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Abstract

The use of multi-sensor systems entails a Data Fusion and Sensor Management require-
ment in order to optimize the use of resources and allow the synergistic operation of sensors.
To date, data fusion and sensor management have largely been dealt with separately and
primarily for centralized and hierarchical systems. Although work has recently been done
in distributed and decentralized data fusion, very little of it has addressed sensor manage-
ment. In decentralized systems, a consistent and coherent approach is essential and the ad
hoc methods used in other systems become unsatisfactory.

This thesis concerns the development of a unified approach to data fusion and sensor
management in multi-sensor systems in general and decentralized systems in particular,
within a single consistent information-theoretic framework. Our approach is based on con-
sidering information and its gain as the main goal of multi-sensor systems. We develop a
probabilistic information update paradigm from which we derive directly architectures and
algorithms for decentralized data fusion and, most importantly, address sensor manage-
ment. Presented with several alternatives, the question of how to make decisions leading to
the best sensing configuration or actions, defines the management problem. We discuss the
issues in decentralized decision making and present a normative method for decentralized
sensor management based on information as expected utility. We discuss several ways of
realizing the solution culminating in an iterative method akin to bargaining for a general de-
centralized system. Underlying this is the need for a good sensor model detailing a sensor’s
physical operation and the phenomenological nature of measurements vis-a-vis the proba-
bilistic information the sensor provides. Also, implicit in a sensor management problem is
the existence of several sensing alternatives such as those provided by agile or multi-mode
sensors. With our application in mind, we detail such a sensor model for a novel Tracking
Sonar with precisely these capabilities making it ideal for managed data fusion. As an
application, we consider vehicle navigation, specifically localization and map-building. Im-
plementation is on the OxNav vehicle (JTR) which we are currently developing. The results
show, firstly, how with managed data fusion, localization is greatly speeded up compared
to previous published work and secondly, how synergistic operation such as sensor-feature
assignments, hand-off and cueing can be realised decentrally. This implementation provides
new ways of addressing vehicle navigation, while the theoretical results are applicable to a
variety of multi-sensing problems.
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Chapter 1

Introduction

In sensing, the problem is no longer one of shortage of information but one of making sense
of diverse and vast amounts of it. An intuitive approach is to seek and extract only that
information which is necessary and relevant for the task at hand. Therefore, this work is

very much about actively seeking “...the knowledge that we have lost in information...”.

1.1 An Overview of Multi-Sensor Systems

Recent years have witnessed a proliferation of multi-sensor systems. This stems from the
following; despite advances in sensor technologies and the myriad computational methods
and algorithms aimed at extracting as much information as possible from a given sensor, the
irrefutable fact remains, no single sensor is capable of obtaining all the required information
reliably at all times in varying environments.

Sensing is used extensively in robotics to tackle the problem of perception. Sensors
exploit physical phenomena to measure quantities. A sensor is considered appropriate to
a task when a relationship exists between the measured quantity and the state of na-
ture. The precision with which this relation is known depends on how well understood
the measurement is in as far as it relates to the state. Models or descriptions of device
physics are inherently only approximations owing to our lack of complete understanding

of the principles governing the actual measurement. This is exacerbated in some sensors
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due to incomplete geometric models for the interpretation of data. Sensor measurements
are always uncertain and, occasionally, spurious and incorrect. This, coupled with the
occasional failure of sensor devices, greatly compromises reliability. Spatial and physical
limitations of the devices mean that only partial information can be provided by a single
sensor. This results in a sensor having limited capabilities to resolve ambiguities and to
provide consistent descriptions of the sensed environment.

The perception requirements of complex robotics systems necessitate the measurement
of diverse and complementary quantities under various constraints. Such functionality far
exceeds the repertoire of any single sensor. Motivated by biological systems, intelligent
robotic systems make use of a multiplicity of sensors in order to extract as much informa-
tion as possible about a sensed environment. Multi-sensor systems aim to overcome the

shortcomings of single sensors through:

¢ Redundancy. It is well known that redundancy reduces uncertainty. This can be
appreciated from the fact that for two sensors, the signal relating to the measured
quantity is correlated whereas the uncertainty associated with each sensor tends to
be uncorrelated. Also, redundancy is desirable if sensor failure is anticipated so that

system performance is degraded gracefully.

e Diversity and Complementarity. Physical diversity is based on using different
sensor technologies together and spatial diversity offers differing viewpoints of the
sensed environment. Such diversity reduces uncertainty and is invaluable in resolving
ambiguities. Complementarity results if the sensor suite is made up of sensors each

of which observes a subset of the environment state space.

Examples of such systems are that described by Mitchie and Aggarwal [102] which obtains
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complimentary information from visual, thermal and range sensors and that described by
Flynn [57] which combines sonar and infra-red sensors. The literature is replete with exam-
ples, such as the work by Allen and Bajcsy [3] using vision and touch, Elfes [51] using sonar
and stereo range data, Nandhakumar and Aggarwal [105] using thermal and visual images,
Terzopolous [131] using spatially diverse visual information. Such trends towards the use
of multi-sensor systems are reported in the surveys by Giralt [60] and Luo [93] and that
by Durrant-Whyte [48]. In the development and use of multi-sensor systems, the following

issues arise:

1. How can the diverse and sometimes conflicting information be combined in a consistent

and coherent manner and the requisite states inferred from it?

2. How can such systems be optimally configured, utilised and controlled to provide the

required information in often dynamic environments in the best possible manner?
The answer to these questions defines the Sensor Data Fusion problem.

1.2 Data Fusion and Sensor Management

What sensor data fusion encompasses depends on how it is defined. Definitions vary in
extent but the theme is the same as these representative ones show:

“Data fusion is the process by which data from a multitude of sensors is used to
yield an optimal estimate of a specified state vector pertaining to the observed
system.” Richardson and Marsh [118].

“..the problem of sensor fusion is the problem of combining multiple measure-
ments from sensors into a single measurement of the sensed object or attribute,
called the parameter.” McKendall and Mintz [100)].

“Data fusion deals with the synergistic combination of information made avail-
able by various knowledge sources such as sensors, in order to provide a better
understanding of a given scene.” Abidi and Gonzales [1].
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“Multisensor fusion,..., refers to any stage in the integration process where there

is an actual combination (or fusion) of different sources of sensory information

into one representational format.” Luo [92).
Of these definitions, that by Abidi and Gonzalez is probably the most comprehensive as it
incorporates the notion of Sensor Synergy. This has also been termed Sensor Management
[133]{114], Sensor coordination [46][66] and Sensor planning or control [65][27}[37]. Sensor
Management seeks to manage or coordinate the use of sensor resources in a manner that im-

proves the process of perception synergistically. The alternate term Managed Data Fusion,

perhaps better captures both the concepts of data fusion and sensor management.

1.2.1 The Issues

Irrespective of application specifics, the main issues in sensor data fusion can abstractly be

summarized as follows:

e Interpretation and Representation. Firstly, sensor measurements need to be in-
terpreted and understood. This is based on a detailed description of the physical
nature of the measurement and a geometrical description of the sensed environment.
Secondly, a common representation of the information contained in different measured
quantities obtained from diverse sensors is required. The representation should encap-
sulate sensor uncertainty and performance as related to the observation of the state

of nature.

¢ Fusion Methodologies. Required are methods for combining diverse information
using a common representation in a manner that is consistent and coherent and avoids

distortion or biases caused by malfunctioning sensors or outlier measurements.
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1.2.2 Background

For the most part, the main issues in sensor data fusion have been addressed separately,
often in an ad hoc manner and in the context of specific systems and architectures. We
now discuss some of this work with respect to the issues summarized above. The meth-
ods applied generally fall under quantitative and qualitative techniques. We emphasize
quantitative methods because quantitative analysis provides a common language and em-
bodies a corpus of well-understood techniques while also providing a means of performance

evaluation. However, mention will be made, where pertinent, of qualitative methods.

Sensor Models and Representation. Sensor models (descriptions) are, in the first in-
stance, aimed at the interpretation of measurements based on developing an understanding
of the sensor and the sensed environment. Such an approach is exemplified in the sensor
models by Kuc and Siegel [85] and Leonard [88] for sonar and Hillis [71] for a touch sensor.
Models of this form, while invaluable in providing good physical and geometrical descrip-
tions of sensors, do not quantitatively describe the uncertainty of the sensor measurements.
In addition, measurements are not described in a common representation appropriate for a
multi-sensor system. Probability theory [112] is the most widely used method for describing
and representing uncertainty in a way that abstracts from a sensor’s operational details.
Durrant-Whyte [47] addresses the representation problem by developing probabilistic mod-
els and describes such models as “..enabling different sensors to communicate to each other
in a common dimensionless language”. Quantitative methods for developing noise models
(see Gelb [59]) have been used by Faugeras and Ayache [52] among others, to evaluate and
model uncertainty in vision sensing. More recently, probabilistic models for sensors have

been developed by Barshan [13, 14] for several inertial navigation sensors, based on tech-
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niques described by Jenkins and Watts [79]. Such probabilistic descriptions are extremely
useful in augmenting physical models such as those of Kuc and Seigel [85] and Leonard
[88] as shown in [97, 98] thus providing a way of objectively evaluating sensors and the
information they provide in a common representation for data fusion.

Qualitative methods {36], have also been used to describe sensors as exemplified by
Flynn [57] for sonar and infra-red and the logical sensor descriptions of Henderson [70].
Such descriptions are useful when it is intended to address data fusion using qualitative

reasoning methods.

Sensor Fusion and Inference. Much work has been done in developing methods of
combining information from different sensors. The basic approach has been to pool the
information using what are essentially “weighted averaging” techniques with varying degrees
of complexity. Stone [130] proposes such a pool based on a probabilistic representation of
information. There are several variations on the theme as discussed by Berger [18] and Zidek
[138] provides a survey of these methods. Non-probabilistic methods such as Dempster
Shafer evidential reasoning [137] have also been used for fusion as described by Garvey et
al [58]. Inferring the state of nature given a probabilistic representation is, in general, a
well understood problem in classical statistical estimation (See Gelb [59]). Representative
are methods such as Bayesian estimation [18][113], Kalman Filtering [12][127] et cetera.
Application of the Kalman filter and its derivatives has been widely reported as typified
in the work by Willner [42], Hashemipour et al [69], Willsky et al [136], Castanon and
Teneketzis [28] and Durrant-Whyte et al [116, 24, 63] where it is used for both fusion
and inference. Non-probabilistic methods for inferring the state based on multi-sensor

information have also been developed [58] in addition to methods in artificial intelligence
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making use of Neural networks [86] and Expert systems [3].

Sensor Management. Sensor coordination or management is invaluable as a means of
reducing uncertainty and resolving ambiguities in comparison with passive multi-sensing.
To date, sensor management has largely been dealt with on an ad hoc basis using descriptive
techniques as made evident in the survey by Waltz [133] of several implemented systems.
Much of the work done in sensor management has been in the area of tracking radar systems,
for example the work by McKenzie and Mullens [101] and Weinberg [135]. In these systems,
the approach has been to develop models of sensor behaviour and performance and then
manage sensors on this basis, this being facilitated by the centralized or hierarchical nature
of the systems. Ikeuchi and Kanade [76] describe a system which automatically generates
sensor control programs based on feature detection performance. More formal attempts
to manage sensors are represented in the work described in [125][68] and recently [83].
A large proportion of sensor allocation schemes are based on determining cost functions
and performance trade-offs a priori, as described by Hovanessian [74] and more recently
by Balchen and Dessen [10]. Nash [107] uses cost-payoff assignment matrices to allocate
sensors to targets. A demonstrably rational way of making decisions such as those required
in sensor management, is through the use of normative or decision-theoretic techniques [114].
Normative techniques are desirable because they are based on an axiomatic framework with
a performance that can be analysed objectively. Making decisions in this way is hard [18]
because of the required rigour and the associated computational difficulties in finding the
optimal action and hence is a research area in its own right [134]. Tsitsiklis and Athans
[132] highlight these difficulties for a distributed detection problem. Efforts have been made

at using normative methods in the pre-selection of sensors as exemplified in the work by
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Hager [65] and Fleskes [56] and in the active pursuit of uncertainty reduction by Hager
[64]. A particularly relevant example is the work by Blackman [19] that makes use of a
utility approach for real-time sensor selection where the utility is related to the predicted
covariance matrix in a Kalman filter. Most functional implementations of managed data
fusion systems are in combat aircraft where achieving sensor synergy is of the essence given
timing, operational and performance constraints. Both Waltz [133] and Popoli [114] describe

such systems which use a mixture of the techniques already mentioned.

Architectures. Architectures have traditionally been centralized, utilizing a central pro-
cessor responsible for implementing data fusion. The need to relieve computational burdens
at the central processor leads to Hierarchical systems [110)[34] which have the advantage of
several levels of abstraction. While ideal for coordination and control, hierarchical architec-
tures are vulnerable to processor failure, computational bottlenecks and inflexibility. The
recent trends towards autonomous systems have led to the development of distributed archi-
tectures and Distributed Sensor Networks (DSNs), for example those described by Chong
[35]. lyengar [77] provides a recent survey of DSNs. A more formally defined refinement
of these are the Decentralized architectures described by Hashemipour et al [69], Tsitsiklis
and Athans [132] and Durrant-Whyte [50, 49] and formally specified in [95). Decentralized

systems offer:

¢ Modularity. This is a result of the fact that local sensing and global data fusion
takes place at the sensor node itself. This is facilitated by each sensor node being

fully autonomous with its own sensing, processing and communications facilities.

e Scalability and Flexibility. Because all the functionality is localized in the sensor,

scaling the system is simply a matter of adding or removing sensors.
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e Survivability. Due to the absence of a central processor, the system can withstand

the loss of nodes and performance is gracefully degraded.

These are discussed in detail by Durrant-Whyte [49]. There is currently much research in

this area as exemplified by the work at Oxford [116, 17, 63, 94].

The above survey illustrates the eclectic nature of methods that have been developed for
data fusion and sensor management. This has resulted in implemented systems using a
mixture of methods! . There are hardly any reported systems making use of a single
consistent framework to address all the issues of representation, fusion and management,
in a way which can be applied to a variety of architectures. The work by Hager [65] and
that by Blackman [19] and most recently [20], comes closest to this although not directly
applicable to decentralized systems. This is the point at which the work presented in this

thesis makes a significant contribution.

1.3 An Information-Theoretic Approach
The Problem

The purpose of the work described in this thesis is to develop a consistent methodology
for addressing the issues of representation, fusion and management in general, and in fully
decentralized systems in particular. Although the issues of representation and fusion have,
to some extent, already been addressed for decentralized systems, the significant Sensor
Management problem in such systems has hardly been addressed.

Fully decentralized sensor management presents several potential problems; (i) guar-

anteeing consistency and consensus amongst decision-makers, (ii) nature of the criteria

I As examples: The system described by Kuczewski [86] uses a Neural network to manage Kalman filter
based multi-target tracking in a hierarchical system. Popoli [114] describes a fuzzy decision tree approach
utilizing heuristic criteria to manage multi-target tracking and emission control.
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for optimality and the question of group or individual optimality, and not least (iii) the
maintenance of coherence and rationality in the decisions made. Given these problems,
a normative approach to management is the only reasonable way to proceed because the
resulting decision structure lends itself to quantitative and objective analysis. A number of

difficulties are encountered in the development of a normative approach to management:

1. The information upon which decisions will be based must be formally described and

modelled to ensure objectivity and rationality in the decision making.

2. A basis for preference and optimality founded on the perceptional aims of the system,

must be developed so that decisions and their outcomes may be evaluated accordingly.

3. Given the autonomous nature of the decision-makers (sensor nodes) in a decentralized

system, consistency must be guaranteed and consensus achievable.

The subject of decentralized decision theory is itself a major research area with consider-
able unresolved issues for which generally prescribed solutions have thus far been elusive
[18][134]. However, for sensing systems, some assumptions can be made which simplify the
general problem. For a general solution to be developed, it is imperative that the issues
of representation, fusion and management be re-addressed within a consistent framework
and that requisite tools for overcoming the difficulties of decision-making developed ax-
iomatically. This thesis develops, from first principles, a single consistent framework for
addressing Data Fusion and Sensor Management in general, and for decentralized architec-

tures in particular.
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Proposed Approach

Our approach is predicated on perception primarily being about a need for information,
thus making information and its gain the main goal of multi-sensor systems. Therefore,
sensing (for purposes of perception) reduces to the simple process where knowledge or belief
concerning a given state is updated based on the occurrence of an observation containing
relevant information about the state. Implicit in this is an assumption that the observation
can be modelled in terms of its information value, which requires detailed knowledge of
the source of the observation. This basic model can be refined to include uncertainty in
the knowledge representation and the observation itself, and also the possibility of having
several observations. We adopt a probabilistic approach to represent sensor uncertainty.
Using these ideas together with Bayes Theorem, we develop a probabilistic information
update relation capturing the essence of multi-sensor systems. From the probabilistic

information update, we develop and present the following;:

1. A Complete Data Fusion Model. This model provides the necessary tools and
represents a fundamental description of all the theoretical considerations required to

address data fusion and sensor management within a single consistent framework.

2. Data Fusion Algorithms. Building on the data fusion model, algorithms for infer-

ence in multi-sensor systems are derived.

3. Information Metrics. These are methods used to evaluate and compare the amount
of information available in a multi-sensor system in general, and in decentralized

systems in particular.
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4. Normative Sensor Management Methods. These methods are based on a decen-

tralized decision-theoretic approach, making use of information based utility functions.

Due to our use of information, information theory and decision-theoretic methods we term

our approach Information-Theoretic.

1.4 Application to Mobile Robotics

While the theoretical work in this thesis is applicable to a wide variety of multi-sensing
problems, we address the specific problem of multi-sensor vehicle localization and map-
building.

It has been suggested by Leonard [88] and others, that vehicle localization on the basis of
a map or, conversely, map-building on the basis of location information, can be greatly im-
proved using directed sensing strategies such as focus of attention. Focus of attention aims
at reducing the overall quantity of information while increasing its value by providing only
correctly associated measurements 2. If applied to localization, where a sensor on a vehicle
focusses attention on a known feature in the environment, the high band-width of correctly
associated measurements from such a sensor can be used directly to determine the location
of the vehicle. This is in contrast to current methods of obtaining vast amounts of mostly
unnecessary measurements then correlating these with map information each localization
cycle. Conversely, when applied to map-building, such a sensor provides information con-
cerning an un-mapped feature. Thus a vehicle equipped with such sensors can both localize
and map-build simultaneously, given an initial knowledge of some environment feature(s).

Implementation of navigation in this way is, however, incumbent on the availability of

a sensor with the ability to focus attention on a given geometrical feature such as the ones

2Focus of attention can be found in natural vision systems such as saccade eye motion. Vision research
has attempted to mimic this as described by Andersson [5].
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naturally occurring in indoor environments. Towards this end, we develop a model for a
sonar sensor based on the phase monopulse principle. The resulting monopulse-sonar sensor
is an important new development which represents a significant improvement in sonar data
processing in that it provides for the first time accurate centering information using standard
Polaroid devices® . Exploitation of this, results in the development of a novel Tracking
Sonar capable of focussing attention on a given feature while producing correctly-associated
measurements at rates of up to 30H z in a working range of up to 4m. Implementation of
a localization algorithm at the sensor itself thus turns each Tracking Sonar into a modular
guidance sensor capable of obtaining location estimates at approximately the measurement
rate of 30Hz. We make use of the data fusion algorithms that we develop, to fuse the
information from these sensors and estimate the position of the vehicle decentrally. We also
implement a feature classification algorithm which compliments the tracking of un-mapped
features for map-building.

The need for sensor management in such an implementation is self-evident, given that
each sensor can track any one of several features in the environment that are in its field
of view. Decisions, therefore, need to be made about which features need to be tracked
and in what sensor configuration at a given moment. This is necessary in order to obtain
the most useful information for whatever task the sensors are performing, be it localization
or map-building. In addition, it may become necessary as the vehicle moves to assign and
re-assign features (targets) to sensors and to cue sensors and hand over features as they

move out of view. Therefore, in summary, our application and implementation are intended

to demonstrate the following:

3 Accurate centering has been achieved before using modified Polaroid sensors capable of measuring am-
plitude [15].
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1. A Sensor Model. The detailed modelling of a sensor in terms of its operation and

the probabilistic information that it provides, as required by our normative approach.

2. An Autonomous Data Fusion Sensor. Development of a single sensor into a self
contained guidance sensor suited for application in multi-sensor systems in general

and decentralized systems in particular.

3. Decentralized Directed Guidance Algorithms. A scheme for decentralized lo-

calization and feature classification using the data fusion algorithms that we develop.

4. Sensor Management. How feature-sensor assignments, sensor cueing and hand-off

can be achieved on a navigating robot.

1.5 Thesis Summary

We commence in Chapter 2 by presenting a probabilistic model for data fusion and sensor
management. We present a Bayesian model of the observation process for a sensor. We
describe how the state may be inferred from the probabilistic information obtained from
the measurement. We then consider the problem of combining probabilistic information
from several sensors so that the state may be inferred from the combined information. We
present a section on multi-Bayesian decision-theory in which we highlight the issues and the
constraints upon which solutions depend, followed by a brief introduction to utility theory.
Finally, we introduce information-theoretic considerations culminating in a statement of
probabilistic information update.

In Chapter 3, we are concerned with developing architectures and algorithms for data
fusion based on the information update paradigm of Chapter 2. Decentralization of the

information update leads to a decentralized architecture, having developed centralized and
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hierarchical architectures along the way. We present an alternate derivation of the informa-
tion filter form of the decentralized Kalman filter directly from the information update. We
compliment this algorithm with an equivalent one for the classification of discrete states.
Similar algorithms have been presented previously starting from different considerations
[63][116]. What is presented here, represents an alternative approach based on information-
theoretic considerations. This also serves to illustrate how other previously published work
fits into our overall framework.

Chapter 4 presents a normative approach to Data Fusion Management. We consider
information gain and the reduction of uncertainty as the implicit goals in sensor manage-
ment. The requisite information for such a decision-theoretic approach is provided by the
algorithms of Chapter 3. We then justify and construct utility functions based on infor-
mation as expected utility. We present entropy and Fisher information based metrics for
the information provided by data fusion. We then justify the direct comparison of the
information-based utilities leading to a solution for the problem of making decentralized
sensing decisions. We discuss the realization of sensor management, culminating in an it-
erative algorithm akin to bargaining which reduces the computational overheads. We also
discuss issues of optimality and rationality together with the management of multiple data
fusion algorithms.

Having thus far emphasized the crucial nature of sensor models, we address in Chapter
5 precisely that issue for sonar. We present a physical model in which we explain sonar
measurements based on a Region of Constant Depth (RCD) model. We develop a sonar
arrangement based on the phase monopulse principle which provides accurate centering
information. This leads to the development of a novel Tracking Sonar with the ability to

focus attention on and track RCDs in real time at data rates of up to 30H 2. This capability
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makes the sonar ideal for sensor management applications since RCDs can be selected and
tracked at will. We then develop a probabilistic model of the information provided by the
Tracking Sonar. We discuss its performance and limitations and, most importantly, its role
and use in data fusion.

In Chapter 6, we consider vehicle navigation based upon work originally presented
by Leonard and Durrant-Whyte [90]. We start with a brief background to put the work
in this chapter in context with current work in vehicle navigation. We use the algorithms
of Chapter 3 and the sensor model of Chapter 5 to address vehicle localization. This is
implemented on the OxNav vehicle (JTR) which has been purpose-built in our laboratory.
We present a novel implementation of decentralized localization and present some new
results. In addition, we make use of the classification algorithm of Chapter 3 to implement
a method of classifying features being tracked by the sensors. This implementation also
highlights the need for sensor management in order to maximize the information obtained
for localization and generally to coordinate the sensors.

Chapter 7 presents some demonstrations of sensor management for a navigating robot.
The chapter starts by presenting typical quantities used for sensor management in the in-
formation filter and in the classification algorithm based on the metrics from Chapter 4.
The variation of these quantities with several parameters and models is demonstrated. Re-
sults are then presented for several feature-sensor assignment problems during localization
and feature classification. Sensor hand-off and cueing is then demonstrated by showing the
times and points for hand-off for sensors localizing or classifying features. We then conclude
this chapter with a brief discussion on the costs of effecting the sensor management actions.

We conclude in Chapter 8 by summarizing the achievements and contributions of

the work presented in this thesis. More importantly, we highlight the limitations and






Chapter 2

A Probabilistic Model for
Managed Data Fusion

In a data fusion problem, we commence by determining a state of nature which we are
interested in. Such a state may be a description of the spatial location of an object, its
identity in terms of attributes, a complex dynamic state or simply a single numeric quantity.
Our objective is to infer the true state based often on incomplete and sometimes conflicting
information obtained from a variety of sources and also to influence (control) and optimize
the way in which we find and gather such information ! . In providing measurement data,
a sensor can be viewed abstractly as an information source. Often several observations or
information sources are available thus offering different strategies for gathering and com-
bining information. This necessitates the development of methods for achieving this and
techniques for evaluating and making decisions concerning alternate strategies. As we shall
demonstrate, probability theory is rich enough and complete in itself, to allow us to address
these issues in their entirety in a rational and consistent manner.

This chapter presents a probabilistic information-theoretic model as a basis for develop-
ing methodologies for data fusion and its management. A detailed treatment of probability

theory can be found in [112][80].

1Until we define information in Section 2.4 we shall use the term loosely to mean any quantity useful in
providing a better understanding of the state of nature.
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2.1 Observations, Inference and Estimation

The state of nature is described by an n-dimensional vector x taken from some state space
X, that is, x € X. The state is denoted x = [z1,2,...,2,])7 and may bé discrete or contin-
uous. When the state is continuous the space X’ C ", the n-dimensional Euclidean space.
The state x may also be random or deterministic and in what follows we make no distinc-
tion unless otherwise stated. We take m measurements of some physical quantities which
give some indication as to the state X. These measurements make up the m-dimensional
observation vector z taken from some observation space Z, that is, z € Z. In our context,
where we make physical measurements, the space Z C ®™. Each measurement may itself

be random or deterministic. The observation is defined by
z 2 M(x,v), (2.1)

where v is an unknown observation noise vector of the same dimension as z and is normally
described by a random variable. M is a generalized observation model relating the state
space X to the observation space Z. M is never known precisely and invariably a practical
model of M always incorporates some approximations. The closeness with which such a
model approaches the “true” relation between Z and A’ requires a good understanding
of the phenomenological nature of the observations, a physical model of the measurement
device itself and also knowledge of the sensed environment.

The probabilistic information contained in z about x is described by the probability
distribution function (PDF) p(z | x), known as the likelihood function 2. Such information
is considered objective because it is based on observations. The likelihood function contains

all the relevant information from the observation z required in order to make inferences

«

’Berger gives an intuitive description of the likelihood function that
occurrence if p(z | x) were large”[18].

. X would be a more plausible
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about the true state x. This is termed the Likelihood Principle [18]. It can be shown
using the factorisation theorem for sufficient statistics as derived by Lehman {87], that the
likelihood function is proportional to a function g(T(z) | x), where T(z) is a sufficient
statistic of x. The statistic T(z) is said to be sufficient for the unknown state x if the
conditional distribution p(z | T(2z)) is independent of x. From statistical theory, a sufficient
statistic of the state can be used to make inferences and decisions concerning the state x.

Using such a sufficient statistic, the raw observed data can be discarded and a minimal

sufficient statistic used to make inferences.

2.1.1 Bayes Theorem

The likelihood function does not however tell the whole story if, before measurement, infor-
mation about the state x is made available exogenously. Such a priori information about
the state is encapsulated in the prior distribution function p(x) and is regarded as subjective
because it is not based on any observed data. How such prior information and the likelihood
information interact to provide a posteriori (combined prior and observed) information, is

solved by Bayes Theorem which gives the posterior conditional distribution of x given z as

_ plz|x)p(x) _ p(z |x)p(x)
p(xlz)—fp(zlx)p(x)dx— ) (2.2)

where p(z) is the marginal distribution. An equivalent formulation, which often proves quite
useful, arises from a consideration of sufficient statistics as follows; if T'(z) is a sufficient
statistic for x with distribution g(T(z) | x), then from the factorization theorem we can

write the posterior as

px|2) = (x| T(@) = 7 ;((TT((:)) |' ,’(‘)’p’g’fj)‘)dx.

(2.3)
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Often the distribution g(T'(z) | x) is easier to handle and model than the actual likelihood
p(z | x) and so Equation 2.3 may be used instead of Equation 2.2. If no subjective prior
information is available, a distribution p(x) is required in Equation 2.2 such that the result-
ing posterior contains no more information than that contained in the likelihood. Such a
prior distribution is called a non-informative prior, the discussion of which is deferred until
Section 2.4.2.

In an attempt to reduce uncertainty and resolve ambiguity, several measurements may

be taken over time before constructing the posterior. We define the set of all observations

up to time k as follows

Z* £ {2(1),2(2), -, 2(k)}. (2.4)

The posterior distribution of x given the set of observations Z* is now computed as

p(Z* | x)p(x)
x| Z¥) = , 2.5
x| 24) = B (25)
or can be computed recursively after each observation z(k) as follows
k A
p(x I Zk) - p(Z( ) | X) p(x l ) (26)

p(z(k) | Z*-1)
In this recursive definition, we are not required to store all the observations but need only

consider the current observation z(k) at each kth step. In practise, this is the form of Bayes

Theorem which is most commonly used.
2.1.2 Classical Inference and Estimation
Statistical inference is concerned with obtaining an estimate X of the state of nature x from

the posterior distribution p(x | Z*) together with some measure of estimation accuracy. A

fundamental concept in statistical estimation is that of ezpectation. We define E? or simply
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E, the expected value of some function f(x) with respect to a distribution p as

E{f(x)} = /f(x)p(x)dx if continuous,
= Z f(x)p(x) if discrete. (2.7)

xXex

Using the expectation operator we can obtain the moments of a distribution. The posterior

mean (1st moment) and covariance (2nd moment) are given by
x 2 B2 (x}, and Pygx £ EPXIZ) {(x - x)(x - %) }s (2.8)

respectively. We can show that over all possible estimates X, the posterior mean X minimizes

the estimate covariance by showing that
Py = E{(x—i+i—>‘c)(x—i+i—)‘()T} = Pypze + (X - %)(x - %)7,
from which setting Y3Px = 0 yields
viPx = —-2x+2%x=0, therefore X = X. (2.9)

Showing that ViViTP;( > 0, demonstrates that the covariance Py is minimized when the
estimate equals the posterior mean. Estimators which minimize the posterior covariance
are termed minimum variance estimators.

Classical inference techniques include the Mazimum Likelihood (ML) estimate obtained

by maximizing the likelihood function
%L = arg max p(Z*F | x). (2.10)

For a general distribution, the ML estimate corresponds to the mode of the distribution. The

Mazimum a posteriori(MAP) estimate is obtained by maximizing the posterior distribution

Xpap = arg max p(x | Zk). (2.11)
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Objectivity in the estimate (or inferred state) is maintained by considering only the observed
information, that is the likelihood function. Given a non-informative prior, the MAP esti-
mate is the same as the ML estimate and so in this case the MAP estimate is as objective
as the ML estimate. A particularly popular estimator is the Least Squares Estimate which
minimizes the sum of the square errors, that is, minimizes the Euclidean distance between
the true state x and the estimate % given the set of observations Z*. The equivalent esti-
mator for random variables is called the Minimum Mean Square Error (MMSE) estimate

and is written

XMMSE = argmin EPXIZY) {(5( - x)(x - x)T} . (2.12)
X

Differentiating with respect to x and equating to zero gives the minimizing estimate as

Vi /(x - %) (x - %)p(x | 2¥) dx = —2/(x —%)p(x | Z¥)dx =0

and x = /xp(x | Z¥)dx = E{x | Z*}. (2.13)

Thus an MMSE estimate is given by the conditional mean. That x is an MMSE estimate
can also be shown geometrically by a decomposition of the error between x and an arbitrary
estimator of X, g(z) into 2 orthogonal components, followed by a consideration of the mean-

squared error between x and the arbitrary estimator. The mean-squared error is given by

E{(x-g(z)T(x~g)} > E{(x-%)x-%)T} (2.14)

with equality iff g(z) = % [121]. It follows from the previous discussion that the MMSE
estimate is also a minimum variance estimator. When the mean of the conditional density
p(x | Z¥) coincides with the mode, the MAP estimate is equivalent to the MMSE estimate.

Using these ideas, estimation algorithms can be developed for various applications. The

techniques presented thus far are, in general, well understood in terms of classical statistical
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theory. However, when there is a multiplicity of information sources in a variety of configu-

rations and topologies, a number of more complex issues arise. In the next and subsequent

sections, we develop a model for addressing these issues.

2.2 Probabilistic Information Fusion

In the previous section, the use of multiple observations from a single source was presented
as a way of reducing uncertainty. Another approach aimed at reducing uncertainty and
obtaining a more complete view of the state of nature, is the fusion of information origi-
nating from a number of spatially and physically diverse sources. The initial difficulty with
using multiple information sources lies in the way information is combined. In tackling the

problem the following questions should be addressed:

e How relevant to the problem at hand is information from each source ¢? This entails
validating or checking the information from i for its relevance as regards inference and

decisions concerning X.

e How reliable is source #’s information? This entails attaching a measure of value such
as a weight to the information provided by each source depending on a priorireliability

information if this is known.

We start by defining A, the set of all the available information sources
N = {i}, for i=1,2,...,N. (2.15)
We also define the set of all observations made by the set of sensors A" up to time step k as

(ZF} = U;ZE, VieN; where Zf = {zi(1),2:(2),-- -, zi(k)}, (2.16)
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and where ZF is information source i’s set of observations up to the time step k. The
issue is now to compute the global posterior distribution p(x | {Z*}) using information
available from each source. In what follows, we will assume that each information source
communicates either a local posterior PDF p(x | Z¥), or likelihood p(z;(k) | x) in the
recursive form of Equation 2.6.

Several solutions have been proposed to the information aggregation problem from a
Bayesian perspective as discussed by Berger [18] and Bacharach [8, 9]. Most of the solu-
tions proposed are set in a social context where different assumptions must be made such
as reticence possibly borne of adversarial individuals. Such assumptions determine the na-
ture of the solution, hence the importance of Assumption 1. We consider in turn the two

approaches generally proposed in the literature, culminating in what we have termed the

Independent Likelihood Pool [96].

2.2.1 Linear Opinion Pool

wlp(x 1ZX)

" wop(X1Z5)
p(x1{Z*}) —— .

\WNP(X|ZNk)

Figure 2.1: Linear Opinion Pool.

The linear opinion pool as described by Stone [130] is a deceptively simple approach to
aggregating probability distributions. The posteriors from each information source are

combined as follows

p(x | {ZF}) = 3 w; p(x | Z5), (2.17)
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where w; is a weight such that 0 < w; < 1 and )}, w; = 1. This is illustrated in Figure
2.1. The weight w; models the significance attached to information source i. The weights
can be used to model source reliability or trustworthiness and can be used to “weight
out” faulty sensors. However, formulation of Equation 2.17, requires that weight w; be
known before information from i is evaluated [44] which presents difficulties. Though a
general methodology for obtaining the weights w; has not been forthcoming, problem specific
and arguably ad hoc methods have been developed. Worthy of mention is the entropy-
based weighting technique by Basir and Shen [16] which establishes the level of dependence
between information sources and then computes appropriate weights before information
aggregation. Applying Bayes theorem to Equation 2.17 and assuming each information

source has its own subjective prior distribution gives

P(Zlf | x)p(x1)

p(Z%, | x)p(xn)
p(Z}) '

p(Zy)

P(Z5 | X)p(xa) |

X k =
p(x | {Z*) e

+ we +w

Such addition of probabilities (assuming equal weights) results in an inability to reinforce
opinion. This is because the Linear Opinion Pool does not take appropriate cognizance of
the possible availability of independent information locally at each node 7. An illustrative
example is provided by considering a discrete state x = {zy,z2}. If N — 1 information
sources report posteriors of (0.1,0.9) and one dissenting source j reports (0.7,0.3), for a
large N it would seem sensible for j to be ignored or reinforced towards (0.1,0.9). The

following are the results for a 5 sensor system

%2(0.1, 0.9) = (0.1, 0.9), (2.18)
5

and when one sensor is dissenting

% ((0.7, 0.3) + 24:(0.1, 0.9)) = (0.22, 0.78). (2.19)
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The distribution p(2Z¥, Z5%, ..., va | x) is difficult to compute in practice if there are depen-
dencies among the elements of each information source’s observation set and those of other
information sets which do not depend on x. However, for sensor systems, it is reasonable
to assume that the likelihoods from each information source %, that is, p(Z} | x) are inde-
pendent. This is because the only thing the observations have in common is the state and

even so, we must show in practice that

p(Z5,2Z5,-- 2% | x) = p(Z¥ | x)p(Z5 | x) -+ p(Z} | x). (2.23)

If this is the case, we can write Equation 2.22 as

p(Zk | x) p(Z5 | x)- - - p(Z% | x) p(x)
p(Z‘f, Z’;,.. ) ,Z’fv)

p(x) Hj P(Z;c | x)

p(Z%5,Z5,...,2%)

p(x | {Z*}) =

(2.24)

which can be written recursively as

p(x | {Z*}) = a p(x | {Z*'}) |[] p(zs(k) | )| , (2.25)

J likelihood

where a is a normalizing constant independent of x. From a communication standpoint,
the Independent Likelihood Pool is consistent with the Bayesian update of Equation 2.6 as
follows: We can write an expanded observation set {Z*} according to Equation 2.16 which
encompasses all the observations from all the sources and then simply write Equation 2.6

in terms of this expanded observation set as if the observations were from a single source.
2.2.4 Discussion
Of the methods described above, the Independent Opinion Pool and the Independent Like-

lihood Pool more accurately model the situation in multi-sensor systems where the condi-

tional distributions of the observations can be shown to be independent. The choice between
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these depends on the origin of the prior information. The Linear Opinion Pool is useful if
there are dependencies between information sources and it is known a priori how to assign
individual weights to the probabilistic information from each source.

Significant in this thesis is the architectural paradigm which results when the combi-
nation of probabilistic information is distributed. FEach information source performs the
task of combining information from all the other information sources and of computing a
global posterior, on the proviso that all the information sources in the system are able to
communicate with each other directly. This amounts to replicating the independent opinion
or likelihood pools (Equations 2.17- 2.25) at every information source with some simplifica-
tions resulting. In this way, the posterior obtained is identical at each information source.
Our choice of combining information in such a distributed system using the independent
opinion and likelihood pools differs from the approach by Chair and Varshney [31] which is
based on distributing a form of the Linear Opinion Pool which they proposed in [30].

Inference and estimation in multi-information systems is based on the same methods
as described in Section 2.1.2. Instead of using the posterior p(x | Z¥), we make use of the
global posterior p(x | {Z*}). Thus the MAP and MMSE estimators discussed previously

can be obtained from the global posterior. However, for the ML we make use of

p({Z*} | x) = []n(Z5 | ), (2.26)

based on the independence assumption made earlier. An issue of great practical importance
to data fusion is that of data association. This is the problem of correctly associating data or
information from different sensors. In this thesis we do not directly address data association

but it can still be solved using a Bayesian approach [129].



2.3 Making Decisions and Taking Actions 32

2.3 Making Decisions and Taking Actions

Managing the sensor systems modelled above involves making decisions and taking ac-
tions under uncertainty. Modelling the sensing process probabilistically gives us access
to decision-theoretic techniques developed in Decision theory literature [54][134][65]. Our
starting point in making such decisions is the a posteriori distribution, p(x | Z*) in the case
of a single information source and, in the case of multiple information sources, p(x | {ZF})
and its various local components. The posterior PDF encompasses all that is known about

the state x and therefore any decisions concerning x can be based on it.

2.3.1 Decisions and the Single Bayesian

A decision maker is concerned with taking the best possible actions on the basis of the
information available and in the face of uncertainty. We define the action a which is an
element of a set of possible actions .A. We also define a Utility function U(x,a) defined for
all (x,a) € (X x A), which gives a measure of the utility of taking a given action a when
the true state is a particular x. Conversely, we can define a Loss function L(x,a) which
gives a measure of the loss incurred in taking action a when the state is x. Hence we can
write that U(x,a) = —L(x,a). We can compute the expected utility (or loss) B of taking
an action a as follows

B(p(x | Z¥),a) 2 EFXZ){U(x,a)) (2.27)

The Bayes action @ is the strategy which maximizes the expected utility 8(p(x | ZF),a)
G = arg max B(p(x | Z%),a). (2.28)
From the Likelihood Principle, it can be shown that this is equivalent to maximizing

/); U(x,a) p(Z* | x) p(x) dx. (2.29)
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Analytically, this is a rational framework for making decisions and taking actions, the caveat
being an ability to determine appropriate utility functions.

When the action space is the same as the state space the decision problem becomes
the same as for the inference problem already discussed. For instance, we can define a
loss function such as the squared-error loss and so the minimization of the Loss form of
Equation 2.27 results in an alternate statement of the MMSE estimate that we have already

encountered, as follows
min / L(x,x)p(x | Z*)dx,
xXex

where the loss L is defined as the squared error loss

L(%,x) = (X — x)?, where % = /x p(x | ZF)dx. (2.30)
N e’

mise

Having already introduced inference, we shall not consider this any further and instead
concern ourselves only with action spaces which are not the same as the state space and

are countably finite.

2.3.2 Decisions with Multiple Information Sources

When considering decision making with multiple sources of information, it is important to
delineate and define the problem precisely in terms of the structural level of the decision
making, the nature and level of interaction during the decision making and the presence
or absence of a dominant decision maker. We therefore make the following distinctions:
Full cooperation implies that each information source does not withhold information and is
always ready to provide it when required. This is in contrast with non-cooperation whereby
information sources may be reticent or refuse to provide information altogether [21]. In our

case we make the following assumption;
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Assumption 1 : Individual information sources cooperate fully and are able to commu-

nicate probabilistic information as required with negligible delay.

This is a justifiable assumption for sensor systems quite unlike the general dialogues de-
scribed by Bacharach [9] where “...opinions are only partially disclosed”.

The problem of making decisions involving multiple information sources has been for-
mulated under a variety of assumptions in the literature [21][91]. We shall consider the

following representative cases:

Case 1: Consider a system consisting of N information sources and a single overall decision
maker. Such a system is illustrated in Figure 2.4. The task of the decision maker is in the
first instance to combine probabilistic information from all the sources and then make
decisions based on the global posterior. Given that the global posterior is p(x | {Z*}), the

Bayes group action is given by

= argmax f(p(x | {Z"}),0), (231)

where

B(p(x | {Z*}),a) = EPXHZ™D {U(x, )}, (2.32)

and U(x,a) is a group utility function. Implicit in this case is the assumption that individual

information sources give up the capacity to make decisions to a single overall decision maker.

Case 2: Consider a system consisting of N Bayesians each able to obtain its own probabilis-
tic information which it shares with all the other Bayesians before computing a posterior
PDF. From the discussion in Section 2.2, the posterior PDF obtained by each Bayesian is
identical and is given by p(x | {Z*}). Each Bayesian is then required to compute an optimal

action which is consistent with those of the other Bayesians. It is assumed that the decision






2.3 Making Decisions and Taking Actions 36

is desirable because it avoids thresholding in the decision process. This differs from the
method of Chair and Varshney [30], where the decisions made by individual sensors are
weighted based on reliability and then comparing a weighted sum of individual decisions
with a threshold based on the likelihood to give the global decision.

The second case however presents a considerable challenge for which a universally pre-
scribed solution is not possible partly because of the lack of generally applicable criteria
for determining rationality and optimality. This is instantiated by the problems associ-
ated with deciding between individual and group optimality, the choice of which determines
the approach taken [132]. Towards this end, group decision making in our context can
be simplified by the non-antagonistic nature of the agents involved in the decision making
(Assumption 1) and the implicit goal of group information gain or uncertainty reduction.

If the optimal action @; at each Bayesian 7 happens to be the same this is then the
group consensus action. In general it will not be the same and so a solution would proceed
as follows; if each Bayesian ¢ computes an acceptable set of actions A; C A and the set
A = NjA; is non-empty, then the group action is selected from the set A. An acceptable

class of actions can therefore be obtained by maximizing

Blp(x | {Z¥}),a) = 3 w; EPXIED (U(x, )}, (2.33)

where 0 < w; < 1 and }°; w; = 1. Equivalently, from the Likelihood Principle, this could

be written as a maximization of

S wj [ Us(x,0) p(Z£ | %) p(x) () (2:34)

using the non-recursive form of the information update Equation 2.5. That Equation 2.33
and Equation 2.34 represent acceptable actions is easy to see. What becomes extremely

difficult and has been the subject of much research is the choice of an optimal action a from
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the acceptable set. If the utility functions U; can be directly compared then maximization of
Equation 2.33 or Equation 2.34 gives the optimal group action. The general validity of direct
comparisons of utility is questionable given Arrow’s impossibility theorem [7]. However, as
Savage [120] argues, there are situations where such comparisons seem plausible.

When comparisons can be justified, a general solution is obtained by maximizing Equa-
tion 2.33, the solution of which happens to be a special case of a more general solution

suggested by Weerahandi and Zidek [134] stated as the maximization

1/~
@ = arg max {Z w; [EP {U(x,a1)} — c(j)]”} ) (2.35)
J

where ¢(7) is regarded as decision maker j’s security level which plays the role of “safe-
guarding j’s interests”. The weight w; is as given in Equation 2.33 and —oo < v < 0o. The
case when v = 1, gives a solution which minimizes Equation 2.33 and ¥ = —o00 and v = oo

give the so called Bayesian max-min and min-max solutions respectively [18][134].
When direct comparisons cannot be justified, the celebrated Nash [106] solution which
makes no direct utility comparisons, can be used. This solution is obtained by maximizing

the product of individual expected utilities

a = arg mjxxH [EP: {U(x;,a1)} — c(5)], (2.36)

in which the value of ¢(j) can be used to maintain some level of individual optimality. The
value of ¢(j) plays no part in the actual derivation of the Nash solution and is thus arbitrary.
Weerahandi and Zidek have shown that setting v = 0 in Equation 2.35 reduces it to a form
of the Nash product known as the Nash-Kalai solution [81], thus establishing an equivalence
between these methods. For sensor data fusion applications, we shall endeavour to show
that it is reasonable to construct a utility function such that the expected utility for a given

action is directly comparable by different decision-makers.
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2.3.3 Utility Theory

Having introduced Utility and Loss in the previous section, we now introduce these notions
formally. Utility allows the placement of value on the results of decisions thus permitting a
subjective preference ordering on actions and their outcomes. The results of decisions can
be defined on the set R. Given uncertainty, these results may be probabilistic and defined
on the set P. We can say that action q; is associated with the state x having a probability
distribution p; where p; € P. An alternative, perhaps more precise, way of writing p; is by
writing it as p(x | a;) thus making the conditioning on a; explicit. Because the distribution
on x may also be conditioned on other states or may be a likelihood, we find the notation
p1, which makes the conditioning on q; implicit, less confusing. The “value” of taking action

a; is given by the expectation
EP {U(x,qa;)}, (2.37)

where U(x,a;) is a real valued function which represents (through expected value) the
decision maker’s preference over the elements of P. This has meaning if it is possible to
state preferences between the elements of P. Thus, if the distribution p; over x is preferred

to py, we expect that the utility function U(x,q;) is such that
EP? {U(x,a,)} < EP* {U(x,a1)}. (2.38)

Therefore U(x,a) is a utility function with the same preference structure as the decision
maker. This ability to state preferences rationally is the basis of the axiomatic definition
of utility [54][18]. In order for U(x,a) to be a valid utility function, the expected utilities
must have the same preference ordering as the true preferences concerning the probabilistic
outcomes in P. This necessitates the need for a preference ordering among the elements of

P. The following are the axioms on which such a preference pattern is based:
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e Axiom 1. If p; and p; are in P then either p; < p2, or p; = p2, or p; < py.
e Axiom 2. If p; < p; and p; < p3, then py < ps.
e Axiom 3. If p; < p; then ap; + (1 — a)ps <ap2 + (1 —a)p3, for 0 < o < 1.

Axiom 1 implies the ability to express preference and Axiom 2 is a transitivity requirement.
Axiom 3 implies that in identical situations where p; and p, occur with the same probability,
the preferred p based on some preference criterion is chosen. The Axioms presented above
can be strengthened by the addition of another Axiom which implies that there is ‘no heaven
or hell’, that is, no infinitely good or infinitely bad outcome. Based on the results by Fish-
burn [55] this fourth axiom is not necessary to guarantee the existence of utility functions.
The sufficiency of the above three axioms is the basis of our use and interpretation of util-
ity functions. These axioms guarantee that the decision maker’s preference in P coincides
with preferences according to the expected utilities of the elements of P. A rigorous formal
proof of the existence of utility functions is given by Von Neumann and Morgenstein [108];
Chernoff and Moses [33] give a more palatable proof of the same. An implicit assumption in
the above is that the decision-maker has knowledge of the exact distribution of an element
of P. Such exact knowledge may not be available in sensor systems where assumptions
and approximations are often made in order to deal with otherwise intractable modelling
problems. For such situations we take comfort in the fact that approximate knowledge of
the distributions in P has been shown to be adequate in a proof by Ferguson [54] making
use of so-called personal probabilities as defined in [6].

Various methods have been described in the literature for constructing utilities and ex-
amples of these are found in [82][18][43]. Utility functions can be modelled to give prescribed

behaviour such as risk aversion, risk proneness and neutrality. These different behaviours
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are modelled analytically based on Jensen’s inequality as follows; a risk averse decision

profile implies convexity as follows

U(E{x},a) > E{U(x,a)}. (2.39)
Similarly, risk prone behaviour is implied by the concavity

U(E{x},a) < E{U(x,a)}, (2.40)
and neutral behaviour follows from the linear relation E{U(x,a)} = U(E{x},a).

2.4 Information in Probability

As the final piece in the puzzle, we quantitatively consider the information inherent in
probability. Probability distributions contain information about the underlying states which
they describe. It is useful to quantify this information for the purpose of making comparisons

and determining the degree of uncertainty.

2.4.1 Measures of Information

Entropy

Entropy, sometimes known as Shannon information, is a fundamental and generally ap-
plicable measure of information in probability distributions. Entropy is the uncertainty
associated with a probability distribution and thus gives a measure of the descriptive com-
plexity of a PDF. We shall define entropy as Shannon [123] first defined it; Catlin [29] gives
a particularly lucid derivation of the same. Entropy is defined as the expectation of the
negative of the log-likelihood 3 of a PDF

h(p(x)) £ E{~In p(x)}. (2.41)

*The log-likelihood here is simply the log of a distribution and is quite different from the likelihood
function.
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We can define the entropy of the posterior distribution of x given Z* at time k as follows

h(k) £ h(p(x | Z¥)) = E{-Inp(x|Z*)} (2.42)

- /P(X | Zk) In p(x | Zk)dx if continuous,

- ZP(X | ZF) In p(x | ZF) if discrete.

With this definition of entropy, a measure of ignorance is given by In(1/p(x)) *.
We can develop the entropy relationship for Bayes Theorem as follows; if we negate and
take expectations of the log of Bayes theorem (Equation 2.6) then using the definition of

Entropy in Equation 2.42 we have

E{-—ln [p(x | Zk)]} = F {—ln [p(x | Zk_l)]} - E {l" [p(z((z()kl)é:‘)l)]}

hik —1) - E {ln [p (“; ((2()kl) ;,’f_)l)]} . (2.43)

h(k)

This demonstrates that conditioning with respect to observations reduces entropy, that is,
increases information. Mutual information is defined as the information about one variable
contained in another. In an observation process, we define mutual information at time k as

the information about x contained in the observation z(k), that is

i(k) = I(x,2(k)) & E {ln [i:((;%'))ﬁ] } . (2.44)

With this definition, the entropy relationship for Bayes theorem (Equation 2.43) can be

written as

h(k) = h(k — 1) — i(k), (2.45)

which simply says that the entropy following an observation is reduced by an amount equal

to the information inherent in the observation.

‘It can also been argued that ignorance may alternatively be measured by (1 — p(x)). This leads to an
alternative definition of entropy as shown recently by Pal and Pal [111] which, although giving similar entropy
values as the original definition, has different boundary properties which prove useful in some applications.
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Fisher information

Fisher information gives a measure of the amount of information about x present in the
observations Z*. Like entropy, Fisher information is developed from the log-likelihood. The

gradient of the log-likelihood is called the score function s, given by
ko) 8 k
s(Z%,x) = Yyln p(Z%,x). (2.46)

By considering s as a random variable, we obtain its mean from

k
E{s(Z*,x)} = E{V;ékz,);)")} = Uy /p(Zk,x)dx = 0.

The Fisher information matrix is defined as the covariance of the score function

J(k) & E{vxln p(Z*,x) (Vxin p(Z*,%))T}. (2.47)

This can be rewritten as the negative expectation of the Hessian of the log-likelihood

J(k) = —E{VXVXTI'” p(zk,x)}- (2.48)

For non-random parameters, the Fisher information matrix is defined in terms of the like-

lihood as follows
A
J(k) = - E{VxVlen p(Zk | x)}. (2.49)

Fisher information is useful in estimation; the inverse of the Fisher information matrix is
the Cramer-Rao lower bound [12] which bounds the mean-squared error of any unbiased

estimator of x.

It is more effective to quantify information using entropy for comparative reasons since
it can be applied to both discrete and continuous distributions. In continuous state estima-

tion problems, Fisher information is more useful since algorithms can be developed which
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maximise it, but this usefulness is restricted to continuous state estimation. Appendix A

discusses the relationship between Fisher information and entropy.

2.4.2 Probabilistic Information Update

Since the concept of entropy is the converse of information, a measure of information is
given by negating entropy. Thus, we can write from the definition of entropy (Equation
2.41) that information is given by E{ln p(x)}. Whereupon the recursive Bayes update

(Equation 2.6) can be written as information update by taking expectations as follows

E{infp(x |24} = E{infpx|2*)} +E {ln [p Zfé(ff ;,’f_)l)]} . (2.50)

posterior information = prior information + observation information.

We can write similar information update equations for the multi-information source systems

based on the Independent Opinion Pool and the Independent Likelihood Pool as

E{in[p(x | {Z*})]} = ZE{znp(x|z§)}, (2.51)

and

E {ln [p(x I {Zk})]} — E{ln [p(x I {zk—l})]} + ZE {ln [ p(Zj(k) | X) ]} :

p(zi(k) | {Z*-1})
(2.52)

respectively. A useful device, which is also quite illuminating, is simply to write Bayes
algorithm in terms of log-likelihoods as this also brings out the additive nature of the

update.

Initialization and Non-informative priors.

According to Bayes theorem (Equation 2.2), when no information is available subjectively

about the state x, we require a prior PDF which contains no more information than is
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inherent in the likelihood in order to maintain objectivity. A non-informative prior is a
PDF that contains no information about the state x. The subject of non-informative priors
has deservedly received much attention [78][29] and the difficulties associated with them are
generally regarded as one of the main short-comings of Bayesian analysis. Methods do exist
for approximating non-informative priors. These are largely based on equating imprecision
with ignorance, an example being the use of the Mazimum entropy principle [18]. Appendix
A.2 discusses some of the approaches used to obtain non-informative priors.

However, we argue that in a system where information update is recursive, crude meth-
ods which may be eschewed by Bayesian purists such as Maximum entropy priors and
Fisher information priors, yield plausible results. This is provided that the system has an

adequately modelled likelihood function (observation model).

2.5 Summary

The probabilistic model presented provides a complete and consistent framework for con-
fronting issues in decentralized sensing in particular, and multi-sensor systems in general as

discussed in Chapter 1, in terms of:

e Development of architectures based on the methods of combining probabilistic infor-

mation discussed in Section 2.2.

e Estimation and inference of the true state when presented with probabilistic informa-

tion from a multiplicity of sources.

e Distributed and decentralized management based on the group decision principles set
out in Section 2.3.2, utilizing results and properties from Section 2.4 on information

and its update.
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In presenting this model, we have attempted to illustrate the completeness and self-
sufficiency of the Bayesian approach by demonstrating how the different components of
the general problem outlined in Chapter 1 can be solved within the Bayesian paradigm.
While the model presented above is not in itself limited to fully-connected systems, there
are extensions required with regards to the communication in non-fully connected systems.
Grime and Durrant-Whyte [62] have shown that by considering information sets using Bayes
Theorem, the additional communication issues can be resolved, following which the model
proposed in this chapter can be applied.

Computationally, Bayesian calculations are difficult particularly when considering group
decisions. Tsitsiklis and Athans [132] show that minimisations similar to the maximizations
of Equations 2.33 - 2.35 are NP-hard for a distributed system. In Chapter 4, we propose
methods which, while reducing the computational difficulties in the above formulations,
maintain the same rational behaviour in the decision making for purposes of sensor man-

agement.



Chapter 3

Deriving Architectures and
Algorithms

In this chapter, we take the probabilistic model developed in Chapter 2 and directly develop
a consistent methodology for data fusion in terms of architectures and algorithms. There
are two themes in this chapter; firstly the architectures for data fusion resulting from our
discussion in the previous chapter on probabilistic information fusion, and secondly, methods
and algorithms for inference in data fusion.

We develop two representative algorithms. The first of these algorithms is the celebrated
Kalman filter [12] which has seemingly countless applications {133][11][25]. The Kalman
filter (KF') has been derived using a variety of approaches such as those based on the Gauss-
Markov theorem as shown by Scharf [121) making assumptions on the joint distributions
of the state and observations[99]. Other approaches make no assumptions on the joint
distributions but apply orthogonality results to give least squares estimates [12]. These
approaches result in the standard formulation of the Kalman filter. An alternative statement
of the Kalman filter has been presented in the form of the information filter also called the
inverse covariance form. This form has been shown to have some computational advantages
and also overcomes some of the difficulties associated with initialization. Formulations of
the information form of the Kalman Filter have been presented by Maybeck [99], Grime
and Durrant-Whyte [63] starting from the usual formulation of the Kalman filter. What

we present here is an alternative direct derivation of the information form of the Kalman
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filter starting from a notion of probabilistic information and its update. Such a derivation
is consistent with the architectures to be developed thus making the architectures a logical
extension of the algorithms and wvice versa.

The second algorithm is the discrete equivalent of the information filter, which updates
beliefs in the classification of a discrete state. This algorithm is similar to that initially pro-
posed by Rao [115] and described in Rao and Manyika [117]. However, in our probabilistic
model this algorithm comes about as a result of considering the state in the probabilistic
information update of Equation 2.50 as discrete. The continuous and discrete algorithms
are therefore demonstrated to be mutually consistent as regards their derivation and devel-

opment based on information.

3.1 Architectures from Information Update

We now demonstrate how the information update (Equation 2.50 - 2.52) is formulated for

various architectures culminating in the update equations for a decentralized architecture.

3.1.1 Single Sensor Systems

The information update for a single sensor system written in terms of log-likelihoods is
Inp(x | ZF) = Inp(x | Z""") + In [a p(2(k) | x)]. (3.1)

This equation describes a single Bayesian information source as described in Chapter 2.
Such a single sensor system is illustrated in Figure 3.1. Multi-sensor systems are formed by

combining elements of this single sensor system.
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computes the global posterior using the following update rule

In p(x | {Z*}) = In p(x | {Z*7'}) + >_in laj p(z;(k) | )] (3.4)

J

The nature of the hierarchy determines the information communicated to the central

processor by sensor ¢; it may be in one of the following forms

e raw sensor data z(k) or

e likelihoods [a; p(zi(k) | x)] or from considerations of sufficient statistics

p(T(z;(k)) | x) (see Chapter 2).

The communication of raw sensor data requires the central processor to have knowl-
edge of the models for each sensor thus allowing it to compute the likelihoods
p(z;(k) | x) from the observation z;(k) for all the sensors 7. In this way, the global
posterior p(x | {Z*}) of Equation 3.4 is computed in its entirety at the central pro-
cessor as illustrated in Figure 3.3. If each sensor has some computational capability
the likelihood term may be computed locally at each sensor then communicated. This
has the advantage that the sensor model can be kept locally at the each sensor. This
architecture is illustrated in Figure 3.4. The global posterior is a summation of the

prior global posterior and the likelihood information obtained at each sensor <.

Choosing between these hierarchies depends not only on the nature of the prior informa-

tion, but also on the application. A system comprising simple sensors such as temperature

transducers for example is ideally suited to the hierarchy implied by Figure 3.3. The com-

munication of likelihoods or local posteriors, shown in Figure 3.4 and Figure 3.2 respectively,

means that the central processor need not have any knowledge of the sensor models at each

sensor node. This reduces the computational burden on the central processor. The hierar-






3.1 Architectures from Information Update 52

chies of Figure 3.4 and Figure 3.2 have the added advantage that a sensor can be changed
or modified without the central processor needing to have any knowledge of it. This makes
the system modular and facilitates the inclusion of a wide range of sensor complexity in the
system because any complex signal processing necessary for a given sensor can be realized
locally. In Figure 3.2 initialization is done locally due to the fact that the prior is subjective
at each sensor node. (See discussion in Section 2.2, Chapter 2). The architectures of Figures

3.4 and 3.2 lead to the development of fully decentralized architectures.

3.1.3 Distributed and Decentralized Architectures

Each sensor in a decentralized system, in addition to making observations, is required to
obtain the global posterior after communicating with all the other sensors. For a fully
connected system, the global posterior is expected to be identical at each sensor. In order

to formulate this architecture precisely, we define a local state vector
x; € X, associated with sensor i. (3.5)

The decentralized architecture is a result of distributing the computations performed by
the hierarchical architectures we have just considered, so that each sensor node is able
to perform these and obtain the global result. As before, we consider the decentralized
architectures resulting from the Independent Opinion Pool and the Independent Likelihood

Pool respectively:

1. Independent Opinion Pool. Consideration of the Independent Opinion Pool from
Chapter 2, and the architecture suggested by the hierarchy of Equation 3.2 leads
to a decentralized architecture. As before, the implicit assumption in the resulting

architecture is that the observations conditioned on the state are independent and
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each sensor node has subjective prior information. A decentralized architecture of
this form can be realized by placing the central processor of Equation 3.2 (Figure 3.2)
at each sensor node. In this way, each sensor node ¢ communicates a local posterior

p(x; | Z¥) and obtains the global posterior according to

tn p(xi | {Z°)) = 31 p(x; 1 Z5), (3:6)

communicated

where the local posterior for each sensor node i is obtained as follows
Inp(xi | Z) = In p(xi | Z§71) + In [aq p(zi(k) | x:)].- (3.7)

A disadvantage of this architecture is that each sensor node has access only to par-
tial posterior information at each sensor node (which has been communicated) and
does not have the observed likelihood information at each sensor node. Therefore no
decision theoretic approach to management which requires this information can be

implemented locally at each node.

. Independent Likelihood Pool. In a decentralized system based on the Independent

Likelihood Pool, communication is in the form of likelihood information 2, At each
sensor node all the likelihoods are fused to give the global posterior. This amounts to
placing the central processor of Equation 3.4 at each sensor node. The global posterior

at sensor node ¢ is obtained using the following log update relationship

In p(x; | {Z*}) = In p(x; | {Z¥71}) + Z In [a; p(z;(k) | x;)]. (3.8)

communicated

This is illustrated for each sensor node in Figure 3.5.

2An important consequence of architectures where likelihoods are communicated is that a reduced order
state can be used locally at each information source. This has been described in the work by Alouani [4]
following on from the work described in [128][34][136].
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3.1.4 Discussion

All the multi-sensor architectures above are mathematically equivalent for fully connected
systems but differ in the way they combine probabilistic information as discussed in Section
2.2. The decentralized systems are more desirable in terms of robustness, performance and
reliability [50] as discussed in Chapter 1.

Given that each sensor node has subjective prior information, an interesting point to
note about architectures based on the Independent Opinion Pool (Equations 3.2 and 3.6) is
that they allow the implementation of hybrid algorithms as follows; each sensor can locally
compute its partial posterior using any method for generating a posterior locally and then
the global result is obtained by summing up the partial posterior information from all the

nodes.

3.2 Continuous State Estimation from Information Update

The Kalman filter is an algorithm for recursively estimating a state x(k) given a set of
uncertain observations up to time k, denoted Z*. The standard Kalman filter (KF) formu-
lation can be rewritten in terms of the inverse covariances as the so called information filter.
What follows is a derivation of the information filter directly from the recursive probabilistic

information update of Chapter 2.

3.2.1 Information Filter
We start by making the assumptions fundamental to the derivation of the information filter.

We then outline the method that we shall use to derive the various architectural forms of

the information filter.
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Observation

We assume a linear observation model based on the general observation model of Equation

2.1, that is

z2(k) = H(k)x(k) + v(k), (3.10)

where H(k) is an observation matrix relating observations z(k) in the observation space Z,
to the state x(k) in the state space A’. The observation noise is represented by v(k) which
is zero mean Gaussian with covariance matrix R(k). The noise v(k) is a process which is

uncorrelated in time, that is
E{v(k)} = 0, E{v(kW()T}=R(K)brj, Vk.j (3.11)

where § is the Kronecker delta operator. The covariance matrix R(k) is positive and semi-

definite and the off-diagonal terms are cross-correlation terms.

State Transition

We assume a linear state transition of the form
x(k) = F(k)x(k — 1) + w(k), (3.12)

where F(k) is the state transition matrix describing the transition of the state from time-
step to time-step and w(k) is the state transition noise which is assumed to be zero-mean
Gaussian with covariance matrix Q(k). The transition noise is uncorrelated in time and

therefore satisfies
E{w(k)} = 0, E{w(k)w(j)T} = Q(k)s;, Vk,j (3.13)

where Q(k) is positive and semi-definite.
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We also make the additional assumption that the observation noise v(k) and the state

transition noise w(k) are uncorrelated, that is
E{v(k)w(j)} = 0, Vk,j. (3.14)

Information update and Estimation

Given the probabilistic model of Chapter 2, the starting point is the information update

relationship. We can write this in the equivalent form using log-likelihoods as follows
A -
1S In p(x(k) | 2*) = In p(x(k) | 2°71) + Infa p(z(k) | x(k))]- (3.15)

We make the assumption that all the PDFs in Equation 3.15 are Gaussian such that for a

distribution p(x), we have that
p(x) = N(x,P), where X = mean and P = covariance. (3.16)

We now require to recursively estimate the state, that is, obtain an MMSE estimate for
x(k) given all the observations up to time-step k, which we shall denote X(k | k). From the

posterior of Equation 3.15, an MMSE estimate is obtained from Equations 2.12 and 2.13 as
(k| k) = E{x(k)|2*}, (3.17)

with covariance
P(kIk) = E{(x(k)=%(k | k)(x(k) - %(k | k)T | 2} (3.18)

Corresponding to this estimate, we define a transformed state vector which we call the

information state vector. The information state vector at time step j given [ is given by

ne

yG 1) =PIGIDXG D (3.19)
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Associated with the information state vector, is the information matriz given by the inverse
covariance P~!(j | ). It is important to note that P~1(j | [) is actually the covariance of
the information state vector P~1(5 | 1)%(5 | I).

These information estimates can be obtained based on the above assumptions by; (i)
considering the probabilistic information update relationship ! of Equation 3.15, and sub-
stituting in the appropriate Gaussian PDFs (ii) evaluating 74! and (iii) Uy Vx ' l. We now

go through these steps and derive the information filter.

Derivation

Writing ! in terms of Gaussian PDFs, we have that the score function 74/ is evaluated from

no

Gl 2 T [er = g x(h) = Kk 1 R)TRN (k] B)x(E) - (k] 1)
= T [en = 30x(R) = &k [ = DT Pk |k = 1)(x(k) = (k | & = 1)]
+% [es = 5(2(0) - HOX(0) R B0 - HEXK)] . 6:20
where ¢;, ¢ and c¢3 are constants independent of x(k). Making use of the result

Vx(yTAy) = 2(Vxy?)Ay, where A is symmetric and independent of x, we have that

the left-hand side of Equation 3.20 corresponding to the posterior, simplifies to

U [er— 0x(k) = &(k | )Pk | k)(x(k) - %(k | )]
=~ [Tx(x(k) = (k| K))P~1(k | k)(x(k) = %(k | k))]

= Pk | k)(x(k) —%x(k | k)), (3.21)
and for the term corresponding to the prior

Vs [e2 = 3(x(k) = %(k | k= D)TP1(k | k= 1)(x(k) = k(k | k = 1))]

- Pk | k - 1)(x(k) - %(k | k = 1)), (3.22)
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and similarly for that corresponding to the likelihood

Ux [es = 3(alk) — H(k)x(k) R (k)(a(k) — H(k)x(k))]
= - [Vx(a(k) - H(k)x(k))T] R (k)(z(k) - H(k)x(k))

= H(E)TR-1(k)(z(k) — H(k)x(k)). (3.23)
Substituting these in Equation 3.20, we have

P (k| k)(x(k) - k(k | k) = —P~(k|k—1)(x(k)—x(k|k))-)

+H(E)TR-1(k)(z(k) — H(k)x(k)).  (3.24)

From the definition of Fisher information (Equations 2.47 and 2.48), VxVle gives the

Fisher information matrix. Therefore applying /4 again to Equation 3.24 evaluates to
P Yk |k)=P Yk|k-1)+HK)TR 1 (k)H(kK). (3.25)
Equation 3.25 post-multiplied by %X(k | k) and added to Equation 3.24 gives
P-1(k|k)k(k|k)=P (k| k- 1x(k| k- 1)+ HK)TR(k)z(k). (3.26)

Using the definition of the information state vector (Equation 3.19), we can write Equation

3.26 as
y(k | k) = §(k | k= 1)+ H(k)TR™ (k)a(k), (3.27)

which is the update equation for the information state vector. The predicted covariance

P(k | k = 1) is obtained from a consideration of its definition
A - - -
Pklk-1)= E{(x(k) —x(k | k—1))(x(k)—%x(k| k- VA 1}. (3.28)

Since

(x(k) = %(k | k= 1)) = F(k) [(x(k — 1) = x(k = 1 | k = 1))} + w(k),
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the predicted covariance becomes
Pkl|k—-1) = Fk)P(k-1|k-1)Fk)T +Q(k). (3.29)
And so the predicted information state vector y(k | k — 1), is obtained as
Vk|k=1) = P YWk|k-1DFk)%(k-1]|k-1)
= P Yk|k-1DFk)Pk-1|k-Dyk—-1]k-1). (3.30)

It will be noted that in the above formulation, the vector H(k)TR~!(k)z(k) is a sufficient
statistic of x(k). That H(k)TR™1(k)z(k) is a sufficient statistic for x(k) can be seen by

writing the Gaussian [a p(z(k) | x)] (see Equation 3.20) in the form
p(z(k) | x) o cexp{—%x(k)T H(k)TR‘l(k)H(k)x(k)} exp{—%z(k)TR’l(k)z(k)}
x exp {x(k)TH(k)TR (k)z(k)} , (3.31)

which by the factorization theorem [87]3 is the necessary condition for H(k)TR~!(k)z(k)
to be sufficient for x(k). The statistic is normal with covariance H(k)TR~!(k)H(k). It has

been shown in [121], that this sufficient statistic is unique (complete) and also minimal.

Non-linear information filter

Often the observation and transition equations are not linear, in this case we can derive a
non-linear information filter. For a non-linear system the observation equation (based on

Equation 2.1) is written

z(k) = h[k,x(k)] + v(k), (3.32)

3A vector t is sufficient for the vector x iff p(z | x) = p(z)p(t | x), and the distribution p(z | x) is normal
[121].
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where h[-] is the non-linear observation model transforming x(k) from the state space X', to
the observation space Z. The observation noise is assumed to be additive and is of the same

form as in Equation 3.11. Similarly, we can write the non-linear state transition equation
x(k) = flk,x(k — 1)] + w(k), (3.33)

where f[-] is the non-linear state transition model describing the transition of the state from
time-step to time-step as a non-linear function of the state.

The derivation proceeds as outlined in the previous section by first substituting the ap-
propriate Gaussians into Equation 3.15. However, the Gaussian substitution corresponding
to the likelihood In[a p(z(k)) | x(k)] is different from that in Equation 3.20 and reflects the

non-linearities in Equation 3.32. It is given by
Infa pla(k) | x(k))] = ¢ ~ 5(2(k) = h[k,x(DDTR(K)(2(k) — hlk,x(K)).  (334)

Proceeding as before by taking (i) /x! and (ii) VxVyx | and making the appropriate sub-

stitutions we obtain the result that the information state vector is updated according to
(k| k) = 9(k | k= 1) + Vxhlk, x(k | )" R (k)z(k), (3.35)
and the inverse covariance (information matrix) according to
P-(k | k)= P (k | k= 1)+ Uxhlk, x(k | IR (k)wyhlk, x(k [ K)]. (3.36)
It can be shown that

(x(k) = %(k | k=1)) = Tyllk,&(k = 1]k = D](x(k = 1) = %(k = 1| k= 1))

o k), (3.37)

higher order terms
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based on a linearization about the predicted state X(k | k — 1), where the higher order terms

can be obtained from a Taylor series expansion [12]. Therefore, by ignoring the higher order
terms, the predicted covariance is given by
Pk|k-1) = gyflk,x(k—1|k-1)Pk—=1]k—1) U, flk,x(k=1]k-1)]T

+Q(k). (3.38)
Consequently, the predicted information state vector is obtained as
vk |k=1)=P Y k|k-Dfk,x(k-1]|k-1)]. (3.39)
It must be noted that to evaluate 7, h[k,%(k | kK — 1)], X(k | kK — 1) is obtained from
xX(k|k=-1)=P(k|k-1y(k| k-1). (3.40)

In the formulation of the non-linear information filter, the following equivalences with

the linear information filter are apparent
Vxh[k,X(k | k)] = H(k) and wxflk,x(k | k)] = F(k). (3.41)

Therefore substituting H(k) for 7 h[k,%(k | k)] and F(k) for 7y f(k,%x(k | k)], makes the
formulation of the first order non-linear information filter the same as for the linear infor-
mation filter (with the exception of Equation 3.39).

The information filter just derived forms the basis of a state estimation algorithm which
can be applied to any of the architectural paradigms described in Section 3.1. In the above
form, the algorithm is implemented on the single sensor system of Figure 3.1. We can

summarize the information filter as follows:
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Summary

Information Filter Equations

The information state vector is updated according to
§lk | k) = (k| k- 1) + H(k)YTR™ (k)a(k), (3.42)
and the inverse covariance (information matrix) according to
P Yk|k)y=P (k| k-1)+HK)TR(k)H(K). (3.43)
The inverse covariance and the information state vector are predicted recursively as

Pk|k-1) = f(k)P(k—-1]|k-1FKk)T +Q(k), (3.44)

(3.45)

yk|k—=1) = P Yk|k-1)FKPEk-1]k-1)yk-1]k-1), (3.46)
respectively. The estimated state may be obtained from

x(k | k) =P(k| k)y(k| k). (3.47)
3.2.2 Hierarchical Information Filter
Hierarchical estimation has previously been discussed based on the usual formulation of the
Kalman filter [34)[63]. What we present here are methods based on deriving the appropriate

form of the information filter from the information update. For the whole system we make

the following definitions concerning the observation partitioning
observations z(k) = [z1(k)T,z2(K)7,... zn(k)T)T
observation matrix H(k) = [Hi(k)T,Hy(k)T,...,Hy(k)T)T

observation noise covariance R(k) = diag[R1(k),Ra(k),...,Rn(k)], (3.48)
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where the observation partitions are assumed to be uncorrelated. A centralized or hierar-
chical architecture is described by Equations 3.4 and 3.2 (see Figures 3.3 and 3.2). We now

discuss each of these in turn (derivations here are only in outline):

1. For the hierarchy described by Equation 3.4, where each sensor node communicates

likelihood information, the log-likelihood [, is given by

Inp(x | {Z*}) = In p(x [ {Z"'}) + 21 (o p(z(k) [ %)].
J commutu'cated

Each sensor j makes an observation according to
2;(k) = H;(k)x(k) + v;(k), Vj €N, (3.49)

where the observation noise v;(k) is under the same assumptions as in Equation 3.11.

In the information filter derived in Section 3.2.1, information from the observation is

H(k)TR~1(k)H(k) which in this case is obtained from the summation

H(k)TR™(k)z(k) = Y_ H;(k)TR;(k)z; (k). (3.50)

J

Similarly

H(k)TR™I(K)H(k) = ) _H;(k)TR; (k)H,(k), (3.51)

J

for the observation information matrix. Hence each sensor communicates to the cen-
tral processor Hj(k)TR;'_l(k)Zj(k) and Hj(k‘)TR.j-l(k')Hj(k). And so the global in-

formation state vector is given by
y(k | k) =3k |k~ 1)+ HE)TR(k)z(k), (3.52)
and the inverse covariance (information matrix) by

P-Y(k|k)=P 1k |k—1)+H(k)R(k)H(k), (3.53)
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using Equations 3.50 and 3.51. The predictions P~1(k| k- 1) and y(k |k — 1) as

before are given by Equations 3.46 and 3.45 respectively.

. For an architecture defined by Equation 3.2, where each sensor ¢ communicates a local

posterior p(x | Z¥), the global posterior is computed from

Inp(x | {2"}) = 3 In p(x | Z),

communicated

where for each sensor node 7, the local posterior is given by
In p(x | Z¥) = In p(x | Zf-l) + In [a; p(zi(k) | x)], (3.54)

provided that each sensor has available subjective prior information. By following the
steps outlined in Section 3.2.1, the corresponding filter for this architecture can be

derived. The global information state vector is obtained as

§(k 1K) = 3 gi(k | k), (3.55)

and the information matrix

P-Y(k|k)=> P;U(k|k), (3.56)

J

where the local information state vectors ¥;(k | k), are given by
yi(k | k) = yi(k | k= 1)+ HT (k)R] (k)zi(k), (3.57)
and the local information matrices by
P;yl(k| k)= P (k| k- 1)+ H (F)R; (k)Hi(k). (3.58)
The predictions are local versions of those in Section 3.2.1, that is

Pi(k |k —1)= Fi(k)Pi(k = 1| k- DFi(k)T + Qu(k), (3.59)
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for the covariance and
Vik | k=1)=P; (k| k- 1DF;(k)Py(k=1|k~1)gi(k—1]k-1), (3.60)
for the information state vector.

The above filters can be extended to non-linear estimation in the same way as was done in

Section 3.2.1 for the single sensor information filter.

3.2.3 Decentralized Information Filter

Of particular interest in this thesis is the decentralized architecture. We can develop a
decentralized information filter directly from probabilistic information update. The require-
ment is to implement a filter such that each sensor node is able to derive the global state
as illustrated in Figure 3.5. We proceed as before by first stating the assumptions in the

derivation.

Observation

Using the definition of a local state (Equation 3.5), we extend this to a state vector
x;(k) associated with each sensor node i. As in Equation 3.48, the complete observa-
tion vector z(k) is partitioned into sub-vectors corresponding to each nodes’ observation;
z(k) = [zf(k),---,z%(k)]T based on the assumption that observation partitions are un-
correlated. The observation matrix H(k), and the noise vector v(k), are partitioned in a

similar manner. The nodal observation equation is thus written

Z,‘(k) = H,(k)x,(k) + V,‘(k). (3.61)
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We make the usual assumptions about the nodal observation noise, that is, that v;(k) is

uncorrelated
E{vik)}=0, E {Vi(k)vi(j)T} = Ry(k)bk,;, Vk,J. (3.62)

State Transition

The transition of the state x;(k) is described by the equation
x;(k) = Fi(k)xi(k — 1) + w;(k), (3.63)

where F;(k) is the nodal state transition matrix and w;(k) is the nodal state transition

noise. The state transition noise is under the usual assumptions, that is, uncorrelated

E{wik)} =0, E {Wi(k)Wi(J')T} = Qi(k)bx,;, Vk,J. (3.64)

There is also the additional assumption that the observation noise and the state transition

noise are uncorrelated

E{v;(k)w;(k)} =0, VjeWN. (3.65)

Information update and Estimation

We make use of the Bayes information update for an architecture which corresponds to the

Independent Likelihood Pool of Chapter 2, that is

v

L2 tnp(xi | {Z)) = tn p(xi [ {25711 + 3 In [y p(z;(k) | %), (3.66)

communicated

where the observation set {Z*} is as defined in Equation 2.16. From this posterior, an

MMSE estimate is obtained at each sensor ¢ as follows

%i(k | k) = E {x(k) | {Z*}}, (3.67)
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with covariance
Pi(k | k) = E{(xi(k) - &i(k | k))(xi(k) = %i(k | K))T | {27} }. (3.68)
We define the information state vector for sensor i at time step j given [ as
(G 1) E PG D% | D), (3.69)

and sensor ¢’s information matrix is given by the inverse covariance P;!(j|!) which is
the covariance of the information state vector P (5 | [)%;(j | ). As before, all the PDFs
are assumed to be Gaussian and the derivation proceeds by following the steps outlined in

Section 3.2.1, but making use of the above assumptions and /;.

Derivation

Substituting the appropriate Gaussians in /; and evaluating /4 /; we have that

I

Uadi & T [er = 506(6) = 5l | BNk L R)x(R) = ik | )]
= VUi [c2 - %(xi(k) —%i(k| k= 1))TP7 k| k- 1)(x:(k) - %i(k | k - l))]
+ 3 Vi, [e0 = 3 as(k) ~ (k3% ()R (B)(a,(8) - Hy()x,(89)]

(3.70)

Using results obtained before, this simplifies to
—P; (k| k)(xi(k) - %i(k | k) = —P7H(k|k—1)(xi(k) - %i(k | k)

+> H;(k)TR7 (k)(2; (k) - Hj(k)x;(k)).(3.71)
j

Taking Vy;Vx. li gives the nodal Fisher information, that is, the information matrix. And

so applying x; again we have

Vi [~P7U(k | R)xi(k) = &k | K)] = s |[~P7 (R |k = D)(xi(k) = Rk | )]
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+ 3 Ty [Hi())TRF (k)25 (k) = H;(b)x;(B))]

(3.72)

which simplifies to

P7I(k| k) = Py(k |k — 1)+ 3 H,(B)TR; (k) H; (k). (3.73)
J
Post-multiplying Equation 3.73 by X;(k | k) and adding to Equation 3.71 gives
Py (k | k)(k | k) = P7H(K | k= Dk |k — 1) + S H (TR (B)zi(k).  (3.74)
J
Using the definition of the nodal information state vector, we can write Equation 3.74 as
Vilk | k) =yi(k|k—-1)+ ZHj(k)TRj'l(k)zj(k). (3.75)
j

The predicted covariance is given by

Pi(k|k-1) = E{(x(k) = %i(k| k= D))xi(k) = xi(k | k= 1)T | {Z*")}

Fi(k)Pi(k - 1| k — DFi(k)T + Qi(k), (3.76)

based on a similar derivation as in Equation 3.30. And so the predicted information state

is given by
Vilk | k=1)=P; (k| k- 1)Fi(k)Pi(k—1|k-1)yi(k— 1| k-1). (3.77)

Partial Estimates

Partial estimates are estimates of the state based on a global prior (global information
before current local observation) and current local information only. The importance of

these partial estimates has already been alluded to, and shall become apparent in the next
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chapter. The partial estimate x;(k | k), is obtained by considering information update given

by Equation 3.9, that is

~

I £ In p(xi(k) | {Z¥7 Uzi(k)}) = In plxi(k) | {Z471)) + In [ plzi(k) | x(K))]. (3.78)
From this posterior an MMSE partial estimate is obtained as

xi(k | k)= E{xi(k) | {Z* "} uzi(k)}, (3.79)
with covariance
Pk | k) = E{(xi(k) = %i(k | K))(xi(k) = &i(k | k)T [ {Z*"Juzb)}. (3.80)

Corresponding to this partial estimate, we can define a partial information state vector at

time j given [, that is
yi(d 1) =Pi(G | D%:(5 1 ), (3.81)

and a partial information matrix given by the inverse covariance Pi(j | 1). These estimates
can be obtained by following the steps outlined in Section 3.2.1, that is, evaluating (i) Vili

and (ii) vxivx?i;. This yields the partial information state vector as
yilk|k)=3ik|k-1)+ H;(k)TR;(k)z;(k), (3.82)
and the partial information matrix as
Pi(k| k)™ =P (k| k- 1)+ Hi(k)TR7 (F)Hi(k), (3.83)

where P7 (k| k — 1) and J;(k | k — 1) are the global predictions given by Equations 3.76

and 3.77.
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Decentralized non-linear information filter

By considering non-linear systems we can also derive a decentralized non-linear filter. The

nodal non-linear observation equation is given by
z;(k) = hi[k’xi(k)] + V,'(k), (3'84)

where h;[-] is a non-linear nodal observation model and v;(k) is additive Gaussian noise.

And similarly for the nodal state transition equation
x;(k) = f,-[k,x,-(k - 1)] + w;(k), (3.85)

where f;[-] is a non-linear state transition model and w;(k) is additive state transition noise.

T

By repeating the above derivation, that is, evaluating Wx;li, Vx;Vx; lis inii and

inVx;Tii using Equations 3.84 and 3.85 and considering only first order terms, the following

filter is obtained. The information state is obtained as

Vilk | k) =yi(k|k-1)+ vahj[k,ij(k | k- DI'R;(k)z(k), (3.86)

J

and the inverse covariance

Pk | k) =P (k 1k = 1)+ 3 Oxhylk.%;(k |k = DIRT(K)xchjlk, %5(k | k- 1)),
(3.87)

where the predicted covariance is obtained from
Pi(k|k-1) = wxfilk,%i(k—1]k-1)]Pi(k = 1| k- 1)Uxfilk, %i(k - 1|k - N7
+Qi(k), (3.88)

and the predicted information state vector is obtained from

ik | k= 1) =P (k| k- Dk, %i(k - 1] k- 1)]. (3.89)
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The partial information state vector is given by
Vi(k | k) = yi(k | k = 1) + wyhi[k, %:(k | k — 1)]TRY(K)zi(k), (3.90)
and the partial inverse covariance by
Pi(k|k) = Pyl (k|k-1)4 wxhilk,%i(k | k= D]TR (k) hilk, %i(k | k - 1)].
(3.91)
In order to evaluate 7, h;[k,%;(k | k — 1)}, X;(k | kK — 1) is obtained from
x;(k|k-1)=Piy(k|k—-1)yi(k]|k-1). (3.92)

By comparing the linear decentralized information filter and its non-linear counterpart,

the following equivalences can be seen

Uxhi[k,%:(k | k)] = Hi(k) and yfilk,%i(k = 1|k — 1)] = Fy(k). (3.93)
Substituting these makes the the non-linear decentralized information filter the same as
the linear form (with the exception of Equation 3.89). Therefore we can summarize the
decentralized information filter as follows:

Summary

Decentralized Information Filter Equations

At each node i, the global information state vector is obtained as

ik | E)=Jik | k=1)+ Z H;(k)TR; (k)z;(k), (3.94)

J

and the information matrix is given by

P;l(k | k)= Pl(k| k= 1)+ 3 H;(k) R (k)H;(k). (3.95)
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The partial information state vector is given by
Filk | k) = 9i(k | k — 1) + Hi(k) TR (k)za(k), (3.96)
and the partial information matrix by
Pi(k| k)Y =P (k| k- 1)+ Hi(k)TR7 (k)H(k). (3.97)
The predictions are obtained from
Pi(k | k= 1) = Fi(b)Pi(k— 1] k- DF:(K)T + Qu(k), (3.98)
and
§i(k | k—1) = Pk | k- DF(kPi(k = 1] k= )gi(k—1[k=1).  (3.99)
The global state estimate is obtained from
Xi(k | k) = Pi(k | k)yi(k | k), (3.100)

and the partial state estimate from

~

%i(k | k) = Pi(k | k)gi(k | k). (3.101)

An information filter corresponding to the architecture described by the Independent
Opinion Pool (Equation 3.6 and Equation 3.7) can also be developed in a similar man-
ner. The resulting filter is essentially a decentralization of the equivalent hierarchy for the
Independent Opinion Pool given in Section 3.1.2. As before, the usefulness of such an in-
formation filter is limited to applications where the prior information at each sensor node

is subjective.
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3.2.4 Discussion

We have shown that given any architecture in which information update is a component of
the data fusion process, where knowledge of the state transition model and the observation
model is made available, we can develop from first principles (through the Information
Update) an appropriate information filter to estimate the state. This is with the proviso
that the PDFs in the information update are Gaussian.

The initialization of the information filter is a practical issue which can be approached
in several ways. From considerations of maximum entropy, a least informative prior can
be derived giving an initial covariance (see Appendix A.2). However from our discussion
in Chapter 2, reasonable approximations to non-informative priors can also be used. A
particular advantage of the information form is that at initialization, the elements of the
inverse covariance (information matrix) can be set to be zero implying infinite variance
or highest uncertainty. This agrees with our notion of the inverse covariance representing
information which at initialization we set to zero.

It has already been shown by Durrant-Whyte et al [49] and by Willsky [136] that decen-
tralizing or distributing the Kalman filter does not compromise optimality if the sensors are
fully connected, and since the information filter is equivalent to a standard Kalman filter,
the arguments for optimality also apply to the algorithms we have presented. Recent work
by Grime and Durrant-Whyte [63] and Grime [62] has shown how decentralized Kalman
filters can be developed for non-fully connected networks of sensor nodes. Non-linear filters
however, compromise MMSE optimality as follows: As we have already seen, the conditional

mean achieves MMSE optimality (see Chapter 2), however the estimate from the non-linear
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filter is only an approximation of the true conditional mean, that is
x(k | k)~ E {x(k) | 2*}.

And so the corresponding P(k | k) is thus not an exact covariance but an approximate MSE.
This arises from the use of the Taylor series expansion around the estimate for which only

a finite number of terms are considered in practice.

3.3 Discrete Classification from Information Update

Discrete classification algorithms are a useful counterpart to continuous state estimation
algorithms because they allow the attributes of tracked objects to be inferred. This is
provided that the observed information contains attribute information. We now present

such an algorithm.

3.3.1 Bayesian Classification Algorithm

In a classification or identification problem, the state vector x takes on discrete values, x =
[X1, Xa,---, X,], where each X signifies an attribute or distinct object type. Each attribute
or object X is characterized by a set of observable parameters and so our observation model
consists of a parameter set {M} = {M,, Ma,---,M,,}, which relates each observable 2, € z
to elements of x. Using the observation model defined in Equation 2.1, the observations

can be written

zp = {M}( X, vs), (3.102)

where v, is the observation noise associated with each observation z,. We assume each
observation z,, of a parameter in {M} is independent of all the other parameters in {M}.

The likelihood for each distinct class X, € x is given by

Az(k)(Xo) 2 p(a(k) | Xu). (3.103)
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With the parameter model { M}, the likelihood vector for x is given by

Aay(®) = Pay (X0 5 Ay (Xa)] = [p(a(k) | X1), -+, p(a(k) | X))

p(Ml ' Xl)s "'vp(Ml IXn)
= [p(z(k) I Ml)"' -,p(z(k) | Mm)] :

’

p(Mm | Xl)s e ap(Mm I Xn)
where p(z(k) | {M}) relates observations to the parameter model, that is, each p(z(k) | M))

gives the probability of the observation z(k) given that the true parameter to be observed
is M;. The matrix p({M} | x) relates the parameter model to the vector x, that is, each
p(M; | X3) gives the probability that given the classification is X}, the observed parameter

is M;. We can then write Equation 2.5 for each X, as follows
VX, €%, p(Xy|Z*) = p(Xy | 251 [a pla(k) | {M}) p({M} | X)), (3.104)

where as before, a is a normalizing constant. From this, the inferred classification is given

by the mazimum a posteriori (MAP) estimate
X, = arg max [p(x | Zk)] = arg max [p(Xl | ZF),- -, p(X, | Zk)] . (3.105)

From the discussion in Chapter 2, with a non-informative prior the MAP estimate is the
same as the ML estimate. In general, for this algorithm an MMSE is not well defined
since this is only appropriate for random parameters. However, if the posterior PDF is
symmetric and the mean and mode coincide, the above MAP estimate becomes equivalent
to an MMSE estimate. The algorithm of Equation 3.104 can be written in the now familiar

log-likelihood form of the probabilistic information update for each X, € x as follows

p(z(k) [ {M}) p({M} | Xb)]
p(z(k))

= Inp(Xy | Z5Y) +In [edgy(Xs)] - (3.106)

VXy €x, Inp(Xs |Z¥) = Inp(Xy|2ZFY)+In [

This classification algorithm corresponds to the single sensor architecture of Figure 3.1.
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3.3.2 Hierarchical Classification Algorithm

We now consider the classification algorithm for centralized and hierarchical architectures:

1. In the hierarchy based on the Independent Opinion Pool and illustrated in Figure 3.2
where each sensor node communicates a complete local estimate, the fusion equation

at the central processor is given by the summation

In p(Xs | {Z*}) = 3" In p(X, | Z5), VXs € x, (3.107)
! )

"~

communicated

where for each node i, the communicated local posterior In p(Xy | Z¥), is given by

) Yy — i o1y g [P ] M) UMY | Xa)
np(X | 28) = Inp(X, |25 +in | e |
= Inp(Xa | ZFY) 40 Jaidg,n(Xa)], VX Ex. (3.108)

The central processor obtains a global classification simply by summing the local
classification results from each sensor. As before, the usefulness of this is restricted

to cases when local subjective information is available at each sensor.

2. In the hierarchy based on the Independent Likelihood Pool and illustrated in Figure

3.3, the fusion equation at the central processor is given by

In p(Xa | {Zk}) = Inp(X, I {Zk-l}) + ZIn [p(Zj(k) I {MJ})p({MJ} I ij)]

p(z;(k))
= Inp(X.|{2F'})+ Zln [ajAzj(k,(Xj,,)], VX, € x. (3.109)

S

communicated

In this case, the central processor updates the global classification based on the global

prior and the likelihood information from the sensor observations.
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3.3.3 Decentralized Classification Algorithm

An equivalent decentralized algorithm can be derived in the same way as was done in
Section 3.3.1. Using the definition of a local state in Equation 3.5, the state at each sensor
i is denoted x; = [Xi1, Xi2,...,Xin). And so, at sensor node 7 we write the posterior
as p(x; | {Z*}) and correspondingly for the other PDFs. The posterior p(x; | {Zk}) is
comprised of probabilities p(X;, | {Z*}), corresponding to each object type X;; € x;. Each
sensor node 7 has its own parameter model {M;} corresponding to its sensing device. The

nodal observations are described by
Zi, = {Mi}(Xib,'Uib)- (3.110)

We assume that each sensor node’s observation z;,, of a parameter in {M;} is independent
of the particular values of all the other parameters in {M,}. The partial likelihood vector

at sensor node ¢ is given by
Agiky(x:) = p(zi(k) | xi). (3.111)

The partial likelihood for each sensor node ¢ can therefore be written as

Az, (k) (x:) = p(zi(k) | {M:}) p({Mi} | xi). (3.112)

Fach sensor node communicates its partial likelihood vectors to all connected nodes and in
return receives their partial likelihoods vectors. Each sensor node is then able to fuse this
likelihood information with a global prior to obtain a posterior, which is converted to a set
of true probabilities by normalizing over the entire state vector x. The fusion equation is
given by

VX €xi, p(Xip | {ZF}) = p(Xio | {257} [] lesm(z; (k) | {M;}) p({M;} ] X))

j (3.113)
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The most probable state is inferred using the MAP estimate which is given by
X; = arg max [p(x,- | {Zk})] : (3.114)

The posterior information can be written in log-likelihood terms for each X;; as follows

Inp(Xip | {Z}}) = Inp(Xy [{Z* '+ In [p(Zj(k)l{ﬂ,f{z}.)(ZSMj}'X“’)]

= Inp(Xo |{ZF¥"H+ D In [aj/\zj(k)(ij)] , VX € xi. (3.115)
J

As we have shown in Equation 3.9, each sensor node can also compute partial information.

From Equation 3.113 the partial posterior at each sensor node i is given by

VX €xiy p(Xap | {ZF 1} U zi(k)) = p(Xip | {ZF71)) [ip(zi(k) | {M:}) p({M:} | X))
(3.116)

The partial MAP estimate at sensor node ¢ denoted X;, is given by

~

X; = arg max [p(x,- | {ZF}u z,-(k))] . (3.117)
In terms of log-likelihoods, the partial information at each sensor node ¢ is given by

VX €%, Inp(Xip | {Z¥" Y uzi(k)) = Inp(Xp| {2+

In[oip(zi(k) | {M:}) p({M:} | Xip)]-

(3.118)

We have only presented the algorithm corresponding to a decentralized architecture
based on the Independent Likelihood Pool. The corresponding algorithm for the Inde-
pendent Opinion Pool follows from the hierarchal algorithm defined by Equations 3.107-

Equation 3.108.
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3.3.4 Discussion

We have assumed that we are classifying objects whose identity does not change with time.
This could be made general to accommodate objects with time-variant state classification
x(k), as long as the changes are within a known bounded set of alternatives x. An addi-
tional requirement would be a transition model describing the way the true classification
changes with time k, within the set of alternatives x. Another implicit assumption in the
classification algorithm, is that we are able to observe the target every processing step. This
is because the algorithm on its own does not generate any information about the spatial po-
sitioning of the target. Thus this algorithm can conveniently be implemented in conjunction
with the information filters of the target.

The definition of the state as x; at sensor node ¢ allows us to extend the algorithms to
allow for different nodal frames of discernment. In practical terms this arises when sensor
nodes have different sensor devices and are able to distinguish between different sets of
objects. With the algorithms as presented here where x is the same at every sensor node,
this can still be accounted for by assigning equi-probabilities to objects which are indis-
tinguishable at a particular sensor node. However, this can become cumbersome in some
applications if a particular sensor node can distinguish only a small subset of x. Therefore
by defining a global x = U;{x;} where each x; is restricted to only targets distinguishable
at i, computations of the local partial likelihood at ¢ are reduced to computations of only
likelihoods of targets which can be distinguished. This makes the algorithm more modular
as each sensor node (at the likelihood computation stage) needs only to know about targets
that it can distinguish in its parameter model. This is similar to the use of reduced order

states in distributed continuous estimation [4]



Chapter 4

Normative Data Fusion
Management

This chapter addresses the issue of how to make decisions for sensor management. The
decision-theoretic methods presented in Chapter 2 form the basis of a normative approach
to making sensor management decisions. A normative approach is based on an axiomatic
description of the decision making process making use of appropriate information or data
relevant to the decision at hand. Such an approach can be described as being a combi-
nation of probabilistic reasoning, which establishes objectivity, and utility theory which
incorporates subjectivity into the solution.

As with strict Bayesian analysis, the normative approach has traditionally been eschewed
on the grounds that modelling the requisite a priori information on which the decisions are
based, is difficult. This is because a normative approach requires that all information used
should have a “proper” probabilistic interpretation. The situation is further exacerbated
due to the fact that the solution is often hard to compute and difficult to implement prac-
tically. Notwithstanding these difficulties, we argue that a normative approach provides a
common and consistent framework for formulating the management problem in decentral-
ized systems, provided that an appropriate utility structure can be constructed that reflects
the goals and preferences of the system.

We start by considering the elements making up a normative formulation of the sensor

management problem. We then propose an information based utility and proceed to develop
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a decentralized solution and discuss practical issues relating to implementation.

4.1 Elements of a Normative Formulation

4.1.1 Probabilistic Information

The work in Chapter 3 models the probabilistic components of the information update
relationship of Equation 2.50 for various architectures implementing the two data fusion

algorithms. For the information filter this is summarised by the following for the prior,

likelihood and posterior:

p(x|2¥1): modelledby §(k|k-1) and P~Y(k|k-1)
N r— - -~ ’

mean covariance

p(z(k) | x): modelled by HT(k)R™!(k)z(k) and HT (k)R (k)H(k)

p(x|Z¥): modelled by §(k|k) and P~1(k | k). (4.1)

In the classification algorithm the equivalent information is based on

prior : In [p(Xa | Zk'l)]
likelihood :  In [adyge)(Xa)]
posterior : In [p(Xa | Zk)] , VX, ex. (4.2)

These models each have their decentralised equivalents as shown in Chapter 3.

4.1.2 Management Imperative, Actions and Outcomes

The management “imperative” can be defined as the fundamental motivating purpose of
the sensing system, on which any sensing activities or choices can be based and is an
abstraction of more specific sensor functions and task requirements. Sensor management
has as a proximate goal the optimal management of sensor resources and capabilities for

purposes of gaining information. In a given sensor system this may be refined to include
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more specific requirements such as observation and track maintenance, and the effective
use of limited resources. As a specific example, in [114], Popoli defines the management
imperative in terms of sensor functional roles and tactical benefits for a combat aircraft
application.

We define an action set which is a set of distinct alternatives for achieving the manage-

ment imperative as follows

A ={a1,az,...,an}. (4.3)

The actions correspond to the different sensing configurations possible. Due to uncertainty,
each action a; produces a probabilistic outcome p; defined on P. Mapping an action to
an outcome is sometimes termed action-outcome association. As a generalization of the

probabilistic outcome, we define the outcome p; which is a set of PDFs (over x) given the

action a; such that

Ja
a — pi, where Pl = {plap%-"pq}l = {Pl,Pz,“',Pq Ia’l}' (44)

Associating an action a; with a set of distributions p; over the state x, makes intuitive sense
from the point of view that the sensing strategy adopted leads to the probability distri-
butions of x obtained. These distributions are then subsequently used to make inferences
concerning the state x. And so the action taken has a direct bearing on the inferred state.
In the inference problems that we considered in Chapter 3, we can say that a probabilistic
outcome p; maps through inference (estimation) to an estimate X of the state of nature as
shown in Figure 4.1. The modalities of this mapping were discussed in Chapter 2, where
sets of probabilities are aggregated to give a global distribution from which we can make

inferences.
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concerning x is made available, the whole management structure can be implemented locally

at each sensor.

Actions
\ A={al'a2""‘am}
§ Probabilistic \1,
SENSING : Information

E Model ; Expected
: {p(z®)I x) } Outcomes
""" A e p(x1Z¥1)

Maximize Expected
Utility
2 =argmax, EP/{Ux, 3)) )

ﬂk)/ {P}I - EPI{U(X’ a[) }
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Preference
Structure

Ux)

Figure 4.2: Elements of a normative approach to sensor management.

4.2 The Utility of Information

The purpose of the observation process described in Chapter 2 is the gain of information
and the reduction of uncertainty. Therefore, given a choice of actions and corresponding
outcomes, a rational sensor (in this sense) prefers outcomes which result in a larger gain of

information. It would thus seem logical to develop a preferential utility structure based on

information and its gain.
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4.2.1 Information as Expected Utility

We propose the use of information as the expected utility in making management decisions

and taking actions. For a single outcome PDF p; corresponding to the action a;, we can

write that

EP{U(x,a;)} < Z(p1), (4.7)

where Z(-) is a function which quantifies the information in its argument. In general, the
outcome corresponding to a; is the set of distributions p; = {p1,p2,...,Ps}i- In this case

the total expected utility of action a; is given by

Er{U(x,q)} = E"{U(x,a)}+ EP{U(x,a)} + -+ EP{U(x, @)}
x [Z(p1) + Z(p2) + - -+ + Z(py)]
< I(m)
= kI(p), (4.8)
where Z(p;) is read as the information contained in the outcome set p. The summation
of expected utilities in this way is justifiable given the axioms of utility and the properties

of the expectation operator. To justify the proposition in Equation 4.7, the function Z(-)

must have the following properties:
1. Preference structure. From utility theory, given two actions a; and az,
E*{U(x,a1)} < E”?{U(x,a2)} = p1 2 p2. (4.9)

We require that given two such actions a; and a, the function Z(-) maintains this

preference structure that is

p1 =% p2 = I(p1) < I(p2), (4.10)
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and in terms of the actual resulting PDFs

p1 2 p2 = I({rh) < I({p}2). (4.11)

2. Transitivity. Given actions a,, a; and a3z, we expect the following utility inequalities
Er{U(x,a1)} < E**{U(x,a3)} and E?{U(x,a2)} < E”*{U(x,a3)},

= p1 2p22ps. (4.12)

Therefore the function Z(-) should give the same ordering that is

p1 = p2 =2 p3=>I({ph) £ I({p}2) < I({p}s). (4.13)

3. Conditionality. Given actions aj, az and a3 such that in the corresponding result

space p; =< p2 and py <X p3, conditionality requires that

a EP{U(x,a;)} + (1 = a) E®*{U(x,a3)} < a E*?{U(x,a2)} + (1 — a) E**{U(x, a3)},

(4.14)

and so we require that

a I({ph) + (1 — @) I({p}s) < a I({p}2) + (1 — @) Z({p}3), (4.15)
where 0 < a < 1.

Given these axiomatic requirements on the function Z(-), the proportionality constant in
Equation 4.7 is evidently of no significance and so can be assigned x = 1 and ignored. In
the context of the requirements, Z(-) must be a mapping from the probability space P to

the real line

I(-): P — R, (4.16)
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which amounts to an information valuation metric. What remains is to find such an infor-
mation metric satisfying the axiomatic requirements.

Motivated by the fact that “..the value of a probability distribution .. would be given
by the expected utility..” [18] and the role of entropy as we described it in Chapter 2, we

propose using entropy to realize the function Z(-). Thus from Equation 4.8

Ef{U(x,a;)} = ZI(p) = [Z(p1) + Z(p2) -+ + Z(py)]
S [=h(p) - h(p2) — -+ — h(py)]
= —h(pl). (417)

The summation of entropies in this way is justified as shown in [112]. By its definition,
entropy satisfies the mapping of Equation 4.16 where, for an n-dimensional discrete state
vector , the space P becomes the standard simplex n—1in 8" [29]. And for an n-dimensional
continuous state vector, P is the support of p such that supp(p) = {z € R" | p(z) # 0}.
With this premise, entropy satisfies all the above requirements. The use of such a metric is

illustrated in the following example:

Example 1. At any one moment, a sensor can observe 3 targets which provide information
concerning the same state x. The management decision is defined by the action set A =
{a1, a3}, where a; implies observation of target set {t}; and a2 implies observation of target
set {t},. The outcomes are p; = {p1,p2,p3| a1} and p = {p1,p2,p3 | az}. These PDFs are
as illustrated in Figure 4.3. The action resulting in higher information content as quantified

by Z(p;) is chosen where

I(pl) = I(plval) +I(p2’al) + I(p3’al)'
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Figure 4.3: Probability distributions arising from actions a; and a; in Example 1.

4.2.2 Resulting Preference Profiles

As discussed in Chapter 2, it is necessary to characterise the behaviour of the decision-
maker given the proposed information-based expected utility. This can be analysed from a
consideration of Equation 4.17 as follows; for an outcome which is a single PDF p; we have

that
EP* {U(x,a;)} = EP{ In p;}, (4.18)
from which it follows that the utility function is given by
U(x,a;) = Inp. (4.19)

From the definition of strict convexity [39], we can show that the function U(x, a;) defined
as above is concave over the distribution. This can be easily verified by showing that the
second derivative is not non-negative everywhere!. Ignoring the a;’s and considering a single

outcome distribution p, we can write for a concave function

In plax; + (1 — a)xz) > alnp(xi)+ (1 - a)ln p(xz)

U[ax1 + (1 - Q)X2] > aU(xl) + (1 - O)U(Xz), (4.20)

'A plot of In p wrt p demonstrates this graphically.
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for 0 < a < 1, which can be validated by the log-inequality. This implies that
U(E{x},a;) > E{U(x,a)}. (4.21)
For the outcome p; = {p};, we have that (using Equation 4.8)
Ux,a;) =[Inp) +Inpy+---+1Inpy. (4.22)

This utility exhibits the same behaviour as for the single PDF outcome considered above.
A utility function satisfying this concave inequality results in risk-averse behaviour over
the eventual inferred states x. This assertion is based on a proof by Ferguson [54] which
demonstrates that a scalar functional can be used to order outcomes according to the
decision-maker’s preferences, where the precise nature of the preference structure depends
on the convexity of the the scalar functional. Risk-averse behaviour takes into account
the probabilities associated with acquiring information, whereas risk-prone behaviour only
considers the value of the information which could be gained irrespective of the probability
of acquiring it. Hence, our chosen utility function results in risk-aversion which is desirable
in a system where robustness and reliability are requisite characteristics.

Alternatively, the information in Equation 4.8 may be quantified using Fisher informa-
tion. From the definition of Fisher information (Equation 2.47), we can write Equation 4.7,

for the case where p; is the single distribution p; = p(ZF,x), as

EP{U(x,a))} = E{-VxVx® Inp(Z* x)}. (4.23)

To demonstrate the decision structure which results, consider the following for scalar vari-

ables

EP{U(x’al)}

32
E {5.:::_21” p(z,z)}

32
T 912

Thus U(z,a1) = lnp(z,z), (424)
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which is a convex function of the distribution resulting in risk-prone behaviour.

4.3 Algorithms and Information Metrics

4.3.1 Information Filter Metrics

The logical measure of information in the information filter is Fisher information J, which
is simply given by the inverse covariance. In a Fisher sense, information in the posterior
p(x | Z*), is given by P~1(k | k) and that in the prior p(x | Z¥-1), by P~} (k| k —1). The
information due to the observation is given by HT (k)R ~1(k)H(k). (See Chapter 3.). The
discussion in Section 4.1 highlights the need for a metric which is a scalar functional of its
argument and which realizes the mapping in Equation 4.16. Several techniques are available
for obtaining a scalar functional from the Fisher information matrices [78)2. However, from
its definition in Chapter 2, Fisher information is not generally applicable, being limited to
cases when the distribution is continually differentiable everywhere. Given this limitation
and the risk-prone decision profiles resulting from using Fisher information as expected
utility, we advocate the use of information defined using entropy as the expected utility.
In the ensuing discussion we quantify the information in the components of the infor-

mation update for the information filter and its decentralized version using entropy.
Considering a Gaussian PDF and using the result in Appendix A.1, we obtain the following:

1. Posterior Entropy and Information. For an n-dimensional state vector x(k), the

entropy is given by

h(k) 2 h(p(x(k) | 25)) = B {(x(k) = %(k | KT (k | K)(x(k) = (K | £))

+in [(2m)" | P(k | k) |1}

*The determinant | |, or a norm such as the Frobenius norm || |l could be used. Work described by
Jeffreys [78] on non-informative priors makes use of the determinant to quantify Fisher information.
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= -12- In [(2re)" | P(k | k) |]. (4.25)

From this, we define an information metric I(k) which quantifies all information con-

cerning the state x available up to and including time step k as follows
A 1 n
I(k) = ZI(p(x(k)|ZF))= —5in{(2re)* | P(k | k) []. (4.26)

It must be noted that if a non-informative prior is used at initialization, then I(k)

quantifies all observation information up to and including that at time step k.
2. Prior Entropy and Information. In a similar manner, we can show that
1
h(k -1) = 5 In [(2re)" |P(k|k-1)]]. (4.27)

Corresponding to this, we can define the metric I(k — 1), for information at k given

only information up to the (k — 1)th time-step as

Ik — 1) 2 I(p(x(k) | 2 1)) = —%ln[(27re)"P(k |k —1)]. (4.28)

3. Likelihood information. From a consideration of the information contained in the

observation, we can show that

(PR XY L s e G o e
(Bt ) = - 52 {0~ H@x)" R0 (alk) - Hikyx(k)
+Hn (20" | R(K) )

- % In [(2re)” | R(K) . (4.29)

And so we define i(k), the information metric for information contained in the obser-

vation at time k only as

i(k) & ~ 2 In [(2ne)™ | R(K) |). (4.30)
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If the observation noise matrix R(k) is not dependent on the actual observations, then

this quantity can be pre-computed.

We define similar metrics for the decentralized information filter: At each sensor node 2, a

metric for all the global information up to time k is given by
A 1
L(k) = I(p(xi(k) | {Z*})) = —5inl@re) [ Pi(k | k) ], (4.31)

and the global information metric at the kth step given only information up to the (k—1)th

time step is
L(k = 1) 2 Z(p(xi(k) | {2471))) = =g tnl(2ne)" | PiCk [ k= 1) ], (4.32)
We also define a partial (local) information metric for information up to time k as
Li(k) 2 Z(pai(h) {25} U zi() = —31n [(2me)" | Bk | B) 1] (4:33)
and define a metric for sensor i’s observation information at time step k as
(k) 2 T(aip(ai(k) | %)) = —gin[(2me)" | Ri(k) I). (4:34)
4.3.2 Discrete Classification Metrics

For the classification algorithm, Fisher information cannot be used to quantify information.
This is because when x is discrete, the log-likelihood is not continually differentiable in x
which is a necessary condition in the definition of Fisher information. Hence, we turn again

to entropy as defined for discrete states in Equation 2.42.

1. Posterior entropy and Information. The posterior entropy is given by

h(k) £ E{-Inp(x | Z")} = = 3 p(Xs | 2" In [p(X, | Z¥)|,  (4.35)
b
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and so the information metric for all the information concerning the state x available
up to and including k is given by

I(k) = —h(k). (4.36)
As with the information filter, it must be noted that if a non-informative prior is
used at initialization, then I(k) represents all the observation information up to and
including time-step k.
2. Prior entropy and Information. Similarly, the prior entropy is given by

Bk —1) & E{=lnp(x | Z5"1)) = = 3 p(X, | Z5Y) In [p(Xs | ZFY)],  (437)
b

and the corresponding information metric is I(k — 1) = —h(k = 1).

. Likelihood information. The information metric for the observation information

at time k is defined by

w - oo [ LA L ()

= ZQAz(k)(Xb)ln A, k)(Xb)] (4.38)

In the same manner, we can define metrics for the decentralized classification algorithm:

The metric for global information at sensor node 7 up to time k is given by

L(k) = 3 p(Xa | {Z4)) In [p(Xas | {Z*))], (4.39)
b

and for the partial classification information at time k by

= 3 p(Xap [ {ZE Y Uzik)) In [p(Xa | {27} UziR))] (4.40)
b

and finally, for the observed information at time k it is given by

1;,(k) = Z aiAzi(k)(Xib) In [agAz‘.(k)(X,'b)] . (4.41)
b
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4.4 'Towards Decentralized Sensor Management

In the work that follows, we make presentations in terms of results and components of the
information filter, on the understanding that the same can be done for the classification
algorithm unless otherwise stated. The work presented is in terms of the decentralized
architecture and algorithms which result from considering the Independent Likelihood Pool
(See Chapter 2 and 3). In setting out our solution to the decentralized sensor management

problem, we make the following assumption:

Assumption 2 All sensors make conditionally independent observations in order to make

inferences about the same state x.

This is a simplification which allows direct comparisons of the expected utilities by ensuring
that all the distributions pertain to the same state X, thus pointing clearly to the optimal

action. Implicit in this is an assumption that all the data is correctly associated.

4.4.1 Available Nodal (Local) Information

In this section we outline the information available for decision making at each decentralized
sensor node. Subsequent to data fusion communication and assimilation, each sensor node

¢ has the following probabilistic information:
1. Information directly concerning sensor i, that is
L(k), L(k-1), L(k) and i(k), (4.42)

based on the global posterior and prior, the partial posterior and the likelihood re-

spectively.
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2. As a direct consequence of data fusion communication, each sensor has likelihood

information from all the sensors in the system. This information is in the form of the

log-likelihoods

In [ p(z;(k) | %;(k))], VieN
and in terms of the algorithms this information is modelled by
HT (F)R; (k)H;(k) and In [a;dgu)(Xp)|, VieN (4.43)

for the decentralized information filter and classification algorithms respectively.

Therefore, each sensor 7 can compute all the other sensors’ observation information

metrics

i;(k), VjeEN. (4.44)

In addition to this information, each sensor 7 is able to reconstruct the partial posteriors
for all the nodes j € M. This is made possible by the assertion that for a fully-connected
system, the global posteriors and priors are identical at every node. The reconstruction is

as follows; each node j computes its partial posterior according to

In p(x; | {ZF" 'Y uz;(k)) = In p(x; | {Z571}) + In [e; p(z;(k) | x;)]. (4.45)

The last term on the right hand side is the likelihood which is communicated by j to all the
other sensors for data fusion purposes. The first term on the right hand side is the global
prior which is the same at every node. Hence, sensor i after communicating with j (that
is, having received j’s likelihood), has all the information necessary to compute j’s partial
posterior as in Equation 4.45. This is illustrated for the information filter as follows; from

Equation 3.83, sensor j computes its partial information matrix according to

P;l(k|k)=P; (k| k-1)+ HT (k)R (k)H;(k).
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Sensor node ¢ can reconstruct j’s partial information matrix as follows

-

(atd): PjU(k|k)=P;'(k|k—1)+H] (k)R;'(k)H,(k).

communicated

The term unavailable at sensor node 7 in this equation is P;l(k | k — 1), but by our assertion

for a fully connected system P;l(k | k= 1) = P7*(k | k = 1). Thus sensor ¢ can reconstruct

sensor j)’s partial information as

(atd): P7l(k|k)=P7'(k|k-1)+ gf(k)Rgl(k)Hj(kz. (4.46)
own prior comml:ﬁcated

Therefore, in addition to being able to quantify likelihood information from every sensor j,
sensor ¢ can, if required, quantify the partial posterior information for every sensor j. The
same result can also be shown for the classification algorithm. In this way, each sensor 7 is

also able to obtain the partial information metric

Ii(k), VjeN. (4.47)

4.4.2 Action-Outcome Association

In order to relate all of this to a decentralized sensing scenario, we develop a representative

example. In the example we also introduce and develop several new concepts.

Example 2. Consider a system of 3 decentralized sensors, each of which is able to observe
a single entity that we shall call a “target” with a view to estimating a state x(k), which in
this case is the location of the platform on which the sensors are mounted. We assume that

there are 3 targets, that is, the target set is 7 = {t1,12,13} as illustrated in Figure 4.4.

For a sensor system, each action a; € A gives rise to a particular sensing configuration.
To develop this, consider the sensing scenario, as depicted by Figure 4.4, in which each

sensor can observe only a single target. Thus, all possible actions are constrained by a
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where each py; is given by Equation 4.49. And so we have that:

1. Considering partial posterior information, the set {p}; when the outcome at each

sensor is a single PDF, is given by

{p}l = {Pll,Plz,---,PlN}

= {p(x; | {Z*"Yuzi(k),ai}, ViEN. (4.51)

2. Considering likelihood information, the set {p}; when the outcomes at each sensor are

single PDF's is written
{p}i = {p(z;(k) | x;), @i}, VieN. (4.52)

Although the equivalence of these two approaches has been demonstrated in Chapter 2,
there is a difference in the interpretation of the information they provide. The use of
Equation 4.52 means that the only significant information in the management problem is
current information from observations at time step k, that is, z(j)k. In contrast, Equation
4.51 considers a sensor’s observation at time step k, that is, z;(k) added to all that is
currently known about the state x at time k — 1, which is based on all the observation
information up to time k — 1, that is {Z¥~1}. Equation 4.52 has the advantage that no
additional computations are necessary since all the requisite information is communicated
in the data fusion process. In contrast, Equation 4.51 has the disadvantage of incurring
the computational overheads implicit in Equation 4.46, where the partial posteriors are re-
computed at each sensor node. However, this overhead can be overcome through additional

communication as we shall show later.
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4.5 Determining Decentralized Solutions

4.5.1 Comparable and Non-Comparable Utility Solutions

The solution to the question of how to choose an optimal action from the acceptable class
of actions given in Equation 2.33 depends on the admissibility of utility comparisons. The
admissibility or inadmissibility of utility comparisons leads to different decisions and, con-

sequently, different optimal actions. This arises from the fact that the solutions adopt

differing optimizing philosophies.

The case for comparable information-based utilities.

While conceding to Arrow’s impossibility theorem as regards the general validity of utility

comparisons, we argue the following:

1. Our formulation of expected utilities in terms of information quantified using entropy
effectively places the expected utilities on the same relative scale. This facilitates
comparison of utilities from different sensors. Furthermore, based on Assumption
2. expected utilities are in the form of information contained in the same type of
PDFs for each of the algorithms. In the case of the information filter for example,
the distributions are Gaussian (from Chapters 2 and 3). PDF's of the same type can
be compared in terms of the information that they contain about a common state.
We are, thus, able to state preference unambiguously, through direct comparison of
expected utilities constructed using a metric based on these PDFs which satisfies the

axioms in Section 4.2.1.

2. From the discussion in Chapter 2, a decentralized sensor network is unlike a human?

group decision making problem in that, from Equation 2.25, differences in sensors

3Parallels are drawn with human situations because this is were most objections to utility comparisons
are raised.



4.5

Determining Decentralized Solutions 101

are a result of different likelihood functions (observations) given the same prior (by
the Likelihood Principle). This realizes precisely the hypothetical human situation
described by Savage [120] in his justification for comparable utilities; that compar-
isons would be possible in the case of a jury whose members “... are supposed to
have common value judgements in connection with legal matters...”[134]. Objectivity,
which is implied by the likelihood function, is in this sense a pre-requisite for direct
comparison of opinions 4 . Berger [18] assures us that the likelihood function is the
only basis for objectivity as it is based only on observed data rather than subjective

opinions.

. Being system designers, we find the concept of subjective utility has a somewhat

different meaning because we can analyse and describe it by developing sensor models.
This allows us to evaluate sensor subjectivity quantitatively on a common scale® .
Thus rather than merely describing decision-makers based on their outer exhibited
preferences and behaviour we are in the unique position of being able to “open them
up” and gain an understanding of how they work. Russell sums this up (in a slightly
different context) by saying “..we are interested in designing agents, rather than

describing agents or being agents.”[119].

More importantly, a quantitative argument further strengthening the case for comparable

expected utilities, can be appreciated by considering the solutions obtained in data fusion

management when comparable utilities are assumed and when they are not as we now

“Objectivity, in this case, being simply defined as an opinion based only on observed information (data)
thus avoiding the potential philosophical minefield of defining objectivity.

>The equivalent of this in a human situation would be to analyse quantitatively individual value judge-
ments and how they come about, which may entail a complete psycho-analysis of an individual’s whole
life experiences on which judgements may be based. Objectivity in this case is impossible, given that the
investigator is another such individual and not the designer!
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demonstrate:

From Chapter 2 and assuming comparable utilities, the optimal action is given by maxi-
mizing Equation 2.35 which we write in the following form; the group expected utility for

each action a; is given by the summation

1/~
Bu(ar) = {z_w,- 185(ar) - c(j)r} , (4.5)

where (;(a;) is sensor j’s expected utility given by Equation 4.7. Setting v = 1 and

w; = 1/N a constant, and also ignoring individual security levels we have that

B(a)) = Zﬂj(al) = ZI(PU), (4.54)

where Z(p;;) is read as the information contained in sensor j’s set of distributions p;, which
result from action @;. Assuming non-comparable utilities, the Nash solution gives the group

expected utility (Equation 2.36) for each action a;, as

B.(a;) = H [Bi(a)) = e(4)) = H [Z(pi;) — c(5)]- (4.55)

The security level ¢(j) is a feature of the Nash solution and hence is retained. While the
value of ¢(j) is arbitrary, it is usually set to be agent j’s current expected utility level. From

this two cases arise:

1. If decision-making occurs at the start of the observation process and a non-informative

prior is used, ¢(j) can be set to zero.

2. If sensor j is already making observations at time of decision-making, c(j) is set to

J’s current utility level.

We now illustrate the different solutions that the comparable and non-comparable utility

approaches give under various conditions. We extend the example introduced in Figure 4.4.
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Example 2 (cont). In the action-outcome association suggested by Equation 4.48, we
assign values to each of the utilities for each of the sensors 7, j and k. We use scaled values

(for ease of illustration) of typical expected utilities and write the following:

Bcl(Eqn454) Bcg Bncl(Eqn455) Bnc2

a1 : b 2 d by =2 gty =k 54 4 5760 0
Ayt B =ity =k ts = g 49 -3 4200 60
a3t B =k by =2 gty 2 i 59 +9 5280 -528
ag: B =Dk ty 2 ts =, 47 -3 3300 0
as: b —= ji ty 2 ity — k 50 0 3960 0
G 1 t — ji ty k13— g 57 7 4620 0
(4.56)

Notice that due to the 1-1 assignment constraint, the outcomes p;; for each sensor : for a
given action a;, are single PDFs where the PDF corresponds to the assignment of sensor ¢
according to action a;. We assume the sensor target assignment at time of decision making
is that given by action as. The expected group utilities B.; and B.,, are the solutions using
comparable utilities without a security level (that is ¢(j) = 0) and with ¢(j) set to the
current expected utility respectively. The equivalent non-comparable utility solutions are

given by B, and B, respectively. From 4.56 we can observe the following:

1. Using the solution for comparable utilities 8.1, we obtain the following action pref-
erence ordering (as, a¢, a1, as, @2, a4), that is, a.; = a3. With security levels B.,, we
obtain the ordering (as, as,a1,as), that is, a2 = a3z where the actions (az,a3) are

deemed inadmissible with respect to the sensor security levels.
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2. Using the non-comparable utility solution with the security level set to ¢(j) = 0, we
obtain the following preference ordering (a1, as, as, a2, as, aq), that is, @nc1 = a1. In-
creasing the security level for every sensor to the value of the least individual utility at
the time of decision making, in this case 10, gives the ordering (a;, as, (a3, a4, as,as))
and again the optimal action is a;, where (a3, a4, as,ag) all result in zero group ex-
pected utilities. With security levels set to the current values of each individual sensor
at the time of decision making, the ordering is (a2, (a1,a4,as,as)). Therefore the op-
timal action is a; and the actions (ay, a4, as,ag) result in a zero group utility. In this

case a3 is an unacceptable action.

The results of Example 2 serve to illustrate the diversity of solutions obtained from adopt-
ing either the comparable utility solution (Equation 4.54) or the non-comparable utility
solution (Equation 4.55). The solutions based on comparable utilities directly maximize
group expected utility without regard for individual sensor utilities. The degree of dis-
regard depends on the security levels set, which renders some actions inadmissible. The
solutions obtained by considering non-comparable utilities optimize the decision process for
the individual sensor as evidenced above. This is desirable in a social context when making
decisions concerning human individuals. However, these solutions do not result in as high
group utilities as the solutions assuming comparable utilities. To see this we can write that

the total information in the system is given by

I({p}a) = ZI(P&j)a (4.57)

where p;; is the set of outcomes at sensor j given the optimal action a as defined in Equation

4.49. By applying Equation 4.57 to the optimal solution obtained with the two approaches,
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it can be seen that

I({p}tsc) > I({P}anc)s

where @, and @,. are the comparable and non-comparable solutions respectively. This fact

is also demonstrated by the following argument: For the comparable utility solution the

optimal action is obtained by maximizing
> Bila) = EP{Ui(x, @)} + E” {Ua(x,a))} + - -+ + EP¥ {Un(x, )}
J

= /x Uy (%, a)p(Z* | x)dx + /x Us(x, a)p(Z5 | x)dx + -+
+/XUN(X, a;)p(ZfV | x)dx, (4.58)

which from our definition of expected utility in Equation 4.8 evaluates to

> Bi(a) = I(W(Z}|%),a) +I(p(Z; | x)a) + -+ I(p(ZR | x) @)

zz(p(z_l; I x)’al)v (4‘59)

thus

0 = k
a, = arg rrhzfxij:I(p(ZJ | x),ar), (4.60)

in which we have assumed the decisions to be based on likelihood information up to time k.
This can be generalized to when the set p;; contains more than one element and becomes

{p(Z;F | x)}. In which case the action a. is given by

a. = arg m;mxz:ﬂj(a[) = ZI ({p(Z;c | x)} ,al) . (4.61)
J J
From Equation 4.57, clearly a. directly maximizes the total information in the system.

On the other hand, with the solution assuming non-comparable utilities, we have the

following (ignoring c(j))

Hﬂj(al) = En {Ul(x,al)} x EP? {UQ(X,CL[)} X -+ X EPN {UN(X,(I[)}
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= /Ul(x,al)p(Z;c | x)dx x /Ug(x, a)p(Z% | x)dx x -
X X

X /x Un(x, a1)p(Z% | x)dx. (4.62)

Again from our definition in Equation 4.8, substitutions yield

@y = arg mf.xnﬂj(a;) = argm(?,xHI ({p(Zf | x)} ,a,) . (4.63)

In an information sense, the result in Equation 4.63 is clearly absurd since from information
theory information is additive and not multiplicative [39]. This calls into question an
approach which maximizes a product of information quantities. Consequently, the total
information resulting from maximization of a product of information terms is clearly not
optimal given system information as the criteria for optimality.

On the basis of the preceding discussion where the system is estimating the same state
X (Assumption 2), it is evident that the solution assuming comparable utilities gives the

most “optimal” solution in terms of maximizing system information gain.

4.5.2 Formulation In Terms of Fusion Algorithms

For a sensor ¢ in a decentralized system, the expected utility of tracking a target ¢ corre-

sponding to action a; is given by
Bi(ar) = Lu(k), (4.64)

where I;;(k) is as given in Equation 4.33. If we only consider observation information at

time k we have

Bi(ar) = iu(k), (4.65)

where i;;(k) is as given in Equation 4.34. In general, if each sensor i is capable of observing

concurrently several targets then an action a; which entails the tracking of several targets
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has as an outcome a set of PDFs, that is, p;;. The elements of p;; are PDFs corresponding
to each target tracked by ¢ as prescribed by action a;. Given that sensor 7 observes targets

in the set {t1,t2,---,%,}, the total expected utility at i is now given by the summation of

the individual target utilities that is

Bi(a) = TLiy(k)+ Liy(k) + -+ + Lie, (k)

1 - 1 no s

= —5ln [(2re)™ | Piy (k| k) 1] - Sin [(2re)™ | Pin (k| K) 1] -
1 n
o= Sln [(2me)” | Puy (k| £) ]

1 ~ - -

= —2in [(@re) e | Bi (k1K) | | Bi(k 1K) -+ | Bu(k [ R[], (466)
where lsitq(k | k) is the partial covariance when sensor i is tracking target t,. By considering

only observation information at time k, we have that the total expected utility for sensor ¢

is given by

Bi(ar) e, (k) + Liy (k) + -+ - + 1ie (K)

- -—%ln (27€)™ | Rigy (k) | | Riey (k) | -+ | Rae, (k) ] - (4.67)

Using these methods, each sensor is able to compute its own expected utility f; for each
action q;. From the discussion in Section 4.5.1, the solution to the decentralized management
problem involves the maximization of 3_; 8;(a;) for each a;. Therefore, for each sensor i to
compute the most optimal group action &, it requires the expected utilities 8;(a;), Vj € N.

How the expected utilities of other sensors are obtained is the subject of the next section.

Example 2 (cont). In the light of the preceding discussion, each of the expected utilities
for this example given in Equation 4.56 were obtained as follows: In Figure 4.4 the sensors

estimate a state x(k) = [z,y]7 and each sensor makes observations z;;(k) = [2i1, 2i2]T where
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these observations are made with noise covariance

o? 0
Rit(k) = [ Otl Ugiz } . (468)
Therefore, as an example
1
Bi(a;) = —const -iln [(27re)2 | Riy, (k) |] = 20.0, (4.69)

where const is simply a scalar constant.

4.6 Realizing Decentralized Management

4.6.1 Computation, Communication and Bargaining

Information is required about every sensor’s utilities for the various actions in order for an
optimal decision to be made according to Equation 4.61. Sensor ¢ can obtain other sensors’
expected utilities either by computing them or having them communicated to it by the other
sensors themselves. However, in both cases sensor 7, in addition to evaluating its expected
utility for its current tasks, has to compute its expected utility for tasks currently being
performed by sensor j, Vj € N. This means that if sensor j is currently observing a target
t, sensor 1 has to evaluate its utility were it to observe that target ¢. In order to facilitate
this, information is required which gives i a basis for evaluating its utility for j’s tasks.
The most basic information on which such evaluations may, in general, be based are the
observations themselves. This can be improved upon for specific applications, for example
evaluation of i’s expected utility for j’s tasks can be based on sector or grid information
whereby i evaluates its ability to make observations in the particular sector where j is
currently making observations. However, such approaches are in general related to the
observations themselves we shall for purposes of this discussion consider communication of

the observations themselves.
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We consider firstly, the approach in which each sensor computes every sensor’s expected
utility for each action and secondly, the approach where each sensor only computes its
own expected utility for each action and communicates it. We outline these approaches
assuming that management decisions are to be based only on observation information at

time k (Equation 4.52). The same methods can be used when decisions are based on

observation information up to k (Equation 4.51).

Computing all expected utilities

In order for sensor i to compute (3;(a;), Vj € N, the required information is R;¢(k) for
each target t being tracked by each sensor j. This information is available in the form
Hj(k)TR;-'tl(k)Hj(k), from the data fusion communications of Equation 4.43.

The maximization in Equation 4.61 over the entire action set A involves considering the
expected utilities resulting from all the possible actions. This means that each sensor ¢ needs
to evaluate its own expected utility of tracking targets currently being observed by each
sensor j, Vj € N. In the simple case when each sensor i’s observation noise covariance is
simply R;(k), these expected utilities can be pre-computed. However, in a real application
the observation noise covariance may be observation dependent (and by implication also
state dependent) and written as R;[k,z;(k)]. It is thus necessary to communicate to ¢ the
observation vector for the target for which an expected utility is to be computed. In addition,
for the sensor to compute the expected utilities of the other sensors, the observation models
of all the sensors must be communicated! Having computed the expected utilities of each
sensor, sensor i is then able to compute the most optimal action é.. This approach is
illustrated in Figure 4.5. The severity of the computation required with this computation

approach can be appreciated as follows; for a system with the target set 7 = {t1,...,1,},
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each sensor ¢ performs the following computations:

1. In computing its own expected utilities for the targets, sensor ¢ evaluates the metric

i;(k) q times.

2. In computing the expected utilities of the other sensors for the target set 7, sensor
i computes the metric i;(k) ¢ times for each target and hence ¢(N — 1) times for all

the sensors.

Therefore, each sensor repeats the same computations N¢ times. It is evident that there
is a lot of replication in the computations performed at each sensor node. In addition
the communication of observation models violates the modular and autonomous nature of
the decentralized system. The situation is exacerbated when decisions are to be based
on information up to time k, that is, ijt(k). This is because additional computations are
required at each sensor as discussed in Section 4.4.1 to re-compute the partial posterior.

These realizations lead to the next approach.

Communicating all expected utilities

With this approach, each sensor ¢ communicates its own expected utilities 3;(a;), Va; € A.
In order to be able to compute its expected utilities for targets currently being observed by
other sensors the sensor i requires knowledge of their observations. Thus the observations
for all the targets are communicated by the sensor currently observing them. However, there
is no need with this approach to communicate observation models. The method proceeds
as shown in Figure 4.6. Each sensor computes its own expected utilities for the different
actions a; and communicates these to every other sensor in the system. On receiving the

expected utilities of other nodes each sensor is thus able to compute the maximization of
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Equation 4.61 from which the optimal action @, can be obtained.

With this approach, the only expected utilities that sensor 7 has to compute are its own.
This avoids the need to communicate observation models as in the previous method. The
overhead incurred with this approach is the communication of expected utilities by every
sensor. Since the expected utility for a given action is a numeric value, the information to
be communicated by each sensor is simply a set of numbers whose cardinality depends on
the number of distinct elements in .A. This, depending on complexity, may be a smaller
overhead than that incurred in the previous method where observation models are commu-
nicated. This method also maintains the modularity of the decentralized system by keeping
observation models local to each sensor. The replication in the computations of the previous
method are eliminated. Whereas in Figure 4.5 for ¢ targets each node computes expected

utilities N ¢ times, in Figure 4.6 each node only computes this ¢ times.

Towards a bargaining solution

The communication method suggests a further improvement as follows; suppose we have

that each sensor computes the following ordered set by considering each a; € A
(B:(a™), Bia?),..., Bi(a)), where fi(a™) x fi(a™) x o 2 Bila™),  (470)

such that a'! is sensor i’s first preference action and a'" is i’s least preferred action. The
communication required in Figure 4.6 could be reduced if each sensor : only communicates
a subset of the expected utility set corresponding to preferred actions. Such a subset could
be chosen by considering only those actions which result in expected utilities greater than

or equal to ¢’s current expected utility that is

{Bi(a) : Bi(ar) > (i)}, (4.71)
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4.6.2 An Iterative Bargaining Algorithm

We can develop an iterative algorithm akin to bargaining, which updates the globally pre-

ferred action each cycle as follows:

1. Order preferences. Each sensor i computes its ordered expected utility set and the

corresponding ordered preferred action set that is
<ﬂ,~(a“),...,ﬂ,~(a")> and <ai1,...,air>. (4.72)

2. Communicate first preferences. Each sensor ¢ communicates its most preferred
action a'! and the corresponding expected utility 5;(a*!) to other sensors. In the event
that there are two actions with an identical expected utility (As in Example 2.) then

both the actions are communicated.

3. Compare first preferences. Each sensor i then compares its own first preference a'l
with other received first preferences a’!, Vj € N, if all refer to the same action then
a = a'l. In practice this will be unlikely except for very simple management problems.
If the communicated preferences do not refer to the same action then each sensor 1

must communicate its expected utility corresponding to each received preferred action

a’l, VjeN.

4. Maximize on first preferences. Each sensor is then able to compute the group

expected utility
B.(a!) = B(a®?) + Ba(a?) + -+ + Bn(a®), (4.73)

corresponding to the preferred action for each sensor, that is, for each a’l, Vj e N.

From this each sensor i can find the most optimal solution based on all the sensors’
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first preferences as

arg max B,(a’l).
all
This completes the first iteration of the bargaining process.

5. Repeat and maximize on subsequent preferences...

Each sensor is thus able to compute B.(a’?), Vj € M and so on. The bargaining process
continues until there are no more actions to consider. Iterated to completion, that is, when
all the actions in A have been considered, the bargaining algorithm is ezactly equivalent
to the method communicating all expected utilities. This algorithm is illustrated in Figure

4.8.

Example 2 (cont). In this example, the first iteration of the bargaining would yield;

considering 1’s most preferred actions a'!

B.(a'') = B.a3) = Bi(as) + Bj(as) + Bi(as) = 59

Be(a'') = Bc(as) = Bi(as) + Bj(as) + Bi(ae) = 57,
considering j’s most preferred actions a’l
B.(a’') = B.(a3) (already computed)

B(a’') = Be(a) = Bi(ar) + Bi(ar) + Bi(ar) = 54,

considering k’s most preferred actions a*!

B.(a*') = B.(a;) (already computed)

B.(a*") B.(as) = Bi(as) + B;(as) + Bk(as) = 50.
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A second bargaining iteration yields

B.(a'®*) = B.(as) (already computed)

B.(a”®) = Bc(as) = Bi(as) + Bi(as) + Bi(aq) = 47,

considering j’s 2nd most preferred actions a’?

B.(a’?) = B.(ayq) (already computed)

Be(a’®) = Bc(az) = Bi(a2) + Biaz) + Bilaz) = 49,
considering k’s 2nd most preferred actions a*?

B.(a*?) = B.(a;) (already computed)

B.(a**) = B.(as) (already computed).

Thus a maximization based only on the first iteration would in this example yield the
solution @. = a3 as before. This highlights the fact that for relatively simple management
problems, there is rarely a need to have more than a single iteration of the bargaining
process. However, for management problems where there are a large number of sensors

and a large action set, more than one iteration may be required as the following example

illustrates:

Example 3. Consider a system of 4 sensor nodes making observations of targets such that

there are 8 distinct sensing configurations possible, that is, A = {a1,...,ag}. The following
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are the ordered sensor expected utilities for each of the actions:

sensor ¢ sensor j sensor k sensor [

01—20 a5—40 a3—20 a7—35

a;—15 ag—35 a4-18 ay-30

az—10 a3 —-20 as—-16 a3-—-10

a4 — 5 az — 15 ag — 14 as — 5 (4.74)
0,5-4 08—10 a7—12 a6—4

0.6—3 (14—5 ag-10 a4—3

ar — 2 a3—2 a1—8 08—2

ag — 1 ar —1 a; — 6 a; — 1.

The 1st bargaining iteration yields.

B.(a') = B(a;) =49

B.(a’!) B.(as) = 65 «— @
B.(a*') = B.(a3) = 42

B(a"") = B.(a7)=50.

Thus according to the first iteration the optimal action is as. However, proceeding to the

2nd iteration yields

B.(a?) = B.(ay) =66 —a
B.(a’?) = B.(ag) =56
B.(a**) = B.(a4) =31

B.(a'?) = B.(a;) (already computed),

showing that the optimal action is updated to az. A third bargaining iteration yields actions
that have already been considered and similarly for the 4th iteration. In the 5th iteration

all the actions have been considered except ag which yields

B.(a’®) = B.(ag) = 30.
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The number of iterations required in the bargaining depends on the level of optimality

required in the actions taken. This leads to the next discussion.

4.6.3 Rationality and Optimality

In the bargaining algorithm just described, the question arises as to how far to take the
bargaining. Clearly, in the blind pursuit of “rationality” in the purely decision-theoretic
sense, the bargaining should proceed until there are no more actions to consider. This
makes the bargaining algorithm equivalent to the algorithm communicating all the utilities
(Figure 4.6). Given the ordered nature of the bargaining process, the chances of finding
an optimal solution by considering 2nd, 3rd iterations and so on diminish but cannot be
completely ruled out. An appropriate example is that in Example 4; here the first iteration
yields a group expected utility of 65 and a second iteration improves this with an action

yielding 66. Two important questions arise:

e Was it worth the additional effort in computation and communication to obtain this
optimality? To answer this in specific terms requires knowledge of the specific system;

matrix and vector sizes et celera.

e How optimal is the decision-theoretic solution a? The optimal action a is really only
optimal at time step k and so the longer we take to compute it the less optimal it

may become depending on how the expected utilities vary with time.

The two questions raised come about because rationality in the decision-theoretic sense
associates optimality only with the action which is finally taken rather than also taking
cognizance of the actual process of arriving at the optimal solution and the possibly dynamic
nature of the decision problem. Up to now we have chosen to ignore these factors and

assumed that the expected utilities of Section 4.5 do not change in the time it takes to
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And so the action obtained by truncating the bargaining algorithm at a suitable point
may actually be closer to the “truly” rational decision than an “optimal action” which is
arrived at too late. Therefore, in deciding when to stop bargaining several factors should
be taken into account; (i) the time dependency of the expected utilities, (ii) the frequency
of management decisions, (iii) the computational capabilities of the decision makers, and

the size of the action set and the number of sensors in the system.

4.7 Discussion

4.7.1 Is it worth the bother?

Having made decisions concerning the most optimal strategy at a given time k, the action
decided upon must be put into effect. An action may require considerable effort to im-
plement depending on the application. The question arises as to whether the additional
information to be gained is worth the bother. In answer to this question, metrics for evalu-
ating the gain in information can be developed as follows: We can compare the information
being gained by maintaining the status guo with the information to be gained after imple-
menting the optimal action. Therefore, if @cyrrent 18 the sensing strategy being carried out

at the time of decision making, then the “value” of implementing the action a is given by
E*a {U(X, &)} — EPecurrent {U(X, acurrent)} . (475)
This in fact represents the gain in information, which can be written

I_qain = I({p(x I {Zk})7a’}) - I({p(x I {Zk})’acurrent}), (476)

or more generally

Igain = B(&) - B(acurrent), (477)
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using the notation of Section 4.5. The methods of Section 4.3 can be applied to quantify
this information gain, based on which a decision can be made as to whether to implement
the optimal action or not. In a simple scheme, the information gain Zg,, can be compared

to a threshold value to determine whether action @ is worth being implemented.

4.7.2 Coupled Management of Data Fusion Algorithms

The methods developed are applicable to both the information filter and the classification
algorithm even though the presentation has largely been in terms of the information filter. It
is often desirable to implement both the information filter and the classification algorithm on
the same sensor system for particular applications. In such systems it is equally desirable
to couple (or combine) in some way the management of the two algorithms in a single
management strategy. The ease with which this can be achieved depends largely on a

consideration of Assumption 2 and is described in the following two cases.

Case 1: Whenever Assumption 2 can be guaranteed for both the classification and the
information filter, the management of the two algorithms can be coupled based on developing
a single information utility as follows: The information up to time step k now becomes
a linear combination of that from the informaiion filter and that from the classification

algorithm as follows

il(k) = K1 it'(k)est + K2 -ii(k)class’ (478)

where I;(k)_,, and Li(k) is the information from the information filter and the clas-

class
sification respectively. The constants k; and Kk, reflect the relative contributions of the
information from the two algorithms. And similarly, for observation information at time k

only

it(k) =K1 ii(k)est + K2 ii(k)class' (479)
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As an example, consider a system that estimates the spatial positions of targets and at the
same time attempts to classify them: In the information filter, the state may be defined
by x = [z,,v:]7, where (z;,y;) are the 2-dimensional spatial coordinates of the target. The
state for the classification algorithm may be defined as x;, = [X1, X;] where X; and X2 may
represent target types such as [car,human] for example. Because the information filter
and the classification algorithm are making inferences concerning states of the same target
t, the information components may be coupled as in Equations 4.78 and 4.79. Therefore,
information of Equations 4.78 and 4.79 can be interpreted as representing all the information
known about target t. The role of sensor management now becomes one of optimizing gain

of both location and identity information of the target.

Case 2: Difficulties arise in attempting to couple the management of these two algorithms
when the state of nature in the one algorithm is not related to the same entity as in the
other algorithm. An illustrative example of this is a sensor making observations of a target
t whose position is known, in order to estimate the sensor platform’s (z,,ys) location in
space and at the same time trying to classify attributes of the target under observation. In
this case, the state of nature according to the information filter may be x, = [xs,ys]T for
example. The state of nature in the classification algorithm relates to the different possible
attributes of ¢ such as x;, = [plane,corner] for example. Thus the information metrics
i;(k).,, and i;(k),,, are not directly related and so optimizing decisions based on their
linear combination is meaningless! Under such circumstances it is not clear how to proceed

with a coupled solution. One approach is to manage only one algorithm the choice of which

is dependent on which type information is deemed as being of primary importance.

Throughout the remainder of this thesis we shall keep the management problem decou-



4.7 Discussion 125

pled (in the above sense) whenever the sensing situation is as described in Case 2. We shall

only use the coupled approach of Equations 4.78 and 4.79 only when the sensing situation

is as described in Case 1.

4.7.3 Summary
To summarize; the methods presented in this chapter result in the following

e Sensors in a decentralized system are able to make non-conflicting decisions concerning

sensing actions locally at each sensor.

e The actions chosen are guaranteed to be consistent throughout the system and result

in sensor synergy.

e The action chosen is optimal in that it maximizes the information obtained by the

system with regard to the state of nature.

The work presented in this chapter is applicable to a wide variety of systems including
our application as discussed in Chapter 1. We now have the requisite tools to implement
decentralized data fusion and manage the sensors in such a system. Thus far we have been
working on the assumptions that; firstly, we have sensors capable of offering several sensing
alternatives, and secondly, that the information from such sensors is well understood and
objectively modelled in terms of probabilities, this being a pre-requisite for employing nor-
mative techniques. The next chapter is aimed at precisely these issues and develops a model
for a sensor which can be managed and describes the information from it in probabilistic
terms. This then leads to our implementation of data fusion and the sensor management

demonstrations.



Chapter 5

An Autonomous Sonar
Sensor for Data Fusion

Sensors make observations or measurements of physical quantities such as temperature,
range, angle et cetera, thus providing information which may be used for inference and
perception. In the context of the model presented in Chapter 2, we require to express sensor
information in probabilistic terms, as the likelihood function with respect to the state of
nature in which we are interested in making inferences. A sensor model entails developing an
understanding of the sensed environment, the nature of the measurements provided by the
sensor, the limitations of the sensor and most importantly a probabilistic understanding
of the sensor in terms of uncertainty and accuracy. Moreover, the sensor model is also
concerned with optimizing the information gathering activities of the sensor and reducing
the uncertainty. All this is with the express aim of providing the most informative likelihood
function given the sensor and its capabilities.

As discussed in Chapter 1, an application of the theoretical work in this thesis is in
the area of mobile robotics. In current research on autonomous robot vehicles, a variety
of sensor technologies are used, ranging from infra-red devices, laser range-finders, sonar,
CCD cameras and gyroscopes. In this work, we make use of the standard Polaroid device
[38]. While sonar, in the form of the standard Polaroid device, is the most widely used
sensor in mobile robotics, its model is not understood well enough and its data is plagued

with uncertainty thus making it an ideal candidate for further research. While research has
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produced sophisticated sonar sensors capable of complete imaging, the standard Polaroid
due to its extremely low cost and ease of use, has remained a popular choice in mobile
robotics research. In this thesis we chose to model sonar! based on the Polaroid device
because it allows us to explore and implement the theoretical work presented in this thesis
while at the same time permitting us to present some new developments in sonar modelling
and data processing, in the form of a Tracking Sonar which is ideal for managed data fusion.

Starting from a physical description of the device, we explain the nature of the un-
certainty associated with in-air sonar. We then develop a model aimed at reducing sonar
data uncertainty. Most important of all we analyse in probabilistic terms the uncertainty

associated with data from the novel sonar model which we present.

5.1 Physical Model

Sonar sensing has been widely used in mobile robotics for tasks such as obstacle detection
and avoidance [75][22], navigation and map-building [41][90]. The application of sonar
to these tasks poses a number of problems. In particular, it is well known that range
returns from sonar sensors are sub ject to distorting effects caused by long wave-lengths and
wide beam-widths, making it difficult to apply any “ray-tracing” type algorithms to the
interpretation of sonar data. Furthermore, because the rate at which range information can
be obtained is physically limited by the speed of sound in air, a vehicle using sonar sensors
»

to obtain map or guidance information is typically forced to adopt a “stop-look-move

motion strategy during task execution.

1 Hereafter, references to sonar shall be taken to mean the standard laboratory grade Polaroid device and
its associated electronics as described in [38].
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to the main-lobe beam-width. The result of this is that a complete range-bearing scan is
composed of a set of RCDs, one associated with each environment feature. Figure 5.2 shows
a typical sonar scan together with a map of the room from which the scan was taken. A
semi-circular RCD associated with each main environment feature, wall, corner or edge, can
be seen.

By analysing the impulse response of sonar as done in Appendix B.1, it can be shown
that the amplitude of the response decreases and its duration increases with the angle of
inclination to the direction of propagation a. This means that for a given threshold setting
in the receiving circuit, a feature will continue to be visible as the angle a is increased
from zero to amqz. This is made possible by the fact that the beam-width on the Polaroid
device is of the order of 10° at the -3dB point. Hence, the correct range to a feature will be
measured for angles a such that —a,,q; < a < @a, Where a is measured from the direction
of propagation to the target. The precise width of the RCD is determined by ap,q; Which

depends on various physical parameters of the propagated beam:

1. Threshold of receiving circuit. The results of Appendix B.1 show that that the
received echo can be detected for increased values of a if the detection threshold is

decreased and vice versa. Thus RCDs will appear wider with lower thresholds.

2. Frequency. The effect of frequency on the propagated acoustic beam and conse-
quently amq. is discussed in Appendix B.1. Frequency has the effect that decreasing

it will increase the RCD width for a given threshold setting in the receiving circuit.

In practice, successive range returns constitute an RCD if the absolute range difference
between the minimum and the maximum of the connected set of ranges is less than some

¢,. This is typically of the order of the precision with which range can be measured. The
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range of the RCD rrep, is given by the mode of the distribution of the ranges making up
the RCD. We can define Brcp the width of the RCD and SBpin the minimum acceptable
width for what constitutes an RCD. This RCD model is illustrated in Figure 5.1(b) for
a symmetrical beam 3. RCDs may be extracted from a range-bearing scan by simply

segmenting range returns sequentially according to the criteria €, and rejecting those whose

width is less than G,,in.

The Limitations of Sonar

Despite the better understanding provided by the RCD model, we can identify the following

shortcomings of sonar:

1. Imprecise target bearing. Since the location of the actual target is given by the
centre of the RCD, the exact location of the target can only be determined from a
scan which encompasses the bounds of the RCD. Hence with a single range return,
the criticism “Sonar has poor angular resolution ...” [57] still holds in the absence of a
scan establishing the RCD edges. Scanning to establish RCD edges can be a significant
handicap if precise orientation information is required quickly. In addition, RCD edges
tend to be unstable both as a result of range jumps induced by the thresholding nature
of the receiving circuit [85] and because of partial feature obscuration. RCD instability
increases when there is relative motion (such as on a vehicle). As a consequence, RCD

edges are typically not a good indication of precise RCD location.

2. Characterisation of targets. The range and edge-angles defining an RCD
(6;,8,,7rcD), give no indication as to the geometric nature of the target. The ge-

ometric classification of target features is particularly important in map-building and

3In practise the Polaroid beam is not symmetric and varies from device to device.
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navigation tasks, and so it would be desirable to obtain information from sonar to

allow us to achieve this.

. Sonar data processing. Since an RCD may be characterized by a single range

value together with the bearing of its center (See Figure 5.1(b)), the vast majority
of sonar range readings do not provide any useful additional information about the
feature causing a reflection. This means that the bulk of all sonar data acquisition
and processing does not actually provide any useful environment information and is
simply not necessary. If, instead of taking a complete sonar scan of an environment,
it were possible to take single range and bearing measurements of individual RCD
reflectors, the number of range measurements required to generate a complete map
of an environment could be reduced from several hundred (typical of scanning sonar
systems) to about ten (the typical number of reflectors in a room). This would result
in a considerable speed-up in data acquisition and consequent reduction in data-

processing.

In addressing these limitations, we are motivated by Leonard’s orienteering analogy “...at-

tention should be concentrated only on information that is directly relevant to the task in

hand...” [89]. Precisely, the sensor that we present is designed to detect and track RCDs

as quickly as possible.

5.1.2 RCD-Monopulse Sonar

The sonar device that we develop consists of two standard Polaroid transducers mounted

on a common baseline on a high-speed servo. The device is shown in Figure 5.3. One of the

transducers (T/R) both transmits and receives acoustic signals, measuring time-of-flight in

a conventional manner. The second transducer (R) only acts as a receiver, and measures
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the time of flight from the other transmitter to itself. Therefore, the following is available;
e a conventional time-of-flight range measurement and
e a measurement of the difference in time of arrival between the two receivers.

When the target feature is centered between the receiver pair, the difference in signal arrival
times is zero. As the target moves away from center, the difference signal grows linearly
with off-axis bearing. The exact bearing to the target feature can be determined by rotating
the sonar pair so as to null the time difference signal and simply reading off the resulting
aim direction. If the feature moves, or more commonly in mobile robotics, the platform on
which the sonar is mounted moves, the same signal can be used to maintain track on the
target feature as we shall show.

The use of two antennae measuring the same returned signal from two slightly different
locations in this way, is known as monopulse. This principle is used extensively in tracking
radar systems [126][19] and the difference signal measured is commonly called the monopulse
signal. In radar the difference signal is either constructed from a comparison of the returned
signal amplitudes (called amplitude-mono-pulsing) or from a comparison of the returned
signal phase (called phase-mono-pulsing) [19]. A similar approach can be used with sonar
assuming that we have devices which are able to measure amplitude and phase. This is not
possible with the standard Polaroid device but can be implemented using modified sonar
devices as shown by Barshan and Kuc [15].

While not true phase-monopulse in the strict sense, the device that we describe is closely
related to the phase-monopulse technique in providing a measurement of the difference in
time of arrival of a common signal at two spaced receivers. For this reason we refer to the

sonar device as an RCD-monopulse sensor or more accurately Differential Sonar. Figure
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5.4 illustrates the principle. As the angle a is varied, detection of the echo is possible as
long as the angles ar/r and ar do not exceed amqr given the threshold and frequency
settings of the T/R and R device. The normal time of flight (TOF) reading for the range is
obtained from the T/R device. A differential A, is obtained by measuring the time between
the reception on the first device to receive, primary reception and the time when the second
device receives, secondary reception. Logic on the driver board notes the order of reception

and the occurrence or non-occurrence of secondary reception. Appendix C describes the

hardware.

5.1.3 Differential Feature Model

Given that r is the range to the feature, d the base-line of the T/R and R devices and o
the angle of inclination from the perpendicular to the plane of the feature, we can define

the differential time of flight in general as follows;
Al
A= zé(r,d,a), (5.1)

where § is the differential path length for primary and secondary reception for angle a such
that —amer < @ < Qmaz. We now present the differentials for the commonly encountered
features in indoor environments that is planes, corners, edges and cylinders. We only
consider edges and corners that are orthogonal, as shown in Figure 5.5. Detailed geometrical

derivations can be found in Appendix B.2. From Figure 5.5, we can show the following:

1. Plane. The differential TOF for the plane is given by

1 , @ , , , 42 s d |
Apz-(—: T +-4——rdsm(a)+ T +-4—+1‘ sin(a) — 2 T-3 sin(a) ) | .

(5.2)
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where p, is the radius of the cylinder. The differential of the cylinder can be shown
to approximate to that for the plane as the the radius of the cylinder goes to infinity

and to that for an edge as the radius goes to zero (See Appendix B.2).

5.1.4 Measured Differentials and Practical Issues

Our present prototype hardware provides a precision of 3.2us/count for the measurement
of the differential TOF. And we have chosen a base-line of 0.05m for the operational range
of 0.45 — 3m. Appendix B.2 discusses the choice of base-line d.

In practice the actual differential obtained is very similar to the one predicted by the
theory. Figure 5.6 shows a predicted differential for a plane at a range of 3m. In Figure 5.7,
an actual differential for a plane at a range of 3m in a controlled environment, is measured
and plotted. Figure 5.8 shows several differentials measured for the four feature types. These
are measured in a typical cluttered indoor environment. The deviation from the expected
linear characteristic of the differentials can be explained in terms of the irregularities on
the surface which cause irregular reflections, the quantization effects from the differential
measurement and the imprecision in the positioning by the servo. Differentials for planes and
corners are more susceptible to surface irregularities and this is because the received echo
at T/R and R is virtually all due to reflection and that due to diffraction is negligible. On
the other hand, cylinders (with a small radius compared to the range) and edges generally
have better behaved signals because reception is largely due to a diffracted wave and so
irregularities on the surface are of less consequence.

In the differentials of Figure 5.8 it would seem as if the null point is offset to the left
always. This can be explained by considering the asymmetry in the differential arrangement

as follows. The width of the RCD is determined by considering the range returns r which
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9 within the width of the RCD, the precise orientation ,, of a feature can be computed
thus drastically reducing the angular uncertainty. Therefore, differential information can
be used to optimize RCD extraction by reducing the number of range returns necessary
to establish the RCD in the following way; once one edge of an RCD is detected during a
scan, the precise location of the corresponding feature can be predicted without requiring
any additional returns. Perhaps more importantly a simple tracking algorithm can be
implemented which continually “corrects” for each non-zero differential by steering towards

the zero (null) differential. This is the basis of the Tracking Sonar.

5.2.1 Reducing Differential Uncertainty

In typical application environments, it turns out that the measured differential is not as
linear as predicted and the results of Figure 5.8 illustrate this. To further highlight the
uncertainty in the actual measurement of the differential, it is observed that if the differ-
ential sonar is fired repeatedly at the same orientation within the bounds of the RCD the
differential measured is not constant as would be expected. This is illustrated in Figure
510 where several hundred observations are taken under various environmental conditions
(clutter, different feature materials, et cetera) and at various offsets within the angular
extent of the RCD.

From the differential plots shown in Figures 5.8 and 5.10, it can be seen that some
smoothing or filtering operation is required to remove outliers and spurious readings given
that we can predict the form of the differential from Section 5.1.3. An approach which is in
keeping with the other work we have so far presented, is the use of estimation techniques.
With this approach, we treat the measured differentials as noise corrupted observations

of the true differentials. We then proceed to estimate the true differential given the noisy
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measurements. The Least Squares algorithm [12] estimates an unknown constant parameter
from uncertain measurements. However, in a real-time tracking situation the parameter
being estimated is dynamic since the algorithm is continually correcting for the differential
arising from error or relative motion. The correction motion of the servo can be considered
as a control input which changes the state of the parameter being estimated. The Kalman

Filter [12] (whose information form we have presented in Chapter 3) is well suited to the

estimation of time varying parameters.
Using this approach, the state is simply the differential, that is, z(k) £ A. Since we can

observe the state directly, the observation equation is given by

z(k) = z(k) + v(k), (5.7)
where the observation noise is assumed to be zero mean and Gaussian

v(k) = N(0,02). (5.8)

Assuming a stationary feature, the changes in the true differential are only affected by a

control input u(k) on the servo. And so we can write the transition equation as follows
z(k) = z(k — 1) + u(k — 1) + w(k), (5.9)
where the transition noise is also zero mean Gaussian
w(k) = N(0,02). (5.10)

The resulting filter estimate z(k | k), is the estimated differential A(k | k).
This simple filter can be improved in several ways: A model of the motion of the feature
can be introduced into the state transition Equation 5.9. In the formulation of the filter, it

is possible to have a state which includes “velocity” as well as “acceleration”. Such a larger



5.2 Developing A Tracking Sonar Sensor 144

state vector would improve the system’s response to the dynamics of the differential in the
tracking control loop by making available estimates of velocities and possibly accelerations.
This is useful if one is interested in improving the response of the differential estimate to
changes in the measured differential and in the control and damping of the servo. We leave
the exploration of these ideas for further research.

The differential estimates using this simple filter with no control input u(k), are illus-
trated in the results of Figure 5.11. The results are obtained when there is no relative motion
between the feature and the sensor, hence the measured differentials are similar to those of

Figure 5.10. The estimated differential is in agreement with the predicted differential from

the theory.

5.2.2 A Real-time Tracking Sonar

Using the differential filter outlined in Section 5.2.1, we can now implement a real-time
Tracking Sonar. The control input u(k), has the effect of reducing the differential by
steering towards the center of the RCD. We define s(k) as the move step towards the center
at time k in correcting for the differential. The move step can be € from our previous
discussion however, better performance is obtained by correcting by a smaller step due to

hardware limitations. We can obtain the control as

u(k) = (—sign(A(k | k))) X s(k)X | Amaz | /BrOD- (5.11)

The tracking algorithm can now be written in full as shown in Figure 5.12. In a sim-
ple strategy, r is validated by a comparison with the current RCD range. If the error is
acceptable, then the validated r becomes the new RCD range, else the range r is rejected

resulting in a termination of the track. This simple approach can be improved upon with
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tated occasionally at the time steps as indicated. In these results we have set a dead-band
¥ equal to 2 differential counts (2 x3.2u s). This dead-band is set because the smallest
step we are able to move with our present prototype hardware corresponds to a differential
of the order of 2 (x3.2us). Consequently, a dead-band much smaller than 2 would result
in continual correction regardless of relative motion due to the lack of precision in the po-
sitioning of the Polaroids by the servo. In Figure 5.14(a), we show the motion of a feature
which moves arbitrarily as observed by the sensor tracking it. In Figure 5.14(b) we have
the feature stationary and the sensor platform rotating about its axis and thus we show the
relative positions of the feature as observed by the sensor in ego-centric coordinates. In all

these results, the sonar data rates are approximately 30H z.

5.3 Probabilistic Model and Error Analysis

The Tracking Sonar provides range r and orientation # data, where the orientation is refer-
enced to a datum line on the sensor itself. With respect to our discussion in Chapter 2, the

sensor provides a 2-dimensional observation vector z given by
z=[r,0]". (5.12)

The range and orientation incorporates some uncertainty. We now develop a probabilistic
model for this uncertainty. We assume the uncertainty in the measurements is in the form

of additive noise. Therefore, we can write that

Z = Zirye + V(C, ztrue), (5'13)

where z;,,. is the true state being measured and v the observation noise which is dependent
on the true value and on ( the sensor control parameters (differential filter parameters,

dead-band et cetera). It will be noted that Equation 5.13 has been written in terms of the
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measured values themselves rather than a state x to avoid the need to state a model relating
X and Z, this being application dependent. Here we take the same approach as Hager and
Mintz [67] and assume that v € V, where V is a class of random variables. It is therefore
desirable to develop a model of the additive noise v for a given range of sensor control
parameters. It is usually assumed that the noise v is Gaussian, indeed the information
filter derived in Chapter 3 makes such an assumption. It is now our intention to justify
Equation 5.13 and determine the statistical model of the disturbance v.

We commence by considering the factors determining the performance of the Tracking

Sonar and the uncertainty in its observations. These are as follows:

¢ Differential estimator parameters. A large value of differential observation noise
0% (Equation 5.8) is desirable when tracking features whose motion relative to the
sensor is slow and deliberate. However when motion is sudden and quick, what may
appear as spikes in the differential may actually represent the sudden motion. Hence
in such situations, an observation noise model which assumes relatively little noise
in the measurements results in better performance as it gives more credence to the

actual observations themselves.

e Differential dead-band. The dead-band is a consequence of hardware limitations,
in particular limitations in positional accuracy and motion step size of the servo.
Another consideration resulting in the dead-band is the electrical noise which results
when the correction motion rate of the servo is high. This electrical noise causes jitter
in the positioning of the servo thus giving unreliable differential measurements. This

can be alleviated with reduced correction motion rates hence the dead-band.

A model should incorporate how the statistics of the information obtained from the sen-
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sor vary with these factors. In the following section we analyse the data using spectral

estimation techniques.

5.3.1 Use of Spectral Estimation Techniques

In modelling the data from the Tracking Sonar, the range r and orientation @ over time can
be treated as random processes. If there is no relative motion between the feature being
tracked and the sensor, then the random processes can be viewed as stationary?. When
there is relative motion between the feature and the sensor, the processes then cease to
be stationary. In modelling the information from the sensor we shall only consider the
stationary case, that is, when there is no motion between the sensor and the feature being
tracked 5. Our interest in the proceeding analysis only lies in determining whether the
process noise is white or not.

Random processes are defined in terms of their ensemble averages which can be estimated
[109]. Our model shall be in terms of such averages. In practice, we require to estimate
these averages from finite sequences. Therefore, we consider a process y; as realized by the
finite sequence y(k), for 0 < k < N — 1 as an estimate of the random process y; and this
being made plausible by a consideration of ergodic processes [109]. Correspondingly, we

can estimate the averages as follows: The mean is estimated by

iy =~ > y(k), (5.14)
N k=0

“This is not strictly true, because the differential used to maintain track, is essentially the result of a
range measurement. Range measurements even with no relative motion can only be treated as stationary
over very long periods since the measured range depends on the temperature of the intervening air which
is usually treated as a random process having low frequency components(of the order of seconds). The end
results being that closely timed range samples in the short interval, are not really stationary. However, the
error due to this is small enough to be ignored in our case.

5The case when there is motion requires that we consider the residuals of the process given an adequate
process model, and attempt to describe these in terms of their averages by considering the residuals as a
stationary process [79].
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and the variance by
N-1

] 1 .
V=N k}:(y(k) = fy)*. (5.15)
=0
In a similar way, the unbiased autocorrelation is estimated by
R 1 N-|m|-1
(m) = ——— y(k) - y(k + m), (5.16)

where | m |< N. A biased estimate of the autocorrelation is given by

_ N-|m|-1
dyy(m)=< Y u(k)-y(k+m) (5.17)
k=0

The variance of the unbiased autocorrelation is given by

. _ VN

O'd‘) = mﬂy, (518)
and that for the biased autocorrelation by
5, = — 52 19
UG‘S = -\—/_7\7—- y* (5. )
The power spectrum can be estimated using
N-1 X ‘
Pv(w)= D dy(m)e 7™ (5.20)

m=—(N-1)

Some form of correction in the autocorrelation estimate is required for the low frequency
trends due to the finite nature of the sequence used for estimation®. For this and other
practical reasons [79][109] the estimated autocorrelation should realistically be used only as
a guide to modelling or describing random processes.

For a truly zero-mean white process, the autocorrelation is large when m = 0, is ideally
zero elsewhere. The autocorrelation at m = 0 gives the variance of the process. For a finite

sequence, basic tests for whiteness are as follows [79]:

®This can be done in the simplest cases by subtracting a constant term or by a differencing or filtering
operation. The finite nature of N results in less damping in the autocorrelation than would be expected
from theoretical considerations. Hence Jenkins and Watts [79] draw the conclusion that “.<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>