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UNITS IN GROUP RINGS 

Abstract of Thesis

If G is any group, written multiplicatively, and K is 

any ring, then the finite formal sums 

k, 3, k,'. + • • • + k, , 6 k, 11 c G, (i 

form a ring, when addition and multiplication is defined in 

the obvious way. This ring we call the group ring of G 

over K, and we write it as R(G,K). Lore precisely, R(G,K) 

may be defined as a ring which is a linear set over K, and 

has a basis which is a multiplicative group isomorphic to G. 

If K has the unity element 1, and if go is the identity of 

GI then 1.go is a unity element of R(G,K). We shall identify, 

when confusion cannot arise thereby, elements k of K. with 

the elements of k.go of R(G,K). The object of this thesis 

is to establish certain theorems on the units of R(G,K). 

An element e1 in a ring with unity element 1 will be 

called a left unit if there exists also an element e2 such 

that ele2 = 1; and e2 will then be called a right unit, and 

a right inverse of el. If el is also a right unit, then 

it has a uniquely defined inverse which we write as e
1
-1

' 

and el is then called a unit, simply. We shall deal always 

with rings R(G,K) in which the coefficient ring K has no 

right units which are not left units. Whether it is even 
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so possible for R(G,K) to have right units which are not 

left units, I do not know. Certainly it is not in the 

most important cases, - for instance if K can be embedded 

in a field, and G is of finite order. Any group ring has 

units of the form e.g, where e is a unit in K, and g is an 

element of G, for e.g has the inverse g-1. Such a 

unit we shall call trivial. One of the questions that 

naturally arises is, for what group rings these are the 

only units. 

This thesis is chiefly concerned with the case in which 

G is a group of finite order, and K is the ring C of integers 

in an algebraic field k. We shall then speak of R(G,C) as 

an integral group ring. R(G,C) is then an order, but not 

in general a maximal order, of the linear associative algebra 

R(G,k). Accordingly, after an introductory section, and 

°heave on definitions, we discuss in Section 3 the group algebra 

R(G,k). This section is an exposition of well-known facts 

concerning the decomposition of the semi-simple algebra 

R(G,k) into simple components, and is based on the classical 

theory of representations of finite groups in algebraic 

fields, as developed by I. Schur. 

In Section 4 we pass on to the consideration of integral 

grou ings, and more particularly, to a determination of what 

such rings have only trivial units. The result is, that 

R(G,C), where C is the integer ring of the field k, has only 

trivial units in the following four cases, and those only: 
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(i) G is Abelian, and the orders of its elements all 

divide two; k is the rational field or an imaginary quadratic 

extension of it; 

(ii) G is Abelian, and the orders of its elements all 

divide six; k is the rational field, or the extension of it 

by a complex cube root of unity; 

(iii) G is Abelian, and the orders of its elements all 

divide four; k is the rational field, or the extension of it 

by a complex fourth root of unity (that is, by i = 

(iv) G is the direct product of a quaternion group and 

an Abelian group the orders of whose elements all divide two; 

k is the rational field. 

To establish this theorem, we prove first a theorem which is 

a particular case of a result due to 0. Schilling, namely, 

that if k is of finite degree over the rational field the 

unit group of R(G,C) has a finite index in the unit group 

of any maximal order of R(G,k) containing it. Secondly, 

we show that the group of trivial units in R(G,C) is not 

contained as a proper sub-group of finite index in any group 

of units of R(G,C). From these two theorems together, it 

follows that R(G,C) has only trivial units if and only if a 

maximal order of R(G,k) containing it has a finite unit 

group. This imposes severe restrictions on the possible 

simple components of R(G,k), which give rise to our main 

result. 
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In the following section, we turn our attention to the 

units of finite order in R(G,C). '4e find it convenient to 

treat normalised units only, - that is to say, units in 

which the sum of the coefficients is unity. This involves 

no essential loss, since any unit of finite order is the 

product of a normalised unit of finite order and a root of 

unity in C; and any group of units of finite order is iso-

morphic to the direct product of the corresponding group of 

normalised units and a group of roots of unity in C. In 

terms of normalised units, a theorem from section 4 becomes: 

The group G is not contained as a proper sub—group of finite 

index in any group of normalised units of ROIG,C). In 

particular this implies that a unit of finite order in the 

centrum of R(G,C) must be trivial. If G is Abelian, 

therefore, all the units of finite order in R(G,C) are. 

trivial. This is of course no longer true if G is not 

Abelian. In fact, a unit of finite order in R(G,C) need 

not necessarily even be conjugate to a trivial unit. We 

are able, however, to prove two results on units of finite 

order. The first states that the elements of any group of 

normalised units of finite order in R(G,C) are linearly 

independent, and even linearly independent module m, for 

any integer m, and that therefore the order of such a group 

cannot exceed the order of G. The second states that the 

prime factors of the order of a normalised unit of R(G,C) 
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divide the order of G. If we add the assumption that G 

is soluble, we can show that the order of the unit divides 

the order of G. Lastly, we show for the very special class 

of groups whose lower central series terminates in the 

identity and whose second derived group consists of the 

identity, that a group of normalised units of finite order 

in R(G,C) is isomorphic to a subgroup of G. This implies 

that R(G,C) is not isomorphic to any other group ring R(H,C) 

unless G is isomorphic to H. These last theorems are 

proved by methods different from those of the rest of the 

section, and our chief tools are the two-sided ideals X1.5 

where H is a self conjugate subgroup of G, generated by the 

elements h-1, for all h in H. It should be added, that 

throughout this section the coefficient ring C is an arbi-

trary ring of algebraic integers, and may be taken to be 

ring of all algebraic integers. 

In section 6, we apply the theorems we have proved to 

the detailed investigation of the ring R(G,C) where G is 

generated by two elements a, b subject to the relations:-

= , 

where p is an odd prime, and r a primitive number modulo p. 

Here, too, we show that a group of normalised units in 

R(G,C) is isomorphic to a subgroup of G. 
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Finally, in section 7, we consider group rings of 

groups without elements of finite order. Naturally, the 

theorems proved are of an entirely different character. 

Notably, they do not depend at all on the coefficient ring 

K, provided that it has no zero divisors. We show, in 

fact, that if G satisfy the condition that every subgroup 

generated by a finite number of elements of G has a homor-

phism on the free cyclic group, then if K has no zero divisors 

neither has R(G,K), and the units of R(G,K) are all trivial. 

The condition is satisfied by free groups and by free 

Abelian groups; and generally, by the direct product and 

the free product of any two groups that satisfy it. 

As we have said, section 3 is a repetition of well-known 

facts; and the first theorems of section 4 are a particular 

case of a theorem due to Schilling. The rest of the thesis 

is original, though some of it has been published previously. 
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UNITS IN GROUP-RINGS 

1. Introduction and summary of results 

If G is any group, which is written multiplicatively, 

and K is any ring, then the finite formal sums 

k, 51 + ko„ + + k, g T , k e K, y l e Cr, 6": 

form a ring when addition and multiplication are defined in 

the obvious way. This ring we call the group ring of G over 

K, and write R(G,K). (A precise definition is given at the 

beginning of the next section). If go is the identity in G, 

and K possesses the unity element (or modulus) 1, then 1.g0

is a modulus of R(G,K). We can without risk of confusion, 

and shall identify elements k of K with k.go of R(G,K), and 

elements gi of G with 1. gi of R(G,K). The object of this 

thesis is to study units in group rings, - that is, elements 

E having an inverse E-1 satisfying EE-1 = 1 and E 1E = 1. 

Every group-ring possesses the units e.gil where e is a unit 

in K and gi is an element of G; for e,gi has the inverse 

e-1, gi-1. A unit of this form will be called trivial. 

Most of the present work is concerned with the special 

case in which G is a finite group and K is the integer ring 

C of an algebraic field k. Then R(GIC) is an order, though 

not generally a maximal order, of R(G,k), the group algebra 

of G over k. Naturally, therefore, in considering the 

properties of R(G10) the methods of the theory of Algebras 
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play an important part. However, the study belongs more 

particularly to the Theory of Groups, because from the 

algebraic point of view there is nothing distinctive about 

the particular non-maximal order R(G,C) - indeed it is quite 

possible for two distinct groups G, G1 to have isomorphic 

algebras, even over the rational field, though their group 

rings over C are not isomorphic. We shall speak of a group 

ring R(G,C) where 0 is a ring of algebraic integers, as an 

integral group ring. 

The first question that it is natural to ask is whether a 

group ring has units other than the trivial ones. In the 

case of integral group rings of finite groups, the answer is 

generally affirmative. The exceptions, - group rings having 

only trivial units - are the rings R(G,C), where C is the 

integer ring of the field k, and either:-

(i) G is Abelian, and the orders of its elements all 

divide two; k is the rational field or a quadratic imaginary 

extention of it: 

or (ii) G is Abelian, and the orders of its elements all 

divide six; k is the rational field or the extension of it 

by a complex cube root of unity: 

or (iii) G is Abelian, and the orders of its elements all 

divide four; k is the rational field or the extension of it 

by a complex fourth root of unity (that is, by i 
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or (iv) G is the direct product of a quaternion group and 

an Abelian group the orders of whose elements all divide two; 

k is the rational field. 

This we prove in Section 4 below. We then turn our 

attention to units of finite order. It is convenient to 

consider only normalised units, - that is, units the sum of 

whose coefficients is unity. This is no loss of generality, 

as every unit in R(G,C) is the product of a normalised unit 

and a unit of C. It emerges from the proof of the results 
p,ore-r 

previously mentioned, that G is not contained as a/subgroup 

of finite index in any group of normalised units. In 

particular, this implies that a unit of the centrum of R(G,C) 

cannot be of finite order unless it is trivial. If G is 

Abelian, therefore, all the units of finite order in R(G,C) 

are trivial. This, of course, is no longer true if G is not 

Abelian. It is not even necessary for a unit of finite 

order in R(G,C) to be conjugate to a trivial unit, as we shew 

by means of an example. However, we shew that the prime 

factors of the order of a normalised unit of finite order 

in R(G,C) all divide the order of G; and that a group of 

normalised units of finite order of R(G,C) has an order not 

greater than that of G. For a soluble group, we improve 
;/rst 

the dm-2544 statement to: The order of a normalised unit of 

finite order in R(G,C) divides the order of G. For the 

special case of a group G whose upper central series ends in 
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the whole group G, and whose second derived group consists 

of the identity, we are able to show that a group of nor-

malised units of finite order is isomorphic to a subgroup of 

G. In all these theorems we may take the ring C to be the 

ring of all algebraic integers. 

In the last section we turn to the case in which G is 

a group without elements of finite order. As might be ex-

pected the theorems provable here are of a quite different 

character. In fact, they all state that if G satisfies 

given conditions, then, whatever be the coefficient ring K, 

provided only that it has no zero divisors, R(G,K) has no 

zero-divisors and only trivial units. Of these conditions, 

the most manageable is that any subgroup H of G generated by 

a finite number of elements, has a homomorphism on a free 

cyclic group. This condition is satisfied in particular by 

free groups, and by free Abelian groups. 

There is very little to be said concerning previous work 

on the same or similar subjects. The group algebra of a 

finite group is, of course, well known, and affords one of 

the most convenient examples of a semi-simple algebra. In 

particular, the results of section 3 are well known, and no 

originality is claimed for them. Considerably less attention 

has hitherto been paid to integral group rings, or to the 

group rings of infinite groups. Certain particular problems 

in connection with integral group rings have been studied 
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with a view to applications to topology, notably by 

ei. 
K. 14dermeister

i 
and W. Franz

2
, but these have no relevance 

to the problems with which we are concerned. More relevant 

is the work on units in maximal orders in semi-simple alge-

bras which has been done by 0. Schilling3 and M. Eichler4. 

In particular, Theorem 4 of section 4, is a particular case 

of a theorem of Schilling's. However, in a maximal order of 

a general semi-simple algebra there is clearly no analogue 

of a trivial unit, so that the remainder of section 4 does 

not overlap with Schilling's work. Sections 5, 6 and 7, too, 

are entirely original, though I have to thank my successive 

supervisors, Mr J.H.C. Whitehead and Mr P. Hall, for many 

suggestions. Some of the results in these sections I have 

previously published5. 

Journal fur die reine and 
164-173, (1935). 

Journal fur die reine and 
174-184 and 245-254, (1935). 

Journal fur die reine and 
246-251 (1936). 

Mathematisches Annalen, 11 
Proceedings of the London 

46, 231-248 (1940). 

angewandte Mathematik, 173, 

angewandte Mathematik, 173, 

angewandte Mathematik, 175, 

4, 635-654, (1937). 
Mathematical Society, (2), 
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24 Definitive and :k4eyWous 
Let K be a  ring. Then a set L will be called a 

linear sit over K ifs 

(i) its elements form en. Abelian group with respect to an 

operation of addition. 

(ii) there is defined a multiplleation of elements of L by 

elements of K4 satisfyixg. 

tr.( a- + b ) k.a 

ER, k 1.a• t ki l )(a , 

k, .(k, (k, - ar , 

The of element* el

basis of L if every clement of L OSA be written in the fermi 

ez, K-,-e,',4- •••÷ icy. kt,... / h • a t t1 C •••-i L., ; 

and if this element is zero only Ais k2 = 0.. r 

Henceforward we shall further *WPM* that the ring K 

unity element 1, and that 1 is MR identity operator on 

hct ts, that 1. a = a for all a in Lo 

a ring R is also a linear set over 4, wit $ bests, 

and fUrthermors 

a. k,1) 'r k.ab , k K a, b A:- , , 

then R may be called a brisr-omkplax *Wee over K. 

structure of R is determined by the multiplication table of 

the *lancets of its basis. For if the products 

e z z k zji e, - • 
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(where, of course, only a finite number of coefficients kLi, 

are different from zero) are known, we can find the product 

of any two elements of R by the distributive laws. If, in 

particular, these basis elements form a multiplicative group 

G, then R is called the group ring of G over K, and we write 

R = R(G,K). We make, that is to say, the definition: 

The group ring R(G,K) of a, group G over a ring K is a 

hyper-complex system over K having a basis which is a multi-

plicative group isomorphic to G. 

If G is a group of finite order, and K is a field, then 

R(G,K) is, of course, a linear algebra over K, and is usually 

called the group algebra of G over K. 

If eo 
is the identity of G, the quantities k eo of 

R(G,K) form a sub-ring isomorphic to K; and moreover for any 

element P in R(G,K) we have koeo.P = kP. It is therefore 

possible to identify the element k.eO of R(G,K) with the 

element of k of K, and whenever it is convenient to do so, 

we shall. In particular, the element 1.eO1 which is a 

unity element in R(G,K), will be written as 1. 

In any ring with a unity element 1, if elements El, E2

exist satisfying E1E2 = 1, we say that El is a left unit, 

and E2 is a right unit. An element E that is both a left 

unit and a right unit will be described amply as a unit. 

Then the element E
-1 

satisfying EE-1 = 1 is unique, and 
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E-1E = 1. The units of a ring therefore form a group. A 

group ring always possesses units of the form k.ei, where k 

is any unit in the coefficient ring k. For we have 

k e. . k-1e.-1 = 1. Such a unit will be described as 

trivial. If the coefficient ring has right units which 

are not left units, the same is true of the group ring. 

For if, say, klk2 = 1, k2ki t 1, we have ki eo . k2 eo = 1; 

and k2 eo . E = 1, E in R(G,K), would imply E = kleo, whereas 

k2 eo . kl eo = k2 kl eo t 1. Thus k2 eo is a right unit 

but not a left unit in R(G,K). Whether this is possible in 

case every right unit in K is also a left unit, I do no4know. 

Obviously, if both the ring K and the group G are commutative, 

so is R(G,K); and every right unit in R(G,K) is therefore also 

a left unit. Moreover, if G is of finite order, and K is a 

subring of a (not necessarily commutative) field k, then every 

right unit in R(G,K) is also a left unit. For the regular 

representation of G can then be extended to R(G,K), and gives 

an isomorphism of that ring onto a ring of finite matrices 

with elements in k. In such a ring of matrices, however, 

the equation E1E2 = 1 certainly implies E2E1 = 1. For, as 

in the theory of matrices whose elements are numbers, we can 

reduce any matrix whose element lie in a field to the form 

by a series of elementary transformations - inter-
° 0 •z, 

changing two rows, adding a right multiple of one column to 
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another, etc. - each of which is equivalent to multiplication 

on the right or the left by a matrix with a right and left 

inverse. A matrix is clearly both a right and a left unit 

if there are no zeros in its diagonal when it is so reduced, 

and. neither a right nor a left unit if there are such zeros. 

However, it is quite possible for a hypercomplex system with 

an infinite basis over a field to have right units which are 

not left units - we may simply take as basis all products 

aab13 , a,, non-negative integers, with the multiplication 

table implied by ba = 1 - and there seems nothing to suggest 

that this is impossible in a group ring. 

Before we proceed. to the study of units under more 

particular assumptions on G and K, let us consider the rela-

tions between the units in the group rings R(G,K) and R(H,K) 

when H is a subgroup, or a factor group of G. 

First, let H be a subgroup of G. Then R(H,K) may be 

regarded. as a subring of R(G,K). If E in R(H,K) is a unit 

in R(H,K) it is obviously also a unit in R(G,K). The con-

verse, however, is also true: If E in R(H,K) is a unit in 

R(G,K) it is also a unit in R(H,K). For let E F = 1, 

F in R(G,K). Let e0 = 1, el , ..., etc. be a set of repre-

sentatives of the right hand residue classes H x of H in G. 

Then we have F = Fo e0 + F1 el + ...; where Fol F1, 

are in R(H,K). 

Therefore E F = E F eo +EF l el +... = 1. 
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Comparing the coefficients on the right hand and on the left 

hand of elements in H, we obtain E Fo = 1, as required. 

Next, let F be a self-conjugate subgroup of G, and let H 

be the factor group G/F. Since g g F is a homomorphism 

of G on H, the correspondence 

a = kr er t t kr.2, - w F = + + kl. er F 

is a homomorphism of R(G,K) on R(H,K). If u is a unit in 

R(G,K), u F is a unit in R(H,K), and if u is trivial, uP is 

trivial. If in particular we take F = G, we have a homo-

morphism of R(G,K) onto R(G/G, K) - that is onto K itself -

in which each element of R(G,K) is mapped onto the sum of its 

coefficients. Thus if u is a unit in R(G,K), the sum of its 

coefficients is a unit in K. Let us describe u as normalised 

if that sum is 1. Then every unit in R(G,K) is the product 

of a unit in K and a normalised unit. The normalised units 

form a group, and the whole group of units of R(G,K) is the 

direct product of the group of normalised units and the unit 

group of K. 
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3. The Group Algebra of  a Finite Group 

Let G be a finite group of order A' s having the elements 

( (2) 
g 1̀ 1 , g )..., g(41'); and let k be any algebraic extension 

of the rational field. We are concerned in this section 

with the group algebra A = R(G,k) of G over k. 

The algebra A is semi-simple. This is equivalent to 

the theorem of Maschkel that every representation of a finite 

group by matrices in k is completely reducible to a sum of 

representations irreducible in k. A is therefore a direct 

sum of simple, algebras, each of which is a total metric 

algebra over some division algebra over k. There is, more-

over, a well-known connection between the decomposition of a 

semi-simple algebra A into simple components, and its repre-

sentations by matrices with elements in the ground field k. 

Suppose, in fact, that I'l,r20 „. 9 T, are a complete set 

or mutually inequivalent representations of A, by matrices 

in k, that are irreducible in k. Then firstly the only 

element of A represented by zero in each of the representations 

rve„, r is zero; and secondly, the representations are „, 
independent, in the sense that if an element x of A is repre-

sented in 1, by X, then there exists xl in A such that x' is 

represented in by X, and in 171- by zero, if 0- 4/0 4 

Lett denote the sub-algebra of A consisting of all ele-

ments represented by zero in each representation I; , cr-t/° 
Then A is the direct sum of Al,..„Aa. each of which. is 
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simple, and isomorphic to the algebra of matrices by which 

represents A. We shall not here make use of these theorems 

from the theory of algebras, but shall base ourselves instead 

on the classical theory of representations of finite groups. 

This seems more in keeping with the nature of the subject, 

for the ring R(G,C), where C is the integer ring of k, in 

which we are more particularly interested, is only defined 

in terms of the special basis of R(G,k) which consists of 

the elements of G. We should therefore in sny case need 

the explicit formulae connecting that basis with the basis 

that exhibits the decomposition of R(G,k) into simple com-

ponents, and such formulae are provided by the classical 

theory'.

The simplest case, naturally, arises when every repre-

sentation of G that is irreducible in k is absolutely irre-

ducible. Then the simple components of A are total matric 

algebras over k of the degrees of the representations. 

Suppose in fact that C,O is the representation:-

(1) 1110 (9-)...). ll ,1,.`"1.i II , 
Then if we write II 377,:" a for the inverse of the matrix /I xcjil 

we have the relations between the representations2 :- 

(1) For the theorems quoted in this paragraph cf. B.L. van 
der Waerden, Moderne Algebra, vol. II, ch. XVII or A.A. 
Albert, Structure of Algebras, ch. VIII. 

(2) Compare A. Speiser, Theorie der Grappen von Endliche 
Ordnung, Ch. 11, § 53. 
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(c) —0-)
sir, ,̀,d= zij = n.7;kL=l~ a nal , 

= 

14̀  8jk, 
f3;1/4-j rokZ —

which can be written in the equivalent for

(3) 

(2) L 0v o 

/3, ti) 

(0)
(7(9,1 

lc 1 1.-

a-, . in"; 

41. ot- = I )  . ..) 4-• . 

Define elements j in A by: 

(°-) (a.) ) e d'/ajz • d 41.7, ; 1,—, 
,, Q - I 

Then using (1) and (2) we see that is represented by 

zero in. P_ if cr-fe and in r: by E ,..i  the matrix having 1 

at the junction of the i-th row and the j -th column, and 

zeros elsewhere. By direct multiplication we have 

Y/°‘./ 4brki 
1t? l It-

4%, 1 a_ 

Then setting g(a) g(b) = g(C)

which implies 

T V d crtk 

jertk • e • 
we have g(1*-1 = g(e)-1

(C) (.") 
Oglp da ibk • 
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substituting, we obtain 

10-41 .7--
401.fi

1 1 

13 

0-

Using (2), we have, therefore, the multiplication table:-

(5) (a) 1 /0y 10-111. 0 , /0 4-

(b) 4,1p,I,j `I ° (ft. k 1 73 i 2 

a--

which expresses the fact that for fixed i riff‘i are a 

normal matric basis of a matric subalgebra, A of A, and 

that the sum Al + A is direct. That this sum is the 

whole algebra A follows from the solution of equations (4) 

for g(a), which are obtained by the use of (3):—

(6) 

That the group algebra A is semi—simple emerges, of course, 

as a corollary. 

If the absolutely irreducible representations of G are 

not all equivalent to representations in k, the state of 

affairs is more complicated. Let 1-71 be an absolutely irre-

ducible representation of G, of order nl, and let ki be the 

extension of k determined by the characters of r, k1 being 

of degree r over k. Then r determines representations 
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r2, ri,r, of G whose characters are conjugate with 

respect to k to those oft; 1. The characters of the repre-

sentation ri 1 + rt2 + + rlr are in k, and therefore some 

multiple of it is equivalent to a representation in k. Let 

s be the least number such that s(r1 + +r7„..) is equivalent 

to a representation in k, and let rl, with elements in k, be 

equivalent to it. Then r is irreducible in k, and it is the 

only representation of G irreducible in k that has rl among 

its absolutely irreducible components. The number s might 

equally well have been defined as the least number such that 

s is equivalent to a representation in kl, the field of 

its characters. Moreover there exists a field k
2 

of degree 

s over kl such that rl, is equivalent to a representation in 

k2' • and s divides n1. Thus every absolutely irreducible 

representation of G is a component of just one irreducible 

representation of G in k. If, now, x in A = R(G,k) is repre-

sented by zero in r , it is likewise represented by zero in r, 

so that if x is represented by zero in every representation 

irreducible over k, it is represented by zero in every abso-

lutely irreducible representation, and is therefore zero. 

To demonstrate that P is independent of the other irreducible 

representations of G in k, it is sufficient to show that 

(1) For the results quoted in this paragraph, see I. Schur, 
Berliner Sitzungsberichte, 1906, 164-184. 
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there is an element in R(G,k) represented in r by fl 1// 

and in every other representation by zero. If, however, 

we suppose r1, 1q given by (1), and Aid • in some 

extension ring R(G,k') defined by (4), then the element E 

has the desired property, where 
-r 

a = "173 

or, by (4) 

, E 
41-

11.1. 

6.= I 

^ ./1

lox# 

Here the coefficient of g(a) is 

and is therefore 

equal to (t 9-9
in k; so that E is in R(G,k) as required. 

Thus A is the direct sum of the algebras A,r by which 

it is represented in its irreducible representations. Let P , 

as above, be irreducible in k, but have the absolutely irre-

ducible components 01 ,..., r7r each taken s times. Let Al

be the corresponding component of A. If x is in A, the 

representing matrix r (x) plainly determines r; (x); but con-
versely, the representations rir being conjugate with 
respect to k, r;(x) determines r:(x),..., .(x), and there-

fore . Thus Al, which is isomorphic to the algebra 

of matrices r(30 is equally isomorphic to the algebra over k 
of matrices In this algebra, the centrum is generated 

by all matrices r, (3) where y = :g(a) is the stun of a set 

of conjugate elements in G. Such a matrix, however, is a 
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scalar matrix 

conjugate to g(a), 

the characters of 17. 

7,1E, %.,(r)xPiN) C being the number of elements 

These tobether generate the field k of 

Thus Al is a simple algebra. Since 

q can be realised in a field k2 of degrees over kl, the 

algebra L(k2), formed by extending the centrum ki of Ai to k2

is a direct sum of total matric 

the least nuMber for which this 

algebra over a division algebra 

field of characters of 

algebras. Since s is also 

is so, A is a total metric 

having index e over kio the 

ring up our results:-

Theorem 1. ntgEpa algtbra A of a finite group G over 

a field k is the Direct sum of as  many s 1e co  onents as 

there are i e uiv ent irreducible re:erese ions  of G in k. 

if r  is a rqpresentation o Al irreducible in k; 
of o-f der 04, 

but the sum of r  absolutely  irreducible componentsleach taken 

times, then the corresponding simple couponent of A is a 
iwdex n 

total matric algebra of somior over a division algebra of 

index s over its centrUm.  That  centrum, is the field of the 

characters of an absolutely irreducible  component of 1-1 and 

is of degree  r over  k. 

If G is Abeli€n, every absolutely irreducible representa-

tion of u is of order 1. The characters of such a repre-

sentation are just those numbers x for which locil represents 

an element of G. There can thus be no question of a 



18 

representation of G not being realisable in the field of its 

characters. Now if h is the maximum order of any element in 

G, each of these characters must be an h-th root of unity, 

since the order of any element of G divides h. Moreover, 

G can be written as the direct product of a cyclic group(g) 

of order h, and a subgroup G1. Thus there is a representation 

of G in which g is represented by pw jj , where w is a primi-

tive h-th root of unity, and whose characters therefore 

generate the field k(w). Thus Theorem 1 yields, for the 

particular case in which G is Abelian:—

Theorem 2. If G is  Abelian, and the maximum order of 

an element  in G  is h, then R(G,k) is isomorphic to a direct 

sum of fields k(w,), = 1,...,a; where w,0 is an h-th root 
1 

of unity, and  for at least one value of r a primitive h-th 

root of unity. 

In dealing with particular examples, it is frequently 

convenient to treat R(G,k) as a direct sum not of its simple 

components, but of components formed by uniting some of these. 

This is especially so if G has a self conjugate sub-group H. 

Among the irreducible representations of G there will then be 

some, say . 1 r in which all the elements of H are 

represented by the identity. These will therefore forty a 

complete set of irreducible representations of the factor 
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group G/H. Hence the simple components of R(G,k) corre-

sponding to these representations can be united into a single 

ring isomorphic to the group ring of this factor group, 

R(G/H, k). In particular, the simple components corre-

sponding to the representations of G whose absolutely irre-

ducible components are of order 1, can be united into a single 

component isomorph to R(G/G11 k) where G1 is the derived 

group of G. 

Before we turn to the application of these results to 

integral group rings, we must make good our earlier state-

ment that it is possible for two distinct groups to have iso-

morphic group algebras. An obvious case of this is that of 

any two Abelian groups G, G11 of the same order n, the co-

efficient field k being any field containing the n-th roots 

of unity. For then both R(G,k) and R(G1,k) are direct sums 

of n fields isomorphic to k. We can, however, give an 

example in which R(G,k) and R(GlIk) are isomorphic when' k 

is the rational field, and therefore when k is any field. 

Let in fact G, G1 be two non-Abelian groups of order p3, 

where p is any odd prime, given by the generators and rela-

tion systems:- 

2 
G: generators:- a, b ; relations:- 4 = V -- 1; abiliC a a°, 

G': generators:- x, y, z; relations:- 
 3 * x. :-.1 =2,. . i

xy 7chr= z , .x.7.7e1 2. -`,...-. yzir/2. -C 1 . 
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G and Gi are not isomorphic because G has an element of 

order p2, and G1 has not. In either case, there are p2

representations of order 1, whose corresponding simple com-

ponents can be united into a group ring of an Abelian group 

of order p2 and type (1,1). The remaining absolutely irre-

ducible components are p-1 in number, and of order p; and 

each is realisable in the field k(w) of its characters, where 

w is a primitive p-th root of unity. We have in fact the 

representations:-

a. _1 etr:11 
G: 

00 
W o •• • • o 7 

.4  :: )fo . .•
. . 

. . :C
70 

0 0 ' . • i 
i 0 • • • 0 

-0 

w 

s 0 uivv,

O • 4,-i 

a 
z. vvw . 

0 • 4 ' 

By Theorem 1, R(G,k) and R(G',k), if k is the rational field, 

are both a direct sum of the grouptme dof an Abelian group of 

order p2 and type (1,1), and the total matric algebra of 

index p over k(w). 

In neither of the above two cases are the corresponding 

integral group rings R(G,C) and R(Gl IC) isomorphic, by the 

1st corollary to Theorem 13 in section 5. Whether it is 

possible for two non-isomorphic groups to have isomorphic 

integral group rings I do not know; but the results of 

section 5 suggest that it is unlikely. 
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4. Integral Group_Rings of Finite Groups 

We now turn our attention to the integral group ring 

R(G,C), where G is a finite group and C is the ring of 

integers in an algebraic extension k of the rational field. 

The particular object of the present section is to determine 

under what conditions all the units of such a group ring 

are trivial. 

The elements of R(G,C), are integers of R(G,k); that is 

to say, they satisfy polynomial equations with coefficients 

in C and leading coefficient unity. For let t be any element 

in R(G,C) and T its image in the regular representation of 

R(G,C). That is, let T = 4, where g(i),t = X 7.4j 344. 
j=i 

Then T has integral elements, and its characteristic function 

j)(x) therefore has integral coefficients, and leading co-

efficient unity. But 99(T) = 0, and therefore (t) = O; 

so that t is an integer of R(G,k), as required. Moreover, 

R(G,C) contains the unity of R(G,k), and the product of any 

element in R(G,C) by an element of C is in R(G,C). That ring 

is therefore an order in R(G,k). It is not, however, a 

maximal order in R(G,k), except in the trivial case in which 

G consists of the identity alone. For the element

is an idempotent of the centrum of R(G,k) and is therefore in 

every maximal order of R(G,k), but it is not in R(G,C). We 

have, however, the following Theorem:-
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Theorem 3. If k  is a finite extension of the rational 

field, and 0 is any order of R(G,k)  containing R(G,C), then 

R(G,C) contains the set n 0 of all multiples of elements  in 

0 by the order n of G. 

Suppose that a complete set of irreducible representa-

tions of G can be so chosen that in each representation all 

the elements of 0 are represented by matrices whose elements 

are integers. Let these representations be 'I I..., fa

given by equation (1) of the previous section. Let kI be 

D-) 
the extension of k determined by j - . j n0;/''')--- 41-=1.1P) 

P ) 

and define "1 /01j in R(G,k1) by equation (4) of the previous 

section. An element in 0 is of the form Z 4, y /7?zi, 

with b, . integral, since by assumption the matrix I) 

representing it in has integral elements. Thus an 

element in nO can be written 2/ . . /4-1() . with 

integral, and it suffices to show that 41/ /417.1 is in 

R(G1C1) where C1 is the integer ring of kl. However, since 

R(G,C) is contained in 0, elements in G are represented in 

r1,4 by matrices with integer elements, so that 4A is 

N integral, and so by equation (4), is in R(G001 ). 

It remains, therefore, to show that given the irre-

ducible representation rt we can find c" i equivalent to it, 

such that the elements of 0 are represented in r' / by matrices 
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whose elements are integersl. We may suppose 1 to be a 

representation in some finite algebraic field k' containing 

k. Let 0 / be the order in R(G,k1) consisting of all ele-

ments 2, c. 0 j, where ci are integers in lc', and Oi are 

elements in O. Let ell...es be the unit vectors of the 

vector space in which the matrices of " (G) act, and con-

sider the vectors 

(1) Xe, = x„ e, ÷x,,e,+• • • + x, s

for all matrices X representing elements of 0/. Call a 

vector (1) of length r if for t and consider 

the set Ir of all r-th coefficients xir of vectors of length 

r. For each r, Ir is fractional ideal in lc' distinct from 

the zero ideal. For Ir plainly contains the difference of 

any two of its elements, and the product of any one of them 

by an integer in 
k1 
. Moreover we can find a number mr such 

that any element of mr Ir is an integer. If r = 1, we have 

Yk i z)2 n e, so thatx-- 1, is a factor of the characteristic 

function of X. Since 0' is an order, this function has 

integral coefficients, and therefore :cois an integer, so 

that we may take ml = 1. Now since I" is irreducible, we 

can, by Burnside's Theorem
2 
choose an element Er in R(G,C ), 

and therefore in 0', such that its image in r for is mr 

(1) Cf. Speiser, op.cit. Ch. 141 § 65. 
(2) Cf. van der Waerden, op.cit. Ch. XVII, § 121. 
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some number mr, where Eir er = el, Eli, ek = 0, k r. 

Then by (1) we have 

4A.,r .X se 

so that mr xir must be integral, as required. Thus Ir is an 

ideal in k1. If it were the zero ideal, there would be less 

than s linearly independent vectors in (1), contrary to the 

hypothesis that is irreducible. Since kl is a finite 

extension of the rational field, we can find an extension 

le of k', such that the ideals Ir in k it , having the elements 

, 1 
of Ir as basis, are principal ideals (ar)ar. Extending the 

order 0' again to 0" in R(G,k") and supposing X in (1) to be 

chosen now from the matrices representing elements of 0", we 

have that there are vectors fl, f2,...Ifs in the set (1) such 

that 
= dye €.4 .lam 

Then every vector of (1) can be written as 2 y.,jr with 

integral coefficients yr. Choosing fl, f2,...Ifs as a new 

basis for the vector space, we obtain an equivalent repre-

sentation rif with the desired properties. Our next 

theorem is almost a corollary of Theorem 3. 

Theorem 4. If C is the integer ring of a finite extension 

k of the rational field, then the unit group  of R(G,C) has a 

(1) See Hilbert, Jahlesberichte der Deu2schen Mathematiker-
Vereinigung, 4, p.224, (1897). 
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finite index in the unit group  of any order 0 of R(G,k) 

containing_R(G,CI.1

Let X, Y be any two units in 0 such that X = Y nZ, where 

Z is in 0. Then we have X Y-1 = 1 + nZY-11 which by Theorem 

3 is an element of R(G,C). That is to say, X and Y are in 

the same left residue class with respect to the unit group of 

R(G,C). The index of this group in the unit group of 0 can-

not therefore exceed the maximum number of elements of 0 that 

are incongruent modulo n, and this number is the finite 

integer nnm where m is the degree of k over the rational 

field. 

It follows that the units of R(G,C) cannot all be trivial 

unless the unit group of a maximal order 0 containing R(G,C) 

is finite. Suppose in the first place that the unit group 

of C is of finite order. Then the group of trivial units of 

R(G,C) is of finite order, and if it is the whole unit group 

of R(G,C), must be contained as a subgroup of finite index in 

the unit group of 0. This group must therefore be of finite 

order. If, on the other hand, the unit group of C is infinite, 

then its rank is a finite integer r.
2 

That is to say, the 

unit group has a subgroup which is a free Abelian group on r 

generators, but not for any greater number. Then clearly the 

(1) Cf. Schilling, loc.cit. 
(2) See Hilbert, op.cit., p.214. 
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same is true of the group of trivial units in R(G,C). How-

ever, the centrum of R(G,k) is a direct sum of a fields, 

where a is the number of simple components of R(G,k), and 

each of these is isomorphic to k or an extension of k. Every 

maximal order of R(G,k) and 0 in particular contains the integer 

ring of this centrum, and the unit group of this integer ring 

has a free Abelian subgroup on ar generators. Since a 1 

and r ' o, we have a r r. Thus the trivial unit group of 

R(G,C) cannot have finite index in the unit group of 0, and 

therefore cannot be the whole unit group of R(G,C). This 

gives the necessity of the following condition:-

Theorem A necessary and sufficient condition that all 

the units of R(G,C) be trivial, is that a maximal order of 

R(G,k)  containing R(G,C)  have a unit  group of finite order. 

To show that this condition is sufficient, we rely on:-

Theorem 6. The grouz_of trivial units in R(G,C)  is not

contained as a proffer subEE9a  of finite  index in any group 

of units of R(GtC). 

If 0 has a finite unit group, as has R(G,C). The unit 

group of R(G,C) must then contain the trivial group as a sub-

group of finite index. By Theorem 6, it must therefore 

coincide with it. 
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If the group of trivial units were contained as a proper 

subgroup of finite index in a group G, , of units of R(G,C), 

then G, would contain a non-trivial unit of finite order, in 

which the coefficient of the identity of G differs from zero. 

However, we shall show that this is impossible, and therefore 

that Theorem 6 holds. 

Lemma. The coefficient  of  the identity in a non-trivial 

unit of finite order in  R(G,C) is  zero. 

Let E be a unit of finite order in R(G,C), in which the 

coefficient of the identity is the non-zero integer a. Let 

E be the image of E in the regular representation of G, We 

have trace 2 = na, where n is the order of G. The charac-

teristic roots of 2 are roots of unity, w1,..., wn, and there-

fore 

(1) (trace E I = I ‘'ll 'tw,+•••+ "/-1 ('41 t Ittb, = 

and the same is true for all the conjugates of trace 2. 

Therefore iN(a)i t, where N(a) stands for the norm of a, 

and is therefore a non-zero rational integer. Thus equality 

must hold here, and therefore also in (1). That is to say 

I w, +,mow 
I = 1w 1I+INd,jt .— IkA4k , 

which can only happen if w1 = = wn. Then, however, the 

matrix 2, being of finite order, must be scalar, so that 

E = w.l, and therefore E is trivial, which proves the Lemma. 
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We now seek to use Theorem 5 in order to determine all 

group rings having only trivial units. By Theorem 5, the 

corresponding group algebra must have a maximal order of 

highest rank with a finite unit group. Now if an algebra A 

is a direct sum of subalgebras Al,...,Aa, and 0 is an order 

in A, then the set Oil (i = 1,...,a), of elements of Ai in 0 

is an order in Ai. Conversely, if 0i, i = 1,...,a, is an 

order in Ai, then the set 0 of all sums 0 1 + + 5-a, 

(). in 0i) is an order in A. Moreover, if u is a unit in 

. in Ai' then ui
a 

is a unit of 0i; and conversely if for i = 11...,a, ui is a 

unit in Oil then u = ul + u2 + + uct is a unit in 0. The 

unit group of 0 is therefore the direct product of the unit 

groups of 011 02, a. It follows that a semi—simple 

algebra has a maximal order of highest rank with a finite unit 

group, if and only if the same is true of each of its simple 

components. Such a simple component is, of course, a total 

matric algebra over some division algebra over the ground 

field k. If the component is to have the desired property, 

then in the first place the matric algebra must be of index 

one, For otherwise an order of highest rank must contain 
® 0 

for some x not equal to 0 the matrix I oi , which is a 
o I 

unit of infinite order. The simple component must therefore 

be either a field or a division algebra. In the former case, 
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by Dirichiet's theorem on units in algebraic fields, the 

unique maximal order has a finite unit group only if the 

field is the field of rationale, or a quadratic imaginary 

extension of it
1
. In the case of a division algebra D, let 

kl be a maximal subfield of D, and Cl its integer ring. An 

order of highest rank in D contains all elements of m Cl for 

some integer m, and hence all units of Cl of the form 1 m X, 

X in Cl. But if the unit group of C1 is infinite, these 

latter units are also infinite in number. Thus if D satis-

fies our condition, Cl must be an imaginary quadratic field, 

and therefore D a definite quaternion algebra2. 

Thus if a group ring R(G,C) has only trivial units, its 

group algebra R(G,k) must be the direct sum of fields iso-

morphic to the rational field or to quadratic imaginary fields, 

and definite quaternion algebras. 

In the case in which there are no quaternion summands, 

G must be Abelian. By Theorem 2 if h is the maximum order 

of any element in G, and w a primitive h-th root of unity, 

R(G,k) has a summand isomorphic to k(15), and all its summands 

are isomorphic to stbfields of k(w). Now w can be contained 

in a quadratic field only if h = 2,3,4 or 6. Taking these 

cases in turn, it is easy to see that the distinct possibilities 

are:

See Hilbert, op.cit. p.214. 
(2) Cf. Albert, op.cit., Ch.5, § 10. 
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t- 
For some value of r, therefore, a., A., . a,q,, , 

so that a.2, is self-conjugate, and G is Hamiltonian, as 

required. Now a Hamiltonian group must be a direct product 

of a group of the kind defined in IV, by an Abelian group of 

odd orderi. However, if this latter group is not the identity 

alone, the simple components of R(G,k) will include a quater-

nion algebra over a field k(w), w a root of unity other than 

+ 1, which is excluded. By the same reasoning, the co-

efficient field must be the field of rationals. Conversely, 

the group algebra R(G,k), G and k as under IV, is a direct 

sum of fields isomorphic to the rational field, and ordinary 

quaternion algebras. Its maximal orders of highest rank

have therefore finite unit groups. We have therefore:-

Theorem 8. The group ring R(G,C) of a  finite group G 

over a ring of algebraic integers C has only  trivial  units

if and only if G and k, the  quotient field of C, have one 

of the forms I, II, III,  IV, listed above. 

It is easy to generalise Theorem 8 to the case of a group 

ring R(G,C) in which G is no longer a group of finite order, 

but is a group all of whose elements have finite order. 

Firstly if G,k, are of any of the forms I, II, III, IV, then 

R(G,C) cannot have non-trivial units. For if E = ctip•-•+4-rjr 

(1) See, for instance, H. Hilton, Finite Groups, p.178. 
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were such a unit, gi,...1gr would generate a finite subgroup 

G3i of the form I, II, III or IV, and E would be a unit in 

R(eE,C) contrary to Theorem 8. Secondly, let G be a group 

whose group ring R(G,0) has only trivial units. Then we may 

show directly that in R(G,C), xy = 0 implies yx = 0. For we 

have (1 - 3yx)(1 + 3yx) = 0, and 1 + 3 y x cannot be a trivial 

unit unless yx = 0. It follows as above that G is either 

Abelian or Hamiltonian; and as it must not contain a finite 

subgroup not of the form I, II, III or IV, it itself must be 

of one of those forms. 

Theorem 9. The statement of Theorem 8 remains true if 

for the words "a finite group G"  we substitute "a group G 

all of whose elements  have finite order." 
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5. Units_  of Finite Order  in Integral Group Rings 

We are concerned in this section with units of finite 

order in the integral group ring R(G,C) of a finite group G 

over a ring C of algebraic ijtegers. The theorems that we 

prove are all partial cases of the plausible theorem:-

A group of units of finite order in. R(G,C) is isomorphic to 

a group of trivial units. It is convenient to treat only 

normalised units - that is, units in which the sum of the 

coefficients is equal to 1. Any unit is the product of a 

normalised unit and a unit in C, and any unit of finite order 

is the product of a normalised unit of finite order and a 

root of unity. The trivial normalised units, are of course 

simply the elements of G. 

Our starting point is in all cases the Lemma used in 

the proof of Theorem 6 in the last section, which for con-

venience of reference we repeat as a Theorem. 

Theorem to The coefficient of the identity of  G in a 

non-trivial unit of finite order in G is zero. 

Two results can be proved immediately from this theorem 

concerning the order of a group of normalised units of finite 

order in R(G,C), one quantitative and the other qualitative. 

Theorem  The elements of a  group of normalised 

units of finite order in  R(G,C) are linearly  independent. 

The order of such a group is at most equal to  the order of G. 
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Let E0 = 1, Ell...,Ek, be the elements of a group of 

normalised units of finite order in R(G,C), and suppose 

that 

E0 -t Xi E, t fEf=0

The coefficient of 1 in Ei, i 0, is zero, by Theorem 10 

unless Ei is trivial, in which case it is obviously zero. 

Thus we must have A0 = 0. Applying the same procedure 

ettermatiplyingthroughbyE.1 gives A. =0, i = 10...k, 

so that the elements of the group are linearly independent, 

as required. The second half of the theorem is then obvious, 

as there cannot be more than n linearly independent elements 

in R(G,C) if n is the order of G. Theorem 6 is, of course, 

a particular case of Theorem 11. 

The same argument shows that the elements of the group 

of normalised units remain linearly independent modulo* any 

ideal A in C. If, in particular, 

X0 E. X, El t A k Ek 

where P is in R(G,C) then each of X0, is divisible 

by m, so that P is expressible as a linear form in E0,...,Ek

with integral coefficients. That is to say:-

Corollary. If a  linear form in the elements of a 

Group of normalised units  of finite  order in  R(G,21 ex-

presses an element of  R(GIC).„_Ats coefficients are integers. 
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Next let us proceed to our qualitative theorem con-

cerning the order of a group of normalised units. 

Theorem 12. The prime factors of the  order of a group 

of normalised units of finite order in R(G,C) divide the 

order of G. 

Let E be a normalised unit of prime order p in R(G,C). 

Then Theorem 12 will follow if we can shew that p divides n, 

the order of G. We may assume E to be non-trivial. Let E 

be the matrix representing E in the regular representation of 

G. Its trace, by Theorem 10, is zero. If wl,...,wn are 

its characteristic roots, therefore, we have 

w i t W, +- + ,vtf, C) . 

Each of is a p-th root of unity; and therefore a 

power wk of the primitive p-th root w. Vie have therefore 

wi s 1 modules A , the ideal (1-w). Therefore 

= w, + w,,, = o At.e of . A . 

But X44-j= p; so that n13-1 .; 0 (p), or p divides n, as 

required. 

This theorem is essentially dependent on the fact that 

our coefficient ring C is a ring of integers, but it is 

independent of the field k out of which they chosen, - C may 

indeed be taken to be the ring of all algebraic integers. 

The theorem is therefore in direct contrast to the restric-

tions on the orders of elements in R(G,k) obtainable from the 
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fact that such elements must satisfy an equation with co-

efficients in k, and degree less than n. These latter 

restrictions are much less closely bound up with the nature 

of the group than are those on units of finite order in 

R(G,C). For instance, in the group ring of the quaternion 

group, of order 8, generated by x, y, z, subject to the 

relations x2 = y2 = z2 = xyz, we have the unit of order 3, 

I - (3+  2) . 

It is a corollary of Theorem 10, that if the coefficient of 

an element of the centrum of G in a unit of finite order in 

R(G,C) is not zero, then the unit is trivial. In particular, 

if G is Abelian, the units of finite order in R(G,C) are all 

trivial. It might be supposed that in any integral group 

ring a unit of finite order is conjugate to a trivial unit, 

but this is not so. Consider, for instance, the non-Abelian 

group of order 6, generated by elements x, y, subject to the 

relations x3 = y2 = (xy)2 = 1. We can show by direct multi-

plication that if 

A ( it) = k (x -)O11 t ) 

then for all integral values of k, [A(k)]2 = 1. But A(k) 

is not conjugate to a trivial unit unless k is even. For 

under the representation of G:-

we have 

X
H 13.1 11 

Y

11 _01 

11 • 

heA•ce,  
-3 

id, 
I - 
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Now if k is odd, this matrix is of the form 1 + 2 X, where X 

is a matrix with integral elements. However the matrices 

representing the trivial units of order two, - y, xy, and 

x2y, - are not of this form; so that A(k) cannot be conjugate 

to one of them. 

The remainder of this section is concerned with theorems 

probable under special assumptions concerning the nature of 

the group G. 

Theorem 13. If the  group G is  soluble and of order n, 

then the order  of any normalised unit of finite order in 

R(G,C) divides n. 

We require first two lemmas on matrices whose elements 

are algebraic integers. 

Lemma 1. The algebraic integers-p1, p22..., pn, form 

the first row of a matrix whose elements are algebraic 

integers and whose determinant is unity, if and only if the 

ideal 121,_22.2....2_212) is the unit ideal (1), it being 

supposed  that n > 1. 

The necessity of the condition is obvious. The suffi-

ciency can be proved by induction on n, as it is plainly 

true for n = 2. 

Every ideal with a finite basis in the ring C, of all 

algebraic integers, is a principal ideal. For the elements 

al , of the basis determine a finite extension of the 
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rational field. In this field some power, say Is , of the 

ideal I having (Ml, so*, mr) as basis is a principal ideal 

(P) 0 In any field containing pi, and in particular in C, 

the ideal having al, mr as basis is therefore the prin-

cipal ideal (04). In particular, the ideal (pl, 

is a principal ideal, say (q), and therefore pi = q pi, 

1
= 1, ..., n-1, where pi is an integer, and hol'-1,"" 

P1 
n-1/

is (1). By the hypothesis of the inuuction we can find 

r 
a matrix with integral elements and determinant 

x 
unity. Now ( fro..., to,_,Jp,.) ( cpi p ) = (1), so that we 
can find integers # Cr- # such that /7, + pM = 1. Then 

,:.: ,jtp pr 
the matrix has integral elements and deter-__ 

minant unity as required. 

Lemma 2. If X is a matrix whose elements are algebraic 

integers, we can find a  matrix Y of determinant unity and 

with integer elements, such that  the  elements  of the trans-

form Y-1 x Y below the main diagonal are  all zero. 

Let 4; be a characteristic root of X, end let v = 

be a vector such that XV where of course r is the 

index of the matrix X. We may without loss of generality 

suppose thatpi r  are integers, and that the ideal they 

generate is the unit idecal. For it would in any event be a 

(1) See Hilbert, loc.cit., p.224. 
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principal ideal (q), and we could divide through by q. 

By the previous lemma, then, we can find a matrix YI with 

integral elements and of determinant unity such that 

Y1 el = v, where el is the first unit vector, (1, 0, ..0,0). 

Then we have `11-1 X Y, el = 9 e l so that X has the 

form ? . Repeating the process for the matrix X1, 
O 

we eventually arrive at the desired transform. 

We now prove our main theorem. Since every unit of 

finite order in the group ring of an Abelian group is trivial, 

we can proceed by induction on the order of G. Since G is 

soluble, it possesses an Abelian self-conjugate subgroup H 

of prime power order, pa. Then the factor group G/H is 

soluble and its order m is less than the order p4 m = n of 

G. By the hypothesis of the induction therefore, the 

theorem is true of G/H. If E is a normalised unit of 

finite order in R(G,C), its image E in the natural homo-

morphism of R(G,C) on R(G/H1C) will be a normalised unit of 

finite order in R(G/H1C) and therefore Em = 1. Therefore 

(1 ) e = e = I, 5, F", (Li - 'I , H . 

It suffices therefore to show that a unit of this form has 

an order dividing pa. And for that it suffices in turn, to 

show that the image of Eo in any irreducible representation 

of G has an order dividing pa. 
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Let f' , then, be an irreducible representation of G. 

can suppose that the elements of H are represented by 

diagonal matrices, and at the same time that all the elements 

of G are represented by matrices whose elements are integers
1
. 

For, let rip..., rr  be the distinct irreducible components 

of P considered as a representation of H; let X be the 

vector space in which the matrices of r (G) operate; and 

let X,, a = 1,...,1°1 be the subspaces of X in which r (h), 

for all elements h in H, acts as a multiplier 'by the scalar 

r (h). Then any matrix of r ) permutes the subspaces 

Xpoi0,Xr* For if v is in Xa
, g in G, then for any element 

h in HI

r ir4 = rd). ib-1 vs rtV • rii10"3) V)  SilaCe r i ll is in H 

Pia qt v, for some value of 0, 
so that (g) v is in X. Since r is irreducible, the per-

mutation group so formed must be transitive. Hence 

must all have the same rank, say El. Now let Go be the maxi-

mal subgroup of G such that 0(G0) leaves X. invariant, and 

choose a basis of Xl  so that the matrices of the 

representation of Go induced by r' in have integral elements. 

Furthermore, for a . 2,...,r, let 13:, be an element of G such 
c.)..004e 

that P (ge) xl  = Xa, and that fl (go.) xi (ga) xm as a 

basis Xmc,„_0,, )e.4" 1,,, of X. Uniting these bases into a 

(1) Cf. Spoiler, op.cit., ch. 13, * 51. 
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basis of the whole space X, we find that 4 has the desired 

form. 

Then, if 1'(E0) = E: we have by (1) 

(2) 4  2, A. L 141 -1) .) 

where Xi represent matrices with integral elements, Hi

matrices of the form 
%':;$11 • 

If e is the maximum 

order of any element in H, we have /3 and w in Hi •

is a p4-th root of unity. Let w be a primitive /34-th 

rooth of unity. Then (2) can be written 

(3) E 0  = 14-(w-4)A0, where X0 is a matrix with integer 
elements. 

But by lemma 2, we can find a matrix Y such that both Y and 

Y-1 have integral elements, and the elements below the main 

diagonal in Y-1 E0  Y are zero. Then the elements in the 

main diagonal of Y-1 E0H Y will be the characteristic roots 

9 1 ,..., G s Of E 0  But by (3) 

Y ="-- 1 Y -1 X6 Y. , 

so that, if 1\ denotes the ideal (w-1), 

Since E0 is a unit of finite order, is a root of unity, 

say of ofie,r 3p7and the order of E: is the least common 

multiple of Is . Now 091117-=(e) where 01 = 10(`(p-() els) 

(1) Hilbert, op.cit., p.331. 
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But if c i3O were divisible two primes, 9A ' would be a 

vinit, making (4) impossible. If on the other hand q,p -t 

where t is a prime, then the ideal (Y -1), raised to the 

power Lc -ii is equal to t. Raising (4) to the 

power , we obtain 

whence t = p, t, or 0 ), That is to say, the 

order of 8A for 4  ) S divides lz as required. 

We have, actually, proved more than is stated in the 

theorem, namely:-

Corollary. If G is  a soluble  group; G = Gr = 

E any  series of self conjugate subgroups of G such that 

Gi/Gi+1 is Abelian; and ni_is the maximum order of any 

element in Gi// Gi+11 then the  order of a normalised unit 

of finite order in  R(G,C) divides n1 n2—_.. nr_l. 

We stated at the beginning of this section that our 

Theorem were all partial cases of the statement that "A group 

of units of finite order in R(G,C) is isomorphic to a group 

of trivial units." We shall only succeed in proving this 

statement for the particular case in which G is a group of 

prime-power order whose second derived group is the identity, 

or a direct product of such groups. These groups have the 

property that their upper central series terminates in the 
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whole group G.
1 

The upper central series 40 , Zi „.. is 

defined by (i) z0 consists of the identity alone, 41) 

2,/zz is the centrum of G/Zi . 

The theorem is proved by the use of rather different 

methods from those used in proving the previous theorem. 

e define, in the group ring R(G,C) of any group G, the two-

sided ideal where h is any self -conjugate subgroup of 

a, as that generated by the elements e for all h in H. 

This ideal consists of all elements in R(G,C) whose image 

in the natural hcvomorphisM of R(G,C) or)R(G/H,C) is zero. 

Let us observe that according to our definition a unit is 

normalised if it is congruent to 1 module Act we prove 

first two lemmas concerning these ideals. 

Lam . If xi ... tiacr ,  of ordere  are a basis 

of the _Abelian _group G, then 

X JA I (x,-() 4/A1(4-0 + +µ,(x.-) o Ot(r ) 

if end .on:ki if }A-Aot is divisible by frte, x = it' • 

7;:e have 
44-d x-ot (I+ )(i +•• • -t- xPl( -9( 0 

integers)

so that the condition is sufficient. 

( ( XSuppose on the other hand that 4). must then

be expressible in the form 

9)„ -0 -,- (x, -i)( - + -) . 

(1) W. Burnside, Theory of Groups (2nd Edition), ch. VIII, 
93. 
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Setting x2 = = x3 = 1 gives a homomorphism of G on to 

the cyclic group Ix].) of order 121, and the above relation 

must of course remain true under it. That is to say 

/41. 
1

- i) 911 , 

or 

However, 

= m(1 

0 

'v0,13704  of Eie 
0..17 

— 1) = 0/if in the cyclic group f)cli $1, (x1

-1+ xi + • • • + n1 ). Therefore 

whence, setting x1 = 1, /1 
= mni, as required. 

Lemma 2. If  is an element  of R(H,C), where H is a 

self-conjugate subgroup of GL__then  = ° (),(, if and 

/1 
only if f 3 O O H I. 

If 99 O (4') then obviously 

conversely, that 

7.- , Suppose 

( 1) JP -7-r (2,i, I,s — I) r ks H 

Let yo, 3, , be a set of right hand residue class 

representatives module H, where -go = j . Then we may set 

(2) ( rs (9T —) 6)&5 TO-1,c). 

Substituting in (1), and comparing the coefficients of 

goy gl~ ..• on the right and left, we have 
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5 

0 19 5 (kJ-0, 6#o ) 

so that 

(3) 

Now 

- 0„ (1,- . 
S ets 74 ee_f 

--_-_ o /14.4 0O Cr 

mod 

by (2). 

But 2 Oes is in R(H,C), so that this entails 
2 

mod ?tH • By (3), then we have E o H) as required. 

It should be noticed that multiplication of the ideals 

N il is not in general commutative and we cannot deduce from 

Lemma 2 that if modulo (A cr 1 )M k) then 7 7 (, 

For, by lemma 1, we have that if G is Abelian, an element g 

of G is congruent to 1 modulo A Q. only if it is equal to 1, 

(for it is easy to see that x,`", x,43-.... .x,tr I + 0., (x t -1* 0-44-1),04. 

Thus in general g 7-- 1 mod if  9 is an element of the 

derived group * - 4'. By Lemma 2 then, g s 1 mod ).d„A H 

only if g is in H t . But any element j kr' k-) of the 

commutator group (G,H) = F of G and H is congruent to 1 

modulo Okor Xtf, AP , We have, in fact, 

Conversely, if 9 !As, a 0) then 
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g is in F = (G,H). For H/F is in the centrum of G/F, 

and therefore ›k4/F X It/F X"IF X /pin R(G/F, C); so that 

g F s 1 module a 4/r Awip , and therefore g is in F. 

Summing up:-

Corollary to Lemmas 1 and  2. Let G be a  group,  H a 

self  conjugate subgroup  of G. Then if g is  an element  of G 

(i) g s  1 mod Act  if and only if g is  in Gi; 

lll_g s 1 mod X*  if and only if g is in Hf; k 

(iii) g  E 1 mod (X0 w,  hmkt, if  and only if g is in (G,H). 

Now let us prove our main theorem. 

Theorem 14. Let G be a group  whose second  derived 

group  consists of the  identity  alonei_and the c-th group

of whose upper central series is the whole group G. Then 

a group of  normalised units of  finite order  in  R(G_LC) is 

isomomhic to a subgroup of G. 

By Theorem 11, a group of normalised units of finite 

order in R(G,C) is finite; it therefore suffices to prove 

theorem 14 in case the quotient field of C is a finite exten-

sion of the rational field. 

Let E be a unit of finite order in R(G,C). The image 

of E in the natural homomorphism of R(G,C) on R(G/GI ,C) is 

a trivial unit in the latter group ring, since G/Gt is 

Abelian. If furthermore E is normalised, then this image 

is an element of G/G'. Let gl be any element of this 
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residue class module Gl. We have then 

E j, L t . -11 

where hi,...,hr, of orders n11...Inr, are a basis of the 

Abelian group G'. If the sum of the coefficients of the 

elements in is then IL E(Ji. mod X0- , and there-

fore 

(5) 67 a j, + /0, cr ?i er ° • 

Let us for the sake of clarity first suppose that we are 

dealing with the ring of rational integers as coefficient 

ring C, and treat the general case afterwards. Then from 

equation (5) we have, 

E- 9; 
fi

Lz.1 

That is to say, every normalised unit E of finite order in 

R(G,C) satisfies a congruence 

(6) 9 cr . 

This congruence determines g uniquely. For by the corollary 

to Lemmas 1 and 2, 511 ,7 / 4$(..-40Acjimplies that is in 

the derived group of G', - that is to say, is the identity. 
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Moreover, if we have also 9 ws-ek X cr  >I CT ' 

then E E s . j Aeh-o-CiL A CT Aar 

so that the correspondence provides a homomorphism of 

any group of normalised units of finite order on a subgroup 

of G. To show that it is an isomorphism, we must show that 

if 

(7) 
cr A C( ' 

and E is a unit of finite order, then E = 1. By hypothesis 

G has the upper central series Zo = 11Z10...,Zo = G. We 

proceed by induction on c; as if c = 1, G' consists of the 

identity alone, ;‘41 is the ideal (0), and the assertion is 

therefore trivial. Assume then that the assertion is true 

of the factor group G/Zi. Let E be the unit of R(G/Z11C) 

corresponding to E. Then (7) implies 

E I A '7 A

and so by hypothesis E = 1, or E S 1 mod 4L . It follows 

that the sum of the coefficients of elements of Z, in E is 1, 

so that not all of these coefficients are zero. Since Z 

is the centrum of G, it follows from Theorem 10 that E is 

trivial, say E = z. But we have alreaay shown that (6) 

determines g uniquely, and therefore by (7), z = 1. Thus 

Theorem 14- is true if C is the ring of rational integers. 

If C is not the ring of rational integers we cannot of 

course pass as above from equation (5) to equation (6). 
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However, we can choose a basis wo = 1, wil...,ws of C, —

that is, a set of integers wo,...ws such that every integer 

in C can be written uniquely in the form aovfl+awl +' 1-41" 

where ao,...as are rational integers
1
. Let, in particular, 

I 
./00

in (5) be equal to Then by a similar 

process to that which led to (6), we can chew that there 

exists an element g in G such that 

(6a) 

where 

9 

01.. 7 j  ...) , 7 f . . 

Cr /

are rational integers. This 

congruence is equivalent to the assertion that if 

(8) Eo.r e, c•-4 WS , 

where Ea, a = o,...,s, are in R(G,CO), Co the ring of 

rational integers, then 

(9) Co 3 c4. Or I 

Now (8) determines the components EO, E1,..., Es uniquely, 

since 1, w 1' .0. ,ws, form a basis for C. It therefore 

follows as before by the corollary to Lemmas 1 and 2, that 

(9) determines g uniquely. Yoreover, 'if F is also a 

normalised unit of finite order, and 

F Po -0- P, w + P's 'vs 

(1) Hilbert, op.cit., p.180. 
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where ro j, F,c E. 0 A ct/ o , 

then we have E P (EP), w, - - • -t.• (E Fjs where 
3 

It F) p 7- ED FO „E,5, 
VOZ1 I 

ko rational integers, 

44,40,- A or A J I 

Thus the correspondence E )1E, where g is determined by (8) 

and -(9), is a homomorphism of any group of normalised units 

of finite order of R(G,C) on a subgroup of G. We must 

finally show that it is an isomorphism by proving that if E 

is a normalised unit of finite order such that (8) holds and 

Eo = 1 mod. A 4 then E = 1. We prove this by in-

duction precisely as in the case where the coefficient ring 

was the ring of rational integers. The only point at which 

there are fresh complications is in proving the special case 

C = 1. Then however, G is Abelian and E is therefore trivial, 

and being normalised, is an. element z of G. Therefore 

E = EO, and since X4i is the ideal (0), Eo = 1. 

This completes the proof of Theorem 14. 

Now let H be any group of units of finite order in 

R(G,C). Let y be an element of H, and yo the normalised 

unit such that y = w yo, w in C. Then y yo is a homo-

morphism of H on to a group of normalised units. If we 

suppose that the elements of H are linearly independent, 

then in particular H contains no roots of unity, and there-

fore this homomorphism is an isomorphism. Thus by Theorem 
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H is isomorphic to a subgroup of G. Applying this to the 

special case in which the elements of H are a basis for 

R(G,C) and therefore H has the same order as G, we obtain:-

1st Corollary to Theorem 14. If G satisfies the 

conditions laid down in Theorem 1 , then R(G,C) is not 

isomorphic to another group ring  R(H,C) unless G is iso-

morphic to H. 

Furthermore, by the corollary to Theorem 1 , we have 

that if H is of the same order as G, and R(H,C) has a group 

of normalised units isomorphic to G, then the elements of 

this group are a basis for R(H,C). Thus we have that 

R(H,C) is isomorphic in R(G,C) and therefore G to H. We 

may thus state a limited converse to Theorem 1 :-

2nd  Corollary  to Theorem If G satisfies the

conditions laid down in Theorem 1 , and H is of the same 

order as G, but not isomorphic to G, then R(11.2.q1 does not 

contain a group of normalised units isomorphic to  G. 
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6. An Example

In this section we consider the detailed application of 

the theorems of the last three sections to a particular 

group ring. We take one of the simplest groups not of prime 

power order, namely the group G generated by two elements a, 

b, subject to the relations:-

a. = 1) 1°- = I ) -id b  =d "'

where p is an odd prime, and r a primitive number module p, -

that is to say, T` i mod p if and only if i is a multiple 

of p-1. 

The order of G is p(p-l), for every element can be 

written uniquely in the form aPbx = o,...,p-1; x = ol...p-2. 

Moreover the number of classes of conjugate elements is p; 

for the elements eAx, ebY are conjugate if x = y o, or 

if x = y = o, 1p O, 4 o. That is to say, the elements 

in any residue class with respect to .caj except La) itself 

form a class, while the elements of ta) fall into two 

classes, one consisting of the identity alone, the other of 

all other elements in a4' . There are therefore p absolutely 

irreducible representations of G. Of these, p-1 are of 

degree 1, namely 

(1) •4' -3 W IC
0 z 

where wo is any primitive (p-1)-th root of unity. The 

remaining representation is therefore of degree p-1, since 
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rif-9) the order of G. It can be obtained 

by first representing G as a permutation group on the residue 

classes tbia'4' with respect to Lb), according to the scheme:-

(2) g is represented by: {4) a_ P t‘jo-P j 

This permutation group is doubly transitive, and as a linear 

representation of G is therefore the sum of the identical 

representation and just one other irreducible representation,- 

the representation of degree p-1 we desire. By this con-

struction, the representation can be written rationally. 

From this enumeration of the representations of GI the 

decomposition of A = R(G,k) into simple components follows 

from Theorem 1. We shall, however, prefer to unite the com-

ponents corresponding to representations of degree 1, into a 

single coiaponent. Or, what comes to the same thing, we 

shall treat the representations (1) as a single representations-

(3) ; 

on to the group ring R(GIk), where G* is the cyclic group fl- ) 

of order p-1. The remaining simple component is a total 

metric algebra of index p-1 over k. We shall in fact have 

rry = A, y1 ,. i Y1 = A G  

P 
• 

40

Here Al is isomorphic to the group ring R(C11 ) and A2 to the 

total matrix algebra of index p-1. 

(1) Speiser, oc.cit., ch.81 § 39. 
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An element of R(G,k) is, of course, determined uniquely 

by its components in Al and A2. Let us seek to determine 

what conditions these components must satisfy if the element 

is to lie in R(G,C). Firstly it is clear from (3) that the 

first component must be an element in R(G,C) and that con-

versely given any element in R(G*,C), it is the first com-

ponent of an element in R(G,C). The condition imposed on 

the second components will clearly depend on the basis chosen 

for the total matric algebra A2. We proceed therefore to 

show how that basis may most conveniently be chosen. Since 

A2 is isomorphic to the algebra of matrices representing 

elements of R(G,k) in the irreducible representation of G of 

degree p-1, this is the same as choosing the most convenient 

form for that representation. 

Observe firstly that by equation (4) of section 3, -

with, in this case, n = p(p-1) and n,, = p-i, - an element in 

R(G,k) with first component zero, and second component a 

matrix whose elements are integers divisible by p is in 

R(G,C), provided only that our representation has been chosen 

so that the matrices representing elements of G have integral 

elements. That is to say, what we have to consider is the 

form the representation takes module p. Now over the Galois 

field of order p, the group algebra of G ceases to be semi-

simple. We have in fact (4x-9 v= aP-t . O mod p; and since, 
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if g is any element in G, jja. -1)=.0x 4-1) 3 (0---!)•( s --t` 

the ideal (a-1) is nilpotent. As a matter of Alt forms 

the radical of the group algebra, and therefore the quotient 

algebra with respect to the radical is isomorphic to the 

group algebra of a cyclic group of order p -l. It is, in 

particular, commutative, and any representation of G in the 

Galois field is therefore equivalent to a representation by 

matrices whose elements above the main diagonal are zero1 . 

Let us proceed to verify all this explicitly. From 

the derivation of the representation from the representation 

as a permutation group on the residue classes (b?a14, we ob-

tain the following form, where we have set tbjaa = xct , and, 

to remove the identical representation, xo = 2- . -x :- 

(10 

a is represented by : x cei = X kts r - ; 

to —; 

b is represented by 04. = r-1 ;

where -7-7; Et -1- 0( mod p, and = 1,2,... or p-1. We may 

verify by evaluating the characters that the representation 

is indeed irreducible, for we have generally 

ot, j) is represented by : 3C.c = 
Vtp s4,1 3 

(1) Cf. B.L. van der Waerden, Moderne Algebra, vol. II, 
ch. XVII, § 121. 
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where xo, if it occurs on the right hand side, is replaced 

by -x1 -x2-...-xp_1. Consider the element 

fi-2 

t 

kCk 
-I) 

1=O 

of R(G,C). Its first component, by (3), is zero. Its 

second component is the matrix of the transformation 

- 

*-I 

P Eij 

k=i 

Now if of i. , then as k varies from 1 to p-11 then t.a and 

k(a-i) equally vary over all the non -zero residue classes 

mod p, and therefore 74 = O On the other hand 

k(c( 
— xK c,J ) 

 /.

(x.; - -x i(77) 
)s-) 

- x, 
dt=o 

which is equal to p xj, when we have set xo = -xl-x2

on the right hand side. The matrix in question is there-

fore p gTi and, as we asserted above, an element of R(G,k) 

whose first component is zero and whose second component is 

p A., (A an integral matrix) is therefore in R(G,C). 

We now replace the basis x 
-1""IXP"'d 

of the vector space 

by a new basis 

(5) 1 



57 

where 1 as usual represents the polynomial  1. .. . of • 

Since 0%,- (3) r- C if A Al, " I if 71  `'4

(5) is a change of basis having an integral unimodular 

matrix. We wish to determine the form taken by the repre-

sentation (1+) with respect to this new basis. Firstly, a 

is represented by 

1
(t)-

I 

D -2 

= 

ti. f1/42 13) 

/p -r3 -I) ), 
0,) , (1:) )(Art Xt.') - 

(3 ' I

Now we have identically in ) -, ( X ) 
(
X; whence 

I r 

I c/‘ 
- 

Now (I: ) 0 mod p; 

to

and if - >1 , (,)/)= 0 

thus 

(6a) a is represented by : 

— (le') ?c, — ix,tx,÷—. 

whereas if 01 = 

/ 1' 4

As for the element b, this is represented by: -
P -i 

a 
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whence P- i 

It
J

Now P-T4'(4) 

(3 /h,eott, 

is a polynomial in 0 of degree a in 0, and 

taking integral values for integral values of 0. It is 

therefore equal to an expression of the form 

r .,

where, since 

r (p

is divisible for p if 0 = 
fo is

divisible by p. 

leading term, 

Also, comparing the coefficient of the 

Thus 

(6b) b is represented by 1 0( S if y .* J, +•-• moo( 16 

In short, the basis of the algebra A2 of second components 

can be so chosen that, modulo p, the second components of 

a and b take the forms 

111 • . , 0 i 
1011 0 • I 

and 

0 
4  AZ 

O respectively. 

It now follows readily that if the matrix X is the second 

component of an element in R(G,C) its elements above the 

main diagonal are zero modulo p. If, moreover the first 

component of the same element of R(G,C) is zero, then the 

element is of the form (a-1) ,,x in R(G,C), and therefore 

the elements of X in the main diagonal are zero modulo p. 

Conversely, if an element of R(G,k) has first component zero 
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and second component a matrix with integer elements, those 

in and above the main diagonal being zero modulo p, then 

it is p4 R(G,C). We have already proved this if all the 

elements of the second component are zero modulo p; it 

suffices therefore to show that we can construct an element 

ofR(G,C) having first component zero, and second component 

of the form above, the residue classes modulo p of the 

elements below the main diagonal being preassigned arbi-

trarily. But the elements have second 

components whose main diagonals are, in some order (s.s -i sP-i

for s- 1,z, -v p-/ ,modulo p. These are linearly independent 

modulo p, and therefore we can find an element of R(G,C) 

the elements of the main diagonal of whose second component 

fall into arbitrarily preassigned residue classed modulo p. 

By multiplication by (,(L-() . = r)._,p -1 we obtain elements 

of R(G,C) whose first component is zero, and whose second 

component has in its main diagonal and its first (i-1) sub-

diagonals, elements congruent to zero modulo p, but in the 

i-th subdiagonal elements of arbitrary residue classes modulo 

p. Our required, construction is now obvious. To sum up:-

The group algebra R(G,k) is the direct sum of AT iso-

morphic  to the group algebra R(Gl k) of a cyclic group 

or order p-1, and A2, a total matric algebra of index P - I 

over k.  An element of R(G,k) is in R(G,C) if and only if 
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its component in Al is 41O in R(GK,  91 and its component 

in A2 is  a matrix  with integer elemerkts those  above the 

main diagonal being congruent to zero, those in  it to 

(fro»   I I respectively modulo  pl. provided that 

the basis of A2  is conveniently chosen. 

What then can be said of the units in R(G,C) ? The 

first component of such a unit is, of course, a unit in 

R(GK, C), the second a unimodular matrix. We have then 

obviously:-

The_group U of units in Rig,0) has a self-conjugate sub-

group 130  consisting of all units whose component  in Al is 

1. UO is isomorphic to the_group of  all matrices with 

determinant unity and elements in C, those  above the main 

diagonal being congruent to zero and those in it to uniti 

modulo p. The factor group U/UO  is isomorphic to the unit 

gloup  of R(GN, 0).

What, in particular, can be said about a nomalised unit 

of finite order ? The first component of such a unit is a 

normalised unit of finite order in R(G4% C) - that is, since 

G is Abelian, an element of GK. Consider first a unit 

whose first component is 1. Its second component takes, 

modulo p, the form 11/1,1 ,11. ) for some value of . Its 

characteristic function is therefore of the form:-

(X. -► 13 t p -I) P A -' POL
-r)

-/P)13 • 
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A characteristic root w is therefore a root of unity satis-

fying the congruence P-1,. 0 4,kodtp,and as we showed in 

the proof of Theorem 13 in Section 5, w is therefore a p-th 

root of unity. If we add the hypothesis that t s o /1,44 

we obtain 

this is clearly false if w is a primitive p-th root of unity. 

It follows that w = 1; and as this is true of all the charac—

teristic roots of our matrix, which by hypothesis has finite 

order, the unit we are dealing with must be unity. 

Next, let u be a unit whose first component is 

where e41 .Its second component has the form 

" 

0 

/ '?mil` ' modulo p, for some value of Raising u 

to the power f, we obtain a unit whose first component is 1. 

Its second component, it may be verified, has a first princi-

pal minor 
(19)14/-

modulo p, where 90c = II ( 

Now -1-*e 4- 1 mod r ; but T4 of I mod p; therefore 99; =-

mod p. It follows from the previous paragraph that 

so that u is of order f. 

Now, let U be a group of normalised units of finite 

order in R(G,C), U0 its subgroup of elements with first 

component 1. By Theorem. 1), the order of U0 is not greater 

than ft lk.I9, and since all its elements have order p, U0, if 

it does not consist of the identity alone,1a cyclic group 
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of order p. Let the group, of first components of elements 

of U be generated by where as above. Let al

generate Uo, and let bl be an element of U having first 

component We have seen already that 

But if the second components of al, bl, have respectively 

first principal minors of the forms 
I t

modulo p, then bi't al b, has correspondingly ° ll)) ! ° II 
)̀ . 3t " e t 1 A Ire 

which is equal to ill ; it follows that 

Thus U is isomorphic to the subgroup [a, be J of G, under 

the correspondence , h! 

It may further be noted that if GI is the subgroup 

€a, b el of G, and U is a group of units of finite order in 
R(Gi ,C) then the first components of elements of U must 

certainly be elements of the group (k j. Thus the group 

tb"1 is a subgroup of (641 and the subgroup of G iso-

morphic to U is likewise a subgroup of G1. That is to say, 

we have shown that if G is any group generated by two ele-

ments a, c subject to the relations:-

a. 13 7- c 1 C - I o- c r- (Ls; 

where s is of order f precisely modulo p, and e f =t -l; then 

a group of normalised units of finite order in R(G',C) is 

isomorphic to a subgroup of G'. 

The most important cases are the two extremes, G' = G, 

the dihedral group of order 
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7. Group Rings of Groups without  Elements of Finite Order 

In this final section we shall prove that for a certain 

class of groups G without elements of finite order, whatever 

be the coefficient ring K, provided only that it has no zero 

divisors, the ring R(G,K) has no zero divisors and only 

trivial units. The groups for which this is true include 

free groups and free Abelian groups; and generally, if it is 

true for any two groups it is true also for their face 

product and for their direct product. A theorem of this 

kind is clearly quite different in character from those that 

we have proved concerning the group rings of finite groups, 

chiefly in that it is independent of the coefficient ring, 

whereas the theorems of the previous sections depend essen-

tially on the fact that the coefficients are taken from rings 

of algebraic integers. Naturally, the methods used to prove 

the theorems are also of a different kind. 

We make first two definitions. Let X, Y be any two 

sets of elements of the group G. Then a pair x, y of ele-

ments in X, Y respectively will be said to have the isolated 

product xy, with respect to X, Y, if the product x'y' of an 

element x' in X by an element y l in Y is equal to xy only if 

x = x and y = Y• Similarly two subsets X0, Y01 of X, Y 

respectively will be said to have the isolated product set 2X0

if the product xr y' of an element x ' in X by an element y' in 



Y is equal to the product xy of an element x in XO by an 

element y in Yo only if x' is in XO and y lis in Yo. 

Then the following lemma is almost obvious. 

Lemma. If in any two non-vacuous finite subsets 

L L_Y of G, we can  find a pair  x,  y of elements having  an 

isolated product, then  R(G,K) has no zero divisors.  If 

furthermore whenever X  or Y has more than one element, we 

can choose two such pairs, then R(G,K) has only  trivial 

units. 

Here, and throughout this section K stands for a ring 

without zero divisors. 

Let P, Q be any two elements of R(GrpK), and let X, Y 

stand for the sets of elements having non-zero coefficients 

in P, Q, respectively. If the pair x, y in X, Y respectively 

have an isolated product xy with respect to X, Y, then the 

coefficient of xy in the product of P,Q is precisely the 

product of the coefficients of x in P and y in Q, and is 

therefore not zero. Thus if there is in any pair of finite 

subsets, X, Y a pair x,y having an isolated product then 

if Pt 0, Q t 0, we cannot have 1 Q . If furthermore 

either P or Q is not of the form Xj then either X or Y 

has more than one element, and the second half of the lemma 

follows. 
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Whether or not the hypothesis of the second half of 

the lemma follows from the hypothesis of the first half, I 

do not know. Certainly it does not follow from internal 

considerations on any two given sets X, Y, for if we take 

the sets = j,14), Yo = ) 7;13), in the cyclic group 

g of order 5, then the condition of the first half holds 

for all subsets of XO and Yo, but the condition of the 

second half does not hold for the sets XO, Yo themselves. 

For the whole group, of course, neither condition holds. 

The hypothesis of the second half of the lemma is 

equivalent to the following condition, which for convenience 

of reference we label as Condition I. 

Condition I. If X, Y are non-vacuous finite sets of 

elements of  the group G, of which at least one contains

more than one element, then we  can find two pairs of non-

vacuous  subsets, X,1 Y1 , and X„ Y„ such that (i) XL and 

Y have the isolated product set XiYz, (i =  1, 2) 

(ii) either X, and X, or Y, and Y, have no elements in 

common. 

If Condition I holds, we can find in any non-vacuous 

finite sets X, Y, of elements of G, of which at least one 

has two or more elements, two pairs of elements having an 

isolated product. This is obvious if either X or Y contains 

just one element. We prove it therefore by induction on 
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the sum of the numbers of elements in X and in Y. By the 

hypothesis of the induction, then, we can find a pair of 

elements xi, yi in Xi, Yi having a product xiyi isolated 

with respect to X1, Yi. The product is however then 

isolated with respect to X, Y, since we cannot have 

xi yi = x y, (x in X, y in Y) unless x is in Xi, y in Yi. 

Moreover we cannot have xl = x2 and yi = y2, as then both 

X1 and X2, and Y1 and Y2 would have elements in common. 

By the Lemma therefore:—

Theorem lr. If G satisfies Condition I1. 12(G K) has

no zero divisors and only trivial units. 

In attempting to prove that condition I holds for a 

particular group it is useful to realise that if the condi-

tion holds for the particular sets X, Y, it holds for any 

other pair of the form gl X g2, g2-1 Y g3, since obviously 

the subsets X1, Y1, of X, Y have an isolated product set 

if and only if the same is true of the subsets gl X1 g2, 

g2
-1 

Y, g3 of gl X g2, g2-1 Y, g3. Thus we may always, if 

it is convenient, suppose that the sets X, Y both contain 

the identity elements. Again, if G has a subgroup F which 

satisfies condition I, then the condition holds for any two 

sets X, Y, of G, of which at least one contains only elements 

of F. For suppose X only contains elements of F. If the 

elements of Y are in the same left residue class with respect 
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to F, - which we may take to be F itself, then the condition 

holds by assumption. If on the other hand at least two 

left residue classes F gl and F g2 contain elements of Y, 

we may take X' = X2 = X, Y1 consists of all elements of Y 

in F gl, Y2 consists of all elements of Y in F g2, and the 

condition holds. 
kTo.t 

Condition I is, however, very difficult to timet in any 

particular case, and it is convenient to deal with a condi-

tion that probably holds for a more restricted class of 

groups, but is easier to apply. The function (g) of 

elements in G whose values are rational integers is called 

an indexing of G if there exists an element of g such that 

'(g) = 1, and for all gl, g2, in G, ,'(g1 g2) = 6'(g1) 

X(g2). That is to say, 4' is a homomorphism of G on the 

additive group of rational integers. A group G is said to 

be indicable if there exists a function ( indexing it. 

Then our condition is:-

Condition  II. Every subgroup, other than the identity
oat. 

akeme, generated a finite set  of elements of G is 

indicable. 

Theorem 164 If G satisfies condition II, R(G,K) has 

no zero divisors, and only trivial units.



68 

We shall shew that Condition II implies Condition I. 

To that end, let X, Y be finite sets of elements of G, of 

which at least one contains more than one element. We may 

without loss of generality suppose that both X and Y contain 

the element 1. Let H be subgroup generated by the elements 

of X and Y. H does not consist of the identity alone, and 

therefore there exists an indexing of H. Let ml, m2

be respectively the greatest and least values of m such that 

there exist elements x in X having x = m. Let X. 

(i = 1 or 2) be the subset of X consisting of those elements 

x for which (x) = mi. Define similary for Y the numbers 

ni, n2 and the subsets Y1, Y2. Then clearly the pair Xi, Yi . 

of subsets of X and Y have an isolated product set, for 

'(xy), (x in X, y in Y.), is equal to mi + ni only if x is 

in Ai and y in Yi. Moreover we cannot have Xi = X2 and 

Yl = Y2, for that would mean ml = m2 and n1 = n2, and 

since both X and Y contain 1, the common value would in 

each case be zero. This, however, would imply 1/(g) = 0 

for all elements of H, contrary to the definition of an 

indexing. 

Plainly, a free group, or a free Abelian group, is 

indicable. Moreover, a subgroup of a free group (or of a 

free Abelian group) not consisting of the identity alone is 

1 itself a free group (or a free Abelian group). These groups 

(1) Schreier, Abhandlung aus dem Mathematische Seminar 
der Hamburgisehen Universitat, V, 161-183, (1927). 
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therefore satisfy the Condition II. So also does any 

Abelian group without elements of finite order, since a sub-

group generated by a finite number of elements of such a 

group is a free Abelian group. 

We next show that if two groups G and H satisfy condi-

tion I, (or condition II) then so do their direct product 

G x H and their free product G o H. 

Theorem  17. If a group G has a self-conjugate sub-

group H such that both H and the factor group  G/H sati_ay

condition I, (or condition II), then G satisfies condition 

I, (or  condition  II).

(i) Consider first condition I. Let X, Y be non-

vacuous finite sets of elements of G, of which at least one 

has more than one element. If all the elements of X lies 

in the same residue class modulo H, and the same is true of 

Y, then since condition I holds for H, we can find subsets 

X1, X2, Yi, Y2, having the desired properties. Otherwise, 

consider the sets X, Y of elements in G/H formed by replacing 

every element z in X, Y, respectively by its residue class 

z H. These are finite non-vacuous sets of elements of G/H, 

of which at least one contains more than one element. Since 

- - 
Condition I holds for G/H, we can determine subsets X1, X2

Y1, Y2 of R2, Y according to the requirements of that conditia 

Let Xi be the set of all elements x in X such that xH is in 
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Xi, and define Yi correspondingly. Then X1, X2, Y1, Y2

satisfy the requirements of Condition I. For if x, y are 

in Xi, Yi respectively, but x', y' are not, then x y and 

x'y' cannot be in the same residue class mod H, and a fortiori 

cannot be equal. So also, if, say, 71 and X2 have no 

common elements, neither have X' and X2. 

(ii) Now consider condition II. Let F be a subgroup 

of G generated by a finite number of elements. If it is in 

H, it is indicable, since condition II holds for H. Other-

wise, the set of residue classes f H of elements in F is a 

sub group of G/H not consisting of the identity alone and 

generated by a finite number of elements. It therefore has 

an indexing, say )' . Then (f) = (f H) is an indexing 

of F. 

Theorem  D. If two groups G, H, satisfy condition 

or II, so  does their direct product, G x H. 

For G x H contains a subgroup self—conjugate subgroup 

isomorphic to G whose factor group is isomorphic to H. 

Theorem l9. If two  groups G, H, satisfy condition I 

or II, so does  their free product G o H. 

An element of G o H can be written in the form 

= ("y e G, k k, i.= -7).Then the correspondence 

e [1_ 2,) 4,4_,L.J is a homomorphism of G o H on G x H. 
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The theore:1 therefore follows from Theorem 17 andLlr , when 

we have shown that the kernel of this homomorphism is a free 

group. This kernel consists of all elefuents ji 4, 1A  

for which j,),-9, = Its intersection with any 

subgroup conjugate to either G or H consists of the identity 

alone, and it follows from a theorem of Kurech- on subgroups 

of free products that it is therefore a free group% How-

ever, we may show without appealin to that theoreiq that U 

is generated freely by the commutators 3 , = r 

" I) For we show by induction on 

that 
-) 

so that the commutators do indeed generate the kernel. We 

may furthermore show by induction au that if 

= e L.) i 4„kv)iv, is; E I-I, 3,4 

and for no value of i is j ,4,. 4*/ 

= O then 

)( ••• (7, N , 3LL * ), 

4.= t 

0.4....61. X ,; XL.; 

not in the same group G or H where, if er -I, - Jr 

0-$..0k.. X and if e,a z k;) As = • Thus s 

and there are no non-identical relations between the 

generators (g, h). 

- 

(1) Mathematische Annalen, 109, 647-660, (1934). 
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We next consider some examples of groups satisfying 

condition II. 

First, let G be generated by all...,an, subject to 

relations 

(1) cx.s s = W S (0‘,0 “.) as-1) , S , f1 • 

G is derived from the free group to-.)•••J °t •rj by a finite 

number of applications of the process of replacing a given 

group by a free product with united subgroups of itself and 

a free cyclic group
1
. Obviously there exists an indexing 

of G in which 114,x0 # 0. We shall make the further re-

strictive assumption that an indexing exists in which 

-((4..0= o) s=i," lt..Itie may suppose further that 

for otherwise we can replace G by the free product G of G 

and a free cyclic group , and extend to G by setting 

Then if G satisfies condition II, so cer-

tainly does G, which is a subgroup of G'. 

Now, to show that G satisfies condition II, it suffices, 

by Theorem 17, to show that the subgroup Go sent into zero 

by the indexing is a free group. This subgroup, however, 

is generated by the quantities sio = a-ifi &s a-;/" , =° 2.-a'44. 

41. where cs = Y(cks) For let = (1.!: 44:4 - . 4 4,", 

and set =O, /Jo( = r(a‘e' 47) = k We have 

(1) For the definition and properties, used frequently in 
this section, of free products with united subgroups, 
see Schreier, loc.cit., 164-168. 
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(2) 0, (.4
ta, 

of={ d. 

Now if is = 1 then Ba = 1; if la # 1, ea = 1, then 

Ba = A 0 0./.., ; if ita 1, ea = -1, then Ba t A 4, )9,, 

Moreover if g is in Go, k = O. Thus (2) provides a 

translation for expressions in al,...lan that represents 

elements in Go, into expressions in As  Thus A5, generate 

n  I 
What, we must next ask, are the relations between 

them. Two expressions in sail represent the same 

element in G if and only if they can be transformed into 

one another by a series of transformations of the following 

forms:-

(i) insertion or removal of terms of the form ck,e ctL-e; 

(ii) replacement of the right hand side of one of 

equations (1) by the left hand side. 

On translation into terms of the generators As 4, by means 

of (2) these processes become:- 

(i) insertion or removal of terms of the form 4 As;: ;

(ii) replacement of the right hand side of one of the 

following eauations by its left hand side:—

(3) = ( A. A,..,,cr) 

(1) Cf. Schreier, lococit. 
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where, of course, Wrs depend on the Ws  of equations (1). 

Thus equations (3) are defining relations for Go. However, 

equations (3) are simply definitions, in terms of the genera-

tors 

(4) .s' =a,...1  (2 0, ± s 2). .fr; 
/

= , As cs_ 

J = ,r4; ...) ; 

of the remaining generators AJ(0 ...,n o c'-v > As cs 1 , 

Thus Go is generated freely by the generators (4). G there—

fore satisfies condition II as required. 

The simplest case of a group of the above type is that 

generated by x, y subject to xm = yn. If m is prime to n, 

this is the group of a torus knot. If we take another 

class of knots, - those formed by the process of doubling a 

simple circuit - their groups are generated by generators a, 

b, subject to the relation 

,.. /4) b 

This group G is not, of course, of the above form. However, 

it has an indexing - I and the subgroup such that 

l'o.) =0 can be shown by the same process as was used above 

h'', to be generated by °. = b L0, Q -1 o, 

subject to 

(5) 
+ 

0.,,, cti-r 0, tl  12., • • , 

We wish to shew that this group Go satisfies condition II. 

Now a subgroup of Go generated by a finite number of elements 

is a contained in a subgroup , generated by ay, 6t-,.+1, _.) alj 
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and. it suffices to show that G for all r,8 satisfies 

condition II. Ilow a system of defining relations for Grs

is given by (5) for i = r + 1,...,8-1. For let R(a r. ,...,a s ) 

be any relation between a r , ...,a s . It is a consequence of 

relations (5); for i = r t + 1,...,s' - 1, say, since it must 

be a consequence of a finite number of them. Thus R(c,r  as : 

is true in the group G,* ,s , generated by a l.', 04 4.i,  .„4/1', 

subject to 

x at 1 , 

(6) a = 4:4, 

This group, however, can be obtained from G:-s , - generated 

by a,r ,... 10.,s  subject to (6) for i = r + 1,...,s - 1, - by a 

repetition of the process of forming a free product with 

united subgroups of it and a free cyclic group. It there-

fore contains Gt. 4 as a subgroup, and R(a r ,...,a s ) must be 

a consequence of (6) for i = r + 1,...,8 - 1, and therefore 

R(ar ,...,ai) a consequence of ($) for i = r + 1,...,s - 1, 

as required. Grs  is therefore of the form previously 

considered., when we write (5) in the form 

k 1ft 4./ —b% 

a.c 4, = at ; 

and it remains only to show that there exists an indexing 

of Grs , in which none of Y,air. 

defining "e"- °-,-) and 

are zero. However, 

-I arbitrarily, Y@.t. *1.) , are 

determined successively by (5); and we have 

r(0-0) - 0,L*9) . 
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Thus if we take o we have 1r7 k0 

for all i, and therefore 7-(9,,) O • 

Thus, finally G satisfies condition II. 

As a third example, consider the group G generated by 

al, a2,eo. 

(7) 

ad inf., subject to 

a  y -, 71: Ck. L• a t. le ‘4 e ••• Z. , 3 o,ek 

This group is interesting as an example of a group which 

satisfies condition II, though it is obviously its own 

derived group. We have, in fact, that any subgroup of G 

generated by a finite ni-nber of elements is a free group. 

For such a subgroup is contained in a sub-group fa,, a,,f4 

for some value of r, and it therefore suffices to show that 

this group is free. Let q : y r be a relation be-

tween ar and art1, holding as a consequence of equations (7) 

for (r'iY). Then R &Tice.rt0 holds in the 

free group generated by di- ' Wi'+‘ when 

are defined successively by 

k/i4, 
However oey-1, f is clearly a 

free group, and so by induction on S is fd7'..s l aYs+,3 

and in particular . Thus R (d,-, d„) and 

also ( 0-7,cike-Fi) is a trivial relation, as was required to 

be proved. 

If we desired to imbed this group G in a group having 

a finite generator and relation system, we may take generators 
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a, b, and relation 

= Ct. ff..L' Cri 4. b a 41) = Ct, b'ct b-ot' 

This group has an indexing 7/(a) = 1, Y (b) = 0; the sub-

group of elements g such that 'Y (g) = 0 is isomorphic to 

the group G above, being generated by , subject 

to (7). Thus the group satisfies condition II, though all 

its derived groups after the first are equal. 

It is obvious that neither condition I nor condition II 

can hold in a group having elements of finite order. It is 

a plausible hypothesis, however, that if a group has no 

elements of finite order then its group ring is without zero 

divisors and has only trivial units. It is therefore 

natural to enquire whether such a group can fail to satisfy 

either of conditions I and II. The answer in the case of 

condition II is certainly yes. It suffices to construct a 

group without elements of finite order, and generated by a 

finite number of elements, which is its own derived group. 

Let G be generated by x, y, subject to x3 = y2; H by 1, vL

subject to S = 1 . Let Go be the subgroup of G generated 

by y x-1, and (y )r1)6 x-3. Since x3 is in the centrum of 

G, Go is a free Abelian group on its two generators. Define 

similarly the subgroup Ho of H generated by 1 and 

and let F be the free product of G and H, 

with identification of the subgroups Go and Ho according to 

the scheme: 
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(y x x-3 

12c-i . "rj 6S-3 

F has a finite generator system, and is without elements 

of finite order, since G and H are. But F1 , the derived 

group of F, is equal to F. For any element in G is con-

gruent modulo G i p and therefore modulo F I, to a power of 

to ► It) ,0 -3 
yx-1 . However ti 1 S which can. be written 

r ) '16 and is therefore in F/. Similarly, 

every element of H is in F', and so F = F. 

The question concerning condition I is more difficult. 

That condition is very unwieldy in application, and I have 

not been able to determine, for any group without elements 

of finite order in which condition II does not hold, whether 

it holds or not. 
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