
Continuum description of living matter

Mehrana R. Nejad
Rudolf Peierls Centre for Theoretical Physics

University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy in Theoretical Physics

Michaelmas 2023





Abstract

Living systems are one of the most complex forms of matter. Among their many
different aspects, one unifying property of any living matter is activity. Active
materials continually extract energy from their surroundings to move, grow, and
self-replicate [1].

To perform these functions, active units exert forces on their environment
and this raises the question of the extent to which the behaviour of biological
systems can be understood by measuring forces and flows and using the generic
physical theories of active matter.

At the microscale, several important aspects of the dynamics of living systems
can be described by the theories of active nematics. We discuss, in the second
chapter of this thesis, that long-range interactions in active suspensions at the
microscale have a nematic symmetry, and this makes active nematic models a
powerful tool for studying living systems.

In this thesis, we extract essential features from living systems in experiments
to build continuum active nematic models that are able to capture the behaviour
of the experiments. Using the continuum models, we then perform numerical
simulations and linear stability analyses to explore the dynamical steady states
of the model, and compare them with the ones in the experiments. We show
that the conventional active nematic models need to be modified and evolved,
according to the active system under study, to allow us to capture the patterns
observed in different experiments.

Our results indicate that fractal-like patterns that form at the interface of
bacterial droplets cannot be explained by the conventional active biphasic models.
We suggest that the presence of an active layer at the bacterial interface produces
the cell orientation and flow patterns in the experiments.

We then construct a continuum description for living tissues and demonstrate
that introducing new continuum fields associated with cell area and aspect ratio
and decoupling the direction of the active force from the cell elongation, introduces
new phases to the system. Analysing experimental data on MDCK cells, we use our
model to understand the misalignment in the cell shape and stress orientation
in the experiments.

Finally, we extend our study to three dimensions and show that active mate-
rials with extensile activity promote formation of twist-type defects and three-
dimensional flows.
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The love for all living creatures is the most noble
attribute of man.

Charles Darwin

1
Introduction

1.1 Living matter

The intricate and captivating world of living systems has long been a subject of

wonder and curiosity. As we explore biology, we uncover an astounding array of

structures, processes, and behaviors that collectively give rise to the diversity of life

on Earth. Yet, beneath the surface of this biological complexity lies a fundamental

truth: living systems are governed by the principles of physics [1–4]. The convergence

of biology and physics has given birth to a fascinating interdisciplinary field known

as the physics of living systems [5–7].

From the way cells communicate and self-organize to the dynamics of ecosystems

and the emergence of collective behaviors in animal groups, the physics of living

systems provides a framework for understanding the underlying principles that

give rise to these phenomena [8–12]. This interdisciplinary approach has led to

groundbreaking insights into a range of topics, including the mechanics of cell

movement [13–15], the patterns of biological growth and development [16–18], and

even the dynamics of neural networks in the brain [19, 20]. The field’s broad scope

extends to various levels of biological organization, from the microscopic world of

molecules to the macroscopic interactions of ecosystems.

1
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Figure 1.1: Cells change their shapes during maturation. As maturation continues,
cells become more isotropic and become jammed. The experiment is performed on a
pseudostratified bronchial epithelial layer. The snapshot is adopted from Ref. [30].

1.1.1 Living systems at microscale

The rules that govern life’s behaviors at microscale are often quite distinct from those

at larger scales [21, 22], as microorganisms navigate their world using diffusion,

and molecular interactions as their guiding forces.

A bacterium, a micrometer-size unicellular organism that lacks a distinct nucleus

and membrane-bound organelles, is one of the simplest living creatures that carry

out essential life processes, including metabolism, growth, and responding to their

environment. To do these functions, it obtains energy through various mechanisms,

such as photosynthesis, chemosynthesis, or by consuming organic material from its

surroundings. When thousands of bacteria exist in a fluid environment, they show

intriguing patterns of collective motion [23, 24]. The phenomenon of collective

motion among bacteria stands out as a remarkable illustration of emergent behavior.

Another example of living systems at the microscale is a cell monolayer such

as an epithelial layer. Epithelial tissues, which form the linings and coverings of

organs and body surfaces, exhibit an interplay of mechanical forces and cellular

interactions, shaping the growth, development, and function of organisms. The

ability of these cell layers to dynamically rearrange [25], change their shape and

elongate [26], and collectively migrate during development [27, 28], wound healing

[29], and organ formation has recently attracted a lot of interest in the physics

community. Fig. 1.1 shows cell shape changes during epithelial maturation.
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1.2 Introduction to mathematical modeling of liv-
ing matter

Despite the biological complexity of living matter, there is a potential to uncover

many underlying patterns and principles through mathematical modeling. By

transforming biological questions into mathematical constructs, physicists can help

to bridge the gap between theory and experiments.

To describe the behaviour of living systems at the microscale, three general ap-

proaches are commonly used: agent-based simulations, continuum models, and phase

field models. In the following subsections, we give an outline of these approaches.

1.2.1 Agent based models

Showing how individual interactions lead to emergent behaviors, agent-based models

offer a versatile tool for understanding the dynamics of cells, molecules, and

other microscopic entities within complex biological environments. By assigning

characteristics such as movement, growth, division, and communication to cells,

one can construct a virtual model that mirrors real-world biological processes.

Agent-based models also allow for the modeling of individual differences among

agents. This enables the exploration of how these subtle variations lead to emergent

behaviors and patterns that might not be apparent, or be hard to achieve through

continuum descriptions.

The Vicsek model was one of the earliest computer implementations of an agent-

based approach [31, 32]. This model was initially used to describe a macroscopic

flock of birds using interacting particles. The particles have a fixed speed and

prefer to align their velocity vectors parallel to their neighbors. As a result

of neighbor-neighbor aligning interactions, a transition between the disordered

random motion of units to a phase with collective directed motion can arise. The

transition is called flocking transition, and in contrast to passive magnets, can

happen in two dimensions.

Another example of an agent-based approach is simulations of bacterial rods

that interact with their surrounding rods by directed motion, excluded volume, or
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growth. These models can be used to study various biological phenomena, including

bacterial colony formation, biofilm development [33], antibiotic resistance, and the

effects of different environmental conditions on bacterial behavior [34].

Agent-based models are a useful tool to study the dynamics of individual active

units in a group, and in particular, for studying the effects of variations in single

species in a multi-species system. However, many of the emergent phenomena in

active systems appear when the number of active units exceeds a threshold. In this

regime, agent-based models are computationally expensive, and continuum models

provide a more efficient approach to understanding collective behaviour.

1.2.2 Continuum models

Continuum models treat biological systems as continuous media, where variables

such as concentration, density, and stress are represented as functions that vary

smoothly across space and time. By expressing these variables using partial

differential equations, we can capture the essential dynamics of microscale living

systems, accounting for processes like diffusion, reaction, growth, motion, and

mechanical interactions.

The strength of continuum models lies in their ability to describe macroscopic

trends and behaviors while averaging out microscopic details. This allows us to

gain insights into the overall trends and patterns that emerge from the collective

actions of numerous individual components. Continuum models are particularly

effective in scenarios where the detailed interactions between individual entities

are less crucial than understanding the system’s overall behavior.

These models find applications in a diverse array of microscale living systems.

Within cell biology, continuum models can describe processes like nutrient transport,

intracellular signaling, and cell polarization. In tissue engineering, they help predict

the growth and remodeling of tissue structures.

The first continuum model introduced to study the behaviour of living material

was the Toner-Tu model [35, 36]. This model uses a phenomenological approach to

write down the continuum equations to describe a flocking transition. The Toner-Tu
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model was built to describe bird flocks, and as such the dynamics is governed by

inertia. This regime is different from the regime in which microscale biological

systems live. At the microscale, the Reynolds number is low and the dynamics

is governed by highly viscous flows. To study living organisms in a low Reynolds

number regime, the Toner-Tu model was later modified [3, 37–39]. It was shown

that in a low Reynolds number regime, living units produce long-range flows, which

mediate long-range interactions in an active suspension at the microscale. As a result,

when interested in the collective behaviour of systems, the long-range interaction

allows us to ignore many of the microscopic details of the individual active units. In

addition, since the flow created by each unit has a nematic symmetry, the symmetry

of a nematic liquid crystal, in many cases one can use theories of active nematics to

predict the collective behaviour of living systems at microscale [1, 3, 24, 40–45].

1.2.3 Phase field model

The phase field model is a mathematical framework used to describe the evolution of

interfaces and phase boundaries in various systems, including materials, fluids, and

biological systems such as cells. In the context of cells, particularly in developmental

biology and tissue growth studies, the phase field model can be employed to simulate

the motion of cells, their shape changes, and their interactions within a tissue [46, 47].

The phase field model for cells incorporates principles from both agent-based

and continuum models: each cell is represented by a continuous field that varies

across space. This field assigns a value to each point in space, indicating the state

of that point with respect to the presence of a cell. The phase field can take on

different values to represent different cell states, such as inside the cell, outside

the cell, cell boundary or even different cell types.

The phase field model typically involves an energy functional that describes the

total energy of the system. This functional includes terms related to the cell-cell

interactions, cell-substrate interactions, and other relevant factors. The system

evolves over time to minimise this energy, leading to changes in the phase field

that represent cell movements, deformations, and interactions. The model can also
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be extended to include additional factors such as mechanical properties, chemical

signaling, adhesion forces, and active interactions between neighbouring cells, making

it a versatile tool for studying various aspects of cell behavior and tissue dynamics.

1.3 Thesis outline

This thesis demonstrates how continuum active nematic models can be modified

to account for the features of living systems in different experimental settings. In

particular, we distinguish between living materials such as bacteria, in which units

have a fixed shape, and the direction of the force is along the symmetry axis of the

cells, and living materials such as tissues, in which cells change their shape, and

the direction of the force is set by an internal degree of freedom, interior active

filaments, instead of cell shape. This is the path to using continuum modeling

to help investigate behaviour of living matter.

In this thesis, we use a continuum approach based on the physics of active

nematics, to study and understand the collective dynamics of living systems at

microscale and in different settings.

In chapter 2 we introduce the conventional continuum model of active nematics

and the numerical implementation of the model.

In chapter 3 we show that depending on the ground state of the free energy

(nematic or isotropic phase), increasing friction in active nematic systems leads to

the formation of polar or nematic ordering of +1/2 defects.

In chapter 4 we modify the conventional active nematohydrodynamic model to

account for the features observed in P. mirabilis bacterial droplets, and we show

that this allows us to understand the fractal-type invasion patterns that form at

the interface of the droplet. We then compare our results, describing the role of the

interface curvature on the formation of the patterns, with the experiments.

In chapter 5 of this thesis, we use concepts underlying the phase field model

to build a more coarse-grained model for living tissues. We develop a continuum

model that accounts for the area and aspect ratio change of deformable cells. The

model also introduces a new field for the direction of the active stress. This has
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been neglected in the continuum models studied so far, and we later show that it is

a necessary ingredient for understanding the behaviour of living tissues.

In chapter 6 we analyse the experimental data on MDCK and LP9 cells, and

report the formation of extensile regions in a contractile monolayer. We then

use the continuum model that we constructed in chapter 5, and show that the

model captures the formation of extensile regions in contractile monolayers, and

the key features of the experiments, including spatiotemporal correlations in the

orientation of cell shape and the stress.

Finally, to understand the difference between active material in two and three

dimensions, in chapter 7 we study the behaviour of flows and disclination lines in

three dimensions and show that, extensile active stress promotes three-dimensional

flows and forms twist disclination lines.



The past is solid, the future is liquid.

Jean-Louis Aubert

2
Continuum description of liquid crystals

This chapter establishes the theoretical framework upon which the remainder of

this thesis is constructed. We investigate active fluids with high viscosity, and at a

micron-scale, where the Reynolds number is small. We consider systems in which

the long-range flows are produced by active units that have a nematic symmetry.

This allows us to use the theories of active nematics [1]. In addition, we study

systems at spatial scales that are large compared to the size of a single active unit,

which allows us to use a continuum description for the system.

We commence this chapter by introducing nematic liquid crystals, which we

characterise using a tensor order parameter. Subsequently, the symmetry of the

nematic tensor is used to formulate a Landau-de Gennes free energy [48]. The

free energy parameters determine if the system’s ground state is an isotropic phase

or a phase with a nematic order. The free energy also allows for the formation

of discontinuities in the orientation field called defects.

We then introduce the nematohydrodynamic equations, which are coupled

equations for the dynamics of the liquid crystal and the surrounding velocity

field, and introduce the Cahn-Hilliard equations, which allow us to study liquid

crystal droplets.

Lastly, we introduce active stress and the instabilities it produces in active

nematics. We use linear stability analysis and first look at the growth rate of

8
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instabilities in a regime in which, without activity, the liquid crystal forms a

nematic phase. We then study a case in which, without activity, the liquid crystal

forms an isotropic phase. We show that different types of active instabilities

destabilise the homogeneous phase in these two regimes. Both systems form defects,

and active turbulence, a state with collective flows and vortices.

2.1 Passive liquid crystals

Liquid crystals are a unique state of matter that exhibits properties that are

intermediate between those of conventional liquids and solids. They possess a

molecular orientation similar to that of solids, but they also retain the ability to

flow like liquids. Fig. 2.1(a) compares the arrangement of molecules in a solid,

and in a liquid, with a liquid crystal [49].

The molecules in a liquid crystal are typically elongated or rod-like, and they

tend to align themselves along a preferred direction, which in the absence of an

external field is random. Depending on their alignment, liquid crystals can be

classified into different phases, with the most common ones being isotropic and

nematic phases [48, 50, 51]. The isotropic and the nematic phases of the liquid

crystal are shown in Fig. 2.1(b) and (c), respectively.

In an isotropic phase of liquid crystals, nematogens lack long-range positional and

orientational order. In a nematic phase, nematogens show long-range directional

order, but they lack any long-range positional order.

2.1.1 Nematic order parameter

To distinguish between nematic and isotropic phases of a liquid crystal, one can

define a nematic tensor, which is a second-rank tensor, often denoted as Q. The

nematic tensor helps quantify the directional alignment of molecules in a way

that reflects both their average orientation and the degree of order present. The

nematic tensor is defined by averaging over the orientation of many elongated
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Figure 2.1: (a) Left: In solids, molecules demonstrate both positional and orientational
order - meaning they are restricted to specific directions and positions relative to each
other. In contrast, liquids (in the middle) lack both positional and orientational order;
molecules in liquids exhibit random directions and positions. Right: liquid crystals exist
between the solid and the liquid phase - the molecules in a liquid crystal do not exhibit
any positional order, but they do possess a certain degree of orientational order. (b) In
an isotropic phase of nematic liquid crystals, nematogens lack long-range positional and
orientational order. (c) In a nematic phase, nematogens show long-range directional order,
but they lack any long-range positional order.

particles. In d-spatial dimensions, this reads

Q = S(nn− I
d

) := 1
N

N∑
α=1

(
cαcα −

I
d

)
, (2.1)

where the sum is over a local number of particles N with individual directions

cα, and I shows the unit tensor [48]. In this definition, 0 ≤ S ≤ 1, denotes the

average magnitude and n is the average direction of the nematic order. In an

isotropic phase (Fig. 2.1(b)), the average 1
N

∑N
α=1 (cαcα) ∼ I/d, and as a result the

magnitude of the order S is zero. In a phase with complete nematic order where

all the particles are aligned in a specific direction (Fig. 2.1(c)), the summation

in Eq. 2.1 simplifies and we have S = 1.
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2.1.2 Transition from isotropic to nematic phase

By manipulating external factors such as temperature, concentration of particles,

or mechanical stress, one can induce a transition from an isotropic phase to a

nematic phase [48].

From a physics standpoint, this transition can be explained through the concept

of symmetry breaking. In the isotropic phase, molecules exhibit rotational symmetry,

meaning their orientations are equally probable in all directions. As the system

cools, this rotational symmetry is broken, leading to a preferred direction for

molecular alignment. The direction of the order is chosen randomly through the

spontaneous breakdown of symmetry.

Mathematically, the transition is often described using the Landau-de Gennes

free energy. The Landau-de Gennes free energy FLD, rooted in statistical mechanics

and symmetry principles, provides a mathematical description that quantifies the

system’s energy based on order parameters associated with molecular orientation.

It captures the balance between energetic costs due to misaligned molecules, that

in the absence of an external field comes from the excluded volume interaction

between the molecules and entropic energetic gains from alignment. In the case of

the isotropic to nematic transition, the free energy landscape favors nematic order

when the alignment’s energy gain outweighs the entropy cost of the order.

The Landau-de Gennes free energy assumes an expansion of the free energy

in powers of the order parameter Q, and its spatial derivatives ∇Q, keeping

the lowest order terms that are allowed by symmetry. The terms containing

expansions of Q, are called the bulk free energy density Fb, and terms related to

derivatives of the nematic tensor are called the elastic free energy Fe [48]. The

bulk free energy can be written as

Fb = A2 tr(Q
2)− B3 tr(Q

3) + C4 (tr(Q2))2, (2.2)

with A,B ≥ 0 and C called Landau-de Gennes coefficients.



12 2.1. Passive liquid crystals

Minimising the free energy introduced in Eq. 2.2, one can find the magnitude

of the order parameter associated with the minimum. The trivial solution is S = 0.

The other solutions to the minimising problem are [48]

S0 = B
6C ±

(
( B3C )2 − 8A

16C

)1/2
. (2.3)

Eq. 2.3 shows that, by changing the coefficients A,B and C, one can set the

isotropic or nematic state as the global ground state of the free energy.

There are a few points that one needs to be careful about when choosing

the values of the coefficients. In two dimensions where the transition from the

isotropic to the nematic phase is continuous, tr(Q3) = 0, and the second term

in Eq. 2.3 vanishes [48, 52]. In addition, the coefficient C has to be positive, to

avoid unbounded growth of the order parameter S.

The elastic free energy, written based on symmetries and by keeping the lowest

order derivative term, reads

Fe = KQ

2 ∂kQij∂kQij, (2.4)

where we have used a single Frank elastic constant approximation for bend, splay, and

twist deformations. In Appendix A, we introduce a general form of elastic free energy

that distinguishes between bend, splay, and twist deformations. In chapter 7, we use

this definition to study the growth rate of these deformations due to active flows.

2.1.3 Defects in passive liquid crystals

In liquid crystals, topological defects manifest as localised regions where the

alignment of molecules deviates from the surrounding order. These defects are

called topological as their existence cannot be removed by continuous deformations

in the orientation of the liquid crystal around them. Instead, defects represent

singular points around which molecular orientation changes in a way that conserves

the total number of molecules pointing in a particular direction. As a result, defects

can only be created or annihilated in pairs [48].
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In a passive liquid crystal, topological defects emerge due to the inherent

challenge of aligning molecules across a continuous medium in which orientational

order prevails. The presence of topological defects can have profound consequences

on the optical properties and mechanical behavior of liquid crystals. Defects

scatter light and influence how it interacts with the material, leading to intricate

patterns and colours when viewed under polarised light. Moreover, defects can

exert mechanical forces on neighboring molecules, giving rise to unique material

responses under external stresses [48].

Different types of topological defects arise based on the symmetry of the systems.

The lowest defect charge that can be observed in systems with polar symmetry, is

equal to ±1, whereas nematic systems can form defects of charge ±1/2. As a result,

studying the types of defects can shed light on the underlying symmetry of the system.

Fig. 2.2(a) shows examples of defects that form in liquid crystals in two dimensions.

To calculate the charge associated with defects, one needs to measure how

many times the director winds along a circle around the defect. The charge m

associated with a defect is defined as

m = 1
2π

∮
dθ, (2.5)

where θ shows the director angle with the x axis, n = (cos θ, sin θ), and the line

integral is taken around the defect core [48].

In two-dimensional liquid crystals, defects form discrete points. In three

dimensions, they form disclination lines. In addition, since in three dimensions the

director can rotate in 3D, defects have more freedom, and a new type of defect

called a twist-type defect, can form in three dimensions. Twist-type defects and

three-dimensional disclination lines are shown in Fig. 2.2(b) and (c), respectively.

Appendix B explains the process of finding point-like defects and disclination

lines in our simulations.
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Figure 2.2: The lowest order charge defects allowed in a liquid crystal are the +1/2 and
−1/2 defects. These defects have a lower elastic cost for the system, compared to defects
with higher charges. (a) Shows examples of defects in a system with nematic symmetry
in two dimensions. (b) Shows an example of a twist-type defect in a system with nematic
symmetry in 3D. The blue circle shows the core of the defect, t̂ represents the direction
along the disclination line, and the blue dashed line connects the center of the twist-type
defect to the position with an in-plane director. α is the angle between this line and the
local director. The director rotates out of the plane around the rotation vector Ω to form
the twist defect. (c) Represents a disclination line in three dimensions. Cross sections
perpendicular to a three-dimensional disclination line can form ±1/2 defects or twist-type
defects. (c) is adopted from Ref. [53].

2.2 Nematohydrodynamics

The dynamics of liquid crystals can be studied using the nematohydrodynamic

equations. Nematohydrodynamics involves understanding how the orientation and

ordering of the elongated molecules, nematogens, within a fluid medium affect the

fluid’s flow behavior and vice versa. The interactions between the fluid flow and the

orientation of nematogens can lead to complex and interesting phenomena, such

as flow-induced alignment or reorientation of the nematogens, and changes in the

flow properties due to the presence of these ordered structures [54].
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In the following subsections, we introduce the nematohydrodynamic equations.

2.2.1 The convection-diffusion equation

The convection-diffusion equation is a partial differential equation that describes

the transport of a quantity, such as concentration of a substance or a physical

property, in a fluid medium through a combination of convection (advection) and

diffusion processes. In a fluid with anisotropic particles, one needs to take into

account the asymmetry in the orientation of the particles, and the change in the

orientation of the particles due to flows.

The dynamics of the nematic order parameter due to fluid velocity u, and

due to interaction between liquid crystal units can be described by the Beris-

Edwards equation [54],

(∂t + u ·∇)Q− S = ΓH . (2.6)

Here, Γ is a rotational diffusivity, S is the co-rotational advection term, and

H is the molecular field.

The co-rotational advection term describes the rotation of the elongated particles

due to gradients in the fluid velocity ∇u. Velocity gradients can be divided into

symmetric and anti-symmetric parts. The symmetric part of the velocity gradient

is called the strain rate tensor and is defined as

E = (∇uT + ∇u)/2. (2.7)

The anti-symmetric part of the flow gradient is called the vorticity tensor and is de-

fined as

Ω = (∇uT −∇u)/2. (2.8)

Using the definition of the strain rate and vorticity, the co-rotational advection

term is written as

S = (λE + Ω) ·
(
Q+ I

d

)
+
(
Q+ I

d

)
· (λE −Ω)− (d− 1)λ

(
Q+ I

d

)
tr (Q ·∇u) ,

(2.9)
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where d is the spatial dimension, and λ is the flow-aligning parameter [55]. The

flow-aligning parameter describes the alignment behavior of liquid crystals within a

flowing fluid. It is a measure of how the molecules within the liquid crystal tend to

align or orient themselves in response to the strain rate. Depending on the respective

magnitude of the nematic order S, and the flow-aligning parameter λ, a liquid

crystal can be in a flow-aligning or a flow-tumbling regime. If |λ| > 9S/(3S + 4),

the liquid crystal is in a flow-aligning regime and aligns at a certain angle to the

principal axis of flow deformation. If the inequality is not satisfied, the director

continuously tumbles in shear flows [56, 57].

In addition to flows, the orientation of the particles and the magnitude of

the nematic order also change due to the free energy. This is captured in the

molecular field

H = −(δF
δQ
− I
d
TrδF
δQ

), (2.10)

that relaxes the nematic tensor to the ground state of the free energy in Eq. 2.2 and

Eq. 2.4.

2.2.2 The Navier-Stokes equations

To be able to close the set of the equations, one needs to consider the dynamics

of the mass ρ and momentum ρu, which is given by the Navier-Stokes equations

[55]. For a liquid crystal, the Navier-Stokes equations can be written as

∂ρ

∂t
+ ∇ · (ρu) = 0, (2.11)

ρ (∂t + u ·∇)u = ∇ ·Π− γu, (2.12)

where Π is a generalised stress tensor that includes a viscous stress ΠVisc = 2ηE,

and an elastic stress due to the reorientations of the liquid crystal

ΠElastic = −PI + 2λ
(
Q+ I

3

)
(Q : H)− λH ·

(
Q+ I

3

)
− λ

(
Q+ I

3

)
·H

−∇Q : δF
δ∇Q +Q ·H −H ·Q, (2.13)
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where P denotes pressure. The stress tensor Π may also contain terms due to

concentration differences Πφ and an active stress Πa, which will be introduced

in subsection 2.2.3 and 2.3.1, respectively.

Eq. 2.12 takes into account frictional damping with the substrate through a

friction coefficient γ. This is particularly important in systems in two dimensions

where the liquid crystal, or the active units are in contact with a substrate, and

friction leads to momentum dissipation.

2.2.3 The Cahn-Hillard equation

To study the behavior of living systems in a droplet, one needs to account for the

dynamics of the concentration of the active material. A two-phase description in

which an active liquid crystal coexists with an isotropic liquid can be helpful

in this setting.

In the two-phase system, the isotropic phase retains the characteristics of a

conventional liquid, with molecules displaying no preferential alignment (S = 0) and

activity. Contrastingly, the anisotropic liquid crystalline phase is characterised by

the alignment of molecules (S 6= 0), and with a non-zero activity. The models that

describe the behaviour of two phases, use a phase-field parameter φ to account for

the concentration of the active phase. The dynamics of the phase field is governed

by flows, free energy that leads to the phase separation of the active (φ = 1) and

passive (φ = 0) liquids, and a term to penalise shape changes at the interface of

the droplet. The free energy of the phase field model reads

F = FA + FK = A

2 φ
2(1− φ)2 + Kφ

2 (∇φ)2, (2.14)

where A > 0 is the phase separation coefficint, and Kφ > 0 is the surface tension

coefficient [58]. This free energy allows for the smooth variation of the concentration

at the droplet interface.

To study the behaviour of an active droplet in a nematic phase inside an isotropic

liquid, one can modify the bulk free energy Fb to lead to a nematic phase with S = S0
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inside the active material, and to an isotropic phase outside the active material.

This can be achieved by substituting the bulk free energy introduced in Eq. 2.2 with

Fb = A
′

2 (S2
0φ−Q : Q/2)2. (2.15)

For positive values of A′, this guarantees that the magnitude of the order is equal to

zero in regions with zero concentration of the active material φ = 0, and non-zero in

regions where the active material exists φ = 1. For regions with φ = 0 the nematic

free energy is at the critical point of the 2d isotropic-nematic transition.

The dynamics of the concentration is governed by the Cahn-Hilliard equation.

The Cahn-Hilliard equation is a partial differential equation that describes the

evolution of phase separation and microstructure formation in a binary fluid [58].

The dynamics of the concentration reads

∂tφ+ ∇ · (uφ) = Γφ∇2µ, (2.16)

where µ = δF
δφ

is the chemical potential and Γφ is a mobility coefficient.

Finally, the stress associated with the droplet concentration imbalances appears

in the Navier-Stokes equation, Eq. 2.12, as [28]

Πφ = (F − µφ)I −∇φ

(
δF
δ∇φ

)
. (2.17)

The Cahn-Hilliard equation describes how concentration gradients drive diffusion,

causing phase separation to occur, while higher-order derivatives penalise interfaces

with high curvature, preventing the formation of extremely fine structures. The

equation can result in the formation of complex patterns and microstructures as

the components separate and create distinct regions [28, 59–61]. In this thesis,

we use the Cahn-Hilliard equation to study the behaviour of active droplets, and

we do not study the process of phase separation.

2.2.4 Implementation of the model

The equations of nematohydrodynamics are solved using a hybrid lattice Boltzmann

and finite difference method [55, 62–64]. The Navier-Stokes equations, Eq. 2.11

and Eq. 2.12, are solved with a lattice Boltzmann scheme.
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The lattice Boltzmann method is a numerical approach widely used to simulate

fluid flow. The Boltzmann equation uses a microscopic description of a fluid,

elucidating how the density and velocity distributions of particles change over

time because of interparticle collisions. This approach is different from the Navier-

Stokes approach as it describes dynamics of particle distributions instead of a

macroscopic velocity field u. However, the Navier-Stokes equations can be deduced

from the Boltzmann equation under specific conditions, such as the assumption of

local thermodynamic equilibrium. The lattice Boltzmann method has been proven

successful in capturing many features of active systems such as phase separation

[65], spontaneous flow transition [66] and active turbulence [67].

The lattice Boltzmann method operates by solving for the distribution of particles

with various velocities on a discrete lattice. In this thesis we use a D3Q15 (D2Q9)

grid to study the behaviour of active nematics in three (two) spacial dimenstion. In

the D3Q15 (D2Q9) grid, 15 (9) discretised velocity vectors are assigned to each grid.

These functions evolve according to discrete collision and streaming processes.

One can then model macroscopic phenomena such as fluid dynamics by establishing a

connection between microscopic distribution functions and macroscopic parameters

like density, velocity, and temperature.

In this thesis, we use the simplest collision operator that can be used for

Navier-Stokes simulations, which is the Bhatnagar-Gross-Krook (BGK) collision

operator [55, 68]. This is now well documented, and the details can be found

in Refs. [66, 68, 69].

The convection-diffusion and Cahn-Hillard equations, Eq. 2.6 and Eq. 2.16,

are solved using an RK4 iteration scheme [55, 62, 69–72]. The time and spatial

grid sizes are set to one.

2.3 Active nematohydrodynamics

Since we are interested in the dynamics of living systems, we study the dynamics

of liquid crystals in which nematogens exert forces on their surrounding liquid.
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As a result, we need to take into account active stress due to the activity of

the suspended particles.

In this section, we introduce the active stress appropriate for describing living

systems at the microscale. As a result of this active stress, active liquid crystals form

collective patterns of flow, and director orientations that are reminiscent of the flows

and orientation of living systems such as bacteria and living tissues. This section

also helps us understand the emergence of active flows in two different regimes: (a)

a regime in which there is no thermodynamic order without activity, and (b) a

regime in which the liquid crystal forms a nematic order in the absence of activity.

2.3.1 Active stress

It is known that, in a low Reynolds number regime, the leading order term in

the active force that units can exert on their surroundings is a force dipole [21].

This is because, in a low Reynolds number regime, the net force that a swimmer

exerts on its surrounding fluid has to be zero. In a continuum description, one can

derive the active stress from coarse-graining the forces that units exert on their

surrounding. This was done in Refs. [73, 74], and it was shown that such force

dipoles lead to an active stress proportional to the nematic tensor Πa = −ζQ. The

proportionality constant ζ depends on the details of the forces that units exert

on their surrounding, and can have a positive or a negative sign. If the forces in

the force dipole point away from each other, active units are called pushers, and

active suspension is called extensile (ζ > 0). In the other case where the force

dipoles associated with the units point inwards, the active units are called pullers,

and suspension is called contractile (ζ < 0).

Both extensile and contractile systems exist in nature. Most bacterial systems

and suspensions of microtubules and kinesin motors are extensile [38, 75]. On

the other hand, living cell layers are usually considered to be contractile [26]. We

challenge the latter arguments in chapter 6, and show that cell layers can form

both extensile and contractile domains.
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In subsections 2.3.2 and 2.3.5, we study the instabilities that can arise due

to activity in an active nematic that has a nematic and an isotropic passive

ground state, respectively. Active instabilities in the nematic phase have been

the subject of many previous studies, and as a result, we put more emphasis on

the instabilities in the isotropic phase.

2.3.2 Instabilities in the nematic phase

Let us consider an incompressible two-dimensional active suspension and study

the stability of the homogeneous nematic phase. We assume that the director is

oriented along the x-direction and follow the evolution of small perturbations over

time. The elements of the perturbed nematic tensor are Qxx = Q0
xx + δQxx and

Qxy = Q0
xy+δQxy, where (Q0

xx, Q
0
xy) = (S0/2, 0), and δQ shows the perturbations in

the nematic phase. Using Eqs. 2.6 - 2.13, and representing the Fourier transform

of any fluctuating field δf as δf(r, t) =
∫
dqdω f̃(q, ω) eiq·r+ωt, the evolution of the

perturbations in the low-Reynolds number limit are governed by

ωQ̃xx = Q̃xx

{
(−KQq

2 − 2S2
0A)Γ + (γ + ηq2)−1M

}
+ Q̃xy

{
ζλ(1− S2

0/2)q2 sin 4θ(4γ + 4ηq2)−1
}
, (2.18)

M = λq2(1− S2
0/2) cos2 θ(cos 2θ − 1)[ζ + 2S2

0λA(1− S2
0/2)],

ωQ̃xy = (γ + ηq2)−1Q̃xxqxqy(S0 + λ cos 2θ)
{
ζ + 2S2

0λA(1− S2
0/2)

}
− q2Q̃xy

{
KQΓ + (S0 + λ cos 2θ)ζ cos 2θ(2γ + 2ηq2)−1

}
, (2.19)

where we have used q̂ · r̂ = cos θ. For λ = 0, these equations simplify to

ωQ̃xx = −Q̃xx(KQq
2 + 2S2

0A)Γ, (2.20)

ωQ̃xy = −q2Q̃xy

{
KQΓ + S0ζ cos 2θ(2γ + 2ηq2)−1

}
+(2γ + 2ηq2)−1Q̃xxq

2 sin 2θS0ζ. (2.21)

Eq. 2.20 shows that the longitudinal perturbations relax to zero and Eq. 2.21

gives the growth rate of transverse perturbations Q̃xy as

ω = −q2
{
S0ζ cos 2θ(2γ + 2ηq2)−1 +KQΓ

}
. (2.22)
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For ω < 0, perturbations die out over time whereas for ω > 0 perturbations

grow, the nematic state is unstable and active turbulence develops. Eq. 2.22

also confirms that the instability of the ordered state in extensile (ζ < 0) and

contractile (ζ > 0) suspensions is caused by bend (θ = 0) and splay (θ = π/2)

perturbations, respectively. In the limiting case of zero friction, γ = 0, the growth

rate simplifies to the well-known long wavelength hydrodynamic instability of

active suspensions [76]. As a result of the growth of the instabilities, the system

forms active turbulence, a state that exhibits flows with complex spatiotemporal

structures, director distortions, and topological defects.

2.3.3 Active defects

In active materials, defects have distinct features compared to their passive counter-

parts [40, 77]. In active nematics, hydrodynamic instabilities lead to the formation

of defects with ±1/2 topological charge. This is an important feature that can only

be observed in active materials, as in passive liquid crystals the elastic attraction

between defects with opposite charges leads to defect annihilation, and formation

of new pairs of defects can only happen under specific conditions such as sudden

changes in the temperature.

Formation of defects in active systems has been observed in both numerical

simulations of the nematohydrodynamic equations [40], and in experiments on

active microtubule filaments [78], cell layers [26], and bacterial suspensions [79].

As shown in Fig. 2.2(a), +1/2 defects have polar symmetry which means that

they can break time-reversal invariance and, in an active system, can move even

in the absence of a background flow. Their direction of motion depends on the

details of the stress that they exert on their surroundings and can be towards the

head or the tail of the defect [80]. In the continuum models considered so far, +1/2

defects have always been found to move toward the head in extensile systems and

toward the tail in contractile systems. −1/2 defects, by contrast, have three-fold

symmetry (Fig. 2.2(a)). They produce flows, but since the director field around

them does not have a polar symmetry, the flows balance at the center of defects
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and do not lead to self-propulsion. Just as in passive nematics +1/2 and −1/2

pairs tend to annihilate, but in an active system, there is also energy available to

create topological defect pairs which then move apart.

In recent experiments, it has been suggested that topological defects can play an

important role in many life processes such as cell death and extrusion in epithelial

tissues [26], formation of three-dimentional structures in bacterial suspensions [42],

and establishing the direction of body formation in Hydra [81].

2.3.4 Active turbulence

Many active systems, in their steady state, form active turbulence, a state with

complex flow patterns that include both clockwise and counterclockwise vortices

with varying strengths [82]. In a steady state, the number of defects is fixed on

average, and active particles collectively generate flows and vortices within the

fluid medium. The flow field can be caused by defects, or by distortions in the

orientation field. These patterns can resemble traditional turbulence in terms of

their chaotic and disordered nature, but they are driven by the activity of the

individual particles in a regime where viscous stress dominates inertia.

Active turbulence has garnered interest due to its potential to shed light on the

principles governing collective behavior and emergent dynamics in active matter

systems. It also raises intriguing questions about how such systems can transition

to turbulence-like behavior [83] and how this behavior differs from the classical

fluid turbulence driven by inertial forces [84].

Research into active turbulence is still a relatively new and evolving area of

study. It has implications not only in understanding biological systems but also

in the design of new materials [85, 86], propulsion mechanisms [87], and other

technological advances inspired by active matter dynamics [88–90].

Since active turbulence includes formation and annihilation of defects, it only

appears in systems in which the magnitude of the nematic order is not zero (S 6= 0).

We discussed in subsection 2.3.2 that activity destabilises the nematic phase and

leads to formation of active turbulence. In the following subsection, we show that
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activity can induce nematic order, and then active turbulence, even when free

energy favours an isotropic phase with S = 0. This regime has been the subject

of fewer studies compared to the nematic phase, and as such, in the following

subsection, we describe this instability in more detail.

2.3.5 Instabilities in the isotropic phase

We showed in Eq. 2.3 that one can change the bulk free energy parameters to set the

isotropic phase as the ground state of the free energy. In this section, we show that

active flows destabilise the isotropic phase and lead to the formation of nematic order.

In an isotropic phase, the magnitude of the nematic order is small, and as a result

using Q ∼ 0, the co-rotational advection term S in Eq. 2.9 can be approximated by

S ≈ 2λE
d
. (2.23)

Using the nematohydrodynamic equations, Eqs. 2.6 - 2.13, along with the simplified

co-rotational advection term S, we can perform a linear stability analysis to study

the stability of the isotropic phase (S = 0) with a static fluid, u = 0.

We restrict the perturbation to the magnitude of the order parameter while

assuming that the corresponding director field n is spatially uniform in the domain.

The x axis is chosen along the director field and the wave vector q makes an angle

θ with the x axis. Representing the Fourier transform of any fluctuating field δf

as δf(r, t) =
∫
dω dq f̃(q, ω) eiq·r+ωt, we can then obtain

ρω2 + q2(ωβ + 2λ cos2 θ sin2 θ(λKQq
2 − ζ) + ΓKQq

2η) = 0, (2.24)

where β = η+ρΓKQ. Eq. 2.24 shows a nonlinear relation between the wavenumber

q and the frequency of the perturbations ω. Here, we have retained the inertia

term in the dybanics of the vlocity field. This term could lead to formation of

stable flocks in suspension of self-propelling swimmers [91]. However, this effect

is not important in our nematic system with zero self-propulsion velocity. In

addition, in our simulations, since the Reynolds number is small, the inertia term

does not play a crutial role in the flow-aligning behaviour. The system is only
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Figure 2.3: (a) Dispersion relation described by Eq. 2.24 plotted for θ = π/4 for
different values of the flow-aligning parameter λ. The red data points are obtained for
λ = 0.4 from the numerical simulations of the nematohydrodynamic equations. qc and
qmax show the critical wavenumber and the wavenumber associated with the maximum
growth rate of perturbations for λ = 0.4, respectively. Dependence of (b) the most
unstable wavenumber qmax and (c) the growth rate ωmax on the angle θ between the
wavevector and the nematic director for various values of the flow-aligning parameter λ.

unstable to long wavelength perturbations when λζ > 0. The critical wave number

below which the instability occurs,

qc =

√√√√ λζ

2KQ(2ηγ + λ2) , (2.25)

is determined by the active length scale
√
KQ/ζ, flow-aligning parameter λ, and

the ratio of viscosities ηΓ, where 1/Γ is the rotational viscosity of the nematic

director. To further investigate the stability of the isotropic state, in Fig. 2.3(a)

we plot the dispersion relation for various values of the flow-aligning parameter

λ. As evident from this figure, ω > 0 for a range of |q|, indicating that the

system is linearly unstable. Furthermore, the most unstable wavenumber qmax,

corresponding to the fastest growth of the perturbations, increases with increasing

the flow-aligning parameter indicating that stronger shear alignment drives smaller

wavelengths unstable.

Fig. 2.3(b) shows the variation of the most unstable wavenumber qmax and the

corresponding growth rate ωmax as a function of the angle between the wavevector

and the director field θ. When θ approaches 0 or π
2 both qmax and ωmax drop to zero

indicating that there is no nematic order development along or perpendicular

to the director.

In order to understand the dependence of the most unstable modes on the

alignment parameter and on θ, we next explain the physical mechanism by which
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Figure 2.4: Physical mechanism for the growth of nematic order in an isotropic system
of active particles. Blue solid lines indicate nematic directors and red arrows denote the
activity-induced flows. (a) θ = 0, (b) θ = π, (c) θ = π/4. In (c) the disordered region at
the centre is aligned by the shear flow set up by the neighbouring ordered regions.

activity drives the development of nematic order in an isotropic system.

Fig. 2.3 indicates that the physical mechanism behind the development of the

nematic order should involve the response of active particles to the extensional

flow field through flow-aligning parameter λ.

A schematic of the physical mechanism involved in the creation of nematic

order is shown in Fig. 2.4. Each active particle creates a dipolar flow field. The

dipole lies along the long axis of the particle, and extensile particles with ζ > 0

pull fluid in from their sides and push it out from their front and back [92]. In

a perfectly isotropic arrangement of active particles, the dipolar flows generated

by each particle cancel each other on sufficiently large length scales giving rise

to no net flow everywhere in the system. However, if a fluctuation generates a

local nematic alignment of active particles, then this results in the generation of

locally shearing flow fields. In such shear flows particles align further in a manner

that enhances this shear flow [93, 94]. This results in the strengthening of the

nematic order creating a bootstrap effect: stronger alignment leads to stronger

flows that in turn generate stronger alignment. This explains the dependence of

the order development on the flow-aligning parameter λ. For larger flow-aligning

parameter λ the particles more strongly align with the activity-induced flows,

therefore enhancing the bootstrap effect.

Furthermore, the dependence on the angle between the fluctuation wave vector

and the nematic director can be explained as follows: If the nematic order is

developed parallel or perpendicular to the nematic director (Fig. 2.4(a), (b)) -

corresponding to θ = 0, and θ = π/2, respectively - the resultant extensional
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flows cancel each other, producing no shear on the isotropic region. As such, any

fluctuation decays and both qmax and ωmax drop to zero, as evident from Fig. 2.3(c)

at θ = 0, π/2. This is in contrast to the instabilities of the nematic phase, Eq. 2.22,

in which the growth rate of perturbations is maximum for θ = 0 (θ = π/2) in

extensile (contractile) systems. On the other hand, for any 0 < θ < π/2, the

resultant local activity-induced extensional flows produce a shear flow on the local

isotropic regions, inducing further nematic alignment in them.

2.4 Summary

In this chapter, we presented the theoretical framework that we use in the rest

of this thesis. We introduced nematic liquid crystals, described the tensor order

parameter Q, and introduced topological defects in two and three dimensions.

We then described the continuum nematohydrodynamic equations that evolve the

nematic tensor order parameter Q, momentum, and active material concentration φ.

Finally, we summarised the mechanism for the instability of the nematic and the

isotropic phases of liquid crystals due to active flows. We showed that different types

of instabilities appear in these regimes. In a nematic phase, vorticity leads to the

growth of bend (splay) perturbations in extensile (contractile) suspensions, and this

destabilises the nematic order and leads to formation of defects and active turbulence.

In an isotropic phase, however, the strain rate destabilise the isotropic phase by

forming nematic order. Since the nematic order is not stable in an active suspension,

a secondary instability then leads to the formation of defects and active turbulence.



Life sucks order from a sea of disorder.

James Gleick

3
+1/2 defect ordering in active nematics

Suspensions of microtubules driven by two-headed kinesin motors represent one of the

most extensively studied active nematic systems in experiments [38, 95]. This system

shares many common features with active nematic theories including formation of

bend instabilities, active turbulence, and defect proliferation. In this experimental

setup, the microtubules are frequently arranged to create a thin layer between an

upper aqueous layer and a lower oil layer. Interestingly, it has been shown that

increasing the viscosity of the oil layer leads to a state in which the +1/2 topological

defects exhibit nematic alignment while still maintaining their ability to move [38].

Since increasing the viscosity of the oil leads to faster damping of the active

flows, this raises the question of whether increasing friction with a substrate in

the nematohydrodynamic equations could reproduce the nematic defect ordering

observed in the experiments.

Several research papers have considered a compressible dry system where friction

completely dominates viscous effects and dynamics of the system can be described

in terms of a single equation for the nematic tensor Q [96–99]. These studies show

long-range +1/2 defect ordering, but the ordering is polar rather than nematic. On

the other hand, a study on the high friction regime of full nematohydrodynamic

equations has found a static lattice of defects in which the +1/2 defects show

nematic ordering [100].

28
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In this chapter, we discuss the role of friction in ordering +1/2 defects in active

nematics. We show that the type of the ordering of defects, polar or nematic,

depends on the ground state of the free energy, i.e. whether the system is in an

isotropic or a nematic phase without activity.

In section 3.1 we study +1/2 defects ordering in a system that forms an isotropic

phase without activity, and in a regime with high frictional damping. We show that

for two pairs of ±1/2 defects, the defect pair orientation that minimises the free

energy depends on the respective position of the defect pairs. In a large system

with many defect pairs, this leads to a global nematic ordering of +1/2 defects.

In section 3.2 we study the role of friction in a system that forms a nematic

phase without activity. We show analytically that in this regime polar director

structures called arches are the steady state solution of the nematohydrodynamic

equations. The interaction between arches and +1/2 defects leads to polar ordering

of +1/2 defects.

3.1 Defect ordering in the isotropic phase

In Fig. 3.1 we show the results of the simulations of the nematohydrodynamic

equations with an isotropic phase as the ground state and with high friction. The

figure shows that −1/2 defects intervene between +1/2 defects, forming pairs of

±1/2 defects. The orientation of the pairs depends on their respective position.

As an example, the defect pairs highlighted in the green outline have anit-parallel

orientation whereas the defect pairs in the orange outline are parallel.

In what follows, we calculate the free energy associated with different config-

urations of two pairs of ±1
2 defects to find the optimum orientation of the pairs

with respect to each other [101].

We first study the case where the vector connecting the center of the pairs

Rp = RpR̂p is perpendicular to the direction of the first pair as represented in

Fig. 3.2(a). We then write the free energy for the case where Rp is parallel to

the direction of the first pair and compare the free energy of these configurations.
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Finally, we write the general solution where Rp has a general orientation and is

not parallel or perpendicular to the direction of the first pair.

Figure 3.1: Defect ordering in the high friction regime of active nematics with isotropic
ground state. a) +1/2 (−1/2) defects are shown in white (magenta). Depending on
the respective position of ±1/2 defect pairs, the pairs form parallel (green outline) or
anti-parallel (orange outline) alignment. The colourmap shows vorticity. b) Average
orientation of +1/2 defects around a central +1/2 defect in a high friction regime. The
heatmap is proportional to probability of finding a defect around a central defect.

Let us assume that the first pair is oriented along the y axis and Rp is along

the x axis (Fig. 3.2(a)). The elastic free energy of the system is given by:

F =
∫
fd2r = K

∫
(|∇Qxx|2 + |∇Qxy|2)d2r, (3.1)

where f is free energy density and K is the Frank elastic constant. To minimise

the free energy we need to solve

δF

δQxy

= δF

δQxx

= 0, (3.2)

which can be written as

δF

δQij

= ∂f

∂Qij

−∇ · ∂f

∂∇Qij

= 0. (3.3)

Using the free energy density introduced in Eq. 3.1 we have:

∇2Qxx = ∇2Qxy = 0. (3.4)
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Figure 3.2: a) Two pairs of ±1/2 defects in the z = x+iy plane. The centers of the pairs,
represented by orange dots, are separated by a distance Rp and the distance between ±1

2
defects in each pair is 2R. b) Using the conformal map introduced in Eq. 3.8 we map
the geometry in the z = x+ iy plane to the simpler geometry in the w = u+ iv plane.

To find the minimum of the free energy in the presence of the defect pairs, we

need to solve Eq. 3.4 with appropriate boundary conditions on the blue and red

circles in Fig. 3.2(a). The boundary condition on the first circle is [102]:

Qxx = cos2 θ(r′, φ′)− 1
2 , (3.5)

Qxy = sin θ(r′, φ′) cos θ(r′, φ′), (3.6)

where θ(r′, φ′) = [1
2 arctan r′ cosφ′

rc
]π. On the second circle, we have

θ(r′, φ′) = [φ2 + 1
2(arctan r′ sinφ′ −R sinφ2

r′ cosφ′ −Rp −R cosφ2

+ arctan r′ sinφ′ +R sinφ2

Rp − r′ cosφ′ −R cosφ2
)]π, (3.7)

where θ shows the angle between the local nematic director and x axis, (r′, φ′)

identifies the position on the boundaries and []π accounts for the fact that θ

is only defined modulo π.
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Figure 3.3: a) and b) show two different positions for the second pair. In (a) the vector
connecting the two pairs is perpendicular to the direction of the first pair (n̂1 · R̂p = 0)
and in (b) it is parallel to the direction of the first pair (Rp · n̂1 = 1). c) and d) show
the free energy associated with configurations represented in (a) and (b) respectively.
For the configuration shown in part (a) of the figure, the free energy is minimum for
the antiparallel orientation of the second pair. But for the configuration represented in
part (b), the free energy is minimum for the parallel orientation of the second pair. By
increasing the distance between the pairs (increasing Rp), the free energy becomes less
sensitive with respect to the orientation of the second pair. Here we have used R0 = 0.1
and K = 10.

To solve the Laplace equation with the above boundary conditions we use a

conformal map from z = x + iy plane to w = u + iv plane in which we need

to solve the Laplace equation in a simpler geometry of two concentric circles as

represented in Fig. 3.2(b). We use the conformal map

w = z − γR0

γz −R0
, γ =

Rp +
√
R2
p − 4R2

0

2R0
, (3.8)

which maps the circle in the center to a circle with radius equal to one and maps

the second circle to a circle of radius a = (R2
p − 2R2

0 − Rp

√
R2
p − 4R2

0)(2R2
0)−1 <
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1. In the limit we are interested in (rc � R0 � Rp), the boundary condition

on the first circle simplifies to

θ(ρ′ = 1, α′) =

3π/4 −π
2 < α′ < π

2
π/4 π

2 < α′ < 3π
2

(3.9)

and on the second circle, we have

θ(ρ′ = a, α′) =

[3π/4 + φ2]π φ2 < α′ < φ2 + π

[π/4 + φ2]π φ2 − π < α′ < φ2
(3.10)

In Eqs. 3.9 and 3.10 α′ is the angle between the vector that connects the center

of the circles to their surface and the x-axis.

To solve the Laplace equation in the new geometry, we use the Green function

of concentric circles. Knowing the boundary conditions at (ρ′, α′) on the circles,

we use the Green Theorem to find Qij(ρ, α) in w plane:

Qij(ρ, α) = −1
4π

∫
∂N ′G(ρ, α; ρ′, α′)Qij(ρ′, α′)ρ′dρ′dα′,

G(ρ, α; ρ′, α′) = 2 ln(ρ</a) ln(ρ>)
ln(a)

+
∞∑
m=1

2
m

(ρ<
ρ>

)m cos(m(α− α′))(1− (a/ρ<)2m)(1− ρ2m
> )

1− a2m , (3.11)

whereN shows normal vector to the boundary of the circle, ρ< = min(ρ, ρ′) and ρ> =

max(ρ, ρ′). Using Eq. 3.11 we can find the nematic tensor Qij in the w plane as

Qxx(ρ, α) = 1
2 + 2(1− 2 cos2(φ2 + π/4))

π

∞∑
m′=0

(a
ρ

)2m′+1 (1− ρ4m′+2)
(2m′ + 1)(1− a4m′+2) ×

sin((2m′ + 1)(α− φ2)),

Qxy(ρ, α) =
∞∑

m′=0

−2
π(2m′ + 1)(1− a4m′+2)

(
cos(2φ2)(a

ρ
)2m′+1(1− ρ4m′+2)×

sin((2m′ + 1)(α− φ2))

+(−1)m′ cos((2m′ + 1)α)ρ2m′+1(1− (a
ρ

)4m′+2)
)
. (3.12)

Using Eq. 3.12 along with Eq. 3.1, we then calculate the free energy associated

with the alignment interaction between the pair defects:

F =
∞∑

m′=0

16 a1+2m′K

π(1 + 2m′)(1− a4m′+2)

(
a1+2m′ + (−1)m′ cos 2φ2 sin((2m′ + 1)φ2)

)
.

(3.13)
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Figure 3.4: a) The general configuration of two defect pairs is represented. The
first pair is in the center of the coordinate system and is oriented along n̂1 = ŷ. The
second pair is positioned in a distance Rp from the first pair and is oriented along
n̂2 = (− cosφ2,− sinφ2). b) The value of 〈n̂1 · n̂2〉 is shown for different positions of the
second pair in a polar plot. In the polar plot, the distance from the center shows the
value of the Rp and the polar angle represents ν. For ν = 0 and π (blue regions) 〈n̂1 · n̂2〉
is negative which means anti-parallel orientation is favoured. However, for ν = ±π/2 (red
region) 〈n̂1 · n̂2〉 is positive which shows that parallel orientation is dominant.

To understand this, in Fig. 3.3(c) we plot the free energy F as a function of the

distance between defect pairs Rp and the angle φ2 which specifies the orientation

of the second pair. The heatmap shows that the free energy is minimum when

the second pair orients antiparallel to the first pair. This is in agreement with

the result of the simulations (Fig. 3.1 (a) and (b)).

Using the same method for the case in which Rp is along the y axis (shown

in Fig. 3.3(b)), we find the free energy as:

F =
∞∑

m′=0

16 a1+2m′K

π(1 + 2m′)(1− a4m′+2)

(
a1+2m′ − (−1)m′ cos 2φ2 sin((2m′ + 1)φ2)

)
.

(3.14)

This is presented in Fig. 3.3(d), and shows that the free energy is minimum when

the second pair orients parallel to the first pair, in agreement with the result of

the simulations (Fig. 3.1 (a) and (b)).

Finally, using the same approach, we can find the free energy for the general

configuration shown in Fig. 3.4(a). This reads

F (ν, φ2, Rp) =
∞∑

m′=0

16 a1+2m′K

π(1 + 2m′)(1− a4m′+2)

(
a1+2m′ + (−1)m′ cos 2φ2(3.15)

× sin((2m′ + 1)(φ2 − 2ν))
)
. (3.16)
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Since a � 1, we can approximate the free energy as

F (ν, φ2, Rp) ≈ κ cos 2φ2 sin(φ2 − 2ν), (3.17)

where κ = 16 aK/(π(1− a2)). Using Eq. 3.17 we then define 〈n̂1 · n̂2〉 to find the

average direction of the second pair with respect to the first pair in different

positions in space:

〈n̂1 · n̂2〉(Rp, ν) = −
∫ 2π

0
sinφ2e

−βF (ν,φ2,Rp)dφ2, (3.18)

where we have used the Boltzmann Weighted average with the Boltzmann factor

e−βF (ν,φ2,Rp), and we have defined β = 1/(kBT ).

Using Eq. 3.18, we have plotted the average projection of the orientation of

the second pair along the first pair as a heatmap in Fig. 3.4(b). The heatmap

shows that parallel orientation of the pairs is formed when the second pair is located

along the symmetry axis of the first pair, and anti-parallel orientation when the

second pair is located side-by-side to the first pair.

3.2 +1/2 defect ordering in active nematics with
a nematic ground state

In this section, we study the behaviour of the active nematohydrodynamic equations

in a nematic phase with high friction. Our simulations show that as the friction is

increased, the system develops a memory and, the motion of +1/2 defects leaves

persistent arches in the director field (Fig. 3.5(a)). As represented in Fig. 3.5(b),

for an extensile +1/2 defect moving in the direction of the red arrow, the arch

comprises a splay distortion along the trajectory of the defect (shown in yellow)

with two neighbouring regions of bend distortion (shown in green) parallel to the

trajectory. At lower values of the friction, the arches stay in the system just

for a short while since the passage of defects that move in different directions

destroys them. As the friction is increased to intermediate values, the distortions

left by the defects extend in space and persist for longer times. These arches

have been observed in agent-based simulations of active rods and self-propelling
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Figure 3.5: a) Arch formation in a high friction regime of the nematohydrodynamic
equations with extensile activity. The trajectory of the +1/2 defect is represented by the
small light blue defects. b) The arch left by an extensile +1/2 defect (shown in purple) at
high friction, incorporates bend and splay distortions represented by green and yellow
directors, respectively.

particles without hydrodynamic flows [103, 104], and in continuum models in

regimes where viscosity is slaved to friction [97, 99]. In our simulations, the arch

patterns lead to the reorientation of newly formed +1/2 defects and align them

with the arch polar axis (Fig. 3.7(f)).

To understand the formation of the arches in the simulations, we assume that

the emerging structures are invariant in the y direction and that the friction force

dominates the viscous force. We also set λ = 0 since deep in the ordered phase,

where S ≈ 1, the system is in the flow-tumbling regime. Eqs. 2.12 and 2.13 can

then be solved for an incompressible system in the low-Reynolds number regime

to give the pressure and velocity fields

P = c1y −
ζ

γ
Qxx, (3.19)

uy = ζ

γ
∂xQxy + c1, ux = 0. (3.20)

Since the system is invariant in the y direction, c1 = 0. Assuming that the magnitude

of the nematic order is constant in space, we use Eq. 3.20 together with Eq. 2.6

to find the evolution of the orientation field:

∂tθ(x, t) = ζS0

4γ ∂
2
x sin 2θ(x, t) + ΓK∂2

xθ(x, t). (3.21)
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For zero activity (ζ = 0), the steady state solution of Eq. 3.21 satisfies ΓKd2
xθ(x) =

0. Therefore, for periodic boundary conditions on a box of size L so that Q(x =

0) = Q(x = L),

θ(x) = mπ

L
x+ π/2, m ∈ integers. (3.22)

These solutions, which minimise the elastic free energy, correspond to m arches of

equal width. The global minimum is m = 0, the nematic state, and arch solutions

with m 6= 0, are local minima. As such, they can be observed in systems with small

noise but will be destabilised by larger values of the noise.

In the presence of activity, and assuming the same boundary conditions, the

steady-state director field satisfies

ζS0

2KΓγ sin 2θ(x) + θ(x) = mπx

L
+ π

2 . (3.23)

Eq. 3.23 does not have an analytic solution, but for |ζS0| < 2KγΓ it has real

solutions that can be found numerically. In particular, compared to passive arches,

in extensile (contractile) systems arches have larger bend (splay) deformations

(see Fig. 3.6(a) and (b)).

Having in hand the director field, we can use Eq. 3.20 to find the velocity

field on arches. In Fig. 3.6(c) we compare the solution for ūy = uy`
∗/(γK) from

Eq. 3.20, where `∗ is the arch width, with the flow field of arches obtained from

the numerical solution of the full nematohydrodynamic equations, showing good

agreement. In finding the analytical solution of the flow field we ignored viscous

forces compared to the friction force at large friction and therefore would not expect

exact agreement between the analytical solution and the solution from solving the

full nematohydrodynamic equations. The maximum velocity points along the polar

axis of arches in both contractile and extensile systems [105]. This flow, along

with the elastic interaction between arches and +1/2 defects aligns the defects

with arches and leads to polar defect ordering.
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a) b)

Figure 3.6: Arches: Comparison of the director configuration of arches at zero activity
(black) and finite activity (red) in (a) extensile and (b) contractile systems. The yellow
circles show that extensile (contractile) activity increases bend (splay) deformations in
arches. c) A comparison of the analytical solutions for the velocity field around arches
Eq. 3.20 with the numerical solution of the full nematohydroynamic equations. The
maximum velocity corresponds to the bend (splay) region of the arches in extensile
(contractile) systems and points parallel to the polar axis of the arches in both cases.

3.3 Summary

In the previous chapter, we showed that active systems in nematic and isotropic

phases form active turbulence through different mechanisms. Here, we showed that

increasing friction in these two limits leads to the formation of different defect

ordering [101, 105–107]. We found that, in a system with an isotropic ground state,

increasing friction decreases active flows, and the elastic interaction between defects

leads to the formation of the nematic ordering of defects. On the other hand, in a

system that forms a nematic phase without activity, increasing friction introduces a

steady state with polar symmetry in the configuration of the nematogens (arches),

and the defects form polar ordering due to active and elastic interaction with these

structures. These results are summarised in Fig. 3.7.
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Figure 3.7: Crossover from wet to dry active nematics in the isotropic and nematic
phase. (a) In a system that is in an isotropic phase without activity (high temperature,
T > Tc), activity leads to formation of nematic order and active turbulence. (b) Increasing
friction in the isotropic phase leads to the formation of a motile lattice of defects. In this
regime, a rectangular lattice formed by +1/2 defects coexists with a hexagonal lattice
formed by −1/2 defects. (c) Increasing friction even further, the rectangular lattice wins
the competition. In the rectangular lattice, +1/2 defects represent polar order in one
direction and nematic order in another direction [101]. In (a)-(c), the background color
shows the vorticity field, and +1/2(−1/2) defects are represented in white (magenta).
(d) Represents active turbulence in the nematic phase (T < Tc), caused by long-range
hydrodynamic instabilities of the nematic state. (e) In this regime, by increasing friction,
the system obtains a memory and keeps the arch patterns left on +1/2 defects trails. The
arches align motile +1/2 defects with them and lead to formation of polar ordering of
defects. (f) At very high values of friction, the arch state "coexists" with the nematic
phase [104, 105]. In (d)-(f) grey shows the director field, and +1/2 (−1/2) defects are
shown in green (magenta). g) Top: In agreement with our free energy minimisation and
simulations in the isotropic phase (T > Tc), the formation of columns of +1/2 defects with
polar ordering has been observed in experiments (magenta outline). Defects in adjacent
columns have antiparallel ordering (black outline). Bottom: Agent-based simulations of
growing rods in a nematic phase (T > Tc) show arches (orange outline) and polar ordering
of +1/2 defects. This is in agreement with our continuum simulations with a nematic
ground state.



If you don’t like bacteria, you’re on the wrong planet.

Stewart Brand

4
Geometrical control of interface

patterning underlies active matter
invasion

4.1 Introduction

Interaction between active materials and the boundaries of geometrical confinement

is key to many emergent phenomena in active systems. For living active matter

consisting of animal cells or motile bacteria, the confinement boundary is often

a deformable interface, and it has been unclear how activity-induced interface

dynamics might lead to morphogenesis and pattern formation. In this chapter, we

use numerical simulations of the nematohydrodynamic equations to understand the

morphological pattern that emerges at the interface of bacterial droplets. These

patterns are characterised by periodically-spaced interfacial protrusions; behind the

interfacial protrusions, bacterial swimmers self-organise into multicellular clusters

displaying +1/2 nematic defects.

We show that to be able to understand these patterns, one needs to modify the

nematohydrodynamic equations to account for the fact that in the experiments,

the magnitude of the nematic order decreases towards the center of the droplet.

We do this by considering a dynamical equation for the magnitude of the nematic

40
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order that sets the ground state of the bulk free energy. This enables us to

understand the director patterns, velocity patterns, and the fractal-type patterns

that form in the experiments [79].

In agreement with the experiments, we find that this interface patterning is

geometrically controlled by the local curvature of the interface, a phenomenon

we denote as collective curvature sensing. Using our model, we reveal that

collective curvature sensing arises from enhanced active stresses near high-curvature

regions, with the active length scale setting the characteristic distance between

the interfacial protrusions.

In section 4.2 we describe the experimental observations and the patterns

that form in the experiments. In section 4.3 we introduce our model, which is

a modification of the nematohydrodynamic equations to account for the features

observed in the experiment. In section 4.4 we present the results of the simulations,

and in section 4.5 we discuss the results and applications.

4.2 Experimental observations

The experiments we introduce in this section are performed by Haoran Xu, under the

supervision of Yilin Wu in The Chinese University of Hong Kong. The experimental

system is a quasi-2D circular drop containing a suspension of Proteus mirabilis

grown on an agar substrate. P. mirabilis is a rod-shaped bacterium (∼4 µm in

length and 0.8 µm in width), widely distributed in the natural environment [108].

In the experiments, initially, the interface between the active drop and the cell-free

space is smooth. As time evolves, the interface gradually deforms, and the active

drop develops an ordered morphological pattern at the interface (Fig. 4.1(a)

and (b)). This is characterised by periodically-spaced protrusions along the

interface, with an inter-protrusion separation of 65±9 µm (Fig. 4.1(c)). Behind the

interfacial protrusions, bacterial swimmers self-organise into multicellular clusters,

commensurate with the protrusions. The orientation field of cells in each cluster

displays a +1/2 nematic defect with the polarity vector pointing perpendicular to

the interface and towards the colony center (Fig. 4.1(b)). Meanwhile, the collective
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velocity field of cells adjacent to the interface self-organises into a vortex lattice,

with neighboring domains of opposite vorticity (Fig. 4.1(b), lower). The vortices

are primarily extended perpendicular to the interface, and the domain size is, on

average, half of the inter-protrusion separation (Fig. 4.1(b), lower).

To examine whether the interface morphological pattern and bacterial self-

organisation is driven by bacterial motility, the experimentalists optically deactivate

the flagellar motility of cells at the invasion interface. During motility deactivation,

the interfacial protrusions gradually smoothes out and cells near the edge become

aligned parallel to the interface. Meanwhile, all the multicellular clusters as well

as the vortex structure of the cellular collective velocity field near the interface

disappear. After activating the flagellar motility again, cell motility recovers and

the interfacial protrusions re-emerge. As the growth of most cells in the active drop

is not affected during motility deactivation (note that only cells at the edge are

deactivated), this observation shows that active stress due to flagellar motility is

necessary to form the interface morphological pattern and cellular self-organisation,

while the effect of cell mass growth alone cannot account for the phenomenon

[109–112]. On the other hand, bacterial suspension drops consisting of cells that are

washed and deposited on fresh substrates develop the same interfacial morphology;

this fact rules out the contribution of Marangoni instability [113], chemotaxis [109],

or intercellular chemical signaling [114] to the phenomena.

4.2.1 Hierarchical transition from interfacial protrusions to
creeping branches

In the experiments, after the emergence of the interfacial pattern, some protrusions

of the active suspension drop start to expand continuously at a speed of several

µm/s (up to ∼ 10µm/s) in the form of creeping branches (Fig. 4.2(a)). The first

creeping branches later undergo the same protrusion-to-branch transition process

(Fig. 4.2(a)): Protrusions develop at the interface between the creeping branches

and the open space, and some of these protrusions break out as secondary creeping

branches. The secondary creeping branches again repeat this process to give rise
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Figure 4.1: Ordered interfacial protrusions and bacterial self-organization near an active
fluid interface. (a) Representative phase-contrast image of a P. mirabilis active suspension
drop with ordered interfacial protrusions. The droplet is nearly two-dimensional, with its
height reaching 10µm at the center. Scale bar, 500 µm. (b) Upper: enlarged view of the
box in panel a. Middle: orientation field of cells in the upper panel. Red marks represent
the direction of +1/2 defects, with the dot indicating the defect core. Lower: colourmap
showing the averaged velocity field at the region shown in the upper panel. Arrows in the
figure represent velocity direction while the colourmap at the right indicates the radial
velocity component (unit: µm/s). A positive value indicates moving outwards toward the
interface while a negative value indicates moving inwards away from the interface. Scale
bar, 50 µm. (c) Distribution of the nearest separation of interfacial protrusions.

to new creeping branches at the next level. The protrusion-to-branch transition

continues recursively in a hierarchical manner, with the creeping branches at all

levels of hierarchy having a conserved initial width of ∼ 20− 30µm (Fig. 4.2(a)).

Interestingly, the width of protrusions (∼ 20− 30 µm; defined as the full width at

half maximum of the protrusion profile) is comparable to the initial branch width

and also conserved across all levels of hierarchal creeping branches (see Fig. 4.1(b),

Fig. 4.2(a)), even on the last-level branches which have a width of ∼ 20µm. This

fact suggests that the protrusion width is controlled by some intrinsic length scale,

and the characteristic protrusion width sets the initial or the minimal width of

creeping branches. We note that once a creeping branch has formed, cell mass

growth can help the formation of higher-level branching by supplying more cell

mass and widening the branch widths. Also, two creeping branches colliding with

each other would merge into one. Due to branch widening and merging, a general

trend is that earlier branches become wider than later ones.

The recursive and hierarchical transition process gives rise to a striking self-

similar pattern (Fig. 4.2(b)). The fractal-like branching pattern of the active
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Figure 4.2: Hierarchical transition from interfacial protrusions to creeping branches. (a)
Image sequence showing the transition from interfacial protrusions to creeping branches.
Scale bar, 50 µm. t= 0 min is chosen at the onset of the protrusion-to-branch transition.
White arrows on the t = 40 min and 100 min images represent the protrusions formed on
the first branches, and the red arrow at t=100 min indicates a position where a secondary
creeping branch is forming. (b) A self-similar pattern forms at larger times. The brighter
region at the upper-right corner is the edge of the active suspension drop. Scale bar, 500
µm.

suspension drop is driven by defect-mediated active stresses, which is in con-

trast to the fractal-like branching patterns of bacterial colonies due to reaction-

diffusion processes involving the coupling between cell mass growth and nutrient

or chemoattractant fields [115, 116].

4.2.2 Interface curvature controls protrusion amplitude

In experiments with active suspension drops of an anisotropic shape, the first creep-

ing branches are more likely to emanate from higher-curvature regions (Fig. 4.3(a)).

Investigating the behavior of interfacial protrusions in active suspension drops with

different shapes shows that the amplitude of the interfacial protrusions is positively

correlated with the baseline curvature of the interface (i.e., the local curvature

computed by smoothing out interfacial protrusions). For instance, the protrusion
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Figure 4.3: Curvature dependence of protrusion amplitude and protrusion-to-branch
transition probability. (a) Phase-contrast image of an elongated P. mirabilis suspension
drop with creeping branches appearing only at the pole at the upper right corner, where
the baseline curvature is relatively high. Scale bar, 500 µm. (b) Enlarged view of the pole
(upper) and the lateral side (lower) regions in panel a. Scale bar 50 µm. (c) Collective
speed of cells behind the interface of active suspension drops (ranging from ∼ 20 to
∼ 50µm from the boundary) plotted against baseline curvature.

amplitude near the poles of an elongated drop (regions of higher curvature) is

significantly greater than elsewhere while the inter-protrusion separation remains

the same. These results show that the bacterial cells respond to mesoscale curvature

(on a length scale much larger than single cell size) of the interface in a collective

manner to drive the dynamics of interfacial protrusions. Here collective means that

the change in the shape of the interface is caused by the collective interactions of

many bacteria, rather than single cells; this is in contrast to curvotaxis of migrating

cells where single cells respond to cell-scale curvature variations [117]. Therefore

we denote the phenomenon as collective curvature sensing.

The motility deactivation experiment described above suggests that the pro-

trusion amplitude is related to the magnitude of the active stress generated by

the cells. Therefore, the collective curvature sensing may result from active stress

heterogeneity in the active suspension drop. Fig. 4.3(c) shows that bacteria have

a higher collective speed behind the boundary regions with larger curvature while

the cell density is almost homogeneous (Fig. 4.3(c)).
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Figure 4.4: a) In active nematohydrodynamic equations, when the active length scale
c
√
KQ/ζ is small compared to the droplet radius, defects form and change the shape of

the interface. The pattern formed at the interface is random, as it depends on where
in bulk the defects first form. b) When the active length scale is large compared to the
droplet radius, extensile droplets elongate along the direction of the nematic order. c) We
modified the active nematohydrodynamic equations to account for experimental features
such as parallel anchoring and the decrease of the nematic order towards the center of the
droplet. We showed that the modified equations lead to formation of periodic patterns at
the interface of an originally circular droplet. The scale bar is 15 lattice Boltzmann units.
d) Shows a close-up view of the director orientation (top), and average velocity (bottom)
at the interface.

4.3 Model and numerical simulations

The experiments suggest that the interfacial patterning is likely driven by active

stresses produced by motile bacteria in the suspension drop. Active material

droplets have been the subject of several numerical studies [28, 42, 59, 118]. In

these studies, activity is shown to lead to interface deformation, formation of arms

[28, 42], or droplet elongation [59, 118] (see Fig. 4.4(a) and (b)). In these studies

the droplet deformations do not show any periodic patterns, and instead appear

at random positions along the interface.
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These show that there must be some features of the experiments that are

missing in these studies which are based on the solution of the nematohydrodynamic

equations. Looking at the experiments in more detail, we found that, the strength

of the nematic order decays from the edge to the center of the droplet. In addition,

we found that in the experiments the director field was initially parallel to the

interface, even when the extensile activity was turned off. As a result, guided

by the experiments, we construct a free energy that captures these observations.

The modified free energy reads

f = A2 (J φ−Q : Q/2)2 + a∇φ · Q ·∇φ. (4.1)

The first term in the free energy sets the magnitude of the nematic order inside the

droplet to be equal to
√
J , where J is a field that varies in time and space. To

account for the fact that the magnitude of the order decreases towards the centre

of the droplet, and since the position of the droplet and its interface is not fixed,

we consider the following dynamics for this field,

∂tJ = Ds∇2J − ksφ, (4.2)

and we set J = 1 outside the drop where φ < 0.5. This dynamics results in the

magnitude of the order, and as a result the magnitude of the active stress, decaying

towards the center of the drop. In the experiments, the centre of the drop forms a

gel-like structure due to the expression of matrix. This leads to a lower motility

compared to the region around the bacterial edge. In the model, inside the drop,

the magnitude of the nematic order is related to the field J through the relation

S2 = J , and outside the drop S is equal to zero.

The second term in Eq. 4.1 is an anchoring free energy that favours parallel

anchoring of the director at the interface for a > 0.

4.3.1 Parameters and measurements in numerical simula-
tions

We choose the parameters of the simulation so that they lead to active turbulence

in the bulk when the magnitude of the order is constant in space S = 1. These are
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ρ = 40, Γ = 0.3, ζ = 0.01, η = 20/3, γ = 0.3, KQ = 0.005, Kφ = 0.01, A = 0.001,

A = 0.1, Γφ = 0.1, λ = 0. For the anchoring term, we choose a negative value

a = −0.005 that leads to parallel anchoring. In the dynamics of J , we choose the

values ks = 0.0002, and Ds = 0.1, that lead to smooth decay of the magnitude

of the order in a length scale ∼ 20 lattice Boltzmann units. These parameters

are important in the behaviour that we observe in the simulations as when the

length-scale over which the nematic order drops is very large, interfacial patterns

become more random and are not periodic anymore. This is because defects that

form at bulk can change the shape of the interface [28]. The size of the simulation

box and the total time of the simulation are L = 450 and ttot = 5× 105 in lattice

Boltzmann units, respectively, and the radius of the drop is r0 = 150. The key

parameters of the simulations that determine the period of the protrusion pattern

are elasticity KQ and activity ζ. We showed that the period of the pattern is

proportional to the length-scale
√
KQ/ζ. In addition, in our system the Reynolds

number Re is small and we expect the behaviour of the system to be independent

of ρ as long as Re� 0.1. We also found the same behaviour for the formation of

patterns and the amplitude of the protrusions without surface anchoring a = 0.

The period of the pattern is also independent of the surface anchoring term. In

addition, parameter Γ only rescales the free energy parameters. Changing the

friction coefficient γ changes the time scale over which the protrusions form and

elongate. However, friction is not necesary for the formation of any of the patterns

and behaviour we observed here. Finally, the surface tension coefficient Kφ sets

how effective active flows are on deforming the shape of the interface. For very

large surface tension, the active flows cannot change the shape of the interface

and defects disappear at the interface without changing the shape of the droplet.

The simulations are initialised with the director parallel to the interface and with

a uniform angular noise in the interval [0, 3π] × 10−2.

To calculate the director and the average velocity field at the interface (Fig. 4.3(d)),

we fix the edge of the drop once the protrusions and the defects form and average

the flow in the vicinity of wide enough protrusions.
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To perform simulations in an ellipse, we choose the long and the short axis

to be equal to r2 = 150 and r1 = 85, respectively. The initial noise is uniformly

distributed in the interval [0, π] × 10−3. All the other parameters are the same

as the circular droplet.

4.4 Results

Our simulations show that at early times a bend instability forms around the drop,

thus initiating protrusions at approximately regular positions around the interface

(Fig. 4.4(c), and (d)). This instability is related to the instability of extensile

active fluids, which when in contact with an interface, leads to interface deformation.

The director configuration within the protrusions leads to outwards radial flow

which in turn increases the definition of the protrusions and results in a director

field resembling a +1/2 topological defect within each protrusion, as observed in

the experiments (compare Fig. 4.4(d), top and Fig. 4.1(b), middle). Note also

the alternating planar (between the protrusions) and perpendicular (under the

protrusions) director field at the edge of the main drop.

To understand the velocity lattice observed in the experiments, we then mimick

the very low velocity of the bacteria within the protrusions by reducing the activity

to zero within the protrusions and by fixing the director orientation and the interface

shape within the protrusions. The alternating director field at the drop edge acts

as boundary conditions to stabilise a flow-vortex lattice with the same structure as

in the experiments (compare Fig. 4.4(d), bottom and Fig. 4.1(b), bottom). This

is a persistent state until we re-introduce a small activity within the protrusions.

They then grow and eventually active material escapes from the protrusions, as

the creeping branches did in the experiments.

The agreement between the phenomena in experiments and continuum modeling

supports the notion that the bacterial suspension drop can be described as an active

drop whose dynamics is driven by cell motility. Our simulations suggest that the

pattern in experiments is rooted in the bend instability. Since the distance between

the bend instability patterns (or equivalently defects) in simulations scales with
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Figure 4.5: The distance between adjacent protrusions (rescaled with active length-scale
c0
√
KQ/ζ) as a function of drop radius r0. The data shows that the distance between

adjacent protrusions does not depend on the droplet radius (or equivalently interface
curvature). The colour of the data points indicates different active length scales. The
collapse of data in different colours shows that the distance between the protrusions is set
by the active length scale. The distance between the protrusions in simulations with a
stripe-shaped geometry with a width equal to 20 also collapses to a similar value when
rescaled with active length scale (right-most part of the plot), showing that the average
distance between protrusions in creeping branches, which have zero curvature, is also set
by the active length scale.

active length-scale, we suggest that the period of the pattern is set by the active

length scale c0
√
KQ/ζ, where KQ is the Frank elastic constant, ζ is the activity

coefficient, and c0 is a dimensionless coefficient that can be found by measuring the

average distance between defects in large-scale simulations in bulk.

To test this, we perform simulations with different elastic constants and activities.

Our simulations show that when rescaled with the active length scale, the distance

between the protrusions (or protrusion width, which is roughly half of the protrusion

separation) collapses on the same line (see Fig. 4.5). Using numerical simulations

with droplets with various interface curvature shows that the period of the pattern

does not depend on system size or geometry but is set by the active length scale

(Fig. 4.5). This is also in agreement with the experiments as in the experiments
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Figure 4.6: (a) Formation of protrusions in an elliptical droplet. The scale bar is
15 lattice Boltzmann units. The protrusions first start growing in regions with higher
curvature (poles). (b) Average velocity at the interface of the elliptical droplet as a
function of the curvature, before the formation of defects.

the period is not affected by the curvature, and rather appears to be set by an

intrinsic length scale in the bacterial suspension.

To explain collective curvature sensing as found in the experiment, we then

perform simulations of an elliptical active drop. The results are shown in Fig. 4.6.

In agreement with the experiment, the protrusions first start growing in the regions

of higher curvature (Fig. 4.6(a)), with the velocity near the interface of the elliptical

drop proportional to curvature (Fig. 4.6(b)). This result can be understood as

follows in the framework of our continuum model. The active force is proportional

to the divergence of the nematic tensor Q, and is increased by the bend distortion

imposed on the director field by a curved interface. This is due to the parallel

alignment of the director with the interface, promoted by both the anchoring term

in the free energy and the extensile stress [59]. Since the director is aligned with

a curved surface, it deviates from the nematic alignment and forms a bend that

produces flows. Finally, looking at the dynamics of the interface at large times,

shows that, similarly to the experiment, when branches become elongated enough,

they undergo another bend instability and form new branches (Fig. 4.7(a) and (b)).

Although the numerical resolution and lack of cell growth in the model prevent us

from reproducing the large number of consecutive protrusion-to-branch transitions

observed experimentally, our results show that the fractal-like pattern is created

by consecutive bend instabilities due to active flows.
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Figure 4.7: (a) As time passes, +1/2 defects move and form branches (elongated arms
with nematic order). The elongated arms then undergo a bend instability and form
another arm. (b) At very large times, all the arms have undergone bend instabilities,
forming a pattern with many branches.

4.5 Summary

Taken together, we found a unique mode of active matter invasion mediated by

the interaction between activity-induced flows and deformable interfaces. We

modified the nematohydrodynamic equations according to features in Proteus

mirabilis bacterial droplets, and recovered the patterns that form at the bacterial

interface, including regularly-spaced interfacial protrusions; and transformation

of the protrusions into creeping branches in a hierarchical, self-similar manner.

We showed that the pattern is initiated by bend instabilities, and that enhanced

active forces near high-curvature regions result in curvature-dependent protrusion

dynamics which we term collective curvature sensing.

Self-organised pattern formation is a hallmark of living systems and a promising

route to engineer functionalities of living materials. Ranging from bacterial colony

development [116, 119] to animal embryogenesis [120], the formation of biological

spatial patterns generally requires a complex interplay of genetic regulation, inter-

cellular communication, and mechanical feedback [18, 121, 122]. By contrast, the

ordered protrusion and branching pattern reported here relies on purely physical

interactions between activity-induced flows and deformable interfaces. In particular,

the phenomenon of collective curvature sensing shows that interface geometry

may play an important role in active matter morphogenesis. It suggests a novel
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strategy, i.e., designing curvature cues at the interface of active fluids, to guide

and manipulate pattern formation in active materials.



Make everything as simple as possible, but not
simpler.

Albert Einstein

5
Continuum approach for cell monalyers

5.1 Introduction

Epithelial tissue, which lines the surfaces of many organs and body cavities,

comprises tightly packed cells, often just one cell thick. Confluent cell layers,

plated on a substrate, provide a model system for the collective motion of epithelial

cells and have been widely studied as a simple model of collective cell mechanics.

Different modes of movement have been documented. The cells can remain in a

glassy state with small fluctuations, but no relative motion [30, 123], or they can

flock, all moving together in the same direction [124–128]. The flock is termed

either liquid or solid, depending on whether the relative positions of the cells

change as they move [129–132].

An isolated cell moves by forming lamellopodia which at a mesoscopic level can

be described by a fluctuating polar force (Fig. 5.1(a)), however, many aspects of

the dynamics of cell layers can strongly resemble the active turbulence observed

in active nematics. This is characterised by velocity and vorticity correlations

that extend over several cells and by the existence of ±1/2 topological defects [26,

133]. Further evidence of active nematic dynamics in cell monolayers is provided

by their behaviour in confinement [134, 135].
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Although cell monolayers share these features with theories of active nematics,

there is now experimental evidence that some of the behaviour of cell monolayers

cannot be explained by these theories. For example, active nematic theories suggest

that a collection of isotropic cells cannot move, and the direction of the motion of

defects in active nematic theories is fixed. These are in contrast with experiments

that have observed the motion of isotropic cells [136, 137] and inconsistency between

the direction of the motion of different +1/2 defects [133, 138]. Moreover, the

balance between the role of actin within a cell changing its shape and actin at the

cell membrane pulling on its neighbours is not clear.

In this chapter, we start from microscopic interaction between neighbouring

cells and find the dynamics of the anisotropy, area, and orientation of a cell due

to interaction with its neighbours. We then construct a continuum model for

the dynamics of the fields associated to nematic tensor, anisotropy, and area of

the confluent cell monolayers. We then solve the continuum model numerically

to predict the effect of physical properties such as inter-cellular adhesion, and

short-range and long-range active forces on the dynamics.

In section 5.2 we start from a microscopic model for a cell, and find the dynamics

of the anisotropy in the shape of the cell, cell orientation, and cell area due to

the forces exerted by the filaments inside the cell and due to interaction with

neighbouring cells and active flows.

Having found the dynamics of cell anisotropy, area, and orientation, in section

5.3 we construct continuum equations that describe the dynamics of the fields

associated with these quantities in the monolayer.

To understand the behaviour of the monolayer, in section 5.4 we perform linear

stability analysis and numerical simulations of the continuum model. The results

uncover formation of new phases in the monolayer, including jammed phases of

isotropic cells, a nematic phase, a capped-line phase in which cells orient parallel

to their close neighbours and perpendicular to the neighbours on a larger scale,

and active turbulence with elongated cells.
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Finally, in section 5.5 we generalise the model to account for the fact that

active filaments inside the cells can have different properties such as different elastic

constants and different responses to the flows compared to the cell membrane, and

this introduces new phases in the monolayer. These include collective motion of

isotropic cells, reversal in the direction of the motion of defects, and misalignment in

the orientation of the defects in the filament field and defects in the cell shape field.

We finish the chapter with a summary in section 5.6.

5.2 Microscopic dynamics of a cell in a monolayer

To study the dynamics of a cell in a monolayer, we use a phase field ϕ(i) which

shows the shape of the cell i. The phase field is equal to one (ϕ(i) = 1) deep inside

the cell and it smoothly goes to zero (ϕ(i) = 0) outside the cell. We assume that

cell i at position ri, orientation θi and long and short axes li‖ and li⊥ is represented

by an anisotropic Gaussian field

ϕ(i)(r, ri,qi) = e
−( r−ri

2 )·( I+qi

(`i
‖)2 + I−qi

(`i
⊥)2 )·( r−ri

2 )
, (5.1)

where qi = (2didi−I) shows the nematic tensor of the cell, with qi11 = −qi22 = cos 2θi,

and qi12 = qi21 = sin 2θi. The Gaussian representation (Eq. 5.1) is advantageous

as it allows us to calculate the interaction between the cells analytically. This has

been used in Ref. [139] to find the repulsive interaction between hard bacteria. The

inset in Fig. 5.1(b) shows a schematic of the cell which has an elliptical shape.

Similar to the phase field model for cells in a monolayer [47], we assume that

the dynamics of the cell phase field ϕ(i) is given by

∂tϕ
(i)(x) + v(i)(x) ·∇ϕ(i)(x) = −β δf

δϕ(i)(x) , (5.2)

where v(i) is the active velocity at the position of the cell, f is the free energy

density, and the term on the RHS describes the relaxation dynamics of the cells

to a free-energy minimum at a rate β.



5. Continuum approach for cell monalyers 57

Figure 5.1: a) A cell moves by forming lamellopodia which at a mesoscopic level can be
described by a fluctuating polar force. b) The formation of lamellopodia is suppressed in a
confluent monolayer. The orange arrows show the contractile force exerted on cell i by its
neighbours. The inset shows a cell that is described by a Gaussian field (Eq. 5.1), where
li‖ and l

i
⊥ show its long and short axes, respectively. Actin filaments inside the cell are

shown by green. The filaments lead to self-interaction. c) Schematic representation of the
active short-range force (orange arrows) in systems with extensile (top) and contractile
(bottom) activities. Short-range activity elongates the cells in both cases.

In our model, we assume that active velocity originates from frictional interaction

between neighbouring cells, the interaction between the filaments inside the cell

with the cell (self-interaction), and active long-range flows.

The phase field introduced in Eq. 5.1 has three pieces of information about the

cell. These are cell orientation, and the lengths of the long and short axes of the

cell. We can use the length of the axes of the cell to define the area and anisotropy

of the cell as Ai = π`i⊥`
i
‖ and εi = (`i‖/`i⊥) − 1, respectively.

In what follows we describe the evolution of the cell in the monolayer, by looking

at the dynamics of the orientation tensor qi, the anisotropy in the shape of the

cell εi, and the area of the cell Ai.

To find the dynamics of these quantities it is helpful to define the shape of

the cell by a deformation tensor that reads

D(i) = −
∫
dx
{

∇ϕ(i)∇ϕ(i)T − I
2Tr(∇ϕ(i)∇ϕ(i)T )

}
=
√

(D(i)
xx)2 + (D(i)

xy)2 (d(i)d(i)T − d(i)
⊥ d(i)T

⊥ ),
(5.3)
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where d(i) and d(i)
⊥ are unit vectors that show the orientation along and perpendicular

to the elongation axis of the cell, respectively. This tensor is equal to zero

for circular cells.

5.2.1 Neighbour-neighbour interaction

To look at the effect of the neighbour-neighbour interaction in the dynamics, we

use Eq. 5.3, to find the dynamics of the shape tensor that reads

∂tD(i) = −∂t
∫
dx
{

∇ϕ(i)∇ϕ(i) − I
2Tr(∇ϕ(i)∇ϕ(i))

}
. (5.4)

Eq. 5.4 shows that to find the dynamics of the shape tensor we need to calculate

integrals of the form

J (i)
mn = −

∫
dx
{
∇nϕ

(i)∇m∂tϕ
(i)
}
. (5.5)

We assume that the frictional velocity due to neighbour-neighbour interaction is

given by 1
f0

f (i)
a , where f0 is a friction coefficient between the neighbouring cells,

and f (i)
a is the active force exerted on cell i by its neighbours. We can now use

Eq. 5.2, to find the time derivative of ∇mϕ
(i) that reads

∇m∂tϕ
(i) ≈ −∇m

{
fia
f0
·∇ϕ(i)

}
, (5.6)

where we have ignored the effect of passive terms. We can now use the active

stress exerted on cell i due to its neighbours, σn = −ζn
∑
j 6=i D(j)ϕ(j), to find the

active force exerted on the cell. This reads

f ia(x) = ∇ · σn = −ζn
∑
j 6=i

D(j) ·∇ϕ(j)(x)

≈ ζn
∑
j 6=i

D(j) ·∇ϕ(i)(x),
(5.7)

where in the last step, we have used the approximation ∇ϕ(j) ≈ −∇ϕ(i). This

approximation is only valid when the cell monolayer is confluent.

The shape tensor can be written as D(i) = πq(i)ε(i)(ε(i) + 2)/(4ε(i) + 4). At a

linear order and for small cell anisotropy ε(i) this simplifies to D(i) ≈ πq(i)ε(i)/2.
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We can then use a mean-field approximation to approximate the average effect

of the neighbouring cells on the force

f ia(x) = ζnAπ
2 D̄ ·∇ϕ(i)(x), (5.8)

where D̄ = LQ + r2
0
2 L∇

2Q shows the average shape tensor of the neighbours with

r0 a typical length-scale corresponding to the distance between the neighbours, and

anisotropy field defined as L = 〈ε(i)〉. Here, we have assumed 〈ε(i)q(i)〉 = 〈ε(i)〉〈q(i)〉,

and that spatial variation of the anisotropy field is smaller than that of the orientation

field. Here, 〈〉 shows the average over cells distribution function, and L and Q are

fields related to anisotropy and nematic tensor, respectively. Using Eqs. 5.5, 5.6,

and 5.8 we can calculate Jnm, and as a result ∂tD(i) which reads

∂tD(i) = −4π3ζn

27f0
D̄. (5.9)

In contrast to the conventional description of liquid crystals, where each particle

is described by its orientation, here, an extra degree of freedom, i.e. shape anisotropy,

appears in the dynamics. Using the dynamics of the shape tensor, we can find the

dynamics of cell orientation q(i) and cell anisotropy ε(i). These read

∂tq(i) = 8π2ζn

27f0
(1
2q(i)q(i) : Q̄− Q̄), (5.10)

∂tε
(i) =−4π2ζn

27f0
q(i) : D̄, (5.11)

where Q̄ = Q + r2
0
2 ∇

2Q, and we have assumed that cells anisotropy changes in

space slower than cell orientation. Finally, we find the dynamics of the area field

due to the active neighbour-neighbour interaction. This reads

∂tA(i) = 1
2

∫
dx∂tϕ(i)

= −
∫
dx

fia
2Γ ·∇ϕ(i)

= ζnπA
4f0

D(i) : D̄ ≈ π2ζnA
8f0

ε(i)q(i) : D̄, (5.12)

where in the last step, we have used an expansion for small ε(i).
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5.2.2 Self interaction

Active filaments in the cell exert active stress on the cell. We assume that this

stress is proportional to the cell shape tensor and is given by σself = −ζselfD(i)ϕ(i),

where ζself > 0 (ζself < 0) for extensile (contractile) inner cellular activity. Using

the active stress we can find the active force on the cell as

f ia(x) = ∇ · σself = −ζselfD(i) ·∇ϕ(i)(x). (5.13)

Using Eq. 5.13, we can then find the dynamics of the shape tensor associated

with cell i. This reads

∂tD(i) = 4π2ζself

27f0Ai
D(i). (5.14)

Contracting Eq. 5.14 with qi the dynamics of the anisotropy can be found as

∂tε
(i) = 4π3ζself

27f0Ai
ε(i). (5.15)

Eq. 5.15 shows that extensile (contractile) inner cellular activity makes it easier

(more difficult) for the cells to elongate. This is in contrast to the neighbour-

neighbour interaction force introduced in Eq. 5.11 which decreases (increases) the

cost of elongation in contractile (extensile) systems.

5.2.3 Active long-range flows

Having found the effect of the active neighbour-neighbour and self-interaction in

the dynamics of the cell, we can now find the effect of the long-range flows on

the dynamics of the cell elongation and the cell area. To find the effect of the

long-range flows in the shape tensor we need to find

∂t∇mϕ
(i) = −∇m(v ·∇ϕ(i)) = −∇mvp∇pϕ

(i) − vp∇p∇mϕ
(i). (5.16)

Approximating the velocity and its gradient on the cell by the average of the

velocity u and average gradient ∇u, J (i)
mn reads

J (i)
mn ≈∇mup

∫
dx∇nϕ

(i)∇pϕ
(i) + up∇p

∫
dx∇nϕ

(i)∇mϕ
(i). (5.17)
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Calculating the integrals then enables us to find the dynamics of the shape tensor as

∂tD(i) = −u ·∇D(i) + π(1 + [ε(i) + 1]2)
2ε(i) + 2 E + Ω ·D(i) −D(i) ·Ω. (5.18)

Contracting Eq. 5.18 with qi we can then find the dynamics of the anisotropy

field due to the flows, which reads

∂tε
(i) = −u ·∇ε(i) + (ε(i) + 1)E : q(i). (5.19)

We can also find the effect of the velocity on the dynamics of the cell area which reads

∂tA
(i) = 1

2

∫
dx ∂tϕ(i)

≈ −∇ · uA(i) − u
2 ·∇

∫
dxϕ(i)

= −u ·∇A(i), (5.20)

where in the second line we have approximated the velocity with the average velocity.

5.3 Continuum description of the monolayer

We assume that the dynamics of the flows is given by the Navier-Stokes equation

with a low Reynolds number. We also assume that the dynamics of the nematic

tensor Q due to the long-range flows is given by the Beris-Edwards equation

introduced in chapter 2. Having known the relevant variables, in this section, we

introduce the dynamics of the fields related to cell area, anisotropy, and nematic

tensor. We define fields related to these variables as

A =
∑
i

δ(r− ri) ε(i) =
∫
A ψ dθ dAdε, (5.21)

L =
∑
i

δ(r− ri) A(i) =
∫
ψ ε dθ dAdε (5.22)

Q =
∑
i

δ(r− ri) q(i) =
∫
q ψ dθ dAdε. (5.23)

where L, and A are fields describing anisotropy in the shape of the cells and the

area of the cells, and ψ(r, t, ε, A,q) is the single particle probability distribution

function. The dynamics of the distribution function reads

∂tψ(r, t, ε, A,q) = −∇r(ṙψ)−∇A(Ȧψ)−∇θ(θ̇ψ)−∇ε(ε̇ψ). (5.24)
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We can then use the dynamics of the cell orientation, shape anisotropy, and area of

the cell (Eqs. 5.10- 5.12, and 5.19- 5.24), to find the dynamics of the fields related

to these variables. The dynamical equations for the fields X = {Q,L,A} read

∂tX = Ẋ f + Ẋ I + Ẋ s + Ẋ u, (5.25)

where X f = −Γx δFδX shows relaxation to the minimum of the free energy with

diffusivity Γx, X I shows the effect of the active neighbour-neighbour interaction,

Ẋ s shows the effect of active self-interaction, and X u shows the effect of long-range

flows on the evolution of the fields. The dynamics of the new terms read

Q̇I =− 4π2ζn
27f0

Q̄, (5.26)

Ȧu =− u ·∇A, (5.27)

ȦI =π
2Aζn
8f0

LQ : D̄, (5.28)

L̇u =− u ·∇L+ (L+ 1)Q : E, (5.29)

L̇I =− 4π2ζn
27f0

Q : D̄, (5.30)

L̇s =4π3ζself

27f0Ai
L, (5.31)

where we have ignored higher-order orientational moments, and used 〈q(i) ε(i)〉 ≈

〈q(i)〉〈ε(i)〉. In the following subsections, we study the dynamics of these fields.

5.3.1 Dynamics of the orientation

As shown in Eq. 5.26 active neighbour-neighbour interaction changes the critical

isotropic to nematic transition temperature through the first term in Q̄ = Q +
r2

0
2 ∇

2Q. In systems with extensile (contractile) short-range interaction, ζn is positive

(negative) and as a result, extensile (contractile) short-range interaction decreases

(increases) the critical isotropic to nematic temperature. The active short-range

interaction also introduces an elastic constant in the dynamics of the orientation

field through the second term in Q̄. The elastic constant is negative (positive) in

the extensile (contractile) systems and as a result, extensile short-range interaction

favours perpendicular (parallel) alignment of the neighbours.
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5.3.2 Dynamics of the area

Eq. 5.28 shows that anisotropic cells (L 6= 0) change their area due to the force

exerted by the neighbouring cells. The area change depends on the respective

orientation of the neighbours. For elongated nematically aligned cells (Q : D̄ > 0),

the area of the cells increases (decreases) due to extensile (contractile) short-range

interaction. The opposite holds for elongated cells that are oriented perpendicularly

(see Fig. 5.1(d)). We should note that in our model, we assume that cells are

almost incompressible by penalising area changes in the free energy, and as a result

our model only accounts for small changes in the area such that the dynamics of

the other fields are not affected by the area change.

5.3.3 Dynamics of the cell anisotropy

Eq. 5.29 shows that strain rate changes the anisotropy in the shape of the cells.

In systems with extensile (contractile) fluid activity, flows point outwards (inwards)

along the elongation axis, and as a result E : Q is positive and flows increase

(decreases) cell elongation.

Eq. 5.30 shows that the dynamics of the anisotropy field L is also affected by

the neighbour-neighbour interaction. Similar to the area change, the change in

the elongation depends on the orientation of the neighbouring cells (through the

term Q : D̄), and the sign of the activity. For nematically aligned cells, the active

short-range interaction elongates the cells in contractile systems and suppresses

the elongation of the cells in extensile systems. This is shown in Fig. 5.1(d). On

the other hand, in phases where the cells are perpendicular to their neighbours,

Q : D̄ is negative, and the elongation increases (decreases) by increasing extensile

(contractile) activity. We will see later in simulations that cells orient perpendicular

to their neighbours in extensile systems as they form an anti-aligned state.

Finally, Eq. 5.31 shows that active self-interaction leads to cell elongation

in systems with extensile self-activity, and decreases cell elongation in systems

with contractile self-activity.
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5.3.4 Free energy

To complete the set of equations for the dynamical fields X , we need a free

energy for the monolayer. Here, we introduce the free energy of the monolayer

phenomenologically by keeping the lower-order terms in the fields and their gradient.

The free energy density reads:

f = −C2 (1 + ξQijQij/2)2 + KQ

2 ∇mQij∇mQij + KA
2 ∇mA∇mA

+ KL
2 ∇mL∇mL+ CL

2 (L − L0)2 + C ′L
4 (L − L0)4 + C ′A

4 (A0 −A)4 + CA
2 (A0 −A)2.

(5.32)

In Eq. 5.32, the first and the second terms show the Landau-de Gennes bulk free

energy density and the elastic free energy density arising from spatial inhomogeneities

in the nematic tensor. The third and fourth terms lead to the relaxation of the

inhomogeneities in the area and anisotropy of the cells. Here, we choose L0 = 0,

so that the terms with coefficient CL and C ′L favour relaxation of the shape of the

cells to an isotropic shape with L = 0. Finally, the terms with coefficient CA and

C ′A show the relaxation of the area of the cells to the equilibrium value A = A0.

In addition to the terms introduced in the free energy in Eq. 5.32, cells may

feel an adhesion with their neighbouring cells. In the phase field model, adhesion

enters through the following term in the free energy

Fadh =
∑
i

∑
j 6=i
W
∫
dx ∇ϕ(i) · ∇ϕ(j). (5.33)

Using Eq. 5.1 and Eq. 5.33 one can show that in a continuum description, the

adhesion adds a term −WL2/2 to the free energy density, where W shows the

strength of adhesion. This term is similar to the term with the coefficient CL in

Eq. 5.32, except it has a negative sign. This means that adhesion facilitates the

elongation of the cells, and as such we can define an effective parameter in the

free energy Ceff
L = CL −W that can have a negative sign. This is in agreement

with the simulations of the phase field model [140].
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5.4 Linear stability analysis and phase diagram

To understand the behaviour of the cell monolayer, we first use the continuum

equations to perform a linear stability analysis around a quiescent, isotropic phase

with circular cells (L = 0 + δL,u = 0 + δu,Q = 0 + δQ), where δL, δu, δQ � 1

are small perturbations around the steady state. Since the effect of the active

self-interaction is clear, we assume that collective neighbour effects are stronger

and set ζs = 0, and study the effect of the neighbour-neighbour interaction and

the active long-range flows in the stability of the system. We also assume that the

flow-aligning parameter is related to the shape anisotropy by λ = (L+1)2−1
(L+1)2+1 [141].

Under these assumptions, the linear dynamics read

∂tδQ =− (ΓC + 4π2ζn
27f0

)δQ + (ΓK − 2π2ζnr
2
0

27f0
)∇2δQ, (5.34)

∂tδL =− C`δL −K`∇2δL. (5.35)

Eqs. 5.34 and 5.35 show that in contrast to the instability of the elongated

active particles in a disordered phase studied in chapter 2, long-range flows do not

enter the dynamics of the fields at a linear order. The active neighbour-neighbour

interaction, however, can destabilise the isotropic phase. The condition for the

instability in contractile layers is given by ζn < −27Γf0C/(4π2) = ζcontcrit , and in

extensile layers it is set by ζn > 27Γf0KQ/(2r2
0π

2) = ζextcrit.

The linear stability analysis predicts that a phase with isotropic cells becomes

unstable for large extensile or large contractile short-range activities. The mechanism

for the instability is different in extensile and contractile systems: contractile

neighbour-neighbour activity increases the isotropic to the nematic transition

temperature and introduces order to the system, while extensile short-range activity

renders the elastic constant negative, and orients cells perpendicular to their

neighbours. The perpendicular cells then elongate due to the extensile short-

range interaction (Fig. 5.1(d), top). Since the mechanism of the instability is

different in extensile and contractile systems, in contrast to traditional active

nematic theories, the critical values of activity needed for the formation of order



66 5.4. Linear stability analysis and phase diagram

Figure 5.2: Phase diagram of the system, as a function of the renormalised active
short-range interaction (ζ̄extn = ζn/KQ and ζ̄contn /C) and active long-range interaction
ζ̄f = ζ/KQ. The phase diagram is plotted for two different values of elastic constant
KQ = 0.01 and 0.02, and two different values C = 0.001 and C = 0.002. The fluid activity
is varied in the interval −0.45 ≤ ζ ≤ 0.45, and the neighbour-neighbour activity in the
interval −0.003 ≤ ζn ≤ 0.005. The blue (orange) dashed lines show the boundary between
the inert and the active phase predicted by a linear stability analysis of an isotropic phase
with extensile (contractile) short-range interactions. The wavy background colour shows
a regime where the linear stability analysis predicts a stable isotropic phase, but the
non-linear strain rate term leads to cell elongation and active turbulence. At the bottom
and right, different phases that appear in the phase diagram and similar phases observed
in experiments are shown. The colour of the outline matches the data points in the phase
diagram. In the continuum model the colour-bar represents the magnitude of the nematic
order. The first and the second experimental snapshots are adapted from [133] and [142]
respectively, and the last two snapshots are adapted from [143].

are also different in extensile and contractile systems. Note that in the phase

diagram in Fig. 5.2 the y-axis is rescaled differently in extensile (ζ̄n > 0) and

contractile (ζ̄n < 0) systems. This is because the threshold of the instability is

different in extensile and contractile systems.
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To study the dynamics of the system, we then solve the continuum equations

5.25- 5.31 numerically using the following sets of parameters: Γ = 1.25, ξ = ∆ = 1,

C = 0.001, CL = 0.0001, ζs = 0, ρ = 40, r2
0 = 2. The initial condition in all

the simulations is a quiescent phase u = 0, with circular cells with a random

uniform noise in the interval 0 < L < 10−5. The direction of the order is also

chosen from a random uniform number in the interval (0, π). Simulations are

performed in a 100× 100 box with periodic boundary conditions and over a total

time of 200000 (Lattice Boltzmann units).

The linear stability analysis revealed that critical short-range activity for the

start of the instability of circular and mis-aligned cells is different in extensile

and contractile systems. In system with extensile short-range activity the critical

activity is proportional to ζn/KQ, and in contractile systems it is proportional to

ζn/C. As such, in presenting the numerical simulations, we choose y axis of the

phase diagram in Fig. 5.2 as ζ̄n = ζn/KQ and ζ̄n = ζn/C in systems with extensile

and contractile short-range activity, respectively. For the x axis, we choose the

ratio between active fluid activity and the elastic constant (ζ/KQ). Although active

fluid activity does not appear in the dynamics of the system at a linear level, when

the nematic order is formed, this leads to formation of the flows and defects. In

addition, we observed in the simulations that, active fluid activity leads to cell

elongation and nematic order at a non-linear level even without short-range activity,

which is another reason we use this number as the x axis of the phase diagram.

In the phase diagram the horizontal blue and orange dashed lines show the

critical value of the short-range extensile and contractile activities predicted by

the linear stability analysis.

Without short-range activity and for small fluid activity, the isotropic phase is

stable (the yellow region in the phase diagram). In this regime, cells maintain their

circular shape and stay in a jammed state (yellow outline in Fig. 5.2).

For small fluid activity, large enough contractile neighbour-neighbour activity

(ζn > ζcontcrit ) leads to a nematic phase with elongated cells (purple outline). Here,

since the velocity is small (small fluid activity), the nematic phase is stable and
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does not lead to active turbulence. Increasing contractile fluid activity then leads

to active turbulence with defects moving towards their tail.

For small fluid activity and for large extensile neighbour-neighbour activity

(ζn > ζextcrit), an anti-aligned phase appears where the cells orient perpendicular to

their neighbours and elongate. This has a length scale that is set by the numerical

lattice grid. We expect that in an agent based model, this length appears as a

larger length compared to a single agent length. The anti-aligned phase is shown

in a grey outline in Fig. 5.2.

Increasing extensile fluid activity then leads to a frustrated state where cells

have both parallel and antiparallel neighbours (green outline in Fig. 5.2). This is

similar to the capped-line phase observed in simulations of a monolayer of cells with

extensile activity [140]. In the capped-line phase cells tend to align locally, at the

scale of a few cells, and on a larger scale the average orientation is perpendicular

to the neighbours (Fig. 5.2). Increasing the extensile flows even more leads to a

capped lattice state where regions of aligned cells orient perpendicularly to their

neighbouring regions (red outline in Fig. 5.2).

We should note that the mechanism for the formation of order and active

turbulence in our system composed of isotropic cells, is based on active neighbour-

neighbour interactions and at a linear level, is not caused by shear flow.

In our system, active shear flow only leads to instabilities when extensile flows

are large, and at a non-linear level (wavy background in Fig. 5.2). In this regime,

large extensile shear flows elongate the cells, make the flow-aligning parameter

positive, introduce nematic order, and lead to active turbulence.

5.5 Misalignment between cell shape and stress

A bacterium exerts stress on the fluid due to its flagella which are, with a good

approximation, along its body elongation axis. An important difference between

a eukaryotic cell such as an MDCK cell and a bacterium is that the cell exerts

stress on its surroundings by its active filaments and that the direction of the active

filaments inside the cell is not necessarily along the direction of the cell elongation.
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In the previous section, we assumed that the direction of the active stress

(filaments) relaxes to the direction of cell elongation instantaneously. In this section,

we relax this assumption and study the dynamics of monolayers in which the

direction of the filaments is decoupled from the direction of the cell elongation.

In subsection 5.5.1, we study a tissue in which active filaments are in a nematic

phase, but cells have an isotropic shape and are in an isotropic phase. This case

is relevant in systems in which cells are circular without activity, for example in

MDCK cells, and can change their shape due to active stress. We show that the

response to the strain rate can change the behaviour of the tissue from contractile

to extensile. This manifests in the direction of the motion of +1/2 defects.

In subsection 5.5.2, we study cells that have an elongated shape and consider

both cells and filaments to be in a nematic phase. This could be relevant for

example, in experiments on fibroblast cells that have an elongated shape and in

which excluded volume interaction leads to formation of a nematic phase. We show

that the defects in the cell elongation and in the active filaments appear in different

positions when the elastic constant of the filaments and the cells are different. We

then show that, when filaments undergo a gelation transition, the average velocity of

the +1/2 defects in the cell shape goes to zero over time. This suggests a mechanism

for observing non-motile +1/2 defects in the cell shape in experiments.

5.5.1 Living tissues with isotropic cells

In this subsection, we assume that cell elongation and filament direction are

decoupled and introduce the dynamics of the fields associated with the cell nematic

tensor and the filament nematic tensor. The dynamics of the cell elongation field

remains the same as before. We assume that the effect of the active flows and the

free energy on the cell orientation is given by the Beris-Edwards equation and reads

∂tQ =ΓCQ(1 + ξQ : Q) + ΓK∇2Q− u ·∇Q + λ(E + E ·Q + Q · E)

+ Ω ·Q−Q ·Ω, (5.36)
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where the first term with ξ > 0 and C < 0 leads to the formation of an isotropic

phase, the second term accounts for the elasticity of the cells, the third term

shows the advection of the cells by the flows, the fourth term shows the rotation

of the cells under the strain rate, and the last two terms show the rotation of

the cells due to vorticity.

The dynamics of the filaments is also affected by the velocity field (Q̇u

a) and

by the free energy (Q̇f

a) and is given by

∂tQa =Q̇u

a + Q̇f

a, (5.37)

Q̇f

a =ΓaCaQa(1− 3Qa : Qa) + ΓaKf∇2Qa, (5.38)

The first term in Eq. 5.38 leads to formation of a nematic phase in active filaments

for Ca > 0. The second term accounts for the elasticity of the active filaments.

We now find the change in the orientation of the active filaments by the flows

(Q̇u

a). We assume that the filaments rotate with the same angular velocity as

the cells, θ̇c = θ̇a, where θc (θa) shows the angle, measured counterclockwise,

between the cell (filament) orientation and x axis. As a result, vorticity enters

the dynamics of the filaments as

Q̇u1
a = Ω ·Qa −Qa ·Ω, (5.39)

where the superscript u1 shows the effect of the vorticity. The effect of strain rate

is more complicated as the amount of rotation due to strain rate depends on the cell

orientation. A cell with flow-aligning parameter λ and director d = (cosφ1, sinφ1)

rotates due to the strain rate as ḋ = λ(I−dd) ·E ·d [144]. This is equivalent to an

angular velocity θ̇c = λ(Exy cos 2φ1 − Exx sin 2φ1) for the cell. Assuming that the

filaments inside the cell rotate with the same angular velocity as the cells (θ̇c = θ̇a),

we can find the dynamics of the nematic tensor field for the filament as

∂tQu2
a = −2λ(Exy cos 2φ1 − Exx sin 2φ1)ε ·Qa, (5.40)

where ε is the Levi-Civita tensor in two dimensions, and the superscript u2 shows

the effect of the strain rate on the dynamics of the filaments.
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Figure 5.3: The effect of active contractile flows in the dynamics of the cell and filament
orientation. When the passive part of the dynamics in the cell orientation is weaker than
in the filaments (ΓK < ΓaKf ), active flows, on average, are more effective in changing
the orientation of cells compared to the filaments and could lead to the misalignment
of cells and filaments. In this case, as shown in part (a), vorticity on average does not
change the respective orientation of the cells and filaments. This is because clockwise and
counterclockwise vorticities cancel the rotation of the cells with respect to the filaments.
b) In a contractile (extensile) system, strain rate favours configurations in which cells
align perpendicular (parallel) to the filaments.

We then perform numerical simulations to study the behaviour of the system for

the following set of parameters: Γa = 3.2, ζn = 0, Ca = 0.0004. The total time of

the simulation is 5×105, and the system size is equal to 250×250. Other parameters

are the same as section 5.4. Note that we have chosen Γa = 3.2 > Γ = 1.25 which

leads to stronger elasticity in filaments compared to the cells. Figure 5.4(a) shows

the phase diagram of the system. The y axis (x axis) shows the ratio of activity

to cell (filament) elastic constant. For very large filament elastic constants (cyan

data points), filaments stay aligned, the magnitude of active flows is zero and cells

stay isotropic and non-motile. Decreasing filaments’ elastic constant leads to the

formation of defects in filaments, which leads to the motion of isotropic cells (black

data points). Decreasing filaments’ elasticity more (orange data points) leads to

stronger flows that elongate cells, and form defects in the cell shape. In this region

of the phase diagram, active flows are not strong enough to align or anti-align the

cell shape with the filaments, and as such the position of the defects in the cell

shape does not coincide with the position of the defects in the filaments.

Fig. 5.4(b) shows the magnitude of the flows in different phases in the phase

diagram. As expected, the magnitude of the flow is smallest for small activity

to filament elastic constant ratios. The area with small flow corresponds to the

jammed phase in the phase diagram in Fig. 5.4(a).
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Figure 5.4: a) Phase diagram of a cell monolayer in which the dynamics of the cell
orientation and filament orientation is decoupled, as a function of the ratio of activity ζ
to the elastic constant of the cells K and elastic constant of the filaments Kf . The phase
diagram shows a jammed phase of isotropic cells, a phase with motile isotopic cells, and
active turbulence with elongated cells. In the active turbulence phase with large flows, the
direction of the defects in the filaments is parallel (antiparallel) to the defects in the cell
elongation in extensile (contractile) systems. As a result, defects move towards their head
in both extensile and contractile layers. In the active turbulence phase with intermediate
values of activity, the position of defects in the filaments and in the cell orientation does
not coincide. b) Confirms that the magnitude of the velocity is zero in the jammed phase
and becomes non-zero by increasing the ratio |ζ|/Kf .

As we decrease the filament elastic constant even more, active flows become

larger and are able to align or antialign the cells to the filaments. As a result, the

position of the defects in the stress and in the cell elongation coincides. In this

regime, cells are elongated and the flow-aligning parameter λ = (L+1)2−1
(L+1)2+1 is positive.

To understand the different alignments of the cells with respect to the filaments

in extensile and contractile systems, we can write the strain rate tensor created

by a filament at the position of the cell as E = c′ζqa, where qa = (2hh − I) is

the filament nematic tensor, and c′ > 0 is a constant. Using the relation for the

strain rate, the angular velocity of the cell can be written as

θ̇c = λc′ζ(qa · d) · (ẑ × d) = λc′ζ((ẑ × d) · h)(d · h). (5.41)

The cell angular velocity becomes zero for h ‖ d or h ⊥ d. Assuming that

passive dynamics of the filaments is stronger than the cells (ΓK < ΓaKf ), filaments

effectively rotate under the flows more slowly. One can then use Eq. 5.41 to

show that in a contractile system with a positive flow-aligning parameter, the
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Figure 5.5: a) and b) show the number of defects as a function of |ζ|/K and |ζ|/Kf

in the cell shape and in the active filaments, respectively. In both cases, the number of
defects increases with increasing the ratio of activity to filaments elastic constant |ζ|/Kf ,
and remains roughly constant with changing the ratio of activity to cell elastic constant
|ζ|/K. c) The number of defects in cell shape and in the filaments scales linearly with√
|ζ|/K. d)-f) The correlation in cell orientation, velocity, and active filament orientation

scale with active filament lengthscale (ζ/K)1/2 and all data collapse when the distance
is rescaled by active filament lengthscale. In c)-f) we varied the activity and the elastic
constants in the intervals 0.03 < |ζ| < 0.05 and 0.01 < Kf ,K < 0.08.

solution h ⊥ d is stable under small deviations of the cell orientation, and the

solution h ‖ d is not stable. In an extensile system with a positive flow aligning

parameter, however, the former solution (h ‖ d) is stable. This confirms that for

large extensile (contractile) flows, cells align parallel (anti-parallel) to the filaments

and as a result, the position of defects in the cells and in the filaments coincide.

In this regime, defects in cell shape are parallel (anti-parallel) to defects in the

filaments in extensile (contractile) systems.

We then look at the number of defects in the cell shape and in the filaments.

Fig. 5.5(a) and (b) show that the number of defects in the cell shape and in the

filaments increases by decreasing filament elasticity and is not affected much by

the cell elastic constant. This suggests that, when the flows are large enough to

form defects in the filaments, they can also align cells respective to the filaments so

that the cells form defects, independent of their elasticity. In the active nematic



74 5.5. Misalignment between cell shape and stress

theories considered so far, the distinction between the elasticity of cells and filaments

has not been made. We suggest that, when studying cell layers, one needs to be

more careful about defining the elastic constants. In agreement with this result,

Fig. 5.5(c) shows that the number of defects in cell shape and filaments increases

linearly with the active length scale of the filaments.

Finally, in Fig. 5.5(d)-(f) we show the correlation in cell shape orientation,

velocity, and filament orientation scales with the active length scale of the filaments.

These are in agreement with the graphs presented in Fig. 5.5(a)-(c).

5.5.2 Living tissues with elongated cells

In cell monolayers such as fibroblasts, it has been observed that some +1/2 defects

do not move, or their direction of motion is not persistent and changes between

moving towards head and tail. This observation is in contrast with active nematic

theories where +1/2 defects always have a non-zero self-propulsion velocity either

along their head or along their tail. In what follows, we use two examples to show

that decoupling the dynamics of the active filaments and cell elongation can explain

this controversy. In the first example, we consider a case in which the elasticity

of the filaments is different from the cells and show that this leads to different

positions of defects in the cell monolayer and in the active filaments.

In the second example, we study a case in which the filaments inside the cells

undergo a gelation transition over time and show that this decreases the average

velocity of defects in cell shape to zero over time.

Example 1: Distance between defects in cell elongation and stress

In this example, we study the average distance between defects in cell elongation

and in filaments as a function of the elastic constant of the filaments. Here, we

assume that cells are elongated and use L0 = 1.3. We also assume that they are in

a nematic phase and set ξ = −1, CL = Ca = C = 0.001, ζf = −0.08, KQ = 0.008.

The total time of the simulation is 9× 105, and the system size is equal to 150× 150.
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Figure 5.6: a) The average distance between defects in cell elongation and the closest
defect in filaments. Defects in cell elongation and in filaments are not in the same place
when the elastic constant of cells and filaments are different. For an equal elastic constant,
the defects form in the same place, and ∆r = 0. b) The number of defects in the active
filaments and in cell shape over time in a system in which filament’s elastic constant
increases exponentially after a time t > t1. The inset shows the trajectories of three
different +1/2 defects before (top, t < t1) and after (bottom, t > t1) filament gelation.
The scale bar shows 20 lattice grids. c) Velocity distribution along the symmetry axis
of +1/2 defects. The red (blue) vertical lines show the average velocity at +1/2 defects
towards their head before (after) gelation.

The result is shown in Fig. 5.6(a). The figure shows that when the elastic

constants of the cell and the filaments are different, defects in cell elongation and

in filaments appear in different places. The distance goes to zero as the difference

between the elastic constants decreases (Fig. 5.6(a), orange). This shows that

in the presence of activity, the difference between the passive properties of the

cells and the filaments decouples the position of defects in the cell monolayer. As

a result, depending on the orientation of the active stress around defects in cell

shape, the defect can move towards its head or tail. This suggests a mechanism

for understanding the non-persistent direction of the motion of the defects in

cell monolayers.

Example 2: Filament gelation

We now consider an active cell monolayer in which the filaments start forming a gel

after a time t1. To model this, we consider the elastic constant of the filaments to

exponentially increase over time for t > t1 as Kf(t > t1) = Kf0(10− 9 exp(−(t−

t1)/τ)). Here, we use Kf0 = 0.01, t1 = 1.5 × 105, τ = 2 × 105. Other sets of

parameters are the same as Example 1.

Fig. 5.6(b) shows the number of defects in the filaments and in the cell monolayer

as a function of time. The inset shows the trajectories of three defects for t < t1
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and t > t1. The motion of defects slows down after the gelation starts (t > t1).

Fig. 5.6(c) shows the distribution of the velocity at +1/2 defects along their

symmetry axis before (red) and after (blue) the start of the gelation. The average

velocity is shown by a vertical line where the colour matches the colour of the

histogram. The graph shows that the average self-propulsion velocity of +1/2

defects goes to zero as time passes after the gelation.

5.6 Summary

We introduced a continuum approach for cell monolayers and showed that circular

cells can elongate, and exhibit nematic ordering and active turbulence due to active

short-range and long-range interactions. The transition from an inert isotropic

phase to a flowing phase with non-zero elongation is set by the active short-range

interactions and there is a threshold for the short-range activity above which the

isotropic phase becomes unstable, the cells elongate, and they become motile. This

is in contrast to wet active nematic instabilities where a hydrodynamic long-range

instability initiates flows at an activity threshold that goes to zero as system size goes

to infinity [145]. In particular, in contrast to the isotropic phase of elongated rods

in wet active systems, in a monolayer of isotropic cells, long-range flows cannot lead

to instability at a linear level and the threshold for activity is different in extensile

and contractile systems. In extensile systems, the threshold is set by the elastic

constant, and in contractile systems, it is set by the free energy cost of forming a

nematic phase. As a result, short-range extensile activity in a monolayer of isotropic

cells leads to the formation of an anti-aligned phase. Increasing the flows leads to

the formation of a capped lattice structure similar to experiments on bacterial rods

and simulations of a phase-field model [140, 146]. Short-range contractile activity,

on the other hand, leads to the formation of a nematic phase with elongated cells.

Finally, by decoupling the dynamics of active filaments from cell elongation,

we showed that defects in cell shape do not necessarily coincide with or have the

same orientation as defects in filaments. As a result, to be able to describe the

direction of the motion of defects in cell monolayers, one also needs to look at



5. Continuum approach for cell monalyers 77

the orientation of active filaments. This decoupling could explain the non-motile

defects observed in cell monolayers and the inconsistency in the direction of the

motion of defects in cell monolayers.



Most things break, including hearts. The lessons of
life amount not to wisdom, but to scar tissue and
callus.

Wallace Stegner

6
Stress-shape misalignment in confluent

cell layers

6.1 Introduction

In this chapter, we study the relationship between cell shape and cell-generated

stresses in confluent cell layers. We first analyse experimental data on cell shape

orientation and cell-generated contractile forces in MDCK colonies and report

the emergence of correlated, dynamic domains in which misalignment between

the directors defined by cell shape and by contractile forces reaches up to 90o

[147]. To understand this misalignment, we then use the continuum model that

we developed in chapter 5 to decouple the orientation of cell-generated active

stresses from the orientation of the cell shapes. This challenges the prevailing

understanding that cells throughout a tissue create either contractile or extensile

stress. Our continuum model reproduces the temporal and spatial correlations

and misalignment angle observed in our experiments and emphasises the key role

of flows in driving the misalignment.

In section 6.2 we introduce the experiments on MDCK cells, analyse the

experimental data to find the nematic tensors associated with cell elongation

and cell contractile stress, and present the results. In section 6.3 we introduce the

continuum model, compare the results of our simulations with experiments, and

78
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Figure 6.1: (a) Example of an MDCK island used in the experiments. (b) Example
of a typical experiment measuring the long axis of cell shape orientation, n, (red lines)
in an MDCK monolayer. (c) A typical set of results from experiments measuring the
orientation of maximum contractile stress m (white lines) overlaid on the orientations of
cell shape, n (red lines). In (b)-(c) the lengths of the red (white) lines are proportional to
the deviation of the cell aspect ratio from unity (magnitude of the contractile stress).

show that the continuum model can capture the spatiotemporal correlations of the

cell and stress orientation and the misalignment angle distribution. In section 6.4,

we study the behaviour of LP9 cells in experiments and compare them with our

simulations. We explain that the LP9 cells have a fixed elongated shape, that their

dynamics is much slower than the MDCK cells, and that they only form very small

extensile regions. We summarise our results in section 6.5.

6.2 Experiments on MDCK

The experiments are performed by Molly McCord, and Jun Zhang under the

supervision of Jacob Notbohm, at the University of Wisconsin-Madison. The exper-

imental system consists of confluent MDCK islands of diameter 1 mm (Fig. 6.1(a)).

The experiments are performed over the course of 12 hours in 11 MDCK tissue

samples, taking data every 15 minutes. Monolayer Stress Microscopy is used to

measure the stress tensor σ.



80 6.2. Experiments on MDCK

6.2.1 Analysing experimental data

We start by defining the cell shape orientation in the tissue by assigning each cell a

director (headless vector) n which lies along the long axis of the anisotropic cell

shape as shown in Fig. 6.1(b) [48]. The stress matrix measured in experiments

has three independent components σxx, σxy and σyy. It has a non-zero trace, and

we first make it traceless by adding a constant c to the diagonal elements, so that

σyy + σxx + 2c = 0. In our model, we assume that the tissue is incompressible. As a

result, an isotropic stress can be absorbed into the pressure and would not change

our result. In general, tissues can be compressible if, for example, cells can change

their height in the third direction. In our experiments, the area of the island is

fixed and cells do not change their area in the two-dimentional plane.

To find the orientation of the contractile stress, we find the two mutually

perpendicular axes which are parallel to the orientations of positive and negative

principal stress. These axes can be found by a rotation of the stress matrix

through an angle θp such that the shear stress σxy becomes zero. We note that

there are two directions over which the shear stress becomes zero, θp and θp +

π/2. We define the orientation of contractile cell-generated stress to be along

the orientation of the positive stress (pointing outwards). Having found the cell

shape and stress orientation for each cell, we define θ as the misalignment angle

between the local cell shape orientation n and the principal axis of contractile

stress m in the tissue (Fig. 6.3(a)).

To find the position of defects, we need to find continuum fields for the nematic

tensor associated with cells and the contractile stress. Fig. 6.2 summarises the

process of defining smooth director fields and identifying the position and orientation

of defects. First, we map cell positions and orientations onto a square lattice with a

lattice constant dl = L/
√
N , where L and N are the system length and number of

the cells in the snapshot, respectively. To find the orientation of the cells on a lattice,

we map each cell to the closest lattice site. The result is shown in Fig. 6.2(b). In

the original lattice built by the cells, the lattice spacing is large and that makes

it impossible to find the position and orientation of the defects accurately. As a
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result, we need to find the cell orientation on a lattice with a smaller mesh size. We

construct this lattice by linear interpolation between lattice points (Fig. 6.2(c)).

Using the interpolated director field, we can then use a defect finding algorithm

to find the position and orientation of ±1/2 defects (Fig. 6.2(d)).

Figure 6.2: Construction of the director fields for cell orientation and contractile stress:
a) Cell position and orientation, as shown in Fig. 6.1. b) Cell position and orientation
after mapping to a lattice. The lattice unit is equal to dl = L/

√
N , where L is the linear

snapshot size and N is the number of cells in the snapshot. c) Linear interpolation is
used to find the director field on a lattice with a smaller mesh. This step is required to
find the position and orientation of defects correctly. d) Using the director on the new
lattice, we then use the defect-identifying algorithm introduced in Ref. [148] to find the
direction and orientation of ±1/2 defects.

6.2.2 Experimental results

The distribution of θ is shown in Fig. 6.3(b). While most cells create contractile

stress along their cell shape axis (θ ≈ 0), there is a large number of cells in

which the axis of contractile stress is significantly misaligned with respect to shape

orientation. If the misalignment angle reaches θ ≈ 90◦, cells create contractile

stresses perpendicular to the cell shape orientation, thereby pulling inward not

along their long shape axis but rather along their short shape axis. In the following,

we will refer to cells with large misalignment (θ > 45◦) as extensile and cells with
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Figure 6.3: (a) Definition of the misalignment angle θ between the shape orientation
axis n, and the principal axis of contractile stress m. (b) Distribution of the misalignment
angle θ. Red/blue colouring denotes contractile (θ < 45o)/extensile (θ > 45o) values. The
distribution contains data from 11 independent MDCK islands and all time points. The
black dotted line shows the result from the simulation. (c) left: Tissue snapshot with
the cell orientation field n shown as black lines on top of a colour map distinguishing
contractile (red) and extensile (blue) regions. Topological defects in the cell orientation
are indicated by yellow (+1/2) and green (−1/2) symbols. Right: Snapshots of a region
of the same tissue taken 15 minutes apart showing the evolution of extensile clusters.
The time axis is from left to right. (d) Experimental time average of the area fraction
of contractile (red) and extensile (blue) cells for 11 different cell islands. The crosses
show the results from simulations. (e) Defects are preferentially found in the vicinity of
boundaries between extensile and contractile regions. (f) Snapshot from simulations with
the cell orientation field n shown as black lines on top of a colour map distinguishing
contractile (red) and extensile (blue) regions. Topological defects in the cell orientation
are indicated by yellow arrow (+1/2) and green trefoil (−1/2) symbols. The time axis is
from left to right.

small misalignment (θ < 45◦) as contractile, and we distinguish these ranges of θ as

blue and red in Fig. 6.3(b). We now investigate the spatial and temporal correlation

of the shape and the stress orientations in the MDCK monolayers. Fig. 6.3(c), left

shows a tissue snapshot where the cell shape orientation field n is shown as black

lines and the color map again indicates whether θ is greater (extensile, blue) or less

(contractile, red) than 45◦. Fig. 6.3(c), right shows the time evolution of a region

of the tissue with snapshots taken at 15-minute intervals. It is evident that the
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Figure 6.4: (a) Decay of the spatial correlation functions, Cx(r) = 〈cos 2[ψx(r+ r0, t0)−
ψx(r0, t0)]〉t0,r0 , where ψx represents shape director angle Cn, stress angle Cm, or the
mismatch angle Cθ. (Comparison of the simulation and the experiment assumes 10LB
spatial units∼ 44µm.) (b) Decay of the time correlation functions, Cx(t) = 〈cos 2[ψx(r0, t+
t0)− ψx(r0, t0)]〉t0,r0 , where ψ represents shape director angle Cn or the stress angle Cm.
(Comparison of the simulation and the experiment assumes 100LB time units ∼ 10min.)
(c) Magnitude of the stress σ as a function of the misalignment angle θ. The magnitude
of the stress is re-scaled with its maximum value in each experiment before averaging. In
all plots, the error bars show the standard deviation over 11 experiments.

misalignment angle forms evolving spatio-temporal patterns where extensile cells

form small, dynamic clusters in a mostly contractile background. The extensile

clusters grow, shrink, and coalesce over time. The time-averaged area fraction of

extensile cells is 27± 4% (Fig. 6.3(d)). To further quantify the spatial patterns we

calculated the spatial and time correlation functions of the cell shape orientation,

the cell stress orientation, and the mismatch angle θ. These are defined as

Cx(r) = 〈cos 2[ψx(r + r0, t0)− ψx(r0, t0)]〉t0,r0 ,

Cx(t) = 〈cos 2[ψx(r0, t+ t0)− ψx(r0, t0)]〉t0,r0 , (6.1)

where ψx represents the shape director angle, stress angle, or the mismatch angle

θ, and 〈. . .〉r0,t0 denotes an average over space (a circle of diameter 312µm in the

centre of the island to avoid edge effects) and time. The spatial correlations, shown

in Fig. 6.4(a), indicate a length-scale ∼ 50µm for the cell stress orientation, and

a longer length scale ∼ 100µm for the cell shape orientation. From the time

correlation functions, in Fig. 6.4(b), we identify a time-scale for the decay of

the extensile patches ∼ 300 minutes.

Many cells contain bundles of actomyosin, termed stress fibres, that tend to form

along the long axes of cells and are the primary source of contractile stresses [149].
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Since the spatial correlation of the cell shape and stress orientation are different,

we suggest that the regions of large misalignment angle are due to active flows

disturbing the natural alignment of the stress fibres with the long axis of the cell

due to different responses of the shape axis n and the stress axes m to flows.

Our interpretation leads to the prediction that in the extensile regions the stress

fibres will be in the process of re-forming to realign with the new direction of cell

elongation, and are therefore less efficient in producing contraction. In Fig. 6.4(c)

we plot the magnitude of the contractile stress as a function of θ showing a clear

decrease. Moreover, to check our interpretation visually we look at the fluorescent

imaging of actin fibres in a selection of samples (Fig. 6.5). As shown in the figure,

it is rarely possible to visually ascertain an unambiguous direction of the stress

fibres in cells with large θ whereas stress fibres are much clearer in cases when

they are aligned along the long axis of the cell.

Figure 6.5: (a) Enlarged snapshot of the tissue in Fig. 1 where blue (red) contours
specify extensile (contractile) cells. In general, the actin is clearer in the contractile cells,
where shape, the principal axis of contractile stress, and the actin tend to be aligned. (b)
Probability distribution of the angle between actin and the principal axis of contractile
stress φ in cells where the actin was clear enough to enable a measurement. (c) Probability
distribution of the angle between actin and the direction of cell shape elongation in cells
β where the actin was clear enough to enable a measurement.

6.3 Continuum Model

To understand the formation of extensile areas in contractile tissues, we describe the

shape of the cells and the stress using nematic order parameters Qn = Sn(n⊗n−I/2)

and Qm = Sm(m⊗m−I/2), respectively [48], where Sn (Sm), shows the magnitude

of the nematic order in cell shape (stress). We assume that the flows are created by
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contractile active forces that act along the direction of stress fibres m. The active

flows advect the cells, and the vorticity of the flows rotates both the shape and

the stress director fields. This description allows for a finite misalignment angle

θ = cos−1(n ·m) between the elongation axis of cell shape and the axis along which

contractile forces are generated by stress fibres (see Fig. 6.3(a)).

We assume that in equilibrium the cell monolayer is governed by the following

free energy density:

f = C

2 (1− 3Qn : Qn)2 + C

2 (1− 3Qm : Qm)2 + Kn

2 |∇Q
n|2

+ Km

2 |∇Q
m|2 + J

2 (1− 3Qn : Qm)2. (6.2)

In the absence of activity, the first and the second terms lead to a phase with

nematic order in cell shape and cell stress. The third and the fourth terms penalise

gradients in the shape and stress orientations, respectively. These are motivated

by the observations of nematic ordering in both n and m in the experiments. The

final term tends to align shape and stress orientations.

The shape orientation, n, and the stress orientation, m, also change in response

to active flows. Since they have different elastic constants, they respond differently

to the active flows which can lead to a mismatch between their directions. The

dynamics of the nematic tensors is governed by [150]

(∂t + u ·∇)Qn = −Ω′n ·Qn +Qn ·Ω′n + ΓHn, (6.3)

(∂t + u ·∇)Qm = −Ω′m ·Qm +Qm ·Ω′m + ΓHm, (6.4)

where Γ is the rotational diffusivity, Ω′m = Ω + ∆m, Ω′n = Ω + ∆n, Ω = (∇uT −

∇u)/2 is the fluid vorticity, ∆m/n is a uniform noise in the rotation, the molecular

field Hx = −( δf
δQx − I

2 Tr δf
δQx ) shows the relaxation of the orientational order to the

minimum of the free energy. In chapter 5 we showed that a positive flow-aligning

parameter leads to perpendicular alignment of cell elongation with respect to the

stress in contractile systems. Here, we have set the flow-aligning parameter equal

to zero. As a result, any misalignment between cell elongation and the stress

comes from different responses of the cell and the filaments to the vorticity due
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to their different elastic constants, which we find by mapping spatial correlations

in the experiments and in our simulations.

We further assume that the flows observed in confluent cell monolayers can be

well approximated by Navier-Stokes equation [55, 150].

The simulations are performed in a 200 × 200 box with periodic boundary

conditions over 120000 lattice-Boltzmann time-steps, and data is collected every

300 time-steps. The measurements are performed in a steady state when the mean

number of defects and the fraction of the extensile area do not change over time.

The initial orientation of both n and m is random, and the magnitude of the order

is (Sn)2 = (Sm)2 = 2/3. We choose values of parameters that lead to an active

fluid in a low Reynolds number regime: ρ = 40, η = 20/3. Other parameter values

are: Γ = 0.4, Km = 0.005, C = 0.001, ζ = −0.03, Kn = 0.065, J = 0.008, and ∆n

and ∆m are uniform random numbers in the interval [−0.001, 0.001].

The results of the simulations is independent of ρ as long as Reynolds number

Re is small (Re� 0.1). Changing viscousity η changes the active time scale and

as such affects the time correlation. However, for any value of the viscousity that

leads to a low Reynold number, it is possible to find an activity ζ that matches

the time correlation functions in experiments and simulations. Parameter Γ only

rescales the passive free energy parameters, and as such can be observed in other

parameters without changing the results. In addition, the results of the simulations

is independent of the parameter C, as long as it is large enough to lead to a

nematic order. Having set these parameters, we can find values for the elastic

constants Km and Kn by matching the spacial correlation functions in simulations

and experiments. Finally, parameter J can be varied to match the distribution

function of the angle θ in experiments and simulations.

6.3.1 Comparision between simulations and experiments

The experimental spatial correlation functions show that the nematic order of the

shape director n has a longer length scale than that of the stress director m which

we model by choosing different elastic constants in the free energy (Km < Kn).
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This also means that the shape and the stress directors respond in different ways

to the vortical flows leading to misalignment between m and n. In the continuum

simulations, we have the freedom to choose a length and time scale, and we do

this by matching the length and time scales of the correlation functions (Eq. 6.1)

between simulation and experiment, as shown in Figs. 6.4(a) and 6.4(b).

We compare the simulation results to the experiments in Fig. 6.3. In agreement

with the experiments, spatially correlated domains of extensile cells in a contractile

background emerge in the simulations (Fig. 6.3(f)). We also obtain a quantitative

match to the probability distribution for the misalignment angle θ if we use a

realignment time scale of 25 minutes (Fig. 6.3(b)).

Active turbulence is also characterised by topological defects and we noticed that

topological defects in the cell orientation field tend to sit at the interfaces between

extensile and contractile domains. This is illustrated in Figs. 6.3(c) (experiment)

and 6.3(f) (simulations) where +1/2 defects are indicated by a yellow arrow

and −1/2 defects by a green trefoil. To quantify the results, we consider the

points that are at a distance smaller than r < 5.2µm (equal to the grid size after

interpolation) from the interface as the interface domain while the rest of the tissue

is defined as the bulk domain. A spatial and temporal average shows that interface

domains make up about 18 ± 2% of the tissue area fraction in the experiments,

and about 15 ± 3% of the area fraction in simulations. However, about 86 ± 2%

(86 ± 5%) of defects lie within interface domains in experiments (simulations).

These results are shown in Fig. 6.3(e).

6.4 LP9 cells

We now study the behaviour of the human mesothelial cell line LP-9 (Fig. 6.6(a)).

These cells, which have an elongated morphology with a high aspect ratio, show

a behaviour that contrasts with the MDCK islands. A very small number of

topological defects are present at the beginning of the experiments. These persist

and remain in approximately the same position throughout the experiments (40

hours) and no new defects are created, indicating that the cell layer is behaving
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primarily as a passive nematic, with any active flows not sufficiently strong to

create defects or substantially change the cell orientation. There is, however, still a

population of extensile cells with θ > 45◦, but it is far smaller than in the MDCK

monolayers. The extensile cells form small (3.4% of the area of the tissue) clusters

(Fig. 6.6(b)) adjacent to the defects in the cell shape director field and persist

within the time scale of the experiment.

We set up the LP-9 simulations such that nematic order only forms inside a

circular region with radius R = 80. The free energy in this region is again given

Figure 6.6: (a) Snapshot of an LP-9 island. (b) left: Tissue snapshot with the cell shape
orientation field n shown as black lines on top of a colour map distinguishing contractile
(red) and extensile (blue) regions. Topological defects in the cell shape orientation are
indicated by yellow (+1/2) and green (−1/2) symbols. Middle: Snapshots of a region of
the same tissue taken 40 minutes apart showing that the extensile cluster remains fixed.
The time axis is from top to bottom. Right: Close-up view of the same tissue. Cell shape
orientation is shown in red and stress orientation is white. The colourmap shows the
extensible (blue) and contractile (orange) regions (smoothed). The defect in the cell shape
(stress) orientation is shown in yellow (magenta). (c) Distribution of the misalignment
angle θ. Red/blue colouring denotes contractile (θ < 45o)/extensile (θ > 45o) values. The
LP-9 cells predominantly form contractile regions (compare Fig. 2b for MDCK cells). (d)
Left: Snapshot from simulations with the cell shape orientation n shown as black lines
on top of a colour map distinguishing contractile (red) and extensile (blue) regions. The
+1/2 defect in the cell shape is indicated by a yellow arrow. Right: Close-up view of the
same tissue. Cell shape orientation is shown in red and stress orientation is white. The
colourmap shows the extensible (blue) and contractile (orange) regions (smoothed). The
defect in the cell shape (stress) orientation is shown in yellow (magenta).
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by Eq. 6.2, but the bulk free energy outside the circle is

fbulk = C
′

2 (Qn : Qn)2 + C
′

2 (Qm : Qm)2, (6.5)

which sets the magnitude of the order to be zero. We impose a defect in the

shape director n at the centre of the inner region by setting the director angle

with the x axis to be equal to φ/2, where φ is the polar angle in the co-ordinate

system centered at the defect core. We do not allow n to vary in time; m relaxes

towards the minimum of the free energy. We use the same parameter values as

for the MDCK cells except Km = 0.02, Kn = 0.01, ζ = 0,∆m = ∆n = 0. The

LP9 cells are less motile and do not show any dynamics (including formation and

annihilation of defects, and self-propulsion of defects) over the experiments. As

a result we set the activity to zero here. Here, we only compare the simulation

results qualitatively with the experiments. The elastic constants and the alignment

parameter can be changed together to lead to a similar result (formation of an

extensile patch around the central defec).

As shown in Fig. 6.6(c), an extensile region indeed forms next to the defect

in cell shape n. This dynamical steady state is a result of the balance between

the elastic energy, which favours nematic alignment of the stress directors m, and

the term which encourages m to align with n. The exact size and position of the

extensile region relative to the defect varies, depending on the initial condition

for m, indicating the existence of metastable solutions.

6.5 Summary

We analysed experimental data on MDCK and LP9 cells to find the cells’ shape

and stress orientation in these layers. Our results on MDCK cells show that active

flows and the different elastic properties of cell shapes and active stress filaments

lead to long-lived extensile regions in contractile monolayers. In contrast with

the MDCK cells, a very small number of topological defects and small extensile

regions exist in the LP9 cells.
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We showed that the generalised form of active nematohydrodynamic equations

that decouples cell shape and stress orientation captures the distribution of the

misalignment angle between cell and stress, and the spatiotemporal correlations

in the orientation of cells and the stress.



I call our world Flatland, not because we call it so, but
to make its nature clearer to you, my happy readers,
who are privileged to live in Space.

Edwin A. Abbott

7
Active extensile stress promotes 3D

director orientations and flows

7.1 Introduction

As we discussed in previous chapters, the hydrodynamic instabilities in active

nematics lead to the growth of deformations in the nematic orientation field, giving

rise to formation and separation of point-like topological defects of opposite charges

in two dimensions. In three-dimensional active nematics, the dynamics of defects is

more complex. Here, the previously two-dimensional point-like defects extend into

the third dimension, giving rise to disclination lines. In addition, in three dimensions,

the director field around defects has more freedom and can form new types of defects

compared to two-dimensional systems. Recent research has embarked on categorising

3D active nematics, uncovering the emergence of contorting disclination lines driven

by active forces and capable of undergoing twist deformations [44, 151, 152].

In this chapter, we study the differences between 2D and 3D active nematics

by performing numerical simulations of the nematohydrodynamic equations and

linear stability analysis. We first consider an active two-dimensional layer, with

periodic boundary conditions in all three directions, where the director can acquire

a 3D orientation. We refer to this setup as a quasi-2D system and present the

results in section 7.2. Studying the behaviour of the quasi-2D system could be

91



92 7.2. Quasi-2D system

helpful in shedding light on the behaviour of active nematic systems in 3D, and in

understanding the growth of 2D layers into three dimensions [33, 153–157].

We show that extensile and contractile materials demonstrate remarkably

different behaviours in this setting. While extensile systems form twist type

defects and promote three-dimensional flows, contractile systems form wedge-type

defects and two-dimensional flows.

Having understood the behaviour of the quasi-2D system, in section 7.3 we use

linear stability analysis to study the growth of twist perturbations in fully three-

dimensional active nematics, and show that twist perturbations grow in extensile

systems and get suppressed in contractile systems. In agreement with the result of

the linear stability analysis, simulations of active turbulence in three dimensions

favour formation of twist type defects in extensile systems and wedge type defects

in contractile systems. Finally, we perform simulations of initially two-dimensional

droplets embedded in three dimensions and show that extensile droplets grow to

the third dimension whereas contractile droplets grow in two dimensions.

We finish the chapter by summarising our findings in section 7.4.

7.2 Quasi-2D system

In subsection 7.2.1, we use linear stability analysis to study the stability of the

nematic phase in the quasi-2D system. We then perform numerical simulations

and study the dynamics of the quasi-2D system, in subsection 7.2.2.

7.2.1 Linear stability analysis

To study the behaviour of extensile and contractile systems in the quasi-2D setup,

we perform a linear stability analysis of the nematohydrodynamic equations around

the fully-aligned in-plane nematic phase. We consider the active nematic layer

to be in the x-y plane with 3D director field and study the growth rate of in-

plane and out-of-plane director perturbations deep in the nematic phase where

S ≈ 1. Without loss of generality, we consider the direction of the nematic order

to be along the x axis. We also assume a zero Reynolds number regime which
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allows us to use the Stokes equation instead of the Navier-Stokes equation. In

agreement with the periodic boundary condition in the simulations, we assume that

the system is invariant along the z direction. Decomposing any fluctuating field

as δf(r, t) =
∫
dq dωf̃(q, ω) eiq·r+ωt, we can find the closed form for the evolution

of the perturbations in the director field, which read:

ωQ̃xy = ζ

2η Q̃xy

{
2B cos2 2θ + 3 sin2 θ cos 2θ

}
−KQΓq2Q̃xy, (7.1)

ωQ̃xz = ζ

2ηB
{

2 cos2 θQ̃xz + sin 2θQ̃yz

}
− ΓKQq

2Q̃xz, (7.2)

ωQ̃yz = −λζ12η
{

2 sin2 θQ̃yz + sin 2θQ̃xz

}
− ΓKQq

2Q̃yz, (7.3)

4B = 7
3λ+ 3.

Eq. 7.1 is decoupled from Eq. 7.2 and Eq. 7.3, and gives the growth rate of

the in-plane perturbations ωin = <(ω). Eq. 7.2 and Eq. 7.3 are coupled and

lead to a quadratic equation for the growth rate of the out-of-plane perturbations

ωout = <(ω). Note that, at a linear level, the dynamics of the components Q̃xx, Q̃yy,

Q̃zz is not affected by the velocity field and any perturbation in their dynamics is

suppressed by the free energy. Since the onset of instability is given by the real part

of ω > 0, it is enough to consider the larger solution and, in the long-wavelength

limit, the growth rates of the perturbations can be written as

ωin = ζ

4η cos 2θ
{7

3λ cos 2θ + 3
}
−KQΓq2, (7.4)

ωout = ζ

4η

{
−2

3λ+ 3 cos2 θ(1 + λ)
}
−KQΓq2. (7.5)

In the case of zero flow-aligning parameter, the growth rates simplify to

ωout = 3ζ
4η cos2 θ, ωin = 3ζ

4η cos 2θ. (7.6)

The in-plane component ωin shows the well-known instability of 2D active nematics

to bend (splay) perturbations in extensile (contractile) systems [158]. By contrast,

the growth rate of the out-of-plane component ωout does not change sign for different

values of θ and is positive (negative) for extensile (contractile) systems. Thus the

out-of-plane component only grows in extensile systems.
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Figure 7.1: a) Results of linear stability analysis as a function of the tumbling parameter
λ for an extensile system. The out-of-plane component of the perturbation grows for all
values of the tumbling parameter. The solid lines show places in which ωout = 0. These
lines separate the region in which ωout is positive (out-of-plane perturbations grow) from
regions where ωout is negative (out-of-plane perturbations die). The dashed lines separate
splay perturbations (π/4 < θ < 3π/4) from bend perturbations (θ < π/4 and θ > 3π/4).
b) Results of linear stability analysis as a function of the tumbling parameter λ for a
contractile system. The out-of-plane component of the perturbation only grows for large
positive values of the tumbling parameter and for a specific interval in θ.

We now study the role of the flow-aligning parameter λ in the growth of the

perturbations. In agreement with 2D active nematic systems, Eq. 7.4 shows that

increasing the tumbling parameter increases the growth rate of bend perturbations in

extensile systems and decreases the growth rate of splay perturbations in contractile

systems [141, 159]. The role of the tumbling parameter in the growth rate of out-of-

plane perturbations is more complex, and as such, we represent this in Fig. 7.1(a)

and (b) for extensile and contractile systems, respectively.

Fig. 7.1(a) shows that in extensile systems, in the regimes where bend pertur-

bations grow, the out-of-plane perturbations always grow (ωout > 0) independent

of the value of the tumbling parameter λ.

Fig. 7.1(b) shows that in contractile systems the growth rate of the out-of-plane

component of the perturbation is negative in most regions of the phase space

except for large positive values of the tumbling parameter, in which ωout > 0

for a specific range of θ.

To summarise, linear stability analysis of the quasi-2D system around a state with in-

plane nematic order shows that extensile and contractile systems behave differently

when director perturbations perpendicular to the layer are allowed: while extensile
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systems promote the growth of both in-plane and out-of-plane perturbations,

contractile systems only lead to the growth of director perturbations inside the plane.

7.2.2 Numerical simulation of quasi-2D system

In this subsection, we use numerical simulations of the nematohydrodynamic

equations to study the dynamics of the quasi-2D system.

We consider the quasi-2D system to be in the x-y plane, and start the simulations

with a director that is along the x axis, along with a small 3D perturbation.

The in-plane and out-of-plane perturbations are defined as δφin = 2πχin and

δφout = (π/2)χout, respectively. Both in-plane (χin) and out-of-plane noise (χout)

are taken from a uniform distribution over the interval [−1/10, 1/10]. Out-of-

plane noise was not added in previous studies which considered 2D behaviour of

active systems [63, 66, 160, 161].

In the simulations, the density is taken as constant ρ = 1 and we choose values

of the parameters which reproduce active turbulence in a 2D system: Γ = 0.7,

K = 0.01, η = 2/3, λ = 0, A = 0, B = −0.3, C = 0.3, −0.02 < ζ < 0.02

and the system size is 200 × 200.

In Fig. 7.2 we compare the behaviour of an extensile system with activity ζ > 0

with that of a contractile system with ζ < 0. The figure shows that contractile

stresses suppress perturbations of the director field in the direction perpendicular to

the layer, leading to the usual 2D active dynamics (Fig. 7.2(a), inset). In extensile

systems, however, the director has non-zero out-of-plane components except within

dynamic, elongated domains (Fig. 7.2(a)).

This behaviour is quantified in Fig. 7.2(b) where we plot the area fraction of the

regions where the director points out of the plane, as a function of activity, showing

that this quantity remains zero for the contractile case, but increases with activity in

extensile systems. Here, we consider lattice sites in which the director makes an angle

more than 10◦ with the 2D layer as an out-of-plane site, and define the area fraction

Φ as the ratio of out-of-plane sites to the total number of the sites in the system.
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Figure 7.2: Snapshots from simulations of 2D active nematics layers. Colour denotes the
magnitude of the in-plane order (Sin = [1− n2

z]1/2) from in-plane (black) to out-of-plane
(white): a) extensile stress, defects in cyan. 3D twist-type defects are represented by
circles. Inset: contractile stress, 2D ±1/2 topological defects are shown in white. b) Area
fraction of regions with out-of-plane director as a function of activity. The average is
taken in the steady state every 2× 104 timesteps, over 10 datapoints. c) In-plane, uin,
and out-of-plane, uz, speed for contractile (yellow, uz = 0) and extensile (pink, orange)
driving. d) Variation of the number of snakes Ns with time. The average is taken over
5 data points in a 105 time-step interval. e) Number of snakes as a function of activity
at steady state. The average is taken in the steady state every 2× 104 timesteps, over
10 datapoints. f) Distribution of the angle between the director and the tangent to the
boundary of snakes. The histogram peaks at cos(δ) = 1, indicating parallel alignment
of the director with the boundary. g) Distribution of the angle α in extensile systems.
h) Director in a snake. Cyan outline: moving along the blue dashed arrow, crossing the
width of a snake, the director twists by π. Yellow outline: top view of the director across
the width of a snake. Magenta outline: 3D twist-type defects are commonly found at
the ends of the snakes. The blue circle shows the core of the defect, t̂ represents the
normal to the layer, and the blue dashed line connects the center of the twist-type defect
to the position with an in-plane director. α is the angle between this line and the local
director. The director rotates out of the plane around the rotation vector Ω to form the
twist defect.

Histograms of the corresponding in-plane and out-of-plane flow fields are shown

in Fig. 7.2(c). In contractile systems flows remain in the x-y plane whereas in

the extensile case, the flow develops substantial components along z which act

to drive the director into the third dimension.

We now study the elongated domains where the director field remains in the

x-y plane. These initially form in regions of splay distortion where the flow fields

along the z axis are insufficiently strong to push the director field out of the plane.
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For convenience, we will refer to the in-plane domains as snakes. These are twist

walls, also called π-walls, in the liquid crystal literature.

To study the statistical properties of the snakes in the simulations, we need to

define them more quantitatively. We consider lattice sites in which the director

makes an angle less than 10◦ with the 2D layer as an in-plane site. To find the number

of snakes, we attribute a value 1 (0) to in-plane (out-of-plane) sites. We define

the boundary of the snakes as in-plane sites which have at least one out-of-plane

neighbouring site. A snake is then defined as connected sites with a value 1.

After a transient phase, the average number of snakes fluctuates around a

constant value (Fig. 7.2(d)) which first increases and then decreases with increasing

activity (Fig. 7.2(e)). This reflects a balance between snakes elongating and then

breaking up, and the possibility that local flows will be sufficiently strong to destroy

a snake by pushing the director out of the x-y plane.

To understand how the snakes lengthen and divide we study their director and

flow fields. We first measure cos δ, the angle between the orientation of the director

at the boundary of a snake and the local tangent to the boundary. The histogram

of cos δ, shown in Fig. 7.2(f) peaks at cos δ = 1, showing that the director inside

a snake tends to align parallel to its elongation direction.

Therefore, along the boundaries of a snake the director rotates through π/2 to

match the surrounding vertical director configuration (Fig. 7.2(h)) and as a result,

looking at a cross-section across the width of a snake, the director twists by π (cyan

and yellow outlines in Fig. 7.2(h)). At the ends of the snake, this results in twist

defects with the director configuration shown in the magenta outline in Fig. 7.2(h).

An angle that characterises twist defects is α, the angle between the line which

connects the center of the defect to the position of the in-plane director and the

direction of the in-plane director itself (magenta outline in Fig. 7.2(h)). It has been

shown that tangential twist is more predominant in extensile defect loops [151].

However, for the point-like defects in our quasi-2D system, Fig. 7.2(g) shows that α

has a peak at α = 0, indicating that the twist-type defects are predominantly radial.
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Figure 7.3: a) Average flow along the direction of the elongation of snakes (measured at
the ends, i.e., within the yellow box). The origin corresponds to the blue dot and x > 0
always corresponds to the outside of the snake. 〈uin · r̂〉 > 0, indicating that active flows
elongate the snakes. b) Flows around a snake. c)-e) Evolution of a snake. Elongated
snakes undergo a bend instability and form defects. The director then moves to the third
direction dividing the snake into two with twist-type defects at their ends.

We are now in a position to understand the dynamics of a snake. The stresses

which result from the twist defects set up flows that act to elongate the snakes

and to align the director field inside them. To find the average flow at the end of

the snakes, we take r̂ (introduced in Fig. 7.3(a)) to be along the local direction of

the elongation of the snakes, pointing outwards, and average the flow over the 10

lattice sites next to the end and in the direction of ±r̂. We ignore snakes smaller

than 20 lattice units, as small snakes usually shrink and form vertical regions.

Fig. 7.3(a) shows the average flow at the end of the snakes. The average is taken

over the flows at the end of different snakes every 104 timesteps over a 2 × 105

interval. Fig. 7.3(b) shows the flows around a snake.

The ensuing evolution is illustrated in Figs. 7.3(c)-(e). Since the system

is extensile and the director is parallel to their length, the elongated snakes



7. Active extensile stress promotes 3D director orientations and flows 99

undergo a bend instability. The growth of a bend deformation is equivalent to the

formation of a pair of two-dimensional, ±1/2 defects (orange outlines in Fig. 7.2(a)

and Fig. 7.3(c)-(e)). In agreement with Eq. 7.6, that bend deformations are

unstable to director perturbations perpendicular to the layer and, due to the large

bend deformations at the position of the defects, the director rotates out of the

plane and the snake splits into two smaller snakes terminated by twist director

configurations (Fig. 7.2(h)).

7.3 Relation to 3D active turbulence

In this section, we show that the behavior that we have identified in the quasi-2D

system persists in three dimensions.

To compare defect type distribution in 3D with our quasi-2D system, we perform

simulations in fully three-dimensional systems where the simulation box is also three

dimensional (120×120×120 LB units) and there is a periodic boundary condition on

all three directions. Figures 7.4(a) and 7.4(b) compare the distribution of the twist

angle β for the quasi-2D system to the simulations of the full 3D active turbulence

keeping the activity the same and considering both extensile and contractile systems.

The figure shows that similar behaviour is observed in both 2D and 3D: in contractile

systems defects are predominantly two-dimensional, whereas, in the extensile system,

there is a clear preference for introducing twist defects. To understand the formation

Figure 7.4: Twist angle β in (a) 2D, (b) 3D. In extensile systems, most defects are
twist-type (β = π/2) while in contractile systems most defects are wedge-type (β = 0, π).
Right/left axis shows p(cos[β]) in the contractile/extensile system.
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of twist perturbations in 3D, in the following subsection, we perform linear stability

analysis and study the growth of twist perturbations in three dimesnions.

7.3.1 Evolution of twist perturbations in 3D active turbu-
lence

To further understand the distinct behaviour of extensile and contractile systems,

we now study the evolution of twist perturbations in 3D systems deep in the nematic

phase where S ≈ 1. Twist perturbations are defined as εiklQij∂kQlj [162], where

εikl is the Levi-Civita symbol. Without loss of generality, we consider the direction

of the nematic order to be along the x axis, and use the nematohydrodynamic

equations to find the dynamics of the perturbations in the zero Reynolds number

regime. Considering an ordered phase along the x axis means that to study the

evolution of twist perturbations at linear order, we need to study the evolution

of ∂yδQzx − ∂zδQyx. In the ordered phase and at the linear level the dynamics

of δQyx and δQzx are given by

∂tδQyx = 7λ
6 Eyx + 3

2Ωyx + ΓK∇2δQyx, (7.7)

∂tδQzx = 7λ
6 Ezx + 3

2Ωzx + ΓK∇2δQzx. (7.8)

After substituting the components of the strain rate tensor E and vorticity tensor

Ω into Eqs. 7.7, and 7.8 and subtracting these equations, the dynamics of

the twist reads

∂t(∂yδQzx − ∂zδQyx) = (3
4 + 7λ

12 )(∂y∂xδuz − ∂x∂zδuy) +KΓ∇2(∂yδQzx − ∂zδQyx).
(7.9)

We can then find the velocity field from the Stokes equation in Fourier space,

and substitute it into Eq. 7.9. This gives a closed form for the growth rate

of the twist perturbation

ωtwist = ζ

4η (3 + 7λ
3 ) cos2 θ − ΓKq2, (7.10)

where we have defined q · x̂ = q cos θ. The first term in the growth rate is an active

term proportional to the activity coefficient ζ. This term is positive (negative) for
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extensile (contractile) systems. As a result, extensile (contractile) activity promotes

(suppresses) twist perturbations. The second term is a passive term and shows

that the elastic constant tends to suppress the twist deformations. The twist

perturbations grow when ζ(3 + 7λ/3)q2 cos2 θ/(4η) > ΓKq4. This shows that at a

linear level, twist deformations can be formed only in extensile systems.

7.3.2 Active growing droplets

To more explicitly investigate the role of active extensile and contractile flows on

3D growth, we performed 3D simulations on an initially planar, 2D growing drop

embedded in a 3D passive fluid. Stabilising this setting is hard numerically as

surface tension tends to form a 3D spherical droplet. Here, we choose values of

surface tension Kφ, and elastic constant KQ that do not lead to the formation of

a spherical droplet in the time scale of the simulation.

The growth is introduced by increasing the concentration of active material by

a rate kd. Here, we ignore the effect of the growth in producing incompressible

flows, assuming that those are smaller than active flows. 3D views of the drop at

t̄ = tζ/η = 210 (where η is viscosity) are shown in Figs. 7.5(a) and (b) for contractile

and extensile systems, respectively. The black outline shows the boundary of the

drop in the initial 2D plane and the out-of-plane concentration is represented in

green. The red background colour shows the speed perpendicular to the layer, |uz|.

In the contractile system, the out-of-layer velocity is negligible and the growth

is mainly in the plane. By contrast, the extensile drop has non-zero velocity

perpendicular to the layer and grows into the third dimension. This behaviour is

confirmed more quantitatively in Fig. 7.5(c) which shows the evolution of N ∗, the

difference between the number of out-of-plane particles in an active growing system

and in a passive growing system. N ∗ is defined as Na
out − N

p
out, where Na

out and

Np
out are the number of out-of-plane particles in an active and a passive growing

system, respectively. We find these numbers by multiplying the concentration in

each out-of-plane grid by the grid volume (which is equal to one in our system),

and then summing over the number of particles in different grids. N ∗ is positive
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Figure 7.5: 3D views of a growing drop with (a) contractile, (b) extensile activities.
Defects are represented in cyan, green shows the out-of-plane concentration and the red
shading indicates out-of-plane speed. (Note (b) is a close-up). (c) The difference in the
number of out-of-plane particles in an active growing system (ζ 6= 0) and in a passive
growing system (ζ = 0) for extensile (solid lines) and contractile (dashed-dotted lines)
activity. The semi-transparent colours show error bars calculated using the standard
deviation from five simulations.

(negative) in extensile (contractile) systems showing that extensile (contractile)

flows promote (suppress) growth to the third direction.

7.4 Summary

To summarise, in an extensile (contractile) system there is a positive (negative)

feedback between out-of-plane flows and out-of-plane director orientation and as a

result, out-of-plane perturbations grow (are suppressed) in extensile (contractile)

systems. The transition from 2D to 3D director orientation is often a vital step in

biological processes. Biofilm formation can be initiated by cells turning to point

perpendicular to a substrate [33, 153, 163, 164] which leads to a planar-to-bulk

transition [165]. This has been described in terms of mechanical instabilities due

to cell divisions which cause extensile stresses [165–167] and the mechanism we

describe here supports this interpretation.

Fully-developed 3D active turbulence is characterised by motile disclination

lines that form closed loops that can appear, grow, shrink, and disappear [53, 151,

152]. Experiments and simulations have shown that twist (wedge) type defects

are more common in extensile (contractile) systems which can be explained by

our model [53, 152].



It is so hard to leave—until you leave. And then it is
the easiest thing in the world.

John Green

8
Discussion

In this thesis, we used a continuum approach to explore the role of active stress

in the collective behaviour of living systems. This behaviour ranges from the

creation of defects and disclination lines in two and three dimensions, large-scale

defect ordering in the presence of friction with a substrate, and formation of

fractal-type patterns at the interface of a bacterial droplet, to cell elongation and

the emergence of nematic order due to activity, and generation of extensile and

contractile regions in living tissues.

We summarise the main findings in section 8.1 and provide an outlook for

ongoing and future research in section 8.2.

8.1 Summary

In Chapter 3 we investigated the behaviour of topological defects in two-dimensional

active systems in contact with a frictional substrate. We found that increasing

friction leads to different defect ordering in systems that form an isotropic and

a nematic phase without activity:

(i) In systems that form an isotropic phase without activity, increasing friction

leads to the nematic ordering of defects. This can be understood by minimising the
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elastic free energy of two pairs of ±1/2 defects and finding the optimum respective

orientation of the defect pairs [101].

(ii) In systems with a nematic ground state, we found that increasing friction

leads to the formation of arches, polar structures in the director field, and the

arches align +1/2 defects and lead to polar ordering of the defects. We showed

analytically that in a nematic phase with large friction, arches are the steady-state

solution of the nematohydrodynamic equations [105].

In chapter 4 we introduced a model to understand the periodic pattern of

protrusions at the interface of bacterial droplets and a fractal-type pattern that

is later formed. The model accounts for the fact that in the experiments the

bacterial suspension forms a gel at the center and the magnitude of the nematic

order decreases towards the center of the droplet [79]. This allows for the formation

of periodic patterns guided by the creation and motion of +1/2 defects in a layer

with large nematic order around the interface. In agreement with the experiments,

the model predicts that the period of the pattern is not affected by the droplet

curvature, but is set by the active length scale which is an intrinsic length-scale in

the system, and is proportional to
√
KQ/ζ. Consistent with the experiments, we

found that the amplitude of the protrusions increases with the interface curvature.

This is because places with larger curvature have larger bend deformation which

leads to larger active forces and flows. Finally, we showed that the fractal-type

patterns that form in the experiments are caused by active nematic instabilities:

when a protrusion grows due to the motion of a +1/2 defect, it forms an elongated

arm (protrusion) that has nematic order. However, nematic order is unstable and

leads to the formation of new defects and protrusions in the arm. As a result of

several consecutive instabilities, we recover the formation of the fractal-type pattern.

In Chapter 5, we started with individual cell-cell active interactions in a confluent

monolayer and built a continuum description for the monolayer in terms of cell

orientation, cell anisotropy, cell area and cell velocity. We showed that both extensile

and contractile active neighbour-neighbour interactions allow the cells to overcome

the free energy barrier for elongation. The mechanism of the elongation is different
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in extensile and contractile systems. While in contractile systems cells line up with

the neighbours, in extensile systems, cells align perpendicular to their neighbours.

We explain that these alignments lead to elongation of the cells in both cases.

Our continuum model produces different phases in a monolayer including extensile

and contractile active turbulence, a stable jammed phase with isotropic cells, a

stable nematic phase with elongated cells, and a capped line phase observed in

simulations of phase field models.

In active nematic theories, the direction of the active force is normally considered

to be along the cell orientation. By decoupling the dynamics of the cell elongation

and active force, we showed that defects in the force field do not necessarily orient

along and positionally coincide with defects in the cell orientation field.

In chapter 6, we investigated the relationship between cell shape and cell-

generated stresses in confluent cell layers. Analysing experimental data on shape

orientation and contractile stress in MDCK and LP-9 colonies, we reported the

emergence of correlated, dynamic domains in which misalignment between the

directors defined by cell shape and by contractile forces reaches up to 90◦, effectively

creating extensile domains in a monolayer of contractile cells. To understand this

misalignment, we used the continuum model that we introduced in chapter 5. The

model allowed us to recover the spatial and temporal correlations in the cell and

stress orientation, the distribution of the misalignment angle, and the positioning

of defects with respect to the interface between extensile and contractile regions.

Finally, in chapter 7 we used numerical simulations and linear stability analysis

to study an active nematic system in a 2D plane, where the director is allowed

to point out of the plane. Our results highlight the difference between extensile

and contractile systems in three dimensions. Contractile stress suppresses the

flows perpendicular to the quasi-2d layer and favors in-plane orientations of the

director. By contrast, extensile stress promotes instabilities that can turn the

director out of the plane, leaving behind a population of distinct, in-plane regions

that continually elongate and divide. This supports extensile forces as a mechanism

for the initial stages of layer formation in living systems, and we show that a planar
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drop with extensile (contractile) activity grows into three dimensions (remains

in two dimensions). The results also explain the propensity of disclination lines

in three-dimensional active nematics to be of twist type in extensile or wedge

type in contractile materials.

8.2 Outlook

In this thesis, we have seen several examples in which developing a continuum

active nematic model that considers key features of experiments can be helpful in

understanding the behaviour of biological systems. However, numerous research

questions remain unanswered. Here, we introduce some of these questions.

What are the flow patterns that form in 3D droplets on top of a sub-

strate?

In Chapter 4, we showed that the presence of an active layer at the interface of a

2D droplet leads to the formation of periodic patterns of protrusions. The next step

would be to extend this to three-dimensional droplets on a substrate and investigate

the three-dimensional flows at the interface of the droplet. Since the height of the

droplet decreases towards the interface, one would expect that friction with the

substrate is more effective in suppressing chaotic flows at the edge compared to

the center. This could lead to the taming of the active flows and the formation of

patterns of three-dimensional rotating flows at the interface. In a general setting,

one would investigate the role of the morphology of the droplet (wetting angle),

and activity patterns (width of the active layer at the interface) on the invasion of

the active material to its surroundings.

What are the dominant cell shapes in living tissues?

In Chapter 5 of this thesis, we approximated the shape of living cells with an

elongated ellipse. During many important life processes such as morphogenesis

and epithelial jamming, cells show a variety of shapes and this has an important

effect on the active force that they exert on their surrounding cells and on their

mobility [27, 30]. As a result, exploring the interplay between active forces and

cell morphology in a broader model accommodating diverse cell shapes would be a
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fascinating avenue for research. It would also be interesting to study the effect of

external stress, such as tissue stretching, on the shape of the cells.

Do active disclination lines form any sort of ordering in 3D?

In chapter 3 of this thesis, we showed that increasing friction with a substrate in

a 2D system could lead to defect ordering. It is not clear if such an orientational,

and/or positional ordering could be observed in three-dimensional disclination lines.

In three dimensions, frictional damping with the substrate becomes less important,

but one can still think of a length scale over which the active flows damp. This

could be caused by the presence of heterogeneities in a three-dimensional cell culture

for example, or due to solid-like structures in the membranes of the cells. The first

step would be to simply consider a three-dimensional frictional damping −γu in

the Navier-Stokes equation, and compare the behaviour of disclination lines as the

frictional damping length increases with respect to the active length-scale.

How does viscoelasticity change the behaviour of active systems?

In this thesis, we ignored the effects related to viscoelasticity and modeled living

systems as a viscous fluid. However, many biological systems, such as living tissues

or bacterial suspensions, exhibit viscoelastic behaviour on short time scales. This

enables these systems to preserve a fundamental structural integrity due to their

solid-like characteristics, while simultaneously allowing for dynamic rearrangements

into various configurations due to their viscous properties.

There are several questions that can be addressed here. It would be interesting to

study the role of viscoelasticity in the interaction between defects and disclination

lines, and in the velocity and the direction of the motion of defects.

Another direction is to look at the interfacial patterns in bacterial droplets. In the

experiments that we introduced in chapter 5, bacteria form a gel at the center of

the droplet. This is an evidence that viscoelastic properties could be relevant for

understanding some features of these experiments. It would be helpful to study the

effects of viscoelasticity in this setup, and in particular to see if it could stabilise

the protrusions in the simulations for a longer time, in line with the observations in
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the experiments.

We have proposed several future research directions, including the exploration

of cell shape variations under different experimental conditions, the role of flow

screening on the positional and orientational ordering of disclination lines in three

dimensions, the role of droplet morphology in flow patterns in active suspensions,

and the effect of viscoelasticity on the motion of defects and interface deformations

in active droplets.
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I think perfection is ugly. Somewhere in the things
humans make, I want to see scars, failure, disorder,
distortion.

Yohji Yamamoto

A
Bend, splay, and twist elastic free energy

In systems in which the elastic constants are not equal, the elastic free energy

can be written as

Fg = L1

2 ∂kQij∂kQij + L2

2 ∂kQkj∂iQij + L3

2 ∂iQjk∂kQij, (A.1)

where the terms with coefficients Li are elastic terms, associated with the energy

cost of director distortions [48, 168]. The last term in Eq. A.1 is zero when the

system has a periodic boundary condition.

The distortions in nematic liquid crystals are generally divided into three

groups: splay KSplay(~∇ · n)2, bend KBend(n× (~∇× n))2, and twist deformations

KTwist(n · (~∇ × n))2. These are shown in Fig. A.1.

Assuming a constant magnitude of the order, one can use Eq. A.1 to find the

bend, splay, and twist elastic constants Ki [169]

2KBend

9S2
0

= L1 + L2

2 ,

2KTwist

9S2
0

= L1,

2KSplay

9S2
0

= L1 + L2

2 .

(A.2)
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Figure A.1: Schematic representation of three types of director deformations: splay,
bend, and twist. Splay and bend distortions can exist in two dimensions, but twist
deformations only appear in three dimensions.

In using Eq. A.2, one needs to be careful to choose values of Li so that the bend,

splay, and twist elastic constants become positive. This is to penalise deformations

in the nematic system [48].

In chapter 7 we study the growth of twist perturbations in three dimensions

as a result of extensile flows. In the rest of this thesis, a one-elastic constant

approximation has been used (Eq. 2.4).



No change of circumstances can repair a defect of
character.

Ralph Waldo Emerson

B
Defect detection

B.1 2D topological defects

In our 2d simulations, we use a two-dimensional square grid. To find the position

of defects, we calculate the winding number for all sets of neighbouring lattice

points which form a two-by-two square. As we go around the square clockwise, if

the director changes its orientation by ±π, we define the position of ±1/2 defects

at the intersection of the four lattice sites.

B.2 Disclination lines

To find defect positions of disclination lines in a three-dimensional simulation, we

extended our two-dimensional calculations to three dimensions, meaning we calculate

the winding number in all sets of four lattice sites forming a two-by-two square in

x-z, x-y and y-z planes. To find the rotation of the director as we turn around the

square, we project the director to the three-dimensional orientation space (Fig. B.1)

at every lattice point. Since we are working with nematic liquid crystals, there are

two corresponding projections ±n associated with the director in each lattice point.

We walk clockwise around the four neighbours’ director projection, and at every

step, we take the next closest director configuration (Fig. B.1). Upon returning to

the initial starting point, we either regain the original director orientation (Figure
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Figure B.1: Detection of disclination lines. The representation of the director in the
three-dimensional spherical space. Since we are working with a nematic liquid crystal,
the director has two projections ±n. While moving clockwise around a two-by-two
lattice square, we establish the initial director as the origin Z on the upper half sphere.
Subsequently, we proceed to the position Z1 of the director on the adjacent lattice site,
consistently selecting the new director projection with the least angular deviation from
the preceding one. This results in a closed walk from along Zis, and subsequently either
returning to Z (b) or reaching its corresponding point Z ′ on the lower half sphere (a). If
the outcome is Z ′, it signifies the passage of a half-integer disclination through the four
lattice sites. Image is adapted from [170], and modified.

B.1b) or find ourselves on the opposite side of the orientation sphere (Figure B.1a).

In the latter case, a half-integer disclination line has traversed this two-by-two grid,

establishing a disclination core at the center of the four points. Conversely, in the

former scenario, the absence of a disclination line indicates either the absence of

disclination or the passage of a full disclination line.

The rotation axis of the defect Ω is defined as the average of the outer product

of pairs of directors around the defect.

To find the defect angle α for twist-type defects, we consider a 3 × 3 square

around the defect and find the neighboring site with the largest in-plane director

component. We then define α as the angle between the line which connects the

center of the defect to this site, and the director orientation at the site.

In the manuscript, we refer to defects as 2D (3D) defects when | cos β| > 0.95

(| cos β| < 0.95), where β is the twist angle.
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