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Abstract. In many applications, a state-space model depends on a parameter which needs
to be inferred from data in an online manner. In the maximum likelihood approach, this can be
achieved using stochastic gradient search, where the underlying gradient estimation is based on the
optimal filter and the optimal filter derivative. However, the optimal filter and its derivative are not
analytically tractable for a non-linear state-space model and need to be approximated numerically. In
[22], a particle approximation to this derivative has been proposed, while the corresponding central
limit theorem and L, error bounds have been established in [11]. We derive here bounds on the
bias of this particle approximation. Under mixing conditions, these bounds are uniform in time and
inversely proportional to the number of particles.
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1. Introduction. State-space models, also known as continuous-state hidden
Markov models, are a class of stochastic processes used to model complex time-series
data and stochastic dynamical systems. A state-space model can be described as
a latent discrete-time Markov process observed only through noisy measurements
of its states. In this context, one of the most important problems is the optimal
estimation of the present state given the noisy observations of the present and past
states. This problem is known as optimal filtering. For non-linear state-space models,
the optimal filter does not typically admit a closed-form expression and needs to be
approximated numerically. Numerous numerical methods for optimal filtering have
been proposed and studied in the literature — see e.g., [4] for a recent overview.
Among them, particle methods (also known as sequential Monte Carlo methods)
have gained significant attention. Their convergence properties have been thoroughly
investigated in a number of papers and books — see, e.g., [3], [4], [6], [7], [14], [15].

In many scenarios of practical interest, a state-space model depends on a param-
eter whose value needs to be estimated given a set of observations. When the number
of observations is very large, it is desirable, for the sake of computational efficiency,
to perform parameter estimation online. In the maximum likelihood approach, this
can be achieved using stochastic gradient search, where the corresponding gradient
estimator is a non-linear functional of the optimal filter and its derivative — see, e.g.,
[16], [17], [20], [22]. Since the optimal filter derivative is analytically intractable for
non-linear state-space models, it needs to be approximated numerically. To the best
of our knowledge, only the particle approximations to the optimal filter derivative
proposed in [20] and [22] are numerically stable. In the particle estimator proposed
n [20], the average iteration complexity is linear in the number of particles, while
the iteration running times are random. In [20], concentration inequalities and a cen-
tral limit theorem have been shown for this scheme. The particle estimator proposed
in [22] has quadratic iteration complexity, deterministic iteration running times and
lower variance than the estimator in [20]. In [11], L, error bounds and a central limit
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theorem have been established for the scheme proposed in [22].

In this paper, we analyze the bias of the particle approximation to the optimal
filter derivative proposed in [22]. Using the stability properties of the optimal filter
and its derivative, we derive bounds on this bias in terms of the number of particles.
These bounds cover several classes of state-space models met in practice. Moreover,
under mixing conditions, these bounds are uniform in time and inversely proportional
to the number of particles. To the best of our knowledge, the results presented
here are the first results on the bias of the particle approximation to the optimal
filter derivative proposed in [22]. They are also one of the first and most important
stepping stones to analyze the asymptotic properties of online maximum likelihood
estimation in non-linear state-space models — see [25].

The rest of this paper is organized as follows. In Section 2, we define the optimal
filter derivative and its particle approximation. In the same section, we present the
main results of the paper. These results are proved in Sections 3 — 5. Additional
results are established in the Supplementary Material available at https://arxiv.org/
abs/1806.09590.

2. Main Results.

2.1. State-Space Models, Optimal Filter and Optimal Filter Derivative.
To define state-space models and state the optimal filtering problem, we use the
following notation. For a set Z in a finite dimensional space, B(Z) denotes the
collection of Borel subsets of Z. d, > 1 and d, > 1 are integers, while X' € B(Rdw)
and Y € B(R%). Let (9, F, P) be a probability space. A state-space model can be
described as an X' x Y-valued stochastic process {(Xy,Y,)},~, defined on (2, F, P),
where the process {X,, },,>0 is unobservable and any information on {X,,},>0 is only
available through the observation process {Y}, },>0. In this context, random variables
X, and Y,, are (respectively) called the state and observation at discrete-time 7, while
sets X and Y are (respectively) referred to as the state and observation spaces. One
of the most important problems related to state-space models is the estimation of the
states X, and X,,4+1 given observations Yp., := (Yp,..., Y, ). This problem is known
as filtering.

In the Bayesian approach, the estimation of states X, and X,41 given Y.,
is based on the optimal filtering distributions P(X,, € dz,|Yo.n) and P(X,41 €
dxn41|Yo.n). In practice, the filtering distributions are usually evaluated using some
approximate models. In this paper, we assume that the model {(X,,Y,)}, -, can
be accurately approximated by a parametric family of non-linear state-space models.
To specify such a family, we rely on the following notation: d > 1 is an integer,
while © C R? is an open set. u(dr) and v(dy) are positive measures on X and )
(respectively). pg(a’|x) and gg(y|x) are Borel-measurable functions which map 6 € ©,
x, 2’ € X, y € Y to [0,00) and are probability densities in ', y with respect to
w(dz), v(dy). &p(dx) is a parameterized probability measure on X, i.e., {y(B) maps
0 € ©, B € B(X) to [0,1] and is a probability measure in B and Borel-measurable
in . With this notation, we can define a parametric family of state-space models
as an X' x Y-valued stochastic process { (X7,Y,?)} _  which is defined on (€, F, P),
parameterized by 6 € © and satisfies -

P((xEY¢) € 8) = [ [ 1ategantvialvtdn)a(as),

P((X5,1,Y)0) € Bl X0, Y0,,) = //IB(%y)qe(y|$)p9(I|XZ)V(dy)M(d$)
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almost surely for each § € ©, B € B(X x Y), n > 0.

Throughout the paper, we assume that pg(z’|z) and go(y|z) are differentiable in
0 for each 0 € ©, z,2’ € X, y € Y. To show how the filtering distribution and
its derivative are computed using the approximate model {(X9,Y,?)} _ . we use the
following notation. If £ > 1 is an integer, Z is a finite dimensional space and ¢(dz) is a
k-dimensional signed vector measure on Z, then () denotes the quantity (¢) = ((Z).
wp(x) a Borel-measurable function mapping § € ©, z € X to RY. T4 ,(2'|z) and
th ,(¢'|z) are the functions defined by

(2.1)  1hy(@'2) = po(@’|2) g0 (yn-1lz),  t5,(2'|2) = Volog (1§, (2']2))

for 0 € ©, z,2" € X, n > 1 and a sequence Yy = {Yn}n>o0 in V. 755" (Tm:n) and
?&”(xm:n) are the functions defined by

n

(22) rg}:,;m(xm:m) =1, rg};;n(xm:n) = H T§7y(xk|xk—1)7
k=m+1
n

gfym(xmm) = wé‘(l'm)» tg)lyn(xmn) = w@(xm) + Z tlg’y(ka'kfl)
k=m+1

for v, ..., xn € X, n>m > 0. Rg,y(dx()m) and Tg,y(dx();n) are the measures defined
by

g,y(A) = /Arg,Z(xOn)(ge X Nn)(de:n)v
g,y(A) = Atg,Z(wOn)Tg’Z(mOn)(§9 X ,un)(den)

for A € B(X"*Y), n > 1, where u"(dy.,) = pu(dzy) - - - p(dey,) and (& x p™)(dzo.m) =
o(dwo)p" (dz1.0). Py, (dzo:n) and Py (dx) are the measures defined for B € B(X)
by

(2.3) Py, (A) = TRr S Py, (B) =Py (X" x B).
< 07y>
Qg)y(dxo;n) and ngy(dx) are the measures defined by
ey e - W gy 0T g ) - g < B)
. 0, = o Lo, ) 0, = W, .
Y <R0,y> Y <R0,y> Y Y

All results presented in this paper are based on Assumptions 2.1 — 2.3 (see Sub-
section 2.3, below). Using elementary calculus, it can be shown that the functions
and measures defined above are well-defined under these assumptions. It can also be
verified

(25) ngy(B) =P (Xg € B‘}/()G:n—l = yO:n—l) .

ITo evaluate the values of § for which {(X,GL,Y,‘?)}H>0 provides the best approximation to
{(Xn,Yn)}, >0, We usually rely on the maximum likelihood principle. For further details on maxi-
mum likelihood estimation in state-space and hidden Markov models, see, e.g., [3], [14].
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Hence, Pg',(dx) is the optimal filter (i.e., one-step predictor) for the model

R

Let A(dx) be a finite positive measure on X. Moreover, let lg(z) be a Borel-
measurable function which maps § € ©, x € X to (0,00) and satisfies the following
conditions: (i) lg(x) is differentiable in 0 for each § € ©, x € X, and (ii) ||Velg(z)|| is
uniformly bounded in (0, x) on © x X. Suppose that Assumptions 2.1 — 2.3 hold and
that &g(dx), we(x) are of the form

(2.6) &(B) = / lo(x")A(dx"), wy(x) = Vglog (lg(x)).
B

Then, it is straightforward to verify

(27) Qg,y(B) = VHP (Xz € B|Y00:n71 = yO:nfl) .

Thus, Qg ,,(B) is the optimal filter derivative — see [11, Section 2| for further details.

2.2. Particle Approximation to Optimal Filter Derivative. Unless the
model {(X9 Ye) }n>0 is linear Gaussian (or the state-space X has finitely many

n?’ n
elements), Pg', (dr) and its gradient Qp ,(dz) do not admit closed-form expressions
and need to be approximated numerically.
For a given 6 € O, the particle method proposed in [22] approximates Py, (dx)
and Qg , (dz) respectively by the empirical distributions

N
(2.8) £%(dx) Zéxgl (dz), C8(dx) %Z Z 0o (dz).

i=1

Here, N > 2 is a fixed integer and {ng m>0,1<:1< N} are random vectors
generated through the recursion

(2.9)
i (Pe(XSH,ﬂXz,j)W%(YMXG ‘)+V9p9( X011 X0, )qe(Y"|Xg»j))
Ejv—lpe( X1 510 5)as (Yal X7 )

Zjvzlpe( n+1,]| )qe(Yn| n,j)Wg,j
Ej‘vzlpa( n+1,J|XnJ)q9(Y”|XgJ)

where {Xfm. n>0,1<i< N } are random samples called particles generated
through

0 _
W+11_

)

S o (X8 ) a0 (Yol X ) pu(dar)
Z;'V:I 4o (YnIXS,j)

In recursion (2.9), {W(?,i :1 << N} are selected as Wg)i = wy (Xg)i). In recursion
(2.10) {Xn+1 1< < N} are sampled independently from one another. In the

(2.10) X~

same recursion, {X’g’i 1<i<N } are sampled from £y(dx) independently one from
another and independently from Yjp.

REMARK. Let wy ,(z) be the function defined by

wgﬂ( ) E(tey(XOn)‘Xe = YOn 1 = Yo:n— 1)
4



for € ©, x € X, n > 1 and a sequence y = {yn}tn>o0 in Y. Then, we have
Weyi = wZ},y(Xﬁ,i) for each 1 <i< N, n>1, whereY ={Y, },>0. The equivalence

n

between this representation of random vector W? . and recursion (2.9) is shown and

discussed in [11, Section 3]. Recursion (2.9) is derived in [22, Section 2.2].

2.3. Bias of Particle Approximation to Optimal Filter Derivative. We
analyze here the bias of the particle approximations (2.8). The analysis relies on the
following notation. For z € R¥, k > 1, |z|| denotes the I, norm of z. If 9g(z) is a
Borel-measurable function mapping § € ©, x € X to R*, then ||y denotes the L,
norm of Yg(x) in z, i.e., ||[Vg| = sup,ecx [|[¥o(x)]]. If ¢ : ¥ — R is a Borel-measurable
function and ¢(dx) is a k-dimensional signed vector measure on X, then ((¢) denotes

the integral ((¢) = [ p(x)((dz).
The analysis carried out in this paper relies on the following assumptions.

ASSUMPTION 2.1. There exists a real number ¢ € (0,1) such that

e<po(az) <=, e<qylz) <

™ | =
™ | =

forall@ e O, z,2' €e X, ye).

ASSUMPTION 2.2. There exists a real number K € [1,00) such that

max{|[Vopo (2'|2)[|, [Voqo(ylz)l|} < K

forall@ € ©, z,2' € X,y ).
ASSUMPTION 2.3. ||wg|| = sup,cy [[wo(x)]| < oo for all 6 € ©.

Assumption 2.1 is a standard strong mixing condition and is a crucial ingredient
of many results on optimal filtering and statistical inference in state-space and hid-
den Markov models — see e.g., [3], [5], [11], [13], [18], [19], [21] [23]. Together with
Assumption 2.2, it ensures that the optimal filter and its derivative forget initial con-
ditions exponentially fast — see Proposition 4.1, Section 4. This assumption, together
with Assumptions 2.2 and 2.3, also ensures the stability of particle approximations
(2.8) — see Proposition 5.1, Section 5. Assumption 2.1 is restrictive as it implicitly
requires the state and observation spaces X and ) to be bounded.

Let Y denote stochastic process {Y;,}n>0, i.e., Y = {¥,}1>0. The main results
of our paper are stated in the next theorem.

THEOREM 2.1. Let 0 be any element of ©, while y = {yn }n>0 is any sequence in
Y. Moreover, let ¢ : X — [—1,1] be any Borel-measurable function, while n is any
positive integer.

(i) Suppose that Assumption 2.1 holds. Then, there exists a real number L €
[1,00) (independent of N, 0, y, p(z), n and depending only on ) such that

(211) B (&) - Prv ()| Y = )| < -

(i) Suppose that Assumptions 2.1 — 2.3 hold. Then, there exist real numbers
p€(0,1), M € [1,00) (independent of N, 0, y, ¢(x), n and depending only on ¢, d,
K ) such that

(212) |2 (&60) - @iy ()] ¥ =) | < L2 el)
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The proof of Theorem 2.1 is provided in Section 6 — see Proposition 6.4.

The empirical measures £ (dx) and (¢ (dx) are estimators of the optimal predictor
ngy(dx) and its gradient ng(dx). Hence, the conditional expectations in (2.11),
(2.12) can be viewed as the bias of particle approximations (2.8) for which Theorem
2.1 provides bounds. These bounds are inversely proportional to N and uniform in
discrete-time n as p™ < 1. They depend on {(Xg, Yng)}n>0 through constants p, L,

M and the initial conditions in recursion (2.9) (through ||wgl|).

Due to their practical and theoretical importance, particle methods have exten-
sively been studied in a number of papers and books — see e.g., [1], [3], [4], [6],
[7], [14], [15], [14] — [16]. Within a broader analysis of the propagation of chaos in
Feynman-Kac models, the bias of particle approximations to the optimal filter has
been addressed in [6] — [10], [12]. Under conditions similar or identical to Assump-
tion 2.1, the results of [6] — [10], [12] lead to Part (i) of Theorem 2.1.> As opposed
to particle approximations to the optimal filter, the optimal filter derivative and its
particle approximations have attracted much less attention. Part (ii) of Theorem 2.1
fills this gap in the literature on optimal filtering and particle methods. To the best
of our knowledge, Part (ii) of Theorem 2.1 is the first result on the bias of the particle
approximation (2.8) — (2.10). In [25], we use this result, together with the results of
[24], to analyze the asymptotic behavior of recursive maximum likelihood estimation
in non-linear state-space models.

3. Results Related to Empirical Measures. In this section, we present an
auxiliary result on the ratio of integrals approximated using empirical measures. This
result is a crucial ingredient in the proof of Lemma 6.3 which itself is a corner-stone
of the main results — see Proposition 6.4. This result has already appeared in [11,
Lemma A.1] and [12, Lemmas B.3, B.4]. For completeness, a proof is provided in the
supplementary material (Section SM1).

We use the following additional notation. Z is a finite dimensional space, while
&(dz) is a probability measure on Z. {Zy}i>1 are independent Z-valued random
variables which are defined on a probability space (2, F, P) and distributed according
to £(dz) (i.e., P(Zr € B) = £(B) for each B € B(Z)). £ (dz) is the empirical measure
defined for £ > 1 by

el

k
&(B) = 1> 02,(B).

PROPOSITION 3.1. Let f : Z — R and g : £ — (0,00) be Borel-measurable
functions such that

sup |f(2)] < o0, supg(z) <oo, inf g(z) > 0.
Z2EZ 2€Z
Then, we have

zEZ
1/2
2 2
. ’E(gmf)) ) é(f)‘ Jwp (L _ 208
. = ) >~

&(9) /) &(9) k Vk
2Although Part (i) of Theorem 2.1 is a particular case in the analysis carried out in [6], [7], [8],
[9], [10], [12], we include it in the main results for the following reasons: (i) £? (dz) is an integral part
of the particle approximation (2.8) — (2.10), (ii) the bound (2.11) is an essential prerequisite for Part

(ii) of Theorem 2.1, and (iii) the proof of Part (i) of Theorem 2.1 presented here seems more direct
than the analysis carried out in [6], [7], [8], [9], [10], [12].
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for any k > 1, where o, B are defined by

!/
; B= sup 9z)

3.2 o= su .
(3.2) P ez g(z")

2,2 EZ

4. Results Related to Stability of Optimal Filter and Its Derivative.
In this section, we present results on the stability properties of the optimal predictor
Py, (dz) and its gradient Q" (dz). These results are prerequisites for the proof of
the main results — see Lemmas 6.2, 6.3 and Proposition 6.4.

The following additional notation is used here. P(X) is the collection of proba-
bility measures on X', while the set of Borel-measurable functions mapping X to R is
denoted by F(X). M,(X) is the set of positive measures on X, while the collection
of signed measures on X is denoted by M(X). If k > 1 is an integer, then M*(X)
is the set of k-dimensional signed vector measures on X and F*(X) is the collection
of Borel-measurable functions mapping X to R¥. For & € M,(X), |£|(dz) and |||
denote (respectively) the total variation and the total variation norm of £(dz). For
¢ € ME(X), ¢|(dz) and ||¢|| denote (respectively) the total variation and the total
variation norm of ¢(dz) induced by I; vector norm.® If H(() is a function mapping
¢ € M¥ to M., then H(C)(B) stands for the measure of B € B(X) with respect to
H(() . Moreover, if £ € My(X), ¢ € M¥(X) and R(x,da’), S(z,dz’) are integral
operators from F(X) to F(X), F¥(X) (respectively), then ((R)(dx) and (£S)(dx)
denote the elements of M¥(X) defined for B € B(X) by

(CR)(B) = / R(z, B)(dz), (£)(B) = / S(z, B)&(dx).
B B
8pry (Tm:n) is the function defined by

(41) Sgé,m(xm:m) =0, ngyn(xmn) = Vargf:y"(xm:n)

for 0 € ©, Ty, ...,z € X, n>m >0 and a sequence Yy = {y, }n>0 in Y (rggb(xm:n)
is specified in (2.2)). Rp%"*(x,dz’) and Sg°"(z,dz’) are the integral operators from
F(X) to F(X), FUX) (respectively) defined by

(4.2)
Rgfi!m(x,B) = 6,(B), RZ?L”(x,B) :/X Br@’f&”(:ﬂmm)(éz X w" ") Az ),
nem

(4.3) Sy (x,B) =0, S (z,B) :/X . 50y (Tmen) (0 X """ ) (dTm:n),
TL*’!‘V’LX

where (6, X p" ") (dTm:n) = 6z(dwpm ) pu(dzmr) - - - p(dy,). Fa’flyn(g)a Z?y”(&C) and

Hé%”({“,g‘) are the functions mapping & € P(X), ¢ € M4(X) to P(X), MI(X),

31f ¢ € ME(X), then [¢|(dx) = F | |eT¢|(dzx) and ||¢]| = S°F_, [leT¢]l, where e; is the i-th
standard unit vector in R¥.
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ME(X) (respectively) defined by

(4.4)
R'f’b:n B
i (€)(B) = £(B), FyME)(B) = “@;gf”
(4.5)
RpEn)(B) + (£S5 (B
Hym(6.C)(B)=C(B), Hy(6.0)(B)= 9”’)(@;2(5 i )B)
0,y
(4.6)

by (60(B)=C(B), Gy (6, O(B)=Hgy" (& O)(B)—Fyy" () (B)(Hyy (€,€))-

REMARK. For 0 € O, let (o(dz) be the element of MI(X) specified in (6.1)
(below). Suppose that Assumptions 2.1 — 2.3 hold. Then, it easy to show

(4.7) Py (B) = Fy'y (&)(B), Q5 (B) = Gyiy(&o. Co)(B)

forn > 1. Given (2.5), (2.7), (4.7), Fg","(§) and G3'.'(§,C) can be considered as a
generalization of the optimal filter and its gradient. In this context, &, ¢ can be viewed
as initial conditions in the recursion generating the optimal filter and its gradient (for
further details, see [18], [23]).

PROPOSITION 4.1. Let 0 be any element of ©, while y = {yn }n>0 is any sequence
in Y. Moreover, let £,&" be any elements of P(X), while (,{" are any elements of
ME(X). Further to this, let n, m be any integers satisfying n > m > 0.

(i) Suppose that Assumption 2.1 holds. Then, there exist real numbers p; € (0,1),
Cy € [1,00) (independent of 0, y, &, &', n, m and depending only on €) such that

m:in m:in n—m <§R3Ln>
(4.8) HFo,y (&) — Fgy (§I)H < Cipt ™, @Tmy@ < (.
0,y
(ii) Suppose that Assumptions 2.1 and 2.2 hold. Then, there exist real numbers
p2 € (0,1), Cy € [1,00) (independent of 0, y, &, &', ¢, ¢', n, m and depending only
on e, d, K) such that

(4.9) |G (e, ¢) — Gyun(€', )| <Capy~™@ + Il + 1],
(4.10) | HySr (&, Q)| < Ca(n—m+ |C])).

Proposition 4.1 is a relatively straightforward extension of the results of [18], [19],
[23] to the optimal predictor and its gradient. A detailed proof of the proposition is
provided in the supplementary material (Section SM2).

5. Results Related to Stability of Particle Approximations. In this sec-
tion, we consider the particle approximation fz(dm) and its stability. Using results
on the (Dobrushin) ergodicity coefficient, we show that the sequence {‘|éﬁ|‘}n>0 is
bounded uniformly in 8. The results presented here are prerequisites for the proof of
the main results — see Lemma 6.3 and Proposition 6.4.

To state the results of this section, additional notation needs to be introduced.
PN is the set of N-dimensional probability vectors. PN*¥ is the set of N x N
(column) stochastic matrices (i.e., A € PN*N if and only if the columns of A are
elements of PV ). e is the element of RY whose all elements are one. For 1 <i < N,
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e; is the i-th standard unit vector in RY (i.e., e; is the element of P" whose i-th
element is one). For 2 € RY, ||z]|; and ||z|| are (respectively) the l; and [, norm of
z. For B € RN || B|| is the I, norm of B (i.e., || B|| is the maximum absolute value
of the entries of B). For A € PN*N 1(A) is the ergodicity coefficient of A, i.e.,

1
(5.1) T(A) = 31 ”<NZ|AH Ajjn]=1- me{AH,AHN

1<g/ J”<N

where A; ; is the (4,j) entry of A (see [2, Section 15.2.1] for more details on the
ergodicity coefficient and its equivalent forms). A% and BY are (respectively) the
N x N and d x N random matrices defined by

(52) A0 _ TgLY( | —1 7,) 0 L Zszl V()Tg"y (Xz,lez—l,k)
m Zk 17’9y(X X8 1k) " Z/Lﬁ&y(Xg,ﬂXz_LQ

where A% i; is the (i,7) entry of A% and Bzd- is the j-th column of BY. Th 4 (@'|2)

and Y are specified in (2.1) and Subsection 2.3 (respectively). V!, W¢ and V,f’i are
the d x N random matrices and the d-dimensional random vector defined by

)

(53) Vne,z = nz_ NZ n,j? (Vg "'7Vn€,N)a Wg = (Wg,lw-':Wg,N)

for n > 0. Notice here that VnQ’i and Wg’i are the i-th columns of V,! and W?. Then,
it is easy to show A% € PN*N and

T
(5.4) Vo= w? (I - ef\f) . W, =WiAY, + B,

where I is the N x N unit matrix.

REMARK. Throughout this and subsequent sections, the following convention is
applied. Diacritic™ is used to denote a locally defined quantity, i.e., a quantity whose
definition holds only within the proof where the quantity appears.

PROPOSITION 5.1. Let 8 be any element of ©, while n is any non-negative integer.
Suppose that Assumptions 2.1 — 2.8 hold. Then, there exist real numbers ps € (0,1),
C3 € [1,00) (independent of N, 0, n and depending only on €, d, K ) such that

(5.5) 10| < Cs (1 + p5 [fwall) -

Proof. Throughout the pI“OOf, the following notation is used. ps3, C3 are the real
numbers defined by p3 = 1 —¢*, O3 = 8Kde~ " (&, K are specified in Assumptions 2.1
and 2.2). Akl is the matrix deﬁned by

(5.6) Alp=1 A=A, A

forl >k >0.
Iterating the second part of (5.4), we get

(5.7 W= WAL, + Y BLAL,
k=1



for n > 1. Since A}, € PY*N, we also have eT Af, = eT. Consequently, the first
part of (5.4) implies

~ T ~ T 0 _ T
Vg, (1- 5 ) =it (1- 5 ) - s, (1- )

5.8 vo —woar (71—l ~poie (1- e
() n —'Y04“0,n N +Zkk7n N

=VJ A, I—— ZBkA I-—)

Owing to Assumptions 2.1, 2.2, we have €2 < r} Y(X,f |Xk 1 1) < 1/e? and
(5.9) ||V97“5,Y (Xlg,j|XI§71,i) | Sqe(kal‘kal.,i)”VGPG (Xlgjngfl 7,) |

2K

+ o (X7 1X0_1 ) IVode (Vi 1| Xi—1.0)]| < —

for 1 <i,5 < N, k> 1. Therefore, we get

N N
. . N 2KN
Ne? < ng,Y(Xg,j|Xg—1,i) < = Z Hvéirey(XkﬂXk 1) ‘ < P
i=1 i=1
Consequently, (5.2) implies
64 2K 2K
(5.10) Mgz Bl = s 1BEl = max IBE 1 < 5

Hence, (5.1) yields 7(Af) <1 —¢&* = ps.
Due to the well-known results in Markov chain theory (e.g. [2, Theorems 15.2.4,
15.2.5]), we have

(5.11) T(A'A"Y) < r(AN)7 (A7), JAGE =27 < 7D = 2"
for any A, A", A” € PNXN_ 2/ 2" € PN. Then, using (1), we get T([l%k) =1 and
T(A) < T(Afyy) - T(A]) <y
for I > k > 0. Since e;, v € PN we deduce
~ e ~
(5.12) |4 (e— 5 )|, <@L e - 5
for 1 <i< N, 1>k > 0. Consequently, (5.10) yields
~ e ~ e
Vi AG (e = )| S IVEIH A6 (e — 7 )|, < 203 HV09|| :
N N

) . 4K
[Beat, (e - 5)| < 1320 |2 @-—%)\L <M

10



0 0
As vectors BAj  (e; —

%), V#AS, (ei— %) are the i-th columns of matrices
9 A0 r 0 A0
By Ay ( — N )v Vo' Ao, ( -

%) (respectively), we conclude

~ T A
ot (-5 = o ot - ) <
~ T - 4Kp
HB"ZA%Z( ‘N)H‘fél%’iv (e )| <=

Hence, (5.8) implies

n

Vo Ao I*W +Z

(5.13) Ve < ‘
k=1

- T
it (15|

§2p§l|V09||+ Zs < 2 (L V)

for n > 1. Since W, = wy (Xg7i), Assumption 2.3 and (5.3) yield

1 N
VSRl < IWall + 55 DI < 2llwl
j=1

for 1 <i < N. Thus, we have ||V{| < |Jwgl||. Consequently, (5.13) implies
8K n
IVl < IV < — (1 o5 o)

for n> 0. As C%(dx) = + Z;\f:l Vf’jdj(g (dz) (due to (2.8), (5.3)), we get

Z V24 < 55 1+ lhwol)
for B € B(X). Hence, we have
[

6. Proof of Main Results. In this section, Proposition 6.4 is proved, while
Theorem 2.1 directly follows from it. Lemma 6.3 and decompositions (6.15), (6.67),
(6.72) can be considered as the corner-stones in the proof of Proposition 6.4 — see
inequalities (6.68) — (6.71), (6.73), (6.74). Proposition 3.1, conditional distributions
(6.41), (6.42) and identities (6.43), (6.48), (6.49) are the main ingredients in the proof
of Lemma 6.3 — see inequalities (6.46), (6.47), (6.51), (6.52), (6.57). Propositions 4.1,
5.1 and Lemma 6.1 are important ingredients of the proof of Lemma 6.3, too — see
inequalities (6.44), (6.45), (6.50), (6.53), (6.55). Proposition 4.1 plays an important
role in the proof of Lemma 6.3, either — see inequalities (6.26) — (6.31).

Throughout this section, the following notation is used: wg(x), Wy and (p(dx) are
the functions and the element of M%(X) defined by

K n 3
— (14 p5llwell) = C5 (1 + p5lwel]) - a

(6.1) we Z/we(l“/)fe(dl"/)v ug(z) = wo(x) —we, (o(B) = /Bua(il?/)fe(dxl)

11



for € ©, z € X, B € B(X). £ (dz) and (?,(dz) are the elements of P(X) and
MA(X) (respectively) defined by

(6.2) &,(B)=&(B), (%4(B) = Co(B).

9 (x) is the (random) function defined by

Sy ( x|2')Ch_, (da') "‘fvm”e y (@))€l (da')
frey |’ ) _,(dx)

for n > 1 (ryy(z|2') and Y are defined in (2.1) and Subsection 2.3, respectively).
&% (€) is the (random) function mapping ¢ € P(X) to M%(X) defined by

(6.3)  of(x)=up(x), of(x)=

(6.4) 6%(€)(B) = /B 88 (2)E(dz)

for € € P(X), n > 0. E?_ (dx), G° . (dx) and H?  (dz) are the (random) elements
of P(X), M4(X) and MZ(X) (respectively) defined by

(6.5) Fflm(B) = Fyy (59 )(B),  E}..(B)
for n > m > 0 (FF"(E), Gy (€, C), Hy''(€,C) are specified in (4.4) — (4.6)).

RY  (x,dx’) and 8% (x,dx’) are the (random) integral operators from F(X) to
F(Xx), F4X) (respectlvely) defined by

Fyy (6n)(B),
V(€20 0)(B), G (B) = GEy (€, (n)(B),
?(691749 )(B),  Hyp.n(B) = Hy5 (€0, ) (B)

(6'8) Rren:n(‘rvB) = Rg}lz'l(va)’ ‘grgnn(xaB) = Sér,l{'l(m7B)

\i/gf:{}(x,dx’) and @g’ﬁ?(x,dw’) are the (random) integral operators from F(X) to
F4(X) defined by

(6.9) Vrn(@, B) = By (@, By, () + Sy, B),

Co  (dz), B? . (dx) and A?  (dx) are the (random) elements of M%(X) defined by

| o, (5) = EnTn)(B)
(6.11) Pon(B) = e
(612) BG (B) (FgLn(B) F’gb ln ))< 7nn>

LEMMA 6.1. Let 0, B, € be any elements of ©, B(X), P(X) (respectively). More-
over, let n, m be any integers satisfying n > m > 0.
(i) Suppose that Assumption 2.1 holds. Then, we have

(Fren 1mR0 )( )

<F0 1: ng”L n>
12

(6.14) £

m—1:n

(B) =



(i) Suppose that Assumptions 2.1 — 2.3 hold. Then, we have

6.15)  GO..(B) = A%..(B)+ BY..(B),
1.0
G16) < z’;")(f ) _ Hpp(e.60,(9) (B),
(6.17) w —(EPEHO)(B) — FY 1 (B)) (B (6,65(6))

We also have

(FG lm\Ilfnn)(B) Ag
(F?

m—1:m mn>

(F 1 ®7n) (B)

m—1m *m:mn
< m—1m m:n>

Lemma 6.1 summarizes relatively straightforward relationships between the mea-
sures defined in (6.5) — (6.7) and (6.11) — (6.13). A detailed proof of the lemma is
provided in the supplementary material (Section SM3).

(6.18) HY

m—1:n

(B)=

1:n (B)

LEMMA 6.2. Let 0 be any element of ©, while &, £ are any elements of P(X).
Moreover, let n, m be any integers safisfying n > m > 0. Suppose that Assumptions
2.1 and 2.2 hold. Then, there exist real numbers py € (0,1), Cy € [1,00) (independent
of 0, &, &, n, m and depending only on ¢, d, K ) such that

(6.19) max{| ; MH} <Oy (1+n—m+ p|lwsl),
\I/O
(6.20) H R > <Cs(L+n—m+pi|wel),
@0
(6.21) < Capy ™ (L +n—m+ pf[lwsl]) -
£/R > 4 4

Proof. Throughout the proof, the following notation is used. z, 2’ are any el-
ements of X', while B is any element of B(X). p4 is the real number defined by
p4 = Mmax {pl,pg,pg} while Cl, C’g, C’g, Cy4, Cy are the real numbers defined as
Cy = 2dCs, Cy = 4C1Ke~4p;t, C3 = dCy, Cy = 3C2C1Cs, Cy = 3C1Cy (g, p1, po,
K, Cy, Cy are specified in Assumptions 2.1, 2.2 and Proposition 4.1). n, m are any
integers satisfying n > m > 0.

Relying on Assumption 2.3 and (6.1), (6.3), we conclude

622 [5§(@) = luole)] < fn(e)] + [ luola')lgo(da”) < 2ol
Consequently, (6.1), (6.2) imply
122 (B)I = 16o(B)] < [ Juo(a)ada) < 2.
B

Hence, we have [|C? | = [|Co|| < 2d||wp]|. Combining this with Proposition 5.1, we get

(6.23) 121l < 2dC5 (1 + p§llwgl]) < Ca(1 + pf[lws]))

13



for k > —1.
Using Assumptions 2.1, 2.2 and the same arguments as in Proposition 5.1 (see
(5.9)), we deduce

1 2K
e? < Tg,Y($/|x) < pox Hvergy(aﬂx)u < —

for k > 1. Then, (6.3), (6.23) yield
J by (@la’) G0y |(da) + [ |V org y (a]2)]| €], (d2”)

[y (ala) €, (da)

2K (G AGE (L p5 [wol)
<—+ <
g3 gt gt

ip(a)|| <

< Co(L + pf|woll)-

Combining this with (6.4), (6.22), we get

(6.24) la2(€)(B)|| < /B ()| £(dz) < Co(1 + pkflws])

for £ > 0. Thus, we have

(6.25) ap(©)|| < dCo(1 + pkllwell) = Cs(1 + pf[lwol]).

Consequently, Proposition 4.1 implies
(6.26) [ HG (€, a0,())]| <Co (n = m + [|af, (9)]])

<CyC5 (1+n—m+ pf|wel])
<Ci(1+n—m+ pf|wsl).

Then, relying on Lemma 6.1 and (6.11), we deduce

(6.27) Héﬁm

= [z (€, a8 E0)|| < Ca (140 —mot g o)
Moreover, if m > 1, Proposition 4.1 and (6.7), (6.23), (6.26) yield

(6.28)  ||ff

= | @, )| <Ca(n—m+ 1)
<CCi(1+n—m+ pf Hwel)
SC’4(1 +n—m+ p]*|wel).

The same arguments also imply

— | E85 €21, 80| < Ca(n+ 1% 1) <CaCa(1 + n+ o7 o)
<Ca(L+n+ pi[lwsl).

Using (6.26) — (6.29), we conclude that (6.19) holds.
Owing to Proposition 4.1, Lemma 6.1 and (6.5), we have

630) || B,

= |[Fr©) - Fr ()| <
14



Due to the same proposition and (6.2 ) we also have

(6:31)  [|GEF (€ a0(9) — GEF (€ am (€D <Cany™ (14|65, (€| +[|am(€)])
<3C2C3py ™ (14 pf"||well)
<Capy ™" (14 pif'[lwol]) -

Combining Lemma 6.1 and (6.26), (6.30), (6.31), we get

€(I)fnn 6/ m:in

_ m:n d@ _ min¢l @9 !

(632) ‘<£ann> <§/Rm:n> ‘ < HGG,Y (Ev m(f)) GG,Y (§ ’ m(g ))H
+HF07TLX;L(€)_F31717L H €v Ag H
+ |[Frs ) - Boov HH a8, ()]

<Caps ™" (1 +p [well)
(6.33) 201 Cap? ™ (1 + 1 — o+ o)
<3C1Capy ™™ (L +n —m+pfwel) .
Similarly, relying on Lemma 6.1 and (6.26), we get
5\111977,:1’7, €I\ilfn n

S 7 Sl vy 7

<||HG$ (€, a5, ()| + || HES (€, (€)) ]

<2C4(1+n—m+p|lwel) .
Using (6.32), (6.34), we deduce that (6.20) holds. |

LEMMA 6.3. Let 6 be any element of ©, while ¢ : X — [—1,1] is any Borel-
measurable function. Moreover, let n, m be any integers satisfying n > m > 0.

(i) Suppose that Assumption 2.1 holds. Then, there exists a real number Cy €
[1,00) (independent of N, 6, p(z), n, m and depending only on €) such that

ol Y)| < 05’}37

(e ) o

almost surely (p1 is specified in Proposition 4.1).

(i) Suppose that Assumptions 2.1 — 2.3 hold. Then, there exist real numbers
ps € (0,1), Cg € [1,00) (independent of N, 0, ¢(x), n, m and depending only on &,
d, K) such that

(6.35) ‘E(F;; () — E?

m— 1n

‘ 2

(6.37) |2 (40,0 (0) - @fnflm(@‘ v)| < CG(P?””; pEllwell)

(6.38) (E( A (o= G0 H >>1/2§ C6<P?’"\/%ﬁ?|lwell)7
(6.39) |2 (Boato)| ¥)| < Colps ™ ]‘\‘T‘P5||w0||)7

(6.40) <E( 8.0 Y))”Q < Gl sl

almost surely.
15



Proof. (i) Throughout this part of the proof, the following notation is used. &, &’
are any elements of P(X). 1(x) is the function which maps x € X" to one.
Relying on (2.1), (2.2), (2.10), (4.2), (4.4), (6.5), (6.8), we conclude

(6.41)

P(%0, € B Xy € Byl &) TT [ Un, e "x>ﬂ<df’>)éiﬂ<dx>

S\ (v @lon f>) &1 (da)
i ‘fk 1Rk 1k
}:[1 §k 1Rk 1k:> H M

=1
almost surely for any B,

By € B(X), k > 1. Similarly, using (6.2), (6.5), we
deduce

N N
(6.42) P (X{il €Biy,... . X0ye BN‘ Y,f"_l) = Té%.(B:) = [[ £%1.0(B:
=1 1=1

almost surely for the same By,

..., Bn. Moreover, Lemma 6.1 and (4.4), (6.5), (6.8)
imply
EO_ RO () (&9.R0...) (»)
6.43 F,gL n ( m—lim_min ) Fr?@ m =
(049 el = R () =

(80,15,.,) (1)

Let C5 = 2C3} (C is specified in Proposition 4.1). Owing to Proposition 4.1 and
(4.4), (6.5), (6.8), we have

(6.44) (ERmn) () (€'RD.)(9)

(R0 ) (€R0.) (1) = |F53 (O (@)~ Fy5 (€ ()| < Crpp ™

Using Proposition 3.1 and (6.41) — (6.45), we conclude

(6.46) B (Ffnle) = B in0)| Y0

_ E(( o R0) () (F,% o R ()
(€0.09,,) (1) (B 1 k0) (1)

Yaé’?n—l) ‘

208 Cspy T
N N

16



almost surely.* Relying on the same arguments, we deduce

C(ERL) ) (E B )@
-F |(A%R$m)(1) k)| |

n—1rm 2 n—rm 2
(<) = (24
- VN “\ VN

almost surely. Combining (6.46), (6.47) with the tower property of conditional expec-
tations, we conclude that (6.35), (6.36) hold almost surely.

(ii) Let &, &, 1(x) have the same meaning as in (i). Using (6.10), (6.11), (6.13),
it is straightforward to verify

(Agzi)fn:n) ((P) 0

_ (6.90..)(#)

., B
(6.48) Af L (p) = (&R0, ) (1)

Similarly, Lemma 6.1 yields

649) 0 (o) Enoim ) (0) (Fo1n Viin) (9)

m—1:n - (Fglilmenn)(l) ) m—l:n(@) = (Fg@il:memn) (1) .

Let p5 = max{,/p1,/pa}, C1 = max,>1 npt, Co = 2C4C1, C5 = 203C> (p1, pa,
C1, Cy are specified in Proposition 4.1 and Lemma 6.2). Since py < ps, py~ " (n—m) <
Cypy~™, Lemma 6.2 implies

(6.50)

=0 180
H (£Pn) (9) _ (€ P0) () <Cpy ™ (141 —m + p||wel))

<2C,Cy (p5 ™™ + p|lwol])
<Cy (p5™™ + pillwall) -

(6.51) | (Afn(e) = Corn0)| Y. €0 )|

Using Proposition 3.1 and (6.41), (6.42), (6.45), (6.48) — (6.50), we conclude
((Afnéfm)«o) (B 1 ®0) (9)

FO
(E.R0,.,)(1)  (FS_y,,R0..)(1) ”’“)’

2 ~ — ~ —
_ 208G (5" + pEllwell) _ Cs (5™ + pllwell)
- N N
4To get (6.46), (6.47), the following should be done: In Proposition 3.1, set z = x, k = N and
replace f(z)v g(Z), ék(dz)z g(dz) with (ann@)(w)’ (annl)(z)v gfn(dx)v ﬁgz—lm(dw)
17




almost surely.” Relying on the same arguments, we deduce
2 ~

(E85.)(0) _ (Fosn®h) D[
£%R%n(1) (mlmRa SO

- . 2
_(20Ca (a7 + o)\ (G (b + o)
- VN - VN

almost surely.

Let Cy = C5Cy (Cs is defined in (i)). Since C1pZ ™™ > n —m, Lemma 6.2 implies

(6.53) || B8 1u(9)]| < o (L m = m+ pJwg ) <2C4Ca (o + oo )
<Co (" + p o))

As H | (1) is measurable with respect to Y, €% | and pP™™ < p2(n ™) , (6.46),
(6,03) yield

630 [ ((Bhne)~ B B (0] ¥ 6|
g’E(Fﬁm(sa) Fp ’Y§ )H —tn H
_ CsCapi ™™ (o5~ " + p&" Jwoll) Calpl +p5HweII)
= N

almost surely.
Let Cs = C5C; (Cs is defined in (i)). Since Clp5 ~" > n—m, Lemma 6.2 implies

6.55)  |[Con(@)]| < Ca i n—m+ ool <2C4Cr (27 + o o)
<Cy (p&" " + p|wal) -
Moreover, the same lemma yields

H (E¥0n) (9)  (§950) (9)

6.56 ~
(6:20) )1)  (¢R?..)()

IN

Ca (1471 —m+ pif'||lwel])

IN

Co (5" + o' [woll) -
Using Proposition 3.1 and (6.41), (6.42), (6.45), (6.49), (6.48), (6.56), we conclude

657 E (Hé&m«p) Y, H
) 20162 (p;”*” +p;,"||we|\) _(Ga (o + o wl)
VN . VN

5To get (6.51), (6.52), the following should be done: In Proposmon 5 1 set 2 =z, k = N and
replace f(2), g(2), € (d2), £(d2) with (89,.,0) (@), (8., 1) (@), €, (dz), FY,_,,,.(de).
18
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almost surely.® As p]~" < pg("_m), Holder inequality and (6.47), (6.57) imply

(6.58) (]E((Fim(@ B 1) (G = 15, 1) | Y€, )|

(-l rc))
. (E <Hé§n:n(1) - ﬁfn:n(l)H ‘Y7éfn_1))1/2

< CsCspi ™™ (o5 ™" + pB[|wel)) < Cs(p5 ™" + pillwell)
- N - N

almost surely. Similarly, (6.47), (6.55) yield

. ~ 2 N
(6.59) E(H(F,?m«o) B () c,im(l)H \Y,gfn_l)
~ 2 0
SO +p5 ”w@H (‘ mn m 1n )‘ ‘erm—1>
CsCaph ™™ (5~ £ ol 2< Culph™ + ptlwol) )
- VN

almost surely.
Let Cs = Cy 4 Cs. Due to (6.12), we have

(6:60)  Bhrn(@) == (Fon(9) = Pir_rn(9) Con(1)
~ (Ffn(9) = Bl 1a(@)) (Gl (1) = HE,, (1))
~ (F0n(9) = B 10n(9)) Hfn (1),
Consequently, (6.54), (6.58) and the second part of (6.60) imply

(6.61)

2 (B ,88,)| < oot ColE " o) _ Gl + sl

almost surely. Moreover, the first part of (6.60) and (6.59) yield

(6.62)

~ 2 ~ 2
30 |y g0 Calps~™ + psllwell) Co(ps ™ + psllwel)

almost surely. R

Let Cg = C5 4+ Cg. Then, combining (6.51), (6.52), (6.61), (6.62) with the tower
property of conditional expectations, we conclude that (6.37) — (6.40) hold almost
surely. 0

6To get (6.57), the following should be done: In Proposition 3.1, set z = z, kK = N and replace
F(2), 9(2), €k(dz), &(dz) with (¥6,.,,¢)(2), (R,.,1)(2), &, (dx), Ffi 1:m (d2).
19



PROPOSITION 6.4. Let 0 be any element of ©, while y = {yn }n>0 is any sequence
in Y. Moreover, let ¢ : X — [—1,1] be any Borel-measurable function, while n is any
non-negative integer.

(i) Suppose that Assumption 2.1 holds. Then, there exists a real number L €
[1,00) (independent of N, 6, y, p(x), n and depending only on €) such that

(6.63) B (&) - R @)Y =v)| < 1

(6.64) (5( Y - y>)/ <~

(i) Suppose that Assumptions 2.1 — 2.3 hold. Then, there exist real numbers
p€(0,1), M € [1,00) (independent of N, 0, y, ¢(x), n and depending only on ¢, d,
K ) such that

E(e) ~ R eo)e)]

H < M(1+ p™|lwe|)

665 |B (&) - Gy (. 0) ()| Y = y) £l
M(1+ p" o)

R 1/2
0o0) (2 ([ - av@ |y -v)) < LD,
REMARK. Relying on (2.3), (2.4), (4-4), (4.6), it is easy to show
Pi'y(B) = Fg3: (%) (B), Qv (B) =Gy (£,6)(B)

for B € B(X), n > 1. Hence, Proposition 6./ can be considered as an extended version
of Theorem 2.1. Moreover, the bounds in (6.64), (6.66) can be viewed as by-products
of Theorem 2.1. Under the same conditions as in Proposition 6.4, bounds similar to

(6.64), (6.66) have been derived in [11].
Proof. (i) Let L = C5(1 — p1)~! (p1 is specified in Proposition 4.1). Using (6.2),
(6.5), it is straightforward to verify
Ep) = Flu(e),  F3(8)(e) = Fp3 (E2:) () = I, (0).

Therefore, we get

(6:67) €0(9) = Fi3 (60)(9) = Fln(@) = 21 (0) = D (Flhon () = Bl 1 () -

3
Il
<)

Then, Lemma 6.3 implies

663 |B(&60) - F3©)@)|Y)| < 3 |B (Bl - B )] Y))

3
I
o

almost surely. Moreover, Minkowski inequality, Lemma 6.3 and (6.67) yield
(6.69)

(=

2

En() =33 (%) ()

‘ 2

)

Y>)1/2 gé (E <’F3m(<p)—ﬁim(w)‘

Cs _ L
< 2 § : n—m o~
_\/Nmzop1 VN
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almost surely. Using (6.68), (6.69), we conclude that (6.63), (6.64) hold.
(ii) Let p=/ps, C = max,>1 np", while M = 4CsC(1 —p)~ 1 (ps, Cs are specified
in Lemma 6.3). Owing to Lemmas 6.1, 6.3, we have

6.70)  ||B(Chn(@) = Ghrn@)|Y) | <[ B (Ahn(0) - Ghumin(0)| Y )|

el

_2C5(05™™ + pEJwol)
- N

almost surely. Similarly, due to Minkowski inequality and Lemmas 6.1, 6.3, we have

(6.71) » »
(5ot i)
s

<2Cs(p5 ™™ + p3lwoll)
N VN

almost surely.
Using (6.2), (6.6), it is straightforward to verify

éZ(Qp) = éfun((p% Gg,gl’ (gea CG) (4,0) = Gg,q/ (5317 ézl) (@) = GO 1: n(@)

Therefore, we get

(6.72)
86) - G (60:G)(0) =Cln(9)— G )= ) (Ghn(0)= Gorn(9)) -
Then, (6.70) implies
(6.73)
[ (260 et o] )] = 52 1 (€~ ato] )
< 2% S (o + ol < y 2Cpi)N L 2sln *N pilleol MU+ P wol)

m=0
almost surely. Moreover, Minkowski inequality and (6.71) — (6.72) yield
(6.74)

(o

;«o)GS:@(se,ce)w)HQ\Y))l/zgg(fzqés’m(w) o)

V)

206 2Cs 2Cs(n + 1)pg|lwel|l _ M(1+ p™||wel|)
E 5+ 5 llwell) < + =
i (1= ps)VN VN VN
almost surely. Using (6.73), (6.74), we conclude that (6.65), (6.66) hold. d
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