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A measurable physical theory of hyper-correlations beyond quantum mechanics
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A unique characteristic of quantum mechanics is entanglement describing correlations between
particles irrespective of their locations. This property, called non-locality, has no classical analogue:
Over the past few years, quantum physicists have reached a consensus that we lack a physical theory
to account for a class of states whose non-local character exceeds the bounds allowed by quantum
mechanics. Motivated by our observation that an extension of the Schrédinger equation with nen-
linear terms is directly linked to a relaxation of Born’s rule, an axiom of quantum mechanics, we
derive a physical theory that accounts for such hyper-correlated states and modifies' Born’s rule. We
model correlated particles with a generalized probability theory whose dynamicsare described with
a non-linear version of Schrodinger’s equation and demonstrate how that deviates fromthe standard
formulation of quantum mechanics in experimental probability-prediction. We show also, that the
violation of the Clauser-Horn-Shimony-Holt inequality, the amount of non-locality, isproportional
to the degree of non-linearity, which can be experimentally tested.

PACS numbers:

Physicists postulate the existence of a physical law that
goes beyond quantum mechanics, which could lead to
a modification of certain axioms underpinning quantum
theory. The discovery of quantum mechanics at the dawn
of the twentieth century led to major breakthroughs,
from nuclear physics, microelectronics to quantum com-
puting, which, by contrast to Newtonian physics, became
known as modern physics. Quantum mechanics gives
the most accurate description of microscopic objects like
atoms and molecules.

In 1935, Einstein, Podolsky and Rosen, devised the
eponymous EPR paradox [1], extended by John Bell in
1964 who formulated the Bell inequality whichsisviolated
by quantum mechanics. Their work demonstrated that
quantum mechanics is nonlocal, such that quantum par-
ticles with correlated physical properties are entangled;
or hyper-connected, irrespective of their physical loca-
tion in space - a counter-intuitive notien”that,Einstein
described as spooky action at a distance. The funda-
mentally probabilistic character of quantum mechanics
means that non-locality does not make Ibssible superlu-
minal signalling, a causal constraint imposed by special
relativity.

Bell’s inequality provides a useful framework for quan-
tifying non-locality of correlatedwphysical properties.
Above a threshold value jof 2, eorrelations violate the lo-
cal realistic picture of elassical physics. The value gives
a measure of the amount of non-locality in the corre-
lated quantum states, and can increase up to a maxi-
mum value of 2v/2, calléd thé Tsirelson bound [2], which
characterises maximally entangled quantum states (or
Bell states) under optimalimeasurement conditions. The
bound sets a maximum amount of nonlocal correlations
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that quantum mechaniés can allow or account for un-
der the current axioms and, in particular, under the
Born rule. “We lack a physical theory that describes
what happens above this bound where the Bell inequal-
ity exceeds 2v/2:and encompasses hyper-correlations that
are stronger than nature allows under current theory of
guantum mechanics. What we do know is that the no-
signalling,constraint fixes an absolute limit of 4 on the
highest amount of non-local correlations permitted such
that causality is not violated. An astute scenario, known
as a Popescu-Rohrlich Box (PR Box)[3] (see also [4, 5])
imagines how two quantum-entangled particles can in
principle violate Bell’s inequality such that the violation
reaches a value of 4.

The question, then, is what physical theory can ac-
count for the hyper-correlated systems between the
Tsirelson and the PR Box bounds, and importantly, with
what effect on the axioms underpinning quantum me-
chanics. This investigation provides an answer to this
question in parallel with the previous discussions that
can be found at [6-9].

We start with the intuition that the physical theory
is characterised by a non-linear dynamic equation. Pre-
vious extensions of non-linear quantum dynamics have
been motivated by a need to describe wave-function col-
lapse induced by gravity[10] based on the fact that we
never observe a macroscopic object (say on Planck’s mass
scale or larger) in a superposition of separate and spa-
tially distinct (say by a meter) states. The Ghirardi-
Rimini-Weber (GRW) non-linearity [11] was introduced
to simulate such an objective collapse of the wave func-
tion, albeit its precise mechanism was left as an open
problem.

Various gravitational theories that lead to apparently
similar non-linearities such as they appear in the GRW
model [12, 13] have been put forward. These are un-
derstood to be effective (i.e. non-fundamental) non-



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - PHYSSCR-112434

FIG. 1: Correlated particles confined in one dimensional box
potentials

linearities, such as in the Gross-Pitaevski (GP) equa-
tion [14, 15], that arises merely out of the mean-field ap-
proximation applied to the linear many-body equation.
In such a case, the non-linearity is a derived quantity
and has no fundamental consequence. Another type of
non-linearity called the log non-linearity, arises from the
constraint of locality, has been put forward under the
Bialynicki-Birula-Mycielski (BBM) scheme [16], showing
that it satisfies the condition of separability between non-
interacting sub-systems. Using the non-linear interac-
tion, it proves that an isolated subsystem does not in-
fluence the physical properties of other subsystems. An
experimental test of the log non-linearity in a neutron in-
terferometer showed that the effect is not extensive [17].

Here, we demonstrate the consequences of a non-linear
Schrédinger equation within generalised theories, result-
ing in different degrees of non-locality and a modification
of a basic axiom in quantum theory. We assume that the
non-linearity would not be a fundamental property inher-
ent to the theory if it were induced by coupling to some
external field such as gravity. The mechanism giving rise
to the non-linearity is not of immediate concern. We
demonstrate that the modified non-linear dynamie.equa-
tion allows for a more general description of probabilities
compared to the standard linear Schrodinger equation.
The usefulness of the modified equationiis illustrated by
mapping it to Bell violations.

We show also that the non-linearity in the dynamic
equation modifies Born’s rule in standard quantum the-
ory. The rule, we find, is surprisingly net dynamical in
origin, but arises instead from the time-independent non-
linear Schrodinger equation.

The result gives a framework for realising a non-local
box in the laboratory, while‘the parameter for the non-
linearity yields the estimatedsprecision with which a
quantum mechanical prediction can be considered accu-
rate in current quantum theory.

First, we introduce briefly Bell’s inequalities in the lo-
cal hidden variable modeél. Quantum correlations are the
characteristic trait of & quantum state that discriminate
it categorically'from any-elassical state [1], and provide
also a resourge for quantum information processing [18].
The non-local\character of a quantum system charac-
terised by the ‘quantum correlations described by Bell
[19] and ClausersHorne-Shimony-Holt (CHSH) [20] still
complies with Special Relativity. The Bell-CHSH func-

2

tion is given by

B=E(ab) +E@5Y)+E@.b) - EB@.b) (1)
where E(@,b) is a correlation function between two par-
ties. In the local realistic (LR) model, thestrict bound of
the function is found as |B| < 2 for the two measurement
outcomes. Statistically speaking, thermodel imposes a
strong constraint on the joint probabilities given by the
two classical dichotomic systems.

Contrary to local realistic predietions, <the bound
can be violated by a quantum-correlated spin-1/2 sys-

—

tem. For a quantum system, Egugnt(@,bd) iS'given as
the amount of correlationhunder local measurements,
parametrized by the three, dimensional unit vectors a@
and b at each site. Through .an idealised quantifica-
tion using optimized measurement, the value becomes
Equant(@, E) = —G@'b = — co8(0,p) for the maximally
entangled state é.g. afSinglet state. It can be shown
that the maximal value of B reaches 2v/2, the Tsirelson
bound. The physical origin of the maximal bound has
been widely discussed, see e.g.[21], with certain theories
predicting that the highest value of the Bell correlation
can reachya value of4, without contradicting causality.

We/presentinow our main result in relation to Bell cor-
relations within the generalized-probability framework
and. therimpact of the non-linear Schrodinger equation
on Born’s rule [22]. We consider with a non-linear equa-
tion/(see beﬁ)W) where the single parameter potential of
a system produces a function of particle density giving
rise torthe non-linearity. Once the eigenstates of the dif-
ferential equation are identified, we show that the result-
ing,probability does not coincide with that predicted by
the modified Born’s rule for the derived quantity. The
solution to the non-linear dynamic equation yields a gen-
eralization of Born’s rule that allows a calculation of Bell
correlations in the non-linear regime. Consequently, any
value of correlation between 2 and 4 can be attained,
depending on the degree of non-linearity to which the
dynamic system is subjected.

Let us consider a dynamic equation of two particle sys-
tems that are confined in a non-linear wave potential well
as in Fig. 1. We assume that the dynamic equation in
the coordinate system of relative motion is described by
a Schrodinger-like wave equation,

0 [ WP _
i b,0) = (=g s O+ Vit ) 0020
(2)

where the parameter x denotes the relative position of
the particles which is x = z9 — x1 for the individual 1
and 2 particles. Here, € characterizes the amount of non-
linearity in the system. It is worth noting that it maps
directly to the Bell correlation introduced by Popescu
and Rohrlich[3] so does not violate the no-signalling con-
straint hence causality.

When € = 2, the equation becomes a simplified ver-
sion of the non-linear Schrodinger equation describing the
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density function of IV interacting Bosonic particles, called
the Gross-Pitowsky (GP) equation [14, 15]. GP theory is
a microscopic theory that describes an interacting non-
uniform Bose gas at zero temperature see e.g.[23]. In
that case, g = 4wh’a/m characterizes the particle inter-
actions and is defined in terms of the ground-state scat-
tering length a. The normalization for ¢ is N = [ |[¢|*d*7
and the potential can be the function of parameters for
the displacement.

It can also describe non-equilibrium dynamics in cos-
mic structure and superfluid helium, called the Kibble-
Zurek mechanism [24, 25]. From the perspective of or-
dinary partial differential equations, it is just a second
order differential equation (ODE) with two parameters,
spatial position x and time ¢. In the context of the non-
linear Schrodinger equation, the GP equation describes
also the evolution of a particle in a large gravitational
field, as is called Diosi-Penrose (DP) equation. The DP
mechanism has been used to describe wave function col-
lapse due to the gravitational field [12, 13].

Our model provides a fundamentally different picture
of nature than can be derived from standard quantum
mechanics, or from exploring the physical consequences
of models driven by an external non-linear effect such as
gravity.

To simplify matters, we consider a solution of the free
evolution v (x,t) = ¢(x)e” ™! whose external potential
matches the resonant frequency, Ve, = hw. In compar-
ison to the original differential equation, the non-linear
Schrodinger (NS) equation can take the form

W 9% ()

2m  Ox? ®)
where we consider the case, § = —g. The negative g may
not be physically relevant in a real situation butshere we
assume the property for analytic purposes. With these
parameters, the solution of the static NS.equation can be
found analytically such that

+ glo()[*p(x) =0

¢n,a($) = (4)

sing g1e (N2,2+¢7)
n7T2,2+e

where the positive constant of the coefficient takes the
values mg/h = (nmaa4c)*/|al?. Heref the special func-
tion sing o4¢(-) denotes the generalized trigonometric
function which is obtained in the work of Lundberg [26]
(see also[27]), Levin [28] and [295,30]sas an analytical
periodic function. The analytic form of the function is
possible to be obtainedsas

sing o1 c(0) = Fz_,21+6(9) (5)
where F, ,(0) = [(1& t9)7V/7dt and 7, , := 2F, ,(1).
Tp.q = 2I(1 —Ap)T'(1/q)/ql'(1 — 1/p+1/q) with gamma
function I, 7y = mp , = 27/ [psin(7/p)] and m = 7. The
function sing, g(f) is a well-behaving periodic function,
which is analytic within the period and whose periodicity
is given by a newly defined irrational number 7, , that
becomes ordinary m when mp o = 7.

Then the spacial part of the function ¢(z) can be in-
terpreted as a wave-function-like object so far as it gives
the coincident probabilities of a spin measurement on the
correlated system, but whose physical properties in gen-
eral differ from those of a wave function. The statement
can be expressed by the equalities

pla=b) =p(t1) + p(L}) =) (6)
giving the probability of symmetric coincident events.
Without a detailed description of the local wave function
for individual particles, the funetion ¢(x) represents the
probability density of the composite system, equivalent
to “clicks” in detectors triggered by coincident particles.
The only relevant external parameter for the function in
this case is the relative displacement, corresponding to the
choice of measurement settings ¢hrough the adjusted ex-
ternal parameters. At,this generalised level, we describe
only the probability of events(e.g. coincidence counts)
and no longer consider state preparation and measure-
ments on individual states:

The existence of,therprobability function also means
that theresis a conjugate probability and its correspond-
ing wave function. The function can be derived from the
first derivative ofsthe original wave function whose ex-
plicit form camibe obtained analytically as cosg o4c(z) =
a% Singye(z) = ¢(x). Similarly, the conjugate probabil-
ity of'the non-linear Schrodinger equation can be written
as L

pla #b) = p(td) +p(t)) = [d(z)[** (7)
in order to satisfy the normalization condition. It follows
from the constraint that the normalization condition of
the probability is

|6(2)* + |(x) e =1 (8)
since it satisfies the condition of the generalized trigono-
metric function and p(a = b) + p(a # b) = 1. It im-
plies that the solution of the wave equation deviates from
Born’s rule by € when one tries to obtain the conjugate
probability from the solution of the non-linear equation
o(x). Next, we dicsuss how that a deviation from Born’s
rule violates Bell’s inequalities when we go beyond the
Tsirelson bound.

In the Bell-CHSH inequality, correlation functions with
different choices of measurements on the particles need
to be identified. They can be obtained from the solution
of the non-linear dynamic equation as

Ec(0) = pla=0b) = pla #b) = [$(0)]* = |6(0)*7°  (9)

where ¢ and ¢ are the probability densities for the mea-
surement probabilities. The second equation uses the
normalization condition |¢(8)|?+|¢(#)[**€ = 1. It means
also that the correlation function is subject to single-
value parametrization whose physical meaning relates di-
rectly to the angle between the local measurement at
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stations A and B, such as phase, amplitude, position or
momentum.

In that virtual scenario, the wave-function-like ob-
ject ¢(0) can be related to physical quantities, such as
the total particle number of the systems, where N =
[ 1#(6)|?d6. Additionally, its conjugate function becomes
N = [|¢(0)]**¢df. An additional degree of freedom,
such as a spin-like property, can be added to the function
by indexing it to a measurable quantity. The symmetry
condition for our wave function is fulfilled by our choice
of the variable, theta, which is deliberately chosen to be
symmetric, such that its indices remain unchanged under
exchange.

Interestingly, one can show that the Bell-CHSH in-
equality is violated above the Tsirelson bound using the
modified correlation function. The Bell function in (1),
after non-linear modification, becomes

Be = Ee(eab) + Ee(eab’) + Ee(ea’b) - EE(ea'b’) (10)

where E.(0) is the same function as in (9). When the
Bell function becomes larger than 2, the system cannot
be explained by a local realistic model, hence we need
a theory that goes beyond that. Fig. 2 shows the op-
timized value of B, with respect to e. To obtain the
maximum value of the Bell function, a linear optimiza-
tion over the parameters (04, Oap, Oarp, Oarpy) Was carried
out, represented by the blue curve in Fig. 2. B can
be in the range of 2 < B, < 4 as it is monotonically
varied, and tells us that the Bell-CHSH correlation can
take a value beyond the local realistic model and curtent
quantum theory, depending on the parameter e.

The behaviour can be extrapolated from the optimised
plot of the Bell-CHSH function and a single parameter-
ized Ansatz of a simplified distribution is given by

max|B,] = 4/2(1T9)/(2+e), (11)

We note that its value becomes 2 for ¢ =00, 2v/2 for
e = 0 and 4 for ¢ -+ —1, as can be seén in Fig.2 and
in the inset for a marginal error fit for/comparison.y The
functional behaviour follows the original Bell function to
within a 10% deviation. >

We can clearly see that the Bell violation ¢an go above
the Tsirelson bound when, the non<linear/parameter e
takes a negative value. That is the case when the non-
linear term in the dynamic equation becomes inversely
proportional to the wave/dunetion as the term is asymp-
totically amplified in the limit ¢'= —1. It is highly in-
structive to see that its value covers the entire range from
the local hidden variable model“to the maximum value
within causality.

4

In conclusion, we have demonstrated a model of corre-
lated particles whose dynamics are subject to a non-linear
Schrédinger equation and the consequences of the model.

An analytic solution of the non-linear dynamic equa-
tion is given by the Dirichlet eigenvalue/problem, and
consequently, a deviation from quantum theory in the
probability prediction of laboratorysexperiments, is
demonstrated.
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FIG. 2: Degree of Bell violation B, for different values of e.
It varies comtinuously between 2 < B. < 4 and is generated
for —1 < e <'o0yin the modified Born’s rule. The numerical
value of the Bell violation agrees with the symmetric value of
the Bell correlation. The blue line corresponds to the value
obtained by numerical simulation. The red line plots the func-
tion from our symmetric conjecture.

L

A modified formulation of Born’s rule has been ob-
tained by relating the event probability of measurement
to an arbitrary exponent of the modulus of the eigenvalue
solution, illustrating that the violation of the Clauser-
Horne-Shimony-Holt inequality is proportional to the de-
gree of the non-linearity, which can be verified by Bell test
experiments. Depending on the degree of non-linearity,
the violation can go above the Tsirelson bound 2/2 and
reach the value of a nonlocal box for hyper-correlations
beyond quantum mechanics.
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