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Abstract

This thesis investigates RCD spaces, which are metric measure spaces with Ricci
curvature bounded below and dimension bounded above in a synthetic sense. We
introduce moduli spaces of compact RCD structures and study their topology. In
particular, we discuss the results obtained in [MN22] (written in collaboration
with Andrea Mondino) and [Nav22].

In Chapter [2, we present the primary tools we use in the thesis. We recall
Gromov-Hausdorff type topologies and RCD spaces with their covering and
moduli spaces. The main contributions of this chapter are the equivariant
measured Gromov—Hausdorff topology and the equivariant theorem (both ob-
tained in |[MN22]).

In Chapter [3 we focus on the case of nonnegative curvature. In particular,
we obtain topological invariants of RCD(0, V) spaces using the splitting theorem.
In addition, we introduce the Albanese and soul maps and prove their continuity.
This last result is the most technical part of the chapter and was obtained in
[MN22]. Finally, we use the Albanese map to construct examples of moduli spaces
with non-trivial higher homotopy groups in every dimension N > 3.

Chapter [ is devoted to nonnegative curvature in dimension 2 and discusses
the results of [Nav22|. We obtain a classification (up to homeomorphism) of the
topological spaces that admit an RCD(0, 2) structure. For every space appearing
in the classification, we compute the homeomorphism type of the moduli space
of RCD(0,2) structures and show that it is contractible.

Finally, in Chapter [, we apply Ricci flow techniques to study moduli spaces
of RCD(—1,2) structures. In particular, we show that if a space has a negative
Euler characteristic, then its moduli space of RCD(—1, 2) structures is homotopy
equivalent to its moduli space of hyperbolic metrics.
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Abstract

This thesis investigates RCD spaces, which are metric measure spaces with Ricci
curvature bounded below and dimension bounded above in a synthetic sense. We
introduce moduli spaces of compact RCD structures and study their topology. In
particular, we discuss the results obtained in [MN22] (written in collaboration
with Andrea Mondino) and |[Nav22|.

In Chapter [2| we present the primary tools we use in the thesis. We recall
Gromov-Hausdorff type topologies and RCD spaces with their covering and moduli
spaces. The main contributions of this chapter are the equivariant measured Gromov—
Hausdorff topology and the equivariant theorem (both obtained in [MN22]).

In Chapter [3, we focus on the case of nonnegative curvature. In particular, we
obtain topological invariants of RCD(0, N) spaces using the splitting theorem. In
addition, we introduce the Albanese and soul maps and prove their continuity. This
last result is the most technical part of the chapter and was obtained in [MN22].
Finally, we use the Albanese map to construct examples of moduli spaces with
non-trivial higher homotopy groups in every dimension N > 3.

Chapter [4] is devoted to nonnegative curvature in dimension 2 and discusses
the results of [Nav22]. We obtain a classification (up to homeomorphism) of the
topological spaces that admit an RCD(0, 2) structure. For every space appearing
in the classification, we compute the homeomorphism type of the moduli space
of RCD(0,2) structures and show that it is contractible.

Finally, in Chapter [5, we apply Ricci flow techniques to study moduli spaces
of RCD(—1,2) structures. In particular, we show that if a space has a negative
Euler characteristic, then its moduli space of RCD(—1,2) structures is homotopy
equivalent to its moduli space of hyperbolic metrics.
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2 1.1. Motivations

introduce moduli spaces of compact RCD structures and study their topology. Most
of our results appear in [MN22] (written in collaboration with Andrea Mondino) and
[Nav22]. Our research first focuses on the topology of RCD(0, V) spaces, providing
examples of moduli spaces with nontrivial topology. Next, we classify topological
spaces that admit an RCD(0,2) structure and explicitly compute their moduli
spaces’ homeomorphism type, showing that it is contractible. Lastly, we use the

Ricci flow to study the homotopy type of moduli spaces of RCD(—1,2) structures.

In this chapter, we outline motivations for studying moduli spaces of metrics
that satisfy curvature lower bounds in Section [I.1] Afterwards, in Section [1.2] we
present our research problem, which involves constructing and analysing moduli
spaces of compact RCD structures. Finally, we introduce the main contributions

of this thesis in Section [1.3|

1.1 Motivations

This section presents some motivations for studying curvature lower bounds in
geometry. First, we will recall the connection between curvature lower bounds and
topology in global Riemannian geometry. Then, we will explain why working with
synthetic versions such as Alexandrov and RCD spaces is relevant. Afterwards, we
will introduce moduli spaces of metrics satisfying curvature lower bounds. We will
survey results about their topology in the smooth setting and the Alexandrov case.

Finally, we will move to moduli spaces of RCD structures.

1.1.1 Curvature lower bounds in Geometry

1.1.1.1 Riemannian geometry

Riemannian geometry provides a powerful framework for studying the geometric
properties of non-Euclidean spaces. One of its key concepts is curvature, which
measures how much a space deviates from Euclidean geometry at an infinitesimal
level. There are several ways to define curvature, but three types have been
extensively studied: sectional curvature, Ricci curvature, and scalar curvature.
Global Riemannian geometry is an important subfield that seeks to describe
the global geometric properties of Riemannian manifolds, including their topology.

A fundamental question that has received significant attention is whether we can
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classify all Riemannian manifolds that satisfy a specific set of geometric constraints
up to homotopy, homeomorphism, or diffeomorphism.

Curvature lower bounds are a powerful tool for addressing this question. In
particular, while sectional curvature lower bounds are a stronger assumption and
lead to stronger results, we will focus on Ricci curvature lower bounds in this thesis.

For example, in dimension 2, the Gauss-Bonnet theorem states that for a closed
Riemannian surface (M?,g), we have [, sec(g)dvoly = 2wy (M), where sec(g)
denotes the sectional curvature and x(M) is the Euler characteristic of M. Using

the uniformisation theorem for surfaces, we can obtain the following result.

Theorem 1.1.1. A closed surface admits a non-negatively Ricci curved metric if
and only if it is diffeomorphic to one of the following spaces: S?, RP?, R?/Z?2, or
the Klein bottle K2.

After introducing the Ricci flow, Hamilton successfully described 3-dimensional

closed Riemannian manifolds with nonnegative Ricci curved metric.

Theorem 1.1.2 ([Ham86, Theorem 1.2]). A closed 3-dimensional Riemannian
manifold with nonnegative Ricci curvature is necessarily diffeomorphic to a quotient
of one of the spaces S? or S? x R or R? by a group of fixed point free isometries in

the standard metrics.

In higher dimensions, lower bounds on the Ricci curvature are not enough to
obtain classification results anymore, and one has to add more geometric constraints,
such as volume constraints. For instance, while the Bishop—Gromov inequality
implies that the volume growth of nonnegatively Ricci curved manifolds is at most

Fuclidean, one can characterise the Euclidean space by this property.

Proposition 1.1.1. Let (M", g,p) be a pointed complete Riemannian manifold
such that Ric(g) > 0 and vol,(Bgr(p)) = V,.(R), for every R > 0 (where V,,(R) is
the volume of a ball of radius R in R™). Then, (M", g) is isometric to R™.

However, this result is not very flexible as it does not tell us whether a non-
negatively Ricci curved manifold with “almost” Euclidean volume growth is “almost”
Euclidean. To address this issue, first one needs a way to compare manifolds.

In [GLP98|, Gromov introduced a way to compare abstract metric spaces,
leading to the Gromov-Hausdorff distance dgy on the set of isometry classes of
compact metric spaces. In particular, he observed a crucial property, referred to

as Gromov’s precompactness theorem.
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Theorem 1.1.3. Let {(M]", g;) }ien be a sequence of n-dimensional compact Rie-
mannian manifolds with Ric > K and sup,cy{Diam(M",g;)} < oo (n > 2 and
K € R). Then {(M", g;) }sen admits a subsequence converging to a compact length
space, i.e. there exists a compact length space (X,dx) such that, passing to a

subsequence if necessary, we have lim; .. deu((M*,d,,), (X,dx)) = 0.

Limit spaces appearing in Gromov’s precompactness theorem are called Ricci-
limit spaces and were thoroughly studied by Cheeger and Colding in their seminal
papers [CC97], |[CCO0a], and |[CCOOb|. In particular, they obtain the following
stable version of Proposition (see [CC97, Theorem 1.1.11})).

Theorem 1.1.4. For every € > 0 and n > 2, there exists §(n, €) > 0 such that, for
every pointed complete Riemannian manifold (M™, g, p) satisfying Ric(g) > 0 and

voly(Bg(p)) > (1 — 6)Va(R) (for every R > 0), we have deu(BY.(p), BX1(0)) <.

The proof of Theorem [I.1.4] proceeds by contradiction. Suppose the result is
wrong. Then, there exist ¢ > 0 and a sequence of pointed complete Riemannian
manifolds { (M}, g;, pi) }ien such that Ric(g;) > 0 and for all i € N and R > 0:

vol, (Br(p:)) > (1 —27")V,(R) and dGH(Bfil(pi),BiRinl(O)) > €. (1.1)

By Gromov’s precompactness theorem, the sequence subconverges to a complete
pointed length space (X, d, p), referred to as a non-collapsed limit space. Cheeger
and Colding proved that the Riemannian volume measures converge to the Hausdorft
measure H" on (X, d). Therefore, passing to the limit in yields H"(Bg(p)) =
Vo(R) for every R > 0. In particular, using the “volume cone implies metric cone
property” and the generalised splitting theorem for Ricci limits, they show that
(X,d) is isometric to R". This contradicts dgu(BL:(p), BX1(0)) > e.

The proof we just described is now classic in global Riemannian geometry and

motivates the study of the geometric properties of Ricci limit spaces.

1.1.1.2 Singular geometry

In general, Ricci limit spaces are singular. While they effectively relied on approxi-
mating sequences, Cheeger and Colding recognised the need for a more intrinsic
definition of Ricci curvature lower bounds, which is referred to as a synthetic
definition (see [CC97, Appendix 2]).
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Alexandrov spaces. The key to understanding synthetic sectional curvature
lower bounds is a result obtained first by A.D. Alexandrov in the case of convex
surfaces and later by Toponogov in the general case of Riemannian manifolds.

We state the theorem in a simplified form here, but a rigorous statement can

be found in Appendix

Theorem 1.1.5. A complete Riemannian manifold (M™, g) satisfies sec > K if
and only if triangles in (M, dy) are thicker than triangles in the simply connected

Riemannian manifold of constant sectional curvature K and dimension 2.

The classical definition of the sectional curvature of a Riemannian manifold
relies on its underlying smooth structure. However, thanks to the result above, one
can define sectional curvature lower bounds in terms of a Riemannian manifold’s
geodesic space structure. In particular, it is possible to generalise sectional curvature

lower bounds to possibly singular geodesic spaces in the following way.

Definition 1.1.1. A complete geodesic space (X, d) has curvature bounded below
by K in the Alexandrov sense if triangles in (X, d) are thicker than triangles in
the simply connected Riemannian manifold of constant sectional curvature K and

dimension 2.

Burago, Gromov, and Perelman proved in [BGP92| that the definition above is
stable under Gromov-Hausdorff convergence. Consequently, any result established
for Alexandrov spaces (i.e. geodesic spaces with curvature bounded below in
the Alexandrov sense) applies a fortiori to limits of Riemannian manifolds with
lower bounds on their sectional curvature. The authors of [BGP92] conducted an
extensive investigation into the geometric properties of Alexandrov spaces. This
study played a significant role in Perelman’s study of the singularities of the Ricci

flow in dimension 3, ultimately leading to the proof of the Poincaré conjecture.

RCD spaces. The situation for Ricci curvature lower bounds is different. Indeed,
the sectional curvature is related to the distortion of the geodesic distance, which is
why sectional curvature lower bounds could be defined in metric terms. However,
the Ricci curvature is related to the interplay between the geodesic distance and
the Riemannian volume measure (which can be seen from the Bishop—Gromov
inequality). Therefore, Ricci curvature lower bounds should be expressed in terms

of the metric measure structure of the Riemannian manifold.
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The key to generalising Ricci curvature lower bounds comes from Optimal
Transport, which we recall briefly. First, let us fix a complete separable metric space
(X,d) and probability measures p, 111 € P2(X) with finite second-order moments.

The £2-Wasserstein distance between jio and pu; is defined as:

W (o, f11) = Jinf{/x XdQ(x,y) dﬂ(l‘,y)}?

where the infimum is taken over all probability measures m € P(X x X) whose first

and second marginal are po and py, respectively. The Wasserstein distance endows
Po(X) with a complete separable metric space structure. Now, consider a locally
finite measure m on (X, d). The triple (X, d, m) is called a “metric measure space”

(m.m.s. for short). The relative entropy Ent(-|m) of (X,d, m) is defined as:

[x plog(p) dm, if 4= pm < m and plog(p) is integrable
Ent(u|m) = ;

00, otherwise
for every pu € Po(X,d). Finally, P5(X,d,m) = {u € P2(X,d), Ent(u|m) < oo}
denotes the domain of the entropy.

Coming back to the Riemannian setting, it was conjectured by Otto and Villani
that a lower bound on the Ricci curvature of a Riemannian manifold (M",g)
can be expressed in terms of the convexity property of the entropy functional
Ent(-|voly) on its domain P3(M, d,, vol,). This conjecture was confirmed by Cordero-
Erausquin, McCann, and Schmuckenschlidger in [CMS01] and by von Renesse
and Sturm in [RS05].

Theorem 1.1.6. Let (M", g) be a complete Riemannian manifold and let K € R.
Then, Ric(g) > K if and only if the entropy functional Ent(-|vol,) is K-convex on
(P5(M,d,, voly), Wa), i.e., every pair pg, pn € P5(M,dy, voly) is joined by a geodesic
{1t }eco) in (P3(M, dg, voly), Wy) such that:

K
Ent (pe|m) < tEnt(p|m) + (1 = t)Ent(po[m) — 41 = )W3(po, 1),
for every t € [0, 1].

The result above is the key to generalising Ricci curvature lower bounds at
the level of metric measure spaces. Indeed, while the inequality Ric > K relies
on the underlying smooth structure of the Riemannian manifold, the convexity
properties of the Ent(-|m) can be defined for a general metric measure space. This
observation motivated the following definition, introduced in the seminal papers
[LV09] and [Stu06a] by Lott—Villani and Sturm, respectively.
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Definition 1.1.2. Let (X,d, m) be an m.m.s. and let K € R. We say that (X,d, m)
satisfies the CD(K, 00) condition if Ent(-|m) is K-convex on (P5(X,d, m), Ws).

According to the results of [LV09] and [Stu06a], the definition above is stable
under measured Gromov-Hausdorff convergence (an analogue of the Gromov—
Hausdorff convergence for m.m.s. introduced by Fukaya in [Fuk87]). In particular,
any result proven for CD(K,00) spaces holds a fortiori for Ricci limit spaces
(endowed with a limit measure as defined in [CC97]).

Since its appearance, the CD (K, 00) condition has been refined in various ways.

Here, we provide a non-exhaustive list (in chronological order):

The CD(K, N) condition was introduced in |[LV09| and [Stu06b] to account

for upper bounds on dimension, namely N € [1, c0).

o The CD*(K, N) condition, introduced in [BS10], is implied by CD(K, N) and
satisfies the local to global property (for essentially non-branching spaces). It
was proven by Cavalletti-Milman [CM21] that CD(K, N) and CD*(K, N) are

equivalent for essentially non-branching m.m.s. of finite total measure.

e The RCD(K,o0) condition was introduced in [AGS14] to rule out non-
Riemannian Finsler spaces (which satisfy the CD* (K, V) condition as observed

in [OLt09h)).

e The RCD(K, N) (and RCD*(K, N)) condition was proposed in [Giglh| as a
finite dimensional counterpart of RCD(K, 00), see also [EKS15| and |[AMS19].

The classes above generalise Ricci curvature lower bounds and are stable under
measured Gromov-Hausdorff convergence. Therefore, they are all considered
acceptable synthetic definitions of Ricci curvature lower bounds.

Currently, the RCD* (K, N) condition is widely regarded as the most promising
synthetic definition of Ricci curvature lower bounds. In the past decade, RCD* (K, N)
spaces have received significant attention and have been instrumental in resolving
longstanding questions related to Ricci limit spaces. For instance, in [CM17a] and
[Den20], Cavalletti-Mondino and Deng respectively proved that RCD*(K, N) spaces

satisfy the Lévy—Gromov isoperimetric inequality and are non-branching.
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1.1.2 Moduli spaces
1.1.2.1 The smooth case
So far, we were interested in studying the manifolds that admit a metric satisfying

a specific geometric constraint denoted by €. In particular, we introduced various

notions of lower bounds on curvature. We highlighted their relevance in the

classification of spaces (see, for instance, Theorem [1.1.1{and [1.1.2]in the case where

€ = Ric > 0). From such results, one hopes to answer the following question: Given
a smooth manifold M", is there any smooth Riemannian metric g satisfying the
constraint C (C-metric for short)? However, once we know that a manifold M™
admits a C-metric, it is natural to ask: How many such metrics are there? This
problem might seem vague as there might not be, in general, a finite amount of
such metrics. The common way to interpret it is to study the space and moduli
space of C-metrics, which we introduce now.

First of all, the space of C-metrics on M™ is the set Ze(M™) of all smooth
Riemannian metrics on M™ that satisfy €. We equip Ze(M"™) with the topology
of smooth convergence on compact subsets of M™. The topological space Ze(M™)
is already a good candidate to describe the set of C-metrics. However, depending
on our point of view, it may contain too much information. Indeed, in geometry,
it is customary to regard Riemannian metrics as equivalent whenever they are
isometric. To capture this notion of equivalence, we define the moduli space of

C-metrics as the following quotient:
Me(M™) = Re(M")] ~,

where ~ denotes the isometry equivalence relation. The space .#(M™) is endowed
with the quotient topology inherited from %Ze(M™), and serves to describe the
set of C-metrics in a more meaningful way.

A more rigorous approach to study the complexity of the space of C-metrics
is to investigate the topological properties of Ze(M™) and #e(M™). In general,
describing their homeomorphism type can be very difficult. However, one can still
try to obtain as much information as possible on their homotopy groups. The cases
of positive scalar curvature, nonnegative sectional curvature, and positive Ricci
curvature have been thoroughly studied (an extensive survey and new results can
be found in [TW15]). Let us present a few striking results about connectedness

properties in the compact case.
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Positive scalar curvature. In dimension 2, the spaces of positive scalar curvature
metrics Zacar>0(S?) and Zyearso(RP?) are contractible (see [RS01, Theorem 3.4]). In
dimension 3, if M3 is a closed orientable manifold such that Pycaro(M?) # 0, then
Mea>0(M?) is path connected (see [Marl2, Main Theorem|) and Zca»o(M?) is
contractible (see [BK19, Theorem 1.1]). In dimension 4, for every N € N, there exists
a closed 4-manifold M* such that .#..-0(M*) has at least N path components
(see |[Rub01, Theorem 6.2]). Furthermore, if M™ is a spherical space form of
dimension n > 5 which is not simply connected, then #ca~o(M™) has infinitely
many path compontents (see [BG96, Theorem 0.1]). Finally, in dimension 4n — 1
(n > 2), the moduli space #ca>0(S™ 1) has infinitely many path components
(see |[TW15, Theorem 6.1.1]).

Positive Ricci or nonnegative sectional curvature. In dimension 2, if M?
denotes either S? or RP? and A € R, then both Zecesr(M?) and Pyeesr(M?) are
homeomorphic to the complete separable hilbert space [? (see |[BB18, Theorem
1.2], which improves [RS01, Theorem 3.4]). In dimension 5, there are explicit
examples of 5-dimensional closed manifolds M?® such that both .#..>o(M?) and
Mpic>o(M?) have infinitely many path components (see [DG21, Theorem A] and
[GW22 Theorem A]). Furthermore, in dimension n =4k+1>9orn=4k+3 > 7,
there exists infinitely many pairwise non-homeomorphic closed manifolds M™ of
dimension n such that .#..>o(M"™) has infinitely many path components (see [Des22,
Main Theorem] and [DKT18, Theorem 1.1]). Finally, in dimension n =4k +1 > 9
or n =4k + 3 > 7, there exists n-dimensional closed manifolds M™ of dimension
n such that Agic~o(M") has infinitely many path components (see [Des22, Main
Theorem] and [Wrall, Theorem Al).

In addition to such connectedness results, |[CSS18, Corollary 1.9] implies that,
given a spin manifold M™ of dimension n > 6, there exists gy € Zscar>o(M™) such
that, for infitely many k € N, 7 (Zscar>0(M™), go) is not trivial (the same statement
holds with scal > 0 replaced by Ric > 0 or sec > 0).

While much research has been conducted in the cases above, results about
spaces and moduli spaces of nonnegatively Ricci curved metrics remained rare. The
first result on the topology of such spaces provides n-dimensional closed manifolds
M™ such that Zri.>0 has infinitely many path components, in each dimension
n =4k +3 > 11 (see [SW21, Theorem 1.11]). Then, relying on the examples
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constructed in [DKT18| and applying [SW21, Theorem 1.8], the authors of [TW22]
observe that in each dimension n = 4k + 3 > 7, there exist infinitely many
pairwise non-homeomorphic n-dimensional closed manifolds M™ such that .#Zgic>0
has infinitely many path components. In particular, by taking products with tori,
they close the gap and show that the result mentioned holds for every n > 7 (see
[TW22, Theorem 1.3]). To conclude this survey of results, we state the first result
from Tuschmann and Wiemeler concerning higher rational homotopy groups of

moduli spaces of nonnegatively Ricci curved metrics together with its corollary.

Theorem 1.1.7 ([TW22, Theorem 1.1]). Let M"™ be a closed simply connected
manifold of dimension n > 2 and let T* = R*/Z* the k-dimensional torus, where
k>4 and k # 8,9,10. Then the moduli space of nonnegative Ricci curved metrics
on M™ x T* has non-trivial higher rational homotopy groups. More precisely, we
have 73(Mricso(M™ x T4)) @ Q # 0 and 75(Ariecso(M™ x TF)) ® Q # 0, for every
k> 4.

By taking the product of T* with spheres, Theorem implies the fol-

lowing corollary.

Corollary 1.1.1 ([TW22, Corollary 1.2]). In every dimension n > 6, there

4

exists a closed n-dimensional manifold M"™ such that m(M™) ~ Z* and such

that 773<%R1C20(Mn) & @ 7£ 0.

We will be interested in generalising these last two results in a singular setting

later on.

1.1.2.2 The singular case

While moduli spaces of smooth metrics satisfying a curvature lower bound have
received significant attention, their singular counterparts have been relatively
unexplored. In particular, only a few results mention the moduli spaces of
Alexandrov metrics. Belegradek [Bell8b| studied moduli spaces of Alexandrov
metrics on the 2-sphere. Let us introduce moduli spaces of Alexandrov metrics
on topological spaces and present |[Bell8b, Theorem 1.1].

Let X be a compact topological space admitting an Alexandrov metric d with

nonnegative curvature and finite Hausdorff dimension. We denote by Zeurv>0(X)
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the set of all nonnegatively curved Alexandrov metrics d on X. The moduli space

of nonnegatively curved Alexandrov metrics on X is the quotient space:
%CUI"VZO(X) = %CU.I‘VZO(X)/ ~,

where ~ denotes the isometry equivalence relation. It is natural to equip Aeurv>0(X)
with the Gromov—Hausdorff metric. Indeed, Alexandrov spaces are generally non-
smooth, and hence, the topology of smooth convergence of metrics is not well-defined.

Before stating Belegradek’s theorem, we denote by X5_; the space of convex
compact subsets of R with their centre of mass at the origin and dimension in
{2,3}. We equip K5.3 and K5.3/ O3(R) with the Hausdorff distance dis and
the quotient topology, respectively.

Theorem 1.1.8 ([Bell8b, Theorem 1.1]). The moduli space .#ury>0(S?) of non-

negatively curved Alexandrov metrics on §* is homeomorphic to K55/ O3(R).

To the best of our knowledge, so far, Belegradek’s work [Bell8b] is the only
paper that has studied moduli spaces of singular metrics with curvature bounded
below. In particular, no research has yet been undertaken to study the topological
properties of moduli spaces of RCD structures. This leads us to the research

problem we will study in this Thesis.

1.2 Research problem

The main goal of this thesis will be the study of moduli spaces of RCD structures.
Before we discuss some more specific questions, let us first introduce the notion

of an RCD structure on a topological space.

Definition 1.2.1. Let K € Rand N € [1,00) and let X be a topological space. An
RCD(K, N) structure on X is a triple (X, d, m) such that d is a complete separable

distance, metrizing the topology of X, m is a full support locally finite measure on

(X,d), and (X, d, m) satisfies the RCD(K, N) condition.

Remark 1.2.1. A topological space X endowed with an RCD(K, N) structure
(X,d, m) is the singular analogue of a smooth manifold M™ of dimension n < N

endowed with a smooth Riemannian metric ¢ such that Ric(g) > K.
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In general, there are topological obstructions to the existence of a metric
satisfying a specific curvature lower bound (see for instance Theorem and
Theorem [1.1.2)). We will study this problem in a singular setting.

Question 1.2.1. What are the topological obstructions to the existence of an
RCD(K, N) structure?

More specifically, in the lower dimensional case, we hope to solve the following

classification problem.

Question 1.2.2. Can we classify up to homeomorphism all the compact topological
spaces that admit an RCD(K, N) structure?

The questions above are related to the existence of an RCD(K, N) structure.
However, when a topological space admits such a metric, it is interesting to describe
the space of such metrics. To tackle this problem, we first need to introduce

the appropriate moduli space.

Definition 1.2.2. Let X be a compact topological space admitting an RCD(K, N)
structure (K € R and N > 1). We denote Rx n(X) the set of all RCD(K, N)
structures on X. The moduli space of RCD(K, N) structures on X is the following

quotient:

Mr n(X) =Ren(X)/ ~, (1.2)

where ~ is the isomorphism of m.m.s. equivalence relation. We equip Mg n(X)

with the measured Gromov-Hausdorff topology.

Remark 1.2.2. The measured Gromov—Hausdorff topology is well suited to the study
of moduli spaces of RCD structures. Indeed, RCD spaces satisfy interesting stability
and compactness properties with respect to the aforementioned topology. Moreover,
RCD(K, N) spaces are in general not smooth, and hence, the smooth topology is
not well-defined on My n(X).

The main problem of this thesis will be the following question.

Question 1.2.3. Let X be a compact topological space admitting an RCD(K, N)
structure (K € R and N > 1). What can we say about the topology of the moduli
space of RCD(K, N) structures on X7

We will be particularly interested in obtaining information about the homotopy
groups of My n(X). In particular, in the lower dimensional case, we would like

to provide an explicit description of such moduli spaces.
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1.3 Thesis structure and main contributions

We conclude this introduction with a presentation of Chapters 2] [3 [4 and 5] In

particular, we will highlight the main contributions of each of them.

1.3.1 Chapter 2

Sections [2.1], and introduce Gromov-Hausdorff type topologies and RCD
spaces together with their covering and moduli spaces. The content of Section
is the main contribution of Chapter 2l There, we introduce the equivariant pmGH
topology and present the proof of the equivariant theorem, which was obtained
in collaboration with Andrea Mondino and appears in [MN22|. The rest of this

section introduces the equivariant theorem.

1.3.1.1 Equivariant theorem

If X is a compact topological space that admits an RCD(K, N) structure, then
X admits a universal cover p: X — X (see [MW19, Theorem 1.1]). The group
of deck transformations of p is also called the revised fundamental group of X
and denoted 71(X).

Remark 1.3.1. The revised fundamental group of X is isomorphic to m(X) if and
only if X is semi-locally simply connected. In [Wan22|, Wang provides promising
proof of the semi-local simple connectedness of X. Nevertheless, as this does not

alter our result, we will stay on the cautious side and continue writing 7 (X).

Given an RCD(K, N) structure (X,d,m) on X, there exists a unique 71(X)-
equivariant RCD*(K, N) structure p*(X,d,m) on X (called the lift of (X,d, m))
such that p: p*(X,d,m) — (X,d,m) is a local isomorphism. The equivariant
theorem relates the convergence of RCD(K, N) structures on a compact topological

space to the convergence of the associated lifts.

Theorem 1.3.1 (Equivariant theorem). Let X be a compact topological space that
admits an RCD(K, N) structure (N € [1,00) and K € R) and denote p: X — X the
universal cover of X. Moreover, suppose that 71 (X) is Hopfian (i.e. every surjective
homomorphism from 7 (X)) onto itself is an isomorphism). Finally, assume that for

every n € NU {oo}:

e« X, = (X,d,, my,,*,) is a pointed RCD(K, N) structure on X,
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e X, = (X,d,,t,, %,) is the associated pointed lift, where %, is any point in
D

H(n).

Then, {X, },en converges to X, in the pmGH topology (see Definition [2.1.20)) if and
only if {5Cn}n€N converges to X in the equivariant pmGH topology (see Definition
9.4.9).

Remark 1.3.2. In [MN22], the result was only proven for RCD(0, V) spaces. For the
sake of generality, we present the result in the context of RCD(K, N) spaces. How-
ever, we have to assume that 7;(X) is Hopfian, i.e. every surjective homomorphism
from 71 (X) onto itself is an isomorphism. Nevertheless, we will see later that the
revised fundamental group of a compact RCD(0, V) space is Hopfian; therefore, we

can remove this last assumption in that case.

Remark 1.3.3. Fukaya introduced the equivariant pointed Gromov—Hausdorff topol-
ogy in |Fuk86]. However, to take the measures into account, we defined the
equivariant pmGH topology. We prove in particular that it is metrizable in Appendix
A3l

It is easily seen that isomorphic RCD(K, N) structures on X have equivariantly
isomorphic lifts. Therefore, denoting 9% ~(X) the moduli space of equivariant
RCD*(K, N) structures on X (see Definition [2.4.3), there is a well-defined map:

P M v (X) = My (X)

called the lift map, such that for every [ X, d, m| € My n(X), we have p*([X,d, m]) =
[p*(X,d, m)] (where brackets denote the equivalence class in the appropriate moduli

space). Appealing to a pointed version of the lift map, we can reformulate Theorem

in the following way.

Corollary 1.3.1. Let X be a compact topological space that admits an RCD(K, N)
structure such that 77, (X) is Hopfian (N € [1,00) and K € R) and denote p: X — X
the universal cover of X. Then, the pointed lift map (introduced in Section [2.4.2)):

P My (X) = MER(X),

is a homeomorphism, where Y (X X) and I, ~(X) are respectively the moduli
space of pointed equivariant RCD*(K, N) structures on X and the moduli space of
pointed RCD(K, N) structures on X (introduced respectively in Sections and
9.4.1).
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In the case where the universal cover is compact, one can forget about the

pointed requirement. More precisely, Corollary specialises in the following way.

Corollary 1.3.2. Let X be a compact topological space that admits an RCD(K, N)
structure such that 7, (X) is finite (N € [1,00) and K € R) and denote p: X — X

the universal cover of X. Then, the lift map:
P M v (X) — My (X),

is a homeomorphism, where M y(X) and My y(X) are respectively the mod-
uli space of equivariant RCD*(K, N) structures on X and the moduli space of
RCD(K, N) structures on X (introduced respectively in Sections [2.2.5( and [2.4.1)).

Remark 1.3.4. Corollary will be especially useful when computing the homeo-
morphism type of specific examples of moduli spaces (see for example the case of
RP? in Chapter 4.

1.3.2 Chapter 3

The results presented in Chapter [3| are original and can be found in [MN22], which
was written in collaboration with Andrea Mondino. In this chapter, we will analyse
the case of nonnegative curvature and general dimension. We will begin by studying
the topology of RCD(0, V) spaces, specifically relying on the splitting theorem to
analyse the fundamental group of these spaces. We will then introduce the Albanese
and soul maps, which provide insight into how lifts of RCD(0, V) structures split.
The main technical challenge of this chapter will be proving the continuity of these
maps. Finally, we will apply this continuity statement to obtain an analogue of
Tuschmann and Wiemeler’s Theorem [L.1.7

1.3.2.1 Splittings and topological invariant

Section introduces splitting maps and some topological invariants of RCD(0, N)
spaces, hence providing insight into Question [1.2.1] Here, we fix a real number
N € [1,0), a compact topological space X that admits an RCD(0, N) structure,
and denote p: X — X the universal cover of X.

A special property enjoyed by RCD(0, N) spaces is the existence of splittings
(see [Gigl4, Theorem 1.4]). More precisely, given an RCD(0, N) structure (X, d, m)

on X and denoting (X,d, ) the associated lift, there exists an isomorphism:

$: (X,d,m) — (X,d,m) x RF, (1.3)
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where k € NN [0, N], R* is endowed with the Euclidean distance and Lebesgue
measure, and (X,d,m) is a compact RCD(0, N — k) space. The integer k and the
space (X,d,m) are called the degree and soul of ¢, respectively.

Remark 1.3.5. To our knowledge, the soul first appears in the soul Theorem [CG72,
Theorem 2.2]. This result states that given any complete Riemannian manifold with
nonnegative sectional curvature (M, g), there exists a closed geodesically convex
submanifold S C M (called a soul) such that M is diffeomorphic to the normal
bundle of S. This result is fundamental as it reduces the study of nonnegatively
curved complete manifolds to the compact case.

As a consequence of the splitting Theorem [CG71, Theorem 2], a version of
the soul Theorem also holds for universal covers of closed Riemannian manifolds
with nonnegative Ricci curvature (see [CGT71, Theorem 3]). This last fact can be
extended to Ricci limit spaces due to the generalised splitting Theorem [CC95|
Theorem 2.4]. Finally, the same is true for RCD(0, N) spaces as a consequence of
|Gig14, Theorem 1.4].

The isomorphism ¢ appearing in (T.3)) is referred to as a splitting of (X, d,m)

and induces an isomorphism:
¢y: Iso(X,d, m) — Iso(X,d,m) x Iso(RF).

Moreover, the revised fundamental group 7 (X) acts by isomorphism on (X, d, m).
Therefore, applying ¢, and projecting onto Iso(IR¥), we get a group homomorphism

po: T (X) — Iso(R¥). We will prove the following properties (see Corollary [3.1.1

and Propositions and |3.1.3)).

Proposition 1.3.1 (Splitting degree k(X)). The degree k does not depend either
on the chosen splitting ¢ or the chosen RCD(0, N) structure (X,d,m) on X. In
particular, k(X) = k € [0, N] NN is a topological invariant called the splitting
degree of X.

Proposition 1.3.2 (Crystallographic class I'(X)). The image 'y :== Im(p3) is a
crystallographic subgroup of Iso(R¥). Moreover, up to conjugation by an affine
transformation, it does not depend on the chosen splitting ¢ or the chosen RCD(0, N)
structure (X, d, m) on X. In particular, the affine conjugacy class I'(X) := [['(¢)] is
a topological invariant of X called the crystallographic class of X.
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The revised fundamental group of an RCD(0, V) space has a special structure.

Using the propositions above, we can show the following result (see Corollary

and Proposition [3.1.2)).

Proposition 1.3.3. The revised fundamental group 7;(X) of X is Hopfian (i.e.
any surjective homomorphism of 7 (X) onto itself is an isomorphism). Moreover,

71(X) has polynomial growth of order k(X) € [0, N] N N.

1.3.2.2 Albanese and soul maps

In Section we apply the results of the previous section to construct the Albanese
and soul maps, which reflect how structures on the universal cover split, and
we prove their continuity. Here, we fix a real number N € [1,00), a compact
topological space X that admits an RCD(0, N) structure, and denote p: X -
X the universal cover of X.

First of all, to any RCD(0, V) structure (X, d, m) on X and to any splitting ¢ of
its lift, we can associate the compact flat orbifold (R*/I'(¢), dr(g)) (where dp(g) is the
quotient metric). Thanks to Lemma , the isometry class of (R*/T'(¢), dr(4) and
the isomorphism class of the soul (X,d, m) of ¢ only depend on the isomorphism

class of (X,d,m). Hence, we can define:
o the Albanese variety A([X,d, m]) == [R*/T'(¢), dr)],
o the soul §([X,d,m]) = [X,d, m],

associated to [X,d, m].

Remark 1.3.6. Let n < N and let (M", g) be a compact n-dimensional Riemannian
manifold with non-negative Ricci curvature, and such that (M) = Z*. In that
case, (M,d,, m,) is an RCD(0, N) space, where d, is the geodesic distance and
m, is the Riemannian measure. It is possible to show that the Albanese variety
of (M,d,, m,) is nothing but the usual Albanese variety of (M, g) (as defined in
[Wel86] ).

The main contribution of this chapter is the following result.

Theorem 1.3.2. Assume that X,, = X in My n(X) in the mGH topology, then
A(X,) = A(Xy) in the GH topology and 8(X,,) — 8(Xw) in the mGH topology.
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Remark 1.3.7. Theorem is essential when computing the homeomorphism type
of specific examples of moduli spaces (see for example the case of the Mobius band
M? and the finite cylinder S* x [0, 1] in Chapter {). Moreover, the continuity of
the Albanese map will be crucial to obtain a singular version of Tuschmann and

Wiemeler’s Theorem.

1.3.2.3 Applications

The main contribution of Section [3.3]is the proof of a singular version of Theorem
[1.1.7 As a first step, we obtain the following corollary of Theorem and
Proposition [1.3.2]

Corollary 1.3.3 (Retract). Let us fix N € [1,00) and k > 2 and assume that:

« X is a compact topological space that admits an RCD(0, N) structure such
that fl(X) = 0,

e F'is a closed k-dimensional manifold that admits a flat metric.

Then, the moduli space Mo x4 x(X X F) retracts onto .. (F'), where M. (F) is
the moduli space of flat metrics on F' endowed with the GH topology.

Corollary implies that the homotopy groups of .#,(F') inject in those
of Mo n+x(X x F). Thankfully, pieces of information on moduli spaces of flat
metrics have been derived in [TW22] (in the case of the torus 7%, with k > 4
and k # 8,9,10) and in [Gar20| (in the case of 3 and 4-dimensional closed flat

Riemannian manifolds). We are now able to state the singular analogue of Theorem
.17 of Tuschmann and Wiemeler.

Theorem 1.3.3. Let N € [1,00) and let X be a compact topological space that
admits an RCD(0, N) structure such that 7;(X) = 0. In addition, let Y be either
S' x K? (where K? is the Klein bottle) or a torus of dimension k > 4 such that
k #8,9,10. Then, the moduli space My n4dim(y)(X X Y) has non-trivial higher

rational homotopy groups.

As an application of Theorem [L.3.3], we immediately obtain the following corollary,
which can be seen as a non-smooth analogue of Corollary [1.1.1}

Corollary 1.3.4. For every N > 3 (resp. N >4 / N > 5) there exists a compact
topological space X such that 9% y(X) is not simply connected (resp. has non-

trivial third rational homotopy group / non-trivial fifth rational homotopy group).
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The results of section |3.3| provide useful insight into Question [1.2.3] In particular,
Corollary should be compared with the main result of Chapter [ where we

show that moduli spaces of RCD(0,2) structures are contractible.

1.3.3 Chapter 4

The results in Chapter 4 are original and appear in [Nav22|. In this chapter, we com-

pletely answer Questions |1.2.2|and [1.2.3|in the particular case of RCD(0,2) spaces.

1.3.3.1 Topological obstructions

In Section , we classify the topological spaces admitting an RCD(0, 2) structure.

Notation 1.3.1. Let I and S! denote the closed unit interval and the unit circle,
respectively. We denote S?, RP?, D, M2, T? and K? respectively the 2-sphere, the
projective plane, the closed 2-disc, the Mobius band, the 2-torus and the Klein
bottle.

If (X,d, m) is an RCD(0, 2) structure on a compact topological space X, then
the essential dimension dim(X, d, m) and the splitting degree k(X)) can only take the
values {0, 1,2}. Proceeding by a case-by-case study and relying on the fundamental
result of [LS22], it is possible to prove the following result which answers Question

1.2.2| in the case of RCD(0,2) spaces.

Proposition 1.3.4. Assume that (X, d, m) is an RCD(0, 2) structure on a compact

topological space X. Then we have the following case disjunction (see Proposition

for the definition of k(X)):

dim(X, d, m) 0 T1]1 2 2 2
k(X) 0 1 0 1 2
X is homeomorphic to | {*} [ I | S' | S*, RP? or D | I x S' or M? | T? or K

e}

Conversely, every topological space appearing in the third row admits an RCD(0, 2)

structure.

To answer Question in the case of RCD(0,2) spaces, we will compute
the homeomorphism type of My 2(X), where X is any of the topological spaces

appearing in Proposition [1.3.4]
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1.3.3.2 Helpful results

In Section [4.2] we provide useful results to compute moduli spaces of the form
My n(X), where X is either a closed manifold admitting a flat metric or a topological
surface with boundary. This will be relevant in our future computations since most
of the spaces appearing in Proposition [1.3.4] are either closed manifolds admitting

flat metrics or topological surfaces with boundaries.

Closed flat manifolds. First of all, relying on [BDP18] and [DG18], we introduce
a method for computing the moduli space My (X ), where X is a closed manifold
that admits a flat metric. Let us first introduce a few notations before we

state the result.

Notation 1.3.2. Let n > 1 and let I' be a crystallographic subgroup of Iso(R™).
We define:

o Hr =1t(I') C O,(R) (where t(A,v) := A, for A € GL,(R) and v € R"),
o Cr={AeGL,(R),AHrA™' C O,(R)},
° NF = t(NAH(Rn)(F)).

The moduli space of flat metrics on R"/T" is the set ..t (R"/I") of flat Riemannian
metrics on R™/T" quotiented by isometries, it is endowed with the GH topology.

Proposition 1.3.5. Let n > 1, let I" be a Bieberbach subgroup of Iso(R™), and let
N € [1,00). If N < n, then there are no RCD(0, N) structures on R"/I". If N > n,
then any RCD(0, V) structure on R"/I" is also an RCD(0, n) structure. Moreover,

there exist homeomorphisms:
Mo (R"/I) >~ Reg X Mpar(R"/T) ~ R x [O,(R)\Cr]/Nr,

where the left action of Ox(R) on Cr is given by multiplication on the left, and the
right action of Nt on [O,(R)\Cr] is defined by [A]- B := [AB] given [A] € O,(R)\Cr,
and B € Nr.



1. Introduction 21

Surfaces with boundary. Let us first recall that a 2-dimensional RCD(K, 2)
space is necessarily an Alexandrov space with curv > K thanks to |[LS22, Theorem
1.1]. Therefore, relying on results of [DG18| and [Hon20|, we can relate the moduli
space of RCD(K, 2) structures on a surface with boundary X to the moduli space

of Alexandrov metrics with curv > K on X.

Proposition 1.3.6. Let X be a topological surface (possibly with boundary) that
admits an RCD(K, 2) structure (K € R) and let p: X — X be its universal cover.
Then the map:

[(X,d,m] € My o(X) = (m(X)/H*(X),[X,d]) € Rog X Moyresi(X)

is a homeomorphism, where #,v>i (X) is the moduli space of Alexandrov metrics
with curv > K on X and is equipped with the GH topology. Furthermore, the

same map induces a homeomorphism:

93?'}?2()2) ~ Ry X %CeliVZK(X)’

where 55 «(X) is the moduli space of equivariant Alexandrov metrics with

curv > K on X and is equipped with the equivariant GH topology (see Remark
2.4.3).

1.3.3.3 Explicit computations

In Sections [4.3] and [4.4] we compute the homeomorphism type of the moduli spaces
of RCD(0, 2) structures on each of the spaces appearing in Proposition m These
sections are the main contribution of Chapter [l In particular, the cases of the
projective plane RP? and the closed disc I are the most technical and appeal to
convex geometry. The computations of these last two cases are inspired by the
proof of Belegradek’s Theorem [1.1.§

Circle, Klein Bottle, and Torus. Using Proposition [1.3.5] we prove that:

Mo 2(S*) is homeomorphic to R? (see Proposition 4.3.1)),

M 2(K?) is homeomorphic to R? (see Proposition 4.4.2),

Mo 2(T?) is homeomorphic to R* (see Proposition [4.4.1]).

The case of the torus utilises the result of [Gar20, Section 2.1].
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Interval. The moduli space M 2(1) is closely related to the space of concave

functions on I.

Notation 1.3.3 (Space of concave functions). We denote by €* the space of concave
functions f: I — R such that f is strictly positive on int(I). For every f € C*,
we define —1 - f(t) == f(1 —t), which gives rise to an action of {£1} on C*. We
equip C* with the topology of uniform convergence on compact subsets of int(/)

and C*/{£1} with the quotient topology.

Relying on results from |[CM21|, we show that 9y 2(/) is homeomorphic to
R x [€*/{x£1}] (see Proposition [4.3.2)).

Cylinder and Mdobius band. Afterwards, using Theorem [1.3.2] we are able
to prove in Propositions and that Mg o(M?) and Myo(I x S') are

homeomorphic to R3.

Sphere, projective plane, and disc. Now, the only remaining cases are S?,
RP? and . First of all, Corollary implies that DMy »(RP?) is homeomorphic
to Myh(S?) (where the equivariance refers to the natural action of {+idgs} on S?).
Then, S? and D are topological surfaces. Therefore, thanks to Proposition , we
only have to describe the following moduli spaces: Aou>0(S?), M opy=0(S?), and
Menrv>0(D). Since [Bell8b, Theorem 1.1] already computes the homeomorphism
type of Mouv>0(S?), we only have to describe A y>0(S?) and Aury>o(ID). Both

of these moduli spaces are closely related to spaces of convex compacta (we follow
the notations of [Bell8b]).

Notation 1.3.4 (Spaces of convex compacta). We denote by K the set of all
compact convex subsets in R3, and K* the subset of K whose elements have their

centre of mass at the origin. Given 0 < k <[ < 3 and X' C K, we denote:
o K<y =1{D € X', dim(D) € [k,I]}
e« X' ={DeX',D=-D}.

We equip every subspace of K with the Hausdorff distance dﬁg.

To help us realise nonnegatively curved metrics on the 2-sphere, let us introduce

the following notations from [Bell8b].
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Notation 1.3.5. Given D € X°, we denote Pg2(D) = 9D if dim(D) = 3 and
O (D) = DD if dim(D) = 2 (where DD is the metric double of D).

Our first result establishes the homeomorphism type of g ~o(S?) (see Propo-

curv>0
sitions and (4.4.8]).

Theorem 1.3.4. The map:

Ugo: [D] € Koes / O5(R) = [Pg2(D)] € AL -0 (S?)

curv>0

€q
curv>0

in Notation Notation [1.3.5 and Proposition [1.3.6, and O3(R) acts on the left

of Ky<3 by translations.

is a homeomorphism, where 5{29, ®Og2, and (S?) are respectively introduced

In order to describe nonnegatively curved metrics, let us first introduce spaces

of convex compacta with a plane of symmetry.

Notation 1.3.6. Given a € S?, we denote H;, = {{a,-) <0}, H = {{a,) > 0},
and H, = {a}t the lower and upper half-planes and the plane induced by a,

respectively. We write r, for the reflection w.r.t. H,. Then, we denote:
K> ={D € X° ro(D) = D}

and:
%33 = U g(:ggg X {Oé} C :K;S?) X SQ.

aes?
The following subsets associated with the double of a plane region are essential

to obtain nonnegatively curved metrics on D.

Notation 1.3.7. Given K € X5_3 and o € Span(K) such that r.(K) = K, we
denote DK C DK the subspace of DK obtained by gluing two copies of K N H}

along OK. Observe that DK is isometric to a nonnegatively curved metric on D.

Now, we introduce the map that will lead to the correspondence between

Menrv>0(D) and a quotient of Hos.
Notation 1.3.8. Given (D, «) € 5«3 (see Notation [1.3.6]), we denote:
(i) ®p(D,a) ==0D N HY if dim(D) = 3,

(ii) ®p(D,a) = D if a € Span(D)*,



24 1.3. Thesis structure and main contributions

(iii) Pp(D, @) := DD if dim(D) = 2 and « € Span(D) (see Notation |1.3.7)).

The following result describes the moduli space of nonnegatively curved metrics

on the disc (see Propositions 4.4.7| and [4.4.9)).

Theorem 1.3.5. The map:
Up: [D,a] € Hacz/ O3(R) = [Op(D, )] € Meurv>0(D)

is a homeomorphism, where #5<3 and ®p are respectively introduced in Notations

[1.3.6{and [1.3.8 and O3(R) acts on the left of J#5<3 by translations.

Summary. The following result summarises what has been said above and provides

a topological description of moduli spaces of RCD(0,2) structures.

Theorem 1.3.6. The following table describes moduli spaces of RCD(0, 2) struc-

tures on compact topological spaces:

X is homeomorphic to: M .2(X) is homeomorphic to:
{*} R
I R x [€*/{£1}] (see Notation
St R?
T? R*
St x I, M2, or K? R3
S? R x K53/ O3(R) (see Notation [L.3.4)
RP? R x Ky<3 / O3(R) (see Notation
D R x <3/ O3(R) (see Notation

In particular, if X is a compact topological space that admits an RCD(0, 2)
structure, then the moduli space My 2(X) of RCD(0,2) structures on X is con-
tractible.

Theorem should be compared with Corollary [I.3.4] Indeed, Corollary
provides examples of compact topological spaces with non-contractible moduli
spaces of RCD(0, N) structures, for any N > 3.
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1.3.4 Chapter 5

The purpose of Chapter [5|is to investigate the properties of the moduli space of
RCD(—1,2) structures on a connected closed orientable topological surface. This
case differs from Chapters [3]and [4] because we cannot rely on splitting maps. Instead,
we will use the Ricci flow on Alexandrov spaces, as introduced in |[Ric12]. Our main
result establishes that the moduli space of RCD(—1, 2) structures on a surface X is

homotopy equivalent to the moduli space of hyperbolic metrics (when y(X) < 0).

1.3.4.1 Ricci flow on smooth manifolds

In Section we provide a brief overview of the Ricci flow and obtain uniform
convergence estimates for sequences of normalized Ricci flows. The main contribution
of this section is the following result, whose proof follows the lines of [CK04, Theorem

5.22] and relies on the convergence properties of curvature potentials.

Proposition 1.3.7. Let X be a connected closed orientable smooth surface such
that x(X) < 0, let {hi}ieNu{oo} be a family of Riemannian metrics on X, and denote
by {hi(t) }ienu{oo}t>0 the associated family of normalized Ricci flows. If {h;}ien
converges smoothly to h., then, there exists a decreasing continuous function
C € L'(Rsg) such that, for all i € NU {oc} and ¢ > 0, we have:

|Bi(t) —ri| < C(1),
where R;(t) = scal(h;(t)) and r; = f, scal(h;(t)) dvoly, ).

1.3.4.2 Ricci flow on Alexandrov spaces

In Section [5.2] we recall the definition of the Ricci flow on Alexandrov surfaces,
as introduced in [Ricl2|. In particular, relying on the short time estimates of the
Ricci flow obtained in [Sim12], Proposition [1.3.7, and Hamilton’s compactness

theorem, we demonstrate the following result.

Theorem 1.3.7. Let X be a connected closed orientable topological surface such
that x(X) < 0 and let A be a smooth structure on X. Then, the moduli space
Menrv>-1(X) of Alexandrov metrics with curv > —1 (equipped with the Gromov—
Hausdorff topology) retracts by deformation onto the moduli space Aso( X, A) of

smooth Riemannian metrics with constant curvature (equipped with the smooth

topology).
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1.3.4.3 RCD(-1,2) spaces

Finally, in Section [5.3] we apply Theorem [1.3.7] and obtain the following result
about the homotopy type of the moduli spaces of RCD(—1,2) structures.

Theorem 1.3.8. Let X be a connected closed orientable topological surface with
X(X) < 0. Then, the moduli space M_;2(X) of RCD(—1,2) structures on X
retracts by deformation onto the moduli space .#4,,(X) of hyperbolic metrics on

X (endowed with the smooth topology).

Remark 1.3.8. The case where x(X) > 0 is more complicated than x(X) < 0. It is
likely that the theorem above will still hold in that case using the results of [AB10]
(if x(X) > 0) and [CKO04] (if x(X) = 0), but one must undertake more research.

Theorem establishes a bridge between the moduli spaces of RCD(—1,2)
structures and the moduli spaces of hyperbolic metrics on surfaces with negative
Euler characteristics. The study of moduli spaces of hyperbolic metrics is a well-
established research field (see [FM11] for a comprehensive introduction). As a
result, in the future, one will be able to draw topological consequences on moduli

spaces of RCD(—1,2) structures from this connection.
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of Section is the main contribution of Chapter [2 There, we introduce the
equivariant pmGH topology and prove the equivariant theorem, which was obtained

in collaboration with Andrea Mondino and appears in [MN22].

2.1 Gromov—Hausdorff type topologies

Throughout the paper, we will consider sequences of metric spaces and metric
measure spaces. However, before discussing converging sequences, it is fundamental
to introduce the appropriate topologies. The goal of this section is to present
Gromov—Hausdorff type topologies, which are best suited when studying sequences
of RCD spaces. We mainly used [BBI22|, [GLP98|, |[ADH13|, [Vil09], and |[GMS15]

as references for this section.

2.1.1 The compact case

We start with a presentation of the Gromov—Hausdorff and measured Gromov—
Hausdorft topologies, which are specific to compact metric spaces and metric

measure spaces respectively.

2.1.1.1 The GH topology

The Gromov-Hausdorff distance metrizes the set of isometry classes of compact
metric spaces. Its definition relies on the Hausdorff distance between closed subsets

of a fixed metric space.

Definition 2.1.1 (Haudorff distance). Let (Z,dz) be a metric space and let
A, B C Z be two closed subsets of (Z,dz). We define:

A7) (A, B) = inf{e > 0| AC B, B C A},

where A€ (resp. B€) is the e-neighbourhoud of A (resp. B) in (Z,dz); more precisely,
A = {x € Z,dy(x, A) < e}. We will often write dyy instead of d{7*#), unless it

leads to confusion.
Notation 2.1.1. Let 2" be the set of isometry classes of compact metric spaces.

Definition 2.1.2 (Gromov-Hausdorff distance). Given [X;,d;] € & (i € {1,2}),

we define:
den([X1, du], [Xs, dy]) = inf { dn (X;, X;> }
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where the infimum is taken over all complete separable metric spaces (Z,dz) and
isometric embeddings ¢;: (X;,d;) — (Z,dz), i € {1,2}, with X| = ¢;(X;), and dy
stands for the Hausdorff distance between closed subsets of (Z,dz) (see Definition
2.1.1).

The following structure result is a consequence of [BBI22, Proposition 7.3.16]
(triangle inequality), [BBI22, Theorem 7.3.30] (separation axiom), [Fuk90, Theorem
1.5] (completeness), and the introduction of Section 3.111 . in [GLP98| (separability).

Theorem 2.1.1. The space (2", dgn) is a complete separable metric space, which

is contractible but not locally compact.

The topology induced by dgy on 2 is called the Gromov—Hausdorff topol-
ogy (GH topology for short). Let us now introduce e-isometries and GH e-
approximation, which will be fundamental in the future to characterise converging

sequences in (2, dgn).

Definition 2.1.3 (e-isometry). Let (X;,d;) (i € {1,2}) be compact metric spaces
and let € > 0. A Borel measurable map f: (X;,d;) — (X»,ds) is an e-isometry
from (X3, dy) to (Xz,dy) if it satisfies the following two points:

« for every z,y € Xy, |[d2(f(2), f(y)) — di(z,y)[ <€
o for every y € X, there exists x € X such that da(f(x),y) <e.

The distorsion of f is the quantity Dis(f) := sup{|da(f(2), f(v)) — di(z, y)|},where

the supremum is taken over all z,y € Xj.

Observe that if there exists an e-isometry from (X7,d;) to (Xa,ds), there is not
necessarily an e-isometry from (Xs,ds) to (X3, dy). In other words, the existence
of an e-isometry does not define a symmetric relation. To tackle this issue, we

introduce the notion of GH e-approximation.

Definition 2.1.4 (GH e-approximation). Let (X;,d;) (i € {1,2}) be compact
metric spaces and let € > 0. A GH e-approximation between (X1,d;) and (X5, ds)
is a pair (f,g) where f: (X;,d;) = (X2,ds) and g: (Xs,ds) — (X3, d;) are Borel

maps such that:
« max{Dis(f), Dis(g)} <,

o forevery x € X andy € Xy, we have d;(go f(x),z) < eand day(fog(y),y) < e.
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The approximate inverse construction detailed on p.751 in [Vil09] and [BBI22,
Corollary 7.3.28] implies the following result. It relates converging sequences in

(Z,dgn) to e-isometries and GH e-approximations.

Proposition 2.1.1 (Convergence in (2, dgu)). Given a family {[X,, dn]}nenugoo}

in 2", the following three points are equivalent:
(1) dGH([Xm dn]; [Xooa doo]) — 0,

(ii) there exists a sequence of €,-isometries f,: (X,,d,) = (Xo,ds) such that

€, — 0,

(iii) there exists a sequence of GH ¢,-approximations (f,, ¢,) between (X,,d,)

and (X, ds) such that €, — 0.

In any case, we say that {(X,,,d,)}men converges to (X, d) in the GH topology.

2.1.1.2 The mGH topology

Let us now define the measured Gromov—Hausdorff topology, which compares

compact metric measure spaces.

Definition 2.1.5 (Metric measure spaces). Let (X,d, m) be a triple, where (X,d)
is a metric space and m is a measure on X. We say that (X,d, m) is a metric
measure space (m.m.s. for short) when (X, d) is a complete separable metric space

and m is a locally finite Borel measure on (X, d).

Remark 2.1.1. If (X,d, m) is a metric measure space as defined above, then (X, d)
is clearly a Polish topological space (i.e. it is homeomorphic to a complete separable
metric space). In particular, m is necessarily a Radon measure, since it is a locally

finite Borel measure on a Polish topological space.

When studying metric measure spaces, there are two different notions of
isomorphism (see the discussion in Chapter 27, Section “adding the measure”

in [Vil09]). The following definition is best suited to our problem.

Definition 2.1.6 (Isomorphism between m.m.s.). Two m.m.s. (X,dx, my) and
(Y, dy, my) are isomorphic when there is a bijective isometry ¢: (X,dx) — (Y, dy)

such that ¢, mx = my.
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Notation 2.1.2. Let X be the set of isomorphism classes of compact metric
measure spaces. Given [X,d,m] € X, we denote Mass([X,d, m]) == m(X) and
Diam([X, d, m]) := Diam(X, d).

Before being able to compare compact m.m.s., we first have to compare measures.
The following definition introduces the Porkhorov distance between finite measures

on a metric space.

Definition 2.1.7 (Prokhorov distance). Let (Z,dz) be a complete separable metric

space and let ;1 and v be finite Borel measures on X. We define:

(Zdz) s S < v(A
dp "% (p,v) == inf {e > 0,VA C X, A closed implies V(A) < p(A9) + €

(A9) + € }

We will often write dp instead of d(PZ’dZ ) , unless it leads to confusion.

Let us define the Gromov-Hausdorff-Prokhorov distance on X (introduced in

this general setting by Abraham, Delmas, and Hoscheit in [ADH13]).

Definition 2.1.8 (Gromov—Hausdorff-Prokhorov distance). Let [X;, d;, m;] € X
and let us denote X; = [X;, d;, m;] (i € {1,2}). We define:

(X1, o) = inf { d (X;, X;) + dp (), m;)},
where:

o the infimum is taken over all complete separable metric spaces (Z,dz) and
isometric embeddings ¢;: (X;,d;) — (Z,dz), i € {1,2}, with X! = ;(X;) and

m; = Ly My,
 dy stands for the Hausdorff distance between closed subsets of (Z,dy),

o dp stands for the Prokhorov distance between finite measures on (Z,dz) (see

Definition [2.1.7)).

We call d,,gu the Gromov-Hausdorff-Prokhorov distance.
We have the following result thanks to [ADH13, Theorem 2.3].

Theorem 2.1.2. The space (X, duqn) is a complete separable metric space.
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The topology induced by d,gun on X is called the measured Gromov-Hausdorff
topology (mGH topology for sort). Let us introduce mGH e-approximation, which

will help characterise converging sequences in (X, dngn)-

Definition 2.1.9 (mGH e-approximation). Let (X;,d;, m;) (¢ € {1,2}) be com-
pact m.m.s. and let € > 0. An mGH e-approzimation between (Xi,d;, my) and
(Xg,d2,my) is a GH e-approximation (f,g) between (Xi,d;) and (Xs,ds) (see
Definition [2.1.4) such that max{dp(f.mi, ms),dp(g.ms, m;)} <e.

The notion of convergence in the mGH topology originated from [Fuk87].
However, Fukaya’s definition seems to differ from the definition proposed in this
section. The following result clarifies the situation and provides a characterisation
of converging sequences of metric measure spaces. For the sake of completeness,
we prove this result in Appendix [A.]]

Theorem 2.1.3 (Convergence in (X, dmcu)). Let {[X,, dn, M)} nenugooy be a family
in X and let us denote X,, = [X,,,dn, m,] (n € NU {c0}}). The following three

points are equivalent:
(1) deH(xny xoo) — Oa

(ii) there exists a sequence of €,-isometries f,,: (X,,d,) = (Xo,doo) such that

€, — 0 and f,, m, — my in the weak-* topology,

(iii) there exists a sequence of mGH e,-approximation between X,, and X, such
that €, — 0.

In any case, we say that {(X,,d,, m,)}nen converges to (X, doo, My ) in the mGH

topology.

Now, let us introduce the notion of c-doubling metric measure spaces, which

will give rise to a precompactness criterion for subsets of (X, dnqn)-

Definition 2.1.10 (c-doubling m.m.s.). Let ¢ > 0 and let (X,d, m) be a metric
measure space. We say that (X, d, m) is c-doubling when m is not identically zero

and for every x € X and R > 0, we have:
m(Bar(z)) < cm(Bg(z)).

In particular, m has full support.
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We close this section with the following precompactness result (see [Vil09,
Theorem 27.32]).

Theorem 2.1.4 (Precompactness Theorem). Let ¢ >0, D > 0and 0 < m < M be
fixed constants, and let F be a family of compact m.m.s. such that every element
(X,d, m) € F satisfies:
Diam(X,d) < D
m<m(X) <M : (2.1)
(X,d, m) is c-doubling
Then, every sequence in J admits a subsequence converging in the mGH topology.
Moreover, every limit space (X«, doo, Moo) also satisfies (2.1]).

2.1.2 The pointed case

We focused on compact metric and metric measure spaces in the previous subsection.
However, being able to compare non-compact spaces is fundamental since we will also
work with non-compact metric and metric measure spaces in the thesis. Therefore,
the role of this subsection is to introduce the pointed Gromov—Hausdorff and

pointed measured Gromov—Hausdorff topologies.

2.1.2.1 The pGH topology

Let us first introduce pointed metric spaces and the appropriate notion of iso-

morphism between them.

Definition 2.1.11 (Pointed metric spaces). A pointed metric space is a triple

(X,d, *), where (X, d) is a metric space and * € X.

Definition 2.1.12 (Isomorphism between pointed metric spaces). Two pointed
metric spaces (X, dx,*x) and (Y, dy, xy) are isomorphic when there is a bijective
isometry ¢: (X,dx) — (Y,dy) such that ¢(xx) = *y.

In [ADH13]|, results are given in the case of locally compact, geodesic metric
spaces; we will therefore restrict our attention to this particular case.

First, we define geodesics and geodesic metric spaces.

Definition 2.1.13. Let (X, d) be a complete separable metric space. A Lipschitz

curve v: [0,1] — X is called a geodesic when it satisfies:

d(v(t),7(s)) = |t = s[ d(7(0), (1)),
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for every 0 < s,t < 1. We say that (X, d) is geodesic if there exists a geodesic
between every pair of points. We denote Geo(X) the space of geodesics in X

endowed with the uniform topology.

Remark 2.1.2. Note that our definition of a geodesic corresponds to the Riemannian

geometry concept of minimising geodesics parametrised on [0, 1].

Remark 2.1.3. According to |[AG13, Section 2.2], if (X, d) is complete and separable,

then Geo(X) is also complete and separable.

Notation 2.1.3. Let Z, be the set of isomorphism classes of locally compact
geodesic pointed metric spaces. Let 2,7 be the subset of 2}, consisting of equivalence

classes of compact spaces.

Before introducing the pointed Gromov-Hausdorff topology, we first restrict
our attention to the case of compact pointed metric spaces. The definition below

introduces the compact pointed distance (following [ADH13]).

Definition 2.1.14 (Compact pointed distance). Given [X;, d;, *;] € 27 (7 € {1,2}),

we define:

®C([X17d17*1]7[X27d2a*2]> lnf{dH (X{7X/> +dZ 1a }

where the infimum is taken over all complete separable metric spaces (Z,dz) and
isometric embeddings ¢;: (X;,d;) — (Z,dz), i € {1,2}, with X := (X;), and

Following [ADH13|, but forgetting the measure, we introduce the pointed

Gromov-Hausdorff distance.

Definition 2.1.15 (Pointed Gromov—Hausdorff distance). Let [X;, d;, %;] € 2}, and
let us denote X; = [X;, d;, %] (i € {1,2}). We define:

dpau (X1, Xg) = / e " min{l,DC(Xl(r),f)Cg(r)>}dr, (2.2)
0
where for i € {1,2}:
Xi(r) = {Bi(T)aqui(T), *Z} € Xy,

and B;(r) is the closed ball of radius r and center *; in (X;,d;).
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Remark 2.1.4. As mentioned in [ADH13| section 2.1], the formula (£2.2)) is motivated
by the definition of the generalised Prokhorov distance.

We have the following result thanks to [ADH13, Theorem 2.7].
Theorem 2.1.5. The space (2;,dycn) is a complete separable metric space.

The topology induced by d,gu on 2, is called the pointed Gromov-Hausdorff
topology (pGH topology for short). Let us now introduce pGH e-approximation,
which will help characterise converging sequences of Z,,.

Definition 2.1.16 (pGH e-approximation). Let X; = (X;,d;, ;) (i € {1,2})
be locally compact geodesic pointed metric spaces and let ¢ > 0. A pGH e-
approzimation between X; and X is a pair (f, g) where f: X7 — X5 and g: Xy —

X, are Borel maps such that:
o [(*1) =2 and g(*2) = 1,
o max{Dis(fz, 1)), Dis(gp,(c-1))} <€,
o for every z € By(e™'), di(go f(z),x) < ¢, and, for every x € By(e™ ),
da(f o g(),2) <,
where B;(r) denotes the ball of radius r and center *; in (X;,d;) (i € {1,2}).

We conclude this section with the following result, which characterises converging

sequences in (%, dpcH)-

Proposition 2.1.2 (Convergence in (£}, dpcn)). Let {[X,, dn, *n] fnenufoo be a

family in 2Z},. The following three points are equivalent:
(i) dpGH([Xnv dm *n]a [Xooa dom *oo]) — O,

(ii) there exists a sequence of €,-isometries f,: (B, (Ry),dn) = (Boo(Rp),dso)
such that f,(*,) = *s, €, — 0, and R,, — o0,

(iii) there exists a sequence of pGH €,-approximations (f,, g,) between (X, d,, *,)

and (X, doo, *0o) such that €, — 0.

In any case, we say that {(X,, d,, *,) }nen converges to (Xoo, doo, *o0) in the pGH
topology.

The equivalence between points (i) and (ii) is granted by [GMS15, Remark 3.29],
whereas the equivalence between (ii) and (iii) can be proven using approximate
inverses (see Appendix and the construction detailed on p.751 in [Vil09]).
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2.1.2.2 The pmGH topology

First of all, let us introduce the class of pointed metric measure spaces.

Definition 2.1.17 (Pointed metric measure spaces). A pointed metric measure

space (p.m.m.s. for short) is a 4-tuple (X, d, m, %), where (X, d, m) is an m.m.s. and
*c X.

There are different notions of isomorphisms for pointed metric measure spaces.

Nevertheless, we will focus on the following.

Definition 2.1.18 (Isomorphism between p.m.m.s.). Two p.m.m.s. (X, dx, my, *x)
and (Y, dy, my, xy ) are isomorphic when there is a bijective isometry ¢: (X, dx) —
(Y, dy) such that ¢, mx = my and ¢(xx) = *y.

Notation 2.1.4. Let XP be the set of isomorphism classes of locally compact
geodesic pointed metric measure spaces. Let XP be the subset of XP consisting

of compact equivalence classes. Given [X,d, m,*] € XP and r > 0, we denote
Mass, ([X,d, m, *]) == m(B,(x)).

Following |[ADH13|, we first introduce the compact pointed distance ©° on XP.

Definition 2.1.19 (Compact pointed distance D). Given two equivalence classes

of compact geodesic p.m.m.s. X; = [X;, d;, my, %;] € XP, i € {1,2}, we define:
D°(X1, Xz) = inf { dy (X{, Xé) - dp (), mh) + dg (¥, *;)},

where the infimum is taken over all complete separable metric spaces (Z,dy)
and isometric embeddings ¢;: (X;,d;) — (Z,dz), i € {1,2}, with X] = ;(X;),

/. !/
w, = 1, m; and *; = 4;(%;).

We can now write down the definition of the pointed Gromov-Hausdorff-
Prokhorov distance dpmen on XP (introduced in this general setting by Abraham,
Delmas and Hoscheit in [ADH13]).

Definition 2.1.20 (Pointed Gromov-Hausdorff-Prokhorov distance). Given two
equivalence classes of locally compact geodesic p.m.m.s. X; = [X;, d;, my, x;] € XP
(i € {1,2}), we define:

it (X1, 2Xz) = /O e min {19 (200, %) e
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where for i € {1,2}:
Xi(r) = | Bi(r), diz,(y, Mif5, ) *i| € X5,
and B;(r) is the closed ball of radius r and center *; in (Xj,d;).
We have the following result thanks to [ADH13, Theorem 2.7].

Theorem 2.1.6. The space (X, dpmcn) is a complete separable metric space.

The topology induced by dpman on XP is called the pointed measured Gromov-
Hausdorff topology (pmGH topology for short). Before we introduce pmGH e-
approximation (which will help to characterise converging sequences of XP), we
need to introduce a variant of the Prokhorov distance for locally finite measures

on a metric space.

Definition 2.1.21. Let (Z,dz,*z) be a complete separable pointed metric space,
let p1, v be two locally finite measures on (Z,dy), and let R > 0. We define:

(A9) + ¢ }

R R B i i H =¥
dg (1, v) = inf {6 > 0,vA C B(R), A closed fmplies | ) 1y 4y 4

where B(R) denote the closed ball of radius R and center *.

Definition 2.1.22 (pmGH e-approximation). Let X; = (X, d;, m;,*;) (i € {1,2})
be locally compact geodesic p.m.m.s. and let ¢ > 0. A pmGH e-approzimation

between X; and X, is a pGH e-approximation (f,g) between (Xi,d;,*;) and
(Xo,da, *2) (see Definition [2.1.16]) such that:

1 1
max { df]’ (f*m17 m2)7 dfP (g*m27 ml)} <
where dS;l is introduced in Definition [2.1.21{
The following result characterises converging sequences of XP.

Proposition 2.1.3 (Convergence in (XP, dpman))- Let {[Xn, dn, My, %5] Frenugoo}

be a family in XP. Then, the following three points are equivalent:
(1) dpmGH([Xnv dn? mn7 *n]; [Xocn dOO7 mOO7 *oo]) — O;

(ii) there exists a sequence of €,-isometries f,: (B, (R,),dn) = (Boo(Rp),ds)
such that f,(%,) = %00, frne My — My in the weak-* topology, €, — 0, and

R, — oo,
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(iii) there are pmGH e,-approximations (f,,g,) between (X,,d,,m,,*,) and
(Xoos doo, Mo, *o0) such that e, — 0.

The equivalence between points (i) and (ii) is granted by [GMS15, Remark 3.29],
whereas the equivalence between (ii) and (iii) can be proven using the approximate
inverse lemma (see Appendix [A.1)).

We close this section with the following precompactness result (see [Vil09,
Theorem 27.32]).

Theorem 2.1.7 (Precompactness Theorem). Let 7 > 0 and 0 < m < M be fixed
constants, let ¢c: Ryy — Ry be a fixed map, and let F, be a family of locally

compact geodesic p.m.m.s. such that every element (X,d, m,x*) € J, satisfies:

(i) for every R > 0, m is ¢(R)-doubling on Bx(R) in the sense that, for every x €
Bx(R) and R’ > 0 such that Bx(z,2R’) C Bx(R), we have m(Bx(z,2R’)) <
c(R)m(Bx (x, i),

(i) m < m(Bx(r)) < M.

Then every sequence in F, admits a subsequence converging in the pmGH topology.
Moreover, every limit space (X, doo, Moo, *00) also satisfies condition (i) and (ii)

and has full support.

2.2 RCD structures and moduli spaces

The story of RCD spaces has its roots in Gromov’s precompactness Theorem (see
[Pet06, Corollary 11.1.13]). The result states that sequences of compact Riemannian
manifolds with a lower bound on the Ricci curvature, and an upper bound on both
the dimension and the diameter are precompact in the Gromov—Hausdorff topology
(GH topology for short). Since then, there has been much work to understand the
properties of limits of such sequences, called Ricci limit spaces.

In the early '00s, Cheeger and Colding published in [CC97], |[CC00a] and [CCO0D]
an extensive study of the aforementioned spaces. One important observation (already
noticed by Fukaya) is that to retain good stability properties in the limit space, it
is fundamental to keep track of the Riemannian measures’ behaviour associated
to the approximating sequence. Since then, it is common to use the measured
Gromov—Hausdorff topology (mGH topology for short), endowing Riemannian

manifolds with their normalized volume measure.
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A related (but slightly different) approach is to introduce a new definition of
Ricci curvature lower bounds and dimension upper bound, at the more general level
of possibly non-smooth metric measure spaces. Such a definition should generalise
the classical notions and be stable when passing to the limit in the mGH topology.
The definition of RCD spaces is an example of such a definition. Therefore, any
result proven for RCD spaces (with the tools of metric measure theory) would
hold a fortiori for Ricci limit spaces. Such a definition is called synthetic, and the
situation here is analogous to the case of Alexandrov spaces (see Appendix [A.2)).

The goal of that part is to introduce RCD(K, N) spaces (with K € R and
N € [1,00)). In particular, we will state compactness results for RCD(K, N) spaces

and introduce associated moduli spaces.

2.2.1 Wasserstein distance

First of all, we need to introduce some notions of Optimal Transport. More precisely,
we introduce some notations and present the Wasserstein distance associated to

a complete separable metric space.

Notation 2.2.1 (Subspaces of probability measures). Given a complete separable
metric space (X, d), we denote P(X,d) the space of Borel probability measures on
(X,d). For p € [1, 00|, we denote:

P,(X,d) == {u € P(X,d), 3wy € X, |d(-, 0) | ey < 00},

the set of Borel probability measures with finite moments of order p. Moreover, if
m is a measure on (X, d), we denote P,(X,d, m) the subset of P,(X,d) consisting

of measures which are absolutely continuous with respect to m.

Notation 2.2.2 (Transport plans). Let (X, d) be a complete separable metric space
and let p, v € P(X) be two probability measures on X. The set of Transport plans

from p to v is the set:

H(,u, V) = {7T < ?(X X X) | P1T = Ky P2 b = V},

where p; and py are respectively the projection of the first and second factors of

X x X onto X. Given a transport plan 7 € II(u, ), we denote:

Cy(r) = /X ) A9,

the £2 cost of .
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Remark 2.2.1. Observe that y ® v € I(u, v); therefore, there is always at least one

transport plan from p to v.

Remark 2.2.2. A transport plan m € II(u, v) describes a way to transport the mass
i to the mass v. More precisely, given A, B C X, m(A x B) is the mass transported
by 7 from the set A to the set B.

Remark 2.2.3. If the transport of a mass unit from x to y costs dQ(x, y), then the
quantity Co(7) represents the cost necessary to transport p to v according to the

plan .

Definition 2.2.1 (Wasserstein distances). Let (X,d) be a complete separable
metric space. Given u, v € Po(X,d) (see Notation [2.2.1)), we denote:

Wa(p,v) = inf 4/Co(m).

rell(u,v)

If 7 € II(u, v) satisfies Wa(u, v) = /Ca(m), then 7 is called an optimal transport
plan.

The following result justifies the name of the Wasserstein distance (see [Stu06a,

Proposition 2.10]).

Proposition 2.2.1. Let (X,d) be a complete separable metric space. Then
(P2(X,d), W,) is a complete separable metric space.

When the underlying metric space is geodesic, the Wasserstein distance enjoys

additional properties (see [AG13, Theorem 2.10]).

Proposition 2.2.2. Let (X,d) be a complete separable geodesic space. Then

(P2(X,d), Wy) is a geodesic space. Moreover, the following properties are equivalent:
o t— uy is a geodesic in (Py( X, d), W),

o there exists [T € Po(Geo(X)) (see Definition [2.1.13| for the definition Geo(X))
such that (eg, e1).Il is an optimal transport plan from pg to gy and p, = e, 11

(t € [0,1]),

where €;: v € Geo(X) — (t) € X is the time ¢ evaluation map.
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2.2.2 CD spaces

The first attempts to introduce a synthetic definition of curvature lower bounds
for m.m.s. were realised by Lott—Villani and Sturm in the seminal papers [LV09],
[Stu06a], and [StuO6b|. The outcome of these papers is the notion of a CD(K, N)
space (K € R and N € [1,00)), which is roughly a m.m.s. with Ricci curvature
bounded below by K and dimension bounded above by N.

Before introducing CD spaces, let us now introduce the distortion coefficients

and entropy functionals.
Definition 2.2.2 (Distorsion coefficients). For x € R and 6 > 0, we define:
VEsin(y/R6), if £ >0
5.(0) =<0, ifk=0 . (2.3)
V=i sinh(y/—k#), if k<0
Given K € R, N € (0,00), and (¢,0) € [0,1] x R>,. We denote:

00, if K6 > Nr?
o (0) = { )i K0P < Na? and K02 0.
t, if K6%=0

If N =1, we define:

¢
TI(<) 1

oo, if K6?>0
OFS S

t, ifK# <O
If N > 1, we denote TI(;?N(Q) = tl/N{g%?N_l(g)}l—l/N_

Definition 2.2.3 (Entropy functionals). Let (X,d, m) be a m.m.s. equipped with

a non-trivial measure, let N € [1,00), and let v = pm € Py(X,d, m) (see Notation

2.2.1)). We define:
Sn(v|m) = —/ p ¥ du.
X

The functionnal Sy (-|m) is called the Rényi entropy with parameter N associated to

m.

While CD(K, o0) spaces were introduced simultaneously by Lott—Villani in
[LV09] and Sturm in [Stu06a], the more specific CD(K, N) spaces were introduced
by Sturm in [Stu06b]. Such spaces can be defined in various ways. However, in this
thesis, we will follow the approach in [BS10|, which gives a unified presentation

of both CD and CD* spaces (which will be relevant for us as well).
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Definition 2.2.4 (CD(K, N) spaces). Let N € [1,00) and K € R. A m.m.s.
(X,d,m) is a CD(K, N) space if, for every pair vy, 1 € Poo(X,d, m), there exists an
optimal transport plan m € II(vp, 1) and a geodesic I': [0, 1] = (P (X, d, m), W5)
from vy = ppm to vy = p; m such that:

Sxo(T(t)]m) < — /

(7N o200 (o)
XxX

s il ) () dnao, )
for every N’ > N.

Relying on the fine analysis of the convexity properties of Optimal Transport on
Riemannian manifolds realised in [CMS01| (by Cordero-Erausquin, McCann, and

Schmuckenschldger), Sturm proves the following result (see [Stu0O6b, Theorem 1.7 ).

Theorem 2.2.1. Let (M™, g) be a complete Riemannian manifold of dimension
n>1,let K € R, and let N € [1,00). Then, (M",d,,dvol,) is a CD(K, N) space
if and only if n < N and Ric(g) > K (where d, and dvol, are respectively the

geodesic distance and volume measure of (M™", g)).

Theorem [2.2.1] shows that CD spaces generalise lower bounds on the Ricci
curvature and upper bounds on the dimension. Moreover, CD spaces are stable under

mGH convergence as shown by the following result (see |[Stu06b, Theorem 3.1]).

Theorem 2.2.2. Let {(X,,,d,, m,)},en be a sequence of compact CD(K, N) spaces
(K € Rand N € [1,00)) converging to a compact m.m.s. (X,d, m) in the mGH
topology. Then, (X,d, m) is a CD(K, N) spaces.

Let us recall that Ricci limit spaces are mGH limits of Riemannian manifolds
with a Ricci curvature lower bound and a dimension upper bound. Theorem [2.2.2]
shows that Ricci limit spaces are actually CD spaces. Therefore, as mentioned in
this section’s introduction, any property proven for CD spaces holds a fortiori
for Ricci limit spaces.

In addition to that, Ohta and Petrunin respectively proved in [Oht09b] and
[Pet11] that Finsler manifolds and Alexandrov spaces are CD spaces. However,
Cheeger and Colding observed that Finsler spaces arise as Ricci-limit spaces if and
only if they are actually Riemannian. Since CD spaces’ main purpose was to study
Ricci limit spaces, this last point is somewhat concerning. In the next section, we

will see how to modify the CD definition to rule out Finsler spaces.
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2.2.3 RCD spaces

In order to stay as close as possible to the Riemannian situation, Ambrosio, Gigli,
and Savaré strengthened the definition of CD spaces by introducing RCD spaces
in [AGS14] (ruling out non-Riemannian Finsler spaces). The key is the notion
of infinitesimal Hilbertianity.

Let us first introduce the Cheeger energy functional in a metric measure space

(we follow the presentation of Section 2.4.1 in [AGS14]).

Definition 2.2.5 (Slope of a Lipschitz function). Let (X,d, m) be a m.m.s. and let
f: X — R be a Lipschitz function. We define Lip(f): X — R the slope of f by:

Lf () —f ()]
d(zy)

0, otherwise

limsup, if z is an accumulation point

Lip(f)(x) == {

In [AGS14], the Cheeger energy is defined at the level of Borel functions.
However, for £2 functions, it is equal to its relaxation (see [AGS14, equation 2.20)]).

Therefore, we define the Cheeger energy in the following way.

Definition 2.2.6 (Cheeger energy). Let (X,d,m) be a m.m.s. and let f € £*(m).
The Cheeger energy of f is defined as:

Ch(f) = ;inf{ligglf/Lip(fn)zdm},

where the infimum is taken over all sequences {f,} of bounded Lipschitz L?(m)

functions satisfying f,, — f in L?(m).

Using the Cheeger energy, one can define Sobolev functions on general metric

measure spaces.

Definition 2.2.7. The space of Sobolev functions on a m.m.s. (X,d, m) is defined
as W12(X,d,m) := D(Ch) N £2(m), where D(Ch) := {Ch < oo} is the domain of
the Cheeger energy. W12?(X,d, m) is endowed with the following norm:

‘f‘lz/Vl’Q = 2Ch<f) + |f’%2(m)7

where f € HY?(X,d, m).
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In general, the Sobolev space associated to a m.m.s. is only a separable
Banach space. However, when the Cheeger energy is a quadratic form, then
the Sobolev space becomes Hilbert (see [AGS14, Proposition 4.11]). In that case,
the m.m.s. supports more elaborate calculus tools (such as second-order differential
calculus as introduced in [Gigl8]). This observation led Ambrosio, Gigli, and Savaré

to introduce infinitesimally Hilbertian metric measure spaces.

Definition 2.2.8 (Infinitesimal Hilbertian spaces). A m.m.s. (X,d,m) is an

infinitesimal Hilbertian space when the associated Cheeger energy is quadratic.

Riemannian manifolds are infinitesimally Hilbertian (see [LP20, Theorem 4.11]
for a proof of this fact in the more general case of weighted Riemannian manifolds).
Motivated by this property, the authors of [AGS14] strengthened the CD condition

by requiring the spaces to be infinitesimally Hilbertian.

Definition 2.2.9 (RCD(K, N) spaces). Given N € [1,00) and K € R, a m.m.s.
(X,d,m) is an RCD(K, N) space when it is an infinitesimally Hilbertian CD(K, N)

space.

One of the main results in [AGS14] is that the heat flow (defined as the gradient
flow of the Cheeger energy) is linear on RCD spaces. However, it is shown in [OS09]
that the heat flow on a Finsler manifold is linear if and only if it is Riemannian.
Hence, the RCD condition succeeds at ruling out non-Riemannian Finsler spaces.

Then, even though the infinitesimal Hilbertianity condition is not stable under
mGH convergence, it becomes stable when paired with the CD condition (see
[AGS14] Theorem 6.11]). Therefore, Ricci limit spaces are also RCD spaces. In
addition, based on the description of the infinitesimal structure of Alexandrov
spaces realised in [Oht09a], the authors of [AGS14] observe that finite-dimensional
Alexandrov spaces are infinitesimally Hilbertian. Thus, they are also RCD spaces.

RCD spaces are a promising candidate for a synthetic definition of Ricci curvature
lower bounds. However, establishing that a given space is RCD can be a challenging
task, as it necessitates demonstrating that it satisfies the CD property beforehand.
This is complicated by the fact that CD spaces do not exhibit a local-to-global
property, as pointed out by Rajala in [Raj16]. Consequently, a new class of spaces,

called RCD* spaces, was introduced as a solution to this problem.
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2.2.4 RCD* spaces

To address the absence of a local-to-global property for CD spaces, Bacher and
Sturm proposed an alternative definition. Specifically, in [BS10|, they replaced the
original coefficients 7 in Definition by the coefficients o (see Notation [2.2.2)).

This approach gave rise to the concept of CD* spaces, which we introduce below.

Definition 2.2.10 (CD*(K, N) spaces). Let N € (0,00) and K € R. A m.m.s.
(X,d,m)isa CD*(K, N) space if, for every pair vy, 1 € Poo(X,d, m), there exists an
optimal transport plan m € II(vp, 1) and a geodesic T': [0, 1] = (P (X, d, m), W5)
from vy = pom to 14, = p; m such that:

S (T(1)]m) < — /

(o3 (o, )™ ()
XxX

. (2.4)
+ o @lao,oa))pr ™ (@) ) dm (o, )

for every N' > N.

Remark 2.2.4. Observe that in the special case K =0 and N € [1,00), CD(0, N)
spaces and CD*(0, N) spaces coincide.

For non-branching m.m.s., the CD* condition satisfies a local-to-global property,
as shown in [BS10, Theorem 5.1]. This property allows us to introduce the most
robust definition of synthetic Ricci curvature lower bounds available to date,

namely RCD* spaces.

Definition 2.2.11. A m.m.s. (X,d,m) is an RCD*(K, N) space (K € R and
N € (0,00)) if it is an infinitesimally Hilbertian CD*(K, N) space.

The following result, combined with Theorem implies that RCD* spaces
generalise Ricci curvature lower bounds and dimension upper bounds (see [BS10,

Proposition 2.5] for a proof).

Proposition 2.2.3. Let K € R and N € [1,00) and let (X,d,m) be a metric

measure space. The following properties hold:
o If (X,d,m) is an RCD(K, N) space, then it is an RCD*(K, N) space.

o If (X,d,m)is an RCD*(K, N) space, then it is an RCD(K™*, N) space (where
K* =K%,
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Proposition shows how RCD*(K, N) and RCD(K, N) conditions relate to
each other. In particular, it shows that both classes of spaces satisfy the same
geometric inequalities (with slightly worst constants for the case of RCD* (K, N)
spaces). Nevertheless, would it be possible for these classes of spaces to coincide
under certain conditions?

Thanks to [CM21, Theorem 1.1], CD*(K, N) and CD(K, N) spaces coincide
in the case of essentially non-branching metric measure spaces with finite mass.
However, as observed in [EKS15, Remark 3.18], RCD*(K, N) spaces are also strong
CD*(K, N) spaces; hence, using |[RS14, Theorem 1.1], they are essentially non-

branching. Therefore, we have the following fundamental result.

Theorem 2.2.3. Let (X, d, m) be a finite mass metric measure space and let K € R
and N € [1,00). Then, (X,d,m) is an RCD(K, N) space if and only if it is an
RCD*(K, N) space.

Remark 2.2.5. The result above implies that compact RCD(K, N) spaces and
compact RCD* (K, N) spaces coincide.

Before we present the stability, compactness, and metric measure properties
of RCD* spaces, we first show how to restrict our attention to locally compact
geodesic m.m.s. with full support.

It is clear that a m.m.s. (X,d,m) is an RCD*(K, N) space if and only if
(Spt(m),d, m) is an RCD*(K, N) space. Thus, we will always assume that:

Spt(m) = X.

Then, by definition, (P (X, d, m), Wy) is a geodesic metric space. Hence, according
to the remark in the first paragraph of the proof of [BS10, Theorem 5.1], (Spt(m), d)
is a length space. Furthermore, according to [BS10, Theorem 6.2], (Spt(m),d) is
locally compact. In particular, thanks to [BBI22, Theorem 2.5.23], (Spt(m),d) is

a geodesic space. Therefore, the following proposition holds.

Proposition 2.2.4. Let (X,d,m) be a full support RCD*(K, N) space (K € R
and N € [1,00)), then (X,d) is locally compact and geodesic.

Notation 2.2.3. Given K € R and N € [1,00), we denote RED (K, N) (resp.
RED™P(K, N) C XP) the set of isomorphism classes of compact RCD(K, N) spaces
with full support (resp. pointed RCD*(K, N) spaces with full support).
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RCD™* spaces satisfy a generalised Bishop—Gromov inequality (see [Stu0O6b)
Theorem 2.3]).

Proposition 2.2.5 (Bishop—Gromov inequality). Let (X, d, m) be a full support
RCD*(K, N) space (K € R and N € [1,00)). Then, for every z € X and every
0<r<R< ﬂ\/N/maX{O, K}, we have:

m(Ba(x) _ Jy s ()Y dt
m(B,(x)) = Jy sy (DN de”

where sk, is introduced in Notation m

The Bishop—Gromov inequality implies the following estimates on the doubling

constant of an RCD*(K, N) space (see [Stu06b, Corollary 2.5]).

Corollary 2.2.1. Let (X,d, m) be a full support RCD*(K, N) space (K € R and
N € [1,00)). If K >0, then (X, d,m) is 2V !-doubling. If K < 0, then we have:

m(By,(z)) N+1 N
w(B, (1) < 2% cosh™ (ry/—K/N),

for every x € X and r > 0.

In order to draw conclusions about Ricei limit spaces from the properties of RCD*
spaces, it is necessary for the latter to be stable under mGH convergence. Fortunately,
the following fundamental compactness result ensures that this condition holds.
The arguments to prove it are scattered throughout various references, we will

provide a sketch of the proof.

Theorem 2.2.4 (Compact case). Let N € [1,00), K € R, 0 <m < M, and D > 0
be fixed constants. Then, the subset:

RECD(K, N)N{Diam < D}y N{m < Mass < M} C X
is compact in the mGH topology (RED (K, N) is defined in Notation [2.2.3)).

Sketch of the proof. First of all, Corollary and Theorem imply that
RCD(K, N)N{Diam < D}N{m < Mass < M} is a precompact subset of X (recall
that RCD(K, N) spaces and RCD*(K, N) spaces coincide in the compact case).
Therefore, we need only prove that it is closed. Let {[X,,, d,,, m,|},en be a sequence in
RED (K, N)N{Diam < D}n{m < Mass < M} that converges in the mGH topology
to [X,d, m] € X. Due to Corollary and Theorem [2.1.4] we can conclude that
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[X, d, m] has full support and belongs to {Diam < D} N {m < Mass < M}. Hence,
we only need to demonstrate that (X,d, m) is an RCD(K, N) space.

First, Theorem implies that (X,d, m) is a CD(K, N) space. Addition-
ally,|]AGS14, Theorem 6.11] implies that (X, d, m) is also an RCD(K, c0) space (as
defined in [AGS14]). Thus, (X, d, m) is infinitesimally Hilbertian, which completes
the proof. O

In the thesis, we will also need the analogue of Theorem in the pointed case.

Theorem 2.2.5 (Pointed case). Let N € [1,00), K € R, 0<r,and 0 <m < M
be fixed constants. Then the subset:

RED™P(K,N)N{m < Mass, < M} C XP

is compact in the pmGH topology (Mass, and RE€D“P(K, N) are introduced in
Notations [2.1.4] and [2.2.3] respectively).

Sketch of the proof. As for the proof of Theorem [2.2.4] Corollary and Theorem
2.1.7/imply that it is sufficient to prove that accumulation points of RED*P(K, N)N
{m < Mass, < M} in the pmGH topology are RCD*(K, N) spaces.

Observe that pmGH convergence implies pmG convergence (as defined in
[GMS15]). Moreover, RCD*(K, N) spaces are in particular RCD(K™*, 00) spaces
(as defined in |[AGS14]). Furthermore, RCD(K™*, 00) spaces are stable under pmG
convergence (as stated by [GMS15, Theorem 7.2]). Thus, any accumulation point
of RECD™P(K, N) N {m < Mass, < M} is infinitesimally Hilbertian.

Then, assume that [X, d, m, ] € XP is an accumulation point of RED*P (K, N)N
{m < Mass, < M}. Let us denote {[X,,, dp, m,, %, }nen an approximating sequence
and let us fix pg, 1 € Poo(X,d,m). Note that there exists R > 0 such that
Spt(uo), Spt(p1) € Br(x). In particular, one can approximate u; by measures
ut € Poo(Xy,dn, my,) such that Spt(u) C Bprii(x,) (i € {0,1}). Moreover,
since (X,,d,,m,) is a CD*(K,N) space, there exists a geodesic {jf }icpo,1) in
Poo(Xp, dp, my,) and an optimal transport plan 7" from pf to uf such that equation
is satisfied. In addition, observe that, using Proposition , there exists
1" € P(Geo(X,,,d,)) such that u = e, II" for every 0 <t < 1. In particular, for
every t € [0, 1], we have:

Spt(p') C{7(t), 7 € Geo(X,,dn),v(0) € Spt(pg), (1) € Spt(uy)};
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therefore Spt(u?) C Barys(*,) (using the triangle inequality and Spt(u2), Spt(u}) C
Bpry1(*,)). From there, following the strategy in the proof of [BS10, Theorem 3.1],
one can extract a converging subsequence from {1} }o<t<1neny and {7"},en that will
give rise to a geodesic {p}o<i<1 and an optimal transport plan 7 from pg to s
satisfying equation ([2.4). Therefore, one can conclude that (X, d, m) is a CD*(K, N)
space, which concludes the sketch of the proof. O

To conclude this section, we list several interesting properties of RCD* spaces

from the perspective of global Riemannian geometry:

Brunn-Minkowski inequality (see [BS10, Proposition 6.1}),
« localization Theorem (see [CM17a), Theorem 5.1}),

» p-spectral gap estimate, log-Sobolev inequality, and Sobolev inequality (see
Theorem 4.4, Theorem 6.2, and Theorem 7.1 in |[CM17b]),

» Obata’s Theorem (see [CMS19, Theorem 1.3]),
o Lévy—Gromov—Milman isoperimetric inequality (see [CM17a, Theorem 1.2]),

« splitting theorem, in the case K = 0 (see |Gigl4, Theorem 1.4]),

existence of universal covers (see [MW19, Theorem 1.1}).

We will give more details on the existence of universal covers and the splitting
theorem in Sections [2.3] and respectively.

2.2.5 Moduli spaces of RCD structures

In this thesis, we will mainly focus on RCD structures with a fixed topology. Let

us introduce this notion in the following definition.

Definition 2.2.12 (RCD structure on a topological space). Given a topological
space X, N € [1,00), and K € R, an RCD(K, N) (resp. RCD*(K,N)) structure
on X is an RCD(K, N) (resp. RCD*(K, N)) space (X,d, m) such that d metrizes
the topology of X and Spt(m) = X.

One of our main goals in this thesis is to study the topological properties of

the moduli spaces that we introduce in the next two definitions.
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Definition 2.2.13. Let K € R, let N € [1,00), and let X be a compact topological
space that admits an RCD(K, N) structure. The moduli space of RCD(K, N)
structures on X is the set My n(X) of RCD(K, N) structures on X quotiented by
isomorphisms, it is endowed with the mGH topology (see Definition .

Definition 2.2.14. Let X be a topological space that admits an RCD*(K, N)
structure (K € R and N € [1,00). The moduli space of pointed RCD*(K, N)
structures on X is the set MY v (X) of pointed RCD*(K, N) structures on X
quotiented by isomorphisms, it is endowed with the pmGH topology (see Definition

E1Z).

2.3 Covering space theory of RCD spaces

In this section, we provide a brief reminder on covering space theory. Then, we
will introduce d-covers and explain how to lift RCD structures to covering spaces.
Afterwards, we will explain how universal covers and d-covers are related to each
other. Finally, we will introduce the Dirichlet domain associated to an RCD

structure on a compact topological space.

2.3.1 Basic results on covering spaces

This subsection recalls the basic definitions and results about covering spaces (we
follow the presentation of [Spa81, Chapter 2] and[Ste99, Chapter 1]). First of

all, we define covering triples.

Definition 2.3.1 (Covering triple). Let X and Y be connected, locally path-
connected topological spaces and let p: Y — X be a continuous map. The triple
B = (Y, X,p) is called a covering triple if every point x € X admits an open
neighbourhood U, C X that is evenly covered by p, i.e., such that p~1(U,) is the
disjoint union of open subsets of Y, each of which is mapped homeomorphically
onto U, by p. In that case, we will say that Y, X and p are respectively the covering
space, the base space and the covering projection of the covering triple B. If x € X
and y € Y satisfy 2 = p(y), then we will call the triple ((Y,y), (X, z),p) a pointed

covering triple.
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From now on, when we deal with a covering triple, we will always assume
that the covering space and the base space are connected locally path-connected
topological spaces (unless otherwise stated). Let us now recall the definition of

a morphism between covering triples.

Definition 2.3.2 (Covering morphism). Let B, := (Y;, X;, p;) be a covering triple
(1 € {1,2}). We say that 7: By — B, is a continuous (respectively Borel) covering

morphism if:
(i) 7: Y7 — Y5 is a continuous (respectively Borel) map,

. , ‘
1, ) .
(ii) for every y1,y; € Y1, we have
pi(y1) =pi(yy) = pa(i- 1) = pa(i - vy)-

In that case, 7 induces a continuous (respectively Borel) map n: X; — Xs, called

the induced base map, such that the following commutative diagram holds:

v, —1 v,

p{ lpg .

XlT>X2

When covering triples share the same base space, we will restrict our attention to
a special kind of covering morphism, namely based covering morphism (see [Ste99,
Chapter 1], and Lemma 1 in Chapter 2, Section 5 in [Spa81]).

Definition-Proposition 2.3.1 (Based covering morphism). Let B; := (Y}, X, p;)
be a covering triple over X (i € {1,2}). A covering morphism 77: B; — B, is a
based covering morphism if the induced base map n: X — X is the identity. In

that case, we have the following simplified commutative diagram:

K%YVQ

D

and 77: Y], — Y, is a covering projection. When 7 is a homeomorphism, we say that
B, and B, are equivalent as covering triples over X, and 77: By — By is called a

based covering isomorphism.

Let us state the definition of a universal covering space.
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Definition 2.3.3 (Universal covering). A covering triple B = (X, X,p) is a
universal covering triple over X if, for every other covering triple B over X, there
exists a based covering morphism 7: B — B. In that case, X is called a universal
covering space over X. A universal covering triple over X (if it exists) is unique up

to equivalences of based covering triples.

Let us now recall the classification theorem for covering spaces (Chapter 2,
Section 5 in [Spa81]).

Theorem 2.3.1 (Classification theorem). Let B; :== (Y;, X, p;) be a covering triple
over X (i € {1,2}). The following properties are equivalent:

(i) there exists a based covering morphism 77: By — Bo,

(ii) for every y; € Y1 and y» € Y such that pi(y1) = p2(y2) = =, pr.mi(Y1,v1) is
conjugated in 7 (X, z) to a subgroup of pe,m(Ys, y2),

(iii) there exists y; € Y7 and y, € Y; such that pi(y1) = p2(y2) = z, p1,m (Y1, v1)
is conjugated in (X, z) to a subgroup of py,m (Ya, y2),

where py,: m1(Y1,41) = m(X,z) (respectively pa,: m1(Y2,42) — mi(X,2)) is the

homomorphism between fundamental groups induced by p; (respectively by ps).

Remark 2.3.1 (Injectivity of homomorphism induced by a covering projection). For
any covering triple B = (Y, X, p) and every y € Y, the induced homomorphism
ps: m(Y,y) = m (X, z) (where z := p(y)) is always injective.

One of the most important objects associated to a covering triple is its group

of deck transformations.

Definition 2.3.4 (Group of deck transformations). Let B := (Y, X, p) be a covering
triple. We denote:

G(B) = {7: B — B | 7 based covering isomorphism}.

G(B) is called the group of deck transformation associated to B. For every z € X,
there is a natural left action of G(B) on p~!(x) defined by:

Vij € G(B),Vx € X,Vy € p'(2),7 - y = 7i(y).

In the thesis, all of the coverings will be regular. We recall below the definition

and basic properties of reqular coverings (Chapter 2, Section 3 in [Spa81]).
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Definition-Proposition 2.3.2 (Regular covering). Let B := (Y, X, p) be a covering
triple. The covering is called reqular if it satisfies one of the following equivalent

properties:
(i) for every x € X, G(B) acts transitively on p~!(x),
(ii) there exists z € X such that G(B) acts transitively on p~!(x),

(iii) for every y € Y, p,mi(Y,y) is a normal subgroup of m (X, p(y)) (we will write
pem(Yy) 4 m(X,p(y))),

(iv) there exists y € Y such that p,m(Y,y) < m (X, p(y)).

Remark 2.3.2 (Continuous discrete action). For any regular covering triple B :=
(Y, X, p), it is always possible to see the group of deck transformation G(B) as a
discrete group acting continuously on the total space Y. Indeed, any group equipped
with its discrete topology is a discrete group. Moreover, since G(B) is a subset of

the group of homeomorphism of Y, then it obviously acts continuously on Y.

In the case of a regular covering B := (Y, X, p), it is possible to identify the base
space X with the orbit space Y/G(B) (Chapter 2, Section 6 in [Spa81]).

Proposition 2.3.1 (Quotient of the total space by the group of deck trans-
formations). Given a regular covering triple B = (Y, X,p), the group of deck
transformations G(B) is a discrete group acting continuously on Y. Moreover, the

action satisfies the following axioms:
(i) for every i € G(B) and every y € Y we have:
-y =y = 1n=1idy,
i.e., the action is free,
(ii) every point y € Y admits an open neighbourhood U, C Y such that:
Ve G(B),n-U,NU, # @ = f=idy.

In addition, there exists a homeomorphism ¢: X — Y/G(B) such that the following

commutative diagram holds:

Y
7¢ \TFJ 7
X —— Y/G(B)

where 7 is the quotient map.
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When the base space of a covering triple is Hausdorff, we have the following
result (using Proposition [2.3.1) Theorem 1 and Corollary 1 of section 1.5.3 in
[Boul6|], and Theorem 1 of Section 3.4.5 in |[Bou07al):

Proposition 2.3.2 (Proper action). Let B := (Y, X, p) be a regular covering triple
such that the base space X is Hausdorff. Then G(B) acts properly on Y, i.e., for
every compact subset K C Y:

HﬁeG(B) \ ﬁ-KﬂK#@H<+oo.

Let us now introduce a very helpful result (Chapter 2, Section 4 and 5 in [Spa81])

that associates a regular covering triple BY to any open covering U of X.

Proposition 2.3.3 (Regular covering associated to an open covering). Let X
be a connected locally path-connected topological space and let U be an open
covering of X. There exists a regular covering triple BY% := (X' X, p%) (unique up

to equivalence of based covering triples) such that:

vy S Xu?])gﬂ-l(Xuay) = ﬂ-l(u7pu(y))v

where 1 (U, pY(y)) is composed of homotopy classes of loops of the form w™! x a *w,

where a is a loop contained in some U € U and w is a path from p%(y) to a(0).

Moreover, every connected open set U € U is evenly covered by py.

Given a regular covering, let us relate the base space’s fundamental group and

the group of deck transformation (see Chapter 2, Section 6 in [Spa81]).

Definition-Proposition 2.3.3 (On the relation between the fundamental group
and deck transformations). Let B := (Y, X, p) be a regular covering and let x € X
and y € p~!(z). Since G(B) acts freely and transitively on every fibre, the following
map is bijective:

¢y: 1€ G(B) = 7-yep (z)

For any [v] € m (X, ) we denote:

vo([]) = ¢, (3(1) € G(B),

where 7 is the unique lift of y: [0, 1] — X starting at y (the map 1), is denoted this
way because it is independent of the chosen point y in the fibre over z). The map
1, is a surjective group homomorphism with kernel p, (7 (Y,y)) and thus induces

an isomorphism:

m(X,2)/p.(m (V) —2 G(B) .



2. Preliminaries 55

2.3.2 Lift and push forward of RCD structures

In this section, we will introduce specific covering spaces of RCD spaces, namely,
0-covers. In particular, we will see how these covering spaces are related to the
universal cover of a space. Finally, we will show how to lift RCD structures from
the base space to the universal cover.

Let us start this section with the following fundamental result (see [MW19,
Theorem 1.1]).

Theorem 2.3.2. Let X be a topological space that admits an RCD* (K, V) structure
(K € Rand N € [1,00)). Then, there exists a universal covering triple B = (X, X, p)
over X. We denote 71 (X) = G(B) its group of deck transformations and call it
the revised fundamental group of X.

From now on, we fix real numbers K € R and N € [1,00), and a compact
topological space X admitting an RCD(K, N) structure. We also denote p: XX
the universal covering projection associated to X. Let us also recall from Theorem
that any RCD(K, N) structure on X is also an RCD*(K, N) structure on
X and vice-versa.

The notion of d-cover was introduced first by Sormani and Wei to prove the
existence of a universal cover for Ricci limit spaces (see [SWO01, Theorem 1.1]).
Later, it has also been used by Mondino and Wei in [MW19| to prove Theorem
[2.3.2] These covering spaces will be very important in the proof of the equivariant
theorem (see Theorem in Chapter [1)).

Definition 2.3.5. Given 6 > 0 and (X,d, m) an RCD(K, N) structure on X, the
§-cover associated to (X,d,m) is the regular covering pJ: X§ — X associated to
the open covering U(J,d) consisting of balls of radius § for the distance d (see
Proposition . We write G(0,d) the associated group of deck transformations.

In the following result, we introduce the lift of an RCD(K, N) structure on

X to a d-cover.

Proposition 2.3.4. Given § > 0 and (X,d,m) an RCD(K,N) structure on
X, there exists a unique RCD*(K, N) structure (X3,ds,ms) on X3 such that
pS: (XS, ds, ms) — (X,d, m) is a local isomorphism. Moreover, we have the following

properties:
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(i) for every 7,4 € X3, we have ds(7,9) = inf{L4(p] 0 7)}, where the infimum
is taken over all continuous path 7: [0,1] — X3 from & to § and L4 is the

length structure induced by d,

(ii) for every Borel subset £ C XJ such that p5d| 7 is an isometry, we have
ms(E) = m(E),

(iii) the group of deck transformations G(6,d) is a subgroup of Isoy m.s.(X3, ds, ms),

(iv) for every & € X3 and every r < §, the restriction of p) to By, (%,r) is a

homeomorphism onto By (p(Z),7),

(v) for every & € X3 and every r < §/2, the restriction of p3 to (Bg,(,7), ds, ms)

is an isomorphism onto (Bqg(z,r),d, m).

Proof. First of all, there is obviously at most one RCD*(K, N) structure on X}
such that pJ is a local isomorphism. Then, according to to [MW19, Lemma 2.18],
(X3, ds, ms) is an RCD*(K, N) space (where ds and m; are defined as in (i) and
(ii)). Moreover, it is readily checked that d; metrizes the topology of X3, that
Spt(ms) = X3, and that G(d,d) acts by isomorphism. Therefore, (X3, ds, ms) is an
RCD*(K, N) structure on X3 satisfying point (i) to (iii). Finally, thanks to [Rev08]
Proposition 15], and by definition of mg, points (iv) and (v) are satisfied. O

Now, we put the universal cover of X in relation with d-covers (see [MW19,
Theorem 2.7]).

Theorem 2.3.3. Let (X,d, m) be an RCD(K, N) structure on X, and let §(X,d)
be the supremum of all § > 0 such that every ball of radius § in (X, d) is evenly
covered by p. Then §(X,d) > 0 and, for every 6 < §(X,d), p and p$ are equivalent

and every equivalence map is an isomorphism between (X, d,m) and (X3, ds, ms).

Relying on Proposition [2.3.4] and Theorem [2.3.3] we can introduce the lift of
an RCD(K, N) structure on X to the universal cover X.

Corollary 2.3.1. Let (X,d,m) be an RCD(K, N) structure on X. There is a
unique RCD*(K, N) structure (X, d, @) on X (called the lift of (X, d, m)) such that
p: (X,d,m) — (X,d, m) is a local isomorphism. Moreover, the revised fundamental
group 71(X) (introduced in Theorem acts by isomorphism on (X, d, ).
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The following proposition is a sort of converse to Corollary [2.3.1}; it introduces the
push-forward of an equivariant RCD*(K, N) structure on X (see [MW19, Lemma
2.18] and |[MMP22, Lemma 2.24)).

Proposition 2.3.5. Let (X,d,m) be an RCD*(K, N) structure on X such that
71(X) acts by isomorphisms on (X, d, ). There is a unique RCD(K, N) structure
(X,d,m) on X (called the push-forward of (X,d,m)) such that p: (X,d,m) —

(X,d, m) is a local isomorphism. It satisfies the following properties:

(i) for every z,y € X, we have d(x,y) = inf{d(%,)}, where the infimum is taken
over all 7 € p~'(z) and § € p~'(y),

(ii) for every Borel set E € B(X) contained in an open set U C X that is evenly
covered by p, we have m(FE) = ﬁ‘t(p'_Ul(E)), where U is any open set in X such

that p: U — U is a homeomorphism.

Proof. First of all, there is obviously at most one RCD(K, N) structure on X such
that p is a local isomorphism.

Then, let us define d and m as in points (i) and (ii). Observe that since X is
locally compact and since 71 (X) acts by isometries, the infimum in the definition
of d is achieved and m is well-defined. It is then readily checked that d metrizes
the topology of X. In particular, (X, d) is separable (since X is compact). Finally,
observe that every open set in X is a countable union of evenly covered open sets
(using that X is separable). Therefore, one can extend m into a pre-measure on the
ring of open sets. Furthermore, m is finite since it is locally finite (since m is locally
finite) and X is compact. In particular, Carathéodory’s extension theorem implies
that m can be extended to a finite Borel measure on X, which is unique.

Let us now show that p is a local isomorphism. Let # € X and define z == p(Z).
There exists an open neighborhood U of # such that p: U — U = p(U) is a
homeomorphism. Moreover, there exists r > 0 such that B3(Z,r) C U. Let us show
that, for every 0 <’ < r, p is a homeomorphism from B;(Z,r’) onto By(x,r’). First,
notice that p is distance decreasing; in particular, we have p(B3(Z,r")) C Ba(z,1’).
Now, let y € Bq(z,r’). Since the infimum in the definition of d is achieved, there
exists § € p~'(y) such that d(z,7) = d(z,y) < ’. Hence, p(B3(Z,7")) = Bq(z,1").
Since Bj(Z,r') is a subset of U, p is injective on B3(Z,r'). Hence, p is a bijective
map from Bj(Z,7") onto Bq(z,7"). However, p is an open map. Hence, it is a

homeomorphism from Bj;(Z, ) onto Bg(x,7’).
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Now, let 3,z € B3(Z,7/3). Looking for a contradiction, let us suppose that
d(y, 2) < &(g, %), where y := p(7) and z := p(2). In that case, there exists z’ € p~(2)
such that d(7, 2') = d(y, 2) < d(7, 2) < d(z,9) + d(&, 2) < 2r/3 < r. However, p is
a homeomorphism from Bj(Z,r) onto B4(x,r), so we should have Z = Z, which is
the contradiction we were looking for. Hence, p is an isometry from B3(Z,r/3) onto
Bq(z,7/3). Moreover, by definition of m, this implies that p is an isomorphism of
metric measure space from B3(Z,r/3) onto Bq(z,7/3).

Then, it is clear that Spt(m) = X. To conclude, we must show that (X,d, m) is
an RCD(K, N) space. However, since p is a local isometry, it preserves the length of
curves; therefore, (X, d) is a geodesic space. Summarising: (X, d, m) is a compact
geodesic space endowed with a finite measure.

Let us prove that (X, d, m) is a strong CD°(K, N) space (see [EKS15|, Definition
3.1]). First, assume that x € X, R > 0, and u; € Po(X,d) (i € {0,1}) such that
Spt(ui) C Bryo(x). Observe that, using Proposition and proceeding as in the
proof of Theorem [2.2.5, we can show that any geodesic {/i }sejo,1 in (P2(X,d), Ws)
from 1o to py satisfies Spt(su) C Bg(z), for every t € [0,1]. However, (X, d, ) is a
strong CD®( K, N) space (using [EKS15, Remark 3.18]) and p is a local isomorphism.
Therefore, (X,d, m) is a strong CDj, (K, N) space; hence, using [EKS15, Theorem
3.14], (X,d,m) is a strong CD°(K, N) space.

Let us show that (X,d,m) is infinitesimally Hilbertian. First, let us fix a
countable dense subset D C X and, for every x € D, let us fix y, € p~!(x). Then,
we introduce the countable family F of closed subsets of X of the form B, (z), where
r € D and r € Q¢ such that p: B,(y,) — B,.(x) is an isometry. Observe that
if E = B,(r) € F and if we denote E := B,(y,), then p: (E,&,tﬁ(ﬁ)*%@) —
(E,d,m(E) 'mg) is an isomorphism. In addition, [Vil09, Theorem 30.11] implies
m(0E) = 0. Therefore, thanks to [AGS14, Theorem 4.20], (£, d, m(E) 'm z) is
infinitesimally Hilbertian; hence, (E,d, m(E) 'mg) is infinitesimally Hilbertian.
Thus, using [EKS15, Theorem 3.25], (X, d, m) is infinitesimally Hilbertian.

Summarising, (X, d, m) is an infinitesimally Hilbertian strong CD®(K, N) space.
Therefore, [EKS15, Theorem 3.17] implies that it is an RCD*(K, N) space. But X
is compact, so (X,d,m) is an RCD(K, N) space (using Theorem [2.2.3). O

Remark 2.3.3. Observe that if (X,d, m) is an RCD(K, N) structure on X, then the
push-forward of the lift of (X,d, m) is equal to (X,d, m), thanks to Proposition
and Corollary The same is true in the other direction; if (X, d, ) is an
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RCD*(K, N) structure on X such that 7, (X) acts by isomorphisms, then the lift
of the push-forward of (X, d, ) is equal to (X, d, @).
We conclude this section with the following result that introduces the Dirichlet

domain associated to an RCD(K, N) structure on X.

Proposition 2.3.6. Let (X,d,m) be an RCD(K, N) structure on X with lift
(X,d, @) and let Z € X. We define the Dirichlet domain with center & associated
to (X,d,m) by:

F@) = () 6, R,

nem(X)
where ¢, (4) = d(§,ni) — d(, %), for § € X. The Dirichlet domain satisfies the

following two properties:

(i) for every § € X, there exists n € 7 (X) such that nj € F(&),

(ii) for every § € F(Z), we have d(Z, ) = d(z,y), where z := p(Z) and y == p(7).
In particular, F(z) C B3(Z, D), where D := Diam(X,d).
Proof. We start with the proof of (i). Let § € X and define R := d(%,7). Then,

p~!(x) N By(y, R) is a compact, discrete, non empty set; hence, it contains finitely
many points. In particular, there exists n € 7,(X) such that ni € Bg(j, R), and
such that:

vz € p~(z) N By(§, R),d(7,77) < d(7, 2). (2.5)
Now, assume that g € 71(X). If R < d(j, u@), we have d(7,7z) < d(, uZ) since
d(g,n%) < R. If a(gj,/m?) < R, then, equation implies d(7,nz) < a(g],ui).
Thus, for every pu € 71 (X), we get d(§,7%) < d(7, u@). Hence, for every pu € 7 (X),
we have ¢,(n7'§) = d(n7'g, &) — d(n'9,%) = d(§,nu&) — d(F,nE) > 0. In
conclusion, 7'y € F(7).

Now we prove (ii). Assume that § € F(#) and let 4: [0,1] — X be a minimizing
geodesic from & to . Then, we define y := p(y) and we assume that 5: [0,1] —
X is a minimizing geodesic from z to y. Let § be the lift of 3 starting at Z
and let € 7(X) such that $(1) = ny. Looking for a contradiction, let us
suppose that d(z,y) < d(Z,7). Then, observe that 51(57,17;&) < L(B) = d(z,y); in
particular, d(#,77) = d(x,y), since p contracts distances. Hence, we have ¢, 1(§) =
d(g,n'z) — d(z,9) = d(ng,z) — d(&,9) = d(z,y) — d(&,7) < 0. In particular,
j ¢ F(%), which is the contradiction we were looking for. Thus, d(z,y) > d(, )
and, since p contracts distances, we have d(z,y) = d(z,%). This concludes the

proof. O]
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2.4 Equivariance

This section is the main contribution of Chapter [2l Here, we are going to introduce

the equivariant mGH topology and prove the equivariant theorem (see Theorem

introduced in Chapter [1)).

Throughout this section, N € [1,00) and K € R are fixed real numbers, X
is a compact topological space that admits an RCD(K, N) structure, p: X 5 X

is the universal cover of X, and 7;(X) is the revised fundamental group of X

(see Theorem [2.3.2)).

2.4.1 Equivariant topology

As we saw in Corollary and Proposition [2.3.5, RCD(K, N) structures on X
are closely related to RCD*(K, N) structures on X that admit 7, (X) as a subgroup
of isomorphisms. The goal of this section is to introduce equivariant RCD*(K, N)
structures on X. We will then define the moduli space of equivariant RCD*(K, N)
structures on X together with its topology.

2.4.1.1 The compact case

In this subsection, we assume that X is compact.

Definition 2.4.1 (Equivariant RCD* (K, N) structures). An RCD*(K, N) structure

(X,d, @) on X is called equivariant if 77 (X) acts by isomorphisms on (X, d, ).

Definition 2.4.2 (Equivariant isomorphism). Let X; = (X, d;, ;) (i € {1,2}) be an
equivariant RCD*(K, N) structure on X. We say that X; and X, are equivariantly
isomorphic when there is an isomorphism ¢ of 71 (X) and an isomorphism f: X; —

Xy of m.m.s. such that f(yz) = ¢(7)f(z), for every v € 71 (X), and every z € X.

Definition 2.4.3. The moduli space of equivariant RCD*(K, N) structures on X
is the set My ~(X) of equivariant RCD*(K, N) structures on X quotiented by

equivariant isomorphisms.

We introduce the equivariant pseudo-distance 1 to compare equivariant

RCD*(K, N) structures on X.
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Definition 2.4.4. Let X; = (X, d;,m;) (i € {1,2}) be an equivariant RCD*(K, N)
structure on X and let € > 0. An equivariant mGH e-approzimation between X;
and X, is a triple (f,g,¢) where f: X — X and g: X — X are Borel maps and ¢

is an isomorphism of 7 (X) such that:

(i) for every z,y € X, |da(f(), f(y)) — di(z,9)| < € and |di(g(x),9(y)) —
da(z,y)| <€,

(ii) for every x € X, di(go f(z),z) < e and dy(f o g(z),z) <,
(iii) for every v € 71(X) and x € X, flyz) = é(v) f(x) and g(yx) = ¢ (7)g(x),
(iv) max{dp(f.my, my), dp(g.mg, my)} <e.

We define @eq(jCl, 5C2) the equivariant pseudo-distance between 561 and 562 as the
minimum between 1/24 and the infimum of all € > 0 such that there exists an

equivariant e-isometry between X; and X,.

Remark 2.4.1. In the process of writing [MN22|, we first constructed the pointed
version D! of the equivariant distance (see Section [2.4.1.2 below). The (non-
pointed) equivariant distance ©°? is then obtained from D! by forgetting about
the pointed requirements. In particular, all the properties proven for the pointed

distance hold a fortiori for the (non-pointed) one.

Remark 2.4.2. The choice of the constant 1/24 in the definition above can seem
surprising and will be explained later for the pointed version (see Remark
below).

The equivariant pseudo-distance satisfies all the axioms of a distance apart
from the triangle inequality. Indeed, given equivariant RCD*(K, N) structures
X; = (X,d;, ;) (i € {1,2,3}), we only have the following inequality:

DXy, Xg) < 4(D(Xy, Xs) + DX, X)), (2.6)

which is proven in the pointed case in Appendix Even though the equivariant
pseudo-distance ! is a priori not a distance, it induces a metrizable topology as

shown by the following proposition (see Appendix for a proof in the pointed case).

Proposition 2.4.1. The equivariant pseudo-distance ©°? induces a metrizable

topology on My \(X), which we call the equivariant mGH topology.
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Remark 2.4.3. Later, we will sometimes forget about point (iv) in Definition [2.4.4]
leading to the notion of equivariant GH e-approximation and equivariant GH distance
Ded. Moduli spaces of equivariant metrics will be endowed with D (equivariant

GH topology).

2.4.1.2 The pointed case

In this subsection, X is not necessarily compact.

Definition 2.4.5. A pointed RCD*(K, N) structure (X,El,rﬁ, %) on X is called

equivariant if 77, (X) acts by isomorphisms on (X, d, f).

Definition 2.4.6. For i € {1,2}, let X; = (X, d;, M, %) be a pointed equivariant
RCD*(K, N) structure on X. We say that X; and X, are equivariantly isomorphic
when there is an isomorphism ¢ of 71 (X) and an isomorphism f: X; — X, of

p.m.m.s. such that f(yz) = ¢(7)f(z), for every v € 71(X), and every = € X.

Definition 2.4.7. The moduli space of pointed equivariant RCD* (K, N) structures
on X is the set ME(X) of pointed equivariant RCD*(K, N) structures on X

quotiented by equivariant isomorphisms.

To define a topological structure on E)ﬁl;(eﬁ‘,()? ), we introduce the pointed

equivariant distance.

Definition 2.4.8. Let ¢ > 0, and, for i € {1,2}, let X, = (X, d;, m;, %;) be a pointed
equivariant RCD* (K, N) structure on X. An equivariant pmGH e-approzimation
between X; and X, is a triple (f, g, ¢) where f: X — X and g: X — X are Borel

maps and ¢ is an isomorphism of 7;(X) such that:
(1) f(x1) = *2 and g(*2) = *1,
(i) for every v € T (X) and z € X, f(ya) = ¢(7)f(x) and g(ya) = ¢~} ()g(2),

(iif) for every z,y € X, di(z,9) < e ' = |do(f(2), f(y)) — di(z,9)] <€, and
da(z,y) < €' = |di(g(x),9(y)) — da(z,y)| < e,

(iv) for every z € X, di(go f(x),z) < € and dy(f o g(z),z) <,

(v) max{d5 (f.iy, ), d5 (guig,my)} < e



2. Preliminaries 63

We define @;q(jCl, 562) the pointed equivariant distance between 561 and 562 as the
minimum between 1/24 and the infimum of all € > 0 such that there exists an

equivariant pmGH e-approximation between X; and Xs.

Remark 2.4.4. The choice of the constant 1/24 in the definition of ®J* may be
surprising. First, the role of this constant is to obtain a finite distance on the moduli
space of equivariant RCD*(K, N) structures. Then, proving that D7 satisfies a
modified version of the triangle inequality is somewhat technical. This difficulty
is due to the fact that, given € > 0 and locally finite measures m; (i € {1,2,3}),
we are not able to obtain d$  (my,ms) < d5 (my,ms) +dS (my,ms) (as shown in
Remark [A.3.1)). The choice of the constant 1/24 becomes necessary to overcome
this difficulty and we use it explicitly in Appendix to prove Proposition [2.4.2]
below.

The following result shows that we can endow fmlf’(e]%,()? ) with a metrizable

topology (see Appendix for a proof).

Proposition 2.4.2. D¢ induces a metrizable uniform structure on M5 (X).

From now on, we endow 93"y (X) with the topology induced by D}, which

we call the equivariant pmGH topology.

2.4.2 Lift and push-forward maps

We observed in Section that RCD(K, N) structures on X are in 1-1 corre-
spondence with equivariant RCD*(K, N) structures on X. This section presents
the lift and push-forwards maps, which will express the correspondence at the
level of moduli spaces.

First of all, relying on Corollary 2.3.1) we can define the lift of a pointed
RCD(K, N) structure .

Definition 2.4.9. Let (X,d, m,x) be a pointed RCD(K, N) structure on X and
let Z € p~!(z). We define p(X,d, m,z) = (X,d,m, ), where (X,d,m) is the lift
of (X,d, m).

Remark 2.4.5. Let (X, d;, m;, x;) be a pointed RCD(K, N) structure on X and let
T; € p () (1€ {1,2}). If (X,dy,my, 1) and (X, dy, my, z2) are isomorphic, then

p3, (X1,d1, my, 1) is equivariantly isomorphic to p} (Xs,da, my, 72).

Thanks to Remark [2.4.5 we can define the pointed lift map associated to X.
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Definition 2.4.10 (Pointed lift map). The pointed lift map associated to X is the
unique map p*: MY (X) — MY (X) that satisfies p*[X, d, m, z] = [pi(X,d, m, z)]
for every pointed RCD(K, N) structure (X,d,m,z) on X and & € p~'(z).

As an application of Proposition [2.3.5] we can define the push-forward of a
pointed equivariant RCD*(K, N) structure.

Definition 2.4.11. Let (X, d, @, Z) be a pointed equivariant RCD*(K, N) struc-
tures on X. We define p,(X,d, @, #) as the unique pointed RCD(K, N) structure
on X such that p: (X, d, , i) — po (X, d, m, 7) is a pointed local isomorphism.

Remark 2.4.6. Let (X, (Nii,tﬁi,fi) be a pointed equivariant RCD* (K, N) structure
on X (Z € {1,2}) If (X,al,ﬁll,if'l) ~ (X,a.g,rﬁg,i’g), then p*(X,&l,ﬁlhfl) is
isomorphic to p, (X, dy, My, Z3).

Thanks to Remark [2.4.6] we can define the push-forward map associated to X.

Definition 2.4.12 (Push-forward map). The push-forward map associated to X is
the unique map

pet MER(X) — M v (X)
satisfying p.[X, d, @, ] = [p.(X, d, @, &)] for every pointed equivariant RCD*(K, N)
structure (X,d,m, 7)on X.

Remark implies the following proposition.

Proposition 2.4.3. The pointed lift map p*: My (X)) — MER 4(X) and the
push-forward map p,: MY X)) — M n(X) are respectively inverse to each
other.

Remark 2.4.7. 1t is of course possible to define non-pointed versions of the pointed
liftt and push-forward maps. In particular, these non-pointed versions also satisfy

Proposition [2.4.3 This will be interesting when the universal cover is compact.

2.4.3 Equivariant theorem

In this subsection, we will prove Theorem [[.3.1] presented in Chapter [Il The
equivariant theorem is one of the main results of [MN22], joint work with Andrea
Mondino. It relates the convergence of RCD structures on a compact topological
space to the convergence of their lifts. In contrast with [MN22|, the version of this
thesis treats the more general case of RCD(K, N) spaces. However, we have to

assume that the revised fundamental group of the base space is Hopfian.
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Definition 2.4.13. A group G is called Hopfian when every surjective group

homomorphism ¢: G — G is necessarily an isomorphism.

Remark 2.4.8. As we will se in Chapter [3 the revised fundamental group of a
compact RCD(0, N) space is Hopfian.

For the reader’s convenience, we restate the equivariant theorem below.

Theorem 2.4.1 (Equivariant theorem). Let X be a compact topological space
that admits an RCD(K, N) structure such that 7,(X) is Hopfian (N € [1,00) and
K € R) and denote p: X — X the universal cover of X. Assume that for every
n € NU {oco}:

« X, = (X,d,,m,,*,) is a pointed RCD(K, N) structure on X,

.« X, = (X, d,,, i, %) is the associated pointed lift, where %, is any point in
-1
p

Then, {X, },en converges to X, in the pmGH topology (see Definition [2.1.20)) if and
only if {X, }nen converges to X in the equivariant pmGH topology (see Definition
2.4.8)).

Remark 2.4.9. Note that, since X is compact, it is also possible to formulate Theorem
as follows (forgetting about the reference points in the base space): Assume
that for every n € NU {0}, X = (X, d,,m,) is an RCD(K, N) structure on X
with lift X* = (X,d,,,). Then {X*},en converges to X*. in the mGH topology
if and only if for every n € NU {oo}, there exist %, € X such that {(X*,%,)}nen

converges to (5C;‘O, %s0) in the equivariant pmGH topology.

Theorem and Proposition [2.4.3] imply the following corollary.

Corollary 2.4.1. Let K € R and N € [1,00) be fixed real numbers. Let X be a
compact topological space that admits an RCD(K, N) structure such that 7 (X)
is Hopfian and denote p: X — X the universal cover of X. Then the pointed lift
map:

p*: M y(X) = MEN (X)),

is a homeomorphism (introduced in Section [2.4.2)), where mtl;f]%()? ) and MG v (X)
are respectively the moduli space of equivariant pointed RCD*(K, N) structures
on X and the moduli space of pointed RCD(K, N) structures on X (introduced

respectively in Sections [2.4.1) and [2.2.5]).
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In particular, when the universal cover is compact, one can forget about the

pointed requirement and reformulate Corollary in the following simpler form
(see Remark [2.4.7)).

Corollary 2.4.2. Let X be a compact topological space that admits an RCD(K, N)
structure such that 7, (X) is finite (N € [1,00) and K € R) and denote p: X — X

the universal cover of X. Then, the lift map:
P M v (X) = M (X)),

is a homeomorphism, where M y(X) and My y(X) are respectively the mod-
uli space of equivariant RCD*(K, N) structures on X and the moduli space of
RCD(K, N) structures on X (introduced respectively in Sections [2.2.5| and [2.4.1]).

Remark 2.4.10. Corollary will be particularly useful when computing the
homeomorphism type of specific examples of moduli spaces (see, for example, the
case of RP? in Chapter [4)).

Remark 2.4.11. Observe that it is more straightforward to obtain Corollary 2.4.1] by
using Theorem than its equivalent version given in Remark [2.4.9]

Before we prove Theorem let us first introduce the systole associated to
an RCD(K, N) structure on X. Finding a uniform lower bound on the systoles

associated to a converging sequence will be crucial.

Definition 2.4.14 (Systole of an RCD(K, N) structure). The systole associated to
an RCD(K, N) structure (X, d, m) on X is the quantity sys(X,d) == inf{d(n-Z, %)},
where the infimum is taken over all point # € X and € 7 (X)\{id}. Whenever
71 (X) is trivial, we define sys(X,d) = oo.

The following proposition relates the systole of an RCD (K, N) structure (X, d, m)
on X and the quantity 6(X,d) introduced in Theorem [2.3.3]

Proposition 2.4.4. Let (X,d,m) be an RCD(K, N) structure on X. Then,
sys(X,d) = 26(X,d), where 6(X,d) is defined in Theorem

Proof. Let § < 6(X,d), let n € 7, (X)\{id}, and let # € X. Then, by Proposition
2.3.4]and Theorem [2.3.3] p induces a homeomorphism from By(Z,§) and By(n- Z, 0)
onto Bq(z,d), where x = p(Z). Seeking for a contradiction, assume that there exists

g € B3(Z,6) N By(n - &,0). Then, d(n-g,n-2) = d(g,Z) < . In particular, y and
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n -y are two distinct elements of B;(n - Z,d) which have the same image under p,
which is the contradiction we were looking for. Hence, B;(Z,d) N By(n - %,0) = @.
In particular, d(n - &) > 26; thus, 26 < sys(X,d). Since that holds for every
d < 0(X,d), we have 20(X,d) < sys(X,d).

Now assume that §(X,d) < . Then, there is some x € X such that Bq(z,0) is
not evenly covered by p. Therefore, given any & € p~!(x), there exists §; € B3(Z,9)
(1 € {1,2}) such that pg; = pgs, 71 # ¥2. Hence, there exists v € 7 (X)\{id} such
that g, = v§i1; thus, d(g1, §2) = d(vj1, 1) < 26. Therefore, we have sys(X,d) < 26.
Thus, letting ¢ go to d(X,d), we finally obtain sys(X,d) < 20(X,d). O

The next result shows that we can find a positive uniform lower bound on the

systoles associated to a converging sequence of RCD(K, N) structures on X.

Proposition 2.4.5. Assume that {(X,d,, m,)},en converges to (X, do, my) in
the mGH-topology, where, for every n € NU {o0}, (X,d,, m,) is an RCD(K, N)
structure on X. If 71 (X) is Hopfian, then 0 < inf,en{d(X,d,)}.

Proof. First of all, observe that Theorem implies 0(X,d,,) > 0 for every n € N.
In particular, it is sufficient to prove that there exists a constant ¢ > 0 such that
d(X,d,) > 0 whenever n is large enough.

We define ¢, = deu((X,d,), (X,ds)) — 0, d = §(X,dw)/2, and & =
6(X,dx)/3. Observe that thanks to Theorem [2.3.3] §; > 0. Thus, whenever n is
large enough, we have d; > 20¢,, and 62 > d; 4+ 10¢,,. Hence, by [SWO01, Theorem 3.4],
there is a surjective group homomorphism v,,: G(61,d,,) — G(d2,d.). Moreover,
since 8y < §(X, dw), then G(62,ds) is isomorphic to 71(X) by Proposition [2.3.3|
Now, fixing & € X, and ; € X3!, such that z = p(&) = p. (1), we have a

surjective homomorphism:

q: 7Tl()(’ l’)/p*ﬂ'l()?,i‘) — (Wl(Xv .T)/p*Trl(X,f))/(pgln*ﬂl(Xg;,l’ﬁ/pﬁﬁ()?,i’)).

However, the domain of ¢ is isomorphic to 71 (X'), whereas its codomain is isomorphic
to G(d1,d,,) (see Definition-Proposition [2.3.3). Therefore, ¢ gives rise to a surjective
homomorphism v, from 7;(X) onto G(d1,d,). Hence, we have a surjective group

homomorphism:
T1U(X) = G(61,dy) —2"s G, doe) —= T1(X). (2.7)

However, 7 (X) is a Hopfian group; thus, the surjective group homomorphism

in equation (2.7 is an isomorphism. In particular, v,: 71(X) — G(61,d,) is
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injective; hence, it is an isomorphism and it implies that ¢ is also an isomorphism.
In particular, we necessarily have pgz*ﬁl(Xgi,xl) = p,m(X,%); hence, by the
classification Theorem (Xg;, X, pgln) is equivalent to (X, X,p). In particular,
every ball of radius d; in (X, d,) is evenly covered by p; thus, §(X,d,) > d;, which

concludes the proof. O

The following proposition is a converse to Proposition it will be essential

to prove the converse implication of Theorem [I.3.1]

Proposition 2.4.6. Assume that {(X, d,,, m,, ¥n)} converges to (X,aoo,tﬁoo, *00)
in the equivariant pmGH-topology, where, for every n € NU {co}, (X, d,, f,, %,)
is an equivariant pointed RCD*(K, N) structure on X. Then 0 < inf,en{d(X,d,)},
where (X, d,,,m,) is the push-forward of (X, d,,, i,).

Proof. We fix a sequence {(fn, Gn, @n, €n)} realising the equivariant pointed conver-
gence. Looking for a contradiction, assume that inf,cn{sys(X,d,)} = 0. Without
loss of generality, we can assume (passing to a subsequence if necessary) that there
exist sequences {Z,} in X and {v,} in 7 (X)\{id} such that d,(ypZn,Zn) — O.
However, when 7 is large enough so that d,,(7nZn, Z,) < €1, we have sys(X, dso) <
aOO(fn(jn)v ¢n(7n>fn(i'n)) = aw(fn(jfn)’ fn(ann)> < an(%@m Tn) + €, — 0. There-
fore, sys(X,dw) = 0 = §(X,ds) (using Proposition , which is the contra-
diction we were looking for. Hence 0 < inf,en{sys(X,d,)}; therefore, we have
0 < inf,en{0(X,d,)} (using Proposition [2.4.4). O

We can now prove Theorem [2.4.1]

Proof of Theorem[2.4.1], direct implication. To avoid trivialities, we will consider
that 71 (X) is not trivial. Assume that {X,, = (X, d,, m,, *,)} converges in the
pmGH-topology to Xoo = (X, doo, Moo, *o0). Let us prove that {5Cn} converges in
the equivariant pmGH-topology to Xe.

Part I: Construction of the realising sequence { Fs Grs U, €n}

First of all, we fix a sequence {f,, gn, €, } realising the convergence of {X,} to X
in the pmGH-topology. Then, we define ¢ := inf,cnufoo} {0(X, dy) }, which satisfies
§ > 0 (thanks to Proposition [2.4.5]) and § < Diam(X, d,) (since 7 (X) is not trivial).
By Proposition , we have (g == inf,enufoo} {8ys(X,d,)} = 20 > 0. We define

ro := 0/2, and we assume that n is large enough so that:

56; <79 < M0/2 — 36;/2 (28)
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Theorem implies that (X, dug, fieo) is isomorphic to (Xg2, doo,rg> Moo g ), Since
ro < 0(X,ds). Now, according to [Rev08, Theorem 16] (and the construction in its
proof), there exists a triple (f,, gn,%y) such that:

o fur (X, %) = (X, %) (resp. gn: (X, %x) = (X, %,)) satisfy po fu = fuop
(resp. po gn = gn o p),

o for every Z € X, we have d,,(§, o fu(2),%) < €

o for every # € X and n € 7 (X), we have f,(n- %) = ¥n(n) - fu(Z) and
Gn(n-3) =1 () - Gn(2).

Moreover, thanks to inequality and |Rev08, Theorem 16], the following two
inequalities hold for every z,7 € X:

We fix C' > 0 such that C + 3/rq < C? and we define ¢, = C/¢/. When n is large

enough so that €, < ¢,, we have:
(frs G Un, €,) satisfies point (i) to (iv) of Definition w.r.t. X, and Xoo. (2.9)

Let us prove that when n is large enough, f, and g, are Borel maps. Let & € X,
and let r < /3. Proposition and property (2.9)) imply the following:

fn_l(BOO(f»T)) = (fa op)_l(Boo(:E,T’)) N Bn(gn(j)a T+ 2€,),

when n is large enough so that §/3+4¢, < §/2 < €,' and where z := p(#). However,
fn is a Borel map and p is continuous; therefore f (B (Z,7)) is a Borel subset of
X. We have shown that when n is large enough, the pre-image by f, of balls of
radius 7 < 0/3 are Borel subsets of X. Therefore, for n large enough, f, is a Borel

map and the same is true for g, with the same procedure.

Part II: Measured Convergence‘

Making ¢, larger if necessary (but keeping €, — 0), we want to prove the following

inequality:

mae { Af ) (i), A5 G, ) < 6
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It is sufficient to show that {da{gR}( fr. 1, o)} and {déR}(gn*ﬁmoo, m,)} converge to
0 as n goes to infinity, for every R > 0.

First of all, observe that lim,,_, déR}( fn*ﬁln, My, ) = 0 for every R > 0 if and
only if { fnﬁln} converge to My, in the weak-* topology. Then, note that the space
Mloc(X , Eloo) of Radon measures on (X' , &Oo) endowed with the weak-* topology is
metrizable (see [DV03, Theorem A2.6.11I]). Hence, it is sufficient to show that any
subsequence of { fntﬁn} admits a subsequence converging to m.,. Without loss of
generality (reindexing the sequence if necessary), let us just show that {f, i}
admits a subsequence converging to m,.

First, let us show that { fntﬁn} is precompact. It is sufficient to show that, for
every R > 0, the sequence { f,, M, (Bj_(R))}nen is uniformly bounded (see Theorem
A2.6.IV and Theorem A2.4.I in [DV03]). Let us fix R > 0. We recall the definition
of ry and define M in the following way:

ro= inf {0(X,d,)}/2>0 and M= sup {m,(X)}.

neNU{oo} neNU{oo}

Observe that M is finite since {m,,(X) },en converges to my,(X) < co. Then, thanks
to point (v) of Proposition we have m,, (B (r0)) = m,(Bq,(r0)) < M, for
every n € N. Moreover, we fix n large enough so that fn_l(Bam(R)) C B3, (2R)
(which is possible thanks to property (2.9)). Afterwards, consider the following

cases:

« If K > 0, then Bonnet-Myers diameter estimate implies Diam(X,d,) <
7/ N/K =: D y (see [Stu06b, Corollary 2.6]). Thanks to the Bishop-Gromov
inequality (see Proposition [2.2.5)), we have the following inequalities:

fa, (B (R)) <, (B, (2R)),
<, (X),

Dk N
sK/N(t dt -
< [0 o (B5
= smtyar |00
< fO KNEK/N(t)th_ M
B fO SK/N t)th | .

IN

« If K < 0 and R < ry/2, we have f, w,(B;i_(R)) < w,(B; (2R))
,,(Bj, (ro0)) < M.
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o If K <0 and r9/2 < R, then, proceeding as for the first case and using
Bishop—Gromov inequality (see Proposition [2.2.5]), we obtain:

fa. (B (R)) <

In particular, for every R > 0, the sequence { fn*tﬁn(Baoo (R))} is uniformly bounded;
hence, {f,,f,} is precompact.

Now, passing to a subsequence if necessary, we can assume that { fn*rﬁn}neN
converges to some m € MlOC(X' , Eloo) Let us show that m = m.. It is sufficient to
prove that, for every 7 € X and 0 < r < o, we have m(B3_(7,7)) = Moo (Bs_(7,7));
since small balls generate the Borel o-algebra of X.

First, observe that, for every n € N, we have m,,(B3 (r0)) = my(Baq, (r0)) > m,

where

m = inf {m,(Bqg,(r0))}

neNU{oo}

In addition, m is positive since {m,,(Ba, (70)) }nen is a sequence of positive numbers
converging to M (Ba,(ro)) > 0. Therefore, {X, }nen is a sequence of pointed
RCD*(K, N) spaces with measures uniformly bounded from below; hence, thanks
to Theorem any limit point in the pmGH-topology is an RCD*(K, N) space
with full support. However, the sequence converges in the pmGH-topology to
(X, doo, M, %o0). Thus, (X, doo, m, %) is a full support RCD*(K, N) space. In
particular, [Vil09, Theorem 30.11] implies m(0B;_ (%, R)) = 0 for every R > 0 and
# € X. Hence, thanks to [DV03, Proposition A2.6.11], for every R > 0 and & € X
we have:

m(B,_(# R)) = lim f,.#,(By_(&, ). (2.10)

o]

Now, let Z € X and 0 < r < 7o, and let us show that we have m(B;_(Z,r)) =

Moo (By_(Z,7)). First, when n is large enough so that r < ¢, ', we can use property

(2.9) to get:
By, (§u (&), = 26,) C [, ' (By (%,7)) C By, (Gu(E),7 + 26,)).
In particular, defining A := m(B;_(Z,7)) and using equation (2.10]), we have:

lim sup m,, (B3 (Gn(Z), 7 — 26,)) < A < liminf m, (B (§.(2), 7 + 2¢,)).

n—00 n—00
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Moreover, when n is large enough, we have r + 2¢, < ry < §(X,d,); hence, point

(v) of Proposition implies:

limsupm,,(Bq, (gn(x),r — 2¢,)) < A < liﬁg}f m,(Bg, (gn(z), 7 + 2¢,)),

n—oo

where x = p(Z). Now, observe that when n is large enough so that r + 4¢, < ¢,
we can use property (2.9) to get:

Bdn(gn(fﬂ), T+ 2671) - f;l(Bdoo (fﬂ, T+ 4671))7
1 (Ba(z,7 — 4e€,)) C By, (gn(2), 7 — 2€,).

In particular, for every n > 0, we have:

lim sup fn, Wy (Ba, (2,7 — 1)) < A <liminf f,, m,(Ba, (2,7 +1n)).

n—o0
However, {f,. m,} converges to my, and X, is a full support RCD(K, N) space.
Thus, we can apply [Vil09, Theorem 30.11] and [DV03, Theorem A2.3.11] to get:

limﬁsup fn* mn(Bdoo (33', r— 77)) = moo(Bdoo (‘Ta r—= 77))7
mOO(Bdoo (ZL’, r+ 77))

liminf f,, m,(Ba.. (z, 7+ 1))
Hence, for every n > 0, we have:
Moo (B (2,7 — 1)) Sm(B; (Z,7)) < Moo(Ba., (x,7 +1n)).
In particular, letting n go to 0, we have the following:
m(Bg, (T,1)) = moo(Ba, (2,7)) = Meo (B (Z,7)),

using r < rg < §/2 for the last equality. Therefore { fn*rﬁn} converges to M.

For every R' > 0, we define €(n, R') = d;R,}(fn*ﬁln,tﬁoo). Thanks to the
discussion above, we have lim,, ,, €(n, R') — 0, for every R’ > 0. Let R > 0, and
let us show that lim,, dg}{)R} (Gn. Moo, my,) = 0.

Let A C By (R), and observe that we have m,(A) < f, m,(f.(4)). Also,
when n is large enough, we can use property to get fn(A) C ano(QR).
Therefore, we have i, (A) < oo ({f(A)}2) 4 ¢(n,2R). Then, when n is large
enough, we can use property to obtain {f,(A)}<2) c g-1({A}2enten2R),
Thus, we have m,(A4) < §,, Me({A}2nT<2R)) 4 ¢(n,2R). Applying the same
arguments, we also have §,, Mq(A4) < m,({A}2n+em2R)) 4 ¢(n,2R). Therefore,
déR}(gn*rﬁoo,ﬁln) < €(n,2R) + 2¢,; in particular, lim, d;ER}(gmtﬁwm) = 0.

This concludes the proof. O
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Proof of Theorem conwerse implication. Assume that {X, = (X, d,,, M, %,)}
converges in the equivariant pmGH-topology to Xeo = (X, deo, flee, %00 ). Let us
prove that {X, = (X,d,, m,,*,)} converges in the pmGH-topology to X, =
(X, doos Moo, *00)-

Let {fn, Gn: dn, €n} be a sequence realising the convergence of {5Cn} to Xoo in the
equivariant pmGH-topology. Thanks to the equivariant requirement, there exists
pointed Borel maps f,,: (X, *,) = (X, %) and ¢, : (X, %s) — (X, *,,) such that
po fo=faopandpo g, =gnop.

Let us fix £ € X and Z € p~'(z). Observe that d,(g,(fn(z)), z) = inf{d,(7,7)},
where the infimum is taken over all § € X such that p(§) = gn(fa(z)). How-
ever, we have p(Gn(fu(%))) = gn(fa(z)). Therefore, we have d,(g.(f.(x)),z) <
dp(Gn(fn(%)), %) < €,. The same argument shows that duo(f,(gn()),z) < €

Let y; € X (i € {1,2}) and let §; such that p(#;) = y; and deo (71, 72) = doe (yl, Ya).
Assume that D, == Diam(X,d.) < €, and observe that, since p(g,(9:)) = 9n(v:),

we have:

dn(9n(¥1), 90 (12)) — doo(y1,¥2) < dn(Gn(G1), G (i) — doo (i1, 712)

n-

(2.11)

IN
Q)

Then, let z; € X (i € {1,2}) such that d,(z1,22) < €', and fix Z; € X such that
p(Z;) = 7; and an(i’l,@) = d, (71, 72). Observe that we have p(fn(fz)) = fu(zs),

therefore:

doo(fn(xl), fn(zl,‘g)) — dn(ﬂil,l@) < dw(fn(fl)v fn<j2>> - dn(jb:h) (2'12)

IN
Q)

Let us show that {D, := Diam(X,d,)} is a bounded sequence. Let x; € X
(1 € {1,2}) and observe that d,(g,(fn(21)), gn(fu(22))) < €, + Dy as a conse-
quence of inequality (when Dy, < €,;'). However, we have |d,(z1,7s) —
dn(gn(fn (1)), gn(fu(22)))] < dn(gn(fn(21)), 21) + dn(gn(fn(22)), 22) < 2€,. There-
fore, d,,(x1,22) < Do + 3€,. We can conclude that {D,,} is bounded.

Since {D,,} is bounded, we have (thanks to inequality (2.12))):

Vay, 2o € X, doo(fru(x1), fu(xe)) — dp (21, 22) < €p,

when n is large enough. Also, we have d,, (21, 22) < du(gn(fr(21)), gn(fr(22))) + 2€,.
Therefore, using inequality we obtain, d,(z1,22) — doo(fn(z1), fu(x2)) < 3€p.
Hence, we can conclude that Dis(f,,) < 3¢,. The same argument also gives Dis(g,,) <

3¢, which concludes the proof of the second metric requirement.
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Finally, using Lemma [2.4.6, and applying the same procedure as in Part II of the
direct implication, we can prove that (making €, smaller if necessary but keeping

€, — 0) we have:

max{dy(fn* my, m00)7 d?(gn* Moo, mn)} < €.

Hence, {f., gn, €.} is a sequence realising the convergence of {X,} to X in the

pmGH-topology, which concludes the proof. O]
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The results presented in this Chapter are original and appear in [MN22], written
in collaboration with Andrea Mondino. In this chapter, we will analyse the case
of nonnegative curvature and general dimension. We will begin by studying the
topology of RCD(0, N) spaces in Section specifically relying on the splitting
theorem to analyse the fundamental group of these spaces. We will then introduce
the Albanese and soul maps in Section [3.2] which provide insight into how lifts of
RCD(0, N) structures split. The main technical challenge of this chapter will be
proving the continuity of these maps (see Theorem m presented in Chapter .
Finally, we will apply this continuity statement to obtain an analogue of Tuschmann
and Wiemeler’s Theorem [[.1.7] in Section [3.3]

3.1 Splittings and topological invariants

In this section, we are going to introduce splitting maps and obtain some topological

invariants of compact RCD(0, N) spaces, namely the splitting degree and the

75
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crystallographic class. From now on, we fix a compact topological space X admitting

an RCD(0, N) structure and denote p: X — X its universal cover.

Definition 3.1.1. Let (X,d,m) be an RCD(0, N) structure on X and denote
(X,d,m) its lift. A splitting of (X, d, @) is an isomorphism:

¢: (X,d,m) — (X,d,m) x RF,

where R* is endowed with the Euclidean distance and Lebesgue measure, k €
NN [0, N] is called the degree of ¢, and (X,d, m) is a compact RCD(0, N — k) space
with trivial revised fundamental group called the soul of ¢ (if N —k < 1, then X is

a singleton).

Thanks to [MW19, Theorem 1.3], which in turn built on top of the split-
ting theorem for RCD(0, V) spaces |Gigl4, Theorem 1.4], we have the following

existence result.

Theorem 3.1.1. Let (X,d,m) be an RCD(0, N) structure on X. Then, its lift
(X,d,m) admits a splitting. Moreover, for every splitting ¢ of (X, d, @), the group

of isomorphisms of (X, d,m) x R¥ splits, i.e., we have:
I50m.ms. (X, d, M) X R¥) = Isopms. (X, d, m) x Iso(R*),
where (X, d, m) is the soul of ¢ and k is the degree of ¢.

As a consequence of Theorem [3.1.1 Theorem [2.3.3] and Proposition [2.3.4] we

can introduce the following notations.

Notation 3.1.1. Let (X,d, m) be an RCD(0, N) structure on X and let ¢ be a
splitting of (X, d, @) with degree k and soul (X, d, ). We write:

(i) p%, (resp. pl,) the projection of Isom ms. (X, d, ) X R¥) onto Isom m.s. (X, d, )
(resp. Iso(R¥)),

(ii) ¢ the inclusion of 71 (X) into IS0y m.s. (X, 61, m),

(iii) ¢, the isomorphism from Isom,mvs,(f(,a,ﬁ't) onto 180, ms. ((X,d,m) x RF)
defined by ¢.(n) == ¢ ono ¢~ for every 1 € Isomms. (X, d, ).

We call p% == p%, o ¢, o (resp. ph = pa, o ¢, o) the soul homomorphism
associated to ¢ (resp. the Fuclidean homomorphism associated to ¢) and we write

K () = Ker(p}) and T(¢) = Im(pf).
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The next result shows that the kernel and the image of the Euclidean homo-

morphism associated to a splitting enjoy particular group structures.

Proposition 3.1.1. Let (X,d, m) be an RCD(0, N) structure on X and let ¢ be
a splitting of (X,d,m) with degree k and soul (X,d,m). Then, K(¢) is a finite
normal subgroup of 7;(X) and I'(¢) is a crystallographic subgroup of Iso(R¥) (i.e.

it acts cocompactly and discretely on R¥).

Proof. First, let us show that K(¢) is finite. Observe that every element n € K(¢)
satisfies n(X x {0}) N (X x {0}) # @. However, X x {0} is a compact subset of
X x R¥ and 7;(X) acts properly on X x R¥; thus, K(¢) is finite.

Now, let us show that I'(¢) acts cocompactly on R¥. Applying the first
isomorphism theorem for topological spaces, there is a continuous map p such

that the following diagram is commutative:

X xR —P®* Rk

- -

(X x RF)/m1(X) —— RF/T(9)

where ¢; (i € {1,2}) are the quotient maps. Moreover, u is surjective since
2 © pre is surjective. Finally, X is homeomorphic to (X x R¥)/7(X); in partic-
ular, (X x R¥)/7(X) is compact and R¥/T'(¢) is compact, being the image of a
compact topological space by a continuous surjective map. In conclusion, I'(¢) acts
cocompactly on R¥.

Let us prove that I'(¢) acts discretely on R* (i.e. its orbits are discrete subsets
of R¥). First, observe that it is sufficient to prove that I'(¢) acts properly on R*.
To prove this, let K be a compact subset of R* and let us show that there are only
finitely many elements g € I'(¢) such that gK N K # @&. By definition of I'(¢), we

have:
{9 € D(6),gK N K # @} = pl({n € m(X),n(X x K) N (X x K) # 2}).
However, 71 (X) acts properly on X x R* and X x K is compact; hence:
#{nem(X),nX x K)N(X x K) # 2} < cc.

Thus, {g € I'(¢), gK N K # &} is finite, being the image of a finite set. ]
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The following corollary of Proposition defines the splitting degree of X
(see also [MMP22, Proposition 2.25]).

Corollary 3.1.1 (Splitting degree k(X)). The revised fundamental group 7 (X) is
a finitely generated group which has polynomial growth of order k(X) € NN [0, N].
Moreover, given any RCD(0, N) structure (X, d, m) on X with lift (X,d, ), the
degree of any splitting ¢ of (X,d, ) is equal to k(X). We call k(X) the splitting
degree of X.

Proof. Due to Proposition [3.1.1], T'(¢) is a crystallographic subgroup of Iso(R¥),
where k£ € [0, NJNN is the degree of ¢. We need to prove that 7 (X) has polynomial
growth of order k.

By Bieberbach’s first Theorem (see [Cha86, Theorem 3.1]), I'(¢) admits a normal
subgroup I'(¢) N R* such that I'(¢) N R¥ is isomorphic to Z* and T'(¢) N R* has
finite index in T'(¢). In particular, I'(¢) N R* is finitely generated, has polynomial
growth of order k, and is a normal subgroup of I'(¢) with finite index; thus, I'(¢) is
also finitely generated and has polynomial growth of order k. Now, 71 (X)/K(¢) is
isomorphic to I'(¢); hence it is finitely generated with polynomial growth of order
k. However, K (¢) is finite and is a normal subgroup of 7 (X); thus, 7;(X) is also
finitely generated and has polynomial growth of order k. O

The revised fundamental group satisfies the following additional group property.

Proposition 3.1.2. The revised fundamental group 7;(X) is a Hopfian group, i.e.,

every surjective group homomorphism from 7 (X') onto itself is an isomorphism.
Proof. First of all, let us recall some results about Group theory:
(i) Noetherian groups (every subgroup is finitely generated) are Hopfian groups.

(ii) If H is a normal subgroup of G such that both H and G/H are Noetherian,
then G is Noetherian.

(iii) Finite groups are Noetherian.

(iv) Finitely generated abelian groups are Noetherian.
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Let us fix an RCD(0, V) structure (X,d, m) on X and let ¢ be a splitting of its
lift (X,d, ). By Proposition and Corollary [3.1.1} T'(¢) is a crystallographic
subgroup of Iso(R*X)). Hence, by Bieberbach’s 1st Theorem (|Cha86, Theorem 3.1]),
['(¢) NR*X) is isomorphic to Z*X). In particular, I'(¢) NR¥™) is Noetherian thanks
to (iv). Moreover, I'(¢) N R* is normal in T'(¢) and the quotient T'(¢)/T'(¢) N R¥ is
finite. As a consequence of (iii), ['(¢)/I'(¢) N R* is Noetherian, and, using (ii), I'(¢)
is Noetherian. In addition, K'(¢) is finite by Proposition [3.1.1] so it is Noetherian by
(iii). Finally, 71(X)/K(¢) is isomorphic to I'(¢) so it is Noetherian. In conclusion,

because of (ii), 7 (X) is Noetherian; hence, it is Hopfian using (i). O

Remark 3.1.1. The result above will be fundamental to prove Theorem [1.3.2
introduced in Chapter

Given k € N, two crystallographic subgroups of Iso(R¥) are called equivalent
if they are conjugated by an affine transformation. The set Crys(k) of equiva-
lence classes of crystallographic subgroups of Iso(R¥) is a finite set according to
Bieberbach’s third Theorem (see [Cha86, Theorem 7.1]). The following result
defines the crystallographic class of X.

Proposition 3.1.3 (Crystallographic class I'(X)). For i € {1,2}, let (X,d;, m;) be
an RCD(0, N) structure on X, and let ¢; be a splitting of (X, d;, m;). Then I'(¢;)
and T'(¢) are equivalent as crystallographic subgroups of Iso(R**)). We denote by

['(X) the common equivalence class and call it the crystallographic class of X.

Proof. By Bieberbach’s second Theorem (see [Cha86, Theorem 4.1]), two crystallo-
graphic subgroups of Iso(R¥) are conjugated by an affine transformation if and only
if they are isomorphic (we let k== k(X)). We need to show that I'(¢;) and I'(¢9)
are isomorphic. Observe that, for i € {1,2}, we have the following exact sequence

of groups:

bi
{1} —— K@) —— m(X) == T(0:) — {1} .
where ¢ is just the inclusion, I'(¢;) is a crystallographic subgroup of Iso(R¥), and
K(¢;) is finite. Thanks to [Wil00, Remark 2.5], K(¢;) = ¢(K(¢;)) is uniquely
characterized as the maximal finite normal subgroup of 7;(X). In particular,
we necessarily have K(¢;) = K(¢2). In conclusion, ['(¢1) ~ T (X)/K(¢1) =

T1(X)/K(¢2) ~ T'(¢2); thus, I'(¢y) is isomorphic to I'(¢s). O



80 3.2. Albanese and soul maps

Given k € N, and T' a crystallographic subgroup of Iso(R¥), the quotient
space R*/T" has the structure of a compact flat orbifold of dimension k, whose

orbifold metric dr satisfies:

dr([z], [y]) = inf{]2" — [}, (3.1)

where 7,y € R¥, [z] and [y] are their equivalence class in R*/T, and the infimum is
taken over all 2/ € [z] and ¥/ € [y]. Moreover, equivalent crystallographic groups
give rise to orbifolds that are affinely equivalent.

Conversely, given a compact flat orbifold (X, d) of dimension k, the orbifold
fundamental group 7™ (X) acts by isometries on the orbifold universal cover,
which is R* (the action being discrete and cocompact). Hence, one can associate
a crystallographic group to (X,d). Finally, two affinely equivalent flat orbifolds
of dimension k£ have isomorphic orbifold fundamental groups. Hence, by Bieber-
bach’s second Theorem (see [Cha86, Theorem 4.1]), they give rise to equivalent
crystallographic groups (see the introduction of Section 2.1 in [BDP18] for more
details and some references).

Therefore, there is a one-to-one correspondence between equivalence classes of
crystallographic subgroups of Iso(R¥) and affine equivalence classes of compact flat

orbifolds of dimension k. This leads us to the definition of the Albanese class of X.

Definition 3.1.2 (Albanese class A(X)). We write A(X) the affine equivalence
class of compact flat orbifold determined by I'(X), and call it the Albanese class
of X. More explicitly, A(X) is the set of all flat orbifolds (R*X)/T",dr), where
I' € I'(X) and dr is defined in equation ((3.1]).

3.2 Albanese and soul maps

In this section, we fix a compact topological space X admitting an RCD(0, V)
structure and denote p: X — X its universal cover. We will introduce the Albanese
and soul maps associated to X, reflecting how the lift of RCD(0, V) structures on
X split. The main challenge of this section will be the proof of Theorem [I.3.2]
(introduced in Chapter (1), which states the continuity of these maps.
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3.2.1 Definition

First of all, we introduce the moduli space of flat metrics on the Albanese class
A(X) (introduced in Definition [3.1.2]). This moduli space will act as the codomain
of the Albanese map.

Definition 3.2.1 (. (A(X))). The moduli space of flat metrics on A(X) is the
quotient of A(X) by isometry equivalence, endowed with the Gromov-Hausdorff
distance dgp (see [BBI22, Definition 7.3.10]).

The following remark will be helpful in the proof of Theorem [1.3.3] It is
also interesting on its own as it gives a more explicit way to see the moduli

space Mg (A(X)).

Remark 3.2.1. Given any element I' € I'(X), #ga:(A(X)) is isometric to the moduli
space Mg.(R¥/T') of flat metrics on the compact orbifold R*/T" equipped with the
GH topology (see [BDP18, Section 4.2] for more details on .#q..(R*/T)).

The next lemma is fundamental to introduce the Albanese and soul maps

associated to X.

Lemma 3.2.1. For ¢ € {1,2}, let (X,d;,m;) be an RCD(0, N) structure on X,
and let ¢; be a splitting of (X,ai,tﬁi) with soul (X;,d;,m;). If (X,d;, my) and
(X, ds,my) are isomorphic, then (X1,d;,m;) is isomorphic to (X, dy, M), and
(R¥ /T (1), dr(gy)) is isometric to (R¥/T'(¢), dr(g,))-

Proof. Let us fix an isomorphism ¢: (X,d;,m;) — (X,dz, my). We can lift ¢ to
the universal covers to get an isomorphism ¢: (X, dy, ;) — (X, dy, ity) such that
po¢ = pop. Now, let u = ¢s0do ¢yt Since, X; and X, are compact, p is
of the form p = (ug, ur), where pug: (X, d;,m;) — (X, ds, My) is an isomorphism,
and pgr € Iso(R¥) (where k := k(X)). In particular (X,d;,m;) is isomorphic to
(X5, dy, my).

We are going to show that I'(¢y) = url'(¢1)ug'. Let 7, € X, let t € R¥, let
a € 7 (X) and define 2 := ¢;'(Z1,t). By definition of the soul and Euclidean

homomorphisms associated to ¢; and ¢, we have:

1(p% (@) - T, pRH (@) - t) = (p&(n) - ps(Z1), pR2(n) - pr(t))

= (us(p§ (@) - 21), pm (% () - 1)),
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where 7 := ¢, () and ¢, is the automorphism of 7 (X) defined by ¢, () = goaod™!.
In particular, for every ¢ € R* and o € 71 (X), we have pg(p2 (@) - t) = p% 0 d(av) -
pr(t). Thus, for every a € m(X), we have g o ppt(@) o pug' = p2 o ¢.(a). In
particular, by definition of I'(¢;) and I'(¢y), and since ¢, (7,(X)) = 71(X), we have
I'(¢o) = url'(¢1)pg' - In conclusion, using [BDP18, Lemma 4.1], (R*/T'(¢1), dr(s,))
is isometric to (R*/I'(¢), dr(s,)), which concludes the proof. O

We can define the Albanese and soul maps thanks to Lemma [3.2.1]

Definition 3.2.2 (Albanese and soul maps). Given an RCD(0,N) structure
(X,d, m) on X, and given a splitting ¢ of (X,d,m) with soul (X, d, ), we define:

o A([X,d,m]) = [Rk/F(¢),dF(¢)] € Mpar(A(X)),
o 8([X,d,m]) = [X,d,m] € RED(0, N — k(X)).

The maps A: My n(X) = Aaar(A(X)) and §: My v (X) = RED(0, N — k(X)) are

called the Albanese and soul maps associated to X.
We end this section with the following surjectivity result.

Proposition 3.2.1. The Albanese map associated to X is surjective from 9t n(X)
onto Mga(A(X)).

Proof. First of all, let (X, dy, my) be a reference RCD(0, V) structure on X, and
let ¢ be a splitting of its lift (X, dy, fg) with soul (X, dg, Wp). Now, let T' € T'(X)
and let us show that there is some (X,d, m) € Ry n(X) such that A([X,d, m]) =
[R*/T, dr].

Since T'(¢p) € T'(X), there is a € Aff(R¥) such that T' = al'(¢g)a!. Now, let
Y = (idx,, @) o ¢, and consider the metric measure structure (d,m) defined as
the pull back by 9 of (dy X deye, Mo ® £). Note that 1) is a homeomorphism,
and (X x R, dy X deyeri; Mo ® L) is an RCD(0, N) space; hence, (X, d, @) is an
RCD(0, N) structure on X.

Now, we are going to show that (X,d, ) is the lift of some (X,d, m). Due to
Remark , it is equivalent to show that 7 (X) C Isom,m,s,(j( .d, m), which is itself
equivalent to ¥, (71 (X)) C Isomms.(Xo X R¥ dg X deyer, Mo @ £4). Let n € 71(X),
then:

Yu(n) = onop™" = (idx,, a) o ¢o.(n) o (idg,, o) = (p§(n), a0 p§(n) 0 a™").
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Note that pﬁo(n) € Is0mms.(Xo,do, Mp) and « o pﬁo(n) oateal(gpy)at =T C
Iso(R¥); hence, ¥,(n) € Isomms (Xo X R* dy X deyai, Mo @ L). In conclusion,
there is an RCD(0, N) structure (X,d, m) € R n(X) whose lift is (X, d,m). By
construction, ¢ is a splitting of (X, d,m) with soul (X, dy, o). Moreover, we have
seen above that, for every 17 € 71 (X), we have pg (1) = ph, 01, () = aop®(n)oa".

Hence, T'(¢)) = al'(¢o)a™t =T, and we get A([X,d, m]) = [R*/T, dr]. O

3.2.2 Continuity statement

In this section, we prove Theorem m (introduced in Chapter [1). This result
is one of the main contributions of [MN22|, written in collaboration with Andrea

Mondino. For the reader’s convenience, we restate the theorem below.

Theorem 3.2.1. Assume that X,, — X in My n(X) in the mGH topology, then
A(X,) = A(Xy) in the GH topology and 8(X,,) — 8(Xw) in the mGH topology.

Strategy of the proof Assume that {(X,d,, m,)},en converges to (X, ds, Meo)
in the mGH topology, where, for every n € NU {0}, (X,d,, m,) is an RCD(0, N)
structure on X with lift (X, d,,,m,). For every n € NU {oc}, we fix ¢, a splitting
of (X,d,,m,) with soul (X,,d,,m,) and we denote k := k(X) the splitting degree
of X (see Corollary for the definition of the splitting degree). In order to

prove Theorem |3.2.1] we are going to prove that:
{X,,d,,m,} converges to (X, du, My ) in the mGH topology (3.2)
and:
{R¥/T(¢n), drsn) } converges to (R*/T(¢a), dr(s.)) in the GH-topology. (3.3)

Observe that, since X is compact, we can find a family {*n}neNU{oo} of points in X
such that {(X,d,, m,, *,) }nen converges to (X, doo, My, *o) in the pmGH topology.
Then, for every n € NU {co}, let us fix %, € p~!(*,). Moreover, we can assume
without loss of generality that, for every n € NU {oo}, we have ppr (¢, (%,)) = 0.

For every n € N U {00}, we denote:
® xn = <X7 dnamn7*n)7

o X = (X, dyn, @y, %) = pt (X,) (p:, is defined in Definition [2.4.9)),

*n

o X, = (X, dy, My, %,), Where %, = pg (¢n(%,)).
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As a consequence of the equivariant theorem (see Theorem and since T (X)) is
Hopfian (see Proposition , {X,,}nen converges to Xoo in the equivariant pmGH
topology. Therefore, there exists a sequence { fu, gn, €n fnen (Tesp. {fn, Gns s €n fnen)
realising the convergence of {X,, }en to Xoo (resp. of {in}neN to 5600) in the pmGH
topology (resp. in the equivariant pmGH topology), such that p o f, = f, o p and
po g, = gnop. Finally, for every n € N, we define:

. kn = qboo o) .fn 9] gb;la k‘filf ‘= Prk © kn(¥n7 ')7 and ks = pyoo © kn(’o)’
° ln = ¢n o gn o ¢<:ol> ZS = PRk © ln<§ooa ')7 and ls = pin © ln(’o)

The main difficulty of the proof will be to prove that k, and [, almost split. More
15, 1R

n»’'n

precisely, we will show that k, ~ (k5,k®) and [, ~ (

n»''’n

) whenever n is large

enough (we will give a precise meaning to ~). Then, we will deduce property

(3.2) and property (3.3) from that.
First of all, we prove that {Diam(X,d,)} is bounded.
Proposition 3.2.2. The sequence {Diam(X,d,)} is bounded.

Proof. Looking for a contradiction, let us suppose that limsup,, .. Diam(X,,d,) =
oo. Passing to a subsequence if necessary, we can assume that Diam (X, d,) > 2"+,
for every n € N. Hence, there are sequences {T, }n,en and {Z, }nen such that, for
every n € N, we have 7,,, 2, € X,,, and d,(T,,z,) = 2"

For every n € N, let 7,,: [-2",2"] — X, be a minimizing geodesic parametrized
by arc length from 7, to Z,, and let us denote 7, := (7,,,0). Thanks to Proposition
2.3.6, there exists n € 71(X) such that 17,(0) € Bx  gr((*,,0), D), where
D = sup,,enyiooy {Diam (X, d,,) } < 0o (D being finite because (X, d,) converges to
(X,ds) in the GH-topology).

Then, let us define 8, := n7,, and denote B, = pyn(Bn), and v, = pgk (Bn) =
P2 (17)(0). Observe that the sequence {3, }nen consists of isometric embeddings such
that (,(0) € Bx g ((%n,0), D). Moreover, {ky,[,}nen realises the convergence
of {X,, x (R* 0)}nen to (X x (R*,0)) in the pmGH topology. Therefore, as a
consequence of Arzela—Ascoli Theorem (see [Vil09, Proposition 27.20]), we can
assume (passing to a subsequence if necessary) that {k, o 3,} converges locally
uniformly to an isometric embedding 5: R — X, x R¥. However, (X, ds) is
compact; thus, applying [SW91, Lemma 1], there exist a,b € R*¥ and 7 € X
such that, for every t € R, B(t) = (.., at +b), and [|a|| = 1.
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Now, we define 7, = 3,(0) and, for u € R* &,(u) = (y,,u) € X, x R~
Observe that {®, },en is a sequence of isometric embeddings such that, for every
n € N, we have ®,(0) € Bx_  g((¥4,0), D). Therefore, thanks to Arzela-Ascoli
Theorem (see [Vil09, Proposition 27.20]), we can assume (passing to a subsequence if
necessary) that {k, o ®,},en converges locally uniformly to an isometric embedding
d: R¥ — X x R*. Moreover, since X, is compact, we can easily deduce from
[SW91, Lemma 1] that there exist ¢ € Iso(R*) and z,, € X, such that ®(¢) =
(Zoo, @(t)), for every t € RE.

Notice that £3,(0) = (7, vn) = ®,(v,). Moreover, observe that |v,| < D; hence,
passing to a subsequence if necessary, we can assume that v, — v € R¥. Thus,
we have deka(@(U)yg(())) = limy, 00 dxp__ e (Kn © @p(vn), Ky © 3.(0)) = 0. In
particular, ., = Z, and ¢(v) = b. Now, let ¢ € R¥ such that [¢ — ¢(0)](c) = qg;

thus, we have ®(ct + v) = at + b = [(t), for every t € R. Now, observe that we

have 0 = dx_ g (®(c +v),5(1)). Therefore:
et (Bl +5,), Ful(1) = (1 -+ [e])/2 = 0.

Therefore, we have 0 = (14 ||c||?)'/? > 0, which is the contradiction we were looking

for. O
As a result of Proposition [3.2.2] we can introduce the following notations.

Notation 3.2.1. We denote D := sup, ey {Diam(X, d,,)} < oo (finiteness being
granted by the convergence of { X, d,, },en to (X, dy) in the GH-topology). We also
denote D = sup,,cyyoo){ Diam(X,, dy,) } < 0.

Our first goal will be to obtain a convergence result on the following “split-

ting quantities”.
Notation 3.2.2 (Splitting quantities). Given n € N and R > 0, we define:

() aln, R) = sup{d._ s (bn(Fr 1), (65(,), BE(8)1, the suprenmum being taken
over 7, € X, and |t| < R,

(i) Bn, R) = sup{ag, . qe(la(Focs ), (5F.0), (D))}, the supremum being taken
over 7, € X, and |t| < R.

The next two technical lemmas will be our main ingredients in proving the

convergence result of the splitting quantities.
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Lemma 3.2.2. Let {7, }.en be a sequence such that, for every n € N, 7, € X,,.
For every n € N, and t € R*, we define ®,,: t € R* — (7,,,t) € X,, x R*. Then, the
sequence of maps {k, o ®,: R¥ — X x R¥}, oy admits a subsequence converging
locally uniformly to a map ®: R¥ — X x R*. Moreover, for any such limit ®,
there exists 7., and ¢ € Ox(R) such that Vt € R ®(t) = (7., 6(t)).

Proof. Observe that, for every n € N, ®,, is an isometric embedding that satisfies
(Dn(o) S BYank«?n’ O>7E) .

Therefore, applying Arzela—Ascoli Theorem (see [Vil09, Proposition 27.20]) as in the
proof of Proposition , we can assume without loss of generality that {k, 0®, },en
converges locally uniformly to an isometric embedding ®: R* — X xR¥. Moreover,
using [SW91, Lemma 1], there exist ¢ € Iso(R¥) and 7., € X, such that ®(t) =
(Yo, #(1)), for every t € R*. To conclude, we must show that ¢(0) = 0. First,

observe that:

aoo(gooagoo) < dYooka((;ooa 0),®(0)) < an<§nayn) + Un,

whenever 7 is large enough (so that D < ¢,;"), and where u,, = e, +dx_ 5 (®(0), ky0
®,(0)) — 0. Now, let t € R such that ¢(¢) = 0, and observe that:

an(;myn) < dynx]Rk((gm 0)7 (yna t))
< dYOOX]Rk((goov 0)’ (I)(t)) +Up = aw(gooayoo) + Un,

when n is large enough (so that (D° + [¢[*)Y2 < €:!), and where v, = €, +
dx__ xpr(Fn 0 @,(t), @(t)) — 0. Hence, by combining the two inequalities above, we

obtain the following:

|dY00ka((10070)7 (I)(O)) - 800(1007@30” < up + v, = 0.

In particular, aio@oo,yoo) = aio@oo,@oo) + |#(0)]?. In conclusion, ¢(0) = 0. O
Lemma 3.2.3. Let {7, }nen and {Z, }nen be sequences such that, for every n €
N, ¥,,,%Z, € X,. For every n € N and t € R¥, we define ®,(t) .= (y,,t) and
U, (t) == (Zn,t). Assume that (passing to a subsequence if necessary) the sequences
of maps {k, o @, },en and {k, o ¥, },en converge locally uniformly, respectively to
O = (Y, 9) and ¥ = (Z., 1), where 7, Zoo € Xoo and ¢,1 € Og(R). Then, we

necessarily have ¢ = .
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Proof. Looking for a contradiction, suppose that ¢ # 1. In that case, there exists
t € RF\{0} such that ¢(t) # t(t), which implies lim, o d_ g (P(st), ¥(st)) = c0.
In particular, there exists s € R such that dx_ i (®(st), U(st)) > D + 1. However,
using d, (., Zn) = s (P (1), ¥y (st)), we have:

Az (B(58), U(st)) < du (T Z0) + 1 < D+ uy, (3.4)

where u, = €, +dx_  pr(P(5t), ko Pp(st)) +dx_ e (¥ (st), ko U, (st)), and when
n is large enough (so that D < e, !). Now, observe that lim,,_,., u, = 0; therefore,
passing to the limit in inequality (3.4)), we have dx_ px (®(st), U(st)) < D, which
contradicts dx_ gi(®(st), U(st)) > D + 1. O

We can now state the convergence result on the splitting quantities.

Lemma 3.2.4. For every R > 0, we have lim,,_,, a(n, R) = lim,,_,», 5(n, R) = 0.

Proof. | Part I: lim,, o, a(n, R) =0

Looking for a contradiction, we assume that lim, ., a(n, R) # 0. Passing to
a subsequence if necessary, there exist € > 0, and sequences {7, }neny and {¢, }nen
such that:

€ < dx_ g (kT ta), (K7 (7). Ky (8)), (3.5)

U, € X, and |t,| < R. Moreover, since {t, } ey is bounded, we can assume that
t, — t. Now, applying Lemma [3.2.2] and passing to a subsequence if necessary, we
can assume that {k, o ®, },en converges locally uniformly to ® = (7, ¢), where

P, (s) = (,,5), » € Ox(R) and 7, € X . In particular, we have:

Jim Qlp, © k(T ta) k2 (T,) = dulpx., © 2(0).px, 0 @(0) = 0. (36)

Now, applying Lemma and Lemma we can assume that {k, o W, },en
converges locally uniformly to ¥ = (Zu, ¢), where W,,(s) == (¥,,5), and Zo, € Xoo.

Thus, we have:
Jim decri(Prr © K (T, t), ki (tn)) = deueti (pri © (1), prx 0 U (1)) = 0. (3.7)
Hence, using equations and , we have:
lim d e (K (G ), (K (7). Ky (8))) = 0,

which contradicts inequality (3.5)).
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Part II: lim,, o, S(n, R) =0

Looking for a contradiction, we assume that lim, ., 8(n, R) # 0. Passing to
a subsequence if necessary, there exist ¢ > 0, and sequences {7 },en € Yljo and

|t,] < R such that:

€ < dx, g (1 (T 1), (1), 1 (1)) (3.8)

Observe that {t,},en is bounded and X, is compact; therefore, we can assume
that t,, — ¢t and 70 — 7.

Now, let us define (7,,, 5,) = LT, t,), and ®,,(u) == (7,,,u), v € R*. Applying
Lemma we can assume (passing to a subsequence if necessary) that {k,0®, },en
converges locally uniformly to (Zs, @), where Zo, € X4 and ¢ € Ox(R). Observe
that {s, }nen is bounded since {(7(,¢,)}nen converges. Hence, we can assume that

s, — 5. However, we have:
dim Ky, 0 @ (sn) = O(s )= lim Ky, 0l T ) = (., 1),

Therefore, Z,, = ¥, and ¢(s) = t. Now, observe that:

du(px, © L@ 1), 15 (L)) <dx, e (Pn(0), 1,(2(0)))
+ dYank (ln(guﬂ 0)7 ln(ygi)a O))
Thus:
Tim du(p, © (T2, 1), 15 (75))) = 0. (3.9)

Then, applying Lemma and Lemma [3.2.3] we can assume that {k, o ¥, },en
converges locally uniformly to ¥ = (z.,_, @), where ¥, (u) = (¥,,u), and z/_ € X
Moreover, ¥(0) = lim, o0 kyn © ¥, (0) = (¥, 0); therefore, Z/_ = *,. Now, using
pre 0 L@ t,) = 5,, and [R(t,) = pre 0 L, (¥ (¢71(t,))), observe that:
dencti(Prr 0 L (G5, 1), 5 (1)) < Az, e (W (971 (8)), L (W (7 (20))))
+ deucti (Sn, Cb_l(tn))-

Thus, using lim,, o0 8, = s = ¢~ 1(t) = lim,, o ¢~ (t,,), We obtain:
Tim deuen (par © L (7% ™ t.), 1%(t,)) = 0. (3.10)

Finally, observe that equations (3.9) and (3.10]) contradict inequality (3.8]), which

concludes the proof. O
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The continuity of the soul map is a consequence of the following proposition,
which gives us property (3.2]) as a corollary.

RZIR

n’’n

Proposition 3.2.3. The sequence {k2,15},cn (resp. {kE I%},cn) realises the
convergence of {X,,, d,, M, fnen (resp. {RE, ||, Ly, 0}nen) t0 (X oo, doo, Moo) (resp.

(R* |-, £1,0)) in the mGH topology (resp. pmGH topology).

Proof. | Part I: {k®, (X} realises the convergence of {R¥, |-|, Ly, 0} to (R¥, |-|, Ly, 0)

n’n

We are going to show that there exists a map €®: N x Rsy — Rs such that for

every R > 0:
(i) lim, e €¥(n, R) =0,

(ii) for every |t| < R, we have deuai(kX o IX(2),t) < &(n, R), and deuen(IX o
kX(t),t) < €¥(n, R) (when n is large enough),

(iii) max{Dis(k?f‘BRk 0.1)); Dis(l}f‘BRk ©0.r)} < €¥(n, R) (when n is large enough).

Then we will prove that {k\ Ly },en converges to £y for the weak-x topology.

Let R > 0 and let ¢t € R* such that |¢| < R. Observe that:
At (ki (Fa, 1), (B, Ky (1)) < a(n, R).
Hence, thanks to Lemma [3.2.4] we get:
Az, g (I © ki (%, 1), 1n(Foo, iy (1)) < (n, R) + €, < R,

when n is large enough. In addition, we have dx_ g ((¥00,0), b (¥4, 1)) < R+ €p,
when n is large enough. In particular, this implies |kX(t)| < R+ a(n, R) + ¢, < 2R.
Therefore, we get dx g (In(Foo, ki (), (Fn, Iy 0 ki (£))) < B(n,2R). In conclusion,
when n is large enough, we obtain de,ai (¢, X 0 kX(2)) < 26, + a(n, R) + B(n,2R).
The same strategy leads to degai(t, kX o IR(t)) < 2¢, + B(n, R) + a(n,2R), for n
large enough. Therefore, we obtain point (ii) if we set ¢(n, R) = 2(¢, + a(n,2R) +
B(n,2R)). Moreover, Lemma implies lim,, o, €¥(n, R) = 0, for every R > 0.
Now, given t1,t, € R¥ such that [t;|< R and |t5|< R, we define:

A = ||deucli(k/i}§(t1)a k}f(tQ)) - deucli(tla t2)|
- ‘dfoo xRk (kn(¥n7 tl); kn(§n7 t2)) - deucli(tla tZ)H
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Hence, for n large enough, we have:

|deucli(k§(t1)7 kilf(tQ)) - deucli(th t2)| S |dyoo xRK (kn (;na tl); kn(§n7 t2)) - deucli(tla t2)|
+ A

< 2a(n, R) + €.

In particular, this implies Dis(k}f‘BRk (O,R)) < 2a(n, R) + €,. Moreover, k, and [,
playing symmetric roles, we also have Dis(l§| B (0, R)) < 26(n, R) + €,. We replace
&(n, R) by €¥(n, R) + 2a(n, R) + 28(n, R) + ¢,. This concludes the proof of (i),
(i), and (iii) (thanks to Lemma [3.2.4).

Let us prove that {kjr Ly }nen converges to £y in the weak-+ topology. Here, the
strategy will be the same as in the proof of Theorem [I.3.1 More precisely, the weak-
* topology on Mje.(R¥) is metrizable; therefore, it is equivalent to prove that every
subsequence of {k}iﬁ k}nen admits a subsequence converging to Ly in the weak-x
topology. Let us just prove that {kf*ﬁ k Jnen admits a subsequence converging to Ly,
in the weak-* topology (the proof for a subsequence being the same). First of all,
as a result of Lemma , we can assume (passing to a subsequence if necessary)
that {t € R* — k,(%,,t) € X x R*}, ey converges locally uniformly to (7, ¢) for
some P, € X and ¢ € Ox(R). In particular, {kX},cn converges locally uniformly
to ¢. Then, notice that 7., = lim, o px_ © kn(¥n,0) = *s. Now let R > 0, and
let f € C.(R¥) be a continuous function such that Spt(f) C Bgx(0, R), and let us
show that limy, o [pr f kR Ly = [o fd Ly

First, observe that if f o kX(t) # 0, then |k%(¢)|< R. Therefore:

dQUCH(kE(t% k}f(O)) S R + deucli<k'§(0), O)
In particular, we have:
dYOOXRk (kn(¥n7 t)a kn(§n7 O)) < Rn 5

where R, = (D° + (R + deaei:(k¥(0),0))2)/2, and D is defined in Notation [3.2.1|
Hence, if f o k;j(t) # 0, then we have [t| = dx e ((Fn, 1), (¥0,0)) < 36, + R, <



3. Structure theory in nonnegative curvature 91

2R == 2(D° + R?)Y/? (then n is sufficiently large). Hence, whenever n is large
enough, we have:

dk® Ly — d¢.L o kR(t) = fo dL
[ fate= [ raoeds [ irokie - foollasu)

B(2R)

< Li(B(2R))w,

where w, = supy, _, <, {1f(2) = f(y)|} and v, = sup,c gy {1kn (t) —¢(t)[}. Observe
that {kX},cn converges locally uniformly to ¢; thus v, — 0. In particular, since
[ has compact support, w, — 0; hence limy, o [or fdAX Ly = [pr fd@Li. In
conclusion, passing to a subsequence if necessary, {k}iLk}neN converges in the

weak-* topology to ¢.L), = Ly (using ¢ € Ox(R)).

Part I1: {k, 15} realises the convergence of {X,,,d,, M, } t0 (X0, doo, M)
Let 7, € X,,, and observe that dy_ g (kn(7,,0), (k3 (7,),0)) < a(n,0). Due to

Lemma , we have ds g (In © kn (¥, 0), 0 (k5 (7,),0)) < o(n,0) + €, (when n
is large enough). However, we have ds e (L (K5 (7,),0), (15 © k3(7,,),0)) < (n,0).

In conclusion, we have:

Ao (T 1o 0K (7)) = A, sesr (T 0), (I 0 K5 (7,), 0)) < a(n,0) + B(n, 0) +2¢, = €.
(3.11)

Since k, and [, play symmetric roles, we also have:

aoo(yomkg © l’g(?oo)) S ES

n

(3.12)

for every 7, € Xo. Observe that, thanks to Lemma [3.2.4) we have lim,, . €5 = 0.
Now, let 41,72 € X,,, and define:

A = [[doa (k) (1), i (42)) = du(yr, 92)| = de_spe (B (31, 0), B (2, 0)) — dn (1, o) -

Then, we have:

A < [dso(ky (1), i (y2)) — dig g (B (31, 0), b (32, 0)))]
< d e (B (31, 0), (K7 (41),0)) + dz e (ki (312, 0), (K5 (32), 0))
< 2a(n,0).

Hence, we finally get (for n large enough):

(oo (kS (1), k2 (12)) — du(yr, y2)| < A+ |dg e (Bn (1, 0), ka2, 0)) — du (1, y2) |
< 2a(n,0) + €,.
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In particular, we have Dis(k2) < 2a(n,0) + €,. Then, k,, and [,, playing symmetric
roles, we also have Dis(I¥) < 23(n,0) + €,. Finally, replacing ¢ by € + €, +
2max{a(n,0),5(n,0)}, and applying Lemma [3.2.4) we have €5 — 0; therefore,

n

using inequalities and , we can conclude that {X,,,d, }nen converges
to (X o0, doo) in the GH-topology.

Now let us prove that {k,f*ﬁn}neN converges to My, in the weak-* topology. As
we saw in Part I, it is sufficient to show that {k? M, },cn admits a subsequence
converging to My, in the weak-* topology (the weak-* topology being metrizable).

First, let us show that {k7 m,},en is precompact in the space M(X) of
Radon measure on X, which is implied by the uniform boundedness of the
sequence {M,(X,)}nen. Let us fix ro € (0,0/2), where 6 := inf,enuoo} {0(X, dn)}
(6 being positive as stated by Proposition . Then, using point (v) of Propo-
sition and Theorem observe that m, ® Ly(Bx, ,gr((¥n,0),70)) =
m,(Bq, (*¥n,70)) < M, where M = Sup,enyfoo}ima(X)} is finite. Moreover,
notice that B3 (¥,,70/v/2) x Bgk(0,70/v2) C By, ,zr((¥4,0),70). Hence, we have
M, (By (%0,70/V2)) < (V2/r0)F M Jwy, where wy == Ly(Bgx(0,1)). In particular,
for every n € N, we can apply Bishop—Gromov inequality (see Proposition ,
and get:

M, (X)) < (V2/ro)ND" M Jwy, = M,

where D is defined in Noation . In conclusion, {M, (X,)}ey is uniformly
bounded; thus {k; M, },en is precompact in the weak-x topology.

Now, passing to a subsequence if necessary, we can assume that {kf*ﬁn}neN
converges to some Radon measure m on X .. We need to prove that m = M.
Observe that it is equivalent to prove that m ® £, = m,, ® L. First, thanks to the
first part of the proof, {ky Ly }nen converges to £y in the weak-+ topology; hence
{(k3, kR),[m, @ Li]}nen converges to m @ Ly, in the weak-* topology. In addition,
as a result of Theorem , {kn.[m, ® Lg]}nen converges to My, @ L. Now, let
¢ € Co(Xoo x RF) and R > 0 such that Spt(¢) C Bx_ s (R). Then, proceeding as

in Part I of the proof, we obtain:

Spt(¢ o (K5, kF)) USpt(¢ o kn) C Xao X Bgi(0,2R),

n’’n

when n is sufficiently large and where R == (D” + R?)"/2. In particular, we have:

/X N O(ky (T), ko (1)) = S(kn (T, 1)) AT, @ Li(T,1)| < (2R)*wpMwg(a(n, 2R)),
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where wg is a modulus of uniform continuity associated to ¢. Then, thanks to
Lemma [3.2.4) we have lim,, _, ws(a(n, 2R)) = 0. Thus, for every ¢ € C.(X o x R¥),
we have:

lim o d(k3, kX, [m, ® L] = lim ¢ dk,, [M, @ L.

ns Vn
n—00 n—oo |+
X, xRF X, xRE

In particular, {(k5, kX).[m, ® L]} nen and {k,,[M, @ L£i]}nen have the same limit,

n’''’n

ie. m® L, =My ® L. This concludes the proof. O

Inspired by the proof of [TW22, Theorem 5.4], we introduce the following

“shrunk” metrics.

Definition 3.2.3. Given n € NU {00}, and m € N, let (Ninym = ¢*(27™d,, X deyati),
and let (X,d,,,, m,) be the push-forward of (X, amm, m.,) (see Proposition [2.3.5)).

Remark 3.2.2. Given n € NU {oc}, m € N, and #,§ € X, we have d,, ,(#,7) <
d,(#,7). Indeed, defining (T, t,) = ¢n(x) and (F,t,) = ¢n(y), we have:

~ ~ —9m =2 ~ ~ ~
dn’m(iﬁ, y)2 - 2 2 d (.2? y) + deuch(tu’wty) S dn( ) + deuch(tl"ty) - dn(.ilf, y)2

In particular, this implies d,, ,, < d,,.

The following lemma shows that the “shrunk” metrics associated to the sequence

{X,d,,,m,, }nen are close to the corresponding Albanese varieties.

Lemma 3.2.5. We have dgu([X, d,m), A([X, d,, my,])) < 271D, for every m € N,
and n € NU {oo} (where D is defined in Notation |3.2.1]).

Proof. First of all, there exists a continuous map a: X — (R*/T(¢,), dr(s,)) such
that aop = qoprk 0 ¢, where ¢: R¥ — R¥/T'(¢,,) is the quotient map. Notice that,
q © pgrr © @y is surjective; hence, a is also surjective. Now, let y, z € X and let us
show that |d,,m(y, 2) — drg.)(a(y), a(2))| < 27™D.

First, thanks to Proposition there exists § € p~!(y) and Z € p~!(z) such
that dpm(y,2) = dmn(7,2). Let (7,t,) = ¢n(§) and (%,t.) = ¢n(2). Observe
that a(y) = q(t,) and a(z) = q(t.), and A2, (. 2) = 27", (7. %) + (ty, L.).
Now, note that, by definition of dr,), we have drs,)(a(y), a(z)) < deweri(ty, t2); in

particular:

0 < dnm(y; 2) = dres, (aly), al2)). (3.13)
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Then, by definition of dr,), there exists € 7;(X) such that dp,)(a(y),a(z)) =
eucti (ty, t2), Where ty == p§"(n) - t.. Observe that:

dn7m<g7 2) = dn,m(y7 Z) S an,m(g, 77 ° 2),
hence:

—omT2 n _
(Y, 2) = dro, (a(y), a(2)) < (27°7d, (7, 5" (1) - 2) + dewen(ty, £2))?
- deucli<tya t2)

S 2_man (yv Pgn (77) . z) + deucli(ty7 t2) - deucli(ty7 tz)
< 27D,

In particular, we have |d, (v, 2) — dr,)(a(y),a(z))| < 27™D using inequality
(3.13]). Therefore, recalling that a is surjective, and using [BBI22, Corollary 7.3.28],
we get dau([X, dpm), A([X, d,, my])) < 27D, O

To prove property (3.3), we must obtain a convergence result for the follow-

ing quantities.
Notation 3.2.3. Given R > 0, n,m € N, we denote:

(i) e(n,m, R) = sup{|doc,m(fu(41), fu(72)) = dnm (i1, §2) |}, the supremum being
taken over §; € By (R),

(ii) €(n,m, R) = sup{|dnm(Gn(1); Gn(J2)) = doom(f1, §2)[}, the supremum being
taken over §; € Bso(R).

Lemma 3.2.6. For every R > 0, lim,, ;00 €(n, m, R) = lim,, ;5,00 € (0, m, R) = 0.

Proof. Let us only prove that lim,, ,,_,o €(n, m, R) = 0, the proof for €'(n,m, R) be-
ing exactly the same. Let 7; € BR(R), i € {1,2}. Fori € {1,2}, we denote (7;,t;) =
¢n(gz)7 gloo = fn(gz)u (yfo7tzoo) = ¢00(g7,oo)7 and A = |&007m(f~n(g1)7fn(92)) -
Ay (71, 72)|. Using the fact that, for every z,y € Rsg, we have |\/z — NI

|z — yl|, we get:

m( 32 (~—co 00 00 400
(|2 2 (doo(yl 19 Y2 ) - (y17 ) y2)) ( euch(t t ) dzuch(th tg))|)1/2
52 (=00 =00
<27 (|(doo(y1 1 Y2 ) - (yh 7y2))|>1/2 (’deuch( ) deucll(tb tQ)Dl/z‘

D’ , where D is introduced in

However, note that |(d (y1 JU5°) _ai@h%m 2
d (yl 7y2 ) < dn(g17g2> +€n S

<
Notation 1} Then, observe that deye;(25°,15°) <
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2R + €,, when n is large enough. Therefore, deue;i(¢3°,15°) 4 deeti(t1,t2) < 4R + €.
Then, using |t;| < R, and denoting B = |deuci (13, 15°) — dewai(t1, t2)|, we have:

B S |deuc1i(t(1>oa t?) - deucli(’%f@l), k%(b)” + |deucli(k§(t1>’ kilf(tQ)) - deucli(tl, t2)|
< DiS(kR )+ deucli(kf(h% 15°) + deucli(kf(h)? t5°)

" Bpy, (0,R)

< Dis(k¥ )+ 2a(n, R).

"By (0,R)

In conclusion, we obtain the following:

A< 272D 4 (4R + ¢,)Y?(Dis(kR )+ 2a(n, R)Y? = &n,m, R).

"By (0,R)

Therefore, passing to the supremum as §; € B,(R) (i € {1,2}), we obtain
e(n,m, R) < é(n,m, R). Thanks to Lemma and Proposition [3.2.3] we have
limy, ;00 €(n,m, R) = 0. Thus, limy, ;0 €(n,m, R) = 0, which concludes the

proof. O]

We conclude this section with the following proposition, which states the

continuity of the Albanese map by proving property (3.3).

Proposition 3.2.4. The sequence {[R*/T'(¢,), dr(,)] = A(X,d,, m,)} converges
in the GH-topology to [R*/T'(¢wo), dr(s.)] = A(X, doo, Meg).

Proof. Lemma implies that deg([X, dp..), A(X, d,, my,)) < 271D for every
n € NU{oo} (where d,, ,, is defined in Definition and D is introduced in Notation
3.2.1)). In particular, using the triangle inequality for the Gromov—Hausdorff distance

dgn, we obtain:
dar(A(X, dp, my,), A(X, do, Moo )) < 272D + dau([X, dpnl, [ X, doon))
Therefore, to conclude, it is sufficient to prove that:
n}rllriloo deu([X, dnm), [X,; doom]) = 0,

which is what we are going to prove.

Let n,m € N, and 1,9, € X. There exists §; € p~!(y1), and 7 € p~1(y2), such
that d,(%,, 1) = dp(*n,%1), and dpm (71, %2) = dpm(y1,y2). Then, for i € {1,2},
we denote (7, 1) = éu (7). Observe that d,(ju, i) = (@71, 7) + Es(ts, ),

where an(glva) S E; and deucli<t17t2) S dn,m(ylay2) S dn(ylayQ) S D (uSiIlg
Remark [3.2.2)). Therefore, we get:

dn(Fn, 52) < D+ (D° + D*)V? = D. (3.14)
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Now, using d, (1, Y2) = dnm (71, J2), and fn(@z) € pH(fuly:)), we have:

doo,m(fn(?h)a Tn(y2)) — dn,m(yla y2) < aoo,m( w(T1); fulT2)) — dn,m(gla 72)
< €(n,m, Zj),

where €(n, m, R) is introduced in Notation 3.2.3 Since f, and §, play symmetric

roles, we also have:

vyi7yé € X7 dn,m(gn<yi)agn<yé)) - doo,m<y1, y2> S El(nu m, D)?

where € (n,m, D) is also introduced in Notation [3.2.3] In particular, this implies:

Yy, 2 € X, dn,m(gn © fn(y1)79n © fn(y2>> - dm,?ﬂ(fﬂ(yl)v fn(y2)> < El(na m, D)
Hence7 deﬁning A= dn,m(yh y2) - doo,m(fn(yl)7 fn(y2>)7 we have:

A< dpm (Y1, 92) = dnm(9n © Fa(¥1), Gn © Ful2)) + € (n,m, D)
< dpn(Gn © fa(y1),91) + dum(gn © fu(y2), 42) + € (n,m, D)
< dn(gn o fu(y1), 91) + du(gn © fu(y2),y2) + € (n,m, D)
< 2¢, + €(n,m, D).

In conclusion, we have:

’doo,m(fTL(yl): fn(y2>) - dn,m<y17 y2)|§ 2€n + G(n, m, D) + 6/(7”&, m, D) (315)

Moreover, since ds ., < ds, and since f, is an e,-isometry from (X,d,) onto
(X, dw), we have:

Ve e X,y € X, doom(, fn(v)) < €. (3.16)
Hence, thanks to inequalities (3.15) and (3.16)), f, is a 2¢, +€(n, m, D) +¢€ (n, m, D)-
isometry from (X, d, ) to (X, dem). Therefore, using [BBI22, Corollary 7.3.28],

we have:

dan([X, dnml, [X, doom]) < 2(26, + €(n,m, D) + € (n,m, D)).

However, thanks to Lemma [3.2.6, we have lim,, ,, o0 26, +€(n, m, D)+€(n,m,D) =
0, which concludes the proof. m
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3.3 Applications

In this last section of Chapter |3 we apply Theorem to obtain some examples
of compact topological spaces whose moduli spaces of RCD(0, V) structures have
a non-trivial topology.

First of all, using Theorem [3.2.1] we are going to prove the following result.

Corollary 3.3.1. Let N € [1,0), let X be a compact topological space that admits
an RCD(0, N) structure such that 7;(X) = 0 (see Theorem for the definition
of 1(X)), and let I be a Bieberbach subgroup of R* (k > 2). Then, the moduli
space Mo n4x(X x R¥/T) retracts onto .. (R*/T).

Proof. Let us describe the crystallographic class I'(X x R¥/I") (introduced in
Proposition . First, observe that, since 71 (X) = 0, then the universal cover of
X x R¥/Tis X x R¥, and the covering map is just idx xgq, where ¢: R* — R¥/T
is the usual quotient map. Now, let g be the flat Riemannian metric on R*/T
such that ¢ is a local isometry, and fix an RCD(0, N) structure (X, dg, mg) on
X. Observe that (X,dg, mg) x (R¥/T,d,, m,) is an RCD(0, N + k) structure on
X x R*/T', where d, and m, are respectively the Riemannian distance and measure
associated to g. Moreover, the lifted RCD(0, N + k) structure on X x R* is equal
to (X, do, mg) X (R¥, deyeri, £1). In particular, the identity map idy g+ is a splitting
of (X,dg, mg) x R*. Moreover, since 7,(X x R¥/T") acts trivially on X, we have
I'(idyygs) = I'. Hence, the crystallographic class I'(X x R¥/I") equals the set of
crystallographic subgroups of Iso(R¥) isomorphic to I'. Thanks to Remark , it
implies that .#g..(A(X x R*/T)) is isometric to ... (R*/T).

Now, according to Theorem , the Albanese map associated to X x R*/I"
is continuous from My v 41 (X x R¥/T) onto .. (A(X x R¥/T)). Hence, it gives
rise to a continuous surjective map ¢ from My y4x(X x R¥/T) onto .. (R*/T).
Given, [R*/T,d] € #4.(R*/T'), we define:

s([R¥/T,d]) = [(X,do, mp) x (R¥/T',d, Hg)] € Mo nr(X x RF/T),

where H, is the Hausdorff measure associated to (R¥/I",d). Observe that s is a
section of ¢; therefore, we only have to show that s is continuous to conclude the
proof.

Let us show that s: g (R¥/T) — Mo nir (X x R¥/T) is continuous. To
do so, let {(R¥/T",d,)} converge in the Gromov-Hausdorff sense to (R¥/T",d,.),
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where, for every n € NU {oc}, d, is a flat metric on R*/T". Let us prove that
{(X,dy, mg) x (R¥/T",d,,, Hgq,)} converges in the measured Gromov—Hausdorff sense
to (X, do,mg) x (R*/T,dy,Hg, ). Observe that it is sufficient to prove that
{(R*/T,d,,Hq,)} converges in the mGH sense to (R¥/I",d.,H,,). However,
since d, is a flat metric on R¥/T", the Hausdorff dimension of (R¥/T, d,) is equal
to k. In particular, by [DG18, Theorem 1.2], {(R*/T',d,,H,,)} converges in the

mGH sense to (R*/T, dy, Hg..). In conclusion, s is continuous. O

Proposition implies that homotopy groups of .#4.:(R*/T') injects in those of
Mo N1k (X x R¥/T). Thankfully, information on moduli spaces of flat metrics have
been derived in [TW22] (in the case of the torus T%, with & > 4 and k # 8,9,10) and
in |Gar20] (in the case of 3 and 4-dimensional closed flat Riemannian manifolds). We
can now prove Theorem [1.3.3] a singular analogue of Theorem [1.1.7] of Tuschmann

and Wiemeler. We restate Theorem [1.3.3] below for the reader’s convenience.

Theorem 3.3.1. Let N € [1,00) and let X be a compact topological space that
admits an RCD(0, N) structure such that 7;(X) = 0. In addition, let Y be either
S! x K? (where K? is the Klein bottle) or a torus of dimension k > 4 such that
k #8,9,10. Then, the moduli space My n4dim(y)(X X Y) has non-trivial higher

rational homotopy groups.

Proof. Observe that [Gar20, Theorem 3.4.3] and [TW22| Proposition 5.5] imply
that the moduli space .#f,,(N) has non-trivial higher rational homotopy groups.
Therefore, Proposition [3.3.1| concludes the proof. O

The following corollary can be seen as a singular analogue of Corollary

of Tuschmann and Wiemeler.

Corollary 3.3.2. For every N > 3 (resp. N > 4 / N > 5), there exists a
compact topological space X such that 9% y(X) is not simply connected (resp.

has non-trivial third rational homotopy group / non-trivial fifth rational homotopy

group).

Proof. First of all, observe that thanks to |Gar20, Theorem 3.4.3], the moduli space
of flat metrics on X3 := S! x K? is homotopy equivalent to a circle (where K? is the
Klein bottle). Then, let us define X, = [0,1] x X3, and Xy = S¥3 x X3 (N >5).
Proposition implies that, for every N > 3, My v (X ) retracts onto Aga(Xs).

In particular, for every N > 3, M v (X ) has non trivial fundamental group.
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Then, to conclude the proof, we apply the same idea, using the fact that
73 (M (TH)) @ Q ~ Q, and 75( M7 (T?)) @ Q ~ Q (see [TW22, Proposition
5.5]). O
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RCD(0,2) structure. In Section , we will investigate the particular cases of
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flat manifolds and topological surfaces. Sections [4.3] and [4.4] are the core of this
chapter. There, we will show that moduli spaces of compact RCD(0, 2) structures

are contractible. The results of this chapter are original and appear in |[Nav22].

4.1 Essential dimension and topological obstruc-
tions

In this section, we classify (up to homeomorphism) the compact topological spaces
that admit an RCD(0,2) structure. This classification relies on the notion of

essential dimension, which we introduce below.

Given an RCD(0, N) structure (X,d, m) on a topological space X, there exists
a unique k£ € NN [0, N] such that the k-dimensional regular set R, associated to
(X,d, m) has positive m-measure (see [BS20, Theorem 0.1], after [MN19]). This
integer k is called the dimension of (X,d,m) and denoted:

dim(X,d, m) = k. (4.1)

Moreover, thanks to [KM1§| (see also the independent proofs in [PMR17] and
[GP21]), m is absolutely continuous with respect to the k-dimensional Hausdorff
measure H* of (X,d). Finally, if K = N, then there exists a > 0 such that
m = aH" (as a result of [Hon20, Corollary 1.3]). We summarise the discussion

in the following proposition.

Proposition 4.1.1. Let N € [1,00) and let (X,d, m) be an RCD(0, N) structure
on a compact topological space X. Then m is absolutely continuous with respect
to H*, where k = dim(X,d, m). Moreover, if k = N, then there exists a > 0 such
that m = aF(V.

We can now classify the compact topological spaces admitting an RCD(0, 2) struc-

ture.

Notation 4.1.1. Let I and S! denote the closed unit interval and the unit circle,
respectively. We denote S?, RP?, D, M2, T2, and K2 the 2-sphere, the projective
plane, the closed 2-disc, the Mobius band, the 2-torus, and the Klein bottle,

respectively.
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Proposition 4.1.2. Assume that (X, d, m) is an RCD(0, 2) structure on a compact

topological space X. Then we have the following case disjunction (see Corollary

for the definition of k(X)):

dim(X,d, m) 0 |1]1 2 2 2
k(X) 0 (01 0 1 2
X is homeomorphic to | {*} [ 7 | S' | S*, RP? or D | I x S! or M? | T? or K?

Conversely, the topological spaces in the third row admit an RCD(0, 2) structure.

Proof. The converse part is straightforward, so we will focus on the direct part.
First, we assume that dim(X,d, m) = 0. According to [BS20, Theorem 1.12], there is
a measurable subset R C Ry C X such that m is concentrated on R and such that
m and H" are absolutely continuous with respect to each other on R%. In particular,
R # @. Moreover, picking x € R, we have H°({z}) = 1, hence m({z}) # 0. Thus,
thanks to [Vil09, Corollary 30.9], m is a Dirac mass. In particular, since m has full
support, X is a singleton.

If dim(X,d, m) =1 then Ry # &. Therefore, [KL16, Theorem 1.1] implies that
X is homeomorphic to either R, R>q, I or S'. However, since X is compact, it is
either homeomorphic to I (if k(X) =0) or S (if £&(X) =1).

From now on, we assume that dim(X,d,m) = 2. Let (X,d,m) be the lift
of (X,d,m) and ¢: (X,a,rﬁ) — (X,d,m) x R* be a splitting of (X’,a,ﬁl) (see
Definition [3.1.1)). Also, let us recall that k = k(X) (see Corollary and that
dim(X,d, @) = 2 = k + dim(X,d,m) (p being a local isomorphism).

If £(X) = 2, then dim(X,d,m) = 0; thus X is a singleton {*}. In particular, p%
coincides with ¢, (see Notation [3.1.1)). Hence, ¢ induces a homeomorphism X =
X /7m1(X) ~ R?/T(¢) (where I'(¢) is introduced in Notation. Moreover, 7 (X)
acts freely on X; hence I'(¢) acts freely on R?. Therefore, being a crystallographic
subgroup of Iso(R?) (see Proposition [3.1.1]), I'(¢) is a Bieberbach subgroup of Iso(R?)
(see |Cha86| Proposition 1.1]). However, there are only two Bieberbach subgroups
of Iso(R?) (up to isomorphism), leading respectively to X being homeomorphic to
T2 or K2.

If k(X) = 1, then dim(X, d,m) = 1. Moreover, (X,d,m) is a compact RCD(0, 1)-
space. Therefore, according to Proposition there exists a > 0 such that
m = aX'. Also, X has a trivial revised fundamental group. Hence, as a result of
[KL16, Theorem 1.1], there exists 7 > 0 such that (X, d) is isometric to ([0, 7], dg).
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Therefore, we can assume that (X,d,m) = ([0, 1], dg, a3(!). Now, observe that
Iso([0, 1], 7 dg, aH') ~ Z/2Z, where a generator is given by s: ¢t — 1 —¢. In
particular, there are two cases, either Im(p%) = 0 or Im(p%) ~ Z/27Z (where p% is
introduced in Notation [3.1.1)).

First, let us suppose that Im(p%) = 0. Then ¢.(y) = (id, pa(7)) for every
v € T1(X). Hence, X is homeomorphic to [0, 1] x {R/T'(¢)}. Moreover, I'(¢) acts
freely on R, i.e. I'(¢) is a Bieberbach subgroup of Iso(R) (see |[Cha86, Proposition
1.1]). However, Z is the only Bieberbach subgroup of Iso(R) (up to isomorphism),
which leads to X homeomorphic to [0, 1] x S*.

Now, we assume that Im(p%) ~ Z/27Z. In particular, for every v € m,(X), we
have p?('y)(l/Q) = 1/2. Hence, I'(¢) acts freely on R. In particular, I'(¢) is a
Bieberbach subgroup of Iso(R) (see [Cha86, Proposition 1.1]), i.e. it is conjugated to
Z by an affine transformation. Then, note that p]ﬁ is injective. Indeed, let us assume
that p2(v) = 0 and, looking for a contradiction, assume that p%(7) = s. In that
case, we have ¢.(7)(1/2,t) = (1/2,t) for any fixed ¢ € R, which is not possible as
71(X) acts freely on X. Therefore, p2 is injective and 7 (X) is isomorphic to Z. In
conclusion, there is a unique generator 7 of 71 (X) such that ¢.(v)(Z,t) = (1-7, t+a)
for some a > 0 and every (7, ) € [0,1] x R; therefore, X is homeomorphic to M?.

If k(X) = 0, then 7 (X) is finite. Moreover, due to Proposition [4.1.1] there
exists a > 0 such that m = aH?. In particular, (X,d, H?) is an RCD(0, 2)-space.
Thanks to [LS22, Theorem 1.1}, X is a topological surface with boundary, which
implies m(X) ~ 7;(X). However, up to homeomorphism, there are only three
compact topological surfaces with a finite fundamental group, namely S?, RP? and

D. This concludes the proof. 0

4.2 Helpful results

Our goal in Chapter [ is to compute the homeomorphism type of moduli spaces
of RCD(0,2) structures. Note that the topological spaces in Proposition
are either closed manifolds admitting flat metrics or topological surfaces with
boundaries. In this section, we give helpful results to simplify the computation
of the homeomorphism type of My y(X) when X is a closed flat manifold or a

topological surface with boundary.
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4.2.1 The case of compact flat manifolds

Using [BDP18]|, we are going to present a way to compute 9 (X)) in the case

where X is homeomorphic to a compact flat manifold.

Definition 4.2.1. Let n > 1 and let I" be a crystallographic subgroup of Iso(R").
We define:

(i) Hr =¢(T) C O,(R) (where t(A,v) := A, for A € GL,(R) and v € R"),
(i) Cr == {A € GL,(R), AHrA™! C O,(R)},
(iii) Np = t(Nag@n)(I")).

The moduli space of flat metrics on R™/T" is the set .#j.:(R"/I") of flat Riemannian
metrics on R"/I" quotiented by isometries, equipped with the GH topology.

Proposition 4.2.1. Let n > 1, let I be a Bieberbach subgroup of Iso(R"), and
let N € [1,00). If N < n there are no RCD(0, N) structures on R"/T". If N > n,
any RCD(0, N) structure on R"/I" is also an RCD(0, n) structure. Moreover, there

exist homeomorphisms:
WQVH(RR/F) ~ R>0 X %ﬂat(Rn/F) ~ R x [On(R)\er]/Nr,

where the left action of O,(R) on Cr is given by multiplication on the left, and the
right action of Nr on [O,,(R)\Cr] is defined by [A]- B := [AB] given [A] € O,,(R)\Cr,
and B € NF.

Proof. We denote X = R"/T". Let us show that, for N < n, there are no RCD(0, V)
structures on X. Indeed, T' is a Bieberbach subgroup of Iso(R™); thus, X is a
topological manifold and 71(X) ~ 7 (R"/T") ~ I". Hence, as a consequence of
Bieberbach’s first Theorem (see [Cha86, Theorem 3.1]), we have k(X) = n (see
Corollary [3.1.1). If (X,d, m) is an RCD(0, N) structure on X, then Corollary
implies that the degree of any splitting is equal to n and belong to [0, N]; hence,
n <N.

Now, assume that n < N. Let (X,d,m) be an RCD(0, N) structure on X, and
let us prove that it is RCD(0,n). We denote (R”,d, ) := p*(X, d, m) the associated
lift (where p: R™ — R™/T" = X is the quotient map) and we fix a splitting ¢ of
(R",d,m) with soul (X,d, ). Note that ¢ has degree n. Let us show that X is

a singleton. Seeking for a contradiction, we assume that there exists 7,7 € X
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such that 7 # 7. Let 7: [0, L] — X be a minimizing geodesic from Z to ¥, which
is parametrized by arclength. Observe that ¢ induces an isometric embedding
¢~ 7(]0, L) x (R*,dg) — (R™,d). However, 7(]0, L[) x R” is homeomorphic to
R"*1. Hence, ¢ gives rise to a continuous injective map f: R"*' — R”; but no
such map exists (see [HPM02, Corollary 2B.7]). In conclusion, X is a singleton
{*}. Now, since m has full support, there exists a > 0 such that m = ad,. Hence,
(X,d,m) x R" is isomorphic to (R",dg, aH"). Moreover, since X is a singleton,
ph is injective and coincides with ¢, (see Notation [3.1.1). Thus, T'(¢) ~ T and
¢ induces an isomorphism (X,d,m) ~ (R"/T'(¢),dr),ad("). Now, observe that
dr(g) and H" are respectively the Riemannian distance and measure associated
to R"/T'(¢), which is flat of dimension n. Hence, (R"/I'(¢),dr(), aJ{QF(¢)) is an
RCD(0,n) space and (X, d, m) as well a fortiori.

Now, let us prove that My, (R"/T) ~ R x [0,(R)\Cr]/Nr. We have shown
above that if (X, d, m) is an RCD(0,n) structure on X, then [X, d] € #ha(X) and
there exists @ > 0 such that m = aH". In particular, the map ®: My, (X) —
Maas(X) X Ry defined by ®([X,d, m]) = ([X,d],m(X)/H"(X)) is well-defined.
Then, the map U: i (X) xR — My, (X) defined by ¥([X,d],a) == [X,d, aH"]
is also well-defined, and it is clear that ¥ and & are respectively inverse to each
other.

Let us show that ® is continuous. Assume that [X,dg, mg] — [X, doo, Moo
in My ,,(X) and, for £ € NU {oo}, let us denote a; = my(X)/H"(X). Observe
that we necessarily have [X,d;] — [X,d] in the GH topology. Then, notice
that (X, dy) has Hausdorff dimension n; hence, [DG18, Theorem 1.2] implies that
[X,dg, H"] — [X,dw, H"] in the mGH topology. Therefore, ay — a and ® is
continuous.

Conversely, assume that [ X, dg] — [X, deo) In At (X), and let ar, — aoo in Ry
Observe that, thanks to [DG18|, Theorem 1.2], [X,dg, H"] = (X, ds, H") in the
mGH topology. Hence, [X, dg, axH"] — [X, doo, aseH"] in the mGH topology and
¥ is continuous.

Now, we have shown that 9, (R"/I') is homeomorphic to Ryg X . (R"/T).
In order to conclude, notice that, as a consequence of [BDP18, Proposition 4.3],

Mias(R"/T) is homeomorphic to [O,,(R)\Cr|/Nr. O
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Remark 4.2.1. Given n > 1 and I" a Bieberbach subgroup of Iso(R"), O, (R)\Cr
is homeomorphic to R? for some d € N (see [BDP18, Theorem B]). In particular,
My v (R"/I') is connected for every N > n.

4.2.2 The case of surfaces

We are going to relate RCD(K, 2)-structures on X to Alexandrov metrics on X
with curv > K, which we introduce below (see Appendix for the definition

of Alexandrov spaces).

Definition 4.2.2. Let X be a compact topological manifold with boundary (possibly
empty) and let K € R. We say that d is an Alezandrov metric on X with curv > K
if:

(i) d metrizes the topology of X,
(i) (X,d) has curvature bounded from below by K in the Alexandrov sense.

We denote Zeuwv>ri (X) the set of all metric spaces (X, d), where d is an Alexandrov

metric on X with curv > K.
We also need to introduce the moduli space of Alexandrov metrics.

Definition 4.2.3. Let X be a compact topological manifold with boundary (possibly
empty) and let K € R. The moduli space Meny>i(X) of Alezandrov metrics on
X with curv > K is the quotient of Zeurv>x(X) by isometry equivalence, equipped
with the GH topology.

Let X be a topological surface with boundary (possibly empty) that admits an
RCD(K, 2) structure and let (X,d, m) be an RCD(K,2) structure on X (K € R).
Proceeding as in the proof of Proposition m, it is clear that if dim(X,d,m) €
{0,1}, then X is homeomorphic to either a singleton, a circle, or a compact interval.
Therefore, we necessarily have dim(X, d, m) = 2. Hence, applying Proposition ,
there exists a > 0 such that m = aH?. In particular, due to [LS22, Theorem 1.1],
(X,d) is an Alexandrov space with curv > K.

Thus, we obtain the following result, proceeding exactly as in the last part

of the proof of Proposition [4.2.1]
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Lemma 4.2.1. Let X be a topological surface with boundary (possibly empty)
that admits an RCD(K, 2) structure and let p: X — X be its universal cover. Then
the map:

[X,d,m] € Mg 2(X) = (M(X)/H*(X),[X,d]) € Rog X Mouresr(X)

is a homeomorphism, where #yv>x (X) is the moduli space of Alexandrov metrics
with curv > K on X, endowed with the GH topology. In addition, the same map
induces a homeomorphism:

9)?}’?,2()() ~ Ryp X Cei‘VZK(X)?
where > (X)) is the moduli space of equivariant Alexandrov metrics with

curv > K on X, equipped with the equivariant GH topology (see Remark .

4.3 The 1-dimensional case

In this section, we compute the homeomorphism type of My x(X) when X is either
the circle or the unit interval. In particular, we will rely on Proposition [4.2.1]

(proven in the previous section) and results of |[CM21].

4.3.1 The circle

Proposition 4.3.1. For every N > 1, the moduli space MMy x(S') of RCD(0, N)

structures on S! is homeomorphic to R?; in particular, it is contractible.

Proof. Given n > 1 and N > n, Proposition implies that we have a

homeomorphism:
Mo n(R"/Z™) ~ R x [0,(R)\ GL,(R)]/ GL,(Z).

When n = 1, we have O;(R) = GLy(Z) = {£1}. In addition, GL;(R) =
R* is commutative; hence, GL;(Z) acts trivially on O;(R)\ GL;(R). Therefore,
[01(R)\ GL{(R)]/ GL;1(Z) is homeomorphic to {£1}\R*, which is homeomorphic to
R, which is itself homeomorphic to R. In conclusion, for every N > 1, 9y x(S*)

is homeomorphic to R2. O]
Remark 4.3.1. Tt is readily checked that:
U [S',d,m] € My n(S') — (Diam(S', d), m(S")) € R?,

is an explicit homeomorphism.



4. RCD(0,2) spaces and convex geometry 109

4.3.2 The interval

The moduli space of RCD(0, N) structures on [ is closely related to concave func-

tions.

Notation 4.3.1 (Space of concave functions). We denote C* the space of concave
functions f: I — R such that f is strictly positive on int(I), equipped with the
topology of uniform convergence on compact subsets of int(7). The aforementioned

topology is metrizable with the following distance:

d@*(f7 g) = Z 2_k mln{]"dk(f’ g)}7
k=0

where f, g € €*, and di(f, ) = sup,ejp-r 1_o-{|f(t) — g(t)|}. For every f € C*, we
define —1- f(t) :== f(1 —t), which gives rise to an action of {£1} on C*. We denote
C*/{x1} the quotient of C* by the action of {£1}, endowed with the quotient
topology.

Remark 4.3.2. Observe that {£1} acts by isometries on (C*, de«). Therefore, the
distance de«/q+1}([f], [g]) = min{de-(f, g),de-(f, —1 - g)} metrizes the topology of

e /{=£1}.

Proposition 4.3.2. The moduli space 9 1(7) is homeomorphic to R%. Moreover,
for every N € (1, 00), the moduli space My (/) is homeomorphic to R x [C*/{£1}]

(which is contractible).

Proof. | Part I: The case N = 1|

Let us assume that (/,d, m) is an RCD(0, 1) structure on I. Thanks to Proposition
[1.1.2] we necessarily have dim(X,d, m) = 1. Therefore, Proposition implies
that there exists @ > 0 such that m = aX'. Moreover, as a result of [KL16,
Theorem 1.1], (1, d) is isometric to (I, Ldg), where L := Diam(/,d). Hence, the
map ¥: R x RT — My (1) defined by ¥(L,a) = [I, Ldg, ad'] is surjective. It
is then readily checked that ®: My ,(/) — RT x R* defined by ®([I,d, m]) =
(Diam(Z,d), m(I)/H'(I)) is an inverse. Moreover, relying on [DG18, Theorem 1.2],
we can prove that ® is continuous (proceeding in the same way as in the last part
of the proof of Proposition . Then, the proof of W’s continuity is trivial. Thus,
M1 () is homeomorphic to R?.
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’Part II: The case 1 < N‘

If (I,d, m) is an RCD(0, V) structure on I, then (I, d, m) is isomorphic to (I, L dg, m’)
(as an application of [KL16, Theorem 1.1]), where L := Diam(/,d) and m’ is a
finite Radon measure on /. Due to [CM21], Theorem A.2], there exists g € C* (see
Notation such that m’ = gV~1£1. Conversely, [CM21, Theorem A.2]implies
that, for every g € C* and L > 0, (I, Ldg, gV 'L is an RCD(0, N) structure
on I. Now, if g1,¢o € € satisfy [I,dg, g 'L = [I,dg, g5 '£'], then, there
exists ¢ € Iso(I,dg) such that g L' = ¢,(g0 ' LY) = (g1 0 6~ )V 1LY hence,
g1 = g2 o ¢. However, Iso(/,dg) consists of 2 elements, the identity id; and the
symmetry t — 1 — . Thus, [g1] = [g2] € C*/{%1}. Conversely, if g1, go € C* satisfy
[91] = [g2] € C*/{£1}, then (I,dg, g’ ') is isomorphic to (I,dg, g5 '). Therefore,

the following two maps are well-defined and respectively inverse to each other:

C B My (1) > R x €/ {1} defined by B([L,d, m]) = (L. [g]), where L =
Diam(/,d) and g € €* satisfies [I,d, m| = [I, Ldg, g 1L,

o U:Rx C*/{£1} = Mo n(I) defined by W(L,[g]) == [I, Ldg, gV 1LY

’Part III: @ is continuous\

Assume that {[/,d,,, m,]},en is converging to [I,ds, M) in Mo n (/) and, for
every n € NU {oc}, denote (Ly, [g,]) = ®([I, d,, m,]). Observe that {(I,d,)}nen
converges to (I,ds) in the GH topology; in particular, L, — L. Now, let us
show that [g,] — [9s0] in C€*/{£1}. Note that it is sufficient to prove that every
subsequence of {g, }nen admits a subsequence converging to v- g, for some v € {£1}.
We'll just show that {g, },en admits a subsequence converging to v - g, for some
v € {£1} (the proof for a subsequence of {g, },en being exactly the same).

Observe first that {g, }nen is uniformly bounded in L>(I). Indeed, f, == g1
is a CD(0, N)-density on int(/) (see [CM21, Definition A.1]). Hence, for every
n € N, we have |f,|r~ < N|fn|zr (see [CM21, Lemma A.8]). Moreover, observe
that |f,|1 = m,(I) < M, where M = sup, .y{m,(I)}. Hence, for every n € N, we
obtain |gy|ge< (NM)YN=1 = M.

Now, observe that for every ¢ > 0, {g, }nen is equicontinuous on I, := [e, 1 — €.
Indeed, let n € N and observe that, since g, is concave and positive on int(/), then

we have:

—M/1 =z < —ga(2)/1 — 2 < g, (z) < g)4(2) < gnlw)/2 < Mz,
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for every x € I, and every ¢ € [0, 1]. Hence, for every z € I, we have Lip,(g,) <
M /e. Therefore, {gn}nen is equicontinuous on /.

Now, passing to a subsequence if necessary, we can assume that {g,}nen is
converging uniformly to some continuous function g: (0,1) — R on every compact
subset K C (0,1) (applying Arzela—Ascoli Theorem and a diagonal argument).
Observe that ¢ is nonnegative and concave on (0, 1); hence, we can assume that g
is continuous on I. A fortiori, note that {g¥~'},cn converges uniformly to g™¥—*
on compact subsets of (0,1). Let us prove that there exists v € {£1} such that
g="V" oo

First, observe that ¢gV=1L! — ¢V=1L! in the weak-* topology. Indeed, let us
fix f € €%(I) and let € > 0. Denoting d (g7, g™~ !) = sup, (lg¥~ — ¢ !|), and

splitting the integral into three part, we easily obtain:

_ _ ——=N— _ _
‘/f(giv L gV < 4D T flpe A+ |l de(gY T gV Y.
I

n —

In particular, for every e > 0, we have limsup, . |[, f(g0"' — ¢V )| < e
Hence, for every continuous function f € C°(I), we obtain lim, . [; fgn ' =
[, fg™~'. This implies that {(, L, dg, g5 *£")}nen converges in the mGH topol-
ogy to (I, Lo dg, gV ~1LY). However, {(I, L, dg, gY~1L1)},en also converges to
(I, Loo dg, g% 71LY) in the mGH topology. Thus, there exists an isometry:

¢: (I, Ldg) = (I, Lo dg)

such that ¢,(gN~1L1) = gV 1LY ie. g = goo 0 ¢~ L. However, Iso(I, L, dg) consists
of two elements, the identity id; and the symmetry with center 1/2. Thus, g = v+ g

for some v € {£1}, which concludes the proof of ®’s continuity.

|Part IV: ¥ = ! is continuous|

Let {Ly, [gn] }nen converge to (Lo, [goo]) in RT x [€*/{%1}]. Then, there exists

a sequence {V, }nen in {1} such that {v, - g, }nen converges to g, uniformly on

compact subsets of (0,1). Let us denote g, = v, - g, and observe that, for every
neN, (I,L,,g" 1L and (I, L,,gY"1L!) are isomorphic. We need to show that
{(I, L, g 1LY }pen converges to (I, Leo, g¥71LY) in the mGH topology. Since
|L, — Loo| — 0, it is sufficient to show that {g =1L}, ey converges to gY¥~1L1 in
the weak-x topology. Moreover, proceeding exactly as in the last paragraph, it
is enough to prove that {g,}nen is uniformly bounded in L*°(7). Let n € N and
observe that, thanks to the nonnegativity and concavity of g,, we have the following

three cases:
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o if x < 1/4, we have §,(x) < §,(1/2) +2(1 — 22)(gn(1/4) — §,(1/2)), which
implies that g,(x) < 3maxp/43/4{Jn}

o if x > 3/4, we have §,(x) < §,(1/2) + 2(22 — 1)(§.(3/4) — §n(1/2)), which
implies that g,(x) < 3max/43/4{9n},

o if 2 € [1/4,3/4], then g, (x) < max( a,3/4{Jn}-

Hence, for every n € N, we have |§,|rc < 3maxjias/a{d,}. However, {7, }nen
converges uniformly to g., on [1/4,3/4], hence sup,cy{maxp as/q{gn}} < o0,
which concludes the proof of U’s continuity. Therefore, 9y n(I) is homeomorphic

to I x [C*/{£1}].

Part V: €*/{£1} is contractible

Indeed, observe that the map H: I x [C*/{£1}] — C*/{£1} defined by H(¢,|[f]) =
[t1 + (1 — t)f] is a retract by deformation of €*/41 onto {[1]} (where 1 is the
function constant equal to 1). This concludes the proof of Proposition £.3.2 [

4.4 The 2-dimensional case

This section will describe the moduli spaces My o(X), where X has dimension 2.
We will start with the spaces whose splitting degree k(X) equals 2, namely the
2-torus and the Klein bottle K2. Then, we will proceed with the spaces satisfying
k(X) = 1; namely, the cylinder S! x I and the Mobius band M2. Finally, we
will study the case where k(X) = 0, which corresponds to the 2-sphere S?, the
projective plane RP2?, and the closed 2-disc D.

4.4.1 The torus and the Klein bottle

The torus and the Klein bottle are closed manifolds that admit flat metrics; therefore,

we will use Proposition [{£.2.1]

4.4.1.1 The torus

Proposition 4.4.1. The moduli space 9y 2(T?) is homeomorphic to R*; in partic-

ular, it is contractible.
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Proof. According to Proposition [£.2.1] there is a homeomorphism:
Mo2(T?) = R X M (T?). (4.2)

Moreover, as a result of [Gar20, Section 2.1, #g.:(T?) is homeomorphic to R3.
Therefore, My o(T?) is homeomorphic to R?. O

4.4.1.2 The Klein bottle

Proposition 4.4.2. The moduli space M 2(K?) of RCD(0, 2) structures on K? is

homeomorphic to R?; in particular, it is contractible.

Proof. We denote I' the Bieberbach subgroup of Iso(R?) generated by a = (I, e;)
and b := (0, es), where (ej,ey) is the canonical basis of R? and ¢ := diag(—1,1).
Let us recall that by definition, K* = R?/T". Therefore, thanks to Proposition |4.2.1}

there is a homeomorphism:
M2 (K?) ~ R x [O9(R)\Cr]/Nr-. (4.3)

It is then readily checked that Nage2)(I') = {(diag(ei,€2),v), € € {£1},2(v,e1) €
Z}. Therefore, we have Nr = {diag(er,€),¢; € {£1}} (see Definition [1.2.1).
Then, |[BDP18, Proposition 4.8] implies that we have Cr = O2(R) - Z, where Z
is the centralizer of Hr in GLy(R). In addition, Hy is the subgroup of Oy(R)
generated by o; hence, it is easy to see that Z = {diag(a;,as),a; € R*}. Now,
observe that Nr acts trivially on O9(R)\Cr. Indeed, given A € Cr and B € N,
there exists C' € O2(R) and D € Z such that A = C'D. In particular, we have
AB = CDB = CBD (since both B and D are diagonal matrices). Therefore, using
the fact that B € Np C O2(R) and C' € Oy(R),we obtain [D] = [CD] = [CBD)]
(where [-] denotes the class of a matrix in O2(R)\Cr). However, [A] = [CD] and
[A]- B =[CDB] = [CBD)]. Hence, [A] = [A]- B, i.e. Ny acts trivially on Oz(R)\Cr.
Thus, as a result of , we have a homeomorphism:

M2 (K?) =~ R x Oz(R)\Cr. (4.4)

Now, according to [BDP18, Corollary 4.9], O2(R)\Cr is homeomorphic to the
quotient space Oy(R) N Z\Z. Then, observe that the map diag(a,b) € Z —
(lal,]b]) € R x R* passes to the quotient, giving rise to a homeomorphism
[diag(a,b)] € O2(R) N Z\Z — (lal,|b]) € RT x R*. Hence, using ([{.4), we finally
obtain My »(K?) ~ R3. O
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4.4.2 The Mobius band and the cylinder

Theorem will be crucial to compute the homeomorphism type of the moduli
spaces of RCD(0,2) structures on the Mébius band M? and the cylinder S! x I.

4.4.2.1 The Mobius band

Proposition 4.4.3. The moduli space M »(M?) of RCD(0, 2) structures on M? is

homeomorphic to R3; in particular, it is contractible.

Proof. Assume that (M? d,m) is an RCD(0,2) structure on M? and let (I x
R, d, ) = p*(M?,d, m) be the associated lift (where p: I x R — M? is the quotient
map). Observe that, following the proof of Proposition [£.1.2] (case k(X) = 1),
there exists a splitting ¢: (I x R,d, @) — ([0,7],dg,al') x (R,dg, L), where
a,r € Ryy. Moreover, following the same proof, there exists a generator v of
71 (X) and b > 0 such that, for every (z,t) € [0,r] x R, we have ¢.(7)(Z,t) =
(r —Z,t +b). In particular, we have [M? d, m] = [M? d,,, a3(?], where (M?,d,,)
is the metric quotient of (I X R,rdg xbdg) by the action of Z on I x R defined
by 1-(z,t) = (1 —T,t + 1). Moreover, it is easily seen from the definitions that
A(M?,d,m]) = (R,dg)/bZ and $([M?,d, m]) = [I,rdg, aH'] (where the Albanese
and soul maps were defined respectively in Section . In particular, we have
a = Mass(8([M?,d, m]))/ Diam(8([M?,d, m])), r = Diam(8([M? d, m])), and b =
2 Diam(A([M?,d, m])). Hence, ®: a,b,r € (Rsg)® — [M?,d,p, adH?] € Moo (M?) is
invertible, and its inverse satisfies @~ = (11, 19, 13) where:

_ Mass(8([M?,d, m]))

Ou([MF, dym)) = Diam(8([M?,d, m]))’

Vo([M?, d, m]) = 2 Diam(A([M?,d, m])),
Y3([M?, d, m]) = Diam(8([M?,d, m])).

Now, observe that ® and ®~! are continuous. Indeed, notice that, thanks to Theorem
3.2.1) @' is continuous. Then, assume that (ag, b, ) — (Goo, Doos Too)- It is clear
that {(I xR, ry, dg xbg dg, aH?,0) }ren converges to (I X R, 7o dg Xboo dg, asH?, 0)
in the equivariant pmGH topology (see Definition w.r.t. the action of Z on
I x R that we introduced above. Hence, applying the equivariant theorem (see
Theorem [2.4.1]), the sequence of associated quotients {(M?,d,, 5, , axH?)} converges
to (M2, d,__ 5., aeoH?) in the mGH topology. Thus, @ is continuous, which concludes
the proof. n
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4.4.2.2 The cylinder

Proposition 4.4.4. The moduli space M 2(S* x I) of RCD(0,2) structures on

St x I is homeomorphic to R?; in particular, it is contractible.

Proof. Proceeding precisely as in section [4.4.2.1] it is readily checked that the
map ®: a,b,r € (Rx)® — [S' X I,d,p, adH?] € Moo (S' x I) is a homeomorphism,
where d,;, = bds: xrdg, and dg: is the length metric on the circle with perimeter 1.

Therefore, the result follows. O

4.4.3 The sphere, the projective plane, and the closed disc

In this section, we will compute the moduli spaces of RCD(0, 2) structures on the
2-sphere S?, the projective plane RP2?, and the closed disc D C R2. As we will
see later, these moduli spaces are all homeomorphic to specific spaces of convex
compacta. We will start by introducing some notations of convex geometry. We
will then prove realisation results for nonnegatively curved metrics on RP? and D.
Then, we will introduce convergence lemmas that will be fundamental to proving

continuity statements. Finally, we will compute the aforementioned moduli spaces.

4.4.3.1 Notations

We start by introducing some notations from [Bell8b].

Notation 4.4.1 (Spaces of convex compacta). We denote K the set of all compact
convex subsets in R3, and K* the subset of K whose elements have their Steiner
point at the origin (see [Bell8a, section 4] for some properties of the Steiner point).
Given 0 < k <[ <3 and X' C X, we denote:

e K)oy =1{D € X', dim(D) € [k, ]}
« X'={DeX',D=-D}.

Every subspace of X will be endowed with the Hausdorff distance dﬁg. Also, we will

generically denote B, K, L and {x} elements of X with dimension 3, 2, 1 and 0.
Remark 4.4.1. Observe that if D € K, then s(D) = s(—D) = —s(D) (where s(D)
is the Steiner point of D), i.e. s(D) = 0. In particular, we have X C X*.

The following maps will be important later when comparing the boundaries

of two different convex bodies in XK?.
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Notation 4.4.2 (Central projection). Let n > 1 and assume that D is an n-
dimensional compact convex subset of R™ whose Steiner point is at the origin.
Given x € R™\{0}, the open half line R - = intersects 0D in a single point, which
we denote p%p(z). The map p§p: R™\{0} — 9D is called the central projection on
oD.

A classical result is that the orthogonal projection on a closed convex subspace

of a Hilbert space is well-defined.

Notation 4.4.3 (Orthogonal projection). Let n > 1 and assume that D is a closed
convex subset of R". Given x € R™, there exists a unique point pp(x) € D such that
dg(z,pp(z)) = dg(z, D). The map pp: R® — D is called the orthogonal projection
on D. Given o € R"\{0}, we denote po = pra, and py = pia}--

Let us now clarify what we mean when we speak about a set’s boundary and inte-

rior.

Notation 4.4.4 (Boundary and interior). Let M C R™ (n > 1) be a topological
submanifold with boundary. We denote OM the boundary of M, and M=DM \OM
the interior of M (we will also write int(M)).

Every Lipschitz submanifold of R" (n > 1) admits two canonical metrics:

extrinsic and intrinsic.

Notation 4.4.5 (Intrinsic and extrinsic metrics). Given n € N, and given a
connected Lipschtiz submanifold X C R™ (possibly with boundary), we denote
dx the intrinsic metric of X. More precisely, given z,y € X, we have dy(z,y) =
inf{L ()}, where the infimum is computed over the set of rectifiable curves in X
joining x to y. The extrinsic metric on X is simply the restriction of the Euclidean
distance dg to X C R". We will usually only write X to speak about the metric
space (X,dx), and we will specify when we endow X with its extrinsic distance dg.
For example, given B € X* of dimension 3, will usually write B to speak about

the metric space (0B, dsg).

Let us introduce the double of a metric space. This notion will be crucial to

realise metrics on the 2-sphere, the projective plane and the disc.
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Notation 4.4.6 (Double of a metric space). Given a topological manifold X with
boundary, we denote:
DX = l_Ii:Lz{i} X X/ ~,

where (1,z) ~ (2, ), whenever z € 0X. We call DX the double of X and let ¢ be
the quotient map.

Given i € {1,2}, we denote X' (resp. X?) the image of {i} x X (resp. {i} x X)
under ¢. Since {1} x 0X and {2} x 0X are identified when passing to the quotient,
we also denote 0X, the image of these by ¢q. Then, given x € X we will write
= q(i,r) € X'

Given a length metric d on X, there exists a unique length metric Dd on DX

whose restriction to X! and X? coincides with d. More precisely, given z,y € X ,we
define Dd(zt,y') = d(x,y) = Dd(z?,y?), and:

Dd(z',y?) = inf{d(z,2) + d(z,y),z € 0X}.

We denote D(X,d) = (DX, Dd).
Very often, there will be no confusion about the metric X is endowed with;
therefore, we usually only write DX instead of D(X,d). For example, given K € K

of dimension 2, we will write DK to speak about the metric space D(K, d).
The following maps will be relevant when studying doubles of metric spaces.

Notation 4.4.7. Assume that K is a 2-dimensional compact convex subset of R?.
We denote sx: DK — DK the isometry defined by sx(z!) := 2% and sx(z?) = at,
for x € K.

Notation 4.4.8. Assume that (X, dx) and (Y, dy) are metric spaces homeomorphic
to topological manifolds with boundary, and assume that ¢: (X,dx) — (Y, dy) is
an isometry (in particular ¢(0X) = 9Y). We denote ¢p: D(X,dx) — D(Y,dy)
the isometry defined by ¢p(z') == (¢(x))}, for z € X and i € {1, 2}.

4.4.3.2 Realisation of nonnegatively curved metrics

In [Bell8b|, Belegradek introduces a homeomorphism between the quotient space
K53/ O3(R) and the moduli space Auv>0(S?) of nonnegatively curved metrics

on S%. Let us first introduce the correspondence.

Notation 4.4.9. Given D € X* we denote ®gz(D) := 0D if dim(D) = 3, $g2(D) :=
DD if dim(D) = 2, and Ps2(D) == D if dim(D) € {0, 1}.
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Notice that given D € K53, the isometry class [®s2(D)] belongs to A ur=0(S?).
Moreover, given ¢ € O3(R), we have [®g(D)] = [®Pg2(¢p(D))]. Therefore, there

exists a unique map:
\I’Szi K;§3/ Og(R) — '//curv20<S2) (45)

such that, for every D € K33, we have Vg ([D]) = [@s2(D)].
The following result is inspired by the realisation Theorem of Alexandrov (see

Theorem 1 page 237 in [Kut05]) and is proven by Belegradek in [Bell8b| section 2].

Theorem 4.4.1. The map Vg2 K55/ O3(R) = Aeurv=0(S?) introduced in ([4.5)

is a homeomorphism.

We will show that the equivariant nonnegatively curved metrics on S? correspond
with symmetric convex compacta with dimensions between 2 and 3. In what
follows, by equivariant, we always mean equivariant with respect to the action

of {1} on the relevant spaces.

Remark 4.4.2. Note that there might be various actions of {£1} on our spaces.
Given B € 5~<253 of dimension 3, we let —1 act as —idgs on dB. Given K € j(:ggg of
dimension 2, we let —1 act on DK in the following way: for z € K, —1-2' = (—x)?
and —1- 22 = (—x)*.

First, note that if D € 5~C2§3, it is clear that there exists an equivariant
nonnegatively curved metric d on S? such that (S?,d) is equivariantly isometric to

®s2(D); hence, [Ps2(D)] € M p0(S?). Then, note that if ¢ € O3(R), then Pg2(D)

C

and ®g2(¢p(D)) are equivariantly isometric. Therefore, there exists a unique map:

Ul Kocs / O3(R) — Aol ~0(S?) (4.6)

curv>0

such that, for every D € Kacs, we have Wd([D]) = [®s2(D)]. We will prove the

following realisation theorem for equivariant metrics on the 2-sphere.

Proposition 4.4.5. The map W5l Koz / O3(R) — Ao o(S?) introduced in

curv>0
(4.6) is a 1-1 correspondence.
We will need the following Lemma to prove Proposition 4.4.5]

Lemma 4.4.1. Let K C R? and ¥ C R? be 2-dimensional compact convex subsets
of R%. If ¢: DK — DY is an isometry, then ¢(0K) = IX.
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Proof. Looking for a contradiction, let us assume that 0K N qb*l(i?) #+ .

First of all, observe that if z,y € 0K N ng’l(iz), then there exists a unique
shortest path [¢(z)¢(y)] between ¢(z) and ¢(y). In particular, there exists a unique
shortest path [zy] between x and y. However, as z,y € K, then we necessarily have
[zy] € OK. Moreover, observe that [¢(z)d(y)] C %2 and that ¢([zy]) = [¢(2)(y)];
therefore, [zy] C 9K N ¢~ 1(32).

Then, observe that if z,y, z € K N¢~1(52), then z,y, 2 are necessarily aligned.
Indeed, if not, then the triangle A(z,y, z) is equal to K (since it is homeomorphic
to S') and is a subset of ¢~!(32). In particular, thanks to the first observation,
every pair of points on 0K can be joined by a unique shortest path, which is a
contradiction. Using the two observations above, there exists © # y € 0K such
that (zy) = K N ¢~1(22), where () is the interior of [zy] scen as a subspace of
0K C R?. Note that we necessarily have:

(i) [zy] C OK,

(i) @(x), ¢(y) € O%.

In particular, there exists a unique shortest path from x to y in DK (using (i)).
Therefore, there is a unique shortest path from ¢(z) to ¢(y), which implies that
o([zy]) = [¢p(x)p(y)] C OX (using (ii)). However, let us recall that by assumption
(zy) = OK N ¢~ 1(52). Hence, ¢((zy)) C 0% N N2 = &, which is the contradiction
we were seeking. Furthermore, the same argument leads to 0K N ¢_1(X°]1) = .
We have shown that ¢(0K) C %. However, the same argument applied to ¢~
leads to ¢~ 1(9%) C OK; therefore, 0¥ C ¢p(9K), which concludes the proof. ]

Lemma implies the following Proposition.

Proposition 4.4.6. Let K C R? and ¥ C R? be 2-dimensional compact convex
subsets of R? with Steiner point at the origin, and let ¢: DK — DY be an isometry.
Then, there exists p € Oy(R) such that u(K) =%, and ¢ = up if ¢(K?) = X2 (resp.
sg0¢ = ¢oskg = up if p(K?) =X1), where we introduced pp (resp. sx and sg)
in Notation [4.4.§ (resp. Notation [4.4.7).

Proof. First of all, Lemma implies ¢p(0K) = 0X. In particular, ¢ maps the
connected components K! and K2 to ! U %2. Hence, composing ¢ with sy if
necessary, we can assume that ¢(K') = X! (i € {1,2}). In particular, there exists

isometries y: K — ¥ and v: K — ¥ such that jypx = vj9x, and such that, for every
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z € K, we have ¢(2?) = pu(r)? and ¢(z') = v(z)*. According to [ATVO01, Theorem
2.2], we can assume that p and v are isometries of R%. However Span(0K) = R?;
therefore, since p and v coincide on 0K, we necessarily have p = v. Then, K and
Y have their Steiner point at the origin and pu(K) = X; thus, we necessarily have

1(0) =0, i.e. u € Oz(R). Hence, we can conclude that ¢ = pup. O
We can now prove Proposition [4.4.5

Proof of Proposition[{.4.5 First of all, assume that Wg3i([D,]) = Wei([D,]) for
some Dy, Dy € U~C2§3. Then ®g2(D;) is equivariantly isometric to ®g2(Dq). In
particular Ws:([D;]) = Wg2([D,]). Hence, as an application of Theorem [4.4.1] we
have [D;] = [Ds]. Thus, ¥gl is injective.

Let us now show that Vg3 is surjective. Let d be an equivariant nonnegatively
curved metric on S? and let us show that there exists D € Ky<5 such that (S2,d)
is equivariantly isometric to ®g2(D). Thanks to Theorem , either there exists
B € K54 of dimension 3 such that (S*,d) is isometric to 0B, or there exists
K € K53 of dimension 2 such that (S?,d) is isometric to DK.

Let us first assume that we have an isometry ¢: (S*>,d) — dB. We define
f:x € dB — ¢(—¢'(x)) € OB. Tt is sufficient to prove that f coincides with
—idgs. To do so, note that f is a self-isometry of dB. Therefore, |Bur492,
Theorem 5.2.1] implies that f is also a self-isometry of (0B, dg). Thus, as a result
of [ATV01, Theorem 2.2, we can extend f into an isometry of (R? dg) (which
we also denote f). Observe that f is in particular an affine transformation; thus
f(B) = f({Conv(0B)}) = Conv{f(0B)} = Conv{dB} = B. Therefore, we have
f(0) = f(s(B)) = s(f(B)) = s(B) = 0 (where s(B) is the Steiner point of B), i.e.
f € O3(R). Now, note that by definition, f is involutive on dB. Moreover, 0B
spans R3. Hence, f is an orthogonal involution of R? and can be diagonalized with
eigenvalues +1. However, by definition, f has no fixed point on 0B, so 1 cannot be
an eigenvalue of f. Hence, f = — idgs.

Now, let us assume that we have an isometry ¢: (S?,d) — DK. Without loss
of generality, we may assume that K C R2. As above, we introduce f: x € DK —
é(—¢~1(x)) € DK, which is an involutive isometry without any fixed points. Let
us prove that f coincides with the action of —1 on DK. Applying Lemma [4.4.1], we
have either f(K?) C K? or f(K?)C K*. If f(K?) C K2, then Brower’s fix point
Theorem implies that f has a fix point on K? (which is not possible by definition
of f). Hence, we necessarily have f(K?) C K. Note that, thanks to Proposition
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4.4.6| there exists an isometry p € Oy(R) such that pu(K) = K and sx o f = up
(see notations 4.4.7| and [4.4.8). In addition, let us recall that f? = idpg. Thus,

using pip 0 sSx = Sx o up and s% = idpg, we obtain that u is involutive on K.
However, Span(K) = R?; hence, y? = idgz. In particular, p is diagonalizable on R?
with eigenvalues £1. However, if 1 is an eigenvalue, then f admits a fixed point
on the boundary of K, which can’t happen. Therefore, y = — idgz; which implies
K = —K and that f coincides with the action of —1 on DK. m

We will focus on how to realise nonnegatively curved metrics on D using convex

compacta. But first, we need to introduce some notations.

Notation 4.4.10. Given a € S?, we denote H, = {(o,-) < 0} and H] =
{{a,-) > 0} respectively the lower half-plane and upper half-plane induced by

a, and H, = {a}*+. We write r, for the reflection w.r.t. H,. Then, we denote

K :={D € X*,r,(D) = D}, and:

A= | K*x {a} CK* x S?,
a€s?
and H<z = A N K53 xS?. The last two spaces introduced are endowed with the
direct product topology.

Remark 4.4.3. Assume that (K, «) € # such that dim(K) = 2, then we have either
a € Span(K) or a € Span(K)t. Indeed, let us assume that o ¢ Span(K). Looking
for a contradiction, assume that r, does not coincide with id on Span(K’). Then,
since r,(K) = K, there exists € Span(K)\{0} such that r,(z) = —z. Moreover,
since a ¢ Span(K), then Span(z, ) has dimension 2. However, r, coincides with
— id on Span(z, ), which contradicts the fact that dim(Ker(r,+id)) = 1. Therefore,
74 necessarily coincides with id on Span(K); hence, Ker(r,—id) = Span(K) = {a}+,
i.e. a € Span(K)*.

Proceeding with the same idea, we can show that if (L,a) € J# satisfies
dim(L) = 1, then either a € Span(L) or o L Span(L).

The following subsets associated with the double of a plane region will be crucial

to obtain nonnegatively curved metrics on .

Notation 4.4.11. Assume that (K,«) € % such that dim(K) = 2 and a €
Span(K). We denote DK* := U2 (K N H¥)i ¢ DK, DK* = U2 (K N HE)' C
DK, and DK, = UZ,(K N H,)' = DK N DK, C DK. Observe that all sets
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above are convex subsets of DK. In particular, DK} is isometric to a nonnegatively

curved metric on D.

It is always possible to symmetrize a convex compactum w.r.t. a specific direc-

tion.

Notation 4.4.12. Given a € §* and D € X*, we denote D* := (D + r,(D))/2,

where + is the Minkowski sum here.

We now introduce the map that will lead to the correspondence between

Menrv>0(D) and a particular space of convex compacta.
Notation 4.4.13. Given (D, a) € ¢ (see Notation [1.4.10), we denote:
(i) ®p(D,a) ==0D N HS if dim(D) = 3,
(ii) ®p(D,a) = D if a € Span(D)+,
(ili) ®p(D,a) == {DD}/ if dim(D) = 2 and a € Span(D) (see Notation [{.4.11),
(iv) &p(D, ) .= DN H if dim(D) =1 and « € Span(D).
Note that in any case we have ®p(D,a) C ®s2(D) (see Notation [4.4.9).

First, observe that if (D, a) € J5<3 (see Notation [4.4.10)), it is clear that there
exists a nonnegatively curved metric d on D such that (D, d) is isometric to ®p(D, a);
hence, [Pp(D, )] € Meyrv>0(D). Then, note that if ¢ € Oz(R), then Pp(D, ) and

O (p(D), ¢(«)) are isometric. Therefore, there exists a unique map:
\IJJD): %33/03(R) — '%CUI"VZO(D) (47)

such that, for every (D, a) € JHa<s, we have Up([D,a]) = [Pp(D, «)]. Our next

goal is to prove the following proposition.

Proposition 4.4.7. The map Vp: #s<3/ O3(R) = Murv>0(D) introduced in (4.7))

is a 1-1 correspondence.

Proof. Let us first prove that vp is surjective. Assume that d is a nonnegatively
curved metric on . Then, thanks to Perelman Doubling Theorem (see [BGP92,
section 13.3]), the double metric space D(D,d) (see Notation is also an
Alexandrov space with nonnegative curvature. In addition, DD is homeomorphic

to S?. Therefore, according to [Bell8b, Theorem 1.1], either there exists B € K5,
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of dimension 3 such that D(ID, d) is isometric to B, or, there exists K € K53 of
dimension 2 such that D(D,d) is isometric to DK . Before considering each case,
let us denote ¢: DD — DD the map defined by ¢(x!) := 22 and ¢(2?) := x*, for
every z € D. Observe that ¢ is an involutive isometry of D(ID, d), whose set of fix
points Fix(¢) is equal to D = S!.

Let us consider the case where there exists an isometry f: D(D,d) — 0B. Note
that the map ¢ == fogo f~!is an involutive isometry of B whose set of fix points
Fix (1) is homeomorphic to S*. Arguing as for the 3-dimensional case in the proof of
Proposition , we can assume that ¢ belong to O3(R), satisfies 1)? = idgs, and
Y¥(B) = B. In particular, 1 is diagonalizable with eigenvalues +1. Observe that 1
necessarily has multiplicity 2 in order for Fix(¢)) to be homeomorphic to S!; hence,
there exists o € S? such that 1) = r,. In particular, ro(B) = B, i.e. (B,a) € <3
(see Notation [4.4.10). Now, notice that since f(Fix(¢)) = Fix(¢), i.e. f(D) =
BN H,. Hence, f maps the disjoint union D' UD? onto {dBN H; }U{dBNH}}.
In particular, changing « into —« if necessary, we have f (Dz) — 9BNH . Therefore,
f is an isometry from (D, d) to ®p(B, a).

Now, we assume that there exists an isometry f: D(D,d) — DK, and, without
loss of generality, that K C R2. As before, 1) := fo¢o f~! is an involutive isometry
of DK such that Fix(¢) is homeomorphic to S*. As stated by Lemma [4.4.1] we
either have (K?) C K2 or ¢(K?) C K*.

If ¥(K?) C K?, then by Proposition there exists p € Oy(R) such that
p(K) =K and ¢ = pp (see Notation [4.4.8). Since ¢ is involutive and Span(K) =
R?, we have p? = idg2; which implies that p is diagonalizable with eigenvalues
+1. Then, note that 1 necessarily has multiplicity 1, otherwise Fix (1) is not
homeomorphic to S'. Hence, there exists a € Span(K) such that yu = r,; in
particular, (K, a) € J5<3. Observe that f(Fix(¢)) = f(0D) = Fix(¢) = DK, (see
Notation . Therefore, f maps the disjoint union D UD? onto DK LUDK
In particular, changing « into —« if necessary, we may assume that f (Dz) = DK, -
Therefore, f is an isometry from (D,d) to DK} = &p(K, a).

If y(K?) C K, then we can use Proposition and proceed as above to
get 1 € Oy(R), such that u(K) = K, u? = idge, and s 01 = up (see notations
4.4.7 and 4.4.8]). As before, p is diagonalizable with eigenvalues +1. Observe that

1 necessarily has multiplicity 2 for Fix(¢)) to be homeomorphic to S'; therefore,
p = idge. Then, note that f maps Fix(¢) = 0D onto Fix(¢)) = 0K. Hence,
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composing f with sg if necessary, we can assume that f (D2) = K2 Therefore,
fixing any a € Span(K)*, f induces an isometry between (D, d) and K = &p (K, «).

Now let us prove that Up, is injective. Let (D;, ;) € HFa<s (i € {1,2}) and assume
that there exists an isometry ¢: ®p(Dy, 1) = Pp(D2, az). We need to prove that
there exists ¢ € O3(R) such that Dy = 9(D;) and ay = (). First of all, observe
that ¢ induces an isometry ¢p: D{Pp(D1, 1)} — D{Pp(Ds, a2)}. Moreover, there
exists an isometry v;: D{Pp(D;, a;)} — Ds2(D;) (this is readily checked via a case
by case study). In particular, Theorem implies dim(D;) = dim(Dy).

If dim(D;) = dim(D;) = 3, then ¢ := vy 0 pp o vy ': D — OD, is an isometry.
Arguing as for the 3-dimensional case in the proof of Proposition [£.4.5] we can
assume that 1) € O3(R) satisfies ¥(D;) = Dy. Moreover, we can easily chose v;
(i € {1,2}) so that ¥ (0D; N H,,) = 0Dy N H,,, which implies that ¢(H,,) = Ha,.
Hence, composing ¢ with r,, if necessary, we can conclude that ¥ (a;) = as.

Let us assume that dim(D;) = dim(D,) = 2. If a; € Span(D;)* (i € {1,2}),
then ¢: Dy — Dy is an isometry. Thanks to [ATVO01, Theorem 2.2|, and since
s(Dy) = s(Dy) = 0, we can assume that ¢ € O3(R). In particular, ¢(Span(D;)t) =
Span(D,)*. Therefore, composing ¢ with 7, if necessary, we obtain ¢(D;) = D
and ¢(a;) = ay. If oy € Span(D;)* and ay € Span(D,), then D; is isometric
to {DD,}f, . In particular, we necessarily have ¢(0D,) = 0{DD,}7, = {DDs}q,.
However, {DDs},, is a convex subset of {DDs},, and 0D, is not a convex subset
of Dy; thus, that case cannot happen. The case where «; € Span(D;) (i € {1,2})

can be treated in the same way as the case dim(D;) = dim(Dy) = 3. O

4.4.3.3 Approximation Lemmas

In this section, we introduce approximation lemmas. The goal here is to define
e-isometries between spaces with various dimensions and find an upper bound for
the distortion of these maps. This will be crucial later when we will prove that
et (see (4.6)) and Up (see (4.7)) are homeomorphisms.

First of all, let us recall the following result (see the proof of [BBI22, Lemma
10.2.7]).

Lemma 4.4.2 (3 to 3). Let B, B’ € X* such that dim(B) = dim(B’) = 3, and
assume that there exists € € (0, 1) such that (1—€)B C B’ C (1+¢)B and (1—¢)B’ C
B C (1+¢€)B’. We denote f and g respectively the restriction of p% 5 to 9B’ and the
restriction of p§g to OB (see Notation 4.4.2)). Then, (f, g) is a GH v-approximation
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(see Definition [2.1.4) between 0B’ and 0B, where v := 6(Diam(B) + Diam(B’))e.
Moreover, if B,B" € X (see Notation |4.4.1)), then (f,g,id) is an equivariant GH
v-approximation between (0B’, {£1}) and (0B, {£1}) (see Remark [2.4.3)).

Remark 4.4.4. The result is a bit different than what appears in the proof of [BBI22,
Lemma 10.2.7]; we just used the fact that Diam(0B) < w Diam(B) (which also

appears in the proof mentioned above).

Let us introduce the following notation, which relates 3-dimensional and 2-

dimensional convex spaces.

Notation 4.4.14. Let B € X® such that dim(B) = 3, let v € S?, and denote
K = p-(B) (see Notation [4.4.3)). Then, there exist two functions ¢': K — R and
»?: K — R that are respectively convex and concave such that, for every z € K,

we have:

(z +Rv) N B =[x+ ¢ (z)v, v + ¢*(x)v)].

Moreover, B can be partitioned as 0B = 0B LU dB? L1 OBY, where 0B := {x +
(o, € K} (i € {1,2)), and OB = {y,y € [z + 6" (x)v, 2 + (2]« € DK},

That allows us to introduce:
fBv: 0B = DK,

the map defined by fp,(z 4+ ¢'(z)v) == ' (for z € K and i € {1,2}), and
fBo(y) =z (for every x € K and y € [z + ¢*(z)v, 2 + ¢?(z)v]). Finally, we
introduce:

gw: DK — 0B,

the map defined by gp,(2') = z + ¢'(z)v (for z € K and i € {1,2}), and
9p0(x) =2+ [(¢'(z) + *(x))/2Jv (for x € OK).

The next lemma introduces approximations between a 3-dimensional and a

2-dimensional convex space.

Lemma 4.4.3 (3 to 2). Let B € K3_4 such that dim(B) = 3, let v € §?, and
denote K = pt(B). We denote f = fp., g = gp. (see Notation , and
€ = sup,cp{de(z,py(z))}. Then, (f,g) is a GH 10e-approximation between B and
DK. Moreover, if B = —B, then (f,g,id) is an equivariant GH 10e-approximation
between (0B, {%1}) and (DK, {£1}).
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Proof. First of all, assume that z,y € K. Given t € [0, 1], let us denote a(t) =
te+(1—t)y, and y(t) = a(t)+p2(a(t))v. Observe that v is a curve with values in 0B,
such that v(0) = g(2?), and (1) = g(y?). In particular, dpp(g(z?), g(y?)) < L(7y) <
L(a) + £(B), where B(t) = ¢2(a(t)). However, L(a) = dg(z,y) = dpx (22, y?).
In addition, § is a concave function from [0, 1] to [—¢, €] (using the fact that ¢o
is concave and B C K + [—¢,€]v). Hence, there exists ¢ty € [0,1] such that
is increasing on [0, ¢y] and non-increasing on [tg, 1]. Therefore, £L(5) = f01| g =
Oto g — ft(l) B = 28(ty) — B(1) — B(0). In particular, we have L£(5) < 4¢; which
implies that:

don(9(2?), (9(y*)) — dox (2%, y*) < 4e. (4.8)

Conversely, let us assume that v is a geodesic between g(z?) and g(y?) on 9B.

Then, note that p.(y) has shorter length and joins z to y, thus:

dox(2*,y?) = de(z,y) < £(p, (7)) < £(7) = dap(g(2?),9(y™).  (4.9)

Hence, thanks to (4.8)) and (4.9)), we obtain:

[don(9(2?), 9(y*) — dok (2%, y?)| < 4e.

Applying this argument, it is then readily checked that Dis(g) < 10e.

It is then easy to see that, for every x € 0B, we have dgg(go f(x),x) < 2¢, and
that f o g = idpg. Finally, the argument used to estimate the distortion of g can
be used to show that Dis(f) < 10e.

Now, notice that if B = —B, then, for every z € K, we have ¢1(—x) = —¢a(x)
and ¢o(—x) = —¢1(x). Therefore, both f and g are equivariant. O]

The next lemma compares a 3-dimensional convex space with its projection on a

line.

Lemma 4.4.4 (3 to 1). Let B € X* such that dim(B) = 3, let v € S?, and denote
L = p,(B) (see Notation [4.4.3)). Then, denoting f: 0B — L the restriction of p,
to 0B, and € = sup,g{dr(z, p,(2))}, we have Dis(f) < (8 + 7)e.

Proof. First, denoting B := B.(0) N {v}*, observe that B C L+ B = C. Let z,y €
OB and observe that di(f(x), f(y)) = de(pu(z),pu(y)) < dg(z,y) < dos(x,y).

Hence:

Vr,y € 0B,0 < dap(z,y) — do(f(2), f(y))- (4.10)
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Now, let us prove that pg: 0C — OB is surjective (see Notation 4.4.3). Let

x € OB and observe that, since B is convex, there exists w € S? such that:
Bc{yeR’ (y—=zw) <0}

Moreover, since B C C, there exists y € dC N {z + RTw}; in particular, z = pp(y).
Therefore, pg: OC — OB is surjective.

Let z; € OB and let 2, € OC such that x; = pp(a}) (i € {1,2}). Observe that
there exists 2/ € L + 0B C 0C such that dgo (2}, 2!) = dr(2f, 2]) < e (i € {1,2}).

Let v be a geodesic from =} to x} in dC. Note that there exists a geodesic v, in L,

and a geodesic vsg in 0B, such that v = yp + vg5. Therefore, we have:

dop(z1, 1) — do(f(21), f(x2)) < doc (@), 24) — dp(pu(zr), po(2))
< 2e + dpo(a], 25) — dp(py (1), po(22))
< 2e+ L(vz) + L(ve8) — de(ps(1), po(22))
< (24 m)e + dr(py(2]), po(2h)) — d(py(z1), po(22))

<24 m)e+ Y de(wy, 7)) + de(z], 2))
i=1,2

<(A4me+ Y drlw, ),
i=1,2
where we used the Busemann—Feller Lemma for the first inequality (see the proof of
[BBI22, Lemma 10.2.7]), the fact that dsc(x], z5) = L(7v) < L(vL) + L(yas) for the
third inequality, the fact that v, and g5 are geodesics, and that Diam(9B) = e
for the fourth inequality, and the fact that p, is 1-Lipschitz for the fifth inequality.
Moreover, note that dg(x;,«}) = dg(z}, B) (i € {1,2}). In addition, writing
x, = t;+wv; for some t; € L and v; € B (i € {1,2}), it is clear that {¢t;,+ B} N B # &.
Therefore, dg(z}, B) < Diam(B) = 2¢. Hence, we also have shown that:

Va,y € 0B, dop(2,y) — do(f(x), f(y)) < (8 +m)e (4.11)
Thanks to (4.10) and (4.11]), we can conclude that Dis(f) < (8 + 7)e. O

We now introduce a way to compare doubles of plane convex regions.

Lemma 4.4.5 (2 to 2). Let K, K’ € X*® such that dim(K) = dim(K’) = 2,
and assume that there exists ¢ € (0,1) such that (1 —e)K C K' C (1 + ¢)K
and (1 —e)K' ¢ K C (1+¢)K'. We denote f: DK — DK’ the map defined
by f(zi) = [(1 — €)z]' (for 2 € K and i € {1,2}) and f(z) = pSu (x) (for
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x € 0K). We define g: DK’ — DK similarly by exchanging the roles of K
and K’. Then, (f,g) is a GH v-approximation between DK and DK’ where
v = 4(Diam(K) 4 Diam(K’))e. Moreover, if K, K’ € K, then (f,g,id) is an
equivariant GH v-approximation between (DK, {£1}) and (DK, {£1}).

Proof. First, assume that z,y € int(K), and observe that:

Ao (f(2%), f(4*)) — do(2®, y%)| = edg(,y).

Then, assume that y € 0K, and observe that p$. (y) = Ay for some A > 0.
However, (1 — €)y € K’; hence, A > (1 — ¢). Then, note that (1 + €)™ 'p§x(y) € K.
In particular, we have qx((1 + €)™ 'p§x (y)) < 1 (where qx is the Minkowski
gauge associated to K). However, since y € 0K, then qx(y) = 1. Hence, using
(L + ) 'ph(y) = (1+€) A (y) = (14+€) 'A< 1, we have A < 1+e€ In

particular, we have |1 — A| < e. Therefore, given x € int(K) we have:

Aok (f(2?), f(y)) — dor(2®,y)| = |de((1 =€)z, phr (y)) — di(z, y)|
< dp((1 =€)z, z) + du(ry, y)
< |1 = Ally| + ¢ Diam(K)
< 2¢ Diam(K).

Proceeding the same way, we also have |dpg (f(z'), f(y))—dpx (2, y)| < 2¢ Diam(K).
Finally, given z,y € int(K), there exists z € OK such that dpg (22 y') =
dg(z, 2) + dg(y, z). Hence, we have the following:

dore (f(2%), f(y")) < dow/(f(2?), f(2)) + dor/(f(2), f(y"))
< 4e Diam(K) + dg(z, 2) + de(z,y)
< 4e Diam(K) + dpg (22, y*).

Moreover, there exists 2’ € K’ such that dpg:(f(2?), f(y')) = dor/(f(2?),2') +
dpx:(2', f(y')). In addition, denoting 2" = p§(2'), we have 2’ = f(z"). Therefore,

we obtain the following:

dor (f(2%), f(y")) = dore(f(2®), F(2")) + dowr (f(2"), f(y"))
> dpg (22, 2") + dpg (2", y") — 4e Diam(K)
> dpg (22, y") — 4e Diam(K).
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Hence, we have shown that Dis(f) < 4e Diam(K). We show the same way that
Dis(g) < 4 Diam(K")e.
Now, observe that given z € K and i € {1, 2}, we have:

d(z',go f(z") < (1 — (1 —¢€)?)|z| < 2Diam(K)e.

The same holds, replacing f by ¢ and exchanging the roles of K and K’. Hence,
(f,9) is a GH v-approximation between DK and DK’.
Finally, f and g are equivariant whenever K, K’ € 5(233. O

The following result shows how to compare the double of a plane convex region

with its projection on a line.

Lemma 4.4.6 (2 to 1). Let K € X*® such that dim(K) = 2, let v € Span(K)\{0},
and let L := p,(K). Let us denote f: DK — L the map defined by f(z') =
po(z) (for z € K and i € {1,2}). Then, we have Dis(f) < 4¢, where € =

sup,e g {dg (2, po(2))}-
Proof. Note first that if z,y € K, and if i € {1,2}, then:
|de(f(2"), f(y) = dox (2", y")] = |de(po(2), po(y)) — du(z, )|

< dg(z,p.(z)) + de(y, pu(v))
< 2e.

Now, assume that z,y € K and let z € 0K such that dpx(2?,y') = dg(z, 2) +
dg(y, z). Note that:

< dg(z,2) +dg(z,y) = dox (2%, y").

Then, let 8 € Span(K) such that {v, 3} is an orthonormal basis of Span(K). Let
s € [—¢, €] be chosen such that 2" :== (p,(x) + p,(y))/2 + s8 € OK. Note that we

have the following:

di(z, 2") < dp(z, po(7)) + du (2", po(2) + dr(po(@), Po(2))
<2+ dE(pv(x)vpv<Z/))a
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and, proceeding the same way, we have dg(y, 2’) < 2¢ + dg(p,(Z'), pu(y)). Hence,

we have the following:

d@K('r27y1) < dE(x7 Z/) + dE(y7 Z/)
< de + dp(po(x), po(2)) + de(po(27), po(y))
S 4e + dE(pv(x>7pv(y)) = 4e + dL(f(x2)7 f(yl))a

where we used the fact that p,(2") € [p,(x), py(y)]. Therefore, we can conclude that
Dis(f) < 4e. O

This next lemma is trivial but will be needed for completeness.

Lemma 4.4.7 (1 to 1). Let L, L' € X*® such that dim(L) = dim(L’) = 1, and
assume that there exists € € (0,1) such that (1 —¢)L C L' C (1 + €)L and
(1—e)L/ € L C (1+¢)L'. We denote f: L — L’ the map defined by f(z) = (1—¢)z.
We define g: L' — L similarly by exchanging the roles of L and L’. Then, (f,g) is
a GH v-approximation between L and L', where v := 2(Diam(L) + Diam(L’))e.

The following result treats the case where convex compacta collapse to a point.

Lemma 4.4.8 (Collapsing case). If D € X* then Diam(®s2(D)) < 7 Diam(D)
(see Notation 4.4.9)).

Proof. First of all, note that the result is trivial if dim(D) € {0,1}. Then, if
dim(D) = 2, it is clear from the definition of the double of a metric space that
Diam(DD) < 2Diam(D). Finally, if dim(D) = 3, then we have Diam(0D) <
7 Diam(D) (see the proof of [BBI22, Lemma 10.2.7]). O

Given a sequence D,, — D, in X* with dim(D,,) =2 (for n € NU {o0}), there
is not necessarily any €, — 0 such that (1 —¢€,)Do C D, C (1 4 €,)Ds. Indeed,
this would hold only if we had D, C Span(D,) when n is large enough. The

following lemma is going to help us fix this issue.

Lemma 4.4.9. Assume that D, — D, in X* satisfy dim(Dy) < dim(D,,) (for
every n € N). Then, there exists ¢, — idgs in O3(R) such that ¢ (Span(Dy,)) C
Span(D,,). In addition, if (D,,a,) = (Deo, o) in £ (see Notation [£.4.10), we
can also ask {¢,} to satisfy ¢, (a,) = .
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Proof. First of all, we assume that 1 < k = dim(D,), the case k = 0 being trivial.
Then let {w;}?_; be an oriented orthonormal basis of R? such that Span(D.,) =
Span({w;}¥_,). Let r > 0 such that B,(0) N Span(D,,) C Ds (such an r > 0
always exists since the Steiner point of D, is at the origin and belongs to the
relative interior of D). Then, for every n € N and ¢ € NN [1, k], there exists
u' € D, such that dg(u?,rw;) < €, = dES(Dn, Do) — 0. We can then apply the
Gram-Schmidt orthonormalization process to the family {u?}% | and get {vI'}f

such that Span({v?}¥_,) C Span(D,,) and, for i € NN [1, k], v — w;.
3

Let us construct {v!}r; such that {v"}? | is an orthonormal basis of R* and
for k < ¢ we have v}' = w;. If k = 3, we are done already. If £ = 2, we can define
vy = v Avy. Let us now assume that £ = 1. In that case, whenever n is large
enough, qu?: {v1}+ — {v7}+ is an isomorphism. We can then define u? := pi‘? (w;)
for i € {2,3}. Applying the Gram—Schmidt orthonormalization process to the
family {uf,u}} gives rise to a family {v}, v} satisfying the desired properties.

To conclude the first part of the proof, let ¢, € O3(R) such that ¢, (v") = w;
(1 € {1,2,3}), and observe that ¢, satisfies the desired properties by construction.

Now, let us assume that (D, a,) = (Ds,0o) in £ . It is readily checked,
proceeding case by case (and remembering that (D,,«,) € # implies either
a, € Span(D,,) or a,, L Span(D,,)), that we can construct {v/'} and {w;} so that
Qoo = w; for some i € {1,2,3}, and v} = «, for every n € N. This concludes the

proof. n

4.4.3.4 Moduli spaces of nonnegatively curved metrics

We have seen in Theorem that eurv>0(S?) is homeomorphic to K5 / O3(R).

We are now going to prove results in the same spirit for .#Zg,(S?) and Acurv>o(D).

Proposition 4.4.8. The map ¥gl: Koz / O3(R) — Moo -(S?) introduced in

curv>0

(4.7) is a homeomorphism.

Proof. We have already seen in Proposition that g3 is bijective; therefore,
we just need to prove that Wed and {¥gi} ! are continuous. However, observe that
convergence in the equivariant GH topology implies convergence in the GH topology.
Thus, thanks to Theorem [£.4.1] {Wgl}~" is continuous.

Let D, — Dy in Ky<s and let us prove that D (Pge(D,,), Pg2(Dog)) — 0 (see

Remark for the definition of D), which will imply Wg3’s continuity. Since the
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dimension of compact convex sets is lower semi-continuous with respect to the Haus-
dorff distance, we can assume that for every n € N, we have dim(Dy,) < dim(D,,)
(forgetting the first terms of the sequence if necessary). According to Lemma ,
there exists ¢, — idgs in O3(R) such that ¢, '(Span(Dy,)) C Span(D,,). Let us
introduce H, = ¢, (Span(Dw)), pn = pm, (see Notation [{.4.3), D!, == p,(D,),
and €, = sup,cp {de(z,p,(z))}. Observe that ¢, — 0. Indeed, given = € D,,, we
have dg(z,pn(2)) < de(®, Poo(2)) + de(Pn (), Poo()), Where poy = Pspan(p..). In
particular, we have dg(z,p,()) < |pn — Poo| Diam(D,,) + duy(D,, D). However,
since ¢, — idgs, it is readily checked that |p, — pso| — 0; hence, since {Diam(D,,)}
is bounded, we have €, — 0 (note that the proof also works if dim(Dy) = 1).

Now, let us prove that D(Pgs2(D),), Ps2(Do)) — 0. First of all, note that
Og2 (D)) is equivariantly isometric to ®g2(D)), where D! = ¢,(D.); therefore,
we only have to show D (Pg2 (D)), Pg2(Do)) — 0. Note that dg(D), D)) <
Diam(D,,)|¢, —id|, du(D,, D.) < €; hence, applying the triangle inequality, we
have dg(D!, Dw) < du(Dy, Do) + Diam(D,,)| ¢, — id| + €, — 0. Moreover, observe
that D! C Span(D,,) (due to the properties of ¢,,). Thus, there exists p,, — 0 such
that (1 — py) Do C D! C (1 + py) Do and (1 — p,) D! C Do C (1 + ) DY In
particular, applying Lemma or (depending on dim(D,,) being 2 or 3),
we obtain DY(Pg2 (D)), Ps2(Dy)) — 0.

Observe now that if dim(Dy,) = dim(D,,) then D,, = D! by assumption on ¢,.
We will therefore assume that dim(D!)) = dim(Dy) < dim(D,,) to avoid trivialities.
Thanks to Lemma [£.4.3] and using €, — 0, we obtain D*(®g2(D,,), Ps2(D},)) — 0.

We proved D(Ps2(D,,), Ps2(D))) — 0 and DY Pg2(D),), Ps2(Do)) — 0, which
implies D(Pg2(D,,), Ps2(Ds)) — 0 as a consequence of the modified triangle
inequality satisfied by D (see (2.))). O

Proposition 4.4.9. The map Vp: #s<3/ O3(R) = Aeurv>0(D) introduced in (4.7))

is a homeomorphism.

Proof. Let us recall that Wp is a 1-1 correspondence thanks to Proposition [£.4.7, We
will start by proving the continuity of . Let us assume that (D, @) — (Deo, Qo)
in . and let us prove that {®p(D,, a,,)} converges to ®Pp(Dy, ) in the GH
topology (note that this is stronger than proving Wp’s continuity since here we
do not ask dim(D,) € {2,3}). Without loss of generality, we will assume that
for every n € N, we have dim(Dy) < dim(D,,). Note that if dim(D,,) = 0, then
Lemma implies Diam(®p(D,,, o)) < Diam(Ps2(D,,)) < 7 Diam(D,,) — 0. In
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particular, ®p(D,,, o) = 0 = Pp(Deo, o). Now we assume that 1 < dim(Dy).
Let ¢, — id, pp = Poo, D), DI, and €, — 0 be defined exactly as in the proof of
Proposition [4.4.8] asking that ¢, (c,) = e (Which is possible due to Lemma [4.4.9).

We first prove that dgu(Pp (D), o), Po(Deos o)) — 0. Observe that &p (D!, o)
is isometric to ®p(D), ). Moreover, proceeding exactly as in the proof of
Proposition [4.4.8] we can show that there exists p,, — 0 such that (1 — p,) Do C
D" € (1 + pn)Do and (1 — p,)D) C Doy C (1 + p,) Do Let fr: @s2(D))) —
®g2(Doo) and g, Ps2(Doc) — Ps2(D!) be defined as in Lemma [1.4.2 [£.4.5] or
4.4.7] (depending on dim(Ds,) being 3, 2, or 1). Observe that in every case,
we have f,(Pp(D), o)) C Pp(Deoo, o) and gn(Pp(Deo, o)) C Pp( D), o ); in
particular, dgu(Pp(Deo, o)), Po(Dl, o)) < dau(Ps2(Dy ), Ps2 (DY) — 0 (using
the estimates of the lemmas mentioned before depending on the dimension of
dim(Dy))-

Now, let us prove that dgu(Pp(Dn, ), Po(D),, a,)) — 0. Observe that if
dim(D,,) = dim(D,,), then ¢,'(Span(Dy,)) C Span(D,) implies that D, = D.,.
Hence, we will assume that dim(Dy) = dim(D)) < dim(D,,) to avoid triviali-
ties. Let f,: ®s2(D,) — Ps2(D)) be defined as in Lemma (4.4.3] [4.4.4] or 4.4.6|
(depending on (dim(D,),dim(D«)) being equal to (3,2), (3,1), or (2,1)). It
is readily checked that in every case, we have f,(®Pp(D,,a,)) = Pp(D., an);

therefore, applying the previous lemmas’ estimates, and using ¢, —, we obtain
dan(Pp(Dy, o), Po(D), o)) — 0. This concludes the proof of Up’s continuity.

Now, we are going to prove that Wy is continuous. Let us assume that [D, d,,] —
D, do] wor.t. the GH topology on «Ayv>o(ID). According to Proposition [£.4.7] for
every n € NU {oo} there exists (D,, a,) € H#s<3 such that (D,d,) is isometric to
®(D,,, ). We need to show that [Dy,, ] = [Deo, o] in Ha<3/ O3(R). Note that,
since <3/ O3(R) is a metric space, it is sufficient to prove that every subsequence of
{[Dn, o]} admits a subsequence converging to [Ds, (too]. Reindexing the sequence
if necessary, let us just prove that {[D,,, @] }nen admits a subsequence converging
t0 [Doo, Qoo -

First of all, observe that since S? is compact, we can assume that «o,, — a € S?
(reindexing the sequence if necessary). Then, observe that if dim(D,,) = 3 then
Diam(D,) < Diam(0D,) < 2Diam(0D, N H} ) = 2Diam(D,d,). Moreover, if
dim(D,,) = 2, then:

e cither a,, L Span(D,,), which implies Diam(D,,) = Diam(D, d,),
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e ora, € Span(D,); in which case we have the following inequality Diam(D,,) <
Diam(DD,,) < 2Diam({DD,}/ ) = 2Diam(D,d,).

Since {Diam(D, d,,) }nen is bounded, we can conclude that there exists r € (0, c0)
such that, for every n € N, we have Diam(D,,) < r. Then, observe that, for every
n € N, we have 0 = s(D,,) € D,,. Hence {D,} is a sequence of convex compact
subsets of B,(0). Thanks to Blaschke Theorem (see [BBI22, Theorem 7.3.8]), we
can assume (passing to a subsequence if necessary) that D, — D w.r.t. d]ff’, where
D is a compact convex subset if B,(0). Note that since o, — «, it is readily
checked that D3 — D* (see Notation [1.4.12)). However, D3 = D,, — D; therefore
(D,a) € . To conclude, we just need to prove that there exists ¢ € O3(R) such
that ¢(D) = Do and ¢(a) = ae.

Thanks to the first part of the proof, (D,, a,) — (D, «) implies ®p(D,,, av,) —
O (D, o). However, Op(D,,, o) — Pp(Deoo, o) by assumption. Therefore, there
exists an isometry between ®p (D, o) and Pp(D, ). However, Op(Dy, o) i
homeomorphic to D; therefore, we necessarily have 2 < dim(D), i.e. (D,a) € Ha<s.
Thus, since Vp: Hocs/ O3(R) = Mewry>o(D) is a 1-1 correspondence, we have
[D, a] = [Deoo, o], which concludes the proof. O

4.4.3.5 Moduli spaces of RCD(0,2) structures

We finally show that the moduli spaces of RCD(0, 2) structures 9 2(S?), My o(RP?),
and Myo(D) are contractible.

Proposition 4.4.10. The moduli space Mg 5(S?) of RCD(0, 2) structures on S? is
homeomorphic to R x {K5 4/ O3(R)}. In particular, 9 ,(S?) is contractible.

Proof. Lemma and Theorem implie that 9 »(S?) is homeomorphic
to R x {X5.5/03(R)}. To conclude, we only need to show that X5.5/ O3(R) is
contractible. To do so, we define H: I x K53 — K53 by H(t,D) :=tB+ (1 —t)D
for every (t, D) € I x X5.3 (where + is the Minkowski sum and B is the unit ball in
R?). Observe that H is O3(R)-equivariant, satisfies (0, ) = idxs__, and H(1,") is
the constant function equal to B. Hence, we just need to show that H is continuous.
Let Dy, Dy € K5.3 and let t,s € I. Assume that y € B and z € Dy, and let
vy =ty+ (1—t)z € H(t,Dy) and x, :== sy + (1 — s)z € H(s, D;). Observe that
dg(ze, zs) = |t — s|dr(y, 2) < |t — s|(1 + Diam(D;)). Hence, we have the following:

d¥ (H(Dy,t), H(Dy,s)) < |t — s|(1 + Diam(D,)). (4.12)
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Then, observe that there exists 2/ € Dy such that dg(z,2’) < e (where € > 0 is
any positive number such that di (Dy, D) < €). Denoting o, = sy + (1 — s)2’ €
H(s, Dy), we have dg(zs,z)) = (1 — s)dg(z,2") < (1 — s)e. Therefore, we have
dﬂfis(H(Dl, s), H(D,,s)) < (1 — s)e, and, letting € go to d& (Dy, Ds), we obtain:

d¥ (H(s, Dy), H(s, D5)) < (1 — s)dE (Dy, D). (4.13)
Applying the triangle inequality to dﬁs, and using and we finally get:
d¥ (H(t, Dy), H(s, D)) < |t — s|(2+ Diam(D, ) + Diam (D)) 4 (1 — s) d& (D1, D).
In particular, H is continuous. [

Proposition 4.4.11. The moduli space M »(RP?) of RCD(0, 2) structures on RP?

is homeomorphic to R x {XKs<3 / O5(R)}; in particular, it is contractible.

Proof. First of all, note that thanks to Corollary the lift map p*: Mg o(RP?) —
MoH(S?) is a homeomorphism (where p: S* — S?/{£1} = RP? is the quotient map).
Moreover, applying Lemma [4.2.1] 9015%(S?) is homeomorphic to R X g0 (S?).

Thus, Proposition implies that .#Zse,~o(S?) is homeomorphic to Ko<y / O3(R).
Now, observe that the map H: I x K53 — K55 introduced in the proof of Propo-
sition [4.4.10| satisfies H(I x Ka<s) C Ka<s. Hence, Kocs / O3(R) is contractible,

and, a fortiori, Mo (RP?) is contractible. O

Proposition 4.4.12. The moduli space My 2(D) of RCD(0, 2) structures on D is
homeomorphic to R x (J#2<3/ O3(R)) (where ;<3 is introduced in Notation [4.4.10));

in particular, it is contractible.

Proof. Observe that, according to Lemma , Mo 2(D) is homeomorphic to
R X Menrv>0(D). Thus, thanks to Proposition , My 2(D) is homeomorphic to
R x <3/ O3(R). Now let us consider the map Hp: I X H<g — Ha<3 defined by
Hp(t,D,a) = (H(t,D),a), where H: I xX5.3 — K55 is introduced in the proof of
Proposition [£.4.10] Observe that Hp is continuous since H is continuous. Moreover,
note that Hp is equivariant w.r.t. the action of O3(R) on .#5<3. To conclude,
note that since O3(R) acts transitively on S?, we have [Hp(1,-)] = [B, (0,0,1)] €
Ha<3/ O3(R); hence <3/ O3(R) is contractible. O
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The purpose of this chapter is to investigate the properties of the moduli space
of RCD(—1, 2) structures on a connected closed orientable topological surface. This
case differs from Chapters [3|and [d] because we cannot rely on splitting maps. Instead,
we will use the Ricci flow on Alexandrov spaces, as introduced in , to establish
that the moduli space of RCD(—1,2) structures on a surface with negative Euler
characteristic is homotopy equivalent to the moduli space of hyperbolic metrics.

In Section [5.1], we provide a brief overview of Ricci flow and establish uniform
convergence estimates for sequences of normalized Ricci flows. In Section we
recall the definition of the Ricci flow on Alexandrov surfaces, as introduced in
[Ric12]. In particular, we demonstrate that the moduli space of Alexandrov metrics
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with curv > —1 retracts by deformation onto the moduli space of hyperbolic metrics
(in the case of negative Euler characteristic). Finally, in Section , we apply these
results to the moduli spaces of RCD(—1,2) structures.

5.1 Smooth Ricci flow

First of all, in Section [5.1.1} we introduce Hamilton’s Ricci flow, present some
compactness theorem, and introduce the normalized Ricci flow on surfaces. Then,
in Section [5.1.2] we introduce curvature potentials and some technical lemmas.
Finally, in Section [5.1.3] we obtain uniform convergence estimates for sequences

of normalized Ricci flows.

5.1.1 Basics of Ricci flow
5.1.1.1 Hamilton’s Ricci flow

The Ricci flow is a geometric evolution equation introduced by Richard Hamilton
in [Ham82] as a tool to study the geometry of 3-manifolds. In particular, it
played a crucial role in proving Poincaré’s conjecture. First of all, we introduce
the long-time existence theorem for the Ricci flow on a closed manifold (see

[Ham82, Theorem 14.1]).

Theorem 5.1.1 (Short-time existence). Let (X", go) be a closed Riemannian

manifold of dimension n > 2. The evolution equation:

{atgof) — —2Ric(g(1))

9(0) = go

Y

admits a unique solution {g(¢)}+cjo,r) on a maximal time interval [0,7), where
0 < T < oo. The maximal solution {g() }+cjo.r) is called the (mazimal) Ricci flow

starting from gq.

It is in general possible to compute the evolution equation of most of the
geometric quantities associated to a Ricci flow. The following result provides the

volume evolution equation (see |[Ham82, Section 3]).

Proposition 5.1.1 (Evolution of the volume). Let (X", gg) be a connected closed

orientable Riemannian manifold of dimension n > 2 and let {g(t)}¢cpo,r) be the
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maximal Ricci flow starting from gyo. The volume satisfies the following evolution

equation:
Oy vol(g(t)) = —/ scal(g(t)) dvolg) - (5.1)
X
In particular, if n = 2, then J;vol(g(t)) = —4mx(X) (applying Gauss—Bonnet
theorem).

5.1.1.2 Compactness results

In this section we fix —00o < a < 0 < b < oo and n > 2. First, we recall the notion
of Ricci flows” convergence in the Hamilton—Cheeger—Gromov sense introduced by

Hamilton in [Ham95| (stated in the more recent formalism of [Topl4]).

Definition 5.1.1. A sequence {(M, g;(t), pi) }iente(ap) Of pointed complete Ricci
flows converges to a pointed complete Ricci flow {(M™, g(), p) }re(ap) in the Hamilton—

Cheeger—Gromov sense if there exists:

(i) a sequence of compact sets €2; C M™ exhausting M™ such that, for all i € N,
p; € Hlt(Qz)7

(ii) a sequence of smooth maps ¢;: ; — M, diffeomorphic onto their images,
and with ¢;(p) = p;, such that ¢}g;(t) converges smoothly and locally to g(t)

on M™ x (a,b) as i — 0.

Remark 5.1.1. Using the notations of Definition [5.1.1] assume that M is compact.
Then, for i large enough, we have M = ;. In particular, Im(¢) is an open-closed

subset of M;; hence, ¢; is a diffeomorphism.

In [Ham95|, Hamilton proved a fundamental compactness theorem for sequences

of Ricci flows (we state it in the more recent formalism of [Topl14]).

Theorem 5.1.2. Let {(M]", g;(t)) }ientcap) be a sequence of complete Ricci flows
such that:

sup {|Riem,(g;(t))|} < oo,
1€NtE(a,b),zeM;

and assume that there exists a sequence of points p; € M; such that:

inf{inj(g:(0), ps) } > 0.
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Then (passing to a subsequence if necessary), there exists a pointed complete Ricci
flow {(M7 g<t>7p)}t6(a,b) such that:

hm{(Minagi<t)7pi)}i€N,t€(a,b) - {(M7g(t)7p)}t€(a,b)7

1—+00
in the Hamilton—Cheeger—Gromov sense.

Uniform lower bounds on injectivity radii are important in order to apply
Hamilton’s compactness Theorem. Combining |[Pet06, Lemma 6.4.7] (proven by
Klingenberg) and [Che70, Theorem 2.1], we have the following estimate on the

injectivity radii of compact manifolds with two-sided sectional curvature bounds.

Theorem 5.1.3. Let us fixn > 2, K,V,D >0, and H < K. Then, there exists a
constant ¢, (H, K,V, D) > 0 such that, for every closed manifold (M™", g) satisfying:
H <sec(g) < K
V <vol(M" g) ,
Diam(M™, g) < D

we have inj(M™", g) > ¢,(H, K,V, D).

5.1.1.3 Normalized Ricci flow

In this section, we will be focusing on surfaces.

Notation 5.1.1. Given a connected closed orientable Riemannian surface (X, g),
we use the notations of [CKO04] and denote by K(g) = sec(g), R(g) = scal(g),
and r(g) = f, R(g)dvol, the Gauss, scalar, and average scalar curvature of g,
respectively. We have the following relations K(g) = R(g)/2, Ric(g) = K(g)g, and
r(g) = 4nx(X)/ vol,(X) (using Gauss-Bonnet theorem).

The normalized Ricci flow is a modification of the classical Ricci flow which was
introduced to avoid the collapse of the manifold and improve the behaviour of the
flow near singularities. The following result introduces the normalized Ricci flow on

surfaces and states its long-time existence (see [CKO04, Proposition 5.19]).

Proposition 5.1.2 (normalized Ricci flow on surfaces). Let (X, go) be a connected

closed orientable Riemannian surface. Then the evolution equation:

{&:g(t) = —(R(g(t)) —1(g0))g
SJ(O) = 9o

Y
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admits a unique solution {g(t)}:>o defined on Ry (where R and r are both

introduced in Notation |5.1.1)). We call {g(t) }+>0 the normalized Ricci flow starting

from go.

The normalized Ricci flow preserves the volume as stated by the following

result (see [Ham82, Section 3]).

Lemma 5.1.1. Let (X, go) be a connected closed orientable Riemannian surface
and denote by {g(t)}+>0 the normalized Ricci flow starting from go. Then we have

the following:

vol(g(t)) = vol(g(0)) and r(g(t)) =r(g0) = 4mx(X)/vol(go),
for all ¢ > 0.

One can easily transform a Ricci flow into a normalized Ricci flow (and vice

versa) by rescaling the flow and reparametrising the time (see [Ham82, Section 3]).

Lemma 5.1.2. Let (X, go) be a connected closed orientable surface and denote by

{9(t) }teo,r) the maximal Ricci flow starting from go. We define:

p(t) = Yl0) V‘ﬂ(g(’ / bs)ds, and §60) =v(e(®),  (5.2)

vol(g(t

for t € [0,7). Then ¢: [0,7) — [0,00) is an increasing diffeomorphism and

{G(7)}+>0 is the normalized Ricci flow starting from go.

Remark 5.1.2. Using the notations of Lemma and applying Lemma [5.1.1} we

easily compute:

1

if Y(X)=0
W and ¢t = 1 X( )
- 0

t
g {T(QO)l log(#(t)), otherwise

for all ¢ > 0. Moreover, we also have the following:

U(t) =

T oy
7(go)~H(1 — e "@0)t) - otherwise

for all 7 > 0.

Lemma and Remark give rise to the following explicit formula for

the maximal existence time of the Ricci flow on surfaces.
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Lemma 5.1.3. Let (X, gg) be a connected closed orientable surface and denote by

{9(t) }sco,r) the maximal Ricci flow starting from go. Then, we have the following:

T= {r<go>-1 = vol(go)/4mx(X), i x(X) > 0. (5.3)

00, otherwise

Proof. According to Lemma [5.1.2] we have T' = lim, ., (7). The result follows
from Remark 5.1.2] O

We state below the most fundamental result about the normalized Ricci flow

on surfaces (see Theorems 5.22, 5.28, and 5.77 in [CKO04]).

Theorem 5.1.4. Let (X, go) be a connected closed orientable surface and let
{(X, h(t)) }+>0 be a normalized Ricci flow. Then {h(t)}:>o converges smoothly to a

smooth constant curvature Riemannian metric h(oo).

We will see later that the Ricci flow on Alexandrov surfaces is well-defined
thanks to [Ric12]. In particular, Theorem is a first step towards proving that
the moduli space of Alexandrov metrics with curv > —1 on a surface X retracts
by deformation onto the moduli space of metrics with constant curvature on X
(when x(X) < 0). However, in order to prove such a result, we first have to obtain
uniform convergence estimates for sequences of normalized Ricci flows. Our goal

until the end of Section will be proving the following result.

Proposition 5.1.3. Let X be a connected closed orientable surface satisfying
x(X) < 0, let {hi}ienufeoy be a family of Riemannian metrics on X, and let
us denote by {h;(t)}ienufoo},i>0 the associated family of normalized Ricci flows.
If {h;}ien converges smoothly to hs, then, there exists a decreasing continuous

function C' € L'(Rxg) such that, for all i € NU {oo}, we have:
| Ri(t) — i < C(1),
where R;(t) = R(h;(t)) and r; = r(h;(0)) (see Notation [5.1.1).
The following Lemma motivates the proof of Proposition [5.1.3]

Lemma 5.1.4. Let X be a connected closed orientable surface, let C' € L'(Rx)

be a decreasing continuous function, and let {(X, h(t)) }+>0 be a normalized Ricci
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flow such that, for all t > 0, we have |R(t) — r| < C(t), where R(t) := R(h(t)) and
r:=r(h(0)) (see Notation [5.1.1)). Then, for every 0 < s <t < oo, we have:

dGH((X7 dh(s))7 (Xv dh(t))) < F(0> OO) Dlam(h(O))F(s, t)>

where F(s,t) = exp( [ C(r)d7)"/? and h(c0) = lim;_,o h(t) (whose existence is
granted by Theorem [5.1.4])).

Proof. First of all, for all t > 0 and X € X(X), we have the following:
|0k (log(he(X, X))| = [R(t) — r| < C(2).
In particular, for 0 < s <t < 0o, we have the inequality:
hi (X, X) o0
log | ———-% )| < dr.
()| < | e

Hence, using the notations of the lemma, we obtain the following:

F(s, ) digsy < digy < F(s,1) dpgs),s

for every 0 < s <t < oo, which implies |dy ) — dies)| < F(t,5) ds (using F(t,s) > 1).
However, observe that d, < F/(0,s) dy) < F/(0,00) Diam(h(0)), which concludes
the proof. O

5.1.2 Curvature potentials

The key towards proving Proposition is to use curvature potentials (as inspired
by the proof of [CK04, Theorems 5.22]). First, let us state the existence theorem
for the Poisson problem Af = ¢ (see [Aub98, Theorem 4.7]).

Theorem 5.1.5. Let (X", g) be a connected closed orientable Riemannian manifold
and let ¢ € €°(X) such that [, ¢dvol, = 0. Then, there exists f € €>°(X) (unique
up to the addition of a constant) such that A, f = ¢.

The following lemma states the continuity of the solution to the Poisson problem
with respect to the metric g and the function ¢. It is well-known in the community

but it seems difficult to find a proof in the literature. We prove the Lemma
in Appendix [A4]
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Lemma 5.1.5. Let X™ be a connected closed orientable manifold and let us fix
families of Riemannian metrics {h; }ienu{oo}, sSmooth functions {¢; }ienufoo}, and real
numbers {a; }ienugoo}. Assume that for every i € NU{oo}, we have [, ¢; dvol,, =0,

and let us denote by f; the unique solution to the Poisson problem:

Ay, fi = 0i
fX fz dVOlhi = Qa; .

If {h;}ien and {@; }ien converge smoothly respectively to ho, and ¢, and if a; — o,

then {f;}ien converges smoothly to f.

The next proposition is a slightly modified version of |[CK04, Lemma 5.12].
For completeness, we recall the proof of Chow and Knopf and explain why the

curvature potential is smooth in Appendix [A.4]

Proposition 5.1.4. Let X be a connected closed orientable surface and assume
that {h(t) }+>0 is a normalized Ricci flow on X. Then, there exists f € C®(X x Rx)

such that:
Ay f(t) = R(t) —r

8tf('a t) = Ah(t)f(?ﬂ + rf('?ﬂ )
fX f(, O) dVOlh(o) =0
where R(t) = R(h(t)) and r = r(h(0)) (see Notation [.1.1]). Such a function f is

called a curvature potential.

5.1.3 Uniform convergence estimates

Our goal in this section is to prove Proposition We restate the result below

for the reader’s convenience.

Proposition 5.1.5. Let X be a connected closed orientable surface such that
x(X) <0, let {h;}ienugoo} be a family of Riemannian metrics on X, and denote
by {hi(t)}ienufoo},t>0 the associated family of normalized Ricci flows. If {A;}ien
converges smoothly to h.,, then, there exists a decreasing continuous function
C € L' (Rsg) such that, for all i € NU {oc}, we have:

|Ri(t) —mi| <C(1),

where R;(t) = R(h;(t)) and r; = r(h;(0)) (see Notation [5.1.1).
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The following result implies Proposition [5.1.5 Its proof follows the lines [CK04,
Corollary 5.17] and utilises Lemma

Proposition 5.1.6. Let X be a connected closed orientable surface, let {h; }ienugoo}
be a family of Riemannian metrics on X, and denote by {h;(t)}ienufoo},e>0 the
associated family of normalized Ricci flows. If {h;}ien converges smoothly to o,
then, there exists C' > 0 such that, for all i € NU{oo} and ¢t € [0, 00), the following
holds:

|Ri(t) — r;] < Ce™, (5.4)

where R;(t) = R(h;(t)) and r; = r(h;(0)) (see Notation [p.1.1).

Proof. | Part I: Lower bound |

Let ®;(t) == R;(t) —r; (i € NU{oo} and ¢t > 0) and note that, thanks to [CK04,
Corollary 5.8], we have the following:

0, ®; = O, R;,
= A, Ri + Ri(R; — 15),
= Np, 1y @i + OF + 1P,
> Ay ®i + 1P

In particular, if we denote by ¢; the unique solution to the ODE 0,¢; = 1;0;
such that ¢;(0) = minx{®;(0)}, then ®;(¢) > s;(¢) for all £ > 0 (according to the
maximum principle [CK04, Theorem 4.4]). Therefore, for all ¢ > 0, we have the

following;:
D,(t) > m)}n{@i(())}e”t.
Ay (X 4y (X
However, observe that r; = Vol(’}‘lg(og) converges to T, = Wﬁi(&) and {R;(0)}ien

converges smoothly to R, (0), since {h;}ien converges smoothly to hs. Thus,
{minx{®;(0)} }ienufoc} converges to miny{P(0)}. In particular, there exists
C € R such that ®;(t) > Ce"i*, for all i € NU {oo} and t > 0.

‘Part II: Upper bound‘

For every i € N U {o0}, let fi(z,t) € C°(X x Rsg) be a curvature potential
associated to {(X, h;(t))}+>0 (as defined in Proposition [5.1.4)). Following [CK04],

we introduce the following quantity:

Hi(+,t) = Ri(t) — 7i + [V, fi( ) ho)
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where i € N{oo} and ¢ > 0. Observe that H; € C®(X x Rsg) as a result of
Proposition [5.1.4 Then, [CK04 Proposition 5.16] implies the following:

O H; = A,y Hi — 2|My[} ) + 7 Hi,
< Ay, H; +riH;,

where M; is the trace-free part of the Hessian of f;. In particular, as a result of the

maximum principle |[CK04, Theorem 4.4], we have the following;:
H;(t) < m)e(LX{HZ-(O)}e”t.

Now, note that H;(0) = R;(0) — r; + |V, 0) fi(+, 0)|n;0). However, f? = fi(-,0) is

the unique solution to the Poisson problem:

{Ahi(O)in = Ri<0) -7
fo fodvoly, =0

In addition, as observed in the first part of the proof, {h;};cn converges smoothly to
hoo and {R;(0) — r; }ieny converges smoothly to R (0) — 7. Therefore, as a conse-
quence of Lemmal[5.1.5] { f2};en converges smoothly to f2. Hence, {maxx{H;(0)}}ien
converges to maxx{H(0)}. In particular, there exists C' € R such that we have

the following:
Rl(t) —T; S Hl(t) é Clerit,

which concludes the proof. n

5.2 Ricci flow on Alexandrov spaces

This section focuses on Alexandrov surfaces. First, in Section [5.2.1] we introduce
moduli spaces of metrics with constant curvature. Then, in Section [5.2.2] we present
the Ricci flow on Alexandrov spaces, as introduced in [Ric12|. In particular, we show
that a sequence of Ricci flows on Alexandrov spaces whose initial conditions converge
in the Gromov-Hausdorff topology necessarily converges in the Hamilton—Cheeger—
Gromov sense. Finally, in Section [5.2.3] we show that the moduli space of constant
curvature metrics on a surface with negative Euler characteristic is a deformation

retract of the moduli space of Alexandrov metrics with curv > —1 on the surface.
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5.2.1 Moduli spaces of constant curvature metrics

In this section, we fix a connected closed orientable topological surface X. We will
introduce various moduli spaces of constant curvature metrics on X and show that

they coincide. First of all, we recall the definition of smooth structures.

Definition 5.2.1 ([Leel3| p.13]). A smooth structure on X is a maximal atlas A

of smooth charts on X.

Remark 5.2.1. As observed in |Leel3, p.40], a consequence of [Mun60| and [Moi77]
is that, given two smooth structures A; and A on X, there exists a diffeomorphism

between (X, A;) and (X, As).

Definition 5.2.2. Given K > —1, a metric d metrizing the topology of X has
constant curvature K if there exists a smooth structure A on X and a Riemannian

metric g on (X, A) such that K(g) = K and d = d,.

Remark 5.2.2. Assume that g; and go are Riemannian metrics on X with respect
to smooth structures A; and A,, respectively. Moreover, suppose that dg, = dg,.
Then, A; = Ay and g1 = go. Indeed, the identity is an isometry between (X, d,,)
and (X,dy,). Hence, the identity is a smooth diffeomorphism between (X, A;) and
(X, Ay) and id* g = g1. Therefore, A; = A and g; = go. As a consequence, the
smooth structure and Riemannian metric associated to a metric with constant

curvature are unique (see Definition [5.2.2)).

Notation 5.2.1 (Spaces of constant curvature metrics). Given K > —1, we denote
by Zxk(X) the set of metric spaces (X,d), where d metrizes the topology of X
and has constant curvature K. We define Zege(X) = Ug>_1 Zk (X) the space of

metrics with constant curvature on X.

Notation 5.2.2 (Moduli spaces of constant curvature metrics). We denote by
My (X) (resp. Mesio(X)) the quotient of Zk(X) (resp. Zeste(X)) by isometry
equivalence, equipped with the GH topology.

Remark 5.2.3. 1t is clear that, for all K > —1, we have the following inclusion:

%K (X> C %cste(X) C %curvzfl(X)a
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where Zeyry>—1(X) is defined in Definition 4.2.3| In particular, there exist natural
topological embeddings:

g My (X) = Mesie(X) and 12 Mese(X) = Menry>—1(X),

where Myrv>-1(X) is defined in Definition m Therefore, we will consider
My (X) and M s0(X) as subsets of A yry>—1(X).

The following easy lemma implies that .#(X) is homotopy equivalent to
Megio(X) for some K € {—1,0,1}.

Lemma 5.2.1. Let us defined K (X) := sign(x(X)) € {—1,0,1} (where sign(0) =0
by convention). Then .#x)(X) is a deformation retract of .Zse(X).

Proof. Assume that [X,d] € A x(X) and let A be a smooth structure on X and
g be a Riemannian metric on (X, A) such that d = d,. By definition, there exists
K > —1 such that K(g) = K. In particular, thanks to Gauss-Bonnet theorem, we
have K = 27x(X)/H?*(X,d), which implies that the case x(X) = 0 is trivial. Then,
if x(X) # 0, it is clear that the map H: Meso(X) X [0, 1] = Aeste(X) defined by:

_ 3 2mx(X) )1/2 ]
H(X,d], ) — [X, ((1 N servaren!) ¢ (5.5)
is a deformation retract of s (X) onto Ak (x)(X). O

Notation [5.2.2) seems to differ from the following more standard definition.

Definition 5.2.3. Let K > —1, let A be a smooth structure on X and denote by
X (X, A) the set of Riemannian metrics g which are smooth on (X, A) such that
K(g) = K. The moduli space M (X, A) is the quotient of Zx (X, A) by the action
of the diffeomorphism group of (X, A). We equip Zk (X, A) with the topology of
smooth convergence and .#x (X, A) with the quotient topology (referred to as the
smooth topology).

The moduli space .k (X, A) can also be endowed with the Gromov-Hausdorff
topology by setting dan([¢1], [¢2]) = den([X, d,, ], [X, dg,]). In particular, one may
wonder whether the Gromov—-Hausdorff topology coincides with the smooth topology

on Mk (X,A). The following result answer that question.

Proposition 5.2.1. The smooth topology coincides with the Gromov-Hausdorft
on Ak (X,A).
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Proof. Assume that dgu((X, ¢:), (X, o)) — 0, where, for all i € NU {oco}, we have
9i € Zr (X, A). In particular, there exists V' > 0 and D > 0 such that, for all i € N,

we have the following:

Moreover, V9% R(g;) = 0 for all ¢ € N. Therefore, thanks to [Fuk90, Proposition
5.10], there exists a sequence {¢;};en of diffecomorphisms of X such that {¢fg; }ien
converges smoothly to g... In particular, [X, g;] — [X, goo] in the smooth topology.
Therefore, the GH topology is stronger than the smooth topology on .# (X, A).
Conversely, the smooth topology is stronger than the GH topology on .# (X, A),
which concludes the proof. O]

The following lemma shows that .Zx (X, A) (introduced in Definition [5.2.3) and
M (X) (introduced in Notation [5.2.2)) are essentially the same.

Lemma 5.2.2. Let A be a smooth structure on X and let K > —1. Then .#x(X)
is isometric to .k (X, A) equipped with the Gromov—Hausdorff metric.

Proof. First of all, assume that (X,d) € Zx(X). In particular, following Remark
[b.2.2] there exists a unique smooth structure B on X and a unique smooth
Riemannian metric g on (X,B) such that d = d, and K(g) = K. According
to Remark [5.2.1] there exists a diffeomorphism ¢: (X, A) — (X, B). Therefore,
¢*g € Xk (X, A). In addition, if ¥: (X, A) — (X, B) is another diffeomorphism,
then ¢*g = (¢~ o1h)*¢*g. In particular, [¢p*g] = [¢*g] € M (X, A). Thus, we have
a well-defined map ¢: Zx(X) — M (X, A).

Assume that [X,d;] = [X,ds] € #k(X). Then, by definition, there exists an
isometry ¢: (X,d;) — (X, dy). Moreover, by definition and using the discussion
above, given i € {1,2}, there exists a smooth structure A; on X and a smooth
Riemannian metric g; on (X,A;) such that d; = d,,. Now, since ¢ is an isom-
etry between (X,d,, ) and (X,d,,), it is necessarily a Riemannian isometry, i.e.
o: (X, A1) = (X, As) is a diffeomorphism and ¢g; = ¢*gs. Hence, if we fix a
diffeomorphism 1 : (X, A) — (X, Aq), then 1y == pohy: (X, A) = (X, Az) is a
diffeomorphism. In particular, by definition of ®, we have ®(X,dy) = [¢5g0] =
[WWid*ga] = [Vig1] = ®(X,d1). Therefore, ® gives rise to a well-defined map
O Mp(X) — Mi(X,A).
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Then, the map ¥: [g] € #k(X, A) = [X,d,] € Ak (X) is clearly well-defined
and it is readily checked that ¥ and & are respectively inverse to each other.
Moreover, it is also clear from their definitions that both ® and ¥ conserve Gromov—

Hausdorff distances. O]

5.2.2 Convergence of the flows

In his PhD thesis, Thomas Richard proved that one can start a Ricci flow from an
Alexandrov surface. The following formulation of his main result will be best suited

for our goals (see |[Ric12, Proposition 3.1.4] and |Ricl8, Proposition 0.6]).

Proposition 5.2.2. Let X be a connected closed orientable topological surface.
Assume that d is an Alexandrov metric on X with curv > —1. Then, there exists a
smooth structure on X and a Ricci flow {(X, g(t))}ico,r) that is smooth for that

structure such that:
(i) dg@) converges uniformly to d when ¢ goes to 0,
(i) K(g(t)) > —1, forall t € (0,7).

Moreover, assume that {(X, g;(t)) hieory) (¢ € {1,2}) are two smooth Ricci flows
(for a priori different smooth structures on X) satisfying (i) and (ii). Then, the

smooth structures agree and ¢;(t) = go(t) for all ¢ € (0, min(77,73)).

Thanks to Proposition [5.2.2] we can now introduce the following notation

without any confusion.

Notation 5.2.3. Given (X,d) € Zewv>-1(X), we denote by Tiax(X,d) the
existence time of the maximal Ricci flow starting from (X,d) and we define
r(X,d) = 4ry(X)/H*(X,d).

We can generalise Lemma to Alexandrov spaces.

Lemma 5.2.3. Let X be a connected closed orientable topological surface and
assume that (X, d) € Zeurv>—1(X). Then Thax (X, d) satisfies the following:

00, if x(X) <0
r(X,d)™!, otherwise

9

Thax (X, d) = {

where 7(X,d) = 4my(X)/H?(X,d) is introduced in Notation [5.2.3]
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Proof. Observe that T := T (X,d) > 0 due to Proposition |5.2.2l In particular,
fixing any 0 < to < T, {(X, g(t + to)) }tcpp,r—t,) is the maximal smooth Ricci flow
starting from (X, g(to)). In particular, Lemma implies the following:

T {Vol(g(to)>/4ﬂx(X), if x(X) >0 | 56)

00, otherwise

Observe that limy, ,ovol(g(tg)) = H?*(X,d); therefore, passing to the limit as t,
goes to 0 in (5.6 concludes the proof. O

The following result provides uniform short-time estimates of the geometric
quantities associated to a Ricci flow starting from an Alexandrov surface. It is a
slight generalisation of Theorem 1.1 of [Ric1§|, which is itself a slight modification
of Theorem 7.1 of [Sim12|. For the sake of completeness, we provide an extended

proof, regrouping the arguments of [Ric12] and |Ricl8].

Proposition 5.2.3 (Uniform short-time estimates). For every V' > 0 and D > 0,
there exists T' > 0 and s > 0 such that, if d is an Alexandrov metric on a compact

topological surface X without boundary satisfying:
curv(X,d) > —1
Diam(X,d) < D : (5.7)
V/2<H(X,d) <V

then, the maximal Ricci flow {(X, g(%)) }rc(0,7max(x,a)) Starting from (X, d) satisfies
T < Thax(X,d) and the following properties:

—1 < K(g(t) </t

Diam(X, g(t)) < 4D

V/8 < vol(X,g(t)) <4V

dg(e) = K(VE = V/5) < dyry < " dy,)

for all 0 < s <t < T (where, by abuse of notation, we define dy(y == d).

Proof. Let (X,d) be a compact Alexandrov surface without boundary satisfying
(5.7). Thanks to Lemma 2.4 of [IRV15], there exists a sequence of closed Riemannian
surfaces {(M;, g;) }ien converging to (X,d) in the GH topology such that, for all
i € N, —1 < K(g;). In particular, since vol(M;, g;) — H?*(X, d) and Diam(M;, g;) —
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Diam(X,d), we can assume without loss of generality that, for all i € N, we have

the following:

V/4 < vol(M;,g;) <2V
Using the notations of Theorem 1.1 of [Ricl8], we define:

T = min(T(V/2,2D), T(V,2D),T(2V, 2D)),
k= k(V/2,2D) + k(V,2D) + K(2V, 2D)),

and {(M;, gi(t)) }rep,riy the maximal Ricci flow starting from (M;, g;). For all i € N,
{(M;, gi(t)) }repo,r+) satisfies T < T1,. and the following properties:

—1 < K(gi(t)) </t

Diam(M;, g;(t)) < 4D

V/8 < vol(M;, g;(t)) < 4V

dgy(s) = 6(VE = V/5) < dyy) < €y,

forall 0 < s <t <T. Now, Theorem [5.1.3| implies the following:

inj(M;, 9;(T/2)) > co(—1,25/T,V/8,4D) > 0.

Moreover, there is a non-increasing continuous function C(t) = max{1, k/t} such
that, for all ¢ € (0,7"), we have the following:

sup  {[ Ky, ()]} < C(1).

ieN,xeM;

Hence, using Theorem and a diagonal argument and passing to a subsequence
if necessary, we can assume that {(M;, gi(t)) }iente(o,r) converges to a closed Ricci
flow {(M,§(t))}ieo.r) satisfying (M is closed thanks to Remark and
because {Diam(g;(t))}ien teo,r) is uniformly bounded by 4D). As a consequence of
Proposition , we just need to show that (M, d;) converges uniformly to a
metric space (M, d) isometric to (X, d) as t goes to 0.

First, observe that implies the following:

sty = ol < max {n(v/F = V/5), 4D~ = 1),

forall 0 < s <t < T. In particular, {djq)}ie(o,r) is Cauchy as ¢ goes to 0; therefore,
it converges to a pseudo-metric d on M. Moreover, observe that passing to the
limit as s goes to 0 in the last property of (5.8), we obtain d > e "dy), for all
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t € (0,7). In particular, (M, d) is a metric space. Now, let € > 0 and observe that
(5.8) implies the following;:

dan((V,Q), (17, §(e))) < max { /e, 4D(e" — 1)},

{
dan((Mi, 1), (M, 9:(0))) < max {nv/e, 4D (" = 1)}

Moreover, for ¢ large enough, we have:

den((M, g(e)), (M;, gi(€))) <€,

g
dGH((Mi7gi)7 (X’ d)) <e

In particular, fixing ¢ large enough, and applying the triangle inequality in the order
(X7 d) — (Mmgl) — (Mmgz(E)) — (M,g(G)) — (M7a)7 we have:

den((X, d), (M, d)) < 2 max {mﬁ, 4D (e — 1)} + 2.

Therefore, letting € go to 0, we obtain dgu((X,d), (M,d)) = 0, which concludes the
proof. ]

We conclude this section with the following convergence result, which will be cru-

cial to construct a homotopy between A yy>—1(X) and Aeste(X) (when x(X) < 0).

Proposition 5.2.4. Let X be a connected closed orientable topological surface,
let [X,d;] — [X,ds) in Auwrv>—1(X) and, for every i € N U {oo}, denote by
{(X, gi(t)) }te(o,r,) the maximal Ricci flow starting from (Xj;, d;). Then, the following
properties hold:

(ii) for every 0 < T < T, every subsequence of {(X,gi(t))}icor) admits
a subsequence converging to {(X, gsc(t)) }1eo,r) in the Hamilton-Cheeger—

Gromov sense,

(ii) for every t; — 0, {(Xi,9i(t;))}ien converges to (X,ds) in the Gromov—
Hausdorff topology.

Proof. | Part I: Proof of (i)

If x(X) <0, then we trivially have lim; .., T; = T\, = oo thanks to Lemma [5.2.3|
If x(X) > 0, then we have T; = H?*(X,d;)/4nx(X), for all i € NU {oo} (due
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to Lemma [5.2.3). However, H?*(X,d;) — H*(X,dw) since [X,d;] — [X,dy] in
Menrv>-1(X) (see [DG18, Theorem 1.2] for example); therefore, T; — Ti.

Part II: Proof of (ii)

Let 0 < T < T, and let us show that {(X,gi(t))}ic(o,r) admits a subsequence
converging to {(X, go(t)) }1c(0,7) in the Hamilton-Cheeger-Gromov sense (the proof
for a subsequence being the same).

First of all, observe that there exists V, D > 0 such that, for all i € NU {0},

we have the following:
curv(X,d;) > —1

Diam(X,d;) < D
V2 <H(X,d;) <V
Therefore, as a result of Theorem there exists Ty, k € R+ such that, for all
i € NU{oo}, we have Ty < T; and the following properties:
1< K(ait) < s/t
Diam(X, g;(t)) < 4D
V/8 < vol(X, gi(t)) < 4V
dg,(s) = K(VE = V/5) < dg) < € dg

for all 0 < s < t < Ty (where, by abuse of notation, we define dg, = d;).

: (5.9)

Proceeding as in the proof of Theorem [5.2.3|and passing to a subsequence if necessary,
we can assume that {(X, g;(t))}ienseom) is converging to {(X, goo(t)) }ico,m) in
the Hamilton-Cheeger-Gromov sense. Replacing (X, g;(t)) by (X, ¢fg;(t)) for
some diffeomorphism ¢; if necessary (see Definition , we can assume that
{9i(t) }iente(o,1y) converges smoothly to {gao(t) }ee(o,m) on compact subsets of X x
(0, To).

Now, given i € N U {oo}, let {(X,h;(t))}t>0 be the normalized Ricci flow
starting from (X, g;(7p/2)). Observe that {h;(0)};en converges smoothly to h.(0).
In particular, as a consequence of Proposition [5.1.6] there exists C' > 0 such that,
for all i € NU {oo} and ¢ € [0, 00), the following holds:

|R(hi(t)) — ri| < Ce'™, (5.10)

where r; = r(h;(0))) (using Notation [5.1.1]). However, Lemma and Remark
imply that, for all ¢ € [0, T; — Ty/2), we have the following:

hi(#i(t)) = i(t)gi(t + To/2), (5.11)
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where ;(t) = (1 — rit)™! and ¢;(t) = f(f Yi(t)dr. In particular, for all ¢ €
[0,T; — To/2), we have the following inequality:

|R(gi(t + To/2))| < ¢i(8)(Ce" %O + [ri]) = () (Cilt) + [ral), (5.12)

due to (5.10), (5.11)), and Remark|5.1.2| For all ¢ € [0,T — Ty /2] and ¢ large enough

so that T' < T; (say when i > ij), we have the following:
Gilt) = (1 =)™ < max {1, (1= (T = To/2))7' .

Since {r;};en converges, there exists C’ > 0 such that, for all ¢t € [0, T — T /2] and
i > ip, we have the following v;(t) < C". Therefore, ((5.12]) implies the following:

sup |R.(g:(t))] < C'(CC" + sup{|r;|}) < 0. (5.13)

i>ig,t€[To/2,T],x€X (240

Finally, using (5.13) and applying the strategy of the proof of Proposition [5.1.6]
{(X, 9i(t) iente(o,r) admits a subsequence converging to a {(X, goo(t) }ic(o,r) in the

Hamilton-Cheeger-Gromov sense.

Part III: Proof of (iii)

We are keeping the notations from the previous part. Proceeding as in the proof of

Proposition and using , we easily obtain:
den((X, i), (X, 6i(t)) < max{xv/#,4D(e — 1)},
for all t € (0,7p]. In particular, if ¢; — 0, then we have the following:
dau((X, gi(t:)), (X, dw)) < max{rv/t;,4D(e™ — 1)} + dau((X, ds), (X, ds)) — 0,

which concludes the proof. O]

5.2.3 Homotopy

In this section, we fix a connected closed orientable topological surface X.

Definition 5.2.4. Let d be an Alexandrov metric d with curv > —1 on X. Let
{(X,g(t))}+e(o,r) be the maximal Ricci flow starting from (X, d) and, for ¢ € [0,7),
define ¢ (t) = H*(X,d) vol(g(t))~" and ¢(t) = [ 1(r)d7. The normalized Ricci
flow starting from (X, d) is defined as {(X, §()) }sc(0,00), Where g(o(t)) == ¥(t)g(t)
for every ¢t € (0,7).
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Remark 5.2.4. The normalized Ricci flow satisfies the following equation for all

t>0:

0ig(t) = (7 — R(t)g(t),

where R(t) == R(j(t)) and 7 = (X, d) (see Notation [5.2.3).
Proposition 5.2.5. There is a well-defined map:
H: %curVZ—l(X) X [0, OO] — %CUI‘VZ—I(X) (514)

satisfying H([X,d],t) = [X, §(t)] € Mewv>-1(X) for every [X,d] € Murv>—1(X)
and t € [0, 00] (where {(X, §(t))}ic0,00) is the normalized Ricci flow starting from
(X,d) introduced in Definition G(00) = limy_, g(t) is well-defined thanks to
Theorem [5.1.4 and by abuse of notations, we denote [X, §(0)] = [X,d]).

Proof. |Part I. K(g(t)) > —1
Assume that (X, d) € Zeurv>—1(X) and let {(X, g(t)) be(0,ma) and {(X, §(t) Fre (0,00
be the maximal Ricci flow and normalized Ricci flow starting from (X, d), respec-
tively. We need to show that K(g(t)) > —1 for all t € (0, 00).

First of all, let us recall that, according to Proposition [5.2.2] there exists
T € (0, Tiax) such that K(g(t)) > —1, for all t € (0,7"). In particular, using the

notations of Definition [5.2.4] we have the following:

R(6(t)) = ()" R(t) > —29(t) " (5.15)

for every t € (0,T), where R(t) := R(g(t)) and R(t) := R(§(t)). In particular, for

every t € (0,7, we also have the following:

[ R(6(1)) dvolyoey
vol(g(e(®))

Then, Remark and [CKO04, Corollary 5.8] imply that the scalar curvature

satisfies the following:

T =

—2(t) 7. (5.16)

for all t € (0,00). In particular, for every to € (0,7") and t > ¢(to), the following
three cases hold (due to the maximum principle [CK04, Lemma 5.9] and (5.15))):

o if 7 < 0, then R(t) > 7 + (=2¢(to) ™" — 7)™ > 7 + (=2u(ty) ™" — 7)e™(t)
(using ((5.16]) for the second inequality),
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e . ~9(tg) ! 2y(t0)~
o if 7 =0, then R(t) > 1555671 2 Traatt)-To0@m)

o if 7 >0, then R(t) > —2u(ty) e ™ > —2¢(ty) le T,

In particular, denoting:

P4 (=20(tg) ™t — 7)e™t) | if 7 < 0

— —29(to) ! e
Cf(to) — WM, lf r = O
—21(tg) teTOM0) if 7 >0

we have the following:
Vt € (0,00), R(t) > liminf Cx(ty) = —2,
to—0

using limy, 0 ¢(to) = 0 and limy,_,o¢(tg) = 1. Therefore, for all t € (0,00),
K(§(t)) = R/2 > —1, which concludes the first part of the proof.

‘Part II: Passing to the quotient‘
Assume that [X,d;] = [X,d2] € Aeurv>-1(X) and let ¢: (X,dy) — (X, d2) be an
isometry. Given ¢ € {1,2}, let us denote by {(X, ¢;(t))}tc(o,r;) the maximal Ricci

flow starting from (X,d;), which is smooth with respect to a smooth structure
A; on X. Note that ¢* A, is a smooth structure on X and {(X, #*g2(t)) }re(0,m)
is a Ricci flow starting from (X, d;), which is smooth with respect to ¢*As. In
particular, as a result of Proposition [5.2.2] ¢*Ay = Ay, Ty < T, and for every
t € (0,Ty), we have g(t) = ¢*g2(t). Proceeding in the same way with ¢~ we
conclude that Ty = Ty, = T, that ¢: (X, A;) — (X, Az) is a diffeomorphism, and
that for all ¢ € (0,7), ¢*ga(t) = ¢1(t). In particular, denoting {(X, §:(t)) }te(0,00)
the normalized Ricci flow starting from (X, d;) (¢ € {1,2}), we have ¢*ga(t) = G1(t)
for all ¢ € (0,00). Therefore, for all t € [0, 00], we have H([X,d4],t) = H[X,ds], t),
which concludes the proof. O]

The following Theorem is the key to studying the homotopy type of moduli
spaces of RCD(—1,2) structures.

Theorem 5.2.1. If x(X) < 0, then the map H: Meyry>—1(X) %[0, 0] = Meurv>—1(X)

introduced in Proposition [5.2.5]is continuous and satisfies the following properties:

(l) H(7 0) = id-ﬂcurvzfl(x)7

(ii) H([X,d],00) € Mue(X) for all [X,d] € Mares_1(X),



158 5.2. Ricci flow on Alezandrov spaces

(111) H<7 t)‘<%cste(X) = id'ﬂcste(x)’

where [0, 0o] is the compactification of [0, 00). In particular, (X ) is a deforma-
tion retract of Z.uy>—1(X) (see Notation [5.2.2)).

Proof. ‘Part I: Introducing the notations‘

Let [X,d;] = [X,doo] in Ayry>—1(X) and, for every i € NU {oco}, we denote by
{(X,9i(t)) }+e0,13) the maximal Ricci flow starting from (X;,d;). Then, for every
i € NU {00}, we denote by {(X,gi(t)) }+c(0,00) the normalized Ricci flow starting
from (X, d;). By definition and thanks to Remark , for all ¢ € (0,T;), we have

Gi(0i(t)) = (1) gi(t), where:

t, if x(X)=0

! | (5.18)

wi(t) = and  ¢;(t) = {

1t it log(1;(t)), otherwise

and r; = 47y (X)/H?(X,d;) (= Tt if x(X) > 0). We also have:

(2

dg,(¢:(t)) = \/@T(t) dg, (1) (5.19)

for all ¢ € [0,7;) (where, by abuse of notation, we define dg, ) = dg,0) = d;). Finally,
let us define §;(00) = lim, .« §;(7), which is well-defined because of Theorem [5.1.4]

’Part IT: Goal of the proof‘

First of all, it is clear that H satisfies points (i), (ii), and (iii). Therefore, we only
need to show that H is continuous. Let 7; — 7o in [0, c0] and define ¢; :== ¢; ' (7;)
(1 € NU{oo}). From the expressions of ¢; and ¢; in (5.18)), it is clear that t; — .,
and that 1;(t;) = Yeo(teo) (if teo < Two). Our goal is to prove that:

dau(H([X,d], 1), H([X,ds], 7)) — 0. (5.20)

’Part IIT: The case 7o, = 0‘

If 7. = 0, then t; — ¢ }(0) = 0. We will assume 7; > 0 for all i € N
since we already know that dgu((X,d;), (X,dsx)) — 0. Now, thanks to Propo-
sition [5.2.4 we have deu((X,g:(t:)), (X,ds)) — 0. Moreover, implies
den((X, 3i(r), (X, gi(t:))) < |1 — \Jw(t;)| Diam(g;(t;)). However, Diam(g;(t:)) —
Diam(X,d) (due to Proposition and ¥;(t;) — ¥(0) = 1. Therefore,
den((X, gi(1:)), (X,ds)) — 0, i.e. holds in the case where 7, = 0.
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‘Part IV: The case 7o € R>0‘

If 7o € Ry, then t; — to € Ryy. Let us show that {(X, g;(7;)) }ien admits a
subsequence converging to (X, (7)) (the proof for a subsequence being the
same).

Forgetting the first terms of the sequence if necessary, there exists 0 < 7T' < Tl
such that, for all i € N U {oo}, we have 0 < t; < T. In particular, thanks
to Proposition [5.2.4) {(X,g;(t))}ienteo,r) admits a subsequence converging to
{(X, 90 (t)) }te(o,r) in the Hamilton-Cheeger-Gromov sense. In particular, we
have dan((X, ¢i(t:)), (X, goo(txo))) — 0. Furthermore, using (5.19) and applying
the triangle inequality in the order (X, g;(7;)) — (X, 9:(t;) — (X, goo(lx)) —
(X, Joo(To0)), we have the following:

dan((X, Gi(7)), (X, §oo(To0))) < dan((X, gi(1:)), (X, goo(teo)))
11— (o (to) | Diam(gc (t0)).
+ |1 = \/u,(t:)| Diam(X, gi(t,))
Therefore, dagu((X, g:(7:)), (X, §oo (7)) — 0, i.e. holds in the case where
Too € Ryp.

‘Part V: The case 7o, = oo‘

Let us show that {(X, §;(7;)) }ien admits a subsequence converging to (X, §oo(00))
(the proof for a subsequence being the same).

First of all, proceeding as in the previous case, we can fix 0 < T' < T,,, and assume
that {(X, ¢i(t)) }ieneo,r) admits a subsequence converging to {(X, goo(t)) }reo,m)
in the Hamilton—Cheeger—Gromov sense. Replacing (X, g;(t)) by (X, ¢7g;(t)) for
some diffeomorphism ¢; if necessary (see Definition , we can assume that
{9:(t) biente(o,r) converges smoothly to {goo(t) }c(o,r) on compact subsets of X x
(0, 7).

In particular, denoting 7 = ¢ (7/2), we have §;(7) = ;(é; (7)) gi(0; H(7)).
Moreover, ¢; (1) — ¢2}(7) = T/2; therefore, {§;(7))}ien converges smoothly
t0 §oo(7)). Now, applying Proposition and Lemma and reusing their

notations, we obtain:
den((X, g:(1)), (X, gi(s)) < F(0,00) Diam(g;(7))F(s — 7,t — 1)

for all 7 <'s <t < oo. In particular, denoting D = sup; ey o0 {Diam(gi(7)) } < oo
and G(s,t) = F(0,00)F(s — 7,t — 7)D, we have the following:

den((X, (1)), (X, 9:(s)) < G(s,1), (5.21)
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for all 7 < s <t < oo, where G(s,t) is independent of ¢ and satisfies G(s,t) <
G(s,00) and lim,_,o, G(s,00) = 0.

Now let € > 0 and let A > 0 large enough such that G(A,00) < e. Then,
proceeding as above, we can assume that {g;(A)};en converges smoothly to Goo(A).
Therefore, applying the triangle inequality on the order (X, g;(7;)) — (X, §:(A)) —
(X, Goo(A)) = (X, Goo(00)) and using (5.21]), we have the following;

dan((X, 6i(7:)) (X, §oo(20))) < 2G(A, 00) + dan((X, §i(A)), (X, §oo(A))).  (5.22)

Therefore, lim sup,cy dau((X, §i(7:))(X, §oo(00))) < 2¢; hence, letting € go to 0
implies deu((X, §:(7:)) (X, §oo(00))) — 0, which concludes the proof. O

5.3 RCD(-1,2) spaces

In this section, we apply the results of Section to investigate the case of
RCD(—1,2) spaces. The result we present provides a homotopy between moduli

spaces of RCD(—1, 2) structures and smooth moduli spaces of hyperbolic metrics.

Theorem 5.3.1. Let X be a connected closed orientable topological surface with
X(X) < 0 and let A be a smooth structure on X. Then, the moduli space M _; »(X)
of RCD(—1,2) structures on X retracts by deformation onto .#Z_; (X, A) (endowed
with the smooth topology).

Proof. First of all, Lemma implies that 9M_; 2(X) is homeomorphic to R x
M enry>—1(X); in particular, it retracts by deformation on to A uv>—1(X). However,
as stated by Theorem Menry>—1(X) retracts by deformation onto Aste(X).
Furthermore, thanks to Lemma , Mesio(X) retracts by deformation onto
Mcign(x(x))(X) (endowed with the GH topology). Finally, Proposition and
Lemma imply that ggn(y(x))(X) is homeomorphic to g (x)) (X, A)
(equipped with the smooth topology), which concludes the proof. O



Appendices

161






Technical proots

Contents
[A.1 Convergence in the mGH topology|. . . ... ... ... 163
[A.2 Alexandrovspaces| . ... ... . ..., 168
[A.3 Equivariant mGH topology is metrizable] . . . . . . .. 170
[A.4 Curvature potentials: technical proofs|. . . . . ... .. 174

A.1 Convergence in the mGH topology

Our goal in this section is to prove Theorem [2.1.3] First of all, observe that the
Prokhorov distance dp metrizes weak-* convergence of measures. Therefore, points
(ii) and (iii) of Theorem are equivalent thanks to the following lemma (which

I have not been able to find in the literature).

Lemma A.1.1 (Approximate inverse). Let (X, dy, mx) and (Y, dy, my) be compact
metric measure spaces and let ¢ > 0. Assume that f is an e-isometry from (X, dy) to
(Y,dy) such that dp(f. mx, my) < e. Then, setting € := 10¢, there is an é-isometry
g from (Y,dy) to (X,dx) such that dp(mx,g.my) < € and go f (resp. fog) is
é-close to idx (resp. to idy). Such a map g will be called an approximate inverse

associated to f with parameter e.

Proof. Let us first construct the map g. Since (Y, dy) is compact, there exists a

partition of Y into finitely many Borel subsets { B;}1<;<, with diameter less that e.

163
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Then, for every 1 <4 < n, pick a reference point %; € B; and let x; € X such that
dy (*;, f(x;)) < €. Now, given y € Y, there is a unique 1 < i < n such that y € B; ;
we define g(y) = z;.

The map g is Borel measurable because for any Borel subset B of X, g7!(B) =
U;esB; is a finite union of Borel subset of Y, where J is the set of indexes 1 <7 <n
such that x; € B.

Now, let us show that X = {g(Y)}*. Given x € X, there is 1 < i < n such
that f(z) € B;. However, B; having diameter less than €, we have dy (x;, f(z)) <e.
Moreover, f being an e-isometry, we have dy(x,x;) < e+ dy(f(z;), f(z)). Hence,
using the triangle inequality we obtain dx(z,z;) < 3¢, where x; = g(*;). In
conclusion, we have shown that X = {g(Y")}?.

Let us show that Dis(g) < 5e. It is enough to prove that, for every y; € B; and
y; € B; (where 1 <i,j < n), we have |dx(x;, ;) — dy(vi,y;)| < 5e. Indeed, we

have:

|dx (w3, 25) — dy (yi, y5)| < |dx (i, 25) — dy (f (@), f(25))]
+ |dy (f (i), f(25)) — dy (yi, y5)]

< e+ dy (f(@i),yi) +dy (f(z5), y5)
<e+dy(f(x:), %) + dY(f(xj)u *j) + dy (%4, ¥i) + dY(*jv yj)
S 567

using the fact that f is an e-isometry for the second inequality and the fact that B;
and B; have diameter less than € for the last inequality.

Now we show that g o f is 3e-close to idx. Let x € X and let 1 <14 < n such
that f(z) € B;, so that go f(x) = ;. We have:

dx(z, g0 f(z)) < e+ dy(f(x), f(z:))
< e+ dy (f(2i), %) + dy (%, f(2))
< 3e.

Then, we show that f o g is 2e-close to idy. Let y € Y and let 1 <4 < n such that
y € By, so that fog(y) = f(z;). We have:

dX(y7 f © g(y)> < dY(y7 *l) + dy(*ia f(ml))
< 2e.
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Finally, we show that dp(g. my, my) < 10e. Let A be a closed subset of X and let
us first prove that myx(A) < 10e + g, my ({A}!%). Indeed, we have:

mx(A) < mx(f (g {AY) = fomx (g™ ({A}))
< fomx (g7 ({A}%))
<e+my ({g7{AP)}),

using the fact that g o f is 3e-close to idy in order to get A C f~1(g7 ({A}3))
at the first line and the fact that dp(f.myx,my) < € in order to get the last
inequality. Now, let us show that {W}E C g '({A}%). Given y €
{W}E, there is ¢/ € g~ '({A}*) such that dy(y,y’) < 2¢. Now, using
Dis(g) < 5¢, we have dx(g(y), g(v')) < Te, where g(y') € {A}*. Hence, there is
x € A such that dx(z,g(y’)) < 3¢, so that dx(g(y),z) < 10e. In conclusion, we
have {W}e C g ' ({A}%) ; thus:

my(4) <e+my (g7 ({A})) = e+ gomy ({A}™)
< 10€ 4 g, my ({A}109).

Now, we show that g, my(A4) < 10e + mx ({A}'%). Indeed, we have:

g my(A) < my (g77(A))
<ex fomy ({7 )
< 10€ 4+ myx ({A}09),

where we used the fact that f~! ({ g—l(A)}e) C {A}1% for the last inequality, which

concludes the proof. n

We can now prove the rest of Theorem [2.1.3] i.e. show that points (i) and (ii)
are equivalent. The proof relies on [Mie09, Proposition 7], which shows the result

in the case where all measures are probability measures.

Proof of Theorem [2.1.3. We will only prove the result in the case where all m.m.s. are
endowed with non-trivial measures, the other case being easier to prove.

Let us first assume that point (ii) of Theorem is satisfied and let us prove
(i), i.e. let us show that D ([X,,, dn, my], [Xeo, doo, Meo]) — 0. We start by proving
that:

D([ X, dn, My, [Xoo, doo, Moo]) — 0,
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where, for every n € NU {oc}, m,, := % is the normalization of m,,. By [Mie09,

Proposition 7], it is equivalent to show that there are €,-isometries f,, from (X,,,d,)
t0 (Xo0, doo) and g, from (Xo, do) to (X,,,d,,) such that €, — 0 and:

max{dp(fr, My, Meo), dp(gn, Moo, My) } — 0.

By assumption, there exists a sequence of €,-isometries f,: (X,,d,) = (X, ds)
such that ¢, — 0 and f,, m,, = m,. By Lemma [A.1.]] there are maps g, such that
for every n € N, g,, is an approximate inverse associated to f,, with parameter 9,,
where:

Op = max(€,, dp(fn, Mp, Ms)).

However, dp induces weak-* convergence of finite measures on (X, ds) ; in
particular ¢,, — 0. Moreover, dp(gn, Mso, M) < 106, and we get dp(gy, Moo, My,) —
0. Now, observe that {f,, m,},en converges to m,, in the weak-* topology. Hence,

we have lim,, o fr, My (Xoo) = Moo (Xoo) > 0. In particular:

m:= inf {m,(X,)}>0.

neNU{oco}

Then, for every n € N, we can show that:

9
dp(fo i, Brac) < dp( fo, M, Moy maX {1, m} 50 (A1)

5
dp (G Fitos; ) < dp (g, Moo, M) max {1, m} 0. (A.2)

Indeed, let us prove inequality Assume, dp(f,, m,, M) < €. Then, for every
closed subset A of X, we have, by definition of the Prokhorov distance:

. Mmoo ({A}€) + € B me ({A}9) Moo (Xoo) — my (X,) €
el ) S 0 )T T ) A R () T (X
< ﬁloo({A}e) 4 |mOO(XI:3(;(:;n(Xn)| i %
2e

where we used |mq(Xo) — m,(X,)| < € and m,(X,,) > m. Using exactly the
same technique, we also show that M. (A4) < f,,m,({A}9) + 2. Thus, we have
dp(frnaMp, My) < emax{l, %} Letting € go to dp(f,, My, My), we finally get
inequality [A.1] The same strategy gives inequality [A.2] Since we have inequalities
and [A.2] we can apply [Mie09, Proposition 7] and get:

D([Xn7dn7ﬁ1n]7 I:XOC)?dOO’tﬁoo:I) — 0
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Now, let us show that:
Q([Xm dnv mn]a [Xom dom moo]) — 0.

First, observe that ©([X,,, d,, M,], [Xoo, doo Mso]) — 0; hence, there exist isometric
embeddings ¢,,: (X,,d,) = (Z,,dz,) and j,: (Xeo,doo) < (Zn,dz,) such that:

o du(X,, X)) < ay,
® dp(’(ﬁ;,ﬁl:)o) S G,
o a, — 0,

where X! = 1,(X,,), X = jn(Xw), M, = 1My, and @M = j,, M. However, it is

possible to show that:
dp(m),m. ) < max{a,,a,M + 3, }, (A.3)

where M = sup,,enyfoo ima(Xn)} < 00, m), = 1, my,, and m, = j, M. Indeed,
for every dp(m,,m._ ) < ¢; and dp(f,, m,, M) < € and every closed subset A of

Z,, we have:

M (A) = Moo (Xoo )M (A) < Moo (Xoo) (Mn({A}?) + €1)
Moo (Xoo)
m, (X,)

< ({43 (14

< m, ({A}Y) + moo (Xoo)er

Moo (Xoo) — my, (X))
m,, (X,)

<m, ({A}) + w(—:g + Me;

<y, ({A}?) 4+ Mey + €,

)—l—MGl

where we used |mqo(Xoo) — m,(X,)| < €. Proceeding the same way, we show
m) (A) <ml ({A}")+ Mey + €. Hence, dp(m!,, m/) < max{e;, e+ Me; }. Letting
€1 go to a, and €z go to 0, we finally get [A.3] In particular, this implies that:

D([ X, dpy My, [Xoo, doo, Moo]) < vy + max{a,, o, M + 6, } — 0.

Hence, the first point of Theorem [2.1.3]is proven.
Now, let us assume point (i) of Theorem [2.1.3] and let us prove point (ii). Let
tn: (X, dn) = (Z,,dz,) and j,: (X, doo) <= (Zn,dz,) be isometric embeddings
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such that dg(X], X)) < a,, dp(m!,m/ ) < a,,, and «a,, = 0 (where X = ¢,(X,,),

X, =jn(Xw), M, = 1y, my,, and m_ = j,, my,). As before:

hence, m = inf,enufoo} {Mn(Xn)} > 0 and M = sup,,enyqooy Ma(Xy) < 00. Pro-
ceeding as for the proof of we have:

2
dp(m,, M) < ay, max{l, } — 0.
m

In particular, ®([X,, dn, M,], [Xoo, doo, Moo]) — 0. Thus, applying [Mie09, Proposi-
tion 7], there are €,-isometries f,,: (X,,d,) = (Xoo, dso) such that dp(My, fr,m,) <

€, and €, — 0. However, proceeding as for the proof of we have:
dp(Meo, fr, my) < max{e,, Me, + a,} — 0,

which concludes the proof. O

A.2 Alexandrov spaces
In this section, we briefly introduce compact Alexandrov spaces.

Notation A.2.1. Let Sec(K, N) be the set of isometry classes of compact Rieman-
nian manifolds with sectional curvature bounded below by K € R and dimension

bounded above by N € N.
Using [Pet06, Corollary 11.1.13], we have the following precompactness result.

Theorem A.2.1 (Gromov precompactness Theorem). Given K € R, D > 0 and
N € N, the set Sec(K, N) N {Diam < D} is precompact for the GH topology.

Following Theorem [A.2.] special attention has been given to limits of sequences
in Sec(K,N) N {Diam < D}, i.e., points of the boundary set dSec(K,N) C 2
(see Notation 2.1.1]). However, such limits are not necessarily smooth and it is in
general not possible to apply the tools of Riemannian geometry to study them.
Hence, Alexandrov introduced a new definition of sectional curvature lower bounds

at the level of geodesic spaces.
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Definition A.2.1 (Alexandrov spaces). Let (X, d) be a compact geodesic metric
space, let K € R, and let Mk be the simply connected Riemannian manifold of
constant sectional curvature K and dimension 2. A triangle Aabc in X is K-
admissible whenever there exists a comparison triangle in Mg uniquely defined up
to isometry. We say that (X, d) has curvature bounded below by K € R (also denote
curv > K) if, for every K-admissible triangle Aabc in X, we have the following
inequality:

vd € [a, d], bd| > |bd],

where Aabe is a comparison triangle, and d € [, ¢] is the unique point satisfying
lad| = |ad|. Compact geodesic metric spaces with curvature bounded below are

called Alexandrov spaces.

Notation A.2.1. Let Alex(K, N) be the set of isometry classes of compact Alexan-
drov spaces with curv > K € R, and Hausdorff dimension bounded above by N € N.

Let Riem be the set of isometry classes of compact Riemannian manifolds.
Alexandrov’s definition satisfies the following properties:
(a) it does not rely on any underlying smooth structure,

(b) it generalizes the classical definition of lower bounds for the sectional curva-
ture (see the Cartan—Alexandrov—Topogonov comparison Theorem |[BBI22,

Theorem 6.5.6]),

(c) it is stable under Gromov—Hausdorff limits (since, by Theorem 8.5 of [BGP92],
the set Alex(K, N) N {Diam < D} is compact w.r.t. the Gromov-Hausdorff
distance D for every D > 0).

A definition satisfying points (a), (b) and (c) is called synthetic. Such a definition
is particularly interesting in order to study the limits of sequences in Sec(K, N) C Z".
Indeed, if (X, dx) is the GH limit of a sequence { My, gi}ren in Sec(K, N), then
(X,dy) is a fortiori an Alexandrov space with curv > K. Therefore, any result
proven for Alexandrov spaces holds in particular for limits of sequences in Sec(K, N).

See [BBI22| for a comprehensive introduction to Alexandrov spaces.
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A.3 Equivariant mGH topology is metrizable

Before proving Proposition [2.4.2] let us point out the following technicality on
the Prokhorov distance (see Definition [2.1.21]).

Remark A.3.1. There are various notions of distances between restricted measures.
Indeed, given a pointed complete separable metric space (Y, d, *) endowed with two

boundedly finite measures m; and my, and R > 0, we can define:

d%(my, my) = inf {e > 0,VA C Bpg, A closed implies

or:

dp(m? mf) = inf {e > 0,VA C X, A closed implies

where mf* (resp. miY) is the restriction of m; (resp. my) to Br. Let us see how
these two notions differ.

First of all, we easily obtain:
A (my, my) < dp(mft mk). (A.4)
Then, if d5¥(m;, my) < ¢, we have:
dp(m{', m}) < €+ mi(Bric\Bgr) + ma(Brie\Br)- (A.5)

Therefore, both notions lead to the same convergence. Indeed, given a boundedly

finite measure my, and a sequence {m;} of boundedly finite measures, we have the

following equivalence thanks to inequalities (A.4) and (A.5)):

mp = my <= VYR > 0,dp(ml,m?) =0 < VR >0,df(mg, my) — 0.

In Definition , we are using di (m;, my) instead of dp(mP, m&) because the first
one is a non-decreasing function of R whereas the other one is a priori not. In
doing so, we are losing the triangle inequality. In fact, given three boundedly finite
measure m; (i € {1,2,3}) such that dff(m;, my) < ¢ and d&(my, ms) < 7, we only

have:
AdFO (my my) < 6+ 1. (A.6)

This will be sufficient to investigate the properties of D1
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Proof of Proposition[2.4.3. | Part I. Properties of D}

Observe that D is symmetric, nonnegative and invariant under equivariant
isomorphisms. However, D" does not satisfy the triangle inequality a priori.
Nevertheless, it will be sufficient for our purposes to show that D satisfies the

following modified triangle inequality:
@f)q(ﬁCl, X3) < 4(®§q(9~C1, Xy) + @gq(jC2, X)) (A.7)

where X; = (X, d;, i, %) is any pointed equivariant RCD*(K, N) structure on X
(i € {1,2,3}).

Observe that the inequality is trivially true whenever @f)q(ﬁCl, X5) or @gq(jC2, Xs)
is equal to 1/24.

Now, assume that for i € {1,2}, we have @;q(jCi, 5Ci+1) < €11, where €41 €
(0,1/24), and let (fiit1,ii+1,¢iir1) be an associated equivariant pointed €;;41-
isometry. We define f := fo3 0 fi2, g = ¢12 © o3, and ¢ := a3 0 P15. We want to
show that (f, g, ®) is an equivariant pointed 4(e1s + €23)-isometry between X; and
Xs.

First, point (i) and point (ii) of Definition are trivially satisfied.

Then, let 2,5 € X such that dy(z,y) < [4(e12 + €23)]7!. Notice that [4(e1s +
€23)] 7! < €15 Therefore do(fi2(2), f12(y)) < €12 + [4(€12 + €23)] 7! < €35 (Where we
used €41 < 1/24). Hence, we have |ds(f(z), f(y)) — da(fi2(z), fi2(y))] < €23 and
\ag(flg(:c),flg(y)) — al(x,y)\ < €19. Thus, we get:

[ds(f (), f(y) — di(z, y)| < €12+ €23
< 4(€e12 + €23).

Using the same argument for g, we can conclude that point (iii) of Definition m
is satisfied.
Now, let z € X and observe that 612(923f23f12(x), f12(7)) < €23 < €15 Hence,

we have:

al(gf(x)a x) < al(% glzflz(x)) + C~11(912923]33]812(90), 912f12($))
< €12 + €23 + €12

< 4(e12 + €23).

Arguing the same way for f o g, we can conclude that point (iv) of Definition [2.4.§]

is satisfied.
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Now, let us show that point (v) of Definition is also satisfied. First of all,
let us find an upper bound on dZ“2 )7 (£, fos @,). Let A be a closed subset

of B3([2(€12 + €23)] 7). We easily get that f53'(A) C Ba(eiy ), which implies:

femi(A) = fos, (fr2.11) (A) < ta((fo5' (A))92) + €na.

Then, note that we have (fy;'(A))92 C faoz' ((A)2F€3).  Therefore, we have
fimy(A) < foz, Mo(A92728) 4 ¢15. Doing the same in the opposite direction gives
us:

€ € -1 ~ ~
dg( 2hezs)] (famuy, foz,m2) < €12 + €23.

Finally, observe that [4(e1a 4 €23)] 7" < [2(€19 + €93)] 7! — (€12 + 2€93). Thus, applying

inequality (A.6) of Remark we have:

d[;(612+623)]_1 < d§(612+623)]_1*(612+2623)(

f*ﬁlla ﬁlS)
< AR (g g, ) + AR (g g, fuiy)

< €19 + 2693

(f*tﬁh 613)

< 4(€12 + €23).

€12+€23)] ™

Applying the same argument, we also get d[ﬁ( l(g*ﬁlg,ﬁ‘tl) < 4(e19 + €93).
Therefore, point (v) of Definition [2.4.8]is satisfied.

This concludes the proof of the modified triangle inequality (A.7]).

| Part IT: Hausdorff uniform structure |

Let B = {{Dy' < 27"},n € N} be a family of subsets of mt%e]%()?) X D)?%e]‘%,(f()
Thanks to the fact that D is well-defined on 9315’5%()2 ), symmetric, nonnega-
tive, and satisfies the modified triangle inequality , we can easily check the
axioms introduced p.141 of [BouOT7a]. Therefore, B is a fundamental system of
neighbourhoods of a uniform structure on M (X).

Let us now show that the uniform structure is Hausdorff. Let X; = (f( ,d;, ;)
be a pointed equivariant RCD*(K, N) structure on X (i € {1,2}). Let us assume
that ’D;q(jCl, 562) — 0. We need to prove that X; and X, are equivariantly isomorphic.

First, since Z‘Df)q(jCl, jCQ) = 0, there is a sequence of equivariant pointed ¢,-
isometries (f,, gn, ¢n) such that e, — 0. Let us fix a countable dense subset D,
in (X, 611) and observe that for every x € Dy, the sequence {f,(z)} is bounded.
Therefore, applying Cantor’s diagonal argument, we can assume that there is a map

f: Dy — (X,d,) such that, for every x € Dy, we have f,(z) — f(z). Then, observe
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that given z,y € Dy, and n large enough, we have |dy(f, (), fo(y)) — di(z,y)| <
€, — 0. Therefore, f is an isometric embedding; hence, it can be extended
uniquely into an isometric embedding f: (X,d;) — (X,dy). Then, it is not hard
to prove that, given any sequence {z,} in X converging to = € X , we have
fu(zn) = f(x). Now, we can apply the same procedure to the sequence {g,}, and
get an isometric embedding ¢: (X,dy) — (X,d;) such that, given any sequence
{z,} in X converging to z € X, we have g,(x,) — g(x). In particular, given z € X,
we have limy, oo dy (gn(fu()),2) = 0 = di(g(f(z)),z). Therefore, f and g are
respectively inverse to each other. Moreover, we have f(%1) = lim, o0 fn(%1) = *o.
The same argument gives us g(%;) = *;. Hence, f: (f(,al, k1) — (X,ag, ko) is an
isomorphism of pointed metric space. Now, observe that d;ﬁl( fo.my,my) <€, — 0.
Hence, Remark implies that {f,,m;} converges to my in the weak-* topology.
Let us show that f,i; = my. We fix R > 0 and h € €°(X) such that Spt(h) C Ba(R).
Observe that we have [ hdmy = lim, o [ hd fo,mMy. However, ho f, is point-wise
converging to ho f. Also, whenever n is large enough, we have Spt(ho f,,) C B1(2R).
Hence, applying the dominated convergence theorem, we obtain:

/hdlﬁgz lim hdfmml:/hdf*nal.

X n—oo X X

Therefore, since my, and f,m; are Radon measures, we necessarily have my = f,m;.

Finally, given v € 7 (X) and x € X, we have:

p(f(x)) = lim p(fn(z)) = lim p(fu(yz)) = p(f(y2)).

n—o0

Thus, p(fvf~') = p. We define ¢ € Iso(71 (X)) by ¢() == fv !, which satisfies
flyz) = o) f(x).

Hence, we can conclude that X; is equivariantly isomorphic to Xs.

| Part ITI: Metrizable uniform structure |

We have seen that D7* induces a Hausdorff uniform structure on % (X). More-
over, B is a countable system of fundamental neighbourhoods for this uniform
structure. Therefore, according to Proposition 2 p.126 in [BouO7b|, there exists a
distance d: ML (X) x MY (X) — [0, +00] such that d induces the same uniform
structure as D!. Observe that we can assume, without loss of generality, that d is

finite (replacing d by min{1, d} if necessary), which concludes the proof. O
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A.4 Curvature potentials: technical proofs

This appendix is devoted to the proof of Lemma [5.1.5] and Proposition [5.1.4] First
of all, we prove Lemma [5.1.5

Proof of Lemma[5.1.5 We only need to prove that, for all m € N, every subsequence
of {fi}ien sub-converges to f., in the €™ topology. Let m € N (m > 2) and, to
avoid cumbersome notations, let us only prove that { f;}ieny sub-converges to fo in
the C™ topology. First, let us fix a € (0,1) and cover X by finitely many charts
{(Ug, ¥r) }1<ren such that B4(0) C Vj, = ¢(Uy), and {W}, :== ¢ (B1(0)) h<k<n

covers X.

Part I: {f; 0 ¢} ' }ien is bounded in C™(B1(0)), for all 1 <k < N

Let 1 <k < N and let us show that {f; o, '}y is bounded in €™*(B,(0)). To
avoid cumbersome notations, we will write f; instead of f; o ¢, *. In the chart

(U, 9y), for all functions u € C*(V},) (we recall Vj, = 9(Uy)), we have:

T,

Apu=h;?(0.0s — T .0)u
ka udvoly, = ka u(x)J;(x)dx

where J; = \/ det[hir s|1<rs<n- Since {h;}ien converges smoothly, there exists A > 0
such that, for all 7 € N, we have:

o MNEP < hX(2)EE < MTHEJ?, for all x € By(0) and £ € R™,
. |h?5|m,a;E4(o)7 |F§;r,s|m,a;§4(o) <Xl foralll <7 s,t<n.

Therefore, since d(B;(0),9B2(0)) = 1 > 0 and Diam(B5(0)) = 4 < oo, we can use
Schauder’s interior estimates (see Theorem 6.2 and exercise 6.1 of [GTO01]) to get

Cy1 = Ci(n,m,a, ) € Rog such that, for all i € N, we have:

|fi|m,a;Bl(O) S Cl(|fi|0;Bg(0) + |¢i|mf2,a;B2(0))~

Note that {|¢;i|m—2.a;8,(0) }ien is bounded, since {¢;};en converges smoothly. Hence,
we only have to show that {|fi|o;B,(0)} is bounded. However, due to Corollary 9.21
of |[GTO1], there exists Cy = Cy(n, A) > 0 such that, for all i € N, we have:

| filo;B2(0) < Cz(|B4(0)|_1/2|fi|c2(34(0)) + 2)‘_1|¢i|L"(B4(O))>-
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Moreover, {|®;|cn(B,(0)) }ien is bounded, since {¢;};en converges smoothly. Thus,
we only need to bound {|fi|z2(s,(0)) }ien. However, observe that {h;};cn converges

smoothy; therefore, there exists Cs, k, D > 0 such that, for all i € N, we have:

|fi|%2(34(0)) <3 ka fi2 dV01hi = O3|fi|%2(hi)
Diam(X, h;) < D

In particular, we just need to prove that {|fi|%2 (hi)}iEN is bounded. Moreover, thanks
to the local Poincaré inequality (see for example Theorem 1.14 of [BCH18]), there
exists Cy = Cy(n, k, D) > 0 such that, for all : € N, we have:

/ i — il dvoly, < C / V£ dvol,
X X

where we recall a; = fX fi dvol(h;). In addition, observe that:

/X|fi — a;|* dvoly, = | filZ2(ny + lail 22 — 2/X fia; dvoly,,

\%

1
2 |fi|%2(hi) + |ai|%2(hi) - (2|fi|%2(h¢) + 2|ai‘%2(hi)>>

v

1
§’fz"%2(hi) - ‘aiﬁ?(hi)‘
Thus, we have:
1
Sl < Ca [ IV dvols, +aiag,
X

But, for every € > 0, we have:

[ 195 Pavol, < [ 80 fil1A ] avols,

X X
< 5_1|Ahifi|%2(hi) + 6|fi|%2(hi)’
< e YbilZa g,y + €l filzz )

. 1 s
Therefore, fixing € = 1oy e obtain:

’fi’%Q(hi) < SCZ|¢i‘%2(hi) + 4’%‘%2(}%)-
However, under the assumption of the lemma, both {|ai|%2(hi)}ieN and {|gbi|%2(hi)}ieN

converge. Therefore, {|fi|2(,, }ien is bounded, which concludes the first part of the

proof.

\ Part II: Conclusion \

The inclusion €™(B;(0)) C €™(B1(0)) is compact since B;(0) is a smooth domain

of R™ (see Lemma 6.36 of [GTO01]). Therefore, passing to a subsequence if necessary,
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we can assume that, for every 1 < k < N, {fi|Wk }ien converges to some f*) ¢
C™(W},) in the €™(W},) topology (we recall Wy, = 1 1(B1(0))). In addition, for any
1 < k,l < N, we necessarily have f\(vli/)kmwl = f\(‘?/le' In particular, since {Wj }1<p<n
covers X, there exists a uniquely defined function f € €™ (X) such that, for every
1 <k <N, we have fiy, = f®) . In particular, {f;}icy necessarily converges to
f in the €™ topology (where we assumed m > 2). Now, since h; " by,
b s boo s ] LGN f , and a; = a, then f is necessarily the solution to

the following Poisson problem:

Ahoof = ¢oo
fy fdvol, =ax
Therefore, by the uniqueness of the solution, f = f.. m

The following remark will be useful in the proof of the next lemma.

Remark A.4.1. Assume that t € Rsg — f(+, ) € C°(R) belongs to €*(Rsg, C>(R)).
Then, thanks to Schwartz’s symmetry Theorem (see for instance Theorem 4.3 of

[HW96]), we have the following property:

VI < k,Ym €N, 09" f =9mdlf.
In particular, for every I < k and m € N, the map t € R — 907 f(-,t) € C°(R)
belongs to CF~{(Rxq, €=(R)).

The first step towards proving Proposition is the following lemma.
Lemma A.4.1. Let X™ be a connected closed orientable manifold and let {h(t)}:>0
be a smooth family of Riemannian metrics on X. In addition, let [ > 0 and let us
fix functions ¢ € € (Rsq, C*(X)) and v € € (Rxg) such that, for every ¢t > 0, we

have [, ¢(-,t) dvol, = 0. Finally, let us denote f(-,t) the unique solution to the

Poisson problem:
{Ah(t)f('7t) =¢
Jx F(t)dvolyyy =1
Then, we necessarily have f € C'(Rsq, € (X)).

Proof. Given k € N, let us introduce our induction hypothesis:
H, := The lemma holds for every 0 <[ < k.

We will prove that Hy holds for every k£ € N.
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[Part I: k=0

Let f satisfy the assumptions of the lemma for [ = 0, i.e.:

{Awﬁhﬂ (-, 1)
[y fe ) dvolyyy =~(t)

where ¢ € €°(Rx(, C>*(X)) and v € C%(Rxg).

Let t,, — too in R>g, we need to prove that {f(-,t,)}nen converges smoothly to
S too).

First, given n € N U {oo}, let us denote h,, = h(t,), ¢n = (-, tn), a, =
vol(X, h,) " 'y(t,), and f, == f(-,t,). Observe that, by assumption, {h, },en and
{®n}nen converge smoothly respectively to he and ¢, and a,, — ao,. Therefore,

as a result of Lemma [5.1.5 {fi}ien converges smoothly to f,,, which concludes the
first part of the proof.

| Part II: Induction |

We assume that Hy, is true for some k € N. Assume that f satisfies the assumption

of the lemma for [ =k + 1, i.e.

{Ah(t)f('7t) o(+ 1)

Jx PO dvolyy  =A(t)

where ¢ € C*1(Rsp,C®(X)) and v € C*1(Rs). In particular, thanks to Hy,
f € C*(Rxp, C>*(X)). We need to show that f € CFF1(Rsg, €*(X)).
Given 1) € C*(X), and t,tg > 0, we denote

Apy¥=Bnug)¥ -
T lf t 7£ t[)
0Dy Y

O Jt=tg

C®(X) > Loy ==

. )
otherwise

and:

C*(X) 3 ¢ (1)

SLb=Cl0) f ¢ o£ 4,
{g‘f(-,to) otherwise
Observe that, (z,t,t)) € X x R%, — Li°)(x) is smooth. Moreover, if ¢, > 0
is fixed, then ¢ € C?'“(RZO,(BOO(;()). In addition, for every t,ty > 0, we have
Any) = Ay + (t = to) L, and ¢(-,t) = ¢(-,to) + (t — )¢ (-, 1).

Now, we fix tg > 0, and observe that, for every t > 0, we have:

/ PP (- t) — L f (-, to) dvolygy = 0.
X
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Therefore, for t > 0, we can introduce f{°(-,t) the unique solution to the Poisson

problem:

Apy f1° (1) = 61 (1) — L f (-, to)

{ t)J1 1 | (A8)

fX '7 dVOlh 710 (t)

where we define ~{°(¢) in the following way:
. fxiﬂ D=1C0) qyoly, if ¢t # to
Y0 (t) = —f( o
lim, 4, f X # dvolh otherwise

Observe that +!° is CF since, for t # t,, we have:

’)/(t) to / f 0 dVOlh dVOlh(tO)
t—to ’ t—to ’

7N (t) =

and:
19) dVOlh(t)

lim 71°(2) = ¥(to) + /X flto)—5
Observe that, for every ¢ > 0, our construction implies:
{Ah olf(to) + (=) i° ()] = &(-, 1)
[ lf( (t — to) fi°(-, t)] dvolagey = (1)

Hence, by the uniqueness of the solution to such a Poisson problem, for all £ > 0,

|t=t0

we have:

Fet) = fto) + (= to) [1° (1),
Now, observe that t — ¢ (-, ) — L f (-, ) is in C*(Rxg, C®(X)) and 7;° € C*(Rxo).
Therefore, since Hy holds, and since f{° satisfies , then fi° € C%(Rsg, C=(X)).
In particular, f is differentiable with respect to time.

More specifically, for every ty > 0, we have:

af to [e'e]
a('ato) = fi°(+,t0) € C(X).

Even better, [A.8 implies the following:
DDy f(-1t
&m%um:ﬂ%mwmm«m=@«m+4%iﬂ

ddvoly, ¢

|t=t0

However, observe that:

€ ek(RZO’ GOO(X))>

lm%wm+ﬂjum&““” € ¢ (R),
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where we used Remark for the first inclusion. In particular, Hy implies
Oif € C*(Rsp, €>*(X)); which concludes the induction. O

Lemma implies the following corollary.

Corollary A.4.1. Let X" be a connected closed orientable manifold and let
{h(t)}+>0 be a smooth family of Riemannian metrics on X. In addition, let us fix
smooth functions ¢ € C*°(X x R>o) and v € €°(R>() such that, for every ¢t > 0,
we have [ ¢(-,t) dvolyy) = 0. Finally, let us denote f(-,¢) the unique solution to

the Poisson problem:

{Ah 0 (.1) =o(.1)
fX dVOlh(t) ’7(t)

Then, f is necessarily smooth on X x Rs.

Proof. Observe first that Lemma implies f € C®(Rx¢,C>®(X)). Let ¢: U C
X" — V C R" be a chart and, to avoid cumbersome notations, let us write f(z,t)
instead of f o ~1(x,t). Note that, according to Schwartz’s symmetry Theorem
(see for instance Theorem 4.3 of [HW96]), f € C>*(V x Rsg) if and only if, for
every a € N" and 8 € N, 829/ f € @V x Rso). However, observe that given
(Tnstn) = (Too, too) In V' X Rsg, we have:
‘aa?aff(xnvtn> - agatﬁf@;oov too)] S’agaff<xmtn) - 8?8?]0(&:”,1500)’
10207 f (2 toc) — 0307 F (o, 1o0) |

Note that, because of Lemma |A.4.1] we have af (1, teo) € C*°(X). In particular:
Y [090] f (2, too) = 020] f (Tooy too)| = 0.

Finally, thanks to Lemma [A.4.1, {0/ f(-,t,)}nen converges smoothly to 9} (-, ts),

which implies:

lim sup{|050f f (2, 1n) — 0207 f(2, t0)|} = 0.
n—oo ZGV
Hence, ]0;18? flzp, t,) — 0;‘85 f(zn,t)| = 0, which concludes the proof. O]
We can now prove Proposition [5.1.4]
Proof of Proposition[5.1.4. First of all, for ¢ > 0, let fy(-,¢) be the unique solution

to the Poisson problem:

{Ah nfol-t) = R(t) —r (A.9)

fX fo dVOlh (t) = 0



180 A.4. Curvature potentials: technical proofs

As a result of Corollary [A.4.1] f; is smooth on X x Ro. Moreover, observe that
thanks to Corollary 5.5 of |[CKO04], we have:

O Apwy fo = AnwyOrfo + (R — 1) Ap fo- (A.10)

However, due to Corollary 5.8 of [CKO04], we have 0,R = Ay R+ R(R — r); hence,
using , we have 0; Ay fo = Apwy R + R(R — 7). Reorganising [A.10, we have:

Ah(t)atfo = Ah(t)R + R(R - T) - (R — 7’)2 = Ah(t)R + T(R — T) = Ah(t) [R + Tfo].

In particular, since X is closed, then v = 0, fy — R — rfy is independent of z, i.e.
v € C°(Rsg). It is then easy to prove that f(-,t) = fo(-,t) + c(t) is a curvature
potential, where ¢(t) := —e" fot e "Ty(T)dr. O
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