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Abstract

Mesoscale eddies, turbulent oceanic features of length-scales 10-100km, are an
important component of the climate system. They impact the large-scale circulation
of both the ocean and atmosphere, as well as the transport of tracers such as heat and
carbon. Due to the computational costs of running ocean models at high-resolution,
climate models generally do not fully resolve mesoscale eddies, and will not be able to
for the foreseeable future. We, therefore, need to parameterise the effects of mesoscale
eddies on the large-scale flow. Eddy parameterisations are typically derived from
physical theories and mechanisms; this approach can sometimes over-simplify the
underlying dynamical process. The primary aim of this thesis is to uncover new ways
of capturing the complex non-linear behaviour of mesoscale eddies.

Using a hierarchy of numerical models, we take a data-driven approach to study-
ing and parameterising mesoscale eddies. Using an observation-driven experiment, we
investigate how the spatio-temporal variability of real mesoscale eddies affect tracer
fluxes in the North Atlantic. In an idealised model, we demonstrate that modern
machine learning algorithms, namely convolutional neural networks, can accurately
represent eddy momentum fluxes. We also demonstrate that machine learning can
construct expressions for eddy momentum and temperature fluxes while retaining in-
terpretability. We find that, when implemented, data-driven parameterisations can
emulate the scale-interaction between mesoscale eddies and the resolved flow, increas-
ing the kinetic energy and improving the higher-order statistics of the velocity field.

Our results show that data-driven algorithms, while respecting physical principles,
can be used to parameterise the effects of mesoscale eddies, with implementation in
more realistic models now a possibility. The predictive skill of data-driven algorithms
is not the only advantage: our use of interpretable machine learning opens up the

door for more knowledge discovery studies about eddies and turbulence in general.
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Chapter 1

Introduction

Mesoscale eddies, turbulent features of length-scale 10-100km, are ubiquitous across
the global ocean. They are the "weather” of the ocean and appear as a mixture
of coherent vortices, filaments, and spirals. The dynamics of mesoscale eddies are
nonlinear and chaotic, evolve over time-scales on the order of a few weeks, and are
in approximate geostrophic balance. Satellite observations are often used to show
the rich ‘texture’ of the mesoscale eddy field at the surface, but mesoscale eddies are
three-dimensional features that impact the vertical motions of the ocean, down to
depths of approximately 500-1000m.

Mesoscale eddies are particularly vigorous in regions of strong western boundary
currents, such as the Gulf Stream and Kuroshio Extension, as well as the Antarctic
circumpolar current. The strength and variability of these ocean jets are enhanced
by the momentum fluxes of mesoscale eddies (Starr), 1966; Greatbatch et al., |2010a)).
Mesoscale eddies also have a significant impact on the ocean stratification and residual
circulation (Farneti et al., 2010), and the transport of important climatic tracers such
as heat and carbon (Gnanadesikan et al., 2015)). The interactions between mesoscale
eddies and the atmosphere also have a significant impact on both oceanic and atmo-
spheric dynamics (Ma et al., 2016; [Woollings et al., 2010; |O’Reilly et al., 2017).

Although mesoscale eddies exist on spatial-scales that are small relative to the
scales of ocean basins, O(1000km), they dominate the oceanic kinetic energy (Ferrari
and Wunsch, [2009; [Wortham and Wunsch, 2014). Their energy is derived through a
combination of baroclinic and barotropic instability, processes that extract available

potential energy and kinetic energy respectively from the large-scale ocean state. The
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Figure 1.1: From the study of |[Klocker and Abernathey| (2014): Panel (a) shows an
observational snapshot of the sea surface height anomaly in a sector of the Pacific
(180°-130°W), and Panel (b) shows the corresponding zonally-averaged zonal velocity
(black curve), eddy velocity (red curve), and eddy phase-speed (blue curve).

resulting mesoscale eddy fields are complex, as illustrated by the sea surface height
snapshot in Figure [I.Th.

Currently, climate models do not fully resolve mesoscale eddies. For example, in
the most recent phase of the Coupled Model Intercomparison Project, CMIP5, the
spatial-resolutions of the ocean components ranged from 0.2° to 2° (Taylor et all,
2012). At a resolution of 1°, virtually no mesoscale eddies are resolved. At a res-
olution of 0.2°, the mesoscale eddy field is only partially resolved, such that only
some turbulent features of the flow field begin to emerge - resolutions at which eddies
are partially resolved are known as ‘eddy-permitting’. The models of the CMIP5
project made important progress in understanding the future of our climate, as well
as being included in the fifth assessment of the Intergovernmental Panel on Climate
Change (IPCC). However, these models are not fully capturing the physical effects of
mesoscale eddies; we discuss the importance of such effects in Section [I.1}

To resolve mesoscale eddies, the spatial resolution of these climate models could



simply be increased, but the accompanying computational costs prevent us from doing
so. For example, assume we would like to double the horizontal resolution of an ocean
model from 0.2° to 0.1° - what is the corresponding increase in the computational cost?
Halving the grid size leads to four times the number of points on the horizontal grid,
therefore quadrupling the computational cost. For numerical stability, the time-step
is also reduced by approximately a half when halving the grid size, so the increase in
computational cost is closer to a factor of x8. This is a large increase in computational
cost, considering that increasing the resolution from 0.2° to 0.1° still does not fully
resolve mesoscale eddies at all latitudes (Hallberg, 2013)).

Is there a chance that high-performance computing could sufficiently improve,
such that mesoscale eddies are resolved in the near future? The rate at which com-
putational resources have increased over the past few decades has been dramatic,
leading to Moore’s Law (Moore et al., [1965; |Schaller, 1997)), the observation that
processing power roughly doubles every two years. Even though Moore’s Law has
started to slow in recent years (Waldrop| |2016), the processing power of computers
will likely continue to increase. Exascale computing, i.e., supercomputers that con-
duct 10 floating-point operations per second, is expected to become operational in
the next few years, becoming affordable by individual institutions in the next decade
(Palmer, 2014)). Hence, it is possible that progress in technology, and not physics,
could improve simulations of climate.

There are two main issues with relying on technological progress alone to improve
the representation of mesoscale eddies in climate models. First, if exascale computing
is achieved, the additional computational power will have to be used to increase the
resolution of both the oceanic and atmospheric components of the climate model, as
unresolved cloud physics are also a large source of uncertainty in climate projections
(Schneider et al., 2017b). Even with the advent of exascale computing, there might
not be enough additional computing power to simultaneously resolve mesoscale eddies
and cloud processes.

Secondly, assume that climate models will soon be able to fully resolve mesoscale
eddies. Will the ocean component of coupled models become a negligible source of
uncertainty in climate projections? It depends, as submesoscale eddies will remain

unresolved for the foreseeable future. Submesoscale eddies, turbulent features of the



ocean occurring at length scales smaller than 10km, play an important role in the
energy budget of the ocean (Su et al., 2018b)). It is not yet clear exactly how much
uncertainty submesoscale eddies produce in climate projections, but it suggests that
despite technological progress in high-performance computing, the issue of resolution
will remain.

Therefore, we need to improve how we capture the effects of unresolved eddies in
climate models. This is known as the parameterisation or the closure problem, and
relates more generally to turbulent systems numerically solved on a finite-grid or in
truncated Fourier space, where convergence of the solutions cannot be demonstrated.
In both cases, there are physical processes at small-scales not captured by the model
that must be parameterised. We discuss the concept of parameterisation in more
detail, in addition to reviewing the literature, in Section [2.2] But first, exactly why

do we need to represent the effects of eddies in climate models?

1.1 The role of mesoscale eddies in the ocean and
atmosphere

Mesoscale eddies derive their energy through barotropic and baroclinic instability
(Vallis, [2017; Marshall and Plumb), 2016)). Barotropic instability occurs in the pres-
ence of strong lateral shears, where eddies extract kinetic energy (KE) from the large-
scale state. Baroclinic instability begins with atmospheric wind forcing, which acts
to steepen surfaces of constant potential density in the ocean, known as isopycnals.
Mesoscale eddies tend to flatten isopycnals and in the process convert available po-
tential energy (APE) to KE. The size of this effect is proportional to the baroclinicity,
Vp x Vp, where p is the density, p is the pressure, and V is the gradient operator. In
other words, baroclinic instability occurs when surfaces of pressures and density are
misaligned (Holton| 1973).

Baroclinic instability occurs primarily at the Rossby deformation radius, Ly =

]X—?, where N is the is the Brunt-Vaisala frequency, H is the vertical height of the fluid

_ g 9p(»)

layer, and f is the Coriolis frequency. The Brunt-Viisala frequency N = "

(Vallis, |2017) is a measure of the stability of a fluid due to vertical variations in
density and is used as a measure of stratification. The Rossby deformation radius is

the length-scale at which rotational effects become as important as buoyancy effects



and sets the characteristic length-scale of the mesoscale eddy field. The largest eddy
length-scales of more than 100km occur near the equator, decreasing to below 10km
at high latitudes; the latitudinal dependence of the eddy length-scale can be seen in
the surface height anomaly snapshot in Figure [I.T.

So baroclinic and barotropic instabilities transfer APE and KE respectively from
the mean-state to the smaller-scale mesoscale eddy field. The stores of APE and
KE in the ocean are referred to as reservoirs, with the APE reservoir three orders of
magnitude larger than the KE reservoir (Ferrari and Wunsch, 2009)). The exchange
of energy between various reservoirs of a geophysical system was first conceived in the
Lorenz Energy Cycle (Lorenz, 1955; Holton, 1973)), which mathematically described
how reservoirs of mean and eddy kinetic and potential energy interacted with one
another. Through nonlinear eddy-eddy and eddy-mean interactions, the KE is trans-
ferred between various spatio-temporal scales. Mesoscale eddies therefore play a key
role in the exchange of energy between reservoirs and across scales of the ocean.

The study of |Charney| (1971) suggested that the turbulence of the oceans and
atmosphere resemble that of two-dimensional turbulence, which exhibits an inverse
cascade of energy to larger scales (Fjortoft] [1953) and a forward cascade of enstrophy
to small scales. These two-dimensional cascades can be identified by their slopes
in spectral space (Kraichnan, |1967). The two-dimensional perspective of the energy
cycle was then advanced by Rhines| (1977)) and [Salmon| (1978)) to include baroclinic
effects. The quasi-2D Rhines-Salmon framework suggests that energy is introduced at
large-scales into the baroclinic mode by wind forcing, which then cascades to smaller
scales. The forward cascade of energy in the baroclinic mode continues until the
Rossby deformation radius is reached, where energy is converted to the barotropic
mode. The Rhines-Salmon framework suggests that an inverse energy cascade occurs
in the barotropic mode. The inverse cascade produces increasingly larger eddies, until
they are arrested by the beta effect of the Coriolis force (Rhines, (1975) or bottom
friction dissipates their kinetic energy. The beta effect arresting the inverse cascade
is related to the conservation of potential vorticity and Rossby wave generation.

An inverse energy cascade has been observed in the ocean using satellite altimetry
data (Scott and Wang, [2005; |Arbic et al., 2013), as well as in models (Kjellsson and

Zanna, [2017)). However, there is evidence that surface measurements of ocean currents
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Figure 1.2: The two-regime description of eddy-mean flow interaction from the ide-
alised study of Waterman and Jayne| (2010), with the figure adapted from [Waterman
land Hoskins| (2013)). The unstable-jet and wave-maker regimes, of the up- and down-
stream regions respectively, are illustrated, highlighting the patterns of the large-scale
absolute vorticity gradients. Solid black arrows denote the direction of the divergent
time-mean eddy vorticity fluxes and their patterns of convergence/divergence. Re-
garding the solid-filled contours, light gray shading indicates positive values (an eddy
vorticity flux convergence) and dark gray shading indicates negative values (an eddy
vorticity flux divergence).

primarily reflect the first baroclinic mode (Wunsch, 1997)), contradicting the theory

than only the barotropic mode exhibits an inverse cascade of energy. Nonetheless, the
energy cycle of the ocean is a combination of forward and inverse cascades of energy,
in which mesoscale eddies play an important role.

Regions of the global ocean with strong westerly winds, and therefore large reser-
voirs of APE, have particularly energetic mesoscale eddy fields. For example, the Gulf
Stream in the North Atlantic, the Kuroshio Extension in the North Pacific, and the

Southern Ocean. At the surface, these regions exhibit large-scale zonal meandering

jets with current speeds of over 1ms™" (Ducet and Le Traon| 2001). How do mesoscale

eddies interact with strong zonal jets?



The answer depends on exactly where along the jet you are considering. In an

idealised ocean model, [Waterman and Jayne (2010); |Waterman and Hoskins| (2013))

showed that eddy fluxes stabilise the unstable jet in the up-stream region, whereas
down-stream, eddies drive the time-mean recirculation through wave radiation. Ev-

idence of this along-jet variation in eddy effects was found in observations of the

Kuroshio Extension (Waterman et al.,[2011]). An illustration of the two-regime model

of eddy-mean flow interaction is shown in Figure , where the nature (i.e. diver-
gence and convergence) of the eddy vorticity fluxes changes significantly between the
up- and down-stream regions. Eddy-mean flow interaction is therefore not as simple
as stating that eddies exclusively weaken or strengthen large-scale jets.

Using satellite altimetry data, the study of |Greatbatch et al| (2010b) showed

that eddy momentum fluxes exhibit significant along-jet variation in both the Gulf

Stream and Kuroshio Extension. The time-mean maps (Figure 2 of |Greatbatch et al.|
2010b) show that, for one of the eddy momentum fluxes, the sign rapidly alternates

between positive and negative moving along the core of the jet. The diagnosed eddy

momentum fluxes of the Gulf Stream in |Greatbatch et al.| (2010b|) were then used
to drive a shallow-water model of the North Atlantic (Greatbatch et al. |2010a)), and

found that the eddy fluxes alone could reproduce a significant amount of the true
Gulf Stream transport, including the recirculation gyres.

Within western boundary currents, mesoscale eddies also interact with the atmo-

sphere, producing intense air-sea fluxes (Villas Boas et al., |2015). The mechanical

forcing, i.e., momentum exchange, of atmospheric winds leads to a systematic damp-

ening of mesoscale eddies (Wilson, [2016; Xu et al.,|2016)), reducing their kinetic energy.

Suppressing the interaction between mesoscale eddies and the atmosphere was found

to weaken the Kuroshio Extension jet by 20-40% (Ma et al., 2016); a schematic of

this mechanism is shown in Figure[I.3] which involves the exchange of energy between

the large-scale jet, the eddies, and the atmosphere. Ma et al. (2016) found that the

eddy-atmosphere feedback dominates the destruction of eddy potential energy, and
when this feedback is removed, the energy budgets re-balance such that the mean
kinetic energy decreases.

The mesoscale eddy field contributes to the transport and mixing of climatic

tracers, such as heat (e.g.[Wunschl 1999; Jayne and Marotzke, 2002; Danabasoglu and|
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Figure 1.3: A schematic of the feedback between mesoscale eddies and the atmosphere.

The interaction regulates the strength of the Kuroshio through exchanges of energy
between various reservoirs.




Marshall, 2007} |Griffies et al., [2015). Within jets, the strong mean flow suppresses
mixing of tracers (Ferrari and Nikurashin| 2010), whereas eddies in general act to
enhance mixing, with significant spatial variability (e.g. |[Abernathey and Marshall,
2013). In the Gulf Stream, mixing is suppressed at the surface but not at depth
(Bower et al. |[1985; Bower and Rossby, [1989). The mixing by mesoscale eddies along
isopycnals has a significant impact on the carbon uptake of the ocean (Gnanadesikan
et al., 2015).

So what are the consequences of not resolving mesoscale eddies in an ocean model?
Increasing the resolution from approximately 1° to 0.1° improves mean sea surface
temperatures, increases the amplitude of El Nino-Southern Oscillation (ENSO), and
significantly modifies local air-sea feedbacks (Kirtman et al) 2012). The spatio-
temporal variability of sea level anomalies improves at eddy-permitting resolutions,
including fluctuations on longer interannual time-scales (Penduff et al., |2010).

Resolving mesoscale features within the Gulf Stream has a significant impact on
models of atmospheric dynamics across Europe (Minobe et al.| 2008; (O'Reilly et al.,
2017; Haarsma et al.;|[2019). At eddy-permitting resolutions, air-sea interactions more
closely resemble observations, but further increasing the resolution to eddy-resolving

reduces long-standing temperature biases in the North Atlantic (Roberts et al., 2016)).

1.2 Thesis aims and structure

Capturing the effects of unresolved eddies is crucial for improving both the oceanic
and atmospheric components of climates models. The difficulty lies in ‘capturing’
these processes accurately. As we will see in Section [2.2] traditional approaches to
eddy parameterisations can sometimes over-simplify the underlying dynamics. To
accurately capture the complex spatio-temporal variability of mesoscale eddies, we
need to move beyond ‘bulk formulas’. We should use every tool at our disposal to
construct eddy parameterisations, which include modern data-driven approaches.
Specifically, we want to use data-driven methods to study and parameterise eddy

momentum and tracer fluxes. The aims of this thesis are as follows:

e to quantify the regional and temporal variability of tracer fluxes driven by ob-

servations of mesoscale eddies, focusing on the North Atlantic;



e to construct parameterisations of eddy momentum fluxes that more accurately

capture the underlying dynamics, using modern machine learning techniques;

e to use data-driven algorithms to parameterise eddy fluxes, but in a physically
interpretable manner, such that the underlying dynamical processes are not

obscured;

e to determine the physical and numerical impact of data-driven eddy parame-

terisations when implemented back into an ocean model.

In Chapter [2| we present the equations of motion that govern ocean dynamics,
and review existing eddy parameterisations from the literature. In Chapter [3, we
provide details of each numerical ocean model used in this thesis, as well as how we
define and quantify the effects of eddies. Chapter [3| also includes an introduction to
supervised machine learning and provides details on the specific algorithms used in
the results chapters of this thesis. Chapter [4]is the first of the results chapters, where
we investigate eddy fluxes in the North Atlantic using an observation-driven passive
tracer experiment. In Chapter [5, we train convolutional neural networks to represent
eddy momentum fluxes in an idealised ocean model, while testing the generalisation
ability of the networks and how to enforce physical constraints. We use machine
learning to ‘discover equations’ from data to construct physically interpretable eddy
parameterisations in Chapter [6] In Chapter [7 we test our new data-driven eddy
parameterisations by implementing them back into an ocean model. We end this
thesis in Chapter [§ where we summarise our results and discuss the implications of
our findings.

The term ‘we’ is used throughout this thesis, with all the work being conducted
by myself under the supervision of Professor Laure Zanna. If a piece of analysis or
an experiment was not conducted by myself, it will be explicitly stated, with only
the work of Chapter 4] containing an external collaborative element. If the results of
a chapter have been published in some form, the details of that publication will be
provided in the introduction of that chapter. One final note regarding the electronic
version of this thesis: all sections, subsections, tables, equations, and images are

hyperlinked, to allow easy access from the table of contents and the list of figures.
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Chapter 2

Background

2.1 Equations of motion of a geophysical fluid

We briefly review the equations of motion that govern ocean dynamics, starting with
the Navier-Stokes equations for a generic Newtonian fluid, and then approximating
those equations based on balances of the global ocean. The Navier-Stokes equations,

for a continuous fluid in three-dimensions on a rotating planet, are given by

1
%?Hu-v)u:—fxu——Vp+vV2u+F7 (2.1)
P

where u = (u, v, w) is the three-dimensional velocity vector, V is the three-dimensional
gradient operator, f is the Coriolis parameter, p is the density (mass per volume),
v is the kinematic viscosity, F represents all external forces, and we have neglected
the centrifugal force. The effect of molecular viscosity, i.e., the frictional force within
the fluid, is approximated by the term rV?u. The momentum field pu is propor-
tional to u, so Equation determines how the momentum of a fluid evolves in

time. The left-hand side of Equation [2.1] can be written using the material derivative

% = % + (u - V), which represents the rate of change following a fluid parcel, with
the second term (u- V) representing advection by the flow. Therefore, % represents

the acceleration following a fluid parcel.

However, the Navier-Stokes equations do not exist in isolation. We have five
unknown quantities - the velocity components, density, and pressure - but only three
equations, one for each velocity component. Two other equations are needed to close
the system. The first is derived from the fact that mass is conserved. Given a fluid

parcel of variable density p and volume AV, the Lagrangian rate of change of mass
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D(pAV)
Dt

must be zero, = 0. From this assumption, one can derive the mass continuity

equation, given by

dp
V- = 2.2

which can be interpreted as the following: any Eulerian change in the density must
be balanced by a net flux of density into (or out of) the volume. If time fluctuations
of the density field are also assumed to be small, i.e., % = —p(V -u) = 0, then the
equation for a non-divergent velocity field V-u = 0 is recovered. Within Equation [2.1],
the Boussinesq approximation can be applied such that density variations are ignored,
except where multiplied by the gravitational acceleration g.

The second equation is the equation of state. For the atmosphere, the ideal gas
equation is used. For the ocean, however, we cannot derive an equation of state from
first principles. We know that density will be a function of pressure, temperature,
and salinity, so we approximate the equation and estimate any coefficients empirically.
Most ocean models use a non-linear equation of state, but we will only concern our-
selves with the first-order approximation, which assumes density changes are linear

perturbations to the mean state, in other words

P = Po(l - 5p(p - po) - BT(T - To) - /BS(S - So))a (2-3)

where p is pressure, T is temperature, S is salinity, and pg, po, To, S are the reference
density, pressure, temperature, and salinity values respectively. The variables 3,, Br,
and (g are empirical parameters to be estimated from observations.

We now have an additional equation but introduced two new variables: S and
T. Therefore, for the ocean, we have to introduce two more prognostic equations
for temperature and salinity. These prognostic equations typically take the form of
an advection-diffusion equation with additional sources and sinks. In particular, the
prognostic equation for temperature can be derived by considering the first law of
thermodynamics, which represents conservation of energy. The first law implies that
the change of internal energy of a fluid parcel must be equal to all heat fluxes in
and out of the parcel, in addition to any sources or sinks of heat. The result is the

following equation containing, advection, diffusion, and sources,

T
aa_t +(u- V)T = vpV2T + J, (2.4)
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where vp is the thermal diffusivity and J is any sources or sinks of heat. A similar
prognostic equation exists for the salinity, S. Note, the work done on a fluid parcel
is proportional to pdV', where V' is the volume, but this term does not contribute to
Equation [2.4] when the fluid is incompressible (V - u = 0).

Temperature and salinity are active tracers, such that the flow field impacts the
tracer distribution and the tracer then impacts the flow via changes in density. Passive
tracers, however, are simply transported (advected and diffused) by the flow and have
zero effect on the underlying flow field. Some active tracers have such a small effect

on the flow that they are regarded as passive tracers (e.g. ocean chlorophyll).

2.2 Parameterisations of turbulent ocean eddies

As mentioned in the introduction, the equations of motion of an ocean model are
numerically integrated at a finite spatial and temporal resolution. The resolution
at which a model is run is severely restricted by the computational cost, such that
the smallest scales are truncated. The ocean components of some climate models are
approaching a resolution of 30km in CMIP6 (Eyring et al., 2016), which is comparable
to the first baroclinic deformation radius at mid-latitudes. However, many of the
models of CMIP5 have a resolution of approximately 100km, which resolves virtually
none of the mesoscale eddy field. The Rossby deformation radius (200km at the
equator, less than 10km at high latitudes) determines the length at which mesoscale
eddies proliferate. Therefore, ocean models should aim to have a horizontal resolution
smaller than the Rossby deformation radius, to start capturing the non-linear effects
of mesoscale effects.

The dynamical effects of unresolved mesoscale eddies on the large-scale flow must,
therefore, be parameterised in some way, i.e., introducing additional terms into the
equations of motion which represent those unresolved dynamical effects. As an il-
lustrative example, take the Navier-Stokes equations for the time-evolution of the
velocity field u, defined in Equation We cannot solve Equation analyti-
cally, so we instead numerically integrate the equations on a finite spatial grid (or
in truncated spectral space). To make the distinction between the exact dynamical
quantities and those quantities solved on a finite grid, we denote the quantities on

the finite grid using an over-bar U Although climate models solve a modified set
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of equations called the primitive equations, for illustrative purposes, let us consider

numerically solving the full Navier-Stokes

oa = 1— — —
E+(ﬁ-V)ﬁ:—fxﬁ—5V}‘9+?V2ﬁ+F, (2.5)
where the infinitesimal change 0t is now a finite time-step dt. By numerically solving
on a finite grid, we have introduced structural errors into the model, such that %—;‘ #+

5a

5.+ The structural error makes the model less physically representative of reality and

originates from not resolving all spatio-temporal scales of the physical system, i.e.,
the smallest scales of the model are truncated. For an ocean model, the truncation
of scales leads to not fully resolving mesoscale eddies - and many other processes.

The truncation of scales also has a significant impact on the energy cycle of ocean
models. Models that do not fully resolve mesoscale eddies have an overall lack of
energy at all scales and weaker inverse cascade of energy to larger scales (Kjellsson
and Zanna, 2017); as discussed in the introduction, the inverse cascade of energy
is a key component of the energy cycle and is present in observations (Scott and
Wang, 2005; Scott and Arbic, 2007). The inverse cascade can be non-existent if
the model does not resolve the Rossby deformation radius. Even though only the
smallest scales of models are truncated, the resulting dynamics at all scales become
less realistic, making eddy parameterisations even more important.

Parameterising unresolved mesoscale eddies involves adding additional terms to
Equation to account for their effects on the resolved state U, making the model
reflect reality more accurately. Let the over-bar U now represent some form of
average (as opposed to a variable on finite grid). The average U can be a spatial,
temporal, or ensemble mean. We can write a variable as the combination of its mean
and the fluctuation from that mean u = u + u’. The Reynolds average is a specific
type of average, in either space or time (or both, as in Large Eddy Simulations, e.g.,
Pope, 2001)) such that u’ = 0. The two-dimensional Reynolds-averaged Navier-Stokes
equations, i.e., the equation for %—?, has an additional term, given by

wu’ W)

v'u v

V-(W)zv-( (2.6)

This term represents the interaction between @ and u’, and the tensor on the right-

hand side of Equation[2.6]is known as the Reynolds stress tensor. We cannot explicitly
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calculate the Reynolds stress tensor, so a dynamical model is needed for the relation-
ship between u and u’, to ‘close’ the equations. In other words, we can attempt
to write down equations for these second-order terms w/v/, w/v/, and v'v/, but then
triple-order terms would appear, e.g., w/v'v/. Writing down an equation for u/v'v/
would then yield fourth-order terms and so on. This is the turbulence closure prob-
lem (Boussinesq, [1872; |Popel 2001, and is more general in that it applies to any
averaging procedure - not just Reynolds averaging. Parameterising mesoscale eddy
fluxes in climate models is therefore a form of the turbulence closure problem.

In this section, we provide a non-exhaustive review of existing eddy parameter-
isations. We begin with the traditional physics-driven approach and then contrast
with the now-popular data-driven approach to constructing parameterisations. By
data-driven, we mean employing an algorithm to learn the parameterisation directly
from data - with minimal human input. We show that most parameterisations - for
any geophysical process, not just oceanic - exist on a spectrum, ranging from purely
physics-driven at one end, to purely data-driven approaches at the other.

The crux of parameterising physical processes within models is how to represent
the effects of some unresolved quantity 2’ on the resolved state Z. Models cannot
explicitly calculate these effects as, by definition, the model does not have access to
the unresolved quantities 2. We then have no choice to use the resolved state T to
approximate the effects of 2/, using some function f(7).

The challenge lies in constructing the function f(Z) which, in an ideal world,
achieves the following: accurately captures the dynamical processes being parame-
terised, respects physical principles such as conservation laws, is numerically stable
when implemented into a model, and generalises to new dynamical regimes - while
only using the resolved state . On top of this, the effect being parameterised is typi-
cally a complex non-linear dynamical process. This is why parameterising unresolved
processes in climate models can be such a difficult task.

Physics-driven and data-driven parameterisations differ in how this task is tackled,
in particular how the function f(7) is constructed, with both approaches having ad-
vantages and disadvantages. We now discuss these differing approaches and introduce

the parameterisation spectrum lying between data-driven and physics-driven.
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The parameterisation spectrum
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Figure 2.1: An illustration of the spectrum of approaches to constructing parameter-
isations, from the traditional physics-driven approach on the left-hand side, moving

to purely data-driven approaches at the far right-hand side.
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The parameterisation spectrum is illustrated in Figure[2.1] with specific examples
at different stages - these examples are discussed in more detail below. The far
left-hand side represents the purely physics-driven approach, and this has been the
prevailing approach for the past few decades. The physics-driven approach starts
with some physical principle, mechanism, or theory, related to the dynamical process
to be parameterised. From the physical knowledge, a bulk formula is derived to
approximate the effect of that process. In other words, we assume that the unresolved
state ' impacts T through mechanism A, which leads us to the functional form f4 (7).

At the other end of the parameterisation spectrum, the purely data-driven ap-
proach makes zero physical assumptions about the process to be parameterised. In-
stead, it is data that guides the construction of the parameterisation, where the data
can be from high-resolution models or observations. An algorithm is employed to di-
rectly learn the parameterisation from the data. Note that we use the term algorithm
loosely here, as the ‘algorithm’ could be simple linear regression, or more complex sta-
tistical or machine learning techniques. The choice of algorithm will implicitly make
assumptions regarding the parameterisation, but in general, the functional form and
parameters are empirically estimated from the data.

Below, we present specific examples of parameterisations from the literature that
lie more towards the physics-driven or data-driven side of the spectrum. We also
discuss some examples which are hybrid approaches, blending empirical estimation
from data with some physically-motivated component. The blending could involve
estimating the parameters of a physics-driven parameterisation from data, or applying

physical constraints to a data-driven algorithm.

2.2.1 Physics-driven parameterisations

We start with the simplest and most common type of momentum parameterisation,
known as eddy viscosity, first introduced conceptually by [Boussinesq (1903). In Equa-
tion [2.1] molecular diffusion is represented by the term vV?u for an incompressible
fluid and can be derived from Kinetic Theory (Landahl et al., 1989; |Pope, 2001). In
molecular diffusion, the random motion of molecules leads to a flux of molecules from
high- to low-concentrations (Fick, 1855)). Molecular diffusion occurs across all length-

scales but becomes small at length-scales large than the Kolmogorov scale; below the
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Kolmogorov scale, turbulent kinetic energy is dissipated into heat. The coefficient v
is the molecular viscosity and determines the ‘strength’ the internal friction of the
fluid.

With regards to eddy viscosity models, the dynamics of eddies are assumed to be
‘random’, such that their motions re-distribute momentum in a manner similar to
molecular diffusion, i.e., the flux of momentum is proportional to the large-scale gra-
dient of momentum. In other words, eddy fluxes are assumed to be on-average down-
gradient and act to homogenise the resolved momentum field. Assuming mesoscale

eddies diffuse momentum leads to the following Laplacian parameterisation

S, = vV T, (2.7)

1 as the molecular vis-

with v, now the eddy viscosity, and has the same units m?s~
cosity. Note that we denote the true eddy momentum forcing as S, and the parame-
terisation as S,. The key difference between eddy viscosity and molecular viscosity is
that the eddy viscosity coefficient is orders of magnitude larger than that of molecu-
lar viscosity. An eddy viscosity parameterisation improves the numerical stability of
ocean models and dissipates enstrophy and energy at the grid-scale.

The parameterisations of |[Smagorinsky| (1963) and |Leith (1968]) build upon the
eddy viscosity concept by constructing the eddy viscosity coefficient to have a func-
tional dependence on the resolved flow. The Smagorinsky| (1963) viscosity coefficient
is based on the energetics of 3D isotropic turbulence and is based on the energy flux
at any particular length scale being constant. This length-scale independent energy
flux is constructed using the expression for the Kolmogorov scale and is given by

Ve = (g)QA:LQ\/ D? + D2, (2.8)

™

where Az is the horizontal resolution, and « is a parameter to be prescribed, which
relates to the proportionality of the expression with the Kolmogorov length scale. The
terms D = g—g + g—g and D = g—g — g—g are the shearing and stretching deformations
respectively.

The Leith viscosity coefficient is based on the enstrophy flux of 2D turbulence,

and in a manner similar to the Smagorinsky expression, the expression is constructed

such that the flux of enstrophy is equal to the grid scale dissipation rate of enstrophy.
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The enstrophy dissipation rate length scale, and the resulting eddy viscosity, can be

estimated from dimensional analysis and leads to

v, = (%)QM?’\/(%—?)Q n (%)2’ (2.9)

where o again is a parameter to be prescribed.

The study of |[Holland! (1978)) suggested that the differential operator in the eddy
viscosity should be more scale selective, and should act less on the larger-scales as they
are better resolved by the model. A biharmonic operator was suggested to replace

the Laplacian, leading to the following momentum parameterisation

A

Su= -1V 1, (2.10)

where v, now has units of m*s".

In spectral space, the Laplacian and biharmonic
operators are proportional to K? and K* respectively, where K is the total wavenum-
ber, showing that the biharmonic term will have a larger impact at high-wavenumbers
and hence smaller scales. Similarly to the Laplacian operator, the coefficient of the
biharmonic operator can be made flow-dependent with analogous Smagorinsky and
Leith expressions.

Not all ocean models are written in terms of the velocity fields v and v. Another
theoretically important quantity is the potential vorticity (PV), which is conserved
following a fluid parcel in the absence of frictional or diabatic processes (Vallis, 2017).
For example, quasi-geostrophic models assume that a fluid is almost in geostrophic
balance, such that an ageostrophic component of the flow is permitted. More for-
mally, quasi-geostrophic equations can be derived through a first-order Rossby num-

ber expansion of the Navier-Stokes equations. The key prognostic variable in quasi-

geostrophic models is the quasi-geostrophic PV, defined as

9 /12 0
v 2(E). =

where fy is the Coriolis parameter value at a particular latitude, § is the Rossby

parameter, N = (—%@)% is the Brunt-Viisala frequency and 1 is the streamfunction

dz
for the non-divergent horizontal velocity u = (—g—;f, g—f). The parameters fy and beta

arise from the beta plane approximation, which is a linear Taylor series approximation

to the latitude-dependent Coriolis parameter f ~ fy + fy. Parameterising eddies
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in the PV framework is not distinct from parameterising eddies in the momentum
framework - parameterising one indirectly parameterises the other.

Just as eddy momentum fluxes can be parameterised with an eddy viscosity, so
can eddy PV fluxes. A down-gradient PV closure was suggested by |Rhines and Young
(1982), where PV was found to be homogenised by mesoscale eddies in the gyres of
both models and observations. This closure is also known as the ‘PV mixing’ closure

and takes the following functional form
S, = v.Vq. (2.12)

However, not all parameterisations assume that the eddy flux is directed down
the mean gradient. A more sophisticated parameterisation is that of Mana and
Zanna (2014)), which assumes the sub-grid transport of PV can be modelled as a
non-Newtonian fluid. Specifically, the eddy stress tensor is assumed to relate to
a second-grade Rivlin-Ericksen fluid (Rivlin and Ericksen, 1955)); the full-details of
Rivlin-Ericksen fluids are beyond the scope of this thesis, but it leads to the eddy
parameterisation containing time-derivatives and therefore considers the memory of
the fluid. In the quasi-geostrophic equations, the second-grade Rivlin-Ericksen eddy

stress leads to the following functional form in the PV equation

= el

S = KV 5 (2.13)

which captures up-gradient eddy fluxes and dissipates enstrophy. Note that in [Mana,
and Zanna (2014), a stochastic version of the parameterisation is implemented to
better capture the variability of the sub-grid eddy flux - a stochastic parameterisation
predicts the parameters of a distribution, from which values are then sampled from.
In this thesis, we focus on the deterministic case, where there is a one-to-one mapping
from the resolved state Y to the value of the parameterisation f(Y").

The time-independent component of Equation has been studied as a momen-
tum parameterisation in |Anstey and Zanna (2017). This time-independent compo-
nent takes the following form in the momentum equations

s _ = (—¢D ¢D
Su = HV'(CD CD)’ (2.14)
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where ( is the relative vorticity. The tensor is one of the Galilean-invariant tensors
of |[Pope| (1975)). The Anstey and Zanna (2017)) expression relates to how a larger-
scale flow deforms a smaller-scale vorticity field. The expression captures up-gradient
momentum fluxes, conserves energy, and is a net sink of enstrophy.

Parameterisations that are purely down-gradient produce a few issues when im-
plemented. First, they do not capture the full extent of the complex interaction
of unresolved eddies with the resolved flow (Wilson and Williams, 2004). Secondly,
purely down-gradient closures cause a spurious loss of energy in ocean models (Jansen
and Held|, 2014} Jansen et al| 2015)); Laplacian and biharmonic momentum parame-
terisations are a net sink in the global energy budget. Kinetic energy is dissipated to
heat within the ocean and such energy dissipation within the Navier-Stokes is per-
mitted. However, within ocean models, the energy dissipated by parameterisations is
excessive and produces under-energetic flows.

Eddy parameterisations can be constructed while correcting for this spurious loss
of energy. For example, introducing a separate prognostic equation for the eddy
energy. A closed system should conserve total energy, so it is physically-appropriate
to have an additional equation to keep track of the sources and sinks of energy due to
unresolved eddies. A separate eddy energy equation can be used when parameterising
PV fluxes (Eden and Greatbatch, 2008; Marshall and Adcroft} 2010) or momentum
fluxes (Jansen and Held| [2014; [Jansen et al., 2015), in addition to buoyancy fluxes
(Cessi, [2008; [Mak et al., 2018).

We have not yet discussed buoyancy, the acceleration of a fluid parcel caused by
being above (below) fluid of lower (higher) density, defined as b = — gg—;. Fluid parcels
move along surfaces of constant potential density, known as isopycnals. The potential
density of a fluid parcel is the density that parcel would acquire if adiabatically
brought to a reference pressure; the potential density of a fluid parcel is useful as it is
conserved under changes in pressure. As previously mentioned, wind forcing acts to
increase stratification, i.e., produce steeper isopycnal slopes, whereas eddies typically
act to flatten isopycnals. The flattening of isopycnals is the exact process represented
by the |Gent and Mcwilliams (1990) parameterisation, where eddies are assumed to
reduce stratification by extracting APE from the resolved flow. Redi (1982) is also

a popular buoyancy parameterisation, that assumes eddies enhance mixing along
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isopycnals, and can be used in conjunction with the |Gent and Mcwilliams| (1990))
parameterisation.

Parameterising eddy buoyancy fluxes, or any other tracer fluxes, with the |Gent
and Mcwilliams) (1990) scheme leads to an additional advective flux, —V - (bu*), in the
prognostic buoyancy equation. The velocity u* is referred to as the bolus velocity; it is
non-divergent and represents the advective transport of sub-grid eddies that flattens
isopycnals. The Redi (1982) parameterisation leads to an additional diffusive flux,
V(KVb), where K is a tensor than projects the gradient Vb onto isopycnal surfaces.

The (Gent and Mcwilliams| (1990) parameterisation suffers the same problem as
the dissipative momentum closures: they lead to a spurious loss of energy when
implemented. As previously mentioned, the Gent and Mcwilliams| (1990) parameter-
isation extracts APE to flatten isopycnals, but this energy is lost from the model.
Hence buoyancy parameterisations are being constructed with a prognostic eddy en-
ergy equation (Eden and Greatbatch, 2008; Mak et al., 2018]), or with a back-scatter

momentum parameterisation to re-introduce the lost energy (Bachman, 2019)).

2.2.2 Data-driven parameterisations

All the previous parameterisations are predominantly physics-driven, i.e., they were
constructed by considering physical principles or mechanisms, from which the func-
tional form of the parameterisation can be derived. We now shift to the data-driven
side of the parameterisation spectrum, where instead an algorithm is employed to
learn the parameterisation directly from the data, from either observations or a high-
resolution model.

It should be noted that there are two types of errors associated with a parameteri-
sation: parameter errors and structural errors. The former concerned with uncertain-
ties of the values used for the parameters, and the latter concerned with uncertainties
of the functional form of the parameterisation. Structural errors in models include the
numerical errors, the biases, and all the processes not included in the model (Zanna
et al., 2018). Data-driven algorithms are being used to address parameter errors (e.g.
Schneider et al., [2017a)), but we are more focused on using data-driven algorithms to

reduce structural errors. We present what these algorithms are and how they learn
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from data in Section [3.3] but for now, we review some key examples of data-driven
parameterisations from the literature.

This thesis is concerned with ocean eddies, but there have been similar devel-
opments in the parameterisation of atmospheric processes. For example, neural net-
works have been used to parameterise long-wave radiation (Krasnopolsky et al., [2005),
moist-convection (Gentine et al., 2018; O’Gorman and Dwyer], 2018), sources of heat
and moisture (Brenowitz and Bretherton) [2018; Rasp et al., 2018; Brenowitz and
Bretherton, 2019), and precipitation (Larraondo et al. [2019). The goal of these
data-driven parameterisations is to either improve the representation of unresolved
physical processes in climate models, or to replace existing parameterisations that are
computationally expensive. Work has also been conducted to improve the numerical
stability of data-driven parameterisations of atmospheric processes when implemented
(Rasp, [2019), as well as enforcing physical constraints such as conservation of energy
(Beucler et al., [2019ayb)).

Now for data-driven parameterisations of oceanic turbulence. The study of Berloft
(2005b)) constructed a data-driven parameterisation of mesoscale eddies by using
a random forcing based on the spatial and temporal correlations within a high-
resolution model. In Berloff (2005b), a second-order auto-regressive model is used
to capture the temporal variability of the parameterisation, while the horizontal spa-
tial variability is represented by Gaussian function. Similarly, Cooper and Zanna
(2015) and (Cooper| (2017) optimised the lag-covariances of a coarse-resolution model
to construct the optimal eddy momentum forcing. The statistical parameterisation
of |Cooper and Zanna| (2015) used a linear stochastic process with no spatial corre-
lation, but a spatially-varying amplitude. The statistical moments of the stochastic
potential vorticity parameterisation of [Mana and Zanna| (2014) were diagnosed in a
data-driven manner from a high-resolution simulation.

Data-driven methods have also been used to estimate the diffusivities of mesoscale
eddy tracer fluxes, for example, the gauge-invariant statistical optimisation of [Mak
et al.| (2016), or the tracer-based inversion technique of Bachman et al. (2015]). These
tracer parameterisations are not purely data-driven, as the eddy tracer flux is still

assumed to be proportional to the resolved tracer gradient.
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Data-driven parameterisations of turbulence that specifically use machine learning
appeared in studies of direct numerical simulation (Tracey et al., [2015; Ling et al.|
2016a,b)), which concern spatial scales of tens of meters, orders of magnitude smaller
than the spatial scales of climate models. In particular, |Ling et al. (2016b)) used a deep
neural network to learn an eddy momentum parameterisation of the anisotropic stress
tensor using Direct Numerical Simulation (DNS) data (a smaller-scale turbulence
study compared to parameterising mesoscale eddies). Interestingly, the study of |Ling
et al. (2016b) physically-constrained their neural network using the Galilean-invariant
tensor basis of |Pope (1975). The momentum parameterisation of [Ling et al.| (2016b))

takes the form

Su = V-(D_g.T"), (2.15)

n

where the T( are the invariant tensors of [Pope| (1975)), and the coefficients g, are
predicted by the deep neural network using only Galilean-invariant inputs. Only after
applying these physical constraints did the deep neural network outperform a more
simple linear regression model. Another study which used DNS data is that of (Sale-
hipour and Peltier, 2018), which used a deep convolutional neural network to predict
the vertical mixing efficiency of both Kelvin-Helmholtz and Holmboe wave instability,
which out-performed the other non-data-driven methods such as the Osborn-Cox.
Additional studies have used machine learning algorithms - namely neural net-
works - to parameterise eddy momentum fluxes in models of freely-decaying 2D tur-
bulence (Maulik and San| 2017; San and Maulik, [2018; |Maulik et all [2019; |Cruz
et al., 2019) or in large-eddy simulations (Zhou et al 2019). In the study of Maulik
et al.| (2019), neural networks were used to parameterise eddy vorticity fluxes, which
were then implemented back into the model. An interesting approach was to use the
Smagorinsky and Leith eddy viscosity functions of Equations and as input
features to one of the neural networks. They found that using these physically-
motivated input features did not improve the predictive skill, but did improve how
the neural network behaved once implemented into the model. Studies like these
show that incorporating physical principles into data-driven algorithms is important,
not only for making parameterisations physically-consistent but also for improving

the performance of the parameterisation.
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As of yet, there have been no published studies using more modern machine
learning techniques, such as deep neural networks, to parameterise mesoscale eddy
fluxes for use in climate models. As will be shown in this thesis, there are numerous

data-driven methods which can, and should, be exploited for this very task.
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Chapter 3
Methods

3.1 Numerical ocean models

Here we describe the ocean models used throughout this thesis. Each model nu-
merically solves some form of the Navier-Stokes equations, while making specific
assumptions about the nature of the geophysical fluid being simulated. We introduce
a single-layered shallow water model, a multi-layered quasi-geostrophic model, and
finally barotropic and baroclinic primitive equation models. For each model we briefly
discuss the assumptions made to derive the equations of motion, and then present

the technical details of the numerical integration and configuration.

3.1.1 Shallow water model

The shallow water equations provide a simple but useful model to study geophysical
fluid flows (Vallis, 2017)). Despite their simplicity, they capture the main characteris-
tics of double-gyre circulations of the ocean. The shallow water system is characterised
by a layer of constant density with a free surface at the top. As the name suggests,
the shallow water system has a horizontal length-scale much larger than the vertical
length-scale. The vertical distance from the bottom to the free surface is denoted by
h(x,y), with mean height H, and the deviation of the free surface height from the
mean as” = h — H.

We obtain the shallow water equations by first assuming hydrostatic balance,
5 = —pog, for the vertical component of the momentum in Equation ﬂ The
density is also assumed constant, such that vertically integrating the hydrostatic

balance leads to p = —ppg(n — z). This implies the that the horizontal gradient of
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Figure 3.1: Snapshots and time-means of the three prognostic variables of a high-
resolution 3.75km shallow water model. Panels (a), (b), and (c) show snapshots of u,
v, and h respectively, while Panels (d), (e), and (f) show the time-means over a 10

year period.
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pressure does not vary vertically. We also assume that the pressure at the free surface

from the overlying fluid is negligible. The horizontal velocity equation can then be

written as
Ju 9
E—}—(u-V)u:—fxu—gVn—i—quqLF, (3.1)
where the momentum vector u = (u,v) and gradient operator V = (&, a%) are now

two dimensional. The difference being that the pressure gradient forces can now be
written as the gradient of the free surface height multiplied by gravity: gVn.
The derivation is omitted here, but the mass continuity equation in the shallow

water system becomes

((;—}tb + V- (hu) =0, (3.2)
which, due to the constant density, states that a net flux into a column must be bal-
anced by an increase in the free surface height. In the absence of external forcing and
dissipation, the sum of the kinetic energy %hu2 and potential energy % gh? densities

respects the following conservation equation

OF
StV e=0, (3.3)

where e = 1(hu® + gh?) is the total energy density and e = u(ihu® + gh?) is the
energy flux. Spatially integrating Equation [3.3] and applying the divergence theorem
(Pfeffer, 1986|) with no normal flow at the boundaries, implies that the total energy
of system is conserved: £ [,, Edzdy = 0.

The numerical integration of the shallow water system is conducted in Python,
adapting a model created by Milan Kloewer (the code is publicly available at github.
com/milankl/swm). Although Python is computationally slow relative to other pro-
gramming languages, it is easy to modify and customise. Thus, there are fewer tech-
nical obstacles to experimenting with parameterisation schemes within the model.

The specific configuration of the shallow water model is as follows:

e The momentum dissipation is a combination of a Laplacian (V?) and biharmonic

(V*4) operators, including a quadratic bottom drag term.

e The external forcing is a constant wind forcing, to represent westerly winds at
mid-latitudes. We use the square of the sine of latitude to emulate the time-

mean jet in the atmosphere.

28


github.com/milankl/swm
github.com/milankl/swm

e We use the beta-plane approximation (Vallis, 2017) for the Coriolis parameter:

f = fo+ By, with fo = 2wsin(fy) and § = 22cos(6y).

e The equations are solved on an Arakawa C-grid (Arakawa and Lamb, 1977,
with an energy and enstrophy conserving advection scheme. The 4th order

Runge-Kutta scheme is used for the time integration.

In the above configuration, the three prognostic equations for u, v and h of the shallow

water system become

du _ on 2 4 Fo . o5 2my

BT +(u-Vu = fv—gax +1yVeu + 1nViu — cplulu + pOHsm (L_y)’ (3.4a)
9] 0

a—: +u-Viv = —fu— ga—z + V20 + 1V — epluly, (3.4b)
h

%+v-(hu) _ (3.4¢)

where 6y = 35N, L, = 3840km, g = 9.81ms %, H = 500m, py = 1000kgm 3,

R = 6371lkm, w = gZi=s™, ¢p = 1 x 107, and Fy = 0.INm2. The Laplacian

viscosity coefficient scales linearly with resolution, such that 1y = 540m2s~! for a
30km grid size, which resolves the Munk boundary layer; the Munk boundary layer
is the characteristic horizontal length scale of western boundary currents, when the
dominant balance is between frictional terms and the beta-effect (Stommel, |1948;
Munk, [1950). The biharmonic coefficient depends on the Laplacian coefficient and
also scales with resolution, through vy = yoﬁ—ii, where Axy = 30km. The time step is
chosen to resolve gravity waves and respect the CFL stability criterion (Lewy et al.,
1928), which is a necessary condition for the convergence when numerically solving
the equations of motion. Free-slip boundary conditions are used on each wall of the
square domain. We spin-up each model for 10 years, before running for an additional
10 years to collect data. The 10 year spin-up allows ample time for the global kinetic
energy of the model to equilibrate.

An illustration of the shallow water model, run at 3.75km resolution, is shown in
Figure [3.1] The model exhibits western intensification of flow, as seen in the time-
mean zonal velocity in Figure [3.1d; the jet does not extend far from the western
boundary, typical of barotropic models. Westward propagating wave-like features are

also present, particularly at the northern boundary, as seen in the snapshot of the
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free-surface height anomaly in Figure The shallow water model run at 30km (not
shown here) has a similar but less vigorous large-scale flow. We use this shallow water

model for testing new eddy momentum parameterisations in Chapter [7}

3.1.2 Quasi-geostrophic model

The quasi-geostrophic system has a single prognostic variable: the quasi-geostrophic

potential vorticity ¢, defined as

_ 0 (I o
1=V +8y+5-(355-). (35)

where the beta-plane approximation f = fy+ Sy is used, N = (—%%)% is the Brunt-

Viisala frequency, g is gravity, p is density, V = (a%, a%) is the horizontal gradient
operator, and v is the streamfunction for the non-divergent horizontal velocity u =

(.5

By 0o ). For a given value of the potential vorticity ¢, Equation [2.11|is inverted to

calculated the streamfunction v, providing a way to calculate the velocity field u.
Quasi-geostrophic systems can have multiple vertical layers, and for each layer the

following prognostic equation is solved

9
6—?+(u-V)q:D+F, (3.6)

where D and F' are dissipation and external forcing terms respectively. The quasi-
U

geostrophic model is derived by assuming the following: the Rossby number Ro = 7
is small Ro < 1, the length scales of motion are of the same order as the deformation
radius L ~ L4, and variations in the Coriolis parameter are small |5y| < fo.

Despite comprising of a single prognostic variable, the quasi-geostrophic system
provides a useful model of large-scale flows in the ocean and atmosphere. Intuitively,
a quasi-geostrophic model emulates a fluid that is almost in geostrophic balance. If
the quasi-geostrophic model is comprised of a single layer, then it can be viewed
as a small Rossby number approximation to the previously described shallow water
equations.

To numerically integrate the quasi-geostrophic system, we use the PEQUOD
model in Fortran, which solves the three-dimensional baroclinic quasi-geostrophic
(QG) potential vorticity equation. We assume a constant wind forcing on a beta

plane (e.g. Berloff] 2005a). The PEQUOD model numerically integrates the prog-
nostic equation for the PV (Equation explicitly with a purely finite-difference
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scheme. Specifically, the model uses a centered-leapfrog with RAW filter and a mod-
ified Arakawa advective scheme which conserves energy but not enstrophy. The diag-
nostic equation for the PV (Equation requires an inversion, which is an elliptic
Helmholtz operator. The Helmholtz solver uses a discrete sine transform such that
the inversion can be parallelised (link to PEQUOD page).

The model has a bounded-square domain with a flat bottom. The model has three
layers (m = 1 upper, m = 2 middle, m = 3 upper), with thicknesses H,, of 250 m,
750 m, 3000 m, respectively. The dissipation and forcing terms are given explicitly
by D = vV — rV%d,,3 and F = (V X T),0m1/poHy; F is the applied wind stress
curl forcing, where ¢; ; is the Kronecker delta function. The potential vorticity g, for
a given vertical layer becomes ¢,, = V21, + By + Ngf—ﬁﬂ(l/}mﬂ — ty,) (Vallis, 2017)),
where dz is the distance between the two vertical layers m and m + 1.

The horizontal resolution of the model is 7.5 km, such that the model is (ap-
proaching) eddy resolving. The first term in the dissipation is a fourth-order term
equivalent to a Laplacian momentum viscosity, with viscosity coefficient v. The sec-
ond dissipation term parameterises the presence of an Ekman layer with bottom drag
coefficient r (and therefore only acts on the bottom m = 3 layer). The wind stress

forcing applied to the upper m = 1 layer is given explicitly by

0.9x2m + ¢ T
Flz,y) = ~T0F po Sm(rﬁz’)) y < g(x), (37)
’ - T . m2y—g(x .
70557 g, S0 [Ly_gé(]i))]) y > g(z),

where g(z) = L/2 + 0.2(x — L/2), L = 3840 km is the domain length, and p, is the
reference density. The wind forcing profile is chosen to represent westerly winds at
mid-latitudes that produce a realistic double-gyre circulation. After the model has
been integrated from rest to a statistically steady state, we save 10 years of model
output at daily resolution of the turbulent double-gyre circulation. For further details
on the QG model, see Mana and Zanna| (2014); Zanna et al.| (2017)), and for a list of
the model parameters see Table [5.1]

The configuration of this model leads to two large-scale circulation gyres separated
latitudinally by a strong meandering zonal jet. The model is configured to represent
an idealised version of current systems such as the Gulf Stream in the North Atlantic
or the Kuroshio Extension in the North Pacific; both these current systems exhibit

vigorous eddies interacting with a strong mean-flow. The time-mean streamfunction,
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which illustrates the double-gyre flow structure, can be seen in Figure la of |Mana
and Zanna, (2014)).

After we spin-up the model for 100 years at 7.5km resolution, we store 10 years
of daily time-slices of all fields. After post-processing, the data is then used to train

convolutional neural networks to represent eddy momentum fluxes in Chapter [o]

3.1.3 Primitive equation model

Primitive equation models, first derived by Vilhelm Bjerknes (Friedman, 1993)), make
fewer assumptions than the shallow water or quasi-geostrophic models, representing
a more complex but realistic dynamical system (Smagorinskyl, |1963; Vallis, [2017)). As
such, the primitive equations produce better representations of large-scale oceanic and
atmospheric flows. The primitive equations can be derived from the Navier-Stokes by
applying the Boussinesq approximation (|p/| < pg) and assuming hydrostatic balance
for the vertical component of momentum, which is a valid scaling for shallow fluids.
Note, there are primitive equation models that do not assume hydrostatic balance
(Marshall et al., |1998) but we do not discuss those here.

Assuming a free-surface of height h, the temperature T' being the only active
tracer, and a linear equation of state, the corresponding primitive equations are given

by
ou 10p

%L — -2 p.+F .
5 +(u-Vu fo p8x+ u+ Fy (3.8a)
ov 10p
1 (- — —fu—-2 D +F 8b
8t+(u Vv fu p8y+ v+ Fy (3.8b)
oh
s +V-(hu) = 0, (3.8¢)
T
88_15 +(u-V)T = Dr, (3.8d)
0
P o= gpon+ / pldz, (3.8e)
o= —arpT’ (3.8f)

where V = (a%, a%) is the horizontal gradient operator. The terms D,,, D,, and Dp
represent horizontal and vertical dissipation terms for the zonal momentum, merid-
ional momentum and temperature, respectively. The terms F, and F), represent

external forcing for the zonal and meridional momentum.
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We use the MITgem general circulation model (Marshall et al., [1997)) in Fortran to
numerically solve Equations [3.8pa-f. On an Arakawa C-grid, the MITgem model uses
the semi-implicit pressure method and Adam-Bashforth time-stepping to integrate the
equations of motion. The semi-implicit pressure method first integrates the horizontal
velocity equations forward in time, to produce a prediction of the horizontal velocities;
however, these predicted velocities can be divergent, so an elliptical inversion involving
the pressure field is used to correct the velocities to be non-divergent at each time-step.
We use MITgem to run two separate configurations of the model: a barotropic (single-
layer) model and baroclinic (multi-layer) model. Data from both models are used in
Chapter[0] to construct new eddy momentum and temperature flux parameterisations.

The barotropic and baroclinic models have the following in common:

e A constant zonal wind forcing of the form F, = Fosin4(2LL5/), with Fyy = 0.3Nm 2,

where the forcing is only applied to the surface in the baroclinic model (and

F,=0).

e The beta-plane approximation f =~ fy + By, with fo = 1 x 107%s™! and 3 =

1 x 107" m~1s7! corresponding to a latitude of approximately 35N.

e Free-slip (no tangential stress) boundary conditions on lateral boundaries; no-

slip boundary condition on the bottom.

e A time-step of 300s for all prognostic variables, in order to satisfy the advective
Courant-Friedrichs-Lewy (CFL) (Courant et al., [1928)) condition for numerical
stability.

We now highlight the differences between the barotropic and baroclinic models, as

well as describing the general features of the large-scale circulation.

Barotropic primitive equation model

The barotropic model has a single layer of depth 500m, and a square domain of length
3840km - the same as the previously described shallow water model. A Laplacian
viscosity is used for the momentum dissipation terms D, = vV?u and D, = vV?v,
with v = 25m?s~!. A linear bottom drag is applied with coefficient of ¢p = 2 x 1075.

We spin-up the model from rest for 10 years, at a spatial resolution of 3.75km.
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Figure 3.2: Panels (a), (b) and (c) show snapshots of the three prognostic variables
u, v, and n respectively, of the high-resolution 3.75km barotropic primitive equation
model in MITgem. Panels (d), (e) and (f) show the time-mean of the three prognostic
variables u, v, and 7 respectively
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The resulting flow field of the barotropic model is illustrated in Figure 3.2l The
top-row (Figure 3.2, [3.2b, and B.2¢) shows snapshots of the three prognostic vari-
ables u, v, and h respectively. The narrow profile of the sin?() wind forcing produces
a western boundary current and jet extension that almost reaches the eastern bound-
ary (Figure ) The double-gyre configuration can be seen clearly in the time-
mean free-surface height (Figure 3.2f). In addition to the large-scale flow, eddies of
length-scales 10-50km are ubiquitous across the domain (Figure 3.2b). Westward-
propagating waves are also present (Figure ), similar to the shallow water model.

Baroclinic primitive equation model

The baroclinic model comprises of 15 vertical levels, for a total depth of 3600m. The
surface layer has a depth of 30m, with the depth of each subsequent vertical layer
increasing by 30m, leading to the bottom layer having a depth of 450m. Due to the
increased computational cost of running a baroclinic model with multiple layers, we
decreased the square domain size from 3840km in length to 1920km, and ran at a
spatial resolution of 7.5km.

To emulate and maintain a meridional equator-pole temperature gradient, a restor-
ing function is applied to the surface. The restoring function relaxes the temperature
field to a linear profile of 25°C at y = Okm to 5°C at y = 3840km. The restoring
time-scale is set to one month.

The lateral dissipation of temperature and horizontal velocities within the equa-
tions of motion is represented by a combination of Laplacian (V?) and biharmonic
(V*) operators. The coefficients of these operators are the same for momentum and
temperature, with a Laplacian coefficient of vy = 100m?s~! and biharmonic coefficient
of 1 = 5 x 101%m*s~!. The vertical dissipation consists of just a Laplacian operator
with coefficient of 1 x 1073m?s~!. Linear bottom drag is applied to the bottom layer
with a coefficient of 2 x 1074

We spin-up the baroclinic model for 100 years and then run for a further 10 years
for data collection. The resulting large-scale flow is illustrated in Figures and [3.4]
Snapshots and time-means of the depth-averaged u, v, and T are shown in Fig-

ure [3.3] The double-gyre configuration is visible in the time-mean depth-averaged-
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Figure 3.3: Snapshots and time-means of the depth-averaged prognostic variables
in the 7.5km resolution baroclinic primitive equation model with 15 vertical layers.
Panels (a), (b), and (c) show snapshots of the depth-averaged u, v, and T respectively.
Panels (d), (e), and (f) show the time-means of the depth-averaged w, v, and T.
The visible numerical grid-scale noise, primarily at the northern boundary, could be
removed without significantly increasing the dissipation and over-dampening of the
circulation. The time step was also reduced to try and remove the numerical noise to
no avail.
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Figure 3.4: Snapshots and time-means of the zonally-averaged prognostic variables
in the baroclinic primitive equation model. Panels (a), (b), and (c) show snapshots
of the zonally-averaged u, v, and T respectively. Panels (d), (e), and (f) show the
time-means of the zonally-averaged u, v, and T
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velocity (Figure [3.3(), with a sharp meridional front in the temperature field (Fig-
ure and [3.3f).

There is some visible numerical noise at the surface, particularly at the Northern
boundary, which can be seen in Figure and [3.3p. The noise could be reduced by
increasing the horizontal dissipation, but this led to over-damping of the flow. The
results of the this model run may therefore be inaccurate and unreliable as a result

of this noise.

3.2 Defining the sub-grid effects of eddies

Eddy parameterisations aim to represent the interaction of eddies with the resolved
flow, but how do we quantitatively define an ‘eddy’ in the first place? The eddy
component of a dynamical field ¢ is typically defined using the deviation from some
average, i.e., ¢ = ¢—¢, where the quantity ¢ can be a spatial or temporal average. The
aim of the averaging procedure U is to reduce the variability - at small spatial scales
or high temporal frequencies - from the data, producing a flow field more dominated
by the larger scales of motion. The choice of averaging procedure has a significant
impact on the nature of the resulting ‘eddy forcing’. Here we discuss the various
approaches to defining the eddy component.

Using a simple arithmetic spatial or temporal mean to define the averaged quan-

tity ¢ results in a Reynolds decomposition, for which ¢ = 0. A temporal Reynolds

decomposition assumes that any time fluctuation in the quantity ¢ contributes to the

9

; 5;.¢ = 0. Therefore, a problem with the temporal Reynolds

eddy component ¢/, i.e.
decomposition is that the mean state ¢ does not vary in the averaging period, and thus
cannot include Lagrangian motion. For example, if the quantity of interest was the
zonal momentum u in the Gulf Stream, then the mean state w would not incorporate
the latitudinal meandering of the large-scale jet. Also, if the time period of averag-
ing is over many years, then the eddy component u' can exhibit large spatial-scales
of 500-1000 km, which may not be an appropriate definition of ‘eddy’ for a subgrid
process in an ocean model.

A spatial Reynolds decomposition takes the spatial-mean over a subset of grid

points within a box, ¢ = % Zij cij, as illustrated in Figure w This is known as

coarse-graining, and the size of the coarse-graining box defines the spatial scale of
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Figure 3.5: An illustration of a 4x4 grid box spatial coarse-graining procedure of a
quantity c to ¢.

the resolved state ¢. Coarse-graining produces a more local definition of eddy, where
quantities outside of the coarse-graining box have zero effect on the coarse-grained
variable €.

Note that each point within the coarse-graining box can be associated with a
weight w;;, to regulate the relative contributions of each point to the averaging. In
this case the coarse-graining takes the form ¢ = % > ; Wij¢ij. The weighted average is
necessary in models with varying grid spacing, where area-weighted coarse-graining is
needed. However, in this thesis, we only consider the equal-weighting case of w;; = 1.

Spatial coarse-graining is relatively simple, and the resolved large-scale quantity
¢ can evolve in time. However, one issue with spatial coarse-graining is that the
procedure does not commute with spatial derivatives, i.e., 8%6 #* %. If applied to the
momentum field, geostrophic balance for the original quantities u and v may not be
satisfied in the coarse-grained fields w and v. In other words, the geostrophic relation
u, = #k X Vp, where k is a unit vector in the vertical and p is the pressure, does
not necessarily hold for the coarse-grained fields, i.e., U, # pifk x V.

An alternative to coarse-graining is to use a low-pass spatial filter,

(o, yo) = //R c(z,y)g(x — 0,y — yo)dady, (3.9)

where k(z,y) is the filter and the two-dimensional spatial integral is evaluated over
the entire domain. Spatial filters, temporal filters, or both simultaneously, are used
extensively in Large Eddy Simulation (LES) (Smagorinsky), (1963} |Pope, [2001}; |Sagaut,
2006)), where the smallest wavenumbers (highest frequencies) of systems are ignored,
i.e., truncated, to avoid the computational cost of Direct Numerical Simulation (DNS)

of the full Navier-Stokes equations.
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Spatial filters do commute with spatial derivatives, preserving relations such as
geostrophy in the subgrid and resolved quantities. If the filter g is normalised such
that the global spatial integral evaluates to one, then the filter globally conserves c.
In other words, [edazdy = [ecdady, if [g(z,y)dady = 1. In the case of a tracer
like salinity, the total salinity in the system remains unchanged after the filtering,
preserving the global integral.

Therefore, the filtering process redistributes the quantity ¢, rather than producing
sources and sinks of c. If the filter is a low-pass filter, i.e., a filter that removes
high wavenumbers from a signal, the process will smooth the field ¢; the smoothing
reduces variability at spatial-scales smaller than the pre-defined scale characterising
the filter. Spatial filtering produces a more non-local definition of eddy, as all grid
points, irrespective of location, impact the large-scale field ¢ through the integral
c(zo,v0) = [[pc(z,y)g(x — x0,y — yo)dxdy, whereas, in spatial coarse-graining, it is
only the grid points within the coarse-graining box with impact the value of ¢.

As the spatial-scales of ocean dynamics are linked to the temporal-scales, then
applying a spatial filter indirectly applies a temporal filtering. For example, applying
a low-pass filter to extract large-scale features of the momentum field u will automat-
ically select longer time-scales within the data. Thus, spatial and temporal filtering
are not distinct and will lead to similar definitions of eddies. We will only consider
spatial filtering and coarse-graining from hereon.

Spatial filters, unlike coarse-graining, do not change the underlying grid size. For
example, spatially filtering a field on a 7.5 km grid results in a new field on a 7.5
km grid. Whereas, a 4x4 coarse-graining on a 7.5 km grid results in a new field
on a 30 km grid. For spatial filtering, this can cause issues when attempting to
implement a parameterisation back into a coarse-resolution model. For example, a
parameterisation diagnosed on a 7.5 km grid using spatial filtering may not work on
a 30 km grid.

A solution is to combine spatial filtering and coarse-graining. For example, define
the mean ¢ as spatially filtering and then coarse-graining to a new grid size. The
initial spatial filtering will remove information at small scales, producing a non-local

definition of eddy, and then the coarse-graining changes the grid size to a more coarse
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grid. We now have three possible definitions of mean and deviation to define the

‘eddy’ field with:

e Coarse-grain: area-weighted arithmetic mean over a sub-region. Produces

local definition of eddy. Changes grid size.

e Spatial filter: convolve field with loss-pass filter. Commutes with spatial
derivatives. More non-local definition of eddy. Grid size unchanged after filter-

ing.

e Spatial filter and coarse-grain: convolve field with loss-pass filter, and then

coarse-grain. Quasi-local definition of eddy which does change grid size.

For any of the above definitions, how do we go on to define the eddy forcing
related to some quantity ¢? First, assume the following prognostic equation for the
quantity c

%+0rvﬁ:F+D, (3.10)

where F' and D represent all forcing and dissipation terms. Now average the above
equation, leading to

Jec

a+opvyzﬁ+ﬁ, (3.11)
where % = g—f, as we are only considering spatial averages. Now add (- V)¢ to each
side of Equations and rearrange to give

oc — —
8—§+(G~V)E:F+D+SC. (3.12)

We now have a prognostic equation for the coarse quantity ¢, which differs from the

original prognostic equation for ¢ by the term S, given by

Se={@-V)e— (u-V)g, (3.13)
which we will refer to as the eddy forcing associated with the quantity c¢. Note that,
for a non-divergent flow (V - u = 0) and Reynolds average (¢ = 0), we recover the
divergence of the eddy flux of ¢: S, = —V - (u'c/).

What does S, actually look like? How do the different averaging procedures impact

S.? As an illustrative example, consider the zonal momentum u as the quantity of
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a. Streamfunction b. Zonal velocity u c. Meridional velocity v
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Figure 3.6: A synthetically generated streamfunction, Panel (a), based on a elliptical

Gaussian function. The resulting velocities u = —g—;ﬁ and v = g—f are shown in

Panel (b) and Panel (c) respectively.

interest, and assume a Gaussian ellipse streamfunction from which to calculate u. The
streamfunction ¢ e*(“x2+by2), and the velocities u = —g—f and v = g—f, are shown
in Figure [3.6, The Gaussian ellipse is used to emulate a coherent vortex, leading to
dipole patterns for each component of the velocity. The differences caused by each
eddy definition will depend on the resolution of the underlying high-resolution field,
the length-scale of the prescribed flow field, and the length-scale of the averaging
procedures. However, we can use this toy model to examine the more qualitative
differences between the eddy momentum forcing fields from each eddy definition.

The zonal eddy momentum forcing is given by S, = (- V)u — (u- V)u. Fig-
ure shows S, calculated using the three different averaging procedures: (a) coarse-
graining, (b) spatial filtering and (c) both. A radially-symmetric normalised-Gaussian
function is used as the low-pass filter, and the width of the Gaussian filter is set equal
to the size of the coarse-graining sub-region, to fairly compare each averaging proce-
dure.

The averaged zonal momentum fields @ (top row of Figure appear almost
identical. However, the resulting eddy momentum forcings S, show significant dif-
ferences between the averaging procedures. In Panel (b), the spatial filtering results
in a smooth dipole pattern in S, whereas the S, from coarse-graining exhibits more
small-scale variability in the meridional direction. The .S, using both a spatial filter

and coarse-graining, Panel (c), produces a eddy forcing pattern similar to the spatial

filtering but without the small-scale variability of the coarse-graining in Panel (c).
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Figure 3.7: Illustrations of three averaging procedures: Panel (a) shows coarse-
graining, Panel (b) for a spatial filter, and Panel (c) shows spatial filtering and then
coarse-graining. The top row shows the averaged zonal velocity u and the bottom
row shows the zonal component of the resulting eddy momentum forcing S,.

Note that the combined approach in Panel (c) changes the grid size in the same way
as Panel (a).

Therefore, spatial filtering produces a smoother forcing field compared to coarse-
graining, but does not change the grid size. Spatial filtering is commonly used for
defining closures in Large Eddy Simulation (LES), where the Navier-Stokes equations

are truncated at small-scales using a low-pass filter. Coarse-graining is commonly used

when constructing non-LES parameterisations (e.g. Mana and Zanna), 2014)), but the

resulting forcing fields can become noisy at small-scales. An approach which combines
filtering and coarse-graining changes the grid size, while not exhibiting producing the
small-scale noise. No approach is perfect, but each approach can be useful as long as

the effects of the averaging procedure are acknowledged and understood.
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3.3 Swupervised machine learning for regression

Machine learning approaches to scientific problems are becoming commonplace (Rich),
2019)). The popularity of machine learning can be attributed to the following factors:
the increase in computing power available to researchers (Schaller, [1997; Waldrop,
2016)), the availability of easy-to-use implementations in languages such as Python
(e.g. |[Pedregosa et al., 2011)), and the recent advent of deep learning (Goodfellow
et al., [2016) - we will introduce deep learning in Section . Despite the sometimes
excessive attention placed on machine learning, there has been substantial progress
in data-driven algorithms in recent years (e.g. Krizhevsky et al., 2012), which should
certainly be taken advantage of by the weather and climate community. Here, we
provide an introduction to the general concept of machine learning, and then describe
the specific supervised regression algorithms used in this thesis.

The two main types of machine learning algorithms (ignoring reinforcement learn-
ing) are supervised and unsupervised algorithms. Unsupervised learning is when
there are features x, and the aim is to discover some underlying structure in the data,
i.e., f(z). Clustering (e.g. K-means) and dimensionality reduction (e.g. principle
component analysis) are commonly used unsupervised algorithms.

Supervised learning on the other hand predicts a target variable y using the fea-
tures x. Supervised learning, therefore, aims to construct a function from the data
that accurately maps from x to y. Note, this is the deterministic case - there is
also a probabilistic definition of supervised learning where the aim is to learn the
conditional probability distribution function p(y|z). The form of the function, f(z),
is determined by the choice of algorithm, and we denote predictions of the function
as § = f(x). Each function f(z) will have a set of parameters, w = (wy,ws,...),
which impact the predictions, g, of the algorithm. It is the parameters w of f(z)
that are learnt from data, and the learning involves modifying the values of w to
produce the most accurate predictions of the target y. Therefore, the dependence of
the predictions on the parameters should be technically be included as: § = f(z, w).

The learning of the parameters w is carried by an optimisation procedure, involv-
ing the minimisation of a loss function L. The form of the loss function will vary
substantially between classification or regression tasks. Classification is concerned

with predicting discrete categories, such as image detection in computer vision tasks.
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For example, imagine a classification model attempting to determine the binary out-
come of whether an image contains a human face. If the image does in fact contain
a human face, then predicting probabilities close to one should yield a low loss value.
This is exactly how the cross entropy loss behaves, which quantifies the difference
between the predicted probability distribution and the true distribution.

In this thesis however, we only use regression methods, which predict target vari-
ables which take on continuous values. The mean-square error (MSE) is a commonly

used regression loss function, defined by
N
Loy (yi— i), (3.14)

where the sum is over all NV samples in the training data, with a sample being a single
instance of the target y; and features z;. The loss function quantifies the difference
between the predictions and the true target variables, and the choice of loss function is
just as important as the choice of the functional form of f(x, w). From a probabilistic
perspective, the specific choice of loss function represents how the errors are assumed
to be distributed.

There are a plethora of supervised regression models to choose from, ranging in
complexity from linear regressions, which model the target as a linear combination of
the inputs; to random forests, which average predictions from a multitude of decision
trees, with each decision tree using a random subset of inputs. Model selection
can be challenging, and there are methods of automatic model selection, normally
involving information criterion. But every prediction problem will require a different
model, even if the differences between the model are minimal. This statement is more
formally known as the “no free lunch theorem” (Wolpert et al., [1997)), which states
that no single optimisation algorithm can perform better than blind search/random
selection, when the performance is averaged across all possible problems.

However, despite the no free lunch theorem, one particular form of algorithm
has stood out in recent years: neural networks. Neural networks can be thought of
(loosely) as representing the firing of neurons in the brain, and indeed the original
perceptron algorithm (Rosenblatt, 1957) was based on modelling a single neuron
firing. An illustrative example of a simple neural network, shown in Figure [3.8], forms

predictions in the following way: features x; are introduced to the network through
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the input layer, with a node for each feature. The input values x; are then passed to
the hidden layer (there may be more than one hidden layer) with weights w?j, with
the j™ hidden layer node z; taking the following value

4
z; = @(Zw%xi» (3.15)
0

where wy; is referred to as a weight of the connection between the input z; and the
hidden node z;, with w;; being learnt from the data. The function ®() is called
the activation function, and maps the real-valued sum of inputs multiplied by the
connection weights >, w;;z; (which can be positive or negative), to values between
zero and one. The activation function was originally introduced to mimic a neuron
which, depending on whether it receives enough of a signal from neighbouring neurons,
will turn on and ‘fire’ or ‘activate’; hence, if the activation function produces a value
close to one, that loosely resembles a single neuron firing.

Currently, the activation function is used to introduce non-linearity into the net-

work and there are many to choose from depending on the task at hand. One of the

most widely-known activation functions is the ‘rectified linear unit’ (ReLU), given by
®(z) = max(0, 2), (3.16)

where in the original perceptron model (Rosenblatt} [1957)), a negative value of z leads
to a value of zero, whereas as positive value of z ‘activates’ the ‘neuron’. In recent
years, the Leaky ReLU has proved one the most effective (Maas et al., 2013]).

Each hidden node value z; is referred to as the activation value. In the case of a
single hidden layer, as illustrated in Figure [3.8] the final output variable ¢ is the sum
of the activation values of the hidden layer (and also assuming no activation function
for the final prediction). In other words, § = Y w;z;, where wj are the weights of
the connections between the hidden layer nodes and the output variable. The full
function mapping from x to y of the neural network in Figure [3.8| can then be written

as

4

5
g = Z w}@(z wia;),

J 7
which is already quite complex for what is a simple neural network architecture. The

process of the inputs z; being transformed by the hidden layers to the final output

46



Input Hidden Output
variables layer variable
x; nodes z; 7

Input z; —
Input 2o —
Input x3 —

Input x4 —

\;
zj = @(Zf w?jxi),

Figure 3.8: An illustration of a simple feed forward neural network with four input
variables z;, a single hidden layer of five nodes z;, leading to a single output node for
the predicted target variable g.

variable g, is known as a feed-forward neural network, as the values of each layer are
‘fed” to the next layer. Note that if we remove the hidden layer, and retain only an

input and output layer, our function reduces to

4
Y= E WiLi,
i

which is plain linear regression onto four input variables. Therefore, multiple linear
regression can be thought of as a special type of neural network with no hidden layers
and no activation function on the output layer.

We have described how a feed-forward neural network makes predictions, but how
are the weights of the connections w?j and w} learnt from data? We previously stated
that a loss function L is minimised, with the MSE loss of Equation being a
common choice for supervised regression tasks. How is the minimisation achieved in
the case of a neural network? For regression algorithms such as linear regression, the
minimisation of the MSE loss can be achieved exactly with a closed-form formula.
However, even simple neural network architectures, leading to functions like that of
Equation [3.17, do not have a closed-form solution for minimising the MSE loss.

We need an optimisation algorithm which numerically finds the values of the pa-

rameters w(; and w} that minimise the loss function. Optimising the weights of neural
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Local minimum

Global minimum

Figure 3.9: An illustration of local versus global minima in non-convex optimisation.
Gradient descent aims to iteratively find the minimum of a function by considering
the gradient of that function with respect to the parameters.

networks is part of the more general field of non-convex optimisation. The defining
feature of non-convex optimisation is that a local minimum does not necessarily corre-
spond to a global minimum. This property makes non-convex optimisation problems
difficult, as the optimisation algorithm must navigate the parameter space without
prematurely stopping at a local minimum. In the case of the neural network shown
in Figure [3.8, prematurely stopping in a local minimum of the loss function will lead
to weight values w?j and w]l that do not predict the target value y as well as they
should. Improved weight values, and therefore higher predictive skill, can be found if
the optimisation algorithm can avoid getting stuck in local minima.

This is where gradient descent comes in. Gradient descent is an algorithm for
finding a minimum of a loss function L by examining the gradient of that function

with respect to the parameter values. Assuming all the parameters of the function

0

- wy; and w} in the case of the above neural network - are represented as a single

one-dimensional vector w, then the gradient descent algorithm is defined as
Wyt1 = W, — NV L(z,y, W), (3.17)

where n is the learning rate and n is the iteration number of the algorithm. The

gradient of the function with respect to the parameter values is averaged over all

48



samples in the training data,

1 Z OL(x;, y;w) (3.18)

WL y d = X7 )
VwL(z,y,w) N S

where NV is the number of samples in the training data. In the case of a neural network,
the hidden layers are a sequence of individual functions, meaning that the chain-rule
can be used to evaluate the partial derivatives of the loss function. The weights of
the output layer are updated first, according to Equation [3.17, and then subsequent
layers until the input layer is reached. This is why the chain-rule within gradient
descent is referred to as back-propagation: the input is fed forward through the
network to predict the target variable, but the error (quantified by the loss function)
is propagated backwards through the network, updating the weights along the way.

Gradient descent defined by Equation can be thought of (approximately) as
a ball rolling down a hill under gravity, with the ball rolling in the direction where
the hill is steepest. If this rolling ball analogy is accurate, then the ball can get
stuck in a small dip before reaching the bottom of the larger hill. How does gradient
descent deal with the difficulties of getting stuck in a small dip, i.e., the problem of
non-convex optimisation, illustrated in Figure [3.9:

This is where stochastic gradient descent (SGD) comes in. Assuming the loss is
accurately evaluated by samples in the training data, then VyL(z,y,w) = 0 in a
local minimum. However, instead of using all samples to evaluate the gradient of the
loss function, SGD uses a random subset of the training data, i.e.

M<N

1 OL(x;,y;w
VWL(*T’ y;W)SGD = M Z <ajwyj )7 (319)
J

where the reduced number of samples M is referred to as the batch-size of the training
process. Stochastic approximation of the gradient of the loss function allows SGD
to more effectively navigate the parameter space, leading to better convergence (i.e.
more optimal minima) for many machine learning algorithms. SGD also reduces the
computational cost of evaluating the gradient of the loss function, as not all training
samples need loading into memory and less floating point operations are required
per application of the back-propagation algorithm. There are many variants of SGD
descent now in use, with the Adam algorithm (Kingma and Bal 2014)) proving effective

at optimising neural networks across a wide range of tasks.
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Note that algorithms such as gradient descent optimise for parameters of the
neural network, after the architecture of the neural network has already been spec-
ified. The number of hidden layers, the number of nodes in each hidden layer, the
activation functions, etc, are all chosen before training but nonetheless impact perfor-
mance. These are known as the hyperparameters, as they are not directly optimised
by gradient descent. However, the hyperparameters of any neural network must be
investigated for their impact on the final prediction, and can in fact be optimised
using other packages, e.g., Keras.

Many of the general concepts mentioned so far - mapping features = to targets
y, loss functions, optimisers - apply to not only neural networks but to almost any
supervised regression algorithm. These techniques have been known for decades; a
form of stochastic gradient descent has been known about since at least the 1950’s
(Robbins and Monro, [1951). However, neural networks involving many hidden layers,
grouped under the general term ‘deep learning’, have arisen only recently. It was not
only the depth of these neural networks which proved effective, but some consisted

of entirely new types of architectures.

3.3.1 Data-driven prediction: convolutional neural networks

Deep learning is a broad term describing a subset of machine learning methods based
on neural networks. The general defining feature of deep learning - and hence what
makes it distinct from neural networks of previous decades - is the large architecture,
specifically the increased number of layers forming the network. Only in recent years
has computational power reached the levels required to train large neural networks,
and also manage the gigabytes or petabytes of data needed to perform said training.
Examples of some deep learning architectures are deep fully-connected networks, deep
belief networks, recurrent neural networks, and convolutional neural networks - for
more details, see (Goodfellow et al. (2016).

One type of deep neural network, convolutional neural networks, began to dom-
inate the field of two-dimensional computer vision tasks. ImageNet (Deng et al.
2009) is a database of images and is used a testing ground for image classification
algorithms. The goal is to accurately determine whether or not an image contains a

particular object, with 1000 different classes and millions of images. The now famous
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Figure 3.10: An illustration of a convolution operation of a 7x7 matrix g with a 3x3
filter f, showing the final 5x5 result ¢ ® f.

paper by Krizhevsky et al.| (2012)) used a convolutional neural network called AlexNet,
which achieved a state of the art error rate of 15.3%. To put this achievement in per-
spective, at the time the next best was achieving an error rate of 26.1%. The machine
learning community was well aware of convolutional neural networks by 2012, but the
paper of |[Krizhevsky et al.| (2012) began drawing attention from the wider scientific
community. Ever since, convolutional neural networks have became the go-to deep
learning algorithm for almost any task involving images.

So what, specifically, is a convolutional neural network? They are defined by
convolution layers, that aim to take advantage of the spatial covariance of structured
data. Spatial correlations allow the sharing of parameters at different locations of a
field, which leads to the concept of a learnt convolution operation.

All the simple neural networks discussed previously contained fully-connected lay-
ers, which connect every input node with every hidden node, with each connection
having a weight to be learnt from the data. Convolution layers are different: they
take a 2D input field which is convolved with a filter (also known as a kernel), where
the values of the filter are the same at each location. A discrete convolution of a

two-dimensional field ¢ with a filter f is defined as
(q® Nx,y) =D > an,m)f(z—ny—m). (3.20)

If the filter f is an Gaussian function f o e~(x=x0)*/29 then the convolution operation
becomes equivalent to a low-pass Gaussian filter, as used in Section to smooth

fields and remove information at small scales. However, for a convolution layer within
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a neural network, the weights of the filter f are parameters to be learnt from data.
An illustrative convolution operation is shown in Figure [3.10] where a 3x3 filter f is
convolved with a 7x7 matrix q.

The purpose of the convolution layer is to extract information from the input
field. For a neural network with many convolution layers trained for facial recogni-
tion, the initial convolution layer may extract local features from the input such as
edges. The next convolution layer may then build on those simple features by con-
structing shapes such as circles. Subsequent convolution layers will extract features
of increasing complexity, integrating the knowledge of the previously extracted local
features. The extracted features will tend toward the abstract notion of a face, until
a final prediction can be made as to whether the original image did in fact contain a
face.

This is the key concept of convolutional neural networks: the filters of each convo-
lution layer are optimised to extract the most important information for the task at
hand. For instance, convolutional neural networks trained to predict blood pressure
from retinal images will extract information from the blood vessels of the eye (Poplin
et al.,|2018). Note that predicting blood pressure is a regression task, as convolutional
neural networks are not limited to classification.

Each convolution layer has multiple filters - the exact number of filters of each
layer is a hyperparameter to be specified prior to training. This allows multiple pieces
of potentially separate information to be extracted. The size of the filters is also a
hyperparameter, and determines how large an area each filter can ‘see’. Filter sizes
such as 2x2 or 3x3 will only extract very local features, whereas increasingly large
filters will capture information over a larger area of the field. After the convolution
has finished, each value is then passed through an activation function, the same as in
fully-connected layers.

The power of convolutional neural networks comes from the fact that the filters
are learnt from the data. This allows the convolution operation to efficiently extract
the most important information from the input. A disadvantage of convolution lay-
ers is the computational cost of forming a prediction during implementation, relative
to common physics-driven parameterisations (or even some simpler data-driven algo-

rithms). The computational cost of complex using data-driven algorithms must be
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considered when attempting to parameterise eddies in coarse-resolution models, as

the cost should not approach that of running a higher resolution model.

3.3.2 Data-driven inference: closed-form equation discovery

The previously described convolutional neural networks are useful when predictive
skill is valued above other factors such as interpretability. In general, it is difficult to
understand how deep learning methods transform an input into the target variable.
Yes, we can talk broadly about how convolution layers automate feature extraction,
but identifying exactly what features are being extracted by the many learnt filters
is cumbersome. Interpretability is particularly hard to extract in large networks with
105 — 10° parameters.

It is worth distinguishing between prediction and inference at this point. A re-
gression task is a prediction task if getting the right answer, or producing the lowest
error rate possible, is the primary aim. For example, when using a data-driven algo-
rithm to diagnose potentially life threatening diseases, this is a prediction task where
lowering the error rate is of the utmost importance.

Inference is more concerned with revealing knowledge. Just like with prediction
tasks, a data-driven algorithm is used to map from the inputs to the target variable,
but with inference the emphasis is shifted towards understanding how the inputs relate
to the target variable. This is why interpretability of the data-driven algorithm is
key for inference; 99% accuracy is not useful to inference if the algorithm cannot be
deciphered and understood.

An example of inference in medical diagnosis would be to identify the most impor-
tant factors leading to an accurate diagnosis. For inference, the regression algorithm
still needs some level of predictive skill - an algorithm that captures 0% of the vari-
ance is useless to both prediction and inference - but the specific accuracy rate is not
as important. For example, a 5% improvement in diagnosis accuracy is substantial
for a purely predictive task, but it may not be useful for inference.

In this section we introduce a particular inference method for discovering closed-
form equations from data. Given some spatio-temporal dataset, this inference method
alms to uncover an equation that could have produced that dataset. Algorithms for

the data-driven discovery of equations typically begin by constructing a library of
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basis functions, which can comprise of any function such as products or derivatives of
relevant quantities. A sparse linear regression is applied iteratively to the library of
- linear and non-linear - basis functions, which prunes/discards functions which are
deemed unimportant according to some condition. If successful, the end result is a
handful of basis functions that form the final equation, while capturing a significant
proportion of the variance of the dataset.

The aim of a sparse linear regression is to model the target as a linear function
of the inputs, while being strict in choosing which inputs are used, i.e., feature se-
lection. Mathematically, a sparse linear regression causes regression coefficients of
unimportant inputs to become exactly, or at least very close to, zero - hence the
name ‘sparse’ regression. Sparseness is achieved by adding a term to the loss func-
tion, which penalises unnecessarily large regression coefficients in some way. The
additional penalty term in the loss function is known as regularisation and reduces
over-fitting. The penalty term will have a parameter that needs tuning, which controls
the strength of the regularisation.

For example, the method of Rudy et al. (2017) uses Ridge regression, which is
linear regression with a mean squared error loss, but with an extra penalisation term
proportional to the sum of the regression coefficients squared, a ), w7, where the sum
is over all inputs, and the parameter « controls the strength of the regularisation. A
regression with this sort of penalised loss function is known as L2 regularisation and is
used to reduce overfitting. In the method of Rudy et al.| (2017)), the library function
is pruned iteratively by only retaining basis functions with a regression coefficient
larger than a pre-specified threshold. We experimented with the method of Rudy
et al. (2017) in this thesis, but we found the method to be sensitive to the pruning
threshold, the strength of the regularisation, the amount of training data, and how
spatial derivatives we were calculated in forming the basis functions.

We instead used the method of Zhang and Lin| (2018)), which uses a sparse Bayesian
linear regression. The defining feature of Bayesian methods is the use of prior distri-
butions, so instead of setting a parameter to a single value, a distribution of possible
values is assumed. For an intuitive but comprehensive introduction to the Bayesian

approach, the textbook of McElreathl (2018) is a fantastic resource.
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A sparse Bayesian linear regression assumes prior distributions on the regression
coefficients. The priors on the regression coefficients encourage sparse solutions, as the
priors prevent the coefficients taking unnecessarily large values and deviating too far
from zero. In fact, it can be shown that Bayesian priors on the regression coefficients
can be equivalent to adding a regularising penalty term to the loss function.

The key difference between Bayesian priors on the regression coefficients, and
adding a regularising penalty term to the loss function, is that the Bayesian priors
empirically find the optimal strength of the sparseness. In other words, the parameter
of the regularising penalty term has to be set manually beforehand by the practitioner,
whereas the parameters of the priors can be optimally estimated from the data.
Therefore, Bayesian sparse regression can potentially lead to better feature selection
compared to penalised loss functions. The Bayesian prior approach however assumes
you have enough data such that the choice of prior does not significantly impact the
prediction.

For example, the method of Zhang and Lin| (2018) uses a sparse Bayesian regres-
sion based on relevance vector machines (Tipping, 2001). Relevance vector machines
are a regression that assumes Gaussian prior distributions for each regression weight.
The parameters of these prior Gaussian distributions are then also assumed to have
prior distributions (priors on the parameters of prior distributions are known as hy-
perpriors). The parameters of the Gaussian priors are estimated from the data using
type-II maximum likelihood estimation (Bishop, 2006)). The key point of this method
is that the width of the Gaussian prior of each regression weight provides a measure
of uncertainty of that regression weight.

The pruning of the library of basis functions in Zhang and Lin (2018) is carried
out by discarding the basis functions with an uncertainty higher than a pre-specified
threshold. This uncertainty threshold is the only parameter that requires setting
in the Zhang and Lin (2018) method. The algorithm finishes when the uncertainty
measures of each regression weight stop changing from iteration to iteration. We
found this method to be more robust than the Ridge regression of Rudy et al.| (2017)
and is therefore used in this chapter.

When applied to the problem of eddy parameterisation, this inference approach

using sparse regressions has the following advantages over more complex methods
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such as convolutional neural networks:
e The end result is significantly easier to interpret physically.

e The computational cost of implementation is lower, as the resulting parameter-

isation is simply derivatives and products of the resolved fields.

e Training time of the algorithm is also lower, as there are fewer parameters to

optimise.

One disadvantage of the equation discovery method is the memory requirements, in
order to load in the values of all basis functions at every point in space and time in
the training data. For roughly 100 basis functions, 1000 time-slices, and a 128x128
spatial grid, the memory requirements can easily reach 50-100GB.

Also, another disadvantage is that the sparse regression may not be successful at
capturing the variance in the data; it may be that a sparse regression does not have
the capacity to capture the nonlinear effects of eddies, whereas the flexibility of neural
networks may be required instead. For parameterising mesoscale eddies, we need to
be cautious of the trade-off between the interpretability of inference approaches and

the predictive skill of more black-box methods.

Toy example: Burger’s equation

To finish this section describing the data-driven discovery of equations, we provide an
illustrative example of the Zhang and Lin| (2018) method used in Chapter[6] Our toy
equation is the one-dimensional Burger’s equation which, for the field u(z,t), evolves

through the following differential equation

ou ou d%u

where we set the viscosity coefficient to v = 0.05. Given some spatio-temporal data
on the field u(x,t), our aim is to discover the equation for the time tendency %. To
generate the training and validation dataset, we set u(z,t = 0) as a sine function and
integrate forward for 240 time-steps. The space dimension has 260 grid points, so the
total number of samples in our dataset is 240x260, which is split 50:50 for training

and validation.

o6



Solutions to Burger’s equation at various time-steps
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Figure 3.11: Solutions to the one dimensional Burger’s equation, which comprises an

advection and diffusion term, at various time-steps with a sine function initialisation.
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Equation [3.21] is numerically solved with a second-order method in space and
time, with the advective term evaluated explicitly and the diffusion term implicitly
(Crank-Nicholson). A time-step of At = 0.001 was used in the numerical integration.
Solutions at various time-steps are illustrated in Figure|3.11 The initial sine function
(black curve) gets advected and diffused over time (red and blue curves).

We must now construct a library of basis functions which are relevant to the time-
tendency g—? that we are discovering an equation for. In this toy example, we use up
to 2nd order spatial derivatives and 2nd order products of the field w. This produces

a library of the following nine basis functions ¢;

bilw) = u, 2 2 e (2 (&){ JouOu dudtu

ox’  0x? ox Ox? ox 0x?" Oz Ox?
Higher order products and derivatives could have been included in the library, and in
general the more basis functions the better, but for illustrative purposes we keep the
number of basis functions low.

After the function library has been constructed, the iterative sparse regression is
introduced to prune the library and (hopefully) converge towards the final expression.
As previously mentioned, [Zhang and Lin (2018]) uses a relevance vector machine
algorithm. At each iteration of the algorithm, the relevance vector machine predicts

the time-tendency %—;‘ using a linear combination of the nine non-linear basis functions,

ie.,
ou i
QS wow), (322

where w; are the regression coefficients of each basis function ¢;(u). Each regression
coefficient has a measure of uncertainty, «;, estimated from the training data. At
the end of each iteration of the algorithm, if the uncertainty «; is higher than the
pre-specified threshold 4, then the corresponding basis function ¢;(u) is pruned from
the library. The iterations of the algorithm continue until the uncertainties cease
changing and no more basis functions are discarded. The remaining basis functions
and their coefficient values form the final ‘discovered’ equation.

So how does this process manifest for our toy example? After testing various
values of the pruning threshold, we apply the relevance vector machine algorithm

with a threshold of § = 35 to the training data from the Burger’s equation. The
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Figure 3.12: The iterative relevance vector machine algorithm applied to data from
a one-dimensional Burger’s equation. Nine basis functions comprise the library, of
which three are selected by the algorithm after three iterations. At each iteration, ba-
sis functions with a regression coefficient with uncertainty «; higher than the threshold
0 are pruned from the library. Note that the uncertainties a; are re-calculated from

the data after each iteration.
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algorithm takes three iterations to converge, with each intermediate result of each
iteration illustrated in Figure[3.12] The remaining two basis functions, combined with

their regression coefficients estimated from the data, leads to the following equation

ou 9%u ou
o T Mgty &2
9%u ou
= 0.034— — 0.734u— 24
0.0845 5 — 0.734u", (3.24)

which captures 99.6% of the variance in the validation data. Note that the regres-
sion coefficients w3 = 0.034 and w; = —0.734 are not exactly the true values of
0.05 and -1 respectively; this discrepancy is typically caused by co-linearity between
basis functions, i.e., the algorithm may not be able to exactly separate the effects of
diffusion and advection in this particular case. The relevance vector machine algo-

rithm is nonetheless apt at revealing the dominant closed-form expressions underlying

a spatio-temporal dataset.
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Chapter 4

Observed eddy tracer fluxes in the
North Atlantic

4.1 Introduction

Mesoscale eddies play an important role in the transport and mixing of tracers, in-
cluding those relevant to climate, such as heat and carbon (e.g. |(Gnanadesikan et al.,
2015)). As discussed previously, we do not fully resolve these physical processes due
to computational constraints. The unresolved transport and mixing of tracers, i.e.,
the eddy tracer fluxes, therefore requires parameterising, to account for their effects
on the large-scale flow.

To accurately parameterise tracer fluxes, we need to understand how actual mesoscale
eddies in the ocean impact tracer fluxes. In particular, how the spatial and temporal
variability of mesoscale eddies impacts the resulting tracer fluxes. A creative approach
to studying the effects of actual mesoscale eddies is to use satellite observations of
ocean currents to drive a passive tracer experiment (Marshall et al., | 2006; Abernathey
and Marshall, |2013; [Klocker and Abernatheyl [2014; Busecke et al., 2017; Busecke and
Abernathey], |2019)). The observed ocean velocities evolve a virtual passive tracer field
- the fluctuations in the tracer field are then solely due to the observed eddies.

Mesoscale eddies modify lateral tracer fluxes through stirring (i.e. advection which
conserves tracer concentration), and the subsequent modification of tracer gradients.
The along-gradient component of the tracer flux is typically quantified by an eddy
diffusivity, which measures the amount of tracer flux per unit tracer gradient. This
general process is known as eddy mixing. However, a more energetic mesoscale eddy

field does not necessarily lead to increased eddy mixing, due to the phenomena of
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‘mixing barriers’. While there is no strict definition of mixing barriers, they can
be characterised by a significant suppression of the eddy diffusivity (e.g. Nakamural,
1996; Klocker et al., [2012]).

Mixing barriers are typically caused by the presence of zonal jets, where the strong
mean-flow produces a sharp coherent front, reducing or suppressing mixing despite
the presence of turbulent eddies. It has been suggested Ferrari and Nikurashin (2010);
Klocker et al.| (2012)) that mixing barriers reduce the across-jet diffusivity by effectively
reducing the mixing length associated with the mixing length theory diffusivity of
Prandtl (1925)). An illustrative example is the Antarctic Circumpolar Current (ACC)
in the Southern Ocean. The zonal jets of the ACC cause the across-jet diffusivity
to drop significantly (Shuckburgh et al., 2009; |[Ferrari and Nikurashin, 2010; Klocker
et al., [2012) despite the energetic mesoscale eddy field.

Within the North Atlantic, the presence of strong-mean flows and mesoscale eddies
lead to competing effects, similar to the ACC: eddies generally act to increase lateral
mixing through enhanced tracer gradients, whereas strong mean-flows lead to mixing
barriers that suppress diffusivities. Bower et al.| (1985) showed that within the Gulf
Stream region, cross-frontal mixing is indeed suppressed at the surface. At the surface,
the amplitude of the jet meandering impacts the amount of cross-frontal exchange
(Bower and Rossby), [1989; Bower} 1991} Samelson|,[1992)), where jet meandering affects
the mixing barrier suppression of the mean-flow. Reduced inter-gyre exchange across
the Gulf Stream is observed for sea surface temperature (SST) anomalies (Foukal and
Lozier, 2016).

The aim of this chapter is to better understand eddy tracer fluxes, in particular
their spatio-temporal variability. We focus on the North Atlantic, as it exhibits
a diverse range of dynamical processes, due to the energetic mesoscale eddy field
interacting with the Gulf Stream, Azores, and North Atlantic currents. By seeing
how observed mesoscale eddies impact tracer fluxes, we hope that we can learn how
to parameterise them in the coarse-resolution ocean models.

Section describes the satellite altimetry data, the passive tracer simulations,
and the definitions of the up-stream and down-stream regions that we use in this
chapter. In Section [4.3] we investigate the regional and temporal variability of the

effective diffusivity, including the analysis of the mixing length diffusivity expression
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of [Ferrari and Nikurashin (2010). In Section [4.4] we link the up-stream effective
diffusivity to the dynamics of the Gulf Stream jet. Finally, in Section [4.5 we discuss
the implications of our results.

It should be noted that this chapter is a consequence of a collaboration with
Professor Ryan Abernathey at Columbia University. The primary contribution of
Professor Abernathey was conducting the global passive tracer experiment, driven by
observations within MITgcm. The results of this chapter have been published in the
Journal of Physical Oceanography (https://doi.org/10.1175/JP0-D-19-0042.1).

4.2 Data and methods

4.2.1 AVISO satellite altimetry data

We use two “level 4” gridded products from AVISO altimetry datdT} absolute-dynamic
topography (ADT), and surface geostrophic velocities derived from ADT. ADT is
formed by combining the mean dynamic topography (MDT) with sea level anomalies
(SLA); MDT is the ocean topography due to the mean currents, relative to the geoid,
and SLA are the satellite measurements of the oceans anomalous surface height. The
surface velocities are derived from sea surface height data by assuming geostrophy.
After an optimal interpolation procedure (Le Traon et all 1998)), the products have
1

ZO X }lo spatial resolution on a Mercator grid, with daily data beginning from 1993.

4.2.2 Passive tracer model

To conduct a numerical passive tracer experiment driven by observations, we use
MITgem (Marshall et al., |1997; |Adcroft et al., 2008) in “offline” mode. The AVISO
geostrophic velocities only measure velocities at the surface, so it is a single layer
experiment run globally. The model has coastlines, at which no normal flow boundary
conditions are applied to globally conserve the passive tracer. Before running the
model, the AVISO geostrophic surface velocities u = (u,v) are adjusted to be non-
divergent, using an elliptical inversion to estimate an effective streamfunction, which
corresponds to a 1% correction. A non-divergent velocity field is necessary in order

to conserve the passive tracer. Weekly time-slices of the surface velocities, at each

https://www.aviso.altimetry.fr/en/data.html
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time-step, are linearly interpolated to the model time, and also spatially interpolated

to a %O grid. The following two-dimensional advection-diffusion equation is then

solved for the passive tracer field ¢
= + (- V)g =V, (4.1)

where t is time, k is a prescribed horizontal diffusivity, and V = (9/0x,0/0dy) is
the horizontal gradient. Note that here, ¢ denotes the passive tracer field, and not
the potential vorticity. The passive tracer experiment depends on the initial tracer
distribution ¢(t = 0) and the value of the horizontal diffusivity x; the sensitivity to
both these factors are discussed in [Abernathey and Marshall (2013]), where various
initialisations are tested, as well as values of x ranging from 25 to 150 m?s!.

Based on the results of [Abernathey and Marshall| (2013)), we initialise the passive
tracer on the time-mean streamfunction (averaged over the ~20 year period of avail-
able data) such that the initial field is as aligned as possible with the mean-flow. Any
subsequent induced tracer variance by the flow will, therefore, be due to transient
motions. Initialising on the time-mean streamfunction also reduces the initial ‘shock’
of the passive tracer to the underlying velocities, and within the Gulf Stream the
adjustment takes less than four weeks.

After many eddy lifetimes, the global tracer variance will decrease as the time-
mean tracer flux will be directed down-gradient. The tracer is therefore re-initialised
every year to avoid complete homogenisation. Re-initialising the passive tracer at the
beginning of each year also improves the study of the interannual variability, as the

initial adjustment then occurs within each year.

4.2.3 Up-stream and down-stream regions

To determine how the dynamics within the North Atlantic impact lateral mixing,
and how the lateral mixing varies along-stream, we define two regions: up-stream as
80-50W, and down-stream as 50-10W, with both between 30-60N in latitude. The
two regions are shown in Figure and b, with the grey-dotted line illustrating the
boundary between the up- and down-stream regions.

The up-stream is characterised by the presence of the Gulf Stream jet, a coherent

current which separates from the coast at Cape Hatteras at 35N, after which the jet
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meanders eastward. The strong mean-flow in the up-stream region produces a sharp
front, also know as the Gulf Stream North Wall, argued to act as a barrier to mixing
at the surface (Bower et al.| [1985]).

In the down-stream region, the Gulf Stream jet evolves into the North Atlantic
Current and the Azores Current (Rossby, [1996)), the former transporting warm trop-
ical waters to high latitudes, and the latter flowing in a south easterly direction
contributing to transport within the sub-tropical gyre. The North Atlantic Current
and the Azores Current do not produce as sharp a front as the Gulf Stream jet,
but both the up- and down-stream regions exhibit an energetic mesoscale eddy field,

which impacts the lateral mixing of tracers.

4.3 North Atlantic lateral tracer mixing

4.3.1 Tracer statistical moments

To illustrate the time-mean behaviour of the passive tracer in the North Atlantic, we
calculate the first four statistical moments of the passive tracer field and compare them
to observations of an active tracer, namely sea surface temperature (SST) (Figure[4.1)).
We use SST observations from the ARMORS3D dataset (Guinehut et al., [2012)) and
remove the seasonal cycle at each grid point - the seasonal cycle was estimated by
calculating the average SST value for each week of the year. Each statistical moment
helps describe properties of the tracer probability distribution function (PDF), and
the first four moments are the following: mean, standard deviation, skewness, and
kurtosis. The standard deviation measures the width of the PDF, and is therefore a
measure of the temporal variability; skewness is a measure of the asymmetry of the
PDF; kurtosis indicates how probability is distributed between the peak and tails of
the PDF and relates to the frequency of extreme values.

The mean of both the SST and passive tracer exhibit a sharp front, characterised
by large meridional gradients, in the up-stream region, where there is a strong coherent
jet. The mean fields of SST and the passive tracer in the down-stream region are more
diffuse, as the Gulf Stream jet evolves into the less-vigorous North Atlantic Current
and Azores Current. The standard deviation is dominated by the Gulf Stream jet in
the up-stream region, with an order of magnitude more variance than in the down-

stream region. The skewness of both the SST and passive tracer undergo a sign
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Figure 4.1: The first four statistical moments of SST and the passive tracer g by
sampling values at each point in space. The rows from top to bottom represent the
four statistical moments: mean, standard deviation, skewness and kurtosis. The first
column is for 22 years of passive tracer data, and the second column is for SST obser-
vations over the same period. SST data is from the ARMOR3D dataset
, . The mean and standard deviation have units of tracer concentration
(or degrees Celsius for SST'), while the skewness and kurtosis are dimensionless. The
up- and down- stream regions (80-50W and 50-10W respectively), are illustrated in
Panels (a) and (b).
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change moving across the jet in the up-stream region. The skewness sign change
is indicative of a mixing barrier, as discussed in Hughes et al| (2010); David et al.
(2017); the latitude of zero skewness represents the mean-jet position, as it is the
latitude at which the jet core is equally likely to be above or below that point. The
passive tracer kurtosis displays a high-low-high pattern moving across the jet, also
indicative of a mixing barrier. However the SST kurtosis does not show this high-
low-high pattern, potentially due to interactions unique to an active tracer like SST,
which is not captured by the passive tracer field.

The statistical moments indicate that, at least in the time-mean evolution of SST
and the passive tracer, there are important dynamical differences between the up- and
down-stream regions. In addition, except for the kurtosis, the passive tracer exhibits
qualitatively similar statistics to the SST field. Any insight gained by studying passive

tracer mixing can then hopefully generalise to climatic tracers in the North Atlantic.

4.3.2 Effective diffusivity and tracer Flux

Eddy mixing involves the enhancement of tracer gradients due to the conservative
stirring of the eddy advection. The conservative stirring deforms tracer contours into
finer spatial-structures, from which the background horizontal diffusivity x becomes
significant and homogenises the tracer. The mixing produced through this mecha-
nism can be represented with an eddy diffusivity K.qq,. One measure of eddy mixing
by enhanced tracer gradients is the Osborn-Cox diffusivity (Osborn and Cox, 1972),
which measures the enhancement of tracer gradients relative to the background gra-
dients Kpc = %, where T denotes the time-mean and z’ denotes the deviation
from the time-mean.

However, the Osborn-Cox diffusivity Koc calculates the tracer gradients in an
Eulerian manner at each point in space. When applied to a system such as the Gulf
Stream, large anomalous tracer gradients |V¢'|? produced simply from the latitudinal
shifts in the meandering jet can strongly affect the estimates of diffusivity, despite
not contributing to irreversible mixing.

We therefore use the effective diffusivity K.;p of [Nakamura (1996), a quasi-

Lagrangian diagnostic of mixing that also considers the magnitude of tracer gradients,

but using the tracer area A as a coordinate system. The tracer area A = A(q) is the
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Figure 4.2: The effective diffusivity, and the corresponding tracer flux, calculated
for two different regions of the North Atlantic: up-stream, defined as 80-50W, and
down-stream, defined as 50-10W. The boundary between up- and down-stream is
shown by the black-dotted line in Panel (a).
diffusivity for the up- and down-stream regions respectively, while Panels (d) and (e)
show the corresponding tracer flux. The shading in Panels (b)-(e) represents the
interannual variability, defined as the standard deviation of the annual means. The
blacked-dotted lines in Panels (b)-(e) illustrate the calculation over the full region.
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total area of the tracer below the contour ¢ (a visual explanation of the area coor-
dinate can be found in Figure 1 of Nakamura (1996)). The effective diffusivity K.yy
and Osborn-Cox diffusivity Ko are related, as average the Osborn-Cox diffusivity
along tracer contours is equivalent to the effective diffusivity (Nakamural, 1996).
More formally, the effective diffusivity is derived by transforming the advection-
diffusion Equation from Eulerian spatial coordinates to the Lagrangian area coor-
dinate A. Transforming to area coordinates (Nakamura, [1996) leads to the following
diffusion-only equation
% = %(Keffg_i)a (4.2)

where the effective diffusivity K ;¢ is given by

(4.3)

where £ is the same prescribed model diffusivity from Equation [£.1] and L, is the
minimum length of a tracer contour. The effective diffusivity K.ss is a function of
the tracer value ¢, and the area integral [ 4 1s computed over the region of ¢ < q.
The effective diffusivity has a corresponding across-contour flux Fiss, defined as (c.f.

Equation 2.5b in |[Nakamura| (1996)))

Fp= —m/(VQq)dA, (4.4)

and represents the total cross-contour transport.

Using Equation , we calculate the time-mean and annual-means of K.¢; for
the passive tracer in both the up- and down-stream regions. Note that by calculating
K¢ in sub-regions of the North Atlantic, we are assuming that there is negligible
net tracer flux into (or out of) the region. As we initialise the passive tracer on the
time-mean streamfunction, the mean-flow approximately transports equal amounts of
tracer in and out of the region. This would not be the case if the tracer was initialised
on some other field, such as latitude - the adjustment of the tracer to the mean-flow
would cause large net fluxes in and out of the region.

Figure and ¢ shows the time-mean effective diffusivity for the up- and down-

stream regions respectively as a function of tracer value q. The time-mean passive
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tracer field is shown in Figure to illustrate where each value of the tracer ¢ oc-
curs in the North Atlantic; in general, lower values of ¢ correspond to more northerly
latitudes. The essential difference between the up- and down-stream regions is that
up-stream exhibits a significant mixing barrier in the jet core (tracer values ¢ =
0.1-0.15), with diffusivity values of ~1x10% m*s~! (Figure [1.2b). The down-stream
region however exhibits a single peak which reaches a value of ~10x103 m2s™! (Fig-
ure ) Therefore the coherent Gulf Stream jet in the up-stream region significantly
suppresses mixing, but not the North Atlantic Current and Azores Current of the
down-stream region.

Despite the suppressed effective diffusivity in the up-stream region, the magnitude
of the cross-contour tracer flux is larger in the up-stream region (Figure ) relative
to down-stream (Figure [4.2p)

net transport from positive to negative tracer values, which is primarily a poleward

note that negative values of the tracer flux indicate a

transport. Therefore, despite the mixing barrier, there is more across-jet exchange of
tracer in the up-stream region. This is due to the tracer gradients being significantly
larger in the up-stream region, as can be seen by the tightly-packed contours in
Figure[d.2h. The large tracer gradients in the up-stream region more than compensate
for the decreased diffusivity when contributing to the total tracer flux.

The interannual variability of the diffusivity coefficient and flux is defined as the
standard deviation of the annual means, and is illustrated by the shading in Fig-
ures [£.2b-e. For both up- and down-stream, the interannual variability is 10-20% of
the time-mean. The temporal variability of the effective diffusivity is more clearly
illustrated in Figure and b, which shows the diffusivity as a function of both time
and the tracer value, for the up- and down-stream regions respectively. Figure
shows that the mixing suppression effect in the up-stream region is present in ev-
ery year of the data, with the single peak in the down-stream region in Figure
also present in every year. The along-stream variation in the diffusivities is therefore
robust across all years of this experiment.

The individual time series of the jet core diffusivity (¢=0.15) are shown in Fig-
ure and d for the up- and down-stream regions respectively. The up-stream

and down-stream diffusivities at ¢=0.15 vary independently of each other, with the
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Figure 4.3: Panels (a) and (b) show the time evolution of the effective diffusivity as
a function of tracer value (y-axis), for the up- and down-stream regions respectively.
Panels (c¢) and (d) show the individual time series at the tracer value ¢ = 0.15, which
is approximately co-located with the 25 cm SSH contour in the jet core. The black-
dotted lines in Panels (c) and (d) are linear fits in time.
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Figure 4.4: The various components of the Ferrari and Nikurashin| (2010)) diffusivity
expression, calculated from satellite altimetry data. Panel (a) shows the time-mean
zonal velocity; Panel (b) shows the root-mean square (RMS) eddy velocity, where eddy
is defined as the deviation from the time-mean; Panel (c¢) shows the decorrelation
time-scale in days, using the formula 7 = 2I'L, /ts; Panel (d) is the eddy phase
speed data, provided by C. Hughes (personal communication). Panel (e) shows the
final product: the time-mean diffusivity expression Kpgn1o.

up-stream diffusivity displaying long-term positive trend (p <0.05) of 22 m?s~! /year

(the trend in the down-stream diffusivity was not significant).

4.3.3 Mixing length diffusivity expression

To determine the drivers of the observed temporal variability in Figure 4.3 we diag-
nose a physically-motivated expression for the lateral eddy diffusivity based on mix-

ing length theory, which can be estimated from available satellite altimetry data. We

employ the expression for the across-jet diffusivity derived by [Ferrari and Nikurashin

(2010) (referred to hereafter as FN10), allowing us to link specific changes in the flow
field to changes in the lateral mixing.

The FN10 diffusivity assumes a weakly nonlinear isotropic eddy field, takes into
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account the eddy phase speed ¢, the background zonal velocity U, and the root-mean-
square (RMS) eddy velocity w,.,s. The expression is given by

I Lethpms(t
Kpnio = & (0

14+ 5(Ut) —c)?

Y

(4.5)

where I is the mixing efficiency, L. is the eddy length scale, v is the reciprocal of the
eddy decorrelation timescale, and k = 27 /L, is the eddy wavenumber. Equation
can be thought of a mixing length theory diffusivity (Prandtl, |[1925) with a modified
mixing length due to the mean-flow. The denominator in this equation acts as a
mixing suppression factor, which arises due to eddy propagation relative to the mean
flow. The FN10 diffusivity (Equation has been used to reproduce mixing rates
in other areas of the ocean, where both jets and turbulent eddies are present (Ferrari
and Nikurashin, 2010; Klocker and Abernathey, 2014]).

The components which contribute most to the temporal variability of the lateral
mixing based on FN10 will therefore reveal the important underlying dynamical pro-
cesses driving effective diffusivity variability (Figure . The various factors involved
in the FN10 diffusivity expression are shown in Figure 4.4 which are the following:
the time-mean zonal velocity U; the RMS eddy velocity t,,,s, with eddy defined
as deviation from the time-mean; the eddy decorrelation time-scale 7 = 2I"'L. /Uy
(Klocker and Abernathey} 2014, Equation 8) with a constant eddy length scale of
30km; eddy phase speed ¢, where positive indicates westward propagation and is cal-
culated from observational data using Radon transforms (Chris Hughes, pers. comm.
2018). The resulting time-mean FN10 diffusivity Kpy1o is shown in Figure . The
time-mean FN10 diffusivity exhibits the mixing barrier effect up-stream within the
jet core at approximately 36-37N, with increased values on the jet flanks. There is rel-
atively little mixing suppression down-stream, consistent with the effective diffusivity
in Figure

To better compare the FN10 diffusivity with the effective diffusivity in Figure 4.2}
we average the FN10 diffusivity along SSH contours. This provides a quasi-Lagrangian
perspective, similar to the use of the area coordinate in the effective diffusivity frame-
work (Nakamural, 1996). To do this, we calculate all the components of the FN10
diffusivity shown in Figure [4.4] along SSH contours before calculating the final Kzn1g
expression. Therefore, all quantities are calculated as a function of SSH and not Eule-

rian spatial coordinates. Given the approximate nature of the formula, together with
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Figure 4.5: Panel (a) displays the time-mean SSH field from satellite altimetry data,
illustrating where each SSH value is approximately located in the North Atlantic.
Panels (b) and (c) show the Kpyio diffusivity expression calculated along SSH con-
tours. The shading represents the interannual variability, defined as the standard
deviation of the annual means. The black-dotted lines show the FN10 diffusivity
calculated over the full region.

the spatial inhomogeneity of the input fields, we do not expect to obtain a perfect
quantitative match between Kpni9 and K.¢f in the Gulf Stream region. Rather, as
mentioned above, our goal is to use the formula to gain physical understanding of
what governs mixing and its variability.

The Kpnyo diffusivity is shown as a function of SSH in Figure and ¢ for the
up-stream and down-stream regions respectively, with the shading representing the
interannual variability. In the SSH coordinate system, the mixing suppression of the
up-stream region is more evident in the Kry1p (although it is approximately double

in the jet core compared to K.s¢). The Kpyyo diffusivity in the down-stream region

74



does not exhibit a mixing barrier, consistent with the along-stream variation observed
with the effective diffusivity, but has a magnitude approximately five times smaller
than K.yy.

Therefore, the Kpy1g diffusivity slightly over-estimates the effective diffusivity
in the up-stream region and strongly under-estimates the effective diffusivity in the
down-stream region. The over-estimation of the mixing in the up-stream region could
be due to the non-zonal mean flow at the west side of the up-stream region. Indeed,
if the region with less zonal flow is excluded, we do see slightly better agreement
between the effective and FN10 diffusivities in the up-stream region. Hence, the
FN10 diffusivity is capturing the mixing barrier suppression in the up-stream region.

The mismatch between the effective diffusivity and FN10 diffusivity down-stream
is more severe and could have been caused by non-local effects. By non-local effects,
we mean changes to the diffusivity caused by fluxes/transport of tracer in and out
of the region. The destabilised Gulf Stream jet in the up-stream region may cause
significant irreversible mixing of the passive tracer, which then propagates into the
down-stream region. The effective diffusivity may interpret this change as an in-
creased diffusivity in the down-stream region, although the mixing actually occurred
up-stream.

However, we tested the sensitivity of the down-stream effective diffusivity to
changes in the dividing boundary separating up- and down-stream. We tested lon-
gitudes from 65W to 30W (about the original longitude of 50W). Regardless of the
definition of the down-stream region, the large peak in the effective diffusivity re-
mains, implying that non-locality does not contribute significantly to the observed
peak in Figure 2c. We also do not observe any relationship between the flux of tracer
variance into the down-stream region and the diffusivity. These results suggest that
the effective diffusivity is a robust indicator of mixing in these region.

The mismatch may instead be due to the lack of time-scale separation between
mean-flow and eddies in the down-stream region, which could cause large errors in
the FN10 diffusivity. Consequently, the FN10 formula may not be capturing all the
physical processes occurring in the down-stream region.

To study the interannual variability in more detail, we can linearise the FN10

expression in Equation by assuming that only U and u,,,s vary from year-to-
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Figure 4.6: Panels (a) and (b) show linear perturbations to the time-mean Kppy19
diffusivity expression for both the up- and down-stream regions. Panels (c¢) and (d)
compare time series of the Kpy1g diffusivity with the effective diffusivity in the jet
core (at the 25 cm SSH contour for Kpy1o and g = 0.15 for K.z¢).

year, while all other quantities remain constant. Perturbations to Kpy19 can then be
written as the sum of contributions due to changes in the eddy velocity and the mean

zonal velocity

> — 2k>
Krno Bzl (U )
_ y?
AKpni0 = —— AUpps — KFNlO 2 AU, (4-6)
Urms ( C)
TV - ~ TV -
Eddy perturbation Mean perturbation

where we have decomposed the following variables into time-means T and annual

deviations from the time-mean Az

Krniwo = Kpnio + AKpnio; (4.7)
U = U+ AU; (4.8)
Urms = Hrms + Aurms' (49)

The yearly linearised perturbations to the FN10 diffusivity for the up- and down-
stream regions are shown in Figure and b respectively. We focus on the FN10
diffusivity values along the 25cm SSH contour (which represents the core of the jet
in up-stream region). The total perturbation to the FN10 diffusivity in the up-

stream region is dominated by perturbation from the mean-flow AU. Indeed, the
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perturbation due to AU accounts for 98% of the total perturbation in the up-stream
region.

Down-stream on the other hand shows more equal contributions to the total per-
turbation by the mean-flow AU and eddy RMS velocity Au,.,s. As the currents are
relatively weaker in the down-stream region, the mean-flow is more comparable in
magnitude to the eddy velocity, both of which are also more comparable to the eddy
phase speed. Therefore the temporal variability of the FN10 diffusivity in the down-
stream region seems to be a more complex interplay between the mean-flow, eddy
velocity, and eddy phase speed.

Does the temporal variability of the FN10 diffusivity match that of the effective
diffusivity? We compare the individual time series of the effective diffusivity and FN10
diffusivity in the up- and down-stream regions in Figure and d. We consider the
25 cm SSH contour for Kry19, and the ¢=0.15 tracer contour of K.¢¢; both the 25 cm
SSH contour and the g=0.15 contour correspond to the jet core. The FN10 diffusivity
tracks the longer-term decadal variations in the effective diffusivity (r=0.75, p=0.02)
for the up-stream region, implying approximate agreement.

There is no relationship between the interannual variations in the FN10 diffusivity
and effective diffusivity in the down-stream region (r=-0.01, p=0.5). As discussed pre-
viously, non-local contributions to the effective diffusivity appear minimal. Therefore
it may be the case that the FN10 diffusivity expression does not accurately capture
the correct physical processes in this region.

One caveat should be mentioned: when linearising the FN10 diffusivity, the func-
tional dependence of the eddy decorrelation time-scale 7 = 2I' L, /t;,s Was not taken
into account, i.e., the decorrelation time-scale was assumed constant. In hindsight,
this should have been taken into account and could alter the contribution of the eddy

velocity to variations in the FN10 diffusivity.

4.4 Up-stream Gulf Stream jet dynamics

In Figure the linearised perturbations to the FN10 diffusivity imply the mean-
flow is the dominant driver of lateral mixing variability in the up-stream region. The

dynamics of the up-stream region are dominated by a strong and coherent jet—do
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Figure 4.7: Comparisons of the up-stream effective diffusivity and tracer flux with a
measure of mean-flow: along-jet speed. Panel (a) compares the along-jet speed with
the effective diffusivity, while Panel (b) compares the along-jet speed with the tracer
flux - both at the tracer value ¢g=0.15. Note that a more negative tracer flux indicates
an increased across-jet exchange of the passive tracer.

we see direct links between the dynamical properties of the jet and the diagnosed
diffusivities?

We diagnose a quantity relevant to the mean-flow for each year in the up-stream
region: the along-jet speed, defined as the average current speed along the 25 cm
SSH contour, which provides a Lagrangian measure of ‘strength’ in the jet core.
Annual values of the along-jet speed are compared with annual values of the effective
diffusivity and flux in Figure [1.7

Figure shows there is a negative correlation (r=-0.63, p <0.01) between the
up-stream effective diffusivity K ¢ and along-jet speed. Figure shows a positive
correlation (r=0.51, p <0.05) between the up-stream tracer flux and the along-jet
speed (with a more negative tracer flux corresponding to an increase in the across-jet

exchange of tracer). Overall, these relationships show that, within the up-stream
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region, a reduction in Gulf Stream mean-flow is linked to increased across-jet tracer
transport. We find similar results when using the area-average mean-kinetic energy
(MKE) as a diagnostic of mean-flow.

No significant relationships were found between the regional-average eddy-kinetic
energy (EKE), and the effective diffusivity and tracer flux in the up-stream region.
The lack of relationship with EKE implies it is specifically the suppression of mixing
by the mean-flow which is the primary driver of across-jet transport variability in the
up-stream region. The result is consistent with the analysis of linearised perturbations

of the FN10 diffusivity in Figure [4.6]

4.5 Discussion and summary

We investigated the interannual variability of the lateral mixing of a passive tracer in
the North Atlantic, using an observation-driven passive tracer experiment in MITgcm.
The passive tracer behaves similarly to observed SST (Figure[4.1]). Using the effective
diffusivity of Nakamura (1996), we showed that lateral mixing at the surface exhibits
significant along-stream variation in the North Atlantic (Figure [4.2). In the up-
stream region (80-50W), the Gulf Stream jet exhibits a suppressed diffusivity at the
surface due to the strong mean-flow (Figure[4.2b), consistent with Bower et al/ (1985).
The North Atlantic Current and Azores current in the down-stream region (50-10W)
however, do not show any signs of reducing the effective diffusivity, which would occur
if they were in fact suppressing mixing (Figure ).

The interannual variability of the effective diffusivity is 10-20% of the time-mean
(Figure for both the up- and down-stream regions. To determine the drivers of
the temporal variability of the effective diffusivity, we used mixing length theory of
Ferrari and Nikurashin (2010)) to understand the physical controls on the across-jet
diffusivity. The FN10 diffusivity successfully reproduces the mixing barrier in the up-
stream region (Figure. In terms of the interannual variability, the FN10 diffusivity
tracks the effective diffusivity in the up-stream region (r=0.75, p=0.02) (Figure [1.6k),
whereas the FN10 diffusivity in the down-stream region does not match the effective
diffusivity (r=-0.01,p=0.5) (Figure [1.6d).

By assuming the mean-flow and eddy velocity can vary from year-to-year, and

linearly perturbing the FN10 diffusivity about the time-mean, we determine what
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dynamical properties of the flow contribute to the interannual variability. We find
that the perturbations due to the mean-flow dominate the interannual variability
in the up-stream region (Figure ), whereas down-stream the mean-flow and eddy
velocity are more balanced in their contributions to the FN10 diffusivity (Figure )

The dominant role of the mean flow for the up-stream FN10 diffusivity variability
led us to look for direct links between Gulf Stream mean-flow and the effective diffusiv-
ity. Using a measure of mean-flow, the along-jet speed, we find an inverse relationship
between jet strength and the amount of across-jet mixing: reduced mean-flow leads
to less suppression and more across-jet exchange of tracer on interannual time-scales
(Figure [4.7)).

The distinct mixing effects of the up-stream and down-stream regions show that
a parameterisation of eddy mixing must account for this along-stream variation. Yes,
the FN10 diffusivity successfully accounts for the mean-flow suppression in the up-
stream region, but it is still unclear what the primary drivers of mixing are in the
down-stream region. There is not a clear separation of mean-flow and eddies in the
down-stream region, which may contribute to the issue, as scale-separation is an
assumption of the FN10 diffusivity. An eddy parameterisation must therefore be
sensitive to the dynamical intricacies of each region.

Along-stream variation in the interactions of eddies has previously been studied
in an idealised model (Waterman and Jayne, |2010) and using observations of the
Kuroshio Extension (Waterman et al.| 2011)): the up-stream region is characterised by
an unstable jet generating eddies, whereas down-stream the jet radiates energy, known
as the wave-maker regime. Liu et al.| (2018]) studied Lagrangian structure dynamics
in the Gulf Stream using satellite altimetry data, in order to quantify transport and
mixing. Lobes and eddy pinch-off were found to contribute to the across-jet transport,
and this behavior was interpreted in terms of the unstable jet and wave-maker regimes
of [Waterman and Jayne| (2010). These studies consider along-stream variation on the
scale of O(100 km), whereas here we have considered up- and down-stream variations
of order O(1000 km). Nonetheless our results and the aforementioned studies show
that the along-stream variations in eddy interactions are an important component of

the large-scale circulation, particularly in Western boundary currents.
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The discrepancy between the effective diffusivity and the FN10 diffusivity in the
down-stream region—in both the time-mean and interannual variability—requires
further study. The linearised analysis of Figure indicates a more complex inter-
action between the mean-flow, eddy velocity, and eddy phase speed, with regards to
the temporal variability of mixing in the down-stream region.

Our results only concern lateral mixing at the surface, whereas sub-surface mixing
is also an important component of tracer transport in the North Atlantic. The study
of Bower et al.|(1985) suggested that the mixing-barrier effect of the Gulf Stream may
diminish with depth. However, along-stream variation in sub-surface mixing requires
further study - how does the sub-surface mixing vary between the up- and down-
stream regions? How does the sub-surface mixing vary on interannual time-scales?
The Thorpe and Ozmidov length-scales (Thorpe, 1977; Dillon, [1982) are measures
of turbulent overturning events, which depend on the kinetic energy dissipation and
buoyancy frequency - these length-scale may exhibit important differences between
the up- and down-stream regions.

These questions cannot be answered with satellite altimetry data alone. Indeed,
Foukal and Lozier| (2016) studied Lagrangian trajectories in the North Atlantic and
suggested that it is the sub-surface transport which is important for connecting the
Gulf Stream with the sub-polar gyre, and not transport at the surface - this was origi-
nally argued by Bower et al.| (1985). For the Kuroshio Extension, whether the cross-jet
transport increased with depth was dependent on along-stream position (Chen et al.,
2014)), and in the Southern Ocean, the local maximum of cross-jet mixing occurred
between 1000-1500m (Griesel et al., 2014).

The mean-flow is the primary driver of mixing in the up-stream region, but what
causes the variability in the mean-flow to begin with? We know that temporal vari-
ability in the surface-transport of the Gulf Stream and Kuroshio Extension are in-
versely related to a quantity called “path stability” (Kelly et al., 2010, Figure 14).
Path stability is defined as the standard deviation of jet path latitude, over a pre-
defined time period. The path stability is therefore related to the amplitude of jet
meandering and the instability mechanisms that generate the meandering. Recent

work by |Chen et al. (2017) showed that the transitioning from a stable to unstable
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state (i.e. increased jet latitude variance) of the Kuroshio Extension led to increased
across-jet mixing.

We examined links between path stability and lateral mixing in the up-stream
region. We defined the path stability of the Gulf Stream using the standard devia-
tion of the latitude of the 25cm SSH contour, similar to |Andres (2016). We found
positive correlations between measures of path stability and the effective diffusivity
(r ~0.5), but none were statistically significant (p >0.1). We do, however, observe
the inverse relationship between path stability and along-jet speed between 70-656W
on interannual time-scales (r=-0.73, p=0.01). There may indeed be a dynamical
mechanism linking path stability and across-jet mixing in the Gulf Stream, but more
data—from observations or eddy-resolving models—is needed to robustly determine
the relationship.

Overall, we have shown that the regional variations in the dynamics of eddies has
a significant impact on the transport and mixing of tracers at the oceans surface. In
some regions, mixing can be parameterised as a simple function of mean-flow strength.
However, in other regions the picture is more complex, and parameterisations based
solely on mean-flow and EKE may not capture the full mixing effects of mesoscale
eddies. This regional variability must be investigated further if we are to understand
how distributions of climatic tracers will change in the future, and how to parameterise

them accurately within climate models.
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Chapter 5

Predicting eddy momentum fluxes
with machine learning

5.1 Introduction

The current resolution of Ocean General Circulation Models (OGCM) is not high
enough to fully resolve the first baroclinic deformation radius at mid-latitudes (Hall-
berg, 2013). Due to their finite resolution, they require large viscosity and diffusion
coefficients to remain numerically stable (Jochum et al., 2008). The truncation of
small-scales and artificially high viscosities smooths out features such as jets and
mesoscale eddies (Hewitt et al., 2016; [Kjellsson and Zanna) 2017), leading to models
that are under-energetic.

Parameterising unresolved eddy momentum fluxes can help re-introduce the spu-
riously lost energy by viscosity, and generally counter the reduced energy caused by
truncating the small-scales of the model. However, as we saw in the previous chapter,
mesoscale eddies exhibit significant spatio-temporal variability, and the eddy fluxes
cannot always be parameterised as a simple function of the large-scale flow. We,
therefore, need new ways of constructing eddy flux parameterisations, that better
capture the complex dynamics of unresolved turbulence.

In this chapter, we test whether modern machine learning algorithms can be used
to represent eddy momentum fluxes. The concept of machine learning was introduced
in Section [3.3] which can be summed up as learning a specific task from data without
explicit instruction. We want to use these data-driven algorithms to exploit and

leverage data from high-resolution models and observations. Observational datasets
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can sometimes be spatially sparse or only contain data for a particular region; it is
important to test the impact of such hindrances on data-driven algorithms.

Using data-driven methods to leverage ocean observations is not new. For ex-
ample, using satellite altimetry data, [Keating et al.| (2012]) constructed a stochastic
model to ‘super-resolve’ the velocity field and predict the velocity at depth. Similarly,
Keating and Smith (2015) used a stochastic model to produce a super-resolved sea-
surface temperature (SST) field, given a low-resolution observation of SST.|Chapman
and Charantonis| (2017) trained a form of neural network, known as a self-organising
map, to reconstruct sub-surface velocities in the Southern Ocean using satellite al-
timetry data and Argo floats. Other studies have used random forests to predict
sub-surface temperature anomalies (Su et al., 2018a) and Southern Ocean oxygen
content (Giglio et al., 2018).

In this chapter, we use a modern machine learning algorithm which has not yet
been utilised within oceanography: convolutional neural networks. They were intro-
duced in Section and are a form of deep learning that is well suited to extracting
information from two-dimensional fields. We aim to test whether convolutional neural
networks can be used to reveal information on unresolved turbulent processes, i.e.,
eddy momentum fluxes. We also want to test how convolutional neural networks re-
spond to situations faced with observational data, such as sparseness in the data. To

move towards these aims, as a proof-of-concept, we address the following questions:

1. Can convolutional neural networks represent the spatio-temporal variability of

the sub-grid eddy momentum forcing?

2. How sensitive are the neural networks to the physical processes occurring within

different regions of the data?
3. How well do they generalise to ocean models in different configurations?

4. Is it possible to physically-constrain neural networks to respect global momen-

tum conservation?

5. How does under-sampling in the training data impact the predictive skill of the

neural networks?
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The paper is organised as follows. The quasi-geostrophic ocean model, the degrad-
ing of model data, and the convolutional neural network, are introduced in Section 5.2
Performance diagnostics of the neural networks, in terms of non-local predictions and
generalising to different model configurations, are presented in Section [5.3] The im-
pact of spatial under-sampling in the training data is determined in Section We
explore methods of physically-constraining the neural networks in Section We
summarise and discuss our results in Section 5.5l

The results of this chapter have been published in the Journal of Advances in
Modeling Earth Systems (https://doi.org/10.1029/2018M3001472) with Professor
Laure Zanna. The published article contains results regarding predicting sub-surface
flow fields, using only surface data. These results are not included in this chapter, as

they are not relevant to the primary aim of the thesis.

5.2 Data and methods

5.2.1 Eddy momentum forcing

We used data from the high-resolution QG model described in Section [3.1.2 We
smooth the fields from the QG model using a spatial 2D low-pass filter, to produce
data that is similar to satellite altimetry or a model with a large numerical dissipation.
From the filtering of the model data, we can then calculate the forcing from unre-
solved small-scale turbulent processes. As discussed in Section defining the eddy
component using a spatial filter produces a more non-local definition of the eddy com-
ponent compared to coarse-graining. Spatio-temporal filters are also commonly used
in Large Eddy Simulations (LES) (Smagorinskyl, |1963} Pope, 2001; [Sagaut|, 20006)).
At every time slice in the data, we take a high-resolution variable a at a particular
layer, and apply a two-dimensional spatial Gaussian filter. We denote filtered vari-
ables as @, and sub-filter variables as the deviation from the filtered variable ' = a—a.
The value of a function a(z,y), after the Gaussian low-pass filtering operation at a

point (xo, o), is given by

a(']7073/0) = // CL(xay)G(lUOaZ/O;%y)dxdy
1 2 2 2
= s [[ e Lol gy, (5.1)

2w o2
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where ¢ = 30 km is the standard deviation of the Gaussian filter, which determines
the length-scale at which information (below that length-scale) is removed. Therefore
the filter acts to remove information on dynamical processes at spatial scales smaller
than 30 km.

Using the low-pass filter defined in Equation [5.1] we can now express the effects

of the unresolved (sub-filter) variables onto the resolved (filtered) variables.

S = (@ V)ua-(u-Vu, (5.2)
which is referred to as the sub-filter eddy momentum forcing (Section (3.2 discusses in
more detail how this expression originates). Eddy viscosity models only parameterise
one component of Equation namely the deviatoric component of the eddy stress
tensor (Pope, 2001). The vector S = (5, 5,) represents the effects of the sub-filter
momentum field on the filtered momentum field, i.e., the interaction between small-
scale eddies and the large-scale flow. As the sub-filter eddy forcing S depends on the

sub-filter variables, it requires parameterising.

5.2.2 Predictive algorithm: convolutional neural networks

Convolutional Neural Networks (CNNs) have proven successful in many areas of com-
puter vision (Krizhevsky et al. 2012; Simonyan and Zisserman) 2014; |Dong et al.,
2016)), where the primary objective is to extract information from an image, to per-
form a particular task. CNNs work by applying successive layers of convolutions (a
form of spatial filtering) to the input; the complexity of the extracted information
increases with the number of convolution layers. The powerful property of CNNs is
that the filters of each convolution are learnt as part of the training process - they are
not specified a priori. Therefore CNNs learn to extract the most ‘useful” information
from the input variable, given training on a particular dataset.

We chose to use CNNs, as opposed to a deep neural network of multiple fully-
connected layers, due to their superior performance in computer vision tasks where
the inputs have a two-dimensional structure (Krizhevsky et al., [2012). We wanted a
machine learning algorithm that could exploit the two-dimensional lateral structure
of turbulent fluids. Spatial filtering of the equations of motion of turbulent fluids is

not new and is used in Large Eddy Simulation (LES) (Moeng, 1984; |[Sagaut|, [2006)).
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Therefore, the learnt-filtering operations of a CNN appeared to be a natural choice
of data-driven algorithm to apply to geophysical flows.

The training process involves the minimisation of an appropriately defined loss
function, which measures the difference between the output of the CNN, and the
desired targets. If the optimisation procedure was successful, such that the loss
function on previously unseen data converges, the CNN will have learnt to extract
the most important information from the input. The CNN then uses the information
to predict continuous values. The CNN constructs the final prediction through a
linear regression layer, which regresses the desired output onto the final feature maps
(feature maps are the intermediate results of each convolution layer).

Here we use CNNs to represent the sub-filter eddy momentum forcing. The input is
the filtered-streamfunction 1 of the upper vertical layer, which represents our resolved
variable that the neural networks will extract information from. The output variables
are the zonal S; and meridional S, components of the sub-filter momentum forcing
S, defined by Equation 5.2l An example input and output is shown in Figure [5.1]
Separate CNNs are trained for each component of the sub-filter momentum forcing
Sy and Sy. We only consider data from the upper-layer of the model; this is because
the flow is surface-intensified, and we are assuming that our filtered quantities are
similar to satellite altimetry data, which only provide information at the surface.

In addition to testing whether it is possible to train a neural network to predict S,
and Sy, from 1), we explore how a neural network trained on one region performs on
another previously unseen region, i.e. how important local vs non-local information
is for different regions. Hence, we construct three different datasets from the QG
model data, one for each region being studied. We choose regions which differ most
in their dynamical behaviour and are shown in Figure [5.Th: Region 1 is near the
jet-separation point of the western boundary, where there is a strong, inertial zonal
jet. Region 2 is near the eastern boundary downstream of the jet extension, where the
dynamics are more wave-like. Region 3 is in the centre of the southern gyre, which is
energetically less active than regions 1 and 2.

Data from the three regions are split temporally into training and validation
datasets. The 10-years of daily data (3650 days) are split into the first ~9 years
(3300 days) to train the neural networks, and the final year (350 days) is set aside for
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Figure 5.1: Panel (a) illustrates the upper-layer filtered-streamfunction 1 of the
QG model, including the three regions in which we train the neural networks: re-
gion 1 (white-dashed) is on the western boundary, region 2 (black-solid) is on the
eastern boundary, and region 3 (grey-dash-dotted) is centred on the southern gyre.
Panel (b) shows a close-up of the filtered-streamfunction ¢ within training region
1 while Panel (c) illustrates how training region 1 is split into 16 40x40 grid point
sub-regions - the size of the input and output arrays of the neural network is 40x40
grid points. The input variable of each neural network is the filtered streamfunction
1, and the output variable is either the zonal component S, or meridional component
S‘y of the sub-filter eddy momentum forcing. The architecture of the convolutional

neural network, with an example input ¢ and output S, is illustrated underneath
Panels (a), (b), and (c).
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validation. To reduce the computational cost, and the number of parameters of each
CNN, we split each region spatially from the initial 160x160 grid points to sixteen
40x40 grid point sub-regions, as depicted in Figure [5.1c. Reducing the input and
output size of the neural network from 160x160 to 40x40 significantly decreases the
number of trainable weights, and therefore the computational cost (we attempted to
make predictions for the full 160x160 of each training region, but this led to a neural
network with over 250,000,000 parameters, which was computationally impractical).

Making predictions for a 40x40 area instead of a 160x 160 area also increases the
amount of training and validation data by a factor of sixteen, from 3300 and 350
samples to 52800 and 5600 respectively, where a sample is defined as a single input-
output pair of the neural network. We end up with 52800 spatial maps (size 40x40
grid points) of input-output pairs to train the neural networks, and 5600 spatial maps
of input-output pairs set aside for validation.

We train CNNs to separately predict S, and Sy, using data from three different
regions of the model; this gives a total of 6 neural networks. Each neural network is
denoted by f;(1), wg), where i = (z,y) refers to the component of S being predicted,
wg are the trained weights of the neural network, and R = 1,2, 3 refers to the region
on which the neural network has been trained. For example, the neural network
trained on region 2 to predict the meridional component S, is denoted by f, (¥, wy).

To distinguish predictions from the true values, we label neural network predic-
tions as S, = f.(¢¥,wg), and S, = f,(¥, wg), while the true values of the sub-filter
momentum forcing remain as S;, S,. We use the mean-squared error as the loss

function,

L= (S:—8,)%0r> (S,—5,) (5.3)
which quantifies the difference between the neural network predictions and the truth,
and where the summation is over all samples. The neural networks are trained (i.e.
optimised) using a form of stochastic gradient descent, namely the Adam optimisation
algorithm (Kingma and Bal 2014)), which minimises the loss function L defined in
Equation 5.3, The training of each neural network f;(¢, wg), iteratively adjusts the
values of the weights wg, such that the loss function in Equation is minimised.
Therefore each neural network has a different set of weights wg; it is these weights

which determine how each neural network extracts information and makes predictions.
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The architecture used for each f; (@, Wp) contains three convolution layers, a max
pooling layer, and a final fully-connected layer (Figure [5.1). The max pooling layer
reduces the dimensionality of the previous layer, by selecting the maximum value
within a 2x2 grid point area - max pooling is effective when there is significant
correlation between points in the feature maps. The 2x2 is the kernel size of the max
pooling layer and determines the size the area over which to perform the maximum
value selection. To give the neural networks the ability to learn non-linear functions,
activation functions are added between layers. Here we use the scaled exponential
linear unit (SELU) (Klambauer et al., 2017). The SELU activation function is given
by

z if 2> 0
D(z) = A 5.4
(=) {a(ez —1) ifz2<0, (5:4)

where z is the scalar input value to the activation function, and A ~ 1.0507 and
a =~ 11.6732. SELU activation functions scale the data towards zero mean and unit
variance, removing the need for batch normalisation - batch normalisation enforces
zero mean and unit variance at each stage of the network but requires additional
training.

The specific architecture was constructed by performing a manual systematic
search, i.e., adjusting all parameters and observing which configuration most effec-
tively minimises the loss function on the validation data. See Table for more
details of the architecture and training procedure. The total number of parameters
of each neural network is 325,728.

We train and implement each neural network using Keras (Chollet et al., [2015),
with the Tensorflow backend (Abadi et al., 2016). Before training, all datasets are
separately normalised to zero mean and unit variance. Each CNN is trained for
200 epochs (1 epoch = 1 full pass of all the training data through the optimisation
algorithm), taking approximately 10 CPU hours, after which there is negligible change
in the loss function of the validation data.

Once all six neural networks are trained, we make the predictions S, and Sy
using the filtered-stream function ¢ from the validation dataset, i.e., the final year
of withheld data. We make predictions for the full-domain to determine how each

neural network generalises to unseen, dynamically-distinct, regions. As the input and
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Quasi-Geostrophic Model Parameters

Domain size (grid points) 512x512
Domain length (L) 3840 km
Resolution (Azx) 7.5 km
Viscosity (v) 75 m2s~!
Rossby deformation radii (Lg,) 40,23 km
Velocity scale (vVEKE) 0.21 ms~1
Planetary vorticity (fo) 1074 st
Rossby parameter (3) 2%107H m~1s7t
Gravity (g) 9.8 ms~2
Reduced gravity (¢) 0.034, 0.018 ms~2
Bottom drag coefficient (r) 4%1078 571
Wind stress amplitude (7o) 0.8 Nm~2
Reference density (pg) 103 kgm =3

Neural Network Data Details

Data source
Input variable (feature)
Output variables (targets)
Training Region 1
Training Region 2
Training Region 3
Number of training samples
Number of validation samples
Standardisation method

Quasi-geostrophic ocean model
Filtered streamfunction v
Sub-filter momentum forcing S, S,
Western boundary
Eastern boundary
Southern gyre
52800 (years 1-9)

5600 (year 10)

Zero mean, unit variance

Neural Network Architecture

Input size
Number of convolution layers
Number of filters for each convolution layer
Size of filter for each convolution layer
Filter stride for each convolution layer
Activation function for each convolution layer
Max pooling kernel size
Output layer activation function
Output size

40x40
3
16, 16*8, 8*3
8x8, 4x4, 4x4
2.1, 1
SELU, SELU, SELU
2
None/Linear
40x40

Neural Network Training Parameters

Loss function
Optimiser
Learning rate
Momentum
Batch size
Training epochs

Mean-square error
Adam
0.001
0.9
16
200

Table 5.1: Details on the following: the quasi-geostrophic ocean model parameters,
the datasets used to train the neural networks, the architecture parameters, and the

optimisation parameters.
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output size of each neural network is 40x40 grid points, we tile together predictions
for the full domain of size 512x512; the tiling leads to errors at the boundaries of each
tile, where discontinuities can emerge. To reduce the tiling error, we make predictions

using overlapping tiles, and then average the results at each grid point.

5.3 Neural network generalisation and sensitivity

5.3.1 Non-local predictions

The filtered streamfunction represents, for example, observational measurements from
satellite altimetry or coarse-resolution model data. The sub-filter eddy momentum
forcing represents unresolved turbulent processes. Our goal is to replicate the complex
spatio-temporal variability of S, and .S, using neural networks fi(1, wg). However
observational data such as moorings (Hogg, [1992) or gliders (Rudnick et al., 2004;
Davis et al., 2008), may only be available for a particular region; we therefore only
train the neural networks using data from specific regions of the full domain, as
described in Section[5.2.2] Our aims are to both successfully train the neural networks,
and to study how they generalise to previously un-seen regions.

We study the spatio-temporal variability of S, and S, by examining snapshots
of the time-mean and the standard deviation, shown in Figure [5.2] Diagnostics are
calculated over the full 512x512 domain, using the final year of withheld data. Both
the spatial and temporal variability of the true S, are dominated by the jet dynamics
(Figure , e, and i). In particular, strong meanders which extend eastward from
the western boundary are visible. The amplitude of the spatio-temporal variability
of S; (1.4x107%ms™2) is of similar magnitude to the time-mean (1.5 x 10~ %ms™2).

All neural networks trained on three different regions, shown in Figure and
described in Section [5.2.2] successfully reproduce the spatial patterns of the true S,
as shown by snapshots of the predictions S, (Figure , ¢, and d). Their magnitudes,
however, vary significantly. The predictions of f,(, wy), trained on data from the
western boundary, are almost identical to the true S,, and successfully reproduces the
correct amplitude and variability (Figure , f, j). The neural network f,(v, ws),
trained on data from the eastern boundary, underestimates the magnitude of the

true S, by approximately 50%, despite reproducing the correct spatial patterns. The
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Convolutional Neural Networks S, = fe(, W)

Truth S, Region 1: Region 2: Region 3:
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Figure 5.2: Examining the non-local prediction ability. Comparisons of the true zonal
component of the sub-filter momentum forcing S,, with the neural networks trained
using data from three different regions. The first three rows compare snapshots,
time-means, and the standard deviation respectively, while the bottom row shows
the correlation between the true S, and the predictions S,. The first column contains
the diagnostics using the true zonal sub-filter momentum forcing S,., while columns
two, three, and four use predictions S, from the neural networks fo (¥, w1), fo(¥, w2),

and f, (1, ws) respectively. All diagnostics were produced using the validation data.
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predictions of f, (¢, ws), trained on the southern gyre, underestimates the true S, by
an order of magnitude (Figure [5.24d, h, 1).

As the variability of S, is dominated by the jet, it is difficult to assess the ac-
curacy of the neural network predictions S, in quiescent regions such as the eastern
boundary or within the gyres. We therefore calculate the Pearson correlation, a
dimensionless quantity, between the true S, and the predictions S,. It should be
noted that high-correlations to do not guarantee good performance during implemen-
tation. The predictions of f,(¢,w;) and f,(1, ws) are highly correlated with the
truth (r > 0.9) within the jet, but tend towards zero or negative correlation near

the eastern boundary (Figure and ) The predictions of f, (¥, w3) have a

more consistent positive correlation across the gyres and other more quiescent regions,
(Figure [5.2p).

We observe similar results for the spatial and temporal variability of Sy, shown in
Figure[5.3} the variability within the jet dominates, with an amplitude (1x 10~%ms~2)
similar to S,. The meandering of the jet again produces complex spatial patterns in
Sy, which when averaged in time, produce a distinct sign change moving across the
jet latitudinally. For the predictions gy, the neural network trained on the western
boundary, f, (v, w1 ), most effectively reproduces the true Sy,. However, the time-mean
of f,(v,w) (Figure ) has a positive bias everywhere in the domain, whereas the
time-means of f,(1, wy) and f, (¥, w3) (Figure and respectively) do not.

The correlations between S, and gy are similar to the zonal component: f, (¥, wi)
and f,(1),wy) are highly correlated (r > 0.8) within the jet, but not in the gyres.
In contrast, fy(ﬂ7 w3) has a consistently positive correlation across the full domain,
despite failing to reproduce the amplitude within the jet. In fact, the correlation of
f, (1, w3) within the jet (Figure ) is negative (r &~ —0.3). The negative correlation
implies that the dynamical processes occurring within region 3, the southern gyre,
have an opposite effect to the eddy momentum forcing occurring within region 1. The
opposing effects of eddies could be an example of regional variation in the eddy forcing,
as in \Waterman and Jayne| (2010), who found that whether eddies were driving the
large-scale flow or not, depended critically on along-stream position.

Across all neural networks, the correlation decreases at the eastern boundary,

which is partly caused by the sub-filter momentum forcing being orders of magnitude
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lower than elsewhere in the domain. The low magnitude of S, and S, is due to the
wave-like behaviour of the flow having a larger spatial-scale. The larger spatial-scale
at the eastern boundary leads to little variability at small scales, reducing the eddy
momentum forcing to almost zero, and therefore causing the performance of neural
networks to deteriorate.

Overall, we see that training neural networks on the western boundary is most
successful when generalising to other areas of the domain (in terms of correlations
and reproducing the variability). Training on the eastern boundary produced good
correlations in the western boundary but underestimated the magnitude of the eddy
forcing by approximately 50%. Training on the southern gyre did not correlate well
within the western boundary and underestimated the truth by an order of magnitude.

Hence to successfully reproduce the correct amplitude and variability across the
domain, the training data must contain a diverse range of scale interactions, which
here corresponds to training on the most turbulent region. However, training on
the turbulent regions can lead to significant net biases in the predictions, as seen in
Figure [5.3f. How to correct for such biases will be discussed in Section

It should be noted that we did train additional neural networks by forming train-
ing data from all three regions. The performance of the resulting neural networks
appeared to be an ’average’ of the results of each region, i.e., the overall predictive
skill was not as good as training on the western boundary, but better than training
on the eastern or southern regions. Therefore, training on all three regions at once
prevented the neural network from specialising/catering to the dynamics of any one

region, and learns an ’average’ of the dynamics from each region.

5.3.2 Generalising to different Reynolds numbers

In Section [5.3.1] we investigated how neural networks trained on different regions of
the domain generalise to other previously unseen regions. We now test how the neural
networks generalise to different regimes, in particular, different Reynolds numbers.
In Section [5.3.1, we found that the neural networks trained on region 1, the western
boundary, successfully generalised to different regions; we therefore apply f. (1), w1)
to new model data with different wind stress amplitudes and viscosity coefficients to

test its performance. We use models with higher and lower wind forcings, to test
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regimes which are both more and less turbulent than the original model, which had
a wind stress amplitude of 7y = 0.8 Nm™2 and viscosity v = 75 m2s~2.

We use the low-pass on filter the upper-layer streamfunction from each different
model run, with the following: v = 200 m?s2, and 7, = 0.3, 0.6, and 0.9 Nm~2,
and then apply the already-trained neural network f, (E, w1 ) to generate predictions
S,. The standard deviation of the true S,, the standard deviation of the fo(, W)
predictions S,, and the correlation between them, are shown in Figure .

The neural network f, (1, w1) reproduces the variability within the jet almost
exactly, across all runs, as can be seen by comparing the standard deviations in the
first and second columns, which represent the standard deviation of the true S, and
predicted S, respectively. The correlation within the jet remains high (r > 0.9) in
all runs, including the model with an increased wind forcing (19 = 0.9 Nm™2) in
Figure [5.4p. The correlations weaken at the eastern boundary for the lowest wind
forcing (70 = 0.3 Nm~2), shown in Figure ; this may be caused by an increase
in the wave-like behaviour at the eastern boundary, which is not well captured by
the neural networks. In general, the higher the Reynolds number, the better the
correlations, i.e., more dark red areas of r > 0.8.

The mean biases of the predictions of the new models are similar in magnitude to
the biases of the original model configuration. These biases showed no relationship

with the Reynolds number and are not discussed further.

5.3.3 Sensitivity of neural networks to under-sampling

We have so far trained the neural networks with densely sampled data, i.e., we have
data at each grid point for both the input and output variables. However, most
observational datasets are spatially sparse, e.g. Argo floats (Roemmich et al., 2009).
We explore the impact of under-sampling with a new collection of neural networks
trained on region 1 to predict S,, but with the training data sub-sampled. At each
time-slice of the training data, we randomly sample (without replacement) N points
of the 40x40 input variables, 1/, and output variables S,. Using these N randomly
sampled values, we use a cubic interpolation to reconstruct the full 40x40 grid point
input and output (with a nearest-neighbour interpolation for grid points that fall

outside the convex hull of the cubic interpolation).
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Figure 5.4: Examining the ability to generalise to new regimes: using the trained
neural network f, (¢, w;), we make predictions for model runs of different viscosities
and wind forcings. From each model run, we use one year of the upper-layer filtered
streamfunction to generate predictions S, from f, (1, w1) to see how they compare to
the true S,. We study a run of higher viscosity v = 200 m?s~2, and runs with wind
stress amplitude 79 = 0.3, 0.6, 0.8, and 0.9 Nm~2. Note that f,(¢), w;) was trained on
atun with v = 75 m?s72 and 7y = 0.8 Nm~2, the standard deviation and correlation

maps of which are included again here in Panels (j), (k), and (1).
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Figure 5.5: Determining how under-sampling of the training data impacts neural
network error. Panel (a) shows the RMSE of the neural network f,(¢),w;) trained
with dense (un-altered) training data, while Panel (b) shows the RMSE of the neural
network trained with sub-sampled (18.75%) data. Panel (c) shows the RMSE as a
function of the percentage of spatial points sampled at each time-slice of the training
data. Note that the RMSE is calculated over the full-domain during the validation
period (the final year of data).

These reconstructed time-slices from sub-sampled data are used to train a new
set of neural networks. We vary the number of points N sub-sampled from > 90%
to < 5% of the original 1600 points of the input and output variables. We have a
neural network for each value of N, the sub-sampling rate. Using the neural networks
trained on under-sampled data, we calculate the root-mean-square error (RMSE) on
the final year of validation data over the entire domain. The validation data is not
sub-sampled, providing a stronger and more accurate test of the neural network’s
performance.

The RMSE is shown as a function of the percentage of points sampled (Fig-
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ure ) We find that the RMSE increases significantly only when the percentage
of spatial points sampled drops below 10% (the error doubles at a sub-sampling rate
of 4.7%). Note that the RMSE is not a monotonic function of the percentage of
points sampled due to the stochastic nature of the training procedure and the use of
a non-linear interpolation. The spatial map of RMSE of the neural network trained
with 18.75% sub-sampled data (Figure [5.5b) shows minimal changes relative to the
neural network trained on the original (unaltered) training data (Figure [5.5h). The
result further suggests that the use of sparse interpolated observations can be suc-
cessfully used to accurately train and predict the eddy momentum forcing as shown
in Sections [5.3.1] and [5.3.2

We also tested an alternative method of under-sampling, where the 40x40 input

and output grid of the neural network is spaced out over the entire domain. In other
words, we sub-sample the input and output variables of the original 512x512 grid
to a regularly spaced 40x40 grid. However, training a convolutional neural network
with this methodology did not work and led to severe overfitting (i.e. increasing
validation loss during training). The neural networks presented in Section learn
to take first- and second-order derivatives of the input streamfunction (see GitHub
repository), which correspond to the velocities and velocity shears. Both velocities
and velocity shears are important features to provide for accurate predictions of the
eddy momentum forcing. By severely sub-sampling the input streamfunction, the
local information relevant to estimate velocities and velocity shears is lost.

Therefore, the success of training convolutional neural networks on observational
datasets will likely depend on the horizontal sampling rate of the product being
considered. Our results suggest that high horizontal sampling is necessary to capture
any small-scale gradients and avoid the sharp rise in error in Figure[5.5. We anticipate
that the use of (interpolated) datasets with a horizontal resolution of 1 degree or less
(e.g., Argo float, altimetry) is needed to train the neural networks and predict the
eddy momentum forcing.

Note that for Argo floats, the spatial sampling will not be random, as the drift
patterns will produce quasi-Lagrangian structures in the data. We have not consid-
ered Lagrangian spatial patterns in the sampling here, but this will also impact how

neural networks learn from observational data.
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5.4 Physically-constrained neural networks

We proceed to examine the net input of momentum from the neural network predic-
tions S, and gy, which should vanish. If neural networks are used to leverage the
use of observational datasets and coarse-resolution models, then spurious sources of
momentum would violate physical conservation laws. Thus, we need to constrain the
neural networks to respect the physical properties of the system. Here we diagnose
the momentum biases of the neural networks f;(¢, wg), and then explore different

methods of imposing conservation of momentum globally.

5.4.1 Momentum biases

Each sub-region (including those used to train the neural networks) may have a non-
zero spatially-integrated momentum tendency. However, globally, the true sub-filter
momentum forcing S should re-distribute momentum, and not act as a source or
sink, i.e. [[Sdzdy = 0. We require that the neural networks do not introduce
spurious sources of momentum, to respect the physical properties of the system. By
training each neural network on a sub-region, we expect to have imperfect momentum
conservation, which will depend upon the particular dynamical processes within each
region. For example, if eddies within a particular region are driving the mean-flow,
then we would expect a positive source of momentum locally - a neural network
trained on such a region would likely generalise the (local) input of momentum to the
rest of the domain. A net source or sink of momentum will manifest as a non-zero
bias after spatial averaging.

At a single point in space, the time series of the predictions S, and S’y show
that the neural networks trained on regions 1 and 2 track the true S, and S, closely
(Figure and ), reproducing a significant proportion (> 80%) of the variance.
However, if at each time-step we spatially average the neural network predictions S,
and S’y (Figure and o respectively) over the full domain, we observe significant
non-zero biases.

Consider the zonal component of the eddy momentum forcing in Figure [5.6k:
f»(1, w1) has a net positive bias, implying a global positive increase of zonal momen-
tum at all times, while both f,(1/, ws) and f, (3, w3) have negative biases, indicating

a net decrease in zonal momentum. We can estimate the magnitude of the resulting
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change in zonal velocity from these net biases, over a period of a year, by assuming
Au = <S,>At, where <> denotes the spatial average over the full domain. For
fo(h,w1), fo(1h, W), and f.(¥, ws3), we obtain values of <S,> = 0.03, 0.02, and
0.0008 (10~5ms~2) respectively; this leads to zonal velocity changes of Au = 0.95,
0.63, and 0.025 (ms™!). These changes are of similar magnitude to the time-mean

zonal flow, which peaks at approximately 0.9 ms~!

within the jet core.

There are also significant biases in the predictions of the meridional component
S,, shown in Figure . The positive bias of f,(1),w,) is visible in the time-mean
S*y shown in Figure . We can again estimate the change in meridional velocities by
assuming Av = <S5, >At. Using values of <S,> = 0.02, -0.01, and 0.002 (10~%ms~2)
for f,(v,w1), f,(¥,ws), and f,(1),w3) respectively, leads to the following changes:
Av = 0.63, -0.31, and 0.06 (ms™!). Some of these changes are the same magnitude

as the time-mean meridional flow.

5.4.2 Towards momentum-conserving neural networks

The predictions of neural networks f, (1), w1) and f, (¥, w), described in Section m,
correctly reproduce the correct amplitude and variability of the true eddy momentum
forcing S, and Sy, as seen in Figures and However, training on region 1 also
produced some of the largest non-zero biases in S, and S’y after spatial averaging at
each time step. We test whether we can reduce the biases when training on region 1

while preserving the accuracy of predictions from the neural network. We trial three

approaches (A, B, and C) to reduce the biases identified in Figure and [5.64.

(A) Architecture Alteration: Train neural networks on region 1, but with the fi-
nal fully-connected layer modified such that the spatial mean is removed from
the final output. The neural networks will, therefore, be trained to reproduce
the sub-filter momentum forcing, but with momentum conservation intrinsi-
cally embedded. I.e. the same training data, but altered architecture. The
motivation behind this approach is that if the local source of momentum within
the 40x40 output grid is zero, then this may reduce the global net source of

momentum.
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Figure 5.6: Panels (a) and (b) show time series of the zonal and meridional com-
ponents of the sub-filter momentum forcing respectively, at a single point near the
middle of the domain. Panels (c) and (d) also show time series of the zonal and merid-
ional components of the sub-filter momentum forcing, but this time spatially-averaged
over the entire domain.
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(B) Pre-processing of input: Train on region 1 with the original architecture de-
scribed in Table but with the spatial-mean removed from each 40x40 train-
ing snapshot of S,. In other words, remove the local bias from each training
snapshot. If the local source of momentum of each 40x40 sample is zero within
the training data, then training on such data may reduce local biases when
making future predictions on unseen data. However, does not guarantee that
subsequent predictions will have zero local bias. This approach tries to increase

the probability of learning local momentum conservation.

(C) Post-processing of output: train on region 1, and enforce global momentum
conservation after the predictions have been made. I.e. no changes to training
data or architecture, but with additional processing of the full-domain predic-
tions S, and S'y. This simply involves removing the spatial-mean after the full

prediction for the 2D domain has been formed (and for each time slice).

The associated neural networks of each approach are labelled as f;(v, wi), f;(1, wP),
and fi(¢, w$) respectively, where i = (x,y) denotes either the zonal S, or meridional
S, component being predicted.

All neural networks are optimised using the same training parameters given in
Table 5.1} Approach A, which alters the architecture, and approach B, which alters
the training data, are enforcing momentum conservation not just globally, but within
the 40x40 sub-region being predicted. This local conservation is useful for enforcing
global conservation. However, local conservation may not be desirable if there is a
convergence of eddy momentum fluxes in a particular region, which can impact the
large-scale flow, e.g. if eddies are fluxing momentum into the jet at a particular
along-stream position, enforcing local conservation in a neural network may lead to
missing these effects. Hence, caution must be taken with restricting architectures in
this way.

We now explore the performance of the newly constrained neural networks and
the net momentum input relative to that of the original neural networks trained on
region 1: f,(¢,w1) and f,(v,w;). The spatial-averages of neural networks based
on approaches A, B, and C are shown in Figure [5.7] with the same scale axes as in

Figure 5.6
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Figure 5.7: The standard deviation and spatial-average time series of the pre-
dictions S, and S'y of the momentum conversing approaches A, B, and C. Pan-
els (a), (b), and (c) show the standard deviation of S, from f,(v, w?), f.(¢, wP),
and f, (1, w&) respectively, while Panels (e), (f), and (g) show the standard deviation
of S, from f,(, wi), f,(ib, wP), and f,(, w®) respectively. The spatial-averages of
these predictions S, and S, are shown in Panels (d) and (h).
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Approach B has significant biases of approximately -0.01 and -0.015 (10~°ms~2)
in the zonal and meridional components respectively; the optimisation procedure
aims to reproduce the variability in the training data, and not spatial-means, there-
fore pre-processing the training data does not remove the biases. Compared to the
original neural networks trained on region 1, the biases of approaches A and C are
3 to 5 orders of magnitude lower, in both the zonal and meridional components.
The bias for the post-processing approach is exactly zero by construction, while the
altered-architecture approach A is not exactly zero due to the overlapping-tiling pro-
cedure. The biases of f,(¥, wit) and f, (1), wi') are approximately -0.002 and -0.0005
(10~°ms~2) which, over the course of a year, would lead to velocity changes of Au =
-0.06 and Av = -0.01 (ms™1!) respectively - now an order of magnitude smaller than
the time-mean flow.

The correlation maps of all momentum-conserving approaches (not shown) change
little from the original correlation maps of f,(¥,w;) and f,(«,w;), shown in Fig-
ure and respectively. All approaches reproduce the correct spatial patterns
of the true S, and S, (e.g., Figure for standard deviations). However, approaches
A and B underestimate the amplitude of S, and S, by approximately 20-30%, whereas
there is a little difference between approach C and the truth (< 10%).

In summary, approach C of post-processing successfully enforces momentum con-
servation, without sacrificing accuracy in the predictions of the eddy momentum
forcing. Approach B, altering the training data, was not efficacious at reducing the
net biases. The physically-constrained architecture of approach A successfully re-
duced the net bias, but at the expense of 20-30% accuracy. Though further altering
of the architecture (e.g. increasing number of convolution layers and filters) or train-
ing procedure (decreasing the learning rate, with an increased number of training
epochs) could reduce this drop in accuracy by countering the restriction placed on

the architecture.

5.5 Summary and discussion

5.5.1 Summary

We have demonstrated, as a proof-of-concept, that machine learning algorithms can

provide information on unresolved turbulent processes when given a smoothed-view
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of the dynamics (i.e. the filtered-streamfunction). We smooth data from a high-
resolution eddy-resolving QG model using a spatial low-pass filter, and train convo-
lutional neural networks to predict the relationship between turbulent processes and
their effect on the large-scale flow, i.e. the eddy momentum forcing. Our results show
that convolutional neural networks can successfully represent both the spatial and
temporal variability of the eddy momentum forcing.

We determine how neural networks trained on one area of the domain, perform in
other previously-unseen areas (Figures and , representing when observational
data is limited to only particular regions, for example, mooring data (Hogg, 1992) or
gliders (Rudnick et all, [2004; Davis et all [2008). Training on a sub-region tests the
sensitivity of the neural network performance to the underlying physical processes.
We find that the region on which the neural network is trained significantly impacts
the accuracy, as well as the mean-bias which impacts momentum conservation. In
particular, training on the least energetically active region, the southern gyre, leads
to the lowest accuracy; these neural networks could not reproduce the variability in
more energetic regions, such as within the meandering jet. However, training on the
western boundary leads to the best generalisation, in terms of reproducing the correct
amplitude of the eddy momentum forcing in the rest of the domain.

The variation in performance between regions implies that training on the most
turbulent region leads to the best performing neural networks for eddy momentum
forcing prediction. It is possible that data from the most turbulent regions exhibit
the highest variance, or contains a more diverse range of scale-interactions. However,
two regions may be as turbulent or energetically active as each other, but the nature
of the eddy-mean flow interactions within them may differ. For example, Waterman
and Jayne| (2010 showed that in an idealised model the effect of eddies on the mean-
flow depended critically on along-stream position: up-stream eddies are generated
by an unstable jet, while down-stream the eddies drive the time-mean circulation.
Therefore training neural networks on different along-stream positions may lead to
different dynamical-processes being learnt, despite both regions being energetically
active.

Without further training, we show that a neural network trained on one QG model

configuration generalises exceedingly well to QG models with different viscosity coef-

107



ficients and wind forcings (Figure[5.4). The neural network within the jet reproduces
the correct spatio-temporal variability (<10% error) in all configurations, and the
correlation between the predicted S, and the true S, within the gyres increases with
the Reynolds number of the model configuration. While the neural networks do not
conserve momentum globally (Figure and ), we show that momentum con-
servation can be enforced without a significant reduction in accuracy (Figure [5.7),
through either a physically-constrained architecture or post-processing of the predic-

tions.

5.5.2 Implications for leveraging observations

Our work has implications for inference from sparse observations. While previous
studies have used machine learning to leverage observational datasets (Chapman and
Charantonis, 2017 Su et al., 2018a; |Giglio et al., 2018), the present work demonstrates
that convolutional neural networks in particular are an excellent tool for such tasks.
Neural networks should be further tested and exploited in the future for data inference

due to

e their resilience, such that accurate predictions for the full domain can be gen-

erated by training on a sub-region;

e their generalisation to different external forcings, without any further training

such that predictions outside the regime trained on can be successful;
e their ability to be successfully trained with under-sampled data. (Figure .

Collectively, these results suggest that sparse interpolated observational datasets
can be leveraged by such data-driven techniques. For example, data from moorings
deployed in the Drake Passage as part of the Diapycnal and Isopycnal Mixing Exper-
iment in the Southern Ocean (DIMES) can be used to infer eddy momentum or heat
flux divergences in other parts of the Southern Ocean. Besides, datasets from Argo
floats (Chapman and Sallée, 2017)), mooring data, ADCPs, and SSH from altimetry,
could be combined to reconstruct physically- and biogeochemically important quanti-
ties such energy reservoirs, or air-sea fluxes, interior transport and/or storage of heat,

carbon and oxygen in the ocean (Su et al., 2018a; Giglio et al., 2018]).
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However, one aspect of oceanic observational data we have not considered is La-
grangian structure in the spatial sampling of drifter data - drifter data points are not
randomly distributed in space. The Lagrangian structure of drifter data may not be
solved with simple interpolation, so future data-driven algorithms must take this into

account when training on Argo float data.

5.5.3 Implications for parameterisations

We have shown that neural networks can successfully represent the spatio-temporal
variability of the eddy momentum forcing, implying potential for data-driven oceanic
turbulence closures in the future, as suggested by Zanna et al.| (2018). The generali-
sation ability of the neural networks shows that only a limited amount of observations
or high-resolution model data may be needed to successfully represent sub-grid scale
processes. While the CNNs are successful at representing the relationship between
the eddy momentum forcing and their effect on the resolved flow, the low-resolution
climate models might have biases that are too severe (e.g., weak transport and veloc-
ity shears) to lead to a successful representation of the eddy momentum forcing from
CNNss as trained here. Nonetheless, our results also show that they perform very well
for varying degrees of forcing and dissipation. Therefore, until the CNNs are imple-
mented into a coarse-resolution ocean model, their success in improving numerical
simulations is speculative but deserves to be investigated.

More work into physically-constrained machine learning algorithms is crucial, and
successful applications of data-driven techniques should incorporate physical knowl-
edge. Indeed, the neural network turbulence model of Ling et al.| (2016b) out-
performed more simple linear models only when Galilean invariant stress tensors from
Pope (1975) were used, which are also a key ingredient of the eddy parameterisation
proposed by [Anstey and Zanna, (2017). We successfully enforce global momentum
conservation in the present work, such that future implementations of data-driven
parameterisations, despite being semi-empirical, can be altered to respect physical
principles. Specifically, physical constraints can be incorporated into the architec-
ture of the predictive algorithms. Enforcing global momentum conservation with

post-processing worked well in this model, which contained a single strong jet with
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a weaker background flow; however, in more realistic global models with multiple
strong features, the post-processing approach may not perform as well.

One potential disadvantage of convolutional neural networks may be the compu-
tational cost of the matrix operations of each convolution layer to make a prediction
given an input. The total time complexity (ignoring any fully-connected layers) of a
CNN (He and Sun, 2015) is given by O(Y¢ ny_y-s2-n;-m3), where d is the total number
of convolution layers, [ is the index of a convolution layer, n; is the number of filters,
sy is the filter size, and m; is the size of the output feature map. The architectures of
the CNNs used in this chapter were optimised to produce the best possible predictive
skill. This led to relatively large models, with three convolutional layers and many
filters per layer. The large models in this chapter do pose issues for future numerical
implementation, as the time complexity of CNNs is larger than that of a traditional
eddy closure (e.g., a simple Laplacian dissipation of momentum which only involves a
few matrix additions and subtractions). One way to reduce the time complexity is to
instead use depth-wise separable convolution layers (e.g Howard et al., [2017)), which
treat the input channels of a convolution layer more independently. This reduces the
number of parameters and hence computational cost. An alternative way of reducing
time complexity is to simply reduce the sizes of the input and outputs, i.e. make
predictions for a region smaller than 40x40 grid points. The amount of information
available to make predictions is therefore reduced. The computational cost is an area
which needs addressing if CNNs are to be routinely implemented in models in the
future. However, unlike other parameterisations, the training of the neural networks

is only done once.
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Chapter 6

Inferring expressions for eddy
fluxes with machine learning

6.1 Introduction

The deep neural networks of Chapter [5| are adept at learning highly non-linear func-
tions from data, thanks to the automated feature extraction of the convolution layers
and their thousands of parameters. However, high algorithmic complexity and the
ability to approximate almost any function comes at the cost of interpretability. The
neural networks are implicitly learning the physics of unresolved eddies, but that

knowledge remains concealed within the black-box nature of the architecture.

As mentioned in Sections [3.3.1] and [3.3.2] when choosing a data-driven algorithm

for a particular task, there is generally a trade-off between predictive skill and infer-
ence. Deep neural networks have high predictive skill, but it is difficult to infer how
the physical variables are used to make a prediction. That is the major strength of
the traditional physics-driven approach to parameterisation: the mechanism or the-
ory explicitly describes the physical process in which the input variable leads to the
functional form of the parameterisation.

Can we use data-driven methods to explicitly reveal the functional forms of pa-
rameterisations? This approach could be viewed as reverse-engineering of a physical
mechanism or theory. We learn a functional form of a parameterisation from data,
and then use that functional form to understand the physical process that produced
it. We attempt such a form of knowledge discovery in this chapter, using recent
developments in the data-driven discovery of equations outlined in Section [3.3.2] In-

stead of training a black-box algorithm to learn sub-grid or sub-filter eddy forcings
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from data, we aim to explicitly learn equations for the eddy forcing terms. For any
successfully uncovered equation, we see if the functional form provides information
on the physics of unresolved turbulent eddies.

Our target quantities to parameterise are the eddy momentum and temperature
fluxes. These mesoscale eddy fluxes play a key role in the climate system, and their
parameterisation can improve the transport of tracers, as well as countering the en-
ergy deficit caused by scale-truncation within coarse-resolution models. Energy is
also spuriously lost through Laplacian or biharmonic momentum viscosity operators,
which are necessary for numerical stability.

To further improve the energetics of the model, an additional prognostic equation
for the eddy energy can be solved account for all sources and sinks of energy within
the system (e.g. Eden and Greatbatch, [2008; Marshall and Adcroft] 2010; |[Jansen
and Held| [2014; [Mak et al., |2016). However, the prognostic eddy energy equation is
unknown and must therefore be constructed. This can be achieved through heuris-
tic reasoning, but this can involve over-simplification of the underlying dynamics.
Therefore, we apply the data-discovery of equations to find a prognostic eddy energy
equation, in addition to the momentum and temperature fluxes.

The results of this chapter have been published in Geophysical Research Let-
ters (https://doi.org/10.1029/2020GL088376 Zanna and Bolton, [2020) with Professor
Laure Zanna.

This chapter is organised as follows. Section [6.2] outlines the specific ocean model
used, including how the training and validation data is formed and the data-driven
algorithm used. Section [6.3 presents the results of applying the data-driven equa-
tion discovery method to find expressions for the eddy momentum forcing, in both
barotropic and baroclinic ocean models. Section presents expressions revealed for
the eddy temperature forcing in the baroclinic model. The data-driven equation dis-
covery is applied to find a prognostic eddy energy equation in Section[6.5] Section
investigates the physical interpretation of the resulting equations for the eddy mo-
mentum and temperature equations. In Section [6.7], we summarise and discuss the

implications of our results.
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6.2 Data and methods

We use a primitive equation model, MITgcm, to provide high-resolution data for
this chapter. We run idealised barotropic and baroclinic models, to emulate western
boundary currents and their jet extensions at mid-latitudes. More details of MITgcm
and the model configurations can be found in Section [3.1.3] After spin-up, we use
1000 time-slices of model output, with 4 days between each time-slice.

Interestingly, later investigation reveals that we could halve the number of time-
slices without having a major impact on the final result. Although we did not inves-
tigate further, we could have potentially used even less data for training. The RVM
algorithm (Tipping, 2001)), described in Section , seems to require less training
data compared to deep learning approaches, which could be beneficial.

With regards to data preparation, we remove information at small-scales by ap-
plying a horizontal Gaussian filter of width 30km and then coarse-grain to a 30km
grid - more details on this averaging procedure can be found in Section (3.2l The com-
bination of filtering and coarse-graining is denoted by a U We use this averaging
procedure to calculate the sub-grid eddy momentum and temperature forcing using

the following definitions

S, = W-V)u—(u-V)u (6.1)
Sy = (@- V)T —(u-V)T, (6.2)

which quantifies the interaction between the sub-grid and resolved fields. We use a
horizontal - and not vertical - averaging procedure for simplicity, which also allows us
to compare the eddy momentum expressions between the barotropic and baroclinic
models. For more details on how the averaging impacts the eddy forcing definition,
please refer to Section (3.2

We now turn our attention to the process of data-driven equation discovery. To
begin with, we calculate the target variable - the eddy momentum or temperature
forcing - at every grid-point for every time-slice. Then, again at every grid-point and
time-slice, we construct a library of basis functions. The aim of the library is to have
a diverse range of functions that are relevant to the process being parameterised.
Specifically, we build the library from the resolved velocities u and v, using up to 2nd

order spatial derivatives and 2nd order polynomial products.
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We could not go higher than 2nd order due to memory constraints. The regression
part of the RVM algorithm needs to calculate the value of each basis function at
every point in time or space. In the barotropic model, this amounts to a total of
Ny x Ny x N, x N, data points, where N, is the number of basis functions, and N,
N,, and N, are the temporal and spatial dimensions of the data. Increasing the order
of the polynomial products and derivatives, from two to three, leads to a very large
increase in the number of basis functions N, because you are forming every possible
combination of products with the new higher-order derivatives and polynomials.

We write the spatial derivatives of the velocity field using the following functions

(-Z.: 630
o = %—Fg—z, (6.3b)
D = g—z—kg—z, (6.3¢)
D = %—g—z, (6.3d)

where ¢ is the relative vorticity, o is the divergence, and D and D are the shearing
and stretching deformation of the flow field. The dynamical quantities defined by
Equations [6.3p-d are relevant to parameterising turbulent eddies, which are the lead-
ing order components controlling deformation of fluid elements. We, therefore, might
have anticipated this expressions to be important on physical grounds. Indeed, the
deformation functions are present in the momentum parameterisation of|[Smagorinsky
(1963)).

We chose to write the library of functions using this basis because in the early
development of this chapter, we found our data-driven discovery method was auto-
matically forming Equations[6.3h-d, with no a priori knowledge. The RVM algorithm
was, therefore, revealing an improved basis in which to write the library of functions.
Finding the optimal physical basis is important, as it reveals the most important
dynamical components from which to construct the parameterisation and provides
information about the physical process itself.

Once we have calculated up to 2nd order derivatives and products of the velocities,
and written them using the above basis, we then apply a physical constraint: we

only use library functions that can be written as the divergence of a flux. For a
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Figure 6.1: An illustration from start-to-finish of the method of discovering equations
from data. The top-row provides the general concepts of the procedure: (1) a spatio-
temporal dataset is used; (2) a library of basis functions is constructed from the
dataset; (3) an iterative sparse regression prunes the library of basis functions; (4)
when the iterative regression has converged, the remaining basis functions form the
final equation. The bottom row shows specifically how we have adapted this technique
for discovering eddy momentum parameterisations from high-resolution ocean models.

two-dimensional vector field F over an area A, the divergence theorem states that
[,V -F)dA = [,_,,F-ndi, where C is the boundary to the region A, and n is a
unit vector perpendicular to the boundary. In other words, the global integral of a
quantity V - F can be reduced to simply evaluating F along the boundary.

Hence, the global integral of the quantity V - F can vanish if appropriate bound-
ary conditions are applied to the flux F. By constraining the eddy temperature and
momentum expressions to be the divergence of a flux, global conservation can be en-
forced through the consideration of the boundary conditions. As the eddy momentum
forcing comprises of two components (one zonal and one meridional), the constraint
means that the final expression can be written as the divergence of a stress tensor:
Su x V- T.

In the case of the eddy momentum forcing, only using functions that can be written
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as a divergence of a flux reduces the number of basis functions in the library from over
100 to 54. In the eddy temperature forcing case, even after constraining the functions
to be the divergence of a flux, the library contains 261 basis functions. The higher
number compared to the eddy momentum library is due to temperature being an
additional field to construct functions from. Also, the vertical derivatives are possible
in the baroclinic model and are relevant to the eddy temperature forcing, which
further increases the number of possible functions. We include up to second-order
derivatives and products of the vertical derivatives of the velocities and temperature,
in the same way as the horizontal derivatives, but we do not include cross derivatives
to reduce the computational costs.

Before applying the sparse Bayesian regression (Tipping, [2001) to the function
library, the data needs to be normalised to zero mean and unit variance. Without
normalisation, the iterative pruning does not work, as the values of each basis function
have significantly different magnitudes, which means the corresponding uncertainty
estimates for each regression coefficient cannot be compared. For example, consider
two hypothetical regression coefficients, ¢y ~ 10? and ¢; ~ 10°, that were estimated
from the sparse Bayesian regression without normalisation. The uncertainty of the
coefficient ¢; will likely be higher than the uncertainty of ¢q, simply due to the higher
magnitude; normalising the data removes the dependence of the uncertainty estimates
on the magnitude of the values.

To normalise the data, we normalise each basis function, i.e., each input to the
sparse regression, individually. For a particular basis function ¢;, we calculate the
mean u and standard deviation o using all points in both space and time. The
normalisation is then carried out as ¢; — (¢; — p)/o. In the barotropic model, the
mean and standard deviation of each basis function are calculated using values across
three dimensions: longitude, latitude, and time. Whereas in the baroclinic model,
the mean and standard deviation are calculated using values across four dimensions:
longitude, latitude, depth, and time. The targets of the sparse regression, S, Sy,
and St, are also normalised to zero mean and unit variance, in the same way as each
basis function. Note that, after the pruning has finished and the final equation has
been revealed, we re-scale the regression coefficients back to the original magnitude

of their basis function.
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Once the data has been normalised, we apply the iterative relevance vector ma-
chine (RVM) algorithm to prune the library and construct the final equation. When
the final equation has been constructed, the performance is estimated by calculating
the R? coefficient of determination using the withheld validation data. In this chap-
ter, we use 50% of the 1000 time-slices for training, and the other 50% for validation.
The full process of discovery, from the data to the final equation, is illustrated in
Figure [6.1] For more details on the RVM algorithm, and data-driven discovery of
equations in general, please refer to Section [3.3.2]

6.3 Results: eddy momentum flux expressions

To reveal expressions for the eddy momentum forcing, we separately apply the RVM
algorithm to data from a barotropic model and a baroclinic model. The RVM algo-
rithm is also applied separately to each component of the eddy momentum forcing
Sy and S,. For each model, we first describe the sensitivity of the RVM algorithm
to the uncertainty threshold, the sole hyperparameter of the method (at any itera-
tion of the RVM algorithm, if the regression coefficient of a basis function has an
uncertainty higher than the threshold, it is pruned from the function library). After
the sensitivity analysis, we show the dominant expression revealed by the RVM al-
gorithm. We compare diagnostics of the predictions of the revealed expression, with
diagnostics of the true forcing. We examine the time-mean and standard deviation of
each expression - we will consider higher-order statistical moments, namely skewness

and kurtosis, in Chapter [7}

6.3.1 Barotropic model

To determine how the results change with respect to the uncertainty threshold, we
apply the RVM algorithm to data from the barotropic model using a range of thresh-
old values. For each threshold value, we apply the RVM algorithm to the data until
convergence, i.e., when the uncertainty values for each regression coefficient remain
unchanged from iteration to iteration. After convergence, the remaining basis func-
tions and their regression coefficients are regarded as the final ‘discovered’ expression.
For each threshold value, we track the number of basis functions selected and the val-

idation R? coefficient of determination of the final expression.
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Figure|6.2|shows how both the R? value and the number of basis functions of the fi-
nal expression vary with the pruning threshold hyperparameter. Figure and
show the sensitivity to the pruning threshold for the zonal S, and meridional Sy eddy
momentum forcing components respectively; at a particular threshold, the red curve
shows the R? value and the blue curve shows the number of basis functions.

At low values of the pruning threshold (6 < 10°), the RVM algorithm is overly
stringent, meaning that most basis functions are pruned on the first iteration and
generally leads to underfitting. As the pruning threshold increases (§ = 10%5 —101%),
the RVM algorithm becomes more flexible and is more free to construct different
combinations of basis functions. At high threshold values (6 > 10'®), the RVM
algorithm becomes overly lenient and retains many basis functions which do not
significantly increase the R?, therefore leading to overfitting.

At low threshold values, for S, and S, the RVM algorithm selects a single basis
function, namely the gradients of enstrophy (¢?), and (¢?), respectively. Note that
we use the shorthand (), = % for spatial derivatives. The gradient of enstrophy
captures ~20% of the variance in both S, and S,. As the pruning threshold increases
to d = 109, there is a large increase from ~20% to ~50% variance captured, with the
number of basis functions only increasing to 3 for both S, and S,. This expression is
given by

o= (§)-(lnainiaoy) e

where the zonal and meridional components of the expression capture 55.6% and
50.6% of the variance respectively. The ¢; are the individual regression coefficients of
each basis function. The values of ¢; are estimated by the final iteration of the sparse
regression, which yields the following values

co = —4.096 x 108, ¢ = —5.483 x 108, ¢, = —4.384 x 108,

c3 = —4.100 x 10%, ¢4 = —6.332 x 10%, c5 = —4.815 x 108,
where each regression coefficient has units of m?. To quantify the differences between
the regression coefficients, we use the coefficient of variation. For a set of continuous
values, the coefficient of variation is defined as the standard deviation as a percentage
of the mean, therefore quantifying the spread of the values relative to the mean. A

coefficient of variation close to 0% implies that values within a set deviate very little
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Figure 6.2: The impact of the pruning threshold on the results of the RVM algo-
rithm applied to data from the barotropic model. Panel (a) and (b) show how the
R? coefficient of determination (red) and number of selected basis functions (blue)
changes with the pruning threshold, when applied to reveal expressions for the eddy
momentum forcings S, and .S, respectively.
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from the mean; a coefficient of variation greater than 100% implies that individual
variation between values is of the same order or greater than the mean itself.

For the regression coefficients ¢; above, the coefficient of variation of 14.2%. We
therefore decide to write the regression coefficients as approximately equal, i.e., ¢; &
Kk = —4.87 x 10°m?, with an average error of 14.2%. Note that the value of Kk =
—4.87 x 10®m? is the same order of magnitude as the horizontal resolution squared,
which may indicate some functional dependence similar to |Mana and Zanna (2014])).
Using this approximation, we can then re-write Equation [6.4] in the form given by

) .
S, ~ KV (C g_DCD o iDgD) . (6.5)
The expression now has a single scalar as a tunable parameter, «, which determines
the ‘strength’ of the parameterisation. The expression depends only on the spatial
derivatives of the vorticity and deformation terms, and therefore depends only on
second order spatial derivatives of the velocities w and v. From hereon we refer to the
expression defined by Equation [6.5[ as the barotropic momentum expression.

Note that the barotropic momentum equation contains within it the deformation-
based momentum parameterisation of Anstey and Zanna| (2017)), defined by

Sizir < V- (_QCDD gg) ) (6.6)
which is known to capture up-gradient momentum fluxes and dissipate small-scale
enstrophy. The barotropic momentum expression of Equation |6.5| can therefore be
interpreted as the gradient of enstrophy plus the deformation-based parameterisation
of Anstey and Zanna| (2017)). Also, the study of Anstey and Zanna| (2017) (specifically
their Figures 6b and 7a) found the value of the coefficient x, when averaged across
the domain of the model, to be approximately -5 x 10®m? - close to our empirical
estimate.

How do the predictions of Equation compare to the true eddy momentum
forcing in the validation data? Figure [6.3] compares maps of the time-mean and
standard deviation of the predicted S, and Sy with the true S, and S, including the
Pearson linear correlation between them.

The time-mean of the predicted zonal component S, (Figure ) captures the
large-scale features of the true S, (Figure [6.3p): negative in the western half of the
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domain and positive moving eastward. The presence of along-stream variation in the
eddy momentum fluxes is similar to that of the along-stream variation of the eddy
tracer fluxes of Chapter 4] implying different physical processes up- and down-stream.
Away from the western boundary, S, captures the majority of the small-scale spatial
variability in the time-mean maps. Right at the western boundary, where the jet
separates, the predicted S, is generally too negative and does not fully capture the
large positive peak where S, > 2 x 10~ "ms™2.

The standard deviation of the predicted zonal component S, (Figure ) cap-
tures most of the spatial variability of the true S, (Figure ) The predicted S,
standard deviation underestimates the true standard deviation by approximately 50%
at the western boundary where the jet separates. The correlation map (Figure )
shows positive correlations almost everywhere, with the highest correlations (r > 0.6)
away from the boundaries, where the jet extends eastward into the domain. High
correlations (r > 0.6) are also observed along the northern and southern boundaries.

We observe similar results for the predicted meridional component: Sy captures
most of the large-scale pattern in the time-mean (Figure [6.3f) and standard devia-
tion (Figure . However, the predicted component Sy is visibly more dissimilar
to the true S, time-mean (Figure [6.3h) and standard deviation (Figure [6.3}), by not
capturing all the small-scale variability along the jet core where, moving northwards,
the meridional forcing changes sign from negative to positive. The correlation map
between Sy and S, (Figure is positive almost everywhere, with the highest cor-

relations within the flanks of the jet and also along the eastern boundary.

6.3.2 Baroclinic model

In the same way as the barotropic model, we determine the sensitivity of the RVM
algorithm when applied to data from the baroclinic model. The baroclinic model
displayed some numerical noise at the northern boundary of the top three vertical
layers (the top 180m of the model), so these were excluded from the data. At the
bottom layers of the model, mesoscale features are virtually absent, leading to eddy
momentum forcing values that approach zero. The bottom four layers were also
excluded, to reduce the memory demands of using the RVM algorithm. Excluding
the bottom layers from the training data could have reduced the accuracy of the RVM
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algorithm at these layers, but the magnitude of the eddy forcings at those depths is
almost negligible, so the impact will be minimal. Hence, eight of the 15 vertical layers
were used in the subsequent results of the baroclinic model.

In the barotropic model, the sparse regression of the RVM algorithm uses a total
of Ny x Ny x N, x N, data points, where N, is again the number of basis functions.
In the baroclinic case, the number of data points used in the sparse regression is now
Ny x Ny x Ny x Ny, x N, where N, is the number of vertical layers used. We therefore
use data from the selected vertical layers all at once, and do not apply the RVM
algorithm separately to each vertical layer.

Figure[6.4shows how both the R? value and the number of basis functions of the fi-
nal expression vary with the pruning threshold hyperparameter. Figure and
show the sensitivity to the pruning threshold for the zonal S, and meridional S, eddy
momentum forcing components respectively.

A similar pattern emerges for the baroclinic model: low values of the pruning
threshold lead to underfitting, while large values lead to overfitting, i.e., retaining
more basis functions with little to no increase in R*. The significant increase in
the R? occurs at 6 ~ 10%, where three basis functions are retained, capturing over
40% of the variance. Here, the RVM algorithm constructs the same eddy momentum
forcing from the barotropic model (Equation , albeit with different values for the
regression coefficients.

00.75

A second increase in the R? occurs at § ~ 1 , where five basis functions are

retained, capturing nearly 70% of the variance. The resulting expression for S, at

this threshold value is given by
- ()
y
(

where again the ¢; are the regression coefficients for each basis function, and are

e + 361(D%)a + 302(D%), — 5(CD). + c4<<D>y) 6.7)
C2)y+%C6(D2)y+%07(D2)y+08(<D)x+C9<CD)y ’ ‘

estimated from the training data. The zonal S, and meridional Sy components of
Equation capture 68.3% and 68.7% of the variance respectively. The values of

each ¢; are the following

co = —10.565, ¢, = —T7.585, cy=—8.483, c3=—9.186, c4=—9.240,
cs = —9.884, cg=—6.970, c;=—7.833, cg=—8503, cy=—9.018,

123



a. S, sensitivity to pruning threshold
1.0 - 15

—— Coeflicient of determination
—— Number of basis functions L 13
o 0.8
0
s
k> Fo
E L7 B
=02
-3
0.0 - 1 1 1 1 1 -1
1000 1076 1012 1018 1074 1030
Threshold value &
S 0.9 2 2 N2 M
0 =10 — (C )T! (D )T! (D )T' (CD)T' (CD)y

§ =10 — (¢2),. (CD),, (CD),

b. SYy sensitivity to pruning threshold
1.0 1 - 15

—— Coeflicient of determination
—— Number of basis functions |13
o 0.8 1
£z A
s 9 2
< .8 7
3 5 :
FE 7
o> 0.4 4 "
£ x A 2
v = E
=021
-3
0.0 - 1 1 1 1 1 -1
1020 1026 1012 1018 1034 1030
Threshold value &
§ 0.9 2 N2 2 >
6 =10"" — (D7)y, (D7), (C7)y, (€D)y, (CD)x

)= 100‘45 — (<2)y~ (CD)y (C-D)r

Figure 6.4: The impact of the pruning threshold on the results of the RVM algo-
rithm applied to data from the baroclinic model. Panel (a) and (b) show how the
R? coefficient of determination (red) and number of selected basis functions (blue)
changes with the pruning threshold, when applied to reveal expressions for the eddy
momentum forcings S, and .S, respectively.

124



where each regression coefficient has units of 108m?. The mean value is K = —8.723 x
108m?, with a coefficient of variation of 9.8%. Similar to the barotropic case, due
to the low coefficient of variation, we can assume that all regression coefficients are
approximately equal, i.e., ¢; = k. Making this approximation, we can re-write Equa-
tion [6.7 in the form
S GO LS PR
¢D 5(C2+D*+ D?*) 4+ (D
or alternatively as
S, ~ KV- (ECDD gg) - I%Iiv(cz + D? 4 D?), (6.9)
where x is now the sole parameter of the expression. The baroclinic expression de-
pends only on the spatial derivatives of the shearing deformation D, the stretching
deformation D, and the vorticity ¢. Like the barotropic expression, the tensor is sym-
metric, despite separately applying the RVM algorithm to the zonal and meridional
components of the eddy momentum forcing. The baroclinic expression can be writ-
ten as the barotropic expression plus the gradient of the squared-deformation terms:
Spo = Spr + ILkV(D? + D?).
The baroclinic model has multiple vertical layers, so to examine the predictions
S, and Sy of Equation we depth-average the time-mean, standard deviation,
and correlation coefficient, shown in Figure . The time-mean of S, and S’y from
the baroclinic expressions (Figures and ) revealed by the RVM algorithm
captures the majority of the large- and small-scale patterns of the true time-mean
(Figures and ) The spatial patterns of the standard deviations of S, and gy
(Figures and [6.5g) also match the spatial patterns of true standard deviations
(Figures and [6.5}), but underestimate the amplitude by approximately 40%.
The correlation maps (Figures and ) show an almost uniform coefficient of
r =~ 0.8 across the domain, with the exception of near the northern boundary, where
numerical noise is present and reduces the amount of the variance captured by S,
and S'y.
We now show the same diagnostics - maps of the time-mean, standard deviation,
and correlation - but this time zonally-averaged (Figure , to examine how the

predictions S, and Sy vary vertically within the validation data. The zonally-averaged
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Figure 6.5: Within the validation data of the baroclinic model, a depth-averaged
comparison of the true eddy momentum forcing S, and S, with the predicted values S,
and S*y from the expression revealed by the RVM algorithm, defined by Equation .
The spatial maps here are a function of longitude (x-axis) and latitude (y-axis).
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Figure 6.6: Within the validation data of the baroclinic model, a zonally-averaged
comparison of the true eddy momentum forcing S, and S, with the predicted values S,

and S'y from the expression revealed by the RVM algorithm, defined by Equation .
The spatial maps here are a function of latitude (x-axis) and depth (y-axis).
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time-means of the predicted S, and gy (Figure and ) reproduce the spatial
patterns of the true time-means (Figure and [6.6h), apart from near the northern
boundary, where neither S, nor gy capture the sign change in S, and S, at high
latitudes in the upper 700m of the model. This is confirmed by the correlation maps,
which uniformly take values of r &~ 0.8, with the correlation coefficients degrading to
zero near the north boundary at the surface; the reduction in variance captured at the
northern boundary may again be due to numerical noise. Overall, with the exception
of the northern boundary, the baroclinic expression of Equation captures over half

the variance across the domain, independent of horizontal or vertical position.

6.4 Results: eddy temperature flux expressions

We now present the results of applying the RVM algorithm to reveal expressions
for the eddy temperature forcing, defined by Equation [6.2l The same horizontal
averaging procedure is used as in the momentum forcing case, so we are trying to
reveal expressions for horizontal eddy temperature fluxes. The barotropic primitive
equation model does not have temperature as a prognostic variable, so the RVM
algorithm is applied only to data from baroclinic model.

Note that, for the eddy temperature forcing, the RVM algorithm did not auto-
matically construct quantities such as the vorticity ¢ or deformations D and D, as
in the momentum forcing case. We therefore did not re-write the library of functions
using that basis here, and used the original basis of %, g—Z, %, and g—;.

As in the momentum case, we constrain the functions of the library such that
the final expression is always the divergence of a flux. Through the divergence theo-
rem, the global integral of the temperature forcing can vanish by setting appropriate

boundary conditions. This will help any revealed temperature flux parameterisation

to conserve energy if subsequently implemented.

6.4.1 Baroclinic model

Figure [6.7|shows how both the R? value and the number of basis functions of the final
eddy temperature forcing expression vary with the pruning threshold hyperparameter.
Above a pruning threshold of 107!, the number of basis functions increases to over

15 while increasing the R? only marginally, implying overfitting. At § ~ 107921
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Figure 6.7: The impact of the pruning threshold on the results of the RVM-algorithm
applied to the eddy temperature forcing using data from the baroclinic model. The
R? coefficient of determination (red) and number of selected basis functions (blue) is
plotted against the pruning threshold.
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highlighted by the cyan circle in Figure[6.7, the R? jumps to 54.3% with only 4 basis
functions. The expression revealed by the RVM algorithm at this R? value is given

by
ST = Co(ﬂxﬂz)y + 1 (ﬂxﬂz>y - CQ(ﬂyﬂz)m — 03(@,@)1, (610)

with the following values for the regression coefficients
co = 1573, ¢, =1.495, o= 1518, c3=1.504

which have units of 10%Cms. The mean coefficient value is x = 1.523 x 10*Cms
with a coefficient of variation of 1.7%. We decided to approximate all the regression
coefficients as being equal, with an average error of 1.7%, which yields the following
expression

Sr ~ KV - (_EZ%H:JF_@%?) 7 (6.11)
where we have also re-written the eddy temperature forcing, to more clearly show the
revealed eddy temperature flux vector. Initially, it appears counter-intuitive for the
eddy temperature forcing to be independent of temperature; later in Section [6.6.2] we
show how Equation does relate to horizontal temperature gradients if thermal
wind balance is assumed.

Depth-averaged diagnostics - the time-mean, standard deviation, and correlation -
of the predicted eddy temperature forcing Sy are shown in Figure . The time-mean
Sr (Figure ) reproduces the general large-scale pattern, but not all small-scale
features. The standard deviation of S (Figure ) underestimates the standard
deviation of the true S; (Figure [6.5d) by approximately 50% on average. The corre-
lation between Sy and Sy decreases at the northern boundary, but is fairly constant
across the rest of the domain at r ~ 0.6.

Zonally-averaged diagnostics are shown in Figure . The time-mean Sy (Fig-
ure ) does not capture the true time-mean Sy at the northern boundary (Fig-
ure ), but does get the general large-scale pattern correct. The standard deviation
of Sy (Figure ) also captures the general pattern of the true Sr (Figure ),
but underestimates the magnitude by approximately 50%. The correlation between

Sris vertically uniform with r ~ 0.6, decreasing at the northern boundary.
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Figure 6.8: Within the validation data of the baroclinic model, a depth-averaged
comparison of the true eddy temperature forcing St with the predicted values Sy
from the expression revealed by the RVM algorithm, defined by Equation |6.10l The
spatial maps here are a function of longitude (x-axis) and latitude (y-axis).
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Figure 6.9: Within the validation data of the baroclinic model, a zonally-averaged
comparison of the true eddy temperature forcing Sp with the predicted values Sy
from the expression revealed by the RVM algorithm, defined by Equation The
spatial maps here are a function of latitude (x-axis) and depth (y-axis).
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6.5 Results: prognostic eddy energy equation

The energy of a closed-system should be conserved. Coarse-resolution ocean models
exhibit a spurious loss of kinetic energy due to viscous momentum closures such as a
Laplacian or biharmonic operators with an enhanced eddy viscosity. The buoyancy
flux parameterisation of |(Gent and Mcwilliams| (1990) flattens isopycnals, through the
extraction of available potential energy (APE) of the resolved state. However, this
APE is lost indefinitely from the model and is not re-introduced.

To balance the energy lost to existing momentum and buoyancy parameterisations,
and then re-introduce it to the model, an additional prognostic equation for the eddy
energy can be solved. However, the prognostic eddy energy equation is unknown
and has to be constructed (Eden and Greatbatch| |2008; Marshall and Adcroft], [2010).
Here, we try and construct an equation for the eddy energy using the RVM algorithm.

Before applying the RVM algorithm, we need to calculate the eddy kinetic energy
on the 30km grid with the eddy velocities u' = u — 1. However, due to the coarse-
graining in our averaging procedure m, the averaged-velocity u is defined on the
30km grid, whereas the original velocity u exists on the high-resolution grid. Due to
this grid mismatch, we cannot compute the simple subtraction in u’ = u — .

Instead, we subtract the filtered velocity u' = u — filter(u) to form the eddy
velocity, and then calculate the eddy kinetic energy as K, = %u’ -u’. This eddy kinetic
energy is then coarse-grained to the 30km grid. Albeit not perfect, this approach
provides an approximate measure of the kinetic energy of eddies of length-scales
between 30km and the grid-scale.

As we want to reveal a prognostic equation for the eddy energy, the target quantity

of the RVM algorithm is the time derivative 65%. To accurately estimate the time

derivative of K., we need data at successive time-steps, so generate new training and

validation datasets from the barotropic and baroclinic model. The time derivative

is estimated using a central-difference stencil 2 ~ L (K!*! — K!='), where the
time-step of dt = 300s of the models is used.

As with previous applications of the RVM algorithm, we construct the function
library using up to 2nd order derivatives and up to 2nd order polynomial products of
the quantities w, v, and K.. The resulting library contains approximately 200 basis

functions for the RVM algorithm to select from.
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Now the results: for both the barotropic and baroclinic models, the RVM algo-

rithm constructs the following equation

oK, 0K, 0K,
~ — 12
ot "ot (6.12)
= —(u-V)K, (6.13)

which is simply advection of eddy energy and captures 50-60% of the variance in
the validation data. Increasing the pruning threshold of the algorithm to allow more
functions to be included in the final results leads to overfitting, as the validation R?
increases by less than 5% but with many basis functions being added.

We varied the spatial-scale of the Gaussian filter, up to a width of 120km, to see
if this would allow the RVM algorithm to reveal expressions beyond advection. Alas,
the RVM algorithm still selected only local advection, even with a more non-local
definition of eddy energy. We also tried including advection in the target quantity, so

instead of applying the RVM algorithm to 85%, we apply it to construct an equation

for the material derivative %. In this case, the RVM algorithm overfitted at all
pruning threshold values, and could not improve on advection as the prognostic eddy
energy equation.

There are a few potential reasons why only advection was selected for the prog-

nostic eddy kinetic equation:

e Our definition of eddy kinetic energy might not have been appropriate, i.e., how

we average the fields.

e The function library may have need 3rd order derivatives and products of the

velocities to accurately capture effects beyond advection.

e The time-scale for calculating the time derivative of the eddy kinetic energy
might have been too short. Considering time-scales longer than the eddy
turnover time may be able to better represent non-advective processes in the

training data.

So although we were not successful in this Chapter in revealing an interesting prog-

nostic eddy energy equation, there are still multiple avenues to explore.
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6.6 Physical interpretation of eddy flux expres-
sions

We have used a data-driven algorithm to construct expressions for both the eddy
momentum and eddy temperature forcing. These expressions capture over 50% of
variation in the validation data, using our definition of the ‘eddy’ field to define the
true eddy forcings. But what do these expressions represent? Can we understand
physically why these expressions appear the way they do? This chapter is motivated
as needing more interpretable applications of machine learning, so here we focus on

the interpreting the results of the RVM algorithm.

6.6.1 Eddy momentum forcing expressions

The eddy momentum expressions revealed by the RVM algorithm, Spr and Spe in the
barotropic and baroclinic models respectively, can be written as the parameterisation

of Anstey and Zanna| (2017)) plus the gradient of additional terms, i.e.,
Spr = Sazr+ KV (6.14)
. 1 — .
SBC = SAZ17+§/€V(C2+D2+D2>, (615)

where, as a reminder, S 4z17 is given by

SAZ17 = Iiv . <_§%) gg) . (616)

When examining the contributions of Spr and Spe to the vorticity budget, the gra-

dient terms vanish as V x V¢ = 0 for any function ¢. The resulting eddy vorticity

forcings for each expression are therefore equal, i.e.,
vXSBT:vXSBC:vXSAzn, (617)

which can be written as the divergence of a vorticity flux. The vorticity flux can be
found by taking the ’curl’ of the stress tensor T, which is equal to Vx T = RV - T =

(—0y,0;) - T, where R = <(1) _01) This leads to the following vorticity flux

F. = k(DR + DR, )V, (6.18)

where R, and R, are matrices representing reflection in the x-axis and reflection in

an axis oriented at 45° to the x-axis,respectively. In Figure 1 of |[Anstey and Zanna
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(2017), the vorticity flux of Equation is interpreted as a larger-scale flow field
acting, through (DR +DR+), to deform a smaller-scale flow field, represented by V(.
This interaction can produce up-gradient momentum fluxes, sharpening jets, as well
as acting as a net sink of enstrophy.

So this is an interpretation of the Anstey and Zanna, (2017) expression, but what
about the additional gradient terms in the right-hand side of Spr and Spe? They
vanish in the vorticity budget, but we can gain further insight by considering a hy-
pothetical Reynolds stress tensor, given by

T — (% %) , (6.19)

where the averaging procedure (.) here is a spatial Reynolds decomposition, u = u+u/,
where u/ = 0. Now, assume that the eddy velocities can be approximated by a Taylor
expansion of the averaged velocities: v ~ Axg—g + Ayg—g and v = Aa:g—g + Ay%.
Plugging these approximations into Equation , using AzAy = 0 (assuming Ax
and Ay are randomly distributed random variables), and assuming a square coarse-
graining box such that Az2 = Ay2, leads to the following tensor based on first-order

spatial derivatives of the velocity field

T <_ Up tly - Uala “_%’”y) , (6.20)
Uz Vg + Uy Uy U, T U,
where we have used the shorthand u, = g—g for spatial derivatives. Let us re-write the

above Taylor-expanded Reynolds tensor using the basis used to construct our library
of functions for the RVM algorithm: ¢ = v, —u,, 0 = u, +v,, D = u, + v,, and

D = u, —v,. The stress tensor of Equation becomes

T oD—(D oD+(D
ocD+(D —oD+ (D)’

1 8
+ 5I(D2 + D?+ (* +07), (6.21)

where I is the identity matrix. Now, assume the velocity field is non-divergent, o = 0,

reducing the tensor to

_ b 1 -
T x ( gCDD gg) + 51(D2 + D + (%), (6.22)

which is exactly the same tensor found by the RVM algorithm applied to the baro-
clinic data in Equation [6.9] including the factor of one half in the gradient terms!
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Therefore, the baroclinic eddy momentum forcing Spe is equivalent to Taylor ex-
panding the eddy velocities as a function of the large-scale velocities. The Sazi7
expression is partially related to a Taylor expansion of the eddy velocities, as dis-
cussed in |Anstey and Zannal (2017)), by using only the component of the stress tensor
that contributes to the vorticity budget. The barotropic expression Spe also partially
relates to Taylor expansion, which includes the gradient of enstrophy ¢2, but not the
squared deformations D? and D2.

A Taylor expansion of the Reynolds stress tensor is known as the non-linear gra-
dient model (Nadiga, 2008; |[Nadiga and Bouchet), [2011]), and assumes that the small-
scale flow field of the eddies is ‘self-similar’ to the large-scale flow, and can therefore
be predicted as a function of @ and ¥. Note, in order to recover the non-linear
gradient model from our baroclinic RVM expression, we had to assume horizontal
non-divergence of the flow; this was despite the training data originating from a
free-surface height model with V - a # 0.

We have considered the effects of S gt and S pc on the momentum and vorticity
budgets, but what about the impact on the energy? In particular, what is the impact
on the global kinetic energy budget? We consider the effect of only Spe, as the
barotropic momentum expression is part of the baroclinic momentum expression. To
obtain the effect on the global kinetic energy, we multiply the eddy momentum forcing

by u and integrate over the domain, giving

//ﬁ‘égcdxdy = ﬁ//ﬁ-(v-T)dxdy,
R

= // (Ta) — —U(C +D*+D ?)] dady,
= / (Tu) - dl — —/@/ o(¢®*+ D* + Dz)}dxdy,
C=0R
_ %,@//Ra(g 1+ D? + D?)dady, (6.23)

where to move from the first to the second line, since T is symmetric, we can write it

as T = (a 0) + (b _Cb> = al+ bR, + cR, where a, b, and c are scalar functions.

0 a c
From this, it can be shown that V - (T@) = G- (V- T) — aoc — bD — ¢D (Anstey
and Zanna, 2017). We used the divergence theorem to move from the second to the
third line. The term involving Tu, originating from the Anstey and Zanna (2017)

parameterisation, vanishes for both free-slip (¢ = 0 causing T = 0 at boundaries) and
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no-slip (u = v = 0 at the boundaries) boundary conditions, conserving global kinetic
energy.

The remaining term in Equation [6.23]- originating from the gradient of ¢?, D?, and
D? - represents a net source or sink of kinetic energy from the eddy momentum forcing
of Spc. As the terms (2, D%, and D? are all positive-definite, it is the sign of the
divergence o = u, + v, which determines whether the momentum parameterisation
adds or removes global kinetic energy.

Therefore, if there is a local horizontal divergence (V -0 < 0) of the flow, then
the baroclinic expression will add kinetic energy, proportional to the sum of the
enstrophy and squared deformations multiplied by the divergence. In the case of
a shallow water model, the horizontal divergence of the velocity field corresponds to
changes in the free surface height; divergence leads to a decrease in free-surface height,
and convergence corresponds to an increase in free-surface height. Changes in kinetic
energy can, therefore, potentially be interpreted as interacting with the reservoir of
potential energy.

The same source of kinetic energy occurs for the barotropic expression but without
the deformation terms appearing in Equations[6.23] If the flow is non-divergent, both

the barotropic Sz and baroclinic Spe expressions conserve global energy.

6.6.2 Eddy temperature forcing expression

As a reminder, the expression revealed by the RVM algorithm for the eddy tempera-
ture forcing is given by

A Y —UylU, — VU,

Sp = KV (ﬂxﬂz+5ﬁz ) , (6.24)
assuming all regression coefficients are approximately equal. If there is zero vertical
variation in the velocity field, u, = 0, then Equation [6.24] vanishes. The revealed
expression is therefore intrinsically tied to vertical variations, which makes intuitive
sense, as the expression is parameterising eddy fluxes that impact the temperature
field, in turn impacting the density field.

The dependence of Equation [6.24] on vertical variability can be further examined

9 0Op g op
pof Oy pof 0x”

Here, thermal wind balance assumes the velocities u and v are in geostrophic balance.

by assuming that thermal wind balance holds, such that u, ~ and v, ~ —
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This is justified, as the filtering and coarse-graining procedure removes the small-scale

(< 30km) component of the velocity field, where the ageostrophic motion is more

prominent.
Using thermal wind balance, Equation becomes
Sp = 47, (__“%py +_”y_”x) , (6.25)
pOf uﬂﬁpy — UzPy

where the eddy temperature flux is now the product of the horizontal derivatives of the
velocity and density fields. If thermal wind balance is an appropriate assumption, then
the revealed eddy temperature forcing relates to the interaction of lateral variations
in the velocity and density fields.

Note that the coefficient x has units of C'ms, which physically is peculiar. However,
after assuming thermal wind balance, the constant at the front of Equation [6.25
becomes %. If we then assume a linear equation for the density, p = poa(T —Tp), the
constant becomes %, which has units of m?. This is the same units as the coefficient
of the Anstey and Zanna| (2017) parameterisation and the momentum expressions
revealed by the RVM algorithm. In |Anstey and Zanna (2017), they found their
coefficient to scale with the spatial resolution squared, Az?. It may therefore be the
case that the coefficient of the eddy temperature forcing - after assuming thermal wind
balance and a linear equation of state - may also scale with the horizontal resolution
squared Az?.

We can re-write the eddy temperature flux in Equation [6.25] as the gradient of the
density field Vp being multiplied by a tensor, leading to

Sp = ;—?fv [(_%x %fy) Vp}, (6.26)
R = o—D (—D\=_
- o (n 520) W) (027
- 22? V- [(51 — DR, + (R + DR)VE} , (6.28)

where first we use the o, ¢, D, and D basis to re-write the velocity gradients within
the tensor. We then obtain Equation by re-writing the tensor itself using the
following tensor basis I, Ry, Ry, and R, given by

I:(é ?),m:(é _01>,RX:(? é),R:(? _01). (6.29)
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The eddy temperature flux in Equation [6.28] in a similar way to the vorticity flux
of [Anstey and Zanna| (2017) in Equation [6.18] can be interpreted as a larger-scale
velocity field represented by (oI — DR, + (R, + DR), acting on the smaller-scale
density field represented by V5. More work is required to further understand what
the velocity gradient tensor (oI — DR, + (R, + DR) represents, as it is not simply
the strain rate tensor, which is symmetric and given by S = %(O‘I + DR, + DR.).

We can gain additional information by determining the impact of Sr on the hor-
izontal momentum equations. To do this, we can examine the horizontal momentum
tendency equation in the residual-mean formulation (Ferrari and Plumb) 2003; Mar-
shall et al., 2012). After this transformation, the effects of eddy buoyancy fluxes
appear in the horizontal momentum tendency as the following

%+...=%(§—%kx@), (6.30)
where k is a unit vector in the vertical direction. For example, Gent and Mcwilliams
(1990) parameterise eddy fluxes in the buoyancy equation, where the parameteri-
sation acts to flatten isopycnals. However, in the residual-mean formulation, the
parameterisation presents as an additional vertical diffusion of momentum (Gent and
Mcwilliams), [1990; Greatbatch and Lamb, [1990). Assuming a linear equation of state,
such that buoyancy is a linear function of temperature, we can go through the same
procedure to see how our eddy temperature forcing in Equation [6.24] appears in the
residual mean formulation.

By using our expression for the eddy temperature flux, we obtain the following

term in the horizontal momentum equation, by using our discovered temperature flux

in place of the eddy buoyancy flux w'd’ within Equation |6.30, leading to

ou o an 0 Uy Vg U,

au " N§ %[ (ﬂy Ey) <@Z>} (631
_ f()O./ 0 —_Taﬁ
= T NZ o g (6.32)

where V1 is the velocity gradient tensor, the superscript ()7 is the transpose, and
noting that VﬁT‘g—g x k x u't/. Using the residual mean formulation, our eddy
temperature forcing therefore takes the form of an additional vertical diffusion of the
horizontal momentum u, but with the diffusivity represented by the velocity gradient

tensor V. The values of the velocity gradient tensor are not bounded, so depending
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on the flow field, Equation [6.32] could be diffusive or anti-diffusive. In other words,

the vertical momentum flux can be both up- or down-gradient.

6.7 Summary and discussion

6.7.1 Summary

We have shown that eddy parameterisations can be constructed with machine learning
algorithms which are interpretable, using the method of discovering equations from
data, which use the fewest number of functions to accurately capture the underlying
dynamics. In particular, we use a sparse Bayesian regression algorithm (Zhang and
Lin), [2018)) based on relevance vector machines (RVMs), that selects functions from
a library of basis functions. The algorithm iteratively prunes the library by only
retaining basis functions which have the most ‘certain’ regression coefficients. The
algorithm has a single hyperparameter that requires tuning, namely the uncertainty
threshold, above which basis functions are pruned.

The algorithm can be constrained to respect physical principles, by applying con-
straints to the functions that are included in the library. For the eddy momentum
forcing, we constrain the function library such that the resulting equation can be writ-
ten as the divergence of an eddy stress tensor S=V. T; this constraint ensures that
global momentum can be conserved by setting the appropriate boundary conditions
on the tensor.

The RVM algorithm reveals expressions for the eddy momentum and temperature
forcing that capture over 50% of the variance in the validation data, in both barotropic
and baroclinic primitive equation models. The tensors revealed by the RVM algo-
rithm for eddy momentum forcing are symmetric, despite the algorithm being applied
separately to the zonal and meridional components of the forcing. A symmetric ten-
sor is important for vorticity conservation, as then V x (V- T) =V - (V x T)), so
the vorticity forcing can be written as the divergence of a vorticity flux; this implies
vorticity can be globally conserved by prescribing appropriate boundary conditions on
the vorticity flux through the divergence theorem. The RVM algorithm automatically
tends towards functions that form the divergence of a vorticity flux.

The eddy momentum expressions, revealed by the RVM algorithm, contain the

deformation-based parameterisation of Anstey and Zanna, (2017)), which captures up-
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gradient momentum fluxes and dissipates enstrophy. The eddy momentum expres-
sions revealed by the RVM algorithm contain additional terms, namely the gradient of
enstrophy and the squared deformations squared; these terms relate to the non-linear
gradient model (Nadiga, |2008; Nadiga and Bouchet| 2011), which assumes the eddy
velocity can be Taylor expanded using the resolved velocities.

The revealed eddy temperature expression depends on the products of the hor-
izontal and vertical gradients of the velocity field. Assuming thermal wind balance
leads to an eddy temperature flux which depends on the product of a horizontal gra-
dient of velocity and density. The flux can further be re-written to show a large-scale
flow field acting on a smaller-scale density field. In the residual-mean formulation, the
resulting eddy temperature forcing appears as an additional vertical diffusion of the
horizontal velocity field, with the corresponding diffusivity tensor being proportional

to the velocity gradient tensor.

6.7.2 Discussion

Using an iterative sparse regression to reveal expressions for eddy parameterisations,
as opposed to training higher-complexity algorithms such as deep neural networks,

has the following advantages:

e Can capture a significant proportion of the variance of the true eddy forcing

while remaining interpretable.

e The interpretability makes inference possible, i.e., uncovered expressions could

improve our physical understanding of turbulent mesoscale eddies.
e Fewer hyperparameters to tune within the iterative sparse regression.

e Computational cost of implementing is negligible, as resulting parameterisations

comprise of functions that are simple products and derivatives.

e (Closed-form expressions could more easily deal with coastlines and topography

if implemented in a realistic global circulation model.

However, if the iterative sparse regression is capturing roughly 50% of the variance,
then that leaves 50% not captured. It may be that certain situations require the

power of higher complexity algorithms, such as the convolutional neural networks of
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Chapter [5] in order to obtain 90+% captured variance, especially if interpretability is
not important for the task at hand. Note that although the inner-workings of a neural
network may be obscured by complexity, the architecture can still be constrained to
respect physical principles such as conservation of momentum, just like with the RVM
algorithm. We also found that the neural networks of Chapter [5] generalised well to
models of different Reynolds numbers, whereas we have not yet conducted that same
test for the expressions revealed by the RVM algorithm.

The equations we do uncover in this chapter are found using data which is close
to the geostrophic limit. The resulting parameterisations may work well when the
flow is predominantly in geostrophic balance. Therefore, it is not clear how well these
data-driven algorithms will perform well beyond this limit.

Instead of relying on higher-complexity algorithms to improve the amount of vari-
ance captured, there are improvements that could be made to the RVM algorithm
used in this chapter. For instance, we only used up to 2nd order spatial derivatives
and polynomial products of the velocities u and v, due to computational restrictions.
Predictive skill of the RVM algorithm could be improved by including higher-order
products and derivatives in the function library. In the case of the revealed eddy
momentum expressions, higher-order basis functions could help move beyond the
functional form of |Anstey and Zannal (2017) and the non-linear gradient model.

The library of basis functions could also be improved by including memory effects,
i.e., information at previous time-steps. In this chapter, the basis functions and the
target quantities were all calculated at the same time-slice. We know that memory
effects are important for parameterising mesoscale eddies (Mana and Zanna, 2014),
so including temporal derivatives of w and v in the function library could further
improve the RVM algorithm.

Then there is the RVM algorithm itself. We adapted the RVM algorithm from
Zhang and Lin| (2018)) and found it to be more reliable than the sequential threshold
ridge regression of Rudy et al. (2017). However, there may be equation-discovery
algorithms that outperform the RVM algorithm. The approach of discovering equa-
tions from data is still relatively young, and as such, many new methods are being

proposed. For instance, using neural networks to select basis functions (Champion
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et al., [2019; Xu et al. 2019)), which may utilise the high-complexity of neural networks

while still producing an interpretable expression for the eddy parameterisation.

One final criticism of the RVM algorithm, which also applies to the convolutional
neural networks of Chapter 5] is that all measures of success have so far been diag-
nostic - they have been calculated using data already produced by a high-resolution
model. An important assessment of eddy parameterisations is how they behave once

implemented in a model, which we have not yet tested.

144



Chapter 7

Prognostic evaluation of eddy
momentum parameterisations

7.1 Introduction

Whether an eddy parameterisation is constructed in a physics-driven, data-driven
or hybrid approach, all closures must be evaluated in a prognostic fashion. In other
words, eddy parameterisations must be implemented back into a truncated or reduced-
resolution ocean model. Implementation is necessary to see if the scale-interaction
between the parameterised sub-grid processes and the resolved dynamics are accu-
rately represented. The skill of the parameterisation is determined through global
metrics, such as the higher-order statistical moments of the velocity field.

In addition, to assess how the physics of the model change, we also need to as-
certain the impact of the eddy parameterisation on numerical stability. A param-
eterisation that perfectly represents the effects of eddies is of little use if it causes
the model to diverge every time it is implemented. The computational cost also re-
quires consideration, as a parameterised ocean model becomes counterproductive if
the computational cost approaches that of a higher resolution model.

The convolutional neural networks and RVM algorithm of Chapters [5] and [g] learn
from data in a diagnostic manner. Diagnostic means the data-driven algorithms are
being applied after the training data has been formed, from either models of ob-
servations. We now want to test these parameterisations in a prognostic manner.
A prognostic evaluation involves numerically integrating the model with the param-

eterisation implemented, allowing the model to interact with the parameterisation
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and vice versa. A key issue of data-driven parameterisations is that diagnostic per-
formance does not guarantee prognostic performance (Rasp, 2019), with the latter
being more important for future implementation in climate models. A data-driven
parameterisation may capture a significant proportion of the variance during training,
but whether it actually improves a low-resolution model cannot be determined until
implementation.

A note on the nomenclature within the literature: depending on the branch of
science, when referring to the performance of a data-driven algorithm, the terms
diagnostic and prognostic are sometimes used interchangeably with offline and online,
or a-priori and a-posteriori. In this chapter, we will only use the terms diagnostic and
prognostic.

Data-driven parameterisations are more frequently being evaluated in a prognostic
manner, particularly in atmospheric models (e.g. Brenowitz and Bretherton, 2018;
Rasp et al., 2018; |O’Gorman and Dwyer} [2018). An interesting example of a neural
network turbulence closure comes from Maulik et al.| (2019), where using physically-
motivated input features, based on the closures of Smagorinsky| (1963)) and Leith
(1968)), significantly improved prognostic performance.

Parameterisations are typically constructed with the goal of representing a phys-
ical process, with numerical stability not considered at first. The model diverging to
infinity, i.e., ‘blowing up’, is therefore a common issue when attempting to implement
a new parameterisation. The issue is exacerbated for some data-driven parameterisa-
tions, where the impact on stability criterion is obscured by the black-box nature of
the algorithm, such as neural networks - how is the Courant-Friedrichs-Lewy (CFL)
condition supposed to be evaluated for an algorithm with hundreds of thousands
of parameters? There are additional considerations, such as whether an implicit or
semi-implicit numerical scheme should be used with a particular parameterisation, or
what order advection scheme should be used.

Numerical stability can be partially addressed by enforcing physical constraints,
in particular conservation laws. With regards to parameterising eddy momentum
fluxes, respecting global conservation of vorticity and momentum not only improves
the representation of the physics, but may also improve the stability of the model. If

a data-driven parameterisation continuously inputs global momentum at each time-
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step of the model, the resulting flow field will either become physically unrealistic or
numerically diverge. Respecting physical principles is therefore an important consid-
eration during prognostic tests (Beucler et al., 2019bla).

In this chapter, we conduct a prognostic evaluation of a suite of eddy momen-
tum parameterisations. In Section [7.2] we introduce each parameterisation to be
tested and the corresponding ocean model in which they will be implemented. Be-
fore discussing the implementation, we summarise the diagnostic performance of each
parameterisation in the training data in Section [7.3] In Section [7.4] we investigate
the prognostic performance of each parameterisation, by assessing the energetics and
resulting flow field of each model. In Section [7.5 we summarise the results of imple-

menting each parameterisation and the implications for future climate models.

7.2 Data and methods

In this section, we describe the three eddy momentum parameterisations to be tested

and the shallow water model in which they will be implemented.

7.2.1 Candidate momentum parameterisations

Two of the candidate parameterisations are data-driven: the first being a fully-
convolutional neural network, and the second being the barotropic momentum ex-
pression (Equation revealed by the RVM algorithm from Chapter [ff We include
a third parameterisation for comparison, namely the deformation-based parameter-
isation of |Anstey and Zanna (2017)), as it also appears within the barotropic and
baroclinic momentum expressions revealed by the RVM algorithm. We describe each
of these three parameterisations below, with regards to the parameters they use and

how they are implemented.

Parameterisation 1: Fully-convolutional neural network

We initially wanted to implement the convolutional neural networks trained on the

quasi-geostrophic model in Chapter 5} However, this produces the followings issues:

e We cannot conduct a fair comparison with the other data-driven parameter-

isation (from the RVM algorithm of Chapter @ due to the training datasets
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originating from dynamically different models, in addition to using different

definitions of the eddy momentum forcing.

e The convolutional neural networks of Chapter 5| were constructed to use inputs
and outputs on a 7.5km grid, which does not match the resolution of the coarse-

resolution 30km grid of the model we intend to implement in.

e To form a prediction of the eddy momentum forcing with the convolutional
neural networks of Chapter [5] multiple predictions have to be made and tiled
together to form a coherent prediction for the full domain. This is because
the convolutional neural networks of Chapter [5| only make predictions for a
40x40 grid point area at a time - predictions for overlapping 40x40 areas are
combined together. This dramatically increases the computational cost of any

future implementation.

These obstacles make implementing the convolutional neural networks of Chapter
impractical. However, we still want a prognostic test of a neural network eddy mo-
mentum parameterisation. Hence, we take what we learnt from Chapter [5| and train
a whole new convolutional neural network, using the same training data from the
barotropic primitive equation model used by the RVM algorithm in Chapter [6], al-
lowing for a more rigorous comparison. We use a training-validation split of 50:50,
using 1000 time-slices of model output, with time-slices taken every 4 days - the exact
same as the RVM algorithm. From the lessons of Chapter [5, we can also make the
implementation more practical, as well as physically-constraining the neural network
architecture in an improved manner.

The architecture of the new convolutional neural network to be implemented and
studied in this chapter is shown in Figure [7.I] The network takes maps of both
velocity components u and T as the inputs, and then through four convolution layers
simultaneously predicts both components of the eddy momentum forcing S, and S'y.
The architecture contains only convolution layers and no fully-connected layers, and
hence these types of networks are referred to as fully-convolutional. The advantage
of using a fully-convolutional architecture is that the network can take inputs of any

size, unlike networks with fully-connected layers which require all inputs to have the
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Figure 7.1: A schematic of the architecture of the fully-convolutional neural network,
which takes the velocity fields v and v as multi-channel inputs, and simultaneously
predicts the two components of the eddy momentum forcing S, and S,. The archi-
tecture is physically-constrained such that the final result is always the divergence of
a symmetric eddy stress tensor.

same shape. This is powerful for training and predicting on multiple ocean models
with varying domain sizes.

Note that one disadvantage of using a fully-convolutional architecture (in addition
to the computational cost) is that the network can struggle to differentiate boundaries
from the ocean interior. The filters of each convolution are shared across each point
in space, i.e., the result of a convolution at a point in the domain (zg, yo) will produce
the same result when applied to a different point (z1,y;) - this would not be the
case for a fully-connected layer. Thus, if (xg,y0) and (z1,y;) represent points at the
boundary and in the interior respectively, the fully-convolutional neural network will
assume the dynamics are the same for both points. During initial experimentation,
we found that this degraded performance at the boundary, producing spuriously large
biases in the predicted eddy momentum forcing. Attempts to remove the spurious
patterns failed, so we decided to force the eddy momentum forcing to be zero within
four grid points of the boundaries - this is carried out within the architecture of the
neural network, so no post-processing is involved.

The architecture is physically constrained such that the activation maps of the
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third convolution layer represent the elements of an eddy stress tensor T. Note that
we assume the eddy stress tensor is symmetric, T1y = T, such that only three tensor
elements need predicting. The final convolution layer takes the spatial derivatives of
the previous tensor elements, using fixed filters representing central-difference stencils.
This final fixed convolution layer, that takes spatial derivatives, forms the two outputs
S, = % + %L;’ and S’y = % + %. Note that the mean-squared error loss function
is a function of the final eddy momentum forcings S, and S,, and not the eddy tensor

T, i.e.,
1 & . .
L= IS - 8912 + (S — 807, (1)
=1

where N is the total number of training samples and i represents the ¢th sample. By
physically-constraining the architecture to form the elements of a symmetric eddy
stress tensor, global momentum and vorticity conservation can be achieved by pre-
scribing appropriate boundary conditions.

We also do not use bias parameters in any of the convolution layers. The bias
parameters are trainable values that are added to each point in space after the con-
volution operation has taken place, but before being passed through the activation
function. Having no bias parameters enforces that S, = S’y =0whenu =7 =10
everywhere in the domain. This must be the case physically, because if there is no
large-scale flow, then there is nothing for small-scale eddies to interact and exchange
momentum with.

The full details of the architecture and training are shown in Table 7.1, The
hyperparameters of the architecture, such as the number of convolution layers and
the number of filters, were chosen by experimenting with numerous configurations

and examining the impact of the R? coefficient in the validation data.

Parameterisation 2: Barotropic RVM algorithm expression

We use the expression revealed by the RVM algorithm when applied to data from
the barotropic primitive equation model in MITgem. As previously presented in

Chapter [6] the barotropic momentum expression takes the following form

s = (¢-(D (D
s, = - (T W0 (72)
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Parameter description

Parameter value

Input variables
Input size

Output variables
Output size

Number of convolution layers
Number of filters for each convolution layer
Filter stride for each convolution layer
Filter size of each convolution layer
Boolean bias specifier for each convolution layer
Activation function for each convolution layer

Fixed-value central-difference filters of final
convolution layer to calculate spatial derivatives

Loss function

u, 0
128x128
128x128
3 trainable, 1 fixed
128, 64, 48, 2
1,1,1,1
3x3, 3x3, 3x3, 3x3
FALSE, FALSE, FALSE, FALSE
SELU, SELU, SELU, linear

0 0 O 0 05 O
-05 0 051,160 0 0
0 0 0 0 —05 O

Mean-squared error

Optimiser Adam

Learning rate 0.0001
Batch size 1

Number of training epochs 1000

Table 7.1: Parameters of the architecture and training of the fully-convolutional
neural network illustrated in Figure

where we make the approximation that the regression coefficients are approximately
equal ¢; = K, due to the coefficient of variation of 14.2%. The parameter x is set to the

mean value of the regression coefficients found in Chapter @, i.e., k= —4.87x10%m?.

Parameterisation 3: Deformation-based Anstey and Zanna (2017)

We compare the previous two data-driven parameterisations with the previously
discussed physics-driven deformation-based parameterisation of Anstey and Zanna

(2017)), defined by

A = (—C(D (D
S, = WV ( gCD gD). (7.3)
There are two main reasons for this choice. First, it appears within the barotropic
momentum expression revealed by the RVM algorithm, so we want to determine the
impact of the additional terms that appear in Equation [7.2] namely the gradient of
enstrophy.

Secondly, we know from the study of |Anstey and Zanna, (2017) that Equation
captures up-gradient momentum fluxes, which allows for a more appropriate compari-

son with dynamics learnt by the two data-driven parameterisations. Eddy momentum

fluxes are not always down-gradient, which traditional closures (e.g. [Smagorinskys,
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1963; |Leith) 1968) assume. Also, coarse-resolution ocean models already include a
dissipative momentum closure (e.g. a Laplacian momentum viscosity) to improve
numerical stability.

We set the parameter of Equationto Kk = —4.87x 108m?, the exact same as the
parameter of the expression from the RVM algorithm, allowing for a fair comparison.
This also matches the values found empirically in |Anstey and Zanna (2017)), where
x was found to vary between 0 and —8 x 10®m? across the domain of their primitive

equation model (Figure 6b of |Anstey and Zanna, [2017)).

7.2.2 Ocean model to parameterise

The two data-driven parameterisations are trained on data from a high-resolution
barotropic primitive equation model in MITgcm. Ideally, to evaluate the prog-
nostic performance, we would implement the parameterisations back into the same
barotropic primitive equation model, but at a coarser resolution. However, the MIT-
gecm model numerically integrates the primitive equations in Fortran. Unfortunately,
we did not have time to implement the fully-convolutional neural network parameter-
isation in Fortran, and therefore decided to implement using a higher-level program-
ming language. Implementation in Fortran is a future goal however.

As Python was used to train and save the fully-convolutional neural network,
we use a shallow water model in Python as our prognostic test-bed of the three
candidate momentum parameterisations. Despite being significantly slower compared
to Fortran, using Python allows us to more easily implement and experiment with
each parameterisation.

The shallow water model, described in more detail in Section [3.1] is similar to the
barotropic primitive equation model: they share the same three prognostic variables
- the horizontal velocities and free-surface height - and are run in a double-gyre
configuration with a constant wind forcing. The double-gyre configuration is used
to emulate western boundary currents and their eastward-extending jets, such as the
Gulf Stream and Kuroshio Extension (Schmitz Jr and Holland} [1986; Berloft et al.,
2002; Mana and Zannal 2014; |(Cooper and Zannal 2015).

To test each parameterisation, we implement them into a 30km resolution version

of the shallow water model. With the parameterisation implemented, we spin-up the
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model from rest for 10 years, and then run for an additional 10 years to produce the
final dataset for analysis. At each time-step, the components of the eddy momentum
forcing S, and Sy are calculated using the velocities on the coarse-grid, u and v, using
the prescribed parameterisation; S, and S’y are then simply added to the prognostic
equations for w and T as an additional forcing.

For all three parameterisations, to guarantee conservation of global momentum
and vorticity, we set the values of the eddy stress tensor to zero at the boundaries of
the domain. Due to the divergence theorem, this ensures the contribution of S, and
S*y to the global momentum and vorticity budgets vanishes at each time-step. Note
that this does not prevent the parameterisations acting as a source or sink of kinetic

energy.

7.3 Diagnostic evaluation

Before we proceed with the prognostic evaluation, we first summarise the performance
of each parameterisation in the validation data from the barotropic primitive equation
model in MITgem. This will allow us to compare the diagnostic performance of
the newly-trained fully-convolutional neural network with the true eddy momentum
forcing, as well as the other parameterisations.

Figure presents the first four statistical moments - mean, standard deviation,
skewness, kurtosis - of the true S, and the predicted S, from each parameterisation
over the validation period. Figure 7.2 also includes the Pearson correlation coefficient
between each predicted S’m and the true S,. We include the higher-order statisti-
cal moments, skewness and kurtosis, as these are important features that an eddy
momentum forcing should capture (Mana and Zannal, 2014). Also, the data-driven
parameterisations are trained to minimise the mean-squared error, so their predicted
standard deviation should match the true standard deviation (to some extent) by con-
struction. Comparing the skewness and kurtosis of the parameterisations is a more
robust test, as those statistical moments are not directly linked to the mean-square
error loss function.

For brevity, we will refer to the |Anstey and Zanna (2017) deformation-based
parameterisation (Equation as AZ17; the barotropic momentum expression re-
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Figure 7.2: Within the validation data of the barotropic MITgecm model, comparisons
of the diagnostic predictions of three momentum parameterisations: the deformation
parameterisation of Anstey and Zanna (2017), the barotropic RVM-algorithm expres-
sion, and the fully-convolutional neural network described in Section [7.2.1] For each
parameterisation, we compare the mean, standard deviation, skewness, and kurtosis,
of the zonal eddy momentum forcing S, with the true forcing S,.
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vealed by the RVM algorithm (Equation as the RVM expression; and the fully-
convolutional neural network parameterisation as FCNN.

In the time-mean maps of S, (top row of Figure , the RVM expression most
accurately captures the spatial patterns. The fully-convolutional neural network also
captures the majority of the spatial patterns of the true time-mean, but exhibits a
negative bias at the eastern boundary. The AZ17 parameterisation loosely captures
the negative values at the western boundary and positive values in the interior, but
struggles to capture the finer small-scale patterns of the true time-mean. Similar
results hold for the standard deviation (second row of Figure[7.2)): the RVM expression
and FCNN reproduce the true standard deviation almost exactly, with differences
only visible close to the western boundary. Whereas the AZ17 standard deviation
underestimates the true standard deviation by 50% in the ocean interior.

The maps of skewness of the true S, and predicted S, (third row of Figure
show complex patterns with significant small-scale variability. Both the RVM and
FCNN capture the majority of the small-scale variability of the true skewness, par-
ticularly in the flanks of the jet. However, the FCNN does not get the correct sign
of the skewness near the eastern boundary, whereas the RVM expression does. The
AZ17 parameterisation does accurately capture the true skewness at the northern and
southern boundaries, but not in the flanks of the jet.

With regards to the maps of kurtosis (fourth row of Figure , again the RVM
expression and FCNN do well in reproducing the small-scale variability of the true
kurtosis. Despite underestimating the true standard deviation, the kurtosis of the
AZ17 parameterisation kurtosis is not dissimilar to the true kurtosis. The correlations
maps of each parameterisation (bottom row of Figure are consistent with the
statistical moments: the performance of AZ17 deteriorates to a negative correlation
in the jet flanks, the RVM expression is positive almost everywhere in the domain
with » > 0.5, and the FCNN performs particularly well within the jet with » > 0.8
but then degrades close to zero moving towards the eastern boundary.

Figure shows the same statistical moments and correlation maps of the merid-
ional component of eddy momentum forcing. These are the diagnostic predictions
within the validation data, the same as the zonal component shown in Figure [7.2

A similar story emerges, with the RVM expression and FCNN capturing the correct
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Figure 7.3: The same as in Figure but comparing the meridional component of
the eddy momentum forcing S, with the true S,,.
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spatial patterns in all the statistical moments. The reduced performance of AZ17 in
the jet flanks is more visible in the meridional component, especially in the predicted
time-mean and skewness, where significant differences exist compared to the truth.
Again the correlation of the FCNN is high within the jet and close to the western
boundary with » > 0.8 but degrades at the eastern boundary. The correlation of the
RVM expression is more uniformly positive with » > 0.5. The correlation of AZ17
becomes negative in the jet flanks but moderately positive in the remainder of the
domain (r =~ 0.3).

Overall, in a diagnostic analysis, we see that the RVM expression and FCNN cap-
ture the higher-order moments of the skewness and kurtosis, and generally outperform
the AZ17 expression. In terms of predictive skill, the FCNN captures almost all of
the variance in the vicinity of the jet, but this high skill is not consistent across the
domain, particularly at the eastern boundary. The predictive skill of the RVM ex-
pression is not as high as the FCNN within the jet, but is significantly more consistent

across the domain, with fewer patches of zero or negative correlation.

7.4 Prognostic evaluation

We now test how the diagnostic performance translates to prognostic performance
when implemented into a model. As discussed in Section [7.2.2] we run a shallow
water model at 30km resolution for each parameterisation. We spin-up each model
from rest for 10 years and then run for an additional 10 years for data generation.
In both the spin-up and data generation periods, we store time-slices of all fields at
5-day intervals.

To compare with the parameterised models, we also run models at 30km and
3.75km resolution with no parameterisation, with the latter acting as the high-
resolution truth. In total there are five models, three of them containing an eddy
momentum parameterisation. In this section, we compare the flow field and the
energetics of all models.

Note that the parameterisations initially encountered issues when first imple-
mented: the models with the RVM expression and AZ17 parameterisations diverged
to infinity after a year, while the FCNN produced un-physical flow fields. Specifically,

the FCNN over-energised the model, continually inputting energy into the large-scales
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of the model through an inverse cascade. Eventually, instabilities spread over the en-
tire domain and the current speeds approached 10ms~'. So despite the FCNN not
crashing the model, the dynamics were not realistic - the instabilities generated by the
FCNN are discussed further in Section [7.4.2l We wondered whether the complexity
of the convolutional layers allowed the FCNN parameterisation to be more resistant
to numerical instabilities - at least relative to the AZ17 and RVM parameterisations.

To avoid the models diverging, or over-energising the flow, we attenuated the
strength of each parameterisation, i.e., at each time-step we simply multiply S, by
an attenuation coefficient a with 0 < o < 1. We wanted to use as high an attenuation
coefficient as possible for each parameterisation, to give each model the best chance
of reproducing the dynamics of the high-resolution model. Through trial and error,
we used attenuation levels of 50%, 60%, and 70% (a= 0.5, 0.6, and 0.7) for the RVM,
AZ17, and FCNN parameterisations respectively. These attenuation levels were found
to stop the models diverging, as well as stopping the energy of the model increasing
above that of the high-resolution reference model.

It could be argued that a strict comparison of the parameterisations would involve
using the same attenuation level for each one. However, the end goal of a parameter-
isation is to implement within a model in order to improve the representation of the
dynamics. Therefore, we should judge a parameterisation on its ability to improve a
model, and if it can be implemented at a higher attenuation level, then that becomes
an advantage of that parameterisation and should not be ignored.

In Section [7.4.2] we include a test of the sensitivity to the level of attenuation
and the energetics of each model. Aside from the sensitivity test, all subsequent
analysis uses attenuation levels of 50%, 60%, and 70% for the RVM, AZ17, and

FCNN parameterisations respectively.

7.4.1 Statistical moments of velocity fields

When integrating forward in time, the eddy momentum forcing interacts with other
terms within the model, such as advection and dissipation. Thus examining the S,
and S’y terms in isolation does not reveal how the model as a whole has changed

by introducing the parameterisation. Instead, we look at the statistical moments of
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the velocity field, which is impacted by all terms in the momentum time-tendency
equations.

The mean, standard deviation, skewness, and kurtosis of the zonal velocity u are
shown in Figure [7.4] and are calculated in an Eulerian manner over a 10 year period.
The time-mean zonal velocity shows that all models exhibit an eastward jet at the
western boundary, with basin-wide gyres in the lower and upper halves of the domain.
There is less small-scale variability in the zonal velocity of the 30km model compared
to the 3.75km model. The 30km model also has a weaker return flow at the northern
and southern boundaries.

None of the three parameterisations produce drastic changes in the maps of the
time-mean zonal velocity u (first column of Figure within this model. The RVM
and FCNN parameterisations slightly improve the return flow at the northern and
southern boundaries, making it closer to the high-resolution model. They also appear
to produce multiple distinct zonal jets in the centre of the domain, which are not
present in the high-resolution run - it is not clear why this happens specifically for
the RVM and FCNN parameterisations.

Despite minimal changes in the time-mean, all parameterisations have the largest
impact on the standard deviation, i.e., the temporal variance, shown in the second
column of Figure [7.4] All three parameterisations increase the amplitude of the
standard deviation in the interior, with the spatial patterns more closely resembling
the high-resolution model. The standard deviation within the jet also increases.

The skewness and kurtosis, the third and fourth columns of Figure [7.4] of the
high-resolution model displays more fine-scale structures, particularly at the western
boundary. The peaks of kurtosis in the high-resolution model are also larger in
amplitude compared to the 30km model - this could be due to higher resolution,
as the dynamics become less wave-like and extreme turbulent effects become more
frequent. It is difficult to discern the exact effect of the parameterisations on the
skewness and kurtosis of the velocity field. There is a visible change in the skewness
is within the jet at the western boundary: the parameterisations decrease the size of
the negative lobe that is present in the 30km model, but not the 3.75km model.

A similar story emerges for the statistical moments of the meridional velocity v,

shown in Figure . There are some minor variations in the time-mean (first column
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Figure 7.4: The mean, standard deviation, skewness and kurtosis of the zonal velocity
field u for five different shallow water models. Three of the models contain either the
AZ17, RVM or FCNN parameterisation. The two remaining models are run at 30km
and 3.75km resolution with no parameterisation, representing the coarse- and high-
resolution cases for comparison. The spatial maps are a function of longitude (x-axis)
and latitude (y-axis).
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are a function of longitude (x-axis) and latitude (y-axis).
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of Figure for the AZ17 parameterisation within the jet, but overall the param-
eterisations have almost no impact. Each parameterisation does however increase
the amplitude of the standard deviation (column two of Figure , becoming more
similar to the high-resolution model. Again, from the spatial maps, it is difficult to
determine how the parameterisations are affecting the skewness and kurtosis (third
and fourth columns of Figure respectively) of the meridional velocity.

To better understand how each parameterisation is impacting higher-order statis-
tical moments of the velocity field, we now directly examine the probability distribu-
tions functions (PDFs). Specifically, we estimate the PDFs of the zonal velocity field
in three dynamically-distinct regions of the model, illustrated in Figure [7.6p. The
first region is on the turbulent western boundary, the second on the more wave-like
eastern boundary, and the third on the southern boundary within the lower gyre. For
each region, we estimate the PDF of the zonal velocity for all five models, with the
PDFs of regions 1, 2, and 3 show in Figure [7.6b, [7.6, and respectively.

In Figure [7.6] all the PDFs are approximately Gaussian, and hence the difficulty
in discerning differences in the spatial maps of skewness and kurtosis in Figure [7.4]
In all three regions, compared to the 30km model with no parameterisation (black
curves), the high-resolution model (cyan curves) has more probability in the tails of
the PDF, implying extreme values of the zonal velocity are more frequent.

The effect of the parameterisations is to redistribute probability from the peak to
the tails; this effect is clearest in region 3 (Figure ), where the parameterisations
all clearly produce a wider distribution, with the tails becoming more similar to the
high-resolution. Therefore, the parameterisations are in fact improving the high-
order statistics of the velocity field, despite these changes not being apparent in the
skewness and kurtosis maps of Figure [7.4]

The FCNN parameterisation has the largest effect on the PDFs out of the three
parameterisations, with the zonal velocity PDF of region 1 becoming very similar to
the high-resolution model (Figure [7.6p). In region 3, it is more visibly clear that the
FCNN is producing the largest redistribution of probability from the peak to the tails
(Figure [7.6{d). In region 1, the AZ parameterisation clearly outperforms the RVM
algorithm, though it is not clear whether it is the functional form or attenuation level

driving this difference.
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Figure 7.6: The probability distribution functions (PDFs) of the zonal velocity field,
for three different regions of the model - these regions are illustrated in Panel (a).
The PDFs for regions 1, 2, and 3 are shown in Panels (b), (c), and (d) respectively.
Each panel includes PDFs of the high-resolution, the low-resolution, and the three
parameterised models.
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7.4.2 Impact of parameterisations on model energetics

Low-resolution ocean models, due to the truncation of small-scales and large viscosity
coefficients, are under-energetic compared to higher-resolution models. By parame-
terising eddy momentum fluxes, we hope to correct some of this lack of energy. So
how do the energetics of the parameterised models compare to the high-resolution
model?

The spatially-averaged kinetic energy during the 10 years of spin-up is shown in
Figure[7.7h. Each model takes approximately 5 years to equilibrate, in particular the
30km resolution model (dark grey) reaching an average kinetic energy of 0.024m?s2,
and the 3.75km model (cyan) with over double with 0.056m?s™2. Note that we do
not show time series of the spatially-averaged momentum as each parameterisation
conserves global momentum by construction, which was also checked manually in the
model output.

All three parameterisations increase the amount of kinetic energy in the model.
The RVM expression increases the kinetic energy to approximately halfway between
the 30km and 3.75km models, at a value of 0.038m2s™2. The AZ17 and FCNN
parameterisations increase the kinetic energy of the model to within approximately
5% of the high-resolution model at 0.056m?s~2.

Note that in Figure [7.7h, the AZ17 parameterisation exhibits a sharp increase in
kinetic energy, surpassing that of the high-resolution model, just after the start of the
fourth year of spin-up. After reviewing animations of the flow field during this spike
in kinetic energy, we see patches of intense instability develop within the jet, which
causes the velocities within the patches to increase dramatically. At higher attenu-
ation levels, we found that these types of instabilities led to the model blowing up.
However, in this case, the model manages to recover by redistributing and dissipating
the energy within the patches. This behaviour is not limited to the AZ17 parame-
terisation; the FCNN and RVM parameterisations also generate the same patches of
instability when the attenuation level is high enough.

The parameterisations also increase the spatially-averaged enstrophy in the 30km,
shown in Figure [7.7b. Here, each parameterisation increases the enstrophy, but still

underestimates the enstrophy of the high-resolution model by a significant margin.
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Figure 7.7: Time-series of the globally-integrated kinetic energy of four shallow water
models during a 10 year spin-up. One model has no momentum parameterisation,
while the other models have one of the following: deformation-based parameterisation
of |[Anstey and Zanna (2017)), the expression revealed by the relevance vector machine
(RVM) algorithm, and a fully-convolutional neural network.
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Figure 7.8: Sensitivity of each momentum parameterisation to the amount of pre-
scribed attenuation. The global kinetic energy is average over the final 5 years of
the spin-up, and plotted against the percentage by which the parameterisation is
attenuated. Note that the parameterisations from the RVM algorithm and Anstey
and Zanna| (2017) diverge to infinity at 70% attenuation and higher, while the con-
volutional neural network produces un-physical flow fields at 90% attenuation and
higher.

With regards to differences between the parameterisations, the RVM algorithm in-
creases the enstrophy the least, with minimal differences between the AZ17 and FCNN
parameterisations. The observed spike in kinetic energy by the AZ17 parameterisa-
tion (Figure ) also produces a large spike in the enstrophy, as can be seen during
the fourth year (Figure [7.7pb).

For the RVM, AZ17, and FCNN parameterisations, we have been using attenua-
tion levels of 50%, 60%, and 70% respectively. We now show how the kinetic energy
of each model varies with the attenuation level. Figure shows the average kinetic
energy of the final 5 years of the spin-up period, as a function of the level of attenua-
tion. The 30km model with no parameterisation is included, which is equivalent to an
attenuation level of 0%, i.e., all parameterisations are switched off. We also include

the high-resolution model for comparison on the right-hand side of Figure [7.8]
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Figure 7.9: An illustration of the instabilities that develop when the fully-
convolutional neural network is implemented at 100% strength. The zonal velocity is
shown at days 120, 160, and 220 of the spin-up. On day 120, instabilities develop in
the bottom left corner of the domain, which then spread across the entire domain.

Each parameterisation is implemented in separate models at varying degrees of at-
tenuation, starting at 10% and increasing until either the model diverges or becomes
physically un-realistic. At 10% attenuation, the FCNN, RVM and AZ17 parameter-
isations produce models with kinetic energy similar to the un-parameterised 30km
model. The kinetic energy of the FCNN model increases almost linearly from 10% to
70% attenuation. At 80% attenuation and higher, the kinetic energy of the FCNN
model increases exponentially, and at 100% the FCNN produces a un-realistic flow
field with average kinetic energy 50x that of the high-resolution model.

At attenuation levels higher than 50% and 60% respectively, the RVM and AZ17
parameterisations begin to dramatically increase kinetic energy within the model,
with the RVM parameterisation increasing kinetic energy slightly more than the AZ17
parameterisation. At an attenuation level of 70%, both the RVM and AZ17 parame-
terisation cause the model to diverge to infinity.

Overall, when the energy of a parameterised 30km model approaches that of
the high-resolution 3.75km model, that is where issues of numerical stability or un-
physical flow fields begin to emerge. The parameterisations at this attenuation level
are over-energising the flow, i.e., they are inputting too much energy into the model.
This appears to be primarily a physical effect, as we do want the parameterisations
to capture dynamical processes that energise the lower-resolution model; the issue
is that at high attenuation levels this energising effect continues excessively and the

parameterisations do not know when to stop inputting energy.
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To illustrate the instabilities that over-energise the flow, the zonal velocity of the
model with the FCNN implemented at 100% is shown in Figure[7.9] During the first
100 days of spin-up, the model behaves as expected, developing a zonal jet at the
western boundary. At day 120 (Figure ), the very first signs of the instability -
small-scale gradients that are visibly sharper - appear in the bottom-left corner of the
domain. Over 10-20 weeks, the instabilities grow and spread across the entire domain
(Figure and [7.9¢). The instabilities over-energise the flow, producing velocities
of nearly 10ms~!. Curiously, the velocities do eventually stabilise and the model does
not blow up. The FCNN manages to input a significant amount of energy into the
model, but then somehow eventually stabilises. Whereas the models with the AZ17
and RVM parameterisations diverge once the instabilities grow.

Figure shows that the parameterisations increase the spatially-averaged ki-
netic energy of the model. But how do the parameterisations affect the PDFs of
kinetic energy? Similar to the zonal velocity in Figure [7.6] we estimate the PDFs of
kinetic energy of each model in Figure We use the same three regions, illustrated
in Figure [7.10p.

Each kinetic energy PDF of Figure [7.10] is approximately log-normal, i.e., the
PDF comprises a large peak close to zero, which then decays as the kinetic energy
increases. For all three regions, the high-resolution PDF has more probability in
the tails compared to the 30km model with no parameterisation. The effect of all
parameterisations is to increase the probability in the tails, with little shift in the
position of the peak. Therefore, the parameterisations increase the frequency of
extreme kinetic energy values, as opposed to solely increasing the mean kinetic energy.

In regions 1 and 2 (Figure [7.10b and [7.10¢), the FCNN is the best performing,

with the kinetic energy PDF of the FCNN parameterisation almost indistinguishable
from the high-resolution model. However, in region 3, all three parameterisations
cause too much probability to be redistributed in the tails, as evident by the peaks of
the RVM, AZ17, and FCNN kinetic energy PDFs all being below the high-resolution
peak.

The kinetic energy PDFs of Figure [7.10] suggest that the energising effects of all
three parameterisations are appropriate for regions 1 and 2. But in region 3, it may be

the case that the input of energy of the parameterisations is not appropriate. Indeed,
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a. High-resolution kinetic energy snapshot b. Kinetic Energy PDF: Region 1
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Figure 7.10: The probability distribution functions (PDF's) of the kinetic energy, for
three different regions of the model - these regions are illustrated in Panel (a). The
PDFs for regions 1, 2, and 3 are shown in Panels (b), (c), and (d) respectively. The
kernel width parameter used in the PDF estimation scheme is the same for all regions,
which is why the curves in Panel (c) and (d) are less smooth, as the kernel width
(0.01) is of the same magnitude as the width of the peaks.
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Isotropic kinetic energy spectra over 10 year period
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Figure 7.11: The kinetic energy spectra of the three parameterised 30km models, in
addition to the 30km model with no parameterisation, and the high-resolution 3.75km
model. The spectra are calculated over a 10 year period.
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the variance of the eddy momentum fluxes dominates within region 1, and therefore
the training of the parameterisations will be biased towards the energetics of region 1.
The data-driven parameterisations may have learnt to act as a source of energy from
region 1, and then during implementation assumed that the energetics of region 3
should be the same as region 1. Hence, the over-energising of region 3.

The kinetic energy power spectra of each model are shown in Figure Across
all spatial scales, the high-resolution model has more kinetic energy compared to the
30km model with no parameterisation. At spatial-scales larger than 300-400km, we
see that the parameterisations increase the kinetic energy to approximately the same
level as the high-resolution model. The increase in energy at larger scales implies
the parameterisations are increasing the inverse cascade of energy. At large-scales,
the FCNN parameterisation increases the kinetic energy to above that of the high-
resolution model. At length-scales smaller than 300km, the parameterisations do
increase the kinetic energy, but they all remain lower than that of the high-resolution
model. We did not compare the slopes of the spectra to compare to the expected

scalings for an inverse cascade, but would be an interesting avenue to explore.

7.5 Summary and discussion

7.5.1 Summary

In this chapter, we conduct a prognostic test of two data-driven and one physics-driven
eddy momentum parameterisations in a shallow water model. One data-driven pa-
rameterisation is a fully-convolutional neural network with high predictive skill, while
the other is an interpretable closed-form expression revealed by the RVM algorithm of
Chapter [6] The physics-driven parameterisation is the deformation-based expression
of Anstey and Zanna (2017)).

In terms of diagnostic performance, both data-driven parameterisations accurately
reproduce the spatial-patterns of the mean, standard deviation, skewness and kurtosis
of the true eddy momentum forcing S, (Figure and S, (Figure [7.3)). The FCNN
produces high correlations within the jet, whereas the RVM expression captures the
variance more uniformly across the domain.

When implemented into a 30km shallow water model, all three parameterisations

increase the temporal variability (second column of Figures [7.4] and [7.5), leading to a
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more accurate emulation of the 3.75km high-resolution model. Although not evident
in the spatial maps of skewness and kurtosis (Figure , the parameterisations do in
fact increase the amount of probability in the tails of the PDFs of the zonal velocity
field (Figure . The parameterisations therefore increase the frequency of extreme
values of the velocity field, and do not solely increase the variability.

Each parameterisation increases the kinetic energy of the model (Figure ,
countering the spurious loss of energy in low-resolution ocean models. The kinetic
energy of the model increases monotonically with the attenuation, or ‘strength’; of
the parameterisation being implemented (Figure . When the kinetic energy of
the parameterised 30km model approaches that of the high-resolution model, issues
of numerical stability begin to emerge.

Note that, from Figure(7.8}, we can implement the neural network parameterisation
at 70% attenuation without instability issues, whereas we cannot do the same for the
AZ17 and RVM parameterisations. This suggests that the complexity of a deep neural
network may be more numerically stable compared to implementing a closed-form
equation.

From examining the PDFs of the zonal velocity (Figure and kinetic energy
(Figure , we find that the parameterisations increase the frequency of extreme
kinetic values, not just increasing the mean. The kinetic energy spectra of the pa-
rameterised models (Figure show that the kinetic energy is increased primarily
at spatial-scales larger than 300km.

One aspect of implementation we have not yet presented is the computational
time taken to run each parameterised model. Figure shows the time taken to
run various instances of the shallow water model, in Python for 10 years, with the
same number of CPUs. The vanilla 30km model takes approximately 5 hours to run
for ten years, with the AZ17 and RVM parameterisations increasing that time by
less than 2%. Implementing the FCNN parameterisation increases the run time to
~1 day, more than quadruple the original 30km model. This increase in time is due
to the computational cost of the floating-point operations of each convolution layer.
However, the FCNN model is still significantly faster to run compared to the higher
resolution 7.5km and 3.75km models, which take ~ 5 and ~ 42 days respectively.
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Figure 7.12: A comparison of the computational time to run the shallow water model
for 10 years for various resolutions and parameterisations.
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7.5.2 Discussion

We have shown that data-driven algorithms can be implemented in idealised ocean
models to parameterise eddy momentum fluxes, moving a step closer to implemen-
tation in more realistic global models. The goal is not to replace physics-driven
parameterisations - indeed, we should still strive to understand the theory and mech-
anisms of turbulent processes. In the meantime, we should use every tool at our
disposal for producing more accurate projections of future climate.

We have also shown that both predictive (e.g. the FCNN) and inference-based
(e.g. RVM) algorithms can be used to learn eddy parameterisations from data. Data-
driven algorithms of a wide range of complexity can therefore be utilised to construct
parameterisations. There will be situations where predictive skill is valued over inter-
pretability and vice versa. For example, if the primary goal of a physical parameteri-
sation is to reduce forecasting error within a model of the ocean or atmosphere, then
predictive skill may be prioritised. On the other hand, if the goal is to also improve
our physical understanding of the sub-grid or unresolved process being parameterised,
then an inference-based approach of lower complexity could be preferred.

A disadvantage of using an algorithm with high predictive skill, and therefore
higher model complexity, is the typically higher computational cost. Convolutional
neural networks have particularly high computational costs, as we saw in Figure[7.12]
due to the numerous floating point operations of each convolution layer. The com-
putational cost of implementing a data-driven parameterisation of lower complexity,
such as a sparse regression, produces lower computational overhead within the model.
However, the higher complexity algorithms may be more numerically stable, as seen
with the fully-convolutional neural network (Figure - though this will depend on
how the data-driven parameterisation is implemented, i.e., implicit versus an explicit
numerical scheme.

An obstacle that our idealised study has not had to deal with is topography.
Realistic global ocean models contain the intricate coastlines of the continents and the
bathymetry of the ocean floor. This is not an issue for parameterisations constructed
through the data-driven discovery of equations, as implementation means solving the

existing equations of motion with the additional terms. However, the topography is
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an issue for convolutional neural networks, which may not be able to discern coastlines
and bathymetry from the open ocean.

One potential solution is to have what is called a locally-connected layer as the
first layer of the neural network architecture. A locally-connected layer is similar to
a convolution layer, except every point in space has a unique filter to be learnt, i.e.,
the filter of the convolution is not shared across each point in a locally-connected
layer. Having a unique trainable filter for every point in space could allow the neural
network to differentiate between land and ocean points.

Another potential solution is to somehow incorporate information about coastlines
and bathymetry into the neural network, such that the architecture automatically sets
the value of the parameterisation on land points to zero, and also enforces boundary
conditions. This approach is exact, such that values of the parameterisation could be
enforced exactly by the architecture.

Our results confirm that diagnostic performance does not directly transfer to prog-
nostic performance within the model: the RVM and FCNN parameterisations suc-
cessfully reproduce the spatial maps of skewness and kurtosis of S, and S, in the
validation data, but does not fully reproduce the maps of skewness and kurtosis of
the velocity field when implemented. Though the tails of the velocity and kinetic
energy PDFs, calculated using values from particular regions, are improved by the
parameterisations (Figure . It should be noted that the AZ parameterisation
does outperform the RVM parameterisation, especially in the kinetic energy PDFs of
region 1.

The data-driven algorithms in this chapter are deterministic, meaning that there
is a one-to-one mapping from input to output. In order to further improve the higher-
order moments of the velocity field in coarse-resolution models, the data-driven pa-
rameterisation may need to be stochastic, i.e., the inputs values predict the param-
eters of a distribution which is then sampled from. A data-driven stochastic eddy
parameterisation was used in Mana and Zanna| (2014) where, sampling from a dis-
tribution characterised by the first four statistical moments, improved the prognos-
tic performance over the deterministic parameterisation. A generative adversarial

network (GAN) was trained as stochastic closure in the idealised Lorenz '96 model
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(Gagne et al., |2019)), producing better forecasts and climate simulations compared to
the baseline parameterisation.

Moving from diagnostic to prognostic tests of each parameterisation also revealed
issues regarding numerical instability. If the strength of the parameterisation was too
high, then it would input too much kinetic energy into the model, sometimes causing
the model to diverge to infinity. This excessive source of energy is a bi-product
of training a data-driven parameterisation in a diagnostic fashion: the data-driven
parameterisation does not know when to stop adding energy into the model. Ideally,
the parameterisation should be able to learn when to add or remove energy, depending
on the amount of energy already in the model.

There are two options to achieve an eddy momentum parameterisation that cor-
rectly balances the amount of energy in the model. First, an additional prognostic
equation for the eddy energy can be added to the model (e.g. Jansen and Held, 2014;
Mak et al., 2016)), such that energy spuriously lost can be exactly replaced by the
data-driven parameterisation. This approach explicitly keeps track of energy added
or removed, and is physically desirable as closed-off systems should indeed conserve
energy (though the Navier-Stokes equations are not strictly closed-off, as some energy
is dissipated and lost as heat). The prognostic eddy energy equation is unknown and
has to be constructed from physical principles or from data, as discussed in Chapter [6]

The second approach is to train the data-driven parameterisation in a prognostic
fashion, i.e., the algorithm is simultaneous implemented and trained at the same time,
by comparing with a high-resolution model run concurrently. This is also known
as ‘online learning’ and has already been suggested as a way to counter instability
issues when implementing data-driven parameterisations (Rasp, 2019). Training an
eddy momentum parameterisation in a prognostic fashion can be viewed as implicitly
learning an eddy energy budget, as if the parameterisation inputs too much energy,
the prognostic learning will help correct the amount of energy in the model.

In this chapter, we only implemented data-driven parameterisations of eddy mo-
mentum fluxes. We did not conduct a prognostic test of the eddy temperature forcing,
nor did we solve an additional prognostic equation for the eddy energy. This was due
to practical reasons, as we did not have a primitive equation model in Python that

we could easily modify, and we unfortunately ran out of time to implement our pa-
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rameterisations in the Fortran of MITgcm. In the future, it is hoped that all our
data-driven results - eddy momentum forcing, eddy temperature forcing, and prog-
nostic eddy energy equation - will be implemented concurrently, to fully close the
equations of motion.

Finally, there is room for improvement in the algorithm which performs the data-
driven discovery of equations. We initially experimented with the sequential ridge
regression of Rudy et al.| (2017), but found the relevance vector machine approach
of |Zhang and Lin| (2018)) to be more reliable. However, our experimentation was not
exhaustive, and there are many approaches we did not test. In fact, at the time of
writing, there have been more advanced algorithms published which combine convolu-
tional neural networks with the symbolic construction of closed-form equations (Long
et al., 2019). Such algorithms may prove significantly more adept at constructing
parameterisations of sub-grid parameterisations, and we are only at the beginning of

exploring the full potential of these tools.
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Chapter 8

Summary and discussion

8.1 Summary

Mesoscale eddies play an important role in the dynamics of the ocean and atmosphere.
Many aspects of the earth system are impacted by eddies: the mean and variability of
the ocean circulation, the transport and mixing of climatic tracers, and the intense air-
sea fluxes of western boundary currents (Section . Coupled models must capture
these effects to reduce uncertainties within climate projections, but we cannot rely
on brute computational force to fully resolve mesoscale eddies at all latitudes. We
must, therefore, parameterise the effects of mesoscale eddies.

The overall goal of this thesis is to improve our understanding of unresolved eddies
and to then construct better representations of those eddies in ocean models. To do
so, we use a variety of data-driven methods within a hierarchy of numerical ocean

models. These techniques and models were used to address the following questions:

e How does the spatio-temporal variability of mesoscale eddies impact tracer

fluxes?

e Can we construct accurate representations of eddy momentum fluxes, that
better capture the underlying dynamics, using modern machine learning tech-

niques?

e Can we harness the power of data-driven algorithms to construct parameterisa-
tions of eddy momentum and temperature fluxes, while retaining interpretabil-

ity?
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e What are the physical and numerical consequences of implementing a data-

driven eddy parameterisation into an ocean model?

Each results chapter, in turn, addressed the above questions. In Chapter {4 we
found that eddy tracer fluxes exhibit significant regional and temporal variability
within the North Atlantic, and within the Gulf Stream the across-jet mixing could
be characterised as a function of jet strength. However, in the vicinity of the North
Atlantic and Azores currents, the mixing was neither a simple function of mean-flow
nor eddy kinetic energy, implying that a more complex parameterisation was needed.

In Chapter [5, we tested new ways of constructing parameterisations, to better
capture the complex effects of unresolved eddies. In particular, we trained deep
neural networks to predict unresolved eddy momentum fluxes using only resolved
variables. We found that the different dynamical processes within the idealised ocean
model had a significant impact on the training of each convolutional neural network.
The neural network trained on the western boundary generalised well to models of
different Reynolds numbers and was robust to under-sampling in the training data.
The final part of Chapter [5 explored how to make neural networks respect physical
principles, namely, global conservation of momentum.

We again used data-driven algorithms to parameterise eddy fluxes in Chapter [6]
similar to Chapter[5] but now focusing on retaining the interpretability of the resulting
eddy parameterisation. We employed a technique known as the data-driven discovery
of equations (e.g Rudy et al., |2017), which uses an algorithm to reconstruct the
underlying equation of some spatio-temporal dataset. The most robust algorithm
was that of Zhang and Lin| (2018]), based on the iterative application of the relevance
vector machine (RVM), a sparse Bayesian regression.

We found that the RVM algorithm could reveal expressions for the eddy momen-
tum and temperature forcings that captured over half the variance in the validation
data, with equations comprising only a handful of basis functions. Importantly, the
final equation could also be constrained to respect physical principles, by controlling
what basis functions could comprise the function library.

The eddy momentum expressions revealed by the RVM algorithm, in both the
barotropic and baroclinic models, contained the deformation-based parameterisation

of |Anstey and Zanna| (2017) and were also related to the non-linear gradient model
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(e.g. Nadiga, 2008)). The eddy temperature forcing expression depended on the ver-
tical derivatives of the horizontal velocity field which, assuming thermal wind bal-
ance, could then be interpreted as horizontal velocity gradients acting to deform the
smaller-scale temperature field. In the residual-mean formulation, the eddy tem-
perature forcing took the form of an additional vertical diffusion in the momentum
equations.

In addition to uncovering expressions for the eddy fluxes, we used the RVM algo-
rithm to try and find a prognostic eddy energy equation. However, only advection of
eddy energy was selected, accounting for half of the variance in the validation data.
Several improvements could be made to try and tackle this issue: use higher-order
products and derivatives in the function library, using longer time-scales to define the
time derivative of the eddy kinetic energy, and improving the eddy energy definition.

The long-term goal of an eddy parameterisation is to eventually implement them in
a global model. It is therefore important to evaluate any new eddy parameterisation in
a prognostic manner, to assess the impact on the physics and stability of the model. In
Chapter[7] we determined how data-driven parameterisations, such as neural networks
and the RVM algorithm, impact a shallow-water ocean model when implemented.
This prognostic evaluation included a comparison with the existing physics-driven
parameterisation of Anstey and Zanna (2017)). In total, we implemented three eddy
momentum flux parameterisations: the parameterisation of Anstey and Zanna, (2017)),
an expression revealed by the RVM algorithm, and a new convolutional neural network
with a physics-informed architecture, trained on the same data as the RVM algorithm,
which came from a high-resolution primitive equation model in MITgcm.

All three parameterisations exhibited issues with either numerical stability or over-
energising the flow, such that we had to reduce the amplitude of each parameterisation
to 50-70% of the original amplitude, to ensure the models did not diverge to infinity or
produce un-physical flow fields. All parameterisations conserved momentum and vor-
ticity, but energised the flow, increasing the kinetic energy within the model, leading
to a large increase in the variability of the velocity fields. By examining the probabil-
ity distribution functions of the velocity field and kinetic energy, we could see that the
parameterisations also made extreme events more frequent, making an improvement

on the low-resolution model with no parameterisation. The fully-convolutional neural
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network performed the best with regards to improving the higher-order statistics of
the velocity field and kinetic energy. The |Anstey and Zanna| (2017) parameterisation
was slightly better than the relevance vector machine parameterisation across most
metrics with regards to improving the velocity field and kinetic energy of the model.

Physically, the parameterisations appeared to be capturing the inverse cascade
of energy predicted by theory and present in observations (Salmon, [1978; [Scott and
Wang, 2005; Scott and Arbic, [2007)). The deep learning-based parameterisation made
the largest improvements in the energetics, implying the complexity of the algorithm
allowed for a better representation of the nonlinear interactions of eddies that produce
the inverse cascade.

There are many avenues for where this work could be extended. These avenues
will need exploring if data-driven parameterisations are to be implemented in more

realistic models in the future. They are the following:

e Training and implementing data-driven parameterisations in models which have

a time-varying (or at least more realistic) wind forcing profiles.

e Constructing data-driven parameterisations that utilise memory effects. Every
data-driven parameterisation in this thesis only used variables at the current
time step. It is unclear how incorporating memory effects would impact a data-
driven parameterisation; it could cause overfitting, but it could also significantly

improve the predictive skill of the data-driven algorithm.

e Oceans are not a simple rectangular domain; they have coastlines and bathymetry.
A data-driven algorithm must be able to deal with these real world complex fea-

tures in global models.

e Experimenting to see which numerical schemes work the best for implementing
a data-driven parameterisation. In this thesis the eddy momentum forcing was
numerically integrated forward in time explicitly, but at no point did we test if
an implicit scheme would be better. This could potentially solve many of the

instability issues faced when implementing such parameterisations.

e Adding some sort of simple stochastic element to each of the data-driven pa-

rameterisations used in this thesis.
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e Applying these data-driven algorithms to systems other than quasi-geostrophic

models, such as high Rossby number shear flows or convective systems.

8.2 Discussion

What are the implications of our results for the long-term improvement of ocean
models? Climate models must accurately capture the turbulent physics of the ocean,
with eddy parameterisations being a necessity due to the computational cost of run-
ning models at sufficiently high-resolution. If eddies are not fully resolved and their
effects not parameterised, they will contribute to uncertainty in projections of future
climate.

Data-driven algorithms have become a popular tool for constructing parameter-
isations, which attempt to learn unresolved processes directly from data. This ap-
proach contrasts to the traditional physics-driven approach of previous decades, which
constructs parameterisations via consideration of physical theories or mechanisms.
Physics-driven approaches can tend to over-simplify the underlying process being pa-
rameterised. Therefore, it is hoped that the power of modern data-driven algorithms
can build upon the progress of physics-driven parameterisations, and better capture
the intricacies of unresolved geophysical processes.

Data-driven algorithms have recently been used to parameterise processes in the
atmosphere (e.g. Krasnopolsky et all 2005} |Gentine et al., 2018; |O’Gorman and
Dwyer, [2018; Brenowitz and Bretherton) [2018), and construct closures for turbu-
lence models (e.g. Ling et al. 2016b; Maulik and San| [2017; [San and Maulik, [2018)).
Regarding the parameterisation of mesoscale eddies specifically, previous studies have
contained data-driven elements (Berloff, 2005a; Mana and Zannay, 2014} |(Cooper and
Zannal, 2015; Bachman et al., [2015). However, the results of this thesis are the first
systematic attempt at using machine learning algorithms to parameterise mesoscale
eddies in the ocean. This includes the use of deep neural networks and the data-driven
discovery of equations, to improve the representation of unresolved eddy fluxes.

As mentioned in Chapter [2| the distinction between physics-driven and data-
driven parameterisations is not always clear. There are plans to use data-driven
algorithms to optimise the parameters of existing physics-driven parameterisations

(Schneider et al., 2017a)); the neural network turbulence closure of |Ling et al. (2016b))
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incorporated an invariance principle into their architecture; parameterisations of cloud
processes are now being constructed that automatically conserve energy (Beucler,
et al., [2019b). These can be viewed as physics-informed data-driven parameterisa-
tions, i.e., hybrid approaches that utilise the power of data-driven methods while
respecting physical principles.

The results of this thesis confirm that data-driven algorithms can be used while
respecting physical principles. For example, constraining the library of basis functions
of the RVM algorithm in Chapter [6] or the convolutional neural network architec-
ture that automatically predicts eddy stress tensor elements in Chapter [7] leading to
global conservation of momentum and vorticity. So even though it is true that the
inner-workings of some data-driven algorithms are difficult to interpret, that does not
automatically mean the algorithm does not respect physical principles.

Interpretability is an issue of black-box algorithms, such as the convolution neural
networks in Chapter [5} Due to the complexity of the algorithm, it is difficult to ascer-
tain exactly what physical process has been learnt by the thousands of parameters of
the network. Hence, the use of the data-driven discovery of equations in Chapter [6] to
provide a data-driven parameterisation which is more easily interpreted. We are not
yet aware of any other studies using this approach to uncover expressions for oceanic
or atmospheric parameterisations. The results of Chapter [6] therefore provide a novel
approach to parameterisation that uses machine learning in an interpretable manner.

Data-driven equation discovery could not only improve the representation of un-
resolved eddies in models but could open up more possibilities for data-driven knowl-
edge discovery in general. Predictive skill of machine learning algorithms is powerful,
but we could see machine learning being used more frequently to better understand
turbulent processes. Indeed, in Chapter [ we only tested two equation-discovery ap-
proaches, that of Rudy et al.| (2017) and Zhang and Lin| (2018); our experimentation
was not exhaustive so there is likely a lot of scope for improvement on our methods.
At the time of writing, there are already new data-driven techniques based on deep
learning that could be used for inference of unresolved physics (e.g. [Lguensat et al.
2019; Raissi et al., 2019; |Long et al., [2019).

Regarding eddy parameterisations, whether we use an inference-based algorithm

for knowledge discovery or a black-box neural network, the end goal is the same:
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implementation in a coupled global climate model. All new parameterisations must,
therefore, be tested in a prognostic manner, which was the focus of Chapter [7l We
found that data-driven parameterisations can improve the statistics of a lower resolu-
tion model, making it behave more like the high-resolution reference model. However,
all parameterisations caused issues with stability, despite having promising diagnostic
performance. This mismatch between the ‘offline’ and ‘online’ performance of data-
driven algorithms has been highlighted with regards to atmospheric parameterisations
by Rasp (2019)). Diagnostic training on observations or high-resolution models may
capture a high proportion of the variance in the validation data, but that perfor-
mance may not translate when the parameterisation is implemented. The study of
Rasp| (2019)) proposed ‘coupled online learning’, such that further training is carried
out by running the high-resolution model in parallel. Our results of Chapter [7] sup-
port online learning of some form, to allow the data-driven parameterisation to react
to the behaviour of the model and vice versa. For example, if the parameterisation
is inputting too much kinetic energy into a coarse-resolution model, online learning
would allow the algorithm to compare with the high-resolution model and correct
the energy input. Improvements to the stability of the model during implementa-
tion could be made by investigating which numerical schemes synergies best with the
data-driven parameterisation, e.g., a semi-implicit scheme or different time-steps for
the advection and forcing terms.

In this regard, online learning of a data-driven eddy parameterisation could amount
to learning an intrinsic eddy energy budget, as the total energy of the system is then
constrained during training to not deviate from the high-resolution reference model.
However, it could be beneficial to include a separate budget for the eddy energy to
begin with. Indeed, that is what recent approaches (e.g. Jansen and Held, 2014;
Bachman|, 2019)) do, by re-introducing spuriously lost energy back into the model.
Our data-driven parameterisations appeared to capture the inverse cascade of energy,
but the amount of energy that each parameterisation could input into the model was
not regulated.

A separate prognostic equation for the eddy energy would be desirable, as the total
energy of a closed system should be conserved, but what form should it take? Previous

studies make assumptions regarding the form of the energy equation (e.g. Eden and
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Greatbatch, 2008; Mak et al 2018]). We attempted to limit the assumptions made
and use the RVM algorithm to find a prognostic eddy equation in Chapter [6, We
found that local advection dominated, and therefore should be included in an eddy
energy budget. We could not, however, robustly find additional terms that comprised
the eddy energy equation - this could have been due to our definition of eddy energy,
or the RVM algorithm requiring improvement. Further work is needed to use data-
driven discovery methods to find a prognostic eddy energy equation, which may need
higher-order products and derivatives in the function library, or higher-quality data.
But if it succeeds, it could provide a novel way of constructing energy budgets while
making minimal assumptions.

Whether trying to construct an eddy energy equation or reveal an expression for
the eddy momentum forcing, data-driven approaches suffer from an ongoing difficulty:
how to define an ‘eddy’ in the first place. To quantify the effects of eddies in the
data, one must decide what constitutes an eddy, with these assumptions impacting
all subsequent results. For example, coarse-graining is a spatial Reynolds average
which, produces a more ‘local’ definition of eddy compared to Gaussian filter, as
discussed in Section [3.2]

With regards to eddy parameterisation, imagine training the same algorithm on
the same dataset, but with two different definitions of eddy; what physics have these
two data-driven parameterisations captured? Which one do you choose to implement
in a climate model? In practice, there is no perfect definition - every definition
will have its advantages and disadvantages. There will be an infinite number of
definitions, as there is a continuum of spatial (or temporal) scales to select for within
the data. There is also the choice of Eulerian versus Lagrangian averaging. We only
discussed and used Eulerian definitions in this thesis, but it may be that Eulerian
definitions of an eddy may not be optimal for describing mesoscale eddies in the ocean
(Abernathey and Haller, 2018)). Large-scale currents, such as the Gulf Stream and
Kuroshio Extension, exhibit Lagrangian coherent structures, so it may be the case
that a Lagrangian data-driven parameterisation is needed in these regions.

In sum, the freedom of defining an ‘eddy’ can lead to an infinite number of data-
driven parameterisations, given the same algorithm and dataset. It is therefore vital

that future work involving data-driven parameterisations are aware of the assump-
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tions being made by their definition of an eddy. Data-driven parameterisations could
benefit if an optimal definition of eddy was found, or alternatively, simultaneously
combining parameterisations from multiple eddy definitions.

Another challenge that data-driven parameterisations face is that of generalisa-
tion, i.e., the ability to make accurate predictions outside of the training data. Gener-
alisation is a pertinent issue for climate change projections, where significant changes
may occur in the dynamical regimes of the ocean and atmosphere. Ideally, we would
validate any data-driven parameterisation with observations, which is not possible
for future climate change scenarios. We showed in Section that deep learning
may have the ability to generalise to more turbulent regimes, but this is an idealised
system - more comprehensive tests of generalisation in global models are needed.
O’Gorman and Dwyer| (2018)) found that a random forest, used to parameterise moist
convection in a GCM, could not generalise to a warmer climate if trained solely on
the control climate. Interestingly, the random forest could generalise to the control
climate, when trained solely on the warmer climate. These results show that, despite
the proficiency of some machine learning algorithms, the ability to generalise is not
guaranteed. The generalisation skill of any individual data-driven parameterisation
will vary significantly, and must therefore be scrutinised.

Regardless of the aforementioned difficulties that lie ahead, data-driven approaches
could produce a whole new generation of parameterisations in climate models that
were not previously possible. The progress of data-driven parameterisations has so far
been rapid. In particular, in making algorithms respect physical principles - a com-
mon early concern within the physics community. It seems that progress in tackling
instabilities with online learning will be swift as well, moving us closer to implementa-
tion in more realistic models. There is also the aspect of inter-disciplinary work with
the computer science community, which is still in its early stages; collaborations be-
tween machine learning specialists and physicists are becoming more frequent, which
could further improve how data-driven algorithms are used within climate models.

There is currently considerable hype surrounding machine learning, and ‘data-
driven’ approaches in general, which may lead to unrealistic expectations to what
these tools can achieve. Nonetheless, we should use every tool at our disposal for

tackling the issue of climate change, and time will eventually help us determine the
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not-so-useful applications from the useful. The few applications which do withstand

the test of time could make a real impact on climate science.
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