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Abstract

In this thesis we employ string perturbation theory in toroidal orbifold mod-

els to study aspects of supersymmetry breaking in type IIB string theory.

First, we determine the dependence of physical Yukawa couplings on blow-up

moduli in models with D3-branes at orbifold singularities. Blow-up moduli

are scalar fields describing the size of small blow-up cycles in the compacti-

fication geometry. In models implementing moduli stabilisation these fields

can acquire F-terms and break supersymmetry. We examine the moduli-

dependence of physical Yukawa couplings at string tree-level by computing

disk correlation functions involving a Yukawa interaction of visible sector

fields and an arbitrary number of blow-up moduli. We perform the calcula-

tion for one blow-up insertion explicitly and find that the correlation function

vanishes if the blow-up modulus is associated with a small cycle distant to

the visible sector. For more than one blow-up insertion we show that all

such correlation functions are exponentially suppressed by the compactifica-

tion volume. We explain how these results are relevant to suppressing soft

terms to scales parametrically below the gravitino mass.

Further, we determine corrections to holomorphic Yukawa couplings on D3-

branes at an orbifold singularity due to non-perturbative effects such as gaug-

ino condensation on a stack of D7-branes. This can be done by calculating

a one-loop threshold correction to the gauge coupling on the D7-branes. We

show that, if present, the new contributions to Yukawa couplings are not

aligned with the tree-level couplings. As the new Yukawa couplings con-

tribute to soft A-terms they are sources of flavour-changing neutral currents.

Last we discuss an effect unrelated to supersymmetry breaking. We show

that orbifold models with D3-branes at orbifold singularities can exhibit ki-

netic mixing of different massless Abelian factors. For this to be possible,

the relevant U(1) factors have to be associated with more than one orbifold

singularity.
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Chapter 1

Introduction

As of July 4th 2012 the hierarchy problem has become real. On that day, both the

ATLAS and CMS collaborations at CERN claimed the discovery of a new bosonic res-

onance with a mass of m = 126 GeV [1, 2], which we now consider as the Standard

Model Higgs boson (for recent results see [3–5]). While the detection of a new particle

is always a significant event in particle physics, this discovery is a landmark moment, as

it has enriched the list of elementary particles by a new category. The Higgs boson is

the first fundamental scalar particle observed, and it forces us to confront a theoretical

challenge, which is inherent when coupling a scalar to the Standard Model: why is the

Higgs so unnaturally light?

The question has its origin in the one-loop corrections to the mass of a scalar

particle, which depend quadratically on the ultraviolet cutoff Λ of the theory. For

example, the correction to the mass squared of a scalar due to a Dirac fermion loop

contributes

δm2 ⊃ −|λf |
2

8π2
Λ2 , (1.1)

where λf is the coupling of the scalar to the fermion. For the case of the Higgs boson

such corrections arise from all Standard Model fermions, with the top quark giving the

dominant contribution. The observation now is that if the cutoff squared Λ2 for our

theory is larger than the renormalised mass squared m2 = m2
bare + δm2 of the scalar, we

require a cancellation between the bare mass parameter m2
bare and the loop correction.

If we increase the cutoff Λ the cancellation has to occur to more and more decimal places

and the bare mass parameter becomes increasingly fine-tuned. As the bare mass and

the loop correction have different origins, excessive fine-tuning is theoretically poorly

motivated and deemed unnatural. This leaves us with the problem that the discovered

Higgs boson with its mass of mH = 126 GeV is increasingly unnatural, if we require

the Standard Model to hold beyond Λ = 1 TeV. However, as the Standard Model is a

renormalisable theory, it could in principle remain valid up to the Planck scale. In this
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case we would need a fine-tuning to one part in ∼ 1030.

This is a manifestation of the technical hierarchy problem and it has sparked a vast

amount of physics of the last decades. One of the solutions is supersymmetry, a new

fundamental symmetry which relates bosons and fermions. In particular, it introduces a

superpartner for each Standard Model particle whose spin differs from that of the latter

by a half-integer. The presence of these new particles and new interactions then leads

to a cancellation of corrections to the Higgs mass with quadratic dependence on Λ to all

orders in perturbation theory. However, supersymmetry predicts that particles and their

superpartners are degenerate in mass. This is not the case for the particle spectrum we

observe in nature and correspondingly supersymmetry can only exist as a broken sym-

metry. If the breaking of supersymmetry is not to reintroduce a quadratic dependence of

scalar masses on Λ, then the terms breaking supersymmetry should exclusively consist

of operators with coupling constants with positive mass dimension, which are referred to

as soft terms. These include gaugino masses Maλaλa, scalar masses m̃2
ijφ
∗
iφj, bilinear B-

terms Bijφiφj and trilinear A-terms Aijkφiφjφk, where the gauginos λa are superpartners

of gauge bosons, and the scalars φi include Higgs fields and superpartners of Standard

Model fermions. At most, supersymmetry breaking through soft terms contributes to

the scalar masses at 1-loop as

δm2 ∼ m2
soft

λ

16π2
ln

(
Λ

msoft

)
, (1.2)

where msoft is the mass scale associated with the soft terms and λ is a dimensionless

coupling constant. If supersymmetry is to constitute a solution to the hierarchy problem,

soft terms should not be much larger than 1 TeV, which is referred to as TeV scale

supersymmetry breaking.

Soft terms introduce a large number of parameters into our model of particle

physics, which should be ultimately determined by experiment. However, if low-energy

supersymmetry is true, these terms are far from random: there are already strong ex-

perimental constraints that imply a definite structure for soft terms. The most stringent

bounds arise from requiring the absence of excessive flavour-changing neutral currents,

for example in KK̄ or DD̄ mixing. These imply that – to a good approximation – soft

terms must either be universal, or at least inherit their flavour structure directly from

the Standard Model Yukawa couplings.

At low energies, soft terms are simply parameters that can be measured. However,

we expect that in the correct theory of supersymmetry breaking, we would be able to

calculate soft terms from first principle, and understand the physics that generates the

structure exhibited by soft terms.
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At the moment there is little experimental guidance to a mechanism of super-

symmetry breaking. In phenomenologically viable models, supersymmetry is broken

spontaneously in a hidden sector. This is a sector of the theory, which we have to add to

the visible sector containing the supersymmetric extension of the Standard Model. Most

importantly, the hidden sector fields are not charged under the Standard Model gauge

group and there are no renormalisable tree-level interactions between the two sectors.

Supersymmetry breaking is then mediated to the visible sector through messenger fields,

which couple to both the visible and hidden sectors. Various mediation mechanisms have

been proposed and studied in detail: the most popular include renormalisable gauge in-

teractions, one-loop effects due to a conformal anomaly or contact terms of gravitational

strength.

The latter is known as gravity-mediation, and we will focus on this mechanism

in this thesis. In this case soft terms are generated by contact interactions between

the visible and the hidden sector, which are suppressed by powers of the Planck mass

MP . At low energies, we can analyse the structure of soft terms by just studying the

contact-interactions. However, these are non-renormalisable operators and a theory

containing these terms has to be replaced by a more fundamental theory at the Planck

scale. If we wish to arrive at a microscopic understanding of these operators, we have

to determine them directly in the fundamental theory. For the case of gravity-mediated

supersymmetry breaking, this is a theory which describes physics at the Planck scale.

As this is the scale where quantum gravity effects become important, we are led to

the following: if we wish to arrive at a microscopic understanding of gravity-mediated

supersymmetry breaking, we have to consult a quantum theory of particle physics and

gravity.

One of the most promising candidates for such a theory is string theory, which is

the main subject of this thesis. String theory is a framework describing interactions

of string-like objects at energies typically close to the Planck scale. At low energies

the interactions of strings reproduce quantum field theory and Einstein gravity. Hence

string theory provides a framework where a microscopic realisation of gravity-mediated

supersymmetry breaking can be achieved. Consequently, in this thesis we assume that

supersymmetry is the solution to the hierarchy problem, and then study TeV scale

supersymmetry breaking in the context of string theory models. To identify the questions

which we want to discuss, we first need to review how TeV scale supersymmetry breaking

is achieved in string theory.
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String theory and supersymmetry breaking

String theory is one of the most compelling frameworks to describe gravitational physics

in a quantum theory, which is also able to incorporate interactions of matter. It has

been an active area of research for decades and is still very much a work in progress, with

consequences far beyond its application to particle physics. String theory has sparked

new developments in mathematics, illuminated the physics of non-perturbative effects

in field theory, led to a microscopic explanation of the Bekenstein-Hawking black hole

entropy and is at the core of a class of dualities including the celebrated AdS/CFT

correspondence.

According to our current understanding, string theory exists as a set of perturbative

string theories, which are all related by dualities. It is expected that these distinct formu-

lations may be obtained as limits of an underlying structure called M-theory. However,

a compelling formulation of the latter is still unclear. As all perturbative superstring

theories require ten spacetime dimensions for consistency, string phenomenology nec-

essarily includes extra dimensions. To describe the four non-compact dimensions we

observe, six of the space dimensions have to be compactified on a suitable manifold. If

we wish to realise low energy supersymmetry breaking, the process of compactification

should not break all of the supersymmetries. This can be achieved by compactifying

on Calabi-Yau manifolds, which are thus widely studied as compactification manifolds.

At energies below the string and compactification scales the four-dimensional physics is

then described by an effective supergravity theory.

Geometrically different Calabi-Yau manifolds are connected by deformations which

fall into two classes: modifications of the Kähler class can be understood as changes

to the volumes of cycles while modifications of the complex structure affect the shape

of the compactification manifold. If such deformations come at no energy cost to the

theory, the corresponding fluctuations will appear as massless scalars in the low energy

theory. Such fields, which correspond to continuous deformations of the vacuum, are

called moduli. Beyond the Kähler and complex structure moduli from compactification,

there is the dilaton describing the string coupling, and there can be further moduli which

are related to positions of D-branes.

If these moduli remain massless or stay too light, they are highly problematic for

both particle phenomenology and cosmology. Massless or light scalars coupling to the

visible sector give rise to long range fifth forces, which are not observed. Further, the

vacuum expectation values of these fields determine the coupling constants and Yukawa

couplings of the effective four-dimensional theory. If these field values are not fixed, the
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theory will have no predictive power. Hence, if string phenomenology is to succeed, it is

imperative that the string theory compactification generates a potential, which stabilises

all moduli.

While the existence of moduli introduces problems, it also allows for interesting

phenomenology. Moduli are not charged under the Standard Model gauge symmetries

and thus they naturally realise hidden sectors. Most importantly, the process of stabil-

isation not only provides the moduli with vacuum expectation values and masses, but

it can also generate F-terms, which indicate broken supersymmetry. As moduli couple

gravitationally to visible matter, they can communicate supersymmetry breaking to the

visible sector. This is a realisation of gravity-mediated supersymmetry breaking, which

thus arises very naturally in the context of string theory.

Hence, in many string constructions moduli stabilisation and supersymmetry break-

ing are inherently linked. As both moduli stabilisation and supersymmetry breaking

are formulated below the compactification scale, they can be analysed in the four-

dimensional effective supergravity theory. Hence we are back to field theory, but the

situation is better than when starting with field theory alone. The leading order string

theory supergravity Lagrangian shows many remarkable properties, which would not

have easily be written down by an effective field theorist. Nevertheless, we encounter

the same problem as in any approach based on low energy effective field theory. To

fully determine gravity-mediated soft terms, we need to understand the origin of non-

renormalisable terms in the effective action. Thus we are again at a point where we

cannot proceed with the effective low energy theory alone: we have to turn to string

theory directly.

This thesis: sequestering and de-sequestering

Hence we move towards the subject of this thesis: in this work we will employ string

perturbation theory to determine corrections to the four-dimensional effective theory,

which are relevant for the calculation of soft terms. Corrections to the low energy ef-

fective theory are organised in a perturbative expansion in two parameters. There is

one expansion in gs, which is the string theory coupling constant. Further, there are

corrections in α′, which is related to the string length `s as `s = 2π
√
α′. By evaluating

elements of the S-matrix in string perturbation theory, we can deduce terms in the effec-

tive action up to all orders in α′, while staying at a particular order in gs. Unfortunately,

one cannot perform calculations directly for smooth Calabi-Yau backgrounds, and we

will have to restrict ourselves to toy-models based on toroidal orbifolds. Nevertheless, we
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will examine to what extent our results should generalise to smooth compactifications.

The results in this thesis will be most relevant for one particular scheme of moduli

stabilisation in string theory. The Large Volume Scenario (LVS) [6] allows for stabili-

sation of all moduli while breaking supersymmetry at a hierarchically low scale. Using

only the leading terms in the supergravity Lagrangian, one finds a curious pattern of su-

persymmetry breaking. The setup exhibits no-scale supersymmetry breaking, such that

gravity-mediated soft terms cancel at leading order. In addition, anomaly-mediated soft

terms (as far as they have been calculated) vanish as well. To answer the question

which scale soft terms arise at one then needs to consider higher order corrections to the

supergravity Lagrangian.

This brings us to the aim of this thesis: using string perturbation theory we can

address questions regarding both the scale, and the flavour structure of soft terms in

string models of supersymmetry breaking. In particular, we will discuss the following

problems:

1. Sequestering. The vanishing of soft terms in the LVS at leading order can be

understood as follows: at leading order the source of supersymmetry breaking

is decoupled (sequestered) from the visible sector. A direct consequence is that

the physical Yukawa couplings do not depend on the supersymmetry breaking

moduli at leading order. One finds that soft terms are generated to the extent

that physical Yukawa couplings depend on supersymmetry breaking fields. By

calculating string theory correlation functions involving Yukawa couplings and

supersymmetry breaking moduli, we can examine whether sequestering survives

beyond leading order. While this approach captures all orders in α′, we stay at

leading order in gs.

2. De-sequestering. Superpotential de-sequestering refers to the generation of contri-

butions to soft terms due to non-perturbative effects used for moduli stabilisation.

These non-perturbative effects arise from Euclidean D-branes or D-branes exhibit-

ing gaugino condensation. Focussing on the latter case, we can determine the pres-

ence of corrections to visible sector Yukawa couplings by calculating a threshold

correction to the gauge coupling on the brane giving rise to the non-perturbative

effect. The corrections to Yukawa couplings in turn give contributions to A-terms,

which can source flavour-changing neutral currents. While these effects are typi-

cally subleading, they become dangerous if the model exhibits sequestering as in

case 1 above.
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This thesis is structured as follows. Chapters 2 and 3 introduce calculational meth-

ods we will use to derive our results. In chapter 4 we examine sequestering of supersym-

metry breaking blow-up moduli. This chapter is based on paper [7] with Joseph Conlon.

Chapter 5 examines de-sequestering due to non-perturbative effects and follows paper [8]

with Marcus Berg, Joseph Conlon and David Marsh. Chapter 6 examines a topic outside

supersymmetry breaking and contains results from the paper [9] with Mathew Bullimore

and Joseph Conlon. In particular, we examine the possibility of kinetic mixing of various

U(1) factors in models with D3-branes at orbifold singularities. Chapter 7 summarises

the results of this thesis and discusses possible future work.

In the rest of this chapter, we review supersymmetry breaking in string theory in

more detail, to then precisely formulate the questions which we wish to answer in this

thesis.

1.1 Motivation

1.1.1 Gravity mediated supersymmetry breaking

Low energy supersymmetry and its breaking are promising phenomenological applica-

tions for string theory. Below the Kaluza-Klein scale of the compactification, the low

energy limit of string theory is given by four-dimensional N = 1 supergravity. Thus,

to get an understanding for low energy supersymmetry breaking in string theory, it is

appropriate to begin with an analysis in supergravity. Here, we summarise the standard

derivation of soft terms in N = 1 supergravity from [10].

The first step is the determination of the supergravity Lagrangian, specified by the

Kähler potential K, the superpotential W and the gauge kinetic functions fa. These

are functions of the chiral superfields Φi of the theory, which include moduli and visible

sector matter. In the setups of interest, moduli are hidden sector fields, which are not

charged under the SM gauge group, and which only couple with gravitational strength.

Supersymmetry will be broken in the hidden sector and moduli will acquire large vacuum

expectation values (VEVs). To then study the effects of this on the theory of visible

sector fields, it is convenient to separate the chiral superfields into hidden sector fields

hm and visible sector fields Cα. The supergravity Lagrangian can then be expanded in
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powers of Cα:

K(Φi, Φ̄i) = K̂(hm, h̄m) + K̃ᾱβ(hm, h̄m) C̄ ᾱCβ

+

{
1

2
Zαβ(hm, h̄m) CαCβ + c.c.

}
+ . . . , (1.3)

W (Φi) = Ŵ (hm) +
1

2
µαβ(hm) CαCβ +

1

6
Yαβγ(hm) CαCβCγ . . . , (1.4)

fa(Φi) = fa(hm) , (1.5)

To explain how the above Lagrangian parameters determine the soft terms, we need to

first find the moduli vacuum expectation values (VEVs). This is done by minimising

the supergravity scalar potential which only depends on the hidden sector fields:

VF = eK̂/M
2
P

(
K̂ij̄ DiŴ Dj̄

¯̂
W − 3

|Ŵ |2

M2
P

)
= K̂ij̄F

iF̄ j̄ − 3m2
3/2M

2
P . (1.6)

A non-zero F-term F i = eK̂/2M
2
P K̂ij̄Dj̄

¯̂
W then indicates broken supersymmetry. The

gravitino absorbs the goldstino of the broken supersymmetry and acquires a mass m3/2 =

eK̂/2M
2
P |Ŵ |/M2

P . Visible sector soft terms are then found as follows: by expanding the

scalar potential as

Vsoft = m̃′
2

ᾱβC̄
ᾱCβ +

(
1

6
A′αβγC

αCβCγ +
1

2
BαβC

αCβ + c.c.

)
(1.7)

the soft terms are determined by replacing the scalars hm and their auxiliary terms Fm

by their VEVs. The primes indicate, that we have not normalised our fields yet to obtain

canonical kinetic terms. As we are mainly interested in soft scalar masses and A-terms,

we only present the results for those:1

m̃′
2

ᾱβ =(m2
3/2 + V0)Kᾱβ − F̄ m̄F n

(
∂m̄∂nK̃ᾱβ − K̃γδ̄∂m̄K̃ᾱγ∂nK̃δ̄β

)
, (1.8)

A′αβγ =
Ŵ ∗

|Ŵ |
eK̂/2Fm

[
K̂m

M2
P

Yαβγ + ∂mYαβγ (1.9)

−
(

(∂mK̃αρ̄)K̃
ρ̄δYδβγ + (α↔ β) + (α↔ γ)

)]
,

where V0 is the vacuum energy at the potential minimum. These expressions can be seen

as the starting point for the examinations in this thesis: they constitute a prescription

for the derivation of soft terms given a supergravity Lagrangian. What remains to be

done is to extract the coefficients K̂, Ŵ , K̃ᾱβ and Yαβγ of (1.3) to (1.5) from high-scale

string compactifications. The need for high scale physics can be understood from the

1The remaining soft terms can be found in e.g. [10].

8



above expressions for soft terms. Note that it is the moduli dependence of both K̃αβ̄

and Yαβγ that also enters the above expressions. However, as both K̃αβ̄ and Yαβγ are

dimensionless functions, they depend on moduli as hm/MP . This implies that such terms

correspond to non-renormalisable operators in the supergravity action, which arise from

physics at the Planck scale.

In this thesis, we will be particularly interested in non-renormalisable operators

contributing to the Kähler metric and the Yukawa couplings, which enter the expressions

for soft terms. However, before we can explain what we need to calculate in detail, we

have to first review what is already known. Hence, we now turn to moduli stabilisation

and supersymmetry breaking in type IIB string theory and the resulting low energy

effective actions.

1.1.2 Moduli stabilisation and supersymmetry breaking
in type IIB string theory

Low energy actions have been extensively studied in string theory (e.g. see [11–17]).

These studies have revealed a remarkable structure in the form of (1.3) to (1.5) that

would not be written down easily by an effective field theorist. For example, the Kähler

potential K̂(hm, h̄m) factorises into parts depending on Kähler and complex structure

moduli, with corrections suppressed by either the α′ or gs expansion. The dependence

of the matter metric K̃ᾱβ(hm, h̄m) is often universal at leading order and in some cases

to all orders in α′ [18, 19].

We will be mainly interested in the low energy effective actions in type IIB string

theory, as moduli stabilisation with low energy supersymmetry breaking is most suc-

cessfully implemented in this context (for recent advances in heterotic string theory

see [20–22]). In practice, moduli stabilisation in type IIB string theory on Calabi-Yau

manifolds proceeds in two distinct steps. First, the dilaton and the complex struc-

ture moduli are stabilised using fluxes at a high scale, while Kähler moduli remain un-

fixed [23].2 As long as the volume of the compactification is large enough such that the

fluxes are dilute, the compactification can be studied at the level of the four-dimensional

effective supergravity theory. The residual theory of the Kähler moduli is of no-scale

type with a moduli Lagrangian specified by

K̂ = −2 lnV(Ti + T̄i) , Ŵ = W0 , (1.10)

where V is the volume of the Calabi-Yau, which depends on the Kähler moduli Ti. The

superpotential is given by the constant term W0, which depends on the VEVs of the

2For reviews of flux compactifications see e.g. [24–27].
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dilaton and complex structure moduli. The above no-scale Lagrangian is the starting

point for the most celebrated schemes of moduli stabilisation in type IIB. By considering

perturbative and non-perturbative corrections to (1.10) the no-scale structure is broken

in the second step and all moduli can be fixed [6, 28–31].

The results of this thesis will be particularly useful for one scheme of moduli sta-

bilisation, which breaks supersymmetry at a hierarchically low scale. As it stabilises

the bulk volume at an exponentially large value, it is known as the Large Volume Sce-

nario (LVS) [6, 32]. At leading order the moduli Lagrangian of the LVS is just given

by the above no-scale model (1.10), which leads to interesting consequences. Super-

symmetry is mainly broken by the Kähler moduli, with the modulus Tb describing the

bulk volume acquiring the largest F-term [32]. The no-scale structure at tree-level will

have far more drastic effects: as the leading order Kähler matter metric takes the form

K̃α ∼ 1/(Tb+ T̄b) [33], there are cancellations in the expressions for soft terms, such that

both tree-level soft terms and loop level anomaly-mediated soft terms vanish [16,34,35].

This leads to a vanishing of soft terms at order both m3/2 and αm3/2/4π. Soft terms

have to be generated at some scale, and this opens the possibility of a spectrum with

soft terms suppressed compared to the gravitino mass m3/2 [36, 37] (for possibilities of

avoiding this conclusion via 1-loop field redefinitions see [38–40]). However, determin-

ing exactly which scale soft terms will arise requires the consideration of higher order

corrections both in α′ and gs.

1.1.3 Kähler metric in the Large Volume Scenario

To determine the scale and flavour structure of soft terms, we need to consider higher

order corrections to K̂, Ŵ , K̃ᾱβ and Yαβγ. This is particularly difficult for the case of

the Kähler matter metric, which is a great obstacle on the way to a precise computation

of soft terms. Here we will ask a different question, which will nevertheless allow us to

learn about the scale of soft terms. Instead of determining the corrections to K̂ and

K̃ᾱβ independently, one can check whether the corrections to these two quantities are

correlated. To illustrate this point we will review the analysis which led to the leading

order Kähler metric shown above. Later we will see how this can be extended to higher

orders.

At leading order, the Kähler matter metric was derived using a scaling argument [33]

(also see [41]). The argument is based on the fact that the visible sector in the LVS is to

a certain extent ‘local’. In concrete constructions the visible sector in LVS models can

be modelled by D3-branes at orbifold singularities or D7-branes on a four-cycle, which
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is stabilised at string size by D-terms. In all cases the visible sector occupies a small

volume of the compact space. In addition, it is spatially separated from other cycles

which provide non-perturbative effects responsible for moduli stabilisation. Thus one

would expect that bulk effects decouple from the visible sector at leading order.

The local nature of the visible sector then implies that the physical Yukawa cou-

plings should not depend on the bulk modulus Tb at leading order. In other words, the

Yukawa couplings should neither vanish nor diverge if we decouple gravity by letting

V ∼ Re(Tb)
3/2 → ∞. In addition, they should neither depend on the volumes of small

distant cycles parameterised by Ts. To make a connection to the moduli-dependence of

the Kähler metric, we express the physical Yukawa couplings Ŷαβγ in terms of quantities

of the supergravity Lagrangian:

Ŷαβγ = eK̂/2
Yαβγ√
K̃αK̃βK̃γ

. (1.11)

We note that the only dependence of the physical Yukawa couplings on Kähler moduli

arises through K̂ and the Kähler metrics K̃α, which are assumed to be diagonal. The

reason is that the holomorphic Yukawa couplings originate from the superpotential,

which does not depend on Kähler moduli in type IIB. Hence, if the physical Yukawa

couplings are independent of the moduli Tb and Ts, we require a cancellation between

eK̂/2 and the denominator. If we use the tree level Kähler potential K̂ = −3 lnTb + T̄b,

independence of Tb and Ts at leading order gives

K̃α =
kα(U, S)

Tb + T̄b
, (1.12)

where we have taken the Kähler metrics to be flavour-universal.3 This is exactly the

form of the Kähler metric which leads to a vanishing of soft terms at leading order.

This analysis allows for an obvious generalisation to higher order corrections: one

should be allowed to ask why the independence of the physical Yukawa couplings of

Kähler moduli should not hold to higher orders in α′ and gs? This would not be surprising

as the Yukawa couplings are local renormalisable interactions. The implication would

be that higher order corrections to K̂ and K̃α are correlated, such that the dependence

of the physical Yukawa couplings on Kähler moduli vanishes. In particular, this leads

to a Kähler metric of the form

K̃α ∼ eK̂/3 + . . . , (1.13)

3For a visible sector based on D7-branes wrapped on a four-cycle with Kähler modulus Ta, the
Kähler metric will typically depend on Ta. However, as this cycle is stabilised supersymmetrically, this
does not lead to any contributions to the soft terms.
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with corrections to this result appearing at the order where physical Yukawa couplings

fail to be independent of Kähler moduli.4 This form leads to further cancellations in

the expressions for gravity-mediated soft terms: note that if (1.13) holds to all orders,

gravity-mediated soft terms become [36]

m̃′ᾱβ =
2

3
V0K̃ᾱβ ≈ 0 , (1.14)

A′αβγ = eK̂/2Fm∂mYαβγ , (1.15)

where V0 is the tree-level cosmological constant, which we assume to be negligibly small.

This is referred to as ‘sort-of sequestering’ in the literature [42] and it opens the pos-

sibility that gravity-mediated soft terms vanish exactly: recall that in type IIB string

theory the superpotential and hence the Yukawa couplings do not depend on the Kähler

moduli up to non-perturbative terms. Unless Yukawa couplings receive non-perturbative

corrections which depend on the Kähler moduli, the term ∂mYαβγ is absent and gravity-

mediated soft-terms vanish.

The implications for the LVS phenomenology are the following. Soft terms have to

be generated at some scale, but this can now be suppressed w.r.t. to the gravitino mass

by powers of V � 1. Here V is a number, which measures the volume of the compact

space in units of the string length `6
s, and which is exponentially large in realisations of

the LVS. If ‘sort-of sequestering’ occurs, the soft terms can be suppressed w.r.t. m3/2

as much as msoft ∼
m3/2

V , where m3/2 ∼ MP

V . In this case soft terms are sourced by the

dilaton F-term, which scales as O(V−2). Then TeV soft terms are possible for a bulk

volume of V ∼ 3 · 107 in string units, which implies a string scale of ms ∼ MP√
V ∼ 1015

GeV. This is an attractive scenario as it allows for field theory gauge coupling unification

within string theory. If soft terms were less suppressed w.r.t. m3/2, the requirement of

TeV soft terms would then imply a lower string scale, which would come in conflict with

the possibility of a GUT within string theory. Hence, detailed knowledge of the scale

of soft terms is important for the phenomenology of this model beyond the realm of

supersymmetry breaking.

In summary, the dependence of physical Yukawa couplings on Kähler moduli is thus

a useful tool for examining contributions to soft terms in the LVS. In other words, the

conjecture (1.13) states, that “moduli generate soft scalar masses to the extent to which

the physical Yukawa couplings depend on the moduli”, as it was put in [36].

Testing the validity of (1.13) is one of the main goals of this thesis. Phrased in terms

of the moduli-dependence of the physical Yukawa couplings this question is ideally suited

4Note that expression (1.13) includes the leading order result (1.12)
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for an analysis using string perturbation theory. By performing a relevant calculation

in worldsheet conformal field theory one can determine the physical Yukawa couplings

directly. As calculations in smooth Calabi-Yau spaces are not possible, the computation

will be performed in a toroidal orbifold. By blowing up orbifold singularities, the result

can be extended to a smooth geometry. This is the subject of chapter 4: by calculating

a disk correlation function, we will examine the validity of (1.13) to all orders in α′ while

staying at leading order in gs. The result gives information about the scale at which soft

terms arise in string models of supersymmetry breaking.

1.1.4 Non-perturbative corrections to Yukawa couplings

While we addressed corrections to the Kähler potential above, contributions to soft terms

also arise from the superpotential and in particular the holomorphic Yukawa couplings

Yαβγ. So far we had a good reason to sideline the holomorphic Yukawa couplings: as

they arise from the superpotential, they do not depend on the supersymmetry breaking

Kähler moduli to all orders in perturbation theory. The only dependence on Kähler

moduli can arise through non-perturbative corrections, which typically give subleading

contributions to soft-terms. This situation changes if there are cancellations in the

perturbative contributions to soft terms: if K̃α ∼ eK̂/3 holds to higher orders, the non-

perturbative contributions to Yukawa couplings can become significant.

The presence of non-perturbative corrections to Yukawa couplings is expected on

general grounds. For one, non-perturbative effects are vital ingredients of any successful

scheme of moduli stabilisation in type IIB string theory, including the LVS. Such cor-

rections are sourced by Euclidean D3-branes (E3-branes) or gaugino condensation on

D7-branes wrapping four-cycles in the compact geometry. In the low energy effective

theory the resulting corrections to the superpotential take the form

W np =
∑
i

Ai(φ)e−aiTi , (1.16)

where a is a model-dependent constant. Here A(φ) is a prefactor which in principle de-

pends on other moduli except Ti. Most importantly, the non-perturbative contributions

introduce a dependence of the superpotential on the Kähler moduli, which allows for

their stabilisation.

The presence of non-perturbative corrections to visible sector operator can then

be understood as follows. Both the visible sector and the non-perturbative effects are

realised by D-branes wrapping various cycles in the compact geometry. The visible

sector is given by D3-branes at an orbifold singularity or D7-branes on a small four-cycle.
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Similarly, the non-perturbative effects arise from E3 or D7-branes on four-cycles. Even

though the two sectors are spatially separated, there will be open strings which stretch

across the compact space and which carry charges under both sectors. As pointed out

in [42], integrating out these massive strings can then generate cross-couplings between

these two sectors. For the above superpotential this implies, that the prefactor A(φ)

will not only be a function of the moduli (except Ti), but also depend on visible sector

fields Cα as well. In particular, new contributions to Yukawa couplings arise if non-

perturbative effects induce terms of the form

W np ⊃ Y np
αβγ(φ) CαCβCγ e−aiTi . (1.17)

Given such corrections to Yukawa couplings, the corresponding contributions to A-terms

are:

δA′αβγ = eK̂/2Fm∂m
(
Y np
αβγ(φ)e−aiTi

)
= −eK̂/2aiF TiY np

αβγ(φ)e−aiTi (1.18)

The important observation for supersymmetry breaking is that there is no reason why

Y np
αβγ should exhibit the same flavour structure as the tree-level Yukawa couplings. For

example, it is known that D-brane instantons can give rise to Yukawa couplings in type

IIA string theory, which are perturbatively forbidden [43,44]. In our case, this introduces

potential problems for the model: if the soft A-terms are not proportional to the Yukawa

couplings, they are sources of flavour changing neutral currents. Requiring the absence

of excessive flavour violation then imposes constraints on the string construction.

The numerically most important contributions arise if one of the fields Ci in (1.17)

is the Higgs. In this case masses will be induced for the remaining visible sector fields

after electroweak symmetry breaking. By studying the effect of these masses on flavour-

violating or CP-violating effects, one can exclude regions of parameter space of the

string construction which break observational bounds. The constraints are most drastic

for the sequestered LVS which exhibits ‘sort-of sequestering’: K̃α ∼ eK̂/3. For this

scenario, the absence of excessive flavour violation was used in [42] to derive a bound on

the volume of the compactification. Unless the non-perturbative corrections exhibit the

same flavour structure as the tree-level Yukawa couplings consistency with observational

bounds requires V < 105 in string units.

Hence the questions regarding the existence and structure of non-perturbative con-

tributions to Yukawa couplings are important, especially in scenarios with sequestered

supersymmetry breaking. The presence of such terms can be checked by an appropriate
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calculation in string perturbation theory. At leading order, the presence of superpo-

tential terms of the form (1.17) can be checked by evaluating an appropriate cylinder

amplitude stretching between the visible sector and the D-branes supporting the non-

perturbative effect. This is the subject of chapter 5 of this thesis. In particular, we will

want to demonstrate that cross-couplings of the form (1.17) exist and are not suppressed

by the bulk volume. Further, we will compare the flavour structure of new contributions

to Yukawa couplings to that of the tree-level couplings. Again, as CFT calculations

are not possible in the Calabi-Yau geometry, we have to work in a toy-model based on

a toroidal orbifold. Nevertheless, the conditions for the presence of non-perturbative

corrections to Yukawa couplings in these backgrounds should provide some intuition for

their behaviour in the more realistic geometry.

In this chapter we have laid out in detail the questions which we wish to answer

in this thesis. In the next chapter, we will introduce the methods which we will use to

derive the results. In particular, we will describe how one can use string perturbation

theory to determine operators in the low energy effective action.
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Chapter 2

String perturbation theory

In this section we review some aspects of string perturbation theory and conformal

field theory. These are vast subjects and we do not attempt to give a complete picture.

Instead, we focus on topics which will be useful for calculations in the following chapters.

In particular, we will be interested in obtaining elements of the S-matrix in string theory

and how these can be used to learn about the low energy effective action. References

for this section include the textbooks by Polchinski [45, 46]. Pedagogical introductions

to string theory and conformal field theory include [47, 48]. A standard reference for

conformal field theory is [49].

2.1 The string S-matrix

String theory describes the quantum behaviour of vibrating one dimensional objects.

The only dimensionful parameter of the theory is α′, which is related to the length of

the fundamental string `s = 2π
√
α′. If string theory is probed with energies E`s � 1

the extended nature of the string cannot be resolved, and strings effectively behave as

point particles. Thus it is not unexpected, that the quantum theory of strings should

reproduce the interactions of quantum field theory in a low energy limit.

But how can one determine the low energy effective action of string theory? One

way is to calculate an observable in a putative quantum field theory and compare it

to the same observable in string theory at low energies. If all observables coincide,

the quantum field theory captures the low energy behaviour of string theory. This is

not easily implemented, as string theory is very poor in observables. The action is the

integral over the worldsheet of a single string, which corresponds to a “first quantised”

theory of the string. Correspondingly we cannot calculate correlation functions of strings

in spacetime, as this would require a “second quantised” formulation where the action

is an integral of a string field over spacetime. The “first quantised” version of string
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theory allows us to determine the spectrum of a free string. A well-defined problem is

then to ask for the probability of scattering of asymptotic states of the free string. This

is nothing but the S-matrix and this is the observable that will allow for comparison

with field theory.

The prescription for determining the low energy effective action of string theory

is then the following [50]. Identify the massless sates of the string and calculate the

S-matrix. In the limit α′ → 0 this should be identical to the S-matrix of a field theory

just containing the massless degrees of freedom. We can find the low energy effective

action by postulating Lagrangians and selecting the one that reproduces all elements of

the S-matrix correctly.

2.1.1 Calculating the S-matrix

Given a Lagrangian the S-matrix of a field theory can be determined perturbatively with

the use of Feynman diagrams. In string theory we have a different perturbation expan-

sion. To see this we begin with the action for a string moving in background spacetime

fields. Its bosonic part is an integral of the spacetime coordinate field X(σ1, σ2) over

the Euclidean worldsheet Σ parameterised by (σ1, σ2):

S =
1

4πα′

∫
Σ

d2σ
√
h
[
hαβGµν(X)∂αX

µ∂βX
ν + iεαβBµν(X)∂αX

µ∂βX
ν
]

+
1

4π

∫
Σ

d2
√
hΦ(X)R(2) . (2.1)

The background fields are the spacetime metric Gµν , the antisymmetric Kalb-Ramond

field Bµν and the dilaton Φ. The worldsheet metric is hαβ and R(2) its Ricci scalar. The

action on the Euclidean worldsheet is more suitable for the definition of a path integral

and can be obtained from its Lorentzian equivalent by a Wick rotation. The worldsheet

coordinate σ2 describes Euclidean worldsheet time while σ1 parameterises the direction

along the string.

It is the dilaton-dependent term which is crucial for string perturbation theory.

Without the dilaton, this term is purely topological and calculates the Euler character-

istic χ of the worldsheet. Thus, if the dilaton acquires a vacuum expectation value Φ0

that is constant (throughout spacetime or at infinity), we can isolate its contribution to

the path integral

exp

(
−Φ0

∫
d2σ
√
hR(2)

)
= e−Φ0χ = g−χs . (2.2)

Here we identified the string coupling gs ≡ eΦ0 , which is the parameter of the string per-

turbation expansion. It is not a free parameter, but set dynamically by the value of the

dilaton. We see that contributions from worldsheets with different Euler characteristic
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enter at different orders in the string coupling. Consequently, the perturbation series of

string theory is an expansion in worldsheet topologies.

The Euler characteristic of a two-dimensional surface can be exactly specified by

the number of handles g, boundaries b and cross-caps c present and is given by

χ = 2− 2g − b− c . (2.3)

Open strings only interact via worldsheets with boundaries, while unoriented strings give

rise to worldsheets with cross-caps. The terms at the lowest order in the perturbation

expansion arise from the sphere for closed strings and the disk for open strings, with

coupling constants g−2
s and g−1

s respectively.

We now present a prescription for calculating elements of the S-matrix in string

theory. In the following, we will sketch how this procedure is performed in practice.

Schematically, an element of the S-matrix is given by

S(λ1, λ2, . . . , λn) =
∑

topologies

∫
DXDh

Vol diff×Weyl

(V1V2 . . . Vn) e−S(h,X) , (2.4)

where h is the worldsheet metric and X stands for all worldsheet fields (including

fermions). The external string states λi enter as operators Vi to which we will re-

turn later. Most importantly, the factor Vol−1
diff×Weyl signifies, that in order to arrive at

physical results we should only sum over configurations which are not related by a gauge

symmetry. For the string, gauge symmetries correspond to diffeomorphisms and Weyl

rescalings on the worldsheet and we will need to fix them to calculate S-matrix elements.

First, one can always employ a diffeomorphism to bring the worldsheet metric into

the form

hαβ(σi)
diffeo.−→ e2ω(σi)ηαβ , (2.5)

which is known as conformal gauge. Then, at least locally, one can turn the metric

into the flat metric in two dimensions by a Weyl rescaling e2ω(σ)ηαβ
Weyl−→ ηαβ. This,

however, does not fix the gauge freedoms completely: the sets of diffeomorphisms and

Weyl rescalings are not mutually exclusive. There are reparameterisations which can

been undone by Weyl rescalings, and they remain as residual gauge transformations

after having fixed the metric as in (2.5). These remnant gauge symmetries form a most

fascinating class of transformations. They correspond to conformal transformations, and

thus conformal field theory (CFT) in two dimensions plays a crucial role when studying

string theory.

We can use the conformal symmetry to our advantage. As long as the worldsheets

are related by a conformal map, the corresponding string amplitude will give the same
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result. Riemann surfaces are two (real) dimensional manifolds, which are equivalent

under a conformal map. Correspondingly, the string theory perturbation expansion is a

sum over Riemann surfaces of different topologies.

Now we turn to the insertions Vi in the above path integral. As we are calcu-

lating S-matrix elements these correspond to external string states which are inserted

at asymptotic infinity. If the external states are closed strings, the worldsheet for a

scattering of such states will be a surface with long cylinders stretching to the external

states. If we include external open string states there will be long strips attached to the

boundary of the worldsheet. The conformal invariance of the theory can help to simplify

the situation enormously. By a conformal transformation we can map the setup onto a

compact worldsheet with the insertions of external states as small punctures. For closed

strings these punctures appear in the bulk of the worldsheet, while open string states

will lead to disturbances on the boundary. The formalism of CFT can make this precise:

there exists an equivalence between physical states and so-called vertex operators at a

point. These are local operators in the conformal field theory which exhibit all quantum

numbers of the external string states. As a result, we can identify external string states

with CFT vertex operators Vi, which we need to insert into the path integral.

After having fixed the metric as in (2.5), the path integral (2.4) has to be evaluated

over conformally inequivalent Riemann surfaces. This turns the functional integral over

metrics into an integral of finite dimension over the moduli space Mg,n of a Riemann

surface of genus g with n punctures, where vertex operators are inserted. We can

get some understanding for this moduli space by considering transformations of the

worldsheet which we have not succeeded in fixing by specifying a metric. There are two

types:

1. For one, there can be conformal killing vectors (CKVs) which correspond to repa-

rameterisations of the worldsheet which cannot be fixed by fixing the metric. We

will then need to fix them explicitly.

2. On the other hand, there can be deformations of the metric, which cannot be

compensated for by a Weyl rescaling and a reparameterisation. These are known

as moduli (or Teichmüller parameters) and different values for them correspond

to conformally inequivalent surfaces. Hence we will need to integrate over these

parameters explicitly in the path integral.

Both the number of CKVs and moduli depend on the genus g of the worldsheet and are

summarised in the following table:
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g no. of CKVs no. of moduli
0 3 0
1 1 1
≥ 2 0 3g − 3

At the level of the path integral, the gauge fixing described above is most conve-

niently performed using the Fadeev-Popov method. This necessitates the introduction

of ghost fields with their corresponding action. In particular, we need to invoke anticom-

muting fields b and c and, for the superstring, there will also be the commuting ghosts

β and γ. We do not elaborate on this any further and refer readers to [45, 46] for more

details. While we will not ignore ghosts in the following, we will only state results and

properties, which are necessary for calculations in this thesis.

The above discussion leaves us with the following strategy for calculating S-matrix

elements in string perturbation theory at a fixed order in g−χs . First we choose vertex op-

erators for the relevant external states. We insert these vertex operators into a Riemann

surface with Euler characteristic χ. We fix the positions of as many vertex operators as

there are CKVs. As it turns out, we need to introduce one c-ghost for every position we

fix. In addition, every modulus of the surface requires the insertion of a b-ghost. The

element of the S-matrix is then calculated as a correlation function in two-dimensional

CFT. In the last step we need to integrate over the unfixed vertex operator positions

and all moduli of the surface to arrive at the result.

While we sketched the formalism for calculating elements of the S-matrix in string

theory, we have not collected all the ingredients. To perform calculations we need to

know the relevant vertex operators and Riemann surfaces. First, we return to the string

action.

2.1.2 Superstring action

We began the discussion of string perturbation theory by writing down the bosonic

action for a single string in background fields (2.1). For non-trivial backgrounds this

corresponds to an interacting two-dimensional field theory, which cannot be solved ex-

actly in most cases. It can be studied using perturbation theory, with the expansion

parameter given by
√
α′/R, where R is a typical length scale over which spacetime fields

vary. However, not all background fields give rise to a consistent string theory. In par-

ticular, consistency requires that the quantum theory remains Weyl invariant. A simple

solution which satisfies this condition is given by a flat target space metric ηµν , vanishing

Kalb-Ramond field and a constant dilaton. This is the background which we will use

for the rest of this thesis: while this is a particular choice, it offers calculability as the

20



worldsheet theory becomes free. As the dilaton is constant, it only contributes a factor

g−χs .

Furthermore, we will now also introduce worldsheet fermions explicitly, which we

ignored so far. These are crucial if we want to obtain a tachyon-free spectrum and space-

time fermions. An elegant way of introducing fermions is by requiring two-dimensional

supersymmetry on the worldsheet, which leads to the action for the appropriately named

superstring. Fixing the worldsheet metric in conformal gauge (2.5) and using complex

coordinates z = σ1 + iσ2 and z̄ = σ1 − iσ2 the superstring action in conformal gauge is

given by 1

S =
1

4π

∫
d2z

(
2

α′
ηµν∂X

µ∂̄Xν + ηµνψ
µ∂̄ψν + ηµνψ̃

µ∂ψ̃ν
)
. (2.6)

The Grassmann-valued fields ψµ and ψ̃µ can be understood as the components of a 2d

Majorana-Weyl spinor. The equations of motion for the worldsheet fields are

∂∂̄Xµ = 0 , ∂̄ψµ = 0 , ∂ψ̃µ = 0 . (2.7)

These imply that ψµ is a holomorphic field, ψ̃(z̄) is an antiholomorphic field and the

bosonic field X contains both holomorphic and antiholomorphic parts: Xµ(z, z̄) =

Xµ(z) + X̃(z̄).

2.1.3 Vertex operators

We need to insert a vertex operator for each external state into the string path integral

(2.4). These are primary operators of the conformal field theory on the worldsheet of

conformal weight (h, h̄) = (1, 1). They are most rigorously constructed by analysing

the physical states of the conformal field theory on the worldsheet and applying the

state-operator correspondence. We refer readers to a text on CFT (e.g. [45, 49]) and,

for brevity, only discuss some features of vertex operators.

For simplicity, we start with an example in bosonic string theory. Using complex

coordinates (z, z̄) on the conformally flat worldsheet, the vertex operator for a graviton

is given by

Vg =

∫
d2z Vg(z, z̄) =

2gc
α′

εµν

∫
d2z ∂zX

µ∂z̄X
ν eik·X(z,z̄) , (2.8)

where we refer to Vg(z, z̄) as the unintegrated vertex operator. Here, gc is a normalisation

for closed string operators, which can be fixed by unitarity. As the vertex operator should

be allowed to be inserted anywhere on the worldsheet, we integrate over its position.

1We follow the conventions in the textbooks by Polchinski [45,46].
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We can also identify εµν as the polarisation of the graviton, while k is its spacetime

momentum. Most importantly, the vertex operator shows the correct behaviour under

conformal transformations: ∂zX
µ is a primary field of conformal weight (h, h̄) = (1, 0),

while ∂z̄X
ν contributes (h, h̄) = (0, 1). The momentum exponential is also primary with

(h, h̄) = (α
′k2

4
, α
′k2

4
). The conformal weight of the complete operator is the sum of all

these contributions. To arrive at (h, h̄) = (1, 1), we thus require that k2 = 0. The

graviton is massless as expected. Open string vertex operators Vopen are inserted on the

worldsheet boundary. Correspondingly, they are only integrated along the boundary

Vopen =
∫
boundary

dz Vopen(z).

There is one more complication for the superstring: the vertex operators will also

depend on superconformal ghosts β and γ, which are introduced when restricting to

superconformal gauge [51]. The ghosts β and γ can be rewritten (bosonised) in terms of

holomorphic and antiholomorphic scalar fields ϕ and ϕ̃, which enter the vertex operators

explicitly in the form of fields eaϕ and ebϕ̄ with conformal weights h = −1
2
a2 − a and

h̃ = −1
2
b2 − b. One finds that the unintegrated closed and open string vertex operators

are of the form

V a,b
closed(z, z̄) =eaϕ(z) ebϕ̄(z̄) Oclosed(z, z̄) , (2.9)

V a
open(z) =eaϕ(z) Oopen(z) . (2.10)

The labels a and b are referred to as pictures, and there are constraints on their sums

in consistent correlation functions. For combinations of vertex operators on worldsheets

of genus g = 0, 1, the conditions are summarised in the table below.

Worldsheet Vertex operators Picture constraint

−2 sphere
no boundaries

∏
i V

ai,bi
closed

∑
i ai =

∑
i bi =

0 torus

−2 disk
with boundaries

∏
i V

ai
open

∏
j V

aj ,bj
closed

∑
i ai +

∑
j aj +

∑
j bj =

0 cylinder

Given an unintegrated vertex operator in one picture p, it is thus essential that we

can modify its ghost charge to be able to write down consistent correlation functions.

Starting with a vertex operator in picture p, it is easy to determine the appropriate form

with p+1. The procedure is called picture-changing and is described in [51]. It amounts

to evaluating the limit

V p+1(w) = lim
z→w

eϕ(z)TF (z)V p(w) , (2.11)
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where TF is the worldsheet supercurrent.2 Up to a normalisation, it is given by:

TF (z) =
9∑

µ=0

∂Xµψµ(z) . (2.12)

There is also an antiholomorphic equivalent. In appendix A.2.4 we list all vertex op-

erators relevant for calculations performed in this thesis. Next, we discuss the surfaces

where these vertex operators are inserted.

2.1.4 Riemann surfaces

The sum over worldsheets in string perturbation theory is a sum over Riemann surfaces,

and here we will describe the surfaces which will be relevant for calculations in the

following chapters. Again, it will be most useful to work on a Euclidean worldsheet

described by complex coordinates (z, z̄).

Sphere

To perform calculations on the sphere it is most useful to conformally map the sphere

to the complex plane, including a point at infinity, where this map breaks down. The

sphere has no moduli and three complex CKVs. The last statement is equivalent to the

fact that the sphere exhibits an SL(2,C) isometry. This needs to be removed by fixing

three complex vertex operator positions.

Disk

For practical purposes, the disk is most easily obtained from the sphere. Taking the

sphere as the complex plane and identifying

z ∼ z̄ , (2.13)

we can take the upper half plane as the disk with the real line as the boundary. The

isometry group is SL(2,R), which is the subgroup of the isometries on the sphere which

are consistent with the identification z ∼ z̄. Hence on the disk, we have to fix three real

parameters in the vertex operator positions.

Torus

The torus can be obtained from the complex plane by identifying under

z ∼ z + 1 z ∼ z + τ , (2.14)

2In practice, one needs to use the operator product expansions (OPEs) of the various fields to
perform this limit (see appendix A.2.3). Strictly speaking, this operation should only be performed
inside a correlation function. However, unless poles in (z − w) appear when evaluating this limit, the
naive procedure gives the correct result.
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where τ is a complex modulus. Two tori with moduli τ and τ ′ are equivalent if the moduli

are related by a SL(2,Z) transformation. Correspondingly, to only sum over inequivalent

tori in the string path integral, we will have to integrate τ over the fundamental domain

of SL(2,Z) with an invariant measure dτdτ̄ /(4Imτ).

Cylinder

To arrive at the cylinder (or annulus), we subject the torus to another identification.

First, we restrict τ = it/2 where t ∈ R. Identifying points under

z ∼ 1− z̄ (2.15)

the lines Re(z) = 0 and Re(z) = 1
2

are identified with themselves and become boundaries.

The fundamental domain of the cylinder is then given by Re(z) ∈ [0, 1
2
] and Im(z) ∈

[0, it
2
]. There is only one real modular parameter t which controls the circumference of

the cylinder and we need to integrate over it in calculations with measure dt/(2t). The

limit t → 0 corresponds to the open string UV and closed string IR limit, whereas for

t→∞ we replace IR ↔ UV in the previous statement.

2.2 Correlation functions

In the first part of this chapter we saw that the calculation of elements of the S-matrix in

string theory is equivalent to the evaluation of correlation functions of vertex operators

in conformal field theory. Here we collect results which will be important for performing

such calculations.

2.2.1 Worldsheets without boundaries

2.2.1.1 Correlation functions on the sphere

The starting point for this section will be the superstring action on the sphere, which we

conformally map to the complex plane. With our choice of background fields the action

is given by3

S =
1

4π

∫
d2z

(
2

α′
ηµν∂X

µ∂̄Xν + ηµνψ
µ∂̄ψν + ηµνψ̃

µ∂ψ̃ν
)
. (2.16)

This action describes a two-dimensional theory of free scalars and free fermions on the

plane, and we will be able to calculate correlation functions using standard techniques of

3The superstring action (2.6) is defined on the Euclidean worldsheet of a single propagating string.
For the closed string this is a cylinder, whose circumference is described by σ1 ∈ [0, 2π] and whose length
is given by σ2 ∈ [−∞,∞]. On this cylinder we use complex coordinates z = σ1 + iσ2 and z̄ = σ1− iσ2.
To arrive at the action on the complex plane, we can perform the conformal map z → e−iz, z̄ → eiz̄.
As the theory is conformally invariant, the form of the action remains unchanged.
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quantum field theory (QFT). The all-important quantities will be the propagators (two-

point functions) of the worldsheet fields: in a free quantum field theory all correlation

functions can be expressed exactly in terms of the basic propagators. In particular,

the procedure for calculating correlation functions is the path integral version of Wick’s

theorem: to arrive at the result we will have to sum over all pairwise contractions of the

fields appearing in the correlation function. Each contraction then provides a factor of

the basic propagator.

Hence, the starting point of any calculation are the propagators, which we list in

the following. It will be convenient to split the bosonic field X(z, z̄) into holomorphic

and antiholomorphic parts X(z, z̄) = X(z) + X̃(z̄). Starting with the action (2.6) it is

easy to show that the two-point functions are given by:

〈Xµ(z1)Xν(z2)〉 = −α
′

2
ηµν ln (z1 − z2) , (2.17)

〈X̃µ(z̄1)X̃ν(z̄2)〉 = −α
′

2
ηµν ln (z̄1 − z̄2) , (2.18)

〈ψµ(z1)ψν(z2)〉 =
ηµν

z1 − z2

(2.19)

〈ψ̃µ(z̄1)ψ̃ν(z̄2)〉 =
ηµν

z̄1 − z̄2

. (2.20)

Most importantly, there are no cross-couplings between holomorphic and antiholomor-

phic components. From the above results, we can also obtain the propagators involving

∂X and ∂̄X by differentiating (2.17) and (2.18).

Using these basic propagators, we can now evaluate correlation functions involving

the above fields by the standard rules for a free 2d QFT. To give an example, the

correlation function over two momentum exponentials appearing in vertex operators is

〈eik1X(z,z̄)eik2X(w,w̄)〉 = |z − w|α
′k1·k2 . (2.21)

To perform practical calculations, it will be useful to rewrite the correlation functions

over fermionic fields in a different form. In particular, the worldsheet spinors have non-

trivial correlation functions with so-called spin fields, which appear in vertex operators

of spacetime fermions (A.36). To treat both types of fields similarly, it will be convenient

to define the following combinations of worldsheet spinors:

Ψi=1 =
1√
2

(
ψ1 + ψ0

)
, Ψ̄i=1 =

1√
2

(
ψ1 − ψ0

)
, (2.22)

Ψi=2 =
1√
2

(
ψ2 + iψ3

)
, Ψ̄i=2 =

1√
2

(
ψ2 − iψ3

)
, etc. for i = 3, 4, 5 , (2.23)

with similar expressions for the antiholomorphic counterparts Ψ̃ and ˜̄Ψ. The basic

correlation functions of these fields are

〈Ψi(z1)Ψ̄j(z2)〉 =
δij

z1 − z2

, 〈Ψi(z1)Ψj(z2)〉 = 〈Ψ̄i(z1)Ψ̄j(z2)〉 = 0 . (2.24)
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In two dimensions, we can then rewrite the complex spinors in terms of free scalar fields

H(z) and H̃(z̄) with a basic propagator 〈H(z)H(0)〉 = − ln z. The procedure is called

bosonisation and amounts to locally replacing the complex spinors by

Ψi(z) ∼= eiH
i(z), Ψ̄i(z) ∼= e−iH

i(z) . (2.25)

One can confirm that the bosonised expressions exactly reproduce the correlators of the

original spinors (2.24). In particular, correlation functions involving the bosonised fields

become

〈
∏
i

eiqiH(zi)〉 =

{ ∏
i<j(zi − zj)qiqj ,

∑
i qi = 0 ,

0 ,
∑

i qi 6= 0 ,
(2.26)

where qi are referred to as H-charges. The condition for a correlator over the fermionic

fields to be non-zero can then be rephrased as a constraint on the H-charges: a correla-

tor over spinors can only contribute a non-vanishing result if the sum of all H-charges

vanishes.

Bosonisation can also be used on spin fields, which appear in vertex operators for

fermions (A.36). These can be written as

S(z) = ei
∑5
i=1 q

iHi(z) , q =

(
±1

2
,±1

2
,±1

2
,±1

2
,±1

2

)
, (2.27)

where we use the same scalar field H(z), which was employed in the bosonisation of the

worldsheet fermions. Then correlators involving both spin fields and worldsheet spinors

can be determined using the expression (2.26).

In addition, superstring vertex operators will also contain the fields ϕ(z) and ϕ̃(z̄).

These are free scalars which are introduced when bosonising the superconformal (β, γ)

ghosts. As they are free fields, their propagators have the same qualitative form as (2.17)

and (2.18). In particular, we have

〈ϕ(z1)ϕ(z2)〉 = − ln (z1 − z2) , 〈ϕ̃(z̄1)ϕ̃(z̄2)〉 = − ln (z̄1 − z̄2) , (2.28)

which completes the list of propagators on the sphere. Given the basic correlators from

this section, all correlation functions on the sphere can be evaluated in principle.

2.2.1.2 Basic correlators on the torus

On the torus, the basic propagators have to satisfy the same local behaviour as on the

sphere, but they also have definite periodicities under translations along the two cycles of

the torus. Because of this Jacobi theta functions ϑαβ(z|τ) (with α, β = 0, 1) will feature

prominently. These are quasi-doubly periodic under z → z + 1 and z → z + τ and can

be used to construct doubly periodic functions under these shifts. Their definitions and

some properties are listed in appendix A.1.
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Bosonic propagator

We can use ϑ1(z|τ) = ϑ11(z|τ) to write the propagator of two bosonic fields X on the

torus. For small z the function ϑ1(z|τ) behaves as

ϑ1(z|τ) = 2πη3(τ) z +O(z3) , (2.29)

where η(τ) is the Dedekind eta function. This leads to the following ansatz for the

propagator:

〈Xµ(z, z̄)Xν(w, w̄)〉T = −α
′

2
ln

∣∣∣∣ϑ1 (z − w|τ)

ϑ′1(0)

∣∣∣∣2 +
πα′

τ2

(Im(z − w))2 . (2.30)

Using the property (2.29), it clearly shows the same singular behaviour as its counterpart

on the sphere (2.17). The second term is added to make the expression periodic on the

torus and can be understood as a background charge.

Fermionic propagator

Correlators of fermionic fields on the torus exhibit one more complication compared

to worldsheet bosons. The torus has two non-contractible loops and the worldsheet

fermions can have either periodic (+) or antiperiodic (−) boundary conditions around

them. This leads to four so-called spin structures on the torus, (−−) (+−) (−+) (++),

and we will need to sum over them in the calculation. The first three are referred to as

even spin structures, while (++) is called odd. The fermionic propagator can then be

found by requiring

1. that it locally reproduces the result from the sphere (2.19),

2. that it satisfies the correct periodicities around the torus cycles.

Again, the result can be constructed using Jacobi theta functions. For the even spin

structures (i.e. excluding α = β = 1) such an expression is given by:

〈ψµ(z1)ψν(z2)〉αβT = ηµν
ϑαβ(z1 − z2) ϑ′1(0)

ϑ1(z1 − z2)ϑαβ(0)
, (2.31)

which is also known as the Szegő kernel. Interestingly, by using properties of doubly

periodic functions one can show that (2.31) is indeed the only possible expression con-

sistent with the two conditions stated above (for details see e.g. [49]). The fermionic

two-point function for the odd spin structure vanishes because of fermionic zero modes.4

4Correlation function of fermions in the odd spin structure are only non-zero if all fermionic zero
modes are saturated. A good reference for fermionic one-loop correlators in both the even and odd spin
structures is [52].
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Correlators involving both fermionic fields and spin fields on the torus will also be

sensitive to the spin structure. Their derivation is more technical and we refrain from

showing it at this point. The same is true for correlation functions over superconformal

ghosts. We refer readers to [53,54] for the derivation.5

2.2.2 Worldsheets with boundaries

In this thesis we will be interested in performing CFT calculations on worldsheets with

boundaries. In particular, we will analyse correlators on the disk and on the cylinder,

which we defined in section 2.1.4. The presence of boundaries will introduce new con-

ditions on the worldsheet fields, which will also have to be satisfied by the correlation

functions. One important set of conditions will arise from extremising the action in the

presence of a boundary. We will begin by deriving conditions on the bosonic spacetime

fields. To this end we vary the action (2.16) w.r.t. the bosonic coordinate Xµ:

δSb = − 1

πα′

∫
Σ

d2z δXµ∂∂̄X
µ +

i

2πα′

∫
∂Σ

(
dz̄ δXµ∂̄X

µ − dz δXµ∂X
µ
)
. (2.32)

The first term gives the equation of motion ∂∂̄Xµ = 0. The second term gives rise

to boundary conditions and would be absent for closed string worldsheets. For open

string worldsheets we have to ensure that these contributions vanish on each boundary

explicitly. There are two possible solutions that lead to a vanishing boundary term:

Neumann : dz ∂Xµ
∣∣
boundary

= dz̄ ∂̄Xµ
∣∣
boundary

, (2.33)

Dirichlet : δXµ
∣∣
boundary

= 0 . (2.34)

To parallel the condition in the Neumann case, we can rewrite (2.34) as

dz ∂X
∣∣
boundary

= −dz̄ ∂̄X
∣∣
boundary

. (2.35)

The identification of these conditions with Neumann and Dirichlet boundary conditions

arises as follows: using our definitions of the disk and cylinder from section 2.1.4, we

can easily check that these expressions reproduce ∂nX|boundary = 0 for Neumann and

∂tX|boundary = 0 for Dirichlet boundary conditions, where n and t are directions normal

and tangential to the boundary.

Similarly, there will also be conditions on the fermionic fields. Varying the fermionic

part of the action gives

δSf =
1

2π

∫
Σ

d2z
(
δψµ∂̄ψ

µ + δψ̃µ∂ψ̃
µ
)
− i

4π

∫
∂Σ

(
dz̄ (δψ̃µ)ψ̃µ − dz (δψµ)ψµ

)
. (2.36)

5In [53,54] the correlation functions of fermions, spin fields and superconformal ghosts were derived
using the so-called stress-tensor method. In chapter 3 we will introduce this method to derive correlators
involving twist fields.
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Again, we recover the equations of motion from the first term. As before, the boundary

terms have to vanish for each boundary separately. It follows that for both the disk and

the cylinder we require:

ψµ
∣∣
boundary

= ±ψ̃µ
∣∣
boundary

. (2.37)

The overall sign between ψ and ψ̃ is just a convention, but in the presence of more than

one boundary we can choose a different sign on different boundaries.

There is one more condition on worldsheet fermions which we need to touch upon.

The above shows that the holomorphic and antiholomorphic fermions are related on the

worldsheet boundary. Worldsheet supersymmetry then requires, that they also become

sensitive to Dirichlet and Neumann boundary conditions (see for example [55]). To

summarise this section, the boundary conditions for the disk and the cylinder can be

compactly written as

∂Xµ
∣∣
boundary

= Rµ
ν ∂̄X

ν
∣∣
boundary

, ψµ
∣∣
boundary

= ±Rµ
νψ̃

ν
∣∣
boundary

, (2.38)

where R is a diagonal matrix R = diag(±1,±1, . . . ,±1) which encodes Dirichlet and

Neumann boundary conditions. On the disk, Neumann directions require an entry (+)

in D, while an entry (−) signifies Dirichlet boundary conditions. On the cylinder we

need to exchange (+)↔ (−).

The significance of Dirichlet and Neumann boundary conditions is the following. In

string theory, boundaries are associated with the presence of D-branes, which are higher

dimensional surfaces on which open strings can end. While the ends of strings can move

parallel to the brane, the string is fixed in the transverse direction. Hence, Neumann

boundary conditions are required for directions parallel to the branes, while transverse

directions exhibit Dirichlet boundary conditions. In the following, we will analyse how

the boundary conditions are implemented on the level of correlation functions.

2.2.2.1 Basic correlators on the disk

To calculate correlation functions on the disk, we will be able to reuse many of the results

on the sphere. Locally, correlators on the disk should exhibit the same behaviour as on

the sphere. However, we also have to satisfy Dirichlet or Neumann boundary conditions

which should also hold for the quantum theory. Taking the disk as the upper half plane,

the boundary conditions can be written as follows:

at Im(z) = Im(z̄) = 0 : ∂Xµ(z) = ±∂̄Xµ(z̄) , ψµ(z) = ±ψ̃(z̄) , (2.39)

where (+) encodes Neumann and (−) Dirichlet boundary conditions. As mentioned

before, worldsheet supersymmetry requires that the boundary conditions on bosons and
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fermions are correlated.

Method of images

In Electrodynamics problems with boundaries are typically solved by the method of

images. We can also apply it here to derive Green’s functions on the disk from those on

the sphere. Recall that the disk can be obtained from the sphere by identifying points

related by the involution ID : z → z̄. Given the bosonic Green’s function on the sphere

GS2(z1, z2; z̄1, z̄2) = 〈X(z1, z̄1)X(z2, z̄2)〉S2
(2.40)

we can find the corresponding result on the disk by (anti-) symmetrising under the

involution ID:

GD2(z1, z2; z̄1, z̄2) =
1

2

(
GS2(z1, z2; z̄1, z̄2) +GS2(ID(z1), ID(z2); ID(z̄1), ID(z̄2))

±GS2(ID(z1), z2; ID(z̄1), z̄2)±GS2(z1, ID(z2); z̄1, ID(z̄2))

)
= −ηµν α

′

4

(
ln |z1 − z2|2 + ln |z̄1 − z̄2|2 ± ln |z̄1 − z2|2 ± ln |z1 − z̄2|2

)
= −ηµν α

′

2

(
ln |z1 − z2|2 ± ln |z1 − z̄2|2

)
, (2.41)

where the positive sign has to be used for Neumann and the negative for Dirichlet bound-

ary conditions. The second term implies, that there are now non-zero cross-correlations

between holomorphic and antiholomorphic parts of X. The method of images can also

be applied to fermionic fields, but it is more involved since the boundary conditions

(2.39) identify holomorphic and antiholomorphic fermions (see [56] for details).

The result for both bosons and fermions is that boundaries introduce cross-couplings

between holomorphic and antiholomorphic fields. Hence, in addition to the correlation

functions inherited from the sphere, the following correlators are non-zero on the disk

[57–59]:

〈Xµ(z1)X̃ν(z̄2)〉 = −Dµν α
′

2
ln(z1 − z̄2) , (2.42)

〈ψµ(z1)ψ̃ν(z̄2)〉 =
Dµν

z1 − z̄2

. (2.43)

The matrix Dµν encapsulates the conditions on the disk boundary:

Dµν =

{
ηµν Neumann
−ηµν Dirichlet

. (2.44)

While we do not give any more details, we note that we also require couplings between

holomorphic and antiholomorphic parts of the superconformal ghosts [59]:

〈φ(z1)φ̃(z̄2)〉 = − ln(z1 − z̄2) . (2.45)
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The main result for correlation functions on the disk is the following: in addition to

the basic correlators on the sphere (2.17), (2.19) and (2.28) we also need to include

cross-correlations (2.42), (2.43) and (2.45).

Fields on the boundary

Here, we wish to consider the special case where fields are located on the boundary.

This is relevant when performing calculations involving vertex operators of open string

states, which are inserted on worldsheet boundaries. Correlators of these fields can be

obtained by taking a limit of the interior result. For example, the two-point function

〈X(z1, z̄2)X(z2, z̄2)〉 (2.41) for the Neumann case becomes:

〈X(z1, z̄1)X(z2, z̄2)〉ND2
= −ηµν α

′

2
ln |z1 − z2|2 − ηµν

α′

2
ln |z1 − z̄2|2

−→
z1,2→y1,2

〈X(y1)X(y2)〉ND2
= −2α′ηµν ln |y1 − y2| , (2.46)

where yi is a position on the boundary. As zi = z̄i = yi on the boundary we find that the

basic correlator is effectively doubled compared to the sphere. For Dirichlet boundary

conditions, the correlator vanishes.

2.2.2.2 Basic correlators on the cylinder

Before, we derived Green’s functions on the disk from those on the sphere. Similarly,

one can derive the propagators on the cylinder from those on the torus. For brevity,

we will just show the results for the two-point functions of the bosonic fields. We can

repeat the steps leading to (2.41), but use the appropriate involution for the cylinder

IA : z → 1−z̄. We give the results for the bosonic propagator for Dirichlet and Neumann

boundary conditions separately:

〈X(z1, z̄1)X(z2, z̄2)〉NA =− α′

2

(
ln

∣∣∣∣ϑ1 (z1 − z2|τ)

ϑ′1(0)

∣∣∣∣2 + ln

∣∣∣∣ϑ1 (z1 + z̄2|τ)

ϑ′1(0)

∣∣∣∣2
)

(2.47)

+
2πα′

τ2

(Im(z1 − z2))2 ,

〈X(z1, z̄1)X(z2, z̄2)〉DA =− α′

2

(
ln

∣∣∣∣ϑ1 (z1 − z2|τ)

ϑ′1(0)

∣∣∣∣2 − ln

∣∣∣∣ϑ1 (z1 + z̄2|τ)

ϑ′1(0)

∣∣∣∣2
)

(2.48)

If we considered fields X on the boundary, the Dirichlet correlator would vanish and

the Neumann result would have to be doubled as before. The correlators for fermionic

fields and superconformal ghosts can be found by similar methods (e.g. see [56,60]). The

expressions which are relevant for calculations in this thesis are given in appendix A.2.6.
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2.3 Toroidal orbifolds with D3-branes at orbifold sin-

gularities

In string perturbation theory we have to specify a background spacetime and this is the

subject of this section. Before, we stated that we will restrict ourselves to flat back-

grounds with vanishing Kalb-Ramond field and constant dilaton. Here we want to be

more specific: to make contact with the observed universe, we take the background space-

time as a product of four-dimensional Minkowski space and a compact six-dimensional

space. In this section, we will describe the compact space in more detail.

All calculations in the following chapters will be performed in toroidal orbifolds

(T2 ×T2 ×T2)/ Γ, with Γ a ZN subgroup of SU(3). These spaces are simple enough to

be able to perform calculations, but offer enough complexity to constitute semi-realistic

models of particle physics [61, 62]. In particular, a toroidal orbifold is flat everywhere

except at individual points, which nevertheless do not introduce any pathologies.

To construct the orbifold, we start with the three two-tori, which we parameterise

by a complex coordinate X i with i = 1, 2, 3. The geometry of each two-torus can be

described by the geometric moduli

U =
R2

R1

eiα , T2 = R1R2 sinα , (2.49)

where R1 and R2 are the radii of the two cycles of the torus. The orbifold point group ZN
acts on worldsheet fields through the orbifold twist vector θ = (θ1, θ2, θ3) with θi = k/N

and k an integer:

X i → e2πiθiX i , (2.50)

Ψi → e2πiθiΨi , (2.51)

where Ψi are complex spinors. The transformation of the spinor is needed to maintain

worldsheet supersymmetry. The toroidal orbifold as a space is then obtained by iden-

tifying points related by the geometric action (2.50): X i ∼ e2πiθiX i. For this to be

consistent with the definition of the torus, only certain values for U are allowed.

Clearly, there can be fixed points under the geometric action (2.50), which are re-

ferred to as orbifold singularities. Interestingly, these do not lead to pathologies and

string theory on this space is well-defined. The orbifold can be understood as a lim-

iting case of a smooth space, where small cycles have shrunk to zero size to become

singularities.

In addition to its geometric action, the orbifolding also affects further degrees of

freedom. Open strings on a stack of D-branes or at a D-brane intersection can have
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endpoints on different branes. To keep track of strings ending on different branes one

introduces a label λ, which is referred to as a Chan-Paton (CP) factor. The labels λ can

be represented by matrices, and each vertex operator for an open string will contribute

such a CP factor λ. In fact, the labels specify the representation of the string state under

the gauge group on the stack of branes. When calculating elements of the S-matrix, we

will need to include a trace over the CP factors of all vertex operators inserted on the

boundary: Tr(λ1λ2 . . .). On these CP factors the orbifold acts as via a twist matrix γθ:

θ : λ→ γθλγ
−1
θ . (2.52)

On each stack of coincident branes we can choose an embedding of the form:

γθ = diag(1n0 , e
2πi
N 1n1 , e

4πi
N 1n2 , . . . , e

2πi(N−1)
N 1nN−1

) (2.53)

where n =
∑N−1

i=0 ni is the total number of branes. By considering states which are

invariant under the combined geometrical and CP action of the orbifold, the spectrum

of massless states on D-branes at singularities can be derived [63–65].

D3-branes at orbifold singularities

As we will model visible sectors by D3-branes at an orbifold singularity, it will be useful

to collect some features of the massless spectrum of these setups here. At a smooth point

a stack of n D3-branes exhibits a N = 4 Super-Yang-Mills theory with gauge group U(n)

on its worldvolume. At an orbifold singularity, only states which are invariant under the

combined orbifold action will remain:

1. Gauge bosons arise from open string fluctuations in the external Minkowski di-

rections. Correspondingly, they are not affected by the geometric action of the

orbifold, which only affects internal directions. The CP factors then only have to

be invariant under the CP action (2.52):

λ = γθλγ
−1
θ . (2.54)

Given the form of the twist matrix (2.53), the CP factor for a gauge boson has to be

of block-diagonal form, with blocks of size ni× ni. From this one can deduce that

the gauge group on the stack of branes is now a product of multiple non-Abelian

factors

gauge group: U(n0)× U(n1)× . . .× U(nN−1) . (2.55)

2. Chiral scalars arise from fluctuations (in the Neveu-Schwarz sector) in the internal

directions. Correspondingly, they are also affected by the geometric action of the
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orbifold. The CP factors have to obey

λ = e2πiθiγθλγ
−1
θ (2.56)

In addition there will be chiral fermions (from the Ramond sector).6 For θi 6= 0

for all i we obtain a spectrum exhibiting N = 1 supersymmetry. The scalars and

fermions fill out chiral superfields which transform as bifundamentals under the

gauge group on the stack of branes:

Chiral multiplets:
N−1∑
i=0

3∑
r=1

(ni, n̄i−br) , (2.57)

for an orbifold twist θ = (θ1, θ2, θ3) = 1
N

(b1, b2, b3). Consequently, we can label

chiral multiplets as Cr
i,i−br . The subscripts, which we sometimes suppress, label

the representations. The superscript denotes the complex internal direction. It

is the appearance of chiral matter which makes these constructions interesting as

semi-realistic models for particle physics.

3. The superpotential is inherited from the N = 4 theory and takes the form

W =
3∑

r,s,t=1

εrst Tr (CrCsCt) (2.58)

=
N−1∑
i=0

(
C1
i,i−brC

2
i−br,i−br−bsC

3
i−br−bs,i − C

2
i,i−brC

1
i−br,i−br−bsC

3
i−br−bs,i

)
where εrst is the fully antisymmetric tensor. Consequently, only Yukawa couplings

of the type C1C2C3 or C2C1C3 appear in the theory.

This concludes the analysis of the spectrum of D3-branes at an orbifold singularity.

In this chapter we reviewed the basics of string perturbation theory and sketched

how to calculate CFT correlation functions involving the worldsheets fields X, ψ, ψ̃ and

also spin fields S, S̃. In the setting of orbifolds, or when considering D-branes at angles,

there are further fields, which implement non-trivial boundary conditions on the bosonic

field X. Correlation functions involving these fields are technically more demanding, and

we devote the next chapter to their study.

6The CP factors for fermions have to obey λ = e2πi(
∑

i θisi)γθλγ
−1
θ . The vector s represents the

Ramond ground state and its entries take the values si = ±1/2. The GSO projection only allows states
with

∑
i si = odd.
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Chapter 3

Twist fields

In this chapter we will discuss how to calculate CFT correlation functions involving

twist fields, which introduce branch cuts into the map from the worldsheet to target

space. In practical calculations we will also require expressions for Green’s functions

∂X(z1)∂X̄(z2) in a background of twist fields. The latter are a crucial starting point

for the calculation of correlation functions of twist fields by the so-called stress-tensor

method. Correspondingly, we will review this method for computing twist correlators

on the sphere. As we are interested in worldsheets with boundaries, we finally discuss

how the results can be carried over to the disk worldsheet. In this chapter we adopt the

conventions of [66].

3.1 Twist fields on the sphere

A toroidal orbifold T6/ZN is constructed as a quotient space of T6 under the linear action

of the cyclic group ZN , yet the Hilbert space of string theory on this orbifold is much

richer than the one on the toroidal space [61,62]. Take a closed string whose worldsheet

is parameterised by a coordinate along the string σ1 ∈ [0, 2π] and a Euclidean time

coordinate σ2 ∈ [−∞,∞]. If the string endpoints are located at spacetime positions

related by the action of ZN , this state is a closed string in a twisted sector:

Xclosed(σ
1 + 2π, σ2) = e2πiθXclosed(σ

1, σ2) . (3.1)

Clearly, we need to work with complex spacetime coordinates X = Xµ + iXµ+1 and

X̄ = Xµ − iXµ+1. At orbifold fixed points twisted closed strings do not have to stretch

across spacetime and contribute massless states. Calculating scattering amplitudes in-

volving these states is technically challenging, but it is certainly of phenomenological

interest. For example, twisted closed string states are related to blow-up modes – Kähler

moduli parameterising the sizes of cycles which have collapsed to zero size in the case of

the orbifold. Consequently, by calculating correlation functions involving these blow-up
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modes one can in principle determine the effective field theory on the blown-up back-

ground [67,68]. Twisted closed string states are also important in heterotic string theory,

where they appear in matter fields. Further, there are conditions similar to (3.1) in the

context of open strings in models with intersecting D-branes. Twisted boundary con-

ditions arise for open strings with two ends on different branes intersecting at angles.

As massless twisted open string states are identified with matter excitations in these

models, these states are of great phenomenological interest. Altogether, it is of great

phenomenological importance to be able to perform calculations involving twisted states

in string theory.

Upon a map z = ei(σ
1−iσ2) to the complex plane the condition (3.1) becomes:

X(e2πiz, e−2πiz̄) = e2πiθX(z, z) . (3.2)

At the level of the CFT we then enforce the above condition by the introduction of a

twist field σθ, around which the bosonic field is multivalued [66]. It is these twist fields

σθ(w, w̄) which then appear in vertex operators of twisted states and we need to be able

to determine correlation functions involving them.

Monodromies and stress-tensor method

We will review the so-called stress-tensor method for deriving correlation functions in-

volving twist fields, which was pioneered in [66]. While doing so, we collect results

and expressions which will be important in the next chapter. The starting point is the

monodromy of the bosonic spacetime field X around a twist field σθ(w, w̄) at the origin

w = w̄ = 0:

X(e2πiz, e−2πiz̄) = e2πiθX(z, z̄) + v . (3.3)

This differs from the expression in (3.2) as we also allow for displacements by v. These

shifts will be members of a coset lattice which depends on both the twist angle and

spacetime location of the twist field. We will separate the discussion into two parts by

splitting the field X into a classical part and quantum fluctuations:

X = Xcl +Xqu . (3.4)

The quantum fluctuation is ignorant of the embedding in spacetime and its monodromy

condition is simply given by (3.2). In contrast, the full monodromy condition (3.3)

applies for the classical part.
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3.1.1 Quantum correlation functions

Beginning with the quantum part we note that the monodromy condition (3.2) leads to

shifts in the Laurent mode expansion of X. We prefer to work with the holomorphic

fields ∂X and ∂X̄ which exhibit the same quantum monodromy conditions as X and X̄

and whose Laurent expansions are

∂X =
∞∑

n=−∞

αn−θ z
−n−1+θ ,

∂X̄ =
∞∑

n=−∞

ᾱn+θ z
−n−1−θ , (3.5)

with similar expressions for the antiholomorphic fields ∂̄X and ∂̄X̄. We can then derive

the OPEs of the fields ∂X and ∂X̄ with the twist field σθ(w, w̄) in the following way. The

twist field is introduced to take us from the untwisted Hilbert space to the Hilbert space

of twisted states. Correspondingly, the twisted ground state is given by |σθ〉 = σθ(0, 0)|0〉.
Then we can find the relevant OPEs by requiring that all positive modes annihilate the

twisted ground state:

αn−θ |σθ〉 = 0 n > 0 ,

ᾱn+θ |σθ〉 = 0 n ≥ 0 . (3.6)

This leads to the crucial result for the OPEs:

∂X σθ(w, w̄) ∼ (z − w)−(1−θ) τθ(w, w̄) + · · · , (3.7)

∂X̄ σθ(w, w̄) ∼ (z − w)−θ τ ′θ(w, w̄) + · · · ,

∂̄X σθ(w, w̄) ∼ (z̄ − w̄)−θ τ̃ ′θ(w, w̄) + · · · ,

∂̄X̄ σθ(w, w̄) ∼ (z̄ − w̄)−(1−θ) τ̃θ(w, w̄) + · · · ,

where τ denotes four different excited twist fields. The above result can be easily mod-

ified for the case of an antitwist σ−θ. Twisting by −θ is equivalent to a twist by 1 − θ
in the monodromy condition (3.3). However, when writing down the mode expansion

we assumed that 0 ≤ θ < 1. Correspondingly, when dealing with antitwists we need to

replace θ by 1− θ everywhere, which lies in the allowed interval for the mode expansion.

Worldsheet supersymmetry requires that if the bosonic fields obey twisted boundary

conditions, a compensating condition has to be imposed on the fermionic fields. Analo-

gous to the bosonic case one introduces fermionic twist fields sθ(w) and s̃θ(w̄) such that

the complex worldsheet spinors pick up a phase when moved around the insertion point

of a twist. To get a consistent theory one defines the phase such that the worldsheet
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supercurrents TF (z) = ∂X ·ψ and T̃F (z̄) = ∂̄X · ψ̃ are single-valued around the insertion

point of a twist sθ(w)s̃θ(w̄)σθ(w, w̄). From the OPEs, this is true if the fermionic twist

fields are bosonised as

s±θ(w) = e±iθH(w), (3.8)

s̃±θ(w̄) = e∓iθH̃(w̄),

where H and H̃ are free scalar fields which we also used to bosonise the complex world-

sheet fermions Ψ in (2.25).

The OPEs capture the local behaviour of the fields around twist insertions and

allow us to determine the Green’s functions in the presence of twists. These expressions

will also be the starting point for the calculation of twist correlation functions via the

stress-tensor method. We begin with the Green’s function in a two-twist-background,

which is completely determined by the OPEs. On the sphere we can thus write:

g2(z1, z2)S2 =
〈−1

2
∂z1X∂z2X̄ σθ(w1, w̄1) σ−θ(w2, w̄2)〉
〈σθ(w1, w̄1) σ−θ(w2, w̄2)〉

= (z1 − z2)−2 (z1 − w1)−1+θ (z1 − w2)−θ (z2 − w1)−θ (z2 − w2)−1+θ

[(z1 − w1)(z2 − w2)− θ(z1 − z2)(w1 − w2)] . (3.9)

The result is obtained by requiring that the fields ∂X and ∂X̄ exhibit the correct local

behaviour about all other fields: the double pole is typical of a ∂X∂X̄ propagator and

the multivalued factors arise from the OPEs with the twist fields (3.7). The terms

in the square bracket can be determined by requiring the absence of simple poles in

(z1 − z2), which we do not expect in a ∂z1X∂z2X̄ propagator. The dependence on the

antiholomorphic coordinates w̄1 and w̄2 cancels between numerator and denominator.

This method can be extended to calculate Green’s function in a background of more

than two twists: However, these correlators cannot be fully determined by the OPEs

alone. One can add to g2(z1, z2)S2 classical solutions for ∂X(z1)∂X̄(z2), which have the

right monodromy around the twist insertions, but are not singular in the limit z1 → z2.

The Green’s function can then be fixed by global monodromy conditions: we have to

ensure that X is strictly periodic around all closed loops on the worldsheet encircling

net zero twist.

We will now derive the conformal weight and the two-twist correlator. To do so we

recall the OPE of a primary field φ(w, w̄) with the stress tensor T (z):

T (z)φ(w) =
hφ(w, w̄)

(z − w)2 +
∂wφ(w, w̄)

z − w
+ . . . , (3.10)
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where h is the conformal weight of φ. To make contact with (3.9) we note that the

bosonic stress tensor T (z) is the normal ordered product of ∂X∂X̄(z) such that

−1

2
∂z1X∂z2X̄ ∼

1

(z1 − z2)2 + T (z1) + . . . . (3.11)

Thus, by subtracting the leading singularity we can turn the Green’s function (3.9) into

a correlator involving the stress-tensor:

〈T (z1) σθ(w1, w̄1) σ−θ(w2, w̄2)〉
〈σθ(w1, w̄1) σ−θ(w2, w̄2)〉

= lim
z2→z1

[
g2(z1, z2)− 1

(z1 − z2)2

]
=

1

2
θ(1− θ)

[
1

z1 − w1

− 1

z1 − w2

]2

. (3.12)

By comparing (3.12) with (3.10) we can read off the conformal weight of a twist field and

obtain a differential equation for the two-twist correlator. We find that the conformal

weight of a twist (and antitwist) is h = 1
2
θ(1 − θ). Using T̄ (z̄) we could also derive h̄

which gives an identical result.

We now come to the main step of the stress-tensor method employed here: by

comparing the simple poles of (3.12) with (3.10) one can derive a differential equation

for the twist correlator. For our example we obtain

∂w1 ln〈σθ(w1, w̄1) σ−θ(w2, w̄2)〉 = −θ(1− θ) (w1 − w2)−1 (3.13)

which can be integrated to give

〈σθ(w1, w̄1) σ−θ(w2, w̄2)〉 = C(w̄1, w̄2) (w1 − w2)−θ(1−θ) (3.14)

where C is a “constant” of integration which depends on the antiholomorphic coordi-

nates. The function C can be fixed by repeating the analysis starting with the antiholo-

morphic Green’s function and relating it to a correlator involving the antiholomorphic

stress tensor T̄ (z̄). As the calculation is exactly parallel to the holomorphic case we can

state the result for the two-twist correlator on the sphere directly:

〈σθ(w1, w̄1) σ−θ(w2, w̄2)〉S2
= (w1 − w2)−θ(1−θ) (w̄1 − w̄2)−θ(1−θ) (3.15)

The calculation of the two-twist-correlator could have also been achieved in a more

direct Hilbert space approach by evaluating 〈σθ|T (z)|σθ〉. However, the stress-tensor

method becomes particularly useful when analysing amplitudes with more than two

twists. By comparing the correlation function of T (z) in a background of n twist fields

with the OPE (3.10) one can always derive a differential equation for the twist correlator.
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3.1.2 Classical solutions

When calculating string scattering amplitudes one needs to sum over all classical back-

grounds for the given process weighted by the classical action e−Scl with

Scl =
1

4π

∫
d2z

(
∂X∂̄X̄ + ∂X̄∂̄X

)
. (3.16)

The classical solution has to satisfy the equation of motion ∂∂̄Xcl = 0, which implies

that ∂Xcl and ∂X̄cl have to be holomorphic while ∂̄Xcl and ∂̄X̄cl are antiholomorphic.

Further, the classical solution has to display the correct monodromy around twist inser-

tion points (3.3). This allows us to write down the classical solutions straight away up

to a normalisation. For example, in a background of a twist σθ(w1, w̄1) and antitwist

σ−θ(w2, w̄2) they become

∂Xcl = a (z − w1)−1+θ (z − w2)−θ (3.17)

∂X̄cl = ā (z − w1)−θ (z − w2)−1+θ

∂̄Xcl = b (z̄ − w̄1)−θ (z̄ − w̄2)−1+θ

∂̄X̄cl = b̄ (z̄ − w̄1)−1+θ (z̄ − w̄2)−θ .

The normalisations a and b can be determined by requiring that

∆CiXcl =

∮
Ci

dz ∂Xcl +

∮
Ci

dz̄ ∂̄Xcl = vi (3.18)

for all closed loops Ci, where vi is the displacement in spacetime associated with the loop

Ci. These shifts vi describe the embedding of the worldsheet in spacetime, and depend

on the twist locations. In the next paragraphs we will describe how they are determined.

Lattice shifts

Each twist field is associated with a space group element (θ, v) which implements the

global monodromy conditions:

X(e2πiz, e−2πiz̄) = θX(z, z̄) + v . (3.19)

The vector v is an element of a coset lattice that depends on the twist angle θ and the

fixed point f of the twist field [62,66]:

v ∈ (1− θ)(f + u) u ∈ Λ , (3.20)

where Λ is the lattice of the orbifold space group.
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The shift along a contour surrounding two twists will be associated with the product

of the space group elements of the twists enclosed.1 The product is performed as

(θ, v)(ϕ, u) = (θϕ, v + θu) . (3.21)

Correspondingly, the inverse of a space group element (θ, v) is given by (θ, v)−1 =

(θ−1,−θ−1v).

Consistent embeddings of the worldsheet into target space put restrictions on the

shifts vi associated with the vertex operator insertions (θi, vi). In particular, consider a

contour surrounding all twist insertions. We can pull this around the sphere to end up

with a contour encircling no twists. To avoid inconsistencies we thus find the following

space group selection rule: the ordered product of all space group elements (θi, vi) on

the sphere must be a set including the identity (1, 0), otherwise the correlation function

vanishes.

Classical action

We have now all necessary ingredients to calculate the classical action. The strategy is

as follows:

1. Given the setup of twists identify a complete basis of loops Ci with net zero twist.

2. By calculating products of the space group elements of the individual twist inser-

tions determine the displacements vi associated with the loops Ci.

3. Normalise the classical solutions (3.17) by using the shifts vi in (3.18).

4. Calculate the action (3.16) using the normalised solutions.

This concludes our review of twist fields on the sphere. In the following section, we will

describe how the above results can be applied to study twist field correlation functions

on the disk.

3.2 Twist fields on the disk

In this section we want to combine the cut-structure of twist correlation functions with

the conditions enforced by worldsheet boundaries. The result will be the “doubling trick”

for twist fields. On worldsheets with boundaries, twist fields can either be inserted in

the bulk of the worldsheet, or they can be located on the boundary. The latter case

occurs for open strings between branes intersecting at angles: in this context the twist

1To define products of space group elements consistently, we have to specify the ordering.
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fields are also referred to as boundary changing operators and they have been explored

in [14,69–74]. We however will be interested in twist fields in the bulk of the disk. Such

a setup has been considered before in [75].

3.2.1 Quantum correlation functions

The presence of D-branes requires strings to have Neumann boundary conditions parallel

and Dirichlet boundary conditions transverse to the branes. Thus, the bosonic fields have

to obey:

disk: ∂X =

{
∂̄X Neumann
−∂̄X Dirichlet

Im(z) = Im(z̄) = 0 . (3.22)

On the sphere the presence of twist field insertions led to a cut-structure in the map

from worldsheet to spacetime encoded in the OPEs (3.7) between the fields ∂X and ∂̄X

and the twist fields σθ(w, w̄). These are local expressions and thus they must hold on

the disk as well.

To see how to reconcile all these conditions let us return to the study of Green’s

functions. Using the OPEs (3.7) the ∂X∂X̄ propagator in the presence of one twist on

the disk should thus behave as

g1(z1, z2)D2 =
〈−1

2
∂z1X∂z2X̄ σθ(w, w̄)〉
〈σθ(w, w̄)〉

=
(z1 − w)−1+θ (z2 − w)−θ

(z1 − z2)−2 f(z1, z2;w, w̄) ,

(3.23)

Next, we follow the same prescription to determine the antiholomorphic Green’s function:

g̃1(z̄1, z̄2)D2 =
〈−1

2
∂̄z̄1X∂̄z̄2X̄ σθ(w, w̄)〉
〈σθ(w, w̄)〉

=
(z̄1 − w̄)−θ (z̄2 − w̄)−1+θ

(z1 − z2)−2 f̃(z̄1, z̄2;w, w̄) .

(3.24)

The conditions (3.22) now require that the expressions for the two Green’s functions

coincide on the disk boundary when z1 = z̄1 and z2 = z̄2. The twist field is in the bulk

of the disk such that w 6= w̄. This condition is only satisfied if the holomorphic fields

∂X and ∂X̄ also show a singular behaviour about the antiholomorphic coordinate w̄.

Similarly, the antiholomorphic fields ∂̄X and ∂̄X̄ must now also be branched about w.

In particular, we require

∂X(z, z̄)σθ(w, w̄) ∼
{

(z − w)−(1−θ) z → w
(z − w̄)−θ z → w̄

(3.25)

∂X̄(z, z̄)σθ(w, w̄) ∼
{

(z − w)−θ z → w
(z − w̄)−(1−θ) z → w̄

(3.26)

∂̄X(z, z̄)σθ(w, w̄) ∼
{

(z̄ − w̄)−θ z̄ → w̄
(z̄ − w)−(1−θ) z̄ → w

(3.27)

∂̄X̄(z, z̄)σθ(w, w̄) ∼
{

(z̄ − w̄)−(1−θ) z̄ → w̄
(z̄ − w)−θ z̄ → w

(3.28)

42



Consequently, the Green’s function on the disk satisfying all conditions including the

absence of simple poles is

g1(z1, z2)D2 = (z1 − z2)−2 (z1 − w)−1+θ (z1 − w̄)−θ (z2 − w)−θ (z2 − w̄)−1+θ

[(z1 − w)(z2 − w̄)− θ(z1 − z2)(w − w̄)] . (3.29)

By comparing this result to the expression for the Green’s function in a twist-antitwist

background on the sphere (3.9) we find that the two expressions are identical if we

replace w → w1 and w̄ → w2. This establishes the doubling trick for twist fields: we

conclude that a single twist field σθ(w, w̄) in the bulk of the disk behaves like a twist at

w and an antitwist at w′ = w̄ on the sphere.

This has direct consequences: as there is a non-zero correlation function between a

twist and an antitwist on the sphere, we expect that a single twist field has a non-zero

self-contraction on the disk. Starting with the Green’s function (3.29) and using the

stress-tensor method as detailed in the previous section we derive that

〈σθ(w, w̄)〉D2
= (w − w̄)−θ(1−θ) . (3.30)

The correlation functions of the fermionic twist fields on the disk can again be easily

determined via bosonisation in terms of free scalar fields H(z) and H̃(z̄). On worldsheets

with boundaries we have non-zero correlation functions between the holomorphic and an-

tiholomorphic fields H(z) and H̃(z̄). Consequently, there will be non-trivial correlation

functions between the holomorphic and antiholomorphic fields sθ(w) and s̃θ(w̄):

〈sθ(w) s̃θ(w̄)〉D2
= 〈eiθH(w) eiθH̃(w̄)〉D2

= (w − w̄)−θ
2

. (3.31)

Now we are in a position to collect a few results which will be important for later

calculations. In particular, we will encounter

〈
3∏
j=1

σθi(w, w̄)〉D2 , 〈∂X i(z1)∂X̄ i(z2)
3∏
j=1

σθi(w, w̄)〉D2 . (3.32)

The first expression is just given by the product of three correlators of the form (3.30).

The second correlation function is closely related to the Green’s function in the presence

of twists (3.29). In particular, we find

〈∂X i(z1)∂X̄ i(z2)
3∏
j=1

σθi(w, w̄)〉D2 = −2 g1(z1, z2)D2〈
3∏
j=1

σθi(w, w̄)〉D2

= − 2 (z1 − z2)−2 (z1 − w)−1+θi (z1 − w̄)−θi (z2 − w)−θi (z2 − w̄)−1+θi

[(z1 − w)(z2 − w̄)− θi(z1 − z2)(w − w̄)] (w − w̄)−
∑3
j=1 θj(1−θj) . (3.33)
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3.2.2 Classical action

The doubling-trick also needs to be applied when considering the classical solutions. A

priori, in the presence of one twist field σθ(w, w̄) we expect the same local behaviour on

the disk as on the sphere:

∂Xcl ∼ (z − w)−1+θ ∂X̄cl ∼ (z − w)−θ

∂̄Xcl ∼ (z̄ − w̄)−θ ∂̄X̄cl ∼ (z̄ − w̄)−1+θ (3.34)

However, the classical solutions also have to satisfy Dirichlet or Neumann conditions

(3.22) on the boundary. These conditions are only consistent with the above expressions

if we modify the classical solutions on the disk as

∂Xcl ∼ (z − w)−1+θ (z − w̄)−θ ∂X̄cl ∼ (z − w)−θ (z − w̄)−1+θ

∂̄Xcl ∼ (z̄ − w)−1+θ (z̄ − w̄)−θ ∂̄X̄cl ∼ (z̄ − w)−θ (z̄ − w̄)−1+θ . (3.35)

The classical solutions on the disk with one twist insertion thus take the form of classical

solutions on the sphere in the presence of a twist and an antitwist (3.17). This is what

we expect from the doubling trick for twist fields: to summarise, we can obtain classical

solutions on the disk in the presence of twist fields σθi(wi, w̄i) by using the classical

solutions on the sphere for twist fields at wi and antitwists at w′i = w̄i. Note that these

solutions still need to be normalised by the global monodromy conditions.

3.2.3 Effect on Chan-Paton factors

There is one effect of twist fields on the disk which has no equivalent on the sphere. In

particular, a twist field in the bulk of a disk will also affect the Chan-Paton factors. This

can be demonstrated most easily by considering a single twist field on the disk. On the

sphere such a setup is inconsistent according to the space group selection rule. This is

not the case for the disk: employing the doubling trick a twist σθ(w, w̄) on the disk is

equivalent to a twist and an antitwist on the sphere, which is permitted by the selection

rule.

To illustrate the needed effect on the boundary, we will use a different definition of

the disk than before. Starting with the sphere we identify points under the involution

I ′D : z → 1/z̄. The fundamental region is then the unit disk |z| ≤ 1. Using the doubling

trick, a twist field placed at the origin of the disk will behave as a twist at the origin and

an antitwist at infinity on the sphere. The insertion of the twist introduces a branch cut

into the map from the worldsheet to target space. In this case the cut runs from the

origin to infinity crossing the boundary at one point. Now imagine inserting a vertex
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operator at some point on the disk boundary, say z0 = eiφ0 . To be specific, let this

vertex operator be a D3 scalar:

V −1
φ = λ e−ϕ Ψ(z0) eik·X(z0) , (3.36)

where λ is the Chan-Paton matrix. The only field which is sensitive to the twist is the

complex spinor Ψ as the momentum exponential only contains external fields. Note that

we return to the same configuration if we rotate the vertex operator once around the

disk: φ0 → φ0 + 2π. Hence the amplitude should be invariant under such operations.

However, the spinor Ψ will have moved once around the twist insertion and will have

picked up a phase: Ψ→ e2πiθΨ. For this phase to cancel we then need a compensating

effect on the CP degrees of freedom. This can be achieved if we associate a twist matrix

γθ with the point where the branch cut touches the boundary. When moving the vertex

operator across the branch cut the Chan-Paton matrix has to be permuted with the

twist matrix. The disk amplitude is left invariant if these matrices commute up to an

appropriate phase factor:

γθλ = e2πiθ λγθ for a D3 scalar. (3.37)

The fact that the twist matrix does not generally commute with Chan-Paton factors

implies, that the ordering of vertex operators on the boundary with respect to the

position of the branch cut matters. To see how the presence of a branch point on the

boundary modifies the calculation, let us recall one aspect of the procedure for computing

disk correlators without twist insertions.

The disk is invariant under reparameterisations of the worldsheet, which take the

form of SL(2,R) transformations. To arrive at a physical result, we have to only consider

configurations of vertex operators on the disk, which are not related by SL(2,R). For

vertex operators on the boundary this implies the following. While a SL(2,R) transfor-

mation will shift the positions of these vertex operators along the boundary, it cannot

change their ordering. Thus, when calculating disk amplitudes, we have to sum over all

cyclically inequivalent orderings of vertex operators on the boundary.

In the presence of a twist field in the bulk of the disk, we have an additional object

on the boundary in form of a branch point. While we have to choose a definite locus for

the branch cut in specific calculations, the resulting amplitude should be independent

of this choice. To ensure this, the procedure for calculating disk amplitudes from the

previous paragraph has to be modified as follows [63]: to arrive at an amplitude which is

independent of the position of the branch cut, the sum should now be over all cyclically

inequivalent orderings of the vertex operators and the branch point. In effect, we should
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treat the branch point as an additional operator on the boundary, which introduces a

factor γθ into the trace over Chan-Paton factors.

In the following chapter we turn to calculations, where we will employ the results

and techniques explained in the previous pages. While we will have a clear phenomeno-

logical application in mind, the calculations will also be technically interesting: in par-

ticular, we will explain in detail how the sum over different orderings of vertex operators

and the branch point can be performed in practice.

46



Chapter 4

Sequestering of blow-up moduli

In this chapter we will study the dependence of physical Yukawa on blow-up moduli at

leading order in string perturbation theory. This is motivated by the observation that

moduli generate soft terms to the extent to which physical Yukawa couplings depend on

the moduli. In practice, this amounts to evaluating disk correlation functions involving

a visible sector Yukawa interaction and an arbitrary number of blow-up moduli. While

we calculate the amplitude with one blow-up modulus in detail, we will make general

arguments about correlators with more than one blow-up insertion. This chapter is

based on paper [7].

4.1 Motivation

Supersymmetry breaking in type IIB flux compactifications has remarkable properties,

especially in realisations of the Large Volume Scenario (LVS). At leading order, the LVS

exhibits no-scale supersymmetry breaking leading to a vanishing of both tree-level soft

terms and loop level anomaly-mediated soft terms [16, 34–36]. To determine the scale

and structure of soft terms we thus need to study higher order terms in the supergravity

Lagrangian, and here we will focus on corrections to the moduli Kähler potential K̂ and

the Kähler matter metric K̃ᾱβ.

In terms of the Kähler potential and the Kähler metric, the vanishing of soft terms

can be understood as an interdependence of the form

K̃ᾱβ ∼ eK̂/3 , (4.1)

which holds at leading order [33]. The significance of expression (4.1) is, that if it con-

tinues to hold to higher orders, soft terms will continue to be suppressed. For example,

if (4.1) is exact to all orders in in α′ and gs, gravity mediated soft scalar masses and

A-terms will vanish exactly (up to non-perturbative corrections to A-terms).
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While the form (4.1) was confirmed at leading order by a scaling argument, it is

unclear whether it persists to higher orders in α′ and gs. In this chapter we will test this

by a direct calculation in toroidal orbifold models and interpret our results for the case

of smooth Calabi-Yau manifolds.

Instead of calculating corrections to K̂ and K̃ᾱβ independently, we will study the va-

lidity of (4.1) by a different approach. The expression (4.1) was conjectured by analysing

the physical Yukawa couplings. For diagonal Kähler metrics we have

Ŷαβγ = eK̂/2
Yαβγ√
KαKβKγ

. (4.2)

Supersymmetry is dominantly broken by Kähler moduli, which do not appear in the

holomorphic Yukawa couplings. The statement that the Kähler metric takes the form

(4.1) is then identical to requiring that the physical Yukawa couplings are independent

of the supersymmetry breaking moduli. It is this statement which we will check using

string perturbation theory by calculating CFT correlation functions involving a Yukawa

coupling and supersymmetry breaking moduli. At zero momentum these correlators

directly measure the dependence of the physical Yukawa couplings on the Kähler moduli

and thus allow a direct test of (4.1).

This defines the strategy for this chapter. In particular, we will focus on the de-

pendence of physical Yukawa couplings on blow-up moduli τs, which correspond to the

Kähler moduli of small cycles. Thus, we will calculate correlation functions involving a

physical Yukawa coupling and an arbitrary number of blow-up moduli. As the matter

insertions arise from open strings, the leading order worldsheet is the disk. Hence, by

calculating a disk correlator 〈τsτs . . . τs ψψφ〉 we will examine the validity of (4.1) to all

orders in α′, although remaining at leading order in gs.

Blow-up moduli and twist fields

To set up the calculation, we need to identify the states in the orbifold model which

corresponds to the blow-up moduli. A blow-up modulus is a field whose VEV controls

the size of a cycle which is shrinkable to zero size. The orbifold corresponds to the

limit of a space, where all shrinkable cycles are collapsed into singularities. Thus, in the

orbifold the blow-up moduli will correspond to massless closed string states, which are

uniquely associated with singularities. The orbifold spectrum offers us such candidates

in the form of twisted closed strings, which satisfy

X i(τ, σ + 2π) = e2πiθiX i(τ, σ) , (4.3)
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Figure 4.1: Resolving toroidal orbifold singularities gives the type of smooth geometry
that appears in the Large Volume Scenario, with a large bulk attached to several small
blow-ups.

in the vicinity of an orbifold singularity. This is the behaviour of X in the presence

of twist fields, which will thus play a major part in the calculation. Blow-up moduli

correspond to fully twisted modes, such that θ1, θ2, θ3 6= 0 while θ1 + θ2 + θ3 ∈ Z. In

terms of cohomology the fully twisted modes increase the Hodge numbers of the compact

space by a contribution h1,1
tw which is equal to the number of orbifold fixed points. Since

the fully twisted modes modify h1,1 of the manifold they correspond to deformations

of the Kähler class. As a result the scalars corresponding to local blow-up modes can

be identified as Kähler moduli. If the singularity is resolved into a smooth Calabi-Yau

these modes map onto localised 2/4-cycles.

In contrast, if one θi = 0, the mode arises from a partially twisted sector of the

orbifold. In the orbifold these modes are tied to the singularity along two of the tori and

are free to propagate in the third torus. Under the orbifold resolution to a smooth space,

these correspond to metric modes that are visible locally, but are not normalised locally.

They are not uniquely associated with one orbifold singularity and, correspondingly, will

not be considered in this calculation.

In the end we will want to interpret our results for the case of a string compactifica-

tion on a smooth Calabi-Yau. Luckily, toroidal orbifolds provide a good approximation

for the Swiss-Cheese Calabi-Yaus present in the LVS. They consist of a large bulk (pa-

rameterised by the three two-tori) together with many small blow-up cycles, which in

the orbifold limit are blown down to singularities. By increasing the radii of the tori it is

possible to make the bulk arbitrarily large while retaining the exact worldsheet descrip-

tion. Placing D3-branes at certain singularities allows the incorporation of semi-realistic

matter sectors such as considered in [65, 76–80]. If the blow-up cycles are resolved, we

obtain the typical smooth Calabi-Yau geometry that appears in the LVS, with a very

large bulk and small blow-up cycles. From a CFT perspective, these smooth Calabi-Yaus
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are obtained by giving a VEV to the marginal directions parameterised by the blow-

up fields. Although working on an orbifold we can therefore probe the smooth limit –

at least within the radius of convergence of this expansion – by computing correlators

involving many blow-up fields. This is illustrated in figure 4.1.

In the models relevant to our discussion the dilaton and complex structure moduli

are stabilised in a supersymmetric way and only the Kähler moduli break supersymme-

try. In principle, the complex structure moduli and the dilaton will enter our results

and appear explicitly in prefactors of the amplitudes we calculate. Here we are only

interested in how our results are affected by the moduli breaking supersymmetry. As

the dependence of our expressions on the complex structure moduli or the dilaton is not

central to answering this question, we will ignore these prefactors in our calculations.

Thus, the main task of this chapter is to determine correlation functions of the form

〈τsτs . . . τs ψψφ〉 on the disk with blow-up mode insertions τs in the bulk and matter

fields on the boundary. Our investigation will proceed via the following steps.

1. To begin we will evaluate the amplitude 〈τs φiφ̄i〉, where φi is a chiral scalar.

While this does not give information about the moduli-dependence of the physical

Yukawa couplings, it will be useful later on. This calculation will allow us to explain

techniques involving twist fields, while the result will be used as a consistency check

for the following computation.

2. Next we will examine the dependence of Yukawa couplings on a single blow-up

mode in detail by determining both the quantum and classical contributions to

the disk correlator 〈τs ψψφ〉. We check our outcome by factorising the amplitude

onto the previous result.

3. Amplitudes with more than one twist insertion will not be calculated explicitly,

but we will be able to argue that terms of the form
∫

d4x τsτs . . . τs ψψφ are absent

in the effective action up to contributions non-perturbative in α′.

4.2 Setting up the calculation

4.2.1 Vertex operator

For our model with D3-branes at orbifold singularities the matter states come from the

open string sector while (twisted) moduli arise in the closed string sector. The open

string vertex operators are untwisted and are inserted on the boundary of the disk. The

relevant operators are summarised in section A.2.4.
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The bosonic part of the blow-up mode superfield is given by a massless twisted

closed string scalar whose vertex operator we introduce in this section. There are two

conditions the operator has to satisfy for the consistency of the theory:

1. Unbroken worldsheet supersymmetry requires the worldsheet supercurrents TF (z)

and T̄F (z̄) to be single-valued on transport around the twist insertion point.

2. To keep conformal invariance intact the un-integrated vertex operator has to carry

conformal weights h = h̃ = 1.

Both conditions are satisfied by the following form for the vertex operator:

V
(−1,−1)

tw (w, w̄) = e−ϕ(w)e−φ̃(w̄)

3∏
i=1

sθi(w)s̃θi(w̄)σθ(w, w̄) eik·X(w,w̄) . (4.4)

Using the OPEs (3.7) and the bosonisation of the fermionic twist fields (3.8) one finds

that worldsheet supersymmetry is indeed unbroken. The conformal weights are given

by the sum of the ghost, twist and bosonic weights

h = h̃ =
1

2
+

3∑
i=1

(
1

2
θ2
i +

1

2
θi(1− θi)

)
=

1

2
+

1

2

3∑
i=1

θi (4.5)

where we also used k2 = 0 for massless states. The sum over twists obeys
∑3

i=1 θi =

0 mod 1, and thus a choice
∑3

i=1 θi = 1 is consistent with h = h̃ = 1.

4.2.2 Kinematics

As string theory only exists in a “first quantised” formulation, we can only examine

the scattering of on-shell states. This leads to ambiguities when calculating two- and

three-point functions: for the scattering of two or three massless states, momentum con-

servation implies the vanishing of all kinematic invariants. Ratios of kinematic variables

contribute finite parts to the overall amplitude, which cannot be unambiguously cap-

tured in this approach. To nevertheless determine the momentum-dependence, one can

continue to use the on-shell formulation of string theory, but let the kinematic invariants

become non-zero. Allowing k2
i to become non-zero would change the conformal weight

of the vertex operators and break conformal invariance. For two-point functions this is

circumvented by relaxing momentum conservation instead (see e.g. [81–83]):

s = 2k1 · k2 = δ 6= 0 . (4.6)

After the calculation has been performed, momentum conservation is enforced again by

setting δ → 0.
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The problem also arises for three-point-functions of massless states. We will ex-

amine the scattering between two open strings with momenta p1 and p2 and a closed

string of momentum q. All momenta lie parallel to the brane. The exponents of open

string vertex operators involve k1 = 2p1 and k2 = 2p2 (as both holomorphic and anti-

holomorphic parts contribute). It is useful to view the closed string vertex operator as a

left-moving vertex operator located at w and a right-moving vertex operator at w̄, with

momenta k3 = q and k4 = q, in effect turning the amplitude into a 4-point amplitude.

We can write the equation of momentum conservation as

k1 + k2 + 2q = 0 . (4.7)

We follow [14] to define Mandelstam variables as for a 4-point function:

s = k1k2, t = k1k3, u = k1k4 . (4.8)

However these kinematic variables are not independent. Momentum conservation leads

to s+ t+ u = 0 and furthermore as k3 = k4 = q, we also have

t = u , s = −2t . (4.9)

Note that for on-shell zero mass particles kinematics imply s = t = u = 0. Again, all

kinematic invariants vanish once momentum conservation is enforced, but it is less clear

how to unambiguously depart from this situation. We will deal with this situation as

follows: we allow momenta to go off-shell despite the effect on the conformal weights of

the vertex operators. In the end we justify the procedure by comparing our results to a

factorisation limit of a four-point function.

The relevant four-point amplitude will involve three open strings (momenta p1, p2, p3)

and one closed string (momentum q). The open string vertex operators will carry mo-

menta ki = 2pi. Again, we will only consider massless string states such that k2
i = q2 = 0.

Momentum conservation now requires that

k1 + k2 + k3 + 2q = 0 . (4.10)

Mandelstam variables are given by

s = k1k2, t = k1k3, u = 2k1q . (4.11)

The ambiguity in the momentum-dependence is automatically resolved once we analyse

the scattering of four states. We find two non-zero kinematic variables which are needed

to fully describe the amplitude. The invariants are conveniently parameterised by the

three Mandelstam variables together with the constraint s+ t+ u =
∑4

i=1 m2
i .
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4.3 Fayet-Iliopoulos term

In this section we will calculate a correlation function involving one blow-up mode

and two visible D3 scalars. The result itself sheds light onto the D-term potential
g2

2
(|φ|2 + ξ)

2
, but we will use it as a consistency check for a later calculation. To this

end we calculate the disk amplitude 〈τs φiφ̄i〉 with the two chiral scalars inserted at the

boundary and the twisted closed string in the bulk.

The relevant vertex operators for a disk correlation function have to contribute a

total ghost charge of (−2) on the disk worldsheet. To achieve this we take the twisted

closed string in the (−1,−1) picture and choose vertex operators with zero ghost charge

for the matter fields:

V 0
Ci(z1) = λ

[
∂X i + i(k1 · ψ)Ψi)

]
eik1·X(z1) , (4.12)

V 0
C̄i(z2) = λ†

[
∂X̄ i + i(k2 · ψ)Ψ̄i)

]
eik2·X(z2) , (4.13)

V −1,−1
tw (w, w̄) = e−ϕ(w)e−ϕ̃(w̄)

3∏
j=1

σθj(w, w̄)

eiq3·H(w)eiq4·H̃(w̄) eik3·X(w)eik4·X(w̄) . (4.14)

The H-charges are q3 = (θ1, θ2, θ3) and q4 = (−θ1,−θ2,−θ3). Chan-Paton factors are

represented by λ and λ†. Our conventions are summarised in A.2.1, including the defi-

nitions of the complex fields X i and Ψi appearing in the above expressions.

In the following we ignore the Chan-Paton factors λ at first and focus on the CFT

calculation. Given the form of the vertex operators we can identify two individual

contributions to the amplitude: we define A1 as the result of contracting the ∂X terms

of both matter field vertex operators, while contracting the terms involving Ψ will lead

to the expression A2. Cross-correlations will vanish due to uncancelled H-charge.

We begin our analysis by studying the amplitude A1 which consists of the following

disk correlation functions:

A1 = 〈e−ϕ(w)e−ϕ̃(w̄)〉〈eiq3·H(w)eiq4·H̃(w̄)〉〈eik1·X(z1)eik2·X(z2)eik3·X(w)eik4·X(w̄)〉

〈∂X i(z1)∂X̄ i(z2)
3∏
j=1

σθj(w, w̄)〉 . (4.15)

The correlators appearing in the first row can be evaluated using basic techniques. The

last factor is the correlation function between the bosonic coordinate and twist fields
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which we evaluated before in (3.33). Here we will need:

〈∂X i(z1)∂X̄ i(z2)
3∏
j=1

σθj(w, w̄)〉D2 =− (z1 − z2)−2 (w − w̄)−
∑3
j=1 θj(1−θj)

(z1 − w)−1+θi (z1 − w̄)−θi (z2 − w)−θi (z2 − w̄)−1+θi

[(z1 − w)(z2 − w̄)− θi(z1 − z2)(w − w̄)] . (4.16)

As the above correlator consists of two terms, this part of the amplitude splits into two

contributions: we define A1b as the part that is directly proportional to θi whereas A1a

is the remaining piece.

There is actually a subtlety in (4.16) that however does not affect the actual result.

The vertex operators for fields with Dirichlet boundary conditions are not ∂X i but in-

stead ∂nX
i. Writing z = x+ iy the derivative normal to the boundary is ∂n = i(∂ − ∂̄).

So the correlator we actually require is not (4.16) but 〈(∂ − ∂̄)X i(∂ − ∂̄)X̄ i
∏

j σθj〉.
In fact, all four subcorrelators that enter this expression give identical results, and we

recover (4.16). To see this, note that when z = z̄, the local OPEs of ∂X(z)σθ(w, w̄)

and ∂̄X(z̄)σθ(w, w̄) are identical (using (3.25) and (3.27)). This ensures the singular be-

haviour is identical for all terms. Furthermore, the relative minus sign between 〈∂X∂X̄〉
and 〈∂X∂̄X̄〉 is cancelled as ∂X = −∂̄X on the boundary in the Dirichlet case.

We now turn to the amplitudeA2 arising from the contraction of the terms involving

spinors in the matter vertex operators. In terms of the individual worldsheet correlators

we obtain:

A2 = − 〈e−ϕ(w)e−ϕ̃(w̄)〉〈(k1ψ)(z1)(k2ψ)(z2)〉〈eik1·X(z1)eik2·X(z2)eik3·X(w)eik4·X(w̄)〉

〈eiq1·H(z1)eiq2·H(z2)eiq3·H(w)eiq4·H̃(w̄)〉〈
3∏
j=1

σθj(w, w̄)〉, (4.17)

where we bosonised the internal spinors Ψi(z1) and Ψ̄i(z2) with H-charges q1 = (δ1i, δ2i, δ3i)

and q2 = (−δ1i,−δ2i,−δ3i). The bosonic twists only contribute their self-correlator (3.30)

and the remaining pieces are elementary. One finds that A2 is proportional to the same

worldsheet integral as A1a.

Next we use the SL(2,R) invariance to fix three real parameters amongst the posi-

tions of the vertex operators. It is at this point where the ordering of vertex operators

becomes important. The presence of the twist fields results in the presence of two branch

points at w and w̄ with a branch cut running between them. This branch cut has to run

through the boundary of the disk, which we choose to do so at infinity. As explained

in section 3.2.3 the position of the branch cut on the boundary has to be treated like a

vertex operator when summing over all orderings of vertex operators on the boundary.
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On the disk, configurations related by SL(2,R) give equivalent results and thus we only

have to sum over orderings which are unrelated by this mapping. As SL(2,R) trans-

formations amount to cyclic reorderings on the boundary there are only two different

configurations for three boundary objects.

We can take care of the two configurations by fixing the worldsheet coordinates as

follows [14,58]:

z1 = x , z2 = −x, , w = i , w̄ = −i. (4.18)

Then x > 0 corresponds to the first ordering and x < 0 corresponds to the second

ordering. In both cases we need to include the c-ghost contribution 〈c(z2)c(w)c̃(w̄)〉 =

(z2 − w)(z2 − w̄)(w − w̄) = 2i(x2 + 1).

First way of ordering

With the first way of ordering the resulting expressions are:

A1a +A2 = (1 + 2t)
i

4
2−1−4t e2πiθi

∫ ∞
0

dx
(x+ i)2t+1−2θi(x− i)2t+1+2θi

x2t+2
, (4.19)

A1b = θi 2−1−4t e2πiθi

∫ ∞
0

dx
(x+ i)2t+1−2θi(x− i)2t−1+2θi

x2t+1
. (4.20)

These can be evaluated using [14]

I(δ, α) =

∫ ∞
0

dx xδ−1(x− i)α−δ(x+ i)−α−δ

=
√
π2−δe−

1
2
πiα Γ

(
δ
2

)
Γ
(

1
2

+ δ
2

)
Γ
(

1
2

+ δ
2
− α

2

)
Γ
(

1
2

+ δ
2

+ α
2

) , (4.21)

in terms of which we obtain

Az1=x = e2πiθi 2−1−4t

(
(1 + 2t)

i

4
I(−1− 2t, 2θi) + θi I(−2t, 2θi − 1)

)
(4.22)

= iπeπiθiΓ (−2t)

[
Γ(1− θi − t) + θi Γ(−θi − t)

Γ(−θi − t)Γ(θi − t)Γ(1− θi − t)

]
. (4.23)

We expand in powers of momentum to obtain

Az1=x ∝
i

2
eπiθi sin(πθi)

(
1 + t [2γE + ψ(θi) + ψ(1− θi)] +O(t2)

)
, (4.24)

where ψ(z) = d
dx

Γ(z). This concludes the CFT calculation of this part of the amplitude.

Second way of ordering

We now repeat this analysis for the second way of ordering the vertex operators with

respect to the branch point. We fix worldsheet coordinates as in (4.18), but now we

55



integrate over x < 0. Performing the calculation with this choice we find:

Az1=−x = e−2πiθi 2−1−4t

(
(1 + 2t)

i

4
I(−1− 2t,−2θi)− θi I(−2t,−2θi + 1)

)
(4.25)

= iπe−πiθiΓ (−2t)

[
Γ(1− θi − t) + θi Γ(−θi − t)

Γ(−θi − t)Γ(θi − t)Γ(1− θi − t)

]
. (4.26)

Having arrived at this expression the only difference to the result for the other ordering

is in the overall phase factor, whereas the gamma functions are identical. For small

momenta we thus find:

Az1=−x =
i

2
e−πiθi sin(πθi)

(
1 + t [2γE + ψ(θi) + ψ(1− θi)] +O(t2)

)
. (4.27)

Combination of results

When combing the results of the two previous sections we have to account for the fact

that the vertex operators on the boundary are ordered differently with respect to the

branch point. Different orderings contribute different traces over Chan-Paton factors

which we reinstate at this point. The first way of fixing the vertex operators on the

boundary provides a trace Tr(λ†λγθ) whereas the second analysis contains the factor

Tr(λλ†γθ). Here γθ accounts for the branch point on the boundary as explained in

section 3.2.3. We can write both our results using one common trace factor by noting

that

Tr(λλ†γθ) = e2πiθiTr(λ†λγθ) . (4.28)

Here we used the commutator between the Chan-Paton factor for a complex scalar (3.36)

and the twist matrix γθ. This allows us to combine the two partial expressions to arrive

at the final result:

Afull = Tr(λ†λγθ) ie
πiθi sin(πθi)

(
1 + t [2γE + ψ(θi) + ψ(1− θi)] +O(t2)

)
. (4.29)

As a side comment we note that the result is identical to the outcome of a calculation

of the dependence of the twisted matter-metric on untwisted Kähler moduli in [14].

Although a warm-up, this calculation has required the use of the full set of calcu-

lational tools necessary for working with twist fields on the disk. Here, summing over

the two orderings of the vertex operators with respect to the branch cut does not seem

to be too important, as both configurations give the same result up to a phase. We will

see that this changes if we consider three vertex operators on the boundary. There it

will be crucial to sum over all orderings to arrive at the correct result.

The finite term in the expression (4.29) is the tree-level contribution to the FI-

term ξ of the D-term potential g2

2
(|φ|2 + ξ)

2
. To complete the result we still need to

56



supplement the quantum correlator with the classical part. The classical action for

one twist insertion is independent of the matter insertions and will be identical for the

calculation that follows. We will discuss the relevant classical solution in section 4.4.2.

The term in (4.29) with a momentum prefactor is related to corrections to the mat-

ter metric and potentially interesting for our phenomenological applications.1 However,

we are mainly interested in correlations between corrections to the Kähler metric and

the moduli Kähler potential, which can be determined more directly by studying the

moduli dependence of Yukawa couplings. Correspondingly, we will not analyse the above

result any further, but proceed with the calculation of Yukawa couplings in the presence

of a twist field. Nevertheless, the expression (4.29) will be useful in what follows: we

will employ the above answer as a consistency-check on the following calculation.

4.4 Yukawas with one twist insertion

4.4.1 Quantum correlator

In this section we begin our examination of the dependence of physical Yukawa cou-

plings on blow-up moduli. Here, we will calculate the quantum contribution to the disk

correlation function 〈τs ψψφ〉, where τs is a blow-up mode and ψψφ are visible sector

fields from D3-branes at an orbifold singularity. To start we collect the relevant vertex

operators in their canonical picture:

V
− 1

2
ψ1

(z1) = λ1 e
− 1

2
ϕ(z1) S±(z1) eiq1·H(z1) eik1·X(z1), (4.30)

V
− 1

2
ψ2

(z2) = λ2 e
− 1

2
ϕ(z2) S∓(z2) eiq2·H(z2) eik2·X(z2), (4.31)

V −1
φ (z3) = λ3 e

−ϕ(z3) eiq3·H(z3) eik3·X(z3), (4.32)

V −1,−1
tw (w, w̄) = γθ e

−ϕ(w) e−ϕ̃(w̄)

3∏
j=1

σθj(w, w̄)

× eiq4·H(w) eiq5·H̃(w̄) eik4·X(w,w̄), (4.33)

where λi denote Chan-Paton factors. To complete the above information we list the

H-charges of the above vertex operators. To this end we note that the external spinors

S± can also be bosonised as e±
i
2

(H1+H2) and we split the twist vertex operator into its

1Note that the above expression was obtained from a three-point function and the result is not
conclusive as there are ambiguities in the off-shell extension of three-point amplitudes.
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holomorphic and antiholomorphic parts:

V
− 1

2
ψ1

(z1) ∼ |+ +〉 ⊗ | + − −〉 , (4.34)

V
− 1

2
ψ2

(z2) ∼ | − −〉 ⊗ | − + −〉 , (4.35)

V −1
φ (z3) ∼ | 0 0 〉 ⊗ | 0 0 (++)〉 , (4.36)

V −1
tw (w) ∼ | 0 0 〉 ⊗ | θ1, θ2, θ3〉 , (4.37)

V −1
tw (w̄) ∼ | 0 0 〉 ⊗ | − θ1,−θ2,−θ3〉 , (4.38)

where ± represents an H-charge of ±1/2. The internal H-charges of the matter operators

are consistent with a Yukawa coupling arising from a term C1C2C3 in the superpotential.

Then the external spinors |s0 s1〉 are restricted by the GSO projection. Lorentz invari-

ance allows us to impose without loss of generality S1 = | + +〉 and S2 = | − −〉. This

restriction is equivalent to boosting to a frame with k1 = (k, k, 0, 0) and k2 = (k,−k, 0, 0).

To see this, note that the physical state condition (k · Γ)|ψ〉 = 0 gives

(k · Γ)|ψ〉 = (k0Γ0 ± k1Γ1)|ψ〉 = −k1Γ0(Γ0Γ1 ∓ 1)|ψ〉 = −2k1Γ0(s0 ∓ 1/2)|ψ〉 = 0,

and so s0 = ±1/2 for k1 = ±k0. The GSO conditions then imply S1 = |+ +〉 and S2 =

| − −〉. We also note that the physical state conditions imply k1+
1 = k2+

1 = k2−
1 = 0 and

k1−
2 = k2−

2 = k2+
2 = 0, where we have introduced complex momenta k1± = 1√

2
(±k0 + k1)

and k2± = 1√
2
(k2 ± ik3).

The vertex operators (4.30) to (4.33) do not possess the correct overall ghost charge

(-2) for a disk correlation function. To obtain the correct ghost charge we choose to

picture-change two vertex operators on the boundary of the disk. An alternative would

be to picture-change the bulk twist operator. However this would be technically more

involved and require correlators involving excited twist fields. We thus picture-change

the bosonic vertex operator Vφ(z3) and the second fermionic vertex operator Vψ2(z2),

modifying their ghost charges as −1→ 0 and −1
2
→ 1

2
respectively.

Picture-changing of a vertex operator on the boundary is performed by evaluating

the limit limz→w e
φ(z)TF (z)V (c)(w). The picture-changing operator involves the world-

sheet supercurrent TF (z) which takes the following form on the boundary of the disk:

TF (z) =
3∑

µ=0

∂Xµψ
µ(z) +

3∑
i=1

[
∂X̄ iΨi(z) + ∂X iΨ̄i(z)

]
. (4.39)

The supercurrent consists of two terms: one consists of external fields only, while the

other involves fields in the internal directions. Both parts contribute in the process of

picture-changing and we will analyse the contributions separately.
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Internal picture-changing

Here we consider the result of the picture-changing operator acting in the internal direc-

tions. Using the operator product expansions as detailed in (A.2.3) we find the following

result:

V
+ 1

2
ψ2,int

(z2) = e+ 1
2
ϕ S∓ eiq

′
2·H ∂X̄3 eik2·X(z2), (4.40)

V 0
φ,int(z3) = ∂X3 eik3·X(z3),

where the internal H-charges are now q′2 = (−1
2
, 1

2
, 1

2
) and q′3 = (0, 0, 0).

The full amplitude can now be written as a product of correlators over supercon-

formal ghosts, external spinors, internal spinors, momentum exponentials and bosonic

twists:

Aint =〈e−
1
2
ϕ(z1)e+ 1

2
ϕ(z2)e−ϕ(w)e−ϕ̃(w̄)〉 (4.41)

〈e+ i
2

(H1+H2)(z1)e−
i
2

(H1+H2)(z2)〉

〈eiq1·H(z1)eiq
′
2·H(z2)eiq4·H(w)eiq5·H(w̄)〉

〈eik1·X(z1)eik2·X(z2)eik3·X(z3)eik4·X(w)eik4·X(w̄)〉

〈∂X̄3(z2)∂X3(z3)
3∏
j=1

σθj(w, w̄)〉 .

The correlator involving twist fields is given by (4.16) while the remaining correlation

functions can be calculated using standard CFT techniques on the disk. Reinstating the

integration over vertex operator positions the result is:∫
dz1 dz2 dz3 d2w (z1 − z2)−1+s(z2 − z3)−2+u(w − w̄)−2(z1 − w)−1+θ1+u/2(z1 − w̄)−θ

1+u/2

× (z2 − w)θ
2+t/2(z2 − w̄)−θ

2+t/2(z3 − w)−1+θ3+s/2(z3 − w̄)−θ
3+s/2

× [(z3 − w)(z2 − w̄)− θ3(z3 − z2)(w − w̄)] . (4.42)

The equation (4.42) is invariant under SL(2, R) transformations which can be checked

explicitly. The modding out of this symmetry is the subject of the next section after

which we will return to this particular calculation.

Fixing SL(2,R)

Initially, the integral over worldsheet positions is of the form∫
∂D2

dz1 dz2 dz3

∫
D2

d2w . . . . (4.43)

However, using the SL(2, R) symmetry of the disk we can fix three real parameters in the

worldsheet positions which thus drop out of the integration. This opens several choices
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zz z1 2 3

zz z2 3 1

zz z3 1 2

Figure 4.2: The three possible (and distinct) orderings of the vertex operator in relation
to the location of the branch point on the boundary of the disk.

for us. For one, we could fix all three vertex operators on the boundary and integrate

the twist position over the whole disk. We reject this possibility due to the technical

difficulties it entails: it has to be carefully examined what happens if the twist operator

collides with another vertex operator on the boundary. These issues can be avoided by

fixing the twist positions away from the boundary:

w = i , w̄ = −i . (4.44)

Then we are left with one more freedom to fix one vertex operator on the boundary.

Another consequence of the initial SL(2,R) invariance is, that certain configurations

of vertex operators on the disk are equivalent to one another: in particular, as a SL(2,R)

transformations amounts to cyclic reorderings of operators on the boundary, we need to

sum over all cyclically inequivalent orderings of boundary operators. We thus need to

know how many different orderings of vertex operators contribute to the amplitude.

It is at this point where the twist field makes another appearance. While we only

have three vertex operators on the boundary, the position where the branch cut touches

the boundary counts as an additional boundary object. In equation (4.42) we have

always chosen this branch point to be at infinity (implicitly, by using the conventional

definition of zθ for 0 < θ < 1). The amplitude changes if a vertex operator is moved

past the branch cut and hence different orderings will give different contributions. The

four objects on the boundary thus allow for six different orderings, each endowed with

its own trace over Chan-Paton factors:

Tr(λ1λ2λ3γθ) Tr(λ2λ3λ1γθ) Tr(λ3λ1λ2γθ) (4.45)

Tr(λ1λ3λ2γθ) Tr(λ2λ1λ3γθ) Tr(λ3λ2λ1γθ) . (4.46)

As explained in section 3.2.3, the twist matrix commutes with the Chan-Paton factors
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zz z1 2 3

zz z1 2 3

zz z1 2 3

move branch point

SL(2,R)
transformation

Figure 4.3: The procedure of fixing the SL(2,R) degeneracy while keeping the branch
point at ∞.

up to a phase and thus the upper row is proportional to Tr(λ1λ2λ3γθ) while the lower

is proportional to Tr(λ1λ3λ2γθ). For a particular Yukawa coupling gauge invariance

implies that only one of the rows contributes while the other traces vanish exactly. To

be specific, we choose the upper row and learn that we need to consider three different

orderings as shown in 4.2.

Now we are in a position to fix the remaining vertex operator position on the

boundary. The mathematical expressions will be most tractable if we let one of the

vertex operators go to infinity. To account for the three different orderings we have to

set z1, z2, z3 →∞ individually. To summarise, we fix SL(2,R) invariance by assigning

w = i w̄ = −i zj →∞ for j = 1, 2, 3 , (4.47)

where we pick up a factor of 〈c(zj)c(w)c(w̄)〉 = 2i z2
∞.

A little care is needed when fixing the last vertex operator. Having fixed (w, w̄)→
(i,−i) the residual transformation is of the form

z → az + b

−bz + a
, a, b ∈ R, a2 + b2 = 1.

However in general such a transformation also moves the branch point location away

from ∞, whereas in our fixed expressions we wish to keep the location of the branch

point at infinity.

Amplitudes are continuous except when a vertex operator moves through a branch

point location. Furthermore, the overall amplitude (summing over all possible orderings)

must be insensitive to the location of the branch point. For each operator ordering the

SL(2,R) degeneracy is then dealt with as follows.

1. For the ordering (z1, z2, z3) the amplitude does not change unless the branch point
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is moved through a vertex operator. We can use this freedom to bring the branch

point from ∞ so that it resides next to z3.

2. We can now use a SL(2,R) transformation to take z3 → ∞. As the branch point

is next to z3, the branch point is also moved to ∞, and so our mathematical

expressions with the branch point at ∞ remain valid.

3. Repeat for the orderings (z3, z1, z2) and (z2, z3, z1). This is illustrated in figure 4.3.

As a direct consequence of our way of fixing worldsheet positions we will be able to

write the results for our correlation functions in terms of the integral

I(a, b, c, d, e, f) = (2i)f
∫ ∞
−∞

dx1

∫ ∞
x1

dx2(x1 − i)a(x1 + i)b(x2 − i)c(x2 + i)d(x2 − x1)e .

(4.48)

It was evaluated in [59] as

I(a, b, c, d, e, f) = − (2i)3+a+b+c+d+e+fΓ(−2− a− b− c− d− e)×[
(−i)2(a+c) sin π(b+ d+ e)Γ(1 + e)Γ(2 + b+ d+ e)Γ(−1− d− e)

Γ(−d)Γ(−a− c)
×

3F2(−c, 1 + e, 2 + b+ d+ e; 2 + d+ e,−a− c; 1)

+ (−i)2(a+c+d+e) sin(πb)Γ(−1− c− d− e)Γ(1 + b)Γ(1 + d+ e)

Γ(−c)Γ(−1− a− c− d− e)
×

3F2(−d,−1− c− d− e, 1 + b;−d− e,−1− a− c− d− e; 1)
]
,

(4.49)

and we confirmed this result in [7].

We now continue with the calculation for the case of internal picture-changing.

Fixing (w, w̄) → (i,−i) and z3 → ∞ in (4.42) and including the c-ghost correlation

function 〈c(z3)c(w)c(w̄)〉 = (2i) (z∞)2, we obtain

−1

2i

∫ +∞

−∞
dz1

∫ +∞

z1

dz2 (z1 − i)−1+θ1+u/2(z1 + i)−θ1+u/2(z2 − i)θ2+t/2

× (z2 + i)−θ2+t/2 [(z2 + i)− 2iθ3] (z2 − z1)−1+s . (4.50)

We can evaluate this using the integral I(a, b, c, d, e, f) given by (4.49), and in a similar

62



vein we obtain the results for z2 →∞ and z1 →∞. We find:

z3 →∞ : − I
(
− 1 + θ1 + u/2,−θ1 + u/2, θ2 + t/2, 1− θ2 + t/2,−1 + s,−1

)
(4.51)

+ 2iθ3 I
(
− 1 + θ1 + u/2,−θ1 + u/2, θ2 + t/2,−θ2 + t/2,−1 + s,−1

)
.

z2 →∞ : − I
(
θ3 + s/2,−θ3 + s/2,−1 + θ1 + u/2,−θ1 + u/2, t,−1

)
(4.52)

− 2iθ3 I
(
− 1 + θ3 + s/2,−θ3 + s/2,−1 + θ1 + u/2,−θ1 + u/2, t,−1

)
.

z1 →∞ : I
(
θ2 + t/2, 1− θ2 + t/2, θ3 + s/2,−θ3 + s/2,−2 + u,−1

)
(4.53)

− 2iθ3 I
(
θ2 + t/2,−θ2 + t/2,−1 + θ3 + s/2,−θ3 + s/2,−1 + u,−1

)
.

External picture-changing

When picture-changing in the external directions we find two consistent possibilities.

The picture-changed vertex operators can be characterised by their H-charges:

Case 1:

V
+ 1

2
ψ2

(z2) ∼ |(−−−) − 〉 ⊗ | − + − 〉 , (4.54)

V 0
φ (z3) ∼ | (++) 0 〉 ⊗ | 0 0 (++) 〉 , (4.55)

Case 2:

V
+ 1

2
ψ2

(z2) ∼ | + − 〉 ⊗ | − + − 〉 , (4.56)

V 0
φ (z3) ∼ |(−−) 0 〉 ⊗ | 0 0 (++) 〉 , (4.57)

Both calculations are similar to the case of internal picture-changing and are dis-

played in appendix B.1. Case 2 is a bit more involved as one needs to consider higher

terms in the OPE between picture-changing operator and vertex operator. The results

are again conveniently written in terms of the integral (4.48). Instead of recording the

individual results at this point, we will display the complete expressions in the next

section.

Combination of results

The complete amplitude is a sum of all contributions arising from the various actions

of the picture-changing operator. We thus have three different expressions for the three

63



separate ways of fixing vertex operators, z3 →∞, z2 →∞ and z1 →∞:

Az3→∞ : (u+ t)× I
(
− 1 + θ1 + u/2,−θ1 + u/2, θ2 + t/2, 1− θ2 + t/2,−1 + s,−1

)
− t

2
× I
(
− 1 + θ1 + u/2,−θ1 + u/2,−1 + θ2 + t/2, 1− θ2 + t/2, s,−1

)
− t

2
× I
(
− 1 + θ1 + u/2,−θ1 + u/2, θ2 + t/2,−θ2 + t/2, s,−1

)
(4.58)

− I
(
− 1 + θ1 + u/2,−θ1 + u/2, θ2 + t/2, 1− θ2 + t/2,−1 + s,−1

)
+ 2iθ3 × I

(
− 1 + θ1 + u/2,−θ1 + u/2, θ2 + t/2,−θ2 + t/2,−1 + s,−1

)
.

Az2→∞ :
t

2
× I
(
θ3 + s/2,−θ3 + s/2, θ1 + u/2,−θ1 + u/2,−1 + t,−1

)
+
t

2
× I
(
θ3 + s/2,−θ3 + s/2,−1 + θ1 + u/2, 1− θ1 + u/2,−1 + t,−1

)
+ u× I

(
θ3 + s/2,−θ3 + s/2,−1 + θ1 + u/2,−θ1 + u/2, t,−1

)
(4.59)

− I
(
θ3 + s/2,−θ3 + s/2,−1 + θ1 + u/2,−θ1 + u/2, t,−1

)
− 2iθ3I

(
− 1 + θ3 + s/2,−θ3 + s/2,−1 + θ1 + u/2,−θ1 + u/2, t,−1

)
.

Az1→∞ :
t

2
× I
(
− 1 + θ2 + t/2, 1− θ2 + t/2, θ3 + s/2,−θ3 + s/2,−1 + u,−1

)
+
t

2
× I
(
θ2 + t/2,−θ2 + t/2, θ3 + s/2,−θ3 + s/2,−1 + u,−1

)
− u× I(θ2 + t/2, 1− θ2 + t/2, θ3 + s/2,−θ3 + s/2,−2 + u,−1) (4.60)

+ I
(
θ2 + t/2, 1− θ2 + t/2, θ3 + s/2,−θ3 + s/2,−2 + u,−1

)
− 2iθ3I

(
θ2 + t/2,−θ2 + t/2,−1 + θ3 + s/2,−θ3 + s/2,−1 + u,−1

)
.

As we are interested in a contact term in the effective action we only need the part of the

amplitude that is independent of the external momenta. Hence we will examine each of

these expressions in the limit s, t, u→ 0 with s+ t+ u = 0.

We can also perform a powerful consistency check on the results at this point. The

individual results from the various ways of picture-changing (4.51) to (4.53), (B.4) to

(B.6), and (B.13) to (B.15) that constitute the above expressions have an unphysical

pole of the form (s+ t+u)−1. These are incompatible with the known structure of either

field theory or string theory. However on combination all such unphysical poles vanish:

each of (4.58) to (4.60) is well-behaved in the limit s+ t+ u→ 0 and only has poles in

1
s
, 1
t

or 1
u
. These checks are easiest to carry out numerically as it is cumbersome to treat

the hypergeometric functions in I(a, b, c, d, e, f) analytically.

Before combining the three results we reinstate the traces over Chan-Paton factors.

We can write all traces in terms of Tr(λ1λ2λ3γθ) as long as we recall that Chan-Paton
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Figure 4.4: The origin of the 1/s pole as factorisation of the 4-point diagram onto a 3-pt
Yukawa and an FI term.

factors commute with the twist matrix up to a phase. These phases are necessary to

cancel the monodromy of a vertex operator under transport along the disk boundary.

The relevant traces over Chan-Paton factors then are:

Az3→∞ : Tr(λ1λ2λ3γθ) , (4.61)

Az2→∞ : Tr(λ3λ1λ2γθ) = e−2πi(θ1+θ2) Tr(λ1λ2λ3γθ) , (4.62)

Az1→∞ : Tr(λ2λ3λ1γθ) = −e−2πiθ1 Tr(λ1λ2λ3γθ) . (4.63)

There is also an extra factor of (−1) that occurs as either V (z1) or V (z2) is moved through

the branch point. This factor is due to our use of conventions with θ1 + θ2 + θ3 = 1, and

comes from the phase eπi(θ1+θ2+θ3).2

The amplitudes Az3→∞, −e−2πiθ1Az1→∞ and e−2πi(θ1+θ2)Az2→∞ have a remarkable

pole structure, summarised below:

Az3→∞ =
αs
s

+
αt
t

+
αu
u
,

e−2πi(θ1+θ2)Az2→∞ =
βs
s

+
βu
u
,

−e−2πiθ1Az1→∞ =
γs
s

+
γt
t

+
γu
u
, (4.64)

where βs = −γs, αt + γt = 0 and αu − βu + γu = 0. The explicit expressions for the

coefficients α, β and γ in terms of the angles (θ1, θ2, θ3) are given in appendix B.2.

We see that the 1
t

pole cancels and, up to an overall sign in Az2→∞, so does the

1
u

pole. The low-energy supergravity theory appears to require both the presence of

a 1
s

pole and the absence of poles in 1
u

or 1
t
. The 1

s
pole comes from the field theory

diagram shown in figure 4.4, factorising onto the 3-point Yukawa interaction and the

Fayet-Iliopoulos D-term (φφ∗ + ξ)2, with ξ ∼ τs.

2This is easiest to see by considering the case of a gaugino vertex operator, with H-charges labelled by
(+,+,+,+,+) on a boundary with the twist field in the interior. The gaugino belongs to the untwisted
sector and so should have no monodromy about the twist field. However it is easy to see from the
H-charges that it does have a monodromy of eiπ(θ1+θ2+θ3) on transport around the disk. In conventions
where θ1 + θ2 + θ3 = 1 (rather than 0) we then need an additional minus sign appearing as spacetime
spinors are moved through the branch cut.
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The cancellations present strongly suggest that an overall sign is missing in the

computation of Az2→∞. This sign (which can be written as sign(z3− z2)) is presumably

due to a cocycle factor that is present in the ordering of the vertex operators. We shall

work on the supposition that the correct expression is indeed

Afull = Az3→∞ − e−2πiθ1Az1→∞ − e−2πi(θ1+θ2)Az2→∞. (4.65)

In this case the surviving momentum pole of the full result is:

Afull =
ieπiθ3 sin πθ3

s
+ . . . (4.66)

and corresponds to the diagram in figure 4.4. The vertex on the left of the factorisation

diagram is a tree-level Yukawa coupling which is a constant. The vertex on the right

corresponds to an interaction τsφ
3φ̄3 which we calculated before in section 4.3:

lim
ki→0
〈τs φ3φ̄3〉 = ieπiθ3 sin πθ3 (4.67)

Putting these results together with a 1
s

propagator we find perfect agreement. Our

previous result is thus a strong confirmation of the analysis of this section including the

additional sign in Az2→∞ whose origin we leave for future work.

Our motivation for performing this calculation was to determine whether contact

terms of the form
∫

d4x τsψψφ exist in the effective action. To answer this question

we have to go beyond the momentum pole: a non-zero contribution to our result for

vanishing momenta beyond the pole is evidence for the presence of such a contact term.

We do have an implicit analytic expression for this term; it is given by our result for the

full amplitude (4.65) with the pole subtracted in the limit that s, t and u vanish:

Afinite = lim
s→0
t→0
u→0

(
Afull −

ieπiθ3 sin πθ3

s

)
(4.68)

Although it would be very cumbersome to obtain the result in this limit analytically,

one can nevertheless show numerically that a non-zero limit exists which also depends

on the orbifold twist angles θi.

This concludes the study of the quantum contribution to the correlation function

〈τsψψφ〉. To complete the calculation, we also need to include an exponential weighted

by the classical action. This will be the subject of the next section.

4.4.2 Classical action

In this section we complete the previous calculation by determining the classical con-

tributions. The classical solutions are given by configurations of X i which solve the
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equation of motion ∂∂̄X i
cl = 0 and also satisfy the boundary conditions. In particular,

the worldsheet boundary is to be identified with the locus of the visible sector D3-branes

xD3. Further, the insertion point of the twist field has to be mapped to the orbifold sin-

gularity of the blow-up mode xtw. In addition, the classical solutions have to obey

monodromy conditions about the twist insertion (3.35). Together, we find:

X i
cl(z, z̄) = xiD3 for Im(z) = Im(z̄) = 0 , (4.69)

X i
cl(w, w̄) = xitw , (4.70)

∂X i
cl(z, z̄) ∼ (z − w)−1+θi (z − w̄)−θi , (4.71)

∂X̄ i
cl(z, z̄) ∼ (z − w)−θi (z − w̄)−1+θi , (4.72)

∂̄X i
cl(z, z̄) ∼ (z̄ − w)−1+θi (z̄ − w̄)−θi , (4.73)

∂̄X̄ i
cl(z, z̄) ∼ (z̄ − w)−θi (z̄ − w̄)−1+θi . (4.74)

These conditions can be implemented as follows. The Dirichlet conditions on the

boundary imply that globally Xcl(z, z̄) takes the form

Xcl(z, z̄) = xD3 + f(z)− f(z̄). (4.75)

where, for simplicity, we suppress the label for the complex direction. The monodromy

conditions around (w, w̄) and holomorphy in z require f(z) to be such that

∂Xcl(z) = α(z)(z − w)−1+θ(z − w̄)−θ,

∂X̄cl(z) = − α∗(z)(z − w)−θ(z − w̄)−1+θ. (4.76)

The action is

Scl =
1

4πα′

∫
d2z(∂Xcl∂̄X̄cl + ∂̄Xcl∂X̄cl). (4.77)

and we have

∂Xcl∂̄X̄cl = |α|2|z − w|−2(1−θ)|z − w̄|−2θ, (4.78)

∂̄Xcl∂X̄cl = |α|2|z − w|−2θ|z − w̄|−2(1−θ). (4.79)

As z → ∞, we find that both ∂X∂̄X̄ and ∂̄X∂X̄ −→ |α|2|z|−2. Now, if α(z) contains

any non-negative powers of z the action is not normalisable as z → ∞. Likewise, the

presence of negative powers of z in α(z) makes the action non-normalisable as z → 0.

A finite result for the action can thus only be obtained if α(z) = α(z̄) = 0. Hence the

only possible solution is the trivial solution ∂X = ∂̄X = 0 and X = const.

However, for a distant twist field we need ∆X =
∫

dz∂X + dz̄∂̄X = xtw − xD3 6= 0

when integrating from the worldsheet boundary to the location of the twist. This non-

zero result is incompatible with α(z) = α(z̄) = 0 and hence the whole amplitude must

vanish.
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In contrast, for blow-up modes that share a singularity with the visible sector, the

trivial solution X = xD3 = xtw = 0 is allowed. In this case the classical part contributes

a factor e−Scl = 1 to the amplitude and the quantum correlator (4.65) gives the full

result.

This concludes the study of correlation functions of the form 〈τs ψψφ〉 on the disk

worldsheet. The result depends on the location of the blow-up mode w.r.t. the visible

sector.

1. For blow-up modes that share the singularity with the visible sector we find that

〈τs ψψφ〉 is non-zero and given by (4.65). In particular, the result implies the

existence of a contact term τs ψψφ, whose coefficient is given by (4.68). The

presence of such a coupling is not surprising: visible sector quantities like the

gauge coupling on the branes typically depend on this Kähler modulus. For our

study it is important to state that the existence of this coupling is irrelevant for the

study of supersymmetry breaking. In semi-realistic models the Kähler modulus of

the cycle supporting the visible sector is stabilised supersymmetrically, and hence

it does not contribute to soft terms.

2. We are mainly interested in distant blow-up modes, which correspond to supersym-

metry breaking moduli in models of interest. Here we find that 〈τs ψψφ〉 vanishes

exactly as the classical action cannot be normalised. Hence, operators of the form

τsψψφ are absent at string tree-level for distant blow-up modes.

4.5 Yukawas with multiple twist insertions

In this section we will study the dependence of physical Yukawa couplings on more than

one blow-up mode. Rather than calculating the individual amplitudes in detail we will

argue that all such correlation functions vanish as long as the twist field location is

geometrically separated from the locus of the visible sector.

The subject of this section are thus correlation functions of the form

〈τ (1)
s τ (2)

s . . . τ (n)
s ψ1ψ2φ〉 , (4.80)

where

• all twist insertions are identicalN = 1 twisted closed strings or their corresponding

antitwists, and
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• the twist fields arise from orbifold singularities distant to the ones supporting the

visible sector.

In particular, we want to answer, whether correlators of the above form give rise to

contact terms
∫

d4x τsτs . . . τsψψφ in the low energy effective action.

Classical action

We analysed the amplitude with one distant twist insertion in the previous section, where

we found that the correlator vanished as the classical action was not normalisable. It is

tempting to check whether this is still the case for more than one twist field insertion.

If we consider twist fields located at w1, w2, . . . wn we find that the classical solutions

behave as

∂Xcl(z) ∼ (z−w1)−1+θ(z−w2)−1+θ . . . (z−wn)−1+θ(z− w̄1)−θ(z− w̄2)−θ . . . (z− w̄n)−θ .

(4.81)

It is now easy to check that for n ≥ 2 the classical action is normalisable, as ∂X∂̄X̄ does

not diverge as z →∞.

Since we now know that the action is finite, we can continue to estimate its mag-

nitude. As the classical action is the area of the worldsheet, we examine how the world-

sheet is embedded in target space in the presence of twist fields. We have the following

conditions:

disk boundary: X(z, z̄) = xD3 , (4.82)

twist insertion: X(wi, w̄i) = xtwi , (4.83)

where xD3 is the position of the visible sector in the compact space and xtwi is a distant

orbifold singularity. The conditions thus force the worldsheet to stretch between the

D3-brane stack on the boundary and each of the singularities for which a twist field is

present. We can use the SL(2,R) symmetry of the disk to fix the location of one of

the twist fields (σθ, σ−θ) to (i,−i) (this removes any subtleties with all twist operators

approaching the boundary). For generic twist insertions, such a stretched worldsheet has

a finite area which scales with the overall radius R of the compact space. As the classical

action is simply the area of the worldsheet, this leads to a path integral suppression as

e−λ
R2

2πα′ , where λ is an O(1) number.

There is one important exception to this exponential suppression. Intuitively, the

exponential suppression arises because the string is constrained to the orbifold fixed

point near the twist insertion. This follows from the monodromy X(e2πiz, e−2πiz̄) =

e2πiθX(z, z̄). However, if the twist insertions on the disk have zero net twist and come
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Figure 4.5: Setup of a twist and antitwist on the disk with the appropriate images.
The two independent cycles C1 and C2 encircle zero net twist and form a basis for the
homology of the cut worldsheet.

untw

Figure 4.6: The structure of the contributions of distant twist operators to correlation
functions. The only non-suppressed contributions come from regions where the twist
operators factorise onto untwisted operators and the amplitude reduces to a correlation
function involving untwisted operators.

together at one point on the worldsheet, the monodromy is lifted. In the OPE, bringing

twist fields with net twist zero on top of each other factorises the amplitude onto an

untwisted sector.

limw1,w2...→wnσθ(w1)σθ(w2) . . . σθ(wn) =
∑

(w − wn)λiOiuntw(wn) . (4.84)

Given that the boundary condition X(wi, w̄i) = xtwi still holds, it is not at first sight

obvious that this eliminates the exponential suppression, as the worldsheet still has to

stretch between the D3 location and the location of the twist fields.

It is easiest to convince oneself that the exponential suppression is absent by study-

ing for example the explicit classical solutions for an antitwist σ−θ(w1, w̄1) and a twist

σθ(w2, w̄2) on the disk with Dirichlet boundary conditions. This setup is shown in figure
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Figure 4.7: The generation of a finite contribution to the correlation function by factoring
onto an intermediate massless state such as the dilaton.

4.5. The classical action was determined in [75] as

Scl,D =
4π

sin(πθ)
|v2|2

F (x)F̄ (x̄)

F (1− x)F̄ (x̄) + F̄ (1− x̄)F (x)
, (4.85)

where F (x) is the hypergeometric function

F (x) = F (θ, 1− θ; 1;x) =
1

π
sin(πθ)

∫ 1

0

dy y−θ(1− y)−1+θ(1− xy)−θ . (4.86)

The result is obtained by fixing vertex operator positions as

w1 = i , w̄1 = −i , w2 = iy , w̄2 = −iy , (4.87)

where y ∈ [0, 1]. The result is then most conveniently written in terms of x =
(

1−y
1+y

)2

.3

Also, v2 is the shift of X when transported around the loop C2 as shown in figure

4.5. It is given by an element of a coset lattice, which does not include a zero element for

distant twist fields, and correspondingly |v2| ∼ R. The shift associated with C1 vanishes

due to Dirichlet boundary conditions. Factorisation onto an untwisted state occurs in

the limit x → 0, where the twist and antitwist collide. Using the asymptotics of the

hypergeometric function

F (x)→
x→0

1 , (4.88)

F (1− x)→
x→0

sin(πθ)

π
(− lnx+ ln(2ψ(1)− ψ(θ)− ψ(1− θ))) , (4.89)

one can show that the classical action (4.85) is suppressed logarithmically in this limit,

while it is Scl ∼ R2 for generic twist locations. Thus, a correlation function involving a

twist and an antitwist is typically suppressed by the classical action as e−λ
R2

2πα′ . However,

when factorising onto an untwisted state the suppression is lifted.

3The calculation was done in [75] by taking the worldsheet as the unit disk rather than the upper
half plane, but here we transformed into our conventions by a conformal map.
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In the large radius limit, we can therefore restrict our study of the multi-twist corre-

lation function to the limit where the twist vertex operators come together and factorise

onto states in the untwisted sector, as all other cases are exponentially suppressed at

large radius. This is illustrated in figure 4.6. The factorisation can take two forms: it

is either onto massless states in the untwisted sector (for example the graviton or the

dilaton) or it is onto massive states (for example bulk KK modes).

Factorisation limits

Let us first consider the case of factorisation onto massless modes. While the amplitude

can receive non-zero contributions in this limit, this does not constitute any evidence

for a contact term
∫

d4x τsτs . . . τsψψφ.

For example, we expect factorisation onto both the dilaton and the graviton to

give non-zero results, as both have zero-momentum couplings to the Yukawas. The

Yukawa couplings depend explicitly on the dilaton (which can be seen by noting that

the D3-brane couplings are inherited from N = 4 SYM)

Ŷαβγ = gs,

while the graviton will couple via the metric interaction∫
√
g ψψφ.

We therefore expect – for example – the worldsheet correlation function 〈S ψψφ〉 to be

non-zero at zero momentum.

Factorising onto the dilaton would generate the field theory diagram shown in figure

4.7. The vertex 〈τθτ−θ S〉 can only occur at finite momentum (a zero-momentum vertex

would correspond to a tree level contribution to the moduli potential, which we know is

absent). The diagram then has a positive power of momentum ki · kj from the τθτ−θ S

vertex and a negative power of momentum 1
ki·kj from the dilaton propagator, giving

overall no powers of momentum.4

However, by construction this interaction is formed simply by gluing together two

lower-point interactions that are already present in the effective field theory. The dia-

gram shown in figure 4.7 can be accounted for by a Lagrangian containing the terms

L = S∂µτθ∂
µτ̄θ + Sψψφ. (4.90)

This in no way implies the existence of an interaction τθτ−θψψφ in the low energy effective

action.
4We have not analysed whether the τθτ−θS vertex actually exists: the point here is to show that

such contributions are reducible from the view of the low-energy field theory.
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This argument applies for any factorisation of the twist fields onto massless modes

in the untwisted sectors. In the language of Feynman diagrams this factorisation breaks

the original diagrams into two sub-diagrams that are glued together by a propagator of

the massless mode. By construction, the glued diagram involves a lower-point interaction

between the twist fields and another massless field. As the massless fields are necessarily

part of the low energy effective field theory, this limit is accounted for by lower-point

interactions and there is no need to include a direct interaction τθτθ . . . ψψφ in the

Lagrangian.

The other case is where the factorisation is onto massive modes in the untwisted

sector, for example bulk Kaluza-Klein modes. As the massive states are not in the low-

energy theory, they have to be integrated out and we cannot use the above argument:

the Feynman diagram does not manifestly factorise onto lower-point diagrams in the

effective field theory.

In the bosonic string, twist operators have Yukawa-like interactions with such

modes, coming from the OPE

σθ(z, z̄)σ−θ(w, w̄) ∼ (z − w)h(z̄ − w̄)h̄eipL·XL+ipR·XR , h, h̄ =
1

2
(
m

R
+

1

2
nR)2, (4.91)

where pL, pR = m
R
± nR

2
. These are direct Yukawa interactions with no momentum

directly suppressing the three-point vertex.

For the superstring the situation is less clear and we do not attempt a direct calcu-

lation in this thesis. However, the twist operators correspond to Kähler moduli and so

any Yukawa-like superpotential operator τsτsΦheavy would violate the perturbative shift

symmetry of the Kähler moduli. This implies that, as with the massless modes, it is

not possible to obtain a zero-momentum factorisation onto the heavy KK modes. This

tells us that the field theory diagram involving factorisation onto a heavy KK modes

involves a momentum prefactor coming from the factorisation vertex of twist fields onto

KK modes. In principle this factor could be cancelled by an intermediate massless prop-

agator, but as we factorise onto massive modes this cannot occur. As a result, the

amplitude has an overall momentum prefactor and vanishes at zero momentum, and so

cannot give rise to contact terms.

Sequestering from the worldsheet

We can also show that factorisation onto massive modes does not contribute to the

amplitude by modifying an argument in [66] (see p60-63). We can then show that the

amplitude 〈τ (1)
s τ

(2)
s . . . τ

(n)
s ψ1ψ2φ〉 will necessarily involve a momentum prefactor and

thus vanish at zero momentum, except for in factorisation limits onto massless states.
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We begin by analysing the quantum correlation function. First we rewrite the cor-

relator (4.80) with the appropriate vertex operator insertions in their canonical picture:

〈V −
1
2

ψ1
(z1)V

− 1
2

ψ2
(z2)V −1

φ (z3) V −1,−1
tw1

(w1w̄1)V −1,−1
tw2

(w2w̄2) . . . V −1,−1
twn (wnw̄n)〉 . (4.92)

This correlation function is not consistent as it stands: its ghost-charge is (−2 − 2n)

instead of (−2) as required for the disk. To correct for this we need to insert 2n picture-

changing operators (PCO)

O+1
PCO = eϕ

(
∂Xµψ

µ +
[
∂X iΨ̄i + ∂X̄ iΨi

])
(4.93)

into the amplitude. Picture-changing is performed by letting the PCO collide with a

vertex operator5:

V p+1(z) = lim
w→z

O+1
PCO(w)V p(z) . (4.94)

Note that the PCO consists of two qualitatively different parts, one involving external

fields, and the other internal fields only. Both parts of the PCO give rise to qualitatively

distinguishable terms:

• External picture-changing: In this case the active part of the PCO is ∂Xµψ
µ.

OPEs between ∂Xµ and the momentum exponentials then lead to the appearance

of explicit momentum factors kµ.

• Internal picture-changing: Here picture-changing proceeds via (∂X iΨ̄i + ∂X̄ iΨi).

As long as the momenta are purely along the external directions, no momentum-

factors are generated in this case.

We now implement picture-changing for the amplitude of interest. On the disk it

is only the sum of both holomorphic and antiholomorphic ghost charges which needs to

yield (−2). A particularly useful way of picture-changing is the following one:

• Picture-change two of the matter vertex operators: V
− 1

2
ψ2
→ V

+ 1
2

ψ2
and V −1

φ → V 0
φ .

• For n− 2 out of the n twist insertions we perform V −1,−1
twj → V 0,0

twj .

• Treat two of the twist fields differently: V −1,−1
tw1

→ V 0,−1
tw1

and V −1,−1
tw2

→ V 0,−1
tw2

.6

5The procedure shown here can lead to ambiguities in the form of poles (w − z)−1
Strictly speaking,

the correlation function has to be evaluated with explicit insertions of TF (w) and the limit w → z taken
at the end.

6If V −1,−1
tw1

is a twist and V −1,−1
tw2

is an antitwist the procedure should be modified as V −1,−1
tw1

→ V 0,−1
tw1

and V −1,−1
tw2

→ V −1,0
tw2

. The following argument then goes through unchanged.
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Let us analyse the last step of this procedure. Picture-changing the twisted scalars in

the internal directions can be performed by employing the following OPEs:

lim
z→w

eϕ∂X̄ ·Ψ(z) e−φe−ϕ̃σθsθs̃θ(w, w̄) ∼ (z − w),

lim
z→w

eϕ∂X · Ψ̄(z) e−φe−ϕ̃σθsθs̃θ(w, w̄) ∼ 1

lim
z̄→w̄

eϕ̃∂̄X̄ · Ψ̃(z̄) e−φe−ϕ̃σθsθs̃θ(w, w̄) ∼ 1,

lim
z̄→w̄

eϕ̃∂̄X · ¯̃Ψ(z̄) e−φe−ϕ̃σθsθs̃θ(w, w̄) ∼ (z̄ − w̄), .

According to the OPEs, internal picture-changing of two of the twists as V −1,−1
tw → V 0,−1

tw

can only be performed by two insertions of eϕ∂X ·Ψ̄, while eϕ∂X̄ ·Ψ does not contribute.

Each of the eϕ∂X · Ψ̄ insertions contributes two units of H-charge, such that four units

of H-charge are necessarily introduced in this process. If these H-charges cannot be

cancelled, the quantum correlation function is bound to vanish. However, it is easy to

see that the H-charges are left uncancelled if we restrict ourselves to internal picture-

changing. To transform V −1,−1
twj → V 0,0

twj we need both eϕ∂X̄ ·Ψ and eϕ∂X · Ψ̄ which are

H-charge neutral. Similarly, picture-changing the matter fields does neither raise nor

lower the overall H-charge. Thus internal picture-changing leaves us with uncancelled

H-charge which forces the amplitude to vanishes. To obtain an expression with an

allowed H-charge configuration we are forced to picture-change at least two of the vertex

operators externally with ∂Xµψ
µ, leading to the appearance of a momentum-factor kikj.

The most general expression for our correlation function thus takes the form:

〈ψ1ψ2φ τ
(1)
s τ (2)

s . . . τ (n)
s 〉 ∼

∑
i,j

kikj Âij(kl; z1, z2, z3;w1, w2, . . . , wn) . (4.95)

The significance of this result is the following. We are interested in contact terms in

the action and hence we wish to evaluate the amplitude for vanishing momenta. As the

amplitude contains an explicit momentum-prefactor, the only finite contributions in this

case arise from factorisation limits onto massless states. Previously, we argued that the

only unsuppressed contributions to contact terms τsτs . . . τsψψφ can arise if the twist

fields factorise onto a massive state. In this case the kinematic prefactor kikj remains

uncancelled and the amplitude vanishes at zero momentum.

The conclusion of the argument presented in this section is the following: we find

that at string tree level there is no term perturbative in α′ in the (canonically normalised)

effective action of the form ∫
d4x τsτs . . . τsψψφ, (4.96)

where τs corresponds to a blow-up mode located at a singularity distant to that of the

D3-brane. Although the argument has been developed in terms of twist fields located at a
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single singularity, it extends without modification to the case of many twist fields located

at multiple singularities. In this case we equip the twist fields with a label indicating

the orbifold singularity. The results of this section can then be directly applied to all

twist fields carrying the same singularity label.

The argument had three steps:

1. For generic locations of twist operators, the classical worldsheet has to stretch.

The classical contribution e−Scl is then exponentially suppressed unless the twist

operators coincide in a factorisation limit onto an untwisted sector. In this limit

we can use the OPE to factor the twist operators onto either massless or massive

states in the untwisted sector.

2. If the untwisted states are massless, we can decompose the diagram into sub-

diagrams that come from lower point interactions in the effective field theory.

These lower point interactions are sufficient for this limit and there is no need for

a term of the form (4.96).

3. If the states are massive, the picture changing can be chosen to show that the

amplitude has a kinematic prefactor that vanishes at zero momentum, excluding

a term of the form (4.96).

The only possible loophole in the worldsheet argument would seem to be if there was a

reason why the picture-changing as described above should be forbidden.

4.6 Result and discussion

In this chapter we examined the dependence of physical Yukawa couplings on blow-up

moduli in a toroidal orbifold at string tree level. In models implementing the Large

Volume Scenario (LVS) these blow-up modes correspond to the small cycles that are

necessary for moduli stabilisation and supersymmetry breaking, and have non-zero F-

terms.

The relevant calculations in this chapter are correlation functions of the form

〈τsτs . . . τs ψψφ〉 on the disk, where τs are blow-up moduli and ψψφ is a visible sec-

tor Yukawa coupling of matter fields from D3-branes at an orbifold singularity. At

zero momentum, these correlators give information about the presence of contact terms∫
d4x τsτs . . . τs ψψφ in the effective action.

For the case of one insertion τs we determined the full quantum and classical corre-

lator. If τs is a distant blow-up mode, we find that the correlator vanishes, as the classical
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action cannot be normalised. Correspondingly, there are no contact terms τsψψφ in the

effective action in the case of a distant τs. For a blow-up mode τs sharing a singularity

with the visible sector the classical correlator is trivial and the quantum correlator gives

the full result. By analysing the correlation function at zero momentum, we determine

the presence of a contact term τsψψφ. This shows explicitly that, as expected, blow-up

moduli at the same singularity are not sequestered.

For the case of multiple blow-up mode insertions the full quantum correlator is

beyond the scope of this thesis. By analysing the classical action we establish that

such terms are suppressed exponentially as e−R
2/α′ , where R is the overall radius of the

compact space. The only exception to this suppression arises in factorisation limits onto

untwisted states. However, any contributions to the amplitude 〈τsτs . . . τs ψψφ〉 are then

accounted for by lower-point interactions or they vanish at zero momentum. In summary,

contact terms of the form τsτs . . . τsψψφ are absent up to terms non-perturbative in α′.

While these calculations have been carried out in the orbifold limit, the importance

of the multi-twist results lie in the fact that they allow us to extend our findings to a

smooth space. If the blow-up modes acquire VEVs, then the orbifold is resolved to a

smooth Calabi-Yau space. The absence of the Lagrangian terms
∫

d4x τsτs . . . τs ψψφ

shows that even when we resolve onto the smooth space, there is still no dependence of

the physical Yukawa couplings on distant blow-up modes (up to terms non-perturbative

in α′). As the resolution of toroidal orbifold singularities leads to a space resembling

the Swiss-Cheese structure frequently employed in the LVS, this provides a method to

obtain CFT results for the geometries appropriate to the LVS.

This brings us back to the original motivation. We started by observing that the

physical Yukawa couplings can only depend on supersymmetry breaking (Kähler) moduli

via the moduli Kähler potential or the Kähler metric. The absence of any dependence

of physical Yukawas on supersymmetry breaking moduli then implies that the moduli-

dependence of the Kähler metric and the moduli Kähler potential has to be correlated:

K̃α ∼ eK̂/3. The interdependence between K̃α and K̂ is precisely of the form necessary

for the cancellation of many contributions to soft terms. The main result from this

chapter is that at leading order in gs – as far as the dependence on supersymmetry

breaking blow-up moduli is concerned – the structure K̃α ∼ eK̂/3 survives to all orders

in α′ and is only broken by terms non-perturbative terms in α′.7

7The fact that the physical Yukawa couplings depend on Kähler moduli sharing the singularity with
the visible sector does not invalidate this conclusion. As these local Kähler moduli are fixed at string
size and do not acquire F-terms, they do not lead to contributions to soft terms. As long as we are

interested in contributions to soft terms, our results imply that we can use K̃α ∼ eK̂/3.
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Chapter 5

Superpotential desequestering

In this chapter we will examine contributions to soft A-terms which arise from non-

perturbative effects. While typically subleading, these contributions become important

in string models with sequestered supersymmetry breaking. Here, we will calculate

such contributions in a toy-model based on a toroidal orbifold. We will find that the

flavour structure of these A-terms does not coincide with that of the tree-level Yukawa

couplings. In consequence, the induced A-terms are sources of flavour-violating effects.

This chapter is based on paper [8].

5.1 Motivation

Non-perturbative effects are essential ingredients in several celebrated moduli-stabilisation

schemes in type IIB string theory [6, 28, 31]. These arise from Euclidean D3-branes or

gaugino condensation on a stack of D7-branes wrapping some four-cycle in the internal

dimensions. At the level of the four-dimensional effective theory, the non-perturbative

effects induce a non-perturbative superpotential which depends on the volume of the

corresponding four-cycle.

W ⊃ O e−aT . (5.1)

Here T is a Kähler modulus of the cycle wrapped and a is a model-dependent parameter.

The operatorO can depend on visible sector fields, in which case the non-perturbative ef-

fects introduce cross-couplings between the visible sector and the supersymmetry break-

ing moduli. In this chapter, we will focus on such contributions to the superpotential

which take the form of Yukawa couplings:

W ⊃ Y np
ijk C

iCjCk e−aT , (5.2)

where Y np
ijk are constants, Ci are various visible sector fields, a is a model-dependent

parameter and T a Kähler modulus. After supersymmetry breaking in which the Kähler
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modulus T obtains a non-vanishing F -term, the above coupling gives rise to soft A-terms

of the form

δA′ijk = −eK/2aF TY np
ijke

−aT , (5.3)

in natural units. Typically, such contributions to A-terms are subleading, but they can

become relevant if other contributions to soft terms are suppressed. Such a suppression

is indeed observed in the Large Volume Scenario, where soft terms vanish at leading

order. Further suppression of soft scalar masses and A-terms is observed if the condition

K̃α ∼ eK̂/3 holds beyond leading order.

The importance of non-perturbative contributions to A-terms lies in the fact, that

they can be sources of flavour-changing neutral currents: if one of the fields Ci in

equation (5.2) is a Higgs field, soft masses for the remaining fields will be induced after

electroweak symmetry breaking. Note that if the non-perturbative Yukawa couplings

do not align with the tree-level Yukawa couplings, the soft masses induced by (5.3) will

lead to flavour-violating processes. Consistency with observational bounds then restricts

the parameter space of the string construction [42]. The severity of these constraints

crucially depends on the size and structure of Y np
ijk .

In this chapter, we study non-perturbative corrections to Yukawa couplings in some

simple toroidal orbifolds which serve as computable toy models for more complicated

compactifications. In our study we are motivated by previous results of flavour-violating

effects due to Yukawa couplings sourced by string or D-brane instantons [43, 44, 84].

Similarly, non-perturbative effects in F-theory GUT models have been found to modify

the flavour structure of the Yukawa couplings [85]. Here, we model the visible sector

as arising from D3-branes at an orbifold singularity, while the D7-branes supporting

the non-perturbative effects can either wrap two 2-tori of the compact space or a small

4-cycle instead. In particular, we want to check for the existence of non-perturbative

contributions to Yukawa couplings in these setups and determine their flavour structure.

What to calculate?

In this chapter, we will focus on non-perturbative effects from gaugino condensation on

a stack of D7-branes. In the four-dimensional field theory, this produces an effective

superpotential which is proportional to

W np = Ae−afD7 , (5.4)

where fD7 is the gauge kinetic function on the D7-branes, and a = 2π/c, where c is the

dual Coxeter number of the D7-brane gauge group, so that e.g. c = N for SU(N). At
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leading order fD7 is given by the Kähler modulus T of the cycle wrapped, but there will

be corrections to the gauge kinetic function which will introduce a dependence on further

fields. In particular, if fD7 depends on D3 matter fields, it is easy to see that operators

of the form (5.2) are induced. Expanding the gauge kinetic function in gauge-invariant

combinations of D3 matter fields Ci we find that new contributions to Yukawa couplings

are present, if fD7 contains a trilinear term in visible sector fields Ci:

fD7(Φα, Ci) = T + . . .+ yijk(Φ
α)CiCjCk + . . . , (5.5)

where Φα are moduli. Plugging this expression into the non-perturbative superpotential

(5.4) and expanding in matter fields Ci, we see that the trilinear term proportional to

yijk indeed produces new contributions to Yukawa couplings of form (5.2).

Thus, to check whether new contributions to Yukawas are generated by gaugino

condensation, we have to determine corrections to the D7 gauge coupling due to distant

D3-matter fields. In the low-energy effective field theory the gauge kinetic function

appears in the term: ∫
d4x

∫
d2θ fD7(Φi, Cj)WαW

α , (5.6)

where Wα is the D7 field strength superfield. Expanding the gauge kinetic function as

above and integrating over the Grassmann coordinates, the trilinear terms produce the

couplings

1

2
yijkTr(F µνFµν)Tr(φiφjφk) and (5.7)

2yijkTr(λλ)Tr(ψiψjφk) ,

where λ are the gauginos corresponding to the D7 gauge bosons Aµ and ψi and φj are

fermionic and scalar D3 matter fields. Hence, to generate non-perturbative corrections

to Yukawa couplings, these operators must be present in the effective action.

The existence of such operators can then be checked using string perturbation the-

ory – and this is the subject of this chapter. There are two kinds of string amplitude

calculations we could perform to obtain yijk. First, one can compute the one-loop thresh-

old correction to the D7-brane gauge kinetic function given by 〈Tr(AµAν)Tr(φiφjφk)〉.
Secondly one can calculate corrections to D3 Yukawa couplings due to gaugino conden-

sation by evaluating 〈Tr(λλ)Tr(ψiψjφk)〉. Both amplitudes are computed as a cylinder

diagram with two D7-brane gauge boson or gaugino vertex operators inserted at one

boundary, and three visible sector matter field operators inserted at the other boundary.

In the following, we will perform the first calculation in detail and determine the size

and flavour structure of yijk. We also briefly discuss the second calculation in appendix

C. Most importantly, both approaches give the same result.
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Figure 5.1: Brane configurations for the T6/Z′6 orbifold with θ = 1
6
(1,−3, 2). (This is

the AaA lattice, in the classification of [86].) Dots indicate orbifold singularities. Stacks
of D3-branes supporting visible matter are denoted by a blue circle at the origin. The
branes responsible for non-perturbative effects are indicated by a red box and wrap the
first two tori in the “KKLT” setup.

5.2 Setting up the calculation

Before we can begin with the calculation, we need to find the relevant setup in the

toroidal orbifold background. In particular, we need to model the visible and the hidden

sectors.

Visible sector

We will use D3-branes at an orbifold singularity to describe the visible sector. While

they do not represent a fully realistic visible sector, they realise most features which we

require. In particular, the spectrum (see section 2.3) contains chiral matter superfields

Cr
a,b in bifundamental representations (na, n̄b). While we will often suppress the sub-

scripts, we keep the superscript, which refers to the internal complex direction of the

fluctuation giving rise to the matter field. Note that the superscript does not specify a

chiral superfields uniquely, as for D3-branes at a ZN orbifold singularity there are, in

principle, N chiral superfields from each complex internal direction. As we are inter-

ested in new contributions to Yukawa couplings, it is important to review the Yukawa

couplings present at tree-level. These arise from the superpotential:

W tree =
3∑

r,s,t=1

εrst Tr (CrCsCt) , (5.8)
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orbifold singularity orbifold twist allowed Yukawa couplings

C3/Z3 θ = 1
3
(1, 1,−2) all CrCsCt for r, s, t = 1, 2, 3

C3/Z4 θ = 1
4
(1, 1,−2) C1C2C3

C1C1C3

C2C2C3

C3/Z6 θ = 1
6
(1, 1,−2) C1C2C3

C1C1C3

C2C2C3

C3C3C3

C3/Z′6 θ = 1
6
(1,−3, 2) C1C2C3

C3C3C3

Table 5.1: Gauge-invariant combinations of chiral superfields Cr arising on D3-branes
at C3/ZN .

where εrst is the fully antisymmetric tensor. It follows that only Yukawa couplings

involving the fields C1C2C3 appear at tree-level.

However, there are in principle more combinations of three chiral superfields which

are gauge invariant. Such combinations are given by

Cr
i,i−brC

s
i−br,i−br−bsC

t
i−br−bs,i , (5.9)

and we list such combinations for several orbifold singularities in table 5.1. Thus there are

in general more gauge-invariant Yukawa couplings than are realised in the superpotential.

Hidden sector

We have two possible choices for the D7-branes giving rise to the non-perturbative effects.

They can either wrap a bulk cycle or a small (blow-up) cycle and we will analyse both

situations. The first case is employed in scenarios of moduli stabilisation following the

Kachru-Kallosh-Linde-Trivedi (KKLT) approach [28], while the second is relevant for

the LVS [6]. While we are more interested in the latter, we nevertheless perform the

calculation for both setups. For the case of bulk D7s, we let them wrap the first two tori

of the compact space, while being located at a single smooth point on the third torus.

If the D7-branes are located on a small four-cycle, we need to treat them differently. In

the orbifold limit, all blow-up cycles collapse to zero size. In this case the D7s on a small

cycle become fractional D3-branes at an orbifold singularity. To distinguish them from

the visible D3-branes, we label this stack as D3’. In both cases, we separate the visible

stack geometrically from the hidden stack. The relevant setups are shown in figure 5.1.
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Figure 5.2: Cylinder amplitude that produces a threshold correction to a gauge coupling
due to distant scalars. Vertex operators for gauge bosons are inserted on one boundary
and the scalar operators are located on the other boundary.

CFT calculation

To confirm the presence of the relevant superpotential terms we need to calculate the

correlation function 〈Tr(AµAν)Tr(φiφjφk)〉. As this is a double-trace operator, we will

need a worldsheet with two boundaries. Correspondingly, the leading contribution will

be given by the cylinder diagram shown in 5.2. One could worry whether we should

also consider unoriented worldsheets. Strictly speaking, the brane setups given above

will in general be inconsistent as there are uncancelled tadpoles. However, one could

cancel tadpoles by using the right number of branes with a combination of orientifold

planes. The presence of orientifold planes then requires the consideration of unoriented

worldsheets. Luckily, for the problem at hand, uncancelled tadpoles do not affect our

result. Worldsheets with boundaries exhibit divergences due to tadpoles, if one boundary

is unoccupied by vertex operators. The tadpole is then cancelled by a worldsheet where

the empty boundary is replaced by a crosscap. As we are considering a cylinder diagram

with insertions on both boundaries, tadpoles cannot contribute.

Orbifold sectors

All calculations in this chapter will be performed in compactifications based on toroidal

orbifolds T2 × T2 × T2 /ZN . To perform calculations on this space, we will insert a

projection operator into the string path integral:

P =
1 + θ + θ2 . . .+ θN−1

N
. (5.10)

This is needed to arrive at a result, which is invariant under the orbifolding. In conse-

quence, the calculation splits into different sectors, where an orbifold twist θk is inserted

explicitly. These sectors fall into three categories:
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• Fully twisted. The orbifold action on all subtori is non-trivial: all θki 6= 0.

• Partially twisted. The orbifold action leaves one T2 untwisted: θki = 0 mod 1 for

exactly one i.

• Untwisted sectors. The orbifold action leaves all tori untwisted.

In the following calculation, we will need to consider possible contributions from

all these sectors.

5.3 Gaugino condensation: gauge threshold correc-

tion

The relevant term in the effective action is captured by a cylinder correlation function

involving two D7 gauge bosons and three distant D3-brane scalars:

〈V 0
A(z1)V 0

A(z2)V 0
φ1

(z3)V 0
φ2

(z4)V 0
φ3

(z5)〉 . (5.11)

The cylinder requires a background ghost charge of (0) and hence we take all vertex

operators in the 0-picture. To start, we choose the three scalars to be consistent with a

Yukawa coupling C1C2C3. The vertex operators are then:

V 0
A(z1) = [∂Xµ + i(k1 · ψ)ψµ] eik1·X(z1)

V 0
A(z2) = [∂Xν + i(k2 · ψ)ψν ] eik2·X(z2)

V 0
φ1

(z3) =
[
∂X1 + i(k3 · ψ)Ψ1

]
eik3·X(z3) (5.12)

V 0
φ2

(z4) =
[
∂X2 + i(k4 · ψ)Ψ2

]
eik4·X(z4)

V 0
φ3

(z5) =
[
∂X3 + i(k5 · ψ)Ψ3

]
eik5·X(z5) .

Here, Chan-Paton factors, polarisations as well as factors of the string coupling gs are

suppressed, and will be restored later. Further, Xµ and ψµ are external fields, while

X i and Ψi are complex internal fields as defined in appendix A.2.1. The fact that the

scalars arise from a Yukawa coupling C1C2C3 can be understood as follows: under an

orbifold twist, the vertex operators acquire phases as Vφ1 → e2πiθ1Vφ1 , Vφ2 → e2πiθ2Vφ2

and Vφ3 → e2πiθ3Vφ3 .

At this point we can already simplify the calculation considerably: as the correlation

function only involves the complex internal fields ∂X i and Ψi, but not the complex

conjugates ∂X̄ i and Ψ̄i, the quantum correlator vanishes exactly! For terms containing

the complex spinor Ψi, the vanishing is due to uncancelled H-charge. Similarly, one can

check that the complex bosonic fields exhibit the following basic correlators:

〈∂X i(z)∂X̄j(0)〉 6= 0 , 〈∂X i(z)∂Xj(0)〉 = 〈∂X̄ i(z)∂X̄(0)〉 = 0 , (5.13)
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and correspondingly correlators only involving the fields ∂X i give a vanishing result.

This does not imply that the whole amplitude is zero. While all quantum correlation

functions of internal fields do not contribute to the result, there can be nontrivial classical

solutions ∂X i
cl which will be the only contribution from internal fields. Correspondingly,

the spinorial fields can be ignored and the relevant terms of the scalar vertex operators

are then:

V 0
φ1

(z3) = ∂X1eik3·X(z3)

V 0
φ2

(z4) = ∂X2eik4·X(z4) (5.14)

V 0
φ3

(z5) = ∂X3eik5·X(z5) .

Using this the correlation function 5.11 simplifies to:〈
[∂Xµ + i(k1ψ)ψµ] (z1) [∂Xν + i(k2ψ)ψν ] (z2)

5∏
i=1

eiki·X(zi)

〉
〈∂X1(z3)∂X2(z4)∂X3(z5)〉

The first factor is essentially a well-known one-loop two-point function of gauge bosons

(see e.g. [47,87,88]). The second factor only includes internal bosonic fields and contains

all information about the field combinations appearing in the Yukawa coupling. If we

analysed the case of a Yukawa couplings of fields CiCjCk the correlator would become

〈∂X i∂Xj∂Xk〉. We can thus state a necessary condition for the presence of new contri-

butions to Yukawa couplings: as the second factor only gets contributions from classical

solutions we note that a new Yukawa coupling of superfields CiCjCk can only be gen-

erated if a classical solution for the field combination ∂X i
cl∂X

j
cl∂X

k
cl exists. We will use

this condition to scan through a variety of orbifold models. But before, we sketch the

calculation of the first factor over external fields for completeness.

5.3.1 Gauge boson two-point function

There are in principle four terms coming from the correlator〈
[∂Xµ + i(k1 · ψ)ψµ] (z1) [∂Xν + i(k2 · ψ)ψν ] (z2)

5∏
i=1

eiki·X(zi)

〉
, (5.15)

however, the two cross-terms vanish as 〈(ψλψµ)(z)〉 = 0. Then there are two remaining

contributions. One only consists of bosonic fields:〈
∂Xµ(z1)∂Xν(z2)

5∏
i=1

eiki·X(zi)

〉
. (5.16)

A purely bosonic correlator has to vanish at one-loop. It premultiplies the fermionic

partition function which vanishes in a supersymmetric model

B(z1, z2, z3, z4, z5)
∑
α

〈1〉α = 0 , (5.17)
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where the sum is over spin structures.

One is left with a correlator over spinorial fields and momentum exponentials.

〈(k1 · ψ)ψµ(z1)(k2 · ψ)ψν(z2)〉

〈
5∏
i=1

eiki·X(zi)

〉
. (5.18)

As there are no cross-correlations between these fields one can analyse them separately.

The fermionic amplitude involves four spinorial fields and depends on the spin

structure. We only need to consider even spin structures: the amplitude vanishes in the

odd spin structure as we can never saturate the fermionic zero modes. In the even spin

structures we can contract the spinors using the Szegő kernel Sα:

〈ψµ(z1)ψν(z2)〉 = ηµνSα(z1 − z2) = ηµν
ϑα(z1 − z2) ϑ′1(0)

ϑ1(z1 − z2)ϑα(0)
. (5.19)

Introducing the polarisations ε1 and ε2, we thus find:

ε1µε2ν 〈(k1 · ψ)ψµ(z1)(k2 · ψ)ψν(z2)〉 = −ε1µε2ν(k1 ·k2η
µν−kν1k

µ
2 )S2

α(z1−z2)〈1〉α . (5.20)

The momentum-prefactor captures the kinematics of two gauge bosons F µνFµν which we

formally extract. Continuing with the spinor amplitude we reexpress the Szegő kernel

as

S2
α(z1 − z2) = ℘(z1 − z2)− eα−1, (5.21)

where eα−1 = −4πi∂τ ln (ϑα(0|τ)/η(τ)), see e.g. [52]. Here ℘ is the Weierstrass function

℘(z, τ) = −∂2
z log ϑ1(z|τ) + 4πi∂τ log η(τ) . (5.22)

As the Weierstrass ℘-function and the ∂τ ln η(τ) piece of eα−1 are both independent of

spin structure α, these terms will be proportional to the partition function and vanish

upon summation over spin structures. Therefore this correlator only receives contribu-

tions from

−4πi
∂τϑα(0|τ)

ϑα(0|τ)
. (5.23)

Now as ∂τϑα = 1/(4πi) · ∂2
zϑα we can write the contributions of the fermionic parts to

the overall amplitude as

−ϑ
′′
α(0|τ)

ϑα(0|τ)
〈1〉α, (5.24)

where primes denote derivatives with respect to z. This concludes the analysis of the

gauge-boson two-point function which gives a standard result. There is still the corre-

lator involving momentum-exponentials which will contribute to the overall result. We

move on to the remaining piece, the classical correlator.
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5.3.2 Classical correlator — sums over winding modes

The part of the overall correlation function that is sensitive to the structure of the

Yukawa coupling is the correlator of internal bosonic fields. A potential Yukawa coupling

of the form CiCjCk is probed by a correlator〈
∂X i(z3)∂Xj(z4)∂Xk(z5)

〉
. (5.25)

As mentioned before this correlation function only contributes its classical part. Sum-

ming over all classical backgrounds gives

〈∂X i(z3)∂Xj(z4)∂Xk(z5)〉 =
∑

classical
solutions

∂X i
cl∂X

j
cl∂X

k
cl 〈1〉 e−Scl . (5.26)

The classical solution is defined by the embedding of the cylinder into the target space,

and thus necessarily depends on the boundary conditions. As the two boundaries of our

cylinder need to coincide with distant brane stacks, the cylinder has to stretch across

the compact internal directions. Here, we parameterise the Euclidean worldsheet by

σ1 ∈ [0, 1/2] and σ2 ∈ [0, t/2], such that the two boundaries are given by σ1 = 0, 1/2.

Then the required classical solutions are

X i
cl(σ

1, σ2) = xi0 + 4π

√
T i2

2U i
2

(m+ U in+ rc)σ
1 . (5.27)

Here U i is the complex structure modulus of the torus wrapped, T i2 is its volume and

m and n are winding numbers. We wrote the separation between brane stacks in terms

of the dimensionless separation rc, which is related to the physical distance ∆X i as

∆X i = 2π
√
T2/2U2 rc.

Such a solution is allowed if the following conditions are satisfied:

• Both boundaries of the cylinder exhibit Dirichlet boundary conditions.

• The geometric action of the orbifold leaves the X i direction untwisted.

The conditions are easily understood. Neumann boundary conditions are inconsistent

with the winding part as ∂σ1X i 6= 0 for finite rc. Further, in a twisted sector the bosonic

field X has to satisfy

X i(σ1, σ2 + t/2) = e2πiθiX i(σ1, σ2) . (5.28)

Again, this is inconsistent with (5.27) for finite rc.

We thus identified two conditions for the existence of a non-trivial classical corre-

lator. We can now apply them to the D-brane constructions of interest. In particular,

we will need to consider two cases. For one, the D7-branes are located on bulk cycles,

while in the other setting they wrap small (blow-up) cycles.
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D3-D7 models

In this case the gauge fields are located on a stack of bulk D7-branes whereas chiral

superfields are supported on a stack of D3-branes at an orbifold singularity. All orbifold

models have a singularity at the origin and we place the stack of visible D3-branes there.

To be specific, let the D7-branes wrap the first two subtori and be located at a position

x3
D7 = 2π

√
T i2/2U

i
2 rc on the third 2-torus, which is not a singular locus. The boundary

conditions on the two boundaries of the cylinder stretching between the two stacks are

summarised below:

Complex direction Ext 1 Ext 2 Int 1 Int2 Int 3

D3-D7 NN NN DN DN DD

where D stands for Dirichlet and N for Neumann boundary conditions. We conclude

that the classical solution automatically vanishes for any combination of fields except

for one, which is 〈∂X3∂X3∂X3〉 for our choice of brane embedding.

For winding solutions to exist along this DD direction, it should not be twisted

by the orbifold action. The geometric action of the orbifold can be classified into three

different sectors. We examine them one by one for the D3-D7 system at hand:

1. Fully twisted sectors (N = 1):

Here the orbifold acts non-trivially on all three internal directions. As pointed out

before, twisted directions do not allow for winding modes and this sector does not

contribute.

2. Untwisted sector (N = 2):

Here the orbifold has no geometric effect as we insert the identity element of the

orbifold group into the amplitude. Correlation functions are the same as for pure

toroidal compactifications and winding modes are allowed along the single complex

DD-direction.

3. Partially twisted sector (N = 2): In partially twisted sectors the orbifold

twists two complex directions while leaving exactly one direction untwisted. These

instances only occur for ZN orbifolds withN even. Which direction is left untwisted

is model-dependent. If an untwisted direction coincides with the DD-direction

the partially twisted sector adds to the result from the untwisted sector without

changing it qualitatively.

As any orbifold compactification exhibits an untwisted sector the existence of winding

solutions is thus automatic for D3-D7 models. Yet there is one more constraint which we
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need to take into account. So far we ignored the trace over Chan-Paton factors which,

among other things, implements gauge invariance. The existence of a winding solutions

for ∂X i∂Xj∂Xk is only a necessary condition for the generation of a new Yukawa cou-

pling CiCjCk. For this coupling to exist it has to be a gauge invariant combination

of fields. As D3-D7 models only exhibit one DD-direction the new Yukawa coupling

can only have the structure CrCrCr. Such field combinations are gauge-invariant if

the corresponding orbifold twist angle is θr = 1/3. This occurs in Z3, Z6, Z′6, and Z12

orbifolds.

We now state the quantitative result for the classical contribution. Using the results

from section A.2.2 (in particular (A.19) and (A.22)) we find:1

〈∂X3∂X3∂X3〉 =
∑
m,n

(
2π

√
T2

2U2

)3

(m+ Un+ rc)
3e
−πt
α′

T2
U2
|m+Un+rc|2 , (5.29)

where T2 and U are volume and complex structure modulus of the third two-torus. In

the following, it will be convenient to reexpress (5.29) as a triple derivative w.r.t. r̄c:

〈∂X3∂X3∂X3〉 =

(
−α

′

t

√
2U2

T2

∂r̄c

)3∑
m,n

e
−πt
α′

T2
U2
|m+Un+rc|2 =

(
−α

′

t

√
U2

2T2

∂r̄c

)3

Z(t) ,

(5.30)

where Z(t) is the sum over winding modes as defined in (A.23).

There is one subtlety for D3-D7 models on orbifolds which we ignored so far. To

arrive at a setup that is invariant under orbifold twists we also need to include images

of the D7-branes. For each stack of D7-branes we add N − 1 identical stacks at the

image loci of the original stack. Thus, for D7-branes located at rc on the third 2-torus

we include images at r′c = e2πiθ3jrc for j = 1, . . . N − 1. In our calculation we also

need to include strings stretching between the D3-branes and all the image D7-branes.

This leads to the following modification: each stack of D7-branes will give rise to an

additional contribution of the form (5.29) with rc replaced by the image brane locus r′c.

One can easily check that there is no cancellation between the various stacks. Instead,

for θ3 = 1/3 all stacks give an identical result.

D3-D3’ models

If the D7-branes carrying the gauge theory wrap a blow-up cycle they essentially become

(fractional) D3-branes at an orbifold singularity. To distinguish this stack from the

1Strictly speaking, the vertex operators do not contain the field ∂Xi, but ∂nX
i = (∂ + ∂̄)Xi, where

∂n is a derivative normal to the boundary. However, both ∂X and ∂̄X contribute the same classical
result (A.20). Thus, by restricting our attention to ∂Xi only, we obtain the correct result up to an
overall numerical factor.
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visible D3s we call it D3’. In this case we have three complex directions with DD

boundary conditions.

Complex direction Ext 1 Ext 2 Int 1 Int2 Int 3

D3-D3’ NN NN DD DD DD

As D3-branes are pointlike in the internal dimensions model builders enjoy more freedom

in arranging their spatial relations. The two stacks can be separated in one, two, or

all three of the internal directions and these choices will affect the non-perturbative

superpotential. Postponing this question we examine the various orbifold sectors for the

possibility of winding solutions.

1. Fully twisted sectors (N = 1): No contribution as before.

2. Untwisted sector (N = 4):

In principle winding modes are allowed for all internal directions. However, a

D3-D3 system has N = 4 supersymmetry which causes the quantum correlation

function to vanish. While this is in stark contrast to the D3-D7 case considered

above it is the typical behaviour for a D3-D3 setup.

3. Partially twisted sector (N = 2): Partially twisted sectors have exactly one

untwisted direction which allows for winding solutions. In other words, we are only

free to stretch strings in at most one direction to connect the stacks. Consequently,

a non-zero solution can only be found if the two stacks of branes are separated along

one direction only which coincides with the complex dimension left untwisted.

To summarise, only partially twisted sectors can contribute, which only exist in ZN
orbifolds with even N . The result is more model dependent for the D3-D3’ system than

for the D3-D7 setup before. If the two stacks are separated in two or three directions the

classical correlator vanishes. Most importantly, as winding solutions only exist for one

direction only correlators of the form 〈∂Xr∂Xr∂Xr〉 survive. This is gauge-invariant for

Z6, Z′6, and Z12 orbifolds. The result is the same as before (5.29) and, as both stacks

are at orbifold fixed points, no image branes are needed.

5.3.3 Results

Here we combine the results from the previous two sections with the appropriate partition

functions. A list of cylinder partition functions is given in A.2.5. We also need to include

the correlator over momentum exponentials which contributes〈
5∏
i=1

eiki·X(zi)

〉
=
∏
i<j

e−ki·kjG(zi−zj) (5.31)
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where G(zi − zj) is the Green’s function with NN boundary conditions.

D3-D7 models

In the case of D3-D7 models the result arises in the untwisted sector as explained above.

Partially twisted sectors, if present, give an equal contribution. We find

A =

∫
dt

t

∫
dz1dz2dz3dz4dz5

1

(2π2t)2

(∏
i<j

e−ki·kjG(zi−zj)

)
∑
α,β
=0,1

ηαβ
2

ϑ′′αβ(0)

η3

ϑαβ(0)

η3

(
ϑ[1/2−α/2

β/2
](0)

ϑ[ 0
1/2

](0)

)2

(
−α

′

t

√
2U2

T2

∂

∂r̄c

)3

Z(t) , (5.32)

with Z(t) given in (A.23) and ηαβ = (−1)α+β.2 We can apply the Riemann identity

(A.12) to collapse the sum over spin structures to a constant.

A =

∫
dt

t

∫
dz1dz2dz3dz4dz5

1

(2π2t)2

(∏
i<j

e−ki·kjG(zi−zj)

)(
−α

′

t

√
2U2

T2

∂

∂r̄c

)3

Z(t) ,

(5.33)

D3-D3 models

In the previous section we established that the only non-zero contribution arises in

partially twisted sectors of the orbifold. To be specific we take θ3 = 0 mod 1 and

θ1 + θ2 = 0 mod 1. Collating the previous results, the complete amplitude is

A =

∫
dt

t

∫
dz1dz2dz3dz4dz5

1

(2π2t)2

(∏
i<j

e−ki·kjG(zi−zj)

)
∑
α,β
=0,1

ηαβ
2

(−1)α
ϑ′′αβ(0)

η3

ϑαβ(0)

η3

(
2∏

k=1

(−2 sinπθk)
ϑαβ(θk)

ϑ1(θk)

)
(
−α

′

t

√
2U2

T2

∂

∂r̄c

)3

Z(t) , (5.34)

where Z(t) is given in (A.23) and ηαβ = (−1)α+β as before. Again, we use the Riemann

identity (A.11) to simplify the result.3 Further, in the partially twisted sectors of the

2To calculate a correction to the gauge coupling, we have to sum over even spin structures only.
Nevertheless, here we can perform the sum over all spin structures with ηαβ = (−1)

α+β
, as the expression

(5.32) vanishes exactly for the odd spin structure α = β = 1. The same is true for (5.34)
3If we repeated the analysis for the untwisted orbifold sector, the sum over spin-structures would be

identically zero due to (A.10). Hence untwisted sectors do not contribute in the D3-D3 case.

91



relevant orbifolds (θ3 sector of both Z6 and Z′6) we have θ1 = θ2 = 1/2. Thus we are left

with:

A =

∫
dt

t

∫
dz1dz2dz3dz4dz5

1

(2π2t)2

(∏
i<j

e−ki·kjG(zi−zj)

)(
−α

′

t

√
2U2

T2

∂

∂r̄c

)3

Z(t)

(5.35)

which is the same as in the previous case. Hence we can discuss both results together.

Integral over t

We do not need to calculate the full amplitude to extract results of interest to us. On

the contrary, as we only wish to determine corrections to the gauge coupling we only

need to keep the pieces which exhibit the momentum dependence of a gauge kinetic

term. To this end we recall that the above results (5.33) and (5.35) are premultiplied

by a kinematic factor for gauge bosons which we extracted at an earlier stage of the

calculation. Correspondingly, any additional momentum-dependence is undesirable and

we let ki → 0. There are no momentum-poles in the amplitude and this limit can be

taken without subtleties, eliminating the last term sensitive to the worldsheet opera-

tor positions. Subsequently, the integral over world-sheet positions can be performed

without difficulties giving a contribution
∫ ∏5

i=1 dzi ∝ t5.

The last two remaining operations to be done are the sum over winding modes and

the integration over t. Ignoring overall factors the amplitude becomes:

A ∼
∫ ∞

0

dt

t

1

t2
t5
∑
m,n

r3
mn exp

(
−2πt

α′
|rmn|2

)
, (5.36)

where we define rmn =
√
T i2/2U

i
2 (m + Un + rc). One can check that the integral does

not diverge at either end of its range. The brane separation rc acts as an IR cutoff.

Upon Poisson resummation of the winding modes one can also check that the amplitude

vanishes in the UV in virtue of the factor r3
mn. We can press ahead with the integration

over t which produces

A ∼
∑
m,n

α′3

4π

r3
mn

|rmn|6
=
α′3

4π

(
2U2

T2

) 3
2 ∑

m,n

1

(m+ Ūn+ r̄c)3
. (5.37)

The double sum over m and n is of the form∑
m,n

2

(z +m+ Un)3
= −℘′(z, U), (5.38)

where we identified the first z-derivative ℘′(z, U) of the Weierstrass ℘ function. Putting

everything together we find

A ∼

(
α′

2π

√
2U2

T2

)3

∂r̄c℘ (rc, U) . (5.39)
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We can arrive at the result (5.39) from (5.36) by a different method. In the integrand,

we restore the triple derivative from (5.35) above and recast the sum over winding modes

as a genus-two theta function (A.8):

A =

∫ ∞
0

dt

t

1

(2π2t)2
t5

(
−α

′

t

√
2U2

T2

∂

∂r̄c

)3

ϑ[
~R
~0

](~0, itG/2) , (5.40)

where ~R = (r1, r2) is a real 2-component vector with rc = r1 + Ur2 and G is given by

G =
T2

U2

(
1 U1

U1 |U |2
)
. (5.41)

We now move the derivatives with respect to the complex separation r̄c outside of the

integral over t. Unlike in the previous method, the integral now apparently becomes

divergent, so we introduce a UV cutoff Λ in this intermediate step. Fortunately, we

know from the previous method that the result is finite, so this is no cause for concern.

The remaining integral is now the same as that which occurs in usual gauge coupling

renormalisation (i.e. without the three scalar insertions we have here), so we can perform

the integral as in [89]. We also collect all numerical constants in C which we leave

undetermined. We obtain

A = −C
(
U2

T2

)3/2
∂3

∂r̄c
3

∫ ∞
1/Λ2

dt

t
ϑ[

~R
~0

](~0, itG/2) = −C
(
U2

T2

)3/2
∂3

∂r̄c
3

(
Λ2
√
G− G(0, rc)

)
,

(5.42)

with the scalar boson propagator on the torus

G(0, rc) = − ln

∣∣∣∣ϑ1(rc|U)

η(U)

∣∣∣∣2 +
2πIm(rc)

2

U2

, (5.43)

i.e. G(0, rc) is the solution of the Laplace equation on the torus with a delta function

source and a neutralising background charge. Happily, as expected from our previous

calculation, the cutoff Λ disappears from the final result in virtue of the differentiation.

Further, we see that the last term of the above expression is proportional to r̄2
c and will

be annihilated by the three derivatives. To make the connection to the previous result

in terms of the Weierstrass ℘-function note that

℘(z, τ) = ∂2
z lnϑ1(z|τ) + const . (5.44)

5.3.4 Discussion

Let us begin by summarising the results. If present, the correction to the gauge coupling

on D7-branes due to matter on distant D3-branes takes the form:

A = −C
(
U2

T2

)3/2
∂3

∂r̄c
3 ln

∣∣∣∣ϑ1(rc|U)

η(U)

∣∣∣∣2 = C
(
U2

T2

)3/2
∂3

∂r̄c
3 G(0, r̄c) . (5.45)

This result is valid for both D7-branes wrapped on bulk cycles and for D7s on a blow-up

cycle.
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Scaling

First, we will see if we can understand the scaling behaviour of (5.45). For this purpose,

let us set the two torus radii equal: T2 = R1R2 sin θU and R1 ∼ R2 ∼ R. We also

understand R to be dimensionless and specify the radius in units of the string length.

We find

A ∼
(
U2

T2

)3/2
∂3

∂r̄c
3 lnϑ1(rc|U) ∼ T

−3/2
2 ∼ R−3 . (5.46)

We can in fact understand the R−3 scaling from an analysis in four-dimensional effective

supergravity. We have computed the superfield component coupling4

1

2

ŷijk
M3

s

∫
d4x
√
−g Tr (φiφjφk) g

µνgλρTr (FµλFνρ) (5.47)

in the string effective action for canonically normalised fields. Here ŷijk is a dimensionless

parameter and the appearance of three factors of the string scale Ms can be understood

for dimensional reasons: they should arise from the calculation through the factors of

α′ ∼ `2
s ∼ 1/M2

s which we ignored.

The interaction (5.47) comes from the term∫
d4x d2θ fa(C

i)Tr(WαW
α) (5.48)

in the superspace action. In particular, the Lagrangian term (5.47) arises from correc-

tions to the gauge kinetic function of the form

fa ⊃
yijk
M3

P

CiCjCk . (5.49)

However, we still need to normalise the matter fields. The Kähler metric for matter on

D3-branes scales as Kīi ∼ V−2/3 ∼ R−4 [33]. Performing the canonical normalisation

and restricting to flat space we obtain

1

2
yijk

R6

M3
P

∫
d4x Tr(φiφjφk) Tr(FµνF

µν) . (5.50)

To make contact with (5.47) we note that Ms ∼MP/
√
V ∼MP/R

3. We find

1

2

yijk
R3M3

s

∫
d4x Tr(φiφjφk) Tr(FµνF

µν) . (5.51)

The R−3 scaling of (5.46) is then consistent with supergravity expectations. Further,

as the prefactor T
−3/2
2 ∼ R−3 is the only part of our result (5.46) which depends on the

volume of the compact space, we also learn that the Lagrangian parameter yijk entering

the gauge kinetic function is independent of the volume.

4Note that this is Weyl invariant, so it is not affected by the Weyl rescaling we need to go to Einstein
frame.
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The last fact is also easily understood. The volume of the compact space is con-

trolled by real part of a Kähler modulus T . However, the parameter yijk arises from

a 1-loop correction to the gauge kinetic function fa. As fa is holomorphic, it cannot

receive 1-loop corrections depending on Kähler moduli Ti: these fields exhibit axionic

shift symmetries which are in conflict with the holomorphicity of fa.

Another comment is in order: in this chapter we examined a cross-coupling between

fields on branes which are separated in the compact geometry. The situation is similar

to the one in chapter 4, where we examined cross-couplings between D3 matter fields

and distant blow-up moduli. However, the outcome is very different: while such cross-

couplings were suppressed as e−R
2/α′ in chapter 4, we do not observe this exponential

suppression in the present case. In contrast, the Lagrangian parameter yijk is given by

yijk = C (U2)3/2 ∂3

∂r̄c
3 ln

∣∣∣∣ϑ1(rc|U)

η(U)

∣∣∣∣2 . (5.52)

As long as the torus is not particularly degenerate, the above allows for yijk ∼ O(1).

To make a more precise statement, it would be useful to keep track of all numerical

prefactors entering C.

Model-dependence

One of the main results of the calculation is that only D3 Yukawa operators of the form

Cr
a,bC

r
b,cC

r
c,a (5.53)

can correct D7 gauge couplings. If the gauge group on the stack of D7-branes condenses,

new Yukawa couplings of the form (5.2) are induced. One of the primary questions

of this chapter is whether the flavour structure of the new contributions to Yukawa

couplings aligns with that of the tree-level Yukawas. To this end recall that the tree-

level superpotential takes the form

W tree = εrst Tr (CrCsCt) , (5.54)

and thus only operators of the form C1C2C3 arise at tree-level. Here, the superscript

refers to the complex internal direction and thus does not specify a single chiral su-

perfield. In fact, for D3-branes at a ZN orbifold singularity there are, in principle,

N chiral superfields from each complex internal direction. Nevertheless, it is clear that

Yukawa couplings of the form CrCrCr with r = 1, 2, 3 and operators of the type C1C2C3

contain different superfields and thus never align. Thus, the flavour structure of new

contributions to Yukawa couplings does not match the one of the tree-level couplings:
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Figure 5.3: Calabi-Yau compactification with D3-branes at a singularity and D7-branes
wrapping a small cycle. The singularity and the D7-branes share a homologous two-
cycle. This setup appears in LVS constructions.

the result is that the non-perturbative corrections to Yukawa couplings can be sources

of flavour-violating effects.

Whether such a correction to the D7-gauge coupling is indeed induced depends

on the geometrical setup of D7 and D3-branes. Furthermore, the above combination

CrCrCr has to be gauge invariant. In the orbifold model, the conditions for the gener-

ation of such couplings can be summarised as follows.

1. Bulk D7-branes: This setup is relevant for models based on the KKLT construc-

tion.5 In the orbifold calculation we find, that if D7-branes wrap a bulk cycle, the

generation of CrCrCr corrections to the gauge kinetic function is automatic. They

arise from untwisted sectors, which are present in all orbifold models. Hence, such

corrections are only absent if the coupling CrCrCr is forbidden by gauge invari-

ance.

2. D7-branes on small cycles: In models implementing the LVS, the D7-branes wrap

a small blow-up cycle. In the orbifold setting the D7-branes on blow-up cycles

become D3-branes at an orbifold singularity. The necessary condition for non-zero

cross-couplings is that the orbifold exhibits a partially twisted (N = 2) sector. For

corrections to the gauge coupling to then be induced, the two stacks can only be

separated along an untwisted direction in a partially twisted sector. In homology,

this statement is identical to the two stacks of branes sharing a homologous two-

cycle. The advantage of rephrasing the condition for non-zero cross-couplings in

terms of homology is, that it can be also applied to compactification spaces beyond

toroidal orbifold models. Our result then suggests that cross-couplings between

D3-branes and D7-branes on blow-up cycles are induced, if the two stacks are

5These effects are irrelevant in LVS as they are suppressed by a factor of exp(−V2/3) in the super-
potential.
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connected by a homologous two-cycle. The situation is shown in figure 5.3. This

generalisation to more general spaces should be checked by a direct calculation,

which we leave for future work.

For completeness, we list all supersymmetric orbifolds and denote as “relevant A-term

coupling” those operators that receive a non-vanishing contribution in our calculation.

Orbifold Twist vector θ Partially twisted sectors Relevant A-term coupling
group D3-D3 D3-D7

Z3
1
3
(1, 1,−2) (C3)3

Z4
1
4
(1, 1,−2) Z2 under θ2

Z6
1
6
(1, 1,−2) Z3 under θ3 (C3)3 (C3)3

Z′6
1
6
(1,−3, 2) Z2 under θ2 and θ4, Z3 under θ3 (C3)3 (C3)3

Z7
1
7
(1, 2,−3)

Z8
1
8
(1, 3,−4) Z3 under θ2

Z′8
1
8
(1,−3, 2) Z3 under θ4

Z12
1
12

(1,−5, 4) Z3 under θ3 (C3)3 (C3)3

Z′12
1
12

(1, 5,−6) Z3 under θn for n = 2, 4, 6, 8, 10.

One important difference arises for Z3 orbifolds, which are popular in model-

building. As there are no partially twisted sectors, no new Yukawa couplings can be

generated for D7-branes on blow-up cycles in this case.

5.4 Summary

In this chapter we investigated certain non-perturbative corrections to Yukawa couplings

in type IIB orbifold models in which the visible sector is realised as a stack of D3-

branes on an orbifold singularity. For non-perturbative effects arising from gaugino

condensation on a stack of distant D7-branes, these corrections to Yukawa couplings can

be computed as one-loop threshold corrections to the gauge kinetic function of the D7-

branes. We calculated the corresponding open string cylinder amplitude both in the case

of D7-branes wrapping a large ‘bulk’ cycle in the internal dimensions, and in the case

of D7-branes wrapping a small blow-up cycle, which in the orbifold limit corresponds

to a stack of D3-branes at an orbifold singularity. If present, the result is the same

independent of the embedding of the D7-brane. Despite arising from an interaction

between distant brane stacks, we find that the new contributions to Yukawa couplings

are not suppressed by the bulk volume.

It was shown in [42] that if the induced corrections to Yukawa couplings exhibit

a non-trivial flavour structure, constraints on flavour-changing neutral currents may

97



severely constrain the moduli stabilisation sector. In the models we consider in this

chapter, we verify that the flavour structure of the corrections to Yukawa couplings does

not align with the flavour structure of the tree-level Yukawa couplings. Correspondingly,

the non-perturbative corrections to Yukawa couplings are potential sources for flavour-

violating effects. We also identified a set of conditions under which such corrections

are expected to be generated, independent of the finer details of the model. For new

contributions to Yukawa couplings to be generated, the stack of D7-branes giving rise to

the non-perturbative effects has to either wrap a bulk four-cycle or share a homologous

two-cycle with the stack of visible sector D3-branes.

While we used conformal field theory to arrive at our results in this chapter, we

expect that the calculation should also be possible by adopting a geometrical closed

string approach. From this perspective corrections to the D7 gauge coupling are studied

geometrically by analysing changes to the volume of the four-cycle wrapped by the D7-

branes. Using this method the authors of [90] determined corrections to the D7 gauge

coupling due to the presence of D3-branes. For our analysis it would be interesting

to also allow for D3 matter fluctuations. The power of the closed string approach lies

in the fact, that it can be applied to background geometries different from toroidal

orbifolds. For example, the authors of [90] studied cross-couplings between D7 and D3-

branes in warped throat geometries. Thus, by repeating our analysis using this closed

string approach, we could extend our examination beyond orbifold constructions. This

would be a first step towards a generalisation of our analysis to more realistic string

compactifications.
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Chapter 6

Aside — kinetic mixing of U(1)s in
string models with D3-branes

Here we will consider another case, where N = 2 sectors in an orbifold calculation give

rise to non-negligible interactions between distant brane stacks. In particular, we will

examine the possibility of kinetic mixing between two U(1) factors in toroidal orbifolds,

with one U(1) realised in a visible and the other in a hidden sector. This chapter is

based on paper [9].

6.1 Motivation

In (semi-)realistic string models there are often a multitude of U(1) factors present. This

is particularly true for models including D-branes. Although some of these U(1)s become

massive and decouple, there are no theoretical obstructions to having multiple massless

U(1)s present in a consistent string model. These U(1)s can inhabit both the visible and

hidden sectors of the model. This is clearest in the context of models involving branes at

singularities, where gauge groups can be geometrically separated in the compact space.

Given the presence of several massless U(1)s in a theory, it is a natural question to

ask whether kinetic mixing can occur in such a setup. This possibility can also be

phenomenologically significant if one of the U(1)s participating in kinetic mixing is the

weak hypercharge of the Standard Model.

In a theory with two U(1) factors the low-energy effective Lagrangian density can

contain the following terms:

L ⊃ − 1

4g2
a

F (a)
µν F

µν
(a) −

1

4g2
b

F (b)
µν F

µν
(b) +

χab
2gagb

F (a)
µν F

µν
(b) +m2

abA
(a)
µ Aµ(b). (6.1)

The kinetic mixing term is a renormalisable operator and appears with the parameter

χab which can be generated at an arbitrarily high energy scale. We will be considering

the effect of string scale physics on the terms in (6.1) and will only be interested in cases
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where string scale contributions to m2
ab are vanishing. The main focus of this chapter

will be to determine χ in a consistent string model.

The phenomenological interest in kinetic mixing is twofold. If hypercharge mixed

kinetically with another massless U(1) from a hidden sector we could expect the existence

either of millicharged particles carrying small amounts of electric charge or alternatively

Standard Model particles that are millicharged under exotic U(1)s [91–94]. U(1)s with

weak couplings to Standard Model particles have also been of interest for models of dark

matter explaining excess positron production in the galaxy [95]. The particle physics

phenomenology of such weakly coupled U(1)s has been explored in [96, 97] and many

subsequent works. Searching for kinetic mixing is also subject of experimental activity

– for a recent review see [98].

In the past kinetic mixing in string theory has been studied in the context of type

II and heterotic string theories and F-theory [99–111].1 In previous work it was pointed

out that there is tension between the possibility of kinetic mixing, the vanishing of gauge

theory anomalies and the absence of mass mixing [103]. This observation provides the

impetus for the work in this chapter: here we wish to determine whether the tension

can be resolved in simple orbifold models in type IIB string theory with D3-branes at

orbifold singularities. In particular, we will explore the possibility of kinetic mixing

between visible and hidden U(1)s in these setups.

6.2 Kinetic mixing for D3-branes at singularities

6.2.1 Setting up the calculation

A priori, string models including D-branes give rise to a large number of U(1) factors.

This is also true for D3-branes at orbifold singularities, which support a gauge theory

with gauge group

U(n0)× U(n2)× U(n3)× . . .× U(nN−1) . (6.2)

Each U(ni) gives rise to SU(ni) × U(1) and there are potentially many U(1)s.2 The

gauge theory on the stacks of D3-branes will typically suffer from anomalies, unless

certain conditions on the gauge groups are satisfied. For the case of both Abelian and

non-Abelian factors in field theory, anomalies arise from triangle diagrams with external

states SU(ni)×SU(nj)
2, U(1)α×SU(nj)

2 and U(1)α×U(1)2
β. In practice, many of the

U(1) factors in D-brane constructions will turn out to be anomalous and not appear as

1See [98] for more references, in particular publications on phenomenological implications of kinetic
mixing and the possibilities for detection.

2We reviewed the massless spectrum for D3-branes at orbifold singularities in section 2.3.
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factors in the gauge group.

The three types of anomaly from above have corresponding interpretations in string

models:

• Cubic non-Abelian anomalies should cancel as they correspond to inconsistencies.

The consistency condition of string theory in the form of local tadpole cancellation

automatically implies the vanishing of cubic non-Abelian anomalies [112,113].

• Anomalies involving U(1) factors are not fatal in string theory, as it automatically

provides a mechanism for their cancellation. The field theory anomaly for U(1)α×
G2
j is generated in string theory by one-loop diagrams with all gauge bosons on the

same boundary. At the same level in perturbation theory, string theory also allows

for a cylinder diagram with the gauge boson for U(1)α inserted on one boundary,

and the two gauge bosons of Gj inserted on the other boundary. This is a four-

dimensional version of the Green-Schwarz (GS) mechanism [114] and ensures the

vanishing of these anomalies [115].

If a U(1) is anomalous, the presence of the GS mechanisms implies the existence of a

coupling between the U(1) and a Ramond-Ramond (RR) two-form field:

Tr(γkλi) C
(k)
2 ∧ FU(1)i , (6.3)

where λi is a Chan-Paton factor and γk is the Chan-Paton twist matrix in a twisted

sector. Couplings of this form lead to the generation of a mass for the U(1) gauge boson

via the Stückelberg mechanism. Hence anomalous U(1)s automatically receive masses

and drop out of the gauge group. While the anomaly of a U(1) implies the presence of

(6.3), non-anomalous U(1) are not automatically massless. They can also couple to to

RR two-form fields (in the N = 2 sector) and thus become massive and leave the gauge

group.

We will now proceed to study kinetic mixing in toroidal orbifolds with D3-branes

at orbifold singularities. Visible and hidden sectors are modelled by stacks of branes

which are separated in the internal directions. The above analysis of U(1) factors in

these setups suggests the following strategy

1. Ensure the consistency of the non-Abelian gauge theory on every stack of D3-

branes by cancelling local tadpoles. Next, identify all non-anomalous U(1)s and

select the massless ones. These will be candidates for U(1)s participating in kinetic

mixing.
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Figure 6.1: Relevant string diagrams for mixing between hidden U(1)s. The left diagram
gives rise to both kinetic and mass mixing. The limit ` = 1/t → ∞ is shown on the
right and gives the contribution to mass mixing only.

2. Cancel N = 2 tadpoles, which are sourced non-locally. These have to be cancelled

across branes sharing a homologous two-cycle, which will lead to further constraints

on the allowed gauge groups.

3. Examine kinetic mixing by evaluating the corresponding string diagram connecting

the visible and hidden sector.

Relevant string amplitude

Before we begin we will collect the relevant string amplitudes: here we need to evaluate a

cylinder with two gauge boson insertions. As we are interested in mixing between U(1)s

that do not have a tree-level coupling, we will consider diagrams with the two gauge

bosons inserted on opposite boundaries. As both mass mixing as well as kinetic mixing

arise from couplings to RR states, they have their origin in the same string diagram

6.1. Mass terms arise from couplings to massless RR-fields. At the level of the string

amplitude this corresponds to the closed string IR limit, where the cylinder modular

parameter approaches ` = 1/t→∞. Kinetic mixing will arise from integrating over the

whole range for t. In [9] we evaluated this amplitude via the background field method

for all orbifold sectors. Here we will be able to use a result from the previous chapter.

As it turns out, we will only need the result for the N = 2 sectors explicitly. In this

case we calculated the correlator of two gauge bosons in section 5.3.1 and the result can

be extracted from (5.35). There the gauge bosons were inserted on the same boundary,

whereas we insert them on opposite boundaries. This only affects the Chan-Paton traces,

and so we can extract the relevant result from (5.35). For two gauge bosons from gauge

groups U(1)a and U(1)b we find

〈AaAb〉N=2 = Tr(λaγθk) Tr(λbγ∗θk) ε
a
µε
b
ν(η

µνk2 − kµkν)
∑
m,n

∫ ∞
0

dt

t
e
− πT2
α′U2

|m+Un+rc|2t .

(6.4)

The sum is over winding modes which wrap the two-torus which is left untwisted in

the N = 2 sector. Also, T2 and U2 are the imaginary parts of the Kähler and complex

structure moduli of the two-torus wrapped and rc is a dimensionless separation between
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the brane stacks supporting the two gauge theories. The amplitude is evaluated on-shell,

such that k2 = 0. Nevertheless, it is instructive to keep the kinematic prefactor, which

in fact vanishes. The kinetic mixing parameter is then given by the part of the correlator

multiplying the kinematic prefactor.

To check for the existence of mass mixing we need to study the limit ` = 1/t→∞.

To extract the dominant contribution, it will be useful to perform a Poisson resummation

on the sum over winding modes. We find that the leading term diverges linearly and

the correlator takes the form

〈AaAb〉N=2 = Tr(λaγθk) Tr(λbγ∗θk) ε
a
µε
b
ν(η

µνk2 − kµkν)
∫ ∞
`′

d`
α′

T2

(
1 +O

(
e
− πα′`

2T2U2

))
.

(6.5)

This divergence is expected: in the limit ` = 1/t→∞ the two gauge bosons couple via a

massless closed string propagator, which contributes a momentum pole 1/k2. This poles

cancels the momentum-dependence of the prefactor and the amplitude contributes to a

mass term for the two gauge bosons. However, as we are evaluating the amplitude on

shell, this propagator leads to a divergence. Hence the behaviour of (6.5) is consistent

with the generation of a mass mixing parameter.

With the two expressions (6.4) and (6.5) at hand, we can begin our analysis of

kinetic mixing of massless U(1)s in models with D3-branes at orbifold singularities. To

proceed we need to identify consistent setups of branes and determine non-anomalous

U(1)s. This is the subject of the next section.

6.2.2 Tadpole cancellation, anomalous and massless U(1)s

We begin by analysing the cancellation of local (twisted) tadpoles for D3-branes at ZN
orbifold singularities. Branes at such a singularity transform in the regular representa-

tion of the group. The appropriate transformation is encoded in the twist matrix

γθ = diag
(
1n0 , e

2πi
N 1n1 , . . . , e

2πi(N−1)
N 1nN−1

)
, (6.6)

where ni are integers such that
∑N−1

i=0 ni = n, where n is the total number of branes. This

will then give rise to a gauge group on the branes as shown in (6.2). The cancellation

of local tadpoles can then be written as a constraint on the allowed values for ni. For

every N = 1 sector of the orbifold we require [65]:(
3∏
r=1

2 sinπθr
N=1

)
Tr(γθ, N=1) = 0 . (6.7)

Now we move on and study the Abelian groups on the stacks of D3s. Using the U(1)s

associated with the non-Abelian group factors as a basis, the generator of a general U(1)
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on this brane stack can be written as

Qc =
N−1∑
j=0

cj
Qnj

nj
. (6.8)

The Chan-Paton factors λ for the U(1) gauge bosons are simply diagonal matrices with

the components of Qc as their entries. The coefficients cj for an anomaly-free U(1) factor

can be found as [65,115]:

cj =
1

N

N−1∑
k=0

e−2πijkrk where

(
3∏
r=1

2 sinπkθr

)
rk = 0 . (6.9)

The above conditions allow for at least one solution in the form cj = const. Thus, for

all orbifolds there is a always an anomaly-free combination given by [65]

Qdiag =
1

Ndiag

N−1∑
j=0

Qnj

nj
, (6.10)

where we introduced a normalisation such that Tr(λ2) = 1. Further, if the orbifold

has an N = 2 sector, one direction is left untwisted and sinπkθ = 0 in this case.

Correspondingly, the condition on one rk is relaxed and we find one additional non-

anomalous U(1).

Next, it needs to be checked whether the non-anomalous U(1)s remain massless.

This amounts to checking whether couplings of the form C2 ∧ F are present. Fully

twisted sectors do not contribute to such couplings for non-anomalous U(1)s. However,

we need to check explicitly in partially twisted sectors. The existence of a coupling of

a U(1) gauge boson to a massless RR-form field in a partially twisted sector can be

determined by evaluating a cylinder correlator 〈AaAa〉N=2 in the limit t → 0. This is

exactly of the form as (6.5). To ensure that the U(1)s remain massless, we thus require

that limt→0〈AaAa〉N=2 gives a vanishing result. However, given the form of (6.5), the

amplitude can only vanish through the Chan-Paton factors. For massless U(1)s we thus

require

Tr(λaγθ, N=2) = 0 . (6.11)

In summary, our candidate U(1)s for our study of kinetic mixing are thus given by non-

anomalous U(1)s which also satisfy (6.11). It is at this point at the latest where we

should notice a conflict between kinetic mixing and the absence of a mass for the gauge

bosons. For the gauge bosons to remain massless, we require the vanishing of the trace

Tr(λaγθ, N=2). However, as the expression responsible for kinetic mixing (6.4) is propor-

tional to the same trace, non-zero kinetic mixing is incompatible with Tr(λaγθ, N=2) = 0.

We are thus left with a “no-go theorem”, which was also pointed out in [103]: either
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Figure 6.2: T6/Z4 orbifold setup with twist θ = 1
4
(1, 1,−2). We placed four stacks of

D3-branes at orbifold fixed points A, B, C and D, which are only separated from one
another along the third two-torus.

U(1)s are massless, but cannot participate in kinetic mixing, or, if they can mix, they

will also become massive. For the non-anomalous U(1)s identified earlier, it is easy to

show that U(1)diag remains massless. For all other non-anomalous U(1) factors the trace

(6.11) is finite and they will receive Stückelberg masses. The conclusion from this section

thus is, that kinetic mixing of massless U(1)s from a single brane stack is impossible.

6.2.3 Resolving the puzzle

Our resolution follows the suggestion from [103], where kinetic mixing was studied in

the context of D6-branes in type IIA string theory. If instead of considering U(1)s from

individual brane stacks, we worked with U(1)s that have support on different separated

stacks of branes, the mixing amplitude would consist of a sum over brane stacks of

correlators of the form (6.4). In the limit relevant to mass mixing (6.5), the individual

amplitudes are insensitive to the brane separations and only differ in the traces over

Chan-Paton factors. A situation is then conceivable where the sum over different stacks

cancels in the limit t→ 0, but becomes finite when brane separations become important

for t > 0. Then kinetic mixing can occur while mass mixing is absent.

We demonstrate this explicitly by giving an example set in the toroidal orbifold

T6/Z4 with twist θ = 1
4
(1, 1,−2). This space has 16 orbifold singularities. We place D3-

branes at four fixed points A, B, C and D as shown in figure 6.2, which are separated

from one another along the third two-torus. The twists θ and θ3 define N = 1 sectors,

whereas θ2 describes a N = 2 sector. On every stack we define a twist matrix

γθ = diag(1n0 , i1n1 ,−1n2 ,−i1n3) . (6.12)

where the numbers ni determine the gauge group as U(n0) × U(n1) × U(n2) × U(n3).

Here, we choose the following setup, where M , N , K and L are integers:
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Figure 6.3: Contributions to partially twisted tadpoles from all brane stacks.

stack n0 n1 n2 n3

A M N M N
B N M N M
C K L K L
D L K L K

We now show that this configuration satisfies all consistency conditions and indeed

leads to kinetic mixing in the absence of mass mixing. We will go through all conditions

successively.

Fully twisted tadpoles. The cancellation of fully twisted tadpoles (6.7) has to be

satisfied locally at every individual stack. This is indeed the case due to n0 = n2 and

n1 = n3. For example, on stack A we find Tr(γAθ ) = M + iN −M − iN = 0.

Partially twisted tadpoles. Partially twisted tadpoles contribute to the left-hand side

of diagrams shown in figure 6.3. They arise in cylinder diagrams in partially twisted

sectors in the limit ` = 1/t→∞. Their cancellation has to occur over all brane stacks

A, B, C and D. In fact, the right-hand side does not need to be empty in figure 6.3,

so we insert two gauge boson vertex operators. Up to Chan-Paton factors the result is

given by a sum of amplitudes of the form (6.5)

AN=2 ∝
∑

I=A,B,C,D

Tr(γIθ2) Tr(λ2γJθ2)
∗
∫ ∞
`′

d` . (6.13)

This then cancels in virtue of

Tr(γAθ2) + Tr(γBθ2) + Tr(γCθ2) + Tr(γDθ2) (6.14)

= (M −N +M −N) + (N −M +N −M) + (K − L+K − L) + (L−K + L−K)

= 0 .

Massless U(1)s. Now we can construct massless U(1)s which have support over more

than one stack. As the Z4 orbifold has one N = 2 sector, there is one more non-

anomalous U(1) on each brane stack beyond the universal one in (6.10). Choosing it to

be orthogonal to Qdiag gives:

Qtw =
1

Ntw

(
Q0 +Q2

n1

− Q1 +Q3

n0

)
, (6.15)
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where Ntw is the normalisation. The fact that Qtw is anomaly-free implies that it does

not couple as C2∧F in N = 1 sectors. However, it will get a mass from such couplings in

the N = 2 sector. In particular, for QA
tw defined on stack A the coupling is proportional

to

Tr (λtwγθ2) =
2

Ntw

(
M

N
+
N

M

)
6= 0 . (6.16)

To construct massless U(1)s, we define the following combinations, which have support

over two brane stacks each:

QX =
1

2

(
QA
tw −QB

tw

)
(6.17)

QY =
1

2

(
QC
tw −QD

tw

)
. (6.18)

These combinations are massless, as the couplings C2 ∧ F cancel between the two con-

tributing U(1)s. This can be shown explicitly for QX . The contribution to mass mixing

is then given by

lim
`→∞

(
AAAN=2 +ABBN=2 −AABN=2 −AABN=2

)
, (6.19)

where each AIJN=2 corresponds to an amplitude of the form (6.5). The superscripts labels

the stacks involved. Here, we get a perfect cancellation, as QA
tw and QB

tw have the same

coupling to C2 ∧ F given by the trace (6.16).

Kinetic mixing. Last, we can examine kinetic mixing between QX and QY by eval-

uating the amplitude (6.4), with QX inserted on one boundary and QY on the other.

Again, the result will be a sum over different stacks. The kinetic mixing parameter is

then given by:

χ ∝
(
AACN=2 +ABDN=2 −AADN=2 −ABCN=2

)
(6.20)

∝
(
M

N
+
N

M

)(
K

L
+
L

K

)∑
m,n

∫ ∞
0

dt

2t

(
e−

πR2

α′ [m2+(n+ 1
2

)2]t − e−
πR2

α′ [(m+ 1
2

)2+(n+ 1
2

)2]t
)
.

Here we wrote the winding sum for a square torus with radii R1 = R2 = R. We can see

that mass mixing is absent by examining the limit t → 0. As shown in (6.5), the sums

over winding modes become insensitive to the separation of stacks and the two terms

in the above result cancel. For finite t the two winding sums are different and we get

non-zero contributions to the kinetic mixing parameter.

The above is a simple example to show that kinetic mixing is in principle possible

in setups with D3-branes at orbifold singularities. Most importantly, we showed that it

can arise for models that satisfy the relevant consistency conditions. However, with the

inclusion only of D3-branes there still remains an uncancelled overall N = 4 tadpole. As

107



Figure 6.4: String diagrams contributing to kinetic mixing of U(1)s defined across mul-
tiple orbifold fixed points.

N = 4 sectors are conformal, they do not contribute to the running of gauge couplings

and hence this tadpole does not affect our results. In the following, we want to leave

the Z4 orbifold and discuss the possibility of kinetic mixing in setups with D3-branes at

orbifold singularities more generally.

General considerations

A schematic calculation will enable us to establish conditions for kinetic mixing to occur

in models with D3-branes at orbifold singularities. For simplicity we consider a single

N = 2 sector leaving one complex plane invariant. We define two massless Abelian

groups U(1)a and U(1)b that are each linear combinations of U(1)s from multiple orbifold

fixed points. In general U(1)a and U(1)b will share fixed points and hence both diagrams

in figure 6.4 can contribute to the amplitude. The contributions come solely from the

N = 2 sector of the orbifold as the N = 1 sectors have to vanish to ensure tadpole

cancellation and non-anomalous U(1)s.

There are two different contributions to the vacuum amplitude: one comes from

strings that start and end on the same stack of D3-branes; the second from strings

that start and end at different orbifold fixed points and whose winding sums depend

on the complex separation of the singularities in the compact space. Schematically, the

amplitude is:

AN=2 =

∫
dt

t

∑
n,m

[∑
i

Ci e
− πT2
α′U2

|Un+m|2t
+
∑
i 6=j

Cij e
− πT2
α′U2

|zij+Un+m|2t

]
, (6.21)

where the indices i and j run over orbifold fixed points contributing to the U(1)s and

zij are their (dimensionless) complex separations. The coefficients Ci and Cij are nu-

merical prefactors that derive from the traces over the Chan-Paton states and are hence

independent of t.

As we are interested in kinetic mixing between hidden U(1)s we need to ensure

that there is no tree-level coupling between the two Abelian gauge bosons. In the string

calculation this translates into the requirement that the above amplitude should vanish

in the open string IR regime t → ∞. In this limit only strings localised at single fixed
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points contribute:

AN=2 →
t→∞

∫
dt

t

∑
i

Ci. (6.22)

The divergence indicates a tree-level coupling between the U(1)s and to remove it we

have to arrange the numbers of fractional branes across singularities accordingly so that

the coefficient
∑

iCi vanishes. This conclusion here is the same whether the U(1)s share

a fixed point or not.

Furthermore, we must analyse the string amplitude in the open string UV limit t→
0. In this regime the diagram with both generators on the same boundary is proportional

to tadpoles, whereas the diagram with the generators on opposite boundaries will depend

on the Green-Schwarz couplings of the U(1)s with a partially twisted RR-field. Both

diagrams then have to vanish: tadpole cancellation and the requirement of massless

U(1)s prohibit any contributions. After Poisson resumming the string amplitude and

re-expressing it using the modular parameter ` = 1/t we arrive at:

AN=2 →
l→∞

∫
d`

α′

T2

[∑
i

Ci +
∑
I 6=J

Cij

]
. (6.23)

We already know that for hidden U(1)s we must have
∑

iCi = 0. For the above ampli-

tude to vanish for large ` we are thus forced to arrange our model such that
∑

i 6=j Cij = 0

for strings starting and ending on different stacks. The vacuum amplitude must therefore

take the form

AN=2 =

∫
dt

t

∑
n,m

[∑
i 6=j

Cij e
− πT2
α′U2

|zij+Un+m|2t

]
(6.24)

where
∑

i 6=j Cij = 0. The construction of models with kinetic mixing between hidden

and massless U(1)s now depends crucially on the magnitude of the complex separations

zij.

If the complex separations zij all have the same magnitude then the winding sums

are identical and can be factored out: the condition
∑

i 6=j Cij = 0 then forces the

amplitude to vanish identically. Only if some of the complex separations zij have different

magnitudes then the winding sums do not cancel in the regime of intermediate t. This

cancellation happens in the highly symmetrical orbifold setups based on Z3 and Z6,

which fix the complex structure of all three two-tori. Otherwise, the integral gives a finite

contribution to kinetic mixing despite vanishing in the IR and UV limits. Concluding,

we see that to construct models with kinetic mixing the orbifold must have at least

one N = 2 sector and the presence of orbifold fixed points not all equidistant from one

another.
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6.3 Result and discussion

Above, we showed that kinetic mixing between massless U(1)s is in principle possible

in setups with D3-branes at orbifold singularities, as long as the Abelian groups have

support on more than one brane stack. To this end we constructed an explicit example

based on the Z4 orbifold. Here, we summarise our results by giving a general expression

for the kinetic mixing parameter in these setups. Hence, we perform the integral over

the sum of winding modes in (6.4) as we did for (5.42) in chapter 5. Then the parameter

for kinetic mixing between U(1)a =
∑

i U(1)i and U(1)b =
∑

j U(1)j takes the form

χab =
gagb
4π2

∑
i,j
i 6=j

Cij

(
ln

∣∣∣∣ϑ1(zij, U)

η(U)

∣∣∣∣2 − 2πIm(zij)
2

U2

)
. (6.25)

Here Cij encodes model-dependent contributions: these include traces over Chan-Paton

factors and a factor 1/N coming from the orbifold projection. We note that the result

does not depend on the Kähler modulus and thus the volume of the torus wrapped. This

is consistent with type IIB expectations: holomorphy and the axionic shift symmetries

prohibit the appearance of Kähler moduli in 1-loop corrections to the gauge coupling.

We can also use the above to get a numerical estimate for the strength of kinetic mixing.

As long as the torus wrapped by the winding strings is not particularly degenerate,

the winding modes contribute a factor of O(1). The remaining parameters depend on

the model, specifically, the numbers of D-branes and thus the gauge groups present.

We choose phenomenologically reasonable gauge groups to arrive at a kinetic mixing

parameter in the range 10−2 . χ
gagb

. 10−1. This concludes our analysis of kinetic

mixing in toy models based on D3-branes at orbifold singularities.

The phenomenologically most interesting case is kinetic mixing of the standard

model hypercharge U(1)Y with another hidden Abelian gauge group. To this end one

needs to construct a realistic visible sector, which is beyond the scope of this thesis. In

a first step towards an examination of kinetic mixing in more realistic setups, one could

generalise our analysis by also including D7-branes and orientifold planes.
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Chapter 7

Summary and outlook: soft terms in
the Large Volume Scenario

The structure of soft terms in type IIB string theory is much more intricate than one

would expect from a field theory analysis alone. This thesis constitutes one further

step towards a better understanding of both the scale and flavour structure of soft

terms in the context of type IIB string theory. In this work, we focussed on soft scalar

masses and soft A-terms which arise through gravity mediation in string models with

low energy supersymmetry breaking. In particular, our results are most relevant for

models implementing the scheme of moduli stabilisation known as the Large Volume

Scenario (LVS). To summarise our results more succinctly, it is useful to recall that

gravity-mediated soft scalar masses and A-terms are largely determined by the following

set of functions in the supergravity Lagrangian: the moduli Kähler potential K̂, the

Kähler matter metric K̃ᾱβ and the holomorphic Yukawa couplings Yαβγ. Our results

then concern corrections to these Lagrangian parameters which affect the soft terms.

Chapters 1 to 3 of this thesis were introductory. There we laid out the context of

this work and introduced necessary calculational techniques.

In chapter 4 we examined correlations between the moduli-dependence of the mod-

uli Kähler potential and Kähler matter metric. In particular, if the two functions are

related as K̃α ∼ eK̂/3, soft scalar masses and soft A-terms vanish exactly (up to non-

perturbative contributions to the A-terms). The condition K̃α ∼ eK̂/3 is equivalent to

the physical Yukawa couplings being independent of supersymmetry breaking moduli,

which allows for a direct test in string perturbation theory. In this work, we focussed on

the dependence on blow-up moduli τs, which control the size of small cycles in the com-

pactification geometry. In realisations of the LVS, blow-up moduli of cycles distant to

the cycle supporting the visible sector acquire F-terms and thus break supersymmetry.

We checked the dependence of physical Yukawa couplings on supersymmetry breaking
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blow-up moduli τs by calculating a correlation function 〈τsτs . . . τs ψψφ〉 in an orbifold

setting. We modelled the visible sector by D3-branes at an orbifold singularity, while the

relevant blow-up moduli can be identified with twisted closed string modes at distant

orbifold singularities. We find that at leading order in gs all correlation functions of the

form 〈τsτs . . . τs ψψφ〉 vanish up to non-perturbative terms in α′. For large compactifica-

tion volumes, as observed in the LVS, such terms are negligibly small. Our results imply

that – as far as the dependence on supersymmetry breaking blow-up moduli is concerned

– at leading order in gs the structure K̃α ∼ eK̂/3 survives to all orders in α′ and is only

broken by terms non-perturbative terms in α′. By giving a vacuum expectation value

to the blow-up moduli, we can extend our result from the singular orbifold to a smooth

space with a geometry not unlike the Swiss-Cheese Calabi-Yau manifolds employed in

the LVS.

In the process of establishing this result, we also advanced calculational techniques

involving twist fields σθ in the bulk of a worldsheet with boundaries. They give rise

to branch cuts in the map from the worldsheet into target space which end on branch

points on the boundary. In [63] it was suggested to sum over all inequivalent orderings of

the branch points and vertex operators on the boundary to arrive at the correct result.

Our calculation is the first detailed implementation of this procedure and we verify it

explicitly by calculating the disk correlator 〈τsψψφ〉, where τs includes a twist field σθ.

We find that unphysical poles in the amplitude only cancel when the sum is performed

as suggested in [63]. Our result passes an additional test as the amplitude factorises

correctly onto lower point interactions.

In chapter 5 we shifted our attention to holomorphic Yukawa couplings. In par-

ticular, we checked whether non-perturbative effects used for moduli stabilisation can

give rise to corrections to Yukawa couplings. If present, these corrections depend on

supersymmetry breaking Kähler moduli and thus enter expressions for soft A-terms.

Specifically, we focus on corrections to the non-perturbative superpotential sourced by

gaugino condensation on a stack of D7-branes. Calculations are performed in orbifold

models with D3 and D7-branes, which contain the relevant features of more realistic

constructions. By calculating a 1-loop threshold corrections to the gauge coupling of

hidden D7-branes, we confirm that gaugino condensation on D7-branes can give rise to

corrections to D3 Yukawa couplings in the visible sector. Despite the spatial separation

between the hidden D7 and the visible D3-branes, we show that these effects are not

suppressed by the bulk volume. In addition, we find that the flavour structure of the new

Yukawa couplings does not align with that of tree-level Yukawa couplings, such that the
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non-perturbative contributions to A-terms can source flavour-changing neutral currents.

We also derive conditions on the setups of branes which give rise to non-perturbative

corrections to Yukawa couplings. We find that if the D7-branes wrap a bulk four-cycle

these terms are typically present. For D7-branes on small (blow-up) cycles to give rise

to corrections to D3 Yukawa couplings, both stacks of branes have to be connected by a

homologous two-cycle.

Chapter 6 examines a different aspect of string phenomenology. There we checked

for the possibility of kinetic mixing between different U(1) factors in type IIB models

with D3-branes at orbifold singularities. We find that if we restrict our attention to

non-anomalous, massless U(1)s in setups which satisfy tadpole cancellation conditions,

then kinetic mixing between U(1)s from the same brane stack is not possible. On the

other hand, we showed that there can be kinetic mixing between massless U(1)s, which

have support over more than one brane stack. In general, these non-local U(1)s can mix

kinetically as long as all the brane stacks do not all have the same separation from one

another.

Where does this leave the study of soft terms in type IIB flux compactifications,

and in particular in the LVS? We motivated this work by asking at which scale soft

terms arise compared to the gravitino mass. In particular, we pointed out that in the

LVS soft terms are suppressed below the gravitino mass, and this suppression continues

to the point until the structure K̃α ∼ eK̂/3 is broken. While our results from chapter 4

suggest that at leading order in gs this structure of the LVS remains intact (up to non-

perturbative terms in α′), it is natural to ask whether it survives to higher orders in gs.

While our findings in chapter 4 show that all interactions between a visible sector and

distant twist fields have to be strongly suppressed at tree-level, this need not hold at one-

loop. For example, our calculation in chapter 5 shows that there can be unsuppressed

interactions between distant brane stacks at 1-loop in string perturbation theory. An

obvious extension of our work would be to repeat our analysis from chapter 4 at one-

loop, and study the dependence of physical Yukawas on blow-up moduli by calculating

the relevant annulus and Möbius strip diagrams.

The above constitutes an examination of correlations between the moduli-dependence

of the Kähler matter metric and the moduli Kähler potential beyond leading order in

gs. However, having a detailed understanding of the explicit moduli-dependence of the

above quantities is also highly relevant for any phenomenological investigation: correc-

tions to the moduli Kähler potential can affect the procedure of moduli stabilisation

which is a prerequisite of any phenomenologically viable construction. Note that the
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LVS employs a perturbative α′3 correction to K̂ to successfully realise moduli stabilisa-

tion. If there are further corrections which enter the Kähler potential at similar strength,

the whole vacuum could be destabilised. Such corrections exist, and their consequences

for moduli stabilisation have to be examined. To give an example, using a calculation

in a toroidal orbifold it was conjectured that string loops correct the Kähler potential

at order α′2g2
s [116]. While these can be the leading corrections in the Kähler potential,

there are cancellations such that these corrections result in subleading terms in the scalar

potential. Instead of destabilising the vacuum, they can then be used to stabilise flat

directions in models of the LVS with many Kähler moduli [117]. This does not imply

that all dangerous corrections to the Kähler potential are under control. Recently, a

new α′2 correction to the type IIB Kähler potential was found by considering higher

derivative corrections to M-theory [118]. While still being subleading in the scalar po-

tential, it is less suppressed than the corrections mentioned before. In consequence, it

can spell danger for scenarios of moduli stabilisation in regions of parameter space, which

were regarded as safe before. Interestingly, such corrections were only expected to arise

at 1-loop in string perturbation theory, while this correction arises at string tree-level.

Correspondingly, we take this as an example that there are still many open questions

regarding perturbative corrections to the Kähler potential. String perturbation theory

can be one of the methods that can help to give some answers.

Last, we need to address a point, which makes the study of string phenomenology

in type IIB string theory unsatisfactory at the moment. It is the problem that model

building in type IIB theory largely exhibits a modular structure: parts of the model

are often studied in isolation, and one hopes that certain features carry over once all

parts are integrated into a global construction. For example, the massless spectrum of a

stack of D-branes can be analysed by studying the D-branes and their vicinity without

reference to the whole compact space. However, not all local constructions can be

carried over to a global model. There are global consistency conditions which constrain

possible combinations of these local features. Recently, there has been increased effort to

construct fully consistent models in type IIB string theory which contain visible sectors

on D3/D7-branes and realise moduli stabilisation [80,119–121]. It would be interesting to

construct models, which reproduce (a supersymmetric extension of) the Standard Model

at low energies as realistically as possible, while still satisfying all consistency conditions.

In these models soft terms could be studied in greater detail, and predictions could be

made. All in all, a realistic model of particle physics from type IIB string theory would

be a great feat in itself, and many other questions of physics beyond the Standard Models
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could be addressed.

The main subject of this thesis is low energy supersymmetry breaking and its

implementations in string theory. Yet, at the time of writing no experimental support

for low energy supersymmetry has been found. On the contrary, the allowed parameter

space for many supersymmetric models is increasingly constrained by results from the

Large Hadron Collider experiments. Many models are pushed to regions of parameter

space, where the Higgs mass becomes increasingly fine-tuned. Nevertheless, due to the

richness of supersymmetric models it is far too early to conclusively exclude low scale

supersymmetry as the correct description of our world. While the LHC has confirmed

the reality of the hierarchy problem it has not yet given any guidance to its solution.
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Appendix A

Conventions and CFT tools

A.1 Theta functions and identities

The standard notation for the Jacobi theta functions with characteristics is:

ϑ[ a
b

](z, τ) =
∞∑

n=−∞

exp

[
πi(n+ a)2τ + 2πi(n+ a)(z + b)

]
. (A.1)

Under shifts of the argument z they behave as

ϑ[ a
b

](z + 1, τ) = e2πiaϑ[ a
b

](z, τ) , (A.2)

ϑ[ a
b

](z + τ, τ) = e−πiτ−2πi(z+b)ϑ[ a
b

](z, τ) . (A.3)

The following notation is also used: ϑαβ(z) ≡ ϑ[ α/2
β/2

](z), and

ϑ1 ≡ ϑ11, ϑ2 ≡ ϑ10, ϑ3 ≡ ϑ00, ϑ4 ≡ ϑ01. (A.4)

Using q = eπiτ the Dedekind η function is defined as

η(τ) = q1/12

∞∏
m=1

(1− q2m) =

[
ϑ′1(0, τ)

−2π

]1/3

. (A.5)

Derivatives w.r.t. z give

ϑ1(z) = 2πη3z +O(z3), (A.6)

ϑi(z) = ϑi(0) +
z2

2
ϑ′′i (0) +O(z4), i = 2, 3, 4 (A.7)

where we left the argument τ implicit.

It will be useful to also introduce the genus-two ϑ-functions:

ϑ[ ~α~β ](~ν,G) =
∑
~n∈ZN

eiπ(~n+~α)TG(~n+~α)e2πi(~ν+~β)T(~n+~α) , (A.8)

where G is an N × N matrix with Im(G) > 0. The case N = 1 gives the usual Jacobi

theta functions while the case N = 2 will be used to reexpress the sum over winding

modes on a two-torus.
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Riemann summation formula

There is a multitude of Riemann identities for the four Jacobi theta functions defined

above (see [122]). These can also be extended to theta functions with more general

characteristics.∑
α,β

ηαβ
2

4∏
i=1

ϑ

[
α/2 + gi
β/2 + hi

]
(zi, τ) = −

4∏
i=1

ϑ

[
1/2 + 1/2 g′i
1/2 + 1/2 h′i

](
1

2
z′i, τ

)
(A.9)

where ηαβ = (−1)α+β and primed quantities are defined as

v′1 = v1 + v2 + v3 + v4 , v′2 = v1 − v2 − v3 + v4 ,

v′1 = v1 − v2 + v3 − v4 , v′2 = v1 + v2 − v3 − v4 .

Identities for D3-D3 models

In particular, we can use the above relation to derive the following identities that arise

in the context of D3-D3 calculations. For untwisted sectors we find∑
α,β

ηαβ ϑ
′′
αβ(0)

3∏
i=1

ϑαβ(0) = 0 (A.10)

where ηαβ = (−1)α+β and derivatives are w.r.t. z. Further, we will rely on the following

identity to simplify results for partially twisted sectors of the orbifold:∑
α,β

ηαβ(−1)α
ϑ′′αβ(0)

η3

ϑαβ(0)

η3

ϑαβ(θ1)

ϑ1(θ1)

ϑαβ(θ2)

ϑ1(θ2)
= −4π2 (A.11)

where θ1 + θ2 = 1 mod 2.

Identities for D3-D7 models

Expressions arising in the context of D3-D7 models can be simplified as follows. For

untwisted sectors we find:

∑
α,β

ηαβ
ϑ′′αβ(0)

η3

ϑαβ(0)

η3

(
ϑ[1/2−α/2

β/2
](0)

ϑ[ 0
1/2

](0)

)2

= 4π2 . (A.12)

Correspondingly, for partially twisted sectors with θ3 = 0 we can use:

∑
α,β

ηαβ
ϑ′′αβ(0)

η3

ϑαβ(0)

η3

(
ϑ[1/2−α/2

β/2
](θ1)

ϑ[ 0
1/2

](θ1)

)(
ϑ[1/2−α/2

β/2
](θ2)

ϑ[ 0
1/2

](θ2)

)
= 4π2 . (A.13)

A.2 CFT building blocks

Here we summarise tools and results necessary for calculations in chapters 4, 5 and 6.
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A.2.1 Geometry

The target space coordinates are the real worldsheet bosons XM(z, z̄) where M =

0, . . . , 9. We split them as XM = Xµ, Xm, where µ = 0, . . . 3 denotes external di-

rections, while m = 4, . . . , 9 labels internal directions. It will be useful to group the

internal directions into complex pairs

X i =
1√
2

(
X2i+2 + iX2i+3

)
X̄ i =

1√
2

(
X2i+2 − iX2i+3

)
, (A.14)

where i = 1, 2, 3. While we label both real and complex variables with X, such coordi-

nates carrying a latin index will always be understood as complex coordinates. In terms

of these complex fields, correlation functions on the sphere become

〈∂X i(z1)∂X̄j(z2)〉 = −α
′

2

δij

(z1 − z2)2
(A.15)

〈∂X i(z1)∂Xj(z2)〉 = 〈∂X̄ i(z1)∂X̄j(z2)〉 = 0 . (A.16)

Similarly, we define complex spinors as

Ψi =
1√
2

(
ψ2i+2 + iψ2i+3

)
, Ψ̄i =

1√
2

(
ψ2i+2 − iψ2i+3

)
, i = 1, 2, 3 . (A.17)

In all calculations the internal space will be a toroidal orbifold T2 × T2 × T2/ZN .

We can specify the geometry of a single two-torus T2 by its complex structure modulus

U i and its volume T i2. To use our coordinates X i on the tori we identify under X i ∼
X i + 2π

√
T i2

2U i2
(m+ U in), where m,n are integers.

A.2.2 Classical winding solutions

In directions with Dirichlet boundary conditions, the boundary of a worldsheet is asso-

ciated with a point in spacetime, where D-branes are placed. While the string endpoints

might be fixed, the string can wrap the internal compact dimension leading to classical

solutions in the form of winding modes. We will focus on cylinder worldsheets, which

have two boundaries, which can be associated with different locations. Taking the Eu-

clidean cylinder worldsheet to be parameterised by σ1 ∈ [0, 1/2] and σ2 ∈ [0, t/2], we

have the following classical solutions:

X i
cl = xi0 + 4π

√
T i2

2U i
2

(m+ U in+ ric) σ
1 . (A.18)

This is a winding solution stretching between two brane stacks and wrapping the two

torus cycles m and n times. Here T i and U i describe the Kähler and complex structure

moduli of the torus wrapped. One brane stack is at xi0 while the other is separated from
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the first one by a distance ∆X i = 2π
√
T i2/2U

i
2 r

i
c. Then rc is a dimensionless measure

for the separation of the two branes. In terms of complex coordinates z = σ1 + iσ2 and

z̄ = σ1 − iσ2 on the worldsheet this becomes:

X i
cl = xi0 + 2π

√
T i2

2U i
2

(m+ U in+ ric) (z + z̄) . (A.19)

From this we can find the classical solutions ∂X i
cl and ∂̄X i

cl:

∂X i
cl = ∂̄X i

cl = 2π

√
T i2

2U i
2

(m+ U in+ ric) . (A.20)

Another useful quantity will be the classical action associated with a winding solution.

For one complex direction, the classical action is given by

S =
1

2πα′

∫
d2z

(
∂X i

cl∂̄X̄
i
cl + ∂̄X i

cl∂X̄
i
cl

)
. (A.21)

Using the classical solutions (A.20) and
∫

d2z = 2
∫ 1/2

0
dσ1

∫ t/2
0

dσ2 we arrive at

S =
πt

α′
T i2
U i

2

∣∣m+ U in+ ric
∣∣2 . (A.22)

We now also specify the contribution to the partition function due to winding strings

on a torus. For each complex direction allowing for winding modes we obtain

Z(t) =
∑
m,n∈Z

exp

[
−πt
α′
T i2
U i

2

∣∣m+ U in+ ric
∣∣2] . (A.23)

If winding strings do not contribute, the classical partition function just provides a factor

Z(t) = 1.

A.2.3 Picture-changing and OPEs

To bring an amplitude into the appropriate ghost charge picture we can change pictures

following the prescription of [51]:

V i+1(z) = lim
z→w

eφ(z)TF (z)V i (w) , (A.24)

where we have the picture changing operator

TF (z) =
3∑

µ=0

ψµ∂Xµ(z) +
∑
i=1,2,3

(
Ψi∂X̄ i (w) + Ψ̄i∂X i (z)

)
. (A.25)

In practice the picture-changing is evaluated using operator product expansions (OPEs).

We will find the following OPEs particularly useful

eiaφ(w)eibφ(z) = (w − z)−ab ei(a+b)φ(z) + . . . , (A.26)

eiaH(w)eibH(z) = (w − z)ab ei(a+b)H(z) + . . . , (A.27)

ψµ(w)ψν(z) = ηµν (w − z)−1 + . . . , (A.28)

∂Xµ (w) eikX(z) = −iα
′

2
kµ (w − z)−1 eikX(z) + . . . . (A.29)
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where the ellipses denote less divergent terms. Here H are free scalar fields which are

used to bosonise complex fermions.

To perform picture-changing, it will sometimes be advantageous to complexify fields

in the external directions. We then also define the momenta k1± = 1√
2
(±k0 + k1) and

k2± = 1√
2
(k2± ik3). The complexified external fields X i and Ψi are then given by similar

expressions. In terms of these fields we have

k ·X (z) = k+ · X̄ + k− ·X . (A.30)

Then we can also use the following OPEs to perform picture-changing:

∂X i (w) eikX(z) = −iα
′

2
ki+ (w − z)−1 eikX(z) + ... , (A.31)

∂X̄ i (w) eikX(z) = −iα
′

2
ki− (w − z)−1 eikX(z) + ... . (A.32)

A.2.4 Vertex operators

Here we briefly summarise expressions of open string vertex operators used in calcu-

lations. We present operators for spacetime bosons both in their canonical and their

picture changed form, with ghost charges (-1) and (0) respectively.

The operator for a four-dimensional gauge field is given by

V −1
A (z) = λe−ϕεµψ

µeikX(z) , V 0
A(z) = λεµ [∂tX

µ + 2iα′(k · ψ)ψµ] eikX(z) , (A.33)

where λ is a Chan-Paton factor, εµ is the polarisation and ∂t is a derivative tangential

to the boundary.

A chiral scalar (from a D3-brane at an orbifold singularity) corresponds to

V −1
Ci

(z) = λe−ϕΨieikX(z) , V 0
Ci(z) = λ

[
∂nX

i + 2iα′(k · ψ)Ψi
]
eikX(z) , (A.34)

where ∂n is a derivative normal to the boundary. An antichiral scalar is given by

V −1
C̄i

(z) = λe−ϕΨ̄ieikX(z) , V 0
C̄i(z) = λ

[
∂nX̄

i + 2iα′(k · ψ)Ψ̄i
]
eikX(z) . (A.35)

For a spacetime fermion in the −1/2 picture we insert a vertex operator

V
− 1

2
ψ (z) = λe−

ϕ
2 S10 e

ikX(z) , (A.36)

where S10 is the ten-dimensional spin field. It can be locally bosonised as

S10 =
5∏
i=1

eiqiHi(z) , (A.37)

where H(z) is a free scalar field. The H-charges qi are given by the spin 1
2

of the complex

direction components of the spinor. The GSO projection fixes the number of negative

spins to be even for a chiral spinor, while an antichiral spinor exhibits an odd number

of −1
2

spins.
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A.2.5 Cylinder partition functions

Here we list the relevant partition functions for cylinder worldsheets, which depend on

the spin structure. In the external directions we have:

even odd

Bosonic: 1
η4

1
(4π2α′t)2

1
η4(it)

1
(4π2α′t)2

Fermionic:
(
ϑαβ(0)

η

)2

(η4)
2

bc ghosts: η2 η2

βγ ghosts: η
ϑαβ(0)

1
η2

Total:
ϑαβ(0)

η3
1

(4π2α′t)2
1

(4π2α′t)2

Here η is the Dedekind eta function and we suppressed the argument τ . For the odd

spin structure to contribute one assumes that the zero modes in the fermionic sector are

saturated.

We will also need internal partition functions. These will depend on both the

orbifold twist θI and the boundary conditions at the end of the cylinder. In D3-D3

models all internal directions exhibit Dirichlet-Dirichlet (DD) boundary conditions. In

D3-D7 constructions we also have mixed Dirichlet-Neumann (DN) boundary conditions

in two of the three complex dimensions. The combined bosonic and fermionic partition

function for one compact torus I with twist θI 6= 0 is1

DD: (−2 sinπθI)
ϑαβ(θI)

ϑ1(θI)
, ND:

ϑ(α±1)β(θI)

ϑ4(θI)
(A.38)

We will also need the partition function for an untwisted torus in the even spin-structures.

There we have:

DD:
ϑαβ(0)

η3
, ND:

ϑ(α±1)β(0)

ϑ4(0)
. (A.39)

A.2.6 Fermionic and ghost correlators on the cylinder

We start with correlators involving both worldsheet spinors and spin fields. The corre-

lation functions for the cylinder can be derived from those on the torus by the method

of images. However, as long as we consider fields on the cylinder boundaries only, the

result is very simple: in this case the correlators on the cylinder are identical to corre-

lators on the torus [125]. The latter were derived in [53,54] by considering the OPEs of

spinors with the stress tensor in a background of spin fields. The resulting differential

equations can then be solved for the correlation function. The expressions relevant to

1For the partition function derivation see for example [123,124].
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our calculation then are:

〈
∏
i

eiqi·H(zi)〉A = Kαβ

[∏
i<j

(
ϑ1(zij)

ϑ′1(0)

)qiqj]
ϑαβ

(∑
i

qizi + θI

)
, (A.40)

where θI is an orbifold twist. Note that this expression is the full correlation function

at 1-loop and contains the partition function, which is left after one has contracted all

fields. The constants Kαβ need to be determined for each amplitude by requiring that

it factorises correctly. This amounts to taking the limit zi → zj for all i, j so that the

amplitude factorises onto the field theory amplitude times the string partition function.

The sum over spin structures is then matched to that of the partition function. Further,

a correlator is only non-zero if all the H-charges cancel.

Similarly, we can use the correlator of superconformal ghosts on the torus to de-

termine correlation functions of superconformal ghosts on the cylinder boundary. The

correlators also depend on the spin structure, but are unaffected by the orbifold twist.

Using the same methods as above one finds [53,54]:

〈
∏
i

eaiϕ(zi)〉A = Kαβ

[∏
i<j

(
ϑ1(zij)

ϑ′1(0)

)−aiaj]
ϑ−1
αβ

(
−
∑
i

aizi

)
. (A.41)

As before, the factors Kαβ are determined by factorisation onto the partition function.
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Appendix B

Yukawas with a twist

B.1 Quantum results: external picture-changing

External picture-changing leads to two distinct contributions which must be computed

separately. They differ by the structure of H-charges that arise.

Case 1

In this case the H-charges take the form

V
− 1

2
ψ1

(z1) ∼ e−ϕ/2|+ +〉 ⊗ |+ −−〉 (B.1)

V
+ 1

2
ψ2

(z2) ∼ eϕ/2|(−−−)−〉 ⊗ | − +−〉

V 0
φ (z3) ∼ |(++), 0〉 ⊗ |0 0 (++)〉

V −1
tw (w) ∼ e−ϕ|00〉 ⊗ |θ1, θ2, θ3〉

V −1
tw (w̄) ∼ e−ϕ̃|00〉 ⊗ | − θ1, −θ2, −θ3〉 .

As eϕ(z)e−ϕ(w)/2 ∼ (z−w)
1
2 eϕ/2, e−iH(z)e−iH(w)/2 ∼ (z−w)

1
2 e−3iH(w)/2 and ∂XI(z)eik2·X(w) ∼

ikI2
(z−w)

eik2·X(w), the picture changing of Vψ2(z2) is unambiguous and there is no need to

consider subleading terms in the OPE. The momentum factors in this amplitude are

given by k1−
3 k1+

2 . As k1+
2 is the only non-zero component of k2, we can promote this to

k2 · k3 = u.

Prior to fixing the SL(2,R) symmetry, the amplitude is given by

−u
∫

dz1 dz2 dz3 d2w (w − w̄)−2(z1 − z2)−1+s(z2 − z3)−2+u(z1 − w)−1+θ1+u/2(z1 − w̄)−θ1+u/2

× (z2 − w)θ2+t/2(z2 − w̄)1−θ2+t/2(z3 − w)θ3+s/2(z3 − w̄)−θ3+s/2

(B.2)

It is easy to check invariance of (B.2) under SL(2,R) transformations. There is an overall

minus sign in this expression (compared to the analogous expressions (4.42) for internal

picture changing and (B.9) for external picture changing case 2). This arises as the
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picture changing operator introduces negative H-charge for V (z2) and positive H-charge

for V (z3). This is equivalent to introducing a correlator Ψ̄(z2)Ψ(z3), whereas the other

two cases introduce a correlator Ψ(z2)Ψ̄(z3), leading to the minus sign differential. We

then fix (w, w̄)→ (i,−i), giving

−u
(2i)2

∫
dz1 dz2 dz3 (z1 − z2)−1+s(z2 − z3)−2+u(z1 − i)−1+θ1+u/2(z1 + i)−θ1+u/2

× (z2 − i)θ2+t/2(z2 + i)1−θ2+t/2(z3 − i)θ3+s/2(z3 + i)−θ3+s/2 (B.3)

Again, the result can be expressed in terms of the integral (4.48). We can then im-

mediately write down the result for the three separate cases of z3 → ∞, z2 → ∞ and

z1 →∞. These are

z3 →∞ : u× I(−1 + θ1 + u/2,−θ1 + u/2, θ − 2 + t/2, 1− θ2 + t/2,−1 + s,−1),
(B.4)

z2 →∞ : u× I(θ3 + s/2,−θ3 + s/2,−1 + θ1 + u/2,−θ1 + u/2, t,−1), (B.5)

z1 →∞ : − u× I(θ2 + t/2, 1− θ2 + t/2, θ3 + s/2,−θ3 + s/2,−2 + u,−1). (B.6)

Case 2

In this case the H-charges take the form

V
− 1

2
ψ1

(z1) ∼ e−ϕ/2|+ +〉 ⊗ |+ −−〉 (B.7)

V
+ 1

2
ψ2

(z2) ∼ eϕ/2|+ −〉 ⊗ | − +−〉

V 0
φ (z3) ∼ |(−−), 0〉 ⊗ |0 0 (++)〉

V −1
tw (w) ∼ e−ϕ|0 0〉 ⊗ |θ1, θ2, θ3〉

V −1
tw (w̄) ∼ e−ϕ̃|0 0〉 ⊗ | − θ1, −θ2, −θ3〉 .

The momentum prefactor is k1+
3 .

Here the picture-changing is more subtle as

eϕ(z)e−ϕ(w)/2 ∼ (z − w)
1
2 eϕ(w)/2,

eiH(z)e−iH(w)/2 ∼ (z − w)−
1
2 eiH(w)/2,

∂XI(z)eik2·X(w) ∼ ikI2
(z − w)

eik2·X(w) + ∂XI(w)eik2·X(w). (B.8)

The leading term in the OPE is at O(z−w)−1, whereas we require the term at O(z−w)0.

In principle we should expand the ghost, fermionic and bosonic OPEs to obtain the

O(z − w)0 term. However in fact only the subleading bosonic term is relevant. The

subleading ghost and fermionic terms necessarily involve the leading bosonic term, which

has a factor of k1−
2 and so vanishes identically.
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The ghost and fermion correlators give

(w − w̄)−2(z1 − z3)−1(z2 − z3)−1(z1 − w)−1+θ1(z1 − w̄)−θ1 (B.9)

×(z2 − w)θ2(z2 − w̄)1−θ2(z3 − w)θ3(z3 − w̄)−θ3 .

The bosonic correlator is

k1+
3 〈eik1·X(z1)∂tX

1−(z2)eik2·X(z2)eik3·X(z3)eik4·X(w,w̄)〉. (B.10)

This gives

k1+
3

(
k1−

1

(z2 − z1)
+

k1−
4

2(z2 − w)
+

k1−
4

2(z2 − w̄)

)
|z1 − z2|s|z1 − z3|t|z1 − w|u

× |z2 − z3|u|z2 − w|t|z3 − w|s. (B.11)

We have dropped the k1+
3 k1−

3 term as it Lorentz completes into k2
3 = 0. Using k1−

4 =

−k1−
1 − k1−

2 − k1−
3 , this effectively becomes

k1+
3

(
k1−

1

(z2 − z1)
− k1−

1

2(z2 − w)
− k1−

1

2(z2 − w̄)

)
|z1−z2|s|z1−z3|t|z1−w|u|z2−z3|u|z2−w|t|z3−w|s.

As k1−
1 is the only non-zero component of k1, we can promote k1+

3 k1−
1 to k3 · k1 = t. The

amplitude then becomes

t

∫
dz1 dz2 dz3 d2w (w − w̄)−2(z1 − z3)−1+t(z2 − z3)−1+u(z1 − w)−1+θ1+u/2(z1 − w̄)−θ1+u/2

× (z2 − w)θ2+t/2(z2 − w̄)1−θ2+t/2(z3 − w)θ3+s/2(z3 − w̄)−θ3+s/2

×
(

1

(z2 − z1)
− 1

2

(
1

(z2 − w)
+

1

(z2 − w̄)

))
. (B.12)

One can again check that this is SL(2,R) invariant. We fix (w, w̄)→ (i,−i) and consider

the three separate cases z3 →∞, z2 →∞ and z1 →∞. The three results are then

z3 →∞ : t× I
(
− 1 + θ1 + u/2,−θ1 + u/2, θ2 + t/2, 1− θ2 + t/2,−1 + s,−1

)
(B.13)

− t

2
× I
(
− 1 + θ1 + u/2,−θ1 + u/2,−1 + θ2 + t/2, 1− θ2 + t/2, s,−1

)
− t

2
× I
(
− 1 + θ1 + u/2,−θ1 + u/2, θ2 + t/2,−θ2 + t/2, s,−1

)
.

z2 →∞ :
t

2
× I
(
θ3 + s/2,−θ3 + s/2, θ1 + u/2,−θ1 + u/2,−1 + t,−1

)
(B.14)

+
t

2
× I
(
θ3 + s/2,−θ3 + s/2,−1 + θ1 + u/2, 1− θ1 + u/2,−1 + t,−1

)
.

z1 →∞ :
t

2
× I
(
− 1 + θ2 + t/2, 1− θ2 + t/2, θ3 + s/2,−θ3 + s/2,−1 + u,−1

)
(B.15)

+
t

2
× I
(
θ2 + t/2,−θ2 + t/2, θ3 + s/2,−θ3 + s/2,−1 + u,−1

)
.
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B.2 Pole structure of amplitudes

Here we collect the results for the poles in the partial amplitudes arising in the calculation

of a Yukawa coupling with a twist insertion. The results were derived by expanding

the full result for the amplitudes for small momenta. In some cases we were able to

expand the generalized hypergeometric function 3F2 appearing in the expression for the

amplitude analytically; when this was not possible, the following results were obtained

numerically and can be checked to hold for arbitrary angles θi for θ1 + θ2 + θ3 = 1.

Az3→∞ = (B.16)

ieπiθ3(−1 + 4θ3) sin(πθ3)

s
+
ie−πiθ1+πiθ3 (1− 2θ2) sin(πθ2)

t
+
ie−πiθ1(−1 + 2θ1 − 2θ3) sin(πθ1)

u

e−2πi(θ1+θ2)Az2→∞ = (B.17)

ieπiθ3(−1 + 2θ3) sin(πθ3)

s
+
ie−πiθ1(−2θ3) sin(πθ1)

u

− e−2πiθ1Az1→∞ = (B.18)

ieπiθ3 (1− 2θ3) sin(πθ3)

s
+
ie−πiθ1+πiθ3(−1 + 2θ2) sin(πθ2)

t
+
ie−πiθ1(1− 2θ1) sin(πθ1)

u
.

We need to sum these partial results to arrive at the full amplitude. The expressions

with poles in t cancel when added. Once we modify the expression e−2πi(θ1+θ2)Az2→∞ →
−e−2πi(θ1+θ2)Az2→∞ we see that the poles in u also sum to zero. The remaining pole in

s is the result given in (4.66).
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Appendix C

Yukawa couplings and gaugino
condensation

In this section we perform a complementary calculation to the one in section (5.3),

which gives information about new contributions to D3 Yukawa couplings. It involves

computing the cylinder correlation function 〈Tr(λλ)Tr(ψψφ)〉, where we insert gaugino

and Yukawa vertex operators on opposite boundaries of the cylinder. Gauginos can arise

from a stack of D3- or D7-branes, while the visible sector fields are located on D3-branes

at an orbifold singularity. The relevant setups of branes are shown in figure 5.1.

C.1 Calculation

C.1.1 Setting up the calculation

We begin by specifying the H-charges of the relevant vertex operators:

λ
− 1

2
1 (z1) =

1

2
(+,+,+,+,+)

λ
− 1

2
2 (z2) =

1

2
(−,−,+ + +)

ψ
− 1

2
1 (z3) =

1

2
(+,+,−,−,+) (C.1)

ψ
− 1

2
2 (z4) =

1

2
(−,−,−,−,+)

φ−1(z5) =
1

2
(0, 0, 0, 0,++) .

Here (±) signify, that we can bosonise as e±iH . Under an orbifold twist the vertex oper-

ators transform as ψ1 → e2πiθ3ψ1, ψ2 → e2πiθ3ψ2 and φ → e2πiθ3φ and thus the Yukawa

couplings above come from the superfield term C3C3C3. The gaugino vertex operators

are invariant under orbifold twists as expected: λ → eπi(θ1+θ2+θ3)λ = λ. We need to

picture-change three vertex operators, which we choose to be the matter operators. To

arrive at a setup with vanishing H-charge, we have to picture-change along the third
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internal direction. The result is

λ
− 1

2
1 (z1) =

1

2
(+,+,+,+,+)

λ
− 1

2
2 (z2) =

1

2
(−,−,+ + +)

ψ
+ 1

2
1 (z3) =

1

2
(+,+,−,−,−) (C.2)

ψ
+ 1

2
2 (z4) =

1

2
(−,−,−,−,−)

φ0(z5) =
1

2
(0, 0, 0, 0, 0) .

and the vertex operators for the Yukawa coupling are given by

V
+ 1

2
ψ1

(z3) = ∂X3eiq3·Heik3·X(z3) (C.3)

V
+ 1

2
ψ2

(z4) = ∂X3eiq4·Heik4·X(z4) (C.4)

V 0
φ (z5) = ∂X3eiq5·Heik5·X(z5) (C.5)

where q3, q4 and q5 are the H-charges displayed above. We find that a Yukawa-coupling

of the chiral superfields C3C3C3 leads to the appearance of the internal bosonic fields

∂X3∂X3∂X3. We could check explicitly that a Yukawa coupling arising from CrCsCt

would lead to the appearance of ∂Xr∂Xs∂X t.

C.1.2 Classical solution — winding modes

The correlation function over ∂Xr∂Xs∂X t only receives contributions from classical

solutions in terms of winding modes. For D3-D3’ setups the only contributions arise

from partially twisted sectors, which allow winding solutions along one torus. The same

is observed for D3-D7 setups as there is only one complex direction with DD boundary

conditions. Hence only correlators of the form ∂Xr∂Xr∂Xr can contribute. We find:

〈∂Xr∂Xr∂Xr〉 =

(
−α

′

t

√
2U2

T2

∂

∂r̄c

)3

Z(t)

where Z(t) is the partition function over winding modes (A.23).

C.1.3 Fermionic and ghost amplitude

We continue with the calculation for both D3-D3’ and D3-D7 setups. The configuration

of ghost and H-charges is summarised in (C.2).
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D3-D3’ models

In this case the spin-structure dependent terms of the correlators over fermionic and

ghost fields contribute

∑
αβ

ηαβ
2

ϑαβ
(
z1−z2+z3−z4

2

)
ϑαβ

(
z1−z2+z3−z4

2

)
ϑαβ

(
z1+z2−z3−z4

2

) ϑαβ

(
z1 + z2 − z3 − z4

2
+ θ1

)
(C.6)

ϑαβ

(
z1 + z2 − z3 − z4

2
+ θ2

)
ϑαβ

(
z1 + z2 − z3 − z4

2
+ θ3

)
.

The classical part from the previous section only contributes in partially twisted sectors,

and thus we can set one of the θi to zero in the above. We choose θ3 = 0 and sum over

spin-structures by employing a Riemann identity (A.9) with ηαβ = (−1)α+β:

ϑ1(z1 − z4)ϑ1(z2 − z3)ϑ1(θ1)ϑ1(θ2) (C.7)

The spin-structure-independent terms for the fermions and ghosts evaluate to:

ϑ′1(0)

ϑ1(z1 − z4)

ϑ′1(0)

ϑ1(z2 − z3)
(C.8)

Combining both results we arrive at the final expression for the correlator over fermionic

and ghost fields in a partially twisted sector:

ϑ′1(0)ϑ′1(0)ϑ1(θ1)ϑ1(θ2) = 4π2η6ϑ1(θ1)ϑ1(θ2) , (C.9)

where we have used ϑ′1(0) = 2πη3. We find that the result does not depend on the

worldsheet positions.

D3-D7 models

For D3-D7 models the presence of Dirichlet-Neumann boundary conditions for the direc-

tions along the worldvolume of the D7 brane implies that the theta functions appearing

in correlation functions have to be modified as

ϑ[ α/2
β/2

](z) → ϑ[ (α±1)/2
β/2

](z) . (C.10)

Here we choose the D7-branes to wrap the first two 2-tori, which then exhibit Dirichlet-

Neumann boundary conditions.

Using the above result we can revisit the fermionic and ghost correlators for D3-D7

models in a sector with θ3 = 0. The ghost correlators are unaffected while we have to

modify the fermionic correlation functions on the first two sub-tori as described above.
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By repeating the analysis of the previous section we thus find for the spin-structure-

dependent terms:∑
αβ

ηαβ
2

ϑαβ

(
z1 − z2 + z3 − z4

2

)
ϑαβ

(
z1 − z2 + z3 − z4

2

)
(C.11)

× ϑ(α+1)β

(
z1 + z2 − z3 − z4

2
+ θ1

)
ϑ(α−1)β

(
z1 + z2 − z3 − z4

2
+ θ2

)
.

Using the Riemann identity (A.9) with ηαβ = (−1)α+β this becomes

ϑ1(z1 − z4)ϑ1(z2 − z3)ϑ4(θ1) ϑ4(θ2) . (C.12)

The spin-structure independent terms are unaffected and using the result from the D3-

D3 case (C.8) we find the following result for the spinorial and ghost correlator:

4π2η6ϑ4(θ1)ϑ4(θ2) , (C.13)

Again, we find the expression to be independent of the worldsheet positions.1

C.1.4 Completing the calculation — partition functions

To complete the results of the previous sections we need to combine them with the

correlator over momentum exponentials and the appropriate partition functions. The

fermionic partition function and the vacuum amplitude over ghosts have already been

included implicitly in the result for the fermionic and ghost correlator.

D3-D3’ models

For this setup we combine results (C.9) and (C.6) with the bosonic partition function.

After having included the correlator over momentum exponential we find

A ∝
∫

dt

t

∫ 5∏
i=1

dzi

∏2
k=1(−2 sinπθk)

(2π2t)2

(∏
i<j

e−ki·kjG(zi−zj)

)(
−α

′

t

√
2U2

T2

∂

∂r̄c

)3

Z(t) ,

(C.14)

which is identical with the expression obtained earlier for corrections to the gauge kinetic

function (5.35).

1As in the main text, we also need to introduce orbifold images of D7-branes at r′c = e2πiθ3jrc.
All stacks contribute equally to the quantum correlator, but the sums over winding modes could be
different. For the relevant value θ3 = 1/3 one can show that the contribution from winding modes (C.6)
is the same for all stacks.
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D3-D7 models

Bringing all results together for this setup we obtain in the untwisted sector:

A ∝
∫

dt

t

∫ 5∏
i=1

dzi
1

(2π2t)2

(∏
i<j

e−ki·kjG(zi−zj)

)(
−α

′

t

√
2U2

T2

∂

∂r̄c

)3

Z(t) . (C.15)

Again, the resulting expression coincides with the result for the calculation of corrections

to the gauge kinetic function (5.33).

As the results for both the D3-D3’ and the D3-D7 models match with the calcula-

tions for corrections to the gauge kinetic function we refer readers to the discussion of

these previous results in section 5.3.4. The fact that the resulting expressions coincide

is a welcome check of our previous calculation.
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