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Abstract

Spray-forming is a newly developed industrial metal forming process in which a cylindrical metal billet is 

produced by the incremental deposition and solidification of an atomised metal spray on a moving substrate. 

A mathematical model is developed to describe billet growth and heat flow within spray-formed aluminium 

alloy billets.

In the first part of the thesis, growth dynamics of the billet are considered. Conservation of mass at the 

billet surface yields a single first order quasi-linear partial differential equation for the movement of the billet 

surface; the nonlinearity arising from the possibility of surface shadowing.

The existence of two distinctly different timescales, amongst the process motions governing billet growth, 

prompts the use of an averaging method. The resulting averaged equations permit analysis and are shown 

to provide a valid asymptotic approximation to the billet surface motion on the timescale 1/e, for a suitably 

defined class of billet surfaces. The parameter e <C 1 is the ratio of the two process timescales.

Conditions under which the crown profile of the cylindrical billet becomes steady are analysed, through 

the averaged equations, and the stability of such profiles is examined. Computed examples of single and 

multiple steady state crown profiles are given. The averaged equations are also solved numerically to provide 

a model for transient billet growth on a "slow" timescale; results are presented.

The second part of the thesis considers heat flow within the growing billet. Phase change is incorporated 

using an enthalpy formulation of the energy equation. The resulting equation is a nonlinear heat equation 

that must be solved in an expanding domain, the boundary of which is determined by solution of the billet 

growth model equations.

Conduction on the billet length-scale takes place only on the slow timescale, with more rapid heat flow 

taking place only close to the billet surface. Accordingly, billet heat flow is analysed through the assumption 

that there is a thermal boundary layer close to the billet surface, which is driven by the "rapid" timescale 

spray deposition, with heat flow in the remainder of the billet driven by the time-averaged growth.

The boundary layer equation is a one dimensional nonlinear advection-diffusion equation, with a nonlinear 

boundary condition that incorporates the intermittent deposition from the spray in the form of an irregular 

pulse. This equation is solved numerically using an implicit finite difference method.

The slow-time heat flow is two dimensional, (assuming axisymmetric slow-time billet growth), and must 

also be solved numerically. For this an implicit predictor-corrector method is used. The predictor stage 

uses a "splitting" method, adapted from the fully implicit L.O.D. method to take account of the expanding 

domain. The method appears to be stable and consistent. Various numerical results are presented.

The model provides significant new understanding of the dynamics of billet growth and succeeds in 

providing a useful framework within which the transient heat flow that occurs during spray deposition, on 

a number of different timescales and length-scales, can be understood. Comparison of computed model 

predictions with real sprayed billets confirms the validity of the model.

The thesis is concluded with a summary of results and a look at possible future directions for research 

in this area.
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Chapter 1

Introduction

This thesis is concerned with the mathematical modelling of an industrial manufacturing process known as 

spray-forming. The process is relatively new (C. 1970's), and continues to develop with the technology 

employed. A variety of metals and composites are formed by this process, and a range of geometries are 

produced. The process is also referred to variously as spray-casting, spray-deposition, the Osprey 

process and Liquid Dynamic Compaction.

This chapter commences with a brief description of what spray-forming is, how it has developed and 

what the advantages are of this processing route over other more conventional processing routes. This is 

followed by a review of current mathematical understanding of the process as a whole, and of the various 

sub-processes involved. The chapter concludes by outlining the objectives of the research, the layout of the 

thesis, and the chief contributions that the thesis makes to knowledge in this field.

1.1 The spray-forming process

In the spray-forming process a stream of molten metal is gas atomised and the spray is directed towards a 

moving, shaped collector. Solidification takes place both in-flight and following deposition on the collector, 

where the spray droplets impact and coalesce into a near fully dense deposit. Deposit shape is mainly 

determined by the collector shape and by the relative motion of the atomiser and collector. Commonly 

produced shapes are metal strip, tubes and cylindrical billets or discs, see Fig. 1.1. This thesis only considers 

mathematical modelling of the spray-formation of cylindrical aluminium alloy billets. 1 Alloys of other metals 

that are produced by this method include copper, [143], nickel, [17, 31, 97, 98, 100], and magnesium, [71]. 

Special steels and metal matrix composites are also spray-formed, [6, 8, 131, 133, 145].

1.1.1 Process description

In producing aluminium alloys by this method inert atomising gases such as nitrogen or argon are used, due 

to the danger of exposing hot aluminium powder to oxygen. Thus, the basic apparatus depicted in Fig. 1.1 

is enclosed within a sealed spraying chamber. A schematic of a billet spray-forming plant is shown in Fig.

1 Both billets and discs are cylindrical. Billets are distinguished from discs by having larger length to diameter ratios.

6
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Figure 1.1: Different spray-formed geometries

1.2.

  Molten metal is heated in a pressurised crucible to a temperature which is between 10° C and 200° C 

above the alloy liquidus temperature. Metal flows from the crucible to the atomiser assembly, driven 

by gravity and gas overpressure.

  Atomisation is by means of a close coupled, twin fluid, spray ring atomiser. The liquid metal exits 

a central nozzle in a column and is immediately accelerated by a primary gas stream flowing nearly 

parallel to the metal. The metal stream is then atomised by secondary spray ring gas jets impacting 

the metal column at an angle. Both primary and secondary gas flows are subsonic.

  The atomised spray forms a tight diverging cone of spray droplets, with mass mean diameter typically 

lying in the range 50   150 fj,m. The cone axis oscilates in a controlled manner, determined by a 

scanning movement of the spray ring gas jets. Scanning frequencies are in the range 10 - 25 Hz. The 

spray cone axis points at an angle to the vertical, towards the circular collector top surface. Flight 

times taken for droplets to travel from the atomiser to the collector/deposit top surface are in the 

range 10~ 3 and 10~ 2 seconds.

  The collector rotates rapidly about a vertical axis and is withdrawn vertically downwards as the billet 

grows upwards. Rotation rates are in the range 100 to lOOOrpm, and withdrawal speeds are ~ 10~ 3 m/s. 

The collector withdrawal ensures that an approximately constant flight distance, in the range .3 - .7m, 

is maintained between the atomiser and deposit top surface.
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Figure 1.2: Apparatus for spray-forming billets

  Spray-formed aluminium-based billets of up to .3m diameter and over 1m length are produced, typically 

taking 20   30 minutes to spray.

Within the spraying chamber, spray droplets that are not deposited on the collector/billet tend to 

recirculate in the gas flow before exiting the spray chamber. Dense recirculating sprays can obscure the 

billet. This feature, coupled with the characteristically rapid movement of the collector/billet relative to the 

spray, makes measurement of the billet size, shape and surface temperature extremely difficult. The hostile 

environment within the chamber can also cause problems in attempting to measure characteristics of the 

metal spray.

The difficulty of measurement, (and consequently experimentation), combines with the process complex­ 

ity, and a real need for effective regulation of microstructural variation in the end product, to generate a 

demand for physically based mathematical modelling of the process. Through such models it is hoped to 

gain insight into the causes of process variation, and hence to derive effective methods for control.

1.1.2 Historical perspective

According to Leatham et al. [80], the process of projecting hot, metallic particles onto a previously prepared 

base material to form a coating was invented by Dr M.U. Schoop in Switzerland in 1910 in the form of 

a variety of metallising guns. These devices were fairly impractical, (and dangerous), and were only ever 

seriously considered as a means of applying thin coatings.

Use of metal spraying for the production of nearly finished products of the type now produced via spray-
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forming was first proposed by J.B. Brennan in the 1940's and 1950's, eventually resulting in the issue of 

a number of U.S. patents, e.g. [15, 16]. Brennan was concerned primarily with the production of spray- 

deposited metal strip. Prom [15], it is quite clear that Brennan saw the potential advantages of the production 

method in reducing porosity, oxidation, strip non-uniformity and post-processing costs. Since patent [16] 

was eventually granted to Brennan's executrix, it must be assumed that Brennan died before he was able to 

realise the commercial advantages of his ideas.

Laboratory scale production and the first strong suggestions that this might be a commercially viable 

process for manufacturing semi-finished products waited until the late 1960's, when much work was done 

by Professor A.R.E. Singer at the University of Wales, College of Swansea, [124, 125, 126, 127, 128]. It is 

not clear whether Singer was aware of Brennan's previous ideas. Singer proposed the production of both 

strip and tube geometries, and was able to report experimental work showing reductions in oxidation levels, 

segregation and potentially in post-processing costs, as well as improvements in various mechanical properties 

of the sprayed material.

In 1974 Osprey Metals Ltd. of Neath, South Wales, was formed as an offshoot of the group at Swansea, 

to develop and commercially exploit the process. Whist many of the early strip and tube prototype processes 

relied upon the collector to remove much of the latent heat of freezing, Osprey concentrated on developing 

means whereby the atomising gas extracted most of the latent heat, both in flight and after deposition. The 

main result of removing the dependence on the collector mass for cooling was to allow deposits of arbitrary 

thickness to be sprayed, [18, 19]. This has led naturally to billet production.

Many developments followed at Osprey, both in terms of the geometries that were able to be produced 

and in terms of the range of alloys that were able to be successfully sprayed. From 1980 until the present 

date Osprey have adopted a policy of licensing the existing process technology to interested companies and 

research organisations. This has resulted in a significant scale up in the amount of process research and 

development activity taking place, and in continuing diversification of the technology. Today about 30 large 

companies, Government and University departments worldwide are actively researching in this area, [80].

Comprehensive reviews of current process development and potential future directions for spray-forming 

are given in [73, 80, 130].

1.1.3 Comparative advantages

Today, high performance requirements of the leisure, aerospace, defence and automotive industries, (amongst 

others), generate an ongoing demand for improvements in the mechanical properties of metal alloys. The 

growing realisation that alloy microstructures can depend critically on the processing conditions, as well as 

on the alloying elements, has led to an increased interest in alternative metals manufacturing routes.

Spray-forming has evolved as one of these alternative routes, and has been able to produce improvements 

in mechanical properties for many of the materials sprayed, (i.e. over those mechanical properties exhibited 

by similar materials produced by more conventional methods), see e.g. [65, 72, 93, 145]. In order to 

understand the origin of these improvements it is helpful to view spray-forming in the context of other metal 

forming processes, and to consider some of the more generic processing problems that are experienced.
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Many engineering alloys solidify over a range of temperatures and liquid concentrations. Consequently, 

the elements that make up a nominal alloy composition are able to segregate during solidification. Two 

types of segregation are commonly found.

1. Macrosegregation This occurs on length-scales of order .01 - 1 m and is related to global heat and 

fluid flow phenomena occurring during solidification.

2. Microsegregation This occurs on length-scales of order 1 - 1000 /mi, and is related to dendrite 

formation during solidification. The regions between dendrite arms are often found to be rich in those 

alloy elements which are retained in the solute. The dendrite arm spacing then corresponds to the 

length-scales over which gradients in alloy element concentration are found.

Conventional casting of alloys begins with a fully liquid alloy ingot and typically involves cooling rates 

in the range 0.1   l°C/s. At these cooling rates there is plenty of time for fluid movement and solute 

redistribution to occur in a solidifying ingot. Thus, in castings both macrosegregation and microsegregation 

are commonplace.

Over a wide range of cooling rates dendrite arm spacing is found to vary inversely with the average cooling 

rate. At the low cooling rates that are found in conventional casting, large scale microsegregation can have 

detrimental effects on the mechanical properties of cast ingots. Other common casting problems include 

shrinkage defects, porosity formation and the development of coarse grain structures. Broadly speaking, 

these defects result from the relatively long time allowed for solidification and from the bulk of material 

present during solidification. The importance of these defects will depend on the material and intended 

application, but will often result in the need for some form of post-processing to achieve desired mechanical 

properties.

Both microsegregation and macrosegregation problems can be reduced by allowing less time for solid­ 

ification. Macrosegregation in particular is eliminated by consolidating large numbers of metal particles, 

which are essentially microstructurally identical, into a bulk product. This approach is followed in powder 

metallurgy processes.

Powder metallurgy uses atomisation to produce metal spray droplets, typically with diameters much 

less than 1000/mi. The scale of microsegregation is thus immediately limited by the droplet size. Further 

reduction in microsegregation arises from the high cooling rates experienced by the droplets, (typically in 

excess of 104 °C/s), due primarily to the increase in surface area to volume ratio.

After atomisation, liquid metal droplets are undercooled considerably below their liquidus temperature 

by strong convective cooling from the atomising gases. The likelihood of nucleation occurring and speed of 

subsequent solidification during recalescence increases with the degree of undercooling. At high cooling rates 

solidification does not take place in conditions of thermodynamic equilibrium at the solid/liquid interface. 

Such departures from equilibrium are believed to increase the stability of the solid/liquid interface. This 

reduces the wavelengths of perturbations to the interface that are required for dendrite formation, and hence 

the scale of microsegregation, [26].

Although powder metallurgy is able to produce low segregation, fine scale microstructures in the metal 

particulate, the following problems are characteristic of this processing route.
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1. The need to use inert gases during atomisation, and consequent additional expense.

2. Particulate handling problems, (aluminium in particular );

(a) formation of thin oxide films or precipitates,

(b) explosive dangers.

3. Post-processing is required to achieve a useful product shape. This is

(a) expensive, and

(b) usually involves some degradation of the droplet microstructural properties.

The spray-forming process is clearly closely related to powder metallurgy, since both involve atomisation 

technology. However, since in spray-forming the spray droplets are collected whilst semi-solid, and further 

solidification takes place in the billet bulk, the process is also related to other casting processes. Potential 

advantages which spray-forming enjoys over other processes stem principally from this central position. 

These advantages include the following.

1. Fine scale, low segregation microstructure, (see [70] for a full and detailed review of microstructure 

development during spray-forming).

  High cooling rates of droplets in the atomising gas allows nucleation of solidification in most 

droplets prior to deposition, see e.g. [43, 45, 47, 74, 87].

  Impacting droplets "splat" and spread rapidly to their splatted size, causing intense shear between 

top and bottom of the spreading droplets. This shearing is thought to increase the number of 

potential nucleation sites, (e.g. by breaking off dendrite tips), [78, 79, 130].

  Additional grain refinement, due to some primary nucleation in localised regions and to dendrite 

remelting, with the above, results in a fine equiaxed grain morphology, 2 [5, 47, 48, 62, 65, 72].

2. Potential reductions in porosity and contamination related defects.

  Densities of up to 98-99% commonly reported, e.g. [62, 93].

  Oxide formation and other contamination is reduced through inert gas atomisation and automatic 

consolidation, e.g. [93].

  Oxides and contaminants are distributed uniformly during deposition/splatting, [70].

3. Economies in production.

  In comparison with cast materials, there is less need for special treatments in order to attain 

desired mechanical properties.

  In comparison with a powder metallurgy route, there is no need for consolidation and other 

post-processing to achieve a near net shape.

  Possible attainment of improved mechanical properties that are not obtainable by other routes.

2 Metallurgists' description of small round balls.
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4. Production of novel materials possible.

  Metal matrix composites.

  Nickel and magnesium alloys, special steels.

Although the potential advantages of spray-formation are considerable, these are countered by the sub­ 

stantial problems of understanding the process, and controlling it to maximise the potential benefit in terms 

of the quality of material produced. It is towards these goals that this thesis and the majority of mathemat­ 

ically based research in this field is directed.

1.2 Process modelling; literature review

The physical processes underlying spray-forming span many different scientific disciplines, and this is reflected 

in the literature sources. A range of complex and interrelated fluid dynamic, dynamical, heat flow and 

solidification problems arise in the process. Although parallels can be drawn between parts of the spray- 

forming process and other physical processes, often the emphasis in spray-forming is subtly different.

For example, powder metallurgy and other rapid solidification processes form one main source of litera­ 

ture, (thanks to the atomisation involved in spray-forming). However, in powder metallurgy the objectives 

of atomisation are often to maximise the droplet cooling rates and atomiser efficiency, 3 whilst keeping the 

droplet size distribution within a certain range, see [42]. Thus, typical ultrasonic gas atomised powders 

have diameters less than 50 ^m and cool at rates exceeding 104 °C/s, [4, 93]. This contrasts sharply with 

spray-forming, where objectives of efficiency are superceded by those of delivering the right amount of semi- 

solid material to the right point on the deposit surface, at the right temperature. Thus in spray-forming, 

atomisation is generally subsonic, droplet size ranges are broader, with slightly larger droplet diameters, and 

cooling rates are lower.

A second potential source of literature comes from mathematical modelling studies of other processes 

involving deposition. For example, the formation of ice on overhead electricity cables has been considered 

by Poots et al., [10, 68, 108, 134]. Such work often gives insight into how various parts of the process can be 

modelled, (i.e. the mass conservation equations for surface motion due to deposition from the ice laden wind 

are essentially the same as those developed in chapter two). However, because the mathematical problems 

are motivated differently, results are rarely directly applicable. 4

A third source of literature has emerged more recently with a number of mathematical modelling studies 

being carried out that are specific to the various spray-formed geometries. The process itself splits down 

into a series of complex sub-processes, (e.g. atomisation, deposit solidification), each of which must be 

understood through experimentation or modelling in order to understand and control the process. This 

natural break down has allowed researchers to focus on one or two particular sub-processes and subsequently

3 Atomiser efficiency is denned as the ratio of the theoretical minimum power input required to turn bulk liquid into droplets, 

and the actual power input to the atomiser. Typically, this is about 2%, with most of the energy being transferred into droplet

kinetic energy, («95%), or spent in viscous dissipation, («3%), [149].
4 In fact many mathematical studies involving deposition are "coating" applications, thus considered one dimensional, e.g.

paint spraying. The work by Poots et al. is very similar geometrically to the tube spray-forming process. In billet spray-forming 

there are possibilities for surface shadowing which do not arise in the tube geometry.
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integrate their understanding of these sub-processes with models and/or experimental results describing 

the other sub-processes. In this way a number of "complete" process models have been derived, see e.g. 

[6, 7, 38, 49, 50, 54, 74, 77, 87, 88, 89, 90].

The main danger in deriving such "complete" process models arises when these models are used as process 

simulations, i.e. so as to be compared directly with experimental results. Since outputs from one stage of 

the process model become inputs to subsequent stages, there is the potential for a build up in predictive 

error as successive model stages are joined together. Because many of the physical processes involved in the 

process are extremely complex, (e.g. atomisation, deposition, solidification), significant errors are likely to 

accumulate and the direct predictive validity of the complete process model is likely to be severely diminished. 

This is especially true when either the component models are relatively simplistic, or rely on a large number 

of process parameters which are hard to measure.

Instead, the benefits of process modelling are likely to arise from the improved understanding of each 

sub-process and of the interactions between sub-processes. Following Mathur et al., [89], the process is split 

down into five sub-processes; atomisation, spray transport and solidification, spray impact and consolidation, 

deposit growth and deposit solidification. These sub-processes and most of the interacting process variables 

and parameters between sub-processes are depicted in Fig. 1.3. In the following subsections, relevant 

mathematical modelling of each sub-process in turn is reviewed. Where mathematical approaches have 

failed the current approach to quantitative understanding is outlined. Any mathematical literature relevant 

to the analytic and numerical techniques employed in this thesis is reviewed at the point of application. For 

reviews of the literature relevant to spray-forming, which focus more on metallurgical issues and experimental 

results the reader is referred to any of [6, 43, 87].

There is very little of the spray-forming literature that is specific to billet growth and solidification, (only 

[89]). However, much of the literature that focuses on other geometries is relevant to the atomisation, droplet 

flight and deposition stages of the process. Also, for the billet growth and solidification stages of the process, 

although dimensionally more complicated, it is still instructive to review approaches taken to, and results 

gained from, modelling the simpler geometries.

1.2.1 Atomisation

Atomisation is by means of a close coupled, twin fluid, spray ring atomiser. The liquid metal exits a central 

nozzle in a column and is accelerated by a primary gas stream, flowing nearly parallel to the metal. The 

liquid metal stream is then disintegrated into droplets by powerful secondary spray ring gas jets, angled in 

towards the metal stream.

When operating effectively, the primary gas is believed to create waves on the surface of the liquid 

metal column, through a mixture of pressure effects and viscous shearing stresses. These act to strip off 

liquid blobs, sheets and ligaments from the main column, and these are subsequently broken down into near 

spherical droplets by the secondary gas jets, according to the complex interaction of viscous, inertial and 

surface tension forces.

During twin fluid5 atomisation, gas and liquid densities, liquid viscosity, liquid surface tension, gas-liquid

5 i.e. gas and liquid metal.
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SUB-PROCESS NEW PROCESS PARAMETERS

(ATOMISATION)

(SPRAY TRANSPORT AND SOLIDIFICATION)

Atomiser geometry 
Metal and gas physical properties 
Melt temperature and flow rate 
Gas pressure(s) and flow rate(s)

Gas flow field 
Gas temperature field 
Droplet size distribution 
Melt superheat 
Chamber Geometry

(SPRAY IMPACT AND SOLIDIFICATION)

(DEPOSIT GROWTH)

(DEPOSIT SOLIDIFICATION)

Droplet size, velocity and fraction liquid 
Local gas flow 
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Figure 1.3: Sub-processes of spray-forming and interactions between them, after Mathur et al..

relative velocity, gas and liquid flow rates, and atomiser geometry are all considered to be important in 

determining atomisation characteristics. Gas viscosity is rarely considered important since gas flow rates 

and atomiser geometries usually imply that the gas flow is turbulent, so that the shearing stresses at the gas 

liquid interface are dominated by pressure, (inertial), forces rather than by viscous forces, [149]. 

Relevant non-dimensional groups include the following.

1. The Reynolds number,

Re = pLU
(1.1)

where p, L, U and // denote respectively fluid density, length scale, velocity scale and fluid viscosity. 

A variety of Reynolds numbers can be defined according to the fluid and geometry in question, e.g. 

primary and secondary gas nozzles, liquid metal nozzle, liquid metal sheets, ligaments and droplets. 

The Reynolds number indicates the relative importance of viscous and inertial effects.

2. The Weber number,

We =
pU2 L

(1.2)

where a is the liquid metal surface tension. The Weber number indicates the relative importance of 

inertial and surface tension forces, and again may be defined for the many different geometries present 

during atomisation. In (1.2), p refers to the gas density, U to the gas-liquid relative velocity and L 

refers to a liquid metal column, sheet, ligament or droplet length scale.
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3. The Ohnesorge number,

which compares the relative importance of viscous and surface tension forces.

Also considered relevant by some authors is the ratio of gas to liquid metal densities, although this can be 

expressed as a function of the above.

Exact physical properties of liquid aluminium alloys at high temperature are not easily measured. Vis­ 

cosity and surface tension can vary strongly with both temperature and alloying elements. Approximate 

figures, (taken from [139], for an aluminium-copper alloy at 875 °C), are

p = 2585 kg/m3 ,

p, = 0.00084 kg/m/s,

a = 0.834 J/m2 .

With these figures as guidance, the liquid metal flow has an exit Reynolds number in the range 105   106 , 

and is likely to be turbulent. Exit Weber and Ohnesorge numbers are approximately 100 and 3 x 10~ 4 

respectively. The most amplified instabilities, due to the action of the primary gas stream, (as predicted 

approximately by [85]), have wavelengths in the range 10~ 4   10~ 3 m. At typical liquid metal flow rates 

such (linear) instabilities would be amplified by O(e 1-0 ) within 2 x 10~ 5   2 x 10~ 4 seconds; considerably 

less time than it takes to travel between the liquid metal exit nozzle and the approximate point of impact 

of the secondary gas jets with the metal stream. Thus, prior to impact by the secondary gas jets, there 

is plenty of time for initial disintegration of the liquid column into blobs, sheets and ligaments, and some 

further atomisation of these into smaller droplets.

Further breakup of blobs, sheets and ligaments by the mixed secondary and primary gases occurs. Effects 

leading to smaller sized droplets include

1. the breakup of smaller sized ligaments and sheets, or the spheroidisation of small blobs,

2. large Weber numbers, and

3. small Ohnesorge numbers.

For small enough droplet/blob Weber number, (i.e. when L becomes small or the gas stream accelerates the 

droplet/blob enough for U to become small), surface tension forces prevent further breakup and spheroidisa­ 

tion occurs. A critical Weber number, (We w 13), above which breakup occurs can be estimated for inviscid 

fluids, which approximate liquid metals during atomisation, (i.e. very small Z), [107, 140]. Lavernia, [70], 

reports an expression for the spheroidisation time, and computes a time ~ 10~ 5 seconds for the formation 

of an 80 //m aluminium droplet.

Breakup of the liquid metal column into droplets in the vicinity of the atomiser thus takes < 10~ 3 

seconds. Since the liquid metal will initially be heated to well above its liquidus temperature, and since 

during atomisation the surface area to volume ratio of the liquid metal increases extremely rapidly, changes 

in temperature during atomisation are likely to be insignificant in comparison to overall changes occurring 

during flight towards the billet surface. Thus, immediately following atomisation droplet temperatures may



CHAPTER 1. INTROD UCTION 16

be approximated by the initial nozzle exit melt temperature. Gas and liquid metal nozzle exit velocities and 

temperatures may be measured and/or modelled. The ultimate goal for modelling the atomisation process 

then becomes the prediction of

1. the spray droplet size distribution, and

2. the gas velocity and temperature fields,

all within some vicinity of the atomiser. Although some further disintegration of spray droplets may occur 

downstream, due to collisions and to the survival of some large Weber number droplets, modern computa­ 

tional fluid dynamics techniques are able to model the evolution of the spray, as is further discussed in the 

next subsection.

The basic atomisation mechanisms outlined above have been understood qualitatively for some time, (see 

e.g. [22, 51]), and are described in various atomisation reviews, [76, 115]. There have been a large number of 

theoretical attempts to predict droplet sizes by considering the breakup of liquid columns, [23, 141, 144, 148], 

and of liquid sheets, [25, 28, 35, 52, 135].

These early theoretical attempts have not in general been successful in predicting droplet size distributions 

for the type of twin fluid atomisers commonly used in spray-forming. Reasons for this failure include the 

following.

1. The complex atomiser geometries involved do not reliably produce sheets and ligaments of easily 

identifiable dimensions. Predictive capabilities are much better, for example, for prefilming and fan 

spray atomisers, e.g. [28].

2. The reliance on linear perturbation theories to predict the wavelengths of the most unstable normal 

modes.

3. The unclear relationship between wavelengths of disturbances and final droplet diameters.

4. Over simplistic physical and geometrical assumptions, e.g. infinite columns and sheets, ideal fluids 

assumed, effects of the atomising gas ignored.

In short, the many theories made have involved assumptions that restrict the validity of their predictions 

to physical situations which lie outside the usual parameter regimes of interest in the atomisation of liquid 

metals. One exception, [14], which does include compressibility and viscosity effects, is still based on linear 

perturbation theory and simplistic geometric assumptions. This model has only been capable of order of 

magnitude predictions when applied to liquid metals, [14, 75, 76].

The fully mathematical, fluid dynamics based approach, at its very best, can provide predictions of 

spray droplet size only close to the point of atomisation, and usually only does so with limited accuracy. 

In a dense spray there will also be collisions and break up of droplets further downstream. It is only quite 

recently that such effects have begun to be accounted for, (e.g. [24, 102, 116]), and more promising semi- 

empirical predictive atomisation models have been produced, [114, 117]. The main motivation for these 

more successful models has come from the design of efficient diesel fuel injectors, where simpler round jet or 

prefilming atomiser designs predominate. Atomisers currently used in spray-forming incorporate many years
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of progressive design from their initial ideas, (see for example the origins of current Osprey atomiser designs, 

[129]). Consequently, they are geometrically quite complex. Thus, it is likely that it will be many years 

before reliable theoretical predictions of droplet size distributions will be used in spray-forming applications.

As an alternative to direct physical modelling of the atomisation process in spray-forming, a number of 

empirical and semi-empirical methods have been used. In a semi-empirical method, mean droplet size and 

standard deviation are commonly assumed to be given by a correlation such as the Lubanska correlation, [83], 

(or by an atomiser specific modification of such a correlation, [112, 89]). Otherwise they are found directly 

from experiment. Mean and standard deviations are then fitted to assumed size distribution functions, 

(commonly log-normal). This same basic approach has been used in much recent work on spray-forming, 

[6, 7, 43, 45, 50, 74, 89].

Melt superheat, gas and metal flow rates, gas-metal impingement angle, atomiser geometry and atomising 

gas used are all known to affect atomisation of liquid metals, e.g. [13, 140]. Correlations such as the Lubanska 

correlation do include parameters describing gas and liquid mass flow rates, gas velocity at impact, surface 

tension, liquid density and the diameter of the liquid stream. However, each correlation is derived for only 

a finite number of different metals, atomiser geometries and other process parameters. Thus, although 

such correlations can give a useful guide to the possible effects of varying process parameters, they are not 

universally reliable, e.g. [139].

Unfortunately, it appears that reliable droplet size prediction in spray-forming is most likely to be based 

on atomiser specific measurements and/or subsequent correlations of droplet size distributions over a number 

of the alloys to be sprayed and over a range of typical operating parameters. Powder collection and sieving, 

laser and phase Doppler anemometry methods have all been used to this effect, e.g. [13, 87, 91].

1.2.2 Spray transport and solidification

Given the condition of the spray in the vicinity of the atomiser, (i.e. spray droplet distribution and temper­ 

ature, gas velocity and temperature), the main goal of modelling the passage of the spray from the atomiser 

to the billet is to provide sensible predictions of the following.

1. The spray droplet trajectories and the spray mass flux at the billet surface.

2. The solidification characteristics of individual droplets.

3. The spray enthalpy at the billet surface.

Droplet trajectories and the spray mass flux

Atomisation gases exit the primary and secondary spray rings at velocities which are just subsonic. The 

gas flows occurring actually in the atomiser are thus compressible. Outside the vicinity of the atomiser, 

gas velocities decay significantly, but may still be in excess of lOOm/s for significant parts of the flight, 

[13, 38, 43, 74, 87, 118]. Below such velocities the effects of compressibility become increasingly negligible, 

(see e.g. [11]), but to consider the chamber gas flows properly the assumption of incompressibility should 

not be made. The gas flow field is also turbulent. This is due to
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  the rapid scanning motion of the atomiser secondary spray ring gas jets,

  the rapid rotational movement of the forming billet,

  the irregular geometries of both the atomiser and spray chamber,

  the high gas velocities, and

  the dispersal of droplets within the gas phase.

In order to compute the droplet trajectories it is necessary to derive some estimate of the gas flow field. 

This may be done either experimentally, using advanced measurement techniques, [13, 91], or it may be 

modelled. In view of the complexities of modelling turbulent, compressible, three dimensional two-phase 

flows, a considerable amount of semi-empirical approximation is used in current spray-forming models. 

Before reviewing these models, the approach used for the complex modelling of such flows is outlined.

Modelling of turbulent flows is carried out by considering the variables in the Navier-Stokes flow equations 

to consist of both a mean, (time-averaged), part and a fluctuating part, which is superimposed upon the mean 

part. Equations for the mean parts of quantities such as the velocity, pressure, temperature and density, are 

derived from the unsteady Navier-Stokes equations by averaging over time. The resulting equations are very 

similar to the Navier-Stokes equations in form, except that they contain additional transport terms due to 

the turbulent fluctuations.

The additional transport terms come from averaging quadratic products of the various fluctuating parts 

of the variables. These additional terms, called Reynold's stresses, (and turbulent heat flux, etc.), form 

additional unknowns. In the case of an incompressible flow, there are even more unknown quantities due to 

possible averaging of products of velocity component fluctuations with the density fluctuation. Since there 

are more unknowns than there are simultaneous partial differential equations to solve, some of the unknowns 

must be specified in order to solve for the mean flow variables. This is known as the turbulence closure 

problem.

Two basic methods of closing the set of turbulence equations are used. Firstly, values may be specified via 

algebraic expressions which are derived from experiments conducted on similar flows, or on flows where the 

same physical phenomena are dominant. Secondly, differential equations may be derived for the extra terms 

via algebraic manipulation and subsequent averaging of the Navier-Stokes equations. The equations derived 

in this way unfortunately also contain new unknown variables, comprised of averages of cubic combinations 

of the fluctuating variables, (i.e. third order moments). These new terms must then also be specified, 

algebraically or via the derivation of more differential equations. Hence, the turbulence closure problem 

recurs. At some stage one has to decide to close the system by specifying values for the remaining unknowns 

from empirically based estimates.

Ignoring for the moment the coupling of the droplet phase with the gas phase, problems in accurately 

computing the turbulent gas flow within the spray chamber include the following, [20].

1. The mean flow is three dimensional. Turbulent fluctuations are almost always three dimensional, but 

simplification can sometimes result if symmetries in the mean flow can be exploited.

2. The mean flow is probably unsteady, due to the billet/collector movement.
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3. The underlying flow is compressible. Closure of the turbulence equations involves modelling additional 

terms, which involve averages of products that include the density fluctuation, as well as the usual 

terms.

4. The underlying flow involves recirculation, strong curvature and swirl. In such complex flows it is only 

very recently that new second moment closure models are being applied with success. Results and 

models are still anecdotal and being improved. Hence, they remain largely inaccessible to non-experts.

5. Even with improved higher order closures, there is no guarantee that in complex flows the accuracy of 

turbulence modelling will improve. 6

Inclusion of the droplet phase in the computations may be done in one of two ways. Firstly, one may 

describe the droplet properties at all positions and times by means of a continuous, statistical distribution 

function. A conservation equation may then be derived to describe how this distribution changes spatially 

and temporally, and this equation can be solved along with the other turbulence equations. This approach 

is rarely used due to the additional computational expense.

A second approach more commonly used, is to consider the flight of a discrete number of droplets of 

representative sizes, thus approximating the continuous droplet model above. Eulerian gas phase equations 

are coupled with Lagrangian equations for the droplet motion. Additional source and sink terms are included 

in the conservation equations to account for the interactions between phases. Small "packets" of droplets of 

different sizes are introduced at intervals, near to the atomiser, and are tracked through the flow field. The 

number of droplets in each packet is adjusted so as to conserve the mass flow rate through the atomiser, and 

to conform to the initial droplet size distribution.

Aside from the additional complexity of working in both Eulerian and Lagrangian frameworks, problems 

with these models are

1. Without turbulence effects included in the gas flow equations the trajectories of all droplets of a given 

size released from the same position are identical. This enables an approximate computation of the 

spray mass flux, given an initial mass distribution near the atomiser. However, this then underestimates 

the turbulent dispersion of droplets in the gas stream.

2. With the turbulence effects included, computation of mass fluxes requires that large numbers of droplet 

trajectories be computed, which is expensive computationally.

3. Thus, additional models should be included to account for effects such as droplet dispersion, droplet 

breakup and droplet collisions.

4. Solution procedures usually involve iterative inclusion of the interphase source/sink terms, i.e. solve for 

gas phase alone, use gas phase solution to solve for the droplet phase, include the droplet source/sink 

terms in the gas phase equations and solve again, etc. When gas and metal mass flow rates are of the 

same order of magnitude, (as they are in many spray-forming situations), the interphase coupling is

6 The whole point about turbulence is that the fluctuations are not perturbations to the mean flow, but are characteristic 

of the flow itself. Thus, there is no guarantee that higher order moments of these quantities are small, and that higher order 

closures will be more accurate.
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quite strong and the amount of iteration required will thus contribute significantly to the computational 

expense.

5. Numerical effects arising from solution of the gas phase equations can have a large effect on individual 

droplet behaviour.

6. Discrepancies in the gas phase flow equations, resulting from the use of different turbulence models, 

can have a relatively large effect on individual droplet behaviour.

7. Complex boundary conditions, which are often not well understood physically, must be approximated 

relatively simplistically for the droplet phase, e.g. deposition/impacts.

In spite of the above problems, the ability to solve complex, turbulent, two-phase flows in irregular geometries 

with even approximate models is an extremely impressive achievement.

Current commercial software packages, motivated chiefly by combustion applications, are able to make 

such computations accessible to non-experts, [34, 106], (or at least, those with large enough computers and 

some understanding of the physics). Unfortunately, the commercial software tends to lag behind leading 

edge academic research in turbulence modelling. When cautiously used, and when the results are assessed in 

light of the model(s) limitations, these techniques represent a valuable alternative to direct experimentation.

Rogers and Katgerman, [118], and Grant et al., [43, 46], have both used this type of modelling technique 

to compute gas flow fields and droplet trajectories within an axisymmetric spraying chamber, with fixed 

axial atomising gas jets impinging on a fixed circular collector. Aside from the geometrical simplifications, 

parameters used in both of these models are representative of current aluminium billet spray-forming pro­ 

cesses. The computations in both cases used the k — e model of turbulence, and were carried out using 

PHOENICS software, [106].

In [118] it is demonstrated that recirculatory gas flows exist in the chamber, and example trajectories 

are shown for different droplet sizes. Small, 2   10 /^m, droplets accelerate rapidly in the gas stream and are 

carried round the collector in the gas stream, whilst larger, 50   100 /zm, droplets accelerate more slowly, 

remain more central in the gas stream and impact the collector. Very similar results are presented in [43, 46].

Although in both of the above cases droplet velocities and trajectories are computed for a range of droplet 

sizes, in neither case is a mass flux computed from these results. This is probably due to the excessive amount 

of computation required. Other approaches have been as follows.

  Lavernia et al., [50, 74], assume a one dimensional gas flow field with velocity that decays quadratically 

with distance from the atomiser nozzle. Only thin one dimensional deposits are considered. A mass 

flux at the deposit surface is not computed, but droplet velocities are computed in order that droplet 

solidification may be studied in parallel.

  Gillen et al., [9, 38], also assume a one dimensional decaying gas velocity, (unspecified source), and 

compute droplet velocities.

  Mathur et al., [6, 87, 89, 90], use empirically based predictions of the decaying axial gas velocity in 

an axisymmetric jet. Spray chamber geometry is axisymmetric with a centrally positioned atomiser.
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The approach is essentially one dimensional, as above. In [90] experimental results are presented, 

demonstrating the radial variation across the spray jet of the mass median droplet size, but these 

results are not used further in droplet velocity computations. Droplet velocity profiles are computed 

for a range of droplet sizes. The mass flux is not computed.

  Grant, [43], uses a one dimensional exponentially decaying axial gas velocity to compute droplet ve­ 

locities.

Droplet velocity, vd , is governed by

= Vd (pd - pg }g + -CdTag pg(vg - vd)\vg - v d \ , (1.4)

in [50, 74], where pd , Vd , Ad , pg , Cdrag and vg are respectively the droplet density, volume, surface area, the 

gas density, the drag coefficient and the gas velocity. In [6, 9, 38, 87, 89, 90] equation (1.4) is replaced by

= Vdpdg + -Cdragpg(vg - vd)\vg - v d \ , (1.5)

and Grant, [43], neglects gravitational effects altogether. Gravitational effects on a droplet will usually be 

negligible in comparison to the influence of gas friction, thus the discrepancy in model equations is not 

serious. The drag coefficient is given in all cases by

(1.6)

where Re is a Reynolds number based upon the relative gas-droplet velocity and the droplet diameter.

The one dimensional results described above are all fairly similar. Droplets are accelerated to a maximum 

velocity by the gas stream and then, as the gas velocity decays below their maximum velocity, they are 

decelerated. Maximum velocities are higher and reached sooner in the case of smaller droplets. Droplet 

velocities are of order lOOm/s in most computations. The main failings of these models are that the rapid 

deceleration of the gas stream impinging on the deposit surface is not accounted for, that the velocity field is 

not influenced by the droplet size distribution and/or metal mass flow rate, and that the axial velocity of a 

decaying gas jet is not representative of the velocity field experienced by the majority of droplets in passage.

In none of the spray-forming literature are spray droplet velocity computations used to give an estimate 

of the mass flux at the deposit surface. The reason for this is probably because most of the literature refers 

to fixed atomiser configurations and deposit shapes are assumed to be one dimensional. In such cases the 

deposit growth may be measured fairly accurately and the droplet velocity computations are carried out 

in order to determine droplet solidification behaviour. The assumptions of one dimensional geometries are 

usually justified in the above by the relatively thin deposits grown, and not by lack of variation in the mass 

flux produced by the atomised spray. For example, in [87] the measured deposition rate is shown to have 

considerable radial variation across the width of the spray cone.

In billet production deposits are thick and the mass flux will vary considerably over the deposit surface. 

It is desirable to be able to predict this variation. It is felt that in view of the relative simplicity of the 

equations describing droplet motion, sensible estimates of the spray mass flux field could be gained by 

integration of, for example (1.4), over representative droplet distributions released from a range of atomiser 

inlet start positions. This could be coupled with approximate measurements of the velocity field. If the gas
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flow measurements are made when droplet laden then this gives at least some approximation of the effects 

of interphase interactions.

Inflight droplet solidification

Five different regimes may be identified in the thermal histories of droplets in flight, [43, 46].

1. Cooling in the liquid state to below the liquidus temperature of the alloy.

2. Nucleation at a given undercooling, and subsequent recalescence to near the liquidus temperature.

3. Segregated solidification.

4. Solidification at the eutectic temperature, until fully solid.

5. Cooling whilst solid.

Heat removal from the droplet surface into the droplet boundary layer gas flow is governed by the Biot 

number, B, given by

(1.7)

where hd, dd and Kd are the droplet heat transfer coefficient, diameter and thermal conductivity.

In the most complex models, B will vary with different points on the droplet surface, and there will exist 

temperature gradients within the droplet volume. More commonly however, B is considered to be an average 

Biot number. For typical droplet sizes and gas velocities encountered during spray-forming Biot numbers 

are small, B < 0.1. For Biot numbers in this range, temperature gradients within the droplet can usually 

be ignored, i.e. Newtonian cooling. This treatment is not exact. Levi and Mehrabian have shown that at 

large undercoolings, significant thermal gradients may exist for Biot numbers as low as B « 10~ 4 , [82]. For 

the majority of spray-forming models the Newtonian model is adopted.

During the first cooling regime, heat is removed by convection from the droplet surface, according to

J/TI

PdddCd-^ = -6hd (Td - Tg ), (1.8)

where pd, Cd, Td and Tg denote respectively the droplet density, specific heat capacity, temperature and the 

gas temperature. The heat transfer coefficient is assumed to be given by the Ranz-Marshall correlation,

5 = 2 + 0.6 JRe1/2 Pr1/3 , (1.9) 

where

PT =
is the Prandtl number, cg is the gas specific heat capacity, p,g is the gas viscosity and Kg is the gas thermal 

conductivity. The Reynolds number is based on the gas properties, the droplet diameter and the relative 

gas-droplet velocity. Gas and droplet velocities are computed and/or specified by the methods outlined 

in the previous section. Gas temperatures are treated as either constant or are estimated from empiri­ 

cal/computational results. Slight model variations are

  Inclusion of radiative effects, (usually negligible), [87], and
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  slight modifications of the Ranz-Marshall correlation to account for the sharp temperature gradients 

in the gas close to the droplet, [89].

According to Lavernia, [70], nucleation occurs heterogeneously in all but the smallest of droplets, due to 

one of the following processes.

1. Bulk heterogeneous nucleation within the droplet, i.e. alloy composition is not fully homogeneous.

2. Surface heterogeneous nucleation, i.e. due to the lower droplet surface temperatures than within the 

droplet bulk.

3. Surface oxidation processes

4. Interparticle collisions

The physics underlying the nucleation process is complex and not reviewed here. The essential features are 

that the probability of nucleation occurring by one of the above processes, (or homogeneously), increases 

with both the size of undercooling achieved and the volume of liquid material present. Most models assume 

that nucleation takes place at a fixed undercooling temperature, which depends inversely on the droplet size, 

[45, 46, 50, 74], or is determined by some other means, [87].

Recalescence is the rapid rise in droplet temperature immediately following nucleation. It results from 

both the rapid release of latent heat and the inability of the surrounding gas to convect this heat away 

quickly enough. During recalescence the solidification rate is assumed proportional to the undercooling, and 

convective cooling effects are considered negligible, [45, 46, 50, 74], (or a more complex model is utilised, 

[87]). The exact details of the model used during this part of the droplet thermal history are probably 

not significant. Recalescence usually takes only microseconds to complete and it is only when particularly 

large undercooling occurs, prior to nucleation, that large proportions of the droplet can solidify during 

recalescence. Unless this happens the influence of microstructural formation that occurs during recalescence 

is likely to be small. Recalescence is considered complete when the rate of latent heat release is equal to the 

rate of convective heat loss.

Segregated solidification is governed by

L} = -Ghd (Td - Tg ), (1.10)

where fa is the droplet solid fraction. The Scheil equation is used to express fa as a function of temperature, 

see e.g. [43, 45, 46, 87, 89, 90].

If there is a eutectic temperature, then the temperature remains constant at that temperature whilst the 

remainder of the heat is extracted, [43, 45]. Subsequent cooling of fully solid droplets is governed again by 

(1.8).

Microstructural evolution in each of the above stages has not been reviewed. The interested reader may 

refer to [43, 74, 70, 87, 89, 90]. The following general conclusions may be drawn collectively from the results 

of models of this part of the spray-forming process.
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  Droplet solidification depends strongly on droplet size. At typical atomiser-collector flight distances 

smaller droplets generally contain larger fractions of solid. At particularly short flight distances, (e.g. 

100mm), this may not be true since smaller droplets may still not have achieved the undercooling 

necessary for nucleation.

  Provided flight distances are not too short, the effect of including the nucleation, undercooling and 

recalescence phases is minimal.

  Flight distance has a large effect on the thermal history of individual droplets.

  At typical flight distances and with typical droplet size distributions it is possible for fully solid, mushy 

and fully liquid droplets to be deposited.

  Changes in the models affecting droplet dynamic behaviour can have large effects on the droplet tem­ 

perature at a given flight distance, even when the effect on overall cooling rate is much less pronounced,

[43].

  Changing the model assumptions regarding definition of the heat transfer coefficient can have a large 

effect on droplet temperature profiles, [43].

  In comparison to the above two effects, changes in the detailed modelling of the solidification process 

have little effect, [43].

  Droplet thermal behaviour is influenced by the amount of melt superheat; this effect being larger for 

larger droplets.

  Changes in atomising gas used and in atomising gas pressure can have a large effect on the thermal 

behaviour of individual droplets, [74, 87].

  The one dimensional gas velocities assumed in these models are capable of producing physically sensible 

results, consistent both with experiment and with more complex computational results.

Spray enthalpy at the billet surface

Most models of deposit solidification are continuum models, implicitly involving the assumption that tem­ 

perature differences on the scale of flattened droplets and/or grains are insignificant within the deposit. In 

these models, it is necessary to specify the heat flux across the deposit top surface. For computational effi­ 

ciency and for consistency with the continuum approach, the heat influx normal to the deposit surface due 

to deposition from the spray is given by the product of the surface normal velocity and the mass averaged 

enthalpy of the spray. This last quantity is obtained by averaging the enthalpy of individual droplets over 

a representative droplet size distribution. Individual droplet temperatures are computed using the methods 

described above. Several authors have computed spray enthalpies in such a way.

Annavarapu, Mathur et a/., [6, 7, 87, 89, 90], have computed the spray enthalpy for a variety of different 

alloys and over a range of different flight distances. At a flight distance of 400mm spray enthalpy variations 

correspond to variations in spray fraction liquid of between 10% and 45%, for different steels, copper and
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nickel alloys. Not surprisingly, the droplet size distribution is reported to have a critical effect on the 

computed spray enthalpy at a given flight distance. Over the radius of the spray cone, (« 50mm), computed 

variations in spray enthalpy are reported as being insignificant, [7, 90]. In [89] it is shown that for a copper- 

titanium alloy, changes in the gas to metal mass flow rate ratio through the atomiser can have a marked 

effect on the computed spray enthalpy; e.g. approximately a 14 % reduction in spray fraction liquid over a 

range of flight distances results from doubling this ratio.

Grant, [43], computes the spray enthalpy for aluminium-copper alloys, with similar material properties 

to the alloys considered later in this thesis. At a flight distance of 350mm the computed spray enthalpy 

corresponds to w 65 % spray fraction liquid. In [45] Grant presents results demonstrating the sensitivity of 

the spray fraction liquid to variations in the assumed model gas velocity, melt flow rate and melt superheat, 

all at a range of flight distances. The spray fraction liquid is observed to vary approximately linearly with 

gas velocity and melt superheat, and inversely with melt flow rate.

Grant points out that the effects on the computed spray enthalpy of varying process parameters are 

extremely difficult to predict and/or to summarise, due to the variability of both materials and atomisers. 

For example, increasing the melt superheat increases the amount of heat that must be extracted from the 

droplets, but may also decrease the mean droplet size through a decrease in liquid metal viscosity.

Perhaps the only conclusions to be drawn are that, in general,

  the spray fraction liquid decreases with flight distance,

  at typical flight distances, (i.e. usually in the range 300   700 mm), sprays of most metals are not fully 

solid, 7

  an order of magnitude guide for the decrease in fraction liquid with distance, over typical flight dis­ 

tances, is 0.5   1 % fraction liquid per 1cm,

  the computed spray fraction liquid will vary with different atomisation conditions and alloys. 

This remains an area of active research.

1.2.3 Spray impact and consolidation

This part of the spray-forming process is probably the part for which there is least quantitative understanding, 

but which is also the most critical. Models describing the process prior to deposition and consolidation are 

generally discrete, (i.e. droplet based), whilst those that describe deposit growth and solidification assume 

a continuum. Boundary conditions for the deposit growth and solidification models include continuous 

functions that represent the surface velocity and the spray enthalpy, (e.g. [43, 49, 50, 87, 90]), both of 

which are defined, (implicitly), by spatio-temporal averaging of the spray properties. The basic unit of the 

deposition/consolidation process is the "splatting", (i.e. impact and spreading), of a single droplet on the 

deposit surface and the subsequent heat flow between it and the deposit. Fundamental questions relating to 

this part of the process include the following.

7 In practice, collector positioning has been determined at some stage during process development by trial and error so that 

this is true!
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1. In what way, (qualitatively), can the conditions present during deposition effect the subsequent deposit 

microstructure.

2. In what sense are the continuum models, which use averaged boundary conditions at the deposit 

surface, the limiting case of the real discrete stochastic process.

3. How different are predictions gained from discrete and continuous models.

4. What process factors influence

(a) whether or not a droplet is deposited on the surface,

(b) the deformation of an individual droplet that impacts the surface,

(c) the heat flow between a newly deposited droplet and the rest of the deposit.

Qualitative understanding of the relationship between local deposition conditions and subsequent mi­ 

crostructure is fairly good. Commonly, four different combinations of droplet and deposit thermal conditions 

are distinguished, each of which is related to a characteristic microstructure, e.g. [87].

  Both droplet and deposit surface are solid. In this case, due to the rapid collector movement and 

strong turbulent gas flows, it is unlikely that any deposit will form.

  The deposit surface is fully solid when impacted by each droplet, (on average), and droplets contain 

some fraction liquid. In this case droplets with significant liquid fractions are believed to splat and 

adhere to the deposit surface. Successive droplets do weld together, but because of the long interval 

between droplet impacts there is no surplus liquid on the deposit surface when each new droplet 

arrives. This condition is associated with observed microstructures in which the grains are columnular 

and there is significant porosity at the intergrain boundaries.

  The deposit surface is only partially solid, and is impacted by droplets which are also semisolid. This 

case, where the surface fraction liquid is not so great as to allow lateral flow of liquid, has been termed 

incremental solidification by Singer et a/., [30, 132]. Singer et al. assume that there is a thin surface 

film of liquid whose lateral flow is restricted by surface tension and friction between solid particles. 

Segregation is minimal because of the restricted surface liquid flow, and because the excess liquid is 

able to fill interstitial pores, porosity in the formed microstructure is also minimal. This is considered 

to be the optimal spraying condition and is associated with fine equiaxed grain structures that are 

commonly observed in spray-formed materials. In [132] this deposition regime is distinguished from 

that above by the mean time required for a spray droplet to solidify, first exceeding the mean time 

between successive droplet impacts at a point on the surface. An expression is derived for this critical 

time interval between droplets, and is related to process parameters.

  Both deposit surface and droplet have liquid fractions that are "too high". In this case the viscosity 

of the semi-solid surface layer becomes low enough to allow fluid movement. Macrosegregation then 

becomes possible, but more serious usually will be the possibility of porosity due to gas entrapment 

during disturbances of this surface layer, (i.e. instabilities such as waves, splashes, re-atomisation).
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Specification of a critical surface fraction liquid at which this deposition regime becomes operative is 

hard. Although here is a considerable literature on turbulence induced surface instabilities on thin 

liquid films, (e.g. [27, 53]), theoretical critical stability results are usually presented in terms of the gas 

velocity scale and the liquid film Reynolds number. Whilst the former is relatively easy to estimate, the 

latter relies on being able to specify a viscosity for the mushy surface layer. This is a notoriously difficult 

problem; semi-solid alloy slurries exhibit complex thixotropic, temperature dependant behaviour which 

is not well understood or predicted, [33].

Aside from the inclusion of porosity resulting from fluid instabilities, other mechanisms by which porosity 

may enter the deposit have been considered by Lavernia, [70]. These are:

1. Gas entrapped in spray droplets. This is possible in any of the above deposition regimes and can be 

modelled to give reasonable agreement with experiments. The amount of trapped gas decreases with 

droplet size and the total porosity is not usually significant, [111].

2. Porosity due to solid shrinkage. This is likely only when there is significant surface liquid fraction, i.e. 

in the last of the four regimes described above. Shrinkage porosity will usually be identifiable by its 

morphology, but since it occurs with other high liquid fraction related porosity it is hard to quantify 

alone.

3. Interstitial porosity. This is probably due to micron sized cavities trapped during impact, and may 

potentially happen in any of the last three deposition regimes. See [101] for possible cavitation mech­ 

anisms during contact between liquid surfaces.

The sense in which the continuum boundary conditions are the limiting case of the discrete stochastic 

deposition process appears to have recieived no formal mathematical treatment.

Annavarapu, [6, 7], has computed the temperature within a one dimensional growing deposit using both 

a continuum approach in which growth and heat flow are represented as continuous functions of time, and a 

discrete event approach. In the latter model, splats of an appropriate thickness are added to the deposit at 

regular intervals. The splats have temperature dictated by the mass averaged spray enthalpy. The interval 

between splats is determined from an estimate of the spray density, (slightly modified from the analysis of 

[132]). The discrete model also includes a parameter which may be adjusted to simulate the efficiency of 

the thermal contact between successive splats. Results predicted from both models are shown to converge 

approximately 0.3 seconds after commencement of deposition. The strip thicknesses and times considered 

in [6, 7] are both very small, (i.e. w 2 - 3 mm, and « .5s). These appear to be the only published numerical 

results which compare discrete and continuous effects during deposition.

Whether or not a droplet is deposited on the surface depends on two separate sequential processes. 

Firstly, whether or not the droplet actually hits the surface, and secondly, whether a droplet that hits the 

surface will stick there. This distinction is important if both the heat and mass transfer processes occurring 

during deposition are to be studied on the droplet scale. For example, although there is only a positive mass 

flux into the deposit when an impacting droplet adheres to the deposit, a significant positive heat flux can
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occur during the elastic collision between a small spray droplet and the deposit surface, even when there is 

no adhesion, (see e.g. [136]).

Large diameter droplets are effected less by the turbulent gas velocity fluctuations than are small diameter 

droplets. Impact and deposition of the larger diameter spray droplets is thus determined chiefly by the mean 

gas flow velocity field. The mean velocity of the atomising gas jets will decelerate rapidly as they impinge 

upon the deposit surface, and as the gas flows around the sides of the deposit and collector. Larger droplets 

will not be decelerated as rapidly as smaller droplets in the impingement region, and thus are likely to impact 

the billet surface. Grant, Rogers et a/., [46, 118], have shown that for droplet diameters % 10/zm and less, 

the majority of droplets have insufficient momentum to impact the collector directly and are carried away 

in the gas stream.

The dominant mechanism of deposition for the smaller8 diameter droplets is thought to be turbulent 

diffusion, taking over gradually from purely inertial deposition as the droplet size decreases. Turbulence 

dominated deposition has received much attention in recent years, due to the importance of spray cooling 

systems and other two-phase flows in nuclear reactors. Relevant parameters include the viscous sublayer 

thickness, the gas kinematic viscosity, the realtive gas-droplet velocity and a "stopping distance" length- 

scale, based on the distance a droplet with prescribed initial velocity would travel through a stagnant fluid. 

The reader is referred to [37] for more information. Although quantitative models of turbulent deposition 

processes have been derived, they have not been applied to metal spray- forming processes. Without under­ 

standing, and being able to accurately model or measure the near-deposit gas flow, it is doubtful whether 

any predictive model based on the fundamentals of droplet deposition will be applied.

Adhesion of droplets to the surface after impact is also an area where there has been some fundamental 

study, e.g. [39]. The effectiveness of adhesion to the surface is determined by the area of contact between 

the impacting droplet and surface, and the drag on the droplet due to the gas stream during the impact 

process. Contact area is determined by droplet impact velocity and subsequent deformation. Hence, factors 

such as the impact angle can have a significant effect on the effectiveness of both deposition and adhesion. In 

the case where the droplet effective viscosity varies strongly with its fraction liquid, the situation is clearly 

much harder to analyse.

In response to the complexity of the deposition process, spray-forming models have tended to either 

"sidestep" the question of the deposition efficiency by using empirical measurements of deposit growth, or 

more recently have proposed lumped parameter models of "sticking efficiency", [89].

Mathur et a/., [89], assume that the sticking efficiency of the spray and surface at any particular point 

is composed of two components. One of these is a geometric component, which is discussed later. This 

component multiplies a thermal sticking efficiency coefficient, SET , defined by

SET = (i7.(l-/i) + iji/i)e, (1.11)

r), = 1.- 0.75(1 -F,), (1.12)

rii = 0.98. (1.13)

8 Here, submicron sized droplets are excluded since Brownian motion is believed to dominate in this size range.
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The functions // and F/ denote the fraction liquids of the spray and deposit surface respectively, e 6 [0, 1] is 

a viscosity dependant parameter. The model predicts that 25% of a fully solid spray impacting a fully solid 

surface would remain deposited, increasing to 100% for a fully liquid surface, (ignoring e). In contrast, 98% 

of a fully liquid spray remains deposited. At 60% surface liquid fraction, e is assumed to drop drastically, to 

describe the ejection of liquid metal from the deposit surface.

Although phenomenological in its derivation, and although this model ignores entirely droplet size effects, 

the thermal component of the "sticking efficiency" model in [89] represents the only attempt to account 

quantitatively for process variation of this kind, and as such is extremely valuable. In [89] it is demonstrated 

how variations in spray liquid fraction may result in significant variations in both material yield and billet 

shape.

The deformation of an individual isothermal droplet that impacts the surface has recently been considered 

by Trapaga and Szekely, [138], focussing specifically on droplet size and velocity ranges occurring in spray- 

forming operations. Liquid droplet impacts on both solid and liquid surfaces are modelled. Droplets are 

shown to impact and spread to their final diameters in microseconds. The computational results in [138] 

are compared with earlier asymptotic results, [84], and reported to give good agreement. The ratio of splat 

diameter to droplet diameter, £m , and the spreading time, ra , are given for typical spray-forming parameters 

as

Cm « Rel/5 , (1.14)

(1-15)

where d and Vi are the droplet diameter and impact velocity.

Typical semi-solid droplet Reynolds numbers prior to impact are in the range 10   104 , (heavily dependant 

on viscosity, i.e. fraction liquid), giving Cm in the range 1.5   6.3. Assuming the smaller values of Cm to 

correspond to the smaller diameter, more viscous droplets, splat thickness is likely to be of order 5   10 /mi. 

Thermal conduction within the droplet will have an approximate timescale

pcd2 
~JT t

(assuming perfect thermal contact), or slower. For a typical 100 /mi aluminium alloy droplet this timescale 

is w 10~ 4 seconds, much slower than the splatting times predicted above. Thus, in considering the thermal 

equilibriation of the droplet, the splatting and heat flow problems have been considered separately, as 

seems reasonable. In view also of the typical splat diameter-thickness aspect ratios, of order 10, thermal 

equilibriation in splat cooling is usually considered one dimensional.

There have been a number of studies of heat flow during splat cooling. Early experimental and math­ 

ematical work, [60, 59, 109, 119], suggested that the type of cooling occurring could be characterised by a 

Biot number, based on the heat transfer coefficient between splat and deposit, the splat thickness and the 

thermal conductivity of the splat. For Biot numbers less than about 0.015, thermal gradients across the splat 

were considered negligible, and Newtonian cooling assumed. Biot numbers above 30 were approximated by 

assumed perfect thermal contact. For both these cases, analytical approximations of the cooling rates have 

been derived.
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More recently Wang and Matthys, [142], have considered the problem again in far greater detail, nu­ 

merically solving a Stefan problem through the splat thickness for a range of different materials and Biot 

numbers. They show that the Newtonian approximation can give good agreement with the computed results 

for Biot numbers as high as 0.5, and that for higher Biot numbers these results provide a lower bound for 

splat cooling rates with more perfect thermal contact.

Consider then, a semi-solid splat with initial fraction liquid, //, and remaining latent heat of freezing, 

fiL, that is assumed to be released linearly over the remaining freezing range. Define an initial temperature, 

TJ, a deposit temperature T^, a solidus temperature Ts , and the remaining temperature freezing range

With these assumptions, Newtonian cooling of the splat is governed by

dT = ___h_ 
~dt ~

= 0[Td -T\, (1.16)

for T > Ta . In the above, Z denotes the splat thickness and h the heat transfer coefficient. Defining an 

"equilibriation" time, TO.9, as the time taken for the splat-deposit temperature difference to reach one tenth 

of its initial size, and assuming that Tj. >Te , an approximate equilibriation time is given by

Typically, h > 10 5 W/m2 /°C in splat cooling, [142], (often h » 105 W/m2 /°C). Thus, an approximate 

upper bound for the equilibriation time between droplets and the deposit is 3 x 10~ 3 seconds. For larger, 

more liquid, droplets where thermal contact is better, equilibriation times might be expected in the range 

10~ 5 - 10~~ 4 seconds.

1.2.4 Deposit growth

Mathematical modelling of deposit growth has been motivated in main by the need to know both the deposit 

size and surface velocity in order to solve the solidification problem within the growing deposit. Gutierrez 

et a/., [49, 50], and later Grant, [43], consider one dimensional deposit growth. In both cases growth rate is 

assumed constant in time, and is determined experimentally as the average growth rate from the end deposit 

thickness and spraying time.

Obvious limitations of the one dimensional assumption, many of which are discussed in these references, 

include the following.

1. Spatial variations in mass flux will exist across the diameter of the spray cone. Thus, the one dimen­ 

sional growth assumption requires that some symmetry of the deposit is exploited, if the models are 

to be in some way representative of the whole deposit.

(a) In the case of thin tube or strip geometries this might be a realistic assumption. However, the 

deposit-spray relative motion in these geometries means that any position on the deposit will pass 

through the spray and thus not have a growth rate constant in time.
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(b) In the case of a cylindrical disc/billet geometry, the only point of symmetry is along the axis of 

rotation. When the atomiser is positioned directly above the collector surface, velocities here will 

typically be larger here than elsewhere. Thus, caution should be exercised in generalising such 

results. Where disc shapes are more uniform radially this is likely to be achieved with a non 

constant growth rate.

2. Temporal variations in mass flux are likely to exist due to the difficulties of effectively controlling the 

atomiser throughput and, in the case of very short spraying runs, atomiser start-up and shut-down 

effects.

A slightly less empirical model has been developed by Mathur, [87], and has been used extensively in 

many future publications, [6, 7, 77, 88, 89, 90]. This model has been used to predict both strip and disc/billet 

geometries. A fundamental failing of this model for any but truly one dimensional geometries is exposed in 

the critique below.

Mathur defines a deposition rate function, D(r), dependant on the radial distance, r, from the axis of 

the, (axisymmetric), spray cone. The function D is defined as, "the thickness of a deposit that would build 

up per unit time on a flat stationary substrate positioned normal to the spray axis.", ([87], p. 29). Thus, 

for alloy density p, the mass flux due to the spray is assumed to be parallel to the direction of the spray 

axis, and is given by pD(r}. Estimated values of D(r] are gained from videoing the build up of the deposit 

formed when spraying onto a flat plate fixed perpendicular to the spray cone. The function D(r] is found 

to be approximately Gaussian, [6, 87].

Defining position on the collector by coordinates (x,y), Mathur denotes the deposit thickness L(x,y,t) 

and equates
r\ T

— (x,y,t) = D(r[x,y}). (1.18)

This equation is wrong, and can have serious implications. Neglecting the efficiency of the deposition step, 

a corrected version of (1.18), (see chapter two for derivation), is given by

O T

 (z, y, t) = D(r[x, y])k'.V[z - L(x, y, *)], (1.19)

where k' denotes the unit vector in the direction of the spray cone axis and z denotes the coordinate 

perpendicular to the collector, (i.e. z = L(x,y,t) is the deposit surface).

The model given by (1.18) is correct only when the surface is planar and perpendicular to the spray cone 

axis. Such a situation may correspond approximately, for example, to a strip forming process. However, 

when either the collector is not initially perpendicular to the spray axis, or when the surface becomes non- 

planar, the formulation (1.18) will not conserve the mass of the spray. Deposit growth results have been 

presented explicitly in [6, 7, 87], using this model. In [87], results for disc/billet geometries are computed, for 

which (1.18) will certainly not be accurate. Even for the strip spraying results computed in [6, 7], significant 

longitudinal and transverse variations in strip thickness can result, 9 effecting the accuracy of (1.18).

In the later work by Mathur et a/., [89], the situation is confused further by the inclusion of a spray- 

surface "sticking efficiency" term. The thermal component of this term has been considered in the previous

"This depends on the relative speeds of the strip thickness growth and the strip velocity under the spray.
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section. The "geometric component" of the sticking efficiency component used to compute results in [89] is 

not actually given, but it is assumed to depend upon the angle, 6, between the surface normal and the spray 

axis. Suggested forms for this coefficient are cos# or cos2 0. With the former of these two options, (1.18) 

becomes

-\ (1.20),,

which is closer to (1.19), but still inaccurate when \\V[z - L(x,y,t)]\\ > 1, (as in [89]).

There are likely to be geometric effects on the efficiency of deposition, due purely to the variations in 

local gas velocity and droplet impact angle making it "mechanically" harder for droplets to hit the surface. 

There are also effects that are due purely to incorrectly specifying the velocity of a point on a curved surface 

that is moving due to a specified mass flux through it, i.e. equation (1.18) versus equation (1.19). It is felt 

that investigation of the former of these effects, for example by comparison of model based predictions and 

experiment, (e.g. [89]), will remain obscured unless a model such as (1.19) is adopted a priori.

Other than the results mentioned above in [87, 89], there have been no other published results relating 

to the growth of disc/billet shaped deposits. Those results that have been presented in [87, 89] relate to th 

growth of fairly small "discs" , rather than larger billets, and are chiefly motivated by wanting to model the 

heat flow within the discs.

When the length to diameter ratio becomes larger and full size production billets are grown the dynamics 

of billet growth become of interest in their own right. Not only is there more scope for larger changes in 

billet shape to manifest, due to the length of time involved, but billet solidification becomes progressively 

less influenced by the collector cooling and more influenced by geometric effects as it grow larger. Thus, 

there are many additional considerations, which have not to date appeared in the literature.

Billet growth dynamics is considered in detail later in this thesis, and also in a parallel study, [99], focussed 

primarily on development of a billet shape control algorithm. Other problems peculiar to production scale 

billet growth dynamics include

  properly multi-dimensional growth must be considered,

  possible shadowing of the spray mass flux by the billet surface can occur,

  minimisation of subsequent machining wastage becomes an added objective, e.g. [99].

1.2.5 Deposit solidification

For pure metals, solidification occurs by the release of all the latent heat of freezing at one particular melting 

temperature. The mathematical formulation of such a problem is a Stefan problem, which has received much 

attention in the mathematical literature; see e.g. [56]. Spray-formed metals are usually alloys of two or more 

elements. These alloys typically release their latent heat over a range of temperatures, (the freezing range). 

For this reason the Stefan formulation is inappropriate, although it may give useful approximate results.

A generic alloy solidification problem for a binary alloy consists of solid, liquid and mushy regions. In 

the later region, both solid and liquid phases will coexist. In the spray-forming process the spray is only 

partially liquid on deposition, and subsequent solidification of the remaining liquid fraction is generally rapid.
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Thus, only solid and mushy regions are present. In the case of strip and tube geometries the solidification is 

dominated by the chill effect of the collector. In the case of the billet geometry this is not so, but the rapid 
rotational movement of the billet implies that the mushy region necessarily be confined to a small part of 

the billet, to avoid disintegration. Thus, in billet production the mass and heat fluxes from the spray must 
be carefully controlled so that a combination of chilling from the formed billet and convective cooling from 
the atomising gas is sufficient to solidify each deposited layer of spray before the next layer is deposited. 

In such situations solidification is conduction-controlled and an appropriate governing equation in both
solid and mushy regions is

ftPf
°± = V.(KVT}. (1.21)

Here H, K and T are "mixture-based" enthalpy, thermal conductivity and temperature respectively. 10 The 
mixture-based formulation relies upon the prescription of densities, specific heat capacities and thermal 
conductivities for both solid and liquid phases. It is also reliant upon the prescription of the liquid fraction 
as a function of the other solidification variables. Liquid fractions may vary with cooling rates and with 
the local concentration of alloying elements, as well as with the temperature. However, the approximation 
of a purely temperature dependant liquid fraction is commonly made, and is particulary relevant in spray- 
forming studies where product homogeneity is high. Rate dependency is usually neglected and a fraction 
liquid curve, fi(T), is prescribed either directly from experiment or via the Scheil equation.

Equation (1.21) may be re-written in many different ways, but the basic formulation described above 
is consistent across all published spray-forming deposit solidification studies. This equation is a nonlinear 
heat equation. Most solidification studies are one dimensional, corresponding to the deposit growth models 
utilised.

It should be noted that the assumption of a one dimensional heat flow does not follow automatically 
from the one dimensional geometry. In the case of a strip or tube geometry, different points on the deposit 
are growing at different times. Thus, the relative velocity of the spray across the deposit surface must be 
fast enough to dominate conduction in the same direction.

Boundary conditions at the billet surface involve the sum of a heat influx from the spray, which is 
represented by the surface velocity multiplied by the enthalpy difference between the spray and top surface, 
and a standard Newtonian cooling effect. In some cases radiative cooling is also included, but radiative effects 
are typically much smaller than convective effects, and may be included within the Newtonian cooling term.

The heat transfer coefficient between the top surface and the gas is only approximately known. Although 
empirical correlations do exist for the heat transfer between impinging jets and flat plates the spray-forming 
situation is complicated by the following, (see e.g. [86]).

1. Formulas rely on an effective nozzle length-scale which is more difficult to interpret in a multi-nozzle 

arrangement.

2. Formulas are usually valid only within a relatively close distance from the jet nozzle, (i.e. close relative 
to the above nozzle length-scale). The flight distance in many spray-forming applications is relatively 

long.

10 i.e. weighted with the volume fraction liquid
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3. Presence of the droplet phase will effect the heat transfer.

4. Heat transfer is effected by surface roughness.

5. Heat transfer is effected by jet-surface impingement angle and surface concavity.

This difficulty is compounded by the differences in gas flow rates used in different spray-forming rigs for 

different geometries. Assumed values vary from 21W/m2 /°C, [49, 50], to 500W/m2 /°C, [7].

For the assumed model gas-deposit heat transfer coefficients, one dimensional results computed by dif­ 

ferent authors are qualitatively similar, see [6, 7, 43, 49, 50, 87, 88, 90]. For constant deposition rates, top 

surface temperatures rise to a maximum which is less than the spray temperature. For a sufficiently long 

spraying time, a steady maximum temperature will be attained at the surface, [43]. Grant and Cantor, [45], 

argue that in this situation conduction into the deposit can be ignored, and produce an equation for the 

steady top surface temperature.

Newtonian cooling at the collector-deposit interface is assumed universally in published work. Heat 

transfer coefficients here are of order 1000   3000 W/m2 /°C. When deposition stops, cooling is mainly 

dominated by the collector. This is due mainly to the thinness of deposits modelled, (i.e. usually much 

less than 10cm thick). Changes in both the deposition rate and the spray enthalpy are both shown to have 

significant effects on the computed solidification times, e.g. [49, 50]. These parameters both effect the total 

heat in the spray which must be extracted by the collector and atomising gas cooling effects.

Numerical algorithms used to solve the one dimensional equations are usually based on standard explicit 

finite difference methods, (except [43], which uses an implicit method). A variety of methods are used to 

cope with the moving boundary. These are discussed further in chapter seven.

Two dimensional results have been computed by Mathur et al. inside small discs, [89]. However, the model 

used to predict the disc geometry is that described in the previous section. This model does not conserve 

mass at the deposit surface, and therefore does not conserve heat either. From [89] and the literature cited 

therein, it is not possible to ascertain whether the heat flow computations are properly two dimensional or 

are one dimensional, nor is it possible to ascertain any details of the numerical algorithm used. Further 

comments are made in chapter seven.

1.3 Project overview

Research in this thesis was carried out by the author during 1990-1993 as part of a collaborative "Teaching 

Company Scheme" project 11 run jointly between the Oxford Centre for Advanced Materials and Composites, 

in the Departments of Engineering Science and Materials at Oxford University, and the Cospray division 

of Alcan International Limited, at Banbury. Cospray produce spray-formed aluminium alloy billets for 

commercial purposes. Cospray's original (research and development) plant was supplied by Osprey Metals 

in 1986, and a larger, modified production unit was commissioned in May 1988.

The main project aims were to apply advanced control engineering and metallurgical expertise to improve 

recovery rates. The mathematical modelling part of the project, which is described in this thesis, was thus

11 Teaching company scheme grant number GR/F/12006
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motivated by the needs of both disciplines for greater understanding of the process.

  Improved recovery rates can result from a reduction in the amount of material that is wasted, on each 

billet produced, that is of sufficient quality to sell.

  Improved recovery rates can also result from increasing the percentage of billets produced that are of 

sufficient quality to sell.

Each of these objective ways of improving recovery can generate different demands for mathematical anal­ 

yses. Meeting the first objective is better suited to control engineering methods, whilst meeting the second 

objective requires an understanding of the process metallurgical issues.

The research in this thesis is concerned primarily with billet growth and billet solidification. This choice 

is partly motivated by the lack of research in these areas within the literature, partly by the project aims 

outlined above, and partly by personal taste. The project aims influence not only the choice of the area in 

which this research is carried out, but also the approach which has been taken and the results derived from 

the analysis.

1.3.1 Thesis outline

The thesis presents its analysis in six main chapters; chapters two to four are concerned with billet growth 

and chapters five to seven are concerned with billet solidification. Each of these chapters ends with a brief 

summary, outlining the main points of the chapter. In chapter eight the whole thesis is summarised; the 

main results of the research are presented and suggestions for further work are made.

  Chapter two derives model equations governing three dimensional billet growth. An averaging method 

is applied to the model equations. Under appropriate assumptions, the validity of the method is 

demonstrated for a class of billet surfaces. The solution of the resulting averaged equations forms an 

asymptotic approximation to the solution of the full equations, valid uniformly over the length of the 

modelled production run.

The averaged equations are two dimensional. Conditions are derived under which there exists a unique 

steady state billet crown shape for a given ratio of withdrawal rate to mass flow rate. The stability of 

steady states is investigated, and a stability theorem proven. The chapter concludes with a discussion 

of the likely alternative dynamics that are possible when these conditions are not met.

  Chapter three presents a numerical method for computing steady state billet crown shapes. The 

computed results confirm the analytic results of chapter two. For a fixed angle spray, (i.e. no scanning 

motion), variations in steady state dynamics with spraying angle and with spray cone radius are 

investigated numerically. For a sinusoidal scanning motion, and for a more realistic scanning motion, 

the effect of increasing the scanning range of the atomiser is studied. The possible multiple existence 

of steady state crown shapes, at the same ratio of withdrawal rate to mass flow rate, is demonstrated 

computationally. An optimisation method is developed that allows the design of scanning angle motions 

for which there can be only one steady state crown shape for any one ratio of withdrawal rate to mass 

flow rate.
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  Chapter four presents a method for computing transient motions of the billet surface. The computa­ 

tional solution method is applied to the problem of determining a suitable initial strategy for controlling 

billet growth. Results are also presented of simulating a production run using the model, and are com­ 

pared with measurements taken during the run. This provides some validation for the model. A study 

is made of the generic transient surface motion between steady state crown shapes. Results are also 

presented of a numerical simulation of hysteresis between two coexisting steady states.

  Chapter five derives field equations and boundary conditions for the heat flow occurring within the 

growing billet. Relevant non-dimensional groups are discussed. A boundary layer approximation is 

derived for rapidly varying heat flow, close to the billet surface. Averaged equations are also derived, 

modelling the more macroscopic heat fluxes within the bulk of the billet

  Chapter six describes the computational algorithm used for solution of the boundary layer approxi­ 

mation. Results are presented demonstrating the effects of varying both billet shape and the rota­ 

tion/scanner frequency on the transient boundary layer heat flow.

  Chapter seven presents an efficient and robust computational algorithm for solution of the averaged 

heat flow equations. The flexibility of the algorithm for computing heat flow within irregularly shaped 

billets, and with sharp variations in process parameters, is demonstrated. The initial strategy for 

billet growth, (investigated in chapter four), is re-examined in the context of the heat flow occurring. 

Computations are also carried out over a longer time period. These computations strongly suggest that 

a thermal, billet crown steady state is approached following the convergence of the crown geometry to 

a steady state shape, and when the billet crown has grown sufficiently far from the influence of the 

collector.

1.3.2 Main contributions of the thesis

  The derivation of mathematical equations describing a novel industrial process.

  Incorporation of surface shadowing effects in the derivation of mass conservation equations, describing 

the movement of the billet surface.

  The application of an averaging method to the billet growth equations, and consequent derivation, 

for a class of billet surfaces, of an asymptotically valid two dimensional approximation to the three 

dimensional billet growth.

  The analysis of the averaged equations, to demonstrate necessary conditions for the existence of a 

unique steady state billet crown shape. An exploration of the stability of the unique steady state. 

Presentation of computational results confirming the analytical results, and indicating the effects on 

both steady state geometry and stability of varying different model process parameters. In particular, 

identification of the ratio of withdrawal rate to mass flow rate as a critical parameter in determining 

growth dynamics of the averaged equations.
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  Computation of transient solutions of the averaged equations of motion for the billet surface. Results 

showing generic billet surface motion in response to a change in the ratio of withdrawal rate to mass 

flow rate.

  Identification of the possibility, under certain conditions, of the coexistence of stable steady state 

crown shapes. When multiple steady states coexist, identification of the possibility of hysteresis in the 

transient billet motions. Computational results both confirming the coexistence of steady states, and 

showing an idealised case of hysteresis between steady states. Derivation of an optimisation method 

for scanner angle design, so as to ensure the uniqueness of steady state billet crown shapes that exist 

at any given ratio of withdrawal rate to mass flow rate.

  Derivation of a boundary layer approximation to describe rapid transient surface movement occurring 

during deposition at a point on the surface, and the related heat flow occurring just beneath the billet 

surface. For typical process parameters it is shown that cooling rates of up to ~ 103 °C/s may be 

found in the boundary layer.

  Results showing the possible critical effect of changes in surface shape and in rotation/scanner frequen­ 

cies on the rapid solidification occurring in the boundary layer. Typical radial variations in solidification 

behaviour are discussed, as is the interaction between scanner and rotational movements.

  Derivation of averaged equations describing the solidification of the billet bulk and development of an 

efficient and robust computational algorithm for the solution of these equations.

  Investigation of the effects of choosing different idealised control strategies for the initial part of a 

production run, considering both thermal and geometric variations.

  Identification of the likelihood of thermal steady states existing during (geometric ) steady state billet 

production.

The thesis is biased towards the derivation of models for billet growth and solidification within a unified 

framework that emphasises and exploits the different length and time scales present in the process, and also 

towards the analysis and computational solution of these models. It is not the aim of the thesis to present 

parametric studies of process variations. Instead the thesis aims to provide the tools with which such studies 

might economically be carried out, and to provide non-exhaustive examples demonstrating the applicability 

of the models to a variety of investigative tasks. Computational efficiency of the numerical methods employed 

is reflected by the fact that even the most computationally intensive model, (that describing solidification of 

the growing billet), is able to run in "real-time" on a 35MIP, dual processor, DEC VAX 6000/620 computer. 

This lies within the processing power range of currently available, (and affordable), workstations. It is 

hoped that these features will make the models and analysis of value to both process metallurgists and 

control engineers.



Chapter 2

Mathematical Modelling of Billet 

Growth

The layout of this chapter is as follows. Section one introduces the different frames of reference that are used 

throughout the thesis. Approximate equations are derived describing conservation of mass, both within the 

spray and at the billet surface. Section two introduces the averaging method, and applies it to the mass 

conservation equations. Section three analyses the averaged equations, deriving various results concerning 

steady state billet crown shapes and associated dynamics. A summary is presented in section four.

In the thesis dimensional quantities   are differentiated from their non-dimensional counterparts by a 

hat, i.e.  . Vector quantities are denoted in bold print, i.e. x. Other notation is introduced en-route.

2.1 Formulation

Molten metal spray travels rapidly from an atomiser towards a flat-topped cylindrical collector of radius fc . 

At time i > 0 the collector rotates about a vertical axis with angular velocity Cj(i] and is withdrawn vertically 

downwards with speed U(i). The initial vertical displacement of the collector top below the atomiser nozzle 

is denoted zn and the radial distance of the atomiser nozzle from the collector axis of rotation is denoted rn .

Infra-red photography reveals that the molten spray remains largely confined within a narrow and slightly 

diverging cone. Spraying directly onto a flat aluminium plate positioned perpendicular to the spray cone 

reveals that mass is distributed approximately axisymmetrically about the cone axis and decreases mono- 

tonically from centre to edge. The spray cone axis is angled radially inwards towards the collector axis of 

rotation, at an angle a(i) with the vertical, and is scanned to generate a required distribution of the spray. 

The unit vector oscillating in the direction of the spray cone axis is denoted by k'(i). This geometry is 

illustrated in Fig. 2.1.

It can be assumed that U(i] > 0, that a(i) is bounded and periodic, (say a(i) 6 [01,02] C [0.7T/2]), 

and that both functions are C°°. The angular velocity cl>(£) will normally be kept constant throughout the 

process.

38
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Figure 2.1: Process motions and geometry.

In addition to the fixed global frame of reference three more frames of reference are needed in order to 

clearly describe the process, (see Fig. 2.2).

  Firstly, a spray frame of reference is defined, with origin fixed at the atomiser nozzle and which 

oscillates with the spray cone axis. Within this frame of reference a cylindrical polar coordinate 

system will be used; x 1 = (fr , 6', z'), with z' > 0 measuring distance in the direction of the vector k'(i).

A nominal spray cone radius, r,, is defined to be the radial distance from the spray cone axis within 

which 95% of the mass is contained. Clearly, in reality ft varies with distance from the atomiser, since 

the cone diverges. However, the spray cone is not strictly conical, (more "plume" shaped), and its 

apex is hard to define precisely due to the spray ring atomiser geometry. Additionally, divergence of 

the spray cone radius at a typical flight distance between the atomiser and billet surface is only slight,

e.g.
dr. ^ l_
dz' ~ 17'

Thus, for the model the spray cone radius is defined as above, but at a fixed distance, z' = Dp, from 

the atomiser, i.e. in the model ft is assumed not to vary with z'. Here Dp denotes a typical flight 

distance for the spray, between atomiser and billet surface.

The line that passes through the point that is displaced a distance f,/sinoi below the atomiser nozzle, 

and which runs parallel to the spray cone axis when a(i) = 01, is called the lower spray boundary. 

Similarly, the line that passes through the point that is displaced a distance r,/sin 02 above the 

atomiser nozzle, and which runs parallel to the spray cone axis when a(i) = a? , is called the upper
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Figure 2.2: Frames of reference: a) position, i', in the cylindrical spray coordinate system, b) spray bound­ 

aries, c) position, xi, in the crown frame of reference, d) position, XQ , in the billet frame of reference.

spray boundary. The two points on the collector axis of rotation where the lower and upper spray 

boundaries cross are denoted by O\ and O2 respectively. Extending the upper spray boundary beyond 

6)2, and reflecting through TT radians about the axis of rotation produces the overlapping spray 

boundary. The overlapping spray boundary intersects the lower spray boundary at the point O3 .

  A second, crown frame of reference is defined with origin at Oi, and which rotates about the collector 

axis of rotation with angular velocity u(i}. Since very little metal spray will pass below O\ on the axis 

of rotation, the top surface of the collector will initially be positioned above Oi and this displacement 

is denoted by zc (> 0). In the crown frame of reference the loci of the lower, upper (and overlapping) 

spray boundaries are cones; bounding the regions within which deposition takes place.

  Thirdly, a billet frame of reference is defined, with origin O0 that is displaced a distance Zi(i] below 

O\ on the axis of rotation, where

Zi(i) = I U(s}ds. (2.1) 
Jo

The billet frame of reference also rotates with the collector angular velocity &(£), and since Zj(0) = 0
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it can be seen that the crown and billet frames of reference coincide at i = 0.

The three frames of reference and other geometry are illustrated in Fig. 2.2. The convention is adopted, of 

denoting coordinates in the billet and in the crown frames of reference by the subscripts 0 and 1 respectively, 

whenever confusion might arise. Transformations between coordinate systems are listed in Appendix A.

In terms of a cartesian coordinate system fixed within the billet frame of reference the atomiser nozzle 

has position zn,o(£) given by

*n,o(0 = (fn cos 0n (£), -fn sin 0n (£), zn + zc + *i(t)), (2.2) 

where

0B (t) = / u(a)da, (2.3) 
Jo

whilst in the crown frame of reference the atomiser nozzle has position xn,i(i) given by

xnt i(i) = (fn cos <j>n(i),-fn sin <f>n (i), zn + zc ). (2.4)

2.1.1 Mass Flux Characterisation

A vector field G is defined representing the mass flux due to the metal phase in the spray, relative to the 

global frame of reference, (i.e. G(x,i) is the mass flux at (i,t) assuming that no spray directed towards x 
has been obstructed en-route). It is assumed that the spray may be approximated as a continuum. More 

specifically, it is assumed that differentiable functions, pa (x,t) and V(x,t), can be defined such that

/-t+T/2 N ( T * sx)

J/-T/28 Sgrgg) *J(T, *x)*,-fr 5.) dr
   , , . ,     ' ( 2 - 6 )r Jt-T/2 j=i j- )x

uniformly within the spray chamber. In equations (2.5) and (2.6), Sx is a small sphere surrounding x, 

N(T,SX ) is the number of droplets having some part of their volume within Sx at time t = T, rhj(T,Sx) 

and VJ(T'  Sz) are respectively the mass of the j'th droplet within Sx and the velocity of the jth droplet. It 

is assumed that T and the length-scale characterising Sx are an order of magnitude smaller than other time 

and length-scales appearing subsequently.

The functions p,(x,i) and V(x,t] are called the spray density and the spray velocity respectively. 

The spray mass flux field, G(x,i), may be written as

(2.7) 

Conservation of mass within the spray is described by

f = -™ (»)

Approximation of the functions p,(x,t) and V(x,t) through equations (2.5) and (2.6) requires the com­ 

putation of individual droplet trajectories by the methods discussed in chapter one. Apart from being very
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expensive computationally, such methods will not succeed in relating the characteristics of the mass flux 

field to the process variables in any easily defined way. Instead, the following form is assumed for G(x, t}.

(M) = M(i)g(r'[x,t])k'(i) + O&). (2.9)

In equation (2.9) M(i] is the total metal mass flow rate into the atomiser. The function g(f') is a distribution

function; g(f') will be a monotonically decreasing function of f' > 0 which may be assumed to be C°° and 

will satisfy

g(r'} = 0, f > fe , (2.10)

for spray cone radius, rg , as defined earlier.

Later, in deriving the model equations, the approximation

G(x,t) « M(i)g(r'[x,i\)k'(i), (2.11)

will be made. This approximation assumes that the mass flux may be characterised by a spray that is 

distributed axisymmetrically about the spray cone axis and travels parallel to the spray cone axis. The mass 

flux is assumed to be non-zero only within a fixed radial distance, fa , of the spray cone axis at any time, 

see Fig. 2.3. The mass flux approximation (2.11) is similar to that made in [87]. The narrowly diverging 

spray cone of turbulent gas and molten metal droplets has been replaced with a specified smooth cylindrical 

mass flux field. The axis of the cylinder oscillates as did the spray cone, and the radius of the cylinder is 

representative of that of the spray cone at a typical flight distance between atomiser and billet surface. All 

approximation error is contained in the O(Ci) term in (2.9), which is assumed uniformly bounded in time 

and on any closed domain. Contributions to this error term include the following.

1. Stochastic errors associated with the continuum approximation of the discrete spray mass flux field 

through (2.5) and (2.6).

2. Small errors resulting from asymmetry of the mass flux field within the spray cone, and from there 

being in reality a small non-zero mass flux outside the spray cone radius, (which has been rather 

arbitrarily defined).

3. Errors associated with the fact that the spray cone radius will depend upon z' , due to the spray 

diverging slightly.

4. Errors resulting from variation in the distribution g due to changes in M(t), which has been disallowed 

in (2.9).

These errors are hard to quantify, but will be assumed to be small. Spraying on to a flat plate held 

perpendicular to the spray cone axis, (as in [87]), has shown the mass flux to be approximately axisym­ 

metrically distributed. When the variation in flight distances experienced at different points on the billet 

surface is small, errors in 3 above will also be small, due to the only slight divergence of the spray cone. 

Although variation in g is likely with the atomising conditions, it will be assumed that this dependency is 

weak. Typically the mass flow rate, M(t), is kept fairly static throughout the process.

Aside from computational ease, the benefits of this characterisation of the mass flux arise from including 

directly, (although in a simplistic way), the effects of
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Figure 2.3: Spray characterisation

  the mass distribution within the spray cone,

  the scanning motion of the spray cone, and

  variations in the mass flow rate through the atomiser.

This latter inclusion puts a constraint on the function g. Conservation of mass flowing through the atomiser 

is represented by

*' (2.12)27T r'g(r')df' = 1. 
Jo

2.1.2 Surface Motion

Denote by &(t) the volume occupied by the billet at time t, and by d£l(i) the billet surface. At time i the 

position of the billet surface is given by

: F(x0 ,f) = 0}, (2.13)

A ys_ A

where XQ denotes position in the billet frame of reference. The function F is chosen so that VF is pointing 

in the direction of the outward normal to dft(i).
A

Initial conditions for F, in the billet frame of reference, are given in cylindrical polar coordinates by the 

initial position and size of the collector. These are

ZQ - 

f - c , Q<z0 <zc
(2.14)
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At time i a point P E dti(i) is moving relative to the collector and in the outward normal direction with 

speed vp given by

1 . (2.15)
ot 

Hence, the rate at which material of constant density p flows inwards across a small surface element d A C

d(l(i) and is added to the billet is
f ftp 

- \ p°^\VF\- l ds. (2.16)
Jd A Ot

Movement of the billet surface described in (2.16) is due solely to deposition from the spray. The rate at 

which mass flows inwards across dA is

- / G0 .nds, (2.17)
JdA

where G0 is the spray mass flux field, relative to the billet frame of reference, and n defined by

1 , (2.18)

/\ A

is the outward unit normal vector to 5fJ(t). All quantities have been evaluated on the billet surface.
^

The spray mass flux field in the billet frame of reference, GO, is related to the spray mass flux field in 

the global frame of reference, G, by

(2.19)
where

= (-£(*>  sin 0B (£), -w(*>n cos0n (£), #({)). (2.20)

Assuming that all spray passing through dA "sticks where it hits" , and neglecting the slight shrinkage that 

will occur during solidification, mass conservation implies the equality of (2.16) and (2.17). This will describe 

surface movement during 100% efficient deposition and in the absence of shadowing effects.

Sticking efficiency and shadowing

In reality 100% efficiency is never achieved. Apart from the possibility of mass redistribution on the billet 

surface due to fluid flow, it is also likely that firstly, some spray will not reach the billet surface due to the 

turbulent nature of the chamber gas flow, and secondly, that some spray reaching the billet surface will not 

stick. Local "sticking efficiencies" will depend upon the local gas flow, the spray droplet size distribution, 

the surface geometry, and the temperature of both billet and spray (see the discussion in chapter one).

These effects are not well understood, due mainly to the interaction of many different complex physical 

processes, and no attempt will be made to model them here. Mean sticking efficiencies, averaged over the 

length of the process, can vary between 60% and 90%, [104], and it will be assumed that local spatial and 

temporal variations about this mean are small.

Shadowing introduces nonlinearity into the problem. The mass flux reaching a point P on the billet 

surface depends not only on the position of P relative to OQ, but can also depend critically on the intervening 

surface profile, as is illustrated in Fig. 2.4.
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a) b)

Figure 2.4: Nonlinearity due to surface shadowing

Two main ways in which shadowing occurs can be identified.

  Firstly, billet rotation means that there may be regions on the billet surface, (e.g. opposite the atomiser 

nozzle), within which

G0 .n > 0, (2.21)

but which only border other surface regions for which Go.n < 0 and within which there is no shadowing. 

This type of shadowing is called type A shadowing. Regions where it occurs may be identified through 

(2.21). It will occur mainly on the billet sides, (see Fig. 2.5a), but can also occur on the billet crown.

  A second, more complicated type of shadowing is depicted in Fig. 2.5b. This type of shadowing is 

called type B shadowing. Here, previous growth at points such as P\ has shadowed the mass flux from 

points such as PZ and P$. In this case (2.21) is satisfied by some points in the shadowed region, (e.g. 

P2), but not by all points, (e.g. PS). Thus, regions within which (2.21) holds are now surrounded by 

other surface regions within which Go.n < 0, as before, but within which shadowing may now occur.

To account for both shadowing and sticking efficiency phenomena a function F is introduced, which takes 

values in [0,1] according to the amount of spray arriving at each point and the proportion of it which sticks. 

A complete description of surface movement is then provided by

ap,^
di JBA

r 
/

JdA

, f l ds= I
JdA

(2.22)

The mass flux GO will be nonzero only within a tight cone of metal spray at any one time, and has 

been assumed to be smooth. Where shadowing occurs on the billet surface f must change to zero from an 

otherwise positive value. If the shadowing is of type A, then Go.n will also approach zero at the boundary
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Figure 2.5: Type A and type B shadowing

of a shadowed region, but smoothly. Hence, when the jump in f takes place on the boundary of a type A 

shadowed region, smoothness of the integrand on the right-hand side of (2.22) is preserved and

8F 
"0f = x£dA. (2.23)

Assuming that outside of shadowed regions f varies smoothly with the local physical conditions discussed 

earlier then F will remain as smooth as its initial conditions, (at least locally), as has been implicit in the 

formulation.

In contrast, type B shadowing does not require that G0 .n tend to zero at the boundaries of shadowed 

regions. A jump in f leads to a discontinuous surface deposition rate and a non-smooth surface profile, F. 

Only the weak formulation, (2.22), will be valid in this case. The "shock" phenomena resulting from type B 

shadowing have many physical parallels and are of some mathematical interest. Fortunately, they are rarely 

observed in practice, and it will be assumed for the remainder of this thesis that only type A shadowing 

occurs.

Under this assumption, surface movement is determined by

(2.24)r at

2.1.3 Coordinate transformation and non-dimensionalisation

In producing long cylindrical billets the billet sides are withdrawn out of the spray region as the billet grows. 

Deposition occurs mostly at the top of the billet, and this becomes the main region of interest. Thus, whilst 

it has been convenient to characterise the mass flux field in the spray frame of reference, and to formulate
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the equation of motion for the billet surface within the billet frame of reference, to analyse the dynamics of 

billet growth it is more sensible to look at surface movement relative to the crown frame of reference.

Equations (2.8) and (2.24), representing conservation of mass in the spray and at the billet surface 

respectively, transform to

dPo , .-./s\s. 9P» .-.^ dP* = _v.G x 67e3 lM) (2.25)
Q A "5 ^ I \ / * \ /oy\

(2.26)at
Non-dimensional forms of (2.26) and (2.25) may be derived by introducing the following scaling

x

(2.27) 

.(..t) =
Mo

P. = P-, 9(r') = *R2g(n
P«,o

r = £. y
In (2.27), R is a length-scale, chosen to reflect the desired radius of the billet. Constants MO and Y 

respectively represent a typical mass flow rate and a typical average yield, (Y < 1), for the process. Scalings 

u>o and V are a typical rotation rate and metal spray velocity for the process. The withdrawal velocity scale, 

C/O) is defined by

= 1, (2.28)^ '

which corresponds to the withdrawal velocity required to produce a perfectly cylindrical billet of radius R 

from a constant mass flow rate MQ. The control volume analysis leading to the mass balance (2.28) is due 

to Alexander, [3], see Fig. 2.6.

The mass flux field has been scaled with M0 /7r.R2 . This corresponds to scaling with a mass flux that is 

averaged over the top of a cylinder of radius R. Since the spray is in fact confined to a cone of radius fa: the 

magnitude of the non-dimensional mass flux field will be of order (R/fa ) 2 within the spray cone, and zero 

outside. An alternative scaling for G is given by

P.,oV, (2.29)

thus defining the spray density scaling pg}0 . Note that since the mass flux field scaling on the left-hand side 

of (2.29) corresponds in a sense to the "average" mass flux through the billet top surface, the scaling for 

the spray density should also correspond to an averaged spray density. Hence, fluctuations of order 

should also be expected in the non-dimensional spray density on passing through the spray cone. 

There are three timescales associated with the process.

1. Withdrawal: R/U0 .
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Figure 2.6: Mass balance by control volume analysis

2. Rotation: 2v/wQ .

3. Scanning: i, = period of a(i),

Typically,
R 2ir ft 
-f- >   ~ *., (.
UQ UQ

which reflects the purpose of the rotational and scanning movements in distributing mass evenly over the 

billet top surface. Hence, scaling with i^ corresponds to taking a timescale on which all transient surface 

movement should be observable.

Defining two dimensionless groups, £2 and e, by

(2.31)

(2.32)

equations (2.25) and (2.26) become
r\

(2.33)

and

/ [" j,"l i \

(2-34)
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Here £2 represents the ratio between the withdrawal velocity scale and the spray droplet velocity scale whilst 

e represents the ratio of rotation to withdrawal timescales. Typically, process parameters give

& < e < 1. (2.35)

Non-dimensionalisation of the mass flux characterisation (2.9) produces

G(*[xi, *], 0 - ro(*)0(r'[*i , t], t)k'(t) + 0(O, (2-36)

^

where the Ofa) term results from scaling the 0(£i) term in (2.9) with M0 /7rR2 . In terms of the spray 

coordinate system, (scaled with jR also), and the non-dimensional spray cone radius, ra = fa /R, the function 

g(r'} now satisfies

r'r'9(r')dr'= 1-, (2.37) 
Jo *

representing conservation of mass through the atomiser, with

' " (2.38)
 0 r' > r— u ) I ^L I ai

and g(r') will typically decrease monotonically in [0,ra ). Non-dimensional spray cone radii typically satisfy

0 < ra < 1, (2.39) 

so that g(r') = 0(1) within the spray cone.

2.1.4 Approximate model equations

The preponderance of small parameters in equations (2.33), (2.34) and (2.36) suggests that numerical solution 

would not be feasible in the present form. Before further progress can be made analytically, some form of 

approximation of both the function F and of the equations (2.33), (2.34) and (2.36) is needed.

The sticking efficiency, F

The function F, which defines the fraction of the spray mass flux that sticks at any particular point on 

the billet surface, will depend upon the spray mass flux field, the billet surface profile and a host of other 

local physical parameters. Using P to denote parameters other than the spray mass flux field and the billet 

surface profile, 1 F may be written as

for arbitrary mass flux field G and billet surface F.

A function ^(rhgk1 , F) is defined, which takes the values 0 and 1, and depends only on the approximate 

mass flux field, rhgk', and on F. The function ^(mgk1 , F} takes the value 0 whenever

rhgk' .n > 0,

or when the mass flux field rhgk 1 is obstructed by the billet surface; otherwise 

_____________________ 7(m<?fc', F} = 1.

1 e.g. spray and surface temperatures, local spray droplet distribution, local gas flow field.
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Clearly, F(G, F, P) may be written as

F(G, F, P) = j(mgk', F) + [r(mpfc', F, P) - 7(mpfc', F)] + [F(G, F, P) - r(m^fc', F, P)j, (2.40)

The first square bracket on the right-hand side of (2.40) represents the difference in surface sticking efficiencies 

on F, due to the mass flux field rhgk' , between the average efficiency, 7, and the efficiency, F, that is affected 

by the local parameters P. The second square bracket on the right-hand side of (2.40) represents the 

difference in surface sticking efficiencies on F, when influenced by the local parameters, P, due to the 

different mass flux fields rhgk' and G. 

Instead of (2.40) write

F(G, F, P) = 7(m0fc', F) + & + &, (2.41)

where the {3 and {4 terms correspond directly to the first and second sets of square brackets on the right 

hand side of (2.40).

Assuming that local fluctuations from the average sticking efficiency throughout the run are small in 

comparison to the average efficiency, Y, the £3 term will be small. The same assumption may not be made 

about the £4 term. Although rhgk' is assumed to approximate the mass flux field G, there may be times 

when shadowing effects for the two mass flux fields rhgk' and G are different, and this will result in an 

0(1) contribution to the term £4 . However, since type B shadowing is not considered, these 0(1) differences 

between the sticking efficiencies for the two different mass flux fields are most likely to occur either near the 

edge of the spray cone, or where G.n, (or rhgk' .n), is small. In either of these cases, F will be multiplying 

terms of order O(e^ l + £2).

The model equations

Approximate model equations are derived from equation (2.33), by neglecting terms of orders £ x and £2 A> 

and from equation (2.34) by neglecting terms of orders e£ 1; £2 and e£s. These simplified equations describe 

mass conservation in the spray and three dimensional growth of the billet surface. They are given by

0 = V.I

(2.42)

xi G dto(t). (2.43) 

Initial conditions for F in the crown frame of reference are

c ,
(2.44)

- T r

The somewhat simplistic approximations of the spray mass flux and the deposition stage of the process 

has yielded a set of equations that are simple enough to permit some analysis in the following sections, 

but which also preserve the essential process control variables and controlled process motions, as well as the 

timescales on which they occur. The validity of the model will always depend upon the size of the 0(£) terms
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neglected. When valid, the model equations should allow the investigation of those billet growth phenomena 

for which process control will be feasible.

2.2 Averaging Methods

The non-dimensional equation (2.43) has been derived by scaling time with the rotation period and indicates 

that changes in billet shape are small, of order e, on the rotation/scanner timescale. However, 0(1) changes 

in the spray distribution g(r'} are occurring on the rotation timescale. These are caused by billet rotation 

and atomiser scanning motion, both of which effectively move the billet surface through the spray cone. The 

desired effect of this rapid movement of the spray cone over the billet surface is to even out the deposition 

at different points on the surface.

For a numerical solution of (2.43) the 0(1) changes in g(r'} dictate that a small timestep be used, while 

the 0(e) growth terms indicate that integration must take place over an O(e~ l ) time period. Hence, although 

possible, a straightforward numerical solution of (2.43) is unlikely to be productive. Instead, an attempt 

is made to exploit the smallness of e and the existence of two distinct process timescales in deriving an 

asymptotic approximation to the solution of (2.43).

A regular perturbation approximation to (2.43) leads to the trivial approximation of F by its initial 

conditions,

This gives an 0(e) approximation to F, provided that t <C e" 1 . When t ~ e" 1 , billet growth of 0(1) may 

have occurred and it is unlikely that the above approximation will be valid; hence this simplistic method 

fails.

Non-uniform validity of an approximation with time, as above, is commonly found when applying a 

regular perturbation method to a singular perturbation problem such as (2.43). In order to extend the 

interval of validity more advanced approximation methods are needed. In this section an averaging method 

is applied to (2.43). It is shown that for appropriate scanning and rotation periods, and for suitable billet 

crown shapes, the averaged equations give an 0(e) approximation to the billet surface motion that is valid 

uniformly over the timescale e" 1 .

In a typical situation for which averaging may be deemed suitable one is faced with a dynamical system 

that exhibits some kind of slow characteristic global behaviour about which small rapid perturbations may 

also be observed. In applying an averaging method one averages the dynamical system, (i.e. the equations), 

and not the observed behaviour (the solution). The fundamental question to be asked then is how closely 

the solution of the averaged system approximates the slow ("averaged") behaviour of the original system.

For finite-dimensional initial value problems such questions have been considered for some time and the 

theory is fairly complete, see e.g. [64, 122]. In contrast, the theory of averaging for partial differential 

equations is much less complete. Asymptotic methods, when applied to dynamical systems, are usually 

directed towards exploiting some physical feature of the problem. Perhaps it has traditionally been the case 

that less of the initial-boundary value problems that have been tackled have been physically suited to an 

averaging approach, rather than to a different asymptotic technique.
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Where initial-boundary value problems have been tackled the approach has often been to convert the 

partial differential equation into an infinite system of ordinary differential equations via an eigenfunction 

expansion, truncate the expansion, and then apply the established averaging theory to the reduced system, 

e.g. [63, 66, 69]. Such methods are not suitable here. Instead, the averaging method is applied directly to 
the ordinary differential equations that govern the characteristic projections of (2.43).

2.2.1 Definitions and Theory

Let e e (0, CQ] for eo some small positive constant.

Definition 2.2.1 The continuous function f(t) is almost periodic if from every sequence {c'n } one can 

extract a subsequence {cn } such that limn_»oo f(t + cn ) exists uniformly on the real line.

Definition 2.2.2 Consider the vectorfield f(x,t] with f : Kn x 71 — > 7ln , Lipschitz continuous in x on 

T> C 7£n , t > 0; / continuous in x and t on V x 7£+ . // the average
rri

f(x}= lim f(x,t)dt
J-»00 1 JQ

exists, f is called a KBM- vectorfield.

Theorem 2.2.3 (General Averaging) Consider the initial value problems

— x = ef(x,t), x(0) = x0>

with f : nn x 11 -> Un , and

^y = e/°(y), y(0) = *0 ,

where x, y, XQ € T> C 72.n , t 6 [0, oo), e 6 (0, eo]. Suppose that

a) f is a KBM -vectorfield with average f°, and

b) y(i] belongs to an interior subset ofD on the timescale e" 1 . 

Then

x(t) — y(t) = O(6 l ' 2 (e)) as e — > 0 on the timescale e" 1 , 

where

°(x)= lim i f(x,t)dt, T-> °° 1

.T 

'0

and
S(e) = sup sup e

O

Proof See [122], page 41. 

Theorem 2.2.4 (Improved Averaging) Consider the initial value problems

— x = c/(x,t), x(0) = x0 , dc
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and

with f : nn x 71 -> 7£n ; x, y, x0 6 V C Un , t G [0, oo), e e (0, c0 ], and

f l (x,t) = (Df(x,t)}ul (x,t) - [Dul (x,t)]f°(x),

where

and

= e f 
Jo

(f(x,r}-f°(x}}dr

8i(e) = sup sup f 
Jo

Suppose that

a) f and f1 are KBM -vector fields with averages f° and f l °, and

b) u(t) belongs to an interior subset ofT> on the timescale e~ l . 

Then, on the timescale e" 1 ,

x(t) = u(t) + ^(eVCuCt), *)

1 [ T
/°0«0 = Jim ™ / f(x,t)dt,

and
o-2.(e) = sup sup e

Proof See [122], page 46.

Theorem 2.2.5 Consider the initial value problems

d _— x - e/(x, j

and

Then, with the assumptions of Theorem 2.2.4,

a>(0) = x0 ,

y(0) = XQ.

x (t] = y(t) + O(6i(t)} as e —> 0 on the timescale e" 1 ,

where
= sup sup e - f(x)dr

Proof See [122], page 47.

Remarks Only the basic theorems needed have been given above. A more complete discussion of the 

averaging method and its applications can be found in the very readable book by Sanders and Verhulst, 

[122]. The above three theorems are very interesting. Theorem 2.2.3 is most general, but gives only a 

relatively low order of approximation. The approximation is improved by theorem 2.2.4, where additional
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conditions must be satisfied. The estimate u of theorem 2.2.4 is an order <$i(e) approximation, and leads 

naturally to an even higher order approximation, by computing u1 . However, in comparison to the estimate 

y of theorem 2.2.3, u is extremely cumbersome to compute. Since an averaging method is generally used to 

simplify a problem, perhaps to allow some analytic insight to be gained, it is doubtful whether computation 

of the estimate u will ever be of real practical use. However, the value of theorem 2.2.4 is in establishing 

theorem 2.2.5. Theorem 2.2.5 relies upon the conditions of theorem 2.2.4, but demonstrates that the more 

simple estimate, y, of theorem 2.2.3 then gives as good an order of approximation as does u. Since the 

estimate y is both more accessible than u, and is intuitively "the averaged solution", this result is quite 

valuable. In application, one thus attempts to show that the conditions of theorem 2.2.4 are applicable, then 

works with the estimate of theorems 2.2.3 and 2.2.5.

2.2.2 Application

Equation (2.43) is a first order quasi-linear partial differential equation that describes the evolution of the 
billet surface from its initial conditions, (2.44), for a specified mass flux. It is quasi-linear due to the 

dependence of the sticking efficiency 7 on the billet surface F. Only the subset «S, of all possible billet 
surfaces for which type B shadowing does not occur, is considered. For these surfaces the deposition terms 
on the right-hand side of (2.43) are smooth.

The motion of the billet surface may either be followed by integrating (2.43) forward in time directly, or 
by integrating forward the equations for each of the characteristic projections of (2.43) that pass through 
points on the initial surface, and then considering the union of all points on these characteristic projections 
at time t. A point on a characteristic projection of (2.43) at time to lies at a point P on the billet surface 
at time to and moves with the velocity of the billet surface at P, relative to Oi, thus remaining on the billet 
surface for times t > to, see Fig. 2.7. A characteristic projection xi(t) of (2.43) satisfies the equations2

(\X"\
- = -ci(mgk',F)m(t)g(r'[xl ,t])k lmi (t), (2.45)*1

\ult/

^ = -e7(mpfc' > F)m(t)p(r l [x ll t])fc; i (t) > (2.46)

H ?•
-j1 = -c7(mpfc' l F)rh(<)^(r'[xi l t])fc' («)-«*(«). ( 2 - 47) dt

where fc^, fc^ and fc^i are tne three cartesian components of k' in the crown frame of reference, and where 
X! satisfies the initial conditions given by (2.44), i.e.

F(*i(0),0) = 0. (2.48)

2 Strictly speaking, a time-like variable T should replace t in (2.45), (2.46) & (2.47), and these equations should be supple­ 

mented with
dts- 1 -

If the equations for a characteristic, rather than a characteristic projection, are required then

dF „ d7 = °'

must also be included. Both of these equations are unnecessary complications.
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Figure 2.7: A characteristic projection

In the spray-forming process, withdrawal rate, u(t), is varied smoothly in response to observed changes 

in billet shape. These changes occur on the timescale e" 1 . The mass flow rate, m(t), is not generally varied 

a great deal. This is because variations in mass flow rate vary not just the spray mass flux but also the 

spray heat flux, (and consequently billet solidification), in a very direct way. Thus, m(t) can also be assumed 

to vary only3 on the timescale e~ l . Other variations with time in (2.45), (2.46) and (2.47) occur on the 

rotation/scanner timescale. Accordingly, a slow-time variable rj is defined by

(2.49)= et,

and equations (2.45), (2.46), (2.47) and (2.48) are supplemented with

d*7 , x
.7(0) = 0.= €, (2.50)

The initial surface, (and thus the characteristic projections), can be parameterised through a vector 

" = (^1,^2); which may be chosen so that i/< 6 [-1,1], i = 1,2, as is illustrated schematically in Fig. 2.8. 

Then, for convenience defining

and

(2.52)

Sharper changes in m(t) might result, for example, from a blockage of the atomiser nozzle. Such events are likely to result 

either in the end of the production run or, if a temporary/partial blockage, in an end product that is scrapped.
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u=

Figure 2.8: Initial surface parameterisation

equations for the characteristic projections may be rewritten as

d_ dt C"

C,(0) = , 0).

(2.53)

(2.54)

The equations (2.53) and (2.54) differ from a standard, initial value averaging problem only in that the 

function fF depends upon F, which is found by solving (2.53) for v 6 [-1,1] x [—1,1]. Unfortunately, this 

nonlinearity in the partial differential equation, (2.43), causes great problems when considering the validity 

of the averaging method in full generality for the equivalent system (2.53). Whilst the right-hand side of 

(2.43) was smooth for x\ e dfi(t), the same is not true of the right-hand side of (2.53) which may have finite 

discontinuities, due to the jump in 7 at the boundaries of shadowed regions. Additionally, the function 7 has 

only been defined for x\ e 5fJ(t), whereas the averaging theorems require fF to be defined in some wider 

domain V. In order to apply the averaging method to these equations it is necessary to consider those billet 

surfaces for which /F can be extended smoothly to some such domain.

"Linearising" the problem

One way of doing this is to consider a subclass of billet crown shapes for which it will be possible to redefine 

7 so that 7 does not depend upon F, but still retains the same values as before, (i.e. effectively making (2.43) 

linear). If this redefined 7 is sufficiently smooth, then the averaging method can be successfully applied to 

this subclass of billet crown shapes.

Since m, g and k' vary smoothly, it is necessary to restrict the subclass of surfaces considered to those 

for which 7 changes from 1 to 0 only when g = 0. Such a profile is depicted in Fig. 2.9a. Since 7 changes
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a

b)

3&&
Y(X,) = 0 
tfx,) = 1

F(x]f t) = 0:

Figure 2.9: a) Radial surface cross-section for which fF is smooth, b) definition of T(XI), and a surface in 

Si.

value only when fc'.n —»• 0, this condition can be given more formally by

rhgk'.n < 0 =* -fc'.n = 05(1), (2.55)

which bounds fc'.n away from 0 whenever deposition is occurring. Now, define a subclass of billet crown 

surfaces, Si, by

1. F 6 «S, (i.e. type B shadowing does not occur on F).

2. Equation (2.55) holds at all points on F.

3. Any radial cross-section of F intercepts the overlapping spray boundary at most once between 6>2 and

For F e «Si redefine 7 as taking the value 1 at all points above the lower spray boundary, and 0 otherwise. 

In terms of a cylindrical polar crown coordinate system,

— tan i
(2.56)

A radial cross-section of a surface in Si, and the definition of 7, are depicted in Fig. 2.9b. It can be seen 

that for such a surface the definition of 7(^1) given by (2.56) above, will correspond to that given earlier for 

7(myfc',F); and also that provided the surface remains in 5i the function / F will not depend upon F and 

will be as smooth as rhgk'.
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Condition 3 above allows the redefinition of 7 in such a simple way. However, this condition is non- 

essential, and for surfaces which cross the lower spray boundary more than once between O? and 6)3, (e.g. 

Fig. 2.9a), one will often still be able to define 7 as a function of (a?i,<), and apply the averaging theorems, 

provided that conditions 1 and 2 still hold.

Applying the general averaging theorem

Suppose that the rotation rate, w(<), remains constant throughout the process. 4 For constant u(t) both 

g(r') and k' are smooth functions of additive and multiplicative combinations of periodic functions of t, each 

having periods 1 and t a . Consequently, (see [32] page 5), the mass flux field mgk' is an almost periodic 

function, (see definition 2.2.1). These functions are in a sense a generalisation of periodic functions, and 

share certain properties. In particular, all smooth almost periodic vector-fields are .fi'.BM-vector-fields, (see 

[122] page 55). This means that the average of the mass flux vectorfield,

lim i / mfaMr'Ixi.tlMO*, (2-57)
-f-»00 1 JQ

exists.

For F E Si, replacing i(rhgk',F) by 7(^1), the "linearised" equations for the characteristic projections

become
d ,— cv = ef(cv ,t), (2.58)

where
\

(2.59)

The equations (2.58) correspond to a linear version of the quasi-linear partial differential equation (2.43).

For as long as F remains in Si, (2.58) satisfies the conditions of the general averaging theorem 2.2.3. 

Denoting by t = A/e the end time of the process, it follows that if F & Si on [0, A/e) the solution y of the 

system

d -n/ ^ (2.60)

(2.61)

where

0(0) = c,(0),

/°(y)= lim 1 / f(y,t)dt, (2.62)
J-»00 1 JQ

is an O((5 1 / 2 (e)) asymptotic approximation to cv (t] on the interval [0, A/e). The order function <5(e) is given

by
(2.63)= sup sup e

and it is assumed, from observation, that the integral

J(y,0= /"
Jo

4 Slow variation of u; with 77 could also be allowed.

(2.64)
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is uniformly bounded for y e T> and t € [0, f), i.e. there is no evident build up of mass flux during averaging 

at any point in V. With this assumption,

6(t) = e.

Since the result will hold uniformly for ||i/|| < 1, the solution of the averaged equations for the billet surface 

will remain close, O(e1 /2 ), to F for t e [0, A/e), i.e. throughout the length of the process.

Improved approximation

The assumption of the boundedness of the integral in (2.64) might be validated with some a priori knowledge 

of the generalized Fourier expansion of /, see [32]. This is not pursued. When the integral I(y,t) in (2.64) 

is uniformly bounded, then it may also be shown to be an almost periodic function. Provided / is smooth 

in £>, then both matrices of partial derivatives

[D/] and [D/(y, t)}

will also be almost periodic. Since / and fl in theorem 2.2.4 are consequently both /f-BM-vectorfields, 

theorems 2.2.4 and 2.2.5 can then both be applied to improve the order of approximation to O(e), valid on 

the timescale e" 1 .

Limitations

Sufficient conditions for the solutions of the averaged equations, (2.60), to give an O(e) asymptotic approx­ 

imation to the billet surface movement over the duration of the run are

1. Constant uj(t}.

2. 7(y, t) = O(l) uniformly for t € (0, A/e] and for y 6 V.

3. F eSi fort 6 (0,A/ej.

The first of these conditions is nearly always met in real production runs. The second of these conditions is 

needed only to ensure the approximation is O(e), rather than O(<5 1 /2 (e)). This condition must be assumed, 

but does not appear unreasonable. It is the third condition that is most likely to fail. 

Possible reasons for F not to remain in Si for t 6 (0, A/e] include the following

1. The averaged function /° is not symmetric about the billet axis of rotation. The solution to the 

averaged equations will thus be asymmetric. Asymmetries result from synchronisation of the scanner 

and rotation period, (e.g. when t s is a rational number), and will evolve over the timescale e~ l . 

Geometrically, such 0(1) asymmetric growth will be seen as a "fold" on the billet crown surface, see 

Fig. 2.10a, and is likely to result eventually in type B shadowing occurring, (i.e. F ^ S D Si). 

In reality, scanner-rotation synchronisation and O(l) asymmetric growth is observed only extremely 

rarely, (even though t B may be a rational number). This is probably due to the stochastic nature of 

the spray and to a certain amount of machine wear.

2. Billet growth results in a situation where —k'.n <C 1 while rhgk1 .n < 0. This may result, for example, 

at the start of a production run when rapid upwards growth of the part of the billet surface closest to
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a) b)

Figure 2.10: Failures of the averaging method; a) surface "folds", b) O(e) growth causing shadowing when 

-fc'.n< 1.

the billet axis of rotation is often observed. This situation is shown schematically, in a radial cross- 

section, in Fig. 2.10b. Although the function / remains smooth for a surface such as that depicted 

in Fig. 2.10b, and although the average /° is well defined, the averaged equations may fail to give a 

valid approximation.

Physically, the problem may be explained as follows. The averaged system, relying on /°, assumes that 

the deposition at a point such as P in Fig. 2.10b occurs at a constant rate during the rotation of the 

billet. However, in reality the deposition occurring at P varies throughout the rotation of the billet. 

When P faces the atomiser directly, then -k'.n = O5(l), and growth at P will be O(e). Later, as 

the billet rotates, the atomiser nozzle is on the opposite side of the billet to P. Supposing -fc'.n < 1 

while mgk'.n < 0 at P, on the previous rotation of the billet, as is depicted in Fig. 2.10b; then the 

O(e) growth that has occurred at P when facing the atomiser, may shadow the spray deposited from 

the other side of the billet when P is opposite the atomiser. In this situation the averaged equations 

clearly do not represent physical reality.

3. The billet crown may grow in such a way that radial cross-sections of the billet crown fail to intercept 

the overlapping spray boundary only once between O2 and O3 . This might result, for example, from 

either the billet radius growing inwards, inside O^, or from rapid withdrawal of the billet below the 

overlapping spray boundary. Provided that both (2.55) remains valid and that type B shadowing does 

not occur, this should present no real problem for the validity of the averaging method, although the 

validity of the definition of 7(0:1) should be examined.
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2.3 Analysis of the averaged equations

Application of the averaging method leads to an asymptotic approximation of the billet surface motion 

responding only on the slow timescale 77,

Axisymmetric averaged billet growth is of greatest practical interest, not only because real billets are nearly 

always observed to be axisymmetric, but also because the assumption of symmetry means that the averaged 

equations are two dimensional. The following economies are gained by averaging, and when the averaged 
equations are axisymmetric.

• The three dimensional averaged equations are much quicker to solve computationally than the three 
dimensional non-averaged equations, since they need only be integrated with respect to the slow-time 
variable rj 6 (0, A].

• The two dimensional averaged equations are much quicker to solve computationally than the three 
dimensional averaged equations.

• An axisymmetric averaged mass flux field can be quickly computed for the axisymmetric equations 
by averaging the mass flux field over one scanner period and over one rotation of the billet.

• The two dimensional averaged equations are simple enough to allow some analytic techniques to be 
applied.

Slow-time axisymmetric billet growth is governed by the partial differential equation

dF
— - (x! , 77) = [ufa)fci 4- rh(r) )g(x l , r;)] . VF0 (xi , 77), (2.65) or)

where ki is the unit vector in the direction of the billet axis of rotation and g(xi,r)) is the axisymmetric 
averaged mass flux distribution vector field. The function g(xi,r]) has not been allowed to depend upon F0 
in equation (2.65). Correspondingly, in the following subsections attention will be restricted to surfaces in

Si.
To define g(xi,rj} more formally, first write r\ = t/t a and r^ = t — 1/4. Then, in the cartesian crown 

coordinate system,

k'(t) = (— cos27rtsina(<),sin27rtsina(£), — cosa(t))

= (-cos27r(r2 + l/4)sino(rit fl ),sin27r(r2 + l/4)sina(ri<a ), -cosa(ri^))

(2.66)

and

where

= (-Zi cos2?ri + y\ sin27rt + rn )cosa(<) + (z\ - zn - zc }sina(t], 

= (-xi cos27r(r2 + 1/4) + y\ sin27r(r2 + 1/4) + rn
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+(zi -zn - ze ) sin a(rit,), (2.67) 

y' = xi sin 2nt + y\ cos 2irt,

= xi sin 27r(r2 + 1/4) + yi cos 27r(r2 + 1/4). (2.68)

Writing the functions <?(r'[a?i,t]) and k'(t) as ^(r'[xi,Ti,T2 ]) and fc'(ri,T2 ), the axisymmetric average mass 

flux distribution vector field g is given by
/•i yi

»(«!,»/)= / / 7(«l,^)0(r'[aJl,Ti,T2])fc'(Ti,T2 )dTidT2 . (2.69) 
JO JO

This corresponds to averaging the mass flux distribution independently over one rotation period and over 

one scanner period, thus producing an axisymmetric distribution. The form 7 = 7(0:1,77) has been used in 

(2.69), and is clearly suitable for surfaces in Si. However, one also wishes to define g for other surfaces which 

may not be in «Si, but for which the averaging method is still valid. For this purpose (2.69) is less restrictive. 

Averaging of the mass conservation equation (2.42), also over one rotation and one scanner period, gives

V.g = 0, (2.70)

for FQ 6 Si. For the remainder of this section only surfaces F0 6 Si are considered. For these surfaces, 

conditions are demonstrated for the existence, uniqueness and stability of a steady state axisymmetric 

averaged billet crown shape.

2.3.1 Steady state crown shapes; local analysis

A primary objective of the process is to be able to reliably produce cylindrical billets of a desired radius 

and length. Process control is thus made far easier if the underlying dynamical system allows the steady 

and stable growth of billets of fixed radius and crown profile. Therefore, it is important to investigate 

the possibility of steady state solutions to (2.65) existing, and to examine their uniqueness and stability 

properties.

In terms of a spherical polar crown coordinate system with coordinates (a, 0,0) as in Fig. 2.11, the 

axisymmetric average mass flux distribution vector field g has components

Since FQ € Si is initially axisymmetric, analysis can be confined to the (a, 0)-plane. Equation (2.65) becomes

Writing

it is seen that a steady state solution of (2.71), / = /(0), satisfies the ordinary differential equation

d/-

where

a = -r^!- = constant, (2.73) 
771(77)
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Figure 2.11: Spherical crown coordinate system

since / is independent of 77.

To ensure existence of a steady state the Picard-Lindelof theorem can be applied at an initial point 

(/(#),#) = (cr0 ,#o) to prove local existence, and an attempt can then be made to extend the local solution 

smoothly to the interval5 6 6 [0, 01], (see e.g. [113]). For a straightforward application of this theorem it is 
required that

(2.74)

where V is some domain in the (cr, 0)-plane that encloses the steady state. Also, within V it is required that

0. (2.75)

These conditions ensure that H is sufficiently smooth for the local result to be extended globally within T>. 
Condition (2.74) is satisfied immediately for surfaces in Si. Condition (2.75), unfortunately, needs further 

consideration.

By a symmetry argument, it is clear that

gg -> 0, as 9 -» 0, 

* 0, as 6-+Q.dd 

Thus, (2.72) implies that ^ —» ±00 as 0 -> 0, unless also

(2.76)

(2.77)

HCOs6-\-ga (f(8),6)^Q, as 9 -> 0. (2.78)

5 For 8 > ai the steady state crown profile will have exited the lower spray boundary and will be given by

crsinf? — constant.
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Solutions of (2.78) represent points at which solutions of (2.72) could be extended smoothly onto the billet 

axis of rotation. Note that, on the billet axis of rotation 14(77) is the rate at which mass is being withdrawn 

downwards away from the spray, and —rh(rj)g ff (a, 0) is the rate at which mass from the spray passes through 

the billet surface due to deposition. Hence, (2.78) says that for a steady state to exist these two quantities 

must balance. Since, (after algebra),
-i

•(riOdn, (2.79)= - I
Jo

and g(r') —» 0 as r' —> ra , it follows that (2.78) can only be satisfied on the open line segment O\Oi, for 

p, > 0. This open line segment represents the limits, on the billet axis of rotation, of where there is a positive 

mass flux from the spray into the billet.

Although necessary, (2.78) is insufficient to guarantee the boundedness of g| as 6 —> 0. Applying 

L'Hopital's rules and using (2.70)

r \ df] lim 3^
e— o [d^ = lim e-> o

• ^
f 60; dg, .

dga df I
h //sine/ da dv

dge df
L de da de ' — U "J

= lim -f
dg^V
da d9 (2.80)

Hence, provided that

it follows that

9

£<«>"•

(2.81)

(2.82)

and any steady states that do exist will be flat-topped on the billet axis of rotation. 

Three conclusions can be drawn from this local analysis.

1. Existence of a solution to (2.78), for given /z, is a necessary condition for the existence of a steady state. 

Solutions, a, of (2.78) represent the heights, above O\, of possible points of intersection of steady state 

crown shapes with the billet axis of rotation.

2. In general a steady state billet crown must lie below Oi. Thus, some of the spray will pass over the 

billet centre on each scan of the atomiser.

3. Since — ga > 0 below O? and — gff — >• 0 at 02, the solution of (2.78) nearest to the upper spray boundary 

will satisfy (2.81). Thus, if it exists, the uppermost steady state will be flat-topped at the billet axis 

of rotation.

2.3.2 Analysis in the phase plane

To progress further in understanding the likelihood of being able to extend globally the local analysis above, 

and to understand the transient motions of the billet surface, requires reconsideration of (2.71). Projections



CHAPTER 2. MATHEMATICAL MODELLING OF BILLET GROWTH 65

of the characteristic curves of (2.71) onto the (cr, 0)-plane are those curves (17(77), #(77)) governed by

do-
= -11(77) cos 0-rn(r7)$v(<7,0), (2-83)

(2.84)

dr]
dd _ u(r)) sin 6 - rn(rj)g B (cr, 9}
dr) a

Superimposing a billet crown profile FQ = a — f(9, 77) = 0 onto the (a, 0)-plane, the motion of the point 

(a, 6} = (/, 0) within the (0-, 0)-plane is given instantaneously by the vector

cos t - m(,)p-,(/. ». ), ( 2 . 85)

which also describes the instantaneous motion of the point (/, 0} on the billet surface, within the (cr, 9}- 

plane. Hence, instead of analysing (2.71) directly, (2.83) and (2.84) can be analysed, to determine the 

possible motions of the billet surface.

The system (2.83) and (2.84) is two dimensional and is not autonomous. Dependence on 77 enters (2.83) 

and (2.84) only through u(r/) and 771(77), which represent the control parameters of the process. These 

are varied smoothly throughout the process. Thus, the behaviour of solutions to (2.83) and (2.84) can be 

analysed in their phase space, as if the phase space for (2.83) and (2.84) were composed from a continuous 

smooth distortion of possible phase planes for the fully autonomous system

do-
— = -ucos0 -mg^cr, 9], (2.86)

d0 = usin6-mge (cr,0)
drj a ' ( • )

where u and TTI are treated as constant parameters, (> 0). A number of general observations can be made 

about the phase plane for (2.86) and (2.87).

• With the assumption of symmetry about the axis 9 = 0, the spray can be considered to be confined to 

a bounded region of the phase plane (cr, 9} 6 [0, oo) x [0, Tr/2]. In the spherical coordinate system the 

lower, upper and overlapping spray boundaries are respectively the lines

9 = ai,

a cos 9 = zu + a sin 9 cot 02 ,

a cos 9 = zu — a sin 9 cot a^ ,

where zu is the displacement of O\ below O^ on the billet axis of rotation.

• Phase paths of (2.86) and (2.87) are those lines a(9] with gradient

,ji), (2.88)

where H is as defined in (2.72). It follows that steady state crown profiles are represented by phase 

paths that run from 9 = 0 to 9 = Tr/2.

• Where ge and ga are zero there is no deposition, only withdrawal. Phase paths are given by the lines

ri=<7sin0= constant. (2.89)
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• Equilibrium points, (EP's), of (2.86) and (2.87) are located at the intersections of those lines, (null- 

clines), on which

0 = (icos8-gff (ff,6), (2.90) 

0 = Psing-frCM^ (291)

Hence, EP's can exist only on the billet axis, 9 = 0, or where ga and gg are non-zero, since otherwise 

(2.90) and (2.91) cannot be satisfied simultaneously there. Positions of the a and 0-nullclines, (which 

are given by (2.90) and (2.91) respectively), will vary with //, making characterisation hard. However, 
the lines 9 = it /I and 0 = 0 are respectively, a and 0-nullclines always.

Both ga and ge are zero at a = 0 , and for 0 > ai. For 6 6 (0,ai), for sufficiently large a and for

u > 0, -^ < 0. On the open line segment OiOa, along 6 = 01, there is a jump discontinuity in both 

gff and ge , due to the jump discontinuity in the definition of 7(0:1) for surfaces in Si. Nullclines will 

not generally terminate at regular points in the interior of the phase plane. Hence, additional a and 
0-nullclines will either be isolated closed curves or will enter and leave the phase plane through the
open line segments O\Oi and O\O$.

• Within the region 6 e (0,ai), a > 0, the right-hand sides of both (2.86) and (2.87) are smooth. 
Application of Bendixson's negative criterion to (2.86) and (2.87) within this region, (see e.g. [61], 

page 84), and by using (2.70), implies that there are no closed phase paths for u > 0. The Poincare- 
Bendixson (PB) theorem then implies that all phase paths of (2.86) and (2.87) must either be/approach 
equilibrium points within this region, leave the region through the lower spray boundary, or become 
unbounded as 77 — > ex.

• From (2.90) and (2.91) it is seen that the physical interpretation of an EP is a point at which mass 
transfer across the billet surface due to deposition and withdrawal is balanced exactly, in both radial 
and polar directions. Thus, a billet surface moving in the phase plane will not be able to "pass 

through" such a point. Since withdrawal is parallel to the billet axis, it follows that at an EP, (a*, 0*), 
the averaged mass flux field must also be parallel to the billet axis, i.e.

* = °- ( 2 - 92 ) 

-0a (<7*,0*)cos0*+00(<7*,0*)sin0* = IJL, (2.93)

Because metal is sprayed in towards the billet axis, this can only happen at points where sufficient 

spray arrives from all directions to "cancel out" the mass flux component perpendicular to the billet 

axis, i.e. within the area bounded by the lower and overlapping spray boundaries and by the billet 

axis of rotation. This area is shaded in Fig. 2.12.

• A local, linear stability analysis reveals that all EP's are unstable for u > 0. They will correspond to 

either saddle points, unstable nodes or unstable spirals, according to the sign of

dg ,
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Figure 2.12: Shaded region within which equilibrium points may exist

( all functions evaluated at the EP). EP's are classified as follows

-oo < Q < 0

0 < Q<

=> saddle,

*\2(/ACOS0*)
4(7* < Q < oo

unstable node, 

unstable spiral.

(2.94)

• From (2.76) and (2.78), it is seen that the points at which steady state crown shapes cross the billet 

axis are EP's for the system (2.86) and (2.87). Considerable simplification results from calculating Q 

on the billet axis. EP's (0"*,0) are classified by

-oo

0 oo

saddle,

node,

saddle.

(2.95)

The stable and unstable separatrices of the saddle are reversed for -J£- (a* , 0) > 0 and -jf (a* ,0) < — ^ . 

The node is inflected at ^f(<7*,0) = -&.

2.3.3 Steady state crown shapes; global analysis

Clearly, all possible phase planes cannot be accounted for, since each choice of y(r'), a(t) or p, produces a new 

phase portrait. However, (2.95) implies that many of the qualitative features of the phase plane close to the 

billet axis will depend on the function ga (ff, 0), and at least those phase planes corresponding to "typical" 

ga (cr, 0) can be considered.

From (2.79) it is seen that gff (ff, 0) is the convolution of g(r') and cosa(i). Since the spray distribution, 

<?(r'), is known to be unimodal across the diameter of the spray cone, the shape of gff (cr, 0) will depend
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largely on a(t}. Due to the scanning motion, the region between upper and lower spray boundaries diverges 

with distance from the atomiser nozzle. The more the region has diverged, the greater effect the convolution 

(2.79) can have in disturbing the unimodality of g(r'). If either |oi - a2 or the distance [r2 + (zn + Zc) 2 ] 1 / 2 

is small enough, then it is likely that —ga (a, 0) will be unimodal also. It is this case that is investigated.

Existence of a steady state for unimodal — gff ((T, 0)

Suppose that -gff (<r, 0) is unimodal with maximum value K at ax & (0, zu ). Then for any /^ e (0, K] there 
are exactly two solutions of (2.78), say / = 01,02 : 0"i > 02 • Hence there is the possibility of at most two 
steady state crown shapes existing, if any.

The EP nearest 6)2, (0"i,0), is a saddle with stable separatrices lying along the axis 6 = 0. The unstable 
separatrix extends out into the phase plane 6 > 0 and can represent a steady state crown profile only if it 
crosses the line 6 = a\. The PB theorem implies that it will do so unless it approaches another EP.

If the unstable separatrix approaches (02,0) then this EP must be a saddle also, (since all EP's are 
unstable), and the unstable separatrix of (0~i,0) will become the stable separatrix of (02,0). The unstable 
separatrix of (02,0) lies along the billet axis and joins the stable separatrix of (0"i, 0). Hence, this hypothesis 
implies a hetroclinic orbit between the two saddles, see Fig. 2.13.

Within this orbit there must be an EP of index 1, (i.e. an unstable node or spiral), and hence a limit 
cycle. This leads to a contradiction, via Bendixson's negative criterion. Thus, unless the unstable separatrix 
from (ai, 0) approaches another EP in the region 6 e (0, ai), a > 0, it will cross 0 = 01.

Recall that at an EP the mass flux field must be parallel to the billet axis and must balance the withdrawal 
rate exactly. Consider now the computation of the averaged mass flux field. Fixing 0 = 0, evaluate g through 
(2.69), by integrating with respect to TZ over the two intervals [0,1/2] and [1/2,1] separately. The first of 
these gives the mass flux travelling direct to (a, 0,0), when the point (0-,0,0) is facing the atomiser; the 
second gives the mass flux at (c, 6, 0) that travels from the far side of the billet to get there. The two mass 
flux fields, say g^ and <j 2 , combine to give g, see Fig. 2.14a.

Unimodality of — ̂ .(o", 0) implies that the averaged mass fluxes \\9i\\ and ||</ 2 || across any line, r\ = 
asinfl = A, parallel to the billet axis of rotation, will also be unimodal. For A > 0, denote the vertical height 
in the crown frame of reference at which H^H, attains its maximum by zm,i(A), similarly defining zm ,2(A) 
with ||<7 2 ll> Fig. 2.14b. Note that zm,i(A) increases with A whilst zm ,2(A) decreases.

For (2.92) to be satisfied, the components of the two mass fluxes perpendicular to the billet axis must 
be of equal size and of opposite sign. This happens at all points on the billet axis. Starting at any point 
(a,0) : a e (0,2U ), attempt to construct a line £(A) along which (2.92) is satisfied. For a > 0#, moving 
perpendicular to the billet axis, one moves initially away from zm ,2(A) and towards zm,i(A). For a < cr#, 
this is reversed. It is soon apparent that £(A) must run from (0^,0) out towards the point of intersection 

of the overlapping and lower spray edges, O^.
In traversing along £(A) the mass flux

\\9\\ = I -ga cos0 + ge sine\

will decrease to zero with A. Thus, there can be at most one point on this line where (2.93) can be satisfied, 

and can be at most one further EP in the region 0 e (0, ai), a > 0.
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Figure 2.13: Hetroclinic orbit in the phase plane

By defining 7(0:1) = 1 everywhere, and integrating a new axisymmetric averaged mass flux field, as 

before, a new phase plane can be defined, which is exactly the same as that for equations (2.86) and (2.87) 

in the region 0 € [0,01], but which extends smoothly below the lower spray boundary in a natural way. 6 For 

this new phase plane there can also only exist EP's in the shaded region of Fig. 2.12, by the same arguments 

as before. This new phase plane is now considered briefly, in order to classify the extra EP.

On the line segment O\O<i, cr-nullclines enter and leave the phase plane 9 > 0 only at EP's and ^-nullclines 

enter and leave the phase plane at points (cr, 0) satisfying

, „) = <). (2.96)

The a-nullcline must run in a loop between (0i,0) and (cr2 ,0). The existence of an additional EP in the 

phase plane implies its intersection with a 0-nullcline. Intersections of closed nullclines with each other or of 

a closed 0-nullcline with the looped cr-nullcline will produce 2k extra EP's. Similarly, if a 0-nullcline loops 

between two solutions of (2.96) and intercepts the looped cr-millcline there will be Ik extra EP's, unless 

the two solutions of (2.96) straddle (02,0) on the billet axis, (when there are Ik + 1 intersections with the 

£7-nullcline).

Since there is at most one extra EP, the last case is the only one of interest. When solutions of (2.96) 

straddle (02,0), this lower EP will be a saddle point, see (2.95). The new EP at the intersection of the two 

loops has index 1, and so is an unstable node or spiral. In either case the unstable separatrix from (<7i,0) 

cannot approach it. It follows that the unstable separatrix from (o"i, 0) must cross the line 0 = a\.

The above argument proves that for unimodal —ga (a^} there will exist a phase path of the system 

(2.86) and (2.87) that corresponds directly to a steady state solution of the equation (2.71). Equation 

(2.71) describes transient, axisymmetric, slow-time growth of billet crown shapes FQ 6 <$i. What the above

8 This new phase plane is that which results from assuming that there is absolutely no shadowing.



CHAPTER 2. MATHEMATICAL MODELLING OF BILLET GROWTH 70

a)

Figure 2.14: Averaging the mass flux distribution field, defining zm) i, zm)2 .

argument does not prove is that the steady state solution computed corresponds to a surface that is in 

Si. This must be verified after computation of the steady state. The following algorithm can be used to 

demonstrate the global existence of a steady state billet crown profile.

1. Compute g using the sticking efficiency 7(0:1) defined by (2.56).

2. If -gff (cr, 0) is unimodal and p. e (0, K), then there exists a phase path, entering the phase plane from 

(<7i,0) and exiting through B = n/2.

3. Compute the phase path, call it FQ.

4. If FQ 6 Si then F0 corresponds to F0 = a - f(6] given by (2.72), and is a steady state crown profile, 

(as well as a steady state solution of (2.71)).
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Uniqueness

It is clearly of interest, from an operational point of view, to determine whether there can be a second steady 

state emanating from the point (0"2,0) on the billet axis of rotation. The EP, (0-2,0), will be either a node 

or a saddle. If it is a node then the phase path that satisfies

can be followed from the phase plane, and this will give a second steady state profile. However, since all 

other phase paths from (0-2, 0) will also cross 6 = ai, this path is non-unique.

If (02)0) is a saddle then, as discussed previously, there exists a single additional EP, not on the billet 

axis, which will be either a node or a spiral. The unstable separatrix of (0-2, 0) will lie along the billet axis, 

whilst the stable separatrix extends into the phase plane and approaches the extra node/spiral as 77 — >• — oo. 

Whether a node or a spiral there are infinitely many phase paths between the extra EP and 6 = a\.
Clearly, this non-uniqueness of paths from (02 , 0) to 0 = 01 implies that any steady state profile from 

((72,0) will be unstable. Thus, a steady state crown profile that starts at (0~i,0), (for any fixed value of //), 
will be unique in the sense that it will be the only steady state crown profile that is uniquely defined and 
can be stable. For unimodal — ga (ff, 0), there are thus only two qualitatively different phase planes possible. 
These are sketched schematically in Fig. 2.15.

Stability

From Fig. 2.15 the stability of the single steady state is self evident. Phase paths close to the cr-axis, (above 

(0-2,0)), follow the a-axis until close to (0-i,0) where they turn and follow the unstable separatrix/steady 

state out through 9 = ?r/2. If a transient crown profile is superimposed on the phase plane, it can be seen 

that a small interval of the surface that is initially close to the billet axis will eventually expand to represent 

a large proportion of the billet crown. Since the phase paths close to the billet axis remain close to the 

steady state, the transient profile will eventually become closer to the steady state profile. Thus, the steady 

state is stable in the sense that

lim sup |/(0, 77)| = 0, (2.97)

where a = f(9) is the steady state profile and a — f(9] + /(0, 77) is the transient profile.

This type of stability effectively "waits" for the part of the crown profile nearest the billet axis to grow 
outwards. However, since 77 6 [0, A] during a production run, and A = 05(1), there may not be enough time 

during a production run to "wait" for this type of stability to develop, especially since some points on the 
transient billet profile may still actually be moving away from the steady state. More useful is to know when 

the transient billet crown is approaching the steady state crown at all points where deposition is taking place 

and at all times during the production run, i.e. when

0, V0G[0,a1 ], 17 6 
0

To this end, the following theorem may be proven.
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a)

(o,0)

(7,

Figure 2.15: Schematic of the two possible phase planes for unimodal —ga (a, 0), and surfaces in S\.

Theorem 2.3.1 Let — g ff (o-, 0) be unimodal with maximum value K, and let p, < K be fixed so that there 
exists a single steady state solution of (2.71). Also, let b and K > 0 be such that for 0 e (0,6] C (0, ai],

I/I <

a) /isinfl — gg (f + f, 9} > 0, and

Then, there exists «i > 0 such that |/(0,77o)| < «i V^ e [0,6]

[0,6], r? >r?0 .

Proof Define A(<r, 9, p) by

(2.98)

so that the steady state crown profile, a = /(#), and transient crown profile, a = /(<?) + f(d,r]), 

respectively satisfy

?,/*), (2.99)

Recall that

-/,0,/i). (2.100)
\ U<7 W I

,0,/i) is defined by equation (2.72). Using a Taylor expansion, (mean value theorem),

(2.101)

(2.102)

where
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0 < \h\ < I/I- 

Rewrite equations (2.99) and (2.100) as

g

,,, (2-103)

(2.104)

Subtracting (2.103) from (2.104) produces

g = -m(t7M(/ + /l fl lAi)^ + /m(T?

+ (W(/ + /,0, /1)-^)|£(/ + /!,*,,,)], (2.105)

which, on using (2.99) to substitute for jj£, and using (2.101) and (2.102) once more, becomes

g + m(r,)A(f + f, 0, /i) |£ = /mfoMC/ + /, 0, M) f£ (/ + /2, *, /*)• (2-106) 

Multiplying through by 2/ produces

/, 6, A*) (/ + /a, *, M)- (2-107). , ,

This equation governs the behaviour of the positive quantity |/| 2 . Along the characteristics of (2.107), 

|/| 2 and 9 vary with rj according to

,, + fa ,0,ri, (2.108)

/,*,/*). (2.109)

For |/(^,^o)| < « and 9 G (0,6), plot |/| 2 against 9 along any of the characteristic curves.

• The right-hand side of (2.109) is positive, (according to condition a) of the theorem), so 9 increases 

with 77, at least when 9 < b.

• The right-hand side of (2.108) is negative, (according to conditions a) and b) of the theorem), so 

|/| 2 decreases with 77.

Thus, for (/I < « and 9 6 (0, 6], |/| will be decreasing for 77 > 770. The same is true for any «i < «. This 

completes the proof, since it is qualitatively clear from the phase plane that when /i < K, the two EP's 

on the billet axis of rotation are separated by a finite distance, say «2- Then, defining «i = min[«, KZ] 

the stability of |/| can be extended onto the axis 9 = 0. D

Remarks

1. This theorem provides sufficient, but not necessary, conditions for an interval of the steady state 

solution to be stable to finite perturbations. In the next chapter, steady state solutions are computed 

for a range of different process parameters and their stability is examined by considering those parts 

of the phase plane for which both these conditions hold. Where conditions a) and b) do not hold, it is 

readily seen from (2.108) and (2.109) in the proof of the theorem that the alternative conditions
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(a) /zsin0 -g9 (f + f, 0} < 0, and

(b)

also result in stable intervals of billet surface. Thus, regions where either or both of conditions a) and 

b) fail must be examined closely.

2. In practice, 771(77) and ^(77) will vary during the run. Since, for different values of p,, (= ^(f?)), the 

same steady state profile will not exist, it is also necessary to consider stability to finite perturbations 

of \i. This can be done using the above methods.

3. The above theorem considers only the interval of the steady state solution with 6 € [0, b] C [0, ai]. The 

region below the lower spray boundary is of little interest, since if F 6 Si, no deposition can occur 

here.

4. The theorem gives conditions for the nonlinear stability of the steady state solution of (2.71). When 

this steady state solution corresponds to a surface in Si, and when finite perturbations of the steady 

state satisfy the conditions of the theorem and also lie in Si, then these surfaces will approach the 

steady state billet surface for all 6 € [0, b].

Simplified analysis

Whilst determination of the exact steady state profile requires computation of the averaged mass flux distri­ 

bution field, for the subclass of billet surfaces considered, the endpoints of the profile can be identified more

simply. ^4

cot a,

Figure 2.16: Determination of the endpoints of a steady state crown profile in Si
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The crown profile intercepts the axis of rotation horizontally at a height

above Oi, where v\ is the uppermost solution of (2.78). The crown profile then collects all the spray before 

exiting the deposition region vertically through the lower spray boundary. The billet radius, ri, is thus given 

by the simple mass balance (2.28), which non-dimensionally becomes

_ _!_ 
r i

so that the height at which the crown profile exits the deposition region is given by

z\ = n~ cot ai, 

see Fig. 2.16.

2.3.4 Alternative dynamics

The preceding sections have described situations where scanning of the atomiser has little effect, except in 

"spreading out" the unimodal flux distribution, g(r'). The dynamics in this case are straightforward. Initial 

positioning of the collector plate above (<72,0), (and above the internal EP when it exists), and maintaining 

IJL constant will result in a crown profile that eventually approaches the steady state profile. If the collector 

profile is initially close enough to the steady state profile then the steady state may be approached at all 

points (a, 6) : 9 6 [0, 6], according to the validity of theorem 2.3.1. Continuous variation of // will result in 

continuous variation of the phase plane, but the underlying topology will remain the same.

As either \a\ — a^\ or the distance [r£ + (zn + zc ) 2 ] 1 / 2 becomes larger, unimodal —ga (a, 0) becomes less 

likely. Mechanical constraints on turnaround times for the scanning atomiser nozzle can often give rise 

to bimodal — ga (cr, 0), for which the dynamics are more interesting. A bimodal — ga (v, 0) introduces the 

possibility of there being more than one stable steady state crown profile for a given withdrawal to mass 

flow rate ratio, //.

For a typical bimodal —ga ((T,Q), small and large enough \JL give rise to two solutions of (2.78), whereas 

moderate p, allows four solutions to exist, see Fig. 2.17. The former case is similar to that discussed 

above. However, the added complexity of the bimodal mass distribution makes physical insight difficult. 

In particular, there is no guarantee that there will be no more than one EP in the interior of the phase 

plane. This allows the possible existence of a saddle point in the interior of the phase plane, and hence the 

possibility that the unstable separatrix from (ai, 0) does not cross 0 = a\. Since each saddle in the interior 

of the phase plane has two unstable separatrices it follows from a simple parity argument that successive 

separatrices can be pieced together, moving from saddle to saddle, and eventually the line 9 = a\ will be 

crossed.

Such a path corresponds to a steady state solution of (2.71), and hence possibly to a steady state crown 

shape. However, such phase planes are structurally unstable, (see e.g. [81] ); a small perturbation in p. can 

potentially result in a large change in steady state profile, as shown schematically in Fig. 2.18. Note that 

the effect of this type of instability, (saddlenode bifurcation), is not felt close to the billet axis, where the
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2 solutions

4 solutions

2 solutions

Figure 2.17: Bimodal -ga (a,0)

(o,0)

O,

(0,0)

Figure 2.18: Structurally unstable phase phase plane; saddlenode bifurcation.
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Height of steady 
state on billet 
axis of rotation

stable
. _ _ . unstable

Q
Figure 2.19: Possible hysteresis due to bimodal — ga (<r, 0); bifurcation points fa and

unstable separatrix from ((TI , 0) will be perturbed only slightly, but is felt beyond the first saddle point that 

this separatrix approaches. Although such instability would appear to be a theoretical possibility, it has not 

been observed computationally. In the absence of additional EP's for 6 6 (0, ai), the phase plane when only 

two solutions of (2.78) exist can be represented schematically by either Fig. 2.15a or Fig. 2.15b.

The second case, when four solutions of (2.78) exist, is more interesting still. Those EP's for which the 

gradient of ga ((r, 0) is positive are saddle points that have unstable separatrices extending out into the phase 

plane. If the possibility of structurally unstable phase planes as described above is discounted, then each of 

these will potentially correspond to a steady state crown profile, with similar local stability properties as for 

the unimodal case. Each of the other two EP's on the a-axis is either a node, or a saddle coupled with an 

unstable node/spiral in 6 > 0. In neither case will there be a steady state profile.

There is now also the possibility of a second type of structural instability in the phase plane. The two 

values p.\ and ^ marked on Fig. 2.19 represent values at which there is a transition between there being one 

and two stable steady states. On increasing // through the bifurcation value p,\ , a second stable steady state 

comes into existence. A transient profile that has been approaching the upper steady state will continue to 

do so only if sufficiently close, otherwise it will approach the new lower steady state. On increasing p. through 

the second bifurcation point, //2, the upper steady state ceases to exist. A transient solution of (2.71) that 

was close to the upper steady state must now "drop" towards the lower steady state. Hence, values of p 

close to //i and Hz represent unstable operating regimes. The transposed graph of g ff (v, 0) represents a 

hysteresis curve for the bifurcations that occur, see Fig. 2.19. The existence of multiple steady states and 

the occurrence of this type of instability are investigated computationally in the following two chapters.
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2.4 Summary

• A physically based mathematical model has been formulated, yielding non-dimensional equations, 

(2.42) and (2.43), which approximate the conservation of mass within the metal spray and at the billet 

surface.

• Equation (2.43) describes three dimensional growth of the billet surface, incorporates the nonlinear 

effects of shadowing, and allows directly for variations in

1. the metal mass flow rate,

2. the spray distribution within the spray cone,

3. the rotation and scanner motions,

4. the withdrawal rate, and

5. the collector size and initial position.

The various approximations made are discussed in the text.

• There is one important dimensionless group in the model equations;

_ e=

which is the ratio of the rotation (w scanner ) and withdrawal timescales. Significant billet growth 

takes place over the timescale e -1 , but variations in the spray mass flux occur on the rotation/scanner 

timescale. This makes numerical solution of (2.43) infeasible.

• For an identifiable subclass, Si, of billet crown profiles it is possible to define a "sticking efficiency", 7, 

which depends only on position within the crown frame of reference, (and hence remove the nonlinearity 

from (2.43)). For such billet crowns, under reasonable assumptions, one is able to apply an averaging 

method and derive an o(e) asymptotic approximation, to the three dimensional billet growth, that 

is valid over the length of the production run. When the uniform boundedness of a certain integral, 

(defined by (2.64)), is assumed the approximation becomes O(e).

• An averaged equation is derived, (2.71), describing the axisymmetric growth of billet surfaces in Si on 

the slow timescale 77 = et.

• Analysis of the averaged equations shows that for constant ratio, p,, of withdrawal rate and mass flow 

rate, if the averaged mass flux along the billet axis is unimodal, then the equation (2.71) has a unique 

steady state. If this steady state solution is in Si, then it corresponds to a steady state billet crown 

shape.

• These steady states are inherently stable, in a weak geometric sense. This is explained, and a theorem 

is proven giving sufficient conditions for a much stronger form of stability for the steady state solutions 

to (2.71), (see theorem 2.3.1). Both forms of stability are nonlinear, allowing finite perturbations from 

the steady state to decay, and thus indicate a very useful model/process property.
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• When the averaged mass flux along the billet axis is not unimodal, it is most likely to be bimodal. In 

this case it is shown that it is possible for more than one stable steady state crown profile to coexist for 

a given ratio of withdrawal and mass flow rates. This situation also admits the possibility of hysteresis, 

(or a catastrophe), in the model process as the ratio of withdrawal and mass flow rates is varied. This 

and other structural instabilities are discussed.



Chapter 3

Steady State Billet Growth

The previous chapter established analytically the possibility of steady state billet crown shapes existing 

under the assumptions of the model. The existence of a steady state billet crown allows the growth of 

axisymmetric billets of constant radius, with control being exerted primarily through regulation of the ratio, 

/z, of withdrawal rate to mass flow rate. Since heat flow into the billet occurs only through spray deposition 

on the billet crown surface, the geometry of the billet crown will have a large influence on solidification, and 

on the subsequent quality of deposited material. It is therefore necessary to gain an understanding of how 

the steady state crown geometry is affected by variations in \L and by variations in the atomiser scanning 

pattern.

This understanding is developed in this chapter. Section one outlines the numerical methods used. In 

section two, generic features of steady state growth dynamics are described, using as a simple example 

a fixed angle spray. Section three explores variations in these features, with spray cone radius and with 

fixed spraying angle. A sinusoidal atomiser scanning pattern is introduced in section four, and a range of 

scanning angles is considered. In section five this is repeated for a more realistic scanning pattern. Section 

six combines knowledge gained from the earlier sections, and from the analysis in chapter two, into loosely 

defined constraints on the axis mass flux distribution, — gff (cr, 0). An inverse problem is considered; that of 

finding a scanner pattern for which the constraints on —ga (ff, 0) are satisfied. An optimisation method is 

proposed for the solution of this problem and example results, that indicate the feasibility of such a method, 

are presented. The chapter concludes with a summary.

3.1 Computational details

To compute slow-time axisymmetric billet growth it is first neccesary to evaluate the averaged mass flux 

distribution vectorfield, g of equation (2.69). This requires that both g(r'} and 7 be specified.

A truncated normal distribution is assumed for the spray distribution function, (following [87] ); g(r'} is

defined by
' 2 -exp~*2r«2 ), 0 <r'< r,,

0, r, < r' < oo.

80
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For fixed spray cone radius, ra , the constant K2 is chosen so that

(Jo
r'dr' = .95 exp-*2r ' 2 r'dr', (3.2) 

o o

with KI chosen to conserve the mass flow between the atomiser and spray cone, according to equation (2.37). 

In assigning a functional form for the shadowing coefficient, 7, one wishes to be able to compute as wide 

a range of billet surface geometries as is possible. Equation (2.56), which is valid for surfaces in «Si, assumes 

that all spray above the lower spray boundary is deposited on the billet, whilst spray from the "overlapping" 

mass flux vectorfield, g2 , can only be deposited above the lower spray boundary. This is rather restrictive, 

especially when dealing with billet surfaces such as in Fig. 2.9a, or with the start of production runs where 

the collector is positioned low on the axis of rotation. The following procedure correctly computes g for 

surfaces in «Si , but is also able to handle these other cases.

1. Setting 7 = 1 in (2.69), and integrating firstly over r\ € [0,1], and then over T% 6 [0,1/2] and 

T2 6 [1/2, 1] separately, defines two vectorfields g1 and g2 respectively, see Fig. 3.1.

A cylindrical polar coordinate system, (TI,ZI), is defined within the crown frame of reference. Inte­ 

gration of (2.69) to give a value for g 1 and g2 at (ri, z\) is performed using the midpoint rule, giving 

second order accuracy. An integration step ATI « .01 is used to integrate over the scanner period. The 

integration step, Ar2, used to integrate over the rotation, is chosen according to the time interval over 

which there is a non-zero mass flux through (r\,z\}\ typically Ar2 ~ 10~ 2 also. Values of these vec­ 

torfields are computed and stored at points on a regular mesh. 1 In later evaluation of the vectorfields, 

linear interpolation from the stored values is used.

2. For any axisymmetric billet crown surface, (i.e. steady or transient), assume a representation in 

terms of a sequence of surface points, (<7j,0t), (or (r{,z{) in the cylindrical crown coordinate system). 

Computation of g from gl and g2 proceeds as follows.

(a) Start where the surface meets the billet axis of rotation; assume that

i.e. all spray is deposited.

(b) Move through the sequence of surface points, moving away from the billet axis of rotation along 

the surface. At each point, ((?i, #»), compute the surface normal vector, n, using the linear surface 

segment between (<7i,0») and the previous surface point considered.

(c) Compute g^.n and g^.n at (0^,0,). Define

, Oi.n<0,

0,
(3-3)

(3.4)

1 For results in this thesis a mesh spacing 

been used throughout.

1, g2 .n<0, 

0, g2 .n >0,

= 0.02 in radial and vertical directions, r\ and zi respectively, has
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and

72, t, t =72*» n (3.5)

where Ji is the set of surface points that have been considered before (<r;,0t); 72,i = 1 initially, 

on the billet axis of rotation.

(d) Set

+7t,2<72 - (3.6)

For a large proportion of billet surfaces, g l .n < 0 for 9 e [0, Tr/2] and g 2 .n increases through zero only 
once for 9 6 [0,7r/2]. For such surfaces, (including those in 5i), the above approach allows the accurate 

computation of g and is quick to implement.

02 0.4 0.6 0.8 1 0.8 12 1.4

Figure 3.1: Computed mass flux distribution vectorfields on a regular grid, r, = 1/2, a(t) = 45°; a) g^ b) 

9i, c) gl +g2 .

To compute a steady state crown shape the solutions of

(3.7)

are found by computing the turning points of gff (ff,Q) and using the bisection method on each interval 
containing a solution. For each solution, cr = /o, of (3.7) for which

ff-(/o,0)>0,

a steady state, a - f(d) = 0, to equation (2.71) is found by integrating equation (2.72) forward in 9 from 
the initial condition

/o- (3.8)
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The numerical integration is caried out using a second order Runge-Kutta method, (modified Euler), with 
fixed step A0 = ^. Exploiting equation (2.82), the initial condition (3.8) is replaced by

= /o, (3 - 9 )

as an initial condition for the numerical solution; /(#) being integrated forward over 9 6 [A0,7r/2j. This 
avoids the problems of computing Ji on the billet axis, (where it takes values -co, 0 and +00), and introduces 
a local error of O(A02 ) only.

3.2 Fixed angle sprays: generic features

For a fixed angle spray, a(i) = constant, computation of the mass flux distribution fields is very quick, 
involving only integration over the rotational movement. The billet axis flux distribution function, -g^a, 0), 
is given simply by

-£,(*, 0) = 0(r'[flr,0])cosa, (3.10)

see Fig. 3.2. Thus (3.7) is easily solved.
In Fig. 3.3 are plotted computed steady state billet crown profiles in the (ri, 2i)-plane for o = 45°, r, = 

1/2. Values of // of

/* = .5 + A;A/z : A/i = .5, k = 0,..., 17

have been taken. From Fig. 3.2 it is seen that —ga (a,Q} « 10 at its maximum value. Hence, this choice of 
p, adequately covers the range of solutions to (3.7).

0.4 0.6 0.8 1 1.2 1.4'0 0.2

Bi I I et axi s 
Figure 3.2: Axis flux distribution, —ga (v, 0), for a fixed angle spray; r, = 1/2, a = 45°.

With increasing ratio, p., of withdrawal rate to mass flow rate, the steady state crown profiles form a 
series of nested curves. The outermost steady states, (small //), are concave and lie in S\. As p, increases the 
steady state profiles become markedly more dome shaped and the height at which they intercept the billet 
axis of rotation decreases. Eventually, (p. ~ 3.6), the steady states lie completely below the overlapping 
spray boundary, so that some of the averaged spray will pass over the top of the billet and will not be 
deposited. For these steady states <j 2 .n —»• 0, and the averaging approximation might not be uniformly valid
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over the whole billet surface, or on the timescale e' 1 , (see the discussion in chapter two, section 2.2.2, and

Fig. 2.10b).
When fi, is small, and the billet crown collects all of the spray, the steady state billet radius, rb , should

be given by
1

fJ,= -22 ' (3.11)

For steady state crown shapes corresponding to

= .5 + fcA// : A/z = .25, k = 0,..., 34,

(i.e. including those in Fig. 3.3), values of rh and /z~ 1/2 were compared to produce Fig. 3.4. Fig. 3.4 

illustrates the validity of the mass balance, (3.11), for small //, (i.e. ^ < 3.6). In this range, equation (3.11) 
is satisfied with an error of order 10~ 3 , which gives a measure of the accuracy of the computation of both 

the mass flux distribution and the steady state profiles.

0 5 -

0. 25 -

-1. 5 1. 5

Rod! al di st once

Figure 3.3: Family of nested steady state crown profiles; r, = 1/2, a = 45°, /z = .5 + fcA/z : A/z = .5, k = 
0.....17.

Concave steady states present a number of physical problems for production. Firstly, the concavity will 
be difficult to detect visually, since from a side view the billet crown will appear to be flat-topped. This has 
obvious repercussions for any control system based on height measurement, (see [99]), should such a steady 
state profile be approached. Secondly, the flight distance of different points on the billet crown from the 
atomiser has its greatest variation with concave profiles. This is due to both their larger size and to their 
particular shape. Hence, the thermal condition of the spray on deposition will have its greatest variation 
for billet surfaces that approach these steady states, and this may be reflected in the microstructure of 
the finished billet. Lastly, concave surfaces are probably more concave in reality than are predicted by the 
model. More spray is likely to stick at the outer radius of the billet, where the spray will be wetter and the 
impact angle of droplets impinging on the surface will be less oblique, than close to the billet axis. Thus,
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••. 2 :• A w t , e i 12 14mu~' 5

Figure 3.4: Validity of the mass balance

the assumption of there being only small local variations from the mean sticking efficiency, will be less valid 

for this geometry.

Of clear interest is the stability of steady states such as those illustrated in Fig. 3.3. In Fig. 3.5 the 

stability of the steady states corresponding to p = .5, 1, 4 and 9 has been analysed according to theorem 

2.3.1. This theorem provides sufficient conditions for a finite perturbation, /(0,77), to a steady state solution 

of equation (2.71), cr = f(9), to be decreasing in absolute value on an interval 0 e [0,6] C [0,ai]. The 

areas shaded in Fig. 3.5 are those areas where, for each value of /z and for the vector-field g = g^ +g~2 , the 

conditions of theorem 2.3.1 are not met.

It is seen from Fig. 3.5 that for each steady state considered it is possible to define an interval of stability, 

[0,6] c [0.7T/4], but that the conditions of theorem 2.3.1 may not be satisfied on the whole interval [0,7r/4]. 

This suggests that parts of the steady states considered are not stable, in the "strong" sense implied by 

theorem 2.3.1. In fact, one can see from the proof of theorem 2.3.1 that, when only condition a) of the 

theorem holds, along an interval of the steady state, then the perturbation will grow in size. Condition a) 

of theorem 2.3.1 holds in those parts of the (a, 0)-phase plane where 9 is increasing along all phase paths.

In order to interpret Fig. 3.5 more clearly the vector field -p,ki -g^ -g2 is computed. This vector-field 

gives the relative velocity of all possible points on the billet surface, within the crown frame of reference, 

assuming that all spray is deposited. In Figs. 3.6 and 3.7 the spray boundaries and the steady state profiles 

for p. = .5, 1, 4 and 9 have been superimposed onto the respective vector-fields. This gives the (ri, z\) "phase 

plane" for each fixed value of //, illustrating possible transient growth of the billet crown profile towards the 

steady state. Away from a = 0 there is a 1 - 1 mapping between this phase plane and the (a, 0) phase plane 

discussed in chapter two, with the main features of the phase plane being preserved. Whilst the (<j, 6) phase 

plane was convenient for the previous analysis the (r1} zi] phase plane is physically more intuitive here. 

Evident in both Figs. 3.6 and 3.7 is a saddle point where the steady state profile intercepts the billet axis



CHAPTER 3. STEADY STATE BILLET GROWTH 86

0.2 0.4 0.6 0.8 I 1.2 1.4 0 0.2 0.4 0.6 0.8 1.2 1.4

0 0.2 0.4 0.6 I 1.2 1.4 0 0.2 0.4 0.6 0. 2 1.4

Figure 3.5: Stability of steady state crown profiles, rt = 1/2, a = 45°; a) p, = .5, b) /x = 1, c) /z = 4, d) 
p. = 9. Conditions of theorem 2.3.1 fail in shaded areas.
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1.5

1.5

0.5

-1. 5 -1 -0. 5 0 0. 5 1. 5

Figure 3.6: (n^-phase plane, r, = 1/2, a = 45°; a) p = .5, equilibrium points and the line £(A) are 

marked, b) p = 1. Surface velocity vectors - green, steady states - red, spray boundaries - black.
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Figure 3.7: (ri,zi)-phase plane, rs = 1/2, a = 45°; a) /z = 4, b) /z = 9. Surface velocity vectors - green, 

steady states - red, spray boundaries - black.
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of rotation, and it is clear that the steady state profile does represent the unstable separatrix of the saddle. 

Further down on the billet axis of rotation, can be seen a second saddle point, corresponding to the second, 
(unstable), solution of (3.7). The line £(A), (discussed in chapter two, section 2.3.3), where the mass flux 

component perpendicular to the billet axis of rotation is zero, is a straight line in the case of a fixed angle 
spray. It runs perpendicular to the billet axis of rotation and extends out to £3. Along this line are further 

equilibrium points, which in this case are unstable spirals. The distance of these equilibrium points from 
the billet axis of rotation decreases as p, increases. These features are marked out in Fig. 3.6a, for clarity.

Remarks

1. It is emphasised that these phase portraits correspond to the situation for which all spray is deposited 
on a given surface, (i.e. g = g 1 +<7 2 )- For billet surfaces where this is not the case the radial component 
of the mass flux arriving at points on £(A) might not cancel out, and for such surfaces the unstable 
spirals will not exist.

2. Here and later on in the thesis, arrows used to graphically represent vectorfields at points on a regular 

grid have a shaft length drawn which is proportional to the square root of the magnitude of the 

vectorfield at that point, rather than directly proportional. The reason for this is that \\g\\ decreases 

approximately proportionate to rf, so that choice of a linear shaft scaling produces phase portraits for 
which the features are difficult to see at a distance from the billet axis.

There are two distinct shaded regions in the (ri, zi)-planes shown in Fig. 3.5.

• The first region occurs closer to the origin and appears to be associated with the phase plane dynamics 

of the unstable spiral and lower saddle point. One can see from Figs. 3.6 and 3.7 that in some parts 
of the shaded region, (e.g. close to the billet axis of rotation and above the lower saddle), a transient 

surface profile will still grow towards the steady state. In those parts of the region both conditions 
of theorem 2.3.1 have failed, (see the remarks following the proof of theorem 2.3.1). In other parts of 

this region only one of the conditions has failed. For billet radii, r\> w 1, that are growing close to the 
steady state, this region is of little practical interest.

• The second shaded region in Fig. 3.5 runs close and roughly parallel to the lower spray boundary, up 

towards the atomiser. This region appears to only occur for smaller /z, and appears to be connected 

with the steady state profile turning round sharply before exiting the lower spray boundary. Since in 

Fig. 3.6, 9 is observed to increase along the phase paths in this region, it is clear that only condition b) 

of theorem 2.3.1 has failed here. Hence, perturbations from the steady state will grow in this region. 

The instability here seems to arise because phase paths lying close to the steady state diverge from it 

as they turn around and follow it from the spray region. This is seen more clearly in Fig. 3.8, which 

has "zoomed-in" on this part of Fig. 3.6b, for // = 1. This feature seems to be particularly evident 

when the steady state is concave, since in this case the surface profile must turn sharply before crossing 

the lower spray boundary.

The second unstable region disappears as p is increased from 1.6 to 1.75, as the steady state profiles contract 

and become convex, see Fig. 3.9. For larger // the steady state profiles contract still further and parts of the 

surface can become influenced by the unstable spiral, (e.g. Figs. 3.5c and 3.5d).
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Figure 3.8: Divergence of phase paths from the steady state; r, = 1/2, a = 45°, fj, = 1.
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Figure 3.9: Completely stable steady state; ra = 1/2, a = 45°, a) ^ = 1.6, b) p. - 1.75.
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3.3 Fixed angle sprays: variations with a and rs

Families of steady state profiles for ra = 1/2 and fixed spraying angles, o = 35° and a = 55°, are plotted in 

Fig. 3.10. These may be compared with Fig. 3.3 to illustrate process variation with fixed spraying angle, a. 

There are two main features of this variation.

Firstly, as the spraying angle decreases, steady state profiles become increasingly concave. Larger steady 

states have their radius fixed by \L through (3.11). This in turn fixes the point at which the profile crosses 

the lower spray boundary. For small spraying angle, a, these crossing points are higher relative to Oi than 

for large o, and hence the tendency toward concavity.

Secondly, and not obvious from Fig. 3.10, is that the distance of the steady state profiles from the 

atomiser nozzle increases significantly with decreasing spraying angle, a. The vertical height above O\ of 

the steady state initial condition is given by the solution of (3.7). For moderate spraying angles, changing 

the angle of a fixed angle spray has little effect on either the size of the axis mass flux distribution function, 

-ga (cr,0), or on the distance, zu , between O\ and O<i on the axis of rotation, (which defines the range of 

values of a for which — gff (cr, 0) > 0). This is shown by there only being a gradual shift in displacement below 

O2, of steady states the axis of rotation, between Figs. 3.10a, 3.3 and 3.10b. However, there will clearly be a 

shift in the point of interception of the upper spray boundary with the axis of rotation, (i.e. O^), when the 

spraying angle, o, is changed. The vertical displacement of 0% below the vertical position of the atomiser is 

given by zn + zc — zu . For an atomiser positioned a radial distance, rn = 2, from the billet axis, different 

values of spraying angle, a, produce the changes in zn + zc — zu shown in Table 3.1.

Spraying angle a zn + zc — zu

35° 1.985

45° 1.293

55° 0.790

Table 3.1: Vertical displacement of O% below the atomiser nozzle height; rn = 2, r, = 1/2.

For larger radius billets the variation in flight distance, Dp, with spraying angle is somewhat offset, due 

to the variation in concavity. These billet profiles are in any case undesirable, for the reasons mentioned in 

the previous section. Variation in Dp across the billet surface occurs in a more consistent manner for the 

smaller radius, convex, steady states. Thus, for convex billet profiles, variation of a represents one route for 

changing Dp in a more or less uniform way across the billet surface.

Variations with spraying angle, a, are further illustrated in Fig. 3.14, where (ri,2i)-phase planes have 

been plotted for n = 1 and for the two new values of a. The change in concavity is especially clear. The 

dynamics of the phase plane are qualitatively similar to those of Figs. 3.6 and 3.7. Regions of the phase 

plane within which sufficient conditions for stability are not met, have been shaded in Figs. 3.15a and 3.15b. 

The same steady state profiles for p, = 1 as in Fig. 3.11, are examined. Both profiles have stable intervals 

that start at the billet axis and finish as the billet surface turns to leave the lower spray boundary.
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Figure 3.10: Families of steady state billet crowns, r, = 1/2; a) a = 35°, /z = .5 -»- fcA/i : 

0,..., 17, b) a = 55°, // = .5 + JfeAfi : A/x = .5, k = 0,..., 13.
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Figure 3.11: (n,*i)-phase plane, rt = 1/2, ^ = 1; a) o = 35°, b) a = 55°. Surface velocity vectors - green, 
steady states - red, spray boundaries - black.
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Figure 3.12: Stability of steady states, rs = 1/2, // = 1; a) a = 35°, b) a =

Varying the spray cone radius, ra

The second way in which some control might be exerted over steady state growth, is by variation of the 

spray cone radius, TV This could be achieved

1. by increasing the radial distance of the atomiser nozzle from the axis of rotation, rn , (i.e. increasing 

the flight distance, Dp, and exploiting the natural divergence of the spray cone),

2. through atomiser redesign, or

3. through variation of the metal and gas flow rates through the atomiser. 2

Each of these possibilities is likely also to have an effect on the thermal condition of the metal spray, and 

for this reason it is worth examining geometrically, the effect of this action. Families of steady state crown 

profiles are plotted in Fig. 3.13 for a = 45° and for spray cone radii r, = 1/3 and r, = 2/3. These may be 

compared with Fig. 3.3 to show variation over a range of spray cone radii. Two main effects are observed.

Firstly, steady states appear to become increasingly concave when decreasing TS . Within the global frame 

of reference, the "diamonds" formed by the intersecting spray boundaries in Figs. 3.13a, 3.3 and 3.13b will 

all lie nested inside one another with decreasing TV Thus, at the same fixed radius, a steady state profile 

must climb higher, (to cross the lower spray boundary), and descend lower, (to its point of interception with 

the billet axis), for small r, than it would have to for large TV

Secondly, there is a significant difference in the vertical displacement of steady state profiles below O? on 

the axis of rotation. For r, = 1/3 the steady states in Fig. 3.13a are much less spaced out than those in Fig.

a Both metal and gas flow rate variations will occur during a production run and must be controlled, see [55].



CHAPTER 3. STEADY STATE BILLET GROWTH 95

H 
e

1. 5 c

0. 5 -

0.5 -

-05 0 

Radi al di st ance

-1 -0.5 0 

Radi al di stance

0.5

1. 5

Figure 3.13: Families of steady state billet crowns, a = 45°; a) r, = 1/3, 

0, ..., 17, b) r, = 2/3 , fj, = .5 + fcA/z : A/i = .5, k = 0, ..., 9.
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0. 5 1. 5

Figure 3.14: (n,zi)-phase plane, a = 45°, /x = 1; a) r. = 1/3, b) r. = 2/3. Surface velocity vectors - green, 

steady states - red, spray boundaries - black.
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Figure 3.15: Stability of steady states, a = 45°, fj, = 1; a) r, = 1/3, b) r, = 2/3.

3.13b, where r, = 2/3. This results from the decrease in g(r'), and hence -gff (<r, 0), caused by increasing r,. 
For larger r,, surface height movement will be more easily measured and more responsive to changes in /z.

A third effect that is observed when the spray cone radius is changed is an increase in flight distance, 
Dp, with decreasing r,. This effect is however much less pronounced than for the variations in spraying 
angle, o, discussed above. This is because variations in the vertical displacement, zn + zc — zu , of 02 below 
the atomiser, are not as great as when changing the spraying angle, a, see Table 3.2.

Spray cone radius, rt 

1/3 

1/2 

2/3

+ zc - z 

1.528 

1.293 

1.057

Table 3.2: Vertical displacement of O2 below the atomiser nozzle height; rn = 2, a = 45°.

Geometric differences are further emphasised by looking at the (ri, z\ )-phase planes corresponding to 
H = 1, for both r, = 1/3 and r, = 2/3, see Fig. 3.14. The underlying phase plane dynamics are similar to 

those described previously. However, the steady state for r, = 2/3 is now completely stable, (according to 

theorem 2.3.1), see Fig. 3.15.
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3.4 Sinusoidal atomiser scanner patterns

The previous sections have shown that considerable variation in steady state crown profile may be achieved 

through regulation of p, and by setting an appropriate scanner angle and spray cone radius. In reality, the 

dimensional spray cone radius, ra , is fixed approximately by the atomiser design and consequent restrictions 

on the ranges of melt and gas flow rates that produce stable atomisation. Also, because the thermal condition 

of the spray varies with flight distance, arbitrary selection of a fixed scanner angle, a, is not feasible. Thus, 

the problem is typically one of having to grow a billet of approximate radius R under the above physical 

constraints, where for commercial reasons, one usually wants R to be as large as possible.

From the numerical results in sections 3.2 and 3.3, it is evident that in trying to do this with a fixed angle 

spray the problems associated with concavity of the billet crown will occur, i.e. measurement, instability. 

These problems appear to be alleviated by using a larger radius spray cone, which results in the steady state 

profiles becoming increasingly convex and stable, (e.g. Fig. 3.15), whilst maintaining approximately the 

same fight distance, Dp , from the atomiser nozzle. However, since in practice one is not able to change rg 

arbitrarily, the same effect is sought after by scanning the narrow spray cone through an angle a(t). Writing

a(t) = ai+a2 a(t), (3-12)

for a(t) 6 [—1,1], provides a convenient characterisation of the scanning angle a(t). The angle c*i is referred 

to as the fixed scanner angle and the angle 0:2 is referred to as the scanning range. The atomiser scans 

through ai ± a.?, degrees, according to the chosen scanner function, a(t). Fixed parameters,

rn = 2.27, 

r, = 1/3,

«! = 35°,
f*\ • a(t) = sin

are used for the computations in this section. The effect of increasing a2 from zero is studied.

Fig. 3.16 shows the flux distribution function, —gff (ff, 0), that results from taking 0:2 = 0°, 3°, 6° and 9°. 

As Q2 increases from zero the function — ga (cr, 0) changes from being unimodal to bimodal. At the same 

time, since the interval (0, zu ), (i.e. the range over which ga (v, 0) ^ 0), increases and the function g(r') 

is spread over an increasingly large range of the axis of rotation, the magnitude of gff (ff, 0) decreases. The 

scanning range, 0:2, at which — gff (cr, 0) first becomes bimodal will clearly depend upon rs and the exact 

scanning pattern a(t) employed.

At a scanning range of ±3° the function — ga (<r, 0) is still unimodal, and is only slightly skewed towards 

the upper spray boundary, O^, at (zu , 0), see Fig. 3.16b. The family of possible steady states is qualitatively 

very similar to that for a fixed angle spray. These are shown in Fig. 3.17. For n = 1 the steady state profile 

is distinctly concave and becomes unstable as it turns to cross the lower spray boundary, see Fig. 3.18. Such 

a scanning range is likely to be useful only for spraying smaller radius billets.

For a scanning range of ±6° the function —ga (a,0} is bimodal, with the larger mode nearest to (2U ,0). 

For fj, « 6.8 and higher there are now two steady state solutions to (2.71), for each value of p. that allows 4
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solutions of (3.7). The two families of steady states are plotted in Fig. 3.19a. The second family of steady 

states lies nested within the first; 19 profiles are plotted in Fig. 3.19a, 16 profiles are plotted from the outer 

family and 3 from the inner family.
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Billet axis
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1 15 
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Figure 3.16: Axis flux distribution, -gff (<r, 0). Parameters, r, = 1/3, rn = 2.27, a(t) = QI +a2 sin 

35°; a) a2 = 0°, b) Q2 = 3°, c) a2 = 6°, d) c*2 = 9°.
: ai =

Interestingly, the two families of steady states give rise to a continuous range of steady state billet radii 

that may be achieved, (i.e. as is also true for a unimodal function, -gff (<r,Q)), but there is a jump in the 

range of heights at which steady states intercept the axis of rotation. The bimodality of -gff (trt 0) is reflected 

in the slightly more angular shape of the steady state profiles in Fig. 3.19a, than those seen earlier. In Fig. 

3.19b are plotted two steady states which coexist for p, = 7.

Further changes resulting from increasing the scanning range can be seen in the (ri, s^-phase plane. For 

M= 1, the steady state at a scanning range a2 = 6° is now only slightly concave, see Fig. 3.19c. In Fig. 3.19c, 

as well as the steady state, the spray boundaries and the surface velocity vectorfield, the H and *i -nullclines 

have also been plotted. The two nullclines are both plotted in blue. They may be easily distinguished since, 

the vectorfield is vertical at all points that lie only on a n-nullcline, and is horizontal at all points that lie 

only on a ^-nullcline, (i.e. the line £(A) discussed previously is a ri-nullcline). The nullclines intersect at 

equilibrium points in the phase plane and are a useful conceptual tool, since they divide the phase piano 

into regions, in each which the surface velocity vectorfield is in one of four main directions.
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-1.5 -1

Figure 3.17: Steady state family for /z = .5 + fcA// : A/z = .5, k = 0,...., 17. Parameters, r, = 1/3, rn = 2.27, 
a(t) = QI + Q2 sin ^ : Q! = 35°, Q2 = 3°.

-1 -0.5 0 0.5 1 1.5 I U 14 Hi At 

Figure 3.18: Parameters, \i = 1, r, = 1/3, rn = 2.27, a(«) = QI + Q 2 sin ? *- : QI = 35°, Q 2 

(ri,*i)-phase plane: surface velocity vectors - green, steady states - red, spray boundaries - black, 

state stability: shaded areas are where the conditions of theorem 2.3.1 do not hold.

I I.J 1.4

= 3°; a) 

b) steady
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Figure 3.19: Parameters, r, = 1/3, rn = 2.27, a(t) = QI + Q 2 sin ^ : Q! = 35°, a2 = 6°; a) Steady state 

families for /i = .5 + fcA/x : A/z = .5, k = 0,...., 15, b) Coexisting steady states at /z = 7, c) (ri, Zi)-phase 

plane at p, = 1: surface velocity vectors - green, steady states - red, spray boundaries - black, nullclines - 

blue, d) Steady state stability for /i = 1: shaded areas are where the conditions of theorem 2.3.1 fail.
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The ri-nullclines in Fig. 3.19c run outwards from the billet axis towards the interception of the lower 

and overlapping spray boundaries, O3 , and in the smaller of the two blue loops. The billet axis of rotation 

is also a ri-nullcline. In the case of a unimodal gff (a, 0), the second, small looped, ri-nullcline would not 

exist. The zi-nullcline seen in Fig. 3.19c is the larger of the two blue loops. The two nullclines intersect at 

the unstable spirals which can be seen in Fig. 3.19c.

In Fig. 3.19d it is seen that the angular nature of the steady state for ^ — 1 results in two unstable 

intervals along its profile, where the conditions of theorem 2.3.1 are not met. In each shaded region the 

phase paths diverge from the steady state as they follow it around each angular section.

As \i is increased the r\ nullclines remain unchanged and the looped zi-nullcline contracts within itself 

towards the region where the mass flux is more concentrated. Due to the shape of the uppermost n-nullcline, 

as the z\ nullcline contracts and the steady states become nested within one another the unstable spirals 

will get progressively closer to the steady state. This may have consequences for the interval of stability 

of steady states at higher values of /z. Further down the billet axis of rotation the contracting z\ -nullcline 

may intersect the looped rx-nullcline, giving rise to new equilibrium points. Eventually, as fj, is increased 

sufficiently for there to be two steady state profiles there will also be two looped zi-nullclines, (see Fig. 3.20a 

&b).

0.5

0-I -0 75 -0.5 -0 25 0

Figure 3.20: Parameters, r, - 1/3, rn = 2.27, a(t) = QI +a2 sin ^ : c*i = 35°, a2 = 6°; a) New equilibrium 

points in the (ri,zi)-phase plane at fj, = 3, b) Two looped zi-nullclines and two coexisting steady states in 

the (TI, zi)-phase plane at p. = 1.

For a scanning range of ±9° the family of steady states are more convex, but also more angular, (see Fig. 

3.21a, where only the outermost family of steady states has been plotted). Dual steady states and multiple 

equilibrium points, away from the axis of rotation, both occur at lower values of p, than with smaller scanning 

ranges, see Fig. 3.21b. Again there is evidence of steady state instability, due to angular shape and due to 

the shape of the uppermost ri-nullcline, see Fig. 3.21c.
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Figure 3.21: Parameters, r. = 1/3, rn = 2.27, a(t) = QI + Q2 sin ^ : QI = 35°, Q2 = 9°; a) Outer family 

of steady states for p. = .5 + fcA/z: A/A = .5, fc = 0,...., 11, b) (n, *i)-phase plane at /z = 1, c) Steady state 

stability, /z = 1.

Fig. 3.22 magnifies those regions of Fig. 3.21b within which extra equilibrium points lie. In the uppermost 

region, (Fig. 3.22a), the two nullclines intersect and then nearly touch again. Here there is a single unstable 

spiral, but for slightly larger /z there will be two unstable spirals separated by a saddle point. In the lower 

region, (Fig. 3.22b), there is a saddle and an unstable spiral.

5 Ob5 0.6

Figure 3.22: Parameters, r. = 1/3, rn = 2.27, a(t) = QI + Q 2 sin ^ : QI = 35°, a2 = 9°; Additional 

equilibrium points in the (ri,zi)-phase plane at /z = 1. Surface velocity vectors - green, nullclines - blue.
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3.5 More realistic scanning patterns

The results of the previous section indicate that by employing a sinusoidal atomiser scanner motion with a 
large enough scanning angle it is possible to produce a convex steady state crown shape of a desired radius. 
However, there are two worrying features that appear to be associated with the use of a sinusoidal scanning 
function, a(£), for large scanning ranges, a^.

1. The steady states produced when —ga (cr,Q) is bimodal are quite angular.

(a) Sharp angular changes in steady state shape appear to lead to unstable intervals of the steady 
state profile.

(b) Sharp angular changes in steady state shape imply sharp changes in both the heat and mass flux 
normal to the billet surface.

2. The shape of the uppermost of the two ri-nullclines that extend away from the axis of rotation is 
undesirable. The unstable spirals that lie at the intersections of this nullcline with the 21-nullcline, 
are quite close to the steady state crown surface, (e.g. Figs. 3.19c and 3.21b), and will get closer with 
increasing /z. This may then effect the stability of segments of the steady state profiles.

The points of intersection of the ri-nullclines with the billet axis are the turning points of —ga ((r, 0). For 
bimodal —ya (cr, 0) there are three turning points. It is conjectured that the ri-nullcline which starts from 
the maximum value of —ga (a, 0) will run out to the point of intersection of the lower and overlapping spray 
boundaries, Oa, whilst the two ri-nullclines that start from the other two turning points of — ga (0, 0) will 
join in a loop.

This conjecture is supported by the results of the previous section and, if true, will be responsible for point 
2, listed above. The ri-nullclines represent those lines along which the mass flux component perpendicular 
to the billet axis is zero. The shape of —ga (a, 0) in Figs. 3.16c and 3.16d suggests that a sinusoidal scanning 
angle results in a larger distribution of mass flux towards the upper spray boundary. It is this distribution 
that results in both the proximity of the uppermost TI-nullcline to the steady state surfaces, and in the 
extent to which this nullcline penetrates the (TI, z\) plane from the billet axis. In order to lessen both effects 
it is necessary to employ a scanning angle which distributes the mass flux more towards the lower spray 
boundary.

Fig. 3.23 shows a typical production scanner function, a(i}. The periodic function a(t), in Fig. 3.23, is 
negative for a larger proportion of the time than it is positive. Thus, the objective outlined in the above 
paragraph should be achieved by this function.

The more intuitive motivation for using a scanning motion which spends a greater proportion of the time 
directing spray close to the lower spray boundary is that the spray here will be deposited on the outside of 
the billet and there is more surface area here. It is this reasoning that has traditionally driven the design of 
scanner angle functions, a(t), that are used in production. 3

3 The reasoning is not entirely correct since, the results of this chapter show that billet radius can be fixed, and the billet 
crown allowed to grow to the shape that is necessary to capture the right amount of mass for that radius.
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In this section the effect of using the scanner function of Fig. 3.23 with a variety of scanning ranges, a2 , 
is examined. Other parameters are fixed, (as before), to allow comparison with the results of the previous 
section.

rn = 2.27,

r, = 1/3,

ai = 35°.
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Figure 3.23: Typical production scanner function, a(t).

Fig. 3.24 shows the effect on — gff ((r, 0) of increasing a2 , using the scanner function of Fig. 3.23. For 
ai = 3° the function —gff ((7,0) is still unimodal. Comparison of Fig. 3.24b with Fig. 3.16b shows that the 
distribution is now skewed slightly towards O\ , rather than towards O^. As #2 is increased further, bimodality 
of — gff ((T, 0) again results. However, a larger value of #2 is needed before the distribution becomes bimodal. 
The maximum value of —gff (a, 0) is now attained at the lower of the two modes.

For 0:2 = 6° and 0.1 = 9° the families of steady states are plotted in Fig. 3.25. In each case there are 
two families of nested steady states, separated on the billet axis of rotation. The steady states appear to be 
more convex than those produced with a sinusoidal scan, but are still quite angular. The continuous range 
of possible billet radii is well illustrated. The implication of this is that, although there is a large drop in 
height of the steady states on the axis of rotation, the amount of spray that is collected by the billet crown 
varies continuously.

The phase plane for p, = 1, with scanning range Q 2 = 6°, reveals most clearly the effect of changing 
the scanner angle function. The smaller upper mode of —ga (a,Q) now gives rise to a very small, looped 
rvnullcline. As conjectured, the second, lower ri-nullcline runs from O3 to the axial position of the second, 
larger, mode of — gff (a; 0), see Fig. 3.26. Thus now, when p. is increased, the unstable spirals in the phase 
plane move downwards, in the same direction as the contracting nested steady state family.
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Figure 3.24: Axis flux distribution, -gff (ff,0), r, = 1/3, rn = 2.27, e*i = 35°; a) a2 = 0°, b) Q2 = 3°, c) 

Q2 = 6°, d) a2 = 9°.
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Figure 3.25: Steady state families, r, = 1/3, rn = 2.27, a\ = 35°; a) Q 2 = 6°, b) a 2 = 9°.
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Figure 3.26: (ri, zi)-phase plane and steady state stability,
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1; r a = 1/3, rn = 2.27,
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=35°,

Again there are instability problems where the steady state is angular. Fig. 3.26b also shows a shaded 

area on the billet axis, which covers the uppermost looped ri-nullcline, as not satisfying the conditions of 

theorem 2.3.1. However, it is clear from the phase plane in Fig. 3.26a that a transient surface will grow 

towards the steady state in this region also. Similar comments apply to the case 02 =9°, see Fig. 3.27.

I li It It I: I i; LI

Figure 3.27: (n, zi)-phase plane and steady state stability, ^ = 1; ra = 1/3, rn = 2.27, Q\ = 35°, Q 2 = 9 C
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3.6 Scanner angle design

From a purely dynamical point of view, to produce a billet of radius rj, « 1 by control of the ratio //, of 

withdrawal rate to mass flow rate, it would be desirable to have a wide range of y which produce as stable 

as possible steady states over an interval of radii containing rj. The past sections of this chapter have shown 

that considerable variation in the shape of a steady state billet crown of radius r& can be achieved through 

use of different scanner patterns, o(t). The main features of billet shape and of the axis flux distribution, 

-ga (cr, 0), that are considered desirable may be summarised as follows.

1. The range of steady states should be convex. The phase plane plots show that radial motion of billet 

surfaces at small displacements from steady state radii, rj, is much less than the corresponding vertical 

motion closer to the billet axis. Hence, billet height will generally be more responsive than billet radius 

to changes in //, and it will be important to achieve accurate height measurement, see [99].

2. The distribution —ga (cr, 0) should be unimodal. In this way there will be at most one steady state for 

any value of /x. There will also be only a single ri-nullcline, £(A), that extends out from the axis of 
rotation.

3. The distribution -ga (cr,Q) should be skewed towards Oi, rather than O2 - This has the effect of 
positioning the line £(A), and consequently any additional equilibrium points, further away from the 

steady state profiles, (to see the effect of skewing the distribution, —ga ((T,Q), this way for a bimodal 

— gff (a, 0), compare Figs. 3.19c and 3.26a).

In practice, for a given desired dimensional radius, R, the angle, QI, and the spray cone radius, ra , are 
fixed approximately by the desired spray flight distance and the design features of the atomiser respectively. 
Given these, the scanning range, #2, is also approximately fixed by the requirement that the steady states 
be convex, (e.g. in the above sections a scanning range 0:2 ~ 6°, or larger, was needed before steady states 
of radius rj, w 1 became convex). In order to incorporate these features into the process it becomes useful to 
devise some way of including the above loose constraints on —gff (a, 0) in selection of an appropriate scanner 
pattern, a(t). The problem may be addressed as follows.

• Given rn , r a , c*i, 0:2 select a "target" axis flux distribution, 

constraints.

, 0), which satisfies the above

• Define an objective function by

where ||-|| is a norm to be chosen later. Minimisation of Apff over a range of possible ct(t), results in 

an "optimal" scanner pattern, a(t). It is hoped that the optimal a(t) will produce an averaged mass 

flux distribution vectorfield, g, that allows a single family of nested steady states, convex over a range 

of radii, including rj, and suitably stable.

Setting t = Tit, the function a(t) can be written as Q(TI), for r\ 6 [0, 1]. Periodicity of the scanner is satisfied 

by requiring a(0) = a(l), and a(r\) must range between values of ±1. Mechanical constraints on Q(TI) are
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in the form of bounds on |a"(ri)| at its turning points. 4 For a given a(ri) these convert into bounds on 
the maximum scanner frequency that may be used. To reduce any such constraints O.(TI] is required to be 
symmetric about r\ = 1/2, and to be monotone on [0,1/2].

As an example of how this optimisation technique might be used, two cubic splines are chosen as basis 
functions to represent a(ri) on [0,1/2]. Differentiability of <*(TI) requires that

a(0) - 1, 

a'(0) = 0,

= -1,

"'(1/2) = 0,

so that a(ri) is completely specified by the spline knot, rf 6 (0,1/2), by a(rf) 6 (-1,1) and by a^rf) < 0. 
This choice of basis functions for finding optimal Q(TI ) thus implies

For comparison with the previous results of this chapter, model parameters are set at rn = 2.27, r, — 
1/3, QI = 35°, a? = 6°. Preselection of rn , r a , QI and &2, fixes zu , the vertical distance between O\ and 
02- At both 0i and 02 , ga (0,Q) and g^(a, 0) are zero. The target distribution function chosen is shown in 
Fig. 3.28. It clearly satisfies all the above, loose, constraints on the axis flux distribution.

I 6

Figure 3.28: Target axis mass flux distribution <?J(cr, 0); rt = 1/3, rn = 2.27, QI = 35°, Q 2 =6°.

Dividing the interval c 6 (0,zu ) into N equal subintervals, separated by points {crjt} =̂0 , the norm in 
(3.13) is chosen, (for this example), to be given by

, 0)1 (3.14)

Here, ' denotes differentiation with respect to T\.
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The minimisation problem can then be solved using NAG routine E02JAF, which employs a quasi-Newton al­ 

gorithm, incorporating the bounds on T*, a(r*) and a'(r*), and using function values A^(r*, Q(T*), ce'(ri)) 

only. Graphical results from the minimisation, in the form of the axis flux distribution, -ga ((r, 0), and op­ 

timal scanner function, Q(TI), are shown in Fig. 3.29.
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Figure 3.29: Minimisation results, r, = 1/3, rn = 2.27, c*i = 35°, a2 = 6°; a) Solution scanner angle function 

a(<), b) Target axis mass flux distribution, g%(cr, 0), (black ) and solution axial mass flux distribution, 

&r(M)> (green).

Figure 3.30: Minimisation results: steady state family /x = 1. + 

rn = 2.27, ai = 35°, Q2 = 6°.

: A/x = .1, jfc = 0, ....9, r, = 1/3,
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For this scanner angle function there is a unique family of steady state crown profiles which become 

convex at /z ss 1.1, see Fig. 3.30. With increasing fj. the unstable spirals in the phase plane move towards 

the billet axis, along £(A), and away from the steady states, see Fig. 3.31.

Figure 3.31: Minimisation results: (n,zi)-phase planes, ra = 1/3, rn = 2.27, ax = 35°, a2 = 6°; a) p = 1, 
b) n = 2.

3.7 Summary

• Computation of steady state billet crown surfaces using the methods outlined in section 3.1 shows that 

for unimodal axis mass flux distribution -^(M) the steady state surfaces form a single family of 

nested curves with increasing ratio, /z, of withdrawal rate to mass flow rate.

• Steady states are increasingly convex with increasing ^.

• Numerical computations of billet radius, rb , are in very good agreement with analytic predictions, 

(3.11). Even for larger /*, when some mass misses the billet, the mass balance (3.11) still provides a 

reasonable guide to steady state billet radius.

• For fixed angle sprays decreasing the spraying angle produces steady states that are increasingly concave 

and which are situated at a greater distance from the atomiser. Increasing the spray cone radius 

produces more convex steady states whilst maintaining approximately the same flight distance.

• Computed steady states are all stable to finite perturbations along some interval of their length. The 

interval of stability extends from the billet axis some way out towards the lower spray boundary.

• Commonly, the interval of stability is terminated where the steady state profile turns to cross the lower 

spray boundary. Here the phase paths diverge from the steady state.
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• The size of the interval of stability and the size of finite perturbations from the steady state which will 
decay can both be influenced by other features in the phase plane, such as the proximity of unstable 

spirals to the steady state.

• The vertical component of a displaced billet crown surface velocity towards a steady state, across most 
of the top of the billet, is greater than the radial velocity component towards the steady state, along 
the sides of the billet. Hence, any control algorithm employed should exploit this greater sensitivity.

• Because the interval of stability frequently does not extend to the lower spray boundary, greater 
"weighting" should be given to the significance of variations in surface height measurements that are 

taken from closer to the billet axis.

• Concave steady state crown shapes do not allow simple visual measurement of surface height, due to 
obscuration. Concave steady states also imply a greater variation in the thermal condition of deposited 
spray, across the billet surface, than for convex surfaces. Thus, concave steady states should be avoided.

• Use of a scanning atomiser distributes the mass flux more widely, generally producing more convex 
steady states with increasing scanning angle.

• For large enough scanning range, the axis mass flux distribution function, —ga (a, 0), becomes bimodal 
and there exist two nested families of steady state crown profiles. In this case there will be a range of 
p, over which two stable steady states will coexist for each value of p,.

• Bimodal — gff (c, 0) is often reflected in angular steady state crown shapes.

• A sinusoidal scanner angle function produces bimodal — gff ((r, 0) with maximum mode closest to the 
upper spray boundary. This results in the tendency for additional equilibrium points in the phase 
plane to be closer to the steady state surfaces than with corresponding fixed angle sprays and unimodal
-ga (a, 0). More realistic scanner angle functions, such as those used in production, distribute the mass 
more towards the lower spray boundary.

• By suitably defining a target axis flux distribution, -g^(cr, 0), and solving a minimisation problem a 
scanner function can be derived, for which —gff (<r, 0) remains unimodal for a wider range of scanning 
angles than with current production scanner functions. This eliminates the possibility of catastrophic 
transient motions between coexisting steady states, whilst also moving any possible additional equi­ 
librium points in the phase plane away from the steady state profiles. This might be exploited either 
in the more reliable production of standard sized billets or in attempting to produce larger diameter 
convex billets.

• Definition of the target axis flux distribution is only loosely constrained by the requirements that
-g%(<r, 0) be unimodal and skewed toward O\. It is not sensible to impose further constraints, since 
any such constraints should properly come from consideration of the heat flow characteristics of the 
steady state rather than be motivated by growth dynamics.



Chapter 4

Transient Billet Growth

This chapter focuses on solution of the averaged equation for transient slow-time axisymmetric billet growth, 
i.e.

x 1 ,T,). (4.1)

Here, x\ and 77 are respectively, the position vector within the crown frame of reference and the slow-time 
variable, (i.e. 77 = et). Cylindrical coordinates, xi = (TI,ZI), are used within the crown frame of reference; 
fci denotes the unit vector in the direction of the billet axis of rotation. The functions 14(77) and ^(T?) are 
respectively the withdrawal rate and the mass flow rate through the atomiser. The billet surface is defined 
by

FO(XI,*) = O, (4-2)

with suitable initial conditions at 77 = 0. The function g(F0 ,xi) is the axisymmetric averaged mass flux 
distribution vectorfield. This is computed for any surface by the methods outlined in chapter three, (section 
3.1). This computation relies on FQ, although for those surfaces for which the averaging approximation, FQ, 
is properly valid one is able to express g as a function of xi only.

Computational details of the numerical method employed in solution of (4.1) are presented in section 
one. A numerical investigation of different strategies which might be adopted for controlling the intial stages 
of a production run is carried out in section two. The ability of the model to simulate well real billet growth 
that has occurred on a production run is demonstrated in section three. Section four examines the generic 
transient motion that occurs between steady state billet crowns following a small step change in the ratio, 
//, of withdrawal rate to mass flow rate. A model simulation of the "catastrophic" transient growth that can 
occur between two coexisting steady states is presented in section five. The chapter concludes with a brief 
summary.

4.1 Computational details

Within a cylindrical crown coordinate system, movement of a point (ri, z\] on the billet surface is governed 
by the equations

(F0 ,ri,zi), (4.3) 

113
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drj
(4.4)

where <7ri (Fo,ri,zi) and <7 Zl (^b>ri,zi) are respectively the r\ and z\ components of the averaged mass flux 

distributon vector field, g(F0 ,ri,zi). Initial conditions for the axisymmetric surface F0 (ri,zi,Tj) = 0 are 

given by
I ?ri — ?... f) < r-i < r-

(4.5)
f) < r, < r" * 1 _^ ' C)

- r 0 < zi < zc .

In the numerical scheme, fctot points {(r*,z*)}*l!j are selected on the initial surface, Fo(ri,zi,0) = 0. 
The points are initially spaced a maximium distance dsmax apart. The point (r*tot , z*tot ) always lies on the 
billet axis of rotation, and the initial spacing of points is also chosen so that a surface point lies at the sharp 
corner of the collector. 1 The separation of points according to the mesh spacing, dsmaz , continues along 

the top of the collector and down the sides of the collector until k = kapbd, which is defined as the last point 
along the surface for which ||fir(-fb,ri,z*)|| > 0, i.e.

For k < kgpbd, no billet growth occurs and a coarse spacing of surface points is selected, sufficient to represent 
the collector geometry, see Fig. 4.1.

z,=zc
lower spray 

*"**? ........... boundary

o,
Figure 4.1: Choice of initial surface points for integration

Advance of the surface approximation over one time step proceeds as follows. 

1. At time 77 a timestep dr? is selected for the next integration step by

dr? = — (4.6)

1 The solutions to hyperbolic problems such as (4.1) are not generally smoother than their data. Although not particularly 

important for consideration of billet growth, it is important for the billet solidification algorithm, (which is developed in chapter 

seven), that the initial sharp geometry of the collector is preserved. It is this that has motivated the numerical method used 

here. Integration of (4.3) and (4.4) along the characteristic projections of (4.1) is preferred to an adaptation of either the box 

or Lax-Wendroff schemes, (which would both seem sensible for an equation such as (4.1)), since these methods tend to smooth 

out discontinuities that are propogated naturally along the characteristics.
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(This selection ensures that growth is of order dsmax on each iteration.) 

2. For k = ktot , ktot - 1, ••••, k^d, compute g(Fo, r*, zk ) using the methods in chapter three, section 3.1.

3. For k = fct 0t, ktot — 1> •••-, , 2, 1, integrate forward (4.3) and (4.4) to give (/"* (77 + drj), z k (77 + dr]}} from 
(ri (^)) zi C 7/))) using a second order Runge-Kutta scheme, (Improved Euler).

max

4. For k = 1, 2, 3, ..., ktot - 1, fcto< ; if

\\(r k r k \ — (r k ~ l y*" 1 ^! ^ H « IK 7 !) 2!; l r l ) 21 J|| > Qs

then add an extra surface point at the midpoint of (r^zf) and (rf" 1 ,^" 1 ).

5. Renumber surface points including any new surface points and update the total number, ktot-

6. Update kspbd using new values of (r k (r) + dry), zk (77 + dr;)).

Addition of new surface points is necessary to preserve an accurate surface representation, since it can 
be seen from the phase plane plots of the chapter three that points on adjacent characteristic curves will 
diverge from each other. Because dr/ ~ dsmaz and 77 = O(l) the scheme maintains O([dsmax ] 2 ) accuracy 
in computing points on the characteristic curves throughout the integration. Linear interpolation between 
adjacent surface points then preserves this accuracy at new surface points.

For a higher order scheme it is necessary not only to increase the order of the integration scheme used 
for (4.3) and (4.4), but also to use a more accurate method for approximating the surface profile between 
computed surface points. The computations carried out in the following sections all take dsmaz = .01.

4.2 Choice of initial conditions

For scanner functions, a(t), that produce either unimodal or bimodal axis flux distributions, ^.(cr, 0), the 
desired operating point for steady state billet growth will be the uppermost steady state crown profile. The 
lower steady state, (if and when it exists), will be of smaller radius and will have a reduced material yield.

Collectors of different radii may be used, but their geometry is otherwise fixed. Collector radius is chosen 
to correspond to the desired billet radius, i.e. rc w 1. The initial vertical displacement of the collector top 
below the atomiser nozzle, zn , and both the withdrawal velocity, w(r/), and mass flow rate, m(r;), for the 
initial part of the run, must then be selected in order to eliminate unwanted features of the transient growth 
towards steady state. In this section certain generic start-up strategies for the initial part of a production 
run, (i.e. in terms of zn , 14(77) and ^(j?)), are examined. Fixed model parameters are

r» = 2.27,

r. = 1/2,

rc = 1,

01 = 35°,
fi 1 " 

a2 = 6- ,

and the scanner function shown in Fig. 3.23 is used.
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4.2.1 Delayed billet withdrawal

Delayed billet withdrawal is a strategy that is typically adopted during manual control of the billet growth. 

The operator is able to watch a side profile of the billet crown growth on a video monitor. Withdrawal is 

delayed until the operator is able to see the crown shape form, and is instigated by the billet radius exceeding 

its desired value or by suspected billet crown concavity formation.

-1.5 -C b

Rodi oi di si

-0.5 0 0.5 

Rod! a! di stance

-05 0 0.5 

Radial di stare:

3 5

2.5

1.5

Figure 4.2: Delayed billet withdrawal, varying the delay; a) 77, = 1/4, b) 77, = 1/2, c) 77, = 1, d) 77, = 2.

Fig. 4.2 shows billet surface profiles for times 77 € [0,3], plotted at intervals drj % .05, (dependent on 

the integration timestep). The collector is initially displaced a vertical distance zn = 3 below the atomiser 

nozzle. A constant mass flow rate of 771(77) = 1 is adopted throughout, with a stepped withdrawal rate given
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by
0 < r\ < 77,,

(4.7)
r)8 < 77 < 3.

Figs. 4.2a, 4.2b and 4.2c show the effect of using delays r]8 = 1/4, 1/2 and 1 respectively. Initially the billet 
is seen to develop into a conical "hat" shape, which becomes progressively square as the delay is extended. 
When the withdrawal rate is increased at 77 = 77, the billet crown grows towards the steady state crown 
shape for p, = 1.

The shorter delays in Figs. 4.2a & 4.2b result in "necking" of the formed billet close to the collector. 
This can result in a reduction in the length of billet that it is later possible to machine down to a desired 
radius. The same problem does not arise with the longer delay of Fig. 4.2c. Here, the longer delay instead 
results in a bulging out of the billet radius and in a slight concavity developing before the withdrawal rate 
is increased. This bulge will also contribute to machining wastage.

Perhaps a more serious worry than these machining related issues is the nonuniformity of deposit layering 
during this initial period of growth. Initial cooling of the billet will be dominated by heat losses through the 
collector and top surface, with the sides becoming more important as the billet grows taller. The uneven 
layering is thus likely to result in wider variation in solidification behaviour at different parts of the billet 
than would be caused by a more even layering. This may have serious consequences for the quality of material 
formed at the base of the billet. In Fig. 4.2c, just before the withdrawal rate is stepped up, the variation 
between thicker layers and the very thin layers found both near the billet axis of rotation and on the billet 
sides is particularly large.

Fig. 4.2d shows the effect of having 11(77) = 0, 771(77) = 1 for 77 6 [0, 2]. The layers in each of Figs. 4.2a, 
4.2b & 4.2c before the withdrawal rate is incresed correspond to layers in Fig. 4.2d. The thin/thick layering 
pattern emerges as the growth on the billet axis approaches the upper spray boundary and that on the sides 
grows out to the lower spray boundary, whilst the surface in between these two regions grows up towards 
the atomiser. This uneven layering pattern would appear to be an unavoidable consequence of withdrawal 
being delayed for too long.

4.2.2 Immediate billet withdrawal

Delayed withdrawal seems to have the inherent problem of judging the length of delay to be long enough 
to avoid possible necking of the billet base but short enough to avoid very uneven layering. An alternative 
strategy for the initial period of growth is to have no withdrawal delay and to experiment only with varying 
the vertical displacement of the collector top surface below the atomiser nozzle, zn .

Fig. 4.3 shows billet surface profiles for times 77 6 [0,3], again plotted at intervals drj w .05, (dependent 
on the integration timestep). Constant mass flow rate, 771(77) = 1) and constant withdrawal rate, 11(77) = 1> 
are adopted throughout. Figs. 4.3a, 4.3b, 4.3c & 4.3d correspond to initial vertical displacements of the 
collector top below the atomiser nozzle of zn = 3, 2|, 2^ & 2 respectively.

Fig. 4.3a may be compared with the delayed withdrawal computations of the previous section; the 
necking problem is particularly severe. Gradual raising of the collector initial position results in a lessening 
of the necking effect, until it is eliminated at zn w 2^, see Fig. 4.3c. A second consequence of raising the
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collector plate is that the layering becomes increasingly uniform across the billet top. In Fig. 4.3d, where 
the high positioning of the collector results in a bulge, which must be machined, the layering within the 
billet is still fairly uniform, (in contrast to Fig. 4.2c).

-0.5 0 0.5

Radial distance

•05 0 Ob 

Radial distance

-1.5 -i -0.5 u 05 i

Figure 4.3: Varying the collector height; a) zn = 3, b) zn = 2|, c) zn = 2\, d) zn = 2.
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4.2.3 Comments and recommendations

The "hat" shaped billet crowns are commonly observed during the initial stages of manually controlled 

production runs. It is thus gratifying to see that, for parameters that approximate those in the real plant, a 

similar effect is seen in the model. The "hat" shapes arise not only because of the delayed withdrawal but 

also because of the low initial position of the collector plate; as is illustrated by the initial crown shapes of 

Fig. 4.3a, where there has been no delay.

The effect of raising the collector initial position is best understood with reference to the phase plane 

for /x = 1, see Fig. 4.4. For the chosen model parameters the origin of the crown coordinate system, Oi, is 

displaced a vertical distance zn + zc = 5.223 below the atomiser nozzle. Hence the start positions of Fig. 

4.3 correspond to initial collector top surface heights above Ol of zc = 2.223, 2.556, 2.89 and 3.223. These 

start positions have been marked in thick black in Fig. 4.4. Initial growth of the "hat" shaped crowns in 

Figs. 4.3a & 4.3b can then be inferred from the observed horizontal variation in the surface velocity vector 

field in Fig. 4.4 at the heights zl = 2.223 and z\ = 2.556. Choice of zc « 2.89 places the collector almost 

directly at the position of the steady state profile. Larger choices of zc place the collector above the steady 

state in Fig. 4.4. Here horizontal variations in the surface velocity field are less pronounced. Hence, the 

more uniform transition towards steady state that is observed.

Figure 4.4: (r^^-phase plane, ^ = 1. Surface velocity vectors - green, steady state - red, spray boundaries 

- thin black, nullcines - blue, collector start positions - thick black.
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Recommended strategy

A strategy that is recommended, on the basis of the numerical results in this section, is to position the 
collector plate high and withdraw it immediately the deposition starts. Initial positioning of the collector 
too high may result in a slight initial concavity but this soon disappears. Adoption of this strategy is likely 
to lead to more even layering in the initial part of the billet. One problem with practical implementation 
of such a strategy is that the initial mass flow rate and yield must be known so that the correct initial 
withdrawal rate may also be chosen.

Discussion of other problems peculiar to control of the start-up phase of production runs may be found 
in [99]. Metal mass flow rate control for a spray-forming production plant has been considered recently in 
[55]. Initial run strategies in which the collector position has been raised and the withdrawal delay reduced, 
(i.e. from those practices previously adopted), are now commonly used for production runs.

4.3 Production run simulation

During production, height measurements of the billet surface in the crown frame of reference are made, at 
six radial distances, equally spaced from the billet axis of rotation. Measurements of billet radius are then 
made at two different fixed distances below the lowest of the six height measurements. These eight surface 
points are used with the withdrawal rate to provide an estimate of the deposition rate on the billet crown 
surface. This estimate is used in an algorithm for the on-line control of billet radius, [99]. Measurement of 
metal mass flow rate through the atomiser is also made throughout a production run, see [55].

Surface height and radius measurements taken during a production run may be compared directly with 
model output that is produced using mass flow rates and withdrawal rates that approximate those measured. 
Fig. 4.5 shows as an example, the results of doing this for Alcan/Cospray production run reference number 
D26NG706. Aluminium alloy 2618 is sprayed. Fig. 4.5a shows the measured billet profiles, mass flow rate 
and withdrawal rate. 2 The first measured billet profiles are not shown, due to the difficulties of obtaining 
accurate visual measurement during the early stages of the run, see [99]. Fig. 4.5b shows the mass flow 
rate and withdrawal rate approximated by piecewise linear functions and the billet profiles predicted by 
the model using these process functions. Linear interpolation is used between both measured and modelled 
surface points, the surfaces being plotted at time intervals of 19.8 seconds, (in the case of the model results 
this interval is only accurate to the nearest timestep). Model parameters used are fn = .34m, fa = .075m, 
rc = -15m, QI = 35° and c*2 = 6^°. The scanner angle function shown in Fig. 3.23 has been used.

The model simulation captures well the qualitative features of the measured data. Both modelled and 
measured billets are slightly necked near their bases, then bulge out slightly before becoming approximately 
straight sided. The slightly hat shaped initial surface profiles that become more domed as the withdrawal 
rate is stepped up are also predicted; as is the overall thickness of layering, the billet height and radius. 
However, the model crown profiles are generally less rounded than the measured profiles, and the necking 
effect is less pronounced in the model.

2 Data supplied by J. Heath and J. Myerscough. Measurements made via methods described in [55, 99].
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Figure 4.5: Results of simulating run reference number D26NG706; a) Measured, b) Modelled.

The difference in crown shape may be attributable to a number of factors. Firstly, the spray cone radius 

may vary with atomising conditions and is difficult to measure during production. A value ft 6 [.05, .075]m 

is realistic. There will be some variation in the crown shape produced by a simulation over this range of 

values. Secondly, the model assumption of a spray sticking efficiency that is uniform over the whole of 

the billet crown may be inaccurate. Lastly, the spray distribution within the spray cone, (which has been 

assumed to be a truncated normal distribution), may vary. Given these possible variations, (resulting from 

the model formulation), Fig. 4.5 provides encouraging evidence for the model's validity.
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4.4 Generic transient motion

Model control of the slow-time transient motion of the billet surface, to grow a billet of uniform radius, is 

achieved through control of the ratio, /i, of withdrawal rate to mass flow rate. In this section are examined 

the generic transient motions of the billet surface between steady states, that result from small increases and 

decreases in \i. Fixed model parameters are rn = 2.27, r a = 1/2, rc = 1, zn = 1\ 0.1 = 35° and a2 = 6|°, 

and the scanner angle function shown in Fig. 3.23 is used. The model is integrated for 77 e [0,6].

The first computation assumes a consant mass flow rate, 771(77) = 1, with a stepped withdrawal rate

(4.8)
1, 0 < TJ < 3, 

1.235, 3 < 77 < 6.

This step change in u(rj) is chosen to result in a change in the steady state growth from a steady state billet 

crown of radius 1 to a steady state billet crown of radius 0.9.

Fig. 4.6 shows the process functions 771(77) and u(T7), together with the predicted billet growth. Transition 

to the smaller radius steady state in response to the step change in U(TJ) is smooth. The layer thickness 

increases due to the constant mass flow rate and reduced radius. To maintain layer thickness through such 

a transition requires that the same step increase in /u be implemented by lowering 771(77) a^d keeping u( 

constant.

3 
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Figure 4.6: Step increase in 11(77); transition to a small diameter steady state.

In Fig. 4.7 are shown a series of surface profiles in the crown frame of reference. These profiles are the 

same as those shown in the full billet view of Fig. 4.6, but effectively correspond to the "operator's eye" 

view of the transition. Each picture corresponds to an interval AT? = 1 of the billet growth and plots crown 

profiles separated by intervals 677 % 0.1, (accurate to the nearest integration timestep).

Running through Figs. 4.7a, 4.7b, 4.7c, 4.7d, 4.7e & 4.7f, the following features can be seen. Firstly,



CHAPTER 4. TRANSIENT BILLET GROWTH 123

transition from the angular collector into the steady state of radius 1. The steady state is approached fastest 

on the billet axis of rotation, and then spreads outwards. Transition times are O(O.l) close to the billet axis 

of rotation and O(l) further out. The steady state shape is reached at all points by r; % 2, see Fig. 4.7c. At 

r, = 3 the step increase in withdrawal results in the crown profile dropping towards the new steady state, 

Fig 4.7d. Again fastest transition is close to the billet axis of rotation, with the shoulder and sides of the 

billet crown converging last, Fig. 4.7e. Eventually the new steady state is reached.

Figure 4.7: Step increase in ufa); transient crown profiles, a) 77 e [0,1], b) r, 6 [1,2], c) rj e [2,3], d) rj e [3 4] 

e) 77 6 [4,5], f) 776 [5,6].

The second computation studies the reverse transition from a smaller radius steady state to a larger 

radius steady state. A constant mass flow rate, mfa) = 1, is assumed, with a stepped withdrawal rate

(4.9)
1.235, 0 < r] < 3, 

1, 3<r?<6.

Fig. 4.8 shows the process functions rh(rj] and u(r/), together with the predicted billet growth. Fig. 

4.9 shows the transitory motions in the crown frame of reference; again over time intervals AT? = 1 with 

surface plots separated by intervals 6r, « 0.1, (accurate to the nearest integration timestep). The pattern 

is broadly similar to that for the first computation. Steady state transition times vary between O(O.l) and 

0(1) dependant on surface position. The faster transition times occur at points closer to the billet axis, so 

that the spreading motion, that is evident close to the steady state in the phase plane plots of chapter three, 

is observed in the computed transient motion.
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Figure 4.8: Step decrease in 14(77); transition to a larger diameter steady state.

Figure 4.9: Step decrease in 14(77); transient crown profiles, a) 77 e [0,1], b) 77 6 [1, 2], c) 77 6 [2, 3], d) 77 6 [3, 4], 

e) 77 e [4, 5], f) 77 6 [5, 6].
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4.5 Hysteresis

In chapter two it was commented that for bimodal distributions of mass flux along the billet axis of rotation 

a small fluctuation in fj, could result in a transition between two coexisting steady states. Such transitions 

represent a problem for control, due to their unpredictability.

Those bimodal axis flux distributions, — gff (v, 0), that have been encountered until now have had modes 

at values — gff (ff, 0) « 5, or larger, (see for example Fig. 3.24). Since, for a properly scaled problem one 

expects /z « 1, hysteresis is unlikely to occur during normal production. However, a variety of factors may 

combine to increase this likelihood. Perturbations in the scanner function, a(t), may occur due to machine 

wear, and in the spray cone radius, ra , due to poor control of atomisation.

As an example, averaging of the scanner function, a(t) of Fig. 4.10a, with c*i = 35°, a2 = 7° and rt = .4 

produces the axis flux distribution shown in Fig. 4.1 Ob. Bifurcation from one to two steady states now takes 

place at // w 2.8, see Fig. 4.11. Using this scanner pattern, and the corresponding averaged mass flux field, 
it is possible to simulate billet growth through hysteresis.
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Figure 4.10: a) Perturbed scanner angle function, b) Resulting bimodal axis flux distribution, —gff (0,ti).

Fig. 4.12 shows a chosen mass flow rate and withdrawal rate. The withdrawal rate is kept constant 

and the mass flow rate drops suddenly at 77 w 1 , then recovers to its previous level. This scenario might 

represent that of a sudden partial metal flow nozzle blockage in the atomiser, which eventually clears itself. 

Also shown in Fig. 4.12 is the full grown billet, with layers plotted at intervals 6rj % .05.

The billet initially grows towards a rather pointed steady state, belonging to the outer family of steady 

states in Fig. 4.11. This is followed by a series of very thin layers as the mass flow rate drops. During this 

time the value of /z is such that no steady state exists in the outer family. Consequently, the billet crown 

drops. When the metal mass flow rate recovers, there again exist two steady states. By this time the billet 

crown has dropped so far that it continues to move towards the steady state from the inner family of steady 

states in Fig. 4.11.
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Figure 4.11: Families of steady states; outer family - /z
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Figure 4.12: Simulated hysteresis due to sudden drop in mass flow rate.
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In Fig. 4.13 are shown the same surface profiles in the crown frame of reference, with approximately 

ten surface profiles separated by time intervals 6rj % .05 per picture. Figs. 4.13a & 4.13b show the initial 

transient from the collector shape converging to a pointed steady state, for 77 < 1. Figs. 4.13c & 4.13d show- 

the rapid drop of the billet crown as the mass flow rate drops off, followed by the growth out into the lower 

steady state.
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Figure 4.13: Simulated hysteresis due to sudden drop in mass flow rate; transient crown profiles, a) 77 6 [0, .5], 

b)r/6[.5,l],c)77 e[l,1.5],d)r? 6[1.5,2].
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4.6 Summary

• Computation of transient billet motion, by a method based on integration along the characteristics of 

(4.1), produces a numerical approximation to the solution of (4.1) that is second order accurate in the 

mesh spacing dsT'max-

• This integration method succeeds in preserving the initial sharp, corner geometry of the collector 

throughout the integration.

• Numerical experiments show that initial positioning of the collector too far below the atomiser nozzle 
can result in severe "necking" of the finished billet close to the collector plate.

• The "necking" effect may be alleviated by introduction of a delay before the billet is withdrawn. 
However, delayed withdrawal may result in uneven layering and convexity of the billet crown.

• Raising of the initial collector position also reduces the amount of "necking", and appears to preserve 
even layering.

• Initial "hat" shaped billet crowns are predicted by the model, in accordance with initial billet crown 
geometries commonly observed during production.

• Further validity for the model is provided by its ability to simulate real measured billet growth rea­ 
sonably well, capturing most essential features.

• During transitions between neighbouring steady states the parts of the billet crown closest to the billet 
axis approach the new steady state fastest. Complete transition occurs on an 0(1) timescale, with 
convergence close to the billet axis taking place on an O(O.l) timescale.

• The model is able to simulate hysteresis between coexisting steady state crown shapes.



Chapter 5

Heat Flow within the Billet

This short chapter deals with the derivation, and some analysis, of the field equations and boundary condi­ 

tions for the heat flow that occurs within the billet during solidification. Section one derives and discusses 

the basic non-dimensional field equations and boundary conditions. The limitations of these equations lead 

to the derivation, in sections two and three, of different approximations to the heat flow that occurs in 

different parts of the billet. In section two a boundary layer approximation is derived, governing rapid heat 

flow close to the billet surface, where thin layers of metal spray are deposited intermittently. In section 

three a "slow-time" approximation is derived, governing heat flow within the bulk of the billet. These two 

approximations are considered further in chapters six and seven respectively.

5.1 Field equations

Unlike a pure metal, typical spray-formed aluminium alloys release their latent heat of freezing over a range 

of temperatures, (w 80°C). The fact that the metal spray is only partially liquid upon impact and is de­ 

posited intermittently in thin layers, combined with the evidence of fine scale, low segregation, relatively 

homogeneous end-product microstructure, suggests that liquid phase convection is not usually an impor­ 

tant heat transfer mechanism in spray-forming solidification. Thus, in agreement with other spray-forming 

solidification studies, [6, 7, 43, 49, 50, 87, 89, 90], solidification is assumed to be conduction controlled.

Neglecting fluid flow and species conservation effects, consideration of the heat content within an arbitrary 

volume, V, of the billet bounded by a surface, 5, produces the energy balance

-. f HdV= <f K*^dS, (5.1) 
dtJv Js dn v '

where H and K* are respectively the heat content per unit volume, or enthalpy, and the thermal conductivity. 

The temperature of the billet is denoted T. As previously stated, the operator ^ denotes the partial 

derivative in the direction of the outward normal (to 5) and • denotes a dimensional quantity.

Assuming a uniform alloy composition over the freezing range, the fraction of liquid present in the alloy 

at temperature T is denoted by fi(T). The function fi(T) has been determined empirically for the alloys 

considered in this thesis, [44]. For these alloys fi(T) increases monotonically with T over the freezing range.
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The enthalpy of the metal is related to the temperature by

H(T}= ( pcdT + fi(f)pL. (5.2) 
Jo

The constant L in (5.2) is the latent heat. The functions p and c are the material density and specific 

heat capacity of the metal. These functions and the thermal conductivity, K*, all vary with temperature. 

However, the variation in p and c over the freezing range is typically quite small; p and c are thus assumed 

constant. In contrast, thermal conductivities of the solid and liquid phases differ by a factor of about two. 

A "mixture based" thermal conductivity, K*, is defined by

K*(T) = (1 - MffiK.CT) + h(f)Ki(T), (5.3)

where Ka and KI denote the (constant) thermal conductivities of the solid and liquid phases of the alloy 

respectively, (Ki « \K8 }.

For suitable liquid fraction functions, (continuous and increasing is sufficient), H(T} will be strictly 

monotone. This guarantees that H may be used as the independent variable in (5.1) instead of T, With 

further assumptions on the smoothness of H spatially within the billet, application of the divergence theorem 

to (5.1) and reliance on the arbitrary choice of V yields

dH - - - -
-zHxo.t) = V.[X*(T)VT(x0 ,t)], x0 € n(£), (5.4) 
ot

which is the dimensional field equation for the heat flow. Recall from chapter two that fi(t) denotes the 

volume, within the billet frame of reference, that is occupied by the billet at time t. The function, K(H), is 

defined by

(5.5)

The monoticity of T(H) guarantees that K(H) is positive, and it can easily be shown that both K(H} and 

are bounded. The field equation (5.4) becomes

x0 6 n(t). (5.6) 
o

Solution of (5.6) requires the prescription of boundary and of initial conditions.

5.1.1 Boundary Conditions

The position of the billet surface, dtt(i), is given (see chapter two for details) at time i by

dSl(i) = {x0 6 ft3 : F(x0 , <) = 0}, (5.7)

where evolution of F is governed by
QF - - - - (5.8)

In (5.8) f is the sticking efficiency and GO is the spray mass flux vector field.

The simplifying assumption is made that the molten spray droplets impinge and coalesce instantaneously 1
Deposition and spreading times for individual droplets are in the range 10~ 6 — 10~ 5 seconds. Thermal equillibriation 

between droplet and billet proceeds on a timescale of order ~ 10~ 4 seconds. See the discussion in chapter one, section 1.2.3. 

Both of these are much shorter than other process timescales.
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onto an infinitessimally thin surface layer with position given by (5.8). A point P € dQ.(i} moves instanta­ 

neously in the direction of the outward normal to F(XQ, i) = 0 at P with a speed VP

that is determined by the deposition at P, through (5.8). This deposition results in a net flux of heat across 
dto(i) at P equal to

vP (Hapray - H), (5.9)

where Hapray is the mass averaged enthalpy of the spray.

As well as the heat influx due to deposition there is a cooling effect due to heat conduction from the 
billet into a thin layer of gas that passes rapidly over the surface. There may also be some radiation into the 
surrounding gas, but this effect is much smaller. 2 A linear heat transfer law is assumed to account for the 
forced convective cooling and additional radiative cooling. The net flux of heat across dtt(t) due to combined 
cooling effects is given by

hgas(f-fgaa ), (5.10)

where hgaa is a heat transfer coefficient and Tgaa is the gas temperature. Combining (5.9) and (5.10) produces 
the boundary condition

„ dH ~ 
= hgaa (T - Tgaa ) + vP (Hapray - H), x0 <E 0fi(t) : z0 > ze , (5.11)

see Fig. 5.1.

Remark The boundary condition (5.11), (usually with a separate radiative term), has been used in 
previous models of spray-forming deposit solidification, e.g. [6, 7, 49, 50, 87, 89, 90]. However, its validity 
is not proven. In using (5.11) the assumption is made implicitly that the mass and heat flux in the spray 
may be averaged both spatially and temporally prior to impact, and that this average heat flux may then be 
applied to the surface. The reality is much more complicated, with each surface point experiencing irregularly 
interspersed time intervals during which droplet deposition and forced convective cooling are taking place. 
Thus, there is a challenging homogenisation problem which needs to be explored.

The billet is bounded by the line ZQ = zc in the billet frame of reference; this represents the boundary 
between billet and collector. The collector is not initially heated. Solidification of the initial layers of 
deposited billet is thus very rapid, with imperfect contact resulting due to shrinkage. A linear heat transfer 
law is assumed to model the heat flow between the two imperfectly contacting media, i.e.

. dH
K(H} —— = hcol i ector (T - TcollectOT ), XQ 6 0n(£) : *0 = zc . (5.12)

In (5.11) hgaa , fgaa and Hapray may all vary with position and time, as may hcoUcctOT and Tcon ector 
in (5.12). Each of hgaa , Tgaa , Hapray , hcon ector and Tco ii ector needs to be supplied, either empirically or 
otherwise, as process parameters. The surface position and normal velocity may be calculated approximately 

by the methods of chapter four.
2 Assuming surface and gas temperatures of approximately 850K and 450K, and surface emissivity in the range 0.1 — 0.4, 

black body radiation accounts for between 2700 and 11000 W/m2 of the surface heat flux. Surface heat transfer coefficients 

are estimated to be approximately 1000W/m2/°C (billet crown) and 300W/m 2 /°C (billet sides). Thus, radiation probably 

accounts for much less than 10% of the total heat flux.
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Heat outflux due 
to gas cooling =

''gas V ' ~ "gas /

Heat influx due 
to deposition = - H)

spray;

Billet

Infinitessimally 
thin surface layer

Figure 5.1: Schematic of the deposition boundary condition derivation.

5.1.2 Non-dimensionalisation

For the purpose of future simplification, independent and dependent variables in (5.6), (5.11) and (5.12) are 

scaled with typical values to yield dimensionless variables, i.e.

x = —XR'

T =

K =

T-T9
AT 

pcK 
^T'

i/ - —

H =

VP =

27T'

H-H, 
pcAT '

2-KVp

(5.13)

The length-scale ^ and timescale |^ are as in chapter two, section 2.1.3. Temperatures have been scaled 

with the freezing range

AT = T, - T, (5.14)

TI and T, being respectively the liquidus and solidus temperatures of the alloy. Hence non-dimensionally, 

the alloy is fully solid for T < 0 and fully liquid for T > 1. The enthalpy has been scaled with pcAT; H, 
denotes the enthalpy at the solidus temperature, Tt . From (5.2) it can be seen that the alloy is fully solid 
for H < 0 and fully liquid for H > 1 + -^ . The non-dimensional quantity -j^ , (similar to the inverse of a 

Stefan number), represents the ratio of the latent heat to the specific heat that is released during freezing;

typically
L

4
cAT

for the aluminium alloys considered in this thesis. 

Equations (5.6), (5.11) and (5.12) become 

dH
dt Pe

V.(K(H)VH], X0 € 11(0, (5.15)
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= Bgaa (T(H)-Tgaa )+—vP (H-Hapray ), x0 6 dCi(t) : z0 > zc ,

(5.16)
flff

K(H} —— = Bcollector (T(H)-Tcollector ), x0 e dtl(t) : ZQ = zc . 
OZn

(5.17)

These equations describe the heat flow occurring within the billet on the rotation timescale.

It is assumed that billet growth is governed by the approximate form of equation (5.8) that is given by 

the non-dimensional model equation (2.43), in chapter two. The surface normal velocity, VP, is given by

and in the billet frame of reference, (2.43), becomes

1 dF
--^(x0 ,t)=i(rhgkl ,F)m(t}g(r'[x0 ,t})k'(t).VF(x Q ,t}, x0 <E dfl(t). (5.18)

In (5.18) 7 is a simplified sticking efficiency, m(t] is the mass flow rate through the atomiser, g(r') is the 

mass flux distribution function within the spray cone, r' < r8 , and k' is the unit vector in the direction of 
the spray cone axis at time t. All functions are non-dimensional.

The Peclet number

The dimensionless groups that appear above in (5.15) are

l, (5,9)

which is the ratio of the rotation and withdrawal timescales, (introduced in chapter two), and

Pe . *|* (5.20)

which is a Peclet number. The Peclet number compares the relative importance of conduction and con­ 

vection in heat transfer. Large Peclet numbers indicate the dominance of the "convective diffusivity", f/o-R, 

over the thermal diffusivity. Convective effects in this problem are due to billet growth, which occurs at a 

rate « U0 . The convective element of heat transfer in this problem is made clear by shifting to the crown 

coordinate system, when (5.15) becomes

Rewriting the Peclet number as

Pe = (jf-r l (f-), (5.21)
UQ K*

and rescaling time with e on the left hand side of (5.15), it can be seen that an alternative interpretation 

of the Peclet number, (on the slow billet growth timescale, 77 = e£), is as the ratio of the timescales for 

conduction/solidification and for billet growth. Large Peclet number would imply that the solidification 

timescale is longer than the growth timescale resulting in a billet with a high liquid fraction, since the heat 

from the spray would not be dissipated rapidly enough. Conversely, a small Peclet number would imply that
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heat flowing in through the billet crown is rapidly dissipated in the bulk of the billet. The billet may in this 

case be very dry, and this also implies the potential for faster production through increased mass flow rate 

and withdrawal rate.

Not surprisingly, typical production parameters give

Pe = 05 (l). (5.22)

Fig. 5.2 plots j£- against ej^- for a number of successful production runs of aluminium alloy 2618. The 

production rig produces several different alloys, and these are produced in batches to reduce the risk of 

cross-contamination of alloying elements. Batches of the same alloy may be separated by a period of months, 

during which time modifications in the process and/or in operating procedures may conceivably occur. This 

is illustrated well in Fig. 5.2 where the operational Peclet number shifts from about 1.8 to about 1.4, between 

earlier and later batches.

Pe = 1.8 Pe = 1.4

§

5

B 3rd quarter -1990
o 1st quarter-1991
A 3rd quarter -1991
x 2nd quarter-1992

0 100 200 300 400 500 600 700 

Billet growth timescale, (s)

Figure 5.2: Plot of -jr- against ^- for successful production runs of aluminium alloy 2618.

Changes in Peclet number will represent changes in the solidification characteristics of the bulk of the 

billet. 3 The situation is clearly more complicated, since changes in Peclet number may also coincide with 

changes in boundary heat fluxes. However, an operational Peclet number can easily be computed from the 

average process parameters, (measured on any production run), and can be monitored over a large number 

of production runs. This makes it ideally suited to the application of a diagnostic control technique such as 

Statistical Process (or Quality) Control.

Maintenance of near constant Peclet number between production runs makes physically intuitive sense 

when Pe is interpreted as the ratio of solidification and billet growth timescales. Constant Pe implies
3This part of the billet spray-forming process is analagous to a continuous casting process, once the collector is sufficiently 

distant from the billet top surface. It is well known that the "casting speed" in continuous casting is of prime importance in 

determining the solidification front, see e.g. [123].
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constant UoR. Thus, ignoring for the moment changes in boundary effects, an increase in billet target radius 

R should be accompanied by a decrease in withdrawal rate UQ to maintain Pe constant. The mass balance 

for a billet of constant radius, R,

MQ Y =

then implies that the quantity
M0 F 

R
also be maintained constant. This gives a simple indication of how to vary mass flow rates and withdrawal 

rates with production of different sized billets.

Boundary conditions

In the boundary condition equations (5.16) and (5.17), Bgaa and Bcon ector are Biot numbers, defined by

Bgaa = *, (5.23)

D
^collector =

The gas Biot number will be largest on the top of the billet, where the atomising gas jets impinge, and will 

be smaller on the billet sides, where the flow becomes more laminar. Estimates derived from the production 

rig, [2], indicate that hgaa decreases from about 1000W/m2 /°C on the billet crown to about 300W/m2 /°C 

on the billet sides, whilst the collector heat transfer coefficient, hcoii ector , is approximately 2000W/m2 /°C. 

Thus, for a typical aluminium alloy and production billet radius,

.15 < Bga, < .5, and Bcon ector w 1. (5.25)

5.1.3 Temperature and thermal conductivity functions

With the above scaling and previous assumptions the material functions, T(H) and K(H), that appear in 

(5.15), (5.16) and (5.17) are given by

T(H) = H--ft (H), (5.26) 

K(H] = [l-fl-W/OlClO. (5-27)

For simplicity, K(H] is referred to as the thermal conductivity. For the later numerical solution of the heat 

flow equations, the functions T(H] and K(H] must be readily computable from a "lookup table". This 

minimises computational time and allows the incorporation of temperature dependent densities and specific 

heats as simple model modifications, (i.e. the field equations and boundary conditions remain unchanged in 

form).

Experimental data is supplied, [44], for all the material constants above and for the temperatures, T*, at 

which 5k % of the alloy will be liquid, k = 0, 1, ..., 20. Outside the freeezing range the functions T(H] and 

K(H] are easily calculable. Within the freeezing range 21 values Hk of the enthalpy H are calculated at the 

temperatures Tk using

Tk = Hk -.Q5k——fi , k = 0,1,. .,20. (5.28) 
cAT
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Using these values for T(Hk ) = Tfc , and additional points just outside the freeezing range, estimates of the 

gradient f§(#fc) are made at each Point > #*• A formula described in [36] is used, 4 which is especially suited 

to locally monotone data. The data points T(Hk) and estimates of the derivatives are then used to construct 

a monoticity preserving piecewise cubic Hermite interpolant, approximating T(H).

For future computational speed in evaluating T(H), the freezing range, H 6 [0,1 + Z//cAT], is divided 

into 100 equal intervals, separated by 101 mesh points and at each mesh point the cubic interpolant is used 

to give an approximate value for T(H). For later computations a linear interpolant is evaluated using these 

stored values.

At the 21 enthalpy values, //&, estimates of K(Hk) are made using

K(Hh ) = (I - .QM(1 - k = 0,1,..., 20, (5.29)

where the values jy(-Hfc) are estimated using the above cubic interpolant for T(H). From these values for 

K(Hk) and others chosen just outside the melting range the method of [36] is again used to estimate the 

derivatives f^(-Hfc ). The estimates of K(Hk] and f^(-Hfc) are used to construct a piecewise cubic Hermite 

interpolant approximating K(H), and from this a linear approximant is constructed for fast evaluation of 

K(H), just as described for T(H).

Examples of the two functions T(H) and K(H), computed by this method, are shown in Fig. 5.3 for the 

aluminium alloy 2618. The spray deposited on the billet crown will typically be less than 80 % liquid. This 

provides an upper bound to the billet liquid fraction. It can be seen from Fig. 5.3 that for typical billet 

temperatures, the approximations of T(H] and K(H] from the experimental data will be quite smooth; 

T(H ) typically increases and K(H] typically decreases, with H.

1.5

T
e
m 1
Pe

u 0.5
r
e

-0.5

I a)

1 2 3 

Enthalpy. H

Figure 5.3: The functions T(H) and K(H) for aluminium alloy 2618.

4 This formula is utilised by NAG routine E01BEF, an adapted version of which is used here.
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5.1.4 Model limitations and requirements

There are severe limitations in the usefulness of equation (5.15), (and its boundary conditions), as a model. 

Analytic solution is not possible, and numerical solution is hampered by problems that are similar to, (but 

much worse than), those of the billet growth model equation (2.43), of chapters two, three and four. The 

production run timescale is O(t~ l ), but the rapid changes occurring in the boundary condition (5.16) mean 

that a small timestep must be used in any numerical algorithm. The three dimensional heat flow problem 

within the billet is horrendous, not least because of the mesh size that would be required to capture the 

small surface movements. Any direct solution method would be likely to require an adaptive mesh near the 

billet surface, and this adds further complexity.

The model provided by equations (5.15), (5.16) and (5.17) also fails to emphasize those parts of the 

solidification process that are likely to be most relevant to the different mechanisms of microstructure for­ 

mation. Equation (5.15) suggests that, on the billet length-scale and rotation timescale, enthalpy changes 

are negligible. However, close to the billet surface (5.16) suggests that larger fluctuations in the enthalpy 

may occur, due to the intermittent deposition of spray, coupled with strong convective cooling from the gas. 

Rescaling time with e in (5.15) shows that O(l) changes in enthalpy on the billet length-scale occur on the 

slow timescale, 77 = ct.

• Close to the billet surface, where deposition is taking place, solidification must be very rapid. The rapid 

rotational motion of the billet means that the billet cannot contain a large mushy region that has a 

high fraction liquid. 5 Thus, most of the latent heat deposited with each layer of spray must be rapidly 

dissipated, either into the billet bulk by conduction or into the atomising gas by forced convection 

and radiation. The cooling rates close to the billet surface will control microsegregation, and will also 

largely determine the grain size. The mechanisms of porosity formation that were outlined in chapter 

one, section 1.2.3, are also heavily influenced by the fraction liquid in this region alone.

• In the bulk of the billet, fluctuations in enthalpy will be much slower than those that are "forced" at 

the billet surface, due to the diffusive nature of heat flow. The solidus isotherm marks the boundary of 

the mushy region within the billet. In this region there is the possibility of both macrosegregation and 

grain coarsening occurring. These large scale features are also likely to be affected most by changes in 

billet shape.

Sensible model requirements include the following.

1. To be able to investigate heat flow both close to the surface and within the bulk of the billet.

2. To be able to investigate the major effects of variations in process parameters on the heat flow in each 

of these regions, either analytically or numerically.

5 Semi-solid alloys can be thought of as either "mushes" or "slurries", [33]. The former is conceptualised as a porous solid, 

with pores filled with liquid phase. The latter is conceptualised as largely liquid, with small solid particles suspended in the 

liquid phase. A reasonably solid mush might withstand the strong centrifugal forces exerted on the billet, by rotation; a slurry 

is likely to end up on the walls of the spray chamber. It is not clear at what fraction liquid the transition from mush to slurry 

takes place.
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3. If numerical analysis is required then the model equations should permit an efficient enough solution 

to allow parametric studies to be feasible.

Satisfying these model requirements should enable one to gain both qualitative and quantitative under­ 

standing of the relevance of the different mechanisms of microstructure formation in spray-forming, and also 

to understand how the individual mechanisms may be influenced by changes in the process parameters. To 
satisfy the above requirements it is necessary to develop approximations to (5.15), (5.16) and (5.17). These 

approximations are developed in the following two sections.

5.2 Boundary layer approximation

For axisymmetric averaged billet growth, as in chapters two, three and four, both radial and longitudinal 
variations in solidification behaviour are of interest. In order to determine the cooling rates most likely to 
control local variations in grain size and microsegregation, as well as to understand the likelihood of different 
mechanisms of porosity formation occurring, it is necessary to consider transient heat flow close to the billet 
surface. In this region, during deposition, rapid enthalpy variation is likely to occur on the rotation timescale. 
Derivation of approximate model equations, describing transient heat flow within a small neighbourhood of 
a surface point, P, over a short time interval, is as follows.

The position of P in a cartesian billet frame of reference is denoted

xPt0 (t) = Orp>0 (0. yp,o(<), *P,O(<)). (5-30)

and motion of P is given by

^(t) = vP (t)nP (t), (5.31)

where np(t) is the unit outward normal vector to the billet surface at P. Transient heat flow is considered 
only within a neighbourhood

(5.32)

of the surface point, P.

The billet surface position is assumed to have an axisymmetric 0(e) asymptotic approximation, uniformly 
valid on the timescale e" 1 , that is given by the averaged billet growth equations of chapter two, i.e.

(£). (5.33) 

At P, orthogonal unit vectors »(<), j(t) and k(t) are chosen so that

0(e) ' tVFn

with »(t) and j(t) then fixed arbitrarily to form a right handed system, e.g. see Fig. 5.4. Position, x, in this 
new surface coordinate system and position, XQ, in the billet coordinate system are related by

x = (i.[x0 -xp,0],j.[x0 -xPi0],k.[x0 -zp,o]). (5.35)
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Figure 5.4: Surface fixed boundary layer coordinate system.

On the rotation timescale it is assumed that tangential thermal gradients are 0(1) and that thermal 
gradients normal to the surface vary on the diffusive length-scale, (p^) 1 /2 - The distance, z, in the direction 
of k is rescaled with this length-scale, thus introducing a boundary layer coordinate, £, defined by

(5.36)

The left hand side of (5.15), in the new coordinate system, becomes

dH ,d~i . , d ] . , dk —— + (-- d d Pe d

(5.37)

With the above assumptions, changes in t, j and k on the rotation timescale are 0(e). From (5.32), it 
then follows that the first vector product in (5.37) contains only terms of O(e). From (5.34), it follows that 
the first two terms in the second vector product in (5.37) are also O(e). Thus, the above expression, (5.37), 
for the left hand side of (5.15) becomes

dH dH ,PC,1/2 dH „, . + ( —) 7V^r+0(e).dt di • e 
Transformation of the right hand side of (5.15) produces

Combining (5.38) and (5.39), retaining only terms of O^ 1 /2 ) and larger, gives
dH Pe dH d dH p——=-[^(H)——],

(5.38)

(5.39)

(5.40)

which, for £ > 0, provides an O(c1 ^ 2 } asymptotic approximation to the transient enthalpy variations normal 
to the billet surface at P. The boundary condition (5.16) becomes

- Tgai ] (5.41)
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An 0(e) approximation to the surface velocity is gained from substituting FQ(XQ,TJ) in the right hand side 

of (5.18), i.e.
- ̂ (*o, 0 ~ l(mgk\ F0 )m(r,Wl*o, *])*'«• V*b(*o, r,) + 0(e). (5.42) 
e ot

This may be used in (5.40) and (5.41) to give VP explicitly. Defining v(t) and (3 by

^

(5.44)

(all functions evaluated at P), it is easily shown that

For C ~ (^v) 1 /2 ) (i-e. at distances much greater than the diffusive length-scale, (j^)12 , from the billet 

surface),
Q TT

-^ = 0(1), (5.45)

since terms in (5.16) are O(l). Thus, again retaining only terms of O(e1 /2 ),

dH

Boundary layer equations

The boundary layer approximation is given by

0, C - oo. (5.46)

dH , .dH d rr̂ , TT .dH.aT = -^}^ + ac^w af ] ' c>0 '
dH

C = 0, (5.48)

^^°°- ( 5 - 49 )

Terms in equation (5.47) are all O(l), except possibly the convective term, v(t}^. The function v(t] 
has the form of an intermittent pulse as the scanning and rotation movements interact in depositing metal 
spray at irregular intervals at point P. From (5.43) it is seen that when P is not under the spray cone then

v(t) = 0, 

and when P is under the spray cone then

v(t)

Typically, 771(77) ~ 1 and 0(r ') ^ r7 2 ! wnere the spray cone radius, r,, has a value in the range [1/3, 1/2] for 

usual process production parameters. Thus, although e -C 1, values of v(t) that can occur during deposition 

are not < 1.

Through equation (5.48) it can be seen that 0(1) variations in v(t) result in 0(1) transient enthalpy 

gradients at the boundary layer surface, C = 0. On a slower timescale the averaging methods of chapter two 

indicate that time averaged values of v(t) are 0((ePe) 1 / 2 ), which then balance with the convective cooling
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term in (5.48). The O((ePe) 1/2 ) parameter, 0, appearing in (5.48) may also vary with time as local gas 
velocities and pressures change. These changes are however, unlikely to be as sudden as those in v(t) and 
are very hard to quantify. Thus, the boundary layer Biot number, 0, will be assumed to vary only with 
choice of surface point, P.

5.2.1 Validity and limitations

The boundary layer approximation takes a point, P, initially at a fixed radial distance from the billet axis of 
rotation and looks at the heat flow in the direction normal to the surface at that point. The approximation 
is expected to be valid for

(5-50)

and to give a good physical representation of the transient heat flow in this region.

Clearly the boundary layer approximation will not be immediately valid during the initial stages of billet 
growth, when the collector represents an effective heat sink and when the billet and boundary layer thickness 
are comparable.

The C-axis is fixed to P, and will change its orientation as the surface changes shape. Thus, fixed points 
along the £-axis will not continue to represent fixed points in the billet very well over large integration 
periods. Similarly, the radial distance of P from the billet axis of rotation will change as P moves in the 
direction of the surface normal vector. Time averaged values of v(i) are O((ePe) 1 /2 ). Thus, billet shape 
changes that are significant in the boundary layer will occur on a timescale (ePe)" 1 /2 , and to retain a 
physical representation of fixed points along the £-axis it is required that the time period, Dt, throughout 
which the boundary layer equations are integrated satisfies

Di «

The restrictions, (5.50) and (5.51), on £ and Dt respectively, are not too severe and will allow the 
parametric investigation of the effects on boundary layer solidification behaviour of changes in billet shape, 
mass flow rate, spray enthalpy, gas temperature, rotation rate and scanner pattern.

5.2.2 Far-field behaviour

The far-field boundary condition, (5.49), implies that a constant value for H is approached as C — » oo, say 
H — > HOO . Suppose now that H — > HOC sufficiently fast for the improper integral

H(t)=
Jo

(5.52)

(t) = -0(T(H(Q, 0) - Tgiu ) ~ u(0(#oo - H9pray ). (5.53)

to be differentiate. The derivative of H(t) is obtained after a little algebra,

dH~dt

The functional H is representative of the total heat in the boundary layer. From (5.53) changes in H(t) are 
seen to result from heat losses to the surrounding gas, (first term), and from convection of heat right through 
the boundary layer at speed v(t), (second term). The boundary layer represents a region of the billet within
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which transient heat transfer mechanisms are in operation during deposition and should not "on average" 

gain or lose heat. To do so would imply a heat source or sink in the boundary layer, which is unrealistic since 

there are none in the billet as a whole and since the boundary layer heat flow is one dimensional. Hence, 

the right hand side of (5.53) averaged over time should equal zero. The function v(t) is almost periodic, (see 

chapter two), and assuming that the surface enthalpy is also almost periodic, the time average of the right 

hand side of (5.53) will exist.

Consider now the time averaged boundary layer equations

, n ,' C ' (fl aca
C = 0, (5.55)

dH
—— ->(), C->°o, (5-56)

overbars denoting time averaged values. These equations have the constant steady state solution

to which solutions from arbitrary initial conditions converge to as t — > oo, in the "energy norm"

-#] 2 dC. (5-57)E(t}=
Joo 

The constant H is the (unique) solution of

0(T(H) - Tgaa ] + v(H - HBpray ) = 0. (5.58) 

The time averaged right hand side of (5.53) set equal to zero is

0(T(H(Q, t)} - Tgas ) + 77(^00 - Hspray ) = 0. (5.59) 

By comparison with (5.58) it is seen that

T(H(Q,t)) > T(H) ^ H00 <H 

and

T(H(Q,t)}<T(H) => H00 >H.

The above two possibilities imply a net flow of heat through the boundary layer, respectively into and out 

of the billet, contradicting the far field boundary condition (5.49). Hence, it follows that

H = Hoo, (5.60) 

i.e. that the far field boundary layer enthalpy is determined by averaging the boundary condition at C = 0.

5.2.3 Boundedness of the boundary layer transient

In order to examine the departure of the transient boundary layer solution from the steady solution, H, to 

the averaged problem, the norm (5.57) is differentiated. After some algebra this produces

- H][v(t} - v][H(Q, t}-H]. (5.61)
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The first two terms in (5.61) are negative always. The third term will be predominantly positive, since periods 

of time when v(t) > v are likely to result in H(0,t) > H and v(t) < v is likely to result in H(0,t) < H. 

Thus, fluctuations from H may occur. However, since the second term in (5.61) is quadratic in [H(0, t) - H] 

it is seen that fluctuations from H will be bounded with respect to the norm E(i).

5.3 Slow-time Heat Flow

The boundary layer approximation will give an approximation to the heat flow occurring close to those parts 

of the billet surface that receive deposition from the spray. At places on the billet surface which receive 

no deposition, (i.e. the sides and base), large scale fluctuations in the boundary conditions imposed do not 

occur on the rotation timescale. For Peclet numbers of 0s(l) conduction here occurs on the slower billet 

growth timescale.

Section 5.2 shows that the boundary layer has the effect of averaging the rapid transient surface heat 

fluxes as £ —> ex. Within the bulk of the billet it is these averaged heat fluxes that are important. This 

prompts the study of the "slow-time" heat flow model
QTT -I

-5- = —V.[K(H)VH], aj0 en(*), (5.62) or\ re

XQ 6 d*l(t) '. ZQ > Zc ,dn
(5.63)

QTT

o— = Bcou ectOT (T(H) — Tcou ector ), XQ 6 d£l(t) : ZQ = zc ,
OZQ

(5.64)

which is obtained by rescaling t with e to give the slow-time variable 77, and by averaging the surface normal 

velocity vp to give v. The billet is assumed to be axisymmetric. The averaged billet growth model of chapter 

two is used to give v as
v = --^-\VF0 \~ l . (5.65) 

or)
where, in the billet frame of reference, evolution of F0 (2:0,77) is governed by

(5.66), or]

In (5.66), 771(77) is the mass flow rate, (assumed to vary on the slow timescale), and g is the axisymmetric 

averaged mass flux distribution vectorfield. See chapter two for further details.

Validity

The above derivation has been intuitive, rather than deductive, and no rigorous attempt will be made 

to justify its validity. An outline of a method that might be used to demonstrate the validity of this 

approximation is as follows.

1. Define smooth mappings from the three dimensional moving billet boundaries in both the transient 

problem, (5.15), (5.16) & (5.17), and the slow-time problem, (5.62), (5.63) & (5.64), onto a fixed three 

dimensional volume.
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2. The mapping of the moving boundary onto a fixed domain should preserve the parabolicity of (5.15) 

and (5.62), but the equations now have coefficients which are dependant on time and position within 

the fixed volume. Assuming that the two initial billet domains are O(e) approximations of each other, 

uniformly on the timescale e" 1 , it should be possible to choose the mappings so that the transformed 

equations have coefficients and boundary conditions which are O(e) approximations of each other, also 

uniformly on the timescale e" 1 .

3. Subtracting the two equations should, to leading order, give a nonlinear parabolic operator to which a 

maximum principle can be applied, (e.g. theorem 12, page 187, in [110]).

Usefulness of the slow-time equations

The slow-time heat flow equations should provide an approximation to the heat flow occurring in the bulk 

of the billet. The billet surface position and normal velocity are given by the approximations of chapter two. 

Thus, the billet growth is assumed to be axisymmetric. For axisymmetric initial and boundary conditions 

the heat flow may then also be assumed to be axisymmetric about the billet axis of rotation. Analytic 

solution of (5.62), (5.63) and (5.64) will not be possible, due to the irregular geometry and the nonlinearity. 

Instead a numerical method must be used, and for this the reduced dimensionality of the problem produced 

by the symmetry assumption results in a considerable computational saving.

Matching with the boundary layer approximation

The slow-time heat flow equations and the boundary layer approximation may be viewed as different com­ 
ponents of the same asymptotic expansion of the enthalpy within the growing billet. The boundary layer 
approximation is the first term in an inner expansion of the enthalpy close to the deposition surface. The 
slow-time heat flow is the first term in an outer expansion of the enthalpy within the bulk of the billet.

As C ~* (^r) 1 ^ 2 the boundary layer approximation becomes invalid as the heat flow becomes multi­ 
dimensional, whilst the slow-time approximation becomes invalid as the deposition surface is approached from 
within the billet and more rapid transients exist. For a uniformly valid approximation the two expansions 
must be matched in some intermediate region. This matching is not attempted, since the main focus of 
the analysis has been to provide approximations to the heat flow in different regions of the billet which are 
more manageable than the full equations. The slow-time equations in particular, although simplified, still 
represent a challenging numerical problem on their own, without having to think about matching with the 

boundary layer.
It should be noted that the far-field enthalpy, H, of the boundary layer approximation, as ( —> <x>, is 

different to the enthalpy that will be computed at the billet surface using the slow-time approximation. 
The former is governed by equation (5.58), whilst the latter is governed by equation (5.63). Although 

both enthalpies rely on the time-averaged boundary heat fluxes, the slow-time approximation also allows 

conduction into the billet. On the slow timescale, multi-dimesional heat flow occurs over the billet length- 

scale. Thus, for example, cooling effects through the billet sides and base can be felt at the deposition surface 

in the slow-time approximation, but not in the boundary layer approximation. This difference may result in 

significant heat fluxes within the matching layer.
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5.4 Summary

• A simplified, conduction controlled model of alloy solidification is adopted, that neglects species con­ 

servation, shrinkage and fluid flow effects. This is justified by the low liquid fractions present in the 

deposited spray and by the relative homogeneity of the finished material.

• The latent heat of solidification is released over a range of temperatures. The main change in the 

physical properties of a typical sprayed alloy over the freezing range is that the thermal conductivity 

of the fully liquid alloy is approximately half that of the fully solid alloy. Changes in material density 

and specific heat capacity with temperature are slight and are ignored in the model formulation.

• Non-dimensionalisation of the equations and boundary conditions shows that enthalpy changes on the 

rapid rotation timescale are O(e) within the bulk of the billet, with (9(1) changes occurring only close 

to the deposition surface. The non-dimensional parameter e is the ratio of the timescales for rotation 

and billet growth.

• On the slower billet growth timescale solidification is parameterised by the Peclet number,

_ pcUpR 
K, '

representing the ratio of the conduction/solidification timescale and the billet growth timescale. Typical 

production parameters have Pe = Os(l), as is illustrated in Fig. 5.2. The application of diagnostic 

control technique such as Statistical Process (Quality) Control is recommended. A simplified analysis 
is presented, indicating how to vary mass flow rates and withdrawal rates when growing different radii 

billets, retaining the same Peclet number.

• A boundary layer approximation is derived, governing the rapid variations in enthalpy occurring close 
to the surface, and in a direction normal to the billet surface. The approximation is expected to be 

valid for £ <C (Pe/e) 1 / 2 , (where £ is the boundary layer coordinate), and for integration time periods

• A "slow-time" approximation is derived, driven by the time-averaged deposition and cooling effects at 

the boundary. This gives the enthalpy variations in the bulk of the billet as it grows.



Chapter 6

Billet Boundary Layer Heat Flow

This chapter deals with the solution of the boundary layer equations, derived in chapter five, section 5.2. 

These equations approximate the rapid heat flow occurring close to the deposition surface of the billet; they 

are given by

C>o, (a,)

C = 0, (6.2)

0, C-oo. (6.3)

The computational details are covered in section one. Section two presents results showing the variation in 

boundary layer heat flow with radial distance from the billet axis of rotation, for typical process parameters. 

Section three examines the effects of varying the billet crown shape, and section four examines the effects 

of changing the rotation and scanner frequencies. There is a brief discussion in section five, and the chapter 

ends with a summary.

6.1 Computational Details

Equation (6.1) is a nonlinear advection-diffusion equation. The nonlinearity of the conductivity, K(H), and 

the irregularity of the surface normal velocity, v (£), make analytic solution impossible. The constants /3, 

Tgaa and Hapray are fixed, either by experimentation or by the construction of more complex submodels. 

Numerical solution requires that v(t] be specified. The surface normal velocity, v(t), is given by

= _ t.

where F0 = 0 gives the time averaged position of the billet surface; 7, 771(77), <?(r ') and k'(t] are respectively 

the sticking efficiency, the metal mass flow rate, the spray cone mass flux distribution function and the unit 

vector in the direction of the spray cone axis. The non-dimensional groups e and Pe have been discussed in 

chapters two and five respectively.

To calculate the boundary layer heat flow at a fixed surface point over a short interval of time, first note 

the following.

146
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• Boundary layer heat flow is driven by the slow-time billet growth, since in (6.4), the function FQ must 
be computed. Thus, either the methods of chapter three or chapter four must be used, depending on

••

whether the underlying slow-time growth is steady state or transient respectively.

• Although a priori computation of the slow-time billet growth is a complication, it should be noted that

1. The computationally expensive multi-dimensional slow-time heat flow computations are not re­ 
quired, and

2. Computation of the slow-time billet growth needs only to be done once, and the data stored, 
when computing the boundary layer heat flow below any number of surface points.

• The computed slow-time billet growth in chapters three and four has been axisymmetric about the 
billet axis of rotation. Thus, this growth may be represented by coordinates r\ and z\ in a cylindrical 
billet crown coordinate system, (ri,0i,zi), where 0i measures azimuthal axis about the billet axis of 
rotation.

Fig. 6.1 shows the locus of the point of interception of the spray cone axis with a unit disc fixed 
horizontally within the crown coordinate system. The disc height is determined by solving equation 
(2.78), and thus represents approximately the top surface of a steady state billet crown produced with 
ratio, fj, = 1, of withdrawal rate to mass flow rate. The scanner pattern illustrated in Fig. 3.23 has 
been used and the locus has been followed over approximately three rotations of the billet. Figs. 6.la 
and 6.1b show the locus for two different scanner periods.
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Figure 6.1: Loci of the point of interception of the spray cone axis with a fixed horizontal unit disc, o.\
a2 = 6°, t e [0,3]; a) t. = 5/17, b) t. = 5/11.

= 35°,

The function g(r') t in (6.4), is evaluated at the billet surface. The perpendicular distance from the 
spray cone axis, r', of a point with cylindrical polar billet crown coordinates (ri, 0i, zi) is given by

r = '2U/2
(6.5)
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x' = (rn -ricos[0i + (j)n (t)}) cos a(t) + (*i - zn - zc )sina(t), (6.6) 

y' = nsin[0i + 0B (*)]. (6.7)

The functions <j>n (t) and a(t) are respectively the azimuthal angle, (about the z\ axis), of the atomiser 

nozzle and the angle that the spray cone axis makes with the vertical. The constants rn , zn and zc are 

introduced in chapter two, section 2.1, (see also Figs. 2.1 and 2.2).

The amount of deposition taking place at a given point depends on the proximity of that point to the 

spray cone axis at any time. Thus, it can be seen, both from Fig. 6.1 and from equations (6.6) and 

(6.7), that the pattern of deposition experienced over a short time interval can vary with both distance, 

TI, from the billet axis of rotation and with azimuthal angle, fa, as well as with variations in scanner 

and rotation periods.

Since the observed billet growth is axisymmetric about the billet axis of rotation, one wants to choose 

fa so that the time-average of the surface normal velocity, v(t), at (ri,fa, z\), taken over the interval 

of integration of the boundary layer equations, Dt, is equal to the (axisymmetric) slow-time surface 

normal velocity.

• An initial condition must be specified for the boundary layer equations.

6.1.1 Presolution algorithm

The preceding points indicate that a number of computational tasks must be performed before numerical 

solution of (6.1), (6.2) and (6.3) can be carried out. The following algorithm is used.

1. Specify /3, Tgaa and Hapray using submodels or experimental estimates, (see section 6.1.3).

2. Select those radial distances from the billet axis of rotation at which an investigation of boundary layer 

heat flow is desired.

3. Select process parameters for averaged billet growth. Set initial conditions for averaged billet growth. 

Compute averaged billet growth. For each preselected radial distance from the billet axis store

(a) billet surface height,

(b) surface normal velocity, and

(c) surface normal vector cosines,

all at each timestep during the integration.

4. Select one of the preselected radial distances from the billet axis of rotation.

(a) Select start and finish times, t\ and t?, for boundary layer computation. Check that the integration 

time interval, Dt = ii — t\, satisfies the constraint (5.51).

(b) Use the stored data to provide approximate values of ri, zi, at the surface point, and of the 

surface normal vector, VFQ\VF0 \~ l .



CHAPTERS. BILLET BOUNDARY LAYER HEAT FLOW 149

(c) Use the above values in integrating v(t) - v(fa,t) over the interval [ti - 1,^], and find fa such 

that v(fa,i) integrates to the averaged value previously stored. Fix fa at this value to define v(t) 

through (6.4).

(d) Set initial conditions for equation (6.1).

(e) Solve the boundary layer equations (6.1), (6.2) and (6.3) numerically for this surface point over 

the selected time interval, (see section 6.1.2).

5. Reselect a different surface point and/or time interval:- go to 4, above.

6.1.2 Numerical solution algorithm

Complications arising in a straightforward numerical solution of (6.1), (6.2) and (6.3) come from the non- 

linearity of K(H) and T(H), from the convective term and from the semi-infinite spatial solution domain. 

Nonlinearity in (6.1) and (6.2) will carry over to either finite difference or finite element discretisations, re­ 

quiring special treatment and possibly affecting the stability of the numerical method. Similarly, convective 

terms can cause numerical instability if improperly treated.

Replacement of the semi-infinite domain

For numerical solution using a finite difference method the semi-infinite spatial domain, £ e [0, oo), must be 

replaced by a finite interval, with (6.3) satisfied at a finite limit. For a variety of one dimensional linear heat 

equations on semi-infinite domains, the solution is damped like exp^ l* Kt as £ — > oo, see e.g. [21]. Thus, 

when the far-field temperature remains constant, (and when Kt is finite), replacement of the semi-infinite 

domain with a finite domain has little effect on the behaviour of the underlying mathematical equation, 

(which one approximates numerically). Inclusion of a convective term in the linear equations does not affect 

this underlying far-field behaviour of the analytic solutions, e.g. [12]. Although (6.1) is nonlinear, the thermal 

conductivity, K(H), is positive and bounded above by 1. Hence physically, a similar diffusive/damping effect 

is expected as £ — > oo as with the linear problems.

Instead of (6.1), (6.2) and (6.3), numerical solution is sought for the equations

C 6 (0,Z), (6.8)

f)H
~dt = P(T(H}-Tgas ) + v(t)(H-H8pray ), C = 0, (6.9)

dH

Initial conditions

In step 4c of the presolution algorithm above, the azimuthal angle fa has been set by averaging v(t] over 

the interval [to, £2], wnere

to = ti - 1,

rather than the chosen interval of interest, [ti,^]- Constant initial conditions are set at t = £ 0 , and the 

equations are integrated for one rotation period. This allows the enthalpy transients to develop before the
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interval of interest, [ti,t2]» is reached. Initial condition, H, are set by solving

0 = 0(T(H) - Tga8 ] + v(H - H9pray ), (6.11)

using a bisection method. Recall that H is the far field enthalpy of the boundary layer approximation, 

discussed in chapter five, section 5.2.

Algorithm statement

The interval £ e [0, Z] is covered by a regular mesh with spacing A£. Meshpoints £j are defined by

o = (j - 1/2) x AC, AC== f- (6 - 12)
At time t = tn the enthalpy, H, is approximated by the mesh function H", such that

fljwffto.t"): j = 0,..,J. (6.13) 

Initial conditions at t = t° = to are

H? = H, j = 0,..,J. (6.14)

To advance the approximation from timestep n to timestep n + 1 the following two stage scheme is used. 

• Stage 1; (Predictor )

Atn AC2

(tn+l/-2\1 (6.15)
rn+l/2 _ ri-n+1/2

(6.16)

• Stage 2: (Corrector )

2AC2

- H?}
2AC

, v(6-18)

(6.19)

(6.20)
in+1 ri-n+1/2In the above, tn is the timestep between times tn and in+ , //^ is a mesh function approximating H at

i2'time t = tn + |Atn . Other fractional subscripts and superscripts are defined by
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Comments on the algorithm

The two-stage, two-level finite difference scheme, described above, is a simple adaptation of two different 

"predictor-corrector" schemes described in [92]. l The scheme is consistent, and for a timestep Atn , has a 

local truncation error O(At2 )+0(AC2 ). Convergence of the scheme is not proven here, but the methods used
o /o

in [92] should (straightforwardly) demonstrate that convergence in the time direction is at least O(Atn ), 

and is O(A£2 ) spatially. Analagously to predictor corrector schemes used for ordinary differential equations, 

the predictor step, (stage 1), has local truncation error

wheras the corrector step, (stage 2), has local truncation error

It is the use of the two stages in conjunction that produces the

local truncation error for the scheme as a whole. The use of two stages also dispenses with the need for costly 

iteration in solving large systems of nonlinear difference equations. A further advantage of this scheme, over 

alternative predictor-corrector methods, is that there is no need to evaluate derivatives of K(H] and T(H}. 

This is particularly important when these functions have been approximated from experimental data.

The scheme retains its second order accuray through the use of central differences at both internal and 

boundary meshpoints. In both first and second stages the boundary conditions (6.9) and (6.10) have been 

approximated centrally, at £ = 0 and £ = Z respectively, through the use of the "fictitious" meshpoints Co 

and £j which lie outside the interval [0, Z}.

The boundary conditions (6.16) and (6.19) are the only nonlinear difference equations to be solved in the 

scheme. The remaining equations are linear and each stage of the scheme may be written in matrix form as 

a tridiagonal matrix equation, i.e. (6.15) and (6.18) may be written as

- Oj-uJ.! + 6,-uJ - CjU?+l = dj, j = 1, .., J - 1. (6.21)

For stage 1 or for stage 2 the coefficients a,-, bj, GJ and dj may be easily found from (6.15) or (6.18) 

respectively.

The chosen differencing approximation of the convective term in (6.15) and (6.18) ensures that the 

matrices are diagonally dominant. Solution for {H™ ' }^_0 and {HJl+1 }^_0 is then accomplished by the 

Thomas algorithm. This algorithm first sets

6.7 = 1, /j=0, (6.22) 

and computes

- —— ~ —— j = J -!,..,! (6.23)

_ J-J-1,..,1. (6.24)

: The two schemes adapted are the CPC and MFC schemes in [92].
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This is followed by solution of the relevant nonlinear boundary difference equation. For stage 1 (6.16) is 

solved by substituting for
rj-n+l/2 _ rrn+1/2 , f 
-"1 — ei//o + /I,

and solving the resulting nonlinear equation for HQ + ' , using a bisection method. For stage 2 (6.19) is 

solved by substituting for

and solving the resulting nonlinear equation for H£+l , again using a bisection method.

Having found either #™+1 ' 2 or H£+l values of H"+l / 2 or H?+l respectively are found from the relevant 

forward recurrence

#7+1/2 = ejH^ + /,-, j = l,.,J, (6.25)

(stage 1), or

Hf+^ejHff+fj, j = !,..,./, (6-26)

(stage 2).

Timestep restrictions

Build up of error in computing 6j is avoided, since it is easily shown that \BJ\ < 1 Vj. Build up of error in 
computing /_,- is avoided if

- \}- (6-27) 

Since

equation (6.27) represents an O(A^) restriction on the timestep, Atn , used.

A further restriction is placed on Atn by the surface velocity v(t). Since v(t) takes the form of an 

intermittent pulse and heat inflow to the boundary layer only takes place when v(t) > 0 there is a real need 
not to "miss" the pulse. When v(t) > 0 the pulse duration, Dtp1i / ae , is computed. Defining

L =

(6 . 29)

selection of Atn+ i is determined by

}, (6.30) 

, — -}. (6.31)
L-2

This selection satisfies the restriction (6.27) on A<n for the new timestep Ain+1 , whilst adequately repre­ 

senting even very brief pulsed surface velocities v(t).
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6.1.3 Model parameters used

Computational results that are presented in the remainder of this chapter are all computed using the material 
properties of aluminium alloy 2618. The functions K(H] and T(H) for this alloy have been shown in Fig. 
5.3.

Derivation of submodels describing hgaa , Tga8 and HtpT<iy is beyond the scope of this thesis. Variation in 
boundary layer heat flow with these parameters is not explored, and for the remainder of this chapter these 
parameters are fixed.

= 1000 W/m2 /°C, (6.32)

(6.33)Tgas = 200

These values are consistent with estimates derived from the production plant, [2]. The spray enthalpy is 
set at a value corresponding to 50% liquid fraction, by mass, in the arriving spray, (see e.g. [43]). This is 
computed using the function in Fig. 6.2, showing the enthalpy as a function of the fraction liquid for alloy 
2618. All computations in this chapter assume a Peclet number

Pe - 1.887.

'0 0.2 0.4 0.6 0.8 1 
Figure 6.2: Aluminium alloy 2618; non-dimensional enthalpy vs. fraction liquid.

For all computations presented in this chapter a mesh spacing A( = .02 was used and Z = 3. Fur­ 
ther mesh refinement produces little effect, and for typical boundary conditions imposed there is negligible 
departure of HJ from H with this value of Z.

The presolution algorithm selects an azimuthal angle 4>\ at which v(t) averages over [£0^2] to the ax- 
isymmetric averaged surface normal velocity, v. Efficiency of this part of the algorithm may be monitored;

f' 2
\[Dt+ 1] xu- / v(t)dt\ = O(10~ 6 )

•/to
(6.34)
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being a typical accuracy for the results of this chapter, (recall v ~ (ePe) 1 /2 , and ePe = O(10~ 3 )).

6.2 Typical radial heat flow variations

Radial variations in boundary layer heat flow occur because of variation in 0, Tga3 , H,pray and the surface 

normal velocity, u(t), between different points. Whilst the first three of these parameters are held constant 

in this chapter, v(t) will vary with surface position, due to both the underlying geometry of the surface and 

to the differing interaction between scanner and rotation motions at each point. In this section some of the 

generic physical differences that affect the boundary layer heat flow are examined.

For the underlying billet growth, constant mass flow rates and withdrawal rates, 7*1(77) = 1 and u(n) = 1, 

are assumed. The billet is allowed to grow towards the steady state corresponding to ^ = 1 for the chosen 

scanner angle function. The boundary layer heat flow is then computed at points along the steady state 

surface, upon which the scanner and rotation motions of the spray cone are superimposed to deliver v(t}. 

For this section an averaged mass flux distribution is assumed that corresponds to scanner angles ai = 35°, 

Q2 = 6°, and to spray cone radius r. = 1/3. The assumed scanner function, and steady state crown shape 

that corresponds to /* = 1 are both shown in Fig. 6.3. The top of the steady state crown surface is mainly 

horizontal, with a slight "kink" at n w 1/2. The scanner angle is the same as in Fig. 3.23. The ratio, e, of 

rotation timescale to withdrawal timescale, is e = 9.6 x 1(T 4 . These parameters are representative of those 

that are used on a production rig.
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Figure 6.3: a) Scanner angle function, a(t). b) Spray boundaries and steady state produced at n = 1 with 

spray cone radius, r, = 1/3, fixed scanning angle, QI = 35°, and scanning range, a2 = 6°.

Results have been computed for a scanner period t, = 5/17 over a time interval Dt = 3, following 

convergence of the slow-time billet growth to the steady state. Boundary layer heat flow results are shown 

for radial distances r x = 0, 1/4, 1/2 and 3/4 from the billet axis of rotation.

In Fig. 6.4 are shown plots of the surface normal velocity v(t), (Figs. 6.4a, b, e & f), and also a 

comparison of the averaged and instantaneous billet growth in the normal direction, (Figs. 6.4c, d, g & h),
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for the four radial distances selected. At all four radial distances the instantaneous velocity pulse is Os(l), 

and the averaged normal velocity is
= 0((ePe)1/2 ).

The averaged normal growth for n = 0, 1/4 and 3/4, (Figs. 6.4c, d &: h), is slightly larger than that at 

TI = 1/2, (Fig. 6.4g). This is attributable to the slightly sloped surface at ri = 1/2. In a steady state, 

all points on the billet crown have vertical velocity 11(77), but only for those points at which the surface is 

horizontal does this coincide with the surface normal velocity.
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Figure 6.4: Model parameters: fjt = 1, r, = 1/3, QI = 35°, a2 = 6°, e = 9.6 x ICT 4 , t 6 [«i,t2 ] = [3500,3503]. 

Surface normal velocity pulse: a) r\ = 0, b) TI = 1/4, e) TI = 1/2, f) ri = 3/4. Comparison of instantaneous, 

(black), and averaged, (red), normal growth: c) ri = 0, d) ri = 1/4, g) ri = 1/2, h) ri = 3/4.

Fig. 6.4a shows a series of regular pulses at r\ = 0, smaller and sharper, but less intense, than those
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at the larger radial distances. Fig. 6.la, showing the approximate locus of the spray cone axis, indicates 

that the spray cone axis never crosses the billet axis. Thus, the smaller velocity pulses result from regular 

intermittent deposition from the spray cone edge, where the mass flux density is less. The scanner period 

t t = 5/17 is evident in there being approximately three pulses per time unit.

Fig. 6.4b shows at r\ = 1/4 a pulse pattern of interspersed larger, (« 1), and smaller pulses. Interpre­ 

tation of Fig. 6.4b with Fig. 6.la indicates the likelihood that at this radial distance the smaller double 

set of velocity pulses correspond to an azimuthal position on the disc of Fig. 6.la in the centre of one of 

the "petal" shapes at r\ = 1/4. Such a position will receive deposition from the outside of the spray cone 

twice in quick succession. Following the locus in Fig. 6.la both backwards and forwards, each over one billet 

rotation, it can be seen that the larger pulses in Fig. 6.4b correspond to deposition at earlier and later times 

as the centre of the spray cone passes close by. Similar interpretation may be made of the pulse patterns in 

Figs. 6.4e & f. These positions, further from the billet axis, do not neccessarily receive deposition on every 

rotation of the billet.

Fig. 6.5 shows the variation in surface temperature, T(H™/2 ), for t G [ti,tz] at each of the above radial 

positions, (Figs. 6.5a, b, e & f), and translates this into the surface fraction liquid, (Figs. 6.5c, d, g & h). 

Also shown for comparison with the surface temperature is the far field temperature, T(H), (in red in Figs. 

6.5a, b, e & f). Most noticeable in comparing Figs. 6.4 and 6.5 is that the surface temperature transient 

mimics the surface normal velocity pulse, as is to be expected. However, fluctuations in surface temperature 

are characterised by sharp rises, due to rapid heating by the metal pulse, followed by slower decays caused 

by domination of the gas cooling effect as the pulse dies away.

That there is no overall rise in surface temperature with time, but rather an oscillation about the far field 

temperature, confirms numerically the analysis of chapter five, leading to the definition of H. The oscillation 

about T(H) is characterised by large, sharp increases above the far field temperature occurring on short 

time intervals interspersed with smaller decreases below the far field temperature, occurring on longer time 

intervals.

The smaller and more frequent deposition pulses at r\ = 0 result in fluctuations in surface temperature 

and fraction liquid at the billet centre, that are much less pronounced than the fluctuations occurring at 

larger radial distances. For example, the peak surface fraction liquid at r\ = 0 is < 3%, (Fig. 6.5c), 

compared with > 6% for ri = 1/4, 1/2 or 3/4. As discussed in chapter one, maintenance of a high surface 

liquid fraction at any point for a significant time period might result in poor material quality, due to fluid 

instability on the billet surface, (i.e. waves and/or bubbles caused by the atomising gas jets). This radial 

variation in solidification characteristics might then translate into a noticeable radial porosity variation in 

the finished billet.

The lower time-averaged growth-rate that was evident at r\ = 1/2 in Fig. 6.4 is reflected by the lower 

far field temperature in Fig. 6.5e than in Figs. 6.5a, b & f. aluminium alloy 2618 has solidus temperature 

and freezing range,

fe = 541°C, (6.35) 

AT % 90°C. (6.36)

Hence, the difference in far field temperature translates dimensionally into a 4 - 5°C temperature difference.
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Figure 6.5: Model parameters: /z = 1, r, = 1/3, c*i = 35°, a2 = 6°, e = 9.6 x 10~ 4 , t 6 [ti,*2 ] = [3500,3503]. 

Comparison of surface, (black), and far field, (red), temperatures: a) TI = 0, b) TI = 1/4, e) TI = 1/2, f) 

n = 3/4. Surface fraction liquid: c) ri = 0, d) TI = 1/4, g) n = 1/2, h) TI = 3/4.

Fig. 6.6 plots the under surface isotherms at each of the selected surface points over the time interval 

[<i, <2J- The vertical axes in Figs. 6.6a, b, c & d correspond to distance in the direction of the outward surface 

normal, measured in units of the boundary layer length scale. At t = ti the positive C-axis correponds to the 

negative coordinate on the vertical axes in Figs. 6.6a, b, c & d. As deposition occurs the boundary layer axis 

remains fixed to the billet surface in Figs. 6.6a, b, c & d, and the growth is illustrated. The vertical graph 

axes in Figs. 6.6a, b, c & d, thus represent fixed material positions in the billet, measured in a direction 

normal to the growing billet surface.

In Figs. 6.6a, b, c & d the isotherms are drawn using only the values of H™ for which (j e [0,2], although 

the computation uses values C> e [0,3]. For C 6 [2,3] there is very little of interest happening. The billet
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surface is represented in Figs. 6.6a, b, c & d by a shaded block of width JA£ at £ = 0, between times tn 
and tn+1 . This then obscures any isotherms extended into the region £ 6 [-|A£,0], (where the value of 
HQ has been used in the contouring subroutine), and also shows the variation in tirriestep used during the 
computation, when v(t) > 0.
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Figure 6.6: Model parameters: /* = 1, r f = 1/3, ai = 35°, a2 = 6°, e = 9.6 x 10~ 4 , t 6 [*i,*2 ] = [3500,3503]. 
Under surface isotherms: a) ri = 0, b) ri = 1/4, c) ri = 1/2, d) ri = 3/4. Colour code: red => 1% fraction 
liquid intervals, green => solidus line, blue => intervals of 5% of temperature freezing range below solidus 
temperature.

Isotherms in Figs. 6.6a, b, c & d, (and in similar figures to follow subsequently), are coloured red, blue 
or green. The red isotherms represent successive increments of 1% liquid fraction, the green isotherm is 
the solidus isotherm and blue isotherms represent successive negative temperature increments of 5% of the 
freezing range, below the solidus temperature. Used in conjunction with the surface liquid fraction plots of
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Fig. 6.5, the isotherms are easily identified.

At the billet centre, Fig. 6.6a, the small rapid deposition pulses result in small regular penetration of 

the 1% isotherm into the billet. At greater radial distances, Figs. 6.6b, c & d, show that the larger surface 

temperature variations seen in Fig. 6.5 also result in deeper pulse penetration; compare a maximum 1% 

liquid fraction isotherm penetration of C « .15 at the billet centre with £ % .5 at the other surface points.

6.3 Changes in crown shape

To examine in more detail the sorts of changes in heat flow that may result from underlying changes in billet 

crown shape, similar computations to the above have been carried out using the same scanner angle function 

a(t) as in Fig. 6.3a and with the same scanner fixed angle, QI = 35°, but with scanner angle ranges, a2 = 3° 

& 9°. Spray cone radius is kept at r. = 1/3. Constant mass flow rates and withdrawal rates, mfa) = 1 and 

u(rj) = 1, are again assumed and the billet is allowed to grow towards the steady state corresponding to 

It, = 1 for each scanner angle function. In both cases the rotation rate and scanner period are kept at the 

same values as in the previous section, i.e. e = 9.6 x 10~ 4 , t, = 5/17.

Fig. 6.7 shows the steady state crown shapes for // = 1 corresponding to the two different values of o2 - 

The steady state corresponding to a2 = 3° is concave, that corresponding to a2 = 9° is convex. Both steady 

states exhibit large variations in surface gradient with radial distance from the billet axis of rotation.
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Figure 6.7: Model parameters: /z = 1, r, = 1/3, QI = 35°. Spray boundaries and steady state shapes; a) 

Q2 = 3°, b) a2 =9°.

The boundary layer heat flow is computed at points along the steady state surfaces over same time 

interval as in the previous section, of length D< = 3, and at radial distances r l = 0, 1/4, 1/2 and 3/4.

Fig. 6.8 shows the variation in far field temperature, surface temperature and surface fraction liquid, for
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t 6 [ti,tz] at each radial positions with a^ = 3°.

160

Figure 6.8: Model parameters: /x = 1, r. = 1/3, cti = 35°, a2 = 3°, c = 9.6 x 1CT 4 , t e [t lt tz ] = [3500,3503]. 

Comparison of surface, (black), and far field, (red), temperatures: a) n = 0, b) TI = 1/4, e) n = 1/2, f) 

ri = 3/4. Surface fraction liquid: c) FI = 0, d) ri = 1/4, g) rj. = 1/2, h) n = 3/4.

The billet centre position, n = 0, (Figs. 6.8a & c), exhibits a very similar heat flow to that for the 6° 

scan considered in the previous section. Frequency, amplitude and shape of the surface temperature and 

fraction liquid fluctuations are similar, as is the far field temperature. Identical far field temperature is to 

be expected because of the identical surface gradient and averaged growth rate.

Further from the billet axis of rotation the small, regular, frequent pulses at TI = 0 are replaced by larger 

and more irregular fluctuations in surface temperature, (Figs. 6.8b, e & f), and surface fraction liquid, (Figs. 

6.8d, g & h). Most noticeable in Figs. 6.8b, e & f however, is the radial variation in far field temperature 

about which the surface temperature fluctuations occur. The lowest far field temperature, in Fig. 6.8e at
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TI = 1/2, corresponds to the smallest averaged surface normal velocity, indicated by the steepest surface 
gradient, there, (see Fig. 6.7a).

In comparison with Fig. 6.5, (resulting from a nearly horizontal steady billet crown), away from the billet 
axis of rotation the smaller averaged surface normal velocities implied by the steeper gradients of the concave 
steady state result in lower far field temperatures. This effect is also felt on the instantaneous surface normal 
velocity, as is evidenced by the smaller fluctuations in surface temperature about the far field temperatures 
in Figs. 6.8b, e & f, compared with Figs. 6.5b, e & f.
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Under surface isotherms corresponding to the 3° scanning range have been plotted in Fig. 6.9 for each
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of the radial distances. The billet centre has very similar solidification behaviour to that plotted for the 

6° scanning range in Fig. 6.6a. At other surface points the penetration distance of the coldest isotherms 

under the surface is similar to the 6° scanning range, but the fluctuations occurring hearer the surface are 

of smaller amplitude.
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Figure 6.10: Model parameters: p = 1, r, = 1/3, ai = 35°, a2 = 9°, t = 9.6xlO~4 , < 6 [*i,t 2 ] = [3500,3503]. 

Comparison of surface, (black), and far field, (red), temperatures: a) n = 0, b) ri = 1/4, e) n = 1/2, f) 

ri = 3/4. Surface fraction liquid: c) ri = 0, d) ri = 1/4, g) n = 1/2, h) n = 3/4.

For the 9° scanning range, surface temperature and fraction liquid variations, together with far field 

temperatures, are plotted in Fig. 6.10. At n = 0 and r T = 1/4 the steady state in Fig. 6.7b is nearly 

horizontal. Comparison of Figs. 6.10a, b, c & d with Figs. 6.5a, b, c & d shows little difference. In contrast, 

at ri = 1/2 and TI = 3/4 the gradient of the steady state in Fig. 6.7b is very steep. Although the transient 

surface temperature pulse shapes in Figs. 6.10e & f are similar to those in Figs. 6.5e & f, (indicating similar
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surface normal velocity pulse patterns), the far field temperatures are much lower.
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Figure 6.11: Model parameters: \i = 1, r, = 1/3, QI = 35°, a2 = 9°, e = 9.6x 10~ 4 , t 6 [*i,*2 ] = [3500,3503]. 

Under surface isotherms: a) 7*1 = 0, b) ri = 1/4, c) ri = 1/2, d) TI = 3/4. Colour code: red =>• 1% fraction 

liquid intervals, green =>• solidus line, blue =»• intervals of 5% of temperature freezing range below solidus 

temperature.

This difference is further exemplified by study of the under surface isotherms, see Fig. 6.11. Figs. 6.1 la 

& b are very similar to Figs. 6.6a & b. The greatest contrast is between Figs. 6.lie and 6.6c. In the 

former case the boundary layer is completely solid. Temperature fluctuations occur between the solidus 

temperature and approximately .4 x AT below the solidus temperature. This is compared with fluctuations 

corresponding to w 7% of liquid fraction in Fig. 6.6c. This change, due to surface shape change, seems very 

drastic when measured in terms of the temperature drop. However, since the ratio of latent of solidification
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to specific heat is

4,

it can be seen that similar levels of energy fluctuation are taking place in the two cases. Penetration of the 

isotherms in Fig. 6.lie is particularly deep. This might be attributable to the higher thermal conductivity 

of the solid phase.

In order to explain the similarity in the results closer to the billet axis of rotation, the loci of the point 

of interception of the spray cone axis with a horizontal fixed unit disc, (w steady state crown), are shown 

in Fig. 6.12 for each of the two scanning ranges in this section. The disc height is fixed by the height of 

each of the steady state crown shapes in Fig. 6.7. Close to the billet axis, where the steady states are nearly 

horizontal, this gives a good representation of the loci of the point of interception of the spray cone axis with 

the billet surface. It can be seen that at ri = 0 and ri = 1/4 the loci will be quite similar.
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Figure 6.12: Loci of the point of interception of the spray cone axis with a fixed horizontal unit disc, a x = 35°, 

t 6 [0,3], t. = 5/17; a) Q 2 = 3°, b) Q 2 = 9°.

6.4 Changing rotation and scanner frequencies

Effects of varying rotation and scanner frequencies on model behaviour have not yet been explored. Clearly 

any variation in either scanner or rotation frequency alone will change the velocity pulse pattern experienced 

at any particular surface point. The range of possible different velocity pulse patterns will be inexhaustable, 

and exploration of this variation is unlikely to be productive.

Changing the rotation and scanner frequencies has the effect of either shortening or lengthening both 

the typical velocity pulse duration and the typical interval between pulses. In order to explore this effect 

in isolation, (i.e. without also changing the way the scanner and rotation motions interact), both scanner 

and rotation frequencies are changed together. In the model, this has the effect of varying the ratio, c, of 

rotation timescale to withdrawal timescale, whilst leaving all other parameters unchanged. In this section, 

unchanged model parameters are rf = 1/3, QI = 35°, a2 = 6°, 11(77) = 1, m(q} = 1, *, = 5/17.
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Figure 6.13: Model parameters: /* = 1, r, = 1/3, QI = 35°, a2 = 6°, e = 2.88 x 1(T 3 , t £ [ti,t2 ] = 

[1166.67,1167.67]. Comparison of surface, (black), and far field, (red), temperatures: a) ri = 0, b) TI = 1/4, 

e) n = 1/2, f) n = 3/4. Surface fraction liquid: c) n = 0, d) n = 1/4, g) n = 1/2, h) n = 3/4.

The scanner angle function, a(t), in Fig. 6.3a is used and the billet is again allowed to grow towards the 

steady state of Fig. 6.3b before the boundary layer equations are integrated. The results in section 6.2 were 

for e = 9.6 x 10~ 4 ; two further values of e are examined in this section;

e = 2.88 x 1(T 3 , 

e = 3.2 x 10~ 4 .

The larger value of e is three times larger than the value of e used in sections 6.2 and 6.3, whilst the 

smaller value of e is three times smaller than the value in sections 6.2 and 6.3. Variation of e has two 

effects on the physical interpretation of results from the boundary layer approximation. Firstly, the physical 

timescale is proportional to e. Secondly, the physical length-scale is proportional to e 1 / 2 .
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In the following computations the same physical time interval is retained for both values of e. Whilst 

the time interval in sections 6.2 and 6.3 corresponded to three billet rotation periods, the same time interval 

will correspond to one and nine rotation periods for e = 2.88 x 10~ 3 and e = 3.2 x 10~ 4 respectively. For 

plots of the under-surface isotherms, the physical length-scale corresponding to e = 2.88 x 10~ 3 will be three 

times that corresponding to e = 3.2 x 10~ 4 .
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Figure 6.14: Model parameters: // = 1, r, = 1/3, QI = 35°, «2 = 6°, e = 3.2 x 10~ 4 , t 6 [ti,£ 2 ] = 

[10500,10509]. Comparison of surface, (black), and far field, (red), temperatures: a) r\ = 0, b) r\ = 1/4, e) 

ri = 1/2, f) n = 3/4. Surface fraction liquid: c) n = 0, d) n = 1/4, g) n = 1/2, h) TI = 3/4.

Fig. 6.13 shows the variation in far field temperature, surface temperature and surface fraction liquid 

at radial positions ri = 0, 1/4, 1/2 and 3/4 for e = 2.88 x 10~ 3 . Fig. 6.14 shows the variation in far field 

temperature, surface temperature and surface fraction liquid at radial positions TI = 0, 1/4, 1/2 and 3/4 

for e = 3.2 x 10~ 4 . Figs. 6.13 & 6.14 can be compared with Fig. 6.5, (e = 9.6 x 10~ 4 ). The far field
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temperatures are the same for the three different values of e, at each radial position. Far field temperatures 

are determined by the solution of (6.11) and this does not change with e.
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Figure 6.15: Model parameters: // = 1, r, = 1/3, <*i = 35°, Q2 = 6°, e = 2.88 x 10~ 3 , t 6 [*i,*2 ] = 

[1166.67,1167.67]. Under surface isotherms: a) n = 0, b) r x = 1/4, c) n = 1/2, d) n = 3/4. Colour code: 

red =*• 1% fraction liquid intervals, green =» solidus line, blue =>• intervals of 5% of temperature freezing 

range below solidus temperature.

The different rotation and scanner rates of Figs. 6.13 and 6.14 have most effect on the fluctuating surface 

temperature and fraction liquid transients. In Fig. 6.13, at each radial position, the pulses are less frequent 

and of a larger amplitude than the corresponding pulses in Fig. 6.14. The drop in peak surface fraction 

liquid with e is very noticeable. The lower rotation and scanner frequencies also allow higher fractions of 

liquid to persist on the billet surface for significantly longer periods of time; hence increasing the likelihood 
of fluid instabilities occurring.
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Figs. 6.15 and 6.16 show the under surface isotherms at the four radial distances for the two values of e. 

Comparison of the two figures reveals that the effect of changing rotation and scanner rates is not confined 

to the billet surface. Since the physical length-scale in Fig. 6.15 is three times that of Fig. 6.16, the results 

show that the penetration depth increases significantly with e.
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Figure 6.16: Model parameters: ^ = 1, r, = 1/3, QI = 35°, a2 = 6°, e = 3.2 x 10~ 4 , t e [ti,tz] = 

[10500,10509]. Under surface isotherms: a) n = 0, b) n = 1/4, c) n = 1/2, d) TI = 3/4. Colour code: red 

=>• 1% fraction liquid intervals, green =* solidus line, blue => intervals of 5% of temperature freezing range 

below solidus temperature.
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6.5 Discussion

Mechanisms of porosity formation have been discussed in chapter one, section 1.2.3. Most of the published 

literature, (from which this understanding has developed), relates to one dimensional geometries, where one 

is able to talk of a uniform "layer thickness", at all points on the deposit. In billet spray-forming, as the 

results of this chapter have shown, interaction of the scanner and rotation motions result in considerably 

more complexity. Porosity levels within spray-formed billets exhibit complex local variations which are hard 

to characterise, [96]. Such variations can be economically investigated using the boundary layer model.

The four deposition/microstructre regimes that were outlined in section 1.2.3 cannot be easily distin­ 

guished when deposition is intermittent. For example, a very thick layer deposited on a relatively cold billet 

surface may experience a number of different regimes during its deposition; first the metal layer is chilled by 

the billet into a splat-like structure, then as it grows thicker, it heats through the incremental solidification 

regime, finally becoming very liquid. Alexander, [1], has suggested six different qualitative limits, relating 

to layer thickness, that may be relevant to this type of deposition.

The results of section 6.3 are supported by recent microstructural analysis by Mingard, [94]. Radial 

variations in porosity have been found at radial distances at which there are correspondingly sharp changes 

in surface gradient.

The results of section 6.4 are in agreement with recent experimental results, [95]. Variation of rotation 

rate, (through a similar range to that in section 6.4), was found to produce high levels of porosity in the 

deposited material for both very high and very low rotation rates. The porosity found at the very high 

rotation rates seemed to result from a very "dry" microstructure, with little bonding between layers. At 

very low rotation rates there was evidence of the porosity being caused by fluid instability on the billet 

surface, with gas pores found in the sprayed deposit on analysis.

Dimensionally, the boundary layer length-scale is typically of the order of millimetres. Splat thicknesses 

are thought to lie in the range

5 — 10

(see the discussion in chapter one, section 1.2.3). Thus, the sort of isotherm penetration distances that have 

been shown in this chapter suggest that remelting and refreezing processes occur across

~102

flattened layers of deposited droplets. This not only lends some validity to the use of a continuum approx­ 

imation, over the short boundary layer length-scale, but also shows that the boundary layer length-scale is 

appropriate for the investigation of observed microstructural variations.

For typical process parameters, as in section 6.2, the dimensional cooling rates of the surface following 

deposition are ~ 103 C/s. This is important, since the implication here is that cooling rates of a similar 

order to those that are found in other rapid solidification processes may also be found in the boundary layer. 

Previous continuum modelling work has not exposed this feature, since it has generally considered cases of 

continuous deposition.

The results presented in this chapter have given only a brief demonstration of the usefulness of the
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boundary layer approximation. Development of submodels relating the predicted boundary layer heat flow 
fluctuations to microstructural characteristics, (e.g. grain size, porosity levels), would be a sensible extension. 

Variations in hgaa , Tgaa and Hapray have not been explored in this chapter. Local variations in the heat 
transfer coefficient, hgaa , are likely to occur, due to variation in the turbulent gas velocity across the surface. 
Directing additional gas cooling jets onto the billet surface would also influence hgaa - Gas temperature 
and spray enthalpy will vary with the ratio of metal and gas mass flow rates through the atomiser, with 
the temperature of the molten metal, and with the atomised droplet size distribution, (this influences the 
efficiency of heat transfer between the metal spray and atomising gas). For larger radius billets there may 
also be a significant variation in flight distance from the atomiser at points across the billet surface, and 
this will translate into a variation in Hapray . Thus, the sensitivity of the model to each of these parameters 
needs to be systematically explored in order to give some guidance in assessing the potential risk of process 
change.

6.6 Summary

• Computation of the boundary layer heat flow first requires that the slow time billet growth equations 
be solved to give an approximation to the surface position and unit normal vector.

• Instantaneous surface normal velocity at a fixed radial distance, ri, from the billet axis of rotation 
varies with the azimuthal angle, <£i, about the billet axis of rotation. For computation of the boundary 
layer heat flow over a given time interval it is necessary to first find </>i, such that the instantaneous 
surface normal velocity averaged over the time interval is equal to the axisymmetric averaged surface 
normal velocity on that interval.

• Numerical solution of the boundary layer equations is accomplished using a two level, two stage finite 
difference scheme. A regular spatial mesh spacing, A(, is used and a variable timestep

AtB = 0(AC)

is chosen to preserve the stability of the scheme, and to ensure adequate representation of pulsed 
surface normal velocities.

• The numerical scheme has local truncation error

Convergence is believed to be O(A£2 ) spatially and at least O(Atn' ) in the tiime direction.

• The irregular and intermittent pulsed deposition on the billet surface produces corresponding irregular 
and intermittent fluctuations in the surface temperature and surface fraction liquid.

• Surface cooling rates in the boundary layer model are ~ 103 C/s, following deposition, for typical 
process parameters.

• Underneath the billet deposition surface the pulsed heat flow can result in remelting and refreezing 
processes extending to a depth representing ~ 10 2 layer thicknesses of flattened, deposited droplets.
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• Surface enthalpy/temperature fluctuates about a far field value which is determined by setting the 
time averaged boundary heat flux equal to zero.

• On the billet axis of rotation the deposition pulses are typically regular, more frequent and smaller 
than at other radial distances from the billet axis of rotation. Accordingly, the amplitude of surface 
enthalpy fluctuations about the far field enthalpy is generally less at the billet axis of rotation than 
elsewhere.

• Convexity and concavity of the billet surface do not directly effect the boundary layer heat flow, (since 
this is a more local process), although associated variations in surface gradient can.

• Far field enthalpies underneath points at which there is a steep surface gradient are significantly lower 
than far field enthalpies underneath points where the surface is nearly horizontal. This is due to the 
reduced averaged surface normal velocity at these points.

• Variation in rotation and scanner frequency does not effect the computed far field enthalpy/temperature 
in the boundary layer approximation.

• Reduction of the rotation and scanner frequencies results in surface deposition pulse patterns in which 
the pulses are larger, last for longer, and are more intermittent. This results in larger and more 
persistent fluctuations in the surface temperature about the far field value. The temperature/enthalpy 
transients also penetrate to a deeper distance below the billet surface.



Chapter 7

Slow-time Billet Heat Flow

This chapter considers the heat flow that occurs on the billet length-scale and on a much slower timescale 

than does the boundary layer heat flow of the previous chapter. Slow-time heat flow in the billet frame of 

reference is governed by

1 
= p-e V.[K(H)VH], aoenfa), (7.1)

dH
= Bgaa [T(H)-Tgaa } + Pev[H-Hapray ], x0 e <9ft(r?) : z0 > zc , (7.2)

dH
= BcoUectOT [T(H)-Tcol i ectOT }, xQ <E ^(77) : z0 = zc . (7.3)

OZQ

At slow-time, 77 = et, the billet occupies the region £^(77) in the billet frame of reference and has boundary 

denoted d£l(r)). Equation (7.1) is parameterised by the Peclet number, Pe, which has been discussed in 

chapter five. In equation (7.2), the partial derivative in the direction of the outward surface normal vector 

is denoted by ^; Bgaa , Tgaa and HapTay are respectively the gas Biot number, the gas temperature and 

the mass averaged enthalpy of the spray. In equation (7.3), Bcou ector and Tcou ectOT are respectively, the 

Biot number governing the heat transfer between the base of the billet and the collector, and the collector 

temperature.

The time averaged surface normal velocity, v in equation (7.2), is given by

-, (7.4) 

where

= {x0 e n3 : F0 (x l [x0 ,T)],ri ) = Q}. (7.5) 

Evolution of FO(XI[XQ,TJ],T)} is governed by

x l [x0 ,r)},r)), x0 6 ^(r?), (7.6),, or\

where 771(77) ig tne metal mass flow rate and g is the axisymmetric averaged mass flux distribution vector 

field. See chapters two, three and four for further details.

With the assumption of symmetry about the billet axis of rotation, the equations (7.1), (7.2), (7.3) and 

(7.6) represent a nonlinear, two dimensional, parabolic free boundary problem in which the position of both

172
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the billet surface and the isotherms within the billet must be found. With the further assumptions that have 

been made in chapter two, the problem of determining the billet surface position uncouples from the heat 

flow problem. This leaves a two dimensional, nonlinear, parabolic initial and boundary value problem to be 

solved in an irregular expanding domain.

For clarity in describing the numerical algorithm used, the subscripts on TQ and ZQ, (respectively denoting 

radial distance from the billet axis of rotation and vertical distance above OQ, as measured in the billet frame 

of reference), will be dropped for the remainder of this section. Thus, assuming symmetry about the billet 

axis of rotation, position within a cylindrical billet coordinate system is denoted by (r, z}. Equations (7.1), 

(7.2), (7.3), and the symmetry condition at the billet axis of rotation become

(7' 7)
3H
—— = Bga,(T(H)-Tga8 ] + Pev(H-Hapray ], (r,z) 6 0nfa) : r > 0, z > ze> (7.8)

ftff
= Bcolteetor [T(H) - TcolUctor}, (r, z) 6 dto(r)) : r > 0, z = zc , (7.9)

UA

c)H
-5- = 0, r = 0, z > zc . (7.10) or

It is these equations that are solved in this chapter.

The computational method used to solve (7.7), (7.8), (7.9) and (7.10) is presented in considerable detail 

in section one. The algorithm is quite complex, and is summarised in section 7.1.10 for convenience. Various 

features of the method are discussed in section two. Section three presents results demonstrating the flexi­ 

bility of the algorithm employed. Section four looks at heat flow during the initial phases of billet growth. 

Section five briefly examines numerically the question of existence of thermal steady states, and also tests, 

numerically for one case, the simplistic predictions of chapter five concerning how to spray different radii 

billets to give similar temperature variations. The chapter concludes with a summary.

7.1 Computational method; description

Let R and Z denote the radial and vertical limits of the billet growth, measured in the cylindrical billet 

coordinate system. Defining mesh spacings Ar and Az in r and z directions respectively, the region (r, z) e 

[-5 Ar, R] x [zc - ^Az, Z] is covered by a regular mesh. Meshpoints (7%, Zj) are defined by

n = (i-l/2)xAr, • = 0,1,.....,/, (7.11) 

Zj = zc + (j - 1/2) x Az, j = 0,l,....,J, (7.12)

see Fig. 7.1. For computations carried out in this chapter equal mesh spacings in the r and z-directions 

were used, i.e.

= Az. (7.13)

Thus, only Az is used in the following description.
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For n > 1, timestep n is defined by r) = r/n . The position of the billet surface is computed from its 

position at timestep n — 1 using the method outlined in chapter four. The computed billet surface contour, 

and its reflection in the billet axis of rotation, form a curve in the (r, ,z)-plane which divides the total set 

of meshpoints, defined above by (7.11) and (7.12), into two distinct subsets. The subset of meshpoints, at 

timestep n, comprising those meshpoints lying within the billet boundary, together with those meshpoints 

(ro,Zj) for which (ri, Zj) lies within the billet boundary, and those meshpoints (r;, ZQ) for which (r^, z\] lies 

within the billet boundary, is denoted fJn . See Fig. 7.2a for clarity.

AZ

0,

Figure 7.1: Definition of meshpoints, (rj,Zj).

J I I I I I
• points in Q, _

new points in

Figure 7.2: a) Definition of fin , b) Old and new meshpoints on timestep n.
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The enthalpy, #(r, z,r/), in equations (7.7), (7.8), (7.9) and (7.10) is approximated by the mesh function

H?J at all (r<, *.,•) err, i.e.
H^vH^Zj^n}. (7.14)

Given the mesh function H?j, defined at all (rj,Zj) e fJn , new values H?£ l are computed at all (r,-,Zj) 6 

fin+1 , using finite difference approximations to (7.7), (7.8), (7.9) and (7.10). The set fin+1 |ftn comprises 

the set of new meshpoints entering the billet on timestep n. For each (T\, Zj] G nn+1 |fin , a value must be 

assigned to H^1 on the nth timestep, without there being a previous value, H*j, to utilise, see Fig. 7.2b.

The set fin may be partitioned into either vertical or horizontal "chains" of meshpoints. Vertical chains 

of meshpoints may be identified by the index i of their radial distance from the billet axis of rotation, r». 

Due to the irregularly shaped billet boundary, at any particular radial distance, r», there may be more than 

one vertical chain of meshpoints lying within fin .

Let k^n denote the number of vertical chains of meshpoints at r = r», lying within f)n . Denote by 

CJJ1 the fcth vertical chain lying within ftn at radial position r = r<, for k = 1,.., fc*'n . Similarly, let fc*'n 

denote the number of horizontal chains of meshpoints lying within fin at height z = Zj, and denote by 

Cj£ : ~k = 1, ..jfcj >n the kth horizontal chain lying within Qn at height z = Zj. These definitions are 

illustrated in Fig. 7.3.

Figure 7.3: Notation describing horizontal and vertical chains on timestep n.

Meshpoints at the "start" and "finish" of C^'fcn are denoted (ri,Zj«t . J and (T{, 2j». n . J respectively. 

Meshpoints at the "start" and "finish" of <7,Kn are denoted (r^ ,2,-) and (r^ .z,} respectively. The
J)* V Jt,j>' U ^ l /in,j,fc' Jl r J

"start" and "finish" endpoints of a particular horizontal or vertical chain are distinguished by adopting the 

convention that

i' n <Jtt,i,k — (7.15)

(7.16)
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7.1.1 Computing H$l Vfc, Zj) € Hn

To advance the approximation from timestep n to timestep n + 1 at all points (ri,Zj) 6 ftn the following 

four stage scheme is used.

• Stage 1; (Vertical chain solver, I )

For i = 1, ....,/, k = 1, ...., k*'n , at meshpoints (n } Zj) 6 C\£ solve for #"/*, which satisfies

£i-^^ (
for j = jant)i)fc + 1, ...., j?ini<|Jk - 1, together with conditions at j = j^k and j = jfiniitk , which will 

be discussed in the following sections. Having solved (7.17) for i = 1, ....,/, k = 1, ...., A^'n , stage 1 is 

completed by setting

ffn+* — C/TI+*. »• _ ,,-n ~n I. — i i.*)*1 ( nO,j — n l,j ) 3 — Jst,Q,ki •••••> Jfin,Q,ki «— l,....,«o > V

which represents the symmetry condition, (7.10).

• Stage 2; (Vertical chain solver, II )

For i = l, ....,/, k = 1, ...., A;*' 71 , at meshpoints (r\, 2j) e C"£ solve for H^1 * , which satisfies

} + K(H l2 }(H - ̂ t1 ')}, (7.19)

= j ant)i)fc + 1, ...., j?inti>k - 1, together with conditions at j = tft^ k and j = jjintitk , which will 

be discussed in the following sections. Having solved (7.19) for i — 1, ....,/, A; = 1, ...., k^n , stage 2 is 

completed by setting

rrn+l* _ rrn+l«. • _ -n -n fr — 1 t^' 71•"o,j ~ -"ij ' J — J«t,o,fc) ••••>^/tn,o,fc> « — i,...-,«o •

• Stage 3; (Horizontal chain solver )

For j = 1, ...., J, A; = 1, ...., k*'n , at meshpoints (rit Zj) € c£'fcn solve for /TJt 1 **, which satisfies

for i = in, .,+!,....., i7;n ,• fc - 1, together with conditions at i = i* . . and i = i1}. • . , which will be8l,J,K ' ' /'"iJi 11 " "'iji 15 /*7l iJi'c '

discussed in the following sections. Having solved (7.21) for j = 1,...., J, A; = 1, ...., jfe* 1 ", stage 3 is 

completed by solving
rrn+l** _ rrn+l** 

) M ^ i|Q = flcolleetorlrC^+V*) ~ Tco//ector ], (7.22)

for /f"^" 1 ** at i = i?t l0 ,ik. •••••• */in,o,fc' k = !> ••••> fco'n - Equation (7.22) is a nonlinear equation for

and is solved using Newtons method, with H*Q l * taken as an initial guess for /ftnju *.
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• Stage 4; (Consistency step )

An interior set of meshpoints, £7n C f2n , is defined by

(7.23)

see Fig. 7.4. For meshpoints (ri,Zj) e ftn solve for H"* 1 , which satisfies

Having solved for -H,^/ 1 at meshpoints (r^,*,-) e fin , stage 4 is completed by computing 

meshpoints (ri,zy) e Qn |f7n . The procedure for doing so is described in the following sections.
at

o points in
• 4. • /ni"• points in L2

Figure 7.4: Definition of ^n .

Stage 4 is repeated iteratively by replacing H?£** with the computed values 

new values of H?£ l with (7.24). During iterations of stage 4

?-}- 1 - H?fl **\ 
1>J tlj '

f and recomputing

max

is monitored. Convergence is assumed to be satisfactory when

max ^ \H?J l - # +̂1 **| < .003. (7.25)

This is typically found to take 2-3 iterations, and an upper limit of 10 iterations is allowed for in the 

algorithm.

In equations (7.17), (7.19), (7.21) and (7.24)

PeAz2 ' (7.26)
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and fractional subscripts that appear are defined by, e.g.

(7-27)

7.1.2 Boundary conditions at the billet surface

In order to compute H?Jl V(r»,Zj) 6 fin , using stages 1 to 4 above, it is necessary to provide values for 

H^*, H?^ 1 *, H?f 1 ** and H?f l at the end meshpoints of each vertical and horizontal chain in fin . Note
*)J *jj *)•/ *tj

that meshpoints (r;,Zj) 6 fJn |ftn must lie at the endpoints of vertical and/or horizontal chains, (e.g. see 

Fig. 7.4).

Where vertical or horizontal chains in ftn start at the collector plate or at the billet axis of rotation 

respectively, the boundary conditions (7.9) and (7.10) may be utilised. Otherwise, the billet surface cuts 

gridlines
r — r-

% )

and

at points which are not necessarily meshpoints. At each of these points the boundary condition (7.8) must 

be satisfied approximately, and this information can be used to provide the end conditions at the start and 

finish meshpoints of chains in fin .

Given the position of the billet surface at time rjn , and computed values of H?j, V(fi, Zj) 6 fin , the new 

position of the billet surface is computed at time Tjn+i- A piecewise cubic Hermite interpolant is used to 

give a continuously differentiate representation of the billet surface between computed surface points. This 

allows a normal velocity vector to be computed which is continuous along the billet surface. At each point 

of intersection of the new billet surface at time rjn+ i with a gridline, the (r, z) position, the surface normal 

vector cosines, and values for Bgaa , TgaB , v and Hapray are stored.

• Stage 1; when a vertical chain starts or finishes at a point of intersection of the billet surface with a 

gridline the following procedure is adopted.

1. The inward surface normal is followed into the billet until a gridline is crossed.

2. On each gridline that is crossed by the inward normal a check is performed to ascertain whether 

or not there are sufficient adjacent collinear meshpoints, lying on that gridline and within f)n , 

to give an O(Az3 ) approximation to H(r,z,rin ) at the point of intersection, (i.e. three adjacent 

collinear meshpoints are required).

3. The procedure is repeated until two suitable points of intersection of the inward normal with 

internal gridlines have been located. Denote these points by B and C, and suppose that B and 

C lie at distances s^Az and sc-Az from the billet surface. Let SB < SG\ see Fig. 7.5.

4. Denote by H% and #£ the O(Az3 ) approximations to H(r,z,r)n ) at the points B and C, and 

denote the point on the billet surface by A, with enthalpy H%. An O(Az2 ) approximation to the 

normal derivative of the enthalpy at A is provided by
Q TT -2 L/Ti «*2 ZTTI Ion Srtfif^ — s/^n o ~\
dn (7.28)
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5. A value for H\ is computed by using a bisection method to solve

l) - Tgaa )
SBSC(SB -

«A - Hapray ). (7.29)

Figure 7.5: Definition of B and C; satisfying boundary conditions at the billet surface.

• Stage 2; when a vertical chain starts or finishes at a point of intersection of the billet surface with a 

gridline the following procedure is adopted.

1. The inward surface normal is followed into the billet until a gridline is crossed.

2. On each gridline that is crossed by the inward normal a check is performed to ascertain whether 

or not there are sufficient adjacent collinear meshpoints, lying on that gridline and within ftn , 

to give an O(Az3 ) approximation to Hn+ * at the point of intersection from the values of Hff*, 

which have been computed above in stage 1.

3. The procedure is repeated until two suitable points of intersection of the inward normal with 

internal gridlines have been located. Denote these points by B and C, and suppose that B and 

C lie at distances SB&Z and sc&z from the billet surface. Let SB < SG-

4. Denote by H^+* and H£+ * the O(Az3 ) approximations to Hn+* at the points B and C, and 

denote the point on the billet surface by A, with Hn+ * = H%+ * at A. A value for H%+ * is 

computed by using a bisection method to solve

C 2 trn+* 2 ff™+* _r_ f 8 2 C 2 \tfTi+* 
\ S B n C ~ sC n B -r\ s C s B)n A _ p————— —————

+Pev(Hf - H,pray ). (7.30)

• Stage 3; when a horizontal chain starts or finishes at a point of intersection of the billet surface with 

a gridline the following procedure is adopted.
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1. The inward surface normal is followed into the billet until a gridline is crossed.

2. On each gridline that is crossed by the inward normal a check is performed to ascertain whether 

or not there are sufficient adjacent collinear meshpoints, lying on that gridline and within Qn , to 

give an O(Az3 ) approximation to Hn+l * at the point of intersection from the values of H^ *, 

which have been computed in stage 2.

3. The procedure is repeated until two suitable points of intersection of the inward normal with 

internal gridlines have been located. Denote these points by B and C, and suppose that B and 

C lie at distances SB&Z and scAz from the billet surface. Let SB < sc-

4. Denote by #£+1 * and #£+1 * the 0(Az3 ) approximations to Hn+1 * at the points B and C, and 

denote the point on the billet surface by A, with Hn+l * = #^+1 * at A. A value for H%+1 * is 

computed by using a bisection method to solve
2 rrn+l* _ 2 rrn+1* , / 2 C 2 \ rrn+1*

3 Cn B ~T~\ S C s B)n A __ D (T( rrn+l*\ T \—————— = Bgaa (T(HA }-Tgaa ]SBSC(S B -

* - Hapray ). (7.31)

• Stage 4; when a horizontal chain starts or finishes at a point of intersection of the billet surface with 

a gridline the following procedure is adopted.

1. The inward surface normal is followed into the billet until a gridline is crossed.

2. On each gridline that is crossed by the inward normal a check is performed to ascertain whether 

or not there are sufficient adjacent collinear meshpoints, lying on that gridline and within Qn , 

to give an O(Az3 ) approximation to Hn+l at the point of intersection from the values of -^T^ 1 , 

which have been computed in an iteration stage 4.

3. The procedure is repeated until two suitable points of intersection of the inward normal with 

internal gridlines have been located. Denote these points by B and C, and suppose that B and 

C lie at distances SB&Z and SG&Z from the billet surface. Let SB < SG-

4. Denote by H^+l and #£+1 the 0(Az3 ) approximations to Hn+1 at the points B and C, and 

denote the point on the billet surface by A, with Hn+l = H%+1 at A. A value for H^+l is 

computed by using a bisection method to solve
_ 2 fjn+l , / 2 _ ,,2

S C n B ^\S C SB)A _ D rrn+1

- Hapray ). (7.32)

7.1.3 Chain end conditions; completing stages 1, 2, 3 & 4

Following the above procedure in stages 1, 2 and 3 gives approximate values for Hn , Hn+ *, Hn+ 1 ** and 

Hn+l actually on the billet surface, close to a chain endpoint. The procedures described in this section are 

then used to solve for #£/*, H^1 * and H^1 *" in stages 1, 2 and 3 respectively, whenever there are at 

least three meshpoints in a chain, i.e.

& 2, 

+ 1 < infinj,k • stage 3.
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The special treatment necessary for shorter chains in stages 1, 2 and 3 is covered in the next section. Also 

described in this section is the procedure used in stage 4 for assigning values to H^1 when (n, z,-) G fin |fin .

• Stage 1;

1. Use H? n i and HJ1^ 9 , together with the computed chain end boundary value for Hn ,
l '3fi n ,i,l,~ L ''J/in.t.fc ^' °

to give an 0(Az3 ) approximation to H?jn . This provides an 0(Az3 ) + O(A77n ) approximation 

to

2. Write equation (7.17) in the form of a tri-diagonal system of simultaneous equations, i.e.

where aft*) &?1~*i c?t* and d?t* are defined by reference to equation (7.17).
*|J ' 1 >J ' ')J *!j ^ -1 \ /

3. Set

CS?*.,M = °' (7 - 34)
.TTI+* rr7i+* /»7 oc\
/„• .'n = JJ • -n , ( I .00) 

*1J * • • fc ^»J / • • 1.

and for j = jjin>ijk - 1,...., jantii)Jfc + 1, define iteratively

fl";L ..+, . (7-36)

jn+* , cn+* fn+* 
_ t,j ~ i,j ->t,j-H

4. If the vertical chain does not start at the collector, derive an 0(Az3 ) -I- O(Arjn ) approximation to 

H?j* _ by interpolating from Hf^n +1 , H^-n +2 and the boundary value computed for Hn 

at the chain start.

5. If the vertical chain does start at the collector, define H?j~n* by solving the system

TTU+* Tjn+*
•"vi — -"; n i

N 1 ' 1 ^ — D .. \T>( C/n+* \_ rp I /y oo\
t,l/2/ co//ectorj) ^(.OO^

f +̂ *. (7.39)

6. For j = j"t,»,fc + ^> ••••' tfin,i,ki compute values for HfJ* from

• Stage 2;

1. Use #r£* i and //".n^* 2) together with the computed chain end boundary value for Hn+ * ,
^J/in.i,*" 1 l 'J/tn,i,fc Z ° ^ J '

to give an O(Az3 ) approximation to HfJ'** . This provides an O(A23 ) + O(A77n ) approximation

2. Write equation (7.19) in the form of a tri-diagonal system of simultaneous equations, i.e.

-,n+l* rrn+1* , Ln-f 1* rrn+1* _n+l» rrn+1* jn+l»~ - - /« . , \(7.41) 

where a^t 1 *, ft^t 1 -, c^ 1 * and d^t 1 * are defined by reference to equation (7.19).
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3. Set

= 0, (7.42)

(7.43)

and for j = jjin<it k ~ 1> ••••> J?t,i,k + 1» define iteratively

^n+l*
_____

_ -n+1* n+1*'»J c»,j e»,j+l
jn+1* , -n+l* fn+l* " "*" L

44)-**;

n+1* n+1*

4. If the vertical chain does not start at the collector, derive an 0(Az3 ) + O(Ar;n ) approximation 

to H^t^* by interpolating from H?t? ,-, , H?t? , , and the boundary value computed for
)J «t,t,* l w«t,«,fc"rl l 'J«t,i,fc'r '4

at the chain start.
*5. If the vertical chain does start at the collector, define H?t}* by solving the system'^ »t,»,fc

rrn+1* _

trn+1* _ _n+l* rrn+1* |
-"i.i - et,i -^t,o 

6. For j = j£ >i)fe + 1, ....,.7?iB|i>fc> compute values for tfjt 1 * from

• Stage 3;

1. Write equation (7.21) in the form of a tri-diagonal system of simultaneous equations, i.e.

-,n+l** rrn+1** , tn+1** rrn+1** n+1** rrn+1** _ jn+1** /^ An \- ai,j n i-i,j + °tj ni,j - ci,j n i+i,j - ai,j ' l 7 - 49 ;
where ajt 1 **, b?j1 **, c^t 1 ** and d^1 ** are defined by reference to equation (7.21).

2. If the horizontal chain does not start at the billet axis of rotation then use H"n+l * , , . andl .t,i,A."t" i 'J

H?n+l * +2 ,) together with the computed chain start boundary value for Hn+l * , to give an 0(A23 ) 

approximation to #t"+1*j. This provides an approximation to #£+1 **J- which is 0(A 

. Then set

£:l*j = °> (7.50)
n+1** _ rrn+1** /,

3. Otherwise, if the horizontal chain does start at the billet axis of rotation set

e t̂j = 1, (7.52) 

= 0. (7.53)
•t,i,fe<
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4. For i = i» |i>4 + 1, ....,ijiniiijk - 1, define iteratively

n+i**
n+i** _~~

in+1** i n+1** j?n+l**

(7.55)n+1** n+1** n+1** ',- ,• — ct • • e i_i i
T"lJ 'tj * '•1J

5. By interpolating from #£+1 * _ lj-, H?n+l * _ 2)J- and the computed boundary value for #ra+1 *, 

derive an O(Az3 ) + O(Aryn ) approximation to H?n+l ** •.
' 1 **6. For i = i/in> i f jfe - 1, ••••>Ct,t,fc» compute values for Hfj'** from

rrn+l** _ ^n+1** rrn+l** i /n+1**

• Stage 4;

1. At the finish of each vertical chain of length greater than two meshpoints use Hft , and
0 t 'J/in,»,fc 1

H?t* -25 together with the computed chain end boundary value for Hn+l , to give an O(A^3 ) /»"i»i*
approximation to Hf,^1

'•'/in.i,*

2. At the start of each vertical chain of length greater than two meshpoints which does not start at 
the collector, interpolate from Hf^ ,-, , H?~Q -1.9 and the boundary value computed for Hn+l1 >-'«t,i,fc~l~ 1 t 'J«l,t,fc"rz

at the chain start to give an O(A^3 ) approximation to H?t}••' »t,t,fc
3. If a vertical chain starts at the collector solve for H?£l in

l,U

rrn+l _ f/™+l

K(H?il/'2)~ —— ̂  —— = ^coH B ctor[r(/r*+/12 ) - Tco// ector ]. (7.57)

4. For each horizontal chain of length greater than two meshpoints where the finish meshpoint does 
not also lie at the end of a vertical chain considered above, use H?n+l , ,, H?n+l 9 • and the

t /in,i,fc~ i 'J l fin,i,k~*'J

computed boundary value for Hn+l to give an O(Az3 ) approximation to #£+1
/tn.i.fc 'J

5. For each horizontal chain of length greater than two meshpoints where the start meshpoint is 

neither on the billet axis of rotation, nor lies at the end of a vertical chain considered above, use 

H?n+l +1)J-, H^+l +2)J- and the computed boundary value for Hn+l to give an O(Az3 ) approxi­

mation to H£+l ,-. ««,»,fc'J
6. If a horizontal chain starts at the billet axis of rotation set

+1 ,. (7.58)
,, ,,^ i 'J v '

7. At any meshpoints in tln \£ln not considered above set H"£l = H?J 1 **.

7.1.4 Short chains; solving stages 1, 2 & 3 

• Stage 1;

1. Let (fi,Zj) 6 fin be a meshpoint in a short vertical chain, ( i.e. a chain which contains < 2 

meshpoints). Let the billet surface intercept the gridline r = T\ at distances s st Az below and 

above (r^z,) respectively, see Fig. 7.6.
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2. Compute boundary values of Hn , say H*t and Hfin , at the chain ends, (where the billet surface 

intercepts the mesh), as previously described.

3. Define approximations to Hn at the points lying halfway between (r;, zy) and the start and finish 

points of the chain by

(7.59)

(7.60)

4. Compute H?£* from

H?,j *)

(7.61)

Figure 7.6: Start and finish points of short chains.

• Stage 2:

1. Let (ri,Zj) G fJn be a meshpoint in a short vertical chain. Let the billet surface intercept the 

gridline r = T\ at distances s at Az below and s/;n Az above (r;,Zj) respectively.

2. Compute boundary values of Hn+ ", say #7t+ * an^ #7it*> at the chain ends, (where the billet 

surface intercepts the mesh), as previously described.

3. Define approximations to Hn+ * at the points lying half way between (T\,ZJ) and the start and 

finish points of the chain by

(7.62)

(7.63)
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4. Compute H?fl * from *)j

_ = ___ __ ___ 
l '3 J «/in /m 1/2 a/in

• Stage 3;

1. Let (ri,Zj) e ft71 be a meshpoint in a short horizontal chain. Let the billet surface intercept the 

gridline z = Zj at distances s, t Az to the left of and s/inAz to the right of (T-J, Zj) respectively.

2. Compute boundary values of Hn+1 *, say H?t+l * and H^1 *, at the chain ends, (where the billet 

surface intercepts the mesh), as previously described.

3. Define approximations to Hn+l * at the points lying half way between (r;,Zj) and the start and 

finish points of the chain by

}. (7.66) 

4. Compute H^"" from

7.1.5 Computing Hft1 ;

The previous sections describe how H** 1 is computed at all (ri,Zj) 6 fJn . New meshpoints, (ri,^-) 6 

nn+1 |fln ) are also added to the growing billet on each timestep, (see Fig. 7.2b). The following procedure is 

used to assign values to H^f 1 at these meshpoints.

1. The stored boundary data for the billet surface at time r)n+ i is used with the newly computed values 

of H?* 1 in fin to give values of Hn+l at all points of interception of the billet surface with vertical 

and horizontal gridlines. The method used is analagous to that described above in section 7.1.2.

2. New meshpoints (ri,Zj) G fin+1 |fin that lie on the extension of an existing vertical chain within fin , 

and within a distance 2Az of the start or finish meshpoint of the existing vertical chain, are assigned 

values. Values are determined by interpolating between the boundary value that has been assigned to 

H n+1 at the end of the existing vertical chain, and the values of H^1 at the two closest meshpoints in 

the existing vertical chain. If the chain contains only one meshpoint then a lower order approximation 

is achieved by the interpolation.

3. New meshpoints (rj,Zj) 6 O71 "*" 1 ^71 that lie on the extension of an existing horizontal chain within 

J7n , within a distance Az of the start or finish meshpoint of the existing horizontal chain, and which 

have not previously been assigned a value, are assigned values. Values are determined by interpolating
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between the boundary value that has been assigned to Hn+1 at the end of the existing horizontal chain,

and the values of H?+ l at the two closest meshpoints in the existing horizontal chain. If the chain*>j
contains only one meshpoint then a lower order approximation is achieved by the interpolation.

7.1.6 Timestep selection

A number of constraints are imposed on the timestep, A?7n , that is selected. Firstly, use of the Thomas 

algorithm, as described in section 7.1.3, to solve the tri-diagonal matrix systems of equations which arise 

from stages 1, 2 and 3 imposes a timestep constraint. It is easily shown that

< 1, Vi,j, (7.68)

< 1, VU, (7.69)

< 1, Vi,j. (7.70)

Thus, the stability of the algorithm is assured. Rounding errors may however build up in computing /£/*, 

f?jl * and /"/ 1 **. This is avoided if

< 1, V»,j, (7.72) 

< 1, Vi,j. (7.73)

Defining L* as the maximum of the left-hand sides of (7.71), (7.72) and (7.73), choice of A7yn+ i is made to 

satisfy

-Li < 0.8. ('

Contstraints (7.71) and (7.72) are very similar, and are of form

_ _ Ci,3

. (7.75)v y

Hence, this represents a constraint of form

Arjn ~ A*.

However, typically /f will increase with 2, since spray is deposited near the top of the billet, and K(H) 

will decrease with H over the range of fraction liquids typically encountered, (see e.g. Fig. 5.3). Thus, 

constraints (7.71) and (7.72) are usually satisfied trivially. It should be noted that this is a consequence of 

the "correct" choice of direction in which to solve the tri-diagonal systems in stages 1 and 2. 

Contstraint (7.73) can be written as

This again represents a constraint of form

~ Az.

The second term on the right hand side of (7.76) is always negative and is usually larger in magnitude than 

the first term. Thus, the "correct" choice of direction in which to solve the tri-diagonal systems in stage 3 

has again resulted in a constraint that will typically be satisfied trivially.



CHAPTER 7. SLOW- TIME BILLET HEAT FLOW 187

A second form of timestep restriction results from the moving boundary. Although in itself the moving 

boundary has little effect on the heat flow computation, since this is carried out on ftn , the speed of the 

moving boundary does effect the number of new meshpoints that are added to the billet on each timestep. 

Since the local truncation error at newly added meshpoints will be of lower order than elsewhere, it is 

desirable to control the rate at which new meshpoints are added to the billet

The following two growth related restrictions are imposed.

1. L2 is defined as the maximum surface normal velocity that is stored at time r)n+ i at the points of 

interception of the billet surface with the gridlines. Choice of Arjn+i satisfies

. (7.77)

2. Let ATjn+i, be the maximum timestep which satisfies both constraints, (7.74) and (7.77), and let L% 

be defined as the maximum increase in the length of a vertical chain in fin between times rjn and Tjn+i- 

If L£ > Az/2 then

1 *. (7.78)
3

If L£ < A*/2, but Ll~ k > Az/2 for some k < 10 then

(7.79) 

where

] 3 + -{1 - [-r]3 }. (7.80) 4 L -* J ^ [ - k] '10 
Otherwise,

(7.81)

The first growth related constraint is straightforward and ensures explicitly for the next timestep that 

new meshpoints in fin+2 |Qn+1 lie within Az/2 of meshpoints in £ln+1 . The second constraint severely 

restricts the timestep during periods when there is significant growth in the radial direction, (e.g. when 

there is significant transient growth towards a steady state), but has little effect when the billet growth is 

predominantly vertical.

7.1.7 Initial conditions

Initial conditions for the numerical solution are set by assuming an initially uniform deposit of thickness 2 Az 

on top of the collector plate. The collector plate initial vertical displacement below the atomiser is increased 

by a distance 2A2, so as to leave the initial conditions for the billet growth computation unchanged. Thus, 

for 0 < n < rc , A;?'0 = 1,

Ai,i = 0, (7.82) 

ffin^i = 2, (7.83) 

and for 0 < z3 < 2 A*, kf'° = 1,

».«j,i = 0> (7-84)

]- (7-85)
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00

Collector

\2AZ

Figure 7.7: Assumed initial conditions

see Fig. 7.7.

Initial values for H are chosen by assuming a constant vertical enthalpy gradient through the thin initial 

deposit at each radial distance, Ti. This gradient is chosen so as to satisfy a finite difference analogue of the 

boundary condition (7.8) at the billet top surface. Linear interpolation using H^ and ff° 2 gives

dH O rrO

Using the above approximations H^ and #f)2 are made satisfy

o ^°2-#°i _ - H.pray }. (7.86)

Another condition is required to determine both H^ and H >̂2 - This second condition is given by assuming 

that the heat content of the initial thin layer of deposit is governed by the boundary heat fluxes. At each 

Ti < rc the solution, Hi, of

0 = i) - Tga8 ] + Pev[Hi - Htpray ], (7.87)

is computed using a bisection method. A second condition for H®^ and H°2 is then given by

(7.88)

Finally, linear interpolation is used to give H?0 from the values of H?tl and #p 2l preserving the constant 

vertical enthalpy gradient through the deposit.
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7.1.8 Treatment of the collector

The collector is treated as a cylindrical slab of material, with constant density, specific heat capacity and ther­ 

mal conductivity denoted pcoiiector, ccoii ect OT and Kcon ector respectively. The collector thickness is denoted
A _^_rt

Zcollector- A uniform collector initial temperature, T ôllector , is assigned and an axisymmetric temperature 

profile is assumed to exist within the collector at later times.

Heat flows into the collector through the base of the billet. The sides and bottom of the collector are 

assumed insulated throughout the process. Thus, the collector acts as an initial heat sink for the spray that 

is first deposited, and then diminishes in importance as it itself heats up and as the billet grows larger.

Temperature profiles within the collector are computed explicitly on timestep n. Values of H™i/2 at the 

billet base are used as boundary conditions throughout the timestep, to integrate the collector temperature 

forward to time rjn+ i. This collector temperature is then used in the implicit scheme described above for 

computing the billet enthalpy on timestep n. A completely standard 5-point explicit, centrally differenced 

finite difference scheme is used, with a much coarser spatial mesh than that used for the billet heat flow 

computation. If necessary, the time is advanced from r]n to r)n+i over a number of smaller substeps when 

computing the collector temperature, in order to preserve the stability of the explicit scheme.

For computations carried out in this chapter the following parameters are assumed.

= 2560 kg/m3 , 

= 1300 J/kg/C,

Kcoll ect 0r = 180 W/m/C,

T° — 9^ C 1 collector ~ Z0 U i

hcoiuctor = 2000W/m2 /C,

^collector = -03 771. 

i.l.«7 .D gas ? -Lga.81 3-110-. tlspray

Derivation of accurate submodels to describe Bgaa , Tgas , and H8pray is beyond the scope of this thesis. 

However, the assumptions of constant Bgaa , Tfftt8 , and Hapray across the billet surface, which were made 
in chapter six so that the effects of changes in billet shape, scanner and rotation rates could be studied in 

isolation, are here invalid. This is because on the slow timescale, variations in Bgaa , Tgaa , and Hapray along 

the billet surface can have a significant effect on the heat flow in other parts of the billet.

The heat transfer coefficient, hgaa , is thought to decrease smoothly from a value of approximately 

1000 W/m2 /C on the billet crown to a value of approximately 300 W/m2 /C along the billet sides, [2]. 

The transition from billet crown to billet sides typically occurs within a distance « r a above the lower spray 

boundary, as the mass flux tends to zero at the spray edge. A simple model which captures this feature is 
given by

BgaB.it z\ <



CHAPTER 7. SLOW- TIME BILLET HEAT FLOW 19°

where,
TI cos ai + ra

, sin ai
and for the purposes of the results presented in this chapter,

30(XR ,_ ft1 .- ——. (7.91)

Recall, ri and z\ measure the radial and vertical distances from O\ respectively, within the crown frame of 
reference. The angle ai is the minimum angle that the spray cone axis makes with the vertical; R and K8 
are respectively, the chosen process length-scale and the thermal conductivity of the solid phase of the alloy.

For given atomising gas pressures and metal mass flow rates the spray fraction liquid, fi, apray, is known 
to decrease with distance from the atomiser; (for measurements and computations see e.g. [6, 7, 13, 38, 43, 
45, 46, 50, 74, 87, 89]). The exact spray fraction liquid at a given distance from the atomiser nozzle will 
also depend on the local droplet size distribution and gas velocity, as well as other factors such as the melt 
superheat. See the discussion in chapter one, section 1.2.2.

A very simplified model, which roughly approximates the spray fraction liquid variations at typical flight 
distances that have been computed for representative process parameters in [43], is given by

fl,.praV (Zd) = 1 - Zd , (7-92)

where z4 is the dimensional distance from the atomiser nozzle. This model is used to compute Hapray at the 
billet surface for all results presented in this chapter.

In the absence of further data a constant gas temperature,

Tgaa = 200 C, (7.93) 

is assumed for the results presented in this chapter.

7.1.10 Summary of algorithm

The following summarises the main steps in the algorithm for computing the numerical solution to (7.7), 

(7.8), (7.9) and (7.10).

1. Set initial conditions for billet growth.

2. Set initial conditions for billet heat flow.

3. To advance the solution from time j]n to time rjn+i do the following:

(a) Select timestep.

(b) Compute new billet boundary.

(c) Store boundary data.

(d) Compute H^f* : V(rj,Zj) 6 fin by solving the tri-diagonal systems in stage 1 on all vertical 
chains in fin .
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(e) Compute tf^t 1 * : V(n t Zj) e fP by solving the tri-diagonal systems in stage 2 on all vertical 

chains in fin .

(f) Compute H?~!~ 1 ** : V(ri, Zj) e ftn by solving the tri-diagonal systems in stage 3 on all horizontal 

chains in Jln .

(g) Compute H^ 1 : V(rj, Zj] e £ln by solving stage 4; iterate stage 4 if necessary.

(h) Compute H?Jl : V(rj,Zj) G ftn+1 |ftn by interpolating from boundary values of Hn+l and 
computed values of H^ 1 in ft 71 .

7.2 Computational method; discussion

The criteria that one hopes to satisfy with an algorithm for the numerical solution of equations (7.7), (7.8), 
(7.9) and (7.10) are rather less stringent than those one might hope to satisfy when solving a simpler 
boundary value problem.

Firstly, a high order scheme is not required. Heat flow is a diffusive phenomena, with internal variations 
bounded by those at the boundary. The boundary layer model of chapter six provides high resolution 
information about the rapid heat flow that occurs close to the billet surface. The slow-time model is intended 
to provide insight into processes occurring on a much larger length-scale, that are influenced by more global 
and longer term variations in boundary conditions. Thus, fine resolution is unlikely to be needed to expose 
such features.

Secondly, although for a simpler boundary value problem one might hope to demonstrate the consistency, 
stability and convergence of the algorithm, here this is unlikely to be achieved without great effort. Instead, 
apart from consistency, the main objectives to be aimed for in devising a numerical method for (7.7), (7.8), 
(7.9) and (7.10) are that the method be both quick and robust. Additionally, one might attempt to devise 
a method which retains as much conceptual simplicity as is possible. By being "robust", one implies not 
only that the method be numerically stable, but also that the algorithm is able to reliably cope with a wide 
range of process parameters and billet geometries.

Complications in computing the solution to equations (7.7), (7.8), (7.9) and (7.10) arise from the prob­ 
lem being two dimensional, nonlinear, and from the irregular expanding domain. Ways to cope with the 
expanding domain can be divided into either "front-fixing" methods or "front-tracking" methods. Much 
published work that deals with deposit heat flow in spray forming processes employs front-fixing methods, 
[6, 7, 87, 88, 89]. In contrast, this thesis uses a front-tracking method to deal with the moving billet surface.

7.2.1 Front-tracking and front-fixing methods

The contrast between these two overall solution strategies is best illustrated through consideration of the 
one dimensional analogue of equations (7.7), (7.8), (7.9) and (7.6), i.e.

= Bga,[T(H)-Tgaa ] + Pev[H-H,pray }, z = Zfo), (7.95)
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= Bcoluct0r[T(H}-TcollectOT ], z = 0, (7.96)

= /%(r)dr. (7.97) 
Jo

Here the heat flow is one dimensional and the growing billet has been replaced by the expanding interval 
z € [0, Z(r])], with v(rj) specified.

In a front-tracking method the above equations are discretised in a standard way, using a mesh fixed 
in the spatial domain, and the numerical approximation is advanced from timestep n to timestep n+l using 
the resulting difference equations. The progress of the moving boundary, z = Z(rj), is tracked as it crosses 
successive meshpoints. Problems that arise in this sort of method include

• how to specify H on timestep n + 1 at meshpoints that were not in the solution domain at timestep n,

• the need to either select the timestep so that the boundary condition (7.95) may be satisfied at a 
meshpoint on each timestep, or to devise a special treatment for satisfying (7.95) between meshpoints 
on each timestep without an unacceptable loss of accuracy,

• the time required to advance the numerical solution from time step n to timestep n + l increases with 
n, due to the addition of extra meshpoints as the solution domain expands.

In a front-fixing method the coordinates of the expanding solution domain are mapped into a geomet­ 
rically simpler domain. In the one dimensional example the mapping

(7 ' 98)
maps the solution domain into the unit interval, £ e [0, 1], and transforms equations (7.94), (7.95) and (7.96) 
into

£ = 1, (7.100) 

= Bcollector (T(H)-Tcollect 0r}, £ = 0. (7.101)z(n) o
Whilst the problems associated with the front-tracking method are avoided by this transformation, problems 
that arise are

• additional complexity in the field equations and boundary conditions to be solved,

• additional computation in mapping between domains,

• loss of resolution in the physical solution domain as Z(r\] becomes large,

• initial timestep restrictions when Z(rj) is small if an explicit method is used.

For a properly one dimensional problem, (e.g. uniform sprayed metal strip), the additional complexity in 
the field equations and boundary conditions is not very severe. Published work here has generally used an 
explicit finite difference method to solve equations such as (7.99), (7.100) and (7.101), e.g. [6, 7, 87, 88]. It is
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noticable however, that the published work considers only sprayed metal strip and thin discs of up to a few 

centimetres in thickness. Clearly, in computing physically larger domains the assumption that the heat flow 

will be one dimensional becomes questionable. However, this is only part of the problem. Other problems 

are firstly, that using an explicit method to integrate over the longer time period that will be required for 

large 7(77) is very expensive computationally, and secondly, that either the accuracy will decrease with Z(r)) 

or it will be neccessary to refine the grid in the £ domain. The latter choice not only negates one of the 

advantages of this type of method over a front-tracking method, but also further restricts the size of timestep 

used.

Where the problem is two dimensional, the situation becomes much more complicated. Billet geometries 

can be complex, and the first problem to be overcome is to choose a suitable two dimensional analogue of 

(7.98). Wavy sided billets and billets with irregular crown shapes can cause transformations such as

Y (7' 102)
(7' 103)

(where z = Z(r),r] and r = R(r],z) define the billet surface), to become double valued, e.g. see Fig. 7.8. If 

the billet geometry is more regular, the use of transformations such as (7.102) and (7.103) will still result in 

extremely complex field equations. For example,

d_ d^d^ dg^d^ 
dz ~ fcd + dzl)'

Thus, it can be seen that transformation of (7.7) will contain mixed derivatives of up to second order in £ 

and g, as well as derivatives of Z(rj, r) and R(r), z) with respect to r and z respectively, of up to second order. 

Hence, it is not enough to estimate the billet surface position through a billet growth model, but estimates 

of surface gradient and curvature must also be made.

Additional complexity also results in transfoming the boundary condition (7.8) to the normalised coor­ 

dinates. Here, the normal derivative will result in boundary conditions of type

f)ff
,, = 0(0,^,7], H,Bgaa ,Tgaa ,Hapray }

to be satisfied on the billet boundary. Proper numerical treatment of such boundary conditions, in order to 

preserve accuracy would require much care.

Mathur et al. claim the use of a two dimensional front-fixing method in the only published two dimensional 

results, [89]. In [89] the growth of, and heat flow within small well shaped billets is presented. However, 

a statement of the equations actually solved and a description of the numerical algorithm used is omitted. 

This work has been discussed further in chapter one, section 1.2.5.

In summary, use of a front-fixing method to solve equations (7.7), (7.8), (7.9) and (7.10) has been rejected 

for the following reasons.

• The transformed field equations are extremely complex in two dimensions, and require computation of 

the surface position, velocity, gradient and curvature for their solution.
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The transformed boundary conditions contain tangential derivative as well as normal derivative terms.

Loss of accuracy in computing heat flow within large production scale billets, or excessive timestep 

restrictions due to the use of a very fine mesh.

Additional mapping problems may arise with complex geometries.

Figure 7.8: Problems with simple transformations

7.2.2 ADI and LOD methods

In one dimension, two step finite difference methods for parabolic problems may be broadly classified as 

either explicit or implicit. Explicit methods enjoy the advantage of being extremely easy to implement, 

and in general involve fewer floating point multiplications per timestep. However, they are also hampered 

by severe restrictions on the size of timestep which may be used while still preserving numerical stability. 

Implicit methods enjoy the advantage of being numerically more stable, (unconditionally sometimes), and 

those methods which may be written in the form of tri-diagonal matrix equations can also be solved efficiently 

by use of the Thomas algorithm. Although more floating point multiplications per timestep are generally 

required when solving an implicit difference scheme, the possible use of larger timesteps often makes the 

implicit method more economical. Even when the equations are nonlinear, use of a predictor-corrector 

method such as in chapter six, can retain the economy of the implicit method.

When solving a two dimensional parabolic problem, the timestep restrictions on an explicit method are 

even more severe. However, now the straightforward use of an implicit method entails the inversion of a large 

matrix, which is no longer tri-diagonal. Thus, the economical Thomas algorithm can no longer be used to 

perform the inversion, and the choice between straightforward explicit and implicit methods is not as simple 

as in the one dimensional case.
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In an effort to retain the economy and stability of the implicit methods used for one dimensional problems, 

alternating direction implicit, (ADI), methods were first proposed in the 1950's, [29, 105]. These methods 

essentially split the two dimensional implicit difference scheme into two stages, each of which involves the 

solution of a tri-diagonal matrix equation. Each tri-diagonal matrix equation results from the use of an 

implicit discretisation in the direction of one coordinate axis, and only an explicit discretisation in the 

direction of the other axis. The direction of the implicit discretisation alternates over the two stages, (see 

e.g. [40, 147] for a discussion). Such methods are frequently used for multi-dimensional unsteady heat flow 

computations in the metals processing industry, e.g. [67, 137].

Also developed in parallel to the ADI schemes, were certain methods which approximate the two dimen­ 

sional problem, again with two stages involving the solution of tri-diagonal systems, but with the discretisa­ 

tion at each stage approximating the heat flow only in one direction, [146]. These locally one dimensional, 

(LOD), schemes have some advantages over ADI methods in terms of computational speed, but have been 

criticised since although the two stages combine to provide a consistent approximation to the underlying 

differential equation neither stage alone is consistent.

The lack of consistency of the two stages of an LOD method with the differential equation can cause 

problems in how to interpret the mesh function that is solved for in the first stage. This interpretation is 

important, since boundary conditions must be assigned in order to compute the intermediate mesh function. 

Thus, in general, an ADI method is to be preferred. For an ADI method the interpretation of the intermediate 

mesh function computed by the first stage is often more straightforward.

Gourlay and Mitchell, [41], have investigated the relationship between the different approximations pro­ 

duced by ADI and LOD schemes with varying degrees of implicitness. In particular they show the equivalence 

of the two methods for the fully implicit method, so that the fully implicit LOD method may be regarded 

as both an LOD and an ADI method. It is this LOD method that is most commonly used.

Although in [146] Yanenko originally proposed the LOD method for numerical solution of the Dirichlet 

problem for the linear heat equation on a rectangular region, the method has since been generalised to 

arbitrary regions, to mixed boundary conditions and to some nonlinear parabolic equations, [121]. Various 

convergence results are given in [57, 58, 121]; convergence rates being at least first order in both temporal 

and spatial directions. The better convergence rates result from rectangular regions, linear problems and 

Dirichlet boundary conditions.

7.2.3 Generalisation to the slow-time heat flow problem

The numerical algorithm described in section 7.1 of this chapter is based on a fully implicit discretisation of 

equation (7.7), adjusted to cope with the nonlinearity and the moving boundary. After iteration of stage 4 

of the algorithm, the equations

(7.104)

are satisfied at all meshpoints (T-J,ZJ) 6 Hn . Convergence of this method for a nonlinear parabolic equation 

such as (7.7), on an arbitrary smooth region, and with mixed boundary conditions, is discussed by Samarskii,
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[120]. A generalisation to the case of an expanding domain has not been found in the literature.

Stages 1, 2 and 3, used alone, provide a one dimensionally derived estimate to the implicit nonlinear 

difference equations, (7.104). Stages 1 and 2 correspond to the first stage of the fully implicit LOD scheme 

that would at internal meshpoints be given by

rrn+1 rrn+1* _ 
i,3 ~ i,J ~ I • _ i /o"^-" 1+1/2,.; A"i+l,j ~ "i,j ; T~ • _ i ^•"^"t-l^.jA-"!-!,.; "»,.

(7.106)

Equation (7.105) is nonlinear and would require some form of iterative process to be satisfied exactly. The 

two stages above, (7.105) and (7.106), combine to give a consistent approximation to (7.7). From (7.106) it 

can be seen that H?Jl * is an O(A^) approximation to H^1 .

Stages 1 and 2 of the numerical method described, approximate (7.105) by a predictor corrector method, 

with stage 2 being effectively the first iteration towards an exact solution of (7.105). Additionally, whilst 

stage 1 has used the new boundary position and function values, together with a normal derivative estimated 

from H?j, to satisfy (7.8), stage 2 of the algorithm estimates the normal derivative in (7.8) from values of 

H"J~* that have been computed in stage 1. Thus, the two stages used to approximate (7.105) involve an 

iteration of the boundary values of Hn+1 * as well as the internal values, HfJ 1 *. This iterative application 

of the normal derivative boundary condition is suggested in [147].

Stage 3 of the algorithm then corresponds directly to (7.106) above. The boundary condition (7.8) is 

satisfied using a normal derivative estimated from values of H^f 1 *. Thus, at both internal and boundary 

meshpoints the values of H™f 1 ** are estimates of the values H™£ 1 , given by (7.104), and have been derived 

only from approximations of the nonlinear diffusive operator at time ^n+i- The values of H™j~ 1 ** computed 

in stage 3 of the algorithm therefore give a good first approximation to the iterated final values, H?j~l , 

computed in stage 4, not only at internal meshpoints, but also close to the boundary.

Instead of stage 4 in the algorithm the LOD method could be used alone, with iteration used to solve 

(7.105) exactly and (7.106) replaced by

i-l

(7.107)

which could again be solved via iteration. Initial attempts to use this methodology were unsuccessful. In 

iterating to an exact solution of (7.105) and (7.107) the problem of inconsistency of either stage with (7.7) 

emerges. The computation of the billet surface is carried out at points separated by a distance ~ dsmax , 

where dsmaz is chosen to satisfy

dsmax « Az.

Thus, any oscillations in boundary errors that are attributable to using a numerical procedure to solve for 

the billet surface position will occur on approximately the same spatial frequency as the mesh spacing. 

Such errors will typically be very small, but may grow larger in periods of more rapid transient growth 

when additional surface points are being added to the computation. Although small, these errors are
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propagated, (diffused), horizontally into the billet by the horizontal second stage of the LOD method. 
This is demonstrated in Fig. 7.9, where an artificial O(Az) boundary error has been introduced. Use of 
an iterative technique, to satisfy (7.107), exactly exagerates the effect since it allows spurious boundary 
corrections to be diffused even deeper into the billet. On a fixed domain, with smooth boundary conditions, 
this effect is unlikely to be so severe. The moving boundary causes additional changes in the values assigned 
to meshpoints at the end of chains within the billet and allows for additional rounding errors.

1

0_________ 
0 0.2 0.4 0.6 0.8 1 1.2 1.4

Figure 7.9: An example of boundary error propogation in the LOD method; red blue and green curves show 
computed isotherms within a billet cross-section, (black).

The above example explains the reason for stage 4 of the numerical scheme. Stage 4 provides a consis­ 
tent approximation to (7.7) that is normally missing from the LOD method. The consistent approximation 
provided by stage 4 dissipates boundary errors two dimensionally that could otherwise be propagated hori­ 
zontally into the billet. In effect the LOD method is used in stages 1, 2 and 3 to provide predicted values, 
H*!' 1 **, which are then corrected at internal meshpoints by stage 4. Thus, the scheme as a whole may be 
viewed as a predictor-corrector method.

The scheme benefits from the reduced computation time of the LOD method over a comparable ADI 
method in providing predicted values for stage 4. One might question whether, by using an ADI method, 
stage 4 could be dispensed with. This is possible, but should not lead to any time saving. Iteration of stage 4 
helps to smooth the computed temperature fields. The largest updates in the iteration of stage 4 are usually 
found near the billet surface, and are caused by the lower order of approximation of the boundary condition 
(7.8) there, and by associated rounding errors. These features would not be diminished by using an ADI 
method. Additionally, use of an ADI method would discard another advantage of the LOD method for this 
particular application; that of its conceptual simplicity. In applying the LOD method, at each timestep it 
is only necessary to store the end positions of each vertical and horizontal chain. Then in advancing the 
approximation over one timestep boundary conditions need only be applied at the ends of these chains,
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(i.e. since the heat flow is one dimensional). However, the ADI method may also require the evaluation of 

boundary conditions at intermediate points in chains close to the boundary, see Fig. 7.10. This not only 

leads to more computation, but also requires the derivation of a more complex method for storing and coding 

boundary data.

Points near billet surface, on 
vertical chain, requiring special 
treatment - ADI method

O Points near billet surface, on 
vertical chain, requiring special 
treatment - LOD method

Figure 7.10: Increased boundary condition computation requirements of an ADI method in comparison to 

an LOD method.

7.2.4 Accuracy and stability

The consistency of the algorithm at internal meshpoints is self evident, and will give a local truncation error 

of order

at these meshpoints. On short horizontal or vertical chains the local truncation error increases to

0(Az) + OCAifc).

The interpolation of the chain end meshpoints using the closest boundary values and two meshpoints within 

the chain gives an error of size

0(Az3 )

in approximating the endpoint value. This value is then used in the difference schemes in stages 1, 2, 3 and 

4; thus giving rise to a local truncation error of order

0(Az) + 0(Ar?n ), 

at these meshpoints. At newly added meshpoints a value is assigned. The approximation is again

0(Az3 ),
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giving rise to a local truncation error of order

on the following timestep. With dsmax = Az the surface position is computed to order

0(Az2 ),

and a similar order error is involved in approximating the normal derivative in boundary condition (7.8). 

Other boundary conditions are approximated by central differences using the fictitious meshpoints at z = 
zc - l/2Az and r = -l/2Az; both having error

0(Az2 ).

Thus, the algorithm is believed to provide a consistent approximation to (7.7) at all meshpoints.

Under the timestep restrictions discussed in section 7.1.6 the algorithm is numerically stable. It has been 
pointed out that these restrictions are not severe, and may be lessened by solution of the tri-diagonal matrix 
systems in an appropriate direction. At most they imply

~ Az.

Compared with an explicit method, where the timestep restriction would be

?n ~ Az2 ,

the implicit algorithm outlined requires approximately 2 4- k times as many floating point multiplications per 
meshpoint on each timestep, where k is the number of iterations of stage 4. Thus, for Az < g^ the implicit 
algorithm will be more efficient. Use of the LOD method in stages 1, 2 and 3 to provide the initial guess for 
stage 4 means that only two to three iterations of stage 4 are usually required. Thus, for example with the 
results computed in the remainder of this chapter, where Az = .02, the method represents approximately a 
ten-fold saving in CPU!

No attempt will be made to demonstrate convergence of the numerical method. Typically, convergence 
proofs for nonlinear parabolic equations make use of some a priori estimates of the analytic solution. Here 
no proof has been attempted of the existence and uniqueness of the analytic solution, so none will be made 
for the numerical method. An educated guess would be that, if the method converges, its rate of convergence 

willbeO(Az) + O(Ar?n ).

Without making the numerical method a good deal more complicated it is doubtful whether the spatial 
accuracy of the method can be improved. Higher order interpolations at the billet surface could be used 
to improve the spatial accuracy there, but this accuracy will remain diminished on the shorter chains. To 

improve the temporal accuracy, one could use an intermediate timestep. Disadvantages with doing so might 
include the need to compute the billet surface position at the intermediate timestep and the greater storage 
requirements.
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7.3 Algorithm capabilities

Using the algorithm described in section 7.1 the transient slow-time heat flow was. computed within the 

billet illustrated in Fig. 7.1 la. This figure has been produced using the transient growth model of chapter 

four, and has resulted from the model metal mass flow rates and withdrawal rates that are illustrated in 

Fig. 7.lib. The surface profiles are plotted at intervals AT? « .1, and show a wide variation in layering both 

across the billet surface and over the duration of the modelled run. To compute the heat flow within this 

billet the algorithm must contend with the following

• Wide variations in surface velocity, (=>• heat influx).

• Sharp changes in the mass flow rate.

• Variation in all the other boundary heat flux parameters, both across the surface and during the run.

• Periods of billet growth at a wide range of different angles to the gridlines.

• A geometry that would defeat many front fixing methods.

A billet such as that in Fig. 7.1 la would require much wasteful machining to achieve a satisfactory cylin­ 

drical shape for extrusion, and would almost certainly be rejected by a production quality control following 

microstructural analysis. A model with the capability of computing the isotherms within such billets, during 

formation, is thus of great value in providing insight into real causes of production failure.

45 0 0.5 I 

Radial (Cstoixe

Figure 7.11: a) Billet surface contours plotted at intervals AT? « 0.1, b) Mass flow rate and withdrawal rate 

used in a). Model parameters: start position zn = 3.

In computing the heat flow within this billet, the Peclet number has been fixed at

Pe = 1.887,
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and mesh spacings

A* = dsmax = .02

are used for the heat flow and surface growth algorithms, see Fig. 7.12. The model alloy chosen is 2618. 

Other model parameters are ai = 35°, a\ = 6.5°, rn = 2.27, r, = 1/2, rc = 1; the scanner angle function 

shown in Fig. 3.23 is assumed. Unless otherwise stated, these parameters remain fixed for the remainder of 

the results computed and presented in this chapter.

0.2 3

0
0 1.40.2 0.4 0.6 0.8 !

Radio! distance 

Figure 7.12: Example of mesh used for heat flow computations in this chapter.

Fig. 7.13 shows the isotherms that have been computed within a cross-section of the axisymmetric billet, 

at intervals AT; = .5, throughout the modelled run. In these figures the green isotherm plotted represents the 

solidus isotherm. Red curves represent successive temperature increments, each equivalent to 1% fraction 

liquid, above the solidus temperature. Blue curves represent increments of 10% of the freezing range of the 

alloy, below the solidus temperature.

Significant temperature transients can be observed in Fig. 7.13, with the billet changing from being 

nearly fully solid, (Figs 7.13c, f & g), to having quite significant liquid fractions, (Figs 7.13a, b, d, e & 

h). Corresponding variations in both vertical and radial temperature gradients throughout the billet and 

throughout the length of the run are also observed.

The isotherms in Fig. 7.13 are smooth throughout the run, even close to the billet surface, thus demon­ 

strating the capabilities of the algorithm in using a fixed, square mesh to cope with a boundary that is 

both curved and moving. The equations are fully nonlinear in regions where the isotherms are red, (see in 

particular Figs 7.13a & e), and linear elsewhere. It is clear that the nonlinearity causes no difficulties for the 

algorithm. It is also clear from Fig. 7.13 that the algorithm is able to cope well with geometries involving 

multiple chains of vertical and/or horizontal meshpoints, (e.g. 7.13g), such as could cause difficulties for a 

front-fixing method.

This computation took approximately 15 minutes of CPU on the Oxford University VAX 6000/620, a 

dual processor machine giving 35 MIPS of processing power on each processor. The model parameters chosen



CHAPTER 7. SLOW-TIME BILLET HEAT FLOW 202

I 11 U It It I U II I 12 U U I! I U U I 12 II It U I U LI I li l< li li I Li LI

i i; ii n is i u K i ii '. i 1. it I 11 tl li U ! LI Li I 12 li II II ! ii Li

Figure 7.13: Billet cross-sectional isotherms; a) 77 = .5, b) 77 = 1, c) TJ = 1.5, d) 77 = 2, e) r? = 2.5, f) 77 = 3, g) 

TI = 3.5, h) TJ = 4. Black - billet surface, red - isotherms for increments of 1% fraction liquid above solidus, 

green - solidus isotherm, blue - isotherms for increments, AH = 0.1, below solidus.
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are in the range of real process parameters. Faster computation would result during a modelled run in which 

there were fewer transients and/or from using a larger mesh size. With the increasing availability of desktop 

workstations, within this processing power range, the possibilities of real-time heat flow simulation and of 

designing solidification control algorithms, based on this model, become realities.

The fine mesh size used throughout the chapter is chosen for consistency with the next section, where the 

initial stages of a modelled run are investigated, and it is desirable to minimise errors due to approximation 

of the initial conditions. Over a longer period of time the initial errors become less significant, and use of a 

coarser mesh would be quite acceptable. For a moving boundary problem with

1 AA77n ~ -Az,

(as is suggested by the timestep restrictions that have been imposed), there are Kn meshpoints inside the 

billet at time r)n , where

Thus, supposing the model is integrated over the interval 77 6 [0,77/in], there will be approximately N 

timesteps, where

Az '

If the average CPU time per meshpoint, per timestep is denoted kcpu the total CPU cost is then given 

approximately by
AT O

CPU w kcpu £ Kn ~ CP̂ fin - (7-108)
71=1

Equation (7.108) demonstrates that significant computational savings will be made when a reduction in 

accuracy is accepted. For the explicit method applied to this problem the cost, (preserving stability), would 

be
CPU ~ ——f U . fin .

A*4

7.4 Start up strategies

In chapter four, section 4.2, a number of generic strategies for controlling the initial phase of billet growth 

were examined. These strategies were described in terms of the initial vertical displacement of the collector 

below the atomiser nozzle, zn , and the process withdrawal and mass flow rates, 14(77) and 771(77). Considerable 

variation in the initial pattern of layering of the deposited spray was found to result from firstly, delaying 

withdrawal of the billet for a short period, and secondly from varying zn . This section presents results of 

computations of slow-time heat flow, in the initial stages of billet growth, for three of the eight cases that 

were considered in section 4.2.

Results for the case zn — 3, 771(77) = 1 and

, , f 0, 0<77<1, u(rj} = t
I 1, 1<77<3,

are shown in Figs 7.14 and 7.15. The layering that occurs during the initial stages of billet growth has been 

shown in Fig. 4.2c. Fig. 7.14 shows isotherms in the billet cross-section at times 77 w 0, 0.2, 0.4, 0.6, 0.8.
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During this time the billet initially grows up rapidly in the centre towards the upper spray boundary. On 

approaching the upper spray boundary, growth in the centre of the billet slows and is overtaken by growth 

outwards and up into the spray region. Fig. 7.15 shows isotherms in the billet cross-section at times 

77 w 1, 2, 3, during which time the billet grows both upwards and outwards.

', 4 0. 6 0. 8 1

0 0.2 04 06 0.8 1 1.2 1.4

Figure 7.14: Billet cross-sectional isotherms; low start and delayed withdrawal, zn = 3: a) 77 = 0, b) 77 = .2, 

c) 77 = .4, d) rj = .6, e) 77 = .8.

Fig. 7.14a shows the initial conditions imposed along an assumed uniform initial deposit of thickness 

2A*, see section 7.1.7. Fig. 7.14b shows the effect of the initial rapid central growth. Fraction liquids 

in excess of 18% are found near the top of the billet. The growth during this phase is too fast to allow 

conduction into the collector and into the rest of the billet to have any great effect. The looped 18% fraction 

liquid isotherm in Fig. 7.14b indicates that the billet growth on the axis of rotation is already just beginning 

to decelerate. The presence of such high fraction liquids close to the billet surface in the slow-time heat 

flow computations suggests that even higher surface fraction liquids will be present locally on a more rapid 

timescale. In such cases there will be the possibility of pore formation in the mushy surface layer, due to 
disturbance by the atomising gas.
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The continued deceleration of the central portion of the billet surface can be seen in Figs 7.14c and 7.14d. 

The looped isotherm in Fig. 7.14b and the two solidus isotherms in Fig. 7.14d indicate regions of the billet 

within which solidification is no longer unidirectional. This suggests the possibility of solute being trapped 

under the billet surface. The shift of the solidus isotherm location between Figs 7.14d and 7.14e reflects the 

shift in billet growth direction. In Fig. 7.15 it can be seen that the temperature transients persist as the 

billet is withdrawn and changes shape further.

L5

( v±r

(U It I U U 3 3.1 (U i t: u
Figure 7.15: Billet cross-sectional isotherms; low start and delayed withdrawal, zn = 3: a) rj = 1, b) T) - 2, 

c) 77 = 3.

In Figs 7.16 and 7.17 are shown results for the case zn = 3, 771(77) = 1, 11(77) = 1. In this case the 

immediate withdrawal of the collector from a relatively low initial position results in sustained rapid growth 

of the centre of the billet upwards, and an eventual "necking" of the billet close to the collector. Surface 

contours at intervals AT? w 0.1 are plotted in Fig. 4.3a. Fig. 7.16 shows isotherms in the billet cross-section 

at times 77 w 0.2, 0.4, 0.6, 0.8. The initial condition at 77 = 0 is the same as in Fig. 7.14a. Fig. 7.17 shows 

isotherms in the billet cross-section at times 77 w 1, 2, 3, during which time the billet grows both upwards 

and outwards.

Fig. 7.16a shows the effect of the initial rapid central growth. Fraction liquids in excess of 23% are found 

near the top of the billet. The growth during this phase is too fast to allow conduction into the collector and 

into the rest of the billet to have any great effect. The immediate withdrawal of the collector has the effect 

of preventing the billet growth from reaching the upper spray boundary, and keeps the billet top surface in a 

part of the averaged spray where there is still significant mass flux. The sides of the billet are withdrawn out 

of the spray more rapidly than in the delayed withdrawal case, and so receive little deposition. This results 

in the billet necking in, thus reducing the total heat flux down through the billet. These factors combine to
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Figure 7.16: Billet cross-sectional isotherms; low start and immediate withdrawal, zn = 3: a) 77 = .2, b) 

77 = .4, c) 77 = .6, d) 77= .8.
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sustain the high liquid fraction near the billet top surface for a longer period than in the delayed withdrawal 

case.

By looking at successive billet growth increments along the billet axis of rotation in Fig. 7.16, it is clear 

that on the billet axis of rotation the billet surface has reached its steady state position soon after rj = A. 

The looped 23% fraction liquid isotherm in Fig. 7.16a and the looped 12% fraction liquid isotherm in Fig. 

7.16b indicate the deceleration of the billet growth as the steady state growth rate is approached on the 

billet axis of rotation.

U
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Figure 7.17: Billet cross-sectional isotherms; low start and immediate withdrawal, zn = 3: a) rj = 1, b) 

r? = 2, c) 77 = 3.

As the billet sides continue to grow outwards and the billet becomes larger, the importance of heat 

conduction down through the billet diminishes. The billet continues to cool, (Figs 7.17a, b), and the 

significance of the necking diminishes. At 77 = 3, comparison of Figs 7.15c and 7.17c shows that the top 

surface temperatures, and the radial and longitudinal thermal gradients are very similar in the two cases.

In Figs 7.18 and 7.19 are shown results for the case zn = 2|, 771(77) = 1, U ( T\} = 1- In this case the 

immediate withdrawal of the collector from an optimally chosen initial position results in fairly uniform
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growth of the billet surface towards its dynamic steady state. Necking is avoided and machining wastage is 
minimal. Surface contours at intervals AT; « 0.1 are plotted in Fig. 4.3c, and show very even layering of 
deposited spray. Fig. 7.18 shows isotherms in the billet cross-section at times r\ w 0, 0.2, 0.4, 0.6, 0.8. Fig. 
7.19 shows isotherms in the billet cross-section at times rj « 1, 2, 3.
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Figure 7.18: Billet cross-sectional isotherms; optimal start and immediate withdrawal, zn = 2|: a) 77 = 0, 
b) 77 = .2, c) 77 = .4, d) 77 = .6, e) 77 = .8.

Fig. 7.18a shows the assumed initial conditions for the heat flow computations. These initial conditions 
are different to the two cases featured above. Firstly, the spray fraction liquid is greater for the higher 
start position, since the collector is closer to the atomiser nozzle in this case. Secondly, the surface normal 
velocities at the closer position are reduced, and vary less across the radius of the collector. These two 
counterbalancing effects combine to produce an initial temperature distribution in Fig 7.18a in which initial 
thermal gradients and overall temperature variations are much reduced.

Rapid convergence of the billet surface to its dynamic steady state is evident from Figs 7.18 and 7.19. The 
main noticeable change during the initial period of growth in Fig. 7.18 is a gradual reduction in longitudinal 
thermal gradients as the billet grows taller. The radial thermal gradients appear to remain unchanged, and 
the solidification appears to be unidirectional everywhere at all times. A second feature, (more noticeable
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with Fig. 7.19), is that the top surface becomes slightly hotter as it grows away from the influence of the 
collector.
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Figure 7.19: Billet cross-sectional isotherms; optimal start and immediate withdrawal, zn = 2|: a) 77 = 1, 
b) rj = 2, c) 77 = 3.

Figs 7.14, 7.15, 7.16, 7.17, 7.18 and 7.19 have demonstrated that there are considerable differences in the 
initial thermal behaviour of the billet, depending on the initial strategy adopted. These differences manifest 
in differing solidification rates at different heights and radial distance from the billet axis of rotation in each 
case. This is further illustrated in Figs 7.20 and 7.21, where temporal variations in heat flow along vertical 
sections, at the billet axis of rotation and at a half radius, (i.e. r = 1/2), respectively, are plotted for each 
of the above strategies. In these figures the black line represents the billet top surface height above the 
collector and the red, green and blue curves are isotherms, as described before.

The main variation is found at r = 0, where much higher cooling rates and vertical thermal gradients are 
experienced initially for the lower collector start position. Also clear in Figs 7.20a and 7.20b is that for the 
lower collector start position, solidification is not unidirectional initially. The difference between Figs 7.20a 
and 7.21a, and between Figs 7.20b and 7.21b shows that significant radial thermal gradients persist for some 
time in these two cases.
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Figure 7.20: Temporal heat flux variations along vertical sections at r = 0; a) low start and delayed 

withdrawal, b) low start and immediate withdrawal, c) optimal start and immediate withdrawal.
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Figure 7.21: Temporal heat flux variations along vertical sections at r - 1/2; a) low start and delayed 

withdrawal, b) low start and immediate withdrawal, c) optimal start and immediate withdrawal.



CHAPTER 7. SLOW-TIME BILLET HEAT FLOW 212

7.5 Slow-time steady state heat flow

In Figs 7.20 and 7.21 convergence of the billet crown shape to its steady state is marked by the linear increase 

in height of the top surface with time. For each of the above three example start up strategies, the shape 

of the top part of the billet crown is similar at time 77 = 3, (see Figs 4.2 and 4.3). Since maintaining a 

steady billet crown shape implies that the same deposition and cooling effects will also be maintained on 

the billet crown, it becomes pertinent to question whether or not there will exist a steady state temperature 

distribution in the billet crown, following convergence of the billet growth to a steady state crown shape.
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Figure 7.22: Billet cross-sectional isotherms, optimal start and immediate withdrawal; a) 77 = 4, b) 77 = 5, 

c) 77 = 6.

Figs 7.20 and 7.21 indicate that the answer to this question is probably yes. The isotherms closest to 

the billet top surface in Figs 7.20b, 7.20c, 7.21b and 7.21c run progressively more parallel to the billet top 

surface, suggesting the evolution of constant thermal gradients, measured in the crown frame of reference. 

Extending the computation for the optimal start position case up until time, 77 = 6, produces the results in
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Fig. 7.22, which show isotherms and billet growth at times, rj = 4, 5, 6. Comparing Fig. 7.22 with Fig. 

7.19 one can see that the pattern of isotherms that has been computed near the top of the billet does indeed 

become steady, as the billet grows taller, and as the effect of the collector diminishes.

Thermal time histories of the billet at fixed heights above the collector, z - zc = 2, 3, 4, 5, are shown in 

Fig. 7.23. Not only do these figures show more clearly the convergence to the thermal steady state, but they 

also illustrate well the implication that, if a steady state crown temperature distribution can be achieved, 

the solidification of different points along the length of the billet will be identical. It can also be seen from 

Fig. 7.23 that although there is a radial temperature gradient, solidification histories computed at different 

radial positions are very similar. Thus, attaining a steady state crown heat flux should help considerably in 

producing a billet of fairly uniform microstructure, and presumably material/mechanical properties.

A second example of a steady state billet crown heat flux is given in Fig. 7.24. For these computations, 
the billet length-scale, R, has been reduced to 3/4 of its previous value, and constant dimensional mass flow 

rate and withdrawal rate have been chosen so that MoR~ l and UoR are kept constant. As suggested in 

chapter five, this retains the same Peclet number, (and hopefully similar solidification characteristics), whilst 

a different radius billet is grown. The similarity is not complete however, since the non-dimensional groups 
in the boundary conditions (7.8) and (7.9) are also changed.

The scanner angle function of Fig. 3.23 has again been used, with ai = 35° and a^ = 6°. Other 

parameters are as before. The steady state crown shape in Fig. 7.24 is slightly different to that produced 
in Fig. 7.22. A steady state billet crown heat flux is again clearly attained, (soon after the steady crown 
shape is reached). The billet as a whole is a little hotter than the larger radius billet, but with similar, (non- 

dimensional), thermal gradients throughout. The increased temperature is probably due to the decreased 
gas and collector Biot numbers, that result from reducing R.

Comments

Whilst following the suggestions of chapter five for changing billet radius appears in this case to give a billet 
of approximately the same temperature, the evidence is not conclusive. It should also be said that it is 
not clear that maintaining similar temperatures in billets of different radiius is an appropriate goal to aim 
for, (i.e. because dimensional thermal gradients and solidification rates will change also and may be more 

relevant).

The existence of steady state billet crown heat flows is clearly of some importance, and requires far more 
attention than has been been possible here. Direct computation of steady states should be possible, without 
the time consuming unsteady heat flow computations of this chapter. This then opens up the possibility 
of a systematic study of how to achieve similar solidification histories within different radii billets. Other 
interesting research possibilities that could then be considered are the inclusion of a temperature, (and 
geometry), dependant sticking efficiency in the model and finally, solution of the inverse heat conduction 
problem, i.e. "Given a desired material solidification history, what are the billet geometry and boundary 
conditions required to achieve it?".
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Figure 7.23: Temporal heat flux variations along radial sections; a) z = zc + 2, b) z = z c + 3, c) z = zc + 4, 

d) z = zc + 5.
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T.6 Summary

• An implicit, two step, finite difference algorithm is devised, which approximates the slow-time heat 

flow equations, (7.7), (7.8), (7.9) and (7.10), consistently. The local truncation error is

at internal meshpoints and

close to the billet surface, where Az and A?7n are spatial and temporal mesh spacings respectively. 

A front-tracking method is used, rather than a front-fixing method, to cope with the moving boundary. 

The algorithm is stable under a timestep restriction of form

This timestep restriction represents a considerable CPU saving over a simpler algorithm based on a 

two step explicit method.

• The algorithm is fully able to cope with a wide range of billet geometries and process conditions.

• The algorithm uses an implicit LOD method to predict the enthalpy on each new timestep, and then 

corrects the prediction iteratively so that a set of fully implicit, nonlinear, 6-point difference equations 

are satisfied everywhere within the billet.

• The algorithm is fast enough to run in real time on currently availabe workstations. This opens up 

the possibility of real time simulation, and developing solidification control algorithms.

• Total CPU usage is approximately proportional to ^in A2~ 3 , where rjfin is the end time of the run.

• Computation of the heat flow in the initial stages of a modelled production run suggests that the 

collector plate should initially be positioned high and be withdrawn immediately at an appropriate 

rate. This has the effect of allowing more rapid and uniform growth towards a steady state. The 

computed heat flow, associated with this strategy, shows moderate radial and longitudinal thermal 

gradients and relatively uniform cooling rates throughout the billet.

• Delayed billet withdrawal and/or a low collector start position are found to result in rapid heating 

of the billet centre, large thermal gradients and large variation in cooling rates throughout the billet. 

Associated with these phenomena are the possibilities of solute trapping, (when the solidification is 

not unidirectional), and porosity formation due, (to disturbance of the mushy billet surface by the 

atomising gases).

• Steady state billet crown heat flows are believed to exist, driven by steady state crown geometries. 

These allow extremely similar thermal histories to be experienced by all points within the billet.



Chapter 8

Conclusions

This thesis has developed mathematical models describing the growth and solidification of cylindrical spray- 
formed, aluminium alloy billets. This chapter summarises the main results of the thesis, in section one. 
Section two discusses further research on spray-forming.

8.1 Main results

The mathematical models that have been fomulated in this thesis describe three dimensional billet growth 
and billet solidification. Under the physical model assumptions, the equations that are formulated, conserve 
both mass and heat at the billet surface. The physical assumptions/simplifications that underly these model 
equations are similar to those that have been made previously in the literature for one dimensional spray- 
forming geometries.

8.1.1 Billet growth

The main billet growth model equations are derived in chapter two, section 2.1, and are presented in non- 

dimensional form in section 2.1.4, (equations (2.42) and (2.43)). Equations (2.42) and (2.43) describe conser­ 

vation of mass in the spray and at the billet surface, respectively. Equation (2.43) is a first order quasi-linear 

partial differential equation. The nonlinearity arises from the possibility of one part of the surface "shadow­ 

ing" another part of the surface from the spray.

The three process motions, withdrawal, rotation and atomiser scan, are represented directly in (2.43). 

Equation (2.43) is parameterised by a single dimensionless parameter, e, representing the ratio of the rotation 

and withdrawal timescales; typically e < 1.

The size of e prompts the use of an averaging method. The averaged equations that are derived describe 

changes in billet surface profile with respect to the "slow" time variable, 77 = e.t. For a suitably defined class 

of billet surfaces, S\, (see section 2.2.2), one can effectively linearise equation (2.43). The averaging method 

then produces an o(e) asymptotic approximation to the three dimensional surface movement, valid on the 

timescale e" 1 . The order of approximation may reasonably be assumed to be O(e).

Provided that synchronisation of the scanner and rotation movements does not occur, the averaged equa-
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tions are axisymmetric about the billet axis of rotation. If the surface remains within Si, the approximation 

remains valid throughout the length of the modelled process run. This application of the averaging method 

is interesting because one is able to make a direct physical interpretation of those situations in which the 

method fails, (see the discussion at the end of section 2.2.2).

The averaged equation for axisymmetric billet growth, (2.71), offers considerable advantages over (2.43), 
both in terms of computational efficiency of its solution and in the potential for analytic results. Analysis 
of (2.71) shows the following, (see section 2.3 and chapters three and four).

• For a given atomiser scanner motion, equation (2.71) is parameterised solely by the non-dimensional 
ratio, /z, of withdrawal rate to mass flow rate.

• For a constant ratio, /i, if the averaged mass flux along the billet axis is unimodal, then equation (2.71) 
has a unique steady state. If this steady state solution is in Si, then it corresponds to a steady state 
billet crown shape.

• Numerical results show that, for a unimodal axis mass flux, the steady state solutions of (2.71) form a 
series of nested surfaces. The radius of the steady state billets can be determined simply, via a mass 
balance, for a wide range of p,.

• Steady states are shown to be stable in a weak geometric sense, (via a phase plane analysis). A theorem 

giving sufficient conditions for a much stronger form of stability is also proven. Numerical results show 

that these sufficient conditions are met for most steady states, along an interval of the steady state 

profile that starts at the billet axis. Along this interval, finite perturbations from the steady state will 

decay.

• Numerical results, demonstrating variation in steady state shape and stability with different scanning 

motions have been presented in chapter three, and are summarised in section 3.7.

• A bimodal averaged mass flux along the billet axis admits the possibility of there existing two steady 

states at the same value of //. The resulting possible growth dynamics are discussed, and co-existence 

of steady states is demonstrated numerically. Co-existing steady states allow hysteresis, as is demon­ 

strated numerically in chapter four, section 4.5. A simple optimisation technique is devised which 

enables scanner motions to be designed that do not allow multiple steady states to co-exist, under the 

model assumptions, (section 3.6).

• Direct numerical solution of (2.71) allows the investigation of transient billet growth, in chapter four. 

This is used to investigate suitable control strategies to be adopted, during the initial part of a produc­ 

tion run, in order to minimise machining wastage. Results that show the successful use of the model 

to simulate a real production run have been presented, (section 4.3 and Fig. 4.5). Generic transient 

motions between steady states are also studied.

8.1.2 Billet solidification

The main billet heat flow model equations are derived in chapter five, section 5.1, and are presented in 

non-dimensional form in section 2.1.2, (equations (5.15), (5.16) and (5.17)). Equations (5.15), (5.16) and
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(5.17) describe conservation of heat within the billet and at the billet surface. Equation (5.15) is a second 

order quasi-linear parabolic partial differential equation. The nonlinearity arises from the release of latent 

heat during solidification, and from the different physical properties of the solid and liquid phases of the 

alloys that are typically sprayed.

Heat flow within the billet is reliant on the billet surface being specified through the billet growth model. 

The equations (5.15), (5.16) and (5.17) contain a number of non-dimensional groups. On the rotation/scanner 

timescale, changes in enthalpy are O(e] in the bulk of the billet, and larger near the billet surface where 

deposition is taking place. On the slow timescale of the averaged growth, (described above), the field equation 

(5.15) is parameterised by a Peclet number, Pe, which represents the ratio of the conduction and billet growth 
timescales. Typically, Pe = Os(l), which indicates that both convective and conductive mechanisms are 

responsible for heat flow within the billet.
Boundary heat fluxes are described by (5.16) and (5.17). These equations are parameterised by the gas 

and collector Biot numbers, by the gas and collector temperatures, by the enthalpy of the spray and by the 
surface normal velocity, (as well as by t and Pe}.

A boundary layer approximation is derived, (see section 5.3), governing heat flow close to the billet 

surface, where deposition is taking place. The boundary layer equations are one dimensional; a boundary 

layer coordinate is fixed to the billet surface, with length measured in the direction of the inward surface 

normal vector. These equations are solved numerically in chapter six, using a predictor-corrector, finite 

difference method.

• The irregular and intermittent pulsed deposition on the billet surface, (due to the interaction of the 

scanner and rotational motions), produces correspondingly irregular fluctuations in billet surface tem­ 

perature.

• Surface cooling rates following pulsed deposition are ~ 103 C/s, with remelting and refreezing processes 

occurring across ~ 102 layers of flattened deposited droplets. Typically, the boundary layer length-scale 

is ~ 3 — 4mm.

• The enthalpy in the boundary layer fluctuates about a far field value, which may be determined directly 

by the solution of a single nonlinear equation, (see section 5.2.2).

• Radial variations in boundary layer heat flow are observed. These variations, and other observed 

variations with surface gradient, rotation and scanner frequencies are summarised in section 6.6.

A "slow-time" heat flow model is also derived, (see section 5.3), governing the heat flow in the bulk of 

the billet. This varies with the slow-time variable, 77, and is driven by the averaged billet growth equation 

for axisymmetric growth, (2.71). Numerical solution of the equations for slow-time heat flow, (7.7), (7.8), 

(7.9) and (7.10), is technically complicated, due to the following.

1. The field equation, (7.7), is nonlinear.

2. The billet surface is moving and the billet geometry is irregular.
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3. The boundary condition, (7.8), is nonlinear, of the third kind, and must be satisfied on the moving 

surface.

This is accomplished in chapter seven.

• An implicit, two step, finite difference algorithm is devised, which consistently approximates the slow- 
time heat flow equations, (7.7), (7.8), (7.9) and (7.10). The local truncation error is O(Az2 ) + O(Ar]n ) 
at internal meshpoints and O( Az) + O( A^) closer to the billet surface, where A* and Ar/n are spatial 
and temporal mesh spacings respectively.

• The algorithm is stable under a timestep restriction of form A^n = O(Az). Total CPU usage is 

approximately proportional to r^in A2:~ 3 , where t]fin is the end (slow) time of the run. This represents 

a considerable CPU saving over a simpler algorithm, based on a two step explicit method. The 

algorithm is fast enough to run in real time on currently availabe workstations.

• The algorithm is fully able to cope with a wide range of billet geometries and process conditions.

• Computation of the heat flow in the initial stages of a modelled production run suggests that the 

collector plate should initially be positioned high and be withdrawn immediately at an appropriate 

rate. This has the effect of allowing more rapid and uniform growth towards a steady state. The 

computed heat flow, associated with this strategy, shows moderate radial and longitudinal thermal 

gradients and relatively uniform cooling rates throughout the billet.

• Delayed billet withdrawal and/or a low collector start position are found to result in rapid heating of 

the billet centre, large thermal gradients and large variation in cooling rates throughout the billet.

• Thermal steady states are believed to exist, driven by steady state crown geometries. These allow 

extremely similar thermal histories to be experienced by all points within the billet.

8.1.3 Validation

The models derived in the thesis all rely on a number of approximations. These approximations may be 

arranged heirarchically.

1. Real world observations of the spray-forming process are given a physical interpretation.

2. This physical understanding is translated into mathematical equations.

3. The mathematical equations are approximated asymptotically, either to make analysis possible, or to 

make numerical solution feasible.

4. The asymptotically derived equations are solved numerically.

For complex physical processes there is therefore a great deal of scope for the errors in each stage of the 

model's development to increase. Validation of the model comes from its ability to make predictions which 

correspond quantitatively and/or qualitatively with observation.
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Billet growth

In chapter two various arguments were forwarded for the validity of the various physical assumptions made 

in deriving the model equations. Relaxation of some of these assumptions is discussed in the next section, 

on further research. A large part of chapter two was devoted towards the validity of the averaging method 

in providing an asymptotic approximation to the full model equations. The numerical methods used in 
chapters three and four, to integrate the steady state and transient growth equations, are well established.

Stable steady state dynamics, such as those described in chapters two and three, are believed to underly 
real billet growth.

• Billets of near constant radius that are produced often have a crown shape that is observed to remain 
fairly stationary in the crown frame of reference.

• The existence of a nested series of steady states, that become increasingly convex and small, with 
increasing /x, is also confirmed by experience from the production rig. This trend has also been 
observed, (but not explained), in early technical advice, [103].

• Billet crown shapes, for billets of near constant radius, are slightly convex and do correspond approxi­ 
mately to those steady state crown shapes predicted by the model using the production scanning angle 
function of Fig. 3.23, with appropriate fixed scanning angle and scanning range.

• Extremely effective methods for on-line control of billet shape have been developed and implemented, 
[99]. The methods developed in [99] rely solely on controlling the withdrawal rate, (thus changing /^), in 
response to changes in billet shape. The importance of height measurements over radial measurements, 
(confirmed by the phase plane plots), is also fundamental to the method in [99].

The ability of the model to simulate transient billet growth in a real production run, (section 4.3 and 
Fig. 4.5), supports its validity. Many of the other effects modelled in chapter four are also observed on real 
production billets.

• Necking of the billet near its base when the collector is positioned too low and when it is withdrawn 
too quickly at the start of a run.

• Bulging out of the billet near its base when withdrawal is delayed for too long.

• Initial rapid growth of the billet centre upwards, to form a "hat" shape.

Hysteresis can also occur in production, (see [99]), the effects being qualitatively similar to those shown in 

section 4.5.

Billet solidification

Two billet heat flow models have been developed. In chapter six, section 6.5, computed results from the 

boundary layer model have been discussed in the context of recent experimental results by Mingard, [94, 95]. 
There appears to be quite good qualitative agreement between observed microstructural variations, (due to 

changes in the process parameters), and corresponding variations in the boundary layer heat flow, (combined
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with an understanding of how this affects microstructure). Validity of the boundary layer approximation 
necessarily relies upon restriction to a thin layer close to the billet surface, and to a short enough integration 
time interval, (see chapter five, section 5.2.1).

Validity of the slow-time heat flow equations, as an approximation to the full three dimensional problem, 
has not been proven but is discussed in chapter five, section 5.3. The numerical solution method in chapter 
seven is consistent and stable.

In the initial stages of production runs, when there is rapid vertical growth of the centre of the billet 
into a hat shape, the billet is observed to glow hotly. Large thermal gradients predicted by the model in 
the lower part of the billet during the low and delayed start conditions, (section 7.4), can be reflected in the 
finished product by the following.

• Shrinkage porosity very close to the collector, (reminiscent of splat cooling).

• "Hot tears" running either vertically or radially, [103], thought to result from contraction stresses in 
the hotter central areas of the billet base.

• Gas porosity, blown into the more liquid central part of the billet base.

The suggestions of a thermal steady state existing, (section 7.5), are supported by pyrometer measurements 
of the billet top surface temperature, which attain a (noisy) steady value, following convergence of the billet 
growth. Lastly, the vertical temperature gradients predicted by the model along the side of the billet, (Fig. 
7.22), are similar to those measured along the sides of production billets, on entering the spray chamber 
some few minutes after the end of a production run, (after degasing), [2].
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8.2 Further research

Given the process complexity, there is wide scope for further research in this area. As in chapter one, 

upstream parts of the process are also considered.

8.2.1 Upstream in the process

There is enormous potential for quantitative research into the atomisation stage of the process. However, it 

is likely that such research will be largely empirical in nature and that its direct applicability will be confined 

to the particular atomiser geometry.

A more mathematical treatment of spray transport and solidification should be possible with the focus 

on establishing qualitative, (as well as quantitative), understanding of the sensitivity of critical downstream 

process parameters, (such as the spray enthalpy), on other upstream process parameters.

Spray impact and consolidation is an area where there is a growing body of knowledge, from other fields, 

which has yet to be applied to spray-forming. Consideration of the homogenisation problems at the billet 

surface, (i.e. validating the continuum approximations), would be very challenging, particularly as individual 

droplet behaviour will depend on droplet size as well as other local physical conditions.

8.2.2 Billet growth

Chapters three and four have not exhausted the possibilities of parametric study with the current model. 

Examples include the following.

• With increased fixed scanning angle, (e.g. 80 — 90°), and by raising the collector considerably, the same 

model can be used for spraying tubes, (i.e. on the sides of the collector), without further modification. 

There are no shadowing effects in tube spraying; thus, the dynamics of steady state tube geometries 

should be a simple extension. 1

• Effects of collector size and radial distance from the atomiser have not been investigated. Different 

collector shapes could also be incorporated.

• The results presented in section 3.6, on scanner angle design, demonstrate the feasibility of this method. 

There is much room for further experimentation.

Further research on billet growth can be separated into consideration of what happens either when some 

of the model assumptions are relaxed, or when the model is extended to some new situation.

Relaxing model assumptions

The three biggest assumptions that have been made in the billet growth model formulation have been

1. Consideration only of type A shadowing.

2. Specification of the mass flux vectorfield as being confined within a cylinder and having a distribution 

function, <?(r'), which does not change with any other process parameters.

lrThis is very similar to the icing of an overhead cable, described in [134].
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3. Specification of a constant sticking efficiency, influenced only by shadowing.

Allowing type B shadowing would not be particularly mathematically difficult to incorporate in the 

model. It would however, make the averaging method very difficult to apply, and result in considerable 

computational expense.
Allowing a mass flux characterisation in which the spray cone is not cylindrical and in which the spray 

distribution depends in a simple parametric way on the mass flow rate, (as well as perhaps on atomising 
gas flow rates?), would be mathematically interesting. If the spray distribution remains unimodal within a 
spray cone that is diverging slightly, steady states should exist, as before. However, steady states will now 
be parameterised by both the mass flow rate and the withdrawal rate, rather than just by their ratio, p,. 
This introduces the possibility of non-uniqueness of steady states at any value of /^, even when the axis mass 
flux distribution remains unimodal.

The specification of a constant sticking efficiency has allowed the uncoupling of growth and heat flow 
models. Inclusion of a thermal component of the sticking efficiency, (dependant on the spray and surface 
liquid fractions), causes greater computation since both problems must be computed together. However, in 
the case of a thermal steady state existing in the billet crown, it may be possible to compute the thermal 
steady state directly. This then allows a sensible investigation of the coupling of billet growth and solidi­ 
fication models. This could again prove interesting mathematically since it again allows the possibility of 
non-uniqueness.

Model extensions

In attempting to grow progressively larger billets, one eventually comes up against a limiting mass flow rate 

at which the atomiser is capable of producing "stable" atomisation, (i.e. predictable). At this point, to grow 

larger radius billets, (e.g. to fit larger extrusion presses or to machine larger products from), one has to 

consider the feasibility of additional atomisers within the spray chamber. Extensions of the present model 

could easily be made to incorporate this feature.

8.2.3 Billet solidification

Points of common interest for the further development of the heat flow models include the following.

• Consideration of the question of well posedness for each model.

• Consideration of matching the slow-time and the boundary layer approximations.

Clearly, any of the modifications and extensions of the billet growth analysis, suggested in the above sections, 

will also have effects on billet solidification. 2

Upstream

Both heat flow models rely on the specification of various non-dimensional parameters, determining their 

boundary conditions, e.g. Biot numbers, atomising gas temperature, spray enthalpy, collector temperature.

2 Whilst the growth model could be adapted to tube spraying without modification, the heat flow models require some further 

work.
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Each of these parameters is determined upstream in the process, and has been rather loosely approximated. 
Further work might focus on attempting to model these parameters and their local variations.

Downstream

A final objective of modelling billet solidification, in both heat flow models, has been to gain insight into 
microstructure formation. An obvious extension of the models is to include simple "downstream" predic­ 
tive models for various microstructural features, (e.g. boundary layer model - grain sizes, gas porosity, 
microsegregation; slow-time model - macrosegregation, grain coarsening).

Boundary layer model

Variations in boundary layer heat flow with boundary layer Biot number, with gas temperature and with 
spray enthalpy have not been considered. In parallel with developing (upstream) models for approximating 
these parameters better, model sensitivity should be explored. Additionally, one could consider the following.

• Proving convergence of the numerical algorithm.

• Numerical investigation of variation in boundary layer heat flow at surface points close to each other. 
The boundary layer approximation has assumed tangential thermal gradients to be 0(1), in it deriva­ 
tion. The validity of this assumption could be tested.

• Azimuthal variations in boundary layer heat flow over short time intervals.

• Consideration of the effects of varying the surface velocity pulse "shape", (i.e. through g(r')}.

Slow-time heat flow

• Consideration of the validity of the slow-time equations as an approximation to the heat flow within 
the bulk of the billet.

• Convergence of the numerical algorithm used. Possible improvements in accuracy.

• Parametric investigation of the effects of varying Peclet and Biot numbers, spray enthalpy and gas 
temperature.

• Improved modelling of the collector and investigation of effects such as; using collectors made of 
different materials, allowing heat loss from the collector.

• Direct formulation and economical solution of equations for thermal steady state billet crowns.

• Consideration of an inverse heat conduction problem. Given a solidus isotherm, positioned within the 
billet crown, determine a (steady state) billet crown geometry and surface temperature distribution to 
achieve it.
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8.3 Concluding remarks

Mathematical modelling of spray-forming is a difficult problem. The different sub-processes involved are 

interrelated in an ill-defined and nonlinear fashion. Much of the physics of the various problems is not 

completely understood. This work serves as an example of the usefulness of combining physical, math­ 

ematical, asymptotic and numerical approximations to generate fundamental quantitaive and qualitative 

understanding of a complex industrial process.



Appendix A

A.I Coordinate Transformations

A.I.I Cartesian Global <-> Cartesian Spray

x = x'B'(i}T , 

x = xB'(i],

with

A. 1.2 Cartesian Global

-cosa(t) , 0 , -sina(t)

0 , 1 , 0

\ sina(t) , 0 , -cosa(t)

Cartesian Crown

x = -xni i)Bi(t)T ,

with

sin0n (t) , 

0

-sin0n (t) , 0

C080n (f) , 0

0 , 1

A. 1.3 Cartesian Global <-»• Cartesian Billet

x = (x0 - xnt

(A.I)

(A.2)

A. 1.4 Cartesian Spray <-> Cartesian Crown

x' = (xi-xn ,i)B0 («) T ,
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with
— cos (j)n (i} cos a(i) 

sin0B (£)

— cos0n (t)sino(£)
\

A. 1.5 Cartesian Spray <-> Cartesian Billet

X = (XQ - Xn , 0 )B0 (i) T ,

XQ = xn>0 + x'B0 (t).

, sin a(t)

0 

, — cos a(i] i

(A.3)
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