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Abstract: To solve convex optimisation problems we rely on iterative algorithms, but when the
problem contains parameters that need to be estimated from measurements with noise, another
iterative process is needed to perform estimation. In this paper we devise a modified version of
the Alternating Direction Method of Multipliers (ADMM) that performs parameter estimation
simultaneously with optimisation. Given a convergent parameter estimate, and assuming that
the cost function can be expressed in terms of a multi-parametric quadratic program (mp-QP),
we prove convergence of the objective values, dual variables and primal residual. Simulation
results show that the rate of convergence tracks that of the estimator up to an upper limit that
is characterised by convergence rate of ADMM with no parametric uncertainty.
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1. INTRODUCTION

Tterative algorithms are widely used to solve convex op-
timisation problems. Many problems of interest contain
parameters that are uncertain and require estimation. For
example, consider an optimal control problem in which
some parameters of the controlled system are not known
exactly but can be estimated from noisy measurements.
In this situation it is common to use system identification
to estimate unknown plant parameters (e.g. Ljung, 1999),
and to wait for the estimated parameters to converge to a
sufficiently high level of accuracy before passing the iden-
tified model to the decision-making process to compute an
optimal control law. In this paper we are concerned with
the question of whether we can combine the estimation and
optimisation processes in order to accelerate the solution
of such problems.

We consider the following optimisation problem:
min - f(z) +g(2),

subject to z —2z =0,

(1a)

(1b)
where f,g : R” — R U {400} are convex, closed and
proper functions. We assume that some parameters of
this problem are unknown, but may be estimated from
available measurements. Suppose that f(x) is replaced in
(1a) at discrete time instant k& by a time-varying function
of the form:

1
() = 3aTQ + €T + Tou (a), (2a)
Ch: Az <b+ Dpt. (2b)
Here @ = 0, Zex () is the indicator function of the set C*
(with Zer(z) = 0 for x € C¥ and Zer (z) = oo otherwise),
and p¥ € P C R™ is a random variable representing an
estimate of an uncertain parameter in problem (1). We

assume that the parameter set P is compact and that
% can be expressed in terms of a constant but unknown

parameter p and a random variable 6¢ as pF = p + 6*.
It is further assumed that 6* converges almost surely to
zero (in particular, the sum over all k of the Euclidean
norm, [|0%||2, is assumed to be finite) so that p* can be
considered an asymptotically convergent estimator of p.
We consider the convergence properties of an approach
based on the Alternating Direction Method of Multipliers
(ADMM Boyd et al., 2010), with p approximated by p*.

The recent work by Rontsis et al. (2022) solves a semidefi-
nite programming problem using an approximate ADMM
solver. However, rather than considering problems with
uncertain parameters, the paper uses approximations of
the exact ADMM iteration in order to reduce the com-
putational requirements of individual iterations, and this
introduces errors into the solution estimates. The paper’s
analysis shows that convergence is guaranteed provided
that the errors introduced in the ADMM iteration are
summable across the iterations.

Schulze Darup and Book (2021) investigate using ADMM
with a finite number of iterations to solve the optmisation
defining a Model Predictive Control (MPC) law. The
paper constructs an invariant set containing the target
state for the combination of the control problem and
the ADMM solver, such that the dynamics of the solver
iterations become linear within this set. The paper shows
that this simplifies the analysis of the stability of the
combined system.

A weighted average consensus algorithm is considered in
Esteki et al. (2022) as the basis of a distributed solution for
problems involving networked systems with locally time-
varying quadratic cost functions. This is motivated by
the problem of tracking the optimal solutions of resource
allocation problems with time-varying local demand or
resource constraints. The paper’s approach is able to track
the optimal solution in a distributed manner with bounded
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tracking error, with bounds that are dependent on the cost
parameters and network topology.

In each of Rontsis et al. (2022), Schulze Darup and Book
(2021), and Esteki et al. (2022), the inherent robustness
of solver iterations is exploited to derive guarantees of
convergence despite bounded uncertainty or random errors
in problem data. In this paper we use similar robustness
properties to devise a solver for (1). At each iteration, our
approach uses the most recent estimate p* to replace the
unknown parameter p by replacing the uncertain function
f with its corresponding estimate f*. Our approach is ap-
plicable more generally to first order methods that can be
expressed as Douglas-Rachford splitting (DRS) methods.
We show that, if the solver iteration can be expressed in
the form of a DRS operator, then, under the assumption
of convergent estimation errors, the solution estimate nec-
essarily converges to the solution of (1) corresponding to

P =p.
1.1 Notation

R"™ denotes the n-dimensional real space. I represents the
identity mapping. @ > 0 and R > 0 represent real sym-
metric positive definite and positive semidefinite matrices.
Zc(x) denotes the indicator function of a closed non-empty
set C, so that Z¢(z) = 0 for z € C and Z¢(z) = oo oth-
erwise. 0F(x) indicates the subdifferential of function F
evaluated at x. The n-dimensional column vector with all
elements equal to 1 is 1,,. The truncated normal distribu-
tion! is denoted Ny.(u, 02, a,b). The Euclidean distance
between y and X is denoted dist(y, X) := infcx||z — yl|2
and B,.(q) = {x | ||z — ¢||l2 < r} is the open ball of radius
r centred on q.

2. PROBLEM FORMULATION

We first consider the solution of the deterministic problem
defined by

min  f(z) +g(2), (3a)
subject to x — 2z =0, (3b)

where f(z) := 32TQz + Tz +Ze(z) with C : Az < b+ Dp.
This is simply problem (1) with the actual parameter value
P. We construct the augmented Lagrangian for (3):

L= f(x)+g(z) + A\T(z —2) + %Hm —zl3 (4

in which v > 0 is a penalty parameter. By defining
the scaled multiplier u := A, the problem (3) can be
solved (e.g. Boyd et al., 2010) via the following iterative
ADMM updates:

2" min £, (z, 27, \F) = proxvf(zk — k), (5a)
. .

e min £ (2R 2 \F) = proxwg(xk"|r1 +u"), (5b)
z

A TR A La (5¢)

where prox.;, (v) := argmin,, (h(z) 4+ (1/27)|lz — v||3) de-
notes the proximal operator and k is an iteration counter.

L If a random variable 2 has the normal distribution N(u,o2) and
a < b, then the distribution of x conditional on a < z < b is
denoted Nir(p, 02, a,b). We specifically define  ~ N (u,02,a,a)
as P(x =a) = 1.
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ADMM is well-suited for distributed optimisation when
f(z) and/or g(z) are separable functions.

By introducing the reflected proximal operator R :=
2prox.;, — I, the ADMM iteration (5) can be expressed
using Douglas-Rachford Splitting (DRS) in terms of an
operator T : R” — R"™ defined by

— 1 1
k k._ _ k
o = Tk = (21+ 2chRw> v, (6)
where v* := 2% + 4*~! and z,z,u in (5) can be obtained

given the value of v (see Rontsis et al. (2022) and Giselsson
et al. (2016), Appendix B) as:

a* = prox, ;R v, (7a)
2k = prox., o, (7b)

g

ub = (I- pr(zxwg) o*. (7¢)

Note that, as a result of DRS, T is a firmly non-expansive

operator (see e.g. Bauschke et al., 2012) that satisfies,
Yo, w € R,

ITv = Twl3 + I(I = T)v — (I = T)w|3 < [lo - wlf3. (8)

3. ADMM WITH PARAMETRIC UNCERTAINTY

We suppose p* in (2) is a real-time estimate of p in (3),
with

pPF=p+"eP, (9)
where P is assumed to be compact. Convergent estimators
typically ensure that ||§¥| — 0 almost surely (a.s.) as
k — oo, and we therefore expect to obtain an accurate
estimate of p by running the estimator for a sufficiently
long time. By subsequently passing this estimate to the
ADMM solver and iterating for another sufficiently large
number of iterations we expect to obtain an approximate
solution to problem (3). In this section we consider how to
combine the two processes to reliably accelerate the overall
solution process for real-world applications with estimated
problem data.

By integrating p* into the ADMM iteration (5) we propose
the following ADMM algorithm with parametric uncer-
tainty (ADMM-PU):

zFHl proxwfk(zk —uP), (10a)
2 pI'OX,Yg(a?k-i_l + ), (10b)
R VAL (10c)
in which f*(z) := f(2)|,r—p+. Note that we assume for

convenience that the solver and estimator share a common
iteration index k; more generally p* denotes the most
recently available estimate.

Similar to (6)-(7), the ADMM-PU iteration (10) can be
expressed as a time-varying DRS operator 7% : R® — R™:

1 1
VR = TRk = (I—|— 2waka) o", (11)

2
where v* := z* +4*~1, and z, z, u can be obtained from:
ak = proxvfkRA,gvk_l, (12a)

o”, (12b)
(12¢)

The following lemma shows that T* can be expressed in
terms of a bounded perturbation of the operator T' defined
in (6).

k _
2" = prox,,

uk = (I — proxvg) oF.
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Lemma 1. The iteration (10) can be represented as
Pt = Tk 4 BR*
where E¥ € R"*™ satisfies || E¥||o < € for some finite é.

Proof. Since (10) can be expressed as (11), we have
1
2

1 1
= il}k + 5(2pr0x,yfk

For all y € R", prox,, s« (y) solves the following problem

1
R = Thyk = ZoF 4 §R7fk vak
(13)

— )Ry v*.

1 1
min SaTQr+ o+ ol — ylf (143)

subject to Az < b+ Dp* = b+ Dp+ D§, § = 6. (14b)
Define a matrix H, vector w and linear functional s as
follows,
H=Q+~'T (Q=0andy>0= H>0), (15a)
w:=x+H '(c—~"1y), (15b)
s(y) == AH Y (c =y 'y) + b+ Dp. (15¢)
Then, by completing the square, solving (14) is equivalent
to solving

1
min —wTHw, (16a)
subject to  Aw < s(y) + D§, § = 6%, (16b)

and obtaining = from (15b). Since (16) takes the stan-
dard form of a right-hand side multi-parametric quadratic
program (mp-QP), the optimiser w*(§) : R™ — R” is
continuous and piecewise affine, and can be expressed in
the following form (see Bemporad et al., 2002):
w*(8) = HYAT(AH Y AT) " (3(y) + D9). (17)
Here A, 3(y) and D correspond to the set of active
constraints that depends on §, and we assume the rows of
A are linearly independent. Since w* () is piecewise affine,
w*(6%) can be expressed as:
w* (6F) = w*(0) + E*o*, (18)
where
w*(0) = prox,s(y) + H '(c=~""y),  (19)
and E¥ can be determined by considering the value of
Ow*(8) along the line segment L from § = 0 to § = &F.
Without loss of generality we impose E* = 0 when §* = 0.
For 6% # 0, the mean value theorem (Rockafeller and Wets,
1997) implies that ~Ek = 0w~ (0), for some § € L. Since
ow*(8) 3 H YAT(AH'AT)7!D is independent of y we
have
1B l2 < max|| B AG)T(AG)YH AT D) =@

where index j indicates a given set of active constraints,

and J is the set of indices of all possible active constraint

sets for problem (16). Note that € is necessarily finite since

H in (15) is positive definite.

Combining (15b) and (18)-(19) we obtain
prox. pi(y) = w*(0) — H '(c =y 'y) + E*6"

= prox.,;(y) + E* sk,
Substituting (20) into (13) then gives the result

(20)

1, 1 _
TRb = Sob 4 SR pRy0" + BT = Tob 4 BROY, (21)
where ||EF|, < e. O
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Our assumptions that the feasible set of problem (2) is
non-empty and compact, and that the error in the estimate
of p in problem (3) is bounded and convergent, can be
stated as follows.

Assumption 1. For all k we require that:

(a) C* is non-empty and satisfies, for finite 7,
Ck = {z | Az < b+ Dp*} C B,(0),
k
(b) 6% € B,(0) and Z”(SZHQ < A a.s., for finite p and A.
i=0

Let Fix(T) denote the fixed point set of T that corre-
sponds to the set of saddle points of (4). Before proving
convergence of ADMM-PU, we first show that the itera-
tion (11) ensures ||Tv* — v*||2 is finite for all k, where v*
is any point in Fix(7T) such that ||[v° — v*||2 is finite.

Lemma 2. Under Assumption 1 the iteration (11) satisfies,
for all &,
ITv* = vl < [0° = v*[|2 + €A,

where v* € Fix(T).

(22)

Proof. From Lemma 1 we have
||Uk+1 _ U*”2 — HTUk + E"'(Sk _ U*HQ
<NTv" = v*[|2 + | E*6*2
<" — vz + elld®-
But (8) implies that T is contractive, since v = v* and
w = v* in (8) gives ||Tv* — v*||z < ||v*¥ — v*||2, and hence
[ — vz < Jl* — 0¥z + e]l8°] 2.

Summing both sides of this inequality over 0 < k < N, we
obtain

N
[N FH —v%|l2 <[00 = v"[l2 + &) [|6" o
k=0
From Assumption 1(b), it follows that, for all k,
[0" = vz < [0° = v*[|2 + €A,
and (22) then follows from the contractivity of T', which
implies | Tv* — v*|ly < [[v* — v*|2.

Theorem 3. Under Assumption 1, the ADMM-PU itera-
tion (10) converges as k — oo, with:

(i) [lobj* — obj*|l2 = 0 a.s.
(ii) [[A* = A*[|2 — 0 a.s.
(iii) ||xk - Zk||2 — 0 a.s.

where obj* and \* are respectively the optimal values
of the objective and dual variable for problem (3), and

obj* := obj(z*, 2¥) := %x’“Tka + cTak + g(2F).

Remark 4. The ADMM iteration (5), in which p is known,
provides deterministic guarantees of convergence of objk,
¢ 2k and 2* analogous to (i)-(iii) (e.g. Boyd et al., 2010)).

Remark 5. Assumption 1(b) requires that ||6*||2 converges
sufficiently rapidly to zero as k — oo. Since ||6%||o < ||0%||1,
this convergence assumption is satisfied by any [;-stable
estimator (such as an exponentially stable Luenberger
observer, for example) driven by a finite l;-norm noise
sequence (e.g. Vidyasagar, 1992, Sec. 6.7).
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Proof. The proof of Theorem 3 is given in two parts.

Part I (to prove that ||(I—T)v*||3 — 0 a.s.): Let v* be any
point in Fix(7) such that [[v° — v*|y is finite. Then the

firmly non-expansive property of 7" implies (e.g. by setting
v =" and w = v* in (8)) that

ITo* — o3+ (T = TYo 3 < o — "3 (23)
But Lemma 1 implies
[FE = w3 = 1 Tv* = o™
= || E*6¥([3 + 2(E*6*)T(Tv" — v*)
< B 8" (|2 (JIE* 6% |2 + 2| Tv" — v*|l2).
Assumption 1(b) and (22) therefore imply
[t — w3 = |1 T —v*|13
< é||6"||2(ep + 2||v° — v* ||z + 2€A) (24)
= 118",

where
k= (p+2A) + 2¢)|v° — v*||z.
Combining the inequality (24)) with (23) yields
[ = v 3+ (I = T)v"(I3 < [[v* —v* (13 + &]18°] 2.

Summing both sides of this inequality for 0 < k < N yields

N
ZII S RS A P
k=0

< o = o3 + wA
for all V. Since the right hand side is finite for all IV, this
implies that ||(I — T)v*||2 — 0 a.s. as k — oo.

Tyok|3 < [0

Part II (to prove properties (i)-(iii) in Theorem 3): Since
the reference problem (3) satisfies the Linear Independent
Constraint Qualification (LICQ), the optimal dual vari-
able A* in (4) is unique (see Wachsmuth, 2013)). Addi-
tionally, since Assumption 1(a) implies that the feasible
set of the convex optimisation problem (3) is compact,
the set of all optimal solutions z* € X is compact and
convex. Hence Fix(T) = {v* |Va* € X,v* = a* + y\*}
is convex and compact. Therefore, for any given ¢ > 0,
choose r € (0, €] and consider the following compact set,

Q, = {v € R"|dist(v, Fix(T)) < r}. (25)

Let o = mingsgg (o, pi(7))=r | (1 T)v||3. Choose 8 € (0, )
and let ~

Qpimfoe | |(I-TRB< ) (20

Then, since {2g is contained in the interior of €2,, we have

dist(v,Fix(T)) < € for all v € Qg. Furthermore, Part I

showed that ||(I —T)v*||3 — 0 a.s., and it follows that

dist(v®, Fix(T)) — 0 a.s. (27)

Moreover, Assumption 1(b) implies ||§¥||2 — 0 a.s. so (20)
and Lemma 1 imply, for all v € R",

[(prox. ;x — prox. 7)v[2 = 0 a.s. (28a)
(T* = T)v|s — 0 a.s. (28b)
By substituting (28) into (12) we therefore have
2% — Z(vFY)|l2 = 0 as., (") = proxvawv -t

To complete the proof, we use the continuity of the
objective function to infer that

|obj(z", 2%) — obj(Z(v* 1), 2¥)||2 — 0 a.s.
and, by (27),

lobj(Z(vF 1), 2F) — obj*|l2 — 0 a.s.
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and hence that [obj” — obj*|l — 0 a.s. By an analogous
argument we can also conclude that [|[A\* — A\*||s — 0 and
lz* — 2F||s — 0 a.s. O

4. NUMERICAL STUDY

This section investigates the convergence of the proposed
algorithm using numerical simulations. The example we
consider is the following resource allocation problem:

min  (z —s™)7Q(z —s™) + Tz (29a)
T,z
subject to = =z (29b)
1Tz =p (29¢)
st <z < st (29d)
where z, z, s, 5%, 5™ € R", Q := diag(q1,q2,---,qn) = 0,

and p € R. This problem can be viewed as n decen-
tralised energy suppliers collaborating in order to match
an unknown demand p. The parameters of the problem are
generated as follows:

.~ U(0,2), ¢; ~ U(400,600),

Vi : ;.n ~ U(8O 120), st ~ U(20,30), (30a)
sl m—sl, st =s"+sk,
P~ UAT(s™ — 0.557), 17 (s™ + 0.55")), (30b)

with the modification that ¢; = 0 so that problem (29) is
not strongly convex. We choose n = 10, and set v = 0.1
as the penalty term for ADMM iterations.

The following estimator models are considered for p*:
Model 1:  p* ~ Ny (p, (106~ %), d', d"),

Model 2: " ~ Ny (p, (10e7 )2 d', d*),
1k
Model 3: ﬁk = E Zpineaw pineas ~
i=1

where d' = p— %lflsr, d*=p+ %ILST. Models 1 and 2 can
be interpreted as estimators that converge in mean with
high (Model 1) and low (Model 2) convergence rates. Since
the probability distribution of p* (and hence that of §%)
has constant support for all k, the almost sure convergence
requirement of Assumption 1(b) does not hold. However,
bounds on 6 corresponding to any confidence level less
than 1 for Models 1 and 2 are exponentially convergent and
thus have finite I!-norm. Model 3 estimates p by taking the
running average of the i.i.d. measurements represented by
Dreas- As in the case of Models 1 and 2, Model 3 does not
satisfy Assumption 1(b) gcalmost sure convergence), and
moreover the bounds on " corresponding to a confidence
level less than 1 converge at the rate of 1/v/k in this case,
and therefore do not have finite {!-norm.

Ntr(ﬁa 12a dl7 du)7

We sample (30) for one instance and pass this instance to
the proposed ADMM-PU algorithm (10) with each of the
estimator models. The evolution of the fractional error in
the objective value, |obj* — obj*|/obj*, representing the
residual error after k iterations, is shown in Fig.1. For
benchmarking purposes, we compute (using any capable
solver) at each time step k the solution of the deterministic
problem defined by (2) with the most recent estimate p¥,
and this is denoted as opt(p*) in Fig. 1. We also run the
standard ADMM iteration (5) with the true value of p
to solve problem (3) directly, and the evolution of these
iterations is shown in Fig. 1 as ADMM-ref.
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Fig. 1. Simulation results

From the residual errors obtained with the Model 1 esti-
mator (Fig. 1), it can be seen that ADMM-PU converges
at the same rate as ADMM-ref, which is slower than
opt(p*). This is to be expected, because with the Model 1
estimator, p* converges faster than ADMM-ref, while the
convergence rate of ADMM-ref is necessarily an upper
bound for the convergence rate of ADMM-PU. With the
Model 2 estimator, p* converges more slowly than ADMM-
ref, and the proposed ADMM-PU algorithm is therefore
able to track opt(p*) closely. With the Model 3 estimator,
the estimation error §% converges more slowly than for
Models 1 and 2. However, Fig. 1 shows that ADMM-PU
is sufficiently robust to track opt(p*) in this case.

5. CONCLUSIONS

This paper proposes a variant of ADMM which combines
simultaneous iterations for optimisation and parameter es-
timation. The proposed approach guarantees convergence
almost surely, provided that the sub-problem solved at
each ADMM iteration takes the form of a mp-QP and
the estimation error converges almost surely. Simulation
results demonstrate that the proposed algorithm tracks
the solution of the deterministic problem defined in terms
of the most recent parameter estimate, provided the es-
timator converges more slowly than the standard ADMM
iteration with no parameter uncertainty. For cases in which
the estimator converges faster than this, the proposed al-
gorithm converges at its maximum rate, which is the same
rate as the standard ADMM iteration with no parameter
uncertainty.

There are various directions to extend this work. Lemma 1
implies that the prozimal operator of the time varying
objective function (2) (i.e. prox. s«(-)) can be expressed
in terms of the proximal operator of the original objective
of problem (1) and a remainder term that is bounded by
a linear function of the estimator error. This property is
used in Theorem 3 to prove convergence of the proposed
algorithm based on ADMM. However, the proximal op-
erator is the resolvent of the subdifferential operator and
appears in various splitting methods other than DRS (see
Ryu and Boyd, 2016). This analysis approach can therefore
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be applied more generally to first order methods other than
ADMM.

Apart from parametric uncertainty, the parameter esti-
mation error may also arise due communication delays
in a distributed optimisation setting. Peng et al. (2016)
put forward an algorithmic framework for asynchronous
iteration updates, and we are therefore able investigate
the convergence behavior when delays and parametric
uncertainty coexist through an extension of the current
work. We also plan to investigate how the algorithm works
in a real-world context, e.g. applications in power systems
with uncertainty or online collaboration of robots.
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