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A b s t r a c t - - M o s t  studies devoted to mathematical modelling of oxygen transport  to tissue have 
assumed a constant oxygen consumption, independent of oxygen tension, whilst oxygen concentration 
remains positive. However, it is more physiologically realistic to allow the oxygen consumption to 
fall continuously to zero as the oxygen tension falls towards zero for low oxygen tensions. We show 
that using this more physiologically realistic oxygen consumption in a mathematical model of oxygen 
transport  to tissue gives a significantly different solution to the governing equations when areas of 
low oxygen tension exist. We thcn use this method of modelling oxygen consumption to compare the 
location of regions of low tissue oxygen tension predicted by two previously published mathematical 
models of oxygen transport.  The two models are a partial differential equation (PDE) model, and 
an ordinary differential equation (ODE) model that is a simplification of tile PDE model. We show 
that most of the predictions of the ODE model are almost identical to those of the PDE model, but 
there are some significant differences. @ 2005 Elsevier Ltd. All rights reserved. 

K e y w o r d s - - O x y g e n  transport,  Myoglobin, Low oxygen. 

1. I N T R O D U C T I O N  

When oxygen levels in tissue are suftlciently high, the oxygen consumption of individual cells 

(the quanti ty of oxygen tha t  tissue actually manages to consume) is equal to the oxygen demand 
of these cells (the quanti ty of oxygen tha t  the tissue wishes to consume). However, when the 
oxygen concentration within the tissue approaches zero, the oxygen consumption of tissue falls 
significantly [1-4]. At these low oxygen tensions, the demand of cells is not met  even when the 
oxygen tension is greater than  zero, and oxygen consumption is a continuous function of oxygen 
concentration tha t  reaches zero when oxygen concentration is zero. Many studies investigating low 

oxygen concentration within tissue [5-7] have modelled oxygen consumption using a step function 
instead of a continuous function of oxygen concentration. Using the step function approach, the 
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oxygen consumption is a positive constant where oxygen concentration is greater than zero, 
and oxygen consumption is zero where the oxygen concentration is zero. However, Taylor and 

Murray [8] have shown tha t  using a step function instead of a continuous oxygen consumption 
affects the solution of the governing equations significantly. We note tha t  oxygen consumption is 
only less than  oxygen demand when oxygen concentration is exceptionally low (when the oxygen 
partial  pressure is less than about  4 m m  Hg), and so assuming a constant oxygen consumption is 
valid for most  healthy subjects. 

In this study, we apply a relationship between oxygen consumption and oxygen partial  pressure 
in tissue tha t  has been derived from first principles [1] to a general model of oxygen t ransport  
to tissue [9]. As stated above, this relationship will only differ from earlier models in situations 
where regions of low tissue oxygen tension exist. The first aim of this s tudy is, therefore, to 
investigate the effect on oxygen t ranspor t  to tissue of allowing oxygen consumption to vary with 

oxygen partial  pressure at low oxygen partial  pressures. 

Studies on oxygen t ranspor t  to tissue have often neglected diffusion of oxygen through tissue 
in the direction of the capillary bloodflow, commonly known as axial diffusion [7,10,11]. This 

is an at tract ive simplification as the governing equations then simplify to a system of ordinary 
differential equations. However, recent work by Whiteley [9] has shown tha t  this assumption is 

not valid in all regions of tissue, and the full partial  differential equation must be solved in these 
areas. The second aim of this s tudy is to investigate the effect of neglecting axial diffusion on 
oxygen t ranspor t  at low oxygen concentrations. This is assessed by solving both  the PDE and 

the simplified ODEs tha t  have been used to model oxygen t ranspor t  to tissue. 

2. T H E  M O D E L S  

2.1. T h e  P D E  M o d e l  

This PDE model, we use is tha t  described by Whiteley et al., [9], modified to take account of 
oxygen consumption varying with oxygen partial pressure [1]. We model an individual capillary 
supplying oxygen to tissue using the model shown in Figure 1. This model consists of a cylindrical 

volume of tissue with radius RT and length a. Within this cylinder is a concentric cylinder of 

radius R c  through which blood flows with speed u. This allows us to assume radial symmetry  
with the coordinate z in the direction of the axis of the cylinder, and the coordinate r being radial 
distance. We also assume an instantaneous reaction between oxygen and bo th  the haemoglobin 
and myoglobin molecules, as has been justified previously, [9]. The governing equations for 

s teady-state  oxygen partial  pressure P are 

OP 
V . ((a~D~ + c u D g f ' ( P ) )  V P )  = u (a~ + c g f ' ( P ) )  Oz ' 

V . ( (aTDT + cmD,~g'(P))  V P )  = q(P), 

in the capillary, (1) 

in tissue, (2) 

where: a~, a T are the solubilities of oxygen in blood and tissue; Dc, DT are the diffusion coeffi- 
cients of free oxygen in blood and tissue; DH, D,~ are the diffusion coefficients of haemoglobin and 

I Re 

Figure 1. The model used. 
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myoglobin; ell, Cm are the oxygen carrying capacities of haemoglobin and myoglobin; f (P) ,  9(P) 
are the oxygen dissociation curves for haemoglobin and myoglobin that  have been used previ- 
ously, [9], and are given in Appendix A; and q(P) is the oxygen uptake, which we emphasise is a 
function of P,  and is discussed below. The boundary conditions are 

P = Pa, for 0 < r < Rc  and z = 0, (3) 

OP 
- 0, on other boundaries, (4) 

On 

where OF denotes the normal derivative. The difference between this model and that  described 
by Whiteley et al., [9], is that  we allow a more general oxygen uptake, q(P),  in this work. 

2.2. T h e  O D E  M o d e l  

The ODE model that  we use is that  given by Salathe and Kolkka [7] modified to take account 
of an instantaneous reaction between the oxygen and myoglobin molecules, and also allowing 
a general oxygen uptake, q(P). This model takes account only of convective t ransport  in the 
capillary and neglects radial diffusion, and so we may write P = Pc(z) in the capillary and 
P - Pr(r, z) in tissue. The governing equations are 

dPc M(z), in the capillary, (5) + c f'(Pc)) - 

r dr r (aTDT + cmDmg'(PT)) --~-r] = q(PT), in tissue, (6) 

where M(z) is the oxygen removed from the capillary and is given by 

M(z) = 27rrq(Pr(r, z)) dr. 
c 

The initial and boundary conditions for equations (5) and (6) are 

P~(O) = Pa, (7) 

Pr(Rc,, z) = P d z ) ,  (8) 

P~(RT, z) = 0. (9) 

2 .3 .  T h e  O x y g e n  C o n s u m p t i o n  F u n c t i o n  q(P) 
We investigate two functions that  are used to describe q(P). The first is the step function 

q0, P > 0 ,  (10) 
q(P)= 0, p = 0 ,  

where q0 is the oxygen demand, as has been used by many authors [5-7,9-11]. The second oxygen 
consumption function is the piecewise linear function 

q0, P ~ Petit, 
q(P) = qoP (11) 

Pcrit' 0 _< P <Pcrit, 
where P c r i t  = 74600000q0 and the units of partial pressure are m m H g  and the units of oxygen 
demand are molcmas  -1. This is the linearised form of the oxygen uptake function given by 
Farmery and Whiteley [1] and also described by Popel [2]. 

Salathe and Kolkka [7] have solved equations (5) and (6) using the step function equation (10) 
to model oxygen consumption. When the parameters were chosen suitably, regions existed where 
oxygen partial pressure was zero. We show in Appendix B that  when equation (11) is used to 
model oxygen consumption, oxygen partial pressure may not fall to zero. This indicates that 
there will be significant differences between the solution of the governing equations in the cases 
highlighted by Salathe and Kolkka [7] depending on whether equations (10) or (11) is used to 
model oxygen consumption. 
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3.  R E S U L T S  

Unless otherwise stated, in the simulations in this section, we use the parameters  tha t  are used 
by Whiteley et al. [9]. These parameters  are given in Table 1. As we need low oxygen tension in 

the tissue to investigate the differences between equations (10) and (11), we vary some of these 

parameters  to give low oxygen concentrations, such as a relatively large tissue volume and high 
oxygen demand by the tissue. 

T a b l e  1. T h e  p a r a m e t e r s  u s e d .  

P a r a m e t e r  V a l u e  

Rc 

RT 
a 

u 

~C 

~T 

D~ 

DT 

DH 

D.~ 

CH 

Cm 

kM 

k; 
qo 

3 . 2 5  x 10 - 4  c m  

3 .25  x 10 - 3  e m  

1 .625  x 10 - 2  c m  

0 . 0 3 c m s  - 1  

1 . 5 2 7  x 10 - 9  m o l c m  - a  ( m m H g ) - I  

1 .295  x 10 - 9  m o l c m  - a  ( m m H g )  - 1  

1 .12  x 10 - 5  c m  2 s - 1  

1.7 x 10 - 5  c m  2 s - 1  

1.4 x 10 -7. c m  2 s - 1  

5 .0  x 10 - 7  c m  2 s - 1  

9.1 x 10 .6 molcm -3 

2.8 x i0 -7 molcm -3 

6 5 s  - 1  

2 .4  x 101°  m o 1 - 1  c m  3 s - 1  

5 × lO-S molcm-3 s -1 

3.1. O x y g e n  U p t a k e  for  L o w  O x y g e n  P a r t i a l  P r e s s u r e  

We begin by investigating the differences in oxygen t ranspor t  to tissue tha t  are seen when 
using the different forms of the oxygen uptake function q(P) given by equations (10) and (11). 

In Figure 2, we plot the results of simulations tha t  investigate the effect on the solution of the 

ODE model, equation (6), on the choice of oxygen consumption function, q(P). In Figure 2a, we 
use double the normal oxygen demand, so that  q0 = 10 .7  mo lcm a s -1. In Figure 2b, we use double 
the normal tissue radius so that  R T - -  0.0065 em. In both  graphs, we investigate the solution 
with boundary  condition at the capillary for PT being 100mmHg,  7 0 m m H g ,  and 4 0 m m H g .  
The solid lines are the solutions where equation (11) is used for the oxygen consumption, the 
broken lines are the solutions where equation (10) is used for the oxygen consumption. 

We see in Figure 2a, (the simulation with a large oxygen demand) that ,  for the boundary  
condition at the capillary PT being either 100 m m  Hg or 70 m m  Hg, there is no difference between 

the two models. This is because PT is always greater than P c r i t ,  and so the oxygen consumption 
given by equation (10) is identical to tha t  given by equation (11). However, when we use the 

boundary  condition PT = 40 mm Hg at the capillary, the solutions from the two models are 
significantly different, with the model with a continuous q(P) having a higher oxygen partial 
pressure (due to less oxygen being consumed). Note tha t  all values of PT in this solution are 

affected, and not just values of PT that  are less than  P c r i t .  

We see in Figure 2b (the simulation with a large tissue radius) tha t  the solutions are different 

for all of the boundary  conditions used, with the model with a continuous q(P) having a higher 
oxygen partial  pressure. Again, note that  all values of PT are affected. 
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Figure 2. The effect of different forms of oxygen consumption q(P) for tissue with 
regions of low oxygen partial pressure. The ODE model that  neglects axial symmetry 
is used. Graph (a) simulates a high oxygen demand, graph (b) simulates a large tissue 
radius. In both graphs, the solid line represents the simulation with the continuous 
function q(P) given by equation (11) and the broken line represents the simulation 
with the discontinuous function q(P) given by equation (10). 
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Figure  3. Regions  of t i s sue  where  oxygen  d e m a n d  is not  met :  (a) a long cylinder; 
(b) a h igh  oxygen  demand ;  (c) a t i s sue  region wi th  a large radius .  T h e  solid l ines 
cor respond  to  the  P D E  mode l  (equa t ions  (1) and  (2)), t h e  broken lines to t he  O D E  
model  (equa t ions  (5) and  (6)). In all g raphs ,  t he  lower set of lines are  where  P = Pcrit 
and  t he  h igher  set of  lines are where  P = Pcri t /2.  
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3.2. Re g ions  of  Tissue  where  O x y g e n  D e m a n d  is N o t  M et  

We have seen that  it is necessary to use the more physiologically realistic oxygen consumption 

function given in equation (11) when areas of low oxygen tension exist. We now use this oxygen 
consumption function to compare the locations of regions of tissue where q(P) < qo that  are 

predicted by both the ODE model and the PDE model. 
The simulations chosen are shown in Figure 3. In Figure 3a, we simulate a long cylinder with 

a = 0.065 cm, four times the normal length. In Figure 3b, we simulate a high oxygen demand, 
q0 = 10 -7 mol cm -3 s -1, double the normal value. In Figure 3c, we simulate a high tissue radius, 

RT = 0.0065 cm, double the normal value. We plot the curves where P = Pcr i t  (where oxygen 
consumption will first fall below oxygen demand) and where P = Pcr i t /2 .  The solid lines refer to 

the PDE model, the broken lines to the ODE model. In Figures 3a and 3b, the curves predicted 

by the two models are very similar and so the ODE model is clearly a good approximation to 

the PDE model. However, in Figure 3c, we see that  there is a significant difference between the 

curves predicted by the two models for small values of z. Away from this region, the curves 

predicted by the two models are very similar. 

4 .  D I S C U S S I O N  

The two aims of this study were to investigate 

(i) the effect of different oxygen consmnption functions and 
(ii) the effect of different mathematical models on the location of regions of low oxygen partial 

pressure in tissue. 

We have found, in common with Taylor and Murray [8] (who used a different domain for the 
solution of the governing equations) that the choice of oxygen consumption function affects the 

solution significantly where regions of low tissue oxygen concentration exist. In these cases, a 

physiologically realistic relationship between oxygen consumption and partial pressure must be 
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used, such as that  given by Farmery and Whiteley [1]. Using this oxygen consumption function 

we have shown that  with this formulation of the problem, oxygen tension cannot fall to zero. 

hnportant ly,  the solution is affected in all regions of tissue tha t  oxygen diffuses through en route 
to areas of low oxygen tension and not just  the areas of low tissue oxygen tension. 

In Figure 3, we saw that  when regions of low tissue oxygen tension existed in the region of 
z = 0, the ODE model predicted a very different region of low oxygen tension to tha t  given by the 
P D E  model. This is due to neglecting axial diffusion. Whiteley et al. [9], have shown that  this is 
not a valid assumption in this region of the tissue. Away from this region, both  the P D E  model 
and ODE model predicted very similar regions of low oxygen tensions. In these situations, the 
assumptions made in deriving the ODE model do not affect the predictions of the PDE model, 
and so the (much more computat ional ly efficient) ODE model may  be used. 

A P P E N D I X  A 

O X Y G E N  D I S S O C I A T I O N  C U R V E S  

We use the same dissociation curves tha t  are used by Whiteley et al., [9]. These dissociation 
curves are given by 

alp  + a2P 2 + a3P 3 + p4 
f (P)  a 4 + a s P + a 6 P ~ + a 7 P a + p 4 ,  P _> 1 2 m m H g ,  

0.003683P + 0.000584P 2, P < 1 2 m m H g ,  

k'MaT P 
g(P) = klMaTP + k M ' 

where P is measured in m m  Hg, kM is the backward reaction rate for the oxy-myogIobin reaction, 
k ~  is the forward reaction rate for the oxy-myoglobin reaction, and 

al = --8.5322289 x 103, a2 = 2.1214010 x 103, 

aa = --6.7073989 x 10, a4 = 9.3596087 x 10 s, 

a5 = --3.1346258 x 104, a6 = 2.3961674 x 103, 

a7 = --6.7104406 x 10. 

The values of k M a n d  k ~ a r e  given in Table 1. Graphs of f (P)  and g(P) are shown in Figure 4. 
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Figure 4. The  oxy-haemoglobin dissociation curve f (P) (solid line) and the  oxy- 
myoglobin dissociat ion curve g(P) (broken line). 
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A P P E N D I X  B 

P R O O F  T H A T  P > 0 F O R  q(P) G I V E N  B Y  E Q U A T I O N  (11)  

We begin by proving the result for the ODE model tha t  neglects axial symmet ry  (described 
by equations (5) and (6)) tha t  tissue oxygen partial  pressure is never zero. For the PDE model, 
there is extra  diffusion and so if P(r, z) > 0 for the ODE model then P(r, z) > 0 for the PDE 
model as well. 

Suppose the solution of equation (6) at r = r~ is Pr(r~,z) = e for some e where 0 < e << 1. 
In this region, we may use the approximation g'(Pr) ~ g'(O), which has error (,9(~), and write 
equation (6) as 

r d 
rdr  k, dr / = P '  (B.1) 

where 

This may be wri t ten 

F = (aTDT + cmDmg'(O))Pcrit 
qo 

(B.2) 

2d2pT rrdPT 
Fr ~ + - -~ r  - r2P = 0. (B.3) 

By using the change of variable r -+ iviFr, equation (B.3) may be reduced to Bessel's equation 

2 d2 PT 
r 7 + r + r2p = 0 (B.4) 

and so we may write 

PT : KIJo ( i v ~ r )  -~- K217o ( ix/~r)  , (B.5) 

where K1 and K2 are complex constants, Jo(x) and Yo(x) are linearly independent solutions of 
equation (B.4) given by 

(--1)rex 2m 
Jo(x) = m=o 22re(m!)2 ' 

x ~ (--1)m--l.mx2"~ Yo(X) = 2_7r Jo(z)(log ~ + 7) + .=,E 22=(,rn,)2 ) (B.6) 

and 
1 1 1 

u m =  1 + ~ + 5 + " "  + --'m 7 = rn--*~lim (urn - logm).  

From equation (B.6) we see that ,  as the expansion for J0 (x) contains only even powers of x, J0 (ix) 
is a real-valued function. For the same reason, the infinite sum in the expression for Yo(ix) is 
real, and so the imaginary part  of Yo(x) is proportional to J0(x) and we may write 

Jo (i~/-Pr) = h1(7"), Y0 ( iV/~r) = h2(r)~- ihl(T),  (B.7) 

where hi and h2 are real-valued functions given by 

(B.8) 

As a result, we may  write equation (B.5) as 

Pm(r) = A h l ( r ) + B h 2 ( r ) ,  (B.9) 

where hi and h2 are given by equation (B.8), and A and B are real constants. The boundary 
conditions for this problem are 

PT (to)  = Pc, P~ (rT) = 0. (B.10) 
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Figure 5. Functions hi(x) and h2(x) given by equation (B.8). 

In  Figure  5, we plot  funct ions h i ( x )  and  h2(x) given by equa t ion  (B.8). We note  t ha t  

h i ( x )  > 0; t{l(X ) > 0; h2(x) < 0; h i ( x  ) > 0. (B.11) 

Equa t ions  (B.9) and  (B.10) give 

A h l ( r c )  + B h 2 ( r c )  = Pc, (B.12) 

Ah~(rr)  + B h ; ( r r )  = 0. (n. la)  

From equat ions  (B.11) and (B.13), we may  deduce t ha t  A / B  = - -h~( rT) /h~( rT)  < 0 and  so A 
and  B have different signs. In  addi t ion,  equat ions  (B.12) and  (B.13) give 

h i ( ~ ) h 2 ( ~ c ) ~  = Pc 
m h i ( r e )  h12(rT ) j 

from which we may use equa t ion  (B.11) to deduce t ha t  A > 0, imply ing  tha t  B < 0. Using these 
condi t ions  on A and  B, equa t ion  (B.11) and  the general  solut ion (equat ion  (B.9)), we see tha t  

PT(r)  > 0 for all values of r. 
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