terms of u%,, and the third inequality is a restatement of the second
inequality in terms of @%,. For the second inequality, the argument proceeds along the
same lines as the proof of (3.3.1.7). For each ¢ € LI(0,T; Wy Y(€; R™)) we have, using
the stability in Wy?(€; R™) of the L2(Q; R™) orthogonal projector P" : L2(Q; R™) — V!
(cf. (3.3.0.1)), that

T T N-1 41
/ (Orulyy, ) dt = / (Qruky, Po) / / il i Phgo dz dt
0 0 =0

N-1 tit1
-y / / a(Dul' ) : DP"¢odx dt
=0 Yt Q

N-1 tir1

+ Z (Fi1 — Buzhﬂ) - Phodedt

T T
=— / (a(Duk, (1)), DP"p) dt + / (Fay — Bih,, P"o) dt
0 0
< ||a’(DaZt)“L@/(QT;RmX")||D90||L‘i(QT§Rm><")
+ <||FAt||L2(QT;Rm) + |B|”ﬂ2t||L2(QT;Rm)> el L2 (@rirm)

C(||D90||Lé(QT;Rmxn) + ||<P||L4(QT;Rm)) < CHQOHL‘?(O,T;WL@(Q;RW))7

where in the transition to the last line we have used the third and the first bound from
Lemma 4.2.1.4, together with the assumed strong convergence of ufl to uy in L*(Q; R™)
to deduce that the constant c is independent of A and At. Dividing through both
sides of the above inequality by ||| Lao,r;w.e(mrm)), taking the supremum over all ¢ €
Li(0,T; W, ’q(Q; R™)) and recalling the definition of the norm of the dual space, we obtain

the desired inequality. O

Now we study the convergence of the functions @4, in the following Lemma.

Lemma 4.2.1.6. There exists a subsequence of At, labelled Aty, and a function u* €

C([0,T); V*) such that

uAt —u" in C([0,TY; LQ(Q;Rm)),
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and

atu}itk - atuh m Lq/(o7 T W_l,@/<Q; Rm))
for any fived h € (0, ho], as k — oo.

Proof. We begin by noting that, for any At and any h € (0, hg|, the functions u%, are
continuous in both ¢ and z. By the first two bounds in Lemma 4.2.1.5 there exists a
subsequence of At, labelled Aty, and a function v € L*°(0,T; V") such that ugtk Aouh
in L>=(0,T; L*(€; R™)), and dyulk, — O in LI(0, T; W-19(Q; R™)). By Lemma 3.2.3.2,
u' € Cu([0,T]; LA(R™)) and u}k,, — u" in Cy([0,T]; L*(Q;R™)). As both ulk,(t,-)
and u"(t,-) belong to the finite-dimensional space V" for all ¢t € [0,7], it follows that

u" € C([0,T); L*(%R™)) and ulk, — v in u" € C([0,T]; L*(Q;R™)).. O

Next, we study the convergence of the sequence of functions {@%,} with h € (0, h

fixed.

Lemma 4.2.1.7. There exists a function " € L>(0,T; V") and a subsequence Aty such

that

ah,, —a" i LY (0, T; W™ (Q) and al, — @" in L7(0, T; L*(Q; R™)),

i=1

for any r € [1,00) and fized h € (0, ho|, as k — oo. Furthermore, along this subsequence
we have a(Dal, ) = a(Du") in L¥(Qr; R™ ") for any s € [1,¢') and a(Duk, ) — a(Du")

in LI(Qp; R™™), for any fived h € (0, hg), as k — oo.

Proof. By the first and fourth bound from Lemma 4.2.1.4, there exists a @" € L°°(0,T; V")

and a subsequence Aty such that al, = @" in L>(0,T; L*(€;R™)) and

ah,, —a" in X LP(0, T; Wy ™ (),

j=1
for any fixed h € (0, ho|, as k — oo.

By applying Theorem 1 from [28] (with X = X;nzl Wy (Q;R™), B = L2(Q;R™)
and Y = W14(Q;R™) and r = 1, there), we deduce that {@h, } is relatively compact

in LP(0,T; L*(€;R™)), for each fixed h € (0,h]. As this sequence is also bounded in
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L>(0,T; L*(S; R™)), by interpolation it follows that {@%, } is also relatively compact in
L7(0,T; L*(Q;R™)) for each fixed h € (0, ho] and all r € [1, 00).

Hence, in particular, {a}, } is relatively compact in L'(0,T;L'(€;R™)), for each
fixed h € (0,ho]. As @, (t,-) € V! for all t € [0,T], and V! is finite-dimensional,
for each fixed h € (0, hg], by norm equivalence in finite-dimensional spaces it follows that
{a},, } is relatively compact in L'(0, T} Wy (Q;R™)), for each fixed h € (0, ho]. Therefore
Dil, — D" in L'(Qr; R™") as k — oo, for each fixed h € (0, ho]. Thus we can extract
a subsequence of k (not relabelled) such that Dak, — Du" a.e. on Qr as k — oo, for
each fixed h € (0, ho]. As a is continuous, we then have that a(Du},, ) — a(Da") a.e. on
Q7 as k — oo, for each fixed h € (0, ho]. Since by the third inequality from Lemma 4.2.1.4
the sequence {a(Dal, )} is weakly compact in LI(Qp; R™™) and hence in particular also
in L'Y(Qp; R™"), for each fixed h € (0, hgl, it follows by Vitali’s convergence theorem
that a(Da},, ) = a(Da") strongly in L'(Qr; R™ ™) as k — oo, for each fixed h € (0, hol,
and therefore also strongly in L*(Qp;R™*™) as k — oo, for each fixed h € (0, hy] and
any s € [1,¢'). By the uniqueness of weak limits it then follows that a(Dal,, ) — a(Du")

weakly in L(Qp; R™™), for any fixed h € (0, ho, as k — oc. O

We now show that the limit functions defined above are equal almost everywhere by

showing that they are equal in an appropriate function space.
Lemma 4.2.1.8. The limiting functions u" and @" are equal in the space L*(Qr; R™)).

Proof. We apply the triangle inequality to see that

[u® = @20 riaz 0z < U = wie, lz2omi2@mm) + 1WAy, = Bag, 202 @mm)

+laay, — @207 02 @mm)).

The first and last terms converge to zero in the limit as At;, — 0 by the previously
obtained convergence results. We now show that the second term also converges to zero

in the limit.
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||“Ztkl - a}itkl ||%2(O,T;L2(Q;Rm)) =

<

T
h ~h 2
/ / ”U“Atkl - uAtkl ’ dx dt
0 Q

N t;
Lt =t — At t; —1
Z// el R ) S
i=1 9] ti1 Atkl Atkl
1 a b 21, h|2 21, h |2
T [t = AR+ (=
1) i=1 ti—1

+2(t — iy — Aty (t; — t)ul -ul | dt dw

(2

1 Aty ,
(At )2 Z ol 3 (t7 + titig + 1) — titio1 Aty
1 =1

(At — (At 2t + ti — 2m>] o

Aty )3
‘|'( gkl) u?_1|2
(Aty,) , (B —1t))
2 ti+t, )2 — =l
+ < 5 (ti +ti1) 3

Aty,)?
— titi—lAtkl — ( kl) )uh . U?A dx

2 1
Aty Y
Sy [t -t P do
3 i=1JQ

Aty
3 l”ug“%?(Q;Rm)'

This gives the required convergence to zero, and thus we see that u” = @". O

We now show that the limit function satisfies the initial condition.

Lemma 4.2.1.9. The limiting function u" satisfies the initial condition in the following

sense:

lim [ (£, -) = ug ()| 2y = 0,

t—>0+

for each fized h € (0, ho|.

Proof. By Lemma 4.2.1.6, for any € > 0 there is an ¢ € N such that

lu”

(t.) = tpg,, (8, ) | p2mm) <€
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for all [ > ¢ and all t € [0,7]. Furthermore, by the triangle inequality:
lu(t, ) = ug ()l z2mmy < MJu(t ) = uhg, (& llz2omm) + luiy, (&) = ug()llz2omm)
for any [ € N. Hence, in particular, for [ = ¢ (fixed),
lu"(t, ) = ug ()| r2@mmy < [[W"(t, ) = wir,, (t ) r2@mm) + €

As u’gtkl is a continuous function in ¢, passage to the limit in this inequality, using that

limy_0, u’&kl (t,z) = ul(z), implies that, for each € > 0,

0 < limsup [[u"(t, ) — uf ()| 12@rm) < €
t—04

Thus we have the asserted result. O

We also need to consider the convergence of the approximating source terms Fa,:

Lemma 4.2.1.10. We have that lima, o, ||[Fac(-, @) — F(-,2)| ror) for all r € [1,00)

and a.e. x € ).

Proof. The proof of this is standard and follows from the Lebesgue Differentiation Theo-

rem. L]

Finally let us complete the passage to the limit in (4.2.1.5). By Proposition 4.2.1.6

and Lemma 4.2.1.7 we see that the limit function u” satisfies

T T
/ /8tuh~¢>h+a(Duh):chh—Buh~<I>hd:cdt:/ /F-cbhdxdt
0 Q 0 Q

where ®"(t,z) = Zﬁ(lh) Brt)(z) for g € C([0,T];R) and ¢ € B". Now one can
proceed as in the proof of Theorem 3.3.1.1, obtaining the required bounds on a(Du") and

completing the passage to the limit via the Fundamental Theorem of Young Measures.
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4.2.2 Uniqueness and continuous dependence on the discretised

initial condition

In this subsection we consider the continuous dependence of u" on the initial conditions
in the event that a is also a locally Lipschitz function, a property which will be important
to us later. Note that in the proof of Theorem 3.3.1.1, the map a being locally Lipschitz
was sufficient for us to obtain a unique solution to the system of ODEs for the coefficients

h

of the functions u". We start by considering two functions, u? and v}, and we let u}

and v! be the solutions to (4.2.1.2) guaranteed by Proposition 4.2.1.2. Subtracting the
resulting equations satisfied by u/ from the equation satisfied by v and choosing as the

test function ¢" = u? — v, it follows that
|1t =P + At(a(Dul) = a(Duf) + (D = Doty do = [ (=) - (= of) i,
which after applying Young’s inequality to the right-hand side and absorbing terms, gives
lui = vl + 2At/g(a(Du}f) —a(Duy)) : (Duf — Dvy) dz < Jlug — vg || 72(0).

As the functions u? and v} are expressed in terms of a finite basis, we see through the
equivalence of norms and Lemma 4.2.1.3 that we in fact have an L> bound on u? and !,
and on their spatial derivatives. Therefore, letting K, 0. be the local Lipschitz constant

of a, we can make use of the local Lipschitz condition to see that
||U}11 - U{LH%Q(Q;RW)(l = C(h, KLipjoc) At) < ||Ug - Ug”%?(Q;Rm)-
By choosing At to be sufficiently small we have that
0<1—C(h,KLipioc)At < 1,

and thus have the desired continuous dependence on the initial data for a single time step.

By iterating this estimate we obtain that for each ¢ = 1,..., N the following estimate
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holds:

||Uh U?H%Q(Q;Rm)(l — C(h, KLip,loc)At)i < Hug - Ug”%?(@;ﬂw)- (4.2.2.1)

i J—

Note that we may take the local Lipschitz constant of a to be independent of u and v
by Lemma 4.2.1.3. To transfer this dependence on the initial condition to the limiting

functions u" and v" we consider the functions @%, and 9%, defined, as before, as
ah,(t) = ul for t € [ti_1, 1],

and
ok, (t) = ol for t € [ti_y,ti].

It then follows that

sup (17~ Pl (1~ COh Kripaor) M) < [~ e 0 (1222)

Recall that At and N are related via the identity 7' = NAt. Using this and basic results

regarding sequences of real numbers it follows that the sequence

TC(h, KLip,loc) ) N

(1 — C(h, KpLipioe) At)N = (1 - ~

h

~TChKripioe)  We define sequences vk, and v, as before:

converges as N — oo to e

t— 1 ti—1
h IU?

h
= u; 4 fort € [t;_1,t;],

and analogously
h t—1t;i 4 ol t; —

t h
(N Al f At Vi1 fort € [ti—la tz]

Let Atj, be a sequence such that v}, — u" and v}, — v"in C([0,T]; L*(2)) and k — oo.

We then have
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[u® = o™ ooz < llu" = uky, llogoryz@)
+ HuZtk - Ugtk,HC([O,T];LQ(Q)) + vatk - UhHC([O,T];LQ(Q))
< " = uky, Nleqo.mz2)

+2 sup [[ak,, — 0k, |lr2) + ke, — V" lcqomsrzo)
te[0,7

<l = uiy, lleqorza@)

2
+ 1y lug — v5 |l 2+
(1 _ Tc(thLip,loc)> 2

Ny

+ vk, — v"[leqoryrz))-

Now passing k — oo we see that

Tc(thLip,loc)

Ju" — o™ o2y < 26 2 n

uo — U(})LHLQ(Q)-

We have therefore shown the following proposition:

Proposition 4.2.2.1. Let all of the assumptions of Theorem 3.53.1.1 hold, with the addi-
tional assumption that the initial condition ujf € inzl Wy (Q). Then there is a unique
solution to (3.3.0.2a) which depends continuously on the choice of discretised initial da-
ta, and which can be constructed numerically by the approximations considered in this

subsection.

The above proposition in particular implies that the map S” sending the initial con-
dition u? to Shul = uM(t,-) is a continuous map from R™ to R™ for all ¢, and by the
equivalence of norms in finite-dimensional vector spaces, so is the map sending the initial
condition ul! to Du"(t,-). Recall that we are writing the functions u”" in terms of a finite

element basis

=

»)
u'(t,x) = Y af ()¢} (2).

i

I
N

The above considerations lead to us being able to view the map from RV(") to RN

which sends the vector a’*(0) of coefficients of the discretised initial condition in terms of
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the finite-element basis to the vector a”*(t) of coefficients of u” in the same finite-element
basis as a continuous function. To see this, let o and Qh be the coefficients of u" and v"

respectively. By expressing

N(h)

u'(t ) =o't w) = 3 (af (8) — B (1) ¢i (x),

i=1

it follows that

h 2
s 5 b0 -t iy, 19460 daf)

N(h) 3
< s (3 ot - st / o ac)
Q

t€[0,T]
2

= max Z o () = B (D) |65 () dl“)

t€[0,7] Q=

N

= max Z o (t) = B} (£) ] ()2 dx)

t€[0,T] Q=

< Ju" = "l eqoryzay

< C<T» h, I(Lip,l00)||u6Z - U(I;HL?(Q)

[SIE

N(h)
S C<T7 h, KLip,loc) iilmaj\); B H(z) ”L2 ( Z |Od )|2)

Thus the map a(0) — o' (¢) is continuous for all ¢ € [0, T]. Now we can get the continuous

dependence on the initial condition for each z € €:

[t (t,2) = o"(t,2)] < 37 Jag(t) = B (B)]]67 (2))]

1
gc(T,h,Kup,loc,z Nz, _min 10l 1200 )

,..., =1,...,

N (R)
x ( Ia?(O)—ﬂ?(O)\) 2 |67 (x)
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4.3 An overview of the algorithm

The main idea behind the algorithm presented in [36] is to generate (randomly) a large set
of initial data, evolve all of these forward (separately) under some solution operator, and
look at the limiting spread of values as the size of the amplitude of the randomisation is
sent to zero. In [35] and [36] this is used to compute measure-valued solutions to systems
of hyperbolic conservation laws in the form of the following two algorithms. The first is
called Algorithm 4.1 in [36]:

Algorithm A: Let the initial data for an underlying time-dependent PDE be given
as a Young measure o.

Step 1: Let uy : Q@ — LP(R™) be a random field on a probability space (X, F, P)
with law ¢, meaning that o(E) = P(uy(w) € E).

Step 2: Evolve the initial random field by applying a suitable numerical scheme, with
solution map StA7 to the initial data ug(w) for every w € X, obtaining an approximate
random field u®(w, -, ) := S2ug(w; -).

A

Step 3: Define the approximate measure-valued solution v* as the law of u® with

respect to P, that is, for all Borel sets £ C RY,

Note that we should expect a difference compared with [35] and [36] in what we are
trying to do, as our Young measures appearing are generated by sequences of gradients.
Next, we need a method to approximate the random field ug(w;x). This is Algorithm
4.3 in [36].

Algorithm B: Let A denote a parameter coming from some numerical scheme (in [35]
and [36] a finite difference scheme is utilised, and so A would correspond to some vector
of grid sizes) and let M € N. Let 02 be the initial Young measure.

Step 1: From some probability space (X, F, P) draw M independent and identically
distributed random fields uOA’l, e ,uOA’M all with the same law o2.

Step 2: For each k and for a fixed w € X approximate the solution to the PDE using

the solution operator with initial data u)*(w). Denote u*(w; -, t) = S2us™ (w; ).
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Step 3: Define the approximate measure-valued solution by

an 1§
Vai =7 D Oubk ()
k=1

Results from [36] (seec Theorem 4.5, Theorem 5.1 and Corollary 5.4) then guar-
antee convergence to a measure-valued solution as one passes to the limit (diagonally).
In this chapter we go into more depth regarding these algorithms and their adaptation to

the systems of parabolic PDEs in which we are interested.

4.4 Application to systems of parabolic PDEs

We now give the necessary changes to be made to the algorithm described above so that

it can be applied to the problem:

Owu — div(a(Du)) — Bu=F (4.4.0.3)
with
F e X L (Qr), (4.4.0.4)
i=1
and
Bu-u <0, (4.4.0.5)

and a a locally Lipschitz map satisfying (3.1.0.6)—(3.1.0.8). We impose a zero Dirichlet
boundary condition as before, and consider the initial data to be given by a function

Up € inzl Wol’pi<Q§Rm)-

4.4.1 Alterations to Algorithm A and Algorithm B

Below we give the analogues of Algorithm A and Algorithm B which are needed for our
parabolic problem. We here make the additional restriction that we only consider atomic
intial data: that is, where our initial data is given by a function, rather than some Young
measure. As has already been discussed at the start of this chapter, repeatedly taking

subsequences means that the results are hard to use for actual computation, and as such
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these are not really computable algorithms, but we use the word in order to be consistent

with terminology used in [35] and [36].

Algorithm C: Let the initial datum for an underlying time-dependent PDE be given

as a function wuy.

Step 1: Let Y : X — le Wy (Q;R™) be a random field on a probability space
(X, F, P), and discretise Y by a finite element approximation of random fields Y", such
that [|Y"(w;)||r2@) < 1 P-a.s and for every w € X, Y"(w,z) = 0 for all z € 9Q. Dis-
cretize ug by some finite element approximation ul!, and then perturb these discretisations
by defining

g (w; ) = ug(x) + V" (w; ),

and let 0 be the law of uf*, meaning that o™<(F) = P(uf“(w) € E).

Step 2: Evolve the initial random field by applying a suitable numerical scheme, with
solution map S;, to the initial data ug’e(w) for every w € 0, obtaining an approximate

random field w(w, ,-) := S;ul(w; ).

€

Step 3: Define the approximate Young measure solution ;¢ as the law of u™¢ with

respect to P, that is, for all Borel sets E C R™,
pis(E) = P(uh(w;t, x) € E),

and define ™€ to be the law of Du/¢ with respect to P.

As before we need a method to approximate the random field uf(w;z), as well as

approximate the measures p¢ and <.

Algorithm D: Let h denote the grid size parameter and let M € N. Let ¢/ be the
initial Young measure, chosen so that as h — 0, we have that o€ converges weakly-* to

.

Step 1: From some probability space (X, F, P) draw M independent and identically
distributed random fields Y™, ... Y"M such that ||[Y"(w)|2() < 1 for P-aecw € X

and for all i = 1,..., M, and such that for all w € X and alli = 1,...,m, Y™ (w;x) =0
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h,1,e h,M,

for all z € 092, and such that uy ™, ..., uy" " all have the same law o€

, Where

up P (W) = ul(z) + Y™ (w; ).

h,k,e
0

We make explicit here the fact that ||ug™ |12y < [[ufllr2@) + €, so that the bound is

independent of k, €, and h (as u} is chosen to converge strongly to ug in L?(2; R™)).

Step 2: For each k and for a fixed w € () approximate the solution to the PDE using

the solution operator with initial data uf”™(w). Denote u"*(w;t,-) = Syup™ (w;-).

Step 3: Define the approximate Young measure solution (uﬁ;ﬁ‘/f’e, I/[f ;SM’e), where

h,M 1

b 76 [y—

Mtz = i § :5uhvkae(w;t,x)7
k=1

and

h,M 1 o

I 76 Pyp—

Voo += M E :5Duhvkv5(w;t,m)’
k=1

4.4.2 Applying the algorithm to construct Young measure solu-

tions

In what follows we will show that the algorithms described above converge to a solution of
the system of PDEs under consideration as we pass h,e — 0 and M — oco. We will split

this proof up into a number of sections, but for ease of reading we first give an outline:

1. Firstly we shall construct the weak formulation which we wish to study, and discuss

passage to the limit in M.
2. In the second step we shall pass h — 0 and € — 0.

3. In the third step we show that the limiting measures can be interpreted as a Young

measure solution of the system under consideration.

4. Finally we shall show that the initial condition is satisfied.

Remark 4.4.2.1. To avoid confusion we make the following fact clear here. The pa-

rameter w taken from the probability space X is intended to represent the “seed” in the
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numerical algorithm. Different seeds w will give rise to different approximating solutions.
What will be shown during the second step is that one can pass to the limit in M (along a
subsequence) to obtain convergence to a quantity which is independent of w € X for P-a.e

we X.

Remark 4.4.2.2. In reality, in order to make this algorithm able to be implemented we
should include the time-stepping procedure. However, as we have to make a choice as
to the order in which we pass limits (there is a calculational step in which we cannot

interchange the limits in M and h), we simply choose to pass At — 0 first.

Step 1: Passing M — oo:

We shall use the semidiscrete numerical scheme discussed in Section 3.3, augmented
with the time-stepping procedure discussed in Section 4.2. By Lemma 4.2.2.1 we have
that, for any w € X, any € > 0, any positive integer k£ and any h € (0, ho] and At = T/N
for any N € N, we can construct, via the time-stepping procedure from Section 4.2, a
function w/xF“(w; -, ), which for any h € (0, ho] and any At > 0 (sufficiently small, for a
given fixed h € (0, ho|) uniquely solves the fully discrete scheme and depends continuously

h,k,e
0

on the discretized initial condition u,"°. Therefore we may assume that the passage to

the limit At — 0, has already been made for w € X and h € (0, ho] fixed, and we

h,k,e(

shall therefore consider the limiting function u w; -, -) resulting from the passage to

the limit At — 0, instead of qu “(w;+,+). In particular we remark that as we are at
this stage considering finitely many perturbations of the discretized initial condition, the
existence of a suitable subsequence At; — 0., which works for each k € {1,...,M}, is
straightforward.

For each initial datum uj™‘(w) (for a fixed w € X) we have the following energy
estimate, obtained (for each fixed w € X and k € {1,..., M}, analogously to those found
in the proof of Theorem 3.3.1.1 (see, in particular, (3.3.1.4)):

Pi
LPi (0,75 Wy " (R™))

€ “ h,k,e
||Uh’k’ (W)H%OC(O,T;LZ(Q;RT")) + Z | Du;"™(w)
=1
< . 2 m - ) p; /
> C<Qap17 .- 7pm) (HuOHLZ(Q;R ) + ; HE P (Qr)

+ ‘QT‘ Z ’/M

Di
pi<2
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Here Du; denotes the spatial derivative of the i-th component of the vector w. Similarly

to the analogous bounds from Theorem 3.3.1.1, we can bound

||a( hke)HLq Q R'mxn) < O

and

Hatuh’k’eHL@’(O,T;W—L‘?’(Q;Rm)) <C

with C' in both cases being independent of h,k and e (recall that we have defined § =
max{q,2}). This follows by the assumption that the perturbed initial conditions are
bounded uniformly in h, k£ and e. Summing over £k =1,..., M and dividing by M we see

that the functions u*¢ satisfy, for all 1 € L(0, T; V") the equation:

/ / Z@uhke (wit,z) - Y(t,x) + <V£;%f,a> : Dp(t, z) da dt

/‘/ Zﬂﬁ“ﬁwt@ Wt@dxﬁzzfAFV¢Mdt

This is the weak formulation which we shall be considering. An integration by parts in

(4.4.2.1)

time results in the equation:

/ / M ¢ Zuhke (wit,z) - (Op)(t, ) + BTap(t, z)) do dt
(4.4.2.2)

// (WM a)  Di(t, ) — Ft,x) - (t,z) da dt =0

for all v € WHL(0,T;V"). We now wish to let M — oo. In order to take this limit
we need to prove some convergence results for the first two terms in (4.4.2.2). This is
accomplished by proving an analogue of Theorem 4.9 from [35].

We let uf“(w;z) = ul(z) + €Y"(w;z) be some initial condition which is indepen-
dent of the initial conditions ug’l’ﬁ, ugME, and has the same distribution as these
initial conditions (meaning in particular that the law of ug’e is given by o), satisfies
|Y"(w; )|l 120y < 1 for P-almost every w € X, and is such that for all w € X we have

Y (w;z) = 0 when 2 € 9Q. We evolve this according to the previous numerical scheme

to obtain a function u(w;t, z). We denote the law of u¢ by p/»¢, and similarly denote
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the law of Du™¢ by v¢. From the proof of Theorem 3.3.1.1 we see that the following

regularity holds:

uhe e L (X; >m< LP(0, T; WP (Q ))) NLX(X x (0,T); L4 R™)),  (4.4.2.3)

i=1

O € L(X: LT (0, T: W (0 R™))) (4.4.2.4)

a(Du™) € L®(X; LY (Qp; R™™)). (4.4.2.5)

All of the norms of the above functions in their respective spaces can be bounded inde-
pendently of h and e.

We now also consider the function <V£%E ,a) for a fixed w € X (cf. Remark 3.1.0.2).
We remark that by the bounds obtained during the proof of Theorem 3.3.1.1 we can
bound this function in the L‘jl(QT; R™ ™) norm, and as such there is a subsequence M,
and a function y € L (Qr) such that (/M€ g) ™ y. We aim to identify this function
X later, using the (by now) usual strategy of identifying the limit in some weaker space
and appealing to the uniqueness of weak limits.

Recall that everything done up until now has been for a fixed w € X. As such, the

limiting function x still depends on the parameter w. In order to show that the limit is

independent of w we have the following result.

Theorem 4.4.2.3. Lety : QpxR™ " — R™™ be such that vy € L (Qr; B (R™*"; R™*™))

with o € (1, P7). Along a subsequence M, we have

T

/ ot dear— [0 [ gt o at
o Ja

// Zj?ﬁ", (t,z,- dxdt—)//um,’ytx ))dx dt,

in L?(X) as n — oo. In particular, for each ~ there is a subsequence of M, such that for

and

P-a.e w € X the convergence happens pointwise.

Proof. The proof of this theorem is mostly the same as the proof of Theorem 11 of [35],

found therein in Appendix B. We consider only the family of measures M€ the other
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family is dealt with similarly. Given a random field n : X — L'(Qr) we define its

expectation with respect to the probability measure P as
B i= [ nlw) dP()
b's
Similarly to [35] we define, for k = 1,..., M, the following two quantities:
T
Gij(w) :/ /%7j(t,x,Duh’e(w;t,m)) dx dt,
0o Jao

and

T
Gi(w) = / / i (t, z, DU (wi t, x)) dz dt.
0 Q

We need to show that G}J, cee G%" are independent and identically distributed. We
start by remarking that as the initial conditions u’g’“, e ,ug’M”’G are independent and

identically distributed (in the variable w € X), and as the solution operator S; mapping
an initial condition g to @(t,-) is a continuous map (see Proposition 4.2.2.1), the func-

ke are all independent and identically distributed as well (see Lemma 4.1.2.1).

tions u
Furthermore, by the remarks following the statement of Theorem 4.2.2.1, the functions

Du"¥< are also independent and identically distributed.

Recall that the functions v; ; are measurable, and in particular are continuous in their
third component and satisfy the growth rate coming from the space E,_;. This implies
that the functions v; ;(¢, z, Du*<(w;t, x)) are independent and identically distributed in
w € X. From Tonelli’s Theorem it then follows that the functions Gﬁ ; are measurable in

w, and thus by Lemma 4.1.2.1 are also independent and identically distributed in w € X.

We now compute the following quantity

E ((E(Gi,j(w)) - ]\2 % Gﬁj(w)y) :

n k=1

which is the L?(X) error with respect to the probability measure P. As in [35], using the

fact that the random variables Gﬁ ; are independent and identically distributed, we can
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reduce this to

B ((E(Gi,xw)) S NA) ) - E(C) - G (1420

We then bound the terms on the right-hand side using the energy estimates corresponding

to the numerical scheme, as well as the fact that we can choose our initial data to have
a bounded L*(Q;R™) norm for a.e w € X. We show the calculation for E((G;;)?); the

calculation for the other term follows in a similar way. Let o € (1, ﬁ).

s = [ ( [t it o dt)2 1P(w)

c p
< [ 1l iy 1L+ 1D @)1 gy dP)

We justify this by noting that

T
/ /’Yi,j(t,x,Duh‘(w;t,as)) dx dt|
0 Q

T o h,e(, . h,e(, . g
[ [ hulon Dt b )0 Dt
o Jao 1+ |Dul<(w; t, z)|a

T
S/ /|’%,j(t7$,')|’Ep(1+ !Duh’e(w;t,x)])g dx dt
0 Jo &

< ||%,j||La’(QT;E£)||1 + |Duh’E(W)|E||L“(QT)'

Given two real numbers a and b satisfying 0 < |a| < b it then follows that a® < b%
meaning that we can square both sides of the above inequality and then integrate in w
to deduce the stated bound on E((G,;)?). Then using the fact that a < 55 we can

bound the norm ||1 + | Du"(w)|«|| (@, independently of &, € and w by using the energy

estimates obtained through the proof of Theorem 3.3.1.1.

Thus as P is a probability measure we have that E((G;;)?) is bounded, and so the
right-hand side of (4.4.2.6) converges to zero as M, — oco. Then, by applying Lemma

4.1.1.2, we see that:

B = [ [ [ usltn Dut it ) ar dt ap)
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/ /(/ i (t, 2, DU (w;t, ) dP(w )) de dt
//’/tgm%gtx )y dz dt.

Repeating these calculations for all components ; ; gives us the convergence of

// LL%E", (t,x,- dxdt%//ym,fyta: )) dz dt,

in L*(X) as M,, — oo, from which we deduce the existence of a subsequence (not rela-

belled) converging for P-almost every w € X using standard results in measure theory. [

What we would like to conclude is that by the above theorem we have, for P—almost

h.Mn.€ £ ym€ This does not follow immediate-

every w € X, the weak-star convergence of v/’
ly, as a-priori there is no reason why the subsequence of M,, along which we have pointwise
convergence should be independent of the function ~ (a point not clarified in [35] or [36]).
To get around this we note that as Er is separable (see [46]), the space LY (Qr; Er) is
also separable for our choice of a. Thus, the space Eg (Rm™>m R™*™) is also separable,
and therefore there is a countable dense subset {y7}F_; C Ez (R™"; R™*™).

We fix 11 € LY (Qr; Ep (R™™; R™*")). Then there is a subsequence My, ; C M, and
a set Ay C X such that P(A;) = 1, and we have the pointwise, and L*(X), convergence
holding along the subsequence for all w € A;. Fixing 7, we obtain a subsequence M, ;y C
M,,j and a set Ay with P(Ay) = 1 such that the pointwise, and L?(X), convergence
results hold along the subsequence M, ;) for all w € A; N Ay. We continue like this and
choose a diagonal subsequence M, = M, (), along which (by construction) we have the
pointwise convergence for all vz in the countable dense subset and forallw € A := N2, A

Given a function v € L (Qr; Ep (R™ ™ R™ ™)), there is a subsequence {77}, C
{v7}%_, for which vz converges strongly to v in L (Qr; Ep (R™™R™")) as T — oo,

Let w € A (which, by standard results in measure theory, satisfies P(A) = 1). Then

Lﬁ,i\,{c"“v t,x,- dxdt—/ /l/tx,vtx )) da dt

hMm’ ) —Wz(t,(II,')"—’Yz(t,I,'» dr dt
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//um,wx (b ) 4 (e >>dxdt\

// Z%’”’mﬂx)dxdt //um,w(t:c»dxdt‘

LL%UWH _ytxafy(t xZ, ) ’)/I(t,x,‘)> dx dt| .

For a fixed Z the first term converges to zero as m — oo. For the second term we compute:

LL%:W“ - nge?’}/(ta xz, ) - fVI(tw%'? )> dz dt’

< hMue e (v(t,%‘)—%(t,xw))(lﬂ-|§)> da dt|

w,t,m tr7 1+”§
1 bk,
<~ el @ris ( S+ 1D (w5 1,21 eron
mk 1

HII1 + [Du(w; t, 2) |5 ]| oo (x:20(@r)) )

noting that by previous calculations the term in the parantheses is bounded independently
of M,,, h, € and w. Therefore passing M,, — oo and then Z — oo results in the desired

convergence.

The terms involving the measures ;¢ are treated similarly, using that we can obtain

h,k,e

similar bounds on the functions u as on their derivatives, and that the identity function

is in the space E». Thus we have that for all ¢» € W10, T; V") the following identity is

satisfied:

/ / HELE) - (Bt @) — BT(t, @) — (W, a) - D(t,x) + F(t,) - (t, x) dz dt = 0.

Step 2: Passing h,e — 0:

We now move on to discuss passing to the limit in the remaining two parameters. By
the aforementioned weak convergence and lower-semicontinuity of the norm, we have that

|| <l/h’6, CL> HLQI(QT;]RmX") S lim lnfnﬁoo H <I/h’]\4"’67

a)|| . (@pirmxny < C, independently of 7 and
¢, implying that there is a subsequence h; and a function x € L% (Qr; R™*") for which

(V' a) — x in L7 (Qr; R™ ™). We need to identify what this limit is.
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Consider the function @(€) = 1+ |£|«. We can apply the same calculations as carried

out in step 2 to obtain that (M€ ) — (V"¢ @) in LY(Q7r) as | — oo. In particular:

he ~ S h,Me ~
10, @) oc@r) < Tign inf |65, @) 0 0y,

which is uniformly bounded by the growth rate of @ and the energy estimates, indepen-

dently of [, h and e. We now compute

1N o (@i ) = sup / (i () da dt
< |’YHLC“/(QT:Eg):l T
t . 1 . |la—1
= sup / Vfgafy(?x’ )( +| | ) de dt
A\ P LA |- ot

=1
Ml (g
«@

< 1", @) Lo

which is uniformly bounded as before. Thus there is a subsequence of the measures
indexed by (hj,€) and a measure v € L*(Qp; E») such that for every v € E» we have

that

WM ) = (15, 9)

in L*(Qr; R™™) as j — oo. In particular this results in:

(V€ a) — (15, a)
in L*(Qr; R™*™). Thus we have identified the limit y, and by uniqueness of weak limits
we have that (v, a) € L (Qr; R™*™). Similar calculations hold for the family of measures
p'<. Passing € — 0 is now done similarly, and we note that one can indeed take a diagonal
subsequence of (h,€) and pass to the limit along this diagonal subsequence to obtain the
existence of two Young measures p and v satisfying, for all ¢ € Li(0,T; W, ’q(Q;Rm)),

the identity

/0 /Q([Lt7x,f> (Oph(t,x) — BT(t, ) — (Vta,a) - DY(t,x) + F(t,z) - (t,x) de dt = 0.
(4.4.2.7)
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Step 3: Interpretation as a Young measure solution:

We now give a relation between the measures p and v. Recall that ;"€ is the law of
the random variable u¢(w;t, z), and that u/¢ is written as a sum of finite element basis

functions over the domain 2. Therefore we can take a derivative in space, and get:

Dz, §) = [ Duwst ) dP() = (7,6)

Using the previously obtained weak-star convergence of p¢ and v¢, the regularity of
the functions u¢ coming from (4.4.2.3)—(4.4.2.5), and the fact that X is a space of finite

P-measure, we see that by passing h, e — 0 along subsequences, we get the existence of a

function
ue L™ <X; X LFi(0,T; Wlpz(Q;Rm))>
i=1
such that
(ss€) = [ ulwit,z) dP()
X
and

(Vt, &) :/XDu(w;t,x) dP(w).

This comes from the fact that, for example,

(e, &) — (1, €),

and we have that

/// (w:t, 7)- (wtm)dP()dxdt%/ // (. 2)- (1. 2) AP(w) d

for all ¢ € L'(X;L9(0,T; W, (€; R™))). However, as X has finite P-measure, we can

choose test functions which are constant in the parameter w to see that

/ /(/ ‘(w;t,x) dP(w))gbtx dxdt%/ /(/ (w;t, ) dP(UJ))-qb(t,:c)dxdt
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for all ¢ € L4(0,T; Wy *(Q; R™)), which gives the desired representation for (., &) (the
corresponding term for (v; ., ) follows similarly).

Now we define the function

Ult,z) = /Xu(w;t,x) dP(w) = (prz,&)-

This is locally integrable over Q)7 and thus we can speak about its distributional derivative
DU. If we can demonstrate that DU(t, ) = (14, &) in a suitable sense, then we will have
shown that the pairing (U, v) is a Young measure solution of the system under considera-
tion (the desired regularity follows from using the lower-semi-continuity properties of the
norm and the previously obtained regularity of the functions u™ in (4.4.2.3)—(4.4.2.5)).
What must first be shown is that it makes sense to speak of DU as a function, rather
than as a distribution. To that end, note that the function v € X;.il LP(0,T; Wy P (Q))
satisfies u|sq = 0, and so we can extend the function u (and hence the function U) by zero
from [0, 7] x © to the whole of [0, T] x R" so that the extended function (still denoted by
u) belongs to XZL LPi(0,T; WhPi(R™)). We consider the difference quotient of U, defined

by
D?U _ U(t,:c—i—éeg) — U(t,x),

where e; is the unit vector in the j-th co-ordinate direction. Then, denoting the i-th

component of the vector U € R™ by U, it follows that

||D?Ui(t> N zri

) p—
)

17i(%)
_ ‘/ ui(w; t, - + dej) — ui(w;t, ) dP(w)
x 1) LPi(Q)
< / ui(ws t, - + dej) — ui(wit, ) dP(w)
X 0 Lri (@)

< /X Dy (w; . )| oy AP(e0),
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forall 6 € (0,1), and j = 1,...,n. In the transition to the last line we have used that, by

Jensen’s inequality,

pi

ui(wit, -+ oej) — ug(w;t, ) |F
)

1
/ Dju;(w;t, -+ sd)ds

LPi(Q) LPi(Q)

/||D Uity + 50) By ds

:/ /\Djuz(w,t,x—i—sé)
0o Jo
1
§/ /|Djui(w;t,x)|p" dzds
0o Jo

= || Dju;(w; t, )||%

Pidyds

L)

Therefore, by a standard characterization of Sobolev functions in terms of difference
quotients, D;U;(t, ) € LP(Q2), j = 1,...,n, for almost every ¢ € [0,7]. By integrating
over t € [0,T] in the above inequality it follows that D;U; € LP(Qr), ¢ = 1,...,n, and in

particular U € le LPi(0, T; Wy P (; R™)), as required. By an analogous argument,
U e L>™0,T; L*(;R™)),

and

QU € LU0, T; W=H(Q; R™)),

thanks to the regularity results
u(w;-,+) € L=(0,T; L*(Q; R™)), for a.e. w e X,

and

duu(w;-,-) € LI(0, T; W=H(Q; R™)), for a.e. w € X,

which follow from the regularity properties of u™€ stated in (4.4.2.3)—(4.4.2.5) using the

weak lower-semi-continuity of the norm function.

Next, we define

V(t,z) = (1, 8) = /X Du(w;t,z) dP(w),
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and let ¢ be a test function. We then compute, using Fubini’s theorem,

//DUta:) o(t, ) do dt = // (t.2) - Do(t, ) du dt
__/0 /Q/Xu(w;t,a:)-Dgo(t,x) dP(w) dz dt
—/X/OT/Qu(w;t,x)-Dgp(t,x) dz dt dP(w)
_ /X /0 ' /Q Dulw: t,7) - p(t,2) dz dt dP(w)
_ /0 ' /ﬂ /X Du(w:t,2) - o(t, ) dP(w) de di
_ /0 ' /Q V(t,2) - olt, ) de dt.

Step 4: Attainment of the initial condition:

Defining U™<(t, z) := [ u"“(w; ¢, z) dP(w), it follows from (4.4.2.3)—(4.4.2.5) that 0,U"< €
LI(0,T; W=H(Q; R™)), and UM € X" | LP(0, T; WP (; R™)) N L=(0, T; L*(Q; R™)). 1t

follows from Lemma 3.2.3.2 that there is a subsequence (h;, €;) of (h, €) along which

/Uh Pt x) - p(x) de —>/ (t,x) (4.4.2.8)
Q

uniformly for all ¢ € L2(2; R™). We let ¢ € L*(Q; R™) and compute:

/Q (U(0,2) — up(x)) - () dz = / (U(0,2) — UM (0, 1)) - plx) de

+ [ @0.0) = Um0 12 - pla) da

# [ (ot - [ are) oo e

+/Q (/X ugj’ej (w,z)dP(w) — uo(x)> ~p(r)dx
= I+ IT;(t) + ITI;(t) + IV},

(4.4.2.9)

The term [; converges to zero as j — oo by the uniform convergence in C([0,77) stated

n (4.4.2.8). The term I1;(t) converges to zero as t — 04 as it holds that u% (w;t, ) —
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uhi<i(w,0,2) by continuity of ¢t € [0,T] — u"%(w;t,z) for each w € X and z € Q,
and we can apply the Dominated Convergence Theorem to interchange this limit with the
integral over X that appears in the definition of U"%. The term I11;(t) also converges to
zero as t — 04 as we have that the numerical functions u"% satisfy the initial condition,
and we may once again apply the Dominated Convergence Theorem to interchange the

limit with the integral over X. Finally for the term I'V; we compute:

[ 0 aP@) ~ uole)

/Xugj + &Y (w;2) — ug(z) dP(w)

< Juh(a) ~ wl@)| + [ [V (w,0)|dP(o).
X
Integrating this over €2 we get

J

ha
dx S ||UOJ — UOHLl(Q;Rm)

/X Wl (w0, 2) dP(w) — ()

e / 1Y (@, )|z @z AP()
X
hj
< Jug” — wol| L2 (mm)
velt [ 1Yo i 4P
X

h, 1
< lug” — wollz2(urm) + €22,

which converges to zero as 7 — oo by the assumed strong convergence of our discretized
initial condition u} to ug in L2(£2;R™). In view of this, we see that passing to the limit

t — 0, in (4.4.2.9) with j > 1 kept fixed before passing j — oo we deduce that

/Q(U(O,x) —up(z)) - p(x)der =0 Ve LA(Q;R™).

Thus we have that U(0,z) = wuo(x) for almost every = € €, showing that the initial

condition is satisfied.

For clarity we state the following theorem which encapsulates the result proven in

steps 1-4:

Theorem 4.4.2.4. Algorithms C and D together converge to a Young measure solution
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of (4.4.0.3) in the event that the initial measure is a Dirac mass, dyy(), for any initial

datum ug € L*(2).

Remark 4.4.2.5. If we have a (nonatomic) measure-valued initial datum o, Steps 1-
above provide an outline of an algorithm for proving the existence of a Young measure
solution, assuming that all of the M “perturbations” to o can be chosen to be bounded,
independent of M. This requires being able to find a random variable uy whose law is given
by the initial Young measure o. The existence of such a random variable is quaranteed by

Proposition 4.1.1.5.

Remark 4.4.2.6. In [35] and [36], in their analysis of semidiscrete schemes the authors
are able to interchange the order in which the limits of the spatial discretization parameter
and the parameter € tending to zero and M — oo are taken. For us here the passages to
the limits in h — 04, € = 04 and At — 04 are all interchangeable, but the passage in M
is problematic from this point of view. The reason for this is that, while the limits obtained
in the proof of Theorem 4.4.2.3 are independent of h, computing these limits in the first
place required us to use the independence and the “identicalness” of the distributions of

hke " This required that the solution operator S, was measurable. However,

the functions u
for the model problem under consideration here, we were only able to show continuity
of this operator on the functions u*¢ for each fized h, and were unable to transfer this
property to the limiting function as we pass h — 0, meaning that within the context of the
algorithms, we must take a limit passage in M before the limit passage in h. If instead one
could show that the operator S; was measurable when considered as a mapping from the
nondiscretized initial condition ug € L*(2; R™), we would then be able to interchange the
limits in any way we desired to, as this property would be sufficient for the independence

and “identicalness” of the distributions to carry over to the limiting functions as we take

h —04.

Finally, we bring this chapter to a close by mentioning that we can apply this same al-
gorithm to systems of the form (4.4.0.3) — (4.4.0.5), with initial data uy € X Wy (),
and with a satisfying (3.5.0.2) and (3.5.0.3), in order to construct Young measure solu-

tions.
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Chapter 5

Closing remarks and further study

During the course of this thesis we have seen some of the problems associated with systems
of nonlinear partial differential equations which are forward-backward in nature. In the
absence of any monotonicity property, existence results for Young measure solutions were
obtained, and long-time behaviour of the constructed solutions was investigated. We also
briefly considered what were to happen should we still lack a monotonicity condition, but
have slightly stronger structural assumptions in place.

We then discussed the numerical construction of said Young measure solutions, look-
ing at ways in which one could express the solutions as Monte-Carlo averages of Dirac
measures which are centred at the solution of a discrete problem.

Recently, along with Matteo Croci, this author has been attempting to implement
the numerical algorithm outlined in Chapter 4. For clarity of authorship we make the

following statement:

Remark 5.0.2.7. All of the code for this implementation was written by Matteo Croci.

In particular, Figures 5.1—5.4 were generated by him.

5.1 Implementation for a model problem

We begin by discussing the implementation for the following model problem, where the

lack of monotonicity and resulting forward-backward structure are clear:
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Ou — O, (f'(Opu)) =1, (5.1.0.1)

u(t,0) = u(t,1) =0, (5.1.0.2)
0.035z if v €10,3],

u(0,z) = (5.1.0.3)
0.035 — 0.035z if = € [3,1],

where f : R — R is given by f(&) = (£ — 1)%(€ + 1)% (so f'(§) = 4(¢% — 1)¢). Here,
w:[0,7] x (0,1) — R. We plot below a graph of f in blue and f’ in red.

/
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One can show that for each & such that |£| < \% there exists an n € R such that
(f'(¢) — f'(n)(& —n) < 0. Our choice of initial data is such that the initial gradient
0,u(0,z) is in this non-monotone region of f’. For this problem one should therefore
expect non-uniqueness of solution, and indeed that is what one sees in the numerics.

Below we discuss the numerical experiments. It is worth remarking here that the
intention is not for this to be a thorough in-depth analysis; rather, at this stage the
author seeks only to present a brief overview.

We give here a short explanation of the sampling method and random field generation
method utilised in the implementation. In order to perturb the initial condition, Gaussian

Matérn fields were chosen. Matérn fields can be viewed as being solutions of the following
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linear elliptic PDE [19]:

(T — k20 w(z,w) = nW(z,w) in Q

u =0 on 0f),

where, in the notation of Chapter 4, x € Q, w € X (recall that (X, F, P) is a probability
space), k > 7 and 7 is some scaling factor. W here represents a spatial Gaussian white
noise in R™. Such fields are, for example, almost-surely continuous (see [1], section 2.1.3).

Once obtained, we use this Matérn field w to perturb our initial condition u, obtaining

up(w; ) = ul(x) + ew(w; ).
The perturbed initial condition is then evolved forwards in time using the backwards

Euler method outlined in Chapter 4 to obtain an approximate solution u/¢(w;t, ).

Recall the result of Lemma 4.1.1.2, which asserted that if ji; , is the law of a random

variable u(w; ¢, ), then for every continuous vector function g one has that

(101 9) = /X g(u(w;t,2)) dP(w)

for almost every (¢,z) € Qr. Therefore, in order to compute expressions of the form
(t1,0, 9), it suffices to compute [, g(u(w;t, z)) dP(w) (and similarly for the measures v
which relate to the spatial derivative of u). Computationally, this is done via a Monte

Carlo method with a specific sampling technique, details of which can be found in [19].

We now perform some numerical experiments. All of the experiments were done with
10,000 Monte Carlo samples. Solutions were evolved to a steady state, and the solutions
and the derivatives were then plotted. We give some examples below. The plots below
give the numerical approximation to the expected value of ¢ and 9,4/, computed using

a Monte Carlo procedure.
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0.030 0.3
0.025 021
0.020 0.17
0.015 0.0
0.010 —0-1
—0.21
0.005
~0.31
0.000
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
x x
h,e h,e
(a) u (00, x) (b) Ozu" (00, x)

Figure 5.1: Plots of u(c0, ) and d,u"¢(c0,-) with 8000 mesh elements, a time-step of
At = 0.001, and the perturbation size of the initial datum being e = 1 x 1076.

0.035 0.751
0.030 0.501
0.025 025
0.020
0.001 R/ /u
0.015
-0.25
0.010
0501
0.005
-0.751
0.000
00 02 04 06 08 10 00 02 04 06 08 10
xT xT
h,e h,e
(a) u(oc0, x) (b) Ozu" (00, x)

Figure 5.2: Plots of u™¢(c0,-) and d,u™¢(c0, ) with 1000 mesh elements, a time-step of
At = 0.001, and the perturbation size of the initial datum being e = 1 x 1071,

0.030 0.21
0.025
0.11
0.020
0.015 0.0
0.010 ol
0.005
~021
0.000
00 02 04 06 08 10 00 02 04 06 08 10
T T
(a) u€(c0, ) (b) Opul¢(c0, )

Figure 5.3: Plots of u™¢(c0,-) and d,u™¢(c0, ) with 1000 mesh elements, a time-step of
At = 0.000125, and the perturbation size of the initial datum being e = 1 x 107°.

We see different behaviour as the parameters are varied, meaning that picking out a

convergent subsequence numerically is challenging. What is interesting to note is that

155



regardless of the parameters chosen, the steady state plot of a(d,u"¢) is always the fol-

lowing;:

0.4

0.21

0.01

—0.21

—0.41

0.0 0.2 0.4 0.6 08 1.0
T

Figure 5.4: Plots of a(d,u™(c0,-)) with 10000 mesh elements, a time-step of At =
0.00001, and the perturbation size of the initial datum being € = 1 x 1078.

That this plot is the same for every set of parameters that were chosen is interesting
for two reasons. Firstly, in conjunction with the plots for u"(co,-) and 9,u"(c0, ) in
Figures 5.1—5.3, it suggests that there are multiple solutions. Secondly, this steady state
was reached with a right-hand side which does not decay to zero as t — oo, thereby
suggesting that the long-time behaviour results obtained in Chapter 3 could be extended
to include right-hand sides which, rather than decaying to zero, instead converge to some

non-zero function. Such results would require further work done beyond this thesis.

5.2 Implementation for the Met Office model

When this algorithm was implemented for systems of the form (1.1.1.1), with n = 1,
m=2 B=0,F=1,u(0,z) = (u1(0,7),us(0,z)) with

0.035x if v €10,3],
up(0,2) = (5.2.0.4)

0.035 — 0.035¢ if x € [}, 1],
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—0.01z if z € [0, 3],
u(0,x) = (5.2.0.5)

—0.01 4+ 0.01z if z € [3,1],

and
a(§) = /& + & &,

what was seen did not mirror expectations. Altering the grid size, time step, and the size
of the perturbation did not change the solution in any meaningful way. Indeed, we saw
the same solution appearing in both components regardless of the values of parameters
that were chosen. We hypothesise some reasons as to why this is the case.

It may indeed be the case that there is no uniqueness for these Young measure solu-
tions, but some element of the code results in the same solution being picked out every
time. It could be that the parameters were simply not chosen sufficiently exhaustively,
and that for some possibly very specific set of parameters, one could in fact see a com-
pletely different solution being approximated. What could also be the case is that we
simply do not understand sufficiently well what it means for the function a defined above
to be non-monotone, or indeed whether or not monotonicity is the correct property to
consider in this simplified one-dimensional model. The main difficulty in choosing the ini-
tial condition comes from the fact that, because a is not expressible as a = V4 for some
C! function 1), the failure to satisfy the monotonicity condition cannot be understood
in terms of a real-valued potential ¢). This in turn means that the failure to satisfy the
monotonicity condition cannot be understood in terms of the lack of convexity of a func-
tion 1, and must instead be shown to fail through finding specific pairs of values for which
the monotonicity condition is not satisfied. This approach to showing that monotonicity
does not hold creates problems when choosing our initial condition.

Take, for example, the problem described by (5.1.0.1)—(5.1.0.3) described at the start
of this chapter. The initial condition we have chosen satisfies |0,u(0,z)| = 0.035. Below
we plot the function v(§) := (a(§) — a(0.035))(¢ — 0.035) on the vertical axis with the

argument & on the horizontal axis.
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Figure 5.5: A plot of £ on the horizontal axis against v(£) on the vertical axis.

Clearly it holds that v(0.035) = 0, and from Figure 5.5 it is clear that v has a local
maximum at & = 0.035, meaning that for all ¢ in a sufficiently small neighbourhood of
0.035, one has that a((§) — a(0.035))(¢ — 0.035) < 0, with equality only if £ = 0.035. In
some sense this is then a sensible initial condition to have chosen in order to demonstrate
the bad behaviour and lack of monotonicity; if one moves away from the initial gradient
by a small amount, then one must do so “non-monotonically”.

The same is not true for the Met Office type model. We take the initial condition
described by (5.2.0.4)—(5.2.0.5), and plot, for £ = (£1,&) € R? in a neighbourhood of
n := (0.035, —0.01), the value of the inner product v(§) := (a(§) — a(n)) - (¢ —n). The
colourbar on the right of the below plot indicates the value of v, and the bright green

area is the &-& plane (included so as to make it easier to see where v < 0.

0.065
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We also include the projection to the &;-&; plane:
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xi

As can be seen from the plot (as well as direct calculations), it is not the case that
~ has a local maximum at & = n; note that the point n = (0.035, —0.01) does not lie in
the green region. This means that there is no neighbourhood N of 7 in which it is true
that (a(§) —a(n)) - (£ —n) < 0 for all £ € N. While there is indeed one set in which
this inequality holds, it is not a set which contains the point 7 itself; a distinct difference
between this Met Office style model and the one-dimensional equation (5.1.0.1).

Whether this is enough to be able to say for sure that there is a gap in the theory
remains unclear. It could be that the model used by the Met Office falls into an analogue
of the cases considered in [23,44, 45|, wherein there are regions of the non-monotone
operator which are somehow well-behaved for certain initial data, or it could be that
there is some element of the numerical algorithm whose implementation results in finding
the same solution every time, or simply that the parameters chosen were such that the
same solution was observed. What we saw in the experiments could also be an artifact of
the fact that the Met Office model had been simplified down to a one-dimensional system
of equations, and it may be that in one space dimension, monotonicity is not the correct
notion to be considering. Answering such questions requires further study beyond that
carries out in this thesis.

A further possible direction of study would be to consider fluid models where the

stress-strain relation is non-monotone. That is, systems of equations of the form
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Owu — odiv(a(e(u))) + (w- D)u+ Dr = F (5.2.0.6)

div(u) =0 (5.2.0.7)

uljor1xa0 =0 (5.2.0.8)

u(0,2) = uo (), (5.2.0.9)

where a : R¥*® — R3*3 is a non-monotone mapping, €(u) := Du%DuT is the symmetric

gradient, and 7 represents the pressure. Non-monotone stress-strain relations have been
observed occuring physically (see, for example, [39] and [48]), but to this author’s knowl-
edge there are no results concerning fluid models of the above type with non-monotone

stress-strain relations.

160



Appendix A

Properties of K from (1.1.2.9)

A.1 Non-monotonicity of the operator K({)¢

We present here the required calculations to show that the operator K(§)¢ from (1.1.2.9)

is non-monotone. Firstly we show the non-monotonicity in the case where K (&) =

VEL+E& — & and & <0.

Take & = (0.035,0, —0.01) and n = (0.05,0,0). Then one computes:

(K (&) — K(mn, & —n) = K&l = &-m) + Kn)(Inl* = & - n)

/352410000 (352 + 100 — (35)(50)
N 1000000 1000000

5 ( 25 (35)(5))

100 \ 10000 100000
V11225 1325 — 1750 50 (2500 — 1750
~ 1000 ( 1000000 ) * 1000 ( 1000000 )
—4251/11225 + 37500
109
—(425)(105) + 37500

10?
37500 — 44625

109

< 0.

3
2

Now for the case where K (&) = (61+€3)

= et and & > 0, take § = (—0.2,-0.1,0.2) and
1 2
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n = (—0.1,0,0.5). Then one computes:

K(€)(1¢)* - Kn)(In> =€ -n)
(100) ( 100) 51 <>
_1<— (%) | T

500 51

< 0.

(K(&)§ — K(nn,&—n) =

A.2 The vector field K(£)¢ is not conservative

Next is the proof of the fact that the vector field K ()¢ cannot be expressed as the
derivative of a C* function. If this were to be the case, then, denoting F(£) = K(§)&, we
would have that the line integral of F' over any closed path is equal to zero.

Consider the circle C' parameterised by r(0) = (1 + cos(6),0,sin(d)). Then
7(6) = (_ Sin(e)v 0, COS<9))>

and:

yﬁ )-de = /27r —d@
- / K(r(6))r(6)

dr
g
dé f

_ /0 K (0))(— sin(9)) dO

™11 + cos(0)]*(—sin(0))
o (14 cos(f))* + sin(0)
_ ™ |1 + cos(0)|3(— sin(6))

o (14 cos(#))?+ sin(0)

= /D (sin(0)) <(1 +C(is(+9;;ff)s)m(9> +\/(1+cos(6))2+sin(9)> do.

do + / ﬂ\/ (1 + cos(6))2 — sin(6)(—sin(f)) df

+ /(1 + cos(6))? + sin(6) (sin(6))

We study the expression in the large parantheses above. On the interval (0,7) we have

that:

—(1 + cos(6))?
(14 cos(0))? + sin(6)

+ /(1 + cos(6))?2 +sin(8) > 0
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if and only if

3
2

((1 + cos(6))? +sin(#))2 > (1 + cos(0))?,

which is true for 6 € (0, ) as the function s — |s|? is increasing for s > 0, and sin(6) > 0

on the interval (0, 7). Thus the integral is larger than zero, and F' is not conservative.
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“He still liked mathematics as much as
ever, but he had no desire to make a
profession of research in the field. (...)
It was fine as an amateur endeavour,
but he had neither the personality nor
the drive to stake his whole life on 1it,
which he well knew.”

HARUKI MURAKAMI, 1084
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