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Coalescing random walks is a fundamental distributed process, where a set of particles perform independent discrete-time random
walks on an undirected graph. Whenever two or more particles meet at a given node, they merge and continue as a single random
walk. The coalescence time is defined as the expected time until only one particle remains, starting from one particle at every node.
Despite recent progress such as by Cooper et al. [14] and Cooper et al. [19], the coalescence time for graphs such as binary trees,
d-dimensional tori, hypercubes and more generally, vertex-transitive graphs, remains unresolved.

We provide a powerful toolkit that results in tight bounds for various topologies including the aforementioned ones. The meeting
time is defined as the worst-case expected time required for two random walks to arrive at the same node at the same time. As a
general result, we establish that for graphs whose meeting time is only marginally larger than the mixing time (a factor of log? n),
the coalescence time of n random walks equals the meeting time up to constant factors. This upper bound is complemented by the
construction of a graph family demonstrating that this result is the best possible up to constant factors. Finally, we prove a tight worst
case bound for the coalescence time of O(n®). By duality, our results yield identical bounds on the voter model.

Our techniques also yield a new bound on the hitting time and cover time of regular graphs, improving and tightening previous
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1 INTRODUCTION

Coalescing random walks is a fundamental distributed process on connected and undirected graphs. The process begins
with particles on some subset of the nodes in the graph. At discrete time-steps, every particle performs one step of an
independent random walk.! Whenever two or more particles arrive at the same node at the same time-step, they merge
into a single particle and continue as a single random walk. The coalescence time is defined as the first time-step when
only one particle remains. The coalescence time depends on the number and starting positions of the particles.
Studying the coalescence time is of substantial importance in distributed computing: At the heart of many distributed
computing applications lie consensus protocols and leader election e.g., data consistency, consolidation of replicated
states, synchronization of processes and devices and communication networks [4, 6, 24, 40, 42]). Other applications
of the coalescence process appear in robotics [28]; here, robots perform random walks to gather samples from their
environment and need to communicate these samples to all other robots. Studying the coalescence time also implies
results for other interaction types of random walks including predator and prey particles as well has annihilating

particles [17].

Relationship to consensus protocols. Arguably the simplest consensus protocol achieving consensus on any undirected
graph is the voter model. Initially, every node has a distinct opinion. At every round, each node chooses synchronously
one of its neighbors at random and adopts that node’s opinion. The consensus time is defined as the time it takes until
only one opinion remains. The voting process viewed backwards is exactly the same as the coalescence process starting
with a random walk on every node; thus, the coalescence time and consensus time have the same distribution (this

duality assumes that the random walks are non-lazy). Despite recent progress by Cooper et al. [14, 19] and Berenbrink

! Throughout this paper, we use random walk and particle interchangeably, assuming that every random walk has an identifier.

Manuscript submitted to ACM



On coalescence time in graphs—-When is coalescing as fast as meeting? 3

et al. [11], the coalescence time and consensus time are far from being well-understood—even for certain fundamental
graphs as we describe below. Recently, there have been several studies on variants of the voter model, most notably
2-Choices and 3-Majority which received ample attention [8-10, 15, 16, 20, 26, 29]. However, the behavior of these
processes is fundamentally different and despite their efficiency in reaching consensus on expanders and cliques, they
are unsuitable on more general undirected graphs as the consensus time is exponential in some graphs.

In this paper, we follow the approach of Cooper et al. [14] and Hassin and Peleg [30] and study the consensus time
through the more tangible analysis of the coalescence time. When starting with two particles, the coalescence time is
referred to as the meeting time. Let tmeet denote the worst-case expected meeting time over all pairs of starting nodes
and let t.,,] denote the expected coalescence time starting from one particle on every node. It is clear that tmeet < teoals
as for an upper bound, it can be shown that t.y,] = O(fmeet log n), where n is the number of nodes in the graph. The
main idea used to obtain the bound is that the number of surviving random walks halves roughly every tmeet steps. A
proof of the result appears implicitly in the work of Hassin and Peleg [30].

Aldous [1] showed in continuous-time that the meeting time is bounded by the maximum hitting time, t,; =
maXy, o it (4, v), where ty; (1, v) denotes the expected time required to hit v starting from vertex u. We observe that the
result of Aldous also holds in discrete time. Thus, this gives a bound of O(ty;; log n) for the coalescing time; however,
in general O(ty;;) may be a loose upper bound on tmeet. In recent work, Cooper et al. [14] provide results that are
better than O(fmeet log n) for several interesting graph classes, notably expanders and power-law graphs. They show
that t.o = O((log* n + I7l172) - (1 = A2)~1), where A; is the second largest eigenvalue of the transition matrix of the
random walk and 7 is the stationary distribution. Berenbrink et al. [11] show that .o, = O(m/(dmin - ®)), where m is
the number of edges, dpip is the minimum degree and ® is the conductance. Their result improves on that of Cooper et
al. for certain graph classes, e.g., cycles.

As mentioned before, despite the recent progress due to Cooper et al. [14] and Berenbrink et al. [11], for many
fundamental graphs such as the binary tree, hypercube and the (d-dimensional) torus, the coalescing time in the discrete
setting remains unsettled. We provide a rich toolkit allowing us to derive tight bounds for many graphs including all of
the aforementioned ones. One of our main results establishes a relationship between the ratios t.qa1/tmeet and tmeet/tmix
where tmix = tmix(1/e) denotes the mixing time.? In particular, the result shows that if tmeet/tmix = Q(log2 n), then
teoal = O(tmeet); however, we also provide a more fine-grained tradeoff. For almost-regular graphs,> we bound the
coalescence time by the hitting time. For vertex-transitive graphs we show that the coalescence time, the meeting
time, and the hitting time are equal up to constant factors. Finally, we prove that for any graph the coalescence time is
bounded by O(n3); it can be easily verified that this is tight by considering the barbell graph. Surprisingly, the right
bound on this fundamental quantity was not known prior to this work. Unlike in the analogous case of the cover
time [2] where such a bound can be easily derived, the argument in the case of coalescence time appears significantly
involved.* Prior to this work, Hassin and Peleg [30] had shown a worst-case upper bound of O(n> log n). We also give
worst-case upper and lower bounds on the meeting time and coalescence time that are tight for general graphs and
regular (or nearly-regular) graphs.

In the process of establishing bounds on the coalescence time, we develop techniques to give tight bounds on the
meeting time. We apply these to various topologies such as the binary tree, torus and hypercube. We believe that these

techniques might be of more general interest.

2The mixing time is the first time-step at which the distribution of a random walk starting from an arbitrary node is close to the stationary distribution.
3We call a graph almost-regular if deg(u) = ©(deg(v)) forallu,0 € V.
4Cooper et al. [14] mistakenly stated, as a side remark, that this last result was a simple consequence of their main result.
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Graph tmix tmeet teoal thit
Binary tree O(n) ©(nlogn) [31] & [39] O(nlogn) [31] &[39] ©(nlogn)
Clique e(1) o(n) [14], [11] & [31] o(n) [14], [11] & Thm. 1.1 O(n)
Cycle O(n?) o(n?) [11] & Prop. 5.7 o(n?) [11] O(n?)
Rand. r-reg. O(logn) 0(n) [19], [14], [11] & Thm. 1.1 0(n) [19], [14], [11] & Thm. 1.1 ©(n)
Hypercube ©(log nloglog n) 0(n) Thm. 1.1 0(n) Thm. 1.1 Q(n)
Path O(n?) o(n?) [11] & [31] o(n?) [11] & [31] O(n?)
Star (1) 0(1) folklore O(logn) [30], Prop.3.4 & Thm.1.4 ©(n)
Torus (d = 2) O(n) ©(nlogn) Prop. 5.7 ©(nlogn) [39] ©(nlogn)
Torus (d > 2) o(n?/d) o(n) Thm. 1.1 o(n) Thm. 1.1 o(n)

Table 1. A summary of bounds on the mixing, meeting, coalescence and hitting times for fundamental topologies for discrete-time
random walks. All bounds on the mixing and hitting times appear directly or implicitly in [2]. Note that for regular graphs, tmeet = Q(n)
(e.g., Theorem 5.1.iii). The results for the hypercube and the torus with d > 2 are new (see Section 6). Note that #.oa = Q (fmeet)-

The process of coalescing random walks was first studied in continuous time; in this case, particles jump to a random
neighboring node when activated according to a Poisson clock with mean 1. In the continuous time setting, Cox
[22] show that the coalescence time is bounded by ©(ty;;) for tori. Oliveira [37] showed that the coalescence time
is O(ty;;) in general. In a different work, Oliveira [38] derived so-called mean field conditions, which are sufficient
conditions for the coalescing process on a graph to behave similarly to that on the complete graph up to scaling
by the expected meeting time. His main result (for non vertex-transitive graphs) in [38, Theorem 1.2], implies that
teoal = O(tmeet) Whenever tmiy - Tmayx = O(1/log* n). One of our main results, Theorem 1.1, implies teon = O(tmeet)
whenever tyiy /tmeet = O(1/log? n). Notice that since tmeet = Q(l/”ﬂ'”%) > Q(1/mmax), our condition is considerably
more general—however, the results in [38] also establish mean-field behavior (that is, when suitably scaled, the
distribution of the coalescence time is similar to that on a complete graph), while ours are only concerned with the
expected coalescence time, t.,4. On the other hand, our result also applies to graphs where #.4] > tmeet such as the
star graph, and together with Theorem 1.2, demonstrate that the trade-off between meeting and mixing time is the best

possible.

1.1 Main results

In this work, we provide several results relating the coalescence and meeting times to each other and to other fundamental
quantities of random walks on undirected graphs. In particular, our focus is on understanding for which graphs the
coalescence time is the same as the meeting time, as we know that t..,) is always in the rather narrow interval of
[tmeet, O (tmeet - log n)]. As a consequence of our results, we derive new and re-derive existing bounds on the meeting
and coalescence times for several graph families of interest. These results are summarized in Table 1.

Formal definitions of all quantities used below appear in Section 2. Throughout this paper, we assume that random
walks are lazy meaning that w.p. 1/2 the walk stays put.

Our first main result relates t.o,) t0 tmeet and tpix. As already mentioned in the introduction, the crude bound
teoal = O(tmeet log n) is well-known. However, this bound can be improved substantially, as demonstrated by our result

below (recall that for any graph G, tyix = O(tmeet) [2])-

THEOREM 1.1. For any graph G, we have

t s
teoal = O (tmeet (1 + ,[ﬁ ~logn)),
Imeet
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Consequently, when tmeet = tmix log2 n, teoal = O(tmeet)-

The proof of Theorem 1.1 appears in Section 3. One interesting aspect about this bound is that it can be used to
establish t.y,1 = O(fmeet) even without explicit bounds on the quantities tmeet O tyix. Another interesting feature of
our theorem is that the main result of Cooper et al. [14, Theorem 1] can be reproven by combining [14, Theorem 2]
with Theorem 1.1 (see Proposition 5.2).

Our next main result shows that the bound in Theorem 1.1 is tight up to a constant factor, which we establish by
constructing an explicit family of graphs. Interestingly, for this family of almost-regular graphs we also have t,;; > tmeet,

thus showing that t,;; may be a rather loose upper bound for t,,] in some cases.’

THEOREM 1.2. For any sequence (ty)n>0, &y € [1,1og? n] there exists a family of almost-regular graphs (Gy,), with Gy,

having ©(n) nodes and satisfying % = O(ay) such that

t .
teoal = € (tmeet : (1 +4/ = 'IOgn)) :
Imeet

The above two results show that the condition tmeet = tmix log2 n in Theorem 1.1 is best possible up to constant
factors. A natural question is therefore whether in the case of structured sub-classes such as vertex-transitive graphs,
or special graphs such as grids, tori, binary trees, cycles, real-world (power-law) graphs, etc., better bounds can be
obtained. We provide results that are tight or nearly tight in several of these cases; some of these results were previously
known using other methods, some are novel to the best of our knowledge.

In an earlier version [31], we also proved that

tcoal = O (thit + tmeet - log(A/d)) 1)

for any graph G with maximum degree A and average degree d. We omit the proof of this result here, since very recently
[39] proved that ¢, = O(ty;;) holds for all undirected graphs.

Another natural question is to express fmeet OI fcoq1 SOlely in terms of tyiy, the spectral gap 1— A, or other connectivity
properties of G. We derive several such bounds on tmeet, thit and fepal-

As a by-product of our techniques, we also derive new bounds on ty,;; and tcoy, the cover-time, which is the expected
time until a random walk has visit all vertices in G (starting from a worst-case vertex). The detailed results are given in

Section 5, and here we state only one of these results:

THEOREM 1.3. For any regular graph, it holds that

thit = O(n/V1 = A2) = O(n/®),

where ® is the conductance of the graph and Ay is the second largest eigenvalue of the transition matrix P of a lazy random

walk. Consequently, tcoy = O(nlogn/(1 — A2)) = O(nlogn/®). Furthermore,
tmeet S fcoal = O(n/v1-12) = O(n/®).

We point out that so far the best possible bound on t,o,; for regular graphs has been t.,5 = O(n/(1 - A2)) from [14].°
The best possible bound on ty,;; (and tcoy) in terms of 1 — Ay, was ty;; = O(n/(1—Az)) and teov = O(nlogn/(1—A2)) due

to Broder and Karlin [12] from 1989. In all four cases, tmeet, tcoal> thit> and tcov, Theorem 1.3 improves the dependency

Note that the star also exhibits tyj; > tmeet. However, the star is not almost-regular.
© Alternatively, the same bound as the known bound can also be derived from the bound on the conductance in [11] together with Cheeger’s inequality.
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6 Varun Kanade, Frederik Mallmann-Trenn, and Thomas Sauerwald

on 1/(1 — A2) (or, equivalently #yx), by almost a square-root (we refer the reader to Theorem 5.4 and Theorem 5.6 for
further details). As a result of this improvement, we get a bound of O(n/®) on the hitting time which is the best known
bound on the hitting time (and cover time) in terms of the conductance and improves the bound of [2, Corollary 6.2.1]
by a factor of 1/®. After an extended abstract of our work was published in SODA’19 ([32]), Oliveira and Peres [39]
improved versions of these bounds for non-regular graphs, by showing that the maximum degree A in the above
statement can be replaced by the average degree d.

Finally, we also derive a general lower bound on fpeet that combines the lower trivial bound, 1/||z||2, with the
minimum number of collisions (see Theorem 5.1.(iii)).

Finally, we also provide asymptotically tight worst-case bounds on tmeet and t.y,;. We show that on any graph the
coalescence time must be at least Q(log n) and is no more than O(n?). For regular (and in particular vertex-transitive)
graphs these bounds become Q(n) and O(n?). These two new upper bounds for general and regular graphs complete

the picture of worst-case bounds:

THEOREM 1.4. The following hold for graphs of the stated kind.

(i) For any graph G we have tyeet € [Q(1),0(n%)] and t.oq € [Q(logn), O0(n3)].
(ii) For any regular graph G we have tmeet, teoal € [Q(n), O(n?)].

The proof of Theorem 1.4 appears in Section 4.

1.2 Proof Ideas and Technical Contributions

When dealing with processes involving concurrent random walks, a significant challenge is to understand the behavior
of “short” random walks. This challenge appears in several settings, e.g., in the context of cover time of multiple random
walks [5, 25], where Efremenko and Reingold [25, Section 6] highlight the difficulty in analyzing the hitting time
distribution before its expectation. In the context of concentration inequalities for Markov chains, Lezaud [34, p. 863]
points out the requirement to spend at least mixing time steps before taking any samples. Related to that, in property
testing, dealing with graphs that are far from expanders has been mentioned as one of the major challenges to test
their expansion (see Czumaj and Sohler [23]). In our setting, we also face these generic problems and devise different
methods to get a handle on the meeting time distribution before its expectation. our approaches can be leveraged to

derive new bounds on other random walk quantities such as hitting times or cover times (see Section 5).

Bounds on t.,, in terms of tyiy and tyeet

The key ingredient in the proof of Theorem 1.1, where we express f.y, as a tradeoff between tyeet and tpiy, is a better
understanding of meeting events prior to the (expected) meeting time. More precisely, we derive a tight bound on the
probability p, that two random walks meet before ¢ time-steps, for £ in the range [y, tmeet]. Arguing about meeting
probabilities of walks that are much shorter than tyeer allows us to understand the rate at which the number of alive
random walks is decreasing.

Optimistically, one may hope that starting with k random walks, as there are (’;) possible meeting events, roughly
(’;) - pr meetings may have occurred after ¢ time-steps. However, the non-independence of these events turns out to be
a serious issue and we require a significantly more sophisticated approach to account for the dependencies. We divide
the k random walks into disjoint groups G1 and G (with |G1| usually being much smaller than |G>|) and walks of G4
cannot be eliminated. The domination of the real process by the group-restricted one is established by introducing a
Manuscript submitted to ACM
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Go

;

Fig. 1. The graph described in Section 3.4 with #.oa = Q (fmeet + Vmeet/tmix - 10g 1 + tmix)-

formal concept called immortal process at the beginning of Section 3.1. We believe that this domination might be of
further use to analyse other interacting particle processes.

In the group-restricted process, we can expose the random walks of G first and consider meetings with random
walks in G (for an illustration, see Figure 2 on page 11). Conditioning on a specific exposed walk in Gy, the events of
the different walks in G2 meeting this exposed walk are indeed independent. In fact, we will also use the symmetric
case where the roles of G; and G are switched. Thus, the problem then reduces to calculating the probability of a
random walk in G, having a ‘good trajectory’, i.e, one which many random walks in G; would meet with large enough
probability.

Surprisingly, it suffices to divide trajectories into only two categories (Lemma 3.3). Although, one may expect that
a more fine-grained classification of trajectories would result in better bounds, this turns out not to be the case. In
fact, the bound that we derive on the coalescing time in Theorem 1.1 is tight, and this is precisely due to the tightness
of Lemma 3.3. The tightness is established by the following construction (cf. Figure 1). The graph is designed such that
the vast majority of meetings (between any two random walks) occur in a relatively small part of the graph (G, in
Figure 4). On average, it takes a considerable number of time-steps before random walks actually get to this part of the
graph. What this implies is that for relatively short trajectories (of length significantly smaller than tyeet), it is quite
likely that other random walks will not meet them (cf. Lemma 3.3). There is a bit of a dichotomy here, once a walk
reaches G it is likely that many random walks will meet it; however, a random walk not reaching G; is unlikely to be
met by any other random walk.

Equipped with Theorem 1.1, we can bound feoy = © (fmeet) for all graphs satisfying tmeet/tmix > log? n. Therefore,
the problem of bounding ¢, reduces to bounding tmeet.

Manuscript submitted to ACM



8 Varun Kanade, Frederik Mallmann-Trenn, and Thomas Sauerwald

For some of the other results, including Theorem 1.2, we will need a more fine-grained approach to derive lower (or
upper bounds) on the probability that two walks meet during a certain number of steps, which may or may not be
smaller than the mixing time or meeting time. The starting point is the following simple observation. If we have two
random walks (X;)s>0 and (Y;)s>0, and count the number of collisions Z := Zf;& 1x,-y, before time-step 7 € N, then

E[Z]
FEzIZsT

If we further assume that both walks start from the stationary distribution, then we have

P[Z>1 (2

P[Z31]=——0 02 il .
E[Z ]| Z>1]

To the best of our knowledge, this is the first application of this formula to meeting (and coalescence) times. However,
we should mention that variants of this formula have been used by Cooper and Frieze in several works (e.g., [18]) to
derive accurate bounds on the hitting (and cover time) on various classes of random graphs, and in Barlow et al. [7]
to bound the collisions of random walks on infinite graphs. Using (2), we are able to obtain several improvements
to existing bounds on the meeting time, and as a consequence for coalescing time. We believe that our work further
highlights the power of this basic identity.

The crux of (2) is that in order to lower (or upper) bound the probability that the two walks meet, we need to derive
a corresponding boundon E [ Z | Z > 1], i.e., the number of collisions conditioning on the occurrence of at least one

collision. Our results employ various tools to get a handle on this quantity, but here we mention one that is quite

intuitive:
-1 )
t
E[Z|Z>1]<%>;;Z§(pw) . 3)

The inner summand Z,,Ev(pfl’u)z is the probability that two walks starting from the same vertex u will meet after a
further t steps. Thus, summing over ¢ and conditioning on the first meeting happening (i.e., the condition Z > 1) at
some vertex u before time-step 7 yields the bound in (3). Despite the seemingly crude nature of this bound, it can be
used to derive new results for fy,jt, tmeet and t.o,) that significantly improve over the state-of-the-art for regular graphs

(see Section 5, or the last paragraph in this section for a summary).

Worst-Case Bounds. We proceed by establishing that t,, = O(n®) on all graphs. The proof of t., = O(n?) (Theorem 1.4)
follows by reducing the number of walks from n to (A/d)o(l) < (n2/|E|)O(1) in O(tyjt). We have, by Proposition 5.7,
tmeet < 2th5t + 1 = O(n - |E|), where this last bound follows from [3].

Finally, combining the bound tmeet = O(n - |E|) together with f.y,1(So) = O(tmeet - 10g(|So|)) (Proposition 3.4) for

any set of start vertices Sy, yields that after additional
O(tmeet - log(|So])) = O(n - [E| - log(n?/|E])) = O(n°)

steps the coalescing terminates. The fact that this is tight can be easily verified by considering the Barbell graph.’
For regular graphs, the same argument as before shows that t.o, = O(n?), and this is matched by the cycle, for

instance.

7This n-vertex graph is constructed by taking two cliques of size n/4 each, and connecting them through a path of length n/2.
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Bounds on tyeet and Other Results. In Section 5, we derive several bounds on tyeet. These bounds are derived more
directly by (2) and/or (3), and involve other quantities such as ||7r||§ or the eigenvalue gap 1 — A2. One important
technical contribution is to combine routine spectral methods involving the spectral representation and fundamental
matrices that have been used in previous works, e.g., Cooper et al. [14] with some short-time bounds on the ¢-th step
probabilities. This allows us to improve several bounds, not only on tmeet and tq,) but also ty,;; and teoy, by significantly
reducing the dependency on the spectral gap or mixing time—by almost a square root factor. As a corollary, we also
derive a new bound on the cover time for regular graphs that considerably improves over the best known bound by
Broder and Karlin [12].

2 NOTATION AND PRELIMINARIES

Throughout the paper, let G = (V, E) denote an undirected, connected graph with |V| = nand |E| = m. Foranodeu € V,
deg(u) denotes the degree of u and N(u) = {v: (u,v) € E} the neighborhood of u. By A, § and d = % Duev deg(u), we
denote the maximum, minimum and average degree, respectively. We say G is I'-approximative regular if A/§ =T.

Unless stated otherwise, all random walks are assumed to be discrete-time (indexed by natural numbers) and lazy,
i.e., if P denotes the n X n transition matrix of the random walk, py , = 1/2, py o = 1/(2deg(w)) for any edge (u,v) € E
and py, » = 0 otherwise. We define pfw to be the probability that a random walk starting at u € V is at node v € V at
time ¢ € N. Furthermore, let p,i,_ be the probability distribution of the random walk after ¢ time steps starting at u. By &
we denote the stationary distribution, which satisfies 7 (u) = deg(v)/(2m) forallu € V.

Let d(t) = maxy, ||p,i’, — 77||lrv and d(¢) = maXy, g ||p,z’, - pf,’_ |l+v, where || - ||;v denotes the total variation distance,
which can be defined for any two discrete distributions p and v as ||y — V|| = % Ywea |p(w) — v(w)|. Following
Aldous and Fill [2], we define the mixing time to be tmix(¢) = min{t > 0 : d(t) < ¢} and for convenience we will
write fyix = tmix(1/e). We define separation from stationarity to be s(t) = min{e: p,tw > (1-¢)n(v) forallu,0 € V}.
Then s(-) is submultiplicative, i.e., s(t; + t2) < s(#1) - s(#2) [33, Exercise 6.4], so in particular, non-increasing [33,
Exercise 6.4]. Hence we can define the separation threshold time tsep = min{t > 0 : s(t) < 1/e} and, by [2, Lemma
4.11] tsep < 4tmix. We write Tyt (1, 0) to denote the first time-step ¢ > 0 at which a random walk starting at u hits v. In
particular, Ty, (4, u) = 0. The hitting time typ;(u,0) = E [ Ty (u,0) | of any pair of nodes u,v € V is the expected time
required for a random walk starting at u to hit v. Thus, ty,;; (4, v) is the expectation of Ty; (u, v). The hitting time of a
graph tpj = maxy, o th;t (4, 0) is the maximum over all such pairs.

For A C V, we use t;;(u, A), to denote the expected time required for a random walk starting to u to hit some node
in the set A. Furthermore, we define tp;(7,u) = Yyev thit (0, 4) - 7(0). Furthermore, we define tayg hit = 2uoev 7(4) -
7(0) - iy (1,0).

Finally, let Tcoy(u) be the first time until a random walk starting at u has visited all vertices in G. Then the cover
time of G, denoted by tcov(G), is defined as teov(G) := maxyey E [ Teov () ].

Let tmeet (4, v) denote the expected time when two random walks starting at u and v first arrive at the same node at

the same time, and we write ¢” . for the expected meeting time of two random walks starting at two independent

meet
samples from the stationary distribution. Finally, let tmeet = maXy » tmeet (4, v) denoted the worst-case expected meeting

time.

Manuscript submitted to ACM



10 Varun Kanade, Frederik Mallmann-Trenn, and Thomas Sauerwald

We define the coalescence process as a stochastic process as follows: Let Sy € V be the set of nodes for which there
is initially one random walk on it, and for all v € S; let
ueN(v) wp. m

Yy (1) =
v wp. 3

The set of active nodes in step ¢ + 1 is given by S;41 = {Y5(t) | v € S;}. The process satisfies the Markov property, ie.,
PSt1 1 Fe] =P [Se+1 | Se], 4)

where 7 is the filtration up to time ¢, which, informally speaking, is the history of all random decisions up to time ¢.
Finally, we define the time of coalescence as T.y,1(So) = min{t > 0 | |S¢| = 1}. Throughout this paper, the expression
w.h.p. (with high probability) means with probability at least 1 — n 2 and the expression w.c.p. (with constant
probability) means with probability ¢ > 0 for some constant c. We use log n for the natural logarithm. Appendix A

contains some known results about Markov Chains that we frequently use in our proofs.

3 BOUNDING .y, FOR LARGE timeet/tmix

In this section we prove Theorem 1.1, one of our main results. We refer the reader to Section 1.2 for a high-level

description of the proof ideas.

3.1 Auxiliary Stochastic Process

In order to prove our first main result, it is helpful to consider a more general stochastic process, Pimm, called the
immortal process, involving multiple independent random walks. In the immortal process, whenever several random
walks arrive at the same node at the same time a subset of them (rather than just one) may survive, while the remaining
are merged with one of the surviving walks. To identify the random walks, we assume that each walk has a natural
number (in N) as an identifier. In order to define this process formally, we introduce some additional notation and
definitions; then we state and prove some auxiliary lemmas. A related concept was introduced in [37, Section 3.4] under
the name of “allowed killings”.

As mentioned before, we assume that every random walk r has a unique identifier id(r) € N. We divide the ids into
two groups G, the group of immortal walks and Go the group of the remaining (mortal) walks. Whenever two or more
walks collide at a node and at least of these walks is in G1, then all walks with ids in G; survive, while all walks with ids
in G are killed (merged with some walk with id in Gj). Furthermore, if all walks have ids in G, i.e., there are no walks
with id in G, then the walk with the minimum id among these walks survives. The ids along with the assignment of
ids to groups determine which of the random walks that arrive at a given node at the same time survive.

Formally, let Py, denote the following process:

(1) At time 0, So = {(ur,id(r))}, where u, is the starting node of random walk r and id(r) is its identifier.

(2) At time t, several random walks may arrive at the same node. The process Pimm, allows some subset of them to
survive, while the rest ‘coalesce’ with one of the surviving walks. Formally, S;+1 is defined using S; as follows.
Define the (random) next-step position of the random walk with id i € N which is on node v € V to be

1

u whereu € N(v) w.p. AN

Yo,i (t) = 1
0 W.p. 25
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G ={1,2}
g2 = {374a 5}

Fig. 2. Illustration of the process Pimm.

Let Ry(t) := {(Yo,i(2),1) | (v,i) € St},v € V be the set of next-step positions (before merging happens) for

random walks that were at node v at time ¢. Let
Ry(t) == {(v,i) | Fu € V, (0,i) € Ry(t)}

be the random walks that have arrived at node v at time-step ¢ + 1, just before merging happens. Then, merging
happens w.r.t. the ids as follows:

(a) If there exists i € G such that (v, 1) € Ry(¢) (at least one walk with id in G; arrives at ), then

So(t+1) = {(v,)) | (v,)) € Ro(1),j € G1}

(b) If there is no i € Gy, such that (v, i) € Ry(t) and Ry(t) # @ (no walk with id in G; arrives at o, but at least one
walk arrives at v), then
So(t+1) ={(o, )},
where j = min{i | (v,i) € Ry(£)}.
(c) Otherwise, Sy(t + 1) := 0, i.e., no walk arrived at .
Finally, let
Spar = U So(t+1).

veV
We now relate this more general process, Pimm, to the coalescing process defined in Section 2. Let P be regarded as

a special instance of Py, with G1 = {1}. In process P, only one of several walks arriving at the same node survives
and by convention the one having the smallest id is chosen. Let (S);2, denote the stochastic process P. If we define
Manuscript submitted to ACM



12 Varun Kanade, Frederik Mallmann-Trenn, and Thomas Sauerwald

Sy :={v| (v,i) € S}, then (5;);’20 is a coalescence process as defined in Section 2. Moreover, P represented by (S¢)72,
is the coalescence process which additionally keeps track of the ids. Throughout this paper, we assume that every
random walk of Sy is on a distinct node.

In the following we show that the time it takes to reduce to k random walks in the original process P is majorized by

the time it takes in Py, to reduce to k random walks.

ProrosITION 3.1. Consider the following two processes:

(1) Process P is the standard process of coalescing random walks, viewed as a special case of Pimm with G1 = {1} as
described above.

(2) Process Pimm is the process defined above using groups Gi1 and Ga, where 1 € G.

Let T*, TX  be the stopping times given by the condition that fewer than k random walks remain for the two processes
mm
respectively. Assume both processes start with the same initial configuration, i.e., the vertices occupied by walks in both

processes are identical and there is only one walk per vertex in either process. Then, there exists a coupling such that

Tk < TF

imm*
Note that this is not obvious since it could happen that a random walk of G, that dies in the original process, is able
to eliminate many of the other random walks hence leading to a small Tlllfn 1 (in comparison to T5). In particular, the

standard coupling, in which the random choices P and Pjy,y, are exactly the same, fails. Instead, we use two non-trivial

couplings.

Proor oF ProrosiTiON 3.1. We will give a coupling between the moves of walks in Piyy, and Piyt, a new process
that is essentially intermediate between P and Pjypy,; furthermore, we will show that the original process P is essentially
a restricted view of the process Piy;. The process Pipt will label the walks dead, alive, and phantom. We emphasize that a
phantom walk is not considered alive. Note that the processes P and Piyy, can be viewed as processes which assign
labels to each random walk of the type alive and dead.

Let StQ denote the set of tuples of alive walks in process Q € {P, Piyt, Pimm } at time ¢. Let 5‘? ={ov| (v,i) € S?} for
Q € {P, Pint, Pim } be the set of nodes which are occupied by at least one alive walk (there might be several in Py, at

t > 1). In order to prove the proposition, we show that there exists a coupling, such that for any t € N
P ¢ §pm (5)
Syt ¢ §Fimm (6)
implying that |S_f| < |S_fi"‘"‘| which yields the claim since
T8 = min{t > 0: |SF| <k} < minf{z > 0: S/ <k} = TK
We now define Pj,;. As mentioned above, the walks in Py,; will be given three kinds of labels alive, dead, or phantom;

the dead walks do not continue ahead in time; alive and phantom walks do.

Formally, Pyt using the groups G and G, is defined as follows. We say that walk r is of type G, if id(r) € G; for

8

i € {1,2}. Whenever at least one walk arrives® on a node, then the following happens.

(1) At least one of the walks is of type Gi
(a) At least one walk of type G is alive

8Throughout, by arrive we take into account that walks may arrive at a node from the same node through laziness.
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Step t Step t+1  Step t+1
end beginning end

node 1 node 2 node I node2 mnode 1l node 2

T e
node3 mnode4 mnode3 mnode4 node3 node4
node 1 node 2 node 1 node2 mnode 1 node 2
(]
®
P, int

OE

node3 mnode4 mnode3 mnode4 node3 node4

node 1 node 2 node 1 node?2 mnodel node 2

oL 6le
" O® 00 OO0

node3 mnode4 node3 mnode4 mnode3 node4

Fig. 3. An illustration of couplings between the processes. The squares depict the random walks. Walks of G; are colored black and
grey (phantom) and the nodes of G are white. The blue arrows denote the moving decisions. Observe that in Piy; a phantom becomes
alive (and a walk of G is labeled dead).

(i) the walk of G; with the smallest id is labeled as alive (even if it was labeled phantom before)
(ii) all other walks of type G (if there are any) are labeled as phantom
(iii) alive walks of type G are labeled dead (if present).
(b) All walks of type G1 are phantom walks
(i) There is no walk of type G
(A) No label is changed
(if) There is at least one walk of type G
(A) the walk of type G1 with the smallest id is labeled as alive
(B) all other walks of type G1 (if there are any) are labeled as phantom
(C) alive walks of type G are labeled dead.
(2) All walks are of type G2
(a) the walk of G, with the smallest id is labeled as alive
(b) all other walks are labeled as dead.

Note, that walks of G are either alive or phantom and walks of G are either alive or dead. Also, note that in the
process Py, there is at most one alive walk at any given node. Throughout the proof we regard the processes in two
stages: First, each random walk selects a destination (possibly the same node it was on) and moves there. In the second

phase the walks are merged according to the process. See Figure 3 for an illustration.

Couplings. We couple all decisions by the random walks in Pj; with the decisions of the random walks Pj,m. The
coupling between the random walks’ decisions in P with those of Pjy; in the following way. For the (unique) random
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14 Varun Kanade, Frederik Mallmann-Trenn, and Thomas Sauerwald

walk atv € Sf under process P, we couple its transition to node Y, (¢ + 1) (where we possibly have Y, (¢ + 1) = v) with
the corresponding alive walk of Sfim (there might be several walks of Pj,;, however only one is alive and we couple

with this alive walk).’

Proof of (5) . We prove (5) by induction on t starting from the same initial configuration: if v € S_f, theno € S_f*"‘,
Consider the inductive step from ¢ to t + 1 and assume that the claim holds at the end of round ¢ (after merging
happened). For the (unique) random walk at v € S_f under process P, we coupled its transition to node Y, (¢ + 1) (where
we possibly have Y, (t + 1) = v) with the corresponding alive walk of S_'f‘"t (there might be several walks of Pjt, however
only one is alive and we couple with this alive walk). Let S be the set of nodes to which a random walk in P moved,
ie,S={Yy(t+1):0v¢€ S_f}. Observe, that before the merging takes place in round ¢ + 1 (but moves have been made),
there is, by induction hypothesis and the coupling, at least one alive walk of Pj,; on each node of S. Furthermore, the
definition of Py,; ensures that whenever an alive random walk moves to a node, then after merging takes place, at
t10 one alive walk remains. Thus, our coupling ensures that if v € S_fﬂ, thenov € Sfi“lt,
subsets where there is an alive walk of Py, this is essentially the standard coalescence process. This finishes the proof

leas In words, if one looks at the
of (5) and we turn to proving (6).

When starting from the same initial configuration, we will provide a coupling that satisfies the following invariants.

(1) There is a bijective map from the alive and phantom walks of Py,; to the alive walks of Py, such that the
following holds. All walks of Pj; of type G; are mapped to walks of Pi,, of type Gi, for i € {1, 2}.

(2) Whenever a walk of type G is labeled dead in Py, then it is also labeled dead in Py, and vice versa.

At the beginning there are no dead or phantom walks in Pjy, there are no dead walks in Pjyp, all walks are alive
and as the starting positions in Pjyy, and Piyt are the same, an arbitrary bijective mapping may be chosen, so long as it
respects node positions and walk types.

Assume the invariant holds at time ¢t. We take one random walk step for each alive or phantom random walk in
Pint. These are coupled with the corresponding walks in Pjy, under the chosen map. Walks that are already dead are
neither simulated in Piy nor in Piyy,. Hence, we can ensure the bijection between the walks of G in both processes
holds at time ¢ + 1.

We now prove the second invariant. Note that whenever a walk r of type G2 in Pimm (Pint) is labeled dead, this implies
there must have been another walk r’ on the same node at the same time. Since there is a bijective map, r’ must be on
the same node in Pip(Pymm)- We have that either r’ is of type G; or r’ is of type G» and that id(r’) < id(r). In either
case, r is also killed (labeled dead) in Pj,;(Pymm)- Hence, we can ensure the bijection between the walks of G, in both
processes holds at time ¢ + 1. Thus, the invariant holds at time ¢ + 1. By induction, and since the alive walks of Pjy;
are a subset of the alive walks of Py, the invariant holds throughout the process and yielding (6). This finishes the
proof. O

3.2 Meeting Time Distribution Prior to tmeet

Let (X;)s>0 and (Yr)r>0 be independent random walks starting at arbitrary positions. For 7 a multiple of #y;y, the

following lemma gives a lower bound on the probability of intersection of the two random walks in 7 steps.

9We will show that such a walk always exists in Pin¢, nonetheless, for completeness we can define a suitable random decision should no such walk in Pin¢
be available.
0By definition, there is actually exactly one alive walk.
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LEMMA 3.2. Let (X;)s»0 and (Y;) >0 be two independent random walks starting at arbitrary positions. Let intersect(X;, Yz, 7)
be the event that there exists 0 < s < 7, such that Xs = Y;. Then

1

P [ intersect(Xy, Yy, 5tmix) | = —,
32a

where & = tmeet/tmix- Furthermore, there exists a constant ¢ > 0, such that for any 1 < b < 1. g, we have

e
. b
P [ intersect(Xz, Yr, ¢ b tmix) | = —,
a
Proor. First, let ()?t) >0 and (?t)t>() be two random walks that start from two independent samples drawn from the

stationary distribution and are run for ¢ := 2[a][tpix | steps. Notice that £ > 2tpeet, and hence, by Markov’s inequality,

~ ~ 1
P [intersect(Xt, Y, t’)] > 7 (7)

Furthermore, if we divide the interval [1, £] into 2[a] consecutive sections of length [#yiy] each, the probability for a

collision in each of these sections is identical and therefore the union bound implies
P [intersect()?t, Y., 0) ] <2[a]-P [intersect()?t, Yy, trmix) ] , (8)

and hence combining equation (7) and (8) yields
P [intersect(it, Yy, tmix) ] > ;
4fa]
Consider now two independent random walks (X;);>0 and (Y;)¢»0 starting at arbitrary positions. By applying Lemma A.5
to both walks, with probability at least (1 — e~!)% both X4z, and Yy are drawn independently from the stationary
distribution since 4tmiy > tsep. Therefore,
P [ intersect(Xy, Yz, 5tmix) | > (1 — e )% - P | intersect(X;, Yz, tmix)] >(1-e 2. m.

Observing that for any a > 1, the RHS above expression is greater than 1/(32a) completes the proof of the first part. For
the second part, we consider k blocks of length 5t,ix. Due to independence of different blocks, the probability of that
the two walks meet in at least one of the k blocks is at least 1 — (1 — ﬁ)k. We set k := [3217/(1 - e_l)-|, x :=1/(32a).
We distinguish between two cases.

Case k - x < 1: We use the fact that (1 —x)* < e <1 - (1 - e D)xk for0 < x < 1, k > 0 and xk < 1. We derive
that the probability of intersecting after k blocks is at least 1 — (1 — ﬁ)k > (1-eHk/(32a) = b/a.

Casek-x > 1: We have 1 — (1— ﬁ)k >1-(1- ﬁ)%“ > 1—1/e > b/a.In both cases the second part follows. O

At the heart of the proof of Theorem 1.1 lies the following lemma that analyses the marginal distribution of the
meeting time distribution. That is, we only expose the first random walk (X;);_, and look at how this affects the
probability of meeting. In essence, we show that at least one of the two “orthogonal” cases hold. In Case 1 (corresponding
to set Cy), there is at least a modest probability that after exposing (X;), (Y;) will intersect with significant probability.
Otherwise, in Case 2 (corresponding to set Cy), there is a significant probability that after exposing (X;), (Y;) will

intersect with at least a modest probability.
Lemma 3.3. Fixt € N and a graph G. Let (X¢);_, and (Y¢);_, be two independent random walks starting from the
stationary distribution '1. Let p = P [ intersect(X;, Yz, 7) | and let 7; denote the set all possible trajectories of a walk of

1 The lemma also holds for arbitrary distributions, but for the sake of simplicity we only state this slightly less general version.
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length t in G (including possible self-loops). We define the following two categories C1 and Cz with C1 C C;
C1={(z0,...,2;) € TZ: P[30 <
Cy ={(z0,...,27) € T7: P[30 <

s<r,Ys=z]>p}
s<r,Y¥=z]2>p/3}.

Then, P [ (X)), € C1 ]| > L orP [ (Xp)T, € G2 ] > 2.

While the actual lower bounds on the probabilities appear rather crude, it turns out that the “significant probability”
\/P/3 is best possible, as we demonstrate in our lower bound construction later. Remarkably, the fact that the “modest
probability” is only p/3 and much smaller than /p/3 does not affect the tightness of our bound, since in Claim 3.5, we

can make up for this gap in both cases through a simple amplification argument over the unexposed random walks.
PRrOOF. Let us suppose that P [ (Xt){zp € C1 ] < é—’ We show that this implies P [ (X)j—p € C2 ] > \/Tﬁ Assume for
the sake of contradiction P [ (Xt)i—y € C2 ] < ‘/Tﬁ We have
p =P [intersect(X;, Yz, 7) |
<SPI(X0jo €C1] - 1+P[ (X)L € (C2\C) |- VP +P[ (X)) £ C2 | -

<p/3+~p/3-p+p/3<p,

w

a contradiction. This completes the proof. O

It is well-known that starting with k random walks, the coalescence time is bounded by O(#meet log k), this can be

deduced from the proof presented in [30]. For the sake of completeness, we give a self-contained proof.
PROPOSITION 3.4. We have t.,1(So) = O(tmeet log |Sol).

ProoOF. Let P be the coalescing process (with ids) defined in Section 3.1. Recall that G; = {1}. Let S; be set of
coalescing random walks at an arbitrary time-step ¢. In the following we show the slightly stronger claim that the
expected time to reduce the number of random walks by a constant factor is O(fmeet)-

Formally, we fix an arbitrary time-step to. With T := min{t > ty: |S;| < 99/100 - |S, |, |Ss,| > 100} denoting the first
time-step the number of coalescing random walks reduces by a factor of 99/100, we will prove that E [ T | = O(tmeet)-
Iterating the argument O(log |So|) times implies that the expected time it takes to reduce to 100 random walks is
O(tmeet log |So|). Note that the expected time to reduce from 100 random walks to 1 is bounded by O(#peet). Hence, the
claim #4541 (So) = O(tmeet log |So|) follows.

It remains to show that the expected number of time steps it takes to reduce the number of random walks by a factor
of 99/100 is indeed O(tmeet)-

We divide time into blocks of length 7 := ceTfltmeet + 4tnix, Where ¢ is the constant of Lemma 3.2, i.e.,

e—1 e—1
tmeet) > .

P | intersect(Xy, Yz, ¢
e

We are primarily interested in what happens at the end of the blocks, i.e., at time steps to, ty + 7, tp + 27,.... For
simplicity, we will start counting time from 0 at the beginning of each block. Let (X;);>0 be the random walk with
id 1. After 4ty steps, we can couple the state of the random walk (X;)s>4s,;, With a node drawn from 7 with
probability at least (1 — e™1), since 4ty > tsep (see Lemma A.5). Further, note that conditioned on this coupling,
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the statement of Lemma 3.3 implies that (X;)¢>as,,, € Co W.p. at least p/3, where we used C; 2 Ci, and where
p="P [mtersect(Xt, Y c- &2 - tmeet) ] ;1 for Xo, Yo ~ .

We condition on the successful coupling of Xy; . with a node drawn from 7 and that (X;);>4s,, € C2, which
happens with probability at least (1 — e~ 1)p/3 = (e 1) (called event &). Finally, consider any random walk (Y);>0b
with id other than 1. Again with probability at least 1 - e"! we can couple Yy, with a node drawn from 7 and
conditioned on successful coupling, (Y;)¢>4z,, meets (X¢)s>ar,;, between time-steps [4tyix, 7] with probability at least

p/3, by definition of Cy. Thus, conditioned on event &, each walk of G vanishes w.p. (1—e™!)p/3 = (e 1) and thus
(e 1)

the expected fraction of walks killed in the 7 time-steps is at least

Let Zy = |Sty+¢.7| denote the number of random walks alive at the begmning of block ¢.

(e-1)* Zp—1
E[Z | 7‘;0+((—1)~r] Zp1—(Zp-1-1) - ot < Zp-1 - Too
The above holds as long as Zy—; > 100. We can therefore apply Lemma A.9 with parameters g = 99/100 - Sp and
B =99/100 to obtain that E[ T | = O (7) = O(tmeet), which completes the proof. O

3.3 Upper Bound - Proof of Theorem 1.1

We commence by considering the process Py, defined in Section 3.1. This allows us to establish Claim 3.5 providing
us with the following tradeoff. For a given period 7 of length at least #,;x We obtain a bound on the required number of
periods to reduce the number of random walks by an arbitrary factor. The proof relies heavily on Lemma 3.3 which
divides the walks of G; into two groups allowing us to expose the walks of G; first and then to calculate the probability
of the walks of G2 to intersect with them. In fact, we will also use the symmetric case where the roles of G; and G
are switched. These probabilities are derived from the time-probability tradeoff presented in Lemma 3.2. We then
use Claim 3.5 to derive a bound on the number of time steps it takes to reduce the number of walks to [2a], where
a = tmeet/tmix (Corollary 3.6). From there on we employ Claim 3.5 to reduce the number of walks to 1 in O(tmeet) time
steps. Melding both phases together yields the bound of Theorem 1.1.

We now define a process Piym (So, k) with k < [Sp|, which is a parameterized version of the process Pjyy, defined in
Section 3.1:

o Let |So| = k’; there are k” random walks with ids 1, ..., k" and starting nodes vy, . .., 0ps. Thus, So = {(v;,1) | 1 <
i<k}

e Let G; = {L,...,k} and G2 = {k+1,...,k’}. Recall that, by definition of Py, we have that if some random
walks with ids in G1 and some with ids in G are present on the same node at the same time, only the ones with
ids in G; survive. If all the random walks have ids in only in Gy, then all of them survive. If all random walks

have ids only in Gy, then only the one with the smallest id survives.

We define
IDs(S;) := {id(r) | (ur,id(r)) € S¢},t € N.
The following lemma gives the expected time it takes to reduce the number of random walks in G, from k’ — k to some
arbitrary integer g > k: given a period of length 7 and integer g, assuming that k = |G| is large enough, we derive a
bound on the number of periods of length 7 until the walks in Ga are reduced to g. The required size of k is a function

of the probability for two random walks drawn from 7 intersecting after r time steps.
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Cramm 3.5. Let 7 € N, let (X¢)_, and (Y;)[_, be independent random walks run for t steps, with Xo and Yo drawn
independently from . Let p; < P [ intersect(X;, Yz, 7) | be a lower bound on the probability of the intersection of the two

walks during the T steps. Consider an instantiation of Pimm (So, k). Suppose that k > . For some 1 < g < |So| - k,

3
(1—e™)-ps
define the stopping condition Ty = min{t > 0 | [IDs(S;) N G2| < g}. Then the expected stopping time satisfies

(4tmix +7) - \/pz' (log|Ga| - logg)) :

We first describe the high-level proof idea, before delving into the formal proof. We divide time into blocks of size

E[Ty;]=0

4tmix + 7. For any random walk (Z;)fi‘g‘xﬂ we can couple its position after 4tyix > tsep W.c.p. with a node drawn
from 7. Thus, conditioning on the success of this coupling we have, by Lemma 3.3, P [ (Zt)?i'jft"ff €y ] > % or

P (Zt)?i'zit"n:z € Cy ] > \/%T In the former case we have that w.c.p. there is at least one random walk r in G; which
is, due to independence of the walks, in class C;. The hypothetical extension of the trajectory of any random walk in
r’ € G, intersects with r w.p. c4/p;/3, where the constant arises due to the fact that we also need to couple the state of
r’ at time 4ty to a node drawn according to 7. (We need to consider the hypothetical extension because the walk r’
may get eliminated sooner—this only helps us.) Thus, r’ gets eliminated w.p. at least c+/p; for a suitable constant c.

In the latter case we have that w.p. at least cy/p;/3 a random walks of G is in class C,. Every random walk in that
class intersects w.c.p. with at least one of the walks of G1. Thus, in both cases, we have that in each block a random
walk of G is eliminated w.p. a least c4/p; for some constant c. Thus, the number of random walks in G, decrease in

expectation by a factor of c4/p;.

Proor. We will consider the process in blocks each consisting of 4y + 7 time-steps. For convenience in the proof,
we’ll restart counting time-steps from 0 at the beginning of each block; we keep track of the total number of time-steps
by counting the number of blocks. Let C; and C; be as defined in Lemma 3.3. Then we perform a case analysis by
considering the two possible outcomes described in Lemma 3.3 separately. We define Z; = [IDs(S;. (42, 47)) N G2l L.,
the number of walks remaining in G after j blocks of time have passed. For any j > 1, we will show that there exists a
constant ¢ > 0 such that,

E[Zj|Fj1] < Zja- (1-cvpr).

By using Lemma A.9, we get E [Tg] =0 ((4tmix +7) - \/;T

size of the block). Recall that ¥; is the filtration up to end of the jth block. In the remainder we show that we have
indeed E [Zj | 7‘}_1] <Zj-1- (1-cvpr)-

- (log |G2| — Iogg)) (the factor (4tmix + 7) appears as the

Case 1L.P | (X,)[_,€C1| > &

Consider any random walk r in G; at the beginning of a block. Using Lemma A.5, after 4ty steps we can couple the
state of the random walk with a node drawn from 7 with probability at least (1 — e~!). Furthermore, conditioned on
this coupling, the portion of the random walk between time-steps 4tyix and 4tyix + 7 of the walk is in class C1 with

probability at least ‘% Since k > w.p. ¢1 > 0, in any block, there exists a walk in G; that has the portion

3
pr'(l_e_l) ’
between time-steps 4tyix and 4tyix + 7 in Cy.

Fix a block and condition on the event that there is a walk in Gj, denoted by r1, whose portion between time-steps
4tmix and 4tyix + 7 is in C;. Consider any walk in G,, denoted by r, at the beginning of the block. We want to argue
that this walk ry has a reasonable probability of intersecting some walk in G in this block of time-steps. First, consider
(the possibly hypothetical continuation of rz ) walk r; for the entire length of the block. The reason for this is that
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if ro and some walk from G, are at the same node at the same time sometime in the block, r, will be eliminated in
the process Pimm (So, k); however, we can consider its hypothetical extension to the entire length of the block. Using
Lemma A.5 the state of the walk r; at time-step 4ty;y can be coupled with a node drawn from 7 with probability at
least ¢y := 1 — e 1. Then conditioned on successful coupling, the probability that ry and ry collide during time-steps
4tmix and 4ty + 7 is at least 4/p; (by definition of C; in Lemma 3.3). Thus, the probability that r; hits at least one walk
in G is at least c1 - ¢3 - 4/pr. Note that it is also possible for ré to be eliminated by another walk from G». In any case,
we have that ry is eliminated w.p. at least c4/p; and we get

E[Zj|7‘}_1] <Zj_1-(1—cl~02\/p_1—).

Case2.P[ (X)), €C| > ‘/}3071

Consider a walk in G, denoted by rz, at the beginning of a block; as in the previous case, we will consider a possibly
hypothetical continuation r; of r2. Using Lemma A.5 we can couple the state of r;, at time-step 4ty with a node
drawn from 7 with probability at least 1 — e~!. Furthermore, conditioned on the successful coupling, with probability
at least \/gf the trajectory of ré between the time-steps 4tyix to 4tyix + 7 is in Cy. Thus, with probability at least

p=(1-e Ve

, ré has a trajectory between time-steps 4ty and 4ty + 7 that lies in Cy. Now consider any random
walk r; € G at the beginning of the block. Again, using Lemma A.5 with probability at least 1 — e~!, we can couple
the state of the random walk at time 4t,;x with a node drawn from 7. Conditioned on this between time-steps 4tpix
to 4tyix + 7, this random walk hits any trajectory whose portion between time-steps 4tyix to 4fmix + 7 lies in Cy

with probability at least p;/3 (by definition of Cz in Lemma 3.3). Since k = |G| > , with at least constant

probability ¢; > 0 there is some walk in G; that intersects any fixed trajectory whose portion between time-steps 4¢pix
to 4tyix + 7 lies in Cy. Since the random walks in G; are independent, by the definition of the immortal process, we
have that any walk in G is eliminated by the end of the block with probability at least c; - p = c4/p; for some constant
¢ > 0. Similarly as before, it is possible that r; is eliminated by at least one of the walks of G2, which only increases the

probability for rp of being eliminated. We get

E[Zj| Fj1] <Zj1- (1-cvpr).

In the following we bound the time T required to reduce to 2[a] random walks. The claim follows by applying

Claim 3.5 to derive a bound on Tjyyyy, for processPiyy,, and using the majorization of T by Tjyy (Proposition 3.1).

COROLLARY 3.6. Consider the coalescence process starting with set So and let & = tmeet/tmix- Let Tt = min{t > 0| [S;| <
2[a1}. ThenE[Ti ] = O(tmix - Ve - log [So|).

Proor. We consider the process P (defined in Section 3.1), which is identical to the coalescence process, but in
addition also keeps track of ids of random walks and that allows only the walk with the smallest id to survive. We
assume that the ids are from the set {1,2,...,[Sol}. Let So = {(v1,1),..., (v5,), [So])} and So = {i: (v,i) € Sp}. We
consider the process Pimm (S0, k) and k = [a]. Let T} be the stopping time defined by [IDs(S;) N Gz| < « for the process
Pimm (S0, k). By definition of Py, and Proposition 3.1, it follows that Ty, stochastically dominates T. Thus, it suffices
to bound E [ Ty, |- W.lo.g. we assume that a > 6%, otherwise the claim follows directly from Proposition 3.4. We
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apply Lemma 3.2 with b = 6 and derive that for some suitable constant c,

p = P [intersect(X;>0, Yr>0, 6¢tmix) | >

>

Rl

Thus, we have

3 3 K
el p 1T,5%%
7P

Applying Claim 3.5 with g = a, 7 = 6ctyyix (Where c is a constant as given by Lemma 3.2), p; = 6/a, and observing that
k

3 i
> e npo Ve get the required result. O

In the following we bound the time T required to reduce from 2[«] random walks to a single random walk. The proof
uses the same ideas as before (Corollary 3.6) however, this time we consider several phases and in each we reduce the
number of random walks by a constant factor. The expected time per phase is geometrically increasing as the number
of walks decreases and the overall time is essentially dominated by the time for a constant number of random walks to

meet, which is O(tpeet).

LEmMA 3.7. Consider the coalescence process starting with set Sy, satisfying |So| < 4alog a, where @ = tmeet/tmix- Let
Tp :=min{t > 0| |S¢| < 1}. Then E [ Tz ] = O(tmeet)-

14
Proor. We will consider the coalescence process in phases. Let ¢ be the largest integer such that |Sy| > (%) . For

j = 1, the j™ phase ends when |S;| < (%){_ﬁl. The (j + 1)* phase begins as soon as the j phase ends. Note that it
may be the case that some phases are empty. Let T2 (j) denote the time for phase j to last. We will only consider phases
up to which £ —j+1 > 32.

Now we focus on a particular phase j. Let ¢; be the time when the j* phase begins and let S; ; denote the corresponding

set at that time. Thus, we have

£—j+1 £ j+2
4 4
= < St < (= 9
(3) << (3] ©)
We consider the process Piym defined in Section 3.3 as follows. Define n; = |S;|. Fix a phase j and define Sj =
{(v1,1),..., (vn;,nj)} and 5_6 = {v1,...,vn;}. Then, consider again the set of occupied vertices (ignoring the labels)

r—j+1
) . Let

St+t = {v | 3i €N, (v,i) € S}} with t € N. Thus, phase j ends when [S]| = [S;;+¢| < (%

IS, ]
k=2
=[]

be the size of G and consider the process Pimm(Sé, k;j) as defined in Section 3.3. Let
1551 = ks
9j = 3

T, (j) = min{t | |IDs(S;) N G2| < g;}-

We note that as long as £ — j + 1 > 32, gj > 1 and at time T, (),
ISol = k;j ISol  2k; 1Sgl 1Sl
ol TR ol , 2Kj 120 0

and

IS/l < gj+kj < <

3 T 3
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By Proposition 3.1, T, (j) stochastically dominates T>(j) and hence it suffices to bound E [Tz* () ] In order to bound
E [Tz*(j) ] we define

bj = 32alog(4/3)(£ — j+ 1)(3/4)*.
Since we only consider phases with j respecting £ — j +1 > 32 we have b; < by—31 < ((e — 1)/e)a. Furthermore, we

<
have b; > by > 4alog a(3/4)" > 1, where the last inequality follows from (4/3) <

|So| < 4aloga, which in turn
follows from definition of £ and the assumed bound on |Sy|. Applying Lemma 3.2 with this value of b;, we get that for
Tj = cbjtmix,
for independent random walks (Xt):io, (Yt):io, P [intersect(Xt, Ys, Tj)] > pj, where
pj =32log(4/3)(£ - j+1)(3/4) T+
We seek to apply Claim 3.5 to bound E [ T; (j) ] . We first verify that the conditions of Claim 3.5 are fulfilled. In particular,

we verify that k; > P%_; to see this consider the following:

£—j+1
8 8 i 1 (4 1
—= 4/3)f7 M <~ | = < =-S5 < kj,
pj 3210g(4/3)({’—j+1)(/) 4 (3) 2 IS0l <k

where we used (9) and |S| = |S;; | in the second-last inequality. Thus we can apply Claim 3.5 and derive

ko 1 ’
E [Tz (])] < (Tj + 4tmix) - \/7—] : (IOg“DS(So) NG| - IOggj)

and we continue by dissecting that bound. Since b; > 1, there exists a suitably large constant c1, so that 7j + 4ty <

¢1bjtmix. Furthermore,
bi  32alog(4/3)(t — j+1)(3/4) I+ (=12
i alog(4/3)(£ - j+1)(3/4) A =O(xm~(§) .
VP \[3210g(4/3)(¢ — j+1)(3/4) i+ 4
Observe that, by definition, |IDs(S)) N G2|/g; < 3, hence log [IDs(S)) N Gz2| —logg; < log(3). Putting everything

together, we get that there is a constant ¢ such that,

3
E[T;()] <cz~tmix-a.m(z

Note that since we stop when ¢ — j + 1 < 32, there are at most £ — 30 phases considered. Let T be the random

(e-j+1)/2
) (10)

variable denoting the time-step when the last phase ends; at this point |[S7| = O(1). Therefore, using Proposition 3.4,
E [ T,-T| 7~"] = O(tmeet)- But, clearly Tis stochastically dominated by 25:30 T, (j). Thus, we have

E[Tz]zE[T]+E[E[T2—T|TH
£-30 5\ (=412
< C2 - tpix - @ Z VE—j+1 (4_1) + C3tmeet (11)
=

< €2 - tmix - & + c3tmeet = O(tmeet) (12)

Above, in (11) we used (10) and the fact that E [Tg -T| T] < 3tmeet for some constant c3 > 0 and in step (12), we
used the fact that Z;.;SZ jel < 1forc < +/3/4. O
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Fig. 4. The graph with t.oa = Q(¢meet + Vfmeet/tmix - 1081 - tmix).

Thus, the first phase (Corollary 3.6) and the second phase (Lemma 3.7) take together O(y/a - log n - tix + tmeet)

time-steps, which yields Theorem 1.1.

3.4 Lower Bound - Proof of Theorem 1.2

In this section we give a construction of a graph family in order to establish lower bounds on t.,,(G) in terms of
tmeet (G) and tix (G) demonstrating that Theorem 1.1 is asymptotically tight. Additionally, our construction generalizes
a claim of Aldous and Fill [2, Chapter 14]: They mention that it is possible to construct regular graphs that mimic the
n-star in the sense that the tmeet = 0(tavg-hit), Without giving further details of the construction. Our construction
shows that even the coalescence time can be significantly smaller than the average hitting time for almost-regular
graphs. For our family of almost-regular graphs, there is a polynomial gap between meet and t,yg.pjt- More importantly,
we show that these almost-regular graphs have a gap of \/m - log n between coalescing and meeting time. This
shows that the bound in Theorem 1.1 is best possible, even if we constrain G to be almost-regular. We refer the reader
to Section 1.2 for a high-level description of the proof ideas.

More precisely, in the proof of Theorem 1.2 we shall give an explicit construction of a graph family G = G, with
teoal = Q(Van - logn - tyix), where an = tmeet/tmix- For the remainder of this section, we will drop the dependence on
n and will simply use G instead of G,, and « instead aj,.

The construction of G (see Figure 4 for an illustration) is based on two building blocks, G; and Gg. First, let
G1 = (W1, E1) be a clique of size y/n. Let Gz = (V2, E2) be an Erdés-Rényi random graph G(n/Va’,Va’ /\/n) (the nodes
having expected degree y/n), where a’ = max{a, 22° - C?}, where C > 1 is the universal constant of Corollary A.3. The
graph G is made of one copy of Gz, k = y/n copies of Gy (denoted by G!, Gf, ..., G¥), and a node Z, which has an edge
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to W distinct nodes of G, and to each of the designated nodes z' € Vli in Gi for i € [1,x]. It is not difficult to see
that this graph is almost-regular - in fact, the maximum and minimum degree differ by a factor of at most (1 + 0(1)),
since by applying a Chernoff bound, it follows that with high probability that all degrees of the Erdés-Rényi random
graph are within v + O(n'/4\flog n).

In Lemma 3.12, Lemma 3.13, Lemma 3.14 and Lemma 3.15 respectively we show that tiix = ©(n), tmeet = ©(a’n),
teoal = Q(Va’ - nlogn), and tavg-hit = Q(n3/2). We start with the following auxiliary lemma which shows that the walk
restricted to V, behaves similarly to the walk restricted to V, U {z}, meaning that the walks have very similar ¢-step

probabilities.

LEMMA 3.8. Let P denote the transition matrix of the random walk on G, Q the transition matrix of the random walk on
Gy and Q be the transition matrix of the random walk on the subgraph of G induced by Vo U {z}. Let pl, . ¢’ o, Z]fw denote
the corresponding transition probabilities for a walk starting atu to end up at nodev aftert steps. Let S* = {u € VN N(2)}.
Then the following statements hold:

(i) For anyu,0 € V3 we have ||p}, . = g}, Ilnv < (1 +0(1) ZIZ{ pl, ./ (V) < (1+0(1))t/(2v/n).
(1+0(1) XiZ] pl g/ (24n) < (1+0(1))t/(2v/n).

(iii) For anyu,v € Vy we have that after t = tix(G2) time steps ||p!,. — pi . |lwv < 0(1) +2/e.

N N

(ii) For anyu,o € V we have ||qy,. — q., .|l

ProOF. Let (X;)s>0 be the Markov chain with transition matrix P and let (Y;);»0 be the Markov chain with transition
matrix Q. We will inductively couple these two random walks starting from Xy = Yy = u. Given that we coupled both
chains up to time ¢ — 1, we can couple (X, Y;) such that X; = Y; with an error probability

PIX: # Y | Xee1 =Y | =P Xe 2 Ve | Xeo1 = Yo, Xp1 €57 | P Xpo1 € 57|
+P[Xe 2 Y [ Xpo1 = Vo1, Xe-1 € V2 \S"| P [ Xpo1 € V2 \ S7 ]
SP[Xt=Z| X1 €87 pl g +0 < (1+0(1)p, 5./ (2vn),
where we used the laziness of the process and the fact that the degrees are in (1 + 0(1))+/n for all nodes in S, by a
Chernoff bound. We have, by [33, Proposition 4.7],
||pfl —plt)’_ v =inf{P[X # Y] | (X,Y) is a coupling ofpfl’, and pf,}
Hence, by a union bound over ¢ steps,

lp,. = pb Nl =inf{P[X # Y] | (X.Y) is a coupling of p!, . and p, } <P[X; # ;]

t-1

< (1+0(1)) ;p;',,s*/(zvﬁ) <@+ 0(1))—(2\;3)~

To prove the second part we redefine (X;);>0 to be the Markov chain with transition matrix Q and the proof is identical.
We proceed with the last part. For u, v € V3 we have that after t = £, (G2) time steps, by the triangle inequality and
using that #ix (G2) = O(1), by Corollary A.3, we get
Pty = % Ol < 1ty = gty e + 1144 = 7% () v
tmix (G2)
< (1+0(1) 2= + gl = 7% Ol
n

<o() + g, = 7% ()l < 0(1) +1/e,
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where the last inequality follows form the definition of mixing time. Again, by the triangle inequality, || pfl,. - pzt,,, v <

o(1) +2/e.

Based on Lemma 3.8, we can now bound the hitting time to reach z, which will later be used to establish the bounds
on the mixing and meeting time of the whole graph G. But first, we prove that the mixing time of the graph G induced
by V2 U {z} is constant and that after mixing on G, the random walk has a probability of Q(1/n) to hit z in a constant

number of time steps.

LEmMA 3.9. The following three statements hold.

(i) Let G be the induced graph by the vertices V3 U {z}. Then tmix(é) =0(1).
(ii) Letu € V \ {z}. Then there exists a constant ¢ > 1 such thatP [ Ty;;(4,2) > n/c] > 1/2.
(iii) Letu € V \ {z}. Then ty;;(u,z) = O(n).

Proor. We prove the statements one by one.

(i) Let Q be the transition matrix of a random walk restricted to Ga. Let d2 (1) be the total variation distance w.r.t.
the transition matrix Q. Further, let Q be the transition matrix of a random walk restricted to G. Recall that
tmix(G2) = O(1), by Corollary A.3.

Fix an arbitrary t € [2tyix(G2), 2tmix (G2) + 7]. In the following we show ||% - 716(~) |lv < 1/e. We first consider
any start vertex u € V2 \ {z} and afterwards the vertex u = Z. Let D be the set of distributions over V(@) =V Uiz}

assigning no probability mass to z, ie.,
D={D": foru ~D’wehave P[u=7%] =0} (13)
For any such D’ € D, we have, by definition of the total variation distance,

N ) _
1T, =7 Ol =045 > @ -0

u~D'z
VeV,

G 1
'q\th,’U - @ (U)| + 5
For u € V, observe that ﬁé(u) € [7%2(u)(1 - {), 7% (u) (1 + )] for some { = o(1). By [33, Exercise 4.1] we have
the following identity for d9(t). Let D* be the set of all distributions over V(Gy), then
— t G t G
d9(t) = max llgy.p. = 7% Ol > max llg.py, =7l
Thus, for 8, = |q}, , — g1, ,|. we get by using triangle inequality,

DN AEELO LS DY

G 1 G G
Ty~ 7 @)+ 5 3 17% @) - 28)]

veV, VeV, VeV,
1 1
<3 Z Tu-pr o —”GZ(U)|+ 2 Z 7% (0)¢
veV, veV,
1 t G, 1 1 Gy
<5 2 [T~ 7P @[+ 5 D18+ 5 Y AP @I

veV, veV, veV,

<d9() +1/32+ g

<d9(1) +1/32+1/32, (14)

where the second-last inequality is due to Lemma 3.8.(ii), % Soev 180 < (1+0(1))t/(2vn) < 31—2 By definition of
the tmix(G2) and by sub-multiplicativity we have d9(t) < d2(2tmix(G2)) < 1/€2.
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(i)

The above equation (14) only consider the variation distance w.r.t. V5. For Z we have

21T, 2= 7O < (tmix(Go) + D21+ 0(1)) ¥ < 1/32.

Putting everything together we get we get

_ . _ . _
1T, = 7Ol =5 D [Tuepro =10 @)+ 5 [Tz = 7@
VeV,
<d9(t) +1/32+1/32+1/32 < 1/e? +3/32 (15)

Consider the random walk starting at z and let (X, X1, . ..) denote its trajectory. Observe that at time 7 we have

1 o4 11

I~ ~i—1

) il — <+ — <13
¥ 0eN(3) Vi 2t N

The set of distribution for the position of the random walk at time 7 conditioning on X7 # z gives the same

distribution D as defined in (13). Let Dy € D be distribution of the random at time 7 starting at z. Hence, by (15),

we get
IO — 29 Ol < Ty g4z - 1G5t =20 Ol + 2z 1 (16)
<1-(1/e®+3/32) +1/32 < 1/e. (17)

Thus, for t’ = 2tyix(G2) + 7 we have ||qg_ — 1G9 O)|lv < 1/e. Together with (15), we conclude that for all u € V’,
||Z]f,l,. — 79()|lwv < 1/e and by definition of tp;, and we get tmix(a) < 2tmix +7 = O(1).

To prove P [ Ty (v, 2) > n/c] > 1/2 for u € V, we show that the random walk restricted to G does not hit Z after
n/cy steps w.c.p. for some large enough constant c1. By the Union bound, for some large constants c1, ¢z that

n/cy

t=1

cylogn n/cy

DI AR Y

t=1 t=cylogn

<o) +nfe; - (xC(D) +1/n%) < 1/2,

where we used g’ _ < ﬂé('z) +4/ mAZ(E)t (Lemma A.1).
u,z 76 (1)
We proceed by bounding that P [ T (4,2z) > n/c1] > 1/2 for u € Vj. Consider first a random walk (X;)s>0

restricted to G% = G that starts at vertex z! and let P denote the transition matrix. Furthermore, in order to

couple the random walk )?t restricted to G; with a random walk in G, we will consider the random variable

. [Gl
— sep ~
Z =Y 1%,

_p- Since Gy isa clique, tSGei, =0(1), and ﬁ;’zl < \/LE + 12(G1)! by Lemma A.1, where 15(Gy) is
some constant bounded away form 1. Therefore, E [Z] = Z;':/gl }3;,21 < 2ynfci. Lety :==4-E [2] Then, by
Markov’s inequality

P[Z;y] <1/4.

Consider now the straightforward coupling between a random walk (X;);>; in G that starts at vertex z! and
the random walk ()?t) t>1 restricted to Gi that starts at the same vertex. Whenever the random walk )?t isata
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vertex different from z!, then the random walk X; makes the same transition. If the random walk X; is at vertex

24/n-1

2!, then there is a coupling so that the random walk X; makes the same transition as X; with probability e

Conditional on the event Z < y occurring, the random walk X; follows the random walk X, up until step n/cy

with probability at least

since the random walk )?t has at most y visits to z!. Therefore, by the Union bound,
TS (u,2) > n/cl] P[u”/cl E]>1—]P>[Z>y]—(1—p)>1/2

and the proof is complete.
(iii) We proceed by showing ty,;;(u,Z) = O(n) for u € V5.
Let Q be the transition matrix of the random walk restricted to G2. Let u € V; and S* = N(Z) be the neighbors of Z
in Go. For every v € S* we have 72(v) = M > \/> . Hence, after ¢ = tsep(G2) we have that
ﬁ(1+o(1))\/ﬁ+ o

t t G, e ! \/_ \/_, el = L-e’
Tus 3= D, Guo > ), 7= > N T2n' )= 12vn

veS* veS*

By Lemma 3.8, we have for any u € V; that ||p,. — g4, llv < (14 0(1))tsep(G2)/(2v/n). To bound T}St(u,f) we
show that after tsep + 1 = O(1) steps the random walk hits Z w.p. Q(1/n).
We distinguish between two cases.

(a) For all i < t we have p 5 S < 1/tsep(Gz). Thus, by Lemma 3.8.(i)

t t t t t
Pys= Z Pup Z Q50 ~ lpw,. — qu,-llv

veS*
1—3_1 =l i
> o —<1+o(1>>;pu,s*/<zxfﬁ>
) . L P NOYN )

1.24/n tsep(Go)2vn
Hence, the random walk hits Z after tsep (G2) + 1 w.p. at least plis* ‘minges+{p,z} = Q(1/n).
(b) Otherwise there exists a t* such that p; S* > 1/tsep(Gz2). Thus the random walk hits Z after tsep(G2) + 1 w.p. at

least pf:s* “minges<{p,z} = Q(1/n).
Thus after O(1) steps the random walk hits Z w.p. Q(1/n).
We now show a similar statement if u € V;. Let (X;)s»0 be a random walk on G starting on u. Observe that
X; (the walk on G) hits Z with probability p;’zl . pil,E = Q(1/n) in 2 time steps. Hence, for any u € V we
P[ Thit(u,2) = O(1) ] = Q(1/n). Thus, repeating this iteratively and using independence yields tp; (1, z) = O(n)
forueV.

To establish a bound on the mixing time of G, we will make use of the following result of Peres and Sousi.
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THEOREM 3.10 ([41]). For any f < 1/2, let ty;(B) = maxy a.x(A)>p thit(u, A). Then there exist positive constants cg

and c;g such that

“thit (B) < tmix(1/4) < Sege thit (B).

In the following we show for any f close enough to 1/2, that any A C V satisfying 7(A) > f must include at least a

constant fraction of nodes from a constant fraction of copies of Gj.

Cramv 3.11. Let f = 1/2 — 1073, For any A C V with n(A) > B, define H(A) = {i | |Gi N A| > |V1|/(2e)}. Then,
[H(A)| > x/(2e).

Proor. This follows from a simple pigeon-hole argument: Suppose |H(A)| < x/(2e) was true. Then,
7)< I 205 + (6= HAD - (T2 4105 ) 4 20 4262

< 2£ (Vi) +x - (”( V), 7z )) +1/20 < f < 1(A),
e
which is a contradiction and hence choice of A must fulfill |H(A)| > x/(2e). O

We are now ready to determine the mixing time of G. The lower bound is a simple application of Cheeger’s inequality,

while the upper bound combines the previous lemmas with Theorem 3.10.
LEMMA 3.12. Let G be the graph described at the beginning of Section 3.4. We have tpix(G) = ©(n).

Proor. First we show tyix = Q(n). The conductance of G = (V,E) is defined by

. [E(U,V\U)|
o} = _
©) Uev, vol(U)
o<vol(U)<vol(V)/2

In particular, for U = V; we get that ®(G) < %. Hence, by Cheeger’s inequality and

1 e
— 1] -log(=2) < tmix(1
(1—).2(G) ) Og(Z) tmix(1/e)
(see, e.g., [33, Chapter 12]),
n 1 2 2 2tmix
m < < - —2+42%< +2.
4 B(G) 1-1(G) 1-22(G) log (£)

Rearranging the terms yields tnix = Q(n).

We proceed with the upper bound on the mixing time. Let # = 1/2 — 1073 and let A C V be an arbitrary set
satisfying w(A) > p. First, we apply Claim 3.11 to conclude that |H(A)| > k/(2e). This immediately implies that with
Z :={z": i€ H(A)}, |Z| > x/(2e). The remainder of the proof is divided into the following three parts:

(i) Starting from any vertex u € V, with probability at least 1/2, the random walk hits z* after 2 max, cy i1 (4, 2) =
O(n) steps.
(ii) With constant probability p; > 0, the random walk moves from z* to a vertex in Z.

(iif) With constant probability p, > 0 a random walk starting from a vertex in Z will hit A after one step.

It is clear that combining these three results shows that with constant probability % p1p2 > 0, arandom walk starting
from an arbitrary vertex u € V hits a vertex in A after O(n) + 1 + 1 time-steps. Iterating this and using independence

shows that #y,;; (u, A) = O(n), and hence by Theorem 3.10, tpix = O(n) as needed.
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Part (i). Consider max,cy thi; (4, z). For u € V, Lemma 3.9.(iii) implies ty,;; (4, z) = O(n).
Part (ii). If the random walk is on z*, then since deg(z*) = k + /n / a |Z| = x/(2e), it follows that the random walk
hits a vertex in Z after one step with constant probability p; := m

Wil/2e) 5 o and the proof is complete. O

Part (iii). Finally, for any z € Z we have that p» = p, 4 = oy

In the following we establish the bound on the meeting time. As it turns out, any meeting is very likely to happen on
Vs and it takes about ©(a’n) time-steps until both walks reach V; simultaneously. The lower bound then follows from
our common analysis method (2). The upper bound combines the mixing time bound of O(n) (Lemma 3.12), and that

once a random walk reaches a copy of Gy, it says there for ©(n) steps with constant probability Lemma 3.9.(ii).
LEMMA 3.13. Let G be the graph described at the beginning of Section 3.4. We have tmeet(G) = ©(a’n).

Proor. We start by proving tmeet = Q(a’n): Consider two non-interacting, random walks with starting positions
drawn from the stationary distribution 7. Let £ = ¢’a’n, for some small enough constant ¢’ > 0. Let Z; be the number
of collisions of the two random walks on the nodes in V11 U V12 U---u V1K . Let Z5 be the number of collisions of the two
random walks on the nodes in V5. Let Z, be the number of collisions of the two random walks on the node Z.

Let Z be the number of collisions of the two walks during the first ¢ time steps, i.e., Z = Z; + Z3 + Z. Using the

Union bound we derive

+P[Zy 2 1]+P[Z > 1]

+ E[Z;] E[Z.]
E(Z11Z121] E[Z|Z221] E[Z|Zi21]

(18)

Wehave E[Z1] < ¢n (2)2 E[Zy] < t’\/é (%)2 andE[Z.] < ¢ (%)2 since maxy, (1) < 2/n. Conditioning on
Z1 > 1 and since both random walks start from the stationary distribution, we have, by Observation A.8, that the first
meeting happens in the first £/2 time steps w.p. at least 1/2.

Consider E [ Z;|Z1 > 1]. Suppose the meeting occurred at node u € Vj. Let &; be the event that for u € V;
we have T (u,Z) > n/c for both walks, where ¢ > 0 is a large enough constant. By Lemma 3.9.(ii), we have that
P[&1] = (1/2)? = 1/4 due to independence of the walks. For any ¢ < n/c let ﬁfl be the distribution of the random

walk on G starting on u after ¢ time steps under the conditioning &;. Observe that },cy, ﬁw = 1 implying that
2
Soev, Pho)? > Soev; (1h7) = 1/1Vil. Hence, we get

n/c—1 njc-1

B121121> 1] >E[Z12 > 161 P&1> 5 min 3, ) (Pro)” > ) 1/|v1|=¥
t=0 eV, =0
Using an exactly analogous analysis for Z; we can upper bound E [ Z | Z3 > 1] as follows:
n/c—1 n/c—l 5
B[22 > 1] 2E[ 212 > 1,6] F[&] > ; min Z > (P> Z 1|V =
t=0 oveV; t=0
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where &; is the event that for u € V5 we have Ty;; (4, zZ) > n/c for some large enough constant c. Plugging everything
into (18) and using ¢ = ¢’a’n yields

< EBlz] E[Z] E[Z:]

CElZi|Zi> 1] E[Z|Z> 1] E[Z.|Z >1]

<o(1)+16c-c’ +0(1) < 1/2,

for any constant ¢’ € (0, 31%]. This finishes the proof of fmeet = Q(a’n). In the remainder we prove tmeet = O(a’n).

Consider two independent walks (X;)¢>0 and (Y;);>0 on G, both starting from arbitrary nodes. Note tsep = t5ep(G) <
4tmix = O(n) by Lemma 3.12, and

2
po:=P [ {thep c vz} N {Ytsep € Vz} ] > Y a-orw]| =0 ((1/\/07)2) = Q).

uev,

We assume in the following that {thep € Vg} N {Ytsep € Vg}. We have ty,ix(G2) = O(1), by Corollary A.3. Consider

a random walk (jzt)t>tsep restricted to Gy that starts at vertex Xty € V2 and let P denote the transition matrix.
Furthermore, in order to couple the random walk 5(} restricted to Gy with a random walk in G, we will consider the

random variable
tseptn/c—1

5= Z Z lit:Z’
t=tgep ZEN(a
for ¢ = 32. Thus, for any z € N(z),
tseptn/c—1

BlZ) <tn(@+ ), IN@IE® () +d (1)

t=tsepttmix (G2)+1
< tmix(G2) + IN(2)|(n/c) + O(1) < (1+1/e)Vn/c.
Let y := 8(1 + 1/e)y/n/c. Then, by Markov’s inequality
P [Z > y] <1/s.

Consider now the straightforward coupling between a random walk (X;)s> 1, , inG that starts at vertex )?tsep eV,
and the random walk ()?t) > tep restricted to Gy that starts at the same vertex. Whenever the random walk X; is at a
vertex in V3 \ {N(2)}, then the random walk X; makes the same transition. If the random walk X; is at vertex z’ € N(2),

(1-v)vn

then there is a coupling so that the random walk X; makes the same transition as X; with probability Ti—v)yiez for

some v = 0(1). Conditional on the event {Z < y} occurring, the random walk X, follows the random walk X; up until

step n/c with probability at least

2(1— v)\n +2 S 2(1-v)yn+2 3

| w

>
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since the random walk X; has at most y visits to N(2). Consider now the random walk SANS toep USING P (i.e, restricted
to V) starting at Yz, ie., Esep = Yy, By an analogous argument as before we can couple (Y¢)>,, and (V) toep fOT
n/c time steps w.p. at least p;.
Furthermore, after tsep (G2) = O(1) steps we can couple X; and Y; with nodes drawn independently from 752, Hence,
< - 2y G2 5 VO
p2 =P [XHtsep(Gz) = Yt+tsep(Gz) [ Fe | = (1—1/e)*l|n™2|l; = n
Recall that o’ > 2201,‘561,(62)2 by definition. Therefore, the probability that X; and Y; do not meet in the time-interval
[tsep(G1), tsep(G1) + n/c — 1] is at most

3= (1-py) Ln/(tsep(Gz)e) | <(1-py) [2°n/ (Va'c) | < 1/4.

Therefore, by the Union bound,

P uiig(cl)”/c—lxt = Yt] > po - (1 -P [Z > y] —2-(1-p1) —pg) =Q(d’).
Repeating this O(1/p3) times and using the independence yields that the expected meeting time is O((tsep(G1) +n/c —
1)/p3) = O(a’n) and the proof is complete.

Finally, we analyze the coalescing time of G. The proof idea is to consider +/n random walks starting from 7 and

show that meetings only occur on V, and that at least one random walk requires Q(Va’ - nlog n) time-steps to reach V5.
LEMMA 3.14. Let G be the graph described at the beginning of Section 3.4. We have teo,1(G) = Q(Va’ - nlogn).

ProOF. Let ¢ = 1/5. We show that even the coalescing time of n¢ random walks requires Q(Va’ - nlogn) time-steps
w.c.p.. Let R be a collection of n® independent, i.e., non-interacting, random walks with starting positions drawn from

the stationary distribution 7. We define the following three bad events:

(i) Let &; be the event that any two of the n® random walks meet on a node in V \ V3 in V' - nlog? n steps.
(i) Let &; be the event that fewer than n®/4 random walks start on copies of Gy, i.e., on nodes in V \ (V, U 2).
(iii) Let &3 be the event that all random walks starting from a copy of G; require fewer than ¢ - Va’ - nlog n time-steps

for leaving V' \ (V, U z*) for some constant ¢ > 0 to be determined later.

In the following we show that P[&;] = 0(1), P[ &3] = 0(1), and P [83 | 8_2] < 1/e, which implies, by union

bound,
PlEin&nE|>? 8| -(1-P|&nE))

>1—0(1)—(1—(1—0(1))-(1—1))>1—i.

e 2e

Conditioning on 81 N &; N &3, none of the independent random walks meet on any node V \ V3 and hence they are
indistinguishable from coalescing random walks until they reach V5. Therefore, it is necessary for all random walks to

reach Gy in order to coalesce. Hence, we conclude that .., (G) = Q(Va’ - nlogn) yielding the lemma.

(i) We now prove P [ &1 ] = 0(1). Consider any pair of the random walks R. Since both random walks start from the
stationary distribution, the probability for them to meet on a node on Z in a fixed step t > 0 is at most O(1/n?).
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Hence, by the Union bound over (";) pairs of random walks and Va’ - nlog? n < nlog® n steps, the probability of

any two random walks meeting on 7 is at most
né‘

since ¢ = % Furthermore, the probability that no two walks start on the same copy of Gj is at most py := n® - \’}—% =
0(1) by the Union bound.

Moreover, using a Chernoff bound together with Lemma 3.9.(ii), it follows that a random walks visits the vertex z*
at most 10 log® n times during n log® n steps with probability at least 1 — n~2. By the Union bound over all random
walks, it follows that w.p. at least 1 — n™!, each random walk visits at most 10 log® n different copies of Gy, and
by construction of G each such copy is chosen uniformly and independently at random among G}, Gf, ...,GY.
Therefore, the probability that there exists a copy of G; which is visited by at least two random walks in nlog® n

steps is at most

p3i=n"t+nf(10log® n+1) - nf(l()lo—g3n+l) =0(1). (19)
Vn
Putting everything together, using union bound, yields P [ &1 ] < p1 + p2 + p3 = o(1).
(i) We now prove P[ &2 ] = o(1). The probability p for each random walk to start on a node of V' \ (V, U 2) is
x(V \ (V2 UZ)) > 1/2. For each of the random walks with label 1 < i < n® we define the indicator variable X; to
be one, if that random walk starts on V' \ (V5 UZ). Let X = Z?; Xi;.Wehave E[ X ]| =n®-E[X;] > n®/2. Since

the starting positions of the n® random walks are drawn independently, by a Chernoff bound

P[&;] :IP’[X< inf] <SPIX<E[X]/2] <e ™/ =0(1).

(iii) We now prove P [83 | 8_2] < 1/4. From Lemma 3.9.(ii) we get that w.p. at least 1/2 a random walk starting at
any node u € V; does not leave Gj, i.e., does not reach z*, after c¢in time-steps for some constant ¢; > 0. It is easy
to see that the number of visits to z required before the random walk hits G; instead of returning to Gy is w.c.p. at
least (1 —o0(1))Va’/2; this is because the fraction of edges from Z to Gy is W/(W+ (1+0(1))¥/n). Using a
Chernoff bound, we conclude that any random walk starting at G; doesn’t hit G, during the first T = ¢1 - Va’n/2
time-steps with constant probability p > 0. Thus the probability that a random walk does not reach Gy after A - T
time-steps is at least p*, for any integer A > 1. Setting A = ¢ - log(1/p) - log(n/4), the probability that all of the at
least %lnf random walks starting from Gy reach G, within A - T = Q(Va’ - nlog n) steps is

les 1 & | <a-phin <i/e

completing the proof.

The following lemma establishes a bound on the average hitting time.
Lemma 3.15. Let G be the graph described at the beginning of Section 3.4. We have t,yg pit = Q(n3/%)

Proor. Consider a random walk that starts from an arbitrary vertex u € V. By Lemma 3.9.(ii), every time a vertex
7! is visited, with probability at least ¢ > 0 it takes Q(n) time-steps to visit another vertex z/, j # i. Using a Chernoff

bound, it follows that with probability larger than 1/2 it takes at least Q(n3/?) time-steps to visit at least half of the
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nodes in {z!, 2%, .. .,z¥}. By symmetry, it follows that for every vertex in a copy of G; there are Q(n) vertices to which

the hitting time is Q(n3/%). Thus, by symmetry, tavg-hit = Zuoev T(W) - 7(0) - thi(w,0) = Q(nzﬁnyz) =Q(n%?). o

4 BOUNDING t, € [Q(logn),0(n?)]

Given that worst-case upper and lower bounds have long been known for tyix, thi; and tcov, it is very natural to pose
the same question for tmeet and t.q,1. In the following we determine the correct asymptotic worst-case upper and lower

bounds for tmeet and f.q,1 0on (i) general graphs, (ii) regular graphs and (iii) vertex-transitive graphs.

4.1 General Upper Bound t ., = O(n®)

In this section we establish that ¢.,,] = O(n?) on all graphs, which is matched for instance by the Barbell graph.
THEOREM 4.1. For any graph G we have t.oy = O(n - |E| - log(|E|/n)), so in particular, t.oy = O(n3).

This result was first derived in a self-contained fashion in an earlier version of this work, which gave the first tight

bound on the worst-case coalescing time. Due to the subsequent work [39], Theorem 4.1 follows immediately.

Proor oF THEOREM 4.1. This follows directly from .., = O(#p;;) [39, Theorem 5.1], and the standard bound #y,;; <
n - 2|E| (cf. [3]).

4.2 General Lower Bound t.,, = Q(logn)

In this section, we prove that the coalescing time of any graph is Q(log n). We consider a process P’ where there is
exactly one random walk starting at each node in the graph. For every node u € V and every time step ¢t € N we draw
an independent random variable Z, ; € {0,1} with P [Zu,t =1 ] =1/2and P [Zu,t = 0] =1/2.1f Z,; = 1, then the
random walk on u at time ¢ (if there is any), moves to a neighboring node chosen u.a.r.. Otherwise (Z,,; = 0), the random
walk on u at time ¢ (if there is any) stays on the same node. It is straightforward to show that the set of nodes which
have an active random walk according to this process can be coupled with the coalescence process defined in Section 2.

We show that after clog n steps, for a sufficiently small c, there are at least two surviving walks in this process. In
order to do this, we simply argue that there must be at least two walks that have not left their starting position. Note
that there is no way for these walks to be eliminated, because even if other walks visited one of their starting nodes,

there are two nodes from which no walks can have left. The formal proof follows.
LEMMA 4.2. For any graph G = (V,E), |V| = n we have t.y, = Q(logn).

Proor. Consider the process P’ defined above. Let T be the coalescence time. Note that coalescence at time 7 in P’
requires that for n — 1 nodes u € V there exists t;, < 7 such Z;,;, = 1. In symbols, let T be the first point in time where
all walks coalesced, then T > T’, with T” := min{t’ € N: [{u: 3t, < t’ s.t. Zy,;, = 1}| > n— 1}. Let Y, be the indicator
variable which is 1 if Z;,; = 0 for all t < 7 :=log n/2. The process ensures independence of the Y;,. Due to the laziness
of the random walk, P[Y, = 1] = 1/27 = 1/4/n. Thus, using the independence of the Y,,,

ZYu>2]

ueVv
=P [Binomial(n, 1/v/n) > 2] =1-o0(1),

P[T>7]>P[T'>7]|>P
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where Binomial(n, p) denotes the binomial distribution with parameters n and p. We conclude that E [T | = Q(log n)

which yields the claim. O

4.3 Proof of Theorem 1.4

We are now ready to put all the pieces together. The upper bound on general graphs follows directly from tmeet < teoal =
O(n®), by Theorem 4.1. The lower bound on the meeting time holds by definition and the lower bound on the coalescing
time follows from Lemma 4.2. For the upper bound on regular graphs we have tmeet < feoa1 = O(thit) = O(n?) having
used the standard bound #,;; = O(n?) for regular graphs (see [2]). The lower bound follows from t.oa) > tmeet = Ll et =
Q(n), by Theorem 5.1.

5 BASIC BOUNDS

Although the focus of this work is on understanding the coalescence time, in order to apply our general results, we also
devise some tools to obtain lower and upper bounds on tpyeet. In Theorem 5.1 (Section 5.1) we establish upper and lower
bounds on the meeting time in terms of || 7|2 = ¥,,cy 7(u)?. Section 5.1 contains several additional upper bounds on
tmeet and tp;;. Through combination with other results, we also obtain new bounds on t,] and tcoy. A common feature
of many of these bounds is a sub-linear dependence on the spectral gap 1/(1 — A), which we obtain by an application
of short-term bounds on the ¢-step transition probabilities.

In Proposition 5.7 (Section 5.2) we establish a discrete-time counterpart of [2, Proposition 14.5], albeit with worse
constants, stating that the meeting time is at most of the order of the hitting time; on vertex transitive graphs these

quantities are asymptotically of the same order.

5.1 Relating Meeting Time to tyix and ﬁ

We first state some basic bounds on #,;; and tmeet, which mostly follow directly from (2) and its counterpart for the
hitting times (cf. Cooper and Frieze [18]). In these bounds, we will use the following notation:

tmix—1

t \2
Crmax = ma‘)/( E E (Pu,v) H
ue t=0 wveV

Imix—1

. t \2
Crnin = min E E (pu,v) :
ueV
t=0 veV

Note that Cpax and Cpin provide worst-case upper respective lower bounds on the expected collisions of two independent
random walks of length tp,ix, starting from the same vertex u. Similarly, we define
tmix—1

Rmax := max p; u
uev ?
=0
Note that Rpyayx is the number of expected returns of a random walk to u during tnix steps. This quantity is more
convenient to bound than Cpay, for instance, it can be easily bounded by max, ey 7(u) - tmix + ﬁ (cf. Lemma A.1, or
. 1
also [14]), using X572 /15 =15
Before stating the next result, we recall that G is T'-approximative regular if A/§ =T.

THEOREM 5.1. For any graph G = (V, E), the following statements hold:
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(i) For any pair of vertices u,v € V,
5¢- (2 pho)
(o)

In particular, if the graph G is T -approximative regular, then ty;;(u,v) < 5e-T -n- Zi‘;i(’fl Pho-

thit (u) U) <

(ii) For any pair of verticesu,v € V,
5e - G
tmeet (4, 0) < 4
[Ecal

In particular, if the graph G is T-approximative regular, then
10e - (4 +1ogy(T')) - Rmax

tmeet (4, 0) <

Il
(iii) For any graph G it holds that,
3
tmeet 2 Heet = ——+
meet = ‘meet 16”7{”%

In particular, if the graph G is T-approximate regular, then tmeet > t) ooy = % - F. Furthermore, lfﬁ > 1,
2" tmix
then we have
¢ S t” Cmin
meet Z ‘meet © 2"
16]|7l5

Let us make two remarks. First, note that the second upper bound on tmeet (¢, v) depends only logarithmically on T.
Secondly, the final lower bound involving Cpi, could be tightened further by having a different range of the sum in

Chin, but for simplicity we only state this version.

Proor. We begin by proving the first part. Consider one random walk (X;);>0, starting from an arbitrary vertex.
Divide the time-interval into consecutive epochs of length tsep + tiix, and let
Lseptmix—1
Z = Z 1x,=0
t=teep
denote the number of visits. Then, by the separation time, E [ Z ]| > tyix - % - 7(v), and (2) yields
n(9)

tmix e

> ¢
E[Z]|Z>1]

P[Z>1
Clearly, E[Z | Z > 1] < max/mix~! ylmix pid < tmi"_lpf,!v. Hence,

t=0 s=t t=0
n(0)

tmix * e

P[Z>1]> Z;ﬁi{)‘_lpﬁ,v = p.
This means that in every epoch of length fsep + tmix < 5tmix, the random walk has a probability of at least p to visit
vertex v, and this is independent of any previous epoch. Therefore, the expected number of steps until v is visited is
upper bounded by

1 5e - Zi:l(})(_l pth,v

thit (4, 0) < Stix - 1—) < T

The claim for T'-approximate regular graphs follows from the observation that min, ¢y 7(u) > 1/(T'n). We continue
with the second part. Consider two independent random walks, (X;)¢>0, (Yt)¢>0 of length tsep + tmix with arbitrary
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start vertices. Let Z be the random variable counting the number of collisions between steps tsep and fsep + tmix —

tsep+tmix_1
Z:= Z 1x,=v,-
[=tsep

By linearity of expectation,

Esep+imix—

E[Z] = Z ZP X;=ul P[Y;=u]

t= tbep ueV
tsep+tmix_1

> Z (1-1/e) -7 (1—1/e) - 1y

t=tgep

1 2
2 tmix ; . ”””2,

35

1, ie,

(20)

(21)

(22)

since (1 —1/e) - (1 —1/e) > 1/e. Let us now consider E[Z | Z > 1] and recall that conditioning on Z > 1 can be

regarded as jumping to the first step 7 := min{t: tsep < t < tmix — 1, X = Y} without knowing anything about the

future steps t > 7 of both walks. Therefore,

tle
E[Z | Z > 1] < max Zpuv .
uev t=0 oeV
Plugging this into (2) and using (22) we finally arrive at
1 2
Foig © = *
Plzs1]= 2] tmix gl
Hence,
1  5e-C
tmeet(u, 0) < Stmix - — < e—nzmx.
P Il

Let us derive the result for T'-approximate regular graphs. To this end, define

Si={ueV: deg(u) € [27",2))},

and note that S, .. ., Sjog, » forms a partition of V. Since the graph is T-approximate regular, at most 4 + log,(I') of the

S;’s are non-empty. Hence there exists a set S; with
§ 7(j)? > i3
b= 4+ log (F)

Let us now by Z; denote the collisions on the set Sj, i.e,

tsep+tmix_1
Zj:= Z 1(x,=v,}n{X, €S, }-
t:tsep
Then,
tsep+tmix 1 ¢ 1
] = — . _ . 2 N2 mix . 2
E[Z]]_ _Z ZP[Xt_u] PLY:=u] > tmix Ze r(j)* > e —4+10g2(r) ||7T||2
t—tsep uESj JjESi
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Furthermore,
Lmix tmix
E[Zj |ZJ'> nlégxzz Puv maXZ Zpuv zpvu’
u t=0 veS; ' t=0 veS;

having used reversibility, i.e., pfl’vﬂ(u) = pf,’un(v) and 7(v)/7(u) < 2 by definition of S;. Further,

tmix—1
t t
E[ZJ|ZJ'>1]<2’LHE%¥Z Zpu,v'pv,u
Pot=0 eV
tmix—1 tmix—1
< 2 - max Z p,zfu < 2 - max Z p;uzz-Rmax,
uev = ’ uev = ’

where the last inequality holds since p,tw is non-increasing by Lemma A.1. Hence, similarly as before,

2 - Rmax B 10e - (4 +1ogy(T')) - Rmax

tmeet (4, 0) < Stmix © —— S
fmix =l [EalF;

1
“e  I¥log, (D)

Finally, for the third statement, let (X;);>0, (Yz)r>0 be two random walks starting from stationarity. Define Z as the

number of collisions between steps 0 and ¢ := m, Le.,
2
¢
7 = Z 1Xt:Yt'
=0
2_1 e . = 3 1 _ 3 . _1_
Then, E [Z] 4” e - |Iz[l5 = . By Markov’s inequality, P [Z > l] < 4, and hence t7 ... > 7 - TWAE = 16 Tl If

the graph is I'-approximative regular, then the maximum degree A satisfies A < T - d, where d is the average degree,

deg(u) 2 nd (Td\®> T
2 < — . [=] ==
iz Z ( 2|E| ) I'd \nd n

uev

and so

For the next part of the third statement, let Z be the random variable counting the number of collisions between
steps 0 and 2tpjy, ie.,

2tmix—1

N

1x,=v,
=0

Then,
B[ Z | = 2tmix - 7l

In order to lower bound E [Z | Z>1 ], let us write Z = Z; + Z, with Z; = Zt‘“‘" 1x,=y, and Zy = Z?i“;i"jl 1x,=v,
By Observation A.8,
~ ~ 1
P [Zl 11Z> ] Z
2

Therefore, by law of total expectation,

~ - ! ! !
E[Z|Z>IJ>E~E[Z|21>1] >2-m ZZ P0)” = 3 Comin
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Hence,
= 2tmix - ”7[”2
P[Z>1] < 2=
2 Crnin
By the precondition, we have L;“ > 1, so consider now [LQ“'I > 1 consecutive time-intervals of length
161177 {13 tmix 16|17 {15 Zmix

2tmix each. We conclude that, if B denotes the total number of collisions between the walks across all the intervals,

E[B] <

Crnin o< Crnin ) 2tmix - ||7f||§ _ l
16”””% * Imix 8”””% * Imix % * Crin 2

Hence by Markov’s inequality, P[ B > 1] < § and thus

1
trjrrleet > 5 :

Cmin BT Cmin
mix = .
16]|7]13 - tmix 16|15

]

It is interesting to compare the upper bound on tmeet in Theorem 5.1 with the bound tmeet = O(l_—I/12 . (W +logn))
2

from Cooper et al. [14, Theorem 2]. Using the trivial bound Cpax < fmix and fmix = O(llo_a’:), we obtain fpeet =

O( ﬁ . lll(;r%), which is at most a log n-factor worse. However, for certain graphs like grids or tori one may have a
2

better control on the ¢-step probabilities, so that Cmax << tmix could be established.

PRroposITION 5.2. For any graph G = (V,E),

1 1 3
teoal = O _'_+tmix’10gn H
122 |lzll3

which is at least as good as the bound of [14, Theorem 1] and equally good if one uses the trivial bound tyix = O (llo_g}[;)

Proor. We first derive the claimed bound (by a case distinction), and then compare it to the bound of [14, Theorem

! ! +1
—— | ——= +logn]||,
P VT

where the first inequality is by Theorem 1.1 and the second inequality by [14, Thereom 2]. The second case is

1]. The first case is tmeet/tmix = logz n. In this case,

fcoal = O(tmeet) = O

tmeet/tmix < log2 n, SO tmeet < tmix * log2 n. By Proposition 3.4, t.oa] = O(tmeetlogn) = O (tmix log3 n). Using

Emix = Q( ﬁ), we can state the following (unconditional) upper bound:

t ol Lt - log?
coal = T "5 timix-log nj.
1-22 |zl

logn
1-1,

Using tmix = O( ) we derive indeed O(ﬁ . (W +log? n)), which is the same bound as [14, Theorem 1]. O
2

We will make use of the following standard result about return probabilities (related bounds were proven in [2,
Proposition 6.16 (iii)], [36, Theorem 4.9].

LEMMA 5.3 ([39, THEOREM 1.2]). Let G be any regular graph. Then for any t < 10n?,
20

Viel

¢
pu,u <
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THEOREM 5.4. For any regular graph we have

n
thit = O | —1,
hit ( '_l—lz)

and by Cheeger’s inequality we obtain tpy = O(%), where ® is the conductance of G.

For non-regular graphs, the best bound on the hitting time was shown in [39, Theorem 1.1], which states that for

any graph G with average degree d and minimum degree &,

ol )
hit S m

Proor. By applying first [33, Lemma 10.2] and then [33, Proposition 10.26],

thit < 2max Z thit (0, w) 7 (0)
uev

uEV n(u

= Z Puu ”(”) = maxf(u).
t=0

In the following we will upper bound f(u) for an arbitrary vertex u € V. We write .o = 1/(1 — A2).
For lazy random walks, it holds that foranyu € V and ¢t > 1, pf,,u > m(u) (Lemma A.1, third statement). Hence, for

anyu €V,
2t ol
( )Z puu _) Z ( Itl,u_”(u))
t=2t,+1
O 1
( ) V Lrel + 2trel Z (pzzl(zir61+ktr81) n(u)), (23)

where the bound on the first term of the last inequality follows from p;{? <0 (

\/;71) (Lemma 5.3).
We can bound the sum as follows using that 7(v) = 1/n and that for regular graphs for any integer z it holds that

pgt:[u = ZUEV(pZ,U)Z as follows

i (plzlfére1+ktre1) _ %) _ i (Z ( urez11+ktrel)2 ~ %)

k=0 veV

(*) tr 1+kt,1 bertkt 1 1
. e ‘e 2 re) rel P + —_—
O(D ) > Ly L

veV veV

trel +k trel l

Pu,-
n

k

oo
— trelpk'trel _ 1
kZ bt .

: trel
— Z (Pk trel)Tpu,.l - —
k=

)
= Z Pk'trelpltlr’e.l N

2
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where we have used that for regular graphs, P is symmetric, i.e., P = PT. moreover, (*) follows from the the fact that

Doev pfw =1 and (**) is the Binomial theorem. Now using the spectral decomposition of Pketeel ([33, Exercise 12.4]),

since due to laziness, all eigenvalues are non-negative, and thus A is the second largest eigenvalue of P (and pktiery in

we have
2

trel 1
pu,- - -

2 < (AZ(Pk.trel)) -

Kttt L
prtrel pu',e.l i
n

absolute value. Hence, using that },cy p,ﬂ'le, =1, we get

2 trel"'ktrel Zk'tr 1 trel
Z (pu,u - ;) < ZAZ ¢ Pu,e- - ;
k=0 k=0
- 1 1
2k-t, trel\2 1y
:ZAZ el(Z(pu,ezlj) _2; Zpu,efl)+z ﬁ)
k=0 veV veV eV
. k
2k-tpel , 2t
< Z )'2 1pu,ul
k=0
CINES 1
i 2k'l’rel
=0( )2 — )
=0 rel
1
) O( ) (25)
Lrel

where (x) follows from pbz,,t{fl <0 (\/%) (Lemma 5.3) and () follows since g(y) = yl/(l_y) is bounded from above by
1/e for any y € (0, 1) and hence the sum is a geometric series. Combining (23), (24) and (25) yields the claim.

]

It turns out that the hitting time bound of Theorem 5.4 is tight in the sense that for any ® there exists a graph with

conductance ® and hitting time and coalescence time of order Q(n/®).

ProPOSITION 5.5 ([11]). Foreveryn, d > 3, and constant ®, there exists a d-regular graph G with n nodes and a constant
conductance such that the expected coalescing time on G is Q(n). Furthermore, for every even n, ® > 1/n, and constant
d, there exists a d-regular graph G with ©(n) nodes and a conductance of ©(®) such that the meeting time time on G is
Q(n/®). Therefore, the coalescence time and hitting time are of order Q(n/®).

We will now apply hitting time bound of Theorem 5.4 to deduce results for three other quantities.

THEOREM 5.6. For any regular graph G, the following three bounds hold:

n
meet = O (ﬁ),

and
t =O0(thy) = O ( )
coal hit i1, T >
and
teov = O ( 1 )
-logn|.
cov \/ﬁ g

The upper bound on fmeet and t.o,) gives fmeet = 0O(n?) for cycles and paths, and tmeet = O(n) on regular expanders

(since 1/(1—Az) = O(1)). It thus improves the bound by Cooper et al. [14, Theorem 1], which states that for any regular
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graph, tmeet = O(n/(1 — A2)). For any regular graph, we also improve the best-known bound on the cover time t¢qy in

terms of the eigenvalue gap, which is tcoy = O (nlogn/(1 — A2)) established by Broder and Karlin [12].

Proor. The proof of the first part follows from Theorem 5.4 and tmeet < 2ty + 1 for regular graphs (Proposition 5.7).
The second statement follows by combining the Theorem 5.4 with t.o,1 = O(#pit) [39]. The third statement follows also
from Theorem 5.4 and Matthew’s bound tcoy = O(ty;; - log n), which holds for any graph G. O

5.2 Relating Meeting Time to tp;

In this section we state the following proposition that relates the meeting time to the hitting time. It can be seen as an
analogous version of [2, Proposition 14.5] in discrete time. The upper bound is very similar to the bound given by [21,
Theorem 2].

PROPOSITION 5.7. For any graph G = (V,E) and u,v € V we have
(min tpe (77, u”) + (tpie (4, 0) = 1t (7, 0))) /2 < tmeet (4,0) < Max (thi(4,0) — thi (77, 0)) + max tyy (7, u’) + 1.
uev u,0eV u'ev
Consequently, for any graph we have tmeet < 2ty +1 and for any vertex transitive graph G we have tyjt /2 < tmeet < tpit+1.

Proor. We define a pair of chains ((X;)s>0, (Y¢)r>0) with arbitrary start vertices Xo, Yo € V, called sequential random

walks, by
o = v € N(X;) w.p. m if ¢ is even
41 = ,
X otherwise
and
v € N(Yp) Wp. 5~ if t is odd
Vi1 = 2IN(Yy)]

Y; otherwise

In particular, for odd ¢ (even ¢, respectively) the random-walk is lazy meaning X;+1 = X; (and Y41 = Y;, respectively).
Consider two “non-sequential” random walks (X/);>0 and (Y/)s>0 with X = Xp and Y; = Yp. We will couple their
decisions with the walks (X;)¢>0 and (Y;)s>0, by setting X] = Xp; and Y/ = Yo for all integers t > 0. Due to this

coupling and since each random walk is lazy w.p. 1/2,
PIX/ =Y/ | Xor=Yar | =1,

and
P X/ =Y/ | Xors1 = Yore1 | =P [ Xoreo = Yorsa | Xore1 = Yore1 | = 1/2

Let tfrfget(u, v) be the meeting time of the sequential chains X; and Yz, i.e.,

£2°9 (w0)=min{t >0 | X, =Y, Xo=u,Yy =0}

meet

seq

meet- Clearly, for any pairu,0 € V 29 (4,0)/2 < tmeet (1, 0)

and 159 = maxy, g trsrfget(”’ 0). We seek to relate typeet and ¢ s beet

meet
since a meeting of X; = Y, implies that X; = Yo;.
For an upper bound on tyeet recall that X/ and Y/ meet, ie, X = Y/ w.p. at least 1/2 whenever Xp; = Yo; or

Xot-1 = Ya;—1. Hence, we can consider intervals of length t:: :,let'

in previous intervals, that the random walks meet w.p. at least 1/2. Thus, fmeet (%, 0) < 2(t;f§et +1)/2= t:’get +1. We

In each of them, we have, independent of what happened
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conclude,
se se
tmget(u’ 0)/2 < tmeet(4,0) < tm;let + 1. (26)
We proceed by deriving a lower bounds on t:’;let(u, v) and an upper bound on trsrfeqet(u, v), which gives us the desired

bounds on fpeet.- We will make use of the following statement that is a weaker version of the original statement Aldous

and Fill [2, Proposition 3.3]. For all u,v € V we have

. Se
min tp; (7, u’) < tmeqet(u, 0) — (thit (4, 0) — thit (71, 0)) < max ty (7, u”)
uev u'ev

Using (26) we derive,

tmeet (4,0) < t;fget +1 < max (thir (4, 0) — thit (7, 0)) + max ty (7, u’) +1,
u,0eV u'ev

and

et (1:0) > 55a (1:0)/2 > (it () + (i (1:9) =ty (7, /2
which yields the first part of the claim. This also implies that tmeet < 2yt + 1. In the remainder of the proof we focus
on vertex transitive chains. By vertex transitivity, we have ty; (7, u) = tp; (7, u”) for all u,u” € V and thus using (26)

se
tm:}et(u, ) = thit(u, 0).

Thus, putting everything together and fixing u,v € V to be the nodes maximizing ty;; (u, v), we derive

se se
thit = thit (14, 0) = foree (1,0) < Ik < 2fmeet.

e

meet (4, 0), we derive

Similarly, let u, v € V be the nodes maximising

se Se:
tmeet < fopaey 1= 0 (1,0) + 1=ty (0,0) + 1 < thyg + 1.

This yields Proposition 5.7. O

5.3 Proof of Theorem 1.3

The proof follows from Theorem 5.4 and Theorem 5.6.

6 SPECIFIC GRAPHS

Here we present bounds on the coalescence time for specific graphs.

6.1 d-Dimensional Grids and Tori, d > 2

Here the bounds on tyeet and t,| follow immediately from our general results. First, recall that for any regular (or
almost-regular) graph we have teet = Q(n) (Theorem 5.1.iii). Combining this with the fact that ty;x = O(nz/ ) 2],
our Theorem 1.1 yields the bound #.4) = ©(fmeet)- Further, it is a well-known result that #,;; = O(n) (e.g., [33]), and
using fmeet < 2tpit + 1 (Proposition 5.7) gives tmeet = O(n), and hence also .y, = O(tmeet) = O(n). Let us point out
that one could also use the more recent result ¢, = O(tp;t) ([39]) to deduce that ¢, = O(n) without appealing to the

meeting time.
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6.2 Hypercubes

First, for any regular graph we again have tmeet = Q(n) (Theorem 5.1.iii). Furthermore, since tmeet < 2t + 1 and
using that t;; = O(n) (see e.g., [35]), we get tmeet = O(n). It is a well-known fact that ¢, = O(logn - loglog n) [33], so
applying Theorem 1.1 yields fcoa1 = O(tmeet) = O(n).
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BASIC RESULTS ABOUT MARKOV CHAINS

We will frequently use the following basic fact about lazy random walks, which in fact also holds for arbitrary reversible

Markov chains. Here, we recall that a non-lazy random walk moves at each step to a neighbour chosen uniformly at

random. A lazy random walk stays at the current vertex with probability 1/2, and otherwise moves to a neighbour

chosen uniformly at random.

LEmMA A.1 (cF. [33, EQUATION 12.13]). Let P be the transition matrix of a reversible Markov chain with state space Q.

Then the following statements hold: If P is irreducible, then for any two states x,y € Q,

7(y)
P;tc,y < n(y) + m AL

where A := max{Ay, |[An|} and Ay > A2 > - - - > Ay are the n real eigenvalues of the matrix P.

Note that the t-step distribution ¢’ of a non-lazy random walk can be expressed by g° = ¢*~! - Q, with transition
matrix Q :== D71 - A,
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Next define the normalised Laplacian matrix by
L=1-D'?AD" V2 =14
where A = Dl/ZQD_l/Z. Hence,
D124 = op1/2
It is easy to verify that the eigenvalues of A and Q are the identical. Indeed, if v satisfies Av = Ao, then
D V24y = D712 )y = }(D~ V%),
but also
(D7V2A)0 = (QD7?)0 = Q(D7?0).

Hence A and Q have the set of same eigenvalues 1 =A4; > Ay > -+ > A;; > —1. Further, let 0 = iy < pp < -+ < pp be
the eigenvalues of L. Let y := max {|1 — p2|, |1 — pnl}-

LEmMMA A.2 ([13, THEOREM 1.2, (2)]). Let G be a graph sampled from G(n, p) with p = w(logn/n) andd = (n-1)-p.
Then, with probability 1 — o(1),

By definition of the normalised Laplacian, we have the relation
Ai=1-p
and hence the conclusion of the lemma above implies
L

Vd

COROLLARY A.3. Let ng be a sufficiently large constant. Let Hy+ be a G(n*, p) graph with p > (n*)~¢ for some constant

max{As, [An|} = O

0 < ¢ < 1. Then, there exists a constant C = C(c) > 0 such that with probability 1 —o(1), the lazy random walk on G(n*, p)
satisfies maXp*>n {tsep (Hn* ), tmix (Hn) } < C.

Proor. Using a Chernoff bound, it follows that for the random graph H,:, the following two conditions hold:
A< (1+0(1)p-n*,6 > (1-0(1))p - n*. Further, by Lemma A.2,
max {4z, [An-]} = O(1/d).

Hence by Lemma A.1, it is easy to see that for ¢ > ¢ being a sufficiently large constant c; > 0, for all pairs of vertices

x,y€evV,

ghy - 7(y)| < 1/
Recall p!, is t-step distribution of a lazy-walk, and d(t) = maxy, [|pl, — 7llrv., as well as, d(t) = maxy ||p, =P, llrv.
By conditioning on the number of loops taken by a t-step random walk,
to_ - (t o=t g8
P = Z::O (s) 4%,
—_——

=das
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Further, by the triangle inequality,

t
”p;tc =7l < as * Iquc = 7lrv-

$=0

By choosing t = ¢ for another constant ¢; > c¢1, by using a Chernoff bound for a Binomial random variable, it follows
that

C1—1
Z as =P [Bin(cz,1/2) < ¢1] < 1/€2.
s=0

Applying this to the previous inequality yields,

c1—1
d(t) = llpk,. = mlhre < ) as - 1+ max [Ip3, ~ 7llry
s=0 ~a

<1/e?+2n" -1/(n*)? < 1/(2e),

for sufficiently large n*. By [33, Lemma 4.10], we have d(t) < 2d(t), and hence tmix(Hy*) < cz and tsep (Hp*) <
4tmix (Hp) < 4c2, which completes the proof. O

The following lemma will be helpful to define a coupling between distributions that are close to the stationary

distribution and the exact stationary distribution. (A very similar lemma has been derived in [27, Lemma 2.8])

LEMMA A4. Let ¢ € (0,1] be an arbitrary value. Let Z1 and Zy be two probability distributions over {1,...,n} so
thatP[Zy =i] 2 e-P[Zy =1i] forevery 1 < i < n. Then, there is a coupling (Z1,Z2) of (Z1,Z3) and an event & with
P[E] > ¢ so that

P[21=i

S]ZP[Zz=i] foreveryl <i<n.
Proor. Let U € [0, 1] be a uniform random variable. We next define our coupling (Z1,Z3) of Z; and Z, that will
depend on the outcome of U. First, if U € [0, ¢), then we set
Zi=25 =i, if i satisfies SZ;C_:]I Pl[Zy=k]<Uc< 522:1 P[Z; =k].

For the case where U € (¢, 1), it is clear that the definition of U can be extended in a way so that Z1 has the same
distribution as Zj, and 22 has the same distribution as Z,. Furthermore, notice that if U € [0, ¢) happens, then 21 has
the same distribution as Z, and Z; = Z,. Observing that P[ U € [0, ¢) | = £ completes the proof. ]

The following lemma is an immediate consequence of Lemma A.4.

LemMA A.5. Consider a random walk (Xt)s>0, starting from an arbitrary but fixed vertex xo. Then there is an event &
withP [ E] > 1 - 1/e such that for everyv € V,

P [X4tmix =0

8] = 7(0)

Proor. Consider the random walk (X;)s>0 after step s := tsep < 4tmix. By definition of tsep, p3,, > (1 —1/e)7(0).
Applying Lemma A.4, where Z; is the distribution given by p!, , and Zj is the stationary distribution shows that with
probability at least 1 — 1/e, X has the same distribution as . If this is the case, then the same holds for Xy; , as

well. O

The lemma above shows that for tmeet and f.,; it suffices to consider the stationary case:
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LEMMA A.6. For any graph G,

2
p b
max{(1/e)tmix, tmeet} < tmeet < —(l “1/e)? : (4tmix + 2tmeet) >

and similarly, teos) < 4 - (4tmix + 217 )., where t7_ | is the expected coalescence time when all n walks start at positions

drawn independently from the stationary distribution .

Proor. We begin by proving the lower bound on tpeet. First, consider a coupling of two random walks, (X;)s>0 and
(Y:)¢>0 that are run for t = e - tmeet time-steps and start from arbitrary vertices xo and yo. As soon as the two random
walks are at the same vertex for some time s, all future transitions are identical, i.e., X; = Y; for all t > s. Then, we have

1

d(t) = max ||Pf4 _Pzt;,~||Tv <P [m§=0 {Xs # Ys}] < e

where the first inequality is due to the coupling method [33, Equation 5.5] and the second inequality follows by Markov’s

inequality. The above inequality implies tyix < € - tmeet. Furthermore, t” . . < tmeet holds by definition, and the lower

meet
bound follows.
tﬂ.'

meet FOT

For the upper bound, we divide the two random walks into consecutive epochs of length ¢ := 4ty + 2
the statement it suffices to prove that in each such epoch, regardless of the start vertices of the two random walks, a
meeting occurs with probability at least (1 —1/e)? - 1/2.

Consider the first random walk (X;)s>0 starting from an arbitrary vertex after s := 4¢ix steps. By Lemma A.5, we
obtain that with probability at least 1 — 1/e, the distribution of X is equal to that of a stationary random walk. Similarly,
we obtain that with probability at least 1 — 1/e, the distribution of Y is equal to that of a stationary distribution. Hence
with probability (1 — 1/e)?, X and Y; are drawn independently from the stationary distribution. In this case, it follows

by Markov’s inequality that the two random walks meet before step s + 2t ., with probability at least 1/2. Overall, we

eet
have shown that with probability at least (1 — 1/e)? - 1/2, a meeting occurs in a single epoch. Since this lower bound
holds for every epoch, independent of the outcomes in previous epochs, the upper bound on the expected time tmeet

follows. The upper bound on t.,, in terms of tg) o1 15 shown in exactly the same way. O

LEmMMA A.7. For a lazy random walk on an n-vertex graph with n > 2, we have ty;; > ﬁ — 2. In particular forn > 2,
we have tyy > 1/mmin > n.

Note that tp;; > ﬁ — 2 is tight in the sense that the hitting time of the clique is indeed 2(n - 1) = ﬁ — 2 since the
random walk moves w.p. 1/2 and when it moves the probability to hit the target node is 1/(n — 1) (assuming that the

random walk is not on the target node).

PRrOOF. Let u be a vertex attaining i, = 7(u). Consider the random walks (X;);»¢ starting at u. Then it is well-
known (cf. [2]) that for the first return 7+ (u, u) := min{t > 0 : X; = u, Xy = u}, we have E [T+(u, u) ] =1/n(u) = 1/ Tmin.

By conditioning on the first step of the random walk, we obtain

1 1 1 1
=E|r"(wu)|=1+=-0+= — - thit(v, u),
B[] =145 045 E;(u) deaty Mm@
and rearranging yields
1
. thit (0, u) = -2
deg(u) ve%;u) hit ‘min
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Now by the pigeonhole principle there exists a vertex v € N(u) with ty; (v, u) > % — 2, and the first claim follows.

in

The second part follows from observing that if n > 2 we have 7y < 1/2 and thus #;; > ﬁ -2> ﬁ > n, where

the last inequality follows from the simple pigeon hole principle. O

OBSERVATION A.8. Consider two random walks (X;) >0 and (Y;)r»o starting on nodes drawn from the stationary distri-
bution. Fix an arbitraryt € N. Define the collision-counting random variables Z1 = Zl.[:t(/)z] 1x,=v,,Z2 = Z:: [t/2141 1x,=y,,

andZ =Zy+Zy. ThenP[Zy > 1 | Z> 1] > 1.

Proor. Since both nodes start from the stationary distribution, P[Z; > 1] > P[Z; > 1]. By the Union bound,
P[Z>1]<P[Z1>1]+P[Z2>1] <2-P[Z; > 1].Bylaw of total probability, P[Z; > 1] =P[Z1 >1|Z > 1]
P[Z > 1]. Putting everything together yields P[Z; > 1 | Z>1] > % O

LEMMA A.9. Let F;—1 be the filtration at time t — 1.1% Let (X;)¢>0 be a stochastic process satisfying (i) E [ X;|F-1] <
B - Xi—1, for some < 1, and (ii) X; > 0 forallt > 0. Let (g) := min{t > 0|X; < g} forg € (0, |Xol), then

E[z(9)] < 2-[logg(g/(2X0))1.
PRroOF. By the iterative law of expectation, we have
E[X:]<p" Xo.
Furthermore, by Markov’s inequality, for any 1 > 1
E[XA-ﬂogﬁ(g/(ZXo)] B ﬁkrlogﬁ(g/(zxo)]
g b g

P [T(g) >A- Uogﬁ(g/(ZXoﬂ] <P [X/l-[logﬁ(g/(ZXo)'l > 9] <
ﬁ/l-log[,(g/(zxo)

 — <2

g

Therefore,

E[z(9)]= ) P[(9) > ]
i=1

< [logg(g/(2X0))1 +Zf10gﬁ(9/(2xo))1 P z(g) > A~ logg(g/(2X0)]
I=1

< 2-[logg(g/(2X0))1.

2Informally speaking, is the history of all random decisions up to time .
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