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Abstract

Using some form of dynamical model in a visual tracking system is a well-known
method for increasing robustness and indeed performance in general. Often, quite
simple models are used and can be effective, but prior knowledge of the likely
motion of the tracking target can often be exploited by using a specially-tailored
model. Specifying such a model by hand, while possible, is a time-consuming and
error-prone process. Much more desirable is for an automated system to learn
a model from training data. A dynamical model learnt in this manner can also
be a source of useful information in its own right, and a set of dynamical models
can provide discriminatory power for use in classification problems.

Methods exist to perform such learning, but are limited in that they assume
the availability of ‘ground truth’ data. In a visual tracking system, this is rarely
the case. A learning system must work from visual data alone, and this thesis
develops methods for learning dynamical models while explicitly taking account of
the nature of the training data — they are noisy measurements. The algorithms
are developed within two tracking frameworks. The Kalman filter is a simple
and fast approach, applicable where the visual clutter is limited. The recently-
developed Condensation algorithm is capable of tracking in more demanding
situations, and can also employ a wider range of dynamical models than the
Kalman filter, for instance multi-mode models.

The success of the learning algorithms is demonstrated experimentally. When
using a Kalman filter, the dynamical models learnt using the algorithms presented
here produce better tracking when compared with those learnt using current
methods. Learning directly from training data gathered using Condensation is
an entirely new technique, and experiments show that many aspects of a multi-
mode system can be successfully identified using very little prior information.

Significant computational effort is required by the implementation of the
methods, and there is scope for improvement in this regard. Other possibilit-
ies for future work include investigation of the strong links this work has with
learning problems in other areas. Most notable is the study of the ‘graphical mod-
els’ commonly used in expert systems, where the ideas presented here promise to
give insight and perhaps lead to new techniques.
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Chapter 1

Introduction and Background

1.1 Introduction

Visual tracking can be characterised as extracting information about moving objects from
a sequence of images taken over time. Usually, this involves analysing a sequence of video
fields, which are produced at a rate of 50 or 60 per second. It is a difficult problem, and any
solution must be able to process the vast amount of data in a video stream in an efficient
manner.

Good use can be made of the temporally-coherent nature of video sequences. Typically,
fairly accurate predictions can be made about the position and configuration of an object
in a video field, based on its behaviour in the immediate past. Such a predictive system is
referred to as a dynamical model. Tracking of an object’s motion when a precise dynamical
model is available is significantly easier than trying to do so when no such model exists
— consider the greater ease with which a human can watch a ball thrown through the air
than follow a bluebottle flying round a room.

This thesis addresses the problem of how a dynamical model can be learnt from training
data, the idea being that expending some computational effort on studying a class of motion
will be repaid in more successful tracking of other objects performing motion of that type.
The systems described in this thesis, and the learning framework in particular, operate
probabilistically. When tracking, instead of calculating merely an estimate of the object’s
configuration at any given time, the entire probability distribution for that configuration
is computed. This approach has as its basic premise the assumption that the quantity of
interest, namely the object’s configuration, is a random variable about which inferences
can be made based on measurements made from images. When learning, the probabilistic
interpretation of the aim is that it is to calculate the most likely description of the object’s

motion, based on the training sequence.
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As well as the use of learnt dynamical models for the predictive component of a tracking
system, other problems are considered in varying amounts of detail. Segmentation of a
sequence into different modes of motion is covered, as well as classification of sequences
based on how likely they are to have arisen from each of a set of dynamical models.

The work has raised several issues in the course of its development. Some are improve-
ments to the techniques whose development will be described, but there are also interesting

parallels in other fields where models used for inference are important.

1.2 Outline of this Thesis

The remainder of this chapter looks at some related work in the area of image analysis and
visual tracking. Following on from this background, chapter 2 covers the development of the
‘active contour’ tracking framework to be used for most of the work in later chapters. The
use of B-splines to represent the outline of an imaged object is introduced, and a tracking
algorithm based on the Kalman filter presented. The chapter also develops a mechanism
for determining the range of deformations of the object’s outline, when a video stream is
treated simply as a large (unordered) set of static images.

Chapter 3 addresses the problem of how the temporal coherence of a video sequence can
be exploited. The idea of a ‘dynamical model’ is developed more fully, and techniques given
for ‘learning’ such a model from training data, making certain assumptions. The usefulness
of such learnt models for tracking applications is summarised, and their application to a
slightly different problem domain — that of classification of sequences — is discussed.

Chapter 4 examines the assumptions made in chapter 3 for learning dynamical models,
and the circumstances in which their validity is questionable. A mathematically rigorous
algorithm is developed which learns a dynamical model while explicitly taking account
of the fact that ‘ground truth’ data of the tracked object’s state are not available. The
statistical tool of ‘Expectation-Maximisation’ is used to solve this ‘missing data’ problem.

Chapter 5 presents some results obtained by applying the general theory of chapter 4 to
real tracking problems. Successful tracking using models learnt in this manner is demon-
strated, as well as improvements over using models learnt with existing methods. Hand-
and lip-tracking examples are considered. Some possible extensions to the algorithm are
discussed.

Chapter 6 considers a recently-developed tracking framework, the Condensation al-
gorithm, which uses a stochastic representation of the underlying probabilistic systems.

A Condensation-based tracker requires a dynamical model just as the Kalman-filter-based



CHAPTER 1. INTRODUCTION AND BACKGROUND 3

systems of earlier chapters do. A greater variety of models is possible, though, and this
chapter both applies the theory of previous chapters to this new framework, and extends
them to cover ‘multi-mode’ dynamical models.

Chapter 7 demonstrates the effectiveness of the techniques of chapter 6 when applied to
tracking problems where a Kalman filter would fail. This includes trackers incorporating
multi-mode dynamical models, where automatic simultaneous learning and classification
of a juggling sequence is presented. Some points concerning improving the efficiency and
performance of the learning algorithms are raised.

Concluding discussion is given in chapter 8, including of the relation of the learning al-
gorithms presented in this thesis to the wider problem of inference and learning on ‘graphical
models’, a well-established framework in the statistical and artificial-intelligence literature.

Areas where further research would be interesting and fruitful are also discussed.

1.3 Background

This section looks at the various approaches taken to the problem of visual tracking, and
image analysis in general, in some related work. What might be dubbed ‘hypothesis-
driven’ analysis operates by generating and refining the fit of a model to the image data.
This includes the work described below on parametric and active shape models. A more
‘bottom-up’ approach uses much less information about the likely configurations of the
object, including the earlier forms of snakes and some of the work using optic flow. Ideas
from both parametric modelling and snake-based systems are combined in the ‘active con-
tour’ approach; some work using this method is described below, and a fuller development

presented in chapter 2.

1.3.1 Parametric Models

Work on tracking using detailed physical information about the object being tracked in-
cludes the use of the position in the image of the projection of easily identifiable features of
the object, such as corners and edges, e.g., (Yuille and Hallinan, 1992; Harris, 1992; Lowe,
1992; Azarbayejani et al., 1993; Wachter and Nagel, 1997). A parametric model (consisting
of, say, the object’s three spatial translation coordinates, three rotation parameters and
any internal parameters the object may require to completely specify its structure) is then
fitted to these data, using statistical techniques. Often, e.g., (Azarbayejani et al., 1993;
Bregler, 1997; Terzopoulos and Metaxas, 1992), in tracking as opposed to pattern recogni-

tion, the final estimate of the configuration in the model in one frame is used to provide
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the starting point in an optimisation algorithm for the next frame, either directly, or using
some predictive model of the motion of the object. This makes some use of the continuity
present between one image frame and the next; section 1.3.7 returns to this topic.

Instead of modelling the object itself in three dimensions, one can use a model of
the resulting image. This approach has the advantage of greater simplicity (being two-
dimensional), and can work well if the object being modelled is almost planar, or is always
viewed in the same orientation. Both model-based approaches have the advantage of includ-
ing kinematic knowledge of the object being tracked, reducing the problem of the tracker
generating impossible estimates of the configuration of the object, as can happen when no
information about the structure of the target is included.

Eyes are used by Yuille and Hallinan (1992) to illustrate a type of parametric repres-
entation which they refer to as a ‘deformable template’. As mentioned above, this model,
in contrast to those described below, works in the image plane as opposed to being a three-
dimensional representation of the tracked object. The outline and interior of the image
of an eye are represented with a small collection of geometrically simple curves, and 11
parameters are chosen to control their location and shape. A function is defined based on
the fit of the model to the image (for example, the predicted location of the iris of the eye
in the image is expected to be dark; an edge is expected at the predicted location of the
junction between the white of the eye and the eyelid), which is optimised starting from a
hand-selected initial estimate. In this way, the position of the eye and the direction of the
gaze can be determined. Tracking is accomplished by using the final template configuration
in one frame as the starting point for the optimisation algorithm in the next. The authors
also mention how the techniques can be applied to the extraction of tracks in the output
from particle accelerators.

Another example of the use of these two-dimensional models is the work of Bennett and
Craw (1991), which deals with finding hands and faces in both clean and noisy (signal : noise
ratio of 1:1) images. Their models of the hand and of the face (including the position of the
features with respect to the outline of the face as a whole) is statistical, with a distribution
estimated from around a thousand samples. They define a ‘fitness function’, which is
designed to be a good indication of how well the proposed set of parameter values fits both
the prior distribution and the image data. A global maximum for this function is sought,
using a two-stage approach: first an initial estimate is obtained by sampling from the prior,
which is then improved upon by making deviations from it. The work is solely on static

images; no tracking is done.
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Harris (1992) considers the problem of tracking the motion in three dimensions of a
known object, using a description of its edges. His system tracks, in the examples given,
model and real aircraft, as well as a runway for the automatic guidance of aircraft during
landing. Fitness of a hypothesised model pose to the image data is determined by casting
normals (in the image plane) to control edges (set up in the model), with some approx-
imation to enhance speed, and seeking to minimise a function based on the perpendicular
distances. He uses quaternions to reduce the effect of errors introduced by incrementally
updating rotations, and a Kalman filter to perform smoothing over time of the estimate.
He describes work on using profile edges of a limited class of surfaces in a similar algorithm.
The resulting tracker is robust and reasonably fast. He employs a constant-velocity dynam-
ical model for prediction.

A more general problem is addressed by Lowe (1992), that of tracking an object which
can be represented as a polyhedron, the increased generality coming from the possibility
that the objects have internal parameters: he tracks a hinged file box as an example. He
uses a simple velocity prediction method to obtain the starting point for the model-fitting
algorithm, and uses the predicted configuration of the object to drive the matching process
of edges of the model to lines of high contrast in the image. The matches are tried in an
order decided by the closeness of the image lines to the predicted projections of the model
edges; in this way, an overall match for the whole model is found quickly, and is robust to
false image-line/model-edge matches, as well as being able to cope well with occlusion of
some of the model edges.

Azarbayejani et al. (1993) use point features (instead of lines) to track the position
and orientation of the head. They describe a ‘virtual holography’ application, in which
the displayed view of a virtual three-dimensional object on a stereoscopic monitor varies
to reflect the location of the viewer’s head. In this way, the user can look at the object
from different angles, and see what would be seen if the object were present. Applications
to teleconferencing are also mentioned. They also describe the possibility of gathering the
information required to construct a physical model on-line, i.e., without any prior knowledge
of the structure of the object being tracked. In the paper, though, features which come into
view as the head, for example, rotates have their 3D position calculated based on a simple
ellipsoidal model of the shape of the head. An interesting aspect of their work is the use of
the predictive dynamical model to reduce the lag (the time between the head moving and
the display changing), which can be a cause of reduced usability or even motion sickness.

In one of the more impressive demonstrations of the potential of this model-based
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approach, Sullivan (1992), tracks several different types of vehicles simultaneously in an
airport. He also describes the tracking of road vehicles at a road junction with the aim of
automating the production of traffic-flow statistics. His system, as well as coping with the
tracking of many objects, is robust to the occlusion of the tracked object, either by another
tracked object or by some other object in the scene (for example, the occlusion of a car by a
lamp-post). A simple motion detector is used to detect when a new vehicle enters the field
of view of the camera, and identify the likely location of the vehicle. An initial estimate
of its configuration is produced, which is refined until a best match is found between the
model pose and the image data. Again, a dynamical model based on a Kalman filter is
used to provide some predictive power. He also makes comparisons with the human visual
system, in which there are extensive connections from the higher-level areas of the brain
to the lower-level information-receiving areas, and summarises that both hypothesis-driven
and data-driven processes are required in a vision system.

Terzopoulos and Metaxas (1991; 1992) recover the structure of the surface of an object,
either from two-dimensional image data, or from three-dimensional range data. Their
approach allows both recognition (and also pose computation, although this aspect is not
explored in great detail) and surface reconstruction at the same time, within the same
framework. In this way, their work is a hybrid between the model-based and image-based
approaches. They recover the surface of an object from either two-dimensional image
data or three-dimensional range data, using a model for the surface which combines a
parameterisation of the object’s pose (translation and orientation) with one of its global
shape (the example they use is a super-ellipsoid, with parameters describing its size, aspect
ratios, and ‘squareness’) and one of local deformations (expressed as a linear combination
of a set of basis deformation functions). These parameters are all combined into a single
overall parameter vector, which evolves into a minimum-energy configuration, where the
energy takes into account such things as membrane elasticity and stiffness of the surface,
and a potential derived from the (image or range) data. The results are good; examples
given include the recovery of surface information about a pestle and a doll (in this case
the image is first manually segmented into eleven parts, although they mention that this
could be done automatically). They apply their system to the tracking, over a sequence of
120 frames, of a human torso and arms from sparse range data (Terzopoulos and Metaxas,

1992).
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Human Body Tracking

The tracking of human motion is a problem with applications in medicine (particularly gait
analysis), sports (for instance, analysis of tennis serving action), and the film industry (mo-
tion capture for animation), as well as being an interesting problem in its own right. Breg-
ler (1997) describes a hierarchical tracking system, employing dynamical models throughout
the hierarchy. At the very top level of the model are Hidden Markov Models (Rabiner and
Juang, 1986) containing states for each major subdivision of a type of motion (for example,
the motion of a leg during walking consists of a state describing the leg while in contact with
the ground, and one for the leg’s motion while swinging). Each state has an emission model
corresponding to a second-order linear dynamical model. These models form the second
layer. The states of these linear models are the outputs of the lowest layer, a blob-tracker,
including velocity estimates, which are Kalman-filtered using a constant-velocity model.
Using this system, human gaits are classified into ‘running’, ‘walking’, and ‘skipping’, with
success rates around 90%. Learning is accomplished from specially-gathered ground truth
data.

Later work by Bregler (1998) uses the elegant formulation of twists and exponential
maps (Murray et al., 1994) for the 3D transformations involved in modelling human motion.
Measurement is achieved by estimating a parameterised motion field, using optic flow (see
below). Prediction is performed using a constant-position model for the motion from time-
step to time-step. Although this does not cause problems in the results shown, one would
expect it to be a limitation when tracking of humans performing rapid motion is attempted.

Wachter and Nagel (1997) combine contour- and region-based measurements to perform
tracking of a human body, estimating a model with 10 degrees of freedom. Results are quite
good, especially as information from only one camera is used. Motion where the subject
walks across the field of view is better captured than when the subject turns towards the
camera, however. An extended Kalman filter is used, with a constant-velocity prediction
model. Full 3D tracking of the entire human body in all its complexity (Williams, 1989)
remains a challenging problem.

Essa and Pentland (1995) focus on the face, presenting a system for recognising human
facial expressions. A motion model based on the physics of the muscles of the face is
used to constrain estimation of optic flow. An improvement over simply using optical flow
measurements directly is claimed — the model constrains the estimated motion by means
of the physical model. The resulting system performs well, producing classification with

98% accuracy for six facial expressions.
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1.3.2 Snakes

Important information in scenes is often conveyed by lines or curves across which there
is high contrast. Here, ‘contrast’ is usually in intensity, although contrast in other image
properties, including texture, has been used. For example, at an edge of a polyhedral
object, the light reflected from the two meeting surfaces changes owing to their different
orientation and there will be a corresponding line in the image across which the intensity
changes suddenly. Similarly, the projection of the outline of any sort of object will typically
be a curve in the image across which there is a sharp intensity change.

There is also often useful information to be gathered from lines of locally maximum or
minimum intensity in the image, for example a marking on the surface of a tracked object.
Snakes, as described briefly below and on which the tracking system used in this thesis is
based, provide one method whereby information about these essentially one-dimensional
features can be extracted.

The term ‘snake’ is coined by Kass et al. (1987) to describe a parameterised family of
curves in the image plane which is deformed in such a way as to locally minimise an energy
function. The minimisation is then done by treating the snake as a physical system which
is simulated numerically — it is given similar characteristics to a wire having elasticity
and stiffness, in addition to being attracted to certain image features. These features
include dark areas, light areas, areas of high contrast and the ends of lines and the corners
of regions. The snake is initialised near the feature of interest, in order to indicate the
approximate location of the desired local minimum, and then allowed to deform over time
under the influence of the potential created by the energy function described. Variations
include providing an additional energy term for kinetic energy in the case that the snake
is required to follow a moving feature. An example of a snake which has found its final
position in an image, in this case being attracted towards areas of high contrast, is shown
in figure 1.1. (The development of the concept of a snake into the active-contour tracking
framework used here will be developed in chapter 2.)

There has been considerable success in using snakes in computer vision, primarily in
areas where a physical model of the object being tracked would be difficult to formulate, or
where no such model is available. Their ability to deform almost arbitrarily allows them to
follow the motion of non-rigid bodies much more easily than a system based on a necessarily
complex physical model would be able to.

Ayache et al. (1992) describe a system for the automatic analysis of images gained by

ultrasound scans of the heart. There is an additional complication in this case in that
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-

Figure 1.1: A snake in a locally minimum energy configuration. An example of a
snake which has been allowed to ‘relaz’ into a configuration with locally minimum energy
on a static image. The white line shows the snake, a closed quadratic B-spline, attracted to
the high-contrast areas at the edges of the radio.

the images are gathered using a polar coordinate system, but the analysis takes place
in Cartesian coordinates. They develop filtering and conversion techniques to map the
image into Cartesian coordinates, and then analyse the resulting image sequence using
snakes to follow the movement of the mitral valve and the left auricle. They also develop
a method whereby a pointwise correspondence can be set up between the contours in
successive frames which reflects intuition about curve-matching by placing greater emphasis
on matching regions of high curvature, and favouring greater smoothness between these
regions. More recent work in this area includes that by Jacob et al. (1998), who use
the active contour framework together with carefully-chosen image filtering techniques to
produce robust tracking of the left ventricle.

An example of the use of snakes where the object is to create a physical model of (at
least some aspects of) the world in which the robot is required to work is provided by Blake
et al. (1992). Here, a robot’s arm is required to manoeuver around a work area which
contains several obstacles, with the purpose of picking up an object on the far side of its
environment. Snakes are used to track markings on, and the outlines of, the obstacles to

gain information about their surface. In this case, the image motion is generated not by the
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motion of the objects in the world, but by motion of the camera, attached to the robot’s
arm, near its actuator. To a large extent, therefore, the computer is in control of the visual
information it receives. It moves the robot around in a small volume around its current
position to gain information about its immediate surroundings. As the snake tracks the
outlines and object markings, calculations are applied to the moving two-dimensional curves
to compute three-dimensional surface normals, curvature and torsion, from which sufficient
information is available to compute an approximate geodesic a small but safe distance from
the surface of the object. The robot can then move into the area of free space it has just
‘discovered’, and repeat the exercise from its new vantage point. Eventually, it will have
a direct route to the goal object, possibly after some backtracking when dead-ends are
discovered.

One instance in which a quite complicated physical model is used in conjunction with
a snake-based tracker is described by Terzopoulos and Waters (1990). Their objective is
to perform analysis and re-synthesis of facial expressions for their low-data-rate transmis-
sion over low-bandwidth lines with the consequent applications in teleconferencing. They
develop a physical model for the human face, based on anatomical knowledge of the bone
and muscle structure, and of the material properties (elasticity, stress/strain relationship)
of skin and the underlying fascia tissue. They choose a set of five muscle groups from the
268 voluntary muscles in the face which allow a reasonable representation of the range of
expressions seen. Specifying the contractions of these muscles allows the re-synthesis part of
the problem to be solved (within the approximation used; completely convincing synthesis
of virtual faces is a difficult problem) — the resulting face model is rendered at frame rate.
The analysis part is approached by tracking, using snakes, nine facial features, including the
hairline, the eyebrows, and the lips. From the positions of the features, estimates are made
of the states of the five muscle groups used, allowing the model to be driven; the results
presented show quite realistic images of the model face. The physical model is only used

in the re-synthesis phase, however; it is not used to influence the tracking of the features.

1.3.3 Active Contours

One method of incorporating some limited form of prior knowledge into a snake-based
tracker is to specify a ‘template’ for the snake, as described by Curwen et al. (1992). The
type of snake described in section 1.3.2 has, in a sense, a template, in that in the absence of
a potential from the image, the snake will relax into a certain configuration — typically a

straight line or a circle. A more interesting template must be incorporated into the snake’s
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behaviour. Another energy term is added to the snake potential favouring similarity to
a pre-specified template shape, in terms of trying to minimise (along with fitness to the
image) the deviation from the template. Without such a template, the snake exhibits a
tendency to remain static in the image, which, when a moving object is present, means
that the snake slides along its length, round the outline of the object, making recovery of
the object’s position difficult. When the snake is coupled to a template having the shape
of the outline of the object, the snake is dragged along by the moving object, as desired.
The type of snake used in this thesis follows the variation developed by Blake et
al. (1995), where hands and lips are tracked using a snake based on a contour which is
represented as a B-spline. The spline is allowed to deform only in certain pre-defined ways,
expressed as a set of displacements of the control points which can be used in linear com-
bination. The size of the set thus determines the number of degrees of freedom which the
contour has. The examples presented include the tracking of hands (mostly rigid motion;
some articulation about the knuckles) and lips (non-rigid deformation). They promote
the use of a Kalman filter in conjunction with a dynamical model; the dynamical model
is learnt statistically from training video sequences, and produces an increase in tracking
robustness. These ideas will be investigated more fully in the remainder of this thesis.
Reynard et al. (1996) develop a method by which the first few frames of tracking define
the template which will be used subsequently. A few parameters control the shape of
the template, and these are allowed to vary over the first few tenths of a second (of real-
time tracking); thereafter their dynamics are such that they are effectively fixed and the
tracker then proceeds with the decided-on template. In this way, the tracker can cope with
variations from object to object, without bringing in too many extra degrees of freedom

with the concomitant decrease in stability.

1.3.4 Optic Flow

Knowing the two-dimensional velocity of an image point corresponding to a real-world point
in motion provides information about the shape of a rigid body (Koenderink and van Doorn,
1975), and can be used to segregate an image into separate objects (Black et al., 1997).
The fundamental assumption made when determining this ‘optic flow’ is that changes in
image intensity I(x,y,t) are caused only by motion of objects with fixed texture. The total

derivative of the intensity when moving with the optic flow is then zero — this leads to the
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‘motion constraint equation’ given by Horn (1981):
oI ol oI

U~ + V-

ox oy ot

While this is often violated (for instance, by occlusions or semi-transparent objects, or

0. (1.1)

deforming objects), it can be a useful approximation.

Eqn (1.1) does not by itself provide enough information to completely determine the
optic flow field (u,v), so methods for finding this optic flow field from a pair of images (for
instance consecutive frames of a video sequence) rely on additional constraints. Black (1993)
mentions two. The ‘data-conservation’ constraint involves minimising an error term con-
sisting of the left-hand side of eqn (1.1) summed over some region, with fixed (u,v) for that
region. The other constraint is to add in a regularisation term to the error; typically a term
corresponding to ‘membrane energy’. This has the disadvantage of smoothing over object
boundaries, when sometimes the location of discontinuities in the flow field is precisely the
desired information. Black then introduces robust methods for finding the optic flow when
it has motion discontinuities.

An alternative constraint mechanism for solving eqn (1.1) is given by Black et al (1997).
Here, PCA is performed, on either synthetic or real training sets of flows. The problem
can then be expressed in the resulting PCA space, with its greatly reduced dimensionality
(7 or 9 components are used in the experiments, as opposed to two components of the flow
field per pixel of the image). Successful motion estimation and also recognition of facial

expressions is then demonstrated.

1.3.5 Active Shape Models

The notion of a Point Distribution Model (PDM) was introduced by Cootes et al. (1992)
as an effective mechanism for producing a model for the variable shape of objects drawn
from some class (for example, resistors on a circuit board). Principal Component Analysis
is used to capture the variation of a training set, with any given shape being represented
by a set of hand-chosen and -labelled points on the object’s silhouette. These PDMs are
then developed by Cootes and Taylor (1992) into ‘Active Shape Models’, where a learnt
PDM is used to guide the localisation of an object in an image. Edge-detection along model
normals is used to generate an update vector, whereby translation, rotation, scaling, and
deformation (within the constraints given by the learnt PDM) are iteratively estimated.
Results on the examples of resistors and hands are good.

More recent work using PDMs includes the incorporation of grey-level information by

Lanitis et al. (1995) to analyse images of faces. Pose recovery, person identification, and
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expression recognition are all performed. Heap and Hogg (1997) point out a significant
limitation of the original PDM approach. The fundamental assumption is that a set of
training points in some space can be adequately modelled by a Gaussian distribution, or,
equivalently, as being roughly contained within a hyperboloid. For an object undergoing
non-linear deformations, for example articulation, this is not the case, and the resulting
PDM is either too inaccurate (does not cover all valid instances) or too non-specific (allows
invalid shapes). To counter this, they use a ‘hierarchical PDM’ as introduced by Bregler
and Omohundro (1994), clustering the training points into subregions, on each of which
PCA is performed. This produces a much better representation of the variation in shape
of a class of objects, or a class of deformations of a single object.

Developing the hierarchical PDM idea further, Heap and Hogg (1998) address the prob-
lem of tracking the outline of a hand, including the more difficult case of discontinuous
changes in the apparent contour, for example when the fingers move from being spread
apart to being closed together. For filtering through time, the Condensation algorithm dis-
cussed in chapters 6 and 7 of this thesis is used, with an extension to allow jumps between
non-adjacent areas of shape-space. This is very similar to the multi-mode Condensation

tracking used in this thesis.

1.3.6 Bayesian Filtering

Within a probabilistic framework, the tracking problem can be phrased in terms of filtering;:
The (unknown) state of the target at time ¢ is xy, and measurements z; are available. Using
the measurements, inferences are to be made about the state. The basic problem, then, is

of finding the a posteriori distribution p(z; | z1,... ,2;). The recursive approach is to write

p(ze]z1,. ..y 2) o p(@e | 215 5 2e-1)p(2e | 71);

p(xe| 21,00 2-1) = /p(xt—1|21,--- s 2e—1)p(x | xp—1) Aoy

thereby expressing the posterior distribution at time ¢ in terms of that at time ¢ — 1.

The evolution density p(z; | z;—1) is assumed to be of the form
Ty = fi(ze—1,w)
for process noise wy, and the observation density of the form
2z = hi(zy, vr)

for measurement noise v;. When the process function f; and the measurement function
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h; are both linear, and the distributions of each w; and v; are Gaussian, as is the initial
distribution, of ¢, there is a closed-form solution, namely the Kalman filter (Gelb, 1974).

For non-linear f; or hy, or where the noise distributions are not Gaussian, no straightfor-
ward solution is possible, and various techniques have been developed to propagate densities
in these circumstances. The introduction to chapter 6 covers some of these.

In the case of visual tracking, the process can often be assumed to be linear and Gaus-
sian, and it is the non-Gaussian nature of the observation density which invalidates the
assumptions required for the Kalman filter. The ‘Probabilistic Data Association Filter’,
as described by Bar-Shalom (1988) and used by Rao (1992) for visual tracking, combines
multiple observations into a single measurement by weighting each with its probability of
arising from the target. One can instead try to decide which features have arisen from clut-
ter and which from the tracked object — in other words, to distinguish between outliers and
inliers. This is the approach taken in the RANSAC algorithm of Fischler and Bolles (1981). It
has been used for vision applications including the work on the computation of the ‘Funda-
mental Matrix’ (the calibration-free representation of camera motion between two images)
of Torr and Murray (1993), the line-feature tracker of Clarke et al. (1996), and a system

described by Fornland (1995) for the detection of obstacles for an autonomous vehicle.

1.3.7 Dynamical Models and System Identification

The use of dynamical models for prediction in visual tracking applications has been men-
tioned in the above descriptions of work in the area. A common technique is to apply
a simple model, such as constant acceleration, e.g., (Azarbayejani et al., 1993), constant
velocity, e.g., (Harris, 1992; Lowe, 1992; Bregler, 1997; Wachter and Nagel, 1997) or even
constant position, e.g., (Yuille and Hallinan, 1992; Bregler and Malik, 1998), and these have
been successful, but the benefits of using a more specific dynamical model are known (Sul-
livan, 1992; Terzopoulos and Metaxas, 1992; Bregler, 1997; Essa and Pentland, 1995; Jacob
et al., 1998; Blake et al., 1995; Heap and Hogg, 1998).

The field of control theory makes use of dynamical models, and this is covered by,
for instance, Jacobs (1993). The problem of how to find a dynamical model is referred
to as ‘system identification’, and Ljung (1987) provides a good description of this area.
He mentions various types of dynamical model, ranging from the informal ‘mental model’
employed by a human driving a car, through a model with only a numerical description
(called by Ljung a ‘graphical model’; a different use of the term than will be employed

in chapter 8) and models with concise mathematical descriptions (‘analytical models’, a
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subset of which will be employed for the work in the remainder of this thesis), to ‘software
models’, which although fundamentally mathematical, are too complex to be written down
neatly.

Ljung’s three ‘basic entities’ of system identification involve data-gathering, model-set
selection, and the determination of the ‘best’ model in the chosen set. From the point
of view of this thesis, the facet of model-set selection is perhaps least explored. A fairly
specific type of dynamical model will be employed throughout, namely a (possibly multi-
mode) linear model with Gaussian noise.

A class of dynamical model with a slightly different emphasis to those used in this
thesis is the ‘Hidden Markov Model’, with well-known applications in speech recognition,
as covered by Rabiner (1986), Rabiner and Juang (1993), and Huang et al. (1990). The
relations between discrete-valued HMMs and the continuous-valued dynamical models used
in this thesis, and between the problem of learning within the two frameworks, will be

investigated in chapter 8.



Chapter 2

Tracking with Active Contours

2.1 Details of Tracking Framework

This section describes the tracking framework within which most of the research in this
thesis will be carried out, which will be a type of ‘contour tracker’ as introduced in chapter 1
and promoted by Blake and Isard (1998). This type of tracker operates entirely in the two-
dimensional image, seeking to maintain an estimate through time of the outline of the
object being tracked. The particular type considered here represents this outline by means

of a B-spline.

2.1.1 B-Splines

Let a B-spline (Bartels et al., 1987) be described by a set of N, control points, (Q¥,QY) for
1 <1 < N.. Then the spline curve r(s) itself is given by

r(s) = (B(s)Q",B(s)QY), (2.1)
where Q" is the column vector (Q7,Q3,... ,Q?”VC)T of the = coordinates of the control
points, and QY similarly is the column vector (QY,Q%, ... ,Q?]/\,C)T of their y coordinates.

Here B(s) is the row vector of ‘blending functions’, which depend on the order of the spline
and its knot configuration.
The configuration of the contour is described entirely in terms of its control points’

positions, so a configuration column vector Q is defined in the so-called ‘control-point

Q:(Si). (2.2)

Knowledge of the shape of the object being tracked is incorporated by specifying a

space’ as

‘typical’ configuration. This is usually a hand-drawn spline, fitted round a single video frame

16
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of the object. This distinguished configuration of the contour is referred to as the template,
and its control-point configuration vector will be written as Q. All other configurations
will be dealt with as displacements in control-point space from this template. This will be
described in more detail in section 2.1.2.

At several stages in the discussion it will become necessary to have some sensible notion
of the ‘distance’ between two splines, and also of ‘projection’ onto a subspace of splines.
This raises the question of how one defines a metric and an inner product on the space
of splines, which is dealt with in section 2.1.6, where a matrix H is defined such that the
inner product (Q1, Q2) of two splines, represented by their control-point vectors, is given by
Q{ #Qz. This inner product and metric reflect intuition concerning the properties which

a ‘distance’ function between two curves should possess.

2.1.2 Model Space Representation

Allowing the contour to deform arbitrarily (in other words, allowing the control-point con-
figuration vector to assume any value in the 2N -dimensional control-point space) has the
advantage of being able to model the largest range of movements and deformations of the
object. However, in many cases there is a much smaller set of motions to be tracked —
for example, translation, or motion resulting in affine deformation of the contour in the
image. Restricting the tracker to just those motions provides an increase in stability, as
can be verified experimentally, and seen from the fact that the more degrees of freedom the
contour has, the less over-constrained the system will be, with the corresponding reduction
in robustness to noisy measurements.

This restriction is implemented by first effectively shifting the origin of control-point
space to Q, and then choosing a linear subspace of this translated control-point space,
to give the model space. The subspace is represented by means of a set {wi,ws,... ,wy,}
whose linear span is the subspace W required. Define the matrix W to have wi,wao, ... ,w,
as its columns.

The contour, when its configuration lies in the subspace W, can be represented by the
components of the w;, defining the vector X. The control-point configuration vector Q is

then given by
Q=Q+WX. (2.3)

Conversely, the best representation X for an arbitrary control-point vector Q is given by

the components (with respect to the columns of W) of the orthogonal (with respect to the
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inner product defined by H) projection of Q onto W:
X = WwiQ-qQ), (2.4
where
W= WTHW) "W TH. (2.5)

(To see this, note that WX is to be the orthogonal projection of Q — Q onto W. It is
clearly contained in W, so all that remains is to check that (WX, w;) = ((Q — Q), w;) for
each i, or equivalently, that (WX)THW = (Q — Q)THW:

WX)"HW = (WW THW) ' WTH(Q - Q) HW

= (Q—- Q) HW (W HW) ) TWTHW
= (Q- Q) HWW "HW) 'W HW
= (Q-QTHW

as required.)

The reduced-dimension W space will be used to describe the configuration of the spline
henceforth, replacing the control-point representation. The question of how W should be
specified is addressed in section 2.2.1.

Note that the parameterisation of the curve r(s) may be recovered from the model space

configuration vector X by combining equations (2.1), (2.2) and (2.3):
r(s) = Un()Q + U ()X, (2.6)
where

=\ )oBes  ve=|( g ) )eBe|m

and ® represents the Kronecker product of two matrices: If A is an m X n matrix and B a

p X g matrix, A ® B is mp X ng, constructed by replacing a;; in A with the matrix a;; B.

State Vector for Second-order System

Section 2.1.3 below will introduce the notion of a dynamical model, used for prediction
within tracking. Often, this predictive model will predict the state at time ¢ based on

states at times ¢ — 1 and ¢ — 2: a second-order model. For ease of notation in this case, a

Xy
Xt = Yt .

state vector x; is defined:
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Here, X; is the model space configuration vector (at time ) defined in section 2.1.2 above,
and Y; will be X,_; for a discrete-time model. Alternatively, Y (¢) might be X(t) for a
continuous-time model. Discrete-time models will be the only ones considered in detail in
this thesis, as tracking is performed on a sequence of discrete images, captured at discrete

intervals. Video-rate sequences are used, giving a time-step of 0.02s.

2.1.3 Dynamics

A discrete-time model of the motion of the contour is used, in a stochastic dynamical model.
This is second-order in terms of the original configuration vector X, but first-order in terms

of the state vector x. The dynamical model therefore takes the form
(Xt - i) = A(Xt,1 - i) + BWt,

where X is the mean of the system, A is a matrix giving the deterministic part of the
dynamics, and wy is a vector giving the stochastic part. It is assumed to be Gaussian:
w; ~ N(0,I). The covariance matrix of the term Bwy is therefore C = BB,

Since x; = (X, X 1), it follows that
) o

f:<
_ (A A, _( w
A_<I 0)’ Wt_(o '

and that A and w; must be as follows.
In terms of the configuration vector X, then,

olie

Xy = A1 X1+ A X9+ (I — A — Ag)i + BWQ (28)

So Ay and Ay describe the deterministic part of the dynamics, and the ‘shape’ of the noise
is given by B.

The deterministic part of equation (2.8) is then used as the prediction phase of the
tracking algorithm, described in section 2.1.5 below. The dynamics of the system (as
described by A and C) need to be specified; in the absence of other information, plausible
default dynamics are chosen. For example, a constant-velocity model might be employed,
or a system whose modes are damped harmonic motion with time-constants appropriate to
the motion being tracked.

The remainder of this thesis will examine how the dynamical model can be learnt from
training sequences, and the benefits of doing so. For the remainder of the development of
the active contour tracking framework, though, it will be assumed that a suitable model

has somehow been specified.
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2.1.4 Measurement

As well as predicting the expected motion of the contour by means of the dynamical model
given in section 2.1.3, measurements taken from the image are to be incorporated into the
estimation of the contour’s position. This is done by examining the image along normals
to the contour, and searching for features, a feature being defined as a location where,
typically, the image intensity varies suddenly with distance along the normal. Other types
of feature include valleys or peaks of intensity; signed edges (those which go specifically
from, e.g., light to dark) can be used to reduce mismatches.

Along each normal there may well be more than one such feature, and there needs to
be some mechanism for picking the one to be used in subsequent calculations. Typically,
the strongest feature will be selected; other methods include weighting this choice towards
the position predicted by the dynamical model and choosing the innermost or outermost
feature. (These last methods only strictly makes sense for closed splines, but can be adapted
for use with open ones, by arbitrarily treating, say, the left-hand side of the spline as it is
traversed in the direction of increasing parameter value as the inside.)

This measurement innovation v is defined in terms of s, the parameter along the contour,

as follows.

v(s) = n(s).(£(s) —£(s)) + v(s), (2.9)

where 7(s) is the predicted position of the contour at parameter value s and t(s) is the
measured position of the feature along the contour normal n(s). Additive noise v(s),

2 is included

assumed Gaussian (and independent for different values of s) with variance o
in equation (2.9) to account for inaccuracies in the measurement r(s). This is illustrated
in figure 2.1.

To relate the values of v to the configuration vector estimate Q and hence update the

estimate using the measurements, a measurement co-vector H is required for use in the

Kalman filter below. This H is to be defined in such a way that

From eqn (2.6),
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section of spline

normal

Figure 2.1: Making measurements in the image. An innovation v(s) is defined as the
distance along the image normal between the predicted position of the contour and an image
feature.

Defining
H(s) = n(s) U(s) [T 0]
will therefore produce the desired results.

2.1.5 The Kalman Filter

The update of the estimate takes place in two phases: prediction and measurement. The
current values of the mean and variance of the distribution are maintained. The mean is the
estimated state vector x; denote the variance P. The variance is essential for the update of
the Kalman gain. It is also useful for determining a ‘validation gate’, the range over which
the search for features is carried out. As P increases, the length of the normals along which

the feature search is carried out can be increased, reflecting the increased uncertainty.

Prediction (estimating x; given z1, ... , 2, for ¢t > ty) and filtering (estimating x; given
Z1,... ,2;) produce different distributions; introduce the notation
~1 t
X, = Expy |21, 21,3 P, = Var[xy, | 21,... ,24 ]

where z; is the measurement (or set of measurements) made at time ¢.

The prediction phase is based on the dynamic model described in section 2.1.3:
7 = A%+ (T - A)x;

Pt = APIIAT 1 C.
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A number of measurements are then taken as described in section 2.1.4, at various values
of the spline parameter s. These measurements must be used to influence the predicted

position and variance. This is done by means of the Kalman gain, a vector K(s) defined as
K(s) = P{7"H(s) " (H(s)P 7' H(s)" 4 o%1) L.
This is used to produce estimates given the new measurement as follows:
Xl =%+ K(s)v(s); Pl =[I - K(s)H(s)|P .

(These are applied at each value of the parameter s where a measurement has been taken.
In the current implementation, three measurements are typically taken per span of the
spline.) The resulting value of X! is then an optimal estimate of the state given the meas-

urements (Jacobs, 1993).

2.1.6 Metrics in Spline Space

This section returns to the question of defining an inner product (and hence metric) on the
space of all splines with a given knot configuration. This will be done by addressing the
issue of a suitable metric, from which the inner product can be deduced.

Given two splines b; and by, with parameterisations ri(s) and ra(s) and control-point
representations Q1 and Qg respectively, there are two obvious choices for the definition of
‘distance’ between them.

The first is to consider the Euclidean distance between the two points Q; in the 2/N,-

dimensional control point space:

Ne

1/2
di (b, bo) = [Z([(fo)i — (@ + (@i - (Q%m?)] -

i=1
The second is to find the mean squared distance between the curves themselves, and
use this to define the Lo metric:
1 /- 1/2
dalbrste) = |1 [ i) =]
Since it is the curves themselves which are of interest, a more sensible choice is to take dy

as the metric function. This metric can be calculated in terms of the control-point vectors

Q1 and Q9 as

da(b1,b2) = (Q1 — Q2) "H(Q1 — Q2),
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where

"= ( - >®%/OLB(3)B(S)Tds.

Similarly, the inner product (Q1, Qz2) is defined to be

(Q1,Q2) = Q HQo.

As an illustration of the difference between them, and why it is more sensible to choose
the Lo metric, consider figure 2.2, which shows the difference measured between two splines
and a fixed reference spline. Table 2.1 shows the results of computing the distance between

the two pairs of splines with the two different metrics.

7 N

(a) The two splines in their first configuration

/ AN

) The two splines in their second configuration

Figure 2.2: Care must be taken in the definition of a metric on the space of
splines. An illustration of the difference between the Euclidean metric in control-point
space and the Lo metric for two splines by (shown bold, control points shown as e) and
by (shown light, control points shown as x) in two different configurations. The distances
between the two pairs of curves are given in table 2.1.

As the results show, the distance between the two curves increases as measured by the
Euclidean metric in control-point space, but decreases when measured with the Lo metric.
Since the two curves have intuitively moved closer together in figure 2.2(b) as compared
to their positions in figure 2.2(a), the choice of the Ly metric is seen to be consistent with

intuition, as well as being more logically founded mathematically.
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Distance Distance Multiplicative

Metric in (a) in (b) change
Euclidean 6.11 7.00 1.15
Ly 2.09 1.47 0.70

Table 2.1: The Ly norm produces a metric representing a more accurate concept
of the distance between splines. The distances between the two curves shown in fig-
ure 2.2 in their two configurations. The Lo metric matches intuition, which suggests that
the two curves have moved closer together, better than the Fuclidean metric in control-point
space.

2.2 Model Space Specification

2.2.1 PCA using the L, Norm

Section 2.1.2 introduced the idea of a model space — a linear subspace of the full control-
point space which contains all spline configurations of interest. This section describes the
usual method whereby such a subspace is specified. Note that in some cases, the subspace
can be written down immediately, for example if translation represents the only degrees of
freedom the spline is to possess. This will often not be the case, especially for deformations

undergone by a non-rigid object, so some learning must be performed.

Problem Description

Suppose a set of curves ri,rs,...,ry forming a data-set is given, with corresponding
representation Qi, Qo,...,Quy in configuration space. The representation is linear, so

r(s) = B(s)Q as usual. Assume (without loss of generality) that the mean

1 X
Q:N;Qi
= 0.

Then the Principal Components Analysis (PCA) problem is to ‘explain’ as much of the
data as possible using fewer than N components. In fact, the problem can be simplified to
that of choosing just one component, the one with the most explanatory power. Choosing
the best n components can then be thought of recursively: choose the best one, remove it
from each item in the data set, and repeat the process with the ‘flattened’ data-set. (In
practice, PCA will not be performed in this recursive manner; this is just an argument to
show that it is sufficient to consider just the first principal component.)

The first principal component can be defined with respect to any metric on the space of

curves r(s). For consistency with the contour-tracking framework, it is natural to choose
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the Ly norm, which measures the difference between curves in a mean-squared sense, as
explained in section 2.1.6.

The first principal component with respect to the Lo norm, then, is the curve r(s),
represented parametrically by Q, that minimises the remaining mean-square unexplained

pOI‘tiOH Of the data—set:
min min E Qn—)\Q2
Q ALy & ” QI

where the )\, are the proportions of the component r(s) contained in each data-curve r,(s),
and are chosen to minimise the unexplained data. Note that Q must be found subject to
the constraint | Q| = 1, otherwise the problem is underspecified, as any scaling of Q would

be equally as good.

Solution

First the minimisation over the A\, can be done independently, for each n, to give:

(Q,Qn)
QI

so the minimisation of Q is now, using the optimal A,

An =

N
min}  [Qn — A Q.
n=1

Completing the square and substituting expressions for the A,, it can be seen that the

desired Q is that for which £ is at a maximum, where
(Qn, Q
L=
Z IIQII2
is the mean-square displacement of the component Q of the data-set. Defining
1N
Roo = > Q.Qf
n=1
gives

= (QTHRHQ)/|Q|?

and the maximisation can be done using a Lagrange multiplier x4 on the constraint |Q| = 1

as

max [(Q"HRoHQ) — nQ"HQ] .
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Finally, differentiating with respect to Q gives
HRooHQ = pHQ,
which simplifies to

RooHQ = pQ.

The first principal component is therefore an eigenvector of RgoH and its eigenvalue u gives

the corresponding mean-square displacement as p/L.

2.2.2 Determination of Subspace Dimension

In this section a framework is established within which the size of the linear subspace
required for tracking various classes of motion can be predicted, particularly of articulated
structures. This is an important part of the specification of the model space: when using
PCA as described in section 2.2.1, a choice must be made as to the number of components
to retain. Here a theoretical grounding for this decision is developed. Of particular interest
will be the motion of planar objects, as this is a good approximation in several cases,
including a hand moved in a plane perpendicular to the optical axis of the camera, as will
be used in illustrative experiments below. The theory and experiments described in the

remainder of this chapter are original contributions of the thesis.

Introduction

The range of possible transformations of the object is typically known; the question is how
this dictates WW. The discussion below uses points in the body; because of the behaviour of
B-splines under linear transformations, the results will remain valid when applied to sets

of control points of splines, as used in the contour-tracking framework described.

Motion in the Plane

Consider firstly the motion of a planar object in its plane, assuming orthographic projection.
Suppose the points of interest in a homogeneous (2-dimensional) coordinate frame fixed in
the body are ri,rs,... ,ry,; then the points p1, po,... , pn in the image, when the body has
been rotated through an angle # and translated by the vector u, are given by

cos —sinf u,
pi = | sinf cosf wuy, |r;
0 0 1

S EE
= #(0, u)r;. (2.10)
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A transformation of all points at once is required; define vectors consisting of the coordinates
of all points, r = (z1,y1,1,...,%n,Yn, 1) and a vector consisting of all image points, p =

(p11,p12, 1, ..., Pn1,Pn2, 1). Then the transformation (2.10) is
p=1,®t0,u)r. (2.11)

The important vector now is the difference p —p, where p is the set of image points under
T(0,0), and how it can be expressed as a linear combination of vectors in some linearly
independent set {e1,es,... ,ex}, for any given value of (f,u). In this case, a suitable set

can be generated by applying the transformations FE1, Fo, ... , E4 to r, where
1 00 0 -1 0 0 01 0 00
Ey=1010);E=1 0 0];EB=(0001];,E=(0011],
000 0 0 O 0 00 0 00
(2.12)

since then
p— P = (cosf)e; + (sinf)ey + uze3 + uyey.
So in this case, the dimension of W is 4.

Articulating Planar Body

Next consider the case where the body is made up of two parts, hinged together. Suppose
the first a points belong to the first body, and the remainder, b, to the second. (Son = a+b;

b is introduced for ease of notation.) Then equation (2.11) is replaced by

_(LeT 0 ).
P= 0 I, Ty ’

where 77 and T, are the transformations undergone by the first and second parts of the
body respectively.

If u; is the position of the hinge, in the frame of the first body, and #; and 6 are the
rotations of the two parts (with respect to some fixed reference frame), then (taking the
origin in the second body’s frame to be at the hinge)

T — < Régl) 111 >; T — ( Régrg) u+R1(91)u1 )

Noting that u; is fixed, a suitable {e;,es,... ,e;} can be generated by using the trans-
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formation pairs = ( Ty Ty ), where

E;
1 0
FE| = 0 1
0 0

0 0 0 wui, 0 =1 0 0 0 —uy
0 0 0 wuy N 1 0 0 0 0 wiy ;
000 O 0 0 0 0O 0
001 001 000 O0O0TP O
Esx=1 00000 0 ]; Es=| 00100 1 |;
000 O0O0TU O 0 0 00O 0O
0 0 0 1 0 0 000 —1 0
Es=11 0 0 0 1 0 ]; Es=|1 0001 0 0],
0 0 0 O 0 0O 00O 0 O
since then
p—DP = (cosbi)e; + (sinb)es + uzes + uyeq
+ (cos #2)es + (sinfy)eg. (2.13)

Therefore, for a singly-articulated planar object, a six-dimensional W is required. This
argument can be extended to show that for an n-fold-articulated planar object, W must be

(2 + 2n)-dimensional.

Other Results

Extending the case of a planar object by allowing motion towards and away from the cam-
era, while maintaining the orientation of the plane the object lies in, creates an additional
degree of freedom. The subspace required does not, however, need to be larger, since zoom
is already permitted by virtue of the vector e; (using the non-articulating case as an ex-
ample) derived from equation (2.12). Therefore, the tracker is capable of following this

type of motion with no change to W.

2.2.3 Experiments

To test the validity of the theory developed in the previous section in a practical tracking
situation, consider the motion of an outline of a left hand, as held in a ‘mitten’ shape, with
the thumb treated as a pivoted extra body. The overall structure should therefore behave
approximately as two pivoted bodies from the point of view of the theory. This example
has applications in a ‘mousing’ application, where an unadorned hand can be used as a

control in a user-interface.
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Procedure

Several classes of motion are considered, as given in table 2.2. Here and subsequently,

‘articulation’ means of the thumb.

Class of motion Size of
in two dimensions linear space

Translation

Rotation

Articulation

Translation and rotation

Translation and articulation
Rotation and articulation
Translation, rotation and articulation

SR RN NN

Table 2.2: Predictions for subspace dimension. The dimension of the linear subspace
of the full control-point space predicted to describe motions of the class indicated. These
results were derived in section 2.2.2.

To perform the verification, one base frame of a hand was captured and a spline manually
drawn around the outline of the hand. Extra frames of the type of motion being examined
were created in the same way; typical frames are shown in figure 2.3. Four frames more
than the expected dimension of the linear subspace were drawn. PCA was then performed
on the frames, and a drop in the eigenvalues after the first n values was sought, where n is

the value given in table 2.2.

Figure 2.3: Typical configurations used for experiments on determination of sub-
space dimension. Frames showing the hand in different configurations, with hand-drawn
splines superimposed. The hand has been translated and rotated between these two frames,
and the thumb has been pivoted.
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Class of motion Residue (%)
Translation 5.8
Rotation 14.5
Articulation 16.6
Translation and rotation 2.0
Translation and articulation 2.3
Rotation and articulation 6.8
Translation, rotation and articulation 1.9

Table 2.3: Residue — motion not accounted for by the predicted linear subspace.
The ‘residue’ calculated as a measure of how much of the motion is not accounted for by
a linear subspace of the dimension predicted. The hand was mowved in the class of motion
listed, and PCA performed to determine how much of the motion was left unexplained by
the predicted linear subspace.

Results

The base frame and extra frames described above were examined. PCA was performed on
the sets of frames, and the resulting eigenvalues of the moments matrix plotted. In fact,
the plots give the square root of the eigenvalue, since the eigenvalues are of the matrix
RyoH (where Ry is the moments matrix), which have, therefore, the dimensions of squared
distance. To get a value with the dimensions of distance, the square root is extracted.
The seven plots are given in figure 2.4, where the dotted line indicates the hoped-for
separation between motion within the predicted linear subspace and any ‘noise’. Table 2.3
shows the ‘residue’ of the eigenvalues beyond the expected number; i.e., writing \; for the
eigenvalues, where ¢ = 1,... ,n, and n is the size of the linear space for the class of motion

in question, the value r, defined as

s e
SENAT

Ideally, this value would be small, indicating that most of the motion of the hand is ac-

counted for by the predicted number of vectors.

As can be seen, these residues are indeed low; mostly under 5% or 6%, with rotation
and articulation slightly higher. Possible reasons for the larger residues in the rotation and
articulation cases and for the lack of the theoretical ‘knee’ in the curve are given below.

Also given, in figure 2.5, are the eigenvectors resulting from the PCA of the last motion
class (translation, rotation, and articulation); a sample of the span of each vector is given.

The vectors are given in order of decreasing eigenvalue, scaled according to the eigenvalue.
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Figure 2.4: Eigenvalues of principal components for various classes of motion
of a hand. Plots of V/\; against i, where \; are the eigenvalues resulting from principal
component analysis of sets of splines drawn round the hand in several positions while car-
rying out the class of motions indicated. The dotted line indicates the theoretical separation
between motion within the linear subspace of the predicted size and any ‘noise’.
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Figure 2.5: Principal components analysis on configurations of a moving hand.
The first eight principal components for a translating, rotating hand with articulating thumb,
scaled according to the corresponding eigenvalue.

Deformation

Also of interest are the effects of the articulation alone, without the translational and rota-
tional parts, in the last case. Some means of ‘subtracting’ the translational and rotational
contribution to the motion is therefore required. This is done by defining ‘zoom’ and ‘ro-
tated zoom’ vectors for a template. The ‘zoom’ should correspond to enlargement about
some sensible point; the centroid is the obvious choice for this, defined as follows. The

centroid (z,y) of a control-point vector Q = (Q*, QY) is defined by

_1Ho QT 1HQY

1741 0 77 171

where 1 is a vector of length equal to the number of control points with each entry 1 (0 is
defined in a similar fashion) and H; is the upper-left square submatrix of H of size equal
to the number of control points.

Define control-point-space vectors corresponding to z- and y-translation as follows.
w, = (1,0); wy, =(0,1).
Now define the ‘zoom’ and ‘rotated zoom’ vectors for a template Q to be
w,=Q—Iw, —Jw,; W, = wi, (2.14)

where the perpendicular operator () is defined as

(x,y)" = (—y,%). (2.15)
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Figure 2.6: Components of the vectors in figure 2.5 orthogonal to the space of
Euclidean similarities, with PCA performed. The first eight principal components for
a translating, rotating hand with articulating thumb, with the translational and rotational
components removed (see text). The vectors are scaled according to the corresponding ei-
genvalue.

Now for a control point vector Q define Q' to be the component of Q perpendicular to
the space spanned by {w,, w,,w,, w,}. Here the inner product is formed as described in
section 2.1.6.

This calculation was applied to each of the set of vectors drawn for the last case, and
PCA performed on this new set of vectors. Plots of spans from the resulting eigenvectors

are given in figure 2.6.

Discussion

It can be seen from figure 2.4 that the translation plot shows the clearest demarcation
between the top n eigenvalues and the remainder, with the other motion classes having a
less clear partition. There are several factors which contribute to this discrepancy between
theory and practice.

One problem which arises in calculating the distance between two splines as defined
using the metric of section 2.1.6 is that it is derived by integrating the squared distance
between points corresponding to the same spline parameter. It is possible to produce two
splines such that the curves are similar but the positions of the control points are quite
different. The two splines will then have a significant ‘distance’ between them despite being

intuitively similar. Each outline in the experiments was produced independently, and so
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this situation could easily have arisen. An automatic spline-fitting system, together with
some ‘matching’ similar to that used in (Ayache et al., 1992), would reduce this cause of
error.

A second factor is that the distances considered occur at quite different scales — a
translation from one edge of the field of view to the other produces a much larger distance
than an articulation of the thumb. Thus a knee in the eigenvalue plot for ‘translation with
articulation’ is unlikely. The lack of a knee in the curve is not an indication of the failure
of the theory, however; of much greater importance is the size of the residue beyond the
first n components.

The motion of the spline under articulation of the thumb does not correspond exactly
to the type of motion considered in section 2.2.2 as pivoting of two rigid bodies, since the
section of skin joining the thumb to the rest of the hand deforms significantly under such
articulation. This is apparent in figure 2.5 — for a perfectly articulating body, only the first
six eigenvectors should have any significant effect (when scaled according to the eigenvalue),
and yet all of the first eight, shown, noticeably affect the contour. Similarly, only the first
two vectors in figure 2.6 should show any marked deformation, and not the first five, as is

the case.



Chapter 3

Basic Learning

3.1 Introduction

Section 2.1.3 introduced the idea of a dynamical model, to be used for the prediction phase
of the Kalman filter used in one version of the ‘active contour’ tracker. The development
of the tracking system then proceeded without undue consideration of how the dynamical
model should be specified. When there is enough prior knowledge of the problem, it may
in fact be possible to calculate an appropriate model explicitly.

Manually specifying the dynamical model has limitations, to be raised below, and this
chapter will look at the concepts involved in ‘learning’ such a model from a training se-
quence, treating the problem as one of parameter estimation in the statistical sense. The
idea is that a sequence of states (zi,zo,...,z7) is treated as a (vector-valued) random
variable, whose distribution depends on a set ¢ of parameters. The learning problem is
then to estimate the parameters given a realisation (z7,z3,... ,z%), or in some cases a set
of realisations, of this random variable, namely a training sequence. Within the constraints
of an auto-regressive model, the problem has a relatively straightforward solution, whose
derivation is given.

The beneficial effect of using a correctly-learnt model in a tracking system will be
illustrated, although not in any great detail as these techniques have been known since
the work of Blake et al. (1995), and an example of a different use — classification — of
dynamical models will then be considered. In this application, the aim is to determine which
model of a set of M candidates best explains a previously unseen sequence. Within the
statistical framework, this problem is formalised as follows. There are M sets of parameters
01,92, .. M, one for each model, learnt from training examples. The likelihood that the
unknown sequence originated from each model can then be calculated, and the most likely

model selected as the system’s classification output for that sequence. The technique will

35
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be illustrated with example data from electroencephalogram sequences used in classification

of sleep patterns.

3.2 Learning a Dynamical Model from a Training Sequence

Section 2.1.3 introduced the dynamical model used in all tracking applications considered

in this thesis. It takes the form of an auto-regressive model:
(Xt - i) = A(Xt,1 - i) + BWt

for a suitably-dimensioned state-vector x;.

The deterministic component A and the coupling B of the noise into the system together
constitute the parameters of the model. As discussed, they can be set by hand, but this
can be impractical — the number of parameters to be set goes up as the square in the
dimension of the state vector x. An important problem is therefore that of automatically
setting the dynamical model; in other words, learning an appropriate dynamical model

from training data.

3.2.1 Maximum-likelihood Estimate

A sequence of states (x],...,x}) can be considered as a realisation of a random process

depending on a set of parameters ¢. Here, ¢ = (A, B):

(X7, X)) ~ f(X1,... ,XT;0). (3.1)

The problem is to produce an estimate of ¢ given the realisation (x7,... ,x%). The topic of
how one can formulate an ‘estimator’, in other words a function §() which yields an estimate
of ¢ given a particular set of values (x},... ,x}) for the random variables in question, is
covered by, for example, DeGroot (1985). The theory of ‘Bayes estimators’ requires one to
specify both a prior distribution on the parameters ¢, and a ‘loss function’ L(¢, ) which
describes the cost of using a value a when the true value of the parameters is .

A relatively simple method of avoiding the necessity to specify these functions is to use
the ‘Maximum Likelihood’ estimator, originally introduced by Fisher (1912). Tt is based on
the idea that one should choose the ¢ which makes the realisation most likely, where the

likelihood of certain value ¢ given the realisation is

ACSTRRRRE L")
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The maximum likelihood estimator of ¢ is then

omr = arg max f(x7j,... ,X7;).
o

This estimator will be used here.

The Maximum A Posteriori Estimate

Within a Bayesian framework, the parameter vector ¢ is itself considered as a random
variable. Suppose it has a prior distribution with density function g. Then the distribution
in eqn (3.1) can be thought of as the posterior distribution for the state sequence given the

parameters:

f(xl"" ,XT;(P) :p(xl"" ?XT|(10)'

Now, by Bayes’ rule, the distribution for ¢ given the sequence can be written as

p(Xl,--- 7XT|(P)9(‘70)
p(x1,...,x7)
o f(x1y...,x7590)9(0).

plelxi,... . xp) =

In the case of little prior information, the influence of g(¢) on the posterior distribution can
be neglected, reducing the maximum a posteriori estimate to the maximum likelihood one.
In the case of learning a dynamical model for a tracking system, there is little that can be
said a priori about the parameters, so using the maximum likelihood estimate is justified
within a Bayesian setting. The results developed in this section have their ultimate roots in
the work of Yule (1927) and Walker (1931), and are well understood (Gelb, 1974; Goodwin
and Sin, 1984).

3.2.2 One-dimensional First-order Systems

To introduce the ideas used, the problem of finding the maximum-likelihood estimate of a
first-order dynamical model for a one-dimensional system will be addressed. The dynamical

model is then of the form
T = axi_1 + bwy,

where the w; are independent and each w; ~ N(0,1). Here only systems with zero mean
are considered. The analysis extends easily to systems with known mean (by subtracting

the mean from each datum); the extension to unknown mean is given later.
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A training sequence z7, x5, ...,z of states is given. The problem is to find the values
of @ and b which maximise the likelihood p(z},z3,... ,z% | a,b), or, equivalently, the log-

likelihood L. From the independence of the wy, this can be written as

T
L(x}, a5, oy |a,b) =Y log[ppw, (7 — azi_y)].
t=2

Now,

_ 1 )
pbwt ({I") - \/ﬂb exp x 9

so, up to an additive constant,

1
L=—(T-1)logh— > (z} - az; )%
Expanding the squared terms inside the sum gives:

1
L=—(T-1)logb— 2—1)2(7"00 — 2aro; + a27"11),

where the moments r;; are given by

T
rij = Z Ty Ty
t=2
Setting dL/0a = 0 gives

_Tol
r11
and setting OL/0b = 0 gives
2 1 2
b = —(TOO - 20,7“01 +a 7'11).

T-1

There is an inevitable ambiguity of sign in b, since +bw,, are identically distributed.

3.2.3 Vector Second-order Systems

For the purposes of prediction with a tracking system, a first-order model is inadequate —
its range of modes is limited to simple exponential decay or growth. A second-order model
allows the resulting system to display oscillatory behaviour, and is often a more appropriate
representation of the real motion. Also, vector systems must be considered. This section
develops the theory for learning such a system.

The problem now is to find the maximum likelihood estimate of a system of the form

Xt = A1Xt71 + Agxt72 + BWt
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from a training sequence xj,x5,...,x7. Here, A;, Ay, and B are matrices, and w; are
independent multivariate Gaussians; each wy ~ N (0, I).
As before, the log-likelihood can be written up to an additive constant as

T
1 T
L= -5 Z(xz‘ —Aix} | — Aoxt ) B TB N (x) — Aix} | — Aox} ) — (T —2)log | B|.
t=3

Following Blake et al. (1995), this can be re-written as follows, using z " Ay = tr[(zy ) A]
(where tr(A) is the trace of a matrix A).

1 1
L= —§tr(zc—1) — 5(T = 2)log|C],
where C = BB and

Z = Roo — Rnn A — RppAg
— A1Ryp + AiR1A] + A1Rip A
— AgRy + AgRo1 Al 4 AsRaa A5,

the matrix moments R;; being given by
T
T
Rij =) xi_i(x;_;)
t=3

L must be differentiated with respect to both the Ay matrices and C; the following deriv-

atives will be needed.

8‘1 [tr(ASCH] =C~ TS,
A [tr SATC™ )] =0 Ts;

[tr ASATC- )] —cTA (S + ST) .
This results in the following equations for the deterministic parameters A; and As.

ARy + A2Ro1 = Ry
A1Ri2 + A2 Ry = Roo.

Using 9|M|/OM = |M|M~T gives the following expression for C.

_ 1 T T
C = T— 2<R00 Ro1 A} — Rpa Ay
— ARy + A1R11AI + A1R12A;—
— AgRyg + ARy A + A2R22A2T)
1

= m (ROU — AlR[)l - A2R02) )
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where the simplification comes from the equations satisfied by the A;. Note that only C
can be found, as any orthogonal transformation of B will produce the same distribution for

Bwy. This is the same phenomenon as the sign ambiguity in the scalar case.

3.2.4 General-order Systems with Unknown Mean

The general form of a system with unknown mean and model order K is

K
Xy = Z Apxy +d + Bwy,
k=1

where the offset d is related to the system mean X by

K
d=(I-) Apx.
k=1

Specifying d rather than X is more general, as it allows systems which have no mean, such
as a constant-acceleration system. In this case, the maximum-likelihood estimate of the

system parameters (A, C,d) is derived in appendix A.3.2. The result is that

AR = RY;
€ = ot (Rh — ARYT):
d = (R~ AR),
where
Ry .
R = }?2 ; R; = Z Xi i
: t=K+1
Rk
and
R}, R}, -- R[l),K
O B R PRI R Pe )
Ré(,l R%g R?.(,K
with
) T
R}, = Ryj — ﬁRz‘RjT; Rij= > xi;(xi)"
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3.3 Filtered Learning

In many situations, and in particular the domain of visual tracking considered here, a
‘ground truth’ sequence of state vectors is not available. All that is available is a sequence
of images. If the environment within which the training image sequence is gathered can be
controlled, for example by recording it in a situation with low clutter, a sensibly-specified
default dynamical model may well result in adequate tracking. This filtering produces a
sequence of estimated state vectors, and one obvious approximation to make is that these
estimates are good enough to treat as the true state vectors in the learning algorithm. The
calculation of the maximume-likelihood estimate of a dynamical model from the estimated
state vectors of a training sequence will be referred to as ‘filtered learning’.

This is the approach taken by Blake et al. (1995), where dynamical models were learnt
for a hand-tracking application, and also a lip tracker. In all cases, using the filtered learning
algorithm produced a more reliable tracker. As an illustration, one of the lip-tracking results
is shown in figure 3.1.

Unavoidably, however, when the tracker has been trained to follow one type of motion
(for example, horizontal (in the image plane) oscillation), it performs less well when presen-
ted with motion of a different type (for example vertical oscillation). It is difficult to create
a dynamical model which at the same time covers all possible motions of the object without

having so much generality that the benefits of having a model are lost.

3.4 Classification using Learnt Dynamical Models

The use of a dynamical model within a Kalman filter, for example the vision-based trackers
discussed, is for prediction. A model is chosen which best fits training data, within some
constraints (such as fixed-order auto-regressive models with Gaussian noise). This model
is then used to provide a prior for tracking motion of a similar type.

Once a dynamical mode has been learnt for a particular type of motion, it can be used
to judge how likely it is that a test sequence has arisen from that model, by means of the

log-likelihood:
L = log[p(sequence | model)].

With more than one model, each learnt to represent a different type of motion, this tech-
nique can be used to classify a test sequence — evaluate the log-likelihoods for each model,

and choose the model with largest L.
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(a) Trained on ‘Pah’

(b) Trained on ‘Ooh’

Figure 3.1: Filtered learning produces a more reliable tracker. A profile view of
a speaker repeating the syllable ‘Pah’ is tracked, using two models produced using filtered
learning. The first, shown in (a), was trained using a sequence of repeated ‘Pah’ utterances.
The second model, shown in (b), was trained on a series of ‘Ooh’ syllables. The model learnt
from matching training data performs much better, as can be seen both in the estimated
time-series (showing estimated mouth opening as a function of time) and the snapshots.
Figures courtesy of A. Blake and M. Isard.
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EEG Data

As an example (non-vision) application, the problem of classifying sleep types from EEG
data is addressed. The experiments described are the original work of the author. An
electroencephalogram (EEG) has been successfully used for automatic classification of sleep
types, with the system involving a neural network (Pardey et al., 1995; Pardey et al., 1996).
This section investigates a simpler alternative based on likelihoods. A subset of the problem
addressed in (Pardey et al., 1996) will be used, that of distinguishing between three types
of sleep state — wakefulness (dubbed Wake henceforth), REM sleep (REM), and deep sleep
(Sleep4).

Data used in this section were kindly provided by Neil Townsend. The data consist
of samples at 128 Hz, digitised to 8 bits, unsigned. Data from nine healthy and normal
subjects were available, with sequence lengths ranging from just over 5 hours to around
10 hours. This corresponds to a few million time-steps at 128 Hz. These data sequences
were divided into epochs of 30s, and each epoch was given a ‘ground truth’ classification,

decided upon by human experts.

3.4.1 Learning the Models

For each of the three types of sleep under consideration, 10 epochs of that class were chosen
at random from the sequences. For ease of spectral analysis, the first 16 s section of each

epoch only was used, this corresponding to 2048 time-steps.

Example Training Data

Traces for examples drawn from each training set are shown in figure 3.2. As noted, the
sequences were actually 2048 steps long, but only the first 1024 are shown here for clarity.
Approximations to the spectra of the signals, gained by operating on the whole (2048)
sequence with the Discrete Fourier Transform, are shown in figure 3.3. The graphs have
been smoothed slightly. The large DC component has been subtracted off these and all
subsequent spectra.

From these training sequences, models were learnt using the standard Yule-Walker equa-
tions, with moments added from the 10 examples (see appendix A.4). Even model orders

from 2 to 12 were used.
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signal
255
‘ ‘ ‘ time
%s 2s 4s 6s 8s
(a) Example of Wake training data
signal
255
‘ ‘ ‘ time.
%s 2s 4s 6s 8s
(b) Example of REM training data
signal
255

‘ ‘ ‘ time
%s 2s 4s 6s 8s
(c) Example of Sleep4 training data

Figure 3.2: Time-series of training data for Wake, REM, and Sleep4 states exhibit
significant differences. For each sleep state, one of the ten epochs used for training
purposes is shown. The behaviours of the categories are quite distinct. The saturation of
the sensor in (c) is of interest, and is discussed later.



CHAPTER 3. BASIC LEARNING 45

power

S

DC 8Hz 16Hz
frequency

(a) Discrete Fourier Transform of example Wake training data

power

N

DC 8Hz 16Hz
frequency

(b) Discrete Fourier Transform of example REM training data

power

DC 8Hz 16Hz
frequency

(c) Discrete Fourier Transform of example Sleep4 training data

Figure 3.3: Spectra of example training data have different characteristics. The
sequences shown in figure 3.2 have been subjected to a discrete Fourier transform. The
differing power distributions between the sleep states can be seen.
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3.4.2 Classifying with the Models

From the data available, 10 test sequences of each type were chosen at random (with the
condition that the test sequences be disjoint from the training sequences). Time series of

example test sequences are shown in figure 3.4.

signal
255
‘ ‘ ‘ time
%s 2s 4s 6s 8s
(a) Example of Wake test data
signal
255
‘ ‘ ‘ time.
%s 2s 4s 6s 8s
(b) Example of REM test data
signal
255 ¢

‘ ‘ ‘ time.
%s 2s 4s 6s 8s
(c) Example of Sleep4 test data

Figure 3.4: Test data show similarities to the training sequences. The sequences
shown here bear a strong resemblance to the corresponding time-series of figure 3.2, indic-
ating that the use of dynamical models should be a sensible approach to the classification
problem.

Approximation to the spectrum of the signals, gained by operating on the whole (2048)
sequence with the Discrete Fourier Transform, are shown in figure 3.5. Again, the graphs
have been smoothed slightly.

The learnt dynamical models of even orders 2—-12 were used to evaluate the likelihood of
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power

N

DC 8Hz 16Hz
frequency

(a) Discrete Fourier Transform of example Wake test data

power

Mo o

DC 8Hz 16Hz
frequency

(a) Discrete Fourier Transform of example REM test data

power

DC 8Hz 16Hz
frequency

(a) Discrete Fourier Transform of example Sleep4 test data

Figure 3.5: Spectra of example test data exhibit similar characteristics to those
of training data. The discrete Fourier transform has been used to approximate the spectra

of the time-series of figure 3.4. The similarity between these and the spectra of the training
sequences shown in figure 3.3 is apparent.
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these 30 test sequences. The results of classifying the test sequences using models of each

order are summarised in table 3.1.

Classifier output Classifier output
Wake Sleep4 REM Wake Sleep4 REM
Wake 0.9 0.0 0.1 Wake 0.9 0.0 0.1
Tr Tr
S ta‘:Z Sleepd 0.0 1.0 0.0 S ta‘:i Sleepd 0.0 1.0 0.0
REM 0.1 0.0 0.9 REM 0.1 0.0 0.9
2nd-order model 4th-order model
Classifier output Classifier output
Wake Sleep4 REM Wake Sleep4 REM
Wake 0.9 0.0 0.1 Wake 0.9 0.0 0.1
Tr Tr
S ta‘:Z Sleepd 0.0 1.0 0.0 S ta‘:i Sleepd 0.0 1.0 0.0
REM 0.1 0.0 0.9 REM 0.1 0.0 0.9
6th-order model 8th-order model
Classifier output Classifier output
Wake Sleep4 REM Wake Sleep4 REM
Wake 0.9 0.0 0.1 Wake 0.9 0.0 0.1
Tr Tr
3 ta‘tli Sleepd 0.0 1.0 0.0 S taﬁ Sleepd 0.0 1.0 0.0
REM 0.1 0.0 0.9 REM 0.0 0.0 1.0
10th-order model 12th-order model

Table 3.1: Classification of epochs using dynamical models is successful. Ten
examples of each type of sleep were presented to each learnt model, and the proportions of
each type which gave each output classification are shown here. (For example, a second-
order model, when presented with 10 known Wake sequences, gave the classification Wake for
9 of them and REM for the remaining 1.) The results are good using models with as low an
order as 2. Increasing the model order does not bring any improvement in the classification
results until it reaches 12, at which stage the mis-classification of one of the REM sequences
as Wake disappears.

Even a second-order model provides good discriminatory power between the three states.
Increasing the model order as far as 12 does cause one of the misclassifications to become
correct, but the other remains. In general, though, classification by straightforward log-
likelihood ranking is very successful. More experiments would be required to fairly compare
with the neural-network-based system of (Pardey et al., 1996) — considering all six states
instead of just three, and working with shorter epochs (1s intervals are classified). Time

did not permit this work to be carried out; it could be a topic for future investigation.
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Misclassified Test Data

These are the examples which gave trouble with the classification. Firstly there is a section
whose correct classification is Wake, but which was incorrectly labelled REM by the algorithm.
Its time-series and spectrum are given in figure 3.6, together, for comparison, with copies

of the example training spectra for Wake and REM states.

signal
255 ¢
‘ ‘ ‘ time‘
%s 2s 4s 6s 8s

(a) Time series of Wake sequence incorrectly labelled as REM

power

N

DC 8Hz 16Hz
frequency

(b) Discrete Fourier Transform of Wake sequence incorrectly labelled as REM

power power

N A

DC 8Hz 16Hz DC 8Hz 16Hz
frequency frequency

(c) Spectrum of Wake training data  (d) Spectrum of REM training data

Figure 3.6: Classification using dynamical models is not perfect — Wake test data
is labelled REM. Classification based on likelihoods of dynamical models is not perfect; this
section of Wake test data has the greatest likelihood of arising from the learnt REM model.
Comparing the time-series to the REM test sequence of figure 3.4(b), a similarity is present.

Secondly, there is a section of REM data which was incorrectly labelled as Wake, which
is illustrated in figure 3.7.
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signal
255

50

time‘

%s 25

4s 6s 8s

(a) Time series of REM sequence incorrectly labelled as Wake

power

DC

8Hz 16Hz

frequency

(b) Discrete Fourier Transform of REM sequence incorrectly labelled as Wake

power

N

DC 8Hz

16Hz
frequency

(c) Spectrum of REM training data

power

S

DC 8Hz Hz

16
frequency

(d) Spectrum of Wake training data

Figure 3.7: Second erroneous classification — REM test data labelled Wake. This REM
sequence appears fairly unrepresentative of any state to a human observer, when compared
to the time-series of REM and Wake states given in previous figures.
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It is understandable that this second example was misclassified — there is a large
section at around 7-8s which is extremely atypical. The sensor has exhibited ‘clipping’ or
‘saturation’ (returning a reading of 255 for a true value which is almost certainly higher).
The phenomenon is effectively one of ‘missing data’; this will be addressed in section 4.6.
Time did not permit the implementation of the theory, and so no experimental evidence
is available. It would be interesting to see whether explicitly handling the clipping could

correct the problematic classifications.

Remarks

A feature of the data considered here is that their amplitude can not truly be treated
as bearing any information — factors such as the gain setting on the instrument and
the quality of the electrode/patient contact have an influence on the overall scale of the
readings. Therefore, using the driving noise B as part of a classification system is perhaps
disingenuous, as its only effect in a scalar system is to scale the whole sequence. Thought
should be given to calculating likelihoods in a scale-independent manner.

Another interesting point is that auto-regressive model fitting can be used as a spectrum-
estimation technique (Pardey et al., 1996), and therefore it may well be possible to consider
the likelihood comparison as an operation in the frequency domain. A human observer can
certainly perform such a comparison. Investigation of this idea could be an area for future

work.



Chapter 4

Learning Dynamical Models using
EM

4.1 Introduction

Section 3.3 described how specifying a dynamical model for a Kalman-filter-based tracker
can be achieved by learning from a training sequence. In the absence of true states, the
approximation was made that the filtered estimates given by tracking the training sequence
using a hand-set model were close enough to the true states to treat them as such.
Consider, however, the results of applying the filtered-learning algorithm to a synthetic
first-order scalar system with different levels of measurement noise, shown in table 4.1. For
the true values of a and b shown, a state sequence was generated, as were measurements
according to the standard measurement model z = hz +v. These measurements were then
filtered with a dynamical model close to, but not exactly equal to, the true one, and the
resulting estimates used to produce the ‘filtered-learnt’ system. This learnt system is shown

for various values of the relative importance of the process and measurement noises.

0?/h?*h?> Estimate of ¢« Estimate of b

(a=0.8) (b=0.2)
0.01 0.803 0.184
0.25 0.780 0.100
1.00 0.720 0.055
4.00 0.666 0.032

Table 4.1: Filtered learning becomes increasingly inaccurate as measurement
noise increases. The model resulting from applying filtered learning to a synthetic first-
order scalar system is shown against the level of the measurement noise in the system. It
can be seen that for low measurement noise, the estimate is reasonable, but as measurement
noise increases, the estimate of the process noise in particular becomes extremely inaccurate.

52
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The filtered learning approach, then, works well when there is low measurement noise.
In such circumstances, the filtered state estimates are good compared with the true states.
However, when measurement noise is higher (in a visual tracking system, this situation
arises in the presence of image clutter or motion blur, for example), the accuracy of the
filtered estimates drops, and a dynamical model learnt from these estimates can be grossly
incorrect, particularly with respect to the process noise learnt. This chapter addresses the
problem of learning the dynamical model directly from a sequence of measurements, using
the statistical technique of Expectation-Maximisation (EM).

The EM algorithm, as introduced by Dempster et al. (1977), is a general iterative tech-
nique for performing maximum likelihood estimation of parameters in problems which can
be regarded as having ‘missing data’. It has been applied in various situations, for example,
learning the parameters describing a neural network for pattern recognition (Bishop, 1995;
Ripley, 1996), and learning Hidden Markov Models for use in speech recognition prob-
lems (Huang et al., 1990; Rabiner and Juang, 1993). It has been used for computer vision
research in areas including optic flow computation (Jepson and Black, 1993) and the pro-
cessing of noisy images (Tanaka and Katayama, 1989), and its convergence properties have
been studied (Wu, 1983; Boyles, 1983).

The technique of EM is a natural approach to apply to the present problem: the missing
data are the true states describing the configuration of the contour, and the observed data
are the image-based measurements. This chapter develops the theory to solve the problem
using EM, and demonstrates its use on synthetic data. The following chapter shows the
improvement gained by using models learnt in this way as the prediction component of a
real-time dynamic contour tracker. The chapters contain material originally published by

North and Blake (1997; 1998).

4.2 The Expectation-Maximisation Algorithm

The derivation of the fundamental EM theory in this section follows (Dempster et al.,
1977). Suppose a problem can be represented in terms of two measure spaces: Z, a space
of observable data, and X, one of unobservable data. Suppose also that there is a parameter
vector ¢ on which the distributions of Z and X depend. The aim is to find that ¢ which
maximises L(z, @) = log[p(z | ¢)] for a given set z of observed data. For example, z might
be a set of samples from a Gaussian mixture; here ¢ would consist of the means and
variances together with the mixture probabilities. In general, finding this ¢ is not possible

analytically, and so some approximate algorithm must be used instead. The Expectation-
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Maximisation algorithm produces a series of estimates for ¢, each one producing a greater
value for L. The procedure can then be run to convergence of .
Given an estimate ¢; for ¢, the question is how to produce another one, ¢;,1, which is

better in the sense that L(z, p;y+1) > L(z, ;). Now
p(zz]¢) = p(z|@)p(z| 2, 0),
and so
L(z, ) = loglp(z, z | )] —log[p(z | z, ¢)]. (4.1)
Now consider the following:
loglp(z | pis1)] = logip(z | )] [ ooz, ) do

- / loglp(z | pis1)lp(z | 2, 1) de
= Efloglp(z | ie1)] | 2 i

= E[L(z, pi+1) | 2, @i,

where £ is the expectation operator over the distribution for x.

Using (4.1) this becomes
L(z,0i11) = Q@i 0iv1) — H(pi, 0it1),
where

Q(pi, piv1) = Ellogp(z, x| wiv1)]| 2, il;

H(pi, pir1) = Elloglp(z | z, pit1)]| 2, i)
Now, H(pi,pit1) < H(pi, pi) for any ;i1

p(z |z, <pz~+1)]
H(pi, piv1) — H(pi, @i 2/10 [7 T |z,p;)dz
(@ispit1) (i, pi) g (@ | 2200 p(z|z,0;)

< / [M—1] (| 2 05) dz

(]2 0i)

/ (]2, pit1 dx—/p(ﬂza%)dfﬂ

where loga < a — 1 has been used to give the inequality, and the last line arises because

both integrals evaluate to 1. (The case of a discrete distribution is similar to that of a

continuous one.)



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 55

Therefore, picking any ;11 such that Q(¢;, pit+1) > Q(pi, i) will increase the value
of L; in particular, finding the ;1 which maximises () will produce a better estimate for
the parameters. This procedure can then be iterated until a satisfactory estimate of ¢ is
produced.

Explicitly, choosing ;11 to maximise

Qi pin) = / loglp(z, 2 | pi1)lp(z | 2, 5) de

in the continuous case, or
Qi pir1) = Y _loglp(z, 2 | pi1)|P(x | 2, i)
x

in the discrete case, will produce a better estimate for .

Gaussian Mixture Example

Consider as an illustrative example the case where z is a set of N independent data points
drawn from a Gaussian mixture of M components. The case where each component is
constrained to be isotropic is presented as an example in (Bishop, 1995). The set ¢ of
parameters then comprises the means y; and variances X; as well as the distribution P(j)
of the components. For ease of notation, write superscript 0 to indicate distributions given
@ = ;, and similarly for superscript 1. In this case, z is a vector such that z" is the

mixture component from which z" came.

Then
loglp(2,2)] = > log[P" (z")p (2" | 2™)]
- ZZ Ojan log[P' ()p" (=" | 5)],
giving
Q= Z Z > djan loglP! (i)p' (=" | )P (= 2).
Now ]

Po(z]2) = [T PO(a™]=™),

SO

Q=222 o loglP'()p' (" | [[ POa™ | 2™).
zl N o on g m
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Now reorder the summations, take the logarithm term outside the summations over '

and consider the following.

Z...Z5jInHP0(xm|z Z ZZ ZP0]|z HPOxm|zm

pn—1 gn+l m#n
- P12 Z Z > 2 [ Pemiem
gn—1 gn+l N m#n
and, for ease of notation writing (z',... 2"~ 1 2"t ... 2N) = (u!,... V7Y,
Z ZHPO m|z :Z(PO(UI|Z1) <(Z PO(UN1|ZN1)>-">>
uN-1 m ul uN-1
=1

by substituting from the innermost sum outwards. Therefore,
Q=" P|2")log[P' (j)p' (" | )]
noj
In the case of a Gaussian mixture,
. _ _ 1 _
P 19) = (2n) B enp |- - )T 6 - ).
SO
1/ n| . d 1 1 1 n T y1\—1/_n 1
loglp' (2" )] = —5 log(2m) — 3 log | — (=" — ) T(B) (" — i),
where d is the dimension of each 2™. Thus, to within an additive constant,

Q=YY Pl [10gp1(j) - élogmh
noj

— S =T - )

and it is this which must be maximised with respect to the P*(j), the u} and the Z;. There
is the slight complication that there is a constraint on the P!(j), namely that their sum

must be 1. Therefore, introduce a Lagrange multiplier A and maximise the quantity
Q=Q+X[>_P'(j—-1], (4.2)
J

including A in the set of variables over which the maximisation takes place.

Setting dQ/9[P'(5)] = 0 gives

Po(j|2") o
Zn:[ 1) ]+>\_0, (4.3)
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now multiply by P!(j) and sum over j to get
SN [P ZM] +a=0.
ki n

Exchanging the order of summation then gives A = —N. Substituting this back into
eqn (4.3) gives

|
1.\ 0/ n
P (J)—NXH:P (12"
Setting 9Q/ au} = 0 gives
PG [ )T ] =0
22 ou j j j ’

and

0

57 [ = TSN " - uh)] = 26" - )T

so substituting this, taking the transpose and rearranging gives

- T PG
SN D

Finding 0Q/ 62} is unpleasant; therefore solve instead for R; = (Zjl-)*l. Differentiating

eqn (4.2) with respect to R; gives

aQ m 1 0 10 n n
a—zzj:;P()(ﬂz)[——loglel— ("~ ) TRz ‘“al')”

2 OR, 208

and, using
4 —-T 9 n I\ T n 1 n 1 n I\ T
o 8 IR = T g [ ) TR = )] = " = i) - )

and the fact that R; is symmetrical,

1 S PG E =i — )T
’ >, PO(j |27

results.

Experiments The algorithm, for the case of a Gaussian mixture in two dimensions, was
implemented, and a Gaussian mixture of 5 components was fitted to a set of 1000 data points
drawn from a distribution uniform over an annulus. The initial value for ¢ was chosen by

picking the first five data points as the means, setting the variance of each component to be
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isotropic with variance equal to the distance to the nearest mean of the other components,
and setting the mixture distribution to be uniform over the five components.

The results are shown in figure 4.1; 96 iterations of the algorithm were performed, and
a sample of frames shown in the figure. Increasing iteration count goes in raster order. It
can be seen that the algorithm seems to converge to what would intuitively be expected as

a best fit to the data.

4.3 Learning Dynamical Systems from Data Sequences with
Missing Points

In this section, the Expectation-Maximisation algorithm is applied to the problem of learn-

ing a dynamical model from a training sequence where some of the data points are missing.

4.3.1 First-order Scalar System

The first, simplest, case to be considered is the case where the data are scalar, and the

dynamical system is first-order, i.e., of the form
2y — T = a(zi—1 — T) + bwy,

where Z is the mean of the system, a describes the deterministic part of the model, w; are
independent noise terms, each of which is unit normal, and b describes the coupling of this

noise into the system.

Maximum Likelihood Estimation of Parameters First recall from section 3.2 the
procedure for producing the Maximum Likelihood estimate of the system parameters when
there are no missing data.

Assume that the mean of the data set is 0. Then the dynamical model is
Ty = axy_1 + bwy, (4.4)

and the parameter vector ¢ is then the pair (a,b).

The important results from section 3.2 are the actual maximum-likelihood estimates:

T01 1
a=—; b =

- T_1 (TOO — 20,7“01 + a2r11), (45)

and the expression for the log-likelihood:

L=—(T—1)logbh— —=(rop — 2arg, + a’ry1), (4.6)

1
207
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Iteration 1 Iteration 2 Iteration 4

Iteration 8 Iteration 13 Iteration 20

Iteration 64 Iteration 79 Tteration 96

Figure 4.1: The Expectation Maximisation algorithm calculates a best-fit Gaus-
sian mixture to a uniform distribution on an annulus. The 1-0 uncertainty ellipses
for the components are shown; as further iterations are performed, the mixture converges
towards what is intuitively expected as a best fit (there may be no unique best fit owing to
the rotational symmetry of the initial distribution) to the supplied data set.
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*

Missing Data Point Consider a data sequence with one of the points, say =%,

missing,
and the problem of estimating the system parameters from these flawed data. The observed
data are x7,x3,...,25_,x}, ,..., 2}, and the hidden datum is z}. From eqn (4.6) above,
the log-likelihood L is a linear function of the moments r;;, so £[L | ¢] may be computed
from the expectation of these moments (over a distribution for the missing datum).

Note that the only terms in ro; which involve z7 are z; z7; and z;x},;, which are

both linear in z%, and so
Elror(z7)] = ro1(E[z7]) (4.7)

(treating 791 as a function of z¥ in the intuitive way). However, rop and r1; both include
the term (z*)? (assuming 7 # N — this makes sense since if the last datum is missing, it is
ignored completely, and the sequence z7, x5, ..., z7_; considered instead; similarly, assume

z7 is not missing), and
El(w)?) = E[w2)? + Vars). (4.8)
Therefore,

Elrin (7)) = ru(Efx7]) + Varlzz],

*

*] will therefore give the expected values of the

and finding the values of £[z¥] and Var[x

moments r;; and hence E[L | ¢).

Distribution of the Missing Data It will be shown that

a
5[$: |a’ b, :L'T’ s ,$:,1,$:+1, s 71';’] = m (a"ikrfl +$ikr+1) ) (49)
Var[z} |a,b,z7,..., 25 1, T5 q,...,27] = T+ a2 (4.10)

by finding the distribution for z* given a previous estimate (a,b) of the parameters and
the observed data. (Henceforth, the conditioning on a,b,z7,...,2;_;, 25, ,...,2} will be
omitted where this omission does not introduce ambiguity.) The missing value z¥ occurs

in two time-steps of the dynamical system, eqn (4.4):

Ty = arr_| + bw,;
* _ *
T = ar; +bwry
so, eliminating the unknown z7,

* 2 %
iy —a“w; | = abw; + bw,yq,
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and this condition (on the random variable abw; 4+ bw;;1) must be incorporated. In the

notation of section 4.2 (z is the observed data and z the hidden data), then,
P(5120) = Do (5 — azt_ | abwy + by 1 = &by — a20i_), (4.11)

where the condition is, essentially, that both the values of the unknown random variables

w; and w;_; produce the same value for z7. To calculate this probability density, put

A = bw;; (4.12)
B = bw7—+1; (413)
C = a4; (4.14)
D =B+C. (4.15)
Then, writing
u=xk, —a*ri |, (4.16)
the required probability is
p(y | x, (70) = pA(Z | D = u)|z:x_";—am_’;71 . (417)
Now, by Bayes’ rule,
pa(z|D =w)pp(u) = pp(u| A= 2)pa(z), (4.18)
and
(@) = palo) = ——exp (1) (4.19)
pr_pr _b\/2_71' Xp 2b2 ) .
1 z?
)= ——exp | ——s ); 4.20
pC’( ) |a|b\/ﬂ Xp( 2a2b2> ( )
pp(z|A=2) = pp(z — az). (4.21)
Also, since D = B + C, and both B and C' are Gaussian.
1 u?
= —_— . 4.22
po(t) (L+a2)20y2r 7 ( 2(1 + a2)b2> 422)

Therefore, the distribution of the missing datum is as follows.
(1 +a?)!/? (1+ a?) a 2
W Pl|— 2{)2 zZ — 1+ a2u . (423)

pa(z| D =u) =
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Therefore, the random variable A conditional on D = u, denoted (A |D = u), is given by
a b?
Al D=u)~N |2 _ 2>
(41D =) (1+a2’1+a2>’
from which can be deduced the values for £[z%] and Var[z¥] given at the start of the section.
This expected value can then be used to find the expected values of the moments of the

(complete) data, using eqns (4.7) and (4.8).

Extension to Multiple Missing Data Note that the above derivation applies, since
the model is first-order only, to any number of missing data, provided that no two missing
data points occur consecutively in the sequence. Suppose, therefore, that M data points
T}, %5, .-, Ty,, are missing (with 7;,1 — 7; # 1). Note also that the variance of a missing

data point depends only on the previous estimate for the parameters; therefore, the expected

values of the moments are as follows.

g[’f‘og] = 7“00(5[:17:1],5[56:2], e ,g[l':M]) + MO'Z; (424)
Elro] = ro1(€lz7, ], €z, ], Elar,,]); (4.25)
g[’f‘n] = 7“11(5[:17:1],5[56:2], PN ,g[l':M]) + ]\40'2 (426)

(where 02 = b%/(1 + a?) is the variance of any one of the missing data points — they are

all the same).

Update Equations for EM The update equations for one step of the algorithm there-
fore consist of finding the expected values of the mean and variance of the missing data
points (using equations (4.9) and (4.10)), finding from these the expected values of the
moments r;; (using equations (4.24)—(4.26)), and then calculating a new estimate (a’, ") of

the parameters:

o = S ) = e (Elron] — 20E o] + (@€ rn]). (4.27)

The EM algorithm then proceeds as usual by setting ¢ = o’ and b = b’ and iterating this

procedure until convergence of the parameters a and b.

Convergence Any numerical, iterative optimisation procedure, such as the EM algorithm
and its application to the problems considered within this thesis, requires one to decide when
to stop the procedure. Ideally, some automatic decision process is used, typically stopping

the algorithm either when an iteration produces a change in the parameters of interest less
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than some threshold value, or when the change in the value to be optimised (in this case,
it is the likelihood which is to be maximised) is below some other threshold value. These
tolerances are often related to the floating-point precision of the architecture in use (Press
et al., 1988).

In this case, the problem is exacerbated by the fact that the convergence of the EM
algorithm is often slow. (This is known from other work (Wu, 1983), and will also be
seen in experiments throughout the remainder of this thesis.) Furthermore, several of the
later applications (for example those in chapter 7) have the property that each individual
iteration is very computationally expensive, sometimes taking several hours of CPU time
on the hardware used.

Therefore, in the experiments described in this thesis, the convergence of the estimates
was judged by inspection. In some cases, a decision was made to terminate the algorithm
even though it was apparent that the system was close to convergence without having
reached a final converged value. Even though the computational budget for an off-line
process (such as the learning problems considered) is significantly larger than for an on-line
process, it is still desirable to keep the burden within reasonable bounds, and so it may not
be feasible to run to true convergence.

An area for future work could be an investigation of how one could specify a criterion
for automatically stopping the process. This could perhaps be done using a tolerance on
the parameter estimates, expressed in terms of natural units, such as the time scales of
the modes of the system. Comparing the performance of models learnt in this fashion
(using computational resources which could not realistically be used within a practical
system) with that of models learnt as in this thesis — using manual (and sometimes looser)

termination conditions — would also be of interest.

Experiments with Synthetic Data The EM algorithm in this case was implemented,
creating a data sequence by simulating the model of eqn (4.4). A number of these data
points were then marked as ‘missing’ and treated accordingly in the algorithm. Their
simulated values were therefore not used.

To initialise the algorithm, starting estimates for the parameters a and b are required.
These were obtained by ‘faking’ the missing data as follows: each missing point was set to
the mean of the one before it and the one after it. (This is always possible since it was
ensured that no two consecutive points are missing.) The parameters a and b were then

estimated from this (partially faked) data set as in eqn (4.5). The EM algorithm was then
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run until convergence of the estimates of a and b was satisfactory.

Data sets for various true values of a and b were treated in this way; the results are
summarised in table 4.2. Also shown in the table are the initial estimates of the dynamics,
in other words, the results of learning a dynamical model from the ‘faked’ data described

above. Two examples of the convergence behaviour of the algorithm are given in figure 4.2.

True Estimated ¢ Estimated a True Estimated b Estimated b
a (EM) (‘faked’) b (EM) (‘faked’)
0.5 0.5026 0.5218 0.1 0.1006 0.0829
0.5 0.5045 0.5488 0.2 0.2003 0.1867
0.8 0.7965 0.8157 0.1 0.1013 0.0932
0.8 0.8082 0.8185 0.2 0.2003 0.1858

Table 4.2: Using EM to learn a dynamical system from a sequence with missing
points produces good estimates, whereas using ‘faked’ data gives inaccurate
dynamics. Awverage of five runs of the EM algorithm with synthetic data sequences of
length 1024, of which 128 states were treated as missing, generated using various dynamical
models. 16 steps of the algorithm were performed (enough to give convergence; see also
figure 4.2) — the final estimate is shown. The systems learnt using ‘faked’ data consistently
have a too large and b too small.

The estimates produced by the algorithm are within 2% of their true values; also,
the convergence of the estimates is rapid. Note also that the initial estimates (i.e., the
system learnt using ‘faked’ data) have noise parameters which are too low — this is a
result of forming the initial estimate by replacing each missing datum with the mean of its
neighbours, a procedure which will tend to reduce the apparent noise.

The technique of EM should therefore be a useful tool to apply to this problem. The

extension of these ideas to vector systems is now considered.

4.3.2 First-order Vector System

The next case considered is that where the dynamical system is first-order, but the data

are vector-valued. In this case the system equation is of the form
X —X = A(Xt—l - i) + Bwt, (428)

where X is the mean of the system, A is the matrix giving the dynamical component of the
system, w; are independent vectors of independent unit normal random variables, and B is
the matrix coupling the random variables into the system. The development in this section

will follow that in section 4.3.1.
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Figure 4.2: The EM algorithm converges rapidly to the Maximum Likelihood
estimate of the system parameters. Convergence behaviour of the EM algorithm for
a synthesised data sequence of 1024 points of which 448 were treated as missing. The
algorithm converges to the ML value of the parameters, producing an estimate which can

be considered a final converged value within 6 iterations. The true value of the parameters,
used to synthesise the data, are shown by the dotted lines.
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Maximume-likelihood Estimation of Parameters For a sequence x7,x5,...,xp of T'
vector-valued data points, the maximum-likelihood estimate of the system parameters A

and B for a zero-mean system is given by the following results.

A = RipRy; (4.29)

1
C = T—1 (Roo — ARjg — R A" + ARnAT) ; (4.30)

where C = BB and the moments R;; are defined as

T
Ry = ini(xij)j (4.31)
=2

Once more, there is no unique solution for B, since any orthogonal transformation of the
noise vector will be identically distributed. A standardised matrix square root opera-

tion (Barnett, 1990) can be used to extract B from C.

Missing Data Point As for the scalar case, suppose a data sequence is given from which
one of the points is missing. Exactly as in the scalar case, finding the expectation of the
moments R;; will allow £[L] to be computed, and to find these moments it is sufficient to

find the mean and variance of the missing data point x}, for then, as before,

E[Roo] = Roo(E[x7]) + Var[x7];
E[Ro1] = Ro1(E[x7]);
E[R10] = Rio(E[x7]);

( )

E[RH] = R11 E[Xi] —l—Var[xj].

Distribution of the Missing Data It will be shown, in a similar fashion to the scalar

case, that

Elx;] = Ax;_y + H(x 1y — AP y); (4.32)
Var[x}] = (B" "B '+ A"B "B 1A4) L (4.33)

where

H=(A+BB"A" "B~ TB~1)~L (4.34)
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To do this, consider the random variables

a = Bw;; (4.35)
B = Bwri1; (4.36)
v = Ag; (4.37)
0 =p+7. (4.38)

As before, note that the distribution for the missing data point is given by
Pz, ¢) = palx; — AX:_y |6 = ), (4.39)

where

u=xi,, — A’xE . (4.40)

Again, using Bayes’ rules, expressions for ps(u |« = 2), pa(2), and ps(u) are sought, to be
used (with z = x¥ — Ax?_,) to find the required quantity p,(z|d = u). Most straightfor-
wardly, ps(u|a = z) = pg(u — Az), and the distributions of o and 3 are known (they are
the same):
Pa(x) = ps(x) = L exp [—l (XTB_TB_1X>] ,
p| Bl 2

d/2

where p = (27)% and d is the number of components in each vector x;. The only problem

remaining, then, is to find ps(u). Since § = 3+, and (8 and 7 are zero-mean Gaussians,

1 | S ]
ps(u) = —=exp |—=u D™ D™ ul, 4.41
W= 5[ A
where
DD" = (AB)(AB)" + BB, (4.42)

Now the required quantity po(z |0 = u) may be computed:

ps(u|a = 2)pa(2)

pa(z]6 =u) = o) (4.43)
= p||g||2 exp [—% ((u — A2) "B "B Y (u — Az)
+2"'B""B7!
- uTD_TD_1u>] (4.44)

and, after considerable rearranging, this can be written as

|D|
p| B

Pa(z|d =u) =

1
5 €Xp [_5('2 —Hu)'K TK (2 - Hu)] ,



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 68

where
K 'K'=A"B "B 'A+B "B (4.45)

and H is as defined in eqn (4.34). The mean and variance of the missing data point can

now be deduced as claimed at the start of the section.

Extension to Multiple Missing Data As in the scalar case, the above derivation

applies to the case where there are multiple missing data points, provided no two are

o Xy x¥  are missing,

consecutive in the sequence. In this case, if M data points x ot Xry,

the expected value of the moments can be calculated in an analogous fashion to that in

equations (4.24)—(4.26):

Ryy = Roo(E[x5 ), E[XE,), ... E[xE,]) + MS; (4.46)
Rjy = Roi(E[x5 ), E[x5,), -, E[xE, D) (4.47)
R%l = RH(S[X?_I], S[X’T’Q]’ T ag[xikrM]) + MZ’ (448)

where ¥ is the variance matrix for each of the missing data (again, they are all identical):

Y=(A"B""B'A+B "B H)L (4.49)

Update Equations for EM One step of the EM algorithm in this case consists of finding
the means and variances of the missing data points using equations (4.32) and (4.33),
then finding the expected values of the moments R;; using equations (4.46)-(4.48), and
finally producing a new estimate for the parameters A and B by means of equations (4.29)

and (4.30). This procedure is repeated until convergence of A and B.

4.3.3 Conclusions

Expectation-Maximisation has been shown to be a suitable technique to apply to the prob-
lem of system identification from a data sequence where some of the points are missing.
This might seem to be the situation in the tracker, where a training sequence with missing
fields is not an uncommon situation. However, section 4.4 will develop a more appropriate
solution to the problem of system identification from a measurement sequence, rather than
from a sequence of what are, in fact, filtered estimates of the state. Therefore, although
there are situations where the results of this section are directly applicable, the training of
the tracker will be handled by the theory to be developed below, which will generalise and

extend the results described above.
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4.4 Learning Dynamical Systems from a Measurement Se-
quence

The problem of learning a dynamical model given a time-sequence of measurements of
the system is now addressed. Compared to the approach in section 3.3 (of treating the
filtered estimates as true state values), this is a more realistic formulation of the underlying
problem of learning a dynamical system for the tracker and, more generally, the problem of
system identification for a Kalman filter. In terms of the ‘observed’ and ‘hidden’ variables
of the EM algorithm, the measurements are the observed data, and the actual states at
each time-step are the hidden data.

Ljung (1987) mentions one approach to the problem of system identification from a
measurement sequence. It is given in appendix A.1. However, while the method is per-
fectly general, it is also computationally very expensive in this case. It involves the inversion
of large matrices (with sizes of the order of the length of the training sequence multiplied
by the state-vector size, typically a few thousand), and so a more specific solution is de-
veloped. The theory presented here was developed independently, but should be compared
with treatments given by Shumway and Stoffer (1982), and by Ghahramani (1996). Their
methods are described in appendix A.2.

The approach used will be as follows. Each step in the EM algorithm involves maxim-
ising E[L] for the log-likelihood L. Therefore, the problem of maximising L is first solved,

and then that when £[L] is instead the subject of the maximisation.

4.4.1 Maximum Likelihood Estimation of Parameters
Recall from section 4.3.2 that, for a model of the form
x = Axzp—1 + Bwy

and a given sequence of states z7,z3,...,z}, the maximum-likelihood estimate of the
system parameters A and B is given by

_ 1
A=RyR;; BB'= 71 (Roo — ARyjp — Ry A" + ARnAT) ; (4.50)

where
T
. * * T
Ry => i i(xf ;)
t=2

are auto-correlation coefficients. (This model has a process mean of zero — the extension of

the learning algorithm to allow estimation of the process mean is covered in section 4.5.2.)
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Recall also that L is a linear function of the moments R;; (see eqn (4.6) on page 58),
so finding the expected values of these moments will provide the expected value of L, and
hence allow its maximisation. £[R;;] is therefore sought, given a previous estimate for the

dynamical model and the measurements.

4.4.2 The Augmented-state Smoothing Filter

The procedure adopted for finding the expected values of the auto-correlation coefficients
R;; is an adaptation of ‘fixed-interval smoothing” — the problem of finding the distribu-
tion of states z; given a set {z1,29,...,2r} of measurements, where ¢t < T. Consider an

augmented state variable X; defined as follows.
=)
Ti—1

T
R = ZXtXtT

=2
T
T
=3, ) (aTel)
t=2 N
T T T
= E T T
Tt—1Tp Tt—1Ty_q

=2
_ (Roo Ro: )
Rio R
Finding £[R] therefore provides the values of all the individual £[R;;], needed to find the
expected log-likelihood £[L], and

and consider >, X; X,':

ER] =) (XX,

= Z <E[Xt]5[Xt]T + Var[Xt]>
= EXEX) "+ Var[Xy].

Thus finding the expected values and variances of the X; completes the formulation of the

EM algorithm in this case.

Dynamic and Measurement Models Consider, therefore, the dynamic and measure-

ment models for the new state vectors X;. The original dynamical model

Ty = A()(Etfl + B()’wt
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becomes

A 0 B
X, = ( IO 0 >Xt_1 + < 00 >wt. (4.51)

(The alternative choice,

_ AO 0 B[] 0 Wi
Xt_( 0 4 )Xt_lJr( 0 Bo )(wt—l ’
gives process noise which is correlated from time-step to time-step. This is not covered by
the standard Kalman filter, but can be accounted for. The choice given by (4.51) is simpler,

so it is used here.)

The dynamic model for the augmented state X is therefore given by
_ (A 0N o _( Bo), _
() o () e

The measurement model for the original state x is given by

fort=2,...,T.

2y = Hoxy + vy,

where v; are zero-mean uncorrelated Gaussian noise terms, with (known) variance ¥; this

becomes, in terms of the augmented state X,
Zy =HX; + Vi,
where
Zy=z; H=(Hy 0); Vi=u,

with the noise terms uncorrelated and with variance ¥ = .

Smoothing Algorithm Assuming that the a priori distribution for the initial state of
the system is Gaussian, all distributions remain Gaussian as time proceeds, and the solution
for the mean and variances of the system states Xo, X3,...,X7p given the complete set
{#1,22,...,2r} of measurements is developed by, for example, Sage and Melsa (1971) and

Jazwinski (1970). Let

X[ =E[Xy | Zh, - 2y

Pl = Var[Xy, | Z1, ..., Zy,).
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The solution to the smoothing problem is then given by the recurrence relations

Xi = X{ + R(X}, - AXD);

Pl =r+ Fy(P, — Ptt+1)FtTa
where
F, = P/AT(PL)~". (4.52)

Here the terms X7, P},, and P} are known from the solution of the filtering problem; the
recurrence relations are solved using X'% and PJ (also known from the filtered estimates)
as boundary conditions.

The smoothing algorithm here relies on the availability of the solution to the filtering
problem — the estimates X} and the variances P} and P}, ,; these are obtained by running
the Kalman filter on the measurement sequence, using a suitable value for the a priori

distribution of the first state in the sequence.

Initialising the Kalman Filter The question therefore arises as to how XS = E[X2]
(the a priori mean) and P = Var[Xs] (the a priori variance) can be specified to provide
a starting state for the Kalman filter, the output of which is required for the smoothing
algorithm. In doing so, the measurement z;, which is not otherwise used, may be used.

When this procedure is considered within the framework of the EM algorithm, it is seen
that the XJ and PJ of one iteration of the algorithm may be treated as the X§ and P of
the next; in this way, the influence of the choice of the initial X9 and P will be decreased
further.

There are two approaches often used in Kalman filtering. One is to start the system
from a known state. In that case, X3 is this known state, and PY = 0 (since the state is
known exactly). The alternative is to take the a priori variance of the system, which is the

solution to the equation
P=APA" +BB"

(obtained by taking the variance of the dynamical equation). Which is used will depend on
the situation. In fact, setting P20 = 0 causes problems with smoothing — the matrix Ptt+1

to be inverted will be singular. Some small value of P will be substituted in practice.
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(1) Initialise: Choose starting distribution of the state X3 (mean
and variance), and an initial estimate for the dynamics A and B (what
precisely this means will depend on the situation);

(2) Filter: Run the Kalman filter on the measurement set to produce
the filtered estimates X7};

(3) Smooth: Run the smoothing algorithm on the measurement set
(using the filtered estimates) to produce the smoothed estimates X/ ;

(4) Finish ‘E’ Step: Using the results of the smoothing, find the
expected values £[R;;]| of the moments;

(5) ‘M’ Step: From the expected values of the moments, estimate
the system parameters A and B;

(6) Iterate: Using the system derived in the previous step, and using
the smoothed estimate of X, as initial condition, go back to step (2).

Figure 4.3: The EM algorithm for the problem of estimating system parameters
from a sequence of measurements.

4.4.3 Summary of Algorithm

The steps of the EM algorithm for this case are therefore as shown in figure 4.3.

The algorithm should be run, as is usual for EM applications, until convergence of the
parameters of interest, namely A and C.

(The approaches of Shumway and Stoffer (1982), and of Ghahramani (1996), described

in appendix A.2, use a different method to obtain the required variances P/ .)

4.4.4 Experiments with Synthetic Data

The algorithm shown in figure 4.3 was implemented, and test runs performed for a scalar
system (for ease of presentation of results); the experiments are the original work of the
author. A sequence of system states was generated from the model z; = ax; 1 + bwy, and
then a measurement was simulated of each state using the measurement model z; = hx;+wvy.
These measurements were then processed to produce an estimate of the parameters a and
b.

For the initialisation, the first method described above, that of starting the system in

a known state, was used. The known state was that used as x; in producing the synthetic
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sequence.

The performance of another learning algorithm, very similar to filtered learning, is also
investigated briefly. Once the estimates have been smoothed, better estimates for the state
at each time-step are available. Treating these estimates as the true data should produce
a better estimate of the dynamical model than treating the unsmoothed estimates as true
states.

The performance of the filtered learning algorithm will, it is expected, depend on the
relative magnitudes of the process noise (which drives the system) and the measurement
noise. In a situation where the measurement noise is low compared with the process noise,
the filtered estimates will be good, and therefore the filtered learning algorithm will produce
a reasonable estimate. The relative importance of the two noise terms can be measured by
the ratio of their variances, 02/h?b?. The algorithms were compared for four different values
of this ratio. Data sequences of length 1024 were simulated for the system given by a = 0.8
and b = 0.2 and measurements synthesised using h = 2 for the four values 0.04, 0.2, 0.4 and
0.8 of o, making the ratio of the variances 0.01, 0.25, 1.0 and 4.0 respectively. The estimates
produced by the three algorithms are shown in table 4.3, where the improved performance
of EM-based learning can be seen. The difference between filtered and smoothed learning

is small, and smoothed learning is not considered further.

2 Estimate of a Estimate of b
Filtered Smoothed EM Filtered Smoothed EM
0.01 0.803 0.807 0.801 0.184 0.185 0.193
0.25 0.780 0.834 0.803 0.100 0.112 0.190
1.00 0.720 0.786 0.806 0.055 0.066 0.181
4.00 0.666 0.704 0.798 0.032 0.038 0.197

Table 4.3: EM-based learning produces better estimates than either filtered or
smoothed learning. Comparison of the estimates produced by the ‘filtered’ learning al-
gorithm, the ‘smoothed’ learning algorithm, and the EM-based learning algorithm. A data
sequence of 1024 points was synthesised, and measurements taken. The filtered learning
algorithm fares reasonably well for low values of the ratio o/h%*b? (the case where the
measurements are good), but produces estimates of the process noise b which are far too
low when this ratio becomes larger. The EM algorithm performs well in all cases. (Filtered
learning estimates are the same as shown in table 4.1.)

Intuitively, it is expected that another very important factor in the performance of the
filtered learning algorithm will be the dynamical model of the filter used to gather the

training data. To investigate this effect experimentally, the case where 0?/h%b> = 4.0 was
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studied for different values of the initial dynamics. These results are presented in table 4.4,
and the observed behaviour can be explained as follows.

Qualitatively, if the filter’s process noise is much lower than the true value, the filter will
‘over-smooth’ the measurements, and that therefore filtered learning will produce a model
with too little process noise. Conversely, if the filter’s process noise is much higher than
the true value, too much of the measurement noise will be incorporated into the estimated

states, and therefore the resulting learnt model will have too high a process noise.

Estimate of a Estimate of b
br (a =0.8) (b=0.2)

Filtered EM Filtered EM
0.80 0.581 0.827 0.380 0.195
0.40 0.700 0.790 0.222 0.212
0.20 0.731 0.797 0.087 0.195
0.10 0.684 0.821 0.037 0.203
0.05 0.661 0.813 0.023 0.192

Table 4.4: The initial estimate of the dynamical model has a marked effect on
filtered learning, but little effect on EM learning. Comparison of the learning
methods for different values of the process noise of the dynamical model initially used to
filter the measurements (shown in the table as by). As expected, initially over-estimating
the process noise results in a learnt model with too high process noise, and similarly for an
initial under-estimate. A sequence of 1024 time-steps was used, and the EM algorithm ran
for 64 iterations, enough for convergence. Here o*/h?b* = 4.0

An example of the convergence behaviour of the algorithm is shown in figure 4.4, from
which it can be seen that, since there is a significant amount of missing data, the convergence

is not particularly rapid.

4.5 Second-order Systems

As noted in section 3.2.3, a first-order system is of limited use within a tracking system.
The techniques of the previous section are therefore extended to perform learning of a

second-order system. The model under consideration is now

xy = A1z4—1 + Asmy_9 + Bowy.



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 76

1.2} estimate of a 0.3| estimate of b
0.81---« e ettt ttttaananas 0.2 - e
04 iteration ol iteration
1 1 1 1 1 1 1 1 1 1 1 1
8 16 24 32 40 48 8 16 24 32 40 48

Figure 4.4: More missing data results in slower convergence. The convergence of
the EM algorithm is not as rapid as in the missing-data problem of figure 4.2, possibly even
requiring slightly more iterations than depicted here (48) for the estimate of b in particular.
The data and measurement sequences used were of length 1024; system parameters used for
this example were a = 0.8 and b = 0.2. (These values are indicated on the graphs by dotted
lines.) The measurement factor was h = 2.0 and the measurement noise had o = 0.75.

From section 3.2, the important results are the maximum-likelihood estimate itself, satis-
fying
A1R11 + A2 Ry1 = Rys;
A1 Ry2 + AaRya = Rop;
1

C = T3 (Roo — A1 Ro1 — A2 Ry2) ,

and the expression for the log-likelihood:
1 1 1
where
Z = Rop — RjnA] — Rpp Ay

— ARy + AlRllAI + A1R12A;—
— AsRoy + AR A] + A3Rgp A,

Again, the log-likelihood is linearly dependent on the moments R;; and therefore their

expected values are sought.

4.5.1 Augmented-state Smoothing

Analogously to the first-order case, consider an augmented state variable Xj:

T
Xi=1| o1

Tt—2
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Then

R:Zxﬂﬁ
t

as before, consists of all the moments matrices of the original state sequence zy:

Roo Ro1 Roo
R = Rig Ri1 Ry )
Ryy Ro1 Roo

and

E[R] =Y E[X)E[X,]" + ) Var[X,].

Dynamic and Measurement Models As for the first-order case, dynamic and meas-

urement models for the new state vectors X,, are constructed. The second-order dynamical

model,
xy = A1z—1 + Asmi_9 + Bowy.
becomes
Xy = AXy_1 + Buy,
where
A1 A2 0 BU
A= 1 0 0 y B = 0 y Wt = Wt
0 I 0 0
fort =3,4,... ,T.
(This is chosen in preference to
A1 A2 0 By 0 w
X, = 0 4 A |X1+| 0 B <wt>
0 I 0 0 0 -l

as before.)

The measurement model,
z = Homy + vty

where v; are zero-mean uncorrelated Gaussian noise terms, with variance Yy, similarly

becomes, on setting

Zy=z; H=(Hy 0 0); Vi=u,
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a measurement model of the form
Zy=HXy+V;

with the noise terms uncorrelated and with variance ¥ = .

The rest of the development of the algorithm follows as in the first-order case.

Experiments with Synthetic Data

The EM algorithm for the case of learning scalar second-order systems was implemented,
and tested on synthetic data. A more natural representation of the two deterministic
coefficients a1 and as in the dynamical model is to give the characteristics of the equivalent
continuous model, in terms of its frequency w and damping constant 8. For a given sampling

interval A, these parameters are related as follows. If X is one eigenvalue of the matrix

a1 ag
1 0
(for an oscillatory system, therefore, A is the other eigenvalue), then 8 and w are given by

1
—f+iw= Klog)\.

In the following results, A = 0.02s will be used (corresponding to a frequency of 50 Hz), a
typical value for the tracking applications in mind.

For comparison, the performance of the filtered learning algorithm is also examined,
using constant velocity dynamics (i.e., a3 = 2 and as = —1) to initially filter the measure-
ments, with process noise whose standard deviation was set to a factor of 5 too high. This
is typical of a tracking situation, where the order of magnitude of the process noise is all
that can realistically be set manually. The results of these experiments, in terms of the
mode of the equivalent continuous system, are presented in table 4.5.

It can be seen that the EM learning algorithm produces more accurate estimates, al-
though the estimate of the damping constant is not as good as the other parameters.
Filtered learning, in each case, produces a system which is significantly overdamped — this
effect will be noted again in section 5.2.

An example of the convergence behaviour of the EM algorithm in this case is given in
figure 4.5. The frequency estimate converges almost instantly; the estimate of the damping
constant displays satisfactory convergence behaviour, as does the noise term’s estimate.
The algorithm has produced a good estimate of all components of the model within ap-

proximately 16 iterations.
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True system Filtered estimate EM estimate
J] w b 1] w b J] w b

0.06 3.14 0.01 0.1242 2,996 0.02053 0.0358  3.146  0.01024
0.06 6.28 0.01 0.1928 6.031 0.02012 0.0609  6.321  0.01003
0.10 3.14 0.01 0.3305 2,995 0.02002  0.0917 3.151  0.01001
0.10 6.28 0.01 0.3791  5.997 0.02005 0.1021  6.279  0.00983

Table 4.5: EM learning produces much better estimates for second-order dy-
namics than filtered learning.. Comparison of the estimates produced by filtered and
EM learning, for various scalar second-order systems. The EM algorithm was run for 32
iterations, which was enough to give convergence (see figure 4.5). A synthetic sequence of
length 8192 was used, with the measurement system given by h = 1 and o = 0.01. The
initial estimate for the dynamics was given by ag = —1, a; = 2, and b = 0.05; this system
was also used to produce the filtered estimates. (The angular frequencies of 3.14 and 6.28
correspond to frequencies of 0.5Hz and 1Hz respectively, corresponding to fairly typical
time-scales for tracking.)

4.5.2 Learning the Process Mean

Reynard et al. (1996) describe how the process mean, z in the full dynamical model
(21 — %) = A1(21—1 — T) + As(z4—2 — T) + Buwy,

may be estimated, together with its variability within a class of the same type of object.
Here a simplification of the result is sufficient — the solution to the problem of estimating,
from a training sequence, the process mean for a single object.

The maximum-likelihood estimates of the model are derived in section 3.2, where it is
noted that the log-likelihood in this case is linear in the moments R;; and R;. The Expect-
ation step therefore reduces, as before, to finding the expected values of these moments.

The £[R;;] are found as in previous sections, and the calculation of the £[R;] is trivial:

T
5[Rz] =¢& [Z J;t—i]
. t=3

Z g[fﬂt,i].

t=3

Finally, £[x;—;] is the top third of £[X;_;] (where X, is the augmented state vector defined

in section 4.5).
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0.57 estimated damping constant (1/s) 4.0 estimated frequency (rad/s)
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Figure 4.5: Convergence of the estimate of the dynamical model is good. Shown
are graphs of (a) the estimates of the damping constant and frequency, and (b) the estimate
of the process noise for the model against number of iterations of the EM algorithm. The
initial dynamical model is constant-velocity, giving zero damping constant and frequency.
The values of B, w and b used to simulate the system were 0.05, 3.14 and 0.01 respect-
wely; the sequence was of length 8192. Convergence of the estimates is good within the 32
iterations shown here.

4.6 Missing Data as an Infinitely Noisy Measurement Pro-
cess

The analysis given in section 4.3 for learning a dynamical model from a sequence with
missing points dealt only with the case of non-consecutive missing data. In this section,
the problem of consecutive missing data is addressed, with particular regard to the sleep-
data example application presented in section 3.4.

Examining, for example, figure 3.2(c), it can be seen that the value returned by the
sensor is often clipped at the top or bottom of its range. The result is that when a reading
of 255 is returned, the actual information is that the true value is at least 255; it may be
more. Similarly, a reading of 0 indicates that the true value is at most 0. Particularly for
extended periods of such clipping, a significant effect may be produced on the dynamical

model learnt for the process.
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Dealing with Clipped Data A reasonable approximation to the situation is to treat the
sensor as a measurement process which, when it returns 255 or 0, is effectively signalling
‘missing’. As noted, the problem of missing data within a time-sequence was addressed
to some degree in section 4.3, but here a different technique will be applied, bringing the
problem within the scope of the framework of sections 4.4 and 4.5.

The sensor clipping can be cast as a noisy measurement process, by writing, as usual,
x; for the true value at time-step ¢, and z; for the sensor reading at time ¢. Then the

measurement process can be modelled as follows.
2t = T + Uy,

where the measurement noise v; has variance r;, with

ro, if z & {0,255},
"= {oo, if 2 € {0,255).
Note that this formulation does not take into account the fact that when a reading z; =
255 is returned, the inequality z; > 255 can be deduced, or the corresponding piece of
information for z; = 0. It will, however, be a considerable improvement on a model which
ignores the phenomenon entirely.

Note also that the measurement noise for a non-clipped sensor reading has been denoted
r9. One choice would be to set ryp = 0, indicating that non-clipped readings are exact, but
this will be seen to cause problems later. Fortunately, there is a good reason for setting
ro # 0: quantisation error. The assumption is that there is a true, continuous signal being
measured to only 8-bit accuracy. Therefore, the sensor reading is not noise-free.

The gain K; can be written as follows for the two cases r; = r9 and r; = oco.

K {Ptt_lHT(HPtt_lHT o)L, if = r;
0, if ry = oo.
(The problem of specifying exactly what is meant by a measurement process with infinite
variance is therefore avoided.) Note that although the problem in this case is essentially
scalar, the matrix notation has been retained. This is to accommodate the augmentation
of the state vector.

Smoothing, i.e., obtaining #! and P!, can then proceed as usual, as it does not de-

pend explicitly on the measurement variances, only the filtered variances P} and predicted

variances P} 1.
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The smoothing is where having ro = 0 would cause trouble: after several non-clipped

readings, the predicted variance matrix Pf—1 would be of the form

0
pt=10
0

o O O

0
0 1,
C

which is singular. Since the smoothing gain defined in eqn (4.52) involves a term (Pttfl)*l,
the expressions for the smoothed estimates would have to be re-derived for this special case.
Ensuring ry # 0 avoids this.

The remainder of the EM learning algorithm for this particular problem then proceeds

as in section 4.4.

Effect on Classification

It has been seen in experiments on synthetic data that EM learning in general provides good
estimates for the underlying model. It is reasonable to expect, then, that applying the above
techniques to the classification problem of section 3.4.2 would produce an improvement in
classification accuracy, even though the existing results were around 90%. The learnt models

should more accurately represent the behaviour of the data.

Evaluating the Likelihood There is one further detail which must be worked out. The
classification procedure involves evaluating the log-likelihood of the sequence given each
candidate model, and choosing the model with the largest result. The question therefore
arises of how the log-likelihood is to be calculated when there are missing data in the se-
quence. Time did not permit the full development of this theory, or indeed any experimental

investigation; this area would be an interesting one for future research.



Chapter 5

EM-Learning for a
Kalman-filter-based Tracker

5.1 Applying EM Learning to Dynamic Contour Tracking

Chapter 4 developed the theory of maximume-likelihood estimation of a dynamical model
for a Kalman filter from a sequence of noisy measurements. The application of particular
interest in this thesis is the problem of dynamical models for a visual tracker. Chapter 3
described how, in the case of tracking with good measurements, significant improvements
in tracking can be obtained by making the approximation z; = z;. This chapter examines
learning in the case where this approximation is no longer valid, which will arise when
measurements are of poorer quality. It describes the implementation of the algorithm, and
experiments, both of which are the original work of the author (except for some set-up
details as noted in section 5.1.3).

One situation where this can occur is when tracking an object moving across a cluttered
background. This problem should be one in which the EM learning algorithm enjoys two
(related) advantages: firstly, in a situation with poor measurements (as will be the case
for tracking over a cluttered background), having a good dynamical model is important,
more so than when the measurements are reliable, and secondly, chapter 4 showed that, at
least for the synthetic systems considered there, the differences between EM learning and
filtered learning are greater when measurement noise is higher.

It is worth mentioning that if one has control over the environment, one would choose to
train the tracker from a sequence gathered in a situation with good measurements, i.e., with
little clutter; also, if the background is static and known ahead of time, background sub-
traction (for example the dynamic background model used by Koller et al. (1994) for traffic
monitoring, the median-filtered background subtraction used by Baumberg and Hogg (1994)

83
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for person-tracking, or the statistical background models developed by Rowe (1996)) is a
natural technique to apply to the problem. However, such control may not always be
available, and therefore this chapter addresses the problem of learning a dynamical model
for the tracker from a training sequence gathered in the presence of significant clutter,

incorporating no knowledge of the background.

5.1.1 Implementation of EM Learning in the Tracker

To apply the learning algorithm described to the tracker, it is necessary to include a small
number of refinements. In the tracker, the measurement matrix H is not constant over time
— it is calculated at each time-step based on the image normals at measurement points
around the spline, as described in section 2.1.4. This affects the filtering process, but not
the smoothing process, and so it is fairly straightforward to include this extension. Another
complication to the measurement process is that the tracker makes multiple measurements,
typically 3-5 per span of the spline, at each time-step and not all of them find a feature.
(The tracked object may, for example, be over an area of similar greylevel or colour to itself,
and there may therefore be little contrast across the boundary of the object.) Therefore,
the measurement vector can vary in length from time-step to time-step. This effect can also
be included in a straightforward fashion, since it is part of the more general phenomenon
of having a time-varying H.

While the algorithm is easily extended to the case where H varies from time-step to
time-step, for any given time-step, it must be the same from iteration to iteration of the
algorithm. The values used must be the ones used while the training sequence was being
gathered. There are at least two ways of achieving this. One would be to store the values
of H used by the tracker used to gather the training data; the other would be to re-run
the untrained tracker for each iteration, thereby regenerating the same series of H matrices
(since the measurements, and everything else controlling the tracking, is the same). The
trade-off is between the storage required for the H; and the calculations required to re-
compute them. Arbitrarily, the latter method was chosen for these experiments. Note
also that the capability of the algorithm to cope with a time-varying measurement process
allows it to accommodate the case where video fields are dropped — this can happen, for
instance, on a multi-tasking machine when another process competes for CPU time with
the tracker. A dropped field can be considered a measurement with infinite measurement
noise or, equivalently, with zero information (see section 4.6). Once again, this only affects

the filtering; the smoothing and other steps of the algorithm are unchanged.
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5.1.2 Example Application: Hand Tracking

As an example of tracking an object in clutter, consider the problem of tracking a hand
moving across news-sheet. This background was chosen as being representative of the
type of clutter which would be expected in the general problem of hand-tracking across a
cluttered background, for example an untidy desktop. A tracker was therefore set up with

a contour matching the outline of the hand.

Estimating the Measurement Noise The first issue to deal with is that of determining
the variance Y of the measurement process. As will be described in section 5.3.1, it is
possible to learn this variance from a measurement sequence, at the same time as learning
the dynamical model, but, in practice, convergence of the EM algorithm in this case is
rather slow (see section 5.3.1). Therefore, an alternative and more appropriate approach
to the estimation of > was used.

The measurement process in the tracker (see figure 2.1 on 21) consists of casting normals
at certain points around the predicted position of the contour and searching for features
along these normals. Often, especially in clutter, many features will be found. One must
then be chosen; the distance v; along the normal between it and the contour is used as one
component of the innovation. In the experiments which are described here, the strongest
edge feature was used.

The complete innovation vector is then built up from the v; from all measurement points.
The noise of each measurement is assumed to be Gaussian, with all errors independent. The
variance of the measurement vector is therefore o2, and it is o which is estimated, as
follows.

Consider the situation where the contour is positioned exactly over the outline of the
hand. In this case, if there were no noise, every v; would be zero. In the presence of noise,
the sample variance of the v; can then be used as an estimate of the measurement process
variance o?.

An image taken of the hand in a typical position for the tracking problem is given in
figure 5.1. The contour has been positioned manually over the hand. Also shown in this
figure are the image normals, and the strongest feature on each normal. The above process
of calculating the sample variance of v; was performed on this image, with the result that
the measurement process variance was estimated as 62 pixels?. This value was used for the
experiments which follow. Note that this value of the measurement noise gives a standard

deviation of around 8 pixels, which is considerably greater than the typical value resulting
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from image noise alone. It is the clutter in the image which produces the large measurement

noise.

Figure 5.1: A direct method is used to estimate measurement noise for a hand
on a cluttered background. The position of the contour corresponding to the location
of the hand is shown (thick white line), as are the image normals along which features are
sought (thin white lines). The black crosses show the locations of the chosen feature along
each search line. Note that many of the crosses are on clutter features rather than on the
image edge at the outline of the hand. The sample variance of the normal distances between
the contour and the chosen features is used as an estimate of the measurement noise — in
this case, 62 pixels.

It must be acknowledged that the Gaussian model used for the measurement process
is a significant simplification of the underlying random processes, and this becomes more
apparent here, when estimating its variance. Many factors — the length of the search
normal; the strength of the true edge; the position, number and strength of clutter features
— influence the innovation measured along a particular contour normal, and these, within
the present framework, are all conflated into the Gaussian model. The variance used
must necessarily, then, reflect innovations arising from normals where a clutter feature was
chosen. Addressing the limitations of the present model, MacCormick and Blake (1998)

present a much more thorough analysis of the stochastic processes by which image features
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arise.

In particular, the length of the search line will be highly significant in the estimate
of the measurement variance, and its choice is currently slightly ad hoc. The matter is
further complicated by the fact that during tracking, the length of each search line varies
in proportion to the variance in that direction at that point of the contour, as calculated
from the state variance P. (This is done to provide a basic form of ‘validation gate’ for
the tracker (Blake et al., 1995).) However, if the length used in the measurement variance
estimate is typical of the length used in tracking, as was the case here, the resulting value

for o will be a reasonable estimate of the noise, within the Gaussian approximation used.

Simple Motion — Gathering a Training Sequence As a basic test, the tracker was
given a model space allowing translation in the z and y directions, and a set of ‘untrained’
dynamics representing damped simple harmonic motion. A short (128-field) training se-
quence of the hand executing motion in the z-coordinate direction was used as data for
the purposes of comparing the two learning methods — the untrained dynamics did not
allow a sequence of much greater length to be obtained. The z-coordinate of the hand
during the sequence, as estimated by the tracker with untrained dynamics, is shown in
figure 5.2. For the purposes of performing EM learning on this sequence, the measurements
(i.e., the chosen features) were recorded at each time step, as well as the filtered estimates.
In this case, no fields were dropped, although, as noted, it would have been possible to use

a sequence with missing fields.

400 estimated x coord (pixels)

300

time (seconds)

200 ;
0 1 2

Figure 5.2: A simple sequence consisting of horizontal translation is used as
an initial test of the learning algorithm. This sequence was used in both learning
algorithms.

Learning the Dynamical Model To compare the two learning methods, each was used

with the sequence shown in figure 5.2. The filtered learning algorithm used the estimates,
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whereas the EM learning algorithm used the measurements. The EM algorithm was ini-
tialised with the model learnt by filtered learning, and run for 96 iterations, enough for
reasonable convergence. (See below for a summary of the convergence behaviour.)

Recall that the model used is
(ZL't — f) = A(It_l — j‘) —+ Bwt,

where the mean Z, the deterministic part A and the stochastic part B are all to be learnt.

Note that, as usual, A is given in terms of the second-order coefficients A; and As by

(A Ay
PRE)
The results of learning the mean Z by the two methods are as follows:

Ir = (308,193); Zpm = (309,182),

where z is the mean as learnt by filtered learning, and zgjs is the mean as learnt by EM
learning, and these coordinates are in pixels.

The deterministic part A of the dynamical model produced by each learning algorithm
is shown in table 5.1. The eigenvalues of the corresponding continuous system (& = F'z)
are used to give the damping constant and frequency of the mode. (These eigenvalues are
of the form —( + iw for damping constant 5 and frequency w.) Note that the frequencies

shown in the table are in Hz, whereas w is in rad/s.

Damping constant Frequency Damping constant Frequency
(s71) (Hz) (s7) (Hz)
0.23 0 —0.27 0.35
5.26 0 10.24 1.80
18.81 2.35
(a) Modes learnt using (b) Modes learnt using
filtered learning EM learning

Table 5.1: EM learning produces a model with a more plausible deterministic
part. The modes of the system learnt by each method are shown, in terms of the damping
constant and frequency of the corresponding mode of the continuous system. A frequency of
zero indicates a non-oscillatory mode; see text for comments on the unstable mode learnt
by EM, indicated by the negative damping constant. (Note that since this is a second-order,
two-dimensional system, there are four modes per model. Each oscillatory mode provides
two (conjugate) eigenvalues.) The first mode of each model lies within 8° of the x axis, as
expected.
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The stochastic parts of the two models are as follows, in terms of the eigenvalues of the

noise variance matrix BB'. For the model learnt using filtered learning,
o} = 3.15; o2 =0.62

(in pixels?), whereas for the model learnt using EM learning:
0?=0.36; o2 =0.06

(again, in pixels?).

The estimates for the mean produced by the two algorithms are very similar, and
match what one might intuitively expect to be reasonable values by looking at the training
sequence in figure 5.2.

Both algorithms produce a dynamical model whose deterministic part is dominated
by a mode almost along the z axis with a time constant of a few seconds, in line with
expectations. Curiously, the model learnt by the EM algorithm is technically unstable.
However, in the presence of good enough measurements, the resulting tracker will be stable.
The training sequence does indicate some growth (see figure 5.2), especially when viewed
as an oscillation around the learnt mean, so an unstable system is perhaps a more plausible
model of the behaviour than the stable one learnt using filtered learning.

Both models have a time-scale (reciprocal of the damping constant) of roughly four
seconds, which, again, fits expectations from the training sequence. The frequency of
the dominant mode as learnt using EM corresponds to a period of around 2.9s, a value
consistent with the time-series of figure 5.2.

The difference between the stochastic parts of the models is much greater — the first
principal variance is smaller by a factor of about 10 for the EM-learnt model. This can
be explained qualitatively as follows. While gathering the training sequence, the process
noise was such that the measurement noise was incorporated into the tracked estimates
(cf section 4.4.4). Therefore, filtered learning includes this noise in the model. EM learning,
however, avoids this problem, by learning from the measurements directly. It is not easy
to say whether the smaller, EM-learnt noise is more correct; the tracking performance on

test sequences described below suggest that it is, however.

Tracking Results The two sets of dynamics (one from the existing learning algorithm
and one from the EM learning algorithm described here) were used to configure two trackers.

All other parameters controlling the trackers’ behaviour were identical in each tracker.
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A sequence of 45 in length was recorded to test the two trackers. In this sequence, the
hand performed motion of broadly the same type, i.e., motion in the z-coordinate direction,
as was presented to the training algorithms.

Both trackers were run on this sequence — the results are shown in figure 5.3 for the
tracker using dynamics learnt with the existing algorithm and in figure 5.4 for the tracker
using EM-learnt dynamics. For comparison purposes, an untrained tracker was also run on
the sequence; its performance is indicated in figure 5.5.

Firstly, the untrained tracker is distracted early on in the sequence by the background
clutter, and loses lock. It does not recover, and the estimated hand contour moves around
randomly for the rest of the sequence (not shown).

The tracker trained using filtered learning fares better, as is to be expected. For approx-
imately the first three-quarters of the sequence, tracking is good, if a little noisy. This noise
in the tracked estimate is a direct result of the higher process noise used — the noise of
the measurements is included in the tracked estimate. However, at approximately still (c)
of figure 5.3, the contour latches onto a clutter feature; it does not return to the outline of
the hand for the rest of the sequence. Note, however, that although the estimate in still (d)
is not correct, it is at least consistent with the broad character of the training sequence in
that the y coordinate is within the fairly tight bounds expected — contrast this with the
behaviour of the untrained tracker in figure 5.5, whose estimate is in error vertically.

Finally, the tracker whose dynamical model was learnt using the EM algorithm presented

here tracks successfully throughout the sequence, with good estimates and low noise.

Convergence of the EM Algorithm The convergence behaviour of the EM learn-
ing algorithm in this application is now briefly examined. Figures 5.6 and 5.7 show the
convergence of the various parts of the dynamical model.

As might be expected from the experiments on synthetic data described in section 4.4.4,
the convergence of the model mean is almost instantaneous, and so is not shown. The
frequency of the principal mode (shown in figure 5.6) also converges rapidly. The damping
constant (same figure) converges rather more slowly, and it might even be the case that a
few more iterations would result in a slightly different value, but the effect on the resulting
model would be small. The variances of the stochastic part also converge within a reasonable

number of iterations.
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400t
300+t
200+
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0.0 1.0 2.0 3.0 4.0

Estimate of the hand’s = coordinate against time —
tracker trained using filtered learning.
Note loss of lock around 3.0s.

(c) 2.925s | (d) 3.605

Figure 5.3: Filtered learning produces a tracker which is distracted by clutter.
Graph of the tracker’s estimate of the hand’s x coordinate (in pizels) against time for a
4s sequence. Stills at selected points during the tracking are shown underneath, with the
tracker’s estimate of the contour superimposed. (The points at which the stills were recorded
are shown as beads on the graph.) Using a dynamical model obtained from filtered learning,
tracking is successful during the initial motion (stills (a) and (b)). However, at still (c), the
tracker is distracted by some background clutter, and begins to lose lock. By still (d), lock is
lost completely — the tracker follows clutter and image noise for the rest of the sequence.
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400
300t
200}
100+

0 time (seconds)
0.0 1.0 2.0 3.0 4.0

Estimate of the hand’s = coordinate against time —
tracker trained using EM learning.
Note retention of lock throughout.

(c) 2.925s (d) 3.60s |

Figure 5.4: EM learning produces successful tracking throughout the sequence.
The sequence in figure 5.3 is successfully tracked — the only difference between the con-
figurations of the two trackers is that here the dynamical model used was one learnt (from
the same training sequence as the one used to train the tracker in figure 5.3) using the EM
algorithm described.
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Figure 5.5: An untrained tracker is rapidly distracted by clutter. A still from 0.32s
into the sequence, by which time an untrained tracker has already become distracted by the
background clutter.

3 estimated frequency of first mode (rad/s)

1.5 estimated damping constant of first mode (1/s)
T
ol
05}"
o iteration
16 32 48 64 80 96 1
05 PR
e iteration
-1 0
0 16 32 48 64 80 96

Figure 5.6: The estimate of the deterministic part of the dynamical model con-
verges to a value consistent with inspection of the training sequence. Shown are
graphs of the estimates of the damping constant and frequency for the first (most persistent)
mode of the model against number of iterations of the EM algorithm.

More Complex Motion — Gathering a Training Sequence To investigate the be-
haviour of the EM-based training algorithm when the desired motion is more complex than
that described above, another training sequence (again in the hand-tracking application)
was gathered. To gather a longer training sequence, some initial ‘bootstrap’ training was
required, since, as noted in the description of the previous experiment, the untrained dy-
namics were incapable of following the hand’s motion for more than two or three seconds.
(‘Bootstrapping’ consists of iteratively learning a dynamical model, using an estimated
model to filter the measurements, and then learning the next estimate of the dynamics
from the filtered state estimates.)

For this sequence, the hand was moved in a rough ellipse filling most of the field of
view of the camera, in an anti-clockwise direction. The motion was tracked using dynamics
learnt from a shorter sequence, as described above. Plots of the tracker’s estimates of the z-
and y-coordinate against time are shown in figure 5.8. As for the experiments with simpler

motion, the measurements made by the tracker were recorded in this training sequence, so
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4 larger estimated eigenvalue of noise variance 0.75 ) . A )
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Figure 5.7: The estimate of the stochastic part of the dynamical model converges
to a lower value than that learnt using filtered learning. Shown are graphs of the
eigenvalues of the noise variance matrixz against number of iterations of the EM algorithm.

that the sequence could be used by both learning algorithms.

Learning the Dynamical Model Both learning algorithms were run using the data
gathered — the models learnt using each method are now summarised.
The mean position of the hand as learnt by each method is as follows. For filtered

learning,

Zr = (307,282),
and for EM learning,

Zem = (305,286).

These figures (all in pixels) are in line with what would be expected from a brief examination
of the trajectory in figure 5.8(a), and, as before, there is little difference between the models
learnt by the two methods.
The deterministic parts of the models are shown in table 5.2, in terms of the modes of
the equivalent continuous model (as described for the experiments with simple motion).
The stochastic parts of the two models, in terms of the eigenvalues 0? and o3 of the
noise variance BB, are as follows (all in pixels?). For the system learnt with filtered

learning,
of =1.30; o2 =0.20,
whereas for the model learnt using EM learning,

o? =0.33; 03 =0.22.
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(a) Trajectory of training sequence.
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Figure 5.8: A more complex sequence, of roughly elliptical motion, is used as
a second test of the algorithm. A training sequence gathered using dynamics learnt
(using filtered learning) from a 2-second sequence, as described in the text. This sequence
was used in both learning algorithms.

Damping constant Frequency Damping constant Frequency
(s71) (Hz) (s7) (Hz)
0.01 0.12 0.02 0.11
16.17 0 13.58 0
30.58 0 32.31 0
(a) Modes learnt using (b) Modes learnt using
filtered learning EM learning

Table 5.2: Filtered and EM learning produce models with very similar determ-
inistic parts. The modes of each system are shown, in terms of the damping constant and
frequency of the corresponding mode of the continuous system. A frequency of zero indic-
ates a non-oscillatory mode. For both learning methods, there is one dominant mode, with
a frequency matching what would be estimated from the training data of figure 5.8 (i.e., a
period of around 9s). The other modes have very short decay times and are non-oscillatory.
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Although the effect is less marked for this sequence, filtered learning has again produced
a model with higher process noise. The deterministic parts are very similar; the estimated
frequency corresponds to a period of around 9 s for both models, matching the time-series in
figure 5.8 well. With greater process noise, the tracker will rely more on the measurements,
with two (related) results: firstly, the estimates produced will be noisier, and secondly,
the tracker may be more easily distracted by clutter to the extent of losing lock. The

performance of the two trackers on test sequences is next examined.

Tracking Results To test the first prediction, that the tracked estimate will be noisier
for the system produced by filtered learning, each tracker was run on a sequence in which
the hand was held entirely still. The tracker was initialised by hand, and then run for five
seconds. Ideally, the resulting estimate of the hand’s position would therefore be constant
over the sequence, but image noise will cause some jitter — this is unavoidable. The actual
tracked estimates against time are shown in figure 5.9. Note that the first ten fields are
not shown — during this time the tracker adjusted slightly from the hand-chosen starting
location — and that the coordinates have been shifted so that they are zero-mean.

The variances of these sequences are as follows. For the dynamics learnt with filtered

learning,

py = 0.44; py = 1.35,
and for the EM-learnt dynamics,

py = 0.11; py = 0.45

(all in pixels?). In both cases, the standard deviation of the noise in the y-coordinate
direction is larger by a factor of approximately 2. This is almost certainly caused by
interlace — the camera produces images with double the resolution in the z-coordinate
direction. The variances for the EM-trained tracker are 3—4 times lower than those for the
filtered-trained tracker, although all are small (with standard deviations of order a pixel).
The difference may be significant in, for example, a ‘mousing’ application, where precise
control of a pointer is required.

The trackers were also tested on longer test sequences in which the hand executes motion
of broadly the same type (namely, elliptical motion in an anti-clockwise direction) as in the
training sequence. Two test sequences were recorded, and both trackers used on them.

The first 10s sequence was recorded of the hand performing two complete anti-clockwise
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Figure 5.9: A tracker trained using EM learning produces a much less noisy
estimate of the position of a stationary hand. FEstimated x- and y-coordinates of
the tracked estimate of the location of a stationary hand against time. (a) Tracker trained
using filtered learning. (b) Tracker trained using EM learning. The EM-learnt dynamics
have lower process noise and therefore, as expected, perform more smoothing of the noisy

measurements.
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rough ellipses — this test sequence therefore contained motion of a more agile nature than
that in the training sequence, which consisted of just over one cycle. A tracker using each
dynamical model was then run on this sequence. As before, the only difference between
the parameters controlling the behaviour of the trackers was the dynamical model. Each
tracker was initialised by hand, then run on the sequence.

The performance of the tracker trained using filtered learning is indicated in figure 5.10.
For all of the first ellipse and half of the second, it tracks satisfactorily, but then the presence
of a clutter feature causes it to lose lock — it then remains positioned over this feature
for the rest of the sequence. The corresponding results for the tracker trained using EM
learning are presented in figure 5.11. Although there is some noise in the estimates, as is
to be expected for a sequence with noisy measurements, lock is maintained throughout —
tracking is successful.

A second 10s test sequence was recorded, this time of the hand describing most of an
ellipse, more slowly than in the training sequence. (Neither of the test sequences, therefore,
contained motion exactly the same as the training sequence, providing an indication of
the capability of the model to generalise the training motion.) The results are similar to
those for the previous test sequence, and are shown in figures 5.12 and 5.13. As before,
the tracker trained using filtered learning is distracted by a clutter feature, whereas that

trained with EM learning tracks the whole sequence successfully.

Convergence of the EM Algorithm The convergence behaviour in this case is shown
in figures 5.14 and 5.15. Note that the convergence of the estimated process mean was
almost instantaneous (within three iterations), and so it is not shown.

As in the case of simpler motion, the convergence of the damping constant is the least
rapid, but the results are adequate within the 64 iterations which were performed. It is

unlikely that iterating further would produce significantly different dynamics.

5.1.3 Example Application: Lip Tracking

As an example of the application of the learning technique to another tracking domain, con-
sider the problem of tracking the outline of a user’s lips for speech-reading purposes (Kaucic,
1997). The information gained from such a tracker can produce significant improvements
in the accuracy of speech recognition when compared to audio-only systems, especially in

the presence of audio noise.
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Figure 5.10: First test sequence: A tracker trained using filtered learning is dis-
tracted by a clutter feature. In (a), the trajectory of the tracked estimate is shown,
together with the time-series of the estimated x- and y-coordinates. In (d) and (e), rep-
resentative stills from towards the end of the sequence are shown. Initially, tracking is
satisfactory, but shortly after (d), the contour locks onto a clutter feature (losing the hand),
where it remains for the rest of the sequence, as seen in (e).
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Figure 5.11: First test sequence: A tracker trained using EM learning success-

fully tracks the entire sequence.

The same sequence as used to produce figure 5.10

is tracked using dynamics learnt with EM learning — the trajectory is shown in (a), with
the estimated coordinates plotted in (b) and (c). Although there is some unavoidable noise
from the measurements incorporated into the estimates, tracking is successful throughout
the sequence. Stills from the sequence (taken at the same time as the corresponding stills
in figure 5.10) are shown in (d) and (e), where it can be seen that the tracked estimate is

good.



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 101

500 . .
estimated y coord (pixels)
300
200

100

estimated x coord (pixels)

0 100 200 300 400 500 600

(a) Trajectory

600 estimated x coord (pixels) 500 estimated y coord (pixels)
500 400
400
300
300
200
200
100 100
0 time (seconds) 0 time (seconds)
0 2 4 6 8 10 0 2 4 6 8 10
(b) Time series of z-coordinate (c) Time series of y-coordinate

(d) 3.12s (e) 6.00s

Figure 5.12: Second test sequence: The tracker trained using filtered learning
locks onto a clutter feature early in the sequence. In (a), the estimated trajectory
of the hand is shown, with coordinate estimates in (b) and (c). Shortly after the still shown
in (c), the tracker is attracted to a clutter feature, where it remains. Still (e) shows the
estimate at a later stage.
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Figure 5.13: Second test sequence:

(e) 6.00s

102

Successful tracking using dynamics learnt

using EM. The whole sequence is tracked correctly — example stills (at times as in fig-

ure 5.12) are shown.
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Figure 5.14: Convergence: deterministic part of the dynamical model for hand
motion. Shown are graphs of the estimates of the damping constant and frequency for the
first (most persistent) mode of the model against number of iterations of the EM algorithm.
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Figure 5.15: Convergence: stochastic part of the dynamical model for hand mo-
tion. Shown are graphs of the eigenvalues of the noise variance matriz against number of
iterations of the EM algorithm.

Problem Set-Up

(The data and some of the basic tracking set-up used in this section are used by kind
courtesy of Major Dr Robert Kaucic.) The usual grey-level tracking system does not work
particularly well in this problem, especially for detection of the location of the lower lip.
Kaucic (1998) develops a system tailored to the lip-tracking problem.

A Fisher discriminant is used in RGB-space to locate the outer lip contour, choosing
the strongest edge feature as in the hand-tracking example. To locate the inner-lip contour
(between the lips and the interior of the mouth), a Gaussian distribution is learnt for lip-
coloured pixels, and a mixture of Gaussians learnt for pixels corresponding to the interior
of the mouth. (A mixture is appropriate here since teeth, tongue, and very dark mouth-
interior pixels may arise.) An edge feature is then located by thresholding the posterior
probability that each pixel along the search line arises from the ‘lip’ or ‘mouth’ distributions.

It should be emphasised that these enhancements to the basic tracking system do not
cause any conceptual changes in the filtering or learning algorithms — all that is changed is

the method whereby the measurement feature is located. Within this specialised tracking
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framework, a 9-dimensional PCA-based model space was used, covering the deformations

undergone by the lips’ contours during typical speech.

Learning the Model

The training sequence used was 25s long, and consisted of the speaker counting from 17
to 25 with short pauses between the numbers. To provide slightly better measurements
for the learning process, the speaker wore coloured lipstick, and the tracker’s Fisher axes
modified appropriately. To gather the training data, dynamics modelling a simple damped
harmonic oscillator were employed. The resulting tracking was adequate for gathering
training measurements.

The EM algorithm was then employed on these data, with 96 iterations being performed.

This was enough to produce convergence within acceptable limits.

Tracking Results

A sequence consisting of an unadorned (without any lipstick) subject speaking the numbers
14 to 17 was used to test the learnt model.

In figure 5.16(a), the degree of mouth opening is shown for the sequence tracked using
the model learnt with filtered learning. The corresponding results for the model learnt
using EM learning are given in figure 5.16(b). Note that there was no single model-space
component corresponding to mouth opening, but a straightforward projection onto a suit-
able one-dimensional subspace of the full control-point space allows this parameter to be
measured. The value of this parameter can be negative, indicating that the mouth is more
closed than in its template configuration.

It will be appreciated that the two graphs are qualitatively very similar, implying that
the tracked estimates arising from the use of the two models are close. To better examine
the differences in behaviour, the ‘distance’ between the contours at each time-step was
produced, in accordance with the metric defined in section 2.1.6. This graph is shown in
figure 5.17.

The distance between the two splines is mostly around 5-10 pixels. However, there are a
few points during the sequence when the distance becomes greater, and these are examined
in more detail now. Observation of figure 5.17 reveals that the four biggest peaks in this
distance function occur at around fields 80, 240, 440, and 570. Inspection of the raw data
produces more accurate values for these field numbers: 80, 239, 439, and 566. The estimates

produced using each model at these fields are shown in figure 5.18.
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Figure 5.16: Filtered learning and EM learning produce models giving similar
estimates of mouth-opening parameter. The two time-series are similar, but there
are areas where greater differences are apparent. See text and figures 5.17 and 5.18.
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Figure 5.17: At some times during the lip-tracking, the difference between the
two estimates becomes significant. The difference between the splines estimated by the
two trackers is calculated by means of the spline metric (see section 2.1.6).

The differences are chiefly in the configuration of the inner contour, and more particu-
larly in its horizontal position. There is little information to be gleaned from the image in
this direction — the contour normals deviate little from the vertical. However, there are
some differences in the outer contour’s configuration, and the EM-trained estimates are in
better agreement with the image.

Both trackers have produced extremely inaccurate estimates at field 566. The mouth
is almost completely closed, and yet both estimated contours are quite open. This field
occurs during the ‘v’ of ‘seventeen’, a point of very high acceleration, as the lower lip rises

sharply from the first ‘e’.

Discussion

The difference between the old and new learning methods in this case is much less than
has been noted in the hand-tracking examples — neither tracker loses lock, and, for the
most part, both trackers produce good estimates of the lips’ configuration. Even at the
points of the sequence when the difference between the estimates is large, the outlines are
very similarly sited, and although one can claim that the estimates produced by the tracker
using the EM-learnt model are slightly better, particularly in terms of the shape of the
inner-lip contour, the improvement is small.

The worst performance, from both trackers, was seen at the ‘v’ of ‘seventeen’ (around
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Figure 5.18: Tracking snapshots at time-steps of greatest difference between the
estimates produced by the two models. The inner-lip contour is more accurate when
the EM-learnt model is used; see text for discussion.
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field 566). The motion undergone by the lips when speaking this word is significantly
different to that seen in the rest of the sequence. The tracker is thus attempting to estimate
atypical motion; although the word ‘seventeen’ was part of the training sequence, the rapid

‘—eve—’

motion occupies a very small fraction of the overall sequence.

This is perhaps an unavoidable restriction of trying to use a single dynamical model
for the whole range of lip motion produced by speech. A possibly better approach would
be to use a filtering framework allowing more than one dynamical model, with switching
between them. More specific models for the various ‘visemes’ could then be employed, and

the switching times could also be informative from a speech-recognition point of view. Such

a filtering framework is investigated in chapters 6 and 7.

5.2 Dynamics with Stationary Noise
Consider a dynamical process with stationary noise, i.e.,

x; = Axy 1 + Buwy

Yt = ot + Brug, (5.1)

where only the y; are observed. Suppose also that the ML estimate of A and B were to
be found, treating the observed y; as if they were the actual z;. This section examines the
effect which this (obviously erroneous) assumption has on the learnt system, and how the
techniques already developed for learning systems from measurements can be applied to

this problem.

5.2.1 Second-order Systems

Note that eqn (5.1) can be viewed as a standard measurement process with H = 1 and
where the variance of the noise is By B] . Therefore, the results of section 4.4 apply, and it
is easy to apply EM to find the correct maximum-likelihood estimate of the dynamics A,
B, and Bj. This estimate is to be compared, not with the ‘filtered’ estimate of previous

sections, but with the estimate produced by treating the y, as if they were the z,,.

Experiments with Synthetic Data For a synthetic second-order scalar system, the

model becomes

T = 01%—1 + aoTr_o + bwy;

Yr = o + bruy.
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For the following experiments, the driving noise of the underlying AR process will be fixed
at b = 0.01, and a system (a1, a2) constructed which corresponds to a continuous system
(when sampled at 50 Hz) with a damping constant 3 of 0.05 and an angular frequency w of
7 (giving a frequency of 0.5 Hz). The parameter to be altered is the standard deviation of
the stationary noise, by.

The results of running each algorithm a small number of times for various levels of
stationary noise b; are given in table 5.3. Note that the naive estimation procedure, that
of treating the y, as the x,, only produces an estimate for b, since the presence of the

stationary noise is not acknowledged.

True Estimate of system
by B (true 5 =0.05) w (true w=3.14) b (true b =0.01)

0.001 0.0542 £+ 0.01 3.1448 +0.02 0.0103 £ 0.00

0.003 0.0808 £ 0.02 3.1444 + 0.01 0.0124 + 0.00

0.010 0.3761 £ 0.08 3.1318 £ 0.01 0.0263 £ 0.00

0.030 2.5641 +0.37 1.5868 + 0.87 0.0721 £ 0.00

(a) Naive estimate of system
True Estimate of system
by g (true f=0.05) w (true w =3.14) b (true b=0.01) by

0.001 0.0500 £ 0.01 3.1447 + 0.02 0.0099 + 0.00 0.0012 £ 0.00
0.003 0.0519 £ 0.01 3.1438 £ 0.01 0.0100 £ 0.00 0.0030 £ 0.00
0.010 0.0517 £0.01 3.1414 £ 0.01 0.0100 £ 0.00 0.0100 £ 0.00
0.030 0.0497 £0.01 3.1474 £ 0.01 0.0100 £ 0.00 0.0300 £ 0.00

(b) EM estimate of system

Table 5.3: EM accurately estimates a dynamical system with stationary noise;
a more naive method over-estimates the damping constant and driving noise.
(a) The naive estimate of the system parameters for various levels of additive noise, and
(b) the EM estimate of the system parameters for the same sequences. In both cases, several
runs were performed, and the (sample) mean and s.d. are given as ‘uw+o’. The true values
of the parameters used to simulate the data were 8 = 0.05, w = 3.14, and b = 0.01. FEach
run used a sequence of length 16384, and 16 runs of each experiments were performed. The
EM algorithm was run for 256 iterations, which was enough to produce convergence.

It can be seen, considering the EM estimates first, that the estimates are consistently
good, although there is much higher variance in the estimate of the damping constant than
in the estimates of the other parameters. When the additive noise is low, ignoring it does not
affect the naive estimate too badly — the results are as good as the EM estimates. However,

as the level of additive noise increases, the estimate of the damping constant in particular
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becomes wildly inaccurate — too high by a factor of nearly 50 in the worst case shown

here. This over-estimation of the damping constant was also observed in section 4.5.1.

5.2.2 Example with Real Data — Heartbeat Data

As an example of the application of the learning technique to real data, consider the time-
series presented in figure 5.19. (These data were provided by Gary Jacob.) An ultrasound
video sequence of a beating heart was tracked, and the second principal component is
shown. (The first component contained mostly reparametrisation of the spline curve used

for tracking.)

second PCA component
200 ¢

150

100 -

50 -

O I I I I |
0.0 2.0 4.0 6.0 8.0 10.0
time (s)

Figure 5.19: Time-series of tracked heart data, for which a dynamical model with
stationary noise will be learnt. A beating heart is tracked, and the second component
of the PCA basis used is plotted here against time-step. (The first PCA component shows
less periodic behaviour; it seems that it represents mostly reparametrisation of the contour.)
It can be seen that the data are highly periodic, although not perfectly so.

The Learnt Systems The naive method of learning a dynamical system from these data
was compared with the method based on EM presented here. The system learnt by the

naive method was as follows:
T = 99.43; 8 = 4.646; w = 8.332; b = 4.680,
whereas that learnt using EM, allowing for additive stationary noise, was

T=100.0; [B=1676; w=2=8924; b=2824; b = 3.846.
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As has been observed in other situations, the damping constant of the model learnt using
EM is much smaller. Examination of the training sequence suggests that the true motion
is indeed not particularly damped. The EM-learnt model is therefore a more accurate

description of the behaviour of the system.

Simulating the Systems The stochastic models learnt can be simulated to help visualise

the motion which each represents. Example simulations are shown in figure 5.20.

250 simulated value 250 simulated value
200 200
150 150
100 100
50 50
%.O 2.0 4.0 6.0 8.0 10.0 %.0 2.0 4.0 6.0 8.0 10.0
time (s) time (s)
(a) Naive learning (b) EM learning

Figure 5.20: Simulations of learnt models show that the EM-learnt model more
closely resembles the training data. The dynamical models learnt by the two methods
are simulated using Gaussian driving noise. In (a), the system learnt by the naive method;
in (b), that learnt using the EM method. It can be seen that (b) resembles the original
training data (in figure 5.19) more closely.

It is also useful to look at a simulation of the learnt systems in the absence of driving
noise — i.e., with b and b; set to zero. The resulting sequences indicate the predictive

behaviour of a tracker using such a model. These graphs are shown in figure 5.21.

250 simulated value 250 simulated value
200 200
150 150
100 /\/ 100
50 50
%.O 1.0 2.0 3.0 %.0 1.0 2.0 3.
time (s) time (s)
(a) Naive learning (b) EM learning

Figure 5.21: EM-learnt model shows better predictive behaviour. Without any
driving noise, the predictive behaviour of the learn models can be seen. The effect of the
larger damping constant of the naively learnt model in (a) can clearly be seen.

The simulation using the EM-learnt model is perhaps slightly more convincing than

that using the filtered-learnt model, but the difference is small. The predictive behaviour
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displays a much more noticeable improvement when using the EM-learnt model. This would
become important when fields are dropped during tracking; the accuracy of the prediction

would then allow recovery of the tracked object after the dropped fields.

5.3 Discussion

The technique of Expectation-Maximisation has been successfully applied to the estimation
problem of system identification, from a sequence of measurements, in a Kalman filter
framework. Specifically, the method has been used to learn a dynamical model for an active-
contour tracker. A general method for learning measurement noise was also described,
although a more suitable method of estimating this parameter was used for the experiments.
Experiments show that a system learnt using this EM-based method is superior to one learnt
using existing methods.

This work suggests other applications of EM to problems related to learning models
for contour-tracking. For example, the space of allowable deformations of the contour is
presently specified independently of the dynamical model. A promising area for investig-
ation is the possibility of learning this component of a contour tracker directly from the

same sequence as that used to learn the dynamical model.

5.3.1 Learning Measurement Noise

In this section, the question is addressed of how the maximum-likelihood estimate of the
measurement noise can be obtained, using EM. The theory was developed independently by

the author, but is equivalent to (Shumway and Stoffer, 1982) as described in appendix A.2.

Maximum Likelihood Estimate of Parameters

Suppose a complete set of data is available — the true states (z1,z2,...,z7) and the
measurements (21, 29, ..., 27). The problem of forming the maximum-likelihood estimate of
the dynamical model parameters A and B decouples from the problem of estimating ¥, the
measurement noise variance. These estimates are then as follows. The case of a first-order

model is considered for simplicity; the extension to other model orders is straightforward.

A = RigR};
1
BBT = - (Roo — ARig — RuA” + AS1,47)
1 T

Y= ? ;(Zt - H:z:t)(zt - H,’I?t)—r.
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To derive these expressions, note that the problem is to maximise p(X, Z | A, B,Y), where

X = (z1,29,...,xz7) and Z = (21,29, ...,27). Now
p(X,Z|A,B,Y)=p(Z|X,A,B,Y)p(X|A,B,Y)
and
p(Z|X, A, B,Y)=p(Z|X,%)

since, if X is given, then A and B provide no further information about Z (i.e., conditioned

on X, 7 is independent of A and B). Similarly,
p(X |4, B,%) =p(X[A,B)
as X is independent of Y. Therefore,
p(X,Z| A, B, %) =p(Z| X, %) p(X | A, B)
and so
L(X,Z|A,B,Y)=L(Z|X,X)+ L(X | A, B).

The maximisation of L(X, Z | A, B,¥) can therefore be achieved by separately maximising
the two likelihoods L(Z | X,X) and L(X | A, B). The solution to the second of these max-
imisations has already been described in previous sections; the derivation of the solution to

the first is as follows.

p(Z]X,E) = p(z1,22,...,21 | x1, 22, ... 2T, 2)

= pvl,UQ,...,vT;E(zl - H-Tla 22 — HII,'Q, ce ey 2T — HxT)

T
= Hpvt;Z(Zt — Haxy)
=1

since the v; are independent. Then
1 1
passl) = oI5| V2exp |- guTs
P

and therefore (up to an additive constant)

T
T 1
L(Z|X,%) = —5 log|5] - 52@2*1%, (5.2)
t=1
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where u; = 2z — Hax;. Writing v’ X7 as tr(uu' $71), this becomes

T 1 d
L= ) log |21 — St [(; um?) !

Differentiating with respect to X~ and setting the result equal to zero gives

T T
TS — (Z um?) =0
t=1

and the claimed result for > follows.

Finding the Expected Log-Likelihood

Next consider the expectation of this term of L given a previous estimate for the parameters.

Only the second term of eqn (5.2) contains the random variables z;:

g[t([z 21> —w (5 [Z 21>

] el e

T
> (5[$t]5[$t]T + Var[act])] H'. (5.3)

and

+H

E[z] and Var[z;] have already been calculated (they are the solutions to the smoothing

problem), and so the updated estimate for ¥ is given by

Y= %(; 2z, — H [; Elxdz | — L:Zl ztg[mt]T] HT
> (5[$t]5[xt]T + Var[xt])] HT>.

t=1

+H

Therefore, the results of section 4.4.2 can be used to estimate the measurement noise as

well as the dynamical model from a training measurement sequence.

Experiments with Synthetic Data

The behaviour of this algorithm with synthetic data is now briefly examined. A typical
scalar second-order discrete system, whose mode corresponds to a continuous one with
B =0.1 and w = 6.28, was simulated with various levels of measurement noise. The results

of performing the algorithm described on these data sets are summarised in table 5.4.
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True EM estimate of system
o I5] w b o

0.006 0.1203 6.290 0.00977  0.00518
0.010 0.0859  6.286  0.00997  0.00986
0.020 0.1445 6.267 0.01019  0.01957
0.060  0.1410 6.308 0.01014  0.05037

Table 5.4: The EM algorithm can be extended to simultaneously learn measure-
ment noise. The learning algorithm presented was exercised on synthetic systems with
B8 =0.1, w=106.28 and b = 0.01 and various values of measurement noise o. The estimates
are mostly good, although the damping constant (3 is, in most cases, over-estimated. The
sequence was of length 8192, and 256 iterations of the algorithm were performed — the
convergence is slower in this case than the others presented.

The convergence behaviour for one of these examples is shown in figure 5.22. When
compared with figure 4.5, the convergence is much more computation intensive, especially
considering that the sequence used to produce figure 5.22 was much longer than that used
to produce figure 4.5. A qualitative explanation for this phenomenon is that the effects of
process noise and measurement noise on the measurement sequence are similar, so distin-

guishing between them is a slow process.
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Figure 5.22: Convergence of system estimates when learning measurement noise.
The graphs show the convergence behaviour of the estimates of (a) the deterministic part
of the dynamical model, (b) the stochastic part of the dynamical model, and (c) the meas-
urement noise. The synthetic sequence had 8 = 0.1, w = 6.28, b = 0.01, and o = 0.02, and
was of length 8192.



Chapter 6

Dynamical Models for
Condensation

6.1 Introduction

The Condensation (standing for ‘conditional density propagation’) algorithm of Isard and
Blake (1996; 1998a) is a filtering (and smoothing) algorithm which addresses and overcomes
some of the limitations of the Kalman filter. The chief problem with the application of
a Kalman filter to visual tracking is that the assumption that the conditional observation
density p(z | z) is Gaussian is rarely valid. In clutter, there will be many competing features,
causing multi-modality of p(z|z). The recursive Bayesian filtering problem referred to in
chapter 1 then ceases to be analytically tractable, and various approximate techniques have
been developed.

Bucy (1969) proposes numerical integration of Bayes’ rule, which is very general but
suffers from prohibitive computational cost once the dimensionality of the problem rises
above 1 or 2. Mixtures of Gaussians are used in pattern recognition, as described by Duda
and Hart (1973) or Bishop (1995). This idea is extended by Sorenson and Alspach (1971) to
propagate densities through time, fusing similar Gaussians and discarding negligible ones
in order to keep the total number of mixture components tractable. When the dynamical
model or the measurement model ceases to be linear, the Extended Kalman Filter (Jacobs,
1993) can be employed. It operates by forming linear approximations, and ultimately
approximates the state distribution as a Gaussian. It has successfully been used for filtering
applications in vision, e.g., (Harris, 1992).

The problem of static image analysis has been addressed using various random sampling
techniques, including the work of Geman and Geman (1984) on pixel-based methods for

image restoration using Markov random fields. The method of ‘factored sampling’ has been
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applied, again to static images, by Grenander et al. (1991); the images considered here are
of hands. An encoding of hand shapes is used, as opposed to a pixel-based system. Both
of these approaches use iterative simulation, as does the work of, for example, Ripley and
Sutherland (1990) on images of galaxies.

The idea of factored sampling has been extended to the representation and propagation
of densities over time. This stochastic Bayesian filtering framework was developed by
Gordon et al. (1993), who termed it a ‘bootstrap filter’ and Kitagawa (1996), who called
it a ‘Monte-Carlo filter’ and looked only at the one-dimensional case. The Condensation
algorithm discussed in this chapter is effectively the application of these ideas to the field

of visual tracking.

6.1.1 The Condensation Tracking Algorithm

The Kalman filter makes several assumptions about the dynamical system and observation
process. The dynamical model must be linear, with Gaussian process noise, and the meas-
urement model must also be linear with Gaussian noise. Within these constraints, the filter
produces an analytical solution to the problem of finding the posterior densities p(x; | Z})
given a sequence Z! = (21,...,%) of measurements in terms of its mean and variance —
enough to completely specify the Gaussian density which results.

In some tracking applications, these assumptions are reasonable, and the Kalman filter
can be used to good effect, as seen in previous chapters. However, in the presence of clutter,
the assumption that the posterior remains Gaussian fails. In particular, the true posterior
may easily have more than one peak, representing competing plausible configurations of
the tracked object. The Condensation algorithm addresses these issues by adopting a more
general representation of the various distributions involved (including the desired posterior).
Other benefits arise almost incidentally — the requirements that the dynamical model be
linear and contain only Gaussian noise are both discarded; they are replaced with much
less severe restrictions.

The essence is to represent a distribution, such as p(x;| Z!), by means of a weighted
sample set. This is a set {(x(™,7("),1 < n < N} of pairs which can be said to represent
a distribution p(x) in the following sense. The process of selecting one of the x(™ with
probability proportional to 7(™) is ‘a good approximation’ to drawing from p(x), in a sense
which can be made precise. In the limit as N — oo, the approximation becomes exact.

The Condensation algorithm then propagates such a sample set forwards through time.

It is a recursive algorithm, constructing a sample-set representation of p(x; | Z¢) in terms
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of that of p(x; 1 | Z!7"). The algorithm is described in figure 6.1.

Iterate for t =1,2,... ,T.

Construct the sample-set

for time ¢.

For each n:

1. Choose (with replacement) a ‘base’ sample m € {1,2,...,N} with

probability (™).

2. Predict by sampling from

Pl |x\™)

to choose xgn).

(n)

3. Compute observation weights 7; "’ are computed from the observa-
tion density, evaluated for the current observations z;:

(n))’

™ = p(z | %, = x!

then normalise multiplicatively so that ) 7r§n) =1.

Figure 6.1: The Condensation algorithm for forward propagation. A sample-set rep-
resentation of the conditional density p(x; | Zt) is propagated through time t. This present-
ation includes the simplifying assumption that the prediction density is first order (so that
p(x; | X = p(x¢ | x4-1)), which need not be the case in general. The generalisation to
higher model orders will be made explicit below.

Initialisation

The algorithm presented in figure 6.1 requires an initial sample-set to represent the prior
distribution p(xg). There are (at least) two ways of specifying this distribution in practice,

depending on how much information is available for the problem in question.

Known Starting Configuration If the configuration xq of the target object is known

at t = 0, this certainty can be easily represented in the sample set:

(n)

XO ==

(n) _

Ty = =

0 for 1 <n<N;

»

for 1 <n<N.

2|~
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(The choice 7T((]1) =1 and W(()n) = 0 for n > 1 gives the same result.)

Steady-state Distribution If the only prior knowledge of the starting configuration of
the object comes from the dynamical model, this can be used as follows. Iterating the
dynamical model will result in a steady-state distribution for the state, provided that the
model is stable. Drawing N samples from this distribution and giving each a weight of 1/N

will represent such a prior.

6.1.2 Higher-order AR Models

The algorithm shown in figure 6.1 used a first-order auto-regressive process for the predic-
tion model for presentational simplicity, but this is not an inherent restriction of Condens-
ation. In this section, the (fairly simple) extension to higher-order AR models is presented.

Suppose the dynamical model is of order K, so that

K
Xp = Z Apxy +d + Bwy,
k=1
for (matrix) coefficients Ay, offset d, and zero-mean, unit Gaussian noise vectors w; shaped
by the matrix B. To incorporate this into Condensation, each member (Wgn),xgn)) of the
sample set is replaced with an element carrying enough history to perform prediction. The
(n) (n))‘

sample site x; ' becomes the ordered K-tuple (XE?2K+1) X

The prediction step from a chosen base sample m then consists of drawing a sample

(n)

Y from the distribution with density

X

(m) (m)
PO gy (11 X )

which in the case of the Gaussian AR process above, is accomplished by drawing a w from

a suitably-dimensioned N (0, 1) and computing

K
(n) _ (m)
XtTt = Z Akx(;n,k)‘(t,l) +d+ Bw.
k=1

The other addition to the algorithm is the computation of the history for the newly-
chosen sample. This is a matter of copying the relevant portion of the history from the

base sample m:

M) =xm L for I<k<K -1
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6.1.3 Multi-mode Dynamics

The Kalman filter requires that the predictive model for the object’s motion and deforma-
tion be governed by a linear process with Gaussian noise. For many types of motion, this is
adequate, but in some cases it is too restrictive. For instance, the hand-tracking example of
(Isard and Blake, 1998c) requires three modes to model (and classify) the distinct motion-
types of the hand, and the results of section 5.1.3 suggested that a multi-mode model might
better represent the different types of lip motion used during speech.

With this extension, the state consists of both a continuous part, x;, and a label for the

discrete state, y;. These are combined into a single state vector X;:

Xt
X = .
' (yt>

Each discrete state y is assumed to represent an auto-regressive model of order K; if
Yt =y, then

K
x; = Z Alx; p +dY + BYwy. (6.1)
k=1

(The orders for different models can be different with the only increased difficulty being
largely notational.) The transitions between states are assumed to be a first-order Markov

process with transition matrix M:

Plyr=y'|yi—1 =y) = My,

meaning that the joint prediction distribution can be written as

DXty Yt | K15 Y15+ s KK Yt—K) = Py (Xt | Xe—1, -+ X i) My, _ 1y, -

The distribution py(x; | x;—1,... ,%;—k) is derived from eqn (6.1), giving the following ex-
plicit form for p(X; | i 1),
2

M

p(Xy| XY = (2] BY )P/ exp Yot

K
—1(Bw>1(xf—§jA%xtk—dw>

2
k=1

(6.2)
6.2 EM Learning for Condensation

Again, the learning problem within the framework of Condensation is an example of a
parameter-estimation problem with incomplete data, so a natural approach is to use the

EM algorithm. The details of the application of EM to this problem are now developed.
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6.2.1 Maximisation Step

The ‘M’ step of the EM algorithm requires the calculation of the ML estimate of the model
parameters based on complete data. In this case, this reduces to knowledge of a given
sequence X7j,..., X% of known state vectors. (In general, ‘complete data’ will include
the observed data z, but in this case, the measurements add nothing to the information
provided by the true states.)

This section develops the results which will be used to make these ML calculations,
first for a single arbitrary-order AR process, and then for a multi-model process of the type

introduced in section 6.1.3.

Single-mode Models

Here the state sequence has only a continuous part xj,...,x7. In the case of a single
dynamical model, finding the maximum-likelihood estimate of the model parameters is a
fairly simple extension of the derivation in section 4.5 for second-order systems.

The predictive system now in question is

K
X = Z Apxi— +d + Buwy.
k=1

The full derivation is given in appendix A.3; the result is that the prediction matrix
Az(Al Ay - AK)
has a maximum-likelihood estimate satisfying
AR’ = R),

where the matrices R? and R are defined as

RY, R} - R(l),K
RY = R,gl R,g2 Rg.’K ; R{= (R} Ry - Ryx )
Riy ey - Rix
and the modified second-order moments R?j are
R); = R;; — ﬁRiR;r,

where

T
_ * * T, o *
Rij - Z $t,i($t,]~) ) R; = Z Ty_;-

t=K+1 t=K+1
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The offset d is given by

d= Ry — AR
where
Ry
Ry
R = .
Rk

Finally, the variance C of the noise process is given by

1

C= (Rgo - A(Rg)T) .

Multi-mode Models

If the dynamical system in question has more than one discrete state, the full state vector
X; must be considered. Again, the details of the derivation are deferred, to appendix A.5.
The result is that each mode y has a set of parameters estimated exactly as for a single-
mode system, but with the moments restricted to those time-steps during which the system
was in mode y.

Specifically, parameters AY, d¥ and CY are learnt from block matrices (R%)Y, (RJ)Y and

(Ro)Y formed from moments matrices (jo)y and RY given by

1
0 T
R y_ytzyxt zxt ] _Ty_KRg(R?) )

where
= % (6:3)
Yi=y
Ty =ty =y},
and the set-size operator §{} is defined such that for a finite set A, f{A} is the number of

elements in A. In this case, then, T}, can also be written using
T,= Y L
tyy =y

The maximum-likelihood estimate for the transition matrix M is given by

_ Tyy
Myy = ST
Zy’ vy’

where Ty, are the transition counts:

Tyy = Ht v = vy = yl}-



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 124

6.2.2 Expectation Step
The expected value of the log-likelihood L is sought; in full,
E[L] = &[L(z,z | ¢) | 2, 1]

In appendix A.5 it is shown that L is linearly dependent on the moments (R;;)Y and (R;)Y,
and the transition counts Tj,s. Therefore, in a similar fashion to the derivation given in

section 4.4 for the case of the Kalman filter, their expected values are sought, for example
EMTyy] = 5X1T [Ty |21, i,
where X is the complete sequence of states:
xl = (Xyq,...,X7).
Therefore, information about the distribution p(X{ | ZT') is sought.

Smoothing using Condensation

This problem of finding the distribution p(X{ | Z1) is the same one as was encountered in
section 4.4 — smoothing. A solution to the smoothing problem within the Condensation
framework was presented by Isard (1998d) for the case of a single-mode system, with the
primary aim of obtaining better state estimates. The extension to multi-mode systems and
the application to learning a dynamical model using EM given below is original joint work
of the author with Andrew Blake. The implementation and experiments are the original
work of the author.

In a similar fashion to the procedure for Kalman smoothing, a second, backward, pass
is taken over the sequence. This replaces the sample weights 7r§n) with ‘smoothing’ weights

1/)£n), such that the weighted sample set, using the original sample sites with new weights,

(n) (n)y . (n)
{(X(FK) BEE ,xt|t),zpt }

represents the required distribution of the states given all the data. Note that the history
tuple has been extended backwards one further time-step — XEQ K)|t is stored in addition.
The reason for this will become apparent shortly.

The extension to the multi-mode case, producing a sample set representation

(o CRISININS <IRTIC)!

of the distribution for the combined continuous/discrete state vector sequence X;, is con-

ceptually reasonably simple and is shown in figure 6.2.



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 125

Initialise at t = T"
’(/)5?):7'{'5?), forn=1,...,N.
Compute smoothing-weights at time ¢, in terms of those at time ¢ + 1, as follows:
1. Prediction probabilities
agm,n) =p[Xpp1 = Xg’jr)l)‘(tﬂ) | (X (t=k) |t = XE?lk) o k=12 ,K)J,

calculated for a multi-modal ARP using eqn (6.2).

2. Correction factors:

3. Backward variables:

N
515”) = Z leTl)agm’n)/%Em) forn=1,...,N.
m=1

4. Smoothing weights:
1/)£n) = wt(")ét(”) form=1,...,N,
then normalise multiplicatively so that ) 1/)§n) =1.

Figure 6.2: The Condensation smoothing algorithm. From a sample-set representa-
tion of the filtered distributions, a recursive method (starting from the end of the sequence)

is used to compute a new set of weights zbt(n) which form a sample-set representation of the
smoothed distributions.
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Moments and Transition Counts

After smoothing, the sample set

(oINS <RV}

approximates (with the approximation becoming exact in the limit that N — oo) the

distribution
p(Xt—Ka e ’Xt | ZlT)a

which will allow the calculation of the required expected values of the moments. Recall that
for any function f of the state Xy, the expectation of f(X;) can be approximated using the
sample-set by

ELF(Xe)] = oM F(xi™).

This information is what is required to calculate (an approximation to) the expected

values of the moments. Take, for instance, £[RY]. From eqn (6.3):

£ [Ri'/] =& lei

*

roT
=& Z 5y2‘,yxr—i]

Li=K+1

T
- Z € [51/2‘,?/":4]7

t=K+1

where 6, 1s the Kronecker delta function:

_{0, if u # v

1, ifu=w.
The individual terms in the sum are expected values of functions of the combined dis-

crete/continuous state vector X, so can be approximated by means of the sample set:

N
E [0y yxii] = Zi/’t(n)‘sy(n) yXEQi) |t
n=1

t]t

N
= Z "/)t(n)Xy (yt(Tt)> Xg?zi) Iz
n=1

defining the indicator function

Xuld) = 1, ify=u.
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Expected values of the second-order moments and the transition counts can be computed
in the same fashion, leading to the following expressions.

T N T
Z Z¢£n)Xy (9,572) XEZ” (ng)m) 3 (6.4)

t—K—I—l n=1

ZZ¢ !
(i

Z"/)t Xy \ Yy ) (6.6)

t= K+1n 1

Zwt xow (Ve 08 (6.7)

t=2 n=1

yt\t) Xi—i|t? (6.5)

where

, 0, ify#wuory #uv;
X (9:4) = {1, if y=wand y' =w.

As noted in appendix A.5, the log-likelihood is linear in these quantities, so the above
equations allow the completion of the Expectation step of the EM algorithm. Note that
it is here that the need to store X(; gy|; becomes apparent — the expected value of the
moment Ryx requires it. For prediction and filtering, histories are only required for the

previous K — 1 timesteps, i.e., as far back as X _g 1))

6.2.3 Summary of Algorithm

The essence of the learning algorithm is then similar to that for learning within the frame-

work of Kalman filtering. It is summarised in figure 6.3.

6.3 Condensation-EM in Practice

This section describes some experiments which were performed to gain some intuition about
the behaviour of the Condensation-EM algorithm. They are the original work of the author.
Since an approximation is involved in the iterative step, some experimental indications of

the effect this has on the algorithm are desired.

6.3.1 Simple Motion — a Juggled Ball

The example used will be of learning the parameters for a constant-acceleration model
describing the motion of a ball being juggled. Typical frames from the sequence in question
are shown in figure 6.4.

There are several different phases of motion for the ball, which may be named as follows.
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(1) Choose suitable values for the starting dynamics; constant-velocity
has proved quite versatile if the noise is set high enough to allow track-
ing. Also set up initial conditions for the first time-step;

(2) Run the Condensation tracker on the training image sequence,
producing a sample-set representation of the distributions p(X; | Z¢);

(3) Run the Condensation smoothing algorithm, producing modified
sample weights to give a representation of the smoothed distributions
p(Xe] 2]);

(4) Using the results of the smoothing, find the expected values of the
moments and transition counts;

(5) From these expected values, estimate the dynamical system;

(6) Using the system derived in the previous step, go back to step (2).

Figure 6.3: The EM algorithm for finding the ML estimate of a dynamical model
within the framework of Condensation. This should be compared to the algorithm
given in figure 4.3 for the Kalman filtering case. The basic steps are the same; the chief
difference is in the ‘E’ step — the calculation of expected values of the statistics on which
the log-likelihood depends.
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’1

Figure 6.4: Frames from the juggling sequence. The sequences from which these
frames are taken will be used in EM-based learning experiments within the Condensation
framework. Some clutter can be seen in the background, although the balls are orange and
so colour information can be used to improve measurements.

Ballistic — motion under gravity, when the ball is in the air.

Catch — the ball is undergoing rapid deceleration as it is caught.

Carry — the ball is being carried towards the centre of the body in preparation for

being launched into the air.

Throw — the ball undergoes rapid upwards acceleration as it is thrown to the other

hand.

The state of the object can be described by a two-dimensional space, that of translation.
(The small deformations caused by catching and throwing the ball are ignored; also, it is a
reasonable approximation that the ball moves in a plane perpendicular to the line of sight
of the camera, so the image of the ball does not significantly change size.)

The ‘ballistic’ motion will be examined here. It has the advantage of being known — the
‘ground truth’ model for a ball moving under gravity is constant downwards acceleration
of amplitude very close to g (the balls were quite light, and so air resistance may have an

effect).
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Other Tracking Details The image sequence used for tracking was recorded in col-
our, so advantage was taken of the additional information available. A Fisher axis (Duda
and Hart, 1973) was learnt from example images, and the image colours along the search
lines projected onto this axis. After this projection, a one-dimensional feature search was
performed on the resulting data, and the strongest edge feature used to calculate the obser-
vation density. The noise of this process was estimated using the same method as described
in section 5.1.2. This measurement process was used for all of the following experiments
on the juggling sequences.

The tracker requires initial conditions; these were specified manually for these exper-
iments, although work has been done (MacCormick and Blake, 1998) on automatically
locating objects in static images with a view to using the output as a starting point for

tracking.

Units for Dynamical Parameters For the sake of interpretation of results, it is im-
portant to consider the units for the various parameters of the dynamical model. For a
constant-acceleration model, the interpretation of the offset parameter d is straightforward;

an object moving with continuous dynamics

obeys the recurrence relation
x(t) = 2x(t — A) —x(t — 2A) +d,
for a time-step of size A, i.e.,
Xy = 2X41 — X2 +d,

where the relation between a and d is found to be

d
a= 5
The conversion between pixels and metres must be included in the final expression, which
is fairly simple in this case as the ball is moving approximately in a plane perpendicular
to the line of sight of the camera. Measurements yield a value of 0.00227 m /pixel, which,
together with the time-step value of A = 0.02s, gives the conversion to be

a d
pixels’
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For the noise parameter C, some interpretation of the eigenvalues (expressed in pixels?)
is required. For a system with a steady-state variance P, this provides one natural inter-
pretation (after converting from pixels to metres). However, a constant-acceleration system
has no steady-state variance, so this approach cannot be used. For the precise problem un-
der consideration, an alternative is to evaluate the system’s prior variance (i.e., without
measurements) after an appropriate number of time-steps, with a zero starting variance.
Here ‘appropriate’ will be a typical duration of the motion in question.

The system’s prior variance behaves as follows. Augment the state in the usual fashion:

_( m . _ (2 -1},
() (1)

then the augmented variance matrix P, obeys

Cc 0 0 0
— T . —
P, =AP,_ A +<0 0), P0—<00>.

This can simply be iterated to find the upper-left corner of P, (where 7 is the ‘appropriate’
time mentioned), which is the variance of the (non-augmented) state x.

Also, results will usually be presented in terms of the square roots of the eigenvalues,
to give a final value measured in metres (after multiplication by the pixels-to-metres factor

described above).

Behaviour of EM Algorithm — Learning a Single Model

Consider first the problem of learning a model for the ballistic section of the motion.
Learning just one model allows some simplification of equations (6.4)—(6.7). For example,

the second-order moments can be estimated by means of

N

T T
E[Ry] ~ Z Z ¢£n)xg?zi)‘t (Xg?zj”t) . (6.8)

n=1t=K+1
Here, the v are the smoothing weights whose calculation was described in section 6.2.2.
Similar expressions for the expected values of the first-order moments R; apply.

One approach to this learning problem is to set the number of samples N to a value just
high enough to give reasonable tracking, and run the algorithm, using the approximations
given in eqn (6.8) in the Expectation step. The results of following such a procedure are
shown in figure 6.5, where the ‘suitable timescale’ for the process has been set to the length
of the sequence: 7 = 27.

It can be seen that such behaviour cannot really be called ‘convergence’ — there is a
large amount of random fluctuation, and it is difficult to tell what the final learnt model

should be, or even if the estimates have in fact converged.
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Figure 6.5: Using only enough samples to allow tracking produces erratic be-
haviour of the EM iterative process. Results of applying the EM learning algorithm
to a sequence tracked using N = 100 samples. Shown are the x and y components of the
offset parameter of the constant-acceleration dynamics, and the two eigenvalues of the noise

variance matriz.
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Moments are Random Variables

Returning to eqn (6.8), the reason for the randomness observed in the previous section
becomes apparent. A sample-set approximation to the various probability densities is used
— this means that the values used for the expected values of the moments are in fact random
variables, dependent in a complex fashion on the random variables used in the operation of
the Condensation filter. Therefore, given one estimate for the dynamical parameters, the
value calculated as the next estimate is also a random variable. Without any knowledge of
the behaviour of this random variable, it will be difficult or impossible to produce sensible
results from the Condensation-EM learning algorithm.

First note, though, that the approximation of eqn (6.8) becomes exact in the limit as
N — oco. However, taking an extremely large value for N is not practical, as the smoothing

process involved in the algorithm is O(N?).

Behaviour of a Single Step

Therefore, the behaviour of a single step of the Condensation-EM estimation procedure
was examined for practical values of N. In the case of estimation of a constant-acceleration
model in 2 dimensions, the parameters of interest are the 2 components of the acceleration,
and the noise variance matrix.

Starting from the same value of ¢; (in this case, constant velocity with noise set to allow
tracking), one step of the Condensation-based EM algorithm was run several times, and
the mean and variance of the several values of ¢;;; computed. Values of N used ranged
from 128 (below this, tracking was unreliable) to 2048 (beyond this, the computational cost
of the smoothing operation becomes unacceptably high) in factors of 2. For each value of
N, the entire learning procedure was performed 32 times. The data resulting from this
experiment are summarised, in terms of the mean and variance of the values, in tables 6.1
and 6.2 and figures 6.6 and 6.7.

It is clear from these statistics that, as expected, the variance of the estimates decreases
with increasing N. (As previously noted, in the limit of N — oo, the variance would
become zero.) There is a slight anomaly in that the variances for 128 samples are in most
cases lower than those for 256 samples. A qualitatively plausible explanation for this is that
128 samples is too low to produce any sensible approximations whatsoever. Examining the
results, considering in particular the behaviour of the noise estimator, N = 2048 samples

must be considered a minimum number for use in the iterative EM procedure.
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N (ds) V(ds) pildy) V(dy)

128 0.127 0.282 -11.2  4.75
256 0.164 0.141 -109 3.70
512 0.069 0.060 -10.3  0.80
1024 0.042 0.056 -9.97 0.24
2048 0.037 0.030 -9.81 0.08

Table 6.1: Using a larger sample-set produces an estimator of the offset para-
meter with lower variance. The sample mean i and sample variance V' for each com-
ponent of the estimate of the offset parameter of the dynamical model are shown.

N j(e1) V(e fi(o2) V(og)
128  1.56 0.771 0.564 0.00139
256  1.50 1.322 0.563 0.00066
512 1.21 0.419 0.558 0.00040

1024 0.89 0.167 0.557 0.00017
2048  0.77 0.050 0.555 0.00005

Table 6.2: A larger sample-set produces a lower-variance estimator of the noise
parameter. The sample mean i and sample variance V' for each component of the estimate
of the noise parameter, given in terms of the two eigenvalues of the variance matriz, of the
dynamical model are shown. Apart from the N = 128 entry, a higher sample-set size gives
a better approximation to the noise estimator.

sample mean and variance of dy (m/s2) sample mean and variance of dy (m/s2)
0 4 4 ‘ . . 0
5 5
-10 -10 | | | } '
-15 -15
128 256 512 1024 2048 128 256 512 1024 2048
N (number of samples) N (number of samples)

Figure 6.6: Larger sample-sets produce better estimates for the offset parameter.
Shown are the means of the 32 estimates with a vertical bar extending one (sample) standard
deviation above and below the mean. As more samples are used, the variance of the estimate
decreases.
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5 sample mean and variance of g; (m) 5 sample mean and variance of g, (m)
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Figure 6.7: Except for very low N, variance of noise estimate decreases with
increasing sample-set size. Shown are the means of the 32 estimates with a vertical bar
extending one standard deviation above and below the mean.

The Cost of More Samples As a rough indication of the computational cost of raising
N, the times taken for computation of one step are given below. The sequence in question
is quite short — 27 time-steps, the length of the section of ballistic motion under consider-
ation. Note that the tracking time given here can be improved on considerably by various
programming and algorithmic methods, but since the dominant cost in these calculations is
that of the smoothing, this is less of an issue. Times here were measured on an SGI Octane

with a 175 MHz R10k processor.

Tracking Smoothing Estimation  Total

N time (s) time (s) time (s)  time (s)
128 12 3 0 15
256 19 9 0 28
512 33 35 0 68

1024 61 138 1 200
2048 117 528 2 647

Table 6.3: Increasing N incurs a significant computational cost. Using a larger
number of samples N produces a decrease in the variance of the estimate of the next EM
iteration’s parameter values, but at the cost of considerably increased computational time.
(The tracking (filtering, i.e., the forward Condensation pass) operation is O(N), as is the
estimation step, but the smoothing operation is O(N?). These complezities can be seen in
the times shown.)

EM Behaviour with More Samples

Having investigated the influence of the sample-set approximation to the expectation equa-

tion, the experiment described in section 6.3.1 was repeated with N = 2048. The results
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are presented in figure 6.8 below.
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Figure 6.8: Even a very large sample set (N = 2048) does not produce smooth
convergence. Although the variances of the estimators are reduced by using a much larger
N, enough variability in the estimates remains to prevent convergence from being acceptable.
See text for the meaning of boxed region in bottom-left graph.

These results indicate that even this much larger value of N, with the lower variance it
produces, does not result in smooth convergence of the dynamical model.

Considering in particular the behaviour of the noise parameter, the chief cause of the
random nature of the iterations seems to be large spikes which then take some time to
decay again. It seems that the ‘converged’ value ought to be around 1, looking at the area
highlighted in the bottom-left graph of figure 6.8. However, as was seen in the previous
section, occasionally the estimate produced will have a very high noise component, and this

then takes some time to decay away again.
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6.3.2 Robustness in the EM Step

The behaviour noted in the previous section is undesirable, in that an occasional outlying
output from the Condensation-EM procedure can throw off the convergence of the algorithm
for some considerable number of steps, and, furthermore, can prevent convergence entirely.
This makes it difficult if not impossible to tell when the algorithm has reached its final
converged value. Some robustness in the calculation of ¢; 1 is therefore required.

Once this robustness has been achieved, figure 6.8 leads us to suspect that convergence
will be quite rapid — possibly even within half a dozen steps or so. The increased cost of
gaining robustness in each step could, it is to be expected, be offset by a reduction in the

number of steps required.

Re-examination of a Single Step

Consider the behaviour of a single step when N = 2048 more closely, in particular the noise
parameter. From the results, this is the most troublesome of the parameters. The raw data

for this part of the experiment are shown in figure 6.9.

estimate of g, (m)

2 -
15/ ®
®
© O]
1 ®
. .® O] GXD@ ®
05l . o o . . . LIS L) .
5 10 15 20 25 30

trial

Figure 6.9: Output from the N = 2048 estimator consists of values near the
‘correct’ one and outliers (ringed). Shown here are the results for o1 of repeated trials
of one iteration of the estimation algorithm. It can be seen that some method of making
the EM step robust is required, since even with a large value of N, sometimes estimates are
produced which are significantly in error.

Examining these data, a reasonable hypothesis is that the ‘correct’ value of this para-
meter is around the o; = 0.7 mark, with quite a lot of outliers, shown ringed in the figure.
Some method of ignoring those outliers would then help. From this sample, the probability

of an outlier occurring can be estimated as around 11/32.
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Consider the operation of repeating the estimation procedure n times (for n odd), and
taking the median of the resulting parameter estimates. Assuming that outliers are all too
large (this is certainly a reasonable assumption given the data in figure 6.9), the median

will be an outlier iff at least half of the n samples are outliers, i.e., with probability

n
Poui(mip) = ) (T;)pi(l -p)"
i=[n/2]
where p is the probability of an outlier occurring. In this case, p can be set to 11/32.

A balance must be struck between the added robustness of using an ever-larger n in
this procedure, and the the increased cost of producing more estimates — recall that for
N = 2048, each estimate takes around ten minutes. Consider also that even if an outlier is
chosen, it will be a small one and therefore an improvement in the approximation will have
been gained nonetheless. A value of n = 7 with N = 2048 was therefore chosen, giving
Py, = 0.18.

The meaning of ‘median’ must first be elaborated slightly: the median of a set of offset
vectors can easily be defined component-wise, i.e., the nth component of the median is set
to the median of the set of nth components. The noise parameter requires slightly more

thought; the procedure adopted was to take that matrix which had the median determinant.

Behaviour of Robustified EM

The procedure described in the previous section was implemented, and applied to the
learning of the ballistic model. At the same time, it was observed that the starting value
chosen for the noise matrix was coincidentally very close to the final converged value,
which does not provide a very stringent test of the method’s performance. Therefore, for
the following experiment, the starting value of C' was set a factor of 4 larger than previously.
The resulting behaviour of the algorithm is shown in figure 6.10.

The convergence (from this less accurate initial noise value), is now much more convin-
cing, although there is still some entirely unavoidable fluctuation in the parameters. Even
so, given the expected variance in the estimation process, it is now reasonable to conclude
with some certainty that the EM algorithm has in fact converged, and the jitter in the es-
timates is caused by the inherent randomness in the process. The learnt model for ballistic

motion is therefore, in the original pixel-based units used by the tracker,

0.03 0.38 0.01
d= ( ~1.71 ) ¢= < 0.01 7.31 )
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Figure 6.10: Robustifying the Condensation-EM algorithm produces better con-
vergence. Fach iteration consists of producing 7 samples of the ‘next estimate’, and choos-

ing the median. The individual samples are shown using small dots, and the chosen median
with a large dot.
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This is equivalent to a downwards acceleration for the ball of around 9.7ms™2, close to

g = 9.81, the correct value for acceleration due to gravity (Howatson et al., 1972).

6.3.3 Longer Example Sequences

The experiments described above were all performed on a relatively short training sequence:
27 time-steps. This was the length of time the ball was in the air (just over 0.5s), and so
is the longest possible contiguous sequence of training data for this problem.

It is possible to combine data from several disjoint sequences, by adding the moments
(or, in the case of EM, the expected values of the moments) from each sequence — see
appendix A.4. Experiments were performed on a set of training sequences, each of 27 time-
steps, and the effect of combining up to six such sets for various sizes N of the sample set

investigated.

Experimental Results

Thirty-two trials using each combination of sequence length and sample-set size were per-
formed. Typical results are those for N = 512; the variance of the estimator is the quantity
of interest, and it is shown in figure 6.11. Note that system noise o1 and oy parameters
have been expressed as the predicted noise after 7 = 27 timesteps; although the sequences
are not all of this length, comparison between the models learnt from sequences of different
lengths requires that 7 be the same for each one. For the graphs, the more relevant quantity
> (T, — K) has been used on the horizontal axis — see appendix A.4 — here K = 2 so
multiples of 25 result from sequences of length 27.

It is already known (Blake and Isard, 1998) that a longer training sequence will produce
more reliable estimates for the dynamical model, even when the true states themselves are
known. The current experiments indicate that this requirement is stronger when learning

is performed within the Condensation-EM framework.

6.3.4 Robustifying ‘Across Iterations’

Although the procedure of section 6.3.2 did produce an improvement in the convergence
behaviour of the parameters, it also increased the computational cost considerably; by a
factor of 7 in the experiments described. As an attempt to maintain the robustness of
this ‘within-iteration’ smoothing while decreasing the cost, the following ‘across-iterations’
procedure was devised. Suppose an average of m estimates is desired. Then for iteration

i of the Condensation-EM algorithm, use model parameters ¢; in the filter/smoother to
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Figure 6.11: Longer training sequences result in lower variance in the estimators.
Sample variances of the model parameters from repeated runs of a single step in the EM
algorithm using N = 512 samples per time-step, and various total length T of training
sequence. On the whole, as T increases, the variance decreases. More repetitions of each
experiment (32 were performed here) would give more accurate estimates of these variances.
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produce an estimate ¢}. Then define ¢; by

@i = Robust (@}, @i_1,- - Vi mi1)s (6.9)

where the function Robust() can be a median or mean (although the mean does not provide
much robustness as such, it will still reduce the variance of the estimate in situations where
a median is difficult to define) as appropriate. The aim of this procedure is to keep the
advantage of robustness while allowing the parameters ¢; to converge more quickly.

Note that defining ¢; by

Pi = RObUSt((p;a Pi—1y--- 7(Pi*m+1)7

while at first sight appealing as it uses already-averaged values, results in problems when
the median is used as Robust(). In this case, m must be odd. Suppose that at some
iteration, [m/2] of the arguments to Robust() are the same. This is likely, as a median
filter often produces consecutive equal values. Thenceforth, all ¢; will be this value, as the
median of a set of numbers over half of which are identical is that value. Therefore, the

choice given in eqn (6.9) was used.

Experiments

The learning experiment for the juggling ball undergoing ballistic motion was repeated
with this across-iterations method of averaging, using m = 7 and the median operator for
Robust. The results are shown in figure 6.12.

From the graphs, a reasonable claim is that the estimates have converged after around
80 iterations, at a cost therefore of around 90 estimate-generations. The experiment shown
in figure 6.10 converged after around 12 iterations, at a cost of around 84 estimation-
generations. Both sets of graphs (figures 6.12 and 6.10) exhibit similar levels of noise in
the ‘converged’ sections of the final iterations performed. Also, it is reassuring that the
converged values are the same (to within the accuracy allowed by the noise). Therefore,
there is little to choose between the two methods; the within-iteration method will be used

in the experiments to be described in chapter 7.
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Figure 6.12: Across-iterations robustifying

produces similar results to the within-

iteration method, at a similar cost. Instead of repeating the estimation procedure a
number of times at each iteration of the EM algorithm and taking an average, an average
of previous estimates together with a newly-produced one can be taken. Smoother behaviour

results, at a similar cost to the within-iteration

averaging.



Chapter 7

Applications of Condensation-EM
Learning

Chapter 6 demonstrated that EM provides a useful methodology for learning dynamical
models for a Condensation-based tracker. This chapter investigates the performance of
such a learning algorithm in two situations where the strengths of Condensation are most
apparent, namely, a system where a multi-mode dynamical model is to be learnt, and also
a situation where the robustness of Condensation to cluttered measurements is required.

The experiments described are the original work of the author.

7.1 Multi-model Learning

The first area of interest is that of learning a mixed discrete/continuous model. As an
example application of the Condensation-based EM learning algorithm in this case, consider
again the juggling sequence. During juggling, each ball undergoes the sequence ‘ballistic’,
‘catch’, ‘carry’, ‘throw’, ‘ballistic’, continuing with its being caught in the other hand. This
section describes experiments to determine the performance of multi-mode learning on one

such juggling cycle.
7.1.1 Starting Conditions

If the technique is to be fully general, the learning system should be given as little prior
knowledge as possible about the dynamical system it is to learn. Within the current frame-
work, certain parameters of the model must be specified, however.

The number of discrete models must be known, together with starting values for all
parameters. In this example, three states are specified, corresponding to the ideas of

‘ballistic’, ‘catch/throw’, and ‘carry’. The ‘catch’ and ‘throw’ phases have been combined

144
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as initial informal investigations indicated that they were very similar, involving sharp
upwards acceleration.

All three will be constrained to constant-acceleration models, with process noises fixed
at reasonable values determined from the previous learning experiments on this sequence.
Although in theory the process noise can be learnt simultaneously, the experiments in
section 6.3 showed that it is the least reliable parameter. To concentrate on the multi-
model learning, then, the noises were fixed.

The initial transition matrix used was

0.8 0.1 0.1
My=1 0.1 0.8 0.1 |,
0.1 0.1 0.8

embodying some notion that the states are expected to be reasonably persistent, but not
specifying the asymmetry of the transitions (e.g., the transition ‘ballistic’ to ‘carry’ never
happens).

Two different sets of starting conditions for the accelerations of the three models were
used, to provide the system with different levels of prior knowledge. One set gave all three

models initial values of zero acceleration, and the other provided some symmetry-breaking

0.0 0.0 0.0
a5:<—2.8>; ag:<2.8>; ag:(o.o)

(in ms™2). The expectation that the models will be chiefly differentiated by their vertical

by specifying

accelerations is therefore supplied. (The apparently odd values arise from specifying the

model in terms of pixels for a time-step of 0.02s, where the value is +0.5.)

Other Experimental Factors Using the techniques developed in previous sections for
adding robustness to the inherently random Condensation-EM learning algorithm, 7 estim-
ates were produced per EM step and the mean used in the next iteration. The sequence
used was 65 time-steps long, which although quite short, contains one complete cycle of
the model — ‘ballistic’, ‘catch’, ‘carry’, ‘throw’, ‘ballistic’. All the important behaviour of

the model is thus present in the sequence.

7.1.2 Results — Asymmetric Prior

The behaviour of the system when given slightly more prior knowledge (the fact that
models possess up/down asymmetry) is presented first. Figure 7.1 shows the behaviour of

the accelerations of the learnt models as the EM algorithm progresses.
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Figure 7.1: From a non-symmetric starting estimate, the algorithm learns the
three types of motion involved in juggling. A small amount of symmetry-breaking
results in models which represent the three types of motion involved in the juggling cycle —
ballistic, catch/throw, and carry.
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It can be seen that the model which was pushed towards ‘downwards’, i.e., the first
model, has converged (within the bounds of the inherent noisiness) to a value of around
—9.9ms~? (taking the mean of the last five estimates), which is close to —g = —9.81ms~2.
Its horizontal component has remained close to zero. A reasonable conclusion, then, is that
this first model has converged to one accurately describing motion under gravity.

The second model, whose initial conditions favour an upwards-accelerating model, has
converged to an acceleration of roughly g upwards, with some leftwards acceleration. This
is consistent with the motion of the ball, as while in flight it is moving rightwards, and
must be moving leftwards by the time it re-enters the ballistic state. These characteristics
are consistent with this model describing the ‘throw’ and ‘catch’ states of the ball’s motion.

The third model has very little vertical acceleration and slightly more leftwards accel-
eration. This matches the ‘carry’ phase of the motion.

The other part of the learnt model is the transition matrix, the progress of which is
shown in figure 7.2. Cumulative transition probabilities out of each mode are shown.

The final value of the transition matrix is

0.957 0.037 0.006
Menar = | 0.024 0.934 0.042 |, (7.1)
0.155 0.266 0.579

which is illustrated as a transition diagram in figure 7.3.

The transition behaviour is qualitatively correct. ‘Ballistic’ motion has been found to
be extremely unlikely to lead into ‘carry’ motion; ideally, this entry in the matrix would be
zero, but the value 0.006 is certainly very low compared with the ‘correct’ transition into
‘catch/throw’, whose probability has been estimated as 0.037. Transitions out of the other
states are approximately in line with expectations: ‘catch/throw’ shows similar probabilities
of leading to ‘ballistic’ and ‘carry’. The probabilities out of ‘carry’ are the least convincing,
since there is no transition ‘carry’ to ‘ballistic’, yet this has an estimated probability of
0.155. This can to some degree be explained by the shortness of the ‘carry’ phase of the

training sequence meaning that few data are available for estimating this row of the matrix.

Final Classification The final learnt system can be used to classify the training sequence
into the three learnt states; this is shown in figure 7.4, with snapshots of the estimated
transitions shown in figures 7.5 to 7.8.

The classifications are approximately where a human observer would place them, al-
though perhaps a person would not say that ‘throw’ starts as early as the system has

labelled it. From the point of view of the estimated acceleration of the ball, however, the



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING

transition probability
‘ballistic’ to ‘ballistic’

transition probability
‘ballistic’ to ‘catch/throw’

transition probability
‘ballistic’ to ‘carry’

1 1 1
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
2 4 6 8 10 2 4 8 10 2 4 6 8 10
iteration iteration iteration

Transition probabilities out of first (ballistic) model

transition probability
‘catch/throw’ to ‘ballistic’

transition probability

‘catch/throw’ to ‘catch/throw’

transition probability
‘catch/throw’ to ‘carry’

1 1 1
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
2 4 6 8 10 2 4 8 10 2 4 6 8 10
iteration iteration iteration
Transition probabilities out of second (catch/throw) model
transition probability transition probability transition probability
‘carry’ to ‘ballistic’ ‘carry’ to ‘catch/throw’ ‘carry’ to ‘carry’
1 1 1
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
——\/J
2 4 6 8 10 2 4 8 10 2 4 6 10
iteration iteration iteration

Transition probabilities out of third (carry) model

Figure 7.2: Evolution of transition probabilities from non-symmetric starting
position. The convergence of the transition matriz shows qualitatively the correct trends.
The noise in the transition probabilities out of the third model can be explained by the
relatively short duration of this mode.
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Figure 7.3: The final learnt transition diagram shows the correct qualitative
characteristics for the juggled ball. The numerical transition probabilities in the graph
are from the final learnt transition matriz shown in eqn (7.1). The acceleration values are
the mean of the last three values of figure 7.1. The states have been labelled with their
interpretation, and show transition probabilities corresponding approzimately to what would
intuitively be expected.

placement is very good. This is illustrated in figure 7.9, where the system’s classification
is seen to fit well with the different types of motion. One factor in the misalignment is
that, particularly at the times of the transitions into and out of ‘ballistic’ motion, the ball
is moving rapidly, producing significant motion blur in the images. This effect can be seen
for the ball in the juggler’s right hand in figures 7.6 and 7.7.

(One point of peripheral interest raised by the acceleration graph of figure 7.9(c) is that
during the ‘throw’ phase, the acceleration undergone by the ball increases fairly smoothly

2 or so. This is therefore motion of approximately constant ‘jerk’,

from zero up to 20 ms™
the term given to the derivative of acceleration. This quantity has been shown to be of
significance for human motor control — Flash and Hogan (1985) present results which
indicate that the integral over time of the squared magnitude of the jerk is minimised in

voluntary human motion.)

7.1.3 Results — Symmetric Prior

The results of trying to reduce the amount of initial information given to the system are
now investigated, in particular the effect of removing the starting asymmetry from the

initial accelerations, in order to test the extent to which model structure may be purely
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Figure 7.4: Classification of training sequence is mostly successful.

150

The

automatically-learnt models have largely correctly segmented the sequence into its phases,
with the progression ‘ballistic’, ‘catch’, ‘carry’, ‘throw’, ‘ballistic’ emerging fairly cleanly.
There is a short glitch where the carried motion resembles ballistic motion, but on the whole

the classification is correct.
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Figure 7.5: Snapshots of detected ‘ballistic’ to ‘catch’ transition.

Figure 7.6: Snapshots of detected ‘catch’ to ‘carry’ transition.
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Figure 7.7: Snapshots of detected ‘carry’ to ‘throw’ transition.

Figure 7.8: Snapshots of detected ‘throw’ to ‘ballistic’ transition.
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Figure 7.9: Estimated vertical position, velocity, and acceleration of tracked ball,
with detected transitions marked. It is clear, especially from the acceleration graph,
that the automatic segmentation is in good agreement with the different classes of motion
undergone by the ball.
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emergent. Therefore, the experiment above was repeated with the only change being that

(1) w=(2): 4-(2)

The evolution of the accelerations from these initial values is shown in figure 7.10,
where the final values of the first and second models can be seen to be very similar. Both
have accelerations corresponding to motion under gravity. The third model therefore must
encompass all motion which does not take place in free-fall; its value reflects this, being
between the two non-ballistic learnt models described in the previous section.

The transition matrix behaves as shown in figure 7.11; the final numerical value is

0.794 0.160 0.046
Mg = | 0.136 0.839 0.025 |,
0.014 0.000 0.986

which is illustrated in the state transition diagram of figure 7.12.

The third row of the matrix, the probabilities of transition out of the third (non-ballistic)
model, shows that the tracker will never predict a ‘ballistic 2’ sample from a ‘non-ballistic’
one. Instead, ‘non-ballistic’ always leads to ‘ballistic 1’. This is consistent with the first
two models being indistinguishable — a slight imbalance in the transition probabilities from
‘non-ballistic’ will become greater as the EM algorithm proceeds, eventually resulting in
the situation observed where one of them is zero.

The persistence of this third model is perhaps longer than would have been predicted,
having an expected lifetime of around 74 timesteps, whereas figure 7.9 indicates the correct
lifetime for the conflated non-ballistic models is more like 40 timesteps. One reason for the

inaccuracy in these estimates of transition probabilities is discussed in section 7.3.5.

7.1.4 Classification of Test Sequences

Section 3.4 described the use of dynamical models for classification of unseen data. A
natural experiment, then, is to apply the model learnt in the experiments of the previous
section to some unseen sequences of the same type of motion, i.e., a ‘ballistic’, ‘catch’,
‘carry’, ‘throw’, ‘ballistic’ progression. Sixteen test sequences were recorded against the
same background as the training sequence, and then tracked and classified using the learnt
model and N = 2048 samples. Three example classification results are shown in figures 7.13
to 7.15.

Various properties of the tracking were identified by manual inspection of the tracker’s

output: whether the outline of the ball was successfully tracked throughout the sequence;
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Figure 7.10: Evolution of acceleration of models from symmetric starting po-
sition. The learning appears to be less successful than when a non-symmetric prior is
supplied to the system. The hoped-for ‘carry’ phase does not appear as one of the models,
whereas two models converge to a representation of ballistic motion.
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Figure 7.11: Evolution of transition probabilities from symmetric starting pos-
ition. The system evolves into a state where the non-ballistic model has zero probability
of making a transition into the ‘ballistic 2° model. The learnt model is degenerate, being

effectively two-state.



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 157

0.79

a=|[ 03
0.16 0.05
-10.

F Ballistic 1
0.01 &
099 |, - (—1.9) / a = o.1) 0.84

-9.6

7.4

Non-ballistic \_y Ballistic 2

Figure 7.12: An initial estimate with equal accelerations evolves into a two-
state model. As can be seen from the acceleration values, two of the final learnt states
describe ballistic motion, with the third having to encompass both types (catch/throw and
carry) of non-ballistic motion. There is no probability of transition from ‘non-ballistic’ into
‘ballistic 2°; as ‘ballistic 17 and ‘ballistic 2’ are essentially identical, the situation where
transitions are possible into both from ‘non-ballistic’ is unstable.

whether the system correctly separated the ‘ballistic’ motion from motion of the other two
types; and whether the system isolated a ‘carry’ phase of the motion. The proportions of

the test sequences exhibiting these properties are shown in table 7.1.

Property Proportion
Tracking successful 0.9375
Ballistic/non-ballistic distinguished 0.9375
Carry phase identified 0.0625

Table 7.1: The system can distinguish between ‘ballistic’ and ‘non-ballistic’ mo-
tion, but rarely identifies a separate ‘carry’ phase. Out of sizteen test sequences,
the proportion for which the tracking exhibited each given property is shown.

It can be seen that the classification of the test sequences is not as good as that of
the training sequence. In particular, for only one test sequence — the example shown in
figure 7.15 — does the system correctly identify a ‘carry’ phase. The distinction between
ballistic and non-ballistic motion of the ball is signalled in all cases but one.

Of the fifteen sequences without a clear ‘carry’ labelling, eleven exhibited rapid trans-
itions between all three modes during the portion of the sequence where a human observer

would place the ‘carry’ phase. This indicates the presence of uncertainty about the type
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Figure 7.13: Classification of first example test sequence detects ballistic and
non-ballistic sections, but fails to signal a ‘carry’ phase. Although the transitions
from ‘ballistic’ into ‘catch’ and from ‘throw’ into ‘ballistic’ are successfully marked, none
of the sequence is labelled as ‘carry’. There is a slight rise in the probability of ‘carry’
at the appropriate place in the sequence, but it is not high enough for a classification to
result. One factor in this failure could be that the learnt ‘carry’ model is over-specific to the
training sequence.
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Figure 7.14: Classification of second example test sequence shows similar be-
haviour to the first test sequence — no ‘carry’ phase is signalled. As for the
test sequence shown in figure 7.13, ballistic and non-ballistic motions have been successfully
marked, but no part of the sequence behaves sufficiently like ‘carry’ to be classified as such.
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Figure 7.15: Classification of third example test sequence does flag a ‘carry’
phase, but is more noisy than the other two sequences. The sequence shows a short
period of motion labelled as ‘carry’, but also displays two momentary tracking distractions
at times 0.38s and 1.22s, where ‘catch/throw’ is signalled in the middle of ballistic motion.
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of motion being performed by the ball during this section of the sequences. Nevertheless,
one must conclude that a ‘carry’ model of sufficient generalising power has not been learnt,
whereas the model has successfully captured enough of the difference between ‘ballistic’
and ‘non-ballistic’ motion.

There are two possible causes for this performance of the classification system. One is
that the training may have been too specific, producing a set of motion models which was
too closely tuned for the training sequence. Attempting to classify other sequences using
this model would then produce the results observed. The other is that the human division
of the non-ballistic motion into ‘catch’, ‘carry’, and ‘throw’ may be rather artificial and
not truly reflected in the motion of a juggled ball. Perhaps two states would be sufficient
to model the ball’s motion; this experiment, together with one where a system learnt from

more than one training sequence was examined, could be the subject of future work.

7.1.5 Discussion

In general, the multi-model learning experiments described in this section have been suc-
cessful. A model was learnt, in an unsupervised fashion, for a juggled ball as it underwent
three different types of motion. Possible areas for improvement were revealed when an
attempt was made to use the model for classification of unseen sequences. One reason for
this could be that the learnt model was too specifically tuned to the (fairly short) training
sequence presented to the system, so learning from more data would reduce this problem.
This learning would take the form of providing the system with a collection of test sequences
and using the results of appendix A.4.

Another experiment would be to attempt learning and classification of a longer con-
tiguous sequence, for example of a ball undergoing juggling motion including both hands.

Ideally, the difference between motion in the two hands would be detected.

7.2 More Complex Single-mode Motion — Hand-tracking

As well as being able to handle multi-mode systems, Condensation has the advantage
of tracking objects over cluttered backgrounds which would cause a Kalman-filter-based
tracker to fail. This section therefore describes some experiments on learning from sequences
involving heavy clutter, heavier than that used in section 5.1.2 to test the Kalman-EM

learning.
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7.2.1 Preliminaries

A training sequence of 5s length was recorded. Typical fields from the sequence are shown
in figure 7.16, where the heavy nature of the clutter is evident. Features were detected by
means of an edge-detection filter on the one-dimensional grey-level data, and the strongest
one chosen for use in the calculation of the observation density.

In keeping with the aim of providing the learning system with as little prior information
as possible, the starting dynamics for the learning experiment were constant-velocity, with
the noise set more or less arbitrarily — a fairly high value must be used to allow the
incorrect constant-velocity dynamics to track the motion.

The motion is adequately described by a 4-dimensional linear subspace of the complete
spline space, that of Euclidean similarities. This consists of 2 dimensions covering trans-
lation, and two covering both scaling and rotating, in the form of the ‘zoom’ and ‘rotated
zoom’ vectors first defined in section 2.2.3. The higher dimensionality of this tracking
system provides a more rigorous test of the continuous learning aspect of the system.

The training sequence is considerably longer than those previously used — around ten
times as long as the section of ballistic motion of the juggling ball. Therefore, bearing in
mind the results of section 6.3.3, it was expected that, with 2048 samples, combining the

moments from two runs would result in sufficiently low variance on the estimates.

7.2.2 Convergence of Model

With this length of sequence and combining the moments from two runs, the resulting
behaviour of the EM algorithm is much more smooth than has been observed in previous
cases, as can be seen from the graphs in figures 7.17 to figure 7.19. Most of the parameters
exhibit fairly smooth convergence. Although the ‘zoom’ component of the process noise
has some jitter, it is not so much that the final value can not be taken as a converged
estimate. Note also that the final model is, for some parameters, quite different from the
initial model used — the algorithm has converged from a distant starting configuration.

This is particularly evident in the translation components of the process noise.

7.2.3 Simulation of Learnt Model

The final learnt model can be simulated by free-running the resulting system

Xt = A1Xt71 + Agxt72 + BWt
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Figure 7.16: Hand-tracking in heavy clutter requires a robust tracking frame-
work. Learning will be performed on this sequence, which is of a hand translating and
rotating, with some small amount of scaling.
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Figure 7.17: Convergence of learnt model for hand tracked over clutter — system
mean. The convergence of the system mean parameters of the dynamical model is quite
swift, as has been observed with other learning experiments. Note that the ‘zoom’ and
‘rotated zoom’ components are effectively unitless, as they correspond to multiples of the
template and rotated template respectively.
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Figure 7.18: Convergence of learnt model for hand tracked over clutter — oscil-
latory modes. Frequency (Hz) and damping constants (s—') are shown for the two most
persistent modes of the learnt system. The initial conditions of constant-velocity motion can
be seen as having zero frequency and zero damping constant. Convergence is not as rapid
as for the system mean, and in fact it is not entirely clear that the second mode would not
continue to increase slightly in frequency were more iterations to be performed. However,
the dominant mode appears very close to its asymptotic value.
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Figure 7.19: Convergence of learnt model for hand tracked over clutter — system
noise per time-step. As was expected from the behaviour of Condensation-EM learning in
previous experiments, the noise parameter displays the most erratic behaviour. However, the
longer training sequence and the 2x oversampling used in this experiment has produced an
acceptably low amount of jitter, and it is reasonable to claim that the final values represent

a converged system.



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 167

and qualitatively comparing the behaviour with the training sequence. A typical 5s tra-
jectory from such a simulation is shown in figure 7.20. Note that for these graphs, the zoom
and rotated-zoom components of the state-space representation have been transformed to

‘pure’ scaling and rotation.
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Figure 7.20: Simulating the learnt system — a trajectory qualitatively similar
to the training sequence is produced. Shown are the translation, rotation, and scal-
ing components of the simulated motion. These graphs should be compared with those in
figure 7.22 — the motion is similar. In particular, the periodicity (both frequency and
amplitude) and very close correlation between the x translation and the rotation has been
captured successfully.

One observation to be made about figure 7.20 is that the amplitude of variation of the
scaling parameter is higher than that in the training sequence. This is a limitation of the
shape-space model used, and the linear dynamical model used. This is made clearer by
figure 7.21.

Switching to a parametric representation which explicitly models rotation and scaling
would avoid this restriction. The Condensation framework allows essentially arbitrary

representations of state, so this would be possible.

7.2.4 Tracking Results

The behaviour of a Condensation tracker using the final learnt model on the training se-

quence is first presented. This will provide verification that the learnt model does indeed
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-0.8 0.2
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Figure 7.21: A linear dynamical model can not accurately represent motion con-
sisting mostly of rotation. The projection of the hand’s trajectory during the training
sequence onto the zoom/rotated-zoom plane is shown, together with 20 and 3o ellipses of
the dynamical model’s steady-state. While these are reasonable from the point of view of
capturing most of the training trajectory, they also contain points representing significant
pure scaling, as seen in the simulated system of figure 7.20.

describe the motion observed in the training sequence.

Figure 7.22 shows the translation component of the hand’s motion during successful
tracking using very few samples — 32 as opposed to the 2048 used for learning purposes.
Figure 7.23 shows snapshots, where it can be seen that the agreement between the tracked
outline and the image is good.

Figure 7.22 also shows a marked (but not perfect) periodicity in the traces, with around
2.25 cycles occurring during the 5s sequence. This corresponds to a frequency of around
0.45 Hz, matching closely the converged frequency of the dominant mode as shown in fig-
ure 7.18.

Taking these results in combination with those of the previous section, a fair conclusion

is that the learnt model has captured the important features of the training sequence.

7.2.5 Performance on a Test Sequence

The learnt dynamical model was tested on a separately-recorded 5s sequence, to evaluate
its performance on unseen data. The test sequence contained motion of roughly the same
type as the training sequence.

Performance on the test sequence was, unsurprisingly, not as good as on the training
sequence, but good nonetheless. Tracking was not successful with N = 32 samples per

time-step, but increasing this number to N = 64 produced successful tracking. This is
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Figure 7.22: The learnt dynamical model allows tracking of the training se-
quence using as few as N = 32 samples. Using the dynamical model learnt using
the Condensation-EM algorithm, the training sequence can be tracked using a very small
sample set. FEstimated translation, rotation and scaling of the hand over time are shown.
Figure 7.23 shows that these estimates are in good agreement with the images.

still a very low number of samples for a Condensation tracker; more typical values are of
the order of a thousand or even more for complex sequences. The tracked trajectory and
snapshots from the tracking are shown in figures 7.24 and 7.25.

For comparison, the constant-velocity model used as a starting point for the learning
was also employed on this test sequence, using the same number — N = 64 — of samples
per time-step. Tracking with such small sample-sets and an untuned dynamical model was
not successful; the estimate was approximately correct for the first 1s, but thenceforth the
estimated outline diverges significantly from the image of the hand, and lock is lost. This is
illustrated in figure 7.26, where the remainder of the sequence is not shown — the estimated

contour continues to rapidly spiral off the image.

7.2.6 Performance on Multiple Test Sequences

The performance of the learnt dynamical model on the single test sequence described in sec-
tion 7.2.5 cannot, by itself, be used to draw quantitative conclusions concerning the benefit
over a constant-velocity dynamical model. Therefore, 16 additional 5s test sequences (of a

similar type to the training and previous test sequence) were recorded, and their tracking



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 170
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Figure 7.23: Tracking the training sequence with 32 samples — agreement with
image is good. Snapshots taken during the successful tracking described in figure 7.22
show that the estimates produced by the Condensation tracker are good.
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Figure 7.24: The learnt dynamical model successfully tracks a test sequence using
only N = 64 samples per time-step. The estimated x- and y-translation, rotation and
scaling are plotted against time. See also figure 7.25, where the accuracy of the tracking is
seen to be good.

attempted using both dynamical models. N = 64 samples were used — as noted, this is
quite low, but the experiments of the section 7.2.5 indicate that it should be sufficient for
at least the learnt dynamical model. The sequences were labelled as ‘successful’ or ‘failed’
according to whether the tracked estimate remained locked onto the outline of the hand.

The results of such a classification for each dynamical model are shown in table 7.2.

Dynamical Proportion of test sequences
model successfully tracked
Constant-velocity 0
Learnt 0.8125

Table 7.2: The learnt dynamical model achieves a high success rate on multiple
test sequences; a constant-velocity model consistently fails. Using N = 64 samples
per time-step, 16 independent test sequences were tracked using both the learnt dynamical
model and a constant-velocity one. The proportion of the test sequences which were tracked
successfully is shown. It can be seen that a constant-velocity model is totally inadequate for
this problem, whereas the learnt model performs well.

Writing pgas and poy for the (population) proportion of sequences of similar motion

to the training sequence which are successfully tracked using the learnt model and the
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Figure 7.25: Snapshots from successful tracking of test sequence. A test sequence is
tracked using the model learnt using EM learning. N = 64 samples per time-step are used

here, a very low number. That the tracking is successful with so few samples indicates the
predictive accuracy of the dynamical model.
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2.67s

Figure 7.26: Using a constant-velocity model on the test sequence fails. Using
N = 64 samples per time-step, the same number as used for the successful tracking in
figure 7.25, a tracker using a constant-velocity dynamical model fails to track the sequence
for longer than 1s or so. Even at 0.67s, some divergence between the estimated position and
the image can be observed. Beyond around 1s, tracking fails, and the estimate essentially
follows the constant-velocity prediction from around 2s onwards.
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constant-velocity model respectively, the hypothesis
Hoy :pem = pov

can be tested as follows (Hoel, 1966). Write p/;,, and p{,, for the sample proportions of suc-
cessfully tracked sequences using the learnt model and constant-velocity model respectively,

and ngps and ney for the two sample sizes (which are the same here). Then
npym = 16; Py = 0.8125; noy = 16; p'CV =0.

Under Hy, the difference p';,, — pl»;, may be considered to be approximately normally

distributed with mean zero and variance

1
2 — - J—

where p = ppy = pov is the population proportion (since under Hy, the proportions
peym and poy are the same), and ¢ = 1 — p. The value of p is not known, so it must be

approximated by the sample proportion p’ of the combined data; here, p’ = 0.40625. Then

2 -
Ot Py = 0.03015.

A two-sided critical region of size 0.01 is therefore given by

Plar — Pov| > 25760,

cv
= (0.4473.

(Although it is hoped that the learnt model will provide better tracking than the constant-
velocity one, i.e., ppym > pov, there is no justification for including this hope in the
formulation of the alternative hypothesis. Therefore, the alternative hypothesis used is
Hi : ppym # pov, meaning that a two-sided critical region is to be considered). The sample

value of
Plows — o] = 0.8125

falls inside the critical region, and so Hj is rejected at the 1% level. Omne can therefore
conclude with considerable confidence that the learnt model makes a difference to tracking
performance, and it is clearly an improvement.

Note that the situation here is different to that in section 7.1.4, where the learnt model
for the juggled ball was tested. For the hand tracking considered here, there are two models

(the learnt one and the constant-velocity one), and a comparison between them is desired.



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 175

There is no sensible non-learnt model for the juggled ball of section 7.1.4 (the initial model’s
states are not meaningful), and so it is not possible to carry out a hypothesis test of this
kind on the results of those experiments.

Typical snapshots from test sequences successfully tracked using the learnt model are
shown in figures 7.27 and 7.28. Figure 7.29 shows an example of minor misalignment of the
estimated hand outline which occurred in some of the test sequences, when tracking with the
learnt dynamical model. Lock was not lost, however, and tracking continued successfully.
Figures 7.30 and 7.31 show examples of tracking failure when the constant-velocity model

is used.

7.2.7 Discussion

The experiments described in this section have shown the successful application of the
Condensation-EM learning algorithm to a problem involving more complex motion in a
higher-dimensional shape space. The benefit of learning from a longer training sequence is
apparent from the point of view of the quality of the convergence of the learnt model. This
comes at a considerable computational penalty, however — each iteration takes around
eight hours. Tracking the sequence with 2048 samples takes around an hour, and smooth-
ing takes around a further three hours. This is done twice per EM iteration, giving eight
hours. (The final ‘Maximisation’ calculation takes negligible time compared to these track-
ing and smoothing times.) These times are, as before, using a 175 MHz R10k SGI Octane

workstation.

7.3 Discussion

Some issues arising from the experiments on Condensation-EM learning in more complex

situations are now discussed.

7.3.1 History-based Smoothing

It is apparent that the most costly part of the Condensation-EM learning algorithm is the
smoothing phase, containing an O(T'N?) calculation, where T is the length of the training
sequence, and N the number of samples used. Since T" and especially N are typically quite
large, this can take a significant time.

Isard and Blake (1998d), following Kitagawa (1996), describes a second smoothing tech-
nique which is less costly in terms of computational time. Each sample-site, instead of

containing just enough history to allow prediction (and one further time-step for learning
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Figure 7.27: Typical behaviour of learnt dynamical model on test sequence —
first example. A successful tracking run on one of the test sequences used to examine the
performance of the two dynamical models more qualitatively. A tracker incorporating the
learnt dynamical model performs well with N = 64 samples.
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2.00s 3.00s

4.00s 5.00s

Figure 7.28: Typical behaviour of learnt dynamical model on test sequence —
second example. Another successful tracking run, similar to that shown in figure 7.27.
Again, a tracker using the learnt dynamical model produces good estimates of the hand’s
position with N = 64 samples.
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Figure 7.29: Although tracking is not always perfect, lock is maintained. Some
of the successfully tracked test sequences, using the learnt dynamical model, exhibited brief
inaccuracies, as shown in this example. They were not severe enough to cause loss of lock,
however, and the tracking continued.

purposes), contains history all the way back to ¢ = 1. The sample set at time ¢ is then

(X XD, ™), n=1,... N},

representing p(X} | Z!). The final sample set, at t =T,

(X X)) =1, N,

then represents the distribution p(X{ | ZT'), which is the joint distribution for all time-steps
X[ of the state sequence given the entire measurement sequence 27 .

The drawback of this method is that in practice, the ancestries for the sample sites
merge within relatively few time-steps back from ¢. The history components X;, for
7 —t > 10 or so have many fewer distinct values than the size N of the sample set. This
is illustrated in figure 7.32, where the number of distinct locations of the sample sites is
shown as a function of the difference 7 — ¢.

The chief consequence of this reduction in the number of distinct sample-sites further
back in the history, from the point of view of learning dynamical models, is that the
approximations to second-order statistics become very inaccurate, as seen in section 6.3.
The statistics of particular interest for learning are the second-order moments R;;, but the
loss of accuracy effects quantities such as the variance of the state as well. This phenomenon
was observed by Kitagawa (1996).

One reason for the reduction is the method used for choosing a base sample. Choosing a

base sample is in essence a matter of choosing a number s in (0, 1) and finding the lowest m
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0.00s 0.20s

0.80s 1.00s

Figure 7.30: Typical behaviour of constant-velocity dynamical model on test
sequence — first example. A constant-velocity tracker rapidly loses lock.
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0.00s 0.20s 0.40s

0.60s 0.80s

KN

1.20s 1.40s 1.60s

Figure 7.31: Typical behaviour of constant-velocity dynamical model on test
sequence — second example. A constant-velocity tracker maintains lock on the hand
for slightly longer in this sequence, but tracking still fails.
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Figure 7.32: The number N,_,; of distinct sample sites rapidly dwindles as 7 — ¢
increases. A tracking run using the ‘history smoothing’ was performed on the juggling
sequence, and the average number of distinct sample-sites computed over three runs. N =
2048 samples were used.

which satisfies ;" 7@ > 5. In the random sampling scheme used, s is chosen by drawing
from U(0,1). A natural consequence of this is that base samples with large 7w get chosen
more often, while those with smaller 7 may not be chosen at all.

Another sampling scheme would be to choose, for sample n, s = (2n — 1)/2N, thus
ensuring that every base sample with 7 > 1/N gets chosen at least once. The effect of this

sampling scheme on the sample-set decay is shown in figure 7.33.

8/ log(N,,)
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Figure 7.33: Deterministic sampling produces only slightly slower decay of
sample-set size than random sampling. Replacing the random sampling scheme with
a deterministic one does ameliorate the sample-set-dwindling problem, but does not remove
it.

It can be seen that N,_; decreases less rapidly with increasing 7 — ¢ than for random

sampling, but that it still becomes unacceptably small within a few tens of time-steps. Given
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the importance of obtaining good estimates of £[R;;] etc., then, the benefit of reduced
computation time is outweighed by the much greater disadvantage of loss of accuracy.
Unfortunately, then, using history smoothing does not seem a viable alternative to the
more computationally expensive forward-backward smoothing algorithm for determining

the posterior distribution p(&X{ | ZT).
7.3.2 Limited-history Smoothing

A smoothing method which might combine the benefits of both the history-based and
forward-backward techniques is as follows. Suppose one were to let the sample set at time

t be

e

(t=K") """ ,XETi)mﬁ")},n =1,...,N},

where K’ > K is a constant controlling how much of the history is kept. This sample set

represents the distribution
P(Xi—kr,.-. X | 21).
Now, this can be re-written
P(Xt, Xip1se o Xy rer | Z0H),

and from this can be extracted, for example, the marginal distribution p(Xy | ZerK ,). As
K’ becomes large, it is plausible that this distribution tends to the smoothed distribution
p(X; | 2T), if the influence of measurements at time # > ¢ diminishes rapidly as t' — ¢
becomes large.

At the two extremes of the range of possible values for K’ are the following choices. For
K' = K, there is minimal smoothing, whereas if K’ is allowed to depend on ¢ and one sets
K'(t) =t — 1, the entire history is stored and the case of history-based smoothing results.

It might be hoped that intermediate values of K', say K’ = 2K, will produce a reason-
able approximation to the smoothed density while avoiding the O(N?) step in the forward-
backward smoothing algorithm. In fact, there would be no post-processing step at all, as
in pure history-based smoothing.

Use of the resulting approximations to the smoothed distributions at each time step
would be used in the calculation of the expected values of the moments by using the X,
as far back as possible within each time-step. Detailed investigation of this approach is

deferred to future research.
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7.3.3 Reduced Forward-backward Smoothing

The expensive step in the forward-backward smoothing algorithm of figure 6.2 is step 2,

the calculation of the correction factors 7§m); there are N of them, and the calculation of

each one requires the summation of N terms:

N
%(m) = Z Wgn)ozgm’n) form=1,... ,N.
n=1

In practice, the set of weights {7r§n)} contains a relatively small number of significant
values, and many small (with hopefully negligible contributions to the sum) values. This

is illustrated in figure 7.34.

number of samples
70t
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Figure 7.34: Histogram showing distribution of log (" for a typical time-step
in a Condensation tracking run. A sample-set size of N = 2048 was used for this
experiment. See also figure 7.35.

Shown in figure 7.35 is the cumulative probability against fraction of sample set summed,
after sorting into descending order of the 7(™).

One obvious approximation, then, is to calculate the sum over only the largest N’ of
the 7T£n), for some N’ < N. Determining which of the samples constitute the set of the
largest N' is not free, of course, but it can be done efficiently — in O(N log N') time. The
cost of computing the N factors ,yt(m) is then a one-off cost of O(N log N') for the selection
plus a cost of O(NN') for the summations. The overall cost is thus O(NN'). Setting N’

to around N/10 still produces an O(N?) algorithm, but one which runs around 10 times as

fast for any given N. This constitutes a significant improvement.
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Figure 7.35: The largest 10% of the samples typically represent over 95% of the
distribution’s weight. When sorted by size, a small proportion of the samples is enough
to cover most of the weight of the distribution. A sample-set size of N = 2048 was used.

Again, implementation and investigation of this idea is deferred to further research. In
particular, generalisation of the phenomenon illustrated in figure 7.35 to other sample-set
sizes would be necessary. The expectation would be that the great time savings would be

at the cost of a very small decrease in the quality of the approximations.

7.3.4 Behaviour of One-dimensional Condensation

As a further investigation of the quality of the sample-set approximation to the expected
values of the second-order moments, a much simpler situation was examined. Consider a
1-dimensional process consisting of a random walk driven by Gaussian noise. In this case,
the Kalman filter provides an exact analytical solution to the problem of propagating the
density forwards through time. Comparing the ‘ground truth’ values of the posterior mean
and variance with the estimates obtained from the Condensation sample set will give insight
into the quality of the approximation.

Consider, then, a 1-dimensional process of the form
1 = Azy_1 + Bwy

where w; is a Gaussian random variable together with a linear measurement process with

Gaussian noise:

2zt = Hxy + ;.
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In this case, the posterior distributions

Pz 21,22, 4 21)

for the filtered densities can be calculated analytically in a recursive fashion: the Kalman
filter.
To facilitate comparisons with the Condensation filter, a particularly simple example

system was chosen. Consider the one-dimensional random walk
Ty = Tg—1 + W
where w; ~ N(0,1). Suppose the measurement process is also simple:
2t = X + vy

where the measurement noise v; ~ N(0,7). Suppose the system is started in a known
configuration, so that
=0, p)=0.
Then the exact solution to the filtering problem is given by first calculating the predicted
distribution:
57 = ot}
t—1

pt = pi:% + 1’

and then incorporating the measurement by means of the innovation and Kalman gain:

~t—1,

Vg = 2t =Ty
t—1

_ P )

kt - -1 )

pt +r

{i'i = i‘i_l + ktljt;
pi =(1- kt)Pifl-

These exact expressions for the mean and variance of the posterior distribution p(z; | 21,

., 2z) can then be compared to the approximations the Condensation algorithm provides:
B =Y m s, (7.2)
n

o = m" (- s (7.3)
n
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Details of Comparison The free parameter in the experiment described above is the
variance r of the measurement process. Several values of this parameter were used, and the
quality of the approximation produced by the Condensation filter examined for each one.
Note that the dynamical process variance has been fixed at 1 for these experiments; this
does not result in any loss of generality as altering this parameter produces nothing more
than a scaling of the whole process.

Note also that it is largely irrelevant how well the filters estimate the true value of the
system state z;. All that is of interest is how well the Condensation approximation matches
the exact analytic expression for the posterior distribution p(z; |21, 22,... ,2:). Since this
distribution is Gaussian, the approximation can be evaluated by examining the sample-set
approximation to the mean and variance of the distribution.

Once the Kalman filter has converged (to some predefined accuracy) to its steady-state

variance

_ Vit+d4r—1

o= T 5
the Condensation filter will produce estimates 67 which should all be equal to this ps.
This provides a convenient method of testing the accuracy of the variance approximation.

Evaluating the approximation to the mean Z! raises the following issue. The mean of

the posterior #! might very well legitimately be zero or very close to zero. Therefore, a
simple relative measure such as (fi; — #¢)/2! will not give meaningful results. The error
relative to the RMS value over the 128 time-steps considered will therefore be given.

To evaluate the approximation of the approximation 7 to the true posterior variance

p!, the relative error (62 — pl)/pl will be used, as the variance rapidly converges to its

steady-state value, which is non-zero.

Numerical Considerations A practical consideration when evaluating the approxima-
tions defined in equations 7.2 and 7.3 is that the computation involves the sum of a large
number of quantities, and the results might therefore be subject to errors arising from the
floating-point representation. This was guarded against by computing the sum in a fashion
which recursively sums the numbers in pairs, thereby avoiding the error-inducing step of
adding two numbers with widely different magnitudes.

In practice, the sum will be good to an adequate number of significant figures even
though up to around 10 numbers are being added, since a double-precision floating-point
number on the architecture in use provides 16 s.f. Therefore a reasonable estimate would

be that even the naive addition procedure would give a result good to 10 s.f.
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Results The sample-set approximation to the posterior mean Z!, (relative to its RMS
value over the sample) was good for all values of measurement noise (r € {0.001,0.01,0.1,
1.0}) and sample-set size (N ranged from 28 to 220 in multiples of 4) considered here; the
largest error was 2% and most were of the order of 0.05%. This supports the hypothesis
that mean-estimation can be performed accurately using sample sets.

The errors in the approximation to the posterior variance p} are shown in figure 7.36. For
large measurement noise (r = 1.0), even 22° samples does not result in a particularly good
approximation, with the Condensation approximation to the variance being consistently
high. This corroborates the findings of previous sections, that estimating second-order

moments cause difficulty.

05 errorin p 05 error in p
0.25 0.25
‘ L ‘ 1
1F 1p 1@ 16 18 20 T/ p 12 14 16 18 20
IgN IgN
-0.25 -0.25
0.5 0.5
(a) r = 0.001 (b) r =0.01
05 errorin p 05 error in p
0.25 0.25
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lgN g N
-0.25 -0.25
0.5 0.5
(a) r=0.1 (b) r=1.0

Figure 7.36: Increasing N reduces the variance of the estimator of p!, but the
estimator is biased. For a one-dimensional Condensation filter, the error in the approz-
imation to p! relative to its true value (calculated from the Kalman filter) is shown. A
point indicates the mean estimate of 128 runs, with bars extending one (sample) standard
deviation above and below. The sample-set size ranges from N = 28 up to N = 220; the
measurement variance v varies from 0.001 up to 1.0, with the process variance fixed at 1.0.

One curious result is that the estimator for p! becomes biased for larger measurement
noise, with a value which is higher than the true value. Intuition might suggest that
Condensation should produce an underestimate of the variance, as the sample-set is likely
to under-represent the ‘tails’ of the distribution. More detailed investigation of these effects

would be a useful subject for further work.
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7.3.5 Pedestal Condensation

One difficulty with the multi-model learning, and indeed with multi-mode tracking once
a model has been learnt, is that a fairly common situation involves, say, two modes, each
of which is persistent, so that the true probability of changing state is low. A multi-mode
system with the time between transitions being of the order of 10s is not unrealistic. This

translates to a transition matrix resembling

0.998 0.002
M= < 0.002 0.998 ) '

When tracking with N = 1000 or so, a typical value, only around 2 samples, then, will
be generated for motion corresponding to a state transition having happened. This will in
general be insufficient to allow a transition to be noticed, especially if system noise is high
and measurement noise low. Even if a sample corresponding to the transition does happen
to fall over the object, the approximation to the transition counts will be inaccurate, leading
to the highly variable behaviour of the estimate of My, as seen in section 7.1.

One work-around would be to artificially raise the probability of a transition, but a
more rigorous approach would be desirable.

Isard’s ‘ICondensation’ (Isard and Blake, 1998b) — Importance Condensation — in-
troduces the notion of an ‘importance function’, which dictates where samples are placed.
One application of the method is to efficiently use information from a secondary sensor,
typically of different modality. These samples’ weights are then modified accordingly, so
that the resulting sample set is still a fair representation of the posterior distribution. The
example given in (Isard and Blake, 1998b) is of using a colour-segmentation-based blob
tracker to provide coarse information of the position of a hand for a user-input application.

In this hand-tracking application, the importance function is chosen such that more
samples are placed at points in state-space judged, by dint of some independent information,
to be more likely configurations of the tracked object. The samples’ weights are then
reduced to keep the final sample-set fair.

In the present problem, the reverse can be done: samples can be generated as if the
transition matrix were ‘more uniform’, with the extreme being the case where M is a matrix
all of whose entries are identical. This will ensure some minimum number of samples even
for transitions which are very unlikely — a ‘pedestal’ level of samples is maintained.

Samples corresponding to a transition generated in this way then have their weights
reduced, and those corresponding to a continuation of the current state would have their

weights increased. In this way, the validity of the sample-set representation is maintained.
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The increased quality of the approximation around transitions should produce a benefit
in the quality of the learnt model. Detailed investigation of this approach is left as a subject

for future research.



Chapter 8

Discussion

8.1 Relation to other Model-learning Frameworks

All the learning algorithms described in this thesis can be viewed within the wider context
of the learning or estimation problem for a ‘graphical model’. Graphical models are also
known as ‘probabilistic independence networks’, and examples include Markov random
fields, and hidden Markov models (HMMs).

The idea is that for a problem involving many random variables, a graph is constructed
whose nodes (vertices) correspond to them. An edge between two nodes indicates depend-
ence of the random variables corresponding to those nodes. More precisely, let V' be the
set of nodes in the graph (equivalent to the set of random variables), and for a node o € V,
let adj(«) be the set of nodes directly connected to «. For random variables X, Y, and
Z, write X LY |Z if X and Y are conditionally independent given Z. Then the graph

represents independence in the sense that

a ¢ adj(f) = a LB|(V\{a,B}). (8.1)

In other words, pairs of variables corresponding to non-adjacent nodes are conditionally
independent given the values of the remaining variables. This property of the graph and
distribution of the random variables is referred to as the ‘Markovian property’.

As a concrete example, the relationships between the random variables in the problem
of learning a dynamical model can be expressed as a graph as shown in figure 8.1.

Typically, only local information is known, such as joint marginal distributions of ad-
jacent pairs of variables, and the joint distribution of the entire set of variables is sought.
One area of application of these methods is to ‘expert systems’. An expert system is a
model which is intended to give reasoned judgements in areas where human experts are

scarce. In this setting, it is often the case that the values of some variables are known,

190
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Figure 8.1: A dynamical model can be represented as a graph. Fdges in the graph
represent the dependence of the variables in the nodes as expressed in eqn (8.1). The state
x; 1s independent of all other variables, once the preceding and succeeding states x;_1 and
Zey1 and the measurement zy are given. Similarly, the measurement z; is independent of all
other variables, given xy. This can be seen in the configuration of the edges of the graph.

and the problem is to find the distribution of the remaining variables, conditioned on the
known ones. Lauritzen and Spiegelhalter (1988) describe a solution to this problem in the
case that all random variables involved are discrete.

Darroch et al. (1980) perform maximum-likelihood learning of the individual discrete
distributions given training data on such structures, and Lauritzen (1995) combines these
two algorithms to apply EM to the learning problem in the case of training data with
missing observations. This is the area most closely related to the learning described in this
thesis.

Smyth et al. (1996) describe an extension to this algorithm — the so-called ‘Jensen,
Lauritzen, Oleson’ (Jensen et al., 1990) (‘JLO’) algorithm. Dawid (1992) gives a more
mathematical analysis of the algorithm, which propagates information through the graph
by means of ‘lows’ between neighbouring cliques. An algorithm for finding the maximum

likelihood value of the whole (discrete) distribution is also given.

Hidden Markov Models

The equivalence of the graph of figure 8.1 to that for a Hidden Markov Model problem will
be appreciated, in that only the measurements z; (corresponding to the emitted symbols of a
HMM) are directly observable. The three key problems of HMMs are given by Rabiner and
Juang (1986). They are ‘classification’, evaluating the likelihood of a symbol sequence given
the model, ‘perception’, finding the most likely state sequence given a symbol sequence, and
‘learning’, finding the best model to describe a set of training symbol sequences. Although
the classification problem has been touched on in this thesis in section 3.4, the problem

most relevant is the learning one.



CHAPTER 8. DISCUSSION 192

For a HMM, the Baum-Welch algorithm is the result of applying EM to the learning
problem. The Expectation step is performed by means of the ‘forward-backward’ algorithm,
very similar to the ‘filtering-smoothing’ algorithm employed in this thesis. It is the spe-
cialisation of the JLO algorithm to the HMM case. The Maximisation step takes place
by means of a set of re-estimation formulae given by Rabiner. The Viterbi algorithm for
finding the maximum-a-posteriori estimate of the state sequence within a HMM is a special

case of an algorithm described by Dawid (1992).

Continuous Variables

All of the work described above applies only to discrete-valued random variables. Laur-
itzen and Wermuth (1989) do give an extension to models with a mixture of discrete and
continuous variables, but the continuous variables are constrained to be Gaussian. The
relations between this work and that on linear Gaussian dynamical models in chapters 4
and 5 of this thesis are apparent, but have not yet been explored in great detail.

The stochastic methods of chapter 6 successfully handle the problem of general con-
tinuous distributions on the type of graph in figure 8.1. They could, then, show promise as
a solution to the problem of handling completely general continuous distributions within a

graphical model setting. This could be the subject of future research.

8.2 Future Work

The work presented in previous chapters has suggested some areas where more research
would be beneficial and interesting. Ideas for possible developments are now discussed.
Learning within a Kalman-filtering framework is fairly well understood, and although it is
a useful tool, concentrating future research on Condensation-based systems seems a more

profitable direction.

Further Experiments

Experiments have been described in chapter 7 which show the usefulness of the learning
algorithms in applications where a multi-state model is appropriate (the juggled ball of
section 7.1) and in heavy clutter (the hand-tracking example of section 7.2). Time did not
permit testing of the methods under the combination of these conditions, i.e., learning a
multi-mode model in heavy clutter. Examining the performance of the learning methods

in such circumstances would be an interesting area for further work.
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A further obvious set of beneficial experiments would involve attempting to learn multi-
mode models from longer sequences. The juggled-ball experiments in section 7.1, for ex-
ample, used a rather short sequence, and so gave results which, while useful, had room for
improvement. A better model (particularly in terms of its transition matrix) would almost

certainly be produced from combining data from multiple juggling cycles.

Straightforward Improvements to Condensation-EM

Section 7.3 brought up some ideas for improving the performance of the EM learning al-
gorithm when used within a Condensation framework. The main disadvantage of EM
learning, when compared with the approximation of filtered learning, is its large additional
cost, incurred by the smoothing step in the algorithm. Perhaps the most promising modi-
fication to this step is the ‘reduced forward-backward’ idea, which although it does not
remove the O(N?) step, would produce a very significant speed increase. It would also be
straightforward to implement.

The concept of ‘pedestal condensation’, introduced in section 7.3.5, would also give no
implementation difficulties, and, it is hoped, would result in increased learning performance
in the case of multi-state models. Section 7.1 showed that the learning of this aspect of the

model was quite ill-behaved, so an improvement would be welcome.

Sampling Schemes

Work has been done on evaluating the quality of the sample-set approximations to dis-
tributions used in Condensation. For example, Carpenter et al. (1997) and Doucet (1998)
both propose the use of an ‘effective sample size’ as a measure of how much information the
sample-set is providing about the distribution compared to a genuinely fair sample drawn
from it. Doucet (1998) discusses various sampling methods, in particular an ‘importance
sampling’ framework, as is used by Isard and Blake (1998b) for a Condensation-based hand-
tracker. Pitt and Shephard (1997) also consider various methods whereby the sample set
can better approximate the true distribution.

Chapter 6 described the effort which was necessary to extract meaningful estimates of
the second-order moments for use in learning. Increasing the effectiveness of the sample-set
representation is one obvious area for improvement, and this would undoubtedly have a
positive effect on the performance of the learning algorithms. Investigating this in more

detail would be a fruitful area for future work.
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On-line Learning

All the work described in this thesis is based on ‘off-line’ learning: a training phase is
used, entirely separate from any tracking which is then performed using the learnt dy-
namical model. Experiments have shown that this is a useful approach to the problem,
but an attractive idea is to perform ‘on-line’ learning, namely learning a dynamical model
as tracking is proceeding. Using an appropriate dynamical model allows a considerable
reduction in the number of Condensation samples required for successful tracking, as has
been demonstrated in section 7.2. A system which could learn a dynamical model in the
early stages of tracking a sequence could then track the remainder using a lower number of
samples. Tracking would then be achieved with a lower computational cost (assuming the
on-line learning is not prohibitive), and with no increase in the amount of initial knowledge
required.

It is not entirely clear how this learning would be done, although there has been work in
other areas on similar problems. For instance, in the neural network literature, de Freitas et
al. (1997) describes on-line (or ‘sequential’) learning of weights in multi-layer perceptrons.
Further investigation into this literature and its applicability to on-line learning for trackers

is required.

Non-Euclidean State Spaces

An area of interest for a future application of Condensation is to tracking using a kinematic
state space. For instance, the most natural representation of the state of a human body is
in terms of joint angles, rather than in terms of a two-dimensional state based in the image.

This raises the question of whether a linear auto-regressive model is appropriate for a
state space not topologically equivalent to R"”. In some cases, a ‘cut’ may be possible to
produce a reasonable approximation of the state space to a piece of R* — taking again
the person-tracking example, the rotation of the head does not cover the whole range of
rotation. In fact, this is the case for most joint angles within the human body.

On the other hand, the space of orientations of a rigid body can not sensibly be cut in
this fashion; it is topologically equivalent to a 3-sphere. (One representation of the space

of orientations is as the set of unit quaternions.) In such a space, the typical motion model

K

T = Z R + bwy
k=1

is no longer meaningful, as it requires a vector space structure on the states z (and the

noises w). The space of rotations in two dimensions has no such structure; neither does
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the space of three-dimensional rotations. Investigating a sensible formulation of dynamical

models in such spaces could be a subject for future research.

Higher-order Models

The theories developed in this thesis apply to any model order K, if not explicitly, then
by simple extension. For the tracking experiments, though, second-order models only were
used. They produced successful results, but the classification experiments in section 3.4
suggest that higher-order models might bring benefits. It would be desirable to gather some

information on the effect of higher-order models on tracking performance.

Observation Models

Although more directly an area for research into improving the performance of the Con-
densation tracking algorithm itself, the choice of observation density has influence on the
learning algorithms — the assumptions made during the formulation of p(z | z) and their
validity will affect the final posterior distribution for the state sequence.

The observation density used for the experiments described in this paper is fairly naive,
and work has been done by MacCormick and Blake (1998) on developing a rigorous,
probabilistically-based methodology for calculating the likelihood that a given contour con-
figuration arose from clutter or from the tracking target. Although this has not yet been
developed into an observation density for Condensation, doing so is the subject of current
research.

Also the subject of current research is the use of region-based observation densities.
This thesis has exclusively used contour-based measurement processes, which have the
significant advantage of speed — very few image pixels must be examined. Contour-based
measurements are also invariant to illumination and scale. Much information, for example
texture information, however, is being ignored, and it would be interesting to investigate

how such information could be incorporated into a Condensation tracker.

Initialisation

The learning described in this thesis, as well as the tracking used as test cases for the
models, used hand-initialised sequences. In other words, the state of the system at ¢t = 0
was provided. It would be preferable to remove the necessity of this step, allowing the
system to learn the initial distribution of the state as part of the algorithm. This would

fit within the EM framework by treating the initial state as one of the parameters of the
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model, and so should be a fairly straightforward extension. For using a learnt model to
track other sequences, of course, the initial position in the training sequence would not be

used.

8.3 Conclusions

This thesis has developed mathematically correct techniques for finding best-fit dynamical
models from noisy measurement sequences. This learning has taken place within a Kalman
filtering framework, and also in the context of the more powerful Condensation algorithm.
The resulting models are capable of generalisation, in that experiments have shown success
in using them for tracking sequences similar to the test ones. The learnt models can also
be successfully used for classification, as well as a source of information in their own right
(for instance the acceleration results from the juggled ball).

One obvious shortcoming of the technique, particularly with regard to its use in the
Condensation domain, is its large computational cost. The vastly cheaper (one-shot as
opposed to the iterative EM algorithm, and no O(N?) cost) filtered learning approach
often produces results which are nearly as good. Filtered learning, however, can not be
immediately applied to the multi-mode models of section 7.1, especially without supplying
additional prior information. Methods for reducing the computational burden of, in par-
ticular, the smoothing phase of the algorithm must be sought. Research into this, and the
other areas described above, should produce more efficient methods for learning dynamical

models.



Appendix A

Derivations and Proofs

A.1 Ljung’s Method

Consider the simplified model structure
Ty = Amp1 + wy
Zt — Cfﬂt + Ut,

where as usual z; is the state at time #, A is the dynamics matrix, C' is the measurement
matrix, and w; and v, are all independent Gaussian random variables with zero mean and

unit variance. Ljung (1987) suggests forming

I 21
T3 22

X = . ; 7 = ;
rT 2T

then, assuming that xq = 0, defining

1 0 0 ¢ 0 0
A 1 0 - 0 o ¢ o0 - 0
F=| 4 A 10 - 0|, pg= 0 :
T-1 T. 0
A4 1 0 0 0o C
and
U1 w1
v2 w2
E = ; W = .
vr wr

allows the system to be written as

X=FW; Z=HX+E.
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This is a slight simplification of the general problem, as both the measurement and
process noises are fixed at unity. However, this does not affect the presentation or nature
of the argument.

First consider the ‘E’ step — the problem of finding Ex[logp(X, Z | ¢) | Z,» = a]. Now
p(X, Z|p) =p(X [)p(Z ] X, p)
and
p(X|9) =g(X;0,FFT);  p(Z|X,9) = g(Z; HX,I),

where g(x; u, X2) is the density function of a Gaussian with mean p and variance ¥ evaluated

at x. Thus
Lror Ty—1 T T
logp(X, 7 |¢) = —3 [X (FFT)'X +1log |(FFT)| + (Z — HX)T(Z — HX) + const| .
Taking the expected value of this with respect to a distribution over X given ¢ = « yields

Exllogn(X, 7| 9) | Zp = o] = ~XT(FFT)X — tx(P~' PFT)
—log |(FF )| + const wrt o, (A.1)
where

X =¢[X1|Z,¢=aq] P =Var[X |Z, ¢ =qa].

The ‘E’ part is then reduced to the finding of this mean and variance. For two random
variables X and Z with means px and pyz, variances Py and Pz and covariance Pxz, the

distribution of X conditioned on Z is
(X |Z) ~ N(ux + PxzP;"(Z — puz), Px — PxzP, Py ).

In this case, then, it will suffice to find the means and variances of X and Z, and the

covariance of X against Z. Now
W ~ N(0,1),
S0
X ~N(0,FFT),
and hence

Z~NOHFF'H" +1).
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Also,
Pxz; = EXZT]
= E[FW(HFW + E)T]
= FEWWT|FTHT + E[E]
=FF'H.
Therefore
X =FF'H'RZ,
P=FF' —FF'"H'R'HFF",
where

R=I+HFFTHT.

This completes the ‘E’ step; note that it involves the inversion of the large matrix R.
For the ‘M’ part, the value of ¢ which maximises the RHS of eqn (A.1) is sought, i.e.,
arg max [—X’T(FFT)X' —te(F'PF~T) —log |(FFT)|] : (A.2)
@
since ¢ = A and F = F(A). There is no obvious explicit expression for this arg max.
In practice, one would exploit the structure in F'(A) to perform both the ‘E’ and ‘M’

)

steps — the ‘E’ step involving the inversion of R, and the ‘M’ step involving the maxim-
isation of eqn (A.2). While the above formulation is elegant and general, then, in the case
of interest, namely dynamical models for tracking, the exploitation mentioned would lead

to a solution of the kind described in section 4.4.

A.2 Alternative Approaches to EM Learning for a Kalman
Filter

Shumway and Stoffer (1982) and Ghahramani (1996) both describe a formulation of the EM
algorithm for the case of learning a dynamical model within the Kalman filter framework,
equivalent to that developed in chapter 4. The Maximisation step is exactly equivalent;
a slightly different method of performing the Expectation step is given. Instead of using
an augmented state vector, as was done in this thesis, a more direct recursive method of

calculating the covariances (using the notation of section 4.4.2)

Ptlll,th = COV[SEt,h Tt—2 | AREER ,ZT]
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is given. (The augmented state filter was introduced to calculate these covariances.) The

recursion is initialised with
Py 1= (I - KrH)APL™|
and proceeds according to
Ptj;l,t72 =P/ +FR_ (P -P ",

Shumway and Stoffer described the derivation of these results as ‘somewhat lengthy’, and
refer to a technical report of theirs (Shumway and Stoffer, 1981).

Both papers also describe the extension to learning the measurement variance, and
(Ghahramani and Hinton, 1996) also extends the theory to estimating the measurement
gain H (‘output matrix’ in his notation). For the case of a visual tracker, however, the
measurement gain is known, and the noise can be estimated independently and directly, so

these extensions were not required for the work of this thesis.

A.3 Multi-dimensional Yule-Walker

For completeness, the derivation of the maximum-likelihood estimates of a dynamical model

from an example sequence is now presented in more detail.

A.3.1 Zero-mean case

First, the case of a system with known mean is considered. Without loss of general-
ity, assume that it is zero by subtracting it from every element of the training sequence

z1,25,... ,op. The log-likelihood L can be written in terms of the individual residue terms

K
TE=1T; — ZAkxf_k
k=1

as
T
1 . T-K
L:_§ g r, Clry — 5 log |C].
t=K+1

Using u' Mv = tr(uv " M ") and the fact that C is symmetric, this can be written

1 T
L= —§tr [( Z rtr;r> c1

t=K+1

T-K
2

log |C].

For notational convenience, define

A=(A4A Ay - Ag).
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Writing Z = Zf: k+17ir and expanding the sum gives

Ty
SRNE
Z2=3 Ja-a| T e (@) @) @) ) AT
t=K+1 .
Ty K
= Rop —RoAT — AR] + ARAT, (A.3)
where
Ri1 Rip -+ Rk
R21 R22 T RZ,K
R = . . : ; Ro=(Ro1 Ro2 -+ Rox ),
Rki1 Ri2 -+ Rirk
and the moments R;; are defined as
T
Rz] = Z xr—i(l‘:—j)—r
t=K+1
Therefore, L can now be written
1 T-K
L= —gtr(ZCfl) — log |C.

Differentiating this with respect to A gives the following equation for the maximum

likelihood estimate of A:
AR = Ry, (A.4)

and differentiating with respect to C' gives

1
= Z
¢ T-K
1
= 7~ 4ARy)

(using eqn (A.4) to simplify the expression for Z).

A.3.2 Unknown Mean

This section extends the analysis to the case where the mean is unknown. In this case, the

individual residuals become

K

re=a; =Y Apzi_y —d,
k=1
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where d = (I — 25:1 Ap)z is the offset. Specifying d in preference to z is a more gen-
eral approach, allowing, for example, constant-velocity motion, which has no mean. The

expression for Z then becomes

Z =Ry —RoA" — Ryd" — ARj + ARA" + ARd" —dRj +dR"A" + (T — K)dd",

(A.5)
where
Ry
Ry 4
R = i and R; = Z xp_;
: t=K+1
Ri
Differentiating eqn (A.5) with respect to A produces
AR+dR"T — Ry =0, (A.6)

(using R = R") and with respect to d gives

1

d=
T-K

(Ro — AR).

Substituting this expression for d into eqn (A.6) gives

A(R—TiK(RRﬂ>—Gm—TiK(&RD>:R@

Introducing the modified second-order moments

1
0 _ p.. nT
R}y = Rij — = RiR].

and writing

Rgl 322 RE’K
Ry Ryp -+ Ryg

R’ = . . . . ; Ro=( Ry Ry - Rg,K)
R?(,l R?{,z ROKK

allows this to be simplified:
AR = R).

Finally, differentiating L with respect to C gives C' = Z/(T — K), which simplifies to

1

C=7"%

(RS- A®RYT),

using the expressions for A and d.
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A.4 Learning from Multiple Sequences

If several training sequences are available, and it is desired to find the maximum-likelihood
estimate for all the sequences, it is clearly incorrect to simply concatenate the sequences
and apply the results of section A.3. There will be jumps at the joins of the sequences,
producing an inaccurate estimate.

Suppose that M training sequences are given:

(Y1, ,:v’{Tl),... (31 - - - ,x”j\/[,TM).

Assuming that these sequences are independent, the overall log likelihood will be given by
M T, M
1 = _ Tn— K
I PR T B o
m=1 Lt=K+1 m=1

defining the residues r,; in the obvious way.
Following the development through, it can be shown that the form of the maximum-

likelihood estimate remains the same, with

Rij =Y Rmij;  Ri=)_ Rmi

m

where

Ty Tm
Ruij = D iy @) Rui= Y Tha i
t=K+1 t=K+1

The expression 7' — K in the definition of the modified moments R?j and in the estimates

for d and C' must be replaced by Y (T, — K).

A.5 Maximum-likelihood Estimate for Multi-mode Models

A mixed-state model has a state vector

Xt:<Xt>7
Yt

where x; is the continuous state and y; is a label for the discrete state. It is assumed that
the transition probabilities for the discrete state are context-insensitive, i.e., they do not

depend on x;. This assumption produces the following expression for the joint model.

p(Xe | X = py (%0 [ X0, -+ X1 1) My, _,y,.
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The log-likelihood of a model for a given sequence X} of known states therefore separates

into two components: the continuous component, whose maximisation has already been

dealt with in appendix A.3, and the discrete component
Lg = Z log My, _,y,.
¢

This must be maximised subject to the constraint

ZMab =1 Ya.
b

As usual, introduce the Lagrange multipliers A, and seek the maximum of

L'=Y log My,_,y + Xa(1 = My).
t b

Now, the first term can be written
Z log My, .y, = Z Z Z Oay_1 Oby, log Mgy,
t t a b
= Z Z Oay;_ 1 Oby, log Mgy,
ab t

= Ty log My,

a,b

where

Top = Z 6ayt—16byt
t
=t#{t:y/_, =a,y; =b}.

The expression for L' can now be written

L'=Y Tylog Mo+ Aa(l =) May)-
a,b b

Differentiating with respect to M, gives

oL’ T,
— Lab + >\a
a]Mab Mab

Multiply by M, to get the set of equations
MapAa = Tap

(one for each pair (a,b) of states). Sum over b to get

Aa ZMab = ZTab
b b

(A7)
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and use the constraint to get

>\a = ZTaba
b

whence the ML values

Tab

My = =%
¢ ZbTab

may be deduced.
Note also that the log-likelihood Ly of eqn (A.7) can be written in terms of the Ty, as

Lg=_ Tulog M,
a,b

which is linear in the T,;. This linearity is important to the validity of the claimed EM

algorithm for this problem described in section 6.2.1.
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