
Strong correlations in ultracold atomic gases

Andreas Nunnenkamp

A thesis submitted in partial fulfillment
of the requirements for the degree of

Doctor of Philosophy at the University of Oxford

St. John’s College
University of Oxford

Trinity Term, 2008



Strong correlations in ultracold atomic gases

Andreas Nunnenkamp, St. John’s College, Oxford

Thesis submitted in partial fulfillment of the requirementsfor the degree of Doctor of
Philosophy at the University of Oxford. Trinity Term, 2008

Abstract

In this thesis we investigate strongly-correlated states of ultracold bosonic atoms in
rotating ring lattices and arrays of double-well potentials.

In the first part of the thesis, we study the tunneling dynamics of ultracold bosons in
double-well potentials. In the non-interacting limit single-particle transitions dominate,
while in the interaction-dominated regime correlated tunneling of all particles prevails. At
intermediate times of the many-particle flopping process correlated states occur, but the
timescales of these processes increase dramatically with the number of particles. Using an
array of double-well potentials, a large number of such few-particle superposition states
can be produced in parallel.

In the second part of the thesis, we study the effects of rotation on ultracold bosons
confined to one-dimensional ring lattices. We find that at commensurate filling there
exists a critical rotation frequency, at which the ground state of the weakly-interacting gas
is fragmented into a macroscopic superposition of different quasi-momentum states. We
demonstrate that the generation of such superposition states using slightly non-uniform
ring lattices has several practical advantages. Moreover,we show that different quasi-
momentum states can be distinguished in time-of-flight absorption imaging and propose
to probe correlations via the many-body oscillations induced by a sudden change in the
rotation frequency. Finally, we compare these macroscopicsuperposition states to those
occurring in superconducting quantum interference devices.

In the third part of the thesis, we demonstrate the creation of entangled states with
ultracold bosonic atoms by dynamical manipulation of the shape of the lattice potential.
To this end, we consider an optical superlattice that allowsboth the splitting of each
site into a double-well potential and the variation of the height of the potential barrier
between the sites. We show how to use this array of double-well potentials to perform
entangling operations between neighboring qubits encodedon the Zeeman levels of the
atoms. As one possible application, we present a method of realizing a resource state for
measurement-based quantum computation via Bell-pair measurements.

In the final part of the thesis, we study ultracold bosons on a two-dimensional square
lattice in the presence of an effective magnetic field and point out a couple of features this
system has in common with ultracold bosons in one-dimensional rotating ring lattices.
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Chapter 1

From weakly-interacting superfluids to
strongly-correlated systems

Advances in cooling techniques for magnetically or optically trapped atoms over the

last few decades have paved the way for the observation of Bose-Einstein condensa-

tion [1, 2, 3] and Fermi degeneracy [4, 5, 6] in ultracold dilute gases. These develop-

ments have opened up a new and exciting field of atomic, molecular and optical physics,

where interacting many-particle systems can be probed and manipulated in space and time

within an exceptionally clean environment.

The first generation of experiments with ultracold atomic gases focused on the co-

herence properties of these weakly-interacting superfluids. Some of the most important

examples are the observation of interference between two overlapping condensates [7], of

long-range phase coherence [8], and of quantized vortices and vortex lattices [9, 10]. All

of these phenomena can be explained by introducing a so-called macroscopic wave func-

tion or order parameter, which reduces the full many-body problem to a non-linear single-

particle problem governed by the Gross-Pitaevskii equation for bosons or the Ginzburg-

Landau theory for fermions. Beyond these mean-field approaches weak interactions can

be included in Bogoliubov theory describing the interacting many-body system in terms

of weakly-interacting quasi-particles. This regime has been the topic of a number of re-

view articles and textbooks such as [11, 12, 13, 14].
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More recently, two developments have given the relatively young field of ultracold

atomic gases a new direction and have attracted much attention also among physicists

with a background in condensed matter physics, nuclear physics and quantum information

science. These are the ability to tune the interaction strength between the particles by

means of so-calledFeshbach resonances[15, 16] and the possibility to load ultracold

quantum gases intooptical lattices[17].

These two techniques, together or by themselves, have made it possible to realize

quantum liquids in the strongly-interacting regime, wherethe interaction energy of the

particles dominates over their kinetic energies. The two most-popular phenomena in this

context are thesuperfluid to Mott insulator transitionof bosonic atoms in an optical lat-

tice [18, 17] and the crossover between Bardeen-Cooper-Schrieffer superfluidity of atom

pairs and Bose-Einstein condensation of diatomic molecules (BEC-BCS crossover), stud-

ied in fermionic atoms close to a Feshbach resonance [19, 20,21, 22]. A review [23] of

these experiments and the relevant theory has just appearedin the literature.

These experiments have successfully demonstrated long coherence times as well as

a high degree of control over the experimental parameters, showing that the engineering

of model Hamiltonians for various purposes should be possible. There are at least three

different goals for the research on strong correlations in ultracold atomic gases:

• Generation of macroscopic superposition states: Macroscopic superposition states

or Schrödinger cat states are one class of strongly-correlated states crucial in ex-

amining the foundations of quantum mechanics. The overriding issue is, of course,

whether there is a mesoscopic scale at which the laws of quantum mechanics break

down, in other words the nature of the quantum-to-classicaltransition [24].

• Quantum simulation of many-body systems: The experiments on the Mott tran-

sition and the BEC-BCS crossover have established ultracold quantum gases as



Chapter 1. From weakly-interacting superfluids to strongly-correlated systems 3

model systems for condensed matter problems. It is believedthat some open ques-

tions about the properties of the phase diagram or the non-equilibrium dynamics of

quantum many-body systems can be addressed using ultracoldgases as “quantum

simulators”, programmable quantum systems which simulateother less accessible

or less controllable quantum systems [25].

• Quantum information processing: Ultracold atoms seem to be ideal candidates for

future quantum technologies which directly exploit the laws of quantum mechan-

ics for applications such as quantum computation, quantum communication and

Heisenberg-limited precision measurements. The strong correlations between the

particles are in this case a useful resource which enables anexponential speed up

of some computational problems [26] and allows for interferometry with phase es-

timation beyond the standard quantum limit [27].

In this thesis we study strongly-correlated states of ultracold bosonic atoms in opti-

cal lattices. We consider lattice geometries such as rotating ring lattices and arrays of

double-well potentials which are within the reach of current experiments. The unifying

notion is that strong correlations occur when the interaction energy of the particles domi-

nates over their kinetic energies. The theoretical description of these systems is challeng-

ing, because, on the one hand, they cannot be reduced to systems of weakly-interacting

quasi-particles, and, on the other hand, the Hilbert space of the full many-body problem

increases exponentially with increasing number of particles. For this reason we will make

frequent use of exact diagonalization for small system sizes and derive effective Hamilto-

nians in order to gain more insight into the occurring quantum correlations.

In Chapter 2 we show that ultracold bosonic atoms in deep optical lattices can be de-

scribed using the Bose-Hubbard model and discuss some of themost important properties

of the superfluid and Mott insulating phases. In a typical experiment the latter regime is
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reached by increasing the lattice depth at commensurate filling, so that the kinetic energy

becomes comparable to the on-site interaction energy. The nearly degenerate many-body

configurations are then strongly mixed by the on-site interaction matrix elements and re-

sult in the strongly-correlated Mott insulating ground state.

In Chapter 3 we study the tunneling dynamics of ultracold bosons in double-well po-

tentials. The strong correlations in the Mott insulating regime dramatically affect the

non-equilibrium dynamics of the particles. In the non-interacting limit single-particle

transitions dominate, while in the interaction-dominatedregime correlated tunneling pre-

vails. At intermediate times of the many-particle flopping process correlated states are

formed. This is related to the occurrence of macroscopic superposition states in rotating

ring lattices and of superexchange interactions in opticalsuperlattices to be discussed in

Chapter 4 and Chapter 6, respectively.

In Chapter 4 we study the effect of rotation on ultracold bosons in one-dimensional

ring lattices. We show that there exists a critical rotationfrequency, at which the single-

particle spectrum is degenerate and the weakly-interacting ground state becomes a macro-

scopic superposition of different quasi-momentum states.We extend our discussion to the

case of a ring superlattice which has several practical advantages. Finally, we show that

different quasi-momentum states can be distinguished in time-of-flight absorption imag-

ing and propose to probe correlations via the many-body oscillations induced by a sudden

change in the rotation frequency.

In Chapter 5 we study macroscopic superposition states produced in flux qubit de-

vices. We start by deriving the effective action of these “artificial” quantum devices in the

limit of low temperatures and small frequencies. We find thatthe magnetic flux thread-

ing the superconducting ring is the only essential variable, since fluctuations in all other

macroscopic variables are strongly suppressed due to the energy gap in the charged su-
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perconductor. We show that macroscopic superposition states can be achieved in the

macroscopic quantum coherence regime, where the tunnelingbarrier of the adiabatic po-

tential is small even for a large number of Cooper pairs. Finally, we compare the two

different mechanisms leading to macroscopic superposition states: correlated tunneling

and tunneling in adiabatic potentials.

In Chapter 6 we consider ultracold bosons with two hyperfine states loaded into an

array of double-well potentials. Their tunneling dynamicsin the interaction-dominated

regime is governed by so-called superexchange processes. We present how to use them

in order to perform entangling operations between neighboring qubits encoded on the

Zeeman levels of the atoms and prepare robust entangled states which remain unaffected

by collective decoherence. As one possible application, wepresent a method of realizing

a resource state for measurement-based quantum computing via Bell-pair measurements.

In Chapter 7 we study ultracold bosons on a two-dimensional square lattice in the

presence of an effective magnetic field and point out a coupleof features this system

has in common with ultracold bosons in rotating ring lattices we discussed in Chapter 4.

Starting from the degenerate single-particle spectrum known as the Hofstadter butterfly,

we find that interactions lift the huge degeneracy of the non-interacting system apart from

topological degeneracies. Parallel to our previous work, we derive an effective many-body

Hamiltonian and show that a weak random potential can lead toground-state splittings

which decrease exponentially with increasing number of particles.

In Chapter 8 we conclude the thesis with a brief summary of theresearch it contains

and give a view of possible directions for future work.

Publications. Parts of this thesis have been published in peer-reviewed journals.

Chapter 4 is based on Refs. [28, 29] and Chapter 6 is publishedas Ref. [30]. During

my time at Oxford, I also worked on Ref. [31] which is not included in this thesis.



Chapter 2

Ultracold bosons in optical lattices
In this chapter, we show when ultracold bosonic atoms in optical lattices can be described
using the Bose-Hubbard model [32]. We first discuss the basicphysics of optical potentials
and of a single particle in a periodic potential. We then derive the Bose-Hubbard model
as the microscopic description of ultracold bosons in optical lattices [18] and discuss some
of the most important properties of the superfluid and Mott insulating phases. Finally, we
describe how they can be probed in experiments with ultracold atomic gases.

2.1 Optical potentials

To understand the physical origin of the confinement of cold atoms with laser light, we

consider a two-level atom interacting with an off-resonantlight field. The Hamiltonian for

a two-level atomin the absence of radiation may be written in the formĤ0 = ~ω0 |e〉〈e|,

where we have set the energy of the ground state|g〉 to zero andω0 denotes the transition

frequency between the ground state|g〉 to the excited state|e〉.

In thedipole approximation, the effect of a classical light fieldE(x, t) = E0(x) cosωLt

with frequencyωL and field amplitudeE0(x) on a two-level atom is described by the

HamiltonianĤI = − d ·E = ~ΩR(x) (|e〉〈g| cosωLt + h.c.) whereΩR(x) = 〈e|d ·E0(x)|g〉/~

is the Rabi frequency andd = ex the atomic dipole moment. This approximation is valid

as long as the wavelength of the light is large compared to thesize of the atom.

Going into a frame rotating at the laser frequencyωL and neglecting rapidly oscillating

terms at frequencyωL + ω0 (rotating wave approximation), we obtain the Hamiltonian

Ĥ = Ĥ0 + ĤI = ~(ω0 − ωL) |e〉〈e| + ~ΩR/2(|e〉〈g| + h.c.) = ~

(

∆ ΩR/2
ΩR/2 0

)

, (2.1)
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where we introduced the detuning parameter∆ = ω0 − ωL.

In the limit of large detuning∆ ≫ ΩR, we can eliminate the excited state|e〉 using

second-order perturbation theory. It predicts that the energy of the ground state|g〉 is

simply shifted byEg(x) = |ΩR(x)|2
4∆ . This is the so-calledac-Stark shiftwhich is proportional

to the intensity of the laser lightI (x) = |E0(x)|2 and the polarizability of the atomα(ω) =

|〈e|d|g〉|2
ω0−ω , taken at the laser frequencyω = ωL. For red-detuned light, i.e.∆ < 0 orωL < ω0,

the atoms are attracted to the anti-nodes of the light field where the electric field intensity

I (x) is maximal. For blue-detuned light, i.e.∆ > 0 orωL > ω0, the atoms are attracted to

the nodes of the light field where the electric field intensityI (x) is minimal.

To generate a one-dimensional optical lattice one interferes two counter-propagating

laser beams of equal beam parameters and polarization, e.g.by reflecting one beam back

into itself. They will form astanding wave pattern V(x) = V0 sin2 kLx with lattice depth

V0 = 4E0, wave vectorkL = 2π/λL = ωL/c, and lattice constanta = λL/2. One way

to construct optical lattices in higher dimensions is by combining one-dimensional lat-

tices. With different polarizations or slightly detuned frequencies along the different axis,

interference terms average out and a three-dimensional square lattice is obtained

V(x, y, z) = V0

(

sin2 kLx+ sin2 kLy+ sin2 kLz
)

. (2.2)

So far, we have neglected the possibility of spontaneous emission from the excited

state|e〉 which introduces dissipative scattering processes, e.g. the absorption of an off-

resonant photon followed by spontaneous emission into the vacuum. The effective decay

rateΓeff can be estimated by the product of the decay rateΓ for the excited state|e〉 and

the probability of an atom occupying the excited state|e〉. Assuming that the atom is in

the motional ground state of a single potential well (see harmonic approximation below),

one obtains for red-detuned latticesΓeff = V0Γ/~|∆| [33]. Let us take the example of

an optical lattice produced by a red-detuned laser withλL = 852nm driving the S1/2 →
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P3/2 transition in87Rb atλ0 = 795nm with the linewidthΓ = 2π × 6MHz. The recoil

energy is in this caseER = 2π × 3.1kHz which gives a detuning of~∆ = −8.0 × 109ER.

For a lattice depthV0 = 25ER the effective spontaneous emission rate isΓeff = 0.2 ×

10−2s−1 which corresponds to a timescale on the order of minutes [33]. As the experiments

with ultracold atoms in optical lattices usually take placeon timescales of up to a few

seconds, spontaneous emission can be neglected for an appropriate choice for the detuning

parameter∆. In the following, we will assume that all optical potentials are conservative.

2.2 Band structure

Let us now consider the states of atoms in an optical lattice potential. Neglecting at first

the interaction between the particles we have to solve the textbook problem of a single

particle subject to a periodic potentialV(x). The single-particle Hamiltonian has the form

Ĥ = p̂2
+ V(x), with V(x) = V(x+ a), anda is the lattice constant.

Bloch’s theorem tells us we can write the wave function in theform ψ(x) = eiqxuq(x),

with uq(x) = uq(x+ a), and whereq is the so-called quasi-momentum. Using the Fourier

decomposition ofuq(x), i.e. uq(x) = 1√
2π

∑

l u
l
qe

iGl x of the periodic functionuq(x) with

Gl = 2πl/a andl integer, we obtain the so-called central equation

~
2

2M
(q+Gl)

2ul
q +

∑

m

Vl−mum
q = Eul

q, (2.3)

whereVl =
1√
2π

∫

dx V(x) e−iGl x are the Fourier components of the potentialV(x) andM

is the mass of the atoms.

Using the identity sin2 kx = 1
2 +

ei2kx

4 +
e−i2kx

4 , we obtain the band structure from the

following tridiagonal matrices:
(

Hq

)

ll
= ER

(

qa
π
+ 2l

)2
+

V0
2 and

(

Hq

)

lm
=

V0
4 for |l −m| = 1,

with the recoil energyER = ~
2k2

L/2M = ~2π2/2Ma2. For a lattice withL sites, we solve

Eq. (2.3) for each of the quasi-momentaqa/π ∈ {−1+2/L,−1+2(2/L), . . . , 1} separately.
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Fig. 2.1: Band structure forV0/ER = {0, 5, 10} (from left to right). The top row shows the
five lowest bands, the lower one a zoomed in plot of the lowest band.

In Fig. 2.1 we plot the five lowest energy bands for lattice depthsV0/ER = {0, 5, 10}.

ForV0 = 0 we recover the dispersion of a free particleEq/ER = (qa/π)2, while for a finite

lattice depthV0 a band gap opens at the zone boundaryqa = ±π. With increasing lattice

depthV0 the band width decreases. In Fig. 2.1 we also show a zoomed in plot for the

lowest energy band which evolves from a parabolic form in theabsence of a lattice to a

cosine form in the deep lattice limit.

In treating the effects of local interactions it will be convenient to choose single-

particle wave functions which are localized in position space. For each Bloch band with

band indexn we, therefore, construct the set of Wannier functionswn(x − xj) which are

centered at the positions of the lattice sitesxj

wn(x− xj) =
a
2π

∫

BZ
dq e−iqxjψ(n)

q (x). (2.4)
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Fig. 2.2: Maximally-localized Wannier functions [34, 35] of the lowest bandw0(x) for
V0/ER = 1 (dash-dotted) andV0/ER = 10 (solid), both on a linear (left) and a
logarithmic (right) scale. [Help by Dr Stephen R. Clark is acknowledged.]

In this expression, the integral is taken over the first Brillouin zone−1 < qa/π < 1

andψ(n)
q (x) = eiqxu(n)

q (x) = eiqx 1√
2π

∑

l u
l
qne

iGl x is the Bloch wave function. In Fig. 2.2 we

show the maximally-localized Wannier functions [34, 35] ofthe lowest bandw0(x) for

V0/ER = 1 andV0/ER = 10, both on a linear and a logarithmic scale.

2.3 The Bose-Hubbard model

At ultracold temperatures the two-body interaction between the particles can be approxi-

mated by the pseudopotentialV2body(x, x′) ∝ asδ(x − x′) whereas is thes-wave scattering

length. The many-body Hamiltonian for bosonic atoms with the optical potentialV(x)

and the two-body interaction potentialV2body(x, x′) can be written in the form

Ĥ =
∫

dxΦ̂†(x)

[

− ~
2

2M
∇2
+ V(x)

]

Φ̂(x) +
1
2
· 4πas~

2

M

∫

dxΦ̂†(x)Φ̂†(x)Φ̂(x)Φ̂(x), (2.5)

where Φ̂(x)† and Φ̂(x) are bosonic creation and annihilation field operators satisfying

the canonical commutation relations:
[

Φ̂(x), Φ̂†(x′)
]

= δ(x − x′) and
[

Φ̂(x), Φ̂(x′)
]

=

[

Φ̂
†(x), Φ̂†(x′)

]

= 0.
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If the optical lattice is sufficiently deep, i.e. the band gapbetween the different Bloch

bands is large compared to the interaction energy, we can make thesingle-band approx-

imationand neglect the coupling between different bands. Expanding the field operators

in the set of Wannier functions of the first bandΦ̂(x) =
∑

j w0(x − x j) â j and substituting

this expression into the many-body Hamiltonian we obtain

Ĥ =
∑

i, j

Ji j â
†
i â j +

U
2

∑

i jkl

â†i â
†
j âkâl. (2.6)

In this expression, we defined the tunneling matrix elements

Ji j =

∫

dx w∗0(x − xi)

[

− ~
2

2M
∇2
+ V(x)

]

w0(x − x j) =
a
2π

∫

BZ
dq eiq·(xi−x j )Eq (2.7)

and the interaction matrix elements

Ui jkl =
4πas~

2

M

∫

dx w0(x − xi)
∗w0(x − x j)

∗w0(x − xk)w0(x − xl). (2.8)

In Fig. 2.3 we plot the tunneling matrix elementsJ01, J02 andJ03, as well as the interaction

matrix elementsU0000, U0001 andU0101, as a function of the lattice depthV0. For deep

latticesV0 ≥ 5ER the tunneling matrix elements between nearest neighborsJ01 and the

on-site interaction energyU0000 are the dominant terms.

In thetight-binding approximation, we keep only these terms, i.e. the nearest-neighbor

tunnelingJ ≡ −J01 > 0 and the on-site interactionU ≡ U0000, and hence obtain the

Hamiltonian of the Bose-Hubbard model

Ĥ = −J
∑

〈i, j〉

(

â†i â j + H.c.
)

+
U
2

∑

j

n̂ j(n̂ j − 1). (2.9)

For sufficiently deep lattices the Wannier functionw0(x) has a spatial extent smaller

than the lattice constanta and can be approximated by the ground-state wavefunction

of a single potential well. Expanding the lattice potentialV(x) around this minimum to

second order, we obtain the so-called harmonic approximation,Vho(x) = Mω2
hox

2/2 with
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Fig. 2.3: (Left) Tunneling matrix elements|J01| (solid), |J02| (dashed) and|J03| (dash-
dotted) as well as interaction matrix elementsU0000 (solid) with its harmonic ap-
proximationU(ho)

0000(dotted),U0001 (dashed) andU0101 (dashed-dotted) as a func-
tion of the lattice depthV0. (Right) Parameters of Bose-Hubbard model. [Help
by Dr Stephen R. Clark is acknowledged.]

~ωho = 2
√

V0ER. The ground-state wave function is thusψho(x) =
(√
πaho

)−1/2
e−x2/2a2

ho

with the harmonic oscillator lengthaho =
√
~/mωho. In this approximation we obtain

U(ho)
0000=

√
8π

as

a

(

V0

ER

)3/4

ER (2.10)

for the on-site interaction energyU.

From the exact width of the lowest band (via the 1D Mathieu equation) we obtain

J =
4
√
π

(

V0

ER

)3/4

exp













−2

√

V0

ER













ER (2.11)

for the nearest-neighbor tunneling matrix elementJ (see e.g. [36]).

One of the most important features of the realization of the Bose-Hubbard model in a

ultracold atomic system is that the ratio between the tunneling matrix elementJ and the

on-site interaction energyU can be tuned over a wide range by varying the lattice depth

U
J
≈ as

a
exp













2

√

V0

ER













. (2.12)

From this expression, we see that the optical lattice effectively enhances the effects of the

interactions between the particles and thus opens the possibility to study the physics of

strongly-correlated systems with weakly-interacting dilute gases.
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2.4 Quantum phase transition from a superfluid to a
Mott insulator

At integer filling, i.e. if the number of atomsN is commensurate with the number of

lattice sitesL, the Bose-Hubbard model predicts a quantum phase transition [37]. When

the ratio between the on-site interaction energyU to the tunneling matrix elementJ is

increased beyond a certain critical value (U/J)c, the ground-state wave function changes

from a superfluid to a Mott insulating phase [32].

In the limit of small on-site interactionsJ≫ U, the system is in thesuperfluid phase.

The superfluid wave function, for which the kinetic energy isminimized by delocalizing

the atoms over the entire lattice, has the form

|ΨSF〉 ∝
















L
∑

j=1

â†j

















N

|vac〉. (2.13)

In the thermodynamic limit, whereN, L → ∞ with N/L fixed, the atoms on each site are

in a coherent state|Ψ〉 j = e−|ϕ j |2/2 ∑∞
n=0

ϕn
j√
n!
|n〉 j where|n〉 j is the Fock state withn atoms

on site j andϕ j = 〈â j〉 is the superfluid order parameter. It has a poissonian atom number

distributionP(n) = n̄ne−n̄/n! with the mean particle number ¯n = N/L. The superfluid

momentum distribution can be detected using the peaks in thediffraction pattern after

time-of-flight expansion [17, 38], whereas the atom number distribution can be probed

via spin changing collisions [39].

Weak interactions between the atoms lead to quantum depletion of the condensate,

i.e. a finite fraction of the particles are pushed intop , 0 momentum modes even at

zero temperature. This effect can easily be included inBogoliubov theory[40, 41, 42].

First, one has to solve the set of coupled non-linear Schrödinger (i.e. Gross-Pitaevskii)

equations

i~∂tzj = −J(zj−1 + zj+1) + U |zj |2zj .
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In the case of a homogeneous lattice the uniform ansatzzj =
√

n̄e−iµt/~ with the number

densityn̄ = N/L leads to a chemical potentialµ = n̄U − 2J. Next, one linearizes the

equation of motion

i~∂tâ j = −J(â j−1 + â j+1) + Un̂ jâ j

by substituting ˆa j → (zj + δ̂ j)e−iµt/~ and keeping operators up to second order. We obtain

i~∂tδ̂ j = (2nU − µ)δ̂ j − J(δ̂ j−1 + δ̂ j+1) + nUδ̂†j .

Decomposing the quasi-particle operators into Fourier modes

δ̂ j =
1
√

L

∑

q

(

uqe
i(qa j−ωqt)α̂q − v∗qe

−i(qa j−ωqt)α̂†q
)

,

the equations for the quasi-particle amplitudes and frequencies are

[

nU + 4J sin2
(qa

2

)

− ~ωq

]

uq + nUv−q = 0

nUuq +

[

nU + 4J sin2
(qa

2

)

+ ~ωq

]

v−q = 0. (2.14)

Their solution is given by

|uq|2 = |vq|2 + 1 =
ǫq + nU + ~ωq

2~ωq

~ωq =

√

ǫq(ǫq + 2nU) (2.15)

whereǫq = 4J sin2(qa/2) is the single-particle energy spectrum. We recognize thewell-

known linear phonon-like dispersionωq ∝ q at small wave vectorsǫq ≪ 2nU and the free-

particle-like dispersionωq ≈ ǫq at large wave vectorsǫq ≫ 2nU. Using the decomposition

b̂†k =
1√
L

∑

j e
2πik j/Lâ†j , the many-body wave function reads

|ΨBogo〉 =
∏

k,0

(

uk + vkb̂
†
kb̂
†
−kb̂0b̂0

)

|ΨSF〉. (2.16)

We see that pairs of particles with opposite momentum are excited out of the condensate,

so that the number of particles in the condensate is reduced to n−∑

q,0 nq = n−∑

q,0 |vq|2.
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As the ratioU/J is increased, the quantum depletion increases. The Bogoliubov approx-

imation eventually breaks down when the fluctuations in the number of particles in the

condensate cannot be neglected.

In the limit of strong on-site interactionsJ ≪ U, the system is in theMott insulating

phase. In this regime the atoms minimize the on-site interaction by localizing in lattice

sites. It produces Fock states with zero number fluctuations

|ΨMI 〉 ∝
L

∏

j=1

(

â†j
)N/L
|vac〉. (2.17)

In contrast to the gapless superfluid state, the Mott insulator has an excitation gapU which

can be probed by Bragg spectroscopy [43]. This also leads to the “wedding cake” density

profile in the presence of the harmonic trapping potential [44, 45].

Weak tunneling can be included by perturbation theory, i.e.the so-calledstrong cou-

pling expansion[46, 47, 48]. In first order the ground-state wave function isgiven by

|Ψ(1)〉 = |ΨMI 〉 +
J
U

∑

〈i, j〉
â†i â j |ΨMI 〉. (2.18)

It has an admixture of adjacent particle-hole excitations.As the ratioJ/U is increased,

higher orders of the tunneling term become important, so that the particle-hole pairs can

separate further across the lattice.

The ground-state phase diagram can be obtained most easily using theGutzwiller or

mean-field decoupling ansatz[40]. By substituting ˆa†i â j → 〈â†i 〉â j + â†i 〈â j〉 − 〈â†i 〉〈â j〉 or

equivalently using the following mean-field ansatz

|ΨGW〉 =
∏

j

|Φ〉 j with |Φ〉 j =
∞
∑

n=0

fn|n〉 j , (2.19)

the Bose-Hubbard Hamiltonian factorizes into a sum of single-site Hamiltonians

ĤGW
=

∑

j

ĤGW
j with ĤGW

j =
U
2

n̂ j(n̂ j − 1)− µn̂ j − zJ(â†i + â j)φ + Jφ2, (2.20)
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whereφ = 〈â j〉 is the superfluid order parameter,z = 2d the number of nearest neigh-

bors in ad-dimensional square lattice, andµ the chemical potential of the system in

the grand-canonical ensemble. The single-site problem is easily solved numerically or

approximately by second-order perturbation theory in the off-diagonal tunneling term

−zJ(â†i + â j). The unperturbed problem has the ground-state energyE(0)
n = 0 for µ̄ < 0

andŪn(n − 1) − µ̄n if Ū(n − 1) < µ̄ < Ūn, wheren = N/L is the number of atoms per

site,µ̄ = µ/J andŪ = U/J the normalized chemical potential and interaction energy.The

tunneling term only couples the unperturbed state withn particles per site to states with

n− 1 andn+ 1 atoms, so we find the energy shift in second-order perturbation theory

E(2)
n =

|〈n+ 1|â†|n〉|2
En − En+1

+
|〈n− 1|â|n〉|2
En − En−1

=
n+ 1

µ̄ − Ūn
+

n

Ū(n− 1)− µ̄
. (2.21)

Following Landau’s theory for second-order phase transitions, we write the ground-state

energy as an expansion in the order parameterφ, i.e.En(φ) = a0(n, Ū, µ̄)+ a2(n, Ū, µ̄)φ2
+

O(φ4) with a0(n, Ū, µ̄) = E(0)
n anda2(n, Ū, µ̄) = E(2)

n + 1. We then determine the boundary

between the superfluid and Mott insulating phase by requiring a2(n, Ū, µ̄) = 0, i.e.

(µ/U)± =
1
2

[

2n− 1− (zJ/U) ±
√

1− 2(2n+ 1)(zJ/U) + (zJ/U)2
]

. (2.22)

We have given a plot of the phase diagram in Fig. 2.4. The tip ofthe Mott lobes, where

(µ/U)+ = (µ/U)−, is given by (U/J)c = z(2n+ 1+
√

(2n+ 1)2 − 1) which gives (U/J)c ≈

z× 5.83 for then = 1 insulator.

We note that the appearance of the strongly-correlated Mottinsulating state fits well

into the main theme of the thesis. By increasing the lattice depth, the band width is re-

duced, so that the kinetic energy in the lowest band becomes comparable to the interaction

energy. That means, all single-particle states in the lowest energy band become almost de-

generate and are therefore strongly mixed by the on-site interaction matrix elements. The

Mott insulating state is then a superposition of the quasi-degenerate many-body states.
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Fig. 2.4: Mean-field phase diagram of the Bose-Hubbard model (2.9) given by Eq. (2.22).

2.5 Probing the Bose-Hubbard model with ultracold
atoms in optical lattices

Let us now turn to the question how the properties of the Bose-Hubbard model and its

mean-field phases can be probed in experiments with ultracold atoms in optical lattices.

The most popular detection method in ultracold atom experiments isabsorption imag-

ing after time-of-flight expansion[49]. In this technique, all optical and magnetic poten-

tials are suddenly switched off and the atom cloud is allowedto expand freely. After a

certain time-of-flightt an ordinary absorption image of the enlarged cloud is taken.To

calculate its density distribution we expand the amplitudeoperatorÂ(x, t) in terms of the

initial wavepackets aŝA(x, t) =
∑

j â j ϕ j(x, t) whereâ j are the destruction operators for a

particle at lattice sitej andϕ j(x, t) = Û(t)ϕ j(x, t = 0) = Û(t) w0(x− xj) with the Wannier

function w0(x − xj) centered at lattice sitej and the time evolution operator̂U(t). Ne-

glecting the effects of interactions during the expansion,i.e. Û(t) = exp
[

− i
~

p̂2

2mt
]

, we can

calculate the wave function in the far-field and long-time limit within the stationary-phase

approximation to beϕ j(x, t) ≈
√

m
~t w̃0(k̄) eik̄(x−xj ) with k̄ = mx/~t andw̃0(k) the Fourier
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transform of the Wannier functionw0(r ). The density distribution observed after some

time-of-flight t is then given by [50, 51]

n(x) = 〈Â†(x)Â(x)〉 =
(m
~t

)3 ∣

∣

∣

∣

∣

w̃
(

k =
mr
~t

)

∣

∣

∣

∣

∣

2

S
(

k =
mr
~t

)

(2.23)

whereS(k) is the static structure factor and identical to the quasi-momentum distribution

S(k) =
∑

i, j

eik·(r i−r j )〈â†i â j〉 = 〈b̂†kb̂k〉 = 〈n̂k〉. (2.24)

In the non-interacting limitU = 0, where all particles have condensed into thek = 0

quasi-momentum state, we have〈â†i â j〉 = N0, so that the wave packets from the dif-

ferent lattice sites interfere coherently and lead to diffraction peaks in the time-of-flight

diffraction pattern. In the Mott insulatingJ = 0 state, we have〈â†i â j〉 = δi j , so that

we expect to see only the Fourier transform of the single-site wave functionw0(r ). In

Fig. 2.5 we show the interference pattern observed after time-of-flight expansion in the

seminal experiment performed in Munich [17]. One clearly recognizes the transition from

the superfluid regime with its interference peaks to the Mottinsulating regime where the

interference pattern is washed out.

One novel detection technique is the analysis of thenoise correlationsin the absorp-

tion images after time-of-flight expansion. Proposed in Ref. [52], it was used to detect

the density-density correlations after molecule dissociation [53] and of a Mott insulating

state of bosons [54] as well as the anti-bunching of free fermions in a lattice [55]. It has

great promise in distinguishing many different phases of proposed phase diagrams.

Another new technique used to characterize the quantum state of ultracold atoms in

optical lattices are spin-changing collisions [56]. With their help it has been possible to

measure the squeezing in theatom number distribution[39] and then by additionally ap-

plying a spatially varying bias field the “wedding cake”density profileof a Mott insulator

in a trapping potential [44].
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Fig. 2.5: Absorption images of multiple matter-wave interference patterns. These were
obtained after suddenly releasing the atoms from an optical lattice potential with
different potential depthsV0 after a time-of-flight of 15 ms. Values ofV0 were:
a) 0ER, b) 3 ER, c) 7 ER, d) 10ER, e) 13ER, f) 14 ER, g) 16ER and h) 20ER.
[Reprinted from Ref. [17].]

Apart from exploring the equilibrium ground-state phase diagram of the standard

Bose-Hubbard model ultracold atomic gases in optical lattices offer the possibility to ob-

servenon-equilibrium dynamicsdue to their long coherence times. Quantum quenches,

i.e. sudden changes of the parameterJ/U, lead to collapse and revival of the coherent

matter-wave field [57]. Following the proposal [58], state-dependent optical lattice po-

tentials [59] have been used to observe entanglement oscillations of 1D spin chains [60].

This involved the preparation of 1D cluster states [61] whose two-dimensional relatives

are a general resource state for quantum one-way computing [62].

Since single-site addressability is crucial to many of the promising applications such

as quantum simulation and quantum computing proposals, there have recently been major

efforts to extend the possibility to manipulate atoms in optical lattices more selectively via

optical superlattices[63, 64]. In first experiments it has allowed the observation of two-

atom correlated tunneling [65], the realization of so-called
√

SWAP-gates [66], and the

control over spin-exchange interactions [67].

The images originally presented here cannot be made freely available via ORA for copyright 
reasons. The images were sourced from: Greiner, M. et al. (2002). 'Quantum phase transition 
from a superfluid to a Mott insulator in a gas of ultracold atoms', Nature, 415(6867), 39-44. DOI: 
10.1038/415039a. 

http://dx.doi.org/10.1038/415039a


Chapter 3

Correlated tunneling of ultracold bosons in
double-well potentials

In this chapter, we study the tunneling dynamics of ultracold bosons in double-well po-
tentials. In the non-interacting limit single-particle transitions dominate, while in the
interaction-dominated regime correlated tunneling prevails. At intermediate times of the
many-particle flopping process correlated states are formed, but the tunneling times in-
crease dramatically with the number of particles. Using an array of double-well potentials,
a large number of few-particle superposition states can be produced in parallel.

3.1 Introduction

In the absence of interactions many-body systems reduce to aset of single-particle ones,

where the atoms move independently of each other. The situation changes drastically once

interactions become important: the particles affect each other and become correlated.

Double-well potentials are one of the simplest non-trivial“lattice” configurations. Re-

cently, arrays of double-well potentials have been realized experimentally [63, 64]. This

opens up novel possibilities for manipulating atoms in optical lattices. For instance, this

setup allows to explore the physics of double-well potentials in the few-atom limit. Due

to the large number of identical double-well potentials in the array, a good signal-to-noise

ratio can be achieved despite the small number in each of them.

In this chapter, we study the tunneling dynamics of ultracold bosons loaded into an

array of double-well potentials. Using the two-site Bose-Hubbard model, we find two

qualitatively different dynamical regimes. In the non-interacting limit the particles tunnel
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independently and single-particle Rabi oscillations dominate the dynamics. In the op-

posite limit single-particle transitions are suppressed by the interaction energy and slow

many-particle transitions occur. We obtain an analytic expression for the many-particle

tunneling times using perturbation theory. The fact that the tunneling time increases dra-

matically with the number of particles puts severe limitations on the number of particles

that can be involved in these many-particle transitions on experimentally accessible time

scales. Using arrays of double-well potentials, it is possible to study these few-particle

superposition states with good statistics.

After the completion of these notes, several theoretical papers have considered corre-

lated tunneling in symmetric or tilted double-well potentials [68, 69, 70]. In the mean-

time, correlated tunneling has entered the stage of cold atom experiments in the form of

repulsively bound pairs in an optical lattice [71]. More recently, second-order tunneling

of atom pairs has been observed in an array of double-well potentials [65] and has now

been used to measure the atom number distribution in the superfluid to Mott insulator

transition [72].

3.2 Model

Assuming that tunneling between the double-well potentials in the array can be neglected,

we concentrate on a single symmetric double-well potentialfilled with N bosons. This

system can be described by the well-known two-mode Bose-Hubbard model

Ĥ = −J
(

â†LâR + h.c.
)

+
U
2

(n̂L(n̂L − 1)+ n̂R(n̂R − 1)) , (3.1)

where âi is the annihilation and ˆni = â†i âi the number operator for atoms on the left-

(i = L) and right-hand (i = R) side of the double-well potential. The first term in Eq. (3.1)

describes tunneling between the two wells with tunneling matrix elementJ and the second

the on-site interaction energyU.
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In the Fock state basis an arbitrary state can be described by|ψ〉 = ∑

n cn|n,N − n〉,

wheren is the number of particles in state|L〉 andN−n in state|R〉. The Hamiltonian (3.1)

reduces to an (N+1)×(N+1) tridiagonal matrix which is easily diagonalized numerically.

The initial state is taken to be|ψ(t = 0)〉 = |0,N〉. Defining a dimensionless timeτ =

Jt/(2π~), we obtain the quantum state at timet through|ψ(t)〉 = exp(−iĤt/~) |ψ(t = 0)〉.

We compute the atom number distributionPn(τ) = |〈n,N − n|ψ(τ)〉|2 = |cn(τ)|2, the mean

number difference∆n(τ) =
∑

n n|cn(τ)|2 − N/2 and its varianceσ2
= 〈∆n2〉 − 〈∆n〉2.

3.3 Single-particle transitions

Let us first discuss the non-interacting caseU = 0. In Fig. 3.1 we show the atom number

distributionPn(τ) as well as the expectation values of the mean number difference∆n and

its varianceσ2 as a function of the dimensionless timeτ for N = 2 particles. The dynamics

are, of course, determined by single-particle transitions, i.e. the system evolves from the

initial Fock state|0,N〉 = 1√
N!

(

â†R
)N
|vac〉 via the coherent state1√

N!

(

â†L+â†R√
2

)N

|vac〉 to the

Fock state|N, 0〉 = 1√
N!

(

â†L
)N
|vac〉. The time scale for that process is the single-particle

tunneling timeτ = 1.

We note that matrix elements of the Hamiltonian that determine that coupling, i.e.

〈nL + 1, nR− 1|â†LâR|nL, nR〉 =
√

nL + 1
√

nR (3.2)

represent a “Bose-enhanced” coupling. In the non-interacting limit the N single-particle

processes happen completely independently, so that the tunneling time forN particles

is equal to the tunneling time of a single oneτ. In the second quantized formulation

the transition matrix elements are multiplied by a factor ofthe order of the number of

particlesN, but at the same timeN particles have to be transferred, so that the time for an

N-particle Rabi oscillation is the same as for a single-particle oscillation.
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Fig. 3.1: Single-particle transitions.(a) Atom number distributionPn(τ) and (b) mean
number difference∆n (solid line) as well as its varianceσ2 (dashed-dotted line)
in the non-interacting case (U = 0 andN = 2).
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3.4 Many-particle transitions

In Fig. 3.2 we show the time dependence of the same observables as before, but now

for U/J = 10 andN = 2 particles. Instead of single-particle Rabi flopping, we observe

correlated tunneling of allN particles in the double-well potential. At intermediate times

a cat-like state|N,0〉+|0,N〉√
2
=

1√
2N!

[

(

â†L
)N
+

(

â†R
)N

]

|vac〉 is formed, and the tunneling times

are much longer.

To explain these observations, we consider the zero-tunneling limit J = 0 where the

Fock states|n,N − n〉 are the eigenstates with energyEn =
U
2 [N2 − N − 2n(N − n)]. From

the level diagram shown in Fig. 3.3 we see that the initial state |0,N〉 is degenerate with

the state|N, 0〉, but detuned from all other intermediate states by the interaction energy.

In the interaction-dominated regimeU/J ≫ 1 we can include tunneling perturbatively,

and the two states|0,N〉 and |N, 0〉 are coupled by aN-th order tunneling process. They

hybridize to form the eigenstates|0,N〉±|N,0〉√
2

with energy splitting∆E. This leads to the

observed many-particle transitions with many-body tunneling timeT = 2π~/∆E.

To calculate the energy splitting∆E in first non-vanishing order, we project the Hamil-

tonian (3.1) onto the subspace spanned by{|0,N〉, |N, 0〉}

Ĥ2×2 =

(

0 ∆N

∆N 0

)

. (3.3)

The coupling between the two degenerate many-particle states|0,N〉 and|N, 0〉 is

∆N =
H0,1H1,2 . . .HN−1,N

(E0 − E1)(E0 − E2) . . . (E0 − EN−1)
(3.4)

with Hi,i+1 = 〈i,N − i|Ĥ|i + 1,N − i − 1〉 = −J
√

(i + 1)(N − i), and we thus obtain for the

energy splitting∆E

∆E = 2∆N = 4U
( J
2U

)N N
(N − 1)!

. (3.5)

We see that with increasing number of particlesN the energy splitting∆E decreases and

thus the many-particle tunneling timeT increases dramatically.
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Fig. 3.2: Many-particle transitions.(a) Atom number distributionPn(τ) and (b) mean
number difference∆n (solid line) as well as its varianceσ2 (dashed-dotted line)
for U/J = 10 andN = 2.
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Fig. 3.3: (Left) Correlated tunneling in a double-well potential and(right) the energy level
diagram forN = 2 particles (right)

3.5 Conclusion

We have studied the tunneling dynamics of ultracold bosons in double-well potentials

and identified two different regimes: single-particle Rabioscillations in the non-interact-

ing and correlated tunneling in the strongly-interacting limit. We found that the many-

particle tunneling time increases dramatically with the number of particles. For this reason

this scheme will be limited to few-particle superpositionsfor typical experimental time

scales. Using an array of double-well potentials, a large number of such few-particle

superposition states can be produced in parallel.



Chapter 4

Macroscopic superposition states in rotating
ring lattices

In this chapter, we investigate the effects of rotation on ultracold bosons confined to one-
dimensional ring lattices. We find that at commensurate filling there exists a critical rota-
tion frequency, at which the ground state of the weakly-interacting gas is fragmented into
a macroscopic superposition of different quasi-momentum states. We demonstrate that the
generation of such superposition states using slightly non-uniform ring lattices has several
practical advantages. Finally, we show that different quasi-momentum states can be dis-
tinguished in time-of-flight absorption imaging and propose to probe correlations via the
many-body oscillations induced by a sudden change in the rotation frequency.

4.1 Introduction

Macroscopic superposition states, to which we will refer inthis thesis as (Schrödinger)

cat states, are one class of strongly-correlated states which has attracted much interest

since the early days of quantum theory [73]. Apart from foundational questions [24] they

have been shown to enable precision measurements at the Heisenberg limit [74] and serve

as resources for various quantum information tasks [75]. Efficient cat state production is

therefore an issue of theoretical and practical importance.1

Among theoretical proposals for creating cat states with Bose-Einstein condensa-

tes [76, 77, 78, 79] one is to load ultracold bosons into rotating ring lattices [80, 81, 82].

In the first part of this chapter, we study the effects of rotation on the ground state prop-

erties of bosonic atoms confined to a one-dimensional ring [29]. For commensurate fill-

1 Parts of this chapter were published as Refs. [28, 29]. In thejoint publication [28] I have written the
entire text apart from Sec. 4.6 which was contributed by Dr Ana Maria Rey.
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ing and weak interactions there is a critical rotation frequency, at which the ground and

first excited states are the symmetric and anti-symmetric superposition states of opposite

circulation. Their energy difference turns out to decreaseexponentially with increasing

number of particles [82]. This makes it hard to observe this effect even in systems with

small numbers of particles. In the second part of this chapter, we point out several advan-

tages for a slightly non-uniform lattice setup [28]: the energy gap scales less severely with

the number of particles, the superposition states are less sensitive to detunings away from

the critical rotation frequency compared to the uniform case, and cat state production is

not limited to commensurate filling. In the third and final part of this chapter, we dis-

cuss how to probe cat-like correlations via many-body oscillations induced by a sudden

change in the rotation frequency and show that different quasi-momentum states can be

distinguished in time-of-flight absorption images [28].

After this work was published in Refs. [28, 29], we became aware of a related arti-

cle [83]. The authors study the quantum dynamics of a vortex in a Bose gas with repulsive

interactions in an anisotropic, harmonic trap. They show that the circulation of the vortex

can undergo periodic reversals by quantum tunneling. With increasing particle number

vortices become more stable and the period for reversals increases.

4.2 Ultracold bosons in rotating ring lattices

Optical ring lattices can be created with Laguerre-Gaussian (LG) laser beams, as proposed

in Ref. [84] and realized in Ref. [85]. LG beams can be derivedfrom ordinary Gaussian

beams, e.g. by means of computer-generated phase holograms[86]. A LGl mode with

frequencyω, wave-vectork and amplitudeE0 propagating along thez-axis can be written

in cylindrical coordinates (r, ϕ, z) as

El (r, ϕ, z, t) = E0Al(r)e
ilϕei(ωt−kz) (4.1)
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with Al(r) =
√

2
π|l|! ξ

|l|L|l|
(

ξ2
)

e−ξ
2

andξ =
√

2r/r0, wherer0 is the waist of the beam and

L|l| are the Laguerre polynomials.

There are several possible experimental setups to realize rotating ring (super)lattices:

The lattice modulation in thex− y plane can be obtained by interfering either a LGl beam

with a co-propagating plane waveE0ei(ωt−kz) or a LGl1 and a LGl2 beam with different

l-values. Examples of (dark and bright) ring lattice potentials are shown in Fig. 4.1. The

interferograms are periodic inϕ with l andδl = |l1 − l2| wells, respectively. Confinement

along thez-direction can be achieved either by reflecting the combinedbeam back on

itself, which creates a series of disk shaped traps, or an independent 1D optical lattice po-

tential. By controlling the tunneling between the disks andmaking it much smaller than

the corresponding tunneling within each ring, one can implement an array of effective

1D ring lattices. If a frequency shiftδω is introduced between the two beams comprising

the ring lattice, it will start rotating at frequencyδω. In case of retroflected beams it will

also start translating along thez-axis at a speed∆ωλ/(4π) [85]. Alternatively, the phase

twist along the ring can come about due to an external cylindrical-symmetric magnetic

field [84]. Superlattices can be realized by superimposing two independent rotating ring

lattices with different number of lattice sitesL1 = 2L2. A conceptionally different ap-

proach to arbitrary 2D potentials are spatial light modulators which have recently been

used for dynamical manipulation of BECs [87].

We consider a system ofN ultracold bosons with massM confined in a 1D ring lat-

tice of L sites with lattice constantd. The ring is rotated in its plane (about thez-axis)

with angular velocityΩ. By subtracting the rotation energŷHrot =
∫

dx Φ̂†ΩL̂zΦ̂ we go

into the rotating frame where the potentialV(x) is time-independent and the many-body

Hamiltonian is given by [88, 82]

Ĥ =
∫

dxΦ̂†
[

− ~
2

2M
∇2
+ V(x) +

4π~2as

2M
Φ̂
†
Φ̂ − ΩL̂z

]

Φ̂. (4.2)
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Fig. 4.1: (Upper left) One-dimensional ring lattice withL = 4 sites and alternating tun-
neling matrix elementsJ andt. In the rotating frame an effective phase twistθ

is induced. The remaining figures show various ring lattice potentialsV (r, ϕ):
(a) from interfering one LGl=8 beam with a plane waveE0ei(ωt−kz) (upper right),
(b) bright ring lattice from interfering LGl1=4 and LGl1=−4 (lower left) and (c)
dark ring lattice from interfering LGl1=3 and LGl1=11 with adjusted relative in-
tensities [85] (lower right).
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In this expression,as is the s-wave scattering length,V(x) the lattice potential,̂Lz the

angular momentum andx the 3D spatial coordinate vector.̂Φ(x)† andΦ̂(x) are bosonic

creation and annihilation field operators satisfying the canonical commutation relations:
[

Φ̂(x), Φ̂†(x′)
]

= δ(x − x′) and
[

Φ̂(x), Φ̂(x′)
]

=

[

Φ̂
†(x), Φ̂†(x′)

]

= 0.

Assuming that the lattice potentialV(x) confines the motion along thez-axis and the

radial direction in thex− y plane so strongly that only the motion of the atoms along the

ring has to be taken into account and that the lattice is deep enough to restrict tunneling

between nearest-neighbor sites and that the band gap is larger than the rotational energy,

the bosonic field operator̂Φ can be expanded in Wannier orbitals confined to the first band

Φ̂ =
∑

j â jW′
j (x), whereW′

j(x) are the Wannier orbitals in the presence of rotation and ˆa j

the bosonic annihilation operator of a particle at sitej. We recall that the Hamiltonian

of a neutral particle in a frame rotating at frequencyΩ around thez-axis, Ĥ = p̂2/2M −

ΩLz, is equivalent to the Hamiltonian of a charged particle in a magnetic field along

the z-axis, Ĥ = (p̂ − A)2/2M with the effective vector potentialA(x) = MΩ(ẑ × x).

That means, we can first calculate the Wannier orbitals of thestationary latticeWj(x)

and account for the effective vector potentialA(x) via the gauge transformationW′
j(x) =

exp
[

−i
~

∫ x

x j
A(x′) · dx′

]

Wj(x).

In terms of these quantities, the many-body Hamiltonian canbe written, up to on-site

diagonal terms which we neglect for simplicity, as [88, 82]

Ĥ = −
L

∑

j=1

(

Jje
iθâ†j+1â j + H.c.

)

+
U
2

L
∑

j=1

n̂ j(n̂ j − 1). (4.3)

In this expression, ˆn j = â†j â j is the number operator at sitej, θ is the effective phase

twist between adjacent sites [89],θ ≡
∫ xi+1

xi
A(x′) · dx′ = MΩLd2

h , Jj is the hopping energy

between nearest-neighbor sitesj and j +1: Jj ≡
∫

dxW∗
j

[

− ~22M∇
2
+ V(x)

]

Wj+1, andU the

on-site interaction energy:U ≡ 4πa~2

M

∫

dx |Wj |4.
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Fig. 4.2: (Left) Single-particle spectrum forL = 3 sites as a function of the phase twist
θ. There is a single-particle level crossing atθ = π/L [80]. (Right) In the
caseN = L = 3 the interaction Hamiltonian̂Hint couples the degenerate states
|3, 0, 0〉 = 1√

3!
(b̂†0)

3|vac〉 and |0, 3, 0〉 = 1√
3!

(b̂†1)
3|vac〉 via the intermediate state

|1, 1, 1〉 = b̂†0b̂
†
1b̂
†
2|vac〉 [80]. Compare also to Fig. 3.3.

4.3 The uniform ring lattice

We start our discussion with the case of a uniform ring lattice, i.e.Jj = J for all j. To

understand the effect of rotation on the atoms in the ring lattice, we write the many-body

Hamiltonian (4.3) in terms of the quasi-momentum operatorsb̂q =
1√
L

∑L
j=1 â je−2πiq j/L,

where 2πq/dL is the quasi-momentum andq = 0, . . . , L − 1 an integer. In this basis the

Hamiltonian (4.3) has the form [80, 82]

Ĥ = Ĥsp+ Ĥint =

L−1
∑

q=0

Eqb̂
†
qb̂q +

U
2L

L−1
∑

q,s,l=0

b̂†qb̂
†
sb̂lb̂[q+s−l] modL (4.4)

whereEq = −2J cos(2πq/L− θ) are the single-particle energies, and the modulus is taken

because in collision processes the quasi-momentum is conserved up to an integer multiple

of the reciprocal lattice vector 2π/d, i.e. modulo Umklapp processes.

4.3.1 Macroscopic superposition states of different flow

Following Refs. [80] and [82], we show in Fig. 4.2 the single-particle spectrum as a

function of the phase twistθ. In the absence of rotation, i.e.θ = 0, the state with zero
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quasi-momentum|q = 0〉 is the single-particle ground state. In the rotating systemthe

ground state depends on the phase twistθ. Writing θ = 2π
L m+ ∆θL with m an integer and

0 ≤ ∆θ < 2π, the ground state is the quasi-momentum state|q = m〉 for 0 ≤ ∆θ < π and

|q = m+ 1〉 for π < ∆θ < 2π.

In the absence of interactionsU = 0, the ground state of a bosonic many-body system

is the state with allN bosons occupying the lowest-energy single-particle state. At rotation

frequencies corresponding to phase twists with∆θ = π, the ground state of the single-

particle HamiltonianĤsp is twice degenerate, i.e.Em = Em+1, so that there is aN +

1-dimensional degenerate subspace at theN-particle level. A convenient basis for this

subspace are the Fock states|n,N − n〉 with 0 ≤ n ≤ N, wheren particles are in the quasi-

momentum state|q = m〉 with energyEm andN−n particles in the quasi-momentum state

|q = m+ 1〉 state with energyEm+1, respectively.

For weak interactions, i.e.U ≪ J, we can use first-order perturbation theory to ac-

count for their effect. It predicts that the energies of the states|n,N − n〉 are

E(1)
n = nEm+ (N − n)Em+1 +

U
2L

[

N2 − N + 2n(N − n)
]

. (4.5)

We see that the degeneracy is lifted and the states of lowest energy are those withn =

0 andn = N, i.e. |N, 0〉 and |0,N〉. These two states remain degenerate in first-order

perturbation theory.

At this point it is important whether the number of atomsN is commensurate or in-

commensurate with the number of lattice sitesL. While there are many different paths

that couple the states|N, 0〉 and |0,N〉 in the commensurate case, in the incommensu-

rate case there is no coupling between these two states and they thus remain degenerate

even in higher-order perturbation theory. To understand this fact, let us consider the to-

tal quasi-momentumK = 2π
L

∣

∣

∣

∑L−1
q=0 qb̂†qb̂q

∣

∣

∣

modL
. Since the many-body Hamiltonian (4.4)

commutes with the quasi-momentum operatorK̂, i.e.
[

Ĥ, K̂
]

= 0, the Hamiltonian has
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block diagonal form if the quasi-momentum Fock states are ordered according to the

eigenvalues ofK̂. In the commensurate case, we haveN = nL with n an integer, so

that the states|N, 0〉 and |0,N〉 have total quasi-momentumK = 2π
L |mnL|modL = 0 and

K = 2π
L |(m+ 1)nL|modL = 0, respectively. Thus both of them belong to theK = 0 block

and are coupled by the interactions. On the other hand, in theincommensurate case, we

haveN = nL+ ∆N, and hence the two states|N, 0〉 and|0,N〉 belong to different blocks

asK = |mnL+m∆N|modL , |(m+1)nL+ (m+1)∆N|modL, so that they remain degenerate.

In the commensurate case, we construct an effective 2× 2 Hamiltonian by projecting

the many-body Hamiltonian (4.4) onto the subspace spanned by the states|N, 0〉 and|0,N〉

Ĥ2×2 =

(

E(1)
0 ∆

∆ E(1)
N

)

(4.6)

where the coupling∆ is given by

∆ =

∑

i, j,...p

H0iHi j . . .HpN

(E(1)
0 − εi)(E

(1)
0 − ε j) . . . (E

(1)
0 − εp)

∝
( U
2L

)n̄(L−1)

. (4.7)

In this expression, ¯n = N/L is the number density, theHi j are transition matrix elements

introduced by the interaction Hamiltonian̂Hint, andεi are either given byE(1)
n in Eq. (4.5)

or non-interacting many-body eigenenergies depending upon whether the intermediate

states are or are not in the|n,N − n〉 manifold. The factor ¯n(L − 1) corresponds to the

minimum number of collision processes necessary to couple the states|N, 0〉 and |0,N〉

and the sum is taken over all possible coupling paths. In Fig.4.2 we show the energy level

diagram for the case ofN = 3 particles onL = 3 lattice sites at the phase twistθ = π/3.

At the critical phase twist∆θ = π, we haveE(1)
0 = E(1)

N and due to the non-zero value of

the coupling∆ the symmetric and anti-symmetric superpositions|±〉 become the ground

and first excited state separated from each other by an energygap 2∆

|±〉 = |0,N〉 ± |N, 0〉√
2

. (4.8)
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From Eq. (4.7) we find that the energy gap 2∆ decreases exponentially with increasing

number of particlesN, so that macroscopic superposition states only occur in thecase of

finite number of particlesN and lattice sitesL.

4.3.2 Effects of rotation on the Mott transition

Having explored the effects of rotation on the weakly-interacting regime, we examine

in this subsection as to how rotation affects the Mott transition in a finite lattice. To

this end, we calculate the momentum distribution〈n̂q〉 as a function of the ratioJ/U for

various values of the phase twistθ. Our results for a lattice withL = 6 sites andN = 6

particles are shown in Fig. 4.3. Please note that several curves lie on top of each other.

We find that the Mott transition is dramatically changed close to the critical phase twist

θc =
π
L . In case of the non-rotating systemθ = 0, the occupation numbers of all non-zero

momenta〈n̂q,0〉 decrease monotonically with decreasingJ/U, while the zero-momentum

occupation number〈n̂0〉 increases. This means that, as the Mott insulator is melted,the

bosons gradually condense into the zero-momentum mode|q = 0〉. This is not the case for

a rotating lattice close to the critical phase twist, where the occupation numbers〈n̂0〉 and

〈n̂1〉 both increase as the ratioJ/U decreases and remain of similar size up to intermediate

values ofJ/U ≈ 10. This effect is easily understood from the band structure, which we

show in the insets of Fig. 4.3. Close to the critical phase twist, there are two (almost)

degenerate low-lying single-particle states, namely the quasi-momentum states|q = 0〉

and|q = 1〉. At intermediate interaction strengths these two modes arestrongly coupled,

so that the bosons cannot condense into the zero momentum mode |q = 0〉.

Let us now apply the approximations we discussed in Chapter 2to the case of the

rotating ring lattice. In the Bogoliubov approximation [82] the momentum distribution
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Fig. 4.3: Momentum distribution〈n̂q〉 as a function of the ratioJ/U for θ/ πL = {0, 0.9, 1}
andN = L = 6. Please note that several curves lie on top of each other. Apart
from the exact results (dotted line) we show the Bogoliubov approximation (4.9)
and the strong coupling expansion (4.10) (solid lines at small and largeJ/U).
At the critical phase twistθ = π

L the Bogoliubov approximation breaks down
and is not shown. The insets show the single-particle dispersion relationEq for
a lattice withL = 6 sites (points) and an infinite lattice (solid line).
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has the form

〈n̂q〉 = v2
q =

ǫq + Un̄

2
√

ǫ2
q + 2Un̄ǫq

− 1
2

(4.9)

wheren̄ = N/L is the number density,ωq = Λq+

√

ǫ2
q + 2Un̄ǫq denotes the quasi-particle

energies withΛq = 2J sin[2πq
L ] sin[∆θL ], and the single-particle energies are given byǫq =

4J sin2[ πq
L ] cos[∆θL ]. We show the Bogoliubov approximation alongside with the exact

results in Fig. 4.3. It predicts a slightly increased depletion due to the modified single-

particle energiesǫq, but the momentum distribution remains symmetricv2
q = v2

−q which is

incorrect. At the critical phase twistθ = π
L the Bogoliubov approximation breaks down

and is therefore not shown in Fig. 4.3. The strong-coupling expansion yields for the

momentum distribution

〈n̂q〉 = n̄+
2J
U
·
√

2n̄ (n̄+ 1) · cos

(

2πq
L
− θ

)

. (4.10)

This result is also shown in Fig. 4.3. We see that the strong coupling expansion pre-

dicts the correct behavior in the strongly-interacting regime U ≫ J, where the effect of

rotation is indeed only of perturbative nature. The bosons do not condense into the zero-

momentum mode|q = 0〉, but the occupation number of the quasi-momentum modes

|q = 0〉 and|q = 1〉 remain equal:〈n̂0〉 = 〈n̂1〉. The Gutzwiller ansatz [82] predicts a de-

crease of the critical value of the Mott insulator transition (J/U)c by a factor of cos(∆θ/L).

This result is a consequence of the reduced bandwidth 4J→ 4J cos(∆θ/L) in the rotating

system, as can be seen from the single-particle spectrum in Fig. 4.4.

Although the effects of rotation we discussed here are absent in the thermodynamic

limit, we see that rotation does have a dramatic effect on a small number of ultracold

bosons in commensurate rotating ring lattices. Even away from the critical phase twist,

strong correlations between the almost degenerate quasi-momentum modes|q = 0〉 and

|q = 1〉 affect observables such as the quasi-momentum distribution 〈n̂q〉 and should be

visible in future cold atom experiments.



Chapter 4. Macroscopic superposition states in rotating ring lattices 38

4.4 Extension to a ring superlattice

Having seen how rotation induced modifications to the Mott transition, we now return

to the production of macroscopic superpositions states. Wefound that for a uniform

ring lattice the coupling∆ between the two macroscopic states scales exponentially with

increasing number of particlesN (see Eq. (4.7)), and that the cat state (4.8) only appears in

the case of commensurate numbers. In this section, we explore whether the situation can

be improved by introducing a lattice modulation, i.e. we generalize to ring superlattices

whereJj = J for j even andJj = t for j odd.

Due to the superlattice potential the quasi-momentum states |q〉 and |q + L/2〉 are

coupled and the single-particle Hamiltonian is no longer diagonal in the quasi-momentum

basis. Using the decompositions

â j =
1
√

L

L−1
∑

q=0

ei2πq j/Lb̂q (4.11)

along with

1
L

L−1
∑

j=0

Jje
−i2π(q−q′) j/L

=



















−(J + t)/2 forq = q′

+(J − t)/2 forq = q′ + L/2
0 otherwise

(4.12)

we obtain the single-particle Hamiltonian̂Hsp in the quasi-momentum basis, i.e.

Ĥsp =

L/2−1
∑

q=0

(

b̂†q b̂†q+L/2

)

Mq

(

b̂q

b̂q+L/2

)

. (4.13)

Here the two-by-two matrices are given by

Mq =















−(J + t) cos
(

θ − 2πq
L

)

−i(J − t) sin
(

θ − 2πq
L

)

+i(J − t) sin
(

θ − 2πq
L

)

+(J + t) cos
(

θ − 2πq
L

)















(4.14)

and represent the coupling between the quasi-momentum states. We can diagonalize the

single-particle Hamiltonian (4.13) via a unitary basis transformation

(

ĉq

ĉq+L/2

)

=

(

cosαq i sinαq

i sinαq cosαq

) (

b̂q

b̂q+L/2

)

(4.15)
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Fig. 4.4: Single-particle spectrum forL = 4 sites witht/J = 1 (left) andt/J = 0.7 (right)
as a function of the phase twistθ. In both cases there are level crossings at
θ = π/4.

with

tan 2αq =
J − t
J + t

· tan

(

θ − 2πq
L

)

(4.16)

and obtain

Ĥsp =

L/2−1
∑

q=0

(

ĉ†q ĉ†q+L/2

)

(

E−q 0
0 E+q

) (

ĉq

ĉq+L/2

)

(4.17)

where the single-particle energies are given by

E±q = ±

√

J2 + t2 + 2Jtcos

(

2θ − 4πq
L

)

. (4.18)

In the uniform ring,t/J = 1, the eigenstates of the single-particle HamiltonianĤsp

are quasi-momentum states. At certain phase twistsθ they are twice degenerate. For

example, forL = 4 sites the quasi-momentum states|q = 1〉 and|q = −1〉 are degenerate

at θ = 0, whereas atθ = π/4 the states|q = 0〉 and |q = 1〉 as well as|q = 2〉 and

|q = −1〉 are degenerate. Reducing the symmetry of the ring by choosing t , J the quasi-
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momentum states which differ byL/2 quasi-momentum units are coupled by the single-

particle Hamiltonian (4.13), so that the quasi-momentum states|q = 1〉 and |q = −1〉

hybridize and the degeneracy atθ = 0 is lifted, i.e.E+1 − E−1 = 2(J − t).

At θ = π/4 however the degenerate quasi-momentum states are not coupled by the

single-particle Hamiltonian (4.13), so that the degeneracy is present also in the non-

uniform case. This remains true for arbitraryL, i.e. E−0 = E−L/4 at θ = π/4, but forL , 4

these states are not the ground states of the system. In Fig. 4.4 we plot the single-particle

spectrum forL = 4 sites as a function of the effective phase twistθ. It shows level cross-

ings atθ = π/4 both fort = J as well ast , J. In the following we will refer toθ = π/4 as

the critical phase twist, since – as we will demonstrate below – weak on-site interactions

lift the degeneracy atθ = π/4 and lead to the formation of strongly-correlated states in

the many-body system.

4.4.1 Effective many-body Hamiltonian

In this section we derive an effective many-body Hamiltonian to study the properties

of the many-body system in the limit of weak on-site interactions. In the absence of

interactionsU = 0 the ground state of a bosonic many-body system is the state with all

bosons occupying the lowest-energy single-particle state. At the critical phase twistθ =

π/4 the single-particle Hamiltonian (4.13) has, however, twodegenerate single-particle

states, so that there is aN + 1-dimensional degenerate subspace atN-particle level. A

convenient basis for this subspace is given by the Fock states |n,N − n〉 with 0 ≤ n ≤ N,

wheren particles are in the single-particle state of energyE−0 andN − n particles in the

one of energyE−L/4, respectively. For weak interactionsNU/L ≪ 2
√

J2 + t2 this subspace

is the low-energy sector of the many-body problem for all phase twistsθ and tunneling

strength ratiost/J.



Chapter 4. Macroscopic superposition states in rotating ring lattices 41

Starting from the interaction Hamiltonian

Ĥint =
U
2

L
∑

j=1

â†j â
†
j â jâ j =

U
2L

L−1
∑

k1,k2,k3=0

b̂†k1
b̂†k2

b̂k3b̂[k1+k2−k3] modL (4.19)

we first restrict the sum in Eq. (4.19) to the relevant modeski ∈ {0, L/4, L/2, 3L/4} with

i = {1, 2, 3} and second use the inverse of Eq. (4.15) to express the operators b̂q in terms

of the operators ˆcq. Keeping only terms within the low-energy subspace we obtain the

effective Hamiltonian up to first order in the on-site interaction strengthU

Ĥeff =
(

E−0 n̂0 + E−L/4n̂L/4

)

+
U
2L

(

N2 − N + 2n̂0n̂L/4

)

+

( iηU
2L

ĉ†0ĉ
†
0ĉL/4ĉL/4 + H.c.

)

(4.20)

wheren̂q = ĉ†qĉq are the number operators and the parameter

η = 2
(

cosα0 sinα0 cos 2αL/4 + cosαL/4(− sinαL/4) cos 2α0
)

(4.21)

satisfies 0≤ η ≤ 1 and simplifies forθ = π/4 to

η =
J2 − t2

J2 + t2
. (4.22)

The first bracket of Eq. (4.20) contains the contributions from the single-particle Hamil-

tonian (4.17), whereas the terms in the second and third brackets arise from the on-site

interaction (4.19). At the critical phase twistθ = π/4 the former are an unimportant zero-

energy offset, whereas the terms in the second bracket shiftthe energies of the states in

the subspace differently, e.g. they lead to an energy difference ofU(N−1)/L between the

states|N, 0〉 and|N−1, 1〉, while the states|n,N−n〉 and|N−n, n〉 remain pairwise degen-

erate. The terms in the third bracket are off-diagonal in theFock basis of the subspace and

describe two-particle scattering between the two single-particle modes. As we will see in

the next section they lift the remaining pairwise degeneracies in the many-body spectrum.

In Fig. 4.5 we plot the many-body spectrum forL = N = 4, t/J = 0.7 andU/J = 0.5 as a

function of the phase twistθ obtained from exact diagonalization of (4.3) and the effective

Hamiltonian (4.20). We see that for these parameters the effective Hamiltonian (4.20) is

an excellent approximation for the low-energy sector of themany-body Hamiltonian (4.3).
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Fig. 4.5: Many-body spectrum forL = N = 4, t/J = 0.7 andU/J = 0.5 as a function
of the phase twistθ obtained from exact diagonalization (dotted lines) of the
many-body Hamiltonian (4.3) as well as from the effective Hamiltonian (4.20)
(solid lines).

4.4.2 Cat-like superpositions for slightly non-uniform rings

Let us now determine the ground and first excited state for slightly non-uniform rings

t/J ≈ 1, close to the critical phase twistθ ≈ π/4. Since the terms in the second bracket

of Eq. (4.20) increase the energy for all states in the subspace apart from|N, 0〉 and|0,N〉

and the coupling between the states is weak (as the couplingη is small in this limit), we

project the effective Hamiltonian (4.20) onto the subspacespanned by these two nearly-

degenerate lowest-energy states.

As there is no direct coupling between|N, 0〉 and|0,N〉 we calculate the total coupling

through intermediate states using perturbation theory. After eliminating the intermediate

states we obtain the following 2× 2 Hamiltonian

Ĥ2×2 =

(

∆E/2+ ξ ∆

∆
∗ −∆E/2+ ξ

)

(4.23)

where∆E is the energy difference between the states|N, 0〉 and |0,N〉 caused by the
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detuning of the phase twist from resonance∆θ = θ − π/4, i.e.

∆E = N(E−L/4 − E−0 ) ≈ 4JtN∆θ
√

J2 + t2
, (4.24)

and∆ is the coupling between the states|N, 0〉 and|0,N〉 due to the off-diagonal terms of

the effective Hamiltonian (4.20). As the latter only directly couples the states|n,N − n〉

and|n± 2,N − n∓ 2〉, the first non-vanishing order is given by

∆ =
〈N, 0|ĤN/2

eff |0,N〉
∏N/2−1

j=1 (E(1)
0 − E(1)

2 j )
=

U
L
·
( iη

2

)N/2

· N!
∏N/2−1

j=1 (2 j)2
. (4.25)

Here,E(1)
n =

U
2L [N2 − N + 2n(N − n)] is the diagonal interaction energy shift. Finally, the

termξ in Eq. (4.23) is the energy shift induced by the non-diagonalterms in the effective

Hamiltonian (4.20)

ξ = − |〈N, 0|Ĥeff|N − 2, 2〉|2

(E(1)
0 − E(1)

2 )
+















|〈N, 0|Ĥeff|N − 2, 2〉|4

(E(1)
0 − E(1)

2 )3

−|〈N, 0|Ĥeff |N − 2, 2〉|2|〈N − 2, 2|Ĥeff|N − 4, 4〉|2

(E(1)
0 − E(1)

2 )2(E(1)
0 − E(1)

4 )















+ . . . (4.26)

As ξ is just a constant in the 2× 2 subspace we do not need to evaluate it explicitly and

neglect it hereafter.

The ground state of the two-by-two Hamiltonian (4.23) is given by

c0|N, 0〉 + iN/2cN|0,N〉√
2

(4.27)

where the ratio of its amplitudes is given by

c0

cN
=
∆E −

√

(∆E)2 + |2∆|2
|2∆| (4.28)

and the energies of the ground and excited states areE± = ±
√

∆E2 + |2∆|2/2. We see

that to obtain a cat-like superposition, i.e.c0/cN ≈ 1, the energy difference must not

dominate over the coupling|∆E| ≪ |2∆|. In this limit the energy gapE+ − E− is given by

E+ − E− ≈ |2∆|.
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Fig. 4.6: Energy gap forL = N = 4, t/J = 0.7, θ = π/4 as a function ofU/J from
exact diagonalization (blue points), effective Hamiltonian (red line) and the gap
formula (yellow line).

In Fig. 4.6 we plot the energy gap between the two lowest-energy states of the many-

body spectrum as a function of the on-site interactionU/J for L = N = 4, t/J = 0.7 and

θ = π/4. We find that the analytic formula (4.7) agrees very well with the diagonalization

of the effective Hamiltonian (4.20) and at small interaction strengthsU < 0.2 also with

the exact diagonalization of the full many-body Hamiltonian (4.3).

In order to understand the influence of the superlattice potential on the formation of

the cat state, we show in Fig. 4.7, for the example ofN = 4 particles onL = 4 lattice sites,

thequasi-momentumstates|nq=0, nq=1, nq=2, nq=3〉 which contribute to the ground and first

excited state in lowest non-vanishing order of perturbation theory. Solid lines signify

coupling due to the interaction Hamiltonian̂Hint which is present in uniform ring lattices

(J = t) as well as ring superlattices (J , t); dashed lines stand for the coupling due to the

off-diagonal part of the single-particle Hamiltonian̂Hsp induced by the superlattice. The

three states|3, 0, 1, 0〉, |0, 3, 0, 1〉 and|2, 2, 0, 0〉 have total quasi-momentumK = 2 and are

not coupled to the states|4, 0, 0, 0〉 and |0, 4, 0, 0〉 in the case of the uniform ring lattice.
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Fig. 4.7: ForN = 4 particles onL = 4 lattice sites, we show the non-zero matrix elements
between the quasi-momentum states|nq=0, nq=1, nq=2, nq=3〉 . Solid lines signify
coupling due to scatterinĝHint and dashed lines due to the off-diagonal part
of the single-particle Hamiltonian̂Hsp in case of the superlattice (J , t). We
only show states which contribute in lowest non-vanishing order of perturbation
theory to the cat state at the critical phase twist. All states with(out) box have
total quasi-momentumK = 2 (K = 0).

They introduce four efficient coupling paths involving onlyN/2 = 2 scattering processes

where the intermediate state|2, 2, 0, 0〉 lies in the degenerate subspace.

Let us compare our result (4.25) with the coupling∆ in the case of a uniform ring

lattice (4.7) (t = J). Unfortunately, an analytic expression equivalent to Eq.(4.25) has

not been found in this case, but we see from Eq. (4.7) that the coupling∆ in first non-

vanishing order for unity fillingN/L = 1 is proportional to∆/J ∝ ( U
2LJ)N−1. In both

cases the coupling∆ decreases exponentially with the number of particlesN. This is

because multiple two-particle scattering processes are the microscopic origin of the cou-

pling ∆ and transitions between the two configurations|N, 0〉 and |0,N〉 are thus highly

off-resonantN/2-th andN − 1-th order processes, respectively. Consequently, the energy

gap vanishes in the thermodynamic limitN →∞ and cat state production both in uniform

and slightly non-uniform ring lattices is restricted to modest numbers of atoms. However,
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Fig. 4.8: Energy gap as a function of particle numberN with t/J = 0.7 (upper curve) and
t/J = 1 (lower curve) for the ring ofL = 4 sites andU/J = 0.5. The solid lines
are exponential fits to guide the eye.

since the energy gap in first non-vanishing order is proportional toU(η/2)N/2 for slightly

non-uniform rings as compared toU(U/J)N−1 for uniform rings, it can be one order of

magnitude bigger in the relevant parameter regime. Furthermore, we point out that the ap-

pearance of cat states in slightly non-uniform rings is not limited to commensurate filling

as long as the number of particlesN is even.

In Fig. 4.8 we plot the energy gapL = 4 andU/J = 0.5 as a function of number of

particlesN for t/J = 0.7 andt/J = 1. The solid line is an exponential fit to the points

to guide the eye. We see that by changing fromt/J = 1 to t/J = 0.7 the energy gap

increases by over one order of magnitude for numbers of particlesN ≥ 8. As experiments

are typically limited to 1s and typical hopping energies areof order of 0.05Er ∼ 102Hz,

the detection of cat states by non-equilibrium dynamics is limited to∆/J = 10−2. This in

turn restricts our cat-state production scheme to a few tensof particles in contrast to less

than ten particles for uniform ring lattices (see Fig. 4.8).
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4.4.3 Product states in the limit of isolated double-well potentials

Let us now try to understand the properties of the slightly non-uniform ring by looking

at the opposite limitt/J = 0 where the system becomes an array ofL/2 isolated double-

well potentials. In this section we will focus on the case ofL = 4 sites for notational

convenience, but our arguments are valid for allL andN.

Since the double-wells are isolated fort/J = 0, we can treat the atoms in each double-

well separately. Without interactionsU = 0 the states|n,N−n〉 (0 ≤ n ≤ N) with n atoms

in the ground state of the first andN−n in the ground state of the second double-well have

the same single-particle energy. In first-order perturbation theory the on-site interaction

shifts the ground state energy of a double-well withn particles byU/2 · n(n − 1)/2 and

thus breaks this degeneracy. The energies of the states|n,N − n〉 become

E(1)
n =

U
4
·
(

N2 − N − 2n(N − n)
)

. (4.29)

As expected, repulsive interactions favor states of equal numbers in the two double-wells,

so that the states|N/2,N/2〉 and|N/2±1,N/2∓1〉 are the lowest-lying states. The energy

difference between the ground and the two-fold degenerate excited state is thusU/2. We

note that the opposite sign of the energy shift due to the on-site interaction in Eqs. (4.20)

and (4.29) stem from the two different single-particle basis sets used to span the two-mode

Fock states2.

In Fig. 4.9 we compare the excitation energies of the effective Hamiltonian (4.20) with

the full many-body Hamiltonian (4.3) as a function oft/J and find that they agree for all

ratios t/J. Furthermore, we see that in the limitt/J → 0 the excitation energies agree

2 One simple example where this effect occurs is the two-mode approximation forN particles in a double-
well potential. In the site basis|nL,N − nL〉 with nL particles on the left andN − nL particles on the
right-hand side of the double-well, the energy shift due to the on-site interaction Hamiltonian (4.19) is
〈nL,N − nL|Ĥint|nL,N − nL〉 = U/2 · (N2 − N − 2nL(N − nL)) which shows the minus sign similar to
Eq. (4.29). Changing the single-particle basis set to quasi-momentum states usinĝb± = (âL ± âR)/

√
2 we

obtain〈n+,N− n+|Ĥint|n+,N− n+〉 = U/4 · (N2 −N + 2n+(N − n+)) wheren+ particles are in the symmetric
andN − n+ particles are in the anti-symmetric orbital and which showsthe plus sign similar to Eq. (4.20).
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Fig. 4.9: Excitation energies forL = 4, N = 16 andθ = π/4 as a function oft/J from the
effective Hamiltonian (4.20) (solid line) and the full Hamiltonian (4.3) (dotted
line). The inset shows for the same parameters the overlap ofthe ground state
with the ground state of the isolated double-wellst/J = 0 (red dotted line) as
well as the uniform ringt/J = 1 (blue solid line) as a function oft/J.

with the picture of the isolated double-wells. In the inset of Fig. 4.9 we plot the overlap of

the ground state of the system with the ground state of the isolated double-wellst/J = 0

as well as the uniform ringt/J = 1. We find that as the ratiot/J decreases, the overlap

with the cat-like superposition of two quasi-momentum states decreases while the overlap

with the ground state of the isolated double-wells increases.

We further note that in the limitt/J→ 0 the physics is independent of the number of

particlesN and the applied phase twistθ (see Eq. (4.18)). As the exact ground state of the

effective Hamiltonian (4.20) for arbitraryt/J andN is very non-trivial, a legitimate way

to gain some physical insight about its properties is to interpolate between the two limits

discussed above. Using this perspective one can attribute the less severe scaling of the

energy gap with the number of particles, to hybridization ofthe cat and product states.
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4.4.4 Bigger energy gaps and weaker sensitivity

A fair comparison between cat state production in uniform and non-uniform ring lattices

has to contrast the gain in energy gap with the degradation ofthe cat fidelity or “cattiness”.

To quantify the “cattiness” of a quantum state we consider two measures: (i) we define

the cattiness of the first kind as the overlap of the ground state with the quasi-momentum

cat state

|ψ1〉 =
1
√

2N!

[

(

b̂†0
)N
+

(

b̂†L/4
)N

]

|vac〉 (4.30)

and (ii) we define the cattiness of the second kind as the overlap of the ground state with

the cat-like superposition of the two single-particle modes

|ψ2〉 =
1
√

2N!

[

(

ĉ†0
)N
+ iN/2

(

ĉ†L/4
)N

]

|vac〉 (4.31)

which depends on the ratiot/J as defined in Eq. (4.15).

In this section we demonstrate that while there is a trade-off between bigger energy

gaps and cattiness of the first kind, non-uniform ring lattices offer bigger energy gaps at

fixed cattiness of the second kind. Consequently, they are less sensitive to detunings of

the rotation frequency which is an important practical advantage. On the other hand it is

clear that to detect a cat state in two single-particle modeswhich do not have well defined

quasi-momentum is more demanding experimentally.

Both cat-state measures can be calculated perturbatively in the limit of weakly non-

uniform ringst/J ≈ 1 and weak on-site interactionsU/J ≪ 1. The quasi-momentum cat

state|ψ1〉 is the ground state fort/J = 1 andU/J → 0. Deviations are due to the off-

diagonal part of the single-particle Hamiltonian in quasi-momentum representation (4.13)

as well as the on-site interactions (4.19). We obtain for theoverlap

|〈ψ1|ψ0〉|2 = 1− N
4

(J − t
J + t

)2

−
(

U
√

N(N − 1)

2L
√

J2 + t2

)2

(4.32)



Chapter 4. Macroscopic superposition states in rotating ring lattices 50

where|ψ0〉 denotes the ground state of the system at finitet/J andU/J. In case of the

cattiness of the second kind, depletion is due to the off-diagonal terms of the effective

Hamiltonian (4.20) as well as the part of the interaction Hamiltonian (4.19) which couples

states within the subspace to states outside the subspace ofthe effective Hamiltonian. We

obtain

|〈ψ2|ψ0〉|2 = 1− N(N − 1)η2

8(N − 2)2
−

(

U
√

N(N − 1)

2L
√

J2 + t2

)2

. (4.33)

In Fig. 4.10 we plot the energy gap versus the two cat-state measures fort/J = 0.7 and

t/J = 1, respectively. The other parameters areL = 4, N = 16,θ = π/4. We find that: (i)

the largerU/J, the bigger the energy gap but the smaller are both cat-statemeasures. This

is readily understood from Eqs. (4.7), (4.32) and (4.33): stronger on-site interactions in-

crease the coupling|∆| and, therefore, increase the energy gap. However they also increase

coupling to other states outside of the subspace ofĤ2×2 and the cat state is gradually de-

pleted [81]. (ii) The smallert/J, the bigger the energy gap but the smaller is the cattiness

of the first kind at fixedU/J. This is in agreement with Eqs. (4.7) and (4.33). Physi-

cally, this means that the off-diagonal part of the single-particle Hamiltonian increases

the coupling|∆| but also dilutes the many-body correlation in the quasi-momentum basis.

Consequentially, there is a trade-off between energy gap and cattiness of the first kind. We

note that it might be a sizeable advantage to sacrifice part ofthe cat-like correlation (and

therefore a weaker signal in the many-body oscillations we discuss in the next section)

but make it visible on experimentally accessible time scales. Finally, we find that (iii) one

can increase the energy gap by about an order of magnitude (for N = 16 particles) at fixed

cattiness of the second kind when the ratiot/J is changed fromt/J = 1 to t/J = 0.7.

While we believe that this is the natural measure of comparison between uniform and

non-uniform ring lattices, we admit that probing the cat state in the single-particle basis

is a non-trivial task, since – as we will show below – time-of-flight imaging maps more

closely on the quasi-momentum basis.
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Fig. 4.10: Energy gap versus cat-state measure of the first kind (dottedpoints) as well as
of the second kind (solid lines) fort/J = 0.7 (upper blue) andt/J = 1 (lower
red). The other parameters areL = 4, N = 16 andθ = π/4.

Increasing the coupling|∆| with non-uniform ring lattices has important implications

for the sensitivity to detunings of the rotation frequency away from the critical phase

twist. In Fig. 4.11 we plot the cat-state measure of the second kind as a function oft/J

and the detuning∆θ while L = 4, N = 16 andU = 0.2 are fixed. We find that the

system is much less sensitive to detunings away from the critical phase twist fort/J < 1,

i.e. the requirements on the phase control precision∆θ are relaxed. To understand how this

comes about let us go back to the two-by-two Hamiltonian (4.23). Similar to the two-state

Hamiltonian for a single particle in a double-well potential, its ground state depends on

the ratio of energy difference∆E to the coupling energy|∆|: for |∆E| ≫ |∆| the system is in

one of the states|N, 0〉 (in the double-well analogy on the left-hand side) or|0,N〉 (on the

right hand side) whereas it is in their superposition state in the limit where the coupling

energy dominates|∆E| ≪ |∆|. As the coupling|∆| in Eq. (4.7) decreases exponentially

with increasing number of particlesN, more control over the rotation frequency is needed

to tune systems with more particles into resonance, i.e. to make the energy difference|∆E|
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Fig. 4.11: Cat-state measure of the second kind as a function oft/J and the detuning∆θ
while L = 4, N = 16 andU = 0.2 are fixed.

between the states|N, 0〉 and|0,N〉 smaller than their coupling|∆|. This was identified as

one of the barriers for creating large cat-like states [81].As the gap increases whent/J

is decreased (see Eq. (4.7)), we conclude that using non-uniform ring latticest , J can

improve the situation on this issue.

4.5 Dynamical detection of cat-like correlations

In this section we propose to induce many-body oscillationsby suddenly changing the

applied phase twistθ in order to detect the coherent superposition of two quasi-momentum

states|N, 0〉 = (b̂†0)
N|vac〉/

√
N! and |0,N〉 = (b̂†L/4)

N|vac〉/
√

N! at the anti-crossing of the

many-body spectrum.

If we assume the system is initially in the ground state of thefull Hamiltonian atθ = 0

which will predominantly be the state|N, 0〉, i.e. |ψ(t = 0)〉 ≈ |N, 0〉. Then, the phase twist

is changed toθ = π/4, where the eigenstates are approximately|±〉 ≈ (|N, 0〉± |0,N〉)/
√

2.
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Fig. 4.12: Many-body dynamics|b0(t)|2 and |bN(t)|2 for L = 4 andN = 8 following a
sudden change in phase twist fromθ = 0 toθ = π/4 atU/J = 1 andt/J = 0.7.

The time evolution of the probability to be in the state|N, 0〉 and|0,N〉 is

|b0(t)|2 = |〈N, 0|ψ(t)〉|2 ≈ 1+ cosνt
2

(4.34)

and |bN(t)|2 ≈ 1 − |b0(t)|2 where~ν = E+ − E− denotes the energy gap and where the

approximate signs indicate that we neglect the depletion due to the non-diagonal part of

the single-particle Hamiltonian (4.13) and the on-site interaction Hamiltonian (4.19).

In Fig. 4.12 we show the many-body dynamics, i.e.|b0(t)|2 and|bN(t)|2 for L = 4 and

N = 8 following a sudden change in phase twist fromθ = 0 to θ = π/4 at timet = 0

with U/J = 1 and t/J = 0.7. We see that the many-body oscillations following this

sudden change occur at the frequency of the gap~ν. These oscillations are modulated

by an oscillation with frequencyU(N − 1)/L which is the energy difference between the

nearly-degenerate ground states and the next lowest-lyingintermediate states|2,N−2〉 and

|N − 2, 2〉. The amplitude of the oscillations is smaller than one, i.e.|b0(t)|2 + |bN(t)|2 < 1,

due to the depletion of the quasi-momentum cat state|〈ψ1|ψ0〉|2 (see Eq. (4.32)).
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4.6 Signatures of quasi-momentum states in
time-of-flight images

In this section we study the spatial density profile of an atomic cloud when it is allowed

to freely expand after turning off the ring lattice potential. Our analysis shows that states

with different quasi-momentum states exhibit a distinctive time-of-flight pattern and that

therefore the latter can be used as an experimental probe fordetecting the many-body

oscillations between the states|0,N〉 and|N, 0〉 discussed in the previous section.

For this discussion we will consider the expansion of the wave function of a single

atom initially confined in a 1D lattice ring geometry. For simplicity we approximate the

axial, radial and angular Wannier functions as Gaussians with width σz, σr andρ0σΘ,

respectively, and localized in a ring of radiusρ0 at z= 0

ψ(r , t = 0) = Ae
− z2

2σ2
z e
− (r−ρ0)2

2σ2
r

L
∑

n=1

cne
− (Θ−2πn/L)2

2σ2
Θ (4.35)

whereA is a normalization constant. If at timet = 0 the atom is in an eigenstate of the

uniform ring with quasi-momentum~2πq0/La thencn =
1√
L
ei(2πnq0/L).

At sufficiently large timest ≫ Mρ0/~ one can take the far-field limit and approximate

the density of the expanded cloud as being proportional to the momentum distribution of

the initial state, i.e.

|ψ(r , t → ∞)|2 ≈
(M
ht

)3

|φ(Q(r ))|2 (4.36)

whereQ(r ) = Mr/~t and |φ(k)|2 is the momentum distribution of the initial state. After

integrating along thezaxis, one can write a simple analytical expression of the transverse

spatial density distribution in the limit of strongly confined Wannier orbitals (i.e.σr → 0

andσΘ → 0)

|ψ(ρ,Θ, t →∞)|2 =
∫

|ψ(r , t → ∞)|2dz∝
(Mρ0

Lht

)2
∣

∣

∣

∣

∣

∣

∣

∑
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e(i
2πnq0

L −iQ(ρ)ρ0 cos(
2πnq0
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∣
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. (4.37)
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In the limit of a large number of lattice sitesL, the sum in Eq. (4.37) can be approxi-

mated by an integral and the time-of-flight profile reduces to

|ψ(ρ,Θ, t →∞)|2→
(Mρ0

ht

)2
∣

∣

∣Jq0[Q(ρ)ρ0]
∣

∣

∣

2
(4.38)

whereJq0(x) are Bessel functions of the first kind. This case corresponds to the rotation-

ally symmetric case discussed in Ref. [90] where the position of the zeros and maxima of

the Bessel functions provide a full characterization of thedensity profile. A state initially

with zero quasi-momentum for example will exhibit an interference peak at the origin

while a state with non-zero quasi-momentum will exhibit a central hole. As the position

of the first maximum ofJq0[Q(ρ)ρ0] is an increasing function ofq0, the larger the initial

quasi-momentum the wider the central hole. For a finite number of lattice sites the sum

does not correspond exactly to a Bessel function and the momentum distribution does not

become fully radially symmetric. However, there is still a unique correspondence between

the position of the peaks in the absorption image and the initial quasi-momentum distri-

bution (see also Ref. [91]). Consequently, the latter provides a means to experimentally

determine the quasi-momentum of the wave function before the release.

In Fig. 4.13 we show the numerically calculated time-of-flight images of different

ring lattice geometries for two states with initial quasi-momentumq0 = 0 andL/4, re-

spectively. These states correspond to the two types of initial distributions that one has

to experimentally distinguish in order to probe the many-body oscillations we have dis-

cussed in the previous section. The figure shows the distinctive interference pattern of

each of the two initial states and the asymptotic approach toradial symmetry as the num-

ber of lattice sitesL is increased.
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4.7 Conclusion

We investigated the effects of rotation on the ground state properties of bosonic atoms in a

rotating ring lattice. We found that at commensurate fillingthere exists a critical rotation

frequency, at which the ground state of the weakly-interacting gas is fragmented into a

macroscopic superposition of different quasi-momentum states. Introducing a superlattice

the energy gap between the cat-like ground and first excited states scales more favorably

with the number of particles and the constraints on phase twist control and commensurate

filling are relaxed. This makes the cat less sensitive to imperfections in the system, but

sacrifices overlap with a macroscopic superposition of different flow (cattiness of the first

kind). Finally, we have proposed to probe the cat-like correlations via the many-body

oscillations induced by a sudden change in the rotation frequency. Since the exponential

scaling of the energy gap with the number of particles remains, we suspect that cat state

production in ultracold atomic gases is limited to modest number of atoms.
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Fig. 4.13: Transverse time-of-flight images of an initial state with quasi-momentumq0 =

0 (left) andq0 = L/4 (right) for different ring lattice geometries (topL = 4,
centerL = 8 and bottomL = 16).



Chapter 5

Macroscopic superposition states of flux qubit
devices

In this chapter, we study macroscopic superposition statesproduced in flux qubit devices.
We first derive the effective action of these “artificial” quantum devices in the limit of low
temperatures and small frequencies. We find that the magnetic flux threading the super-
conducting ring is the only essential variable, since fluctuations in all other macroscopic
variables are strongly suppressed due to the energy gap in the charged superconductor. We
show that macroscopic superposition states can be achievedin the macroscopic quantum
coherence regime, where the tunneling barrier of the adiabatic potential is small even for a
large number of Cooper pairs. Finally, we compare the two different mechanisms leading to
macroscopic superposition states: correlated tunneling and tunneling in adiabatic potentials.

5.1 Introduction

In the previous chapter, we showed that ultracold bosons in rotating ring lattices form

macroscopic superpositions of different quasi-momentum states. Since the coupling be-

tween the two configurations is a highly off-resonant process, the many-body tunnel-

ing rate decreases exponentially with increasing number ofparticles. Consequently, the

achievable size of macroscopic superposition states with these systems will remain very

limited on accessible experimental timescales.

Experiments with superconducting quantum interference devices (SQUID), so-called

flux qubit devices, however, have convincingly demonstrated superposition states of macro-

scopically distinct flow, both spectroscopically [92] and by observing real-time oscilla-

tions [93]. How is this possible? In what respect are these macroscopic superposition

states different from each other?
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5.2 Effective action of flux qubit devices

A superconducting quantum interference device (SQUID) is asuperconducting ring with

a weak link at which superconductivity has been deliberately destroyed, i.e. it is a super-

conducting tunnel junction whose two electrodes are joinedin a loop. The effective action

of a superconducting tunnel junction was first derived in Ref. [94]. The authors start from

a microscopic theory, i.e. the BCS theory of superconductivity, a tunneling Hamiltonian

describing the junction as well as the charging energy due tothe Coulomb interaction

across the barrier. Using a path-integral description, they perform a Hubbard-Stratono-

vich transformation to eliminate the quartic interaction terms of the BCS Hamiltonian. In

this way, they make explicit the essential macroscopic variables, i.e. the superconduct-

ing order parameter∆(x), the supercurrent densityj s(x), the phase differenceφ and the

voltage dropV across the junction. Analyzing the fluctuations around the classical mean-

field configuration, they find that for temperatures well below the critical temperature of

the superconductor and for frequencies smaller than the plasma frequency the following

fluctuations are suppressed:

• spatial fluctuations in the modulus of the order parameters|∆(x)|,

• deviations from the Meissner law,∇2B− 1
λ2

L
B = 0 with the magnetic fieldB and the

London penetration depthλL, and

• deviations from the classical Josephson relations,V = ~

2e
∂φ

∂t andI = Ic sinφ with the

critical currentIc of the junction.

In imaginary-time path-integral representation, the partition function of a SQUID then

reads, up to irrelevant factors,Z ∝
∫

DΦ e−S[Φ]/~. The effective actionS[Φ] [94] is

S[Φ] =
∫

~β

0
dτ













C
2

(

∂Φ

∂τ

)2

+ U(Φ)













(5.1)
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Fig. 5.1: Superconducting ring with conductanceC and inductanceL. The tunneling bar-
rier between the pointsx1 andx2 (black rectangle) has a critical currentIc. The
ring is threaded by a magnetic fluxΦ, while the external flux isΦext. The dotted
line is the integration pathγ inside the superconductor.

with the potential

U(Φ) =
1

2L
(Φ − Φext)

2 − ~Ic

2e
cos

(

2π
Φ

Φ0

)

, (5.2)

whereIc is the critical current of the junction,Φ0 = h/2e the magnetic flux quantum,L

the geometrical inductance of the loop, andΦext the external magnetic flux. The first term

in Eq. (5.1) is the electric energyC2 V2 combined with the classical Josephson relation

V = ~

2e
∂φ

∂t . The first term of Eq. (5.2) is the magnetic energy due to the current flowing

along the ring and the second term of Eq. (5.2) is the classical Josephson energy for a

tunnel junctionE =
∫

VI dt = EJ

∫

sinφ dφ = −EJ cosφ with EJ = ~Ic/2e. We see that

the flux qubit is characterized by three parameters: the capacitanceC and the inductance

of the ringL as well as the critical current of the junctionIc.

Following Ref. [95], one can arrive at a description equivalent to the effective action

(5.1) by quantizing the classical equation of motion for themagnetic fluxΦ. First, we

note that a Josephson junction can be approximated by a capacitor with capacitanceC

connected in parallel with a non-linear circuit element characterized by the Josephson
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relation IJ = Ic sinφ, whereIc is the critical current andφ is the phase of the junction.

Second, we write down Kirchhoff’s law for the circuit,I = Q̇+ IJ, whereI is the current

in the loop andQ is the charge on the capacitor. Third, Faraday’s law of induction tells us

that the magnetic fluxΦ through the ring is related to the voltageV over the junction by

Φ̇ = −V = −Q/C, where the magnetic fluxΦ consists of the external magnetic fluxΦext

as well as the flux due to the inductanceL of the ring,Φ = Φext + LI .

Within the phenomenological Ginzburg-Landau theory, we now relate the phase of the

junctionφ to the magnetic flux through the ringΦ. We describe the superconductor by a

complex order parameter∆(x) =
√

ρ(x)eiϕ(x), whose modulus squared is the density of the

Cooper pairsρ(x). If spatial fluctuations of the order parameter are heavilysuppressed,

we can approximate the order parameter to be∆(x) =
√
ρ0eiϕ(x) with a constant densityρ0.

According to the Meissner effect, a superconductor is a perfect diamagnet, i.e. an external

magnetic field is completely expelled from the interior of the superconductor, so that there

are no supercurrents below the London penetration depthλL, 0 = j s = −2e
~
ρs

(

∇ϕ + 2e
~

A
)

,

thusA/Φ0 = −∇ϕ/2π with the magnetic flux quantumΦ0 = h/2e. In Fig. 5.1 we show

the geometry of a SQUID, where we marked two pointsx1 and x2 close to the tunnel

barrier and indicated an integration pathγ connecting these two points inside the ring

below the penetration depthλL. The line integral over the vector potentialA is related to

the magnetic fluxΦ by

Φ =

∫

S(γ)
B · dS=

∫

γ

A · dx ≈ −Φ0

2π

∫ x2

x1

∇ϕ · dx = −Φ0

2π
(ϕ(x2) − ϕ(x1)) = −

Φ0

2π
φ. (5.3)

Here,S(γ) is the area of the ring andγ is the integration path inside the superconductor.

The approximate sign comes from neglecting the region of thesmall barrier. We find that

the magnetic fluxΦ is proportional to the phase around the loopϕ(x2) − ϕ(x1) which is

also the phase across the junctionφ. Please note that two valuesφ andφ + 2π refer to a

different physical state of the system.
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We can now write down the equation of motion for the magnetic flux

CΦ̈ +
Φ −Φext

L
− Ic sin

(

2πΦ
Φ0

)

= 0. (5.4)

This equation can be derived via the principle of minimal action from the Lagrangian

LΦ =
1
2CΦ̇2 − U(Φ) where the potentialU(Φ) is given by Eq. (5.2). The momentumΠΦ

conjugate to the magnetic fluxΦ is the electric chargeΠΦ = ∂L
∂Φ̇
= CΦ̇ = −CV = −Q, so

that we obtain the corresponding HamiltonianHΦ = ΠΦΦ̇ − LΦ =
Π

2
Φ

2C + U(Φ), which is

the sum of electricQ
2

2C , magnetic(Φ−Φext)2

2L and Josephson energy−~Ic
2e cos

(

2π Φ
Φ0

)

. From the

microscopic derivation [94], we are justified to write down the corresponding Schrödinger

equation

i~
d
dt
|ψ(t)〉 = ĤΦ |ψ(t)〉 (5.5)

where the magnetic flux̂Φ and electric chargêΠΦ satisfy the canonical commutation

relation
[

Φ̂, Π̂Φ
]

= i~.

5.3 Flux-quantization and macroscopic quantum
coherence regime

Following Ref. [95], we define the dimensionless quantitiesθ = 2πΦ/Φ0 and θext =

2πΦext/Φ0 and rewrite the flux potential (5.2) in the form

U(Φ) =
IcΦ0

2π
Ũ(θ) with Ũ(θ) =

γ

2
(θ − θext)

2 − cosθ and γ =
Φ0

2πLIc
. (5.6)

We note that, using a superconducting ring with three or fourJosephson junctions, the

critical currentIc of the circuit and thus the parameterγ can be controlled by means of an

additional external magnetic flux [96].

In Fig. 5.2 we plot the potential energỹU(Φ) as a function of the magnetic fluxΦ in

two different regimes:
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Fig. 5.2: Potential energỹU(Φ) (5.6) as a function of the magnetic fluxΦ. On the left, the
flux-quantization regime withγ = 0.02 andΦext = 0. We additionally show the
magnetic energy contribution (dotted) and the harmonic approximation around
integer magnetic flux quanta in the ring (dash-dotted). On the right, the macro-
scopic quantum coherence regime forγ = 0.98 andΦext = Φ0/2.

• In theflux-quantization regimefor γ ≈ 0, we obtain a series of energy minima at

which the flux is an integer multiple of the flux quantumΦ0. Thermal activation

and quantum tunneling allow transitions between neighboring metastable minima.

If the energy barriers are much larger than the zero-point motion due to the charging

energyQ2

2C , the tunneling rates are small and persistent currents havean extremely

long life time.

• In the macroscopic quantum coherence regimefor γ . 1 andΦext/Φ0 = 1/2, we

obtain a symmetric double-well potential whose minima are close toΦ/Φ0 = 1/2.

Expanding the potential to third order aroundθ = π, the minima are located at

θ = π ± θ0 = π ±
√

6(1− γ) and the potential barrier height is̃U0 =
3
2(1 − γ)2.

We see that forγ → 1 the energy barrier separating the two minima becomes small

Ũ0 → 0 and the minima move closer togetherθ0 → 0. In this limit, the zero-point

motion due to the charging energyQ2

2C (where the effective mass is the capacitance

C) leads to tunneling across the barrier and couples two macroscopic states with

slightly different fluxπ ± θ0 ≈ π ± 10−4 [92]. That means, although the number of
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electrons which contribute to the currentΦ0/L corresponding to one flux quantum

Φ0 is large, the heightŨ0 of the potential barrier controlling the tunneling process

and the difference in flux (which potentially leads to decoherence) can besmall.

5.4 Two different mechanisms leading to macroscopic
superposition states

In this section, we first show that the macroscopic superposition states in flux qubit de-

vices can be understood within the framework of the Born-Oppenheimer approxima-

tion [97]. We then point out that the macroscopic superposition states formed during

correlated tunneling processes in double-well potentialsand those occurring in rotating

ring lattices are two sides of the same coin. Finally, we compare these two different mech-

anisms leading to macroscopic superposition states, correlated tunneling and tunneling in

adiabatic potentials, with each other.

Let us start by reviewing the Born-Oppenheimer approximation for the electronic and

nuclear degrees of freedom of a molecule. The Hamiltonian for electrons and nuclei is

Ĥ = T̂N + Ĥe with Ĥe = T̂e + V̂ee+ V̂eN + V̂NN (5.7)

whereT̂N =

∑

n

P̂2
n

2Mn
andT̂e =

∑

i

p̂2
i

2m
. (5.8)

T̂e is the kinetic energy of the electrons with massm, T̂N the kinetic energy of the nuclei

with massesMn, V̂ee the interaction of the electrons,V̂eN the interaction between electrons

and nuclei, and̂VNN the interaction of the nuclei. The momentum and position operators

of the electrons are ˆpi and x̂i and the ones of the nuclei areP̂n andX̂n.

Suppose we had solved the Schrödinger equation of the electronic degrees of freedom

x = {xi} for fixed nuclear coordinatesX = {Xi}

Ĥeϕn(x; X) = εn(X)ϕn(x; X). (5.9)
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In this expression, the notationϕn(x; X) andεn(X) reminds us that the electronic wave

functions and their energy parametrically depend on the positions of the nucleiX. The

total wave functionΨ(x,X) can then be expanded as follows

Ψ(x,X) =
∑

n

ϕn(x; X)Φn(X). (5.10)

In this basis the full Schrödinger equation̂HΨ = EΨ is turned into a set of coupled

eigenvalue equations by multiplication withϕ∗m(x; X) and integration overx

∑

n

(

〈ϕm| T̂N |ϕn〉 + εn(X) δmn

)

Φn(X) = EΦm(X). (5.11)

The nuclear kinetic energy operatorT̂N couples states of different adiabatic potentials

εn(X). If these non-adiabatic matrix elements〈ϕm|T̂N|ϕn〉 are small compared to the energy

difference between the adiabatic potentialsεm(X) − εn(X), the set of equations (5.11)

decouples and the effective Schrödinger equation becomes

(

〈ϕn| T̂N |ϕn〉 + εn(X)
)

Φn(X) = EΦn(X). (5.12)

In contrast to the gapless single-particle spectrum of a neutral superfluid, the energy

separation in case of the flux qubit device is given by either the plasma energy for density

excitations or the superconducting energy gap for single-particle excitations. That is why,

the non-adiabatic matrix elements are typically much smaller than the energy separation,

and we can interpret the Schrödinger equation for the magnetic fluxΦ (5.5) as an effective

Schrödinger equation in the sense of Eq. (5.12), where the magnetic fluxΦ takes the role

of the nuclear degrees of freedomX andU(Φ) is the adiabatic potential. Thus, we see that

macroscopic superposition states of flux qubit devices can be described within a similar

framework as those which occur in tunneling processes between different configurations

of ammonium NH4 or ethane C2H6 as well as matter-wave diffraction experiments with

Buckminster fullerene molecules C60 [98], where the single-particle motion is suppressed

due to the binding energy instead of the superconducting energy gap.
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On the other hand, the superposition states which occur during the correlated tun-

neling processes discussed in Chapter 3 are closely relatedto those in rotating ring lat-

tices studied in Chapter 4. Both of them are driven by perturbative coupling through

many off-resonant intermediate states (see Figs. 3.3 and 4.2). In the former case, the su-

perposition involves the spatially localized modes centered at the left and right side of

the double-well potential, whereas they are formed out of delocalized quasi-momentum

states in case of the rotating ring lattice. While correlated motion in real space occurs

in the interaction-dominated regimeU ≫ J, superpositions of different flow appear in

the weakly-interacting regimeJ ≫ U. We see that there is a one-to-one correspondence

between these two types of macroscopic superposition states.

Let us now compare the two different mechanisms leading to macroscopic superposi-

tion states: correlated tunneling in double-well potentials and tunneling in adiabatic po-

tentials. In order to have correlated motion in the former case, the detuning between the

intermediate states, proportional to the on-site interaction energyU, must be much larger

than the coupling between the states, proportional to the tunneling energyJ, i.e. corre-

lated motion takes place in the interaction-dominated regime: J ≪ U. The coupling∆N

(3.5) between the macroscopic states|0,N〉 and|N, 0〉 decreases exponentially in thesmall

parameterJ/U: ∆N ∝ (J/U)N. In the case of tunneling in adiabatic potentials, the tunnel-

ing probability also decreases exponentially with increasing number of particles, since the

zero-point motion of the center-of-mass coordinate decreases with increasing total mass.

However, since the single-particle motion is suppressed bythe molecular binding energy

or the superconducting energy gap, correlated motion of many particles is still possible,

as long as there are two low-lying states of the adiabatic potential which are separated

only by asmallenergy barrier. That is why macroscopic quantum coherence phenomena

with a large number of particles can be observed in flux qubit devices, but not with the

systems of neutral atoms we discussed.
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5.5 Conclusion

We showed that macroscopic superposition states can be achieved with flux qubit de-

vices, because the tunneling barrier of the adiabatic potential in the macroscopic quantum

coherence regime is small even for a large number of Cooper pairs. In this case, corre-

lated motion of all the particles occurs, since single-particle and density excitations are

suppressed by the energy gap and the plasma frequency in the charged superconductor.



Chapter 6

Creation of resilient entangled states and a
resource for measurement-based quantum
computation with optical superlattices

In this chapter, we investigate how to create entangled states of ultracold atoms trapped in
optical lattices by dynamically manipulating the shape of the lattice potential. We consider
an additional potential (the superlattice) that allows both the splitting of each site into a
double-well potential, and the control of the height of potential barrier between sites. We
use superlattice manipulations to perform entangling operations between neighboring qubits
encoded on the Zeeman levels of the atoms without having to perform transfers between
the different vibrational states of the atoms. We show how touse superlattices to engi-
neer many-body entangled states resilient to collective dephasing noise. Also, we present a
method to realize a 2D resource for measurement-based quantum computing via Bell-pair
measurements. We analyze measurement networks that allow the execution of quantum
algorithms while maintaining the resilience properties ofthe system throughout the compu-
tation.

6.1 Introduction

The experimental realization of bosonic spinor condensates in optical lattices has opened

up the possibility to exploit the spin degree of freedom for awide range of applica-

tions [99, 100]. Further experiments have proved that thesesystems are promising can-

didates for quantum information processing purposes (see [66] and references therein)

and the study of quantum magnetism [65]. Recently, the time-resolved observation and

control of superexchange interactions in optical superlattices have been reported [67].1

1 Apart from Section 6.7, this chapter was published as Ref. [30]. My main contribution was the analyti-
cal description of the creation of a Bell state on every lattice site and of the implementation of an entangling
gate, presented in Section 6.3 and Section 6.4, respectively.
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In the literature there are several proposals using spinor condensates in optical lattices,

e.g. to create macroscopic entangled states [101, 102] or toexplore magnetic quantum

phases [103]. In this chapter, we consider the possibility of using optical superlattices to

manipulate the spin degrees of freedom of the atoms and engineer many-body entangled

states among others for quantum information purposes.

Superlattice setups allow the transformation of every siteof the optical lattice into

a double-well potential, and also the control of the potential barrier between sites [104,

105, 65]. Atoms with overlapping motional wave functions interact via cold collisions that

coherently modify their spin, while conserving the total magnetization of the system [106,

56]. Thus, by splitting each lattice site into a double-wellpotential, two atoms occupying

the same site become separated by a potential barrier, and the interactions between them

are switched off. Similarly, interactions between atoms can be switched on again for a

certain time by lowering the potential barrier between the two sides of the double-well.

Therefore, superlattice manipulations offer the possibility to apply operations between

large numbers of atoms in parallel. In this work, we propose to exploit this parallelism to

engineer highly-entangled many-body states.

The process of splitting a Bose-Einstein condensate using double-well potentials has

already been studied in the context of mean-field theory [107, 108, 109]. In the first part

of this chapter, we will derive a two-mode effective Hamiltonian that allows an accurate

description of the system as the superlattice is progressively turned on. Our approach

differs from previous treatments of double-well potentials (see e.g. Ref. [107]) or the work

in Ref. [103], as the effective model we use is valid even for low barrier heights. We will

use this effective Hamiltonian to analyze the process of splitting every site into a double-

well potential starting with two atoms per site. We will showthat this process creates a

Bell state encoded on the Zeeman levels of the atoms in every site, each atom occupying

one side of the double-well. Since these states are resilient to collective dephasing noise,
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we will use a lattice with a Bell pair in every site as a starting point to engineer many-body

entangled states.

In the second part, we present a new method for implementing an entangling
√

SWAP

gate that does not require to transfer the atoms between different vibrational states. We

will show that the application of this entangling gate between (or inside) Bell pairs allows

the creation of many-body entangled states resilient to collective dephasing noise.2

In the final part, we propose a new method involving superlattice manipulations to re-

alize a 2D resource state for measurement-based quantum computation (MBQC) formally

similar to a Bell-encoded cluster state. Since the realization of logical gates between non-

neighboring qubits is practically very difficult in opticallattices [113], the one-way model

for quantum computation is particularly relevant for thesesystems [61, 62, 114]. The re-

source state we propose is resilient to collective dephasing noise, which makes it less

prone to decoherence than the usual cluster states. Its utilization as a resource for MBQC

requires adjustments of the measurement patterns used for cluster states, which we de-

scribe in the last section. We note that the realization of Bell-encoded cluster states as a

resource for MBQC was proposed in Ref. [115] using lattice manipulations in three di-

mensions. The distinguishing feature of our proposal is that the resource state is created

via 2D superlattice operations which have been demonstrated in the lab already.

This chapter is organized as follows. In Sec. 6.2 we derive aneffective model for

describing the dynamics of atoms within one site in the presence of a superlattice poten-

tial. In Sec. 6.3, starting with a lattice where every site contains two atoms of opposite

spin, we show how to create a Bell pair in each site by splitting it using a superlattice

potential. In Sec. 6.4, we present how to perform a gate between two neighboring qubits

by manipulating the superlattice potential, and in Sec. 6.5and Sec. 6.6 we show how to

2 After our paper [30] had been published, we became aware of Ref. [110]. Refs. [111, 112] also consid-
ered the dynamics of spinor bosonic atoms in an array of double-well potentials.
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Fig. 6.1: (a) The system is initialized with two atoms per site in the state wa(r )2 ⊗
S (| f1 = 1,m1 = +1; f2 = 1,m2 = −1〉) and the lattice parameters ares = 0 and
θ = 0. (b) The lattice potential is smoothly altered by increasing the lattice pa-
rameters while θ = 0. (c) At the end of the first step, the lattice parameter is
s = 1. Each lattice site then contains a Bell pair. (d-f) After setting the angle to
θ = π/2, the other set of barriers are lowered by decreasing the lattice parameter
s from s= 1 (d) to 0< s< 1 (e) and back tos= 1 (f).

use this gate to create many-body entangled states. In Sec. 6.7 we review the basics of

MBQC, and finally, in Sec. 6.8, we propose a method for creating a resource for MBQC

via Bell-pair measurements and provide measurement networks to implement a universal

set of gates. We conclude in Sec. 6.9.

6.2 Model

We consider a gas of ultracold alkali atoms loaded into a deepoptical lattice. The atoms

are assumed to be bosons initialized in thef = 1 hyperfine manifold [100]. The lattice

potential is given byVOL(r , s, θ) = VT [sin2(πz/a) + sin2(πy/a) + VS(x, s, θ)] whereVT is

the depth of the potential and

VS(x, s, θ) = (1− s) sin2
(

πx
a
+ θ

)

+ s sin2

(

2πx
a

)

. (6.1)
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The depth of the potential will be given in units of the recoilenergyER = ~
2π2/(2Ma2)

whereM is the mass of the atoms. The parameters ∈ [0, 1] is determined by the relative

intensities of the two pairs of lasers. The constanta corresponds to the size of a unit cell

when s = 0 (see Fig. 6.1a). We will refer to unit cells whens = 0 as tolattice sites.

Changing the value ofs from 0 to 1 transforms each site in a double-well potential. We

will refer to each side of this double-well potential whens= 1 as to asubsite. The angle

θ allows for the manipulation of the potential barrierinsideeach site (θ = 0) or between

sites (θ = π/2). A few lattice profiles corresponding to different parameters s andθ are

shown in Fig. 6.1. In the following, we will refer to the lattice profiles corresponding to

the values ofs≈ 0 ands≈ 1 as to thelargeandsmall lattice limits, respectively.

We assume the lattice depthVT to be sufficiently large so that hopping can be neglected

in the small and in the large lattice limits [116].

The Hamiltonian of the system is given by

Ĥ = ĤK + ĤZ + Ĥint (6.2)

whereĤK describes the kinetic energy,̂HZ is the Zeeman term, and̂Hint describes the

interactions between particles. These terms are defined by [117, 118]

ĤK =

∫

dr
∑

σ=−1,0,1

Ψ̂
†
σ(r ) ĥ0(r , s, θ) Ψ̂σ(r ), (6.3)

ĤZ =

∫

dr
∑

σ=−1,0,1

∆EZ,σ(B) Ψ̂†σ(r )Ψ̂σ(r ), (6.4)

Ĥint =
1
2

∫

dr
[

c0Â
†
00(r )Â00(r ) + c2

2
∑

m=−2

Â†2m(r )Â2m(r )
]

, (6.5)

where c0 = 4π~2(2a2 + a0)/(3M) and c2 = 4π~2(a2 − a0)/(3M) with aF the s-wave

scattering length of the channel associated with the total angular momentumF, ĥ0 =

(−~2∇2/2M) + VOL(r , s, θ) and∆EZ,σ(B) is the energy shift caused by the Zeeman effect

in the presence of a magnetic fieldB = (0, 0, B) oriented in thez–direction. The operator
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ÂFmF (r ) is given by

ÂFmF (r ) =
f

∑

m1,m2=− f

〈F,mF | f1,m1; f2,m2〉Ψ̂m1(r )Ψ̂m2(r ), (6.6)

where| f1,m1; f2,m2〉 = | f1,m1〉 ⊗ | f2,m2〉 and〈F,mF | f1,m1; f2,m2〉 is a Clebsch-Gordan

coefficient.

In Sec. 6.10 we derive the effective Hamiltonian describingthe dynamics of the atoms

at one site using the field operator

Ψ̂
†
σ(r ) = â†σwa(r ) + b̂†σwb(r ), (6.7)

where â†σ(b̂†σ) is the operator that creates a particle with spin| f = 1,mf = σ〉 (σ =

{−1, 0, 1} denotes the Zeeman level) in a motional state associated with the symmetric

(anti-symmetric) mode functionwa(wb). The mode functions are centered in the mid-

dle of the site, and their shape depends on the lattice parameter s. The field operators

obey the canonical bosonic commutation relations [Ψ̂σ(r ), Ψ̂†
σ′(r

′)] = δσσ′δ(r − r ′) and

[Ψ̂σ(r ), Ψ̂σ′(r ′)] = [Ψ̂†σ(r ), Ψ̂†
σ′(r

′)] = 0. We will see in the next section that the inclusion

of a second motional mode in the Hamiltonian allows an accurate description of the dy-

namics of the system in both the largeand the small lattice limit [119]. A more detailed

explanation of the interaction term (6.5) as well as the fullHamiltonian of the system in

terms of creation (annihilation) operators can be found in Sec. 6.10.

6.3 Creation of a Bell state on every lattice site

In this section, we use the effective Hamiltonian introduced in the previous section to

show how to generate a lattice where every site contains a Bell state encoded on the

Zeeman levels of the atoms. This procedure will be used as a preliminary step to engineer

several types of many-body entangled states.
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We start with a deep optical lattice in the large lattice limit (LLL) and two atoms per

lattice site in the state

|ψinit〉 = wa(r )2 ⊗ S (| f1 = 1,m1 = +1; f2 = 1,m2 = −1〉) , (6.8)

whereS is the symmetrization operator. In general, the two atoms can undergo spin-

changing collisions coupling to various hyperfine levels. As we want to implement qubits

on the Zeeman levels, we will limit the spin dynamics effectively to two hyperfine states.

There are several ways to achieve this in practice: (i) One possibility is to exploit the

conservation of angular momentum and choose two states suchas | f = 2,mf = +2〉 and

| f = 1,mf = +1〉, which are not coupled to any other hyperfine states by the interatomic

interaction. (ii) An accidental degeneracy in87Rb offers another possible route: since the

two s-wave scattering lengthsa0 anda2 are almost equal, transitions between the states

| f1 = 1,m1 = +1; f2 = 1,m2 = −1〉 and| f1 = 1,m1 = 0; f2 = 1,m2 = 0〉 occur on a time

scale (c0 + c2)/c2 ≈ 3a2/(a2 − a0) ≈ 300 times slower than any other allowed transition.

Hence, after initializing the system at timet = 0 in state (6.8), we can limit our dynamical

description to transitions between states with opposite spins, as long as the manipula-

tions we are about to propose happen on a faster time scale than this transition. Notice

that the use of fast-switched microwave fields that suppressspin-changing collisions [99]

allows the relaxation of the constraint to be faster than theoriginal time-scale of spin-

changing collisions. The preparation of the state (6.8) hasalready been experimentally

achieved [56, 100].

The first step in our proposal consists of raising the superlattice potential, i.e. changing

the lattice parameters(t) from the LLL at timet = 0 to the small lattice limit (SLL) at

some timet = T sufficiently slowly so that the ramp does not create excitations in the

system. Once the superlattice is fully ramped up, each site is split in two, atoms no longer

interact with each other and their spin state remains frozenin time.
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The shape of the mode functionswa(r ) andwb(r ) depends on the lattice parameter. In

the LLL, they correspond to the ground and first excited stateof each lattice site. However,

as the lattice parameters approaches the SLL, the mode functions transform into the

symmetric and anti-symmetric superpositionswa(r ) = [ϕL(r ) + ϕR(r )]/
√

2 andwb(r ) =

[ϕL(r )−ϕR(r )]/
√

2, where the mode functionsϕL(r ) andϕR(r ) are centered on either side

of the double-well potential [119, 107]. Hence, when the mode functionswL,R(r ) become

centered within each subsite [119], it is convenient to write the Hamiltonian of the system

in terms of the operators

ĉ†L,σ = (â†σ + b̂†σ)/
√

2

ĉ†R,σ = (â†σ − b̂†σ)/
√

2, (6.9)

which create a particle with spinσ on the left and right side of the double-well potential,

respectively. In the basis

| ↑↓, 〉 = ĉ†L,↑ĉ
†
L,↓|vac〉 = (â†↑ + b̂†↑)(â

†
↓ + b̂†↓)/2|vac〉,

| ↑, ↓〉 = ĉ†L,↑ĉ
†
R,↓|vac〉 = (â†↑ + b̂†↑)(â

†
↓ − b̂†↓)/2|vac〉,

| ↓, ↑〉 = ĉ†L,↑ĉ
†
R,↓|vac〉 = (â†↑ − b̂†↑)(â

†
↓ + b̂†↓)/2|vac〉,

|, ↑↓〉 = ĉ†R,↑ĉ
†
R,↓|vac〉 = (â†↑ − b̂†↑)(â

†
↓ − b̂†↓)/2|vac〉, (6.10)

the Hamiltonian of the system reads (see 6.10)

Ĥ↑↓ =































Ẽ + Ũ↑↓ J̃↑↓ J̃↑↓ χ↑↓
J̃↑↓ Ẽ + χ↑↓ χ↑↓ J̃↑↓
J̃↑↓ χ↑↓ Ẽ + χ↑↓ J̃↑↓
χ↑↓ J̃↑↓ J̃↑↓ Ẽ + Ũ↑↓































, (6.11)

whereẼ = Va + Vb with Vν =

∫

dr w∗ν(r )ĥ0 wν(r ) and ĥ0 = (−~2∇2/2M) + VOL(r , s, θ)

is the sum of the single-particle energies,Ũ↑↓ = γ↑↓(Uaa + Ubb + 6Uab)/4 with Uνν′ =

∫

dr (|wν(r )||wν′(r )|)2 and γ↑↓ = c0 − c2 is the generalized on-site interaction,J̃↑↓ =

(Va−Vb)/2+ γ↑↓(Uaa−Ubb)/4 the generalized tunneling matrix element between the two

sides of the well, andχ↑↓ = γ↑↓(Uaa + Ubb − 2Uab)/4 corresponds to the density-density
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Fig. 6.2: (Left) Energy spectrum of the Hamiltonian̂HSLL
↑↓ in Eq. (6.12) as a function of

the ratioJ/U. (Right) Numerical calculation of the anti-fidelity 1− F where
F = |〈ψ|ψ0〉|2 with |ψ〉 the state of the two atoms at the end of the ramping. We
have used the parameters of a lattice with perioda = λ/2, λ = 840 nm, and
VT = 60ER, initialized with two 87Rb atoms per site in the state (6.8) at time
T = 0 and a magnetic field ofB = 30 G.

interaction energy between the two sides of the double-well. The latter is proportional to

the overlap between the functionsϕL(r ) andϕR(r ). It cancels in the small lattice limit as a

consequence of the localization of the mode functionsϕL(r ) andϕR(r ) inside each subsite.

Our two-mode model does not only describe the system well in both limits, it also

takes into account the effects of density-density interactions between two subsites when

the potential barrier between them is still not fully rampedup. This property makes it

particularly valuable for the study of the system dynamicsbetweenthe two limits.

In the SLL, the Hamiltonian (6.11) reduces (up to the energy shift E) to

ĤSLL
↑↓ =































U↑↓ −J −J 0
−J 0 0 −J
−J 0 0 −J
0 −J −J U↑↓































. (6.12)

whereVa = E− J andVb = E+ J with E =
∫

dr ϕ∗L(r )ĥ0 ϕL(r ) is the single-particle energy

and J =
∫

dr ϕ∗L(r )ĥ0 ϕR(r ) the hopping integral, andU↑↓ = γ↑↓
∫

dr |ϕL|4 is the on-site

interaction [119]. Its spectrum as a function of the ratioJ/U is shown in Fig. 6.2.

For zero tunnelingJ = 0, the HamiltonianĤSLL
↑↓ has two degenerate ground states:
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| ↑, ↓〉 and| ↓, ↑〉. This degeneracy is lifted at finiteJ where the symmetric superposition

|ψ0〉 =
1
√

2
(| ↑, ↓〉 + | ↓, ↑〉) (6.13)

is the ground and the antisymmetric superposition the first excited state. These two low-

lying energy levels with an energy splitting of 4J2/U↑↓ are separated from the other ex-

cited states by the interaction energyU↑↓.

We have carried out a dynamical simulation of the splitting dynamics using the exact

full Hamiltonian defined in Eq. (6.2) and Sec. 6.10 for two particles and one site. For the

time-scales considered throughout this chapter, non-adiabatic effects due to the changes

of shape of the mode functions can be safely neglected [119].We have useds(t) =

sin2[t/(2T)], and computed the anti-fidelity 1−F with F = |〈ψ|ψ0〉|2 between the state|ψ〉

of the system at the end of the numerical simulation of the ramp and the Bell state (6.13).

For the parameters considered, we have found that the anti-fidelity reaches 1− F ≈ 10−3

for a quench time ofT ∼ 1.1 ± 0.1 ms (see Fig. 6.2). It is expected that better fidelity can

be obtained for larger values ofU↑↓ [120]. This observation makes our scheme relevant

for current experimental setups.

Thus, changing the topology of the optical lattice from the LLL to the SLL drives

the state of the atoms within each lattice site from (6.8) to the maximally-entangled Bell

state (6.13). Non-adiabatic transitions to excited statesare suppressed by opposite parity

in the case of the first excited state and by the on-site interaction U↑↓ in the case of the

other excited states. After this first step has been completed, a system of initiallyN sites

containsk = 2N subsites and its state is given by a tensor product of Bell pairs

|Φ(0)
k 〉 =

N
⊗

i=1

|ψ0〉. (6.14)

Remarkably, the system in state (6.14) is resilient to dephasing noise for a magnetic field

slowly varying over a distance of one lattice site [66].
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6.4 Implementation of an entangling gate

Since the interactions between two atoms depend on the overlap between their wave func-

tions, they can be dynamically switched on and off by lowering and raising the potential

barrier between the two subsites. This is done by varying thelattice parameters from

s = 1 at timet = 0 to s = 1 − η and back tos = 1 at timet = τ. In the SLL, where

J̃↑↓/Ũ↑↓ ≪ 1, tunneling can be treated perturbatively, and the Hamiltonian (6.11) can be

projected onto the subspace of singly-occupied sites.

We distinguish two cases: either the neighboring subsites are occupied by atoms with

opposite or equal spins. For two atoms with opposite spins, we can use Eq. (6.11) and the

effective Hamiltonian in the basis| ↑, ↓〉 and| ↓, ↑〉 reads (up to a constant energy shift) in

second-order perturbation theory

Ĥ(eff)
↑↓ =















2J̃2
↑↓

Ũ↑↓
+ χ↑↓















(

1 1
1 1

)

. (6.15)

Since the effective Hamiltonian commutes with itself at different times, we obtain the

following analytical expression for the time evolution operator

Û(τ) = exp

(

− i
~

∫ τ

0
H(eff)
↑↓ dt

)

=

(

e−iφ cosφ −ie−iφ sinφ
−ie−iφ sinφ e−iφ cosφ

)

, (6.16)

where the phaseφ is given by

φ(τ) =
1
~

∫ τ

0















2J̃2
↑↓

Ũ↑↓
+ χ↑↓















dt. (6.17)

While the first term in Eq. (6.17) is due to second-order tunneling [103, 65], the sec-

ond term is due to density-density interactions. This term is negligible in the SLL, but

when the potential barrier between the two sides of the double-well is reduced, it adds an

extra phase between neighboring particles with different spins because of the difference

between the scattering lengthsc0 andc2.
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For atoms with equal spinsσ = {↑, ↓} we start by writing down the basis states as

|σσ, 〉 = ĉ†L,σĉ†L,σ|vac〉 = (â†σ + b̂†σ)(â†σ + b̂†σ)/(2
√

2)|vac〉

|σ, σ〉 = ĉ†L,σĉ†R,σ|vac〉 = (â†σ + b̂†σ)(â†σ − b̂†σ)/2|vac〉

|, σσ〉 = ĉ†R,σĉ†R,σ|vac〉 = (â†σ − b̂†σ)(â†σ − b̂†σ)/(2
√

2)|vac〉, (6.18)

in which the Hamiltonian reads

Ĥσσ =





















Ẽσσ + Ũσσ J̃σσ χσσ
J̃σσ Ẽσσ + χσσ J̃σσ
χσσ J̃σσ Ẽσσ + Ũσσ





















, (6.19)

whereγσσ = c0 + c2 is the interaction constant for particles with equal spinσ, Ẽσσ =

Va + Vb ± EZ the sum of single-particle energies,EZ = −gµBBτ/2~ the Zeeman energy

shift in the first order,J̃σσ = (Va − Vb)/
√

2+ γσσ(Uaa − Ubb)/4 the generalized tunneling

matrix element,Ũσσ = γσσ(Uaa + Ubb + 6Uab)/4 the generalized on-site interaction and

χσσ = γσσ(Uaa + Ubb − 2Uab)/4 the off-site density-density interaction.

In the SLL this reduces (up to the energy shift ofẼσσ) to

ĤS LL
σσ =























Uσσ −
√

2J 0
−
√

2J 0 −
√

2J
0 −

√
2J Uσσ























. (6.20)

For the state|σ, σ〉 there are no other low-energy states accessible, so that it acquires only

the phase factor eiκ during the sweep. In second-order perturbation theory we find thatκ

is similar to (6.17)

κ =
1
~

∫ τ

0

(

2J̃2
σσ

Ũσσ

+ χσσ

)

dt. (6.21)

SinceJ̃↑↓ → −J, J̃σσ → −
√

2J andγ↑↓/γσσ = (c0 − c2)/(c0 + c2) ≈ 1, we getκ ≈ 2φ.

Putting the results of this section together we find that lowering and raising the poten-

tial barrier between two subsitesn andn+ 1 implements the two-qubit gatêU

Û































|00〉
|01〉
|10〉
|11〉































=































eiEZτ 0 0 0
0 eiφ cosφ −ieiφ sinφ 0
0 −ieiφ sinφ eiφ cosφ 0
0 0 0 e−iEZτ





























































|00〉
|01〉
|10〉
|11〉































, (6.22)



Chapter 6. Robust entangled states and MBQC using optical superlattices 80

where|i j 〉 = |i〉n ⊗ | j〉n+1 with |1〉n = ĉ†n,↑|vac〉 and |0〉n = ĉ†n,↓|vac〉 whereĉ†n,↓ and ĉ†n,↑ are

the creation operators of a particle at subsiten with spin↓ and↑, respectively.

Numerical simulations of the system dynamics have been carried out using the exact

full Hamiltonian for two particles and one site—that is, including the contribution of spin

changing collisions to themf = 0 state—for a system of87Rb atoms,VT = 60ER and

η = 0.3. We have computed the overlap between the states resultingfrom the numerical

simulation with their analytical approximation and found that for the parameters consid-

ered and switching timesτ up to tens of milliseconds, the time evolution operator of the

system is accurately approximated by Eq. (6.22). For longertimesτ, the evolution of the

system in the reduced Hilbert becomes non-unitary due to slow transitions to the state

where the two particles have spinsσ = 0, as expected.

Since the application of the gatêU is realized in parallel on all qubits in thex–

direction, the phase due to the Zeeman shift in the first orderin B cancels for systems

with an equal number of atoms in theσ = +1 andσ = −1 state. For such systems,

we find that for ramping timesτ such thatφ(τ) = {π/4, π/2, 3π/4}, lattice manipulations

realize the gates (in the usual computational basis) [26]

Û π
4
=

√
SWAP (6.23)

Û π
2
= SWAP, (6.24)

Û 3π
4
= SWAP

√
SWAP=

√
SWAP†. (6.25)

In the remainder of this chapter we will show that, using a lattice of Bell pairs as a

starting point, this gate3 can be used to create both many-body entangled states and a

resource state for MBQC.

3 In the context of optical lattices, different methods to implement this gate have been put forward for
different encodings of the logical qubits [121, 122, 123]. Recently, a

√
SWAP gate between qubits encoded

on the internal spin state of the atoms was realized experimentally by manipulating both the spin and
motional degrees of freedom of the atoms by means of optical superlattices [66].
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Fig. 6.3: Schmidt measure of the state (6.29) as a function ofΓ and k. The Schmidt
decomposition of the state (6.29) was calculated by partitioning the system in
equal parts, which yields the maximum possible Schmidt rank.

6.5 Creation and detection of a state with a tunable
amount of entanglement

Depending on whether the lattice parameterθ is set toθ = 0 or θ = π/2, the gateUφ in

Eq. (6.22) is applied between neighboring subsites inside or between lattice sites, respec-

tively. Up to an irrelevant global phase, these operations read

Ûin(Û) =
N

⊗

n=1

Û (6.26)

or

Ûbw(Û) = 1̂ ⊗ N−1
⊗

n=1

Û ⊗ 1̂. (6.27)

Using this notation, we define aknittingoperator by

K̂(Û) = Ûin(Û)Ûbw(Û). (6.28)

Starting from a lattice of Bell pairs, the state resulting from Γ successive applications of

the operatorK̂(Û π
4
) on the state (6.14) is denoted by

|Φ(Γ)
k 〉 = K̂(Û π

4
)Γ|Φ(0)

k 〉. (6.29)
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In Fig. 6.3, we have plotted the Schmidt measurePL
s of the state (6.29) for up tok = 20

qubits and partitions of sizeL = 10 as a function ofΓ [124, 61]. We find that the Schmidt

rank of the state is directly proportional toΓ, i.e. applying the entangling knitting operator

(6.28) first connects the initial Bell pairs and then furtherincreases the entanglement

content of the state. The largest possible Schmidt measure max[PL
s(|Φ(Γ)

k 〉)] = k/2 is

reached afterΓ = N/2 applications of the operator (6.28). Once the maximum value

for the Schmidt measure is reached, it remains unaffected byfurther applications of the

operator (6.28). We note that since the operatorÛ conserves the total number of spins, the

state (6.29) is resilient to collective dephasing noise. Recent experimental results suggest

that resilience to this type of noise significantly increases the decoherence time of the

system [66].

Since the application of the gatêK(Û π
4
) affects the density correlations in the lattice,

its effect on the system can be observed experimentally via state-selective measurement

of the quasi-momentum distribution (QMD) of atoms with spinup [17, 66]

n↑q =
1

2N

2N
∑

i, j=1

e−iπq(i− j)/N〈ĉ†i,↑ĉj,↑〉. (6.30)

As an illustration, we have plotted in Fig. 6.4 the QMD of a system ofk = 14 atoms after

Γ = 1 andΓ = 7 applications of the operator̂K(Û π
4
) on the state (6.14). Hence, starting

from a lattice of Bell pairs, superlattice manipulations allow the creation of an entangled

state with a tunable Schmidt rank that has a distinct experimental signature and is resilient

to collective dephasing noise. These properties make this state suitable for experimental

studies of many-body entanglement.

6.6 Creation of maximally entangled states

Together with site-selective single-qubit operations applied in parallel on every second

atom, superlattice manipulations can be used to implement the entangling phase-gate op-
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Fig. 6.4: (a) Quasi-momentum distribution ofk = 14 atoms after the application of the
gateK̂(Û π

4
)Γ on the state (6.14) for (a)Γ = 1 and (b)Γ = 7. After Γ = 7

applications of the knitting operator, the state is maximally entangled.

eration

Ĉi = Û π
4
(Ẑ ⊗ 1̂)Û π

4
(1̂ ⊗ Ẑ), (6.31)

whereĈi = diag(1,−i,−i, 1) andẐ is the Pauli matrix defined aŝZ = diag(1,−1) in the

usual computational basis. The gateĈi is related to the operation̂CZ = diag(1, 1, 1,−1)

by applying the single-qubit gate
√

Ẑ ⊗
√

Ẑ on every site of the lattice. A proposal for

realizing arbitrary single-qubit gates on individual atoms in an optical lattice can be found

in Ref. [125]. Notice that the single-qubit operations required to implement the gate

(6.31) between sites can be performed in parallel, and so each site need not be addressed

separately. The implementation of a phase gate directly followed by a SWAP gate

(SWAP)Ĉi = Û†π
4
(Ẑ ⊗ 1̂)Û π

4
(1̂ ⊗ Ẑ) (6.32)

is accomplished by adjusting the switching timeτ of the last gate. The operation (6.32)

is equivalent to (SWAP)̂CZ up to the unitary transformation
√

Ẑ ⊗
√

Ẑ. Since theĈZ

operations between different qubits commute,k/2 successive applications of the operator

K̂((SWAP)ĈZ) on the state|+〉⊗k (|±〉 = (|0〉 ± |1〉)/
√

2) create a complete graph state

|KN〉. Complete graphs have the property that each vertex is connected to all the vertices

of the graph, i.e. a complete graph ofk vertices containsk(k − 1)/2 edges. Graph states
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Fig. 6.5: Schematic representations of the process leading to state (6.33). Qubits initially
forming a Bell pair are linked by a dark blue line. The boxes depict the location
where the

√
SWAP† = SWAP

√
SWAP is performed. After a

√
SWAP gate

has been applied between two qubits, they are connected by a (light) blue line.
Numerical calculations show that for up to 8 qubits, the state (6.33) is equivalent
to a complete graph state under local unitary operations.

of complete graphs are equivalent to the maximally entangled state|GHZ〉 = (|0〉⊗k
+

|1〉⊗k)/
√

2 up to local unitary operations.

Superlattice manipulations alone allow the realization ofthe state

|Φgraph
k 〉 = Ûbw(Û†π

4
)K̂(Û†π

4
)(k/2)−1|Φ(0)

k 〉 (6.33)

resulting fromk−1 successive applications of the operator (6.25) between and inside each

site. The process leading to state (6.33) is schematically represented in Fig. 6.5. This state

is resilient to collective dephasing noise, and possesses astructure similar to a complete

graph state (see Fig. 6.5). Via the brute-force numerical calculation of the parameters

of single-qubit unitary operations, we have found that (6.33) is locally equivalent to a

complete graph state of the same size for up tok = {4, 6, 8} qubits. This suggests that this

property holds for an arbitrary number of qubits.

The resilience of this state to collective dephasing noise,and its symmetry properties

make it a good candidate for the improvement of the sensitivity of quantum spectroscopic
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measurements in noisy environments (see Ref. [126]).

6.7 Measurement-based quantum computation

In the circuit model of quantum computation, unitary operations are decomposed into

a network of elementary quantum gases such as the CNOT gate and single-qubit rota-

tions [26]. In one-way quantum computation or measurement-based quantum computa-

tion (MBQC), on the other hand, the quantum correlations in an entangled state are ex-

ploited for universal quantum computation through single-qubit measurements alone [62,

114]. In this section we review the basics of MBQC following the review article [127].

The initial entangled resource state is usually assumed to be a cluster state. Nowadays,

the term cluster or graph state does not refer to a single quantum state, but rather to a

family of quantum states. A graph is defined as a network of connected nodes. A cluster

state corresponding to a certain graph is obtained by (1) placing a qubit at each of the

nodes prepared in the state|+〉 = (|0〉 + |1〉) /
√

2 and (2) applying a controlled-phase gate,

i.e. ĈZ = |0〉〈0| ⊗ 1̂ + |1〉〈1| ⊗ Ẑ with Ẑ |0〉 = |0〉 and Ẑ |1〉 = −|1〉, between the qubits

whose corresponding nodes are connected. Since controlledphase gates commute with

each other, the order in which these gates are applied need not to be specified.

Once the cluster state is prepared, the computation is performed by a sequence of

single-qubit measurements in a certain order and in certainbasis sets. To understand

the key idea, let us follow a simple example related to single-qubit teleportation [26].

Consider a two qubit system: one in an unknown quantum state|ψ〉 = α|0〉 + β|1〉 and the

other initialized in the state|+〉 = (|0〉 + |1〉)/
√

2. After applying a controlled phase gate,

the two qubits are in the stateα|0〉|+〉 + β|1〉|−〉. If we measure the first qubit in the basis

{(|0〉 ± eiφ|1〉)/
√

2}, there are two outcomes with equal probability. If the measurement

returns+1, the second qubit is projected into the stateα|+〉 + eiφβ|−〉. If it returns−1, it is
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α|+〉 − eiφβ|−〉. Encoding the measurement outcome+1 with m = 0 and−1 with m = 1,

this state can be written as

X̂mĤÛz(φ)|ψ〉 (6.34)

with the Pauli matrixX̂, i.e. X̂ |±〉 = ±|±〉, the Hadamard gatêH = 1√
2

(

1 1
1 −1

)

and

Uz(φ) the operator which rotates the Bloch vector of the state|ψ〉 about the angleφ around

thez axis.

In this simple example we already find three important features of MBQC:

• the unknown quantum state|ψ〉 has been teleported to the second qubit and the

quantum information is therefore not lost despite the measurement process on the

first qubit

• depending on the choice of the measurement basis a single-qubit rotationÛz(φ) is

applied on the quantum state|ψ〉 and

• the final state depends on the outcome of the measurementm on the first qubit and

the two outcomes differ by an additional Pauli matrixX̂, a so-called by-product

operator. This introduces a temporal ordering in the computing scheme, since the

choice of later measurement basis sets will depend on earlier measurement out-

comes.

The generalization to arbitrary single-qubit rotations isstraightforward via Euler’s ro-

tation theorem, and two qubit gates are realized with the controlled phase gates which are

already at hand in the cluster state preparation. If we take for example the cluster cor-

responding to a 2D square lattice, quantum information can be propagated horizontally

through the lattice by measuring qubits along this axis alongside with single-qubit rota-

tions, while qubits on vertical connections are used to realize two-qubit quantum gates.
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Cluster states have been realized using cold collisions of ultracold bosons in state-

dependent one-dimensional optical lattices [128] as proposed in Ref. [58]. Current tech-

nology does not allow for measurements of atoms at single sites of the optical lattice,

but one-way quantum computation has been demonstrated witha small cluster state of

photons [129, 130].

6.8 Creation of a resource for MBQC

In this section, we will show how to create a state useful for MBQC via the application

of the ĈZ gate via lattice manipulations in both thex andy direction. This state is for-

mally similar to a Bell-encoded cluster state, and hence itsutilization as a resource for

MBQC only requires an adjustment of the measurement networks used for cluster states.

To demonstrate the universality of our resource for MBQC andderive the measurement

networks required to perform quantum algorithms, we will employ the method recently

developed by Gross and Eisert in Ref. [131, 132], which connects the matrix product

representation (MPR) of a state with its computational power. A review of the basics

concepts presented in Ref. [131] can be found in Sec. 6.10.

The MPR for a chain ofk systems of dimensiond = 2 (qubits) is given by

|ψΛ〉 =
∑

i1...ik={0,1}
〈R|Λ̂[i1]

1 · · · Λ̂
[ik]
k |L〉|i1 · · · ik〉. (6.35)

It is specified by a set of 2k D × D-matrices, which we will refer to as the correlation

matrices, and twoD-dimensional vectors|L〉 and |R〉 representing boundary conditions.

The parameterD is proportional to the amount of correlation between two consecutive

blocks of the chain. Notice that the right boundary condition vector|R〉 appears on the

left. This choice improves the clarity of calculations later when we will use the graphical

notation explained in Sec. 6.10.
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Starting from a lattice of Bell pairs, we find that the state resulting from the application

of the gateÛbw(ĈZ) on the state|Φ(0)
k 〉 (6.14) has the MPS

|ψAB〉 =
∑

i1...ik={0,1}
〈R|Â[i1] B̂[i2] · · · Â[ik−1] B̂[ik] |L〉|i1 · · · ik〉, (6.36)

where

Â[0]
= |+〉〈0|, Â[1]

= |−〉〈1|, (6.37)

B̂[0]
= |1〉〈0|, B̂[1]

= |0〉〈1|, (6.38)

|L〉 = |+〉, |R〉 =
√

2|0〉. (6.39)

Here, each atom is labelled from 1 tok, and the correlation matriceŝA[0/1] andB̂[0/1] are

associated with odd and even atoms, respectively. Equivalently, it can be written as

|ψC〉 =
1

∑

ī1...̄iN=0

〈R|Ĉ[ ī1] · · · Ĉ[ īN ] |L〉|ī1 · · · īN〉, (6.40)

where

Ĉ[0̄]
= Â[1] B̂[0]

= |−〉〈0|

Ĉ[1̄]
= Â[0] B̂[1]

= |+〉〈1|, (6.41)

|0̄〉 = |10〉, |1̄〉 = |01〉.

In this representation, each site is labelled from 1 toN and the correlation matrix̂C[0̄/1̄]

is associated with a pair of atoms. The measurement of odd andeven atoms in theX-

eigenbasisBX = {|±〉 = (|0〉 ± |1〉)/
√

2} on the state (6.36) projects the auxiliary matrix

associated with the measured atom onto the eigenstate (|0〉 + (−1)s|1〉)/
√

2 depending on

the measurement outcomes (see Eq. (6.70) in Sec. 6.10). In the graphical notation, this

implements the operations

// A[X] // ∝ X̂sĤ, (6.42)

// B[X] // ∝ X̂Ẑs, (6.43)
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for odd and even atoms, respectively. Here, the operatorĤ is the Hadamard gate and̂X the

Pauli-X matrix [26]. Similarly, measurements in theφ-eigenbasisBφ = {(|0〉±eiφ|1〉)/
√

2}

yield

// A[φ] // ∝ X̂sĤŜ(φ), (6.44)

// B[φ] // ∝ X̂ẐsŜ(φ), (6.45)

whereŜ(φ) = diag(1, eiφ) in the usual computational basis. Also, we find that since the

measurement of theith and (i + 1)th atoms (i odd) in the Bell basis has only two possible

outcomes, we have

// C[X̄] // ∝ ẐX̂sĤ, (6.46)

// C[φ̄] // ∝ ẐX̂sĤŜ(φ), (6.47)

where the measurement eigenbases are given byBX̄ = {(|0̄〉 ± |1̄〉)/
√

2} andBφ̄ = {(|0̄〉 ±

eiφ|1̄〉)/
√

2}, respectively. Since any single-qubit gate can be decomposed into Euler an-

gles, i.e.

Ûrot(ζ, η, ξ) = Ŝ(ζ)ĤŜ(η)ĤŜ(ξ), (6.48)

the application of one of the following sequence of measurements

// B̂[X1] // A[φ2] // B[φ3] // A[X4] // B[φ5] // A[X6] // , (6.49)

// C[X̄1] // C[φ̄2] // C[φ̄3] // C[φ̄4] // (6.50)

on the state (6.36) realize arbitrary qubit gates, up to a known by-product operator̂UΣ.

For instance, applying the measurement sequence (6.49) with measurement outcomes

s = (1, 0, 0, 0, 1, 1), wheresi denotes the outcome ofXi or φi, implements the operation

ÛΣÛrot(φ2, φ3, φ5) with ÛΣ = ĤẐX̂ on the state of the correlation space. Similarly, the

measurement sequence (6.50) with outcomes s= (0, 0, 1, 0) implements the operation
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Fig. 6.6: Starting with 1D system (x–direction) in the state (6.36), a 2D state useful for
MBQC is obtained by applyinĝCZ gates between even subsites (denoted by the
letterB) in they–direction.

ÛΣÛrot(φ2, φ3, φ4) with ÛΣ = ẐX̂Ẑ. Although both measurement sequences (6.49) and

(6.50) preserve the system’s immunity to collective dephasing, fewer measurements are

required using the sequence (6.49). The state of the correlation space can be read-out

using a scheme described in Sec. 6.10.

Superlattice manipulations can also be used to engineer 2D systems. In the remainder

of this section, we will consider the MPR of the 2D state|ψ2D〉 resulting from the coupling

of 1D systems in the state (6.36) via the application of aĈZ gate betweenevensubsites4

in they–direction (see Fig. 6.6). The MPR of this state is given by

r
// C[0] l

//

u
OO

d
OO

= |−〉r〈0|l ⊗ |+〉u〈0|d, (6.51)

r
// C[1] l

//

u
OO

d
OO

= |+〉r〈1|l ⊗ |−〉u〈1|d. (6.52)

Also, the expansion coefficients of|ψ2D〉 are represented by

〈ī1,1 . . . ī2,2|ψ2D〉 =

U U

L // C[ ī1,1]

OO

// C[ ī1,2] //

OO

R

L // C[ ī2,1]

OO

// C[ ī2,2] //

OO

R

D

OO

D

OO

(6.53)

where|U〉 = |0〉 and|D〉 = |+〉.
4 See e.g. Refs. [63, 66] for relevant 2D superlattice setups
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This state is formally similar to a cluster state where qubits are encoded on two atoms

and the|+〉 state corresponds to the Bell state (6.13). Although the application of theĈZ

gate betweensitesin the y–direction implements the same operation betweenencoded

qubits, it corresponds to adifferentoperation between encoded qubits in thex–direction.

Therefore, it is not possible to execute algorithms designed for cluster states using the

state|ψ2D〉 as a resource by simply interchanging, e.g.X measurements with Bell-pair

measurements̄X.

In the remainder of this section, we will show that|ψ2D〉 constitute a universal resource

for MBQC by presenting how to control information flows through the lattice, and by

providing a measurement network that implements an entangling two-qubit gate.

Since the tensors of Eqs. (6.51) and (6.52) factor, they can be represented graphically

by

r
// C[0] l

//

u
OO

d
OO

=

+

u

l
0 − r

0
d

. (6.54)

Using this representation and Eqs. (6.51) and (6.52), we findthat

C[Z̄1]

// C[X̄2]

OO

//

C[Z̄3]

OO

∝ X̂Ẑs1+s2+s3Ĥ. (6.55)

Thus, measurements in the basisBX̄ cause the information to flow from left to right, and

measurements of the vertically adjacent sites in theBZ̄ basis shields the information from

the rest of the lattice [131]. Since we can isolate horizontal lines, they can be used as

logical qubits.

An entangling two-qubit gate between two horizontal lines is realized as follows. Con-
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sider the following measurement network [131]

// C[X̄5] //

C[Z̄3] // C[Ȳ2]

OO

// C[Z̄4]

|c〉 // C[X̄1]

OO

//

, (6.56)

where the middle site is measured in the basisBȲ = {(|0̄〉 ± i|1̄〉)/
√

2} andc ∈ {0, 1}. The

lower part of the network reduces to

|c〉 // C[X̄1]

OO

//
∝ Zc|+〉

OO

(−1)s1XH|c〉 //

. (6.57)

Plugging (6.57) into the middle line yields

C[Z̄3] // C[Ȳ2]

OO

// C[Z̄4]

Zc|+〉
OO ∝

HZs2+s3+c+1[(−1)s4 |0〉 + i|1〉]
OO

. (6.58)

Finally, plugging (6.58) into the upper of the network gives

// C[X̄5] //

HZs2+s3+c+1[(−1)s4 |0〉 + i|1〉]
OO ∝ ÛΣ(−iẐ)c (6.59)

where ÛΣ = ei π4 (iX̂)s4ĤX̂Ŝ(π2)†Ẑs5(−iẐ)s2+s3+1. Thus, the measurement network (6.56)

implements an entangling controlled-phase gate between the upper and lower horizontal

lines up to a know by-product operator. Since arbitrary single-qubit gates can be applied

on each horizontal lines independently, this completes theproof of universality. The way

of dealing with by-product operators at the end of the measurement sequences does not

differ from the usual MBQC scheme with cluster states (see e.g. [114]). Notice that since

single and two-qubit gates are performed via the application of pairwise measurements,

the system remains invariant to collective dephasing at anytime during the execution of

an algorithm.
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6.9 Conclusion

We have analyzed the dynamics of a bosonic spinor condensatein a superlattice poten-

tial, and shown that a lattice with a Bell pair in every lattice site can be realized via the

dynamical splitting of each site. We have proposed a scheme that allows the application

of an entangling
√

SWAP gate between and inside Bell pairs. The successive applica-

tion of this gate between and inside lattice sites was shown to create an entangled state

with a tunable Schmidt rank that is resilient to collective dephasing noise; and a maxi-

mally entangled state which, as numerical evidence suggests, is locally equivalent to a

GHZ state. Finally, we have presented a state that is obtained by connecting Bell pairs in

two dimensions via an entangling phase gate, and shown that it constitutes a resource for

MBQC formally similar to a Bell-encoded cluster state. We have provided measurement

networks for implementing a two-qubit entangling gate as well as arbitrary local unitary

operations. Our implementation has the advantage that it allows the execution of quantum

algorithms while leaving the system unaffected by collective dephasing noise.
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6.10 Appendices

The full Hamiltonian

Using the field operator (6.7), the single-particle terms ofthe Hamiltonian (6.2) in second

quantized form are given by

Ĥ0 = ĤK + ĤZ

=

∑

σ=−1,0,1

[Va + ∆EZ,σ(B)] â†σâσ +
∑

σ=−1,0,1

[Vb + ∆EZ,σ(B)] b̂†σb̂σ, (6.60)

whereVν =

∫

dr w∗ν(r )ĥ0 wν(r ). Assuming that the magnetic field is weak (B < 200 G),

the Zeeman shift∆EZ,σ(B) is accurately approximated to the second order inB [13]

∆EZ,σ(B) =



























gµBB
4 −

3(gµBB)2

16∆Ehf
if σ = −1,

− (gµBB)2

4∆Ehf
if σ = 0,

−gµBB
4 −

3(gµBB)2

16∆Ehf
if σ = 1,

(6.61)

whereg is the gyromagnetic factor,∆Ehf is the hyperfine splitting energy, andµB is the

Bohr magneton.

In the low-energy limit, atomic interactions are well approximated bys-wave scat-

tering, with the scattering length depending on the spin state of the colliding atoms. At

ultracold temperatures, two colliding atoms in the lower hyperfine levelflow will remain in

the same multiplet, since the interaction process is not energetic enough to promote either

atom to a higher hyperfine levelfhigh [106]. Also, since alkalis have only two hyperfine

multiplets, the conservation of the total angular momentumby the scattering process im-

plies that interatomic interactions conserve the hyperfinespin f1 and f2 of the individual

atoms. Thus, the interaction between two particles locatedat positionsr1 andr2 is given

by [106, 117, 133]

V̂int(r1 − r2) =
4π~2

M
δ(r1 − r2)

∑

F=0,2

aFP̂F, (6.62)
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whereF = f1+ f2 is the total angular momentum of the scattered pair,P̂F is the projection

operator for the total angular momentumF, andaF is the s-wave scattering length of

the channel associated with the total angular momentumF. The operatorP̂F is given

by [133]

P̂F =

F
∑

mF=−F

|F,mF〉〈F,mF |, (6.63)

where |F,mF〉 is the state formed by two atoms with total angular momentumF and

mF = m1 + m2 with m1 and m2 the projection on the quantization axis off1 and f2,

respectively. The quantization axis is defined by the direction of the magnetic field present

in the system. Boson statistics require the state|F,mF〉 to be invariant under particle

exchange, and hence only the terms corresponding to values of F = {0, 2} appear in the

sum of Eq. (6.62). Using the relationf̂1 · f̂2 = P̂2− 2P̂0, wheref̂ i = ( f̂ i
x, f̂ i

y, f̂ i
z) is the total

angular momentum operator of the particlei, the interaction operator can be re-written

as [106, 49]

V̂int(r1 − r2) = δ(r1 − r2)
(

c0 + c2f̂1 · f̂2

)

. (6.64)

From Eq. (6.64) we see that interactions conserve the quantum numbermF [13].

Using the field operator (6.7), the interaction term in second quantized form reads

Ĥint =
1
2

∫ ∫

dr1dr2 δ(r1 − r2)×

c0 :
(

Ψ̂
†(r1) · Ψ̂(r1)

) (

Ψ̂
†(r2) · Ψ̂(r2)

)

:

+ c2

∑

ℓ=x,y,z

:
(

Ψ̂
†(r1) f̂ 1

ℓ Ψ̂(r1)
) (

Ψ̂
†(r2) f̂ 2

ℓ Ψ̂(r2)
)

:, (6.65)

where : ◦̂ : represents the operator ˆ◦ in normal ordering,Ψ̂(r ) = (Ψ̂−1(r ), Ψ̂0(r ), Ψ̂1(r ))

and the matriceŝfℓ are given by [118]

f̂ i
x =

1
√

2





















0 1 0
1 0 1
0 1 0





















, f̂ i
y =

1
√

2i





















0 1 0
−1 0 1
0 −1 0





















, f̂ i
z =





















1 0 0
0 0 0
0 0 −1





















. (6.66)

The Hamiltonian given in (6.5) is a compact form of (6.65). Inits expanded form,
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Eq. (6.65) reads [49]

Ĥint =
1
2

∫

dr×
{

(c0 + c2)
[

Ψ̂
†
1(r )Ψ̂†1(r )Ψ̂1(r )Ψ̂1(r ) + Ψ̂†−1(r )Ψ̂†−1(r )Ψ̂−1(r )Ψ̂−1(r )

]

+ 2(c0 + c2)
[

Ψ̂
†
1(r )Ψ̂†0(r )Ψ̂1(r )Ψ̂0(r ) + Ψ̂†−1(r )Ψ̂†0(r )Ψ̂−1(r )Ψ̂0(r )

]

+ 2c2

[

Ψ̂
†
0(r )Ψ̂†0(r )Ψ̂1(r )Ψ̂−1(r ) + Ψ̂†1(r )Ψ̂†−1(r )Ψ̂0(r )Ψ̂0(r )

]

+ c0

[

Ψ̂
†
0(r )Ψ̂†0(r )Ψ̂0(r )Ψ̂0(r )

]

+ 2(c0 − c2)
[

Ψ̂
†
1(r )Ψ̂†−1(r )Ψ̂1(r )Ψ̂−1(r )

]}

. (6.67)

The interaction Hamiltonian (6.67) can be expressed in terms of â†σ andb̂†σ operators

using the relation

1
2

∫

dr Ψ̂†σ(r )Ψ̂†γ(r )Ψ̂σ′(r )Ψ̂γ′(r ) =
Uaa

2

(

â†σâ†γâσ′ âγ′
)

+
Ubb

2

(

b̂†σb̂†γb̂σ′b̂γ′
)

+

Uab

2

(

â†σâ†γb̂σ′ b̂γ′ + b̂†σb̂†γâσ′ âγ′
)

+
Uab

2

(

â†σb̂†γ + b̂†σâ†γ
) (

âσ′ b̂γ′ + b̂σ′ âγ′
)

, (6.68)

whereUνν′ =

∫

dr (|wν(r )||wν′(r )|)2 andσ, γ = −1, 0,+1.

Measurement-based quantum computations and MPSs

General idea

In this section, we present the general idea developed in Ref. [132]. From Eq. (6.35), one

can see that if theik site in the computational basis and the outcomesk is obtained, then

the state|L〉 of the auxiliary system becomes

|L〉′ = Λ̂[sk]
k |L〉. (6.69)

Thus, measurements change the state|L〉 of the auxiliary system. Similarly, if the mea-

surement of a local observable at sitek yields an outcome corresponding to the observ-

able’s eigenvector|φk〉, then the matrix̂Λ[ik]
k transforms into

Λ̂[φ]k = 〈φk|0〉Λ̂[0]
k + 〈φk|1〉Λ̂[1]

k , (6.70)
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and the vector of the auxiliary system becomes

|L〉′ = Λ̂[φ]k|L〉. (6.71)

From this point of view, a measurement on some physical site change the correlation

properties between this site and the rest of the chain, i.e. it performs an operation on the

auxiliary system state|L〉, which we will sometimes refer to as the state of the correlation

space.

Graphical notation

In order to deal with the MPS of higher-dimensional states, the graphical notation intro-

duced in Ref. [132] is very helpful. In this notation, tensors are represented by boxes, and

their indices by edges. Vectors and matrices are thus symbolized by

|L〉 = L // , (6.72)

〈R| = // R† , (6.73)

Λ̂
[i]
= //

Λ
[i] // . (6.74)

Consequently, vector and matrix operations can be represented graphically by

〈R|L〉 = L R , (6.75)

B̂Â = // A // B // , (6.76)

B̂Â|L〉 = L // A // B // . (6.77)

Read-out scheme

In order to use the state of the correlation space to process quantum information, we

must be able to read it out at the end of the computation. It turns out that in our case a

measurement of the (i−1)th site in the computational basis corresponds to a measurement
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of the correlation system just after theith site. To illustrate this fact, assume that just after

the measurement of theith site, the correlation system is in the state|0〉, that is

L // B[φ1] // A[φ2] // ... B[φi] // = |0〉, (6.78)

or

L // B[φ1] // A[φ2] // ... A[φi] // = |0〉. (6.79)

Thus, using Eqs. (6.37) and (6.38) we have

|0〉 // A[1] // ∝ |−〉〈1|0〉 = 0, (6.80)

|0〉 // B[1] // ∝ |0〉〈1|0〉 = 0. (6.81)

Hence, the probability of obtaining the result 1 for a measurement on the (i − 1)th site is

zero. Consequently, if the state of the correlation system is in state|0〉 after theith site,

then the (i − 1)th physical site must also be in that state. Since

|0〉 // C[1] // ∝ |+〉〈1|0〉 = 0, (6.82)

the same observation applies if one measures the (i − 2)th and (i − 1)th sites (i odd) in

the basisBZ̄ = {|0̄〉, |1̄〉}. Therefore, as a similar argument applies if the state of the

correlation system is in the state|1〉 after theith site, the description of the read-out scheme

is complete.



Chapter 7

From rotating ring lattices to the fractional
quantum Hall effect

In this chapter, we study ultracold bosons on a two-dimensional lattice in the presence of
an effective magnetic field and point out a couple of featuresthis system has in common
with the rotating ring lattices we discussed in Chapter 4. Starting from the degenerate
single-particle spectrum known as the Hofstadter butterfly, we find that interactions lift
the huge degeneracy of the non-interacting system apart from topological degeneracies.
Parallel to our previous work, we then derive an effective many-body Hamiltonian and
show that weak random potentials can lead to a coupling between the degenerate ground
states which decreases exponentially with increasing number of particles. For this reason
fractional quantum Hall systems have been proposed as topologically-protected quantum
memories.

7.1 Introduction

The integer and fractional quantum Hall effects are among the most intriguing phenomena

of condensed-matter physics. Von Kitzlinget al. [134] discovered that at large magnetic

field and low temperature the Hall resistanceRH of a two-dimensional electron gas in a

semiconductor heterostucture shows numerous plateaus as afunction of the magnetic field

B. On each plateau, the Hall resistance, defined asRH = VH/I with the Hall voltageVH

and the currentI , is given byh/ne2 with n integer. Close to the plateaus, the longitudinal

resistance, defined asRL = VL/I with the voltage dropVL in the direction of the current

I , depends exponentially on the temperatureT, RL ∝ e−∆/2kBT . This integer quantum Hall

effect (IQHE) came as a great surprise, but it can be explained by the fact that the ground

state at filling factorν = ρhc/eB= n and densityρ consists ofn fully-occupied Landau

levels and therefore shows a energy gap∆ to excitations.
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The next twist to the story were the findings by Tsuiet al.[135] who observed plateaus

where the resistance ish/ f e2 with f a rational fraction and which occurred at magnetic

fields corresponding to a fractional filling of the lowest Landau levelν = f . This frac-

tional quantum Hall effect (FQHE) cannot be explained in a single-particle picture, but

it is a strong correlation effect brought along by interactions between the electrons in

a partially-filled Laudau level. This is a very challenging problem, since the system is

highly degenerate in the absence of interactions and the interactions set the only energy

scale, so that there is no small parameter to expand in. Apartfrom exact diagonalization

and the effective theory of composite fermions [136], much of the present understanding

relies on trial wave functions, e.g. at the filling fractionsν = 1/m, with meven for bosons

andm odd for fermions, those first written down by Laughlin [137]

Ψ1/m =

∏

j<k

(

zj − zk

)m
e−

∑

i |zi |2/4. (7.1)

In this expression,zj = xj + iy j are the two-dimensional coordinates of thej-th particle

and the magnetic lengthlB =
√
~c/eB is the unit of length. The Laughlin stateΨ1/m is

known to be the exact ground state of the many-body problem atfilling factor ν = 1/m

for short-ranged interactions [138].

Larmor’s theorem tells us that rotation has a similar effecton neutral atoms as a uni-

form magnetic field on charged particles. It is therefore natural to ask whether the frac-

tional quantum Hall effect can also be realized in rotating Bose gases [139, 140, 141].

However, achieving this goal experimentally has been difficult [142], because it requires

the rotation frequency to closely match the trapping frequency. As an alternative, schemes

for optical lattices with effective magnetic fields have been put forward [143, 144]. Since

the lattice enhances the effects of the interactions, this approach should also lead to larger

energy gaps compared to the harmonically trapped gas. This could stabilize the strongly-

correlated ground state against external noise and thermalfluctuations. Several aspects

of this system have been addressed in the literature, e.g. the linear response to external
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perturbations [88, 145, 146] and the topological order in the ground-state manifold via

Chern number calculations [147, 148].

In this chapter, we study ultracold bosons on a 2D lattice in the presence of an ef-

fective magnetic field and point out features this system hasin common with ultracold

bosons in 1D rotating ring lattices. We first discuss the single-particle problem whose

energy spectrum is known as the Hofstadter butterfly [149]. We present numerical re-

sults for interacting bosons on a lattice showing that interactions lift the huge degeneracy

of the non-interacting system apart from topological degeneracies [147]. Parallel to our

previous work, we then derive an effective many-body Hamiltonian [150, 151]. We dis-

cuss the exactly-solvable Tao-Thouless limit of a thin cylinder [152, 153] and point out

its relationship with the Laughlin wave function [154, 151,153, 155]. We also explain

the degeneracy of the many-body spectrum using the magnetictranslation group [156].

Finally, we show that a weak random potential can lift the topological degeneracies. The

coupling between the degenerate ground states however decreases exponentially with in-

creasing number of particles [157]. For this reason fractional quantum Hall systems have

been proposed as topologically-protected quantum memories [158].

7.2 Model

We considerN ultracold bosons on aNx×Ny square lattice described by a two-dimensional

Bose-Hubbard Hamiltonian [18]. The presence of an effective uniform magnetic field

perpendicular to the lattice in thex − y plane,B = Bez, leads, similar to the case of the

rotating ring lattice in Chapter 4, to a Peierls phase factor[89] in the hopping term. The

Hamiltonian has the form

Ĥ = −J
∑

〈i, j〉

(

â†i â j exp

(

2πi
Φ0

∫ xj

xi

A · dx
)

+ H.c.

)

+
U
2

∑

j

n̂ j(n̂ j − 1). (7.2)
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In the Landau gauge,A = −Byex, it reads [143, 144, 88, 147]

Ĥ = −J
∑

x,y

(

â†x+1,yâx,ye
−i2παy

+ â†x,y+1âx,y + H.c.
)

+
U
2

∑

x,y

n̂x,y(n̂x,y − 1) (7.3)

whereα is the magnetic flux per plaquette in units of the flux quantumΦ0, âx,y annihilates

a particle on the sitex, y with x ∈ {1, . . . ,Nx} andy ∈ {1, . . . ,Ny}, and all other notations

are standard [18].

While the above Hamiltonian appears naturally for charged particles in a magnetic

field, the realization of a system described by such a Hamiltonian with neutral atoms is

much less straightforward. There are a couple of theoretical proposals in the literature

to obtain such a Peierls phase factor [89], e.g. by using Raman transitions for the opti-

cal lattice setup [143], by alternating the tunneling and adding a quadratic superlattice

potential [144] or by simply rotating the lattice [147].

In case of a homogeneous system it is customary to impose periodic boundary con-

ditions (PBC). In the presence of a magnetic field, this turnsout to be a non-trivial task.

PBC, i.e.ψ(x+Nx, y) = ψ(x, y) andψ(x, y+Ny) = ψ(x, y) for the single-particle wave func-

tionψ(x, y), are eigenvalue equations for the translation operatorst̂Nxex andt̂Nyey with eigen-

value one. The translation operatort̂R = eiR·p̂ and the Hamiltonian for a single particle in

a magnetic field do not commute for arbitraryR, so that PBC cannot be imposed consis-

tently. The magnetic translation operator (MTO)T̂R is defined as an ordinary translation

operator followed by a gauge transformation, so that the MTOcommutes with the single-

particle Hamiltonian. In the Landau gauge, the MTO has the form T̂(X,Y) = e−i2παYx T̂(X,Y).

However, MTOs do generally not commute with each other. In order to impose consistent

boundary conditions, we have to make sure that the two MTOs defining the boundary

conditions commute, i.e. we requirêT(Nx,0)T̂(0,Ny) = e−i2παNxNyT̂(0,Ny)T̂(Nx,0) = T̂(0,Ny)T̂(Nx,0),

i.e. the number of flux quanta penetrating the latticeNΦ = αNxNy = BLxLy/Φ0 has to be

an integer.
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7.3 Single-particle problem

In this section, we discuss the physics of a single particle confined to a two-dimensional

plane in the presence of an effective uniform magnetic field perpendicular to this plane.

We first study this problem in the absence of a lattice potential which leads to the well-

known Landau-level quantization. We then consider the tight-binding limit whose energy

spectrum is the famous Hofstadter butterfly [149].

7.3.1 Landau levels in the absence of a lattice potential

The Hamiltonian for a particle with massm and chargeq moving in two dimensions in

the presence of a vector potentialA is given by

Ĥ =
1

2m

(

p̂ − q
c

A
)2

. (7.4)

For a uniform magnetic field,∇ × A = Bez, the vector potential is a linear function of the

spatial coordinates, so thatĤ is a generalized two-dimensional harmonic oscillator which

can be solved exactly.

In the Landau gauge,A = B(−y, 0, 0), the vector potential does not depend onx and

therefore commutes withpx. The momentumkx is thus a good quantum number. Defining

the magnetic length aslB =
√
~c/eBand the cyclotron energy asωc = eB/mc the energy

eigenvalues

En =

(

n+
1
2

)

~ωc (7.5)

with n = 0, 1, . . . are called Landau levels and the associated eigenfunctionsare

ηn,kx =
1

√√
π2nn!

eikxx exp













−1
2

(

y
lB
− lBkx

)2










Hn

(

y
lB
− lBkx

)

(7.6)

whereHn are Hermite polynomials.
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Fig. 7.1: Spectrum of a single particle on aNx × Ny = 120× 120 lattice as a function of
the flux quanta per plaquetteα known as the Hofstadter butterfly [149].

We note that the energy does not depend onkx, so that eigenstates with differentkx

and the samen are degenerate, and that in they-direction the ground-state wavefunctions

are Gaussians of widthlB centered aty = kxl2B. To count the degeneracy, we impose

periodic boundary conditions in thex-directioneikx(x+Lx)
= eikxx. The allowed values ofkx

arekx = 2πnx/Lx with nx integer, so that the number of degenerate states in a given area

LxLy is Nx = LxLy/2πl2B = BLxLy/Φ0 = NΦ whereNΦ is the number of flux quanta.

7.3.2 Hofstadter butterfly in the tight-binding limit

In the tight-binding limit the single-particle wave functionψ(x, y) obeys the Schrödinger

equation with the Hamiltonian (7.3) andU = 0

−J
(

ψ(x− 1, y)e−i2παy
+ ψ(x+ 1, y)ei2παy

+ ψ(x, y− 1)+ ψ(x, y+ 1)
)

= Eψ(x, y). (7.7)

Making a plane wave ansatz along thex-direction,ψ(x, y) = eikxxu(y), this equation re-

duces to the one-dimensionalHarper equation[159]

u(y− 1)+ u(y+ 1)+ 2 cos(2παy− kx) u(y) = Eu(y) (7.8)

where the momentumkx is quantized, i.e.kx = 2πs/Nx with 0 ≤ s≤ Nx integer.
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Sinceα = NΦ/NxNy is a rational number, i.e.α = p/q with p andq co-prime, the

term cos(2παy) is q-periodic, so that there is a so-called magnetic supercell of size q.

Consequentially, the first Bloch band withM = NxNy states breaks intoq bands with

M/q = NΦ/p degenerate states [149]. In the continuum limit, i.e.α → 0, p subbands

become degenerate and theNΦ-fold degeneracy of the Landau levels is recovered. The

energy spectrum as a function of the flux per plaquetteα is the famousHofstadter butter-

fly [149], which is shown in Fig. 7.1. We note that the Harper equation also appears in

studies of a single particle in one-dimensional quasi-periodic lattices [160].

7.4 Many-particle problem

In this section, we first present numerical results for the model Hamiltonian (7.3) showing

that interactions lift the huge degeneracy of the non-interacting system [147]. We then

derive an effective many-body Hamiltonian [150, 151], discuss the exactly-solvable Tao-

Thouless limit of a thin cylinder [152] and point out its relationship with the Laughlin

wave function [154, 151, 153, 155]. Finally, we explain the degeneracy of the many-body

spectrum using the magnetic translation group [156].

At fixed filling fraction ν = N/NΦ = 1/2 the properties of the system with the model

Hamiltonian (7.3) depend on the parameterα = n/ν (which is proportional to the density

n = N/NxNy) and the ratio between the on-site interaction and tunneling energyU/J.

In the following, we will focus on the limit of a small flux per plaquette, i.eα < 0.25,

where the lattice potential does not have a dominant effect,i.e. we are in the continuum

limit. In the upper part of Fig. 7.2, we plot the many-body spectrum for N = 2 atoms

on aNx × Ny = 4 × 4 lattice threaded by a total magnetic flux ofNΦ = 4 flux quanta

as a function of the ratioU/J. In the absence of interactionsU = 0, the many-body

ground state is highly degenerate. If the single-particle spectrum isNdeg-fold degenerate,
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Fig. 7.2: Many-body spectrum forN = 2 atoms on aNx × Ny = 4 × 4 lattice threaded
by a total magnetic flux ofNΦ = 4 flux quanta as a function of the on-site
interactionU/J [147]. The bottom figure shows the spectrum as a function of
U/J (solid line) and the spectrum of the effective Hamiltonian (points). [Help
by Mohammad Hafezi is acknowledged.]
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the degeneracy for the many-body system ofN bosons is

(

N + Ndeg− 1
Ndeg− 1

)

=

(

N + Ndeg− 1
)

!

N!
(

Ndeg− 1
)

!
. (7.9)

The huge degeneracy of the non-interacting system is liftedby finite repulsive interac-

tions, but all the states remain (at least) twice degenerate. We shall come back to this

topological degeneracy further below. In the limitU ≪ J the energy differences are

proportional to the on-site interactionU, while they become independent ofU and pro-

portional to the tunneling energyJ in the hard-core limitU ≫ J. In the continuum limit,

α→ 0, it has been shown that the two ground states have large overlap with the Laughlin

wave functions on a torus [144, 147], which are known to be theexact ground states for

short-ranged interactions in the absence of a lattice potential [138].

Parallel to our previous work, we now derive an effective many-body Hamiltonian.

For small on-site interactionU ≪ J, we can treat the on-site interaction in degenerate

perturbation theory. To this end, we find a set of lowest-energy single-particle states and

construct an effective Hamiltonian in the Fock basis of the degenerate subspace. In the

bottom part of Fig. 7.2 we compare the spectrum of this effective Hamiltonian with that of

the exact many-body Hamiltonian. We see that they agree verywell for small interactions

U/J < 0.5. Beyond this limit, the on-site interaction terms start mixing the different

energy bands and the description by the effective Hamiltonian breaks down. In order

to go beyond numerical results, we neglect the lattice potential and calculate the matrix

elements of the interaction Hamiltonian in the lowest Landau level. Starting from the

general many-body Hamiltonian for a contact interaction potential

Ĥ =
∫

dxΦ̂†(x)

[

~
2

2M

(

p̂ − q
c

A
)2
]

Φ̂(x) +
1
2
· 4πas~

2

M

∫

dxΦ̂†(x)Φ̂†(x)Φ̂(x)Φ̂(x), (7.10)

we expand the particle operator asΦ̂(x) =
∑NΦ

m=1 ηn=0, kx=m(x) âm whereηn=0, kx=m(x) are the

wave functions (7.6) for the lowest Landau level on a cylinder with circumferenceL. They
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all have the same kinetic energy, so that we are left with the effective Hamiltonian

Ĥeff =
gκ
2

∑

jkm

e−κ
2(k2
+m2)/2 â†j+kâ

†
j+mâ j+k+mâ j (7.11)

whereg = V0/(2π)3/2l2B, V0 = 4πa~2/M andκ = 2πlB/L. The effective Hamiltonian con-

tains two different contributions: the terms withm= 0 describe the repulsion between two

particlesk orbitals apart, whereas the others are the amplitudes for a correlated hopping

process, in which two particlesk −m orbitals apart are transferred to orbitalsk+m apart

while conserving the center-of-mass position at (k + m)/2. The ratioκ−1 is the effective

range for the correlated tunneling processes [152, 150, 151].

In the so-called Tao-Thouless limit of a thin cylinderL → 0, the effective range

goes to zeroκ−1 → 0, and the on-site and nearest-neighbor interaction becomethe most

important terms [152, 153]

Ĥeff =
gκ
2

∑

j

(

n̂ j(n̂ j − 1)+ 4e−κ
2/2n̂ jn̂ j+1

)

+ . . . . (7.12)

In this limit, the effective Hamiltonian is diagonal in the Fock basis and thus exactly

solvable. The energy is minimized for a regular occupation pattern in the single-particle

basis of the lowest Landau level, i.e. at filling fractionν = 1/2 these are the two degenerate

Tao-Thouless states|10101010. . .〉 and|01010101. . .〉 [152, 161].

As the circumferenceL is increased, the correlated hopping processes become more

important and so-called squeezed states, e.g.|100111001〉 and|10100200〉, are mixed into

the ground-state wave function. For the fermionic problem at odd denominator fractions,

ν = 1/m with m odd, it has been shown that the Tao-Thouless states are adiabatically

connected to the Laughlin statesΨ1/m, i.e. there is no phase transition as the circumference

L is increased [154, 151, 153]. For bosons at filling fractionν = 1/m with m even,

the Laughlin wave functionΨ1/m (7.1) is a so-called Jack polynomial whose dominant

occupation-number configuration is the corresponding Tao-Thouless configuration [155].
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Finally, we would like to give an argument for the degeneracyof the many-body spec-

trum by considering the magnetic translations on a torus [156, 157]. In the absence of a

lattice potential, the magnetic translation operator has the formT̂(X,Y) = e−iYx/l2B t̂(X,Y). At

filling fraction ν = p/q, the number of particles isN = NΦp/q and the many-body oper-

ator T̂α =
∏N

j=1 T̂
( j)
Lαeα/N

, whereT̂ ( j) acts on the coordinate of thej-th particle, commutes

with the many-body Hamiltonian (7.10). Translations alongthe two different axes of the

torus,T̂1 andT̂2, do not commutêT1T̂2 = e2πip/qT̂2T̂1, but T̂1 andT̂q
2 do commute, so that

{Ĥ, T̂1, T̂
q
2} is a maximal set of commuting operators.T̂2 leaves the energy unchanged,

but translates between theq different degenerate states. This was first interpreted as a

center-of-mass degeneracy [156] and later reconsidered astopological degeneracy [157].

7.5 Ground-state splitting due to weak disorder

In this section, we show that a weak random potential can leadto ground-state splittings

which decrease exponentially with increasing number of particles [157]. For this reason

fractional quantum Hall systems have been proposed as topologically-protected quantum

memories [158].

A random single-particle potentialU(x) can lead to a coupling between the states of

the lowest Landau level, so that the effective Hamiltonian has the form

Ĥ′eff = Ĥeff +

∑

i, j

ti j â†i â j (7.13)

whereti j =
∫

dx η∗n=0, kx=i(x)U(x)ηn=0, kx= j(x) andĤeff is the effective Hamiltonian (7.11).

The off-diagonal single-particle termsti j connect the two degenerate ground states by an

N-th order tunneling process, similar to the case of correlated tunneling in double-well

potentials and macroscopic superpositions of different quasi-momentum states in rotating

ring lattices we discussed in Chapters 3 and 4, respectively. Parallel to our previous

discussion, this coupling leads to a ground-state splitting in systems of finite size, while
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in the thermodynamic limit the splitting goes to zero and theground-state degeneracy is

recovered [157].

The exponential scaling of the ground-state splitting has recently attracted much at-

tention, since the degenerate ground-state manifold mightbe used as a topologically-

protected quantum memory [158]. A qubit|ψ〉 = α |0〉 + β |1〉 can be stored in the coeffi-

cients of the wave function in the ground-state manifold|ψ〉 = α |ψ1〉 + β |ψ2〉 where|ψ1〉

and |ψ2〉 are the degenerate many-body states. All other many-body states are separated

from the ground-state manifold by the energy gap and transitions between the different

states within the ground-state manifold due to external noise are exponentially suppressed.

7.6 Conclusion

In this chapter, we studied ultracold bosons on a two-dimensional square optical lattice in

the presence of an effective magnetic field and pointed out a couple of features this system

has in common with ultracold bosons in one-dimensional rotating ring lattices. We saw

that in the presence of a magnetic field, the kinetic energy ofa single particle is quan-

tized into degenerate energy levels. Repulsive interactions lift the huge degeneracy of the

non-interacting system and lead to strongly-correlated ground states such as the Laugh-

lin state. On a manifold which is not simply-connected, e.g.on a torus, there remains

a topological degeneracy of the many-body spectrum. In a finite system weak disorder

potentials couple the degenerate states inN-th order perturbation theory and lead to su-

perpositions of topologically distinct states. Similar tothe case of correlated tunneling in

double-well potentials and macroscopic superposition states in rotating ring lattices, these

energy splittings decrease exponentially with increasingnumber of particles. For this rea-

son the fractional quantum Hall systems have been proposed as a topologically-protected

quantum memories.



Chapter 8

Summary and outlook

In this thesis we presented our research on strong correlations in ultracold atomic gases.

In particular, we focused on ultracold bosons in rotating ring lattices and arrays of double-

well potentials. In the first part, we studied the tunneling dynamics of bosons in double-

well potentials. In the second part, we extended previous studies on bosons in rotating ring

lattices to the case of ring superlattices and described a possible detection scheme to probe

macroscopic superposition states of distinct flow. We then compared these macroscopic

superposition states to those occurring in superconducting quantum interference devices.

In the third part, we proposed to use dynamical modulations of double-well lattices to

engineer robust entangled states on the hyperfine degrees ofthe atoms and described how

to use them for measurement-based quantum computation. Finally, we studied ultracold

bosons on a 2D lattice in the presence of an effective magnetic field and pointed out a

couple of features this system has in common with 1D rotatingring lattices.

As outlined in the introduction, ultracold atomic gases have become a playground

for many-body physics. Further research on the ground-state phase diagrams and the

dynamics of quantum lattice models are an interesting topicfor future investigations.

One can consider bosonic and fermionic atomic gases with andwithout spin degrees of

freedom; bosonic, fermionic or Bose-Fermi mixtures with orwithout disorder; systems

with and without rotation in one-, two- or three-dimensional lattices with simple square or
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more complicated lattice geometries. Most important directions seem to be the study of

quantum magnetism [162], quantum Hall physics, and interacting systems with disorder.

A crucial road block both for quantum simulation and quantuminformation applications

might be the lack of single-site measurements and addressability so far.

Finally, ultracold gases have also renewed the interest in some foundational questions

of quantum many-body theory such as the dynamics of interacting quantum systems re-

laxing to equilibrium [163, 164, 165, 166, 167, 168].
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[54] S. Fölling, F. Gerbier, A. Widera, O. Mandel, T. Gericke, and I. Bloch. Spatial

quantum noise interferometry in expanding ultracold atom clouds. Nature434,

481 (2005).

[55] T. Rom, Th. Best, D. van Oosten, U. Schneider, S. Fölling, B. Paredes, and I. Bloch.
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