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UNITS IN GROUP RINGS

Abstract of Thesis

If G is any group, written multiplicatively, and K is

any ring, then the finite.formal sums

kig, # kgt « ot kg, kave 46 jo€ G, bis~ ‘st
form a ring, when addition and multiplication is:defined in
the obvious way. This ring we call the group ring of G
over K, and we write it as R(G,K). - More precisely, R(G,K)
may be defined as a ring which is a linear set over K, and
has a basis which is a multiplicative group isomorphic to G.
If K has the unity element 1, and if 8 ig the identity of
G, then l.g, is a unity element of R(G,K). . We shall identify,
when confusion cannot arise thereby, elements k of K with
the elements of k.g  of R(G,K). = The object of this thesis
is to establish certain theorems on the units of R(G,K).

An element e in a ring with unity element 1 will be
called a left unit if there exists also an element e, such
that €,8p = l; and e, will then be celled a right unit, and
8 right inverse of e;. If ey is also a right unit, then
it has a uniquely defined inverse which we write as el’l,
and e, is then called a unit, simply. We shall deal always
with rings R(G,K) in which the coefficient ring K has no

right units which are not left units, Whether it is even



so possible for R(G,K) to have right units which are not
left units, I do not know, .Certainly it is not in the
most important cases, - for instance if K can be embedded
in a fieid, and G is of finite order. Any group ring has
units of the form e.g, where € is a unit in K, and g is an
element of G, for e,g has the inverse e'% g'l. Such a
unit we shall call trivial. One of the questions that
naturally arises is, for what group rings these are the
only units.

This thesis is chiefly concerned with the case in which
G is a group of finite order, and K is the ring C of integers
in an algebraic field k. We shall then speak of R(G,C) as
an integral group ring. R(G,C) is then an order, but not
in general a maximal order, of the linear associative algebra
R(G,k). - Accordingly, after an introductory section, and

one s»e on definitions, we discuss in Section 3 ﬁhe group algebra
R(G,k). This section is an exposition of well-known facte
concerning the decomposition of the semi-simple algebra
R(G,k) into simple components, and is based on the classical
theory of representations of finite groups in algebraic
fields, as developed by I. Schur.

In Section 4 we pass on to the consideration of integral
grouﬂéngs, and more particularly, to a determination of what
such rings have only trivial units. The result is, that
R(G,C), where C is the integer ring of the field k, has only
trivial units in the following four cases, and thoee only:



(1) ¢ is Abelian, and the orders of its elements all
divide two; k is the rational field or an imaginary quadratic
extension of it;

(ii) @ is Abelian, and the orders of its elements all
divide six; k is the rational field, or the extension of it
by a complex cube root of unity;

(1ii) G is Abelian, and the orders of its elements all
divide four; k is the rational field, or the extension of it
by a complex fourth root of unity (that is, by i = / -1);

(iv) G 'is the direct product of & guaternion group and
an Abelian group the orders of whose elements all divide two;
k is the rational field.

To establish this theorem, we prove first a theorem which is
a particular case of a result due to O, Schilling, namely,
that if k is of finite degree over the rational field the
unit group of R(G,C) has a finite index in the unit group
of any maximal order of R(G,k) containing it. Secondiy,

we show that the group of trivial units in R(G,C) is not
contained as a proper sub-group of finite index in any group
of units of R(G,C). From these two theorems together, it
follows that R(G,C) has only trivial units if and only if a
maximel order of R(G,k) containing it has a finite unit
group. This imposes severe restrictions on the possible

simple components of R(G,k), which give rise to our main

result.



In the following section, we turn our attention to the
units of finite order in R(G,C). We find it convenient to
treat normalised units only, - that is to éay, units in
which the sum of the coefficients is unity. This involves
no essential loss, since any unit of finite order is the
product of a normalised unit of finite order and a root of
unity in C; and any group of units of finite order is iso-
morphic to the direct product of the corresponding group of
normelised units and a group of roots of unity in C. In
terms of normalised ﬁnits,va theorem from section 4 becomes:
The group G is not contained as a proper éub-group of finite
index in any group of normalised units of RfG,C). 1In
particular this imblies that a unit of finite order in the
centrum of R(G,C) must be trivial. If G is Abelian,
thefefore, all the units of finite order in R(G,C) are
trivial. This is of course no longer true if G is not
Abelisn. In fact, a unit of finite order in R(G,C) need
not necessarily even be conjugate to a tr1v1a1 unit. We
are gble, however, to prove two results on units of finite
order. The first states that the elements of any group of
normalised units of finite order in R(G,C) are linearly
independent, and even linearly independent module m, for
any integer m, and that therefore the order of such a group
cannot exceed the order of G. The second states that the

prime factors of the order of a normalised unit of R(G,C)



divide the order of G. If we add the assumption that G

is soluble, we can show that the order of the unit divides
the order of G. Lastly, we show for the very special class
of groups whose lower central series terminates in ﬁhe
identity and whose second defived group consists of the
identity, that a group of normalised units of finite order
in R(G,C) is isomorphic to a subgroup of G. This impiies
that R(G,C) is not isomorphic to any other group ring R(H,C)
unless G is isomorphic to H. Thesé last theorems are
proved by methods different from those of the'rest of thé
section, and our shief tébls are the two-sided ideals Mg,
where H is a self conjugate subgroup of G, generated by the
elements h-1, for all h in H. It should be added, that
throughout this section‘the‘Eoefficient ring C is an arbi-
trary ring of algebraic integers, and may be taken to be
ring of all algebreic ihtegers. ‘

In section 6; we apply the theorems we have proved td
the detailed investigation of the ring R(G,C) where G is
generated by two elements a, b subject to the relations:-

Zuy B NSRRI 6 R B
where p is an odd prime, end r a primitive number modulo P
Here, too, we show that a group of normalised units in

R(G,C) is isomorphic to a subgroup of G.



Finglly, in seétion 7, we consider group rings of
groups without elements of finite order. Naturally, the
theorems proved are of an entirely different character.
Notably, they do not depend at all on the coefficient ring
K, provided that it has no zero divisors. We show, in
fact, that if G satisfy the condition that every subgroup
generated by a finite number of elements of G has a homor-
phism on the free cyclic group, then if K has no zero divisors
neither has R(G,K), and the units of R(G,K) are sll trivial,
The condition is satisfied by free groups and by free
Abelisn groups; and generally, by the direct product and
the free product of any two groups that satisfy it.

As we have said, section 3 is a repetition of well-known
facts; and the first theorems of section L4 are a particular
case of a theorem due to Schilling. The rest of the thesis

is original, though some of it has been published previously.
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UNITS IN GROUP-RINGS

1. Introduction sand summary of results

If ¢ is any group, which is written multiplicatively,
and K is any ring, then the finite formal sums

[ NE N T o B P kie K, 9;,¢6, Eom b
form a ring when addition and multiplication are defined in
the obvious way. This ring we call the group ring of G over
K, and write R(G,K). (A precise definition is given at the
beginning of the next section). If g, is the identity inm G,
and K possesses the unity element (or modulus) 1, then l.g0
is a modulus of R(G,K). We can without risk of confusion,
end shall identify elements k of K with k.g, of R(G,K), and
elements g; of G with 1,g; of R(G,K). The object of this
thesis is to study units in group rings, - that is, elements
E having en inverse E satisfying EE"L = 1 snd E™°E = 1.
Every group-ring possesses the units e.g;, where ¢ is a unit
in X and g; is an element of G; for e,g; has the inverse
s € + A unit of this form will be called trivial.,

Most of the present work is concerned with the special
case in which G is a finite group and K is the integer ring
C of en algebraic field k. Then R(G,C) is an order, though
not generally a maximal order, of R(G,k), the group algebra
of G over k. Naturelly, therefore, in considering the
properties of R(G,C) the methods of the theory of Algebras



play an important part. However, the study belongs more
particularly to the Theory of Groups, because from the
algebraic point of view there is nothing distinctive about
the particular non-maximal order R(G,C) - indeed it is quite

possible for two distinect groups G, Gl

to have isomorphic
algebras, even over the rational field, though their group
rings over C are not isomorphic, We shall speek of a group
ring R(G,C) where C is a ring of algebraic integers, as en
integral group ring.

The first question that it is natural to ask is whether a
group ring hés units other than the trivial ones. In the
case of integral group rings of finite groups, the answer is
generally affirmative. The exceptioms, - group rings having
only triviel units - are the rings R(G,C), where C is the
integer ring of the field k, and either:-

(1) ¢ is Avelian, and the orders of its elements all
divide two; k is the rational field or a quadratic imaginary
extention of it:

or (ii) G is Abelisn, and the orders of its elements all
divide six; k is the rational field or the extension of it
by a complex cube root of unity:

or (iil) G is Abelisn, and the orders of its elements all
divide four; k is the rational field or the extension of it

by a complex fourth root of unity (that is, by i =/=-1):



or (iv) G is the direct product of & quaternion group and
an Abelian group the orders of whose elements all divide twos
k is the rational field.

This we prove in Section 4 below. We then turn our
attention to units of finite order. It is convenient to
consider only normalised units, - that is, units the'sum of
whose coefficients is unity. This is no loss of generality,
as every unit in R(@,C) is the product of & normalised unit
and a unit of C. It emerges from the proof of the results
previously mentioned, that G is not conteined as £]§%§;roup
of finite index in any group of normalised units,. In
particular, this implies that a unit of the centrum of R(E,C)
cannot be of finite order unless it is trivial. IT G is
Abelian, therefore, all the units of finite order in R(G,C)
are trivial, This, of course, is no longer true if G is not
Abelian. It is not even necessary for a unit of finite
order in R(G,C) to be conjugate to a triviel unit, as we shew
by means of an example, However, we shew that the prime
factors of the order of a normalised unit of finite order
in R(G,C) 2l1 divide the order of Gj; and that a group of
normalised units of finite order of R(G,C) has an order not
greatgr than that of G. For a soluble group, we improve
the 2;;;; statement to: The order of a normalised unit of

finite order in R(G,C) divides the order of G. = For the

special case of a group G whose upper central series ends in



the whole group G, and whose second derived group consists
of the identity, we are eble to show that a group of nor-
malised units of finite order is isomorphic to a subgroup of
G. In all these theorems we may take the ring C to be the
ring of all algebraic integers.

In the last section we turn to the case in which G is
a group without elements of finite order. As might be ex-
pected the theorems provable here are of a quite different
character, In fact, they all state that if G satisfies
given conditions, then, whatever be the coefficient ring K,
provided only that it has no zero divisors, R(G,K) has no
zero-divisors and only trivial units. Of these conditions,
the most mansgeable is that any subgroup H of G generated by
a finite number of elements, has & homomorphism on a free
eyelic group. This condition is satisfied in particular by
free groups, and by free Abelian groups.

There is very little to be said concerning previous work
on the same or similar subjects. The group algebra of a
finite group is, of course, well known, and affords one of
the most convenient examples of a semi-simple algebra, In
particular, the results of section 3 sre well known, and no
originality is claimed for them. Considerably less attention
has hitherto been paid to integral group rings, or to the
group rings of infinite groups. Certain particular problems
in connection with integral group rings have been studied



with a view to applications to topology, notably by

K. Rxaermsister1 and We. Franzz, but these have no relevance
to the problems with which we are concerned. More relevant
is the work on units in maximal orders in semi-simple alge-
bras which has been done by O, Schilling3 and M. Eichlerh.

In particular, Theorem 4 of section 4, is a particular case
of a theorem of Schilling's. However, in a maximal order of
a general semi-simple algebra there is clearly no analogue

of a trivial unit, so that the remainder of section 4 does
not overlap with Schilling's work. Sections 5, 6 and 7, too,
are entirely original, though I have to thank my successive
supervisors, Mr J.H.C. Whitehead and Mr P. Hall, for many
suggestions, Some of the results in these sections I have

previously publisheds.

(1) Journal fur die reine und angewandte Mathematik, 173
164~-173, (1935). : :

(2) Journal fur die reine und angewandte Mathematik, 173,
174~184 and 245-254, (1935).

(3) Journal fur die reine und ewandte Mathematik, 1
246-251 (1936). Vi R

? gathemgiisches %nnalen, 114, 635-654, (1937).
rocee 8 of the London Mathematical iety,
. 231-2k8n%1940). atical Society, (2),



.. Le% E be say ring. Then & set L will be celled & .

linesr set over E ifie - L ;

(1) uaﬁmﬂm:ammsrmummtwm
operation of addition oy .

{i1) theve is &M&MMM@%#:&M&&L‘&?
#Mmafﬁgntm

fr.(a b) ka+ kb,
(ki + k). = kvam“kz.

koK, ks, wk; a b oL
'k(ka) ek i s i

~ The set of elements ¢y, 6,, By 000 arz.wmnamﬁa
basis of L if every element of L een be writien in the formje
ke sl tulbmiiaie Sy B alive vt bt des
and 1f this element is 2ero Only if Jy = X, & seo @ Kp % O
. Hemeveforward we shall further suppose that the ring K
hes a unity element 1, end that 1 is an identity operator on
Ly = that is, that 1, & = a for all & in L, A
1f a ring R is also & linear set over X, with a basis,
| ‘akb=-ka}, k,;K abmﬁ’
then R may be ealled a hyper-comple mtmm& m
structure of R is determimed kr the multiplication teble of

the elements of 1is basls. For if the products
€ QJ' = k.:j‘ e,fkgx A




(where, of course, only a finite number of coefficients ki;.
are different from zero), are known, we cen find the product
of any two elements of R by the distributive laws. If, in
particular, these besis elements form a multiplicative group
G, then R is called the group ring of G over K, and we write
R = R(G,K). We make, that is to say, the definition:

The group ring R(G,K) of a group G over a ring K is a

hyper-complex system over K having a basis which is a multi-

plicetive group isomorphic to G.

If @ is a group of finite order, and K is a field, then
R(G,K) is,of course, a linear algebra over K, end is usually
called the group algebra of G over K,

b 2 4 € is the identity of G, the guantities k eo~of
R(G,K) form a sub-ring isomorphic to K; and moreover for any
element P in R(G,K) we have ke, P =kP. It is therefore
possible to identify the element k.e, of R(G,K) with the
element of k of K, and whenever it is convenient to do 80,
we shall, In particular, the element l.eo, which is a
unity element in R(G,K), will be written as 1.

In any ring with a unity element 1, if elements E,, By
exist satisfying E1E;, = 1, we say that El is a left wnit,
and Ep is‘a right unit. An element E that is both a left
unit and a right wnit will be deseribed amply as a unit,

3

Then the element E- satisfying EE'l = 1 is unique, and



ElE = 1. The units of a ring therefore form a group. A
group ring always possesses units of the form k.ei, where k
is any unit in the coefficient ring k. For we have

ke . kle;”l =1,  Such a unit will be described es
trivial.. If the coefficient ring has right units which

are not left units, the same is true of the group ring.

For if, say, klk2 =1, k2k1 # 1, we have kl €y o k2 e, = 1;
and k, €, « E =1, E in R(@,K), would imply E = k e , whereas
kp €, « k7 €5 = kp Ky €5 # 1. Thus ko e, is a right unit
but not a left unit in R(G,K). = Whether this is possible in
case every right wmit in K is also a left unit, I do notkknow.
Cbviously, if both the ring K and the group G are commutative,
so is R(G,K); and every right unit in R(G,K) is therefore also
a left unit. Moreover, if G is of finite order, and K is a
subring of a (not nécessarily commutative) field k, then every
right unit in R(G,K) is also a left unit.  For the regular
representation of G can then be extended to R(G,K), and gives
en isomorphism of that ring onto & ring of finite matrices
with elements in k. In such a ring of matrices, however,
the equation E1E2 = 1 certainly implies E2E1,= 13 For, as
in the theory of matrices whose elements are numbers, we can

reduce any matrix whose element lie in a field to the fomm

| (4]

" H by a series of elementary transformations - inter-
0 i

changing two rows, adding a right multiple of one column to

2




another, etc. - each of which is equivalent to multiplication
on the right or the left by a matrix with a right and left
inverse. A matrix is clearly both a right and a left unit
if there are no zeros in its disgonal when it is so reduced,
and neither a right nor a left unit if there are such zeros,
However, it is quite possible for a hypercomplex system with
an infinite basis over a field to have right units which are
not left units - we may simplﬁ take as basis all products
a“ba, a, B non-negative integers, with the multiplication
table implied by ba = 1 - and there seems nothing to suggest
that this is impossible in a group ring.

Before we proceed to the study of units under more
particular assumptions on G and K, let us consider the rela-
tions between the units in the group rings R(G,K) and R(H,K)
when H is a subgroup, or a factor group of G.

Pirst, let H be a subgroup of G. Then R(H,K) may be
regarded as a subring of R(G,K). If E in R(H,K) is a unit
in R(H,X) it is obviously also a unit in R(G,K). The con-
verse, however, is also true: If E in R(H,K) is a unit in
R(G,K) it is elso a unit in R(H,K). For let EF = 1,

F in R(G,K). Let e, =1, €15 +.o; etc, be a set of repre-
sentatives of the right hand residue classes H x of H in G.
Then we have F = Fg e, + Fi1 € + ...; where F

02 Fl, 290
are in R(H,K).

Therefore EF=E Fo €, + E Fl € + ees = 1.
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Comparing the coefficients on the right hend end on the left
hand of elements in H, we obtain E Fo = 1l, as required,

Next, let F be a self-conjugate subgroup of G, and let H
be the factor group G/F. Since g = g F is a homomorphism
of G on H, the correspondence

Womil e aarit i@ e wiBis ldne, Rl e kap@yef
is a homomorphism of R(G,K) on R(H,K). If u is a unit in
R(G,K), w P is a unit in R(H;K), and if u is trivial, uF is
trivial. If in particular we teke F = G, we have a homo-
morphism of R(G,K) onto R(%/G, XK) - that is onto K itself -
in which each element of R(G,K) is mapped onto the sum of its
coefficients, Thus if u is a unit in R(G,K), the sum of its
coefficients is & unit in K. Let us describe u as normalised
if that sum is 1. Then every unit in R(G,K) is the product
of a unit in K and a normalised unit. The normalised wnits
form a group, end the whole group of units of R(G,K) is the
direct product of the group of normalised units and the unit

group of K.



Lstr G be a finite group of erder n ; having the elsmenis
AT R S P
of the rationel field,  We are concerned in this section -
with the group algebra A = R(Gyk) of @ over k.

The algebra A is semi-pimples This is equivaleni to
the theorem of Maschke, that every representation of a finite
group by matrices ia k is completely reducible to a sum of
représentations irredueible in ki A is therefore a direct
sum of simple algebras, each of whieh is & total matric.
glgebra over some division algebra over k., - There is, more-
over, a well-known connection bebween the decomposition of a
semi-simple algebra A into simple components, and its repre-
sentations by metrices with elements in the ground field k.
Suppose, in fact, that T g, Iy uee; T &re a complete set
of mutually inequivalent representations of A, by matrices
in k, that ere irreducible im k. Then firsily the only
element of A represented by zero in each of the representations
Ii,.n_, T, is zero; and secondly, the representations are
independent, in the semse that if an element X of A is repre-
sented in T, by X, then there exists x* in A such that zt ig
represented in T, by X, end in T by gero; if o4, ,
Let, A o Genote the sub-algebra of A eemisting of all eiaw '
ments represented by zero in each npreumtatiea Is5 6‘%/0

Then A is the direct am‘ef Al,.n,A@g each of which is
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simple, and isomorphic to the algebra of matrices by which T,
represents A, We shall not here maeke use of these theorems
from the ‘theory of algebras, but shall base ourselves instead
on the classical theory of representations of finite groups.
This seems more in keeping with the nature of the subject,
for the ring R(G,C), where C is the integer ring of k, in
which we are more particularly interested, is only defined
in terms of the special basis of R(G,k) which consists of
the elements of G, We should therefore in any case need
the explicit formulae connecting that basis with the basis
that exhibits the decomposition of R(G,k) into simple com-
ponents, and such formulae are provided by the classical

theoryl.

The simplest case, naturally, arises when every repre-
senfation of G that is irreducible in k is absolutely irre-
ducible, Then the simple components of A are total matric
algebras over k of the degrees of the representations.

Suppose in fact that I), is the representation:-

. g @ W iy Dl
(1) F/o o } ﬁ' /l }f"-‘l H J Q,IJ e ,J"'I H./Q ; a,—ll‘,_’ I /J (j"'l('
Then if we write |l 5 Il for the inverse of the matrix / X |

we have the relations between the rapresentaticnsaz-

(1) For the theorems quoted in this paragraph ¢f. B.,L. van
der Waerden, Moderne Algebra, vol. II, ch. XVII or A.A.
Albert, Structure of Algebras, ch. VIII.

(2) Compare A. Speiger, Theorie der Grappen von Endliche
Ordnung, Ch. 11, § 53.
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a
() Z ?{0«\, skl J /O#O/J/oa& -y ¥ ,J—I ) /‘uk,)'")--v’.za-j
Q=
R A
&) T @ : { .
@. Z i Tt e s s il W o ) k 1= 1. 4
* iz 2/":/ dort e b 184“' g J: i
which can be written in the equivalent form:-
« - @) |
o Sl e }/thol PRI W
Lot
(3) ,

P,

L Ty v G el i T AR i e
(e) Z /n//° j/ﬂ-‘j Z{’J ¢ — M’ AN '.)“. /)L
befine elements 4].-/.-,‘ in A by:

ol ) a,' ‘
81069 o B b 70

Then using (1) and (2) we see that 1,:ij is represented by

gero in I. if o#p , and in Io by E; , the matrix having 1
et the junction of the i-th row and the j-th column, and

zeros elsewhere. By direet multiplication we have

i gy
Vpij ekt = —Z‘-———;_I', ;_;;W Y 7“;(!)‘
Then setting g¢®) g(®) = g(), we nave g{P)~t o gle)-1 gla)
which implies

=y Bsvetherned wy w
Lk Z it Ry ey



Substituting, we obtain

77/05/ /%“ i @g»ujz"“’“ (Z“l gﬁ(;i oy )(2 3@ (7(’]/ |

¢ a8 a-lf‘

Using (2), we have, thererorei‘; thémul%iplieatioa tﬁbieé-l 7
(B velmds tolipy Tebd © Qo rpdbicToie |

B) TRy i F TN
which expresses the fact thai for fixed o , /7/‘/ . 8re &
normal matrie basis of a matrie subalgebra, A 0F 4, and
thet the.sum A, + sesct Aé is.directs ~ Thet this sum is the
whole algebra A follows from the solution of egquatioms (4)
:ez' g("%)_., which are ebta;md by the use of (3):-

(6) y Z 3 L/ /7/°”J

That the growp a;i.gshra. A is semi-simple emerges, of course,
as a gorollarys ' y % | | Lo
If the ebsolutely irreducible representations of G.arve
not all equivalent to representations in k, the state of
affairs is more complicated;  Let /) be an sbsolutely irre-.
ducible representation of G, of order By, &nd let k, be the
extension of k determined by the characters of / , ky bemg

of degree r over k. Then “ determines representations
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Mss (},..., M, of G whose characters are conjugate with
respect to k to those of I} L, The characters of the repre-
sentation F'l ¥ Fé + +oe +1 'are in k, and therefore some
multiple of it is equivalent to a representation in k. Let
s be the least number such that s(/} + ... +T.) is equivalent
to a representation in k, and let rﬂ, with elements in k, be
equivalent to it. Then I is irreducible in k, and it is the
only representation of G irreducible in k that has [} emong
its absolutely irreducible components. The number s might
equally well have been defined as the least number such that
s Pl is equivalent to a representation in k

1

its characters. Moreover there exists a field k2 of degree

8 over kl such that f'l is equivalent to a representation in

; the field of

ko; end s divides n,. Thus every absolutely irreducible
representation of G is a component of just one irreducible
representation of ¢ in k. If, noﬁ, x in A = R(G,k) is repre-
sented by zero in I, it is likewise represented by zerd in T,
so that if x is represented by zero in every representation
irreducible over k, it is represented by zero in every abso-
lutely irreducible representation, and is therefore zero.

To demonstrate that ' is independent of the other irreducible
representations of @ in k, it is sufficient to show that

(1) For the results quoted in this paragraph, see I, Schur,
Berliner Sitzungsberichte, 1906, 164-184,
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there is an element in R(G,k) represented in I by [ 1/]
and in every other representation by zero. If, however,
we suppose r‘l’ eees e " given by (1), end “#sy " in some
extension ring R(G,k') defined by (4), then the element E

has the desired property, where

-+ ’ﬂ"a
2 . 0 Mpic
r =1

=4

)

or, by (&)

~

” = uy - (o) fo}

: W
o ,o:l (= P

Here the coefficient of g(a) is equal to /’;‘i' [ ¥ (8(“')*“"‘7’1(3@')]
and is therefore in k; so thet B is in R(G,k) as required. |
Thus A is the direct sum of the algebras A ~ by which
it is represented in its irreducible representatioms. Let 5

as above, be irreducible in k, but have the absolutely irre-
dueible components [\ ,..., [ each taken s times. Let A
be the corresponding component of A, If x is in A, the
representing matrix [ (x) plainly determines I} (x); but con-
versely, the representations 1'", yeses [, being conjugate with
respect to k, [} (x) determines /] (x),..., [.(x), and there-
fore M (<) . Thus A , which is isomorphic to the algebra

of matrices /' ()L) is equally isomorphic to the algebra over k
of matrices I"," (x)e In this algebra, the centrum is generated

by all matrices [(} where y = ] g(a) is the sum of a set

of conjugate elements in G. Such a matrix, however, is a
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sealar matrix - %,(3”)«J1ll; ¢ being the number of elements
conjugate to gﬁ#). These together generate the field ky of
the characters of [/,  Thus A; is a simple slgebra. . Since

M esn be realised in a field ky of degree s over ky, the
elgebra 4, (ky), fomed by extending the eentrum ky of &y %o ko,
is a direet sum of total matric algebras.  Since s is also
th§=- least number i‘arm&eh this is s0, Ay is a total matrie
algebra over a division algebra having index s over k;, the
field of charscters of [ . ' Swming up our resultst— .-

eorem »g m gr@ al@bra A a!‘ a finite group G over

g times, thgu; ’ehe eamamndM& ee@mnt o;c Ails a

index n
_of ender - ewr a eiiv&sien a}.gebra of

index s wsx‘ .tts e&ntm, mt s:eg 1a the fie; of the
characters af an nbnalutelz meguai‘b e ggmmnt 3;‘ i ,__%
is of deg_m r over I:. |

If & is Abelian, every ebsolutely irreducible representa-
tion of G is of order 1. ' The characters of such a repre-
sentation are Just those numbers x for whieh | X[ represents
en element of G. ~There can thus be no question of &



18

representation of G not being realiseble in the field of its
characters. Now if h is the meximum order of any element in
G, each of these characters must be an h-th root of unity,
since the order of any element of G divides h. Moreover,

G can be written as the direct product of a ecycliec grouplfg}
of order h, and a subgroup Gl. Thus there is a representation
of G in whieh g is represented by |w|( , where w is a primi-
tive h-th root of unity, and whose characters therefore
generate the field k(w). . Thus Theorem 1 yields, for the

particular case in which G is Abelian:-

Theorem 2. If G is Abelian, and the msximum order of

any element in G is h, then R(G,k) is isomorphic to a direct

sum of fields k(gf)lkﬂ = l,000,a3 Where wf is an h-th root

of unity, and for at least one value of ° a primitive h-th

root of unity.

In dealing with particular examples, it is frequently
convenient to treat R(G,k) as a direct sum not of its simple
components, but of components formed by uniting some of these.
This is especially so if G has a self conjugate sub-group H.
Among the irreducible representations of G there will then be
some, say [ ,..., 5 in which all the elements of H are
represented by the identity. These will therefore form a

complete set of irreducible representations of the factor
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group G/H.  Hence the simple components of R(G,k) corre-
sponding to these representations cen be united into a single
ring isomorphic to the group ring of this factor group,

R(G/H, k). In particuler, the simple components corre-
sponding to the representations of G whose absolutely irre-
ducible components are of order 1, cen be united into a single
component isomorph to R(G/Gl, k) where 6l is the derived
group of G.

‘Before we turn to the application of these results to
integral group rings, we must meke good our earlier state-
ment that it is possible for two distinct groups to have iso-
morphic group algebras, An obvious case of this is that of
any two Abelian groups G, Gl, of the same order n, the co-
efficient field k being eny field containing the n-th roots
of unity. For then both R(G,k) and R(G',k) are direct sums
of n fields isomorphic to k. We can, however, give an
example in whiéh R(G,k) and R(Gl,k) are isomorphic when k
is the rational field, and therefore when k is any field.

Let in faect G, Gl be two non-Abelian groups of order p3,
where p is any odd prime, given by the generators snd rela-

tion systems:-

G: generators:- a, b ; relations:- a.'*2= bf=l,~ abdb'=ak,

G': generators:- Xx, y, z; relations:- x#-7*=1‘==l‘

/2

xy'n"o./"=z, %2 %2 "= 727"2'2!.
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G and G! are not isomorphic because G has an element of

order p2

, and 6! has not. In either case, there are p2
representations of order 1, whose corresponding simple com-
ponents can be united into a group ring of an Abelian growp
of order p2 and type (1,1). The remaining absolutely irre-
ducible components are p-l in number, and of order pj and
each is reelisasble in the field k(w) of its characters, where

w is a primitive p-th root of unity. We have in fact the

representations:- ,
a6f i 8 ' 0
- DL, 3 -
G: 7 S b ww{
oo "WJ ‘ A
ol OV & O ) (9] W ®
‘ gl ‘ i @ fEme w o}
¢ ”"/};“"‘r:'?* 3“’/ ‘W Faradberis
2.2 b L 0 wll »

By Theorem 1, R(G,k) and R(G',k), if k is the rational field,
AR G

are both a direct sum of the greuptag’of an Abelian group of

2

order p< and type (1,1), and the total matric algebra of

index p over k(w).

In neither of the above two cases afe the corresponding
integral group rings R(G,C) and R(G*,C) isomorphic, by the
1st corollary to Theorem 13 in section 5, Whether it is
possible for two non-isomorphic groups to have isomorphic
integral group rings I do not know; but the resﬁlts of
section 5 suggest that it is unlikely.



L, Integral Group Rings of Finite Groups

We now turn our attention to the integrel group ring
R(G,C), where G is a finite group and C is the ring of
integers in an algebraic extension k of the rational field.
The particular object of the present section is to determine
under wﬁat conditions all the units of such a group ring
are trivial, '

The elements of R(G,C), are integers of R(G,k); that is
to say, they satisfy polynomial eQuations with coefficients
in ¢ and leading coefficient unity. For let t be any element
in R(G,C) and T its image in the regular representation of
R(G,C). That is, 1et T = Il 7 ||, where g(i),t = JE L g“’,
Then T has integral elements, and its characteristic function

9 (») therefore has integral coefficients, and leading co-
efficient wnity. But ¢(T) = O, and therefore ¢ (t) = 0;
so that t is an integer of R(G,k), as required. Moreover,
R(G,C) contains the unity of R(G,k), and the product of any
element in R(G,C).by an element of C is in R(G,C). That ring
is therefore an order in R(G,k). It is not, however, a
meximal order in R(G,k), except in the trivial case in which
G consists of the identity alone. For the element - Z’: gl
is an idempotent of the centrum of R(G,k) and is therefore in
every maximal order of R(G,k), but it is not in R(G,C). We

have, however, the following Theorem:-
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Theorem 3. 'If k ig a finite extension of the ratiomal

field, and O is any order of R(G,k) containing R(G,C), then

R(G,C) contains the set n 0 of all multiples of elements in

O by the order n of G.

Suppose that a complete set of irreducible representa-
tions of G can be so chosen that in each representation all
the elements of O are represented by matrices whose elements
are integers. Let these representations be n Jhie g Fu
give:p by equati_on (1) of the previous section. Let kl be
the extension of k determined by (7:3' ! [a, gz by R p 2ty d; ®=lp5n)
and define 7,3 im R(G,k!) by equation (4) of the previous
section, An element in 0 is of the fomm /:ZE,- L pij

with b, integrel, since by assumption the matrix || ‘f-/agl/

.
representing it in f;, has integral elements. Thus an
element in nO can be written AZL"/] @/, kn M ’]/» § with g/a 3:'

integral, and it suffices to show that "4,y 1is in
R(G,Gl) where C* is the integer ring of x*, However, since
R(G,C) is contained in O, elements in G are represented 1n‘
s by matrices with integer elements, so that 1 /‘(3 is
integral, and so by equation (4), ~ M55 . is im R(G,Cl).

It remains, therefore, to show that given the irre-
ducible representation [ we can find " equivalent to it,

such that the elements of O are represented in ' by matrices
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whose elements are integers1. We may suppose I" to be a
representation in some finite algebraic field k’ containing
k. Let 0’ be the order in R(G,k’) consisting of all ele-
ments Z, og OL where cy are integers in k’, and Oi are
elements in O, Let e,,...65 be the unit vectors of the

vector space in which the matrices of I (G) act, and con-

sider the vectors
(1) Xe, = L€, + Xty i#Xys €y

for all matrices X representing elements of 0/. Call a
vector (1) of length r if *,. = © for Et >+ and consider
the set Ip of all r-th coefficients Xy, of vectors of length
P For each r, Iy is fractional ideal in k' distinét from
the zero ideal. For Iy plainly contains the difference of
any two of its elements, and the product of any one of them
by an integer in k’. Moreover we can find a number m, such
that any element of mp I, is an integer. Ifr =1, we have
Xe =, €  so thatx-X, 1is a factor of the characteristic

function of X. Since O is an order, this function has
integral coefficients, and therefore X, is an integer, so
that we may take m; = 1. = Now since /' is irreducible, we
cen, by Burnside's Theorem> choose an element Er in R(G,C%),

and therefore in 0, such that its image in M is mp Ey,, for

(1) Cf. speiser, op.cit. Ch. 14, § 65.
(2) Cf. ven der Waerden, op.cit. Ch. XVII, § 121.
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some number m,, where E,, €, = &, By, € = 0, k#r,
Then by (1) we have

gy Ere Koy = m, Xix &
so that mp X, must be integral, as required. Thus I, is an
ideal in kl. If it were the zero ideal, there would be less
than s linearly independent vectors in (1), contrary to the
hypothesis that [ is irreducible. Since kl is a finite

extension of the rational field, we can find an extension

1

r‘in k" , having the elements

k' of k', such that the ideals I
of Iy as basis, are principal ideals (ar>qﬂ. Extending the
order 0O' again to O" in R(G,k") and supposing X in (1) to be
chosen now from the matrices representing elements of 0", we
have that there are vectors f., f,,...,fy in the set (1) such

b
t
th& f,r = 'qu el* TR T ST e_'_, -+ 0(7. 9.,.

Then every vector of (1) can be written as é', it /r  with
integral coefficients Ve Choosing £y, foye.4,f; @s a new
basis for the vector space, we obtain an equivalent repre-
sentation ' with the desired properties. Our next

theorem is almost a corollary of Theorem 3.

Theorem 4. If C is the integer ring of a finite extension

k of the rational field, then the unit group of R(G,C) has a

(1) See Hilbert, Jahwesberechte der Deulschen Mathematiker-
Vereinigung, 4, p.224, (1897).
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finite index in the unit group of any order O of R(G,k)

containing R(G,C).1

Let X, Y be any two units in O such that X = Y + nZ, where
Z is in 0. Then we have X v1 =1 + nzy"l, which by Theorem
3 is an element of R(G,C). That is to say,bx end Y are in
the same left residue class with respect to the unit group of
R(G,C). The index of this group in the unit group of O can-
not therefore exceed the maximum number of elements of O that
are 1ncongruént modulo n, and this number is the finite

integer n™ where m is the degree of k over the rational

field.

It follows that the units of R(G,C) cannot all be trivial
unless the unit group of a maximal order O containing R(G,C)
is finite. Suppose in the first place that the unit group
of C is of finite order. Then the group of trivial units of
R(G,C) is of finite order, and if it is the whole unit group
of R(G,C), must be contained as a subgroup of finite index in
the unit group of O. This group must therefore be of finite
order, If, on the other hand, the unit group of C is infinite,
then its rank is a finite integer r.z That is to say, the
unit group has a subgroup which is a free Abelian group on r

generators, but not for any greater number, Then clearly the

é1g Cf. Schilling, loc.cit.
2 See Hilbert, op.cit., p.214.
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same is true of the group of triviel units in R(G,C).  How-
ever, the centrum of R(G,k) is a direct sum of 4 fields,
where o is the number of simple components of R(G,k), and
each of these is isomorphic to k or an extension of k. Every
maximal order of R(G,k) and O in particular contains the integer
ring of this centrum, and the unit group of this integer ring
has a free Abelian subgroup on ar generators. 8ince a 2 1
and r > 0, we have a # » r. Thus the triviel unit group of
R(G,C)>cannot have finite index in the unit group of 0, and
therefore cannot be the whole unit group of R(G,C). This
gives the necessity of the fOlloWing condition: -

Theorem 5. A necessary and sufficient condition that all

the units of R(G,C) be trivial, is that a maximal order of

R(G,k) containing R(G,C) have & unit group of finite order.

To show that this condition is sufficient, we rely on:-

Theorem 6. The group of trivial units in R(G,C) is not

contained as_sa proper subgroup of rinite.index in any group

of units of R(G,C).

If O has a finite unit group, as has R(G,C). The unit
group of R(G,C) must then contain the trivial group as a sub-

group of finite index. By Theorem 6, it must therefore

coincide with it.
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If the group of trivial units were contained as a proper
subgroup of finite index in a group G, , of units of R(G,C),
then G§ would contain a non-trivial unit of finite order, in
which the coefficient of the identity of G differs from zero.
However, we shall show that this is impossible, and therefore

that Theorem 6 holds.

Lemma. The coefficient of the identity in a non-trivial

unit of finite order in R(G,C) is zero.

Let E be a unit of finite order in R(G,C), in which the
coefficient of the identity is the non-zero integer a. Let
E be the image of E in the regular representation of G, We
have trace E = na, where n is the order of G. The charac-
teristic roots of E are roots of unity, Wysees, Wy, and there-
fore

(1) [trace B | = |wi+wateswa| ¢ [wil* (Wa] £ oon[Wnl =

and the same is true for all the conjugates of trace E.
Therefore |[N(a)| £ 1 4, where N(a) stends for the norm of a,
and is therefore a non-zero rational integer., Thus equality
must hold here, and therefore also in (1). That is to say

| Wep Wate: tWa| = |Wls[Wa)t ..o & [Waf
which can only happen if Wi = eee = Wpe Then, however, the

matrix B, being of finite order, must be scalar, so that

E = w.1l, and therefore E is trivial, which proves the Lemma.
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We now seek to use Theorem 5 in order to determine all
group rings having only trivial units. By Theorem 5, the
corresponding group algebra must have a maximal order of
highest rank with a finite unit group. Now if an slgebra A
is a direct sum of subalgebras Al,...,A;, and O is ean order
in A, then the set 03, (i = 1,+4.5a), Of elements of Ay in O
is an order in Ay. Conversely, if O3, 1 = 1l,es.,0, is an
order in A;, then the set O of all sums O J ki Bigee Ehba®
(¢4 in 0;) is en order im A. . Moreover, if u is a unit in
O, then if we write u = U + U+ eee + Uiy Uy in Ai’ then u;
is a uwnit of oi; and conversely if for i =l,...,a, Uy is a
unit in ei, then u = B o+ Uyt eee + U is & unit in O. The
unit group of O is therefore the direct product of the unit
groups of 0, 02, & ¢ Oa' It follows that a semi-simple
algebra has a maximal order of highest rank with a finite unit
group, if and omnly if the same is true of each of its simple
components., Such a simple component is, of course, a total
matric algebra over some division algebra over the ground
field k. If the component is to have the desired property,
then in the first place the matric algebra must be of index
ones, For otherwise an order of highest rank must contain

for some x not equal to O the matrix

1X0o ¢
04 n which is &
B

unit of infinite order. The simple component must therefore

be either a field or a division algebra. In the former case,
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by Dirichlet's theorem on uwnits in algebraic fields, the
unique meximal order has a finite unit group only if the
field is the field of rationals, or a gquadratic imaginary
extension of it1. In the case of a division algebra D, let

kq be a meximel subfield of D, and C, its integer ring. An

1
order of highest rank in D contains all elements of m Cl for
some integer m, and hence all units of Cl of the form 1 + m X,
X in C3. But if thé wnit group of C1 is infinite, these
latter units are also infinite in number. Thus if D satis-~
fies our condition, Cl must be an imaginary quadratic field,
and therefore D a definite quaternion algebraz.

Thus if a group ring R(G,C) has only trivial units, its
group algebra R(G,k) must be the direct sum of fields iso-
morphic to the rational field or to quadratic imaginary fields,
end definite quaternion algebras. .

In the case in which there are no guaternion summands,

G must be Abelian. By Theorem 2 if h is the maximum order
of any element in G, and w a primitive h-th root of unity,
R(G,k) has a summand isomorphic to k(W), and all its summands
are isomorphic to subfields of k(w). Now w can be contained
in a quadratic field only if h = 2,3,4 or 6. Taking these

cases in turn, it is easy to see that the distinct possibilities

are: -

§1§ See Hilbert, op.cit. p.214.
2 Cf. Albert, op.cit., Ch.5, § 10.



1f there are quaternion algebras among the direct
sunmends of 2(0,k), then we have the Whp@nﬁﬂi?za*
' AN (o

¢

I¥, G is the direct product of s cuaternion atg

For we have that 0 must be Hemiltonisn, Thet is to sey
every subgroup of G must be self conjugate. - For if X, ¥,
in en algebrs that ie e direct sum of division m;brﬁé
satisfy xy = 0, they must slso satisfy yx = O, Tske, then
e ag(l=sy), ¥y=1+ 8 + s0s .*' .a%b-ﬁl' where &y iﬂ an ilh
ment in G of order m,  We have
B+0,¢...«0”") & (1-0,]= O,

~ X k- ;
a"" &LQ,-Q.--+0~1MI&.|= a[ azquqlal.r”'fal (Qlaz-



For some value of r, therefore, @, &,=®& % Q& &, A5 =4,
so that {az} is self-conjugate, and G is Hemiltonian, as
reguired. Now a Hamiltonian group must be a direct product
of a group of the kind defined in IV, by an Abelian group of
odd order1. However, if this latter group is not the identity
alone, the simple components of R(G,k) will include a quater-
nion algebra over a field k(w), w a root of unity other than
+ 1, which is excluded. By the same reasoning, the co-
efficient field must be the field of rationals. Conversely,
the group algebra R(G,k), G and k as under IV, is a direct
sum of fields isomorphic to the rational field, and ordinary

gquaternion slgebras. Its maximal orders of highest rank

have therefore finite unit groups.  We have therefore:-

Theorem 8. The group ring R(G,C) of a finite group G

over a ring of algebraic integers C has only trivial units

if and only if G and k, the guotient field of C, have one

of the forms I, II, III, IV, listed above.

It is easy to generalise Theorem 8 to the case of a group
ring R(G,C) in which G is no longer a group of finite order,
but is a group all of whose elements have finite order.
Firstly if G,k, are of any of the forms I, II, III, IV, then

R(G,C) cannot have non-trivial units. ©For if € = 0.9+ +ar gy

(1) See, for instance, H. Hilton, Finite Groups, p.178.
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were such a unit, 81se0018, would generate a finite subgroup
G® of the form I, II, III or IV, and E would be a unit in
R(GX,G) contrary to Theorem 8. Secondly, let G be a group
whose group ring R(G,C) has only trivial units. Then we may
show directly that in R(@,C), Xy = O implies yx = 0. For we
have (1 - 3yx)(1 + 3yx) = 0, snd 1 + 3 y x cannot be a trivisal
unit unless yx = C. It follows as above that G is either
Abelisn or Hamiltoniasn; and as it must not contain a finite
subgroup not of the form I, II, III or IV, it itself must be

of one of those forms,

Theorem 9. The statement of Theorem 8 remains true if

for the words "a finite group G" we substitute "a group G

all of whose elements have finite order.™
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5. Units of Finite Order in Integral Group Rings

We are concerned in this section with units of finite
order in the integral group ring R(G,C) of a finite group G
over a ring C of algebraic ﬁ%egers. The theorems that we
prove are all partiasl cases bf the plausible theorem:-

A group of units of finite order in R(G,C) is isomorphic to

a group of trivial units. It is convenient to treat only
normalised units - that is, units in which the sum of the
coefficients is equal to 1. Any unit is the product of a
normalised unit snd a unit in C, and any unit of finite order
is the product of a normalised unit of finite order and a
root of unity. The trivial normalised units, are of course
simply the elements of G.

Our starting point is in all cases the Lemma used in
the proof of Theorem 6 in the last section, which for con-

venience of reference we repeat as a Theorem,

Theorem 10 The coefficient of the identity of G in a

non-trivial unit of finite order in G is zero.

Two results can be proved immediately from this theorem
concerning the order of a group of normalised units of finite

order in R(G,C), one guantitative and the other qualitative.

Theorem (! The elements of a group of mormalised

units of finite order in R(G,C) are linearly independent.

The order of such a group is at most equal to the order of G.
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Let E, = 1, El,...,Ek, be the elements of a group of
normalised units of finite order in R(G,C), and suppose
that

I e o S &
The coefficient of 1 in E;, i # O, is zero, by Theorem 10 ,
unless E; is trivial, in which case it is obviously zero.
Thus we must have Ag = O. Applying the seme procedure
after multiplying through by E;l gives A; = 0, 1 = 1,...k,
so that the elements of the group are linearly independent,
as required. The second half of the theorem is then obvious,
as there cannot be more than n linearly independent elements
in R(G,C) if n is the order of G. Theorem 6 is, of course,
a particular case of Theorem 1].

The same argument shows that the elements of the group
of normalised units remain linearly independent modules any
idesl A in C. If, in particular,

S e R i AN
where P is in R(G,C) then each of kcn""’lxk is divisible
by m, so that P is expressible as a linear form in Eo,...,Ek
with integral coefficients. That is to say:-

Corollary. If a linear form in the elements of a

group of normalised units of finite order in R(G,C) ex-

presses an element of R(G,C), its coefficients are integers.
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Next let us proceed to our quelitative theorem con-

eerning the order of a group of normalised units,

Theorem 12. The prime factors of the order of a group

of normalised units of finite order in R(G,C) divide the

order of G.

Let E be a normalised unit of prime order p in R(G,C).
Then Theorem 12 will follow if we cen shew that p divides n,
the order of G. We may assume E to be non-trivial. Let E
be the matrix representing E in the regular representation of
G. Its trace, by Theorem /0, is Zero, If Wy,e00,Wy are
its characteristic roots, therefore, we have

Wit Wet oot M. To00 4
Each of Wys,eee,Wp is a p-th root of unity; and therefore a
power wE of the primitive p-th root w. We have therefore
wi = 1 modules A , the idesl (1-w). Therefore

M = W W+ -+ W, =0 med. ).
T A p; so that Pl = o (p), or p divides n, as
required.,

This theorem is essentially dependent on the fact that
our coefficient ring C is a ring of integers, but it is
independent of the field k out of which they chosen, - C may
indeed be taken to be the ring of all algebraic integers,

The theorem is therefore in direct contrest to the restric-

tions on the orders of elements in R(G,k) obtainable from the
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fact that such elements ‘must satisfy an equation with co-
efficients in k, and degree less than n. ' These latter
restrictions are much less closely bound up with the nature
of the group than are those on units of finite order in
R(G,C). PFor instance, in the group ring of the quaternion

group, of order 8, generated by X, y, z, subject to the
2 2 2

- pelations x2 = y2 = 22 = xyz, we have the unit of order 3,

| = £ (1-xq2)(3+x+ y+2).

It is a corollary of Theorem |0, that if the coefficient of
an element of the centrum of G in a unit of finite order in
R(G,C) is not zero, then the unit is trivial. In particular,
if G is Abelian, the units of finite order in R(G,C) are all
trivial. ‘ It might be supposed that in any integral gfoup
ring a unit of finite order is conjugate to a trivial unit,
but this is not so. Consider, for instance, the non-Abelian
group of order 6, generated by elements x, y, subject to the
relations x3 = y2 = (xy)2 = 1. We can show by direct multi-
plication that if

AtkP= g+ k (x-)it4) ,
then for all integral values of k, [A(k)]% = 1. But A(k)
is not conjugate to a trivial unit unless k is even. For
under the representation of G:-

)

R VR o 5 (whewee, xys HZ};H}ﬂy-»[]; W

we have v
Akl il
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Now if k is odd, this matrix is of the form 1 + 2 X, where X
is & matrix with integral elements. However the matrices
representing the trivial units of order two, - ¥y, Xy, and
xzy, - are not of this form; so that A(k) cemnot be conjugate
to one of them.

The remainder of this section is concerned with theorems
probsble under special assumptions concerning the nature of

the group G.

Theorem 13. If the group G is soluble and of order n,

then the order of eny normalised unit of finite order in

R(G,C) divides n.

We require first two lemmas on matrices whose elements

ere glgebraic integers.

Lemma 1. The algebraic integers p;, DPoj..., P, form

the first row of a matrix whose elements are algebraic

integers end whose determinant is unity, if and omly if the

ideal (Pys Poyesss Pn) 18 the wnit ideal (1), it being

supposed that n > 1.

The necessity of the condition is obvious. The suffi-
ciency can be proved by induction on n, as it is plainly
true for n'= 2

Every ideal with a finite basis in the ring C, of all
algebraic integers, is a principal ideal. For the elements

Gy s +es a,, Of the basis determine a finite extension of the
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pational field, In this field some power, say I’, of the
ideal I having (a5 eaes a,) 88 basis is a prineipal idesl
65)1@- 'In any field containing B%, amd in particular in C,
the ideal having @, sesy op 88 basis is therefore the prin-
cipel idesl (B¥)s In particular, the ideal (p,, +ee) rﬁ“l)
is a principel ideal, say (gq), end therefore p; = @ Py,

1
i

is (1)s = By the hypothesis of the inauction we can find
iRaieLe ”_ 52 B ” with integral elements snd determinant

1°2'1, vssy n-1, where p; is sn integer, end (P’i'*"' ?;»1)

wmity. Now ( Pieces P Pa) =(9,pa) = (1), so that we
can find integers ,f, o, such that Pj+ o b =1, Then

: Fiy o coBn Py A e o
the matrix || "x 2] has integral elements and deter-
O Py 2 a’bnl /° A8

minant wity as required,

Qeama 2. If X is s metrix whose elements are al__ge}araie
g"eegers, we cen find a matrix Y of dsteménant jemitu
with integer elements, such that the elements of the trems-
form Y"1 X ¥ below the "m;l.gl éigg' enial‘ are all gero. ‘

1et © be a cheracteristic root of X, and let v = (151,....,,::,)3

Pe a vector such that Xv =COv where of course ¥ is the
index of the matrix X.  We may without loss of generality
suppose that py,s.s; p, are integers, eand that the ideal they
generate is the unit idesl. For it would in any event be a

%) See H:llbeit, iee.éi'ﬁ., Pe22L,
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principal‘ideal (a), end we could divide through by q.

By the previous lemma, then, we can find a matrix Y, with
integral elements and of determinant unity such that

Y; e, = Vv, where e; is the first unit veector, (1, O,es0s0).
Then we have Y, XY e = Qe,  so that Y," XY, has the

form

ru . Repeating the process for the matrix Xl,
we eventually arrive at the desired transform.

We now prove our main theorem. Since every unit of
finite order in the group ring of an Abelisn group is trivial,
we can proceed by induction on the order of G. Since G is
soluble, it possesses an Abeliesn self-conjugate subgroup H
of prime power order, p*.  Then the factor group G/H is
soluble and its order m is less than the order p%m = n of
G. By the hypothesis of the induction therefore, the
theorem is true of G/H. If E is a normalised unit of
finite order in R(G,C), its image E in the natural homo-
morphism of R(G,C) on R(G/H,C) will be a normalised unit of

finite order in R(G/H,C) and therefore E" = 1.  Therefore
]
FRPONETI UPRELE Nk AT B AD PRI S Teme
(%
It suffices therefore to show that & unit of this form has

an order dividing p%*, And for that it suffices in turn, to

show that the image of E° in any irreducible representation

of G has an order dividing p%.
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Let [, then, be sn irreducible representation of G.

We can suppose that the elements of H are represented b#
diagomel matrices, and at the same time that all the elements
of G are represented by matrices whose elements are 1ntagers1‘
For, 1et M504, M, be the distinet irreducible components
of [' considered as a representation of H; let X be the

vector space in which the matrices of (@) operate; snd
let X 5 @ = 1,..4,F; be the subspaces of X in which f‘.(h},
for all elements h in H, acts as a multiplier by the ‘sasler
f‘;(k}. Then any matrix of [ (G) permutes the sﬂhspaceé
Xyses0sXpe For if v is in X, g in G, then for any element
Pl | . ) dnke
r@.Nyw =."9.75"k3)v = Ng. [g"h)) v, since g7k g 18 inE

= D& v, gor some value of B,

so that M(g).v is in Xge ~ Since M is irreducible; the per-
mutation group so formed must be transitive. Hemee ZjseseX,
must ell have the seme rank, say m. Now let G, be the maxi-
mal subgroup of G such that [7(@,) leaves X, invarient, end
choose & Pasis Xj,ssss%, Of X, so0 that the matrices of the
representation of G, induced by I"in X have integral elements.
Furthermore, for o = a,.,.,r, let g, be an elwent of G such

oosc

that [ (g,) Xz = X,» and hst . f (g,) xl..,..,F(sa,) X, 88 &
buu Kolumjaty 0, Kugapen OF Xgo © Uniting these bases into a

(1) ¢©f, speiger, op,cit., eh. 13, § 51.
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basis of the whole space X, we f£ind that [ has the desired

form.

Then, if 7 (E)) = Ei we have by (1)
(2) Es" » o b 2 x b <1

where Xj represent matrices with integral elements, Hy
matrices of the form u:‘ WZM ) I l"fa is the maximum
order of sny element in H, we have pig el and vz';l in Hy
is a p’=th root of unity. 'Let w be a primitive pf-th
rooth of uwnity. Then (2) can be written
(3) Eo* = |+w-1)X, , where X, is a matrix with integer
elements.
But by lemma 2, we can find a matrix Y such that both Y and
Y"l have ihtegral elements, and the elements below the main
diagonal in yl on Y esre zero. Then the elements in the
main diagonal of Y1 on Y will be the characteristic roots
Byseees G5 0L Eg 4. But by (3)

]

VrenE Yeeel it NG 16wibls
so that, if A denotes the ideal (w-1),

(&) 9/0 = (O ()\) ) //J:l,..,:_

Since E, is a wnit of finite order, O is a root of unity,
say of orvder $f7and the order of E: is the least common

multiple of 9,5ee., 35 . Now mm:-__ () wheve = pt'(p-) @.)

(1) Hilbert, op.cit., p.33l.
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But if 4, were divisiblegtwo primes, @5 - ! would be a
unit, making (%) impossibie. If on the other hand 9, "
where t is a prime, then the ideal (&y-l), raised to the
power # = t7 '(t-1), is equal to t.  Raising (4) to the
power ¥ 7 , we obtain
b Bhe g@oup iy

whence t = p, w37 &, or B ¥ 7 . That is toisay, the
order of 8, for , =, § divides: ffa as required.

We have, actually, proved more than is stated in the

theorem, namely:-

Corollary. If G is a soluble group; G = Gy 2 Go2:---3 Gp =

E any series of self conjugate subgroups of G such that

Qij/’Gﬁ+l is Abelien; and n; is the maximum order of any

element in Gif/ G413 then the order of a normalised unit

of finite order in R(G,C) divides my n, ... B, ;.

We stated at the beginning of this section that our
Theorem were all partial cases of the statement that "A group
of units of finite order in R(G,C) is isomorphic to a group
of trivial units." We shall only succeed in proving this
statement for the particular case in which G is a group of
prime-power order whose second derived group is the identity,
or a direct product of such groups, These groups have the

property that their upper central series terminates in the
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whole group G,  The upper cemtrel series oy Iy, iess 48
defined by (i) Z, consiste of the identity alome, (i1) Sy
Zi. /z;. is the centrum of G/Z;.
The theorem is proved by the use of rather different
methods from those used in proving the previous theorem,
We define, in the group ri&g R(G,C) of eny group G, the two-
sided idesl N4> where H is any self-conjugate subgroup of
/l V/—\i’_ in;ﬂm%t_ Eege?atad by, m elemmts Y for 811 h'in He
This idesl consists of all elements in R(G,C) whose image
in the natural homomorphism of R(G,C) on R(6/H,C) is zero.
Let us observe that sccording te our definition a unit is
normalised if it is congruent to 1 moaule lc, + We prove
first two lemnos concerning these 1deals. -

we have ML ‘ 0; ‘

W ~1) = (l-r)(( e g ST g - ')
80 that the condition is mfﬁaiem, ‘

mwantheatherhmthﬁx-O(/k) X must then
be expressible in the fomm

SRR NG CU M AN

(1)§ 9§' Bwa.aa, Theory of Oroups (2nd Baition), eh, VIII,
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Setting Xo = ees = x3 = 1 gives a homomorphism of G on to
the cyelic group {xl} of order n1 , and the above relation

must of course remain true under it. That is to say

/A,(Il—-l) = f“l (JL,-I)Z! |
or ( - @, (x.-l)) &-1)= 0.

group ring of tle °~17
However, in tﬁéﬁc’ffgroup {Xl} ¢ (x -1) = O/if

nl-l).

Y=ml+x +.e0 +x Therefore

P AT EON R oy

whence, setting X = ) /"'1 = mn , as required.

Lemma 2. If % is sn element of R(H,C), where H is a

self-conjugate subgroup of G, then 920 (Aa M) if and
2
only if ¢ =0 (k).

1f Pi= 0 (,\HL) then obviously SD 2.0 O c,}m) . Suppose

conversely, that
(1) g = Z s (}f-l)(L;‘-l) ; },f,;..G-, LSL'.,\H,

Let §,, ‘i ,J.,- be a set of right hand residue class

representatives module H, where §, =1 . Then we may set

(2) ; V.5 (37‘9 = 2 T G ! Oes “M?(H/C)-

Substituting in (1), and comparing the coefficients of
€,s 815 ++. On the right and left, we have
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?-’-‘- ; (903 ()‘s l),
0= 3 8 (h-1), e puo
so that

(3) 50:‘ Z‘:/Qes (1"-‘_’)'
Now Z'Ge; = g,je@b.s ﬁe&‘)‘i‘)

= 0 aedlde by (2)e

But gees is in R(H,C), so that this emtails J ¢ =0
mod A\w o+ By (3), then we have ¢ =0 O’u} as required,

It should be noticed that multiplication of the ideals
Ay is not in general commutative and we cannot deduce from
Lemma 2 that if ¢ = 0 modulo (Agdw, Awde) them @P=0(\)
For, by lemma 1, we have that if ¢ is Abelian, an element g
of G is congruent to 1 modulo AZ only if it is equal to 1,
(for it is easy to see that . x'.x s+, (¥ )¢ '"*4«(114),();)),
Thus in genmersl g = 1 mod A 1f § is en element of tne
derived group #‘G'. By Leima 2 then, g = 1 mod )aAw
only if g is in H'. But any element 9hj~L”  of the
commutator group (G,H) = F of ¢ and H is congruent to 1

modulo (Rq \, A de) | we nave, in fact,
' ghg ko = g Rt W32y )
Conversely, if g =] el (Ne>u, 4w As) then
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g is in P = (G,H). = Por H/F is in the centrum of G/F,
and therefore )¢/ A% = M, M%in R(G/F, C); so that
g F =1 module )& A“A: ; and therefore g is in F.
Summing up:-

Corcllary to Lemmas 1 and 2. Let G be a group, H a

self conjugate subgroup of G. Then if g is an element of G

(1) g=1 mod A& if and omly if g is in G';
(ii) g =1 mod Mg d# if and only if g is in H';
(iii) g = 1. moa (N¢ b, M)e) if and only if g is in (G,H).

Now let us prove our main theorem,

Theorem 14. Let G be a group whose second derived

group consists of the identity alone, and the c-th group

of whose upper central series is the whole group G. Then

a group of normalised units of finite order in R(G,C) is

isomorphic to a subgroup of G.

By Theorem 11, a group of normalised units of finite
order in R(G,C) is finite; it therefore suffices to prove
theorem 14 in case the quotient field of C is a finite exten-
sion of the rational field.

Let E be a unit of finite order in R(G,C). The image
of E in the natural homomorphism of R(G,C) on R(G/G',C) is
a trivial unit in the latter group ring, since G/G' is
Abelian. If furthermore E is normalised, then this image

is an element of G/G'. Let g, be any element of this
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residue class module G'. We have then

£ = 3!"’ LZI 905. (Li"');
where hl""’hr’ of orders ny,...,0p, are a basis of the
Abelian group G'. If the sum of the coefficients of the

elements in #;is AL then 9 2L mod M , end there-

fore
" {

Let us for the seke of clarity first suppose that we are
dealing with the ring of rational integers as coefficient
ring C, and treat the generasl case afterwards. Then from

equation (5) we have, ‘ _
'r 1
FEozeger 2 P (R.-1) musolilig b’
L=}

29008 [l ) ) medede,
L=

mupese £ 9Ll 85 Y44}, . et hodsc)
= j'- f.f'...f;or P ,\c,/\c,-/.

That is to say, every normalised unit E of finite order in

R(G,C) satisfies a congruence
(6) Eoomg o mesk b dg!

This congruence determines g uniquely. For by the corollary

to Lemmas 1 and 2, § = j' medlgd¢ implies that §j"™' is in
the derived group of G', - that is to say, is the identity.
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/
Moreover, if we have also Bl =58 ik, ok A 0r>‘0r 2

then Enh, w2 g ot A Do’y

so that the correspondence £72§ provides a homomorphism of
any group of normalised units of finite order 6n a subgroup
of G. To show that it is an isomorphism, we must show that
if
(7) E = ook )\CTAQ‘I }
and E is a unit of finite order, then E = 1. By hypothesis
G has the upper central series Zg = 1,Zy,..0,%; = Go We
proceed by induction on c; as if ¢ = 1, G' consists of the
identity slone, A’ 1is the ideal (0), and the assertion is
therefore trivial. Assume then that the assertion is true
of the factor group G/Zy. Let B be the unit of R(G/Z,C)
corresponding to E. Then (7) implies
E =1 med Aéy Mg )/
end so by hypothesis E = 1, or E = 1 mod Az,. It follows
that the sum of the coefficients of elements of % in E is 1,
so that not all of these coefficients are zero. Since Z
is the centrum of G, it follows from Theorem 10 that E is
trivial, say E = z. But we have already shown that (6)
determines g uniquely, and therefore by (7). 2.= 1.  Thus
Theorem 14 is true if C is the ring of rational integers.

If C is not the ring of rational integers we cannot of

course pass as asbove from eguation (5) to equation (6).
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However, we can choose a basis Wy = 1, Wy,eee,W; of C, -

that is, a set of integers wy,...w; such that every integer

in C can be written uniguely in the form a, W, +& W+ T

where 8gj...8,5 are rational integers1. Let, in particular,

S

/:;,in (5) be equal to 2 p;‘[,v/u A Then by a similar
Q/:Q

process to that which led to (6), we can shew that there

exists en element g in @G such that
)

t6a)i1y siby Fet] 1T .3 i Ll wy (L -1) et A g AG!

P sl el 55 1l

where O,:. «:),., 4, o =l,.., v, 8re rational integers. This
congruence is equivalent to the assertion that if

L

(8) E =z EgtrEaMimet Es wey

where E;, a = 0,...,8, are in R(G,C,), Co the ring of

rational integers, then

o)y of, s 3 metdede! £ =0 bedde!, Wi

i

Now (8) determines the components Eys Ejsoecs Eg uniquely,
since 1, Wyseos,Wg, form a basis for C. It therefore
follows as before by the corollary to Lemmas 1 and 2, that
(9) determines g uniquely. Moreover, if F is also a
normalised unit of finite order, and

Fiz Fo+ Fiw+ e » Fs Wk

(1)  Hilbert, op.cit., p.180,
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where , 5 iy
Fosglwl\o)\q" F, =2 0 Mr\q:q/#o.
then we heve EF = EF, +(ER,w,* — +(E F)s we where
; :
(E bl = B F s OB Fa /Qf; rational integers,
; v,-/l.-l £ ]

d

1

) RS9 ) Y

Thus the correspondence E > g, where g is determined by (8)
and (9), is = homomorphism of any group of normalised units
of finite order of R(G,C) on a subgroup of G. We must
finslly show that it is en isomorphism by proving that if E

is a normalised unit of finite order such that (8) holds and
Eo

l1mod Aglg/, then E = 1. We prove this by in-
ductioh preoisely as in the case w_here the coefficient ring
was the ring of rational integers, The only point at which
there are fresh compiications is in proving‘ the special case

C = 1. Then however, G is Abelian and E is therefore trivial,
and being normalised, is an element gz of G, Therefore

E = E;, end since Mg/ is'the ideal (0), By = 1.

This completes the proof of Theorem 14.

Now let H be any group of units of finite order in

R(G,C0). Let y be an element of H, and ¥, the normalised

unit such that y =Wy, win C, Then y — ¥o is a homo-

morphism of H on to a group of normalised units. If we
suppose that the elements of H are linearly independent,
then in particular H contains no roots of unity, and there-

fore this homomorphism is an isomorphism. Thus by Theorem 14
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H is isomorphic to a subgroup of G. Applying this to the
special case in which the elements of H are a basis for
R(6,C) and therefore H has the same order as G, we obtain:-

18t Corollary to Theorem 1lh. If G satisfies the

conditions laid down in Theorem 1 , then R(G,C) is not

isomorphic to esnother group ring R(H,C) unless G is iso-

morphic to H.

Furthermore, by the corollary to Theorem 1 , we have
that if H is of the same order as G, and R(H,C) has a group
of normalised units isomorphic to G, then the elements of
this group are a basis for R(H,C).  Thus we have that
R(H,C) is isomorphic in R(G,C) and therefore G to H.  We

may thus state a limited converse to Theorem 1 :-

2nd Corollary to Theorem 14, If G satisfies the

conditions laid down in Theorem 1 , and H is of the same

order as G, but not isomorphic to G, then R(H,C) does not

contain a group of normalised‘units isbmorphic to G.
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6. An Exemple
In this section we consider the detailed application of

the theorems of the last three sections to a particular
group ring. We take one of the simplest groups not of prime
power order, namely the group G generated by two elementis a,
b, subject to the relations:-

At = Bllie s didad Galu
where p is an odd prime, snd r a primitive number module p, -
that is to Say,‘fia ] mod p if and only if i 1is a multiple
of p-1, '

The order of G is p(p-1), for every element can be
written uniquely in the form a’bx,/Q % Qe -l R 0 e D
Moreover the number of classes of conjugate elements is p;
for the elements a’bX, a°b! are conjugate if x = y # o, or
if x.=.y3.=.0, LF.Os o* .Oe That is to say, the elements
in eny residue class with respect to {a} except {a} itself
form a class, while the elements of {a} fall into two
classes, one consisting of the identity alone, the other of
all other elements in {a} . There are therefore p absolutely
irreducible representations of G. | Of these, p-1 aré of

degree 1, namely

(1) a = 3 £ - wg‘ gy e (b, Bl &

where w, is any primitive (p-1)-th root of unity. The

remaining representation is therefore of degree p-1l, since
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P-4 (10" = plp-1), the order of G. It can be obtained
by first representing G as a permutation group on the residue

classes {bja’” with respect to {b}, according to the scheme:-

(2) g is represented by: (4} a P (f}afy .

This permutation group is doubly transitive, and as a linear
representation of G is therefore the sum of the identical
representation and just ene other irreducible representationj-
the representation of degree p-1 we desire. By this con-
struction, the representation can be written rationally.

From this enumeration of the representétions of G, the
decomposition of A = R(G,k) into simple components follows
from Theorem 1. We shall, however, prefer to unite the com-
ponents corresponding to representations of degree 1, into a
single component. Or, what comes to the same thing, we

shall treat the representations (1) as a single representations

G e L = %

J ’
on to the group ring R(G5k), where G* is the cyclic group { D)
of order p-1l. The remaining simple component is a total

matric algebra of index p-1l over k. We shall in fact have

A = /ql =k Az 4 Q' o= /_] L et a,?:f HLS A P_l_q-...-l_’r—l.

4

» %
Here A; is isomorphic to the group ring R(GE&) and A, to the

total matrix algebra of index p-1.

(1) Speiser, op.cit., ch.8, § 39.
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An element of R(G,k) is, of course, determined uniquely
by its components in Ay and A,. Let us seek to determine
what conditions these components must satisfy if the element
is to lie in R(G,C). Firstly it is clear from (3) that the
first component must be an element in R(G%,c) an& that con-
versely given any element in R(G¥,0), it is the first com-
ponent of an element in R(G,C). The condition imposed on
the second components will clearly depend on the basis chosen
for the total matric algebra A2. We proceed therefore to
show how that basis may most conveniently be chosen, Since
A, is isomorphic to the algebra of matrices representing
elements of R(G,k) in the irreducible representation of G of
degree p-1, this is the same as choosing the most convenient
form for that representation.

Observe firstly thaet by equation (4) of section 3, -
with, in this case, n = p(p-1) and n,=p-1l, - an element in
R(G,k) with first component zero, and second component a
matrix whose elements are integers divisiblé by p is in
R(G,C), provided only that our representation has been chosen
so that the matrices representing elements of G have integral
elements. That is to say, what we have to comsider is the
form the representation takes module p. Now over the Galois
field of order p, the group algebra of G ceases to be semi-

simple, We have in fact (a-/ "z a®/ = © mod p; and since,
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if g is any element . im G, 'ig(e=<t)=@’~l) 3= (a-1s @3 ~--*4r/)j,
the ideal (a=-1) is milpotent. - As a matter of Iikgtfoms

the radical of the group algebra, and therefore the gquotient
algebra with respect to the radicel is isomorphic to the
group algebra of a cyclic group of order f-~l. It is, in
particular, commutative, and any representation of G in the
Galois field is therefore equivalent to a representation by
matrices whose elements above the main diagonal are zero1.

Let us proceed to verify all this explicitly. From

the derivation of the- representation from the representation
as a permutation group on the residue classes [b}ap, we Ob-

tain the following form, where we have set {b} a% = X, and,

to remove the identical representation, x = "xl_x2-"’-xp-1:-

a is represented by: X , = Xy4) , & mi, 2., p-2;
(%) Y-t == RKi-Ky==Kpot
b is represented by : xy = Xz , & =1,2,., p-l;

where +d = A« mod p; and F¥ =1,2,.,., 0r p=1. = We may
verify by evaluating the characters that the representation
is indeed irreducible, for we have generally

o®bY¥ is represented by: xi = i e

(1) ©f. B.L. van der Waerden, Moderne Algebra, vol. 11,
eh. XVII, § 121.
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where X,, if it occurs on the right hand side, is replaced

by =X, =Xg=ese=Xy_ 7. Consider the element

p-2

"._L‘ - 72 ﬁ-" % 5
e Tl
1=0
of R(G,C). Its first component, by (3), is zero. Its

second component is the matrix of the transformation

b-a
i éo (x"’v(“”’f'i) — x”’(“"’i;}
P=1
: kZ, (xk(«-£)+j sy )
=1
Now if d # (, then as k varies from 1 to p-1, then k.o and

k(a-i) equally vary over all the non-zero residue classes

mod p, and therefore ' %, =0 . On the other hand

p-i
’ o S —
) Iez-) ("‘J —‘xk(‘vj)
P-)
= px; - S xg
&K=0
which is equal to p xj, when we have set Xy = =X - o ""Xp-l
on the right hand side. The matrix in question is there-
b Ey-[ fore p Efj} end, es we asserted above, an element of R(G,k)
whose first component is zero and whose second component is
p A., (A an integral matrix) is therefore in R(G,C).
We now replace the basis XyseoesXg g of the vector space

by a new basis

(5) Ve R T BT e T
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where (‘,) as usual represents the polynomial e o) j

fils 2
£ )= : Prpy _ R
Since (d _),-o if /37,:» &, ondk (., )~; b iy /4.. I &
(5) is a change of basis having an integral unimodular
matrix., We wish to determine the form taken by the repre-
sentation (4) with respect to this new basis. Firstly, a

is represented by

L= [
” Z ( ) Wy
j 3 =1 o
r-a
4 P -P v
i T o } lp‘\" ‘&) <)k,f +)(P_,}
P
1/
T Xisl _— !
é‘:,( o ) (“ (c() 7(‘ (&/)()(('r'”‘f']’/-//l.
¢ 2 ‘ i . pls )(_’ //'x'_’
Now we have identically in x, ( d) - 0T :\a{ﬁ/} Thence
/ P-’ P_'
ay 1"/3) /p-;g) P !
jd Z~/ ( o )L/3 + Z d,—[' )Cﬂ g (‘[) Jc' ’_(d)(x"f)(-\-f”'*x,h-/j_
ﬂ"l p:l
Now (C)SO mod p; and if <@/, (J)=O; whereas if o« =/
F‘-[\\'_J{l\\}‘_ ¥ thus.‘
Q’*') AT

)

G = Yu  mad g

(éa) a is represented by : ;

L"d = 71*71-: /lawtr{{a/;{=2f.yf—/_
As for the element Db, this is represented by:-
p-i TR bl
/ P *
Ye = P‘F‘) 4 e -
z ( oL j'/l 2 ‘/ .)(;:ﬁ ]
/.\=1 A=



whence ik i : . (
PN W SR P ey

g
Now [F —;’*/a) is a polynomiel in 8 of degree o in B, and
\ . :
taking integral velues for integral values of f. It is
therefore equal to an expression of the form
f/p-p) r [(p-R) -3 |
§, + J‘( i) wbudl b ol f..,-fif; (Pdvi))

| P :
where, since | p is divisible for p if B = p , fo is
divisibie by p. Also, comparing the coefficient of the

leading term, 7, = +*% Thus
(6b) b is represented by Y B Fol +hoye rnd, Y 17y otk p

In short, the basis of the salgebra A, of second components
can be so chosen that, modulo p, the second components of

a and b take the forms

a* O
Yot

x » P
It now follows readily that if the matrix X is the second

| ©
T
t

respectively.

L ©
0 :?
component of an element in R(G,C) its elements above the
main diagonal are zero modulo p. If, moreover the first
component of the seame element of R(G,C) is zero, then the
element is of the form (a-1)%, x in R(,C), and therefore
the elements of X in the main diagonel are zero modulo p.

Conversely, if an element» of R(G,k) has first component zero
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and second component a matrix with integer elements, those

in and sbove the main disgonal being zero modulo p, then

1t is mWR(G,C). We have already proved this if all the
elements of the second component are zero modulé ps it
suffices therefore to show that we can construct an element
ofR(G,C) having first component zero, and second component
of the form sbove, the residue classes modulo p of the
elements below the main diagonal being preassigned arbi-
trerily. But the elements [, b, ..., bF* have second
components whose main disgonsls are, in some order (%:§~35pf>
for s= 1,2, P!, /modulo p. These are linearly independent
modulo p, and therefore we can find en element of R(G,C)

the elements of the main disgonal of whose second component
fell into arbitrarily preassigned residue classed modulo p.
By multiplication by (}-4)‘, ¢z 4. ,p + we obtain elements
of R(G,C) whose first component is zero, and whose second
component has in its main diegonal and its first (i-1) sub-
diagonals, elements congruent to zero modulo p, but in the
i-th subdiagonal elements of arbitrary residue classes modulo

Pe. Our required construction is now obvious. To sum up:-

The group algebra R(G,k) is the direct sum of A;, iso-

morphic to the group algebra R(G? k) of a cyclic group {{*}

or order p-1, and Ao, a total matric algebra of index P !

over k. An element of R(G,k) is in R(G,C) if and only if
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i )
its component in Ay is &(5,’in r(¢¥, ¢), and its component

in A, is a metrix with integer elements, those above the

main disgonal being congruent to zero, those in it to

Pat),. Y, -, CP(T*P") respectively modulo p; provided that

the basis of A, is conveniently chosen.

What then can be said of the units in R(G,C) ? The
first component of such a.unit is, of course, a unit in
rR(G¥%, C), the second a unimodular matrix. We have then
obviously: -~

The group U of unite in R(G,C) has a self-conjugate sub-

group Up_comnsisting of all units whose component in A, is

1. Uo is isomorphic to the group of all matrices with

determinant unity end elements in C, those above the main

diagonal being congruent to zero and those in it %o unity

modulo p. _ The factor group U/U, is isomorphic to the unit

group of R(G*, C).

What, in particular, can be said about a normaslised unit
of finite order % The first component of such a unit is a
normelised unit of finite order in R(G¥, ¢) - that is, since
G* is Abelisn, an element of G¥. Consider first a unit

whose first component is 1. Its second component tekes,

modulo p, the form ”L:n°
% .- %71

characteristic function is therefore of the form:-

{, for some value of /L . Its

(x*l) P"f+ )‘IP é(.-{}P"\,_ SR )P-l [’)(‘)ul}mf—(;ur/\‘p.,P)./’J,
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A characteristic root w is therefore a root of unity satis-
fying the congruemce (W-i) 7'z 0 medp, and as we showed in
the proof of Theorem |3 in Section 5, w is therefore a p-th
Beefcofmiiy. . Ifiweicadd sthe hypetisesigithat s = o moolp,
we obtain

(W - ) ol e s Lps p(w—:)) i

2 1]

Fhis is clearly false if w is & primitive p-th root of unity.
It follows that w = 13 and as this is true of all the charac-
teristic roots of our matrix, which by hypothesis has finite
order, the unit we are dealing with must be unity.

Next, let u be a unit whose first compoment is b™¢

where e # =p—l,a‘>| . Its second component has the form ©
"';f,,»u_

% g
to the power f, we obtain a unit whose first component is 1.

modulo p, for some value of M~ . Raising u

Its second component, it may be verified, has a first princi-
I o : = Fe(s-1) )
pel minor “%/M ” modulo p, where gﬂ; r (H— o el )

(2]

’

w

Now ~*e s\ mod p 3 but sredy ( , mod p; therefore 9?;
mod Dp. It follows from the previous paragraph that
so that u is of order f.

Now, let U be e{ group of normalised units of finite
order in R(G,C), U, its subgroup of elements with first
component 1. By Theorem !2, the order of Uo is not grester
than | (p4l), end since all its elements have order p, Uy, if
it does not consist of the identity alone,fa eyclie group
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of order p. Let the group of first components of elements
of U be generated by b ¢, where e f=p-1" as'above,” ‘Let &
generate U,, end let by be an elemént of U having first

component b °,  We have seen already that
£
abf 2ol Risl
But if the second components of 8y bl’ have respectively

first prineipal minors of the forms ”/L i : “ W Fae

modulo p, then bk ' a, b, has ccrreSponQingly )L;izczef))) ‘ of thﬂge“

woil
which is equal to || ,rle/“ f” ; 1t follows that
b,"q‘ b, = ‘1fe
Thus U is isomorphic to the subgroup [a, b®] of @, under
the correspondence o, 9 &, b =3 b
It may further be noted that if G’/ is the subgroup
{e, b%} of @, and U is a group of units of finite order in.
R(G',C) then the first components of elements of U must
certainly be elements of the group [£°'|. Thus the group
{b* “} is a subgroup of {L"’lf , ‘and the subgroup of G iso-
morphic to U is likewise a subgroup of G'. That is to say,
we have shown that if G’/ is any group generated by two ele-
ments a, ¢ subject to the relations:-
O_b= ce___/‘ c—nq_c=&$’.
where s is of order f precisely modulo p, and ¢ f = f-1; then
a group of normalised units of finite order in R(G’,C) is
isomorphic to a subgroup of G'.
The most important cases are the two extremes, G’/ = G, «d

the dihedral group of order 2 [
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7. Group Rings of Groups without Elements of Finite Order

In this final section we shall prove that for a certain
class of groups G without elements of finite order, whatever
be the coefficient ring K, provided only thaet it has no zero
divisors, the ring R(G,K) has no zero divisors and only
trivial units. The groups for which this is true include
free groups and free Abelian groups; and generally, if it is
true for any two groups it is true also for their face
product and for their direect product. A theorem of this
kind is clearly quite,different in character from those that
we have proved concerning the group rings of finite groups,
chiefly in that it is independent of the coefficient ring,
whereas the theorems of the previous sections depend essen-
tially on the fact that the coefficients are taken from rings
of algebraic integers. Naturelly, the methods used to prove
the theorems are also of a different kind,

We meke first two definitioms. Let X, Y be any two
sets of elements of the group G. Then a pair x, y of ele-
ments in X, Y respectively will be said to have the isolated
product xy, with respect to X, Y, if the product x'y"of an

element x' in X by an element y/ in Y is equal to xy only if

x' =xeand y’ = y. Similarly two subsets Iao Josal 3.3

respectively will be said to have the isolated product set XY,

if the product x, y' of an element x ' in X by an element y' in
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Y is equal to theiproduct xy of an element x in X, by an
element y in Y  'only if x'is in X  end y‘is in Y.

Then the following lemma is almost obvious,

Lemma, If in sny two non-vacuous finite subsets

X, Yof G, we can find a pair x, y of elements having an

isolated product, then R(G,K) has no zero divisors., If

furthermore whenever X or Y has more than one element, we

can choose two such pairs, then R(G,K) has only trivial

units.

Here, and throughout this section K stands for a ring
without zero divisors,

Let P, Q be any two elements of R(GyK), and let X, Y
stand for the sets of elements having non-zero coefficients
in P, Q, respectively. If the pair x, y in X, Y respectively
have an isolated product xy with respect to X, Y, then the
coefficient of xy in the product of P,Q is precisely the
product of the coefficients of X in P and y in Q, and is
therefore not zero. Thus if there is in any pair of finite
subsets, X, Y a pair X,y having an isolated product then
it P#0, Q % 0, we.cannot have 7P Q@ = O. If furthermore
either P or Q is not of the form }3 then either X or Y
has more than one element, and the second half of the lemma

follows,
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Whether or not the hypothesis of the second half of
the lemma follows from the hypothesis of the first half, T
do not know, Certainly it does mot follow from internal
considerations on any two given sets X, Y, for if we take
the sets X, =(9,9%) Yo={, 9% 9°) , in the eyelie group
{g} of order 5, then the condition of the first half holds
for all subsets of X, and Y,, but the condition of the
second half does not hold for the sets X,, Y, themselves.
For the whole group, of course, neither condition holds.

The hypothesis of the second healf of the lemma is
eguivalent to the following condition, which for convenience
of reference we label as Condition I,

Condition I. If X, Y are non-vacuous finite sets of

elements of the group G, of which at least one contains

more than one element, then we can find two pairs of non-

vacuous subsets, X,, Y, , and X,, Y., such that (). X . snd

Y . have the isolated product set X;¥:, (i =1, 2)

(ii) either X, and X, or Y, and Y. have no elements in

common.

If Condition I holds, we can find in any non-vacuous
finite sets X, Y, of elements of G, of which at least one
has two or more elements, two pairs of elements having an
isolated product. This is obvious if either X or Y contains

just one element. We prove it therefore by induction on
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the sum of the numbers of elements in X and in Y. By the
hypothesis of the induction, then, we can find a pair of
elements xj, ¥4 in Xi, Yi having a product xjy;j isolated
with respeet to Xj, Yi. The product is however then
isolated with respect to X, Y, since we cannot have
ZguPiteox ¥yi{x. in X, y in Y) wnless x is imn X1, ¥ in Yj.
Moreover we cannot have x; = Xp and yi = ¥p, as then both
Xy and X5, and Yy and Y, would have elements in common,

By the Lemma therefore:-

Theorem 15, If ¢ satisfies Condition I, R(G,K) has

no gzero divisors and only trivial units.

In attempting to prove that condition I holds for a
particular group it is useful to realise that if the condi-
tion holds for the particular sets X, Y, it holds for any
other pair of the form g4 X g2, g2'1 Y g3, since obviously
the subsets Xy, Y,, of X, Y have an isolated product set
if end only if the same is true of the subsets g, X, 8o
gz-l Y, g5 of g X g5, gZ'E Y, gz. Thus we may always, if
it is convenient, suppose that the sets X, Y both contain
the identity elements. Again, if G has a subgroup F which
satisfies condition I, then the comdition holds for any two
sets X, Y, of G, of which at least one contains only elements

of R, For suppose X only contains elements of ¥, If the

elements of Y are in the same left residue class with respect
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to P, - which we may teke to be F itself, then the condition
holds by assumption. If on the other hand at least two
left residue clesses F gy end F g2 contain elements of Y,
we may take Xi E= X2 = K, Yi consists of all elements of Y
‘ in F g1 Y, consists of all elements of Y in F g5 and the
condition holds,
Ereak

Condition I is, however, very difficult to tket in any
particular case, and it is convenient to deal with a condi-
tion that probably holds for & more restricted class of
groups, but is easier to apply. The funetion ¥ (g) of
elements in G whose vélues are rational integers is called
an indexing of G if there exists an element of g such that
¥(g) =1, and for all gy, &, in G, 7 (g 8) = ¥ (g7) +
¥(g5). That is to say, ¥ 'is a homomorphism of G on the
additive group of rational integers. A group G is said to
be indiceble if there exists a function ¥ indexing it.
Then our condition is:-

Condition II. Every subgroup, other than the identity

u-).ou.{

sheme, generated by a finite set of elements of G is

indicable,

Theorem 16 If G satisfies condition II, R(G,K) has

no_zero divisors, and only trivial units.
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We shall shew that Condition II implies Condition I.
To that end, let X, Y be finite sets of elements of G, of
which at least one contains more than one element. We may
without loss of generality suppose that both X and Y contain
the element 1. Let H be subgroup generated by the elements
of X and Y. H does not consist of the identity elone, and
therefore there exists an indexing ¥ of H. Let my, m,
be respectively the greatest and least values of m such that
there exist elements x in X having ¥ (x) = me Let L
(1 =1 or 2) be the subset of X consisting of those elements
x for which ¥ (x) = mj. Define similary for Y the numbers
m, Do eand the subsets Y, Y2. Then clearly the pair X, Yi
of subsets of X and Y have an isolated product set, for
Y(xy), (x in X, y in Y), is equal to m; + n; only if x is
in Xs and y in Yj. Moreover‘we cannot have X = X2 and
Y; = Y5, for that would mean m; =" my and ny = ng, and
since both X and Y contain 1, the common value would in
each case be zero. This, however, would imply v’(g) = £
for all elements of H, contrary to the définition of an
indexing.

Plainly, a free group, or a free Abelian group, is
indicable. Horeover, a subgroup of a free group (or of a

free Abelian group) not consisting of the identity alone is

itself a free group (or a free Abelian group).1 These groups

(1) Schreier, Abhandlung aus dem Mathematische Seminar
der Hamburgisshenr Universitat, V, 161-183, (1927).
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therefore satisfy the Condition II. So also does any
Abelian group without elements of finite order, since a sub-
group generated by a finite number of elements of such a
group is a free Abelian group.

We next show that if two groups G and H satisfy condi-
tion I, (or condition II) then so do their direct product

G x H and their free product G o H.

Theorem 17. If & group G has a self-conjugate sub-

group H such that both H and the factor group G/H satisfy

condition I, (or condition II), then G satisfies condition

I, (or condition II).

(i) Consider first condition I. Let X, Y be non-
vacuous finite sets of elements of G, of which at least one
has more than one element. If all the elements of X liea
in the same residue class modulo H, and the same is true of
Y, then since condition I holds for H, we can find subsets
X, Xp, Yi, Y2, having the desired properties. Otherwise,
consider the sets X, Y of elements in G/H formed by replacing
every element z in X, Y, respectively by its residue class
z H. Thege are finite non-vacuous sets of elements of G/H,
of which at least one contains more than one element. Since
Condition I holds for G/H, we can determine subsets %, X
¥y, ¥ of Xy, ¥ according to the requirements of that conditio
Let Xj be the set of all elements x in X such that xH is in
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X and define Yi correspondingly. Then Xi, XQ, Yi, Yé

i?
satisfy the requirements of Condition I. Poriifix 'y “are
in Xj, Yj respectively, but x', y' are mnot, then x y and
x'y' cannot be in the same residue class mod H, and a fortiori
cannot be equal. So also, if, say, X; and 22 have no
common elements, neither have X; and X,.

(ii) Now consider condition II. Let F be a subgroup
of G generated by a finite number of elements. If it is in
By it is indicable, since condition II holds for H. Other-
wise, the set of residue classes £ H of elements in F is a
subgroup of G/H not consisting of the identity alome and
generated by a finite number of elements. It therefore has
an indexing, say ¥ . Then ¥ (£f) = 7 (f H) is an indexing
of F,

Theorem 17. If two groups G, H, satisfy condition T

or II, so does their direct product, G X H,

For ¢ X H contains a subgroup self-conjugate subgroup

isomorphic to G whose factor group is isomorphic to H.

Theorem 19. If two groups G, H, satisfy condition I

or II, so does their free product G o H.

An element of G o H can be written in the form
o= 3'Q "~7*L*,(?i‘(% kieH, i=/..7). Then the correspondence

e S [zmjv) Lpﬂgfj is a homomorphism of G 0o H on G x H.
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The theorem therefore follows from Theorem 17 emd—X , when
we have shown that the kernel of this homomorphism is a free
group, This kernel consists of all elememts §iki fih.:f-hy
for'which §,9.--9, = hh.--. 6,5/ Its intersection with any
gsubgroup conjugate to either G or H consists of the identity
alone, and it follows from a theorem of é{;;;ir on subgmups
of free products that it is therefore a free group',  How-
ever, we may show without sppealing tq that theorem that U
is generated freely by the commutaters (3 &) - 9hg k™,
| Lot & boH st L4 1) . For we may show by induction onr
that

. : T g 3 4 b i
j‘ g 71:’.1 s Los ‘W(ﬁ- ah FR A (?, Gias hyonLy) . 31:n 3 Ly,

go that the commutators do indeed generate the kermel, TWe
may furthermore show by induction on 7 that if :
-‘£=(7HL|)€' 6&)1“)%’" b'}i"Jev, §i € G, hi ¢ H, It Lot foodn
end for no velue'of "f 48" 97 =3, L =Ll 7 ‘end
e +re,,, = O then :
§ = B W T i WL BTN . WA FENRSREYR  SeERT
not in the same group G or H; wheve, 1f <, =/ Xeg = 9,/
ok x, 1K, Em@ AR e, i UK RS Tiue G4
and there are no non-identical relations between the

generators (g, h).

(1) Mathematische Annalen, 109, 647-660, (1934).
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We next consider some examples of groups satisfying
condition II.
First, let G be generated by 81 sevesBy subject to

rekations

Ag
(1) o

i

WS (Q,J...) Qs-’) S=rel, . pmn, W; #

4

G is derived from the free group {4, *+] by a finite
number of applications of the process of replacing a given
group by a free p—rdduct with united sﬁbgroups of itself and
a free cyclic group1. Obviously there exists an indexing
of @ in which V(&) * O We shall make the further re-
strictive assumption that sn indexing ¢ exists in which
¥(as)=0, $=1,.. n.We may suppose further that v (@) =1 ;
for otherwise we can replace G by the free product G’ of G
and a free cyclic group ["‘°} , and extend 7 to G’ by setting |
Y= 1 Then if G' satisfies condition II, so cer-
tainly does G, which is a subgroup of G'.
Now, to show that G satisfies condition II, it suffices,

by Theorem 1%, to show that the subgroup G, sent into zero
by the indexing 7 is a free group. This subgroup, however,

is generated by the quantities A gl 0~,’ A "n'/"c‘, /P = 0,31 ednf,

e e e
$22,.) %, | WHOTE Qg =>T([0s)  Ferlet § s a.'al.af
N &
and Se‘b P°=0) /ﬁd.;-_ Y(fa'l-l' 23 Q‘A‘/)/le},.‘lki We have

(1) For the definition and properties, used‘fr-equently in
this section, of free products with united subgroups,
see Schreier, loc.cit., 164-168,
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K k
= " r
(ohe. o guntiase (37 obb afFlacigeiliatins Fortogim, yovay

% o= o=t

Now if 1, =1 then B, = 1; if i # 1, ey = 1, then

(s%
-1

o Pa .
Moreover if g is in Gy, ,f, = O. Thus (2) provides a

B = Ao, ; if &, # 1, e, = -1, then B_ = A
translation for expressions in 8y 50008y that represents
elements in G,, into expressions in Asp' Thus qu generate
G-o.1 What, we must next ask, are the relations between
them. Two expressions in 8y reees8y :epresent the same
element in G if and only if they can be transformed into
one another by a series of transformations of the following
forms: -

(i) insertion or removal of terms of the form aS a. °:

(ii) replacement of the right hand side of one of
equations (1) by the left hand side.
On trenslation into terms of the generators Asﬁ, by means
of (2) these processes become:-

(i) insertion or removal of terms of the form Af} ﬁ;:;

(ii) replacement of the right hand side of ome of the
following equations by its left hand side:-

(3) Aslo As!pm‘... A,{ lg*é‘ﬂ) Cqll = W/: s ( Al‘r)'-' A S, °') i

(1) Cf. Schreier, loc.cit.,
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where, of course, W?s depend on the WS of equations (1).
Thus equations (3) are defining relations for G,.  However,
equations (3) are simply definitions, in terms of the genera-
tors
(%) A o §TEL W ; P o= oA ad.wf. «{_’ ssin T A= o, [0 NSl
f OF st L0101 0
of the remaining gemerators (Aup 183 7¢ym, P Lo o pSAsCl
Thus G, is generated freely by the generators (4). G there-
fore satisfies condition II as required.

The simplest case of a group of the above type is that
generated by x, y subject to x® = y®. If m is prime to n,
this is the group of a torus knot. If we take another
class of knots, - those formed by the process of doubling a
simple circuit - their groups are generated by generators a,
b, subject to the relation

e SR CTRE W Tl el - 0
This group G is not, of course, of the above form. Howevér,
it has an indexing 7T(® =0, ¥ (@ =/ and the subgroup such that
'X(12=C> can be shown by the same process as was used above
to be generated by a. = lb‘&é"/ U0 b 42 ed ;J./
subject to
P = i

(5) MRS Rl L Dy T O

/

We wish to shew that this group Gg satisfies condition II.
Now a subgroup of G, generated by a finite number of elements

is a contained in a subgroup G, , generated by Ry, Ly o g

J )
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and it suffices to show that G, for all r,s satisfies
condition II. Now a system of defining relatioms for Gpg

is given by (5) for 1 = r + lyese,8-1. For let R(a,.,...,as)
be any relation between ap,c.., 850 It is a consequence of
relations (5); for i = r' + 1,...,8' ~ 1, say, since it must
be a consequence of a finite number of them. Thus R(ap,...,as
1s true in the group G, , generated by o,:, o,y .4
subject to

2ntl ) 2N

(6) o; R O i g oelg) o Ll
This group, however, can be obtained from Gy, - generated
DY Gpsesesag Subject to (6) for i = P + 1,ee458 - 1, - by a
repetition of the process of forming a free product with
united subgroups of it and a free cyclic group. It there-
fore contains G* ; as a subgroup, and R(ap,...sag) must be
a consequence of (6) for i =r + 1,...,8 - 1, and therefore
R(2pse.e38]) a consequence of (§) for i =7 + l,e00,y8 = 1,
as reqguired. Gpg 1s therefore of the fom previously
considered, when we write (5) in the form

W DR
and it remains only to show that there exists an indexing
of Gpg, in which none of Y(%vj,..., ¥@:) are zero. However,
defining Y(@r)and ¥(*+«).  arbitrarily, Y@++a),.. 7fkg arve

determined successively by (5); and we have
(Tl iy ) - Yeg) = vy + w(Vay - V) .
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Thus ,if we take ¥ (@r.1) > ¥(®-) >0 we have ¥[ai 57(2i-1)
for all i, and therefore Y (@.) » O.

Thus, finally G satisfies condition II.

As a third example, consider the group G generated by
a1, 8ps... ad inf,, subject to

il =

(7) B e e pier (freiltaRd, conditdams 1T adbiianfy

This group is interesting as an example éf a group which
satisfies condition II, though it is obviously its own
derived group. We have, in fact, that any subgroup of G
generated by a finite mumber of eleménts is a free group.
For such a subgroup is contained in a sub-group {4, A g
for some value of r, and it therefore suffices to show that
this group is free. Let R {a, 0,.) be a relation be-
tween a, and a, 7, holding as a consequence of equations (7)
for v =2,..,7', (+'>1). Then R @r,d+n) holds in the
free group generated by «r' 6 o, wWhen .o, L',
are defined successively by
Mgl e o/z"o/{,,.,.

However [dy'y, L, f=1 idy o, dyy, oy} 18 clearly a
free group, and so by induction on § is {°/1"~S; ﬁ(v'-s-ﬂ}
end in particular [ «v, dy..} . Thus R («,,6 «,,,) and
also Q(O—r, “m) is a trivial relation, as was required to
be proved.

If we desired to ymbed this group G in a group having

a finite generator and relation system, we may teke generators
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a, b, and relation

b= (abataxba) =abebaba bisiat
This group has an indexing 77 (a) = 1, ¥ (b) = 0; the sub-
group of elements g such that ¥ (g) = 0 is isomorphic to
the group G sbove, being generated by @ = at /oo;‘/ sub ject
$0(7). Thus the group satisfies condition II, though all
its derived groups after the first are equal.

It is obvious that neither condition I nor condition IT
can hold in a group having elements of finite order. It is
a plausible hypothesis, however, that if a group has no
elements of finite order then its group ring is without zero
divisors and has only trivial units, It is therefore
natursl to enquire whether such a group can fail to satisfy
either of conditions I and II. The answer in the case of
condition II is certainly yes. It suffices to construct a
group without elements of finite order, and generated by a
finite number of elements, which is its own derived group.
Let G be generated by x, y, subject to x° = y°; H by !’/7
subject to 3’3 ='71 . Let Gy be the subgroup of G generated
by v x~%, and (v x‘1)6 2 Since x2 is in the centrum of
G, G, is a free Abelien group on its two generators. Define
similarly the subgroup Hy of H generated by 7 £ ana

(7 fj)é & and let F be the free product of G and H,
with identification of the subgroups G, and H, according to

the scheme:
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F has a finite generator system, and is without elements
of finite order, since G and H are, . But Fl, the derived
group of F, is equal to F. For any element in G is con-
gruent modulo G', and therefore modulo F!, to a power of
yx1. However y x” =(& fj)b\f'g which can be written
(1 £7)%7 £ ena is therefore in F/. Similarly,
every element of H is in F', and so F' = F.

The question concerning condition I is more difficult.
That condition is very unwieldy in application, and I have
not been able to determine, for any group without elements
of finite order in which condition II does not hold, whether

it holds or not.
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