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Abstract. We consider a refinement of the usual quasiconvexity condition of
Morrey in two dimensions that allows us to prove lower semicontinuity and

existence of minimizers for a class of functionals which are unbounded as the

determinant vanishes and are non-polyconvex in general. This notion, that we
call principal quasiconvexity, arose from the planar theory of quasiconformal

mappings and mappings of finite distortion. We compare it with other quasi-

convexity conditions that have appeared in the literature and provide a number
of concrete examples of principally quasiconvex functionals that are not poly-

convex. We also describe local conditions which combined with quasiconvexity

yield principal quasiconvexity. The Stoilow factorization, that in the context
of maps of integrable distortion was developed by Iwaniec and Šverák, plays a

prominent role in our approach.

Dedicated to Vladimir Šverák on the occasion of his 65th birthday.

1. Introduction. Given a real nˆ n matrix A, its (outer) distortion is defined by

KA ”

$

&

%

|A|n{detA if detA ą 0,
1 if A “ 0,

`8 if A ‰ 0 and detA ď 0,

where |A| ” maxxPSn´1 |Ax| is the operator norm and |Ax| is the usual euclidean
norm of Ax P Rn. When Ω is an open, connected, non-empty subset of Rn (hence-
forth called a domain) and u : Ω Ñ Rn is locally of Sobolev class W1,1 in Ω, denoted

u P W1,1
locpΩ,Rnq, its distortion function Kupxq ” KDupxq is an L n-almost every-

where defined extended real-valued function on Ω. If the distortion Ku ă `8

almost everywhere and the Jacobian Ju ” JDu ” detDu P L1
locpΩq, then u is called

a mapping of finite distortion, and if furthermore Ku P L8pΩq, then u is called a
weakly quasiregular map. A striking result of Reshetnyak states that a quasiregular
map, so a map u P W1,n

loc pΩ,Rnq with Ku P L8pΩq, is either constant or admits a
representative that is continuous, open and discrete. In the two-dimensional case,
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n “ 2, that is our focus here, this result is a consequence of the so-called Stoilow fac-
torization. When Ω is a domain in C it asserts that a non-constant map f : Ω Ñ C
is continuous, open and discrete if and only if it admits the factorization f “ H ˝F ,
where F : Ω Ñ C is a homeomorphism and H : F pΩq Ñ C is holomorphic (see [77],
and [58] for a modern exposition).

In [54] Tadeusz Iwaniec and Vladimir Šverák brought together ideas from Geo-
metric Function Theory and Nonlinear Elasticity proving, again in two dimensions,
that if u P W1,2

locpΩq ” W1,2
locpΩ,Cq is not a.e. constant and has distortion function

Ku P L1pΩq, then (the precise representative of) u is continuous, open and discrete
(see also [7] for various refinements). The aim of this note is to give a systematic
presentation of the notion of principal quasiconvexity considered first in [4]. In
particular we aim to explain how it, in conjunction with Stoilow factorization and
its extension by Iwaniec and Šverák, allows to prove lower semicontinuity results in
situations where the energy functionals are not polyconvex and do not satisfy the
standard growth assumptions. Relevant examples include the typical variational
models for isotropic planar hyperelasticity and the variational problems arising in
Geometric Function Theory.

We briefly review some background results from the Calculus of Variations before
elaborating further on the Geometric Function Theory concepts, such as Stoilow
factorization, the distortion function and the principal maps.

First recall [63, 18] that when Ω is a bounded domain in Rn and the exponent
p ě 1, then the W1,p-quasiconvexity of a functional E : Rnˆn Ñ R, meaning that

EpAq ď

 
Ω

EpDupxqq dx for all u P A` W1,p
0 pΩ,Rnq and A P R2ˆ2,

is equivalent to the sequential weak lower semicontinuity on W1,ppΩ,Rnq (briefly
W1,p-swlsc) of the corresponding variational integral

E rus ”

ˆ
Ω

EpDuqdx, (1)

provided that E is non-negative and in addition has standard p-growth:

|EpAq| ď c
`

|A|p ` 1
˘

@A P Rnˆn. (2)

It is easy to see that this equivalence persists if the functional E satisfies (2) but,
instead of being non-negative, satisfies the weaker condition

lim inf
|A|Ñ`8

EpAq

|A|p
ě 0. (3)

However, when a W1,p quasiconvex functional E has only the standard p-growth
(2) for an exponent p ą 1, then the variational integral (1) can fail to be W1,p-
swlsc, due to possible concentration effects at the boundary [63, 18, 59, 1, 38]. For
instance, when n “ p “ 2 an example of this with EpAq “ detA, A P R2ˆ2, can
be found in [32]. On the other hand, as observed by Meyers [62], the W1,p-swslc
result persists provided the variational integral E is restricted to Dirichlet classes: if
g P W1,ppRn,Rnq, then for a functional E satisfying (2), the variational integral E is

W1,p-swlsc on g`W1,p
0 pΩ,Rnq if and only if E is W1,p-quasiconvex. We refer to [22]

for further discussions and to [30] for some related results also linking quasiconvexity
to coercivity of E in Dirichlet classes.

In the absence of the standard p-growth condition (2) the problem of W1,p-swlsc
is much harder, little can be said in the general case and most results in the literature
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require some additional assumptions for their validity. In fact already the definition
of the variational integral E rus is unclear at this level of generality. When E is
allowed to be valued in R Y t`8u, or perhaps even in R Y t˘8u, then we have
issues already for smooth and compactly supported maps u. The approach we shall
follow here is in a sense the naive one, namely to use (1), but with the integral
interpreted as an upper Lebesgue integral. We often refer to this as the pointwise
definition of the variational integral. The other approach to the definition of the
variational integral is to define it via a relaxation process, which in many situations
is more natural and often means that the ensuing variational integral has better
properties. This approach is often called the Lebesgue-Serrin-Marcellini definition
and in the present context goes back to [60]. If we use the pointwise definition of
the variational integral (1), then both the W1,p-quasiconvexity and the rank-one
convexity conditions remain necessary for W1,p-swlsc, see [18]. However, neither
is sufficient. The rank-one convexity does not even imply W1,8-quasiconvexity,
regardless of growth conditions, by Šverák’s counter example [79, 80] except if the
mapping is into the target R2, where the problem remains open, see also [42]. In this
connection we refer to [36] and [68] for the particularity of R2ˆ2 matrices for this
problem and also some partial results. The sufficiency of W1,p-quasiconvexity for
W1,p-swlsc of E on the Dirichlet class g`W1,p

0 pΩ,Rnq is an open problem when the
functional E is assumed continuous. Easy counterexamples exist if the functional E
is allowed to be discontinuous and extended real-valued, see [18]. In this situation
one introduces a strengthening of the W1,p-quasiconvexity condition, the so-called
closed W1,p-quasiconvexity [73]. It is a sufficient condition for W1,p-swlsc of E on
W1,ppΩ,Rnq, provided the functional E satisfies also (3). However, the necessity
becomes unclear, and in fact, when E is allowed to be lower semicontinuous and
extended real-valued, the necessity of closed W1,p-quasiconvexity fails, see [57].

These issues become particularly relevant in dealing with variational problems
where the effective domain of the energy functional is contained in the set of matrices
with finite distortion tKA ă `8u. We denote

Rnˆn
` ” Rnˆn X tdet ą 0u, (4)

and record that tKA ă `8u “ Rnˆn
` Y t0u. Such functionals arise naturally in,

for instance, elasticity [14, 15, 16] and in geometric function theory [7], where a
common example is the classical second invariant

I2pAq “ KA `
1

KA
, A P R2ˆ2

` Y t0u, (5)

which is discussed at length in [7, Chapt. 21] and in [8, 61]. However, for appli-
cations to elasticity in particular, two central aspects of the theory in this context
remain somewhat obscure. Firstly, it is not clear how EpAq should diverge when
detpAq tends to 0, in order to have a feasible theory for the corresponding varia-
tional integral E . Secondly, it seems desirable to rule out pathological deformations
(for example homeomorphisms whose determinant is zero a.e or sequences of maps
which converge to such maps [48, 35]). Thus it is not obvious what are the ap-
propriate function spaces in which minimisers should be sought, and unfortunately
it appears that experiments do not help to clarify these issues partly because we
are close to a regime where the elasticity theory breaks down. Let us emphasize
that variational problems on the classes of W1,p

loc homeomorphisms, lead for p ě 2
naturally to the so-called topologically monotone maps introduced by Morrey, see
[7] and [52, 53], whereas for p ă 2 a more complicated condition, the no crossing
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condition, introduced by De Philippis and Pratelli in [33] becomes relevant (see also
[28] for the case p “ 1). For these reasons, and since the general structure of quasi-
convex functionals is far from clear, the functionals defined on Rnˆn

` that have been
successfully used in the elasticity literature, have mostly been polyconvex. See for
example, [16, 17, 31, 41] and particularly [14, 15, 65, 47] for the setting and success
of polyconvexity.

Similar obstacles were faced in our recent study [4] of the local Burkholder func-
tional Bloc

K , see (13) and (14) below for the definitions. This functional is real-valued
on the K-quasiconformal well

Q2pKq ”
␣

A P R2ˆ2 : KA ď K
(

, (6)

while outside the well it is `8, Bloc
K pAq “ `8 when A R Q2pKq. Because Bloc

K

is non-positive on Q2pKq it is easy to see that the closed W1,p-quasiconvexity of
Bloc
K is a necessary condition for W1,p-swlsc of the associated variational integral.

On the other hand, the sufficiency is now non-obvious. This is exactly the opposite
situation of what happens for non-negative extended real-valued functionals.

For later reference we finish this subsection by recalling a rather pleasant property
of W1,1-homeomorphisms with integrable distortion: If f : Ω Ñ C is a homeomor-
phism (onto fpΩq) of class W1,1

locpΩq with Kf P L1pΩq, then its inverse f´1 : fpΩq Ñ

Ω is of class W1,2pfpΩqq andˆ
Ω

Kf pzqdmpzq “

ˆ
fpΩq

|Df´1pwq|2 dmpwq. (7)

See [7], [48].

1.1. Principal maps. In order to address some of the issues described above we
next turn to the role of Stoilow factorization in the setting of lower semicontinuity.
Here the key notion is that of a principal map, which has for a long time been
implicitly used in geometric complex analysis, for instance in connection with planar
quasiconformal mappings and the Beltrami equations; explicitly the term is used in
[7]. We require a slightly more flexible definition:

Definition 1.1. A principal map is an orientation preserving homeomorphism
f : C Ñ C of class W1,1

locpCq, with integrable distortion Kf on the open unit disk D,
which is conformal outside the closed unit disc D with the Laurent expansion

fpzq “ b0z `

8
ÿ

j“1

bj
zj

for |z| ą 1,

where |b1| ă |b0|.

In connection with the principal map f we often write

Af pzq ” b0z ` b1z̄ for z P C, and ϕf pzq ”

8
ÿ

j“2

bj
zj

for |z| ě 1.

Here the linear map Af P R2ˆ2 (that we identify with its matrix) has in particular
positive determinant |b0|2 ´ |b1|2, and the function ϕf extends continuously to all

of C, defining a holomorphic map on CzD. Since 1{z “ z̄ for |z| “ 1, we hereby
have fpzq “ Af pzq ` ϕf pzq for |z| “ 1. We also record that 

D
Dfpzqdmpzq “ Af . (8)
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Notice that it is standard to normalize principal maps to have b0 “ 1. Here we
shall refer to such maps as normalized principal maps. It is useful to recall that the
class of all normalized W1,2-principal maps forms a normal family (see [7, Theorems

20.1.6 and 20.2.3]); in fact, any W1,2
loc-bounded sequence of such normalized principal

maps admits a subsequence that converges uniformly on C to a normalized principal
map. On the other hand, normalized principal maps with the mere W1,1

loc-regularity
do not form a normal family; a sequence of such Sobolev homeomorphisms can have
a BV-limit (see [7, Chapt. 21]).

We also recall that via (7) the inverse of a principal map lies in W1,2
locpCq. If

the principal map itself lies in W1,2
loc , then the inverse has likewise an integrable

distortion.
Our next goal is the definition of W1,p-principal quasiconvexity, which is instru-

mental for the lower semicontinuity results in this paper. It can be viewed as a refine-
ment, adapted to the setting described above, of the notions of W1,p-quasiconvexity
that was introduced by Ball and Murat in [18] and of closed W1,p-quasiconvexity
that was introduced by Pedregal in [72]. The condition is motivated by the Stoilow
factorization mentioned above.

For one of our key examples it is important that we allow the considered in-
tegrands to be signed, so before giving our definition of principal quasiconvexity
let us for comparison and precision also review the corresponding definitions of
W1,p-quasiconvexity and closed W1,p-quasiconvexity in this context.

A lower semicontinuous functional E : R2ˆ2
` Ñ R Y t`8u is said to be W1,p-

quasiconvex at A P R2ˆ2
` provided

EpAq ď

 ˚

D
EpDfpzqqdmpzq (9)

holds for all f P A ` W1,p
0 pDq1. If this Jensen inequality holds for all A P R2ˆ2

` ,
then E is said to be W1,p-quasiconvex.

As observed in [18] this condition depends on the exponent p and it refines
Morrey’s original definition of quasiconvexity in [63] that in this terminology cor-
responds to W1,8-quasiconvexity. The definition is arguably natural, but it still
has some deficiencies. For instance, as observed in [18], an extended real-valued
integrand need not be rank-one convex. The next definition strengthens the notion
of W1,p-quasiconvexity and does always imply rank-one convexity.

A lower semicontinuous integrandE : R2ˆ2
` Ñ RYt`8u is closedW1,p-quasiconvex

at A P R2ˆ2
` provided

EpAq ď

ˆ ˚

R2ˆ2
`

Edν (10)

holds for all homogeneous W1,p gradient Young measures ν with centre of mass
A. If it holds for all A P R2ˆ2

` , then E is said to be closed W1,p-quasiconvex. We
refer for the definitions and basic properties of Young measures to the monographs
[64, 73, 74]. In particular, we will use the notation and terminology of gradient
Young measures as described in our paper [4]. In fact, closed quasiconvexity provides
an abstract solution to a closely related lower semicontinuity problem when the

1The asterix on the integral signifies that the integral is intended as an upper Lebesgue integral,
meaning that when both EpDfq` and EpDfq´ integrate to `8 over D, then the integral is taken

to be `8. The interested reader can verify that this is equivalent to requiring, for each k P N, the
validity of the inequality (9) when E is replaced by maxtE,´ku.
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considered integrands are assumed bounded from below, see [57]. We refer to Section
2 and also [4] for further discussion of these quasiconvexity notions. The main
drawback is that it is very difficult to verify whether a W1,p-quasiconvex integrand
is closed quasiconvex unless we have control on the generating sequence of the
gradient young measures.

Now we are ready for our definition of principal quasiconvexity.

Definition 1.2. A lower semicontinuous integrand E : R2ˆ2
` Ñ R Y t`8u is W1,p-

principal quasiconvex at A P R2ˆ2
` if the Jensen inequality

EpAq ď

 ˚

D
EpDfpzqqdmpzq. (11)

holds for all principal maps f : C Ñ C of class W1,p
locpCq with

ffl
DDfpzqdmpzq “ A.

We say the E is W1,p-principal quasiconvex if the Jensen inequality (11) holds for

all A P R2ˆ2
` and for the corresponding W1,p

loc -principal maps f .

We have stated an abstract definition depending on p parallel to that of W1,p-
quasiconvexity and closed W1,p-quasiconvexity, however our examples all are W1,1-
principal quasiconvex (Notice that we are testing the Jensen inequality with gra-
dients of homeomorphism). We also remark that allowing for extended real-valued
integrands is a matter of convenience, but it also means that it is easy to con-
struct pathological examples. For example, a W1,1-principal quasiconvex integrand
need not be rank-one convex: take the integrand that is zero at the two matrices
diagp1, 1q, diagp1, 2q and `8 elsewhere. It is unclear if similar examples exist when
the functional is required to be continuous.

Often in our lower semicontinuity theorems it is convenient that the integrands
E are defined on the full matrix space R2ˆ2 and not merely on R2ˆ2

` . We achieve
this by simply declaring

EpAq “ `8 on R2ˆ2z
`

R2ˆ2
` Y t0u

˘

(12)

and throughout the entire paper this will be our standing assumption for the con-
sidered integrands that might not be explicitly defined beyond R2ˆ2

` . The reader
will notice that we did not specify any value for E at 0 P R2ˆ2. This is on purpose
because the 0 matrix is in this context special and it is convenient to have an ad hoc
approach here. Sometimes we extend E to 0 by lower semicontinuity and sometimes
we declare that it is `8 or some other value there.

Next, we compare principal quasiconvexity with the classical notions of semicon-
vexity in the vectorial calculus of variations. Firstly, it is immediate from Jensen’s
inequality for convex functions and (8) that any convex functional on R2ˆ2 re-
stricts to a W1,1-principal quasiconvex functional on R2ˆ2

` . Next, notice that if

f P C1pDq X W1,8pDq with detDf ą 0, and for some linear A P R2ˆ2
` we have

f P A`W1,8
0 pDq, so that f is a classical test function for the W1,8-quasiconvexity

inequality, then f can be extended as principal map off the unit disc. Indeed, if
Apzq “ b0z ` b1z̄, then the map fprinpzq ” fpzq1D `

`

b0z ` b1{z
˘

1CzD is principal

in the sense of Definition 1.1. Therefore W1,8-principal quasiconvexity implies the
standard quasiconvexity inequality for sufficiently smooth maps. A standard argu-
ment then yields that a W1,8-principal quasiconvex functional is locally rank-one
convex on the interior of its effective domain and therefore that it is locally Lipschitz
there (see [32]).
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On the other hand, as we shall see in Section 2 below, the classical area formula
implies that minus the determinant, ´detpAq, is W1,1-principal quasiconvex (al-
though not W1.p-quasiconvex for 1 ď p ă 2) , while the determinant itself, detpAq,
is not. This simple example shows, in particular, that polyconvexity, and hence also
quasiconvexity, does not imply principal quasiconvexity in general. For general func-
tionals on R2ˆ2

` we present an additional local condition, see (31), which together
with standard quasiconvexity implies principal quasiconvexity, see Proposition 2.6.

In addition, the class of boundary values of all principal maps, i.e. of all the
maps f for which (11) applies, is much larger than just the linear ones. In fact,
if Ω is a Jordan domain in C with 8 P Ω, take a conformal map Ψ: CzD Ñ Ω
with Ψp8q “ 8. Then if the boundary BΩ is sufficiently regular, we can extend Ψ
to a principal map of C. In particular, we see that the set of boundary values of
principal maps on BD coincides with the set of boundary values on BD of all such
Riemann maps.

Let us then informally explain why principal quasiconvexity is relevant for es-
tablishing lower semicontinuity of variational integrals. The proof of Morrey [63]
for the lower semicontinuity of functionals with standard quasiconvex integrands
goes basically as follows. Firstly, given a weakly converging sequence pψjq of
Sobolev functions, one localises the sequence to achieve convergence to a linear
map. Second, one replaces this localized sequence with one of affine boundary val-
ues, uj´Az P W1,2

0 pΩq, via a carefully chosen cutoff. And third, one applies directly
the definition of quasiconvexity to each such uj . However, such a strategy breaks

down for functionals that are defined and finite only on R2ˆ2
` , simply because the

cut-off modification might give negative determinants on sets of positive measure.
We must therefore approach the lower semicontinuity problem via other meth-

ods, for example gradient Young measures and the related closed quasiconvexity.
However, to deal with gradient Young measures, and investigate whether quasi-
convex functionals are closed quasiconvex in practise one needs information of the
generating sequence of the Young measure. It is here that the principal quasiconvex-
ity shows its usefulness. For instance, in [3] one first shows that weakly converging
sequences of quasiregular mappings generate gradient Young measures that are sup-
ported on the quasiconformal wells Q2pKq, as defined in (6). And second, thanks to
Stoilow factorization, the properties of those Young measures can be analysed with
the help of principal maps, via the next result from [4]. After these observations,
the definition of principal quasiconvexity seems the natural one.

Proposition 1.3. Consider a homogeneous W1,s gradient Young measure ν sup-
ported on the K-quasiconformal well Q2pKq, where the exponent 2K{pK`1q ă s ă

2K{pK ´ 1q. Then there is a sequence of K-quasiconformal principal maps which
generates in D the Young measure ν.

For mappings of bounded distortion, aka the quasiconformal maps, the classical
Stoilow factorization is among the main tools in the above result. However, looking
for similar methods for mappings of finite or integrable distortion, it is the Iwaniec–
Šverák version of Stoilow factorization that provides us the following important
improvement, see [4, Theorem 4.4].

Proposition 1.4. Let ν be a homogeneous Young measure generated by pDψjq,
where pψjq is a sequence of homeomorphisms that is bounded in W1,2pDq and such
that supj

´
DK

q
ψj

dmpzq ă `8 for some q ą 1. Then there is a sequence of homeo-

morphisms fj : C Ñ C such that:
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1. fj are principal maps;

2. pfjq is bounded in W1,2
locpDq and pDfjq generates ν;

3. ψj “ hj ˝ fj for some conformal maps hj : fjpDq Ñ ψjpDq.

We recently proved [5] a more general version of this theorem that applies to
sequences of maps pψjq with distortions bounded merely in L1. In particular we
emphasize that the maps ψj there need not necessarily be homeomorphisms. The
proof has some new ideas compared to [4] and will appear elsewhere.

In order to apply Theorem 1.4 for a functional E, we need that the sequence
`

EpDfjq
˘

is equi-integrable. Thus the proofs of results concerning such general
functionals, considered in Theorems 1.6 and 1.9 with Corollary 1.7, split naturally
into two propositions. The first states that the growth conditions, such as given in
(17) below, together with a higher integrability of the distortion functions, guarantee
that the sequence

`

EpDfjq
˘

is equi-integrable. This rules out concentration effects.
The second proposition, needed in Theorem 1.6, takes care of the oscillation

effects and yields lower semicontinuity once equi-integrability is available. As a
matter of fact, in [4] a similar issue arose for the important Burkholder functional
itself. Fortunately the scope of principal quasiconvexity and Stoilow factorization
goes beyond the basic oscillation effects. Indeed, our third result, Theorem 1.5
shows that in the case of the Burkholder functional, principal quasiconvexity allows
us to use a blow-up technique to prove lower semicontinuity in the borderline case,
where equi-integrability cannot be assumed.

We next describe the results.

1.2. Main results. To illustrate the uses of principal quasiconvexity we next present
three lower semicontinuity theorems, and start with the classical Burkholder func-
tional Bp : R2ˆ2 Ñ R, which for exponents p ě 2 is given by

BppAq ”

˜

`p

2
´ 1

˘

|A|2 ´
p

2
detA

¸

|A|p´2, A P R2ˆ2. (13)

We note thatB2pAq “ ´ detpAq, while for p ą 2, in terms of the quasiconformal well
(6), we have BppAq ď 0 if and only if A P Q2

`

p{pp´2q
˘

. Thus, fixing K ” p{pp´2q,
or equivalently, p “ 2K{pK ´ 1q, one is led [4] to consider the local Burkholder
functional defined as

Bloc
K pAq ”

"

BppAq if A P Q2pKq

`8 if A P R2ˆ2zQ2pKq.
(14)

For the origins of the Burkholder functional we refer to [25, 26]. Its relation to Mor-
rey’s problem about rank-one and quasiconvexity was first observed by T. Iwaniec
and it has since been the subject of intense investigation by a number of authors,
including [9, 10, 12, 44, 45, 78, 51]. See also [7, 20, 21, 24, 67, 69] for results about
the norm of the Beurling-Ahlfors operator and the Iwaniec conjecture. We empha-
size the rather unusual feature of Bloc

K that it is nonpositive and p-homogeneous on
its effective domain Q2pKq.

As is well known, a planar K-quasiregular map lies in W1,p
loc for every p ă pK ”

2K{pK ´ 1q, while in general the integrability of the derivative of such a map fails
at the borderline exponent pK . Instead, in general its derivative is locally in the
Marcinkiewicz space LpK ,8 (see [2]). On the other hand, an interesting result of
[9] states that for K-quasiregular maps f : Ω Ñ C the function BpK pDfq is locally
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integrable on Ω, that is,

0 ě

ˆ
C

BpK pDfqdmpzq ą ´8

holds for compact subsets C of Ω. However, even when K-quasiregular maps satisfy
fj á f weakly in W1,pK it still is not clear whether

`

BpK pDfjq
˘

is locally equi-

integrable. Thus the closed quasiconvexity of Bloc
K , proven in [4, Theorem 1.4], led

there to results that correspond to the W1,q-swlsc of Bloc
K only for q ą pK .

In this note we in particular extend, using principal quasiconvexity and Stoilow
factorization, the W1,q-swlsc of the local Burkholder functional up to the border-
line case q “ pK . This is a consequence of a stronger and in a sense more natural
result. To explain why our result is natural we fix a bounded open subset Ω of C
and a K-quasiregular map g : C Ñ C, where K ą 1. Let p “ pK be the corre-
sponding borderline exponent and consider the variational problem of minimizing
the Burkholder energy

Brvs ”

ˆ
Ω

BppDvqdmpzq

over all K-quasiregular maps v P g`W1,2
0 pΩq. First one notes that from [9] (see also

Proposition 3.6 below for a more precise lower bound) it follows that the Burkholder

energy Brvs is bounded below over v P g`W1,2
0 pΩq. Next, let pujq Ă g`W1,2

0 pΩq be
a minimizing sequence, so that in particular each uj : Ω Ñ C is K-quasiregular and,
in view of the Dirichlet condition, the sequence pujq is bounded in W1,2pΩq. By a
normality result for K-quasiregular maps [7], pujq admits a subsequence pujkq that

converges uniformly to a K-quasiregular map u P g`W1,2
0 pΩq. In order to conclude

that u is a minimizer one therefore needs lower semicontinuity of Brvs along the
uniformly convergent subsequence pujkq. Apart from the technical assumption on
the limit map u the following result yields exactly that.

Theorem 1.5. Let p ą 2, K ” p{pp ´ 2q, Ω be a domain in C and suppose uj,
u : Ω Ñ C are K-quasiregular maps such that uj Ñ u locally uniformly on Ω. If

u P W1,p
locpΩq, then ˆ

Ω1
BppDuqdmpzq ď lim inf

jÑ8

ˆ
Ω1
BppDujqdmpzq (15)

holds for each subset Ω1 Ť Ω with L 2pBΩ1q “ 0.

Since any locally uniform limit u of a sequence pujq of K-quasiregular maps is
itself K-quasiregular, we see from [2] that the limit function u in Theorem 1.5 au-
tomatically has the Marcinkiewicz-regularity Du P Lp,8loc . It remains open if merely
this suffices in Theorem 1.5.

We refer to Corollary 3.7 for a global version of the Burkholder lower semiconti-
nuity result on Dirichlet classes. Since we do not know if the sequence

`

BppDujq
˘

in Theorem 1.5 is locally equi-integrable, we need to handle the concentration and
oscillation phenomena simultaneously. In this setting we will actually prove that
the singular part of the reduced defect measure for the sequence

`

BppDujq
˘

is zero.

We next consider lower semicontinuity results for general principal quasiconvex
functionals, which are consistent with the blow up condition

EpAq diverges as detA Ñ 0`. (16)
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For simplicity we restrict attention here to energy densities satisfying the following
growth conditions: There exist C ą 0 and p P r1, 2q such that

$

&

%

ˇ

ˇEpAq
ˇ

ˇ ď Cmax
␣

|A|p,´ logpdetAq,KA

(

` C on R2ˆ2
` ,

EpAq “ `8 on R2ˆ2z
`

R2ˆ2
` Y t0u

˘

.
(17)

Note we do not impose any condition for the value of E at 0 and that the functional
W defined at (27) satisfies (17) with p “ 1. With these bounds we have:

Theorem 1.6. Let E : R2ˆ2 Ñ R Y t`8u be Borel measurable and satisfy (17).
Assume that E is W1,1 principal quasiconvex. Fix an exponent q ą

p
2´p and let

g : C Ñ C be a homeomorphism of class W1,2
locpCq with distortion Kg P LqlocpCq.

Let pujq be a sequence of homeomorphisms in g`W1,2
0 pΩq with supj }Kuj }LqpΩq ă

8 and suppose that uj á u in W1,2pΩq. Then u P g`W1,2
0 pΩq is a homeomorphism

with Ku P LqpΩq and

lim inf
jÑ8

ˆ
Ω

EpDujpzqqdmpzq ě

ˆ
Ω

EpDupzqq dmpzq.

This result yields in a standard way an existence result for a variational problem
related to hyperelasticity:

Corollary 1.7. Let E : R2ˆ2 Ñ RY t`8u be Borel measurable, satisfy (17) and be
W1,1-principal quasiconvex. Suppose P : R2ˆ2 Ñ RYt`8u is lower semicontinuous,
polyconvex and satisfies the coercivity condition

PpAq ě c
`

|A|2 `Kq
A

˘

(18)

for all A P R2ˆ2, where c ą 0, q ą
p

2´p are constants. For a homeomorphism

g : C Ñ C of class W1,2
locpCq and with EpDgq ` PpDgq P L1pΩq we put

Ag ”

"

u P g ` W1,2
0 pΩq : u : Ω Ñ gpΩq homeomorphism

*

.

Then, for each F P W´1,2pΩq ” W1,2
0 pΩq˚, the variational problem

inf
uPAg

ˆˆ
Ω

`

EpDuq ` PpDuq
˘

dmpzq `
@

F, u
D

˙

admits a minimizer u P Ag with Ku P LqpΩq.

Our last result provides lower semicontinuity for principal quasiconvex function-
als along sequences of maps that have asymptotically finite distortion in the follow-
ing sense.

Definition 1.8. Let pujq be a sequence in W1,2
locpΩq and A be a measurable subset

of Ω. We say that the maps have asymptotically finite distortion on A if

lim sup
jÑ8

KpDujpxqq ă `8 for a.e. x P A. (19)

We then present a general lower semicontinuity result for sequences with asymp-
totically finite distortion. We emphasize that the mappings do not necessarily have
finite distortion everywhere, but that the distortion condition is merely required on
the measurable set A.
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Theorem 1.9. Let E : R2ˆ2 Ñ R Y t`8u be lower semicontinuous and W1,2-
principal quasiconvex, with E “ `8 on R2ˆ2z

`

R2ˆ2
` Y t0u

˘

, and assume that
ˇ

ˇEpAq
ˇ

ˇ ď CpKAq
`

|A|2 ` 1
˘

, @A P R2ˆ2
` , (20)

where C : r1,8q Ñ r1,8q is an increasing function. Let A be a measurable subset
of Ω.

Then, if pujq Ă W1,2
locpΩq has asymptotically finite distortion on A, if the sequence

converges weakly to u in W1,2
locpΩq and if

`

EpDujq
´
˘

is equi-integrable on A, (21)

then we have

lim inf
jÑ8

ˆ
A
EpDujqdmpzq ě

ˆ
A
EpDuqdmpzq.

Remark 1.10. Notice that we have not imposed any condition on the value of E
at 0, so any value for Ep0q that is compatible with lower semicontinuity of E is
permitted in Theorem 1.9.

In this introduction we have stated the homogeneous versions of the lower semi-
continuity estimates, but in the bulk of the text we will deal with general non-
autonomous z-dependent versions of the integrands. Although we have stated the
results for planar maps, the reader interested in applications could think of higher
dimensional plane strains, which often can be modeled by two-dimensional deforma-
tions [19, 70, 71]. For example this could be relevant for isochoric Mooney-Rivlin
materials altered in a quasiconvex but non-polyconvex way; see [23, 76] and the
references therein. We remark that our results in particular yield semicontinuity re-
sults for strain energies that decompose as a sum of a polyconvex energy density and
a principally quasiconvex energy density. This is particularly relevant for a class of
rank-one convex functionals with an additive isochoric-volumetric split, see [81, 82]
and [4, Sect. 11]. We also remark that under natural coercivity conditions in terms
of either the distortion or the second invariant one obtains existence of minimizers
subject to, for instance, Dirichlet boundary conditions. See [4, Sect. 12].

Before we embark on the proofs, we discuss and present examples of principal
quasiconvex functionals in section 2. We start by recalling our earlier work on the
Burkholder functional and isotropic functionals that admit a volumetric isochoric
split. Additionally, we show that for any functional depending only on distortion,
principal quasiconvexity is equivalent to rank-one convexity and to polyconvexity.
We then investigate the natural question of which additional conditions, on top of
quasiconvexity, imply principal quasiconvexity. Here, Proposition 2.6 is the main
technical result. The proof originates from [4], utilizing the theory of quadrature
domains, but in this work we deal more efficiently with concentration. This part
combines the approximation result [49, 27] together with some careful manipulations
with Orlicz functions in order to transfer equiintegrability from Kf to logp1 ` 1

Jf
q,

in analogy with the Lp estimates of Koskela and Onninen. In addition to natural L1

type growth conditions (30), condition (31) upgrades W1,8-quasiconvexity to W1,1-
principal quasiconvexity. The condition (31) is not difficult to verify but requires
to test on all conformal maps. Therefore we present stronger local conditions easier
to verify. Namely under growth condition (30), any W1,8-quasiconvex functional
E, such that

Czt0u Q w ÞÑ EpwAq is locally concave, (22)
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is W1,1-principal quasiconvex. For an isotropic functional we give a more precise
condition in Lemma 2.7. We end the examples section with a brief discussion of
the so-called complex Burkholder functionals introduced in [11]. It is interesting to
note that these functionals have a different symmetry group, but still the arguments
persist in this wider context.

In section 3 we describe the proofs for the semicontinuity and existence results.
The proofs of Theorems 1.6 and 1.9 follow a well-known strategy. First we use
Young measures for the localization, we then deal with the homogeneous gradient
Young measures via Stoilow factorization, and finally we apply principal quasicon-
vexity. The localization for the case of asymptotic finite distortion is however rather
delicate, and involves a number of technical steps and results, where for instance
the 0-1 law from [3] is used. The proof of Theorem 1.5 is more subtle as we cannot
rely on gradient Young measure theory. Instead we analyze the limit measure of
the L1-bounded sequence BppDujq and localize differently at points where the limit
measure is absolutely continuous with respect to Lebesgue measure, and at points
where it is singular. This blow up technique adjusts very well to principal quasicon-
vexity, though to treat the singular part we need to assume critical integrability for
the limit map (not for the sequence though). Finally, we gather all results and prove
in this section the results of existence of minimizers. The reader not interested in
proofs can directly check our local conditions and apply the existence theorem.

2. Examples of principal quasiconvex functionals. In this section we discuss
and give examples of functionals satisfying the principal quasiconvexity condition of
Definition 1.2. Some of the examples are better understood using complex notation
for matrices A P R2ˆ2. Recall that this amounts to identifying A with pa`, a´q P C2,
where, in terms of the usual identification of ω “ pω1, ω2q P R2 with ω “ ω1 ` iω2 P

C,
Aω “ a`ω ` a´ ω . (23)

Accordingly we get with A` ” pA ` cofAq{2, A´ ” pA ´ cofAq{2 that A` “

pa`, 0q, A´ “ p0, a´q and this is the reason for calling pa`, a´q the conformal-
anticonformal coordinates of A. In this connection, we also record that pρeiθ, 0q “

ρRθ, where Rθ P SOp2q represents the (anti-clockwise) θ-angle rotation about the
origin. Similarly, the complex conjugate mapping, ω ÞÑ ω, is identified with the
reflection diagp1,´1q “ p0, 1q.

For later use, we also recall that for A P R2ˆ2 we have the identities: |A| “

|a`|`|a´|, JA “ |a`|2 ´|a´|2. When A P R2ˆ2
` we have KA “ p|a`|`|a´|q{p|a`|´

|a´|q “ p1 ` |µA|q{p1 ´ |µA|q, where the ratio µA ” a´{a` is called the complex
dilation of A.

A functional E : R2ˆ2
` Ñ R Y t`8u is isotropic provided EpQARq “ EpAq holds

for all A P R2ˆ2
` and Q, R P SOp2q. There are a number of equivalent ways to

characterize isotropy and here we emphasize that both A ÞÑ JA and A ÞÑ KA

are isotropic. These two functionals can be considered the building blocks for all
isotropic functionals in the sense that one can show E to be isotropic precisely
when EpAq “ EpKA, JAq holds for all A P R2ˆ2

` for some extended real-valued
function E : p0,8q2 Ñ R Y t`8u. Below we shall be considering subclasses of
the isotropic functionals that are naturally expressed in such terms. Finally, it
will be convenient on a few occasions to use the short-hand zA for the matrix
ρRθA “ pz, 0qpa`, a´q “ pza`, za´q, where z “ ρeiθ. For later reference we also
record the general multiplication rule for matrices A “ pa`, a´q and B “ pb`, b´q
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in complex notation

AB “ pa`, a´qpb`, b´q “
`

a`b` ` a´b´, a`b´ ` a´b`

˘

. (24)

A first simple class of examples is furnished by the following result:

Proposition 2.1. Assume P : R2ˆ2 ˆ R Ñ R Y t`8u is an extended real-valued,
lower semicontinuous and convex function for which the partial function t ÞÑ P pA, tq
is non-increasing on r0, |A|2s for each fixed A P R2ˆ2. Then the functional PpAq ”

P pA, JAq, A P R2ˆ2
` , is W1,1-principal quasiconvex.

Proof. Let f : C Ñ C be an orientation-preserving homeomorphism of class W1,1
locpCq,

which is conformal on CzD with the Laurent expansion

fpzq “ b0z `
b1
z

`

8
ÿ

n“2

bn
zn

for |z| ą 1. (25)

Note that a principal map in the sense of our Definition 1.1 in particular will satisfy
these conditions. According to the area formula (see [7, Th. 2.10.1 & Cor. 2.10.2])
we have, in terms of the notation introduced after Definition 1.1, that

 
D
Jf dmpzq ď detAf ´

8
ÿ

n“2

n|bn|2, (26)

and therefore in particular, 0 ď
ffl
DJf dmpzq ď detAf . We employ this inequality

in conjunction with Jensen’s inequality whereby 
D
PpDfqdmpzq ě P

ˆ

Af ,

 
D
Jf dmpzq

˙

.

Here we have 0 ď
ffl
DJu dmpzq ď detAf ď |Af |2, where the last inequality is

Hadamard’s. We may now conclude with the desired inequality if we use that
t ÞÑ P pAf , tq is non-increasing on r0, |Af |2s.

We record that the above argument also illustrates why A ÞÑ JA is not W1,8-
principal quasiconvex. Indeed the area inequality (26) immediately implies thatffl
DJf dmpzq ă detAf whenever f is a W1,8

loc principal map where at least one of
the coefficients bn ‰ 0 for n ě 2 in its Laurent expansion (25). Prime examples
of polyconvex functionals that are also W1,1-principal quasiconvex are, minus the
determinant, ´JA, and the distortion functional KpAq ” KA. It is well-known from
[18] that A ÞÑ ´JA is W1,p-quasiconvex if and only if p ě 2, so the fact that we in
the definition of W1,1-principal quasiconvexity only test with special W1,1 maps is
essential. See also [66] for further discussion of the W1,p-quasiconvexity condition
that involves the distributional Jacobian.

The second invariant I2pAq “ KA ` 1{KA is also simultaneously polyconvex and
W1,1-principal quasiconvex. This is a consequence of the following result concerning
so-called isochoric, or conformally invariant, free energy functionals, meaning those
isotropic functionals that are also homogeneous of degree 0. The canonical example
of an isochoric functional is the distortion A ÞÑ KA and it can be shown that
H : R2ˆ2

` Ñ RY t`8u is isochoric precisely when HpAq “ HpKAq for all A P R2ˆ2
` ,

where H : r1,8q Ñ R Y t`8u. For instance, see [81] and the references therein.
This class of energy functionals and the associated variational problems have been
discussed by a number of authors, including [7, Chap. 21], [8], [61] and [81, 82, 83].
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Proposition 2.2. Let H : r1,8q Ñ R Y t`8u be a lower semicontinuous and ex-
tended real-valued function. Define HpAq ” HpKAq, A P R2ˆ2

` . Then the following
are equivalent:

(i) H is rank-one convex;
(ii) H is W1,1-principal quasiconvex;
(iii) H is polyconvex;
(iv) H is convex and non-decreasing.

Proof. The pairwise equivalences of (i), (iii) and (iv) follow from [81]. To see the
equivalence to (ii) we first observe that an argument similar to the one used in the
proof of Proposition 2.1 yields (ii) from (iv). We therefore conclude the proof if we
can show that (i) follows from (ii). Assume that (ii) holds and fix matrices A0, A1 P

R2ˆ2
` that are rank-one connected. Put for a weight λ P p0, 1q, Aλ “ p1´λqA0`λA1.

We can without loss in generality assume that HpA0q, HpA1q ă `8. Note that
Aλ P R2ˆ2

` and 1 ď KAi ă `8, hence by rank-one convexity of the distortion,
KAλ

ď p1 ´ λqKA0
` λKA1

ď K ” maxtKA0
,KA1

u ă `8. Write A1 ´A0 “ ab n
with |n| “ 1, take θ P SOp2q with θe1 “ n, denote Q “ p0, 1q2 and R “ θ

`

Q
˘

.
Define, in terms of real notation,

vpzq ”

"

pA0 ´Aλqz ` p1 ´ λqa in R0,
pA1 ´Aλqz in R1,

where Ri “ θ
`

Qi
˘

, Q0 “ p0, 1 ´ λq ˆ p0, 1q, Q1 “ p1 ´ λ, 1q ˆ p0, 1q. Observe that

hereby v : R Ñ R2 is a Lipschitz map that is constant in the direction perpendicular
to n and v

`

θpte2q
˘

“ v
`

n` θpte2q
˘

for t P p0, 1q. If therefore we extend v to R2 by
R-periodicity, then we obtain a Lipschitz and R-periodic map that we again denote
v : R2 Ñ R2. By inspection

Dv “

"

A0 ´Aλ in R0,
A1 ´Aλ in R1,

hence
´
R
Dv dmpzq “ 0. Put ujpzq ” Aλz ` 1

j vpjzq, z P D, and record that uj is

Lipschitz with

Duj “

"

A0 in R0,j ,
A1 in R1,j ,

where the disjoint sets R0,j , R1,j Ă D satisfy L 2pR0,jq “ p1´λqπ`op1q, L 2pR1,jq “

λπ ` op1q. In particular, Kuj
ď K, so uj is K-quasiregular and we may Stoilow

factorize it: uj “ hj ˝ fj on D, where fj : C Ñ C is a K-quasiconformal normalized
principal map with Kfj “ Kuj

and hj : fjpDq Ñ C is holomorphic. It follows from

the Riemann-Lebesgue lemma that uj
˚

á Aλ in W1,8pDq and so by uniqueness of

the Stoilow factorization we find that fj Ñ f uniformly on C and weakly in W1,2
locpCq

and hj Ñ h locally uniformly on fpDq. Here we have in terms of Aλ “ paλ,`, aλ,´q

and in complex notation,

fpzq “

#

z `
aλ,´
aλ,`

z̄ if |z| ď 1,

z `
aλ,´
aλ,`

1
z if |z| ą 1,

and hpzq “ aλ,`z.

Because

Kfj “ Kuj
“

"

KA0 on R0,j ,
KA1 on R1,j ,

we get  
D
HpDfjqdmpzq “ p1 ´ λqHpA0q ` λHpA1q ` op1q
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and here the left-hand side is estimated using W1,1-principal quasiconvexity,

H

ˆ 
D
Dfj dmpzq

˙

ď

 
D
HpDfjqdmpzq.

Because
ffl
DDfj dmpzq Ñ Af “ Aλ{aλ,` and since KAλ{aλ,` “ KAλ

we may use the
lower semicontinuity of H to conclude.

Next we turn to the class of free energy functionals that are isotropic and admit
an additive isochoric-volumetric split, meaning they must have the general form

EpAq “ HpKAq `GpJAq, A P R2ˆ2
` ,

where H and G are extended real-valued functions. Such free energy functionals
have been considered by many authors and are often used to model slightly com-
pressible materials, see for instance [37, 29, 46, 70]. Whereas the case of rank-one
convexity for the individual terms HpKAq and GpJAq is characterized by Propo-
sitions 2.2 and 2.1, respectively, the rank-one convexity of EpAq is more involved
and does not necessarily mean that both HpKAq and GpJAq are rank-one convex.
The precise conditions have been worked out in the interesting paper [81, Th. 2.6]
and following [82] we shall here focus on the special case when the isochoric part is
rank-one convex. In that situation it was shown in [82] (see also [4, Sect. 11]) that
E is rank-one convex if and only if there exists an isotropic polyconvex functional
P and a non-negative constant c ě 0 such that E “ P ` cW, where

WpAq ” KA ´ logKA ` log JA for A P R2ˆ2
` , (27)

as observed in [82], is an isotropic rank-one convex, non-polyconvex functional.
Indeed it cannot be polyconvex because WptAq Ñ ´8 as t Ñ 0. If we follow the
convention (12) of this paper and extend W to full matrix space R2ˆ2 and at the
same time insist that the extension be lower semicontinuous, then we must define

WpAq “

$

&

%

KA ´ logKA ` log JA if A P R2ˆ2
` ,

´8 if A “ 0,
`8 if A P R2ˆ2z

`

R2ˆ2
` Y t0u

˘

.

We are therefore forced to consider extended real-valued integrands that assume
both ˘8. This example, together with the local Burkholder functional (14), are
our reasons for adopting an ad hoc approach to the value at 0 when extending
functionals from R2ˆ2

` to R2ˆ2. We remark that this extension of W remains
isotropic and rank-one convex (with the natural definitions, see for instance [4]).
The following result is proved in [4, Cor. 1.7, Th. 1.8 & Th. 1.9]. We emphasize that
it in particular yields a positive solution to Morrey’s problem within the considered
class of functionals.

Theorem 2.3. Let EpAq “ HpKAq ` GpJAq, A P R2ˆ2
` , where H : r1,8q Ñ R Y

t`8u and G : p0,8q Ñ R Y t`8u are lower semicontinuous extended real-valued
functions. Assume H is convex. Then E is rank-one convex if and only if E is
W1,2-quasiconvex.

Furthermore, the functional W from (27) is W1,1-principal quasiconvex.

We return to the Burkholder functional Bp : R2ˆ2 Ñ R that was defined for
exponents p ě 2 at (13) in the introduction. In complex notation it is given by

BppAq “
`

pp´ 1q|a´| ´ |a`|
˘`

|a`| ` |a´|
˘p´1

(28)
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for a matrix A P R2ˆ2 that has conformal-anticonformal coordinates pa`, a´q P C2.
It is isotropic, p-homogeneous and rank-one convex, but it is an open question
whether it is also W1,8-quasiconvex. Its quasiconvexity would among other things
provide an alternative approach to the optimal higher integrability properties of
quasiconformal maps [2], see [51] where the reader can also find interesting exten-
sions to higher dimensions n ą 2. In the recent work, [4], building on [9, 10], it was
shown that the Burkholder functional is quasiconvex when restricted to quasicon-
formal test functions with appropriate distortion. The precise result is conveniently
stated in terms of the local Burkholder functional.

Theorem 2.4. Let p ą 2, p1 “ p{pp´ 1q and K “ p{pp´ 2q. The local Burkholder

functional Bloc
K defined at (14) is simultaneously W1,1-principal quasiconvex, W1,p1

-
quasiconvex and closed W1,q-quasiconvex for each q ą p1.

We refer to [4, Th. 1.4 & Th. 1.6] for the proofs. Indeed, as quasiconformal

homeomorphisms of Sobolev class W1,1
loc are automatically 2 in W1,2

loc we see that
the local Bukholder functional is actually W1,1-principal quasiconvex. However, if
we test with the staircase laminate introduced in [34, Example 5.4] we see that it
is not closed W1,q-quasiconvex for q ă 2K

K`1 . Moreover if we test with the map

obtained in [6, Theorem 3.2] we see that the local Burkholder functional is not even
W1,q-quasiconvex for q ă 2K

K`1 .

We have already noted that Bloc
K is non-positive on its effective domain which

is the K-quasiconformal well Q2pKq. Indeed, it is 0 on its boundary and strictly
negative in its interior. If we combine Theorem 2.4 with Jensen’s inequality for
convex functions we deduce the following corollary.

Corollary 2.5. Let p ą 2, p1 “ p{pp´1q and K “ p{pp´2q. Assume θ : p´8, 0q Ñ

RY t`8u is a lower semicontinuous convex and non-decreasing function satisfying
θptq Ñ `8 as t Ñ 0´. Then the functional Bθ

p : R2ˆ2 Ñ R Y t`8u defined by

Bθ
ppAq ”

"

θ
`

BppAq
˘

if A P R2ˆ2
` and KA ă K,

`8 if A P R2ˆ2 and A “ 0 or KA ě K,

is W1,p1
-principal quasiconvex, W1,p1

-quasiconvex and closed W1,q-quasiconvex for
each q ą p1.

We leave the elementary verification to the interested reader. We shall exhibit one
particular example from this and start by recalling that Bp is isotropic. If therefore

we restrict BppAq to A P R2ˆ2
` it can be expressed in terms of the distortion and

the Jacobian of A, where, if we assume p ą 2 and keep writing K “ p{pp ´ 2q, it
becomes

BppAq “
p´ 2

2

`

KA ´K
˘

K
p´2
2

A J
p
2

A , A P R2ˆ2
` .

It clearly does not admit an additive isochoric-volumetric split. However, it does
admit a multiplicative isochoric-volumetric split as

BppAq “ ΦpKAqΨpJAq,

where Φpsq “
p´2
2 ps ´ Kqs

p´2
2 , s ě 1, and Ψptq “ t

p
2 , t ą 0. It is interesting to

note that both Φ and Ψ are increasing and convex on their respective domains. We

2This is classical. A proof follows by applying, for example [7, Corollary 3.3.6], to get that

the Jacobian is in L1 and deduce the square integrability of the full derivative by the distortion

inequality
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exploit this as follows and note first that Φpsq ă 0 for s P r1,Kq corresponding to
BppAq ă 0 on the interior of the K-quasiconformal well. We may therefore define
the functional Bθ

p corresponding to θptq “ ´ logp´tq, t ă 0, whereby the functional

LppAq ” Bθ
ppAq “

"

´ log
`

´ΦpKAq
˘

´ log
`

ΨpJAq
˘

if A P R2ˆ2
` and KA ă K,

`8 otherwise,
(29)

results and it clearly has the additive isochoric-volumetric split form. By virtue of
Propositions 2.1 and 2.2 both the isochoric and volumetric parts are polyconvex, so
Lp is in particular polyconvex too.

The following proposition gives, modulo a one-sided growth condition, a local
condition for a quasiconvex function to be automatically principal quasiconvex. The
interested reader will see that the statement in particular applies to the functional
W defined at (27).

Proposition 2.6. Let E : R2ˆ2
` Ñ R be W1,8-quasiconvex. Suppose that

EpAq ď c

ˆ

1 `KA ` log

ˆ

1 `
1

JA

˙

` JαA

˙

(30)

and that the composite function

Ω Q z ÞÑ Eph1pzqAq is superharmonic (31)

for all A P R2ˆ2
` and all conformal maps h : Ω Ă C Ñ C, where c ą 1 and α P p0, 1q

are constants. Then E is W1,1-principal quasiconvex.

One may give versions of this result also for functionals defined on quasiconformal
wells and that are modelled on the local Burkholder functionals; we intend to report
on that elsewhere. It is possible to simplify the proof of Proposition 2.6 below if we
replace the condition (31) by the stronger condition that the function

Czt0u Q w ÞÑ EpwAq is locally concave. (32)

Local concavity amounts to concavity of the function near each w0 ‰ 0 and is used
here because the set Czt0u clearly is not convex. It suffices for (31) since it allows
us, via Jensen’s inequality, to check that the composite function z ÞÑ Eph1pzqAq

locally satisfies the mean-value inequality that is known to be equivalent to super-
harmonicity. However, as E is real-valued and quasiconvex it is also rank-one convex
and so locally Lipschitz. It is then not difficult to see that the local concavity (32)
implies concavity in the sense that EpwAq lies below its supporting hyperplanes
everywhere on Czt0u. The interested reader will see that this observation allows a
simplification of the proof below.

The following lemma characterizes the condition (31) in the case the functional
E is isotropic. Its proof is a straightforward calculation that is left to the interested
reader.

Lemma 2.7. Suppose E : R2ˆ2
` Ñ R is locally Lipschitz and isotropic. Then the

composite function z ÞÑ Eph1pzqAq is superharmonic for each conformal map h : Ω Ă

C Ñ C and each A P R2ˆ2
` if and only if the function

p0,8q Q t ÞÑ t
@

E1ptAq, A
D

for each A P R2ˆ2
` is non-increasing.
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The proof of Proposition 2.6 below requires a number of further results that we
will quote in the course of the proof and it also uses elements from [4]. The most
important is [4, Lemma 7.2] that we for convenience of the reader state here in a
form adapted to our setting.

Lemma 2.8. Suppose that f : C Ñ C is a principal map of class W1,1
locpCq with

Laurent expansion (25) in the complement of the unit disk. Put Rf pzq ” b0z `

b1{z and h ” f ˝ R´1
f on CzAf pDq. Then h : CzAf pDq Ñ fpCzDq is a conformal

homeomorphism and

g ”

"

f in D,
h ˝Af in CzD,

is a homeomorphism of class W1,1
locpCq. Moreover, hpzq “ z ` Opz´2q as |z| Ñ 8.

Proof of Proposition 2.6. Fix a principal map f : C Ñ C of class W1,1
locpCq and use

the notation of Lemma 2.8. For r ą 1 we consider the dilated map grpzq ” gprzq,
z P C. It has the same properties as g, but is additionally conformal for all |z| ą 1{r.
To avoid complicated notation we shall in the following denote this dilated version
simply as g again and likewise we write h for hr. Also denote A “ Ag “ prb0, b1{rq.
We now employ [49, 27] to find a sequence pgnq of C1-diffeomerphisms gn : D Ñ gpDq

with gn “ g on BD, gn Ñ g uniformly on D and strongly in W1,1pDq, g´1
n Ñ g´1

uniformly on gpDq and strongly in W1,2pgpDqq. Put E ” ApDq and note it is an
ellipse. If we extend each gn to C by h ˝ Af we obtain Lipschitz maps with the

property that gn ˝ A´1
f “ h is conformal on CzE with Lipschitz derivative h1 and

so h1pzq “ 1 ` Opz´3q as |z| Ñ 8. Because E as mentioned before must be locally
Lipschitz we may use a simple change of variables to see, using the asymptotics of
h, that EpDgnq´EpAq

˘

is integrable over C and proceed similarly to [4, Lemma 7.2]

to obtain, for each fixed n P N, from the assumed W1,8-quasiconvexity at A “ Agn
that ˆ

C

`

EpDgnq ´ EpAq
˘

dmpzq ě 0.

We continue withˆ
D

`

EpDgnq ´ EpAq
˘

dmpzq ě ´

ˆ
CzD

`

Eph1pAzqAq ´ EpAq
˘

dmpzq

“ ´
1

JA

ˆ
CzE

`

Eph1pzqAq ´ EpAq
˘

dmpzq,

where we note that the last integrand is integrable and, by assumption (31) is also
superharmonic over the complement CzE . But the complement of an ellipse is by
a result of Sakai [75] a null quadrature domain, so the integral of an integrable
superharmonic function there is non-positive, hence we arrive atˆ

D

`

EpDgnq ´ EpAq
˘

dmpzq ě 0.

In order to pass to the limit n Ñ 8 here we must invoke the growth condition (30).
First recall (7) and using that gnpDq “ gpDq we get by the convergence properties
of gn:ˆ

D
Kgn dmpzq “

ˆ
gpDq

|Dpg´1
n q|2 dmpzq Ñ

ˆ
gpDq

|Dpg´1q|2 dmpzq “

ˆ
D
Kg dmpzq.
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Since also Kgn Ñ Kg in L 2 measure it follows that Kgn Ñ Kg in L1pDq. In
particular, the sequence pKgnq is equi-integrable on D. For the Jacobians Jgn we
note that gnpDrq “ gpDrq for all r ě 1, hence the area formula gives

´
Dr
Jgn dmpzq “

L 2pgpDrqq, so pJgnq is bounded in L1
locpCq. But then pJαgnq is equi-integrable on D

by de la Vallée Poussin’s criterion.
We turn to the term log

`

1`1{Jgn
˘

and remark that as a W1,1-homeomorphism of

integrable distortion the map g has Jg ą 0 a.e. (see [48]), so clearly log
`

1`1{Jgn
˘

Ñ

log
`

1 ` 1{Jg
˘

in L 2 measure on D. Even though gn “ g on BD so that the local
bound from [55, 56] can be improved to a global bound [4, Prop. 12.2], and in fact
that we have a very precise bound resulting from W1,1-principal quasiconvexity of
the functional W from Theorem 2.3, we only get that the sequence

`

log
`

1`1{Jgn
˘˘

is bounded in L1pDq. We must however exclude concentration in order to proceed
with the limit, so the bounds must be upgraded.

To that end note that if Ψ: r0,8q Ñ r0,8q is an increasing and continuous
function, then we get by elementary calculus since gnpDq “ gpDq that

ˆ
D
Ψ

ˆ

1

Jgn

˙

Jgn dmpzq “

ˆ
gpDq

Ψ
`

Jg´1
n

˘

dmpzq.

If Θ: r0,8q Ñ r0,8q is an increasing, continuous function with Θptq{t Ñ 1 as
t Ñ 0` and Θptq Ñ 8 as t Ñ 8, and we put Ψptq “ Θptqt above then we find

ˆ
D
Θ

ˆ

1

Jgn

˙

dmpzq “

ˆ
gpDq

Θ
´

Jg´1
n

¯

Jg´1
n

dmpzq. (33)

Recall that gn equals g outside D, that g is smooth away from D and that gpCq “ C.
Take a cube Q centered at 0 and with axes parallel to the coordinate axes such that
gpDq Ă Q. We now employ [43, Th. 2]. Accordingly, if θ : r0,8q Ñ r0,8q is
increasing, continuous θptq{t Ñ 1 as t Ñ 0` and θptq Ñ 8 as t Ñ 8, then there
exists a constant C ą 0 such that with

Ψptq “ θptqt` t

ˆ t

0

θpsq

s
ds, t ě 0,

we have ˆ
Q

Ψ
`

Jg´1
n

˘

dmpzq ď C

ˆ
2Q

θ
`

|Dpg´1
n q|2

˘

|Dpg´1
n q|2 dmpzq (34)

for all n P N. Because
`

Dpg´1
n q

˘

is 2-equi-integrable it follows from the de la
Vallée-Poussin criterion that we can chose a function θ as above and such that the
right-hand side of (34) is bounded for n P N. Put

Θptq ”

ˆ t

0

θpsq

s
ds “

ˆ logp1`tq

0

θ
`

er ´ 1
˘ er

er ´ 1
dr

and note that Θ hereby is a continuous, increasing function with Θp0q “ 0 and

Θptq

logp1 ` tq
Ñ 8 as t Ñ 8.

Consequently, if we define

ψpsq ”

ˆ s

0

θ
`

er ´ 1
˘ er

er ´ 1
dr, s ě 0,
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then ψ : r0,8q Ñ r0,8q is continuous, increasing, ψp0q “ 0 and ψpsq{s Ñ 8 as
s Ñ 8. Since ψ

`

logp1 ` tq
˘

t “ Θptqt ď Ψptq and we use Ψ in (33) we arrive atˆ
D
ψ

ˆ

log

ˆ

1 `
1

Jgn

˙˙

dmpzq ď C

ˆ
2Q

Θ
`

|Dpg´1
n q|2

˘ˇ

ˇDpg´1
n q

ˇ

ˇ

2
dmpzq,

where the right-hand side as observed in (34) is bounded for n P N. De la Vallée-
Poussin yields equi-integrability of the sequence

`

log
`

1 ` 1{Jgn
˘˘

on D. Taken
together with the previous observations we conclude that the sequence of positive
parts

`

EpDgnq`
˘

is equi-integrable on D and since it also converges in measure to
EpDgq` it follows from Vitali’s convergence theorem thatˆ

D
EpDgnq` dmpzq Ñ

ˆ
D
EpDgq` dmpzq.

For the sequence
`

EpDgnq´
˘

of negative parts we can estimate using Fatou’s lemma,
and consequently we have shown that 

D
EpDgqdmpzq ě EpAq.

Because E is locally Lipschitz we can take r Ñ 1` to conclude the proof.

Remark 2.9. The interested reader will see that the proof of Proposition 2.6 can
give slightly more general results. We also note that the argument leading to the
equi-integrability of the sequence

`

logp1`1{Jgnq
˘

can be upgraded to give an Orlicz
space version of the estimates in [55] and we will present that elsewhere [5].

We now give a larger, more general family of examples, with different symmetries.
In order to motivate these examples we recall that the profound implications of the
restricted quasiconvexity of the Burkholder functional on the higher integrability
theory of quasiconformal maps led the authors of [11] to define and investigate
a more general family of functionals, so-called complex Burkholder functionals.
These functionals describe not only the integrability properties of quasiconformal
mappings, loosely speaking corresponding to the stretch of such maps, but also the
rotation of such maps. While its definition is a bit cumbersome it is very natural
from the quasiconformal view point, and we now describe it in some detail.

It was discovered in [9, 11] that a fruitful way to understand the Burkholder
functional is to see

´
D BppDfqdmpzq as a weighted Lp norm of Df , where the

weight depends on p and f : indeed, first recall that any K-quasiconformal map is
a W1,2

loc-solution to the Beltrami equation

fz “ µpzqfz,

where the complex dilatation µ “ µf satisfies |µf pzq| ď K´1
K`1 ă 1 for a.e. z. Further,

note that for such a map we may write

BppDfq “

´ p|µf |

1 ` |µf |
´ 1

¯ˇ

ˇ

ˇ
p1 ` |µf |qfz

ˇ

ˇ

ˇ

p

.

In order to generalize this definition to describe the optimal complex powers for
quasiconformal maps we take the exponent p to be a complex number which satisfies

1 ď |p ´ 1|, p ‰ 0, (35)

and we define β “ βppq as the complex number determined uniquely through the
equations

|β| ` |β ´ 2| “ 2|p ´ 1| and Repβ{pq “ 1.
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Then we set

BppAq “

´ pη|µA|

1 ` η|µA|
´ 1

¯

|pa` ` η|µA|a`qβ |.

Here η depends on |µA| and p through the implicit relations

|ηpzq| “ 1 and argppηq “ argp1 ` η|µA|q.

We readily see that the structure of the complex Burkholder functional is similar
to that of Bp but that it contains complex powers of fz. Thus, as mentioned
above, its quasiconvexity relates not only to integrabilty issues but also to how fast
quasiconformal maps can wind a line into a spiral. Concerning the structure of
the functional we note that, for a complex parameter β, the functional is pReβq-
homogeneous and the group of symmetries is described by the logarithmic spiral
Sβ “ tz : |zβ | “ 1u. We invite the reader to find a function b : R Ñ C such that

BppAq “ |aβ`|bp|µA|q and thus will meet the requirements of Proposition 2.6. In
a companion paper [5] we prove that the full family of local complex Burkholder
functionals is principal quasiconvex:

Theorem 2.10. Let Bp be the p-Burkholder functional with the complex exponent

p satisfying condition (35). Then
␣

Bp ď 0
(

“ Q2

´

|p´1|`1
|p´1|´1

¯

and

BpAq ”

"

BppAq if BppAq ď 0,
`8 if BppAq ą 0,

is W1,1-principal quasiconvex.

3. Proofs of semicontinuity and existence results.

3.1. Lower semicontinuity along sequences with asymptotically finite dis-
tortion. We begin by giving the proof of a more general version of Theorem 1.9.
The strategy is as follows: first we apply a general semicontinuity result for Young
measures [13]. Then we localize and show that our assumed growth conditions and
principal quasiconvexity imply that the integrands satisfy the Jensen inequality for
the corresponding homogeneous gradient Young measures.

Theorem 3.1. Let E : ΩˆR2ˆ2 Ñ RY t`8u be a normal integrand. Assume that
ˇ

ˇEpz,Aq
ˇ

ˇ ď Cpz,KAq
`

|A|2 ` 1
˘

@pz,Aq P Ω ˆ R2ˆ2
` , (36)

where C : Ω ˆ r1,`8q Ñ r1,`8q is Borel measurable and Cpz, ¨q : r1,8q Ñ r1,8q

is an increasing function for each z P Ω, and that for each z P Ω, Epz, ¨q is W1,2-
principal quasiconvex.

Let pujq be a sequence in W1,2
locpΩq and suppose that the maps have asymptotically

finite distortion on a measurable subset A of Ω:

K ” lim sup
jÑ8

KpDujq ă `8 L 2 a.e. in A. (37)

Then, if uj á u in W1,2
locpΩq and
`

Ep¨,Dujq
´
˘

is equi-integrable on A, (38)

we have

lim inf
jÑ8

ˆ
A
Ep¨,Dujqdmpzq ě

ˆ
A
Ep¨,Duqdmpzq.
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Remark 3.2. The conclusion of Theorem 3.1 fails in general without the assump-
tion (38), but can be reinstated if formulated in terms of biting convergence as in
[50] and [40]. Under the assumptions of Theorem 3.1 except (38) we have that each
subsequence of pujq admits a further subsequence pujkq such that

b ˚ lim
kÑ8

Ep¨,Dujkq ě Ep¨,Duq L 2 a.e. in A.

In fact, this is a consequence of Jensen’s inequality for E and the Young measures
generated by subsequences of pDujkq. That they hold is part of our proof for
Theorem 3.1 and we invite the reader to check that their validity do not hinge
on the equi-integrability assumption (38). Indeed, if pνzqzPΩ is a Young measures
generated by a subsequence of pDujkq, then it is not difficult to see that

b ˚ lim
kÑ8

Ep¨,Dujkq ě

ˆ
R2ˆ2

Ep¨, Aqdν¨pAq ě Ep¨,Duq L 2 a.e. in A.

The key to the proof is the following localization principle for the Young measures
that are generated by the derivatives of maps in a weakly converging sequence in
W1,2

loc satisfying the asymptotic distortion condition (37). We emphasize that in the
subsequent statements and proofs we consider all functions and maps in terms of
their precise representatives.

Proposition 3.3. Let pujq be a bounded sequence in W1,2
locpΩq of maps satisfying

(37). If pDujq generates the Young measure pνzqzPΩ, then for L 2 almost all z P A
the measure νz is a homogeneous W1,2 gradient Young measure with support in
Q2

`

Kpzq
˘

.

Proof. Put Mjpzq ” supsějKpDusq, z P Ω. Then Mj : Ω Ñ r1,`8s is measurable
and

Mjpzq ě Mj`1pzq Œ Kpzq as j Õ 8 pointwise in z P Ω. (39)

We recall that Kpzq is defined at (37), where it is also assumed that Kpzq ă `8

holds L 2 almost everywhere on A. Because K is also clearly measurable it follows
from Lusin’s theorem that it is L 2 quasi-continuous on A: for each ε ą 0 there
exists a measurable subset G “ Gε Ă A such that K is finite and continuous relative
to G and L 2pAzGq ă ε. Fix an ε ą 0 and corresponding set G “ Gε. Fix a ą 1
and put Gj “ Gaj ” tz P G : Mjpzq ă aKpzqu and record that Gj are measurable
sets that by virtue of (39) form an ascending sequence that in the limit j Ñ 8

exhaust G:

Gj Ă Gj`1 and
ď

jPN
Gj “ G. (40)

We next note that the space C0pD ˆ R2ˆ2q with the supremum norm is separable
and that we may find countable families F1 in C1

cpDq and F2 in C1
cpR2ˆ2q such

that the countable family F ”
␣

η b Φ : η P F1, Φ P F2

(

is total in C0pD ˆ R2ˆ2q.

Consequently, if pκizqzPD, i “ 1, 2, are two Young measures on D andˆ
D
xκ1z,Φyηpzqdmpzq “

ˆ
D
xκ2z,Φyηpzqdmpzq

holds for all η b Φ P F , then the Young measures are the same: κ1z “ κ2z for L 2

almost all z P D.
Because the sequence pujq is bounded in W1,2

locpΩq the sequence of measures
p|Duj |

2L 2 Ωq is bounded in CcpΩq˚ and hence by Banach-Alaoglu’s compact-
ness theorem admits a weak˚ converging subsequence there. Extracting such a
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subsequence (that we for notational convenience do not relabel) we can assume
that

|Duj |
2L 2 Ω

˚
á λ in CcpΩq˚, (41)

where λ is a positive Radon measure on Ω. In particular we then have for each disk
Drpz0q that is compactly contained in Ω that

lim sup
jÑ8

 
Drpz0q

|Duj |
2 dmpzq ď

λ
`

Drpz0q
˘

L 2
`

Drpz0q
˘ ,

and hence by Lebesgue’s differentiation theorem that

lim sup
rŒ0

lim sup
jÑ8

 
Drpz0q

|Duj |
2 dmpzq ď

dλ

dL 2
pz0q ă `8 (42)

holds for L 2 almost all z0 P Ω. We now identify a set of bad points in Ω that we
would like to avoid in the subsequent argument. First recall the countable family
F2, and note that for each Φ P F2 the function z ÞÑ xνz,Φy is an L8pΩq function,
so that L 2 almost all z0 P Ω are Lebesgue points:

lim
rŒ0

 
Drpz0q

xνz,Φydmpzq “ xνz0 ,Φy P R.

Let NΦ denote the complement in Ω of this set of Lebesgue points. Next, let N
denote the set of points in Ω, where (42) fails. Define N ” N Y

Ť

ΦPF2
NΦ and

record that L 2pN q “ 0.
Define for Drpz0q Ť Ω the maps

vj,rpzq ”
ujpz0 ` rzq ´ pujqz0,r

r
, z P D,

where pujqz0,r is the integral mean of uj over Drpz0q. Hereby vj,r P W1,2pDq and
pvj,rq0,1 “ 0. Before the next display we introduce some convenient notation for

functions θ : C Ñ R: the reflected function, θ̃, is defined as θ̃pzq ” θp´zq, and the
L1-dilated function with factor r ą 0, θr, is defined as θrpzq ” θ

`

z{r
˘

{r2. In these
terms we note that for each z0 P ΩzN and η b Φ P F the above Lebesgue point
property and a standard result about convolution yield (here η is extended to CzD
by 0):

lim
rŒ0

lim
jÑ8

ˆ
D
ηΦpDvj,rqdmpzq “ lim

rŒ0
lim
jÑ8

ˆ
Ω

η̃rpz0 ´ zqΦpDujqdmpzq

“ lim
rŒ0

ˆ
Ω

η̃rpz0 ´ zqxνz,Φydmpzq

“ xνz0 ,Φy

ˆ
D
η dmpzq.

The bound (42) translates to

lim sup
rŒ0

lim sup
jÑ8

ˆ
D

|Dvj,r|
2 dmpzq ď π

dλ

dL 2
pz0q ă `8.

Fix a point z0 P GzN that is also a density point for G. In addition to the above
properties we now also have the following double limit:

lim
rŒ0

lim
jÑ8

L 2
`

Drpz0q XGj
˘

L 2
`

Drpz0q
˘ “ 1.
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In order to choose a good null sequence rj Œ 0 we employ a diagonalization ar-
gument in connection with the above double limits: Hereby we find for vj ” vj,rj
that

lim
jÑ8

ˆ
D
ηΦpDvjqdmpzq “

ˆ
D
η dmpzqxνz0 ,Φy @ η b Φ P F , (43)

sup
jPN

ˆ
D

|Dvj |
2 dmpzq ă `8 (44)

and

lim
jÑ8

L 2
`

Drj pz0q XGj
˘

L 2
`

Drj pz0q
˘ “ 1. (45)

Because pvjq0,1 “ 0 we deduce using Poincaré’s inequality and (44) that the sequence
pvjq is bounded in W1,2pDq. Therefore any subsequence of pDvjq admits a further
subsequence that generates a Young measure. By (43) this Young measure is the
homogeneous Young measure pνz0qzPD. A routine argument then shows that the
full sequence pDvjq generates the homogeneous Young measure pνz0qzPD. It is then
easy to check that pvjq converges weakly in W1,2pDq to the linear map xνz0 , Idy. In
particular it follows that pνz0qzPD is a homogeneous W1,2 gradient Young measure.
We use (45) to get information about the support of νz0 . Recall the parameter
a ą 1 used in the definition of Gj and put

E “ Ea ”
␣

A P R2ˆ2 : |A|2 ą a2Kpz0qdetA
(

.

This is clearly an open set in R2ˆ2 and we note that for z P D we have Dvjpzq P E
precisely when |Dujpz0 ` rjzq|2 ą a2Kpz0qdetDujpz0 ` rjzq. Now recall that K is
continuous and finite relative to G and so for some ja P N we have Kpz0 ` rjzq ă

aKpz0q for all z P D X
`

pG ´ z0q{rj
˘

for j ě ja. In view of the definition of Gj we
therefore have when j ě ja that

|Dujpz0 ` rjzq|2 ď aKpz0 ` rjzqdetDujpz0 ` rjzq

ď a2Kpz0qdetDujpz0 ` rjzq (46)

holds for all z P DX
`

pGj ´ z0q{rj
˘

. Because E is an open set its indicator function

1E is lower semicontinuous, so we can find functions Φk P CcpR2ˆ2q such that
0 ď Φk ď Φk`1 Õ 1E as k Õ `8. Now for each k P N,

lim inf
jÑ8

 
D
1EpDvjqdmpzq ě lim inf

jÑ8

 
D
ΦkpDvjqdmpzq “ xνz0 ,Φky

and so taking k Õ `8 we get by virtue of Lebesgue’s monotone convergence
theorem

lim inf
jÑ8

 
D
1EpDvjqdmpzq ě νz0

`

E
˘

.

To conclude the proof we estimate the left-hand side using (46) for j ě ja: 
D
1EpDvjqdmpzq “

1

π

˜ˆ
DXpGj´z0q{rj

`

ˆ
DzpGj´z0q{rjq

¸

1EpDvjqdmpzq

ď
L 2

`

Drj pz0qzGj
˘

L 2
`

Drj pz0q
˘

and the latter tends by (45) to 0 as j Ñ 8. Consequently, νz0
`

E
˘

“ 0. Recall that
E “ Ea and that a ą 1 is arbitrary, so by monotone convergence we deduce that
νz0

`
Ť

aą1 Ea
˘

“ 0. But then νz0 is carried by Q2pKpz0qq, and since Q2pKpz0qq is a
closed set it must contain the support of νz0 , as required. The above holds for all
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z0 P GzN that are density points of G, where we recall that G was a measurable
subset of A such that L 2pAzGq ă ε. Here ε ą 0 was arbitrary and it is then routine
to conclude the proof.

Proof of Theorem 3.1. Because of (38) we can without loss of generality assume,
considering a suitable subsequence that we for notational convenience do not relabel,
that

lim
jÑ8

ˆ
A
Ep¨,Dujqdmpzq “ lim inf

jÑ8

ˆ
A
Ep¨,Dujqdmpzq P R

and that the sequence pDujq generates the Young measure pνzqzPΩ. Here, for each

z P Ω, the partial functional Epz, ¨q is lower semicontinuous on R2ˆ2
` , and so it

coincides with its lower semicontinuous envelope

E˚pz,Aq ” lim inf
A1ÑA

Epz,A1q

there. Note that E˚ : Ω ˆ R2ˆ2 Ñ r´8,`8s is Borel measurable and that

lim
jÑ8

ˆ
Ω

Ep¨,Dujqdmpzq “ lim
jÑ8

ˆ
Ω

E˚p¨,Dujqdmpzq P R,

where again the negative parts
`

E˚p¨,Dujq
´
˘

form an equi-integrable sequence on
A. We may then appeal to a general lower semicontinuity result from Young measure
theory [13] whereby

lim
jÑ8

ˆ
A
E˚p¨,Dujqdmpzq ě

ˆ ˚

A
xνz,E˚pz, ¨qydmpzq.

It is at this stage we employ the localization principle from Proposition 3.3. Accord-
ingly νz is, for L 2 almost all z P A, a homogeneous W1,2 gradient Young measure
supported on Q2

`

Kpzq
˘

. Because Epz, ¨q in particular is lower semicontinuous there
we infer that

xνz,E˚pz, ¨qy “ xνz,Epz, ¨qy for L 2 a.e. z P A.

Moreover, Epz, ¨q is principal quasiconvex and real-valued on R2ˆ2
` , so must be rank-

one convex and thus locally Lipschitz on R2ˆ2
` zt0u. It need not be continuous at 0

relative to R2ˆ2
` , but is lower semicontinuous there by assumption.

Next, for L 2 a.e. z P A, from [3] we find a sequence of principalKpzq-quasiconformal
maps fj : C Ñ C such that fj á xνz, Idy in W1,ppDq for each p ă 2Kpzq{pKpzq ´ 1q

and pDfjq generates νz. Recall that according to the 0-1 Law for homogeneous
gradient Young measures from [3] we have that either νzpt0uq “ 0 or νz “ δ0. For
measures νz of the former type, Epz, ¨q is therefore continuous νz almost every-
where and so as the quadratic growth (36) ensures that the sequence

`

EpDfjq
˘

is
equiintegrable on D, we arrive at 

D
Epz,Dfjpwqqdmpwq Ñ xνz,Epz, ¨qy.

Since we also have that fj á Af in W1,2pDq, where Af “ xνz, Idy, we get that
Afj Ñ Af . It now follows directly from principal quasiconvexity that xνz,Epz, ¨qy ě

E
`

z, xνz, Idy
˘

and this concludes the proof for measures with νzpt0uq “ 0.
For the other measures νz “ δ0 we simply use that Epz, ¨q is lower semicontinuous

at 0, that the quadratic growth (36) still ensures that the sequence
`

EpDfjq
˘

is
equiintegrable on D (in particular the negative parts) and then the general lower
semicontinuity result for Young measures [13]. This concludes the proof.
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3.2. Lower semicontinuity with integrable distortion. In this subsection we
give the proof of a more general version of Theorem 1.6, which follows the proof in
[4, Section 12] concerning the lower semicontinuity of the non polyconvex functional
W whose definition was recalled at (27). This functional is the Shield transform of a
functional introduced in [51], [9] and it was also studied in the recent works [82, 83].
As the result below shows, the crucial feature of W is its principal quasiconvexity.

Theorem 3.4. Let E : Ω ˆ R2ˆ2 Ñ R Y t`8u be a Borel measurable functional
such that Epz, ¨q is W1,1 principal quasiconvex for each z P Ω. Assume that there
exist constants C ą 0 and p P r1, 2q such that

ˇ

ˇEpz,Aq
ˇ

ˇ ď Cmax
␣

|A|p,´ logpdetAq,KA

(

` C (47)

holds for all pz,Aq P ΩˆR2ˆ2
` , while Epz,Aq “ `8 for pz,Aq P Ωˆ

`

R2ˆ2z
`

R2ˆ2
` Y

t0u
˘˘

. Let q ą
p

2´p be an exponent and g P W1,2
locpCq a homeomorphism with Kg P

LqlocpCq. If pujq is a sequence of homeomorphisms, uj : Ω Ñ ujpΩq, uj P g`W1,2
0 pΩq

with supj }Kuj
}LqpΩq ă `8 and uj á u in W1,2

locpΩq, then u P g ` W1,2
0 pΩq is a

homeomorphism with Ku P LqpΩq and

lim inf
jÑ8

ˆ
Ω

Ep¨,Dujqdmpzq ě

ˆ
Ω

Ep¨,Duqdmpzq.

Apart from the use of principal quasiconvexity the overall proof strategy is stan-
dard. The implementation is however not and it might have other applications and
so be of wider interest. First we show that the assumed growth conditions suffice to
ensure equiintegrability of the energy densities. This relies on [56, 55] as presented
in [4, Proposition 12.8]. Next, by Young measure theory the proof then reduces to
obtaining Jensen’s inequality for a homogeneous gradient Young measure, which is
the content of Proposition 1.4.

Proposition 3.5. Let E satisfy (47) and let pvjq be a bounded sequence in W1,2pΩq

with supj }Kuj
}LqpΩq ă 8 for some q ą

p
2´p . Then the sequence

`

Ep¨,Dvjq
˘

is

equiintegrable in Ω.

Proof. The assumptions imply that both |Dvj |
p and Kvj are equiintegrable. In

order to see that log Jvj is equiintegrable too we invoke the pointwise estimate:

| logpJvj q| ď log

ˆ

e`
1

Jvj

˙

` pJvj q
1
2 . (48)

Here the first term on the right-hand side is equiintegrable by virtue of [4, Propo-
sition 12.8], while equiintegrability of the second follows from the assumed W1,2

bound.

Proof of Theorem 3.4. It is well-known that the limit u P g ` W1,2
0 pΩq is a homeo-

morphism with distortion Ku P LqpΩq, see [7, Ch. 21]. In view of Proposition 3.5
the sequence

`

Ep¨,Dujq
˘

is equiintegrable on Ω, and for a subsequence that we for
convenience do not relabel we haveˆ

Ω

Ep¨,Dujqdmpzq Ñ ℓ P R.

Extracting a further subsequence, again not relabelled, we may assume that pDujq
generates the W1,2-gradient Young measure pνzqzPΩ. First, note that the Lq bound
entails ˆ

Ω

xνz,Ky dmpzq “ lim
jÑ8

ˆ
Ω

Kuj dmpzq ă `8,
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so that, in particular, xνz,Ky ă `8 holds for a.e. z P Ω. If therefore E˚pz, ¨q
denotes the lower semicontinuous envelope of Epz, ¨q, then E˚pz, ¨q “ Epz, ¨q νz-a.e.
for L 2 a.e. z P Ω. Hence we get by general Young measure theory [13],

lim
jÑ8

ˆ
Ω

Epz,Dujqdmpzq “ ℓ ě

ˆ
Ω

ˆ
R2ˆ2

Epz,AqdνzpAqdmpzq ą ´8. (49)

For a.e. z P Ω it is routine to check that we have

Az ” xνz, Idy P R2ˆ2
` and νz is a homogeneous W1,2 gradient Young measure.

(50)
Let us fix a point z P Ω for which (50) holds. The measure νz is generated, as
a homogeneous Young measure over D, by taking a suitable diagonal subsequence
pψj,λj

q of ψj,λpwq “ λ´1
`

ujpz0 ` λwq ´ ujpz0q
˘

, where j Ñ 8 and λj Ñ 0, see [4,
Theorem 2.8]. In particular, ψj,λj

: D Ñ C is a sequence of homeomorphisms such

that ψj,λj
Ñ Az weakly in W1,2pDq and supj }Kψj,λj

}LqpDq ă 8. Then we are

precisely in position to apply Proposition 1.4, whereby we find a sequence pfjq of

principal homeomorphisms of class W1,1
locpCq satisfying fj Ñ Az locally uniformly

in C, fj Ñ Az weakly in W1,2
locpDq, Afj “

ffl
DDfj dmpzq Ñ Az, Kfj “ Kψj,λj

a.e. in

D and pDfj |Dq generates νz. Now as fj are principal maps it follows that pJfj q is

bounded in L1
locpCq, and therefore we have for s P p

p
2´p , qq that

|Dfj |
p “ J

p
2

fj
K

p
2

fj
ď J

ps
2s´p

fj
`Ks

fj

is equiintegrable on D. In view of Proposition 3.5 the sequence
`

Epz,Dfjpwqq
˘

is
equiintegrable over D and since Epz, ¨q is principal quasiconvex, it is in particular
rank-one convex on R2ˆ2

` , and so continuous there, henceˆ
R2ˆ2

Epz,AqdνzpAq “ lim
jÑ8

 
D
Epz,Dfjpwqqdmpwq ě lim

jÑ8
Epz,Afj q “ Epz,Azq,

where the last inequality follows by the assumed principal W1,1 quasiconvexity.
Inserting the Jensen inequality for each νz in (49) yields the required lower semi-
continuity.

Proof of Corollary 1.7. We start by establishing a coercivity inequality and note
that the growth condition (17) implies that EpAq ě ´C

`

1 ` |A|p `KA ` | log JA|
˘

holds for all A P R2ˆ2
` . Consequently, invoking Young’s inequality in a routine

manner we find positive constants c1, c2 ą 0 such that EpAq ` PpAq ě c1|A|2 `

c1K
q
A´ c2 ´C| log JA| holds for all A P R2ˆ2

` . Next, combining the bound (48) with
[4, Proposition 12.8] as in the proof of Proposition 3.5 above we arrive atˆ

Ω

`

EpDuq ` PpDuq
˘

dmpzq ě c0

ˆ
Ω

`

|Du|2 `Kq
u

˘

dmpzq ´ C0

for all u P Ag, where c0, C0 ą 0 are positive constants that in particular are
independent of u. Again using Young’s inequality in a standard manner we infer
that the energy including the forcing term,ˆ

Ω

`

EpDuq ` PpDuq
˘

dmpzq `
@

F, u
D

is bounded below on Ag and that, since EpDgq ` PpDgq is integrable over Ω by
assumption, any minimizing sequence pujq Ă Ag is bounded in W1,2pΩq and has
distortions pKuj q bounded in LqpΩq. By general principles we may then extract a

subsequence (for convenience not relabelled) such that uj Ñ u weakly in W1,2pΩq.
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It then follows that u P g ` W1,2
0 pΩq and, see [7, Ch. 21], that u : Ω Ñ gpΩq

is a homeomorphism with Ku P LqpΩq. In particular, u P Ag and by [14] and
Theorem 3.4 u is therefore a minimizer, as required.

3.3. Lower Semicontinuity of the critical Burkholder energy.

3.3.1. An integrability property of the Burkholder functional. Before starting the
proof we record the following integrability property of the Burkholder functional.
That a result of this type holds is well-known [7], but our statement here is more
explicit.

Proposition 3.6 (L1 boundedness). Let p ą 2 and put K ” p{pp´2q. There exists
a constant C “ Cppq with the following property. If u : Ω Ñ C is a K-quasiregular
map and DRpz0q Ť Ω, then for all δ P p0, 1q we have 

DδRpz0q

BppDuqdmpzq ě ´
C

RpKp1 ´ δqpK
sup

DRpz0q

|u|p. (51)

The point here is, as was mentioned in the Introduction, that a K-quasiregular
map need not be of class W1,p

loc . That the Burkholder functional is locally integrable
despite being nonpositive and p-homogeneous on the derivative of a K-quasiregular
map comes down to it vanishing on the boundary of the K-quasiconformal well,
where the large values of the derivative must concentrate.

Proof. Changing variables we may without loss of generality assume that z0 “ 0 and
R “ 1. We then Stoilow factorize u on D, whereby u “ h˝f for a K-quasiconformal
normalized principal map f : C Ñ C and a holomorphic map h : fpDq Ñ C. If
m ” supD |u|, then also m “ supfpDq |h| and so by Cauchy’s integral formula and

Hölder properties of K-quasiconformal principal maps [7] we estimate

sup
δD

ˇ

ˇh1 ˝ f
ˇ

ˇ ď
m

distpfpδDq, BfpDqq
ď cp

m

p1 ´ δqK
.

Next, using that Bp is nonpositive and the Burkholder area inequality [4]:ˆ
δD
BppDuqdmpzq “

ˆ
δD

ˇ

ˇh1 ˝ f
ˇ

ˇ

p
BppDfqdmpzq

ě sup
δD

ˇ

ˇh1 ˝ f
ˇ

ˇ

p
ˆ
δD
BppDfqdmpzq

ě cpp
mp

p1 ´ δqpK

ˆ
D
BppDfqdmpzq

ě ´cpp
mp

p1 ´ δqpK
π,

as required.

3.4. Proof of Theorem 1.5.

Proof. We split the proof into two steps and remark that the assumption u P

W1,p
locpΩq only is used in the second step.

By Proposition 3.6, the sequence
`

BppDujq
˘

is bounded in L1
locpΩq. Because L1

locpΩq Ă

CcpΩq˚ continuously, the Banach-Alaoglu compactness theorem implies that any
subsequence of

`

BppDujq
˘

admits a further subsequence that converges weakly˚ to
a Radon measure on Ω. Any such limit must necessarily be a nonpositive Radon
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measure. Assume that ´λ is such a weak˚ limit and consider the Lebesgue-Radon-
Nikodym decomposition

λ “
dλ

dL 2
L 2 ` λs, where λs K L 2.

We next estimate each term in this decomposition.

Step 1. ´ dλ
dL 2 ě BppDuq holds L 2 almost everywhere in Ω. The proof consist of a

rather general localization argument at a point of differentiabilty of u. Arguments
of this sort are known in the literature as blow-up arguments and in the present
context go back to I. Fonseca and S. Müller [39]. The fact that the Burkholder
functional is nonpositive on its effective domain means that one must be more
careful than in the classical set-up, where the considered functionals are bounded
below and therefore concentration effects are not so harmful.

Let z0 P Ω be a point satisfying

u is differentiable at z0 with Jacobi matrix A0 ” Dupz0q (52)

and
dλ

dL 2
pz0q “ lim

rŒ0

λpDrpz0qq

L 2pDrpz0qq
. (53)

From the local uniform convergence of uj to u and (52) follows that

lim
rŒ0

lim
jÑ8

1

r
sup

zPDrpz0q

ˇ

ˇujpzq ´ ujpz0q ´A0pz ´ z0q
ˇ

ˇ “ 0.

Next, for r P p0,distpz0, BΩqq with λpBDrpz0qq “ 0 we have

lim
jÑ8

ˆ
Drpz0q

BppDujqdmpzq “ ´λpDrpz0qq,

and so by (53) we get in particular

lim
ESrŒ0

lim
jÑ8

 
Drpz0q

BppDujqdmpzq “ ´
dλ

dL 2
pz0q,

where E ” tr P p0,distpz0, BΩqq : λpBDrpz0qq ą 0u is an at most countable set. Fix
s P p0, 1q. In view of the above we may choose a null sequence rj Œ 0 such that in
terms of

vjpzq ”
ujpz0 ` rjzq ´ ujpz0q

rj
, z P D,

we have

lim
jÑ8

ˆ
Dsp0q

BppDvjqdmpzq “ ´πs2
dλ

dL 2
pz0q.

Here it is clear that vj are K-quasiregular and vj Ñ A0 uniformly on D. The
matrix A0 is K-quasiconformal, so if its conformal-anticonformal coordinates are
pA`

0 , A
´
0 q, then |A´

0 | ď |A`
0 |{pp ´ 1q. Its Stoilow factorization is therefore (when

A0 ‰ 0) A0 “ h ˝ f with hpzq ” A`
0 z and

fpzq ”

$

&

%

z `
A´

0

A`
0

z̄ if |z| ď 1,

z `
A´

0

A`
0

1
z if |z| ą 1.

If vj “ hj ˝ fj is the Stoilow factorization of vj , then using uniqueness of the
factorization it is not difficult to see that fj Ñ f uniformly on C (if A0 “ 0 we use
normality to extract a convergent subsequence and this then defines f) and hj Ñ h
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locally uniformly on fpDq. Consequently we have that h1
jpfjpzqq Ñ A`

0 uniformly
in z P Dsp0q, hence using the properties of Bp and in particular the Burkholder area

inequality (see [4]) and that Afj Ñ p1,
A´

0

A`
0

q:

´πs2
dλ

dL 2
pz0q “ lim

jÑ8

ˆ
Dsp0q

BppDvjqdmpzq

“ lim
jÑ8

ˆ
Dsp0q

ˇ

ˇh1
j ˝ fj

ˇ

ˇ

p
BppDfjqdmpzq

“ lim
jÑ8

ˆ
Dsp0q

|A`
0 |pBppDfjqdmpzq

ě |A`
0 |p lim sup

jÑ8

ˆ
D
BppDfjqdmpzq

ě |A`
0 |p lim sup

jÑ8

`

πBppAfj q
˘

“ πBppA0q.

Finally, taking s Õ 1 we conclude that ´ dλ
dL 2 pz0q ě BppDupz0qq holds at all points

z0 P Ω satisfying (52) and (53). Because this includes L 2 almost all points in Ω
the proof of Step 1 is finished.

Step 2. λs “ 0 when u P W1,p
locpΩq.

It suffices to show that λspBq “ 0 for each disk B “ DRpw0q Ť Ω. Fix such a
disk B. Let z0 P B satisfy

lim
rŒ0

λpDrpz0qq

L 2pDrpz0qq
“ `8 (54)

and

lim
rŒ0

1

λpDrpz0qq

ˆ
Drpz0q

|Du|p dmpzq “ 0. (55)

Put

vj,rpzq ”
ujpz0 ` rzq ´ ujpz0q

rρr
, z P D, where ρr ”

ˆ

λpDrpz0qq

L 2pDrpz0qq

˙
1
p

.

We invoke (55) as follows. Recall that uj are K-quasiregular and that uj Ñ u

locally uniformly on Ω and boundedly in W1,q
locpΩq for each q ă p, hence we get as

j Ñ 8:ˆ
D

|Dvj,r|
2 dmpzq “

π

ρ2r

 
Drpz0q

|Duj |
2 dmpzq ď

πK

ρ2r

 
Drpz0q

detDuj dmpzq

Ñ
πK

ρ2r

 
Drpz0q

detDudmpzq ď
πK

ρ2r

 
Drpz0q

|Du|2 dmpzq

ď πK

˜

ρ´p
r

 
Drpz0q

|Du|p dmpzq

¸
2
p

“ πK

˜

1

λ
`

Drpz0q
˘

ˆ
Drpz0q

|Du|p dmpzq

¸
2
p

.

Consequently,

lim
rŒ0

lim
jÑ8

ˆ
D

|Dvj,r|
2 dmpzq “ 0. (56)
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Next, we get as in Step 2,

lim
jÑ8

ˆ
Drpz0q

BppDujqdmpzq “ ´λpDrpz0qq

when λpBDrpz0qq “ 0, hence

lim
ESrŒ0

lim
jÑ8

ˆ
D
BppDvj,rqdmpzq “ ´1,

where E ” tr P p0,distpz0, BΩqq : λpBDrpz0qq ą 0u is an at most countable set. In
order to combine this with (54) we require some routine arguments from measure
theory that we briefly recall here for convenience of the reader. Define

Λptq ” lim sup
ESrŒ0

λ
`

Dtrpz0q
˘

λ
`

Drpz0q
˘ , t P p0, 1s.

We assert that (54) implies that Λptq ě t2 for all t P p0, 1s. Indeed suppose for a
contradiction that it fails at some s P p0, 1q, so that Λpsq ă s2. First note that since
the function r ÞÑ λ

`

Drpz0q
˘

is left-continuous and the set E is at most countable
we actually have that

Λptq “ lim sup
rŒ0

λ
`

Dtrpz0q
˘

λ
`

Drpz0q
˘ , t P p0, 1s,

and so choosing t P p0, sq with Λpsq ă t2 we get by iteration that for some δ ą 0,

λ
`

Dsjδpz0q
˘

ă t2jλ
`

Dδpz0q
˘

holds for all j P N. But this contradicts (54) since then, as j Ñ 8,

λ
`

Dsjδpz0q
˘

s2jδ2
ă

ˆ

t

s

˙2j λ
`

Dδpz0q
˘

δ2
Ñ 0.

In terms of the maps vj,r this amounts to that the bound

lim sup
ESrŒ0

lim
jÑ8

ˆ
Dsp0q

BppDvj,rqdmpzq ď ´πs2 (57)

holds for each s P p0, 1s. In order to conclude the proof we fix s P p0, 1q, use (56) and
(57) to select a null sequence rj Œ 0 such that vj ” vj,rj Ñ 0 strongly in W1,2pDq

and

lim
jÑ8

ˆ
Dsp0q

BppDvjqdmpzq ď ´πs2.

Now vj : D Ñ C are K-quasiregular maps and so we may Stoilow factorize as
vj “ hj ˝ fj , where fj : C Ñ C are K-quasiconformal normalized principal and
hj : fjpDq Ñ C are holomorphic. Taking a further subsequence if necessary (not
relabelled) we may assume that fj Ñ f uniformly on C, where f : C Ñ C is a K-
quasiconformal normalized principal map. We then also have that hj Ñ 0 locally
uniformly on fpDq. It follows that h1

j ˝ fj Ñ 0 uniformly on Dsp0q and therefore

´πs2 ě lim
jÑ8

ˆ
Dsp0q

ˇ

ˇh1
j ˝ fj

ˇ

ˇ

p
BppDfjqdmpzq

ě sup
Dsp0q

ˇ

ˇh1
j ˝ fj

ˇ

ˇ

p
ˆ
D
BppDfjqdmpzq

ě ´π sup
Dsp0q

ˇ

ˇh1
j ˝ fj

ˇ

ˇ

p
Ñ 0
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as j Ñ 8, which is impossible. The set of points z0 P B satisfying (54) and (55) is
therefore empty, and since λs almost all points in B have those properties we infer
that λspBq “ 0 as required.

For the Dirichlet classes we have the following almost immediate corollary.

Corollary 3.7. Let p ą 2 and put K ” p{pp´ 2q. Let Ω be a bounded open subset

of C and g : C Ñ C be a K-quasiregular map of class W1,p
locpCq If uj P g ` W1,p

0 pΩq

are K-quasiregular and uj Ñ u weakly in W1,ppΩq, then u P g ` W1,p
0 pΩq is K-

quasiregular and

lim inf
jÑ8

ˆ
Ω

BppDujqdmpzq ě

ˆ
Ω

BppDuqdmpzq.

We emphasize that we assume uj Ñ u weakly in the critical Sobolev space
W1,ppΩq and that this of course automatically entails that u P W1,ppΩq. If we only
knew that uj , u were K-quasiregular and uj Ñ u uniformly on Ω, then we would
merely have that Du belonged to the local Marcinkiewicz space Lp,8loc pΩq. Theorem
1.5 does not cover this situation.

Proof. Consider the metric neighbourhood Ωr ” DrpΩq ”
␣

z P C : distpz,Ωq ă r
(

for r ą 0. It is clearly precompact and Ω Ť Ωr. Since the function distp¨,Ωq is
Lipschitz we may use the coarea formula to see that also L 2pBΩrq “ 0 holds for
L 1 almost all r ą 0, and we fix such an r. Now extend the maps uj , u to CzΩ by g,
and record that hereby uj , u are K-quasiregular maps in the critical Sobolev space

W1,p
locpCq and that uj Ñ u weakly in W1,p

locpCq. The latter in particular implies that
also uj Ñ u uniformly on C, and so according to Theorem 1.5

lim inf
jÑ8

ˆ
Ωr

BppDujqdmpzq ě

ˆ
Ωr

BppDuqdmpzq

holds. Note that here we have uj “ u “ g on ΩrzΩ and so by standard properties of
Sobolev functions and approximate derivatives we get in particular that Duj “ Du
a.e. on ΩrzΩ (also in the pathological case where L 2pBΩq ą 0 that has not been
excluded). Because BppDuq P L1

locpCq the required conclusion follows from this.
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[21] R. Bañuelos, and P. Janakiraman, Lp-bounds for the Beurling-Ahlfors transform,

Trans. Amer. Math. Soc. 360 (2008), 3603–3612.
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[38] I. Fonseca, and J. Malý, Relaxation of multiple integrals below the growth exponent,
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