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ABSTRACT

Memristor, the electronic component, is introduced in the Hénon map and is studied
extensively. Several chaotic maps are proposed by constructing the memristors through
nonlinear functions such as absolute value functions, trigonometric functions, and
activation functions. It is found that in a part of the proposed chaotic maps, the local
offset boosting of the system variable can be guided by a single parameter. Not only
that, the generation of homogeneous multistability can be controlled by the initial
conditions of the systems. Moreover, the number of homogeneous attractors produced
changes when the system parameters are varied. In addition, the control of chaos can
be achieved by adjusting the excitation frequency of the memristor. The theoretical
results and numerical laws presented in this paper are verified by circuit implementation
based on the microcontroller unit.

1. Introduction

Chaotic signal [1-3] is a type of signal that exhibits irregularity, aperiodicity, and high
complexity over time. The primary characteristics of chaotic signals are broad
frequency spectrum, randomness, and determinism. The generation of chaotic signals
typically involves nonlinear dynamical systems [4], such as the Lorenz system and the
Logistic map. These systems possess the property of sensitive dependence on initial
conditions, wherein small changes in initial conditions can lead to significant
differences in the systems' evolution. Due to these characteristics, chaotic signals have
attracted extensive research interest in various fields, including communication [5],
cryptography [6], and biology [7]. In the field of chaotic system research, the control
of chaotic signals has always been a popular topic of investigation [8]. To steer the
behaviors of chaotic systems towards desired states or achieve specific functionalities,
researchers have explored various control strategies, including offset boosting [9,10],
the existence of multistability [11], and the introduction of memristors [12—14].

Chaotic systems are characterized by the sensitivity to initial conditions, the complexity,
and unpredictable behavior, which makes it great challenging to control such systems.
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Offset boosting provides a simple yet effective means for controlling the system's
trajectory [15]. Offset boosting is a common control method for chaotic signals even a
discrete map [16], which involves introducing a constant offset signal to alter the
dynamic behaviors of the system. This external parameter serves as a control unit that
can shift the system's orbit in a desired direction. This method allows for the adjustment
of the attractor positions in chaotic systems, enabling control and regulation of the
systems [17,18]. By adjusting the magnitude and temporal variations of the offset
boosting parameter, a transition can be achieved from periodic to chaotic motion. Offset
boosting can modify the stability, and periodicity, or generate new attractors in the
systems [19,20]. It has an impact on the multistability and coexistence of attractors in
chaotic systems [21,22]. Multistability is an important phenomenon in chaotic systems,
indicating the simultaneous existence of multiple stable attractors. By changing the
initial conditions of the systems [23], homogeneous or heterogeneous attractors can be
generated. The presence of multistability provides chaotic systems with increased
degrees of freedom and richer dynamic behaviors, offering broader potential
applications in information processing and random number generation [24,25].
Through the design of appropriate control strategies, it is possible to achieve transitions
from one stable state to another, thereby controlling and regulating chaotic systems [26].
In addition to offset boosting and multistability, the introduction of memristors also has
a significant impact on the control and dynamic behaviors of chaotic systems [27]. A
memristor is an electronic component with memory effects, where its resistance varies
with voltage or current and retains the memory for a certain period of time [28].
Incorporating memristors into chaotic systems can alter their dynamic characteristics
and introduce adaptive capabilities [29]. The introduction of memristors extends the
state space of chaotic systems, enhances their nonlinear properties, and introduces more
complex behaviors and a wider range of control strategies [30].

Many important results have been achieved in the study of continuous chaotic systems
[26, 27]. Researchers have revealed the basic principles, dynamical behaviors, and
control methods of chaotic systems through mathematical modeling, simulation
experiments, and real circuit implementation [33]. Continuous chaotic systems find
wide applications in areas such as communication encryption, random number
generation, chaotic modulation, and chaos synchronization [34,35]. However, there are
certain gaps in the study of discrete chaotic signals. The study of discrete chaotic
systems is relatively limited, especially in the drilling of offset boosting, multistability,
and memristors. This limitation restricts the development of discrete systems in
information processing and control applications. Therefore, to address this gap, we have
constructed a class of memristive Hénon maps intending to explore the dynamic
behaviors and potential applications of discrete chaotic signals. The proposed systems
take into account factors such as offset boosting, multistability, and memristors, and
further investigate their effects in the field of the control of chaos.

The main contributions of this work are as follows:
(1) Based on the Hénon map, we successfully introduce the memristor as an electronic
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component in the proposed systems. By employing various nonlinear functions, several
novel discrete chaotic maps are constructed. These nonlinear functions include absolute
value functions, trigonometric functions, and activation functions widely used in neural
networks to enhance the nonlinear properties of the systems and enrich their dynamic
behaviors.

(2) In a part of the proposed chaotic systems, the one-dimensional offset boosting of
the systems is achieved through a parameter, allowing for the adjustment of the systems'
dynamic behaviors. This parameter can be regarded as an one-dimensional offset
boosting of the systems. By tuning its magnitude and variation, the extent of deviation
and trajectories of the attractors can be altered.

(3) In the proposed systems, the coexistence of homogeneous attractors is discovered
when the initial values of the systems undergo periodic variations. The generation of
these attractors is induced by slight changes in the system parameters. By fine-tuning
these parameters, researchers can control the generation of different attractors and
achieve regulation and control of the systems' states.

(4) By adjusting the external excitation frequency of the memristors, the influence on
the systems' dynamic behaviors is achieved. When the excitation frequency is in a
suitable range, the nonlinear feedback of the memristors can be enhanced. The
introduction of the excitation frequency enables the control of chaotic systems.

(5) A circuit implementation based on CH32 is employed to validate the proposed
systems' offset boosting and the multistability controlled by initial conditions.

The remainder of this paper is summarized below. In Section 2, a class of memristive
Hénon map is proposed and the system parameter settings of the proposed maps are
shown. In Section 3, the local offset boosting of the system variables is demonstrated.
In Section 4, the coexistence of homogeneous attractors generated based on the system's
initial conditions is shown. In Section 5, it is shown that adjusting the excitation
frequency of the memristors thereby affects the dynamic behaviors of the chaotic
systems. In Section 6, the proposed chaotic maps are implemented through a circuit
based on the CH32 platform, and the offset boosting and coexistence of homogeneous
attractors are demonstrated on its basis. In Section 7, the conclusion of this paper is
shown.

2. Memristor- embedded Hénon maps

Inspired by the above-mentioned work, we construct a class of memristive Hénon maps
as follows:

{xnﬂ:l—axf—f(yn)xn 0

yn+1 = Cyn + bXn

In Eq. (1), a, b, and c are the three system parameters, and f{») is a nonlinear function
about y,, which contains the absolute value function, trigonometric functions and
activation functions. For the classic Hénon map, f(y,) = y»and ¢ = 0.

According to Eq. (1), six chaotic maps are constructed as shown in Table 1. Six different
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expressions and corresponding system parameters are shown in Table 1. It is worth
noting that we successfully construct six chaotic maps by using different nonlinear
functions to act as different memristors. In addition, the Lyapunov exponents (LEs) and
Kaplan-Yorke fractal dimension (Dxy) corresponding to these maps are available in
Table 1. Lyapunov exponents are used to measure the sensitive dependence and chaotic
behaviors of dynamical systems. The Wolf algorithm is here employed to get Lyapunov
exponents. Both x(n) and y(n) are initially set to 0. The system variables x(n+1) and
y(n+1) are taken into consideration after 10,000 iterations. Kaplan-Yorke fractal
dimension is a measure of bifurcation and chaotic behaviors in dynamical systems.
Kaplan-Yorke fractal dimension gives the attractor dimension as an upper bound and is
calculated as follows:

.1
Do =1+ ZLEi (2)

j+1| =L

where j is the maximum value that makes Zj,: LE; >0.

Table 1
Six chaotic maps with (xo, y0) = (0, 0).
Models Equations Parameters LEs Dxy
X, =1-axt —(0.77+1.1]y, ), @=07
MHM1 { b=02 0.1188, -0.1609 1.74
yn+1 - Cyn +bX c= 1
h =0.1
X, =1-ax? —(1.26+tanh(y, ))x, -
MHM?2 b=1 0.0577, -0.0894 1.65
yn+1 - Cyn +bX c= 1
X, =1-ax; —1.8cos(y, )X a=0.01
MHM3 { nen b=0.1 0.2514, -0.0031 2
yn+1_cyn+bx c= 1
a=0.03
X, =1-ax’ -19sin(y,)x, -
MHM4 { (vn)x b=008 779101543 2
yn+l - Cyn +bX C = 1
a=1
X,y =1- ax +1.5c0s _
MHMS5 { ()% b=1 02110, 0.0123 2
yn+l_Cyn+bX C:-l
a=1
X, =1— ax —2sin _
MHM6 (va)% b=0.1 0.07, 0.0083 2
yn+1—cyn+bx c=-
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Fig. 1. Attractors of the models with (xo, yo) = (0, 0): (a) MHM1, (b) MHM2, (c) MHM3,
(d) MHM4, (¢) MHMS, (f) MHMS.

In order to have a visual observation of the attractors generated by these systems, Fig.
1 illustrates the dynamical behaviors of these six attractors. Fig. 1 shows the phase
trajectories of the six chaotic maps at the initial value (xo, y0) = (0, 0) and for different
system parameter settings. In Fig. 1, different memristors modulate the dynamical
behaviors of the attractors and increase the nonlinear properties of the systems. The
introduction of the memristors extends the state space of the chaotic system. Please note,
the sequences and phase orbits are derived by 100,000 iterations, with the ignorance of
first 5,000 iterations to remove the transient.
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In addition to constructing chaotic systems using the common functions mentioned
above, we also try to use many interesting functions for constructing chaotic systems.
ReLU function, Sigmoid function and Softsign function are included, which are
frequently used as activation functions in neural networks. Table 2 shows in detail these
chaotic systems where activation functions are successfully introduced. In Table 2, the
equations, parameters, Lyapunov exponents and Kaplan-Yorke fractal dimension of
these systems are shown in detail.

In Fig. 2, the phase trajectories of these chaotic maps are shown. We are surprised to
find that these maps, constructed by the activation functions, produce attractors that are
very similar in shape. In particular, the attractor produced by MHM?7 constructed by the
ReLU function is identical to the attractor of MHMI constructed by the absolute value
function in both shape and value domain. This is due to the fact that at these parameter
values, the values of the y(n) sequences in both systems are greater than or equal to 0,
and the ReLu function and the absolute value function act on the y(n) sequences in the
same way. Therefore, they exhibit the same dynamic behaviors under the effect of the
same parameters, as shown in Fig. 3(a). In addition to this, MHMS constructed by the
Sigmoid function and MHMO constructed by the Softsign function exhibit similar phase
trajectories under similar system parameters. This is because the two activation
functions as shown in Fig. 3(b) are very close to each other in the y(n) range under the
system parameters.

Table 2 Chaotic maps with activation functions

Models Equations Parameters LEs Dxy
X,y =1-ax? —(0.77 +1.1ReLU(y,))x, a=07
MHM7 b=0.2 0.1188,-0.1609 1.74
yn+l = Cyn +bxn
c=1
X,., =1—ax? —(0.81+0.3Sigmoid (y, )) X, =058
MHMS8 b=5 0.1379,-0.1215 2
yn+l = Cyn + bxn
c=1
X, =1-ax? —(0.825+0.3350ftsign (y, )) x, =058
MHM9 b=5 0.1721,-0.2263 1.76
yn+1 = Cyn +bxn 1
c=
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Fig. 2. Similar attractors generated by chaotic maps constructed with different functions:
(a) MHM1, (b) MHM7, (c) MHMS&, (d) MHMO.
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Fig. 3. Functions used to construct chaotic systems: (a) when the variable y is greater
than or equal to 0, the absolute value function and the ReLU function have the same
effects on y, (b) Sigmoid function and Softsign function exhibit similar properties under
the system parameters.



3. Offset boosting relying on a single parameter

Offset boosting of chaotic systems is a method of changing the behavior of a chaotic
system by introducing external signals or control parameters. This method is often used
to control and adjust the properties of chaotic systems or to generate specific chaotic
sequences. In discrete systems, there are usually two ways to implement offset boosting.
The first method is to introduce external parameters into the current system to control
the offset boosting of the discrete sequences. The second method is to change the initial
conditions of the system and thus achieve offset boosting. In the chaotic maps proposed
in this paper, models MHM1, MHM2, MHM3, MHM4, MHM7, MHMS8 and MHM9
can be locally offset boosted by the first method. For example, in MHM1, when the
variable y obtains an offset boosting di, the model MHM1 should be modified as
follows:

{xm =1-ax?—(0.77+1.1]y, +d,)x, )

Yo =C(y, +d,)+bx, —d,

Since the system parameter ¢ = 1 in MHMI1, the offset boosting parameter di of the
second expression in Eq. (3) can be removed. This means that only one parameter d; is
enough to achieve the offset boosting of the variable y, as shown in Eq. (4).

Xy =1—ax2 —(0.77+1.1]y, +d[)x,
Yo = Yo + DX,

In order to better demonstrate the effect of the parameter di on the offset boosting of
the variable y, Fig. 4 shows the dynamic behaviors of MHM1 under different settings
of the parameter d;. Fig. 4(a) and (b) show the offset boosting of the parameter d; to the
phase trajectories and waveform of the map (4) with different parameter settings,
respectively. As shown in Fig. 4(c) and (d), the bifurcation diagram and invariant
Lyapunov exponents indicate that the parameter di achieves offset boosting without
changing the system dynamics.

4

In the chaotic map proposed in this paper, the offset boosting of system variable y can
be achieved when the system parameter ¢ = 1. Therefore, there also exists the offset
boosting parameter d> in the model MHM2. The offset boosting of the variable y in
MHM?2 can be achieved by a single parameter d>, as shown in Eq. (5):

{XM =1-0.1x2 —(1.26+0.3tanh (y, +d,))x,
yn+l = yn + Xn

Fig. 5 illustrates the dynamic behaviors of MHM2 with different settings of the offset
boosting parameter d>. Fig. 5(a) and (b) demonstrate the offset boosting of the phase
trajectories and waveform of the map (5) with different settings of the parameter o,
respectively. As shown in Fig. 5(c) and (d), the bifurcation diagram and invariant
Lyapunov exponents indicate that the parameter d> achieves offset boosting without
changing the system dynamics. Fig. 6(a) and (b) demonstrate the average value of the
variable y in MHM1 and MHM?2, as the offset boosting parameters are changed,

)
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respectively.
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Fig. 4. Offset boosting of MHMI1: (a) parameter d; changes the offset boosting of the
phase orbits, where blue: di = 0, red-orange: d; = 1, gold: di =-1, (b) the offset boosting
of waveform y(n) is adjusted by parameter di, where blue: d; = 0, red-orange: di = 1,
gold: d1 = -1, (c) bifurcation diagram, (d) Lyapunov exponents.



30

'dQZO'dzzlo d2:20

20

30 'dQZO'dzzlo dg:20
20
— 10
£
-10
-20 :
0 50 100
n
(b)
0.5 —LE1
LE2
1]
o
-0.5 ‘ : :
-20 -10 0 10 20
d2
(d)

Fig. 5. Offset boosting of MHMS: (a) parameter d> changes the offset boosting of the
phase orbits, where blue: d>» = 0, red-orange: d» = 10, gold: d>» = 20, (b) the offset
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Fig. 6. The mean value of y(n) varies with the offset boosting parameter: (a) average
value of variable y of MHMI, (b) average value of variable y of MHM?2.
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4. Offset-oriented multistability

Multistability is an important phenomenon in chaotic systems. It indicates the existence
of multiple fixed points or attractors in the systems. These attractors correspond to
different system parameters or initial conditions. In continuous systems, symbolic
functions or trigonometric functions are usually utilized to construct chaotic systems
with multistability. Inspired by this, we introduce trigonometric functions to construct
discrete chaotic systems with multistability properties, i.e., MHM3, MHM4, MHMS,
and MHMBS6 in Table 1. In these systems, we construct discrete systems with coexisting
homogeneous attractors by introducing two kinds of periodic functions, namely, the
sine function and the cosine function. By changing the initial value of y(0), these
systems can successfully access the homogeneous attractors.

As shown in Fig. 7, the coexisting homogeneous attractors produced by MHM3 and
MHM4 are controlled by the initial conditions. When »(0) gets periodic feedback, both
systems generate a single homogeneous attractor. Fig. 7(a) shows the system MHM3
generates homogeneous attractors when y(0) is taken as £2x and +4m, respectively. Fig.
7(b) demonstrates the system MHM4 generates homogeneous attractors when »(0) is
taken as +2m and +4n, respectively. Fig. 8 and Fig. 9 show the dynamic analysis of
MHM3 and MHMA4, respectively, including the bifurcation diagrams and Lyapunov
exponents under different initial conditions.
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Fig. 7. Coexisting attractors with different offset levels: (a) MHM3, (b) MHM4.
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Fig. 8. Dynamics analysis of MHM3: (a) bifurcation diagram, (b) Lyapunov exponents.
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Fig. 9. Dynamics analysis of MHM4: (a) bifurcation diagram, (b) Lyapunov exponents.

Moreover, the multistability phenomenon also exists for the maps MHMS and MHM6
when the system parameter ¢ = -1. Unlike the homogeneous multistability phenomenon
described above, two homogeneous attractors are generated at a time when the initial
value of y(0) of MHMS5 or MHMG6 receives periodic feedback. That is to say, MHMS5
or MHMG6 produces twice as many attractors as MHM3 or MHM4. As shown in Fig.
10, the systems produce two homogeneous attractors when the initial values of y(0) are
2n and 4m, respectively. In this case, the phenomenon of coexisting homogeneous
multistability appears. Fig. 11 and Fig. 12 show the dynamics analysis of the systems
MHMS and MHMBS6, respectively, including the bifurcation diagrams and Lyapunov
exponents under different initial conditions.
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Fig. 10. Generation of attractors with different initial values of »(0): (a) phase
trajectories with different initial values of »(0) of MHMS, (b) phase trajectories with
different initial values of (0) of MHMS6.
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Fig. 11. Dynamics analysis of MHMS: (a) bifurcation diagram, (b) Lyapunov exponents.
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Fig. 12. Dynamics analysis of MHMG6: (a) bifurcation diagram, (b) Lyapunov exponents.
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5. Excitation frequency of the memristor

By adjusting the excitation frequency of the memristor, the response state of the
memristor can be adjusted, which further controls the systems' dynamical behaviors.
This tuning allows the system to transition among different dynamics, e.g. from
periodic to chaotic behaviors. In addition, the adjustment of the frequency of the
memristor changes the number and type of coexisting attractors in phase space. This
type of control provides a novel means for regulating chaotic sequences.

Take the MHM3 system as an example, introducing the time scale factor s, the
following equations are obtained:

{xml:s(l—axf ~1.805(Y, ) X, =X, )+ X, ©

Yaaa =CY, +bX;

Here the inherent differential constraint relation of the memristor remains unchanged,
while only the dynamical speed of the external excitation variable is changed. Fig. 13
illustrates the bifurcation diagram and Lyapunov exponents for the time scale s in the
range (0, 1.1). When s is in the range of (0, 0.75), the system is in a divergence state.
When s is in the range of (0.75, 0.95), the system is in a period state. Fig. 14
demonstrates the changes in the system's period state caused by the time scale s in
different cases. As shown in Fig. 15, the system is in a chaotic state when s is in the
range of (0.95, 0.99) and (1, 1.1). Different values of s correspond to different phase
trajectories as shown in Fig. 15. The changes in frequency affect not only the shape of
the phase trajectories but also the number of attractors generated. By analyzing the
phase trajectories in Fig. 15, it can be found that an increase in s within a certain range
enhances the nonlinear properties of the system, thus increasing the number of attractors.
When s is greater than 1.1, the linear feedback of the memristor is enhanced and the
nonlinear feedback is weakened, so the chaotic state cannot be reached.
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Fig. 13. Dynamic analysis of MHM3: (a) bifurcation diagram, (b) Lyapunov exponents.
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Fig. 15. Different phase trajectories of MHM3 with different settings of s: (a) s = 0.97,
(b) s =1.026, (c) s = 1.032, (d) s = 1.038.

6. Circuit verification based on CH32 platform

The CH32V307 is a 32-bit microcontroller with an embedded RISC-V core and
hardware floating-point unit, with a maximum frequency of 144MHz. RISC-V, an
open-source instruction set architecture, follows the principles of reduced instruction
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set computing (RISC). The CH32V307 is a high-capacity, general-purpose
microcontroller built on the RISC-V core, merging the adaptability of the RISC-V
architecture with the comprehensive features of the microcontroller. It has 256KB flash
memory and 64KB SRAM, providing powerful computing capabilities. It also has two
built-in 12-bit DACs that can convert the digital chaotic signals calculated into analog
voltage outputs. The design writes the chaotic map equation into the main loop to iterate
continuously. The value of each iteration is linearly mapped to a digital range of 0-4095.
It is written to the DAC registers to start conversion. The two DACs will convert the
digital signals into analog voltage output to the channels of an oscilloscope, realizing
the observation of chaotic graphs on the oscilloscope.

The whole process utilizes the CH32V307's computing power to continuously calculate
the chaotic maps, and uses the built-in DACs to convert the digital chaotic signals into
analog voltage form, finally displaying on the oscilloscope. This allows an in-depth
study of chaotic systems. Fig. 16 shows the phase trajectories corresponding to each of
the six chaotic maps. Fig. 17 demonstrates the offset boosting of the phase trajectories
for chaotic maps MHM1 and MHM2 set at different parameters. The homogeneous
multistability of chaotic maps MHM3 and MHM4 controlled by the initial values of
¥(0) are shown in Fig. 18. Homogeneous multistability generated by the control of the
initial values of y(0) for the chaotic maps MHMS5 and MHMS6 are shown in Fig. 19.
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Fig. 16. Phase trajectories of six chaotic maps with different parameter settings: (a)
MHM1, (b) MHM2, (¢) MHM3, (d) MHM4, (e) MHMS, (f) MHMG6.
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Fig. 17. Phase trajectories with different settings of offset boosting values: (a) MHM1,
(b) MHM2.
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Fig. 18. Discrete sequences in the chaotic maps MHM3 and MHM4 with different
initial values of y(0): (a) MHM3, (b) MHM4.

(b)

Fig. 19. Discrete sequences in the chaotic maps MHMS5 and MHM6 with different
initial values of y(0): (a) MHMS, (b) MHM6.

7. Conclusion

It has been found that many chaotic systems can be generated by introducing
memristors in the Hénon map through various nonlinear functions. In these systems,
when the system parameters are set appropriately, local offset boosting for single
parameter control can be achieved thus providing more chaotic control options. This
approach greatly enhances the range of controlled behaviors. The introduction of sine
and cosine periodic functions further diversifies this control, enabling the initial
conditions to govern offset boosting and facilitating the coexistence of homogeneous
multistability within the phase space. When the system parameters are set differently,
different numbers of attractors are generated. Moreover, by adjusting the excitation
frequency of the memristors, the response state of the memristors can be adjusted and
thus the control of chaos can be realized. These theoretical advancements have been
practically verified through circuit implementations based on CH32 platform,
confirming the potential value of this methodology for chaos regulation.
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