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1 Introduction

Combinatorial optimization problems are prominent in numerous scientific and industrial
domains, ranging from logistics and finance [1] to computational biology [2] and opera-
tions research [3]. Challenging problems require finding (near)-optimal solutions within
vast discrete configuration spaces, where the search complexity often grows exponentially
with problem size [4]. Theoretical insights from statistical physics have illuminated these
challenges through their connection to disordered systems, revealing that most industrial
optimization problems belong to the NP-hard complexity class [5].

Classical methods, including metaheuristics such as simulated annealing and tabu
search [6, 7], and commercial solvers like CPLEX and Gurobi [8, 9] face significant limi-
tations when confronting non-convex energy landscapes. Even relatively small problems
(sometimes below 100 variables) remain computationally intractable for them [10-15].
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Figure 1 Number of CNOT gates required to reach solution threshold for three COPs, optimized by QAOA
with QUBO (orange marker) and HUBO (blue marker) formulations as a function of problem size n x m, with
m held fixed. The GAP optimizes the assignment of n aircraft to m airport gates. In the MkCS problem, n
vertices are colored with m colors, IP optimizes a polynomial over n variables, each taking one of m possible
values. Further details and quantum encodings are provided in the main text

Quantum algorithms, such as adiabatic quantum optimization [16, 17] and the Quan-
tum Approximate Optimization Algorithm (QAOA) [18], a digitized, trotterized variant
of adiabatic quantum computing, are poised to address these challenges. This is predom-
inantly done by exploiting mappings of COPs to QUBO models [19-21] which is further
facilitated by modeling tools such as Pyqubo [22]. Previous studies [23, 24] have identified
several practical limitations of QUBO formulations, including large qubit requirements,
costly penalty terms for constraint enforcement, and consequently increased circuit depth
with large CNOT gates, which motivate the search for more resource-efficient alterna-
tives.

In contrast, binary encodings, that give rise to HUBO Hamiltonians, directly incorpo-
rate such constraints and, therefore, can reduce resource demands. At an intuitive level,
each decision variable is represented by a compact binary register, so the single-value as-
signment is native to the encoding rather than enforced by an additional one-hot penalty
term. While demonstrated in specific settings, including protein folding and the traveling
salesperson problem [25-29], prior work has lacked a general framework. Moreover, prac-
tical concerns remain regarding hardware implementation: higher-order terms formally
require multiqubit interactions, whereas present quantum processors primarily support
operations involving just one or two qubits at a time [30, 31]. In this work, we use stan-
dard decompositions so that such circuits are compiled entirely into single- and two-qubit
gates.

By comparing to a QUBO formulation, we demonstrate that the HUBO formulations
presented in this work provide substantial and consistent resource advantages for three
representative COPs: GAP, MKCS, and IP. These advantages persist after full compilation
to native one- and two-qubit gates, with HUBO significantly lowering qubit counts and
reducing CNOT requirements by at least 89.6% for all benchmarked problem classes and
sizes (see Fig. 1), i.e., without relying on hardware-level higher-order gates. To support
broad adoption, we present PyHUBO, an open-source Python library [32], and introduce
a systematic framework for constructing HUBO Hamiltonians through binary encodings,
showing that for the problems considered, our method yields numerical complexity that
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scales polynomially with problem size. Although we focus on QAOA, the approach ap-
plies to other algorithms and problems with one-hot or related constraints. Our results
demonstrate that HUBO formulations can directly mitigate resource bottlenecks in quan-
tum combinatorial optimization.

2 Methodology

The methodology of this work is structured as follows. In Sect. 2.1, we establish a formal
definition and notation for COPs and illustrate this formulation using three representa-
tive examples: the GAP, the MKCS, and IP. In Sect. 2.2, we show how the COP formula-
tions from Sect. 2.1 can be systematically mapped to QUBO and HUBO Hamiltonians.
Finally, Sect. 2.3 describes the implementation of these Hamiltonians within the QAOA
algorithm, utilizing only single- and two-qubit gates.

2.1 Combinatorial optimization problems
A COP consists of a finite set of feasible solutions and an objective function to be opti-
mized [33]. For the remainder of this work, we use the following definition: Consider an
n variable COP, where every variable can assume one of m values. Variables are indexed
by 1 <i < and values by 1 < v < m. In the following, we will use the terms ith variable
and variable i interchangeably to refer to the variable indexed by i, and similarly, we will
use the vth value and value v interchangeably to refer to the value indexed by v. A solu-
tion s € {1,...,m}" assigns a value to each variable. For every s there exists an objective
function C(s) that can be computed in polynomial time and a polynomial time oracle that
verifies whether s is a feasible solution.

The task is to find a solution such that the objective function is minimal among all feasi-
ble solutions, i.e., s* = argming C(s). In most applications, the objective function is a poly-

nomial function of the variables [3], and for practical purposes, we express it as

Clo)= Y alis)+ Y clijsys)+ (1)

1<i<mn 1<i<j<m

where ¢ (i, s;) is the cost of assigning the value s; to the ith variable, cy(i,, s;, 5;) the cost of
assigning the value s; to the ith variable while simultaneously assigning the value s; to the
jth variable.

In principle, the objective function can be of any order. However, for most industrial ap-
plications, it is linear or quadratic [34], i.e. Eq. (1) only contains terms of the form ¢; (i, s;)
or ¢(i,}, i, 5;). Genuinely higher-order terms (required for example in [35, 36]) can be in-
corporated in the same framework; here we restrict to linear and quadratic forms to keep
the presentation concise and the scaling analysis transparent.

Often, COPs also involve constraints. For practical purposes, we formulate these con-
straints as inequalities, which can be converted to equality constraints, e.g., using slack
variables [37]. The equality constraints are added as penalty terms to Eq. (1) with appro-
priately chosen Lagrange multipliers [38].

For example, a COP with a constraint that all variable pairs (i,/) € P for some set P can
not assume the same value can be stated as

minimize C(s)

subjectto s; #s;.
V(ij)eP
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Figure 2 lllustration of the GAP with m = 4 airport-gates and n = 3 flights. Two of the flights have passengers
who require a transfer connection, which is represented by the two-way symbol. A third flight has only
arriving and departing passengers, illustrated by the luggage symbol. The goal is to assign airport-gates to
flight such that the total passenger walking time is minimized

The penalty term for this constraint has the form

CZ(ivj; v, V) =A (3)
VG,j)eP Vvell,...,m},

with the Lagrange multiplier A chosen large enough such that the optimal solution re-
spects the constraint. By adding this penalty term to the objective function, we can trans-
form the COP into an unconstrained optimization problem

minimize C(s) + A Z 85,‘,5/1 (4)
(i,)eP

where Bsi,s/. is the Kronecker delta function, which is 1 if 5; = 5; and 0 otherwise.

The above notation applies broadly to COPs. We now illustrate this on three represen-
tative classes: the GAP, the MkCS problem, and IP. These formulations provide the basis
for deriving their QUBO and HUBO encodings.

2.1.1 Gate assignment problem

The GAP is a well-studied challenge in operations research with significant practical rele-
vance to the aviation industry [39]. It involves optimally assigning airport-gates to aircraft
to minimize costs, such as passenger walking distances.

Various classical formulations of the GAP are established [39], and the problem has been
studied in the context of quantum optimization [28, 40]. We consider the GAP with »
flights and m airport-gates, where the objective is to minimize total passenger walking
times (see Fig. 2).
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Figure 3 Example instance for the MKCS problem: a properly 4-colored graph with |V| = 7. All adjacent
vertices have distinct colors, so the objective value (number of monochromatic edges) is zero

We distinguish between two passenger types: those boarding or disembarking, and
those transferring between flights. The first type only contributes to the linear coefficients,

as the cost of assigning flight i to airport-gate v is given by

a

s d
(i, v) = P + py P, ()

arr
i

where p¥* and p?ep are the numbers of arriving and departing passengers on flight i, and

3™ and £0°P are the walking times from the check-in desk to the airport-gate v and from
the airport-gate v to the luggage claim, respectively.

The transfer passengers contribute to the quadratic terms through

ex(ioy v, W) = i (6)

where p"*

the walking time between airport-gates v and w.

is the number of passengers transferring from flight i to flight j, and £, is

Finally, we enforce the constraint that temporally overlapping flights cannot share the
same airport-gate through a penalty term of the same form as in Eq. (3), where P in the
context of the GAP is the set of all conflicting flight pairs.

2.1.2 Maximum k-colorable subgraph problem

The MKCS problem represents a fundamental COP that arises in diverse industrial appli-
cations, including network design, frequency assignment, and resource allocation [41-44].
It has attracted considerable attention in both classical and quantum optimization re-
search [45—49].

Given a graph G = (V, E) with vertices V and edges E, the MkCS problem seeks to max-
imize the size of a properly vertex-colored subgraph with at most k colors (see Fig. 3). A
properly vertex-colored subgraph is one where no two adjacent vertices share the same
color, and the size of the subgraph is defined as the number of edges in the subgraph.
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In the assignment formulation, each vertex is a variable that can assume k values, hence
n = |V| and m = k. The solution string s encodes the color of each vertex and s; is the
index for the color assigned to the vertex with index i. The objective function counts the
number of edges in the graph that connect vertices of the same color. Minimizing the
number of monochromatic edges is equivalent to maximizing the number of edges that
connect vertices of different colors, which is the goal of the MkCS problem. Using the
notation from Sect. 2.1, the objective function has the coefficients

al,j,vv)=1 V(,))€E, (7)
and all other coefficients are zero.

2.1.3 Integer programming

IP is fundamental to industrial applications such as production planning and resource

allocation, as well as a key subject in classical optimization research [50—52]. Recently,

quantum and hybrid methods have been employed to address IP problems [20, 53, 54].
Here, we consider an IP problem with # variables and each variable can assume any value

from the domain {y;,...,y,,} with y; € Z. The task is to assign values to variables such that

minimize q‘u+u’Qu+---, (8)
ue{yr,ymi”

where q € R” and Q € R"*” are the coefficients of the objective function. In principle,
the objective function Eq. (8) can be of any order. However, for the sake of clarity, here
we write out only up to quadratic order. Typically, an IP problem also involves inequality
constraints, which often are functions of many variables.

The objective function can be put into the assignment formulation of Sect. 2.1 by writing

(i, v) = qiyvs o)
Cz(i;j) v, W) = Qij}’v}’w,

for all 1 <v,w < m. We find that computing the coefficients of the objective functions
under consideration has computational complexity O ((Z)WIQ) (since in general there are
(g’)m2 quadratic and # x m linear coefficients).

A range of methods exists to enforce the constraints of IP problems. Penalty-based tech-
niques are most common, encoding constraints as additional terms in the objective func-
tion. Examples include slack variable methods that introduce additional variables to con-
vert inequalities into penalizable equalities [37], as well as more recent variants such as
unbalanced penalization [24], and Lagrangian approaches [55], both of which avoid in-
creasing the variable space. Alternatively, oracle-based methods verify feasibility directly,
without penalties [53]. Together, these strategies are broadly applicable to general con-
straint enforcement in IP.

In our benchmark examples, we restrict ourselves to constraints that each involve at
most two variables. For such simple pairwise constraints, it is most straightforward to
explicitly enumerate all violating value pairs, which can be done efficiently with compu-
tational complexity O(m?) per constraint. Once identified, for each pair of values y,,,
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violating a constraint with variables i and j the objective function coefficients are changed
62(i1j7 v, W) e 62(i1j7 er) +)\'r (10)

with a sufficiently large Lagrange multiplier A. This direct penalty-based formulation is
particularly efficient and effective for enforcing simple pairwise constraints in the frame-

work considered here.

2.2 From classical to quantum optimization

The task of mapping a COP to its quantum formulation is twofold. Firstly, we construct
a unique mapping between classical solutions and quantum states s <> |x). Secondly, we
construct a Hamiltonian H¢ such that H¢ |x) = C(x) |x). We define C(x) <> C(s) in which
C(s) is given by Eq. (1). Finding the optimal solution to the COP corresponds to finding
the ground state of the Hamiltonian. In the following, we discuss two different approaches
to this mapping yielding QUBO and HUBO Hamiltonians respectively: the One-Hot and
the Binary encoding.

2.2.1 One-hot encoding/QUBO Hamiltonian

In the One-Hot encoding, for each variable value pair (i, v) a binary variable x;, is created.
The ith variable taking the vth value, is encoded by setting the binary variable x;, = 1,
while all other binary variables x;,, with w v are set to 0. The objective function Eq. (1)

can be written in terms of binary variables x;, as

Co=Y Y alvm,

1<i<nl<v<m

+ Z Z CZ(i)jy v, W)xi,vxj,w-

1<i<j<n1=<v,w=<m

(11)

To ensure that each variable i can only take one value, we must add a so-called one-hot
penalty term

m 2
A <1 - wa) , (12)
v=1

to the objective function, which ensures that for each variable i exactly one of the binary
variables x;, is 1 and all others are 0. For constrained COPs, other penalty terms need to
be added to the cost function to ensure that the constraints are satisfied. For example, the
constraint introduced in Sect. 2.1, which requires that all variable pairs (i, /) € P for some
set P cannot assume the same value, is enforced by the penalty term

A Z Zx,’,vxjyv. (13)

ijeP v=1

Similarly, other constraints can be added as penalty terms to the objective function. A
discussion about the construction of the penalty terms can be found in [38].

From the One-Hot formulation, a quantum system is constructed where each One-Hot
variable is mapped to one qubit. Then, the value of the qubit |b);, with b € {0,1} in the
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computational basis represents the value of the One-Hot variable x;,. Since there are n
variables and m values per variable, the One-Hot encoding uses exactly n x m qubits (one
qubit for each pair (i, v)). Now the Hamiltonian for this encoding can be found by substi-
tuting x;, — (I - Z,,,)/Z, where Z,V is the Pauli-Z operator acting on the qubit encoding

the variable x;,. This gives the operator form of the QUBO Hamiltonian

]:IC: Z Z ]i,in,v

1<i<nl<v<m

+ § § ]i,j,V,WZi,VZj,W7

1<ij<ml=<v,w<m

(14)

where the linear cost coefficients c¢; (i, v) contribute to the linear QUBO coefficients J;,
and the quadratic cost coefficients ¢ (i, /, v, w) contribute to J;,, J;,» and Jj,,». It is easy to
check that with this Hamiltonian we have Hc¢ |x) = C(x) |x). In most numerical studies,
the QUBO coefficients J;, and J;j,,, are calculated from c;(i,v) and ¢ (i, j, v, w) through
packages such as pyqubo [22, 56].

The One-Hot encoding used here is the most widely adopted encoding that yields a
QUBO Hamiltonian. We note, however, that this correspondence is not unique: other en-
codings (for example, Domain-Wall encoding [23]) can also produce QUBO Hamiltoni-
ans. In this work, we focus on One-Hot because of its broad use in the literature. Within

this scope we use the terms One-Hot encoding and QUBO formulation interchangeably.

2.2.2 Binary encoding/HUBO Hamiltonian

In the Binary encoding, each variable i is represented using d = [log, ()] bits. To retrieve
the value assigned to variable i, we read its associated d bits, convert the binary string
to the decimal value v, and conclude that variable i assumes the value v + 1 (The +1 is
introduced so the bitstring 0 encodes the value with index 1).

For a quantum system with # x d qubits encoding the COP solution, measuring the d-
qubit state |b); = |b1);1 - - - |ba); 4 in the computational basis yields a bitstring that, when
converted to a decimal v, sets the variable with index i to the value with index v + 1. While
a similar encoding of integer values has been discussed in [23], here we use the encoded
integers to denote value indices. This allows us to encode values beyond the set of integers,

e.g., colors or gates. In this encoding, the objective function can be written as

He=) > aGn

1<i<nl<v<m

N aljvw) ) (v @ w) (w);.

1<i<j<nm1<v,w<m

(15)

It is straightforward to check that we have H¢ |x) = C(x) |x) with this encoding.

Furthermore, if m is not a power of two, we also add a penalty term in the form of

n 24

Ay il (16)

i=1 v=m
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to penalize all states that encode indices larger than m. Additionally, to incorporate the

penalty term (3), we can add a term of the form

WY S Wi ) (), (17)

ijeP v=1

to the Hamiltonian. The addition of a one-hot constraint (Eq. (12)) is not required in this
encoding and, as we will show, this substantially reduces the resource requirements.

For the construction of the quantum circuit, however, we need to encode the Hamilto-
nian in terms of Pauli matrices. This can be done by noting that each projector-term can

be written out as

[v) (v]; = [v1) (V1|5,1 < lva) <Vd|i,d

L+ (D" Z La+ (-1 2y
B 2 . 2 (18)

:% DO [ (G Vi

SC{1,...d} aeS

where v, is the ath bit of the binary representation of v and Z;, is the Pauli-Z operator
acting on the qubit encoding the ath bit of the ith variable. Note that the sum over S
runs over all subsets of the set B = {1,...,d}, which includes the empty set. The empty set
contributes a global factor of I/2¢ to the sum.

To simplify the notation, we define the product of Pauli-Z operators for a variable i and
asetSC Bas

Zi,S = HZ'“‘ (19)

ae$

Additionally, for a set S and a value v, we define

1 va
Rs) = [ J=1). (20)

ae$

This allows us to express the projector in a more compact form as

V) (Wi = ) Rs(Zs. (21)

SCB

Substituting (21) into the Hamiltonian (15) yields

Ac = Z Z/i,sz,s

1<i<n SCB

+ E E Jij.51,.5:Zi,51 2,555

1<i<j<n 81,52CB,B

(22)
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where

Jis =Y Rs(mer(i,v),
v=1
(23)

]i,j,Sl,SQ = Z Rsl (V)RSQ(W)C2(i1j) v, W)

v,w=1

Equation (22) is a HUBO Hamiltonian with linear, and quadratic terms and terms of order
up 2 x d in the Pauli-Z operators. The coefficients J; s are determined by ¢;(i,v) and the
coefficients J;js, s, by ca(i,j, v, w). Hence, Eq. (23) provides a systematic way to find the
coeflicients of the HUBO Hamiltonian from the coefficients of the objective function.

In principle, the HUBO-coefficients J; s and J;js, s, can be computed from (23). How-
ever, this quickly becomes cumbersome from an implementation perspective, requiring
careful manual tracking of all coefficients and explicit caching to avoid redundant compu-
tations. Instead, we use a technique based on the Walsh-Hadamard transform [57], which
we present in Appendix A. We also prove that calculating the HUBO-coefficients has a
numerical complexity that scales polynomially with the number of variables n and val-
ues . For example, calculating the HUBO-coefficients for a COP with a quadratic objec-
tive function has numerical complexity O(n?m*). Our open-source repository offers the
Python package PyHUBO [32], along with detailed documentation, requirements, and in-
stallation instructions, that facilitates the computation of HUBO coefficients for COPs.

2.3 Circuit implementation

In the previous sections, we presented two methods that encode a COP into a Hamil-
tonian, ensuring that the ground state of the Hamiltonian corresponds to the optimal
solution. Various techniques exist to find this ground state, such as adiabatic evolution
[16, 58], quantum imaginary time evolution [59-61], and variational methods [62, 63]. In
this work, we focus on the QAOA [18], a variational approach well-suited for near-term
quantum devices and effective across many COPs [64—69]. QAOA is widely used in the
community and has been implemented on multiple quantum devices, making it an ideal
benchmark for our encoding schemes [47, 70, 71].

QAOA operates by alternating between two types of unitary operations: the cost unitary
Uc(y) = exp(—in:Ic) with the cost Hamiltonian I:IC as developed in the Sect. 2.2.1 and
Sect. 2.2.2, and the mixer unitary Up(B) = exp(—iﬂI:[M) (see Fig. 4). Below, we outline the
circuit constructions for these unitaries. For a comprehensive overview of QAOA, see
[66].

For the diagonal cost unitary, we largely follow the circuit-synthesis framework of Welch
et al. for arbitrary diagonal unitaries [72], and apply it here to both QUBO and HUBO
Hamiltonians. A key observation that simplifies the circuit construction is that the cost
Hamiltonian I:IC for every encoding, when expressed in the computational basis, is a sum
of diagonal terms. This diagonal structure and, equivalently, because all Pauli-Z operators
mutually commute, implies that any two summands in the cost Hamiltonian commute
with each other. This commutativity property allows us to decompose the cost unitary for
both QUBO and HUBO encodings into a product of unitaries that each implement single
terms J7Z7 of the Hamiltonians (14) and (22). Here, T is a set of qubit indices /7 is the
coefficient for these qubits and, similar to Sect. 2.2.2 we use the notation 2T = I—[teTZ.
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Figure 4 Schematic representation of the QAOA algorithm showing the initialization in the superposition
state, the alternating application of cost and mixer unitaries across layers, followed by measurement and
classical optimization of variational parameters y and B

Figure 5 Circuit implementation of the cost 1

Hamiltonian for a three-qubit term, i.e.

exp(iyJ1,2,321 2223). The circuit consists of a sequence s

of CNOT gates to entangle the qubits, such that the N

initial state |b1) |b2)5 |b3)3 in the computational basis /Th m A
becomes |b1)1 |61 @ by), |b1 @ by @ b3)3 through the 3 N w N

first chain of CNOT gates. The single qubit rotation
R,(2y J123) acts on the last qubit. After the rotation,
another sequence of CNOT gates disentangles the qubits, resulting in the final state exp((—])bW ®by@b3 iyJip3)

[61)1162) 1b3)3

Obviously, in the QUBO encoding, the set T only involves at most two qubit indices, while
it can involve up to 2 x d qubit indices in the HUBO encoding.

To construct a circuit for the unitary exp(iyJrZr) using only single- and two-qubit
gates, we exploit the fact that the computational basis states |b) = @), 7 15:);, with
b; € {0,1}, form a complete basis. The action of exp(iy]TzT) on such a state results in
exp ((—1)@teTb'iy]T) |b). We therefore design a circuit composed of single- and two-qubit
gates that reproduces this transformation on computational basis states and thus imple-
ments the unitary exp(iy ]TZT).

The circuit is constructed in three main steps, as shown in Fig. 5. First, a sequence of
|T| — 1 CNOT gates is used to transform the initial state |b) such that one qubit stores the
parity @.e7b; of the bitstring. Specifically, by arranging the | 7| — 1 CNOT gates in a chain,
where the t-th CNOT acts on the ¢-th (control) and (¢ + 1)-th (target) qubits of T, the
parity is encoded in the last qubit of the set T'. Second, a single-qubit rotation R,(2yJr) is
applied to the parity qubit, generating the phase factor exp(—iJ7y) or exp(i/7y) for odd or
even parity, respectively. Finally, the sequence of CNOT gates is applied in reverse order
to restore the original product state, resulting in exp((—1)®:<7?tiy ;) |b). Thus, the circuit
implementing the cost unitary for a single |T'|-th order term in the cost Hamiltonian re-
quires 2(|T| — 1) CNOT gates and one Ry gate.

In principle, each term in (14) and (22) can be implemented in this way sequentially.

However, as we show in the Appendix B, constructing the cost layer Uc(y) for all terms of
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a HUBO Hamiltonian (22) in this way is not the most resource-efficient approach, and we
present an circuit based on the provably optimal Gray-code implementation by Welch et
al. [72], which reduces the number of CNOT gates. The key idea is that parity states gen-
erated for one term of the Hamiltonian can often be leveraged to efficiently construct the
parity states needed for other terms, thereby minimizing redundant operations. Conse-
quently, as we show in Appendix C, the asymptotic CNOT and Rz gate counts for the Gray-
code implementation scale as O(#?m?), whereas the sequential implementation scales as
O(n>m?log(m)).
For the mixer Hamiltonian A, M, we employ the standard Pauli-X mixer

y =YX, (24)
i

which acts on all qubits of the circuit. This choice ensures that the mixer unitary can
efficiently explore the computational basis states by creating a superposition that allows
transitions between different solution candidates. Furthermore, the mixer unitary can be
implemented using a simple layer of single-qubit R, rotation gates.

To optimize the variational parameters y and B, we apply gradient descent methods
with the initialization scheme of Zhou et al. [64], which improves convergence and solu-
tion quality over random initialization. Gradients of the expectation value with respect
to variational parameters are efficiently computed via implicit differentiation [73], avoid-
ing the computational overhead and inaccuracy of finite-difference methods. Quantum
circuits and optimization routines are implemented using PennyLane [74], enabling auto-
matic differentiation and GPU acceleration for efficient optimization.

The Lagrange multipliers X for the different penalty terms in the objective function are
chosen iteratively before running the QAOA benchmarking. Only after identifying A val-
ues that ensure the QAOA algorithm consistently finds feasible solutions respecting all
constraints do we proceed to run and evaluate the algorithm’s performance using these
selected penalty parameters. This iterative approach ensures that the penalty terms are
effective in guiding the QAOA algorithm towards feasible solutions while still allowing
for exploration of the solution space.

The quality of QAOA solutions is typically evaluated via the expectation value of the cost
Hamiltonian. For COPs, however, feasibility must also be considered. Hence, we employ
a metric similar to the one introduced in [75], here referred to as the approximation ratio,

defined as

A=1-Y I WAl b P, 05)

bereas
where {|b) |b € B} is the set of computational basis states satisfying all constraints and

r(b) = M’ (26)
C'max - Cmin

rescales C(b) to the interval [0, 1]. Here, Cppi, and Cpayx are the minimal and maximal val-

ues of the objective function, determined using commercial solvers for the benchmark

instances. The approximation ratio is particularly suitable for our benchmarks, as it im-

mediately accounts for the treatment of invalid solutions as equivalent to maximum cost
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Table 1 Exact qubit requirements and analytical scaling for CNOT and Rz gates per QAOA layer in
both encodings, where n is the number of variables and m the number of values per variable. These
scalings are based on worst case assumptions (see Appendix C). In practice, gate counts are often
lower (see Table 2)

# Qubits # CNOTs #R
QUBO nm 0on?m?) 0(nm?)
HUBO nflog>(m)] O(n’m?) o(n*m?)

Table 2 Quantum Resources required per QAOA layer to encode the GAP instance introduced in
Fig. 6, an MkCS instance illustrated in Fig. 9 and an IP instance shown in Fig. 12

# Qubits # CNOTS #Rz
GAP-QUBO 20 140 90
GAP-HUBO 10 68 27
MkCS-QUBO 20 132 86
MkCS-HUBO 10 90 27
IP-QUBO 16 120 76
IP-HUBO 8 38 31

states. This metric combines solution utility, feasibility, and objective value, and can be
applied to all three COPs discussed in the results section.

If the quantum state [y (y, B)) corresponds to the optimal solution, then A = 0. If it yields
only infeasible or maximal-cost solutions, A = 1. Thus, A can be interpreted as the expec-
tation value of a normalized cost Hamiltonian, where feasible eigenstates have eigenvalues
[0,1], while infeasible eigenstates can only have eigenvalue 1. Lower values of A indicate
higher-quality solutions found by QAOA.

Since the set of feasible bitstrings Bre,s grows exponentially with problem size, evaluation
of the approximation ratio becomes numerically taxing even for modestly sized COPs. To
address this, we approximate Eq. (25) using a sampling-based method. Further details on
this approach and other numerical techniques used for benchmarking are provided in
Appendix D.

3 Results

To evaluate resource efficiency and solution quality, we analyze three complementary met-
rics across all benchmarks: (i) the number of qubits required to represent the problem, (ii)
the gate count per QAOA layer after circuit compilation (i.e. # CNOTS, # Rz), and (iii) the
total number of gates needed to achieve target approximation ratios (A).

For qubit requirements, a COP with # variables each taking m values requires n x m
qubits under QUBO, but only n x [log,(m)] under HUBO. Both encodings grow linearly
in n, however, the growth in m is linear for QUBO but logarithmic for HUBO, yielding
exponential savings when variables admit many values. This advantage is particularly crit-
ical in problems such as the GAP, where each flight-variable can assume a large number
of airport-gate-values [39].

For gate counts per QAOA layer, we compile the cost unitary circuits to contain only
rotation and CNOT gates, and report those as our primary resources. Both encodings
scale quadratically in gate count (see Table 1). In practice, HUBO consistently compiles
to fewer gates (Table 2), often by large margins, for instance, a 69% per-layer reduction
in CNOT gates for the considered IP instance. These savings can largely be attributed to
the penalty overhead from the QUBO encoding (for details see Appendix D.2). It should
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Figure 6 Upper panel: Airport-Gate layout for the benchmark instance with 4 airport-gates and 5 flights.
Lower panel: The range of feasible objective values for total passenger time is shown, including the minimum
(blue) and maximum (yellow) obtained by a commercial solver. The average objective values achieved by the
QAOA algorithm with QUBO and HUBO encodings (10 layers) are shown for comparison

be noted that Hadamard gates for state initialization and Ry gates for the mixer are not
reported separately since their counts equal the number of qubits.

Finally, while increasing the number of QAOA layers is known to improve solution qual-
ity [18], feasibility on real hardware depends on total gate counts rather than per-layer
counts alone. In what follows, we will show that both the per-layer gate requirements and
the convergence rate toward the optimum vary significantly with the chosen encoding.
Since no analytical bounds exist for the minimum depth needed to reach a given solu-
tion threshold, we rely on empirical benchmarking. Here, the most notable advantage of
HUBO over QUBO is evident, with HUBO achieving savings of up to 97.1% in CNOT
counts for IP benchmarks. In the following subsections, we therefore compare QUBO and
HUBO across three representative COPs, reporting solution quality at fixed depths, con-
vergence behavior as a function of gate count, and total resources needed to achieve spec-
ified solution thresholds. All averages are over 100 independently optimized QAOA pa-

rameters, with error bars representing the standard deviation, as detailed in Appendix D.

3.1 Gate assignment problem

Using a GAP instance with five flights (z = 5) and four airport-gates (m = 4), we bench-
mark both QUBO-QAOA and HUBO-QAOA, with ten layers. Each layer contains gate
counts as reported in Table 2. The GAP instance considered has 4 flights with transfer
passengers, resulting in 24 nonzero quadratic terms (see Equation (6)) in the classical ob-
jective function. Additionally, 3 flights have gate conflicts with 2 other flights each, while
2 flights have gate conflicts with 1 other flight each. The motivation for this scenario, as
well as further details such as passenger numbers and walking times, are provided in Ap-

pendix E. An illustration of the problem is shown in Fig. 6.
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Figure 7 Average approximation ratio (Eg. (25)) versus total gate count for HUBO and QUBO encodings on
the 4-airport-gate, 5-flight problem instance. The gate count includes all circuit gates used: CNOT, Rz, Ry, and
Hadamard, the latter applied only once for state initialization (10 for HUBO, 20 for QUBO). For each encoding,
the number of gates per QAOA layer is fixed, so increasing the number of layers results in a uniform increment
in total gates, producing evenly spaced datapoints along the x-axis. Each point corresponds to a fixed number
of QAOA layers, ranging from 1 to 10

The best feasible solution, determined by a commercial solver, yields an average pas-
senger travel time of 9.6 minutes, while the worst feasible assignment totals 17.9 minutes.
Within this range of solutions, HUBO-QAOA achieves an average objective value of 12.1
minutes, while QUBO-QAOA’s average objective value is 15.8 minutes, demonstrating
a substantial solution quality improvement with HUBO for the same number of QAOA
layers.

Furthermore, HUBO-QAOA achieves lower approximation ratios using fewer quantum
resources. In Fig. 7, we compare the average approximation ratio as a function of total
gate count, varying the number of QAOA layers from 1 to 10. Because the same number
of gates is added per QAOA layer, the datapoints are evenly spaced along the x-axis. For
any fixed number of QAOA layers, the HUBO encoding requires fewer gates in total. More
importantly, for any given total gate count, HUBO-QAOA consistently attains much better
approximation ratios. For example, with approximately 1040 total gates (1060 for HUBO,
1020 for QUBO), the approximation ratio achieved with QUBO is more than 3 times worse
than that achieved with HUBO.

HUBO-QAOA consistently demonstrates resource savings over QUBO-QAOA as the
problem size varies. Figure 8 summarizes the number of gates required to achieve an ap-
proximation ratio of at least 0.50 for both encodings, as the number of flights increases
from 1 to 5 with the number of airport-gates fixed at 4. The smaller GAP instances are
generated by repeatedly deleting flight assignments from the instance described in Fig. 6.
In this scaling approach, the problem size corresponds directly to the number of qubits
required by the QUBO encoding. The figure separately reports the number of CNOT
and single-qubit gates, since CNOT gates are typically more experimentally demanding.
Across all evaluated problem sizes, the HUBO encoding reduces the number of required
CNOT gates between 90.0% and 100% (the single flight GAP instance in the HUBO en-
coding doesn’t require CNOT gates) and the number of R; gates between 86.1% and
95.3% compared to the QUBO encoding. These results highlight that substantial quantum
resource efficiency gains with the HUBO approach persist across varying problem sizes.
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Figure 8 Total number of CNOT and single-qubit gates required to attain an approximation ratio of 0.50,
plotted against the problem size of the GAP (number of airport-gates fixed at 4). Problem size is defined as
the product of the number of flights and the number of gates and directly corresponds to the qubit count in
the QUBO encoding. CNOT and single-qubit gates are shown separately, reflecting their differing
experimental costs. Across all problem sizes, the HUBO encoding achieves the target approximation ratio
using substantially fewer CNOT and single-qubit gates than the QUBO encoding

0.00 1.80 3.60 5.40 7.20 9.00
Number of Non-Monochromatic Edges

Figure 9 Upper panel: Graph with five vertices and nine edges used as a benchmark instance for the MkCS
problem, colored with four colors. The displayed coloring corresponds to the optimal solution with zero
monochromatic edges. Lower panel: Range of feasible objective values and average number of
monochromatic edges identified by HUBO-QAOA and QUBO-QAOA for a fixed number of layers (3)

3.2 Maximum k-colorable subgraph problem

We benchmark an MKCS problem with |V| = n =5 vertices and k = m = 4 colors on the
graph illustrated in Fig. 9, using a QAOA circuit with three layers. The objective is to min-
imize the number of monochromatic edges. For this instance, an optimal coloring results
in zero monochromatic edges, while assigning the same color to all vertices yields a max-

imum objective value of nine. The range of feasible values and the average performance
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Figure 10 Average approximation ratio achieved by QAOA as a function of total gate count for HUBO and
QUBO encodings. Results are shown for the same graph with five vertices and nine edges as in Fig. 9. The
number of gates required for each layer can be found in Table 2. Data points are evenly spaced as gate counts
scale proportionally with the number of QAOA layers
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Figure 11 Scaling of quantum resource requirements for MkCS instances. The number of CNOT and R gates
required to achieve an approximation ratio of 0.20 is shown as a function of problem size (number of vertices
times number of colors, with m = 4 fixed). The HUBO encoding consistently requires substantially fewer gates
than QUBO across all tested sizes, with the difference increasing for larger instances

of each encoding are shown in the lower panel of Fig. 9. HUBO-QAOA finds, on average,
1.2 monochromatic edges, compared to an average of 6.9 for QUBO-QAOA.

HUBO-QAOA consistently achieves better approximation ratios than QUBO-QAOA
while using fewer quantum resources. Figure 10 shows the average approximation ra-
tio obtained by QAOA as a function of total gate count for both encodings. Using the
gate numbers reported in Table 2, HUBO-QAOA always reaches approximation ratios
below 0.18. In contrast, even with the largest considered number of QAOA layers (10),
the QUBO-QAOA algorithm only attains an average approximation ratio of 0.37. Each
QUBO-QAOA layer requires 238 gates, compared to only 127 gates for HUBO-QAOA.
This substantial difference in resource demands can be attributed to the penalty overhead
required by the QUBO encoding.

We find that the quantum resource advantage of HUBO over QUBO persists across all
tested MKCS problem sizes. As summarized in Fig. 11, the number of gates required to
achieve an approximation ratio of 0.20 increases much more rapidly for QUBO than for
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Figure 12 Upper panel: Structure of the IP instance considered, with n = 5 variables (m = 4 values each), two
linear constraints, and both linear and quadratic objective function terms. This instance is referenced here for
later HUBO-QAOA benchmarking, as QUBO-QAOA is not computationally feasible for this size. Lower panel:
Range of feasible objective values for the reduced IP instance with x5 = 3 fixed. The optimal (-27) and
maximal (18) values are shown. Average objective values attained by HUBO-QAOA and QUBO-QAOA after
nine layers are indicated for comparison

HUBO as problem size grows. Problem size is defined as the product of the number of
vertices and the number of colors in the graph, which matches the qubit requirement for
the QUBO encoding. For these benchmarks, the number of colors is fixed at k = 4 and the
number of vertices varies from 1 to 5. The smaller graphs are generated by deleting ver-
tices from the instance in Fig. 9. CNOT and single-qubit gate requirements are reported
separately (note that the one-vertex instance is solved trivially by HUBO and doesn't re-
quire any CNOT or RZ gates). Across all evaluated problem sizes, the HUBO encoding
reduces the number of required CNOT gates by 89.6 — 100% and the number of R gates
by 90.8 — 100% compared to the QUBO encoding.

3.3 Integer programming

To provide context for the subsequent analyses, the upper panel of Fig. 12 illustrates the
IP instance considered in this work. This instance consists of # = 5 variables, each with
m = 4 possible values, two linear constraints (each depending on two variables), and an
objective function containing both linear and quadratic terms. The minimum feasible ob-
jective value is —27, which is achieved by the assignment x; = 0, x = 3, x3 = 3, x4 = 0, and
x5 = 3. This instance is used to benchmark HUBO-QAOA; however, QUBO-QAOA was
not computationally feasible at this problem size due to excessive computational resource
requirements.

To enable a direct comparison between the two encodings, we benchmark QAOA on a
reduced version of the problem with x5 = 3 fixed. The lower panel of Fig. 12 displays the
range of feasible objective values for this simplified instance, which retains the optimum
(—27) and maximum (18) values of the original. For 9 QAOA layers, HUBO-QAOA yields
an average objective value of —18.55, while QUBO-QAOA produces an average of 0.21.

Additionally, HUBO-QAOA demonstrates significantly greater resource efficiency and
superior approximation ratio compared to QUBO-QAOA across all layer settings, as
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Figure 13 Average approximation ratio versus total gate count for QAOA applied to the reduced IP instance,
comparing HUBO and QUBO encodings. HUBO-QAOA consistently achieves higher approximation ratios at
lower quantum resource cost than QUBO-QAOA. For example, to reach a target approximation ratio of 0.60,
HUBO-QAOA and QUBO-QAOA require 85 and 2136 gates, respectively
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Figure 14 Number of gates required to achieve an approximation ratio of 0.30 as a function of IP problem
size, comparing HUBO and QUBO encodings. Both CNOT and single-qubit gate requirements are shown.
Problem size is modified by changing the number of variables in the IP problem. HUBO-QAOA consistently
achieves the target approximation ratio with dramatically fewer gates than QUBO-QAOA, and remains
tractable even for the largest instances where QUBO-QAOA cannot be executed due to computational
resource constraints

shown in Fig. 13. The per-layer CNOT and Rz gate counts for each encoding are pro-
vided in Table 2. Evidently, QUBO-QAOA requires over three times more CNOT gates
and more than twice as many R gates per layer compared to HUBO-QAOA.

For a targeted approximation threshold, HUBO-QAOA requires substantially fewer
gates compared to QUBO-QAOA. For instance, to reach an approximation ratio of 0.60,
QUBO-QAOA requires 10 layers, while HUBO-QAOA achieves the same result with only
1 layer. When accounting for both the higher resources per layer and the greater number of
layers required, QUBO-QAOA, compared to HUBO-QAOA, consumes 31.6 times more
CNOT gates (1200 vs. 38) and 24.5 times more Rz gates (760 vs. 31).

The resource advantage of HUBO-QAOA over QUBO-QAOA remains robust across all
benchmarked IP problem sizes. Figure 14 reports the number of gates required to reach an
approximation ratio of 0.30 for different problem sizes, with CNOT and single-qubit gate
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requirements shown separately. Problem size is varied by starting from the largest instance
(as shown in Fig. 12, with n = 5 variables, and m = 4 values) and generating progressively
smaller instances by fixing variables to their optimal assignments. This approach preserves
the minimal objective value while producing a sequence of simpler problems, resulting in
increments of 4 qubits per data point.

Across all benchmarked problem sizes, the HUBO encoding reduces CNOT require-
ments by 94.4 — 100% and the number of Rz gates by 91.6 — 95.3% compared to QUBO
(again, the one variable instance doesn'’t require any CNOT gates in the HUBO formu-
lation). These results, together with those from earlier figures, demonstrate the persis-
tent resource efficiency advantage of HUBO-QAOA over QUBO-QAOA throughout the

tested range of IP problem sizes.

4 Conclusion

We showed that using HUBO formulations can substantially reduce resource bottlenecks
that often constrain the practical quantum optimization of COPs. Although one might
assume that higher-order interactions would increase quantum hardware demands, our
results on three representative problems reveal the opposite. HUBO encoding requires
significantly fewer qubits compared to QUBO, and more importantly, leads to substantial
reductions in the number of CNOT and single-qubit gates. For each problem class, we
observe a reduction of CNOT gates by 89.6 — 100%, which makes experimental realization
more feasible for current and near-term quantum devices.

In addition to these resource savings, we have developed a general framework for con-
structing HUBO models, together with the open-source Python package [32]. This equips
the community with a framework to efficiently formulate COPs on quantum hardware,
helping to mitigate current resource limitations, and, for quadratic problems, ensures that
the Hamiltonian construction scales polynomially with problem size.

Our results suggest that HUBO encodings can be a valuable tool for reducing resource
demands in quantum optimization. As quantum technology advances and problem sizes
scale up, such resource-efficient methods will be increasingly important for enabling prac-

tical applications in industry and research.

Appendix A: Mathematical foundation of HUBO encoding

While in principle it is possible to find the HUBO coefficients using Eq. (23), it quickly
becomes cumbersome and numerically expensive to iterate over all required subsets. In-
stead, we adopt a more efficient, less error-prone, and clearer method to determine the
HUBO coefficients. The following derivation is inspired by [57], where the authors show
that finding the coefficients of a HUBO Hamiltonian from a Boolean function amounts to
Fourier transforming it.

We first note that a single qubit projector can be written out as

(@) 6)
C1 |1> <1| 2 Co—C1 Z
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where H is the Hadamard matrix providing a transformation from the p-basis to the j-

I
In the following, we will call < ), p-basis and <2) , j-basis and rewrite Eq. (27) as

basis.

Generalizing this idea to an d-qubit projector, the coefficient c;,;,...;, of the projector
liyiy - - - ig) (i1ip - - - ig| in the p-basis is transformed to the j-basis using the Hadamard ma-
trix %4, which is the tensor product of d Hadamard matrices. This can be seen by noting
that the projector |iyiy - - - iy) {i1i2 - - - ig| can be written as the tensor product of the single-
qubit projectors |i1) (i1]| ® |iz) (2| ® - - - ® |ig) (i4|, each being transformed into the j-basis
by a Hadamard matrix, hence the transformation for the entire d-qubit projector is done
by the tensor product of Hadamard matrices for all single qubit coefficients.

We use the notation c;;,...;, for the coefficient of the projector |ijiy - - - ig) (iria- - igl in
the p-basis and the coefficient J;;,...;, in the j-basis encodes the interaction strength of
the HUBO term ]_[;71:1 Z;j . Using this notation, we can write the transformation from the
p-basis to the j-basis as

Co...00 Co..-00 ]()A..()Q
Co...01 Co...01 ]0...01
Sy el I =1 : ) (29)
C1...10 C1...10 ]1“.10
€111 €111/ . Ji)
p ] ]

For example, a quadratic COP has the HUBO model

H=3" Y aG@blkkli+ Y > clikbik kel (30)

1<i<nl<k<m 1<i<j<n1<k,l<m

We write the linear coefficients for each variable i in a vector ¢(i) = (¢1(i,1),¢1(,2),...,
c1(i,m))T and apply H®4 to each vector ¢1(i) to obtain the coefficients in the j-basis
J; = H®%¢,(i). Note that because 27 = m, the Hadamard transformation is an 7 x m ma-
trix, hence finding the linear coefficients of all # variables in the j-basis has a computa-
tional complexity of # matrix multiplications on an m-dimensional vector, hence O(nm?).
Similarly, we can find the quadratic coefficients by applying the Hadamard transform to
the vector ¢; = (c2(i,, 1, 1), €206, /, 1,2), ..., ¢2(i, j, m, m))T for each pair of variables (,) and
obtain the linear coefficients in the j-basis J;; = H ®d¢;. Calculating the quadratic coeffi-

cients for all pairs of variables amounts to a computational complexity of #? (since there

n
2

tional complexity for finding the quadratic coefficients is O(n*m*). In general, for a COP

are ( ) combinations of variables) and with the vector c;; being of size m?* the computa-
of kth order with # variables and m values per variable, the computational complexity for
finding the coefficients in the j-basis is O((})m*).

This formalism forms the basis of the PyHUBO Python package [32], which is made
available as part of this publication.
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Figure 15 Circuit implementation of the cost unitary 1
for two-qubit and three-qubit terms, i.e.

exp(/ijyzflfz) and exp(/yh,z,gz 2223), respectively.

The circuit consists of a sequence of CNOT gates to ) Rz
entangle the qubits, such that the initial states |b7), NI l ’ NI
[62)5 and [b1)1 |b2)5 |b3)3 in the computational basis

become |b1); |01 @ b2), and [b1) |61 @ b2),

|61 @ by @ bs)s through the first chain of CNOT gates.

The single qubit rotation Rz(2y Jo,1) and Rz(2y Jo,1.2)

acts on the last qubit. After the rotation, another 1
sequence of CNOT gates disentangles the qubits,
resulting in the final state exp((—1)b1 eBbZIJ/JQ) [61)1
165, and exp((- 121902803/ )1 53) by}, ba) bs)s 2 N Jh A N
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Appendix B: Cost-efficient circuit implementation of HUBO Hamiltonians

An optimized circuit implementation of a HUBO Hamiltonian can be achieved using a
Gray code approach, introduced in [76] and [72], which we largely follow. This circuit
implementation has been successfully employed to problems like the traveling salesperson
problem [26] and the circuit representation of boolean functions [77].

To understand this approach, we examine the effect of the circuit introduced in Sect. 2.3
on a computational basis state |b) = ®,c7 |b;), for a set of qubit indices T'. To construct a
circuit for the term exp(i]TZT), we create entangled states where one qubit encodes the
parity @;crb;. The Ry gate implements exp(—it2/2), so acting with an Ry gate on this
qubit results in a phase factor exp(iyJr) if ®rerd; = 1 and exp(-iyJr) if ®erb; = 0. This
is exactly how exp(i]TZT) acts on a computational basis state. We illustrate the circuit
in Fig. 15, where we show the circuit diagrams to implement the terms exp(iy]LzZlZz)
and exp(iy. ]1,2,3212223). Each term exp(-iy/r) implemented this way increases the circuit
depth by |T'| — 1. In principle this can be reduced by replacing CNOT ladder circuits with
the circuits introduced in [78, 79]. However, this comes at the expense of doubling the
CNOT count and introducing ancilla qubits.

To implement all terms of the HUBO-Hamiltonian ZTg (Lond) ]TZT, we construct a cir-
cuit that creates parity states |@;c7b;) and acts Rz gates on these states for all subsets
T C{1,...,d} at least once. This can, in principle, be done by using circuits like in Fig. 15
sequentially. However, this is suboptimal in the number of CNOT gates. The construction
of parity states |@.c7b;) for all subsets T C {1,...,d} with minimal CNOT gate costs is a
routing problem, and as shown in [76] and [72] the Gray Code implementation is the op-
timal approach to it.

The key observation for optimizing the circuit is that once the parity state correspond-
ing to a subset 77 C {1,...,d} is prepared, the parity state for any subset T, C {1,...,d}
differing from T by exactly one element can be obtained by a single additional operation.
In particular, the phase factor exp(i]TZZTZ) is implemented by applying a single CNOT

gate, with the differing element as control and the qubit encoding €5 b, as target.

aeT

To introduce the Gray Code-based circuit, we denote each subset 77 C {1,...,d} through
a binary string g of length d, where the j-th element is 1 if j € T} and 0 otherwise. If two
subsets T1, T, differ in exactly one element, the corresponding binary strings g, g, differ

in exactly one bit.
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Figure 16 Gray code traversal for optimal
implementation of a 4-qubit HUBO Hamiltonian. Each
vertex of the 4-dimensional hypercube represents a
subset T C {1, 2,3,4} of qubits, with subscripts indicating
which qubits are included. The red path shows the Gray
code sequence starting from the coefficient J; (bitstring
1000, the bitstring 0000 corresponds to a global phase
and is ignored). Each edge corresponds to flipping exactly
one bit, enabling implementation of consecutive terms
with only one additional CNOT gate per term. This
systematic traversal visits all 24 - 1 =15 vertices exactly
once, requiring only 2% — 2 = 14 CNOT gates total for the
complete HUBO Hamiltonian ZTE(W,Z,M) 2y

Figure 17 Non-optimized implementation of the cost unitary for a three-qubit HUBO Hamiltonian

2@“23) JrZr, where T runs over all subsets of the three qubits. Each term is implemented sequentially
using parity circuits as shown in Fig. 15, resulting in 24(4 - 2) + 2 = 10 CNOT gates and 2% - 1 = 7 Ry gates. This
method incurs a higher CNOT count than the Gray code-based optimal circuit presented in Fig. 18,
highlighting the benefit of circuit optimization for efficient quantum computation

Binary strings of length d map naturally to d-dimensional hypercubes, and implement-
ing all subsets of {1,...,d} is equivalent to traversing all vertices of this hypercube. Each
vertex of the hypercube corresponds to one binary string and therefore to one subset
T < {1,...,d}. Two neighboring vertices differ by one element. The construction of parity
states |@;erb;) for all subsets T C {1,...,d} with minimal CNOT gate costs, now amounts
to traversing the hypercube with as few steps as possible.

The Gray code provides a systematic way to traverse the vertices of this hypercube. Cru-
cially, the Gray code visits each vertex of the hypercube exactly once, thereby avoiding any
redundant operations or inefficiencies that would arise from revisiting previously imple-
mented terms. Starting from the vertex corresponding to the global phase, i.e., the bit-
string 0 = (0,0, ...,0) and following the Gray code sequence, we can implement all terms
in the HUBO Hamiltonian using only one CNOT gate and one Rz gate per term. This is
illustrated in Fig. 16 for a four-qubit HUBO Hamiltonian. Welch et al. [72] have proven
that this Gray code implementation is optimal in the sense that it requires the minimum
number of CNOT gates to implement all terms in the HUBO Hamiltonian.

In practice, this means that a HUBO Hamiltonian of the form ZTE (L) ]TQT can be

implemented with 2/4' — 2 CNOT gates and 2!% — 1 R, gates. The sequential approach
requires 2% (|d| —2) + 2 CNOT gates. An illustration of the optimized circuit for the three-
qubit HUBO Hamiltonian, in comparison to the non-optimized implementation shown

in Fig. 17, is presented in Fig. 18.
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Figure 18 Optimal quantum circuit for implementing the cost unitary of a three-qubit HUBO Hamiltonian
using the Gray code approach. Here, each subset T C {1,2,3} defines a term J727 in the Hamiltonian. The
upper panel illustrates the Gray code traversal of the three-dimensional hypercube, enabling efficient
implementation with one additional CNOT and one Ry gate per term. For three qubits, this results in 23 -2 =6
CNOT gates and 23 — 1 = 7 Rz gates for all nontrivial subsets T, demonstrating the reduction in CNOT gates
achieved by this optimized construction. Compared to the non-optimized implementation shown in Fig. 17,
this approach significantly reduces the CNOT gate count

Appendix C: Derivation: scaling of quantum resources for QUBO and HUBO
formulations

In this section, we derive scaling relations for the quantum resources required to encode a

quadratic COP in the QUBO and HUBO encodings. The COP we consider has a quadratic

objective function of the form

Clo)= Y als)+ Y eliss). (31)

1<i<m 1<i<j<m

We will consider the most general instance of this problem, where the linear coeffi-
cients ¢1 (i, v) are nonzero for all variables i and all values v, and the quadratic coefficients
¢, (i,j, v, w) are nonzero for all variable combinations i #j and all value pairs v, w. This in-
stance then has # - m linear coefficients and ('27) - m? quadratic coefficients. Of course, in
practice, the objective function often has a simpler form, but here we consider the worst-

case scaling of the quantum resources required for the problem.

C.1 QUBO formulation
The QUBO encoding uses # - m qubits, where each qubit represents a unique variable-
value pair. The linear coefficients in the objective function give rise to one-body terms in
the cost Hamiltonian. Since each one-body term is implemented using a single R, gate,
the number of Ry gates required to implement all linear terms is equal to the number of
qubits.

The quadratic coefficients translate to two-body terms in the cost Hamiltonian, each

requiring a circuit with two CNOT gates and one R gate (see Fig. 15, left circuit). Since

n
2

all quadratic terms is 2 - (g’) - m?, and the number of R gates is (

there are () - m?* quadratic coefficients, the number of CNOT gates required to implement

n
2

scaling of the number of CNOT and Rz gates is therefore O(n?m?).

) - m*. The asymptotic
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C.2 HUBO encoding

In the HUBO encoding, each variable is represented by d = [log,(m)] qubits. Therefore,
the total number of qubits required is # - [log,(m)]. The linear coefficients in the objec-
tive function give rise to a Hamiltonian term ZTgn ]TQT, where T; denotes the set of d
qubits encoding variable i. This generates many-body interactions ranging from single-
qubit terms (1st order) up to d-qubit terms (dth order) for each of the n variables.

The quadratic coefficients for variable combinations i #j produce a Hamiltonian term
ZTlgTi,TZQI}]TlszleUTz‘ Here, T1 and T are subsets of the qubit indices, T; and T}, en-
coding variables i and j, respectively. Importantly, since T; C T; U T}, the linear terms can
be encoded simultaneously with the quadratic terms, eliminating the need for separate
linear term implementation. As discussed in Appendix B, implementing the coefficients
for all subsets of a set of qubit indices T requires 2/”! — 1 R, gates and 2/7! — 2 CNOT
gates. Since the union 7; U T} involves 2d qubits, this translates to 2> — 1 R, gates and
224 _ 2 CNOT gates per variable pair. With (;) variable pairs, the total number of R,
gates required is (';) - (2% — 1) and the total number of CNOT gates is (;) (2%~ 2).
With d = [log,(m)], this gives us the asymptotic scaling of the CNOT and Rz gates as
O(n*m?). In contrast, the sequential implementation requires 2°¢(2d — 1) + 2 CNOT gates
per variable pair. The CNOT gate count in the sequential implementation thus scales as
Om?m?log(m)).

Appendix D: Technical details on QAOA experiments

The exact computation of the approximation ratio in Eq. (25) requires summing over all
feasible solutions, a process that scales exponentially with problem size in the consid-
ered benchmarks. Therefore, we estimate the approximation ratio using sampling-based
methods. Specifically, the sum over all feasible states is replaced by a sum over sampled
bitstrings,

o= D s, (32)

beBfeas beBsample

where §(b) equals one if the bitstring b satisfies all constraints, and zero otherwise. The
required sample complexity is determined using Hoeftding’s inequality [80]. Employing
[Bsample| = 10,000 samples in all experiments ensures a 99% probability that the estimated
value is within 2% of the true approximation ratio.

Furthermore, for all benchmarked COP instances and QAOA depths, we performed 100
independent QAOA runs. This ensures that all reported averages and standard deviations
are directly comparable across experiments. For the target approximation benchmarks,
we ran the QAOA algorithm 100 times and picked the QAOA experiment with the lowest

layer requirements to reach the target threshold.

D.1 Percentage reduction calculations

Throughout this work, percentage reductions in gate counts are computed as:

Gate countqupo — Gate countyupo

Reduction % = 100 x , (33)

Gate countqupo
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Table 3 Per-layer gate counts (CNOT, Rz, Hadamard, Ry) for all benchmarked problem instances and
sizes, comparing QUBO and HUBO encodings

Problem Instance QUBO HUBO

CNOT R7 Hadamard Ry CNOT Ry Hadamard Ry
Gate Assignment Problem (GAR, 4 gates fixed)
GAP (1 flight) 12 10 4 4 0 1 2 2
GAP (2 flights) 32 24 8 8 10 5 4 4
GAP (3 flights) 76 50 12 12 34 14 6 6
GAP (4 flights) 96 64 16 16 44 18 8 8
GAP (5 flights) 140 90 20 20 68 27 10 10
Maximum k-Colorable Subgraph (MkCS, 4 colors fixed)
MKCS (1 vertex) 12 10 4 4
MKCS (2 vertices) 32 24 8 8 10 3 4 4
MKCS (3 vertices) 52 38 12 12 20 6 6 6
MKCS (4 vertices) 88 60 16 16 50 15 8 8
MKCS (5 vertices) 132 86 20 20 90 27 10 10
Integer Programming (IF, 4 values fixed)
IP (1 variable) 12 10 4 4 0 2 2 2
IP (2 variables) 42 29 8 8 8 7 4 4
IP (3 variables) 90 57 12 12 24 18 6 6
IP (4 variables) 120 76 16 16 38 31 8 8
IP (5 variables) 150 95 20 20 46 37 10 10

where a reduction of 100% occurs when Gate countyygo = 0, as happens for single-
variable instances when no CNOT gates are required. All reported percentage reductions
refer to per-layer gate counts. Detailed per-layer gate counts (CNOT, Rz, Hadamard, and
Ry) for all benchmarked problem sizes and both encodings are provided in Table 3. The
Gray code circuit implementation is more efficient than the sequential implementation
for a full HUBO Hamiltonian } ;4 JrZr. However, when there are zero HUBO co-
efficients J for some sets T then in principle the sequential implementation can also be
more CNOT. For the MKCS instance with one vertex, we omit the HUBO scaling because,
in the HUBO encoding, any sampled two-bit string is already optimal. Consequently, this
instance can be solved with a zero-layer QAOA circuit.

D.2 One-hot constraint contribution in QUBO encoding

To understand the source of gate-count reduction, we report in Table 4 the per-layer
CNOT and Rz gate counts required solely for implementing the one-hot penalty terms in
the QUBO encoding. The one-hot penalty A(1 - >""", x;,)? for each variable expands to m
linear terms and m(m — 1) two-body terms. For all three problems with # variables and val-
ues m = 4, this yields 12n CNOT gates and 10# RZ gates per variable, independent of the
problem type. Note that in the full QUBO encoding, some of these gates may be shared or
merged with gates implementing the objective function and problem-specific constraints;
therefore, the total gate count is not simply the sum of the one-hot and problem-specific

contributions.

Appendix E: Details on the GAP instance

For benchmarking, we use a GAP instance with n = 5 flights and 7 = 4 airport-gates, num-
bered 1 to 4, as shown in Fig. 6. The numbers of arriving and departing passengers per
flight are given in Table 6, with values ranging from 61 to 88. Out of the total, there are
13 transfer passengers between flights 1 and 4, and 29 transfer passengers between flights
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Table 4 Per-layer CNOT and Rz gate counts for one-hot penalty terms in the QUBO encoding. These
counts are identical for all three benchmarked problems (GAP, MkCS, and IP) since they all use m =4
values per variable

Number of Variables CNOT R
1 12 10
2 24 20
3 36 30
4 48 40
5 60 50

Table 5 Walking times (in minutes) between check-in/luggage claim and airport gates 1-4 for the
benchmarked GAP instance

Check-in/Luggage claim Gate 1 Gate 2 Gate 3 Gate 4
Check-in/Luggage claim 0 10 10 20 20
Gate 1 10 0 20 20 20
Gate 2 10 20 0 20 20
Gate 3 20 20 20 0 1
Gate 4 20 20 20 1 0

Table 6 Number of arriving and departing passengers for each of the five aircraft in the
benchmarked GAP instance

Aircraft i P+ pfdep
0 75
1 74
2 62
3 88
4 61

0 and 2. Transfer passengers contribute to the quadratic cost term c;(i,j, v, w) in Eq. (6),
while the remaining passengers are included in the linear term ¢; (i, v) in Eq. (5).

The walking times between check-in/luggage claim and the airport-gates, as well as in
between the airport-gates, are given in Table 5. In this instance, the walking times from
each gate to check-in and from each gate to luggage claim are identical. For this reason,
there is no difference in the cost contribution from arriving or departing passengers. Both
groups affect the objective function in the same way, hence we don’t distinguish between
them in Table 6.

Gate assignments are further constrained by overlapping flight schedules. Any flights
that overlap cannot be assigned to the same gate. The overlapping flight pairs in this in-
stance are {(0,1), (1,2), (2,3), (3,4)}.
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