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Abstract

In this thesis, we consider the problem that optimizes the parameter in the station-
ary distribution of markov decision process, stochastic differential equations (SDEs) and
stochastic partial differential equations (SPDEs). First, we study the online Actor-critic
algorithms in Reinforcement Learning with tabular parametrization and prove that, un-
der a time rescaling, the algorithm converges to ordinary differential equations (ODEs)
as the number of updates becomes large. The convergence and convergence rate to the
optimal strategies are given by using a two time-scale analysis which asymptotically de-
couples the critic ODE from the actor ODE. Next, under the same framework, we show
that when both the actor and critic are parameterized by single-layer neural networks,
the Actor-critic algorithm will converge in distribution to a system of ODEs with random
initial conditions as the number of hidden units and the number of training steps goes to
infinity. The convergence to a stationary point of the limit actor network is also estab-
lished. Further, we develop a new continuous-time stochastic gradient descent method
for optimizing over the stationary distribution of SDE models. The novel idea of our
algorithm is that the gradient estimate is simultaneously updated using forward prop-
agation of the SDE state derivatives, which asymptotically converges to the direction
of steepest descent. We rigorously prove convergence of the online forward propagation
algorithm for linear SDE models and present its numerical results to a range of mathe-
matical finance applications. Finally, we establish the convergence of our algorithm for
a class of nonlinear dissipative SDEs whose drift and volatility functions both depend
upon the parameters which are being optimized. We also show the application of our

algorithm in Neural SPDEs.
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Chapter 1

Introduction

The classical supervised learning problems [66, 71] in machine learning [19, 110] aim to solve the

following optimization problem

rrgn J(0),

J(0) = Ex~r f(0, X). (1.0.1)
Here X ~ 7 means that random variable X satisfies the distribution 7, which does not consist of
parameters that need to be optimized. At step ¢, the stochastic gradient descent (SGD) [11, 88, 122]
use the i.i.d. samples X; that is generated from distribution 7 to update the parameter:

9t+1 = 975 - atVGf(QhXt). (102)

The convergence of SGD (see [14, 27] for details) follows from the decomposition
0t+1 = Qt — athJ(Gt) + Qg€

(1.0.3)
Where € — V(;J(F)t) — ng(@t, Xt),
and the stochastic estimate of the direction of steepest descent is unbiased:
E [—V@J(et) + Etl Ht] == —VQJ(et). (104)
Broadly speaking, this thesis is focused on solving optimization problem:
mein Eyer, f(Y), (1.0.5)

where 7y is the stationary distribution of some Markov chains, Markov decision process or stochas-
tic differential equations (SDEs), which is parameterized by 6. As an important generation of
optimization problem (1.0.1), (1.0.5) can be derived from Ergodic Stochastic Control [6], Parameter
Estimation in SDE [116, 128], Reinforcement Learning [136], Bayesian statistics [37, 68], Markov
Chain Monte Carlo [97], etc.

In the first part of this thesis, we first study the Actor-critic (AC) algorithms, which are widely
used in reinforcement learning. The difficulty of analysing AC is brought by the online arrival of
non-i.i.d. data samples. What’s more, the distribution of the data samples dynamically changes as
the model is updated, which introduces a complex feedback loop between the data distribution and

the reinforcement learning algorithm. We prove that, under a time rescaling,



e The online actor-critic algorithm with tabular parametrization converges to ODEs as the num-

ber of updates becomes large.

e The online actor-critic algorithm with single layer neural network parametrization converges
to ODEs with random initialization as the numbers of iterations and hidden units becomes

large.

The proof first establishes the geometric ergodicity of the data samples under a fixed policy. Then
we prove that the fluctuations of the data samples around a dynamic probability measure, which is
a function of the evolving actor model, vanish as the number of updates becomes large. Using the
Poisson equation and weak convergence techniques, the ODE limit can be derived and then we study
its convergence properties using a two time-scale analysis which asymptotically de-couples the critic
ODE from the actor ODE. The convergence of the critic to the solution of the Bellman equation
can be established for both tabular and neural network cases. And for the tabular parametrization,
the actor will converge to the optimal policy while for the neural network case, the convergence to
a stationary point is established.

Then in the second part, we develop a new continuous-time SGD method for optimizing over
the stationary distribution of SDE models. The algorithm solves an SDE, derived using forward
differentiation, which provides an asymptotically unbiased stochastic estimate for the gradient. The
algorithm continuously updates the SDE model’s parameters and the gradient estimate simultane-

ously. We rigorously prove convergence of the online forward propagation algorithm for:

e Multi-dimensional Ornstein-Uhlenbeck process by analysing the closed form formula of its

probability density function.

e Nonlinear dissipative SDEs by characterizing the convergence rates of the transition semi-group

and its derivatives.

The challenge of the proof comes from the fluctuations of the parameter evolution around the
direction of steepest descent. We prove bounds for the solutions of a new class of Poisson partial
differential equations (PDEs), which are then used to analyse the parameter fluctuations. We also
present the application of our algorithm into a range of mathematical finance applications, including
statistical calibration of SDE models, high-dimensional stochastic optimal control for long time
horizons, training stochastic point process models of limit order book events and calibrate SPDE

models.
1.1 Online Actor-Critic in Reinforcement Learning
1.1.1 Background of Reinforcement Learning

Let M = (X, A,p, u,r,7) be an Markov decision process, where X is a finite discrete state space,

A is a finite discrete action space, p(z’|z,a) is the transition probability function, u is the initial



probability distribution of the Markov chain, r(z, a) is the reward function, and the discount factor
is v € (0,1). Let the policy f(x,a) be the probability of selecting action a in state z. The state
and action-value functions V¥(-) : X — R and V/(-,-) : X x A — R are defined as the expected

discounted sum of future rewards when actions are selected from the policy f:

E ’Y r (T, ag) | To = E ’Y r(zg,ar) | o = 2,00 = a| ,

)

(1.1.1)
where ay ~ f (xk,-), and 21 ~ p(- | o1, ax) for all k € Z*. Note that the transition kernel p and
policy f induce a Markov chain on the state-action space X x A. Then for any (z,a) € X x A,
define the state and state-action visiting measures respectively as UI]; and U,J:, where

2)=) " Plar=2), of(r,a)=) +* P =xa;=a) (1.1.2)
k=0

k=0
and zg ~ p(-),ar ~ f(xk, ), Tht1 ~ p(- | xg,ax) for all & > 0. One can define a new MDP

M= (X, A, p,u,r,v) with the transition probability function

p@' |z,a)=v-p@'|2,a)+(L—7) p), (1.1.3)
and [83] prove that the stationary distribution of M under policy f is the ﬁaﬁ in (1.1.2).
The goal of reinforcement learning is to learn the optimal policy f* which maximizes the expected
discounted sum of the future rewards:

Zv r(Tk, ak) 1 = Z )V (z) = Z o/{(x,a)r(m,a). (1.1.4)

TeX (z,a)eX XA

Policy-based reinforcement learning method optimizes the objective function over a class of policies

{fo | 0 € B} using the policy gradient theorem [136], which states that
VoJ (fG) = Egﬁé [Vfg (.’IJ, CL) -V IOg f@(xa a)} ) (115)

where 0'59 is the state-action visitation measure defined in (1.1.2). In practice, the value function in
the policy gradient theorem (1.1.5) is unknown and must therefore also be estimated by a statistical

learning algorithm.
1.1.2 Online Actor-Critic Algorithm

Online actor-critic algorithms simultaneously estimate the value function using a critic model and
the optimal policy using an actor model. In this thesis, we specifically study a class of online
actor-critic algorithms with tabular and neural network parametrization.

Tabular parametrization: The “actor” is a tabular softmax policy

69(1:,(1)

Z GG(I,G') ’ (1.1.6)

a’€ A

fe(l’,(l) =



with parameters 6 = (6(x,a)) The “critic” Q = (Q(x,a))(z,a)cx x.4, acting as the ap-

(z,a)eXxA’
proximation of the unknown state-action value function for the optimal policy (approximated by
the actor model), is also a tabular with separate parameter for each state-action pair. The policy
fo(z) = (fo(, a))aeA is a probability distribution on the set of actions .A.

In our algorithm, at the learning step k, we use 6;, to denote the estimate for the policy parameters
and @, as the estimate for the value function under the policy fy,. At step k, the sample (Ty.ax)
, used to update the actor parameters 0y, is generated from MDP M by policy fg,. Then we use
vanilla policy gradient theorem (1.1.5) to update the actor and get new policy fs,.,. The sample
(g, ar) is generated from MDP M by the exploration policy gg, defined in (1.1.10). An exploration
policy is used to guarantee that the policy will have a positive probability to visit all states and
actions. We then update the critic by temporal difference learning [146] to obtain the new critic
approximation QQx+1. For notational convenience, we will sometimes use fr and g to denote fo,

and gg,. In summary,

e The samples {Zy, ay }r>1 for the actor model are sampled from M under the policy fx:

__ PCIZo,a0) _ fo(@1) _ PCIT1,E1) _ f1(@2,)) _ P([T2,42)
o, ao T ay T2 as T3 . (117)

e The samples {zy, ax }r>1 used to train the critic model are sampled from M under the explo-

ration policy gx:

p(-|zo,a0) go(z1,) p(-|z1,a1) g1(z2,") p(-|z2,a2)
o, ap X1 ajq To as T3+ . (118)

And 6y, Qy, are updated according to the actor-critic algorithm:

Qr+1(z,0) = Qr(x,a) + % (r(xkv ar) + YQk(Tht1, akt1) — Qu(xg, ak))@m,a@k(xk; ag)
N (1.1.9)
Ok+1(7,a) = Ok(x,a) + %Qk(fmﬁk)%a log fi(Zk, ax),

for k=0,1,...,TN. The actions aj in (1.1.9) are selected from the distribution
iy

9o, (z,a) = |A| + (=) fo,(x,a), Y(zx,a) € X x A, (1.1.10)
where 0 < n¥ < 1. That is, with probability 7}, we select an action uniformly at random and, with
probability 1 —n}, we select an action from the current estimate for the optimal policy. We let the
exploration rate decay during training, i.e., 77,]:] — 0 as k — oo.

Neural Network Parametrization: Now the “actor” is defined as

exp(Fy" (x, a))

[ (x,a) = Softmax (P} (x,a)) = Zexp(PN(sc o))

(1.1.11)

where PJ¥(z,a) is the actor network:

Py (

3\

N
Z (z,a)) (1.1.12)



parameterized by the parameters § = (B',...,BN,U',...U") with B* € R and U’ € RI*I*IAl

The “critic” is another network

QY (x,a) W ZCZ (z,a)), (1.1.13)

parameterized by the parameters w = (C*,...,CN W' ... W), where C* € R and W' € RIXHIAL
Similar to the framework for the online tabular Actor-Critic algorithm (1.1.7), the data samples

used to train the actor and critic networks are generated as follows.

e The “actor” process:

— o A(-|Z0,a0) _ g0 (@1,) _ BCl&1,a1) _ 97 (F2,) _ B(|E2,d2) _ 92 (Ts) _
(M,Ac) : (xo’ao) ~ po z1 ai T2 a2 r3 as---,

(1.1.14)

e The “critic” process:

p(-|z0,a0) g (x1,7) p(-|z1,a1) a7 (z2,") p(-|z2,a2) g (2s,7)
(M, Cr) : (zg,a0) ~ po 1 ay To as T3 as---

(1.1.15)

In order to make sure the convergence, unlike (1.1.7), here both the actor and critic processes are

sampled by the exploration policy g,iv , which is defined as
N

g (&) = |777| (1= N, €= (wa), (1.1.16)

and (7)o is a sequence of exploration rates such that 0 < 7Y < 1 and nY "=5° 0. The parameters

in the actor and critic networks are updated by:
N
. . 0% .
Ciy1=Cp + Ve (r(&k) + QR (&ks1) — QF (&) o (Wi - &)
N

Wi =W+ L\/N (r(&k) + Q% (hs1) — QR (&) Cho’ (Wi - &) &,

Biyy = By + NCfC|Ip(Qk (ér)) (U ka Tp,a”)o( (fk,a//))> )
Uk+1 Uy, + NC\/NChp(Qk (fk)) ( o' (Uy ka T, a")Bio' (U, - (ﬂfk,ak))(fkaaﬂ)> )
(1.1.17)
where
clip(z) = max(min(z, 2), 0) (1.1.18)

is to ensure that the convergence when N — oc.
1.1.3 Owur new contribution

In Chapter 2, we prove that, under a time rescaling, the online actor-critic algorithm (1.1.9) converges

to an ordinary differential equations (ODEs) as the number of updates becomes large.



Theorem 1.1.1 (Limit Equations). For any T > 0,

i B sup [0 =6l + [[Quey — Qifl] =0, (1.1.19)

where Qy and 0, satisfy the nonlinear system of ODEs:

%(% a) = ar’% (z,a) | r(z,a) +v Z Qi(z,a")g5,(z,a")p(z|x, a) — Qi(z, a)

o (1.1.20)
do, . _ _
ditt(xv a) - CtO—IJ:St (Iv a) Qt(xv a) - Z Qt($, a/)fét (xa a/) )

with initial condition (Qo,0) = (Qo, 0o).

Using a two time-scale analysis, we provide the proof for the convergence of the critic ODE to

the solution of the Bellman equation and the actor ODE to the optimal policy.

Theorem 1.1.2 (Global Convergence). The limit critic model converges to the value function:

_ 1
vl =0 ) 1.

For the sufficient exploration initial distribution p(x) > 0,Vo € X, the limit actor model converges

to the optimal policy:

J(f7) = I(fa) = O (llgt) , (1.1.22)

where f* is any optimal policy.

Then in Chapter 3, we show algorithm (1.1.17) converges in distribution to the solution of a
nonlinear ODE system as the number of hidden units for the neural networks and the number of

training steps — oco. Define the empirical measures

1 & 1 &
pe = N ZéB}'C,U,’iv vy = N Zfsc;;,w,g (1.1.23)
i=1 i=1
In addition, we define the following time-rescaled processes for any £ = (z,a) € X x A
QiN(S) = QJLVNtJ (&), ,Uiv = ,UJ]LVth VtN = Vﬁvq' (1.1.24)
Using Assumptions 3.2.9 and 3.3.1, we know that ul’, v S o, vo and P, QY A G,Has N — o,
where pg, vy are mean-zero distribution and G, H are mean-zero Gaussian random variables by the

law of large numbers and central limit theorem for i.i.d. random variables, respectively. Define the

state space for the time-rescaled process (,uév N PN QN ):
E = MR x MR x RM x RM, d=|X|+|A|, M=|XxA| (1.1.25)
where M(RR!'*?) is the set of all probability measures on R'*?. Define the space
Dg(]0,T]) = {cadlag paths f: [0,T] — E}. (1.1.26)

Then the following convergence theorem holds.



Theorem 1.1.3. Let Assumptions 3.2.9 and 3.53.1 hold, and the learning rate for the critic parameter
updates be o™ = a/N for an a > 0. Then, the process (uiv,z/,fv,PtN,QéV) converges weakly in
the space Dg([0,T]) as N — oo to the process (us, v, P, Q), so that for any t € [0,T], any
¢ = (x,a) € X x A, and for every ¢,p € C} (R1+d), the limit process (s, Vi, Pr, Qt) satisfies the
random ODE:

d t ! " " / / !
Bre=a 3 Ace (1) +7 Y Qa0 "Wl - Que) | 7€),

§'=(x,a")

P~ S (@)
&=(a'a’)
Py(§) =G(&), Qo(§) =H()

(o, 11e) = (@, v0),  (py11) = (@, 10) ,
where

A&{’ - Z ft (xlv a//)A§,x’,a’/ O_z(t) (SI), (1127)

al’

Ager = / (c(w-&)o(w-&) + o’ (w-&) o' (w-&)(E-¢)) vlde, dw), (1.1.28)

G,H are the weak limits of P and QY , which are mean-zero Gaussian random variables, and
() = Softmax(P(€)), () = g + (L= m)fu©)

Analysis of the limit ODE (1.1.27) shows that the limit critic network will converge to the
true value function, which will provide the actor an asymptotically unbiased estimate of the policy

gradient. We also prove that the limit actor network will converge to a stationary point.

Theorem 1.1.4. If the actor network P; and critic network Q; evolved according to the limit ODE
(1.1.27), then under assumptions 3.2.9 and 3.2.10, the critic network converges globally to the value
function of the policy f; = Softmax(P;) as t — oo:

_yl — _y =0 . 1.1.29
|Q [ (nax  [Q:(€) ()] =O0(m) ( )
Moreover, the actor network converges to a stationary point:

VeJ(f) F2500. (1.1.30)

1.2 Stochastic Gradient Descent in Continuous time

1.2.1 Background of Stochastic Gradient Descent in Continuous time
[130] proposed a “stochastic gradient descent in continuous time” (SGDCT) algorithm for estimating
parameters in an SDE from continuous observations. Consider a diffusion X; € X = R™:

The goal is to statistically estimate a model f(z,6) for f*(z) where # € R™ where the function f*(z)
is unknown and W; € R™ is a standard Brownian motion. The diffusion term W; represents any

random behavior of the system or environment. The functions f(z,6) and f*(z) may be non-convex.



The authors assume that X; is sufficiently ergodic and that it has some well-behaved 7 (dzx) as its

unique invariant measure. Define the loss function

o(2,0) = 5 1.0) = @I =5 (J@0) = £@), (00 (F,0) - @), (122)

and the objective function to estimate the parameter 6 to be
J(6) = /X oz, 0)r(dz). (1.2.3)
In [130], the SGDCT follows the SDE:
46, = o0 [V (X0,00) (007) " dX0 = Vaf (X0,00) (007) " £ (X000 dt] (1.2.4)

where Vo f (X;;6;) is matrix valued and o4 is the learning rate. The parameter update (1.2.4) can
be used for both statistical estimation given previously observed data as well as online learning
(i.e., statistical estimation in real-time as data becomes available). SGDCT follows a noisy descent
direction along a continuous stream of data produced by X; and it is expected that 6; will tend
towards the minimum of the objective funtion (1.2.3). [130] proves convergence of the SGDCT to a

stationary point.
1.2.2 Owur new contribution

Unlike [17, 72, 126, 128, 130, 132, 135] that estimate the parameters for the SDE from continuous
observations with fixed dynamic, in Chapter 4 and Chapter 5, we design a novel continuous time
stochastic gradient algorithm to solve the different optimization problem that aim to optimize the
parameters in the stationary distribution of ergodic SDEs.

Consider a parameterized process Xte " € R? which satisfies the stochastic differential equation

(SDE):

dXP" = p(XP",0)dt + o(XP°,0)dW;,
(1.2.5)
Xg’x =z,

where # € R® and W, is a d-dimensional standard Brownian motion. Suppose Xf ¥ is ergodic and
our goal is to select § such that the stationary distribution of X¢ matches certain target statistics,

that is minimizing the objective function
N

J0) =3 (Eyw Ful¥)] = ﬁn) , (1.26)

i=1

where f,, are known functions and 3, are the target quantities '. The novel online forward propa-

I'Without loss of generality, we will set N =1 and 81 = 3 in (1.2.6).



gation algorithm for optimizing (1.2.6) is:

_ ~\ T
D — 20, (/%) - 9) (VAXOX,)
4%, = (112 (X0, 000K+ p0(X0,00)) it + (00(X, 00 Ko+ 00(X,00)) dWV,

dXt = ,LL(Xt, Gt)dt + O'(Xt, et)th,

(1.2.7)

dX; = u( Xy, 0;)dt + o(Xy, 0;)dWr,
where W, and W, are independent Brownian motions and a; is the learning rate.
In Chapter 4 and Chapter 5, we rigorously prove convergence of the online forward propagation
algorithm (1.2.7) for the multi-dimensional Ornstein-Uhlenbeck (OU) process and a class of nonlinear
dissipative SDEs whose drift and volatility functions both depend upon the parameters which are

being optimized.

e The OU process we focus on in Chapter 4 is

dx{ = (g(0) — h(0) X)) dt + ocdWy,
(1.2.8)
X{ ==,

where h(6) is uniformly positive definite.
e In Chapter 5, we study the SDE (1.2.5) with the drift and diffusion terms satisfy the following
dissipativity assumption:
7
m@hm—uu%m7m—xg+§w@h®—au%mfg—mm—xﬁ, (1.2.9)

where (a, b) :=b'a.
The main convergence result in Chapter 4 and Chapter 5 is the following:

Theorem 1.2.1. For the Ornstein—Uhlenbeck process (4.2.1) and nonlinear dissipative SDE under
Assumptions (A5.2.1) - (A5.2.5), the online algorithm (1.2.7) will converge to a stationary point
almost surely:

Jim [Vo.J(6,)] 0. (1.2.10)

In addition to the proof of convergence, in Chapter 4, we show the applications of our algorithm to
a range of mathematical finance problems involving statistical calibration of SDE models, stochastic
high-dimensional optimal control for long time horizons. The applications of our algorithm in control

SPDEs is also provided in Chapter 5.

1.3 Outline

The main contributions of this thesis can be summarised as follows:

e Derivations of ODE limit of fully online tabular Actor-Critic algorithm by using the Poisson

equation;



e Proof of the convergence and convergence rate to the optimal policy for the ODE limit of

Tabular Actor-Critic;

e Derivations of ODE limit of online Neural Actor-Critic by techniques of Poisson equation and

weak convergence;
e Proof of the convergence to the stationary point for the ODE limit of Neural Actor-Critic;

e Develop the novel online forward propagation algorithm to optimize the parameter in the

stationary distribution of SDEs;

e Prove the convergence of our algorithm for multi-dimensional Ornstein-Uhlenbeck process and

nonlinear dissipative SDEs;

e Presentation of the numerical results of our algorithm to a range of mathematical finance

applications.

In Chapter 2, we prove that, under a time rescaling, the online actor-critic algorithm with tab-
ular parametrization converges to ordinary differential equations (ODEs) as the number of updates
becomes large. The proof first establishes the geometric ergodicity of the data samples under a fixed
actor policy. Then, using a Poisson equation, we prove that the fluctuations of the data samples
around a dynamic probability measure, which is a function of the evolving actor model, vanish as
the number of updates become large. Once the ODE limit has been derived, we study its conver-
gence properties using a two time-scale analysis which asymptotically de-couples the critic ODE
from the actor ODE. The convergence of the critic to the solution of the Bellman equation and the
actor to the optimal policy are proven. In addition, a convergence rate to this global minimum is
also established. Our convergence analysis holds under specific choices for the learning rates and
exploration rates in the actor-critic algorithm, which could provide guidance for the implementation
of actor-critic algorithms in practice.

In Chapter 3, we prove that a single-layer neural network trained with the online actor critic
algorithm converges in distribution to a random ordinary differential equation (ODE) as the number
of hidden units and the number of training steps — oco. In the online actor-critic algorithm, the
distribution of the data samples dynamically changes as the model is updated, which is a key
challenge for any convergence analysis. We establish the geometric ergodicity of the data samples
under a fixed actor policy. Then, using a Poisson equation, we prove that the fluctuations of the
model updates around the limit distribution due to the randomly-arriving data samples vanish as the
number of parameter updates — oo. Using the Poisson equation and weak convergence techniques,
we prove that the actor neural network and critic neural network converge to the solutions of a
system of ODEs with random initial conditions. Analysis of the limit ODE shows that the limit

critic network will converge to the true value function, which will provide the actor an asymptotically
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unbiased estimate of the policy gradient. We then prove that the limit actor network will converge
to a stationary point.

In Chapter 4, we develop a new continuous-time stochastic gradient descent method for optimiz-
ing over the stationary distribution of stochastic differential equation (SDE) models. The algorithm
continuously updates the SDE model’s parameters using an estimate for the gradient of the sta-
tionary distribution. The gradient estimate is simultaneously updated using forward propagation of
the SDE state derivatives, asymptotically converging to the direction of steepest descent. We rig-
orously prove convergence of the online forward propagation algorithm for linear SDE models (i.e.,
the multi-dimensional Ornstein-Uhlenbeck process) and present its numerical results for nonlinear
examples. The proof requires analysis of the fluctuations of the parameter evolution around the
direction of steepest descent. Bounds on the fluctuations are challenging to obtain due to the online
nature of the algorithm (e.g., the stationary distribution will continuously change as the parameters
change). We prove bounds for the solutions of a new class of Poisson partial differential equations
(PDEs), which are then used to analyze the parameter fluctuations in the algorithm. Our algo-
rithm is applicable to a range of mathematical finance applications involving statistical calibration
of SDE models and stochastic optimal control for long time horizons where ergodicity of the data
and stochastic process is a suitable modeling framework. Numerical examples explore these poten-
tial applications, including learning a neural network control for high-dimensional optimal control
of SDEs and training stochastic point process models of limit order book events.

In Chapter 5, we study the convergence of the forward propagation algorithm, which is invented
in Chapter 4 for a class of nonlinear SDEs with non-constant volatility coefficients. Both the drift
and volatility functions in the SDE may depend upon the parameters which are being optimized. The
nonlinear SDE is assumed to satisfy standard dissipativity conditions, which allows us to leverage the
ergodicity of nonlinear dissipative SDEs to characterize the convergence rate of the transition semi-
group and its derivatives. Then, we prove bounds on the solution of a Poisson partial differential
equation (PDE) for the expected time integral of the algorithm’s stochastic fluctuations around the
direction of steepest descent. We then re-write the algorithm using the PDE solution in order to
characterize the parameter evolution around the direction of steepest descent. Our main result is a

convergence theorem for the forward propagation algorithm for nonlinear dissipative SDEs.
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Chapter 2

Global Convergence of Online
Tabular Actor-Critic Algorithms

2.1 Introduction

Actor-critic (AC) algorithms [81, 85] have become some of the most successful and widely-used
methods in reinforcement learning (RL) [136]. AC algorithms are typically implemented in two ways:
batch and online. In the batch setting, the actor’s one update in the outer loop is followed by the
critic’s numerous updates in the inner loop to get a good approximation of the value function. The
convergence of batch AC has been carefully studied recently [86, 142, 150]. An online, two time-scale
AC algorithm was first proposed in [81], where the actor and critic are updated simultaneously with
ii.d. data samples. In this chapter, we study a class of online actor-critic [78, 147, 149] algorithms
where the data samples arrive from a Markov chain [83] (instead of i.i.d. data samples) and prove
the actor/critic converge to the solution of an ODE as the number learning steps becomes large. It
is then proven that the solution of the ODE converges to the optimal policy.

We consider an actor-critic algorithm where the actor and critic are updated simultaneously at
each new time step by using the data samples from simultaneous simulations of two different Markov
decision processes (MDPs). Specifically, the data samples used to update the critic are from the
original MDP while the samples for the actor are from an artificial MDP with a slightly different
transition probability (will be clearly defined in Section 2.2) such that the update direction of the
actor asymptotically convergences to the unbiased policy gradient direction (see the algorithm in
[150] for details). The data samples from the MDPs are non-i.i.d. and the transition probability
function depends upon the action selected at each time step. Actions are selected using the actor’s
current policy. Therefore, the stationary distributions of the MDPs change as the actor evolves
during learning. In order for the critic to converge to the value function, an exploration component
is included in the selection of the actions, where the exploration decays to zero as the number of
learning steps becomes large. We find that carefully choosing the decay rate for the exploration as
well as the learning rate is crucial for proving global convergence of the limit ODEs to the optimal

policy.
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2.1.1 Related literature

Policy gradient Policy gradient (PG) method [138] is one of the most important concepts in RL
and has achieved great effective empirical success [124, 125]. However, PG algorithms face non-
convex optimization problems with respect to standard tabular policy parametrizations [1] and are
thus hard to analyse mathematically. Recently, [1, 15, 79, 103, 104] have established the convergence
and convergence rate to global optimum for the vanilla PG method by assuming the value function
is known. [15] proved that projected PG on the simplex does not suffer from spurious local optima.
[1] proves that with softmax tabular policy all the stationary points of PG are actually the global
optimum and natural PG converges at rate O (%) [104] provides the convergence rate O (%) of PG
method with softmax tabular policy. [79, 103] prove the Natural PG algorithm with softmax tabular

policy indeed has asymptotically geometric global convergence.

Actor-critic The AC algorithm was first given in [138] and then extended to Natural AC in
[117]. Batch AC algorithms [86, 142, 150, 151] involve a “double for loop” where the outer iteration
updates the actor and, for each update of the actor, there is a large sub-iteration to solve the critic.
[150] studied the global convergence of AC algorithms under the Linear Quadratic Regulator. [151]
analyzed the finite-sample performance of batched AC. [86] considered the sample complexity for the
“decoupled” AC methods under i.i.d. data samples. [142], under the over-parametrized two-layer
neural-network proved that the neural AC algorithm converges to a global optimum at a sub-linear
rate. In online AC [78, 81, 147, 149], actor and critic update simultaneously but with two time-scale.
Actor updates at a slower rate while critic updates faster to provide the actor an accurate policy
gradient. [81] studies an online AC algorithm with markovian data samples without using the ODE
method and get the convergence to stationary point. [147] prove that two time-scale algorithms with
non-i.i.d. data samples and linear function approximation finds an e-stationary point with O(e*%)
samples, where € measures the squared norm of the policy gradient. [149], under the compatibility
condition [75, 138] between actor and critic, show that two time-scale AC requires sample complexity
at order O(e~25log®(e!)) to attain e-stationary point. By carefully decreasing the exploration
rate, [78] show that the two time-scale natural AC algorithm has sample complexity of O (5’6) for
convergence to the global optimum. For natural AC, [41] develop a critic that employs n-step TD-
learning algorithm in the off-policy natural actor-critic algorithm with linear function approximation
and we establish a sample complexity of O(e~3). [77] proposes an off-policy variant of the natural
AC algorithm based on Importance Sampling, where they use Q-trace algorithm for the critic and

provide a sample complexity of O (6_3 log (%))

Stochastic approximation in RL Stochastic approximation [21, 23, 26] can be seen as a general

framework in RL. Two time-scale stochastic approximation [51, 64] are one of the most popular
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methods for AC style [25, 78, 85, 147, 149] algorithms. [21, 23, 26] establish the classical ODE
method and use it for the stability and convergence of the (two time-scale) stochastic approximation
where the stochastic error is a martingale difference sequence. [51, 64] proved convergence rate
and finite time analysis for the two time-scale linear stochastic approximations in RL under i.i.d.
assumption. [25, 85] use the ODE method for two time-scale stochastic approximations in AC
algorithms where the actor is updated by policy iteration algorithm.

We study a different class of algorithms than previous literature. We consider the global conver-
gence of the ODE limit for the online tabular AC algorithm. First, we use a time re-scaling [131]
of the algorithm (2.2) to map it into a time interval [0, 7], and the mathematical analysis required
for the convergence to ODE limit are different from the classical ODE method in stochastic approx-
imation theory [21, 23, 26]. Second, unlike the batch AC with nested loop structure [86, 142], our
online algorithm updates the actor and critic simultaneously under dynamic Markovian sampling,
which has much fewer tuning parameters and thus is easier to implement. Third, [81, 147, 149] also
studies an online AC algorithm with non-i.i.d. data samples. However, they only prove convergence
to a stationary point while we set up the global convergence for tabular AC algorithm by analysing
the limit ODE.

In this chapter, we include exploration in the policy so that the Markov chain visits all states and
actions. The exploration decays to zero at a certain rate as the number of learning steps becomes
large. A careful choice of the exploration rate and the learning rate is necessary in order to prove
global convergence. In particular, the exploration rate does not satisfy the standard conditions
(sum of the squares is finite) in stochastic approximation theory in [21, 23, 25, 26, 85]. However, by
using the time-rescaling limit, we are still able to establish an ODE limit for a class of actor-critic

algorithms.

2.2 Online Tabular Actor-Critic Algorithms

Let M = (X, A, p, u,7,7) be an MDP, where X is a finite discrete state space, A is a finite discrete
action space, p(z’|x, a) is the transition probability function, p is the initial probability distribution
of the Markov chain, r(x,a) is a bounded reward function, and the discount factor is v € (0,1).
Let the policy f(z,a) be the probability of selecting action a in state x. The state and action-value
functions V/(:) : X — R and V/(-,-) : X x A — R are defined as the expected discounted sum of

future rewards when actions are selected from the policy f:

§ ’Y xkaak} |x0_x

)

g AF r (T, ar) | ¢o = 2,00 = a|

(2.2.1)

where ay, ~ f (x1,), and g1 ~ p (- | ¥k, ax) for all k € Z*. ! Note that the transition kernel p

INote that the series in equation (2.2.1) converge since v € (0,1) and r(z, a) is bounded.
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and policy f induce a Markov chain on the state-action space X X A. Then for any (z,a) € X x A,
define the state and state-action visiting measures respectively as I/Z: and Uﬁ, where

o0 o0
1/5(96) = ka ‘Pz =x), al{(x,a) = Z’Yk P(xy =x,ar = a) (2.2.2)
k=0 k=0

and xo ~ pu(-),ar ~ f(Tk, "), Tp+1 ~ 0 (- | Tk, ar) for all k > 0. The goal of reinforcement learning is

to learn the optimal policy f* which maximizes the expected discounted sum of the future rewards:
max.J (f):

where the objective function J(f) is defined as

Z,Yk e (Ik,ak)] — Z u(x)Vf(x) = Z O'I]:(.’,E, a)r(z,a). (2.2.3)

k=0 TEX (z,a)eX XA

J(f)=E

Policy-based reinforcement learning method optimize the objective function over a class of policies
{fo | @ € B} using the policy gradient theorem [136]. In practice, the value function in the policy
gradient theorem is unknown and must therefore also be estimated by a statistical learning algorithm.
Online actor-critic algorithms simultaneously estimate the value function using a critic model and
the optimal policy using an actor model. In this chapter, we specifically study a class of online
actor-critic algorithms where the “actor” is a tabular softmax policy

e@(z,a)

Z ef(.a)’ (2.2.4)

a’€ A

fg(l‘,a,) =

with parameters 6 = (6(z, a))(z’a)GXXA. The “critic” Q = (Q(2,a))(z,a)cxx.4 18 also tabular with
a separate parameter for each state-action pair. The policy fp(x) = ( fo(z, a))a c.4 18 a probability
distribution on the set of actions .A.

Define a new MDP M = (X, A, p, 1,7, v) with the transition probability function

p@' |za)=v-p@'|2,a)+(1—7) p), (2.2:5)
Note that (2.2.5) is similar to the transition probability of MDP M except that with probability
1 —~ the state will be randomly re-initialized with distribution p [83, 142, 149]. [83] proved that the
stationary distribution of M under policy f is the ﬁalfj in (2.2.2). At the learning step k, we use
0; to denote the estimate for the policy parameters while Q) is the estimate for the value function
under the policy fy,. At step k, the sample (Zj.a) used to update the actor parameters 6 is
generated from MDP M by policy fo,.- Then we use vanilla policy gradient theorem [138] to update
the actor and get new policy fy, . ,. The sample (2, ax) is sampled from MDP M by the exploration
policy go, (see equation (2.2.9)). We then update the critic by temporal difference learning [146)
to obtain the new critic approximation Qx4+1. An exploration policy is used to guarantee that the
policy will have a positive probability to visit all states and actions. For notational convenience, we

will sometimes use f; and g; to denote fy, and gy, .
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In summary, the samples {zx, ay }x>1 used to train the critic model are sampled from M under

the exploration policy gy:

p(-|wo,a0) go(z1,)  p(lz1,a1) g1(z2,7)  p(|z2,a2)
o, ao 1 ail To as T3 -+ (2.2.6)

The samples {Ty, ar }r>1 for the actor model are sampled from M under the policy fx:

__ BClEodo) _ fo@) _ BUIELE) _ fi1(@2) _ B|F2d2)
Zo, ag I ay ) a9 T3« (227)

and 0y, @y, are updated according to the actor-critic algorithm:

Qry1(z,a) = Qr(x,a) + % (T(zk, ar) + Y@k (Trt1, apt1) — Qi (k, ak))ax,an(ﬂfk, ar)
N (2.2.8)
Ors1(z,a) = Op(x,a) + %Qk@k,ak)ﬁx,a log fi(Zk, ax),

for k=0,1,...,TN. The actions aj, in (2.2.8) are selected from the distribution

N
go, (z,a) = % A=) fo(za), Y(z,a)€ X x A (2.2.9)

where 0 < 7 < 1 and d4 = |A]. That is, with probability 7}, we select an action uniformly at
random and, with probability 1 — 72, we select an action from the current estimate for the optimal
policy. We let the exploration rate decay during training, i.e., n,]cv — 0 as k — oo. Note that the
step-size for the online actor-critic algorithm (2.2.8) is % and the number of learning steps is T'N.
We will later show that as N — oo the critic and actor models converge to the solution of an ODE
on the time interval [0,7]. Here we highlight that in order for the Q-learning algorithm converge,

the policy needs to have positive probability to choose every action (see [105, 139] for details) and

this is why we add exploration in the policy used to generate data samples.

Challenges for mathematical analysis: Convergence analysis of the actor-critic algorithm
(2.2.8) must address several technical challenges. The data samples are non-i.i.d. and their dis-
tribution depends upon the actor model, which changes as the parameters are updated. Actions are
selected using the actor model, which influences the states visited in the Markov chain and affects
the actor model’s evolution in the learning algorithm. Thus, actor-critic algorithms introduce a com-
plex feedback loop between the distribution of the data samples and the model updates. Another
challenge is that the learning algorithm is not guaranteed to update the model in a decent direction
for the objective function, which is an obstacle for proving global convergence to the optimal policy.

Finally, due to the softmax policy, the objective function is non-convex.

Overview of the proof: In our mathematical approach, we prove that the actor-critic algorithm
(2.2.8) converges to an ODE under an appropriate time re-scaling. We address the challenge of non-
i.i.d. data depending upon the actor model in two steps. The proof first establishes the geometric
ergodicity of the data samples to a stationary distribution 7f¢ under a fixed actor policy fy. Then,

using a Poisson equation, we prove that the fluctuations of the data samples around a dynamic
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probability measure 7w/, which is a function of the evolving actor model, vanish as the number of
updates become large.

Once the ODE limit has been derived, we study its convergence properties using a two time-scale
analysis which asymptotically de-couples the critic ODE from the actor ODE. The convergence of
the critic to the solution of the Bellman equation and the actor to the optimal policy are proven. In
addition, a convergence rate to this global minimum is also established. In order to prove the global
convergence, the learning rate and exploration rate for the actor-critic algorithm must be carefully

chosen.

2.3 Main Result

We prove that the actor and critic models converge to the solution of a nonlinear ODE system

as the learning steps become large. Our results are proven under the following assumptions.
Assumption 2.3.1. The reward function r is bounded in [0, 1]. X and .A are finite, discrete spaces.

In addition, an assumption regarding the ergodicity of the Markov chains (2.2.6) and (2.2.7) is

required.

Assumption 2.3.2. For any finite 0, the Markov chain (X, A) for the MDP M under exploration
policy go and the Markov chain (X, A) for the MDP M under policy fp are irreducible and non-
periodic. Their stationary distributions 7/, O’Z (which exist and are unique by Section 1.3.3 of [89])

are globally Lipschitz in policy f.

The global convergence proof also requires a careful choice for the learning rate and exploration

rate.

Assumption 2.3.3. The learning rate and exploration rate are:

k= y My = )
1+ £ 1+log®(£ +1) (23.1)
) 3.
N _ N _
thus = (i — G = T Mive 7= T+t 1+ 1)

Remark 2.3.4. The learning rate and exploration rate in (2.3.1) satisfy the following properties for

any integer n € N:

/ (sds = oo, / (Rdt < oo, / (smsds < oo,  lim % =0. (2.3.2)
0 0 0 t=ro0 Ny
These properties are verified in the Appendix A.1.
The main results of this chapter are the following theorems.
Theorem 2.3.5 (Limit Equations). For any T > 0,
lim E sup [HHU\”J —étH + HQLNU —QtH] = O7 (233)

N=oo  4efo0,1)
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where Qy and 0y satisfy the nonlinear system of ODEs:

B 0) = am (2,0) [ r(,0) + 7 3 Qulera”)gs, (2 a")p(el, 0) — Qu(,a)

dt .
=t (2.3.4)

D (2,0) = Gt (2, a) | Qul,0) = 3 Qula ) i () ||

dt

with initial condition (Qo,0) = (Qo, 0o).

Thus, the critic converges to the limit variable Q; while the actor converges to the limit variable
6;, where Q; and f; are solutions to a nonlinear system of ODEs. We then prove the convergence
of the limit ODEs (2.3.4) to the value function and optimal policy. The convergence analysis also

allows us to obtain convergence rates.

Theorem 2.3.6 (Global Convergence). The limit critic model converges to the value function:

) ) 1
|Q: = V7| =0 (1og2t>' (2.3.5)

For the sufficient exploration initial distribution p(x) > 0,Vo € X, the limit actor model converges
to the optimal policy:

I = 38s) =0 (7). (2.3.6)

where f* is any optimal policy.
2.4 Derivation of the limit ODEs

We use the following steps to prove convergence to the limit ODEs:
e Prove a priori bounds for the actor and critic models.

e Derive random ODEs for the evolution of the actor and critic models. The ODEs will contain

stochastic remainder terms from the non-i.i.d. data samples.
e Use a Poisson equation to estimate the fluctuations of the remainder terms around zero.
e Use Gronwall’s inequality to obtain the convergence to the limit ODEs.
2.4.1 A Priori Bounds

In order to prove convergence to the limit equation, we first establish some priori bounds for
the parameters. In our proof, we use C,Cy and Cr to denote generic constants. For notational
convenience, we will sometimes use &, &’ and gk,’{k to denote the elements (x,a), (2’,a’) and data
samples (xg, ar), (Tk, ax) respectively.

First, we establish a priori estimates for the actor and critic models.
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Lemma 2.4.1. For any fited T > 0, N € N, there exists a constant Cp which only depends on T

such that
sup  |Qk(z,a)] < Cr <oo, VkE<NT
(z,a)eXxA (2 4 1)
sup  |Op(z,a)] < Cr < oo, VEk<NT. o
(z,a)eX x.A
Proof. For the update algorithm in (2.2.8)
e
Qr+1(8) = Qu(&) + 7 (&) +7Qk(hr1, akr1) — Qie(Er)) e Qe (Er), (2.4.2)
we have the bound
C C
sup |Qr41(§)l < sup |Qu(§)[+ 5 sup [Qw(§)| + - (2.4.3)
£EXXA EEX XA N ecxxa N
Then, using a telescoping series, we have
sup [Qr(§)] = sup [Qo(&)]+ Y ( sup [Q;(§)] — sup Qj—l(S)l)
EEX XA EEX XA j=1 EEX XA EEX XA
C C
< su + — su Qi_ + —
o [Qo©) ; (N S 1Qs-1 () N)
) (2.4.4)
C
< sup Qo)+ <D sup |Q(§)]+C
feXxA i=1 EeX x

where the last inequality follows from the fact that Qg is a fixed finite vector. Then, by the discrete

Gronwall’s lemma and using % < T, we have

sup  |Qr(z,a)] < Cexp (Ck> < Cexp(CT)=Cr, Vk<NT. (2.4.5)

(z,a)eXX.A N

Recall that the update for the actor model is

N ~ ~
Or+1(8) = 0k(&) + %Qk(fk)aﬁ log f1(&k)
o (2.4.6)
= 0r(&) + ﬁQk(fk)ﬂ{Ek:z} (LG, — fu(@k,a)],
which together with the bound for the critic in (2.4.5) leads to
C
wp (< s 10:(6)] + o (2.4.7)
EEX XA feXxA

Then, using a telescoping series, we immediately obtain the bound in the statement of the lemma. [

2.4.2 Evolution of the Pre-limit Process
From their definitions in (2.2.1), V¥ (z) and V7 (z,a) are related via the formula

VIi(z) =Y Vi(x,a)f(x,a). (2.4.8)
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Define the state and state-action visiting measures, respectively, as VlJ: and a}:, where

Vg(:zc) = Z'yk ‘Pz =2x), ol{(x,a) = ka ‘P(axp =x,ar =a), (2.4.9)
k=0 k=0

where xo ~ p(),ar ~ f(xk, ) and xpy1 ~ p(-| zk,ax) for all k& > 0. By definition, we have
ol (z,a) = f(z,a)-v](z) and, by [83], the stationary distribution of M is the corresponding visitation

measure of M.

Notation We first clarify some notations.

(a) For any k > 0, let Py, denote the transition probability for the Markov chain (X, A) induced
by M under softmax policy fr and let IIp, denote the transition probability for the Markov
chain ()} , Z) induced by M under exploration policy gx. That is,

Py, (v,a;2',a) = p(a’|z, a)gi(a’, d'),
(2.4.10)
g, (z,a52", a) = pa’|z, a) fu (2, d).
(b) Let U[:k and 79 denote the stationary distributions (whose existence and uniqueness are given

by Assumption 2.3.2) for the transition probability Iy, and Py, , respectively.

(¢) Define the o-field of events generated by the samples &1, -« -, &y, €1,...,&nin (2.2.6) and (2.2.7)
to be %#,. Then, for any Borel function h(6,¢),
E {h (0nvgn+1) | ﬁn} = Z h (anvy) H0n (gna y) . (2411)

yeEX XA
For any function h(6, &), we shall denote the partial mapping & — h(6,&) by hy and define the

function

Mohg(€) == > h(0,y)e(&;y).

YyEX XA
Using the visiting measures in (2.4.9), the policy gradient can be evaluated using the following

formula.

Theorem 2.4.2 (Policy Gradient Theorem [138]). For the MDP starting from u, the policy gradient
for fo is
VeJ(fe) = Z 0—;{9 (1'7 a)st (:L'v (Z)Vg IOg fﬁ(xa (L), (2412)

x,a

Let the advantage function of policy f denoted by
Al (x,a) =V (z,a) = VI(2), V(z,a) € X x A, (2.4.13)

and the gradient VyJ(fy) can be evaluated using the following formula when fj satisfies the softmax

policy (2.2.4).

Lemma 2.4.3. Define 0, 4J(fg) := % and then for the tabular policy (2.2.4), by policy gradient
theorem (2.4.12), we have
O0z.aJ(fo) = J£9 (z,a)A%% (x,a). (2.4.14)
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Proof. By the policy gradient theorem, we have
u.ad (fo) = Z Vf" Nfo(a' a ) lp—py [Lar=ay — fo(2', a)] Ve (' a)

z’,a’

nye Vfo(z,a') (1w — fo(w,a)] Vo (x,a")

(2.4.15)
:V 9 (x) fo(x,a)VIe (x, a)—y () fo(x,a) ng z,d \VI(z,a")
= Z/IJ:" () fo(x, a)Af" (z,a)
= 059 (z,a)A%% (z,a).

O
Using a telescoping series and the update equation for the actor (2.2.8),
|Nt|—1
0\ ne)(7,a) = Oo(,a) + N Z Y Qu(Tw, ar)O0p,0 10g fi (T, ). (2.4.16)
k=0

Note that & = (z,a), &, = (T, ax) and define

1 [Nt]—-1 [Nt|—1

MO =5 3 @ los (@) v XY Que)dlor ful€)ofk (€),

k=0 ¢cXx.A
(2.4.17)

where O’ik is the visiting measure for M under policy fr. Combining (2.4.16) and (2.4.17), we obtain

the following pre-limit equation for the actor parameters:

QLN”(CC,G)—GO(Z',Q)
L v
=5 2 X GQk(€)0log fi(¢)olt(€) + M (2,0)
k=0 ¢eXxA
L v
=N Z Ck Zuf" ) fr(z,a’) []l{a/_a} fr(z, a)] Qr(z, a)+MN(x a)

[NtJ 1

N Z CN Iz [Qkxa ZQkxa ) fe(z,a")

a)/ ([ Ns)n on™ (a, a) [Q[NGJ z,a) ZQLNGJ (,d) fins) (2, d)

+ MtN(m,a)

ds + M} (z,a) + O(N™1),

(2.4.18)
where step (a) uses the a priori bound for the critic @y in Lemma 2.4.1.

Similarly, we can show that the critic model satisfies

[Nt]—1
Quui(©) = Qo(©) + 5 D [r(6) +1Qu(@ar1, axs1) = Qul€n)] .o Qu(n, ar)-
k=0
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Define
[Nt]—1 [Nt|—1

MO =5 D QuEIRQME) + D O QMEARE) T (),
k=0 k=0 ¢

LR | N

MPY© =5 D r@)oeQu&) — 5 Y D r(€)dQr(E)m™(€),
+=0 =0 (2.4.19)

1 [Nt]—1
MPN () = N kZ:O YQuk(Tht1, art1)0:Qr(€x)

1 [Nt|—1

S 2 DS @k k(2 ) Qu(E )T (€ p(IE).

k=0 & z,a"”
where 79 is the stationary distribution of Markov chain (X, A) induced by M under policy gx.
Note that
8z,an(~rk7ak) = ]l{wk:a:,ak:a}-

Then, we obtain the following pre-limit equation for the critic:

t
Qi) (€) = QolE) +a / 7N () | () + 7 Y Quve (2.0 )g sy (20" Ip(21E) — Qe (6) | ds

z,a’

+a (MY (€) + MPV(€) + MPN () + O(NT),
(2.4.20)

2.4.3 Poisson Equations

Now we rigorously derive the limit ODEs by using a Poisson equation to bound the fluctuations

of the non-i.i.d data samples around the trajectory of the limit ODE. In fact, we first prove

lim E sup |M(z,a)| =0, V(z,a) € X x A (2.4.21)
N—=oo  tel0,1]

Using a similar method, we can also prove the convergence of M}, M?, and M.

It is known that a finite state Markov chain which is irreducible and non-periodic has a geometric
convergence rate to its stationary distribution [106]. We are able to prove a uniform geometric
convergence rate for the Markov chains in this chapter under the time-evolving actor policy updated

using the actor-critic algorithm (2.2.8).

Lemma 2.4.4. Let 11§ denote the n-step transition matriz under the policy fo,. Then, for any fized
T > 0, there exists an integer ng such that the following uniform estimates hold for all {0k }o<k<nT

and N € N for the algorithm (2.2.8).

e Lower bound for the stationary distribution:
klgI}\f/‘T o} (z,a) > Cep’, V(z,a0) € X X A, (2.4.22)

where C, e > 0 are positive constants.
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e Uniform geometric ergodicity:

sup [ (&) — ok ()]l < (1 - Br)liol vee x x A, (2.4.23)
E<NT

where Br € (0,1) is a positive constant.

Proof. By Assumption 2.3.2 and Lemma 1.8.2 of [112], for any fixed 0 R?, there exists an ng =
no(0) € N such that

20 (&€) >0 V¢, €. (2.4.24)
For any (¢,¢'),

o) = Y &) Ty(6n,-15¢)

&1, 6ng—
o N (2.4.25)
= Z p(:c1|x,a)f5(x1,a1)~~~p(x'|33n0_1,anﬂ_l)fg(x’,a’),
51»'“75710—1
where the constant C' is defined as
C=C(ng):= inf Y plmilw,a) - pla’|Tng—1,any—1) > 0, (2.4.26)

z,a,x’
15 5 €ng—1

where C' > 0 is because (2.4.24).
Due to fy being a softmax policy and the bound from Lemma 2.4.1, there exists a constant
er > 0 such that

inf X ) 2.4.2
k%I}VTkaL"a) > €T, V($7a) € X A ( 7)

Then, using similar analysis as in (2.4.25) with constant ng = ng(8) and C = C(ng), we have for all

k< NT

o6 ) > Ca, Ve, €. (2.4.28)
Thus, we can derive a lower bound for the stationary distribution
H fe(opd 41 — fr ng ool !
k%r}éTU# (', a") kg}léT olr (z, o)y (x,a;2', a’)
> inf olk(z,a)Cel
hSNT £ 1 (2.4.29)
W Cep?
>0,

where step (a) is because o/ is a probability and thus the summation equals to 1. We can now estab-
lish the uniform geometric ergodicity of the Markov chain. Let us choose S = i g}éT Iglérll Hg;’ (&,¢&) >
0 in (2.4.23), where S7 > 0 is by (2.4.28). Thus, for Vk < NT, the Markov chain with transition

probability IIy, satisfies Doeblin’s condition. In particular, we can show that
o(6,€') > fr >0, Ve €. (2.4.30)

Since ng and fr are independent of 6, we can apply Theorem 16.2.4 of [106] to prove that for all
k< NT
I3, (&) = ofr () < (1= Br)te’ - Ve e X x A, (2.4.31)
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which proves the uniform geometric ergodicity (2.4.23). O

Then, using the same method as in Lemma 2.4.4, we can prove a similar result for the MDP M

with exploration policy gy.

Corollary 2.4.5. Let Py denote the n-step transition matriz under policy gi. Then, for any fized

T < o0, there exists an integer ng and a constant

C=C(ng):= inf > plarlr,a) - p(a'[en,-1,an,-1) >0, (2.4.32)

z,a,x’

&1, agnofl
such that the following uniform estimate holds for all {0x}o<k<nt and N € N for the update algo-

rithm (2.2.8):

e Lower bound for the stationary distribution:

. i N o
kg}éng" (z,a) > C (ULNTJ) , Y(z,a) e X x A. (2.4.33)

e Uniform geometric ergodicity:

sup [P (&) — 79 ()]| < (1 - pr)liel vee x x A, (2.4.34)
k<NT
N no . oy
where fr = C (nLNTJ) € (0,1) is a positive constant.

Remark 2.4.6. Without loss of generality, we suppose the integer ny in Lemma 2.4.4 and Corollary
2.4.5 are the same. The proof of Corollary 2.4.5 is the same as the proof of Lemma 2.4.4 and the
detailed proof can be found in Appendix A.2.

In order to prove the stochastic fluctuation term vanishes as N — oo, we first introduce a Poisson

equation with a uniformly bounded solution.

Lemma 2.4.7. For any N € N, state-action pair £ = (z,a), T > 0 and k < NT, the Poisson
equation

Vg, (&) — Mg, vp, (§) = Ligr—gy — 0/ (€), €eX xA (2.4.35)
has a solution?

ve, (€)=Y [I5, (€'56) — o (€] (2.4.36)

n>0
and there exists a constant Cp (which only depends on T') such that

sup |vg, (€] < Cr, V& e X x A. (2.4.37)
k<NT

Proof. Due to the uniform geometric convergence rate (2.4.23) for all k < NT in Lemma 2.4.4, there

exists a 7 > 0 (independent with k) such that for any & € X x A

|10, (€56) — ol (€)| < (1 — Br) 7o), Wk < NT (2.4.38)

2We do not prove uniqueness of the solution to the Poisson equation (2.4.35). For the purposes of our later analysis,
it is only necessary to find a uniformly bounded solution vy which satisfies (2.4.36).
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which can be used to show the convergence of the series in (2.4.36). Consequently, vy, is well-defined.
The uniform bound (2.4.37) follows from
Vo (€)1 < D M5 (€58) — afr(©)] < D (1= pr)twd < O (2.4.39)

n>0 n>0

Finally, we can verify that vy is a solution to the Poisson equation by observing that

g, ve, (€ ZVek )No, (§5y)

—Z D15, (:6) = ofF(©)] | Ha,(¢5y)

n>0

EDY (Z (113, (4:€) — o (6)] Ty, (5’;y)>

n>0 Y

> [, (€5€) — ol (©)]
n>1

=9, (§') = (Tger—ey — oJ* (),
where the step (a) uses (2.4.38) and the Dominated Convergence Theorem. O

(2.4.40)

Using the Poisson equation (2.4.7), we can prove that the fluctuations of the data samples around

a dynamic visiting measure o/* decay when the iteration steps become large.
y g i y

Lemma 2.4.8. For any fized state action pair § = (x,a) and T > 0,

| VT
; _ ]| -
lim E| kz [11{&25} —olr(©)]| =0. (2.4.41)
=0

Proof. We define the error € to be
e i =Lig,, =gy — o1 ()
=Vp, (Ek‘-i—l) — I, ve, (gk+1> (2.4.42)
= [Vek (€k-41) — Mo, v, (s?k)} + {Hekl/ek (Ek) — I, vy, (ngrl)} ;

where we have used the definition of the Poisson equation (2.4.35). Let

Vo(y) = Ilovp(y). (2.4.43)
Then, we have that
INT|-1 INT|—1 INT|-1
Z € = Z [Vok(gk+1) — Iy, vy, (fk)} + Z ngk (Ek) — g, (gk+1>>}
k=0 k=0 k=0
Y @ T (@)] ¢ S [ (&) v (&)
k=0 k=1

+1o, (go) = Vo nr) 1 (gLNTJ)

Define the error term

INT|—1 INT|—1 LNTJ 1
Z € = Z Z )+ PINT];0 (2.4.45)
k=0 k=0
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where ~ ~
e = [Vek (§k+1) — g, ve, (ﬁk)} ;
9 - ~
o = [, (&) — v (&)], (2.4.46)
PINT:0 = GO Ve, (50) - Cf\]’vmfl%wm,l <£[NTJ) .
INT|—1
To prove the convergence (2.4.41), it suffices to appropriately bound the fluctuation term | > €|
k=0
Actually, the first term can be bound due to the martingale property while the second term can
be bounded using the uniform geometric ergodicity and Lipschitz continuity. The third and fourth

terms are uniformly bounded by (2.4.37).
For the first term in (2.4.45), note that

E {Z/gk (EM) | yk} = Ty, vp, (Ek) , (2.4.47)
thus

n—1
{Zn => %}
k=0 n>0

is a martingale and since the conditional expectation is a contraction in L?, we have

E ’H@kugk (Ek) ‘2 <E ’ng (E,m) ‘2. (2.4.48)
Then,
| T 2 | NI ~ o
E N kZ:O 6](<,‘1) — m kZ:O E ‘Hgkygk (fk;) - Vek (€k+1)‘
N - 2.4.49
< % Z E’l/ok. (§k+1)‘2 ( )
k=0
@ 4Cr.
=N

where the step (a) is by the uniform boundedness (2.4.37). Thus, for any T > 0,
INT|—1

; ks M| _
Jim B kz_o e =0. (2.4.50)

For the second term of (2.4.45), by the uniform geometric ergodicity (2.4.23), for any fixed vy > 0

we can choose Ny large enough such that

sup > |G (4,€) — ol (©)] <, VyeXxA (2.4.51)
FENT = NoT
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INT]—1

S

k=1

2=

- LN% 1 [wok (&) ~ Yo (g’ﬁﬂ

INT|-1 [[NoT|—1 [NoT|—1

N Z > [H (fk) )}* > [Hgk,l (Ek,f)—af“(g)] + 200

n=1 n=1

IN

[NT|—1|NoT|—1 INT|—1

<l Z Z [, (86) 15, (8.9)]| + 2 S [t - ol @] + 2000

1211 + 12 + 2C7rp.

(2.4.52)
By Lemma 2.4.1, for any £ < NT we have
C
106 =0l < > 10k(w0) = Oka(w0)] < 7
r,a€EX XA
For any finite n, Iy is Lipschitz continuous in 6. Consequently,
INT|—1
N _ [NoT] N Cr
LY < kzl GOl — Osr ]| < 7
o (2.4.53)
N T
1y < 0 > QN0 <
where the constant C only depends on the ﬁxed Ny, T. Thus, when N is large enough,
| INTI-1
5 S | <407 (2.4.54)
k=1
Since g is arbitrary,
INT|—1
: @) _
Jim B+ ; )| =0 (2.4.55)
Finally, for the last term of (2.4.45) by the boundedness in (2.4.37) we have
. 1
]\}E)noo NPLNTJ;O =0,
INT]—1
which together with (2.4.50) and (2.4.55) derive the convergence of 4 > € and therefore proving
k=0
(2.4.41). O

2.4.4 Identification of the Limit ODEs

We next prove the convergence of MY, which will allow us to prove the convergence to the limit

ODEs (2.3.4).

Lemma 2.4.9. For any £ = (x,a) and the stochastic error M} defined in (2.4.17), we have

lim sup E|M}Y ()| =0. (2.4.56)
N—=00te(0,17]
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Proof. The proof of (2.4.56) consists of two parts. We first set up a bound for the difference of the

actor’s update. Actually, define

He g = GrQr(€')0¢ log fr (&) (2.4.57)
and we aim to prove
Cr
N

Then we can use Lemma 2.4.8 to prove that as the training step becomes large, the fluctuations of

|HY e o1 — Her i] < (2.4.58)
the data samples around the stationary distribution will disappear, which concludes the result.
(i) To bound the difference (2.4.58), note that
[He e k1 — Heer
<Gy = G| - 1Qu41(€)0¢ Tog fria (€1)]

(2.4.59)
N 1Qr1 (€)0¢ og fiurn (€) — Qu(€) 0 log £ (€))]
=IN IV,
For the first term,
1 1 c C
w<c|dh, - <c - = <= (2.4.60)
e I
Then for the second term, using the bound in Lemma 2.4.1, we have for any £k < TN
sup |Qx(&)| < Cr,
e (2.4.61)
C N
sup Qi (€) ~ Qr1(€)] < 57
6/
Noting that
65 IOg fk(gl) = ]]-{m’:m} []]-{a':a} - fk(x/a a)} )
then by the Lipschitz continuity of the softmax transformation and (2.4.61) we have
Q1 (§")0¢ log fi (§') — Qu—1(§") ¢ log fr—1 (€')]
=[Qr(&") — Qr—1(")] Ie log fir. (6)| + 1Qr—1(&") [0¢ log fi. (£') — D¢ log fr—1 (§)]]|
C 2.4.62
<S4 Crlctog fi (€) — D¢ log fir (€) S
Cr Cr
<— — < —,
< + Cr |0 — O—1|| < N
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(ii) Now we can prove the convergence (2.4.56). Actually, for any K € N and A = %,
K-1 1 (G+1DIAN]-1
MY = AW > Heg o= Y. Heerol (&) | +o(1)
j=0 k=j| AN fexXxA
K-1 1 (G+1DIAN]-1
=2 Aan 2 | Hedaan = D Heeslamol(€)
j=0 k=j| AN | LexXxA
K-1 1 (G+DIAN]-1
L AEN] 2 [ Hegop— O Hegwofl(€)
j=0 k=j|AN| LexXxA
N Heggany = D Hegylanof () | | +o(1)
f'eXxA
K-1 K-1
=Y AN+ Y ALY +o(1),
j=0 Jj=
where the term o(1) goes to zero, at least, in L! as N — oco.
To prove the convergence of the first term, note that
Hegojiany = D Heegianiof (€)= Heejian) [Lig=ey — ol (€)]-

gexXxA 1%
Thus, for any j € {0,1,..., K},
1 (J+1)[AN]-1

56l = a2 2 Heeaian [Lo—ey —ou ()]

k=jlAN] €&
(G+1DAN]-1

1
=X Hecsamayy 2 [Ma-er = ot @]
f/

k=j[AN]

(G+1DIAN]-1

: C; ﬁ Z []1{51«25/} - U;{k (5/)] )

k=j[AN]

which together with Lemma 2.4.8 derive

lim E|I]Y;| =0.

N—o0

Thus

- L% 00
; ALY, = A Z O(1) = t=4=——,

which proves the convergence of the first term.

we have

(2.4.63)

(2.4.64)

(2.4.65)

(2.4.66)

(2.4.67)

For the second term, use 2.4.58 and we have for any j € 0,1,--- , K —1 and any k € [j|AN], (j+

D|AN]| - 1],
e Clk— jIAN])

Hee k= Heg jiany| < N
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Therefore,

K-1 N K-1 1 (J“"l)\.ANJ_lk_]LANJ
Aly; <C —_— _— =
J=0 7 J=0 L N] k=jlAN] N
K-1 AN |—1
1 k
=C Ai —
7=0 I‘ J k=0 N
K-1
1 |AN|J?
<C A———
< ; AN] N (2.4.69)
K-1
[AN]
<C A———
<C2 ATy
7=0
K-1
<C ) A?
Jj=0
< CA.
Collecting our results, we have shown that
lim sup E |MN| < C— (2.4.70)
N—=oote(0,17]
Note that K was arbitrary. Consequently, we obtain
lim sup E|[M}Y|=0, (2.4.71)

N—=001e(0,1)
O

Following the same method, we can finish proving the convergence of the stochastic fluctuation

terms and the detailed proof can be found in Appendix A.3.
o 1
Lemma 2.4.10. Fort € [0,T], M"Y, M»N, MY L0 as N = oo.
Using Lemma 2.4.9 and 2.4.10, we can now finish the derivation of the limit ODEs.

Proof of Theorem 2.3.5: Due to Assumption 2.3.2 and the Lipschitz continuity of softmax trans-
formation, we know aiét,ﬂggt is Lipschitz continuous in ;. By Theorem 2.2 and Theorem 2.17 of
[141], for any initial value, there exists a unique solution on (0,+00) for the ODE system (2.3.4).
Let Q:(z,a), 0;(,a) be the solution of (2.3.4) with initial value Qg, 6. Using the bound in Lemma
2.4.1 and the Lipschitz continuity from Assumption 2.3.2, we have for ¢ € [0, T

fine

‘O'HLN H@,a)Q ney (2, a) — ot (v,0)Qu(x, a)‘
fine 4 t
< [ (w,0) = ol (2,0)| - [ Qs (,0)| + 0 (,0) [ Qs (,0) = Qi) (2472)

<Cr [||0ne) — Ou]| + (| Qwey — Q]
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and we can also show for the exploration policy from (2.2.9) that

|gLth (z,a) — gi(z, a)|

N
MiNey — "
) Soy (0) = (L) - o, (20|

A

nﬁm _nt‘ N
:’T + ’fGLth (.’13,&) - fgt(.lf,a)| + ‘ULNtJfGLN” (J?,CL) - 77tf9¢($7a)’

<C [mlvey = me| +C |6y = 01|

(2.4.73)

Combining (2.4.18), (2.4.20), and (2.3.4) and using the same decomposition method as in (2.4.72),

we have for ¢t € [0, 7
10wy — O] + [|Q e — Q]
< > (bl a) =iz, 0)] + Qe (x,0) = Qula, )]

(z,a)EX XA
t 3 .
<Cr [ [16uves = 0ol + | @uvey — @il ds -+ [ + Y- 3£ + oy 1)
0 i=
t N '
+C / ‘ s| — Ss
T [CLN(J ¢

Define
ot = [|0ine) — Oc]l + |Qne) — Q|

+ ‘nﬁm — s } ds.

BY = |M]N| +23:‘MZ’N‘ +O(N )+ Crp /Ot HQwa — G
=1

+ ‘nvasJ — s
Due to Lemma 2.4.9 and 2.4.10,

lim E sup BtN =0.
N—=oo  tef0,1]

Taking the supremum and expectation of (2.4.74),
t
E sup wéVSCT/ E sup ¢Nds+E sup BY, vte[0,7]
s€[0,t] 0 r€(0,s] s€[0,t]
By Gronwall’s lemma, we have
T
E sup going sup B£V+C’T/ E sup BévdthTIE sup BtN,
t€[0,T] te[0,T] 0 s€[0,t] te[0,T]

which together with (2.4.76) proves the convergence (2.3.3).

2.5 Convergence of Limit ODEs

| ds.

(2.4.74)

(2.4.75)

(2.4.76)

(2.4.77)

(2.4.78)

We now study the convergence of the limit actor-critic algorithm, which satisfies the ODE system

(2.3.4).

2.5.1 Critic convergence

Now we prove convergence of the critic (2.3.5), which states that the critic model will converge

to the state-action value function during training. We first derive an ODE for the difference between

the critic and the value function. Then, we use a comparison lemma, a two time-scale analysis, and
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the properties of the learning and exploration rates (2.3.2) to prove the convergence of the critic to
the value function.
Recall that the value function V9t satisfies the Bellman equation

r(z,a) + v Z V9 (z,a")gg,(z,a")p(z|x,a) — VI (x,a) = 0. (2.5.1)

Define the difference

b = Q¢ — V9o, (2.5.2)
As a first step, we prove an a priori uniform bound for the critic in the update (2.3.4). Without loss
of generality, we initialize the ODE as Qy = 0 (we can always define Q} = Q; — Qo and prove the

uniform bound for Q}).

Lemma 2.5.1. For any state x and action a, we have

~ 2
max |Qy(x, a)| < = t20 (2.5.3)

Proof. We first prove max Q;(x, a) cannot become larger than - Actually, if max, , Q:(z,a) ever
z,a

attains ﬁ7 that is for some ty > 0

- 2
HrlaaXQto (2,a) = m’ (2.5.4)
then for any state-action pair (zo, ag) such that Qu,(xo,a0) = % we have
dQ . 2 i
B (0,00 < 0mo (wo,a0) |1+ 2| = er e ) <0, (255)
t=to
and therefore max; , Qt(x, a) can never exceed % Similarly, we can prove
- 2
r;li‘?Qt(x,a) > T t>0, (2.5.6)
which concludes the proof of the lemma. O

We now develop an ODE comparison principle which will help us to prove the convergence (2.3.5).

Lemma 2.5.2. Suppose a non-negative function Y; satisfies
dYy C 1
— < ———Y; +—, t>t, 2.5.7
el (25.7)
where C,ng are constant and tqg > 0. Then,
1
Y,=0(—F). 2.5.8
! <log4t) ( )

Proof. First, we establish a comparison principle with the following ODE:

dz, c 1
i Z, 4~ t>t,
dt g2t T = (2.5.9)
Zyy = Yy
Define
Vi=Yi -2
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Then, we have Vi, = 0 and for any ¢ > ¢g
avy dy; dVy

At At dt

C 1 c 1
it S — <_2nZt + )
log=" ¢ t log="° ¢ t

o (2.5.10)

V-7
log2”°t< ! )

C

2n0 t

— Vi.
log !

Then, using an integrating factor,

d t t dv; C
2 4 - T dr + 2 wvl<o. 2.5.11
dt {eXp{/to log®™ 7 T} ] P {/to log®™ T } [ dt " log?ot |~ ( )

Thus we have V; < exp{ ft log2”0 Td’l'} Vi, =0, ¢ >to. Therefore,
Y, < Z, t>t (2.5.12)

Then, if we can establish a convergence rate for Z;, we have a convergence rate for Y;.

To solve the ODE (2.5.9), note that

d toc e dZ, C 1 e

—le ——dry 7| =e ——dr | 7| =~ e /7d }

dt {Xp{/m log™™ T} t] Xp{/to log™™ 7 }[dt log™" t t} t Xp{ 1 log70 "
2.

5.13)
Then,
t
VA Zty n to Ee P{ft 1Og£07d7} ds
t =
exp { [}, bz} e — (2.5.14)
= I} + I
Note that for any integer n and constant v > 0,
1 n
im 281, (2.5.15)
t—oo Y

Thus, without loss of generality, we can suppose tq is large enough such that
log?™ t <t, t>tg. (2.5.16)

Then, we can show that

Z Zy t§
I} < fo =0, (2.5.17)

exp {fti) ng} t¢
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By L’Hospital’s Rule, we have

4log2n0+3

2no+4 t

t
fto s exp {f;to 10g2"0 'rdT} ds " it log
1m

exp {LO logz%dT} t— 00 Ct
t 1 s C
@ i fto s OXP {ft WdT} ds

o t—o0
exp {fto log%O Td’l'}

lim logt- I = lim
t—o00 t—o00

(2.5.18)
e {J )
- tlgrolo t C C
eXp {fto log2"0 ‘rdT} log2™0 t
_ i 08
t—oo (Ot
e 07
where step (a) is by (2.5.15). Therefore, we can let ¢y be large enough such that
I'<——, Vt>to. (2.5.19)
log™ ¢
Combining our results, we have
Y, < Z, < i“éoc + 1og14t’ t>to, (2.5.20)
which together with (2.5.15) proves (2.5.8). O

Using Lemma 2.5.2, now we prove the critic convergence (2.3.5).

Proof of (2.3.5): Combining (2.3.4) and (2.5.1),

d dV9e.
i — (z,a) = —am?% (x,a)pi(x,a) + aym9% (x, a) Z oi(2,a") gy, (2,0 p(z|x,a) + 4 (z,a).
dt —~ ¢ dt
(2.5.21)
Let ® denote element-wise multiplication. Then,
d d 9o,
% = —an9% © ¢y + ayn9 O T + ‘th ‘ , (2.5.22)
where T'y(z’,a’) Zqﬁt z,a") gy, (z,a")p(z|2’,a").
Define the process
1
Y, = §¢j¢t. (2.5.23)
Differentiating yields
dY +d dV 9%
—L =g ¢t = —ag; 199 O ¢ + aye, T O Ty + ¢, . (2.5.24)

dt
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The second term on the last line of (2.5.24) becomes:

¢;|'7Tgé,, oIy

=| D dula a)r (2 d) Y dulz,a")g, (2, a")p(zla a')

z’,a’ z,a’

= Z Z (Zst (Zv a//)¢t(zla a/)gét (Za a”)p(z\x', a,)ﬂ-gét (xlv CL/)

z’,a’ z,a'

<.

z/,a’ z,a’

S% > (¢t(z,a")2 + fbt(x’,a/)Q) 94, (2, a")p(zl2’, ') (2, )

z’,a’ z,a"

¢t (Zv al/)¢t(x/’ a/)

9a,(2,a")p(z|2’, a' )% (', ')

:%Zgﬁt(z,a def 2,0 )p(z|z’, a')yw9% (a,a’)

z,a’’

+= Zgbtxa )2m9 (2!, a’ Zggfza (z|2',a")

=5 Z,, Ge(z,a")?m%% (z,d") + 5 Z ¢e(a’,a')>m0 (! a')
z,a

,a

= Z oi(2',a’) w9 (2!, a').

z/,a’

where we have used Young’s inequality, the fact that Z 95,(z,a")p(z|2’,a’) = 1 for each (2/,a’),

and Z gq,(z,a")p(z|', a")m9%: (2’ a") = w99 (z,a"). Therefore,
dY, dve
T < a1 = )non 7+ o] T (2.5.25)

where ¢7 is an element-wise square.

By the limit ODEs in (2.3.4) and the uniform boundedness in Lemma 2.5.1, we have for any

(z,a)
do,

7 —(z,a)

< CG (2.5.26)

= Ctaﬁét (z,a) |f,2t z,a) ZQt z,a ) o, (x, a)

For any state xq, define 9, ,V7%(zo) = agef(i(i‘;). Then, for the exploration policy (2.2.9), by the
policy gradient theorem (2.4.12) we have

00,0V (20)| = | Y oot (&, ')V (2, ')y, log gg, (2, ')
<C Z ’a;c,a IOggét (LE/, CL/)|
z’,a’ (2.5.27)
- C(1 ft91( y @
= ( _nt)z (33 |8za10gf9 (‘r a)|

z’,a’ get

(@)
< C,
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where step (a) is by
_ !/ !/ _ ! !
fet (xl’a/) = e fet <x - ) o <C
ggt(x,a) a+(1—77t)'f9‘t($7@)

and
|a”£,(l IOg f(;t (I/, CL/)| = |]]-{;v’:w} []]-{a’:a} - f(;t (xlv CL)” <2

The relationship between the value functions

Vi (20, a0) = r(zo,a0) + W’Z Vo (@' )p(a'|xo, a0),  V(xo,ao),

x!

can be combined with (2.5.27) to derive
VeV (x,a)|| <C, V(z,a).

Combining (2.5.26) and (2.5.31),
9o, 0

where C' > 0 is a constant independent of T'.

Combining (2.5.25), (2.5.32) and (2.4.33), we have

S CCt»

) b,
T (2.0 < Ivov (o)l | 5

% < —al - )min{ﬂ'gét (z,a)}Y; + Co, ¢
< —aln (1 — 7)Y + Col ¢
0o
< —CnY; + %II@IICQ
t
o | OC
< —CneY + glPnz + S
t
no no CC
= - (C — 2°)Y; + 2,; G

Since ngt — 0 as t — 00, there exists ty > 2 such that Vt > t,

t

aY: C 1

—= < —-CnpY, <——ub Y+~
g = O t+ G < logQ”Ott+t’

(2.5.28)

(2.5.29)

(2.5.30)

(2.5.31)

(2.5.32)

(2.5.33)

(2.5.34)

where the C' is a constant independent with ¢t. Then, by Lemma 2.5.2, there exists t; > tg such that

1
V,=0(— | =0(n?).
¢ <log4t) (7775)

By the policy gradient theorem (2.4.12), we have
ov/

OV (z0) =V/(x, a)0£0 ().

O (z,a)
Thus, by the relationship (2.5.30),

fe
a‘/at& — va9t ) O’ G ( )p (x’|:170,a0) <C.
f(z,a)

Then, for any (z,a) € X x A, there exists ¢t € [0,1] such that

[V (2, a) = Vo (2,0)| = ‘vagf”(l_{)gét (z,a) - (g9, — fo,]

S CT]tv

Finally, combining (2.5.35) and (2.5.38), we obtain (2.3.5).
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2.5.2 Actor convergence

2.5.2.1 Convergence to stationary point

In order to prove global convergence, we first show that the actor converges to a stationary point.

We introduce the following notation:

Vo ( (fa,) : Zafe‘ (z,a)Qi(x,a)Volog f3,(z,a),

. (2.5.39)
J(fq,) : Za “(,a)Qu(x,a)0y 4 l0g f5,(x, a).
Then, the limit ode for € in (2.3.4) can be written as
do,
o= GV J(f3,)- (2.5.40)
By direct calculations,
Volog fo(x,a) =Vy |0(x,a) — log Z ef(@a)
3 @) (x, a’)
— _ a’
—VOQ(xv (l) Z eg(z’a/)
(2.5.41)

=Vl (z,a) — ngxa )Vob(z,a")
iV@@(I, a) - Ea'~f9($,~)[v99(x7 a )}
=€z,a — Z ew,a’fG(xv C(,/),

where e, , is the unit vector where only the x,a element is 1 and all other elements are 0. Then,

the difference is

Vol (f3,) = VoI (f5,) = 3 o9 (w,a) (Qu(w,a) — VI (x,)) Vo log f3, (z, a),

x,a

(2.5.42)
= ZO’fo (2,a) (Qi(z,a) — VI (z,a)) <ez,a - Zez’a/fgt (x,a’)) ,
which together with (2.3.5) derives
IV6J(0:) = VoI (@)llz < C| Qs = Vo |12 < Ty (2.5.43)
Thus we re-write the gradient flow (2.5.40) as
dét fs = fs
E = CtVGJ(fét) + Ct ZJ Ot ((E, a’) [(Qt(xv a‘) — Ve (.’E, a’)) : v9 IOg fét ({E, a’)] . (2544)

z,a
Now we can adapt the proof in [14] to show the gradient flow converges to a stationary point.
We first provide a useful lemma.

Lemma 2.5.3. Let Y;, W; and Z; be three functions such that Wy is nonnegative. Asuume that

2 Wit Ze, 120 (2.5.45)
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and that fooo Zidt converges. Then, either Y; — oo or else Y; converges to a finite value and

fooo Widt < oo.

Proof. For any t > 0. By integrating the relationship % > Z; from t to t >t and taking the limit

inferior as t — 0o, we obtain

liggfiﬁ > Y+ /too Zydt > —o0. (2.5.46)
B oo
By taking the limit superior of the right-hand side as t — co and using the fact flg(r)lo - Zydt =0,
we obtain K
ligg}fn > limsupY; > —oo0. (2.5.47)

t—o00

This proves that either Y; — oo or Y; converges to a finite value. If Y; converges to a finite value,

we can integrate the relationship (2.5.45) to show that
t ¢
/ Weds <Yy — Yy — / Zgds, (2.5.48)
0 0

which implies that fooo Weds < limy_00 Yz — Yo — fooo Zyds < 0o0. O
Next we can prove convergence to the stationary point under the learning rate (2.3.1).

Theorem 2.5.4. Suppose the learning rate (; satisfies (2.3.1). Then, for the gradient flow (2.5.40),

we have that J(0;) converges to a finite value and
Jdim VI (f,) = 0. (2.5.49)

Proof. First we note that by the proof of Lemma 7 in [104], we know that the eigenvalues of the
Hessian matrix of J(fy) are smaller than L := ﬁ and thus VyJ(fy) is L-Lipschitz continuous
with respect to 6.
Then, by the gradient flow (2.5.40), (2.5.43), and chain rule, we can show that
dJ(fg,) ~
= GVl (f3,)Ve (f3,)
= GlIVeJ (f5.)11> + Vo (f3,) (%J(fét) - VOJ(fét))
> GlIVa I ()N = CGlIVaT (fa )l - Qs ) = Vo (-, ) Iz
(@)
> GV (f3,)II” = CCnel Vo (f3,)
(b)
> (G — Cgtnt)HVGJ(fét”F - CGme

(©
> CCtHVaJ(fét)”Q — C¢ny-
where the step (a) follows (2.5.43). Step (b) is by using the relationship ||VoJ(f3,)|| < 1+(|VeJ (f3,)|I3

(2.5.50)

and step (c) is because n; — 0 and Cy,Cy are some sufficiently large enough constants. Then, by
Lemma 2.5.3 and the assumption in (2.3.1), we can show that either J(fg,) — oo or J(fp,) converges

to a finite value and

“+ o0
/ V6T (fs)IPdt < oc. (2.5.51)
0
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Note that J(fp) = Ey, [Z;::O% Vkr(xk,ak)}. Therefore, the objective function J is bounded by
Assumption 2.3.1 and thus we know .J(6;) converges to a finite value and (2.5.51) is valid.

If there existed an ¢y > 0 and ¢ > 0 such that [|[Vg.J(f3,)|| > €o for all t > £, we would have
+oo +oo
[ alvaats)Paza [ Gat=cc, (2.5.52)
£ £
which contradicts (2.5.51). Therefore, litminf Vo J(f,)|l = 0. To show that tlim Vo J(f5,)ll = 0,
—00 —00
assume the contrary; that is limsup [|VyJ(fg,)|| > 0. Then we can find a constant €; > 0 and two
t—o0
increasing sequences {a, }n>1, {bn}n>1 such that
g <bp<ag<by<agzg<by<---,
o (2.5.53)
Ve (fa, I < =

5 Ve (f5, )l > e
Define the following cycle of stopping times:

€1
ln 1= sup{s|s € (anvbn)v HVGJ(fL ) < 7})
A (2.5.54)
i(ty) = inf{s[s € (tn,bn), [[VoJ(f5.)| > €1}
Note that ||[VoJ(fg,)]| is continuous against ¢, thus we have
ap <ty < i(tn) < by
€1
VeI (fa, )l =5 Ve (f5,,,)Il = & (2.5.55)
€ .
LIVl S e 5 € (bnita).
Then, by the L-Lipschitz property of the gradient, we have for any ¢,
€1
2 = VoI ()~ IV,
< |Vod(fs,,.) = VoI (fs.)
< Ll0it,) — Os,. |
i(tn) i(tn) (2.5.56)
<L VUL [ IR0 () - Vel lds
tn tn
i(tn) i(tn)
< Lel/ Csds + CL/ (smsds.
tn tn
From this and by (2.3.2) it follows that
1 i(tn)
— < limi . .0.
57 = 11nr1_1>10réf . Csds (2.5.57)
Using (2.5.50) and (2.5.55), we see that
€19 i(tn) i(tn)
Ta) —Tfa,) > O (D) / Cods — Cs / Consds. (2.5.58)
tn tn
Due to the convergence of J(fy, ) and the assumption of the learning rate, this implies that
i(tn)
lim (sds =0, (2.5.59)
n—oo tn
which contradicts (2.5.57) and thus the convergence to the stationary point is proven. O
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2.5.2.2 Global convergence

We now prove the global convergence rate (2.3.6) for the actor dynamic using the following steps:
e Derive non-uniform Lojasiewicz inequalities.
e Adapt the method in [1] to obtain the global convergence.
e Set up the uniform Lojasiewicz inequalities and the ODE for actor convergence.
e Analyse the ODE by a comparison lemma to get the convergence rate.

Since the objective function J(fy) is non-concave, the convergence to a stationary point in The-
orem 2.5.4 does not guarantee global convergence to the optimal policy. As a first step, we establish
the following non-uniform Lojasiewicz inequalities that show that the gradient of the objective func-
tion for any parameter value dominates the sub-optimality of the parameter. Actually, (2.5.60) is
used for the case that the best action at any state x is unique, while (2.5.63) is for the non-unique

optimal action case.
Lemma 2.5.5 (Non-uniform Lojasiewicz Bound). Choose any deterministic optimal policy f*.

e Suppose for any state Vx € X, there exists unique optimal action, then we have
VixXl || vl

where a*(z) = argmax V7' (z,a),Vz € X.

-1

Vo (fo)ll = -min fo (z,a”(2)) - [J(f7) = J(fo)] (2.5.60)

o When under some state x € X, there is an “optimal action set”:

A*(z) = {a*(m) e A: VI (z,a*(z)) = max Vf*(x,a)} , (2.5.61)

a
i.e. all actions a*(z) € A*(x) are the greedy action w.r.t. the optimal state-action value
functin VI™. Given any policy fg, construct the following optimal policy

fg(l‘,a) . *
* z,a’)’ Zfa’ € A <$)7
£ (z,a) = {Q,E%(m)f"( a’) (2.5.62)
0, otherwise

It is obvious that fy is an optimal policy, since for all v € X,

E f@(.ﬁ,(l)

% ac€A*(x)
,a) = =1
Z; fi(@a) > fo(z,a)
a€A* () @’ €A* ()
Now we have
S 3 [ 1

Vo (fo)ll = ——=——==" || min fo(z,a™(z)) | - [J(f*) — J(fo)] . (2.5.63)

VIZIAL (vl | Y ar(2)e A (2)

Remark 2.5.6. As the proof of Lemma 2.5.5 is similar as in [104], we move the detailed proof into

Appendix A 4.
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Lemma 2.5.5 is not sufficient to prove a global convergence rate (or even global convergence).
For example, the term mig Ja, (x,a*(x)) in (2.5.60) could converge to zero as t — oo. Thus to obtain
(S

(2.3.6), we follow the steps.

(i) Prove the global convergence
J(f*) = J(fg,) =0, t— o0, (2.5.64)

This global convergence can be proven by adapting the method in [1] to the setting in this
chapter.

(ii) Due to the convergence (2.5.64), if for each state = the best action a*(z) is unique, we will

have
tlgn fo, (x,a"(x)) =1, VexekX (2.5.65)
and thus
zeanﬁZO fo, (x,a™(x)) > 0. (2.5.66)

If for some state x, the best action is not unique, then the convergence (2.5.64) implies that

Jim Y fa(mat(@) =1 VreX (2.5.67)
a*(z)EA* ()
and thus
megl,gzo Z fa,(z,a"(x)) > 0. (2.5.68)
a*(z)EA*(x)

(iii) The lower bound for min fg, (2, a*(x)), min > fa,(x,a*(x)) and (2.5.60), (2.5.63) can
x T e (z)€A*(x)
be used to derive the uniform Lojasiewicz inequality for MDP with unique or non-unique

optimal action. By analysing the gradient flow, we can prove the convergence rate (2.3.6).

Now we adapt the method in [1] to obtain the global convergence (2.5.64). For the gradient flow
do, -

7; = GVoJ(f3,), (2.5.69)

where Vg.J(0;) = Zcffe‘ (z,a)Qi(x,a)Vylog f,(x,a), with the similar calculations in (2.4.15), it

can be shown that

%ét<x7 a) = Cté\a: aJ(fét)
=G Z vle(@') f5,(2', 0" ) 1w —oy [Liar—ay — f5,(2',0)] Qe(2’, )

- CtZuj ) f5,(2,0') [Nar=ay = f3,(2,0)] Qs(w, ) (2.5.70)

= G () fp, (2, @) Qu, ) — G (2) i, (2. lz Jo,(z,0")Q¢(x,a’)

:Ctaﬁe( a) |Qe(z,a) — Ztha fgf(xa)].

The following lemma is important in our proof.
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Lemma 2.5.7 (The performance difference lemma [74]). For all policies f, f' and state xg,
VI (o) = VI (w0) =Y o (2,0) AT (2, a), (2.5.71)
x,a
where ol is the visiting measure for the MDP M with initial distribution 65, and policy f.
We first prove the following convergence lemma for value functions V7o (z) and V7o (z, a).

Lemma 2.5.8. There exists value V°°(x) and V°°(x,a) for every state x and action a such that

lim V7o (2) = Vo(x), lim Vo (z,a) = V*°(,a).

t—o0 t—o00
Then, by the critic convergence (2.3.5), we immediately have when t — oo
Qi¢(w,a) — V>(x,a)

Qi(z) =Y Qil(w,a)fp, (x,a) = V=(x). (2.5.72)

Define
= min A (z,a)l, 2.5.73
{w,a|A°°(z,a);éO}| (z,a)| ( )
where A®(x,a) = V°(x,a) — V>°(x). Then there exists a Ty such that Vt > Ty, (x,a) € X x A, we
have

Ve x,a) — % < Qi(z,a) <V™(x,a)+ % (2.5.74)

Remark 2.5.9. Here we can suppose that A > 0 because if A = 0, then we have for any states and
actions A (z,a) = 0. By Lemma 2.5.7,
Jim [(f%) — T(fs,)]
= lim > p(wo) [V (w0) = VI (w0)]
0

t—o0

= hm Zu Zo)

— 1 I fa
—tlggo oy, (z,a) A% (2, a)
T,a

ZUIO x,a) [VIo (z,a) — V7o (mﬂl (2.5.75)

=0,

which immediately concludes the global convergence.

Proof. For any fixed state g, treat the state value V/¢(z) as the objective function for an MDP

whose initial distribution is d,, and, by the policy gradient theorem (2.4.12), we have

VoV 7o () Zafet (z,a)V7o (x,a)Vqlog fa,(x,a), (2.5.76)

where oﬁﬁt (z,a) denotes the visiting measure of the MDP starting from zo under the policy fj,.

Thus, using the same calculations as in (2.4.14), we have

0
aQ(z,a)

V.fét (3;0) = Uﬁgt (x,a)Afét (x’a) (2577)
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Let B(x,a) = Q¢(x,a) — V79 (2,a) denote the critic error. Due to (2.3.5), we know that for any
state-action pair (z,a), |5¢(z,a)] < Cny. Combining (2.5.70) with (2.5.77) and using the chain rule,
we have

d_ s i d -

Zvyvie, - fa, e

dtV (1‘0) VQV (CL‘()) dtﬁt

Z 0 _ d -
= ‘/ f9t
z,a 89(35»@) (xO) dt et(aj, a)

= Z U:{gt (z,a)Alo (z, a)al{g* (z,a) [Qt(x, a) — Z Qi(z,a) fg,(x,a)

z,a

=G z aﬁt (z, a)Afét (z, a)aﬁgt (z,a) [Bt(x, a) — Z,Bt(m, a')fg,(x,a’) + Ale (z, a)]

fa fa 5
> ¢S ol (@ a)on’ (2, a) (A% (2,0)) — Clms,
’ (2.5.78)
where the last inequality follows from (2.3.5). Thus, by Lemma 2.5.3 and the boundedness of the

value functions, we obtain the convergence for the state value function. Then, due to
Vo (z,a) = r(z,a) +v Z Ve (¢ p(a' |z, a), (2.5.79)

the convergence for the state action value function is concluded. The convergence for Q; is imme-
diately follows from the critic convergence (2.5.33). Combining the convergence for value functions,

A > 0, and the finiteness of the action space, we obtain (2.5.74). O
Next, partition the action space A into three sets according to the value V°(z) and V°°(z, a),

Ig =A{alV=(z,a) = V>(z)}
IT = {a|V=(x,a) > V=(x)} (2.5.80)

I = {a|V>=(z,a) < V=(x)}.

The following steps can be used to prove the global convergence (2.5.64).

e Show that the probabilities

tli)rglofgt(x,a) =0, VaclIjUlI”.

e Show that for actions a € I%, limy_, 0;(2,a) = —oco and, for all actions a € I, 0;(z,a) is

bounded below as ¢ — oo.

e Prove that the set I? is empty by contradiction for all states x and conclude the global

convergence (2.5.64).

Lemma 2.5.10. Define the advantage function for the critic as

Ai(z,a) == Qi(z,a) — Q(x). (2.5.81)
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Then, there exists a Ty such that ¥t > Ty, x € X, we have

| >

A
A(z,a) < 1 VYa e I?;  Ai(z,a) > Va € I7. (2.5.82)

Proof. Since Q;(z) — V°°(z), we have that there exists 71 > Ty such that for all ¢ > Ty,
A A
VE(2) = < Qulz) <V=(2) + . (2.5.83)

Then, for any actions a € I*, we have for any t > T > Tj
Ay(w,a) = Qt(%a) - Qt(l‘)
(a) A -
< Ve (z,a) + i Q+(x)

® A A
< V¥(@,a) + = V=(@) + (2.5.84)

where step (a) is by (2.5.74), step (b) is by (2.5.83) and step (c) is by the definition of I” in (2.5.80)
and A in (2.5.73). Similarly, for a € I7,
Ay(z,a) = Qu(w,a) — Qi)
>V (z,0) - 2 — Qua)

4
>V (w,a) = 7 —V=(2) - 7 (2.5.85)
A
> -
> A >
S A
T
O

Lemma 2.5.11. For any state action pair (x,a) € X X A, we have tlim <§z,aJ(fgt) = 0. This
—00
implies that
tlggofgt(:r,a) =0, VaelUlI?,
and thus

Jlim ; fa,(x,a) = 1. (2.5.86)
a 0’

Lemma 2.5.12 (Monotonicity in 6;(z,a)). For all a € I, 0,(z,a) is strictly increasing for t > T;.

For all a € I*, ;(x,a) is strictly decreasing for t > Ty.

Lemma 2.5.13. For any state x with the set IT # (), we have:
max 0y (, a) — oo, miJr‘ll 0;(z,a) — —oc0. (2.5.87)
4 ae

acly

The proofs of Lemmas 2.5.11, 2.5.12, and 2.5.13 are the same as in [1] and therefore are omitted.
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Lemma 2.5.14. For all states x with the set IT # 0, choose any ay € IY. Then, for any a € I§,

if there exists t > Ty such that fg (v,a) < fg,(x,ay), we have

fo.(@,0) < fg (x,a4), V7>t

(2.5.88)

Proof. 1f f5,(z,a) < fg,(x,a4), we know 0;(z,a) < 0;(z,ay) and there exists a small ¢y > 0 such

that fg, (z,a4) > €o. Therefore,

Brad(f3,) = Vi (@) f5, (2, a) [Qu(, a) — Qu(x)]
<ol @ 00 Qe - Q) - 5
< ’/;{ét () f5,(x,a4) [Qi(x,a4) — Qu(z)] — 601/5@” () [Qi(z,a4) — Qu(x)]

~ s Ae
< am,a_p](fét) - VHSt (x)TO7

where the step (a) follows from t > Ty, a € I§ and a4 € I7,

_ A A 3 ~ A
Qi(x,a4) > V>=(z,aq) — 1 >Ve(x)+A-— Vil Veo(z,a) + ZA > Qi(z,a) + T
and the fact that 8;(z,a) decay exponentially. Let C = uiét (x)% and note that

~

Oz,a,J(fg,) —C > 0.

Then, we have
0,(z,a) < 0)(x,ay) — CG.

By the gradient flow (2.5.69), Theorem 2.5.4, and (2.5.43), we have for any action a

=00l (f5,) =0, t— o0

(2.5.89)

(2.5.90)

(2.5.91)

(2.5.92)

(2.5.93)

Thus, without loss of generality, we can suppose that constant T} is large enough such that for any

t > Ty and any action a € A,
C

_ C
*g@ < 6y(z,a) < g(t

Thus, for any s >t > Tp,

0. (z,a) = 0.(z,a) — 0,(x,a) + 0)(x,a)

(a) C C -
< ggt + gCt +0i(z,ay) - CG

- C
S 92(%%—) - g(ta

where step (a) use (; is decreasing. Finally, we have for any Ty <t < 7,

éT(x’a) = ét(xva) +/ é;(xaa)d’s
t

< _t(x,a+)+/ 0 (x,a)ds
t

and therefore (2.5.88) is true.

(2.5.94)

(2.5.95)

(2.5.96)

O

For any ay € I%, we divide the set I¥ into two sets BY (ay) and Bf (ay) as follows: BE (aj)
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is the set of all a € I§ such that for all ¢ > Ty, fg,(x,a1) < f5,(z,a) and Bf (ay) contains the

remainder of the actions from IJ. By the definition of B (a4 ), we immediately have two Lemmas.

Lemma 2.5.15. Suppose for a state x € X, IY # 0. Then, Yay € I{ we have that Bf (ay) # 0
and that

tlggo Z fo,(z,a) =1, (2.5.97)
a€Bg(ay)
which also derives
max 0;(z,a) — oo. (2.5.98)
a€B§(a+)

Lemma 2.5.16. Consider any x with I7 # (0. Then, for any ay € IY, there exists an T,, such
that for all a € BE (ay.)

f§¢($7a+)2f§t<xaa)v Vt>Ta+-
The proofs of Lemmas 2.5.15 and 2.5.16 are the same as in [1] and therefore are omitted.

Lemma 2.5.17. For all actions a € I%, we have that 0,(x, a) is bounded from below as t — oo. For

all actions a € 1%, we have that 0;(x,a) — —co as t — oc.

Proof. From Lemma 2.5.12, we know that when ¢t > T} and for any a € I%, 0y(z,a) is strictly
increasing. Thus 6;(z, a) is bounded from below for any a € T 7. For the second claim, from Lemma
2.5.12 we know that when t > T}, 0;(x, a) is strictly decreasing for a € I”. Therefore, by monotone
convergence theorem, tlinolo 0;(x,a) exists and is either —oo or some constant ¢y. Next, we prove the
convergence to —oo by contradiction.

Suppose for some a € I* that there exists a €y such that ét(x,a) > €y,Vt > T1. By Lemma

2.5.13, we know that there exists an action a’ € A such that
. . A no_
htrglogf Oi(x,a") = —o0. (2.5.99)

Choose a constant § > 0 such that 6, (z,a’) > €y — J. Then, we can find an increasing sequence

{tn}n>0 larger than T} and converging to oo such that

O, (z,a') < €9 — 6, Jim. 0, (x,a") = —oo0. (2.5.100)
Define 7,, as
Ty :=sup{s|s € [T1,tn], Os(v,a’) > €y — 5} (2.5.101)
where
TM = {s|s € (T, tn), Du.arJ(f5,) < 0} (2.5.102)

By the continuity of ﬁgJ(fo), we know 7™ is a Lebesgue measurable set. Note that the Lebesgue

measure of 7™ should be positive for all n. Suppose there is a constant n such that E(T(”)) =0,
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then by 0, (x,a’) > €y — J, we will have
tn

0;, (x,a") =0, (z,a) + Csax,a/J(fgs)ds

Tn

= 0,, (z,a") +/ CoOp.ar I (f7.)ds

(T b))\ T % (2.5.103)
>0, (z,d)
> € 5,

which contradicts (2.5.100).

Define the sequence {Z,, },>0 as

Zn = Csé\m,a"](fés)ds'
T(n)
Then,
tn -
Zn < CsOn,arJ (f5.)ds < 0, (x,a") — (e0 — 9). (2.5.104)
By (2.5.100), this implies that
lim Z, = —oo (2.5.105)
n— oo

For the positive measure set 7 (™) we have for any ¢’ € T,
2.0 (fs,) fo, (z,a)Av (2, a)
OuaJ(f5,)| |5, (% 0)Av (2, a)
where we have used that [Av (z,a')] < {1, [A (2,0') — Ay(z,d')] — 0 and [AT (2,0)] > 4
for all ¢ > Ty (from Lemma 2.5.10). Note that since 0;4.J(fp,) < 0 and 0.0 J(fg,,) < 0 for all
t' € T we have

(1-7A
2

= > exp (€9 — by (z,a’)) % > exp(d) (2.5.106)

0zad(fs,) < exp(é)%éx,a/,]( fa,)- (2.5.107)
Thus .
étn (‘T7 a) = éTl (CC7 a) + Csé\z,a‘](fég)ds
Ty
(a) .
< Or,(z,a) + CsaLaJ(fe_s)ds
T (2.5.108)
(®) _ 1—~A ~
< () +exp@®) DS [ B,y s
T(n)
— b1, (w.0) + exp() L2 7,

where the step (a) follows from 5z,aJ(f§S) < 0 for any s > Ty (Lemma 2.5.12) and step (b) is from
(2.5.107). Since (2.5.105) and (2.5.108) contradict that 6;(z,a) is bounded from below, the proof is
complete. O

Lemma 2.5.18. Consider any state x with I{ # (. We have for any ay € If,

Jim > bi(z,a) =00 (2.5.109)
a€B¥(aq)
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Proof. By definition of B¥(a ), we know when ¢ > T,

fgt(x,a+) < f@t (.LCL), Va € B(g)c(aJr)v

which implies 6;(7,a;) < 04(z,a). By Lemma 2.5.17, we know 0;(z,ay) is lower bounded as
t — oo, and thus for all @ € BE(ay), 0:(z,a) is lower bounded as t — oo, which together with

max 0;(x,a) — co in Lemma 2.5.15 derive (2.5.109). O
a€B§(ay)

We are now ready to prove the global convergence of the tabular actor-critic algorithm by fol-

lowing the same method in [1].

Lemma 2.5.19 (Global convergence). For any optimal policy f*,

J(f*) = J(fs) =0, t— . (2.5.110)

Proof. We only need to prove I7 is empty for any x. If so, by (2.5.75)

0< tlg&[J(f ) —J(fs,)] = hm Zau x,a) Al (z,q) ZO’ z,a) [V (x,a) — V>(x)] <0,

(2.5.111)
which implies the global convergence (2.5.110).
Now we prove I7 = ), Vz € X by contradiction. Suppose I{ is non-empty for some state z € X
and let aq € If. Then7 from Lemma 2.5.18, we must have
> bi(z,a) > 0. (2.5.112)

a€Bg(a+)
By Lemma 2.5.17, we know for any a € I%, 0;(x,a) — —oo and 0;(z,a, ) is bounded from below.

Thus we have

f?t (:L'7 a)
fét (.Z‘, aJr)
and there exists To > T such that Vt > Ty

fgt(l‘,a) (1_7)A

= exp{0;(z,a) — O;(x,a)} — 0, (2.5.113)

< , (2.5.114)
fo (way) 16| A
or equivalently
A
-y fet 7,0) > —fp, (0, a0) - (2.5.115)
acl?®
Noting that Bf C IZ, we have
tllm Ay(z,a) =0, Vae€ BE(ay). (2.5.116)
By Lemma 2.5.16,
fa@ad) oy s,
fét ($7 a)
which together (2.5.116) derives that there exists T3 > T3, T, such that
_ ; A
Ay, )] < 121895 Vit > T, (2.5.117)

f5,(x,a) 16A[’
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Thus we have
S o) A, )] < i ()T
a€Bg (ay)
or equivalently
A A
7f§t(x7a+)176 < Z f@t(x’a)At(‘Taa) <f§t(x’a+)T6'
a€Bg(a+)
Then, we have for t > T3,

(G)ng x,a)A¢(x,a) + ZfetxaAtxa Zfa (z,a)A¢(z,a)

a€l§ aGII acl®

b

Y peadmar Y o a)Adea) + S o)A a) +
a€B¥(ay) a€BZ(ay)

() A
Y oAt Y Ao )t - Y
a€B§(a4) a€B¥(ay) acl®

(i) Z f§t<x’a)At(x’a) _fa_t(x7a’+)é

16
a€Bg(ay)

> Z Jo,(x,a)A¢ (2, a),

a€Bg(as)

A A
+ fo,(z, a+)z — fa, ($>a+)§

(2.5.118)

(2.5.119)

Z Jo,(x,a)A(z,a)

acl®

1—v

(2.5.120)

where step (a) is from (2.5.70) and in the step (b) we used A;(x,a) > 0 for all actions a € I7 for

t > T3 > T from Lemma 2.5.10. Step (c) follows from Ay(z,a;) > £ for t > T3 > T from Lemma

2.5.10, the fact A% (z,a) > —ﬁ and the critic convergence |Af0: (z,a) — A;(z,a)| — 0, while step

(d) is by (2.5.115) and the left inequality in (2.5.119). This implies that for all ¢ > T3

> 8,0 (f,) <0

a€B¥(ay)
Then,

t—o0
a€B¥(aq) Ts a€BE (ay)

lim Z (64(x,a) — Op,(z,a)) < /oo G Z 890 o (fg,)dt < oo,

(2.5.121)

which contradicts (2.5.112). Therefore, the set I7 must be empty for all z € X and then the proof

is completed.

O

The global convergence in Lemma 2.5.19 can also allow one to prove the global convergence of

the policy.

Lemma 2.5.20. For any deterministic optimal policy f*, let a*(x) = argmax, f*(z,a), Vo € X.

Recall that the optimal actions set

A (x) = {a*(m) e A: VI (2,0 (z)) = mafo*(x,a)}, Vi e X.

a

Then, by the convergence (2.5.110), if for each state x the best action a* (x) is unique, we will have

Jim fp, (z.0%(2) =1, VeeX
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and thus

:ze.lxnftzo fa, (x,a"(x)) > 0. (2.5.123)

If for some state x, the best action is not unique, then the convergence (2.5.110) will imply

Jim Y fa(mat(@) =1 VreX (2.5.124)
a*(z)EA*(x)
and thus
el > fa(wa (@) > 0. (2.5.125)

T ar(z)e A (z)
Proof. As in (2.5.75) we have
J( f@t ZV )Zf*('raa)Afgt (l‘,a)

—Zu Af"t (x,a*(x))

(2.5.126)
= Zu ) | Vo (x,a* () — Z Vi (2, d) f, (z, a’)}
By (2.5.110), we have the convergence a
0= lim [J(f*) = J(f5,)] ZN ) [V (@) = VI (@), (2.5.127)

which together with u(x) > 0,V/" (z) — VYo (z) > 0,Vz € X and the relationship (2.5.79) leads to

lim V7 (z) =V (z) =0, VeeX
e (2.5.128)
tlim VI (x,a) = VI (2,0) =0, Y(z,a) € X x A

Combining (2.5.126) and (2.5.128), we have
0= lim [J(f*) ~ J(f3,)

= lim E 1/
t—o0

) | Vo (x, a* (x Zertxa)fg (x, a)]

, e f I (2.5.129)
= tlggo v, (z) maXV (z,a) ZV z,a’) f,(x,a")
(;) lim Z,u(x maXVf (z,a) ZV x,a) fz (x,a’)
T t—oo Ot
where step (a) is due to
maXVf ZV z,a’)fg,(z,a’) >0, VrelX.
Then we have
. f* * _ r Ay ! —
tlglgo V7' (z,a"(x)) Z, VIi(x,d) fa,(x,a )] 0, VaxeX. (2.5.130)

Thus if the best action a*(z) for any state € X is unique, (2.5.130) derives

lim fg (2,a"(2z)) =1, VreX.

t—o00
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When there exist multiple optimal actions in A*(x), (2.5.130) derives

tli)rglo Z fo,(x,a"(x)) =1, VeeX.

a*(z)EA* (2)
Finally, noting that fy being a softmax policy and the bound in Lemma 2.4.1, for any finite
t > 0, the policy is positive. Thus (2.5.123) and (2.5.125) are direct corollary of (2.5.122) and
(2.5.124). O

Finally, combining Lemma 2.5.5 and Lemma 2.5.20, we can obtain the uniform Lojasiewicz

inequality, which will prove the convergence rate (2.3.6).

Proof of (2.3.6): Define the actor error

Then, by chain rule,

dY; -
7; = —(:VoJ(fg,)VeJ(fs,)
= GV (fa)II? + V0T (fs,) (VoI (fa) — VoI (fa,))
< - J(fg,)|I> +C J(fo)ll - [|Qe — VT
< —GlIVod (fo )l + CClIVad (fg,)l - 1|Qs ll2 (25.131)
< =Gl Vo (5 )II” + CGml[ Vo (o)
< —(Ce — Cen)IVad (f3,) 17 + Ceme
< —CQHVOJ(fét)Hz + C ¢y
By Lemma 2.5.5 and Lemma 2.5.20, there exists a constant C' > 0 such that
1Yo (f3)ll = C [J(£) = J(£3,)] = CY,. (2.5.132)
which together with (2.5.131) derives
dY;
7; < —CGY + CGmy
C C (2.5.133)
2
< =Y+ 77
t tlog=t
Consider the comparison ODE:
i Cp, C o,
dt t tlog“t (2.5.134)
o > YQ,
By the Basic Comparison Theorem in [101], we have
0<Y, <2 t>2. (2.5.135)

Then, if we can establish a convergence rate for Z;, we will have a convergence rate for Y;.

Without loss of generality, we suppose the constant C' = 1 and define function

0< Xy =Z;logt, t>2.
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Thus,

X, 1 1, 1
— = —Zy+logt| —=-Z; + —
at o plrTes ( ¢t +tlog2t>
1
= —— (Zlogt — Zlog”t + 1 2.5.136
flogt (Zrlogt = Zilog™t +1) ( )
1
= gt(Xt—Xt2+1), t>2.
)
Noting that 177\/5 and % are two stationary solution of (2.5.136), the solution X; will decrease if

1+v5
2

1+v5
2

it is larger than and it will increase for X; € [0, ]. Thus, for a solution X; starting from

X5 > 0, there are two cases:

(1) If the starting point Xo > 1+T\/57 the solution X; will decrease and always be larger than %
by the uniqueness theorem for ODEs (Theorem 2.2 of [141]).

(2) If the starting point X5 € [0, 1+2\/5]’ the solution X; will increase and always be smaller than

1+T‘/5 by the uniqueness theorem for ODEs (Theorem 2.2 of [141]).

Thus, no matter where X; starts from, we always have

1+5

0 < X; < max{Xo, 5 ot >2 (2.5.137)
which shows that
c
0<Y, < < —, t2>2, (2.5.138)
logt
and therefore the convergence rate (2.3.6) is proven. O
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Chapter 3

Convergence of Online Neural
Network Actor-Critic Algorithms

3.1 Introduction

Neural network actor-critic algorithms are one of the most popular methods in deep reinforcement
learning. A neural network model is trained to select the policy (the “actor”) while another neural
network (the “critic”) is simultaneously trained to learn the value function given the actor’s policy.
Specifically, the actor selects an action and, given the action, a new state transition occurs according
to a Markov stochastic process and a reward (a measurement of the success/failure) is observed. The
critic must learn to approximate the value function — the solution to the Bellman equation — given
the actor’s policy. Given the critic’s estimate for the value function of the current policy, the actor
must be updated to improve the value function (i.e., increase the expected reward). Actor-critic
algorithms are well-established methods in reinforcement learning [85, 83]; the key recent advance is
using (deep) neural networks as the actor/critic and training their parameters using gradient descent
methods [108, 53, 107, 16, 117].

Analysis of neural network actor-critic algorithms is challenging due to: (1) the non-convexity of
the neural networks, (2) the complex feedback loop between the actor and critic (the actor determines
the sequence of data samples which are used to train the critic and the critic is used to train the
actor), and (3) the simultaneous online updates of both the actor and critic which lead to (3A) the
distribution of the data, which depends upon the actor, constantly evolving in time and (3B) the

actor being updated with a noisy, biased estimate of the value function.
3.1.1 Convergence Analysis of Actor-critic Algorithms

ODE Methods Various versions of actor-critic algorithms have been studied under the framework
of stochastic approximation algorithms, see [84, 20, 83, 82] and the associated references for an
extensive discussion and literature review. A common way of analysing the stability and convergence
of this class of algorithms would be to show that the algorithm converges to the limit set of an

associated ODE [11, 21, 22]. As a result, the algorithm can be studied by characterizing the limit
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set of the ODE [20, 38]. The references [11, 24] provide general overviews of this method. We note
that the stability of the actor-critic algorithm can be established via a pure martingale argument
[82].

Although our approach also connects the actor-critic algorithm with an ODE, the analysis and
convergence theorem are different. Here we establish the pathwise uniform convergence of the time-
rescaled trajectory of the actor-critic algorithm using weak convergence techniques [56] as the number
of hidden units and training steps — co. The convergence to the limit ODE with a neural network
actor and a neural network critic as the number of hidden units — co was not previously considered

in the ODE literature discussed above.

Finite time analysis Non-asymptotic convergence rates can also be established for the actor-
critic algorithm using finite-time analysis approaches. These results establish a convergence rate to
a time when the optimality gap is arbitrarily small. Finite-time convergence rates for actor-critic
algorithms with linear approximators for the action value function have been proven in [149, 148, 86].

Recent advances using neural tangent kernel (NTK) analysis [121, 120, 70, 90] has enabled finite-
time analysis on various versions of the neural network actor-critic algorithm. Building upon the
NTK results [121, 120, 70, 90], [142, 39] study a “batch” version of the actor-critic algorithm where
a large number of critic parameter updates are required for each actor update to ensure accurate
approximation of the action-value function. A convergence result is proven when the ratio of critic
updates for each actor updates — oco. In particular, [142, 39] establish that the batch actor-critic
algorithm can become arbitrarily close to a stationary point within a large but finite number of
iterations. These results do not guarantee the convergence of the actor-critic algorithm as the
training time — oo, as the parameters could escape from the global/local minimum of the loss
function.

While [142, 39] study the batch version of the actor-critic algorithm — where the number of critic
updates for each actor update — oo at each iteration — we develop a convergence analysis for online
neural network actor-critic algorithm where there is a single actor and a single critic update at
each iteration. The advantage of the online algorithm is that a much larger number of optimization
iterations can be completed in the same computational time. The online updates introduce key
mathematical differences to the analysis. The learning rates for both the actor and critic must be
carefully selected in order to guarantee convergence in the online setting. In addition, the exploration
policy for the actor must also be carefully designed. A two-timescale analysis to separate the
timescales of the actor and critic must be applied in combination with the NTK methods. Due to
the online updates, a Poisson equation must be used to analyze the fluctuations of the algorithm
around its limit trajectory. The main mathematical result is also different; we characterize the limit

of the neural network actor-critic algorithm as the number of training steps and hidden units — oo,

54



proving that it converges to the solution of a system of ODEs using weak convergence techniques.
Finally, we prove that the limit ODE converges to a stationary point of the expected reward as
the training time — oo. Similar to [142, 39], this also implies that there is a finite training time
such that the pre-limit algorithm converges arbitrarily close to a stationary point of the objective

function.
3.1.2 Our Mathematical Approach

We prove that the trajectory of the time-rescaled neural network outputs converges pathwise weakly
to an ODE with random initialisation as the number of hidden units — oo. We then prove that
the limit critic converges to the value function and the actor converges to a stationary point of the

objective function as the training time — oo. In particular, we show that both
e the Bellman error for the critic model and
e the norm of the gradient of the objective function with respect to the actor

converge to zero as the training time tends to infinity. These results are stated formally in Section
3.3. Our results are strictly stronger than the classical ODE approaches in [20, 38| as it provides
information about the training trajectory. We prove that the trained limit neural network converges
to a stationary point as the training time ¢ — oco. In this chapter, a constant learning rate is used for
the critic and a logarithmic learning rate is used for the actor, which asymptotically yields accurate
value function estimates for the online actor update. These learning rates are non-standard in the

classical approach (see [24, 21, 84, 82]).

The convergence to a limit ODE is a result of the neural network parameters remaining within a
small neighborhood of their initial values as they train. This result is referred to as the Neural Tan-
gent Kernel (NTK) result and was discovered in [90] for feedforward networks in supervised learning.
The NTK analysis has been widely-used to study neural networks, including for reinforcement learn-
ing algorithms [133, 143]. Therefore, the evolving neural network outputs (during training) can be
linearized around the initial empirical distribution of the parameters. In the reinforcement learning
setting, convergence to the limit ODE with the NTK kernel requires the analysis of non-i.i.d. data
samples whose distribution depends upon the neural network parameters (since the distribution of
the Markov chain depends upon the actor). The actor parameter updates themselves depend upon
the data samples, introducing a complex feedback loop. Our analysis requires constructing an ap-

propriate Poisson equation to address this challenge.

We first establish the geometric ergodicity of the data samples under a fixed actor policy. Then,

using the Poisson equation, we prove that the fluctuations of the model updates around the limit
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distribution due to the randomly-arriving data samples vanish as the number of parameter updates
— 00. Using the Poisson equation and weak convergence techniques, we prove that the actor neural
network and critic neural network converge to the solutions of a system of ODEs with random initial
conditions. Unlike in the classic NTK analysis of feedforward neural networks which produces a linear
limit ODE, the limit ODE for the actor-critic algorithm is nonlinear. Leveraging the two timescales
for the actor and critic ODEs (due to their respective learning rates), we are able to prove that
the critic ODE converges to the true value function (the solution of the Bellman equation) as the
training time ¢ — oo, which provides the actor with an asymptotically unbiased estimate of the
policy gradient. We then prove that the limit actor network will converge to a stationary point
of the objective function as ¢t — co. Therefore, although in the pre-limit actor-critic algorithm the
critic provides a noisy, biased (i.e., there is error) estimate of the value function, we are able to prove

that asymptotically the critic will converge sufficiently rapidly such that the actor also converges.
3.1.3 Organisation of the analysis

Section 3.2 describes the class of actor-critic algorithms that we study. Section 3.3 states the main
convergence results that are proven. The proof of the main result is presented in Section 3.5. Finally,
we analyse the limit ODE as ¢ — oo in Section 3.5 to establish the convergence of critic network
to the true action-value function and the convergence of actor network to a stationary point of the

expected discounted future reward.
3.2 Actor-Critic Algorithms
3.2.1 Markov Decision Processes

We will study a neural network actor-critic algorithm for the following Markov decision process

(MDP).

Definition 3.2.1 (Markov decision process (MDP)). A Markov decision process M = (X, A, p, po, T, 7)

consists of the following:
e X C R%, the space of all possible states of the MDP (the state space);

e A C R, the space of all actions of the MDP (the action space);

p(z’|z, a), the transition kernel that gives the probability of next state being x’ if the current

state is = and the action a is taken;

po, the distribution that characterises how the initial state and action are chosen,

e 7(z,a), the reward gained by taking action a at state x, and

v € (0,1) being the discount factor.
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Here X x A C RY, where d = d, + d,. Any elements ¢ := (z,a) € X x A are called state-action

pairs.
We make the same assumptions on the MDP as the ones made in [143]:
Assumption 3.2.2 (Basic assumptions on the MDP).
e Finite state space: we assume that the state space X is discrete and finite with size #X,

e Finite action space: we assume that the action space A is discrete and finite with size #.4,

and
e The reward function r is bounded in [—1, 1].
We denote the size of the state-action space X x A as M = #X x #.A.

3.2.2 Policy in the MDP

A policy f = f(x,a) specifies the probability of selecting action a at state x. The policy f acts on
the MDP M to induce the following Markov chain on the state-action pair & := (xx, ax):

p(-|z0,a0) p(-|z1,a1) p(|z2,a2)
=p(-|€0) f(z1,7) =p(-1¢1) f(z2,7) =p(-1€2) f(=zs,)
(M, )2 &o = (w0, a0) ~ po T ay T2 ag T3 ag---,

(3.2.1)

which is time-homogeneous with initial distribution py and transition kernel
f(@kt1s apy1) p(Tps | vk, ak)

from & = (2, ag) to Ekr1 = (Tpt1, Apt1)-
The overall reward for a policy f in the MDP M is evaluated by the following state and action-

value functions:

Definition 3.2.3 (State and action-value functions). The state and action-value functions of a

policy f acting on MDP M is defined as follows:

e the state-value function V/ : X — R is the expected discounted sum of future awards when

the MDP is started from a certain state x and there is a fixed policy f for all timesteps:
Vi(z)=E lz YEr(&) | zo = x] ) (3.2.2)
k=0
and

e the action-value function V/ : X x A — R is the expected discounted sum of future awards
when the MDP is started from a certain state-action pair (z,a) and there is a fixed policy f

for all timesteps:

VIi(z,a) =T li Yer(&) | 2o = 2, a0 = a} . (3.2.3)
k=0
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Both expectations are taken with respect to the Markov chain (M, f) := (& )k>0 = (@, ak)k>o0-
Remark 3.2.4. These expectations are well-defined as v € (0,1) and r(-) are bounded; see the
remarks at the beginning of Section 2 of [143].

We define further the state and state-action visiting measures of a policy f:
Definition 3.2.5 (State and state-action visiting measures, see e.g. [137, 83] and Section 2 of [143]).

Let (M, f) := (zk,ar)r>0 be the Markov chain induced when the policy f acts on the MDP M.
Let £ = (z,a) € X x A be a state-action pair of the MDP M. Let

e P(x), = z) be the probability that z; = x for (M, f), and
o Pz = z,ar = a) := P(xy, = x)f(z,a) be the probability that x; =  and a; = a for (M, f).

Then, we define the state and state-action visiting measures respectively as V,fo and O',J;O, such that

v),({z}) = ZV’CP (zr=2), of ({(z.0)}) = kaP (v, = z,ar = a), (3.2.4)
k=0 k=0

Remark 3.2.6.

e Both (1 — ’Y)V,]:O(‘) and (1 — ’y)ago(o) are probability measures.

e Define the auxiliary Markov chain induced when the policy f acts on the MDP M in terms

of the state-action pair ék = (Zg, ag):

B(:|Z0,d0) B(+|Z1,d1) B(:|Z2,d2)
o =p(-160) _ f(@1,) _ =pCl&r) _ f(@) _ =p(l&2) _ f(@s) _
(Maf)aux : (960,@0) ~ Po T a1 €2 asg zs3 as---,
(3.2.5)
where
p(@' | z,a) =vp(@ | z,a)+ (1 —v)po (¥'), V(T,a,7) € X x AX X (3.2.6)

sample from the initial distribution py with probability 1 — at each transition to a new state.
Then (1 — ’y)ogo is the stationary measure of the auxiliary Markov chain (M, f)aux. This is
proven on page 36 of [83].

We make the assumption on the transition p of an MDP M to ensure ergodicity for the Markov
chains (M, f) and (M, f)aux.- The assumption is stated in terms of the total variation (TV) distance.
The TV distance between two probability distributions on X x A with masses p; and ps are defined

as

L) =5 Y @) - el (327)

EeX XA
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Assumption 3.2.7 (Ergodicity of the MDP). We assume that the Markov chains (M, f) and
(M, f)aux are both ergodic (irreducible and aperiodic) whenever f selects every action with positive
probability. As a result, both (M, f) and (M, f)aux have a unique stationary distribution (see
section 1.3.3 of [39] and page 36 of [83]), denoted as m/ and o] respectively. Furthermore, we
assume that both 7/ and 050 are globally Lipschitz of f with respect to the TV distance, so that
there exists C' > 0 such that for any policies f, f/,

max(dry (!, 7"), drv (ol ol')) < drv(f, ). (3.2.8)

Po
3.2.3 Online Neural Network Actor-critic Algorithm

The main goal of reinforcement learning is to learn the optimal policy f* which maximizes the

expected discounted sum of the future rewards:
szcaLxJ(f)7 (3.2.9)

where the objective function J(f) is the state-value function, weighted by the initial state-action

pair:

J(f)=E

> A" ‘T(l'k,ak)] = po@Vi@)= Y ol (©r©), (3.2.10)
k=0

reX ¢=(z,a)EX XA

and see also equation (2.3) of [143]. Policy-based reinforcement learning methods optimize the
objective function over a class of policies {fy | # € @} based on the policy gradient theorem [136].
In practice, the value functions are unknown and must therefore also be estimated. In this chapter,
we study the online actor-critic algorithms, which simultaneously estimate the action-value function

using a critic model and the optimal policy using an actor model at every time step of the MDP:

e The actor model, acting as the approximation of an optimal policy, is defined as
exp(P) (z,a))

(&) = Softmax(PN (¢)) = S~ exp(PN (2. a)) €= (z,a) (3.2.11)
where PN () is the actor network:
N
PN() = % Y Bio(U'-¢), (3.2.12)
i=1

parameterized by the parameters § = (B',..., BN U ... U"), where B' € R and U’ € R4,

e The critic model, acting as the approximation of the unknown state-action value function for

the optimal policy (approximated by the actor model), is the critic network
1N
Q) =—=) Cla(W'-¢), (3.2.13)
VPR
parameterized by the parameters w = (C1,...,CN W' ... W¥) where C? € R and W* € R%.

Remark 3.2.8. We emphasise that
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e The outputs of actor and critic networks PN, Q¥ could be viewed as either functions on X x A

or as vectors in RM indexed by elements in X x A, and

° f,iv refers to the actor model (i.e., the probability distribution output of the actor network),
which could be viewed as either a function of X x A or as a vector in RM indexed by elements

in X x A.
These interpretations are interchangeable.

Assumption 3.2.9 (Activation function). The scalar function o(-) : R — R, known as the activation

function, is assumed to be

e twice continuously differentiable (i.e. in CZ(R)) with outputs and derivatives bounded by 1,

and

e slowly increasing, such that for any a > 0,

o(x)

lim — 0.
rz—+oo g2

An example would be the standard sigmoid function o(x) = (1 +e7%)7 L.

0 = (B},...,BYN,UL...UY) and w, = (C},...,CN, W, ...W}) are the trained parame-
ters of the actor and critic networks after k training updates. We also define P := PGJZ N AES
Softmax(PY) and QF = QJ .

Our Actor-critic algorithm is online, which means that the policies used to sample state-action
pairs in the MDP will change at each iteration. Similar to the coupled system in [144, 145], our

version of the Actor-critic algorithm will sample two parallel sequences of state-action pairs:

e the “actor” process:

P(:|0,a0) P(:|Z1,a1) p(:|2,a2)
o =p(1€0) _ 90 @) _ =pCl&) _ o @) _ =pCl&) _ 95 @) _
(M, Ac) : (Zg,a0) ~ po Z ay T2 az z3 as---,
(3.2.14)
and
e the “critic” process:
p(-|To,a0) p(-|z1,a1) p(-|z2,a2)
=p(lé0) 99 (@) =pClé) ol (22)  =p(lE2) g3 (as))
(M, Cr) : (zg,a0) ~ po 1 ax T as 3 as--- ,
(3.2.15)
where the exploration policy g,]gv is defined as
N 7711: N N
9 (§) = ZA + @ =ne) fi (§), &= (z,a), (3.2.16)
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and (n,]fv )k>o0 is a sequence of exploration rates such that 0 < 77;J€V <1 and n,iv "0 0. This ensures
that each action in A is selected with probability at least 7} /#.A4 > 0, and so by Assumption 3.2.7
the induced Markov chains (M, gi¥) and (M, gi¥ )aux are both ergodic, and the stationary measures

N
79 and o539 are well-defined (exist and are unique). This will be made precise in Lemma 3.4.12.

We will now describe the two main steps of the online actor-critic algorithm at each optimization

iteration.

Step 1: Update of the critic network: We first update the critic network’s parameters by
temporal difference learning [146]. Temporal difference learning aims to take a stochastic gradient
descent step at the sample critic loss with respect to the critic network parameters wy:

Lo () = 3 [Ya(€) — QN (&) x 7, (3.2.17)
£

where the “target” Y} is defined as
Ye(©) =r(©) +7)_ | D Q¥ a) T @ )| pla'[g) (3.2.18)

and 74 is the unique stationary distribution of the Markov chain (M, f2V) as specified in Assump-
tion 3.2.2. In fact, if 7/% (€) > 0 for all £ € X x A and L (w;) = 0, then QY (£) satisfies the
Bellman equation and hence is a value function of f;".

Unfortunately the stationary distribution 7/ N (&) is inaccessible, so we use & = (zg,ax) from
the critic process (M, Cr) as a sample of n/ * to estimate and evaluate the gradient over the sample
critic loss

O (wr) = [Yi(&) — QY. (&) (3.2.19)

We emphasise that the critic process (M, Cr) evolves as the following for any k > 1:

T1 ~ (| &k) = (| T, ar),  avs1 ~ gp (Tk, ). (3.2.20)

Further note that the term Yy (&) involves an expectation of ng (+,-) with respect to the distribution
fé:i(-, -)p(-’fk), which could be replaced by the estimate Q(&ry1). Treating the target Y% (&) as

constant, we have the following gradient-descent-like update for the critic parameters

alv

Ciy1 =Ci+ N (r(&) + YQR (Crs1) — QR (&) o (Wi - &),

N

Wi =W+ % (r(&) +7QR (érs1) — Q1 (&) Cro” (W - &) &k, (3.2.21)

where oV = 1/N is the scaling of the step size of parameter updates, chosen so that the parameter

updates converge to a limiting ODE as N — oc.
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Step 2: Update of the actor network: We then use the policy gradient theorem [137] to
update the actor network’s parameters. The policy gradient theorem states that if a policy fy is

parameterized by 6, then

VeV (z) = Z Z]P’(xk = x| z0) Z Vofo(z,a)VI(z,a). (3.2.22)
T k>0 a
Therefore
Vol (0) =Y | (Z Pz, = z|z0) | Y Vofolz,a)V/(x,a)| po(xo)
zo k>0 a

fg(.%‘,a)

({(z,0))Vo(In fo(w,a) V" (z,a) (3.2.23)

= Z ( fo(z,a)P(zy, = x| x0)po(z0) ;V(,fg(x,a)Vf"(x,a)
k>0

1
™
oL

This is an expectation of the quantity Vg(In fs(z,a))V /% (z,a) with respect to the visiting measure
O'gg('). Since we do not have access to the visiting measure U}:g (), we estimate this gradient as in
[142, 149] by evaluating the quantity Vg(In fo(€x))V 7% (€L), where &, := (i, ar) is taken from the
actor process (M, Ac) as a sample from the visiting measure cr,’;év (-). The actor process (M, Ac)

evolves as follows for any k& > 1:
Frrr ~ (-1 &k) = D | Fy k), Gri1 ~ gk (Fryr, ). (3.2.24)

The partial derivatives of the actor model fév = Softmax(PeN ) with respect to the parameters 6§ are:

dgi In f(z,a) = dgi (Pév(a:, a) —In <Z exp (P} (z, a'))))

_d N ea)) — D oar ﬁexp (PN (z,d))
= 4B (fﬂ ( ’ )) Za” exp (PQN(LU,G//))
_d () (@,a)) — S exp (P (z,a')) 75 P (z,d’)
dpi V0 v Za” exp (Pé\/ (z, a//))
ey S (e )
- 5 =3 (S e )
= \/% (O’(Ui (z,a)) - Zfév(x,a')a(Ui . (m,a'))) ) (3.2.25)
and
Vyi(In fy (z,a)) = \/—lﬁ (Bia’wi (z,0))(@,a) =Y f3¥ (x,d)B'o' (U - (z,d))(x, a/)> .

In our online actor-critic algorithm, we will replace the action-value function V/éx (x,a) by its esti-

mate, i.e. the clipped critic clip(Q% (-, ), where

clip(z) = max(min(z, 2), 0). (3.2.26)
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The clipping is here to ensure that the magnitude of updates for parameters B,i and U, ,é are bounded.
Clipping is a common technique used in practice in deep learning and is also necessary for our
convergence analysis as N — oco.

Therefore, the actor network’s parameters are updated according to:

N ~ . ~ .
Bl = B e ap@) @) (o0 60) - 2 oo )|
Ui = Ui + NC\’;NC“P(QQ(&C)) (B;ZU’(U;? (€)) (&) =D fY @k, a")Bio' (U} - (fkvdk))(ikaa"g ;

(3.2.27)
where CéV/N is the learning rate.
The complete online Actor-Critic algorithm — for simultaneously training both the actor and

critic networks — is summarised in Algorithm 1 below.

Algorithm 1 Online Actor-Critic Algorithm with Neural Network Approximation

1: procedure ONLINENAC(M, N, T, v, o) > Hyperparameters: MDP, network size, running
time, initial distributions of critic and actor parameters.
initialise neural network parameters: Vi, (C, Wi) % 1o and (B, Wg) % po.
set k=0
initialise states/actions £ = (zo, ag) ~ po and &o = (Zo,a0) ~ po,
while £k < NT do
simulate 11 ~ p(- | &) and Zgy1 ~ p(- | &)
simulate ag1 ~ g (zg41,-) and Gg1 ~ g (Tg41,)
for alli € {1,2,..., N} do
. update (Cly1> Wiy1) according to (3.2.21) using & = (2k, ax), k1 = (Trg1, Gkg1)
and (C}, W})

© % N> g kW

10: update (B}, U} ) according to (3.2.27) using &, = (g, ax) and (B, U})
11: end for
12: end while

13: end procedure

The main contribution of this chapter is to prove that the evolution of the “actor” and “critic”
networks trained with this online Actor-Critic algorithm weakly converge to the solution of a limiting
ODE as N — oo. We then study the evolution of the limiting ODE to characterise the convergence
of the online Actor-Critic algorithm. Specifically, we are able to prove that as training time ¢t — oo
(A) the limit critic network converges to the true value function for the actor’s policy and (B) the

limit actor network converges to a stationary point of the objective function.

Assumption 3.2.10. In practical implementation, both the “actor” and “critic” networks should

contain bias parameters, and should be written in the form
1 X
—— Y Co(weight’ - (z,a) + bias’), 3.2.28
T 2 Clotweght' (z.0) + bias) (3228)

where bias’ € R. The bias parameter could be incorporated into the weight vectors by introducing
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an additional column of 1 in the state vector z, so that the networks could be expressed as

N .
= Do Clotweight - (¢'a)), @' = (z.1) (3.2.20)

We make this as an assumption of the MDP state space X'. We further assume that the elements

in X x A are in distinct directions (as defined on page 192 of [69]).
3.3 Main Result

Our results are proven under some assumptions for the neural networks, MDP and learning rates.
Assumption 3.3.1. For the actor network in (3.2.12) and critic network in (3.2.13), we assume:

e The randomly initialised parameters (C&, Wi, Bi,U;) are independent and identically dis-
tributed (i.i.d.) mean-zero random variables for all ¢ with distribution vy (de, dw) ® uo(db, dw),

where ® refers to the product of measures.
e 1y and ug are absolutely continuous with respect to the Lebesgue measure,
e for each i, C§, Wi, BE, Ut are mutually independent, and
o max,(IC4l, By, Euy W Euy [U3]) < 1 and E[CY) = E[Bj] = 0.

We assume further that vy = g for simplicity, although this additional assumption could be easily

removed.
Our convergence proof also requires a careful choice for the learning rate and exploration rate.

Assumption 3.3.2. The learning rate and exploration rate are:
1 1
CN = ; 77N = y
g 1+ £ ¥ 1+log®(£ +1)
1 B 1
1+log?(t+1)

_|_
The learning rate and exploration rate in (3.3.1) satisfy the following properties for any integer

(3.3.1)

thus, as N — oo, Ci\J[\/tJ -G = 114 Wﬁm — M

n €N
(sds = o0, / CFdt < oo, (sMsds < 00, m 53 =0. (3.3.2)
0 0

li
0 t—o0 1"
We prove that the outputs of the actor and critic models converge to the solution of a nonlinear
ODE system as the number of hidden units for the neural networks N — oo. We define the empirical

measures
1 1
= Do V= D dopws (3:3.3)
i=1 i=1
In addition, we define the following time-rescaled processes for any £ = (z,a) € X x A

in(f):QJLVNtJ(f)y ,Uiv:,UJJLVth VtN:Vi\JIVtJ- (3.3.4)
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Using Assumptions 3.2.9 and 3.3.1, we know that ', v’ a4 vo and PV, QY S G, H as N — oo,
where G, H are mean-zero Gaussian random variables by the law of large numbers and central limit

theorem for i.i.d. random variables, respectively.

Define the state space for the time-rescaled process (,uiv N, PN QN ):
E=M@R") x MR¥Y) x RM xRM, d=d, +d,, M=|XxA|, (3.3.5)
where M(R!*?) is the set of all probability measures on R!*?. Define the space
Dg([0,T]) = {cadlag paths f:[0,T] — E}. (3.3.6)

We will study the convergence of the time-rescaled process (3.3.4) in the space Dg/([0,T]) as N — cc.

The following definitions will also be used in our analysis:
e The inner-product of a measure v and a function f is:
_ / Fd, (3.3.7)
e The kernel matrix that will appears in our limit ODE in theorem 3.3.3 is:
Acer = (o (w-&)ow- &)+ (w-€) o' (w- )(€ - &), volde, duw)) (3.3.8)
where ¢’ = (2/,d).
The convergence of the online actor-critic algorithm is characterised by the following theorems:

Theorem 3.3.3. Let Assumptions 3.2.9 and 3.53.1 hold, and let the learning rate for the critic
parameter updates be oY = a/N for an o > 0. Then, the process (uéV,V{V,PtN,in) converges
weakly in the space Dg([0,T]) as N — oo to the process (ut, Ve, Pr, Qt), so that for any t € [0,T],
any (x,a) € X x A, and for every ¢,p € C} (R1+d), the limit process (g, ve, Py, Q1) satisfies the
random ODE:

d
Qt Z Acer | 7€)+ Qulz,a")gi(z,a")p(2l€) — Qu(€) | 7(&)),
(z’,a") z,a’
dP,
—© = Z Gelip(@i(€)) |Acer = > fula,a") Agarar | 0% (E)), (3.3.9)
§’:(m’,a’) a’’

Po(§) = G(£),  Qo(§) = H(E)

<§07Mt> = <¢, VO) ) <()05 Vt> = <§07 V0> ’
where G, are the weak limits of PY and Q}, which are mean-zero Gaussian random variables,

and

ﬁ@ﬂmmwmgM:%ﬁWMM)

We note the following property of the matrix A shown in the section 7 of [133]:

Lemma 3.3.4. Under Assumptions 3.2.9 and 3.2.10, the matriz A is positive definite.
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Due to the matrix A being positive definite, we can prove that the limit critic network converges
to the state-action value function and the limit actor network converges to a stationary point of the

objective function:

Theorem 3.3.5. If the actor network P; and critic network Q; evolved according to the limit ODE
(3.3.9), then under assumptions 3.2.9 and 3.2.10, the critic network converges globally to the value
function of the policy f; = Softmax(P;) as t — co:

Qi =Vl = max 1Q:(€) = VI (©) = O(m). (3.3.10)

Moreover, the actor network converges to a stationary point:

t—o00

VeJ(f) "=°0. (3.3.11)

Remark 3.3.6. We note that the choice of norm/distance to study the pre-limit processes (P, Q)
in Theorem 3.3.3 does not matter as (P, Q) € R*M is finite dimensional. The choice of norm for
Theorem 3.3.5 does not matter for the same reason. We will use || - ||oc as the supremum norm as
defined in (3.3.10)

1P = Plloc =  max  [P() — P()]

and the usual Euclidean norm
1/2

IP=Pl={ > [P —PE)

EEX XA
Note that the Softmax function is Lipschitz in the following sense: there exist constants C,C’ > 0

such that for P, P € RM,

drv(Softmax(P), Softmax(P)) < C'||P — P||s. (3.3.12)
3.4 Derivation of the limit ODEs

We use the following steps to prove convergence to the limit ODE system:

1. We first derive a pre-limit evolution process for the outputs of the actor and critic networks,
and a-priori bounds on the magnitude of changes to the parameters at each update step. The
pre-limit process will contain stochastic remainder terms with dependence on non-i.i.d. data

samples.

2. We prove the relative compactness of the pre-limit process, which requires proof of the compact

containment and regularity of the sample paths.

3. We then use the Poisson equation to prove the stochastic remainder terms in the pre-limit

process vanish as N — +o0.

4. We prove the existence and uniqueness of the limits ODEs.

66



5. Finally, we combine the above results to prove the convergence in Theorem 3.3.3.

3.4.1 Evolution of the Pre-limit Processes

Before presenting the technical details of the proof, we first highlight some important details for
the derivation of the limit ODE system of the neural actor-critic algorithm (algorithm 1).

Definition 3.4.1. For a random variable Zy,

o Zn = 0,(Bn) if Zy /BN is stochastically bounded, i.e. for any e > 0, there exists M < co and

some Ny < oo such that

Bn

e The notation Zy = O(Sn) means there exists a constant C' < oo independent of N such that

IE”(ZN >M><e, VN > N.

|Zn| < C|BN|, VN.

In the following proofs, constants C, Cp denote generic constants and we will sometimes we use
5,&,5@,& to denote the state-action pairs (z,a), (zk, ar), (¢}, a},), (Tk, ar), respectively. For the
learning rate a” = 1/N, the online actor-critic algorithm (algorithm 1) could therefore be written
as:

Blic+1 = Bz@ + J\gé/QCl'p(Qk (gk)) (J ka xk’ J (:fm(l”))) ’

N ~ . . ~ ~ . . ~
Ubr = Ul + hpclip(@)' () (B,za’w,z-mfk—Zfﬁ(fck,a")Bzo’(U,z-gm(azk,a”))

a’’

Chyr = Ci + Ni,“/2 (r(&) + QY (€er1) — QY (&) o (Wi - &)
Wi =W+ W (r(&) + YQR (Srs1) — QR (&) Cro” (W - &) &k (3.4.1)

The evolution of the actor and critic network QY can be studied by using Taylor expansions.

For the critic network, one has:

Q) = QX () + \/}i [(Cir = CTWii - €) + (0(Wisy - ) — a(Wi - €))C]
=N+ 5 3 [k € (o070 4o/ 007 - W )
e (a'(Wz Wis = W)€ 50"V - (W s - W92 |,
- jﬁi [(Char = Ch) (26 + Clo (W Wiy = W) -€) + erorterm,
(3.4.2)
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where W,* and W, are points in the line segment connecting the points W} and Wj, ;. Substi-

tuting the parameter updates (3.4.1), we have the following pre-limit evolution equation:

N
Qi (6) = QY (&) + — Z [(Chyr = CR)o (Wi - &) + 0" (Wi - €)CL(Wiyy — Wy) - €] + error term

= QY (&) + 5 [r(€) + QY (6r41) - QY (&)
x i (o(Wi - &)o (Wi - €) + (CL)*0" (Wi - o (Wi - &)(€ - &) + error term. (3.4.3)
If we let -
Beew = Z (Wi - &) + (CL)*o' (Wi - &)o' (Wi - )€ - €)]
 (o(w- €)o(w- &) + o’ (w- o€ - ), (3.4.4)
then
Q) = QY (©) + 5 [M(6) +7QY (64+1) — QY (60)] B, 4+ error term. (3.4.5)

For the actor network, one has
PRLAE = PE O+ ﬁ (Bis ~ BUoWhys ) + (0(Uhr - € — o(UF - €)B;]
=P+ TIN i [(B:;H = B)) (U} ) + o' (Uy" - (UL, — U)) - €)
+ B (o' (UL O UD€+ 30" (U5 - (W - U 5)2) ]
a(Uj - €) < (U} - &) Z F (@, "o (UL - (&, a")))

+(By)?0' (U - €) (0'(U;i (€T G = D f (@, d")o! (UL - (&, a)) (Fr, a”) ~£)> ]

+ error term, (3.4.6)

N CN ~
YO+ 33 clip(@F (6)
i=1

where Ulz* and U,i’** are points in the line segment connecting the points U,i and U/i+1' We define

the tensor N
o) 1 i ! 4 i 1171 N (TTE /-
Blew = ; [0(UL - €)o (UL - &) + (BL) o' (U €)' (Uf, - )(€7€)] (3.4.7)
= (o(u-&o(u-&) + b0 (u- &)o' (u-&)(E - &), uy).
Then,
P,ivﬂ(f) = Pév(g) Ck C"P(Qk (fk éﬁk, ka (Zk,a zk,a”),k + error term.  (3.4.8)

a’’

There are several error terms in the above evolution equations, which we will precisely define and

analyse in the next section of this chapter. Specifically, we will:

e prove that the increments of the parameters at each update step are bounded,
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prove a-priori L2 bounds for the outputs of the actor and critic networks,

analyse the size of the error terms in the pre-limit evolution equation,

rewrite the pre-limit evolution in terms of fluctuation terms, and

study the evolution of the empirical measure of the parameters.
3.4.1.1 Bounds for the increments of the parameters

Lemma 3.4.2 (A-priori bounds of size of increments of parameters). For any fized T > 0, any k

such that k < TN and i € [N] ={1,..., N}, there exists a constant Cy < oo that only depends on T

such that
max (|Cp | EIIWil, | Bl E[Ul) < Cr, (3.4.9)
and that
max (|Chay — il |Wiy — W) < % (3.4.10)
Moreover,
max (|BL,1 — BY|, |Ub - Ui|) < % (3.4.11)
Proof. As o is bounded by 1 by assumption 3.2.9, we have
1o o 1
(x| (©)] = max \TN;@EU(W;@ S —= 2 [ef (3.4.12)

We may then obtain a recursive bound for |C}|:

Ciy — Ci| < ‘“ﬁ 17(&) + QY (rt1) — QY (&) - |e (W - &)
< <57 (r(@)l +(1 +v)£€r§1¥a§<A\Q?(£)|> oW - &)

N
o} 1 i
<37 (1 + v+ 1)\/N;|C’“|>

N
a a i
= W + ﬁ E |C;€| (3.4.13)
i=1

By recursively using the triangle inequality, and recalling that C} is a bounded random variable, we

have
: ) k ) } k o o N ,
G < 1G5+ 2_(10) = Gl <1+ 3 (N:w * NzZC}ﬂ)
Jj=1 j=1 i=1
[} o kXN .
:1+W+WZZ|C}—1|- (3.4.14)
Jj=11i=1
Define
1N
mi = 5 2_ |Gl (3.4.15)
i=1



Then

N kN k
1 a a «
N l N
m < HWJFWZZ‘CH §C+szﬂ. (3.4.16)
i=1 j=11=1 Jj=1
By the discrete Gronwall’s lemma and using k < TN,
k
N < ) <
m, C’exp(N> < Cr
Plugging this into (3.4.14) yields
k
i i c c N i ¢
|Ck| < |CO|+W+Nij71§ |Co|+w+CT§CT7 (3.4.17)
j=1
We could bootstrap with this a-priori bound to show that
i ; C C Cr
‘Ck+1—ck|gw+NXmXOTgw. (3418)

We can similarly get the bound for ||[W}||. In fact,

Wiy — Wi < % |7 (&) + QR (€k41) — QkN(ﬁkﬂ | Cha” (Wi - &) | N1kl
Cr L 2 G410 Cp
SNe (C +(y+ 1N ; |Ck> < 3 (3.4.19)
Taking expectation and using assumptions 3.2.9 and 3.3.1 yields
k—1
E|Wi| <E[Wgl|+ ) E|[Wi,, - Wi| < Cr. (3.4.20)
j=0

For the boundedness of parameters in the actor network, observe that
|Bip1 — Bil < GYN 72 [clip(QF (&))| - sup |o(Fx,a”)| - {1+ > f¥ 3k, a”) <2 (3.4.21)
k1 il < Ck clip(@y (§k S;}P Tk, a b \ Tk, @ N3/2 S

then by telescoping series, we have for all k < NT
k T

+ <C+C—

N2 Nz

As the state-action space is finite, we also have

|Bi| < |By| +C < Cr. (3.4.22)

Cr

ULy — ULl < ¢¥N—2 clip(QiV(ék))\lel <1+Zfév(:zk,a“)>~ sup €] < ~5575. (34.23)
al’ EEX XA

which yields

- ; k C
E|Ui]| <E|UY| +Cr—5 < C+—% <Cr, VE<TN. (3.4.24)
N2 N2

O

Lemma 3.4.3 (Increments of entries in the pre-limit kernels). For all k < NT,

= = C

N N N N T

e dhax  max [[Bele pyr = Ble | B — Belersl] < 7 (3.4.25)

where the kernels Bé\’/&,’k, ng,’k are defined in (3.4.4) and (3.4.7) respectively. Consequently, one
could show by method of telescoping series that for all k < NT

max max [’Bgf,)k ,|Bg5,7k|] < Cr, (3.4.26)

§§'eX XA
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Proof. The proof for the case of kernel BY is exactly the same with the proof for the case of BV, for
which we could utilize our a-priori bound of increments max(|Cj,, — CL|,|Wi,, — Wi||) < Cr/N

to prove our result. To the end, for all £,¢" € X x A, we have
[(o(w-€)o(w- &), viy, —vi')]

N
NZ (Wiss - €)o(Wiys - €) — o (Wi - €)o(Wi )|

S i
< NZ (o (Wi -€) = o(Wi - )| |o (Wi - )] + |0 (Wi, - &) — o (Wi - )] |o(W - €]
L C’
< NZ €]+ [€D) |[Wiyy — Wi < =T (3.4.27)
Similarly,

|<C20’(w-£’) "(w€), v — )|

\ /\

N
Z Ck+1 (Wk+1 f) (Wk+1 ) — (Ck) (Wk f)U(lef)}

IN
=l

e
Z (€)= (€2 oWy - €)] [o (Wi - ©)]

+ (CL? JoWipy - &) —a(Wi-EN] |o(Wiiy - O] + (CL)? |o(Wiyy - &) — (Wi - &) |o (W) ~£')”
(3.4.28)
We have the control
i i i il2 i 02 202 C
[(Cri1)? = (CL)?| < |Chyy — C|” +2ICLIICL 4, — Ci| < ~3 T T < WT (3.4.29)
By combining this with our previous analyses, we have

C C C
(o' (w-€)o'(w- &), vy — 1) < & Z { +Cr x WT +Cr x NT = WT (3.4.30)

Summing up (3.4.27) and (3.4.30) yields ‘Bg,gf,kﬂ - £’5,’k| < Cr/N, uniformly in &,&’. It remains
for us to show that there is a C' > 0, independent of T', such that |Bg§/70| < C. This is clearly true by
the sure boundedness of o(-),0’(+) and C¢ as guaranteed in assumption 3.2.9 and 3.3.1. Therefore,
we could consider the telescoping sum

k—1 c

N N N N T
[BEe k| < [Berol + D [BEe j1 — Bley| <C+ N x - <Cr, (3.4.31)

j=0
which completes our proof. O
3.4.1.2 L? bounds of network outputs

Using lemma 3.4.2 and 3.4.3, we can now establish the bound for the neural networks.

Lemma 3.4.4 (A-priori L? bound for the outputs of the critic network). For all k such thatk < TN,
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there is a Cr < oo such that

E v 2| < Cr. 3.4.32
Qo] <O (3.4.32)

Proof. We first prove the statement for k = 0. Since C} and o(W{ - £) are both bounded by 1, we

have

fZCO (W( - ¢ ]

E Lg@fAmo (f)ﬂ <K [ Z Q3 (¢ ] Z E
fexXx A texeA

C ) ,
<< Z]E [Cio(We-6)]* <C<oo,  (3.4.33)

We now provide an L? control over the maximum increments of the outputs Q¥ (¢). Recall that

1 ) .
QN1(&) — QN (¢ NZ (Chiy = CL)o(Wiyy &) + Chlo(Wiyy &) —o(Wiyy - ©)], (3.4.34)
=1

SO

1QN..(6) — QN (©)°

2 | (& FoY ’
<% <Z<c,i+1—c,i>a<wgi+l s) +<Zc oW1 -€) = (Wi-ﬁ)))]
i=1 =1
() 9 N 2 N N 2 N _ )
<~ |2 = 2 (e Wiy - ) + D2(CD* Y (oW - €) = o (W - €)
i=1 i=1 i=1 i=1
N N ) 9
<2 (Ci —Ci* + Z (Wi - €) — <W,z~5>)]. (3.4.35)
i=1 i=1
Hence

i i|2 (aN)2 N N 2 i 2
|Cip1 = G| < N (r(&) + Q% (Err1) — Q1 (&))" (a(W - &)
(€S) 3a 9
< 2 [r@) 2@ ) + (@1 (&) ]
3a 2
<30 (14 0+ e 0V OF) (3.436)
Making use of the mean-value inequality (and the fact that |o’| < 1 by assumption 3.2.9), one could

show similarly

|o (Wk+1 §) —o(Wy, - )7
< |(W, W) - €2
2
< (o N) ( (&) +72Qk Th+1,0 /)gllcv(ﬂfk+1,a’/)—@11cv(§k)> (U(W,ﬁ~£k))2(cli)2(§k.§)2
= 3?\;03 < +(1+97) e Q5 ( )|2>7 (3.4.37)

noting that (£ - €)? is bounded by some constant C as &, £ are elements from the finite set X x A.
Substituting into (3.4.35) yields

QO - QY@ < 35 (1+ 079 g [ OF ). (3.439)
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Therefore for any £ and k < NT,

2
N-1
QF () = ( )+ D (@Y€ j (6)))
7=0

k—1 2
S 2 (©) +2 (Z( M (6) - Qj-v(f)))
§=0

(€S)

< 2(QN(e +NTZ N (©) - QY (9)”
C
§2£€Ig(a;<A|Qév(§)\2+WT (1 (1+9%) o, [0 (©)F). (3.4.39)

Jj=0

Taking maximum then expectation yields

B | e QN @] < 28 | e [0 ©07] + 57 + ZE NG

<Cr —|— — Z]E LeH?lc'axXAlQN( )| ] . (3.4.40)

We conclude by discrete Gronwall’s lemma that for all kK < TN:
E Lemax |Qk € )|2] < Crexp (C’T]];> < Cp < +o0. (3.4.41)
O

Lemma 3.4.5 (A-priori L2 bound for the outputs of the actor network). For all k such thatk < NT,

there is a Cr < oo such that

E PN | < o 3.4.42
e [P’ <cr (34.42)

Proof. Again we first prove the statement for k = 0. Since B} and o (W - £) are bounded by 1
2

_ N
1 ) .
B | o JRTOF| <E| & IROP| < ¥ B[ Beo
setxA | cexxa  ccxen VN S
C i12
<5 ;E [Bi]” < C < . (3.4.43)

The increments could again be controlled by noting
N

P8 = P < Z[(BziH*BZ)U(Uf;H'S) (0(Uky1 &) — o(Ug - ) By]

%\H

N

Z ’BIZ;:H - Bllc| |J(Uli+1 f)| + ’U(Uliﬂ 'f) - U(Uli §)| !Bi\]

i=1

and the fact that both o and ¢’ are bounded by 1 by assumption 3.2.9,
Cr

[P (€) = B (©)] < \FZ 3E = N (3.4.44)

IN

ﬂ\

By the mean-value inequalit,

l<1
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Therefore for all &,

2
k—1
1PN = | B (©+ D (PR - PY(©) | < 2 oo, [Py (€ |2+2NZ (€)= P ()
j=0
<2 max |PN()]*+ @. (3.4.45)
T texxA 0 N2
Taking supremum then expectation yields the result. O

3.4.1.3 Pre-limit evolution of the network outputs

We can now control the unspecified error terms in the pre-limit evolutions of the actor and critic

networks.

Proposition 3.4.6 (Evolution of the actor and critic networks). For k < NT, the evolution of the

critic network yields,

Cr

E [mgx @Y (&) = QY (©) = 5 (&) + 70N (6rs1) — QF (&) B?,g,c,k\] < v

while the evolution of the actor network yields

Ck c|IP(Qk (fk ( €, En ka Ty, a B{ (Fr,a'), k)

Proof. We begin by noting for all &,

Cr

LARGESAIGE < o

max
3

|Q11€V+1(€) - QR - % (T(fk) + ’YZQ?(%H, aNgN (zry1,a") — QkN(fk)> Be'e, &

. ; i i i o (W™ - §)C} i i
ZU (W™ - O(Crgr — CL)(Wig — W) - €+ (kf)k((wml - Wi)-¢)?

3\

I/\ﬁ

ﬂ\

N
z [[Chr = CEL Wi = Wil + Cor Wik ey = W[ 2]

2
_}Z (14 0 e 10F01) < 2 (140490 e 1Y@ ) (3440

|

(3.4.47)

Taking maximum and expectation yields

E

max
3

Qe (&) — QY (&) — % (T(fk) + VZ QY (xry1,a")gn (xpy1,a”) — QQ(@)) BQ'%

Cr
< W
Similarly, for all &,

Cr

B |1+ (14 )? e, QO < 0

Pgﬂ(f) _Pév(f) Ck C"P(Qk (§k < ek ka (Tk, @ Bg (Zx,a"), k)‘

a’’

N 17 (T 7%k i
T [ O OB B - U TG - o

(CS)

T

, . . , , . C
[|B,z+1 = Bi| Uk = UL Il + O U = UE]* €] < <75

cs
<

uMz
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This completes the proof. O

Using the notation introduced in definition 3.4.1, one could write

Qljcvﬂ(f) = Qljcv(f) +

(&) +7 Y Q @kr1,a")g (whia,a”) — in(&c)} B, i + Op(N772).
’ (3.4.48)

B =P+ % +O(N~%?). (3.4.49)

Cllp(Qk Ek [ &6k ka Ty, a B§ (Zg,a'"),k

Network evolution We recall that PN (¢) = LJYWJ’ N = ff\lthJ (€), g (&) = ngth (€), QN () =
QL Nt and define BY = BV and BY = BY We further define the fluctuation

£,&',s £,6',|Ns] £,8',s §,€,|Ns|”
terms:
1 [Nt|—1 1 [Nt]—1
M () = N Qév(fk)ngk kT N Z ZQQZ(&/)B& R (€1),
k=0 k=0 ¢
1 [Nt]—1 [Nt]—1
MPN(E) = D r(6)Be Z > r(€)Be k().
k=0 ¢
1 [Nt]—1 1 |Nt|—1
MPN(g) = N YO (Ert1) Bg Gk TN ZZVQIC z,d" gy (2,a )ng D(2[€ )779"( &),
= k= & z,a”
M i (3.4.50)
then
[Nt|—1
QYO =QV )+ Y Q) - QY ©)
k=0
N [Nt]—1
=Qp () N Z [P(&r) + QR (Ert1) — QR (&) Be, i + 0,(N—3/2)
k=0
LNtJ 1
~Qb (¢ Z > et AT <—in(f’)+r(£’)+72QkN(z,a”)gziv(z,a”)p(ZIﬁ’)>
ta (M €+ M2 N+ MPN©) + Op(N )
o [Nt] -1 ky1/N .
QO+ % D / > Bller (v mIive <€’>(r<€’> 9 7 QN (2,0 (2, " p(21E)
N k=0 k/N 134 z,a'!
= Q) <5')> ds + (MtI’N(@ + MPN(E) + MPN(©)) + Op(NTH2)
=Qo (¢ / Zst s [ +VZQN z,a")g (z,a")p (ZIS')Q?(&')] ds
o (M) + M () + MPN(©) + 0,57 (3.4.51)
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Similarly, define the fluctuation terms

[Nt]—1
1
MtN Z Ck Cllp Qk (fk [ €0k ka Ty, a B§ (Zr,a’), k‘|

LNt I ¢ (3.4.52)
— — N
N Z Ck ZC“P Qk ) [ng’,k - Zfliv(mlva”)Bé\f(z',a”),k} Ugg &),
k=0 &’ a'
where aﬁé’v (&) is the visiting measure of the Markov chain as defined in (3.2.14). Then:
|Nt|—1
PNO=F'©)+ Y (FX(6) - P(©)
k=0
|Nt|—1 oy
= P({V(g) + Z . Cl'p(Qk (fk [ ¢&nk ka Tk, a B£ (Zk,a’), k| +OWN 3/2)
k=0 a’
|Nt|—1
Z Ck ZC“P Qk( [Bg &k ka (z',a" Bg a) k o (5/)
k O a//

/

+aMN (z,a) + O(N~3/2)

LNt =1 (k+1)/N
_ pN CHDIN o lin(ON "I BN
=Py (&) + Z N Cins) ZCIP(QLNSJ (€)) |Beer, vs)
k=0 ¢

_ N ) _
- Z fﬁ\/sj (o, a")Bg($,7a,,),LNSJ] oo (&) + aM] (z,a) + O(N3/?)

a’

nggs - Zfév(x/aa“)éﬁ,(z’,a“),s ds

a’!

=@+ [ clioy Lok (€) el ()
0 ¢
+ MN (&) + O(N3/?). (3.4.53)

3.4.1.4 Evolution of empirical measure

The evolution of the empirical measure V,JCV can be characterised in terms of their projection onto

test functions ¢ € CZ(R'TM), by Taylor’s expansion

<</>,V;iv+1> — (o)

NZ (Chars Wiaa) = 9(Ch W)

N
N> 0L WO — C) + Bl L W) - (W — W) (3.4.51)
1 7% 7,% i i q 1%k 3,k% i
5(32 (C W) (Chgr = C)? + (Cigr = G2, 0(C™ W) (Wi — W)

OV = W) 02p(C W0V - W),
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where (C’]i’*, le*) , (Cli’**, W,i”) , (C,i’***, le***) are points lying on the line segments connect-
ing between (Cf, W}) and (Cj_,, W} ). Substituting (3.2.21) into (3.4.54), we have

(o, vih1) = (o)

N
1 S , o , , B
N > [0ep(Ch Wi (Chyy — Ch) + 0w (CL W) - (Wi gy = W] + Op(N72)

i=1

=aN"=3 (r(&) + Q8 (&rs1) — QN (&)

N
% 37 (0p(Cl Wio (Wi - &) + Cho’ (Wi - )0 (Ch, W)&) + Op(N )
=1

=aN"2 (r(&) + Q1 (&) — QY (&)
X (Deip(c, w)o(w - &) + co’ (w - &) Dwip(c, W)k, v ) + Op(N72). (3.4.55)

Therefore, the time-rescaled empirical measure v := v}y, satisfies

[Nt]—1

(o) — (o)) = aN~} (r(&x) + QN (Er1) — QN (&)

=0
x {Ocp(c,w)o(w - &) + co’ (w - &) 0w, W)k, v ) + Op(N72). (3.4.56)

We can similarly characterise the evolution of the empirical measure xl¥ in terms of their projection

onto any test functions p € CZ(R*M):

<%07 +1 <%" “k>

1 i i TTi i i -
N [5b90 B}, Up)(Bjy1 — By) + 0ue(By, Up) - (Ufyy — Uk):| +0,(N7?)
1 & - i i -
=7 2_ L clip(Q (&) [0 (U - &)(9rp(BL, Up) = Bidup(BL, U) - &)
i=1

- Z flév(jkva”)al(Uli : ('i'k’a”)) (ab@(Blic’ Uli) - Bliaw@(Blia UIE) . (jk’ a”>) + O;D(N_2)

— € elip(@Y (6) [ (o £)(@rp(,0) — DDup(v,0) - €0). )

=Y A @ d”) (0" (- (Ex,a")) (Db, w) = bDuwip(b,u) - (Fx,a")) UkN>] +O0p(N7?), (3.4.57)

a'’

and hence
CATADERCATS (3.4.58)
[Nt) -1
2 P2 SR )| (ot 6 @uolt ) — b0 - 6. (3.4.59)

—Z I @k a) (0 (- (1, ")) (Bosp(b, 0) = Do) - (@) i) | + Op(N1). (3.4.60)

a'’

7



3.4.2 Relative Compactness

In this section, we prove the family of processes (u{v N, PN QN ) are relatively compact under the
choice of scaling of critic parameter updates a” = 1/N. Section 3.4.2.1 proves compact containment
and Section 3.4.2.2 proves needed regularity. Section 3.4.2.3 combines these results to prove the

relative compactness.
3.4.2.1 Compact Containment

The L? bounds for the actor and critic networks in Lemma 3.4.4 and 3.4.5 enable us to prove that
the process (1, v, PN, QN) is compactly bounded. As a reminder, we now treat PN, QN are
vectors of size d = |X x A|, thanks to the assumption of the state-action space being finite. Letting

E = M(R') x M(R*9) x R? x R?, we have

Lemma 3.4.7 (Compact Containment). For any n > 0, there is a compact subset K of E such that

sup P l(u), v, PN,QY) ¢ K] <n. (3.4.61)
NEN,0<t<T
Proof. Let Ky, = [~L,L]**? denote a compact subset in R*9. We then see that for any ¢ > 0 and
N € N,
N
]E[VN(R1+d\K)]7iZ]P; ( i WZ )€R1+d\K
t LI =N INt]» YV Nt L
1 o C
T

<+ Z (|Cines| + |Wina|| 2 £) < =, (3.4.62)
where the final step is by ‘CEN” + HWENH is integrable (from Lemma 3.4.2) and Chebyshev’s

inequality. We define the following subset of M (R'*%)

Kp = {1/ € M (R1+d)

v (R Ky ) < for all j}, (3.4.63)

1
VL+j
which is a closure of a tight family of measures and thus being a compact subset of M(R!*9).

Observe that

. . 1
P (I/iN ¢ KL) < P (El] s.t. Vt]v(IR,l+d \ K(L+j)2) > \/m)

1
P (Viv(]R1+d\K(L+j)2) > )

'M8

<

vVL+7j

j=1

)

—
s}

E [V (R 9\ K(4y2)]

= (L)
() & Cr
= X g <

1

<.
Il

where step (a) is from Chebyshev’s inequality and step (b) from (3.4.62). By dominated convergence

—3/2

theorem for infinite sum, we see that Zj>1(L +7) — 0 as L — +00, thus for any n > 0 there
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is an L such that

sup ]P’(l/tjv¢f{L) <1
NEeN,t€[0,T] 4

With the exact same argument, we can also make L large enough such that
sup P(uivgéf(L> <2
NEN,t€[0,T] 4
As we have shown in Lemma 3.4.4 and 3.4.5 that the L? norm of P and @ are locally bounded, so
by Chebyshev’s inequality we know for each n > 0, there exists B > 0 such that
i
sup P (Qé\’ ¢ [_BaB]M) < Za
NEeN,t€[0,T]

and

sup  P(PN ¢ [-B,BM) < Z.
NEeN,t€[0,T]

Therefore, for each n > 0, there is a compact set K := K, x K, X [-B,BIM x [-B, B C E such
that

swp (¥, v, PN, QN) ¢ K] <,
NeN,0<t<T

which completes the proof. O
3.4.2.2 Regularity

Now we establish some regularity results for the sample paths of the process (pf", v, PN, Q).

As in [133], we clarify the following notations:
o g(z1,22) = |21 — 22| A1 for any z1, 22 € R.

) - [Nt]—1
e 7Y be the o-algebra generated by {(C&, Wg)}fvzl and {(@-,fj)} o
j=
Lemma 3.4.8. Let f € CZ(R'*%). For any 6 € (0,1), there is a constant Cr < oo such that for

u € [0,6], t €10,T],

E[q ((f:va) (fi)) | FY] < Cré + % (3.4.64)
E [q ((f, mbu) (F0) | FY] < Cro+ % (3.4.65)

Proof. We start by the following Taylor’s expansion for 0 < s <t <T:
|<fthN> - <f7yév>|
= |(Frofive) = (08|

N
= Jb; 7 (Clvey Wiwey) = £ (Clover: Wina )|

1N
v

IA

i

Ocf (C'thprth)‘ ’CthJ — Clng)

1 Y _ _ , 4
7 D0 (Ot Whes | Wiy = Wi
i=1
(3.4.66)
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where Cy | ;. Wi, , are in the segments connecting Cf v, | to Cf y, and Wiy to W[y, | respectively.

Let’s now establish a bound on ‘CEN” — Cstj‘ fors<t<TwithO<t—s<d<l1.

[Nt|—1
B [|Ctvg -~ Clna | 17Y] =E|| 3 (Gl - )| 175
k=|Ns|
|Nt]—1 N '
<E| Y L rE) + QN () — QN &) o Wi - )| | FY
k:LNsJN2
oC [Nt|—1
- > <C+(7+1)E sup Qm»D
2 k:LNSJ EEX XA

(@) C(|Nt|] — |Ns]) 1/2
< 3 <C+(7+1)C )

N(t — 1
O —s9)+1) CT_ (3.4.67)
N2 \F
where step (a) is by Lemma 3.4.4. Similarly for WENH - WstJ H for any s < ¢t < T with 0 <
t—s<d<1,
|Nt)—1
E(|Wivy = Wina | 17X =E || > Wi -wi)|[ 1Y
k=|Ns|
Nt
<E| Y < [r(e) + 10N (Gren) — QF (@ an)| - |CE| - |0’ (Wi )] | FY
k=|Ns] 1V 72
INt)—1
OéCT N C1T CT
<— C+(vy+1DE| sup |Qi (& < —=0+ , 3.4.68
e ( (+DE| s 0} ) < TR+ (3:469)

where we have used the bound in Lemma 3.4.2 and 3.4.4 again. Combine (3.4.67), (3.4.68) and
(3.4.66), we have forany 0 < s <t <T with0<t—s<d§ <1

C C C
E[|(fv") = (fv)l] < %(H w373 < Ord + <75 (3.4.69)

Similarly for uiv , we have by Taylor’s expansion that for 0 < s <t < T with 0 < s <t < T that

|(Fomi’) = (Fo )]
= ‘<f7N1LVNtJ> - <fa:u/f_VN5J>‘

i[i’f (BthyUthO *f(BfNSJ’UENSJN

IN

IN

1Y o : .
% 2 |f (Blner- Uty ) | [Biwes = Bvs
i=1

+1N
N <
i=1

(BthJ’UENtO H HUthJ — Ulns)

(3.4.70)
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and
c [Nt]—1
E (Bl ~ Bixg| 17 < 5 2 Elelip@) @ a) < =
k=|Ns|
[Nt]—1
; Cr Cr
F E CN~2|clip( Bill| < L5+ =%,
7] > ON“Helip@ @IIB| < T8+ o
(3.4.71)

E [HU (ve) — Ulvs
k=|Ns]|
where BY . ,,Ujx ., are in the segments connecting BILNSJ to BLNtJ and ULst to ULNtJ respec-

tively. With the fact that the terms ’(%f(BfNH,UENH) and ‘ Owf LNtJ’ULNtJ)H are bounded in

expectation, we have that that for 0 < s <t<T with0<t—s<d<1
C C Cr
N N T T
B ") = ol < 7550+ qam < O+ 5 (3.4.72)
O

Finally, we prove the regularity of the process (PtN QN ) by the same method. For our conve-
A1, where for z := (2%, ...,2M) € RM

nience, we abuse notation and define ¢(z1,22) = ||z1 — 23|
= maxZ, 2] is the infinity norm of the vector

|X x Al, we have ||z

with M =
Lemma 3.4.9. We have
C
sup. e (B [max Q16 — QY O] max | 2L 6 - Y9 < & (3.4.73)
k<NT 3 N
With a more delicate analysis, we could show that for any 6 € (0,1), there is a Cr < o0 such that
foro<u<d<1,tel0,T],
N AN N Cr
(q(Qpu, Q) | FY) < Cré+ R (3.4.74)
C
< Crd + WT (3.4.75)

E( (Ptl-\{-uvptN) “FtN)

Proof. Recalling the assumption that the state-action space is finite, it suffices to prove a uniform

bound for the increments of the outputs PN (£), QN (¢). In particular, by (3.4.48) we have
Cr Cr Cr
N3/2 S~ N + N3/2’
(3.4.76)

B max 0 (6) - QY (€] < 160 +90 (6 - QF60) B, ol +

and that by (3.4.8) we have
Cr Cr Cr
ka Th, @ Bé (@k.a’) k| T N3/2 < N +]\/3/2'
(3.4.77)

€€k7

a’

()l < Sk L (clip(@) ()

m?x|P,£VH(§)

IThe choice of the norm does not matter here as the process ( 2V, Q4" ) lives in a finite-dimensional space
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In fact, one could prove a stronger inequality.
[Nt|—1

E [m?x|Q?’ (€) - Q¥ <§)@ < > E [mgXIQk+1(£) —Qk@)@

k=|Ns|

=

|Nt|—1

1 i i i i i i\ i -

< E sup [\F [(Chr = CL)o(Wi - &) + o' (Wi - 6T (Wi — W)CL| + Op(N 5%
k=|Ns) i=1

|Nt]—1 C N
< D |7 2 (G = Gl + [Wia = Wil)) + 0p(N =2/ |
e |2
=|Ns] =1
(3.4.78)
Taking expectations and using the bounds (3.4.67) and (3.4.68), we have
E [mgxm(f) -QJ©) |f§v]
[Nt]—1 c N
< D |75 2 B UGk - G+ (Wi - Wi 17T]) + E[O,(N )
k=|Ns] VN i=1
C L(C C
T T
<— —4
SV <\/N i N3/2>
C
<Cré+ WT (3.4.79)
With exactly the same arguments, we can derive
[PV (€)= PY(©)] = [Py ©) — PNy )
[Nt]—1 C N . _ ‘ _
< Y o 2 (Bl = Bil+ Ui = UE[) + O(N )]
2 w2
,LNSJ =1
which together with (3.4.71) derive
C
E {mgax‘PtN(f) — PSN(f)‘ |.7:SN] < Crd + WT
O

3.4.2.3 Proof of Relative Compactness

Theorem 8.6 and Remark 8.7 in [56] provides a criterion for us to prove the relative compactness

of a general stochastic process with cadlag sample paths, for which we will state without proof.

Theorem 3.4.10. Let E be a metric space equipped with the metric r. Denote ¢ = r A1, and let
(XN). be a sequence of E-valued stochastic processes with cadlag sample paths. Write FN as the
natural filtration generated by the random variables (X}N). Then (X}¥)i>o is relatively compact if

the following conditions hold:

1. (Compact containment) For anyn > 0 and (rational) t > 0, there is a compact subset K := ICp) ¢
of E such that

sup P(X}Y ¢ K) <. (3.4.80)
NeN
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2. (Regularity of paths) For each T > 0, there is a family of non-negative random wvariables
{vn(8) : § € (0,1)} satisfying
E[o(XN0 XN [ FY <E[wG) | FY], te0.T, uelos,  (3481)

such that
lim lim sup E[yx(8)] = 0. (3.4.82)

=0 N—oo

We will therefore prove condition 1 and 2 in the Section 3.4.2.1 and Section 3.4.2.2 respectively.

Lemma 3.4.11. The family of processes (uiv, vN, PN, Q,{V) is relative compact in Dg(]0,T]).

NeN
Proof. Combining the two lemmas above, we see that the process (u™, v, PNV, Q%) satisfies condi-
tion 2 with vn () being a O(d) term plus a o(1) term with respect to N. All conditions in theorem

3.4.10 are satisfied, and hence the sequence of processes (i, vV, PN, QW) is relatively compact. [
3.4.3 Identification of the Limit

With the relative compactness result in Section 3.4.2, we can conclude that (u¥, vV, PN QN) con-
tains a subsequence that converges weakly. To prove the convergence in Theorem 3.3.3, we need
to identify the potential limit points, which involves showing the error terms M/, M, BN N2 0
probability for ¢ = 1,2,3. Then the desired convergence comes from the uniqueness of the limit
ODEs.

We begin by some notations.

e For any k > 0, we let P{CV and II; be the transition kernel of (M,g,iv) and (M7g,]cv)aux respec-

tively, so that
P ((w,a) = (2',d")) = p(a'[a,a)g}) (z',d’),

I ((z,a) = (¢',d)) = B(a'|z, a)gy (', d').
We highlight the superscript N in transition probability P{CV 7Hk comes from the pre-limit

(3.4.83)

neural network PYY.

N
o Let 79 and ook denote the stationary distributions of (M, g&¥) and (M, g )aux respectively,
whose existence and uniqueness are given by Assumption 3.2.7. The initial distribution pg in

ogg may be omitted when the context is clear.

e Define the o-field of events generated by the joint Actor and Critic processes up to n-th step

be
yn = U(é-k,ék)kgnv (fk)lczo ~ (Ma CI’), (ék:)kZO ~ (M7AC) (3484)
Then IP’,[X and 1",[:7 each induces an operator acting on any Borel function h(-) : X x A - R
PYR(E) == > WEPY(E—E)
exxA (3.4.85)
= Y Y E—9),
EeEXXA
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3.4.3.1 Poisson Equations

Now we rigorously derive the limit ODEs by using a Poisson equation [113, 143, 144, 145], which
can be comprehended as the limit of the Kolmogorov forward equation (Fokker-Planck equation
[95, 96, 115]) for stochastic process, to bound the fluctuations terms around the trajectory of the
limit ODE. Such analysis is needed as the fluctuation terms evolve as the actor and critic networks
evolve, which further depend on the non-i.i.d data samples from the Markov chains (3.2.14) and

(3.2.15). We first prove

lim E sup |M(z,a)] =0, V(z,a) € X x A (3.4.86)
N—=oo  tef0,1)

Using a similar method, we can also prove the convergence of Mtl’N, Mt2 ’N, and J\Jt3 N

It is known that a finite state Markov chain which is irreducible and non-periodic has a geometric
convergence rate to its stationary distribution [106]. We are able to prove a uniform geometric
convergence rate for the Markov chains in this chapter under the time-evolving actor policy updated

using the actor-critic algorithm (1).

Lemma 3.4.12. Let Hg’" denote the n-step transition matriz under derived from transition prob-
ability TIY with HkN’O(g,f’) = l¢i—¢. Then, for any fized T > 0, there exists an integer ng such that
the following uniform estimates hold for all policies {gl Yo<r<nT and N € N for the algorithm (1).

e Lower bound for the stationary distribution:

N
i 9 > 7o 4.
k%r}éTa k(x,a) > Cer®, V(xz,a) € X X A, (3.4.87)

where C,er > 0 are positive constants.
e Uniform geometric ergodicity:
) N,n gy L[5 ]
sup. [TV (€ = ) — 0% ()] < (1- Br) ) Ve € X x A, (3.4.89)
k<NT
where fr € (0,1) is a positive constant, and the norm || - || is the usual total variation norm.

The proof of the above lemma is exactly the same as the lemma A.4 of [133].Then, using the
same method as in Lemma 3.4.12, we can prove a similar result for the MDP M with exploration

policy g¥.

Corollary 3.4.13. Let }P’kN’n denote the n-step transition matriz under policy g with P,iv’o(f, &) =

Ligr—¢y- Then, for any fived T < oo, there exists an integer ng and a constant

C=C(ng) :== inf Z p(zi|x,a) - p(2!|Tng—1, ang—1) > 0, (3.4.89)
o 17“'75710—1

such that the following uniform estimate holds for all {g} Yo<k<nT and N € N for the update
algorithm (1):
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e Lower bound for the stationary distribution:

. N 0
kg}\%wgk (x,a) > C (nﬁ\,TO , V(zr,a) e X X A (3.4.90)

e Uniform geometric ergodicity:

sup R (€ = ) — 7% ()] < (1 Br)t) vee X x A, (3.4.91)
E<NT
n
where fr = C (nﬁvTJ) ‘e (0,1) is a positive constant.

Without loss of generality, we assume that the value of ng in the lemma 3.4.12 and 3.4.13 are the
same. In order to prove the stochastic fluctuation term vanishes as N — oo, we solve the system
of Poisson equations associated with the Markov chains (M, gi¥) and (M, g )aux, which relates
their transition kernels with their unique stationary distributions. We will only analyse the Markov
chain (M, g,iv )aux here as the analysis for (M, g,]cv ) is identical. The system of Poisson equations

associated with (M, gi¥),ux is defined as followed:

Definition 3.4.14 (Poisson equations). Let N € N, T' > 0 and k£ < NT. The Poisson equations
corresponding to the chain induced by transition kernel IIY state-action seeks a function I/é\{ £() :

X x A — R for each state-action pairs £ = (z,a), such that
N
Ve (€) —TIN U (&) = Lgergy — 0% (€), V& € X x A (3.4.92)

Lemma 3.4.15 (Existence of solution to the Poisson equations). The Poisson equations (3.4.92)
admits a uniformly bounded solution
N
we(€) =3 [V = ) - o7 ()] (3.4.93)
n>0

and there exists a constant Cp (which only depends on T ) such that

N (¢t
su max 1% < C ) 3494
kSJ\If)Tf,ﬁ’exxA| k,E(g )| < Cr ( )

Remark 3.4.16. For the purposes of our later analysis, it is enough to find a uniformly bounded
solution vy which satisfies (3.4.93). Therefore, we do not establish the uniqueness of the solution to

the Poisson equation (3.4.92) here.

Proof. (of lemma 3.4.15). Due to the uniform geometric convergence rate (3.4.88) for all k < NT in
Lemma 3.4.12, there exists a Sy > 0 (independent with k) such that for any £’ € X x A
(e )~ o (©)] < (1 - )L, k< NT (3.4.95)

which can be used to show the convergence of the series in (3.4.93). Consequently, V,i\,[ ¢ I8 well-defined

and uniformly bounded as in (3.4.94). In fact,

PR < 3 I = 9 — o (9] < Y1 - ) < O (3.4.96)

n>0 n>0
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Finally, we can verify that I/]]c\{ ¢ is a solution to the Poisson equation (3.4.92) by observing that

kag ¢) Zng Y (€ = y)

ijEZ[Q"y»@fﬂﬁﬂ Iy (€ =)

n>0

(“§j<23hN"y%©—a%@ﬂﬂweﬁy0

n>0 Yy

=3 [y = o - oot (©)]

n>0
= (€)= (Lig—gy — 0% (€)),

where the step (a) uses (3.4.95) and the Dominated Convergence Theorem. O

Using the Poisson equation (3.4.15), we can prove that the fluctuations of the data samples

C N . .
around a dynamic visiting measure o9 decay when the iteration steps become large.

Lemma 3.4.17. Let (ék)kzo be the Actor process (M, Ac). Then for any fized state action pair
¢ =(x,a) and T > 0,

c(T,N)
: 1 . -
N ;} [l{ékzg} — ot (5)} =0, (3.4.97)

where ¢(T, N) is a positive integer that depends on T and N such that ¢(T,N) < |[NT| — 1.

The proof of Lemma 3.4.17 is similar to Lemma 2.4.8 and thus omitted. The detailed proof can
be found in Lemma 4.17 of [43]. Then we can show the convergence of the stochastic fluctuation

terms from the actor update.

Lemma 3.4.18. For any £ = (x,a) and the stochastic error M} defined in (3.4.52), we have

lim sup E MY (€)]=0. (3.4.98)
N—=00e(0,17]

Proof. The proof of (3.4.98) consists of two parts. We first set up a bound for the difference of the

actor’s update. Define

ﬁg{’,k = Clévdlp(Q;CV(gl)) Bgﬁ’,k - Z fklyv(x/a G/”>Bg(m,’a,,),k . (3499)

If we can prove
apy Y | < T 3.4.100
[ Hler i = Heerw| < 5 (3.4.100)

Then we can use Lemma 3.4.17 to prove that as the training step becomes large, the fluctuations of

the data samples around the stationary distribution will disappear, completing our proof.
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(i) To bound the difference (3.4.100), note that

|Aeer i = Heler sl

C“P(inﬂ(fl)) [ng’,k+l - Zflﬁl(x/7a//)Bg(z’,a”),k+1]

a’

<|¢Rh — &

G [clip(Q1(€)) = clip(QY (EN)] B e s — D fa (2, a")BY i

a’

[ng’,k+1 - Z fﬁﬂfcla aII)Bg(x’,a’/),k+1] - [ng’,k - Z fliv(iU/,aH)Bg(z',a”),k}

a'’ a'l

+¢ |clip(@Qr' (€)]

=0+ B+ I
(3.4.101)

For the first term,
1 1 B Cr
Lty 1+5) NO+5)(0+5%)

Then noting that the function clip(.) is 1-Lipschitz (i.e. |clip(z) — clip(y)| < |z — y|), we have

<

(3.4.102)

Cr
I{V<CT|<]]C\{F1_C]£:V<CT< W

CT = CT
N < BYe ji1 — D (@ d" B ay a | < ~ (3.4.103)
a//
Finally, by lemma 3.4.3 we know that for any k < NT,
_ _ Cr
sup BNy 1 — BYe k] < = 3.4.104
aeezng’ ee it~ Ble| < N ( )
Hence,
Iév <C [ng’,k+1 - Z fli\fkl(x/u a”)Bg(x/,a”),kH} - [ng’,k - Z f/iv(xlv aI/)Bg(I/,aH),k]
a// a//

< C [ ’ng’,lH»l - ng',k| + Z |fl£\i1(x/v a//) - fév((E/, a//)‘ : ‘Bg(x’,a”),kJrl‘

a//
+ Z fév(x’,a”)

a’’

RN RNV
Bg,(z’,a//),k+1 - Bg,(m’,a”),k’ ‘|

CT

<C (1 + Zf,ﬁv(x',a”)> sup ‘Bg o1 — B +C|| P — PY|| < = (3.4.105)

EeXx

Combining (3.4.102), (3.4.103) and (3.4.105), we can conclude (3.4.100).
(ii) Now we can prove the convergence (3.4.98). We let K := K(N) € N, such that 1 < K(N) <
N (i.e. K(N)— +oo and K(N)/N — 0 as N — c0). We further define A =t/K. Then
MY =+ AY — Y oo (€)
k=0 EeX XA
1([G+DINAJ-1

K-
:%Z > Hie = 2 Y po (&) |+ (©),

j=0 k=j|NA]| feXxA
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where
| mn((HDINA =1 [Ne] -1)
riv(é.):N Z §§k Z Hgg/ kO'gk 5)
k=K|NA| EeXXA
The terms Hgg,k are bounded by some constant Cr > 0 as the kernel entries |Bg5,’k| are bounded,

so are the summands. Thus
NA] TCr
| |
() < e <

We could further break down M} (¢) as followed:

A

(3.4.106)

K—-1(+1)|NAJ-1

TACECES S S Y [(Hévfk, ~ A% ina1)

5/

N N
' ( RERTYN Z Soanase (€] + 30 (He iva) — B w) o (f’)}
= J1e(€) + T34 () + J?f\,[t(f)a (3.4.107)

where

1 _ _
Niey 1+ N N
J1,t(§) TN 4 Z (Hgsk, H&&CJLNAJ)

1 _ N
N _ N N «
Tal&) =5 > HY%, sina) = 2 Hée jina o™ (€)
J=0  k=j|NA] ¢

1 K—1(+1)|[NA]-1

_ — N
T3 = > > (Hgsf,jLNAJ - Hgsf,k> ot ().
=0 k=jNA| &

<.

Using (3.4.100), we have

N I'7 TN N N — N
max | |Hlg, o — Hep, J[ANJ‘ ‘Hﬁ,g',k — Heerjian) ‘ o (&) ] < sEuleg eon — HYe jlan)|
Cr(k—j|AN
< Grlk —JIAN]) = 3 4 108)
N
Therefore,
1(+1) AN -1 ,
1 k—j|NA
max(J7(), (6)) < cph—ILNA]
N ; N
j=0 k=j|NA]
_lK_l |AN] 1C'Tk;
N < N
j=0 k=0
K-1
=g INE
< —
SNLX
Jj=0
KCTLNAJ2 5 t 2 CT
= T a2 < = 7 < T . . .
Nz SHKOrAT=CrK | ) < (3.4.109)



To control J3',(€), we note that
N TN Ny TN - N
Hi sinvay— 2. Hiesinvao™ €)= ZH&E/JLNAJ [1{5k:£'} — o (¢ )} , o (34.110)
f'eXxA ¢’
so one could control J3,(¢) by the uniform boundedness of H, 5 ¢j|an| and lemma 3.4.17. Indeed,

K-1(+1)INA|-1

| 72:(8)] = Z > D Hieina |:]]'{§k'=f/} - Ug’iv(ﬁl)]

NiZ wima) @

K-1 G+ INA]-1

1
D IDIF NI {ﬂ{sﬁe} *09’?(5’)]
JZO 3 k=j|NA]
1 K—1(G+1)|NA]—1 N
SEO-DINDY [l{ak:e} — o (S’)} ,
3 J=0  k=j|NA]
1 K|NA|—-1 .
=0y ly 2 [l{sk:e}*agk (€ )} , (3.4.111)
34 k=0

which together with Lemma 3.4.17 derive

. N 2 -
T B[O ~0.
Collecting our results, we have shown that
Cr Nos
sup E|MN(©)] < =0 3.4.112
t€(0.7] M) K(N) ( )
by the assumption that 1 < K(N). O

Following the same method, we can finish proving the convergence of the stochastic fluctuation

terms from the dynamics of the critic network.

Lemma 3.4.19. For any & = (x,a) and the stochastic error MZ’N,i = 1,2, 3 defined in (3.4.50), we

have

lim  sup E‘M“V(g)‘ =0, i=1,23. (3.4.113)
N—00te(0,1]

Proof. As in the proof for the decay of M}, we use two steps to prove the result.
(i) Prove that the fluctuations of the data samples around a dynamic stationary distribution w9

decay when the number of iteration steps becomes large. Actually, with exactly the same

approach as in Lemma 3.4.17, we can prove for any fixed state action pair ¢ = (z,a),VT > 0

INT|-1 2
i B\ ;0 [Lie,=¢y —7™(§)]| =0. (3.4.114)

(ii) Use the same method as in Lemma 3.4.18 to prove the stochastic fluctuation terms vanish as

N — oc.
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We first look at M; N and the proof for Mtl’N,Mt2 N is the same. Recalling the notation in
(3.4.85), we have

[Nt]—1
MENE© = D @ ) - BYQY (6] B
k=0
1 [Nt]—1
N v [BY QR (6r) Bg Eusk Zpk Qr (¢ Bg ¢, kﬂg" (&)
k=0
= 1PN () + 1PN (). (3.4.115)

To control I"Y (€), we first define

ex = [QF (1) — PR QY (6)] B, i (3.4.116)
Since
E[Q (&11) | Z] =PY QY (&), (3.4.117)
hence
n—1
>
k=0
is a martingale with respect to the filtration .%,. Since the conditional expectation is a contraction

in L2, we have

2 2
E|PYQN (&) <E|QR (&) - (3.4.118)
Then,
| T | WNTI=1 ,
E\5 > e =Nz > EPYQY (&) — QY (e
k=0 k=0
INT|—1
4 2 ( ) CT
< Z E|Q (&) < 5 (3.4.119)

where step (a) follows from (3.4.26) and Lemma 3.4.4. Thus, for any 7' > 0,

INT]-1
Jim E jIQ’N = lim 4E|< ;O er| = 0. (3.4.120)
For 17", we define as in the proof of Lemma 3.4.18
Hgg,k = P]kVQ;cv(fl)ng,k = Z QkN(zvaN)gl]cv(zvall)p(z|fl)Bg§’,k' (3.4.121)
By Lemma 3.4.3 and 3.4.4, we have the b07und
sup sup E |H§ ¢ k| < Cr. (3.4.122)

0<k<|TN| &'€XxA
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Furthermore, by Lemma 3.4.3 and 3.4.9,

2 2
E ‘Hgg/,kﬂ - Hgg/,k| < Z E |Ql]cv+1(zva//)gl]cv+1(z7 CLH)ng,kH - Q;cv(zu a”)gljcv(% aI/)ng’,k{

z,a"

<33 (@M (z.a") — QN (2.0") g1 (2, ")BYes sy |

+33 QN (2.0")BYe r (941 (20" — gl (z,0")

z,a'
2
133010 (5 aad () (B — By
z,a"
Cr
< N2 (3.4.123)
S0
1
sup sup E|H€E, ka1 Hévg,k| < sup sup E Hgg/ kil Hgg/k’ < @
0<k<|TN|—1&E€XXA e 0<k<|TN|—1€€XXA N
(3.4.124)

Then following the step (ii) in the proof of Lemma 3.4.18, now we can prove the convergence
1PN (E). Welet K := K(N) € N such that 1 < K < N and define A = /K. Then, we can

decompose IV (€) into the following terms:

1PN (&) = TR(E) + Tah(©) + T35, () + 1 (), (3.4.125)

where

N _ - N _ gN.
JLt(f) N 4 (HE, K.k Hfaﬁk’jLNAJ>
1 N
N\ N N
J27t(§) =N Hg’ék,jLNAj B ZHE»E’JLNAJ ik (5/)
. — E/

N
N > (Hs],vs',juvAJ - HgNsk) m (&)

J=0  k=j|NA| ¢

N _
T (f)*ﬁ Z Egk, ZHggfkﬂ'k ¢)
k=K|[NA|
Again, we have
2
min((K+1)[NA]—1,[Nt|-1)
VA
|711{V(€)|2 S N2 Z Eik, ZHg ¢ kﬂ—gk
k=K|NA|
2A min((K+1)|[NA]—1,|N¢]-1) [ i ,
N N v
=N 2 (Hf Gk ) + (Hs,eﬂg" 3 ))
k=K|NA| I o
A min((K+1)|[ NA|—1,|Nt]—1) B ) ) i
N N
=N 2 (2 0) + 3 (e ) 7 (@)
k=K|NA] L ¢

91



Moreover,

2
E[J{Yt(f)]Q < N2 Z Z E {Hgék,k o Hggkyj LNAJ}

— +1)|[NA| -1
<£K 1 (7 )Lz:J Cr(k — jINAJ) 2
- N . N
J=0  k=j|NA]
T REISS ke
=N 2 N
j=0 k=0
TC2 <~ Cr
< TN |INAP <KCrA3 < 5. (3.4.127)
= 3N3 = = 52
3N = K
We can similarly control J3Y,(£) as followed:
2
—1(+1)[NAJ-1
K|NA| & N
B[S < = S B (Bl sivay — How) 7 (€)
i=0 k=jNa] | @
—1@+)INAJ- |
K|NA| & N R
SN >, EX (Hs,s’,jLNAJ - Hsys’,k) % (£)
i=0 k=j|NA| | ¢
K—1(+1)[NA]-1 . 2
T Cr(k—j|NA]) Cr
SO (N <o (3.4.128)
Jj=0 k=j|NA]
Finally, note that
N N
HY: siawy = O Hlesianm™ (€)= Y Bl jian) [Ligmer =7 ()] (34.120)
geXxA g
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Thus,

(G+DINA]-1

:NE D D Hieina {ﬂ{sk:e} —ng(f’)}

=0 k=j|NA] &

[

K G+ NAJ-1

1 Nt
M G B S 3 L

,_.

J= k=jINA] &
1/2

R 2\ (k-1 fUrnva o\

< —E <maXH£ 1% JLNAJ> Z Z []l{ikZE’} — ok (f/)}

=0 j=0 k=j|NA] ¢
1/2

©s) 1 K-1 2 K-1 ((G+1)[NA]-1 _ N 2

< N E (HE%XHg gijNAJ) E Z Z Z 1{5k:§'} — ok (gl)}

§=0 7=0 k=jlNA] &
)LNA 17
~1 [(G+D)|NA|-1
(3.4.122) K C'pr 1 K N
s N |Flx > {l{sk:e} - (5/)]
Jj=0 k=j|NA] 34
1/2
KCr|NA | Kol (G+1)LNA] -1 11"
T
— v |F|lr 2\ a2 D[t -wi@)]
j= k=jINA] &
1/2
1 el 1 (G+1)[NA]-1 . 2
sTCr B [NA > X taer — 7 ()]
j=0 k=j|NA] ¢
—0

ey, (3.4.130)

where step (CS) is by Cauchy-Schwarz inequality. Combining (3.4.114), (3.4.122) and (3.4.130), we
have
. N _
Jim E|755] =0. (3.4.131)
Consequently E[I2N (¢)| — 0, and so is MV (¢). The proof of the convergence for M, M>" are
exactly the same for Mt‘r5 N The proof is completed. O

Let p™ denotes the probability measure of (17", v, PN, Q). ,<p» Which takes value in the set
of probability measures M (Dg(]0,7])). From the relative compactness result in Section 3.4.2, we
know that the sequence of measures {p" }yen contains a subsequence p¥* that converges weakly.

Now we can prove the limit points of any convergence subsequence p™* will satisfy the limiting

ODE:s (3.3.9).

Lemma 3.4.20. Let p™V be the probability measure of (u™, v, PN QN). We restrict ourselves to a
convergent subsequence p™* which converges to some limit point p = (u,v, P,Q). Then p is a Dirac

measure on Dg([0,T]) such that (u, v, P,Q) satisfies the limiting ODEs (3.3.9).
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Proof. For any sequence of time-points 0 < s1 < sy < ... < 8, < t, functions p,p € CZ(R!*?),
B1y ooy Dy D1y ey Op € Co(RIFY) and 9y, .o, ¥y, Y1, .o,y € Cp(X x A), and consider a map F :
Dg([0,T]) = R*, defined as

F(u“vVPQ) ( )+F2( )+F3(,LL,I/,P,Q)—|—F4(,U,I/,P,Q), (34132)
where
Fi(p) = (@ 1) — (@, 110)) x [ (b5 s, )] (3.4.133)
j=1
Fy(v) = |({p,ve) = (sv0)) x [ ] (5. vs,)| (3.4.134)
j=1
F3(,LL,I/, PaQ)
= 3 QU9 - Qul©) —a / (r@') 73 Qa9 (2" Yp(=IE) — Qula! >)
EeEX XA 0 &'=(z',a") z,a’
x ((o(w-&)o(w- &)+ o’ (w- ) o' (w- )¢+ ¢ ws)) w9 (&) ds| x [T v5(Qs,)I-
j=1
(3.4.135)
F4(le/a P?Q)
— 3 RO - R - / DORRTeX o)
£EX XA &'=(z',a") a4 136)
. ((a(w ~No(w-¢) + o' (w- &) a(w-&)(E - €), s) (3.4
3@ ") (o(w- o(w - C) + o’ (w - E)o(w - E)(E - €), )dstwj »
where
ft = Softmax(FP;), g¢:= 2—t + (1 —m)fe (3.4.137)
Then we have
E v [F(u,v, P,Q)] =E [F(u™,vN, PN, Q"N)] (3.4.138)

Let us analyse each term of E [F(u™¥, v, PY,Q")] one by one. Firstly, (3.4.72) and the boundedness
of ¢; yields

BIR(a)) < CE|(g.) — (@) < S+ 5t "0
Similarly, (3.4.72) and the boundedness of ¢, yields
E[Fa (v ) 1< C]E‘<<p,yt > <<p,u0 >’ < \Cﬁ—l- ]\27;2 Nzpeo ),
To study the next two term, we define
Y = Softmax(PN), G~ = 2—: +(1—n)fN, (3.4.139)
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BN () = /0 ST BY, (a7 (€) — 79 (€1)) [r<5’> +9) QY (z,a")g (z.d")p(2l€)) — QY <£’>] ds,
%

z,a’

(3.4.140)
o= [ S8 (€ 3 Qe N o) e Dt (3.4141)
Then by (3.4.51): -
Fy(u Y PV QY)

- > @O-@©-a [ SBl e
0 ¢

fexXx A

< JT 1e(@s))]

j=1

z,a"

: [7'(5’) +7 ) QN (z.a")gY (z,d")p(=l¢') — in(f')] ds

- ¥

EEX XA

QN (E) - QY(E) —a / S BY, o ()
0 ¢

< [T 1@

Jj=1

: [r(é’) +9) QY (z,a")gN (z.a")p(2l¢) — QY (5')] ds + B, N (&) + BN (€)

z,a"

CETST a M)+ M) + MY () + BEN(©) + EFN(©) + Op(N )| ¢ T 15(Qs)-

EEX XA j=1

(3.4.142)
Recall by Assumption 3.2.7 that the stationary measures 79 are globally Lipschitz in g, so for any

& and s < NT
795 (&) — 79+ (€)] < C'sup GN () — g (&)

< Clnyg — 1|
B C
1+log2(%+l) 1+log ( +1

<C (logz(s +1) — log? (

)
<C (10g2 (LNSJ{TH + 1> — log® (LNNJ + 1))) < % (3.4.143)

owing to the fact that log?(-) is 1-Lipschitz. We therefore have

C’
E[EN (€)] < E /DBW [v )+7 32101 Gl o Gle) ~ QYE )] ]
S%E TCngplQﬁv(ﬁ)l S%
and
C K 1 Cr
BN (€)= HE /; BT VZ|QNza)|p( |£>ds] < B TcnginV(fn] <N
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Finally, we have
E[E(u™, v, PY,QY)]

<O Y [BIMEN (@) + MY (©)] + MY (©)] + BIENY ()] + BIERY (¢)
3

N
=°0.

To study the final term, we define

EPN(¢) = / G (0% (€) — o () clip(@N(€) |BYer s — Y £ (2 a")BY (o | s,
& L a’l J
(3.4.144)
E4 N(f) / CLNSJ CS ZUPO Cllp QN(& )) ng’,s - Zf;v(xl7a”)ég(x’,a”),s dS,
) ’ (3.4.145)
Then

Fy(u™, o™, PN, QN)
= Z PN( / ZCSQN Ugs E) [ng’,s Zf;v(xlaa//)gi,(a:/,a”),s‘| ds

EEXXA 0 o

P
X H |1Z)J(PS])‘
j=1

= Z PN( / ZC[N@JQ Ugé (5) [ng/,s - ZfsN(xlvaH)Bé,(z’,a”),s‘| ds

EeEX XA al

P
+EPNE) + BN O] x [ 195(Ps))l
j=1
P

= > IEMN© + BN ©) + MY (©) + 0NV x [ 15(Ps)

EEX XA =1

Notice that the stationary measures o9 are globally Lipschitz in g by Assumption 3.2.7, so using a
similar argument, we prove that

097 (€') — 0% (&')| < (3.4.146)

20

In addition, we have

sfupng, Zfoa wa)

< sup B+ 32 ) Bl <
as a result of Bg,g',s being uniformly bounded by Lemma 3.4.3 whenever s < T'. Therefore for any
t<T,

C C
EE’N(g)ngWTx2xC’T:WT.
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Similarly,

RGeS M AR

INT]-1 (k+1)/N 1 1
<> [ sy s
=0 k/N 1+k/N 1+s

INT|—1
1 Cr
<0r ) wmo

Combining with the boundedness of ¢~>p, we have
_ N— 00
Fy(u™ N PN, QY) < C Y [EIEPN (&) + EIESN () + EIMY ()] + OV 2] M5 0.
¢
(3.4.147)
Combining the above analysis yields:

E,~ [F(p,v, P,Q)] "3 0.

But since F' is uniformly bounded, by bounded convergence theorem, we have

]EP[F(NH v, Pv Q)] =0

This holds for any choice of the test functions ¢, @, ¢, ¢;,1,1;, so we know that p is a Dirac

measure concentrated on a solution that satisfies the evolution equation. O
3.4.4 Existence and uniqueness of solutions to limit ODEs

To complete the proof, it suffices to show that there exists a unique solution for the ODEs

(3.3.9). Here we treat (Q, P) as a vector of size 2M with M = #X x #.A as defined in assumption

3.2.2.

d Fi(t,Qq, Pr)

_ t) — — 1\by Wit, L't

i (%) =reeor = (587 (3.4145)
where the first M entries F(Q, P) are specified as

Fi(t,Q, P)(z,a)
=« Z Aw,a,x’,a’wgt(P) (x/7a/) r(x',a') + Z Q(27all)[gt(P)](Z7a//)p(z|xl7al) - Q(x/7a/)

and the remaining M entries are specified as
F(t,Q, P)(z,a) Z Gelip(Q(2',a")) | Az anrar — Z[f(P)}(a:’,a”)Ax,a,x/,au o9 P (2! a).
Here the notation f(P) and g;(P) denote the (probability) vectors in RM:
exp (P(x,a))
Z(w exp (P(z,a))
1-— P .

We will show the global existence of solutions for ¢ € [0,00) by taking the usual route of showing

[f(P)](x,a) = Softmax(P)(x,a) =

[9:(P)](2;a) =

that F(Q, P) is locally Lipschitz and linearly bounded.
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Lemma 3.4.21. Let ||-||, be the infinity norm as defined in remark 3.3.6. Then for all R > 0,
there is a constant Cr > 0 that only depends on R such that for all (Q, P),(Q, P) lying in the open
R-ball, we have

HF(t,Q,P) _ F(t,Q,P)HOO < Cp H(Q,P) _ (Q,P)H V> 0. (3.4.149)

o0

Moreover, there is a constant C > 0 such that for all Q, P, we have
IF(t,Q, Pl < CI@Q P +C, V>0, (3.4.150)

Therefore, F' is locally Lipschitz and linearly bounded and for any fized starting point (Qo, Po), there
exists the unique solution for ODE (3.4.148).

We emphasise that the above lemma will also be true for any other norms on R?M, as pointed

out in remark 3.3.6, as any norms in R* are equivalent with || - ||co-

Proof. Let us first prove equation (3.4.150). Note that the tensor A¢ ¢ is uniformly bounded by
assumptions 3.2.9 and 3.3.1. Thus

[F1(t,Q, P)(w,a) < C ) 7P (@ ) | [r(@’,a)| +7 ) Q(z,a")lg(z,a")p(zl2',a') + |Q(a’, d')]

z/,a’ z,a"

< Csup |r(2',a’)[ + Cysup [Q(z, a”)| + Cy sup [Q(2’, a')|
z,a z’,a’

x’,a’

It is also clear that
|Fa(t, Q, P)(z,a)| < Csup|clip(Q(z,a))| < C

This shows that F' is linearly bounded.
To prove the local Lipschitz condition (3.4.149), note that for all z, a,

Fi(t,Q, P)(w,a) = Fi(t,Q, P)(w,0)|

Sa Z |Az,a,:r’,a’|

z’,a’

9P (2! a') — Wgt(ﬁ)(ac’, a)

(@ d) + 7Y Qz,d") g (P))(z,a" (2|7 d) — Q')
> (3.4.151)
<C+(v+1R

> 1Q(z,a")g(P)](z,a")

To Z |Az.a,2" 0/ ‘Wgt(ﬁ)) (2',a’)
z’,a’

- Q(Z7 a//)[gt(P)](Z, a”))p(z|:1c’, a/) - (Q(xlva/> - Q(xla al)) :
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Using the Lipschitz continuity of the softmax function and Assumption 3.2.7, we know

sup x| (z,0) (5 P)(z,0)| < Csup [an(P) . ) = [an(P)] . o)

= CS;IE [f(P)](z,a) = [f(P)|(z,a)] (3.4.152)
<C ‘ pP— PH .

Note that for all z,a”

‘Q(Z» a")ge(P))(z,a") = Q(z,a")[g:(P)](z,a")

<1Q(z,a")[ - ‘[gt(P)](aa”) — [9:(P)](2,a")

+[n(P))(z,0") - |Qz,0") = Qlz,a")|

~ ) (3.4.153)
<CR <SUB P(z,ad") — P(z,a”)D + sup Q(z,d") — Q(z,ad")
<CR|@.P) - (@.P) .
Combining (3.4.151), (3.4.152) and (3.4.153), we have
[ (t,Q. P)(z.a) = [F(t.Q. P))| < Ca | (Q.P) = (Q.P) _. (3.4.154)

Similarly for F5,
1P2(t,Q, P)l(@,0) = [Fa(t, Q. P))(z,a)

<Y G [elip(@(a’,a')) = clip(Qa’a")) | o M) (a', ')

Ax,a,z’,a’ — Z[f(P)](x/, aI/)Az7a’x/7a//

+ Z G cIip(Q(m',a'))’ ‘agt(P)(x’,a’) — 09‘(15)(37’,&’)

z’,a’

Y (PN’ a") = [F(P)](2, ") Asawr.ar

"

+ 3 G [elip(@@', )| o P, )

a

<c|

QP -@.P)_

(3.4.155)

We therefore show that F' is locally Lipschitz if we restrict (@, P) to be inside a R-ball for any
R < 0.

The linear boundedness of F' can guarantee that the solution grows almost exponentially. In

fact, we have

1(Qs, Po)|| < I\(Q07Po)\|+/0 (C+[(Qs, P)[| C) ds < (||(Q0,P0)||+Ct)+0/0 1(Qs, Ps)|| ds.
(3.4.156)

which, together with Gronwall’s inequality, implies

1(Qe, Pl < (I[(Qo, Po)|| + Ct)e". (3.4.157)

Suppose the above evolution equation possesses two solutions (Q, P)y, (Q, P), that satisfies Qo = Qo

and Py = }50. Then we have

% H(Qt,Pt) - (Qt,ﬁ’t)Hz <2 H(Qt,Pt) — (Qt7pt)H . HF(taQtaPt) _ F(taQtaPt)H .
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Using (3.4.152), (3.4.155), (3.4.157) and replacing R in (3.4.152) by the norm ||(Q¢, P;)|| in (3.4.157),

we can show that

% H(Qt’Pt) - (Qf’lsf)HQ < (C+(C+ Ct)e) ’(Qt,Pt) — (@J%)HZ. (3.4.158)

H(t)

Therefore, by Gronwall’s inequality, we have

(@2 - @2 < [[@u 1) = @ ) s ([ 15035) =0

which guarantees uniqueness. O

3.4.5 Proof of convergence

With the above preparations, now we can finish the proof of Theorem 3.3.3. Rrecall the sequence
of probability measure p" being the law of (up, ¥, PN, Q) .,.,- We have shown by relative
compactness that every subsequence of p" posesses a further sub;e;luence that weakly converges to
the p = (i, v, P, @), which is the unique solution of the limit ODEs (3.3.9). Therefore by Prokhorov’s
Theorem (see [18, 56] for details), p’¥ weakly converges to p, and thus we can conclude that the

process (uf[ N PN QN ) weakly converges to p.

0<t<T
3.5 Analysis of the limiting ODE

We have already set up the limit ODEs for the algorithm (1) and now we study the convergence
of the limit ODEs (3.3.9). To improve the readability, we first clarify some notations.

e From their definitions in (3.2.3), V/(x) and V7 (x, a) are related via the formula

Vi) = Z VI(z,a)f(z,a). (3.5.1)

e Recalling the state and state-action visiting measures v/ and ¢/ defined in (3.2.4), we have
crf:(ama) = f(z,a) - I/ﬁ(:ﬂ) By [83], the stationary distribution of M is the corresponding
visitation measure of M. And for the MDP start from a fixed state xq, the visiting measures

are denoted by vf (-),0Z (-,-)
e Let the advantage function of policy f denoted by

Al (z,a) =V (z,a) = VI(z), V(z,a) € X x A, (3.5.2)

We recall that the gradient of a policy f parameterized by some parameter 6 can be evaluated

in terms of the visiting measure (3.2.4) according to the policy gradient theorem (3.2.23):

Vo (fo) = > ol (z,a)V7(x,a)Vylog fo(x,a), (3.5.3)

x,a
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Assume that f = softmax(P) be the softmax policy parameterized directly by the values P(z,a), so

that
exp (P(z,a))
T,a) = . 3.5.4
0= 5 e (PG ) (354
Then the gradient VpJ(f) can be evaluated using the following formula.
Lemma 3.5.1. Define 0, o J(f) = 8P(i 31) and then for the policy (3.5.4), by policy gradient theorem
(3.5.3), we have
Onad (f) = O’,{U (z, a)Af(a:, a). (3.5.5)
Proof. By the policy gradient theorem (3.5.3), we have
az,aJ Z er :17 ﬂa/)]]‘{(L‘/:J;} []]-{a/:a} - f(‘rla a)] Vf(:L'/, a/)
= Z Vpo []l{a’*a} f(P)(.I, a)] Vf(Qj?al)
; ; ; - . (3.5.6)
= v} (@) fo(z, )V (2, a) — v] (2) f(z,a) | Y flz,d )V (x,d)
= v} (2)f(z,a)A’ (z,a)
= Ugo(x,a)A (z,a)
O

3.5.1 Critic Convergence

Now we prove convergence of the critic (3.3.10), which states that the critic model will converge
to the state-action value function during training. We first derive an ODE for the difference between
the critic and the value function. Then, we use a comparison lemma, a two time-scale analysis, and
the properties of the learning and exploration rates (3.3.2) to prove the convergence of the critic to
the value function.

Recall that the value function V9 satisfies the Bellman equation

r(z,a) + 7 Z VI (z,a")gi(2,a" )p(z|x,a) — VI (x,a) = 0. (3.5.7)

z,a’

Define the difference
o = Qp — VI, (3.5.8)
Without loss of generality, we initialise the ODE as Qg = 0. We can then finish the proof for the

convergence for the critic.

Proof of (3.3.10). We first prove the convergence of ||Q; — V9| and then by the decay of the
exploration rate ¢; we can get the convergence of ||@; — V¥t||. Combining (3.3.9) and (3.5.7), we get
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the ODE for ¢,

d
jzt(ma _azAxa;c’a’ﬂ' (', a" )i (2', a)
+ aPy Z Al’,a@',a"ngt (.’El7 a/) Z (bt(zv a//)gt(z7 a//)p(Z‘.’L'I7 al) (359)
d
- an' (z,a).
Let ® denote element-wise multiplication. Then
d oVt d
% = —aA(T © ) + YA OTY) + 7 “ (3.5.10)
where T';(2/, a’) Z é1(z,a")gi(z,a")p(z|2',a’). Define the process
Lor
= 367 4760, (3.5.11)

Differentiating yields
dYt _1doy
- ¢t dt

3.5.12)
oV d (
= —ad, 1 © ¢y + ayd, 7 OT; + ¢ A7 dg %

The second term on the last line of (3.5.12) becomes:
|¢;|' LNO) Ft|

=Y ¢ula,a)m (2! d') Y pilz " )gi(z, " )p(z]a’ )

z/,a’

z,a!!

= Z Z o(z,a" ) o (2!,a')gi(z,a"p(z]2!, a’)m9 (2!, ')

/a0 z,a"

<D

z',a’ z,a"

é% > <¢t(z7a”)2 + ¢>t(x'7a')2>9t(27a")P(Z|fE/,a/)7rgt (2, a)

z',a’ z,a"

1
:55 bi(2,a")? E gi(z,aMp(z|2’,a" w9 (2',a") + E bu(x’, a9 (', a) E gi(z,a"p(z|x,a")
z,a’’ z’,a’

ra/

:% Z (bt(Z,CLN)Q?Tgt (Z,CLN> + % Z ¢t(x”a/)2ﬂ-gt (33’,0,/)

z,a’!

= Z ¢t(x’,a’)27rgt (', a’).
z’,a’

¢t(2ﬂ a//>¢t (xlv al)

gi(z,a"p(z|2,a")m9 (2’ a")

z,a’

z/,a’

where we have used Young’s inequality, the fact that Z gi(z,a"\p(z|2',a") = 1 for each (2, a’), and

Z gi(z,a"p(z|2’,a')w9 (', a') = w9 (2,a"). Therefore
dy, oVt d
U < a1l =) g o AT

TR (3.5.13)
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where ¢7 is an element-wise square. By the limit ODEs in (3.3.9), we have for any (z, a)

dP,
‘ dtt /Zl chlp Qt .’17 a) A:L’,a,z',a’ — th(l'l,a”)Aw’a,x/’au O'ft (x/,a’) S Cct (3514)
For any state xg, define
AV (wo)
dp v/
PeaV0) = 5t ay

Then, for the exploration policy (3.2.16), by the policy gradient theorem we have

|ap(w)vgf (x0)| = Z adt (', a")V9(2',a")Op(y,q) log ge(a', a)

<C Z ’ap(x,a) IOg gt(xlv al>‘
z’,a’ (3515)
f
1_7715 Z |8P(xa)10gft(:r a‘)‘
x’/, a’
(@)
< C,
where step (a) is by
fi(2',a’) fi(@',a’)

— <C 3.5.16
0 @) TN () fuha) (8.3.16)

and
|0p () log fr(z', )| = |Lp—ay [L{ar=ay — fi(2',0)]| < 2. (3.5.17)
The relationship between the value functions
VIt (2o, a0) = r(xo,a0) + fyz VIt (2"p(2'|xo, a0), Y(zo,a0), (3.5.18)
can be combined with (3.5.15) to derive
IVpVI(z,a)| <C, V(z,a). (3.5.19)

Combining (3.5.14) and (3.5.19),

%(x,a) = ’vpvgt (z,a)- ddi < |IVpVI(z,a) Hdpt H < CG, (3.5.20)
where C' > 0 is a constant independent of T'.
Combining (3.5.13), (3.5.20), we have
% < —afl - )min{ﬂ'gt (z,a)}Y; + Co, ¢
< —aCn* (1= 7)Y: + Oy ¢
< —CnYi+ Lo fedcg 5o
< —Om°Yi+ lloa]*ni™ + C;ff
CG

=—n;°(C —2n°)Y, + o G-
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Since n;® — 0 and n§,§o — 0 as t — oo, there exists tg > 2 such that

t

dy;
d—tf < —CnY, + G, t>to, (3.5.22)

where the C' is a constant independent with ¢. Noting that nito — 0 as t — oo, we know for any

€g > 0, there exists ty > tg such that

d(Y: —
i <o (Yt UC ) < -On (Yi—e), 121, (3.5.23)
t

By multiplying the integral factor exp { f to Cnlo ds} we get

jt <eXp {/ CU"OdS} (Y - 60)> < exp{ Cn”Ods} (CW +Cn (Y, — 60)) <0, t>t,
to

which derives .

Y, —ep < exp {—/ Cn""ds} (Vi —€0) =0, as t— oo. (3.5.24)
Thus we get for any ¢y > 0, there exist’ss to > 0, such that Y; < 2¢g for any ¢ > ty, which brings us
the desired convergence for ¢;.

By the policy gradient theorem, we have
VY (o)

=V/(a, a)a{o (z). (3.5.25)
O (,0)

Thus, by the relationship (3.5.18),

ovi(
# - ZV“I‘ o, (2)p(2|z0, ag) < C. (3.5.26)

Then, for any (z,a) € X x \A, there exists ¢ € [0,1] such that

|V (x,a) — Vi (z, a)| = ‘VfV?f”r(l*;)gf (z,a) - [gt — fi]| < Cny, (3.5.27)
Finally, combining (3.3.10) and (3.5.27), we obtain (3.3.10). O
3.5.2 Actor Convergence

Now we show that the actor converges to a stationary point. We introduce the following notation:

VeJ(fe): ZU z,a)Qq(z,a)Vplog fi(z,a),

~ (3.5.28)
aP(at;,a)‘](ft) = Z O—g(t) (z a)Qt(IE, a)ap(w,a) IOg ft(za a)'

x,a
By the policy gradient theorem, using the similar approach as in Lemma 3.5.1 for the softmax policy

f = softmax(P) we have

aP(;zca)J ft Zth G)Ugt(f a)aP(xa)J(ft)Ingt(x a‘)

(3.5.29)
=09 (z,a) | Qi(r,a) — Zthca a)

By the same method in [143] and the following lemmas, we can prove ||VpJ(f:)|| = 0, t— .
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Lemma 3.5.2. Let Y;, W, and Z; be three functions such that Wy is nonnegative. Assume there
exists tog > 0 such that
dy;

S ZWitZ, t>t (3.5.30)

and that ftooo Zidt converges. Then either Y; — oo or else Y; converges to a finite value and

Jo© Wedt < oo.

We may modify the above lemma so that the dichotomy holds whenever (3.5.30) holds for ¢t > T'.

Now we can prove the convergence for the actor.

Proof of theorem 3.3.5. Let f be the softmax policy in (3.5.4), by the proof of Lemma 7 in [104], we
know that the eigenvalues of the Hessian matrix of J(fy) w.r.t. P are smaller than L := =7 8 E and
thus VpJ(f) is L-Lipschitz continuous with respect to P.

For the limit ode of P; in (3.3.9), define

Y, :=A"'P,

Then
dy;

W(:C’a)

B . dp,
7Z<A z,a,z,b dt (Zb)

=D (AT, s D Gelip(Qu(a, ')
z,b x’,a’

AZf()A] oft (', a)
al/

:Ct Z C|iP(Qt($/7a/))Ugé($ a) Z (A_l)z’ayzb z,b,x’ ,a’ Z ft JJ Cl )x,a,z,b Az,b7:p’7a”

x’,a’ z,b z,b,a’’

a’’

:Ct Z Clip(Qt(z/aa/))ggé(I a) ll{x'—w, a’'=a} T th(x/7a”)]]-{z’:z, a”—a}]

=(elip(Q:(, a))ofs (x,a) = D clip(Qu(x,a'))of: (') fi(, a)

a’

=09t (2, a) [clip(Qt(a:, a)) — Z clip(Qi(z,a")) fi(z, a')} .

a’

(3.5.31)
Thus we get the ode for Y;:
dY;
o (r,0) = ot (,0) [chp@t ) = 2 clp(@u (o)) ) (3.5.32)

Since we know that HQt — Vi || — 0, we know that there is a T' for which clip(Q:) = Q¢ whenever

t > T. Thus we have
dP;

L =GAVRI(f) t>T (3.5.33)

By chain rule and note that A is a positive definiteness matrix, we get for all t > T

o 2

L350 = Va5 D> CaMITRIGIIP - Can (3.5.34)
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Then, by Lemma 3.5.2 and the assumption in (3.3.1), we can show that either J(f;) — oo or J(ft)
converges to a finite value and

+o0
| alveapa < . (3.5.35)
0

Note that J(f) = E; {Z;ﬁ% ’ykr(xk,ak)] Therefore, the objective function J is bounded by
Assumption 3.2.2 and thus we know J(f;) converges to a finite value and (3.5.35) is valid.

If there existed an ¢y > 0 and ¢ > 0 such that |[VpJ(f:)]| > € for all ¢ > ¢, we would have

+oo +oo
/, VR I (Pt > & / Gt = oo, (3.5.36)
t

t
which contradicts (3.5.35). Therefore, litrginf IVpJ(ft)]| = 0. To show that tli)m IVpJ(f)] = 0,

assume the contrary; that is limsup ||VpJ(f:)|| > 0. Then we can find a constant €; > 0 and two
t—o0

increasing sequences {an}n>1, {bn}n>1 such that

a1 <by <ag <by<ag<byg<---,

€1 (3.5.37)
VeI (fa)ll < 5 IVPI(fo, )l > e
Define the following cycle of stopping times:
€1
ty :=sup{s|s € (an,bn), [|VpJ(fs)]| < =1},
fsls € (an,bu), VI < S T
i(tn) = inf{s|s € (tn,bn), [|VoJ(fs)|| > €1}
Note that ||V pJ(f:)| is continuous against ¢, thus we have
an < tn < i(tn) < by
€1
IVpI(fe)ll = 5 IVPI (fie)ll = e (3.5.39)
€ )
51 < HVPJ(fS)H <e€, s¢ (tn77’(tn))'
Then, by the L-Lipschitz property of the gradient, we have for any ¢,
€1
5 = IVepJ(fie)) = VP I (fe)
<IVeJ(fie.)) = VeI (fr,)ll
< L||Py,) — P
i(tn) itn) (3.5.40)
<C [ GIVRIGs+C [ GIR R - VeI(£)ds
tn tn
i(tn) i(tn)
<ca [ “cdsvc [ s
tn tn
From this and by (3.3.2) it follows that
1 i(tn)
— < limi . 0.
5T = th_l}gf/tn Csds (3.5.41)
Using (3.5.39), we see that
€10 i(tn) i(tn)
Tae) —Tfa,) = O (D) / Cods — / Comeds. (3.5.42)
tn tn
Due to the convergence of J(fg, ) and the assumption of the learning rate, this implies that
i(tn)
li_)m (sds =0, (3.5.43)

in
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which contradicts (3.5.41) and thus the convergence to the stationary point is proven.
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Chapter 4

Online SDE Optimization: Linear
Case

4.1 Introduction

Consider a parametric process X¢ € R? which satisfies the stochastic differential equation (SDE):

dX{ = (X7, 0)dt + o(X7, 0)dW,
(4.1.1)
X ==,
where 6 € RY, u € R 0 € R¥*? and W, is a standard Brownian motion. Suppose X! is ergodic
with the stationary distribution 7g.!

Our goal is to select the parameters # which minimize the objective function

N

J(G) = Z (Eﬂ'e [fn(Y)] - 6n)2 y (4.1.2)
n=1

where Y is a random variable with distribution 7wy, f, are known functions, and (,, are the target
quantities. Thus, we are interested in optimizing the parameterized SDEs (4.1.1) such that their
stationary distribution matches, as closely as possible, the target statistics 3,. In practice, the target
statistics may be data from real-world observations which are then used to calibrate the SDE model

(4.1.1).

4.1.1 Existing methods to optimize over the stationary distribution of
SDEs

The stationary distribution 7 is typically unknown and therefore it is challenging to optimize
over J(6). The quantity Ey.r,[f.(Y)] as well as its gradient VoEy r, [f,(Y)] must be estimated

in order to minimize J(0). Ey ~r,[f+(Y)] can be evaluated using the forward Kolmogorov equation

LY poo(x,0) =0, (4.1.3)

ISufficient conditions ([114]) for the existence and uniqueness of my are: (1) both coefficients u and o are assumed

to be bounded and o is uniformly continuous with respect to x variable, (2) | l‘im sup p(z, 0)x = —oo, and (3) there
z|—o0 ¢

exist two constants 0 < A < A < co such that My < oo ' (z,0) < Al; where I is the d x d identity matrix.
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where L2 is the infinitesimal generator of the process X! and L£%* is the adjoint operator of LY.
VoEy wr, [fn(Y)] can be calculated using an appropriate adjoint PDE for (4.1.3) [5, 28, 59, 76].
However, if the dimension of d for X{ is large, solving the forward Kolmogorov equation and its
adjoint PDE becomes extremely computationally expensive. In the special case where the drift
function p is the gradient of a scalar function and the volatility function ¢ is constant, there exists
a closed-form formula for the stationary distribution [115].

Alternatively, Ey ~r, [f2(Y)] can be approximated by simulating (4.1.1) over a long time [0, 7.
Similar to [34], the gradient descent algorithm would be:

e Simulate X{* for t € [0,7T].

N T 2
1
e Evaluate the gradient of Jr(6y) := Z (T/ F(XP)dt — 571) .
n=1 0
e Update the parameter as 011 = 0 — arVoJr(6k),

where «j is the learning rate. This gradient descent algorithm will be slow; a long simulation
time T will be required for each optimization iteration. A second disadvantage is that Jr(0) is an

approximation to J(#) and therefore error is introduced into the algorithm, i.e. VoJr(0) # Vo J(0).
4.1.2 An Online Optimization Algorithm

We propose a new continuous-time stochastic gradient descent algorithm which allows for com-
putationally efficient optimization of (4.1.2). The algorithm uses online forward propagation to
asymptotically estimate the gradient of the objective function with respect to the parameters. For
notational convenience (and without loss of generality), we will set N =1 and $; = 8. The online

forward propagation algorithm for optimizing (4.1.2) is:

db; _ N\T
G =200 (%) = B) (VAKX

dX, = (VzM(Xn 0:)X: + Vou(Xs, et)) dt + (VwU(Xu 0:)X: + Voo (X, 9t)> AWy,

(4.1.4)
dX; = p(Xy, 0:)dt + o(Xy, 0,)dWy,
dX; = p( Xy, 0,)dt + o(Xy, 0,)dWy,
where W, and W, are independent Brownian motions and «y is the learning rate. Before proceeding
with our analysis, we first clarify the notation in (4.1.4). In this chapter, the Jacobian matrix of a
vector value function f : 2 € R™ — R™ is an m X n matrix, i.e. V. f(z) € R™*™. When the function
has only one variable, we may omit the subscript in the gradient. For example, we may use V f(x)
to denote V. f(x). For functions of several variables, we use the subscript in the gradient to denote
the partial derivative with respect to a subset of variables. For example, we will use V,u(X?,0) to

denote V,u(zx,0) ,- Therefore, the variables have the following dimensions:
X

T=Ay

Xt c Rdxf7 qu c Rdxd, Va,u c Rdxé7 an' c ]Rd><d><d7 Vga’ c Rdxdxf'
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Let X} denote the i-th row of X, and then the dynamics of X; in (4.1.4) are:

d
A%} = (Vopts(Xe, 0) %0 + Vous(Xe, 00) ) dt + Y (Vaoii(Xe, 00) K + Voo (X,01) ) dW7.
j=1
In (4.1.4), X; and X; have the same dynamics, although they are driven by independent Brownian
motions. The role of X; will be explained in detail later in this section. The learning rate a; in

4.1.4) must be chosen such that [~ asds = co and [ ° a2ds < co. (An example is a; = Xt
0 0 s

1+t )
estimates the derivative of X; with respect to ;. The parameter ; is continuously updated using
(f(Xy) = B) (Vf(Xt)f(t>T as a stochastic estimate for VyJ(0;). Deterministic gradient descent in
continuous-time is often referred to as a “gradient flow”; therefore, the proposed algorithm can be
viewed as a “stochastic gradient flow”.

To better understand the algorithm (4.1.4), let us first rewrite the gradient of the objective

function using the ergodicity of X!:

VoJ(0) = 2(Eyen,f(Y)—B) VoEyr, f(Y)
o fim 4 Tf(ﬂ)dt—ﬁ Vol L 1/T f(X9)dt (4.1.5)
N 7500 T 0 ¢ O\ 55T 0 ¢ ' o

If the derivative and the limit can be interchanged, the gradient can be expressed as
VoJ(0) = < lim f/ f(XD)dt — ) - lim f/ VX VeXdt. (4.1.6)

Define X! = V,X? and, under mild regularity conditions for the coefficients (see for example

[123, 145]), X? will satisfy
aX] = (Vo (X0, 0) X0 + Vou(X[,0)) dt + (Voo (X[,0)X] + Voo (X[,0)) W (4.17)

Note that X; and Xf satisfy the same equations, except 6 is a fixed constant for Xf while 6, is

updated continuously in time for X;. Then, we have that

VoJ(0) = (Th_rgo/ f(XDat — g >~%EI;O;/OTVf(Xf)det. (4.1.8)

The formula (4.1.8) can be used to evaluate VyJ(f) and thus allows for optimization via a
gradient descent algorithm. However, as highlighted in Section 4.1.1, X¢ must be simulated for a
large time period [0, T for each optimization iteration, which is computationally costly. A natural
alternative is to develop a continuous-time stochastic gradient descent algorithm which updates 6
using a stochastic estimate G(0;) for Vg J(0;), where G(6;) asymptotically converges to an unbiased
estimate for the direction of steepest descent Vg J(6;). (The random variable G(6;) is called an

unbiased estimate for Vg J(6;) if E[G(6;)|0:] = VoJ(6:).) The online algorithm (4.1.4) does exactly
this using G(6;) = 2 (f(X;) — B) Vf(X,)X; as a stochastic estimate for V.J(6,).

110



For large ¢, we expect that

E[£(X:) = 8] ~ Even, [f(Y) = B, E VX)X % Vo (Evnn,, [/(X) = B).

since 6, is changing very slowly as ¢t becomes large due to tlg]go ay = 0. Here we highlight that for
random variables X and Y, it is not typically true that E[XY] = EX - EY unless X and Y are
independent. This is the reason why the process X, is introduced. Since X; and X, are driven by
independent Brownian motions, we expect that E [2 (f(X't) — B) Vf(Xt)f(t} ~ VyJ(0;) for large ¢
due to X; and (X, f(t) becoming asymptotically independent since 6; will be changing very slowly
for large t. Thus, we expect that for large ¢, the stochastic sample G(6;) = 2 (f(X't) — ﬁ) Vf(Xt)Xt
will provide an asymptotically unbiased estimate for the direction of steepest descent VyJ(6;) and

Vo J(6:)|| will converge to zero as t — co.
4.1.3 Contributions of this chapter

We rigorously prove the convergence of the algorithm (4.1.4) when p(-) is linear and for constant
o. Even in the linear case, the distribution of (X, Xy, Xt, ;) will be non-Gaussian and convergence
analysis is non-trivial. Unlike in the traditional stochastic gradient descent algorithm, the data is
not i.i.d. (i.e., X; is correlated with X, for s # t) and, for a finite time ¢, the stochastic update
direction G(6;) is not an unbiased estimate of VyJ(6;). One must show that asymptotically G(6;)
becomes an unbiased estimate of the direction of steepest descent VyJ(6;). Furthermore, it must
be proven that the stochastic fluctuations of G(6;) around the direction of steepest descent vanish
in an appropriate way as t — oo.

The proof therefore requires analysis of the fluctuations of the stochastic update direction G(6;)
around VyJ(6;). Bounds on the fluctuations are challenging to obtain due to the online nature of
the algorithm. The stationary distribution 7y, will continuously change as the parameters ; evolve.
We prove bounds on a new class of Poisson partial differential equations, which are then used to
analyze the parameter fluctuations in the algorithm. The fluctuations are re-written in terms of the
solution to the Poisson PDE using Ito’s Lemma, the PDE solution bounds are subsequently applied,
and then we can show asymptotically that the fluctuations vanish. Our main theorem proves for

the multi-dimensional Ornstein-Uhlenbeck process that:
tllglo [VoJ(6:)] = 0. (4.1.9)

In the numerical section of this chapter, we evaluate the performance of our online algorithm
(4.1.4) for a variety of linear and nonlinear examples. In these examples, we show that the algorithm
can also perform well in practice for nonlinear SDEs. We also demonstrate that the online algorithm
can optimize over path-dependent SDEs and pathwise statistics of SDEs such as the auto-covariance.

In addition, we also demonstrate the applications of the online optimization algorithm to mathemat-
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ical finance problems, such as SDE model calibration, parameter estimation for partially-observed

SDEs, high dimensional stochastic control problems, and limit order book models.
4.1.4 Literature Review

In this chapter we show that, if a; is appropriately chosen, then VyoJ(6;) — 0 as t — oo
with probability 1. Similar results have been previously proven for stochastic gradient descent
(SGD) in discrete time. [14] proves the convergence of SGD with i.i.d. data samples. [12] proves the
convergence of SGD in discrete time with the correlated data samples under stronger conditions than
[14]. We refer readers to [12, 14, 27, 63, 88] for a thorough review of the very large literature on SGD
and similar stochastic optimization algorithms (e.g., SGD with momentum, Adagrad, ADAM, and
RMSprop). However, these articles do not study stochastic gradient descent methods for optimizing
over the stationary distribution of stochastic models, which is the focus of this chapter.

Recent articles such as [17, 126, 130, 132, 135] have studied continuous-time stochastic gradient
descent. [130] proposed a “stochastic gradient descent in continuous time” (SGDCT) algorithm for
estimating parameters 6 in an SDE X! from continuous observations of X! " where 6* is the true
parameter. [130] proves convergence of the algorithm to a stationary point. [17] extended SGDCT
to estimate the drift parameter of a continuous-time jump-diffusion process. [132] analyzed proved
a central limit theorem for the SGDCT algorithm and a convergence rate for strongly convex ob-
jective functions. [126] established the almost sure convergence of two-timescale stochastic gradient
descent algorithms in continuous time. [135] designed an online learning algorithm for estimating
the parameters of a partially observed diffusion process and studied its convergence. [128] proposes
an online estimator for the parameters of the McKean-Vlasov SDE and proves that this estimator
converges in L to the stationary points of the asymptotic log-likelihood.

This chapter has several important differences as compared to [17, 126, 128, 130, 132, 135].
These previous papers estimate the parameter 6 for the SDE X? from observations of X7 " where 0*
is the true parameter. In this chapter, our goal is to select 6 such that the stationary distribution
of XY matches certain target statistics. Therefore, unlike the previous papers, we are directly
optimizing over the stationary distribution of X?. The presence of the X process in SGDCT makes
the mathematical analysis challenging as the X term introduces correlation across times, and this
correlation does not disappear as time tends to infinity. In order to prove convergence, [130, 132]
use an appropriate Poisson PDE [62, 113, 114] associated with X to describe the evolution of the
parameters for large times and analyze the fluctuations of the parameter around the direction of
steepest descent. However, the theoretical results from [113, 114] do not apply to the PDE considered
in this chapter since the diffusion term in our PDE is not uniformly elliptic. This is a direct result of
the process X, in (4.1.4), which shares the same Brownian motion with the process X;. In the case

of constant o, the PDE operator will not be uniformly elliptic and, furthermore, the coefficient for
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derivatives such as 8%,22 is zero. Consequently, we must analyze a new class of Poisson PDEs which
is different than the class of Poisson PDEs studied in [113, 114]. We prove there exists a solution
to this new class of Poisson PDEs which satisfies polynomial bounds. The polynomial bounds are

crucial for analyzing the fluctuations of the parameter evolution in the algorithm (4.1.4).

4.1.5 Organization of the chapter

The chapter is organized into three main sections. In Section 4.2, we present the assumptions
and the main theorem. Section 4.3 rigorously proves the convergence of our algorithm for multi-
dimensional linear SDEs. Section 4.4 studies the numerical performance of our algorithm for a variety
of linear and nonlinear SDEs, including McKean-Vlasov and path-dependent SDEs. Applications
of the online optimization algorithm in mathematical finance are discussed, including SDE model
calibration, parameter estimation for partially-observed SDE models, stochastic optimal control, and
mean-field games. Numerical examples demonstrate how the method can be used to numerically
solve high-dimensional stochastic optimal control problems and high-dimensional stochastic models

of limit order book events.

4.2 Main Result

In this section, we rigorously prove convergence of the algorithm (4.1.4) for the following multi-

dimensional Ornstein—Uhlenbeck process:

dX{ = (g(0) — h(0)X])) dt + adW,,
(4.2.1)
X{ =,
where 6 € RY, g(0) € R?, h(f) € R4 W, € RY, X{ € R?, and o is a scalar constant. Since h(6) is

positive definite, the solution to the SDE (4.2.1) is

t
X0 ="ty 4 (h(0)™" (Id — efh(e)t) g(0) + eih(e)t/ " Osadw,, (4.2.2)
0

where I, is the d x d identity matrix. Let my be the stationary distribution of Xte . (7 exists and is

unique; for example, see [115].) Our goal is to solve the optimization problem

min J(0) = min (By~r, f(Y) 8)?, (4.2.3)
where 3 is a constant. To solve (4.2.3), our online algorithm (4.1.4) becomes:
W 20, (/(X0) - B) V(X)X
;z;: = (9(6) — h(0) Xy)dt + od Wy, ~ (42.0
— = Vog(0h) = Vsh(00) X, — h(0) Xy,

dX; = (g(6y) — h(6y) Xy)dt + odWy,
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where W; and W; are independent Brownian motions, Vyg(f;) € R Vyh(6;) € R¥¥*¢ and

X, € R¥ is the gradient process for X;. The element (i,7) of the process X, satisfies:

d =;; 0gi(6t) d Ohir(0:) 1 d Sk . .
6,J _ )(_E X X 1.2.--- 1,2,--- . (4.2,
dtxt = 80] 2 893 t e hzk(9t> t 1€ { ) 4y ?d}a J € { ) Ly ,E} ( 5)

For the rest of this article, we will use C, Cy, C, to denote generic constants. Our convergence

theorem will require the following assumptions.

Assumption 4.2.1. (1) g(0), Vig(0), h(0) and Vih(6) are uniformly bounded functions for i =
1,2.

(2) h is symmetric and uniformly positive definite, i.e. there exists a constant ¢ > 0 such that
min {z " h(0)z} > clz|>, VO € R¢, 2z € R4
(3) f,Vif,i=1,2,3 are polynomially bounded?:
3 . ~
[f(@)]+ D IVif(@) <C(L+|2[™), VzeR? (4.2.6)
i=1
for some constant C,m > 0.

(4) The learning rate oy satisfies [~ apdt = oo, [~ afdt < oo, [;*|a}|ds < oo, and there is a

P > 0 such that lim aft%”ﬁ =0.
t—o0
Under these assumptions, we are able to prove the following convergence result.

Theorem 4.2.2. Under Assumption 4.2.1 and for the Ornstein—Uhlenbeck process (4.2.1), the al-

gorithm (4.2.4) will converge to a stationary point almost surely:

lim [V (6)] 0. (4.2.7)

4.3 Proof of Theorem 4.2.2

In this section, we present the proof of Theorem 4.2.2. We begin by decomposing the evolution

of 6; in (4.2.4) into several terms:

do - ~\T
&= 2af(X) - B) (VI(X)X)
~\T _ N\ T
= —20u(Bynn,, [(V) = B) (VAX)XK) =200 ((X0) = Byom,, F(YV) (VI (X0)X:)
~ T
= —a; Ve J(0) - 20‘t(EYN‘n'9tf(Y) ) (Vf(Xt)Xt - VgIEmet f(Y))
L
Direction of Steepest Descent Fluctuation term 1
_ ~ N\ T
— 204 (f(Xe) = Eynrm,, f(Y)) (vf(Xt)Xt> : (4.3.1)
Fluctuation term 2

2] .| denotes the Euclidean norm. Sometimes for a square matrix x, |z| will be used to denote its spectral norm

which is equivalent to the Euclidean norm.
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Define the error terms

23 = (B SO) = ) (VIO Ty, £(Y))
(4.3.2)

22 = (f(%0) ~ By, £V)) (VA(X0K)

We have therefore decomposed the evolution of 8; into the direction of steepest descent —a; Vg J(6;)
and the two fluctuation terms 20, Z} and 2a;Z2.

As in [130], we study a cycle of stopping times to control the time periods where |VgJ(6;)] is close

to zero and away from zero. Let us select an arbitrary constant x > 0 and also define u = p(x) > 0

(to be chosen later). Then set og = 0 and define the cycles of random times
O=0p<m<o1<m<o02<...,

where for kK =1,2,.
T = inf {t > op_1 : |V9J(9t)| > K}

0, t
W < Vo (85)] < 2|V (6,)] for all s € [r,4] and / oads < u}.

(4.3.3)

akzsup{t>7'k:

We define the random time intervals Jy = [ox—1,7x) and Iy = [1,0k). We introduce n > 0 which

will be chosen to be sufficiently small later. We first seek to control

) okt+n )
Al ::/ asZwds, i=1,2 (4.3.4)

Tk,0k+N
k

and, as in [130], we will use a Poisson equation to bound the online fluctuation terms A’ where

TkOk+N

the ergodic properties of X! will be leveraged in the analysis.

In this chapter, we focus on the Ornstein—Uhlenbeck process (4.2.1). As in (4.1.7), its gradient

process X? := Vo X? = (agfg ) € R™¢ now satisfies the SDE:
0]
dX? 0 0
L = Vyg(6) ~ Voh(6) X! — h(O)XY, (4.3.5)
which can be equivalently written as
d x> 9gi(0) ahlk 0.k 8X9 k
= = - X R ( , 4.3.6
dt 96, 20; = Z at (4:3.6)

fori e {1,2,---,d} and j € {1,2,--- ,¢}. Thus, we know the solution of (4.3.5) with initial point Z
is ,

X0 = e MOtz 4 o~h(O) / "M% (Vg(0) — Voh(0)X?) ds. (4.3.7)
The independent Ornstein—Uhlenbeck processoused to obtain the asymptotic unbiased gradient is

dX? = (9(0) — h(0)X?)dt + cdWV,,
- (4.3.8)
Xy =1,
where W; is another Brownian motion independent of W;. For the processes X/, X'f , X7 in (4.2.1),

(4.3.5), and (4.3.8), we can prove the following convergence results.
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Proposition 4.3.1. Let pi(z,2',0) and ps(x’,0) denote the transition probability and invariant
density of the multi-dimensional Ornstein—Uhlenbeck process (4.2.1). Under Assumption 4.2.1, we

have the following ergodic result:

(i) For any m > 0, there exists a constant C' = C(m) such that

i C .
}VQPOO (1’/79)| S W, 1= O7 1, 2. (439)

(i) For any m’, k there exist constants C,m such that for any t > 1
CQa+lz™)

|Vipe (@,27,0) — Vipoo (2',0)] < - . i=0,1,2. (4.3.10)
(1 + ™ ) (1+ )
(iii) For any m',k there exist constants C, m such that for any t > 1
o 1 m
IVIVip: (z,2',0)] < CQ+|a™) i=0,1, j=12 (4.3.11)

(14 121™) (1 r
(iv) For any m > 0, there exists a constant C' = C(m) such that for any t > 0

E, |X?|" <O+ 2™), E,;:|X?| <O@+|z[™+2™). (4.3.12)

‘m
Here E, denotes that the initial condition for the process Xf s, i.e. Xg =0. E; 3 denotes

that the initial conditions of the processes (X¢,X?) in (4.1.7) are (z,%), i.e. X{ = = and

X§ =i
(v) For any function f satisfying (4.2.6), there exists constants C,m such that for any t € [0, 1]

IVIVIE. f(X])| < C(1+|z|™), i=0,1, j=0,1,2. (4.3.13)

Remark 4.3.2. Proposition 4.3.1 is similar to Theorem 1 in [114]. However, the assumption of
uniform boundedness in [113] does not hold for the multi-dimensional Ornstein—Uhlenbeck process

(4.2.1). Thus we give a brief proof by direct calculations in Section B.1.

We must analyze the fluctuation terms Z} and Z?2. In order to do this, we prove a polynomially-
bounded solution exists to a new class of Poisson PDEs. The polynomial bound is in the spatial
coordinates and, importantly, the bound is uniform in the parameter #. A Poisson PDE was also
used in [130]. However, several key innovations are required for the online optimization algorithm
(4.2.4) that we consider in this chapter. Unlike in [130], X? in (4.3.5) does not have a diffusion term,

which means (X7 ,X'f ) is a degenerate diffusion process and its generator £% - is not a uniformly

T,z
elliptic operator. Thus we cannot use the results from [113, 114]. Instead, we must prove existence

and bounds for this new class of Poisson PDEs.

Lemma 4.3.3. Define the error function

G (2,%,0) = By, f(Y) = B) (VI () — VoEyr, (V)T (4.3.14)
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and

vl (x,%,0) = 7/ E, ;G (X7, X0 6)dt, (4.3.15)
0

where B, 5 is a conditional expectation given X8 =2 and Xg = . Then, under Assumption 4.2.1,

vi(x,,0) is the classical solution of the Poisson equation
L su(x,,0) = G'(x,%,0), (4.3.16)

where u = (uy,...,u)" € R’ is a vector, Ez,iu(m, z,0) = (,Ci’jul (z,%,0),... ,L’fc,iug(a:, z,0))7, and

Eg,i is the infinitesimal generator of the process (X,O,X',e), i.e. for any test function ¢

LY so(x, @) = Lop(x, &) + tr (Vap(z,E) T (Vog(0) — Voh(0)z — h(0)7)) . (4.3.17)

Furthermore, there exist an integer m’ and a constant C = C(m') which do not depend upon (z, %, 6)

such that the solution v' satisfies the bound
[0} (@,8,0)] + [Vov' (2,3,0)| + [ Vo' (2,3,0)| + | Va0 (2,5,0)] < C (14 2™ +]3]™) . (4:318)

The proof of Lemma 4.3.3 is in Appendix B.2. We will next study the fluctuation terms Z;. It
will be necessary to prove bounds on the moments of X; and X, in order to analyze the error term

i
Tk,Ok+N"

Lemma 4.3.4. For any p > 0, there exists a constant C, that only depends on p such that the
processes Xy, X, from (4.2.4) satisfy

Eo|XeP < Cp (1 + [2fP), Eup|XefP <Cp (1+ [2fP +[2[P). (4.3.19)
Furthermore, we have the bounds

E, ( sup |Xt/|p> =0t ast— oo,
0<t'<t

(4.3.20)
E. z ( sup |Xt’|p) =O0(Wt) ast— oc.

0<t'<t
Proof. By adapting the method in [57], we first prove (4.3.19) for p > 2 and then the result for
0 < p < 2 follows from Hélder’s inequality. Let p = 2m and applying It&’s formula to e™et | X,[*",
we have for any t > 0,
Lo
X = Xl < [ (5 B+ (Xgl60) = R(BX. ) €2 X ds
0 (4.3.21)
"plp—1)d -2 ! —2
+/ #ems/z | X[F~2 ds +/ peP*s 2 | X P72 (X, dWy),
0 0
where (a, b) := a”b. By Assumption 4.2.1, we know there exists constants o > 0,3 > d such that
for any 6
(z,9(0) — h(0)z) < —alz|> + B. (4.3.22)
Thus by taking expectations on both sides of (4.3.21) and using (4.3.22), we obtain

t t
1 _
E, [er/? X,7] ~ |2 < / 2R, [eres/2 X, 7] ds + / E, [W/ X2 ds.
0 0
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Young’s inequality implies that

plp+1)5 J; DB apasra =2 < e/ | X [P 4 cper/?

p/2—1
where ¢, = (%) (B(p +1))P/2. Therefore, we obtain

¢
E, [epat/? \Xtﬂ — |z|? §/ cpeP**/2ds
0

and

2¢,

E, Xl < 22 4 e P2 [a? < 0, (14 [o]?).

pa
Using the moment bound for X;, we can derive the moment bound for X;. From (4.3.7) and

(4.2.4) we know

t

X, = e Johu)duz 4 / e o hODdu (706(0,) — Voh(0,)X,) ds (4.3.23)
0

and thus

p

t
Em,i|Xt|p < 2‘j|p + 2Em,i ‘/ ‘67'[; h@udul . |Vﬁg(93) - Vﬂh(as)Xsl ds
0

(a) t p
< 2+ | [ e (L X s
0

p — (4.3.24)

t cs
< 2|Z[P 4 C,E, / e (14|X.|)ds
0 ec -1

(b) i t ecs »

<Cp (1 +z[” +2[7),
where step (a) is by Assumption 4.2.1 and the fact

Amas (€7 I hoI) e (12" @) o mett'=s) (4.3.25)

and step (b) is by Jensen’s inequality.

To prove (4.3.20), we use a similar method as in [113]. By Itd’s formula, we have for p > 1
t t
|| — [ Xo|* < / 20| X |7 (X, g(0s) — h(0s)X,) ds + / p(d+2p —1) | X, ds
0 0
t
+2p/ X7 (X, dW) (4.3.26)
0

t t
<G, [ Rt as ez [ aw).
0 0
Using the Burkholder-Davis-Gundy inequality, there exists a constant C' such that
t 1/2 t
E, (sup|Xt/|2p) < |z|* +C, (1{«:36/ |XS|4P‘2ds> +CPEZ/ | X,|*P2 ds, (4.3.27)
<t 0 0
which together with estimate (4.3.19) can be used to derive the bound

E, <sup |Xt,|2p) <|z|** +Cp (t + tl/Q) (14 |z[**71). (4.3.28)
t'<t
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Furthermore, for ¢t > 1,

1

» (a) % 2
E, | sup | Xy| < | Egsup | Xy|
<t <t

3 4.3.29
< (|x|2p+c,, (t+t1/2) (1+|:c|21’—1))2 (43.29)
<ol + Gy (1+|217F) V4,
where step (a) is by Holder inequality. Similarly, we have for any p’ < p and ¢ > 1 that
E, (Sup |Xt/|P') < Clz|? +C (1 + |x|P—%) t55 (4.3.30)
1<t
and thus the result for X; in (4.3.20) follows. Finally, similarly as in (4.3.24),
t’ , P
Eq.; sup | Xy [P < 2|#[P 4 2K, z sup / ]e—fs MO0 Vg(0,) — Voh(0:) Xs| ds
<t v<t |Jo
v : (4.3.31)
< 20al? + G sup | [ e (L X, ds >
t'<t|JO
< 2|Z|P 4+ CpEgsup (1 + | Xy |P) .
<t
Combining (4.3.29), (4.3.30), and (4.3.31), we can prove the bound for X; in (4.3.20). O

Using the estimates in Lemma 4.3.3 and Lemma 4.3.4, we can now bound the first fluctuation

term A}'k,o'k+7] in (4.3.4).

Lemma 4.3.5. Under Assumption 4.2.1, for any fixed n > 0

|A1k70'k+7]| —0ask —o0, a.s. (4.3.32)

T

Proof. The idea is to use the Poisson equation in Lemma 4.3.3 to derive an equivalent expression for

the term A’

e.0n+n Which we can appropriately control as k becomes large. Consider the function

G (@,,0) = Bynr, f(V) = B) (Vf(2)F — VoBynn, f(Y)) -
By Lemma 4.3.3, the Poisson equation £ u(z, #,0) = G'(x, %, 0) will have a unique smooth solution
vi(x,,0) that grows at most polynomially in (z, ). Let us apply Ité’s formula to the function
u(t,z,7,0) == apv'(x,2,0) € R,

evaluated on the stochastic process (Xt,f(t, 0:). Recall that u; denotes the i-th element of w for

1€{1,2,--- ,£}. Then,

ul (J,Xg,XU,90> —u} (T,XT,XT,GT) +/ Bul (S,XS,XS,95> ds+/ L0} (s,XS,X'S,QS) ds

+/ Vgul1 (5,X3,Xs,93) db —|—/ qu% (S,XS,XS,93> odWs.
’ ! (4.3.33)
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Rearranging the previous equation, we obtain the representation

ok+n } ot 3
Al / 0 G (X, Xy, 0,)ds = / £t (s, X, X0, ) ds

Tk,Ok+M
Tk Tk

~ - or+n
S (ng+n,ng+7,,9(,k+n> — o vt (XTk,XTk,QTk) —/ ot (XS,XS,05> ds

[T vt (X K 0) (5 ) (VSR s

Tk

[ vt (xS0,

Tk
(4.3.34)
The next step is to treat each term on the right hand side of (4.3.34) separately. For this purpose,

let us first set

JM =y sup . (4.3.35)

s€[0,t]
By (4.3.18) and (4.3.20), there exists a constant C' that only depends on m’ such that

|

Esupse[oﬂg] |AX¢.|m + Esupse[&t] ‘Xé

Vit

ot (XX9>

1+ sup [X|™ + sup |X,

2
E ‘Jtl’l‘ < CalE
s€[0,t] s€[0,t]

’
m

(4.3.36)

=Ca? |14+t

< CaZvt.
Let p > 0 be the constant in Assumption 4.2.1 such that lim;_, aft1/2+2p = 0 and for any ¢ € (0, p)
define the event A; 5 = {Jtl’l > t‘s_p} . Then we have for ¢ large enough such that aft1/2+2p <1

‘ 2

) E ’Jtl’l a§t1/2+2p 1
P(Ars) < 206-p) = 26 =Yg

The latter implies that

Z ]P)(Agn’g) < o0.
neN
Therefore, by the Borel-Cantelli lemma we have that for every § € (0,p) there is a finite positive

random variable d(w) and some ng < co such that for every n > ng one has

d(w)
1,1
Ton S Jutemgy
Thus, for t € [2”, 2”“) and n > ng one has for some finite constant C' < oo
o d(w) d(w)
1,1 1

Jit s Cagnn Se(zl_g)wrl] Y (Xs, X, 99) = CQ(n—i—l)(p—&) = Otp—& ’

which proves that for ¢ > 2"° with probability one
d
Jh < C% — 0, as t — oo. (4.3.37)

Next we consider the term

ol (X0 X00,) — 202990" (Xo K000,) (F(X) — B) (VF(XOR,) | ds.
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There exists a constant 0 < C' < oo (that may change from line to line ) and 0 < m’ < co such that

12| @ <o 2 m - |m & \m/
supE Jt’b‘ <c | (ol +a?) (1+IE3\XS| +E|X,[" +E|X,| )ds
0

t>0
) o

<C (|| + a2) ds
0
S C;
where step (a) is by Assumption 4.2.1 and (4.3.18) and in step (b) we use (4.3.19). Thus there is a

finite random variable Jicfo such that

Jii — J.)%, as t — oo with probability one. (4.3.38)

00,07

The last term we need to consider is the martingale term
t ~
Jtl,bB = / asvmvl <X37X8a95) aw.
0

By Doob’s inequality, Assumption 4.2.1, (4.3.18), (4.3.19), and using calculations similar to the ones

for the term Jtlﬁ, we can show that for some finite constant C' < oo,

sup E Jt103 < C/ o’ds < .
>0

Thus, by Doob’s martingale convergence theorem there is a square integrable random variable J 0030
such that

Jtl,o?’ — J 0, ast— oo both almost surely and in 2. (4.3.39)

Let us now return to (4.3.34). Using the terms J," Jt 0 , and Jt 0 we can write

1,1 11, |12 1,3
‘ATk,Uk-‘rU‘ < J0k+77 J ']UkJrTth JUkJrU Tk |
which together with (4.3.37), (4.3.38), and (4.3.39) prove the statement of the Lemma. O
Now we prove a similar convergence result for Am ontn- We first give an extension of Lemma

4.3.3 for the Poisson equation.
Lemma 4.3.6. Define the error function

G*(x,%,7,0) = [f(Z) — Bymmy f(Y)] (Vf(x)i)T . (4.3.40)
and

v (x,%,7,0) = f/ E.z:G*(X{, X7, X7, 0)dt, (4.3.41)

0

where B, 5 z is a conditional expectation given X§ = x, X§ =&, and X§ = Z. Under Assumption
4.2.1, v¥(x,%,7,0) is the classical solution of the Poisson equation

L5 5 zule, 7, 7,0) = G*(x,7,2,9), (4.3.42)
where L2 . _ is generator of the process (X?, X_e,)_(_g), i.e. for any test function

xr,r,T

‘Cz,i,iw(l'vi'v:f) = ‘Cg,i@(xvjvi) + Cg@(l‘7i',£f') (4343)
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Furthermore, there exist an integer m' and a constant C = C(m’) which do not depend upon
(x,%,7,0) such that the solution v? satisfies the bound

|v%(z,%,2,0)| + |Vsv? (2,2, 2,0)| + |Vov? (2,2, 2,0)| + |V,02 (2, 2,7, 0)|

/ / / (4.3.44)
<C (1 Fla™ A+ |E 4 |Em ) .
The proof of Lemma 4.3.6 can be found in Appendix B.2.
Lemma 4.3.7. Under Assumption 4.2.1, for any fixed n > 0, we have
|A . Jk+n| — 0, as k — o0, a.s. (4.3.45)
Proof. Consider the function
G*(,7,7,0) = (f(7) — By or, f(Y)) (Vf(2)2) " . (4.3.46)

Let v? be the solution of (4.3.42) in Lemma 4.3.6. We apply It6 formula to the function u?(¢, =, 7, z, 0) =
aw?(x, 7, %,0) evaluated on the stochastic process (Xt,f(t,)_(t,ﬁt) and get for any i € {1,2,---, ¢}
u? (0,X5, X5 X505 ) = 02 (7, X7, X, X701 )

/ Ou? (5, X, X, Ko s ds+/ £ (s, X0, X, X,,0,) ds
_ o (4.3.47)
+/ Ju 3 5 X, X, XS,QS) ds+/ Vou? (s,XS,XS,XS,GS) a9,

+/ Vzu U; (37X37XSaX3703) dW, +/ viuf <87X87)~(S)X8708) C”/T/s

Rearranging the previous equation, we obtain the representation

Ok+mn B B
A"Q'k op+n T / OZSG2(XS,XS,XS,05)d$

k

or+n R B
:/ ‘Cis,i,;fu2 (Svaa XsaXs; 95) ds

k

2 \ Y 2 %
=gy +nV (X0k+777X<7k+777X0k+77790k+77)_aTkU (XTk7XTk7XTk’97'k

Ok+n o or+n o B
_/ O/SUZ (stxsastes) dS - / OéSVj’UQ (XS;X57XS>95> d s

k Tk

b [ v (X % %) (105 - ) (V500R) s

k

] -
—/ eV 02 <XS,XS,XS,05> AW

k

The next step is to treat each term on the right hand side of (4.3.48) separately. For this purpose,

let us first set

(4.3.49)

’Uz (X37X33XS70$) .

2,1
Jy" = sup
s€[0,t]

Using the same approach as for X; in Lemma 4.3.4, we can show that for any p > 0 there exists a

constant C, that only depends on p such that

E:| %P < C, (1+77), Es < sup |Xt/|p> =O0(Vi) ast— oco. (4.3.50)

0<t/<t
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Combining Lemma 4.3.4, (4.3.44), and (4.3.50), we know that there exists a constant C' such that

"y sup ’Xsfm,
s€0,t]

1+ sup |X,[™ + sup |X,

2
E ’val‘ < Ca’E
s€[0,t] s€[0,t]

Esup,epoq [Xs|™ 4 Esup,epo g ‘Xs +Esup,coq | X" (4.3.51)

Vit

=Ca? |1+t

< Ca? t.
Let p > 0 be the constant in Assumption 4.2.1 such that tlim aftl/%z” = 0 and for any 6 € (0,p)
— 00

define the event A;; = {Jf’l > t‘s’p} . Then we have for ¢ large enough such that o?t'/2+2P < 1

and
2,1]2
E |J; ‘ a2tl/2+2p 1

[P’(At,(;) < 20 7) <C oR < 015276

The latter implies that

D P (Agns) < 0.

neN
Therefore, by the Borel-Cantelli lemma we have that for every § € (0,p) there is a finite positive

random variable d(w) and some ng < co such that for every n > ng one has

d(w)
2,1
D S ey
Thus for t € [2”, 2"+1) and n > ng one has for some finite constant C' < oo
- d(w) d(w)
2,1 2
<< nt1 <

Jit s Coge sE(?)uQIv)Hrl] ! (XS’XS’XS’GS) = 02("+1)(P—5) - Ctl’—‘5’

which derives that for t > 2™° we have with probability one
d
I < C% — 0, as t — oo. (4.3.52)

Next we consider the term

2,2 !
Jt,b :/
0

and thus we see that there exists a constant 0 < C < oo such that

-
ds

o (Xo, Koy X 0,) = 202V0? (X, Ko K, 0) (£(X0) - 8) (VX0 X,

o0
supE
t>0 0

(a) , , o
Jig\ < c/ (Jol| + a?) (1+E|Xs|m +EIX,[" +E|X,| )ds

®) > / 2
<C (|t 4+ a2) ds
0

<G,
where in step (a) we use (4.3.44) and in step (b) we use Lemma 4.3.4 and (4.3.50). Thus we know

there is a finite random variable Ji’fo such that
szz — ch’?o, as t — oo with probability one. (4.3.53)

The last term we need to consider is the martingale term

t t
Jiy = / 0, Va0 (X, Xy, X, 0,) AW, + / 0, Vo (X, X, X, 0,) WV,
0 0

123



Notice that Doob’s inequality and the bounds of (4.3.44) (using calculations similar to the ones for
the term Jt2, ’02 ) give us that for some finite constant K < oo, we have
2 o0
supE ‘Jtzb?" < K/ ozfds < 0.
t>0 ’ 0
Thus, by Doob’s martingale convergence theorem there is a square integrable random variable J. S,)o
such that

szs — J3 as t — oo both almost surely and in L2 (4.3.54)

00,0

Let us now go back to (4.3.48). Using the terms J7'', Jt27’02 and sz‘3 we can write

2,3
J

Ok+n,Tk

2 2,1 2,1 2,2
|A7ka0k+77| <J +J‘Fk +J, +

ok+n OK+1,Tk )

which together with (4.3.52), (4.3.53) and (4.3.54) prove the statement of the Lemma. O

Using (B.2.3) and the dominated convergence theorem, we can establish a bound for the objective

function J(#) from (4.2.3):
[V37(0)] < C (Bynr, f(Y) = B +[VoByr, f(V)) < C, (4.3.55)

and therefore the gradient VyJ(#) is Lipschitz continuous with respect to 6.

Lemma 4.3.8. Under Assumption 4.2.1, choose > 0 in (4.3.3) such that for the given k > 0,
one has 3y + ¢ = ﬁ, where Ly j is the Lipschitz constant of VoJ(0) in (4.2.3). Then, for k

large enough (where k can be random) and n > 0 small enough (potentially random depending on k),
kaJrn

Tk

asds > p with probability one. In addition, we also have § < fT’:‘ asds < p with probability

one.

Proof. We use a “proof by contradiction”. Assume that f:f M ads < w1 and let § > 0 be such that
d < p/8. Without loss of generality, we assume that for any k, 7 is small enough such that for any
s € [1i, 0% +n] one has |VoJ(05)| < 3|VoJ(0:,)]
Combining (4.3.1) and (4.3.2) yields
do;

i —;VoJ(0y) — 204 2} — 20,77 (4.3.56)
and thus
or+n ok+n . or+n 0
‘007«‘1"'7_97'19' S [—k at|V9J(0t)|dt+2 /Tk atZt dt’+2 ‘/T’€ ththt‘ (4357)
By Lemmas 4.3.5 and 4.3.7, we have that for k large enough,
I; < 2‘A71'k,0'k+77| <6< pu/16
) (4.3.58)
I <2|A% [ <6< p/l6.
In addition, we also have by definition that & 75y < 1. Combining (4.3.57) and (4.3.58) yields

I 1
ot = n.] < VT (6:)] (304 ) = 57— VT (62,)].
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This means that
1
‘VOJ(eakﬂ?) = VoJ (97,‘:)\ <Ly, ‘90k+n - 6Tk| < 5 |v0J(97'k)|7

and thus
1
5 1Vod (0r,)] < Ve (05,40)] < 2[Ved (0r,)]-

*t o ds > p; otherwise, from the definition

However, this produces a contradiction since it implies fri
of o, in (4.3.3), we will have oy, +n € [1%, 0%]. This concludes the proof of the first part of the lemma.

The proof of the second part of the lemma is straightforward. By its definition in (4.3.3), we have
that [7* asds < p. It remains to show that [°* asds > 5. We have shown that friﬁn asds > pu.
For k large enough and 7 small enough we can choose that f;’:“’

follows. O

agds < % The conclusion then

Lemma 4.3.9. Under Assumption 4.2.1, suppose that there exists an infinite number of intervals
I, = [1i,0%). Then there is a fized constant v1 = v1(k) > 0 such that for k large enough (where k

can be random),

J(ng) - J(Q'rk) < -7 (4359)
Proof. By chain rule, we have that
ok Ok Ok
I0n) =30 == [0, [VIO) dp=2 [ ayVI(6,). Zhdo—2 [ a,(vI6,). Z2)dp
Tk Tk Tk
=: My g + Mo + M3 .
(4.3.60)
For M 1, note that for p € [y, 0%] we have W < |VoJ(0,)] < 2|VgJ (6-,)]. Thus for
sufficiently large k, we have by Lemma 4.3.8
2 Ok 2
Ml’k: S _|VGJ510Tk)| / apdp S _ ‘VoJéeTkN M
Tk

For M j, and M3, we can use the same method of Poisson equations as in Lemmas 4.3.5 and 4.3.7.

Define
GH(w,2,0) = (VoI (0), By, f(Y) = B) (Vf(2)& = VoBymr, f(Y))") P
G*(2,%,2,0) = (Vo (0), (f(Z) = By, f(Y)) (VF(2)2)"),
and use the solution of the corresponding Poisson equations
£l ol (x,3,0) = G'(x,i,0),
£l (2,2,2,0) = G*(v,%,2,9), (4.3.62)

as in Lemmas 4.3.5 and 4.3.7 to prove Ms j, M3, — 0 as k — oo almost surely.

Combining the above results, we obtain that for k large enough such that |[Ma | + |Ms x| < d <
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T6/€
vJ (6.,
J(ao'k)_‘](oTk) < —%M—F(S
H oo K 2
< il
SR T
= —%52. (4.3.63)
Let v, = 1%/#, which concludes the proof of the lemma. O

Lemma 4.3.10. Under Assumption 4.2.1, suppose that there exists an infinite number of intervals
I, = [1,0k). Then, there is a fized constant o < y1 such that for k large enough (where k can be
random,),

J(0r,) = J(0o,,_,) < 2. (4.3.64)

Proof. By chain rule, we have
‘](07'79) - ‘](001971)
Tk

Tk Tk
:_/ ap|v9J(e,,)|2dp+/ 0, (Ve J(6,), z;>dp+/ 0 (Vo (6,), Z2)dp
Ok—1 Ok—1 Ok—1 (4.3.65)

Tk

Tk
< [ VeI 0. 2o+ [ a,(9030,). 22

k—1 Ok—1

As in the proof of Lemma 4.3.9 we get that for k large enough, the right hand side of the last display

can be arbitrarily small, which concludes the proof of the lemma. O

Proof of Theorem 4.2.2: Recalling (4.3.3), we know 7, is the first time |VoJ(6;)| > k when t > oj_1.
Thus, if for any fixed k > 0, there only exists a finite number of times 75, then there is a finite T
such that |VgJ(6;)| < & for t > T™* and the proof of (4.2.2) is complete. We now use a “proof by
contradiction”. Suppose there are an infinite number of times 7, then by Lemma 4.3.9 and 4.3.10,
we have for sufficiently large & (integer k can be random) that

J(05.)—J () <—m

J(0n) =T (00, ,) <
with 0 < 2 < v1. Choose N large enough so that the above relations hold simultaneously for £ > N.
Then for all n > N

T (Or,s) =T (0ry) = D [T (00,) =T (0r) + T (0r,,,) — T (0c,)]
k=N
< (=v1 + 72)
k=N
< (n—=N)x (=71 + 7). (4.3.66)

Letting n — oo, we observe that J (0, ) — —oo, which is a contradiction, since by definition
J(6:) > 0. Thus, there can be at most finitely many 7. Thus, there exists a finite random time T'
such that almost surely |VoJ(6:)| < & for t > T'. Since k is arbitrarily chosen, we have proven that

[VoJ(0:)] — 0 as t — oo almost surely. O
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4.4 Numerical Performance of the Online Algorithm

In this section, we will implement the continuous-time stochastic gradient descent algorithm
(4.1.4) and evaluate its numerical performance. The algorithm is implemented for a variety of linear
and nonlinear models. The algorithm is also implemented for the simultaneous optimization of
both the drift and volatility functions, optimizing over a path-dependent SDE, and optimizing over
the auto-covariance of an SDE. In our numerical experiments, we found that the performance of
the algorithm can depend upon carefully selecting hyperparameters such as the learning rate and
mini-batch size. The algorithm with mini-batch size N is

P — 20, <J1V S () - ﬁ)) ~ (}V i (vr (x) Xt(i))T) ,

dx? = (vmu (Xf“, 9t) X9 4 Vou (Xf“, 9t)) dt + (vgﬁo— (Xf“, 9t) X9 4 Vo (Xf“, et)) aw®,
dx® = 4 (Xt(”, at) dt+o (Xt“), ot) aw
dxX® = (Xt(i% et) dt+o (Xt(i% et) aw

(4.4.1)
fori=1,2,--- ,N. The notation (¢) indicates the i-th sample in the mini-batch.

IR ¢ () L ¢ @\ g@
v (£ (57) =0). (v (x7) )
are stochastic estimates of

By, [f(Y) = B], Vo (Ex,, [f(X)—5]).

A larger mini-batch size reduces the noise in the estimation of the gradient descent direction. The
learning rate must decay as ¢ — oo, but it should not be decreased too rapidly and the initial
magnitude should be large enough so that the algorithm converges quickly. In our examples where
there is a unique global minimizer, our algorithm will always converge to the optimum if we choose
the correct learning rate. For the examples with multiple global minimizers, the algorithm will
converge to one of the global minimizers.
Remark 4.4.1. We discuss below some important aspects of the numerical implementation:
(a) Discretization of SDEs: To implement the algorithm (4.4.1), we use an Euler scheme with step
size A = 1072 — 1072, For example, Xt(i) is simulated as:
XD = XA+ (Von(XL,000) XA + Ton(X(L,000) ) + A
. i 4 (4.4.2)
+ (Vaor (X2, 00a) X2 + Voo (X2, 00a) ) = N(0,1) VA,

(b) Learning Rate and mini-batch size: The learning rate can be chosen to be piecewise constant

or gradually decreasing with learning rate schedule
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where C' is also a hyper-parameter needs to be selected. The mini-batch size N that we use is

of the order 102 — 10%.

(c¢) Initial Values for SDE simulations: In (4.4.10), the initial value of the gradient process X,
must be zero. The choice of initial points for X;, X; is flexible. In our experiments, we usually
choose Xy = X = 1. 0, can be randomly initialized or initialized at a deterministic point such

as Zero.

(d) Objective Function: For some simple examples, we can directly calculate the objective function
in closed form. For those examples, we directly use that formula to compute the objective
function during training. For the more complex examples (with no closed-form formula), we
always approximate the objective function .J(#) using a time-average since, due to the ergodic

theorem,

.1 /t 0
lim - [ f(XJ)ds =Eyr, f(Y) as. (4.4.3)
t Jo

t—o00

4.4.1 One-Dimensional Ornstein—Uhlenbeck Process
We start with a simple case of a one-dimensional Ornstein-Uhlenbeck process X{ € R:
dX? = (6 — X0)dt + aw,. (4.4.4)
We will use the algorithm (4.1.4) to learn the minimizer for
J(0) = (Byr, Y — 2)2. (4.4.5)

Note that in this case we have the closed-form solution 79 ~ N (6, 1) and thus the global minimizer
is 0* = 2. In Figure 4.1, several different sample paths generated by the online algorithm are plotted
where all trained parameters converges to the global minimizer (0* = 2).

Similarly, we use the algorithm (4.1.4) to learn the minimizer for
J(0) = (Byr, Y —2)2. (4.4.6)

In this case, the two global minimizers are §* = ++/1.5. In Figure 4.2, the parameter trained by
the online algorithm converges to a global minimizer. The global minimizer which the algorithm
converges to depends on the initial value of 6.

We now consider a more general Ornstein—Uhlenbeck process with parameters 6 = (91, 92):
dx{ = (0* — 0°X7) dt + dw, (4.4.7)

The online algorithm (4.1.4) is used to learn the minimizer for the objective function J(#) =
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time time

Figure 4.1: Online Algorithm for the objective Figure 4.2: Online Algorithm for the objective
function (4.4.5). function (4.4.6).

(Ey ~my Y2 — 2)2. Algorithm (4.4.1) will be used:

)
do} = —4a (1 }N: (X@))Q _ 2> . (1 ZN X(n;(l,(i)) dt
t t N t N t t
P :

NI
dx® = (9% p2x >) dt + dW; (4.4.8)
dXPD = (1 p2x 1@ ) dt
ax; 0 = (-x{ - 2 XP0) ar
ax" = (o} — 02X dt + aw;
fori=1,2,---, N. To make the training more stable and accelerate the convergence rate, we choose

the batch size N = 10000. Figure 4.3 and 4.4 show the dynamic of the parameters and objective

function during training.

1075
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1025

£ 1.000

£

g

5 0975
0.950

0.925

0900 0.0

0 200 400 600 800 1000 0 200 400 600 800 1000

Figure 4.3: Parameters for algorithm (4.4.8). Figure 4.4: Objective function for algorithm
(4.4.8).
4.4.2 One-Dimensional Nonlinear Process

We now use the online algorithm to optimize over the stationary distribution of a one-dimensional
nonlinear process

dx?¥ = (0 _ X0 (Xf)s) dt + dW. (4.4.9)
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We use the algorithm (4.1.4) to learn the minimizer of J(0) = (Ey.rY? — 2)2. The mini-batch
algorithm (4.4.10) is used:

1 (o)) 1N s

==t (30 (80 =2 (25050
i=1 i=1

dx;" = <9t - x{ - (Xt(i)f) dt + aw”

dX," = <1 ~ X" -3 (Xt(“)2 Xf“) dt

ax = (0= X0 - (x0)") v+ awf

for i = 1,2,--- ,N. Figure 4.5 shows the convergence of the parameter ;. In Figure 4.6, the

(4.4.10)

objective function decays to zero (the global minimum) very quickly.

o 100 200 300 400 500 0 100 200 300 400 500
time time

Figure 4.5: Parameter for algorithm (4.4.10). Figure 4.6: Objective function for algorithm
(4.4.10).

4.4.3 Optimizing over the Drift and Volatility Coefficients

We now optimize over the drift and volatility functions of the process
dX? = (u— X0)dt + odW, (4.4.11)

with parameters 6 = (u,0). The online algorithm (4.1.4) is used to learn the minimizer of J(0) =

(Ey~r, Y? — 2)2. The mini-batch algorithm (4.4.1) is used:

LS ()2 LS () 1.6
dpy = —Adey NZ(Xt ) —2) (XK ) ar
=1

=1
Lo ()2 1 o () 52.0)
ax; = (m - X{7) dt + oW (4.4.12)

%0 = (1= %00 ar
dXPV = —X7Ddt + aw?

dx® = (ut _ Xt(i)) dt + oy d W
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fori = 1,2,--- ,N. In Figure 4.7, the trained parameters p;,o; converge and in Figure 4.8 the

objective function J(6;) — 0 very quickly.

] LMV“H_
05 0

0 50 100 150 200 250 300 0 50 100 150 200 250 300
time time

Figure 4.7: Parameters for algorithm (4.4.12). Figure 4.8: Objective function for algorithm
(4.4.12).

We also implement the online algorithm for the nonlinear process
dx? = (M - (Xf)3) dt + o XPdW,, (4.4.13)

where 6 = (u,0) are the parameters and the objective function is J(0) = (Ey~r,Y? — 10)2. The

mini-batch algorithm (4.4.1) now becomes:

e () ) (1)

i=1 i=1
N N
do, = —day ( So(x)? ) ( S xxpC ) dt
i=1 =1
3
z (1

ax; o = (1 = ( X )) X} @) dt + o, XD aw
P N2 o , o s ,
ax; = =3 (X)X Var+ (x4 0 K20 ) aw?
. N3 PN
dx = (Mt - (%) ) dt + o, X dw
for i = 1,2,--- ,N. In Figure 4.9, the trained parameters p;,o; converge and in Figure 4.10 the
objective function J(6;) — 0 very quickly.
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t
jective function
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time time

Figure 4.9: Parameters evolution for algorithm Figure 4.10: Objective function for algorithm
(4.4.14). (4.4.14).

4.4.4 Multi-Dimensional Independent Ornstein—Uhlenbeck Process

We next consider a simple multi-dimensional Ornstein—Uhlenbeck process which consists of
m independent copies of (4.4.7). For the parameter § = (6*,0?) € R*™, let the m-dimensional

Ornstein—Uhlenbeck process be

dX{ = (0' — 0> © X7) dt + dW;, (4.4.15)
where X! € R™, W; € R™, and ® is an element-wise product. The objective function is
m 2
J(0) = <Z Ey o, | Yi|? — 2m> . (4.4.16)
k=1

The online algorithm (4.1.4) is
o} = —4ay (|X,* - 2) X, © X} dt,

o7 = —4day (| X)* - 2) X, © X}dt,

dX, = (0} — 0} ® Xy) dt + dW},

] i (4.4.17)
dX} = (1 926 Xg) dt,
dX2 = (—Xt 9o X?) dt,

dX, = (0; — 07 ® X;) dt + dW}.
We implement the algorithm for m = 3 and m = 10. In Figures 4.11 and 4.12, the objective functions

J(0:) — 0 as t becomes large.
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Figure 4.11: Objective function for (4.4.17) with Figure 4.12: Objective function for (4.4.17) with
m=3. m = 10.

4.4.5 Multi-Dimensional Correlated Ornstein—Uhlenbeck Process

For the parameters § = (u,0) with 4 € R™, o € R™*™  let the m-dimensional process X/
satisfy
dX{ = (u— X)) dt + odW,, (4.4.18)
where W, € R™. Let X! denote the i-th element of X{ and define X! and X{ as the Jacobian
matrices of X{ with respect to p and o:

X =V, X] eR™™ X =V,X]" €R™,

- N 4 (4.4.19)
X7 =V, X[] e Rmmxm - X0 V, X" e R™™
Noting that for ¢ € {1,2,--- ,m}
dx? = (M _ Xfyi) dt+ Y oi dWY,
J
now the algorithm (4.1.4) becomes
dpy = —4ay (|X,* — 2m) (Z Xt’“f({"k> dt
k=1
k=1
dX; = (pe — X,) dt + o, dW, (4.4.20)

dXt = (,U,t - Xt) dt + Utth
axt = (L Xt) dt
AX7" = X7t + D; (dWy), i€ {l,---,m}
where I,,, is the m x m identity matrix and where D;(dW;) is a m x m matrix with all elements

equal to 0 except i-th column being dW;. We examine the algorithm’s performance for dimensions

m = 3,10. In Figures 4.13 and 4.14, the objective function J(6;) — 0.
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Figure 4.13: Object function for (4.4.20) with Figure 4.14: Objective function for (4.4.20) with
m = 3. m = 10.

4.4.6 Multi-dimensional Nonlinear SDE

In our next example, we optimize over the stationary distribution of a multi-dimensional non-

linear SDE:

N
) 1 . , )
dx?i={6- ¥ > X7 — (X | dt+dwj, i=1,2,--- N, (4.4.21)
j=1

and now N is the number of agents in the system (4.4.21) instead of mini-batch size as before. The

objective function is

N 2
J(0) = <;f D Eyen, Y7 - 2) : (4.4.22)
=1

The nonlinear SDE (4.4.21) has a mean-field limit as N — oo. Thus, for large N, our algorithm
could also be used to optimize over the mean-field limit equation ([140]) for (4.4.21). The online
algorithm for (4.4.21) is

1 N _ .2 1 N L
do, = —4oy <NZ( B 2) X (NZX§X§> dt

i=1 i=1
4 1L 3 4
dxi= |6, — N,Zlth —(X})" | dt +aw;
j=
N (4.4.23)
i 1 1.5 i\2 i
dXi = 1—Nzlxt T-3(X))"X] | dt
=
- 1M _ 3 .
dXi= |6, — NZIXg — (X)) ] dt +aw;
=
fori=1,2,--- ,N. We will select N = 1,000 for our numerical experiment. Therefore, this is an

example of high-dimensional SDE model calibration where the dimension of the SDE is N = 1, 000.

Figure 4.15 and 4.16 shows the convergence of parameter and objective function.
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Figure 4.15: Parameter for algorithm (4.4.23). Figure 4.16: Objective function for algorithm

(4.4.23).
4.4.7 Path-dependent SDE
We consider the path-dependent SDE
t
dx? = (9 - X! - % / des) dt + dWy, (4.4.24)
0

where X!, W; € R. Although path-dependent SDEs are not directly addressed by this article’s
convergence theory, this numerical example suggests that the online forward propagation algorithm
can also be applied to path-dependent stochastic processes.

For this numerical example, the objective function is
J(0) = (By .y, Y — 2)2. (4.4.25)
The SDE (4.4.24) does not fit the problem described in (4.1.1) and (4.1.2). However, our algorithm
still can find the global optimum.

Now the online algorithm (4.1.4) is:
det = —40675()_(t — 2) tdt
¢

1
dX, = (9t - X, - E/ Xsds) dt + dW,
0
i 1t (4.4.26)
dx, = 1—Xt—¥/ Xods | dt
0

_ _ 1 [t _ _
dX; = <9t—Xt—t/ Xsds) dt + dW;.
0

In Figure 4.17, the trained parameter converges. The objective function J(6;) is approximated

using a time-average. In Figure 4.18, the objective function J(6;) converges to 0 very quickly.

4.4.8 Optimizing over the Auto-Covariance of the Ornstein-Uhlenbeck
Process

As our final numerical example, consider the Ornstein-Uhlenbeck process

dX? = (u— AX0)dt + ocdW,, (4.4.27)
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Figure 4.17: Parameter for algorithm (4.4.26). Figure 4.18: Objective function for algorithm
(4.4.26).

where 0 = (u1, \, o). Define 7y as the stationary distribution of X{ and 7y ,(dz, dz’) as the stationary

distribution of (X{__, X?). The objective function is
J(0) = By, = 1)? + (Byem, Y2 = 2)° + (Eyyrmm, . YY' — 1.6)%, (4.4.28)

where we will select 7 = 0.1 for our numerical experiment.
The online algorithm is
iy = —2a, [(Xt —1) X! 4+ 2(X2 - 2)X, X} + (X,_, X, — 1.6) (X',}_TXt + Xt_TX'g)} dt
dh = =200 [(X0 = ) XZ +2(XF - X, X7 + (X0 X, — 1.6) (X2, X, + X, XF) | at
doy = —204 [(Xt —1)XP 4+ 2(X2 - 2) X, X3 + (Xo_, X; — 1.6) (XELTXt + Xt,Tf(Eﬂ dt
dXe = (pe — MXy)dt + o dW, (4.4.29)
dX! =1 - \X}bdt
dX} = (= X; — M XP)dt
dX} = N XPdt + dW;

dXt = (Mt — )\t)_(t)dt + th
Figures 4.19 - 4.22 display the trained parameters and the objective function. The trained parameters

have ~ 0.1 — 0.3% relative error compared to the global minimizers. The objective function J(6;) is

computed from the exact formula
2 2
(Y (Y LT AR
J(e)_<>\ 1) +<(A) + 2 2) +((A) + 7o - 16) (4.4.30)

4.4.9 Applications to Mathematical Finance

In this section, we discuss several potential applications of the forward propagation algorithm
(4.1.4) in mathematical finance. Our algorithm provides a new approach to estimate the param-
eters in SDE models in mathematical finance and financial econometrics [2, 35, 80, 91, 92, 93,
94, 153], including when the SDE is partially observed. Our algorithm is applicable for the cali-

bration/estimation of SDE model parameters for long time series where ergodicity in the data is
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Figure 4.19: 1 evolution in (4.4.29). Figure 4.20: A\; evolution in (4.4.29).
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Figure 4.21: oy evolution in (4.4.29). Figure 4.22: Objective function for (4.4.29).

expected. In section 4.4.10, we discuss parameter estimation in partially-observed SDE models
[2, 127, 135], which are commonly used in financial econometrics [9, 42, 47, 48, 49, 54, 67].

In section 4.4.11, we discuss the application of our algorithm to solving stochastic optimal control
problems for long time horizons where the ergodic framework is suitable; stochastic optimal control
is important in many areas of mathematical finance such as optimal order execution and portfolio
optimization [36, 65, 118, 152, 6, 8]. High-dimensional stochastic optimal control problems are com-
putationally intractable for traditional numerical methods. Although the optimal control satisfies a
Hamilton-Jacobi-Bellman (HJB) equation, finite difference methods cannot solve high-dimensional
PDEs. We demonstrate that our online optimization algorithm can efficiently solve high-dimensional
stochastic optimal control problems (in the ergodic setting). In order to evaluate the accuracy of
our algorithm for solving stochastic optimal control problems, we implement it for several high-
dimensional stochastic linear quadratic regulator (LQR) problems [58, 65, 13, 55, 152]. The LQR
problem is selected since a closed-form solution is available (even in high dimensions) to evaluate
the accuracy of our algorithm. (However, it should be highlighted that our online optimization
algorithm can be used for the stochastic optimal control of any ergodic SDE, including nonlinear
SDEs.) The online optimization algorithm learns a parametric control, either a linear function or
a neural network (NN), to minimize the objective function. In both the linear and neural network
cases, the algorithm can learn the optimal control. The optimal control function appears in the
drift of the SDE. In the case of the neural network optimal control, the SDE is therefore a “neural

network-SDE”. Neural network-SDEs — sometimes referred to as neural-SDEs — are SDEs where the
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drift and/or volatility of the SDE is a neural network. Neural-SDEs have recently become of great
interest in mathematical finance [7, 44, 45, 46, 61, 111].

The online optimization algorithm can also be used to solve multi-agent stochastic control
problems — e.g., mean-field games — which is a widely-researched topic in mathematical finance
[8, 29, 30, 32, 33, 34] in the ergodic setting. The finite multi-agent stochastic optimal control
problem is typically computationally intractable since the corresponding HJB equation is very high-
dimensional. It will be an N x d dimensions PDE, where N is the number of agents and d is the
dimension of each agent’s state (i.e., SDE) process. The limit mean-field game, which approximates
the finite case, may be computationally tractable to solve. However, if the state space of each agent
is high-dimensional (e.g., dimension d > 4), the limit mean-field game will also be computationally
intractable since it will be a PDE in d dimensions. In addition, the mean-field game limit may not be
accurate for the finite-N case if N is not sufficiently large. Therefore, it is of interest to develop new
methods for the computational solution of high-dimensional multi-agent stochastic optimal control
problems in mathematical finance. As an example, we numerically implement the online optimiza-
tion model for a simplified version of the multi-agent systemic risk model ([32]) in Section 4.4.12.
There are N agents where each agent is modeled by an SDE. As N — oo, the system converges to a
mean-field game limit. In the numerical example, we use the online optimization algorithm to solve
the the high-dimensional stochastic optimal control problem corresponding to a large number of N
SDEs (N = 5,000).

Finally, the online optimization algorithm can be used to train SDE models (including point
process models) of limit order books [109] [10] [129] [99] [87]. Order books involve large numbers
of high-frequency events (~ 10° — 10% events per day per stock) and high-dimensional dynamics
(many price levels, each with limit order submissions and cancellations, as well as market orders,
hidden orders, and transactions). The large amounts of high-frequency high-dimensional data for
limit order books makes this a very promising application area for the online forward propagation
algorithm, which is able to asymptotically optimize general classes of models over the entire history
of the order flow dataset (in contrast to standard methods can typically only optimize over much

smaller sub-sequences).

4.4.10 Optimizing parameters in partially-observed SDE models
4.4.10.1 Two-dimensional Ornstein—Uhlenbeck Model

In this section, we focus on the following partially observed two-dimensional Ornstein—Uhlenbeck
process [2] with parameters 6 = («, 01, 03):
dX; = k" (Y, — X;) dt + ot dW}!

(4.4.31)
dY; = K (a — ;) dt + o*dWE,
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where the state process X, is observable and Y; is the latent (unobserved) process. As in Section

4.4, we can estimate the parameters by calibrating the model to the moments of the stationary

distribution. In our numerical example, the objective function is

J(0) = (Byrn,Y = 1)? + (Byor, Y2 = 2)7 + (Ey o, Y — 4)°. (4.4.32)

The algorithm (4.1.4) becomes

doy
do}
do?
dx,
dy;
dX}
dy;!
dX?
dx3
dy;?
dX;

dy,

~ o [(Xt S 1) XP 42 (X2 2) X, X! +3 (X3 —4) Xff(tl} dt
— oy [(Xt — 1) X2 4+2(X2 - 2) X, X2 +3 (X} - 4) ngg} dt
= —aq [(Xi = 1) X+ 2 (X2 - 2) X, X7 + 3 (X7 — 4) XX at
= k! (Y; — Xy) dt + o} dW}
=r? (o — Vi) dt + o2dW}

:,‘{1

A X,}) dt

(
=2 (1-7) at

(4.4.33)

=K' (V; — Xy) dt + ordw}

= K? (o — V) dt + oldW?.

Figures 4.23 and 4.24 display the parameter convergence and the objective function.
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Figure 4.23: Parameters for algorithm (4.4.33). Figure 4.24: Objective function for algorithm

(4.4.33).

4.4.11 Stochastic Optimal Control

The online optimization algorithm can be used to solve stochastic optimal control problems,

including high-dimensional problems for which traditional numerical methods (e.g., solving the HIB

equation with finite difference methods) are computationally expensive or intractable. As a numerical

example we consider the classic LQR problem [4, 13, 152], which itself has many financial applications
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such as optimal execution [3, 36, 35, 65]. Let {X;}:>0 be the state process that satisfies the SDE
dX; = (AX; + BU;) dt + od W, (4.4.34)

where Xo = z0,X; € R”, matrix A,0 € R™*", B € R™™ {W,};>0 is an R"-valued standard
Wiener process, and {U;};>0 € R™ denotes the control. The objective is to learn a control process

u. to minimize the following ergodic cost functional for system (4.4.34):

1 T
J(U) = Jim /0 (XFQX, + U,RU,) dt, (4.4.35)

T—o0
where Q and R are positive definite matrices. It is well-known that the optimal control is given by
[55]:
U=-R'B'KX, (4.4.36)
where K is the unique solution of the following algebraic Riccati equation (ARE)

ATK + KA— KBR 'B"K+Q=0. (4.4.37)

In order to evaluate the accuracy of our algorithm for solving stochastic optimal control problems,
we numerically implement it for several high-dimensional stochastic (LQR) problems. The LQR
problem is selected since a closed-form solution is available (even in high dimensions) to evaluate the
accuracy of our algorithm. We present a series of numerical examples where the online optimization
algorithm learns parametric controls for various LQR problems. The parametric control is either a

linear function or a neural network.

4.4.11.1 One-dimensional Linear Control

As a first step, we implement the online optimization algorithm for the one-dimensional case

with a linear control function. For simplicity, we assume that A = -1, B=0 =Q = R =1 for
(4.4.34):
dX{ = (—X] + 0X7) dt + dw,
1T ) "2 (4.4.38)
J(6) :%EE;T/O (1+62) (X0)2 dr.
The coupled system (4.4.1) becomes
1 X N2 N
o, = —ay lN Zl (%)t (Xt(”) +2(1+62) Xt(”Xt(”)] dt,
. (4.4.39)

dx? = (6, - )XV dt + daw?,

dX\” = (X" + (0, — )Xt
with ¢ = 1,2,--- , N. Solving the ARE (4.4.37) yields the optimal control §* = —0.41421. Figure

4.25 shows that the parameter 6; trained with the online optimization algorithm converges to 6*.
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Figure 4.25: Parameter 0; for algorithm (4.4.39)

4.4.11.2 Multi-dimensional Linear Control

We next solve a multi-dimensional LQR problem with a linear control function. For simplicity,

we assume that m =n, A = —I,, B =0 = I, in (4.4.34) where I,, is n dimensional identity matrix.
That is,
dX{ = (—X] + 60X7) dt + dw,
1T T . ) (4.4.40)
J(0) = lim T/o (X7) (Q+6"RA)X/dt,
where § € R"*". Let Xf’i denote the i-th element of X¢ and define
X0 =veXf, X0 =vVeX)' vie{1,2,-- ,n}. (4.4.41)

Xf has dimensions n x n X n and Xf " has dimensions n x n. Note that when we are training over
a mini-batch of size IV, Xte has dimensions N X n X n X n.
We first discuss the methods necessary for the computationally efficient simulation of the gradient

Vo X{. The state process from (4.4.40) satisfies

n
dth’i = —Xf’i + Z ei,ij’j dt + th17 (4442)
j=1
and therefore
dX] = | =X+ 30, X7 + Di(x?) | dt, (4.4.43)
=1

where D;(X?) is an n x n matrix whose elements are all zeros except for the i-th row, which has

values X?. The gradient of the objective function in (4.4.40) is:
Vo [(X0) " (Q+ 07 Ro) X7

=Y "V <5m +3° gk,iak,j> XPUX{T 42 VoX{ (g5 + 0RO, ;) X[ (4.4.44)

1,5 k=1 i,
= (RO lpemiy + (ROkilge—sy), 0 XX 42 X (00 + 0510, 5) X[,
i,j ,J
where ((RO)x,; 1=} + (Re)k,il{f:j})n
is (Re)khjﬂ{g:i} + (Re)k)i]l{g:j}.

We now present the method for computationally efficient evaluation of the gradient process Xf .

n denotes for a n xn matrix whose k-th row and /-th column
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For notational simplicity, we only discuss the case below without using a mini-batch. The method
can be easily extended to the mini-batch case though. Let ® indicate element-wise multiplication

with broadcasting [100]. The RHS of (4.4.43) can be evaluated using the following operations:

o To vectorize the term >-7_, Hi,jf(f’j fori e {1,2,--- ,n}, we need to perform an inner-product

of the second dimension of the n x n x 1 x 1 matrix @ with the 1 x n x n x n matrix X?.
e Note that the final output w is a tensor with dimensions n x n x n.

e To vectorize the term D;(X/), consider the n x n x n tensor E where E; ;. = &;;. Then

p=E®X/.
e Add w and p.
The objective function can be evaluated using a similar method:

e First vectorize the (RO)x ;j1—i + (RO)r,:1—;} to be an n x n x n x n matrix, which can be
achieved by broadcasting, and denote the output as D. Similarly, the matrix multiplication of

Xf’in’j produces a n X n X 1 X 1 which we denote X.

e Perform an inner-product of the first and second dimension of the n X n x n X n matrix D with

the n x n x 1 x 1 matrix X. Call this output z, which will be a tensor with dimensions n x n.

e Perform the inner-product of the first dimension of the n x n x n matrix X? and n x 1 x 1

matrix F, where F;.. = Zj (qi,j + HERG;J) Xf’j. The output ¢ is a tensor with dimensions
n X n.
e Add z and gq.

Table 4.1 presents the numerical results for the online optimization algorithm for learning the
optimal control of the LQR problem. The online optimization algorithm performs well even in high
dimensions. Figure 4.26 and Figure 4.27 display the maximum and average errors for dimension 5

and 20 during training.

Table 4.1: Training Result for Linear Control

Dimension || Ave Error | Max Error || Cost Error
1 0.1% 0.1% 0.01%
5 0.2% 0.5% 0.05%
20 0.5% 1% 0.05%
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Figure 4.26: Training result for dim = 5 Figure 4.27: Training result for dim = 20

The error metrics in Table 4.1 are defined as:

> |0 — 03]

Ave Error = L=l —

PIRU

7,7=1

Opi—0F.
Max Error = ZJ'E{I{IgLX n} ‘ b l’]{ (4.4.45)
a0
ig=1

Cost Error — 1201) = J(07)]

[J(@0*)

where 6* is the optimal control and 6; is the parameter during training. J(67) and J(6*) denote

the objective function J(#) in (4.4.40) with the parameters 7 and 6*, respectively.

4.4.11.3 One-dimensional Neural Network Control

We will now train a single-layer neural network control using the online optimization algorithm.

The state process is:

dX{ = (=X + fo (X)) dt + dW, (4.4.46)
where the control fy(+) is a single-layer neural network
folw) = co(w'z+1b), (4.4.47)
i=1
with parameters 6 = (¢*, w’, b;)™ . The objective function is
J(0) = lim L (X0 + (fo(X0))* dt (4.4.48)
T—oo T Jg t oL ' o

Define the gradient of X; with respect to the parameters as:

X =V,X! eR™, X'=V, X! cR™, Xf=V.X!ecR™ (4.4.49)
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The coupled system (4.1.4) becomes
dwt = —0 <2Xtth + 2f9t (Xt) (Ct ®Oo (tht + bt)Xt + f9 (Xt) )) dt
dbt = —Qt (2XtXf + 2f91, (Xt) (Ct @ O'/(WtXt + Bt) + fét (Xt)Xf)) dt,

dey = —ay (2Xt)~(§ +2fo, (X¢) ( (we Xy + be) + fo, (X)X )) dt,

dX; = (= Xy + fo,(X,))dt 4+ dW,, (4.4.50)
= (=X + ¢ @ o' (we X] + b)) Xy + f5, (X)X )dt,

AXP = (=X} + ¢ © o' (W X] +be) + fh, (X)) X7,

dX; = (=X + o(w Xy + by) + fo, (X¢)X{)dt,

" -06
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Figure 4.28: Training result for dim = 1 Figure 4.29: Neural Network output after train-
ing

The training result for 1 dimensional LQR with network network control is presented in Figure

4.28, Figure 4.29, and Table 4.2. The error metrics are defined as:?

Z [ fo, (X7) — 07 X7 ||

Ave Error = =1
Z [0 X7
o lfon (X5 =07 (1.451)
Max Error = E{l 2
e
Cost Error = U(QTTC*[J(Q)’

where 6* is the optimal control and 6; is the trained parameter. J(fr) and J(0*) denote the
objective function J(6) in (4.4.48) with the parameters 6 and 0*, respectively. The points {X*}7_;
are uniformly sampled from [—L, L] with L chosen such that [— L, L] contains the optimally controlled
process 99% of the time.

3Here the norm ||-|| denotes the L! norm, i.e. for a vector Y = (y1,y2, - ,yq) € R, ||V = le lyil.
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4.4.11.4 Multi-dimensional Neural Network Control

We now optimize a single-layer neural network control for a high-dimensional state process:

dX? = (=X7 + fo (X7)) dt + AW,
1 /T T T (4.4.52)
J(0) = lim — / (X2) QX!+ (fo (X)) Rfs (X7)dt
T—oo T 0
where X! € R” and the single-layer neural network with m hidden units is:
fo(x) = co (wx +b), (4.4.53)
where w € R™*", b€ R™, and ¢ € R"™. As in (4.4.49), define
X;u _ vthQ e Ranan’ th,i — Vwa,i c IR'an7
=V X! e R, XD v, X0 e R™, (4.4.54)

=V X{ e R™™ - XN = VX e R
fori=1,2,---,n
The online algorithm (4.1.4) becomes:

n

dw, = —oy |V (fo,(X0) T Rfo, (X1)) + ) % (X)) TQX: + fo,(X1) " Rfo,(X1)) X;“] dt

L i=1
dby = =0 |V (fo.(X0) T R0 (X0) + > i (X)) TQXe + fo,(X0) TR, (X0)) X/ ] )
L i=1 "
der = —ar | Ve (fo,(X0) " Rfp, (X0)) + D ai. (X)) " QX + fo,(X0) " R, (Xy)) Xt&i] ;
i=1 "

dX: = (=Xt + fo,(Xy))dt + dWy,

dXZU’Z = ( Xw & + th i, kO’ tht =+ bt t’k,[th’e> =+ (Ctyi_’;)—r ® O'I (U.)tXt —+ bt) (Xt)T> dt

de’l = ( Xb i + Z Ct i, kO’ tht =+ bt (Z t k, [X ) (Ct,L;)T @ O'/ (tht + bt)) dt
( 4

dXtC’i = ( X“—I—Zcmka ’LUtXt-i-bt

tk@X6Z> +D ( (tht+bt))> dt
k

(4.4.55)
fori =1,2,--- ,N. In (4.4.55), C,;. € R™ denotes the i-th row of the matrix C; and D;(X}) is
an n X n matrix whose elements are all zeros except for the i-th row, which has the vector value
o (we Xy + by).

The numerical results for training the neural network SDE control with the online optimization
algorithm are presented in Figure 4.30, Figure 4.31, and Table 4.2. In general, the trained neural

network control performs well, even in high dimensions.
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Figure 4.30: Training result for dim = 5

Figure 4.31: Training result for dim = 20

Table 4.2: Training Result for NN Control

Dimension || Ave Error | Max Error | Cost Error
1 0.1% 0.1% 0.01%

5 0.6% 1% 0.02%

20 1% 10% 0.1%

Applications to Multi-Agent and Mean-Field System Control

Finally, the online optimization algorithm can be used to solve multi-agent stochastic control
problems — e.g., mean-field control and mean-field games, which are important topics in mathematical
finance [8, 29, 30, 32, 33, 34] — in the ergodic setting. As an example, we numerically implement the
online optimization model for a simplified version of the multi-agent systemic risk model ([32]) in
Section 4.4.12. There are N agents where each agent is modeled by an SDE. As N — oo, the system
converges to a mean-field game limit. In the numerical example, we use the online optimization
algorithm to solve the high-dimensional stochastic optimal control problem corresponding to a large
number of N SDEs (N = 5,000).

We consider the following multi-agent control problem, which is a simplified version of the sys-

temic risk model in [32]:

N
‘ 1 , , , ,
dX{" = |a | =D XPT = XPU |+ fo(XDT) | dt + odW] (4.4.56)
N =
for i =1,2, -+ N with the objective function
N T
1 1 \ 2 ,
N _ - . - 6,1 2 0,3
IO =~ > Jim /0 (x0) 72 (x07) a. (4.4.57)
This mean-field system has the following mean-field limit:
dX! =a[(EX] — X7) + fo (X7)] dt + odW,
(4.4.58)

T
J(0) = lim %/0 (X0)? + f3(XP)dt.

T—o0

We describe how the online optimization algorithm can train both linear and neural network

146



controls for this mean-field system. The algorithm (4.1.4) to train the linear model becomes:

N
dfy = —ay H > (29t (X)) 42 (1+62) XZXf)] dt
i=1

i 1 1 i i i
dXi = |a ¥ Z X] - X, | +60,X;| dt + dW (4.4.59)
J

i 1 o j i i i
dXi = |a NZXtJ—Xt + X! +0,X7 | dt.
J

The training result for the linear control is displayed in Figure 4.32.
We next train a neural network for the control function fy(x) = co(wx + b) where 6 = (¢, w, b).

The online optimization algorithm becomes:

r N
o= o | 37 (2XEK 2, (1) (G0 o WS 5 BOXG + 11, (XX ’2))] "

==

&
Il
-

N
1 i v b, [ 1 i\ v 0,1
db = ~ar |+ ; (2XIX0" + 2£0,(X0) (Co© ' (WiX] + BY) + fp, (XD X! ))1 dt
_ i > i 3 Cyl 4 i ! i\ VG
dey = —oy | D (2XIX7 4 2f0,(X7) (o(We X[ + By) + f3,(X))X; dt
L =1
) 1 ) ) . )
X/ = =N X/ - X! X! ;
dX; a NZ i ¢ |+ fo (XP)| dt + dW (4.4.60)

J

o 1 - o ) ) o
dX = la | < S X - X + G0 (W XE + B)XE+ fo (XHX | dt
t N t t t t (2 t t
J

[ 1 U [ ) o
Xl = |a NZX?’J—X,?” +Cy @' (W X{ + By) + f) (X)X | dt
J

- 1 - . ) L
dXP" = la | 5 D X7 = X7 |+ o(WiX] + Bi) + fo, (X)X | dt.
J

The trained neural network control is also displayed in Figure 4.32; the controls learned by the

linear model and neural network are similar.

Figure 4.32: Training result for (4.4.59) and
(4.4.60).
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4.4.13 Models of Order Book Dynamics

Order books involve large numbers of high-frequency events (~ 10° — 10° events per day per stock)
and high-dimensional dynamics (many price levels, each with limit order submissions and cancella~
tions, as well as market orders, hidden orders, and transactions). Due to the size of the datasets
and the high-dimensionality, calibrating simulation models of order book dynamics to data is com-
putationally challenging. Recent examples of such model frameworks for the simulation of the order
books include [10, 87, 99, 109, 129], where they develop stochastic point process models to model
the event-by-event dynamics in order books.

For more complex stochastic models, it is computationally intractable for many traditional cal-
ibration methods to optimize over the entire order flow history (even for a few days of events) to
estimate the model parameters from the data. The online forward propagation optimization algo-
rithm proposed in this chapter provides a tractable computational method to optimize over the entire
order flow history. In particular, the online forward propagation optimization algorithm asymptoti-
cally minimizes the objective function over the stationary distribution of the entire order flow process
(instead of optimizing over only small subsets of the data, which can lead to a sub-optimal model
parameter calibration). In principle, our online optimization algorithm could be used to calibrate
a general class of point process models to event-by-event order book data. Such a large-scale data
project is outside of the scope of this chapter, which is focused on developing a convergence the-
ory. However, in order to demonstrate the applicability of our method to point process models, we
present two simple numerical examples below. Synthetic data is simulated from a standard Hawkes

process with stochastic intensity
d\; = —a* (u* — \})dt + K*dN;, (4.4.61)

where N; is the number of events that have occurred by time t. Events arrive with stochastic
intensity A¢, i.e. lima_,q w = A;. For example, N} could be the number of limit
orders submitted to the order book by time ¢. Multi-dimensional point process models can model
the dynamics of the entire order book (e.g., limit order submissions, cancellations, market orders,
hidden orders, and transactions) [10, 109].

Model parameters for point process models can be calibrated from event data. The data consists
of only the observed process N;; the stochastic intensity A} is unobserved. Note that (4.4.61) is an
ergodic process with a stationary distribution. Hawkes process models have been widely used in the
financial literature for modeling order book events (for example, see [109]). Using the event data Ny

simulated from (4.4.61), we will calibrate point process models using the online forward propagation

optimization algorithm.
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First, we consider calibrating a standard Hawkes model using the online optimization algorithm.

The model is
d\? = —a(p — \)dt + kdN?, (4.4.62)

where 6 = («, y1, k) are the parameters that must be trained and the time-averaged log-likelihood

objective function is
1 4 N 1 r N *
Lr(0)=—= Ardt + — log(A7)dNY, (4.4.63)
T Jo T Jo

where 5\f is the intensity process (4.4.62) conditioned on the event observations (N})y <, i.e. d\ =
—a(p — S\f )dt + kdN;. Using our online optimization algorithm, we train the parameters 6; to
maximize the objective function Lr(#). Figure 4.33 displays the results from the training and
demonstrate the numerical convergence of the method. The training converges to a global minimizer;
the objective function evaluated at the trained parameters matches the objective function evaluated

at the true parameters 0% = (a*, u*, k*) = (3,1, &).
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Figure 4.33: Objective function (left) and trained parameters (right).

We now consider a slightly more complex model where the intensity dynamics are given by
a neural network. Neural network (or “neural SDEs”) have been widely studied in the financial
mathematics literature [7, 44, 45, 46, 61, 111]. Neural network Hawkes processes (or “neural Hawkes
processes’ ’) have also been recently studied and implemented in a number of papers for modeling

order book data [87, 99, 129]. We consider the following neural SDE:
dn" = fN'30)dt + kdN? (4.4.64)

where, for this simplified numerical experiment, we set £ = £* and A = |\?| +¢ where € > 0. f();6)

is a single-layer neural network with 25 hidden units. The neural network parameters 8 are trained
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with the online forward propagation optimization algorithm:

- of - Of -
dAt = (ai(At,ot))\t + ag()\t,et))dt,
dXt = f(Xh Gt)dt + I'idNt*,
e DY) Ve
d9t = Oy ( - Tj\z)\tdt + <>\t) 1875;Atht )7 (4465)

where \; = | M| + ¢ and «; is the learning rate. The data N;* which the model (4.4.64) is trained

on is generated using (4.4.61) with the “true parameters” 6* = (%, 1, %

). The training and out-
of-sample test results are displayed in Figure 4.34. The plots display the value of the objective
function (4.4.63) evaluated using the “true” process (4.4.61) with the true parameters 8* (which
is the global minimum) as compared to the value of the objective function (4.4.63) for the trained
model (4.4.64). The neural network point process model (4.4.64), trained with the online forward
propagation algorithm, is able to achieve a nearly identical value for the objective function as the

exact global minimizer (with ~ 10~* relative error), indicating that the trained model converges to

a global minimizer.
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Figure 4.34: Objective function during the initial time period of training (left) and out-of-sample
objective function (right).

The above numerical examples use the well-known time-scaling method for simulation of the
point processes with an Euler discretization with time step size 10~2, which introduces discretization
error. Therefore, in practice, the above numerical examples can be viewed as optimizations over
discrete-time stochastic models.

We conclude by highlighting that — although outside of the scope of this chapter — a more general
multi-dimensional model for the entire order book (see [109]) could also be calibrated to real order
book data using the online forward propagation algorithm. General classes of multi-dimensional
neural SDE models can be optimized using our method. For example, “recurrent neural SDEs”,

where the dynamics (4.4.62) depend upon the evolution of a “hidden” neural SDE, can also be
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calibrated using the online forward propagation method, such as:
dA] = f(X], S7; 0)dt + w(X], S7; 0)dNY,
ds? = g(\?,8%;0)dt + h(\Y,S?;0)dN?, (4.4.66)

where f, g, h, x are neural networks with collective parameters # and where X/, N, and S¢ can be
multidimensional. Recurrent neural networks Hawkes models for order books have been investigated
in [87, 129]. Recurrent neural network Hawkes processes have recently received significant interest in
the broader machine learning community [102]. General classes of continuous-time recurrent network
SDEs have also been proposed in [50]. A more general class of continuous-time recurrent network
point processes has also been developed in [40]; (4.4.66) is an example from the general framework
in [40]. The unique capability provided by the algorithm is to asymptotically optimize such models
over the entire history of the order flow dataset, while standard methods can typically only optimize

over much smaller sub-sequences.
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Chapter 5

Online SDE Optimization:
Nonlinear Case

5.1 Introduction

Optimizing over the stationary distribution of a stochastic process is a challenging mathematical
and computational problem. Consider a parameterized ergodic process Xf ® € R% which satisfies
the stochastic differential equation (SDE):
dXP" = (X", 0)dt + o (X0, 0)dW;,
(5.1.1)
X0 =g,
where § € R and W; is a d-dimensional standard Brownian motion. Our goal is to select the

parameters # which minimize the objective function
N

2
J0)=> <EY~M (V)] = ﬂn) , (5.1.2)

n=1
where f are known functions and 3 are the target quantities !.

In chapter 4, a new online algorithm was developed to optimize over the stationary distribution
of SDEs such as (5.1.1). The online algorithm simultaneously simulates (5.1.1) while continuously
updating the parameter 0, using a stochastic estimate for the gradient VyJ(6;). The stochastic
estimate for the gradient VyJ(0;) is based upon a forward propagation SDE for the gradient of Xf v

with respect to §. The online forward propagation algorithm for optimizing (5.1.2) is:?

% = =20y (f(X:) = B) (Vf(Xt)Xt)T7
dX; = (Hz(Xu 0:) X + po(Xe, 9t)) dt + (Uz(Xta 0:)X; + UG(Xtaet)> dWi,

dXt = M(Xt, 9t)dt + O'(Xt, Ht)th,

(5.1.3)

dXt = M(Xty Qt)dt + O'(Xt, Gt)th,
where W, and W, are independent Brownian motions and «; is the learning rate.
In chapter 4, we prove the convergence of the online forward propagation algorithm (5.1.3) for a

class of linear SDEs with constant volatility coefficients. Numerical experiments demonstrate that

LFor notational convenience (and without loss of generality), we will set N = 1 and $1 = 8 in (5.1.2) in the later
discussion.
2In this chapter’s notation, the Jacobian matrix of a vector valued function f : z € R — R™ is an m X n matrix.
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the forward propagation algorithm also converges for nonlinear SDEs. In this chapter, we rigorously
prove the convergence of the forward propagation algorithm for a class of nonlinear SDEs with
non-constant volatility coefficients. The mathematical approach uses a Poisson partial differential
equation (PDE), such as in [114, 113], to rewrite the fluctuation terms in terms of the solution
of the PDEs. The fluctuation terms can be appropriately bounded by proving bounds on the
solution to the PDEs. We leverage recent methods from [123] to characterize the convergence rate
of the transition semigroup for (5.1.1) and its derivatives with respect to the initial condition = and
the parameter 6, which combined with the moment stability for (5.1.1), allow us to prove there
exists appropriately bounded solutions to the PDE. Once the fluctuation terms have been bounded,
using the moment stability for the coupled system (5.1.3), we can prove convergence of the forward
propagation algorithm using the cycle of stopping times argument [14, 130, 134].

Organization of Chapter This chapter is organized into four main sections. In Section 5.2, we
present the assumptions and the main theorem. Section 5.3 rigorously proves the convergence of the
online forward propagation algorithm for nonlinear dissipative SDEs. Application of our algorithm

in SPDEs parameter estimation is give in Section 5.4.
5.2 Main Results

We will study the convergence of the algorithm (5.1.3) for a class of nonlinear SDEs satisfying

the following conditions, which are similar to the assumptions in [123].

Assumption 5.2.1. There exist constants C, 3 > 0 such that the following conditions hold for all

x1, T € RY, 0,05 € R
e Lipschitz continuity:
lp(z1,01) — p(x2,02)| + |o(x1,01) — 0(22,02)| < C (Jx1 — 22| + |01 — 62]) . (5.2.1)
e Dissipativity:
(w(z1,0) — p(xe,0), T1 — z2) + g lo(x1,0) — U(m2,0)|2 < —Blzy — x9)?, (5.2.2)
where (a, b) :=b"a.
e A uniform bound for the SDE coefficients in the variable 6:

sup max{|u(0,0)],|s(0,0)|]} < C. (5.2.3)
O€ER?
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Assumption 5.2.2. u(z,0), p(z,0), o(z,0), and o(z,0) are twice differentiable. For any z1,zo €
R¢,

sup |Var(z1,0) — Vyp(xe, 0)| < Clzy — x2], (5.2.4)
0€R

sup [Vou(xy,0) — Vou(zs, 8)] < Clzy — 2|, (5.2.5)
0cR

sup |Vyo(x1,0) — Vyo(xs,0)| < Clzy — x2, (5.2.6)
HeR?

sup |Vgo(z1,60) — Voo (xa,0)| < Clzy — x4 (5.2.7)
R

Assumption 5.2.3. For any 1,z € R?,

:;lﬂgf |V2u(ar,0) = Vip(xe,0)| < Clay — 22, (5.2.8)

98;1]}52 |0 (21,0) — Vau(aa,0)| < Cloy — a2, (5.2.9)

esgﬂgl |VVou(xy,0) — Vi Vou(za,0)| < Clzy — x2|, (5.2.10)

esuﬂg)z |v§v9u(x1,a) — VﬁVgu(x2,9)| < Clzy — o] (5.2.11)
€

We assume that the Lipschitz properties (5.2.8) - (5.2.11) also hold for ¢. In addition,

sup maX{W?«H(fcaaﬂ ; |V3,u(:z:,9)| ) |v$v9.u(xa0)| ) WE«VW(LQ)H < C,
(2,0) R xRe (5.2.12)
Vio(x,0) o

bl |vaiv90—(x7 9)‘ ’

sup  max {|Vio(z,0) ViVeo(z,0)|} < C,

(z,0) R4 xR?

b

Assumption 5.2.4. The function f in the objective function is continuously differentiable and has

uniformly bounded derivatives, i.e. there exists a constant C' such that
[Vif(x)| <C, Ve eR?, i=1,2,3. (5.2.13)

Assumption 5.2.5. The learning rate oy satisfies [[~ audt = oo, [;° aidt < oo, [J° |al|ds < oo,

and there is a p > 0 such that lim aft%'ﬂp =0.
t—o0

Our assumptions are standard in the mathematical literature which studies ergodic nonlinear
SDEs [123]. Under these assumptions, we are able to prove the convergence of the online forward
algorithm (5.1.3). We briefly comment on these assumptions before presenting our main theoretical
result.

A sufficient condition for the dissipative SDE (5.1.1) to satisfy Assumptions A5.2.1-A5.2.3 is
that the first-, second-, and third-order derivatives of u, o are uniformly bounded and for any x,y €
R? 0 € R*

y Veu(z,0)y < =Clyl*, |o(x,0) —oly,0)] < Llz -y, (5.2.14)
where C, L > 0 are constants and %LQ < C. A classic example is the Langevin Equation, where the
drift term is the gradient of some convex potential. That is u(z,6) = —VV (z,8) with V(x,0) being

convex with respect to x. See [115, 116] for a detailed discussion. Under Assumption (A5.2.1), there
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will exist a unique invariant measure 7y for (5.1.1) such that®
/ |z|mg(dx) < C < 0. (5.2.15)
Rd
Theorem 5.2.6. Under Assumptions (A5.2.1) - (A5.2.5), the online algorithm (5.1.3) converges

almost surely:

Jlim [VgJ(61)] 0. (5.2.16)

5.3 Proof

The SDE system (5.1.3) has a unique strong solution.* In equation (??), we decomposed the
evolution of §; into the direction of steepest descent —a;VyJ(0;) and two fluctuation terms. Define

the fluctuation terms as
- T
2 = (B JOV) = B) (VI (X)X = ViEn, [(V))

_ \T
2} = (f(X0) = Eq,, (1)) (VI (XD X2)
As in [130], we will study a cycle of stopping times to control the time periods where |VyJ(6;)]

(5.3.1)

is close to zero and away from zero. Let us select an arbitrary constant x > 0 and also define

= (k) > 0 (to be chosen later). Then, set op = 0 and define the cycles of random times
O=0p<m<o1<m<o02<...,

where the stopping times are defined as
Tp =Inf {t > op_1 : [VoJ (0:)| > K}

Ve (6-,)]

t
Un—sup{t>7'n. 5

< |Vod (05)] <2|Ved (0,,)] for all s € [1,,t] and /

Tn

agds < u} .

(5.3.2)
We define the random time intervals J,, = [0,—1,7,) and I, = [7,,0,). We introduce the constant
7 > 0 which will be chosen to be sufficiently small later. In order to prove convergence, we will have
to show that the fluctuation terms become small as ¢ — oco. In particular, the following integral of

the fluctuation term will be crucial to the convergence analysis:
. ont+n .
AL ooty = / asZyds, i=1,2. (5.3.3)
T,

n

We will begin our analysis by first presenting several lemmas regarding Lipschitz continuity,

moment bounds, and ergodicity. The proofs are the same as in [123] and thus we omit them.

Lemma 5.3.1 (Lipschitz continuity). For anyt >0, z; € R?, and 0; € R’, we have

2
E Xf],xl _ Xf%%z < e—ﬁtlxl _ J)QIQ + C|91 _ 92|2. (534)

A proof can be found in Lemma 3.6 of [123].

3See Theorem 4.3.9 of [119].
4Existence and uniqueness can be proven using the standard method of a contraction map; see Theorem 1.2 of [31]
for details.
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Lemma 5.3.2 (Ergodicity). For anyt >0, x € R, and § € R,
Ef(X0%) = Ex, f(Y)] < Ce™ % (1 + |2]). (5.3.5)
A proof can be found in Proposition 3.7 of [123].
Lemma 5.3.3 (Moment Bound). There exists a constant C such that

2
E ‘Xf’”” <O +ePz)?), VeeRLt>o0. (5.3.6)

2
Proof. Applying It6’s formula to ‘Xf | yields

d 022
—IE‘X @
dt ¢

= [2uxt " 0), x07) + |o(x07.0)f|

<E [2 <M(Xf’x, 8) — 1(0,9), vaw> +2 ‘a(vaf, 8) — (0, 9)‘2 +2 <u(0, 9), va“‘> +210(0, eﬂ

2 1
4=

— ‘

+ (ﬂE\Xf”” u(o,e)F) +2(0(0,0)

2

(a) 0.
< - BE|x?*| +c,

(5.3.7)
where step (a) uses the dissipativity assumption (5.2.2) and Young’s inequality and step (b) uses the
bound (5.2.3). Therefore, using a comparison principle for ODEs,

2
E ’Xf@ < e Pz 1 C. (5.3.8)

O

Using similar calculations as in Proposition 4.1 of [123], several ergodicity results for X¢ can be

proven.

Proposition 5.3.4. Under Assumptions (A5.2.1) - (A5.2.4), we have the following ergodic bounds:
(i) There exists a constant C such that for any 6 € R,z € R%, and t > 0,
DEF(X]") = ViEr, f(Y)] < Ce P (1 +]al), i=0,1,2 (5.3.9)
(ii) There exists a constant C > 0 such that for any 6 € R and i =0,1,2,
|VoEr, f (V)| < C. (5.3.10)
(iii) There exists constants C,y > 0 such that for any for any 6 € R,z € R?, and t > 0,

VIVEEF(X{™)

<Ce M, i=0,1, j=1,2. (5.3.11)

The proof method for Proposition 5.3.4 is the same as in Proposition 4.1 of [123], although we
need the convergence result for higher-order derivatives in (5.3.11). The detailed proof can be found

in the Appendix A of [145].
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We next prove that a solution exists to a Poisson equation for the fluctuation terms and, further-
more, that the solution satisfies certain linear bounds. We first introduce the process X'f ’z’i, which
satisfies the SDE:

AXP" = [V u(X0",0) X0 4 V(X207 9)} dt + [vma(xf@, )X 4 Voo (X0, 0)} AW,

X0t =z,
(5.3.12)
where the Brownian is the same as in (5.1.1). It should be noted that X = V,X/** almost

surely.

Lemma 5.3.5. Define the error function
G (x,,0) = (Ex, (V) = B) (VF(2)F — VoEqr, f(V)) (5.3.13)

and the function

v (z,7,0) = —/ EGH (X", XP™% 0)dt. (5.3.14)
0

Let £27£ denote the infinitesimal generator of the process (X.e’m, X.e’z’j), i.e. for any test function ¢

L

L0 2o (@,7) = Lop(w,7) + > L2 (. @)
k=1

‘ T
Y (vjr,jvmm,oao(x, 0) (Vaoteoyz + 2500 )
j=1 ’

-
E Yt Ver Vel @) (Voo (w0 + 275N (3, o0 g 4 2720
; 00 00y,
j<k
where % for k € {1,--- £} is the k-th column of %.

Then, under Assumptions (A5.2.1) - (A5.2.4), vi(x,,0) is the classical solution of the Poisson
equation

L8 su(z,2,0) = G'(2,%,0), (5.3.15)

where u = (u1,...,u)" € R’ is a vector, Eg)i,u(x,f,ﬂ) = (Cg’iul(:v,i,e),...,ﬁi’iu@(:c,i,ﬂ))T.

Furthermore, the solution v' satisfies the bound
‘vl(az,i,e)’ + ‘V@Ul(x,i,9)| + ’Vggvl(x,j,e)‘ + ’Vivl(x,fc,@)’ <C A+ x|+ |2]), (5.3.16)
where C' > 0 is a constant which does not depend upon (x,Z,0).
Proof. We begin by proving that the integral (5.3.14) is finite. We divide (5.3.14) into two terms:
vl (z,Z,0)

=(Er, f(Y) = B) /O ) (VoEn, f(Y) — ]EVf(Xf’Z)Xf’””@)T di

_(E,, (V) - §) [ / T (Tony FV) = VoEF(XP)) dt + | (Versxtn) —Bvs(xinE0e7) dt}

=wh(2,0) + v 3(z, T, 0).
(5.3.17)
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We first bound v} (z, ). Following the method in Lemma 3.3 of [144], we have by Proposition
5.3.4 and the dominated convergence theorem (DCT) that:

o1 (2, 0)] < C/ VoEr, f(Y) = VeEA(XIT) | dt < C(1 + |2)),
0

Vool (z.0)] < © / VoEn, f(Y) = VoEF(X[™)| + C | | V3B, £(YV) - VEES(X!™)| < C(1 +Ja),
0 0

at<C, i=1,2.

|Violt(z,0) < 0/ ViVEf(XP™)
0

(5.3.18)
For v12(x,,0), define
Zy = X X,
We can derive a differential inequality for Zfi’k, the k-th column of Z;, using the inequality (?7):
%E‘Zt”kf @g {2 <VI,u(Xf’”“,9)Zg’k, Z;;’“> + ‘vwa(xf’“,e)zg’ﬂ < —BE|Z*?,  (5.3.19)
where step (a) is by using It6’s formula to Zt:’kr

. Therefore, we can prove the exponential decay:

2

5 0,2,5 5 0.0,7 _Bt|~ =~
IE‘Xt’I’“—Xt’z’m2 < Ce Py — is)?,

2

E ‘vi)?f’“*f < Ce Pt (5.3.20)

Let X%%%::k denote the k-th column of the matrix Xfl"z and for any m € {1,--- ,d},n € {1,--- , ¢},

we know

aXf,z,i,:,k 0 aXtQ,w,i,:,k 0 aXf,w,i,:,k
———— = V(X 0) ————dt + Vo (X", ) ————
aim’n /’L( t ) azm,n + U( t ) azm,n

where ™™ denotes the (m,n) element of the matrix z. Let

v 0,7,%1,,k v 0,7,T2,:,k v 0,71,%,0,k v 0,72,%,,k
0X; _ 0X; s 0X; _ 0X;
t

d AW, (5.3.21)

Zl = =
¢ Fman ogmn oFmn oFman
Note that Z} satisfies the SDE
dZ} = V(XD 0)ZLdt + Vo (X", 0) ZE W, (5.3.22)
Similar to (5.3.19), we can get
d 1 -,12 _ 2
= 7l < -BE|Z} (5.3.23)
which derives
v0,x,T1 ~9379~c22 — Bt~ ~ 12
E‘V@Xt’ ’ —Vth’ ’ < C(Ce |.Z‘1—.Z‘2 s
2 v0,x,% 2 — Bt
E ’vixt’ 2T < ceht, (5.3.24)
Then for Z2
_ 6)?9,‘7:1,;3,:,]6 ) 8X9,;C2,.’E,:,k
AZ} = | V(X" 0) = —— — V(X" 0)———— | dt
¢ (V (X", 0) DFmomn V(X" 0) oamm
aX@,wl,i,:,k aX@,axz,{i,:,k (5325)
6,z 6,z
+ <VIU(Xt 1,9)% - Vg:O'(Xt 2, 9)55677’7'1") th,
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and as in (?7)
d 2 i . aXe,Il,f,:,k " 8X9,12,:i,:,k B
“E|z] == 2<qu(Xf’ Lo A AV Lo S

oxrm.n oxmn

~ ~ 2
0,x2,%,:,k
axX
8jm,n

-0,x1,2,:,k
ax!

8ﬂ~3m,n - VIJ(XE’IQ ? 6)

+E ‘VIJ(XE’II,H)

<E (2(Vap(X)7,0) 22, Z2) 42 |Vao (X07,0) 22

2 7212 0,x 0,x 2
+ BE| 22| +CE‘Xt’ L x0

< — BE|Z}? + CeP!|zy — o), (5.3.26)
5.3.26

which derives

~ - - ~12
E ‘vaf’“f VX < ez — o,

2

E ‘vmva{’N < Ce P, (5.3.27)

Combining (5.3.20), (5.3.24) and (5.3.27) we can establish bounds on v*?(x, z, 9).
((l) oo - _ - oo
0" 2(2,3,0)| < C / B |VAXP) (K757 = X000) | at < / Ce™513|dt < C|3
0 0

Vio'2(z,7,0)] < C/ E’V;X’f””@’
0

dtg/ Ce=5tdt<C, i=1,2
0

V. Vo2 (2, 7,0)| < C/ E vaf(vaf)vxxf*””
0

0,x,T
: ‘vjxt

[ at + C/ E ’vxvif(f“*f e
0
(5.3.28)
where in step (a) we use the fact V(;Xf’x = Xf’“"*o,

The analysis of Vivl2 for i = 1,2 and Vyv!? is similar to the calculations for v!. Define
Z . vé X@,m.fl v Xe,:t,fz
t 0 02 :

7, satisfies the SDE:
~ 2 0,x 6,x 0,x 0,x _
a2, = ((V2u(X]",00Vo X[, Z0) + VoVon(X)",0)Z, + Vop(X[*,0)2,) dt,

) (5.3.29)
+ (<V§O’(Xf’w, 0)Ve X", Zt> + VaVeo(XP%,0)Z, + Voo (X7 G)Zt) AW,
where (, ) in the equation above is defined as:
. . . L OXPT
(V2u(X]" 0VoX]", Zi) = <Vium(Xf’ )5y Z,;*’>7
m,p,q q
(5.3.30)
2 0,z 0,z 2 0,z aXte’I LD
<V10(Xt’ L)V X7, Zt> = (Viowma (X", 0) 1=, 27 ).
m,n,p,q q

Thus by the same calculations as in (??) and the uniform bounds for the derivatives of u, o, we can

derive the differential inequality:

d . _
ZE |Zi|” < —BE|Z,|? + CE|Z|>. (5.3.31)
Using an integrating factor, we have
d _
= (eﬁﬂE |Zt|2) < CeP'E|Z,) (5.3.32)
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which combined with (5.3.20) yields

t
E[VoX™™ —VeXPo® 2 = E|Z° <e |3 — 3o + e_Bt/ e E|Z,? ds
0

Ce™ 5|31 — &% (5.3.33)

IN

Consequently,

Vov'2(x, 7,60)| <C|&| - [VoEn, f(V)| + C / E ‘v £ (vgf(fm - vgf(fv“) ‘ dt
0

+/ E‘<V2f(Xf”)V9Xf’””, )N(f’x’i—)?f’m’0>‘dt
0

(5.3.34)
(@ L By L By
<C|Z| —|—/ Ce 1 |z|dt—|—/ Ce™ 2" |z|dt
0 0
<Clz],
where in step (a) we use the Cauchy-Schwarz inequality, (??), (5.3.20) and (5.3.33).
Finally, for the derivatives with respect to x, define
Zy =V X" - v, X
and as in (5.3.29) and (5.3.30) it satisfies the SDE
dZ, = (<v§u(xf’x,e)vmva“, zt> v w(xf’w,e)zt) dt
) (5.3.35)
+ <<ViU(Xf’w,9)V9Xf’w, Zt> + VIU(Xf’w,Q)Zt) AW,
Similarly, we can derive the differential inequality
d N A
%E|Zt|2 < —BE|Z,|* + CE|Z,*.
Consequently,
P a2
E ‘vxxf@v“ VX < Cem Bt |7 — 3. (5.3.36)
Due to Lemma 5.3.1,
2
E[x/™ = X7 < e Moy - 2P, (5.3.37)
which, combined with the dominated convergence theorem, yields
2
E ‘vaf*” < e P, (5.3.38)
Therefore,
Vo' (2,2,0)|
gc/ E ’Vf(Xf’x) (vwf(fv’”’”E - vwf(fv’”’“) ‘ dt
0 -
+C/ E’<v2f(Xf@)VIXf@, X0t —Xf’w’0>‘dt (5.3.39)
0
(a) [ —Bt|~ > _ By~
< / Ce "' z|dt —|—/ Ce™2"Z|dt
0 0
<Clz],

where step (a) is by Cauchy-Schwarz inequality, (5.3.38), (5.3.20) and (5.3.36). The bound for

1,1

V2u12 follows from exactly the same method. Combining the bounds for v1! and v!? proves the

desired bound (5.3.16). Using the same calculations as in Lemma 3.3 of [144], we can show that v!
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is the classical solution of PDE (5.3.15) and thus the proof is completed. O

We will also need bounds on the moments of X; and X; in order to analyze the fluctuation term
AN ——
Lemma 5.3.6. There exists a constant C > 0 such that the processes X, X, in (5.1.3) satisfy

E. X8 <C(1+12%), E.zX:/®<C(1+[3), (5.3.40)

where E,, 5 is the conditional expectation given that Xo = x and Xo = . Furthermore, we have the

bounds
E, < sup Xt/|4) =0(Vt) ast— oo, (5.3.41)
0<t'<t
E, < sup Xt/|4) =0(t) ast— oo. (5.3.42)
0<t'<t

Proof. By Itd’s formula, for any m > 1 we have

d| X ™ = 2m| X, P2 (X, 0,), Xp)dt + 2m| X )>" 2 (0( Xy, 0,), X,)dW, 5.3.43)
—|— m|Xt|2m72 . |U(Xt7 Gt)|2dt —|— Zm(m — 1)|Xt‘2m74 . ‘<Xt7 O'(Xt,et)>|2.

We use induction to prove the bound for the 8-th moment. First let m =1 in (5.3.43), by the same

proof as in Lemma 5.3.3, we have

d

1
B 1X,)* < —BE, | X|* + E, (

B

which yields the bound for the second moment

114(0,0,) > + 2 |o(0, 9t)2) < —BE, |X,)* +C, (5.3.44)

E.|X:|* < C (1+]z?). (5.3.45)

~. ~ ~ . 2
For k € {1,2,--- , £}, let Xt"k denote the k-th column of Xj;. ‘Xt"k‘ satisfies the following SDE:

2

~ 2 ~ ~ ~
a|%] =2 V(X 0) Kok 4 2UE00) o gy |G o(x,, 0 % 4 27K g,
86k 89k
. X0, o
+2 <vxa(Xt,9t)ng + L(aeh 2 Xg’“>dwt.
k
(5.3.46)
Similar to (??), we can derive the differential inequality
d ~'k2 ”~k2 1 a,u(Xt Qt)2 aO'(Xt et)Z ~'k2
—ExiX"‘<—ijX"‘ E, . (= |ZA26P) ) | 9|99 2e0) <—E”X"‘ .
dt’t_ﬁ’t+’<5’89k+ 20, S Bz | X7 +C
(5.3.47)
Therefore,
E, 3 X:> < C(1+ 7)) . (5.3.48)

Recalling that conditions (5.2.2) and (5.2.3), we can get there exists a constant C' > 0 such that,

for any x € R? and 6 € R,

2u(a,0), 7+ Tlo(@,0) < —Blaf? + C. (5.3.49)
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Actually,
2u(z,0), x) + T|o(z,0)
=2(u(x,0) — 1(0,0), x) +2(u(0,0), )+ 7|o(x,0) — (0,0) + (0, 6)?
(%) —2B|z|* + 2(u(0,0), ) +7|0(0,0)|* + 14|o(x,0) — a(0,0)| - |o(0, )]
< el + O (0,0) +10(0,0))
where step (a) uses the inequality (5.2.2) and step (b) uses Young’s inequality and the inequality

(5.2.1). Thus now let m = 2 in (5.3.43) and use the bound (5.3.49),

d
%Eﬂxt\ﬁl =4E, (|th2 (u( Xy, 0), Xt>) dt + E, (2|Xt|2|o'(Xt,9t)|2 + 4 {o(Xy, 0y), Xt>|2>

(5.3.50)

E. [ X% (4(u(X1,00), Xi) + 6|0 (Xe,00)])]

_ﬁEwIXtrl + CEw|Xt|2a
(5.3.51)

which together with (5.3.45) and Gronwall’s inequality prove the bound for the fourth moment of
X;. Similarly, as in (5.3.50)

d _ 4
& [ %
- ]2 ~. ou(Xy, 0 - N oo (X 012
<E,z UX{’“‘ (4 <VmM(Xt,9t)Xg’k+W, Xt.,k>+6‘vw0(xt,9t)Xt"k+U(89:t) )]
= |t 2
S_ﬂEx;c Xt7 ’ +C]Ex,w Xt’ ,

(5.3.52)
which together with (5.3.48) derives the estimate for X, in (5.3.40). By induction, we can prove the
bound for the sixth and eighth moments of (X;, X;) in (5.3.40).

Finally, as in (5.3.43) and use (5.3.49), we have

t t
Xl = [of +8 / X ((Xe8), X} ds+8 [ X[ (X000, X)W,
t
+24/ X" o (X, 0,), S>|2ds+4/ 1X,[% - |o(Xs,0,) | ds (5.3.53)
0

t t
< 48 / X, [Eds +C / X, [0ds +8 / X, [0 (0(X,. 6,), X.)dW,,
0 0 0

which together with the Burkholder-Davis-Gundy inequality and (5.3.45) derive that there exists a
constant C' such that

1
t 2
E, sup |Xu|® <|z|®+ ct+ CE, </ XS|14~|0(XS,95)|2ds>
0

0<t/ <t
1
t 3
< |z[® + ct + CE, ( Sup | X, / | X6 - |0(X3,95)|2d5> (5.3.54)
<|m|8+ct+ EI sup |Xt/| +C/ |X|6+|X\]

where step (a) is by Young’s inequality. Thus, comblnmg (5.3.40) and (5.3.54) we obtain

E, < sup |Xt/|8> =O0(t) ast— oo,

0<t/<t
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_ 8
which derives (5.3.41). Similarly for (5.3.42), using It6’s formula for ’Xt and the Burkholder-

Davis-Gundy inequality,

1
- |8 to - 2 2
E; s sup |Xy| < \:E|8 +ct+CE; 5 </ |XS|14 . ‘Vza(XS,HS)XS + Voo (X5, 0s) ds>
0<#/<t 0 (5.3.55)
1 - 8 t _ |6 ~ 8
<|#®¥+ect+ =Eyz sup [Xy| +C | Euz “Xs + ‘Xs } ds,
2 0<t/ <t 0

which together with (5.3.40) derive (5.3.42).
O

We can now bound the first fluctuation term Al in (5.3.3) using the estimates from Lemma

Tk,0k+N
5.3.5 and Lemma 5.3.6.

Lemma 5.3.7. Under Assumptions A5.2.1 - A5.2.5, for any fixzed n > 0,

’ 1

Tn,s

on+n‘ —0asn— o0, a.s. (5.3.56)

)

+.0n4n i1 terms of the Poisson equation in Lemma 5.3.5 and then prove it

Proof. We will express A

vanishes as n becomes large. Consider the function
G (2,2,0) = (En, f(Y) = B) (VS (2)F — VoEnr, f(V)) .

By Lemma 5.3.5, the Poisson equation £ u(z, #,60) = G'(x, %, ) will have a unique smooth solution

vl(z,Z,0) that grows at most linearly in (x,%). Let us apply It6’s formula to the function
1 N ¢
u (t,z,z,0) = qv (z,%,0) € R,

evaluated on the stochastic process (Xt,f(t, ;). Recall that u; denotes the i-th element of u and

th be the k-th column of the matrix X, for i,k € {1,2,---,¢}. Then,

uzl (0-7X0'7X(7790') :’U,% (T7XT)X7'39T) +/

T

" ,ul (5 X0, X,.0,) ds + /U £yl (s, X, X,,0,) ds
+ /U Voul (sX X, 95) do, + /U Vu! (sX X, 95) o (X, 0,)dW,

¢
7 - - 0o (X5, 0s)
E ot X, 0, 2 L)Xk TS0 5 W,
+k:1 ) Vgt (8,X$7X5,96> (V»LU(XMH&)XS + 0, )d s

(5.3.57)
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Rearranging the previous equation, we obtain the representation

on+n B
Al / asGN (X, Xs,0,)ds

Tn,On+n
n

or+n N
:/ Ei}ul (S,XS,XS,OS) ds
Tk

on+n
1 1 = ;1 ~
= Qg,+nV <X0n+n7X0'n+77790'n+77)_aTn/U <X'rnaXrn>9m —/ Qv (Xme,Hs) ds
T

[ vt (X0 %00) (108 - 9) (vHx0 ) ds

n

- / T V! (X0 X6) o (X, 0.,

n

¢ on+n - ~
3 [ et (X ) (Vo 005+ PO )

k=1"Tn
(5.3.58)

The next step is to treat each term on the right hand side of (5.3.58) separately. For this purpose,
let us first set

JH =y sup . (5.3.59)

s€[0,t]
By (5.3.16) and Lemma 5.3.6, there exists a constant C' such that

2]
2
]ESUPse[O,t] | Xs|" + ESUpse[o,t]

Vit

ot (XXG)

E 1+ sup |Xs\2+ sup | X,

2
Jtl’l‘ < Ca2E
s€[0,t] s€[0,t]

~ 12
X

(5.3.60)

=Ca? |14+ V1t

< CalVt.
Let p > 0 be the constant in Assumption A5.2.5 such that lim;_, .o a§t1/2+2p = 0 and for any
d € (0,p) define the event A;s = {Jtl’l > t‘;*p}. Then we have for ¢t large enough such that
a2t/2 2w < 1
11)?
gk ‘ Q2(1/2+2p 1

IED (Atﬁ) S t2(67p) S C t26 S CtQT

The latter implies that

Z P(Azm’g) < 00.
meN
Therefore, by the Borel-Cantelli lemma we have that for every § € (0,p) there is a finite positive

random variable d(w) and some mg < 0o such that for every m > mg one has

d(w)
11
T S Gty

Thus, for t € [2’”, 2’”“) and m > mg one has for some finite constant C' < oo

d(w) < Cd(w)

1,1
J;7 < Cagm+r sup (m+1)(p—3) = 7 gp—5"’

s€(0,2m+1]

vl (XS,XS795)

<C
- 2
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which proves that for ¢ > 29 with probability one

d
Jht < C% — 0, as t — oco. (5.3.61)

Next we consider the term

T

o' (X5;X5795) —2a2Vgv' (XS’XS’QS) (f(Xs) = 5) (vf(XS)XS) o

Noting that by the same approach for X; in Lemma 5.3.6, we can prove that there exists a constant

C > 0 such that

Ez| X:|* <C(1+]7|*), E: ( sup |)_(t/|2> =0(Vt) ast— oco. (5.3.62)
o<t <t
Thus @ -
sup E Jt{’o?‘ < C/ (lok| + a2) (1 +E|X* +EX P+ E |Xs|2) ds
>0 0

®) > / 2
< C'/ (\as| +ozs) ds
0

<C,
where step (a) is by Assumption A5.2.4 and (5.3.16) and in step (b) we use (5.3.40). Thus there is

a finite random variable Jic’fo such that

Jii — J.)%, as t — oo with probability one. (5.3.63)

00,07

The last term we need to consider is the martingale term

)

t
T3 = / 0, Vo0t (Xo, X, 0) 0(Xo, 0)aW,

0

Lo . . . 00(X,,0,)

+ Z/ Qs Vanv (XS,XS,GS) Voo (X, 0,) X5k 4 2020050 gy
—Jo 00

By Doob’s inequality, Assumption A5.2.5, (5.3.16), (5.3.40), and using calculations similar to the
ones for the term J;g, we can show that for some finite constant C' < oo,

2 oo ~
sup]E’Jt{g’( gc/ % (1+E\Xt|4+IE|Xt|4>ds<oo
0

t>0
Thus, by Doob’s martingale convergence theorem there is a square integrable random variable J;’fo
such that

Jtl,’o3 — Jié?o» ast — oo both almost surely and in L?. (5.3.64)

Let us now return to (5.3.58). Using the terms Jtl’l, Jtl’bQ, and Jtl”(f’ we can write

A% il S ol IR | | o
which together with (5.3.61), (5.3.63), and (5.3.64) prove the statement of the Lemma. O

2

We will next prove a similar convergence result for A7 .

We must first prove an extension

of Lemma 5.3.5 for the Poisson equation.
Lemma 5.3.8. Define the error function

G*(2,7,7,0) = [(7) = Ea, (V)] (VF(2)) " . (5.3.65)
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Under Assumptions (A5.2.1) - (A5.2.4), the function

0 ~ —_ —
v (2, &,7,0) = —/ EG?(X[*, XP™ X0* 0)dt (5.3.66)
0

is the classical solution of the Poisson equation

Ll 5 su(z,i,2,0) = G*(2,1,2,0), (5.3.67)
where Ezﬁi@ is generator of the process (X."“,X."””@,X“), i.e. for any test function ¢

Eft,i’,i@(xa i'7 :Z') = £2,5030(xv i'7 i.) + Eg(p(l‘7 577 i') (5368)
Furthermore, this solution satisfies the bound
|f02(£c,i,f,9)| + |Viv2(x,:~r,:f,0)| + ‘ngz(x,i,f,eﬂ + |Vzv2(w,i°,:7c,0)| + }Vg?ﬂ(x,i,i,ﬁ)}

<C(1+z))(1+12)), (5.3.69)

where C' is a constant independent of (v, %, %,0).

Proof. The proof is exactly the same as in Lemma 5.3.5 except for the presence of the dimension
z and Lz. Since Xf and Xf are i.i.d., the bounds from Proposition 5.3.4 are also true for X;. We

first show that the integral (5.3.66) is finite. Note that
o P L NT
Peaee) = [ B [(H«:mf(Y) PPN - (VXD ]dt
0
a = v 0,% z\ v 0,x,T T
(@ /O (Br, V) —BFX))) B [VAXPT)XP] at, (5.3.70)

where step () is due to the independence of X% and (X", X?*%) As in (5.3.46) and (5.3.47),
we can prove

B|x1=7| <o)

and thus by Assumption A5.2.4

B[V g

< CE (Xf“

<C(1+|7), (5.3.71)
which together with Proposition 5.3.4 yields
|0 (2, 7,2,0)| < C(1+ 7)) - / [EF(XPT) ~ Eay f0)|dt < C (L4 [2) (1 +1al).  (53.72)
0

We next show that v?(z, 7,7, 0) is differentiable with respect to (x,#,7,6). Similar to Lemma
5.3.5, we first change the order of differentiation and integration and show the corresponding integral
exists. Then, we apply DCT to prove that the differentiation and integration can be interchanged.
For the ergodic process X%, by Proposition 5.3.4 and (5.3.71), we have the following bound for
1 =1,2:

Viv?(z,2,2,0)) g/o ‘V;]Ef(xf,z)

|E [v et 0]

dt <C(1+1z]). (5.3.73)
Note that

VoX! = Xm0 (5.3.74)
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and thus, as in the proof of Proposition of 5.3.4 and Lemma 5.3.5, it is easy to prove the bounds

2 2
Vin’x’x < Ce P, sup Vng’x’g”

0€R! xeR

<Ce Pt i=1,2,

sup
OcRt zcR4

(5.3.75)

vy k0| v,V x00% | < cett
0 ¢ x Vx4 =~ € )

sup
OcRt, zeR4

<, sup
0cRt, zeR4

which derives

22: Vi [V 0] <O+,

+ )WJE [v f(Xf’””)Xf"T’ﬂ

(5.3.76)

‘Vz {Vf( Gx)Xsz:| <c.

+ ’vxvi]E Ve x)eT]

=1

Therefore, for i =1, 2,

\Viv?(z,2,2,0)| < /Oo Er, f(Y)—Ef(X!
0

|- |ViE [vr(x) X!

dt <C(1+|z|)(1+]z),

Vi (@, 7,7,0)] < / " B V)~ EFEDY)| [VEE [V (0 %077) [t < 0.1+ Ja)
" (5.3.77)
and
Vort(o2,2.0)| =| [ 90 (B V) - BSCEED)] - B[V ADE7] )
° 0,T 0 Gmx
<|/ [VeEwef Y) - VeEF(X{7)] - E [VFXD)X] }dt‘ (5.3.78)
+ /0 Ex, f(Y) = Ef(X]7)] - VoE [V £(X0) X7 7] dt‘
<C(1+|z)(1+|z]).
Finally,
V.V (0,580 < [ [Bs(0) - B [TV [V 00X | ar < € (1 -+ Jal).
0
(5.3.79)

By the same calculations as in Lemma 3.3 of [144], it can be shown that v? is the classical solution

of PDE (5.3.67) and the bound (5.3.69) holds. O

Now we can bound the second fluctuation term Z7?. The proof is exactly the same as in Lemma

5.3.7.
Lemma 5.3.9. Under Assumptions (A5.2.1) - (A5.2.5), for any fized n > 0,

| 2

ngn+n| — 0, asn — 00, a.s. (5.3.80)

Proof. Consider the function

G*(x,7,7,0) = [f(Z) — Ex, f(Y)] (Vf(2)7) " . (5.3.81)

Let v? be the solution of (5.3.67) in Lemma 5.3.8. We apply It6 formula to the function u?(t, z, Z, ,6) =
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ov?(z, &, T, 0) evaluated on the stochastic process (X, X;, X;,6;) and get for any i € {1,2,--- £}
U;? (0’, X07)~(07X0a00') — Uy (T XT,XT,X-,—,Q-,-)

:/Ua u? (5, X, %o, X, 0, ds+/ £ (5, X, X,

v

7 02 ¢ % 2
+/T £u? (5.X,, X, X0, d”/T Vou? (s, X0, X, X, ) (5.3.5)
+/ Vo (s X, Xy, X, 0, )dWS+/ Vau (s X, Xo, X ) AW,
e ~
+3 Vi (s X,, X, X,,0, ) (vzo—(xs,as)xgk >
k=1"T
Rearranging the previous equation, we obtain the representation
on+n o
AZ L :/ asG* (X, X5, X, 0,)ds
ot o
:/ Eirr 2(S7X5’X87Xsa95) dS
:aan+nv2 (Xan+anan+n7Xan+nv90n+n> - Oé-,—n’l)2 (XTnuXTanTnaeTn)
on+n ;o - _ on+n 9 - _ _
- Xs;XsaXsa s) - s VT (Xs;XsaX57 s) s
/m Ry ( 05 ) ds /Tn asVzv 05 ) dW, (5.3.83)

[ 09 (% K %0,) (1) - ) (V50K s

n

ontn 5 B
[ vt (XK X0, i,

n+77 - _ ~
72/ Via? (X, X, X0 <vza(xs,as)x;”“ + 80(8)‘;’95)> dw.
Tn k

The next step is to treat each term on the right hand side of (5.3.83) separately. For this purpose,

let us first set

2,1
Ji" = sup
s€[0,t]

Combining Lemma 5.3.6, (5.3.69) and (5.3.62), we know that there exists a constant C such that

U2 (X57X83X8798) .

(5.3.84)

2 -
E‘Jf,l‘ < CalR |1+ sup Xs + sup ’X|
s€[0,t] se[o t]
= o 4
Esup,cpo, | Xs +Esupse 0. | Xs| (5.3.85)
ZC(I? 1+ Vi [0,1] [0,1]

NG

< Ca2vt.
Let p > 0 be the constant in Assumption A5.2.5 such that tlim a%t1/2+2p = 0 and for any ¢ € (0,p)
—00
define the event A;; = {Jf’l > t‘g’p} . Then we have for t large enough such that a?t1/2+2p <1

and

E 'JQ’I‘Q 241/2+2p 1
t
P(Ays) < &

t2(6—-p) — $20 - T ¢20°
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The latter implies that

> P (Agms) < 0.

meN
Therefore, by the Borel-Cantelli lemma we have that for every ¢ € (0,p) there is a finite positive

random variable d(w) and some mg < oo such that for every n > mg one has

2,1
J2n S

Thus for t € [Qm, 2"”‘1) and m > myg one has for some finite constant C' < 0o

- d(w) d(w)
2,1 2
Jt = Ca2m+1 SE(EEEH»I] v (XS’XS’ XS’ 05) = 02(7n+1)(17—5) < Otp—(S ’
which derives that for t > 2™° we have with probability one
d
JH < C% — 0, as t — oo. (5.3.86)

Next we consider the term

2,2 !
Jt,b :/
0

and thus we see that there exists a constant 0 < C' < oo such that

ole? (X. K., X0, 0) 2029002 (X, Ko, Xai0.) ((50) — 8) (VF(X)K) | ds

supE szzl (%) C/ (Jed] + a?) (1 +E |Xs|4 +E |Xs|4) ds
>0 0

®) < 9
< C/ (let| + a2) ds
0

<C,
where in step (a) we use (5.3.69) and in step (b) we use Lemma 5.3.6 and (5.3.62). Thus we know

there is a finite random variable Ji’fo such that

Jibg — J22 as t — oo with probability one. (5.3.87)

00,0

The last term we need to consider is the martingale term

Jt,bs :/75 asvzv2 (stXs,Xsaas> dWs + /t Oésv:z'UQ (Xme;Xs,gs) AW,
0 0

4 t
% v v a Xsa 95
- Z/ 0, Vanv? (X, Xy, X, 0,) (Voo (X, 00) X5 + 97 X009 gy,
k=10 90,
Notice that Doob’s inequality and the bounds of (5.3.69) (using calculations similar to the ones for
the term ‘]t2, ’02 ) give us that for some finite constant K < co, we have
2 oo
sup]E‘JtQ’O?" §K/ aids<oo.
t>0 ' 0

Thus, by Doob’s martingale convergence theorem there is a square integrable random variable JS?O

such that
J1:2,63 — ch’?o, as t — oo both almost surely and in L. (5.3.88)
Let us now go back to (5.3.83). Using the terms Jf’l7 JE)’O2 and Jib?’ we can write
2 2,1 2,1 2,2 2,3
|A7'n70'n+"]| S Jo'n,+77 + JTn + Jo'n+7777—n + Jak+7717—n ’
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which together with (5.3.86), (5.3.87) and (5.3.88) prove the statement of the Lemma. O

By (5.3.10), we know that
Vo (0)] = 2|Ex, f(Y) = B] - [VeEr, f(Y)| < C. (5.3.89)

Therefore, the objective function J(6) is Lipschitz continuous with respect to 6. The following

lemmas are the same as in [144] and thus we omit the proofs.

Lemma 5.3.10. Under Assumptions (A5.2.1)-(A5.2.5), choose p > 0 in (5.3.2) such that for the
given k > 0, one has 3u + &~ = ﬁ, where Ly j is the Lipschitz constant of objective function J
in (5.1.2). Then for n large enough and n > 0 small enough (potentially random depending on n),

one has ff"Jrn agds > p. In addition we also have % < ff asds < p with probability one.

Lemma 5.3.11. Under Assumptions (A5.2.1)-(A5.2.5), suppose that there exists an infinite number

of intervals I, = [T, 0,). Then there is a fized constant v1 = v1(k) > 0 such that for n large enough,
J(0s,) = J(0r,) < = (5.3.90)

Lemma 5.3.12. Under Assumptions (A5.2.1)-(A5.2.5), suppose that there exists an infinite number

of intervals I,, = [T, 0n). Then, there is a fizved constant y5 < 1 such that for n large enough,
J(0-,) = (0o, ) <72 (5.3.91)

Proof of Theorem 5.2.6: Recalling (5.3.2), we know 7, is the first time |V J(0;)| > x when ¢ > o,,_1.
Thus, for any fixed x > 0, if there are only a finite number of 7,,, then there is a finite 7™ such that
Vo (0:)| < &k for t > T*. We now use a “proof by contradiction”. Suppose that there are infinitely
many instances of 7,,. By Lemmas 5.3.11 and 5.3.12, we have for sufficiently large n that

J(0o,) = J(0r,) < —m

J(0r,)—J (ean,l) <2,
where 0 < 9 < ;. Choose N large enough so that the above relations hold simultaneously for

n > N. Then,

= Z (=7 +72)
k
< (m—=N)x (=1 +72). (5.3.92)
Letting m — oo, we observe that J (6, ) — —oo, which is a contradiction, since by definition
J(0;) > 0. Thus, there can be at most finitely many 7,,. Thus, there exists a finite time 7" such
that almost surely |VoJ(6;)| < k for t > T. Since & is arbitrarily chosen, we have proven that

[VoJ(0:)] — 0 as t — oo almost surely.
O
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5.4 Numerical Example

In this section, we use our algorithm in the parameter estimation for SPDEs. Consider the stochastic

Burger’s equation:

ou 32 ou
a(t,x,@) o 2(tx9) (tx@)a

where z € [0,1] and W (t) is the white noise [98]. The finite difference discretization of (5.4.1)

(t,z;0) + oW (1), (5.4.1)

satisfies a system of nonlinear stochastic differential equations ([52, 73]). We define its time average

to be
N
i(x,0) = Tl_lﬁloo T/o u(t, z; 0)dt. (5.4.2)
And for a fixed target function h(-), the objective function to learn the parameter is
1
J(0) = / li(x, 0) — h(2)]? dz (5.4.3)
0
We discretize the spatial to be (zg,z1, -+ ,xn) where 29 = 0, zy = 1 and then the objective
function is
J0) = 3 [iwi; 0) — i) (5.4.4)
i=0

Take the gradient,

1 T
Vo (0 ng <T5Too/0 u(t,xi;a)dt—h(xi)>
T
ZQZ<TLI$OO/ u(t, 33 0)dt — h(z; ) P o /vgum, )dt.

Then the coupled system (5.1.3) is
N

by = —ay Yy (ult, x4 0;) — hlx;)) - (t, 253 0,)dt
=0
2

3} 0
du(t,z;6;) = (0,569;;(@3:; 0:) — F — u(t, x; Ht)a—Z(t, x; 0,5)) dt + odW (t),

2_ —_
du(t,z;0;) = (Gth(t,:E; 0:) — F — a(t, x; 9)?(15,9:; 9t)> dt + odW (1),
x

5‘2 0?1

For our numerical experiment, we use a spatial discretization of Ax = 0.01 and the following

(5.4.5)

0 ou
(t x;6;) — (t,z;&t)a—Z(t,:p;ﬁt) — u(t,x;@t)az(t,x;gt)) dt.

finite difference scheme for Burger’s equation
w(t, xip1;0) — 2u(t, x5 0) + ult, z;—1;6)

du(t,z;;0) =0 dt — F
. HA)$2 .20 0) (5.4.6)
— oty 3y 0) ST QA;‘ D217 i+ gd W

(5.4.6) is simulated with the Euler scheme with a time step of 107° (i.e., we solve Burger’s equation
with explicit finite difference) and the small time step is needed to avoid instability in the scheme.

We fix 6* = 1 and then simulate for long enough time T to make sure the convergence and get the
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target function .
1
u(x) = —/ u(t, z; 0%)dt, (5.4.7)
T Jo
which is plugged into the objective function (5.4.4). The numerical result of the system (5.4.5) are

shown in figure

12 —
e 25
10 A
V 2.0
08
] z1s
g
s
505 g
& >
1.0
04
02 05 :
—— Target function
X Time-average without training
0.0 0.0 X Time-average after training
0 2 4 6 8 10 0 10 20 30 40 50
time x

Figure 5.1: target function before and after training (left) and trained parameters (right).
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Chapter 6

Conclusion and Future Research
Direction

This thesis investigates the optimization of parameters in the stationary distribution of stochastic
dynamics. In Chapter 2 and Chapter 3, we study online Actor-Critic algorithms in Reinforcement
Learning with both tabular and neural network parameterization. We establish the convergence of
these online algorithms to the limit ODEs for both parameterization methods. For the tabular case,
we provide results on convergence and convergence rates to the optimal strategies. In the neural
network case, we establish convergence to a stationary point of the limit actor network.

In Chapter 4 and Chapter 5, we propose a new online learning algorithm for computationally
efficient optimization over the stationary distribution of ergodic SDEs. Specifically, the online for-
ward propagation algorithm optimizes parameterized SDEs to minimize the distance between their
stationary distribution and target statistics. By proving bounds for a new class of Poisson PDEs,
we analyze parameter fluctuations during training and rigorously prove convergence to a stationary
point for multi-dimensional Ornstein-Uhlenbeck processes and nonlinear dissipative SDE models.
Additionally, we present the numerical performance of our algorithm across various mathematical
finance applications, including statistical calibration of SDE and SPDE models, high-dimensional
stochastic optimal control over long time horizons, and training stochastic point process models for
the limit order book.

Several future research directions are worth exploring. Theoretically, we have only proven con-
vergence to the stationary point of the limit actor network in Chapter 3. Investigating the global
convergence and convergence rates of the online neural Actor-Critic algorithm would be valuable.
Additionally, studying the convergence of our online algorithm in Chapter 4 for discrete-time stochas-
tic processes is an interesting area for future research. Numerically, we could apply our algorithm to
estimate parameters in partially observed systems by optimizing the asymptotic likelihood or solving
nonlinear ergodic stochastic control problems. It would also be intriguing to compare the numer-
ical performance (convergence speed) of our online algorithm with the standard backpropagation

algorithm.
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Appendix A
Addtional Proofs for Chapter 2

A.1 Verification of (2.3.2)

o) 2 [e%s}
/ Csnsds = / (smsds + / Csnsds
0 0 2

* 1

§C+/ 5—dt
2 tlog“t
1 o0

(A.1.1)

where step (a) is by L’Hospital’s Rule.
A.2 Proof of Corollary 2.4.5

Proof. Recall the exploration policy in (2.2.9) with the decreasing exploration rate 7],?’ . Then, we

have for Vk < NT,
N
n
gk (z,a) > %, Vz,a € X X A. (A.2.1)
A
Then, for any ¢,¢" and k < NT, with the constant C from (2.4.32),

Ppo(&E) = Y. Po(&&) Py (Snp-13E)

&1, €ng—1
= Z p(x1|x7a)gk(x17a1)"'p(x/|x7lo—1?a’ﬂu—l)gk(xlva/) (A22)
&1, 3€ng—1

>C (nf\jfvm)no.

Thus, we can derive a lower bound for the stationary distribution

i Ik (! 4" — Ik 0 e
kg}\%ﬂ (a',a") ’“gfl\%xaﬂ (x,a)IP’Gk(ama,x,a)
> inf % (z,a)C (anNTJ) ’
BNT (A.2.3)
(a)
= C( fVNTJ)
>0,
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where the step (a) is because 79 is a probability and thus the summation equals 1. For the
uniform geometric ergodicity, we can choose S = k%n]\% rgngl Pyo (€, &) > 0in (2.4.34), where 7 > 0
is by (A.2.2). Thus for Vk < NT, the Markov chain with transition probability Py, satisfies the
Doeblin’s condition, then by Theorem 16.2.4 of [106], we can derive the uniform geometric ergodicity

(2.4.34). O

A.3 Proof of Lemma 2.4.10

Proof. As in the proof for the decay of M}, we use two steps to prove the result.

(i) Prove that the fluctuations of the data samples around a dynamic stationary distribution w9

decay when the number of iteration steps becomes large.

(ii) Use the same method as in Lemma 2.4.9 to prove the stochastic fluctuation terms vanish as

N — oco.

(i) To prove that for any fixed state action pair £ = (x,a),VT > 0

INT|—1
Jm B |- ;0 [Ligp=ey — 7 (9)]| =0, (A.3.1)

we first introduce a similar Poisson equation for any fixed state-action pair £ = (x,a), N € N, T < 0o
and k < NT,
Uy, (f/) — P@kﬂgk (fl) = ]]_{5/=5} — q9% (f), fl cX x A. (A32)

A solution of (A.3.2) can be expressed as
79, (&) = [Py (£;€) — 79 (9)] . (A.3.3)
n>0

By Corollary 2.4.5, there exists a constant Cp (which only depends on T') such that

sup |vg, (&) < Cr, V€ e X x A (A.3.4)
k<NT

Then, as in the proof of Lemma 2.4.8, we define the error €, as

€k ::]]‘{Ek+1=§} — (5)
=0, (Ert1) — Po, Vo, (Sk+1) (A.3.5)

= (o, (§k+1) — Po, Vo, (&k)] + [Poy, Vo, (§k) — Po, Vo, (Eet1)] -
Let

Vo (y) = Poirg(y). (A.3.6)
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Then, we have

INT| -1 INT|-1 INT|-1
Sooa@= Y (&) —Pave, &)+ Y. [Ye, (&) — Yo, (Ges)]
k=0 k=0 k=0
INT|-1 INT]-1 - (A.3.7)
= Z [Dak (&kt1) — Po, v, (51@)} + Z Wek (&k) — Yo, (516)]
k=0 k=1

+1E90 (50) - /(LOLNTJ—I (gLNTJ)

Define the error term as

INT|—1 INT|—1 INT|—1
Z € = Z El(cl) + Z E,(f) + P|INT)0 (A.3.8)
k=0 k=0 k=1

where (a
&) = o, (Ens1) — Po, 7o, (&)

e = o, (&) — Vo, _, (&) (A.3.9)

PINTJ0 = Yoy (€0) — Vo nr,_, (EINT)) -

INT|-1
To prove the convergence (A.3.1), it suffices to appropriately bound the fluctuation term | > &|.
k=0

The first term can be bounded using the martingale property while the second term can be bounded

using the uniform geometric ergodicity and Lipschitz continuity. The third term is bounded using
(A.3.4).
For the first term in (A.3.8), note that

E {vo, (§k+1) | Fi} = Po, 10, (&) - (A.3.10)

Therefore,
n—1
{Zn S, gf}
k=0 n>0

is a martingale and since the conditional expectation is a contraction in L?, we have

E |Po, 7, (€1)|” < Evg, (Ers1)” (A.3.11)
Then,
| T 2 | VT
Bl > &' | =3z 2 Eln () —Porm, )N
k=0 k=0
INT|—1
4 . , (A.3.12)
< N2 Z E\Vek (§k+1)‘
k=0
(a)
& 4C’T’
- N
where the step (a) is by the uniform boundedness (A.3.4). Thus we have for any T > 0
| INTI-1
: = D _
Jim B | l;) &’ =0. (A.3.13)

For the second term of (A.3.8), by the uniform geometric ergodicity (2.4.34), for any fixed o > 0
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we can choose Ny large enough such that

oo

sup Z ’Pok (y, )—779’“(5)| <7, VyeXxA (A.3.14)
FENT e | No
1 INT|—1
N A
k=1
1 INT|—1
=¥ Z (Yo, (&) — Yo,y (&k)]
k=1
1 INT|-1 [ | NoT|-1 [ NoT| -1
< | Y E@o-m@l- Y [P 60— @] || +20m
k=1 n=1 n=1
LNTJ 1| NoT]—1 INT|-1
NoT
= Z Z [P5, (64:6) — Pi,_, (&,0)] | + L j’VJ Y. (w9 (E) — w1 (©)]] + 2077
k=1

2211 +I2 + 2C7p. (A )
3.15

With the exploration policy gx in (2.2.9) and Lipschitz continuity in Assumption 2.3.2, we have

lge — g1l < D gk, a) = grea(w,a)] < Clnf —mly |+ C |6k — Okl (A.3.16)
T,a€X XA

For any finite n,

gk (575/) = Z p(zl‘m7a)gk($l7al) t 'p($/|xn—17a’n—l)gk(zlaa/)a Vé.,f/ € X X A (A317)
511-4. 7671—1

is Lipschitz continuous in the policy gi. Then, there exists a constant C7 which only depends on
the fixed Ny, T such that

INT|-1 I INT|—1

- NoT (@) C
R P SIS SIS D SR TS e
N - v . (A.3.18)
- NoT (@) C
B X Claael <G [0 X 10l £
k=1
where step (a) is due to Lemma 2.4.1:
C
165 — Ok 1]l < =+, Vk < NT.
N
Thus, when N is large enough,
| Tl
¥ S @ <407 (A.3.19)
k=1
Since g is arbitrary,
INT]-1
: =(2)| _
Jim B+ Y ogl|=0 (A.3.20)

k=1
Obviously, for the last term of (A.3.8) by the bound in (A.3.4) we have

A
]\}E)noo NPLNTJ;O =0,
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INT]-1
which together with (A.3.13) and (A.3.20) derive the convergence of 4 Z € and (A.3.1).

(ii) Following the same method in Lemma 2.4.9, we can prove the convergence of the stochastic
error Mt’ fori=1,2,3.
For any K € N and A = %, we have

- M)
K-1 1 (J+1)LANJ -1
=2 ALAN ( (ER)0:Qr(&) — > Qi(€)0eQr(&)m% (g')) +o(1)
J=0 k= JLANJ EEXXA
K—1 1 (]+1)LAN
~ 2 AaN] (Q“ANJ E)0:Qs1an)(60) = D Qilan) (€10 1an) (5')wgk<§’>)
=0 _JLANJ EEXXA
K—1 1 (_]-i-l)l_AN
F 2 AaN] l(Q’“ EI0QuE) — Y QuENQuE)" (50)
J=0 —JLANJ EEXXA
(Q]LAN (fk)aﬁQj\_ANJ fk Z Q]\_ANJ agQJI_ANJ (fl)ﬁgk(€/)> +0(1)
fexXxA
K-1 K—-1
AI 5 T AI63 + 0
j=0 7=0

(A.3.21)
where the term o(1) goes to zero, at least, in L' as N — oo.

To prove the convergence of the first term, note that

Qjlan(k)0Qj an (&) ZQJLANJ )0:Qj an (€T (&)
72@_7 1an | (€)0:Qj an (€ )1{5k=5/} = Qjian(€)0:Q; an) ()T (E) (A.3.22)
5/

= Z Qj1an)(§)0:Q;j1an)(€) [LTig,=¢ry — 7 (€] -

Thus, for any j € 0,1,..., K,
1 (G+DIAN]-1

Bl= G L L Quam (@0 (€) Lige) — 7€)

k=jlAN| &

1 (G+1DAN]-1

= ZQJLANJ aﬁQJLANJ(f)LANJ > []1{§k5,}—7r9k(§’)]| (A.3.23)

k=j[AN]

(G+DIAN]-1

< C; LAlNJ Z [Lign—ery — 7 (€)]

k=3[ AN

)

which together with Lemma 2.4.8 proves

Jim E |15 = 0. (A.3.24)
Thus,
K-1 K-1
o1
S AN =A Z o(1 % (A.3.25)
j=0
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which proves the convergence of the first term.

For the second term, by the bound in Lemma 2.4.1, for any £k < TN we have

s [Qu(E)| £,
eXxA
sup |Qs(€) ~ Qi r(€)] <
eXxA

Note that
9¢Qr(€') = Lig—gy-

Then, by the Lipschitz continuity of the softmax transformation and the bound

|Q1(E)0:Qr(€") — Qr—1(&)0eQr—1(€")| = Ligo=e} [Qr(E) — Qr-1(£)] <
Then, for any j € 0,1,--- ,K — 1 and any k € [j|AN],(j + 1)|[AN] — 1],
C(k —j|AN
QUENIQ(E) — Qi) (€10 an (€] < TEZIEND,
Therefore,
K- 1A < K—1A 1 (jH)LzA:NJlk—jLANJ
- [AN] :
7=0 j=0 k=j|AN]
K—1 |AN] -1
= A———
¢ LAN Z N
7=0
K-1
1 [ANJ?
<
s¢ ];0 ATANT |AN| N
K-1
[AN]
<
<cC Z A
7=0
K-1
<C Z A?
< C’A.
Collecting our results, we have shown that
lim sup E‘MIN‘ < C’
N—004¢(0,T]
Note that K was arbitrary. Consequently, we obtain
lim sup E ‘Mtl’N‘ =0,
N—=oote(0,1)

Using the same approach, one can prove the claim for Mf N

omitted due to the similarity of the argument.
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(A.3.26)

in Lemma 2.4.1,

C
~ (A.3.27)

(A.3.28)

(A.3.29)

(A.3.30)

(A.3.31)

and M. The details of the proof are
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A.4 Proof of Lemma 2.5.5

Proof. To prove (2.5.60), note that

N

Vo (fo)ll = [Z (aw,aj(fG))2]

z,a

zlz (i Y|
aJ( f9 ‘ (A.4.1)

- \/WZ‘GO (z,a*
WZW
v

where step (a) is by Cauthy-Schwarz inequality and step (b) is by Lemma 2.4.3.

fo (w,a*(2)) - AP (2, 0" (2))]

) fo (z,a"(2)) - |[AT* (2, a"(2))

)

Define the coefficient as

I fr
/00| - max 2 (z)
vl = vi(w)
We then have the inequality'
Vf" (x)
Ve (fo)ll = Z T vl (2) - fo (z,a" (@) - |[AT (2, 0" (2))]
\/|X (x)
1 vl o P
. —_ o
Z\/m 1/,59 ) mmfg x,a” Zl/ A xa(m))‘
) I/f* -1 ,
> . fe IIllIlfg z,a” Zl/ AT (z,a" () (A.4.2)
|X| Vi |l so
-1
(a) 1 Vf * fo
= = fe mmfg (z,a" ZV )Zf (z,a) - A% (z,a)
| | VH ) a
) 1/{:* -1 . ) )
Zﬁ' T,J:B N ~Ir'1x1nf9(x,a (@) - [J(f*) = J(fo)]

where step (a) uses the fact that f* is deterministic and in state = selects a*(z) with probability

one. The last equality uses Lemma 2.5.7.

To prove the second claim, given a policy f, recall the greedy action set for each state x:

A" (z) = {a*(x) e A:V/ (z,a"(2)) = maaXVf*(x,a)} ,
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By similar arguments as before, we can show that

9J(fs)

1
VIX[A| ;‘89(%@
:W Z V/J:Q (z) Z fo(z,a) - ‘Afg (m,a)’ (by Lemma 2.4.3)

71 vio(x
= ERA @ 2

a*(z)eA*(z)

Vo (fo)ll =

folz,a*(x)) - [AT (z,a" ()]

1 fo(z,a*(x)) / *
S Y { 5 fe<x7a>]~we<m,a<x>>r
\/ |X||A| - a* (2)EA* () Z )f@(l'ya) o' €A*(z)

a’ € A* (z

QS Y f*(m*(:c))[ > fe(:c,a’)]~1f4f"(fvva*(x)>|
|X[| Al 7 a* (z)EA* () ' a'€A* ()

I —1 r T

1 vy° . , * * *

> Al Sl fmin YT fo(wd) | Y owul@) Y e’ (@) A (@, 0% (2)
(XA v e | ° wdd @ e a* (z)€A* (x)

i .
O e Y )| @) Y @A a)

VIX|Al

Vil | 7 a'eA*(a) | acA
© 1 i 3 N
=———"|—f|| - |min fo(z,a') | - [J(fg) — J(fo)]
VIXTAL | vl | | wlA ) ]
« 1—1 r T
(d) 1 y{fe

—|| - |min fo(z,a’)| - [J(f") = J(fo)],
VIXTAL vl | a/e;(w)

(A.4.3)
where step (a) and (b) are by the definition of the optimal policy (2.5.62), step (c¢) by due to difference

lemma 2.5.7 and step d is because of f; is optimal policy and thus J(f;) = J(f*). O
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Appendix B
Addtional Proofs for Chapter 4

B.1 Proof of Proposition 4.3.1

We first present a useful lemma before proving Proposition 4.3.1. The bound (B.1.1) will be fre-
quently used in the proof of Proposition 4.3.1.

Lemma B.1.1. For any m',k € R, there exist constants C,m > 0 such that for any x,z' € R?,

—‘fﬂ/—fﬂ|2. I k<0ﬂ B.1.1
e o' —x|” < R (B.1.1)
Proof. For any fixed x € R, when ‘x—2| > |z| we have
/
ol > e el 2 2]
3 /
|o" — x| < |2f|+]|z] < % (B.1.2)
Therefore, we have that for any m/, k > 0 there exists a constant C; > 0 such that
et a]? P AN e
el =" o —aff < e <2x/> e (B.1.3)
where the first inequality is due (B.1.2) and step (a) uses the fact that
lim >~ =0, ¥m>0. (B.1.4)
s—+4oo0 e’
When |"L2—‘ < |z|, for any m/, k > 0 there exist constants Cy,m > 0 such that
Bl (1+[22") e
,‘m'7m|2. o k< 3 k< <C +|$| B.1.5
€ |'T Z'| —( |I):D —= 1+|$/|7n/ = 21+‘$/‘7'L/. ( i )
Let us now choose C'= Cy + C3 and then (B.1.1) holds. O

Proof of Proposition 4.3.1: The proof for the convergence results leverages the closed-form formula

for the distribution. Let
F(t,2,0) = e MOty 1 h(p)~! (Id - e-h“’)t) 9(0), Su(0) = o2(2h(0)) " (Id - e—2h<9)t) , (B.L6)

and from (4.2.2) we know that
X0~ N (f(t,2,0), S4(6)). (B.1.7)
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Thus, the stationary distribution for X7 is N (h=(0)g(6), o*(2h(6))~"). Since h(f) is positive
definite, there exists orthogonal matrix @(6) such that

h(0) = Q(0) "A(0)Q(0)

where A(0) = diag(A1(0),-- -, Aa(6)) is a diagonal and all its eigenvalues are positive. Thus for ¢t > 0

2
5i(0) = T AT0) (1o — e7220") Q(o), (B.L.8)
) o2 l_e—le(e)t) o2 (1—e—22a(0)t ]
and the eigenvalues of ¥;(6) are < 37 0) S 33 00) . Then we know the covariance
matrix ¥,(0) is also positive definite for any ¢ > 0 and the density is
1 1
pt(I‘,l’/, 0) = m exp {—2(1'/ — f(t,,iU, 9))T2t_1(0)($/ — f(t, 13,9))} s t>0
7T t
(B.1.9)
1 _ h(6) _
(2, 0) = ex {—m’—h& L) T =L (2" — h(8) " g(h }
Peela'0) = e e (0 O 0D T ) 0)
Proof of (i). Recall that (by assumption) h(#) is uniformly positive definite and thus
(a)
Poe (,0) < OB exp {—clz’ — h(0) " g(0)} < H(L;'m (B.1.10)

where step (a) uses the bounds for g, h in Assumption 4.2.1 and (B.1.4). Due to (B.1.9), we have
for any k € {1,2,---,¢} that

o
‘Mpm(x’e)‘
<C (5 VIRON) - exp { =o' = 1) (0)*} + CVRDexp { el - i) 9(0)*}
T
/ -1 Oh(# / -1 9 he_l 0 / —1
(@ ) 9(0) " 25— ) ol +2 (W) W) («' — (o) g(9>)]

(%)Cexp {—c " — h(9)_1g(9)’2} + Cexp {—c | — h(9)_1g(9)’2}
([ = nO 9O + |+’ ~ 1(0)9(0)])

(b) C
< )
1+ |2
(B.L.11)

where step (a) is by the boundedness of g(6), agéf) ,h(6), 8%5) and since h(6) is positive definite due

to Assumption 4.2.1. Step (b) is due to equation (B.1.1) with z = h(6)~1g(0) and equation (B.1.4).

Using the same method as in (B.1.11), we can obtain the bound for VZp(z,6).
Proof of (i) and (iii). We now prove (4.3.10). First let

X =z — f(t,z,0), Y :=z2' —h(0) g,
and then since h is uniformly positive definite:

X —Y| = e "Dty — 72k O p(0)"1g(0)| < Ce (1 + |a]). (B.1.12)
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We will use the following decomposition:
|pt(xa l‘/7 0) - poo(l'/, 0)'
1
<C -1
(]

. . B.1.13
C exp{_XT h(g) (Id B 672h(0)t) X} _exp{_YT h(g) (Id B 672h(0)t> Y}‘ ( )
g g
—1
+ lexp {—YTh(f) (Id - e—2h<9>t) Y} —exp {—YTh(g)YH
ag g

=:L+L+1;
For I, note that when t > 1

1

1
—1=
\V ‘(Id - 672h(9)t)| \/ﬁ (1 _ €—2>\k(9)t)
k=1

S 0672/\1(9)15 S Cefzct,

-1<C

1— H (1 _ 672Ak(9)t)

k=1

(B.1.14)
where A\ (0) < Aa2(0) < -+ < A\g(0) are the eigenvalues of the matrix h(f). For I3, similar to
: —2n(0)t) L Ai(f)e 2Ot
(B.1.8), we know the eigenvalues of h(f) ((Id —e2h )') —Id> are = — ;e ¢ = 1,000, d,
which implies that h(6) ((Id —e2h(O)n) Tt Id> is also a positive definite matrix. When ¢ > 1,
since h(0) is uniformly positive definite, the eigenvalues will have a uniform upper bound:

/\7;(9)672)‘1'(9)15 C
1— e—2>\7-,(9)t —1—e¢

<C, t>1,Vie{l,--,d}. (B.1.15)

Thus for any m’, k > 0, there exists a constant C' > 0 such that when ¢ > 1

exp {—YTW) (Id — e—%(@)f) o Y} —exp {—YT hiz) Y}'

o2

— exp {YThg)Y} ‘exp {YThéf) <(Id _ 6*2’1(9”)_1 _ Id> Y} _ 1'

(a) -1
<Cexp {—YTh(a)Y} ‘YTh(G) <<Id _ e—%(f’ﬁ) _ Id> Y’

o2 o2
(®) -1
2 exp {_YT h(o) Y} YE - A (h(g) (<Id o)™ 1)) (B.1.16)
o
) _ 9 _ 9
§Cexp{—c|x’ — h(8) " g(0)] } |2’ — h(0) " g(0)]
(d) 1
< —ct
<Ce T
<C !

A+ R

where step (a) is by the positive definiteness of h(9) ((Id - e_%(e)t)il - Id), which means

o2

YT h(9> ((Id _ e—?h(@)t)71 _ ]d> Y > 0,

o2
and the fact 0 <1 —e7° <5, Vs > 0. In step (b), Amax denotes the largest eigenvalue and step (c)
uses (B.1.15). Step (d) follows from (B.1.1) with # = h(§)~1g(6) and the boundedness of g, h.
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For I, define the function on F; : R* — R for ¢ > 0

Fi(z) := exp {—:Jg) (Id - e—%(@)t) B x} .

By mean value theorem,

2h(6)

Fi(x) — Fi(y) = VFi(z0) (x —y) = — g (Id - e_%(e)t)_l Fi(zo)xg (z — ), (B.1.17)

where xg = tox 4 (1 —to)y for some tg € [0,1]. Thus for any m’, k > 0 there exist constants C, m > 0
such that when t > 1

2 0 -1
Fl) = 00 @ 2 fosw {2 (- ) oL (x - v)
(b)
< 670|X0|2|X0‘C67Ct(1+|$|) (B.1.18)
(%) o 1+ |z

(L [/ [™) (1 + 1)+

where in step (a)
Xo=teX +(1—t)Y =2’ —tof(t,z,0) — (1 —to)h(0) 'g(), (B.1.19)

for some ty € [0, 1]. Step (b) uses (B.1.12) and (B.1.15) and step (c) is by substituting in z in (B.1.1)

to be the Xy in (B.1.19). Combining (B.1.13), (B.1.14), (B.1.16), and (B.1.18), we have for ¢ > 1
1+ |z|™

(14 [/ [™) (1 + 1)k

The proof of (4.3.10) for the case i = 1,2 and (4.3.11) is the same as the proof for |p:(z,z’,0) —

Ipe(z,2,0) — poo(a’,0)| < C (B.1.20)

Poo(2’,8)] above (i.e., one uses the decomposition in (B.1.13) and (B.1.1) with different choices of

z). The only challenge is establishing a bound for Voe MOt =m0t gatisfies the ODE

A —rioye _ —h(h)e~"O" (B.1.21)
dt
with initial value I;.' Differentiating (B.1.21) with respect to 6;,i € {1,--- ,d} yields an ODE for
a%e—h(e)t:
d 0 _pon Oh(O) oy 9 o
a _ — -2 B.1.22
dt 96, 26; ¢ "5 (B1:22)

with initial value 0. Using an integrating factor yields
d h(6
<6h(9)taeh(0)t> _ 76h(6)t8 ( )efh(e)t

dt 96, 90, ’
and thus
0 t oh(0
%e_h(g)t = e_h(e)t/o eh(e)sia(')e_h(e)sds. (B.1.23)
Since e(?* is invertible for any ¢, we know the matrices eh(e)s%é?e—h(e)s and %é?) are similar and

thus their eigenvalues are the same, which implies that their spectral norm are also the same. We

<C ‘e—h(e)t‘ /t
N 0

1Here we use the fact that %e’qy = AefY = AV A.

therefore can show that
(a)
‘ae_h(a)t ds % Ce™ ¢, (B.1.24)

Oh(0)
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where step (a) is by the bound for Vyh(#) in Assumption 4.2.1. Using the same method, we also
can show that
oh(6
) Q

t
06;00; /0 06;00;
Proof of (iv). The first part of (4.3.12) follows from the fact that X? has a multivariate normal

(@)
< C‘e‘h(‘g)t ds < Ce=t, Vije{l,--,d}. (B.1.25)

’ > —h(O)t

distribution whose mean and variance are uniformly bounded. (4.3.12) is obvious when ¢ = 0. For

t > 0, as we know X;(6) is positive definite for ¢ > 0, thus the random variable
_1
Y :=3%,%(0) (X7 - f(t,2,0)) (B.1.26)

1
has a d-dimensional standard normal distribution, where X2 () denotes the square root matrix of

%(0). Since for any m > 0 there exists a C,, > 0 such that E|Y|™ = C,, < oco.

1 m 1 m (a)
SO + f(te,0)| <O ([SFO) By + 1512, 0)[") < C1+[al™),
(B.1.27)

E, |X!|" =E,

where step (a) is by the uniform bound for ¢g(#) and h(#) in Assumption 4.2.1. For the second part
of (4.3.12), we use (B.1.27) to develop the following bound:

t
/ )e—hw)(t—s)
0
t
/ eclt=s) (1+ |XS‘9|) ds
0
tees m (B.1.28)
/O — 7 (L [XT) ds

efcmt (6ct _ l)m
¢ e 0\

< O (L [ + [2™),
where step (a) is by Assumption 4.2.1 and the fact

m

B,z X7|™ < 2|F|™ 4 2K,z

- |Vog(0) — Voh(0)X?| ds

m

(a)
< 2|1'|m —|—CmEz’i»

<2|Z|" + Cp,E,

®
< 2|12|™ + CpEy

Ao (e—hw)(t—s)) = ¢ Amin(h(0)(t=5)) < o=c(t—s) (B.1.29)

and step (b) is by Jensen’s inequality. In particular, let p(s) = %effjl and we have f(f p(s)ds =1,
and therefore p(s) is a probability density function on [0,¢]. By Jensen’s inequality,
t
[ arixzyseas
0

which we have used in step (b) of equation (B.1.28).
Proof of (v). For (4.3.13), the conclusion for ¢t = 0 is trivial. When ¢ > 0, by (4.2.6) and (4.3.12),

" < /t (1+1X9))" p(s)ds, (B.1.30)
0

we have for any polynomial bounded function f that
Eof (X)) | < Eu|f (X7)| < CE(1+|X!|™) <O+ |z™). (B.1.31)
For the derivatives, we will use the dominated convergence theorem. By (B.1.9), we have

0\ _ T 7 ;GX _lx/‘l' -1 z !
Ezf(Xt)—/]Rdf(f(t, ,0) + ') CH0] p{ 52T S0) }d . (B.1.32)
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Let Z% denote a normal distribution
Z} ~ N (0,5(6))
and then
E. /(X)) = Bf (f(t,2,0) + 20) = Ef (e7"@'a+n(0) ™" (1= @) g(0) + 2 ). (B.1.33)
For V,E, f(X?), we change the order of V, and E, and obtain for ¢ € (0, 1]
E ‘fo (efh(o)tx +h(0)™? (Id - eih(g)t) g(0) + Zf) ’
R ‘e—h(f))tvf (e—h(f))tx () (Id _ e—h(é))t) 9(6) + Zf)’

<e 'R, |V (X))

(B.1.34)

<C(1+ |z|™).
Therefore, by DCT we have that
(VB f(X0)] = [EV. f (72O 4+ 1(0) " (1o — €71 g(6) + 27|

_ ‘e’h(e)tEfo(Xf) (B.1.35)

< O A [z[™).
Similarly for V2E, f(X?), we have for t € (0, 1]
V2B, F(X0)| = [Be MO092f (MOt n(0) " (1a— e O") g(0) + 20 ) e O]

—h(O)t 2 6y, —h(6)t B.1.36
e E.V*f(X})e

<C(1+ |z|™).
Finally, for VoV2E, f(X?), by (B.1.24) we have for t € (0, 1] that
' 5}

86 eih(e)tiExVQf(Xf)eih(e)t

2 0

<2 +

9 oy
90, ¢

[, 2 ()] e

0 E,.V2f(X])|.

< 1 m —ct
<O+ |™) +e7 o0

(B.1.37)
Thus, it remains to prove a bound for a%lEz fo(X?), where fy is any polynomial bounded function
such that
|[fo(@)| + [V fo(z)] < O+ J2[™), VaeR™

In order to establish this result, we need a bound for V4X;*(0) when ¢ € [0, 1]. For ¢ € (0, 1],

9 1)

00;
9 —2h(0)t -1
90 [h(a) (Id - )

@, 2 0  onoye) ! 2  onoye) ! 0 _ongay  onoye) !
=92 (80ih(9)> (Id e ) + 20 (Id e ) h(9) 392-6 (Id e )

—902 (Id B e—2h(9)t)_1 |:Id _ o2h(O)t _ 26—2h(9)th(9)t} <£h(9)t> (Id B e—2h(9)t)—17

i

=202

(B.1.38)
where in step (a) we change the order of (I; — e*Qh(e)t)_l and h(6) since h(6)eOt = hO1tp(p).
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For ¢ € [0,1], 0 is the only singular point for VX; *(#). Therefore to prove the uniform bound, it

suffices to prove the limit exists when t — 0%. As t — 0+,

Iy — e 2O —2e=2h Dy ()t = Iy — 20(0)t — (Ig — 2h(0)t + 2h*(0)t* + o(t?)) = —2h2(0)t2 + o(t?).

(B.1.39)
Therefore,
lim -2 2,1(0) = 20% Tim (2h(0)t + o(t)) " (—2R2(0)2 + o(t?)) ( 0 h(@)) (2h(0)t + o(t)) "
t=0+ 00; ¢ t—0+ 00;
= 202 Jim (2h(0) + (1))~ (—2h%(0) + o(1)) (aﬁei h(G)) (2h(0) + 0(1)) "
= —16h(6) (aiih(9)> h=(0),
(B.1.40)
which together with the bound for h(6) from Assumption 4.2.1 yields
VoS M (0)| < C, telo,1]. (B.1.41)

We will now analyze %Emfo(Xf) for ¢t € (0,1] using formula (B.1.32) and changing the order of
8%1' and E,.

I (fo (620 +2) i oxp {—x”zt%e)x’})

<[ (5
Ra

da’

exp {—2'TS;1(0)2'}| d’

(f(t,x,&))TVfo (f(t,z,0) +2)

1
09; (2m)4 [2(0)]

0 1 Te—1 / /
+/Rd fo(f(t,z,0)+2) a0, ((277)d|2t(9)|> exp{fac pIN (H)x} dz
+2/Rd fo (f(t,x,0)+x')Mexp{z’TZt_l(G)xl}xlTaii (271(0)) «'| da’

(a)
<CE|Vfo (f(t,2,0) + Z)| + CE|fo (f(t,2,0) + Z7)| + CE |fo (f(¢t,2,0) + Z7) (2)" Z]|
<CE, |Vfo (X)| +Eq |fo (X7)| + Ex | £ (X7)| +E| 20"

()
<CQ+z|™),
(B.1.42)

where step (a) is by (B.1.41) and the uniform bounds for g(), h(#) and step (b) is by (B.1.31) and
the polynomial boudnds for f2,V fy. Then, by the dominated convergence theorem,

IVoE. fo(X])| < C(1+|z|™), te(0,1]. (B.1.43)

Combining (B.1.37) and (B.1.43), we obtain the bound for Vo V2E, f(X{). The bound VZV2E, f(X?)

can be obtained using similar calculations, which concludes the proof of the proposition. O
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B.2 Poisson PDEs

In this section we give the detailed proof of the regularities for the solutions of Poisson PDEs. We

first show the proof of Lemma 4.3.3.

Proof of Lemma 4.3.3: We begin by proving that the integral (4.3.15) is finite. We divide (4.3.15)

into two terms:

v!(z,7,0)

~ (B, F(Y) ~ ) / ) (VeEmf( V)~ ELVIDX!) di

=(Er, f(Y

Lz, 0) + o2

(VoEn, f(Y) — VgIExf(Xf))Tdt+/oo (VeEmf(Xf)Ex,in(Xf)Xf)Tdt]
0
(B.2.1)

By Assumption 4.2.1 and (4.3.9),
1 Im
’/ f(@')Vipoo (2, 0)da’ <C/1j:||x,||m,d < C, i=0,1,2, (B.2.2)

where step (a) is by choosing m’ > m + d. Thus by dominated convergence theorem (DCT):

ViErers £ =| [ 16V o' 0100

<C, i=0,1,2. (B.2.3)

Similarly, we can bound v!! as follows:

|v1’1 (2,0)]

(a) !
SC’/ (14 |VoE, fX0)|)dt—|—C/ / (1+12'I™) |Vopoo(2',0) — Vopi(z, 2, 0)| dx'dt

<
C”/ /”‘ 1+|x'|m”><1+t>2d”t

(© /

<C (1 +|z™ ) ,
where steps (a) is by Assumption 4.2.1 and (B.2.3), step (b) by (4.3.10) and (4.3.13), and step (c)
follows from selecting m” > m + d. For v!'?, by Assumption 4.2.1 and (4.3.12) we have

EuoVF(XHX?| <Euo NP <€ < . (B.2.5)
Thus by DCT we have
VoEo f(X]) = B Vo f(X{) = Eo oV (X)) XY, (B.2.6)
which together with (4.3.7) derives
VoE, f(X]) = B s VF(X))X] = EpoV(X))X] — B, sV(X]))X]
= —E,Vf(X])e "5 (B.2.7)
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Thus, v!? satisfies the bound

012z, 2,0)| = \(EYNMf(Y) -) [ B (x2) e O
(a) e m
< c/ (1+Ea |X7|™) et - |2
0
(b) o0 ,
< C/ 14 |z|™ ) e cdt - |7
(vl ) et 13

<C (14" +12™),

(B.2.8)

where step (a) is by Assumption 4.2.1, (B.2.3) and Amax (e 7*@?) < e7t. Step (b) is by (4.3.12).
Next we show that v!(x,#,0) is differentiable with respect to z,Z, and . We can prove this

using a version of the dominated convergence theorem (see Theorem 2.27 in [60]), where it suffices

to show that the derivative of the integrand is bounded by an integrable function. Using the same

analysis as in (B.2.8), we can show that

[ eroszrintia] e [ (s m )z (epr). 2o
0 0

Therefore, by the dominated convergence theorem, we know v! is differentiable with respect to .

Furthermore, we can change the order of Vz and the integral in v! and obtain
o (a) /
Vvl (z,2,0)| = ‘(Emef(Y) - ﬁ)/ E,Vf(X?) eh(e)tdt‘ <C (1 + |z|™ ) : (B.2.10)
0

where step (a) is by (B.2.3) and (B.2.9).
By (4.3.10), (B.2.3), and the same approach as in (B.2.4), we have

Vi, 1Y) | (VB (V) — VB, f(X0)) dt

+HEn (V)= 5) [ " (V3Es, £(Y) — V3E, £(X0)) dt

N B.2.11
§C/1 /Rd £ (') Vg [poo (@, 0) — pi(x, 2/, 0)]| da’dt ( )

4 [ [ 155 e 0) = il )] da
1 Jre
<C (1 + |x|m') .
By (4.3.13) and (B.2.3),
1
ViBy oy V) | VByn, (V) = VaBa (X0
0
1
4 By V)= B) | V3B, 1Y) = VEEL (X0t (B.2.12)
0
<C (1 + |x|m’) .
By (B.2.11), (B.2.12), and DCT we know v'! is differentiable with respect to § and

Vol (z,0)] < C (1 + |x|m’) . (B.2.13)
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For Vyv2 by (B.2.7) we have for any i € {1,2,---,(}

/ ) 57 (VOEF(XY) — Eoa V(X)X dt‘
0 %

o 0 <0
_ 0 —h(0)t \ = 9 X0) ) e—hOtz
/0 Eme(Xt)(aeie >xdt+/0 ((%il&gi( t))e T ‘ (B.2.14)
(a) B >l —h(0)t 0 ~ > —h(0)t 9 0
<17l | S BV F(XD)| dt + |7 - ’e B, Zv (x| dt
=: I4 + 15.
where in step (a) we use
0 0
a—aiEIVf (X)) =E, 70, VF(XYP), (B.2.15)
which is due to (B.2.5) and (B.2.6).
By (B.1.24),

1
I <C|:z|</ IEIVf(Xf)e_Cttdt‘+
0

/ Eme(Xf)e_CttdtD

1

(a) o

ey <1+/ e—ctt/ (14 |2'™) |pe (2,2, 0) — poo(a, 0)| da’dt
1 Rd

+/ e—ctt/ (1+]a'™) poo(x’,9)|dx’dt>
1 R4

(®) b
<C (1 fa" 4+ 12"},

(B.2.16)

where in step (a) we used (4.3.13) and step (b) is by (4.3.9), (4.3.10), and the same analysis as in

(B.2.3) and (B.2.4). Similarly,
e_Ctdt—i—/ e_Ctdt>
1

1
Is <C'J3| ( / 0
0
(z,2',0) — ipoo(x’ﬁ)

< ~ sl —ct 1 m
<C|%| + C|Z| /1 e /]Rd( + |2'|™) 34

E, —
00,

VI(X?)

00;

dz' dt

Dt
90; (B.2.17)

+C|z| - /1OO e /]Rd (1+ |2'|™) %pm(x',ﬁ) dx’ dt

<C (1 + ™ + |5c|m’) :
Combining (B.2.8), (B.2.14), (B.2.16), (B.2.17), and DCT, we know v%? is differentiable with respect
to 6 and for any i € {1,2,--- , ¢}

ovt? 0 < -
90 (x,x, 0)‘ < ‘%Eﬂef(y)/ (6 h(g)tx)TEme (th) dt’ + |]E7r9f<Y) - B' ' (I4 + 15)
i ; 0 (B.2.18)
<C(1+]al™ + ™),
which together with (B.2.13) yields
Vo' (x,%,60)| < C (1 + 2™ + |gz|m/) . (B.2.19)
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Similarly, by (4.3.11), (4.3.12), and (4.3.13),

/Ooo va: (VGEYN‘IF(.;JC(Y) - VOExf(XtG)) dt‘

1 +oo
- / vzvelEzf(Xf)dx’dt‘+ / / f(x’)VIVGpt(x,x’,Q)dac'dt‘
0 1 R

<C (1 + |:c|m/)

and

/ TV (VOB (XD) ~ B s VS (XE)RY) dt‘
0

/ Ve (E.Vf (X)) e_h(e)ta}dt’
0

<C (1 +a™ 4 mm’) .
By DCT and (B.2.3),

V01 (2, 0)] = ’(Ewa(y) - 5)/ i f(x’)VIVgpt(x,x',Q)dx/dt‘ <C (1 + |x\m’) ,
0 d
V012 (x, &, 0)] = ’(Eme,f(Y) - B) /Oo V. (E.Vf (X)) @h(e)tjdt’ <C (1 + 2™ + |;i'|m'> .
0

(B.2.20)

Then, for V2v!(z, 7,0), we have

/OOO V2 (VoEyam, f(Y) — VoE, f(X})) dt‘

1
/ V2V4E, f(Xf)d:c’dt‘ +
0

[ [ 192t oy
0 R4

<C (142",

and

/ T (Ve]Ezf(XtO) - Emvzﬂxtg)fff) dt’
0
= ‘/Oo V2 (E.Vf (X7)) eh(e)tidt‘

0

<C (1 + ™+ |;z|m') .
By DCT and (B.2.3),

V20 00)| = By J0) = 8) [ [ )V )] < € (14121
0 R

(V2ul2 (2, 2,0)| = ’(EYN,,Bf(Y) _5)/ V2 (E.Vf(X7)) eh(e)tidt’ <C (1 + o™ + |gz|m’).
0
(B.2.21)
Finally, we verify that v! is a solution to the PDE (4.3.16). Note that

= c @ [
/ Ea:,:f:Exe X G1 (Xf, Xt97 9)‘ dt = / Ew,i
O s s 0

(:b)/ Ew,i:

where step (a) is by the Markov property of the process (X?, X?), step (b) by change of variables

G (XY KL, 0s0)|
“ (B.2.22)
Gl(Xf,Xf,G)‘dt < o0,
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and step (c) is by the convergence of v'. By Fubini’s theorem,

(oo} (oo}
E, ;v (X!, X% 0) =E, ; / Eyo 50GH (X7, X7, 0)dt = / E. 2B o 50GH (XY, X7, 0)dt.
0 s s 0 R s

(B.2.23)
Combining (B.2.22) and (B.2.23), we have that
1r ~
; Ew,ivl(ngXgaa) _Ul(x"i’e)}
1T ) ~ oo ~
:g —/ ]Ex,iEXQ XeGl (XtG? XtGa G)dt + / ]Ew,iGl (Xf7 XtG’ 9>dt:|
L Jo e 0
1 r o] _ o0 ~
== |- / E, :GH (X0, o, X0, ., 0)dt + / Exjal(xf,xﬁe)dt] (B.2.24)
L 0 0
1T ') ~ o0 ~
== 7/ E,:GY(X!, X0, 0)dt +/ ]Em@Gl(Xf,Xf,é))dt}
S L s 0
1

:7/ E,:GYX?, X0 6)dt,

s Jo
Let s — 0. By the definition of the infinitesimal generator and since v!(z, 7, ) is twice differentiable

with respect to x and once differentiable with respect to , v!(z, Z, 0) is the classical solution of the

Poisson PDE (4.3.16). O
Now we show the proof of Lemma 4.3.6.

Proof of Lemma 4.3.6: The proof is exactly the same as in Lemma 4.3.3 except for the presence of

the dimension T and Lz. We first show that the integral in (4.3.41) converges. Note that
e _ S NT
Pa0) = [ B [Bran 1) - 150) - (V10DRE) |t
0
(@) o >0 . oy o) |
= (Eyar f(Y) —Ez f(X))) - Eoz (Vf(X))X! ) dt, (B.2.25)
0

where step (a) is by the independence of X? and (X¢, X?).
We now prove a uniform bound for E, ;V f(X¢)X{ and then by the ergodicity of X? in Lemma

4.3.1 we can show that the integrals converge.

Eo sV F(X)XT| = [BasVF(XD)XT = VoB, f(X]) + Vo, f(X7)
o (B.2.26)
< [BVF(XDe 05| + | VoELF(XF)]
where step (a) is by (B.2.7). Therefore, for any ¢ € [0, 1], we can conclude
E,V(X0)e 0| + |VE, f(X0)| < C (1 ™+ |:3|’"’) , (B.2.27)

193



where we have used Assumption 4.2.1 and equation (4.3.13). For ¢t > 1, we have

(X7)e "Dtz + |VoE, f(X7)]

(a) m
(B.2.28)
/ (1+ 12'|"™) [Vopoo (2, 0)| dz’

<o (1 al™ + ™).
a) uses Assumption 4.2.1 and step (b) uses Proposition 4.3.1 and the same calculations

and (B.2.4). Combining (B.2.27) and (B.2.28), we have for any ¢ > 0

where step

as in (B.2.3

E.:Vf(X))X]| <

(1 + )™ + |:z|’”') . (B.2.29)
Thus, by (B.2.29) and the same derivation as in (B.2.4), we have

|02 (2,,2,0)] < c(1+\x|m'+|:z|m')-/0 |Es f(X0) = By, f(Y)| dt

IN

C (1 Fla™ +Em + |:z~|m’) . (B.2.30)

We next show that v?(z, 7, z, 0) is differentiable with respect to x, Z, , §. Similar to Lemma 4.3.3,
we first change the order of differentiation and integration and show the corresponding integral exists.
Then, we apply DCT to prove that the differentiation and integration can be interchanged. For the
ergodic process X7, by (B.2.29), (4.3.11), and (4.3.13), we have the bounds

| [ @ Vanta o )l s’ a9 X0)RE dr < € (14 1ol + 317 4 ol
(B.2.31)
/ / Vip(z,7',0)|dz’ - |E, sV f(X])XE <1+ lz|™ + 2™ + |z|™ )
Rd
and thus by the DCT
2
3 |Viv*(a,7,2,0)| < C (1 ™+ 7™+ |5;|m’) . (B.2.32)
1=1
To address V02, V20?2, we first note that for any i,j € {1,2,--- ,d}
VoEe s VI (XD)XE| < |VaBaVF(X])e O F(XD)]
(a) ’ ’
C(1+1a™ +|:z|m),
" pvixn x| < |- L g v x| 4 VoE, f(X?) (233
dz0z; oF = om0z, " t Oz, O

C (1+1al™ +1a™),

where in step (a) we use (4.3.11) when ¢t > 1 and (4.3.13) for ¢t € [0,1]. Thus we have Vi,j €
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{1,2,---,d}

/O |[Ey o f (V) = Eaf (XD)]| - |VaBa gV I (X)) XE | dt < € (14 2™ + (3™ + 2™ ),

[oe] B 82
/0 |[Eymms fV) — B2 f (X)) \3 o Bra VIR de < € (1412 31" +lal™ ).
(B.2.34)
Then by DCT,
2
3 Vi (2, 2,2,0)| < C (1 Fla|™  Em + |:z|m’) . (B.2.35)
=1
Then for Vyv?, first we have for any i € {1,2,--- , ¢}
0 ~
a9 Bea VIXDXT
<‘<569 E Vf(X9)> hOtz| 4 B, VF(X?) <689‘eh<9>t)5: + f(XP) (B.2.36)
o (1 + ).
where in step (a) we use (B.1.24) and the same analysis as in (B.2.17). Thus
oo a _ ~
[ ([Ewam B (X)) B VSR ) ]
/ / poo(z 0) — pi(z,7,0)) | di’ - |E, ;VF(X]7) Xoldt
R4 (B.2.37)
9 -
[T L6 0 ) - a0 | DR
0 Rd i
<C (14 [ + 12" +1al™ ),
which together with the DCT derives
Voo (2, &,2,0)| < C (1 ™+ Em + |§,=|m’) . (B.2.38)
Finally, note that
s (B 1Y) = B (R0 B VXK
0
< [ Eynn (V) ~ Eaf(RD)| - [ViELaVFOX X!
0o (B.2.39)
<O [ |[Byans 10) = Baf (XD)]] - [B V1 (X0
<C (14 Ja|™ + |2™)
and then by DCT
V02 (2, 2,2,0)| < C (1 ™+ \f|m/) . (B.2.40)

By the same calculations as in (B.2.24), we know v? is the classical solution of PDE (4.3.42) and
the bound (4.3.44) holds. O
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