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Summary

1. Despite the observed distribution of variable individual phenotypes, survival

and reproductive performance in wild populations, models of population dy-

namics often focus on mean demographic rates. Populations are constituted

by individuals with different phenotypes and thus different performance.

However, many models of population dynamics provide no understanding

of the influence of this phenotypic variation on population dynamics.

2. In this paper, we investigate how the relationships between demographic

rates and phenotype distribution influence the transmission and the uphold-

ing of phenotypic variation, and population dynamics. We used integral

projection models to measure associations between differences of phenotypic

trait (size or mass) among individuals and demographic rates, growth and

inheritance, and then quantify the influence of phenotypic variation on pop-

ulation dynamics. We build an analytical and general model resulting from

simplifications assuming small phenotypic variance. We illustrate our model

with two case studies: a short and a long-lived life-history.

3. Population growth rate r is determined by a Lotka-style equation in which

survival and fertility are averaged over a phenotypic distribution that changes

with age. Here, we further decomposed r to show how much it is affected by

shifts in phenotypic average as well as variance. We derived the elasticities of

r to the first and second derivative of each demographic rate. In particular,

we show that the nonlinearity of change in selective pressure with phenotype

matters more to population dynamics than the strength of this selection. In
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others words, the variance of a given trait will be most important when the

strength of selection increases (or decreases) nonlinearly with that trait.

4. Inheritance shapes the distribution of newborn phenotype. Even if newborns

have a fixed average phenotype, the variance among newborns increases with

phenotypic variance among mothers, strength of inheritance, and develop-

mental variation. We explain how the components of inheritance can influ-

ence phenotypic variance and thus the demographic rates and population

dynamics. In particular, when mothers of different ages produce offspring of

different mean phenotype, the inheritance function can have a large influence

on both the mean and variance of the trait at different ages and thus on the

population growth rate.

5. We provide new tools to understand how phenotypic variation influence pop-

ulation dynamics and discuss in which life-histories we expect this influence

to be large. For instance, in our short-lived life-history, individual variability

has larger effect than in our long-lived life-history. We conclude by indicating

future directions of analysis.

Keywords

growth rate, heritability, individual heterogeneity, inheritance, integral projection

model, phenotypic variation, population dynamics, size structure
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The evolution of a trait through natural selection requires inheritance of the trait, 

selection on the trait and variability of the trait within a population (Darwin, 

1871). Individual differences are thus indispensable to understand the mecha-

nisms of trait evolution and how phenotype dynamics influences population dy-

namics. Different individuals contribute often unequal amounts to population 

growth (Łomnicki, 1978; Kendall et al., 2011). Many studies have reported marked 

differences in fitness components among individuals within a population (Merila & 

Sheldon, 2000; Plard et al., 2015b; Steiner & Tuljapurkar, 2012). Despite the strong 

influence of individual differences on metrics characterizing population dynamics, 

demographic models often neglect individual differences and focus on population 

average of demographic rates (see e.g., the matrix models in Caswell 2001). These 

models often provide a reliable description of population dynamics (Saether & 

Bakke, 2000; Heppell, Caswell & Crowder, 2000) but represent an inadequate tool 

to understand individual differences by answering questions like why they occur, 

how large they can be as a result of inheritance, ontogenetic change and selection, 

how they are maintained, or at which extent they influence population dynamics 

(Huston, DeAngelis & Post, 1988; Judson, 1994). Despite lots of theoretical and 

empirical studies, how individual variation influences population dynamics is still 

poorly understood. While most theoretical works performed to date indicate that 

individual differences have the potential to influence population dynamics (Kendall 

& Fox, 2002; Kendall et al., 2011; Vindenes, Engen & Sæther, 2008; Vindenes & 

Langangen, 2015) and lots of empirical studies have identified marked individual 

heterogeneity in demographic rates (Cam et al., 2002; Link, Cooch & Cam, 2002;
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Nussey et al., 2011), no empirical study has demonstrated yet that individual dif-24

ferences have direct and important influences on population dynamics (Plard et al.,25

2015a). A main reason for this knowledge gap is the lack of models explaining how26

individual differences, which generally correspond to phenotypic variation, interact27

with demographic rates to influence population dynamics. The aim of this paper28

is to provide an analytical model that shows how phenotypic variation is transmit-29

ted and maintained, and to explain and quantify the influence of the interaction30

between phenotypic distribution and demographic rates on population dynamics31

and in particular on population growth rate.32

We do so by analyzing integral projection models (IPMs) that can incorporate33

functional and continuous relationships between demographic rates and one or sev-34

eral individual traits (Easterling, Ellner & Dixon, 2000; Ellner & Rees, 2006; Coul-35

son, Tuljapurkar & Childs, 2010; Coulson, 2012; Rees, Childs & Ellner, 2014). As36

a consequence, IPMs reflect the influence of phenotypic variation on demographic37

rates. IPMs have made possible progress on diverse questions, e.g., an improved38

understanding of eco-evolutionary dynamics (Rees et al., 2006; Metcalf et al., 2009;39

Smallegange & Coulson, 2013), or a better management of size-structured popu-40

lations subject to fishing or hunting (Traill, Schindler & Coulson, 2014). The41

demographic rates in our IPMs depend on one or several continuous traits, so we42

can examine how different demographic rates interact to maintain and transmit43

phenotypic individual variability and create variability as individuals follow dif-44

ferent growth trajectories. The sources of variation we consider are described by45

four components - survival, reproduction, inheritance and growth (as discussed in46

Coulson, Tuljapurkar & Childs 2010 and illustrated in Rees et al. 1999; Coulson47

et al. 2011). For the sake of simplicity, we do not consider other, potentially im-48
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The variability of traits among individuals in a population is often first ob-

served at birth. The distribution of birth phenotypes is determined partly by the 

transmission of genes (and possibly also of environments, behaviors, and so on) 

from parents to offspring, and partly by stochasticity in the form of developmental 

noise (unpredictable environmental conditions). The constancy of transmission of 

variability from parents to offspring is often measured by genetic and non-genetic 

heritability (Bonduriansky, 2012; Danchin et al., 2011). In animals, genetic heri-

tability is typically estimated to be low for life-history traits and high for morpho-

logical traits (Mousseau & Roff, 1987; Kirk et al., 2001). In plants, it is difficult 

to link seeds to parents in the field, so most IPMs for plants ignore inheritance 

(anonymous motherhood, Caswell 2001) and treat the birth phenotypes as being 

randomly distributed around (but close to) a fixed trait value . However the grow-

ing literature on heritability in plants (Thomas & Bazzaz, 1993; Sadras & Slafer, 

2012) points the way towards new models of inheritance in plant IPMs. One focus 

of our analyses is to understand how the choice of a model of inheritance influences 

the dynamics of traits and as a consequence, population growth rate.

portant, kinds of individual heterogeneity that may be due to, e.g. demographic49

stochasticity (Kendall & Fox, 2003), dynamic heterogeneity (Tuljapurkar, Steiner50

& Orzack, 2009), unobserved differences in latent factors such as frailty (Vaupel,51

Manton & Stallard, 1979), or variable environments (Tuljapurkar, 1990; Lande,52

Engen & Saether, 2009)53
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After birth, individual phenotypes and the distribution of phenotypes in a co-70

hort are shaped by ontogenetic change in traits (via development, growth and71

plastic change). Growth can be a source of variability for at least two reasons.72

Individuals of different birth sizes can differ in their growth rate and in their73
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asymptotic mass/size (Kirkpatrick & Heckman, 1989; Björklund, 1993; Huchard74

et al., 2014). In addition, individuals of the same birth size can follow different75

growth trajectories because of stochastic differences in growth due to variable en-76

vironmental conditions encountered. In addition to ontogenetic change, fertility77

and viability selection (via phenotype-dependent survival and reproduction) can78

also influence phenotypic variability. Early in life, directional or stabilizing vi-79

ability selection can decrease phenotypic variability (Janzen, 1993; McAdam &80

Boutin, 2003), whereas disruptive selection can increase variability (Turelli & Bar-81

ton, 1994). Fertility selection determines the phenotypic distribution of parents82

that produce offspring, as opposed to all individuals who might reproduce, and83

so determines how much phenotypic variation is available for transmission to off-84

spring. Our models focus on directional selection on survival, growth and fertility.85

We also show how phenotypic variability and population dynamics are affected by86

the strength and shape of growth, fertility and viability selection, measured by87

the slope and curvature of demographic functions (for comparative data on these88

parameters see, e.g., Kingsolver et al. (2001)).89

In this paper, we begin by introducing the general structure of IPMs and their90

assumptions. In the second part, we approximate the demographic rates using91

Taylor expansions and we derive formulas for the mean and the variance of the92

phenotypic distribution at each age starting from the mean and variance at birth.93

This enables us to analyze how phenotypic variation is transmitted and maintained94

and how it interacts with demographic rates. Next we turn to population equi-95

librium, and show how the phenotypic variance at birth at equilibrium depends96

on the inheritance function and also on other demographic rates. These results97

are used in the fourth part to make a new decomposition of r that quantifies98
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and distinguishes contributions from the mean of the phenotypic trait, from the99

phenotypic variance present at birth, and from the accumulation of phenotypic100

variability generated by stochastic growth. Moreover, we obtain the elasticities of101

r and of these different components to two descriptors of the interaction between102

phenotypic distribution and demographic rates: the slope and the curvature of103

each demographic function. Finally, we explore how two different models for the104

inheritance function influence the mean and variance of the phenotype distribution105

at birth and population growth rate.106

Model and methods107

We developed a general analytical model that can be applied to any phenotypic108

trait linked to demographic rates for any life-history strategy. We derived gen-109

eral conclusions for this model. Demonstrations are presented in the appendix.110

Throughout the presentation of our model, we illustrate our formulas with two111

simulated case studies aiming to reveal the properties, causes and consequences112

of phenotypic variance across individuals on demographic rates and thereby on113

population dynamics. The diversity of life-histories among and within species is114

huge (Stearns, 1992), but we seek simple and robust insights that can inform more115

detailed analyses of particular species and/or life-histories. We present the two116

simulated case studies here, before starting the description of our model.117

The life cycle shown in the upper panel of Fig. 1 describes our short-lived case118

study: newborns (age 1) survive and grow to juveniles at age 2; juveniles reproduce,119

survive and grow to be adults at age 3; adults reproduce and then immediately120

die. Such life cycles are often found in short-lived fish or amphibians (Perrone,121
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1978) that lay large numbers of eggs but have low survival of newborns. These122

life cycles occur for life-histories close to the fast end of the slow-fast continuum,123

which corresponds to the main axis of life-history variation in most taxa studied124

so far (e.g. Stearns 1992). In contrast, the lower panel of Fig. 1 shows a long-lived125

species in which newborns grow to be juveniles, which grow to be adults , and then126

live for years as adults, note the self-loop on the adults. Juveniles constitute the127

“age class” 2 and the parameters for all adults are lumped into “age class” 3 because128

in long-lived species, the adulthood stage usually lasts more than one year. This129

life cycle is typical of a long-lived mammal or bird (Gaillard et al., 2000; Coulson,130

2012) with low reproduction and high survival (but here we assume no decline in131

adults due to senescence).132

General structure and assumptions133

In any population, the contribution of individuals to population growth often134

differs markedly according to their phenotype. For instance, individuals of high135

phenotypic quality (i.e. large individuals in good body condition) reproduce more136

and survive better than individuals of low phenotypic quality. Thus, individuals137

of the same age (cohort) typically differ in traits characterizing their condition or138

quality such as body mass or body size, and hence in survival and reproductive139

performance. In this paper we consider only one phenotypic dimension, and as140

shown in Fig. 1 each age class has a distribution of individuals with different trait141

values. Probability of survival Sa(z) and total reproduction Ma(z) at each age a are142

deterministic functions of the continuous individual trait z, as sketched in Fig. 1.143

In contrast, in most matrix models (Caswell, 2001), survival and reproductive rates144
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are single numbers parameterized as averages within each of the life cycle age class145

or stage. We do not consider 2-sex models in which fertility selection can differ146

between males and females (Andersson, 1994; Coltman et al., 2002; Tatarenkov147

et al., 2008)148

The distribution of the continuous traits is likely to change among ages. Al-149

though we used body mass as the focal phenotypic trait in our illustrative case150

studies because its effect on demographic rates is well established, our model can151

be applied to any continuous trait. In our model, ontogenetic change is just growth152

in body mass. Between ages a and a+1 an individual’s mass z changes by Ga(z),153

but all individuals with the same trait value z at age a do not grow by the same154

amount, so Ga(z) is really a probabilistic distribution of possible increments whose155

conditional distribution is the density Ga(y|x) where y and x are individual phe-156

notypes at age a+ 1 and a, respectively. We assume that at each age growth has157

a systematic part that depends on current phenotype, plus a small variance vG158

that is the same for all phenotypes: Ḡa(z)+Ka, with Ḡa(z) averaged over density159

Ga(.|z), E{Ka} = 0 and Var{Ka} = vG for all z.160

Lastly, inheritance is described by a function Da(y|z) that links the size of161

offspring y and parental size z according to parental age. But two parents of equal162

size and age can produce offspring of different sizes, hence D is really a distribution163

of offspring sizes for each parental age and size. The distributions G and D are164

illustrated by the shaded regions in Fig. 1. Until the last part of our results, we165

use the following model (A) of inheritance. The average phenotype of mothers166

has no effect on the mean size of newborns. Offspring of mothers of different167

age have the same mean body mass µ1 independent of mother age or body mass.168

A mother of mass Xa produces offspring whose masses XOa are randomly and169
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normally distributed around this mean,170

XOa = µ1 + β (Xa − µMa) + I (1)

E{I} = 0 (2)

Var{I} = vI , for all mothers. (3)

where µMa is the mean phenotype of mothers of age a. β(0 ≤ β < 1) links171

mother and offspring body masses, and vI is the variance of the inheritance func-172

tion. β is the strength of the inheritance function; β is related to but not the same173

as heritability as commonly defined in quantitative genetics (Falconer & Mackay,174

1996). Indeed, β does not link parent and offspring traits at the same age but links175

offspring trait to parental trait at the age of reproduction (for further discussion176

see Coulson, Tuljapurkar & Childs 2010).177

Assembling the pieces, an individual of age a and trait value z has a probability178

of survival given by Sa(z), the fraction of a, z individuals that survive to age (a+1).179

The growth of survivors is a distribution Ga(y|z), the fraction of a, z individuals180

that changes phenotype from z to y at age a + 1. Reproduction by mothers of181

age a is described by Ma(z), the total number of offspring produced by a mother182

of age a and phenotype z, and the fraction Da(y|z) of those offspring which has183

phenotype y. The dynamics are described by the functions:184

Fa(y|z) = Da(y|z)Ma(z), and Pa(y|z) = Ga(y|z)Sa(z). (4)

where Fa(y|z) and Pa(y|z) are the fertility and the survivorphip functions, respec-185
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tively.186

Our analytical results are derived by assuming that the phenotypic distribution187

at each age is adequately described by its first two moments, the mean phenotype188

µa and the phenotypic variance va (we ignore moments of the phenotypic distri-189

bution higher than the second). This simple assumption yields useful and robust190

insights that we check by numerical analyses of a range of examples (for other goals191

such as increased numerical accuracy, more complex assumptions on moment clo-192

sure may be useful, e.g., Van Kampen 1992).193

For the short-lived simulated case study, the reproductive function was modeled194

using two parameters (an intercept and a slope with respect to body mass) and a195

log link because the number of newborns is a count variable. For the long-lived case196

study, the reproductive function was modeled using a logit link because a mother197

can have either 0 or 1 young at each reproductive event. For both case studies, the198

survival function was also modeled using two parameters, an intercept and a slope199

with respect to body mass, and a logit link. Growth is modeled as a linear function200

of body mass. Parameter values are reported in the supplementary Table S1. Our201

illustrative and quantitative results will be most useful for animal life-histories,202

but the qualitative results should be useful for plant ecologists as well. Note that203

our analytical results are not conditioned by the functions we selected for the204

simulated case studies but considers all functions that are differentiable. The only205

assumptions include a small phenotypic variance and a phenotypic trait normally206

distributed. Our model can be easily applied to polynomial or other non-linear207

functions. The main body of the paper focuses on results, leaving mathematical208

details to Appendix A.209
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Phenotypic variance and Cohorts210

In this part, we show how phenotypic variation is maintained and transmitted by211

the survival and the growth functions as individuals age and grow. Consider a212

cohort of newborns whose phenotype (body mass) has mean µ1 and variance v1,213

as in Fig. 1. In this section we take these quantities as known; later, we show how214

these quantities are determined according to the inheritance model. At later ages215

a > 1 the cohort has phenotypic mean µa and variance va. We consider that the216

amount of phenotypic variance at each age can affect average survival and growth217

to the next age; the demographic rates and phenotypic distribution at age a also218

determine the phenotypic distribution at age (a+ 1).219

Average Vital Rates220

We begin by showing how variance in the phenotypic trait influences the average221

vital rates at the same age, using survival rates as an example – identical results are222

found for growth G and total reproduction M . The survival rate for an individual223

of age a and phenotype xa is a function S(xa). The average survival rate at age a224

for all individuals is given (approximately) by225

sa = S(µa) +
1

2
va S

′′(µa). (5)

where S ′′ is the second derivative of the survival function evaluated at the mean226

phenotype. The first term on the right above, S(µa), is the survival rate for the227

average-phenotype individual (Appendix A.1.2). This equation shows that when a228

demographic rate changes linearly with the phenotype, we may have strong selec-229
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tion but average rates remain similar for any phenotypic variance. The curvature230

(S ′′ for survival) of demographic rates with respect to the phenotypic trait de-231

termines how the variance in the trait influences the average demographic rate.232

When a demographic rate is a convex function of phenotype, e.g., exponential for233

M(x) such as in the short-lived life-history (Fig. 2 B), the second derivative is234

positive and the mean demographic rate is higher than it will be if there was no235

phenotypic variance. The opposite is true when the demographic rate is concave236

in the phenotype, e.g., the survival function of the second and third age classes of237

the long-lived life-history (Fig. 2 C).238

The dependence of demographic rates on a phenotype is always captured by239

the variance of rates among individuals of the same age a. The variance in survival240

within age class a (and similarly for other vital rates) is241

vs = va [S
′(µa)]

2. (6)

Fig. 2 illustrates the changing mean and variance of survival Sa and total repro-242

duction Ma for our two case studies.243

Cohort change in the mean phenotype244

The average body mass at age a + 1 differs from that at age a by two terms:245

mean growth (ga, ontogenetic change) of body mass, and the effects of selection246

via survival and growth (Appendix A.1.3). We can express the selective shift in247

terms of covariances between phenotype and selection (Price, 1970; Coulson &248

Tuljapurkar, 2008).249
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µa+1 − µa = ga +
va S

′(µa) (1 +G′(µa))

sa
, (7)

where G′, S ′ are the first derivatives of the growth and the survival functions,250

respectively, and sa, ga are the mean survival and growth at age a (see (5)).251

The first contribution on the right of (7) is just the average growth increment.252

The last term is a product of phenotypic variance va with the selection gradients253

in survival and growth. When G′ > 0 and S ′ > 0 (e.g., large/heavy individuals254

grow relatively faster and have higher survival rates than small/light individuals)255

the mean phenotype at age a+1 increases with an increase in phenotypic variance256

at age a. But the last (covariance) term in (7) is also divided by the average257

survival so the influence of the phenotypic variance on average demographic rates258

is relatively low at high survival rates.259

The influence of the viability selection on the mean phenotype depends on two260

properties of the survival function, and also on the variance (va) of the phenotypic261

distribution before survival acts. The two properties of the survival function that262

matter are the strength of selection (S ′(µa)) and the curvature of the survival263

function (S ′′(µa)) (recall that the curvature affects the average survival sa, (5)).264

Fig. 3A illustrates three survival curves of very different curvatures that act on the265

phenotypic distributions at age 1 with equal mean µ1 and small or large variance266

(i.e., width). The resulting phenotype distribution, with mean µ2 and variance v2,267

is shown in Fig. 3B (for the case of small v1) and in Fig. 3C (for the case of large268

v1).269
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Adults vs. parents270

The total number of offspring produced by an adult of phenotype z at age a271

is Ma(z). In a model with discrete classes, the number of adults in age-class272

a, stage class z, at time t is n(a, z, t); these adults have a mean phenotype µa.273

The phenotypic distribution of actual mothers is proportional to the weighted274

product M(z)n(a, z, t). Thus (in analogy with (7)) fertility selection shifts the275

mean phenotype of mothers aged a to276

µMa − µa =
va M

′
a(µa)

ma

(8)

where M ′
a is the first derivative of Ma and ma is the mean recruitment at age a.277

In this way fertility selection determines the phenotypes of mothers and hence of278

offspring.279

Cohort change in the phenotypic variance280

A cohort starts out as newborns with phenotypic variance v1, which may poten-281

tially change with age to va due to selection, and will change as the stochasticity282

of growth injects variance into the phenotypic distribution. Our analytical results283

show, surprisingly, that survival selection (including a quadratic dependence of284

survival on size) has little effect on phenotypic variance at each age (see Appendix285

A.1.4). But strong survival selection on the tails of the phenotypic distribution286

(e.g., truncation selection) could certainly have an effect; we do not consider such287

effects here. So the changes in cohort phenotypic variance with age are mainly due288

to growth.289

As age a increases, the growth uncertainty vG accumulates. Also, between ages290
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a and a+1, selection via growth changes the phenotypic variance at a by the factor291

γa = (1 +G′(µa))
2. (9)

Thus phenotypic variance changes with age according to292

va+1 = γa va + vG, (10)

(11)

Variability in growth (measured by vG) always increases the phenotypic variance.293

Positive directional selection on growth (G′ > 0) means that γa > 1 and so the294

variance among newborns expands when they get older. However a negative di-295

rectional selection that can eventually occur when the growth is defined by a296

non-linear function in the case of compensatory growth or shrinkage selection for297

instance, decreases the variance among ages.298

Fig. 4 illustrates how the growth function interacts with the phenotypic dis-299

tributions at age 1 to produce a new phenotypic mean and variance at age 2. In300

the left-hand column, (A), two different phenotypic distributions (black and grey)301

at age 1 are submitted to three growth functions (colored functions) with increas-302

ing selection (i.e., slope) but the same variability (i.e., a band of the same width303

vG). The phenotypic distributions at age 1 are characterized by equal mean µ1304

and small (black) or large (grey) variance (i.e., width). The resulting phenotype305

distributions, with mean µ2 and variance v2, are shown in panels B (for the case306

of small variance at age 1, black) and C (for the case of large variance at age 1,307
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grey). In the right-hand column, (D) growth has fixed slope (strength of selection)308

but increasing variability (three values of vG). The rest of the right-hand column309

is arranged as on the left. The reader can at once see how the variance of the310

phenotypic distribution at age 1 influences both the mean and the variance of the311

phenotypic distribution at age 2 and how this depends on the growth function (see312

also equations (7) and (10)).313

Determining phenotypic variance at birth314

In the previous section, we assumed that the variance at birth v1 is known as315

we have presented the dynamic of the mean and the variance of a phenotypic316

distribution from one age to the next, depending on its mean and its variance at317

birth. In this part, we can now turn to populations at equilibrium and we have318

thus to solve v1 at equilibrium. Remember that µ1 is always assumed to be known319

in our model A of inheritance. Assuming density-independence, we consider a320

stable population that has stationary age-phenotype structure and growth rate321

r. We can apply our results immediately to a density-dependent setting where322

any stable population has a stationary age-phenotype structure but r = 0 by323

including density in each function describing the demographic rates. We could324

obtain the entire phenotypic distribution at every age, and the growth rate, by325

iteration of the full age-stage projections, as in Ellner & Rees (2006) and Coulson326

(2012). But, to reiterate, we seek analytical insights into the factors determining327

the phenotypic variance, and the relationship between phenotypic variation and328

population dynamics.329

The average survival rates sa at each age a from equation (5) is an average330
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over the phenotypic distribution at that age. In the same way we can define an331

average reproduction ma at each a, and an average survivorship la at age a as332

la = sa−1sa−2 . . . s1, l1 = 1. (12)

The average total number of offspring produced by the survivors of a cohort at333

age a is334

φa = ma la, with R0 =
∑

a

φa. (13)

The phenotypic variance of newborns is shaped by inheritance, which is also335

influenced by environmental conditions. In our model A of inheritance, the mean336

offspring size is fixed at µ1 but the variance among offspring (see equation (3))337

depends on the phenotypic variance among mothers (details in Appendix A.3).338

Considering mothers of all ages, we find that339

v1 = β2 1

R0

∑

a

φa va + vI , (14)

A strength of inheritance β > 0 means that offspring variance is a fraction β2 of340

the total variance among mothers.341

The variances va, in turn, depend on v1 as shown by equation (10);342

va = Γa v1 + ka vG,

where the coefficients are defined in the Appendix A.1.4. Then343

v1 =
β2 vG {

∑
a (φa/R0) ka}+ vI

1− β2 {
∑

a (φa/R0) Γa}
. (15)
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Because φa, ka and Γa depend on v1, we must solve this equation iteratively. As344

the general solution is complex and thereby, not informative in the general case,345

we looked for what happens in special cases.346

First, suppose there is no strength of inheritance β = 0 and vI = 0, so that347

each newborn has the same size µ1 and v1 = 0. Although this case is highly348

unrealistic, this is the common, though rarely stated, assumption made by many349

structured models (e.g., many of the models presented by Caswell 2001). Second,350

make the slightly more general assumption that β = 0 but there is some random351

offspring variance vI > 0; now variance among offspring is v1 = vI independent352

of variance among parents. This assumption is used in many plant IPM models353

(Rees & Ellner, 2009).354

In practice we expect that strength of inheritance β > 0 and vI > 0. It is355

obvious from (15) that v1 increases with vI and with vG. In most life-histories, v1356

increases also with the strength of inheritance β as illustrated for our short-lived357

case study in panel E. of Fig. S3.358

The strength of inheritance acts as a filter on the transmission of parental359

phenotypic variance into offspring variance. Parental variance is determined by the360

joint effects of growth uncertainty (vG) and selection (via growth and survival).361

In our two simulated case studies, the strength of inheritance β = 0.2 and the362

phenotypic variances v1 are small. Fig. S4 (B, D) presents a case where there363

is no selection (slopes of survival, reproductive and growth function equal 0) and364

no stochasticity in growth (vG = 0). Differences between black and red points365

show the fertility selection. In this case, the diversity of body masses is created366

only by the stochasticity in the inheritance function (vI) and this variance at birth367

remains the same as the cohort ages. Panels A and C present our two case studies368
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including growth stochasticity and selection.369

Influence of phenotypic variation on r370

We use all the previous results to propose a new decomposition of r and the371

elasticities of r to the slope and the curvature of each function.372

Decomposition of r373

Our model leads to the familiar equation for the stable growth rate r (see Appendix374

A.1.1 for details),375

1 =
∑

a

e−r a φa =
∑

a

e−r a ma la. (16)

This is the Lotka equation – but the “vital rates” here are averages over a phe-376

notypic distribution that changes with age. For example, equation (5) shows how377

phenotypic mean and variance affects the average survival rates sa. Our analyses378

thus far show how the phenotypic mean and variance are shaped by survival and379

growth, and by the (so far unknown) variance v1 among newborns.380

The population growth rate r depends on phenotypic variance at each age.381

To better understand this linkage, we analytically decompose r into three terms,382

one shaped by the mean phenotype distribution (r̂), a second proportional to383

the variance created by the stochasticity of the growth function (r̃) and a third384

proportional to the variance at birth (ř),385

r = r̂ + vG r̃ + v1 ř (17)
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See Appendix A.2 for proofs. This analytical decomposition assumes that v1, vG386

are small enough that we can neglect nonlinear terms in these variances.387

This decomposition is illustrated with our two simulated case studies in Fig. 5.388

The values for the short- and long-lived life-histories respectively are : r̂ represents389

51% and 101% of r; the term vG r̃ is 21% and -2% of r and v1 ř is 28% and 1% of390

r. Clearly phenotype variance matters more to the short-lived than to the long-391

lived life-history. Part of the reason is that there is more phenotype variation392

in the juvenile and mainly adult age-classes in short-lived versus long-lived life-393

histories (coefficients of variation are 0.38 vs. 0.34 at age 1 and 0.30 vs. 0.16 at394

age 2, respectively). More important is the difference in the curvature with respect395

to the phenotype z of the survival Sa(z) and total reproduction Ma(z) functions396

between the short-lived and the long-lived life-histories, as shown in Fig. 2. Over397

the phenotypic ranges occupied by individuals of different ages we can see that398

survival (for age 2) and especially fertility are convex for the short-lived case399

study, but linear or concave for the long-lived case study. Recall (from (5)) that400

convexity (resp. concavity) means that variance increases (resp. decreases) average401

demographic rates. For example, the mean total reproductive rate for adults in402

the short-lived case study is 44 when we include phenotypic variance (as in (5)403

applied to M) vs. 38 excluding the contribution of phenotype variance (compared404

to 0.88 vs. 0.89 for the long-lived case study, compare third age class of panels D405

and H in Fig. 2).406
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Elasticities of r407

The decomposition of r allowed us to look at the influence of the shape of the408

relationships between individual phenotypic and demographic rates on the different409

components of r (r̂, r̃, v1 and ř). We computed the elasticities (Appendix A.4) of410

r and its components to perturbations in: the survival, reproductive and growth411

rates and their first and second derivatives; the variance of the growth, vG, and412

the inheritance, vI functions; and β. In particular, this allowed us to compare the413

influence of the strength of the selection (first derivative) to the influence of the414

curvature (second derivative) of the different functions on r and its components.415

The elasticities of r and its components are shown for the short-lived case in416

Fig. S1 and the long-lived case in Fig. S2. We focus on the elasticities of r, shown417

along the first row of each figure. Intuition from traditional demography suggests418

that a short lifespan with low newborn survival, should result in a higher elasticity419

of r to newborn survival rate than for long life with high newborn survival (Heppell,420

Caswell & Crowder, 2000). This is borne out by the elasticities of r to survival421

rates (computed at the average newborn phenotype). What is new here is that we422

can compute the elasticities of r to the strength of selection (i.e., to the slope) or423

to the curvature (i.e., second derivative) of the survival/fertility/growth functions.424

We find that the elasticities of r and its components to curvature of demographic425

rates are higher at each age than elasticities to their slopes in both case studies. For426

instance, the elasticities of r linked to the curvature and the slope of the survival427

function are 4.66 and 0.43 and, 3.60 and 1.39 for the juvenile age-class in the long-428

lived and the short-lived life-histories, respectively. The elasticities of r linked to429

the curvature of the reproductive function are 1.45 and 0.06 for adult age-class430

23

Page 25 of 86Journal of Animal Ecology



in long- and short-lived life-histories, respectively. The elasticity of r linked to431

the slope of the reproductive function is 0 because µ1 is fixed (assumption of the432

inheritance model A).433

Despite the low influence of the growth function on r compared to the survival434

or reproductive functions (Figs S1 and S2), the growth function is the only one that435

directly influences the phenotype variance v1 (recall (10)) in these case studies. The436

elasticities show that the curvature of the growth function can have higher impact437

than the slope of the function (elasticities of r linked to the curvature and the slope438

of juvenile growth in the long-lived life-history are 0.21 and 0.01, respectively).439

Finally, as we might expect according to the simple model of inheritance, β and440

vI , has only weak effects on r and its components.441

Exploring a different model for the inheritance func-442

tion443

Here, using our two simulated case studies, we explore another model for the444

inheritance function largely based on existing IPMs for animals such as deer (Plard445

et al., 2015a) and sheep (Coulson, 2012). This second model is more flexible and446

thus closer to the field reality than model A. In this model B, µ1 is variable and447

unknown. We must now thus solve both µ1 and v1. For the sake of analytical448

simplicity, solving is done numerically here, instead of using an analytical approach449

as we did for model A. We compare the model A of inheritance to a second model450

(B) in which we suppose that a mother’s body mass has a direct effect on offspring451

mass, so that offspring of mothers of different age have different mean body mass,452
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XOa = αa + β Xa + I (18)

E{I} = 0 (19)

Var{I} = vI , for all mothers. (20)

where αa is the intercept of the model, and XOa and Xa are the offspring and the453

mother body mass, respectively.454

In model B, the mean phenotype µOa of offspring depends on the age a of455

mothers,456

µOa = αa + β

[
µa +

va M
′
a

ma

]
,

where we use (8) in the square-bracketed term to include the effects of fertility457

selection. The equation for v1 has also to be modified to include the variance458

among offspring between mothers of different ages, so in the sum of the equation459

(14), we must replace va by va + (µOa − µ1)
2.460

Inheritance model A takes the average size of newborns to be fixed, and the461

only effect of increasing β (or vI) is to increase phenotypic variance (Fig. S3, A-E).462

But inheritance has larger effect on the phenotypic distribution of newborns when463

the average offspring phenotype changes with the average phenotype of mothers464

such as in model B ((20), Fig. S3, F-J). If older mothers are on average larger465

mothers, then the offspring of older mothers will on average be larger than the466

offspring of younger mothers. So model B leads to an increase in both the average467

µ1 and the variance v1 of newborn phenotypes. This matters to average newborn468
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survival when newborn survival rate (and/or growth rates) have a high positive469

slope and/or high curvature (positive second derivative) with respect to phenotype.470

An increase of newborn body mass from 2 to 3 produces only a 10% increase471

in newborn survival for the long-lived life-history, but produces a 31% increase in472

newborn survival for the short-lived life-history. Also in the long-lived as compared473

to short-lived life-history, mean body mass of mothers does not change much with474

age. When inheritance follows model B, these two effects (shape of the survival475

function and difference among mean mass of mother of different age) make the476

dynamics of the short-lived life-history very sensitive to the value of inheritance β.477

With model B, r doubles when β increases from 0.1 to 0.4 (panel H compared to478

panel C). It is thus critical to accurately model the inheritance function to reflect479

correctly the dynamics of the observed phenotype.480

Discussion481

Our goal here is to understand the forces that shape and maintain phenotypic vari-482

ation across individuals, and to assess the effect of standing variation on population483

dynamics. We showed analytically how mean and variance of a phenotypic trait484

within a cohort change with age as a result of growth and selective disappearance485

acting on available phenotypic variance (via differential survival/growth of indi-486

vidual phenotypes). We proposed a decomposition of r that allowed quantifying487

the contribution of the mean and variance of a phenotypic trait and showed that488

the influence of phenotypic variation is much higher in our short-lived compared489

to our long-lived case studies. Moreover, our elasticity analysis showed that the490

shape (curvature) of the function linking demographic rates with the phenotypic491
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trait has a much higher influence on the population growth rate than the strength492

(slope) of this function.493

This model allows to understand under what mechanisms a continuous trait494

interacts with demographic rates to predict (1) the dynamic of the continuous trait495

over age, (2) the influence of phenotypic variation on demographic rates and (3) on496

population growth rate according to the demographic rates characterizing a given497

life-history. The change in phenotypic variance with age, interestingly, is largely498

independent of differential survival unless we have strong selection in the tails of the499

phenotypic distribution due to truncation, or a nonlinear term in (X −mu)4, but500

quadratic nonlinearities have surprisingly little effect. Instead phenotypic variance501

is shaped primarily by growth. Unpredictability in growth (i.e., individuals of the502

same age and size grow by different amounts) injects phenotypic variance at every503

growth step, whereas differential growth can cause variance to grow with age or504

decline, depending on the direction of selection. Positive directional selection on505

fertility at any age makes the average size of mothers larger than the age-class506

average, but has little effect on the phenotypic variance.507

So, when does variability matter?508

Our model showed that variability can play an important role in population dy-509

namics when the survival or the reproductive rates are low or when the curvature510

of these demographic rates is large. The influence of individual variability on pop-511

ulation dynamics increases when the growth function contributes to increase the512

phenotype variance across ages, e.g., if individual phenotypes diverge as individuals513

grow. It can be the cases when heavy born individuals grow faster than light born514
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individuals. Finally, the nature of inheritance shapes the phenotypic distribution515

of newborns. In the simplest case (our model A), the average size of newborns is516

fixed but the phenotypic variance among newborns increases with the phenotypic517

variance among mothers, with strength of inheritance and with the magnitude of518

developmental variation. Inheritance has a larger effect, changing both the mean519

and variance among newborn phenotypes when mothers of different ages produce520

offspring of different mean size (our model B).521

The influence of individual phenotypic variation on population dynamics is522

thus expected to be larger in short-lived life-histories (as illustrated by our case523

study close to the fast end of the slow-fast continuum (Stearns, 1992) characterized524

by large clutch size/number of seedlings per capita and low early survival) than525

in long-lived life-histories (as illustrated by our case study close to the slow end526

of the slow-fast continuum like ungulates, or seabirds, Prince et al. 1994; Coulson,527

Tuljapurkar & Childs 2010; Plard et al. 2015a). Other species display life-history528

strategies that differ from the ones presented in our case studies. For instance,529

in primates with a long juvenile period (Dobson & Lyles, 1989), the influence of530

individual variation is expected to be similar to our long-lived case study except if531

the growth rate diverges largely between light and heavy individuals. Long-lived532

plants such as sequoia can show long duration of the growth phase, exponential533

reproduction and low seed survival (Zambrano & Salguero-Gomez, 2014; Baudisch534

et al., 2013). In this case, the long juvenile period combined with an exponential535

selection can amplify the effect of individual variability on population dynamics.536

This can also be the case in fish or reptiles characterized by indeterminate growth537

and variable reproductive performance (Felix, Vinagre & Cabral, 2011). In these538

species with a large potential effect of individual differences, our study shows539
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that the model of the inheritance function must reflect correctly the phenotype540

transmission. Until now, all IPMs on plants have modeled offspring phenotype in-541

dependently of mother phenotype (Miller et al., 2012; Gonzalez, Rees & Martorell,542

2013; Zambrano & Salguero-Gomez, 2014). This can be especially problematic if543

mothers of different ages or stages produce offspring with different phenotypes, a544

case that seems to be the rule in many wild populations (Venable, 1992; Fox &545

Czesak, 2000; Ericsson et al., 2001; Benton, St Clair & Plaistow, 2008; Kindsvater,546

Rosenthal & Alonzo, 2012). We have not analyzed processes that generate a dif-547

ference among mothers of different ages, but a recent study (without phenotypic548

differences) demonstrated that different optimal offspring size can evolve according549

to mother stage and reproductive value if a trade-off exists between offspring size550

and mother survival (Kindsvater & Otto, 2014). As a consequence, more attention551

should be devoted to the inheritance function when building a model.552

Should we stop using matrix models?553

In a matrix model, demographic rates are averaged over many individuals and554

thus implicitly include individual heterogeneity: the mean demographic rates are555

correct even if the model does not track differences between individuals. Taking556

into account supplemental individual heterogeneity makes almost no improvement557

in many matrix models (Rees et al., 1999; Coulson, 2012; Plard et al., 2015a).558

Thus, matrix models are certainly useful and valuable in many contexts. However,559

the mean demographic rates are influenced both by trait means and trait variances:560

the average vital rate is generally different from the vital rate value at the trait561

mean (because of Jensen’s inequality, illustrated e.g., by Ruel & Ayres (1999)).562
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Hence matrix models with fixed mean rates (by stage and age class) cannot reflect563

changes over time in trait distributions. Our goal is not to argue against matrix564

models – indeed many IPMs can be and are cast as matrix models. Rather, our565

goal is to understand how individual differences are maintained in a population and566

how they influence population dynamics in interaction with demographic rates.567

Limitations of the model568

The main assumption of our analytical results – that phenotype variance is small569

– is reasonable for many species. For instance, coefficient of variation in our short-570

lived species was 0.3 whereas it is less than 0.1 in wild populations of cichlids571

and guppies (Perrone, 1978; van Wijk et al., 2013). For long-lived life-histories,572

the coefficient of variation at age 3 was 0.14 in our baseline case, compared with573

0.12 and 0.15 in populations of Soay sheep and roe deer, respectively (Coulson,574

Tuljapurkar & Childs, 2010; Plard et al., 2015a). This assumption allowed us to575

decompose the influence of the mean and the variance of the phenotype on each576

vital rate to understand how they interact to mediate the influence of individual577

variability on population dynamics. However, if this interaction creates very large578

variance, our decomposition and so our simplification may not correctly capture579

the dynamics of the mean and variance phenotype.580

In many cases, the distribution of phenotypes such as body mass or size can581

be modelled using normal distributions, for which our analytical results will apply.582

However growth is a multiplicative process that can make the distribution of some583

continuous traits lognormal (Calder, 1984; Graham et al., 2003). In this case,584

the present analysis may be extended to describe the dynamics of a lognormally585
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distributed trait. Finally, the model has been derived for simple inheritance func-586

tions. But more complex inheritance functions can be dealt with using numerical587

methods. Moreover, we present a simple model that allows us to give first results588

but this model can be expanded to include density-dependence, sex differences, or589

environmental stochasticity.590

Future directions591

This model can be applied either on populations at equilibrium or to model tran-592

sitory dynamics as it provides the distribution of continuous traits as individuals593

get older. Individual variation is often maintained or produced by variable envi-594

ronments (Merilä, Sheldon & Kruuk, 2001; Vindenes & Langangen, 2015). Using595

this model, one can investigate through which demographic rates, variation of596

environmental conditions influences individual variability and influences popula-597

tion dynamics. A first way to do it is to use different demographic functions598

when environment changes and a second way is to extend this model to include599

stochastic environment. These applications could allow understanding how indi-600

vidual variability is maintained and created (as individuals follow different growth601

trajectories): by the dynamics of cohorts born to different environment (Kendall602

et al., 2011) or by the divergence of individuals as they get older in different603

environments, for instance. Another application would be to investigate how a604

population adapts to a new environment (which can even conduct to speciation605

(Pfennig et al., 2010)). Even within a same species, adaptation to particular en-606

vironments can lead phenotypes to differ between populations. A nice example607

is the difference of size between populations living on islands and on continent608

31

Page 33 of 86Journal of Animal Ecology



(Lomolino, 1985). The present model allows understanding if two populations are609

under different selective pressures or if this is the change in phenotype under direc-610

tional selection that has influenced all demographic rates. This model can also be611

extended by adding trade–offs between functions as they are of main importance612

to understand how variability is maintained in a population (Stearns, 1992). Fi-613

nally, this model investigates the influence of individual variability on population614

dynamics but does not include individual variability in their response to different615

selective pressures. An interesting extension of this model would be to include616

variable individual intercept and slope for instance for each function to analyze617

how variable individual responses can influence population dynamics.618

Conclusion619

Phenotypic variation is expected to have large influence in species characterized620

by large reproductive rates and demographic rates with strong curvature. This621

works is a first step to understand how demography works beyond the population622

but many empirical studies are still needed to understand the influence of indi-623

vidual differences on population dynamics within the diversity of life-histories and624

environmental conditions.625
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Figure 1: Life cycles of the short- and the long-lived life-histories. Survival (S), 

reproductive (M), growth (G) and inheritance (D) functions of the different age 

classes are presented as well as the phenotype distribution of the first age of each 

age-class. The vertical axes for growth and inheritance, and horizontal axes of all 

functions go from 0 to 20 for the short-lived, and from 0 to 40, for the long-lived 

life-history, respectively. We did not put units as it can be anything. The vertical 

axes for the reproductive functions goes from 0 to 200 (resp. 0 to 1) for the short-

lived (resp. long-lived) life-history. In each plot, the solid and the dashed lines 

show the mean and the variance (mean +/- 2 SD) of the phenotypic distribution, 

respectively

Figure 2: Functions of survival (A, C, E, G) and reproductive (B, D, F, H) 

rates of the short- (A-D) and long-lived (E-H) life-histories. The survival (A, E) 

and the reproductive (B, F) functions of the different age classes are presented as 

well as the phenotype distribution of the first age of each age-class (dotted lines: 

newborns, plain lines: juveniles, dashed lines: adults) for the short- and long-lived 

species. The mean of the survival (C, G) and the reproductive (D, H) functions are 

presented with segments showing the variance of these function for each age-class 

(mean +/- 2 standard deviations).

Figure 3: Influence of the shape of the survival function on the mean and the 

variance of the phenotypic distribution. (A) Two phenotypic distributions at age 1 

(black and grey) are presented with different variance. The functions represented 

with different colors show different survival functions. (B, C) The viability selec-

tion has acted on the black (B) and grey (C) distributions to give the phenotypic
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distributions at age 2 according to the shape of the survival functions presented850

in A. s1 is the average survival rate of the individuals at age 1.851

Figure 4: Influence of the shape of the growth function on the mean and the852

variance of the phenotypic distribution. (A, D) two phenotypic distributions at age853

1 (black and grey) are presented with different variance. The functions represented854

with different colors show different growth functions. The color shade represents855

the uncertainty around each growth function. (B, C, E, F) The black (B, E) and856

grey (C, F) distributions at age 1 have grown to give the phenotypic distribution857

at age 2 according to the growth functions presented in A and D.858

Figure 5: Decomposition of the population growth rate r as in text equation (17)859

into three terms, one shaped by the mean phenotype distribution (r̂), a second860

proportional to the variance created by the stochasticity of the growth function861

(vG r̃) and a third proportional to the variance at birth (v1 ř). The bars indicate862

values of: r̂ in light grey; r̂ + vG r̃ in dark grey; r = r̂ + vG r̃ + v1 ř in black.863
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A Appendix865

A.1 Successive age-dependent mean and variance of a con-866

tinuous trait for a simple cohort867

A.1.1 definitions868

We define the survivorship which is the cumulative survival-and-growth functions,869

given by870

L1(y|x) = δx,y if phenotypes discrete; else Dirac delta, (A-21)

L2(y|x) = P1(y|x), (A-22)

La+1(y|x) =
∑

z

Pa(y|z)La(z|x). (A-23)

The “net” reproduction Φa gives the number of offspring produce by a cohort871

of age a and is equal to872

Φa = Fa La. (A-24)

At equilibrium, let ua(x) be the normalized phenotype distribution at age a, mean-873

ing that |ua| = 1. Then874

ua+1 =
Pa ua

|Pa ua|
=

La+1 u1

|La+1 u1|
. (A-25)

Equilibrium population growth rate r and the vector u1 together solve the875

characteristic equation876

51

Page 53 of 86Journal of Animal Ecology



∑

a≥1

e−ra
Φa u1 = u1. (A-26)

The average survivorship at age a can be written (from (A-21 – A-23) and877

(A-25))878

la = |La u1| = sa−1sa−2 . . . s1. (A-27)

where sa−1, sa−2 . . . s1 are the average survival at each age. The average total879

number of offspring produced by a cohort at age a is880

φa = ma la. (A-28)

Now take the norm on both sides of (A-26) to see that the characteristic equa-881

tion can be written in the deceptively simple form882

∑

a≥1

e−ra φa = 1. (A-29)

A.1.2 Mean demographic rates883

We assume that the distribution of the phenotype Xa at each age is approximately884

normal and can be adequately described by the first 2 moments of the distribution:885

the mean µa and the variance va = σ2
a. To simplify we assume that the σa are886

small.887

For any function representing the survival rate, Sa(x) can be approximated888

using a Taylor expansion by889
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Sa(x) ≈ S(µa) + (x− µa)S
′(µa) +

1

2
(x− µa)

2 S ′′(µa), (A-30)

where s, S ′, S ′′ are respectively Sa and its first and second derivatives. Thus the890

mean survival rate averaged over Xa is891

sa = E{sa} = S(µa) +
1

2
va S

′′(µa). (A-31)

This equation shows that the survival at age a can be decomposed into a term892

dependent on the mean and a term dependent on the variance of the phenotype893

distribution at this age.894

The growth function is defined by Ha(x) whose conditional distribution is the895

density Ga(h|x). We assume that at each age growth has a systematic part that896

depends on current phenotype, plus a small variance that is the same for all phe-897

notypes,898

Ha(x) = Ḡa(x) +Ka, (A-32)

Ḡa(x) = E{H(x)}, averaged over density Ga(.|x), (A-33)

E{Ka} = 0, averaged overXa, (A-34)

Var{Ka} = vG, for all x. (A-35)

The systematic part Ga depends on the phenotype distribution at age a. We899

expand it, similarly to the survival function (A-30)900

Ga(x) ≈ G(µa) + (x− µa)G
′(µa) +

1

2
(x− µa)

2 G′′(µa), (A-36)
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where g,G′ and G′′ are respectively Ga and its first and second derivatives. Thus,901

average growth of a cohort between age a and a+ 1 is902

ga = G(µa) +
1

2
va G

′′(µa). (A-37)

A.1.3 Mean of the phenotype distribution903

We have an initial phenotype X with mean µ and we write904

X = µ+ δ, E{δ} = 0, E{δ2} = v. (A-38)

Below we ignore terms of order δ3 and higher, and also terms of order v2 and905

higher.906

Growth (phenotype change in one time unit) is907

H = G(X) +K, E{K} = 0, E{K2} = vG. (A-39)

The term K is assumed independent of X.908

Expand909

G(X) = G(µ) +G′(µ)δ +
1

2
G′′(µ)δ2, (A-40)

Survival is expanded as (A-40)910
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S(X) = S(µ) + S ′(µ)δ +
1

2
S ′′(µ)δ2,

s = E{S(X)}. (A-41)

An individual starts with phenotype X and after growth, has new phenotype911

Y = (X +H) if it survives (S = 1) and new phenotype Y = 0 if it dies (S = 0).912

The first 2 moments of the new phenotype are913

E{Y } =
E [(X +H)S]

E [S]
, (A-42)

E{Y 2} =
E [(X +H)2 S]

E [S]
. (A-43)

where E(.) is the expectation taken with respect to the density X.914

Remember that we do not consider the terms of order higher than δ2 and use915

(A-38), (A-40) and (A-41) to have916

E{Y } =
E{(µ+ δ)(S(µ) + S ′(µ)δ + 1

2
S ′′(µ)δ2) + (G(µ) +G′(µ)δ + 1

2
G′′(µ)δ2)(S(µ) + S ′(µ)δ + 1

2
S ′′(

s

(A-44)

Simplify (A-44) to find that the mean phenotype at a+ 1 is thus the addition917

of the mean phenotype at age a, the growth of this mean phenotype and a Price918

covariance that depends on the phenotypic variance.919

µa+1 = µa + ga +
va S

′(µa) (1 +G′(µa))

sa
= µa + ga + va ca, (A-45)
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We can also write a cumulative version of the mean phenotype at any age with920

respect to µ1, the mean birth phenotype of the cohort:921

µa = µ1 +
a−1∑

k=1

gk +
a−1∑

k=1

ck (A-46)

A.1.4 Variance of the phenotype distribution922

Similarly for the variance, use (A-40)-(A-43) to find that923

va+1 = va (1 +G′(µa))
2 + vG. (A-47)

An amazing consequence of our assumptions is that survival selection does not924

change the variance of the phenotype distribution. Indeed, exponential selection925

on a normal variable leaves the variance unchanged and this is also true in more926

general cases. The exception is truncation selection, which we ignore.927

To express the variance of the phenotype distribution at any age with respect928

to the variance at birth, we define the quantities929

γa = (1 +G′(µa))
2, Γ1 = 1,Γa+1 = γaΓa. (A-48)

A cumulative version of (A-47) is930

va = Γa v1 + ka vG, a ≥ 2, (A-49)

k2 = Γ1, (A-50)

ka = Γa

(
1

Γa

+
1

Γa−1

+ · · ·+
1

Γ2

)
. (A-51)
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A.1.5 Phenotype of mothers931

As did for the survival and the growth, the average reproductive rate at age a can932

be approximated by933

ma = E{ma} = M(µa) +
1

2
va M

′′(µa). (A-52)

where m and M ′′ are respectively Ma and its second derivative.934

Each year, only a part of the individual of age a will reproduce. The mean935

phenotype of mothers of age a E(XMa) must be weighted by reproductive rate and936

is given by937

E(XMa) = µMa =
E(Xa Ma)

EMa

, (A-53)

and, by the same kind of reasoning used to derive (A-45), we have938

µMa = µa +
va M

′(µa)

ma

(A-54)

where M ′ is the first derivative of Ma, and vMa = va.939

Now, to find the mean phenotype of all mothers, independently of the age at940

which they reproduce, we must weight age dependent mean mother phenotypes by941

the amount of reproduction at age a, which we call φ̄a.942

For a cohort,943

φ̄a = φa, and R0 =
∑

a

φ̄a =
∑

a

φa, (A-55)

For a stable population,944
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φ̄a = e−ra φa, and R0 =
∑

a

φ̄a = 1. (A-56)

The weighted mean phenotype of mothers is945

E(XM) = µM =

∑
a φ̄a µMa

R0

, (A-57)

.946

A.2 Decomposition of r947

We show by recurrence that the parameters describing the population dynamics948

can be described by three components: a component generated only from the mean949

of the phenotypic distribution, a component linked to the variance generated from950

the growth function that accumulate across ages and a component generated by951

the transformation of the variance at birth. We ignore the terms of order va vG,952

v2a and v2G or higher.953

At age 1, we have µ1 and v1. We take the growth function as a representative954

case of all demographic rates:955

g1 = G(µ1) + vG 0 + v1
1

2
G′′(µ1)

= ĝ1 + vG g̃1 + v1 ǧ1

(A-58)

At age 2, the mean phenotype distribution became956

58

Page 60 of 86 Journal of Animal Ecology



µ2 = µ1 + ĝ1 + vG 0 + v1 (ǧ1 + c1)

= µ̂2 + vG µ̃2 + v1 µ̌2

(A-59)

with957

c1 =
S ′(µ1) (1 +G′(µ1))

ŝ1
(A-60)

at age 2, the demographic rates can be written as illustrated for the reproduc-958

tive function:959

m2 = M(µ̂2 + v1 µ̌2) + v2
1

2
M ′′(µ̂2 + v1 µ̌2)

= M(µ̂2 + v1 µ̌2) + (vG + v1 (1 +G′(µ1))
2)

1

2
M ′′(µ̂2 + v1 µ̌2)

≈ M(µ̂2) + vG
1

2
M ′′(µ̂2) + v1 [µ̌2 M

′(µ̂2) +
1

2
M ′′(µ̂2) (1 +G′(µ1))

2]

≈ m̂2 + vG m̃2 + v1 m̌2

(A-61)

So the survivorship is960
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l̄2 = ŝ1 + vG 0 + v1
1

2
S ′′(µ1)

= l̂2 + vG l̃2 + v1 ľ2

(A-62)

and the net reproductive rate:961

φ̄2 = m̂2 l̂2 + vG m̃2 l̂2 + v1 (m̌2 l̂2 + m̂2 ľ2)

= φ̂2 + vG φ̃2 + v1 φ̌2

(A-63)

Now, we assume that all parameters of age a can be decomposed into three962

components and show that these parameters at age a+ 1 can also be decomposed963

into these three components.964

The variance at age a can be simplified by va = Γa v1 + ka vG with965

γa = (1 +G′(µ̂a))
2, Γ1 = 1,Γa+1 = γaΓa.

k2 = Γ1,

ka = Γa

(
1

Γa

+
1

Γa−1

+ · · ·+
1

Γ2

)
. (A-64)

(A-65)
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At age a+ 1: the mean phenotype is966

µa+1 = µa + ga + va ca

= µ̂a + ĝa + vG (µ̃a + g̃a + ka ca) + v1 (µ̌a + ǧa + Γa ca)

= µ̂a+1 + vG µ̃a+1 + v1 µ̌a+1

(A-66)

Note that we can simplify ca by967

ca =
S ′(µ̂a) (1 +G′(µ̂a))

ŝa
(A-67)

The demographic rates at age a+1 are illustrated by the case of the reproductive968

function and can be expanded as:969

ma+1 = M(µ̂a+1 + vG µ̃a+1 + v1 µ̌a+1) + va
1

2
M ′′(µ̂a+1 + vG µ̃a+1 + v1 µ̌a+1)

≈ M(µ̂a+1) + vG (M ′(µ̂a+1) µ̃a+1 +
1

2
M ′′(µ̂a+1) ka+1) + v1 (µ̌a+1 M

′(µ̂a+1) +
1

2
M ′′(µ̂a+1) Γa+1)

≈ m̂a+1 + vG m̃a+1 + v1 m̌a+1

(A-68)

For the survivorship:970
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la+1 = ŝa l̂a + vG (l̃a ŝa + l̂a s̃a) + v1 (ľa ŝa + l̂a ša)

= l̂a+1 + vG l̃a+1 + v1 ľa+1 (A-69)

We can also write the net reproductive rate, φa+1 according to v1 and vG:971

φa+1 = m̂a+1 l̂a+1 + vG (m̃a+1l̂a+1 + m̂a+1l̃a+1) + v1 (m̌a+1 l̂a+1 + m̂a+1 ľa+1)

= φ̂a+1 + vG φ̃a+1 + v1 φ̌a+1 (A-70)

and so972

R0 = R̂0 + vG R̃0 + v1 Ř0 (A-71)

As a consequence, all these demographic parameters can be decomposed into973

three components. Now, we consider the net reproductive rate, the generation974

rate and the population growth rate: r is often estimated using the approximation975

loG(R0)
Tc

where R0 is the net reproductive rate and Tc is the generation time.976

Tc =
1

K

∑

a

a φa (A-72)

(A-73)

The generation rate can be decomposed like that:977
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Tc =
1

R̂0

∑

a

a φ̂a +
vG

R̂0

(
∑

a

a φ̃a −
R̃0

R̂0

∑

a

a φ̂a) +
v1

R̂0

(
∑

a

a φ̌a −
Ř0

R̂0

∑

a

a φ̂a)

= T̂c + vG T̃c + v1 Ťc (A-74)

(A-75)

and so the population growth rate can be expanded as978

r =
loG(R̂0 + vG R̃0 + v1 Ř0)

T̂c + vG T̃0 + v1 Ťc

≈
loG(R̂0)

T̂c

+
vG

T̂c

(
R̃0

R̂0

− T̃c r̂) +
v1

T̂c

(
Ř0

R̂0

− Ťc r̂)

= r̂ + vG r̃ + v1 ř (A-76)

(A-77)

For the purpose of estimation and to avoid the errors accumulated by suc-979

cessive approximations, we solved the characteristic equation to find the different980

components of r. r̂ has been estimated by solving981

∑

a≥1

e−r̂a φ̂a = 1. (A-78)

vG r̃ has been estimated by solving982

∑

a≥1

e−(r̂+vG r̃)a (φ̂a + vG φ̃a) = 1. (A-79)

Finally, v1 ř has been estimated by subtracting r and r̂ + vG r̃983
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A.3 The variance of offspring984

When µ1 and v1 are known, we can find the mean and the variance of the phenotype985

distribution among all individuals and among mothers at each age, using this986

model. However, in practice, biologists do not know µ1 and v1 but model an987

inheritance function to find the phenotype of offspring according to the phenotype988

of mothers. Thus, here we use the simple inheritance function described for the989

base examples where µ1 is known to find v1.990

In the base case, the variance of the phenotype of offspring produced by mothers991

of age a is992

vOa = β2 va + vI (A-80)

The variance of all offspring (independently of their mother age) v1 can be993

estimated from the sum of the variance intra and inter groups of offspring produced994

by mothers of different ages:995

v1 =
1

R0

∑

a

φ̄a vOa +
1

R0

∑

a

φ̄a (µOa − µ1)
2,

=
1

R0

∑

a

φ̄a vOa

=
1

R0

∑

a

φ̄a β
2 va + vI

(A-81)

Using (A-65) and assuming that v1 and vG are small, we can use the decom-996

position of φ̄a (A-70) and R0 (A-71) to see that997
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v1 ≈

β2

R̂0

∑
a φ̂a k̂a vG + vI

1− β2

R̂0

∑
a φ̂a Γ̂a

(A-82)

A.4 Elasticities998

Now suppose that we change parameters with a small 0 < ǫ ≪ 1 so that999

φa → φa + ǫ δφa
. (A-83)

Then we have the resulting changes1000

r → r + ǫ δr,

µa → µa + ǫ δµa
, (A-84)

va → va + ǫ δva ,

v1 → v1 + ǫ δv1 .

(A-85)

Note that δ represents a derivative.1001

A.4.1 Elasticity of r̂, ř, r̃, and v11002

We use (A-75) to find:1003
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δr̂ =
δR̂0

R̂0 T̂c

−
δT̂c

R̂0

T̂ 2
c

δr̃ =
δR̃0

T̂c R̂0 − R̃0(δR̂0
T̂c + R̂0 δT̂c

)

R̂2
0 T̂

2
c

−
T̂c(δr̂ T̃c + r̂ δT̃c

)− δT̂c
T̃c r̂

T̂ 2
c

δř =
δŘ0

T̂c R̂0 − Ř0(δR̂0
T̂c + R̂0 δT̂c

)

R̂2
0 T̂

2
c

−
T̂c(δr̂ Ťc + r̂ δŤc

)− δT̂c
Ťc r̂

T̂ 2
c

(A-86)

with1004

δR̂0
=

∑

a

δ
φ̂a

δR̃0
=

∑

a

δ
φ̃a

δŘ0
=

∑

a

δφ̌a

δT̂c
=

1

R̂0

∑

a

a δ
φ̂a

−
δR̂0

R̂2
0

∑

a

a φ̂a

δT̃c
=

1

R̂2
0

(R̂0

∑

a

a δ
φ̃a

− δR̂0

∑

a

a φ̃a)−
1

R̂2
0

(δR̃0

∑

a

a φ̂a + R̃0

∑

a

a δ
φ̂a
) +

2δR̂0

R̂3
0

(R̃0

∑

a

a φ̂a)

δŤc
=

1

R̂2
0

(R̂0

∑

a

a δφ̌a
− δR̂0

∑

a

a φ̌a)−
1

R̂2
0

(δŘ0

∑

a

a φ̂a + Ř0

∑

a

a δ
φ̂a
) +

2δR̂0

R̂3
0

(Ř0

∑

a

a φ̂a)

(A-87)

For v1, We simplify (A-82) with1005
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v1 =
f

y
(A-88)

so1006

δv1 =
δf y − δy f

y2
(A-89)

if a vital rate is perturbed,1007

δf =
β2 vG

R̂0

∑

a

(δ
φ̂a

ka + φ̂a δka)−
δR̂0

β2 vG

R̂2
0

∑

a

φ̂a ka

δg =
δR̂0

β2

R̂2
0

∑

a

φ̂a Γa −
β2

R̂0

∑

a

(δ
φ̂a

Γa + φ̂a δΓa
)

(A-90)

Perturbation of the reproductive function1008

• a small perturbation in M(µa) will not change µa and va but see from (13):1009

δ
φ̂a

= l̂a.

δ
φ̃a

= l̃a.

δφ̌a
= ľa.

(A-91)

• a small perturbation in M ′(µa) will not change µa, va (it can change in some1010
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cases µ1 but not in our simplest case as µ1 is constant).1011

δ
φ̂a

= 0.

δ
φ̃a

= µ̃a l̂a.

δφ̌a
= µ̌a l̂a.

(A-92)

• small perturbation in M ′′(µa) gives:1012

δ
φ̂a

= 0.

δ
φ̃a

=
1

2
ka l̂a.

δφ̌a
=

1

2
Γa l̂a.

(A-93)

Perturbation of the survival and the growth functions1013

Say we perturb age b. For any j > b1014
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δµ̂j
= δµ̂j−1

+ δĝj−1

δµ̃j
= δµ̃j−1

+ δg̃j−1
+ δcj−1

kj−1 + cj−1 δkj−1

δµ̃j
= δµ̌j−1

+ δǧj−1
+ δcj−1

Γj−1 + cj−1 δΓj−1

(A-94)

with1015

δcj =
1

ŝ2j
(δµ̂j

ŝj (S
′′(µ̂j) (1 +G′(µ̂j)) + S ′(µ̂j)G

′′(µ̂j))− S ′(µ̂j) (1 +G′(µ̂j)) δŝj)

δkj = δkj−1
(1 +G′(µ̂j))

2 + 2kj−1 (1 +G′(µ̂j))G
′′(µ̂j) δµ̂j

δΓj
= δΓj−1

(1 +G′(µ̂j))
2 + 2Γj−1 (1 +G′(µ̂j))G

′′(µ̂j) δµ̂j

(A-95)

For demographic rates, we show the derivative of the growth function. It is1016

similar for the reproductive and survival functions:1017

δĝj = G′(µ̂j) δµ̂j

δg̃j = G′(µ̂j) δµ̃j
+G′′(µ̂j) δµ̂j

µ̃j +
1

2
G′′(µ̂j) δkj +

1

2
G′′′(µ̂j) δµ̂j

kj

δǧj = G′(µ̂j) δµ̌j
+G′′(µ̂j) δµ̂j

µ̌j +
1

2
G′′(µ̂j) δΓj

+
1

2
G′′′(µ̂j) δµ̂j

Γj

(A-96)
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Then, we use (A-69) and (A-70) to find δ
φ̂a

, δ
φ̃a

and δφ̌a
1018

• a small perturbation in S(µ̂b) gives1019

δŝb = 1

δcb = −
S ′(µ̂a) (1 +G′(µ̂a))

ŝ2a

(A-97)

• a small perturbation in S ′(µ̂b) gives1020

δs̃b = µ̃b

δšb = µ̌b

δcb =
(1 +G′(µ̂a))

ŝa

(A-98)

• a small perturbation in S ′′(µ̂b) gives1021

δs̃b =
1

2
kb

δšb =
1

2
Γb

(A-99)

70

Page 72 of 86 Journal of Animal Ecology



• a small perturbation in G(µ̂b) gives1022

δĝb = 1

(A-100)

• a small perturbation in G′(µ̂b) gives1023

δg̃b = µ̃b

δǧb = µ̌b

δcb =
S ′(µ̂b)

ŝb

δkb = 2kb−1 (1 +G′(µ̂b))

δΓb
= 2Γb−1 (1 +G′(µ̂b))

(A-101)

• a small perturbation in G′′(µ̂b) gives1024

δg̃b =
1

2
kb

δǧb =
1

2
Γb

(A-102)
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Perturbation of vG, vI and β1025

These perturbations will change v1.1026

• a perturbation of vG gives1027

δf =
β2

R̂0

∑

a

φ̂a ka

(A-103)

• a perturbation of β gives1028

δf =
2β vG

R̂0

∑

a

φ̂a ka

δg = −
2β

R̂0

∑

a

φ̂a Γa

(A-104)

• a perturbation of vI gives1029

δf = 1

(A-105)
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A.4.2 Elasticity of r1030

We use (A-29) to find δr

δr =

∑
a e−ra δφa∑
a a e−ra φa

. (A-106)

We used a similar method as described above to find δφa
in each perturbation1031

case.1032
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Table S1: Parameters used to build the demographic rates for the short-lived1033

and long-lived life-histories. The reproductive functions have been modeled with a1034

logit and an exponential link for the long- and short-lived life-histories, respectively.1035

The survival function has been modeled with a logit link for both life-histories.1036

short long

Surv.

newb.

a -3 0

b 0.3 0.3

Sm 0.5 1

juv.

a -3 -1.5

b 0.4 0.15

Sm 0.9 1

ad.

a -1000 -2.5

b 0 0.15

Sm 0 1

Repro.

juv.
a 1 -2

b 0.2 0.1

adult
a 1 -2

b 0.2 0.2

Growth

newb.
a 4 12

b 1.2 1.5

juv.
a 6 10

b 0.8 0.7

ad.
a 0 10

b 0 0.7

vG 4 5

Inher.

µ1 3 2

β 0.2 0.2

vinh 1 0.1

1037
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Figure S1: Elasticities of r, r̂, r̃, ř and v1 for the short-lived life-history. The1039

first 3 columns are elasticities to survival, reproduction and growth all computed1040

at the mean phenotype of each age class. Elasticities shown are to values of each1041

quantity (mean of each function at each age, squares), first derivatives (triangles)1042

and second derivative (circles). The column for growth also shows elasticity to the1043

variance of the growth vG (open triangles). The last column shows elasticities to1044

the inheritance variance vI (open inverted triangles) and to β (stars). Black and,1045

dark and light grey shades are used to indicate perturbations affecting newborn,1046

juvenile and adult age-class, respectively.1047
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Figure S2: Elasticities of r, r̂, r̃, ř and v1 for the long-lived life-history. The1048

first 3 columns are elasticities to survival, reproduction and growth all computed1049

at the mean phenotype of each age class. Elasticities shown are to values of each1050

quantity (mean of each function at each age,n squares), first derivatives (triangles)1051

and second derivative (circles). The column for growth also shows elasticity to the1052

variance of the growth vG (open triangles). The last column shows elasticities to1053

the inheritance variance vI (open inverted triangles) and to β (stars). Black and,1054

dark and light grey shades are used to indicate perturbations affecting newborn,1055

juvenile and adult age-class, respectively.1056
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Figure S3: Influence of the inheritance function on the newborn phenotype dis-1057

tribution and on the population growth rate for the short-lived life-history. In the1058

left column (A-E), inheritance follows model A, (3). In the right column (F-J),1059

inheritance follows model B, (20), so that newborns of mothers of different ages1060

have different mean body mass. (A,F) the inheritance function is presented along1061

with parental phenotypic distributions. (B, G) shows the offspring distribution1062

resulting of the parental distribution and the inheritance functions presented in A1063

and G. The others panels show how increasing strength of inheritance affects r (C,1064

H), µ1 (D, I) and v1 (E, J).1065
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Figure S4: Influence of selection, and stochasticity in growth on the population1066

growth trajectories. The two case studies including selection and stochasticity of1067

growth are presented in the right column (A, C). In the left column (B, D), there1068

is no selection (slopes of survival, growth and reproductive function are null) and1069

no stochasticity in growth. The black and red points show the mean body mass1070

of all individuals and actual mother, respectively at each age.1071
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