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Abstract

Epidemiology is underpinned by mathematical and statistical models which are used to answer key

questions about the origin, spread, and control of diseases. With the rapidly increasing availability

of data and computational resources, coupled with the vast number of deterministic and stochastic

factors a�ecting the trajectory of epidemics, the complexity of these models continues to grow.

Many questions can be answered, at least in part, with these models by applying simple methods. For

example, the variance of an epidemic under stochastic models can be estimated by running such a

model many times. However, rigorous mathematical derivations allow these answers to be calculated

more accurately, computed more e�ciently, and, ultimately, understood in a deeper way.

This thesis seeks to provide mathematical insight into three key areas in epidemiology. First, the

development of new methods for solving phylogenetic optimisation problems allows modern machine-

learning and Bayesian techniques to be used to more accurately estimate the true evolutionary history

of disease pathogens, as well as providing an explanation for the e�ectiveness of minimum evolution

methods. Second, it considers the aleatoric uncertainty of epidemics, deriving explicit equations for

the variance of an epidemic under a Crump-Mode-Jagers model. Finally, it considers the problem

of optimal vaccination, deriving constraints and asymptotic limits on the optimal vaccination policy

under a multi-group Susceptible-Infected-Recovered (SIR) model.
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Chapter 1: Introduction

Throughout history, infectious diseases have proven to be one of the most powerful untamed forces of

nature, indiscriminately devastating even the most dominant civilisations [1]. Documented examples

begin in the ancient world, with the 430BC plague of Athens being a key factor in their eventual defeat

by Sparta in the Peloponnesian War [2]. As civilizations advanced and people became increasingly

interconnected, the risk of epidemics grew. At the height of the Roman Empire, the 165AD Antonine

Plague, sometimes considered the world's �rst pandemic [3], has been suggested to have had a sub-

stantial impact, with it and subsequent related epidemics perhaps even precipitating Rome's \third

century crisis" [4]. More recently, the Black Death killed around 50% of Europe's population [5] and

led to widespread social change, including the fall of medieval serfdom [6]; while the 1918-20 in
uenza

epidemic, killing approximately 50 million people [7], may have a�ected the end of the First World

War [8].

While modern medicine has reduced or even eliminated the risk from a wide range of diseases [9,

10, 11], the emergence of novel pathogens remains a substantial global threat, as illustrated by the

worldwide impact of the COVID-19 pandemic [12, 13, 14]. With increasing availability and a�ordabil-

ity of genetic data, phylogenetics - the study of evolutionary relationships - has become a key tool in

identifying pathogens with pandemic potential [15, 16], while also providing insight into the evolution

of variants of the disease in question [17, 18, 19].

However, despite advances in pandemic prevention, a range of environmental and societal factors

are making pandemics increasingly likely [20, 21, 22]. Understanding the possible future behaviour

of the prevalence of the disease is crucial in balancing the potential bene�t of non-pharmaceutical

interventions with their costs [23, 24, 25]. A complicating factor in achieving this goal is that pan-

demics have a high level of intrinsic randomness [26], so two outbreaks of identical pathogens could

have vastly di�erent results, and therefore having models that can not only provide mean forecasts

but also accurately capture uncertainty is critical to ensure policy-makers are fully informed [27, 28].

Ultimately, where possible, many endemic diseases are controlled by vaccination [29, 30, 31]. However,

when the supply or delivery rate of vaccines is limited, determining which people should be vaccinated
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and the order in which this should be done becomes a matter of great importance [32, 33, 34]. Again,

epidemiology can provide an answer to this question, as developing models to accurately forecast the

outcomes of di�erent strategies, as well as building algorithms to �nd the optimal strategy, ensures

that the available resources will be used e�ectively [35, 36]. This e�ective distribution of vaccinations

can greatly reduce the social [37] and economic [38] impacts of a pathogen, controlling its potential

for spread within a population.

While vaccination can greatly reduce the impact of the disease, the risk can only be fully removed

through complete eradication. For many diseases, such as COVID-19, such a goal is perhaps unattain-

able [39], but after the successful elimination of smallpox [40], it remains a realistic target for diseases

such as polio [41]. Achieving eradication is a di�cult and costly undertaking [42, 43], but combining

previously-discussed methods of phylogenetic analysis [44], transmission modelling [45], and optimised

controls such as vaccination [46] makes it possible, at least for certain diseases,, allowing countless

future lives to be saved.

1.1 Thesis overview

This DPhil is motivated by the three key areas highlighted in the background: phylogenetics, epidemic

uncertainty, and optimal vaccination. The primary objectives were

1) To make a meaningful contribution to our mathematical understanding of the models in question.

2) To develop a novel methodology to apply these models to real-world situations.

A summary of the six papers that seek to meet these goals is shown in Table 1.1.

1.1.1 Phylogenetics

Large amounts of genetic data are now available for a multitude of di�erent species [52]. Although

this should, in theory, increase the precision with which evolutionary histories can be inferred, many

contemporary methods scale poorly and, therefore, it may be computationally infeasible to apply

them to the entire dataset [53]. This is particularly true when considering the posterior distribution

of evolutionary trees rather than simply trying to �nd the most likely tree [54]. In Papers I-III, we

seek to address this issue by developing methods that could be used on large datasets.
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Table 1.1: A summary of the six papers comprising this thesis.

Paper Title Status Reference Topic
Objectives

Ful�lled

I

Phylo2Vec: a
vector

representation for
binary trees

Accepted
pending
minor

revisions at
Systematic

Biology

[47] Phylogenetics (2)

II

Leaping through
tree space:
continuous

phylogenetic
inference for rooted
and unrooted trees

Published in
Genome

Biology and
Evolution

[48] Phylogenetics (2)

III

Bayesian
distance-based

phylogenetics for
the genomics era

Submitted to
Communica-
tions Biology

- Phylogenetics (1) + (2)

IV

Intrinsic
randomness in

epidemic modelling
beyond statistical

uncertainty

Published in
Communica-
tions Physics

[49]
Epidemic

uncertainty
(1) + (2)

V
Optimality of
maximal-e�ort

vaccination

Published in
Bulletin of

Mathematical
Biology

[50] Vaccination (1)

VI
Asymptotic

analysis of optimal
vaccination policies

Published in
Bulletin of

Mathematical
Biology

[51] Vaccination (1) + (2)
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Paper I

Paper I presents a novel method, Phylo2Vec, for representing trees, developing the concept of an integer

representation that �rst appeared in [55]. Unlike previous integer representations, by motivating our

construction from branching processes, Phylo2Vec is designed to be used for phylogenetic optimisation

problems. It has a natural, e�cient measure of tree distance and allows for the development of a

simple optimisation algorithm with properties similar to subtree-prune and regraft methods, though

also with the ability to make more radical moves. Alongside the paper, we also provide a Python

package containing the algorithms discussed, allowing other researchers to use our representation to

develop new methods.

Paper II

Building on the Phylo2Vec representation, Paper II describes a novel optimisation algorithm, GradME,

which uses gradient-based methods to �nd the optimal tree with a balanced minimum evolution

objective. Using information from all possibleordered trees - a natural subset of trees that arises from

the Phylo2Vec construction - GradME is more e�ectively able to avoid getting stuck at suboptimal

local minima. GradME outperforms the contemporary software FastME [56] on a number of datasets,

albeit at an additional computational cost. We also develop mathematical theory to enable GradME

to directly search for rooted trees and we provide an illustration of the e�ectiveness of this over the

traditional midpoint-rooting method. For moderately-sized phylogenies we therefore believe that this

paper o�ers a substantial development in phylogenetic optimisation.

Paper III

Paper III derives an approximate phylogenetic likelihood, theentropic likelihood, that can be calculated

from a balanced minimum evolution objective function by adjusting the inter-taxa distance matrix.

We show that, for feasible branch lengths, the entropic likelihood is very well-approximated by a

linear function of the balanced minimum evolution objective function, while also being approximately

linearly related to the traditional Felsenstein's likelihood. Therefore, this result provides mathematical

justi�cation for the closeness between tree inference from likelihood-based methods and balanced

minimum evolution, unifying these two previously separate branches of research. Moreover, combining

our entropic likelihood with the methods developed in Papers I and II, we detail an e�cient algorithm

for Bayesian analysis and show its utility by applying it to a large dataset of bird genomes.
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1.1.2 Epidemic variance

As the availability of epidemiological data grows and the complexity of models increases, it becomes

increasingly di�cult to accurately and rigorously describe the behaviour of epidemic uncertainty under

these models, with many contemporary works relying on simulation to estimate uncertainty [57, 27,

58]. However, while these estimates may be reasonably accurate, simulations can be computationally

expensive, and it may be di�cult to understand and compare the relative impact of di�erent sources

of uncertainty in the model.

Paper IV

To address these issues, Paper IV provides a detailed mathematical examination of a 
exible branching

process model of an epidemic. It derives renewal equations for the probability generating function,

mean and variance of the prevalence under this model and characterises the source of the di�erent terms

in the variance equation, allowing their relative contributions to be compared. It also illustrates the

importance of intrinsic uncertainty in epidemic modelling, proving that the prevalence is overdispersed

(under very mild conditions) and illustrating its large size in real-world examples. Finally, it provides

software to implement these methods, allowing researchers to e�ciently assess uncertainty in a range

of epidemic scenarios.

1.1.3 Optimal vaccination

When there is a limited supply of vaccinations during an ongoing epidemic, ensuring that they are

optimally assigned within a population can substantially reduce the number of cases and deaths

[35]. Solving the optimal vaccination problem must (in general) be done computationally [59] and

the resultant solutions may be di�cult to justify to policy-makers. Therefore, developing a set of

rigorously-derived principles for the optimal policy can be a useful tool in improving our understanding

of optimal vaccination.

Paper V

Paper V states and proves an intuitive theorem - that one should always vaccinate withmaximal

e�ort (giving out vaccines as early and as quickly as possible), providing the vaccination is e�ective

and its e�ectiveness does not wane over time. It achieves this for a general heterogeneous Susceptible-

Infected-Recovered (SIR) model for any number of groups and also considers the case where the cost

of vaccination is included, in this scenario showing that the optimal policy involves maximal-e�ort

vaccination up to some (possibly in�nite) time. While this theorem may be conceptually obvious, it
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provides a starting point for optimising vaccination policies, reducing the dimension of the feasible set

by 1.

Paper VI

Building on the results proved in Paper V, Paper VI derives results on the leading-order optimal

solution in two cases of asymptotic parameters. It shows that a small, vulnerable subgroup should

always be vaccinated �rst (in the limit) and derives an explicit leading-order solution in the case

of a small vaccination supply. These principles provide some insight into the structure of optimal

vaccination policies and could be used to inform and explain results in more general settings.

1.2 Thesis structure

This thesis is structured as follows:

ˆ Chapter 2 provides a background to the three areas of focus in this thesis and gives an overview

of the relevant literature.

ˆ Chapters 3-8 contain the papers which form the basis of this thesis.

ˆ Chapter 9 provides a high-level discussion and summary of the �ndings of this thesis.

ˆ Appendices A-F provide the appendices from the papers in this thesis.

ˆ Appendix G summarises the other papers published during this DPhil which are not part of this

thesis.

This is an integrated thesis, so each of the chapters contains its own introduction, literature review,

and discussion. Thus, Chapters 2 and 9 are intended only as an overview of the relevant topics.

1.3 Other work

Papers I-VI comprise the majority of the work carried out during my DPhil period (October 2021 -

April 2024). I have also been at least a joint-�rst author on six other papers and preprints, which

are summarised in Appendix G. In general, these are out-of-scope of the topic of this thesis and have

therefore not been included in the main work (the single exception, [60], has been excluded as I only

contributed one of the theorems), with a number of them [61, 62, 63] complementing my work as a

data analyst for a range of football clubs (Como 1907, Oxford United FC, Solihull Moors FC and

Oxford City FC).
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Chapter 2: Background and literature

review

2.1 Phylogenetics

2.1.1 Introduction

Phylogenetics is the study of the evolutionary history of di�erent taxa. The aim is to produce a

phylogenetic tree that describes the evolutionary relatedness of the di�erent taxa under consideration

[64]. These trees are comprised of nodes (denoting the di�erent taxa) and branches joining these

nodes (representing the evolutionary distance between di�erent divergence events). Note that the

evolutionary distance may be di�erent from the true time, as factors such as population size can a�ect

the rate of evolution [65].

Understanding evolutionary dynamics is a crucial epidemiological endeavour [66, 67, 68]. For ex-

ample, these dynamics drive the emergence of new diseases [69]. Most new human diseases, including

Severe Acute Respiratory Syndrome (SARS) [70], H1N1 in
uenza [71], and Middle East Respiratory

Syndrome (MERS) [72], are caused by zoonotic spillover, where viruses that were previously endemic

in other animals undergo mutations that allow them to infect humans [73]. While often these infec-

tions occur in isolated clusters, as the pathogen is unable to sustain human-to-human transmission

[74], there is heavy selective pressure towards mutations that allow for greater adaptation to human

hosts [75], and therefore greater pandemic potential. With factors such as urbanisation [76] and cli-

mate change [77] increasing the rate of pathogen emergence, understanding this process allows e�ective

mitigation strategies to be implemented and can therefore have substantial public health bene�ts [78].

The role of evolution in epidemics is not limited to the initial outbreak stage. As a recent exam-

ple, the trajectory of the COVID-19 pandemic around the world was driven by rapidly emerging

variants [79, 80, 81]. In addition to being more transmissible [82, 83] and, in some cases, a higher

mortality rate [84], new variants can reduce the e�ectiveness of both natural and vaccine-derived im-

munity [85, 86]. This can have large implications for public health policy [87], and so modelling this

evolution is a crucial aspect of epidemiology [88].
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Figure 2.1: Examples of rooted (left panel) and unrooted (bottom right panel) phylogenetic trees.

Alongside understanding short-term pathogen evolution, the evolutionary history of both the pathogen

and the host is a key determinant of the risk of the disease jumping from one species to another [89,

15]. Understanding the pathogen's evolutionary history can also provide insight into drug resistance

[90] and factors that a�ect evolutionary pressure towards human-adapted diseases [91]. It is therefore

crucial to have methods which can accurately and e�ciently reconstruct these evolutionary histories

[66].

2.1.2 Binary phylogenetic trees

While other frameworks exist, such as phylogenetic networks that allow horizontal gene transfer [92],

phylogenetic trees are generally constrained to be binary [93, 94, 95]. In these binary trees, there are

up to three types of nodes -leaf nodes, internal nodes and the root. Leaf nodes, which represent the

taxa under consideration, have degree 1 and share an edge only with an internal node or the root.

These internal nodes, which represent previously-evolved taxa that are ancestors of the leaf nodes,

have degree 3, while, if a root is included, this has degree 2 and represents the most recent common

ancestor of the taxa under consideration. A tree without a root is calledunrooted, while a tree with

a root is called rooted. Examples are shown in Figure 2.1.

These phylogenetic trees describe the evolutionary relatedness of di�erent taxa [96]. Rooted trees

have the simplest interpretation, as there is a sense of \direction" - that is, the path from the root to

a leaf shows the evolutionary process from the most recent common ancestor to the taxon represented

by that leaf. In rooted trees, one can de�ne thegeneration of a node to be the number of edges on the

shortest path between that node and the root (the generation of the root is therefore zero). One can
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also de�ne the children of a nodex to be any nodes sharing an edge with nodex that have a larger

generation (necessarily, their generation will be one more than the generation ofx). Similarly, unless

node x is the root, the parent of node x is the node with which it shares an edge that has a smaller

generation than x (again, this generation will be one less than the generation ofx).

Unrooted trees have a more abstract interpretation, as they do not have this intrinsic sense of di-

rection [97]. However, they still show the relatedness of taxa through the length of the paths between

them. For example, in the unrooted tree in Figure 2.1, the leftmost taxon is most closely related

to the second taxon from the left, as the path between them is shorter than the path between the

leftmost taxon and any other taxon. Thus, both representations provide useful information about

the evolutionary history of the taxa under consideration, though the rooted representation contains

additional, biologically-motivated, constraints.

2.1.3 Phylogenetic distance

It is helpful when considering the space of phylogenetic trees to have a measure of distance between

a pair of trees. Several di�erent metrics have been developed, including a range of metrics based

on the number of times a certain operation is performed, such as a subtree-prune and regraft (SPR)

move (where a subtree is removed from the tree and attached to another section) [98]. However,

while these distances are intuitive, they are generally di�cult to calculate exactly for distant trees

[99]. An alternative is the Robinson-Foulds distance [100]. This metric, which measures the number

of leaf node partitions that are in one tree and not the other, can be e�ciently calculated [101] and is

therefore generally used in this thesis despite its relative lack of sensitivity [102].

2.1.4 Phylogenetic optimisation

Phylogenetic optimisation involves �nding the best phylogenetic tree based on some objective function

and an underlying dataset, such as genetic [103] or proteomic [104] information for each of the leaf

taxa [105]. In both of these cases, the dataset is the values at di�erent sites in each taxa (for example,

in the genetic case, each site has value A, C, G or T). However, not every site will be available for

each taxon (as, for example, it may not be possible to identify the equivalent section of the genome

in distantly-related taxa) meaning that there may be gaps in the dataset [106].

In this setting, there are three main groups of objective functions [107]: likelihood, parsimony and

distance-based objectives. Parsimony involves looking for the tree which would require the fewest
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total mutations to generate the dataset [108]. This approach does not require any kind of mutation

model [109], and is therefore simple to implement [110]. However, it is not guaranteed to be statisti-

cally consistent [111], as thelong branch attraction phenomenon [112] can lead to incorrect inference.

Because of this, parsimony is not used in any of the papers in this thesis.

Likelihood-based methods

Likelihood methods [113, 114, 115] involve specifying a model for the mutation of each site from one

state to another. Under this model, by marginalising over the possible states at internal nodes, one

can then calculate the probability that a given tree resulted in taxa with the observed data [116] -

a calculation that is generally referred to Felsenstein's likelihood [117]. Under certain assumptions,

calculating likelihoods in this manner is possible even when there are gaps in the data at the leaf

nodes, as, again, the unknown states can be marginalised over [118]. Generally, likelihood methods

are considered to produce the most reliable results of the three phylogenetic optimisation methods

[119, 120, 121].

Given this likelihood function, there are two main possible methods of performing inference. Firstly,

one can consider the problem of �nding the maximum likelihood tree, and use this to provide a single

representation of the evolutionary history [122]. A wide range of algorithms have been developed to

�nd the maximum likelihood phylogenetic tree [113, 114, 123, 124], the vast majority of which use

intuitive heuristics to decide which tree to evaluate next, such as nearest neighbour interchange (NNI)

[125], where the position of two neighbouring subtrees is swapped; the previously mentioned SPR

move; or tree bisection and reconnection (TBR) [126], where the tree is split into two parts, and the

possible ways of reconnecting the resulting subtrees are explored. Alongside the topology, the branch

lengths must also be optimized, although this is a far simpler task as it is simply the optimization

of a, generally relatively small, number of continuous variables. Thus, it is possible to re-optimize at

least some [127], if not all [128], of the branch lengths for each candidate tree, before performing a

�nal optimization on the output maximum-likelihood tree [129].

However, while the simplicity of the results and (relatively) low computational costs of maximum like-

lihood estimation may be appealing, their focus on a single tree can fail to be a good representation of

the potentially diverse feasible space of trees [130]. Additionally, and perhaps more concerningly, they

can even fail to be reproducible [131], as di�erent runs of the optimisation algorithm may converge to

di�erent trees.

24



Thus, it is often of interest to explore the posterior distribution of the set of phylogenetic trees under

Felsenstein's likelihood through Bayesian analysis [132, 133]. In order to implement this approach,

it is necessary to choose a prior on the space of topologies and branch lengths. The appropriateness

of di�erent topological priors depends on the type of tree under consideration, with unrooted trees

often assigned uniform priors [134], while rooted trees may be given priors from biologically-motivated

tree construction processes such as birth-death processes [135]. Branch lengths are commonly given

exponential priors [136, 137, 138], motivated both by Markovian assumptions and empirical evalua-

tion [139]. However, other alternatives, such as uniform priors [140] or Pareto priors [141] may be

preferable depending on the exact biological scenario in question.

Again, many algorithms have been developed to achieve this goal [142, 143] which, unsurprisingly,

are generally based on heuristic frameworks similar to their maximum likelihood equivalents. How-

ever, this analysis is often computationally expensive, particularly for large datasets, sometimes taking

months [144, 145] or even years [144] of computation time. Therefore, the development of scalable sam-

pling algorithms to cope with the ever-increasing availability of genetic data is an important problem

in phylogenetics [54].

Distance-based methods

While both likelihood and parsimony use each unique site separately in each calculation of the ob-

jective function, distance-based approaches instead use them once to create a single, �xed, matrix

describing the evolutionary distance between each pair of taxa [146]. The objective function then uses

this matrix as its sole data source - a property that is particularly computationally advantageous when

the amount of data is large [147], as the size of the distance matrix can be many orders of magnitude

smaller than the number of sites in the dataset [148]. As discussed previously, the increasing avail-

ability of phylogenetic data makes this e�ciency important [52].

Of the distance-based methods, balanced minimum evolution has the advantages of being compu-

tationally simple and statistically consistent [147, 149]. In balanced minimum evolution, one seeks to

minimise the total length of the tree, where, for a given treetopology (that is, a tree where no lengths

have been assigned to the branches), the inter-taxa distance matrix is used to provide an estimate of

the branch lengths. The length L of a tree T can be calculated e�ciently without the need to �nd
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the individual branch lengths using the formula

L(T ) = 2
X

i<j

D ij 2� eij (2.1)

where D is the distance matrix and eij is the unweighted path length between taxoni and taxon j

in the tree T [150]. Due to the simplicity of this formula, one can e�ciently use the SPR heuristic to

attempt to �nd the optimal tree [56]. However, this approach can fail to �nd the optimal tree, as we

show in [48].

While the e�ciency and statistical consistency of balanced minimum evolution is appealing, it tends

to provide worse results in practice than likelihood methods [151]. However, it has been shown to

achieve decent performance when applied to a variety of problems [152, 153, 154], and is a useful

tool when the size of the genetic dataset is too large for likelihood methods to be computationally

feasible [155]. Moreover, its relative mathematical tractability means that it is the focus of the novel

methodology developed in Papers II and III.

2.2 Epidemic variance

2.2.1 Introduction

Randomness is fundamental to epidemic behaviour [156, 157, 158]. Di�erences in epidemic behaviour

between otherwise equivalent deterministic and stochastic models can be substantial [159, 158, 160],

particularly in the early and late stages of an epidemic when the number of cases is small [161], and

so the e�ect of stochasticity deserves careful attention.

From a practical modelling standpoint, there are two sources of uncertainty to consider: aleatoric

and epistemic uncertainty [162]. Epistemic uncertainty is uncertainty in the model parameters that

are used to describe the epidemic, due to the �nite amounts of available data [163]. This is present

and can be taken into account in both deterministic and stochastic models [164].

Conversely, aleatoric uncertainty is the intrinsic randomness of the epidemic, and hence can only

be captured by stochastic models [165]. Even if the model parameters were perfectly known, this

uncertainty would still exist and have a meaningful e�ect on the distribution of the epidemic trajec-

tory [158]. Thus, developing and understanding models that capture this aleatoric uncertainty is an
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important topic of research.

The practical implications of epidemic stochasticity are far-reaching [26]. Under deterministic models

such as the SIR model, epidemics cannot become extinct, although case numbers will tend towards

zero [50]. However, this is possible in stochastic models (including the stochastic SIR model) and,

under certain conditions (where the reproduction number is su�ciently larger than 1 [166]) leads to

a bimodal distribution of the total number of cases [167], where it is highly likely that either the epi-

demic dies out while there are a small number of cases or after it has infected a substantial proportion

of the population. This has important implications when considering the risk of emerging epidemics

[168], while also highlighting the importance of early interventions [169].

Epidemic variance is also an important quantity to consider when modelling the impact on the public

health system [170, 171]. Planning capacity around the epidemic trajectory of cases predicted by

a deterministic model is insu�cient, as the true number of cases may be substantially higher [172].

Even more dramatically, stochasticity can cause otherwise stable states for endemic diseases to become

unstable [160], though a discussion of this stochastic resonance is beyond the scope of this thesis.

2.2.2 Stochastic models of epidemics

A number of frameworks have been developed to stochastically model epidemics [173], with stochas-

tic SIR-style models being a popular choice for epidemiologists [174, 175, 176]. These models use a

compartmental structure (for example, splitting the population into susceptible, infected, and recov-

ered compartments), with individuals randomly moving from one compartment to another with rates

dependent on the number of individuals in each compartment [177]. However, while the simplicity

of these models is appealing, they fail to capture a number of important aspects that in
uence the

variance of the epidemic. In particular, the number of cases caused by an infected individual can never

be overdispersed [178], which means that one must modify the model to incorporate the e�ect of su-

perspreading, that is, when a small number of individuals cause a large number of cases [179, 180, 181].

Another class of stochastic models used to simulate epidemics is agent-based models [182, 183]. By

simulating at an individual level, these models allow for the consideration of a wide range of social,

geographical, and epidemiological factors [184, 185, 186]. However, this complexity comes with a high

computational cost [187], as well as the need for large numbers of empirically-estimated parameters

[188].
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Finally, branching process models, such as the model used in Paper IV, provide a naturally 
exi-

ble method of modelling epidemics [189, 190, 191]. In branching process models, each individual, once

infected, causes a certain random number of infections throughout, or at the end of, their infectious

period [192]. Thus, one can represent the epidemic using a tree, with each node referring to an infec-

tion event.

In this thesis, we will limit our discussion to branching processes that have theself-similarity property

[60]. This means that the number and timing of cases caused by an individual infected at some time

t depends only ont (and the parameters of the epidemic) and is independent of the history of the

epidemic. This is crucial in enabling the mathematical analysis carried out in [49].

A number of di�erent models satisfying this property have been developed [193], including Galton-

Watson processes [194], a discrete branching process where each individual causes a random number

of new infections at the next timestep; Bellman-Harris processes [195], where each individual causes a

single burst of new infections after a random period of time; and the more general Crump-Mode-Jagers

process [196], which is the topic of [49].

2.2.3 The Crump-Mode-Jagers process

In a Crump-Mode-Jagers process [60], when individuals are infected, they remain infectious for a

random period of time L. During this infectious period, they infect other individuals according to

some counting process. These infections may occur in \bunches" - that is, the jumps in the counting

process do not need to be of unit size - or individually. By choosing the distribution of this counting

process and the random lifetimeL, a wide range of epidemic scenarios can be modelled.

However, a key disadvantage of this model is that it cannot account for susceptible depletion [197] -

the decrease in the number of susceptibles in the population over the course of an epidemic - and so

the usefulness of the model is limited once the number of susceptibles begins to noticeably decrease

[198]. In a true epidemic, the number of infections that an individual causes is dependent on previ-

ous infections, even if all individuals behave independently, as, for example, if the population is fully

immune, then no further infections can occur. To address this issue, more complicated models are

required, but this added complexity substantially reduces the mathematical tractability of the model

[199].
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2.3 Optimal vaccination

2.3.1 Introduction

Vaccination is one of the most e�ective and important methods of disease control [200, 201, 202, 203].

Unlike other methods such as lockdowns [204] and quarantine [205], the negative societal impact is

limited to the small number of adverse reactions [206]. However, as was seen in the COVID-19 pan-

demic, vaccines can take a substantial amount of time to produce and distribute [207].

Because of this, it is crucial to consider the order in which people should be given vaccinations,

as this can have a substantial impact on the number of cases and deaths from an epidemic [208, 209].

There are many examples of targeted vaccination programmes across the globe [210, 211]. Perhaps

the most notable example is the COVID-19 pandemic, where, faced with a limited supply, govern-

ments were forced to decide which members of the population to vaccinate �rst [212, 213]. With

diseases such as COVID-19, where the fatality rate by age was (in general) negatively correlated with

the transmission rates [214, 215], there was a trade-o� between reducing the infection rate in the

population and protecting those who would become more severely ill if infected. In such scenarios,

mathematical modelling is crucial to ensure that the best policy is chosen, particularly as there may

be large di�erences in the optimal policy between di�erent diseases [216].

Modelling population heterogeneity

Approximating the optimal vaccination policy relies on a good understanding of heterogeneity within a

population. While heterogeneity exists at an individual level, as captured by agent-based models [183],

for practical purposes, the population is generally divided into a set of groups based on characteristics

such as household size [217], occupation [218], geography [219] and, most commonly, age [33, 220, 216].

In general, the easiest quantity to estimate across these di�erent groups is the case fatality ratio

[221], alongside related quantities such as hospitalisation rates [222] and the long-term individual-level

impact of an infection [223]. However, the use of these quantities alone may lead to sub-optimal vac-

cination policies [224], as the most vulnerable group does not always cause the most infections, so it is

also important to understand the transmission of the disease between and within these di�erent groups.

A number of methods have been developed to model this, including stochastic models [225], net-

work models [226], reaction-di�usion models [227] and discretised models [228], among many others
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[187]. The increasing availability of data and the development of modern machine-learning technology

means that the pace of development remains high [229, 230].

2.3.2 Multi-group SIR-type models

Despite these developments, classical deterministic compartmental models remain the most popular

choices for epidemiologists [231]. In these models, each group within the population is divided into

di�erent compartments based on their infectious state. The simplest version of the model, the SIR

model for a single group, is de�ned by equations

dS
dt

= � �SI (2.2)

dI
dt

= �SI � �I (2.3)

dR
dt

= �I (2.4)

whereS, I and R are respectively the number (or proportion) of susceptible, infected and recovered (in

the sense that they are no longer infectious, though this may have happened through death) members

of the population. In this framework, � controls the transmission and� controls the rate of recovery

(or death) from the disease.

A number of studies use this formulation to carry out cost-bene�t analyses of vaccination policies

[232]. However, to explore the distribution of vaccinations across the population, it is necessary to

use the multi-group model [233] where, for example, the number of susceptiblesSi in group i varies

according to
dSi

dt
= � Si

X

j

� ij I j (2.5)

so that the members of groupi can be infected (with di�erent rates) by members of the other groupsj .

Vaccination can then be added into the model, most commonly by adjusting (2.5) to be [234, 235,

236]
dSi

dt
= � Si

X

j

� ij I j � Ui (t)Si (2.6)

where Ui (t) is the vaccination rate in group i . These vaccinated members will move into another

group in the population which, depending on the model assumptions, may still be able to be infected.

However, under this construction, a group can never be fully vaccinated (provided the vaccination rate

remains bounded by someU) as (ignoring infection - which only reduces the number of susceptibles
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who can be vaccinated)
dSi

dt
= � Ui (t)Si � �U Si (2.7)

which means
d
dt

�
log(Si (t))

�
� �U (2.8)

and hence

Si (t) � Si (0)e�U t > 0 (2.9)

and so remains bounded above zero for all �nitet. To solve this issue, in Papers V and VI, we consider

a more general formulation where complete vaccination coverage is possible, although we show it has

the formulation (2.6) as a special case.

A range of other compartments are used in the literature [237]. Most commonly, anexposedcom-

partment, through which individuals pass between susceptible and infected, provides a more realistic

model of the infectiousness pro�le [238, 239, 240], with other compartments including asymptomatic

infections [241] and quarantine [242]. Other extensions are also possible, such as allowing the parame-

ters to vary over time [243]. However, while these models are generally similar in structure, we restrict

attention to the three basic compartments to reduce the complexity of the mathematical analysis in

Papers V and VI.

2.3.3 The optimal vaccination problem

Di�erent optimal vaccination problems have been formulated throughout the literature. One approach

seeks to reduce the reproduction number [244] (a measure of how many secondary infections will be

caused by an infected individual) as much as possible by vaccinating before infections arrive in a

population [217, 245]. If this reproduction number can be reduced below one, then this will avoid

an epidemic, but otherwise, it is crucial to consider the heterogeneity in mortality rates [216]. Fur-

thermore, the assumption of instantaneous vaccination simpli�es the problem, making it analytically

solvable if there are only two groups [246], though a more realistic delivery timescale could cause a

change in the optimal policy [247, 248].

In contrast, the optimisation problem used in Papers V and VI follows papers such as [249], [250]

and [251] in considering minimising the overall deaths in a scenario in which vaccinations are deliv-

ered at a �nite, limited rate and that vaccine supply is limited. This problem can be solved numerically

using Pontryagin's Maximum Principle [252, 253, 254] and allows a wide range of scenarios to be con-
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sidered [255].

Other factors can be included in the objective function such as the cost of vaccinations [256, 257];

di�erent measures for epidemic impact such as years of life lost [258]; the use of vaccination alongside

other control measures such as lockdowns [259]; vaccinations which require multiple doses [260]; vac-

cine hesitancy [261]; and uncertainty in vaccine e�ectiveness [262]. To simplify the analysis in Papers

V and VI, we restrict attention to a simple objective function, though we do consider the e�ect of

vaccination cost in Paper V.
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Chapter 3: Paper I: Phylo2Vec: a vec-

tor representation for binary trees

Matthew J Penn et al. \Phylo2Vec: a vector representation for binary trees". In: arXiv preprint

arXiv:2304.12693 (2023).

Status: This paper has been accepted pending minor revisions atSystematic Biology.

Abstract: Binary phylogenetic trees inferred from biological data are central to understanding the

shared history among evolutionary units. However, inferring the placement of latent nodes in a tree

is NP-hard and thus computationally expensive. State-of-the-art methods rely on carefully designed

heuristics for tree search. These methods use di�erent data structures for easy manipulation (e.g.,

classes in object-oriented programming languages) and readable representation of trees (e.g., Newick-

format strings). Here, we present Phylo2Vec, a parsimonious encoding for phylogenetic trees that

serves as a uni�ed approach for both manipulating and representing phylogenetic trees. Phylo2Vec

maps any binary tree with n leaves to a unique integer vector of lengthn � 1. The advantages of

Phylo2Vec are fourfold: i) fast tree sampling, (ii) compressed tree representation compared to a Newick

string, iii) quick and unambiguous veri�cation if two binary trees are identical topologically, and iv)

systematic ability to traverse tree space in very large or small jumps. As a proof of concept, we use

Phylo2Vec for maximum likelihood inference on �ve real-world datasets and show that a simple hill-

climbing-based optimisation scheme can e�ciently traverse the vastness of tree space from a random

to an optimal tree.

Full Author List: Matthew J Penn, Neil Scheidwasser, Mark P Khurana, David A Duchêne, Christl

A Donnelly and Samir Bhatt

Joint Authorship: M.J.P., N.S. and S.B. have joint authorship of this work.

Author contributions: 1 S.B., N.S. and M.J.P. conceived of the study. S.B. supervised. S.B.,

1As found in the published preprint.
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N.S., M.J.P. designed the study. S.B., M.J.P. and N.S. performed optimisation runs. S.B., M.J.P.,

N.S. performed analysis. S.B., M.J.P. and N.S. drafted the �rst original draft. All authors contributed

to editing the original draft. N.S. and D.A.D. contributed to revisions of the methodology. M.J.P.,

N.S. and S.B. drafted the appendix.
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3.1 Introduction

Phylogenetic trees are a fundamental tool for depicting evolutionary processes, whether linguistic

(evolution of di�erent languages and language families) or biological (evolution of biological entities).

Within the biological sciences, phylogenetic trees are integral to multiple research domains, includ-

ing evolution [263], conservation [264], and epidemiology, where they allow us to better understand

infectious disease transmission dynamics [265, 266].

A multitude of computer-readable formats have been proposed to store and represent (binary)

phylogenetic trees. Although basic data structures such as arrays or linked lists can be used for this

purpose, the Newick format, as outlined by [267] and [268], has emerged as the standard notation.

This format characterises a tree through a string of nested parentheses. Each parenthesis encloses a

pair of leaf nodes or subtrees, separated by a comma. Additional metadata such as branch lengths

can be added after a colon which follows the leaf node or subtree. Although a compact and intu-

itive notation, several limitations exist. First, comparing (large) trees using the Newick format can

be di�cult for human readers, especially as isomorphic trees can be obtained by permuting nodes or

subtrees within a set of parentheses. Second, verifying that two trees are identical from Newick strings

requires additional steps, as two identical trees need not have the identical Newick string. Alternative,

bijective representations do exist. For example, several methods have been proposed to assign unique

integers to binary trees with unlabelled [269, 270], fully labelled [271], and partially labelled nodes [55]

(only leaf nodes). More recently, [272] investigated several enumeration strategies of binary trees com-

patible with a perfect phylogeny. However, as mentioned by [55], using single-integer representations

for downstream phylogenetic analyses is computationally di�cult for large trees due to the factorial

rate at which the size of binary tree space grows [273]. Conversely, several vector representations such

as graph polynomials [274, 275] and the compact bijective ladderized vector [276] were introduced as

a support for model selection and estimation of evolutionary or epidemiological parameters. Other

vector representations of tree topology, such as pair matchings [277] and F matrices [278], focus on the

polynomial-time computation of the distance between any two trees (to measure similarity). However,

methods for systematically sampling random trees or changing tree topology with respect to an objec-

tive function by leveraging such vector representations have been understudied. In particular, creating

sampling schemes (as done in Bayesian frameworks such asBEAST[143, 279] andMrBayes[142]) around

standard tree arrangements is non-trivial, and, although inferring phylogenetic trees is a common task

in evolutionary biology, tree search using any optimality criteria (including maximum likelihood) is

NP-hard [280]. Another critical challenge is the size of the tree space: for a tree withn leaves, there
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are (2n � 3) � (2n � 5) � : : : � 5 � 3 � 1 possible rooted binary trees [273]. Lastly, optimisation-based ap-

proaches often face a jagged \loss" landscape containing many trees with the same criterion score [281].

When considering inference, the choice of representation can be particularly relevant for application

to real phylogenetic problems. For example, an application of the approach we introduce here can be

used for continuous relaxation and gradient descent under the minimum evolution criterion [47]. For

large phylogenies, the use of an e�cient representation such as the compact bijective ladderized vec-

tor [276] has proven e�ective for deep learning-based, likelihood-free, inference [282] or diversi�cation

inference [283].

To overcome these limitations, we introduce Phylo2Vec, a new representation for any binary tree.

In this framework, the topology of a binary tree can be completely described by a single integer

vector v of dimension n � 1, where n is the number of leaves in the tree. The vector's construction

is intrinsically related to the branching pattern of the tree, and is de�ned by a simple constraint:

vj 2 f 0; 1; : : : ; 2(j � 1)g for all j 2 f 1; : : : ; n � 1g. The approach we present here is most similar to

that previously introduced by [55], but we focus on the integer representation and its mathematical

properties, rather than counting or labelling trees. Additionally, this formulation naturally o�ers a

new measure of distance between trees (e.g., by comparing two vectors using the Hamming distance)

and yields a new mechanism to explore tree space which diverges from traditional heuristics such as

subtree, prune and regraft (SPR). To further demonstrate its utility, as a proof of concept, we apply

Phylo2Vec to several phylogenetic inference problems, where the task is to �nd an optimal tree given

a set of genetic sequences using maximum likelihood estimation. While state-of-the-art frameworks

for phylogenetic inference typically rely on search heuristics based on deterministic tree arrangements,

Phylo2Vec provides the �rst steps to a more systematic criterion for optimisation.

3.2 Materials and Methods

The goal of this project was to develop a bijection (i.e., a one-to-one correspondence) between the

set of binary rooted trees with n leaves to a constrained set of integer vectors of lengthn � 1. We

�rst describe an intuitive but incomplete (as not bijective) integer representation of trees as birth

processes. Second, we de�ne and characterise Phylo2Vec as a bijective generalisation of this �rst

representation and formalise its properties. Third, we showcase the utility of Phylo2Vec by applying

the representation for MLE-based phylogenetic inference on empirical datasets.

Our construction draws from an existing method of assigning integer counts to trees [55], although

we focus on vector representations. It is distinct from [55] in labelling the tree edges, motivated by a

simple and intuitive representation of birth processes. By applying this encoding to rooted binary trees,
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we are able to move around tree space similarly to subtree-prune and regraft methods. Furthermore,

we provide a rigorous proof of its bijectivity alongside a range of algorithms (all implemented into

a Python package) which allows researchers to build on the phylogenetic optimisation algorithm we

present here. Thus, we provide a signi�cantly di�erent method from those proposed previously [55],

by focusing our e�orts toward practical transitions in tree space.

3.2.1 An incomplete integer representation of trees as birth processes

Let T denote a rooted phylogenetic tree with n leaf nodes representing (biological) taxa, andD

symbolise a key-value mapping (or dictionary) which associates a nonnegative integer (the keys) to

each leaf node (the values).

Using this mapping, for a subset of all trees, we can summarise their topology using an integer

vector v of sizen � 1 such that:

vj 2 f 0; 1; : : : ; j � 1g 8j 2 f 1; : : : ; n � 1g (3.1)

The construction of this vector is inspired by birth processes: assuming a two-leaf tree with leaves

labelled 0 and 1, we processv from left to right. For each j 2 f 1; : : : ; n � 1g, vj (hereinafter noted as

v[j ]) denotes the addition of leaf j such that, at iteration j , leaf j forms a cherry with leaf v[j ]. In

other words, the branch leading to leafv[j ] \gives birth" to leaf j . Figure 3.1 illustrates algorithms

to convert a tree to a vector and vice versa.

Although a simple representation of tree topology, it is easy to see from Equation 3.1 that this

construction is incomplete. Indeed, there arej possible values for anyv[j ], and thus, for n leaves,

there are 1� 2 � : : : � (n � 1) = ( n � 1)! possible vectors, which is less than the number of binary rooted

trees, (2n � 3)!! (where !! denotes the semifactorial) [273, 284, 277]. This discrepancy stems from

the assumptions of this construction, whereby a new leafj has to form a cherry with a previously

processed leaf 0; 1; : : : ; j � 1. For instance, leaf 2 has to form a cherry with either leaf 0 or 1, but cannot

be an outgroup of the (0, 1) subtree. We thus denote trees that follow this incomplete construction

of tree space as \ordered" trees, as they require a precise ordering of the leaf nodes.

3.2.2 Phylo2Vec

In this section, we de�ne and formalise the properties of Phylo2Vec, an integer vector representation

that extends the formulation presented above to be valid for any rooted binary tree. To ensure

bijectivity to this space, we need the vectorv to satisfy the following constraints:
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vj 2 f 0; 1; : : : ; 2(j � 1)g 8j 2 f 1; : : : ; n � 1g (3.2)

We say v 2 V if Equation 3.2 is satis�ed. For this representation, there are 2j � 1 entries for any

position j . Therefore, the number of possible vectors matches the number of possible binary rooted

trees:

n� 1Y

j =1

(2j � 1) = (2( n � 1) � 1)!! = (2 n � 3)!!

From this observation, we can prove the bijectivity of the mapping simply by showing injectivity

- that is, that no two distinct vectors v and w lead to the same tree. A proof is presented in the

Appendix (Phylo2Vec details). Brie
y, our proof relies on the fact that certain properties of pairs

of nodes are preserved throughout the construction process - namely, that the most recent common

ancestor (MRCA) of a pair of nodes is unchanged (once both nodes have been added to the tree)

and that if one node is the ancestor of another at some stage of the construction process, then this

remains true in the �nal tree. Then, if T and T 0 are the trees resulting from di�erent vectors v and

v', respectively, we choose the smallesti such that vi 6= v0
i . By considering the sets of leaf nodes

descended from the edge to whichi is added, we can show that the addition of nodei causes a pair

of nodes to either have a di�erent MRCA or a di�erent ancestral relationship. Therefore, since these

properties are preserved throughout the construction process, we must haveT 6= T 0. This shows the

injectivity of our mapping, with bijectivity following from the fact that the number of trees is the

same as the number of possible vectorsv.

Recovering a tree from a Phylo2Vec vector

Building a binary tree from v follows closely the algorithm in Figure 3.1, but incorporates two addi-

tional requirements. First, we start from a two-leaf tree, whereby the leaves are labelled 0 and 1. The

branches that lead to leaves 0, 1 are also labelled 0, 1, respectively. Second, we draw an additional

node (called the \extra root") which is initially connected to the root by a branch labelled 2 (see

second row in Figure 3.2).

The addition of a temporary root in the construction of v from a tree and vice versa ensures that

there are 2j � 1 branches from which a leafj can descend from. From these requirements, we can

build a unique rooted tree T by processingv from left to right, where v[j ] indicates the branch that

will split and yield leaf j . Figure 3.2 shows a detailed example of this scheme, and other example

representations for trees withn = 4 leaves are shown in Figure 3.3. We also describe (and prove its
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Input
Newick =

(((0,3)4,2)5,1)6;

0 23 1

Step 1 Next leaf: 1 v = [0]
(((0,3),2),1);

0 1

There is only 1 possible ar-
rangement of a 2-leaf tree.
! v[1] is always 0.

Step 2 Next leaf: 2 v = [0, 0]
(((0,3)2)1);

0 2 1

Leaves 2 and 0 form a cherry
in a 3-leaf tree
! v[2] = 0

Step 3 Next leaf: 3 v = [0, 0, 0]
(((0,3)2)1);

0 23 1

Leaves 3 and 0 form a cherry
in a 4-leaf tree
! v[3] = 0

(a)

Input v = [0, 0, 1]
Step 1 v [1] = [0] Initial tree:

2 leaves: 0, 1 (dark green)
1 internal node (lime)

0 1

0 1

Step 2 v [2] = 0 Split branch 0, yield leaf 2

0 12

1

0 2

Step 3 v [3] = 1 Split branch 1, yield leaf 3

0 2 3 1

130 2

Final v = [0, 0, 1] Name the ancestors (LIFO)
Newick: ((1,3)4,(2,5)0)6;

6

5 4

0 2 3 1

130 2

(b)

Figure 3.1: An incomplete integer representation of tree topology as birth processes.(a) Labelling a
tree as an ordered vector: example forv = [0 ; 0; 0]. We process leaves in ascending order. For each
leaf j , we retrieve its sibling (or adjacent tip) in the Newick string, ignoring leaves > j . The adjacent
tip corresponds to v[j ]. (b) Recovering a tree from an ordered vector: example forv = [0 ; 0; 1]. We
processv from left to right. Ancestors are named in last-in-�rst-out (LIFO) fashion: The ancestor of
the last added leafL � 1 (here, leaf 3) is namedL (here, 4), the ancestor of the second-to-last added
leaf L � 2 (here, leaf 2) is namedL + 1 (here, 5) etc. In both cases, the lengths of the edges are
arbitrary.
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Input v = [0, 0, 3]

Step 1 v[1] = [0] Initial tree:
2 leaves: 0, 1 (dark green)

1 internal node (lime)
1 extra root (grey)

0 1

2

0 1

Step 2 v[2] = 0 Split branch 0, yield leaf 2 Rename the branches

0 12

2

1
0

0 12

4

13
0 2

Step 3 v[3] = 3 Split branch 3, yield leaf 3 Rename the branches

0 12 3

4

1
3

0 2

0 12 3

6

1

5
4

3
0 2

Final v = [0, 0, 3] Remove the extra root
and name the ancestors

4

5

6

0 12 3

Figure 3.2: Recovering a tree from a Phylo2Vec vector: example forv = [0 ; 0; 3]. We processv from
left to right. The branch renaming step depends on the branch type. Leaf branches: For leaf branches,
branches that end on leaves 0, ...,L � 1 are labelled 0, ...,L � 1, respectively. For internal branches,
the next branch (L ) to label is i) the deepest andii) with the \highest" children (if there are ties for
case 1.). We repeat the same process for internal branchesL + 1 ; :::; 2(L � 1) � 1, and label the last
branch leading to the extra root 2(L � 1). See Algorithm 8 and Figure A.2a for more details about
implementation and complexity.
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existence in the Appendix) an inverse algorithm to convert a tree represented in Newick format as a

Phylo2Vec vector in Figure 3.4.

Complexity

The algorithm underlying Figure 3.2 and detailed in Algorithm 6 generally runs in linear time (see

Fig. A.2a). A basic version usingNumPy[285] runs in a few milliseconds forn = 1000 taxa on a modern

CPU. The inverse algorithm (converting a Newick string to a Phylo2Vecv), detailed in Algorithm 7, is

of log linear complexity when internal nodes are already labelled (according to the scheme described in

Fig. 3.2 Algorithm 8) and quadratic otherwise (see Fig. A.2b). Speedups are made through just-in-time

compilation, e.g., usingNumba[286] in Python.

Distances between trees

The formulation of Phylo2Vec as a one-to-one correspondence between binary trees and integer vectors

constrained by Equation 3.2 naturally allows for a new measure of distance between trees. For any

two Phylo2Vec treesv and w , a Hamming distance can be de�ned as

� (v; w ) =
n� 1X

i =1

I vi 6= wi (3.3)

To compare this distance with other tree distance metrics, we consider a simple discrete random

walk in the space of possible Phylo2Vec vectorsV. At each step, we create a new vectorw from the

previous vector v as follows. First, we choose a random subset of the indicesI � f 2 : : : ; n � 2g. For

eachi =2 I , we setwi = vi and for eachi 2 I , wi = min(2( i � 1); max(vi + J (i ); 0)) where the J (i ) are

iid random variables uniform on the set f� 1; 1g. Note that the values of J (i ) at di�erent steps of the

walk are also independent, and that the minimum and maximum in the de�nition of wi ensure that

it satis�es the constraint 0 � wi � 2(i � 1).

As 1; n � 1 =2 I , we �x w1 = 0 (by our constraints) and wn� 1 = 2( n � 2) (to ensure that we move in

the unrooted tree space for SPR distance calculations). Figure 3.5 compares� to an approximate SPR

distance [287], Robinson-Foulds (RF) distance [100] and Kuhner-Felsenstein (KF) distance [152]. We

note that exact, rooted distance for SPR is NP-hard to compute [288] and therefore cannot be directly

compared to our rooted Phylo2Vec formulation. For all distances, we see a nonlinear correspondence,

especially for RF and KF distance. Small changes inv can lead to very large topological jumps, but

equally, small jumps are also possible. Modifying several indexes inv results in signi�cant jumps

across tree space, leading to new trees that are very dissimilar. As a result, SPR, RF, or KF distances

saturate as we increase the number of changes inv [289]. However, we note that small changes inv i
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Figure 3.3: Example of trees with n = 4 leaves represented in both Newick and Phylo2Vec vector
formats. Leaf and internal nodes are coloured in dark green and lime, respectively.

Input Newick = (((0,2)4,1)5,3)6;

0 2 31

5
4 3

1
0 2

Step 1 Next leaf: 1

0 1

2

0 1

Only 1 possible
arrangement of a 2-leaf tree
! v[1] is always 0.
v = [0]

Step 2 Next leaf: 2

0 12

2

0 1

0 12

4

3
1

0 2 Branch 0 splits and yields leaf 2
! v[2] = 0
v = [0, 0]

Step 3 Next leaf: 3

0 2 1 3

4

3
1

0 2

0 2 31

5
4 3

1
0 2 Branch 4 splits and yields leaf 3

! v[3] = 4
v = [0, 0, 4]

Figure 3.4: Labelling a tree as a Phylo2Vec vectorv: example for v = [0, 0, 4]. We process leaves
in ascending order. For each leafj , we determine the branch that split and yielded leaf j , which
corresponds tov[j ]. At each step, we re-label the branches with the same process as in Figure 3.2.
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can also readily correspond to very minor topological changes.

In the exploration of tree space, the number of possible moves for both SPR and Phylo2Vec is of

order O(n2) (see Phylo2Vec details in the Appendix). Consequently, Phylo2Vec is expected to explore

tree space in a similar manner than SPR, with proposals being less local than nearest neighbour

interchange but also less global than those by tree bisection reconnection.

Whereas Figure 3.5 shows distances between unrooted trees, our framework is built on rooted

phylogenies at its core. Knowing that all rootings produce the same likelihood due to the pulley

principle and reversibility of nucleotide substitution models [268], we can, for any rooted phylogeny,

switch to one that is rooted at a di�erent outgroup and has exactly the same likelihood. Thus, an

equivalence classV exists where, given a likelihood or parsimony scorè, any given Phylo2Vec vector

v 2 V has the samè (v), an SPR or RF distance of 0, but a Phylo2Vec distance of� > 0. In practice,

� is often very large betweenv 2 V (comparable to half the maximum SPR distance, see Fig. A.1),

which makes switching a vectorv 2 V to an equivalent v0 2 V an additional mechanism for tree space

exploration.

Figure 3.5: Comparison of Phylo2Vec moves with three popular tree distances: subtree-prune-and-
regraft (SPR; left), Robinson-Foulds (RF; middle), and Kuhner-Felsenstein (KF; right). To generate
the distances, a random walk of 5000 steps was performed from a random initialv with 200 taxa. At
each step, eachvi can increment, decrement or remain unchanged.

Shu�ing Indices

This distance between two trees is not symmetric with respect to the labelling of the trees, as discussed

further in the Appendix (Phylo2Vec details). Depending on the choice of labelling, certain portions

of the tree may be easier to optimise than others when performing phylogenetic inference. This is an

undesirable quality and can be remedied by a simple reordering of indices within our algorithm. An

example of a reordering algorithm is presented in Figure 3.6.

Consider a treeT where the leaves are labelled by a �xed set of indicesf 0; 1; : : : ; n � 1g. Suppose

that � is a permutation of f 0; 1; : : : ; n � 1g, and consider a shu�ed tree � (T ) to be a tree with the
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Input Newick: ((((0,2),5),1),(3,(4,6)));
v : [0, 0, 4, 3, 6, 4]

Initial tree

0 2 5 1 3 4 6

a c f b d e g

Level 2

2 0 1 3 4

Level 1

0 1

Level 3

5 6 2 0 1 3 4

Output Newick: ((((5,6),2),0),(1,(3,4)));
v : [0, 0, 1, 3, 2, 5]

5 6 2 0 1 3 4

a c f b d e g

Figure 3.6: Example of a reordering scheme ofv using level-order traversal. Starting from the root,
for each level, we relabel the immediately descending leaf nodes with the smallest integers available
(from 0 to n � 1; shown in orange). The letters (a-g) indicate the taxa, showing that reordering the
leaves does not a�ect tree topology but simply changes the integer-taxon mapping.
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same topological structure asT , but where, for eachj 2 f 0; 1; : : : ; n � 1g, the leaf with original label

i now has label� (j ).

Calculating the likelihood requires a tree and a set of genetic dataD = ( D0; D1; : : : ; Dn� 1), where

D j corresponds to the genotype of leafj as well as treeT . We can then write the likelihood as L =

L(T ; D). Moreover, de�ning the shu�ed genetic data as � (D ) = ( D � � 1 (0) ; D � � 1 (21; : : : ; D � � 1 (n� 1)), we

can then see thatL (T ; D) = L(� (T ); � (D)). This occurs because when computing the likelihood, any

calculation for L (T ; D) that involves the node with original label i (and hence genetic dataD i ) will

now involve the node with label � (i ) and hence genetic dataD � � 1 (� ( i )) = D i . Should the permutation

only be applied to either the tree labels or the genetic data set, the resulting likelihood will likely be

di�erent from L(T ; D). Thus, since the topological structure ofT is the same asD(T ), the likelihood

will remain unchanged. A more rigorous proof can be found in the Appendix (Phylo2Vec details).

One can also recover the vectorv corresponding to the shu�ed tree � (T). This is possible because

of the bijective relationship between the space ofv 's and the space of trees. We provide an algorithm

that inverts our map from v to M in the Appendix (Phylo2Vec details). Thus, one can equivalently

de�ne a shu�ed vector � (v) (such that � (v) generates� (T )) and consider the likelihood relationship

as L(v; D) = L(� (v); � (D)). This allows for discrete optimisation steps to be taken with respect to

the new shu�ed v, increasing the 
exibility of the algorithm while removing the asymmetric e�ects

of the initial labelling.

Branch lengths

In addition to tree topology, determining the branch lengths of a tree is an important facet in phylo-

genetic inference. When making small changes to the tree topology, a number of portions of the tree

will remain identical and, therefore, it is likely that the optimal values of subtree branch lengths will

not change. It is therefore helpful to represent branch lengths in a method that is robust to these

changes to avoid carrying out the full optimisation process every time the topology is changed.

Within the Phylo2Vec framework, there are several approaches in which branch lengths can be

integrated. First, given each v j refers to the branch splitting and leading to leaf j , a simple solution

would consist in adding a 2-column matrix specifying the position at which branch v j splits and

the length of the new branch yielding leaf j . Alternatively, it is possible to assign each leaf node a

\position", calculate internal node positions as some weighted average of the positions of the nearby

leaf nodes, and then calculate branch lengths based on the distance between a pair of nodes. This

would have the advantage of branch lengths being independent of the choice of root, thus allowing to

easily switch between the unrooted equivalence classes discussed previously.
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For the examples in this paper, we usedRAxML-NG[124] to optimise the branch lengths at each

step of the algorithm without using information from previous branch lengths. This reduces the speed

of the optimisation and is an area for improvement in future work.

3.2.3 Evaluation

Problem and data

To demonstrate the utility of Phylo2Vec, we apply our new representation for phylogenetic inference

of �ve popular empirical molecular sequence datasets under the maximum likelihood (ML) criterion.

This dataset corpus spans across di�erent biological entities, taxa, and genetic sequence sizes.

Table 3.1: Evaluation datasets, sorted by number of taxa.

Name Reference Type # taxa # bases

Yeast [290, 291] Fungi 8 127,018
H3N2 [292] Virus 19 1,407
M501 [293] Animal 29 2,520
FluA [294] Virus 69 987
Zika [292] Virus 86 10,807

It has been proved that ML inference for phylogenetic trees is NP-hard [280] and therefore our

key goal is to de�ne a sensible heuristic that can explore the vastness of tree space. Moreover, the

likelihood surface exhibits high curvature [281] and being trapped in a local optima is a persistent

problem across all heuristic phylogenetic approaches.

Tree topology optimisation using hill-climbing

A simple way to explore the space of possible trees is to use hill climbing where we simply compute

the di�erence in likelihood after a single element is changed. We de�ne the neighbour matrix

� `(v) ij = `((v1; : : : ; vi � 1; j; v i +1 ; : : : ; vn� 1)) � `(v); (3.4)

that is, the tree considered in the �rst likelihood has identical entries except for the i th entry, which

is changed to j . For ( i; j ) such that vi = j is infeasible, we set � ` ij = 0. We have found that

considering each row of the neighbour matrix yields good results, i.e., if max(�̀ i ) > 0, then we �nd

j = argmax j (� ` ij ) and change the value ofvi to j . This algorithm is guaranteed to converge to a

point where max(� `) � 0 as no change inv results in a gradient that is greater than zero. Moreover,

as there are only �nitely many possible v, and ` is strictly decreasing after each iteration of the while

loop, the algorithm must converge in �nite time. More complicated optimisation algorithms can be
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readily created and is an especially useful aspect of our representation. An example is performing

hill-climbing over paired changes in v. Exploratory analysis suggests that paired changes are far

more robust to being trapped in local minima, but at the cost of higher complexity. For challenging

phylogenies, a simpler parsimony or minimum evolution score can be used to perform hill-climbing

over pairs as an exploratory search.

However, as highlighted above, a fundamental asymmetry exists in Phylo2Vec which can make

optimisation ine�cient. A simple solution to mitigating this asymmetry is to reorder the integer-

taxon mapping to obtain an ordered vector (and thus, an ordered tree), as described previously in An

incomplete integer representation of trees as birth processes and Figure 3.6. The advantage of carrying

out our hill climbing scheme on these ordered trees is that it removes the secondary e�ects of changing

an element ofv which can occur by the divergence in internal node labels. This prevents our algorithm

from getting stuck in local minima, as it means that more parts of the tree can be easily edited.

The resulting algorithm is detailed in Algorithm 1. Our investigations have shown that all the

possible trees that are one step from some orderedv are also one SPR move from the original tree

(though the converse is not true - not all SPR moves will be one step fromv). This is proved in the

Appendix (Phylo2Vec details). Thus, this application of our Phylo2Vec formulation falls within the

SPR framework, and provides a mathematically convenient and principled way to explore tree space

using well-tested SPR methodology.

We note that we could additionally explore rooted equivalence classes to further prevent being

stuck in local minima. In particular, there is more freedom in the movements of nodes further down

the tree, and re-rooting at the deepest node would allow all nodes to be easily moved to a variety of

locations. However, for the experiments presented hereafter, we found this extra degree of freedom to

be unnecessary.

Algorithm 1 Hill-climbing optimisation of a tree with n leaves
Input v 2 Tn . Initialise with a random v
`best  `(v) . Initial best likelihood value
repeat

Reorder(v) . Reorder the labels (see Figure 3.6)
Sample i 2 f 1; : : : ; n � 1g . Sample an index ofv
G i  � `(v) ij . G ij = likelihood di�erence from changing vi to j
j  argmax(G i ) . Find the best change
vi ! j . Changevi

`best  `(v)
until max(Gi =1 ;:::;n � 1) = 0 . Continue iterating until local minimum
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Additional properties of the Phylo2Vec vector

An additional advantage of having an integer vector representation for binary trees such as Phylo2vec

is e�ciency with respect to sampling, data storage, as well as assessing tree equality (with respect

to topology). We highlight these properties in Figure 3.7 by performing several benchmarks against

functions of shows the widely used R libraryape [295]. Figure 3.7a shows how Phylo2Vec sampling

of trees is several times faster than the functionrtree , while also being simple in construction and

implementation. Figure 3.7b veri�es that the Phylo2Vec sampling distribution is indeed uniform.

While we do explore other sampling schemes further, ordered trees present one avenue to perform

constrained tree sampling. Figure 3.7c shows the storage costs in kB of Phylo2Vec as compared to

a Newick string with only topological information. From these simple simulations we estimate a

Phylo2Vec vector can be stored as an integer array or a string as much as a six times reduced storage

cost. Finally, Figure 3.7d shows the time required to �nd a unique set of topologies from a set of

trees. Phylo2Vec is several orders of magnitude faster thanunique.multiPhylo in ape, and can be

massively parallelised. This speed di�erence can be particularly useful in Bayesian settings.

3.2.4 Implementation

All Phylo2Vec algorithms and related optimisation methods presented in the main text were imple-

mented in Python 3.10 usingNumPy[285] andnumba[286]. Tree manipulation scripts were written using

ete3 [296]. Dataset construction was based onphangorn [291] in R and TreeTime [292] in Python.

Maximum likelihood estimation was performed using RAxML-NG[124]. An implementation is avail-

able at: https://github.com/Neclow/phylo2vec. Execution times were benchmarked using Python's

timeit on a machine equipped with a 64-core CPU @ 7 GHz, with 256 GB of RAM.

3.3 Results

We test Phylo2Vec by performing inference on �ve popular empirical datasets described in Table 3.1.

This dataset corpus spans across di�erent biological entities, taxa, and genetic sequence sizes.

For each dataset, we use the optimisation procedure described in Evaluation, usingRAxML-NGfor

branch length and substitution matrix optimisation. We report performance using the negative log

version of the tree likelihood de�ned by [297].

Figure 3.8 shows the optimisation results for four of the datasets described in Table 3.1. We observe

that from 10 random starting trees we always achieve the same minimal loss without being trapped

in local optima. This is comparable to state-of-the-art software that also searches through topological
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(a) (b)

(c) (d)

Figure 3.7: Phylo2Vec allows for fast and unbiased sampling, low memory or storage, and fast com-
parison of trees. (a) Average sampling time usingphylo2vec.utils.sample and rtree from ape.
Execution time was measured over 100 executions using Python'stimeit and R's microbenchmark,
respectively. (b) Sampling bias comparison. For each size and sampler, we sample 10000 trees and
converted them �rst to their Phylo2Vec representation, and second to an integer using a method
similar to that of [55]. We then compare the probability distributions of the integers generated by
Phylo2Vec and ape sampling against the reference uniform distribution for each tree size using the
Kullback-Leibler (KL) divergence. The lower the KL-divergence value, the more the reference distri-
bution and the distribution of interest share similar information. (c) Object sizes for di�erent tree
sizes of Phylo2Vec vectors (stored as a 16- or 32-bitnumpyinteger array, or a string) compared against
their Newick-format equivalents (without branch length information). (d) Average time for duplicate
removal from a set of trees using Phylo2Vec (vectors) and theunique.multiPhylo function from ape.
Execution time was measured over 30 executions using Python'stimeit and R's microbenchmark,
respectively.

space [113, 298]. For each dataset, only two epochs of changes (i.e., two passes through every index

of v) were generally needed to achieve a minimal negative log-likelihood. In addition, for M501 for

example, only a total of around 10,000 likelihood optimisations for each run were needed to reach a

minimum - a vanishingly small fraction of the total number of trees possible with 29 taxa (� 8e36).

The choice of the number of optimisations can be shortened depending on the optimisation stoppage

criteria, but with the trade-o� of being trapped in local minima. We also note that in the Zika virus

example, two runs converged at a loss slightly (0.07%) greater than the minimum of the other eight
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Figure 3.8: Phylo2Vec-based likelihood optimisation results for four datasets described in Table 3.1.
The horizontal and vertical lines indicate local minima and epochs (i.e., one pass through every index
of v), respectively.

Figure 3.9: Negative log-likelihood path drawn from all possible trees of the Yeast dataset. A and
B respectively show the path to the minimum from a random tree and the worst possible tree. The
black line shows the sorted phylogenetic likelihoods for all trees. The arrows show the proposal moves
for two searches, one from a random tree (A) and one from the worst possible tree (B).
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runs. The resultant trees from these minima show that we get trapped in these suboptimal minima

due to rooting issues, preventing single changes inv from �nding a better optimum. This highlights

once again that our algorithm is attempting to solve a more di�cult problem than is strictly necessary

by searching the space of rooted trees rather than unrooted trees. Due to the pulley principle [268],

all rootings of an unrooted tree have the same negative log-likelihood and therefore no paths between

rooted trees exist to aid our optimisation algorithm. In practice, especially for large phylogenies, it

is common to begin optimisation from a sensible starting point [299] (e.g., a maximum parsimony or

neighbour joining tree). In our experiments, we have chosen to start from a completely random tree

to highlight the utility of simple algorithms based on Phylo2Vec to traverse tree space.

Subsequently, we apply the same optimisation procedure for the yeast dataset (8 taxa) initially

presented in [290] and studied in [300]. Given the smaller number of taxa, we were able to exhaustively

calculate the likelihood for every possible rooted tree. As shown in Figure 3.9, we notice a broad region

of numerous trees with comparable likelihoods, in addition to a considerably smaller group of trees

exhibiting increasing likelihood. Regardless of whether we start from a random tree or the worst

possible tree, our algorithm quickly converges to the accurate tree reported in [290]. Across several

runs, Algorithm 1 required 96 total likelihood evaluations - a very small fraction of the total number

of trees.

3.4 Discussion

Phylo2Vec is a parsimonious representation for phylogenetic trees whose validity extends to any binary

tree. This representation facilitates the calculation of distances between trees and allows the formation

of a simple algorithm for phylogenetic optimisation. Following from trends in phylogenetics, Phylo2Vec

could be integrated within state-of-the-art computing libraries (e.g., libpll [301] or Beagle [302]) to

facilitate its use. We have not yet considered Bayesian inference, but this is likely a useful application

of Phylo2Vec, where random walks can be trivially implemented (see Figure 3.5). Furthermore,

Phylo2Vec can be useful in assessing topological convergence, for example, for a large phylogeny

of 500 taxa and a million trees, extracting the unique set of topologies takes< 10 seconds on a single

core in Python, and can be even faster with parallel computation. Although Phylo2Vec does allow

for unrooted trees, it is primarily an algorithm for rooted trees. In the examples in this paper, we

only consider reversible Markov models where rooting is irrelevant due to the pulley principle [268].

Irreversible Markov models are both mathematically and biologically more principled [303] but require

rooted trees. Therefore, a useful application of Phylo2Vec could be in the inference of phylogenies

with irreversible Markov models.
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The use of empirical datasets served as a proof of concept that maximum likelihood estimation

can be performed using Phylo2Vec vectors. We show that, using a simple hill-climbing scheme, we

can recover the same topology optimum found by state-of-the-art MLE frameworks such as RAxML-

NG [124]. It is important to note, however, that this approach is nowhere near as optimised as

RAxML-NG. As it only performs topology changes at a single vector index at a time, its inherent

greediness makes inference of large datasets di�cult.

That being said, the simplicity of the Phylo2Vec formulation means that it can be used in other

more e�cient and complex optimisation schemes can also be developed. For instance, Phylo2Vec

can also bene�t from fast SPR changes [304] and other heuristic optimizations that are currently in

RAxML(-NG). In addition, by construction, we have ensured that Phylo2Vec can be di�erentiable

through transforming v into a matrix W 2 R0;1 such that Wij = P(v i = j ). Via this transform, infer-

ence in a continuous tree space using gradient descent-based optimisation frameworks is theoretically

possible, but its particulars remain to be developed. Similarly, we expect Phlyo2Vec-based represen-

tations to be applied in Monte Carlo tree search (MCTS) frameworks which may explore tree space

more e�ciently, or used as an embedding to regularly infer phylogenetic trees using well-established

machine learning paradigms such as self-supervised learning from large existing tree libraries (e.g.,

TreeBase [305]).

3.5 Data and Code availability

All code relevant to reproduce the experiments is available online: https://github.com/Neclow/

phylo2vec. Instructions to access the publicly available datasets are included in thephylo2vec/datasets

folder of the repository.
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Chapter 4: Paper II: Leaping through

tree space: continuous phylogenetic in-

ference for rooted and unrooted trees

Matthew J Penn et al. \Leaping through tree space: continuous phylogenetic inference for rooted and

unrooted trees". In: Genome Biology and Evolution 15.12 (Dec. 2023), evad213.

Status: This paper has been published inGenome Biology and Evolution.

Abstract: Phylogenetics is now fundamental in life sciences, providing insights into the earliest

branches of life and the origins and spread of epidemics. However, �nding suitable phylogenies from

the vast space of possible trees remains challenging. To address this problem, for the �rst time, we

perform both tree exploration and inference in a continuous space where the computation of gradients

is possible. This continuous relaxation allows for major leaps across tree space in both rooted and

unrooted trees, and is less susceptible to convergence to local minima. Our approach outperforms the

current best methods for inference on unrooted trees and, in simulation, accurately infers the tree and

root in ultrametric cases. The approach is e�ective in cases of empirical data with negligible amounts

of data, which we demonstrate on the phylogeny of jawed vertebrates. Indeed, only a few genes with

an ultrametric signal were generally su�cient for resolving the major lineages of vertebrates. With

cubic-time complexity and e�cient optimisation via automatic di�erentiation, our method presents

an e�ective way forwards for exploring the most di�cult, data-de�cient phylogenetic questions.

Full Author List: Matthew J Penn, Neil Scheidwasser, Joseph Penn, Christl A Donnelly, David

A Duchêne and Samir Bhatt

Joint Authorship: M.J.P., N.S., D.A.D. and S.B. have joint authorship of this work.

Author contributions: 1 S.B. and M.J.P. conceived of the study. S.B. and C.A.D. supervised.

1As found in the published paper
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S.B., N.S., M.J.P., and D.A.D. designed the study. S.B. and N.S. performed optimization runs. S.B.,

M.J.P., N.S., and D.A.D. performed analysis. All authors contributed to writing the original draft.

M.J.P. and J.P. drafted the appendix.
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4.1 Introduction

Phylogenetic inference, the task of reconstructing the evolutionary relationships across taxonomic

units given observational data, has a wide range of theoretical and practical applications in biology,

such as evolution [273, 268, 306], conservation [264] and epidemiology [307, 266], but also in compar-

ative linguistics [308] and cultural anthropology [309, 310]. In particular, the COVID-19 pandemic

has catalysed the development of e�cient phylogenetic tools and methods to better understand the

virus' origin, spread, and evolution [311, 312, 313, 314, 315, 276, 316]. For biological problems, tree

inference is primarily informed by molecular sequence data (i.e., nucleotide or amino acid sequences),

for which an extensive body of literature exists [317, 318, 120]. Other types of biological data such

as morphology [319], fossils [320], and auditory communication in animals [321] can also be used as

input.

Two key parameters considered when inferring a phylogenetic tree include thetopology, the branch-

ing pattern that speci�es the evolutionary relationships between operational taxonomic units, and

branch lengths, the amount of evolutionary divergence that occurred between the branching events.

A substantial amount of research has been conducted on how to parameterise branch lengths [322,

323], especially through the use of various molecular clocks [324]. Similarly, although to a lesser de-

gree, progress has been made on methods for e�cient exploration of the space of tree topologies[113],

which is fundamentally challenging due to its combinatorial complexity. Indeed, for n taxa, there

are (2n � 3)!! possible rooted tree arrangements, wheren!! denotes the semifactorial ofn | even a

small dataset of ten taxa can be enumerated by 34 million unique rooted trees. Moreover, �nding

the global optimal tree is NP-hard for all major optimality criteria (e.g., maximum parsimony [325],

minimum evolution [326], maximum likelihood [280]). Methods such as linear programming [150] or

branch and bound [327] can provide exact solutions, but are practically limited to problems with�

15 or fewer taxa. To overcome these challenges, the overwhelming majority of state-of-the-art soft-

ware (e.g., MrBayes [142], PAUP[328], BEAST[143], PAML[329], RAxML(-NG) [113, 124], FastME[56],

IQ-TREE[114, 298]) rely on hand-engineered search heuristics to perform tree topology optimisation

or Bayesian analysis. These are traditionally based on subtree pruning and regrafting (SPR) and

tree bisection and reconnection (TBR) operations, which have empirically been shown to be the best

available methods for exploring tree topology space [113, 330].

However, such methods still have limitations. First, hill climbing using heuristic approaches neces-

sitates multiple evaluations of the objective function to pick the best move. While these heuristics are

still polynomial, exhaustive exploration of single SPR operations is quadratic in complexity, and paired
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operations (two sequential SPR changes) are quartic. Second, all the aforementioned tree arrange-

ments are prone to being trapped in local optima and even if a global optimum is found, terraces of

trees with identical quality exist [281]. This phenomenon is exacerbated when concatenating multiple

genes in supermatrices [290, 331, 332] or when using genomic-scale datasets which require extensive

computational resources.

To facilitate a better exploration of tree space, we proposeGradME, a new direction for tree

topology inference which expands the problem space using a continuous rather than discrete param-

eterisation of a phylogenetic tree. Generally, aside from considering metrics (e.g., distances in tree

space) [289, 333, 334, 332], performing topological search in a continuous tree space has rarely been

explored (for recent work in hyperbolic spaces, see [335, 336, 337, 338]). Furthermore, very few ap-

proaches have made use of gradient-based tree proposals [335, 339, 340, 333]. Although maximum

likelihood and Bayesian inference criteria are more popular and generally considered state-of-the-

art [142, 113, 143, 298, 328, 302], the GradME framework optimises tree topology under a balanced

minimum evolution (BME) criterion [341, 147] using distance matrices as an input. This criterion

is well-principled [342] but generally performs worse than likelihood-based [151, 120, 56]. However,

the framing of the minimum evolution criterion [342, 343] has been proven to be statistically consis-

tent [344, 268] and has repeatedly shown good (although not state-of-the-art) performance in various

settings [152, 153, 154, 56].

To better explore the space of possible trees, we expand the space over which we need to search.

Our novel vector representation of a phylogenetic tree, Phylo2Vec [47], has a natural continuous

extension, allowing us to improve the ability to search parts of this space. Appealing to a common

analogy that casts the optimal tree search problem as �nding a needle in a haystack, our approach

observes a much bigger haystack, but the hay is in very large bundles, many of whom have a needle,

and for these bundles we have access to a (weak) magnet. Providing details to this analogy, the size of

the usual phylogenetic haystack withn taxa is (2n � 3)!! [284], while we search a much larger haystack

of size (n!)2. There are n! bundles in this larger haystack, each of which containsn! trees, but for

any tree, 2n� 1 bundles will contain that tree. Although the proportion of bundles containing a needle

shrinks exponentially, we propose a novel approach (Queue Shu�e) that chooses bundles that should

be closer to one with a needle. For any given bundle, we also introduce a continuous objective function

that can be e�ciently traversed using gradient descent approaches (the weak magnet) developed for

large-scale machine learning problems [345, 346, 347]. This continuous objective facilitates enormous

changes to tree topology in a single step in a direction that improves the objective function. After

searching any given bundle using the continuous objective, we use Queue Shu�e, which improves the
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switch towards the next bundle to search. This counterintuitive approach o�ers a new addition to

the existing heuristic methods used for topological inference, outperforming the current state-of-the-

art but as currently stands with a larger overall complexity than neighbour-joining or other discrete

approaches.

4.2 Methods

In the following, we describe GradME, a distance-based method for continuous phylogenetic infer-

ence of rooted and unrooted trees using gradient descent. The framework can be divided into three

components: i) a continuous tree representation based on Phylo2Vec [47], a bijective integer represen-

tation of phylogenetic trees; ii) gradient-based optimisation using a continuous version of the balanced

minimum evolution criterion [341, 147], iii) Queue Shu�e, a method to shu�e the integer-to-taxon

mapping underlying Phylo2Vec for full tree space exploration. The overall approach works for both

rooted and unrooted trees.

4.2.1 Balanced minimum evolution

Popular objective functions to infer the optimal tree from phylogenetic data include maximum par-

simony [348], maximum likelihood [297] and minimum evolution [349]. Maximum likelihood and

minimum evolution are provably statistically consistent [147, 268], whereas maximum parsimony can

be inconsistent under certain conditions [111]. For small to moderate sized phylogenies, methods based

on maximum likelihood (and Bayesian extensions) are generally considered state-of-the-art [113, 143,

298, 328]. However, approaches based on minimum evolution (ME) have also shown to yield ade-

quate performance [152, 154, 56, 153, 280]. The �rst introductions of the minimum evolution (ME)

paradigm [342, 343] sought to express evolutionary relationships through dissimilarity. They proved

that, given unbiased estimates of the true evolutionary distances, the true phylogeny has an expected

length shorter than any other possible phylogeny { thereby establishing the principled ME criterion.

Currently, the best performing ME approach is that of balanced minimum evolution (BME) [341, 147],

with FastME[56] being a popular software implementation. Its objective function can be written as:

L (T) =
X

i;j

D ij 2� eij (4.1)

where D ij denotes a distance (e.g., based on molecular sequence data) between two taxai and j and

eij the number of branches in the path between taxai and j (the path length [350]). This objective

can be computed in a numerically stable fashion using the log-sum-exp trick (see Appendix B.11 for
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an example snippet). A widely used approach to estimate the optimal tree greedily [344, 154] is

the neighbour-joining (NJ) method [349]. When neighbour-joining is based on an additive distance

measure, it reconstructs a unique tree, but still performs well with near-additive trees [351] and under

small perturbations in the data [352]. However, despite these highly favourable properties, further

heuristic optimisation on a NJ tree using SPR moves have proven to be even more accurate [56]. Once

a tree topology is found, quadratic algorithms exist for estimating the branch lengths [353] as well as

e�cient approaches for molecular clock dating [354].

4.2.2 Balanced minimum evolution for rooted trees

Inference using BME is always restricted to unrooted trees [350, 149] with rooting chosen after inference

through heuristics (e.g., midpoint rooting) or via a molecular clock (e.g., for serially sampled data).

However, it is often of interest to �nd the optimal rooted tree for a set of taxa, as this provides extra

biological context (e.g., to represent evolutionary paths).

In an unrooted tree, the BME objective function (Eq. 4.1) provides an e�cient way of calculating

the total length of a tree where the branch lengths are the BME estimators for approximating each

D ij with the distance from nodes i to j in the tree. However, this result does not hold in a rooted

tree, as the addition of a root changes many of the path lengths. To remedy this, we consider adding

a \root taxon" to the tree by joining it to the root node as taxon n. If the tree is roughly ultrametric,

then we expect

Dni � D � 8i 6= n (4.2)

where D � is the (assumed constant) root-to-taxa distance. Of course, we do not know the sequence

of the root but, as we will show, the value of D � is unimportant | it is instead simply important

that it is independent of i . Adding this root taxon as a leaf node transforms the tree from being

rooted to being unrooted, where standard BME can be used. From this assumption, we prove two

lemmas to ensure the framework's validity, showing that the optimal unrooted tree is obtained when

the variation in the root-to-taxa distance is su�ciently small (Lemma B.1), and subsequently that, in

all cases, the optimal rooting for an unrooted tree solves a biologically plausible optimisation problem

(Lemma B.2).

First, Lemma B.1 shows that, if

jDni � D � j < � 8i 6= n (4.3)

then, using eu
ij and er

ij to denote path lengths in the unrooted tree (u) containing taxon n and the
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rooted tree (r ) formed by removing taxon n,

�
�
�
�

nX

i =0

nX

j =0

D ij 2� eu
ij �

n� 1X

i =0

n� 1X

j =1

D ij 2� er
ij � D �

�
�
�
� � � (4.4)

where � denotes a small number. Hence, the di�erence between the rooted and unrooted objective

functions is approximately equal to the constant,D � . Thus, for su�ciently small � , by the discreteness

of tree space, we can see that, if it is unique, the optimal unrooted tree under therooted objective

(using er
ij ) will be the same as that under the unrooted objective (usingeu

ij ), when the root taxon is

used as an additional leaf.

Subsequently, Lemma B.2 shows that, for the correct unrooted tree, the BME-optimal rooting

maximizes a simple heuristic (de�ned in De�nition 2) for the root-to-tip distance. Equivalently, the

optimal rooting ensures that the root is estimated to be the maximal possible distance back in time.

This is not an immediately biologically plausible objective for the root. Indeed, the cornerstone of

BME is that we want the tree of minimum length, and it hence seems counter-intuitive to require the

root that is the maximum distance backwards in time (though, by Lemma B.2, this does create the

minimum length tree). However, the root of our tree must be the point that is furthest backwards in

time. In particular, this means that the evolutionary direction needs to be away from the root. By

setting our root such that the root-to-tip distance is maximised, we ensure that the root satis�es this

constraint.

This method shares a similar motivation with midpoint rooting, which also seeks to maximise a

heuristic for root-to-tip distance. However, the heuristic used in midpoint rooting uses only the two

taxa which are furthest apart, while our rooting method uses distances from all taxa. Thus, we expect

our method to be more robust, particularly as large inter-taxa distances are di�cult to estimate,

meaning that the additional information used in our heuristic should help to reduce errors. This is

evidenced in Fig. B.2, where midpoint rooting leads to incorrect root placement.

Nonetheless, this property will not hold if the tree is not ultrametric. If taxa evolve at di�erent

rates at di�erent times throughout the tree, then the root will be drawn towards taxa with high

evolutionary rates. Thus, caution must be used when applying our rooted algorithm to such trees,

although the unrooted algorithm will still give a correct unrooted tree. In this case, it may be best to

�nd the optimal unrooted tree topology and then solve the rooting problem for this tree, rather than

�nding the optimal rooted tree, as the former will reduce the skewing e�ect of the heterogeneity in

evolutionary rates. Because of this, the algorithm introduced in this paper has the 
exibility to �nd

the optimal unrooted or rooted tree.
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Figure 4.1: An example of the left-to-right construction of the ordered tree v = [0 ; 0; 0; 2]. We begin
with two leaf nodes and two edges labelled 0 and 1, then append node 2 to its label edge 0, creating
a new internal node and a pair of new edges. The new edge joining node 2 to the tree is labelled as
edge 2. We then append node 3 to edge 2, again creating a new internal node and two new edges.

4.2.3 An ordered bijection to tree space

Previously, we introduced Phylo2Vec [47], a novel bijection between the space of phylogenetic trees and

a space of integer vectors. In contrast to other bijections such as permutation matchings [277], changes

in Phylo2Vec correspond to smooth changes in the tree space, e.g., single changes in a Phylo2Vec vector

correspond to a limited set of SPR changes. On the other hand, Pr•ufer codes [355] form a bijection to

the space of allm-ary trees, meaning that there is no guarantee to sample binary trees from random

Pr•ufer sequences.

Here, we focus on the notion ofordered trees from [47], where it is possible to construct a tree

from its vector in linear time. An ordered tree can be thought of as a birth process, such that when

a birth occurs, the original node continues to live and retains its label, while the new node receives

an incremented label. Accordingly, we introduce2 an equivalent but more intuitive tree construction

process for these ordered trees (see Fig. 4.1 for an example). We begin with two leaf nodes and two

edges labelled 0 and 1. We then append nodes by joining them,in order, to edges connecting leaf

nodes to the tree. This tree construction process can be summarised by a single vectorv, with 3

v0 = v1 = 0 and, for m � 2, vm being the label of the edge to which nodem is appended. Each index

in vm is subject to the simple constraint:

v0 = v1 = 0 and (4.5)

vm 2 f 0; 1; :::; m � 1g 8 m � 2

2When this paper was published, it referenced an older version of Paper I than the one found in this thesis. In
this original version, we used a di�erent, slower, and less intuitive tree construction method (though it resulted in the
same topologies). After publishing Paper II and receiving feedback on Paper I, we then updated Paper I with a new
construction method based on the one presented here in Paper II.

3Another minor di�erence between the Phylo2Vec representation here and in Paper I is that here we include a �xed
v0 = 0 entry, alongside v1 = 1.
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which is equivalent to the de�nition of ordered trees in [47]. Intuitively, a tree is ordered if, starting

with a branch connecting the root to taxon 0, the taxa can be added in order of their label by

appending a new branch to aterminal branch of the existing tree (i.e. a branch connecting a leaf node

to the rest of the tree). Thus, the ordering of the taxa is in some sense \natural" for each possible

ordered tree. It is proved in Lemma B.3 that for ordered v, the algorithm presented above and the

more general Phylo2Vec algorithm in [47] produce equivalent trees.

Note that, for a �xed integer-taxon labelling, the number of ordered trees is a subset of the number

of possible trees. We discuss an e�cient method to remedy this problem and explore all tree space in

Appendix B.5.

4.2.4 A continuous representation of a tree

We introduce a continuous, probabilistic, representation of trees using a square matrixW which gives

the distribution of a random ordered vector v with independent entries such that Wij = P(vi = j ).

Given Eq. 4.5, W is a lower-triangular, stochastic matrix (row sums to 1). Thus, W can proba-

bilistically represent any ordered phylogenetic tree (a space of (n � 1)! trees). A simple approach to

determining the most likely single tree from W is to take the column-wise argmax, yielding a single

tree v.

4.2.5 Gradient-based optimisation using the BME criterion

Using this continuous representation, we can �nd the optimal ordered tree. De�ning f (v) to be the

BME objective function for the tree generated by an ordered vectorv, we then create a continuous

objective, F (W ) by F (W ) = E
�
f (v)

�
.

The calculation of F (W ) follows our new method of constructing ordered trees from the vector

v. For a �xed (randomly chosen) tree, we de�ne ek
ij to be the path length between nodesi and j

when nodes 0; 1; :::; k � 1 have been added to the tree (fori; j < k ). Note that to �nd the rooted

objective function, we initialise with e2
10 = e2

01 = 2, while to �nd the unrooted objective, we initialise

with e2
10 = e2

01 = 1 (while the Phylo2Vec representation is an inherently rooted representation, this

unrooted objective �nds the tree length if the root were removed from the random rooted tree with

distribution given by W ). This is because, in a tree where the only leaf nodes are 0 and 1, these nodes

are a path length of 2 apart if there is also a root (as the root is on this path) while otherwise, they

are a path length of 1 apart.

If node k is appended to the edge joining either nodei or j to the tree, then ek+1
ij = ek

ij + 1;

otherwise, ek+1
ij = ek

ij . Similarly, if node k is appended to the edge joining nodei to the tree, then
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ek+1
ik = 2 and otherwise, if nodek is appended to the edge joining nodex to the tree, then ek+1

ik = ek
ix +1.

Thus, using Vk to denote the random value ofvk , we can write

ek+1
ij = ek

ij + Gk
ij (Vk ) (4.6)

) en� 1
ij =

n� 2X

k=2

Gk
ij (Vk ) + e2

ij (4.7)

for some functionsGk
ij which are derived explicitly in Lemma B.4. Importantly, each term in the sum

is independent, and hence, in Lemma B.4, a closed iterative system for the quantitiesE k
ij = E(2� ek

ij )

can be calculated fori < j as

E k+1
ij =

8
>><

>>:

E k
ij

�
1 � 1

2(Wki + Wkj )
�

if i < j < k
�

1
2

P
x6= i E k

ix Wkx

�
+ 1

4Wki if i < k
(4.8)

with the remaining values for i > j following by symmetry.

The objective function is a polynomial function of the entries of W and is linear in each �xed entry

(that is, the diagonal entries of r 2F are zero). Thus, by Lemma B.5, there is always a minimum at

a \discrete tree" (that is, at a matrix W where for each row, one value is 1 and all the others are

0). Moreover, this simple form makes it easy to di�erentiate F analytically, numerically or automati-

cally. Using state-of-the-art automatic di�erentiation [356], gradient descent can be used to e�ciently

minimise F and �nd the optimal ordered tree.

There may also be minima at non-discrete trees if multiple trees share the same, optimal, objective

value. In our rooted optimisation, this is highly unlikely (as two topologically di�erent trees having

equal objectives places a dimension 1 condition on the distance matrixD , meaning the set of distance

matrices for which this happens has measure 0 in the set of possible distance matrices), but when

we use our unrooted algorithm, this will occur. This is because, as discussed in [47], there aren � 1

Phylo2Vec vectors which, when the root is removed, give the same unrooted tree. Thus, if multiple

rooted vectors giving the same unrooted treeU are in the same space of ordered trees, then, ifU is the

optimal tree under this ordering, the algorithm may converge to a non-discreteW . In this case, taking

the argmax safely recovers an optimal rooted tree as, by Lemma B.5, all possible trees according to

W will have the optimal objective value.

The tree-space induced by our continuous objective function will have local minima whenever

changing any single entry of the vectorv causes the objective function to increase. As the Hamming

distance between vectorsu and v is comparable to SPR distance [47], we therefore expect that the

discrete subset of our continuous tree-space will be similar in structure to the space induced by SPR
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moves. However, by starting from a uniformly distributed tree, where all possible ordered trees

contribute to the objective, we expect that our algorithm is better able to pick up the \signal" from

the true optimum, and avoid moving towards suboptimal local minima.

A Python-like algorithm to compute E(2� e) is shown in Algorithm 2. To �nd the E m
ij terms, there

are O(m) steps of O(m) (�nding the E m
m� 1;j terms) and O(m2) steps of O(1) (�nding the other E m

ij

terms). There are O(n) values of m that need to be considered, and hence this system can be solved

in O(n3) time.

Algorithm 2 Compute E := E(2� e)
Require: n . �xed number of taxa
Require: W . stochastic input matrix[47]

1: E = zeros((n; n))
2: for i  1 to n � 1 do
3: E � = zeros((n; n))
4: for k  0 to i � 1 do
5: for j  0 to k � 1 do
6: E �

[k;j ] = E [k;j ](1 � 1
2(W[i � 1;j ] + W[i � 1;k]))

7: end for
8: E �

[i;k ] =
P i � 1

l=0
1
2E [l;k ]W[i � 1;l ] + 1

4W[i � 1;k]
9: end for

10: E = E � + E � T

11: end for
12: Return E

4.2.6 Orderings

The continuous objective function is only de�ned for ordered trees, which, for a given labelling of the

nodes, is a subset of the whole tree space. Thus, we de�ne the concept of anordering of the nodes,

whereby changing the ordering allows the full space of trees to be explored.

De�nition 1 Ordering: Suppose that the nodes correspond to taxa with namesN0; N1; :::Nn� 1. We

then de�ne an ordering of the nodes to be a permutation,� of the set f 0; :::; n � 1g such that the node

with name N i is processed as node� (i ) by the Phylo2Vec algorithm. It is necessary that the associated

Phylo2Vec vectorv(� ) is ordered.

Note that we use the phrase \nodex" to mean \the node with name Nx " and will always be explicit

if we refer to a node by its label.

Given a tree, it is possible to generate a possible ordering of the nodes,� , as well as the associated

vector v(� ). We will do this by labelling the tree as follows, again distinguishing between the leaf

node namesN i and their labels (which we will call l (i )).
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Consider labelling the root node as 0. Then, label the children of this node as 0 and 1. One

can continue this process inductively, choosing a node, labelledx, with unlabelled children and then

labelling its children as x and y, where y is the smallest unused label. This process terminates when

every node has been labelled. As discussed above, suppose that the label of the leaf node with name

N i is l (i ). Then, Lemmas B.6, B.7 and B.8 show thatl is a possible ordering of the tree, and provide

a method for calculating the associated ordered Phylo2Vec vectorv(l ).

Given a tree, one can use the previous labelling algorithm to show that there are at least 2n� 1

possible orderings for the tree (as the children of each node can be labelled in either order). The exact

number depends on the choice of which internal node is processed at each step (and so, a \balanced"

tree where the leaves have a low generation has more possible orderings than a \ladder" tree where

each leaf has a distinct generation). However, in general, it will be substantially larger than 2n� 1 (we

conjecture that for 
at trees, it may be factorial in size) and hence there are numerous possibilities

which will allow for a global minimum of the objective to be found.

4.2.7 Queue Shu�e: changing orderings to explore all the tree space

The number of ordered trees (di�erent from ranked trees [125]), (n � 1)!, is substantially smaller than

the possible number of trees, (2n � 3)!! (albeit with a comparable growth pattern in n), and hence,

while the optimal ordered tree will be closer to the true tree than a very large proportion of trees, it

is very unlikely to be exactly equal to the true tree.

To fully explore tree space, one must shu�e the labels of the leaf nodes in the optimal ordered

tree. Simply choosing a uniformly random permutation will lead to extremely ine�cient optimisation,

as each tree is only possible in approximately 1=2n of the possible orderings. Instead, we use the

topology of the optimal tree to inform our choice of permutation through a novel approach we call the

Queue Shu�e . This ensures that the previous optimal tree can be written as an ordered tree in the

new ordering, while also ensuring a smooth and e�cient path through the space of orderings.

The Queue Shu�e is motivated by the labelling procedure discussed in the previous section, but

ensures that the set of internal nodes with a given generation (that is, a given distance from the

root) are processed consecutively. That is, we begin by processing all nodes with generation 0 (i.e.,

the root), then all internal nodes with generation 1, then all internal nodes with generation 2, and

continue in this fashion until all internal nodes have been processed.

Algorithmically, this can be achieved by a \queue" of internal nodes to be processed. When an

internal node is processed, any of its children that are also internal nodes are added to the back of
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this queue. Thus, the queue is always in ascending order of generation, and it is simple to show that

this ensures that nodes are processed in non-decreasing order of generation.

A crucial feature of this queue is that the child given the same label as its parent is placedahead

of the other child in the queue. This ensures that one can, in some way, control the order of processing

by choosing the labelling of the children of each node. Moreover, it is vital for the theoretical result

presented in the following section.

To add randomness into the labelling procedure, every time an internal node is processed, we randomly

choose which child is given the label of their parent, and which child is given the next available label.

This provides 2n� 1 possible orderings for each tree. This stochasticity is helpful in ensuring that the

algorithm does not get stuck { as discussed in the subsequent section, it ensures that a large class of

similar trees will be considered after a few ordering proposals.

An algorithmic description of the Queue Shu�e is provided in Algorithm 3.

Algorithm 3 The Queue Shu�e
Require: T . Current Tree
Require: N = f � 0; � 1; :::g . set of all non-root nodes

1: Q = [ � 0; � 1] . "queue" of nodes to process
2: L = f � 0 : 0; � 1 : 1g . node:label mapping
3: lnext = 2 . next available label
4: P = [] . processed nodes
5: while Q 6= [] do
6: � = Q[0] . node to process
7: Q = Q[1:] . � will be processed
8: append(P; � ) . � will be processed
9: if isLeaf(� ) then

10: continue . move to next node
11: end if
12: a; b= randChildren( � ) . get randomly ordered children of �
13: L[a] = L [� ] . label a with � 's label
14: L[b] = lnext . give b next available label
15: lnext = lnext + 1
16: append(Q; a) . add a to the queue
17: append(Q; b) . add b to the queue
18: end while
19: Return L . Ordering determined by values ofL for leaf nodes

4.2.8 GradME

The Queue Shu�e completes our optimisation algorithm. We iteratively �nd the best ordered tree

according to the current ordering and then use Queue Shu�e to change ordering, changing the space

of explorable trees. The algorithm terminates when the optimal tree has not been improved upon for
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a �xed number of iterations (note that, by construction, the previous optimal tree will always be in

the new space of ordered trees). In the examples presented in this paper, only tens of iterations are

needed from some random starting ordering, and less if a sensible starting ordering (such as from a

neighbour-joining tree) is used.

We refer to the resulting system, combining the continuous tree representation, Queue Shu�e

reordering, and the gradient-based optimisation framework using BME, asGradME.

4.2.9 Why does Queue Shu�e work?

A given tree is in the space of ordered trees for at least 2n� 1 orderings. This means that we do not need

to �nd a single optimal ordering, but have exponentially many which will return the true optimal tree.

Very loosely considered, being able to exploren! tree space reliably and e�ciently with continuous

optimisation, Queue Shu�e reduces the inferential task to one that is exponential.

However, while the number of optimal orderings grows exponentially, their proportion tends quickly

to zero asn grows. It is therefore, perhaps, surprising that we are able to �nd an optimal ordering so

quickly from merely tens of shu�es. The proportion of optimal orderings (approximately the ratio of

ordered trees to total trees, (n� 1)!
(2n� 3)!! , ranges from 8� 10� 4 in our smallest dataset (14 taxa) to 6� 10� 29

in the largest (99 taxa; see Table 4.1).

This e�ciency comes from the topology-dependence of the Queue Shu�e algorithm, which allows

us to plot a relatively \smooth" path through the space of possible orderings. That is, the majority of

trees in the new ordered space will have similar properties to the previous optimal tree and so, unless

the previous tree was a local minimum of the objective, it is likely that one of these \close" trees will

have a lower objective value.

Lemma B.9 shows that the expected distance from the root grows harmonically as the label in-

creases. For large trees, the node with labeln � 1 has an expected distance from the root of approx-

imately twice the expected distance from the root of the node label 0. This property is noticeable

even for small trees { if n = 10, then the ratio of the expected distance to the root of node 9 and

node 0 is approximately 1:65. Thus, nodes which are close to the root in the current optimum, will

also be closer on average to the root in the new space of ordered trees. In essence, this means that

\fewer slots are wasted" in the new ordered space { that is, there are fewer trees in the new space of

ordered trees which are topologically far from the previous optimum (a tree that, after the �rst few

iterations, is likely to be far closer to the true optimum than a randomly-chosen tree) and hence, more

trees which are reasonable candidates for having lower objective values.

Lemma B.1 proves another example of the smoothness in transitions induced by the Queue Shu�e,
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based on nearest neighbour interchange (NNI) moves. An NNI move considers the four subtrees

attached to two non-root nodes that share an edge and swaps two of these subtrees. Lemma B.1

shows that, starting from a tree T , any tree which is one NNI move away fromT will be in the new

space of ordered trees with probability at least 1
4 .

This ensures that this new space contains many sensible proposal trees. Perhaps the most surprising

aspect of this result is that this probability is bounded below, independently of the topology. Thus,

with high probability, the optimal tree will only remain the same for more than a few iterations if

large sets of similar trees yield lower objective values than the current optimum.

That being said, the Queue Shu�e does not guarantee that the global minimum will be found,

even if the gradient-based algorithm for optimising F (W ) always converges to the optimal tree. If a

tree is \far" from the nearest tree with a better objective value, then it may take a very large number

of shu�es (or, indeed, it may be impossible) to �nd a better tree. However, while the only theoretical

guarantee is that Lemma B.1 shows it will quickly �nd better trees that can be formed by NNI, we

expect that stronger conditions hold on its ability to \escape" from local minima.

Table 4.1: Evaluation datasets. rRNA/rDNA: ribosomal RNA/DNA, mtDNA: mitochondrial DNA.
AA: amino acid. For the Jawed dataset, several subsets of the original dataset [357] were used (from
1,460 to 18,406 sites; cf. Fig. 4.2c).

Dataset Reference # Sites # Taxa Type Taxonomic rank

DS1 [358] 1,949 27 rRNA (18S) Tetrapods
DS2 [293] 2,520 29 rRNA (18S) Acanthocephalans
DS3 [359] 1,812 36 mtDNA Mammals; mainly Lemurs
DS4 [360] 1,137 41 rDNA (18S) Fungi; mainly Ascomycota
DS5 [361, 362] 378 50 DNA Lepidoptera
DS6 [363] 1,133 50 rDNA (28S) Fungi; mainly Diaporthales
DS7 [364] 1,824 59 mtDNA Mammals; mainly Lemurs
DS8 [365] 1,008 64 rDNA (28S) Fungi; mainly Hypocreales
DS9 [366] 955 67 DNA Poaceae (grasses)
DS10 [367] 1,098 67 DNA Fungi; mainly Ascomycota
DS11 [368] 1,082 71 DNA Lichen

Eutherian [369] 1,338,678 37 DNA Eutherian Mammals
Jawed [357] 1,460-18,406 99 AA Gnathostomata (jawed vertebrates)
Primates [370, 299] 232 14 mtDNA Mammals; mainly Primates

4.2.10 Computational complexity

The computational complexity for all distance-based algorithms requires an upfront computational cost

of O(n2) to compute the distance matrix. We will disregard this cost from subsequent comparisons.

The standard neighbour-joining algorithm [349] has an overall computational complexity ofO(n3).

FastME has a computational complexity of O(kn2
Diam (T)) (where Diam(T) is the maximum path
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length in a tree, which is generally much smaller thann) for k iterations where k < n when n is

large. When fully discrete, our algorithm also has the same complexity but with added mechanisms

for escaping optima via Queue Shu�e. Therefore, a discrete setting is as computationally e�cient as

FastME (see Appendix B.9 for details).

Computing the expectation in Algorithm 2 has complexity O(n3). A single gradient evaluation

(that is, calculating @F
@Wij

for some i and j ) is also O(n3) and therefore computing the full Jacobian

is O(n5). Our Queue Shu�e algorithm runs in O(n). Therefore, our optimisation for k steps andl

shu�es yields a complexity of O(kln 5). The size of l is dependent on the choice of gradient optimiser,

and the size ofk varies if a sensible ordering is initialised.

Thus, the computational complexity of GradME is substantially higher than that of FastME and

closer to that of FITCH [371]. This is due to the far greater mathematical complexity of the continuous

objective function, F (W ). As it is an expectation over all possible ordered trees, the explicit formula

for F (W ) is a polynomial in W with ( n � 1)! di�erent terms. Intuitively, the continuous space always

considers a path between any two trees, something that becomes impossible with discrete settings.

Thus, being able to compute it in polynomial time is a vast improvement on a naive approach, although

it is still considerably less than the innovative FastME greedy approach. More savings should be

possible, we hope to make further e�ciency gains in future work.

4.2.11 Evaluation

We evaluate GradME on a diverse corpus of 14 empirical molecular sequence datasets (Table 4.1).

The �rst 11 are commonly used to assess phylogenetic inference performance [372], whereas the last

three were used to assess inference on rooted trees. For each dataset, we start from a random tree and

optimise the W matrix to a tolerance of 1e-10 using gradient descent with Adafactor [347] optimisation.

The distance matrix D is computed using the GTR+� substitution model for DNA and an LG

model [373] for amino acids. Substitution model parameters for the GTR+� are also estimated

using gradient descent with Adafactor using a pairwise maximum likelihood approach [318]. Jukes-

Cantor [374], F81 [375] and TN93 [376] models were also tested for DNA, while stochastic gradient

descent (SGD), RMSprop [377], and AdamW [345, 346] were also considered for optimisation (see

Fig. B.3). To fairly assess the performance of GradME, we compare our framework to two well-

established distance-based methods:BioNJ [378], based on the neighbour-joining algorithm [349], and

FastME[56], based on balanced minimum evolution.
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4.2.12 Implementation

Implementation of the BME criterion and the optimisation framework was written in Python using

Jax [356] andOptax [379]. Optimisation was performed on a Xeon 2.30GHz (CPU; Intel Corporation)

or on a single GeForce GTX 1080 (GPU; Nvidia Corporation). Evaluation of the BioNJ [378] and

FastME[56] methods were performed via the R packageape [299] usingrpy2 [380]. Tree manipulation

and visualisation scripts were written using ete3 [296] and NetworkX [381]. An implementation is

available at: https://github.com/Neclow/GradME.

4.3 Results

4.3.1 Tree traversal in continuous space

For any choice of label ordering, our approach admits a continuous gradient acrossn! trees forn leaves.

This gradient, which can be obtained readily via automatic di�erentiation, can rapidly traverse tree

space to �nd trees with a close to optimal objective value. Fig. 4.2a shows a single gradient step for

the small Primates dataset [299, 329]. Simply subtracting the gradient from a random initial tree,

followed by softmax activation, results in an almost discreteW which corresponds to the best BME

tree for a given substitution model. Note that if more gradient steps were taken, theW matrix would

quickly become discrete (from Lemma B.5). The jump taken corresponds to six subtree-prune and

regraft moves [299].

For larger alignments such as the popular Eutherian dataset [369], a single gradient step can result

in 14 to 18 SPR moves. While the number of SPR moves achieved is large, this is achieved with a

substantial increase in overall computational complexity when compared to FastME. We note that

the gradient step size is dependent on the data and, as expected, greatly reduces as we approach an

optimum.

4.3.2 A comparison to benchmark phylogenetic datasets

Table 4.2 presents a comparison of GradME with neighbour-joining (BioNJ) and FastME (subtree-

prune and regraft version) over 11 popular phylogenetic benchmark datasets [372]. Both neighbour-

joining and FastME are only able to infer a minimum length unrooted tree, and therefore we compare

estimates only on unrooted trees. We always initialise our algorithm with a uniform, equiprobable tree,

where the starting taxon labelling is random and optimised using Queue Shu�e. We estimate trees us-

ing distances from a GTR+� model estimated via maximum likelihood (see Appendix B.9 for details).

As expected, FastME consistently outperforms BioNJ, with lower BME loss on all alignments. On the
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(a) Dataset: Primates

(b) Dataset: Simulated (20 taxa,
100k sites)

(c) Dataset: Jawed

Figure 4.2: Results on empirical data (a) Starting from a random tree, represented by ann � n
stochastic matrix, we compute the continuous gradient, apply softmax activation and increment the
original matrix. In a single step, our gradient �nds the correct tree at a distance of 6 subtree-prune
and regraft moves from the random starting tree. (b) Simulating ultrametric trees of 20 taxa and
100,000 sites under an LG model of protein evolution. We add random uniform noise to all branch
lengths to simulate departures from ultrametricity. Compared to the true tree via Robinson-Foulds
distance, dark blue bars are midpoint rooting the bestFastMEtree and light blue bars are the inferred
root from our approach. (c) Phylogenies for jawed vertebrates, where the number of genes (hence
sites) are reduced to be more clocklike. Normalised Robinson-Foulds distance are shown between the
best ASTRAL[382] tree, the best unrootedFastMEtree which has been midpoint rooted (light blue)
and our inferred rooting algorithm (dark blue). Performance for FastMEreduces when the number of
sites is small.
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Table 4.2: Balanced minimum evolution loss scores for 11 phylogenetic benchmark datasets. Lower
is better. Scores from BioNJ and FastME were obtained following the implementations inape [299]
using the same distance matrix as GradME. The distance matrix was estimated from a GTR+� model
via maximum likelihood [318]. Our GradME approach always starts from a uniform tree distribution
(every tree is equiprobable) with a random taxon ordering (optimised by Queue Shu�e). The best
performing approaches for each dataset are denoted in bold. GradME either equalled or performed
better than FastME. The topological accuracy, measured as one minus the Robinsons-Foulds distance
is shown between GradME and FastME and GradME and a maximum likelihood gold standard from
IQ-TREE also using a GTR+� model

Dataset BioNJ FastME GradME Topological
accuracy between

GradME and
FastME

Topological accuracy
between IQ-TREE and

the best distance tree

DS1 0.3118613 0.3101232 0.3101232 1.00 0.54
DS2 3.725205 3.7239944 3.7239944 1.00 0.77
DS3 8.0115913 8.0075588 8.0075588 1.00 0.97
DS4 2.2528503 2.2447615 2.2447615 1.00 0.68
DS5 6.3077156 6.2606057 6.2606057 1.00 0.70
DS6 0.6249236 0.62285630.6219367 0.87 0.67
DS7 9.9174641 9.882138 9.882138 1.00 0.91
DS8 1.337924 1.3252984 1.3252984 1.00 0.82
DS9 0.3788481 0.3788481 0.3788481 1.00 0.66
DS10 1.1286037 1.1247627 1.1247627 1.00 0.78
DS11 1.313921 1.30964221.3096415 0.88 0.53

other hand, GradME always achieves a better or equal loss compared to FastME. We observe similar

results when using di�erent substitution models (e.g., F81). In the two examples where GradME

does better than FastME, the topological accuracy, measured by one minus the Robinson-Foulds dis-

tance [100] is close to 0.9, suggesting FastME has converged to a similar tree. We note that FastME's

performance is generally worse when using the nearest neighbour interchange heuristic (instead of the

SPR-based heuristic). When compared to a maximum likelihood gold standard (IQ-TREE [298]), the

best distance method does not recover the same tree as that from maximum likelihood, but in some

cases, is very close (e.g., DS3 and DS7). Finally, we note that while GradME outperforms FastME,

it is orders of magnitude slower and in most of the datasets FastME �nds the same optimal tree as

GradME.

4.3.3 Rooting ultrametric trees

Despite being applicable to the unrooted problem, our approach, at its core, works with rooted trees.

As previously discussed, if we assume the existence of a distant outgroup, then the balanced minimum

evolution objective can be used to optimise a rooted phylogenetic tree. In Appendix B.1, we show

that, given an ultrametric unrooted tree, the optimal rooting maximises a heuristic for the root-to-tip

distance in the tree. While this property only holds for ultrametric trees, our approach still works well
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for near clock-like trees. As an experiment, we draw small (20 taxa) random ultrametric phylogenies

with a total length of one, and simulate 100,000-residue protein sequences [299] down these trees under

an LG [319] model of protein evolution, assuming random uniform amino acid base frequencies. In the

ultrametric cases, all taxa are equidistant to the root, which corresponds to a strict molecular clock.

We add uniform noise to all branch lengths to simulate departure from a strict clock. Fig. 4.2b shows

the Robinson-Foulds [100] distance from the true tree to themidpoint-rooted best unrooted FastME

tree (when SPR moves were used byFastME), and the distance to our inferred rooted tree. We see that

when the tree is ultrametric, or close to ultrametric, our approach recovers the correct rooted tree.

As expected, an increase in noise leads to a decrease in topological accuracy, although our approach

still performs substantially better than midpoint rooting. We note that uniform noise is unlikely to

be biologically realistic. Instead, deviations from a strict clock are more likely to be heterogeneous

in certain clades or internal branches. However, for small departures, we believe our algorithm to

reliably infer the correct tree and root simultaneously.

We implement our rooting algorithm on the popular mammal data from [369]. We infer a rooted

tree via Queue Shu�e and also midpoint root the best FastME tree. Both trees, unrooted, have

the same balanced minimum evolution loss, but our rooted loss is less than the FastME midpoint

rooted loss. Our rooted tree correctly identi�es Gallus gallus (red junglefowl) as the outgroup, while

midpoint rooting pairs Gallus galluswith Ornithorhynchus Anatinus (platypus) (see Fig. B.2 for the

rooted phylogenies).

4.3.4 Rooting the phylogeny of all jawed vertebrates

To perform a more detailed evaluation of our framework, we tested GradME's robustness for topologi-

cal inference by �nding the root of the large jawed vertebrates dataset from [357] with 99 taxa and 4593

genes. Given the reliance of our method on ultrametric data for inference of the root, we �rst made a

fast measure of the ultrametricity of each gene-tree. To do this, we inferred the phylogeny of each gene

using GradME, followed by midpoint rooting. The coe�cient of variation in root-to-tip lengths was

taken as a measure of ultrametricity. We then concatenated ranked genes into supermatrices includ-

ing decreasing numbers of genes, and examined the performance of GradME with midpoint rooting

against our method. All inferences were performed using the LG amino-acid substitution model to

maintain simplicity. We placed special focus on our ability to use small portions of data for recover-

ing the main groupings of vertebrates; these key groupings include the root separating cartilaginous

(Chondrichthyes) versus boned vertebrates, ray-�nned �shes (Actinopterygii), and the major groups

of tetrapods and amniotes (amphibians, mammals, archosaurs, turtles, and lizards and relatives).
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Figure 4.3: Phylogenetic inferences of the jawed vertebrates' phylogeny using the two most ultrametric
loci from a data set of 99 taxa and 4593 genes [357].(a) Inference using our approach leads to high
accuracy in identifying the root and all major jawed vertebrate taxa. Note that, we do not estimate
branch lengths, but only topology via balanced minimum evolution (b) inference using FastME and
midpoint rooting leads to widespread error, primarily and critically near the root of the process.
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A small number of genes with an ultrametric signal were generally su�cient for resolving many

of the major lineages of vertebrates using both midpoint rooting and our approach (Fig. 4.2c). For

larger numbers of genes, midpoint rooting and our approach are broadly similar. However, at the

smallest numbers of genes (0.05%, 2 genes), midpoint rooting was unable to recover many of the early

relationships among vertebrates, such as the root, monophyly of cartilaginous �shes, ray-�nned �shes,

Tetrapoda, or the mammals. Even small amounts of data (1460 amino-acids of 1,964,439; 0.07% of the

original data) were su�cient for GradME to resolve the root as well as every major grouping of jawed

vertebrates accurately (Fig. 4.3). The only exception was the controversial position of the Coelacanth,

which was found to be sister of Dipnoi (lung�sh) rather than the more widely accepted position as

sister of Dipnoi plus Tetrapoda. While this remarkable performance under the simple LG model is in

part attributed to the informative nature of highly ultrametric genes, our tree topology demonstrates

the superiority of our approach in accuracy and e�ciency over other fast methods in phylogenetics.

4.4 Discussion

We have introduced a new approach for exploring the vastness of tree space. Counterintuitively, our

approach explores a much bigger space than the space of possible trees, but this larger space allows for

new ways to �nd the best tree. The key to our method's success lies in transforming the phylogenetic

tree search problem from a discrete to a continuous one, allowing us to achieve superior performance.

To our knowledge, this is the �rst time a continuous, di�erentiable objective function for the inference

of tree topology has been proposed, and it opens new possibilities for phylogenetic inference. Bayesian

phylogenetics can be regarded as the most robust framework for inferring phylogenies, but has been

to-date limited by the poor ability of random walk Metropolis-Hastings algorithms to explore tree

space [383]. More e�cient Hamiltonian Monte Carlo samplers have been proposed [333] to tackle this

problem, and our framework presents a new avenue to jointly explore topology and branch lengths with

e�cient samplers. A remaining limitation of our approach is the need to shu�e labels to fully explore

the space of all possible trees, and while the approach we use, Queue Shu�e, is mathematically and

practically powerful, this step is still discrete. The possibility of permutation distributions such as the

Gumbel-Sinkhorn distribution could allow for a fully di�erentiable algorithm. Finally, the complexity

of our approach is O(n5), which easily allows for large phylogenies up to a thousand, but not tens

of thousands. However, computation on GPUs or TPUs in parallel can facilitate computational

tractability.

A major bene�t of our approach is that it naturally enables the estimation of the root node, which

has been a long matter of interest in the biological sciences [384, 385, 386]. For genes where a strict
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clock is a reasonable assumption, our method of traversing tree space in large steps reliably estimates

both the correct tree topology and the root. Our approach will likely be useful in settings where genetic

sequences are contemporaneous and time for measurable evolution is short, such as early epidemics or

nosocomial settings. However, as we showed analytically, our approach will have reduced performance

when considering rate heterogeneity and departures from a strict clock.

Tests on the relationships among jawed vertebrates demonstrate that even minimal amounts of

data can be su�cient for our method to reach high accuracy in topology and root estimates. These

results are consistent with previous work on large amounts of genome-scale data showing that clocklike

loci to be the most suitable for phylogenetic inference [387]. Furthermore, our approach is e�ective

with negligible amounts of data { where other methods are ine�ective { making it a powerful addition

to the existing toolkit for addressing recalcitrant questions of the tree of life.

Our approach is based on the minimum evolution principle, which has repeatedly shown to pro-

duce fast and accurate inference. Nonetheless, an interesting area for further study is to extend the

continuous path length formulation to approximations of traditional phylogenetic likelihoods [297].

This would be particularly bene�cial for implementation in Bayesian inference, since tree topology

inference is a major obstacle to large hierarchical models [388, 389]. Our method is therefore a step

towards more e�cient sampling of the complex posterior distributions over tree topology.

75



76



Chapter 5: Paper III: Bayesian distance-

based phylogenetics for the genomics era

Abstract: As whole genomes become widely available, traditional likelihood-based or Bayesian phy-

logenetic methods are demonstrating their limits in meeting the escalating computational demands.

Conversely, distance-based phylogenetic methods are e�cient and have a long history, but are rarely

favoured due to their inferior performance. Here, we extend distance-based phylogenetics using an

entropy-based likelihood of the evolution among pairs of taxa, allowing for fast Bayesian inference

in large-scale datasets. We provide evidence of a link between the inference criteria used in dis-

tance methods and phylogenetic likelihoods, providing additional evidence for why distance-based

approaches work well in practice. Using the entropic likelihood, we perform Bayesian inference on

three phylogenetic benchmark datasets and �nd that estimates closely correspond with previous infer-

ences and their bootstrap supports. We also apply this approach to a 60-million site alignment from

363 avian taxa, covering most avian families. We �nd the method to have outstanding performance

relative to traditional methods, and reveal substantial uncertainty regarding the diversi�cation events

immediately after the K-Pg transition event. The entropic likelihood allows for e�cient and accurate

Bayesian inference of phylogeny and branch supports, enhancing the scalability of phylogenetic infer-

ence to accommodate the demands of the genomic era.

Full Author List: Matthew J Penn, Neil Scheidwasser, Joseph Penn, Mark P Khurana, Christl

A Donnelly, David A Duchêne and Samir Bhatt

Author contributions: See end of chapter.

Joint Authorship: M.J.P., N.S., D.A.D. and S.B. have joint authorship of this work.
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5.1 Introduction

The �eld of phylogenetics underpins a large portion of modern biological research, o�ering a powerful

framework to describe branching processes across the tree of life. With the advent of vast amounts

of genomic data, the �eld is now challenged by the fact that the space of possible phylogenetic trees

scales double-factorially: forn samples (or leaves) there are 1�3�5 : : : (2n � 3) number of possible bifur-

cating rooted trees [273, 284]. This makes it impossible to consider every possible tree as a candidate,

except in very small datasets (approximately � 10 taxa). Whilst phylogenetic reconstruction under

any existing method is NP-hard [280], methods based on Felsenstein's likelihood [375] are generally

considered highly robust [120], where various heuristic approaches to tree search have shown excellent

performance in both simulations [113, 114] and in comparisons with independent data from the fossil

record [320]. This has led maximum likelihood to become the underlying criterion for many phyloge-

netic tree estimation frameworks [113, 298, 316]. However, the computational demand of maximum

likelihood approaches is becoming impractical for many genome-scale and epidemiological datasets,

raising questions about the feasibility of these analyses into the future of the genomics era [390, 391].

The primary caveat with modern phylogenetics is that the traditional Felsenstein's likelihood [375]

is highly complex to compute for large datasets. Speci�cally, calculating the likelihood of asingle tree

is O(nNc2) for n leaves,N unique site patterns andc character states. Even with the e�ciency savings

that occur when considering similar trees, the calculation remains highly complex, being of at least

O(N ). Thus, optimising by making the best move on the tree topology using subtree-pruning and re-

grafting (SPR) from the set of n2 possible moves still gives a high complexity, of at leastO(n2NkL ) for

kL optimisation steps. Conversely, distance-based approaches using the balanced minimum evolution

(BME) criterion [392, 147] have a high initial pre-processing complexity, ofO(Nn 2 + c2n2), but far

lower optimisation complexity that is independent of the number of unique site patterns N . Indeed,

using a similar SPR scheme under this criterion has a worst-case complexity ofO(kB n2Diam(T)) for

kB optimisation steps, where Diam(T) . O(n) is the maximum number of edges between each pair

of taxa. In sum, the statistical bene�ts of using Felsenstein's likelihood can be outweighed by their

high computational cost, providing a strong motivation for developing alternative fast approaches for

phylogenetic inference.

The gap in complexity between likelihood and distance methods widens dramatically in Bayesian

inference settings, where large numbers of likelihoods are evaluated. When analysing whole genomes

with millions of sites, or thousands of taxa, likelihood methods become prohibitively slow and the

only alternative is either a minimum evolution approach or maximum parsimony. While maximum
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parsimony is consistent under certain conditions, BME has been proven to be more broadly statistically

consistent under knowledge of the true model and when studying a single gene [344]. Although not as

empirically accurate as maximum likelihood, the statistical guarantees of BME will ensure it is highly

accurate in large-scale data regimes, particularly when considering branch supports and other forms

of uncertainty (e.g., in branch lengths or date estimates) [56].

Although a point estimate of a single best tree can be useful, uncertainty quanti�cation is another

critical aspect to biological hypothesis testing, yet generally prohibitive in very large modern datasets.

Existing solutions include bootstrapping [393, 394] and Bayesian posterior supports [395]. For all infer-

ential approaches, bootstrapping is possible and has highly e�cient implementations [396]. However,

the interpretation of a bootstrap sample is non-probabilistic. It is a measure of re-sampling variance

and of the robustness of the estimator over small changes in the data [397]. In contrast, Bayesian

approaches yield the posterior probability for any given tree and for branches within a tree. Bayesian

approaches, however, require a likelihood and are therefore unsuitable for inference under minimum

evolution and maximum parsimony. Generalised Bayesian approaches [398] o�er an alternative, but

are as of yet underdeveloped for phylogenetics. Therefore, a key limitation of minimum evolution is

that the objective criterion is not a likelihood and therefore cannot be used for hypothesis testing or,

more importantly, for Bayesian analysis. Until now, uncertainty under this framework has only been

quanti�ed via bootstrapping.

To address the various shortcomings of phylogenetic methods for inference using large modern

datasets, we develop a new likelihood function by considering the e�ect of using tree entropy as a

prior distribution. Using simplifying approximations, we reduce this new likelihood to a tree length

given an \entropic distance matrix" which we denote as dS
ij . This entropic distance is the expected

entropy of the evolution process across the path between a pair of taxa in the tree, given their genetic

distance. The resulting entropic likelihood is highly correlated with the well-established likelihood of

Felsenstein [297] that underpins all maximum likelihood and Bayesian phylogenetics (Figure 5.2), and

we provide a mathematical justi�cation for the closeness of this relationship. Through studying the

similarities between the entropic distancedS
ij and standard genetic distancedij , we �nd that, under

a Markovian branching process, the entropic distance is extremely well-approximated by a linear

function of the standard genetic distance (Figure 5.1). Speci�cally, given a continuous time Markov

chain (CTMC) substitution model P (e.g., Jukes-Cantor model [374]), the entropy along a single

branch is S(t) =
P

a;b � aPab(t) log(Pab(t)) (where � denotes stationary frequencies). Furthermore,

the entropic tree length is approximately a linear function of the BME tree length. The error of this

approximation has favourable mathematical properties (Figure 5.3), and this new formulation provides
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additional insights into the robustness of BME as an optimality criterion for phylogenetic inference.

Our work paves the way for Bayesian phylogenetic inference using distance-based methods, allowing

for highly e�cient probabilistic analysis of the massive datasets that de�ne the genomic era.

5.2 Methods

5.2.1 Notation and preliminaries

Throughout this paper, we will use T to denote the true topology which, using the phylogenetic data,

we are aiming to infer. U will be used for topology under consideration - which may or may not be

the true tree.

The classical maximum likelihood problem in phylogenetics involves the construction of a weighted,

binary tree with topology U and branch lengths b, describing the evolutionary history of a set of n

taxa, each of which corresponds to a leaf node ofU.

In general, a �xed number of sites of genomic or amino acid data is available for each taxon.

Typically, the substitution process of a single site is modelled using a reversible continuous time

Markov chain (CTMC) where the transition matrix/kernel is:

Pij (t; � ) = P(A site changes from statei to state j in time t) (5.1)

where � represents the set of model parameters, which are generally estimated as part of the inference

process. Estimating these parameters is a standard procedure, and so we will not refer to� in the

methods.

We use Q to denote the Q-matrix of the substitution CTMC, and de�ne � to be its stationary

distribution. We assume that jQij j > 0 (and hencePij (t) > 0) for all t > 0 and all i and j . This is

not strictly necessary for the results presented in this paper, but simpli�es the derivations.

Assuming that topology is independent of the genetic mutations (that is, for example, there are

no mutations which make short branches more likely), one can simulate the sites of a tree (and to

calculate likelihoods) as follows. Firstly must choose a node,r , denoted hereinafter as thesimulation

root - which corresponds to the node at which to begin the simulation. It will be assumed that the sites

at node r are chosen according to the stationary distribution of the CTMC. It is shown in Lemma C.1

in the Appendix that the distribution of the sites of the tree is independent of which node is chosen

to be the simulation root.

Thus, given a set of charactersg for a given site on the internal and external nodes (totalling

2n-1), one can de�ne a function p(g;U; b) which gives the likelihood of these values being observed
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for a given site on the topologyU with branch lengths b. This can be done by considering each edge

separately, and will be derived later in the methods.

Felsenstein's likelihood

In general, only the characters on leaf nodesl(g) are observed, rather than the full set of charactersg.

Felsenstein's likelihood solves this problem by marginalising over the possible values of the sites

of the internal nodes. For a site with charactersl(g) on the leaf nodes, the likelihood of that site (on

the topology U with branch lengths b) is then

� F (l (g); U; b) =
X

h2G:l (h)= l (g)

p(h; U; b) (5.2)

where G denotes the set of possible site patterns over the whole tree.

Calculating the likelihood directly from (5.2) is ine�cient, and in practice, � F can be computed

through a post-order tree traversal, where one iteratively �nds the likelihood of the subtree rooted at

each nodex, conditional on the value of the sites atx.

Under the assumption that di�erent sites evolve independently, Felsenstein's likelihoodL F of the

tree is then simply the product of the � F (g;U; b) for each observed set of charactersg. We use`F to

denote the logarithm of Felsenstein's likelihood.

5.2.2 Motivation: a likelihood from balanced minimum evolution

In the balanced minimum evolution paradigm [392], the aim is to �nd the tree where, under a speci�c

(balanced) method of branch length estimation, the length of this tree (that is, the sum of its branch

lengths) is minimised. To produce a similarly-motivated likelihood for each possible tree (comprised

of a topology U and branch lengths b), we develop a measure,E(U; b), of the entropy of this tree.

This provides a similar measure of tree complexity - low expected likelihood (just like high length)

means that a more complex evolutionary process would have occurred.

To create this entropy measure, we suppose that we observe the sites at both internal and external

nodes of the tree. If, for a random simulated mutation process onU, we observe sitesG across all

these nodes, then our entropy measure is simply the entropy (that is, the expected log-likelihood) of

the random variable G.

To apply such principles to a likelihood setting, we consider a Bayesian approach to inferring the

true tree. Suppose that for a tree with topology U and branch lengths b, our prior distribution is
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� (U; b). Suppose that the likelihood of observing the data, D is P(DjU; b). Then, the posterior

likelihood of a topology U is proportional to

L(U) =
�

B
P(DjU; b)� (U; b)db (5.3)

where B denotes the set of possible values ofb and db = db1db2:::db2n� 1.

In the classical Felsenstein's likelihood inference problem,� is generally a function of b (for example,

using the assumption that branch lengths are exponentially- or gamma-distributed) and is indepen-

dent of the topology, U.

Under our minimal-complexity paradigm, we use the tree entropy as a prior as we expect simpler

trees to be more likely. As entropy is fundamentally a log-likelihood quantity, we set (ignoring the

normalisation constant),

log(� (U; b)) = E(U; b) (5.4)

To simplify the calculation, we make the following assumptions. Firstly, we assume that we have

enough data such that (using the consistency of the BME estimators), the likelihoodP is closely

concentrated around the BME branch lengths,b� (D; U). That is,

P(DjU; b) � P(DjU)� (b � b� (D; U)) (5.5)

Secondly, we choose to ignore the additional information provided about the topology,P(DjU). Again,

this mirrors the classical BME setup where the objective can be calculated from an unordered set of

branch lengths. This reduces the total information used and, we conjecture, is the main reason

why Felsenstein's likelihood generally outperforms balanced minimum evolution - even though both

are asymptotically consistent, Felsenstein's likelihood utilises all the information from the data and

will therefore perform better on �nite datasets. However, the relationship between the topological

posterior and the data is far more complex than the relationship between the branch length posterior

and the data, so restricting ourselves to information about the branch lengths substantially reduces

the complexity of the tree inference problem. Thus, ignoring normalisation, we suppose that

P(DjU) = 1 (5.6)
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Under these assumptions, we can evaluate the integral to see thatL becomes

L(U) = � (U; b� (U; D)) (5.7)

and hence

`(U) = E(U; b� (U; D)) (5.8)

which is the expected likelihood of the tree with topology U and branch lengths given by the BME

estimates.

In the remainder of this paper, we will derive an e�cient way of calculating L(U) and show that

is closely approximated by a linear function of the standard BME objective. We will also show that

this likelihood is closely-related to Felsenstein's likelihood, and can therefore be used to perform

approximate inference in that paradigm.

5.2.3 Finding `(U)

Given the balanced minimum evolution estimates for branch lengths,b, it is relatively straightforward

to calculate the tree entropy E of a topology U. We will now show how to calculatep(g;U; b) and E.

Calculating p(g;U; b)

To begin, it is helpful to �nd an explicit formula for the function p(g;U; b), which can be interepeted

as Felsenstein's likelihood in the case that the sites at internal nodes are known.

De�ne the set of edges to beE = f (e1
i ; e2

i ) j i = 0 ; 1; ::g, where e1
i and e2

i are the nodes which

this edge connects, such thate1
i is the closest to the simulation root r (note that it is possible, and

indeed necessary, thatek
i = el

j for some indicesi; j; k; l ). Suppose that zj
i is the site value on nodeej

i

and that bi is the length of edge (e1
i ; e2

i ). Then, as the substitution CTMC on each edge is conditionally

independent given the start and end values of the sites, we have

p(g;U; b) = � zr

Y

i

Pz1
i ;z2

i
(bi ) (5.9)

Here Pz1
i ;z2

i
(bi ) is the probability of z1

i mutating into z2
i in time bi , while zr gives the value of the site

at the simulation root. Note that, assuming time reversibility, Lemma C.1 shows that the value of

p(g;T ) is independent of r .
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Calculating E

We can now note that, as

E
�

log(p(G; U; b))
�

= E
�

log(� Z r ) +
X

i

log(PZ 1
i ;Z 2

i
(bi ))

�
= E

�
log(� Z r )

�
+

X

i

E
�

log(PZ 1
i ;Z 2

i
(bi ))

�

(5.10)

We can ignoreE(log(� Z r )), as it is independent of the topology and the data (this is simply the entropy

of the starting genome at the simulation root). Moreover, using Lemma C.2, we know that as the

length of the branch joining Z 1
i and Z 2

i is bi ,

(Z 1
i ; Z 2

i ) d= ( M 0; M bi ) (5.11)

where M is an independent copy of the mutation CTMC, and d= denotes equality in distribution.

Thus, we have

E
�

log(Pz1
i ;z2

i
(bi ))

�
= � S(bi ) (5.12)

whereS is the entropy of our mutation CTMC run for time bi (taken to be positive - hence the minus

sign as log-likelihoods are always negative). Thus,

`(U) = E
�

log(p(G; U))
�

= const. �
X

i

S(bi ) (5.13)

For trees with N sites, we can use the independence of di�erent sites, meaning that the entropyE is

simply N multiplied by E
�

log(p(G; U))
�
.

5.2.4 The entropic likelihood

While (5.13) is computable, using the individual balanced estimates to the branch lengthsbi can lead

to problems. For example, there is no guarantee that these estimates will be positive. Having the

ability to use some prior on branch lengths is therefore helpful and, while we cannot e�ciently do this

on an individual level, we develop a method in this section for imposing priors on an inter-taxa scale.

To begin, note that the objective function (5.8) is -1 multiplied by the length of a tree where the

branches have lengthsS(bi ) (rather than their original bi lengths, which were the BME approxima-

tions). Thus, we seek to �nd an entropic distance matrix dS such that dS
ij is the distance between

taxa i and j in our entropy-weighted tree (for a single site). In this case, the objective function is the

84



length of the BME tree with distance matrix dS, meaning

`S(U) = � N
X

i 6= j

2� eij dS
ij (5.14)

where eij is the (unweighted) path length between i and j in U. This sum over i 6= j considers all

ordered pairs i and j . We call the likelihood `S the entropic likelihood.

Models for approximating dS
ij

If one supposes that the tree was generated according to some random process, then one can set

dS
ij = E

�
D S

ij (dij )
�

(5.15)

where D S
ij (� ) is a random variable with distribution equal to the entropic distance between two taxa

on a tree generated according to this random process conditional on the distance between these taxa

being equal todij .

In this paper, we use a simple branching process where each branch has a length distributed

according to some probability density function f , splits into two branches at the end of this length,

and the process is stopped after some �xed timeT (so that any branches still \active" at time T form a

leaf node). We hope to examine more complicated models in the future, particularly those which allow

for non-ultrametric trees (for example, by varying the mutation rate along the branches). However,

as we will show in the subsequent sections, the approximate linearity of our entropic distance means

that this model is still useful even in the absence of ultrametricity.

Lemma C.3 and Lemma C.4 provide formulae for the tree being generated by this branching

process. In Lemma C.3, one has the renewal equation

1
2

E(D S
ij (dij )) := h(� ) = (1 � F (� ))S(� ) +

� �

0
(h(� � t) + S(t)) f (t)dt (5.16)

whereF is the cdf for the pdf f . For any parametric choice of branch length distribution, these renewal

equations can be solved by Riemann sums. For example, in the case of an exponential distribution,

Lemma C.4 shows an analytically tractable solution with rate � . In this case,

E(D S
ij (dij )) = 2

� � dij =2

0

�
e� �t (S0(t) + �S (t)) +

� t

0
S(s)� 2e� �s ds

�
dt

�
(5.17)
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and hence, the entropic likelihood is

`S(T ) = � 2N
X

i 6= j

�
2� eij

� � dij =2

0

�
e� �t (S0(t) + �S (t)) +

� t

0
S(s)� 2e� �s ds

�
dt

��
(5.18)

Comparison to Felsenstein's likelihood

The approximation (5.14) means we use the data di�erently to Felsenstein's likelihood. Rather than

using the data to directly calculate likelihoods via p(g;U), the data are now used to create an inter-taxa

distance matrix, from which the times t i are calculated.

This di�erent application of the data means that the full dataset only needs to be used once in

the optimisation process, as the distance matrix will remain the same throughout, independently of

the topology under consideration. When the number of sites,N is much larger than the number of

taxa n (which is often the case, particularly in phylogenomics) this results in a substantial saving in

computational cost, as after a single pre-processing step, the dataset e�ectively reduces from sizeNn

to size n2.

5.2.5 Connection to the classical balanced minimum evolution objective

De�ning K =
P

a6= b � aQab to be the expected instantaneous substitution rate, assuming that

K
�

<< 1 (5.19)

and de�ning � := min i;j

�
�d ij

�
, one can show that the approximation

1
2

E(D S
ij (dij )) �

1
2

E
�

D S
ij

�
�
�

��
+

�
�d ij

2
� �

� � 1

0
�S (s)e� �s ds (5.20)

has a percentage error of approximate leading orderO(log( K
� ) � 1). This is formalised in Theorem C.1

in the Appendix.

The assumption that K
� � 1 may seem contrived, but is in fact necessary for phylogenetic inference

to be possible. Noting that branch lengths are of lengthO( 1
� ), the expected number of substitutions

per site on a branch isO( K
� ). If this number is not small, then the sequences at each leaf node will

largely uncorrelated, regardless of the distance between them in the tree, and so it will not be possible

to infer a shared genetic history. Note that K
� is a non-dimensional quantity and independent of any

reparametrisation of time.
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Using this result, we can note that (5.20) can be written as

E(D S
ij (dij )) � a + bdij (5.21)

for some constantsa and b. Then, the entropic likelihood (5.14) becomes (using the Kraft Equality)

`S(T ) = � b
X

i 6= j

2� eij dij + a
X

i 6= j

2� eij (5.22)

= � b
X

i 6= j

2� eij dij + a (5.23)

which is a linear function of the classical BME objective and hence, in particular, the optimal tree

under this objective will be the optimal BME tree. A visualisation of how linear this relationship is

for three datasets (see Table 5.1) is shown in Figure 5.1.

Table 5.1: Evaluation datasets
Dataset Reference # Sites # Taxa Type Taxonomic rank

DS1 [358] 1,949 27 rRNA (18S) Tetrapods
DS2 [293] 2,520 29 rRNA (18S) Acanthocephalans
DS3 [359] 1,812 36 mtDNA Mammals; mainly Lemurs

Note that the value of b can be written as

b =
�

dij �
�� � 1

0
�S (s)e� �s ds

�
=

�
E(branches betweeni and j )

��
E(entropy on a branch)

�

(5.24)

and hence, the new distances form a simple approximation to the entropy between each pair of taxa.

5.2.6 Analytical and empirical comparison to Felsenstein's likelihood

As we show in this section, our entropic likelihood is similar, though not exactly equivalent, to the

classical Felsenstein's likelihood. In particular, we demonstrate that the two are highly linearly corre-

lated, meaning that, using an empirically-calculated scaling factor, our entropic likelihood can be used

to approximate sampling under Felsenstein's likelihood. We do this by deriving our likelihood directly

from the expected Felsenstein's likelihood, and analyse the impact of each required approximation.

Setup

Consider the expected Felsenstein's log-likelihood of a single-site treeU with branch lengths b� given

by balanced minimum evolution. This is equal to the entropy of the leaf nodes when the mutation
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Figure 5.1: Genetic distances dij against corresponding entropic distances E(D S
ij (dij )) for

three empirical datasets (see Table 5.1). For all datasets we see a strong linear relationship and
correlation near equal to 1. Note that non-linearity tends to exist close to zero, where there are fewer
data.
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process is realised on the true treeT with the true branch lengths � and then the resulting leaf sites

are mapped to their equivalents inU.

Using X to denote the set of leaf nodes and, later,Y to denote the set of internal nodes, we de�ne

H (X jT ; � ) to be the expected Felsenstein's log-likelihood. In the large sites limit, this will be equal

to leading order to the observed Felsenstein's log-likelihood, and so we shall assume that the two are

equal in the subsequent derivation.

Using all nodes

To reduce notation, we omit the conditional dependence ofH on � and T in this section.

As we vary U (and therefore alsob� ), we expect Felsenstein's log-likelihoodH (X ) and the log-

likelihood on all nodes,H (X; Y ) to be closely related to each other. Noting that

H (X; Y ) = H (X ) + H (Y jX ) (5.25)

the di�erence between them will be determined by the amount of information that the leaf nodes

provide about the internal nodes.

In trees with a very low number of expected mutations per site (over the whole length of the tree), as

are commonly found in epidemiological applications [399], we expect thatH (X; Y ) � H (X ), as one

can (with high probability) infer the states at the internal nodes from the leaf nodes - essentially using

the fact that sites are extremely unlikely to mutate twice or more.

Conversely, in trees with a very high number of expected mutations per site, the sites at each node

are approximately independent of each other (and therefore simply independent realisations of the

stationary distribution of the mutation CTMC). In this case, as there are approximately the same

number of leaf and internal nodes, we expect12H (X; Y ) � H (X ).

In between these two extremes where there are intermediate numbers of expected mutations per

site, when we consider trees of similar topologies and branch lengths (and thereforeH (Y jX ) varies

slowly) it therefore seems reasonable to approximate

H (X ) � � 1H (X; Y ) (5.26)

for some �xed � 1 2 [1
2 ; 1]. That is, we expect the fully-observed likelihood to be approximately
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proportional to Felsenstein's likelihood.

Varying the sampling distribution

To recover our original new likelihood `(U) from (5.13), we must make the approximation

H (X; Y jT ; � ) � � 2H (X; Y jU; b� ) = � 2`(U) (5.27)

The e�ect of this approximation is to change the assumed distribution of the sites when calculating

the entropy. H (X; Y jT ; � ) assumes the true distribution but, in general, this is unknown. When

considering the tree (U; b� ), we hence instead perform our calculationas if this tree were the correct

tree.

In Lemma C.6, we justify this approximation, and show that we expect � 2 2 [1; 2]. In essence,

the primary reason for this is that as we consider treesU which are further from the true tree T ,

their entropy will be higher and therefore there is a double e�ect onH (X; Y jT ; � ) - it increases both

becauseU is a higher entropy tree, and because the true sequence distribution is diverging from that

given by U.

Unlike the previous approximation (5.26), where we essentially just change the likelihood scale, the

approximation (5.27) does add meaningful error and means that the correlation between the entropic

and Felsenstein's likelihood is not as strong as, for example, the correlation between the entropic

likelihood and the BME objective - which are virtually the same. However, we have found that these

errors are not prohibitive, as we show in the subsequent section, where we make simple empirical

comparisons between the entropic and Felsenstein's likelihood.

The entropic likelihood

The �nal approximation comes from the use of our entropic distance matrix to approximate the value

of `(U). The validity of this approximation depends on how well our heuristic tree branching process

model describes the true process of tree creation, and can change the gradient of the linear relationship

between the entropic likelihood and Felsenstein's likelihood.

To examine the e�ect of this, suppose that we have two branching models, A and B which determine

the construction of a tree. In model A, we suppose that, for a uniformly chosen branch in the tree of

length Ti , we haveE(S(Ti )) = sA and E(Ti ) = � A , with similar de�nitions for model B .

Then, for taxa which are a su�ciently large distance � apart, we expect entropic distances S� to

be approximately equal to the average entropy on a branch,s�, multiplied by the number of branches,
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approximately �
� �

. That is,

SA =
sA

� A
� and SB =

sB

� B
� (5.28)

Thus, SA and SB are linearly related, but the ratio between them (and therefore the ratio between

the entropic likelihoods given by the two tree construction models) will not necessarily be 1. While it

is readily possible to re-estimate model parameters for each tree, this will not resolve all the previous

sources of error in our approximation. We therefore propose calibrating our entropic likelihood against.

Felsenstein's likelihood via a linear scaling with gradientm.

Analytical summary

Thus, we see that our entropic likelihood and Felsenstein's likelihood should be approximately linearly

related. This is an important result, not only for justifying the validity of the entropic likelihood, but

also in providing an explanation for the utility of BME - we can use the approximate linear relationship

between BME and the entropic likelihood to show that we also expect BME to be approximately

linearly related to Felsenstein's likelihood. This theoretical �nding opens the door for approximate

Bayesian inference using a distance matrix and BME, simply by performing a calibration to estimate

the linear scaling coe�cient m. It is critical to note that, even after scaling, the entropic likelihood

will not exactly match Felsentstein's likelihood. However, given linearity, the two likelihoods will be

of similar magnitudes for a given tree.

Illustrative empirical comparisons to Felsenstein's likelihood

First, we illustrate through a simple empirical example that a linear approximation is reasonable. As

highlighted in the motivation, we do not expect this likelihood to perform as well as Felsenstein's like-

lihood because we ignore information provided about the topologyp(DjU). In contrast, Felsenstein's

likelihood incorporates this information through a post-order tree traversal and marginalisation. How-

ever, using our entropic likelihood is a reasonable choice when computational tractability prohibits

the use of Felsenstein's likelihood.

To show the limitations of our entropic likelihood, we simulate a biologically realistic alignment

from a known tree. Our tree simulation follows a birth death process with 50 species and with� = 0 :5,

� = 0 :1, � = 1 and time since origin (TMRCA) of 65 (re
ecting many major radiations since the K-Pg

transition event). On this birth death process, we simulate white noise with a mean rate and rate

variation of 0.05 according to an exponentiated white noise process, resulting in samples that are

distributed log normally. A birth death tree with noise is considered the true tree T and is created

using the TreeSim [400] andNELSI[401] packages in R. To simulate an alignment down this tree we
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use theseqSimfunction in phangorn [402] in R, four nucleotides and no gaps or unknown bases. We

sample the six possible transition rates as well as the four possible base frequencies from a Dirichlet

distribution with � i = 5 8i . We assume a Gamma shape of 1 with 4 categories and sample rates using

the discrete.gammafunction in phangorn. Finally, we assume a sequence length of 5; 000 base pairs.

An example of a resultant tree is shown in Figure 5.2. For all inferences, we assume a Jukes-Cantor

substitution model and therefore are performing inference under model misspeci�cation. We compare

our likelihood to Felsenstein's likelihood for alignments simulated as described above. Our likelihood

is:

`S(T ) = � N
X

i;j

E(D S
ij (dij ))2 � � ij (5.29)

Assuming exponential branch lengths (f (t) � Exponential( � )) we use the distance matrix found by

solving the renewal equation

1
2

E(D S
ij (dij )) := h(� ) = (1 � F (� ))S(� ) +

� �

0
(h(� � t) + S(t)) f (t)dt (5.30)

The rate of the exponential distribution was speci�ed as �̂ = n� 2
L where L is the tree length (this

formula is derived in Lemma C.5). Using Felsenstein's likelihood to estimate an optimal tree was

performed usingoptim.pml implemented in the phangorn library [402] in R.

Simulating 2000 random alignments and optimising our likelihood and Felsenstein's likelihood and

examining one minus the normalised Robinson-Foulds distance [100] to the known true tree results

in a median topological accuracy of 0:9787 [0:9361� 1] for both our entropic likelihood approach

and Felsenstein's likelihood approach. Examining the likelihoods for these 2000 random alignments,

we see a strong linear relationship between the optimal likelihoods (see Figure 5.2 Right) withm =

0:92. Therefore, for the optimal tree, the scaling is close to one. Picking one single �xed tree and

alignment, we can explore the relationship between our entropic likelihood and Felsenstein's likelihood

for suboptimal trees given the alignment. Generating 2000 trees by subtree-prune and regraft (SPR)

operations on the optimal tree, where the number of operations is randomly drawn uniformly from

integers between 1 and 50 (i.e. maximum 50 sequential SPR moves) also results in a strong linear

relationship (see Figure 5.2 Middle black points). Sampling 2000 entirely random trees and evaluating

both likelihoods (see Figure 5.2 Middle red points) further interpolates the linear trend. We note that

when examining suboptimal treesm = 0 :508, and is therefore not a close scaling. However, the linear

relationship that our theory suggests holds for trees close to the optimal tree, all the way to entirely

random trees.

Next we show how the gradient,m, between the Felsenstein and entropic likelihoods varies between
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0 and 1 across alignments with di�erent rates. As we have noted from our discussion of the� 1 scaling

parameter in (5.26), our theory suggests with low rates we expect a gradient,m, of around one when

compared to Felsenstein's likelihood, and with high rates we expectm to decrease. This decrease is

also caused by the entropic likelihood approximation, as higher rates lead to entropy being less closely

linear. Simulating trees using the same procedure as above with 50 taxa and 5,000 sites, we explored

how rate variation a�ects our approximation via m. Simulated trees were rescaled following the

procedure outlined in [403]. Brie
y, varying evolutionary rates were set as the root to tip divergences.

We rescaled root-to-tip distances to vary between a very wide range off 0:005; 2:5g [403], and for

each rate simulated 500 trees to estimate uncertainty and for each tree we explore the distribution

around the optimal tree via SPR changes close to the optimal tree, where the number of sequential

random SPR changes is drawn from� Poisson(1) + 1. To mitigate the e�ects of a misspeci�ed tree

construction model, we estimate� for each new SPR tree which, for the exponential case, is available

in closed form as �̂ = n� 2
L where L is the length of the tree found as the BME objective. This

helps reduce the error for trees far from the true tree (which through classical BME theory, will have

larger values ofL ), but does not reduce the impact of the overall model misspeci�cation (an impact,

which as discussed, will increasingly a�ect the gradient as the substitution rate grows). As shown in

Figure 5.3 (left �gure), re-estimating � does result in coe�cient m that is close to 1 when rates of

substitution are low. However, as rates increase and multiple substitutions happen at multiple sites,

the estimates of m become progressively worse. The topological accuracy of the best tree however

remains excellent and comparable to Felsenstein's likelihood for all rates Figure 5.3 (middle �gure).

Similarly, the mean absolute percentage error between Felsenstein's likelihood and a linear model with

the entropic likelihood does grow with rate, but not substantially, and considering the log scale, the

linear approximation is good with up to half a percentage point of error.

In summary, the linearity of our entropic likelihood with Felsenstein's likelihood is a very useful

property, and justi�es the previous use of BME in likelihood proposals e.g. [404, 113]. However,

because there is no guarantee that the gradient is 1, and indeed we expect it not to be for real

data [403], Bayesian distance-based MCMC inference cannot be performed without a linear calibration.

A solution we utilise is to simply perform a calibration of the entropic likelihood against Felsenstein's

likelihood to estimate the gradient correction. This calibration only requires a few hundred trees

and can be performed as an average across subsets of taxa for large numbers of sequences, or as a

subset of the number of sites for a very large number of sites (e.g. a whole genome). The resultant

posterior is of course with respect to our approximate likelihood and will not converge to Felsenstein's

likelihood, but a judicious choice of data and model to ensure a good distance approximation will make
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(a)

(b) (c)

Figure 5.2: Comparison of entropic and Felsenstein's likelihoods assuming exponential branch lengths.
(a) Example single true tree from simulation. (b) A comparison of the likelihoods of suboptimal trees
inferred from data simulated through the true tree. Black dots are suboptimal trees generated by
performing random SPR moves from the best estimated tree, and red dots are entirely random trees.
(c) A comparison of the likelihoods for the best tree across 2000 simulated alignments.
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Figure 5.3: Performance of the entropic likelihood across evolutionary rates. Left: The variation of
the scaling between the entropic and Felsenstein's likelihood as a function of rate, where red indicates
the entropic distance estimated using equation 5.17 assuming exponentially distributed branch lengths.
Blue points use the same procedure, but the branching rate� is re-estimated for each tree and a new
entropic distance found. Middle: Comparison of topological accuracy for Felsenstein's likelihood in
black, entropic distance in red, and entropic distances when re-estimating� in blue. Right: The mean
absolute percentage error between Felsenstein's likelihood and a linear model of entropic distance.
The percentage error is on a log likelihood scale. Black dotted lines show where most empirical data
exist [403].

it close. We note that our theory and these illustrative simulations show that the BME objective

can be treated as a likelihood that needs to be linearly calibrated against a choice of phylogenetic

likelihood. For example, for the example datasets in Table 5.1,m using entropic likelihoods are

estimated as m = f 0:9119; 0:7882; 0:7635g. One can also calculate the gradients between standard

BME and Felsenstein's likelihood, which aref 8264; 4731; 4730g.

5.2.7 Implementation procedures

To estimate the entropic distance matrix, we �rst require a sequence alignment, from which we es-

timate the standard distance matrix D . This can be easily achieved for common reversible Markov

substitution models. Next, we need to specify a branch length distributionp(� ). This can be chosen

a priori or taken from a reasonable estimate from a tree. In our examples, we �rst �nd an (approx-

imately) optimal BME tree, calculate the least squares solution to the branch lengths, and then use

these lengths to inform our distribution. Assuming an exponential distribution, p(� ) � Exp(� ) where

� is the reciprocal of the mean across all branch lengths in the tree (the maximum likelihood solu-

tion). Other distributions can readily be used. Given a parametric choice forp(� ), the density and

cumulative distribution functions are de�ned and the renewal equation 5.16 can be solved. Solving

this equation for values ofD results in a new entropic distance matrix D s. Given D s, we can choose

a sampling ofN trees fU 1; : : : ; UN g and regress our likelihood against another phylogenetic likelihood

such as Felsenstein's likelihood to obtain an estimate of the scalingm. We note, that due to the
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theory we introduce showing the linearity between the entropic distance and the genetic distance,

this calibration can be done directly on the standard BME objective (taken from D) rather than the

entropic likelihood (taken from D s) with only small additional error. However, the resultant likelihood

will be orders of magnitude di�erent when performing the regression from standard BME, which can

introduce numerical sensitivity.

5.3 Results and discussion

5.3.1 Bayesian distance-based inference on standard benchmark datasets

To compare current phylogenetic inference approaches with the entropic likelihood, we started by

using three classical benchmark datasets in phylogenetics. As detailed in Table 5.1 included data on

tetrapods [358] (27 taxa, 1949 sites), acanthocephalans [293] (29 taxa, 2520 sites), and mammals [359]

(36 taxa, 1812 sites; hereafter DS1-3). For each of the three datasets, we performed phylogenetic

inference using (i) maximum likelihood implemented in RAxML-NG [124] optimisation with 100 dif-

ferent starts and 1000 bootstraps with the autMREfunction (extended majority-rule consensus tree

criteria with a cut-o� of 0.03). From the 100 di�erent starts, a subset of unique local minima was

created. (ii) BME using FastME [56] with 1000 bootstraps. We also included (iii) the new continuous

vector-based BME inference using GradME [48] to search for an optimal tree. We implement the

entropic likelihood by running a Random Walk Metropolis Hastings Markov Chain Monte Carlo for

20 million iterations, with 500,000 burn-in discarded and across 20 chains, thinning every 10 samples.

Convergence was assessed by calculating the R-hat statistic on the chain log-likelihoods, as well as

visual inspection of the log-likelihood trace plots. To guarantee linearity between likelihoods (see

Methods), we calibrated the entropic likelihood to Felsenstein's likelihood using 1000 trees, perturbed

from the best balanced minimum evolution tree with SPR(x), where x is the number of sequential

SPR moves andx � Poisson(1) + 1 - that is mostly small changes of one SPR from the best tree,

but occasionally large changes. The results are visualised in Figure 5.4. To maintain consistency with

previous studies [372], all analyses were performed on a Jukes-Cantor substitution model [374].

To compare all optimal, bootstrap, and posterior trees across analyses, we calculated pairwise

Robinson-Foulds distances across trees for the datasets enumerated in Table 5.1. To visualise these

distances, we follow [405] and plot the �rst two components of a multidimensional scaling reduction

of the distance matrix. For DS1 (see Figure 5.4a), a very large number of trees were sampled (�

30,000) and we see the distance tree is relatively far from the maximum likelihood tree (around 0.5

normalised RF distance from the RAxML-NG modes). The bootstrap distributions from maximum
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likelihood and distance estimation overlap, as does the Markov chain Monte Carlo (MCMC) posterior.

The MCMC entropic posterior is more concentrated but with considerable variation around the BME

optimum. This narrower sampling of the posterior set of unique trees is expected [397].

In DS2, the continuous tree search [48] found a better tree than the optimal FastME tree, which

was the most similar to the RAxML-NG tree. In this dataset, only one RAxML-NG mode was found

across all 100 runs, and the bootstrap (blue circles) is tighter than in DS1 (Figure 5.4b). The entropic

MCMC posterior ranges across the BME bootstrap samples and includes trees very close to the best

maximum likelihood tree. In DS2, FastME selected a tree which was suboptimal, while GradME found

a tree with a smaller length that was closer to the maximum likelihood best tree. Reassuringly, the

entropic MCMC samples around both of these modes, and a third mode that is close to the maximum

likelihood tree. For DS3, we once again see that the entropic MCMC explores several modes that

correspond closely to the BME bootstrap distribution, and samples trees close to one of the best

maximum likelihood trees. Both the FastME and RAxML-NG bootstraps overlap considerably, and

the distance between optimal trees is small (normalised RF distance� 0:1).

Overall, these analyses demonstrate that the entropic likelihood facilitates MCMC sampling, with

the distribution of samples overlapping with a distance-based bootstrap. The number of unique

topologies varies depending on how well-resolved the tree is based on a distance matrix; for DS1, over

30,000 unique topologies were found, for DS2, only 413 were found, while for DS3, only 382 were found.

The correspondence between the distance-based posterior and the distance-based bootstrap validates

the theoretical results above, suggesting that this likelihood can be viewed as BME with a suitable

scaling. This means that by using the entropic distance matrix as opposed to a standard distance

matrix (e.g., Jukes-Cantor distances), it is possible to perform Bayesian model-based inference using

all the theory and methods already developed in BME. BME has a quadratic complexity and can scale

to thousands of taxa, opening the possibility of Bayesian inference on huge datasets with thousands

of taxa and millions of sites. We note that we have only used a single distance matrix to estimate the

posterior distributions, propagating uncertainty from the distance matrix will create a larger posterior

distribution of unique trees.

5.3.2 Bayesian inference on 363 genomes from the Bird 10,000 Genomes (B10K)

project

To showcase the results that can be obtained from analyses using the entropic likelihood, we used data

from the Bird 10,000 Genomes (B10K) project [406], an initiative that aims to generate representative

draft genome sequences from all extant bird species. Here we analyse the release of 363 genomes
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Figure 5.4: For the set of unique trees, the generalised Robinson-Foulds distance is calculated, and the
distance matrix reduced by multidimensional scaling. A Jukes-Cantor model was used. ML Bootstrap:
RAxML-NG [124] bootstrap, BME bootstrap: FastME [56] bootstrap, BME MCMC is the method
presented in this paper, and BME and MLE are the point estimates. To facilitate visualisation, only
a random sample of 5000 trees is shown.
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representing 92% of all bird families. We estimated pairwise genetic distance under a GTR+� substi-

tution model (general time-reversible model with gamma distributed rate variation among sites) using

the approach outlined in [318]. Given free parameters for rates,S 2 R6
� 0, frequencies,� 2 R4

� 0 and
P

� i = 1, the time between two sequencest ij , and genetic sequence dataG, the log-likelihood for the

transitions between a pair of taxa i and j is

L ij (GjS; �; t ij ) =
X

a

X

b

� ij
ab log(Pab(t ij ; S; � )) (5.31)

where � ij
ab is the number of a ! b transitions from taxon i to taxon j . We approximate the optimal

parameters by minimizing the total negative log-likelihood (that is, the sum over i and j of L ij ) using

gradient descent inJax [356].

We considered two alignments, a smaller alignment,A1, of 100,000 sites that was originally used

to estimate a maximum likelihood tree in RAxML [113, 406] and a much larger alignment,A2, of 63.4

million sites from intergenic regions across the genomes for which maximum likelihood tree estimation

is highly impractical. For both alignments A1 and A2, assuming a GTR+� substitution model as

above, distance matricesD1 and D2 could be estimated. Comparing these distance matrices to the

RAxML tree created from A1, we �nd the distance matrix from the smaller alignment, D1, yields

a topological accuracy (one minus the normalised Robinson-Foulds distance) to the RAxML tree of

91% - that is, 91% of all splits are shared between the trees. Using the distance matrix from the

larger alignment D2, the topological accuracy to the RAxML tree increases substantially to 98% -

as expected, the performance gap between our method and Felsenstein's narrows as the amount of

data increases. Critically, both distance matrices are highly linearly related (intercept 0.004911 and

gradient 1.051129), and therefore we can perform a likelihood calibration, applying a calibration on

A1 to the more reliable distance matrix D2. The calibration of the entropic likelihood to Felsenstein's

likelihood was done onA1 using 500 trees, perturbed from the best balanced minimum evolution tree

with SPR(x), where x is the number of sequential SPR moves andx � Poisson(1) + 1.

Our avian family-level Bayesian phylogenetic estimate is highly congruent with inferences from

previous genome-scale studies. It supports the major groupings of birds being Palaeognathae, Gal-

loanseres and Neoaves [406]. The analysis supports Neoaves as being split into 9 of the 10 major

monophyletic lineages described previously [407], and largely with maximal posterior supports (Fig-

ure 5.5). The only exception is Afroaves, which is split into two groups as also suggested in several

previous studies [407]. Importantly, this split is one of the few showing lower posterior support. Here,

the lowest posterior support was found in nodes that are widely accepted to have occurred soon after
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the Cretaceous-Palaeogene (K-Pg) boundary and which pinpoint the uncertainty in the relationships

among the 10 major groups of Neoaves. We also found low uncertainties primarily in the relative place-

ments among Strisores, Aequornithes, Phaethontimorphae, Opisthocomiformes, and Cursorimorphae,

which have long been recognised as di�cult to place in the avian tree of life [408, 409].

These results are consistent with the genome-wide disagreement in the relationships early after

the post-K-Pg transition. Critically, the entropic likelihood Bayesian approach provides evidence

that those nodes with low support cannot be placed con�dently using nucleotide data alone. For

illustration, fast molecular dating using penalised likelihood was performed as implemented in the

ape [299] R package (functionchronos) using the avian maximum clade credibility tree and allowing

for substantial variation in rates across lineages (� = 0.001). We included 29 fossil constraints and

a constraint on crown Neoaves to fall between 60 and 70 million years ago. As expected under these

calibrations, the resulting dates support the so-called 'big-bang' scenario of rapid radiation scenario

in most avian lineages occurring after the K-Pg mass extinction event [410], and are overall in line

with prior expectations.

5.3.3 Conclusions

In this paper, we have showcased the outstanding potential for distance-based approaches to perform

highly e�cient and accurate phylogenetic inference on large datasets while considering uncertainty in

inferences, allowing for model selection, and incorporating complex models of evolution. Distance-

based phylogenetics has traditionally been considered less e�ective than likelihood-based approaches

due to the lack of marginalisation across internal nodes, the reduction of large amounts of sequence

data into a single distance matrix, and the lack of model-based customisation. Yet, we demonstrate

that these methods are robust to many of these perceived weaknesses. An inherent limitation of

distance-based phylogenetics will be the inability to account for unknown states within a given tree to

a greater extent than Felsenstein's likelihood-based approaches. Conversely, the expanding volume of

phylogenetic data, in both site numbers and taxa, is placing substantial strain on maximum likelihood

approaches, such that distance-based methods will play a critical role in genome-scale phylogenetic

inference. This is already evident in major phylogenomics initiatives where computation times can

extend into months, and where Bayesian solutions are infeasible [406]. Consequently, when considering

large numbers of taxa (i.e., in the thousands) or site patterns (i.e., in the tens of millions), distance-

based approaches are among the only viable solutions along with parsimony-based approaches.

Considering the inherent uncertainty in these distance-based phylogenetic inferences, the only

viable approach until now has been bootstrapping, which provides limited meaningful information
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Figure 5.5: Maximum clade credibility tree with posterior node support for 363 bird taxa built from a
distance matrix of � 60 million sites. The tree has a normalised Robinson-Foulds distance of 0:02 (8
splits) from the maximum likelihood tree, and the posterior uncertainty in tree topology concentrates
on the K-Pg boundary, in line with prior expectations [406]. Molecular dating was performed for
visual purposes on a subset of calibrations from the original study.
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when the sample size of sites is very large. Our proposed entropic likelihood approach provides an

intuitive alternative via Bayesian model-based inference as applied to distance phylogenetics. We have

shown how distance-based posteriors produce sensible distributions of trees with a close correspondence

to the bootstrap. When factoring the quadratic complexity of distance-based approaches, the entropic

likelihood also presents new avenues for Bayesian inference of large phylogenetic datasets, as we have

shown on genome-scale data on avian taxa.

The theory we introduce arrives at an approximation of Felsenstein's likelihood, but in which

only inter-taxa pairs are considered. This entropic likelihood is very closely related to BME - by

far the best performing of all distance-based approaches. It has previously been shown that BME

works as a special case of the weighted least-squares approach to phylogenetic inference [344]. To

show this, however, a fundamental assumption is that the variance is/ 2� , where � is the topological

distance taken, which is empirically justi�ed but nevertheless a strong assumption. In contrast, we

arrive at what is essentially BME with a distance matrix scaled by a constant, and show this is an

approximation of the standard phylogenetic likelihood. Our theory therefore provides a di�erent and

robust justi�cation for the use of BME and suggests that the standard BME objective function is

approximately proportional to a likelihood. We prove that the error from this approximation is small,

casting new con�dence on fast methods for making accurate model-based inferences from genome-scale

data.
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Chapter 6: Paper IV: Intrinsic random-

ness in epidemic modelling beyond sta-

tistical uncertainty

Matthew J Penn et al. \Intrinsic randomness in epidemic modelling beyond statistical uncertainty".

In: Communications Physics 6.1 (2023), p. 146.

Status: This paper has been published inCommunications Physics

Abstract: Uncertainty can be classi�ed as either aleatoric (intrinsic randomness) or epistemic (imper-

fect knowledge of parameters). The majority of frameworks assessing infectious disease risk consider

only epistemic uncertainty. We only ever observe a single epidemic, and therefore cannot empirically

determine aleatoric uncertainty. Here, we characterise both epistemic and aleatoric uncertainty using

a time-varying general branching process. Our framework explicitly decomposes aleatoric variance

into mechanistic components, quantifying the contribution to uncertainty produced by each factor

in the epidemic process, and how these contributions vary over time. The aleatoric variance of an

outbreak is itself a renewal equation where past variance a�ects future variance. We �nd that su-

perspreading is not necessary for substantial uncertainty, and profound variation in outbreak size can

occur even without overdispersion in the o�spring distribution (i.e. the distribution of the number of

secondary infections an infected person produces). Aleatoric forecasting uncertainty grows dynami-

cally and rapidly, and so forecasting using only epistemic uncertainty is a signi�cant underestimate.

Therefore, failure to account for aleatoric uncertainty will ensure that policy-makers are misled about

the substantially higher true extent of potential risk. We demonstrate our method, and the extent to

which potential risk is underestimated, using two historical examples.

Full Author List: Matthew J Penn, Daniel J Laydon, Joseph Penn, Charles Whittaker, Christian

Morgenstern, Oliver Ratmann, Swapnil Mishra, Mikko S Pakkanen, Christl A Donnelly and Samir
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6.1 Introduction

Infectious diseases remain a major cause of human mortality. Understanding their dynamics is essential

for forecasting cases, hospitalisations, and deaths, and to estimate the impact of interventions. The

sequence of infection events de�nes a particular epidemic trajectory { the outbreak { from which

we infer aggregate, population-level quantities. The mathematical link between individual events

and aggregate population behaviour is key to inference and forecasting. The two most common

analytical frameworks for modelling aggregate data are susceptible-infected-recovered (SIR) models

[411] or renewal equation models [412, 60]. Under certain speci�c assumptions, these frameworks are

deterministic and equivalent to each other [413]. Several general stochastic analytical frameworks exist

[414, 60], and to ensure analytical tractability make strong simplifying assumptions (e.g. Markov or

Gaussian) regarding the probabilities of individual events that lead to emergent aggregate behaviour.

We can classify uncertainty as either aleatoric (due to randomness) or epistemic (imprecise knowl-

edge of parameters) [415]. The study of uncertainty in infectious disease modelling has a rich history

in a range of disciplines, with many di�erent facets [416, 417, 418]. These frameworks commonly

propose two general mechanisms to drive the infectious process. The �rst is the infectiousness, which

is a probability distribution for how likely an infected individual is to infect someone else. The second

is the infectious period, i.e. how long a person remains infectious. The infectious period can also be

used to represent isolation, where a person might still be infectious but no longer infects others and

therefore is considered to have shortened their infectious period. Consider �tting a renewal equation

to observed incidence data [60], where infectiousness is known but the rate of infection events� (�)

must be �tted. The secondary infections produced by an infected individual will occur randomly over

their infectious period g, depending on their infectiousness� . The population mean rate of infection

events is given by� (t), and we assume that this mean does not di�er between individuals (although

each individual has a di�erent random draw of their number of secondary infections). In Bayesian

settings, inference yields multiple posterior estimates for� , and therefore multiple incidence values.

This is epistemic uncertainty: any given value of � corresponds to a single realisation of incidence.

However, each posterior estimate of� is in fact only the mean of an underlying o�spring distribution

(i.e. the distribution of the number of secondary infections an infected person produces). If an epi-

demic governed by identical parameters were to happen again, but with di�erent random draws of

infection events, each realisation would be di�erent, thus giving aleatoric uncertainty.

When performing inference, infectious disease models tend to consider epistemic uncertainty only

due to the di�culties in performing inference with aleatoric uncertainty (e.g. individual-based mod-
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els) or analytical tractability. There are many exceptions such as the susceptible-infected-recovered

model, which has stochastic variants that are capable of determining aleatoric uncertainty [414] and

have been used in extensive applications (e.g. [419]). However, we will show that this model can un-

derestimate uncertainty under certain conditions. An empirical alternative is to characterise aleatoric

uncertainty by the �nal epidemic size from multiple historical outbreaks [420, 421] but these are con-

founded by temporal, cultural, epidemiological, and biological context, and therefore parameters vary

between each outbreak. Here, following previous approaches [414], we analyse aleatoric uncertainty

by studying an epidemiologically-motivated stochastic process, serving as a proxy for repeated real-

isations of an epidemic. Within our framework, we �nd that using epistemic uncertainty alone is a

vast underestimate, and accounting for aleatoric uncertainty shows potential risk to be much higher.

We demonstrate our method using two historical examples: �rstly the 2003 severe acute respiratory

syndrome (SARS) outbreak in Hong Kong, and secondly the early 2020 UK COVID-19 epidemic.

6.2 Results

6.2.1 An analytical framework for aleatoric uncertainty

A time-varying general branching processes proceeds as follows: �rst, an individual is infected, and

their infectious period is distributed with probability density function g (with corresponding cumu-

lative distribution function G). Second, while infectious, individuals randomly infect others (via a

counting process with independent increments), driven by their infectiousness� and a rate of infection

events � . That is, an individual infected at time l, will, at some later time while still infectious t,

generate secondary infections at a rate� (t)� (t � l ). � (t) is a population-level parameter closely related

to the time-varying reproduction number R(t) (see Methods and [60] for further details), while� (t � l )

captures the individual's current infectiousness (note that t � l is the time since infection). We allow

multiple infection events to occur simultaneously, and assume individuals behave independently once

infected, thus allowing mathematical tractability [422]. Brie
y, we model an individual's secondary

infections using a stochastic counting process, which gives rise to secondary infections (i.e. o�spring)

that are either Poisson or Negative Binomial distributed in their number (see Appendix D). We study

the aggregate of these events (prevalence or incidence) through closed-form probability generating

functions and probability mass functions. Our approach models epidemic evolution through intuitive

individual-level characteristics while retaining analytical tractability. Importantly, the mean of our

process follows a renewal equation [423, 60, 424]. Our formulation uni�es mechanistic and individual-

based modelling within a single analytical framework based on branching processes. Figure 6.1 shows
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Figure 6.1: Schematic of a time-varying general branching process. (a) shows schematics for the
infectious period, an individual's time-varying infectiousness (both functions of time post infectiont � ),
and the population-level mean rate of infection events. The infectious period is given by probability
density function g. For each individual their (time-varying) infectiousness and rate of infection events
are given by � and � respectively. In an example (b), an individual is infected at time l, and infects
three people (random variablesK , purple dashed lines) at timesl + K 1, l + K 2 and l + K 3. The times
of these infections are given by a random variable with probability density function � � (t )� (t � l )� t

l � (u)� (u� l )du
.

Each new infection then has its own infectious period and secondary infections (thinner coloured lines).

a schematic of this process. Formal derivation is in Appendix D.

Randomness occurs at individual level, and there is a distribution of possible realisations of the

epidemic given identical parameters. Simulating our general branching process would be cumbersome

using the standard approach of Poisson thinning [425], and inference from simulation is more challeng-

ing still. Using probability generating functions, we analytically derive important quantities from the

distribution of the number of infections, including the (central) moments and marginal probabilities

given �; g and � (with or without epistemic uncertainty). We additionally use the probability generat-

ing function to prove general, closed-form, analytical results such as the decomposition of variance into

mechanistic components, and the conditions under which overdispersion exists (i.e. where variance is

greater than the mean). Finally, we derive a general probability mass function (likelihood function)

for incidence.
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If infection event k = 0 ; : : : ; n occurred at time � k and producedyk infections, let xkj denote the

end time of the infectious period of thej th infection at event k. Note that � 0 = l is the time of the �rst

infection event and y0 = 1. Then the likelihood L InfPeriod of each infected person's infectious period is

a product over all infections given by

L InfPeriod =
nY

k=0

ykY

j =1

g(xkj � � k ; � k ): (6.1)

The likelihood of there being yk infections at time � k is given by

L InfTime =
nY

k=1

� k� 1X

i =0

yiX

j =1

1f x ij <� k gpyk (� k ; � i )
�

; (6.2)

where pyk (� k ; � i ) is the (in�nitesimal) rate at which an individual infected at � i causesyk infections

at time � k , provided it is still infectious. Finally, the probability that no other infections occurred

between the infection events at times (� k )n
k=0 is given by

L Only = exp
�

�
nX

i =0

yiX

j =1

� min( t;x ij )

� i

r (u; � i )du
�

; (6.3)

where r is the infection event rate and t is the current time. Note the term exp(� x) comes from

our assumption that infection events occur according to inhomogeneous Poisson Processes. Our full

likelihood L Full is then

L Full = L InfPeriod � L InfTime � L Only : (6.4)

Full derivations of these quantities are provided in Appendix D. If discrete time is assumed, equation

6.4 simpli�es to a likelihood commonly used for inference [426]. Markov Chain Monte Carlo can

be used on equation 6.4 to sample aleatoric incidence realisations, but it is often simpler to solve

the probability generating function with complex integration. The probability generating function,

equations for the variance, and derivations of the probability mass function are found in Appendix D,

and a summary of the main analytical results is found in the Methods.

6.2.2 The dynamics of uncertainty

We derive the mean and variance of our branching process. The general variance Equation 6.9 (see

Methods) captures uncertainty in prevalence over time, where individual-level parameters govern each

infection event. This equation comprises three terms: the timing of secondary infections from the

infectious period (Equation 6.9a); the o�spring distribution (Equation 6.9b); and propagation of un-
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certainty through the descendants of the initial individual (Equation 6.9c). Importantly, this last term

depends on past variance, showing that the infection process itself contributes to aleatoric variance,

and does not arise only from uncertainty in individual-level events. In short, unlike common Gaus-

sian stochastic processes, the general variance in disease prevalence is described through a renewal

equation. Therefore, future uncertainty depends on past uncertainty, and so the uncertainty around

subsequent epidemic waves has memory. Additionally, uncertainty is driven by a complex interplay

of time-varying factors, and not simply proportional to the mean. For example, a large �rst wave of

infection can increase the variance of the second wave. As such, the general variance equation 6.9

disentangles and quanti�es the causes of uncertainty, which remain obscured in brute-force simulation

experiments [414].

Consider a toy simulated epidemic with � (t) = 1 :4 + sin(0:15t), where the o�spring distribution is

Poisson in both timing and number of secondary infections, and where infectiousness� is given by the

probability density function � � Gamma(3; 1), and, similarly, the infectious period g � Gamma(5,1).

Here the parameters of the Gamma distribution are the shape and scale respectively. The result-

ing variance is counterintuitive. We prove analytically that overdispersion emerges despite a non-

overdispersed Poisson o�spring distribution. The second wave has a lower mean but a higher variance

than the �rst wave (Figure 6.2), because uncertainty is propagated. If the variance were Poisson, i.e.

equal to the mean, the second wave would instead have a smaller variance due to fewer infections.

Initially, uncertainty from individuals is largest, but as the epidemic progresses, compounding uncer-

tainty propagated from the past dominates [Figure 6.2, bottom right]. Note that in this example with

zero epistemic uncertainty (we know the parameters perfectly), aleatoric uncertainty is large.

In Equation 6.9, the �rst two terms account for uncertainty in the infectious periods of all infected

individuals. The third term denotes the uncertainty from the o�spring distribution. By construction,

the timing of infections is an inhomogenous Poisson process, where at each infection time the number

of infections is random. The third term (Equation 6.9b) contains the second moment of the o�spring

distribution, which is the variability around its mean (i.e. � (t)). The second moment quanti�es the

extent of possible superspreading. In contrast to other studies [427, 428], we �nd that individual-level

overdispersion in the o�spring distribution is less important than explosive epidemics. Under a null

Poisson model, with no overdispersion (see Poisson case in Figure 6.2), substantial aleatoric uncertainty

arises from a Poisson o�spring distribution combined with variance propagation. We rigorously prove

via the Cauchy-Schwarz inequality that, under a mild condition on the possible spread of the epidemic,

the variance of number of infections at a given time is always greater than the mean, and hence is

overdispersed. Overdispersion in the o�spring infection distribution is therefore not necessary for high
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Figure 6.2: Aleatoric uncertainty without overdispersed o�spring distribution. Plots show simulated
epidemic where� (t) = 1 :4+sin(0:15t), with a Poisson o�spring distribution. We use infectiousness� �
Gamma(3; 1), and infectious period g � Gamma(5,1). (a) Overlap betweeng and the infectiousness
� , where g controls when the infection ends e.g. by isolation. (b) Predicted mean and 95% aleatoric
uncertainty intervals for prevalence. Note there is no epistemic uncertainty as the parameters are
known exactly. (c) Phase plane plot showing the mean plotting against the variance. (d) Proportional
contribution to the variance from the individual terms in Equation 6.9. Compounding uncertainty
from past events is the dominant contributor to overall uncertainty.

aleatoric uncertainty, although it still increases variance at both individual-level and population-level.

We derive the conditional variance, with known past events but unknown future events. Con-

ditional variance grows proportionally to the square of the mean, with additional terms containing

the previous variance. Therefore, aleatoric uncertainty grows and forecasting exercises based only on

epistemic uncertainty greatly underestimate the risk of very large epidemics, and this underestimation

becomes more severe as the forecast horizon expands or as the epidemic grows.

6.2.3 Aleatoric uncertainty over the SARS 2003 epidemic

To demonstrate the importance of aleatoric uncertainty, we analyse daily incidence of symptom onset

in Hong Kong during the 2003 severe acute respiratory syndrome (SARS) outbreak [429, 426, 430]. The

epidemic struck Hong Kong in March-May 2003, with a case fatality ratio of 15%. We �t a Bayesian

renewal equation assuming a random walk prior distribution for the rate of infection events� [60], using

Equation 6.4 for inference. We ignoreg and assume that the distribution of generation times mirrors

the distribution of infectiousness, i.e. that the infectiousness� equals the generation time [429]. Note

these parameter choices are illustrative and do not a�ect our main conclusions. The �tted� (t) in Figure

6.3 (top left) shows two major peaks, consistent with the major transmission events in the epidemic
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Figure 6.3: The 2003 SARS epidemic in Hong Kong [429, 426]. (a)� (t) with 95% epistemic uncertainty.
(b) Fitted incidence mean, 95% epistemic uncertainty with observational noise from using Equation
6.4. Data is daily incidence of symptom onset. (c) Aleatoric uncertainty from the start of the epidemic
under an optimistic and pessimistic� (t). (d) Epistemic (blue) and epistemic and aleatoric uncertainty
(red) while keeping � constant at the forecast data (dotted line). Forecasting is from day 60.

[430]. Figure 6.3 (top right) shows the mean epistemic �t, with epistemic (posterior) uncertainty

tightly distributed around the data. Figure 6.3 (bottom left) shows the aleatoric uncertainty under

optimistic and pessimistic scenarios (i.e. the upper and lower bounds of� (t) in Figure 6.3 (top right)).

The pessimistic scenario includes the possibility of extinction, but also an epidemic that could have

been more than six times larger than that observed. The optimistic scenario suggests we would

observe an epidemic of at worst comparable size to that observed. Finally, Figure 6.3 (bottom right)

shows epistemic and aleatoric forecasts at day 60 of the epidemic, �xing� (t) using the 95% epistemic

uncertainty interval to be constant at either � (t � 60) = 0:38 or � (t � 60) = 0:83 and simulating

forwards. While the epistemic forecast does contain the true unobserved outcome of the epidemic,

it underestimates true forecast uncertainty, which is 1.3 times larger. The range of the constant�

for forecast is below 1, and yet we still see substantial aleatoric uncertainty. If� were above 1 for

a sustained period, aleatoric uncertainty would play a smaller role [431], but this is rare with real

epidemics, where susceptible depletion, behavioural changes or interventions keep� around 1. Our

results therefore highlight that epistemic uncertainty drastically underestimates potential epidemic

risk.
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6.2.4 Aleatoric risk assessment in the early 2020 COVID-19 pandemic in the UK

To demonstrate the practical application of our model, we retrospectively examine the early stage of

the COVID-19 pandemic in the UK, using only information available at the time. While the date of the

�rst locally transmitted case in the UK remains unknown (likely mid-January 2020 [432]), COVID-19

community transmission was con�rmed in the UK by late January 2020, and we therefore start our

simulated epidemic on January 31st 2020. We consider uncertainty in the predicted number of deaths

on March 16th 2020 [25], during which time decisions regarding non-pharmaceutical interventions were

made. Testing was extremely limited during this period, and COVID-19 death data were unreliable.

For this illustration, we assume that we did not know the true number of COVID-19 deaths, as was

the case for many countries in early 2020. Policymakers then needed estimates of the potential death

toll, given limited knowledge of COVID-19 epidemiology and unreliable national surveillance.

We simulated an epidemic from a time-varying general branching process with a Negative Binomial

o�spring distribution, using parameters that were largely known by March 16th 2020 (Table 6.1). The

infection fatality ratio, infection-to-onset distribution and onset-to-death distribution were convoluted

with incidence [60] to estimate numbers of deaths. Estimated COVID-19 deaths and uncertainty

estimates between January 31st and March 16th 2020 are shown in Figure 6.4 (Top). While the

epistemic uncertainty contains the true number of deaths, it is still an underestimate, and including

aleatoric uncertainty, we �nd that the epidemic could have had more than four times as many deaths.

Consider a hypothetical intervention on March 17th 2020 (Figure 6.4 (bottom)) that completely stops

transmission. Deaths would still occur from those already infected but no new infections would arise.

In this hypothetical case, the aleatoric uncertainty would still be 2.5 times the actual deaths that

occurred (when in fact transmission was never zero or close to it). This hypothetical scenario highlights

the scale of aleatoric uncertainty, and demonstrates that our method can be useful in assessing risk in

the absence of data by giving a reasonable worst case. Further, we observe that using only epistemic

uncertainty provides a reasonably good �t in a relatively short time-horizon (Figure 6.4, Top), but

soon afterwards greatly underestimates uncertainty (Figure 6.4, Bottom). The �ts using aleatoric

uncertainty provide a more reasonable assessment of uncertainty. While we concentrate on the upper

bound, the lower bound on the worst-case scenario still exceeds zero, and therefore the epidemic going

extinct by March 16th in the worst-case with no external seeding would have been very unlikely.

Aleatoric uncertainty highlights a more informative reasonable worst-case estimate than epistemic

uncertainty alone, and could be a useful metric for a policymaker in real time, with low-quality data,

without requiring simulations from costly, individual-based models.

114



Figure 6.4: Early 2020 COVID-19 pandemic in the UK. (a) shows a simulated epidemic using pa-
rameters available on March 16th 2020 (Table 6.1), for a plausible range of� = R0 between 2 and
4. The black lines indicate actual COVID-19 deaths, which we assume no knowledge of. The purple
line is March 17th 2020, we set transmission to zero i.e.� = 0, to simulate an intervention that stops
transmission completely. The grey envelope is the epistemic uncertainty and the red envelope the
aleatoric uncertainty. (b) is the same as the top plot, except time is extended past March 17th with
transmission being zero.

115



Epidemiological Parameter Value or Distribution Citation
Infection Fatality Ratio 0.9% [433, 434]
Basic Reproduction Number 2 � 4 [25, 435]
Serial Interval Distribution � Gamma(7:82; 1

0:62) [433, 24, 436]
Onset-to-Death Distribution � Gamma(1:45; 10:43) [433, 191]
Infection-to-Onset Distribution � Gamma(35:16; 6:9) [24, 433]
Overdispersion Coe�cient 0.53 [437]

Table 6.1: Epidemiological parameters available on March 16th 2020 used in branching process
simulation

6.3 Discussion

Stochastic models more realistically model natural phenomena than deterministic equations [438], and

particularly so with infection processes [439]. Accordingly, individual-based models have found much

success [440, 441] in capturing the complex dynamics that emerge from infectious disease outbreaks,

and have been highly in
uential in policy [25]. However, despite a plethora of alternatives, many

analytical frameworks still tend to be deterministic [426, 24, 266], and only consider statistical, epis-

temic parameter uncertainty. Frameworks that expand deterministic, mechanistic equations to include

stochasticity use a Gaussian noise process [414], or restrict the process to be Markovian. Markovian

branching processes require the infection period or generation time to be exponentially distributed -

a fundamentally unrealistic choice for most infectious diseases. Further, a Gaussian noise process is

unlikely to be realistic [421].

Our results show that individual-level uncertainty is overshadowed by uncertainty in the infection

process itself. Profound overdispersion in infectious disease epidemics is not simply a result of overdis-

persion in the o�spring distribution, but is fundamental and inherent to the branching process. We

rigorously prove that even with a Poisson o�spring distribution (not characterised by overdispersion),

overdispersion in resulting prevalence or incidence is still virtually always guaranteed. We show that

forecast uncertainty increases rapidly, and therefore common forecasting methods almost certainly un-

derestimate true uncertainty. Similar to other existing frameworks, our approach provides a di�erent

methodological tool to evaluate uncertainty in the presence of little to no data, assess uncertainty in

forecasting, and retrospectively assess an epidemic. Other approaches, such as agent based models,

could also be readily used. However, the framework we present permits the unpicking of dynamics

analytically and from �rst principles without a black box simulator. Equally, this is also a limitation,

since new and 
exible mechanisms cannot be easily integrated or considered.

We have considered only a small number of mechanisms that generate uncertainty. Cultural, be-

havioural and socioeconomic factors could introduce even greater randomness. Therefore, our frame-
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work may underestimate true uncertainty in infectious disease epidemics. The converse is also likely,

contact network patterns and spatial heterogeneity also limit the routes of transmission, such that

the variability in anything but a fully connected network will be lower. Furthermore, our assumption

of homogeneous mixing and spatial independence overestimates uncertainty. A sensible next step for

future research to study the dynamics of these branching processes over complex networks. Finally, at

the core of all branching frameworks, is an assumption of independence, which is unlikely to be com-

pletely valid (people mimic other people in their behaviour) but is necessary for analytical tractability.

Studying the e�ect of this assumption compared to agent-based models would also be a useful area of

future research.

We provide one approach to determining aleatoric uncertainty. Other approaches based on stochas-

tic di�erential equations, Markov processes, reaction kinetics, or Hawkes processes all have their re-

spective advantages and disadvantages. The di�erences in model-speci�c aleatoric uncertainty and

how close the models come to capturing the true, unknown, aleatoric uncertainty is a fundamen-

tal question moving forwards. In this paper we have provided yet another approach to characterise

aleatoric uncertainty, where this approach is most useful and how it can be reconciled with existing

approaches will be an interesting area of study.

6.4 Methods

Detailed derivations of the methods can be found in Appendix D.

A time-varying general branching process proceeds as follows: �rst, a single individual is infected

at some time l, and their infectious period L is distributed with probability density function g (and

cumulative distribution function G). Second, during their infectious period, they randomly infect other

individuals, a�ected by their infectiousness � (t � l ), and their mean number of secondary infections,

which is assumed to be equal to the population-level rate of infection events� (t). � (t) is closely

related to the time-varying reproduction number R(t) (see [60] for details). The infectious periodg

accounts for variation in individual behaviour. If people take preventative action to reduce onward

infections, their reduced infection period can stop transmission despite remaining infectious. Where

infectious individuals do not change their behaviour,g can be ignored and individual-level transmission

is controlled by infectiousness� only. Each newly infected individual then proceeds independently by

the same mechanism as above. Speci�cs can be found in Appendix D.

Formally, if an individual is infected at time s, their number of secondary infections is given

by a stochastic counting processf N (t; s)gt � s, which is independent of other individuals and has

independent increments. We assume here that the epidemic occurs in continuous time, and hence that
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N (t; s) is continuous in probability, although we consider discrete-time epidemics in Appendix D. To

aid calculation, we supposeN (t; s) can be de�ned from a L�evy ProcessN (t) - that is, a process with

both independent and identically distributed increments - via N (t; s) = N
�

� t
s r (k; s)dk

�
for some

non-negative rate function r . It is assumed that each counting processf N (t; s)gt � s is de�ned from

an independent copy ofN (t). This formulation has two advantages: �rst, the dependence ofN (t; s)

on s is restricted to the rate function r ; and second, ifJN (t) counts the number of infection events in

N (t) (where here infection events refer to an increase, of any size, inN (t; s)), then JN (t) is a Poisson

process with some rate� [442]. We can then de�ne J (t; s) to be the counting process of infection

events in N (t; s), and Y(v) to be size of the infection event (i.e. the number of secondary infections

that occur) at time v. We assume that Y is independent of s, although such a dependence would

curtail superspreading to depend on infectiousness, and could be incorporated into the framework.

Therefore, J (t; s) is an inhomogeneous Poisson Process (and soN (t; s) has been characterised as

an inhomogeneous compound Poisson Process). We consider the cases whereN (t; s) is itself an

inhomogeneous Poisson process, and whereN (t; s) is a Negative Binomial process. This allows us

to examine e�ects of overdispersion in the number of secondary infections, although our framework

allows for more complicated distributions.

Here, r (t; l ) = � (t)� (t � l ) where � (t) models the population-level rate of infection events, and

� (t � l ) models the infectiousness of an individual infected at timel. If � (t � l ) is su�ciently well

characterised by the generation time (i.e. where the timing of secondary infections mirrors tracks their

infectiousness), and the infectious period can be ignored, then the integral
� t

l r (s; l)ds has the same

scale as the commonly used reproduction numberR(t) [60]. The branching process yields a series

of birth and death times for each individual (i.e. the time of infection and the end of the infectious

period respectively), from which prevalence (the number of infections at any given time) or cumulative

incidence (the total number of infections up to any time) can be de�ned.

6.4.1 Probability generating function

We derive the probability generating function for a time-varying age-dependent branching process,

allowing derivation of the mean and higher-order moments (full derivations can be found in Appendix

D). We consider two special cases for the number of new infectionsY(v) at each infection event: �rstly,

Y (v) = 1, meaning the secondary infections form a Poisson Process, and, secondly, a logarithmic (log

series) distribution yielding a Negative Binomial process of secondary infections. In both cases, we

assume that the distribution of Y (v) is equal for all values of v. In the Poisson case, the number

of new infections at each infection time is, by de�nition, one. Therefore, the number of infections
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an individual creates is Poisson distributed, and closely clustered around the mean rate of infection

events. Conversely, the Negative Binomial case, more realistically allows multiple infections to occur

at each infection time, and so the number of infections an individual causes is overdispersed. The pgf

(probability generating function), F (t; l ; s) = E(sZ (t;l ) ) of some functionZ (t; l ) such as the prevalence

or cumulative incidence, can be derived by conditioning on the lifetime,L , of the �rst individual. That

is,

E
�

sZ (t;l )
�

=
�

1 � G(t � l; l )
�

E
�

sZ (t;l )
�
�
�
�L � t � l

�
+

� t � l

0
E

�
sZ (t;l )

�
�
�
�L = u

�
g(u; l )du (6.5)

Note that if the individuals directly infected by the initial individual are infected at times l+ t1; :::; l+ tn ,

then

Z (t; l ) = 1 +
nX

i =1

Z (t; l + t i ) (6.6)

This observation allows us to write the generating functionF (t; l ) as a function of F (t; u) for u 2 (t; l ).

As F (t; t ) = s, this allows us to iteratively �nd the value of F (t; l ). Explicitly, we have

F (t; l ; s)
| {z }

pgf

= (1 � G(t � l; l ))
| {z }

P (L>t � l )

q1

0

B
@

� t � l

0

pgf of Y
z }| {
f ( F (t; l + k; s)

| {z }
pgf of process started at l + k

)

infection rate at time l + k
z }| {
� (l + k)� (k)dk

1

C
A

| {z }
pgf of J (t; l )

+
� t � l

0
q2

0

B
@

� u

0

pgf of Y
z }| {
f ( F (t; l + k; s)

| {z }
pgf of process started at l + k

)

infection rate at time l + k
z }| {
� (l + k)� (k) dk

1

C
A

| {z }
pgf of J (l + u; l )

g(u; l )du
| {z }
P (L = l+ u)

; (6.7)

where q1(z; s) = sez, and where q2(z) = ez in the case whereZ (t; l ) refers to prevalence, whereas

q2(z; s) = sez in the case whereZ (t; l ) refers to cumulative incidence. Note also thatf (z) = z � 1

in the Poisson case andf (z) = � �
h
log

�
1 � (1 � �

1+ � z)
�

� log
�

�
1+ �

�i
in the log-series case and that

the constant � is absorbed into � .

The key intuition in understanding Equation 6.7 is that for an integer random variable X and iid

(independent and identically distributed) random variables Yi , E (s
P X

i =1 Yi ) = GX (GY (s)), where GX

and GY are the generating functions ofX and Yi respectively. Thus, we expect the pgfs of the various

parts of our model to combine via composition, as occurs in the equation above.

Mean incidence can recovered from both prevalence (via back calculation [60]) and cumulative

incidence. In Equation 6.7 for the Negative Binomial case,� is the degree of overdispersion. Equation

6.7 is solvable using via quadrature and the fast Fourier transform via a result from complex analysis
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[443] and scales easily to populations with millions of infected individuals, and the probability mass

function can be computed to machine precision (a full derivation is available in Appendix D).

6.4.2 Variance decomposition

For simplicity, we only summarise the decomposition for prevalence, but an analogous and highly

similar derivation for cumulative incidence can be found in Appendix D. We can derive an analytical

equation for the mean and variance of the entire branching process (full derivations can be found in

Appendix D as well as the mathematical properties of the variance equations). The mean prevalence

M (t; l ) is given by

M (t; l ) = (1 � G(t � l; l )) +
� t � l

0
M (t; l + u)� (l + u)� (u)E(Y )(1 � G(u; l ))du: (6.8)

Note, � can be scaled to absorb theE(Y ) and � constants. Equation 6.8 is consistent with that

previously derived in [60]. The second moment,W (t; l ) := E(Z (t; l )(Z (t; l ) � 1)) allows us to determine

the variance, V (t; l ) as V (t; l ) = W (t; l ) + M (t; l ) � M (t; l )2. The variance can be decomposed into

three mechanistic components.

V (t; l ) =
� t � l

0

� � u

0
M (t; l + k)� (l + k)� (k)dk

� 2

g(u; l )du � M (t; l )2

| {z }
(9a): uncertainty from the infectious period

+ (1 � G(t � l; l ))
�
1 + 2

� t � l

0
M (t; l + u)� (l + u)� (u)du +

� � t � l

0
M (t; l + u)� (l + u)� (u)du

� 2�

| {z }
(9a continued): uncertainty from the infectious period

+
� t � l

0
M (t; l + u)2E(Y 2)� (l + u)� (u)(1 � G(u; l ))du

| {z }
(9b): uncertainty from the o�spring distribution

+
� t � l

0
V(t; l + u)� (l + u)� (u)(1 � G(u; l ))du

| {z }
(9c): uncertainty propagated from the past

: (6.9)

The general variance equation 6.9 captures the evolution of uncertainty in population-level disease

prevalence over time, where �xed individual-level disease transmission parameters govern each infec-

tion event. Unlike the simple Galton-Watson process, we �nd that previously unknown factors also

determine aleatoric variation in disease prevalence. Speci�cally, the general variance equation 6.9

comprises three terms, one for the infectious period (Equation 6.9a), one for the number and timing

of secondary infections (Equation 6.9b), and a term that propagates uncertainty through descendants

of the initial individual (Equation 6.9c). Importantly, the last term (Equation 6.9c) depends on past

variance, showing that the infection process itself contributes to aleatoric variance, and this is distinct
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from the uncertainty in individual infection events. In short, and unlike Gaussian stochastic processes,

the general variance in disease prevalence is described through a renewal equation. Intuitively then,

uncertainty in an epidemic's future trajectory is contingent on past infections, and the uncertainty

around consecutive epidemic waves are connected. As such, the general variance equation 6.9 allows us

to disentangle important aspects of infection dynamics that remain obscured in brute-force simulations

[414].

6.4.3 Overdispersion

We de�ne an epidemic to be expanded if at timet there is a non-zero probability that the prevalence,

not counting the initial individual or its secondary infections, is non-zero.

Note that this is a very mild condition on an epidemic - in a realistic setting, the only way for an

epidemic to not be expanded is if it is de�nitely extinct by time t, or if t is small enough that tertiary

infections have not yet occurred.

Large aleatoric variance intrinsic to our branching process implies that the prevalence of new

infections (that is, prevalence excluding the deterministic initial case) is always strictly overdispersed

at time t, providing the epidemic is expanded at timet. A full proof is given in Appendix D, but we

provide here a simpler justi�cation in the special case that G(t � l; l ) = 1.

In this case, prevalence of new infections is equal to standard prevalence, and the equations for

M (t; l ) and V(t; l ) simplify signi�cantly. Switching the order of integration in the equation for M (t; l )

gives

M (t; l ) =
� t � l

0
M (t; l + u)� (l + u)� (u)E(Y )(1 � G(u; l ))du (6.10)

=
� t � l

0

� � u

0
M (t; l + k)� (l + k)E(Y )� (k)dk

�
g(u; l )du (6.11)

and hence, the Cauchy-Schwarz Inequality shows that

M (t; l )2 �
� � t � l

0

� � u

0
M (t; l + k)E(Y )� (l + k)� (k)dk

� 2

g(u; l )du
�

(6.12)

as
� t � l

0 g(u; l )du = 1 (note that this follows from splitting the integrand into
� u

0 M (t; l + k)� (l +

k)E(Y )� (k)dkg(u; l )0:5 and g(u; l )0:5). Thus, noting 1 � G(t � l; l ) = 0, the �rst term, (6.9a), in the

variance equation is non-negative.

The remaining terms can be dealt with as follows. The sum of (6.9b) and (6.9c) is (usingY(l +

u; l )2 � Y (l+ u; l )) bounded below by
� t � l

0 E(Z (t; l + u)2)E(Y )� (l+ u)� (u)(1� G(u; l ))du. Finally, noting

that Z (t; l + u)2 � Z (t; l + u), this is bounded below by
� t � l

0 M (t; l + u)E(Y )� (l + u)� (u)(1� G(u; l ))du =
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M (t; l ). Hence,V (t; l ) � M (t; l ) holds.

To show strict overdispersion, note that for V (t; l ) = M (t; l ) to hold, it is necessary that

� t � l

0
E(Z (t; l + u)2)E(Y )� (l + u)� (u)(1 � G(u; l ))du =

� t � l

0
M (t; l + u)E(Y )� (l + u)� (u)(1 � G(u; l ))du

(6.13)

and hence, for eachu (as E(Y ) > 0)

E
�
Z (t; l + u)(Z (t; l + u) � 1)

�
= 0 or � (l + u)� (u)(1 � G(u; l )) = 0 (6.14)

If new infections can be caused, then more than one new infection can be caused by the continuity in

probability of the secondary infection process. Thus, if an individual infected at l + u has E
�
Z (t; l +

u)(Z (t; l + u) � 1)
�

= 0, this individual cannot cause new infections whose infection trees have non-zero

prevalence at time l + u. Hence, the condition 6.14 is equivalent to the epidemic being non-expanded

at time t, as at each timel + u, either no infections are possible from the initial individual (the second

condition being equal to zero), or any individuals that are infected at time l + u contribute zero

prevalence at time t from the new infections they cause.

Hence,Z (t; l ) is strictly overdispersed for expanded epidemics. This means that Gaussian approx-

imations are unlikely to be useful.

6.4.4 Variance midway through an epidemic

It is important to calculate uncertainty starting midway through an epidemic, conditional on previous

events. This derivation is signi�cantly more algebraically involved than the other work in this paper.

For simplicity, we assume that N (t; l ) is an inhomogeneous Poisson Process, and thatL = 1 for each

individual.

Suppose that prevalence (here equivalent to cumulative incidence)Z (t; l ) = n + 1. We create a

strictly increasing sequencel = B0 < B 1 < � � � < B n of n + 1 infection times, which has probability

density function

f B (b)
| {z }

Joint pdf

=
1

P(Z (t; l ) = n + 1)
| {z }

normalising constant

nY

i =1

�
� (bi )

i � 1X

j =0

� (bi � bj )
�

| {z }
infection rates at each bi

exp
�

�
nX

i =0

� t � bi

0
� (s + l)� (s)ds

�

| {z }
probability of no other infections

; (6.15)
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Then, the variance at time t + s is given by

var(Z (t + s; l))
| {z }

variance

=
� t

b=0

nX

i =0

V � (t + s; b)f B i (b)db

| {z }
variance from subsequent cases

:::

::: +
� t

b=0

� t

c=0

nX

i =0

nX

j =0

M � (t + s; b)M � (t + s; c)( f B i ;B j (b; c) � f B i (b)f B j (c))dbdc

| {z }
variance from unknown infection times

; (6.16)

where M � (t + s; b) and V � (t + s; b) are the mean and variance of the size of the infection tree (i.e.

prevalence or cumulative incidence) at timet + s, caused by an individual infected at time b, ignoring

all individuals they infected before time t. These quantities are calculated fromM and V . Note also

that f B i and f B i ;B j are the one-and-two-dimensional marginal distributions fromf B .

6.4.5 Bayesian inference and for SARS epidemic in Hong Kong

The data for the SARS epidemic in Hong Kong consist of 114 daily measurements of incidence (pos-

itive integers), and an estimate of the generation time [444] obtained via the R package EpiEstim

[426]. We ignore the infectious periodg and set the infectiousness� to the generation interval. The

inferential task is then to estimate a time varying function � from these data using Equation 6.4. As

we note in Equation 6.4 and in Appendix D, discretisation simpli�es this task considerably. Our prior

distributions are as follows

� � Normal+ (0; 1)

� � Exponential(100)

� � Normal(0; � )

� (t) = � (t � 1) + � t

where � is modelled as a discrete random walk process. The renewal likelihood in Equation 6.4 is vec-

torised using the approach described in [60]. Fitting was performed in the probabilistic programming

language Numpyro, using Hamiltonian Monte Carlo[445] with 1000 warm-up steps and 6000 sampling

steps across two chains. The target acceptance probability was set at 0.99 with a tree depth of 15.

Convergence was evaluated using the RHat statistic[446].

Forecasts were implemented through sampling using MCMC from Equation 6.4. In order to use

Hamiltonian Markov Chain Monte Carlo, we relax the discrete constraint on incidence and allow it

to be continuous with a di�use prior. We ran a basic sensitivity analysis using a Random Walk
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Metropolis with a discrete prior to ensure this relaxation was suitable. In a forecast setting, incidence

up to a time point ( T = 60) is known exactly and given asyt � T and we have access to an estimate

for � (t > T ) in the future. In our case we �x � (t > T ) = � (T).

Our code is available at https://github.com/MLGlobalHealth/uncertainity infectious diseases.git.

6.4.6 Numerically calculating the probability mass function via the probability

generating function

Following [447] and [448] (originally from [443]), the probability mass function p can be recovered

through a pgf F 's derivatives at s = 0. i.e. P(n) = 1
n!

� d
ds

� n
F (s; t; � )js=0 This is generally computation-

ally intractable. A well-known result from complex analysis [443] holds that f (n) (a) = n!
2�i

� f (z)
(z� a)n +1 dz

and thereforeP(n) = 1
2�i

� F (z;t;� )
zn +1 dz This integral can be very well approximated via trapezoidal sums

asP(n) = 1
Mr n

P M � 1
m=0 F (re2�im=M ; t; � )e� 2�inm=M wherer = 1[448]. The probability mass function for

any time and n can be determined numerically. One needsM � n, which requires solvingn renewal

equations for the generating function and performing a fast Fourier transform. This is computation-

ally fast, but may become slightly burdensome for epidemics with very large numbers of infected

individuals (millions). A derivation of this approximation is provided in the Appendix D.
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Chapter 7: Paper V: Optimality of

maximal-e�ort vaccination

Matthew J Penn and Christl A Donnelly. \Optimality of maximal-e�ort vaccination". In: Bulletin of

Mathematical Biology 85.8 (2023).

Status: This paper has been published in theBulletin of Mathematical Biology.

Abstract: It is widely acknowledged that vaccinating at maximal e�ort in the face of an ongo-

ing epidemic is the best strategy to minimise infections and deaths from the disease. Despite this,

no one has proved that this is guaranteed to be true if the disease follows multi-group SIR (Sus-

ceptible{Infected{Recovered) dynamics. This paper provides a novel proof of this principle for the

existing SIR framework, showing that the total number of deaths or infections from an epidemic is

decreasing in vaccination e�ort. Furthermore, it presents a novel model for vaccination which assumes

that vaccines assigned to a subgroup are distributed randomly to the unvaccinated population of that

subgroup. However, as the novel model provides a strictly larger set of possible vaccination policies,

the results presented in this paper hold for both models.

Author contributions: Attached at the end of the chapter.
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7.1 Introduction

The COVID-19 pandemic has illustrated the importance of quickly implementing vaccination policies

which target particular groups within a population [216]. The di�erence in �nal infections between

targeted policies and uniform distribution to the entire population can be signi�cant [209, 208] and so

it is important that the models underlying these decisions provide realistic predictions of the outcomes

of di�erent policies.

One of the most commonly used models to project epidemics is the multi-group SIR (Susceptible-

Infected-Recovered) model [449, 233, 450]. This model divides the population into di�erent groups

based on characteristics such as age or occupation. Each group is then further sub-divided into

categories of susceptible, infected and recovered. Where vaccination does not give perfect immunity,

further sub-categorisation based on vaccination status can also be used [451], as will be done in this

paper.

While many other approaches have been developed either by adding compartments to the SIR

framework [35] or using completely di�erent models such as networks [452] or stochastic simulations

[225], the multi-group SIR model remains popular because of its comparatively small number of

parameters and its relatively simple construction and solution. In this paper, attention will thus be

restricted to the multi-group SIR model, although it would be bene�cial for future work to consider a

wider range of disease models.

There are two general frameworks that are used to model optimal vaccination policies in a resource-

limited setting. The �rst, used in papers such as [245] and [217], seeks to reduce the reproduction

number, R0 of the epidemic as much as possible by vaccinating before infections arrive in a population.

It is simple to show that in this case, one should use all of the vaccinations available, and so this problem

will not be considered further in this paper.

The second framework, used in papers such as [233] and [234] aims to minimise the total cost of an

epidemic. This is the framework that will be discussed in this paper. The \cost" of an epidemic is, in

general, de�ned to be the number of deaths or infections, with many papers also considering the cost

of vaccination alongside the cost of other control measures, such as isolation, lockdown or treatment

[453].

One important principle which underlies all of these vaccination policies is the assumption that

giving people their �rst dose of vaccine as soon as possible reduces the number of infections. Of course,

this only holds when the timescale considered is su�ciently short for e�ects such as waning immunity

to be negligible, and a more complicated framework would be needed to model these e�ects. However,
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the acceptance of at least short-term optimality of maximal vaccination e�ort has been highlighted

in the COVID-19 pandemic response, as countries began their vaccination programmes as soon as

vaccines became available [454].

To the best of the authors' knowledge, no one has provided a mathematical proof that in a general,

multi-group SIR model with imperfect vaccination, it is always best to vaccinate people as early as

possible. Of course, it is not di�cult to create a conceptually sound justi�cation - vaccinating more

people means that fewer people will catch the disease which will reduce the total number of infections.

However, the SIR model is an approximation of the process of a disease spreading, and so it is

important that it obeys this principle for all physical parameter values and vaccination policies.

Some special cases of the theorem presented in this paper have been previously proved in the

literature. In particular, a signi�cant number of papers have considered the optimal vaccination policy

for a homogeneous population, with [455] �rst proving that, in this case, it is optimal to vaccinate at

maximal e�ort (if one ignores the cost of vaccination). This proof held for vaccination policies that

were �nite sums of point mass \impulse" vaccinations, and has been generalised by papers such as [234,

235, 456, 457] to a much wider class of vaccination policies, although the proof was still restricted to a

single group and to perfect vaccination. Moreover, [234] notes that the case of imperfect vaccination

(where vaccinated individuals can still get infected, although at a lower rate) remained a topic of open

investigation, and so it can not easily be solved using the same methods presented in these papers. A

slight extension is made in [458] where it is shown that maximal e�ort is optimal in the case of perfect

vaccination of any number of disconnected groups, but the full problem is still far from understood.

The general method of proof in the literature relies on Pontryagin's Maximum Principle, which

is di�cult to apply to multi-group models due to the more complex structure of the equations. It

is simple to characterise the solution in terms of the adjoint variables, as is done in [249] and [459]

for a two-group model with imperfect vaccination, in [460] for a generaln-group model with perfect

vaccination and in [461] for a six-group model with imperfect vaccination. However, determining

whether this solution corresponds to the maximal e�ort solution in the case of zero vaccination cost

requires the analysis of the adjoint ODE system, which is often just as complicated as the original

disease model. In particular, the fact that vaccinated people need to be no more infectious, no more

susceptible and be infected for no more time than unvaccinated people means that any analysis of the

adjoint system would be complicated, as the properties of all the constituent parameters would need

to be used.

Thus, in this paper, a novel approach is developed. Rather than attempting to use the general

optimal control theory methodology, the speci�c structure of the SIR equation system is exploited.
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Using this, an inequality is derived which shows that if a given vaccination policy, ~U vaccinates each

individual at least as early as another vaccination policy, U , then the latter policy will lead to at

least as many deaths (or equivalently, infections) as the former. As well as providing a constraint on

the optimal solution, this theorem also highlights important structural properties of the model, as it

shows that the number of deaths is everywhere non-increasing in the vaccination rates, rather than

this just holding near the optimal solutions.

Also introduced in this paper is a more general model of vaccination than the one normally used in

the literature. The one that is typically used (in almost all papers cited in this work such as [234, 235,

236]) models decreasing vaccination uptake by assuming that the total rate of people being vaccinated

is the product of a vaccination rate and the proportion of susceptible people in the population. The

model introduced in this paper allows for more 
exibility in modelling the demand. However, the

standard vaccination model is a special case of the general model introduced here, and so the theoretical

results proved in this paper can be used by those following the standard model.

Alongside proving that the �nal infected, recovered and dead populations are non-increasing with

increased and earlier vaccination e�ort, some cautionary contradictions to perhaps intuitive conjectures

are also provided which show the importance of mathematical proof instead of simply intuition. In

particular, it is shown that increased vaccination (under this model) can lead to, at a �xed �nite

time of the simulation, higher infection rates or a higher death count, despite the longer-term better

performance of this policy - as the infection curve is \
attened" [462]. Indeed, it is results similar to

these which make the proof of the optimality of maximal e�ort di�cult, as it means that one must be

very careful when constructing the inequalities that do hold for all models.

7.2 Modelling

7.2.1 Disease transmission and vaccination model

Suppose that the population is divided into n subgroups, such that population of people in groupi is

N i and de�ne

N :=
nX

i =1

N i : (7.1)
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De�ne the compartments of people as follows, fori = 1 ; :::; n:

Si :=Number of people that are in group i , are susceptible, and are unvaccinated; (7.2)

I i :=Number of people that are in group i , are currently infected, and

were infected while unvaccinated; (7.3)

Ri :=Number of people that are in group i , are recovered (or dead), and (7.4)

were infected while unvaccinated;

SV
i :=Number of people that are in group i , are susceptible and are vaccinated; (7.5)

I V
i :=Number of people that are in group i , are infected (7.6)

and were infected after being vaccinated;

RV
i :=Number of people that are in group i , are recovered (or dead) (7.7)

and were infected after being vaccinated: (7.8)

This paper introduces a more general and 
exible framework for vaccination, which is motivated as

follows. It is assumed that there is a record of people who have received a vaccination and that

protection from vaccination does not decay over time, so that no one is vaccinated more than once.

Thus, if a total number, Ui (t)dt, of people in group i are given vaccines in a small time interval

(t; t + dt), and these vaccines are distributed randomly to the unvaccinated population in groupi , the

total population of susceptibles given vaccines in groupi is

SUi (t)dt � P
�

A person in group i is in Si j A person is in group i is unvaccinated
�

(7.9)

which is equal to
Ui (t)dtSi (t)

N i �
� t

0 Ui (s)ds
; (7.10)

as
� t

0 Ui (s)ds is the total population that are in group i and have been vaccinated before timet. For

the remainder of this section, this vaccination model will be referred to as the \general" model
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This results in the following model, based on SIR principles

dSi

dt
= �

nX

j =1

(� 1
ij I j + � 2

ij I V
j )Si �

Ui (t)Si

N i � Wi (t)
; (7.11)

dI i

dt
=

nX

j =1

(� 1
ij I j + � 2

ij I V
j )Si � � 1

i I i ; (7.12)

dRi

dt
= � 1

i I i ; (7.13)

dSV
i

dt
= �

nX

j =1

(� 3
ij I j + � 4

ij I V
j )SV

i +
Ui (t)Si

N i � Wi (t)
; (7.14)

dI V
i

dt
=

nX

j =1

(� 3
ij I j + � 4

ij I V
j )SV

i � � 2
i I V

i ; (7.15)

dRV
i

dt
= � 2

i I V
i ; (7.16)

where

Wi (t) :=
� t

0
Ui (s)ds: (7.17)

Here, � 1
ij represents transmission from the unvaccinated members of groupj to the unvaccinated

members of groupi , � 2
ij represents transmission from vaccinated members to unvaccinated members,

� 3
ij represents transmission from unvaccinated members to vaccinated members and� 4

ij represents

transmission from vaccinated members to vaccinated members. Additionally,� 1
i represents the infec-

tious period of unvaccinated infected members in groupi while � 2
i represents the infectious period of

vaccinated members. Note that the superscript denotes di�erent parameter values, so that� 2
ij is not

necessarily the square of� 1
ij .

To ensure that vaccination is \locally e�ective" (that is, a vaccinated individual is no more likely to

transmit or be infected by the disease, and is infectious for no longer than an unvaccinated individual in

the same subgroup), and that the parameters are epidemiologically feasible, the following constraints

are imposed:

� 1
ij � � 2

ij ; � 3
ij � � 4

ij � 0 and � 2
i � � 1

i > 0 (7.18)

Note that there is no constraint on the ordering of � 2
ij and � 3

ij . It is assumed for convenience that

all variables except the Si and I i are initially zero. Finally, we assume that all initial conditions are

non-negative.

Ultimately, the objective of the vaccination programme will be to minimise a weighted sum of the
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total infections in each group - that is

nX

i =1

pi (Ri (1 ) + � i RV
i (1 )) : (7.19)

Here pi is the weighting of a member of groupi who is infected before being vaccinated, whilepi � i is

the weighting of a member of groupi who is infected after being vaccinated. These parameters could be

chosen to capture one of a range of objectives, such as minimizing deaths, minimizing hospitalisations,

or minimizing total infections. Again assuming \local e�ectiveness" of the vaccination, it is imposed

that � i � 1, as vaccination should not increase the severity of the infection.

The equations (7.11) - (7.16) sum to zero on the right-hand side, and so for eachi ,

Si (t) + I i (t) + Ri (t) + SV
i (t) + I V

i (t) + RV
i (t) = N i 8t � 0: (7.20)

It will be assumed that the populations and parameters have been scaled such thatN = 1, Finally, it

is assumed that

Wi (t) � N i 8t � 0 and Wi (t) = N i )
Ui (t)Si

N i � Wi (t)
= 0 : (7.21)

to ensure feasibility of the vaccination policies.

7.2.2 Comparison to the standard vaccination model

A more common model of vaccination in the literature is the \standard" vaccination model ([234],

[235] and [236]), where equation (7.11) becomes

dSi

dt
= �

nX

j =1

(� 1
ij I j + � 2

ij I V
j )Si � U �

i (t)Si ; (7.22)

Here, U �
i (t) is the vaccination rate in this model. In general, U �

i (t) is constrained such that U �
i (t) �

Ui (t) for some function Ui (t)

The U �
i (t)Si term seeks to capture the fact that vaccination uptake will decrease even if the

vaccination \e�ort" (or, equivalently, the doses available) remains constant. However, the rate at

which uptake decreases is �xed by the model. For example, if the vaccination e�ortU �
i (t) was equal

to a constant Ui and was much quicker than the rate of infection, then the leading order equation is

dSi

dt
= �U i Si ) Si (t) = Si (0)e�U i t (7.23)
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and hence
dSi

dt
= �U i Si (0)e�U i t (7.24)

which means that vaccination uptake decreases exponentially. For some pandemics, such as COVID-

19, where demand remained high until a large proportion of the population had been vaccinated, as

shown in [463], such a model may be inappropriate.

The general vaccination model provides substantially more 
exibility. For example, it is possible

for a group to be completely vaccinated in the general case, whereas this is impossible in the standard

case (while one may never be able to fully vaccinate a human population, it would be possible, for

example, in a group of animals on a farm). Moreover, by bounding the vaccination rateUi (t) above by

some function of vaccination demandK i (W (t); t), decreasing vaccination uptake can still be modelled.

7.2.3 Recovery of the standard model

The standard model is a special case of the general model, meaning that the results of this paper are

applicable to both frameworks. To show this, one can solve the equation

Ui (t)
N i � Wi (t)

= U �
i (t) )

d
dt

�
log(N i � Wi (t)) + W �

i (t)
�

= 0 ; (7.25)

where

W �
i (t) :=

� t

0
U �

i (s)ds: (7.26)

Thus, by integrating (7.25), and noting that W �
i (0) = Wi (0) = 0

log(N i � Wi (t)) + W �
i (t) = log( N i ) (7.27)

and so

Wi (t) = N i (1 � e� W �
i (t ) ): (7.28)

The constraint U �
i (t) � U i is equivalent to Ui (t) � (N i � Wi (t))Ui and so this can also be represented

in the general model. Thus, given any standard vaccination policyU � , it can be replaced by a general

policy U (although the converse does not hold asWi (t) = N i requires W �
i (t) = 1 ).

Moreover, note that W �
i (t) is increasing in Wi (t). Thus, if a pair of general policies U and ~U

satisfy Wi (t) � ~Wi (t) then this inequality is preserved by the corresponding standard policies as

W �
i (t) � ~W �

i (t). This property means that the theorems proved in this paper will hold for both

models (as they will be proved using the general model).
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7.3 Optimisation Problem

Now that the model has been formulated, it is possible to set up the optimisation problem that will

be considered in the remainder of this paper.

7.3.1 Constraints on Ui (t)

In order to assist the proof of the theorems, it is necessary to make some (unrestrictive) assumptions

on the vaccination rates, Ui (t).

Firstly, there are the physical constraints that for each i 2 f 1; :::; ng

Ui (t) � 0 and
� t

0
Ui (s)ds � N i 8t � 0: (7.29)

It is also necessary thatUi (t) is within the class of functions such that solutions to the model equations

exist and are unique. Discussion of the exact conditions necessary for this to hold is outside the scope

of this paper. However, from the Picard-Lindel•of Theorem [464], a su�cient condition for this is

that Ui (t) is a piecewise Lipschitz continuous function. While this is not a necessary condition, this

illustrates that this assumption will hold for a large class of functions. However, it will be helpful

throughout the course of the proof to explicitly assume two conditions onUi (t) - namely, that it is

bounded and that it is Lebesgue integrable on< for each i .

For the remainder of this paper, de�ne the set of feasible vaccination policies,C, to be the set

of functions U satisfying (7.29) such that unique solutions to the model equations exist with these

functions as the vaccination policy and such that eachUi (t) is bounded and Lebesgue integrable on

< .

7.3.2 Optimisation problem

The aim is to choose the vaccination policyU 2 C such that the total number of deaths (or any

linear function of the infections in each subgroup) is minimised while meeting additional constraints

on vaccine supply and vaccination rate. It is assumed that the maximal rate of vaccination at timet

is A(t) and that there is a total (non-decreasing) supply ofB (t) vaccinations that has arrived by time

t. Thus, for each i , Ui (t) is constrained to satisfy

nX

i =1

Ui (t) � A(t) and
nX

i =1

Wi (t) � B (t): (7.30)
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As previously discussed, it is assumed that each infection of unvaccinated people in groupi is weighted

by somepi and that the infection is no more serious for those that have been vaccinated, so that the

weighting of an infection of a vaccinated person in groupi is pi � i , where � i � 1. Thus, the objective

function is

H (U ) :=
nX

i =1

pi

�
Ri (1 ) + � i RV

i (1 )
�

(7.31)

where, for example

Ri (1 ) = lim
t !1

(Ri (t)) : (7.32)

Note these limits exist asRi is non-decreasing and bounded by Lemma E.17. Hence, the optimisation

problem is

min
� nX

i =1

pi

�
Ri (1 ) + � i RV

i (1 )
�

:
nX

i =1

Ui (t) � A(t);
nX

i =1

Wi (t) � B (t) 8i; t::: (7.33)

and U 2 C
�

: (7.34)

7.4 Main results

The main results of this paper are as follows. Firstly, it is shown that the objective function is

non-increasing in vaccination e�ort.

Theorem 7.1 Suppose thatU ; ~U 2 C. Suppose further that for eachi 2 f 1; :::; ng and t � 0

� t

0
Ui (s)ds �

� t

0

~Ui (s)ds (7.35)

Then

H (U ) � H ( ~U ): (7.36)

Then, it is shown that if an optimal solution exists, there is an optimal maximal e�ort solution.

Theorem 7.2 Suppose thatB is di�erentiable, and that there is an optimal solution U to (7.34).

Then, de�ne the function

� (t) :=

8
><

>:

A(t) if
� t

0 � (s)ds < B (t)

min(A(t); B 0(t)) if
� t

0 � (s)ds � B (t)
(7.37)

and suppose that� (t) exists and is bounded. Then, there exists an optimal solution~U to the problem
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(7.34) such that
nX

i =1

~Wi (t) = min
� � t

0
� (s)ds;1

�
: (7.38)

Moreover, if � (t) is continuous almost everywhere, there exists an optimal solution~U such that

nX

i =1

~Ui (t) =

8
><

>:

� (t) if
� t

0 � (s)ds < 1

0 otherwise
(7.39)

It is perhaps concerning to the reader that the existence of� is left as an assumption in this theorem.

However, while the exact conditions on its existence are beyond the scope of this paper, it certainly

exists for a wide class of functionsA(t) and B (t), as proved in Lemma E.14.

Finally, it is shown that this principle still holds if the cost of vaccination is considered.

Theorem 7.3 Under the assumptions of Theorem 7.2, consider a modi�ed objective functionH given

by

H(U ) = H (U ) + F (W (1 )) (7.40)

for any non-decreasing (in each argument) function F . Then, with � de�ned to be the maximal

vaccination e�ort as in Theorem 7.2, there exists an optimal solution ~U such that, for some� � 0

nX

i =1

~Wi (t) =

8
>>>><

>>>>:

� t
0 � (s)ds if t � �

Wi (1 ) otherwise

: (7.41)

Moreover, if � is continuous almost everywhere, then there is an optimal solution~U such that

nX

i =1

Ui (t) =

8
><

>:

� (t) if t � �

0 otherwise
: (7.42)

7.5 Sketch proof

The full proofs of Theorems 7.1, 7.2 and 7.3 can be found in Appendix E. However, this section

provides a high-level sketch of the main arguments.

7.5.1 Bounds on the inter-group infectious forces

De�ne

K ij (t) =
� 1

ij

� 1
j

Rj (t) +
� 2

ij

� 2
j

RV
j (t) (7.43)
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and

L ij (t) :=
� 3

ij

� 1
i

Rj (t) +
� 4

ij

� 2
i

RV
j (t): (7.44)

K ij (t) can be interpreted as the total infectious force up to time t from the members of groupj on

the unvaccinated members of groupi as

K ij (t) =
� t

0
(� 1

ij I j (~t) + � 2
ij I V

j (~t))d~t: (7.45)

Similarly, L ij (t) can be interpreted as the total infectious force up to time t from the members of

group j on the vaccinated members of groupi .

The �rst part of the proof shows that increasing the vaccination e�ort will decrease these infectious

forces. To facilitate the proof, some extra assumptions are made on the parameters (which will be

removed in subsequent propositions).

Proposition 7.1 Suppose thatUi (t) and ~Ui (t) are right-continuous step functions. Moreover, suppose

that

� 1
ij > � 3

ij > 0 8i; j 2 f 1; :::; ng; (7.46)

Si (0)I i (0) > 0 8i 2 f 1; :::ng: (7.47)

and that

Wi (t) < N i 8t � 0 and 8i 2 f 1; :::; ng (7.48)

Then,

K ij (t) � ~K ij (t) and L ij (t) � ~L ij (t) 8t � 0: (7.49)

This proposition is proved by contradiction in two parts. Firstly, a time T is introduced, which is the

in�mum of the times where at least one of K ij (t) < ~K ij (t) or L ij (t) < ~L ij (t) for some i and j . As the

infectious forces do not satisfy this condition in [0; T], one can show that, necessarily, they must all

have been equal in [0; T], which means that one must haveWi (t) = ~Wi (t) for all t 2 [0; T].

From here, the proof can proceed by a short-time linearisation, considering the small interval

[T; T + � ]. The condition on Ui and ~Ui being step functions allows for them to be considered constant

in this interval. It can then be shown that (7.49) must hold in [ T; T + � ], which contradicts the

de�nition of T and completes the proof.
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7.5.2 A proof for a restricted parameter and policy set

Proposition 1 can be extended to prove the result of Theorem 7.1 under the more restrictive set of

conditions it introduced.

Proposition 7.2 Under the conditions of Proposition 1, for any t � 0 and i 2 f 1; :::; ng

I i (t) + I V
i (t) + Ri (t) + RV

i (t) � ~I i (t) + ~I V
i (t) + ~Ri (t) + ~RV

i (t) (7.50)

and

Ri (t) � ~Ri (t): (7.51)

Moreover, for any � 2 [0; 1]

Ri (1 ) + �R V
i (1 ) � ~Ri (1 ) + � ~RV

i (1 ) (7.52)

and hence, the objective function is lower for~U, provided the conditions of Proposition 1 are met.

This comes from �nding Si + SV
i in terms of K ij , L ij and W , and showing that Si + SV

i � ~Si + ~SV
i -

that is, that more people were infected in theUi case. Taking limits, and using a similar approach to

consider the number of unvaccinated infections then shows the required result.

7.5.3 Generalisation

This result can be generalised to the original set of parameters and vaccination policies by using the

continuous dependence of the number of infections on the parameters and the vaccination policy.

From here, it is simple to weaken the inequalities on the parameters introduced in Proposition

1. The treatment of the vaccination policies requires more care, as it is not necessarily true that

a Lebesgue integrableU can be approximated by step functions. However, its integral,W , can be

approximated by the integral of step functions, and this allows the result of Proposition 2 to be

generalised to Theorem 7.1.

7.5.4 Theorem 7.2

Theorem 7.2 is proved as follows. Firstly, one can show that, for any vaccination policyU and t � 0,

min
� � t

0
� (s)ds;1

�
�

� t

0

nX

i =1

Ui (s)ds; (7.53)
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using the de�nition of � in terms of the constraints onU . This means that the total rate of vaccination

given by ~U is at least as high as that given byU .

One can then show that � (t) � A(t)

� t

0
� (s)ds � B (t) (7.54)

which means that ~U satis�es the vaccination constraints.

From here, one can transform any optimal vaccination policy U into suitable ~U . Initially, the

quantities ~Wi (t) are constructed. The details of this are left to the appendix but the general principle

is that the policy U is compressed in time so that the total number of vaccinations given out matches

min
�

� t
0 � (s)ds;1

�
. It may also be necessary to add additional vaccinations if the overall total di�ers

- these can be assigned in proportion to the number of unvaccinated people in each group.

This construction ensures that the feasibility constraints ~Wi � N i are satis�ed. Moreover, one

can show that ~Wi is Lipschitz continuous, which allows for the construction of a derivative ~Ui which

integrates to ~Wi . Finally, one can show that ~Wi (t) � Wi (t), meaning that, by Theorem 7.1, ~U must

also be an optimal vaccination policy.

7.5.5 Theorem 7.3

The proof of Theorem 7.3 then follows from a similar construction to Theorem 7.2 - the only di�erence

is that no additional vaccinations are assigned by~U compared to U .

7.6 Limitations of Theorem 7.1

It is helpful to consider the limitations of Theorem 7.1, as it does not prove that every conceivable

cost function is non-increasing in vaccination e�ort. This will be illustrated through some examples

based on theoretical COVID-19 outbreaks in the United Kingdom.

Using the work of [214], one can split the UK into 16 age-groups (comprising �ve-year intervals

from 0 to 75 and a group for those aged 75+) which mix heterogeneously. The contact matrices

estimated in [214] allow for the construction of a matrix � � , which will be proportional to each of the

matrices � � in the model.

As illustrated in [435], estimation of the basic reproduction number R0 for COVID-19 is com-

plicated, and a wide range of estimates have been produced. For the examples in this paper, a

reproduction number of 4 will be used, meaning that� 1 will be scaled so that the largest eigenvalue
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of the matrix given by

M ij =
� 1

ij N i

� 1
i

(7.55)

is equal to 4. Note that the population of each groupN - normalised to have total sum 1 - is taken

from [465]. Moreover, based on the estimates in [449], the value of� 1
i and, in the �rst example, � 2

i

will be set equal to 1
14.

To model the e�ectiveness of vaccination, the estimates of [466] will be used so that� 2 = 0 :77� 1,

(modelling the reduction in infectiousness), � 3 = 0 :3� 1 (modelling the reduction in susceptibility)

and � 4 = 0 :77 � 0:3 � � 1 (assuming these e�ects are independent). Finally, the initial conditions

used areSi (0) = (1 � 10� 4)N i and I i (0) = (10 � 4)N i for each i , modelling a case where 0:01% of the

population is initially infected. It should be emphasised however, that this model has purely been

made for illustrative purposes and substantially more detailed �tting analysis would be required to

use it for forecasting COVID-19 in the UK.

In both the subsequent examples, it will be assumed that 0:5% of the population is vaccinated homo-

geneously each day in the vaccination case. This will be compared to a case with no vaccination.

7.6.1 Infections are not decreasing for all time

While the overall number of infections will decrease as vaccination e�ort increases, the infections at a

particular point in time will not. Figure 7.1 shows that the e�ect of vaccination is both to reduce, but

also delay the peak of the infections. This is an important consideration when deciding vaccination

policy, as increasing infections at a time in the year when hospitals are under more pressure could

have negative consequences, and so it is important not to simply assume that vaccination will reduce

all infections at all times.

7.6.2 Deaths are not decreasing for all time

Perhaps most surprisingly, the total deaths in the epidemic may at some �nite times (although not

at t = 1 ) be higher when vaccination occurs, at least under the assumptions of the SIR model. This

is a rarer phenomenon, but is possible if vaccination increases the recovery rate as well as decreasing

infectiousness.

For illustrative purposes, suppose that vaccination doubles the recovery rate (so that� 2
i = 1

7) and

has no e�ect on mortality rates. Then, using [221] to get age-dependent mortality rates for COVID-

19, Figure 7.2 shows that initially, the number of deaths is higher in the case of vaccination. This

occurs because the higher value of� 2 means that vaccinated people move more quickly to theRV
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Figure 7.1: A comparison of the total infections over time for a simulated COVID-19 epidemic in the
UK, depending on whether a uniform vaccination strategy of constant rate is used.
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Figure 7.2: The di�erence between proportion of the population that has died by each timet in the
case of vaccination and non-vaccination. Positive values indicate that the deaths are higher in the
non-vaccination case.

compartment than their unvaccinated counterparts and so, while they will infect fewer people, when

the number of infections is comparable in the early epidemic, this means that more people will die.

Indeed, this property can still hold if vaccination reduced mortality rates (although this reduces the

already small di�erence between the two further - in this example, one needs� i & 0:9999 for deaths

to ever be lower in the non-vaccinated case).

Of course, this is not a realistic re
ection of the course of an epidemic - the reason for� 2 being

higher is that vaccinated people are likely to get less ill rather than dying more quickly - but it

illustrates a potential limitation of the SIR framework. One possible way to avoid this problem

would be to split the recovered compartment up into the truly recovered and dead subsections. Then,

vaccination could increase the speed at which infected members of the population moved to the

recovered compartment, but not the speed at which they moved to the dead compartment. This

would remove the possibility of seeing the counter-intuitive behaviour of Figure 7.2.
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7.7 Discussion

It is comforting that the multi-group SIR model does indeed satisfy the condition that the �nal

numbers of infections and deaths are non-increasing in vaccination e�ort. This shows the importance

of ensuring that vaccinations are available as early as possible in a disease outbreak. To achieve this,

it is important that good plans for vaccine roll-out and supply chains are available in advance of them

being needed to ensure that maximum bene�t from the vaccination programme is obtained.

For n > 1, there are, of course, many possible maximal-e�ort vaccination policies. The results of

this paper, in e�ect, reduce the dimension of the space of possible vaccination policies fromn to n � 1,

as one can assume that an optimal policy satis�es the condition (7.38) in Theorem 7.2. However,

choosing the correct groups to prioritise is still of crucial importance and can have a substantial

impact on the e�ectiveness of the vaccination campaign [216]. Applying similarly rigorous techniques

to �nding the optimal vaccination policy is beyond the scope of this paper, although we extended

the results of this paper to apply asymptotic techniques to understand the behaviour of the optimal

solution under certain special cases in [51].

However, there are limitations to these results. Indeed, while the �nal numbers of infections and

deaths are guaranteed to decrease, this is not necessarily true at a given �nite time. In particular,

vaccination can move the peak of the epidemic, and so it is important to consider the consequences

of this, particularly if only a small number of lives are saved by vaccination.

Moreover, while this has not been discussed in this paper, it is also important to emphasise that

these results only apply if vaccine e�cacy does not decay over time. Indeed, if vaccination e�cacy

does decay signi�cantly, then vaccinating the most vulnerable groups in a population very early may

be worse than vaccinating them later, unless booster jabs are available. If the main epidemic occurs

long after the vulnerable have been vaccinated, their immunity may have worn o� signi�cantly by the

time that the majority of disease exposure occurs. Thus, in this case a more detailed analysis would

be needed to determine the optimal vaccination rate.

The authors believe that future models for optimal vaccination should consider using the more

general vaccination model introduced in this paper. This allows for greater 
exibility in modelling

the e�ect of decreasing demand. Of course, this modi�ed model is slightly more complicated, and

care needs to be taken to avoid numerical instabilities arising from the removable singularity in the

Ui Si
N i � W i

term when Wi ! N i . However, it has been shown that many of the standard properties of SIR

models, and indeed the results of this paper, still hold for this model, and so these extra technical

di�culties appear to be a small price to pay for the signi�cantly increased accuracy and potentially

142



large di�erence between the optimal solutions for the two models.

The results of this paper could be extended to cover a wider range of disease models that are

currently being used in the literature. In particular, the next step could be to prove the results

for SEIR (Susceptible-Exposed-Infected-Recovered) models, and indeed models with multiple exposed

compartments for each subgroup. This would help to build a general mathematical theory of maximal-

e�ort vaccination that would provide evidence for the reliability of contemporary epidemiological

modelling.

7.8 Conclusion

The results of this paper are summarised below:

ˆ Vaccinating at maximal e�ort is optimal for a multi-group SIR model with non-decaying vacci-

nation e�cacy.

ˆ The general vaccination model introduced in this paper provides greater 
exibility in modelling

the e�ect of decreasing vaccination uptake.

ˆ While vaccinating at maximal e�ort gives optimality, there can be �nite times at which, according

to the SIR model, infections or deaths are higher if vaccination has occurred.
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Chapter 8: Paper VI: Asymptotic anal-

ysis of optimal vaccination policies

Matthew J Penn and Christl A Donnelly. \Asymptotic analysis of optimal vaccination policies". In:

Bulletin of Mathematical Biology 85.3 (2023)

Status: This paper has been published in theBulletin of Mathematical Biology.

Abstract: Targeted vaccination policies can have a signi�cant impact on the number of infections and

deaths in an epidemic. However, optimising such policies is complicated, and the resultant solution

may be di�cult to explain to policy-makers and to the public. The key novelty of this paper is a deriva-

tion of the leading-order optimal vaccination policy under multi-group susceptible{infected{recovered

dynamics in two di�erent cases. Firstly, it considers the case of a small vulnerable subgroup in a

population and shows that (in the asymptotic limit) it is optimal to vaccinate this group �rst, regard-

less of the properties of the other groups. Then, it considers the case of a small vaccine supply and

transforms the optimal vaccination problem into a simple knapsack problem by linearising the �nal

size equations. Both of these cases are then explored further through numerical examples, which show

that these solutions are also directly useful for realistic parameter values. Moreover, the �ndings of

this paper give some general principles for optimal vaccination policies which will help policy-makers

and the public to understand the reasoning behind optimal vaccination programmes in more generic

cases.

Author contributions: See end of chapter

Notes:

1. The version presented in this thesis contains a correction to the proof of Theorem 2 - this has

been submitted to the journal and we are currently awaiting their response.

2. In the published manuscript, the appendix section \Supplementary Lemmas" restates a number

of results from Paper V. Since Paper V is also part of this thesis, we have omitted these restated

results and instead referenced the relevant lemmas from Paper V directly.
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8.1 Introduction

The trajectory of an epidemic can be dramatically changed by the implementation of a vaccination

program, as has been shown in the case of COVID-19 [467]. These vaccination programs are most

e�ective when they target speci�c groups in a population [216], although the optimal targeting strategy

is dependent on the properties of the disease and vaccine [35]. Thus, it is important to have robust

methods to determine the optimal strategy whenever a new epidemic emerges.

In recent years, the epidemiological literature has grown rapidly, and a wide range of models have

been developed and analysed. These include branching-process models [60]; network-based models

[468] and machine-learning-based models [469], among many others [470].

However, despite these innovations, compartmental models, where the population is split into a

number of subgroups and disease transmission is modelled by a system of di�erential equations [471],

remain a popular choice for epidemiologists, and have been widely used for modelling the COVID-19

pandemic [472]. As discussed in [472], a number of di�erent compartment structures have been used,

while many authors have also sought to model the e�ect of government interventions and quarantining

procedures [473, 474, 475].

One such compartmental model that is widely used [449, 233, 450] is the multi-group SIR (Susceptible-

Infected-Recovered) model. This is an extension of the classical SIR model [411] and has been used

to model a range of diseases such as measles [476], in
uenza [477] and COVID-19 [478]. It provides

a general framework with which to assess the e�ectiveness of di�erent vaccination policies, while also

remaining mathematically tractable, allowing theorems about its behaviour to be rigorously proved

[50]. It splits a population up into a number of inter-connected subgroups (such as age groups [479])

and captures the di�erent transmission dynamics between each group. This construction highlights

the dual bene�t that vaccination can have - vaccines that are infection-reducing directly protect the

individuals that are vaccinated while transmission-reducing vaccines can also indirectly protect un-

vaccinated individuals [480].

This dual bene�t can signi�cantly complicate the optimal vaccination problem when there is a

negative correlation between the infectiousness of a group and the vulnerability of its members to the

disease. Examples of this occur when the population is divided by age for diseases such as COVID-19

[481] and seasonal in
uenza [482]. In such cases, the optimal strategy may not be obvious and could

be highly dependent on uncertain parameters [483], while the seemingly intuitive solution may be

signi�cantly sub-optimal [484]. Moreover, the complicated methods used to �nd the optimal solution,

involving solving the adjoint equations derived via Pontryagin's Maximum Principle [460, 461] means
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that the optimal solution may be di�cult to understand or qualitatively justify to policy-makers.

When attempting to understand a complicated problem such as �nding the optimal vaccination

policy, it is often helpful to look at cases with extreme parameter values via asymptotic analysis, which

helps the problem to be analytically solvable (at least to leading order). This can help form general

principles for optimal vaccination policies. These principles can then be used both to form heuristics

for �nding the true optimal policy in a more general setting and also to explain the resultant optimal

solution, as it is often comprised of a mixture of policies resulting from these principles.

There have been a number of recent papers that have used asymptotic analysis to derive general

principles. [485] discusses a model with high reproduction numbers and shows that in this case, it

is often optimal to vaccinate the less infectious groups in a population. Moreover, [246], building on

the work of [486], linearises the model equations and derives a simple knapsack problem, although the

solution to this problem is only optimal when considering the short-term evolution of the epidemic.

Other special cases are investigated in [458] (which looks at a population with disconnected subgroups)

and [487] (which examines the critical vaccination fraction for a population with separable mixing).

Two cases will be considered in this paper which both provide novel contributions to the literature.

Firstly, the case of a population with a small vulnerable subgroup will be analysed, and it will be

shown that, in the asymptotic limit (as the size of this population group tends to zero and its relative

vulnerability tends to in�nity), any vaccination policy is eventually outperformed by one where this

group is vaccinated �rst. Of course, the concept that vaccinating vulnerable groups is important

has been raised in many previous papers, such as [35] and [488], but the mathematically rigorous

asymptotics presented here provide new evidence for the importance of this principle.

The second case to be discussed is that of a small total vaccination supply. The key novel result

that will be shown is that (to leading order) the optimal vaccination problem reduces to a linear

knapsack problem which can be easily solved. This knapsack problem di�ers from the one in [246]

because, by linearising the �nal size equations rather than the model ODEs (ordinary di�erential

equations), the optimal solutions and predictions of their behaviour are valid for the full evolution

of the epidemic, rather than just in the short-term. Again, the case of a small vaccine supply has

been examined in many papers such as [489, 490, 491], but these papers have simply analysed the

optimisation problem in the standard way, without deriving the explicit leading order solution as is

done in this paper.

In order to prove these results, it is necessary to build on previous literature. A number of results

from [50] (found in Appendix E) are used in the course of the proof alongside some well-established

results, such as the �nal size of an epidemic in SIR-type models [492]. However, the theorems presented
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in the main text are completely novel, with their proofs requiring a signi�cant extension of the current

literature. In particular, the various propositions in the proofs (found in Appendix F) are, to the

best of the authors' knowledge, new to the literature. Some of these results, such as, for example,

the proof that epidemic �nal size is continuously dependent on initial conditions and the vaccination

policy found in Proposition F.2 may also be helpful to those seeking to prove similar results.

The main analytic results will be further investigated through examples and, in particular, the

small supply case will be used to show that it is not always optimal to vaccinate the most infectious

group, even when all groups are equally vulnerable. The UK population's age structure will be used

to relate these results to a realistic example, and optimal small-supply vaccination policies will be

approximated for diseases with di�erent age-dependent case fatality ratios.

The paper is structured as follows. Firstly, the multi-group SIR model will be introduced. Then,

analytic results will be presented in the case of a small vulnerable subgroup, which will be explored

through numerical examples. Finally, analytic results related to a small vaccination supply will be

presented and again, examples will be used to illustrate the �ndings.

8.2 Modelling

8.2.1 Disease transmission and vaccination model

The model used in this paper is identical to the model presented in [50] and this section is simply

a summary of the modelling section in [50]. The population is divided inton subgroups and each

subgroup i is further divided into six compartments:

Si :=Number of people that are in group i , are susceptible, and are unvaccinated (8.1)

I i :=Number of people that are in group i , are currently infected, and (8.2)

were infected while unvaccinated

Ri :=Number of people that are in group i , are recovered, and (8.3)

were infected while unvaccinated

SV
i :=Number of people that are in group i , are susceptible and are vaccinated (8.4)

I V
i :=Number of people that are in group i , are infected (8.5)

and were infected after being vaccinated

RV
i :=Number of people that are in group i , are recovered (8.6)

and were infected after being vaccinated: (8.7)
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Using SIR principles, the model becomes

dSi

dt
= �

nX

j =1

(� 1
ij I j + � 2

ij I V
j )Si �

Ui (t)Si

N i � Wi (t)
(8.8)

dI i

dt
=

nX

j =1

(� 1
ij I j + � 2

ij I V
j )Si � � 1

i I i (8.9)

dRi

dt
= � 1

i I i (8.10)

dSV
i

dt
= �

nX

j =1

(� 3
ij I j + � 4

ij I V
j )SV

i +
Ui (t)Si

N i � Wi (t)
(8.11)

dI V
i

dt
=

nX

j =1

(� 3
ij I j + � 4

ij I V
j )SV

i � � 2
i I V

i (8.12)

dRV
i

dt
= � 2

i I V
i (8.13)

where

Wi (t) :=
� t

0
Ui (s)ds; (8.14)

and

N i = Si (t) + I i (t) + Ri (t) + SV
i (t) + I V

i (t) + RV
i (t) (8.15)

is the size of groupi . Moreover, the � �
ij terms represent transmission from groupj to group i and the

� �
i terms give the infectious period of the relevant individuals in groupi .

Here, Ui (t)dt gives the number of individuals in group i that are vaccinated in the small time

interval [ t; t + dt] and hence,Wi (t) is the number of individuals that have been vaccinated in groupi

in [0; t]. It is assumed that these vaccinations are assigned randomly to the unvaccinated members of

group i , so that each vaccine is given to a susceptible member of groupi with probability

number of susceptible members
number of unvaccinated members

=
Si

N i � Wi (t)
(8.16)

Thus, the total rate of susceptibles being vaccinated is Ui (t )Si
N i � W i (t )

.

Note that there is a slight di�erence between this model and the one commonly found in the

literature (in [234], [235] and [236] among many others) which set the vaccination term equal to

Si Ui (t) instead of Ui (t )Si
N i � W i (t )

. As discussed in [50], this corresponds to vaccines that are randomly

distributed to the whole population, which can be seen by rewriting the vaccination term as

Si Ui (t)dt =
Si

N i
� N i Ui (t)dt (8.17)
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The �rst term on the right-hand side is then the probability of a randomly chosen member of group

i being susceptible, while the second term is the total number of vaccines assigned in a small time

interval [ t; t + dt], noting that here the dimension of Ui (t) is 1/time (compared to the model used in

this paper where the dimension ofUi (t) is population/time) and hence it is necessary to scale byN i dt

to convert Ui (t) into a number of vaccines.

This is in contrast to the model in this paper which corresponds to vaccines that are randomly dis-

tributed only to the unvaccinated population. [50] provides justi�cation for the use of this \unvaccinated-

only model", which is therefore the one that will be used in this paper. However, they are structurally

very similar, and so it would be possible to apply the results in this paper to the more commonly

found model.

To deal with the (removable) singularity that can occur when Wi = N i , it is assumed that

Wi (t) � N i 8t � 0 and Wi (t) = N i )
Ui (t)Si

N i � Wi (t)
= 0 (8.18)

To capture the bene�ts of vaccination, there are additional constraints put on the � �
ij and � �

j terms

which are

� 1
ij � � 2

ij ; � 3
ij � � 4

ij and � 1
i � � 2

i : (8.19)

Finally, it will be assumed throughout the remainder of this paper that the population sizes are

normalised so that
nX

i =1

N i = 1 (8.20)

Further details are given in [50].

8.2.2 Optimisation problem

The optimal vaccination problem considered in this paper aims to �nd the vaccination policy, U ,

which minimises a weighted sum of the total number of infections in each group. Thus, the problem

is

min
� nX

i =1

pi

�
Ri (1 ) + � i RV

i (1 )
�

:
nX

i =1

Ui (t) � A(t);
nX

i =1

Wi (t) � B (t);

Ui (t) � 0; Wi (t) � N i 8t � 0
�

: (8.21)

Here, A(t) represents the maximal vaccination rate,B (t) represents the maximal vaccine supply and

Ri (1 ) and RV
i (1 ) are the limiting values of Ri (t) and RV

i (t) as t ! 1 . The weights pi and pi � i could
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be interpreted in a number of ways, depending on the quantity of interest. For example,pi = � i = 1

if one wanted to minimise infections, or pi and pi � i could be the case fatality ratio of unvaccinated

and vaccinated members of groupi respectively if one wanted to minimise deaths. However, it is

important to note that � i � 1 for eachi as vaccinated members of the population should be no more

vulnerable to the disease that their unvaccinated counterparts.

It is helpful to de�ne H (U ) to be the objective function - that is

H (U ) =
nX

i =1

pi

�
Ri (1 ) + � i RV

i (1 )
�

; (8.22)

where Ri and RV
i are found from solving the model equations with vaccination policy given byU .

It will be assumed throughout this paper that all \feasible" U are su�ciently smooth for all the

quoted theorems to hold. In general, this does not signi�cantly restrict U - for example, the results in

[50] simply require that each Ui (t) is bounded and Lebesgue integrable, while Theorems 8.1 and 8.2

require only that U has �nite support. Moreover, it is assumed that B (t) is non-decreasing (as total

supply should not decrease over time) and piecewise di�erentiable.

8.3 Results

8.3.1 A small, vulnerable subgroup

Consider the case where one of the groups in the population (which, without loss of generality, will

be assumed to be group 1) is very small and vulnerable. That is, the populationN1 satis�es

N1(� ) = � << 1 (8.23)

while the weights satisfy

p1(� ) = p1 and pi (� ) = p�
i � 8i 6= 1 (8.24)

for some constantsp1 and p�
i . It will be assumed that all � i are constant. In this setting, group

1 contains a very small proportion of the population, but each member of group 1 is much more

vulnerable than the rest of the population.

Thus, this case is practically valid when there is a small subsection of the population that carries

the majority of the vulnerability to a disease. As will be discussed further in Section 3.2.3, this has

applicability to diseases such as COVID-19, where the majority of the deaths occur signi�cantly older

people, while it could also apply to diseases where there are rare conditions that cause a minority of
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people to be much more vulnerable.

It is mathematically convenient to rescale the parameterspi so that only p1 depends on� . This

can be done by multiplying all the pi terms by 1
p1 � so that

~p1(� ) =
1
�

and ~pi (� ) =
p�

i

p1
:= ~pi 8i 6= 1 : (8.25)

This leads to an equivalent optimisation problem in the sense that the optimal vaccination policy will

be the same. This occurs because the only change to the objective function is a scalar multiplication

of 1
p1 � to each of the terms. Note that while this multiplicative factor tends to in�nity as � tends to 0,

this system is only analysed for non-zero values of� , and hence this rescaling is valid.

Analytic results

The �rst result presented in this section shows that, in the limit of a group with small size and large

vulnerability (with the total cost of the whole group being infected, N1~p1, remaining constant) any

�xed vaccination policy where the vulnerable group is not vaccinated �rst will eventually (that is, for

su�ciently small � ) be outperformed by a similar policy where the vulnerable group is vaccinated �rst.

Group 1 will be given a population sizeN1 = � and an infection cost ~p1 = 1
� (recall that the ~pi

represent the rescaled values ofpi , and so it is acceptable that ~p1 > 1 for small � ). It will be assumed

that the initial conditions in the group are proportional to � , so that there exists some� 2 (0; 1] such

that the initial susceptible population is �� and the initial infected population is (1 � � )� .

Before stating the full theorem, it is helpful to explain the various constraints and variables that

will be introduced. De�ne, for each value of � � 0, U (t; � ) to be the \�xed" vaccination policy where

group 1 is not vaccinated �rst. Of course, the vaccination policy cannot be completely �xed, as the

size, � , of group 1 is decreasing, and so it will simply be assumed that the vaccines given out to each

group satis�es

jWi (t; � ) � Wi (t; 0)j < � 8t � 0 and 8i 2 f 1; :::; ng (8.26)

Note that all groups are allowed to have small changes in the number of vaccinations they receive -

this allows, for example, for vaccinations that would have been given to group 1 being reassigned as

group 1's population shrinks.

Moreover, to reduce the lengths of the proofs, it will be assumed thatU has uniformly bounded

�nite support - that is, there is some constant tU such that for each i 2 f 1; :::; ng,

t > t U ) Ui (t; � ) = 0 8t; � � 0 (8.27)
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In order for group 1 to not be vaccinated �rst in the limit as � ! 0, there must be some time� at

which some �xed proportion w of the other groups have been vaccinated, while at least some �xed

proportion (1 � � ) of group 1 has not been vaccinated. That is,

W1(� ; � ) < �� and
nX

i =1

Wi (� ; � ) > w: (8.28)

One can also de�ne a vaccination policy~U (t; � ) where group 1 is vaccinated �rst. This will be done by

re-directing all vaccinations from the U (t; � ) policy to group 1 until it is fully vaccinated, and keeping

the same vaccination policy after group 1 is fully vaccinated (ignoring any vaccines thatU (t; � ) assigns

to group 1 after this time).

To ensure convergence of the model at� = 0, given �( � ) de�ned by

�( � ) :=
�

i : 9t � 0 s.t. I i (t; � ) > 0
�

; (8.29)

it will be assumed that �( � ) = f 1; :::; ng for all � > 0 (as any groups which never su�er any infections

can be ignored) and that �(0) = f 2; :::; ng. While this second condition may not be strictly necessary

for the theorem to hold, it is unrestrictive, and ensures convergence - if this were not the case, then

it would be possible that infection in some set of groups were seeded only by group 1. Thus, when

� = 0, these groups would su�er no infections, while for any � > 0, they would have an epidemic of

size independent (at leading order) of� .

The �nal condition on the model is that the people in group 1 can be infected by other groups,

and that vaccinated members of group 1 gain protection from this infection. That is, there is some

i 2 f 1; :::; ng such that

� 1
1i > � 3

1i � 0: (8.30)

This is an important condition, as if people in group 1 could only be infected by other members of

group 1 then the total number of infections in group 1 would decay as� ! 0, meaning that it would

no longer necessarily be optimal to vaccinate group 1 �rst (as most people in group 1 would not catch

the disease anyway for small� ).

With these considerations, Theorem 8.1 can now be stated.

Theorem 8.1 Suppose that for all� > 0,

N1(� ) = �; S1(0; � ) = ��; I 1(0; � ) = (1 � � )� and ~p1(� ) =
1
�

(8.31)

for some � 2 (0; 1) and that all other parameter values and initial conditions are independent of� .
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Consider any vaccination policy with uniformly bounded �nite support given byU (t; � ) and suppose

that there exists �xed �; �; w > 0 such that

W1(� ; � ) < �� and
nX

i =1

Wi (� ; � ) > w 8� > 0: (8.32)

De�ne a new policy, ~U (t; � ), given by

~U1(t; � ) =

8
><

>:

P n
i =1 Ui (t) if

P n
i =1 Wi (t; � ) � �

0 otherwise
(8.33)

and, for i 6= 1 ,

~Ui (t; � ) =

8
><

>:

0 if
P n

i =1 Wi (t; � ) � �

Ui (t; � ) otherwise
: (8.34)

Suppose that for eachi 2 f 1; :::; ng and t � 0,

jWi (t; 0) � Wi (t; � )j < �: (8.35)

De�ne

�( � ) := f i : 9t � 0 s.t. I i (t; � ) > 0g (8.36)

and suppose that�( � ) = f 1; :::; ng for any � > 0 and that �(0) = f 2; :::; ng. Finally, suppose that there

exists an i 2 f 2; :::; ng such that

� 1
1i > � 3

1i � 0: (8.37)

Then, the policy ~U is feasible and for su�ciently small � ,

H (U (t; � )) > H ( ~U (t; � )) : (8.38)

For the second theorem, it is helpful to note that, using the results in [50], if one de�nes

� (t) :=

8
><

>:

A(t) if
� t

0 A(s)ds < B (t)

min(A(t); B 0(t)) if
� t

0 A(s)ds � B (t)
; (8.39)

then (assuming that there is an optimal solution, and under mild smoothness conditions onU , A and
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B ) there must be an optimal solution satisfying

nX

i =1

Wi (t) = max
� � t

0
� (s)ds;1

�
: (8.40)

The following theorem then proves that the limiting optimal vaccination policy vaccinates the vulner-

able group as quickly as possible. To reduce the length of the proof, it will be assumed that� = 1, so

that (in the small � limit) all members of group 1 can be vaccinated before being infected.

Theorem 8.2 With the de�nitions of Theorem 8.1, suppose additionally that

nX

j =2

(� 1
1j � � 3

1j )I j (0; � ) > 0: (8.41)

That is, the initial di�erence between the infective force on vaccinated and unvaccinated members of

the population is positive. Suppose further that

� = 1 : (8.42)

Suppose an optimal vaccination policy for each� is given by U (t; � ) and suppose thatU (t; � ) has

uniformly bounded �nite support. Then, there exists an � depending only on� , � , w and the model

parameters such that, for anyU satisfying the condition (8.32) as de�ned in Theorem 8.1.

� 2 (0; � ) ) H (U ) > H (U ): (8.43)

Moreover, there is a sequence of optimal vaccination policies,U (t; � ), which satis�es

lim
� ! 0

�
W 1(t; � )

�

�
= 1 8t s.t.

� t

0
� (s)ds > 0: (8.44)

Note that the existence of an optimal vaccination policy has been assumed in the statement of this

theorem. The authors believe that an optimal policy should exist, as Proposition F.2 in the appendices

can be used to show thatH (U ) is continuous. However, more care would need to be taken with the

smoothness assumptions onU to create a rigorous proof of this.

Theorems 8.1 and 8.2 are proved in the appendices.

Examples

To illustrate these analytic results, consider a simple two-group example. Suppose that group 1 is

small, vulnerable, and non-infectious, while group 2 is large, invulnerable and infectious. These groups
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could be interpreted as \old" and \young" respectively, although there is no speci�c physical situation

being modelled here.

Suppose the transmission matrices are given by

� 1 =

0

B
@

1 2

2 4

1

C
A ; � 2 = �� 1 � 3 = �� 1 and � 4 = ��� 1 (8.45)

for some parameters� and � which will be varied. This corresponds to the case of vaccination having

(independently) an e�ectiveness� at stopping people being infected and� at stopping infected people

transmitting the disease. Moreover, suppose that

� �
i = 1 8i; � (8.46)

and

N1 = �; ~p1 =
1
�

; � 1 = 1 N2 = 1 ; ~p2 = p� and � 2 = 1 ; (8.47)

for some parameterp� that will be varied. Finally, suppose that the initial conditions are

S1(0; � ) = �; I 1(0; � ); = 0 S2(0; � ) = 1 � I � and I 2(0; � ) = I � ; (8.48)

for some parameterI � that will be varied, and that the vaccination constraints are given by

A(t) = 1 and B (t) = max( t; 1): (8.49)

Consider therefore a vaccination policy where group 2, the infectious group, is vaccinated �rst (and

hence, asB (1 ) = N2, it is the only group that is vaccinated). That is,

U1(t; � ) = 0 and U2(t; � ) =

8
><

>:

1 if t � 1

0 otherwise
: (8.50)

Hence, with ~U de�ned as in Theorem 8.1, one has

~U1(t; � ) =

8
><

>:

1 if t � min(1; � )

0 otherwise
and ~U2(t; � ) =

8
><

>:

1 if t 2 (�; 1]

0 otherwise
: (8.51)

Fig. 8.1 shows a comparison of the objective valuesH (U (t; � )) and H ( ~U (t; � )) for di�erent values of � .

As expected, when� = 1, vaccinating the more infectious group �rst is optimal (as they have the same
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Figure 8.1: A comparison of the two vaccination policies,U (t; � ) (where the infectious group is vacci-
nated �rst) and ~U (t; � ) (where the vulnerable group is vaccinated �rst) for di�erent values of � . Note
that here, I � = 0 :01, � = � = 0 :5 and p� = 1.

vulnerability in this case), while for � smaller than around 0.1, it becomes more e�ective to vaccinate

the vulnerable group �rst, illustrating the results of Theorem 8.1.

It is useful to consider the approximate smallness of� required in Theorem 8.1. That is, how small

� needs to be in order for ~U (t; � ) to be the better vaccination policy. To explore this, de�ne, for each

value of I � and p� ,

� � (I � ; p� ) := inf
� n

� : H ( ~U (t; � )) > H (U (t; � ))
o

[ f 1g
�

: (8.52)

That is, � � (I � ; p� ) is the smallest value of � such that vaccinating group 2 �rst is better that the ~U

policy, with a cut-o� value at 1 (as it is possible that for some parameter values, the ~U policy is always

better).

Fig. 8.2 shows the behaviour of� � (I � ; p� ). As expected,� � is decreasing inI � - this is because when

there are fewer initial infectious people, there is more time to vaccinate the infectious group before
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Figure 8.2: A plot of � � (I � ; p� ), the highest value of � for which U is a better vaccination policy that
~U . Note that � � is capped at 1, so that a value of 1 indicates that there were no values found of� �

such that U was the better policy. Note that here, � = � = 0 :5.

the epidemic has a chance to grow, reducing the peak of the epidemic. Moreover,� � is decreasing in

p� , as higher values ofp� mean that the number of infections in group 2 is valued higher.

Moreover, Fig. 8.2 suggests that, for each �xedp� , � � is uniformly bounded below for all I � .

Indeed, this is expected as whenI � is very small, there are negligible infections within the interval

t 2 [0; 1] and so the vaccination policiesU and ~U are in e�ect being carried out in a completely

uninfected population. As the R0 (that is, the initial growth rate of the disease) number of a fully

vaccinated population (in this case) is greater than 1,I (t; � ) will reach an O(1) value regardless of the

vaccination policy. Thus, while decreasingI � will increase the time to reach this O(1) value, it will

not signi�cantly change the �nal infections in the epidemic, and hence � � should converge to a �xed

value for small I � .

When the fully vaccinated population has an R0 lower than 1, the di�erence between U and ~U

is more distinct. Indeed, provided I � is small enough for vaccination to be completed before many

infections have occurred, one would expectO(I � ) infections in group 2 in either of the two vaccination
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Figure 8.3: A plot of � � (I � ; p� ), the highest value of � for which U is a better vaccination policy
that ~U , in the case of complete vaccination e�ectiveness (so� = � = 0). Note that, because the
values of the objective function areO(I � ), there is some numerical instability which has caused some
non-smoothness of the plot.

policies (for su�ciently small � ), as in both policies, the size of the infected compartment will be

decreasing after the vaccination has been completed. However, in theU case, one would expect

O(I � � ) infections in total in group 1 (as there is an O(I � ) infection force on a group of sizeO(� )

for O(1) time), while in the ~U case, one would expectO(I � � 2) infections in total in group 1, as the

population of this group is only of sizeO(� ) for O(� ) time. This behaviour is illustrated in Fig. 8 :3,

which shows that � � converges to signi�cantly higher values than in Fig. 8:2 - indeed, in the case that

p� = 0, it appears that U is never optimal for any � � 1.

8.3.2 A small vaccination supply

In this section, the case of a small, immediately available vaccine supply will be considered. In this

case, it will be possible to analytically derive the optimal vaccination policy (in the limit of small

supply).
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This case may be particularly relevant if there was an outbreak of a disease where a vaccine already

existed (so that some vaccinations are available immediately), but where supplies were limited, and

scaling production would take a signi�cant amount of time. An example of this can be found in the

recent mpox outbreak [493] where the United Kingdom initially purchased 20 000 smallpox vaccines.

This small �gure - not even enough to vaccinate 0.1% of the UK population [465] - would certainly

fall within the small vaccination supply case.

Moreover, one can use the results in this section regardless of the time at which vaccinations

become available (that is, they are not only relevant at the start of an epidemic). This would be of

practical use whenever vaccine production is slow, or when the disease is su�ciently mild (or vaccine

production is su�ciently expensive) that a large-scale vaccination program is not deemed economically

feasible.

Analytic results

To state the analytic result from this section, it is helpful to de�ne

� 0
ij =

8
>>>>>>><

>>>>>>>:

� 1
ij if i; j � n

� 2
i (n� j ) if i � n < j � 2n

� 3
(n� i )j if j � n < i � 2n

� 4
(n� i )( n� j ) if n < i; j � 2n

; : (8.53)

This large transmission matrix captures the dynamics of all 2n susceptible and infectious groups in the

model (both vaccinated and unvaccinated). Indeed, after vaccination has been completed, there is no

movement from Si to SV
i so � 0 allows for the model to be considered as a 2n-group SIR model without

vaccination. Thus, in particular, one can derive a simple �nal size relation for the total number of

infections in the epidemic. Similarly, de�ne

� 0
i =

8
><

>:

� 1
i if i � n

� 2
(i � n) if n < i � 2n

(8.54)

and

p0
i =

8
><

>:

pi if i � n

� (i � n)p(i � n) if n < i � 2n
: (8.55)

In this case of small supply, it is possible to e�ectively di�erentiate the �nal size of the epidemic with

respect to the vaccination policy, and use the resultant linear approximation to form a simple knapsack
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problem for the optimal vaccination policy. This will involve writing the objective in the form

H (U (t; � )) = H (0) + y T W (� (� ); � ) + o(� ) (8.56)

where W is the �nal vaccination amounts in each group. To de�ne the gradient, y , it is necessary to

use the inverse of a matrixQ given by

Qij =
1

1 � e
�

P 2n
j =1

� 0
ij

� 0
j

R j (1 ;0)

�
� ij +

Si (0; 0)e
�

P 2n
j =1

� 0
ij

� 0
j

R j (1 ;0)
� 0

ij

� 0
j

�
; (8.57)

where as before, the variablesf i (t; � ) indicate the value of the relevant model variable at time t, given

that the parameter � is equal to � , and � ij is the Kronecker delta. Then, y is de�ned by

x = Q � T p0 and yi =
Si (0; 0)

N i
(x i + n � x i ) 8i 2 f 1; :::; ng: (8.58)

These de�nitions allow for the theorem to be stated.

Theorem 8.3 Suppose that, for all� > 0

B (t; � ) = � 8t � 0: (8.59)

and that all other parameter values and initial conditions are independent of� . Suppose thatA(t) is

a continuous function with

A(0) > 0 (8.60)

and that the matrix M is invertible. For su�ciently small � , de�ne

� (� ) := inf
�

t :
� t

0
A(s)ds = �

�
: (8.61)

Suppose thatU satis�es the condition

nX

i =1

Ui (s) = min
� � t

0
� (s)ds;1

�
; (8.62)

where � is de�ned in (8.40). Then, for su�ciently small � , the objective function is given by

H (U (t; � )) = H (0) + y T W (� (� ); � ) + o(� ): (8.63)
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Moreover, if there is a unique element ofy equal to the minimum of y then the optimal vaccination

policy (to leading order in � ) is uniquely given by

Ui (t; � ) =

8
><

>:

A(t) if i = min f yi : i 2 f 1; :::; ngg and
� t

0 A(s)ds < �

0 otherwise
: (8.64)

The second part of the theorem assumes a unique minimal element ofy . This is not guaranteed to

happen, and if there were multiple groups with equal values ofy , this could mean that the e�ectiveness

of vaccinating these groups would be equal toO(� ). However, any sets of parameters satisfying this

condition would be unstable to small perturbations (as a trivial example, consider perturbing the initial

susceptible populationsSi (0; 0) of the groups with a minimal values of yi ). Thus, in any practical

scenario, the probability that the best estimates of the parameters give multiple minimal values ofyi

is very small.

Theorem 8.3 is proved in the appendices.

Vaccinating a homogeneous population

To illustrate the e�ectiveness of this approximation, consider �rst an example of a homogeneous

population (so n = 1). Consider the case where� 1 = � , � 2 = � 3 = 0 :5� and � 4 = 0 :25� for some

parameter � that will be varied. Suppose moreover that

N1 = � 1
1 = � 2

1 = p1 = � 1 = A(t) = 1 ; S1(0) = 1 � 10� 4 and I 1(0) = 10 � 4: (8.65)

Finally, supposeB (t) = � where � will be varied.

Fig. 8.4 shows a comparison of the predicted and actual change in number of deaths,� 1 for

two values of � . It illustrates that, even when � = 0 :1, a relatively large value, y gives a good

approximation of the true value (found by simulation). Moreover, when � = 0 :01, the two lines are

almost indistinguishable. This is useful validation for the approximation, as the correction term was

simply proved to be o(� ) rather than, for example, O(� 2), and so it is encouraging that the predictions

are so close.

An interesting property of Fig. 8.4 is that the value of � for which vaccination is most e�ective

appears to be very close toS(0)� = 1 (as S(0) � 1). Note that here, as � = 1, this is equal to the

initial reproduction number of the disease. This has the perhaps surprising consequence that if one

has a set of disconnected, equally vulnerable subgroups, a small vaccination supply should be assigned

to a group with initial reproduction number close to 1, rather than giving it to the group with the
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Figure 8.4: A comparison of the predicted and actual values of the change in deaths,� 1, in the case
of a homogeneous population for two di�erent values of vaccination supply,� and for di�erent values
of infectivity, � . Note the di�erent scales on the two y axes.
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highest value of� (that is, the most group with the most infectious individuals). This result is in line

with the �ndings of [485] which showed that vaccinating less infectious groups can be more e�ective,

and is an important consideration for vaccination policy planning.

Application to age-structured populations

Consider assigning a small quantity of vaccinations to an age-structured population, using the example

of the UK. The disease model has been estimated using the inter-age-group contact matrices� from

[214], alongside population estimatesN from [465]. As in [214], this gives a transmission matrix of

� 1
ij = �

� ij

N j
(8.66)

for some scalar parameter� . As in the previous section, it will be assumed that

� �
i = 1 8i; � (8.67)

and

� 2 = 0 :5� 1; � 3 = 0 :5� 1 and � 4 = 0 :25� 1: (8.68)

It will also be assumed that the initial infected population is small, so that, for each i

Si (0; � ) = (1 � 10� 4)N i and I i (0; � ) = 10 � 4N i : (8.69)

In the following examples, � will be chosen so that the disease-free next generation matrix of a

completely unvaccinated population, given by

Rij =
N i � 1

ij

� 1
j

= � 1
ij (8.70)

has a spectral radius (that is, largest eigenvalue) equal to 4. This sets theR0 number in the overall

population to be 4. To illustrate the population structure, Fig. 8.5 shows a heatmap of the matrix

Rij . This highlights the strongly assortative nature of the contacts (that is, members of a subgroup

are most likely to be contacts with members of their own subgroup), while also showing that contacts

are lower for older age groups.

Now, two di�erent age-dependent case-fatality ratios will be considered - uniform case-fatality

and approximate COVID-19 case fatality, taken from [80]. In both cases, it will be assumed that

vaccination reduces the case fatality ratio by 90% (following the results of [80] for the COVID-19
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Figure 8.5: A heatmap of the next generation matrix for the age-structured UK population.
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Figure 8.6: The e�ectiveness of assigning a small quantity of vaccines to each age group as a proportion
of the optimal e�ectiveness.

vaccines) so that � i = 0 :1 for all i . However, it is worth emphasising that this model is simply based

on real-world data, and does not seek to accurately model the COVID-19 pandemic.

Fig. 8.6 shows the e�ectiveness of vaccinating each age group in the two di�erent cases, as a

proportion of the optimal e�ectiveness. Note that here the proportion of e�ectiveness of assigning

vaccine to group i is given by yi
min j (yj ) , as eachyj is non-positive. It highlights that the signi�cantly

higher mortality rates for COVID-19 for the older age groups means that vaccinating them is much

more e�ective than vaccinating the other age groups. This is an example of Theorems 8.1 and 8.2, as

the oldest age group makes up a relatively small percentage (around 9%) of the population, but, if

one scalesp such that it has median value 1, thepi N i value for the oldest age group is approximately

20, and so is de�nitely O(1) rather than O(� ).

A perhaps surprising exception to the general correlation between e�ectiveness and mortality is the

relatively low e�ectiveness of vaccinating the 55-59 year old age group, which is lower than the 45-49
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year old and 50-54 year old groups. This illustrates the non-intuitive nature that optimal vaccination

policies can take, and the importance of investigating their behaviour fully. The main reason for this

low e�ectiveness is that, while the 55-59 year old age group is more vulnerable to COVID-19 than

the younger groups, according to [214], they have much less contact with the 75+ year old age group

and thus vaccinating this group provides signi�cantly less secondary protection to most vulnerable

members of the population. The authors speculate that this could be due to a signi�cant number of

the parents of the 55-59 year old age group having died (particularly in comparison to the younger

groups), reducing their links with the 75+ year old age group. Moreover, those in the 55-59 year old

age group may also not be old enough to have many 75+ year olds in their social circles (in comparison

to members of older groups). However, further investigation would be needed to justify this claim.

In the case of uniform mortality, the vaccination policy becomes even less intuitive, as Figure 8.6

shows that the optimal age group to vaccinate is the 40-44 year olds. Indeed, from Fig. 8.5, it may

seem that the 15-19 year old group would be the best group to vaccinate, as they have the highest

overall transmission - that is, the maximum value of

Total infectious force of group j :=
16X

i =1

Rij : (8.71)

However, if instead, one considers

Total external infectious force of group j :=
16X

i =1 ;i 6= j

Rij ; (8.72)

then it is the 35-39 and the 40-44 age groups which have the highest values. This can be consid-

ered in conjunction with the results of the previous subsection, which showed that vaccinating groups

with R0 numbers close to 1 is optimal for disconnected populations. Indeed, the \secondary e�ect"

of vaccinations (that is, the number of people who are not vaccinated, but are protected from the

disease because of vaccines given to others) can be higher for groups with lower internal infectious

force, particularly when their external infectious force is higher.

Finally, it is useful to again explore the range of values for� for which y gives a good approximation

of the true number of infections. As the minimum (scaled so that the total population size is 1) value

of N i is 0.0498 in this case,� will be tested at 0:0498. The results of this are shown in Fig. 8.7, which

again illustrates the e�ectiveness of this approximation. Indeed, the largest error across either case is

of order 10� 4, which in turn is of order � 2y . This suggests that theo(� ) correction term in Theorem 8.3

is signi�cantly smaller than � , which increases the usefulness of this approximation. However, further
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Figure 8.7: A comparison of the predicted and simulated change in the objective function when
vaccinating each individual group at � = 0 :0498. Both the cases of a COVID-19 case fatality ratio (in
(a)) and a uniform case fatality ration (in (b)) are presented.

investigation is needed to determine whether this correction is ofO(� 2y ) for all parameter values.

8.4 Discussion

This paper has shown two general principles for optimal vaccination policies by looking at the asymp-

totic behaviour of the optimal policy in the case of extreme parameters. Firstly, it has shown that

small, vulnerable groups should in general be vaccinated �rst, regardless of the overall timetable of

vaccination. This is an important result as it requires very little data on the population - merely the

case fatality ratios and populations of the di�erent subgroups - and in particular needs no forecasting

of future transmission trends or vaccine supply.

The analytically derived results (in the limiting case) also show that the e�ect of vaccinating this

small group far outweighs the e�ect of vaccinating any of the other groups. Indeed, if the size of the

vulnerable group is O(� ) and the case fatality ratio of the other groups is O(� ), then Theorem 8.1
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shows that vaccinating the vulnerable group will lead to anO(� ) decrease in the number of fatalities,

while vaccinating the same number of people from another group will only decrease this byO(� 2). This

result is of practical importance for diseases such as COVID-19, where the majority of the fatalities

would be from certain age groups within the population. In particular, it provides strong evidence for

the importance of sharing vaccines on a global scale, as this is the only way to ensure that vaccinations

can be given to all people who are most vulnerable to the disease.

However, this result should be used with caution, as it certainly does not imply that a population

should always be vaccinated in order of decreasing vulnerability to the disease. The optimal vaccination

policy is, in general, a balance between directly protecting the vulnerable by vaccinating them, and by

indirectly protecting them by vaccinating those groups with the highest infectiousness. This is shown

in Figure 8.6 by the fact that, when a COVID-19 case fatality ratio is used, the relative e�ectiveness

of vaccinating each age group does not decrease everywhere with age. The results of Theorems 8.1

and 8.2 simply provide a principle that in the asymptotic limit, the optimal strategy is to vaccinate

small, vulnerable groups �rst. In the absence of data on vaccination e�ectiveness (which is crucial

in determining whether indirectly protecting the more vulnerable population may be better), this

provides a mathematically sound justi�cation for beginning with the most vulnerable members of a

population while gathering data to determine the rest of the vaccination policy.

The second principle derived in this paper was a linear approximation to the change in number of

fatalities from a disease, which allows for the estimation of the optimal vaccination policy in the case of

a small total supply. Again, this principle is 
exible, applying for any set of parameters, and provides

a computationally cheap way of the approximating the optimal solution, even for large numbers of

groups, as it merely requires the solution of a linear system involving the same number of variables as

the number of groups.

A useful feature of this approximation is that it appears to have high accuracy even for reasonably

large values of the total supply, such as when 10% of the population can be vaccinated. Figs. 8.4 and

8.7 show that there is very little deviation between the predicted and actual values of the objective

function and so suggest that this is a 
exible and widely applicable method of approximation, even

when the population contains a large number of subgroups. However, it would be helpful to strengthen

the results of Theorem 8.3 to get a stronger bound on the error for small� to ensure that this similarity

holds for all models.

The results presented in Fig. 8.4 are also informative for vaccination policy. As shown in Fig.

8.4, in a completely homogeneous population, vaccination has the most e�ect when the reproduction

number ( �
� in this case) is slightly bigger than 1, with a steep decline in e�ectiveness for reproduction
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numbers below 1, and a more gradual decline for large reproduction numbers. This result allows one to

consider the \vaccination leverage" of a population - that is, the e�ectiveness that a small quantity of

vaccination can have - and shows that, even in the case of homogeneous case fatality ratios, vaccinating

in order of infectiousness may be far from optimal, as it is much more di�cult to reduce infections in

a highly infectious population.

Indeed, a similar idea was shown to apply when the UK age structure was considered. In the

case of uniform case fatality, the optimal group to assign a small amount of vaccinations to was

the 40-44 age group which, as shown by Fig. 8.5, is not the most infectious group. This perhaps

counter-intuitive results highlights the importance of mathematically justifying the principles one

uses to decide on optimal vaccination policies, as \common-sense" arguments may in fact give false

conclusions. Communicating such principles to governments and policy-makers will be crucial in future

pandemics, particularly ones with more homogeneous case fatality ratios where the optimal policy is

not as intuitive as for diseases like COVID-19.

An important limitation of Theorem 8.3 is that the optimal policies for small vaccination supplies

do not necessarily generalise to give the beginning of the optimal vaccination policy in the case of a

much larger vaccination supply. Indeed, it is possible to have bifurcations in the optimal vaccination

policy as the supply increases - for example, it can become possible to completely avoid an epidemic

by vaccinating a large quantity of an infectious group. Thus, while the linear approximation can be

a useful starting point when attempting to estimate the optimal strategy, it is important to consider

alternatives when a large proportion of the population can be vaccinated.

The results of this paper are only applicable if the trajectory of the disease in question can be well-

approximated by multi-group SIR dynamics. In particular, this requires there to be reasonably high

levels of the disease in a population (otherwise stochastic dynamics change the epidemic behaviour

[494]), and for population subgroups to be su�ciently large (again to prevent stochasticity dominating).

Moreover, the model assumptions would not hold if individuals could be re-infected, or if the e�ect of

vaccination was not eternal (though if the timescale of the epidemic was su�ciently shorter than the

timescale of immunity decay, then the model would still provide a good approximation).

A �nal barrier to using the results in this paper is that that estimation error in the model parame-

ters could lead to the optimal solutions being incorrectly calculated. Estimating the � �
ij parameters is

particularly complicated, especially in a multi-group setting where it is di�cult to establish the chain

of transmission between di�erent groups. Because of this, building models based on contact rates

between groups (estimated using surveys [214]) or proxies such as commuting patterns [495]) may be

the best method, at least to provide priors on the parameters. Theorems 8.1 and 8.2 are signi�cantly
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less susceptible to errors in parameters, as they do not require any of the� �
ij or � �

j parameters to

be known, although the level of \smallness" of � would vary depending on the disease in question.

Theorem 3 is signi�cantly more susceptible to error, as all the model parameters are needed. However,

while there may be bifurcations in the optimal strategy, the optimal value of the objective function

should depend continuously on the parameters (a fact which could be proved by extending the results

of Proposition F.2), limiting the e�ect of small estimation errors.

Despite this, the authors expect that similar results to those presented in Theorem 3 will hold for

a very wide class of deterministic models. Essentially, the only necessary characteristic of the model

that is required by Theorem 3 is that the objective function, H (U ), is a continuously di�erentiable

function of the vaccination policy U in some neighbourhood of0. Indeed, y in Theorem 3 can be

replaced by r H (0) in a general setting. Certainly, it should be conceptually simple (though perhaps

algebraically complicated) to generalise this result to other compartmental models such as SEIR

(Susceptible-Exposed-Infected-Recovered) and even those modelling vector-transmitted diseases.

The authors also expect that Theorem 8.1 will hold for general models where the e�ect of vaccina-

tion is eternal. The essential points in the proof of Theorem 8.1 are that vaccinating the small group

does not a�ect the overall vaccination program (to leading order) and that it does have an O(1) e�ect

on the objective function. Both of these should still hold in a wide range of models, although it may

be di�cult to de�ne the meaning of \very small group" and \very vulnerable group" - particularly in

more complicated settings such as individual-based models.

This work could be extended by deriving more principles for extreme parameter values and investi-

gating whether they generalise to realistic model parameters. By combining the existing results in this

paper and others such as [485] with potential new ones, one could create an algorithm that creates

good heuristics of optimal vaccination policies that could be used as starting points for accurately

approximating the optimal policy for a general parameter set. This could have signi�cant implications

for the design of vaccination policies, as it would enable the optimisation problem to be estimated

for very complex models, as the time taken to converge to an optimal solution would signi�cantly

decrease given good initial heuristics.

8.5 Conclusion

The results of this paper are summarised below:

ˆ If a su�ciently vulnerable, su�ciently small population exists in this multi-group SIR model, it

is optimal to vaccinate this group �rst.
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ˆ For small overall vaccination supplies, the optimal vaccination problem can be well approximated

by a simple knapsack problem.

ˆ This linearisation appears to be a good approximation even for relatively large vaccination

supplies (such as 10% of the population).

ˆ This linearisation shows that, in the case of uniform case fatality, it is not necessarily optimal

to vaccinate the most infectious group.
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Chapter 9: Summary and conclusions

9.1 Summary of main �ndings

9.1.1 Phylogenetics

Papers I-III detailed a range of novel phylogenetic methodology which has the potential to be of high

value to future research. The Phylo2Vec representation developed in Paper I has many advantages

compared to its contemporaries, such as the Newick format [496], including its natural ability to e�-

ciently sample trees and its easily-computable tree distance metric. It is a representation speci�cally

designed for optimisation and enables a range of optimisation procedures to be simply implemented,

including a hill-climbing algorithm that showed comparable performance to optimisation via SPR

moves. While this hill-climbing algorithm was substantially slower than contemporary algorithms, it

provides an important proof of concept, illustrating that the Phylo2Vec representation is a sensible

parameterisation of tree space that can allow for the development of more e�ective optimisation algo-

rithms. With the help of the open-source software package that was made available with this paper,

we hope that future researchers can exploit this representation to develop such methods.

A complicating factor in the Phylo2Vec construction is its label-asymmetry, where the labels as-

signed to the di�erent taxa can have a substantial e�ect on the optimisation procedure. In particular,

since changingvi has the most direct e�ect on node i , the condition vi 2 f 0; :::; 2(i � 1)g means that

there are fewer ways of directly a�ecting the position of i when i is small. Thus, implementing the

most simple optimisation procedure, where the labels assigned to each taxon remain �xed, may lead

to ine�ective optimisation if nodes with low labels are initially in the wrong position in the tree. We

address this limitation in Paper I by using a \shu�ing" algorithm which changes the labels assigned

to each node, allowing our optimisation algorithm to converge to the correct tree. However, it is

important to consider this property when designing new algorithms.

Building on Phylo2Vec, GradME, developed in Paper II, represents a novel method of tree optimisa-

tion. By recasting the balanced minimum evolution optimisation problem into a continuous space (for

each subset of ordered trees), it is able to make use of the plethora of tools that have been developed

to optimise di�erentiable objective functions. It showed good performance in comparison to FastME,
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�nding a better tree in two of the eleven main test cases and recovering a substantially more accurate

tree on the jawed vertebrate dataset. Moreover, its ability to directly consider rooting trees, using our

novel theory of rooted balanced minimum evolution, showed promise, outperforming midpoint rooting

on a Eutherian Mammal phylogeny.

Despite its success, there are some limitations to GradME. While the majority of the optimisation

process is continuous, GradME currently can only perform calculations within an ordered tree space.

This means that there is a necessarily discrete element to GradME, the Queue Shu�e, to change the

ordering of the taxa labels. However, while this makes the optimisation procedure more complicated,

we have found the Queue Shu�e to be very e�ective, supported by our theoretical results, and so do

not see this as a major limitation.

More importantly, GradME su�ers from a high computational complexity in comparison to other

algorithms such as FastME. Thus, it could not be easily applied to large optimisation problems where

it is likely to have the most theoretical bene�t over FastME. However, by applying it to sections of a

large tree in turn, or by developing an algorithm which more e�ciently calculates only a part of the

gradient, we hope that it could be a useful tool for large trees. Moreover, the fact that it was able to

infer two small trees more accurately than FastME shows that there are cases where it can improve

the accuracy of optimisation while still terminating in a reasonable timeframe.

A �nal limitation of GradME is the fact that it only functions for a balanced minimum evolution

objective rather than for Felsenstein's likelihood. The more complicated mathematical structure of

this likelihood means that we have not been able to develop a similar algorithm (and, even if it were

possible, it is probable that the high computational cost of GradME would be even more pronounced

in this case). However, the work of Paper III in linking balanced minimum evolution to an approxi-

mate phylogenetic likelihood means that GradME could still be used for Bayesian inference through,

for example, Hamiltonian Markov Chain Monte Carlo (MCMC).

This link between these two di�erent optimisation paradigms, developed in Paper III, has impor-

tant consequences for phylogenetics. The derivation of the entropic likelihood, together with the

explanation of its correlation with Felsenstein's likelihood and the proof of its asymptotic equivalence

with the balanced minimum evolution objective function, is a substantial theoretical breakthrough.

This result demonstrates mathematically why these two objective functions have been shown to lead
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to similar trees so frequently when applied to large phylogenetic datasets.

Most importantly, the methodology presented in Paper III allows for a Bayesian application of distance-

based methodology. Comparing the results of MCMC using our entropic likelihood to FastME's boot-

strap provides the expected results, as the entropic likelihood's region of posterior support lies within

that of the bootstrap. Applying this likelihood to a dataset of 60 million sites and 363 taxa, something

which would be computationally infeasible with traditional likelihood methods, provided a sensible

tree reconstruction, closely aligning with previous studies of this dataset. With comparatively small

computational overhead costs, we believe that our methods could allow for a new era of phylogenomic

analysis, allowing the posteriors of a range of genome-scale datasets to be rapidly explored using our

single, simple-to-implement method.

Despite these advantages, the approximations inherent to the entropic likelihood mean that its per-

formance is not as high on datasets where Felsenstein's likelihood can also be used. These errors are

particularly pronounced if long branches are present in the dataset as their lengths are di�cult to

estimate when calculating the inter-taxa distance matrix. Moreover, distance-based methods lack the

ability to marginalise over missing sites in the data, meaning that the pairwise distances may not all

be calculated from the entire genome, with these gaps particularly prevalent if the taxa in question

have high evolutionary distances between them. Thus, the entropic likelihood is not a replacement for

Felsenstein's likelihood but instead a tool that can be used on much larger datasets to gain fast and

informative, though not completely accurate, insights.

Overall, the work in Papers I-III satis�ed both the aims of this thesis. By showing that balanced

minimum evolution can be applied to rooted trees and, more importantly, deriving a link between it

and Felsenstein's likelihood, they have advanced our theoretical understanding of this phylogenetic

paradigm. The algorithms developed in Papers II and III, supported by the new tree representation in

Paper I, provide exciting new directions for phylogenetics, presenting novel approaches for analysing

a range of datasets.

9.1.2 Epidemic variance

Paper IV provided a robust mathematical foundation for understanding the behaviour of a range of

commonly-used branching processes in epidemiology. Many of these models are special cases of the

Crump-Mode-Jagers process considered in this paper and so equivalent results can be easily found
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by substituting the appropriate functions into the formulae presented in this work. While the main

text of the paper focused on the variance of epidemics in continuous time, the supplementary material

provided a range of additional results, including a variety on discrete epidemics, which broadens the

potential utility of this paper.

Starting from a renewal equation for the probability generating function, which could be used to

derive a wide range of other results, Paper IV explored the resultant renewal equation for the variance

of prevalence. It was possible to decompose this equation to identify the contribution of di�erent parts

of the model to uncertainty, something which would be extremely di�cult to do accurately through

simulation alone. This decomposition allows for an assessment of the impact of di�erent modelling

choices and perhaps even the impact of interventions on the stochastic behaviour of the epidemic

as well as simply its mean. Moreover, the linearity of this renewal equation means that it can be

e�ciently solved and so the uncertainty can be quickly evaluated for a wide range of scenarios. The

paper also included an equation for the prevalence variance when forecasts are made midway through

an epidemic, providing another useful tool for epidemiologists.

A key theoretical result from this paper was that, in all realistic scenarios, the prevalence was overdis-

persed, even without overdispersion in the number of infections from a given individual. This highlights

the importance of understanding and including this intrinsic variance in the behaviour of epidemics,

particularly since this dominated the epistemic uncertainty from the estimation of the model param-

eters in the presented examples.

However, while these results are powerful, they are limited by the assumptions inherent to the Crump-

Mode-Jagers process. In particular, once a non-negligible proportion of the population has been in-

fected with a disease, the reproduction number will begin to naturally decrease because of susceptible

depletion (as a proportion of each infected person's contacts will be immune to the disease). As well

as its obvious impact on the mean prevalence, this phenomenon will also have an e�ect on the un-

certainty (as a trivial example, the number of people who can be infected is bounded above by the

population size - a condition which cannot be included within the Crump-Mode-Jagers framework).

Thus, care must be taken when applying these models during large epidemics, particularly when mak-

ing long-term forecasts where this dependence between epidemic trajectory and parameter behaviour

is especially important.
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Overall, this section of the thesis clearly satis�ed the aim of contributing to our mathematical under-

standing of branching process models, providing formulae describing key quantities and categorizing

their constituent parts to aid in their interpretation. These results also allow for e�cient calculations

of variance in real-world situations, and we hope that the code we provided alongside Paper IV will

help future researchers make use of this theory.

9.1.3 Optimal vaccination

Papers V and VI derived a range of results describing the behaviour of the optimal vaccination policy

at di�erent values of the model parameters. The main result of Paper V (broadly, that vaccinating

more people or vaccinating people earlier will not increase the number of infections or deaths from

a disease) is deeply intuitive. Indeed, this result has been assumed, either explicitly or implicitly,

both throughout a range of papers in the literature and by policy-makers around the world. However,

while this means that there are no immediate real-world implications from Paper V, it is important

that assumptions such as this are rigorously tested, particularly when the same models are used to

recommend vaccination policies. Were this result not to hold under such a model, then this could

either have serious implications for the model's reliability in providing sensible vaccination policies

or, more seriously, our understanding of epidemic behaviour under vaccination. As was shown by

considering the counter-intuitive behaviour of deaths at �nite times, models do not always behave in

the way one might expect them to, and so establishing this result for such a broadly-used type of

model is important, even though Paper V simply con�rmed our intuition.

A limitation of Paper V is that this result is currently restricted to multi-group SIR models. As

many contemporary modellers add in di�erent compartments, with an exposed compartment being a

particularly common choice, this paper will not apply directly to their models. However, this paper

provides an important �rst step towards a more general result that could apply to a much wider range

of models, as will be discussed in the \Future Work" section.

Paper VI examined the behaviour of the optimal vaccination policy under two di�erent cases of

\extreme" parameters. Firstly, it considered the case of a small, vulnerable subgroup within a popu-

lation. Such groups of clinically extremely vulnerable people have often been treated separately from

those of the same age group as was shown, for example, during the COVID-19 pandemic [497]. Paper

VI provided justi�cation for this approach, showing that a su�ciently small, su�ciently vulnerable

subgroup within a population will be fully vaccinated at any (�xed) non-zero time in the optimal vac-
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cination policy. Although the threshold for the optimality of vaccinating vulnerable subgroups �rst

depends on the exact disease in question, this general theoretical result, explored further in the paper

through simulation, means that the most clinically vulnerable people should be strongly considered

for early vaccination.

The second section of Paper VI considered the case of a small vaccination supply. In this scenario, it

derived an approximate solution to the optimal vaccination problem, which, for each group, approx-

imated the e�ect of assigning the small vaccine supply to them. This novel result allows the rapid

calculation of approximately optimal policies even when a reasonable proportion of the population

(such as the approximately 5% tested in the paper) can be vaccinated. Moreover, it could be used as

a computationally cheap heuristic in the creation of optimal policies when larger supplies of vaccine

are available.

However, while these both of these results provide theoretical insights with useful practical impli-

cations, there is currently no measure of the error of these approximations for a given set of parameter

values, with the theorems simply holding in their asymptotic limit. Thus, care must be used in

applying them to real-world scenarios, and it should be particularly emphasised that the range of

parameters for which they are good approximations will be a�ected by the properties of the disease

under consideration. However, they nevertheless provide useful starting points to approximate and

explain optimal vaccination policies.

The papers in this section make a clear novel contribution to our theoretical understanding of the

optimal vaccination problem. Alongside the main theorems, there is also a wide range of smaller

lemmas proved in the supplementary material which may be of use to future researchers looking to

develop similar results. The methodological applications of these papers are more limited than the

other papers in this thesis, with many of the results simply con�rming pre-existing assumptions about

disease behaviour, but the small-supply solution in Paper VI has the potential to be used practically

in future algorithms.

9.2 Future work

Many of the papers in this thesis provide a \�rst step" in a particular research direction, and therefore

there is much that could be done to extend and re�ne their results. Therefore, this section details

some future avenues of research, again separated into the three broad areas discussed in this thesis.
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Phylogenetics

A key limitation of balanced minimum evolution, the theory on which the results presented in this

section ultimately rely, is the reduction in the amount of information used to calculate the objective,

condensing millions or even billions of data points into a distance matrix often containing merely

thousands of entries. Of course, this is also the source of the e�ciency of the method presented in

Paper III, but it seems likely that a sensible middle ground between balanced minimum evolution and

exact likelihood methods could be found. This could be achieved by increasing the size of the reduced

dataset, perhaps toO(n3), where n is the number of taxa, rather than O(n2), while maintaining its

independence from the genome length. For example, it appears likely to the authors that somehow

recording the uncertainty in the distance estimates could be helpfully integrated into an objective

function. This may be particularly useful in datasets with large numbers of gaps to avoid overweight-

ing small, but commonly aligned, segments of the genome.

Another important area for future research would be attempting to understand the error distribution

when approximating Felsenstein's likelihood with the entropic likelihood. By treating the entropic

likelihood as a noisy approximation of Felsenstein's, one could then improve the accuracy of the re-

sultant samples. Accounting for this source of uncertainty would provide more realistic estimates

of the posterior distribution rather than the overcon�dent clustering around the balanced minimum

evolution optimum which can occur, particularly on smaller datasets.

Finally, increasing the e�ciency with which the gradient of the continuous objective introduced in

Paper II can be calculated would allow it to be used on datasets with larger numbers of taxa. Fol-

lowing the FastME method, a discrete \gradient" can be calculated in at worst O(n3) time, while

our continuous gradient requires O(n5) operations. Narrowing this gap is crucial in ensuring that

GradME, shown to provide more accurate results than FastME, can be used on these larger datasets

where it can provide meaningful biological insights.

Epidemic variance

Understanding the e�ect of susceptible depletion and other more complex phenomena such as waning

immunity on the variance of epidemics is crucial when presenting information and recommendations

to policy-makers after a substantial proportion of the population has already been infected. Achieving

this will require a di�erent approach to that used in Paper IV as the self-similarity property will no

longer hold. However, we believe that, at least in some simple cases, it should be possible to provide an
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analytic quanti�cation of the uncertainty. A good starting point would be to consider the asymptotic

behaviour, both in short and long timescales, and, building on this, to potentially consider the �nal

size of an epidemic.

There are also connections between the work in this chapter and the work that has been carried

out on phylogenetic trees. In particular, one could combine the Crump-Mode-Jagers model of dis-

ease transmission with our tree construction methods to attempt to estimate the connections between

di�erent recorded cases. Developing an objective function which depends both on the disease trans-

mission model and genetic data could be a powerful tool to supplement traditional contact-tracing

methods in estimating true transmission within a population. Combining the method of Papers III

and IV, it could also be possible to calculate credible intervals for this transmission, even when the

number of cases is reasonably large.

Optimal vaccination

As discussed in more detail in Paper V and Paper VI, it appears that most of the theorems presented

in these works should hold for a much wider range of disease transmission models. Developing results

that held for a much more general class of models would ensure that they were more widely applicable

without the need to repeat derivations for the multitude of di�erent model variations that are present

in the literature. By distilling the proofs of Papers V and VI into their key steps and recasting these

in a more general setting, the author believes that generalising these results would be possible, though

there would undoubtedly be complications that would require further mathematical insight.

Another area for development would be to consider the case of waning immunity. In this case, many

of the results proved in this thesis, such as the optimality of maximal-e�ort vaccination, would cease

to be true (as, for example, vaccinating a population long before the epidemic arrives would mean

that their immunity would have almost completely disappeared when infections begin to rise). How-

ever, understanding the optimal policy in these scenarios is still vital, as basing decisions on a model

without waning immunity may lead to unintended negative long-term consequences.

9.3 Conclusions

Like all branches of science, epidemiology is constantly evolving and, as illustrated by the previous

section, progress often brings with it a multitude of new questions. However, the techniques and

results developed in this thesis have provided some useful insights into a range of epidemiological
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areas, as summarised in the bullet points below.

ˆ Phylo2Vec, a simple integer-valued vector representation of phylogenetic tree space, imparts a

sensible topology on the space of trees and provides the 
exibility for developing a range of

methods for optimising tree objective functions (Papers I-III).

ˆ The balanced minimum evolution objective function may also be applied to rooted trees, which

can allow for more accurate inference (Paper II).

ˆ By transforming the balanced minimum evolution problem to an expectation maximisation prob-

lem over a continuous parameter space, gradient-based methodologies can outperform contem-

porary optimisation algorithms (Paper II).

ˆ Balanced minimum evolution can be interpreted as proportional to an approximate likelihood,

closely related to Felsenstein's likelihood, providing justi�cation for its usefulness on a range of

phylogenetic datasets (Paper III).

ˆ Using distance-based methodologies to perform Bayesian inference is e�cient and e�ective, al-

lowing insights to be derived on genome-scale data without a prohibitive computational cost

(Paper III).

ˆ Aleaotoric variance plays a crucial role in epidemic behaviour and can dominate the e�ects of

epistemic variance (Paper IV).

ˆ In a general Crump-Mode-Jagers branching process model, an explicit renewal equation for the

aleatoric prevalence variance can be derived (Paper IV).

ˆ In all realistic scenarios, the prevalence is always overdispersed, even without overdispersion of

the infections caused by an individual member of the population (Paper IV).

ˆ It is always optimal to vaccinate people as early as possible and as much as possible under the

considered multi-group SIR model of disease transmission (Paper V).

ˆ A su�ciently small, su�ciently vulnerable subgroup in a population should (in the asymptotic

limit) be vaccinated as quickly as possible to reduce the cost of an epidemic (Paper VI).

ˆ When the vaccine supply is small, one can derive a linear leading-order approximation to the op-

timal vaccination objective function that performs well in a realistic scenario with 5% vaccination

coverage (Paper VI).
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