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Abstract
Silicon carbide is a widely used material due to its unique combination of physical
and chemical properties. However, existing Acheson furnaces, which cause direct
CO2 emissions, are expensive and energy inefficient. Rotary kilns are a promising
alternative, but their use for silicon carbide production is still under development.
In this article, we present a mathematical model for the consumption of quartz and
carbon, and the formation of silicon carbide in a rotary kiln. We focus on the interplay
between reaction kinetics, solid and gas transport, and thermal effects.Assuming radial
mixing within the bed, we derive a simplified one-dimensional model that captures
the dominant physics of the system. The model tracks the evolution of quartz, carbon,
and silicon carbide, as well as gas-phase species and temperature, down the length
of the kiln. We nondimensionalise the model and identify key parameter groupings—
relating supplied heat to kiln fill level, initial carbon particle size, and the relative speed
of the two chemical reactions we consider. Then, we examine the model’s behaviour
via asymptotic analysis, before presenting numerical simulations. Our analysis shows
that there is only one dimensionless parameter group that strongly influences reactor
performance, with silicon carbide yield increasing monotonically with the value of
this parameter. These findings offer broad-stroke insights into design principles and
parameter operating regimes that favour efficient silicon carbide reactors.
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1 Introduction

Silicon carbide (SiC) is a versatile material with a unique combination of thermal,
mechanical, electronic, and chemical properties that make it valuable across a wide
range of industrial applications. Its high melting point, excellent thermal conductiv-
ity, and hardness [1] enable its use in high-temperature environments and abrasive
components such as grinding discs. As a wide-bandgap semiconductor, silicon car-
bide also plays a central role in high-power, high-temperature electronic devices [2].
Its chemical inertness, high melting point, and thermal conductivity have also led
to its adoption as a structural material in demanding environments, such as nuclear
fusion reactors [3]. In biomedical engineering contexts, silicon carbide is bio- and
hemo-compatible, meaning it can be implanted without causing inflammation, toxic-
ity, disrupting biological processes, or requiring additional sealants. Combined with
its electronic functionality and durability, silicon carbide is a leading candidate for
long-term implantable devices [4]. Finally, silicon carbide is emerging as a promising
material for integrated quantum photonic technologies [5].

Silicon carbide is traditionally produced using the Acheson method [6], which is
both energy intensive and chemically inefficient, as a lot of silicon escapes the furnace
as silicon monoxide [7]. Given its growing role in advanced technologies, designing
reactors for more efficient and scalable production of silicon carbide has become an
active area of industrial research. There is growing interest in developingmathematical
models and numerical tools to support design and control strategies.

The methods above are primarily focussed on creating silicon carbide in the alpha
phase. Here, we concentrate on the earlier process of creating silicon carbide in the beta
phase, which involves reactions between quartz (SiO2) and carbon (C) at temperatures
around 1750 ◦C. The heat treatment necessary to convert beta to alpha will not be
considered. Specifically, the dominant reactions are

SiO2(s) + C(s) → SiO(g) + CO(g), �H = 792 × 103 J / mol, (1)

which consumes quartz and carbon, and generates silicon monoxide (SiO) and carbon
monoxide (CO), and

SiO(g) + 2C(s) → SiC(s) + CO(g), �H = −78 × 103 J / mol, (2)

which converts the silicon monoxide to silicon carbide. There is uncertainty over how
physically realistic reaction (1) is since it is a solid–solid reaction. It is more likely that
reaction (1) proceeds through intermediary gas reactions via carbonmonoxide and car-
bon dioxide [8]. However, here, we consider the simplified chemistry of the solid–solid
reaction following [9–12]. This is justified since, at the relevant temperature range, the
second intermediary gas reaction is significantly faster than the first [13], and thus it
is common to approximate the process by the overall solid–solid reaction (1). Among
these two reactions (1)–(2), reaction (1) is typically slower, and the rate-limiting step
of silicon carbide production. Consequently, the two reactions are sometimes “added

123



Reactor-scale modelling and analysis of heat and mass… Page 3 of 41     4 

together” and treated as the single net process

SiO2(s) + 3C(s) → SiC(s) + 2CO(g), �H = 714 × 103 J / mol, (3)

which has been widely studied [8, 13–17].
In any silicon carbide reactor, the physical processes of heat transfer, solid–solid

contact, evolution of the surface area of reactants, and gas flows strongly affect the
chemical process. Understanding silicon carbide production therefore requires both
theoretical modelling and detailed experimental investigation. Modelling provides
insight into the interplay between reaction kinetics, gas transport, and heat transfer,
but the dynamics are sensitive to the estimates of parameter values. Experimental work
is essential to identify which chemical reactions are dominant under given operating
conditions, and to measure their rate constants, activation energies, and enthalpies.
This information is crucial for developing predictive models and for designing effi-
cient reactors.

Early experimental studies, such as those byWiik [18], provide foundational insight
into the chemical mechanisms involved in quartz–carbon systems. Subsequent exper-
iments have explored different material configurations and temperature ranges.

Various preprocessing of the raw quartz and carbon have been examined, which
change the quartz–carbon contact surface area and the dynamics of the gas flow. For
instance, the rawmaterials might be formed into pellets in which a porous carbon layer
is chemically deposited on a quartz core, or transformed into bound agglomerates
of finely ground quartz and carbon particles [19, 20]. Alternatively, the materials
might be used in the simple form of fine individual particles of quartz and carbon.
Each approach presents different advantages and challenges for efficiency, reactivity,
mechanical integrity, and manufacturability.

Weimer et al. [11], and Agarwal and Pal [13] performed rapid-heating studies on
agglomerates, observing the formation and escape of silicon monoxide gas under
various carbon loadings and particle sizes. More recently, Li [19] compared carbon-
coated quartz pellets with agglomerates formed from different carbon sources. His
results demonstrated the importance of particle morphology, composition, and carbon
reactivity, and confirmed that high silicon carbide yield depends not only on ther-
modynamics, but also on gas-phase retention and surface reactions. These studies
demonstrate the need for well-designed experiments that match the relevant tempera-
tures, pressures, and geometries of proposed reactor operations.

It is not yet clear which configuration of feed quartz and carbon is optimal for max-
imising silicon carbide yield. This uncertainty in raw material design, along with the
difficulty of in situmeasurements at high temperatures, motivates the development of
mathematical models to better understand and predict the system dynamics.Modelling
allows one to explore the coupled influences of chemical kinetics, gas transport, and
heat transfer across reactor configurations and parameter ranges, and to investigate
how these processes interact with evolving material geometries. Moreover, up-scaling
from pilot- or laboratory-scale experiments to full industrial reactors introduces addi-
tional challenges. The interplay between transport and reaction kinetics may not scale
linearly with size. Mathematical models provide a valuable tool for predicting how
these factors vary with scale and help inform reactor design and operation in indus-
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trial settings. Alongside experimental efforts, mathematical modelling has played a
key role in interpreting data and exploring experimental set-ups that are difficult or
expensive to realise.

Particle- and laboratory-scale models have been proposed to capture the essen-
tial dynamics of silicon carbide systems. These include a single-pellet model that
resolve the interplay between diffusion and reactions in carbon-coated quartz parti-
cles [21]. The balance between diffusion and reaction (2) was shown to be key. If
silicon monoxide quickly diffuses through the carbon layer it is lost to the external
environment. Multiphase models have also been used to track the evolution of carbon,
quartz, silicon carbide, and gas in an isothermal packed bed [22]. The effect of trans-
port on the silicon carbide yield was less significant than for the pellets. Instead, the
key balance was between the chemical reactions. Reaction (2) must be fast to achieve
a high silicon carbide yield, but a side reaction must be slow to maintain safe operating
gas pressures. A simplified one-dimensional laboratory-scale crucible furnace model
focusing on the thermal dynamics was developed at the 171st European Study Group
with Industry [23]. Their results highlighted the importance of gas residence time and
venting in determining reactor efficiency.

Laboratory-scale crucible tests in induction furnaces indicate challenges with heat
transfer and heat penetration in packed beds. We note that reaction (1) is endothermic.
Once the outer region of the crucible is hot enough for reaction (1), any additional
heat is consumed by the reaction instead of heating the inner region. Thus, we find that
the reaction proceeds inward from the outer wall. This is undesirable for two reasons.
First, the process becomes very time consuming—and potentially unfeasible on an
industrial-scale. Second, while the conversion is happening in the inner region, the
outer silicon carbide will continue to heat. Increasing temperature may increase the
probability of silicon metal production, which is not desired.

We are therefore motivated to consider a horizontal rotary kiln, in which the rota-
tion induces motion of the granular bed. Ideally, the rotation promotes mixing of the
granular material, thereby increasing the uniformity of heating and reduced thermal
gradients within radial cross-sections. Rotary kilns are widely used in metallurgy for
processes including drying, incineration, calcination and reduction reactions [24], but
they have not previously been used for silicon carbide production.

For existing rotary kiln applications, gaseous reactants (e.g. oxygen) are abundant
and so rarely tracked explicitly, and gases produced are typically waste products, so
that gaseous losses are not important. Moreover, the chemical reactions in rotary kilns
are usually exothermic. Conversely, for a silicon carbide rotary kiln, the chemical
process is strongly endothermic, and losses of the gaseous silicon monoxide must be
limited as this results in chemical inefficiency. Indeed, the potential for significant
silicon monoxide losses in the rotary kiln set-up is an important concern in developing
this silicon carbide production method, and requires detailed investigation.

Acheson furnaces predominantly produce α-SiC, whereas rotary kiln processes
are designed to produce β-SiC. Compared with Acheson furnaces, the rotary kiln’s
enhanced heat transfer requires lower energy inputs to trigger the reactions, and its
long and thin geometry, open only at the ends, allows for longer residence times of
the silicon monoxide, which can potentially lead to lower silicon losses. However,
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the main current challenge regarding silicon carbide rotary processing is whether the
design and operation parameters are realistic for an industrial-scale setup.

Mathematical modelling is a very valuable tool to assess the viability of process.
Existing models of rotary kilns typically focus on the granular flow of solid and heat
transfer within the solid bed of the kiln [24]. Therefore, new models are required
to understand these atypical characteristics of a silicon carbide rotary kiln; to our
knowledge, no such models for silicon carbide rotary kilns have yet been proposed.

In this paper, we present the first model for a silicon carbide rotary kiln. We aim
to capture the important processes in a simplest possible model, to give broad-strokes
insight and thus to guide future experimental exploration of this potential silicon
carbide-production process. In particular, the novelty of the rotary-kiln design com-
pared to other silicon carbide-production processes is the significant heat transfer
within the bed due to the mixing induced by the rotating flow. We assume that the bed
is well mixed, so that the temperature and composition only varies along the length of
the kiln and in time. We also make some simplifying assumptions about the granular
flow and chemical reactions. The key mechanisms captured and elucidated by our
model are the coupled thermal, chemical, and flow processes through the rotary kiln.

In the remainder of the paper, we derive a one-dimensionalmodel under the assump-
tion that cross-sections of the bed arewellmixed in Sect. 2. Themodel couples reaction
rates, solid and gas evolution, and thermal transport. We then nondimensionalise the
model in Sect. 3. We proceed by examining the asymptotic structure of the problem
in Sect. 4, and numerical solutions in Sect. 5. Finally, in Sect. 6, we summarise our
findings and provide possible avenues of future work.

2 Model of solid flow, heat transfer, and reaction kinetics in a rotary
kiln

We consider a simplified model for the distribution of heat and chemical species in a
rotary kiln, which is affected by the motion of the granular solid, the flow of gas, and
the chemical reactions. We take a highly idealised view with the aim of giving insight
into the dominant trends in the behaviour.

In particular, wewill assume that the granular bed is well mixed due to the rotational
motion.We adopt this assumption based on prior studies that have demonstrated strong
cross-sectional mixing in rotary kilns. This means that our operating conditions fall
within the tumbling regime (see Table 1 in [25]), which is the typical regime for rotary
kilns. The regime depends mainly on the friction coefficient between the material and
the kiln, the filling fraction, and the rotating speed. However, as a rule of thumb, we
expect the tumbling regime to be at intermediate rotation speeds: too low of a speed,
and the kiln operates in the slipping regime, while too high of a speed and the kiln
operates in the centrifuging regime (it is not immediately obvious what would happen
in the cataracting regime). In either case, mixing will be limited and therefore the
heat transfer will be restricted by conduction through the particles, and thus too slow,
thereby creating thermal and reaction rate gradients through the bed. In the tumbling
regime, we anticipate the motion of particle to be sufficiently rapid that the time for
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particles to circulate in the bed is small compared to the time for any significant change
in temperature or reaction rate along the furnace so that good mixing occurs.

Numerical simulations using computational fluid dynamics, the discrete element
method, two-fluid models, and quasi-three-dimensional models show effective radial
homogeneity of temperature [26–29]. Owens et al. [30] combined pilot-scale experi-
ments with a heat transfer model, and conclude that the assumption of a well-mixed,
radially isothermal bed is appropriate under the conditions they tested. Namely,
rotation rates of 0.1–1 rpm, fill fractions of 3–8%, and residence times of 5–45min—
conditions that we anticipate to align with the operation of our system.

Hence, we will assume that the spatial distribution of the chemical species in the
bed is uniform in each cross-section. The volume fraction of the solid chemical species
of the bed, the gas concentrations, and the temperature of the solid and the gases in
the bed equilibrate quickly in any cross-section, and so they are uniform.

Our model will not explicitly distinguish between the different preprocessings of
feed material described in Sect. 1. We note that in each case the particle-to-kiln diam-
eter ratio is small. Although the internal transport dynamics within each form will
differ—carbon-coated quartz pellets impose longer diffusion lengthscales, agglomer-
ates provide shorter diffusion paths, and fine particles attempt to maximise surface
area—the bulk behaviour we will model is broadly applicable. Fluidisation is unlikely
to occur for the larger pellets or agglomerates, but may be a concern for finely ground
individual particles. We proceed under the assumption that the granular bed does not
become fluidised.

The next assumption is that gas pressure variations are small. Large amounts of
gaseous products are produced in the reactions, and so in practice, we anticipate the
kiln will be open to the atmosphere at the ends, allowing a free flow of the gases
in the channel. Hence, we will make the approximation that the total gas pressure
everywhere is near atmospheric pressure. This assumption will greatly simplify the
model, since, when combined with the one-dimensional nature of the model, the near-
constant gas pressure replaces the need to consider conservation of momentum in the
gas. The conservation of species will determine the motion of the gas and the motion
will create the small pressure variations necessary to balance momentum.

In Fig. 1, the basic structure of the problem is outlined. We use x as the coordinate
down the kiln with the solids in the bed moving at net speed u in the x-direction,
and with a cross-sectional area of A. In the bed, we have three solid species and we
quantify the amount of each solid using the volume fraction (within the bed volume)
Si of each solid species, where i ∈ {SiO2,C,SiC} are the relevant species. In the
bed, we also consider two gases moving in the pore space, which has porosity φ,
and quantify them using their intrinsic gas concentration (within the void volume)
Gi , where i ∈ {SiO,CO} are the relevant gas species. We now proceed to derive the
governing equations by considering conservation of the various species and some basic
physical properties.We anticipate three regions to exist within the kiln, the pre-heating
zone, the hot zone, and the post-reaction zone (see Fig. 1). In the pre-heating zone the
solid materials must be heated up to an appropriate temperature for the reactions to
begin. The consumption of the quartz and carbon, and production of silicon carbide
will happen within the hot zone. Lastly, if we exhaust the quartz before reaching the
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Fig. 1 Cross-section of a silicon carbide rotary kiln reactor. The kiln is divided into three axial zones: a pre-
heating zone, a hot reaction zone, and a post-reaction zone. The granular bed (blue and yellow, illustrating
the composition of solid reactant/product) is assumed to be well mixed in each cross-section due to kiln
rotation. Within the hot zone, conversion of quartz and carbon (blue) into silicon carbide (yellow) occurs.
A gas channel (grey) lies above the bed, which allows the removal of gaseous products such as carbon
monoxide. We do not model the gas channel explicitly, since gases are assumed to be lost from the granular
bed to the channel via a one-way coupling only. The angle α denotes the kiln’s inclination, which, in
combination with rotation, drives the axial transport of solids

outlet of the reactor, we will have the post-reaction zone. In this zone no reactions take
place since we have consumed all of our key reactant.

2.1 Granular bed

We start the modelling by considering the various physical processes in the bed and
present conservation laws that account for these mechanisms. Conservation of quartz,
carbon, and silicon carbide take the form

ρSiO2

MSiO2

(
∂

∂t

(
ASSiO2

) + ∂

∂x

(
ASSiO2u

)) = −Ar1, (4)

ρC

MC

(
∂

∂t
(ASC) + ∂

∂x
(ASCu)

)
= −A(r1 + 2r2), (5)

ρSiC

MSiC

(
∂

∂t
(ASSiC) + ∂

∂x
(ASSiCu)

)
= Ar2, (6)

respectively, where ρi denotes the bulk density and Mi the molar mass of each solid
phase (the volume fractions Si , cross sectional area A, and velocity u are as defined
in the previous section). Here r1 and r2 are the two reaction rates of reactions (1) and
(2) with units of [molm−3 s−1]. We will specify their functional form shortly.

We might expect the rate of reaction (2) to depend on the available surface area of
carbon. To capture this effect, we introduce the number density of carbon particles nC

into the model. Note that just the volume fraction of carbon is insufficient (the packing
fraction of spheres is independent of particle size, and hence, surface area). Alternative
parametrisations, such as particle radius or surface area explicitly, are possible but

123



    4 Page 8 of 41 B. Metherall et al.

give less convenient conservation equations. In our formulation, the number of carbon
particles is conserved. Accordingly, the conservation law is

∂

∂t
(AnC) + ∂

∂x
(AnCu) = 0. (7)

Conservation of silicon monoxide and carbon dioxide (with concentrations Gi , as
above) yield

∂

∂t
(φAGSiO) + ∂

∂x
(φAGSiOu) + FGSiO = A(r1 − r2), (8)

∂

∂t
(φAGCO) + ∂

∂x
(φAGCOu) + FGCO = A(r1 + r2), (9)

where we have introduced the volume flux of gas out of the bed and into the gas
channel, F . We anticipate that because the bed is very long and thin the gas velocity
(within the bed) will be very close to u. Owing to the significant aspect ratio, the large
volumes of gas produced will preferentially flow through the channel, rather than the
porous bed. We therefore assume the solid and gas move down the kiln at the same
speed, and use u from here on for the gas velocity as well.

Having quantified the solids using their volume fractions, we know that adding up
all the species must give unity, so we have

SSiO2 + SC + SSiC + φ = 1. (10)

Weassume that the gas satisfies the ideal gas lawand that the pressure is atmospheric
pressure everywhere. Hence, we write

Pa = (GSiO + GCO)RT (11)

where T is the temperature in the bed, R is the universal gas constant, and Pa is
atmospheric pressure.

We now consider thermal transport mechanisms within the bed. Since the pores are
very small in the bed, we assume the gas to be at the same temperature as the solid, T .
We will assume that there is some bulk heating Q(x, t) that is externally prescribed.
This may be the prescribed heat flux applied to the rotary kiln at position x from
an induction source, a flame, a plasma torch, or another source. When considering
conservation of heat we should balance advection in the solid, advection in the gas,
heat loss to the gas channel, the external heat source, and heats of reaction so that

∂

∂t
((1 − φ)ρScS AT )+ ∂

∂x
((1 − φ)ρScS ATu) + ∂

∂t
(φρGcG AT )

+ ∂

∂x

(
φρGcG ATu

) = −FρGcGT + Q − A
∑
j

�Hjr j .
(12)
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Here we have introduced the notation for the density of the gas ρG = MSiOGSiO +
MCOGCO and the specific heats of the solid ρScS = ∑

i ρi ci Si and the gas ρGcG =
MSiOcSiOGSiO + MCOcCOGCO. We have also introduced the heat of reaction (�Hj ) for the
two reactions. Note that we have assumed that the gas is leaving the bed and entering
the gas channel so the temperature used for this transfer is the bed temperature. Finally,
we observe that the density of the gas is much less than that of the solid, so we simplify
(12) to

∂

∂t
((1 − φ)ρScS AT ) + ∂

∂x
((1 − φ)ρScS ATu)

= −FρGcGT + Q − A
∑
j

�Hjr j .
(13)

As the particles in the bed react, the granular material will rearrange itself. Rather than
considering momentum in any way explicitly, we assume the very simple law that the
bed compacts quickly and retains a constant porosity

φ = φ0. (14)

Therefore, the cross-sectional area A of the bed changes spatially and in time.We note
that other compaction laws are possible when the momentum of the granular flow is
explicitly modelled, see for example [31–33]. There are also alternative modelling
choices which would remove the requirement for explicitly modelling the granular
bed flow, such as requiring the bed cross-sectional area A remains constant (and so
the porosity increases). This was done in [34], for instance. However, for the present
rotating kiln, it is much more realistic to assume that the particles easily rearrange to
maintain a constant porosity.

We assume that we know some quasi-static relationship between the cross-sectional
area of the bed A and the solid velocity u, in terms of system parameters such as kiln
rotation speed ω, inclination angle α, friction properties of the particles, etc. Hence,
there is some known (perhaps empirical) function f satisfying

f (u, A;ω, α, . . . ) = 0, (15)

that governs the solid flow in the kiln. Specific choices for f are discussed in
Sect. 4 below.

2.2 Gas channel

We do not model the gas channel explicitly, as it is not expected to influence the
behaviour of the bed. First, the density of the gas is several orders of magnitude
smaller than that of the solid phase, so even substantial variations in gas composition
or temperature correspond to comparatively negligible amounts of mass and energy.
Second, the contact area between the gas channel and the bed is small. This limits the
potential for heat exchange across the interface. Our previous modelling is consistent
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with the assumption that the dynamics within the gas channel do not affect the tem-
perature, composition, or reaction rates in the bed. Including the gas channel in the
model would therefore add complexity without changing the predicted behaviour of
the bed. We thus restrict our attention to the bed alone.

In other silicon carbide and silicon production processes, recapture of the silicon
from the silicon monoxide gas is achieved by condensation reactions as the gases
are forced to flow through a porous bed of cold reactants. This recapture mechanism
is expected to be much less significant in the rotary kiln, due to the small solid–
gas surface area as described above, and thus it is neglected from our model. We
discuss howourmodelmight be extended to include such condensation reactions in the
conclusions section.

2.3 Reaction kinetics

We now discuss the form of the reaction rates r1 and r2. Despite extensive investi-
gation, the reaction kinetics are not well understood [18]. First, r1 is associated with
reaction (1). Although the two reactants are solid, it is reasonable to assume that the
dynamics of the process are similar to that involving two gases, where the law of mass
action is applicable. This reaction is known to be sensitive to temperature variations
in the regime of interest and so we adopt the usual Arrhenius rate dependence on the
bed temperature. We therefore take the model of the kinetics to be

r1 = k1e
−E1/RTB SSiO2 SC, (16)

where k1 is the associated rate constant and E1 is the activation energy.
For r2, the reaction (2) is between a gas and a solid, and it is known that the resulting

product creates a porous silicon carbide layer on the carbon particle that the gaseous
silicon monoxide must diffuse through to get to the unreacted carbon surface. Various
detailed models exist to describe this diffusive behaviour [35–37], and the reduction
of the carbon surface as the particle is turned to silicon carbide [11]. In the interest of
enabling easy interpretation of the results we make a simple approximation.

One model of the kinetics is to assume the particle volume is consumed uniformly
across its surface. We assume the reaction rate is proportional to the surface area of
carbon, and model the kinetics as in [22]. For particles with characteristic radius r ,
the surface area per volume, a, and volume fraction, S, scale as

a ∝ r2n, S ∝ r3n, (17)

so that

r ∝
(
S

n

)1/3

, (18)

and thus,
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a ∝
(
nS2

)1/3
. (19)

We now need to address the change in r2 with temperature. In principle, this reaction
could also be modelled with Arrhenius-type kinetics. However, over the temperature
range of interest, its effective temperature sensitivity is expected to be weak relative
to that of r1. Experimental observations indicate that silicon monoxide is initially
consumed rapidly, with reaction (2) proceeding quickly until transport limitations arise
within the porous product layer [18]. We neglect any explicit temperature dependence
and write

r2 = k2
(
nCS

2
C

)1/3
φ0GSiO, (20)

by the law of mass action, where k2 is the associated rate constant, independent of T .

2.4 Model structure, boundary, and initial conditions

The model (4)–(11) and (13)–(15) presented above is a closed system of 11 equations
for the 11 unknowns

SC, SSiO2 , SSiC, nC, GSiO, GCO, A, F, T , φ, u. (21)

The model couples four algebraic constraints, (10), (11), (14), and (15), with seven
conservation laws, (4)–(9) and (13), all of which are first-order hyperbolic equations
with the same characteristics following the motion of material down the kiln. We
assume that the bed is always travelling in the positive x-direction (u > 0). For each
of these hyperbolic equations it appears that we require both an initial condition, at
t = 0, and a boundary condition at the inlet of the kiln, x = 0. Since we will be most
interested in the steady-state operation of the kiln, we focus on the boundary conditions
at x = 0. At t = 0 we will assume that the kiln is uniform, with variables taking the
same values as the inlet conditions (as if the kiln has been running indefinitely without
heating applied).

Given the constant porosity constraint (14), we view (4)–(6) and (10) as equations
for SSiO2 , SC, SSiC, and A. In particular, summing the three conservation laws (4)–(6)
and making use of (10) we obtain

∂A

∂t
+ ∂

∂x
(Au) = A

1 − φ0

(
−MSiO2

ρSiO2

r1 − MC

ρC

(r1 + 2r2) + MSiC

ρSiC

r2

)
, (22)

a hyperbolic equation for A. Since the reaction kinetics are independent of SSiC, it is
convenient to use the conservation laws (4), (5), and (22) for SSiO2 , SC, and A, and to
view (10) as an equation for SSiC. We therefore require the boundary conditions

A = A0, SSiO2 = S0SiO2 , SC = S0C at x = 0 (and at t = 0). (23)
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Specifically, we assume that the only solid materials added to the kiln at the inlet are
quartz and carbon, so that

S0SiO2 + S0C = 1 − φ0, (24)

at x = 0, by (10). Under the assumption of a high operational efficiency, the inlet solid
composition must be set by the stoichiometric balance of the net chemical reaction
(3), so that

3
ρSiO2

MSiO2

S0SiO2 = ρC

MC

S0C . (25)

This corresponds to a feed mixture in which quartz and carbon are present in the
proportions required for complete reaction, consistent withmaximising silicon carbide
yield under ideal conditions. While a small excess of carbon is desirable for silicon
carbide yield, deviations from a stoichiometric inlet composition towards carbon- or
quartz-rich feeds lead to residual excess reactant in the feed [38]. Such residuals are
undesirable as, at least in the case of carbon, they are difficult to separate from silicon
carbide. Solving the linear system of (24) and (25), we find the initial conditions

S0SiO2 = 1 − φ0

1 + 3
ρSiO2MC

MSiO2ρC

, S0C = 1 − φ0

1 + MSiO2ρC

3ρSiO2MC

. (26)

In a similar manner to the solid system, we view the two conservation laws (8) and
(9) and the constant pressure constraint (11) as equations for the gas system variables
GSiO, GCO, and F . It appears that two boundary (and initial) conditions are required for
this system, perhaps for GSiO and GCO. In fact, this is not the case: we only require a
single initial/boundary condition. To see this, we sum the gas conservation laws and,
making use of the ideal gas law (11), we obtain an algebraic expression for F , given
in terms of (derivatives of) the temperature T and bed cross-sectional area A, namely

F = T

(
2
AR

Pa
r1 − φ0

∂

∂t

(
A

T

)
− φ0

∂

∂x

(
Au

T

))
. (27)

The ideal gas law (11) and one of the conservation laws, (8) or (9), then fix the gas con-
centrations. Since the concentration of silicon monoxide impacts the reaction kinetics,
we keep (8) for GSiO, and view (11) as an equation for GCO. Thus we only require a
boundary (and initial) condition for GSiO. Physically, since we specify atmospheric
pressure, the temperature sets the amount of gas that can exist in the bed via the ideal
gas law. The flux of gas out of the bed F is whatever is produced by the reactions
that cannot remain within the bed, since we allow no build up of gas pressure in the
bed. The composition of the gas within the bed, i.e., the fraction that is silicon monox-
ide and that is carbon monoxide, is determined by the relative reaction rates, via the
(single) conservation law (8). In reality, at the kiln inlet the gas in the bed is likely to
be mostly air, which we do not include in the model since the silicon monoxide and
carbon monoxide are produced at such large quantities in the hot zone of the kiln that
we can neglect any air near the inlet. To easily quantify the amount silicon lost in the
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silicon monoxide gas, we make the artificial assumption that, at the inlet, the gas in
the bed is purely carbon monoxide, so that we introduce no additional silicon in the
gas this way. Thus we will set

GSiO = 0 at x = 0 (and at t = 0). (28)

The physical interpretation of this useful modelling device is that the gas in the cold
bed entering the furnace is purely carbonmonoxide (rather than air, as is true in reality).
Since the carbon monoxide is not a reactant in either of our reaction (1) or (2), it does
not affect any of the subsequent reactions.

Finally, we must also impose a boundary (and initial) condition for nC and T , so
that the conservation laws (7) and (13) are well-posed. We prescribe an initial radius
of carbon particles r0C , and so we write the inlet number density of carbon as

n0C = S0C
4/3π(r0C )3

at x = 0 (and at t = 0), (29)

where we have assumed the carbon particles are spherical and that the volume scales
as 4/3π(r0C )3. The inlet temperature is

T = T0 at x = 0 (and at t = 0), (30)

which we expect to be roughly room temperature, significantly lower than the hot
temperatures attained in the hot zone of the kiln.

In summary, following the re-formulation in this section, the model consists of
the six conservation laws (4), (5), (7), (8), (13), and (22), with the corresponding six
boundary and initial conditions (23), (28) (29), and (30), along with the five algebraic
constraints (10), (11), (14), (15), and (27), and the reaction kinetics (16) and (20). This
is a closed system for the eleven variables in (21).

Our model contains many dimensional parameters. Typical values for our dimen-
sional parameters are given in Table 1. The uncertainty of the value of each parameter
varies largely from parameter to parameter. Physical constants, such as the density of
carbon or the molar mass of silicon carbide, are accurately known. However, the rate
constants must be estimated from related experiments.

3 Nondimensionalisation of the bed problem

We now nondimensionalise the problem within the bed using scalings that are either
imposed externally or are inherent to the equations.We first define the scalings we will
use for the nondimensionalisation, then we present the dimensionless system, before
discussing the interpretation of the dimensionless parameters and their values.
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Table 2 Intrinsic scalings
computed from the values in
Table 1

Variable Value Unit

u∗ 8.58 × 10−4 m / s

G∗
SiO 0.318 mol / m3

G∗
CO 5.51 mol / m3

T ∗ 2182.4 K

F∗ 0.230 m2 / s

3.1 Scalings

We adopt the natural scalings

x = Lx̂, t = L

u∗ t̂, A = A0 Â, nC = S0C
4
3π(r0C )3

n̂C, (31)

where ·̂ denotes a dimensionless quantity, L is the length of the kiln, u∗ is the intrinsic
velocity of the solid material through the kiln (defined in (34) below), L/u∗ is the

velocity timescale, and A0 and
S0C

4/3π(r0C)3
are the inlet cross-sectional area of the solid

material and number density at the inlet of the kiln, respectively. We choose to scale
the solid velocity, gas concentrations, temperature, and the gas flux out of the bed by

u = u∗û, GSiO = G∗
SiOĜSiO, GCO = G∗

COĜCO, (32)

T = T ∗
(
1 + RT ∗

E1
T̂

)
, F = F∗ F̂, (33)

where we have introduced the intrinsic scalings

u∗ = Q0LMSiO2

A0�H1ρSiO2

, G∗
SiO =

( 4
3π

)1/3
Q0r0C

A0�H1k2(S0C )1/3
, G∗

CO = Pa
RT ∗ , (34)

T ∗ = − E1

R log

(
Q0

A0�H1k1

) , F∗ = Q0

G∗
CO�H1

. (35)

The intrinsic velocity u∗ is chosen to balance the solid velocity with reaction (1).
The scaling G∗

SiO is chosen so that the two reaction rates balance, G
∗
CO is chosen so that

ĜCO = 1 at the hot-zone temperature of T̂ = 0 (in the absence of silicon monoxide).
The temperature scale T ∗ is the intrinsic temperature of the system based on the
balance of the applied heating and enthalpy of reaction (1). We expect the temperature
to be close to this value in the hot zone of the kiln. Finally, the intrinsic scaling of the
gas flux F∗ is the ratio of the energy supplied to the energy consumed by reaction (1).
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We note that our choice of T ∗ gives the convenient relation

k1 exp

(
− E1

RT ∗

)
= Q0

A0�H1
. (36)

We estimate the values of the intrinsic scalings in Table 2 using the values given
in Table 1. Initially, the intrinsic velocity u∗ may appear quite slow; however, it cor-
responds to a speed of approximately 3 m / hr, which is typical for rotary kilns. The
intrinsic concentration scale of silicon monoxide is found to be about an order of
magnitude smaller than that of carbon monoxide. This is consistent with expectations:
the carbon monoxide scale is derived from the ideal gas law, while silicon monoxide
is rapidly consumed by reaction (2), resulting in a lower characteristic concentration.
The intrinsic temperature T ∗ is approximately 150 K higher than the ideal operating
temperature for silicon carbide production. However, this difference is not concerning,
as our values for the supplied heating rate Q0 and the reaction rate constant k1 are
only rough, order-of-magnitude estimates. With improved experimental data for k1,
we could hone Q0 to bring T ∗ closer to the desired range. Finally, the estimated value
of F∗, which represents the volumetric flux of gas through the top of the bed, appears
physically reasonable. Given that the exposed bed width is on the order of the kiln
diameter and that typical gas velocities in this region are modest, the resulting flux is
expected to be relatively small. Our estimate aligns with this expectation.

3.2 Dimensionless equations

After using the scalings previously outlined, and dropping the hat notation, the dimen-
sionless versions of the model for the solid volume fractions of quartz and carbon (4)
and (5), the no voids condition (10), and number density (7), read

∂

∂t

(
ASSiO2

) + ∂

∂x

(
ASSiO2u

) = −Ar1, (37)

∂

∂t
(ASC) + ∂

∂x
(ASCu) = −CCA(r1 + 2r2), (38)

SSiO2 + SC + SSiC = 1 − φ0, (39)

∂

∂t
(AnC) + ∂

∂x
(AnCu) = 0, (40)

while the cross-sectional area equation (22) reads

(1 − φ0)

(
∂A

∂t
+ ∂

∂x
(Au)

)
= A

(
− (1 + CC)r1 + (CSiC − 2CC)r2

)
. (41)

The silicon monoxide concentration equation (8) becomes

δ

(
∂

∂t
(AGSiO) + ∂

∂x
(AGSiOu)

)
+ FGSiO = �A(r1 − r2), (42)
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and the dimensionless version of the temperature equation (13) is

τ

(
∂

∂t
(A(1 + εT )) + ∂

∂x
(A(1 + εT )u)

)

+ σ

(
GCO + M

�
GSiO

)
(1 + εT )F = Q − Ar1 + HAr2.

(43)

We note here that we have made one further assumption, namely that the volumetric
heat capacity ρScS is constant and independent of solid composition. The methods
presented can accommodate the more general case, but at the expense of much more
complicated algebra, which we wish to avoid to prioritise insight. We will see that
the transport terms in (43) are only part of the dominant balance in the pre-heat zone,
where the solids are brought up to reaction temperature. We thus approximate the
volumetric heat capacity as

ρScS = S0SiO2ρSiO2cSiO2 + S0C ρCcC. (44)

The gas concentrations and temperature are also related by the ideal gas law (11),
which reads

(
1

�
GSiO + GCO

)
(1 + εT ) = 1. (45)

The equation (27) for F becomes

F = (1 + εT )

(
2Ar1 − δ

(
∂

∂t

(
A

1 + εT

)
− ∂

∂x

(
Au

1 + εT

)))
. (46)

Lastly, the dimensionless flow equation (15) is

f (u, A;ω, α, . . . ) = 0. (47)

The reaction kinetics given by (16) and (20) become

r1 = exp

(
T

1 + εT

)
SSiO2 SC, r2 =

(
nCS

2
C

)1/3
φ0GSiO, (48)

in dimensionless form.
The dimensionless versions of the boundary and initial conditions (23), (26), and

(28)–(30) become

SSiO2 = 0.3767, SC = 0.2633, nC = 1, (49)

A = 1, GSiO = 0, T = T − 1

ε
. (50)
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Table 3 Dimensionless parameter values, given by (51), computed from the values in Table 1

Parameter Description Value

CC Concentration ratio of quartz to carbon 0.233

CSiC Concentration ratio of quartz to silicon carbide 0.550

δ Gas to solid concentration ratio 4.49 × 10−5

� Intrinsic gas concentration ratio 17.33

τ Length of pre-heat zone 0.102

σ Thermal energy transported out of the bed to enthalpy ratio 0.100

M Molar heat capacity ratio 1.030

H Enthalpies of reaction ratio 0.098

ε Gas energy to activation energy ratio 0.0550

T Inlet temperature to intrinsic temperature ratio 0.137

3.3 Dimensionless parameter groups

The 10 dimensionless numbers we have introduced into the problem are

CC = MC

ρC

ρSiO2

MSiO2

, CSiC = MSiC

ρSiC

ρSiO2

MSiO2

, δ = φ0MSiO2G
∗
CO

ρSiO2

= φ0PaMSiO2

RT ∗ρSiO2

,

� = G∗
CO

G∗
SiO

= Pa A0�H1k2(S0C )1/3( 4
3π

)1/3
RT ∗Q0r0C

, τ = (1 − φ0)MSiO2ρScST ∗

�H1ρSiO2

, (51)

σ = MCOcCOT ∗

�H1
, M = MSiOcSiO

MCOcCO

, H =
∣∣∣∣�H2

�H1

∣∣∣∣ , ε = RT ∗

E1
, T = T0

T ∗ .

The CC and CSiC are the ‘concentration’ ratios of quartz to carbon and silicon carbide,
respectively. The concentration ratio of gas to quartz is denotedby δ. The parameter� is
the ratio of the intrinsic concentration scales of carbon monoxide to silicon monoxide.
The parameter τ is the ratio of the thermal energy of the solid to the energy consumed
by reaction (1). Alternatively, as we will see in Sect. 4, τ can be viewed as the length
of the pre-heating zone, over which the solid materials are heated from the initial
temperature to the intrinsic temperature. Similarly, σ is the ratio of thermal energy
transported out of the bed by the gas to the energy of reaction (1). The parameter M
is the ratio of the molar heat capacities of silicon monoxide and carbon dioxide. The
(absolute) ratio of the enthalpies of reaction (2) to reaction (1) is denoted by H. The
ratio of the energy of the system to the activation energy of reaction (1) is encapsulated
by ε. Finally, T is the ratio of the temperature at the inlet to the intrinsic temperature
of the system.

Values of these dimensionless parameters are given in Table 3, which we compute
from the values of dimensional parameters given in Table 1. We note that our ability
to control or vary the values of these dimensionless parameters experimentally varies
from parameter to parameter. The parameters CC, CSiC,M, andH are defined by known
physical parameters, and thus, cannot be altered by modifying an experimental set-up.
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Similarly, the only dimensional parameter within δ, τ , σ , ε, and T that we have any
control over is T ∗, which in turn is controlled by the value of Q0/A0k1. However,
we have a fairly narrow range of operating temperatures in order to have the correct
chemical reactions be dominant. The only dimensionless parameter remaining is �.
Notice that we may rewrite

� = Pa(S0C )1/3k2( 4
3π

)1/3
RT ∗k1r0C

exp

(
E1

RT ∗

)
, (52)

using (36). In this form, it is clear that � depends only on accurately known physical
parameters, T ∗, and the grouping k2/k1r0C . Therefore, the dynamics of the system only
depend on the dimensional groupings Q0/A0k1 (to define T ∗) and k2/k1r0C (to define
�). Here, the rate constants k1 and k2 are also physical parameters with values that
we cannot modify. However, in practice it is difficult to measure the value of these
parameters. We are unlikely to have a very accurate estimate of their values, and so
we include them in these groupings. We investigate the effect of these dimensionless
groupings on the kiln performance in the following sections.

4 Asymptotic analysis of the steady-state problem

One major benefit of rotary kilns is that they may be operated continuously, unlike
batch kilns. Therefore, while the start-up dynamics may play an important role in
pilot- or laboratory-experiments, we are primarily concerned with the steady-state
operation. With this in mind, in this section we analyse the steady-state system, noting
the different spatial regions where the dominant balances shift, to develop intuition
for the expected behaviour within the kiln. To facilitate the investigation, we impose
two further simplifying assumptions on the steady-state model:

1. Quasi-static gas: We assume δ � 1. Recall that δ is related to the ratio of the
concentration of the gas to the concentration of the solid. This parameter is much
smaller than the rest (see Table 3), and will always be negligible for any experi-
mental set-up of practical use.

2. Constant solid velocity: In order to proceed with the analysis we require a form
of f for the solid flow in (47). Motivated by the need for a simple preliminary
model, we are guided by the discussions in [24, 43], who indicate it is reasonable
to assume that

u ∝ D ω α√
ϕbed

, (53)

where D is the kiln diameter, ω is the kiln rotation speed, α the inclination of
the kiln, and ϕbed is the angle of repose. Hence, for the model here we take u as
constant.

Our quasi-static assumption that δ � 1 changes the structure of the system by
removing the transport terms from the gas concentration equations (42) and (46).
The concentration of the gas is much less than the concentration of the solid, and so
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the gas responds much quicker than the solid. A consequence is that we no longer
require boundary or initial conditions for concentration of silicon monoxide in (42).

With these assumptions, our dimensionless model (42)–(48) reduces to

u
d

dx

(
ASSiO2

) = −Ar1, (54)

u
d

dx
(ASC) = −CCA(r1 + 2r2), (55)

SSiO2 + SC + SSiC = 1 − φ0, (56)

u
d

dx
(AnC) = 0, (57)

(1 − φ0)u
dA

dx
= A

(
− (1 + CC)r1 + (CSiC − 2 CC)r2

)
, (58)

FGSiO = �A(r1 − r2), (59)

F = 2Ar1(1 + εT ), (60)

τu
d

dx
(A(1 + εT ))

+σ

(
GCO + M

�
GSiO

)
(1 + εT )F = Q − Ar1 + HAr2, (61)

(
1

�
GSiO + GCO

)
(1 + εT ) = 1, (62)

u = constant. (63)

Our assumption that u is constant means that this steady-state problem behaves like
a standard lumped chemical-reaction system of ODEs: the spatial variable x behaves
as the time-like variable as we follow the material through the reactor.

Moreover, we can now eliminate nC from the system in the following way. We can
integrate the simple form of (57) to find that

AnC = 1, i.e. nC = 1

A
, (64)

by applying the boundary conditions (49) and (50). We may now substitute this into
the reaction rate so that

r2 = φ0

(
S2C
A

)1/3

GSiO, (65)

and now nC no longer appears in the system. We also note that the axial reaction rate
of reaction (2) (as it appears in all our equations) is Ar2 = φ0(ASC)

2/3GSiO. This axial
reaction rate is proportional to the total surface area of carbon particles, (ASC)

2/3, as
we might expect for a surface-area dependent reaction rate [22, 44].

The steady-state model now consists of four conservation laws (54), (55), (58)
and (61), which require four boundary conditions. We impose A = 1, SSiO2 = S0SiO2 ,
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SC = S0C , and T = (T − 1)/ε from (49) and (50). These are supplemented by five
algebraic constraints (56), (59), (60), (62) and (63), along with the reaction rates r1
and r2, given by (48) and (65), to fully define the system.

As introduced in [21, 44], we now define twometrics to help characterise the system
dynamics. The first is the silicon carbide yield, defined as

YSiC(x) = A(x)SSiC(x)

CSiCS0SiO2
, (66)

which represents the molar flux of silicon carbide, normalised by the molar flux of
quartz at the inlet. A yield of YSiC = 1 indicates complete conversion of the silicon
atoms originally present in the supplied quartz to silicon carbide. Maximising silicon
yield is the primary operational goal for Elkem ASA. We are most interested in the
silicon carbide yield at the outlet at x = 1.

The second metric is the carbon utilisation, defined as

UC(x) = 1 − A(x)SC(x)

S0C
, (67)

which quantifies the fraction of the initial carbon that is consumed by the chemical
reactions. A secondary objective for Elkem ASA is to minimise the excess carbon
extracted from the kiln (and therefore maximise UC). In more chemically complex
systems, the carbon utilisation can serve as a proxy for comparing relative reaction
speeds, such as in [21, 22, 44]. However, in the context of the simplified reaction
scheme considered here, we expect the two metrics to be strongly correlated, as there
is only one reaction pathway. Carbon and quartz are consumed at the same rate in
reaction (1), and carbon is consumed at twice the rate that silicon carbide is produced
in reaction (2). Indeed, in our chemical system

UC = 1

3

(
2YSiC + 1 − ASSiO2

S0SiO2

)
, (68)

so that maximising silicon carbide yield is equivalent to maximising carbon utilisation
by (68). Within our analysis we will focus on the silicon carbide yield, but still report
the carbon utilisation as it is a valuable metric.

Finally, we note that an alternative way to think about the loss of silicon from
the bed is to consider the residence time of the SiO gas within the bed: a larger
residence time is likely to result in higher silicon re-capture, via reaction (2). The gas
mixture escapes the bed at rate F [m2s−1]; this is the volumetric gas loss [m3s−1]
per unit along-kiln length [m]. We can use this to estimate both the velocity of the
gas and the residence time: if the interface between the bed and channel has length
l (interfacial area per unit along-kiln length) then the gas velocity coming out of the
bed is estimated as F/l [m s−1]. If d is the height of the bed, the residence time is
estimated as d/(F/l) = dl/F = A/F [s] (since A ∼ dl). Using the scales for F∗ and
A0 in Tables 1 and 2, we therefore estimate a residence time on the order of 4 s.
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4.1 Asymptotic structure

Some helpful insight concerning the general behaviour of the solution of the problem
can be found by considering a relevant asymptotic limit of the parameters. In this sec-
tion we assume that the parameters τ � 1, σ � 1,H � 1, ε � 1, T = O(ε), and all
other parameters to beO(1). Physically, this regime has the following interpretations.
Solids are brought from their initial temperature up to reaction temperature over a short
length compared to the length of the kiln (τ � 1). Only a small fraction of energy is
lost due to the gas flow out of the bed (σ � 1). The enthalpy change associated with
reaction (2) is small relative to that of reaction (1) (H � 1). The thermal energy in
the bed is small compared to the activation energy reaction (1) (ε � 1). The inlet feed
temperature is low compared to the intrinsic temperature (T = O(ε)).

Although various special cases arise depending on the relative size of the small
parameters, here we consider the general structure of the solution. The resulting prob-
lem has three crucial zones, the pre-heat zone, the hot zone and the post-reaction zone.
The transitions between these regimes occur over very short lengthscales of O(ετ ),
forming thin layers that smooth the transition between zones. The dynamics within
these layers are explored in detail in Appendix A. This structure is reminiscent of
the asymptotic structures found in [34] for traditional submerged-arc silicon furnaces,
despite the different heat source for the reactions in that case.

As we will show in this section, the zones arise due to changes in the dominant
physical balances, particularly in the temperature equation (61). In the pre-heat zone,
located near the inlet, the temperature of the solid materials steadily increases, but
remains below the threshold for reaction, so no gas is produced. As the temperature
increases further, and approaches the onset temperature for reaction, we enter a narrow
pre-heat transition zonewhere reactions begin andgas production is initialised.Beyond
the pre-heat transition zone is the hot zone,where themajority of the chemical reactions
take place. In the hot zone, the temperature remains close to its intrinsic value, and
reactions proceed rapidly, such that most of the gas and silicon carbide is produced
in this zone. Once most of the quartz has been consumed, reaction (1) slows, and gas
production is significantly reduced in a second narrow transition layer. Finally, once
all of the quartz has been consumed, we enter the post-reaction zone. In this region,
reactions cease, and the system reverts to a similar balance as in the pre-heat zone:
heating is balanced by advection, and the temperature in the bed rises dramatically
without further reactions occurring.

This basic structure, summarised in Fig. 2, seems to be inherent to any practical kiln
that might react a substantial fraction of the quartz, and hence seems a good starting
point for understanding the behaviour in the kiln.

4.2 Pre-heat zone

In the pre-heat zone, since T � 1, the boundary condition (50) implies that the
temperature is very large (and negative) so we find that T = O(1/ε), while the gas
concentrations remainO(1) or very small. The large, negative temperature suppresses
the Arrhenius reaction rate r1, which is exponentially small. Therefore, the silicon
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x = 0 x = x0 x = xcrit x = 1

T −1

0

T
O(τ) O(1) O( τ)

Pre-heat
zone

Hot zone Post-reaction
zone

Transition zones

Fig. 2 Schematic of the steady-state solution structure. Distinct dominant balances in the temperature
equation (61) give rise to three zones (pre-heat, hot, and post-reaction). These zones are separated by two
narrow transition zones of O(ετ ), located about x0 and xcrit. Here we use a uniform applied heat flux Q,
but the structure is the same for a spatially varying Q so long as it remains O(1) everywhere

monoxide concentration, and thus r2, are negligible. Consequently, the concentration
of carbon monoxide is GCO = 1/(1+ εT ), which remains O(1). The only non-trivial
dynamics result from the dominant balance between the advective sensible heat and
the external heating Q in the temperature equation (61). This balance implies that the
lengthscale of the pre-heat zone is O(τ ) � 1.

In the absence of reactions no significant gas flow occurs (F is exponentially small),
and the solid volume fractions and the cross-sectional area of the bed remain fixed
at their inlet values. The required temperature rise of O(1/ε) from the boundary
condition (50) occurring over a length scaleO(τ ) leads to a steep temperature gradient
of O(1/ετ). Integrating (61) yields the leading-order temperature profile

T = 1

ε

(
T − 1 + 1

τu

∫ x

0
Q(x̄) dx̄

)
. (69)

The pre-heat region ends as the temperature approaches 0, where the dominant
balance in the problem shifts. In the temperature equation (61), the reaction rates
become O(1) and balance the advective sensible heat and the external heating. This
transition occurs in a narrow layer of length O(ετ ) about the transition point x0.
Taking this change in balance to occur at T ≈ 0 (an assumption that is accurate to
leading-order), the transition point x0 is given implicitly by the relationship

∫ x0

0
Q(x̄) dx̄ ≈ τu (1 − T ) . (70)
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In this transition layer the solid volumes and cross-sectional area remain constant,
while silicon monoxide production is initialised, but slow. The intricacies of the
leading-order dynamics in this zone are clarified in Appendix A.1. Reactions and
chemical production begin in earnest in the hot zone, which follows.

4.3 Analysis of the hot zone

We recall that in the nondimensionalisation we chose the scales for all variables using
balances appropriate for this hot zone, so we expect that all dependent variables are
O(1). To leading-order in the hot zone, the dimensionless model (42)–(48) becomes
the much simpler system

u
d

dx

(
ASSiO2

) = −AeT SSiO2 SC, (71)

u
d

dx
(ASC) = −CC

(
AeT SSiO2 SC + 2(ASC)

2/3φ0GSiO

)
, (72)

SSiO2 + SC + SSiC = 1 − φ0, (73)

(1 − φ0)u
dA

dx
= −(1 + CC)Ae

T SSiO2 SC + (CSiC − 2CC)(ASC)
2/3φ0GSiO, (74)

FGSiO = �
(
AeT SSiO2 SC − (ASC)

2/3φ0GSiO

)
, (75)

F = 2AeT SSiO2 SC, (76)

0 = Q − AeT SSiO2 SC, (77)

1

�
GSiO + GCO = 1, (78)

u = constant. (79)

From (77), we note that Q = AeT SSiO2 SC, so that the rate of reaction (1) is equal to
the prescribed heating rate Q. Rearranging, we find that

T = log

(
Q

ASSiO2 SC

)
. (80)

Thus the temperature in the hot zone is set by the balance of heating and endothermic
reaction. We note that, each of SSiO2 and ASC will decrease through the hot zone, thus
T must increase with x . The temperature must rise in order that reaction (1) continues
at the same rate when there are less reactants available.

Immediately from the gas flow equation (76), using the fact that Q = AeT SSiO2 SC,
we find

F = 2Q, (81)

since the heating rate directly sets the gas production rate. Substituting (77) and (81)
into (75) we find that

GSiO = �Q

2Q + φ0�(ASC)2/3
, (82)

123



    4 Page 26 of 41 B. Metherall et al.

so that, from (78), we obtain

GCO = Q + φ0�(ASC)
2/3

2Q + φ0�(ASC)2/3
. (83)

Equation (71) for the volume fraction of quartz is straightforwardly integrated to obtain
SSiO2 in terms of A,

SSiO2 = 1

A

(
S0SiO2 − 1

u

∫ x

x0
Q(x̄) dx̄

)
, (84)

where S0SiO2 is the prescribed inlet volume fraction of quartz, which from the discussion
earlier in this section, is the same at the start of the hot zone, x = x0, as at the inlet of
the kiln. From (73), we may also write

SSiC = 1 − φ0 − SC − 1

A

(
S0SiO2 − 1

u

∫ x

x0
Q(x̄) dx̄

)
. (85)

The two remaining ODEs are (72) and (74), which, using our expression for T and
for GSiO, may now be written as

u
d

dx
(ASC) = −CCQ

(
1 + 2φ0�(ASC)

2/3

2Q + φ0�(ASC)2/3

)
, (86)

u(1 − φ0)
dA

dx
= −(1 + CC)Q + (CSiC − 2CC)

Qφ0�(ASC)
2/3

2Q + φ0�(ASC)2/3
, (87)

which is a closed system for A and SC. Indeed, (86) may be integrated to find ASC

implicitly, although this is not particularly instructive. Regardless, upon solution of
the system (86) and (87), all other variables (T , F , SSiO2 , SSiC, GSiO, GCO) are given in
terms of A and SC by (80)–(85).

In our leading-order analysis of the hot zone, chemical reactions continue until all
of the quartz is consumed. The quartz is exhausted before the carbon volume fraction
reaches zero. To see this, we note from (84) that SSiO2 = 0 when x = xcrit, which we
implicitly define by

uS0SiO2 =
∫ xcrit

x0
Q(x̄) dx̄ . (88)

While from (86),

u
d

dx
(ASC) = −CCQ

(
1 + 2φ0�(ASC)

2/3

2Q + φ0�(ASC)2/3

)
≥ −3 CCQ, (89)

so long as SC > 0, with equality in the limit as � → ∞. Integrating, we see that

u(ASC)|x=xcrit ≥ uS0C − 3 CC

∫ xcrit

x0
Q(x̄) dx̄ = u

(
S0C − 3 CCS

0
SiO2

)
= 0, (90)
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using the imposed stoichiometry of the inlet conditions (25), again with equality only
in the limit � → ∞. Thus, the hot zone ends at the point x = xcrit where SSiO2 = 0,
while still SC > 0. This is intuitive, since some fraction of the silicon is expected to
be lost as silicon monoxide gas, and so some carbon will remain unreacted.

The transition from the hot zone to the post-reaction zone occurs over a length of
O(ετ ), since the balance in the temperature equation changes as SSiO2 → 0. In this
narrow layer, the reaction rates balance the advective sensible heat and the external
heating, while quartz and carbon still react, producing GSiO. The cross-sectional area
stabilises in this region such that A = Acrit throughout. The interactions in this post-
reaction transition zone are detailed in Sect.A.2. Subsequent to the transition layer, a
final post-reaction regime emerges.

4.4 Post-reaction zone

After reaction (1) ceases, the kiln returns to a similar dominant balance as in the
pre-heat zone. The heating source Q balances the advective term in the temperature
equation (61), causing significant further heating of the bed at a rate proportional to
O(1/ετ). The solid volume fractions and cross-sectional area are constant, fixed at
the values they achieve at x = xcrit when the hot zone ends. No gas is produced as no
reactions can occur. As in the pre-heat zone, the dynamics are governed solely by a
reduced temperature equation,

dT

dx
= 1

ετuAcrit
Q, (91)

which mirrors (69), but is scaled by the smaller cross-sectional area A = Acrit in place
of the inlet value A0 = 1.

In the interests of energy efficiency, the kiln dimensions or u should be chosen so
that no further heating is applied after the end of the hot zone. Our asymptotic analysis
above suggests that we impose Q = 0 for x > xcrit. Moreover, from a practical point
of view, minimising the length of the post-reaction zone is desirable since no silicon
carbide conversion occurs here. One way to achieve this is to choose the velocity u
such that xcrit = 1. This critical velocity is determined by

ucritS
0
SiO2

=
∫ 1

x0
Q(x̄) dx̄, (92)

by (88). We recall that x0 depends on u in (70), and so for general Q (92) is an
implicit relation.

The steady-state solution divides naturally into three axial zones (see Fig. 2), linked
by thinO(ετ ) transition layers at x = x0 and x = xcrit. In the pre-heat zone (0 < x <

x0), the quartz and carbon enter the bed cold. The Arrhenius term of r1 is exponentially
small, and so r2, F , and GSiO are negligible. Both A and the solid volume fractions
remain at their inlet values. The temperature evolves from a balance between advective
sensible heat and the imposed heating Q. The location x0, at which T → 0, follows
from (70). Entering the hot zone (x0 < x < xcrit), heating is almost consumed by
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the endothermic quartz reduction, thus, Q ∼ r1 in this region. The associated gas
evolution is determined through F = 2Q, in (81). Quartz is exhausted at x = xcrit
determined by (88), leaving an excess of carbon. Beyond xcrit, reactions cease through
a second O(ετ ) transition layer, after which the post-reaction region reverts to a pre-
heat-type balance. In the post-reaction zone we find F = 0, fixed composition of the
solid materials, and that the temperature increases linearly due to external heating.
To maximise efficiency, one would minimise the length of the post-reaction zone by
choosing u so that xcrit = 1.

4.5 Silicon carbide yield and carbon utilisation

We recall that the important metrics to maximise are YSiC and UC given by (66) and
(67) respectively. Assuming that the kiln parameters are chosen so that reactions in the
hot-zone are completed before the end of the kiln, xcrit < 1. Since no further reactions
happen for x > xcrit, both YSiC and UC may equally be defined at x = xcrit rather than
at x = 1.

In the analysis thus far, we have taken the distinguished limit � = O(1). We
recall that � is proportional to k2/k1r0c , and so can be interpreted as the ratio between
the reaction rates, accounting for temperature effects and particle-scale geometry.
We now consider two sub-limits, of small and large �, representing slow and fast
reaction kinetics.

4.5.1 Slow reaction limit

In the slow reaction limit where � � 1, (75) reduces at leading-order to GSiO = 0
(since we have already found that F = 2Q > 0). As a consequence, r2 = 0 and
reaction (2) does not proceed. We do not create any silicon carbide in this limit. In this
regime, the silicon carbide yield is YSiC = 0, and the carbon utilisation is UC = 1/3.

4.5.2 Fast reaction limit

We now consider the more interesting limit of � 
 1, which we interpret as reaction
(2) having amuch faster rate than reaction (1), so that reaction (2) is limited by reaction
(1). To leading order, (75) reduces to Ar1 = Ar2, or equivalently Ar2 = Q by (77),
and so the two reactions proceed at the same speed. Any silicon monoxide produced
by reaction (1) is immediately consumed by reaction (2). We may now integrate (72)
to find the volume fraction of carbon

SC = 1

A

(
S0C − 3 CC

u

∫ x

x0
Q(x̄) dx̄

)
, (93)

which is reminiscent of (90). Recall from the previous discussions that in this regime
SC(xcrit) = 0. Indeed, another way we can show this is by noting that (84) and (93)
vary by a factor of 3 CC (by (25)). With sufficient heating Q the quartz and the carbon
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are fully consumed at the same point, xcrit ≤ 1, along the kiln. After this critical point

SSiC = 1 − φ0. (94)

Wemay perform a similar integration of (74) to show that after this same critical point
xcrit the cross-sectional area is

A = 1 + S0SiO2(−1 − 3 CC + CSiC)

1 − φ0
. (95)

We have already shown that SC(1) = 0 (by assuming sufficient heating Q such
that xcrit ≤ 1), and so the carbon utilisation is UC = 1. We now compute the yield.
Substituting (94) and (95) into the definition of the yield (66), we obtain

YSiC = 1

CSiCS0SiO2

(
1 − φ0 − S0SiO2 − 3 CCS

0
SiO2

+ CSiCS
0
SiO2

)
. (96)

Notice that

1 − φ0 − S0SiO2 − 3 CCS
0
SiO2

= 0, (97)

by our boundary conditions (24) and (25), and thus, YSiC = 1. Not only do we consume
all of the quartz and carbon so that only silicon carbide is extracted from the kiln, but
we achieve a perfect silicon carbide yield—no silicon is lost as silicon monoxide gas.

We note that our analysis in this subsection did not rely on the exact reaction
kinetics chosen for reaction (2). Therefore, even if our assumed reaction kinetics do
not precisely model the underlying physics and chemistry it is always the case that
YSiC → 1 when the associated dimensionless parameter � → ∞.

5 Numerical solutions

We now consider the more general asymptotic regime described at the beginning of
Sect. 4 where the dimensionless parameter δ � 1, while all other parameters remain
O(1). To close the system, we adopt the simplification that the external heat input is
spatially uniform, and write Q(x) = 1. We seek a numerical solution to the reduced
system (54)–(63), which consists of four partial differential equations and three alge-
braic constraints. The parameter δ represents the equilibration time scale of the gas
phase. Consequently, it is natural that the three algebraic constraints arise from the
three equations involving the gas dynamics. The system is implemented in Julia [45],
and we solve the resulting differential-algebraic equations (DAE) with the IDA solver
from the SUNDIALS suite [46], which is well-suited for DAE systems such as ours.
The time integrations performed by IDA use variable-order, variable-coefficient back-
ward differentiation formulas (BDF) [46].

An example of the numerical solution is shown in Fig. 3, using the parameter values
listed in Table 3. The steady-state temperature profile is presented in Fig. 3a. For small
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Fig. 3 Numerical solution of the (dimensionless) steady-state system (54)–(63) using the parameter values
found in Table 3 with u = 1.0, showing, as a function of position x along the kiln, (a) the bed temperature,
(b) the amount of each solid species (in the bed, cross-sectional area A), and (c) the concentrations G of
each gas species along with the total gaseous production flux F

values of x , we observe the expected pre-heating zone, in which the solid bed is
brought to reaction temperature. In this region, the dominant balance in the temperature
equation is between the advective transport term and the external heating source Q.
Beyond this, the temperature plateaus in the hot zone, where the enthalpy of the
reactions is balanced by the applied heating. For x ≥ xcrit ≈ 0.5, the reactions cease
and we enter the post-reaction zone. The temperature once again rises due to the
continued supply of heat—once again balancing advection. As expected from our
asymptotic analysis, the temperature gradient in the post-reaction zone is steeper than
in the initial pre-heating zone, owing to the reduced cross-sectional area of the reacted
bed. The evolution of the solid-phase species is shown in Fig. 3b. In the pre-heating
zone, the solid volume fractions remain constant since the reactions have not begun.
Within the hot zone, we observe nearly linear consumption of quartz and carbon,
alongside the linear formation of silicon carbide. Around x = xcrit , the quartz is fully
consumed, halting further reactions. All solid phase profiles flatten beyond this point.
In Fig. 3c we show the gas concentrations and the associated flux out of the bed. In the
pre-heating zone, the concentration of silicon monoxide and gas flux are zero, while
the concentration of carbon monoxide decreases due to the rising temperature. In the
hot zone, the siliconmonoxide concentration increases, while that of carbonmonoxide
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Fig. 4 (a) Silicon carbide yield, given by (66), and (b) carbon utilisation, given by (67), obtained from
the numerical solution of the system (54)–(63) as we vary the two key dimensional parameters (98), with
u = 1.0

is fairly uniform. The gas flux out of the bed is also nearly uniform throughout this
region, consistent with the approximately constant rate of solid consumption and the
asymptotic behaviour in (81). In the post-reaction zone we find similar behaviour as in
the pre-heat zone. The concentration of silicon monoxide and the gas flux are 0, while
the concentration of carbon monoxide decreases due to the increasing temperature.
For the baseline parameters listed in Table 3, we obtain a silicon yield of YSiC = 0.4490
and a carbon utilisation of UC = 0.6329.

We now examine the effect of the dimensionless parameters on the silicon carbide
yield and carbon utilisation. As discussed in Sect. 3.3, all dimensionless parameters
in the model are governed by the two key dimensional groupings

Q0

A0k1
,

k2
k1r0C

, (98)

and the velocity u. The first of the dimensional groups represents the ratio of externally
supplied heat to the axial rate of reaction (1), and determines the intrinsic temperature
T ∗. The second group expresses the relative rate of the silicon carbide reaction (2)
to that of the quartz reaction. Together these two ratios define the dimensionless
parameter�.While k1 and k2 in practice are fixed (though their values are not precisely
known), both Q0 and r0C can be varied over orders of magnitude and, to a lesser extent,
we can vary A0. Figure4 presents the silicon carbide yield and carbon utilisation as
we sweep through these two parameter groupings with u = 1.0. We observe that
decreasing Q0/(A0k1) or increasing k2/(k1r0C ) improves both yield and utilisation. A
smaller Q0/(A0k1) reduces the rate of the quartz reaction (1), leading to less silicon
monoxide escaping via the gas channel and more reacting with carbon to form silicon
carbide. Similarly, a larger k2/(k1r0C ) directly increases the rate of the silicon carbide
reaction (2)—boosting yield. These results are governed almost entirely by the value
of � (shown by dashed lines in Fig. 4). Although varying Q0/(A0k1) affects T ∗ and
therefore the parameters τ , σ , ε, and T , we are focused on a narrow temperature
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Fig. 5 Silicon carbide yield,
given by (66), and carbon
utilisation, given by (67),
obtained from the numerical
solution of the system (54)–(63)
as we vary �, with u = 1.0
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Fig. 6 (a) silicon carbide yield, given by (66), and (b) carbon utilisation, given by (67), obtained from the
numerical solution of the system (54)–(63) as we vary u for various values of �

range to avoid triggering additional reactions, thereby limiting the range of values that
these dimensionless parameters can take. In contrast, � varies linearly with k2/(k1r0C ),
which can span orders of magnitude. Thus, the dynamics of the system are controlled
by � (and, to a weaker extent, by u, which we examine shortly).

Since the system dynamics are governed almost entirely by �, we now examine
the effect of this parameter in more detail. In Fig. 5, we plot the silicon carbide yield
and carbon utilisation as functions of �, holding all other parameters fixed at the
values listed in Table 3. This corresponds to a vertical slice through Fig. 4 at T ∗ =
2182.4 K. As previously observed in Fig. 4, both the yield YSiC and the utilisation UC

increase monotonically with �. In the limit � → ∞, we have YSiC → 1 and UC → 1.
Conversely, as� → 0, the yield tends to 0,while the utilisation approachesUC → 1

3 . In
this regime, the critical position xcrit < 1, indicating that the quartz has fully reacted
before the outlet. Consequently, one third of the initial carbon is consumed by the
quartz reaction, (1).

Up to this point, we have only considered the case u = 1.0. In Fig. 6, we show the
silicon carbide yield and carbon utilisation as u is varied, for several values of �. The
results indicate that both metrics remain constant for u � 2.05, beyond which they
begin to decay sharply to 0. Recall we predicted a critical u value in (92). For Q = 1
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Fig. 7 Numerical solution of the system (54)–(63) using the parameter values found in Table 3with� = 500
and u = 2, showing, as a function of position x along the kiln, (a) the bed temperature, (b) the amount
of each solid species (in the bed, cross-sectional area A), and (c) the concentrations G of each gas species
along with the total gaseous production flux F

we find that

ucrit ≈
(
S0SiO2 + τ (1 − T )

)−1
, (99)

≈ 2.15. (100)

The critical speedwe recover numerically is close towhat is predicted from the asymp-
totics. The numerical result is slightly lower, however, since we lose some thermal
energy via the gas flux F in the numerical solution, which we neglected in the asymp-
totics. Indeed, the two critical speeds vary by O(σ ). For speeds below the critical
threshold, the quartz is fully consumed before the end of the reactor, resulting in a
post-reaction zone where no further reaction occurs (i.e., x > 0.5 in Fig. 3). Increas-
ing u has no impact on the overall yield or utilisation, but shortens the length of the
post-reaction zone. At the critical value, the quartz is fully reacted precisely at the
outlet. When u exceeds this value, the quartz does not fully react within the length of
the reactor, leading to a significant drop in efficiency. As u → ∞, both metrics tend
to 0. Notice that the expression for ucrit in (99) is independent of �, which we con-
firm numerically in Fig. 6: the shape of the profiles remains unchanged while varying
�—only the maximum achievable yield and utilisation are affected.
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Now that we have developed a clearer understanding of the system dynamics,
we consider case with � = 500 and u = 2.0. We show the solution in Fig. 7. We
observe that the length of the pre-heating zone has doubled, occurring in the region
x ≤ 0.2 ≈ uτ . As in the previous case, we find linear consumption of quartz and
carbon and corresponding linear production of silicon carbide. The quartz is fully
consumed just before the end of the reactor, and, owing to the large value of �, the
carbon is nearly fully consumed as well. Consequently, this set-up yields significantly
more silicon carbide than the previous case. With this set of parameters we recover
a silicon carbide yield of 0.9364 and a carbon utilisation of 0.9581. The behaviour
of the concentration of carbon monoxide GCO and the flux out of the bed F remains
qualitatively unchanged. The silicon monoxide concentration profile GSiO exhibits a
similar shape, but with a larger dimensionless concentration, reflecting the increased
reactivity associated with larger �.

6 Conclusions

We have developed a one-dimensional steady-state model to study silicon carbide
production in a rotary kiln. The model captures essential physical and chemical pro-
cesses, including solid bedmotion, solid-phase heat transfer, gas flow, and a simplified
set of chemical reactions. A key aim was to maintain a simple and computationally
efficient framework suitable for easy interpretation and broad-brush optimisation of
kiln design and operating parameters. Several simplifying assumptions were made,
including that the granular bed is well mixed due to rotation, the bed moves down
the kiln at a uniform velocity, and that the gas pressure remains close to atmospheric
throughout. Despite these idealisations, the model yields solutions that appear physi-
cally plausible and provide useful insight into the process. Important future work will
need to compare the model solutions with experimental measurements from prototype
rotary-kiln silicon carbide reactors, as these are developed. The structure of the model
also allows for straightforward inclusion of more complex effects, such as additional
reactions or pressure-driven gas flow.

A central concern motivating this study was the potential for silicon monoxide gas,
generated via the reduction of quartz, to escape the bed before reacting with carbon
to form silicon carbide. The model confirms that high silicon carbide yields require
a large value of a key dimensionless group, �, representing the ratio of the rate of
silicon carbide formation to the rate of quartz reduction. We found that silicon carbide
yield increases monotonically with this dimensionless parameter. This suggests that
reaction (2) must proceed significantly faster than reaction (1) to capture the silicon
monoxide gas before it is lost.

Our findings are consistent with experimental studies in the literature. Li et al. [10]
noted that conversion depends both on the rate that siliconmonoxide is produced andon
the rate at which it is subsequently captured by carbon.When silicon carbide formation
is sufficiently fast, essentially all of the generated silicon monoxide is captured. More
broadly, studies have found that increasing reactant surface area by reducing particle
size improves reaction rates [10, 13]. This aligns with our interpretation of � as
a relative kinetic measure. Similarly, Biernacki et al. [9] found that diffusion path
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lengths within the porous bed, and therefore particle size, significantly influence the
observed rate.

One valuable result from both the asymptotics and numerics was the emergence of
a critical solid velocity. The critical velocity is such that the quartz is fully consumed
at the outlet of the reactor. No interesting dynamics or silicon carbide conversion can
occur after the quartz has been consumed. It is beneficial to have the consumption of
the quartz to occur near the outlet. Both the asymptotics and numerics showed that the
critical dimensionless velocity is slightly larger than 2, which in dimensional form is

ucrit ≈ 2
Q0LMSiO2

A0�H1ρSiO2

. (101)

We recommend choosing the diameter, rotation speed, and inclination angle of the
kiln so that the solid velocity closely matches (101). Moreover, we recommend a
solid velocity (and matching critical velocity) that is as large as reasonably possible.
Increasing the velocity increases the flux of the silicon carbide out of the kiln, thus
increasing the amount of silicon carbide that can be produced in a given time. This is
a particularly useful industrial metric—the faster silicon carbide is produced the more
profitable the process.

If the rotary kiln configuration proves viable for silicon carbide production, the
modelling framework developed here offers a promising tool for rapid exploration
and optimisation of key design variables, such as heating profiles, kiln geometry, and
feedstock properties.

Our modelling framework may additionally be extended to relax some of our sim-
plifying assumptions, or to include additional physical processes. We neglected any
explicit model of the gas flow and heat transfer in the channel above the bed. Future
work should explore a coupled system where the central channel dynamics inter-
act with the bed through both thermal and mass exchange. Such coupling may be
especially relevant in the pre-heat region. Moreover, the model developed omits any
possible condensation reactions that may occur at the lower temperatures in the pre-
heat zone. Silicon monoxide is unstable at low temperatures, and can break down by
2 SiO(g) → SiO2(s) + Si(l), or undergo the reversal of reaction (1) in the presence
of carbon monoxide. These reactions could allow recapture of quartz upstream and
reduce the silicon monoxide loss. The silicon carbide yield might be increased slightly
by including these reactions. However, these reactions are complex kinetically since
they become faster as temperature decreases.

In our modelling and analysis we assumed the carbon particles were spherical and
that all particles at a particular location and time were the same size. In reality, both
of these assumptions are likely to (at least partially) break down. Carbon particles
typically have rough and porous surfaces, and follow a particle size distribution. A
different proportionality constant between characteristic size and volume or surface
area may be more appropriate to model the consumption. Incorporating particle size
distribution into the model complicates the modelling and analysis, but is likely to
be fruitful. One possible framework for modelling reactive flows with particle size
dependence is presented in [47].

123



    4 Page 36 of 41 B. Metherall et al.

We assumed that the bed is well mixed in each cross-section and that all variation
is along the axial direction. However, depending on the form of the feedstock, this
assumption may not hold. If the material is fed as individual particles rather than
agglomerates or pellets, then density differences between quartz, carbon, and silicon
carbide may lead to vertical separation in the rotary kiln. This is particularly relevant
since the degree ofmixing of the rawmaterials can strongly influence reaction rate [48].
Moreover, we neglect any axial mixing along the bed. In practice, mixing along the
length of the kiln may be significant. Finnie et al. [49] have showed that such mixing
can be captured by an effective diffusion term in the axial direction. Future modelling
could incorporate this additional term to assess its impact on silicon carbide production.

In the present model, the external heat flux is specified a priori. A promising exten-
sion is to pose an inverse or control problem, where the heat flux is chosen to achieve a
desired temperature profile—for instance, uniform in the hot zone. This could allow for
better control of the reaction zone, improve yield, and reduce overheating of the mate-
rials. Moreover, practical constraints on the heating profile will need to be included
based on the choice of external heat source.

Another instructive extension is to include off-gassing in the pre-heat region.
Depending on the material preprocessing, the raw feedstock may contain significant
water content or other volatiles. These components must evaporate in the pre-heat
zone. Owens et al. [30] found that water vaporisation can substantially delay heating
and alter the temperature profile in rotary kilns. Understanding the volatile mass frac-
tions and latent heat demands would provide a more complete thermal model and may
be necessary for kiln optimisation.

The insights gained here form a foundation for understanding and optimising rotary
kiln design and operation for silicon carbide production. Ourmodel serves as a starting
point for more detailed investigations that incorporate additional physical mechanisms
and industrial constraints.
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A Dynamics in transition zones

The transitions zones are thin layers, within which, the temperature evolves rapidly to
transition smoothly between adjacent regions. We first discuss the transition between
the pre-heat and hot zone in Sect.A.1, while the transition from hot zone to post-
reaction zone is discussed in Sect.A.2.

A.1 Pre-heat transition zone

As the temperature rises from large negative values in the pre-heat zone toO(1) in the
hot zone, the balance in the problem changes. In the temperature equation (43), the
heat of reaction terms become O(1) and balance the advective sensible heat and the
external heating for (x− x0) = O(ετ ), where the transition point x0 is defined in (70).

Substituting the scaled spatial variable

x − x0 = ετ x̂, (102)

the advective terms become O(1/ετ) in the quartz, carbon, and cross-sectional area
equations, (54), (55), and (58), while the other terms are O(1) and thus negligible at
leading-order. Consequently, the solid volume fractions and the cross-sectional area
remain constant throughout this region, as in the pre-heat zone, retaining their inlet
values. That is, A = 1, SSiO2 = S0SiO2 , and SC = S0C in the pre-heat transition zone.

With constant solid volume fractions, the reaction rate r1 is a function of temperature
alone, and is given by

r1 = eT S0SiO2 S
0
C , (103)

recalling that εT � 1 in this region since T = O(1). This allows the temperature
equation (61) to decouple from the other variables and reduce to the simple leading-
order equation

u
dT

dx̂
= Q − r1, (104)

after performing the change of variable. The flux of gases from the bed (60) reduces
to F = 2r1, indicating that the gas escaping from the bed is governed by the reaction
rate r1. Inserting F = 2r1 into (59), and rearranging, we find that

GSiO = �r1
2r1 + �φ0(S0C )2/3

. (105)
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The gas concentration GCO can be recovered from the ideal gas law (62)

GCO = 1 − 1

�
GSiO. (106)

This thin transition layer captures the abrupt decrease in temperature gradient at
x0. The reaction rates control the production of gas and combine with external heating
to contribute to the temperature evolution.

A.2 Post-reaction transition zone

The post-reaction zone occurs when the volume fraction of quartz is small. In this zone
the temperature increases rapidly, which can be seen from the divergence of (80). As
with the pre-heat transition zone, this transition occurs over a narrow region ofO(ετ ),
centred about xcrit defined by (88). The key difference between the dynamics in this
layer and the pre-heat transition zone is that here we achieve a dominant balance in
the quartz equation. Additionally, we must also scale the temperature since it is no
longer O(1).

We scale into this transition layer via the spatial and quartz transformations

x − xcrit = ετ x̂, SSiO2 = ετ ŜSiO2 , (107)

for a dominant balance between the advective sensible heat, the external heating, and
the reaction term. Furthermore, as the volume fraction of quartz is non-constant in
this layer we require the dominant balance in the quartz volume fraction equation
(54) to be between the advective and reaction terms. Substituting (107) into (54),
we find that exp(T ) ∼ 1/ετ . We now introduce the scaled temperature T̂ such that
exp

(
T̂

) = O(1), and rearrange to obtain that the temperature scaling within this
layer is

T = − log(ετ ) + T̂ . (108)

Beginning with the area equation (58) we perform these change of variables to find

(1 − φ0)u
dA

dx̂
= ετ A

(
− (1 + CC)e

T̂ ŜSiO2 SC + (CSiC − 2 CC)r2

)
. (109)

We make two crucial observations. To leading-order, the cross-sectional area is con-
stant, and the correction is of O(ετ ). Thus, A = Acrit + ετ A1 + · · · . Similarly, the
carbon volume fraction is O(1) in this region. Substituting the scaled variables into
(55) we obtain

u
d

dx̂
(ASC) = −ετCCA

(
eT̂ ŜSiO2 SC + 2r2

)
, (110)

and so the volume fraction of carbon to leading-order is constant at ScritC .
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With this in mind, the temperature equation, to leading-order, becomes

uAcrit
dT̂

dx̂
= Q − Acrite

T̂ ŜSiO2 S
crit
C , (111)

which is analogous to (104). We note that the correction term of T̂ is of O(τ ), not
O(ετ ) as one might expect. The leading-order equation for the volume fraction of
quartz is

u
dŜSiO2

dx̂
= −eT̂ ŜSiO2 S

crit
C . (112)

We note that ŜSiO2 → 0 as x̂ → ∞, which matches with the post-reaction zone.
The gas flux from the bed is F = 2Acrit̂r1, while the gas concentration of silicon

monoxide evolves at leading-order according to the algebraic constraint

GSiO = �r̂1

2̂r1 + �φ0

((
ScritC

)2
Acrit

)1/3 , (113)

where r̂1 = exp(T̂ )ŜSiO2 S
crit
C . Both the gas flux and silicon monoxide production

depend on the temperature and quartz volume fraction.
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