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Learning Dynamical Models for Visual TrackingAbstractUsing some form of dynamical model in a visual tracking system is a well-knownmethod for increasing robustness and indeed performance in general. Often, quitesimple models are used and can be e�ective, but prior knowledge of the likelymotion of the tracking target can often be exploited by using a specially-tailoredmodel. Specifying such a model by hand, while possible, is a time-consuming anderror-prone process. Much more desirable is for an automated system to learna model from training data. A dynamical model learnt in this manner can alsobe a source of useful information in its own right, and a set of dynamical modelscan provide discriminatory power for use in classi�cation problems.Methods exist to perform such learning, but are limited in that they assumethe availability of `ground truth' data. In a visual tracking system, this is rarelythe case. A learning system must work from visual data alone, and this thesisdevelops methods for learning dynamical models while explicitly taking account ofthe nature of the training data | they are noisy measurements. The algorithmsare developed within two tracking frameworks. The Kalman �lter is a simpleand fast approach, applicable where the visual clutter is limited. The recently-developed Condensation algorithm is capable of tracking in more demandingsituations, and can also employ a wider range of dynamical models than theKalman �lter, for instance multi-mode models.The success of the learning algorithms is demonstrated experimentally. Whenusing a Kalman �lter, the dynamical models learnt using the algorithms presentedhere produce better tracking when compared with those learnt using currentmethods. Learning directly from training data gathered using Condensation isan entirely new technique, and experiments show that many aspects of a multi-mode system can be successfully identi�ed using very little prior information.Signi�cant computational e�ort is required by the implementation of themethods, and there is scope for improvement in this regard. Other possibilit-ies for future work include investigation of the strong links this work has withlearning problems in other areas. Most notable is the study of the `graphical mod-els' commonly used in expert systems, where the ideas presented here promise togive insight and perhaps lead to new techniques.
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Chapter 1Introduction and Background1.1 IntroductionVisual tracking can be characterised as extracting information about moving objects froma sequence of images taken over time. Usually, this involves analysing a sequence of video�elds, which are produced at a rate of 50 or 60 per second. It is a di�cult problem, and anysolution must be able to process the vast amount of data in a video stream in an e�cientmanner.Good use can be made of the temporally-coherent nature of video sequences. Typically,fairly accurate predictions can be made about the position and con�guration of an objectin a video �eld, based on its behaviour in the immediate past. Such a predictive system isreferred to as a dynamical model. Tracking of an object's motion when a precise dynamicalmodel is available is signi�cantly easier than trying to do so when no such model exists| consider the greater ease with which a human can watch a ball thrown through the airthan follow a bluebottle 
ying round a room.This thesis addresses the problem of how a dynamical model can be learnt from trainingdata, the idea being that expending some computational e�ort on studying a class of motionwill be repaid in more successful tracking of other objects performing motion of that type.The systems described in this thesis, and the learning framework in particular, operateprobabilistically. When tracking, instead of calculating merely an estimate of the object'scon�guration at any given time, the entire probability distribution for that con�gurationis computed. This approach has as its basic premise the assumption that the quantity ofinterest, namely the object's con�guration, is a random variable about which inferencescan be made based on measurements made from images. When learning, the probabilisticinterpretation of the aim is that it is to calculate the most likely description of the object'smotion, based on the training sequence. 1



CHAPTER 1. INTRODUCTION AND BACKGROUND 2As well as the use of learnt dynamical models for the predictive component of a trackingsystem, other problems are considered in varying amounts of detail. Segmentation of asequence into di�erent modes of motion is covered, as well as classi�cation of sequencesbased on how likely they are to have arisen from each of a set of dynamical models.The work has raised several issues in the course of its development. Some are improve-ments to the techniques whose development will be described, but there are also interestingparallels in other �elds where models used for inference are important.1.2 Outline of this ThesisThe remainder of this chapter looks at some related work in the area of image analysis andvisual tracking. Following on from this background, chapter 2 covers the development of the`active contour' tracking framework to be used for most of the work in later chapters. Theuse of B-splines to represent the outline of an imaged object is introduced, and a trackingalgorithm based on the Kalman �lter presented. The chapter also develops a mechanismfor determining the range of deformations of the object's outline, when a video stream istreated simply as a large (unordered) set of static images.Chapter 3 addresses the problem of how the temporal coherence of a video sequence canbe exploited. The idea of a `dynamical model' is developed more fully, and techniques givenfor `learning' such a model from training data, making certain assumptions. The usefulnessof such learnt models for tracking applications is summarised, and their application to aslightly di�erent problem domain | that of classi�cation of sequences | is discussed.Chapter 4 examines the assumptions made in chapter 3 for learning dynamical models,and the circumstances in which their validity is questionable. A mathematically rigorousalgorithm is developed which learns a dynamical model while explicitly taking accountof the fact that `ground truth' data of the tracked object's state are not available. Thestatistical tool of `Expectation-Maximisation' is used to solve this `missing data' problem.Chapter 5 presents some results obtained by applying the general theory of chapter 4 toreal tracking problems. Successful tracking using models learnt in this manner is demon-strated, as well as improvements over using models learnt with existing methods. Hand-and lip-tracking examples are considered. Some possible extensions to the algorithm arediscussed.Chapter 6 considers a recently-developed tracking framework, the Condensation al-gorithm, which uses a stochastic representation of the underlying probabilistic systems.A Condensation-based tracker requires a dynamical model just as the Kalman-�lter-based



CHAPTER 1. INTRODUCTION AND BACKGROUND 3systems of earlier chapters do. A greater variety of models is possible, though, and thischapter both applies the theory of previous chapters to this new framework, and extendsthem to cover `multi-mode' dynamical models.Chapter 7 demonstrates the e�ectiveness of the techniques of chapter 6 when applied totracking problems where a Kalman �lter would fail. This includes trackers incorporatingmulti-mode dynamical models, where automatic simultaneous learning and classi�cationof a juggling sequence is presented. Some points concerning improving the e�ciency andperformance of the learning algorithms are raised.Concluding discussion is given in chapter 8, including of the relation of the learning al-gorithms presented in this thesis to the wider problem of inference and learning on `graphicalmodels', a well-established framework in the statistical and arti�cial-intelligence literature.Areas where further research would be interesting and fruitful are also discussed.1.3 BackgroundThis section looks at the various approaches taken to the problem of visual tracking, andimage analysis in general, in some related work. What might be dubbed `hypothesis-driven' analysis operates by generating and re�ning the �t of a model to the image data.This includes the work described below on parametric and active shape models. A more`bottom-up' approach uses much less information about the likely con�gurations of theobject, including the earlier forms of snakes and some of the work using optic 
ow. Ideasfrom both parametric modelling and snake-based systems are combined in the `active con-tour' approach; some work using this method is described below, and a fuller developmentpresented in chapter 2.1.3.1 Parametric ModelsWork on tracking using detailed physical information about the object being tracked in-cludes the use of the position in the image of the projection of easily identi�able features ofthe object, such as corners and edges, e.g., (Yuille and Hallinan, 1992; Harris, 1992; Lowe,1992; Azarbayejani et al., 1993; Wachter and Nagel, 1997). A parametric model (consistingof, say, the object's three spatial translation coordinates, three rotation parameters andany internal parameters the object may require to completely specify its structure) is then�tted to these data, using statistical techniques. Often, e.g., (Azarbayejani et al., 1993;Bregler, 1997; Terzopoulos and Metaxas, 1992), in tracking as opposed to pattern recogni-tion, the �nal estimate of the con�guration in the model in one frame is used to provide



CHAPTER 1. INTRODUCTION AND BACKGROUND 4the starting point in an optimisation algorithm for the next frame, either directly, or usingsome predictive model of the motion of the object. This makes some use of the continuitypresent between one image frame and the next; section 1.3.7 returns to this topic.Instead of modelling the object itself in three dimensions, one can use a model ofthe resulting image. This approach has the advantage of greater simplicity (being two-dimensional), and can work well if the object being modelled is almost planar, or is alwaysviewed in the same orientation. Both model-based approaches have the advantage of includ-ing kinematic knowledge of the object being tracked, reducing the problem of the trackergenerating impossible estimates of the con�guration of the object, as can happen when noinformation about the structure of the target is included.Eyes are used by Yuille and Hallinan (1992) to illustrate a type of parametric repres-entation which they refer to as a `deformable template'. As mentioned above, this model,in contrast to those described below, works in the image plane as opposed to being a three-dimensional representation of the tracked object. The outline and interior of the imageof an eye are represented with a small collection of geometrically simple curves, and 11parameters are chosen to control their location and shape. A function is de�ned based onthe �t of the model to the image (for example, the predicted location of the iris of the eyein the image is expected to be dark; an edge is expected at the predicted location of thejunction between the white of the eye and the eyelid), which is optimised starting from ahand-selected initial estimate. In this way, the position of the eye and the direction of thegaze can be determined. Tracking is accomplished by using the �nal template con�gurationin one frame as the starting point for the optimisation algorithm in the next. The authorsalso mention how the techniques can be applied to the extraction of tracks in the outputfrom particle accelerators.Another example of the use of these two-dimensional models is the work of Bennett andCraw (1991), which deals with �nding hands and faces in both clean and noisy (signal : noiseratio of 1 : 1) images. Their models of the hand and of the face (including the position of thefeatures with respect to the outline of the face as a whole) is statistical, with a distributionestimated from around a thousand samples. They de�ne a `�tness function', which isdesigned to be a good indication of how well the proposed set of parameter values �ts boththe prior distribution and the image data. A global maximum for this function is sought,using a two-stage approach: �rst an initial estimate is obtained by sampling from the prior,which is then improved upon by making deviations from it. The work is solely on staticimages; no tracking is done.



CHAPTER 1. INTRODUCTION AND BACKGROUND 5Harris (1992) considers the problem of tracking the motion in three dimensions of aknown object, using a description of its edges. His system tracks, in the examples given,model and real aircraft, as well as a runway for the automatic guidance of aircraft duringlanding. Fitness of a hypothesised model pose to the image data is determined by castingnormals (in the image plane) to control edges (set up in the model), with some approx-imation to enhance speed, and seeking to minimise a function based on the perpendiculardistances. He uses quaternions to reduce the e�ect of errors introduced by incrementallyupdating rotations, and a Kalman �lter to perform smoothing over time of the estimate.He describes work on using pro�le edges of a limited class of surfaces in a similar algorithm.The resulting tracker is robust and reasonably fast. He employs a constant-velocity dynam-ical model for prediction.A more general problem is addressed by Lowe (1992), that of tracking an object whichcan be represented as a polyhedron, the increased generality coming from the possibilitythat the objects have internal parameters: he tracks a hinged �le box as an example. Heuses a simple velocity prediction method to obtain the starting point for the model-�ttingalgorithm, and uses the predicted con�guration of the object to drive the matching processof edges of the model to lines of high contrast in the image. The matches are tried in anorder decided by the closeness of the image lines to the predicted projections of the modeledges; in this way, an overall match for the whole model is found quickly, and is robust tofalse image-line/model-edge matches, as well as being able to cope well with occlusion ofsome of the model edges.Azarbayejani et al. (1993) use point features (instead of lines) to track the positionand orientation of the head. They describe a `virtual holography' application, in whichthe displayed view of a virtual three-dimensional object on a stereoscopic monitor variesto re
ect the location of the viewer's head. In this way, the user can look at the objectfrom di�erent angles, and see what would be seen if the object were present. Applicationsto teleconferencing are also mentioned. They also describe the possibility of gathering theinformation required to construct a physical model on-line, i.e., without any prior knowledgeof the structure of the object being tracked. In the paper, though, features which come intoview as the head, for example, rotates have their 3D position calculated based on a simpleellipsoidal model of the shape of the head. An interesting aspect of their work is the use ofthe predictive dynamical model to reduce the lag (the time between the head moving andthe display changing), which can be a cause of reduced usability or even motion sickness.In one of the more impressive demonstrations of the potential of this model-based



CHAPTER 1. INTRODUCTION AND BACKGROUND 6approach, Sullivan (1992), tracks several di�erent types of vehicles simultaneously in anairport. He also describes the tracking of road vehicles at a road junction with the aim ofautomating the production of tra�c-
ow statistics. His system, as well as coping with thetracking of many objects, is robust to the occlusion of the tracked object, either by anothertracked object or by some other object in the scene (for example, the occlusion of a car by alamp-post). A simple motion detector is used to detect when a new vehicle enters the �eldof view of the camera, and identify the likely location of the vehicle. An initial estimateof its con�guration is produced, which is re�ned until a best match is found between themodel pose and the image data. Again, a dynamical model based on a Kalman �lter isused to provide some predictive power. He also makes comparisons with the human visualsystem, in which there are extensive connections from the higher-level areas of the brainto the lower-level information-receiving areas, and summarises that both hypothesis-drivenand data-driven processes are required in a vision system.Terzopoulos and Metaxas (1991; 1992) recover the structure of the surface of an object,either from two-dimensional image data, or from three-dimensional range data. Theirapproach allows both recognition (and also pose computation, although this aspect is notexplored in great detail) and surface reconstruction at the same time, within the sameframework. In this way, their work is a hybrid between the model-based and image-basedapproaches. They recover the surface of an object from either two-dimensional imagedata or three-dimensional range data, using a model for the surface which combines aparameterisation of the object's pose (translation and orientation) with one of its globalshape (the example they use is a super-ellipsoid, with parameters describing its size, aspectratios, and `squareness') and one of local deformations (expressed as a linear combinationof a set of basis deformation functions). These parameters are all combined into a singleoverall parameter vector, which evolves into a minimum-energy con�guration, where theenergy takes into account such things as membrane elasticity and sti�ness of the surface,and a potential derived from the (image or range) data. The results are good; examplesgiven include the recovery of surface information about a pestle and a doll (in this casethe image is �rst manually segmented into eleven parts, although they mention that thiscould be done automatically). They apply their system to the tracking, over a sequence of120 frames, of a human torso and arms from sparse range data (Terzopoulos and Metaxas,1992).



CHAPTER 1. INTRODUCTION AND BACKGROUND 7Human Body TrackingThe tracking of human motion is a problem with applications in medicine (particularly gaitanalysis), sports (for instance, analysis of tennis serving action), and the �lm industry (mo-tion capture for animation), as well as being an interesting problem in its own right. Breg-ler (1997) describes a hierarchical tracking system, employing dynamical models throughoutthe hierarchy. At the very top level of the model are Hidden Markov Models (Rabiner andJuang, 1986) containing states for each major subdivision of a type of motion (for example,the motion of a leg during walking consists of a state describing the leg while in contact withthe ground, and one for the leg's motion while swinging). Each state has an emission modelcorresponding to a second-order linear dynamical model. These models form the secondlayer. The states of these linear models are the outputs of the lowest layer, a blob-tracker,including velocity estimates, which are Kalman-�ltered using a constant-velocity model.Using this system, human gaits are classi�ed into `running', `walking', and `skipping', withsuccess rates around 90%. Learning is accomplished from specially-gathered ground truthdata.Later work by Bregler (1998) uses the elegant formulation of twists and exponentialmaps (Murray et al., 1994) for the 3D transformations involved in modelling human motion.Measurement is achieved by estimating a parameterised motion �eld, using optic 
ow (seebelow). Prediction is performed using a constant-position model for the motion from time-step to time-step. Although this does not cause problems in the results shown, one wouldexpect it to be a limitation when tracking of humans performing rapid motion is attempted.Wachter and Nagel (1997) combine contour- and region-based measurements to performtracking of a human body, estimating a model with 10 degrees of freedom. Results are quitegood, especially as information from only one camera is used. Motion where the subjectwalks across the �eld of view is better captured than when the subject turns towards thecamera, however. An extended Kalman �lter is used, with a constant-velocity predictionmodel. Full 3D tracking of the entire human body in all its complexity (Williams, 1989)remains a challenging problem.Essa and Pentland (1995) focus on the face, presenting a system for recognising humanfacial expressions. A motion model based on the physics of the muscles of the face isused to constrain estimation of optic 
ow. An improvement over simply using optical 
owmeasurements directly is claimed | the model constrains the estimated motion by meansof the physical model. The resulting system performs well, producing classi�cation with98% accuracy for six facial expressions.



CHAPTER 1. INTRODUCTION AND BACKGROUND 81.3.2 SnakesImportant information in scenes is often conveyed by lines or curves across which thereis high contrast. Here, `contrast' is usually in intensity, although contrast in other imageproperties, including texture, has been used. For example, at an edge of a polyhedralobject, the light re
ected from the two meeting surfaces changes owing to their di�erentorientation and there will be a corresponding line in the image across which the intensitychanges suddenly. Similarly, the projection of the outline of any sort of object will typicallybe a curve in the image across which there is a sharp intensity change.There is also often useful information to be gathered from lines of locally maximum orminimum intensity in the image, for example a marking on the surface of a tracked object.Snakes, as described brie
y below and on which the tracking system used in this thesis isbased, provide one method whereby information about these essentially one-dimensionalfeatures can be extracted.The term `snake' is coined by Kass et al. (1987) to describe a parameterised family ofcurves in the image plane which is deformed in such a way as to locally minimise an energyfunction. The minimisation is then done by treating the snake as a physical system whichis simulated numerically | it is given similar characteristics to a wire having elasticityand sti�ness, in addition to being attracted to certain image features. These featuresinclude dark areas, light areas, areas of high contrast and the ends of lines and the cornersof regions. The snake is initialised near the feature of interest, in order to indicate theapproximate location of the desired local minimum, and then allowed to deform over timeunder the in
uence of the potential created by the energy function described. Variationsinclude providing an additional energy term for kinetic energy in the case that the snakeis required to follow a moving feature. An example of a snake which has found its �nalposition in an image, in this case being attracted towards areas of high contrast, is shownin �gure 1.1. (The development of the concept of a snake into the active-contour trackingframework used here will be developed in chapter 2.)There has been considerable success in using snakes in computer vision, primarily inareas where a physical model of the object being tracked would be di�cult to formulate, orwhere no such model is available. Their ability to deform almost arbitrarily allows them tofollow the motion of non-rigid bodies much more easily than a system based on a necessarilycomplex physical model would be able to.Ayache et al. (1992) describe a system for the automatic analysis of images gained byultrasound scans of the heart. There is an additional complication in this case in that
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Figure 1.1: A snake in a locally minimum energy con�guration. An example of asnake which has been allowed to `relax' into a con�guration with locally minimum energyon a static image. The white line shows the snake, a closed quadratic B-spline, attracted tothe high-contrast areas at the edges of the radio.the images are gathered using a polar coordinate system, but the analysis takes placein Cartesian coordinates. They develop �ltering and conversion techniques to map theimage into Cartesian coordinates, and then analyse the resulting image sequence usingsnakes to follow the movement of the mitral valve and the left auricle. They also developa method whereby a pointwise correspondence can be set up between the contours insuccessive frames which re
ects intuition about curve-matching by placing greater emphasison matching regions of high curvature, and favouring greater smoothness between theseregions. More recent work in this area includes that by Jacob et al. (1998), who usethe active contour framework together with carefully-chosen image �ltering techniques toproduce robust tracking of the left ventricle.An example of the use of snakes where the object is to create a physical model of (atleast some aspects of) the world in which the robot is required to work is provided by Blakeet al. (1992). Here, a robot's arm is required to manoeuver around a work area whichcontains several obstacles, with the purpose of picking up an object on the far side of itsenvironment. Snakes are used to track markings on, and the outlines of, the obstacles togain information about their surface. In this case, the image motion is generated not by the



CHAPTER 1. INTRODUCTION AND BACKGROUND 10motion of the objects in the world, but by motion of the camera, attached to the robot'sarm, near its actuator. To a large extent, therefore, the computer is in control of the visualinformation it receives. It moves the robot around in a small volume around its currentposition to gain information about its immediate surroundings. As the snake tracks theoutlines and object markings, calculations are applied to the moving two-dimensional curvesto compute three-dimensional surface normals, curvature and torsion, from which su�cientinformation is available to compute an approximate geodesic a small but safe distance fromthe surface of the object. The robot can then move into the area of free space it has just`discovered', and repeat the exercise from its new vantage point. Eventually, it will havea direct route to the goal object, possibly after some backtracking when dead-ends arediscovered.One instance in which a quite complicated physical model is used in conjunction witha snake-based tracker is described by Terzopoulos and Waters (1990). Their objective isto perform analysis and re-synthesis of facial expressions for their low-data-rate transmis-sion over low-bandwidth lines with the consequent applications in teleconferencing. Theydevelop a physical model for the human face, based on anatomical knowledge of the boneand muscle structure, and of the material properties (elasticity, stress/strain relationship)of skin and the underlying fascia tissue. They choose a set of �ve muscle groups from the268 voluntary muscles in the face which allow a reasonable representation of the range ofexpressions seen. Specifying the contractions of these muscles allows the re-synthesis part ofthe problem to be solved (within the approximation used; completely convincing synthesisof virtual faces is a di�cult problem) | the resulting face model is rendered at frame rate.The analysis part is approached by tracking, using snakes, nine facial features, including thehairline, the eyebrows, and the lips. From the positions of the features, estimates are madeof the states of the �ve muscle groups used, allowing the model to be driven; the resultspresented show quite realistic images of the model face. The physical model is only usedin the re-synthesis phase, however; it is not used to in
uence the tracking of the features.1.3.3 Active ContoursOne method of incorporating some limited form of prior knowledge into a snake-basedtracker is to specify a `template' for the snake, as described by Curwen et al. (1992). Thetype of snake described in section 1.3.2 has, in a sense, a template, in that in the absence ofa potential from the image, the snake will relax into a certain con�guration | typically astraight line or a circle. A more interesting template must be incorporated into the snake's



CHAPTER 1. INTRODUCTION AND BACKGROUND 11behaviour. Another energy term is added to the snake potential favouring similarity toa pre-speci�ed template shape, in terms of trying to minimise (along with �tness to theimage) the deviation from the template. Without such a template, the snake exhibits atendency to remain static in the image, which, when a moving object is present, meansthat the snake slides along its length, round the outline of the object, making recovery ofthe object's position di�cult. When the snake is coupled to a template having the shapeof the outline of the object, the snake is dragged along by the moving object, as desired.The type of snake used in this thesis follows the variation developed by Blake etal. (1995), where hands and lips are tracked using a snake based on a contour which isrepresented as a B-spline. The spline is allowed to deform only in certain pre-de�ned ways,expressed as a set of displacements of the control points which can be used in linear com-bination. The size of the set thus determines the number of degrees of freedom which thecontour has. The examples presented include the tracking of hands (mostly rigid motion;some articulation about the knuckles) and lips (non-rigid deformation). They promotethe use of a Kalman �lter in conjunction with a dynamical model; the dynamical modelis learnt statistically from training video sequences, and produces an increase in trackingrobustness. These ideas will be investigated more fully in the remainder of this thesis.Reynard et al. (1996) develop a method by which the �rst few frames of tracking de�nethe template which will be used subsequently. A few parameters control the shape ofthe template, and these are allowed to vary over the �rst few tenths of a second (of real-time tracking); thereafter their dynamics are such that they are e�ectively �xed and thetracker then proceeds with the decided-on template. In this way, the tracker can cope withvariations from object to object, without bringing in too many extra degrees of freedomwith the concomitant decrease in stability.1.3.4 Optic FlowKnowing the two-dimensional velocity of an image point corresponding to a real-world pointin motion provides information about the shape of a rigid body (Koenderink and van Doorn,1975), and can be used to segregate an image into separate objects (Black et al., 1997).The fundamental assumption made when determining this `optic 
ow' is that changes inimage intensity I(x; y; t) are caused only by motion of objects with �xed texture. The totalderivative of the intensity when moving with the optic 
ow is then zero | this leads to the



CHAPTER 1. INTRODUCTION AND BACKGROUND 12`motion constraint equation' given by Horn (1981):u@I@x + v @I@y + @I@t = 0: (1.1)While this is often violated (for instance, by occlusions or semi-transparent objects, ordeforming objects), it can be a useful approximation.Eqn (1.1) does not by itself provide enough information to completely determine theoptic 
ow �eld (u; v), so methods for �nding this optic 
ow �eld from a pair of images (forinstance consecutive frames of a video sequence) rely on additional constraints. Black (1993)mentions two. The `data-conservation' constraint involves minimising an error term con-sisting of the left-hand side of eqn (1.1) summed over some region, with �xed (u; v) for thatregion. The other constraint is to add in a regularisation term to the error; typically a termcorresponding to `membrane energy'. This has the disadvantage of smoothing over objectboundaries, when sometimes the location of discontinuities in the 
ow �eld is precisely thedesired information. Black then introduces robust methods for �nding the optic 
ow whenit has motion discontinuities.An alternative constraint mechanism for solving eqn (1.1) is given by Black et al (1997).Here, PCA is performed, on either synthetic or real training sets of 
ows. The problemcan then be expressed in the resulting PCA space, with its greatly reduced dimensionality(7 or 9 components are used in the experiments, as opposed to two components of the 
ow�eld per pixel of the image). Successful motion estimation and also recognition of facialexpressions is then demonstrated.1.3.5 Active Shape ModelsThe notion of a Point Distribution Model (PDM) was introduced by Cootes et al. (1992)as an e�ective mechanism for producing a model for the variable shape of objects drawnfrom some class (for example, resistors on a circuit board). Principal Component Analysisis used to capture the variation of a training set, with any given shape being representedby a set of hand-chosen and -labelled points on the object's silhouette. These PDMs arethen developed by Cootes and Taylor (1992) into `Active Shape Models', where a learntPDM is used to guide the localisation of an object in an image. Edge-detection along modelnormals is used to generate an update vector, whereby translation, rotation, scaling, anddeformation (within the constraints given by the learnt PDM) are iteratively estimated.Results on the examples of resistors and hands are good.More recent work using PDMs includes the incorporation of grey-level information byLanitis et al. (1995) to analyse images of faces. Pose recovery, person identi�cation, and



CHAPTER 1. INTRODUCTION AND BACKGROUND 13expression recognition are all performed. Heap and Hogg (1997) point out a signi�cantlimitation of the original PDM approach. The fundamental assumption is that a set oftraining points in some space can be adequately modelled by a Gaussian distribution, or,equivalently, as being roughly contained within a hyperboloid. For an object undergoingnon-linear deformations, for example articulation, this is not the case, and the resultingPDM is either too inaccurate (does not cover all valid instances) or too non-speci�c (allowsinvalid shapes). To counter this, they use a `hierarchical PDM' as introduced by Breglerand Omohundro (1994), clustering the training points into subregions, on each of whichPCA is performed. This produces a much better representation of the variation in shapeof a class of objects, or a class of deformations of a single object.Developing the hierarchical PDM idea further, Heap and Hogg (1998) address the prob-lem of tracking the outline of a hand, including the more di�cult case of discontinuouschanges in the apparent contour, for example when the �ngers move from being spreadapart to being closed together. For �ltering through time, the Condensation algorithm dis-cussed in chapters 6 and 7 of this thesis is used, with an extension to allow jumps betweennon-adjacent areas of shape-space. This is very similar to the multi-mode Condensationtracking used in this thesis.1.3.6 Bayesian FilteringWithin a probabilistic framework, the tracking problem can be phrased in terms of �ltering:The (unknown) state of the target at time t is xt, and measurements zt are available. Usingthe measurements, inferences are to be made about the state. The basic problem, then, isof �nding the a posteriori distribution p(xt j z1; : : : ; zt). The recursive approach is to writep(xt j z1; : : : ; zt) / p(xt j z1; : : : ; zt�1)p(zt jxt);p(xt j z1; : : : ; zt�1) = Z p(xt�1 j z1; : : : ; zt�1)p(xt jxt�1) dxt�1thereby expressing the posterior distribution at time t in terms of that at time t� 1.The evolution density p(xt jxt�1) is assumed to be of the formxt = ft(xt�1; wt)for process noise wt, and the observation density of the formzt = ht(xt; vt)for measurement noise vt. When the process function ft and the measurement function



CHAPTER 1. INTRODUCTION AND BACKGROUND 14ht are both linear, and the distributions of each wt and vt are Gaussian, as is the initialdistribution, of x0, there is a closed-form solution, namely the Kalman �lter (Gelb, 1974).For non-linear ft or ht, or where the noise distributions are not Gaussian, no straightfor-ward solution is possible, and various techniques have been developed to propagate densitiesin these circumstances. The introduction to chapter 6 covers some of these.In the case of visual tracking, the process can often be assumed to be linear and Gaus-sian, and it is the non-Gaussian nature of the observation density which invalidates theassumptions required for the Kalman �lter. The `Probabilistic Data Association Filter',as described by Bar-Shalom (1988) and used by Rao (1992) for visual tracking, combinesmultiple observations into a single measurement by weighting each with its probability ofarising from the target. One can instead try to decide which features have arisen from clut-ter and which from the tracked object | in other words, to distinguish between outliers andinliers. This is the approach taken in the ransac algorithm of Fischler and Bolles (1981). Ithas been used for vision applications including the work on the computation of the `Funda-mental Matrix' (the calibration-free representation of camera motion between two images)of Torr and Murray (1993), the line-feature tracker of Clarke et al. (1996), and a systemdescribed by Fornland (1995) for the detection of obstacles for an autonomous vehicle.1.3.7 Dynamical Models and System Identi�cationThe use of dynamical models for prediction in visual tracking applications has been men-tioned in the above descriptions of work in the area. A common technique is to applya simple model, such as constant acceleration, e.g., (Azarbayejani et al., 1993), constantvelocity, e.g., (Harris, 1992; Lowe, 1992; Bregler, 1997; Wachter and Nagel, 1997) or evenconstant position, e.g., (Yuille and Hallinan, 1992; Bregler and Malik, 1998), and these havebeen successful, but the bene�ts of using a more speci�c dynamical model are known (Sul-livan, 1992; Terzopoulos and Metaxas, 1992; Bregler, 1997; Essa and Pentland, 1995; Jacobet al., 1998; Blake et al., 1995; Heap and Hogg, 1998).The �eld of control theory makes use of dynamical models, and this is covered by,for instance, Jacobs (1993). The problem of how to �nd a dynamical model is referredto as `system identi�cation', and Ljung (1987) provides a good description of this area.He mentions various types of dynamical model, ranging from the informal `mental model'employed by a human driving a car, through a model with only a numerical description(called by Ljung a `graphical model'; a di�erent use of the term than will be employedin chapter 8) and models with concise mathematical descriptions (`analytical models', a



CHAPTER 1. INTRODUCTION AND BACKGROUND 15subset of which will be employed for the work in the remainder of this thesis), to `softwaremodels', which although fundamentally mathematical, are too complex to be written downneatly.Ljung's three `basic entities' of system identi�cation involve data-gathering, model-setselection, and the determination of the `best' model in the chosen set. From the pointof view of this thesis, the facet of model-set selection is perhaps least explored. A fairlyspeci�c type of dynamical model will be employed throughout, namely a (possibly multi-mode) linear model with Gaussian noise.A class of dynamical model with a slightly di�erent emphasis to those used in thisthesis is the `Hidden Markov Model', with well-known applications in speech recognition,as covered by Rabiner (1986), Rabiner and Juang (1993), and Huang et al. (1990). Therelations between discrete-valued HMMs and the continuous-valued dynamical models usedin this thesis, and between the problem of learning within the two frameworks, will beinvestigated in chapter 8.



Chapter 2Tracking with Active Contours2.1 Details of Tracking FrameworkThis section describes the tracking framework within which most of the research in thisthesis will be carried out, which will be a type of `contour tracker' as introduced in chapter 1and promoted by Blake and Isard (1998). This type of tracker operates entirely in the two-dimensional image, seeking to maintain an estimate through time of the outline of theobject being tracked. The particular type considered here represents this outline by meansof a B-spline.2.1.1 B-SplinesLet a B-spline (Bartels et al., 1987) be described by a set of Nc control points, (Qxi ; Qyi ) for1 � i � Nc. Then the spline curve r(s) itself is given byr(s) = (B(s)Qx;B(s)Qy); (2.1)where Qx is the column vector (Qx1 ; Qx2 ; : : : ; QxNc)> of the x coordinates of the controlpoints, and Qy similarly is the column vector (Qy1; Qy2; : : : ; QyNc)> of their y coordinates.Here B(s) is the row vector of `blending functions', which depend on the order of the splineand its knot con�guration.The con�guration of the contour is described entirely in terms of its control points'positions, so a con�guration column vector Q is de�ned in the so-called `control-pointspace' as Q = � QxQy � : (2.2)Knowledge of the shape of the object being tracked is incorporated by specifying a`typical' con�guration. This is usually a hand-drawn spline, �tted round a single video frame16



CHAPTER 2. TRACKING WITH ACTIVE CONTOURS 17of the object. This distinguished con�guration of the contour is referred to as the template,and its control-point con�guration vector will be written as Q. All other con�gurationswill be dealt with as displacements in control-point space from this template. This will bedescribed in more detail in section 2.1.2.At several stages in the discussion it will become necessary to have some sensible notionof the `distance' between two splines, and also of `projection' onto a subspace of splines.This raises the question of how one de�nes a metric and an inner product on the spaceof splines, which is dealt with in section 2.1.6, where a matrix H is de�ned such that theinner product hQ1;Q2i of two splines, represented by their control-point vectors, is given byQ>1 HQ2. This inner product and metric re
ect intuition concerning the properties whicha `distance' function between two curves should possess.2.1.2 Model Space RepresentationAllowing the contour to deform arbitrarily (in other words, allowing the control-point con-�guration vector to assume any value in the 2Nc-dimensional control-point space) has theadvantage of being able to model the largest range of movements and deformations of theobject. However, in many cases there is a much smaller set of motions to be tracked |for example, translation, or motion resulting in a�ne deformation of the contour in theimage. Restricting the tracker to just those motions provides an increase in stability, ascan be veri�ed experimentally, and seen from the fact that the more degrees of freedom thecontour has, the less over-constrained the system will be, with the corresponding reductionin robustness to noisy measurements.This restriction is implemented by �rst e�ectively shifting the origin of control-pointspace to Q, and then choosing a linear subspace of this translated control-point space,to give the model space. The subspace is represented by means of a set fw1;w2; : : : ;wngwhose linear span is the subspaceW required. De�ne the matrixW to have w1;w2; : : : ;wnas its columns.The contour, when its con�guration lies in the subspace W, can be represented by thecomponents of the wi, de�ning the vector X. The control-point con�guration vector Q isthen given by Q = Q+WX: (2.3)Conversely, the best representation X for an arbitrary control-point vector Q is given bythe components (with respect to the columns of W ) of the orthogonal (with respect to the



CHAPTER 2. TRACKING WITH ACTIVE CONTOURS 18inner product de�ned by H) projection of Q onto W:X =W y(Q�Q); (2.4)where W y = (W>HW )�1W>H: (2.5)(To see this, note that WX is to be the orthogonal projection of Q � Q onto W. It isclearly contained in W, so all that remains is to check that hWX;wii = h(Q�Q);wii foreach i, or equivalently, that (WX)>HW = (Q�Q)>HW :(WX)>HW = (W (W>HW )�1W>H(Q�Q))>HW= (Q�Q)>HW ((W>HW )�1)>W>HW= (Q�Q)>HW (W>HW )�1W>HW= (Q�Q)>HWas required.)The reduced-dimensionW space will be used to describe the con�guration of the splinehenceforth, replacing the control-point representation. The question of how W should bespeci�ed is addressed in section 2.2.1.Note that the parameterisation of the curve r(s) may be recovered from the model spacecon�guration vector X by combining equations (2.1), (2.2) and (2.3):r(s) = U0(s)Q+ U(s)X; (2.6)where U0(s) = � 1 00 1 �
B(s); U(s) = �� 1 00 1 �
B(s)�W;and 
 represents the Kronecker product of two matrices: If A is an m� n matrix and B ap� q matrix, A
B is mp� nq, constructed by replacing aij in A with the matrix aijB.State Vector for Second-order SystemSection 2.1.3 below will introduce the notion of a dynamical model, used for predictionwithin tracking. Often, this predictive model will predict the state at time t based onstates at times t � 1 and t� 2: a second-order model. For ease of notation in this case, astate vector xt is de�ned: xt = � XtYt � :



CHAPTER 2. TRACKING WITH ACTIVE CONTOURS 19Here, Xt is the model space con�guration vector (at time t) de�ned in section 2.1.2 above,and Yt will be Xt�1 for a discrete-time model. Alternatively, Y(t) might be _X(t) for acontinuous-time model. Discrete-time models will be the only ones considered in detail inthis thesis, as tracking is performed on a sequence of discrete images, captured at discreteintervals. Video-rate sequences are used, giving a time-step of 0:02 s.2.1.3 DynamicsA discrete-time model of the motion of the contour is used, in a stochastic dynamical model.This is second-order in terms of the original con�guration vector X, but �rst-order in termsof the state vector x. The dynamical model therefore takes the form(xt � x) = A(xt�1 � x) +Bwt;where x is the mean of the system, A is a matrix giving the deterministic part of thedynamics, and wt is a vector giving the stochastic part. It is assumed to be Gaussian:wt � N(0; I). The covariance matrix of the term Bwt is therefore C = BB>.Since xt = (Xt;Xt�1), it follows thatx = � XX � ; (2.7)and that A and wt must be as follows.A = � A1 A2I 0 � ; wt = � w0t0 � :In terms of the con�guration vector X, then,Xt = A1Xt�1 +A2Xt�2 + (I �A1 �A2)X+Bw0t: (2.8)So A1 and A2 describe the deterministic part of the dynamics, and the `shape' of the noiseis given by B.The deterministic part of equation (2.8) is then used as the prediction phase of thetracking algorithm, described in section 2.1.5 below. The dynamics of the system (asdescribed by A and C) need to be speci�ed; in the absence of other information, plausibledefault dynamics are chosen. For example, a constant-velocity model might be employed,or a system whose modes are damped harmonic motion with time-constants appropriate tothe motion being tracked.The remainder of this thesis will examine how the dynamical model can be learnt fromtraining sequences, and the bene�ts of doing so. For the remainder of the development ofthe active contour tracking framework, though, it will be assumed that a suitable modelhas somehow been speci�ed.



CHAPTER 2. TRACKING WITH ACTIVE CONTOURS 202.1.4 MeasurementAs well as predicting the expected motion of the contour by means of the dynamical modelgiven in section 2.1.3, measurements taken from the image are to be incorporated into theestimation of the contour's position. This is done by examining the image along normalsto the contour, and searching for features, a feature being de�ned as a location where,typically, the image intensity varies suddenly with distance along the normal. Other typesof feature include valleys or peaks of intensity; signed edges (those which go speci�callyfrom, e.g., light to dark) can be used to reduce mismatches.Along each normal there may well be more than one such feature, and there needs tobe some mechanism for picking the one to be used in subsequent calculations. Typically,the strongest feature will be selected; other methods include weighting this choice towardsthe position predicted by the dynamical model and choosing the innermost or outermostfeature. (These last methods only strictly makes sense for closed splines, but can be adaptedfor use with open ones, by arbitrarily treating, say, the left-hand side of the spline as it istraversed in the direction of increasing parameter value as the inside.)This measurement innovation � is de�ned in terms of s, the parameter along the contour,as follows. �(s) = n(s):(~r(s)� r̂(s)) + v(s); (2.9)where r̂(s) is the predicted position of the contour at parameter value s and ~r(s) is themeasured position of the feature along the contour normal n(s). Additive noise v(s),assumed Gaussian (and independent for di�erent values of s) with variance �2, is includedin equation (2.9) to account for inaccuracies in the measurement ~r(s). This is illustratedin �gure 2.1.To relate the values of � to the con�guration vector estimate Q̂ and hence update theestimate using the measurements, a measurement co-vector H is required for use in theKalman �lter below. This H is to be de�ned in such a way that�(s) = H(s)(~x� x̂) + v(s):From eqn (2.6), n(s):(~r(s)� r̂(s)) = n(s):(U(s) ~X � U(s)X̂)= n(s):(U(s) � I 0 � ~x� U(s) � I 0 � x̂)= n(s)>U(s) � I 0 � (~x� x̂):
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Figure 2.1: Making measurements in the image. An innovation �(s) is de�ned as thedistance along the image normal between the predicted position of the contour and an imagefeature.De�ning H(s) = n(s)>U(s) � I 0 �will therefore produce the desired results.2.1.5 The Kalman FilterThe update of the estimate takes place in two phases: prediction and measurement. Thecurrent values of the mean and variance of the distribution are maintained. The mean is theestimated state vector x̂; denote the variance P . The variance is essential for the update ofthe Kalman gain. It is also useful for determining a `validation gate', the range over whichthe search for features is carried out. As P increases, the length of the normals along whichthe feature search is carried out can be increased, re
ecting the increased uncertainty.Prediction (estimating xt given z1; : : : ; zt0 for t > t0) and �ltering (estimating xt givenz1; : : : ; zt) produce di�erent distributions; introduce the notationx̂t1t0 = E [xt0 j z1; : : : ; zt1 ]; P t1t0 = Var[xt0 j z1; : : : ; zt1 ]:where zt is the measurement (or set of measurements) made at time t.The prediction phase is based on the dynamic model described in section 2.1.3:x̂t�1t = Ax̂t�1t�1 + (I �A)x;P t�1t = AP t�1t�1A> + C:



CHAPTER 2. TRACKING WITH ACTIVE CONTOURS 22A number of measurements are then taken as described in section 2.1.4, at various valuesof the spline parameter s. These measurements must be used to in
uence the predictedposition and variance. This is done by means of the Kalman gain, a vector K(s) de�ned asK(s) = P t�1t H(s)>(H(s)P t�1t H(s)> + �2I)�1:This is used to produce estimates given the new measurement as follows:x̂tt = x̂t�1t +K(s)�(s); P tt = [I �K(s)H(s)]P t�1t :(These are applied at each value of the parameter s where a measurement has been taken.In the current implementation, three measurements are typically taken per span of thespline.) The resulting value of x̂tt is then an optimal estimate of the state given the meas-urements (Jacobs, 1993).2.1.6 Metrics in Spline SpaceThis section returns to the question of de�ning an inner product (and hence metric) on thespace of all splines with a given knot con�guration. This will be done by addressing theissue of a suitable metric, from which the inner product can be deduced.Given two splines b1 and b2, with parameterisations r1(s) and r2(s) and control-pointrepresentations Q1 and Q2 respectively, there are two obvious choices for the de�nition of`distance' between them.The �rst is to consider the Euclidean distance between the two points Qi in the 2Nc-dimensional control point space:d1(b1; b2) = " NcXi=1�[(Qx1)i � (Qx2)i]2 + [(Qy1)i � (Qy2)i]2�#1=2 :The second is to �nd the mean squared distance between the curves themselves, anduse this to de�ne the L2 metric:d2(b1; b2) = � 1L Z L0 jjr1(s)� r2(s)jj2 ds�1=2 :Since it is the curves themselves which are of interest, a more sensible choice is to take d2as the metric function. This metric can be calculated in terms of the control-point vectorsQ1 and Q2 as d2(b1; b2) = (Q1 �Q2)>H(Q1 �Q2);



CHAPTER 2. TRACKING WITH ACTIVE CONTOURS 23where H = � 1 00 1 �
 1L Z L0 B(s)B(s)> ds:Similarly, the inner product hQ1;Q2i is de�ned to behQ1;Q2i = Q>1 HQ2:As an illustration of the di�erence between them, and why it is more sensible to choosethe L2 metric, consider �gure 2.2, which shows the di�erence measured between two splinesand a �xed reference spline. Table 2.1 shows the results of computing the distance betweenthe two pairs of splines with the two di�erent metrics.
(a) The two splines in their �rst con�guration

(b) The two splines in their second con�gurationFigure 2.2: Care must be taken in the de�nition of a metric on the space ofsplines. An illustration of the di�erence between the Euclidean metric in control-pointspace and the L2 metric for two splines b1 (shown bold, control points shown as �) andb2 (shown light, control points shown as �) in two di�erent con�gurations. The distancesbetween the two pairs of curves are given in table 2.1.As the results show, the distance between the two curves increases as measured by theEuclidean metric in control-point space, but decreases when measured with the L2 metric.Since the two curves have intuitively moved closer together in �gure 2.2(b) as comparedto their positions in �gure 2.2(a), the choice of the L2 metric is seen to be consistent withintuition, as well as being more logically founded mathematically.



CHAPTER 2. TRACKING WITH ACTIVE CONTOURS 24Distance Distance MultiplicativeMetric in (a) in (b) changeEuclidean 6.11 7.00 1.15L2 2.09 1.47 0.70Table 2.1: The L2 norm produces a metric representing a more accurate conceptof the distance between splines. The distances between the two curves shown in �g-ure 2.2 in their two con�gurations. The L2 metric matches intuition, which suggests thatthe two curves have moved closer together, better than the Euclidean metric in control-pointspace.2.2 Model Space Speci�cation2.2.1 PCA using the L2 NormSection 2.1.2 introduced the idea of a model space | a linear subspace of the full control-point space which contains all spline con�gurations of interest. This section describes theusual method whereby such a subspace is speci�ed. Note that in some cases, the subspacecan be written down immediately, for example if translation represents the only degrees offreedom the spline is to possess. This will often not be the case, especially for deformationsundergone by a non-rigid object, so some learning must be performed.Problem DescriptionSuppose a set of curves r1; r2; : : : ; rN forming a data-set is given, with correspondingrepresentation Q1;Q2; : : : ;QN in con�guration space. The representation is linear, sor(s) = B(s)Q as usual. Assume (without loss of generality) that the meanQ = 1N NXi=1 Qi= 0:Then the Principal Components Analysis (PCA) problem is to `explain' as much of thedata as possible using fewer than N components. In fact, the problem can be simpli�ed tothat of choosing just one component, the one with the most explanatory power. Choosingthe best n components can then be thought of recursively: choose the best one, remove itfrom each item in the data set, and repeat the process with the `
attened' data-set. (Inpractice, PCA will not be performed in this recursive manner; this is just an argument toshow that it is su�cient to consider just the �rst principal component.)The �rst principal component can be de�ned with respect to any metric on the space ofcurves r(s). For consistency with the contour-tracking framework, it is natural to choose



CHAPTER 2. TRACKING WITH ACTIVE CONTOURS 25the L2 norm, which measures the di�erence between curves in a mean-squared sense, asexplained in section 2.1.6.The �rst principal component with respect to the L2 norm, then, is the curve r(s),represented parametrically by Q, that minimises the remaining mean-square unexplainedportion of the data-set: minQ min�1;::: ;�NXn jjQn � �nQjj2;where the �n are the proportions of the component r(s) contained in each data-curve rn(s),and are chosen to minimise the unexplained data. Note that Q must be found subject tothe constraint jjQjj = 1, otherwise the problem is underspeci�ed, as any scaling of Q wouldbe equally as good.SolutionFirst the minimisation over the �n can be done independently, for each n, to give:�n = hQ;QnijjQjj2so the minimisation of Q is now, using the optimal �n,minQ NXn=1 jjQn � �nQjj2:Completing the square and substituting expressions for the �n, it can be seen that thedesired Q is that for which L is at a maximum, whereL = NXn=1 hQn;Qi2jjQjj2is the mean-square displacement of the component Q of the data-set. De�ningR00 = 1N NXn=1QnQTngives L = (QTHR00HQ)=jjQjj2and the maximisation can be done using a Lagrange multiplier � on the constraint jjQjj = 1as maxQ �(QTHR00HQ)� �QTHQ� :



CHAPTER 2. TRACKING WITH ACTIVE CONTOURS 26Finally, di�erentiating with respect to Q givesHR00HQ = �HQ;which simpli�es to R00HQ = �Q:The �rst principal component is therefore an eigenvector of R00H and its eigenvalue � givesthe corresponding mean-square displacement as �=L.2.2.2 Determination of Subspace DimensionIn this section a framework is established within which the size of the linear subspacerequired for tracking various classes of motion can be predicted, particularly of articulatedstructures. This is an important part of the speci�cation of the model space: when usingPCA as described in section 2.2.1, a choice must be made as to the number of componentsto retain. Here a theoretical grounding for this decision is developed. Of particular interestwill be the motion of planar objects, as this is a good approximation in several cases,including a hand moved in a plane perpendicular to the optical axis of the camera, as willbe used in illustrative experiments below. The theory and experiments described in theremainder of this chapter are original contributions of the thesis.IntroductionThe range of possible transformations of the object is typically known; the question is howthis dictates W. The discussion below uses points in the body; because of the behaviour ofB-splines under linear transformations, the results will remain valid when applied to setsof control points of splines, as used in the contour-tracking framework described.Motion in the PlaneConsider �rstly the motion of a planar object in its plane, assuming orthographic projection.Suppose the points of interest in a homogeneous (2-dimensional) coordinate frame �xed inthe body are r1; r2; : : : ; rn; then the points p1;p2; : : : ;pn in the image, when the body hasbeen rotated through an angle � and translated by the vector u, are given bypi = 0@ cos � � sin � uxsin � cos � uy0 0 1 1A ri= �R(�) u0> 1 � ri= t(�;u)ri: (2.10)



CHAPTER 2. TRACKING WITH ACTIVE CONTOURS 27A transformation of all points at once is required; de�ne vectors consisting of the coordinatesof all points, r = (x1; y1; 1; : : : ; xn; yn; 1) and a vector consisting of all image points, p =(p11; p12; 1; : : : ; pn1; pn2; 1). Then the transformation (2.10) isp = In 
 t(�;u)r: (2.11)The important vector now is the di�erence p�p, where p is the set of image points underT (0;0), and how it can be expressed as a linear combination of vectors in some linearlyindependent set fe1; e2; : : : ; ekg, for any given value of (�;u). In this case, a suitable setcan be generated by applying the transformations E1; E2; : : : ; E4 to r, whereE1 = 0@ 1 0 00 1 00 0 0 1A ; E2 = 0@ 0 �1 01 0 00 0 0 1A ; E3 = 0@ 0 0 10 0 00 0 0 1A ; E4 = 0@ 0 0 00 0 10 0 0 1A ;(2.12)since then p� p = (cos �)e1 + (sin �)e2 + uxe3 + uye4:So in this case, the dimension of W is 4.Articulating Planar BodyNext consider the case where the body is made up of two parts, hinged together. Supposethe �rst a points belong to the �rst body, and the remainder, b, to the second. (So n = a+b;b is introduced for ease of notation.) Then equation (2.11) is replaced byp = � Ia 
 T1 00 Ib 
 T2 � r;where T1 and T2 are the transformations undergone by the �rst and second parts of thebody respectively.If u1 is the position of the hinge, in the frame of the �rst body, and �1 and �2 are therotations of the two parts (with respect to some �xed reference frame), then (taking theorigin in the second body's frame to be at the hinge)T1 = � R(�1) u0> 1 � ; T2 = � R(�2) u+R(�1)u10> 1 � :Noting that u1 is �xed, a suitable fe1; e2; : : : ; ekg can be generated by using the trans-



CHAPTER 2. TRACKING WITH ACTIVE CONTOURS 28formation pairs Ei = � T1i T2i �, whereE1 = 0@ 1 0 0 0 0 u1x0 1 0 0 0 u1y0 0 0 0 0 0 1A ; E2 = 0@ 0 �1 0 0 0 �u1y1 0 0 0 0 u1x0 0 0 0 0 0 1A ;E3 = 0@ 0 0 1 0 0 10 0 0 0 0 00 0 0 0 0 0 1A ; E4 = 0@ 0 0 0 0 0 00 0 1 0 0 10 0 0 0 0 0 1A ;E5 = 0@ 0 0 0 1 0 00 0 0 0 1 00 0 0 0 0 0 1A ; E6 = 0@ 0 0 0 0 �1 00 0 0 1 0 00 0 0 0 0 0 1A ;since then p� p = (cos �1)e1 + (sin �1)e2 + uxe3 + uye4+ (cos �2)e5 + (sin �2)e6: (2.13)Therefore, for a singly-articulated planar object, a six-dimensionalW is required. Thisargument can be extended to show that for an n-fold-articulated planar object, W must be(2 + 2n)-dimensional.Other ResultsExtending the case of a planar object by allowing motion towards and away from the cam-era, while maintaining the orientation of the plane the object lies in, creates an additionaldegree of freedom. The subspace required does not, however, need to be larger, since zoomis already permitted by virtue of the vector e1 (using the non-articulating case as an ex-ample) derived from equation (2.12). Therefore, the tracker is capable of following thistype of motion with no change to W.2.2.3 ExperimentsTo test the validity of the theory developed in the previous section in a practical trackingsituation, consider the motion of an outline of a left hand, as held in a `mitten' shape, withthe thumb treated as a pivoted extra body. The overall structure should therefore behaveapproximately as two pivoted bodies from the point of view of the theory. This examplehas applications in a `mousing' application, where an unadorned hand can be used as acontrol in a user-interface.



CHAPTER 2. TRACKING WITH ACTIVE CONTOURS 29ProcedureSeveral classes of motion are considered, as given in table 2.2. Here and subsequently,`articulation' means of the thumb.Class of motion Size ofin two dimensions linear spaceTranslation 2Rotation 2Articulation 2Translation and rotation 4Translation and articulation 4Rotation and articulation 4Translation, rotation and articulation 6Table 2.2: Predictions for subspace dimension. The dimension of the linear subspaceof the full control-point space predicted to describe motions of the class indicated. Theseresults were derived in section 2.2.2.To perform the veri�cation, one base frame of a hand was captured and a spline manuallydrawn around the outline of the hand. Extra frames of the type of motion being examinedwere created in the same way; typical frames are shown in �gure 2.3. Four frames morethan the expected dimension of the linear subspace were drawn. PCA was then performedon the frames, and a drop in the eigenvalues after the �rst n values was sought, where n isthe value given in table 2.2.

Figure 2.3: Typical con�gurations used for experiments on determination of sub-space dimension. Frames showing the hand in di�erent con�gurations, with hand-drawnsplines superimposed. The hand has been translated and rotated between these two frames,and the thumb has been pivoted.



CHAPTER 2. TRACKING WITH ACTIVE CONTOURS 30Class of motion Residue (%)Translation 5:8Rotation 14:5Articulation 16:6Translation and rotation 2:0Translation and articulation 2:3Rotation and articulation 6:8Translation, rotation and articulation 1:9Table 2.3: Residue | motion not accounted for by the predicted linear subspace.The `residue' calculated as a measure of how much of the motion is not accounted for bya linear subspace of the dimension predicted. The hand was moved in the class of motionlisted, and PCA performed to determine how much of the motion was left unexplained bythe predicted linear subspace.ResultsThe base frame and extra frames described above were examined. PCA was performed onthe sets of frames, and the resulting eigenvalues of the moments matrix plotted. In fact,the plots give the square root of the eigenvalue, since the eigenvalues are of the matrixR00H (where R00 is the moments matrix), which have, therefore, the dimensions of squareddistance. To get a value with the dimensions of distance, the square root is extracted.The seven plots are given in �gure 2.4, where the dotted line indicates the hoped-forseparation between motion within the predicted linear subspace and any `noise'. Table 2.3shows the `residue' of the eigenvalues beyond the expected number; i.e., writing �i for theeigenvalues, where i = 1; : : : ; n, and n is the size of the linear space for the class of motionin question, the value r, de�ned as r = Pn+4i=n+1 �2iPn+4i=1 �2i :Ideally, this value would be small, indicating that most of the motion of the hand is ac-counted for by the predicted number of vectors.As can be seen, these residues are indeed low; mostly under 5% or 6%, with rotationand articulation slightly higher. Possible reasons for the larger residues in the rotation andarticulation cases and for the lack of the theoretical `knee' in the curve are given below.Also given, in �gure 2.5, are the eigenvectors resulting from the PCA of the last motionclass (translation, rotation, and articulation); a sample of the span of each vector is given.The vectors are given in order of decreasing eigenvalue, scaled according to the eigenvalue.
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Translation, rotation and articulationFigure 2.4: Eigenvalues of principal components for various classes of motionof a hand. Plots of p�i against i, where �i are the eigenvalues resulting from principalcomponent analysis of sets of splines drawn round the hand in several positions while car-rying out the class of motions indicated. The dotted line indicates the theoretical separationbetween motion within the linear subspace of the predicted size and any `noise'.
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Figure 2.5: Principal components analysis on con�gurations of a moving hand.The �rst eight principal components for a translating, rotating hand with articulating thumb,scaled according to the corresponding eigenvalue.DeformationAlso of interest are the e�ects of the articulation alone, without the translational and rota-tional parts, in the last case. Some means of `subtracting' the translational and rotationalcontribution to the motion is therefore required. This is done by de�ning `zoom' and `ro-tated zoom' vectors for a template. The `zoom' should correspond to enlargement aboutsome sensible point; the centroid is the obvious choice for this, de�ned as follows. Thecentroid (x; y) of a control-point vector Q = (Qx;Qy) is de�ned byx = 1H0Qx1H01 ; y = 1H0Qy1H01 ;where 1 is a vector of length equal to the number of control points with each entry 1 (0 isde�ned in a similar fashion) and H0 is the upper-left square submatrix of H of size equalto the number of control points.De�ne control-point-space vectors corresponding to x- and y-translation as follows.wx = (1;0); wy = (0;1):Now de�ne the `zoom' and `rotated zoom' vectors for a template Q to bewz = Q� �xwx � ywy; wr = w?z ; (2.14)where the perpendicular operator ()? is de�ned as(x;y)? = (�y;x): (2.15)
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Figure 2.6: Components of the vectors in �gure 2.5 orthogonal to the space ofEuclidean similarities, with PCA performed. The �rst eight principal components fora translating, rotating hand with articulating thumb, with the translational and rotationalcomponents removed (see text). The vectors are scaled according to the corresponding ei-genvalue.Now for a control point vector Q de�ne Q0 to be the component of Q perpendicular tothe space spanned by fwx;wy;wz;wrg. Here the inner product is formed as described insection 2.1.6.This calculation was applied to each of the set of vectors drawn for the last case, andPCA performed on this new set of vectors. Plots of spans from the resulting eigenvectorsare given in �gure 2.6.DiscussionIt can be seen from �gure 2.4 that the translation plot shows the clearest demarcationbetween the top n eigenvalues and the remainder, with the other motion classes having aless clear partition. There are several factors which contribute to this discrepancy betweentheory and practice.One problem which arises in calculating the distance between two splines as de�nedusing the metric of section 2.1.6 is that it is derived by integrating the squared distancebetween points corresponding to the same spline parameter. It is possible to produce twosplines such that the curves are similar but the positions of the control points are quitedi�erent. The two splines will then have a signi�cant `distance' between them despite beingintuitively similar. Each outline in the experiments was produced independently, and so



CHAPTER 2. TRACKING WITH ACTIVE CONTOURS 34this situation could easily have arisen. An automatic spline-�tting system, together withsome `matching' similar to that used in (Ayache et al., 1992), would reduce this cause oferror.A second factor is that the distances considered occur at quite di�erent scales | atranslation from one edge of the �eld of view to the other produces a much larger distancethan an articulation of the thumb. Thus a knee in the eigenvalue plot for `translation witharticulation' is unlikely. The lack of a knee in the curve is not an indication of the failureof the theory, however; of much greater importance is the size of the residue beyond the�rst n components.The motion of the spline under articulation of the thumb does not correspond exactlyto the type of motion considered in section 2.2.2 as pivoting of two rigid bodies, since thesection of skin joining the thumb to the rest of the hand deforms signi�cantly under sucharticulation. This is apparent in �gure 2.5 | for a perfectly articulating body, only the �rstsix eigenvectors should have any signi�cant e�ect (when scaled according to the eigenvalue),and yet all of the �rst eight, shown, noticeably a�ect the contour. Similarly, only the �rsttwo vectors in �gure 2.6 should show any marked deformation, and not the �rst �ve, as isthe case.



Chapter 3Basic Learning3.1 IntroductionSection 2.1.3 introduced the idea of a dynamical model, to be used for the prediction phaseof the Kalman �lter used in one version of the `active contour' tracker. The developmentof the tracking system then proceeded without undue consideration of how the dynamicalmodel should be speci�ed. When there is enough prior knowledge of the problem, it mayin fact be possible to calculate an appropriate model explicitly.Manually specifying the dynamical model has limitations, to be raised below, and thischapter will look at the concepts involved in `learning' such a model from a training se-quence, treating the problem as one of parameter estimation in the statistical sense. Theidea is that a sequence of states (x1; x2; : : : ; xT ) is treated as a (vector-valued) randomvariable, whose distribution depends on a set ' of parameters. The learning problem isthen to estimate the parameters given a realisation (x�1; x�2; : : : ; x�T ), or in some cases a setof realisations, of this random variable, namely a training sequence. Within the constraintsof an auto-regressive model, the problem has a relatively straightforward solution, whosederivation is given.The bene�cial e�ect of using a correctly-learnt model in a tracking system will beillustrated, although not in any great detail as these techniques have been known sincethe work of Blake et al. (1995), and an example of a di�erent use | classi�cation | ofdynamical models will then be considered. In this application, the aim is to determine whichmodel of a set of M candidates best explains a previously unseen sequence. Within thestatistical framework, this problem is formalised as follows. There areM sets of parameters'1; '2; : : : ; 'M , one for each model, learnt from training examples. The likelihood that theunknown sequence originated from each model can then be calculated, and the most likelymodel selected as the system's classi�cation output for that sequence. The technique will35



CHAPTER 3. BASIC LEARNING 36be illustrated with example data from electroencephalogram sequences used in classi�cationof sleep patterns.3.2 Learning a Dynamical Model from a Training SequenceSection 2.1.3 introduced the dynamical model used in all tracking applications consideredin this thesis. It takes the form of an auto-regressive model:(xt � x) = A(xt�1 � x) +Bwtfor a suitably-dimensioned state-vector xt.The deterministic component A and the couplingB of the noise into the system togetherconstitute the parameters of the model. As discussed, they can be set by hand, but thiscan be impractical | the number of parameters to be set goes up as the square in thedimension of the state vector x. An important problem is therefore that of automaticallysetting the dynamical model; in other words, learning an appropriate dynamical modelfrom training data.3.2.1 Maximum-likelihood EstimateA sequence of states (x�1; : : : ;x�T ) can be considered as a realisation of a random processdepending on a set of parameters '. Here, ' = (A;B):(x�1; : : : ;x�T ) � f(x1; : : : ;xT ;'): (3.1)The problem is to produce an estimate of ' given the realisation (x�1; : : : ;x�T ). The topic ofhow one can formulate an `estimator', in other words a function �() which yields an estimateof ' given a particular set of values (x�1; : : : ;x�T ) for the random variables in question, iscovered by, for example, DeGroot (1985). The theory of `Bayes estimators' requires one tospecify both a prior distribution on the parameters ', and a `loss function' L(';�) whichdescribes the cost of using a value � when the true value of the parameters is '.A relatively simple method of avoiding the necessity to specify these functions is to usethe `Maximum Likelihood' estimator, originally introduced by Fisher (1912). It is based onthe idea that one should choose the ' which makes the realisation most likely, where thelikelihood of certain value ' given the realisation isf(x�1; : : : ;x�T ;'):



CHAPTER 3. BASIC LEARNING 37The maximum likelihood estimator of ' is then'ML = arg max' f(x�1; : : : ;x�T ;'):This estimator will be used here.The Maximum A Posteriori EstimateWithin a Bayesian framework, the parameter vector ' is itself considered as a randomvariable. Suppose it has a prior distribution with density function g. Then the distributionin eqn (3.1) can be thought of as the posterior distribution for the state sequence given theparameters: f(x1; : : : ;xT ;') = p(x1; : : : ;xT j'):Now, by Bayes' rule, the distribution for ' given the sequence can be written asp(' jx1; : : : ;xT ) = p(x1; : : : ;xT j')g(')p(x1; : : : ;xT )/ f(x1; : : : ;xT ;')g('):In the case of little prior information, the in
uence of g(') on the posterior distribution canbe neglected, reducing the maximum a posteriori estimate to the maximum likelihood one.In the case of learning a dynamical model for a tracking system, there is little that can besaid a priori about the parameters, so using the maximum likelihood estimate is justi�edwithin a Bayesian setting. The results developed in this section have their ultimate roots inthe work of Yule (1927) and Walker (1931), and are well understood (Gelb, 1974; Goodwinand Sin, 1984).3.2.2 One-dimensional First-order SystemsTo introduce the ideas used, the problem of �nding the maximum-likelihood estimate of a�rst-order dynamical model for a one-dimensional system will be addressed. The dynamicalmodel is then of the form xt = axt�1 + bwt;where the wt are independent and each wt � N(0; 1). Here only systems with zero meanare considered. The analysis extends easily to systems with known mean (by subtractingthe mean from each datum); the extension to unknown mean is given later.



CHAPTER 3. BASIC LEARNING 38A training sequence x�1; x�2; : : : ; x�T of states is given. The problem is to �nd the valuesof a and b which maximise the likelihood p(x�1; x�2; : : : ; x�T j a; b), or, equivalently, the log-likelihood L. From the independence of the wt, this can be written asL(x�1; x�2; : : : ; x�T j a; b) = TXt=2 log[pbwt(x�t � ax�t�1)]:Now, pbwt(x) = 1p2�b exp �� 12b2x2� ;so, up to an additive constant,L = �(T � 1) log b� 12b2 X(x�t � ax�t�1)2:Expanding the squared terms inside the sum gives:L = �(T � 1) log b� 12b2 (r00 � 2ar01 + a2r11);where the moments rij are given byrij = TXt=2 x�t�ix�t�j :Setting @L=@a = 0 gives a = r01r11 ;and setting @L=@b = 0 gives b2 = 1T � 1(r00 � 2ar01 + a2r11):There is an inevitable ambiguity of sign in b, since �bwn are identically distributed.3.2.3 Vector Second-order SystemsFor the purposes of prediction with a tracking system, a �rst-order model is inadequate |its range of modes is limited to simple exponential decay or growth. A second-order modelallows the resulting system to display oscillatory behaviour, and is often a more appropriaterepresentation of the real motion. Also, vector systems must be considered. This sectiondevelops the theory for learning such a system.The problem now is to �nd the maximum likelihood estimate of a system of the formxt = A1xt�1 +A2xt�2 +Bwt



CHAPTER 3. BASIC LEARNING 39from a training sequence x�1;x�2; : : : ;x�T . Here, A1, A2, and B are matrices, and wt areindependent multivariate Gaussians; each wt � N(0; I).As before, the log-likelihood can be written up to an additive constant asL = �12 TXt=3(x�t �A1x�t�1 �A2x�t�2)>B�>B�1(x�t �A1x�t�1 �A2x�t�2)� (T � 2) log jBj:Following Blake et al. (1995), this can be re-written as follows, using x>Ay = tr[(xy>)A](where tr(A) is the trace of a matrix A).L = �12tr(ZC�1)� 12(T � 2) log jCj;where C = BB> and Z = R00 �R01A>1 �R02A>2�A1R10 +A1R11A>1 +A1R12A>2�A2R20 +A2R21A>1 +A2R22A>2 ;the matrix moments Rij being given byRij = TXt=3 x�t�i(x�t�j)>:L must be di�erentiated with respect to both the Ak matrices and C; the following deriv-atives will be needed. @@A �tr(ASC�1)� = C�>S>;@@A htr(SA>C�1)i = C�>S;@@A htr(ASA>C�1)i = C�>A�S + S>� :This results in the following equations for the deterministic parameters A1 and A2.A1R11 +A2R21 = R01;A1R12 +A2R22 = R02:Using @jM j=@M = jM jM�> gives the following expression for C.C = 1T � 2�R00 �R01A>1 �R02A>2�A1R10 +A1R11A>1 +A1R12A>2�A2R20 +A2R21A>1 +A2R22A>2 �= 1T � 2 (R00 �A1R01 �A2R02) ;



CHAPTER 3. BASIC LEARNING 40where the simpli�cation comes from the equations satis�ed by the Ak. Note that only Ccan be found, as any orthogonal transformation of B will produce the same distribution forBwt. This is the same phenomenon as the sign ambiguity in the scalar case.3.2.4 General-order Systems with Unknown MeanThe general form of a system with unknown mean and model order K isxt = KXk=1Akxt�k + d+Bwt;where the o�set d is related to the system mean x byd = (I � KXk=1Ak)x:Specifying d rather than x is more general, as it allows systems which have no mean, suchas a constant-acceleration system. In this case, the maximum-likelihood estimate of thesystem parameters (Ak; C;d) is derived in appendix A.3.2. The result is thatAR0 = R00;C = 1T �K �R000 �A(R00)>� ;d = 1T �K (R0 �AR);where R = 0BBB@ R1R2...RK 1CCCA ; Ri = TXt=K+1x�t�i;and R0 = 0BBB@ R011 R012 � � � R01;KR021 R022 � � � R02;K... ... . . . ...R0K;1 R0K;2 � � � R0K;K 1CCCA ; R00 = � R001 R002 � � � R00;K � ;with R0ij = Rij � 1T �KRiR>j ; Rij = TXt=K+1x�t�i(x�t�j)>:



CHAPTER 3. BASIC LEARNING 413.3 Filtered LearningIn many situations, and in particular the domain of visual tracking considered here, a`ground truth' sequence of state vectors is not available. All that is available is a sequenceof images. If the environment within which the training image sequence is gathered can becontrolled, for example by recording it in a situation with low clutter, a sensibly-speci�eddefault dynamical model may well result in adequate tracking. This �ltering produces asequence of estimated state vectors, and one obvious approximation to make is that theseestimates are good enough to treat as the true state vectors in the learning algorithm. Thecalculation of the maximum-likelihood estimate of a dynamical model from the estimatedstate vectors of a training sequence will be referred to as `�ltered learning'.This is the approach taken by Blake et al. (1995), where dynamical models were learntfor a hand-tracking application, and also a lip tracker. In all cases, using the �ltered learningalgorithm produced a more reliable tracker. As an illustration, one of the lip-tracking resultsis shown in �gure 3.1.Unavoidably, however, when the tracker has been trained to follow one type of motion(for example, horizontal (in the image plane) oscillation), it performs less well when presen-ted with motion of a di�erent type (for example vertical oscillation). It is di�cult to createa dynamical model which at the same time covers all possible motions of the object withouthaving so much generality that the bene�ts of having a model are lost.3.4 Classi�cation using Learnt Dynamical ModelsThe use of a dynamical model within a Kalman �lter, for example the vision-based trackersdiscussed, is for prediction. A model is chosen which best �ts training data, within someconstraints (such as �xed-order auto-regressive models with Gaussian noise). This modelis then used to provide a prior for tracking motion of a similar type.Once a dynamical mode has been learnt for a particular type of motion, it can be usedto judge how likely it is that a test sequence has arisen from that model, by means of thelog-likelihood: L = log[p(sequence jmodel)]:With more than one model, each learnt to represent a di�erent type of motion, this tech-nique can be used to classify a test sequence | evaluate the log-likelihoods for each model,and choose the model with largest L.
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(a) Trained on `Pah' (b) Trained on `Ooh'Figure 3.1: Filtered learning produces a more reliable tracker. A pro�le view ofa speaker repeating the syllable `Pah' is tracked, using two models produced using �lteredlearning. The �rst, shown in (a), was trained using a sequence of repeated `Pah' utterances.The second model, shown in (b), was trained on a series of `Ooh' syllables. The model learntfrom matching training data performs much better, as can be seen both in the estimatedtime-series (showing estimated mouth opening as a function of time) and the snapshots.Figures courtesy of A. Blake and M. Isard.



CHAPTER 3. BASIC LEARNING 43EEG DataAs an example (non-vision) application, the problem of classifying sleep types from EEGdata is addressed. The experiments described are the original work of the author. Anelectroencephalogram (EEG) has been successfully used for automatic classi�cation of sleeptypes, with the system involving a neural network (Pardey et al., 1995; Pardey et al., 1996).This section investigates a simpler alternative based on likelihoods. A subset of the problemaddressed in (Pardey et al., 1996) will be used, that of distinguishing between three typesof sleep state | wakefulness (dubbed Wake henceforth), REM sleep (REM), and deep sleep(Sleep4).Data used in this section were kindly provided by Neil Townsend. The data consistof samples at 128 Hz, digitised to 8 bits, unsigned. Data from nine healthy and normalsubjects were available, with sequence lengths ranging from just over 5 hours to around10 hours. This corresponds to a few million time-steps at 128 Hz. These data sequenceswere divided into epochs of 30 s, and each epoch was given a `ground truth' classi�cation,decided upon by human experts.3.4.1 Learning the ModelsFor each of the three types of sleep under consideration, 10 epochs of that class were chosenat random from the sequences. For ease of spectral analysis, the �rst 16 s section of eachepoch only was used, this corresponding to 2048 time-steps.Example Training DataTraces for examples drawn from each training set are shown in �gure 3.2. As noted, thesequences were actually 2048 steps long, but only the �rst 1024 are shown here for clarity.Approximations to the spectra of the signals, gained by operating on the whole (2048)sequence with the Discrete Fourier Transform, are shown in �gure 3.3. The graphs havebeen smoothed slightly. The large DC component has been subtracted o� these and allsubsequent spectra.From these training sequences, models were learnt using the standard Yule-Walker equa-tions, with moments added from the 10 examples (see appendix A.4). Even model ordersfrom 2 to 12 were used.
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CHAPTER 3. BASIC LEARNING 463.4.2 Classifying with the ModelsFrom the data available, 10 test sequences of each type were chosen at random (with thecondition that the test sequences be disjoint from the training sequences). Time series ofexample test sequences are shown in �gure 3.4.
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CHAPTER 3. BASIC LEARNING 48these 30 test sequences. The results of classifying the test sequences using models of eachorder are summarised in table 3.1.Classi�er outputWake Sleep4 REMTrue Wake 0.9 0.0 0.1State Sleep4 0.0 1.0 0.0REM 0.1 0.0 0.9 Classi�er outputWake Sleep4 REMTrue Wake 0.9 0.0 0.1State Sleep4 0.0 1.0 0.0REM 0.1 0.0 0.92nd-order model 4th-order modelClassi�er outputWake Sleep4 REMTrue Wake 0.9 0.0 0.1State Sleep4 0.0 1.0 0.0REM 0.1 0.0 0.9 Classi�er outputWake Sleep4 REMTrue Wake 0.9 0.0 0.1State Sleep4 0.0 1.0 0.0REM 0.1 0.0 0.96th-order model 8th-order modelClassi�er outputWake Sleep4 REMTrue Wake 0.9 0.0 0.1State Sleep4 0.0 1.0 0.0REM 0.1 0.0 0.9 Classi�er outputWake Sleep4 REMTrue Wake 0.9 0.0 0.1State Sleep4 0.0 1.0 0.0REM 0.0 0.0 1.010th-order model 12th-order modelTable 3.1: Classi�cation of epochs using dynamical models is successful. Tenexamples of each type of sleep were presented to each learnt model, and the proportions ofeach type which gave each output classi�cation are shown here. (For example, a second-order model, when presented with 10 known Wake sequences, gave the classi�cation Wake for9 of them and REM for the remaining 1.) The results are good using models with as low anorder as 2. Increasing the model order does not bring any improvement in the classi�cationresults until it reaches 12, at which stage the mis-classi�cation of one of the REM sequencesas Wake disappears.Even a second-order model provides good discriminatory power between the three states.Increasing the model order as far as 12 does cause one of the misclassi�cations to becomecorrect, but the other remains. In general, though, classi�cation by straightforward log-likelihood ranking is very successful. More experiments would be required to fairly comparewith the neural-network-based system of (Pardey et al., 1996) | considering all six statesinstead of just three, and working with shorter epochs (1 s intervals are classi�ed). Timedid not permit this work to be carried out; it could be a topic for future investigation.



CHAPTER 3. BASIC LEARNING 49Misclassi�ed Test DataThese are the examples which gave trouble with the classi�cation. Firstly there is a sectionwhose correct classi�cation is Wake, but which was incorrectly labelled REM by the algorithm.Its time-series and spectrum are given in �gure 3.6, together, for comparison, with copiesof the example training spectra for Wake and REM states.
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CHAPTER 3. BASIC LEARNING 50

0s 2s 4s 6s 8s
0

255
signal

time(a) Time series of REM sequence incorrectly labelled as Wake
DC

power

frequency
8Hz 16Hz(b) Discrete Fourier Transform of REM sequence incorrectly labelled as Wake

DC

power

frequency
8Hz 16Hz DC

power

frequency
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CHAPTER 3. BASIC LEARNING 51It is understandable that this second example was misclassi�ed | there is a largesection at around 7{8 s which is extremely atypical. The sensor has exhibited `clipping' or`saturation' (returning a reading of 255 for a true value which is almost certainly higher).The phenomenon is e�ectively one of `missing data'; this will be addressed in section 4.6.Time did not permit the implementation of the theory, and so no experimental evidenceis available. It would be interesting to see whether explicitly handling the clipping couldcorrect the problematic classi�cations.RemarksA feature of the data considered here is that their amplitude can not truly be treatedas bearing any information | factors such as the gain setting on the instrument andthe quality of the electrode/patient contact have an in
uence on the overall scale of thereadings. Therefore, using the driving noise B as part of a classi�cation system is perhapsdisingenuous, as its only e�ect in a scalar system is to scale the whole sequence. Thoughtshould be given to calculating likelihoods in a scale-independent manner.Another interesting point is that auto-regressive model �tting can be used as a spectrum-estimation technique (Pardey et al., 1996), and therefore it may well be possible to considerthe likelihood comparison as an operation in the frequency domain. A human observer cancertainly perform such a comparison. Investigation of this idea could be an area for futurework.



Chapter 4Learning Dynamical Models usingEM4.1 IntroductionSection 3.3 described how specifying a dynamical model for a Kalman-�lter-based trackercan be achieved by learning from a training sequence. In the absence of true states, theapproximation was made that the �ltered estimates given by tracking the training sequenceusing a hand-set model were close enough to the true states to treat them as such.Consider, however, the results of applying the �ltered-learning algorithm to a synthetic�rst-order scalar system with di�erent levels of measurement noise, shown in table 4.1. Forthe true values of a and b shown, a state sequence was generated, as were measurementsaccording to the standard measurement model z = hx+ v. These measurements were then�ltered with a dynamical model close to, but not exactly equal to, the true one, and theresulting estimates used to produce the `�ltered-learnt' system. This learnt system is shownfor various values of the relative importance of the process and measurement noises.�2=h2b2 Estimate of a Estimate of b(a = 0:8) (b = 0:2)0.01 0.803 0.1840.25 0.780 0.1001.00 0.720 0.0554.00 0.666 0.032Table 4.1: Filtered learning becomes increasingly inaccurate as measurementnoise increases. The model resulting from applying �ltered learning to a synthetic �rst-order scalar system is shown against the level of the measurement noise in the system. Itcan be seen that for low measurement noise, the estimate is reasonable, but as measurementnoise increases, the estimate of the process noise in particular becomes extremely inaccurate.52



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 53The �ltered learning approach, then, works well when there is low measurement noise.In such circumstances, the �ltered state estimates are good compared with the true states.However, when measurement noise is higher (in a visual tracking system, this situationarises in the presence of image clutter or motion blur, for example), the accuracy of the�ltered estimates drops, and a dynamical model learnt from these estimates can be grosslyincorrect, particularly with respect to the process noise learnt. This chapter addresses theproblem of learning the dynamical model directly from a sequence of measurements, usingthe statistical technique of Expectation-Maximisation (EM).The EM algorithm, as introduced by Dempster et al. (1977), is a general iterative tech-nique for performing maximum likelihood estimation of parameters in problems which canbe regarded as having `missing data'. It has been applied in various situations, for example,learning the parameters describing a neural network for pattern recognition (Bishop, 1995;Ripley, 1996), and learning Hidden Markov Models for use in speech recognition prob-lems (Huang et al., 1990; Rabiner and Juang, 1993). It has been used for computer visionresearch in areas including optic 
ow computation (Jepson and Black, 1993) and the pro-cessing of noisy images (Tanaka and Katayama, 1989), and its convergence properties havebeen studied (Wu, 1983; Boyles, 1983).The technique of EM is a natural approach to apply to the present problem: the missingdata are the true states describing the con�guration of the contour, and the observed dataare the image-based measurements. This chapter develops the theory to solve the problemusing EM, and demonstrates its use on synthetic data. The following chapter shows theimprovement gained by using models learnt in this way as the prediction component of areal-time dynamic contour tracker. The chapters contain material originally published byNorth and Blake (1997; 1998).4.2 The Expectation-Maximisation AlgorithmThe derivation of the fundamental EM theory in this section follows (Dempster et al.,1977). Suppose a problem can be represented in terms of two measure spaces: Z, a spaceof observable data, andX, one of unobservable data. Suppose also that there is a parametervector ' on which the distributions of Z and X depend. The aim is to �nd that ' whichmaximises L(z; ') = log[p(z j')] for a given set z of observed data. For example, z mightbe a set of samples from a Gaussian mixture; here ' would consist of the means andvariances together with the mixture probabilities. In general, �nding this ' is not possibleanalytically, and so some approximate algorithm must be used instead. The Expectation-



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 54Maximisation algorithm produces a series of estimates for ', each one producing a greatervalue for L. The procedure can then be run to convergence of '.Given an estimate 'i for ', the question is how to produce another one, 'i+1, which isbetter in the sense that L(z; 'i+1) > L(z; 'i). Nowp(z; x j') = p(z j')p(x j z; ');and so L(z; ') = log[p(z; x j')] � log[p(x j z; ')]: (4.1)Now consider the following:log[p(z j'i+1)] = log[p(z j'i+1)]Z p(x j z; 'i) dx= Z log[p(z j'i+1)]p(x j z; 'i) dx= E [log[p(z j'i+1)] j z; 'i]= E [L(z; 'i+1) j z; 'i];where E is the expectation operator over the distribution for x.Using (4.1) this becomesL(z; 'i+1) = Q('i; 'i+1)�H('i; 'i+1);where Q('i; 'i+1) = E [log[p(z; x j'i+1)] j z; 'i];H('i; 'i+1) = E [log[p(x j z; 'i+1)] j z; 'i]:Now, H('i; 'i+1) � H('i; 'i) for any 'i+1:H('i; 'i+1)�H('i; 'i) = Z log �p(x j z; 'i+1)p(x j z; 'i) � p(x j z; 'i) dx� Z �p(x j z; 'i+1)p(x j z; 'i) � 1� p(x j z; 'i) dx= Z p(x j z; 'i+1) dx� Z p(x j z; 'i) dx= 0;where log a � a � 1 has been used to give the inequality, and the last line arises becauseboth integrals evaluate to 1. (The case of a discrete distribution is similar to that of acontinuous one.)



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 55Therefore, picking any 'i+1 such that Q('i; 'i+1) > Q('i; 'i) will increase the valueof L; in particular, �nding the 'i+1 which maximises Q will produce a better estimate forthe parameters. This procedure can then be iterated until a satisfactory estimate of ' isproduced.Explicitly, choosing 'i+1 to maximiseQ('i; 'i+1) = Z log[p(z; x j'i+1)]p(x j z; 'i) dxin the continuous case, orQ('i; 'i+1) =Xx log[p(z; x j'i+1)]P (x j z; 'i)in the discrete case, will produce a better estimate for '.Gaussian Mixture ExampleConsider as an illustrative example the case where z is a set of N independent data pointsdrawn from a Gaussian mixture of M components. The case where each component isconstrained to be isotropic is presented as an example in (Bishop, 1995). The set ' ofparameters then comprises the means �j and variances �j as well as the distribution P (j)of the components. For ease of notation, write superscript 0 to indicate distributions given' = 'i, and similarly for superscript 1. In this case, x is a vector such that xn is themixture component from which zn came.Then log[p1(z; x)] = Xn log[P 1(xn)p1(zn jxn)]= Xn Xj �jxn log[P 1(j)p1(zn j j)];giving Q =Xx Xn Xj �jxn log[P 1(j)p1(zn j j)]P 0(x j z):Now P 0(x j z) =Ym P 0(xm j zm);so Q =Xx1 � � �XxN Xn Xj �jxn log[P 1(j)p1(zn j j)]Ym P 0(xm j zm):



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 56Now reorder the summations, take the logarithm term outside the summations over xiand consider the following.Xx1 � � �XxN �jxnYm P 0(xm j zm) = Xx1 � � �Xxn�1 Xxn+1 � � �XxN P 0(j j zn) Ym6=nP 0(xm j zm)= P 0(j j zn)Xx1 � � �Xxn�1 Xxn+1 � � �XxN Ym6=nP 0(xm j zm)and, for ease of notation writing (x1; : : : ; xn�1; xn+1; : : : ; xN ) = (u1; : : : ; uN�1),Xu1 � � � XuN�1Ym P 0(um j zm) = Xu1  P 0(u1 j z1) � � � XuN�1 P 0(uN�1 j zN�1)! � � �!!= 1by substituting from the innermost sum outwards. Therefore,Q =Xn Xj P 0(j j zn) log[P 1(j)p1(zn j j)]:In the case of a Gaussian mixture,p1(zn j j) = (2�)�d=2j�1j j�1=2 exp ��12(zn � �1j)>(�1j)�1(zn � �1j )� ;so log[p1(zn j j)] = �d2 log(2�)� 12 log j�1j j � 12(zn � �1j)>(�1j)�1(zn � �1j );where d is the dimension of each zn. Thus, to within an additive constant,Q = Xn Xj P 0(j j zn) �logP 1(j) � 12 log j�1j j� 12(zn � �1j )>(�1j)�1(zn � �1j)�and it is this which must be maximised with respect to the P 1(j), the �1j and the �1j . Thereis the slight complication that there is a constraint on the P 1(j), namely that their summust be 1. Therefore, introduce a Lagrange multiplier � and maximise the quantityQ̂ = Q+ �0@Xj P 1(j) � 11A ; (4.2)including � in the set of variables over which the maximisation takes place.Setting @Q̂=@[P 1(j)] = 0 givesXn �P 0(j j zn)P 1(j) �+ � = 0; (4.3)



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 57now multiply by P 1(j) and sum over j to getXj Xn �P 0(j j zn)�+ � = 0:Exchanging the order of summation then gives � = �N . Substituting this back intoeqn (4.3) gives P 1(j) = 1N Xn P 0(j j zn):Setting @Q̂=@�1j = 0 gives�12Xn P 0(j j zn) @@�1j h(zn � �1j)>(�1j )�1(zn � �1j )i = 0;and @@�1j h(zn � �1j)>(�1j)�1(zn � �1j)i = �2(zn � �1j)>(�1j)�1;so substituting this, taking the transpose and rearranging gives�1j = Pn P 0(j j zn)znPn P 0(j j zn) :Finding @Q̂=@�1j is unpleasant; therefore solve instead for Rj = (�1j )�1. Di�erentiatingeqn (4.2) with respect to Rj gives@Q̂@Rj =Xn P 0(j j zn) �12 @@Rj log jRj j � 12 @@Rj h(zn � �1j)>Rj(zn � �1j)i�and, using@@Rj log jRj j = R�>; @@Rj h(zn � �1j)>Rj(zn � �1j )i = (zn � �1j)(zn � �1j)>and the fact that Rj is symmetrical,�1j = Pn P 0(j j zn)(zn � �1j)(zn � �1j)>Pn P 0(j j zn)results.Experiments The algorithm, for the case of a Gaussian mixture in two dimensions, wasimplemented, and a Gaussian mixture of 5 components was �tted to a set of 1000 data pointsdrawn from a distribution uniform over an annulus. The initial value for ' was chosen bypicking the �rst �ve data points as the means, setting the variance of each component to be



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 58isotropic with variance equal to the distance to the nearest mean of the other components,and setting the mixture distribution to be uniform over the �ve components.The results are shown in �gure 4.1; 96 iterations of the algorithm were performed, anda sample of frames shown in the �gure. Increasing iteration count goes in raster order. Itcan be seen that the algorithm seems to converge to what would intuitively be expected asa best �t to the data.4.3 Learning Dynamical Systems from Data Sequences withMissing PointsIn this section, the Expectation-Maximisation algorithm is applied to the problem of learn-ing a dynamical model from a training sequence where some of the data points are missing.4.3.1 First-order Scalar SystemThe �rst, simplest, case to be considered is the case where the data are scalar, and thedynamical system is �rst-order, i.e., of the formxt � �x = a(xt�1 � �x) + bwt;where �x is the mean of the system, a describes the deterministic part of the model, wt areindependent noise terms, each of which is unit normal, and b describes the coupling of thisnoise into the system.Maximum Likelihood Estimation of Parameters First recall from section 3.2 theprocedure for producing the Maximum Likelihood estimate of the system parameters whenthere are no missing data.Assume that the mean of the data set is 0. Then the dynamical model isxt = axt�1 + bwt; (4.4)and the parameter vector ' is then the pair (a; b).The important results from section 3.2 are the actual maximum-likelihood estimates:a = r01r11 ; b2 = 1T � 1(r00 � 2ar01 + a2r11); (4.5)and the expression for the log-likelihood:L = �(T � 1) log b� 12b2 (r00 � 2ar01 + a2r11); (4.6)



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 59

Iteration 1 Iteration 2 Iteration 4
Iteration 8 Iteration 13 Iteration 20
Iteration 29 Iteration 39 Iteration 51
Iteration 64 Iteration 79 Iteration 96Figure 4.1: The Expectation Maximisation algorithm calculates a best-�t Gaus-sian mixture to a uniform distribution on an annulus. The 1-� uncertainty ellipsesfor the components are shown; as further iterations are performed, the mixture convergestowards what is intuitively expected as a best �t (there may be no unique best �t owing tothe rotational symmetry of the initial distribution) to the supplied data set.



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 60Missing Data Point Consider a data sequence with one of the points, say x�� , missing,and the problem of estimating the system parameters from these 
awed data. The observeddata are x�1; x�2; : : : ; x���1; x��+1; : : : ; x�T , and the hidden datum is x�� . From eqn (4.6) above,the log-likelihood L is a linear function of the moments rij , so E [L j'] may be computedfrom the expectation of these moments (over a distribution for the missing datum).Note that the only terms in r01 which involve x�� are x���1x�� and x��x��+1, which areboth linear in x�� , and so E [r01(x�� )] = r01(E [x�� ]) (4.7)(treating r01 as a function of x�� in the intuitive way). However, r00 and r11 both includethe term (x�� )2 (assuming � 6= N | this makes sense since if the last datum is missing, it isignored completely, and the sequence x�1; x�2; : : : ; x�T�1 considered instead; similarly, assumex�1 is not missing), and E [(x�� )2] = E [x�� ]2 +Var[x�� ]: (4.8)Therefore, E [r11(x�� )] = r11(E [x�� ]) + Var[x�� ];and �nding the values of E [x�� ] and Var[x�� ] will therefore give the expected values of themoments rij and hence E [L j'].Distribution of the Missing Data It will be shown thatE [x�� j a; b; x�1; : : : ; x���1; x��+1; : : : ; x�T ] = a1 + a2 �x���1 + x��+1� ; (4.9)Var[x�� j a; b; x�1; : : : ; x���1; x��+1; : : : ; x�T ] = b21 + a2 (4.10)by �nding the distribution for x�� given a previous estimate (a; b) of the parameters andthe observed data. (Henceforth, the conditioning on a; b; x�1; : : : ; x���1; x��+1; : : : ; x�N will beomitted where this omission does not introduce ambiguity.) The missing value x�� occursin two time-steps of the dynamical system, eqn (4.4):x�� = ax���1 + bw� ;x��+1 = ax�� + bw�+1so, eliminating the unknown x�� ,x��+1 � a2x���1 = abw� + bw�+1;



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 61and this condition (on the random variable abw� + bw�+1) must be incorporated. In thenotation of section 4.2 (z is the observed data and x the hidden data), then,p(x j z; ') = pbw� (x�� � ax���1 j abw� + bw�+1 = x��+1 � a2x���1); (4.11)where the condition is, essentially, that both the values of the unknown random variablesw� and w��1 produce the same value for x�� . To calculate this probability density, putA = bw� ; (4.12)B = bw�+1; (4.13)C = aA; (4.14)D = B + C: (4.15)Then, writing u = x��+1 � a2x���1; (4.16)the required probability isp(y jx; ') = pA(z jD = u)jz=x���ax���1 : (4.17)Now, by Bayes' rule, pA(z jD = u)pD(u) = pD(u jA = z)pA(z); (4.18)and pA(x) = pB(x) = 1bp2� exp�� x22b2� ; (4.19)pC(x) = 1jajbp2� exp�� x22a2b2� ; (4.20)pD(x jA = z) = pB(x� az): (4.21)Also, since D = B + C, and both B and C are Gaussian.pD(u) = 1(1 + a2)1=2bp2� exp�� u22(1 + a2)b2� : (4.22)Therefore, the distribution of the missing datum is as follows.pA(z jD = u) = (1 + a2)1=2bp2� exp"�(1 + a2)2b2 �z � a1 + a2u�2# : (4.23)



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 62Therefore, the random variable A conditional on D = u, denoted (A jD = u), is given by(A jD = u) � N � a1 + a2 ; b21 + a2� ;from which can be deduced the values for E [x�� ] and Var[x�� ] given at the start of the section.This expected value can then be used to �nd the expected values of the moments of the(complete) data, using eqns (4.7) and (4.8).Extension to Multiple Missing Data Note that the above derivation applies, sincethe model is �rst-order only, to any number of missing data, provided that no two missingdata points occur consecutively in the sequence. Suppose, therefore, that M data pointsx��1 ; x��2 ; : : : ; x��M are missing (with �i+1 � �i 6= 1). Note also that the variance of a missingdata point depends only on the previous estimate for the parameters; therefore, the expectedvalues of the moments are as follows.E [r00] = r00(E [x��1 ]; E [x��2 ]; : : : ; E [x��M ]) +M�2; (4.24)E [r01] = r01(E [x��1 ]; E [x��2 ]; : : : ; E [x��M ]); (4.25)E [r11] = r11(E [x��1 ]; E [x��2 ]; : : : ; E [x��M ]) +M�2 (4.26)(where �2 = b2=(1 + a2) is the variance of any one of the missing data points | they areall the same).Update Equations for EM The update equations for one step of the algorithm there-fore consist of �nding the expected values of the mean and variance of the missing datapoints (using equations (4.9) and (4.10)), �nding from these the expected values of themoments rij (using equations (4.24){(4.26)), and then calculating a new estimate (a0; b0) ofthe parameters:a0 = E [r01]E [r11] ; (b0)2 = 1N � 1(E [r00]� 2a0E [r01] + (a0)2E [r11]): (4.27)The EM algorithm then proceeds as usual by setting a = a0 and b = b0 and iterating thisprocedure until convergence of the parameters a and b.Convergence Any numerical, iterative optimisation procedure, such as the EM algorithmand its application to the problems considered within this thesis, requires one to decide whento stop the procedure. Ideally, some automatic decision process is used, typically stoppingthe algorithm either when an iteration produces a change in the parameters of interest less



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 63than some threshold value, or when the change in the value to be optimised (in this case,it is the likelihood which is to be maximised) is below some other threshold value. Thesetolerances are often related to the 
oating-point precision of the architecture in use (Presset al., 1988).In this case, the problem is exacerbated by the fact that the convergence of the EMalgorithm is often slow. (This is known from other work (Wu, 1983), and will also beseen in experiments throughout the remainder of this thesis.) Furthermore, several of thelater applications (for example those in chapter 7) have the property that each individualiteration is very computationally expensive, sometimes taking several hours of CPU timeon the hardware used.Therefore, in the experiments described in this thesis, the convergence of the estimateswas judged by inspection. In some cases, a decision was made to terminate the algorithmeven though it was apparent that the system was close to convergence without havingreached a �nal converged value. Even though the computational budget for an o�-lineprocess (such as the learning problems considered) is signi�cantly larger than for an on-lineprocess, it is still desirable to keep the burden within reasonable bounds, and so it may notbe feasible to run to true convergence.An area for future work could be an investigation of how one could specify a criterionfor automatically stopping the process. This could perhaps be done using a tolerance onthe parameter estimates, expressed in terms of natural units, such as the time scales ofthe modes of the system. Comparing the performance of models learnt in this fashion(using computational resources which could not realistically be used within a practicalsystem) with that of models learnt as in this thesis | using manual (and sometimes looser)termination conditions | would also be of interest.Experiments with Synthetic Data The EM algorithm in this case was implemented,creating a data sequence by simulating the model of eqn (4.4). A number of these datapoints were then marked as `missing' and treated accordingly in the algorithm. Theirsimulated values were therefore not used.To initialise the algorithm, starting estimates for the parameters a and b are required.These were obtained by `faking' the missing data as follows: each missing point was set tothe mean of the one before it and the one after it. (This is always possible since it wasensured that no two consecutive points are missing.) The parameters a and b were thenestimated from this (partially faked) data set as in eqn (4.5). The EM algorithm was then



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 64run until convergence of the estimates of a and b was satisfactory.Data sets for various true values of a and b were treated in this way; the results aresummarised in table 4.2. Also shown in the table are the initial estimates of the dynamics,in other words, the results of learning a dynamical model from the `faked' data describedabove. Two examples of the convergence behaviour of the algorithm are given in �gure 4.2.True Estimated a Estimated a True Estimated b Estimated ba (EM) (`faked') b (EM) (`faked')0.5 0.5026 0.5218 0.1 0.1006 0.08290.5 0.5045 0.5488 0.2 0.2003 0.18670.8 0.7965 0.8157 0.1 0.1013 0.09320.8 0.8082 0.8185 0.2 0.2003 0.1858Table 4.2: Using EM to learn a dynamical system from a sequence with missingpoints produces good estimates, whereas using `faked' data gives inaccuratedynamics. Average of �ve runs of the EM algorithm with synthetic data sequences oflength 1024, of which 128 states were treated as missing, generated using various dynamicalmodels. 16 steps of the algorithm were performed (enough to give convergence; see also�gure 4.2) | the �nal estimate is shown. The systems learnt using `faked' data consistentlyhave a too large and b too small.The estimates produced by the algorithm are within 2% of their true values; also,the convergence of the estimates is rapid. Note also that the initial estimates (i.e., thesystem learnt using `faked' data) have noise parameters which are too low | this is aresult of forming the initial estimate by replacing each missing datum with the mean of itsneighbours, a procedure which will tend to reduce the apparent noise.The technique of EM should therefore be a useful tool to apply to this problem. Theextension of these ideas to vector systems is now considered.4.3.2 First-order Vector SystemThe next case considered is that where the dynamical system is �rst-order, but the dataare vector-valued. In this case the system equation is of the formxt � x = A(xt�1 � x) +Bwt; (4.28)where x is the mean of the system, A is the matrix giving the dynamical component of thesystem, wt are independent vectors of independent unit normal random variables, and B isthe matrix coupling the random variables into the system. The development in this sectionwill follow that in section 4.3.1.
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CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 66Maximum-likelihood Estimation of Parameters For a sequence x�1;x�2; : : : ;x�T of Tvector-valued data points, the maximum-likelihood estimate of the system parameters Aand B for a zero-mean system is given by the following results.A = R10R�111 ; (4.29)C = 1T � 1 �R00 �AR10 �R01A> +AR11A>� ; (4.30)where C = BB> and the moments Rij are de�ned asRij = TXt=2 x�t�i(x�t�j)>: (4.31)Once more, there is no unique solution for B, since any orthogonal transformation of thenoise vector will be identically distributed. A standardised matrix square root opera-tion (Barnett, 1990) can be used to extract B from C.Missing Data Point As for the scalar case, suppose a data sequence is given from whichone of the points is missing. Exactly as in the scalar case, �nding the expectation of themoments Rij will allow E [L] to be computed, and to �nd these moments it is su�cient to�nd the mean and variance of the missing data point x�� , for then, as before,E [R00] = R00(E [x�� ]) + Var[x�� ];E [R01] = R01(E [x�� ]);E [R10] = R10(E [x�� ]);E [R11] = R11(E [x�� ]) + Var[x�� ]:Distribution of the Missing Data It will be shown, in a similar fashion to the scalarcase, that E [x�� ] = Ax���1 +H(x��+1 �A2x���1); (4.32)Var[x�� ] = (B�>B�1 +A>B�>B�1A)�1; (4.33)where H = (A+BB>A�>B�>B�1)�1: (4.34)



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 67To do this, consider the random variables� = Bw� ; (4.35)� = Bw�+1; (4.36)
 = A�; (4.37)� = � + 
: (4.38)As before, note that the distribution for the missing data point is given byp(y jx; ') = p�(x�� �Ax���1 j � = u); (4.39)where u = x��+1 �A2x���1: (4.40)Again, using Bayes' rules, expressions for p�(u j� = z), p�(z), and p�(u) are sought, to beused (with z = x�� � Ax���1) to �nd the required quantity p�(z j � = u). Most straightfor-wardly, p�(u j� = z) = p�(u � Az), and the distributions of � and � are known (they arethe same): p�(x) = p�(x) = 1�jBj exp ��12 �x>B�>B�1x�� ;where � = (2�)d=2 and d is the number of components in each vector xi. The only problemremaining, then, is to �nd p�(u). Since � = � + 
, and � and 
 are zero-mean Gaussians,p�(u) = 1�jDj exp ��12u>D�>D�1u� ; (4.41)where DD> = (AB)(AB)> +BB>: (4.42)Now the required quantity p�(z j � = u) may be computed:p�(z j � = u) = p�(u j� = z)p�(z)p�(u) (4.43)= jDj�jBj2 exp ��12 �(u�Az)>B�>B�1(u�Az)+ z>B�>B�1� u>D�>D�1u�� (4.44)and, after considerable rearranging, this can be written asp�(z j � = u) = jDj�jBj2 exp ��12(z �Hu)>K�>K�1(z �Hu)� ;



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 68where K�>K�1 = A>B�>B�1A+B�>B�1; (4.45)and H is as de�ned in eqn (4.34). The mean and variance of the missing data point cannow be deduced as claimed at the start of the section.Extension to Multiple Missing Data As in the scalar case, the above derivationapplies to the case where there are multiple missing data points, provided no two areconsecutive in the sequence. In this case, if M data points x��1 ;x��2 ; : : : ;x��M are missing,the expected value of the moments can be calculated in an analogous fashion to that inequations (4.24){(4.26):R100 = R00(E [x��1 ]; E [x��2 ]; : : : ; E [x��M ]) +M�; (4.46)R101 = R01(E [x��1 ]; E [x��2 ]; : : : ; E [x��M ]); (4.47)R111 = R11(E [x��1 ]; E [x��2 ]; : : : ; E [x��M ]) +M�; (4.48)where � is the variance matrix for each of the missing data (again, they are all identical):� = (A>B�>B�1A+B�>B�1)�1: (4.49)Update Equations for EM One step of the EM algorithm in this case consists of �ndingthe means and variances of the missing data points using equations (4.32) and (4.33),then �nding the expected values of the moments Rij using equations (4.46){(4.48), and�nally producing a new estimate for the parameters A and B by means of equations (4.29)and (4.30). This procedure is repeated until convergence of A and B.4.3.3 ConclusionsExpectation-Maximisation has been shown to be a suitable technique to apply to the prob-lem of system identi�cation from a data sequence where some of the points are missing.This might seem to be the situation in the tracker, where a training sequence with missing�elds is not an uncommon situation. However, section 4.4 will develop a more appropriatesolution to the problem of system identi�cation from a measurement sequence, rather thanfrom a sequence of what are, in fact, �ltered estimates of the state. Therefore, althoughthere are situations where the results of this section are directly applicable, the training ofthe tracker will be handled by the theory to be developed below, which will generalise andextend the results described above.



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 694.4 Learning Dynamical Systems from a Measurement Se-quenceThe problem of learning a dynamical model given a time-sequence of measurements ofthe system is now addressed. Compared to the approach in section 3.3 (of treating the�ltered estimates as true state values), this is a more realistic formulation of the underlyingproblem of learning a dynamical system for the tracker and, more generally, the problem ofsystem identi�cation for a Kalman �lter. In terms of the `observed' and `hidden' variablesof the EM algorithm, the measurements are the observed data, and the actual states ateach time-step are the hidden data.Ljung (1987) mentions one approach to the problem of system identi�cation from ameasurement sequence. It is given in appendix A.1. However, while the method is per-fectly general, it is also computationally very expensive in this case. It involves the inversionof large matrices (with sizes of the order of the length of the training sequence multipliedby the state-vector size, typically a few thousand), and so a more speci�c solution is de-veloped. The theory presented here was developed independently, but should be comparedwith treatments given by Shumway and Sto�er (1982), and by Ghahramani (1996). Theirmethods are described in appendix A.2.The approach used will be as follows. Each step in the EM algorithm involves maxim-ising E [L] for the log-likelihood L. Therefore, the problem of maximising L is �rst solved,and then that when E [L] is instead the subject of the maximisation.4.4.1 Maximum Likelihood Estimation of ParametersRecall from section 4.3.2 that, for a model of the formxt = Axt�1 +Bwtand a given sequence of states x�1; x�2; : : : ; x�T , the maximum-likelihood estimate of thesystem parameters A and B is given byA = R01R�111 ; BB> = 1T � 1 �R00 �AR10 �R01A> +AR11A>� ; (4.50)where Rij = TXt=2 x�t�i(x�t�j)>are auto-correlation coe�cients. (This model has a process mean of zero | the extension ofthe learning algorithm to allow estimation of the process mean is covered in section 4.5.2.)



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 70Recall also that L is a linear function of the moments Rij (see eqn (4.6) on page 58),so �nding the expected values of these moments will provide the expected value of L, andhence allow its maximisation. E [Rij ] is therefore sought, given a previous estimate for thedynamical model and the measurements.4.4.2 The Augmented-state Smoothing FilterThe procedure adopted for �nding the expected values of the auto-correlation coe�cientsRij is an adaptation of `�xed-interval smoothing' | the problem of �nding the distribu-tion of states xt given a set fz1; z2; : : : ; zT g of measurements, where t � T . Consider anaugmented state variable Xt de�ned as follows.Xt = � xtxt�1 � ;and consider PtXtX>t : R = TXt=2 XtX>t= TXt=2 � xtxt�1 �� x>t x>t�1 �= TXt=2 � xtx>t xtx>t�1xt�1x>t xt�1x>t�1 �= �R00 R01R10 R11 �Finding E [R] therefore provides the values of all the individual E [Rij ], needed to �nd theexpected log-likelihood E [L], andE [R] = Xt E [XtX>t ]= Xt �E [Xt]E [Xt]> +Var[Xt]�= Xt E [Xt]E [Xt]> +Xt Var[Xt]:Thus �nding the expected values and variances of the Xt completes the formulation of theEM algorithm in this case.Dynamic and Measurement Models Consider, therefore, the dynamic and measure-ment models for the new state vectors Xt. The original dynamical modelxt = A0xt�1 +B0wt



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 71becomes Xt = � A0 0I 0 �Xt�1 +� B00 �wt: (4.51)(The alternative choice,Xt = � A0 00 A0 �Xt�1 +� B0 00 B0 �� wtwt�1 � ;gives process noise which is correlated from time-step to time-step. This is not covered bythe standard Kalman �lter, but can be accounted for. The choice given by (4.51) is simpler,so it is used here.)The dynamic model for the augmented state X is therefore given byA = � A0 0I 0 � ; B = � B00 � ; Wt = wtfor t = 2; : : : ; T .The measurement model for the original state x is given byzt = H0xt + vt;where vt are zero-mean uncorrelated Gaussian noise terms, with (known) variance �0; thisbecomes, in terms of the augmented state X,Zt = HXt + Vt;where Zt = zt; H = � H0 0 � ; Vt = vt;with the noise terms uncorrelated and with variance � = �0.Smoothing Algorithm Assuming that the a priori distribution for the initial state ofthe system is Gaussian, all distributions remain Gaussian as time proceeds, and the solutionfor the mean and variances of the system states X2;X3; : : : ;XT given the complete setfz1; z2; : : : ; zT g of measurements is developed by, for example, Sage and Melsa (1971) andJazwinski (1970). Let X̂t1t0 = E [Xt0 jZ1; : : : ; Zt1 ];P t1t0 = Var[Xt0 jZ1; : : : ; Zt1 ]:



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 72The solution to the smoothing problem is then given by the recurrence relationsX̂Tt = X̂tt + Ft(X̂tt+1 �AX̂tt );P Tt = P tt + Ft(P tt+1 � P tt+1)F>t ;where Ft = P ttA>(P tt+1)�1: (4.52)Here the terms X̂tt , P tt+1 and P tt are known from the solution of the �ltering problem; therecurrence relations are solved using X̂TT and P TT (also known from the �ltered estimates)as boundary conditions.The smoothing algorithm here relies on the availability of the solution to the �lteringproblem | the estimates X̂tt and the variances P tt and P tt+1; these are obtained by runningthe Kalman �lter on the measurement sequence, using a suitable value for the a prioridistribution of the �rst state in the sequence.Initialising the Kalman Filter The question therefore arises as to how X̂02 = E [X2](the a priori mean) and P 02 = Var[X2] (the a priori variance) can be speci�ed to providea starting state for the Kalman �lter, the output of which is required for the smoothingalgorithm. In doing so, the measurement z1, which is not otherwise used, may be used.When this procedure is considered within the framework of the EM algorithm, it is seenthat the XT2 and P T2 of one iteration of the algorithm may be treated as the X02 and P 02 ofthe next; in this way, the in
uence of the choice of the initial X02 and P 02 will be decreasedfurther.There are two approaches often used in Kalman �ltering. One is to start the systemfrom a known state. In that case, X̂02 is this known state, and P 02 = 0 (since the state isknown exactly). The alternative is to take the a priori variance of the system, which is thesolution to the equation P = APA> +BB>(obtained by taking the variance of the dynamical equation). Which is used will depend onthe situation. In fact, setting P 02 = 0 causes problems with smoothing | the matrix P tt+1to be inverted will be singular. Some small value of P 02 will be substituted in practice.



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 73(1) Initialise: Choose starting distribution of the state X2 (meanand variance), and an initial estimate for the dynamics A and B (whatprecisely this means will depend on the situation);(2) Filter: Run the Kalman �lter on the measurement set to producethe �ltered estimates X̂tt ;(3) Smooth: Run the smoothing algorithm on the measurement set(using the �ltered estimates) to produce the smoothed estimates X̂Tt ;(4) Finish `E' Step: Using the results of the smoothing, �nd theexpected values E [Rij ] of the moments;(5) `M' Step: From the expected values of the moments, estimatethe system parameters A and B;(6) Iterate: Using the system derived in the previous step, and usingthe smoothed estimate of X2 as initial condition, go back to step (2).Figure 4.3: The EM algorithm for the problem of estimating system parametersfrom a sequence of measurements.4.4.3 Summary of AlgorithmThe steps of the EM algorithm for this case are therefore as shown in �gure 4.3.The algorithm should be run, as is usual for EM applications, until convergence of theparameters of interest, namely A and C.(The approaches of Shumway and Sto�er (1982), and of Ghahramani (1996), describedin appendix A.2, use a di�erent method to obtain the required variances P Tt .)4.4.4 Experiments with Synthetic DataThe algorithm shown in �gure 4.3 was implemented, and test runs performed for a scalarsystem (for ease of presentation of results); the experiments are the original work of theauthor. A sequence of system states was generated from the model xt = axt�1 + bwt, andthen a measurement was simulated of each state using the measurement model zt = hxt+vt.These measurements were then processed to produce an estimate of the parameters a andb. For the initialisation, the �rst method described above, that of starting the system ina known state, was used. The known state was that used as x1 in producing the synthetic



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 74sequence.The performance of another learning algorithm, very similar to �ltered learning, is alsoinvestigated brie
y. Once the estimates have been smoothed, better estimates for the stateat each time-step are available. Treating these estimates as the true data should producea better estimate of the dynamical model than treating the unsmoothed estimates as truestates.The performance of the �ltered learning algorithm will, it is expected, depend on therelative magnitudes of the process noise (which drives the system) and the measurementnoise. In a situation where the measurement noise is low compared with the process noise,the �ltered estimates will be good, and therefore the �ltered learning algorithm will producea reasonable estimate. The relative importance of the two noise terms can be measured bythe ratio of their variances, �2=h2b2. The algorithms were compared for four di�erent valuesof this ratio. Data sequences of length 1024 were simulated for the system given by a = 0:8and b = 0:2 and measurements synthesised using h = 2 for the four values 0:04, 0:2, 0:4 and0:8 of �, making the ratio of the variances 0:01, 0:25, 1:0 and 4:0 respectively. The estimatesproduced by the three algorithms are shown in table 4.3, where the improved performanceof EM-based learning can be seen. The di�erence between �ltered and smoothed learningis small, and smoothed learning is not considered further.Estimate of a Estimate of b�2h2b2 (a = 0:8) (b = 0:2)Filtered Smoothed EM Filtered Smoothed EM0.01 0.803 0.807 0.801 0.184 0.185 0.1930.25 0.780 0.834 0.803 0.100 0.112 0.1901.00 0.720 0.786 0.806 0.055 0.066 0.1814.00 0.666 0.704 0.798 0.032 0.038 0.197Table 4.3: EM-based learning produces better estimates than either �ltered orsmoothed learning. Comparison of the estimates produced by the `�ltered' learning al-gorithm, the `smoothed' learning algorithm, and the EM-based learning algorithm. A datasequence of 1024 points was synthesised, and measurements taken. The �ltered learningalgorithm fares reasonably well for low values of the ratio �2=h2b2 (the case where themeasurements are good), but produces estimates of the process noise b which are far toolow when this ratio becomes larger. The EM algorithm performs well in all cases. (Filteredlearning estimates are the same as shown in table 4.1.)Intuitively, it is expected that another very important factor in the performance of the�ltered learning algorithm will be the dynamical model of the �lter used to gather thetraining data. To investigate this e�ect experimentally, the case where �2=h2b2 = 4:0 was



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 75studied for di�erent values of the initial dynamics. These results are presented in table 4.4,and the observed behaviour can be explained as follows.Qualitatively, if the �lter's process noise is much lower than the true value, the �lter will`over-smooth' the measurements, and that therefore �ltered learning will produce a modelwith too little process noise. Conversely, if the �lter's process noise is much higher thanthe true value, too much of the measurement noise will be incorporated into the estimatedstates, and therefore the resulting learnt model will have too high a process noise.Estimate of a Estimate of bbI (a = 0:8) (b = 0:2)Filtered EM Filtered EM0.80 0.581 0.827 0.380 0.1950.40 0.700 0.790 0.222 0.2120.20 0.731 0.797 0.087 0.1950.10 0.684 0.821 0.037 0.2030.05 0.661 0.813 0.023 0.192Table 4.4: The initial estimate of the dynamical model has a marked e�ect on�ltered learning, but little e�ect on EM learning. Comparison of the learningmethods for di�erent values of the process noise of the dynamical model initially used to�lter the measurements (shown in the table as bI). As expected, initially over-estimatingthe process noise results in a learnt model with too high process noise, and similarly for aninitial under-estimate. A sequence of 1024 time-steps was used, and the EM algorithm ranfor 64 iterations, enough for convergence. Here �2=h2b2 = 4:0An example of the convergence behaviour of the algorithm is shown in �gure 4.4, fromwhich it can be seen that, since there is a signi�cant amount of missing data, the convergenceis not particularly rapid.4.5 Second-order SystemsAs noted in section 3.2.3, a �rst-order system is of limited use within a tracking system.The techniques of the previous section are therefore extended to perform learning of asecond-order system. The model under consideration is nowxt = A1xt�1 +A2xt�2 +B0wt:
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Figure 4.4: More missing data results in slower convergence. The convergence ofthe EM algorithm is not as rapid as in the missing-data problem of �gure 4.2, possibly evenrequiring slightly more iterations than depicted here (48) for the estimate of b in particular.The data and measurement sequences used were of length 1024; system parameters used forthis example were a = 0:8 and b = 0:2. (These values are indicated on the graphs by dottedlines.) The measurement factor was h = 2:0 and the measurement noise had � = 0:75.From section 3.2, the important results are the maximum-likelihood estimate itself, satis-fying A1R11 +A2R21 = R01;A1R12 +A2R22 = R02;C = 1T � 2 (R00 �A1R01 �A2R02) ;and the expression for the log-likelihood:L = �12tr(ZC�1)� 12(T � 2) log jCj;where Z = R00 �R01A>1 �R02A>2�A1R10 +A1R11A>1 +A1R12A>2�A2R20 +A2R21A>1 +A2R22A>2 ;Again, the log-likelihood is linearly dependent on the moments Rij and therefore theirexpected values are sought.4.5.1 Augmented-state SmoothingAnalogously to the �rst-order case, consider an augmented state variable Xt:Xt =0@ xtxt�1xt�2 1A :



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 77Then R =Xt XtX>t ;as before, consists of all the moments matrices of the original state sequence xt:R = 0@ R00 R01 R02R10 R11 R12R20 R21 R22 1A ;and E [R] =Xt E [Xt]E [Xt]> +Xt Var[Xt]:Dynamic and Measurement Models As for the �rst-order case, dynamic and meas-urement models for the new state vectors Xn are constructed. The second-order dynamicalmodel, xt = A1xt�1 +A2xt�2 +B0wt:becomes Xt = AXt�1 +Bwt;where A = 0@ A1 A2 0I 0 00 I 0 1A ; B = 0@ B000 1A ; Wt = wtfor t = 3; 4; : : : ; T .(This is chosen in preference toXt = 0@ A1 A2 00 A1 A20 I 0 1AXt�1 +0@ B0 00 B00 0 1A� wtwt�1 �as before.)The measurement model, zt = H0xt + vt;where vt are zero-mean uncorrelated Gaussian noise terms, with variance �0, similarlybecomes, on setting Zt = zt; H = � H0 0 0 � ; Vt = vt;



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 78a measurement model of the form Zt = HXt + Vtwith the noise terms uncorrelated and with variance � = �0.The rest of the development of the algorithm follows as in the �rst-order case.Experiments with Synthetic DataThe EM algorithm for the case of learning scalar second-order systems was implemented,and tested on synthetic data. A more natural representation of the two deterministiccoe�cients a1 and a2 in the dynamical model is to give the characteristics of the equivalentcontinuous model, in terms of its frequency ! and damping constant �. For a given samplinginterval �, these parameters are related as follows. If � is one eigenvalue of the matrix� a1 a21 0 �(for an oscillatory system, therefore, �� is the other eigenvalue), then � and ! are given by�� + i! = 1� log �:In the following results, � = 0:02 s will be used (corresponding to a frequency of 50Hz), atypical value for the tracking applications in mind.For comparison, the performance of the �ltered learning algorithm is also examined,using constant velocity dynamics (i.e., a1 = 2 and a2 = �1) to initially �lter the measure-ments, with process noise whose standard deviation was set to a factor of 5 too high. Thisis typical of a tracking situation, where the order of magnitude of the process noise is allthat can realistically be set manually. The results of these experiments, in terms of themode of the equivalent continuous system, are presented in table 4.5.It can be seen that the EM learning algorithm produces more accurate estimates, al-though the estimate of the damping constant is not as good as the other parameters.Filtered learning, in each case, produces a system which is signi�cantly overdamped | thise�ect will be noted again in section 5.2.An example of the convergence behaviour of the EM algorithm in this case is given in�gure 4.5. The frequency estimate converges almost instantly; the estimate of the dampingconstant displays satisfactory convergence behaviour, as does the noise term's estimate.The algorithm has produced a good estimate of all components of the model within ap-proximately 16 iterations.



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 79True system Filtered estimate EM estimate� ! b � ! b � ! b0:05 3:14 0:01 0:1242 2:996 0:02053 0:0358 3:146 0:010240:05 6:28 0:01 0:1928 6:031 0:02012 0:0609 6:321 0:010030:10 3:14 0:01 0:3305 2:995 0:02002 0:0917 3:151 0:010010:10 6:28 0:01 0:3791 5:997 0:02005 0:1021 6:279 0:00983Table 4.5: EM learning produces much better estimates for second-order dy-namics than �ltered learning.. Comparison of the estimates produced by �ltered andEM learning, for various scalar second-order systems. The EM algorithm was run for 32iterations, which was enough to give convergence (see �gure 4.5). A synthetic sequence oflength 8192 was used, with the measurement system given by h = 1 and � = 0:01. Theinitial estimate for the dynamics was given by a0 = �1, a1 = 2, and b = 0:05; this systemwas also used to produce the �ltered estimates. (The angular frequencies of 3:14 and 6:28correspond to frequencies of 0:5Hz and 1Hz respectively, corresponding to fairly typicaltime-scales for tracking.)4.5.2 Learning the Process MeanReynard et al. (1996) describe how the process mean, �x in the full dynamical model(xt � �x) = A1(xt�1 � �x) +A2(xt�2 � �x) +Bwt;may be estimated, together with its variability within a class of the same type of object.Here a simpli�cation of the result is su�cient | the solution to the problem of estimating,from a training sequence, the process mean for a single object.The maximum-likelihood estimates of the model are derived in section 3.2, where it isnoted that the log-likelihood in this case is linear in the moments Rij and Ri. The Expect-ation step therefore reduces, as before, to �nding the expected values of these moments.The E [Rij ] are found as in previous sections, and the calculation of the E [Ri] is trivial:E [Ri] = E " TXt=3 xt�i#= TXt=3 E [xt�i]:Finally, E [xt�i] is the top third of E [Xt�i] (where Xt is the augmented state vector de�nedin section 4.5).
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(b) Stochastic partFigure 4.5: Convergence of the estimate of the dynamical model is good. Shownare graphs of (a) the estimates of the damping constant and frequency, and (b) the estimateof the process noise for the model against number of iterations of the EM algorithm. Theinitial dynamical model is constant-velocity, giving zero damping constant and frequency.The values of �, ! and b used to simulate the system were 0:05, 3:14 and 0:01 respect-ively; the sequence was of length 8192. Convergence of the estimates is good within the 32iterations shown here.4.6 Missing Data as an In�nitely Noisy Measurement Pro-cessThe analysis given in section 4.3 for learning a dynamical model from a sequence withmissing points dealt only with the case of non-consecutive missing data. In this section,the problem of consecutive missing data is addressed, with particular regard to the sleep-data example application presented in section 3.4.Examining, for example, �gure 3.2(c), it can be seen that the value returned by thesensor is often clipped at the top or bottom of its range. The result is that when a readingof 255 is returned, the actual information is that the true value is at least 255; it may bemore. Similarly, a reading of 0 indicates that the true value is at most 0. Particularly forextended periods of such clipping, a signi�cant e�ect may be produced on the dynamicalmodel learnt for the process.



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 81Dealing with Clipped Data A reasonable approximation to the situation is to treat thesensor as a measurement process which, when it returns 255 or 0, is e�ectively signalling`missing'. As noted, the problem of missing data within a time-sequence was addressedto some degree in section 4.3, but here a di�erent technique will be applied, bringing theproblem within the scope of the framework of sections 4.4 and 4.5.The sensor clipping can be cast as a noisy measurement process, by writing, as usual,xt for the true value at time-step t, and zt for the sensor reading at time t. Then themeasurement process can be modelled as follows.zt = xt + vt;where the measurement noise vt has variance rt, withrt = (r0; if zt =2 f0; 255g;1; if zt 2 f0; 255g.Note that this formulation does not take into account the fact that when a reading zt =255 is returned, the inequality xt � 255 can be deduced, or the corresponding piece ofinformation for zt = 0. It will, however, be a considerable improvement on a model whichignores the phenomenon entirely.Note also that the measurement noise for a non-clipped sensor reading has been denotedr0. One choice would be to set r0 = 0, indicating that non-clipped readings are exact, butthis will be seen to cause problems later. Fortunately, there is a good reason for settingr0 6= 0: quantisation error. The assumption is that there is a true, continuous signal beingmeasured to only 8-bit accuracy. Therefore, the sensor reading is not noise-free.The gain Kt can be written as follows for the two cases rt = r0 and rt =1.Kt = (P t�1t H>(HP t�1t H> + r0I)�1; if rt = r0;0; if rt =1.(The problem of specifying exactly what is meant by a measurement process with in�nitevariance is therefore avoided.) Note that although the problem in this case is essentiallyscalar, the matrix notation has been retained. This is to accommodate the augmentationof the state vector.Smoothing, i.e., obtaining x̂Tt and P Tt , can then proceed as usual, as it does not de-pend explicitly on the measurement variances, only the �ltered variances P tt and predictedvariances P t�1t .



CHAPTER 4. LEARNING DYNAMICAL MODELS USING EM 82The smoothing is where having r0 = 0 would cause trouble: after several non-clippedreadings, the predicted variance matrix P t�1t would be of the formP t�1t = 0@ 0 0 00 0 00 0 C 1A ;which is singular. Since the smoothing gain de�ned in eqn (4.52) involves a term (P t�1t )�1,the expressions for the smoothed estimates would have to be re-derived for this special case.Ensuring r0 6= 0 avoids this.The remainder of the EM learning algorithm for this particular problem then proceedsas in section 4.4.E�ect on Classi�cationIt has been seen in experiments on synthetic data that EM learning in general provides goodestimates for the underlying model. It is reasonable to expect, then, that applying the abovetechniques to the classi�cation problem of section 3.4.2 would produce an improvement inclassi�cation accuracy, even though the existing results were around 90%. The learnt modelsshould more accurately represent the behaviour of the data.Evaluating the Likelihood There is one further detail which must be worked out. Theclassi�cation procedure involves evaluating the log-likelihood of the sequence given eachcandidate model, and choosing the model with the largest result. The question thereforearises of how the log-likelihood is to be calculated when there are missing data in the se-quence. Time did not permit the full development of this theory, or indeed any experimentalinvestigation; this area would be an interesting one for future research.



Chapter 5EM-Learning for aKalman-�lter-based Tracker5.1 Applying EM Learning to Dynamic Contour TrackingChapter 4 developed the theory of maximum-likelihood estimation of a dynamical modelfor a Kalman �lter from a sequence of noisy measurements. The application of particularinterest in this thesis is the problem of dynamical models for a visual tracker. Chapter 3described how, in the case of tracking with good measurements, signi�cant improvementsin tracking can be obtained by making the approximation x̂t = xt. This chapter examineslearning in the case where this approximation is no longer valid, which will arise whenmeasurements are of poorer quality. It describes the implementation of the algorithm, andexperiments, both of which are the original work of the author (except for some set-updetails as noted in section 5.1.3).One situation where this can occur is when tracking an object moving across a clutteredbackground. This problem should be one in which the EM learning algorithm enjoys two(related) advantages: �rstly, in a situation with poor measurements (as will be the casefor tracking over a cluttered background), having a good dynamical model is important,more so than when the measurements are reliable, and secondly, chapter 4 showed that, atleast for the synthetic systems considered there, the di�erences between EM learning and�ltered learning are greater when measurement noise is higher.It is worth mentioning that if one has control over the environment, one would choose totrain the tracker from a sequence gathered in a situation with good measurements, i.e., withlittle clutter; also, if the background is static and known ahead of time, background sub-traction (for example the dynamic background model used by Koller et al. (1994) for tra�cmonitoring, the median-�ltered background subtraction used by Baumberg and Hogg (1994)83



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 84for person-tracking, or the statistical background models developed by Rowe (1996)) is anatural technique to apply to the problem. However, such control may not always beavailable, and therefore this chapter addresses the problem of learning a dynamical modelfor the tracker from a training sequence gathered in the presence of signi�cant clutter,incorporating no knowledge of the background.5.1.1 Implementation of EM Learning in the TrackerTo apply the learning algorithm described to the tracker, it is necessary to include a smallnumber of re�nements. In the tracker, the measurement matrix H is not constant over time| it is calculated at each time-step based on the image normals at measurement pointsaround the spline, as described in section 2.1.4. This a�ects the �ltering process, but notthe smoothing process, and so it is fairly straightforward to include this extension. Anothercomplication to the measurement process is that the tracker makes multiple measurements,typically 3{5 per span of the spline, at each time-step and not all of them �nd a feature.(The tracked object may, for example, be over an area of similar greylevel or colour to itself,and there may therefore be little contrast across the boundary of the object.) Therefore,the measurement vector can vary in length from time-step to time-step. This e�ect can alsobe included in a straightforward fashion, since it is part of the more general phenomenonof having a time-varying H.While the algorithm is easily extended to the case where H varies from time-step totime-step, for any given time-step, it must be the same from iteration to iteration of thealgorithm. The values used must be the ones used while the training sequence was beinggathered. There are at least two ways of achieving this. One would be to store the valuesof H used by the tracker used to gather the training data; the other would be to re-runthe untrained tracker for each iteration, thereby regenerating the same series of H matrices(since the measurements, and everything else controlling the tracking, is the same). Thetrade-o� is between the storage required for the Ht and the calculations required to re-compute them. Arbitrarily, the latter method was chosen for these experiments. Notealso that the capability of the algorithm to cope with a time-varying measurement processallows it to accommodate the case where video �elds are dropped | this can happen, forinstance, on a multi-tasking machine when another process competes for CPU time withthe tracker. A dropped �eld can be considered a measurement with in�nite measurementnoise or, equivalently, with zero information (see section 4.6). Once again, this only a�ectsthe �ltering; the smoothing and other steps of the algorithm are unchanged.



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 855.1.2 Example Application: Hand TrackingAs an example of tracking an object in clutter, consider the problem of tracking a handmoving across news-sheet. This background was chosen as being representative of thetype of clutter which would be expected in the general problem of hand-tracking across acluttered background, for example an untidy desktop. A tracker was therefore set up witha contour matching the outline of the hand.Estimating the Measurement Noise The �rst issue to deal with is that of determiningthe variance � of the measurement process. As will be described in section 5.3.1, it ispossible to learn this variance from a measurement sequence, at the same time as learningthe dynamical model, but, in practice, convergence of the EM algorithm in this case israther slow (see section 5.3.1). Therefore, an alternative and more appropriate approachto the estimation of � was used.The measurement process in the tracker (see �gure 2.1 on 21) consists of casting normalsat certain points around the predicted position of the contour and searching for featuresalong these normals. Often, especially in clutter, many features will be found. One mustthen be chosen; the distance �i along the normal between it and the contour is used as onecomponent of the innovation. In the experiments which are described here, the strongestedge feature was used.The complete innovation vector is then built up from the �i from all measurement points.The noise of each measurement is assumed to be Gaussian, with all errors independent. Thevariance of the measurement vector is therefore �2I, and it is �2 which is estimated, asfollows.Consider the situation where the contour is positioned exactly over the outline of thehand. In this case, if there were no noise, every �i would be zero. In the presence of noise,the sample variance of the �i can then be used as an estimate of the measurement processvariance �2.An image taken of the hand in a typical position for the tracking problem is given in�gure 5.1. The contour has been positioned manually over the hand. Also shown in this�gure are the image normals, and the strongest feature on each normal. The above processof calculating the sample variance of �i was performed on this image, with the result thatthe measurement process variance was estimated as 62 pixels2. This value was used for theexperiments which follow. Note that this value of the measurement noise gives a standarddeviation of around 8 pixels, which is considerably greater than the typical value resulting



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 86from image noise alone. It is the clutter in the image which produces the large measurementnoise.

Figure 5.1: A direct method is used to estimate measurement noise for a handon a cluttered background. The position of the contour corresponding to the locationof the hand is shown (thick white line), as are the image normals along which features aresought (thin white lines). The black crosses show the locations of the chosen feature alongeach search line. Note that many of the crosses are on clutter features rather than on theimage edge at the outline of the hand. The sample variance of the normal distances betweenthe contour and the chosen features is used as an estimate of the measurement noise | inthis case, 62 pixels2.It must be acknowledged that the Gaussian model used for the measurement processis a signi�cant simpli�cation of the underlying random processes, and this becomes moreapparent here, when estimating its variance. Many factors | the length of the searchnormal; the strength of the true edge; the position, number and strength of clutter features| in
uence the innovation measured along a particular contour normal, and these, withinthe present framework, are all con
ated into the Gaussian model. The variance usedmust necessarily, then, re
ect innovations arising from normals where a clutter feature waschosen. Addressing the limitations of the present model, MacCormick and Blake (1998)present a much more thorough analysis of the stochastic processes by which image features



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 87arise.In particular, the length of the search line will be highly signi�cant in the estimateof the measurement variance, and its choice is currently slightly ad hoc. The matter isfurther complicated by the fact that during tracking, the length of each search line variesin proportion to the variance in that direction at that point of the contour, as calculatedfrom the state variance P . (This is done to provide a basic form of `validation gate' forthe tracker (Blake et al., 1995).) However, if the length used in the measurement varianceestimate is typical of the length used in tracking, as was the case here, the resulting valuefor � will be a reasonable estimate of the noise, within the Gaussian approximation used.Simple Motion | Gathering a Training Sequence As a basic test, the tracker wasgiven a model space allowing translation in the x and y directions, and a set of `untrained'dynamics representing damped simple harmonic motion. A short (128-�eld) training se-quence of the hand executing motion in the x-coordinate direction was used as data forthe purposes of comparing the two learning methods | the untrained dynamics did notallow a sequence of much greater length to be obtained. The x-coordinate of the handduring the sequence, as estimated by the tracker with untrained dynamics, is shown in�gure 5.2. For the purposes of performing EM learning on this sequence, the measurements(i.e., the chosen features) were recorded at each time step, as well as the �ltered estimates.In this case, no �elds were dropped, although, as noted, it would have been possible to usea sequence with missing �elds.
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time (seconds)Figure 5.2: A simple sequence consisting of horizontal translation is used asan initial test of the learning algorithm. This sequence was used in both learningalgorithms.Learning the Dynamical Model To compare the two learning methods, each was usedwith the sequence shown in �gure 5.2. The �ltered learning algorithm used the estimates,



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 88whereas the EM learning algorithm used the measurements. The EM algorithm was ini-tialised with the model learnt by �ltered learning, and run for 96 iterations, enough forreasonable convergence. (See below for a summary of the convergence behaviour.)Recall that the model used is(xt � �x) = A(xt�1 � �x) +Bwt;where the mean �x, the deterministic part A and the stochastic part B are all to be learnt.Note that, as usual, A is given in terms of the second-order coe�cients A1 and A2 byA = � A1 A21 0 � :The results of learning the mean �x by the two methods are as follows:�xF = (308; 193); �xEM = (309; 182);where �xF is the mean as learnt by �ltered learning, and �xEM is the mean as learnt by EMlearning, and these coordinates are in pixels.The deterministic part A of the dynamical model produced by each learning algorithmis shown in table 5.1. The eigenvalues of the corresponding continuous system ( _x = Fx)are used to give the damping constant and frequency of the mode. (These eigenvalues areof the form �� + i! for damping constant � and frequency !.) Note that the frequenciesshown in the table are in Hz, whereas ! is in rad/s.Damping constant Frequency(s�1) (Hz)0:23 05:26 018:81 2:35 Damping constant Frequency(s�1) (Hz)�0:27 0:3510:24 1:80(a) Modes learnt using (b) Modes learnt using�ltered learning EM learningTable 5.1: EM learning produces a model with a more plausible deterministicpart. The modes of the system learnt by each method are shown, in terms of the dampingconstant and frequency of the corresponding mode of the continuous system. A frequency ofzero indicates a non-oscillatory mode; see text for comments on the unstable mode learntby EM, indicated by the negative damping constant. (Note that since this is a second-order,two-dimensional system, there are four modes per model. Each oscillatory mode providestwo (conjugate) eigenvalues.) The �rst mode of each model lies within 8� of the x axis, asexpected.



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 89The stochastic parts of the two models are as follows, in terms of the eigenvalues of thenoise variance matrix BB>. For the model learnt using �ltered learning,�21 = 3:15; �22 = 0:62(in pixels2), whereas for the model learnt using EM learning:�21 = 0:36; �22 = 0:06(again, in pixels2).The estimates for the mean produced by the two algorithms are very similar, andmatch what one might intuitively expect to be reasonable values by looking at the trainingsequence in �gure 5.2.Both algorithms produce a dynamical model whose deterministic part is dominatedby a mode almost along the x axis with a time constant of a few seconds, in line withexpectations. Curiously, the model learnt by the EM algorithm is technically unstable.However, in the presence of good enough measurements, the resulting tracker will be stable.The training sequence does indicate some growth (see �gure 5.2), especially when viewedas an oscillation around the learnt mean, so an unstable system is perhaps a more plausiblemodel of the behaviour than the stable one learnt using �ltered learning.Both models have a time-scale (reciprocal of the damping constant) of roughly fourseconds, which, again, �ts expectations from the training sequence. The frequency ofthe dominant mode as learnt using EM corresponds to a period of around 2:9 s, a valueconsistent with the time-series of �gure 5.2.The di�erence between the stochastic parts of the models is much greater | the �rstprincipal variance is smaller by a factor of about 10 for the EM-learnt model. This canbe explained qualitatively as follows. While gathering the training sequence, the processnoise was such that the measurement noise was incorporated into the tracked estimates(cf section 4.4.4). Therefore, �ltered learning includes this noise in the model. EM learning,however, avoids this problem, by learning from the measurements directly. It is not easyto say whether the smaller, EM-learnt noise is more correct; the tracking performance ontest sequences described below suggest that it is, however.Tracking Results The two sets of dynamics (one from the existing learning algorithmand one from the EM learning algorithm described here) were used to con�gure two trackers.All other parameters controlling the trackers' behaviour were identical in each tracker.



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 90A sequence of 4 s in length was recorded to test the two trackers. In this sequence, thehand performed motion of broadly the same type, i.e., motion in the x-coordinate direction,as was presented to the training algorithms.Both trackers were run on this sequence | the results are shown in �gure 5.3 for thetracker using dynamics learnt with the existing algorithm and in �gure 5.4 for the trackerusing EM-learnt dynamics. For comparison purposes, an untrained tracker was also run onthe sequence; its performance is indicated in �gure 5.5.Firstly, the untrained tracker is distracted early on in the sequence by the backgroundclutter, and loses lock. It does not recover, and the estimated hand contour moves aroundrandomly for the rest of the sequence (not shown).The tracker trained using �ltered learning fares better, as is to be expected. For approx-imately the �rst three-quarters of the sequence, tracking is good, if a little noisy. This noisein the tracked estimate is a direct result of the higher process noise used | the noise ofthe measurements is included in the tracked estimate. However, at approximately still (c)of �gure 5.3, the contour latches onto a clutter feature; it does not return to the outline ofthe hand for the rest of the sequence. Note, however, that although the estimate in still (d)is not correct, it is at least consistent with the broad character of the training sequence inthat the y coordinate is within the fairly tight bounds expected | contrast this with thebehaviour of the untrained tracker in �gure 5.5, whose estimate is in error vertically.Finally, the tracker whose dynamical model was learnt using the EM algorithm presentedhere tracks successfully throughout the sequence, with good estimates and low noise.Convergence of the EM Algorithm The convergence behaviour of the EM learn-ing algorithm in this application is now brie
y examined. Figures 5.6 and 5.7 show theconvergence of the various parts of the dynamical model.As might be expected from the experiments on synthetic data described in section 4.4.4,the convergence of the model mean is almost instantaneous, and so is not shown. Thefrequency of the principal mode (shown in �gure 5.6) also converges rapidly. The dampingconstant (same �gure) converges rather more slowly, and it might even be the case that afew more iterations would result in a slightly di�erent value, but the e�ect on the resultingmodel would be small. The variances of the stochastic part also converge within a reasonablenumber of iterations.
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Estimate of the hand's x coordinate against time |tracker trained using �ltered learning.Note loss of lock around 3:0 s.
(a) 1.16 s (b) 2.00 s
(c) 2.92 s (d) 3.60 sFigure 5.3: Filtered learning produces a tracker which is distracted by clutter.Graph of the tracker's estimate of the hand's x coordinate (in pixels) against time for a4 s sequence. Stills at selected points during the tracking are shown underneath, with thetracker's estimate of the contour superimposed. (The points at which the stills were recordedare shown as beads on the graph.) Using a dynamical model obtained from �ltered learning,tracking is successful during the initial motion (stills (a) and (b)). However, at still (c), thetracker is distracted by some background clutter, and begins to lose lock. By still (d), lock islost completely | the tracker follows clutter and image noise for the rest of the sequence.
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Estimate of the hand's x coordinate against time |tracker trained using EM learning.Note retention of lock throughout.
(a) 1.16 s (b) 2.00 s
(c) 2.92 s (d) 3.60 sFigure 5.4: EM learning produces successful tracking throughout the sequence.The sequence in �gure 5.3 is successfully tracked | the only di�erence between the con-�gurations of the two trackers is that here the dynamical model used was one learnt (fromthe same training sequence as the one used to train the tracker in �gure 5.3) using the EMalgorithm described.
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Figure 5.5: An untrained tracker is rapidly distracted by clutter. A still from 0.32 sinto the sequence, by which time an untrained tracker has already become distracted by thebackground clutter.
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Figure 5.6: The estimate of the deterministic part of the dynamical model con-verges to a value consistent with inspection of the training sequence. Shown aregraphs of the estimates of the damping constant and frequency for the �rst (most persistent)mode of the model against number of iterations of the EM algorithm.More Complex Motion | Gathering a Training Sequence To investigate the be-haviour of the EM-based training algorithm when the desired motion is more complex thanthat described above, another training sequence (again in the hand-tracking application)was gathered. To gather a longer training sequence, some initial `bootstrap' training wasrequired, since, as noted in the description of the previous experiment, the untrained dy-namics were incapable of following the hand's motion for more than two or three seconds.(`Bootstrapping' consists of iteratively learning a dynamical model, using an estimatedmodel to �lter the measurements, and then learning the next estimate of the dynamicsfrom the �ltered state estimates.)For this sequence, the hand was moved in a rough ellipse �lling most of the �eld ofview of the camera, in an anti-clockwise direction. The motion was tracked using dynamicslearnt from a shorter sequence, as described above. Plots of the tracker's estimates of the x-and y-coordinate against time are shown in �gure 5.8. As for the experiments with simplermotion, the measurements made by the tracker were recorded in this training sequence, so
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Figure 5.7: The estimate of the stochastic part of the dynamical model convergesto a lower value than that learnt using �ltered learning. Shown are graphs of theeigenvalues of the noise variance matrix against number of iterations of the EM algorithm.that the sequence could be used by both learning algorithms.Learning the Dynamical Model Both learning algorithms were run using the datagathered | the models learnt using each method are now summarised.The mean position of the hand as learnt by each method is as follows. For �lteredlearning, �xF = (307; 282);and for EM learning, �xEM = (305; 286):These �gures (all in pixels) are in line with what would be expected from a brief examinationof the trajectory in �gure 5.8(a), and, as before, there is little di�erence between the modelslearnt by the two methods.The deterministic parts of the models are shown in table 5.2, in terms of the modes ofthe equivalent continuous model (as described for the experiments with simple motion).The stochastic parts of the two models, in terms of the eigenvalues �21 and �22 of thenoise variance BB>, are as follows (all in pixels2). For the system learnt with �lteredlearning, �21 = 1:30; �22 = 0:20;whereas for the model learnt using EM learning,�21 = 0:33; �22 = 0:22:
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(a) Trajectory of training sequence.
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time (seconds)(b) Time sequence of (c) Time sequence ofestimated x-coordinate. estimated y-coordinate.Figure 5.8: A more complex sequence, of roughly elliptical motion, is used asa second test of the algorithm. A training sequence gathered using dynamics learnt(using �ltered learning) from a 2-second sequence, as described in the text. This sequencewas used in both learning algorithms.
Damping constant Frequency(s�1) (Hz)0:01 0:1216:17 030:58 0 Damping constant Frequency(s�1) (Hz)0:02 0:1113:58 032:31 0(a) Modes learnt using (b) Modes learnt using�ltered learning EM learningTable 5.2: Filtered and EM learning produce models with very similar determ-inistic parts. The modes of each system are shown, in terms of the damping constant andfrequency of the corresponding mode of the continuous system. A frequency of zero indic-ates a non-oscillatory mode. For both learning methods, there is one dominant mode, witha frequency matching what would be estimated from the training data of �gure 5.8 (i.e., aperiod of around 9 s). The other modes have very short decay times and are non-oscillatory.



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 96Although the e�ect is less marked for this sequence, �ltered learning has again produceda model with higher process noise. The deterministic parts are very similar; the estimatedfrequency corresponds to a period of around 9 s for both models, matching the time-series in�gure 5.8 well. With greater process noise, the tracker will rely more on the measurements,with two (related) results: �rstly, the estimates produced will be noisier, and secondly,the tracker may be more easily distracted by clutter to the extent of losing lock. Theperformance of the two trackers on test sequences is next examined.Tracking Results To test the �rst prediction, that the tracked estimate will be noisierfor the system produced by �ltered learning, each tracker was run on a sequence in whichthe hand was held entirely still. The tracker was initialised by hand, and then run for �veseconds. Ideally, the resulting estimate of the hand's position would therefore be constantover the sequence, but image noise will cause some jitter | this is unavoidable. The actualtracked estimates against time are shown in �gure 5.9. Note that the �rst ten �elds arenot shown | during this time the tracker adjusted slightly from the hand-chosen startinglocation | and that the coordinates have been shifted so that they are zero-mean.The variances of these sequences are as follows. For the dynamics learnt with �lteredlearning, px = 0:44; py = 1:35;and for the EM-learnt dynamics,px = 0:11; py = 0:45(all in pixels2). In both cases, the standard deviation of the noise in the y-coordinatedirection is larger by a factor of approximately 2. This is almost certainly caused byinterlace | the camera produces images with double the resolution in the x-coordinatedirection. The variances for the EM-trained tracker are 3{4 times lower than those for the�ltered-trained tracker, although all are small (with standard deviations of order a pixel).The di�erence may be signi�cant in, for example, a `mousing' application, where precisecontrol of a pointer is required.The trackers were also tested on longer test sequences in which the hand executes motionof broadly the same type (namely, elliptical motion in an anti-clockwise direction) as in thetraining sequence. Two test sequences were recorded, and both trackers used on them.The �rst 10 s sequence was recorded of the hand performing two complete anti-clockwise
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time (seconds)(b) Estimated location with EM-learnt dynamicsFigure 5.9: A tracker trained using EM learning produces a much less noisyestimate of the position of a stationary hand. Estimated x- and y-coordinates ofthe tracked estimate of the location of a stationary hand against time. (a) Tracker trainedusing �ltered learning. (b) Tracker trained using EM learning. The EM-learnt dynamicshave lower process noise and therefore, as expected, perform more smoothing of the noisymeasurements.



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 98rough ellipses | this test sequence therefore contained motion of a more agile nature thanthat in the training sequence, which consisted of just over one cycle. A tracker using eachdynamical model was then run on this sequence. As before, the only di�erence betweenthe parameters controlling the behaviour of the trackers was the dynamical model. Eachtracker was initialised by hand, then run on the sequence.The performance of the tracker trained using �ltered learning is indicated in �gure 5.10.For all of the �rst ellipse and half of the second, it tracks satisfactorily, but then the presenceof a clutter feature causes it to lose lock | it then remains positioned over this featurefor the rest of the sequence. The corresponding results for the tracker trained using EMlearning are presented in �gure 5.11. Although there is some noise in the estimates, as isto be expected for a sequence with noisy measurements, lock is maintained throughout |tracking is successful.A second 10 s test sequence was recorded, this time of the hand describing most of anellipse, more slowly than in the training sequence. (Neither of the test sequences, therefore,contained motion exactly the same as the training sequence, providing an indication ofthe capability of the model to generalise the training motion.) The results are similar tothose for the previous test sequence, and are shown in �gures 5.12 and 5.13. As before,the tracker trained using �ltered learning is distracted by a clutter feature, whereas thattrained with EM learning tracks the whole sequence successfully.Convergence of the EM Algorithm The convergence behaviour in this case is shownin �gures 5.14 and 5.15. Note that the convergence of the estimated process mean wasalmost instantaneous (within three iterations), and so it is not shown.As in the case of simpler motion, the convergence of the damping constant is the leastrapid, but the results are adequate within the 64 iterations which were performed. It isunlikely that iterating further would produce signi�cantly di�erent dynamics.5.1.3 Example Application: Lip TrackingAs an example of the application of the learning technique to another tracking domain, con-sider the problem of tracking the outline of a user's lips for speech-reading purposes (Kaucic,1997). The information gained from such a tracker can produce signi�cant improvementsin the accuracy of speech recognition when compared to audio-only systems, especially inthe presence of audio noise.
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(d) 8.20 s (e) 9.60 sFigure 5.10: First test sequence: A tracker trained using �ltered learning is dis-tracted by a clutter feature. In (a), the trajectory of the tracked estimate is shown,together with the time-series of the estimated x- and y-coordinates. In (d) and (e), rep-resentative stills from towards the end of the sequence are shown. Initially, tracking issatisfactory, but shortly after (d), the contour locks onto a clutter feature (losing the hand),where it remains for the rest of the sequence, as seen in (e).
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(d) 8.20 s (e) 9.60 sFigure 5.11: First test sequence: A tracker trained using EM learning success-fully tracks the entire sequence. The same sequence as used to produce �gure 5.10is tracked using dynamics learnt with EM learning | the trajectory is shown in (a), withthe estimated coordinates plotted in (b) and (c). Although there is some unavoidable noisefrom the measurements incorporated into the estimates, tracking is successful throughoutthe sequence. Stills from the sequence (taken at the same time as the corresponding stillsin �gure 5.10) are shown in (d) and (e), where it can be seen that the tracked estimate isgood.
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(d) 3.12 s (e) 6.00 sFigure 5.12: Second test sequence: The tracker trained using �ltered learninglocks onto a clutter feature early in the sequence. In (a), the estimated trajectoryof the hand is shown, with coordinate estimates in (b) and (c). Shortly after the still shownin (c), the tracker is attracted to a clutter feature, where it remains. Still (e) shows theestimate at a later stage.
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(d) 3.12 s (e) 6.00 sFigure 5.13: Second test sequence: Successful tracking using dynamics learntusing EM. The whole sequence is tracked correctly | example stills (at times as in �g-ure 5.12) are shown.
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Figure 5.14: Convergence: deterministic part of the dynamical model for handmotion. Shown are graphs of the estimates of the damping constant and frequency for the�rst (most persistent) mode of the model against number of iterations of the EM algorithm.
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Figure 5.15: Convergence: stochastic part of the dynamical model for hand mo-tion. Shown are graphs of the eigenvalues of the noise variance matrix against number ofiterations of the EM algorithm.Problem Set-Up(The data and some of the basic tracking set-up used in this section are used by kindcourtesy of Major Dr Robert Kaucic.) The usual grey-level tracking system does not workparticularly well in this problem, especially for detection of the location of the lower lip.Kaucic (1998) develops a system tailored to the lip-tracking problem.A Fisher discriminant is used in RGB-space to locate the outer lip contour, choosingthe strongest edge feature as in the hand-tracking example. To locate the inner-lip contour(between the lips and the interior of the mouth), a Gaussian distribution is learnt for lip-coloured pixels, and a mixture of Gaussians learnt for pixels corresponding to the interiorof the mouth. (A mixture is appropriate here since teeth, tongue, and very dark mouth-interior pixels may arise.) An edge feature is then located by thresholding the posteriorprobability that each pixel along the search line arises from the `lip' or `mouth' distributions.It should be emphasised that these enhancements to the basic tracking system do notcause any conceptual changes in the �ltering or learning algorithms | all that is changed isthe method whereby the measurement feature is located. Within this specialised tracking



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 104framework, a 9-dimensional PCA-based model space was used, covering the deformationsundergone by the lips' contours during typical speech.Learning the ModelThe training sequence used was 25 s long, and consisted of the speaker counting from 17to 25 with short pauses between the numbers. To provide slightly better measurementsfor the learning process, the speaker wore coloured lipstick, and the tracker's Fisher axesmodi�ed appropriately. To gather the training data, dynamics modelling a simple dampedharmonic oscillator were employed. The resulting tracking was adequate for gatheringtraining measurements.The EM algorithm was then employed on these data, with 96 iterations being performed.This was enough to produce convergence within acceptable limits.Tracking ResultsA sequence consisting of an unadorned (without any lipstick) subject speaking the numbers14 to 17 was used to test the learnt model.In �gure 5.16(a), the degree of mouth opening is shown for the sequence tracked usingthe model learnt with �ltered learning. The corresponding results for the model learntusing EM learning are given in �gure 5.16(b). Note that there was no single model-spacecomponent corresponding to mouth opening, but a straightforward projection onto a suit-able one-dimensional subspace of the full control-point space allows this parameter to bemeasured. The value of this parameter can be negative, indicating that the mouth is moreclosed than in its template con�guration.It will be appreciated that the two graphs are qualitatively very similar, implying thatthe tracked estimates arising from the use of the two models are close. To better examinethe di�erences in behaviour, the `distance' between the contours at each time-step wasproduced, in accordance with the metric de�ned in section 2.1.6. This graph is shown in�gure 5.17.The distance between the two splines is mostly around 5{10 pixels. However, there are afew points during the sequence when the distance becomes greater, and these are examinedin more detail now. Observation of �gure 5.17 reveals that the four biggest peaks in thisdistance function occur at around �elds 80, 240, 440, and 570. Inspection of the raw dataproduces more accurate values for these �eld numbers: 80, 239, 439, and 566. The estimatesproduced using each model at these �elds are shown in �gure 5.18.
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(b) Model produced by EM learningFigure 5.16: Filtered learning and EM learning produce models giving similarestimates of mouth-opening parameter. The two time-series are similar, but thereare areas where greater di�erences are apparent. See text and �gures 5.17 and 5.18.
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y in the con�guration of the inner contour, and more particu-larly in its horizontal position. There is little information to be gleaned from the image inthis direction | the contour normals deviate little from the vertical. However, there aresome di�erences in the outer contour's con�guration, and the EM-trained estimates are inbetter agreement with the image.Both trackers have produced extremely inaccurate estimates at �eld 566. The mouthis almost completely closed, and yet both estimated contours are quite open. This �eldoccurs during the `v' of `seventeen', a point of very high acceleration, as the lower lip risessharply from the �rst `e'.DiscussionThe di�erence between the old and new learning methods in this case is much less thanhas been noted in the hand-tracking examples | neither tracker loses lock, and, for themost part, both trackers produce good estimates of the lips' con�guration. Even at thepoints of the sequence when the di�erence between the estimates is large, the outlines arevery similarly sited, and although one can claim that the estimates produced by the trackerusing the EM-learnt model are slightly better, particularly in terms of the shape of theinner-lip contour, the improvement is small.The worst performance, from both trackers, was seen at the `v' of `seventeen' (around
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Field 80
Field 239
Field 439
Field 566Figure 5.18: Tracking snapshots at time-steps of greatest di�erence between theestimates produced by the two models. The inner-lip contour is more accurate whenthe EM-learnt model is used; see text for discussion.



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 108�eld 566). The motion undergone by the lips when speaking this word is signi�cantlydi�erent to that seen in the rest of the sequence. The tracker is thus attempting to estimateatypical motion; although the word `seventeen' was part of the training sequence, the rapid`{eve{' motion occupies a very small fraction of the overall sequence.This is perhaps an unavoidable restriction of trying to use a single dynamical modelfor the whole range of lip motion produced by speech. A possibly better approach wouldbe to use a �ltering framework allowing more than one dynamical model, with switchingbetween them. More speci�c models for the various `visemes' could then be employed, andthe switching times could also be informative from a speech-recognition point of view. Sucha �ltering framework is investigated in chapters 6 and 7.5.2 Dynamics with Stationary NoiseConsider a dynamical process with stationary noise, i.e.,xt = Axt�1 +Bwt;yt = xt +B1ut; (5.1)where only the yt are observed. Suppose also that the ML estimate of A and B were tobe found, treating the observed yt as if they were the actual xt. This section examines thee�ect which this (obviously erroneous) assumption has on the learnt system, and how thetechniques already developed for learning systems from measurements can be applied tothis problem.5.2.1 Second-order SystemsNote that eqn (5.1) can be viewed as a standard measurement process with H = 1 andwhere the variance of the noise is B1B>1 . Therefore, the results of section 4.4 apply, and itis easy to apply EM to �nd the correct maximum-likelihood estimate of the dynamics A,B, and B1. This estimate is to be compared, not with the `�ltered' estimate of previoussections, but with the estimate produced by treating the yn as if they were the xn.Experiments with Synthetic Data For a synthetic second-order scalar system, themodel becomes xt = a1xt�1 + a2xt�2 + bwt;yt = xt + b1ut:



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 109For the following experiments, the driving noise of the underlying AR process will be �xedat b = 0:01, and a system (a1; a2) constructed which corresponds to a continuous system(when sampled at 50Hz) with a damping constant � of 0.05 and an angular frequency ! of� (giving a frequency of 0.5 Hz). The parameter to be altered is the standard deviation ofthe stationary noise, b1.The results of running each algorithm a small number of times for various levels ofstationary noise b1 are given in table 5.3. Note that the na��ve estimation procedure, thatof treating the yn as the xn, only produces an estimate for b, since the presence of thestationary noise is not acknowledged.True Estimate of systemb1 � (true � = 0:05) ! (true ! = 3:14) b (true b = 0:01)0.001 0:0542 � 0:01 3:1448 � 0:02 0:0103 � 0:000.003 0:0808 � 0:02 3:1444 � 0:01 0:0124 � 0:000.010 0:3761 � 0:08 3:1318 � 0:01 0:0263 � 0:000.030 2:5641 � 0:37 1:5868 � 0:87 0:0721 � 0:00(a) Na��ve estimate of systemTrue Estimate of systemb1 � (true � = 0:05) ! (true ! = 3:14) b (true b = 0:01) b10.001 0:0500 � 0:01 3:1447 � 0:02 0:0099 � 0:00 0:0012 � 0:000.003 0:0519 � 0:01 3:1438 � 0:01 0:0100 � 0:00 0:0030 � 0:000.010 0:0517 � 0:01 3:1414 � 0:01 0:0100 � 0:00 0:0100 � 0:000.030 0:0497 � 0:01 3:1474 � 0:01 0:0100 � 0:00 0:0300 � 0:00(b) EM estimate of systemTable 5.3: EM accurately estimates a dynamical system with stationary noise;a more na��ve method over-estimates the damping constant and driving noise.(a) The na��ve estimate of the system parameters for various levels of additive noise, and(b) the EM estimate of the system parameters for the same sequences. In both cases, severalruns were performed, and the (sample) mean and s.d. are given as `���'. The true valuesof the parameters used to simulate the data were � = 0:05, ! = 3:14, and b = 0:01. Eachrun used a sequence of length 16384, and 16 runs of each experiments were performed. TheEM algorithm was run for 256 iterations, which was enough to produce convergence.It can be seen, considering the EM estimates �rst, that the estimates are consistentlygood, although there is much higher variance in the estimate of the damping constant thanin the estimates of the other parameters. When the additive noise is low, ignoring it does nota�ect the na��ve estimate too badly | the results are as good as the EM estimates. However,as the level of additive noise increases, the estimate of the damping constant in particular



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 110becomes wildly inaccurate | too high by a factor of nearly 50 in the worst case shownhere. This over-estimation of the damping constant was also observed in section 4.5.1.5.2.2 Example with Real Data | Heartbeat DataAs an example of the application of the learning technique to real data, consider the time-series presented in �gure 5.19. (These data were provided by Gary Jacob.) An ultrasoundvideo sequence of a beating heart was tracked, and the second principal component isshown. (The �rst component contained mostly reparametrisation of the spline curve usedfor tracking.)
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Figure 5.19: Time-series of tracked heart data, for which a dynamical model withstationary noise will be learnt. A beating heart is tracked, and the second componentof the PCA basis used is plotted here against time-step. (The �rst PCA component showsless periodic behaviour; it seems that it represents mostly reparametrisation of the contour.)It can be seen that the data are highly periodic, although not perfectly so.The Learnt Systems The na��ve method of learning a dynamical system from these datawas compared with the method based on EM presented here. The system learnt by thena��ve method was as follows:�x = 99:43; � = 4:646; ! = 8:332; b = 4:680;whereas that learnt using EM, allowing for additive stationary noise, was�x = 100:0; � = 1:676; ! = 8:924; b = 2:824; b1 = 3:846:



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 111As has been observed in other situations, the damping constant of the model learnt usingEM is much smaller. Examination of the training sequence suggests that the true motionis indeed not particularly damped. The EM-learnt model is therefore a more accuratedescription of the behaviour of the system.Simulating the Systems The stochastic models learnt can be simulated to help visualisethe motion which each represents. Example simulations are shown in �gure 5.20.
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(a) Na��ve learning (b) EM learningFigure 5.20: Simulations of learnt models show that the EM-learnt model moreclosely resembles the training data. The dynamical models learnt by the two methodsare simulated using Gaussian driving noise. In (a), the system learnt by the na��ve method;in (b), that learnt using the EM method. It can be seen that (b) resembles the originaltraining data (in �gure 5.19) more closely.It is also useful to look at a simulation of the learnt systems in the absence of drivingnoise | i.e., with b and b1 set to zero. The resulting sequences indicate the predictivebehaviour of a tracker using such a model. These graphs are shown in �gure 5.21.
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(a) Na��ve learning (b) EM learningFigure 5.21: EM-learnt model shows better predictive behaviour. Without anydriving noise, the predictive behaviour of the learn models can be seen. The e�ect of thelarger damping constant of the na��vely learnt model in (a) can clearly be seen.The simulation using the EM-learnt model is perhaps slightly more convincing thanthat using the �ltered-learnt model, but the di�erence is small. The predictive behaviour



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 112displays a much more noticeable improvement when using the EM-learnt model. This wouldbecome important when �elds are dropped during tracking; the accuracy of the predictionwould then allow recovery of the tracked object after the dropped �elds.5.3 DiscussionThe technique of Expectation-Maximisation has been successfully applied to the estimationproblem of system identi�cation, from a sequence of measurements, in a Kalman �lterframework. Speci�cally, the method has been used to learn a dynamical model for an active-contour tracker. A general method for learning measurement noise was also described,although a more suitable method of estimating this parameter was used for the experiments.Experiments show that a system learnt using this EM-based method is superior to one learntusing existing methods.This work suggests other applications of EM to problems related to learning modelsfor contour-tracking. For example, the space of allowable deformations of the contour ispresently speci�ed independently of the dynamical model. A promising area for investig-ation is the possibility of learning this component of a contour tracker directly from thesame sequence as that used to learn the dynamical model.5.3.1 Learning Measurement NoiseIn this section, the question is addressed of how the maximum-likelihood estimate of themeasurement noise can be obtained, using EM. The theory was developed independently bythe author, but is equivalent to (Shumway and Sto�er, 1982) as described in appendix A.2.Maximum Likelihood Estimate of ParametersSuppose a complete set of data is available | the true states (x1; x2; : : : ; xT ) and themeasurements (z1; z2; : : : ; zT ). The problem of forming the maximum-likelihood estimate ofthe dynamical model parameters A and B decouples from the problem of estimating �, themeasurement noise variance. These estimates are then as follows. The case of a �rst-ordermodel is considered for simplicity; the extension to other model orders is straightforward.A = R10R�111 ;BB> = 1T � 1 �R00 �AR10 �R01A> +AS11A>� ;� = 1T TXt=1(zt �Hxt)(zt �Hxt)>:



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 113To derive these expressions, note that the problem is to maximise p(X;Z jA;B;�), whereX = (x1; x2; : : : ; xT ) and Z = (z1; z2; : : : ; zT ). Nowp(X;Z jA;B;�) = p(Z jX;A;B;�) p(X jA;B;�)and p(Z jX;A;B;�) = p(Z jX;�)since, if X is given, then A and B provide no further information about Z (i.e., conditionedon X, Z is independent of A and B). Similarly,p(X jA;B;�) = p(X jA;B)as X is independent of �. Therefore,p(X;Z jA;B;�) = p(Z jX;�) p(X jA;B)and so L(X;Z jA;B;�) = L(Z jX;�) + L(X jA;B):The maximisation of L(X;Z jA;B;�) can therefore be achieved by separately maximisingthe two likelihoods L(Z jX;�) and L(X jA;B). The solution to the second of these max-imisations has already been described in previous sections; the derivation of the solution tothe �rst is as follows.p(Z jX;�) = p(z1; z2; : : : ; zT jx1; x2; : : : xT ;�)= pv1;v2;:::;vT ;�(z1 �Hx1; z2 �Hx2; : : : ; zT �HxT )= TYt=1 pvt;�(zt �Hxt)since the vt are independent. Thenpvt;�(u) = 1� j�j�1=2 exp ��12u>��1u�and therefore (up to an additive constant)L(Z jX;�) = �T2 log j�j � 12 TXt=1 u>i ��1ui; (5.2)



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 114where ut = zt �Hxt. Writing u>��1u as tr(uu>��1), this becomesL = T2 log j��1j � 12tr" TXt=1 uiu>t !��1# :Di�erentiating with respect to ��1 and setting the result equal to zero givesT�> � TXt=1 utu>t !> = 0and the claimed result for � follows.Finding the Expected Log-LikelihoodNext consider the expectation of this term of L given a previous estimate for the parameters.Only the second term of eqn (5.2) contains the random variables xt:E "tr " TXt=1 utu>t #��1!# = tr E " TXt=1 utu>t #��1!and E " TXt=1 utu>t # = TXt=1 ztz>t �H " TXt=1 E [xt]z>t #� " TXt=1 ztE [xt]>#H>+H " TXt=1 �E [xt]E [xt]> +Var[xt]�#H>: (5.3)E [xt] and Var[xt] have already been calculated (they are the solutions to the smoothingproblem), and so the updated estimate for � is given by� = 1T  TXt=1 ztz>t �H " TXt=1 E [xt]z>t #� " TXt=1 ztE [xt]>#H>+H " TXt=1 �E [xt]E [xt]> +Var[xt]�#H>!:Therefore, the results of section 4.4.2 can be used to estimate the measurement noise aswell as the dynamical model from a training measurement sequence.Experiments with Synthetic DataThe behaviour of this algorithm with synthetic data is now brie
y examined. A typicalscalar second-order discrete system, whose mode corresponds to a continuous one with� = 0:1 and ! = 6:28, was simulated with various levels of measurement noise. The resultsof performing the algorithm described on these data sets are summarised in table 5.4.



CHAPTER 5. EM-LEARNING FOR A KALMAN-FILTER-BASED TRACKER 115True EM estimate of system� � ! b �0:005 0:1203 6:290 0:00977 0:005180:010 0:0859 6:286 0:00997 0:009860:020 0:1445 6:267 0:01019 0:019570:050 0:1410 6:308 0:01014 0:05037Table 5.4: The EM algorithm can be extended to simultaneously learn measure-ment noise. The learning algorithm presented was exercised on synthetic systems with� = 0:1, ! = 6:28 and b = 0:01 and various values of measurement noise �. The estimatesare mostly good, although the damping constant � is, in most cases, over-estimated. Thesequence was of length 8192, and 256 iterations of the algorithm were performed | theconvergence is slower in this case than the others presented.The convergence behaviour for one of these examples is shown in �gure 5.22. Whencompared with �gure 4.5, the convergence is much more computation intensive, especiallyconsidering that the sequence used to produce �gure 5.22 was much longer than that usedto produce �gure 4.5. A qualitative explanation for this phenomenon is that the e�ects ofprocess noise and measurement noise on the measurement sequence are similar, so distin-guishing between them is a slow process.
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Chapter 6Dynamical Models forCondensation6.1 IntroductionThe Condensation (standing for `conditional density propagation') algorithm of Isard andBlake (1996; 1998a) is a �ltering (and smoothing) algorithm which addresses and overcomessome of the limitations of the Kalman �lter. The chief problem with the application ofa Kalman �lter to visual tracking is that the assumption that the conditional observationdensity p(z jx) is Gaussian is rarely valid. In clutter, there will be many competing features,causing multi-modality of p(z jx). The recursive Bayesian �ltering problem referred to inchapter 1 then ceases to be analytically tractable, and various approximate techniques havebeen developed.Bucy (1969) proposes numerical integration of Bayes' rule, which is very general butsu�ers from prohibitive computational cost once the dimensionality of the problem risesabove 1 or 2. Mixtures of Gaussians are used in pattern recognition, as described by Dudaand Hart (1973) or Bishop (1995). This idea is extended by Sorenson and Alspach (1971) topropagate densities through time, fusing similar Gaussians and discarding negligible onesin order to keep the total number of mixture components tractable. When the dynamicalmodel or the measurement model ceases to be linear, the Extended Kalman Filter (Jacobs,1993) can be employed. It operates by forming linear approximations, and ultimatelyapproximates the state distribution as a Gaussian. It has successfully been used for �lteringapplications in vision, e.g., (Harris, 1992).The problem of static image analysis has been addressed using various random samplingtechniques, including the work of Geman and Geman (1984) on pixel-based methods forimage restoration using Markov random �elds. The method of `factored sampling' has been117



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 118applied, again to static images, by Grenander et al. (1991); the images considered here areof hands. An encoding of hand shapes is used, as opposed to a pixel-based system. Bothof these approaches use iterative simulation, as does the work of, for example, Ripley andSutherland (1990) on images of galaxies.The idea of factored sampling has been extended to the representation and propagationof densities over time. This stochastic Bayesian �ltering framework was developed byGordon et al. (1993), who termed it a `bootstrap �lter' and Kitagawa (1996), who calledit a `Monte-Carlo �lter' and looked only at the one-dimensional case. The Condensationalgorithm discussed in this chapter is e�ectively the application of these ideas to the �eldof visual tracking.6.1.1 The Condensation Tracking AlgorithmThe Kalman �lter makes several assumptions about the dynamical system and observationprocess. The dynamical model must be linear, with Gaussian process noise, and the meas-urement model must also be linear with Gaussian noise. Within these constraints, the �lterproduces an analytical solution to the problem of �nding the posterior densities p(xt j Zt1)given a sequence Zt1 = (z1; : : : ; zt) of measurements in terms of its mean and variance |enough to completely specify the Gaussian density which results.In some tracking applications, these assumptions are reasonable, and the Kalman �ltercan be used to good e�ect, as seen in previous chapters. However, in the presence of clutter,the assumption that the posterior remains Gaussian fails. In particular, the true posteriormay easily have more than one peak, representing competing plausible con�gurations ofthe tracked object. The Condensation algorithm addresses these issues by adopting a moregeneral representation of the various distributions involved (including the desired posterior).Other bene�ts arise almost incidentally | the requirements that the dynamical model belinear and contain only Gaussian noise are both discarded; they are replaced with muchless severe restrictions.The essence is to represent a distribution, such as p(xt j Zt1), by means of a weightedsample set. This is a set f(x(n); �(n)); 1 � n � Ng of pairs which can be said to representa distribution p(x) in the following sense. The process of selecting one of the x(n) withprobability proportional to �(n) is `a good approximation' to drawing from p(x), in a sensewhich can be made precise. In the limit as N !1, the approximation becomes exact.The Condensation algorithm then propagates such a sample set forwards through time.It is a recursive algorithm, constructing a sample-set representation of p(xt j Zt1) in terms



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 119of that of p(xt�1 j Zt�11 ). The algorithm is described in �gure 6.1.Iterate for t = 1; 2; : : : ; T .Construct the sample-setf(x(n)t ; �(n)t ); n = 1; 2; : : : ; Ngfor time t.For each n:1. Choose (with replacement) a `base' sample m 2 f1; 2; : : : ; Ng withprobability �(m)t�1 .2. Predict by sampling from p(xt jx(m)t�1)to choose x(n)t .3. Compute observation weights �(n)t are computed from the observa-tion density, evaluated for the current observations zt:�(n)t = p(zt jxt = x(n)t );then normalise multiplicatively so that Pn �(n)t = 1.Figure 6.1: The Condensation algorithm for forward propagation. A sample-set rep-resentation of the conditional density p(xt j Zt1) is propagated through time t. This present-ation includes the simplifying assumption that the prediction density is �rst order (so thatp(xt j X t�11 ) = p(xt jxt�1)), which need not be the case in general. The generalisation tohigher model orders will be made explicit below.InitialisationThe algorithm presented in �gure 6.1 requires an initial sample-set to represent the priordistribution p(x0). There are (at least) two ways of specifying this distribution in practice,depending on how much information is available for the problem in question.Known Starting Con�guration If the con�guration x0 of the target object is knownat t = 0, this certainty can be easily represented in the sample set:x(n)0 = x0 for 1 � n � N ;�(n)0 = 1N for 1 � n � N:



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 120(The choice �(1)0 = 1 and �(n)0 = 0 for n > 1 gives the same result.)Steady-state Distribution If the only prior knowledge of the starting con�guration ofthe object comes from the dynamical model, this can be used as follows. Iterating thedynamical model will result in a steady-state distribution for the state, provided that themodel is stable. Drawing N samples from this distribution and giving each a weight of 1=Nwill represent such a prior.6.1.2 Higher-order AR ModelsThe algorithm shown in �gure 6.1 used a �rst-order auto-regressive process for the predic-tion model for presentational simplicity, but this is not an inherent restriction of Condens-ation. In this section, the (fairly simple) extension to higher-order AR models is presented.Suppose the dynamical model is of order K, so thatxt = KXk=1Akxt�k + d+Bwt;for (matrix) coe�cients Ak, o�set d, and zero-mean, unit Gaussian noise vectors wt shapedby the matrix B. To incorporate this into Condensation, each member (�(n)t ;x(n)t ) of thesample set is replaced with an element carrying enough history to perform prediction. Thesample site x(n)t becomes the ordered K-tuple (x(n)(t�K+1) j t; : : : ;x(n)t j t).The prediction step from a chosen base sample m then consists of drawing a samplex(n)t j t from the distribution with densityp(xt jx(m)(t�K) j (t�1); : : : ;x(m)(t�1) j (t�1));which in the case of the Gaussian AR process above, is accomplished by drawing a w froma suitably-dimensioned N(0; 1) and computingx(n)t j t = KXk=1Akx(m)(t�k)j(t�1) + d+Bw:The other addition to the algorithm is the computation of the history for the newly-chosen sample. This is a matter of copying the relevant portion of the history from thebase sample m: x(n)(t�k) j t = x(m)(t�k) j (t�1); for 1 � k � K � 1:



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 1216.1.3 Multi-mode DynamicsThe Kalman �lter requires that the predictive model for the object's motion and deforma-tion be governed by a linear process with Gaussian noise. For many types of motion, this isadequate, but in some cases it is too restrictive. For instance, the hand-tracking example of(Isard and Blake, 1998c) requires three modes to model (and classify) the distinct motion-types of the hand, and the results of section 5.1.3 suggested that a multi-mode model mightbetter represent the di�erent types of lip motion used during speech.With this extension, the state consists of both a continuous part, xt, and a label for thediscrete state, yt. These are combined into a single state vector Xt:Xt = � xtyt � :Each discrete state y is assumed to represent an auto-regressive model of order K; ifyt = y, then xt = KXk=1Aykxt�k + dy +Bywt: (6.1)(The orders for di�erent models can be di�erent with the only increased di�culty beinglargely notational.) The transitions between states are assumed to be a �rst-order Markovprocess with transition matrix M :P (yt = y0 j yt�1 = y) =My;y0 ;meaning that the joint prediction distribution can be written asp(xt; yt jxt�1; yt�1; : : : ;xt�K ; yt�K) = pyt(xt jxt�1; : : : ;xt�K)Myt�1yt :The distribution py(xt jxt�1; : : : ;xt�K) is derived from eqn (6.1), giving the following ex-plicit form for p(Xt j X t�10 ).p(XtjX t�10 ) = (2�jByt j)�D=2 exp24�12 �����(Byt)�1 xt � KXk=1Aytk xt�k � dyt!�����235Myt�1;yt:(6.2)6.2 EM Learning for CondensationAgain, the learning problem within the framework of Condensation is an example of aparameter-estimation problem with incomplete data, so a natural approach is to use theEM algorithm. The details of the application of EM to this problem are now developed.



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 1226.2.1 Maximisation StepThe `M' step of the EM algorithm requires the calculation of the ML estimate of the modelparameters based on complete data. In this case, this reduces to knowledge of a givensequence X�1; : : : ;X�T of known state vectors. (In general, `complete data' will includethe observed data z, but in this case, the measurements add nothing to the informationprovided by the true states.)This section develops the results which will be used to make these ML calculations,�rst for a single arbitrary-order AR process, and then for a multi-model process of the typeintroduced in section 6.1.3.Single-mode ModelsHere the state sequence has only a continuous part x�1; : : : ;x�T . In the case of a singledynamical model, �nding the maximum-likelihood estimate of the model parameters is afairly simple extension of the derivation in section 4.5 for second-order systems.The predictive system now in question isxt = KXk=1Akxt�k + d+Bwt:The full derivation is given in appendix A.3; the result is that the prediction matrixA = � A1 A2 � � � AK �has a maximum-likelihood estimate satisfyingAR0 = R00;where the matrices R0 and R00 are de�ned asR0 = 0BBB@ R011 R012 � � � R01;KR021 R022 � � � R02;K... ... . . . ...R0K;1 R0K;2 � � � R0K;K 1CCCA ; R00 = � R001 R002 � � � R00;K �and the modi�ed second-order moments R0ij areR0ij = Rij � 1T �KRiR>j ;where Rij = TXt=K+1x�t�i(x�t�j)>; Ri = TXt=K+1x�t�i:



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 123The o�set d is given by d = 1T �K (R0 �AR);where R = 0BBB@ R1R2...RK 1CCCA :Finally, the variance C of the noise process is given byC = 1T �K �R000 �A(R00)>� :Multi-mode ModelsIf the dynamical system in question has more than one discrete state, the full state vectorXt must be considered. Again, the details of the derivation are deferred, to appendix A.5.The result is that each mode y has a set of parameters estimated exactly as for a single-mode system, but with the moments restricted to those time-steps during which the systemwas in mode y.Speci�cally, parameters Ay, dy and Cy are learnt from block matrices (R0)y, (R00)y and(R0)y formed from moments matrices (R0ij)y and Ryi given by(R0ij)y = Xyt=y x�t�i(x�t�j)> � 1Ty �KRyi (Ryj )>;where Ryi = Xy�t=y x�t�i; (6.3)Ty = ]ft : y�t = yg;and the set-size operator ]fg is de�ned such that for a �nite set A, ]fAg is the number ofelements in A. In this case, then, Ty can also be written usingTy = Xt:y�t=y 1:The maximum-likelihood estimate for the transition matrix M is given byMyy0 = Tyy0Py0 Tyy0 ;where Tyy0 are the transition counts:Tyy0 = ]ft : y�t�1 = y; y�t = y0g:



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 1246.2.2 Expectation StepThe expected value of the log-likelihood L is sought; in full,E [L] = Ex[L(z; x j') j z; 'i ]:In appendix A.5 it is shown that L is linearly dependent on the moments (Rij)y and (Ri)y,and the transition counts Tyy0 . Therefore, in a similar fashion to the derivation given insection 4.4 for the case of the Kalman �lter, their expected values are sought, for exampleE [Tyy0 ] = EXT1 [Tyy0 j ZT1 ; 'i];where X is the complete sequence of states:X T1 = (X1; : : : ;XT ):Therefore, information about the distribution p(X T1 j ZT1 ) is sought.Smoothing using CondensationThis problem of �nding the distribution p(X T1 j ZT1 ) is the same one as was encountered insection 4.4 | smoothing. A solution to the smoothing problem within the Condensationframework was presented by Isard (1998d) for the case of a single-mode system, with theprimary aim of obtaining better state estimates. The extension to multi-mode systems andthe application to learning a dynamical model using EM given below is original joint workof the author with Andrew Blake. The implementation and experiments are the originalwork of the author.In a similar fashion to the procedure for Kalman smoothing, a second, backward, passis taken over the sequence. This replaces the sample weights �(n)t with `smoothing' weights (n)t , such that the weighted sample set, using the original sample sites with new weights,f(x(n)(t�K) j t; : : : ;x(n)t j t);  (n)t grepresents the required distribution of the states given all the data. Note that the historytuple has been extended backwards one further time-step | x(n)(t�K) j t is stored in addition.The reason for this will become apparent shortly.The extension to the multi-mode case, producing a sample set representationf(X(n)(t�K) j t; : : : ;X(n)t j t);  (n)t gof the distribution for the combined continuous/discrete state vector sequence Xt, is con-ceptually reasonably simple and is shown in �gure 6.2.
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Initialise at t = T :  (n)T = �(n)T ; for n = 1; : : : ; N:Compute smoothing-weights at time t, in terms of those at time t+ 1, as follows:1. Prediction probabilities�(m;n)t = p�Xt+1 = X(m)(t+1) j (t+1) j (X(t�k) j t = X(n)(t�k) j t; k = 1; 2; : : : ;K)�;calculated for a multi-modal ARP using eqn (6.2).2. Correction factors:
(m)t = NXn=1�(n)t �(m;n)t for m = 1; : : : ; N:3. Backward variables:�(n)t = NXm=1 (m)t+1�(m;n)t =
(m)t for n = 1; : : : ; N:4. Smoothing weights: (n)t = �(n)t �(n)t for n = 1; : : : ; N;then normalise multiplicatively so that Pn  (n)t = 1.Figure 6.2: The Condensation smoothing algorithm. From a sample-set representa-tion of the �ltered distributions, a recursive method (starting from the end of the sequence)is used to compute a new set of weights  (n)t which form a sample-set representation of thesmoothed distributions.



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 126Moments and Transition CountsAfter smoothing, the sample setf(X(n)(t�K) j t; : : : ;X(n)t j t);  (n)t gapproximates (with the approximation becoming exact in the limit that N ! 1) thedistribution p(Xt�K ; : : : ;Xt j ZT1 );which will allow the calculation of the required expected values of the moments. Recall thatfor any function f of the state Xt, the expectation of f(Xt) can be approximated using thesample-set by E [f(Xt)] �Xn  (n)t f(X(n)t ):This information is what is required to calculate (an approximation to) the expectedvalues of the moments. Take, for instance, E [Ryi ]. From eqn (6.3):E [Ryi ] = E 24Xy�t=y x�t�i35= E " TXt=K+1 �y�t ;yx�t�i#= TXt=K+1 E ��y�t ;yx�t�i� ;where �uv is the Kronecker delta function:�uv = (0; if u 6= v;1; if u = v.The individual terms in the sum are expected values of functions of the combined dis-crete/continuous state vector X, so can be approximated by means of the sample set:E ��y�t ;yx�t�i� � NXn=1 (n)t �y(n)t j t;yx(n)(t�i) j t= NXn=1 (n)t �y �y(n)t j t�x(n)(t�i) j t;de�ning the indicator function �u(y) = (0; if y 6= u;1; if y = u.



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 127Expected values of the second-order moments and the transition counts can be computedin the same fashion, leading to the following expressions.E [Ryij ] = TXt=K+1 NXn=1 (n)t �y �y(n)t j t�x(n)t�i j t �x(n)t�j j t�> ; (6.4)E [Ryi ] = TXt=K+1 NXn=1 (n)t �y �y(n)t j t�x(n)t�i j t; (6.5)E [Ty] = TXt=K+1 NXn=1 (n)t �y �y(n)t j t� ; (6.6)E [Tyy0 ] = TXt=2 NXn=1 (n)t �y;y0 �y(n)(t�1) j t; y(n)t j t� ; (6.7)where �uv(y; y0) = (0; if y 6= u or y0 6= v;1; if y = u and y0 = v:As noted in appendix A.5, the log-likelihood is linear in these quantities, so the aboveequations allow the completion of the Expectation step of the EM algorithm. Note thatit is here that the need to store X(t�K) j t becomes apparent | the expected value of themoment R0K requires it. For prediction and �ltering, histories are only required for theprevious K � 1 timesteps, i.e., as far back as X(t�K+1) j t.6.2.3 Summary of AlgorithmThe essence of the learning algorithm is then similar to that for learning within the frame-work of Kalman �ltering. It is summarised in �gure 6.3.6.3 Condensation-EM in PracticeThis section describes some experiments which were performed to gain some intuition aboutthe behaviour of the Condensation-EM algorithm. They are the original work of the author.Since an approximation is involved in the iterative step, some experimental indications ofthe e�ect this has on the algorithm are desired.6.3.1 Simple Motion | a Juggled BallThe example used will be of learning the parameters for a constant-acceleration modeldescribing the motion of a ball being juggled. Typical frames from the sequence in questionare shown in �gure 6.4.There are several di�erent phases of motion for the ball, which may be named as follows.
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(1) Choose suitable values for the starting dynamics; constant-velocityhas proved quite versatile if the noise is set high enough to allow track-ing. Also set up initial conditions for the �rst time-step;(2) Run the Condensation tracker on the training image sequence,producing a sample-set representation of the distributions p(Xt j Zt1);(3) Run the Condensation smoothing algorithm, producing modi�edsample weights to give a representation of the smoothed distributionsp(Xt j ZT1 );(4) Using the results of the smoothing, �nd the expected values of themoments and transition counts;(5) From these expected values, estimate the dynamical system;(6) Using the system derived in the previous step, go back to step (2).Figure 6.3: The EM algorithm for �nding the ML estimate of a dynamical modelwithin the framework of Condensation. This should be compared to the algorithmgiven in �gure 4.3 for the Kalman �ltering case. The basic steps are the same; the chiefdi�erence is in the `E' step | the calculation of expected values of the statistics on whichthe log-likelihood depends.
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Figure 6.4: Frames from the juggling sequence. The sequences from which theseframes are taken will be used in EM-based learning experiments within the Condensationframework. Some clutter can be seen in the background, although the balls are orange andso colour information can be used to improve measurements.� Ballistic | motion under gravity, when the ball is in the air.� Catch | the ball is undergoing rapid deceleration as it is caught.� Carry | the ball is being carried towards the centre of the body in preparation forbeing launched into the air.� Throw | the ball undergoes rapid upwards acceleration as it is thrown to the otherhand.The state of the object can be described by a two-dimensional space, that of translation.(The small deformations caused by catching and throwing the ball are ignored; also, it is areasonable approximation that the ball moves in a plane perpendicular to the line of sightof the camera, so the image of the ball does not signi�cantly change size.)The `ballistic' motion will be examined here. It has the advantage of being known | the`ground truth' model for a ball moving under gravity is constant downwards accelerationof amplitude very close to g (the balls were quite light, and so air resistance may have ane�ect).



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 130Other Tracking Details The image sequence used for tracking was recorded in col-our, so advantage was taken of the additional information available. A Fisher axis (Dudaand Hart, 1973) was learnt from example images, and the image colours along the searchlines projected onto this axis. After this projection, a one-dimensional feature search wasperformed on the resulting data, and the strongest edge feature used to calculate the obser-vation density. The noise of this process was estimated using the same method as describedin section 5.1.2. This measurement process was used for all of the following experimentson the juggling sequences.The tracker requires initial conditions; these were speci�ed manually for these exper-iments, although work has been done (MacCormick and Blake, 1998) on automaticallylocating objects in static images with a view to using the output as a starting point fortracking.Units for Dynamical Parameters For the sake of interpretation of results, it is im-portant to consider the units for the various parameters of the dynamical model. For aconstant-acceleration model, the interpretation of the o�set parameter d is straightforward;an object moving with continuous dynamics�x = aobeys the recurrence relationx(t) = 2x(t��)� x(t� 2�) + d;for a time-step of size �, i.e., xt = 2xt�1 � xt�2 + d;where the relation between a and d is found to bea = d�2 :The conversion between pixels and metres must be included in the �nal expression, whichis fairly simple in this case as the ball is moving approximately in a plane perpendicularto the line of sight of the camera. Measurements yield a value of 0:00227m=pixel, which,together with the time-step value of � = 0:02 s, gives the conversion to beams�2 = 5:68 dpixels :



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 131For the noise parameter C, some interpretation of the eigenvalues (expressed in pixels2)is required. For a system with a steady-state variance P1, this provides one natural inter-pretation (after converting from pixels to metres). However, a constant-acceleration systemhas no steady-state variance, so this approach cannot be used. For the precise problem un-der consideration, an alternative is to evaluate the system's prior variance (i.e., withoutmeasurements) after an appropriate number of time-steps, with a zero starting variance.Here `appropriate' will be a typical duration of the motion in question.The system's prior variance behaves as follows. Augment the state in the usual fashion:Xt = � xtxt�1 � ; A = � 2 �10 1 � ;then the augmented variance matrix Pt obeysPt = APt�1A> +� C 00 0 � ; P0 = � 0 00 0 � :This can simply be iterated to �nd the upper-left corner of P� (where � is the `appropriate'time mentioned), which is the variance of the (non-augmented) state x� .Also, results will usually be presented in terms of the square roots of the eigenvalues,to give a �nal value measured in metres (after multiplication by the pixels-to-metres factordescribed above).Behaviour of EM Algorithm | Learning a Single ModelConsider �rst the problem of learning a model for the ballistic section of the motion.Learning just one model allows some simpli�cation of equations (6.4){(6.7). For example,the second-order moments can be estimated by means ofE [Rij ] � NXn=1 TXt=K+1 (n)t x(n)(t�i) j t �x(n)(t�j)jt�> : (6.8)Here, the  are the smoothing weights whose calculation was described in section 6.2.2.Similar expressions for the expected values of the �rst-order moments Ri apply.One approach to this learning problem is to set the number of samples N to a value justhigh enough to give reasonable tracking, and run the algorithm, using the approximationsgiven in eqn (6.8) in the Expectation step. The results of following such a procedure areshown in �gure 6.5, where the `suitable timescale' for the process has been set to the lengthof the sequence: � = 27.It can be seen that such behaviour cannot really be called `convergence' | there is alarge amount of random 
uctuation, and it is di�cult to tell what the �nal learnt modelshould be, or even if the estimates have in fact converged.
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Estimate of noise parameterFigure 6.5: Using only enough samples to allow tracking produces erratic be-haviour of the EM iterative process. Results of applying the EM learning algorithmto a sequence tracked using N = 100 samples. Shown are the x and y components of theo�set parameter of the constant-acceleration dynamics, and the two eigenvalues of the noisevariance matrix.



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 133Moments are Random VariablesReturning to eqn (6.8), the reason for the randomness observed in the previous sectionbecomes apparent. A sample-set approximation to the various probability densities is used| this means that the values used for the expected values of the moments are in fact randomvariables, dependent in a complex fashion on the random variables used in the operation ofthe Condensation �lter. Therefore, given one estimate for the dynamical parameters, thevalue calculated as the next estimate is also a random variable. Without any knowledge ofthe behaviour of this random variable, it will be di�cult or impossible to produce sensibleresults from the Condensation-EM learning algorithm.First note, though, that the approximation of eqn (6.8) becomes exact in the limit asN !1. However, taking an extremely large value for N is not practical, as the smoothingprocess involved in the algorithm is O(N2).Behaviour of a Single StepTherefore, the behaviour of a single step of the Condensation-EM estimation procedurewas examined for practical values of N . In the case of estimation of a constant-accelerationmodel in 2 dimensions, the parameters of interest are the 2 components of the acceleration,and the noise variance matrix.Starting from the same value of 'i (in this case, constant velocity with noise set to allowtracking), one step of the Condensation-based EM algorithm was run several times, andthe mean and variance of the several values of 'i+1 computed. Values of N used rangedfrom 128 (below this, tracking was unreliable) to 2048 (beyond this, the computational costof the smoothing operation becomes unacceptably high) in factors of 2. For each value ofN , the entire learning procedure was performed 32 times. The data resulting from thisexperiment are summarised, in terms of the mean and variance of the values, in tables 6.1and 6.2 and �gures 6.6 and 6.7.It is clear from these statistics that, as expected, the variance of the estimates decreaseswith increasing N . (As previously noted, in the limit of N ! 1, the variance wouldbecome zero.) There is a slight anomaly in that the variances for 128 samples are in mostcases lower than those for 256 samples. A qualitatively plausible explanation for this is that128 samples is too low to produce any sensible approximations whatsoever. Examining theresults, considering in particular the behaviour of the noise estimator, N = 2048 samplesmust be considered a minimum number for use in the iterative EM procedure.



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 134N �̂(dx) V (dx) �̂(dy) V (dy)128 0.127 0.282 -11.2 4.75256 0.164 0.141 -10.9 3.70512 0.059 0.060 -10.3 0.801024 0.042 0.056 -9.97 0.242048 0.037 0.030 -9.81 0.08Table 6.1: Using a larger sample-set produces an estimator of the o�set para-meter with lower variance. The sample mean �̂ and sample variance V for each com-ponent of the estimate of the o�set parameter of the dynamical model are shown.
N �̂(�1) V (�1) �̂(�2) V (�2)128 1.56 0.771 0.564 0.00139256 1.50 1.322 0.563 0.00066512 1.21 0.419 0.558 0.000401024 0.89 0.167 0.557 0.000172048 0.77 0.050 0.555 0.00005Table 6.2: A larger sample-set produces a lower-variance estimator of the noiseparameter. The sample mean �̂ and sample variance V for each component of the estimateof the noise parameter, given in terms of the two eigenvalues of the variance matrix, of thedynamical model are shown. Apart from the N = 128 entry, a higher sample-set size givesa better approximation to the noise estimator.
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Figure 6.6: Larger sample-sets produce better estimates for the o�set parameter.Shown are the means of the 32 estimates with a vertical bar extending one (sample) standarddeviation above and below the mean. As more samples are used, the variance of the estimatedecreases.
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Figure 6.7: Except for very low N , variance of noise estimate decreases withincreasing sample-set size. Shown are the means of the 32 estimates with a vertical barextending one standard deviation above and below the mean.The Cost of More Samples As a rough indication of the computational cost of raisingN , the times taken for computation of one step are given below. The sequence in questionis quite short | 27 time-steps, the length of the section of ballistic motion under consider-ation. Note that the tracking time given here can be improved on considerably by variousprogramming and algorithmic methods, but since the dominant cost in these calculations isthat of the smoothing, this is less of an issue. Times here were measured on an SGI Octanewith a 175MHz R10k processor.Tracking Smoothing Estimation TotalN time (s) time (s) time (s) time (s)128 12 3 0 15256 19 9 0 28512 33 35 0 681024 61 138 1 2002048 117 528 2 647Table 6.3: Increasing N incurs a signi�cant computational cost. Using a largernumber of samples N produces a decrease in the variance of the estimate of the next EMiteration's parameter values, but at the cost of considerably increased computational time.(The tracking (�ltering, i.e., the forward Condensation pass) operation is O(N), as is theestimation step, but the smoothing operation is O(N2). These complexities can be seen inthe times shown.)EM Behaviour with More SamplesHaving investigated the in
uence of the sample-set approximation to the expectation equa-tion, the experiment described in section 6.3.1 was repeated with N = 2048. The results
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CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 1376.3.2 Robustness in the EM StepThe behaviour noted in the previous section is undesirable, in that an occasional outlyingoutput from the Condensation-EM procedure can throw o� the convergence of the algorithmfor some considerable number of steps, and, furthermore, can prevent convergence entirely.This makes it di�cult if not impossible to tell when the algorithm has reached its �nalconverged value. Some robustness in the calculation of 'i+1 is therefore required.Once this robustness has been achieved, �gure 6.8 leads us to suspect that convergencewill be quite rapid | possibly even within half a dozen steps or so. The increased cost ofgaining robustness in each step could, it is to be expected, be o�set by a reduction in thenumber of steps required.Re-examination of a Single StepConsider the behaviour of a single step when N = 2048 more closely, in particular the noiseparameter. From the results, this is the most troublesome of the parameters. The raw datafor this part of the experiment are shown in �gure 6.9.
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Figure 6.9: Output from the N = 2048 estimator consists of values near the`correct' one and outliers (ringed). Shown here are the results for �1 of repeated trialsof one iteration of the estimation algorithm. It can be seen that some method of makingthe EM step robust is required, since even with a large value of N , sometimes estimates areproduced which are signi�cantly in error.Examining these data, a reasonable hypothesis is that the `correct' value of this para-meter is around the �1 = 0:7 mark, with quite a lot of outliers, shown ringed in the �gure.Some method of ignoring those outliers would then help. From this sample, the probabilityof an outlier occurring can be estimated as around 11=32.



CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 138Consider the operation of repeating the estimation procedure n times (for n odd), andtaking the median of the resulting parameter estimates. Assuming that outliers are all toolarge (this is certainly a reasonable assumption given the data in �gure 6.9), the medianwill be an outlier i� at least half of the n samples are outliers, i.e., with probabilityPout(n; p) = nXi=dn=2e�ni�pi(1� p)n�i;where p is the probability of an outlier occurring. In this case, p can be set to 11=32.A balance must be struck between the added robustness of using an ever-larger n inthis procedure, and the the increased cost of producing more estimates | recall that forN = 2048, each estimate takes around ten minutes. Consider also that even if an outlier ischosen, it will be a small one and therefore an improvement in the approximation will havebeen gained nonetheless. A value of n = 7 with N = 2048 was therefore chosen, givingPout = 0:18.The meaning of `median' must �rst be elaborated slightly: the median of a set of o�setvectors can easily be de�ned component-wise, i.e., the nth component of the median is setto the median of the set of nth components. The noise parameter requires slightly morethought; the procedure adopted was to take that matrix which had the median determinant.Behaviour of Robusti�ed EMThe procedure described in the previous section was implemented, and applied to thelearning of the ballistic model. At the same time, it was observed that the starting valuechosen for the noise matrix was coincidentally very close to the �nal converged value,which does not provide a very stringent test of the method's performance. Therefore, forthe following experiment, the starting value of C was set a factor of 4 larger than previously.The resulting behaviour of the algorithm is shown in �gure 6.10.The convergence (from this less accurate initial noise value), is now much more convin-cing, although there is still some entirely unavoidable 
uctuation in the parameters. Evenso, given the expected variance in the estimation process, it is now reasonable to concludewith some certainty that the EM algorithm has in fact converged, and the jitter in the es-timates is caused by the inherent randomness in the process. The learnt model for ballisticmotion is therefore, in the original pixel-based units used by the tracker,d = � 0:03�1:71 � ; C = � 0:38 0:010:01 7:31 � :
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CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 140This is equivalent to a downwards acceleration for the ball of around 9:7ms�2, close tog = 9:81, the correct value for acceleration due to gravity (Howatson et al., 1972).6.3.3 Longer Example SequencesThe experiments described above were all performed on a relatively short training sequence:27 time-steps. This was the length of time the ball was in the air (just over 0:5 s), and sois the longest possible contiguous sequence of training data for this problem.It is possible to combine data from several disjoint sequences, by adding the moments(or, in the case of EM, the expected values of the moments) from each sequence | seeappendix A.4. Experiments were performed on a set of training sequences, each of 27 time-steps, and the e�ect of combining up to six such sets for various sizes N of the sample setinvestigated.Experimental ResultsThirty-two trials using each combination of sequence length and sample-set size were per-formed. Typical results are those for N = 512; the variance of the estimator is the quantityof interest, and it is shown in �gure 6.11. Note that system noise �1 and �2 parametershave been expressed as the predicted noise after � = 27 timesteps; although the sequencesare not all of this length, comparison between the models learnt from sequences of di�erentlengths requires that � be the same for each one. For the graphs, the more relevant quantityP(Tm �K) has been used on the horizontal axis | see appendix A.4 | here K = 2 somultiples of 25 result from sequences of length 27.It is already known (Blake and Isard, 1998) that a longer training sequence will producemore reliable estimates for the dynamical model, even when the true states themselves areknown. The current experiments indicate that this requirement is stronger when learningis performed within the Condensation-EM framework.6.3.4 Robustifying `Across Iterations'Although the procedure of section 6.3.2 did produce an improvement in the convergencebehaviour of the parameters, it also increased the computational cost considerably; by afactor of 7 in the experiments described. As an attempt to maintain the robustness ofthis `within-iteration' smoothing while decreasing the cost, the following `across-iterations'procedure was devised. Suppose an average of m estimates is desired. Then for iterationi of the Condensation-EM algorithm, use model parameters 'i in the �lter/smoother to
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CHAPTER 6. DYNAMICAL MODELS FOR CONDENSATION 142produce an estimate '0i. Then de�ne 'i by'i = Robust('0i; '0i�1; : : : ; '0i�m+1); (6.9)where the function Robust() can be a median or mean (although the mean does not providemuch robustness as such, it will still reduce the variance of the estimate in situations wherea median is di�cult to de�ne) as appropriate. The aim of this procedure is to keep theadvantage of robustness while allowing the parameters 'i to converge more quickly.Note that de�ning 'i by'i = Robust('0i; 'i�1; : : : ; 'i�m+1);while at �rst sight appealing as it uses already-averaged values, results in problems whenthe median is used as Robust(). In this case, m must be odd. Suppose that at someiteration, dm=2e of the arguments to Robust() are the same. This is likely, as a median�lter often produces consecutive equal values. Thenceforth, all 'i will be this value, as themedian of a set of numbers over half of which are identical is that value. Therefore, thechoice given in eqn (6.9) was used.ExperimentsThe learning experiment for the juggling ball undergoing ballistic motion was repeatedwith this across-iterations method of averaging, using m = 7 and the median operator forRobust. The results are shown in �gure 6.12.From the graphs, a reasonable claim is that the estimates have converged after around80 iterations, at a cost therefore of around 90 estimate-generations. The experiment shownin �gure 6.10 converged after around 12 iterations, at a cost of around 84 estimation-generations. Both sets of graphs (�gures 6.12 and 6.10) exhibit similar levels of noise inthe `converged' sections of the �nal iterations performed. Also, it is reassuring that theconverged values are the same (to within the accuracy allowed by the noise). Therefore,there is little to choose between the two methods; the within-iteration method will be usedin the experiments to be described in chapter 7.
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Chapter 7Applications of Condensation-EMLearningChapter 6 demonstrated that EM provides a useful methodology for learning dynamicalmodels for a Condensation-based tracker. This chapter investigates the performance ofsuch a learning algorithm in two situations where the strengths of Condensation are mostapparent, namely, a system where a multi-mode dynamical model is to be learnt, and alsoa situation where the robustness of Condensation to cluttered measurements is required.The experiments described are the original work of the author.7.1 Multi-model LearningThe �rst area of interest is that of learning a mixed discrete/continuous model. As anexample application of the Condensation-based EM learning algorithm in this case, consideragain the juggling sequence. During juggling, each ball undergoes the sequence `ballistic',`catch', `carry', `throw', `ballistic', continuing with its being caught in the other hand. Thissection describes experiments to determine the performance of multi-mode learning on onesuch juggling cycle.7.1.1 Starting ConditionsIf the technique is to be fully general, the learning system should be given as little priorknowledge as possible about the dynamical system it is to learn. Within the current frame-work, certain parameters of the model must be speci�ed, however.The number of discrete models must be known, together with starting values for allparameters. In this example, three states are speci�ed, corresponding to the ideas of`ballistic', `catch/throw', and `carry'. The `catch' and `throw' phases have been combined144



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 145as initial informal investigations indicated that they were very similar, involving sharpupwards acceleration.All three will be constrained to constant-acceleration models, with process noises �xedat reasonable values determined from the previous learning experiments on this sequence.Although in theory the process noise can be learnt simultaneously, the experiments insection 6.3 showed that it is the least reliable parameter. To concentrate on the multi-model learning, then, the noises were �xed.The initial transition matrix used wasM0 = 0@ 0:8 0:1 0:10:1 0:8 0:10:1 0:1 0:8 1A ;embodying some notion that the states are expected to be reasonably persistent, but notspecifying the asymmetry of the transitions (e.g., the transition `ballistic' to `carry' neverhappens).Two di�erent sets of starting conditions for the accelerations of the three models wereused, to provide the system with di�erent levels of prior knowledge. One set gave all threemodels initial values of zero acceleration, and the other provided some symmetry-breakingby specifying a10 = � 0:0�2:8 � ; a20 = � 0:02:8 � ; a30 = � 0:00:0 �(in ms�2). The expectation that the models will be chie
y di�erentiated by their verticalaccelerations is therefore supplied. (The apparently odd values arise from specifying themodel in terms of pixels for a time-step of 0:02 s, where the value is �0:5.)Other Experimental Factors Using the techniques developed in previous sections foradding robustness to the inherently random Condensation-EM learning algorithm, 7 estim-ates were produced per EM step and the mean used in the next iteration. The sequenceused was 65 time-steps long, which although quite short, contains one complete cycle ofthe model | `ballistic', `catch', `carry', `throw', `ballistic'. All the important behaviour ofthe model is thus present in the sequence.7.1.2 Results | Asymmetric PriorThe behaviour of the system when given slightly more prior knowledge (the fact thatmodels possess up/down asymmetry) is presented �rst. Figure 7.1 shows the behaviour ofthe accelerations of the learnt models as the EM algorithm progresses.
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CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 147It can be seen that the model which was pushed towards `downwards', i.e., the �rstmodel, has converged (within the bounds of the inherent noisiness) to a value of around�9:9ms�2 (taking the mean of the last �ve estimates), which is close to �g = �9:81ms�2.Its horizontal component has remained close to zero. A reasonable conclusion, then, is thatthis �rst model has converged to one accurately describing motion under gravity.The second model, whose initial conditions favour an upwards-accelerating model, hasconverged to an acceleration of roughly g upwards, with some leftwards acceleration. Thisis consistent with the motion of the ball, as while in 
ight it is moving rightwards, andmust be moving leftwards by the time it re-enters the ballistic state. These characteristicsare consistent with this model describing the `throw' and `catch' states of the ball's motion.The third model has very little vertical acceleration and slightly more leftwards accel-eration. This matches the `carry' phase of the motion.The other part of the learnt model is the transition matrix, the progress of which isshown in �gure 7.2. Cumulative transition probabilities out of each mode are shown.The �nal value of the transition matrix isM�nal =0@ 0:957 0:037 0:0060:024 0:934 0:0420:155 0:266 0:579 1A ; (7.1)which is illustrated as a transition diagram in �gure 7.3.The transition behaviour is qualitatively correct. `Ballistic' motion has been found tobe extremely unlikely to lead into `carry' motion; ideally, this entry in the matrix would bezero, but the value 0:006 is certainly very low compared with the `correct' transition into`catch/throw', whose probability has been estimated as 0:037. Transitions out of the otherstates are approximately in line with expectations: `catch/throw' shows similar probabilitiesof leading to `ballistic' and `carry'. The probabilities out of `carry' are the least convincing,since there is no transition `carry' to `ballistic', yet this has an estimated probability of0:155. This can to some degree be explained by the shortness of the `carry' phase of thetraining sequence meaning that few data are available for estimating this row of the matrix.Final Classi�cation The �nal learnt system can be used to classify the training sequenceinto the three learnt states; this is shown in �gure 7.4, with snapshots of the estimatedtransitions shown in �gures 7.5 to 7.8.The classi�cations are approximately where a human observer would place them, al-though perhaps a person would not say that `throw' starts as early as the system haslabelled it. From the point of view of the estimated acceleration of the ball, however, the
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Figure 7.3: The �nal learnt transition diagram shows the correct qualitativecharacteristics for the juggled ball. The numerical transition probabilities in the graphare from the �nal learnt transition matrix shown in eqn (7.1). The acceleration values arethe mean of the last three values of �gure 7.1. The states have been labelled with theirinterpretation, and show transition probabilities corresponding approximately to what wouldintuitively be expected.placement is very good. This is illustrated in �gure 7.9, where the system's classi�cationis seen to �t well with the di�erent types of motion. One factor in the misalignment isthat, particularly at the times of the transitions into and out of `ballistic' motion, the ballis moving rapidly, producing signi�cant motion blur in the images. This e�ect can be seenfor the ball in the juggler's right hand in �gures 7.6 and 7.7.(One point of peripheral interest raised by the acceleration graph of �gure 7.9(c) is thatduring the `throw' phase, the acceleration undergone by the ball increases fairly smoothlyfrom zero up to 20ms�2 or so. This is therefore motion of approximately constant `jerk',the term given to the derivative of acceleration. This quantity has been shown to be ofsigni�cance for human motor control | Flash and Hogan (1985) present results whichindicate that the integral over time of the squared magnitude of the jerk is minimised involuntary human motion.)7.1.3 Results | Symmetric PriorThe results of trying to reduce the amount of initial information given to the system arenow investigated, in particular the e�ect of removing the starting asymmetry from theinitial accelerations, in order to test the extent to which model structure may be purely
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Figure 7.5: Snapshots of detected `ballistic' to `catch' transition.

Figure 7.6: Snapshots of detected `catch' to `carry' transition.
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Figure 7.7: Snapshots of detected `carry' to `throw' transition.

Figure 7.8: Snapshots of detected `throw' to `ballistic' transition.
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Figure 7.9: Estimated vertical position, velocity, and acceleration of tracked ball,with detected transitions marked. It is clear, especially from the acceleration graph,that the automatic segmentation is in good agreement with the di�erent classes of motionundergone by the ball.



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 154emergent. Therefore, the experiment above was repeated with the only change being thata10 = � 00 � ; a20 = � 00 � ; a30 = � 00 � :The evolution of the accelerations from these initial values is shown in �gure 7.10,where the �nal values of the �rst and second models can be seen to be very similar. Bothhave accelerations corresponding to motion under gravity. The third model therefore mustencompass all motion which does not take place in free-fall; its value re
ects this, beingbetween the two non-ballistic learnt models described in the previous section.The transition matrix behaves as shown in �gure 7.11; the �nal numerical value isM�nal = 0@ 0:794 0:160 0:0460:136 0:839 0:0250:014 0:000 0:986 1A ;which is illustrated in the state transition diagram of �gure 7.12.The third row of the matrix, the probabilities of transition out of the third (non-ballistic)model, shows that the tracker will never predict a `ballistic 2' sample from a `non-ballistic'one. Instead, `non-ballistic' always leads to `ballistic 1'. This is consistent with the �rsttwo models being indistinguishable| a slight imbalance in the transition probabilities from`non-ballistic' will become greater as the EM algorithm proceeds, eventually resulting inthe situation observed where one of them is zero.The persistence of this third model is perhaps longer than would have been predicted,having an expected lifetime of around 74 timesteps, whereas �gure 7.9 indicates the correctlifetime for the con
ated non-ballistic models is more like 40 timesteps. One reason for theinaccuracy in these estimates of transition probabilities is discussed in section 7.3.5.7.1.4 Classi�cation of Test SequencesSection 3.4 described the use of dynamical models for classi�cation of unseen data. Anatural experiment, then, is to apply the model learnt in the experiments of the previoussection to some unseen sequences of the same type of motion, i.e., a `ballistic', `catch',`carry', `throw', `ballistic' progression. Sixteen test sequences were recorded against thesame background as the training sequence, and then tracked and classi�ed using the learntmodel and N = 2048 samples. Three example classi�cation results are shown in �gures 7.13to 7.15.Various properties of the tracking were identi�ed by manual inspection of the tracker'soutput: whether the outline of the ball was successfully tracked throughout the sequence;
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CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 161of motion being performed by the ball during this section of the sequences. Nevertheless,one must conclude that a `carry' model of su�cient generalising power has not been learnt,whereas the model has successfully captured enough of the di�erence between `ballistic'and `non-ballistic' motion.There are two possible causes for this performance of the classi�cation system. One isthat the training may have been too speci�c, producing a set of motion models which wastoo closely tuned for the training sequence. Attempting to classify other sequences usingthis model would then produce the results observed. The other is that the human divisionof the non-ballistic motion into `catch', `carry', and `throw' may be rather arti�cial andnot truly re
ected in the motion of a juggled ball. Perhaps two states would be su�cientto model the ball's motion; this experiment, together with one where a system learnt frommore than one training sequence was examined, could be the subject of future work.7.1.5 DiscussionIn general, the multi-model learning experiments described in this section have been suc-cessful. A model was learnt, in an unsupervised fashion, for a juggled ball as it underwentthree di�erent types of motion. Possible areas for improvement were revealed when anattempt was made to use the model for classi�cation of unseen sequences. One reason forthis could be that the learnt model was too speci�cally tuned to the (fairly short) trainingsequence presented to the system, so learning from more data would reduce this problem.This learning would take the form of providing the system with a collection of test sequencesand using the results of appendix A.4.Another experiment would be to attempt learning and classi�cation of a longer con-tiguous sequence, for example of a ball undergoing juggling motion including both hands.Ideally, the di�erence between motion in the two hands would be detected.7.2 More Complex Single-mode Motion | Hand-trackingAs well as being able to handle multi-mode systems, Condensation has the advantageof tracking objects over cluttered backgrounds which would cause a Kalman-�lter-basedtracker to fail. This section therefore describes some experiments on learning from sequencesinvolving heavy clutter, heavier than that used in section 5.1.2 to test the Kalman-EMlearning.



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 1627.2.1 PreliminariesA training sequence of 5 s length was recorded. Typical �elds from the sequence are shownin �gure 7.16, where the heavy nature of the clutter is evident. Features were detected bymeans of an edge-detection �lter on the one-dimensional grey-level data, and the strongestone chosen for use in the calculation of the observation density.In keeping with the aim of providing the learning system with as little prior informationas possible, the starting dynamics for the learning experiment were constant-velocity, withthe noise set more or less arbitrarily | a fairly high value must be used to allow theincorrect constant-velocity dynamics to track the motion.The motion is adequately described by a 4-dimensional linear subspace of the completespline space, that of Euclidean similarities. This consists of 2 dimensions covering trans-lation, and two covering both scaling and rotating, in the form of the `zoom' and `rotatedzoom' vectors �rst de�ned in section 2.2.3. The higher dimensionality of this trackingsystem provides a more rigorous test of the continuous learning aspect of the system.The training sequence is considerably longer than those previously used | around tentimes as long as the section of ballistic motion of the juggling ball. Therefore, bearing inmind the results of section 6.3.3, it was expected that, with 2048 samples, combining themoments from two runs would result in su�ciently low variance on the estimates.7.2.2 Convergence of ModelWith this length of sequence and combining the moments from two runs, the resultingbehaviour of the EM algorithm is much more smooth than has been observed in previouscases, as can be seen from the graphs in �gures 7.17 to �gure 7.19. Most of the parametersexhibit fairly smooth convergence. Although the `zoom' component of the process noisehas some jitter, it is not so much that the �nal value can not be taken as a convergedestimate. Note also that the �nal model is, for some parameters, quite di�erent from theinitial model used | the algorithm has converged from a distant starting con�guration.This is particularly evident in the translation components of the process noise.7.2.3 Simulation of Learnt ModelThe �nal learnt model can be simulated by free-running the resulting systemxt = A1xt�1 +A2xt�2 +Bwt
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Figure 7.16: Hand-tracking in heavy clutter requires a robust tracking frame-work. Learning will be performed on this sequence, which is of a hand translating androtating, with some small amount of scaling.
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Figure 7.17: Convergence of learnt model for hand tracked over clutter | systemmean. The convergence of the system mean parameters of the dynamical model is quiteswift, as has been observed with other learning experiments. Note that the `zoom' and`rotated zoom' components are e�ectively unitless, as they correspond to multiples of thetemplate and rotated template respectively.
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Figure 7.19: Convergence of learnt model for hand tracked over clutter | systemnoise per time-step. As was expected from the behaviour of Condensation-EM learning inprevious experiments, the noise parameter displays the most erratic behaviour. However, thelonger training sequence and the 2� oversampling used in this experiment has produced anacceptably low amount of jitter, and it is reasonable to claim that the �nal values representa converged system.



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 167and qualitatively comparing the behaviour with the training sequence. A typical 5 s tra-jectory from such a simulation is shown in �gure 7.20. Note that for these graphs, the zoomand rotated-zoom components of the state-space representation have been transformed to`pure' scaling and rotation.
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Figure 7.20: Simulating the learnt system | a trajectory qualitatively similarto the training sequence is produced. Shown are the translation, rotation, and scal-ing components of the simulated motion. These graphs should be compared with those in�gure 7.22 | the motion is similar. In particular, the periodicity (both frequency andamplitude) and very close correlation between the x translation and the rotation has beencaptured successfully.One observation to be made about �gure 7.20 is that the amplitude of variation of thescaling parameter is higher than that in the training sequence. This is a limitation of theshape-space model used, and the linear dynamical model used. This is made clearer by�gure 7.21.Switching to a parametric representation which explicitly models rotation and scalingwould avoid this restriction. The Condensation framework allows essentially arbitraryrepresentations of state, so this would be possible.7.2.4 Tracking ResultsThe behaviour of a Condensation tracker using the �nal learnt model on the training se-quence is �rst presented. This will provide veri�cation that the learnt model does indeed



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 168

-0.8 0.2

-0.2

0.8

zoom

rotated
zoom

Figure 7.21: A linear dynamical model can not accurately represent motion con-sisting mostly of rotation. The projection of the hand's trajectory during the trainingsequence onto the zoom/rotated-zoom plane is shown, together with 2� and 3� ellipses ofthe dynamical model's steady-state. While these are reasonable from the point of view ofcapturing most of the training trajectory, they also contain points representing signi�cantpure scaling, as seen in the simulated system of �gure 7.20.describe the motion observed in the training sequence.Figure 7.22 shows the translation component of the hand's motion during successfultracking using very few samples | 32 as opposed to the 2048 used for learning purposes.Figure 7.23 shows snapshots, where it can be seen that the agreement between the trackedoutline and the image is good.Figure 7.22 also shows a marked (but not perfect) periodicity in the traces, with around2:25 cycles occurring during the 5 s sequence. This corresponds to a frequency of around0:45Hz, matching closely the converged frequency of the dominant mode as shown in �g-ure 7.18.Taking these results in combination with those of the previous section, a fair conclusionis that the learnt model has captured the important features of the training sequence.7.2.5 Performance on a Test SequenceThe learnt dynamical model was tested on a separately-recorded 5 s sequence, to evaluateits performance on unseen data. The test sequence contained motion of roughly the sametype as the training sequence.Performance on the test sequence was, unsurprisingly, not as good as on the trainingsequence, but good nonetheless. Tracking was not successful with N = 32 samples pertime-step, but increasing this number to N = 64 produced successful tracking. This is
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Figure 7.22: The learnt dynamical model allows tracking of the training se-quence using as few as N = 32 samples. Using the dynamical model learnt usingthe Condensation-EM algorithm, the training sequence can be tracked using a very smallsample set. Estimated translation, rotation and scaling of the hand over time are shown.Figure 7.23 shows that these estimates are in good agreement with the images.still a very low number of samples for a Condensation tracker; more typical values are ofthe order of a thousand or even more for complex sequences. The tracked trajectory andsnapshots from the tracking are shown in �gures 7.24 and 7.25.For comparison, the constant-velocity model used as a starting point for the learningwas also employed on this test sequence, using the same number | N = 64 | of samplesper time-step. Tracking with such small sample-sets and an untuned dynamical model wasnot successful; the estimate was approximately correct for the �rst 1 s, but thenceforth theestimated outline diverges signi�cantly from the image of the hand, and lock is lost. This isillustrated in �gure 7.26, where the remainder of the sequence is not shown | the estimatedcontour continues to rapidly spiral o� the image.7.2.6 Performance on Multiple Test SequencesThe performance of the learnt dynamical model on the single test sequence described in sec-tion 7.2.5 cannot, by itself, be used to draw quantitative conclusions concerning the bene�tover a constant-velocity dynamical model. Therefore, 16 additional 5 s test sequences (of asimilar type to the training and previous test sequence) were recorded, and their tracking
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0:00 s 1:00 s

2:00 s 3:00 s

4:00 s 5:00 sFigure 7.23: Tracking the training sequence with 32 samples | agreement withimage is good. Snapshots taken during the successful tracking described in �gure 7.22show that the estimates produced by the Condensation tracker are good.
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Figure 7.24: The learnt dynamical model successfully tracks a test sequence usingonly N = 64 samples per time-step. The estimated x- and y-translation, rotation andscaling are plotted against time. See also �gure 7.25, where the accuracy of the tracking isseen to be good.attempted using both dynamical models. N = 64 samples were used | as noted, this isquite low, but the experiments of the section 7.2.5 indicate that it should be su�cient forat least the learnt dynamical model. The sequences were labelled as `successful' or `failed'according to whether the tracked estimate remained locked onto the outline of the hand.The results of such a classi�cation for each dynamical model are shown in table 7.2.Dynamical Proportion of test sequencesmodel successfully trackedConstant-velocity 0Learnt 0.8125Table 7.2: The learnt dynamical model achieves a high success rate on multipletest sequences; a constant-velocity model consistently fails. Using N = 64 samplesper time-step, 16 independent test sequences were tracked using both the learnt dynamicalmodel and a constant-velocity one. The proportion of the test sequences which were trackedsuccessfully is shown. It can be seen that a constant-velocity model is totally inadequate forthis problem, whereas the learnt model performs well.Writing pEM and pCV for the (population) proportion of sequences of similar motionto the training sequence which are successfully tracked using the learnt model and the
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0:00 s 1:00 s

2:00 s 3:00 s

4:00 s 5:00 sFigure 7.25: Snapshots from successful tracking of test sequence. A test sequence istracked using the model learnt using EM learning. N = 64 samples per time-step are usedhere, a very low number. That the tracking is successful with so few samples indicates thepredictive accuracy of the dynamical model.



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 173

0:00 s 0:33 s 0:67 s
1:00 s 1:33 s 1:67 s
2:00 s 2:33 s 2:67 sFigure 7.26: Using a constant-velocity model on the test sequence fails. UsingN = 64 samples per time-step, the same number as used for the successful tracking in�gure 7.25, a tracker using a constant-velocity dynamical model fails to track the sequencefor longer than 1 s or so. Even at 0:67 s, some divergence between the estimated position andthe image can be observed. Beyond around 1 s, tracking fails, and the estimate essentiallyfollows the constant-velocity prediction from around 2 s onwards.



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 174constant-velocity model respectively, the hypothesisH0 : pEM = pCVcan be tested as follows (Hoel, 1966). Write p0EM and p0CV for the sample proportions of suc-cessfully tracked sequences using the learnt model and constant-velocity model respectively,and nEM and nCV for the two sample sizes (which are the same here). ThennEM = 16; p0EM = 0:8125; nCV = 16; p0CV = 0:Under H0, the di�erence p0EM � p0CV may be considered to be approximately normallydistributed with mean zero and variance�2p0EM�p0CV = pq� 1nEM + 1nCV � ;where p = pEM = pCV is the population proportion (since under H0, the proportionspEM and pCV are the same), and q = 1 � p. The value of p is not known, so it must beapproximated by the sample proportion p0 of the combined data; here, p0 = 0:40625. Then�2p0EM�p0CV = 0:03015:A two-sided critical region of size 0:01 is therefore given by��p0EM � p0CV �� > 2:576�p0EM�p0CV= 0:4473:(Although it is hoped that the learnt model will provide better tracking than the constant-velocity one, i.e., pEM > pCV , there is no justi�cation for including this hope in theformulation of the alternative hypothesis. Therefore, the alternative hypothesis used isH1 : pEM 6= pCV , meaning that a two-sided critical region is to be considered). The samplevalue of ��p0EM � p0CV �� = 0:8125falls inside the critical region, and so H0 is rejected at the 1% level. One can thereforeconclude with considerable con�dence that the learnt model makes a di�erence to trackingperformance, and it is clearly an improvement.Note that the situation here is di�erent to that in section 7.1.4, where the learnt modelfor the juggled ball was tested. For the hand tracking considered here, there are two models(the learnt one and the constant-velocity one), and a comparison between them is desired.



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 175There is no sensible non-learnt model for the juggled ball of section 7.1.4 (the initial model'sstates are not meaningful), and so it is not possible to carry out a hypothesis test of thiskind on the results of those experiments.Typical snapshots from test sequences successfully tracked using the learnt model areshown in �gures 7.27 and 7.28. Figure 7.29 shows an example of minor misalignment of theestimated hand outline which occurred in some of the test sequences, when tracking with thelearnt dynamical model. Lock was not lost, however, and tracking continued successfully.Figures 7.30 and 7.31 show examples of tracking failure when the constant-velocity modelis used.7.2.7 DiscussionThe experiments described in this section have shown the successful application of theCondensation-EM learning algorithm to a problem involving more complex motion in ahigher-dimensional shape space. The bene�t of learning from a longer training sequence isapparent from the point of view of the quality of the convergence of the learnt model. Thiscomes at a considerable computational penalty, however | each iteration takes aroundeight hours. Tracking the sequence with 2048 samples takes around an hour, and smooth-ing takes around a further three hours. This is done twice per EM iteration, giving eighthours. (The �nal `Maximisation' calculation takes negligible time compared to these track-ing and smoothing times.) These times are, as before, using a 175MHz R10k SGI Octaneworkstation.7.3 DiscussionSome issues arising from the experiments on Condensation-EM learning in more complexsituations are now discussed.7.3.1 History-based SmoothingIt is apparent that the most costly part of the Condensation-EM learning algorithm is thesmoothing phase, containing an O(TN2) calculation, where T is the length of the trainingsequence, and N the number of samples used. Since T and especially N are typically quitelarge, this can take a signi�cant time.Isard and Blake (1998d), following Kitagawa (1996), describes a second smoothing tech-nique which is less costly in terms of computational time. Each sample-site, instead ofcontaining just enough history to allow prediction (and one further time-step for learning
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0:00 s 1:00 s

2:00 s 3:00 s

4:00 s 5:00 sFigure 7.27: Typical behaviour of learnt dynamical model on test sequence |�rst example. A successful tracking run on one of the test sequences used to examine theperformance of the two dynamical models more qualitatively. A tracker incorporating thelearnt dynamical model performs well with N = 64 samples.
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0:00 s 1:00 s

2:00 s 3:00 s

4:00 s 5:00 sFigure 7.28: Typical behaviour of learnt dynamical model on test sequence |second example. Another successful tracking run, similar to that shown in �gure 7.27.Again, a tracker using the learnt dynamical model produces good estimates of the hand'sposition with N = 64 samples.
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Figure 7.29: Although tracking is not always perfect, lock is maintained. Someof the successfully tracked test sequences, using the learnt dynamical model, exhibited briefinaccuracies, as shown in this example. They were not severe enough to cause loss of lock,however, and the tracking continued.purposes), contains history all the way back to t = 1. The sample set at time t is thenf�(X(n)1 j t; : : : ;X(n)t j t); �(n)t �; n = 1; : : : ; Ng;representing p(X t1 j Zt1). The �nal sample set, at t = T ,f�(X(n)1 jT ; : : : ;X(n)T jT ); �(n)T �; n = 1; : : : ; Ng;then represents the distribution p(X T1 j ZT1 ), which is the joint distribution for all time-stepsX T1 of the state sequence given the entire measurement sequence ZT1 .The drawback of this method is that in practice, the ancestries for the sample sitesmerge within relatively few time-steps back from t. The history components Xt j � for� � t > 10 or so have many fewer distinct values than the size N of the sample set. Thisis illustrated in �gure 7.32, where the number of distinct locations of the sample sites isshown as a function of the di�erence � � t.The chief consequence of this reduction in the number of distinct sample-sites furtherback in the history, from the point of view of learning dynamical models, is that theapproximations to second-order statistics become very inaccurate, as seen in section 6.3.The statistics of particular interest for learning are the second-order moments Rij , but theloss of accuracy e�ects quantities such as the variance of the state as well. This phenomenonwas observed by Kitagawa (1996).One reason for the reduction is the method used for choosing a base sample. Choosing abase sample is in essence a matter of choosing a number s in (0; 1) and �nding the lowest m



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 179

0:00 s 0:20 s

0:40 s 0:60 s

0:80 s 1:00 sFigure 7.30: Typical behaviour of constant-velocity dynamical model on testsequence | �rst example. A constant-velocity tracker rapidly loses lock.
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0:00 s 0:20 s 0:40 s
0:60 s 0:80 s 1:00 s
1:20 s 1:40 s 1:60 sFigure 7.31: Typical behaviour of constant-velocity dynamical model on testsequence | second example. A constant-velocity tracker maintains lock on the handfor slightly longer in this sequence, but tracking still fails.
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τ--tFigure 7.32: The number N��t of distinct sample sites rapidly dwindles as � � tincreases. A tracking run using the `history smoothing' was performed on the jugglingsequence, and the average number of distinct sample-sites computed over three runs. N =2048 samples were used.which satis�esPmi=1 �(i) > s. In the random sampling scheme used, s is chosen by drawingfrom U(0; 1). A natural consequence of this is that base samples with large � get chosenmore often, while those with smaller � may not be chosen at all.Another sampling scheme would be to choose, for sample n, s = (2n � 1)=2N , thusensuring that every base sample with � > 1=N gets chosen at least once. The e�ect of thissampling scheme on the sample-set decay is shown in �gure 7.33.
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τ--tFigure 7.33: Deterministic sampling produces only slightly slower decay ofsample-set size than random sampling. Replacing the random sampling scheme witha deterministic one does ameliorate the sample-set-dwindling problem, but does not removeit. It can be seen that N��t decreases less rapidly with increasing � � t than for randomsampling, but that it still becomes unacceptably small within a few tens of time-steps. Given



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 182the importance of obtaining good estimates of E [Rij ] etc., then, the bene�t of reducedcomputation time is outweighed by the much greater disadvantage of loss of accuracy.Unfortunately, then, using history smoothing does not seem a viable alternative to themore computationally expensive forward-backward smoothing algorithm for determiningthe posterior distribution p(X T1 j ZT1 ).7.3.2 Limited-history SmoothingA smoothing method which might combine the bene�ts of both the history-based andforward-backward techniques is as follows. Suppose one were to let the sample set at timet be f(X(n)(t�K0) j t; : : : ;X(n)t j t); �(n)t g; n = 1; : : : ; Ng;where K 0 � K is a constant controlling how much of the history is kept. This sample setrepresents the distribution p(Xt�K0 ; : : : ;Xt j Zt1):Now, this can be re-written p(Xt;Xt+1; : : : ;Xt+K0 j Zt+K01 );and from this can be extracted, for example, the marginal distribution p(Xt j Zt+K01 ). AsK 0 becomes large, it is plausible that this distribution tends to the smoothed distributionp(Xt j ZT1 ), if the in
uence of measurements at time t0 > t diminishes rapidly as t0 � tbecomes large.At the two extremes of the range of possible values for K 0 are the following choices. ForK 0 = K, there is minimal smoothing, whereas if K 0 is allowed to depend on t and one setsK 0(t) = t� 1, the entire history is stored and the case of history-based smoothing results.It might be hoped that intermediate values of K 0, say K 0 = 2K, will produce a reason-able approximation to the smoothed density while avoiding the O(N2) step in the forward-backward smoothing algorithm. In fact, there would be no post-processing step at all, asin pure history-based smoothing.Use of the resulting approximations to the smoothed distributions at each time stepwould be used in the calculation of the expected values of the moments by using the Xtas far back as possible within each time-step. Detailed investigation of this approach isdeferred to future research.



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 1837.3.3 Reduced Forward-backward SmoothingThe expensive step in the forward-backward smoothing algorithm of �gure 6.2 is step 2,the calculation of the correction factors 
(m)t ; there are N of them, and the calculation ofeach one requires the summation of N terms:
(m)t = NXn=1�(n)t �(m;n)t for m = 1; : : : ; N:In practice, the set of weights f�(n)t g contains a relatively small number of signi�cantvalues, and many small (with hopefully negligible contributions to the sum) values. Thisis illustrated in �gure 7.34.
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Figure 7.34: Histogram showing distribution of log �(n) for a typical time-stepin a Condensation tracking run. A sample-set size of N = 2048 was used for thisexperiment. See also �gure 7.35.Shown in �gure 7.35 is the cumulative probability against fraction of sample set summed,after sorting into descending order of the �(n).One obvious approximation, then, is to calculate the sum over only the largest N 0 ofthe �(n)t , for some N 0 � N . Determining which of the samples constitute the set of thelargest N 0 is not free, of course, but it can be done e�ciently | in O(N logN 0) time. Thecost of computing the N factors 
(m)t is then a one-o� cost of O(N logN 0) for the selectionplus a cost of O(NN 0) for the summations. The overall cost is thus O(NN 0). Setting N 0to around N=10 still produces an O(N2) algorithm, but one which runs around 10 times asfast for any given N . This constitutes a signi�cant improvement.
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Figure 7.35: The largest 10% of the samples typically represent over 95% of thedistribution's weight. When sorted by size, a small proportion of the samples is enoughto cover most of the weight of the distribution. A sample-set size of N = 2048 was used.Again, implementation and investigation of this idea is deferred to further research. Inparticular, generalisation of the phenomenon illustrated in �gure 7.35 to other sample-setsizes would be necessary. The expectation would be that the great time savings would beat the cost of a very small decrease in the quality of the approximations.7.3.4 Behaviour of One-dimensional CondensationAs a further investigation of the quality of the sample-set approximation to the expectedvalues of the second-order moments, a much simpler situation was examined. Consider a1-dimensional process consisting of a random walk driven by Gaussian noise. In this case,the Kalman �lter provides an exact analytical solution to the problem of propagating thedensity forwards through time. Comparing the `ground truth' values of the posterior meanand variance with the estimates obtained from the Condensation sample set will give insightinto the quality of the approximation.Consider, then, a 1-dimensional process of the formxt = Axt�1 +Bwtwhere wt is a Gaussian random variable together with a linear measurement process withGaussian noise: zt = Hxt + vt:



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 185In this case, the posterior distributionsp(xt j z1; z2; : : : ; zt)for the �ltered densities can be calculated analytically in a recursive fashion: the Kalman�lter.To facilitate comparisons with the Condensation �lter, a particularly simple examplesystem was chosen. Consider the one-dimensional random walkxt = xt�1 + wtwhere wt � N(0; 1). Suppose the measurement process is also simple:zt = xt + vtwhere the measurement noise vt � N(0; r). Suppose the system is started in a knowncon�guration, so that x̂00 = 0; p00 = 0:Then the exact solution to the �ltering problem is given by �rst calculating the predicteddistribution: x̂t�1t = x̂t�1t�1;pt�1t = pt�1t�1 + 1;and then incorporating the measurement by means of the innovation and Kalman gain:�t = zt � x̂t�1t ;kt = pt�1tpt�1t + r ;x̂tt = x̂t�1t + kt�t;ptt = (1� kt)pt�1t :These exact expressions for the mean and variance of the posterior distribution p(xt j z1;: : : ; zt) can then be compared to the approximations the Condensation algorithm provides:x̂tt � �̂t = Xn �(n)t s(n)t ; (7.2)ptt � �̂2t = Xn �(n)t (�̂t � s(n)t )2: (7.3)



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 186Details of Comparison The free parameter in the experiment described above is thevariance r of the measurement process. Several values of this parameter were used, and thequality of the approximation produced by the Condensation �lter examined for each one.Note that the dynamical process variance has been �xed at 1 for these experiments; thisdoes not result in any loss of generality as altering this parameter produces nothing morethan a scaling of the whole process.Note also that it is largely irrelevant how well the �lters estimate the true value of thesystem state xt. All that is of interest is how well the Condensation approximation matchesthe exact analytic expression for the posterior distribution p(xt j z1; z2; : : : ; zt). Since thisdistribution is Gaussian, the approximation can be evaluated by examining the sample-setapproximation to the mean and variance of the distribution.Once the Kalman �lter has converged (to some prede�ned accuracy) to its steady-statevariance p1 = p1 + 4r � 12 ;the Condensation �lter will produce estimates �̂2t which should all be equal to this p1.This provides a convenient method of testing the accuracy of the variance approximation.Evaluating the approximation to the mean x̂tt raises the following issue. The mean ofthe posterior x̂tt might very well legitimately be zero or very close to zero. Therefore, asimple relative measure such as (�̂t � x̂tt)=x̂tt will not give meaningful results. The errorrelative to the RMS value over the 128 time-steps considered will therefore be given.To evaluate the approximation of the approximation �̂2t to the true posterior varianceptt, the relative error (�̂2t � ptt)=ptt will be used, as the variance rapidly converges to itssteady-state value, which is non-zero.Numerical Considerations A practical consideration when evaluating the approxima-tions de�ned in equations 7.2 and 7.3 is that the computation involves the sum of a largenumber of quantities, and the results might therefore be subject to errors arising from the
oating-point representation. This was guarded against by computing the sum in a fashionwhich recursively sums the numbers in pairs, thereby avoiding the error-inducing step ofadding two numbers with widely di�erent magnitudes.In practice, the sum will be good to an adequate number of signi�cant �gures eventhough up to around 106 numbers are being added, since a double-precision 
oating-pointnumber on the architecture in use provides 16 s.f. Therefore a reasonable estimate wouldbe that even the na��ve addition procedure would give a result good to 10 s.f.



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 187Results The sample-set approximation to the posterior mean x̂tt, (relative to its RMSvalue over the sample) was good for all values of measurement noise (r 2 f0:001; 0:01; 0:1;1:0g) and sample-set size (N ranged from 28 to 220 in multiples of 4) considered here; thelargest error was 2% and most were of the order of 0.05%. This supports the hypothesisthat mean-estimation can be performed accurately using sample sets.The errors in the approximation to the posterior variance ptt are shown in �gure 7.36. Forlarge measurement noise (r = 1:0), even 220 samples does not result in a particularly goodapproximation, with the Condensation approximation to the variance being consistentlyhigh. This corroborates the �ndings of previous sections, that estimating second-ordermoments cause di�culty.
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(a) r = 0:1 (b) r = 1:0Figure 7.36: Increasing N reduces the variance of the estimator of ptt, but theestimator is biased. For a one-dimensional Condensation �lter, the error in the approx-imation to ptt relative to its true value (calculated from the Kalman �lter) is shown. Apoint indicates the mean estimate of 128 runs, with bars extending one (sample) standarddeviation above and below. The sample-set size ranges from N = 28 up to N = 220; themeasurement variance r varies from 0:001 up to 1:0, with the process variance �xed at 1:0.One curious result is that the estimator for ptt becomes biased for larger measurementnoise, with a value which is higher than the true value. Intuition might suggest thatCondensation should produce an underestimate of the variance, as the sample-set is likelyto under-represent the `tails' of the distribution. More detailed investigation of these e�ectswould be a useful subject for further work.



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 1887.3.5 Pedestal CondensationOne di�culty with the multi-model learning, and indeed with multi-mode tracking oncea model has been learnt, is that a fairly common situation involves, say, two modes, eachof which is persistent, so that the true probability of changing state is low. A multi-modesystem with the time between transitions being of the order of 10 s is not unrealistic. Thistranslates to a transition matrix resemblingM = � 0:998 0:0020:002 0:998 � :When tracking with N = 1000 or so, a typical value, only around 2 samples, then, willbe generated for motion corresponding to a state transition having happened. This will ingeneral be insu�cient to allow a transition to be noticed, especially if system noise is highand measurement noise low. Even if a sample corresponding to the transition does happento fall over the object, the approximation to the transition counts will be inaccurate, leadingto the highly variable behaviour of the estimate of Myy0 as seen in section 7.1.One work-around would be to arti�cially raise the probability of a transition, but amore rigorous approach would be desirable.Isard's `ICondensation' (Isard and Blake, 1998b) | Importance Condensation | in-troduces the notion of an `importance function', which dictates where samples are placed.One application of the method is to e�ciently use information from a secondary sensor,typically of di�erent modality. These samples' weights are then modi�ed accordingly, sothat the resulting sample set is still a fair representation of the posterior distribution. Theexample given in (Isard and Blake, 1998b) is of using a colour-segmentation-based blobtracker to provide coarse information of the position of a hand for a user-input application.In this hand-tracking application, the importance function is chosen such that moresamples are placed at points in state-space judged, by dint of some independent information,to be more likely con�gurations of the tracked object. The samples' weights are thenreduced to keep the �nal sample-set fair.In the present problem, the reverse can be done: samples can be generated as if thetransition matrix were `more uniform', with the extreme being the case whereM is a matrixall of whose entries are identical. This will ensure some minimum number of samples evenfor transitions which are very unlikely | a `pedestal' level of samples is maintained.Samples corresponding to a transition generated in this way then have their weightsreduced, and those corresponding to a continuation of the current state would have theirweights increased. In this way, the validity of the sample-set representation is maintained.



CHAPTER 7. APPLICATIONS OF CONDENSATION-EM LEARNING 189The increased quality of the approximation around transitions should produce a bene�tin the quality of the learnt model. Detailed investigation of this approach is left as a subjectfor future research.



Chapter 8Discussion8.1 Relation to other Model-learning FrameworksAll the learning algorithms described in this thesis can be viewed within the wider contextof the learning or estimation problem for a `graphical model'. Graphical models are alsoknown as `probabilistic independence networks', and examples include Markov random�elds, and hidden Markov models (HMMs).The idea is that for a problem involving many random variables, a graph is constructedwhose nodes (vertices) correspond to them. An edge between two nodes indicates depend-ence of the random variables corresponding to those nodes. More precisely, let V be theset of nodes in the graph (equivalent to the set of random variables), and for a node � 2 V ,let adj(�) be the set of nodes directly connected to �. For random variables X, Y , andZ, write X ??Y jZ if X and Y are conditionally independent given Z. Then the graphrepresents independence in the sense that� =2 adj(�) =) �??� j (V n f�; �g): (8.1)In other words, pairs of variables corresponding to non-adjacent nodes are conditionallyindependent given the values of the remaining variables. This property of the graph anddistribution of the random variables is referred to as the `Markovian property'.As a concrete example, the relationships between the random variables in the problemof learning a dynamical model can be expressed as a graph as shown in �gure 8.1.Typically, only local information is known, such as joint marginal distributions of ad-jacent pairs of variables, and the joint distribution of the entire set of variables is sought.One area of application of these methods is to `expert systems'. An expert system is amodel which is intended to give reasoned judgements in areas where human experts arescarce. In this setting, it is often the case that the values of some variables are known,190
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x1 x2 x3 xT

1z 2z z3 zTFigure 8.1: A dynamical model can be represented as a graph. Edges in the graphrepresent the dependence of the variables in the nodes as expressed in eqn (8.1). The statext is independent of all other variables, once the preceding and succeeding states xt�1 andxt+1 and the measurement zt are given. Similarly, the measurement zt is independent of allother variables, given xt. This can be seen in the con�guration of the edges of the graph.and the problem is to �nd the distribution of the remaining variables, conditioned on theknown ones. Lauritzen and Spiegelhalter (1988) describe a solution to this problem in thecase that all random variables involved are discrete.Darroch et al. (1980) perform maximum-likelihood learning of the individual discretedistributions given training data on such structures, and Lauritzen (1995) combines thesetwo algorithms to apply EM to the learning problem in the case of training data withmissing observations. This is the area most closely related to the learning described in thisthesis.Smyth et al. (1996) describe an extension to this algorithm | the so-called `Jensen,Lauritzen, Oleson' (Jensen et al., 1990) (`JLO') algorithm. Dawid (1992) gives a moremathematical analysis of the algorithm, which propagates information through the graphby means of `
ows' between neighbouring cliques. An algorithm for �nding the maximumlikelihood value of the whole (discrete) distribution is also given.Hidden Markov ModelsThe equivalence of the graph of �gure 8.1 to that for a Hidden Markov Model problem willbe appreciated, in that only the measurements zt (corresponding to the emitted symbols of aHMM) are directly observable. The three key problems of HMMs are given by Rabiner andJuang (1986). They are `classi�cation', evaluating the likelihood of a symbol sequence giventhe model, `perception', �nding the most likely state sequence given a symbol sequence, and`learning', �nding the best model to describe a set of training symbol sequences. Althoughthe classi�cation problem has been touched on in this thesis in section 3.4, the problemmost relevant is the learning one.



CHAPTER 8. DISCUSSION 192For a HMM, the Baum-Welch algorithm is the result of applying EM to the learningproblem. The Expectation step is performed by means of the `forward-backward' algorithm,very similar to the `�ltering-smoothing' algorithm employed in this thesis. It is the spe-cialisation of the JLO algorithm to the HMM case. The Maximisation step takes placeby means of a set of re-estimation formulae given by Rabiner. The Viterbi algorithm for�nding the maximum-a-posteriori estimate of the state sequence within a HMM is a specialcase of an algorithm described by Dawid (1992).Continuous VariablesAll of the work described above applies only to discrete-valued random variables. Laur-itzen and Wermuth (1989) do give an extension to models with a mixture of discrete andcontinuous variables, but the continuous variables are constrained to be Gaussian. Therelations between this work and that on linear Gaussian dynamical models in chapters 4and 5 of this thesis are apparent, but have not yet been explored in great detail.The stochastic methods of chapter 6 successfully handle the problem of general con-tinuous distributions on the type of graph in �gure 8.1. They could, then, show promise asa solution to the problem of handling completely general continuous distributions within agraphical model setting. This could be the subject of future research.8.2 Future WorkThe work presented in previous chapters has suggested some areas where more researchwould be bene�cial and interesting. Ideas for possible developments are now discussed.Learning within a Kalman-�ltering framework is fairly well understood, and although it isa useful tool, concentrating future research on Condensation-based systems seems a morepro�table direction.Further ExperimentsExperiments have been described in chapter 7 which show the usefulness of the learningalgorithms in applications where a multi-state model is appropriate (the juggled ball ofsection 7.1) and in heavy clutter (the hand-tracking example of section 7.2). Time did notpermit testing of the methods under the combination of these conditions, i.e., learning amulti-mode model in heavy clutter. Examining the performance of the learning methodsin such circumstances would be an interesting area for further work.



CHAPTER 8. DISCUSSION 193A further obvious set of bene�cial experiments would involve attempting to learn multi-mode models from longer sequences. The juggled-ball experiments in section 7.1, for ex-ample, used a rather short sequence, and so gave results which, while useful, had room forimprovement. A better model (particularly in terms of its transition matrix) would almostcertainly be produced from combining data from multiple juggling cycles.Straightforward Improvements to Condensation-EMSection 7.3 brought up some ideas for improving the performance of the EM learning al-gorithm when used within a Condensation framework. The main disadvantage of EMlearning, when compared with the approximation of �ltered learning, is its large additionalcost, incurred by the smoothing step in the algorithm. Perhaps the most promising modi-�cation to this step is the `reduced forward-backward' idea, which although it does notremove the O(N2) step, would produce a very signi�cant speed increase. It would also bestraightforward to implement.The concept of `pedestal condensation', introduced in section 7.3.5, would also give noimplementation di�culties, and, it is hoped, would result in increased learning performancein the case of multi-state models. Section 7.1 showed that the learning of this aspect of themodel was quite ill-behaved, so an improvement would be welcome.Sampling SchemesWork has been done on evaluating the quality of the sample-set approximations to dis-tributions used in Condensation. For example, Carpenter et al. (1997) and Doucet (1998)both propose the use of an `e�ective sample size' as a measure of how much information thesample-set is providing about the distribution compared to a genuinely fair sample drawnfrom it. Doucet (1998) discusses various sampling methods, in particular an `importancesampling' framework, as is used by Isard and Blake (1998b) for a Condensation-based hand-tracker. Pitt and Shephard (1997) also consider various methods whereby the sample setcan better approximate the true distribution.Chapter 6 described the e�ort which was necessary to extract meaningful estimates ofthe second-order moments for use in learning. Increasing the e�ectiveness of the sample-setrepresentation is one obvious area for improvement, and this would undoubtedly have apositive e�ect on the performance of the learning algorithms. Investigating this in moredetail would be a fruitful area for future work.



CHAPTER 8. DISCUSSION 194On-line LearningAll the work described in this thesis is based on `o�-line' learning: a training phase isused, entirely separate from any tracking which is then performed using the learnt dy-namical model. Experiments have shown that this is a useful approach to the problem,but an attractive idea is to perform `on-line' learning, namely learning a dynamical modelas tracking is proceeding. Using an appropriate dynamical model allows a considerablereduction in the number of Condensation samples required for successful tracking, as hasbeen demonstrated in section 7.2. A system which could learn a dynamical model in theearly stages of tracking a sequence could then track the remainder using a lower number ofsamples. Tracking would then be achieved with a lower computational cost (assuming theon-line learning is not prohibitive), and with no increase in the amount of initial knowledgerequired.It is not entirely clear how this learning would be done, although there has been work inother areas on similar problems. For instance, in the neural network literature, de Freitas etal. (1997) describes on-line (or `sequential') learning of weights in multi-layer perceptrons.Further investigation into this literature and its applicability to on-line learning for trackersis required.Non-Euclidean State SpacesAn area of interest for a future application of Condensation is to tracking using a kinematicstate space. For instance, the most natural representation of the state of a human body isin terms of joint angles, rather than in terms of a two-dimensional state based in the image.This raises the question of whether a linear auto-regressive model is appropriate for astate space not topologically equivalent to Rn . In some cases, a `cut' may be possible toproduce a reasonable approximation of the state space to a piece of Rn | taking againthe person-tracking example, the rotation of the head does not cover the whole range ofrotation. In fact, this is the case for most joint angles within the human body.On the other hand, the space of orientations of a rigid body can not sensibly be cut inthis fashion; it is topologically equivalent to a 3-sphere. (One representation of the spaceof orientations is as the set of unit quaternions.) In such a space, the typical motion modelxt = KXk=1 akxt�k + bwtis no longer meaningful, as it requires a vector space structure on the states x (and thenoises w). The space of rotations in two dimensions has no such structure; neither does



CHAPTER 8. DISCUSSION 195the space of three-dimensional rotations. Investigating a sensible formulation of dynamicalmodels in such spaces could be a subject for future research.Higher-order ModelsThe theories developed in this thesis apply to any model order K, if not explicitly, thenby simple extension. For the tracking experiments, though, second-order models only wereused. They produced successful results, but the classi�cation experiments in section 3.4suggest that higher-order models might bring bene�ts. It would be desirable to gather someinformation on the e�ect of higher-order models on tracking performance.Observation ModelsAlthough more directly an area for research into improving the performance of the Con-densation tracking algorithm itself, the choice of observation density has in
uence on thelearning algorithms | the assumptions made during the formulation of p(z jx) and theirvalidity will a�ect the �nal posterior distribution for the state sequence.The observation density used for the experiments described in this paper is fairly na��ve,and work has been done by MacCormick and Blake (1998) on developing a rigorous,probabilistically-based methodology for calculating the likelihood that a given contour con-�guration arose from clutter or from the tracking target. Although this has not yet beendeveloped into an observation density for Condensation, doing so is the subject of currentresearch.Also the subject of current research is the use of region-based observation densities.This thesis has exclusively used contour-based measurement processes, which have thesigni�cant advantage of speed | very few image pixels must be examined. Contour-basedmeasurements are also invariant to illumination and scale. Much information, for exampletexture information, however, is being ignored, and it would be interesting to investigatehow such information could be incorporated into a Condensation tracker.InitialisationThe learning described in this thesis, as well as the tracking used as test cases for themodels, used hand-initialised sequences. In other words, the state of the system at t = 0was provided. It would be preferable to remove the necessity of this step, allowing thesystem to learn the initial distribution of the state as part of the algorithm. This would�t within the EM framework by treating the initial state as one of the parameters of the



CHAPTER 8. DISCUSSION 196model, and so should be a fairly straightforward extension. For using a learnt model totrack other sequences, of course, the initial position in the training sequence would not beused.8.3 ConclusionsThis thesis has developed mathematically correct techniques for �nding best-�t dynamicalmodels from noisy measurement sequences. This learning has taken place within a Kalman�ltering framework, and also in the context of the more powerful Condensation algorithm.The resulting models are capable of generalisation, in that experiments have shown successin using them for tracking sequences similar to the test ones. The learnt models can alsobe successfully used for classi�cation, as well as a source of information in their own right(for instance the acceleration results from the juggled ball).One obvious shortcoming of the technique, particularly with regard to its use in theCondensation domain, is its large computational cost. The vastly cheaper (one-shot asopposed to the iterative EM algorithm, and no O(N2) cost) �ltered learning approachoften produces results which are nearly as good. Filtered learning, however, can not beimmediately applied to the multi-mode models of section 7.1, especially without supplyingadditional prior information. Methods for reducing the computational burden of, in par-ticular, the smoothing phase of the algorithm must be sought. Research into this, and theother areas described above, should produce more e�cient methods for learning dynamicalmodels.



Appendix ADerivations and ProofsA.1 Ljung's MethodConsider the simpli�ed model structurext = Axt�1 + wt;zt = Cxt + vt;where as usual xt is the state at time t, A is the dynamics matrix, C is the measurementmatrix, and wt and vt are all independent Gaussian random variables with zero mean andunit variance. Ljung (1987) suggests formingX = 0BBB@ x1x2...xT 1CCCA ; Z = 0BBB@ z1z2...zT 1CCCA ;then, assuming that x0 = 0, de�ningF = 0BBBBB@ 1 0 � � � 0A 1 0 � � � 0A2 A 1 0 � � � 0...AT�1 AT � � � 1
1CCCCCA ; H = 0BBBBBB@ C 0 � � � 00 C 0 � � � 00 ...... ... . . . 00 0 � � � 0 C

1CCCCCCAand E = 0BBB@ v1v2...vT 1CCCA ; W = 0BBB@ w1w2...wT 1CCCAallows the system to be written asX = FW ; Z = HX +E:197



APPENDIX A. DERIVATIONS AND PROOFS 198This is a slight simpli�cation of the general problem, as both the measurement andprocess noises are �xed at unity. However, this does not a�ect the presentation or natureof the argument.First consider the `E' step | the problem of �nding EX [log p(X;Z j') jZ;' = �]. Nowp(X;Z j') = p(X j')p(Z jX;')and p(X j') = g(X; 0; FF>); p(Z jX;') = g(Z;HX; I);where g(x;�;�) is the density function of a Gaussian with mean � and variance � evaluatedat x. Thuslog p(X;Z j') = �12 hX>(FF>)�1X + log j(FF>)j+ (Z �HX)>(Z �HX) + consti :Taking the expected value of this with respect to a distribution over X given ' = � yieldsEX [log p(X;Z j') jZ;' = �] = �X̂>(FF>)X̂ � tr(F�1PF�>)� log j(FF>)j+ const wrt '; (A.1)where X̂ = E [X jZ;' = �]; P = Var[X jZ;' = �]:The `E' part is then reduced to the �nding of this mean and variance. For two randomvariables X and Z with means �X and �Z , variances PX and PZ and covariance PXZ , thedistribution of X conditioned on Z is(X jZ) � N(�X + PXZP�1Z (Z � �Z); PX � PXZP�1Z P>XZ):In this case, then, it will su�ce to �nd the means and variances of X and Z, and thecovariance of X against Z. Now W � N(0; I);so X � N(0; FF>);and hence Z � N(0;HFF>H> + I):



APPENDIX A. DERIVATIONS AND PROOFS 199Also, PXZ = E [XZ>]= E [FW (HFW +E)>]= FE [WW>]F>H> + E [E]= FF>H>:Therefore X̂ = FF>H>R�1Z;P = FF> � FF>H>R�1HFF>;where R = I +HFF>H>:This completes the `E' step; note that it involves the inversion of the large matrix R.For the `M' part, the value of ' which maximises the RHS of eqn (A.1) is sought, i.e.,arg max' h�X̂>(FF>)X̂ � tr(F�1PF�>)� log j(FF>)ji ; (A.2)since ' = A and F = F (A). There is no obvious explicit expression for this arg max.In practice, one would exploit the structure in F (A) to perform both the `E' and `M'steps | the `E' step involving the inversion of R, and the `M' step involving the maxim-isation of eqn (A.2). While the above formulation is elegant and general, then, in the caseof interest, namely dynamical models for tracking, the exploitation mentioned would leadto a solution of the kind described in section 4.4.A.2 Alternative Approaches to EM Learning for a KalmanFilterShumway and Sto�er (1982) and Ghahramani (1996) both describe a formulation of the EMalgorithm for the case of learning a dynamical model within the Kalman �lter framework,equivalent to that developed in chapter 4. The Maximisation step is exactly equivalent;a slightly di�erent method of performing the Expectation step is given. Instead of usingan augmented state vector, as was done in this thesis, a more direct recursive method ofcalculating the covariances (using the notation of section 4.4.2)P Tt�1;t�2 = Cov[xt�1; xt�2 j z1; : : : ; zT ]



APPENDIX A. DERIVATIONS AND PROOFS 200is given. (The augmented state �lter was introduced to calculate these covariances.) Therecursion is initialised with P TT;T�1 = (I �KTH)AP T�1T�1and proceeds according toP Tt�1;t�2 = P t�1t�1 + Ft�1(P Tt � P t�1t )F>t�1:Shumway and Sto�er described the derivation of these results as `somewhat lengthy', andrefer to a technical report of theirs (Shumway and Sto�er, 1981).Both papers also describe the extension to learning the measurement variance, and(Ghahramani and Hinton, 1996) also extends the theory to estimating the measurementgain H (`output matrix' in his notation). For the case of a visual tracker, however, themeasurement gain is known, and the noise can be estimated independently and directly, sothese extensions were not required for the work of this thesis.A.3 Multi-dimensional Yule-WalkerFor completeness, the derivation of the maximum-likelihood estimates of a dynamical modelfrom an example sequence is now presented in more detail.A.3.1 Zero-mean caseFirst, the case of a system with known mean is considered. Without loss of general-ity, assume that it is zero by subtracting it from every element of the training sequencex�1; x�2; : : : ; x�T . The log-likelihood L can be written in terms of the individual residue termsrt = x�t � KXk=1Akx�t�kas L = �12 TXt=K+1 r>t C�1rt � T �K2 log jCj:Using u>Mv = tr(uv>M>) and the fact that C is symmetric, this can be writtenL = �12tr" TXt=K+1 rtr>t !C�1#� T �K2 log jCj:For notational convenience, de�neA = � A1 A2 � � � AK � :



APPENDIX A. DERIVATIONS AND PROOFS 201Writing Z =PTt=K+1 rtr>t and expanding the sum givesZ = TXt=K+126664x�t �A0BBB@ x�t�1x�t�2...x�t�K 1CCCA37775h(x�t )> � � (x�t�1)> (x�t�2)> � � � (x�t�K)> �A>i= R00 �R0A> �AR>0 +ARA>; (A.3)where R = 0BBB@ R11 R12 � � � R1;KR21 R22 � � � R2;K... ... . . . ...RK;1 RK;2 � � � RK;K 1CCCA ; R0 = � R01 R02 � � � R0;K � ;and the moments Rij are de�ned asRij = TXt=K+1x�t�i(x�t�j)>:Therefore, L can now be writtenL = �12tr(ZC�1)� T �K2 log jCj:Di�erentiating this with respect to A gives the following equation for the maximumlikelihood estimate of A: AR = R0; (A.4)and di�erentiating with respect to C givesC = 1T �KZ= 1T �K (R00 �AR>0 )(using eqn (A.4) to simplify the expression for Z).A.3.2 Unknown MeanThis section extends the analysis to the case where the mean is unknown. In this case, theindividual residuals become rt = x�t � KXk=1Akx�t�k � d;



APPENDIX A. DERIVATIONS AND PROOFS 202where d = (I �PKk=1Ak)�x is the o�set. Specifying d in preference to �x is a more gen-eral approach, allowing, for example, constant-velocity motion, which has no mean. Theexpression for Z then becomesZ = R00 �R0A> �R0d> �AR>0 +ARA> +ARd> � dR>0 + dR>A> + (T �K)dd>;(A.5)where R = 0BBB@ R1R2...RK 1CCCA and Ri = TXt=K+1x�t�i:Di�erentiating eqn (A.5) with respect to A producesAR+ dR> �R0 = 0; (A.6)(using R = R>) and with respect to d givesd = 1T �K (R0 �AR):Substituting this expression for d into eqn (A.6) givesA�R� 1T �K �RR>����R0 � 1T �K �R0R>0 �� = R0:Introducing the modi�ed second-order momentsR0ij = Rij � 1T �KRiR>j :and writingR0 = 0BBB@ R011 R012 � � � R01;KR021 R022 � � � R02;K... ... . . . ...R0K;1 R0K;2 � � � R0K;K 1CCCA ; R00 = � R001 R002 � � � R00;K �allows this to be simpli�ed: AR0 = R00:Finally, di�erentiating L with respect to C gives C = Z=(T �K), which simpli�es toC = 1T �K �R000 �A(R00)>� ;using the expressions for A and d.



APPENDIX A. DERIVATIONS AND PROOFS 203A.4 Learning from Multiple SequencesIf several training sequences are available, and it is desired to �nd the maximum-likelihoodestimate for all the sequences, it is clearly incorrect to simply concatenate the sequencesand apply the results of section A.3. There will be jumps at the joins of the sequences,producing an inaccurate estimate.Suppose that M training sequences are given:(x�11; : : : ; x�1T1); : : : (x�M1; : : : ; x�M;TM ):Assuming that these sequences are independent, the overall log likelihood will be given byL = �12 MXm=1 " TmXt=K+1 r>mtC�1rmt#� MXm=1 �Tm �K2 log jCj� ;de�ning the residues rmt in the obvious way.Following the development through, it can be shown that the form of the maximum-likelihood estimate remains the same, withRij =Xm Rmij ; Ri =Xm Rmi;where Rmij = TmXt=K+1x�m;(t�i)(x�m;(t�j))> Rmi = TmXt=K+1x�m;(t�i):The expression T �K in the de�nition of the modi�ed moments R0ij and in the estimatesfor d and C must be replaced by Pm(Tm �K).A.5 Maximum-likelihood Estimate for Multi-mode ModelsA mixed-state model has a state vectorXt = � xtyt � ;where xt is the continuous state and yt is a label for the discrete state. It is assumed thatthe transition probabilities for the discrete state are context-insensitive, i.e., they do notdepend on xt. This assumption produces the following expression for the joint model.p(Xt j X t�10 ) = pyt(xt jx0; : : : ;xt�1)Myt�1yt :



APPENDIX A. DERIVATIONS AND PROOFS 204The log-likelihood of a model for a given sequence X�t of known states therefore separatesinto two components: the continuous component, whose maximisation has already beendealt with in appendix A.3, and the discrete componentLd =Xt logMyt�1yt : (A.7)This must be maximised subject to the constraintXb Mab = 1 8a:As usual, introduce the Lagrange multipliers �a and seek the maximum ofL0 =Xt logMyt�1yt + �a(1�Xb Mab):Now, the �rst term can be writtenXt logMyt�1yt =Xt Xa Xb �ayt�1�byt logMab=Xa;b Xt �ayt�1�byt logMab=Xa;b Tab logMab;where Tab =Xt �ayt�1�byt= ]ft : y�t�1 = a; y�t = bg:The expression for L0 can now be writtenL0 =Xa;b Tab logMab + �a(1�Xb Mab):Di�erentiating with respect to Mab gives@L0@Mab = TabMab + �aMultiply by Mab to get the set of equationsMab�a = Tab(one for each pair (a; b) of states). Sum over b to get�aXb Mab =Xb Tab



APPENDIX A. DERIVATIONS AND PROOFS 205and use the constraint to get �a =Xb Tab;whence the ML values Mab = TabPb Tabmay be deduced.Note also that the log-likelihood Ld of eqn (A.7) can be written in terms of the Tab asLd =Xa;b Tab logMab;which is linear in the Tab. This linearity is important to the validity of the claimed EMalgorithm for this problem described in section 6.2.1.
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