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Abstract

In this thesis we investigate strongly-correlated stafesitoacold bosonic atoms in
rotating ring lattices and arrays of double-well poterstial

In the first part of the thesis, we study the tunneling dynanoicultracold bosons in
double-well potentials. In the non-interacting limit siegparticle transitions dominate,
while in the interaction-dominated regime correlated ®limyg of all particles prevails. At
intermediate times of the many-patrticle flopping procegsetated states occur, but the
timescales of these processes increase dramaticallylvethimber of particles. Using an
array of double-well potentials, a large number of such featicle superposition states
can be produced in parallel.

In the second part of the thesis, we study the effects ofiootain ultracold bosons
confined to one-dimensional ring lattices. We find that at m@msurate filling there
exists a critical rotation frequency, at which the grouratesof the weakly-interacting gas
is fragmented into a macroscopic superposition of diffecerasi-momentum states. We
demonstrate that the generation of such superpositioessteting slightly non-uniform
ring lattices has several practical advantages. Moreavershow that different quasi-
momentum states can be distinguished in time-of-flight giigm imaging and propose
to probe correlations via the many-body oscillations iretliby a sudden change in the
rotation frequency. Finally, we compare these macrosceyperposition states to those
occurring in superconducting quantum interference device

In the third part of the thesis, we demonstrate the creatfoentangled states with
ultracold bosonic atoms by dynamical manipulation of thepghof the lattice potential.
To this end, we consider an optical superlattice that alloath the splitting of each
site into a double-well potential and the variation of theéghe of the potential barrier
between the sites. We show how to use this array of doublepeédntials to perform
entangling operations between neighboring qubits encodettie Zeeman levels of the
atoms. As one possible application, we present a methodbtirey a resource state for
measurement-based quantum computation via Bell-pair uneaents.

In the final part of the thesis, we study ultracold bosons omadimensional square
lattice in the presence of an effective magnetic field andtpmit a couple of features this
system has in common with ultracold bosons in one-dimems$i@tating ring lattices.
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Chapter 1

From weakly-interacting superfluids to
strongly-correlated systems

Advances in cooling techniques for magnetically or opticélapped atoms over the
last few decades have paved the way for the observation oé-Bosstein condensa-
tion [1, 2, 3] and Fermi degeneracy [4, 5, 6] in ultracold tBlgases. These develop-
ments have opened up a new and exciting field of atomic, mialeand optical physics,
where interacting many-patrticle systems can be probed amilmlated in space and time

within an exceptionally clean environment.

The first generation of experiments with ultracold atomisegafocused on the co-
herence properties of these weakly-interacting supedlugbme of the most important
examples are the observation of interference between tedapping condensates [7], of
long-range phase coherence [8], and of quantized vorticévartex lattices [9, 10]. All
of these phenomena can be explained by introducing a sedaalcroscopic wave func-
tion or order parameter, which reduces the full many-boapfem to a non-linear single-
particle problem governed by the Gross-Pitaevskii equdio bosons or the Ginzburg-
Landau theory for fermions. Beyond these mean-field appesaveak interactions can
be included in Bogoliubov theory describing the interagtmany-body system in terms
of weakly-interacting quasi-particles. This regime hasrbthe topic of a number of re-

view articles and textbooks such as [11, 12, 13, 14].
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More recently, two developments have given the relativelyng field of ultracold
atomic gases a new direction and have attracted much attealso among physicists
with a background in condensed matter physics, nucleaighgad quantum information
science. These are the ability to tune the interaction gthebetween the particles by
means of so-callefeshbach resonancg$5, 16] and the possibility to load ultracold

quantum gases intaptical lattices[17].

These two techniques, together or by themselves, have naubessible to realize
quantum liquids in the strongly-interacting regime, whtre interaction energy of the
particles dominates over their kinetic energies. The twetpopular phenomena in this
context are thesuperfluid to Mott insulator transitionf bosonic atoms in an optical lat-
tice [18, 17] and the crossover between Bardeen-Coopeaieden superfluidity of atom
pairs and Bose-Einstein condensation of diatomic moled@EC-BCS crossovirstud-
ied in fermionic atoms close to a Feshbach resonance [1212®2]. A review [23] of

these experiments and the relevant theory has just appieetiesl literature.

These experiments have successfully demonstrated lorgyete times as well as
a high degree of control over the experimental parametbmsying that the engineering
of model Hamiltonians for various purposes should be ptssibhere are at least three

different goals for the research on strong correlationdtimcold atomic gases:

e Generation of macroscopic superposition statéacroscopic superposition states
or Schrodinger cat states are one class of strongly-aiaelstates crucial in ex-
amining the foundations of quantum mechanics. The ovagidisue is, of course,
whether there is a mesoscopic scale at which the laws of qoamtechanics break

down, in other words the nature of the quantum-to-classiaakition [24].

e Quantum simulation of many-body systeriiie experiments on the Mott tran-

sition and the BEC-BCS crossover have established ululagohntum gases as
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model systems for condensed matter problems. It is belithetdsome open ques-
tions about the properties of the phase diagram or the naiagum dynamics of

quantum many-body systems can be addressed using ultgaséd as “quantum
simulators”, programmable quantum systems which simultter less accessible

or less controllable quantum systems [25].

e Quantum information processing/ltracold atoms seem to be ideal candidates for
future quantum technologies which directly exploit the $amf quantum mechan-
ics for applications such as quantum computation, quantomneunication and
Heisenberg-limited precision measurements. The stronglations between the
particles are in this case a useful resource which enablex@wnential speed up
of some computational problems [26] and allows for inteyfeetry with phase es-

timation beyond the standard quantum limit [27].

In this thesis we study strongly-correlated states of attié bosonic atoms in opti-
cal lattices. We consider lattice geometries such as ngatng lattices and arrays of
double-well potentials which are within the reach of cutrerperiments. The unifying
notion is that strong correlations occur when the intecacéinergy of the particles domi-
nates over their kinetic energies. The theoretical deBoripf these systems is challeng-
ing, because, on the one hand, they cannot be reduced tonsysteveakly-interacting
quasi-particles, and, on the other hand, the Hilbert spatieedfull many-body problem
increases exponentially with increasing number of paticFor this reason we will make
frequent use of exact diagonalization for small systemssirel derive effective Hamilto-

nians in order to gain more insight into the occurring quamtwrrelations.

In Chapter 2 we show that ultracold bosonic atoms in deegaldattices can be de-
scribed using the Bose-Hubbard model and discuss some ofdeeimportant properties

of the superfluid and Mott insulating phases. In a typicalegxpent the latter regime is
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reached by increasing the lattice depth at commensuratgfio that the kinetic energy
becomes comparable to the on-site interaction energy. €adyndegenerate many-body
configurations are then strongly mixed by the on-site irtiéoa matrix elements and re-

sult in the strongly-correlated Mott insulating groundtsta

In Chapter 3 we study the tunneling dynamics of ultracoldingsn double-well po-
tentials. The strong correlations in the Mott insulatinginee dramatically affect the
non-equilibrium dynamics of the particles. In the non-iatging limit single-particle
transitions dominate, while in the interaction-dominategime correlated tunneling pre-
vails. At intermediate times of the many-particle floppinggess correlated states are
formed. This is related to the occurrence of macroscopiesgsition states in rotating
ring lattices and of superexchange interactions in opsogkerlattices to be discussed in

Chapter 4 and Chapter 6, respectively.

In Chapter 4 we study the effect of rotation on ultracold b@sim one-dimensional
ring lattices. We show that there exists a critical rotafiaguency, at which the single-
particle spectrum is degenerate and the weakly-interggtiound state becomes a macro-
scopic superposition of different quasi-momentum statésextend our discussion to the
case of a ring superlattice which has several practicalrdges. Finally, we show that
different quasi-momentum states can be distinguishedne-bf-flight absorption imag-
ing and propose to probe correlations via the many-bodylasons induced by a sudden

change in the rotation frequency.

In Chapter 5 we study macroscopic superposition statesupestlin flux qubit de-
vices. We start by deriving the effective action of theseifiaral” quantum devices in the
limit of low temperatures and small frequencies. We find thetmagnetic flux thread-
ing the superconducting ring is the only essential variadilece fluctuations in all other

macroscopic variables are strongly suppressed due to #rgyegap in the charged su-
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perconductor. We show that macroscopic superpositiorestedn be achieved in the
macroscopic quantum coherence regime, where the tunrigdimigr of the adiabatic po-
tential is small even for a large number of Cooper pairs. Iginawe compare the two
different mechanisms leading to macroscopic superposgiates: correlated tunneling

and tunneling in adiabatic potentials.

In Chapter 6 we consider ultracold bosons with two hyperfiages loaded into an
array of double-well potentials. Their tunneling dynamicghe interaction-dominated
regime is governed by so-called superexchange processegprasdent how to use them
in order to perform entangling operations between neiginigogubits encoded on the
Zeeman levels of the atoms and prepare robust entangled sthich remain unaffected
by collective decoherence. As one possible applicatiompresent a method of realizing

a resource state for measurement-based quantum compigiBgN-pair measurements.

In Chapter 7 we study ultracold bosons on a two-dimensiogahie lattice in the
presence of an effective magnetic field and point out a coapleatures this system
has in common with ultracold bosons in rotating ring latsieee discussed in Chapter 4.
Starting from the degenerate single-particle spectrunwknas the Hofstadter butterfly,
we find that interactions lift the huge degeneracy of the mb@racting system apart from
topological degeneracies. Parallel to our previous wokkgerive an effective many-body
Hamiltonian and show that a weak random potential can leagtdond-state splittings

which decrease exponentially with increasing number diigias.

In Chapter 8 we conclude the thesis with a brief summary oféisearch it contains

and give a view of possible directions for future work.

Publications. Parts of this thesis have been published in peer-reviewethgds.
Chapter 4 is based on Refs. [28, 29] and Chapter 6 is publiahd®ef. [30]. During

my time at Oxford, | also worked on Ref. [31] which is not ind&d in this thesis.



Chapter 2

Ultracold bosons in optical lattices

In this chapter, we show when ultracold bosonic atoms incaptattices can be described
using the Bose-Hubbard model [32]. We first discuss the lsysics of optical potentials

and of a single particle in a periodic potential. We thenethe Bose-Hubbard model
as the microscopic description of ultracold bosons in gpliattices [18] and discuss some
of the most important properties of the superfluid and Mattlating phases. Finally, we
describe how they can be probed in experiments with ultchatdmic gases.

2.1 Optical potentials

To understand the physical origin of the confinement of codons with laser light, we
consider a two-level atom interacting with an off-resoragttt field. The Hamiltonian for
atwo-level atomn the absence of radiation may be written in the fdf = Fwy le)XE,
where we have set the energy of the ground state® zero andv, denotes the transition

frequency between the ground stigjeto the excited state).

In thedipole approximationthe effect of a classical light field(x, t) = Eq(X) cosw, t
with frequencyw_ and field amplitudeEy(x) on a two-level atom is described by the
HamiltonianH, = —d - E = #Qg(X) (le)(g| cosw, t + h.c.) whereQg(x) = (eld - Eo(X)|g)/%
is the Rabi frequency amdi = ex the atomic dipole moment. This approximation is valid

as long as the wavelength of the light is large compared tsitteeof the atom.

Going into a frame rotating at the laser frequengyand neglecting rapidly oscillating
terms at frequency, + wq (rotating wave approximationwe obtain the Hamiltonian

H = Ho + Hi = hi(wo — wi) leXd + 7Qr/2 (le)(gl + h.c) = h( Qf/z Q%/ ? ) (2.1)
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where we introduced the detuning parametes wo — w, .

In the limit of large detuning\ > Qg, we can eliminate the excited sta& using
second-order perturbation theory. It predicts that thegnef the ground stat@) is
simply shifted byEg(x) = %. This is the so-calledc-Stark shifivhich is proportional
to the intensity of the laser ligh{x) = |[E¢(x)> and the polarizability of the atowma(w) =

Keidig)l*

wWo—w

, taken at the laser frequenay= w,. For red-detuned light, i.&\ < 0 orw, < wy,
the atoms are attracted to the anti-nodes of the light fieldresthe electric field intensity
[(x) is maximal. For blue-detuned light, i.&.> 0 or w_ > wy, the atoms are attracted to

the nodes of the light field where the electric field intens{tg) is minimal.

To generate a one-dimensional optical lattice one intesféwo counter-propagating
laser beams of equal beam parameters and polarizatioryetgflecting one beam back
into itself. They will form astanding wave pattern () = Vo sir? k_x with lattice depth
Vo = 4Eq, wave vectok, = 27/1. = w_/c, and lattice constard = A, /2. One way
to construct optical lattices in higher dimensions is by bormg one-dimensional lat-
tices. With different polarizations or slightly detunedduencies along the different axis,

interference terms average out and a three-dimensionalsdattice is obtained

V(X.Y.2) = Vo (sir? kux + sirP kuy + sirP k.z). (2.2)

So far, we have neglected the possibility of spontaneoussan from the excited
statele) which introduces dissipative scattering processes, kegabsorption of an off-
resonant photon followed by spontaneous emission intoabawm. The effective decay
ratel'e can be estimated by the product of the decay Fatter the excited statge) and
the probability of an atom occupying the excited sfaje Assuming that the atom is in
the motional ground state of a single potential well (seentwanic approximation below),
one obtains for red-detuned latticEss = VoI'/A|A| [33]. Let us take the example of

an optical lattice produced by a red-detuned laser with= 852nm driving the §, —
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Ps/, transition in®’Rb atly = 795nm with the linewidti™ = 27 x 6MHz. The recoil
energy is in this casBg = 27 x 3.1kHz which gives a detuning ¢fA = —8.0 x 10°Er.
For a lattice depth/y = 25ER the effective spontaneous emission raté&'dg = 0.2 x
10-2s7* which corresponds to a timescale on the order of minutes [88the experiments
with ultracold atoms in optical lattices usually take plawetimescales of up to a few
seconds, spontaneous emission can be neglected for apapgahoice for the detuning

parameten. In the following, we will assume that all optical potensi@re conservative.

2.2 Band structure

Let us now consider the states of atoms in an optical latttergial. Neglecting at first
the interaction between the particles we have to solve tkiibdek problem of a single
particle subject to a periodic potentM(x). The single-particle Hamiltonian has the form

H = p? + V(X), with V(X) = V(x + @), anda is the lattice constant.

Bloch’s theorem tells us we can write the wave function infthven y/(x) = €%uq(X),
with uy(X) = ug(x + @), and where is the so-called quasi-momentum. Using the Fourier
decomposition ofiy(X), i.e. uy(X) = VLZ ) Uy of the periodic functiorug(x) with

G, = 2nl/aandl integer, we obtain the so-called central equation
hZ 2.4
o7 (@+ Gy + D ViU = Ed,, (2.3)
m

whereV, = «/% fde(x) e®X are the Fourier components of the potentigk) and M

is the mass of the atoms.

ei2k>< e—i2kx

Using the identity sifikx = % + %5~ + =2—, we obtain the band structure from the

following tridiagonal matrices(Hq)II = Er(¥+ 2I)2 + and(Hq)Im = % for|l—ml =1,
with the recoil energyEr = 7%k?/2M = h?r?/2Ma?. For a lattice withL sites, we solve

Eq. (2.3) for each of the quasi-momen@r € {-1+2/L,-1+2(2/L),..., 1} separately.
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Fig. 2.1: Band structure fo¥y/Er = {0, 5, 10} (from left to right). The top row shows the
five lowest bands, the lower one a zoomed in plot of the lowastlb

In Fig. 2.1 we plot the five lowest energy bands for latticettlelyy/Er = {0, 5, 10}.
ForV, = 0 we recover the dispersion of a free partiBlg Er = (qa/x)?, while for a finite
lattice depthVy a band gap opens at the zone boundgry- +7. With increasing lattice
depthV, the band width decreases. In Fig. 2.1 we also show a zoomeldtiriop the
lowest energy band which evolves from a parabolic form inahsence of a lattice to a

cosine form in the deep lattice limit.

In treating the effects of local interactions it will be camient to choose single-
particle wave functions which are localized in position@paFor each Bloch band with
band indexh we, therefore, construct the set of Wannier functienéx — x;) which are

centered at the positions of the lattice sixgs

Wn(X - X;) = % fB _dae (s, (2.4)
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Fig. 2.2: Maximally-localized Wannier functions [34, 35] of the logtebandwy(x) for
Vo/Er = 1 (dash-dotted) an®ly/Er = 10 (solid), both on a linear (left) and a
logarithmic (right) scale. [Help by Dr Stephen R. Clark ikaowledged.]

In this expression, the integral is taken over the first Bulh zone-1 < qa/r < 1
andy{(x) = €Pu(x) = e¥— 3}, Uy, €% is the Bloch wave function. In Fig. 2.2 we
show the maximally-localized Wannier functions [34, 35]thé lowest bandvy(x) for

Vo/Er = 1 andVy/Egr = 10, both on a linear and a logarithmic scale.

2.3 The Bose-Hubbard model

At ultracold temperatures the two-body interaction betw#ee particles can be approxi-
mated by the pseudopotentidl,qy(X, X’) < asd(x — X’) whereas is thes-wave scattering
length. The many-body Hamiltonian for bosonic atoms wité tiptical potentiaV(x)
and the two-body interaction potentMiy.qy(X, X") can be written in the form

H = f dx®'(x) [—%thm] é)(x)+%'4";sh2 f dx® () D' (X)D(X)D(X), (2.5)

where ®(x)" and ®(x) are bosonic creation and annihilation field operatorssiatig
the canonical commutation relation$d(x), ®'(x')| = 6(x — x) and [D(x), d(x)| =
|®'(x), &' (x')| = 0.
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If the optical lattice is sufficiently deep, i.e. the band @apween the different Bloch
bands is large compared to the interaction energy, we carm thasingle-band approx-
imationand neglect the coupling between different bands. Expantiia field operators
in the set of Wannier functions of the first badgx) = 2. Wo(X — X;) &; and substituting
this expression into the many-body Hamiltonian we obtain

H = Z J;aa + % % alalaa. (2.6)
1] 1

In this expression, we defined the tunneling matrix elements
" oo a j0-(-x))
Jj = | dxwp(x = xi) | =502 V2 + V(X) [ wo(x = x) = o . dgé E, (2.7

and the interaction matrix elements

4ragh?

Uija = M

fdx Wo(X — Xi) "Wo(X = Xj) " Wo(X — Xk)Wo(X — X)). (2.8)

In Fig. 2.3 we plot the tunneling matrix elemeidts, Jo, andJys, as well as the interaction
matrix elementsJgooo, Uooor and Ugips, @s a function of the lattice depWy. For deep

latticesVy > 5ER the tunneling matrix elements between nearest neighygrand the

on-site interaction energyqgoo are the dominant terms.

In thetight-binding approximatioywe keep only these terms, i.e. the nearest-neighbor
tunnelingd = —-Jy; > 0 and the on-site interactiod = Ugg and hence obtain the

Hamiltonian of the Bose-Hubbard model
H=-J E (éfé- + H.c.) + — E Ai(h; — 1). (2.9)
] 2 J J\MY

For sufficiently deep lattices the Wannier functiag(x) has a spatial extent smaller
than the lattice constarat and can be approximated by the ground-state wavefunction
of a single potential well. Expanding the lattice potentigk) around this minimum to

second order, we obtain the so-called harmonic approxémath(x) = Mw? x?/2 with
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JE,

0 50 0 50

Fig. 2.3: (Left) Tunneling matrix elementglyy| (solid), |Jo2| (dashed) andJys (dash-
dotted) as well as interaction matrix elemettgqo (solid) with its harmonic ap-
proximationU ) (dotted),Uqeo; (dashed) ando;o; (dashed-dotted) as a func-
tion of the lattice deptVy. (Right) Parameters of Bose-Hubbard model. [Help
by Dr Stephen R. Clark is acknowledged.]

fiwne = 2VVoEr. The ground-state wave function is thig,(x) = (\/Eaho)_l/z /28,

with the harmonic oscillator lengtd,, = Vi/Mwn,. In this approximation we obtain

Ut _ ygrds (Vo e 2.10
0000 — ”E E_R R (2.10)

for the on-site interaction energy.

From the exact width of the lowest band (via the 1D Mathieuagign) we obtain

3/4
J= % (\E/—Z) expl—z\/\E/:Zl Er (2.11)

for the nearest-neighbor tunneling matrix eleméiisee e.g. [36]).

One of the most important features of the realization of tbeeBHubbard model in a
ultracold atomic system is that the ratio between the tungehatrix elementl and the

on-site interaction energy can be tuned over a wide range by varying the lattice depth

U dg Vo
3% explz, /E—Rl (2.12)

From this expression, we see that the optical lattice affelgtenhances the effects of the
interactions between the particles and thus opens thelplitysio study the physics of

strongly-correlated systems with weakly-interactingitélgases.
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2.4 Quantum phase transition from a superfluid to a
Mott insulator

At integer filling, i.e. if the number of atomhl is commensurate with the number of
lattice sited., the Bose-Hubbard model predicts a quantum phase tram§&j. When
the ratio between the on-site interaction enelgyo the tunneling matrix elemern is
increased beyond a certain critical vallg/ ()., the ground-state wave function changes

from a superfluid to a Mott insulating phase [32].

In the limit of small on-site interaction¥ > U, the system is in theuperfluid phase
The superfluid wave function, for which the kinetic energynmimized by delocalizing
the atoms over the entire lattice, has the form

L

N
Z al ] vao. (2.13)

=1

|¥'sp) o

In the thermodynamic limit, wherl, L — oo with N/L fixed, the atoms on each site are
in a coherent statgpy; = e'#il/2 3= % Iny; where|n); is the Fock state witim atoms
on sitej andy; = (&) is the superfluid order parameter. It has a poissonian atonbeu
distribution P(n) = n"e™"/n! with the mean particle number = N/L. The superfluid
momentum distribution can be detected using the peaks imlitfraction pattern after
time-of-flight expansion [17, 38], whereas the atom numbsiridution can be probed

via spin changing collisions [39].

Weak interactions between the atoms lead to quantum deplefithe condensate,
i.e. a finite fraction of the particles are pushed imtoz 0 momentum modes even at
zero temperature. This effect can easily be includeBagoliubov theory40, 41, 42].
First, one has to solve the set of coupled non-linear Schg@d (i.e. Gross-Pitaevskii)

equations

ihath = —J(Zj_l + Zj+1) + U|ZJ‘|ZZJ'.
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In the case of a homogeneous lattice the uniform argatz Vne /" with the number
densityn = N/L leads to a chemical potential= nU — 2J. Next, one linearizes the
equation of motion

ihatéj = —J(éj_l + éj+1) + Uﬁjéj

by substitutingg] — (z; + 5 ;)e /" and keeping operators up to second order. We obtain
o) = (20U — )d; — I(Bj-1 + 6j41) + NUS].
Decomposing the quasi-particle operators into Fourier@sod
5= " (U=, — v Rz
VLG

the equations for the quasi-particle amplitudes and fregies are

Il
o

[nU + 4J sirf (q_za) - hwq] Ug + NUV_q

I
©

U, + [nU +43 Sinz(q—;)+ha)q] Vg (2.14)

Their solution is given by

€q + NU + hwg

2 _ 2 _
Ugl® = Ivgl+1= Do,
hiwg = +/€leq +2nU) (2.15)

wheree; = 4Jsir’(qa/2) is the single-particle energy spectrum. We recognizenttie:
known linear phonon-like dispersien, o< g at small wave vectorg, < 2nU and the free-
particle-like dispersiong ~ ¢, at large wave vectors, > 2nU. Using the decomposition

b = =3 e”ki/L&l, the many-body wave function reads

[Waogo) = | | (u + by bobo) [¥se). (2.16)
k#0

We see that pairs of particles with opposite momentum argezkout of the condensate,

so that the number of particles in the condensate is redaaed ¥, .o Ng = N— X q.0 Vgl



Chapter 2. Ultracold bosons in optical lattices 15

As the ratioU/J is increased, the quantum depletion increases. The Bdumiapprox-
imation eventually breaks down when the fluctuations in thmber of particles in the

condensate cannot be neglected.

In the limit of strong on-site interactions <« U, the system is in thiott insulating
phase In this regime the atoms minimize the on-site interactigridzalizing in lattice

sites. It produces Fock states with zero number fluctuations
L N/L
W) o | | (&))" vao. (2.17)
j=1

In contrast to the gapless superfluid state, the Mott insukets an excitation gdp which
can be probed by Bragg spectroscopy [43]. This also leadwetinedding cake” density

profile in the presence of the harmonic trapping potentid) #5].

Weak tunneling can be included by perturbation theorythe.so-calledstrong cou-
pling expansior46, 47, 48]. In first order the ground-state wave functiogiien by
& J S 4
WD) = W) + = > 8T8 P ). (2.18)
U G0
It has an admixture of adjacent particle-hole excitatioAs.the ratioJ/U is increased,
higher orders of the tunneling term become important, sbtti@particle-hole pairs can

separate further across the lattice.

The ground-state phase diagram can be obtained most easity thheGutzwiller or
mean-field decoupling ansg#0]. By substitutinga’a; — (&")a; + &'(a;) — (&/)(&;) or

equivalently using the following mean-field ansatz

J

Wow) = [ |10} with [@); =" falny, (2.19)
n=0
the Bose-Hubbard Hamiltonian factorizes into a sum of grgile Hamiltonians

HEW = Z HEY with HEY = %ﬁ,-(ﬁ,- — 1) - uh; - zX& +&))¢ + J¢?, (2.20)
j
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where¢ = (§;) is the superfluid order parameter= 2d the number of nearest neigh-
bors in ad-dimensional square lattice, apdthe chemical potential of the system in
the grand-canonical ensemble. The single-site problemasgyesolved numerically or
approximately by second-order perturbation theory in tfedimgonal tunneling term
—z\](éiT + &;). The unperturbed problem has the ground-state eneffy= 0 forz < 0
andUn(n — 1) - zn if U(n — 1) < & < Un, wheren = N/L is the number of atoms per
site,; = u/J andU = U/J the normalized chemical potential and interaction enefipe
tunneling term only couples the unperturbed state wigharticles per site to states with
n-1 andn + 1 atoms, so we find the energy shift in second-order pertimb&ieory

GEEUNG s (n—-1amF n+1 s n
En_ErH.l En_En_l E—Un U(n_l)_ﬁ.

E® = (2.21)

Following Landau’s theory for second-order phase traosgj we write the ground-state
energy as an expansion in the order paramgtee. E,(¢) = ag(n, J,ﬁ) + ax(n, J,ﬁ)d;z +
O(¢*) with ag(n, U, 1) = E? anday(n, U, ) = E? + 1. We then determine the boundary

between the superfluid and Mott insulating phase by requiin, U, ) = 0, i.e.

(u/V). = :—ZL [2n-1- @YU) + V1-2(2n + 1)z U) + zJV)?|. (2.22)

We have given a plot of the phase diagram in Fig. 2.4. The tifh@Mott lobes, where
(u/U); = (u/U)_, is given by U/J). = z(2n+ 1 + +/(2n + 1)2 — 1) which gives U/J). ~

zx 5.83 for then = 1 insulator.

We note that the appearance of the strongly-correlated Mstilating state fits well
into the main theme of the thesis. By increasing the lattegtlol, the band width is re-
duced, so that the kinetic energy in the lowest band becooraparable to the interaction
energy. That means, all single-patrticle states in the lbermsrgy band become almost de-
generate and are therefore strongly mixed by the on-siéeantion matrix elements. The

Mott insulating state is then a superposition of the quagjetherate many-body states.



Chapter 2. Ultracold bosons in optical lattices 17

3
25m =3

2 ¢#0
1.5 =2

n/U 1
0.5>
0 n=~0 ‘ ‘
0 0.1 0.2 0.3

zJ /U

Fig. 2.4: Mean-field phase diagram of the Bose-Hubbard model (2.@dwy Eq. (2.22).

2.5 Probing the Bose-Hubbard model with ultracold
atoms in optical lattices

Let us now turn to the question how the properties of the Bdésbbard model and its

mean-field phases can be probed in experiments with ulttatoms in optical lattices.

The most popular detection method in ultracold atom expemtsisabsorption imag-
ing after time-of-flight expansidd9]. In this technique, all optical and magnetic poten-
tials are suddenly switched off and the atom cloud is alloteeexpand freely. After a
certain time-of-flightt an ordinary absorption image of the enlarged cloud is takien.
calculate its density distribution we expand the amplitaperatorA(x, t) in terms of the
initial wavepackets a8(x,t) = 3 i 4j ¢j(x, 1) whered; are the destruction operators for a
particle at lattice sitg ande;(x, t) = U(t) ¢j(x,t = 0) = U(t) wo(x — X;) with the Wannier
functionwy(x — X;) centered at lattice sitg¢ and the time evolution operatat(t). Ne-
glecting the effects of interactions during the expansi@nJ(t) = exp[—%%t], we can

calculate the wave function in the far-field and long-tirmaitiwithin the stationary-phase

approximation to bep;(x,t) ~ \[gv"vo(E) gkx) with k = mx/7t andwip(K) the Fourier
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transform of the Wannier functiow(r). The density distribution observed after some

time-of-flightt is then given by [50, 51]

2s(k _ ﬂ) (2.23)

~ R 3
n(x) = (A" (X)A(X)) = (m) it

nt

=

whereS(K) is the static structure factor and identical to the quasimantum distribution
S(k) = > € @aay) = (Bbo) = (). (2.24)
i

In the non-interacting limitJ = 0, where all particles have condensed into khe 0
quasi-momentum state, we ha@é,-) = No, so that the wave packets from the dif-
ferent lattice sites interfere coherently and lead to ddfron peaks in the time-of-flight
diffraction pattern. In the Mott insulating = O state, we haveéfép = ¢jj, SO that
we expect to see only the Fourier transform of the singlesive functionn(r). In
Fig. 2.5 we show the interference pattern observed aftez-tifrflight expansion in the
seminal experiment performed in Munich [17]. One clearlyognizes the transition from
the superfluid regime with its interference peaks to the Mwtilating regime where the

interference pattern is washed out.

One novel detection technique is the analysis ofrtbise correlationsn the absorp-
tion images after time-of-flight expansion. Proposed in. 2], it was used to detect
the density-density correlations after molecule disgomig53] and of a Mott insulating
state of bosons [54] as well as the anti-bunching of free i@msin a lattice [55]. It has

great promise in distinguishing many different phases oppsed phase diagrams.

Another new technique used to characterize the quantum statltracold atoms in
optical lattices are spin-changing collisions [56]. Wikleir help it has been possible to
measure the squeezing in taem number distributiof89] and then by additionally ap-
plying a spatially varying bias field the “wedding cal@gnsity profileof a Mott insulator

in a trapping potential [44].
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The images originally presented here cannot be made freely available via ORA for copyright
reasons. The images were sourced from: Greiner, M. et al. (2002). 'Quantum phase transition
from a superfluid to a Mott insulator in a gas of ultracold atoms', Nature, 415(6867), 39-44. DOI:
10.1038/415039a.

Fig. 2.5: Absorption images of multiple matter-wave interference patterns. These were
obtained after suddenly releasing the atoms from an optical lattice potential with
different potential depth¥, after a time-of-flight of 15 ms. Values &, were:

a.) OEg, b) 3 Eg, C) 7 ER, d) 10Eg, e) 13Eg, f) 14 ER, g) 16 Er and h) 20ER.
[Reprinted from Ref. [17].]

Apart from exploring the equilibrium ground-state phase diagram of the standard
Bose-Hubbard model ultracold atomic gases in optical lattices offer the possibility to ob-
servenon-equilibrium dynamicdue to their long coherence times. Quantum quenches,
i.e. sudden changes of the parameldd, lead to collapse and revival of the coherent
matter-wave field [57]. Following the proposal [58], state-dependent optical lattice po-
tentials [59] have been used to observe entanglement oscillations of 1D spin chains [60].

This involved the preparation of 1D cluster states [61] whose two-dimensional relatives

are a general resource state for quantum one-way computing [62].

Since single-site addressability is crucial to many of the promising applications such
as quantum simulation and quantum computing proposals, there have recently been major
efforts to extend the possibility to manipulate atoms in optical lattices more selectively via
optical superlattice$63, 64]. In first experiments it has allowed the observation of two-
atom correlated tunneling [65], the realization of so-callBWAP-gates [66], and the

control over spin-exchange interactions [67].


http://dx.doi.org/10.1038/415039a

Chapter 3

Correlated tunneling of ultracold bosons in
double-well potentials

In this chapter, we study the tunneling dynamics of ultrddebsons in double-well po-
tentials. In the non-interacting limit single-particleamsitions dominate, while in the
interaction-dominated regime correlated tunneling pisvaAt intermediate times of the
many-particle flopping process correlated states are foyrbat the tunneling times in-
crease dramatically with the number of particles. Usingaayaof double-well potentials,
a large number of few-particle superposition states carrbeuyeed in parallel.

3.1 Introduction

In the absence of interactions many-body systems reducsebaf single-particle ones,
where the atoms move independently of each other. Theisitugtianges drastically once

interactions become important: the particles affect edbkraand become correlated.

Double-well potentials are one of the simplest non-tritiaitice” configurations. Re-
cently, arrays of double-well potentials have been redlgperimentally [63, 64]. This
opens up novel possibilities for manipulating atoms in cgdtlattices. For instance, this
setup allows to explore the physics of double-well potésiiathe few-atom limit. Due
to the large number of identical double-well potentialdia array, a good signal-to-noise

ratio can be achieved despite the small number in each of.them

In this chapter, we study the tunneling dynamics of ultrddmbsons loaded into an
array of double-well potentials. Using the two-site BosgbHard model, we find two

qualitatively different dynamical regimes. In the noneracting limit the particles tunnel
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independently and single-particle Rabi oscillations duate the dynamics. In the op-
posite limit single-particle transitions are suppressgdhe interaction energy and slow
many-particle transitions occur. We obtain an analyticregpion for the many-particle
tunneling times using perturbation theory. The fact thatttmneling time increases dra-
matically with the number of particles puts severe limdas on the number of particles
that can be involved in these many-patrticle transitionsxgeamentally accessible time
scales. Using arrays of double-well potentials, it is polgsto study these few-particle

superposition states with good statistics.

After the completion of these notes, several theoreticaepmhave considered corre-
lated tunneling in symmetric or tilted double-well potetsi [68, 69, 70]. In the mean-
time, correlated tunneling has entered the stage of colu axperiments in the form of
repulsively bound pairs in an optical lattice [71]. More @aty, second-order tunneling
of atom pairs has been observed in an array of double-wedinpieis [65] and has how
been used to measure the atom number distribution in theflwigeo Mott insulator

transition [72].

3.2 Model

Assuming that tunneling between the double-well potesitiathe array can be neglected,
we concentrate on a single symmetric double-well potefitlat with N bosons. This

system can be described by the well-known two-mode Bosdskiubmodel
H=-J(aa+hc)+ % (AL(A — 1) + Ar(Pr — 1)), (3.1)

where g; is the annihilation anah,”= éféi the number operator for atoms on the left-
(i = L) and right-handi(= R) side of the double-well potential. The first term in Eqg. §3.1
describes tunneling between the two wells with tunnelingrixalement] and the second

the on-site interaction energdy.
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In the Fock state basis an arbitrary state can be describé@) by >, c.n, N — n),
wheren is the number of particles in state) andN —n in statelR). The Hamiltonian (3.1)
reduces to an+1)x (N +1) tridiagonal matrix which is easily diagonalized numalig.
The initial state is taken to big(t = 0)) = |0,N). Defining a dimensionless time =
Jt/(2rh), we obtain the quantum state at timnearoughly(t)) = expCiHt/A) [y (t = 0)).
We compute the atom number distributiBg(r) = [(n, N — njy(7))? = |ca(7)]?, the mean

number difference\n(r) = 3, nic,(r)|> — N/2 and its variance? = (An?) — (An)?.

3.3 Single-particle transitions

Let us first discuss the non-interacting cése- 0. In Fig. 3.1 we show the atom number
distributionP,(7) as well as the expectation values of the mean number diiteren and
its variancer? as a function of the dimensionless timfr N = 2 particles. The dynamics

are, of course, determined by single-particle transitioes the system evolves from the

~\N
8
oV 75 ) vac) to the

N . . . .
Fock statgN, 0y = \/% (éTL) [vac). The time scale for that process is the single-particle

« oy A N H 3
initial Fock statg0, Ny = — (&%)  Ivag via the coherent stater (aL

tunneling timer = 1.

We note that matrix elements of the Hamiltonian that deteentinat coupling, i.e.

(N + 1, Nk — 13 &gin., ng) = VL + 1y/ng (3.2)

represent a “Bose-enhanced” coupling. In the non-intergdimit the N single-particle
processes happen completely independently, so that timeltng time forN particles

is equal to the tunneling time of a single one In the second quantized formulation
the transition matrix elements are multiplied by a factoitted order of the number of
particlesN, but at the same timi particles have to be transferred, so that the time for an

N-particle Rabi oscillation is the same as for a single-phatoscillation.



Chapter 3. Correlated tunneling of ultracold bosons in double-well potentials 23

1
= 05
(a
0L
1
1,

o
o

A n, A(N%)—(A n)?
o

0 02 04 06 08 1
T

Fig. 3.1: Single-particle transitions(a) Atom number distributiorP,(r) and (b) mean
number difference\n (solid line) as well as its varianee? (dashed-dotted line)

in the non-interacting casé&(= 0 andN = 2).
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3.4 Many-particle transitions

In Fig. 3.2 we show the time dependence of the same obsesvablbefore, but now
for U/J = 10 andN = 2 particles. Instead of single-particle Rabi flopping, weeaie

correlated tunneling of alN particles in the double-well potential. At intermediatadés

. AN N . S
a cat-like state®2 2 = v%[(a{) + (&) ]Ivac> is formed, and the tunneling times

are much longer.

To explain these observations, we consider the zero-tumgnkiit J = 0 where the
Fock stategn, N — n) are the eigenstates with energy = %[N2 — N -2n(N — n)]. From
the level diagram shown in Fig. 3.3 we see that the initigles@ N) is degenerate with
the statgN, 0y, but detuned from all other intermediate states by the &tésn energy.
In the interaction-dominated regim#/J > 1 we can include tunneling perturbatively,
and the two statel®, N) and|N, 0) are coupled by &-th order tunneling process. They
hybridize to form the eigenstaté-"s%'\"0> with energy splittingAE. This leads to the

observed many-particle transitions with many-body tumgelime T = 217/ AE.

To calculate the energy splittingE in first non-vanishing order, we project the Hamil-

tonian (3.1) onto the subspace spanned|@yN), |N, 0)}

- 0 A
Hoxo :( Ay oN ) (3.3)
The coupling between the two degenerate many-particleg@tN) and|N, O) is
Ho1H12... Hno
AN 011112 N-1,N (34)

" (Eo-E1)(Eo-E2)...(Eo— En1)
with Hij,p = (i, N - iHji + LN-i—1)=-J V(@i + 1)(N = 1), and we thus obtain for the

energy splittingAE

J\W N
AE = 2Ay = 4U (—) N
N 2U) (N-1)!

We see that with increasing number of partidéshe energy splitting\E decreases and

(3.5)

thus the many-particle tunneling tiffeincreases dramatically.
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Fig. 3.2: Many-patrticle transitions.(a) Atom number distributiorP,(7) and (b) mean
number difference\n (solid line) as well as its varianee? (dashed-dotted line)

forU/J =10 andN = 2.
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J

Fig. 3.3: (Left) Correlated tunneling in a double-well potential gngdht) the energy level
diagram forN = 2 particles (right)

3.5 Conclusion

We have studied the tunneling dynamics of ultracold bosangouble-well potentials
and identified two different regimes: single-particle Rabgillations in the non-interact-
ing and correlated tunneling in the strongly-interactimgil. We found that the many-
particle tunneling time increases dramatically with thentwer of particles. For this reason
this scheme will be limited to few-particle superpositidastypical experimental time
scales. Using an array of double-well potentials, a largelmer of such few-particle

superposition states can be produced in parallel.



Chapter 4

Macroscopic superposition states in rotating
ring lattices

In this chapter, we investigate the effects of rotation draabld bosons confined to one-
dimensional ring lattices. We find that at commensuratengjlihere exists a critical rota-

tion frequency, at which the ground state of the weaklyrating gas is fragmented into

a macroscopic superposition of different quasi-momenttates. We demonstrate that the
generation of such superposition states using slightlyur@form ring lattices has several

practical advantages. Finally, we show that different goua@mentum states can be dis-
tinguished in time-of-flight absorption imaging and propde probe correlations via the

many-body oscillations induced by a sudden change in tlaioot frequency.

4.1 Introduction

Macroscopic superposition states, to which we will refethis thesis as (Schrodinger)
cat states, are one class of strongly-correlated stateshwids attracted much interest
since the early days of quantum theory [73]. Apart from faatiwhal questions [24] they
have been shown to enable precision measurements at thenHerg limit [74] and serve
as resources for various quantum information tasks [75jciEnt cat state production is

therefore an issue of theoretical and practical importance

Among theoretical proposals for creating cat states witlseBBinstein condensa-
tes [76, 77, 78, 79] one is to load ultracold bosons into nogating lattices [80, 81, 82].
In the first part of this chapter, we study the effects of iotabn the ground state prop-

erties of bosonic atoms confined to a one-dimensional rif [2or commensurate fill-

1 parts of this chapter were published as Refs. [28, 29]. Ifjdim¢ publication [28] | have written the
entire text apart from Sec. 4.6 which was contributed by DaAMuaria Rey.
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ing and weak interactions there is a critical rotation frexgey, at which the ground and
first excited states are the symmetric and anti-symmetperosition states of opposite
circulation. Their energy difference turns out to decreasggonentially with increasing

number of particles [82]. This makes it hard to observe tffisce even in systems with

small numbers of particles. In the second part of this chrapie point out several advan-
tages for a slightly non-uniform lattice setup [28]: the yyagap scales less severely with
the number of particles, the superposition states are &sstve to detunings away from
the critical rotation frequency compared to the uniforme;aand cat state production is
not limited to commensurate filling. In the third and final fpaf this chapter, we dis-

cuss how to probe cat-like correlations via many-body tsains induced by a sudden
change in the rotation frequency and show that differensgomeomentum states can be

distinguished in time-of-flight absorption images [28].

After this work was published in Refs. [28, 29], we becameravwa a related arti-
cle [83]. The authors study the quantum dynamics of a vortexBose gas with repulsive
interactions in an anisotropic, harmonic trap. They shaat the circulation of the vortex
can undergo periodic reversals by quantum tunneling. Witheiasing particle number

vortices become more stable and the period for reversalsases.

4.2 Ultracold bosons in rotating ring lattices

Optical ring lattices can be created with Laguerre-Gausti&) laser beams, as proposed
in Ref. [84] and realized in Ref. [85]. LG beams can be derifreth ordinary Gaussian
beams, e.g. by means of computer-generated phase holof&@msA LG, mode with
frequencyw, wave-vectok and amplituddsy propagating along theaxis can be written

in cylindrical coordinatesr( ¢, ) as

Ei (1. ¢, 2t) = EoA(r)e e (4.1)
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with A(r) = /&Ly, (fz) e and¢ = V2r/ro, wherer, is the waist of the beam and

L, are the Laguerre polynomials.

There are several possible experimental setups to realiagg ring (super)lattices:
The lattice modulation in the—y plane can be obtained by interfering either g Ib&am
with a co-propagating plane wa&e“2 or a LG, and a LG, beam with different
l-values. Examples of (dark and bright) ring lattice potalstare shown in Fig. 4.1. The
interferograms are periodic ipwith | andsl = |I; — I,| wells, respectively. Confinement
along thez-direction can be achieved either by reflecting the combipeaim back on
itself, which creates a series of disk shaped traps, or apieident 1D optical lattice po-
tential. By controlling the tunneling between the disks amaking it much smaller than
the corresponding tunneling within each ring, one can imat an array of effective
1D ring lattices. If a frequency shifiw is introduced between the two beams comprising
the ring lattice, it will start rotating at frequenéw. In case of retroflected beams it will
also start translating along tlzeaxis at a speedwA/(4n) [85]. Alternatively, the phase
twist along the ring can come about due to an external cyitailsymmetric magnetic
field [84]. Superlattices can be realized by superimposigihdependent rotating ring
lattices with different number of lattice sitég = 2L,. A conceptionally different ap-
proach to arbitrary 2D potentials are spatial light moduiatwhich have recently been

used for dynamical manipulation of BECs [87].

We consider a system & ultracold bosons with madg confined in a 1D ring lat-
tice of L sites with lattice constardt. The ring is rotated in its plane (about thaxis)
with angular velocityQ. By subtracting the rotation energjo; = fdx o'QL,d we go
into the rotating frame where the potenti&lx) is time-independent and the many-body

Hamiltonian is given by [88, 82]

AL A

5 R 4nii’a -
H = fdxepT [—mvz +V(X) + %@@-QLZ . (4.2)
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Fig. 4.1: (Upper left) One-dimensional ring lattice with = 4 sites and alternating tun-
neling matrix elementd andt. In the rotating frame an effective phase twist
is induced. The remaining figures show various ring lattiogeptialsV (r, ¢):
(a) from interfering one LG.g beam with a plane wavigy,e“'=< (upper right),
(b) bright ring lattice from interfering L4 and LG,-_4 (lower left) and (c)
dark ring lattice from interfering L&G.3 and LG,_;; with adjusted relative in-
tensities [85] (lower right).
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In this expressionas is the sswave scattering lengthy(x) the lattice potentiall:Z the
angular momentum anxithe 3D spatial coordinate vectoR(x)" and®(x) are bosonic
creation and annihilation field operators satisfying thearacal commutation relations:

| D). DF(x)] = 6(x - x’) and|D(x), D(x')| = [®7(x), D (x')| = 0

Assuming that the lattice potentisl(x) confines the motion along tteaxis and the
radial direction in thex — y plane so strongly that only the motion of the atoms along the
ring has to be taken into account and that the lattice is deepgh to restrict tunneling
between nearest-neighbor sites and that the band gap & than the rotational energy,
the bosonic field operatdr can be expanded in Wannier orbitals confined to the first band
O = 2 4Wi(x), whereW;(x) are the Wannier orbitals in the presence of rotationand ~
the bosonic annihilation operator of a particle at giteMe recall that the Hamiltonian
of a neutral particle in a frame rotating at frequerzyaround thez-axis,H = p2/2M —
QL,, is equivalent to the Hamiltonian of a charged particle in agmetic field along
the zaxis, H = (p — A)?/2M with the effective vector potentigdh(x) = MQ(Z X X).
That means, we can first calculate the Wannier orbitals ofstagonary latticew;(x)

and account for the effective vector potenttdk) via the gauge transformatioft; (x) =
exp[%i f):A(x’) : dx’] W, (x).
In terms of these quantities, the many-body Hamiltoniantmawritten, up to on-site

diagonal terms which we neglect for simplicity, as [88, 82]

L U L
=- > (3¢%,,a + H.c) §Zﬁ (A - (4.3)
=1

=1

In this expressionn;” = ’a}-aj is the number operator at sife 6 is the effective phase

twist between adjacent sites [89]= fx)i(”lA(x’) Sdx = MQhLdz, Jj is the hopping energy

between nearest-neighbor sifesndj + 1: J; = fdeJ?‘ [—%VZ + V(x)] Wi,1, andU the

on-site interaction energyd = 4”&"12 [ dx w4,
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Fig. 4.2: (Left) Single-particle spectrum fdr = 3 sites as a function of the phase twist
0. There is a single-particle level crossingéat= /L [80]. (Right) In the
caseN = L = 3 the interaction Hamiltoniahl; couples the degenerate states
3,0,0) = V—%(Bg)3|vac> and|0,3,0) = %(Bj)ﬂvac) via the intermediate state

11,1, 1) = bjbibjlvac [80]. Compare also to Fig. 3.3.

4.3 The uniform ring lattice

We start our discussion with the case of a uniform ring lattice.J; = J for all j. To
understand the effect of rotation on the atoms in the rirtickatwe write the many-body
Hamiltonian (4.3) in terms of the quasi-momentum operalgrs- % Y, ajezrait,
where Zq/dL is the quasi-momentum argd= 0,...,L — 1 an integer. In this basis the

Hamiltonian (4.3) has the form [80, 82]

L-1 L-1

. U o n

H= Hsp+ Hine = Z Eqb:;bq + Z Z bab;b|b[q+s—l] modL (44)
g=0 a.s!=0

whereE, = —2J cos(Zrq/L - ) are the single-particle energies, and the modulus is taken
because in collision processes the quasi-momentum is c@usep to an integer multiple

of the reciprocal lattice vectorZd, i.e. modulo Umklapp processes.

4.3.1 Macroscopic superposition states of different flow

Following Refs. [80] and [82], we show in Fig. 4.2 the singlarticle spectrum as a

function of the phase twist. In the absence of rotation, i.e.= 0, the state with zero
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quasi-momentung = 0) is the single-particle ground state. In the rotating systieen
ground state depends on the phase t@istVriting 6 = %m + AT9 with m an integer and
0 < A < 2r, the ground state is the quasi-momentum gtate m) for 0 < A9 < r and

|g=m+ 1) forr < A8 < 2n.

In the absence of interactioks = 0, the ground state of a bosonic many-body system
is the state with alN bosons occupying the lowest-energy single-particle ststteotation
frequencies corresponding to phase twists with= r, the ground state of the single-
particle Hamiltonianl—]sp is twice degenerate, i.&,, = En,1, SO that there is &N +
1-dimensional degenerate subspace atNkgarticle level. A convenient basis for this
subspace are the Fock staffesN — n) with 0 < n < N, wheren particles are in the quasi-
momentum statig = m) with energyE,, andN —n particles in the quasi-momentum state

|g = m+ 1) state with energ¥,,1, respectively.

For weak interactions, i.dJ < J, we can use first-order perturbation theory to ac-

count for their effect. It predicts that the energies of ttagesin, N — n) are

EW = nEp+ (N = N)Emyy + 2U_L [N = N+ 2n(N - n)|. (4.5)

We see that the degeneracy is lifted and the states of lowesg are those witim =
0 andn = N, i.e.[N,0) and|0,N). These two states remain degenerate in first-order

perturbation theory.

At this point it is important whether the number of atoldds commensurate or in-
commensurate with the number of lattice sitesWhile there are many different paths
that couple the statgdl, 0) and|0, N) in the commensurate case, in the incommensu-
rate case there is no coupling between these two states eydhtis remain degenerate
even in higher-order perturbation theory. To understanslfdct, let us consider the to-
tal quasi-momentunk = 2 |33 quBQ|modL' Since the many-body Hamiltonian (4.4)

commutes with the quasi-momentum operafori.e. [I:I, R] = 0, the Hamiltonian has
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block diagonal form if the quasi-momentum Fock states atemd according to the
eigenvalues oK. In the commensurate case, we have= nL with n an integer, so
that the statefN, 0y and |0, N) have total quasi-momentul = 2T”|mn|.|modL = 0and

K = 2T”|(m+ 1)nLmoar = O, respectively. Thus both of them belong to #e= 0 block
and are coupled by the interactions. On the other hand, imtttanmensurate case, we
haveN = nL + AN, and hence the two stat@d, 0) and|0, N) belong to different blocks

asK = |mnL+ MAN|moqL # |(M+ L)NL+ (M+ 1)AN]|moqL, SO that they remain degenerate.

In the commensurate case, we construct an effectiv@ Hamiltonian by projecting

the many-body Hamiltonian (4.4) onto the subspace spamntielstatedN, 0) and|0, N)

~ E(l) A
Hawo = ( AO E® ) (4.6)
N
where the coupling is given by
HoiHij ... H U \ -1
B Z (M) 0(Il) - = &) * (Z) ' (4.7)
o (Bg” —e)(Ey” —&j) ... (B’ — &p)

In this expressiom = N/L is the number density, the;; are transition matrix elements
introduced by the interaction Hamiltonih,, ands; are either given b)Eﬁl) in Eq. (4.5)
or non-interacting many-body eigenenergies depending wgeether the intermediate
states are or are not in the N — ny manifold. The facton(L — 1) corresponds to the
minimum number of collision processes necessary to coln@destatesN, 0) and|0, N)
and the sum is taken over all possible coupling paths. In&&jwe show the energy level

diagram for the case & = 3 particles orlL = 3 lattice sites at the phase twist /3.

At the critical phase twishd = 7, we haveES” = E{ and due to the non-zero value of
the couplingA the symmetric and anti-symmetric superpositigesbecome the ground
and first excited state separated from each other by an egamg\

_10,Ny £ N, 0)

7 (4.8)

|+)
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From Eq. (4.7) we find that the energy gap @ecreases exponentially with increasing
number of particleN, so that macroscopic superposition states only occur icdlke of

finite number of particle®l and lattice sites.

4.3.2 Effects of rotation on the Mott transition

Having explored the effects of rotation on the weakly-iatd¢ing regime, we examine
in this subsection as to how rotation affects the Mott tiamsiin a finite lattice. To
this end, we calculate the momentum distribut{dg) as a function of the ratid/U for
various values of the phase twist Our results for a lattice with. = 6 sites andN = 6
particles are shown in Fig. 4.3. Please note that severaesuie on top of each other.
We find that the Mott transition is dramatically changed elts the critical phase twist
6. = {. In case of the non-rotating systehs= 0, the occupation numbers of all non-zero
moment&fy.0) decrease monotonically with decreasiifg), while the zero-momentum
occupation numbeffy) increases. This means that, as the Mott insulator is methed,
bosons gradually condense into the zero-momentum ngod®). This is not the case for
a rotating lattice close to the critical phase twist, whée dccupation numbets,) and
(Ay) both increase as the ratiyU decreases and remain of similar size up to intermediate
values ofJ/U =~ 10. This effect is easily understood from the band stru¢twiech we
show in the insets of Fig. 4.3. Close to the critical phasetiwhere are two (almost)
degenerate low-lying single-particle states, namely th@sgmomentum statég = 0)
and|g = 1). At intermediate interaction strengths these two modest@momgly coupled,

so that the bosons cannot condense into the zero momentus|gne®).

Let us now apply the approximations we discussed in ChaptertBe case of the

rotating ring lattice. In the Bogoliubov approximation [8e momentum distribution
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Fig. 4.3: Momentum distributior{fy) as a function of the ratid/U for /7 = {0, 0.9, 1}
andN = L = 6. Please note that several curves lie on top of each othert Ap
from the exact results (dotted line) we show the Bogoliuhmwraximation (4.9)
and the strong coupling expansion (4.10) (solid lines atlisamal largeJ/U).
At the critical phase twist = { the Bogoliubov approximation breaks down
and is not shown. The insets show the single-particle dssperelationE, for
a lattice withL = 6 sites (points) and an infinite lattice (solid line).
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has the form

(Ag) = Vﬁ — LUI’] - % (4.9)

2 /e +2Une

wheren = N/L is the number density)q = Aq + \/m denotes the quasi-particle
energies withAy = 2J sin[@] sin[A—Le], and the single-particle energies are givenepy-

43 sirf[%%] cos[4?]. We show the Bogoliubov approximation alongside with tixe.
results in Fig. 4.3. It predicts a slightly increased depletdue to the modified single-
particle energies,, but the momentum distribution remains symmevﬁc: vﬁq which is
incorrect. At the critical phase twist= 7 the Bogoliubov approximation breaks down
and is therefore not shown in Fig. 4.3. The strong-couplirgaasion yields for the

momentum distribution
_ 2 —
(Ngy =n+ UJ -42n(n+1)- cos(? - 9). (4.10)

This result is also shown in Fig. 4.3. We see that the stronglaay expansion pre-
dicts the correct behavior in the strongly-interactingimegU > J, where the effect of
rotation is indeed only of perturbative nature. The bosamaat condense into the zero-
momentum modéq = 0), but the occupation number of the quasi-momentum modes
lg = 0y and|g = 1) remain equal(fhy) = (hy). The Gutzwiller ansatz [82] predicts a de-
crease of the critical value of the Mott insulator transit(d/U). by a factor of cos{6/L).

This result is a consequence of the reduced bandwidith44J cos(Ad/L) in the rotating

system, as can be seen from the single-particle spectrung.id B.

Although the effects of rotation we discussed here are dbsehe thermodynamic
limit, we see that rotation does have a dramatic effect on allsmumber of ultracold
bosons in commensurate rotating ring lattices. Even away the critical phase twist,
strong correlations between the almost degenerate quasiemtum modef] = 0) and
lg = 1) affect observables such as the quasi-momentum distribtti) and should be

visible in future cold atom experiments.
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4.4 Extension to a ring superlattice

Having seen how rotation induced modifications to the Mahsition, we now return

to the production of macroscopic superpositions states. fafad that for a uniform
ring lattice the coupling\ between the two macroscopic states scales exponentidahy wi
increasing number of particléé(see Eq. (4.7)), and that the cat state (4.8) only appears in
the case of commensurate numbers. In this section, we exyloether the situation can
be improved by introducing a lattice modulation, i.e. we gr@tize to ring superlattices

whereJ; = J for j even and); = t for j odd.

Due to the superlattice potential the quasi-momentum stgteand|q + L/2) are
coupled and the single-particle Hamiltonian is no longagdnal in the quasi-momentum

basis. Using the decompositions

a = \/i_ > ePrilth, (4.11)
along with
= _ _ -(J+1t)/2 forq=¢
T Z J;er @it - { +(J-1)/2 forq=q +L/2 (4.12)
j=0 otherwise

we obtain the single-particle Hamiltonidttgp in the quasi-momentum basis, i.e.

A

; _L/2—1 - By 413
=2, (B Bl Mol 5 " ). (4.13)

Here the two-by-two matrices are given by

Mq:( ~(J+t)cos(0 - Z9) —i(I-1t)sin(6 - 2”‘“))

+i(J-t)sin(0 - Z¥) +(3 +t)cos(6 - ) (4.14)

and represent the coupling between the quasi-momentuasstate can diagonalize the

single-particle Hamiltonian (4.13) via a unitary basiswsformation

( & )_(COSa'q isinaq)(Aﬁq ) (4.15)
éq+|_/2 iSinaq COSag bq+|_/2 '
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Fig. 4.4: Single-particle spectrum fdr = 4 sites witht/J = 1 (left) andt/J = 0.7 (right)
as a function of the phase twigt In both cases there are level crossings at

0=nm/4.
with
J-t 2nq
t = .tan[g- =— 4.1
an &y, 11 an(e 3 ) (4.16)
and obtain
L/2-1 _ A
- A A E, O
_ t oAt q Cq
Hsp = ; (& Sewe )( o E )( e ) (4.17)
where the single-particle energies are given by
E: =+ |32+ 2 + 2Jtcos| 20 — X9 4.18
q=* + t% + 2Jtcos| 20 — -/ (4.18)

In the uniform ring,t/J = 1, the eigenstates of the single-particle Hamiltorﬁ:&g
are quasi-momentum states. At certain phase twittey are twice degenerate. For
example, forL = 4 sites the quasi-momentum stafigs- 1) and|q = —1) are degenerate
atd = 0, whereas ab = n/4 the statesq = 0y and|q = 1) as well as|]g = 2) and

|g = —1) are degenerate. Reducing the symmetry of the ring by chgosin] the quasi-
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momentum states which differ dy/2 quasi-momentum units are coupled by the single-
particle Hamiltonian (4.13), so that the quasi-momentuatesiq = 1) and|q = -1)
hybridize and the degeneracyéat O is lifted, i.e.E] — E] = 2(J - 1).

At 0 = n/4 however the degenerate quasi-momentum states are ndeddupthe
single-particle Hamiltonian (4.13), so that the degeneiiacpresent also in the non-
uniform case. This remains true for arbitrdryi.e. E; = E , at0 = /4, but forL # 4
these states are not the ground states of the system. In.Eigedplot the single-particle
spectrum folL = 4 sites as a function of the effective phase twisit shows level cross-
ings atd = /4 both fort = Jas well ag # J. In the following we will refer tod = n/4 as
the critical phase twist, since — as we will demonstratewelaveak on-site interactions

lift the degeneracy &t = n/4 and lead to the formation of strongly-correlated states in

the many-body system.

4.4.1 Effective many-body Hamiltonian

In this section we derive an effective many-body Hamiltonia study the properties
of the many-body system in the limit of weak on-site intei@ts. In the absence of
interactionsJ = 0 the ground state of a bosonic many-body system is the sitteail
bosons occupying the lowest-energy single-particle statehe critical phase twist =
n/4 the single-particle Hamiltonian (4.13) has, however, thegenerate single-particle
states, so that there ish+ 1-dimensional degenerate subspac@lgiarticle level. A
convenient basis for this subspace is given by the Focksgtatd — n) with0 < n < N,
wheren particles are in the single-particle state of enefgfyandN — n particles in the
one of energyE, ,, respectively. For weak interactiohdJ/L < 232 + 2 this subspace
is the low-energy sector of the many-body problem for allgghtwistsd and tunneling

strength ratios/J.



Chapter 4. Macroscopic superposition states in rotating mg lattices 41

Starting from the interaction Hamiltonian

U L u Lt
Hiw == ) A& a3 = o E by, b, B b ke moa (4.19)
2 4 2L 1
j=1 k1,ko,k3=0

we first restrict the sum in Eq. (4.19) to the relevant maddes {0, L/4, L/2, 3L/4} with
I = {1, 2,3} and second use the inverse of Eq. (4.15) to express the o@aﬁn terms
of the operatorg,. Keeping only terms within the low-energy subspace we ot

effective Hamiltonian up to first order in the on-site intgran strengthJ

A . o U . inU . .
Herr = (EO Ng + EL/4n|_/4) + Z (N2 - N+ 2n0n|_/4) + (ICSCQCLMCLM + HC) (420)

whereri, = &i¢, are the number operators and the parameter
n = 2(COoSag SiNap COS 2v| 4 + COSa | /4(— SiNay 4) COS 2vp) (4.21)

satisfies < < 1 and simplifies fop = /4 to

J2—t2

= —:. 4.22
J2 + 12 (4.22)

n

The first bracket of Eq. (4.20) contains the contributiomsrfrthe single-particle Hamil-
tonian (4.17), whereas the terms in the second and thircketa@rise from the on-site
interaction (4.19). At the critical phase twist /4 the former are an unimportant zero-
energy offset, whereas the terms in the second brackettBbiftnergies of the states in
the subspace differently, e.g. they lead to an energy difieg ofU(N — 1)/L between the
stategN, 0) and|N — 1, 1), while the statef, N—n) and|N —n, n) remain pairwise degen-
erate. The terms in the third bracket are off-diagonal inRbek basis of the subspace and
describe two-particle scattering between the two singigigde modes. As we will see in
the next section they lift the remaining pairwise degeniesain the many-body spectrum.
In Fig. 4.5 we plot the many-body spectrum foe= N = 4,t/J = 0.7 andU/J =05 as a
function of the phase twistobtained from exact diagonalization of (4.3) and the eifect
Hamiltonian (4.20). We see that for these parameters tleetefée Hamiltonian (4.20) is

an excellent approximation for the low-energy sector ofrttay-body Hamiltonian (4.3).
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Fig. 4.5: Many-body spectrum foL = N = 4,t/J = 0.7 andU/J = 0.5 as a function
of the phase twist obtained from exact diagonalization (dotted lines) of the
many-body Hamiltonian (4.3) as well as from the effectivertiieonian (4.20)
(solid lines).

4.4.2 Cat-like superpositions for slightly non-uniform rings

Let us now determine the ground and first excited state fgh#if non-uniform rings
t/J ~ 1, close to the critical phase twigt~ n/4. Since the terms in the second bracket
of Eq. (4.20) increase the energy for all states in the sudesppart froniN, 0y and|0, N)
and the coupling between the states is weak (as the couplsgmall in this limit), we
project the effective Hamiltonian (4.20) onto the subspgmanned by these two nearly-

degenerate lowest-energy states.

As there is no direct coupling betwegh 0) and|0, N) we calculate the total coupling
through intermediate states using perturbation theoryerAdliminating the intermediate

states we obtain the followingx22 Hamiltonian

+ [ AE/2+¢ A
Hox2 = ( A* _AE/2+ ¢ ) (4.23)

where AE is the energy difference between the stgté9) and |0, N) caused by the
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detuning of the phase twist from resonamee= 6 — /4, i.e.

AE = N(E{ 4 - Eg) » (4.24)

andA is the coupling between the statds0) and|0, N) due to the off-diagonal terms of
the effective Hamiltonian (4.20). As the latter only difgatouples the statgs, N — n)

and|n + 2, N — n ¥ 2), the first non-vanishing order is given by

N, OJH./?|0, N in\V/2
(N,0 IOLN) U (m) ’ N! (4.25)

MV ED-ED) L\2 m
Here,E{Y = %[N2 — N + 2n(N - n)] is the diagonal interaction energy shift. Finally, the
termé in Eq. (4.23) is the energy shift induced by the non-diagoerhs in the effective
Hamiltonian (4.20)

KN, OHeN = 2,2) (KN, O[HegN — 2, 2)J*
(E(l) _ E(l)) (E(l) _ E(l))3
_KN.OHerIN — 2, 2)PKN — 2, 2HerlN — 4.9 |
(E(l) E(l))Z(E(l) E(l))

(4.26)

As £ is just a constant in the 2 subspace we do not need to evaluate it explicitly and

neglect it hereafter.

The ground state of the two-by-two Hamiltonian (4.23) issgivoy

COlN’ O> + iN/zCNloa N>

7 (4.27)
where the ratio of its amplitudes is given by
AE — /(AE)? + |2A?
Co _ (AE)? +|2A| (4.28)

Cn 24|
and the energies of the ground and excited state€are ++/AE? + |2A]2/2. We see
that to obtain a cat-like superposition, i®/cy ~ 1, the energy difference must not

dominate over the couplingd E| < |2A]. In this limit the energy gai, — E_ is given by
E, - E_=~|2A|
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Fig. 4.6:Energy gap fol. = N = 4,t/J = 0.7, 0 = n/4 as a function otJ/J from
exact diagonalization (blue points), effective Hamilem{red line) and the gap
formula (yellow line).

In Fig. 4.6 we plot the energy gap between the two lowestggnstiates of the many-
body spectrum as a function of the on-site interactigd for L = N = 4,t/J = 0.7 and
0 = /4. We find that the analytic formula (4.7) agrees very welhviite diagonalization
of the effective Hamiltonian (4.20) and at small interactgirengthd) < 0.2 also with

the exact diagonalization of the full many-body Hamiltan(4.3).

In order to understand the influence of the superlatticergiateon the formation of
the cat state, we show in Fig. 4.7, for the exampl&lcf 4 particles orl. = 4 lattice sites,
the quasi-momenturstategng-o, Ng=1, Ng=2, Ng=3) Which contribute to the ground and first
excited state in lowest non-vanishing order of perturbvativzeory. Solid lines signify
coupling due to the interaction Hamiltoni&h,; which is present in uniform ring lattices
(J =t) as well as ring superlatticed ¢ t); dashed lines stand for the coupling due to the
off-diagonal part of the single-particle Hamiltoniia?rgp induced by the superlattice. The
three state3, 0, 1, 0), |0, 3,0, 1) and|2, 2, 0, 0) have total quasi-momentukh = 2 and are

not coupled to the state4, 0,0, 0y and|0, 4, 0, 0) in the case of the uniform ring lattice.
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Fig. 4.7: ForN = 4 particles orL = 4 lattice sites, we show the non-zero matrix elements
between the quasi-momentum statgsy, Ng=1, Ng=2, Ng=3) . Solid lines signify
coupling due to scatterin&lim and dashed lines due to the off-diagonal part
of the single-particle Hamiltoniaﬁlsp in case of the superlattice (# t). We
only show states which contribute in lowest non-vanishirtgoof perturbation
theory to the cat state at the critical phase twist. All #at#h(out) box have
total quasi-momentur{ = 2 (K = 0).

They introduce four efficient coupling paths involving oMy2 = 2 scattering processes

where the intermediate stg& 2, 0, 0 lies in the degenerate subspace.

Let us compare our result (4.25) with the couplingn the case of a uniform ring
lattice (4.7) { = J). Unfortunately, an analytic expression equivalent to @R5) has
not been found in this case, but we see from Eq. (4.7) thatdhbelmg A in first non-
vanishing order for unity fillingN/L = 1 is proportional toA/J « (%)N‘l. In both
cases the coupling decreases exponentially with the number of partidlesThis is
because multiple two-particle scattering processes a&enibroscopic origin of the cou-
pling A and transitions between the two configurati¢idsO) and |0, N) are thus highly
off-resonaniN/2-th andN — 1-th order processes, respectively. Consequently, thggne
gap vanishes in the thermodynamic liMit— oo and cat state production both in uniform

and slightly non-uniform ring lattices is restricted to nestinumbers of atoms. However,
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Fig. 4.8: Energy gap as a function of particle numiéwith t/J = 0.7 (upper curve) and
t/J = 1 (lower curve) for the ring of. = 4 sites andJ/J = 0.5. The solid lines
are exponential fits to guide the eye.

since the energy gap in first non-vanishing order is propogi toU (/2)V/? for slightly

non-uniform rings as compared t&(U/J)N-! for uniform rings, it can be one order of
magnitude bigger in the relevant parameter regime. Furtbeg, we point out that the ap-
pearance of cat states in slightly non-uniform rings is motted to commensurate filling

as long as the number of particlisis even.

In Fig. 4.8 we plot the energy gdp= 4 andU/J = 0.5 as a function of number of
particlesN for t/J = 0.7 andt/J = 1. The solid line is an exponential fit to the points
to guide the eye. We see that by changing frgih = 1 tot/J = 0.7 the energy gap
increases by over one order of magnitude for numbers ofghestN > 8. As experiments
are typically limited to 1s and typical hopping energies afrerder of Q05E, ~ 10°Hz,
the detection of cat states by non-equilibrium dynamicsngéd toA/J = 1072, This in
turn restricts our cat-state production scheme to a fewa@épsrticles in contrast to less

than ten particles for uniform ring lattices (see Fig. 4.8).
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4.4.3 Product states in the limit of isolated double-well ptentials

Let us now try to understand the properties of the slightlg-naiform ring by looking
at the opposite limit/J = O where the system becomes an array (4 isolated double-
well potentials. In this section we will focus on the caselLof 4 sites for notational

convenience, but our arguments are valid folaéindN.

Since the double-wells are isolated fpd = 0, we can treat the atoms in each double-
well separately. Without interactiots = 0 the statef, N —n) (0 < n < N) with natoms
in the ground state of the first atdl-nin the ground state of the second double-well have
the same single-particle energy. In first-order pertudratheory the on-site interaction
shifts the ground state energy of a double-well witharticles byU/2 - n(n — 1)/2 and
thus breaks this degeneracy. The energies of the gtatés- n) become

ED = % - (N>~ N -2n(N - n)). (4.29)

As expected, repulsive interactions favor states of equiadbers in the two double-wells,
so that the statgbl/2, N/2) and|N/2+ 1, N/2¥ 1) are the lowest-lying states. The energy
difference between the ground and the two-fold degeneraitee state is thusl/2. We
note that the opposite sign of the energy shift due to theiterirgeraction in Eqgs. (4.20)
and (4.29) stem from the two different single-particle basts used to span the two-mode

Fock states

In Fig. 4.9 we compare the excitation energies of the effedtiamiltonian (4.20) with
the full many-body Hamiltonian (4.3) as a functiontpd and find that they agree for all

ratiost/J. Furthermore, we see that in the linift] — O the excitation energies agree

2 One simple example where this effect occurs is the two-mpgesimation foN particles in a double-
well potential. In the site basig , N — n_) with n_ particles on the left andN — n_ particles on the
right-hand side of the double-well, the energy shift duehie on-site interaction Hamiltonian (4.19) is
(n_,N — nL|I:|int|nL,N -n) = U/2-(N?> =N - 2n (N - n.)) which shows the minus sign similar to
Eq. (4.29). Changing the single-particle basis set to quashentum states usiy = (& + ag)/ V2 we
obtain(n,, N = n,|Hinxelns, N=n,) = U/4- (N2 =N + 2n,(N - n,)) wheren, particles are in the symmetric
andN — n, particles are in the anti-symmetric orbital and which shévesplus sign similar to Eq. (4.20).
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Fig. 4.9: Excitation energies fot = 4, N = 16 andd = n/4 as a function of/J from the
effective Hamiltonian (4.20) (solid line) and the full Hdtohian (4.3) (dotted
line). The inset shows for the same parameters the overl#peajround state
with the ground state of the isolated double-well3 = O (red dotted line) as
well as the uniform rindg/J = 1 (blue solid line) as a function af J.

with the picture of the isolated double-wells. In the indefig. 4.9 we plot the overlap of
the ground state of the system with the ground state of tHatesbdouble-well$/J = 0

as well as the uniform ring/J = 1. We find that as the ratity J decreases, the overlap
with the cat-like superposition of two quasi-momentumestatecreases while the overlap

with the ground state of the isolated double-wells increase

We further note that in the limiy J — O the physics is independent of the number of
particlesN and the applied phase tws{see Eq. (4.18)). As the exact ground state of the
effective Hamiltonian (4.20) for arbitrarty J andN is very non-trivial, a legitimate way
to gain some physical insight about its properties is torpukate between the two limits
discussed above. Using this perspective one can attribatéess severe scaling of the

energy gap with the number of particles, to hybridizationhaf cat and product states.
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4.4.4 Bigger energy gaps and weaker sensitivity

A fair comparison between cat state production in uniforrd aan-uniform ring lattices
has to contrast the gain in energy gap with the degradatitreafat fidelity or “cattiness”.
To quantify the “cattiness” of a quantum state we consider tneasures: (i) we define
the cattiness of the first kind as the overlap of the grouni@ stéth the quasi-momentum

cat state

1) = \/% [(B(T))N + (6{/4)“] lvac) (4.30)

and (ii) we define the cattiness of the second kind as theagverfl the ground state with
the cat-like superposition of the two single-particle mode

2) = \/% [(@(T))N + N2 (&IM)N] lvac) (4.31)

which depends on the rattpJ as defined in EqQ. (4.15).

In this section we demonstrate that while there is a trafi&etiveen bigger energy
gaps and cattiness of the first kind, non-uniform ring lagioffer bigger energy gaps at
fixed cattiness of the second kind. Consequently, they agedensitive to detunings of
the rotation frequency which is an important practical adsge. On the other hand it is
clear that to detect a cat state in two single-particle madesh do not have well defined

quasi-momentum is more demanding experimentally.

Both cat-state measures can be calculated perturbativeheilimit of weakly non-
uniform ringst/J ~ 1 and weak on-site interactiohly J <« 1. The quasi-momentum cat
stately,) is the ground state fayJ = 1 andU/J — 0. Deviations are due to the off-
diagonal part of the single-particle Hamiltonian in quasdmentum representation (4.13)

as well as the on-site interactions (4.19). We obtain foroerlap

(4.32)

N(J—t)z_(U m)z

2
—1- —
wiwol =1-2(3) -5 e
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where|yo) denotes the ground state of the system at fitjileandU/J. In case of the
cattiness of the second kind, depletion is due to the offahal terms of the effective
Hamiltonian (4.20) as well as the part of the interaction lemian (4.19) which couples
states within the subspace to states outside the subsptueeaifective Hamiltonian. We

obtain

Kalpo)l® = 1 -

2
N(N - )% (U VN(N=1) 1)) | (4.33)

8N-2F \ 2LV +¢e

In Fig. 4.10 we plot the energy gap versus the two cat-statesuores fot/J = 0.7 and
t/J = 1, respectively. The other parameters are 4, N = 16,0 = n/4. We find that: (i)
the largetJ/J, the bigger the energy gap but the smaller are both catsstassures. This
is readily understood from Egs. (4.7), (4.32) and (4.33prgjer on-site interactions in-
crease the coupling| and, therefore, increase the energy gap. However theyratsedse
coupling to other states outside of the subspadd,0f and the cat state is gradually de-
pleted [81]. (ii) The smallet/J, the bigger the energy gap but the smaller is the cattiness
of the first kind at fixedU/J. This is in agreement with Eqgs. (4.7) and (4.33). Physi-
cally, this means that the off-diagonal part of the singhetiple Hamiltonian increases
the couplingA| but also dilutes the many-body correlation in the quasi-reotum basis.
Consequentially, there is a trade-off between energy gdattiness of the first kind. We
note that it might be a sizeable advantage to sacrifice paineotat-like correlation (and
therefore a weaker signal in the many-body oscillations vgeuss in the next section)
but make it visible on experimentally accessible time scaténally, we find that (iii) one
can increase the energy gap by about an order of magnitudd #o16 particles) at fixed
cattiness of the second kind when the rafid is changed fromt/J = 1 tot/J = 0.7.
While we believe that this is the natural measure of comparisetween uniform and
non-uniform ring lattices, we admit that probing the catesia the single-particle basis
is a non-trivial task, since — as we will show below — timeflafht imaging maps more

closely on the quasi-momentum basis.
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Fig. 4.10: Energy gap versus cat-state measure of the first kind (dptigds) as well as
of the second kind (solid lines) fayJ = 0.7 (upper blue) and/J = 1 (lower
red). The other parameters dre= 4, N = 16 andd = n/4.

Increasing the coupling\| with non-uniform ring lattices has important implications
for the sensitivity to detunings of the rotation frequeneyas from the critical phase
twist. In Fig. 4.11 we plot the cat-state measure of the sgéamd as a function ot/ J
and the detuning\@ while L = 4, N = 16 andU = 0.2 are fixed. We find that the
system is much less sensitive to detunings away from thiearjthase twist fot/J < 1,
i.e. the requirements on the phase control precig@are relaxed. To understand how this
comes about let us go back to the two-by-two Hamiltonian3¥.3imilar to the two-state
Hamiltonian for a single particle in a double-well potehtits ground state depends on
the ratio of energy differenc&E to the coupling energp\|: for |AE| > |A| the system s in
one of the statelf\, O) (in the double-well analogy on the left-hand side)@&N) (on the
right hand side) whereas it is in their superposition statie limit where the coupling
energy dominateR\E| < |A]l. As the couplingA| in Eq. (4.7) decreases exponentially
with increasing number of particlégé, more control over the rotation frequency is needed

to tune systems with more particles into resonance, i.e akerthe energy differendAE|
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overlap

Fig. 4.11: Cat-state measure of the second kind as a functiapJoind the detuningé
whileL = 4,N = 16 andU = 0.2 are fixed.

between the stat¢N, 0) and|0, N) smaller than their coupling\|. This was identified as

one of the barriers for creating large cat-like states [844.the gap increases whehl

is decreased (see Eq. (4.7)), we conclude that using ndaromring latticest # J can

improve the situation on this issue.

4.5 Dynamical detection of cat-like correlations

In this section we propose to induce many-body oscillatiomsuddenly changing the
applied phase twistin order to detect the coherent superposition of two quasirentum
stategN, 0) = (b))"[vagy/ VNI and|0, N) = (b] ,)¥|vacy/ VNI at the anti-crossing of the

many-body spectrum.

If we assume the system is initially in the ground state oftitldHamiltonian atd = 0
which will predominantly be the statl, 0), i.e. |y (t = 0)) ~ [N, 0). Then, the phase twist

is changed t@ = 7/4, where the eigenstates are approximaitelys (|N, 0)+|0, N))/ V2.
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Fig. 4.12: Many-body dynamicgby(t)> and |by(t)? for L = 4 andN = 8 following a
sudden change in phase twist frems: 0 to6 = n/4 atU/J = 1 andt/J = 0.7.

The time evolution of the probability to be in the stéte0) and|0, N) is

1+ cosvt
1oV = KN, Op(O)* ~ ——— (4.34)
and|by(t)]? = 1 — |by(t)]? wheresiv = E, — E_ denotes the energy gap and where the
approximate signs indicate that we neglect the depletientduhe non-diagonal part of

the single-particle Hamiltonian (4.13) and the on-sitetiattion Hamiltonian (4.19).

In Fig. 4.12 we show the many-body dynamics, fiog(t)|?> and|by(t)? for L = 4 and
N = 8 following a sudden change in phase twist frém 0 to 6 = /4 at timet = 0
with U/J = 1 andt/J = 0.7. We see that the many-body oscillations following this
sudden change occur at the frequency of the igapThese oscillations are modulated
by an oscillation with frequency (N — 1)/L which is the energy difference between the
nearly-degenerate ground states and the next lowestilyiagnediate statg®, N-2) and
IN — 2, 2). The amplitude of the oscillations is smaller than one,|bgt)[? + [byn(t)? < 1,

due to the depletion of the quasi-momentum cat ${atéyo)|* (see Eq. (4.32)).
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4.6 Signatures of quasi-momentum states in
time-of-flight images

In this section we study the spatial density profile of an atoctfoud when it is allowed
to freely expand after turning off the ring lattice potehti@ur analysis shows that states
with different quasi-momentum states exhibit a distinetivne-of-flight pattern and that
therefore the latter can be used as an experimental probdetecting the many-body

oscillations between the sta@sN) and|N, Oy discussed in the previous section.

For this discussion we will consider the expansion of theevfanction of a single
atom initially confined in a 1D lattice ring geometry. For gilcity we approximate the
axial, radial and angular Wannier functions as Gaussiatis width o-,, o, and pgoe,
respectively, and localized in a ring of radjagatz = 0

2 (g L _©@=2m)

Y(r,t =0) = Ae te 27 che 26 (4.35)
n=1

whereA is a normalization constant. If at timte= O the atom is in an eigenstate of the

uniform ring with quasi-momenturi2zqy/La thenc, = %ei(z’m"ﬂ/”.

At sufficiently large time$ > Mpy/i one can take the far-field limit and approximate
the density of the expanded cloud as being proportionalgartbmentum distribution of

the initial state, i.e.
M 3
Wit = ) ~ (1] 16U (4.36)

whereQ(r) = Mr /At and|¢(k)|? is the momentum distribution of the initial state. After
integrating along the axis, one can write a simple analytical expression of thestrarse
spatial density distribution in the limit of strongly condicd Wannier orbitals (i.er, — O

andog — 0)

2

Z eiFT2- QU)o cosET2-0)| (4 37)

(o, ©,t > ) = f (., t = co)fdzes Lht)
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In the limit of a large number of lattice sités the sum in Eq. (4.37) can be approxi-

mated by an integral and the time-of-flight profile reduces to

2
(0. 0.t — ) = (12 |3, Qe )ool (4.39)

whereJq,(X) are Bessel functions of the first kind. This case correspaadhe rotation-
ally symmetric case discussed in Ref. [90] where the posiifdhe zeros and maxima of
the Bessel functions provide a full characterization ofdkasity profile. A state initially
with zero quasi-momentum for example will exhibit an ineze#nce peak at the origin
while a state with non-zero quasi-momentum will exhibit atcal hole. As the position
of the first maximum ofJ,,[Q(p)po] is an increasing function afy, the larger the initial
quasi-momentum the wider the central hole. For a finite nurobé&ttice sites the sum
does not correspond exactly to a Bessel function and the mimedistribution does not
become fully radially symmetric. However, there is stillidque correspondence between
the position of the peaks in the absorption image and theliguasi-momentum distri-
bution (see also Ref. [91]). Consequently, the latter gtesia means to experimentally

determine the quasi-momentum of the wave function befaedlease.

In Fig. 4.13 we show the numerically calculated time-ofHtigmages of different
ring lattice geometries for two states with initial quaspmentumqg, = 0 andL/4, re-
spectively. These states correspond to the two types @dlidiistributions that one has
to experimentally distinguish in order to probe the manghposcillations we have dis-
cussed in the previous section. The figure shows the distenoiterference pattern of
each of the two initial states and the asymptotic approacadial symmetry as the num-

ber of lattice sited. is increased.
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4.7 Conclusion

We investigated the effects of rotation on the ground stedpgrties of bosonic atoms in a
rotating ring lattice. We found that at commensurate fillihgre exists a critical rotation
frequency, at which the ground state of the weakly-intémgctjas is fragmented into a
macroscopic superposition of different quasi-momentuatest Introducing a superlattice
the energy gap between the cat-like ground and first excitddsscales more favorably
with the number of particles and the constraints on phas# tentrol and commensurate
filling are relaxed. This makes the cat less sensitive to nmfepgons in the system, but
sacrifices overlap with a macroscopic superposition oediht flow (cattiness of the first
kind). Finally, we have proposed to probe the cat-like datrens via the many-body
oscillations induced by a sudden change in the rotatiorugaqy. Since the exponential
scaling of the energy gap with the number of particles resyaie suspect that cat state

production in ultracold atomic gases is limited to modeshbar of atoms.
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Fig. 4.13: Transverse time-of-flight images of an initial state wittagimomentungg =
0 (left) andqo = L/4 (right) for different ring lattice geometries (tdp = 4,
centerL = 8 and bottonl = 16).



Chapter 5

Macroscopic superposition states of flux qubit
devices

In this chapter, we study macroscopic superposition sfateduced in flux qubit devices.
We first derive the effective action of these “artificial” quam devices in the limit of low
temperatures and small frequencies. We find that the magfiex threading the super-
conducting ring is the only essential variable, since flattans in all other macroscopic
variables are strongly suppressed due to the energy gap ithérged superconductor. We
show that macroscopic superposition states can be achievitbé macroscopic quantum
coherence regime, where the tunneling barrier of the ati@patential is small even for a
large number of Cooper pairs. Finally, we compare the twiediht mechanisms leading to
macroscopic superposition states: correlated tunnefidgunneling in adiabatic potentials.

5.1 Introduction

In the previous chapter, we showed that ultracold bosonstiting ring lattices form

macroscopic superpositions of different quasi-momenttates. Since the coupling be-
tween the two configurations is a highly off-resonant precése many-body tunnel-
ing rate decreases exponentially with increasing numbgadicles. Consequently, the
achievable size of macroscopic superposition states Wwébet systems will remain very

limited on accessible experimental timescales.

Experiments with superconducting quantum interferencgécds (SQUID), so-called
flux qubit devices, however, have convincingly demonsttatgerposition states of macro-
scopically distinct flow, both spectroscopically [92] ang dbbserving real-time oscilla-
tions [93]. How is this possible? In what respect are theserosgopic superposition

states different from each other?
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5.2 Effective action of flux qubit devices

A superconducting quantum interference device (SQUID)3aerconducting ring with
a weak link at which superconductivity has been delibeyalektroyed, i.e. it is a super-
conducting tunnel junction whose two electrodes are joinedoop. The effective action
of a superconducting tunnel junction was first derived in.[&f]. The authors start from
a microscopic theory, i.e. the BCS theory of superconditgtia tunneling Hamiltonian
describing the junction as well as the charging energy dutéoCoulomb interaction
across the barrier. Using a path-integral descriptiony fhexrform a Hubbard-Stratono-
vich transformation to eliminate the quartic interactiemis of the BCS Hamiltonian. In
this way, they make explicit the essential macroscopicabées, i.e. the superconduct-
ing order paramete(x), the supercurrent densify(x), the phase differencg and the
voltage dropV across the junction. Analyzing the fluctuations around thesical mean-
field configuration, they find that for temperatures well betbe critical temperature of
the superconductor and for frequencies smaller than thev@drequency the following

fluctuations are suppressed:

¢ spatial fluctuations in the modulus of the order parametgsg),

e deviations from the Meissner laW?B — A%B = 0 with the magnetic fiel@ and the
L

London penetration depth , and

e deviations from the classical Josephson relatiwns,zﬂe%f andl = I.sing with the

critical currentl. of the junction.

In imaginary-time path-integral representation, theigiart function of a SQUID then

reads, up to irrelevant factor®,« [ D@ e S/, The effective actiors[d] [94] is

o (C (0D
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Fig. 5.1: Superconducting ring with conductan€eand inductancé. The tunneling bar-
rier between the pointg; andx, (black rectangle) has a critical curreigt The
ring is threaded by a magnetic fldx while the external flux i®e,. The dotted
line is the integration path inside the superconductor.

with the potential

U(o) = oL (D — Deyy) 6 cos(Zn(DO), (5.2)

wherel is the critical current of the junctiordy = h/2e the magnetic flux quantunt,

the geometrical inductance of the loop, abg; the external magnetic flux. The first term
in Eq. (5.1) is the electric energ%V2 combined with the classical Josephson relation
V = zﬂe‘g—‘f The first term of Eq. (5.2) is the magnetic energy due to threeot flowing
along the ring and the second term of Eq. (5.2) is the clas3asephson energy for a
tunnel junctionE = fVI dt=E; fsin¢ d¢ = —E;cos¢ with E; = 7il./2e. We see that
the flux qubit is characterized by three parameters: theareeC and the inductance

of the ringL as well as the critical current of the junctidn

Following Ref. [95], one can arrive at a description equevelto the effective action
(5.1) by quantizing the classical equation of motion for thagnetic fluxd. First, we
note that a Josephson junction can be approximated by ait@path capacitanceC

connected in parallel with a non-linear circuit elementrelsterized by the Josephson
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relationl; = l.sing, wherel. is the critical current an@ is the phase of the junction.
Second, we write down Kirchhoff’s law for the circult= Q + 13, wherel is the current
in the loop andQ is the charge on the capacitor. Third, Faraday’s law of itidadells us
that the magnetic flu® through the ring is related to the voltayyeover the junction by
O=-V-= —Q/C, where the magnetic flu consists of the external magnetic fldxy,

as well as the flux due to the inductaricef the ring,® = ®gy + LI.

Within the phenomenological Ginzburg-Landau theory, we relate the phase of the
junction¢ to the magnetic flux through the rin. We describe the superconductor by a
complex order paramet@(x) = mei“’(x), whose modulus squared is the density of the
Cooper pairp(x). If spatial fluctuations of the order parameter are heastlgpressed,
we can approximate the order parameter t&\be = +jpo€#® with a constant densityp.
According to the Meissner effect, a superconductor is aggeédiamagnet, i.e. an external
magnetic field is completely expelled from the interior af uperconductor, so that there
are no supercurrents below the London penetration dgpt = js = —%eps (V(p + 2fA)
thusA/®qy = —Vy/2r with the magnetic flux quantumdy = h/2e. In Fig. 5.1 we show
the geometry of a SQUID, where we marked two poirtsand x, close to the tunnel
barrier and indicated an integration pathconnecting these two points inside the ring
below the penetration depth. The line integral over the vector potentialis related to

the magnetic fluxb by

cpofxz @, @,
o= B-dS= | A-dx~ —— Vo -dx = —— (p(X) — (X)) = —=—¢. (5.3
Jo Bras=] o | v b= 5200 - ) = 520, 59

Here,S(y) is the area of the ring andis the integration path inside the superconductor.
The approximate sign comes from neglecting the region oéthall barrier. We find that
the magnetic fluxp is proportional to the phase around the lag;) — ¢(X1) which is
also the phase across the junctianPlease note that two valugsand¢ + 2r refer to a

different physical state of the system.
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We can now write down the equation of motion for the magnetix fl

. -0 (27
Ch + ext _ |Csm(2”—) - 0. (5.4)
L O,

This equation can be derived via the principle of minimaliactfrom the Lagrangian
Lo = %C(Dz — U(®) where the potentidl (®) is given by Eq. (5.2). The momentuty,
conjugate to the magnetic fluix is the electric chargély = % =Cd =-CV=-Q,s0
that we obtain the corresponding Hamiltonidp = H¢d) - Ly = I;—E + U(®), which is
the sum of electricg—cz, magneticw and Josephson energ 2'e° cos(Zn;%). From the
microscopic derivation [94], we are justified to write dovisetcorresponding Schrodinger

equation
.. d n
Ihd—tlw(t» = Ho (1)) (5.5)

where the magnetic flu® and electric chargél, satisfy the canonical commutation

relation[&), ﬁq)] = ih.

5.3 Flux-quantization and macroscopic quantum
coherence regime

Following Ref. [95], we define the dimensionless quantiies 27®/®y and Oy =

21D,/ Do and rewrite the flux potential (5.2) in the form

1.Dg ~ . ~ ()]
CZJTOU(G) with G(6) = %(9— fex)? — cOSH andy = —2

2nLl,

U(®) = (5.6)

We note that, using a superconducting ring with three or flagephson junctions, the
critical currentl. of the circuit and thus the parametecan be controlled by means of an

additional external magnetic flux [96].

In Fig. 5.2 we plot the potential enerdgy(®) as a function of the magnetic flul in

two different regimes:
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Fig. 5.2: Potential energy (®) (5.6) as a function of the magnetic fldx On the left, the

flux-quantization regime witly = 0.02 and®.,; = 0. We additionally show the
magnetic energy contribution (dotted) and the harmonic@pmation around
integer magnetic flux quanta in the ring (dash-dotted). @rigpht, the macro-
scopic quantum coherence regimefot 0.98 and®e,; = /2.

¢ In theflux-quantization regiméor y ~ 0, we obtain a series of energy minima at

which the flux is an integer multiple of the flux quantubg. Thermal activation

and quantum tunneling allow transitions between neigimgometastable minima.

If the energy barriers are much larger than the zero-poiritanaue to the charging
Q2 . .

energy»s, the tunneling rates are small and persistent currents &iaextremely

long life time.

In the macroscopic quantum coherence regifoey < 1 and®ey/dy = 1/2, we
obtain a symmetric double-well potential whose minima dosetod/dqy = 1/2.
Expanding the potential to third order aroufid= =, the minima are located at

9 = m+6y = mx \/6(1-7) and the potential barrier height & = 3(1 - y)>2.

We see that foy — 1 the energy barrier separating the two minima becomes small
Uy — 0 and the minima move closer togettigr— 0. In this limit, the zero-point
motion due to the charging ener%t (where the effective mass is the capacitance
C) leads to tunneling across the barrier and couples two mrsaopic states with

slightly different fluxz + 6y ~ 7 + 1074 [92]. That means, although the number of
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electrons which contribute to the currebg/L corresponding to one flux quantum
@, is large, the heightJ, of the potential barrier controlling the tunneling process

and the difference in flux (which potentially leads to deaehee) can bemall

5.4 Two different mechanisms leading to macroscopic
superposition states

In this section, we first show that the macroscopic supetijposstates in flux qubit de-
vices can be understood within the framework of the Born-€@imer approxima-
tion [97]. We then point out that the macroscopic superpmsistates formed during
correlated tunneling processes in double-well potentiald those occurring in rotating
ring lattices are two sides of the same coin. Finally, we caraphese two different mech-
anisms leading to macroscopic superposition states,latgtetunneling and tunneling in

adiabatic potentials, with each other.

Let us start by reviewing the Born-Oppenheimer approxiorator the electronic and

nuclear degrees of freedom of a molecule. The Hamiltoniael&ctrons and nuclei is

A B2 R
hereTy = n dT, = L. 5.8
whereTy Zn: Te andT, ' om (5.8)

T. is the kinetic energy of the electrons with massTy the kinetic energy of the nuclei
with massed,, Veethe interaction of the electrong,y the interaction between electrons
and nuclei, and?NN the interaction of the nuclei. The momentum and positiorratoes

of the electrons arg; andx; and the ones of the nuclei arg andX,.

Suppose we had solved the Schrodinger equation of the@hctegrees of freedom

X = {x} for fixed nuclear coordinates = {X;}

He on(X; X) = &n(X) @n(X; X). (5.9)
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In this expression, the notatigm(x; X) and e,(X) reminds us that the electronic wave
functions and their energy parametrically depend on thdtipas of the nucleiX. The

total wave function?(x, X) can then be expanded as follows
F(XX) = D en(% X) @o(X). (5.10)
n
In this basis the full Schrodinger equatith¥ = EY is turned into a set of coupled
eigenvalue equations by multiplication wigh (x; X) and integration ovex

D (¢pml T lon) + £n(X) 6n) @a(X) = E Dre(X). (5.11)

n

The nuclear kinetic energy operatdy, couples states of different adiabatic potentials
en(X). If these non-adiabatic matrix elemem|fN|¢n> are small compared to the energy
difference between the adiabatic potentialgX) — n(X), the set of equations (5.11)

decouples and the effective Schrodinger equation becomes

(¢onl Trrlpn) + (X)) Do(X) = ED(X). (5.12)

In contrast to the gapless single-particle spectrum of d@raksuperfluid, the energy
separation in case of the flux qubit device is given by eithemlasma energy for density
excitations or the superconducting energy gap for singigigle excitations. That is why,
the non-adiabatic matrix elements are typically much sendilan the energy separation,
and we can interpret the Schrodinger equation for the magihex ® (5.5) as an effective
Schrodinger equation in the sense of Eq. (5.12), where dmgnetic flux® takes the role
of the nuclear degrees of freedotrandU (@) is the adiabatic potential. Thus, we see that
macroscopic superposition states of flux qubit devices eaddscribed within a similar
framework as those which occur in tunneling processes latwdferent configurations
of ammonium NH or ethane GHg as well as matter-wave diffraction experiments with
Buckminster fullerene molecules§J98], where the single-particle motion is suppressed

due to the binding energy instead of the superconductingggrzap.
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On the other hand, the superposition states which occunguhe correlated tun-
neling processes discussed in Chapter 3 are closely rdiatidubse in rotating ring lat-
tices studied in Chapter 4. Both of them are driven by pedtive coupling through
many off-resonant intermediate states (see Figs. 3.3 &)d ih.the former case, the su-
perposition involves the spatially localized modes cesdeat the left and right side of
the double-well potential, whereas they are formed out ¢tdadized quasi-momentum
states in case of the rotating ring lattice. While corredateotion in real space occurs
in the interaction-dominated regimé > J, superpositions of different flow appear in
the weakly-interacting regimég > U. We see that there is a one-to-one correspondence

between these two types of macroscopic superpositiorsstate

Let us now compare the two different mechanisms leading torosaopic superposi-
tion states: correlated tunneling in double-well potdatend tunneling in adiabatic po-
tentials. In order to have correlated motion in the formese;ahe detuning between the
intermediate states, proportional to the on-site intésaanergylJ, must be much larger
than the coupling between the states, proportional to theeling energyd, i.e. corre-
lated motion takes place in the interaction-dominatedmnegiJ < U. The couplingAy
(3.5) between the macroscopic stdtedN) and|N, Oy decreases exponentially in thmall
parameted/U: Ay o« (J/U)N. In the case of tunneling in adiabatic potentials, the tlinne
ing probability also decreases exponentially with incnegeumber of particles, since the
zero-point motion of the center-of-mass coordinate de@gavith increasing total mass.
However, since the single-particle motion is suppressetthéynolecular binding energy
or the superconducting energy gap, correlated motion ofynpanticles is still possible,
as long as there are two low-lying states of the adiabatierg@l which are separated
only by asmallenergy barrier. That is why macroscopic quantum cohereheagmena
with a large number of particles can be observed in flux quévicks, but not with the

systems of neutral atoms we discussed.
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5.5 Conclusion

We showed that macroscopic superposition states can bevachwith flux qubit de-

vices, because the tunneling barrier of the adiabatic pialen the macroscopic quantum
coherence regime is small even for a large number of Coopes. pia this case, corre-
lated motion of all the particles occurs, since singleipketand density excitations are

suppressed by the energy gap and the plasma frequency ihdrged superconductor.



Chapter 6

Creation of resilient entangled states and a
resource for measurement-based quantum
computation with optical superlattices

In this chapter, we investigate how to create entangle@stat ultracold atoms trapped in
optical lattices by dynamically manipulating the shapehef lattice potential. We consider
an additional potential (the superlattice) that allowshbibte splitting of each site into a
double-well potential, and the control of the height of i@ barrier between sites. We
use superlattice manipulations to perform entangling afp@ns between neighboring qubits
encoded on the Zeeman levels of the atoms without having rforpe transfers between
the different vibrational states of the atoms. We show howde superlattices to engi-
neer many-body entangled states resilient to collectiyghdsing noise. Also, we present a
method to realize a 2D resource for measurement-baseduwmamputing via Bell-pair
measurements. We analyze measurement networks that dwxecution of quantum
algorithms while maintaining the resilience propertieshe& system throughout the compu-
tation.

6.1 Introduction

The experimental realization of bosonic spinor condessateptical lattices has opened
up the possibility to exploit the spin degree of freedom fowide range of applica-

tions [99, 100]. Further experiments have proved that tlsgseems are promising can-
didates for quantum information processing purposes (B8ggnd references therein)
and the study of quantum magnetism [65]. Recently, the tieselved observation and

control of superexchange interactions in optical suptckd have been reported [67].

1 Apart from Section 6.7, this chapter was published as Ré}. [@ly main contribution was the analyti-
cal description of the creation of a Bell state on everydatsite and of the implementation of an entangling
gate, presented in Section 6.3 and Section 6.4, respactivel
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In the literature there are several proposals using spimdensates in optical lattices,
e.g. to create macroscopic entangled states [101, 102] exglmre magnetic quantum
phases [103]. In this chapter, we consider the possibifitysing optical superlattices to
manipulate the spin degrees of freedom of the atoms and emginany-body entangled

states among others for quantum information purposes.

Superlattice setups allow the transformation of every gftéhe optical lattice into
a double-well potential, and also the control of the potdriarrier between sites [104,
105, 65]. Atoms with overlapping motional wave functiontenract via cold collisions that
coherently modify their spin, while conserving the totalgnatization of the system [106,
56]. Thus, by splitting each lattice site into a double-vpeitential, two atoms occupying
the same site become separated by a potential barrier, andtéractions between them
are switched off. Similarly, interactions between atoms ba switched on again for a
certain time by lowering the potential barrier between the sides of the double-well.
Therefore, superlattice manipulations offer the posisybtb apply operations between
large numbers of atoms in parallel. In this work, we propasexploit this parallelism to

engineer highly-entangled many-body states.

The process of splitting a Bose-Einstein condensate usiagld-well potentials has
already been studied in the context of mean-field theory,[108, 109]. In the first part
of this chapter, we will derive a two-mode effective Hamiltan that allows an accurate
description of the system as the superlattice is progrelsiurned on. Our approach
differs from previous treatments of double-well poterti@ee e.g. Ref. [107]) or the work
in Ref. [103], as the effective model we use is valid evendor barrier heights. We will
use this effective Hamiltonian to analyze the process oftsp every site into a double-
well potential starting with two atoms per site. We will shdivat this process creates a
Bell state encoded on the Zeeman levels of the atoms in eiteryeach atom occupying

one side of the double-well. Since these states are resitierollective dephasing noise,
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we will use a lattice with a Bell pair in every site as a stagfooint to engineer many-body

entangled states.

In the second part, we present a new method for implementirgptanglingySWAP
gate that does not require to transfer the atoms betweegretliff vibrational states. We
will show that the application of this entangling gate begwéor inside) Bell pairs allows

the creation of many-body entangled states resilient tective dephasing noisé.

In the final part, we propose a new method involving supéckthanipulations to re-
alize a 2D resource state for measurement-based quantuputation (MBQC) formally
similar to a Bell-encoded cluster state. Since the reatinaif logical gates between non-
neighboring qubits is practically very difficult in optidalttices [113], the one-way model
for quantum computation is particularly relevant for thegstems [61, 62, 114]. The re-
source state we propose is resilient to collective deplgasoise, which makes it less
prone to decoherence than the usual cluster states. lzatith as a resource for MBQC
requires adjustments of the measurement patterns usedliieicstates, which we de-
scribe in the last section. We note that the realization df®&gcoded cluster states as a
resource for MBQC was proposed in Ref. [115] using latticenipalations in three di-
mensions. The distinguishing feature of our proposal istiiaresource state is created

via 2D superlattice operations which have been demondtmatine lab already.

This chapter is organized as follows. In Sec. 6.2 we deriveféattive model for
describing the dynamics of atoms within one site in the presef a superlattice poten-
tial. In Sec. 6.3, starting with a lattice where every sitatains two atoms of opposite
spin, we show how to create a Bell pair in each site by spijtttrusing a superlattice
potential. In Sec. 6.4, we present how to perform a gate tvix@o neighboring qubits

by manipulating the superlattice potential, and in Sec.a®& Sec. 6.6 we show how to

2 After our paper [30] had been published, we became awarefof R@]. Refs. [111, 112] also consid-
ered the dynamics of spinor bosonic atoms in an array of adoulell potentials.
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Fig. 6.1: (a) The system is initialized with two atoms per site in thatestv,(r)? ®
S(fi=1m =+1;f, =1, m = -1)) and the lattice parameters ase= 0 and
0 = 0. (b) The lattice potential is smoothly altered by incragghe lattice pa-
rameters while 8 = 0. (c) At the end of the first step, the lattice parameter is
s = 1. Each lattice site then contains a Bell pair. (d-f) Aftettieg the angle to
0 = nr/2, the other set of barriers are lowered by decreasing thiedgiarameter
sfroms=1(d)to 0< s< 1 (e) and back te = 1 (f).
use this gate to create many-body entangled states. In Sewebreview the basics of
MBQC, and finally, in Sec. 6.8, we propose a method for crgagimesource for MBQC
via Bell-pair measurements and provide measurement nkstolimplement a universal

set of gates. We conclude in Sec. 6.9.

6.2 Model

We consider a gas of ultracold alkali atoms loaded into a @pjcal lattice. The atoms
are assumed to be bosons initialized in the 1 hyperfine manifold [100]. The lattice
potential is given bWo. (r, s, 6) = Vr[sin?(rz/a) + sirf(ry/a) + Vs(x, S, 6)] whereVy is

the depth of the potential and

Vs(X.5.6) = (1—9) sinz(%(+e)+ ssinz(%(). 6.1)
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The depth of the potential will be given in units of the re@ikrgyEg = 7272/ (2Ma?)
whereM is the mass of the atoms. The parameter[0, 1] is determined by the relative
intensities of the two pairs of lasers. The cons&nbrresponds to the size of a unit cell
whens = 0 (see Fig. 6.1a). We will refer to unit cells whan= 0 as tolattice sites
Changing the value of from 0 to 1 transforms each site in a double-well potentiak W
will refer to each side of this double-well potential wher 1 as to asubsite The angle
6 allows for the manipulation of the potential barriasideeach site§ = 0) or between
sites ¢ = n/2). A few lattice profiles corresponding to different parderss andé are
shown in Fig. 6.1. In the following, we will refer to the laté profiles corresponding to

the values o6 ~ 0 ands ~ 1 as to thdarge andsmalllattice limits, respectively.

We assume the lattice depih to be sufficiently large so that hopping can be neglected

in the small and in the large lattice limits [116].

The Hamiltonian of the system is given by
H= |:|K + HAZ + I:|int (6.2)

whereH describes the kinetic energyi; is the Zeeman term, anid;, describes the

interactions between patrticles. These terms are definetilay [L18]

- S .
Hy = f dr Uz_zl;o’lll’g(r)ho(r,s,é))‘P(,(r), (6.3)
. o

H, = f dr U:_ZLOJAEZ,G(B)lyg(r)\y(,(r), (6.4)
H-—ldAT“ Z“TA 6.5
nt = 5 f r[cvoo(r)Aoo(r)+02";2A2m(r) zm(r)], (6.5)

wherecy = 4nh?(2a, + ag)/(3M) andc, = 4nh?(a, — ag)/(3M) with ar the s-wave
scattering length of the channel associated with the tatglkar momentunf, hy =
(=#2V2/2M) + Vo, (r, s, 6) andAEz(B) is the energy shift caused by the Zeeman effect

in the presence of a magnetic fiddd= (0O, O, B) oriented in thez—direction. The operator
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Aem (r) is given by

f
Aeme(r) = > (Fmelf, my; o, mp)Pr, (1) ¥ (1), (6.6)

my,mp=—f
where|fy, my; fo, mp) = |1, M) ® | fo, mp) and(F, mg| fy, my; fo, mp) is a Clebsch-Gordan

coefficient.

In Sec. 6.10 we derive the effective Hamiltonian descriltiregdynamics of the atoms

at one site using the field operator
i (r) = &l wa(r) + B w(r), (6.7)

whered’ (b)) is the operator that creates a particle with sffin= 1,m; = o) (o =
{—1,0, 1} denotes the Zeeman level) in a motional state associatddtingt symmetric
(anti-symmetric) mode functiom,(W,). The mode functions are centered in the mid-
dle of the site, and their shape depends on the lattice péeameThe field operators
obey the canonical bosonic commutation relatiofis(f), ¥7.(r")] = 6,.-6(r —r’) and
[#,(r), Por ()] = [¥}(r), P7.(r")] = 0. We will see in the next section that the inclusion
of a second motional mode in the Hamiltonian allows an a¢ewtascription of the dy-
namics of the system in both the largedthe small lattice limit [119]. A more detailed
explanation of the interaction term (6.5) as well as the dmiltonian of the system in

terms of creation (annihilation) operators can be founden. $.10.

6.3 Creation of a Bell state on every lattice site

In this section, we use the effective Hamiltonian introdilia® the previous section to
show how to generate a lattice where every site contains hsBek encoded on the
Zeeman levels of the atoms. This procedure will be used asli@rpnary step to engineer

several types of many-body entangled states.
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We start with a deep optical lattice in the large lattice tighiLL) and two atoms per

lattice site in the state

|’~/’i|"lit> = Wa(r)z ®S(| fl = l’ ml = +11 f2 = l’ m2 = _1>) s (68)

whereS is the symmetrization operator. In general, the two atonmswadergo spin-
changing collisions coupling to various hyperfine levels.we want to implement qubits
on the Zeeman levels, we will limit the spin dynamics effeely to two hyperfine states.
There are several ways to achieve this in practice: (i) Orssipdity is to exploit the
conservation of angular momentum and choose two statesesi€h= 2, m; = +2) and

|f =1, m; = +1), which are not coupled to any other hyperfine states by tlegatamic
interaction. (i) An accidental degeneracy®fiRb offers another possible route: since the
two s-wave scattering lengtha anda, are almost equal, transitions between the states
[fi=1m=+1;f,=1m=-1yand|f, =1, m =0;f, = 1, m, = 0) occur on a time
scale ¢ + Cy)/C, ~ 3ay/(a; — ay) ~ 300 times slower than any other allowed transition.
Hence, after initializing the system at tihe: O in state (6.8), we can limit our dynamical
description to transitions between states with oppositess@as long as the manipula-
tions we are about to propose happen on a faster time scaldlilsatransition. Notice
that the use of fast-switched microwave fields that supmesschanging collisions [99]
allows the relaxation of the constraint to be faster thanahginal time-scale of spin-
changing collisions. The preparation of the state (6.8)dlasady been experimentally

achieved [56, 100].

The first step in our proposal consists of raising the sufierégpotential, i.e. changing
the lattice parametes(t) from the LLL at timet = O to the small lattice limit (SLL) at
some timet = T sufficiently slowly so that the ramp does not create exatetiin the
system. Once the superlattice is fully ramped up, eachsssiplit in two, atoms no longer

interact with each other and their spin state remains fraz¢ime.
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The shape of the mode functiong(r) andw,(r) depends on the lattice parameter. In
the LLL, they correspond to the ground and first excited stééach lattice site. However,
as the lattice parameterapproaches the SLL, the mode functions transform into the
symmetric and anti-symmetric superpositiongr) = [ (1) + ¢r(r)]/ V2 andwy(r) =
[oL(r) — er(r)]/ V2, where the mode functions (r) andyg(r) are centered on either side
of the double-well potential [119, 107]. Hence, when the enfachctionsw g(r) become
centered within each subsite [119], it is convenient toewfie Hamiltonian of the system

in terms of the operators
¢, = @ +b))/ V2
éTR,O' = (al' - BZ')/ \/é’ (69)

which create a particle with spin on the left and right side of the double-well potential,

respectively. In the basis

| 11.) = €,& vag = (& + b))(@] + b))/2Ivao.
| 1.1) = & & Ivag = (& + b))(&] - b})/2vac),
| L.1) = €& vag = (& - b))(@] + b})/2ivao,

.10 = &.EL Ivad = (&) - bl)(&] - bl)/2vag), (6.10)

the Hamiltonian of the system reads (see 6.10)

E + Uu . ju ju X1l
A J E+y X J
Hap = Tl N AT Tl , 6.11
N I xr E+xn  dn (6.11)
X1l i i E+Uy

whereE = V, + Vp with V, = [dr w(r)how,(r) andhy = (-#2V2/2M) + VoL(r, s, 6)
is the sum of the single-particle energidelsr,l = ¥11(Uaa + Upp + 6Ugp)/4 With U,,, =
fdr (W, (Nlw, (D)2 andy;, = ¢ — ¢, is the generalized on-site interactiod, =
(Va—Vb)/2+ vy (Uaa — Upp)/4 the generalized tunneling matrix element between the two

sides of the well, ang; = y;;(Uaa + Upp — 2U4p)/4 corresponds to the density-density
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Fig. 6.2: (Left) Energy spectrum of the Hamiltoni&hffL in Eq. (6.12) as a function of
the ratioJ/U. (Right) Numerical calculation of the anti-fidelity4# where
F = Kylwo)l? with |y the state of the two atoms at the end of the ramping. We
have used the parameters of a lattice with peaod 1/2, 2 = 840 nm, and
V1 = 60Eg, initialized with two ®’Rb atoms per site in the state (6.8) at time
T = 0 and a magnetic field @ = 30 G.
interaction energy between the two sides of the double-Wélé latter is proportional to
the overlap between the functiops(r) andeg(r). It cancels in the small lattice limit as a

consequence of the localization of the mode functigr{s) andyg(r) inside each subsite.

Our two-mode model does not only describe the system welbth bmits, it also
takes into account the effects of density-density intésastbetween two subsites when
the potential barrier between them is still not fully rampgal This property makes it

particularly valuable for the study of the system dynanhiesveerthe two limits.

In the SLL, the Hamiltonian (6.11) reduces (up to the enehft &) to

Uy, -J -J 0

; J 0 0 -J
SLL _
A =1 2 o0 o0 -3 (6.12)
0 -3 -3 Uy

whereV, = E-JandV, = E+Jwith E = fdr gaf_(t’)ﬁo ¢L(r) is the single-particle energy
andJ = [ dr ¢} (r)ho¢r(r) the hopping integral, ant;; = y;, [dr g |* is the on-site

interaction [119]. Its spectrum as a function of the rakity is shown in Fig. 6.2.

For zero tunnelingl = 0, the Hamiltoniar1—A|f1LL has two degenerate ground states:
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| 1,1y and| |, T). This degeneracy is lifted at finittwhere the symmetric superposition

1
V2

is the ground and the antisymmetric superposition the fisited state. These two low-

Wo)=—(T.+11.M) (6.13)

lying energy levels with an energy splitting 084U, are separated from the other ex-

cited states by the interaction eneigy; .

We have carried out a dynamical simulation of the splittiggaimics using the exact
full Hamiltonian defined in Eq. (6.2) and Sec. 6.10 for two paetand one site. For the
time-scales considered throughout this chapter, norbati@effects due to the changes
of shape of the mode functions can be safely neglected [1Y#. have used(t) =
sirf[t/(2T)], and computed the anti-fidelityd7 with 7 = |(y|yo)|? between the state)
of the system at the end of the numerical simulation of theprand the Bell state (6.13).
For the parameters considered, we have found that the datitfireaches + ¥ ~ 1073
fora quenchtime of ~ 1.1 + 0.1 ms (see Fig. 6.2). It is expected that better fidelity can
be obtained for larger values bf;; [120]. This observation makes our scheme relevant

for current experimental setups.

Thus, changing the topology of the optical lattice from tHd_lto the SLL drives
the state of the atoms within each lattice site from (6.8h®rmaximally-entangled Bell
state (6.13). Non-adiabatic transitions to excited statesuppressed by opposite parity
in the case of the first excited state and by the on-site ictieraU;, in the case of the
other excited states. After this first step has been conghleteystem of initiallyN sites

containsk = 2N subsites and its state is given by a tensor product of Belé pai

N
2 = (X) o). (6.14)
i=1

Remarkably, the system in state (6.14) is resilient to dsipigenoise for a magnetic field

slowly varying over a distance of one lattice site [66].
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6.4 Implementation of an entangling gate

Since the interactions between two atoms depend on theapMaetween their wave func-
tions, they can be dynamically switched on and off by lowgmd raising the potential
barrier between the two subsites. This is done by varyinddtieee parametes from
s=1attimet = 0tos = 1-n and back tos = 1 at timet = 7. In the SLL, where
JNN/U“ < 1, tunneling can be treated perturbatively, and the Hamdto (6.11) can be

projected onto the subspace of singly-occupied sites.

We distinguish two cases: either the neighboring subsiesecupied by atoms with
opposite or equal spins. For two atoms with opposite spies;am use Eq. (6.11) and the
effective Hamiltonian in the basjg, |) and| |, 1) reads (up to a constant energy shift) in

second-order perturbation theory
2J2 1 1
Ged) _ [ 71
H;, _[0” +Xu]( 1 1). (6.15)
Since the effective Hamiltonian commutes with itself afetfint times, we obtain the
following analytical expression for the time evolution ogi@r

Ny 0T em ) €'Ycosp  —ie?sing
U(T) = eXp( hfo HTl dt) —( _ie_i¢ Sin¢ e_i¢ COS¢ ), (616)

where the phase¢ is given by

1 (232
o0 =7 fo [U—“ + m) dt. (6.17)

o

While the first term in Eq. (6.17) is due to second-order tlinge[103, 65], the sec-
ond term is due to density-density interactions. This tesmagligible in the SLL, but
when the potential barrier between the two sides of the dsuldll is reduced, it adds an
extra phase between neighboring particles with differpimisbecause of the difference

between the scattering lengtiisandc,.
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For atoms with equal spins = {1, |} we start by writing down the basis states as
oo, ) =& & Ivaog = (&) + b])(@&] + bl)/(2 V2)vac
o, o) = € &, Ivao = (&) + b} )@, - b})/2vac
oo = &, 8k vao = (&) - b})(&] - b))/(2 V2)vao), (6.18)

Ro“Ro

in which the Hamiltonian reads

. Ea'o' j' 00’0‘ 5 ja'o' X... oo
HO’O’ = Jo‘a’ Ea’o‘j‘ Xoo . ‘]a'o'~ , (6 19)
Xoo \]a'o' Ea'o' + Ua'o'

wherey,, = Cy + C, IS the interaction constant for particles with equal S@i,nlim =

Vs + Vp £ Ez the sum of single-particle energids; = —gugBr/2h the Zeeman energy
shift in the first orderJ,, = (Va — Vb)/ V2 + Yoo (Uaa — Ub)/4 the generalized tunneling
matrix elementU,,, = Yoo (Uaa + Upp + 6Ugp) /4 the generalized on-site interaction and

Yoo = Yoo(Uaa + Upp — 2U4p) /4 the off-site density-density interaction.

In the SLL this reduces (up to the energy shiftof,) to

U, -V2J 0
H3t = —v23 0 —-v23 |. (6.20)
0 -v23 Uu,,

For the statéu, o) there are no other low-energy states accessible, so thajuiras only

the phase factoreduring the sweep. In second-order perturbation theory wkthiatk

1 (7 (232
K== f (ﬂ + Xm,) dt. (6.21)
h 0 oo

is similar to (6.17)

Sinced;; - -J, J,» = — V2J andy;,/yee = (Co — C2)/(Co + C2) ~ 1, we getk ~ 2¢.

Putting the results of this section together we find that kiwgeand raising the poten-

tial barrier between two subsitesandn + 1 implements the two-qubit gaté

00)) (€= 0 0 0 \( 100
T |01> _ 0 é¢ COS¢ _iei¢ Sin¢ 0 |01>

111) 0 0 0 gk [11)
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wherelij) = [i)n ® |}y With |1), = & .vac) and|0), = & Ivac wherec, | andc . are

the creation operators of a particle at subsiteith spin| andT, respectively.

Numerical simulations of the system dynamics have beemechout using the exact
full Hamiltonian for two particles and one site—that is, lunting the contribution of spin
changing collisions to the; = 0 state—for a system éfRb atomsV; = 60Eg and
n = 0.3. We have computed the overlap between the states resfritimgthe numerical
simulation with their analytical approximation and fourat for the parameters consid-
ered and switching timesup to tens of milliseconds, the time evolution operator &f th
system is accurately approximated by Eqg. (6.22). For lotigegst, the evolution of the
system in the reduced Hilbert becomes non-unitary due to slansitions to the state

where the two particles have spims= 0, as expected.

Since the application of the gaté is realized in parallel on all qubits in the-
direction, the phase due to the Zeeman shift in the first ord® cancels for systems
with an equal number of atoms in the = +1 ando = -1 state. For such systems,
we find that for ramping times such that(r) = {n/4, n/2, 3n/4}, lattice manipulations

realize the gates (in the usual computational basis) [26]

U; = VSWAP (6.23)
Uz = SWAP, (6.24)
Uz = SWAPVSWAP= VSWAF'. (6.25)

In the remainder of this chapter we will show that, using #idatof Bell pairs as a
starting point, this gafecan be used to create both many-body entangled states and a

resource state for MBQC.

3 In the context of optical lattices, different methods to lerpent this gate have been put forward for
different encodings of the logical qubits [121, 122, 123¢cBntly, aVSWAP gate between qubits encoded
on the internal spin state of the atoms was realized expetatig by manipulating both the spin and
motional degrees of freedom of the atoms by means of optigadrattices [66].
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Ps (@} )

Fig. 6.3: Schmidt measure of the state (6.29) as a functiol @nd k. The Schmidt
decomposition of the state (6.29) was calculated by paiitig the system in
equal parts, which yields the maximum possible Schmidt.rank

6.5 Creation and detection of a state with a tunable
amount of entanglement

Depending on whether the lattice parametés set tod = 0 or 6 = /2, the gatéJ, in
Eq. (6.22) is applied between neighboring subsites insidetween lattice sites, respec-

tively. Up to an irrelevant global phase, these operatieasi r

N
“"(0) = () U (6.26)
n=1
or
~ ~ ~ N_l ~ ~
U 0)=1e(X) el (6.27)
n=1

Using this notation, we definelaitting operator by
K () = U"O)Yu*™ (). (6.28)

Starting from a lattice of Bell pairs, the state resultingnfrT” successive applications of

the operatoﬂ?(i{%) on the state (6.14) is denoted by

D0y = K(Ug) D). (6.29)
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In Fig. 6.3, we have plotted the Schmidt meadey®f the state (6.29) for up to= 20
qubits and partitions of size = 10 as a function of [124, 61]. We find that the Schmidt
rank of the state is directly proportionalgi.e. applying the entangling knitting operator
(6.28) first connects the initial Bell pairs and then furthecreases the entanglement
content of the state. The largest possible Schmidt measav(iPQﬂCD(kr)))] = k/2 is
reached aftei” = N/2 applications of the operator (6.28). Once the maximumevalu
for the Schmidt measure is reached, it remains unaffectefdiiyer applications of the
operator (6.28). We note that since the opertmonserves the total number of spins, the
state (6.29) is resilient to collective dephasing noiseceReexperimental results suggest
that resilience to this type of noise significantly increatiee decoherence time of the

system [66].

Since the application of the gafé(O%) affects the density correlations in the lattice,
its effect on the system can be observed experimentallytaia-selective measurement
of the quasi-momentum distribution (QMD) of atoms with spm[17, 66]

2N
1 VN At A
na = 5N E gimd( J)/N«%CLT)- (6.30)

i,j=1

As an illustration, we have plotted in Fig. 6.4 the QMD of ateys ofk = 14 atoms after
' =1 andI’ = 7 applications of the operatdAf(U%) on the state (6.14). Hence, starting
from a lattice of Bell pairs, superlattice manipulation®al the creation of an entangled
state with a tunable Schmidt rank that has a distinct expental signature and is resilient
to collective dephasing noise. These properties make tie suitable for experimental

studies of many-body entanglement.

6.6 Creation of maximally entangled states

Together with site-selective single-qubit operationsliggipin parallel on every second

atom, superlattice manipulations can be used to implerhergtangling phase-gate op-
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Fig. 6.4: (a) Quasi-momentum distribution &f = 14 atoms after the application of the
gate?((U%)F on the state (6.14) for (d) = 1 and (b)[" = 7. AfterT" = 7
applications of the knitting operator, the state is maxlynahtangled.

eration

Ci=U0:Ze1)Us(1®2), (6.31)

whereC; = diag(1 —i, —i, 1) andZ is the Pauli matrix defined a& = diag(1 —1) in the
usual computational basis. The géleis related to the operatiofi; = diag(1 1,1, —1)

by applying the single-qubit gatﬁ ® VZ on every site of the lattice. A proposal for
realizing arbitrary single-qubit gates on individual a®im an optical lattice can be found
in Ref. [125]. Notice that the single-qubit operations need to implement the gate
(6.31) between sites can be performed in parallel, and dJo ®8eneed not be addressed

separately. The implementation of a phase gate directigvield by a SWAP gate
(1®2) (6.32)

is accomplished by adjusting the switching timef the last gate. The operation (6.32)
is equivalent to (SWAPE; up to the unitary transformation’Z @ VZ. Since theC;
operations between different qubits commki2 successive applications of the operator
K ((SWAPXC,) on the statd+)® (|+) = (|0) + |1))/ V2) create a complete graph state
|[Kn). Complete graphs have the property that each vertex is cteehéo all the vertices

of the graph, i.e. a complete graphlofertices containg&(k — 1)/2 edges. Graph states
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Fig. 6.5: Schematic representations of the process leading to &) ( Qubits initially
forming a Bell pair are linked by a dark blue line. The boxepidethe location
where the VYSWAP = SWAPVSWAP is performed. After aVSWAP gate
has been applied between two qubits, they are connectedlighg blue line.
Numerical calculations show that for up to 8 qubits, thees(ét33) is equivalent
to a complete graph state under local unitary operations.

of complete graphs are equivalent to the maximally entahgtate|GHZ) = (j0)%* +

11)%)/ V2 up to local unitary operations.

Superlattice manipulations alone allow the realizatiothefstate
O = AP OHK WO H D) (6.33)

resulting fromk—1 successive applications of the operator (6.25) betweéimaide each
site. The process leading to state (6.33) is schematiagesented in Fig. 6.5. This state
is resilient to collective dephasing noise, and possessasieture similar to a complete
graph state (see Fig. 6.5). Via the brute-force numericliutztion of the parameters
of single-qubit unitary operations, we have found that 3§.i3 locally equivalent to a
complete graph state of the same size for uk #0{4, 6, 8} qubits. This suggests that this

property holds for an arbitrary number of qubits.

The resilience of this state to collective dephasing na@isd,its symmetry properties

make it a good candidate for the improvement of the sentsitdfiquantum spectroscopic
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measurements in noisy environments (see Ref. [126]).

6.7 Measurement-based quantum computation

In the circuit model of quantum computation, unitary openss are decomposed into
a network of elementary quantum gases such as the CNOT gatsiragle-qubit rota-

tions [26]. In one-way quantum computation or measurerbased quantum computa-
tion (MBQC), on the other hand, the quantum correlationsnreatangled state are ex-
ploited for universal quantum computation through singledsit measurements alone [62,

114]. In this section we review the basics of MBQC followiing treview article [127].

The initial entangled resource state is usually assumeed éodtuster state. Nowadays,
the term cluster or graph state does not refer to a singletgoastate, but rather to a
family of quantum states. A graph is defined as a network oheoted nodes. A cluster
state corresponding to a certain graph is obtained by (Xindaa qubit at each of the
nodes prepared in the state = (|0) + |1)) / V2 and (2) applying a controlled-phase gate,
i.e.C; = |0)O0|® 1 + |11 ® Z with Z|0) = |0y andZ|1) = —|1), between the qubits
whose corresponding nodes are connected. Since contpiilesk gates commute with

each other, the order in which these gates are applied né¢d be specified.

Once the cluster state is prepared, the computation is npeefb by a sequence of
single-qubit measurements in a certain order and in celiasis sets. To understand
the key idea, let us follow a simple example related to skuglbit teleportation [26].
Consider a two qubit system: one in an unknown quantum giate «|0) + B|1) and the
other initialized in the statg-) = (|0) + |1))/ V2. After applying a controlled phase gate,
the two qubits are in the statg0)|+) + B|1)|—). If we measure the first qubit in the basis
{10y + €%|1))/ V2}, there are two outcomes with equal probability. If the measient

returns+1, the second qubit is projected into the state) + €¢8]-). If it returns—1, it is
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al+) — €28]-). Encoding the measurement outcomewith m = 0 and—-1 with m = 1,

this state can be written as

XTHU ()l (6.34)

v2\1 -1
U,(¢) the operator which rotates the Bloch vector of the giat@about the angle around

with the Pauli matrixX, i.e. X |+) = +|+), the Hadamard gatdsl = i( L1 ) and

thez axis.

In this simple example we already find three important fesgf MBQC:

¢ the unknown quantum stat¢) has been teleported to the second qubit and the

quantum information is therefore not lost despite the mesamant process on the

first qubit

« depending on the choice of the measurement basis a singlerqgtationU,(¢) is

applied on the quantum stdie and

¢ the final state depends on the outcome of the measuramenthe first qubit and
the two outcomes differ by an additional Pauli matix a so-called by-product
operator. This introduces a temporal ordering in the comgucheme, since the
choice of later measurement basis sets will depend on eankasurement out-

comes.

The generalization to arbitrary single-qubit rotationstiightforward via Euler’s ro-
tation theorem, and two qubit gates are realized with thérobed phase gates which are
already at hand in the cluster state preparation. If we taketample the cluster cor-
responding to a 2D square lattice, quantum information Gaprbpagated horizontally
through the lattice by measuring qubits along this axis gdohe with single-qubit rota-

tions, while qubits on vertical connections are used tazedivo-qubit quantum gates.
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Cluster states have been realized using cold collisiondttdaold bosons in state-
dependent one-dimensional optical lattices [128] as pegan Ref. [58]. Current tech-
nology does not allow for measurements of atoms at singés sif the optical lattice,
but one-way quantum computation has been demonstratedavgithall cluster state of

photons [129, 130].

6.8 Creation of a resource for MBQC

In this section, we will show how to create a state useful f@QL via the application
of the C, gate via lattice manipulations in both tixeandy direction. This state is for-
mally similar to a Bell-encoded cluster state, and hencaetitiation as a resource for
MBQC only requires an adjustment of the measurement neswaskd for cluster states.
To demonstrate the universality of our resource for MBQC dadve the measurement
networks required to perform quantum algorithms, we willgoy the method recently
developed by Gross and Eisert in Ref. [131, 132], which cots#he matrix product
representation (MPR) of a state with its computational powk review of the basics

concepts presented in Ref. [131] can be found in Sec. 6.10.

The MPR for a chain ok systems of dimensiod = 2 (qubits) is given by

way = D (RAM - ARy i), (6.35)
i1...Ik={0,1}

It is specified by a set of kD x D-matrices, which we will refer to as the correlation
matrices, and twd-dimensional vectorfL) and|R) representing boundary conditions.
The parameteD is proportional to the amount of correlation between twosamutive
blocks of the chain. Notice that the right boundary conditi@ctor|R) appears on the
left. This choice improves the clarity of calculations lanen we will use the graphical

notation explained in Sec. 6.10.
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Starting from a lattice of Bell pairs, we find that the statuiéng from the application

of the gateZ/*"(C;) on the statgd®) (6.14) has the MPS

Wag) = > (RAMBE.. AWIBMIL, - iy, (6.36)
i1..ik={0,1}
where
AP = 14y0, AN = |-y, (6.37)
B =10, BM = o)1, (6.38)
L) = |+), IR = V2|0). (6.39)

Here, each atom is labelled from 1kpand the correlation matrice®/*! and B/Y are

associated with odd and even atoms, respectively. Equithal@ can be written as
1 AT AT —_ —
ey = > (RCIH . EN|Liy - i), (6.40)
i1..in=0
where

¢l = AWBO = |—y|
G = ADBM = 1)1, (6.41)

0) = [10), 1) = |0D).

In this representation, each site is labelled from Ntand the correlation matri€!o/!

is associated with a pair of atoms. The measurement of oddaen atoms in the-
eigenbasiBy = {|+) = (|0) + 1))/ V2} on the state (6.36) projects the auxiliary matrix
associated with the measured atom onto the eigeng®ate (-1)%1))/ V2 depending on
the measurement outcornsgsee Eq. (6.70) in Sec. 6.10). In the graphical notatiors, thi

implements the operations

—{AX]}- o« X°H, (6.42)
—{BX[[~ o« XZ°, (6.43)
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for odd and even atoms, respectively. Here, the opekhistthe Hadamard gate atthe
Pauli-X matrix [26]. Similarly, measurements in thesigenbasi®, = {(|0)y+€?(1))/ V2
yield

—{Algl}= = XHS(9), (6.44)
—{Blg]}= o« XZ°§(p), (6.45)

whereS(¢) = diag(1 €¢) in the usual computational basis. Also, we find that sinee th
measurement of thi¢h and (+ 1)th atomsi(odd) in the Bell basis has only two possible

outcomes, we have

o ZX°H, (6.46)
oc ZXSHS(), (6.47)

where the measurement eigenbases are giveBisby {(|C_)) + |I>)/ V2} and8B; = {(|(_)> +
e‘¢|I>)/ V2}, respectively. Since any single-qubit gate can be decoetpimgo Euler an-

gles, i.e.

Ura(¢, 1,€) = S(OHSmHS(@), (6.48)

the application of one of the following sequence of measerds

—{BIXa] - Alg2] |~ Bloa] | ~{A[Xa] |~ Blgs] [ = AXe] = (6.49)

—{CIX] [+{Cl¢al |+ Cles] |+ Clgal |~ (6.50)

on the state (6.36) realize arbitrary qubit gates, up to avknby-product operatoUs.

For instance, applying the measurement sequence (6.48)measurement outcomes
s=(1,0,0,0,1,1), wheres denotes the outcome &f or ¢;, implements the operation
UsUrot(é2, ¢35, #5) with Us = HZX on the state of the correlation space. Similarly, the

measurement sequence (6.50) with outcomes @, 0, 1, 0) implements the operation
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Fig. 6.6: Starting with 1D systemx-direction) in the state (6.36), a 2D state useful for
MBQC is obtained by applyinG; gates between even subsites (denoted by the
letter B) in they—direction.

UsUroi(b2, d3, #a) with Us = ZXZ. Although both measurement sequences (6.49) and
(6.50) preserve the system’s immunity to collective depitggdfewer measurements are
required using the sequence (6.49). The state of the comelapace can be read-out

using a scheme described in Sec. 6.10.

Superlattice manipulations can also be used to engineey&erss. In the remainder
of this section, we will consider the MPR of the 2D stgtg,) resulting from the coupling
of 1D systems in the state (6.36) via the application 6% ajate betweervensubsite$

in they—direction (see Fig. 6.6). The MPR of this state is given by

LCO = =)0 ® [+)u(Ola, (6.51)
d

LICHE = 4 (2h ® [-)u(La. (6.52)
d

Also, the expansion coefficients |gf,p) are represented by

(ir1...i20W2p) = (6.53)

where|U) = |0) and|D) = |+).

4 See e.g. Refs. [63, 66] for relevant 2D superlattice setups
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This state is formally similar to a cluster state where gubre encoded on two atoms
and thel+) state corresponds to the Bell state (6.13). Although théicgijon of theC;
gate betweersitesin the y—direction implements the same operation betweecoded
qubits it corresponds to differentoperation between encoded qubits in ikelirection.
Therefore, it is not possible to execute algorithms desigioe cluster states using the
stately,p) as a resource by simply interchanging, eXymeasurements with Bell-pair

measurementx.

In the remainder of this section, we will show thgp ) constitute a universal resource
for MBQC by presenting how to control information flows thghuthe lattice, and by

providing a measurement network that implements an entantvo-qubit gate.

Since the tensors of Egs. (6.51) and (6.52) factor, they eaefresented graphically
by

u

o = oo [ (6.54)

3

Using this representation and Egs. (6.51) and (6.52), wetliat

o XZ9+ersy, (6.55)

Thus, measurements in the basig cause the information to flow from left to right, and
measurements of the vertically adjacent sites inrBhdasis shields the information from
the rest of the lattice [131]. Since we can isolate horizbintas, they can be used as

logical qubits.

An entangling two-qubit gate between two horizontal lirexeilized as follows. Con-
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sider the following measurement network [131]

(6.56)

where the middle site is measured in the b&is= {(|5> + i|I))/ v2} andc € {0, 1}. The

lower part of the network reduces to

Em ﬁ . (6.57)

[(=1)*XHic) |-

Plugging (6.57) into the middle line yields

_ L _
[ClZ]HCIY. I HCIZi] o

A
‘HZSZ+S3+°+1[(—1)S4|O) +i|1)] ‘ (6.58)
Z°+)|
Finally, plugging (6.58) into the upper of the network gives
ClXs] "
o Ug(-iZ)° (6.59)

[HZ= 1 [(-1)%]0) +i1)]

whereUsy = di(iX)*HXS(5)'Z%(~iZ)=*%*1. Thus, the measurement network (6.56)
implements an entangling controlled-phase gate betweengher and lower horizontal
lines up to a know by-product operator. Since arbitrary rgubit gates can be applied
on each horizontal lines independently, this completeptbef of universality. The way
of dealing with by-product operators at the end of the messent sequences does not
differ from the usual MBQC scheme with cluster states (sge[£14]). Notice that since
single and two-qubit gates are performed via the applicabiopairwise measurements,
the system remains invariant to collective dephasing attiamg during the execution of

an algorithm.
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6.9 Conclusion

We have analyzed the dynamics of a bosonic spinor condemsatsuperlattice poten-
tial, and shown that a lattice with a Bell pair in every ladtisite can be realized via the
dynamical splitting of each site. We have proposed a schiateatlows the application
of an entanglingyVSWAP gate between and inside Bell pairs. The successivécappl
tion of this gate between and inside lattice sites was showardate an entangled state
with a tunable Schmidt rank that is resilient to collectiveptasing noise; and a maxi-
mally entangled state which, as numerical evidence suggmsstocally equivalent to a
GHZ state. Finally, we have presented a state that is olatéapeonnecting Bell pairs in
two dimensions via an entangling phase gate, and shown tt@tstitutes a resource for
MBQC formally similar to a Bell-encoded cluster state. Wedarovided measurement
networks for implementing a two-qubit entangling gate a#l e®arbitrary local unitary
operations. Our implementation has the advantage thadwskhe execution of quantum

algorithms while leaving the system unaffected by collectephasing noise.
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6.10 Appendices

The full Hamiltonian

Using the field operator (6.7), the single-particle termghefHamiltonian (6.2) in second

quantized form are given by

A

Ho = HAK + HAZ
= > [Va+AEz,(B)]&/& + > [Vb+AEz,(B)]b}b,, (6.60)
o=-1,0,1 o=-1,0,1

whereV, = fdr vv’;(r)ﬁo w,(r). Assuming that the magnetic field is wedk € 200 G),

the Zeeman shifAE, . (B) is accurately approximated to the second ordes [ti3]

gueB _ 3(gusB)? TR
TB _ZTBEN if o= -1,
AEz,(B) ={ -tk if - =0, (6.61)
ousB _ 3(@ueB? i _ _
—TB - TBEM if o= 1,

whereg is the gyromagnetic factoAEy; is the hyperfine splitting energy, apg is the

Bohr magneton.

In the low-energy limit, atomic interactions are well apgiroated bys-wave scat-
tering, with the scattering length depending on the spitestathe colliding atoms. At
ultracold temperatures, two colliding atoms in the lowepésfine levelfy,, will remain in
the same multiplet, since the interaction process is hagetie enough to promote either
atom to a higher hyperfine levély, [106]. Also, since alkalis have only two hyperfine
multiplets, the conservation of the total angular momeniyrthe scattering process im-
plies that interatomic interactions conserve the hypedjia f, and f, of the individual
atoms. Thus, the interaction between two particles locatgubsitions; andr is given

by [106, 117, 133]

~ Arth? A
Vin(r1 = 12) = —-6(r1 = 12) ) ae Pr. (6.62)

F=0,2
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whereF = f;+ f, is the total angular momentum of the scattered pﬁ?}r,is the projection
operator for the total angular momentum andar is the sswave scattering length of
the channel associated with the total angular momerftunThe operator@; is given
by [133]

F

Pe= > IF,meXFme, (6.63)

me=—F

where |F, mg) is the state formed by two atoms with total angular momengurand
me = My + My with my and m, the projection on the quantization axis &f and f,,
respectively. The quantization axis is defined by the dioeatf the magnetic field present
in the system. Boson statistics require the staten:) to be invariant under particle
exchange, and hence only the terms corresponding to vafues=0{0, 2} appear in the
sum of Eq. (6.62). Using the relatidp- f, = 92, — 29, wheref; = (f}, f], f1) is the total

angular momentum operator of the particléhe interaction operator can be re-written

as [106, 49]

Vind(r1 = 12) = 8(ry — 1) (Co + Cfy - fz) : (6.64)
From Eq. (6.64) we see that interactions conserve the qomantumbemg [13].

Using the field operator (6.7), the interaction term in secguantized form reads

A 1
Hint :Effdrldrzd(rl—rz)x

Co : (W(ra) - W(r)) (Wi(ra) - ¥(r2)) :

+C (W) fR(ry) (102 fPR(r2) -, (6.65)

t=xy,z

where : ¢ : represents the operatorii normal ordering¥(r) = (¥_1(r), Wo(r), ¥1(r))
and the matrice$; are given by [118]

010
f”':i[l 0 1],f:'/:i

0 1 0) _ 10 0
-1 0 1f,.ff=10 0 0 |. 6.66

0O -1 0 0 0 -1

The Hamiltonian given in (6.5) is a compact form of (6.65). it expanded form,
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Eq. (6.65) reads [49]
Hint = % f drx
{(co+ ) [FLUNPLOPL)PL(r) + BT (NPT (T2 ()P4 (r)|
+2(Co + G) [P Po(r)Por) + F7, (NFH)P_o (1) Po(r) |
+ 26 [P PY PN a(r) + PP (1) Fo(r) Fo(r)]
+ Co [FHWH() Wo(r) o(r) |

+2(c0 — &) [FLNFL ()PP (). (6.67)

The interaction Hamiltonian (6.67) can be expressed ingesfd. andb]. operators
using the relation
% f dr TP ()P, (r) = %‘(“;a;a,,ay,) + %(“j,jﬁwby%
%(aj,a;ﬁg,ﬁy +bbja,a,)+ %(“j{% 7a)(a-b, +b-8,).  (6.68)
whereU,,, = [ dr (jw,(r)lIw,(r))? ando, y = -1,0, +1.

Measurement-based quantum computations and MPSs
General idea

In this section, we present the general idea developed in[R#2]. From Eq. (6.35), one
can see that if thg site in the computational basis and the outcanis obtained, then
the statdL) of the auxiliary system becomes

LY = ALy, (6.69)

Thus, measurements change the siatef the auxiliary system. Similarly, if the mea-
surement of a local observable at ditgields an outcome corresponding to the observ-

able’s eigenvectdy), then the matrixal transforms into

Alglk = (lOAD + (g AN, (6.70)
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and the vector of the auxiliary system becomes
L) = AlgluL). (6.71)

From this point of view, a measurement on some physical $itsge the correlation
properties between this site and the rest of the chain tiperforms an operation on the
auxiliary system statg.), which we will sometimes refer to as the state of the conetat

space.

Graphical notation

In order to deal with the MPS of higher-dimensional statlee,graphical notation intro-
duced in Ref. [132] is very helpful. In this notation, tersare represented by boxes, and

their indices by edges. Vectors and matrices are thus syraobby

Ly = (6.72)

(R

L
—R]
AV = AT (6.74)

(6.73)

Consequently, vector and matrix operations can be represggmnaphically by

(RL) = , (6.75)
BA = —{Al-{B}-. (6.76)
BAL) = (6.77)

Read-out scheme

In order to use the state of the correlation space to proceastam information, we
must be able to read it out at the end of the computation. tistout that in our case a

measurement of the{ 1)th site in the computational basis corresponds to a measant
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of the correlation system just after thh site. To illustrate this fact, assume that just after

the measurement of thth site, the correlation system is in the st@e that is

[C}—+{Bl¢al |+{Alpo] | - = [0), (6.78)
or
[}~ Blga] - Alpo] |- = [0). (6.79)
Thus, using Egs. (6.37) and (6.38) we have
o< |-X10) = O, (6.80)
[10)}+{B[1]}= «[0)10) = O. (6.81)

Hence, the probability of obtaining the result 1 for a meamant on thei(- 1)th site is
zero. Consequently, if the state of the correlation sys&im statg0) after theith site,

then the (- 1)th physical site must also be in that state. Since

OF-{CIAT~  « 1+)10) =0, (6.82)

the same observation applies if one measuresithe?jth and {( — 1)th sites { odd) in
the basisB; = {|(_)>, |I>}. Therefore, as a similar argument applies if the state of the
correlation system s in the stafe after theith site, the description of the read-out scheme

Is complete.



Chapter 7

From rotating ring lattices to the fractional
guantum Hall effect

In this chapter, we study ultracold bosons on a two-dimearaitattice in the presence of
an effective magnetic field and point out a couple of feattinés system has in common
with the rotating ring lattices we discussed in Chapter 4artty from the degenerate
single-particle spectrum known as the Hofstadter buttevfly find that interactions lift

the huge degeneracy of the non-interacting system apart fopological degeneracies.
Parallel to our previous work, we then derive an effectivenpabody Hamiltonian and

show that weak random potentials can lead to a coupling lest\ilee degenerate ground
states which decreases exponentially with increasing eumbparticles. For this reason
fractional quantum Hall systems have been proposed asamipally-protected quantum
memories.

7.1 Introduction

The integer and fractional quantum Hall effects are amoagptbst intriguing phenomena
of condensed-matter physics. Von Kitzliegal. [134] discovered that at large magnetic
field and low temperature the Hall resistari®e of a two-dimensional electron gas in a
semiconductor heterostucture shows numerous plateadsiastin of the magnetic field
B. On each plateau, the Hall resistance, defineB.as: Vy /1 with the Hall voltagevy
and the current, is given byh/ne? with ninteger. Close to the plateaus, the longitudinal
resistance, defined & = V_/I with the voltage drop/, in the direction of the current
|, depends exponentially on the temperaflif®R_ o« e2/2eT_ This integer quantum Hall
effect (IQHE) came as a great surprise, but it can be expldiyehe fact that the ground
state at filling factow = phc/eB = n and density consists o fully-occupied Landau

levels and therefore shows a energy @ajo excitations.
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The next twist to the story were the findings by Tetial.[135] who observed plateaus
where the resistance g fe? with f a rational fraction and which occurred at magnetic
fields corresponding to a fractional filling of the lowest ldami levely = f. This frac-
tional quantum Hall effect (FQHE) cannot be explained inryk&-particle picture, but
it is a strong correlation effect brought along by interant between the electrons in
a partially-filled Laudau level. This is a very challengingplem, since the system is
highly degenerate in the absence of interactions and tkesictions set the only energy
scale, so that there is no small parameter to expand in. Aent exact diagonalization
and the effective theory of composite fermions [136], mutthe present understanding
relies on trial wave functions, e.g. at the filling fractions 1/m, with meven for bosons

andm odd for fermions, those first written down by Laughlin [137]

Yy = [ (z-2) e 25, (7.1)
j<k

In this expressionz; = X; + iy; are the two-dimensional coordinates of tjih particle
and the magnetic lenglls = +#ic/eBis the unit of length. The Laughlin sta¥,, is
known to be the exact ground state of the many-body problefiliag factor v = 1/m

for short-ranged interactions [138].

Larmor’s theorem tells us that rotation has a similar effatheutral atoms as a uni-
form magnetic field on charged particles. It is thereforauradtto ask whether the frac-
tional quantum Hall effect can also be realized in rotatings® gases [139, 140, 141].
However, achieving this goal experimentally has been dilfid42], because it requires
the rotation frequency to closely match the trapping fregqyeAs an alternative, schemes
for optical lattices with effective magnetic fields have beait forward [143, 144]. Since
the lattice enhances the effects of the interactions, fspsaach should also lead to larger
energy gaps compared to the harmonically trapped gas. dhid stabilize the strongly-
correlated ground state against external noise and thdhatélations. Several aspects

of this system have been addressed in the literature, eedintsar response to external
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perturbations [88, 145, 146] and the topological order i gnound-state manifold via

Chern number calculations [147, 148].

In this chapter, we study ultracold bosons on a 2D latticehan fgresence of an ef-
fective magnetic field and point out features this systemilma®ommon with ultracold
bosons in 1D rotating ring lattices. We first discuss the Ishparticle problem whose
energy spectrum is known as the Hofstadter butterfly [149¢ phésent numerical re-
sults for interacting bosons on a lattice showing that axtgons lift the huge degeneracy
of the non-interacting system apart from topological degacies [147]. Parallel to our
previous work, we then derive an effective many-body Hamitn [150, 151]. We dis-
cuss the exactly-solvable Tao-Thouless limit of a thinroydir [152, 153] and point out
its relationship with the Laughlin wave function [154, 1383, 155]. We also explain
the degeneracy of the many-body spectrum using the magnatisiation group [156].
Finally, we show that a weak random potential can lift theotogical degeneracies. The
coupling between the degenerate ground states howeverades exponentially with in-
creasing number of particles [157]. For this reason fradi@uantum Hall systems have

been proposed as topologically-protected quantum memrks].

7.2 Model

We consideN ultracold bosons on i, xN, square lattice described by a two-dimensional
Bose-Hubbard Hamiltonian [18]. The presence of an effectimiform magnetic field
perpendicular to the lattice in the— y plane,B = Be,, leads, similar to the case of the
rotating ring lattice in Chapter 4, to a Peierls phase faf@6t in the hopping term. The

Hamiltonian has the form

H=-J Z (éféj exp(%)i f: A- dx) + H.c.) + % Z n;(hy —1). (7.2)

) i
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In the Landau gaugd, = —Bye,, it reads [143, 144, 88, 147]

~ . U
— E af 3 ai2may , At 3 Z PR
H - _vJ (a')(+l,yax’ye ! Yy + ax‘y_'_lax’y + H.C.) + E nx’y(nx’y - l) (73)
Xy Xy

wherea is the magnetic flux per plaquette in units of the flux quantyra,, annihilates
a particle on the site, y with x € {1,..., Ny} andy € {1,...,N,}, and all other notations

are standard [18].

While the above Hamiltonian appears naturally for chargedigles in a magnetic
field, the realization of a system described by such a Hamdtowith neutral atoms is
much less straightforward. There are a couple of theolepicgosals in the literature
to obtain such a Peierls phase factor [89], e.g. by using Ramaasitions for the opti-
cal lattice setup [143], by alternating the tunneling andiag a quadratic superlattice

potential [144] or by simply rotating the lattice [147].

In case of a homogeneous system it is customary to imposedioeboundary con-
ditions (PBC). In the presence of a magnetic field, this twounsto be a non-trivial task.
PBC, i.ey(Xx+Ny,y) = ¢(X y) andy(x, y+Ny) = y(x, y) for the single-particle wave func-
tiony(x,y), are eigenvalue equations for the translation operel?.l;gg;sand'f|\|yey with eigen-
value one. The translation operatgr= €?? and the Hamiltonian for a single particle in
a magnetic field do not commute for arbitraRy so that PBC cannot be imposed consis-
tently. The magnetic translation operator (M‘P@ is defined as an ordinary translation
operator followed by a gauge transformation, so that the M@é@mutes with the single-
particle Hamiltonian. In the Landau gauge, the MTO has tInme"T(X,Y) = 20X T iy .
However, MTOs do generally not commute with each other. teoto impose consistent
boundary conditions, we have to make sure that the two MTQ@isidg the boundary
conditions commute, i.e. we requifgn, o7 on,) = € 7NN )T ineo) = Tony) T (N0
i.e. the number of flux quanta penetrating the latiige= aNxN, = BL4L,/®o has to be

an integer.
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7.3 Single-particle problem

In this section, we discuss the physics of a single partigtgined to a two-dimensional
plane in the presence of an effective uniform magnetic fieilgppendicular to this plane.
We first study this problem in the absence of a lattice poaémthich leads to the well-
known Landau-level quantization. We then consider thettighding limit whose energy

spectrum is the famous Hofstadter butterfly [149].

7.3.1 Landau levels in the absence of a lattice potential

The Hamiltonian for a particle with mass and chargey moving in two dimensions in

the presence of a vector potentfais given by
R 2
A=t (p - %A) . (7.4)

For a uniform magnetic fieldy x A = Be,, the vector potential is a linear function of the
spatial coordinates, so thitis a generalized two-dimensional harmonic oscillator \hic

can be solved exactly.

In the Landau gaugd = B(-Y, 0, 0), the vector potential does not dependxoand
therefore commutes with,. The momentunk, is thus a good quantum number. Defining
the magnetic length dg = +7c/eBand the cyclotron energy as = eB/mcthe energy

eigenvalues

E,= (n + :—ZL)hwc (7.5)

withn=0,1,... are called Landau levels and the associated eigenfunarens

2
gl expl—%(ll iy kx) ] Hn(IX iy kx) (7.6)
B B

whereH, are Hermite polynomials.
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Fig. 7.1: Spectrum of a single particle onNy x N, = 120x 120 lattice as a function of

the flux quanta per plaquetéeknown as the Hofstadter butterfly [149].

We note that the energy does not dependkgrso that eigenstates with differekt
and the sama are degenerate, and that in §adirection the ground-state wavefunctions
are Gaussians of widthy centered ay = k3. To count the degeneracy, we impose
periodic boundary conditions in thedirectiongC+) = X The allowed values df,
arek, = 2rn,/Ly with n, integer, so that the number of degenerate states in a giean ar

LyLy is Ny = LXLy/27rI2 BLiLy/®o = Ny whereN, is the number of flux quanta.

7.3.2 Hofstadter butterfly in the tight-binding limit

In the tight-binding limit the single-particle wave funatiy/(x, y) obeys the Schrodinger

equation with the Hamiltonian (7.3) attl= 0
—3((x - L y)e Y 4 y(x+ 1Y) + y(x y — 1)+ y(x.y + 1)) = Ey(x.y). (7.7)

Making a plane wave ansatz along tkgirection,y(x,y) = €“*u(y), this equation re-

duces to the one-dimensiortaarper equatior{159]
uly — 1) + u(y + 1) + 2 cos(2ray — ky) u(y) = Ew(y) (7.8)

where the momenturky, is quantized, i.ek, = 2rs/N, with 0 < s < N integer.



Chapter 7. From rotating ring lattices to the fractional quantum Hall effect 105

Sincea = No/NgNy is a rational number, i.ex = p/q with p andq co-prime, the
term cos(Zay) is g-periodic, so that there is a so-called magnetic superdedize q.
Consequentially, the first Bloch band wit = NN, states breaks intq bands with
M/q = No/p degenerate states [149]. In the continuum limit, ke~ O, p subbands
become degenerate and tNg-fold degeneracy of the Landau levels is recovered. The
energy spectrum as a function of the flux per plaquettethe famoudiofstadter butter-
fly [149], which is shown in Fig. 7.1. We note that the Harper éiguaalso appears in

studies of a single particle in one-dimensional quasieukcilattices [160].

7.4 Many-particle problem

In this section, we first present numerical results for thelelélamiltonian (7.3) showing
that interactions lift the huge degeneracy of the non-adeng system [147]. We then
derive an effective many-body Hamiltonian [150, 151], dssthe exactly-solvable Tao-
Thouless limit of a thin cylinder [152] and point out its retaship with the Laughlin
wave function [154, 151, 153, 155]. Finally, we explain tlegdneracy of the many-body

spectrum using the magnetic translation group [156].

At fixed filling fractionv = N/Ng = 1/2 the properties of the system with the model
Hamiltonian (7.3) depend on the parametet n/v (which is proportional to the density
n = N/NxNy) and the ratio between the on-site interaction and tungetmergyU/J.

In the following, we will focus on the limit of a small flux peldamuette, i.ex < 0.25,
where the lattice potential does not have a dominant effectye are in the continuum
limit. In the upper part of Fig. 7.2, we plot the many-body cjpgm for N = 2 atoms
on aNy x Ny = 4 x 4 lattice threaded by a total magnetic flux§ = 4 flux quanta
as a function of the ratitJ/J. In the absence of interaction$ = 0, the many-body

ground state is highly degenerate. If the single-partipcgum isNqeg-fold degenerate,
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Fig. 7.2: Many-body spectrum foN = 2 atoms on &\, x N, = 4 x 4 lattice threaded
by a total magnetic flux oNy = 4 flux quanta as a function of the on-site
interactionU/J [147]. The bottom figure shows the spectrum as a function of
U/J (solid line) and the spectrum of the effective Hamiltonigoi(its). [Help
by Mohammad Hafezi is acknowledged.]
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the degeneracy for the many-body systenNdjosons is

(7.9)

( N + Ngeg— 1 ) _ (N Nogg— 2
Noeg— 1 N! (Ngeg— 1)!
The huge degeneracy of the non-interacting system is Ifiedinite repulsive interac-
tions, but all the states remain (at least) twice degenenate shall come back to this
topological degeneracy further below. In the linilt < J the energy differences are
proportional to the on-site interactids, while they become independentdfand pro-
portional to the tunneling energyin the hard-core limitJ > J. In the continuum limit,
a — 0, it has been shown that the two ground states have larg&@apweith the Laughlin
wave functions on a torus [144, 147], which are known to beettect ground states for

short-ranged interactions in the absence of a lattice piatgh38].

Parallel to our previous work, we now derive an effective grndy Hamiltonian.
For small on-site interactiod <« J, we can treat the on-site interaction in degenerate
perturbation theory. To this end, we find a set of lowest-gyesingle-particle states and
construct an effective Hamiltonian in the Fock basis of tegaherate subspace. In the
bottom part of Fig. 7.2 we compare the spectrum of this effed¢damiltonian with that of
the exact many-body Hamiltonian. We see that they agreewelhfor small interactions
U/J < 0.5. Beyond this limit, the on-site interaction terms starimg the different
energy bands and the description by the effective Hamatorireaks down. In order
to go beyond numerical results, we neglect the lattice fiatieand calculate the matrix
elements of the interaction Hamiltonian in the lowest Lantivel. Starting from the

general many-body Hamiltonian for a contact interactioteptal

q 47

o 5’*)2] B9+ 3

H= f dx®*(x) ach* f dx® (X)DT (X)D(X)D(X), (7.10)

M

we expand the particle operator@&éx) = SN =0, keem(X) &m Wherenn_q k,-m(X) are the

wave functions (7.6) for the lowest Landau level on a cylmaligh circumferencd.. They



Chapter 7. From rotating ring lattices to the fractional quantum Hall effect 108

all have the same kinetic energy, so that we are left with ffeeve Hamiltonian

~ Ok _2(R+mR) /2 At A A ~
Her = 5 D e ™2 8] Al Biindy (7.11)

jkm
whereg = Vo/(21)%*?13, Vo = 4nan?/M andk = 2rlg/L. The effective Hamiltonian con-
tains two different contributions: the terms with= 0 describe the repulsion between two
particlesk orbitals apart, whereas the others are the amplitudes forralated hopping
process, in which two particlds— m orbitals apart are transferred to orbit&ls m apart
while conserving the center-of-mass positionkat(m)/2. The ratiok! is the effective

range for the correlated tunneling processes [152, 150, 151

In the so-called Tao-Thouless limit of a thin cylinder— 0, the effective range
goes to zera! — 0, and the on-site and nearest-neighbor interaction be¢benmost

important terms [152, 153]

_ X

Her = > (AR — 1)+ 4e™ 2R ) + .. (7.12)
j

In this limit, the effective Hamiltonian is diagonal in th@d¢k basis and thus exactly
solvable. The energy is minimized for a regular occupatiatigsn in the single-particle
basis of the lowest Landau level, i.e. atfilling fractios 1/2 these are the two degenerate

Tao-Thouless statg$0101010..) and|01010101..) [152, 161].

As the circumferencé is increased, the correlated hopping processes become more
important and so-called squeezed states 09111001 and|10100200, are mixed into
the ground-state wave function. For the fermionic problémdal denominator fractions,
v = 1/mwith m odd, it has been shown that the Tao-Thouless states areatidally
connected to the Laughlin statés , i.e. there is no phase transition as the circumference
L is increased [154, 151, 153]. For bosons at filling fractios= 1/m with m even,
the Laughlin wave functio®';,, (7.1) is a so-called Jack polynomial whose dominant

occupation-number configuration is the corresponding Taouless configuration [155].
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Finally, we would like to give an argument for the degeneraitthe many-body spec-
trum by considering the magnetic translations on a toru§ [157]. In the absence of a
lattice potential, the magnetic translation operator hasform7 xy, = €"¥' fxy. At
filling fraction v = p/q, the number of particles IS = Ny p/q and the many-body oper-
ator T, = [T\, 7% . where7 () acts on the coordinate of thjeth particle, commutes
with the many-body Hamiltonian (7.10). Translations alding two different axes of the
torus,T; andT,, do not commutd; T, = P97, T;, butT; and T3 do commute, so that
{H,T,, T3} is a maximal set of commuting operator§; leaves the energy unchanged,
but translates between tliedifferent degenerate states. This was first interpreted as a

center-of-mass degeneracy [156] and later reconsideregpatogical degeneracy [157].

7.5 Ground-state splitting due to weak disorder

In this section, we show that a weak random potential cantiegdound-state splittings
which decrease exponentially with increasing number ofiglas [157]. For this reason
fractional quantum Hall systems have been proposed asagigally-protected quantum

memories [158].

A random single-particle potenti&l(x) can lead to a coupling between the states of

the lowest Landau level, so that the effective Hamiltonias the form
Hip = Her + )t &4 (7.13)
i.j

wheret;; = f dx i, kxzi(X)U(X)ﬂn=o, k=j(X) and Her is the effective Hamiltonian (7.11).
The off-diagonal single-particle terng connect the two degenerate ground states by an
N-th order tunneling process, similar to the case of coreeldatinneling in double-well
potentials and macroscopic superpositions of differeasgmomentum states in rotating
ring lattices we discussed in Chapters 3 and 4, respectiviebrallel to our previous

discussion, this coupling leads to a ground-state spjittinsystems of finite size, while
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in the thermodynamic limit the splitting goes to zero andd¢heund-state degeneracy is

recovered [157].

The exponential scaling of the ground-state splitting leeently attracted much at-
tention, since the degenerate ground-state manifold nbghised as a topologically-
protected quantum memory [158]. A qubid = « |0) + B]1) can be stored in the coeffi-
cients of the wave function in the ground-state manifgld= « [1) + B [¥2) where|y,)
and|y,) are the degenerate many-body states. All other many-badgssére separated
from the ground-state manifold by the energy gap and tramsitbetween the different

states within the ground-state manifold due to externaleare exponentially suppressed.

7.6 Conclusion

In this chapter, we studied ultracold bosons on a two-dinogas square optical lattice in
the presence of an effective magnetic field and pointed oaitiple of features this system
has in common with ultracold bosons in one-dimensionatimgaing lattices. We saw
that in the presence of a magnetic field, the kinetic energy sihgle particle is quan-
tized into degenerate energy levels. Repulsive intenastift the huge degeneracy of the
non-interacting system and lead to strongly-correlatedigd states such as the Laugh-
lin state. On a manifold which is not simply-connected, em.a torus, there remains
a topological degeneracy of the many-body spectrum. In tefsystem weak disorder
potentials couple the degenerate statel-th order perturbation theory and lead to su-
perpositions of topologically distinct states. Similathe case of correlated tunneling in
double-well potentials and macroscopic superpositioiesta rotating ring lattices, these
energy splittings decrease exponentially with increasimgber of particles. For this rea-
son the fractional quantum Hall systems have been propasadapologically-protected

guantum memories.



Chapter 8

Summary and outlook

In this thesis we presented our research on strong coomakatn ultracold atomic gases.
In particular, we focused on ultracold bosons in rotatimgdattices and arrays of double-
well potentials. In the first part, we studied the tunneliggamics of bosons in double-
well potentials. In the second part, we extended previawdias on bosons in rotating ring
lattices to the case of ring superlattices and describedsilple detection scheme to probe
macroscopic superposition states of distinct flow. We thempmared these macroscopic
superposition states to those occurring in supercondyigtiantum interference devices.
In the third part, we proposed to use dynamical modulatidndooible-well lattices to
engineer robust entangled states on the hyperfine degrées afoms and described how
to use them for measurement-based quantum computatioallyi-ive studied ultracold
bosons on a 2D lattice in the presence of an effective magfietd and pointed out a

couple of features this system has in common with 1D rotaiimgylattices.

As outlined in the introduction, ultracold atomic gaseséhéecome a playground
for many-body physics. Further research on the grouna-gihise diagrams and the
dynamics of quantum lattice models are an interesting témiduture investigations.
One can consider bosonic and fermionic atomic gases withnatidut spin degrees of
freedom; bosonic, fermionic or Bose-Fermi mixtures withwothout disorder; systems

with and without rotation in one-, two- or three-dimensibla#tices with simple square or
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more complicated lattice geometries. Most important diogrs seem to be the study of
quantum magnetism [162], quantum Hall physics, and intergsystems with disorder.
A crucial road block both for guantum simulation and quantofarmation applications

might be the lack of single-site measurements and addriéissab far.

Finally, ultracold gases have also renewed the interesinmesfoundational questions
of quantum many-body theory such as the dynamics of int@gcuantum systems re-

laxing to equilibrium [163, 164, 165, 166, 167, 168].
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