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Abstract
Reinforcement learning (RL) is a powerful paradigm for training agents to make
optimal decisions in sequential environments through interaction and feedback. A
central aspect of RL research lies in the development and application of efficient
optimization methods that enable agents to learn complex behaviors. This thesis
contributes to this area by introducing novel optimization techniques and by
analyzing their applications in various RL settings, encompassing cooperative
multi-agent systems, policy optimization with general parameterizations, and
preference-based learning.

In the context of cooperative multi-agent reinforcement learning, where
multiple agents collaborate to achieve a common goal, a significant challenge
arises from the exponential increase in complexity with the number of agents.
To address this, we introduce a scalable algorithm based on Natural Policy
Gradient, which leverages local information exchange between neighboring agents
within a defined range. We theoretically demonstrate that, under standard
assumptions on spatial decay of correlations, our algorithm converges to the
globally optimal policy with a statistical and computational complexity that
remains independent of the number of agents.

This thesis further investigates the use of mirror descent as a versatile
framework for policy optimization in reinforcement learning. We develop Approx-
imate Mirror Policy Optimization (AMPO) and establish for it the first linear
convergence guarantee for a policy-gradient-based method that accommodates
general policy parameterizations. Furthermore, we empirically examine the
impact of different mirror maps within the Policy Mirror Descent (PMD) and
AMPO frameworks, revealing that the commonly used negative entropy is not
always the best choice.

Finally, we extend the application of mirror descent to the domain of preference
optimization (PO), a crucial technique for aligning agents with human preferences.
In particular, we propose a novel family of algorithms called Mirror Preference
Optimization (MPO). Through evolutionary strategies, we identify specialized
MPO algorithms tailored to specific characteristics of preference datasets, such
as mixed-quality or noisy data. Our findings demonstrate that these discovered
algorithms outperform existing state-of-the-art PO methods in both simulated
robotic tasks and a large language model alignment task, highlighting the
effectiveness of our mirror descent-based approach for preference learning.
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Abstract

Reinforcement learning (RL) is a powerful paradigm for training agents to make
optimal decisions in sequential environments through interaction and feedback. A
central aspect of RL research lies in the development and application of efficient
optimization methods that enable agents to learn complex behaviors. This thesis
contributes to this area by introducing novel optimization techniques and by
analyzing their applications in various RL settings, encompassing cooperative
multi-agent systems, policy optimization with general parameterizations, and
preference-based learning.

In the context of cooperative multi-agent reinforcement learning, where multiple
agents collaborate to achieve a common goal, a significant challenge arises from the
exponential increase in complexity with the number of agents. To address this, we
introduce a scalable algorithm based on Natural Policy Gradient, which leverages
local information exchange between neighboring agents within a defined range. We
theoretically demonstrate that, under standard assumptions on spatial decay of
correlations, our algorithm converges to the globally optimal policy with a statistical
and computational complexity that remains independent of the number of agents.

This thesis further investigates the use of mirror descent as a versatile framework
for policy optimization in reinforcement learning. We develop Approximate Mirror
Policy Optimization (AMPO) and establish for it the first linear convergence
guarantee for a policy-gradient-based method that accommodates general policy
parameterizations. Furthermore, we empirically examine the impact of different
mirror maps within the Policy Mirror Descent (PMD) and AMPO frameworks,
revealing that the commonly used negative entropy is not always the best choice.

Finally, we extend the application of mirror descent to the domain of preference
optimization (PO), a crucial technique for aligning agents with human preferences.
In particular, we propose a novel family of algorithms called Mirror Preference
Optimization (MPO). Through evolutionary strategies, we identify specialized MPO
algorithms tailored to specific characteristics of preference datasets, such as mixed-
quality or noisy data. Our findings demonstrate that these discovered algorithms
outperform existing state-of-the-art PO methods in both simulated robotic tasks
and a large language model alignment task, highlighting the effectiveness of our
mirror descent-based approach for preference learning.
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1.3 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.3.1 Dimension-Free Rates for Natural Policy Gradient in

Multi-Agent Reinforcement Learning . . . . . . . . . . . 13
1.3.2 A Novel Framework for Policy Mirror Descent with Gen-

eral Parameterization and Linear Convergence . . . . . 15
1.3.3 Learning mirror maps in policy mirror descent . . . . . 16
1.3.4 Meta-Learning Objectives for Preference Optimization . 17

1.1 Motivation

Many of the most impactful problems that we aim to solve with autonomous agents

involve a sequential decision-making process with a long-term goal. Whether it is

training a robot to navigate a complex environment, a program to play a video-game,

or a system to give personalized recommendations, these agents need to learn how

to act optimally in the face of uncertainty. However, for most real-world tasks, the

1



1. Introduction 2

long-term value of the agent’s action is difficult to estimate, and the optimal strategy

often requires balancing immediate gains with potential future rewards. Explicitly

programming such complex behaviors in an agent is often unfeasible due to the

vastness of possible scenarios and the difficulty in anticipating all potential outcomes.

The field of Reinforcement Learning (RL) is designed to tackle this challenge,

where agents sequentially interact with an environment—observing its state, taking

actions, and receiving rewards—to maximize notions of reward. In particular,

RL consists in training an agent by letting it interact with its environment and

observing the consequences of its actions, without explicit supervision on what

constitutes the correct action in each situation.

RL has been very successful in practice in the last few years, largely due to

the integration of deep learning techniques. Deep Reinforcement Learning (DRL)

has enabled the development of agents capable of achieving or surpassing human-

level performance in complex domains such as games (Silver, Huang, et al. 2016;

Silver, Schrittwieser, et al. 2017), finance (Deng et al. 2017), robotics (Kober

et al. 2013), autonomous driving (Shalev-Shwartz et al. 2016), and large language

model alignment (Guo et al. 2025).

Despite these impressive advances, RL still presents several critical challenges

and open questions that warrant further investigation, including issues related to the

statistical guarantees of learning algorithms and the behavior of these algorithms

in practical applications. This thesis aims to contribute to the field of research

that studies optimization algorithms used to train RL agents, with the objective of

providing statistical guarantees for their performance or insights on their behavior.

In the first part of this thesis, i.e. Chapter 1, we tackle the cooperative multi-agent

setting, where multiple agents collaborate to maximize a collective reward. Given

the combinatorial nature of this setting, the number of possible states and actions

for the group of agents increases exponentially with the number of agents, leading

to a curse of dimensionality that affects both standard convergence guarantees

and practical implementations. We show that under standard assumptions on the

spatial decay of correlations for the transition dynamics of the environment, it
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1. Introduction 3

is possible to design a decentralized algorithm with convergence guarantees that

do not incur this curse of dimensionality.

In the second part of this thesis, i.e. Chapters 2 and 3, we investigate the use of the

Mirror Descent (MD) (Nemirovski and Yudin 1983) optimization algorithm in policy

optimization, which is generally referred to as Policy Mirror Descent (PMD) (Lan

2022; Xiao 2022; Zhan et al. 2023; Y. Li, Lan, and Zhao 2024; Y. Li and Lan 2025).

Here, policy optimization refers to the process of finding a policy, i.e. a function

that dictates the behavior of the agent, that maximizes the expected cumulative

reward of the agent. Our first objective is to generalize the convergence guarantees

of the tabular setting, where the policy is expressed by a probability distribution for

each state, to the general parameterization setting, where the policy is expressed

by a parametrized function that maps a state to a probability distribution. This

generalization is of particular interest, as it provides a theoretical justification for

parameterizing policies with neural networks. To this end, we introduce Approximate

Mirror Policy Optimization (AMPO), the first policy-gradient-based method that

accommodates general policy parameterizations and benefits from linear convergence

guarantees. Our second objective is to show that different algorithms within the

PMD and AMPO classes perform differently in practice, despite having similar

convergence guarantees. We demonstrate empirically that standard algorithms

within these classes are rarely the best alternatives, and, using evolution strategies,

we discover algorithms with superior performance in our benchmarks.

Lastly, we apply MD to preference optimization (PO), where an agent is trained

on a preference dataset that contains pairs of task attempts ranked by a judge.

We design a new family of algorithms, called Mirror Preference Optimization

(MPO), which generalizes many popular algorithms, such as Direct Preference

Optimization (DPO) (Rafailov et al. 2024) and Simple Preference Optimization

(SimPO) (Meng et al. 2024). To understand the behavior of algorithms within this

family, we build a simulated benchmark based on MuJoCo, where task attempts are

represented by trajectories and trajectories with higher total reward are preferred.

Thanks to the insights obtained on this simulated benchmark, we design a novel

DRAFT Printed on May 6, 2026



1. Introduction 4

PO algorithm that we test on a large language model (LLM) alignment task,

outperforming existing baselines.

The next sections will be dedicated to introducing notation and preliminary

notions and will be followed by a summary of the chapters in this thesis.

1.2 Preliminaries

In this section, we provide a detailed explanation of the notation, settings, and

frameworks considered in this thesis. We start by introducing the general framework

for RL for both single-agent and multi-agent settings. We follow by introducing

the mirror descent algorithm and policy gradient methods. Lastly, we present the

setting of preference optimization and evolution strategies.

1.2.1 Reinforcement Learning

Single-agent Let M = (S, A, P, r, γ, µ) be a discounted Markov Decision Process

(MDP), where S is a possibly infinite state space, A is a finite action space, P (s′|s, a)

is the transition probability from state s to s′ under action a, r(s, a) ∈ [0, 1] is

a reward function, γ is a discount factor, and µ is a starting state distribution.

The behavior of an agent on an MDP is modeled by a policy π ∈ (∆(A))S , where

a ∼ π(· | s) is the density of the distribution over actions at state s ∈ S, and

∆(A) is the probability simplex over A. For a set of parameters Θ, we denote

{πθ : θ ∈ Θ} the class of associated parametrized policies.

Given a policy π, let V π : S → R denote the associated value function. Letting

st and at be the current state and action at time t, the value function V π is defined

as the expected discounted cumulative reward with the initial state s0 = s, namely,

V π(s) := Eat∼π(·|st),st+1∼P (·|st,at)

[ ∞∑
t=0

γtr(st, at)
∣∣∣∣∣π, s0 = s

]
.

Now letting V π(µ) := Es∼µ[V π(s)], our objective is for the agent to find an

optimal policy

π⋆ ∈ argmaxπ∈(∆(A))S V π(µ). (1.1)

DRAFT Printed on May 6, 2026



1. Introduction 5

Similarly to the value function, for each pair (s, a) ∈ S × A, the state-action value

function, or Q-function, associated to a policy π is defined as

Qπ(s, a) := Eat∼π(·|st),st+1∼P (·|st,at)

[ ∞∑
t=0

γtr(st, at) | π, s0 = s, a0 = a

]
.

The advantage function associated to a policy π for a state-action pair (s, a) ∈ S ×A

is defined as the difference between the Q-function and the value function, that is

Aπ(s, a) = Qπ(s, a) − V π(s). Lastly, we define the discounted state visitation

distribution by

dπ
µ(s) := (1 − γ)Es0∼µ

[ ∞∑
t=0

γtP (st = s | π, s0)
]
, (1.2)

where P (st = s | π, s0) represents the probability of the agent being in state s

at time t when following policy π and starting from s0. The probability dπ
µ(s)

represents the time spent on state s when following policy π.

Multi-agent The multi-agent setting can be interpreted as a particular case of

the single-agent setting, where the agent consists of a network of smaller agents. Let

G = (K, E) be an undirected graph describing a network of |K| = K agents. On this

graph, let d(k, k′) be the distance between two agents k, k′ ∈ K, that is the length

of the shortest path between the two vertices. Let N r
k = {k′ ∈ K : d(k, k′) ≤ r}

denote the neighborhood of radius r of agent k, with N r
−k = K ∖ N r

k . Let S =

S(1) × · · · × S(K) and A = A(1) × · · · × A(K), where S(k) and A(k) are the state

and action spaces associated with agent k. Let P (s′|s, a) = ∏
k∈K Pk(s′(k)|s, a),

where Pk is the local transition probability, and r(s, a) = 1
K

∑
k∈K rk(s(k), a(k)),

where rk : S(k) × A(k) → [0, 1] is the reward for agent k.

To each agent k is assigned a policy πk(a(k)|s). Given the current global state

s, each agent acts independently of the others, that is, π(a|s) = ∏
k∈K πk(a(k)|s).

For a policy π and for each agent k, we define the associated localized value,
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1. Introduction 6

state-action value, and advantage functions as

V π
k (s) = Eat∼π(·|st),st+1∼P (·|st,at)

[ ∞∑
t=0

γtrk(st(k), at(k))
∣∣∣∣∣π, s0 = s

]
,

Qπ
k(s, a) = Eat∼π(·|st),st+1∼P (·|st,at)

[ ∞∑
t=0

γtrk(st(k), at(k))
∣∣∣∣∣π, s0 = s, a0 = a

]
,

Aπ
k(s, a) = Qπ

k(s, a) − V π
k (s).

The respective global functions are defined as the average of the local ones, that is,

V π(s) = 1
K

∑
k∈K

V π
k (s), Qπ(s, a) = 1

K

∑
k∈K

Qπ
k(s, a), Aπ(s, a) = 1

K

∑
k∈K

Aπ
k(s, a).

In the following, we will assume to be in the single-agent setting, unless specified.

1.2.2 Mirror descent

Mirror Descent (MD) (Nemirovski and Yudin 1983; Bubeck 2015) is an iterative

optimization algorithm used to find a local minimum of a differentiable function,

or the global minimum in convex optimization problems. It is a generalization of

the gradient descent algorithm (Cauchy et al. 1847) that offers more flexibility by

adapting to the geometry of the problem space. The first tools we recall from the

MD framework are mirror maps and Bregman divergences (Bregman 1967). Let

Y ⊆ R|A| be a convex set. A mirror map h : Y → R is a strictly convex, continuously

differentiable and essentially smooth function1 such that ∇h(Y) = R|A|. The convex

conjugate of h, denoted by h∗, is given by

h∗(x∗) := supx∈Y⟨x∗, x⟩ − h(x), x∗ ∈ R|A|.

The gradient of the mirror map ∇h : Y → R|A| allows to map objects from

the primal space Y to its dual space R|A|, x 7→ ∇h(x), and viceversa for ∇h∗, i.e.,

x∗ 7→ ∇h∗(x∗). In particular, from ∇h(Y) = R|A|, we have: for all (x, x∗) ∈ Y ×R|A|,

x = ∇h∗(∇h(x)) and x∗ = ∇h(∇h∗(x∗)). (1.3)

Furthermore, the mirror map h induces a Bregman divergence, defined as

Dh(x, y) := h(x) − h(y) − ⟨∇h(y), x − y⟩,
1h is essentially smooth if limx→∂Y

∥∥∇h(x)
∥∥

2 = +∞, where ∂Y denotes the boundary of Y.
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1. Introduction 7

where Dh(x, y) ≥ 0 for all x, y ∈ Y . We can now present the standard MD algorithm.

Let X ⊆ Y be a convex set and V : X → R be a differentiable function. The MD

algorithm can be formalized as the following iterative procedure in order to solve

the minimization problem minx∈X V (x): for all t ≥ 0,

yt+1 = ∇h(xt) − ηt∇V (x)|x=xt , (1.4)

xt+1 = ProjhX (∇h∗(yt+1)), (1.5)

where ηt is set according to a step-size schedule (ηt)t≥0 and ProjhX (·) is the Breg-

man projection

ProjhX (y) := argminx∈X Dh(x, y). (1.6)

Precisely, at time t, xt ∈ X is mapped to the dual space through ∇h(·), where

a gradient step is performed as in (1.4) to obtain yt+1. The next step is to map

yt+1 back in the primal space using ∇h∗(·). In case ∇h∗(yt+1) does not belong

to X , it is projected as in (1.5).

The MD algorithm in (1.4) and (1.5) can also be formulated with a single

expression, as we demonstrate in the following lemma (Bubeck 2015).

Lemma 1.2.1. Consider the mirror descent update in (1.4)-(1.5) for the minimiza-

tion of a function V (·). The mirror descent update can be rewritten as

xt+1 ∈ argmin
x∈X

ηt⟨x, ∇V (x)|x=xt⟩ + Dh(x, xt). (1.7)

Proof. From definition of the Bregman projection step, starting from (1.4) we have

xt+1 = ProjhX (∇h∗(yt+1)) = argmin
x∈X

Dh(x, ∇h∗(yt+1))

∈ argmin
x∈X

∇h(x) − ∇h(∇h∗(yt+1)) − ⟨∇h(∇h∗(yt+1)), x − ∇h∗(yt+1)⟩

(1.3)
∈ argmin

x∈X
∇h(x) − yt+1 − ⟨yt+1, x − ∇h∗(yt+1)⟩

∈ argmin
x∈X

∇h(x) − ⟨x, yt+1⟩

(1.4)
∈ argmin

x∈X
∇h(x) − ⟨x, ∇h(xt) − ηt∇V (x)|x=xt⟩

∈ argmin
x∈X

ηt⟨x, ∇V (x)|x=xt⟩ + ∇h(x) − ∇h(xt) − ⟨∇h(xt), x − xt⟩

∈ argmin
x∈X

ηt⟨x, ∇V (x)|x=xt⟩ + Dh(x, xt),

DRAFT Printed on May 6, 2026



1. Introduction 8

where the second and the last lines are both obtained by the definition of the

Bregman divergence.

The one-step update in (1.7) is often taken as the definition of mirror descent

(Beck and Teboulle 2003), which provides a proximal view point of mirror descent,

i.e., a gradient step in the primal space with a regularization of Bregman divergence.

1.2.3 Policy Gradient Methods

Policy gradient (PG) methods consist in employing differentiable policy parametriza-

tions and in solving the value maximization problem in (1.1) with gradient ascent.

Policy parametrizations depend on the environment. In the tabular setting, where

the state and action spaces S and A are finite, we usually consider softmax policies,

where the policy is expressed as:

πθ(a|s) = exp(θs,a)∑
a′∈A exp(θs,a′) , (1.8)

for θs,a ∈ Θ = R|S||A|. Alternatively, we consider directly parametrized policies,

which are defined as

πθ(a|s) = θs,a, (1.9)

where θ ∈ ∆(A)|S|, i.e., θs,a ≥ 0 and ∑a∈A θs,a = 1 for all s ∈ S and a ∈ A. If the

state space S is continuous, then we consider policies of the form

π(a|s) = exp(fθ(s, a))∑
a′∈A exp(fθ(s, a)) , (1.10)

where fθ : S × A → R is a parametrized function. Given a parametrized policy

πθ, the expression of the gradient of the value function V π(µ) with respect to the

policy is given by the policy gradient theorem (Sutton et al. 1999):

∇θV
π(µ) = 1

1 − γ
E

s∼dπθ
µ ,a∼πθ(·|s)[Q

π(s, a)∇θ log πθ(a|s)]. (1.11)

If the parametrization explicitly constrains πt to be in the simplex ∆(A)|S|, as

in softmax policies, the following also holds:

∇θV
π(µ) = 1

1 − γ
E

s∼dπθ
µ ,a∼πθ(·|s)[A

π(s, a)∇θ log πθ(a|s)]. (1.12)
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1. Introduction 9

This expression of the gradient does not hold, for example, for the direct parametriza-

tion, where ∑a∈A ∇θπ
θ(a|s) = 0 is not guaranteed for all s ∈ S and θ ∈ Θ. Using

(1.11), the vanilla PG algorithm can be written as

θt+1 = θt + ηt

1 − γ
E

s∼dπθ
µ ,a∼πθ(·|s)[Q

π(s, a)∇θ log πθ(a|s)],

where θt is the set of parameters at iteration t. Several variations of vanilla PG have

been proposed in the literature. We will focus on natural policy gradient (NPG)

(S. M. Kakade 2001; A. Agarwal et al. 2021) and on policy mirror descent (PMD).

NPG consist in an adaptation of the natural gradient descent algorithm (Amari

1998) to policy optimization, whereby the gradient is pre-multiplied by the inverse

of the Fisher information matrix before being added to the current parameter vector

θt. Let the Fisher information matrix induced by πθ be defined as

Fµ(θ) = Es∼dπ
µ,a∼πθ(·|s)

[
∇θ log πθ(a|s)(∇θ log πθ(a|s))⊤

]
.

The NPG update, with step-size η, is defined as

θt+1 = θt + ηtFµ(θt)−1∇θV
θt(µ), (1.13)

where Fµ(θt)−1 is the Moore-Penrose pseudo-inverse of the Fisher information

matrix. S. M. Kakade 2001 shows that, for the softmax parametrization in the

tabular setting, the update in (1.13) is equivalent to

θt+1
s,a = θt

s,a + ηt At(s, a)
(1 − γ) . (1.14)

In the continuous state space setting, with policies defined as in (1.10), the update

in (1.13) is equivalent to solving the problem

w⋆ ∈ argmin
w

E
s∼dπθ

µ ,a∼πθ(·|s)

[(
Aπθ(s, a) − w · ∇θ log πθ(·|s)

)2
]

(1.15)

and then performing the update

θt+1 = θt + ηt

1 − γ
w⋆. (1.16)
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1. Introduction 10

Policy mirror descent is the adaptation of the mirror descent update in (1.7) to policy

optimization. In the setting of direct policy parametrization, its update is defined as

πt+1 ∈ argmax
π

Es∼dπt
µ

[
ηt⟨Qt

s, πs⟩ + Dh(πs, πt
s)
]

, (1.17)

where we used the expression for the gradient in (1.11) and where we defined

Dh(π, πt) = Es∼dπt
µ

Dh(πs, πt
s). When the mirror map is the negative entropy, that is

h(πs) = ∑
a∈A π(a|s) log π(a|s), and the Bregman divergence is the KL divergence,

the solution to (1.17) becomes

πt+1(a|s) = πt(a|s)exp(ηtQt(s, a)/(1 − γ))
Zt(s)

where Zt(s) = ∑
a∈A πt(a|s)exp(ηQt(s, a)/(1 − γ)) is a normalizing factor and which

is equivalent to the NPG update in (1.14).

1.2.4 Preference optimization

Learning from human preferences (Christiano et al. 2017) is a paradigm which

enables the alignment of machine learning systems to relative human preferences,

without requiring access to absolute rewards. While the framework was developed

for robotic and games applications with experiments on MuJoCo simulations and

Atari (Akrour et al. 2012; Biyik and Sadigh 2018; Ibarz et al. 2018), this paradigm

has been successfully applied to Large Language Models (Team et al. 2023; Achiam

et al. 2023). In particular, fine-tuning pre-trained LLMs with human preferences

has become a popular strategy to adapt them to specific tasks and to improve

their safety and helpfulness. Within this framework, Reinforcement Learning from

Human Feedback (RLHF) is one of the most popular methods. It consists in learning

a reward function using a preference dataset and then optimizing the estimated

reward using Reinforcement Learning methods.

Let M = (S, A, P, r, γ, µ) be an MDP and D = {(si
0, τ i

w, τ i
l )N

i=1} be a prefer-

ence dataset, where each tuple (s0, τw, τl) consists of a starting state s0 and two

trajectories with starting state s0. Each pair of trajectories is ranked by a judge,

who determines a chosen trajectory τw (“win”) and a rejected trajectory τl (“lose”),
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1. Introduction 11

based on the cumulative rewards r(τw) and r(τl). Most settings assume the judge

ranks trajectories according to the Bradley-Terry model (Bradley and Terry 1952),

whereby the probability of choosing τw over τl is defined as

P(τw ≻ τl) = exp(r(τw)/η)
exp(r(τw)/η) + exp(r(τl)/η) = σ((r(τw) − r(τl))/η), (1.18)

where σ is the sigmoid function and η is a temperature parameter. In this thesis, we

consider an offline training setting, where the agent aims to solve the optimization

problem in (1.1) but only has access to the the dataset D and cannot collect further

data. We also assume the agent does not have access to either the transition

probability P , the reward function r, or the MDP M.

There are several algorithms in the literature to optimize the objective in (1.1)

using a preference dataset D. We describe here the main training pipeline, consisting

of supervised fine-tuning (SFT) and preference optimization (PO).

SFT SFT is an initial alignment phase, where the policy π0 is trained to imitate

high-quality demonstration data. The starting policy π0 is updated to minimize

the cross-entropy loss ℓ(π, (s0, τw, τl)) = − log(π(τw)). We call reference policy πref

the policy obtained at the end of this procedure.

PO Preference Optimization consists in solving a maximum likelihood estimation

problem to obtain the reward estimate, which is then used to find an optimal

policy. That is, we aim to solve

r̂ ∈ argmax
rθ

E(s0,τw,τl) log σ((rθ(τw) − rθ(τl))/η), (1.19)

for a parametrized reward class {rθ : θ ∈ Θ}. The reward estimate is then used

in the policy optimization problem

π⋆ ∈ argmax
π

Es0∼D,τ∼(π,P )

[
T −1∑
t=0

Ea∼π(·|st)r̂(st, a) − βDKL(π(·|τ), πref(·|τ))
]

, (1.20)

where DKL represents the KL-divergence and is introduced to prevent the policy

from moving too far away from the dataset distribution. The problem in (1.20)

is then solved with a RL algorithm, typically Proximal Policy Optimization
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1. Introduction 12

(PPO) (Schulman et al. 2017). Rafailov et al. 2024 have proposed an alternative

method, Direct Preference Optimization (DPO), which merges (1.19) and (1.20)

by using the agent itself to implicitly represent the reward model. It consists

in optimizing the objective

π⋆ ∈ argmax
π

E(s0,τw,τl)∼D

[
log σ

(
β

(
log π(τw)

πref(τw) − log π(τl)
πref(τl)

))]
, (1.21)

which is obtained by plugging the theoretical solution of (1.20) in the maximum

likelihood problem in (1.19).

1.2.5 Evolution Strategies

Evolution Strategies (ES) (Rechenberg 1973; Schwefel 1977) are a family of opti-

mization algorithms that operate like a guided trial-and-error process, modeled

on the principles of biological evolution. At each stage, a collection of proposed

solutions is tested and ranked based on how well they solve a given problem.

The top performers are then used to generate a new set of solutions for the next

stage, often by introducing small, random changes (mutation) and mixing elements

of the successful solutions. This cycle of variation and selection is repeated to

progressively find an optimal solution. The specific ways in which solutions are

managed, varied, and combined are what differentiate the various algorithms within

the Evolution Strategies class.

In this thesis, we consider the OpenAI-ES (Salimans et al. 2017) algorithm,

which has been widely used to meta-learn objectives (Lu et al. 2022; Jackson

et al. 2024), as it obtains an unbiased estimate of the gradient. Let F : Θ →

R be a function we want to optimize. OpenAI-ES consists in estimating the

gradient ∇θF (θ), for θ ∈ Θ, using:

Eϵ∼N (0,Id)

[
ϵ

2σ
(F̂ (θ + σϵ) − F̂ (θ − σϵ))

]
,

where N (0, Id) is the multivariate normal distribution, d is the number of parameters,

F̂ is an estimate of F , and σ > 0 is a hyperparameter that regulates the variance

of the perturbations.
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1.3 Contributions

In this section, we will summarize the contributions of each chapter in this thesis.

1.3.1 Dimension-Free Rates for Natural Policy Gradient in
Multi-Agent Reinforcement Learning

In Chapter 2, we consider the issue of applying NPG in the multi-agent setting

with continuous state spaces. The straightforward application of the update

(1.16) incurs prohibitive costs. This is due to the iteration complexity given

by standard bounds (A. Agarwal et al. 2021) getting worse by a factor K and

to the increased sample and computational complexity of solving problem (1.15)

in higher dimension. Additionally, solving (1.15) and (1.16) requires each agent

to communicate with every other agent in the network at each iteration, which

is rarely viable in real-world applications.

We design a decentralized version of NPG that does not present these issues.

To do so, we assume that the network of agents presents some form of decay of

correlations, that is we assume that the further two agents are the less they influence

each other. In particular, we assume that a version of the Dobrushin condition

(Dobrusin 1970; Georgii 2011) holds for the transition dynamics of the network

of agents. Let TV (µ, ν) = supA∈F |µ(A) − ν(A)| be the total variation distance

between the probability distributions µ and ν defined on the σ-algebra F .

Assumption 1.3.1. (Spatial Decay of Correlation for the Dynamics) Let C ∈ RK×K

be defined as

Cij = sup
sj ,s−j ,aj ,a−j ,s′

j ,a′
j

TV (Pi(·|sj, s−j, aj, a−j), Pi(·|s′
j, s−j, a′

j, a−j)),

that is the influence that a perturbation of the state and action of agent j has on

the transition probability of agent i. Assume that there exists β ≥ 0 such that

max
k∈K

∑
j∈K

eβd(k,j)Ckj ≤ ρ,

with ρ < 1/γ, where γ is the discount factor of the MDP.
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Our version of decentralized NPG limits the communication range to agents

that are at most at distance r. For each agent k, we impose the policy to be local,

i.e. πθk(ak|s) = πθk(ak|sNr
k
), and define the localized advantage function, localized

value function, and localized Q-function, as follows:

Ãπ
k(sNr

k
, aNr

k
) = Q̃π

k(sNr
k
, aNr

k
) − Ṽ π

k (sNr
k
),

Ṽ π
k (sNr

k
) = E

[ ∞∑
t=0

γtrk(sk(t), ak(t))
∣∣∣π, sNr

k
(0) = sNr

k

]
,

Q̃π
k(sNr

k
, aNr

k
) = E

[ ∞∑
t=0

γtrk(sk(t), ak(t))
∣∣∣π, sNr

k
(0) = sNr

k
, aNr

k
(0) = aNr

k

]
.

For each agent k, define the loss function

L̃r
k(w, θ, ν) = Es,a∼ν

[(
Ãπθ

k (sNr
k
, aNr

k
) − ∇θk

log πθk(ak|sNr
k
) · w

)2
]

. (1.22)

We can now express the decentralized NPG algorithm. At each step, each agent

k aims to solve the minimization problem

w
(t)
k ∈ argmin

∥w∥2≤W
L̃r

k(w, θ(t), d(t))

and to update its parameters

θ
(t+1)
k = θ

(t)
k + η

1 − γ
w

(t)
k .

For this algorithm, we obtain the same convergence guarantee as the ones obtained

by A. Agarwal et al. 2021, plus a term that goes exponentially fast to 0 for

an increasing range r.

Qu and N. Li 2019; Qu, Wierman, et al. n.d.; Qu, Lin, et al. 2020, and Lin

et al. 2020 are concurrent works that use decay of correlation assumptions to

provably avoid the curse of dimensionality in multi-agent RL. Our contributions

with respect to these works are described in Appendix A of Chapter 2. In summary,

we consider a more general version of the decay of correlation assumption and

provide convergence bound w.r.t. the optimal policy, while their convergence bounds

are w.r.t. a stationary policy.
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1.3.2 A Novel Framework for Policy Mirror Descent with
General Parameterization and Linear Convergence

In Chapter 3, we introduce Approximate Mirror Policy Optimization (AMPO),

a novel framework designed to incorporate general parameterization into PMD

in a theoretically sound manner. AMPO is an MD-based method that recovers

PMD in different settings, such as tabular MDPs, is capable of generating new

algorithms by varying the mirror map, and is amenable to theoretical analysis for

any parameterization class. We can formulate AMPO as an approximation of the

two-step formulation of MD in (1.4) and (1.5), in the context of policy optimization

with direct parametrization. That is, we want to approximate

f t+1(s, ·) = ∇h(πt(s, ·)) + ηt(1 − γ)∇π(s,·)V
t(µ)/dt

µ(s)
(1.11)= ∇h(πt(s, ·)) + ηtQ

t(s, ·), 2 (1.23)

πt+1(s, ·) = Projh∆(A)(∇h∗(ηtf
t+1(s, ·))), (1.24)

for f ∈ R|S||A|. Given a parameterized function class FΘ = {f θ : S×A → R, θ ∈ Θ},

AMPO replaces (1.23) with

θt+1 ∈ argmin
θ∈Θ

E(s,a)∼vt

[
f θ(s, a) − Qt(s, a) − η−1

t ∇h(πt(s, ·))a

]2
(1.25)

and obtains the policy at step t + 1 as in (1.24). In Chapter 3, we give a detailed

discussion on how to solve the projection step in (1.24) efficiently. In particular,

when the mirror map is the negative entropy, the projection step becomes a

softmax operator.

We provide an analysis of AMPO and establish theoretical guarantees that hold

for any parameterization class and any mirror map. More specifically, we show that

our algorithm enjoys quasi-monotonic improvements, sublinear convergence when the

step-size is non-decreasing, and linear convergence when the step-size is geometrically

increasing. To the best of our knowledge, AMPO is the first policy-gradient-based

method with linear convergence that can accommodate any parameterization class.
2The update is (1.4) up to a scaling (1 − γ)/dt

µ(s) of ηt.

DRAFT Printed on May 6, 2026



1. Introduction 16

1.3.3 Learning mirror maps in policy mirror descent

In Chapter 4, we investigate how the mirror map influences the performance of PMD

algorithms. Our research question stems from the fact that most guarantees for PMD

algorithms do not explicitly depend on the mirror map. We report, as an example, a

slight modification of the results by Xiao 2022 on the quasi-monotonic updates and

the convergence to the optimal policy of PMD for direct policy parametrization.

Theorem 1.3.2 (Xiao 2022). Following update (1.17), we have that, for all t ≥ 0

V t+1(µ) − V t(µ) ≥ − 1
1 − γ

max
s∈S

∥∥∥Q̂t(s, ·) − Qt(s, ·)
∥∥∥

∞
max
s∈S

∥∥∥πt+1(·|s) − πt(·|s)
∥∥∥

1
,

(1.26)

where ∥·∥∞ and ∥·∥1 represent the ℓ∞ and the ℓ1 norms, respectively, and Q̂ is an

estimate of the true Q-function. Additionally, at each iteration T > 0, we have

V ⋆(µ) −
∑
t<T

E[V t(µ)]
T

≤ 1
T

(
Es∼d⋆

µ
[Dh(π⋆(·|s), π0(·|s))]

ηt(1 − γ) + 1
(1 − γ)2

)
︸ ︷︷ ︸

convergence rate

+ 4
max

t<T,s∈S

∥∥∥Q̂t(s, ·) − Qt(s, ·)
∥∥∥

∞

(1 − γ)2︸ ︷︷ ︸
error floor

.

(1.27)

Given that by setting η0 = Es∼d⋆
µ
[Dh(π⋆

s , π0
s)](1 − γ) we obtain the convergence

rate 2(T (1 − γ)2)−1, and that the error floor has no explicit dependence on the

mirror map, Equation (1.27) suggests that the mirror map has a mild influence

on the performance of PMD. On the other hand, Equation (1.26) suggests that

mirror maps that prevent large updates of the policy cause the PMD algorithm to

be less prone to performance degradation, as the lower bound is close to 0 when

the policy update distance maxs∈S∥πt+1
s − πt

s∥1 is small.

Using ES, we search for the mirror maps that lead to the highest performance

of PMD in a variety of settings, obtaining two main insights. The first is that the

mirror map plays a crucial role in determining both the convergence speed and

the lowest attainable error floor. In particular, we show that using a mirror map

that limits large updates throughout training leads to improved performance, as

indicated by (1.26). On the other hand, we show that the error floor in (1.27) is
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not a good indicator of performance, since the best performing algorithm in our

simulations also had the highest theoretical error floor. The second insight is that,

while most works focus on the negative entropy mirror map, it is rarely the optimal

choice, as we find mirror maps that consistently outperform it.

1.3.4 Meta-Learning Objectives for Preference Optimiza-
tion

In Chapter 5, we provide a comprehensive analysis of PO algorithms, examining

their behavior on automatically generated preference datasets. We perform this

analysis in MuJoCo environments and datasets, where the underlying ground-truth

reward structure is well defined and offers a clear performance metric to compare

agents. In particular, we design a benchmark where a pre-trained agent has to

adhere to a new stylistic constraint using a preference dataset, emulating the typical

conditions of LLM fine-tuning. On this benchmark, we test eight existing PO

algorithms using automatically generated preference datasets with varying levels of

data quality, noise levels and initial policy. We see that most existing algorithms

struggle when dealing with noise and mixed-quality data.

Moreover, we introduce a framework for finding PO algorithms, which we test

on our benchmark. Specifically, we define Mirror Preference Optimization (MPO), a

class of PO algorithms based on mirror descent, which recovers DPO when using the

negative entropy mirror map. We search this class using ES, optimizing for the final

performance of the trained policy, as measured by the ground truth reward. For

each setting we consider, we discover an algorithm that significantly outperforms

all baselines. Analyzing the discovered algorithms, we find that the main difference

between them and the baselines is that they keep optimizing the policy of the agent

well after the probability of generating the chosen trajectory has surpassed the

probability of generating the rejected one. Lastly, we hand-craft an algorithm within

MPO using the takeaways from our analysis on the MuJoCo setting. We test this

algorithm on an LLM alignment task, where we significantly outperform baselines.
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Abstract

Cooperative multi-agent reinforcement learning is a decentralized paradigm in se-
quential decision making where agents distributed over a network iteratively col-
laborate with neighbors to maximize global (network-wide) notions of rewards.
Exact computations typically involve a complexity that scales exponentially with
the number of agents. To address this curse of dimensionality, we design a scalable
algorithm based on the Natural Policy Gradient framework that uses local infor-
mation and only requires agents to communicate with neighbors within a certain
range. Under standard assumptions on the spatial decay of correlations for the
transition dynamics of the underlying Markov process and the localized learning
policy, we show that our algorithm converges to the globally optimal policy with
a dimension-free statistical and computational complexity, incurring a localiza-
tion error that does not depend on the number of agents and converges to zero
exponentially fast as a function of the range of communication.

1 Introduction

Sequential decision-making is a prominent setting in modern statistical theories and applications,
where agents sequentially interact with an environment—observing its state, taking actions, and
receiving rewards—to maximize notions of reward. Reinforcement learning is the setting where
agents do not have complete knowledge of the environment dynamics, and it has received increased
attention due to its recent successes on a variety of domains, e.g. games [Silver et al., 2016, 2017]
and autonomous driving [Shalev-Shwartz et al., 2016].

Modern applications typically involve high-dimensional state and action spaces, and classical al-
gorithms often lead to a computational complexity that scales exponentially with the number of
degrees of freedom in the model. Understanding which structures can be used to design approxi-
mate methods that can overcome this curse of dimensionality while retaining near-optimal statistical
guarantees is a matter of paramount importance.

A class of algorithms that have proven successful in the face of high-dimensional models is that
of Natural Policy Gradient (NPG) methods [Amari, 1998, Kakade, 2002, Peters and Schaal, 2008,
Bhatnagar et al., 2009]. It has recently been shown [Agarwal et al., 2020] that NPG converges to an
optimal policy with an iteration complexity that scales only logarithmically with the cardinality of
the action space and with no explicit dependence on the cardinality of the state space.

Despite the favorable iteration complexity of NPG, NPG still faces the curse of dimensionality in
applications where the computational cost per iteration scales exponentially with the number of
degrees of freedom. This is the case in the setting of multi-agent reinforcement learning (MARL),
for instance, where agents distributed over a network iteratively interact with each other to maximize
global notions of reward. In this setting, the computational complexity of NPG—when applied to the
entire network of agents—scales exponentially with the dimension of the model, which corresponds
to the number of agents (see Section 3).

Along with the curse of dimensionality, NPG also faces scalability and implementability issues
within the MARL framework. Applying NPG to the entire network of agents requires global com-
munication, i.e. it requires each agent to be able to communicate with every other agent in the net-



work, at every time step. This requirement is unrealistic in many multi-agent applications of interest,
where the network topology is typically sparse, often grid-like, and where agents are only allowed
to perform computation and communication in a decentralized manner, interacting only with neigh-
boring agents within a certain range. These computational and communicational constraints arise,
for instance, in the case of sensor networks, e.g. [Rabbat and Nowak, 2004, Nedic and Ozdaglar,
2009], and in the case of intelligent transportation systems, e.g. [Adler and Blue, 2002].

Over the past decades, various approaches have been proposed to address the curse of dimensionality
in high-dimensional reinforcement learning models and, before that, in high-dimensional dynamical
programming models, where exact knowledge of the probabilistic structure describing the environ-
ment is assumed. A popular approach involves designing algorithms that can exploit notions of
locality, which encodes the assumption that, in some regimes, information can dissipate when it
propagates through the network so that global computation and communication are not required
to meet a prescribed level of error accuracy. Exploiting locality prompted the use of ad-hoc ap-
proximate factorization and truncation techniques, such as expressing the value function as a linear
combination of basis functions that only depend on a small subset of local variables [Koller and Parr,
1999, Guestrin et al., 2001b, Koller and Parr, 2013, Yang and Wang, 2019, Jin et al., 2020]. These
ideas have been applied to the MARL setting [Guestrin et al., 2001a, 2002, Sunehag et al., 2017,
Rashid et al., 2018, Zhang et al., 2018a,b, Zhang and Zavlanos, 2019] and have proven successful in
experiments, but lack theoretical guarantees or non-asymptotic analysis. A recent line of work has
formally considered spatial decay of correlation assumptions for nearest-neighbors dynamics and
designed decentralized algorithms based on policy gradient and actor-critic methods [Qu and Li,
2019, Qu et al., 2020a, Lin et al., 2020, Qu et al., 2020b], establishing non-asymptotic convergence
guarantees towards a stationary point, but not towards an optimal policy.1 An application of the
same principles to the setting of mean-field MARL [Yang et al., 2018] can be found in [Gu et al.,
2021], where the authors show that a neural network based version of the actor-critic algorithm can
achieve global convergence. In this setting, however, agents are considered to be indistinguishable
and the transition scheme of an agent is only affected by the mean effect from its neighbors.

In this paper, we design a decentralized algorithm for the MARL setting based on the NPG frame-
work that only uses local computations and communication for neighbors of agents within a certain
range. We show that our algorithm can provably exploit spatial decay of correlation properties
to overcome the curse of dimensionality, establishing non-asymptotic convergence guarantees to a
globally optimal policy. In particular, we consider a general formulation of the decay of correla-
tion assumption from statistical mechanics and probability theory [Dobrusin, 1970, Föllmer, 1982,
Georgii, 2011], whereby agents have an influence on each other that decays exponentially with their
distance on the network. This type of assumption has been previously considered in the learning
literature, e.g. in [Mitliagkas and Mackey, 2017, Dagan et al., 2019, Balle et al., 2019, Prasad et al.,
2020, Diakonikolas et al., 2021], and also in the MARL setting, c.f. discussion in the previous para-
graph. Under this assumption, we derive convergence bounds that are the same as those established
for (centralized) NPG in [Agarwal et al., 2020], worsened only by a localization error that decreases
exponentially with the radius of the communication range. A key feature of our bounds is that they
are dimension-free, as they do not depend on the number of agents, and depend only logarithmically
on the cardinality of the action space of individual agents and do not explicitly depend on the state
space of individual agents. The localization radius controls the trade-off between statistical accu-
racy and computational complexity, as the overall computational cost of our algorithm scales only
with respect to the number of agents within the local communication radius, and not with the total
number of agents in the network.

Our contribution fits into the more general literature that has shown how spatial decay of correla-
tions can be used to establish dimension-free results in a variety of settings, such as [Gamarnik,
2013, Gamarnik et al., 2014], mixing times in spin systems [Hayes, 2006, Dyer et al., 2006], par-
ticle filtering [Rebeschini and Van Handel, 2015], epidemics [Mei et al., 2017], social networks
[Chakrabarti et al., 2008], communication networks [Zocca, 2019], queuing networks [Papadim-
itriou and Tsitsiklis, 1994], and smart transportation [Zhang and Pavone, 2016].

The paper organization is as follows. In Section 2 we describe the MARL framework and we discuss
the model assumptions we work with. In Section 3 we describe NPG as presented in [Agarwal et al.,

1Appendix A gives a complete comparison of our results against previous findings that exploit the same
type of decay of correlation assumption.
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2020] and discuss its limitations when applied to MARL. In Section 4 we design a decentralized
version of MARL and state our main results. The Appendix contains all the proofs of our statements
and elaborates on the model assumptions.

2 Setting

Let G = (K, E) be an undirected graph describing a network of |K| = K agents. On this graph, the
distance d(k, k′) between two agents k, k′ ∈ K is defined as the length of the shortest path between
the two vertices. Let Nr

k = {k′ ∈ K : d(k, k′) ≤ r} denote the neighborhood of radius r of agent
k, with Nk = N1

k and Nr
−k = K ∖ Nr

k . Let Sk and Ak be the state and action spaces associated
with agent k. We consider a Markov Decision Process (MDP) (S,A, P, r, γ, µ): S = S1×· · ·×SK
and A = A1 × · · · × AK are, respectively, the global state space and the global action space;
∀s, s′ ∈ S, a ∈ A, Pk(s′k|s, a) is the local transition probability, that is the probability that agent k
transitions to state s′k when the global state and action is (s, a), and P (s′|s, a) =∏k∈K Pk(s

′
k|s, a)

is the global transition probability; r(s, a) = 1
K

∑
k∈K rk(sk, ak) is the global (network-wide)

reward function that we wish to maximize, where rk : Sk × Ak → [0, 1] is the reward for agent k;
γ is the discount factor and µ is the starting state distribution. At time t denote the current state and
action by s(t) and a(t).

To each agent k is assigned a local differentiable policy parameterized by θk ∈ Θk,

πθk(ak|s) =
efθk (s,ak)∑

a′∈Ak
efθk (s,a

′)
,

which depends on the current global state s. Given the current global state s, each agent acts in-
dependently of the others. Denote θ = (θ1, . . . , θK) and Θ = Θ1 × · · · × ΘK , then πθ(a|s) =∏
k∈K πθk(ak|s).

For a policy π and for each agent k, let V πk : S → R be the respective value function, which is
defined as the expected discounted cumulative reward with starting state s(0) = s, namely,

V πk (s) = E

[ ∞∑

t=0

γtrk(sk(t), ak(t))

∣∣∣∣π, s(0) = s

]
,

where a(t) ∼ π(·|s(t)) and s(t + 1) ∼ P (·|s(t), a(t)). Let V π be the global value function,
defined as V π(s) = 1

K

∑
k∈K V

π
k (s), and V π(µ) be the expected global value function when the

initial state distribution is µ, i.e. V π(µ) = Es∼µV π(s). Our objective is to find an optimal policy
π⋆ ∈ argmaxπ Es∼µV π(s).
For a policy π and for each agent k, let Qπk : S × A → R be the respective Q-function, which
is defined as the expected discounted cumulative reward with starting state s(0) = s and starting
action a(0) = a, namely,

Qπk (s, a) = E

[ ∞∑

t=0

γtrk(sk(t), ak(t))

∣∣∣∣π, s(0) = s, a(0) = a

]
,

where a(t) ∼ π(·|s(t)) and s(t+1) ∼ P (·|s(t), a(t)). Let Qπ be the global value function, defined
as Qπ(s, a) = 1

K

∑
k∈KQ

π
k (s, a).

LetAπk : S×A → R be the advantage function for policy π and agent k, representing the advantage
of taking the action a at step 0 and then following policy π, with respect to following policy π from
the start, and defined as

Aπk (s, a) = Qπk (s, a)− V πk (s).

Let Aπ(s, a) = 1
K

∑
k∈KA

π
k (s, a) be the global advantage function.

We define the discounted state visitation distribution [Sutton et al., 1999],

dπρ (s) = (1− γ)Es(0)∼ρ
∞∑

t=0

γtP (s(t) = s|π, s(0)),
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and the discounted state-action visitation distribution,

dπν (s, a) = (1− γ)Es(0),a(0)∼ν
∞∑

t=0

γtP (s(t) = s, a(t) = a|π, s(0), a(0)),

where the trajectory (s(t), a(t))t≥0 is generated by the MDP following policy π. Lastly, a function
f : Θ→ R is said to be a δ-smooth function of θ if, ∀θ, θ′ ∈ Θ,∥∥∇f(θ)−∇f(θ′)

∥∥
2
≤ δ
∥∥θ − θ′

∥∥
2
.

2.1 Natural Policy Gradient

Natural policy gradient (NPG) is a fundamental algorithm in RL, which modifies the vanilla policy
gradient algorithm by pre-multiplying the gradient of the value function with the Fisher information
matrix induced by the policy. Let πθ be a differentiable policy and define the Fisher information
matrix induced by πθ as

Fµ(θ) = Es∼dπµEa∼πθ(·|s)
[
∇θ log πθ(a|s)(∇θ log πθ(a|s))⊤

]
.

Given a step-size η, NPG consists in iteratively updating the policy πθ as

θ(t+1) = θ(t) + ηFµ(θ
(t))−1∇θV θ

(t)

(µ), (1)

where θ(t) is the set of parameters at iteration t, ∇θV θ(µ) is the gradient of the value function with
respect to the policy parameters, and Fµ(θ(t))−1 is the Moore-Penrose pseudo-inverse of the Fisher
information matrix. As shown by Agarwal et al. [2020], the update in (1) is equivalent to solving

w⋆ ∈ argmin
w

Es∼dπθ
µ ,a∼πθ(·|s)

[
(Aπθ (s, a)− w · ∇θ log πθ(·|s))2

]
(2)

and then performing the update
θ(t+1) = θ(t) +

η

1− γw
⋆. (3)

Agarwal et al. [2020] provide convergence guarantees for NPG in the general function approxima-
tion setting, which we summarize here. Define

L(w, θ, ν) := Es,a∼ν
[
(Aπθ (s, a)− w · ∇θ log πθ(a|s))2

]
.

Assume that log πθ(a|s) is a δ-smooth function of θ and that π(0) is the uniform distribution. Let
d(t) = dπt

ν (s, a) and d⋆(s, a) = dπ
⋆

µ (s)π⋆(a|s). Let ν be a distribution of s, a such that

sup
w∈Rd

w⊤Σ(t)
d⋆w

w⊤Σ(t)
ν w

≤ κ,

where
Σθν = Es,a∼ν

[
∇θ log πθ(a|s)(∇θ log πθ(a|s))⊤

]

and Σ(t) = Σθ
(t)

. Lastly, assume that

E
[
L(w

(t)
⋆ , θ(t), d⋆)

]
≤ εbias, (4)

E
[
L(w(t), θ(t), d(t))− L(w(t)

⋆ , θ(t), d(t))|θ(t)
]
≤ εstat, (5)

where
w

(t)
⋆ ∈ argmin

∥w∥2≤W
L(w, θ(t), d(t))

and the expectations are taken w.r.t. the sequence (w(t))t=0,...,T−1. Given η =
√

2 log |A|
(δW 2T ) , for

a given parameter W , we have that performing the update in (3) for T iterations benefits of the
following guarantee ([Agarwal et al., 2020], Theorem 6.2):

E
[
min
t≤T

{
V π

⋆

(µ)− V (t)(µ)
}]
≤ W

1− γ

√
2δ log |A|

T
+

√
κεstat

(1− γ)3 +

√
εbias

1− γ . (6)

As we highlighted in the introduction, the guarantee (6) is particularly suitable for high-dimensional
settings, as there is no explicit dependence on |S| and the dependence on |A| is only logarithmic.
As to implicit dependencies, Agarwal et al. [2020] state that it is reasonable to expect that κ is not
a quantity related to |S|. On the other hand, εstat and εbias are constants related to a minimization
problem that depends on both S and A.
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3 Curse of Dimensionality and Scalability/Implementabily Issues in MARL

When applied to the MARL setting, with S = S1× · · ·×SK andA = A1× · · ·×AK , NPG incurs
a curse of dimensionality or scalability and implementabily issues, depending on the approach used
for the minimization problem in (8). The guarantee in (6) would yield

E
[
min
t<T
{V π⋆

(ρ)− V (t)(ρ)}
]
≤ WK

1− γ

√
2δ logmaxk∈K |Ak|

T
+

√
κεstat

(1− γ)3 +

√
εbias

1− γ , (7)

where we assume (4), (5), and

w
(t)
⋆ ∈ argmin

∥w∥2≤
√
KW

L(w, θ(t), d(t)). (8)

With respect to the single agent setting, we increase the maximum norm of w(t)
⋆ from W to

√
KW ,

which is analogous to requiring ∥w(t)
k,⋆∥2 ≤ W , for each agent k ∈ K. Not doing so would mean

keeping a constant parameter W despite increases in the dimensions, i.e. agents, of problem (8),
incurring increases in the bias term.

In the multi-agent setting, the iteration complexity given by the bound in (7) is worse by a factor
K, compared to the single-agent setting. The curse of dimensionality appears when solving the
minimization problem in (8), e.g. with gradient descent because the computation of exact gradients
involves a sum/integral over S×A, which has a dimension that grows exponentially with the number
of agents. If the minimization problem is solved with stochastic projected gradient descent, then the
problem of computing gradients disappears as we assume access to samples to estimate gradients.
However, the number of samples required to satisfy (5) becomes O(K2ε−2

stat), from being O(ε−2
stat) in

the single-agent setting, due to the increase in dimensionality of the update w, in particular due to
the scaled-up constraint ∥w∥2 ≤

√
KW that is used by a classical convergence result of stochastic

projected gradient descent [Orabona, 2019]. Implementing a sampler could, in turn, involve a curse
of dimensionality.

The dependencies of the minimization problem in (8) cause the algorithm to incur additional scal-
ability and implementability issues. As the projection step, the advantage function and the policy
gradient depend on the states and actions of the entire network, which do not factorize, each agent
would have to communicate to every other agent in the network at each iteration to solve the prob-
lem. As mentioned in the introduction, requiring such a level of communication is rarely viable in
real-world applications in the decentralized MARL setting.
Remark 3.1. These aforementioned problems do not arise in case of independent agents, where,
for each agent k, the local transition probabilities satisfy Pk(s′k|s, a) = Pk(s

′
k|sk, ak) and policies

satisfy πθk(ak|s) = πθk(ak|sk). In this setting, as we show in Appendix E, it is possible to show
that applying NPG to the whole network of K agents corresponds to running K independent runs
of NPG applied to individual agents and to recover the same results of Agarwal et al. [2020] for the
individual agents.

4 Exponential decay

In this section we present one of our main results, regarding the decay of correlations. We assume
that a version of the Dobrushin condition [Georgii, 2011] holds for the transition dynamics of the
network of agents. Let TV (µ, ν) = supA∈F |µ(A)− ν(A)| be the total variation distance between
the probability distributions µ and ν defined on the σ-algebra F .
Assumption 4.1. (Spatial Decay of Correlation for the Dynamics) Let C ∈ RK×K be defined as
follows:

Cij = sup
sj ,s−j ,aj ,a−j ,s′j ,a

′
j

TV (Pi(·|sj , s−j , aj , a−j), Pi(·|s′j , s−j , a′j , a−j)).

Assume that there exists β ≥ 0 such that

max
k∈K

∑

j∈K
eβd(k,j)Ckj ≤ ρ,

with ρ < 1/γ, where γ is the discount factor of the MDP.
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The element (i, j) of the matrix C represents the influence that a perturbation of the state and action
of agent j has on the transition probability of agent i. Assumption 4.1 encodes the fact that the
transition dynamics of each agent is exponentially less sensible to perturbations of the state and
action of further away agents. The requirement ρ < 1/γ comes as we need the spatial decay of
correlation for the dynamics to be strong enough to induce a spatial decay for the Q-function (see
Appendix C). A small value of the discount factor γ eases this requirement since it reduces the effect
of perturbations through time. When β = 0 and γ = 1, Assumption 4.1 recovers the assumption in
Qu et al. [2020a] as a particular case.

Differently from Qu et al. [2020a], we require the Dobrushin condition to hold for the policy as
well. This is due to the fact that Assumption 4.1 is sufficient to prove the decay of correlation for the
Q-function, on which the algorithm designed by Qu et al. [2020a] is based, but it is not sufficient to
prove the decay of correlation for the value function, which instead needs an additional assumption
on the policy. Since the NPG framework on which we build upon is based on both the Q-function
and the value function, we make the following additional assumptions.
Assumption 4.2. (Spatial Decay of Correlation for the Policy) Assume that there exist ξ, β ≥ 0
such that, ∀θ ∈ Θ,

sup
sNr

k
,sNr

−k
,s′

Nr
−k

TV (πθk(·|sNr
k
, sNr

−k
), πθk(·|sNr

k
, s′Nr

−k
)) ≤ ξe−βr.

Assumption 4.3. (Local Policy) Assume that, for any neighborhood radius r, the parameters θk
can be partitioned in (θk)Nr

k
and (θk)Nr

−k
so that, if (θk)Nr

−k
= 0, then

πθk(ak|s) = πθk(ak|sNr
k
),

∇(θk)Nr
k
log πθk(ak|s) = ∇(θk)Nr

k
log πθk(ak|sNr

k
).

Assumptions 4.2 and 4.3 impose a design constraint for the policy class {πθ | θ ∈ Θ} rather than
being assumptions on the nature of the environment, as the case for Assumption 4.1. Assumption
4.2 encodes, for the policy, a type of decay of correlation property that is weaker than Assumption
4.1. Assumption 4.2 allows us to consider a policy class that presents properties that are necessary
for the optimal policy under Assumption 4.1, as we show in Appendix D. Assumption 4.3 is made
to address the communication constraints of the network and requires the possibility of computing
the policy and its gradient without access to the information coming from distant agents by setting
their associated parameters to 0. In practice, we do only need Assumption 4.3 to hold for the value
of r we want Theorem 5.1 to hold for. In Appendix B, we describe a policy class that satisfies both
Assumptions 4.2 and 4.3 for any value of r.

To take advantage of the local structure of the network, Lin et al. [2020] define a property regarding
the dependence of Qπk (s, a) on the neighbors of k.
Definition 4.4 ([Lin et al., 2020]). The (c, ψ)-exponential decay property for the Q-function holds
if, for any agent k ∈ K and for any (s, a), (s̃, ã) ∈ S × A such that sNr

k
= s̃Nr

k
, aNr

k
= ãNr

k
, we

have that
|Qπk (s, a)−Qπk (s̃, ã)| ≤ cψr+1.

In our analysis, we need to define the exponential decay property for the value function as well.
Definition 4.5. The (c′, ϕ)-exponential decay property for the value function holds if, for any agent
k ∈ K and for any s, s̃ ∈ S such that sNr

k
= s̃Nr

k
, we have that

|V πk (s)− V πk (s̃)| ≤ c′ϕr+1.

These two properties mean that the cumulative discounted rewards of agents have an exponential
decaying dependence on the states and actions of distant agents. We show that both these properties
hold in our setting.
Proposition 4.6. If Assumptions 4.1 and 4.2 hold, then the exponential decay property holds for
both the Q-function and the value function with parameters (c, ψ) =

(
γρeβ

1−γρ , e
−β
)

and (c′, ϕ) =
(
γ(ρ+ξ)eβ

1−γ(ρ+ξ) , e
−β
)

, respectively.

For clarity of exposition, in the rest of the paper we make the following assumption.
Assumption 4.7. Assume that the exponential decay property holds for the Q-function with param-
eters (c, ψ) and that it holds for the value function with parameters (c′, ϕ).
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5 Decentralized NPG

We design a decentralized version of NPG that is capable of exploiting the spatial decay of correla-
tion properties that we assume and of avoiding the curse of dimensionality while still approximately
converging to a globally optimal policy. We do so by limiting the communication range to agents that
are at most at distance r and defining, for each agent k, the localized advantage function, localized
value function, localized Q-function, as follows:

Ãπk (sNr
k
, aNr

k
) = Q̃πk (sNr

k
, aNr

k
)− Ṽ πk (sNr

k
),

Ṽ πk (sNr
k
) = E

[ ∞∑

t=0

γtrk(sk(t), ak(t))
∣∣π, sNr

k
(0) = sNr

k

]
,

Q̃πk (sNr
k
, aNr

k
) = E

[ ∞∑

t=0

γtrk(sk(t), ak(t))
∣∣π, sNr

k
(0) = sNr

k
, aNr

k
(0) = aNr

k

]
.

Following Assumption 4.3, we set (θk)Nr
−k

= 0,∀k ∈ K and we never update these parameters, so
that the policy of an agent and its gradient do not depend on the states of agents whose distance is
greater than r. For each agent k, define the loss function

L̃rk(w, θ, ν) = Es,a∼ν
[(
Ãπθ

k (sNr
k
, aNr

k
)−∇(θk)Nr

k
log πθk(ak|sNr

k
) · w

)2]
. (9)

The minimization problem that each agent k aims to solve at each step becomes

w⋆ ∈ argmin
∥w∥2≤W

L̃rk(w, θ
(t), d(t)). (10)

In Section 5.1 we show how to solve this minimization problem in a decentralized manner and that,
even if d(t) is a global distribution, it is possible to build a decentralized sampler of it assuming only
access to a global clock.

Algorithm 1: Decentralized NPG

Input: Learning rate η; numbers of iterations T ; an initialized policy π(0).
1 Set (θk)Nr

−k
= 0,∀k ∈ K;

2 for t = 0, . . . , T − 1; k ∈ K do
3 Compute approximately w(t)

k ∈ argmin∥w∥2≤W L̃rk(w, θ
(t), d(t));

4 Compute the update (θk)
(t+1)
Nr

k
= (θk)

(t)
Nr

k
+ η

1−γw
(t)
k .

Exploiting decay of correlation properties and the policy design constraints in Assumption 4.3, Al-
gorithm 1 removes the dependence on K from the iteration complexity bound and addresses the
curse of dimensionality and scalability and implementability issues outlined in Section 3.
Theorem 5.1. Assume that Assumption 4.3 and Assumption 4.7 hold. Assume that log πθ(a|s)
is a δ-smooth function of θ and that π(0) is the uniform distribution. Let d(t) = dπt

ν (s, a) and
d⋆(s, a) = dπ

⋆

µ (s)π⋆(a|s). Let ν be a distribution of s, a for which there exists κ′ ≥ 0 such that

max
k∈K

sup
w∈Rd

w⊤Σ(t)
d⋆,kw

w⊤Σ(t)
ν,kw

≤ κ′,

where, ∀θ, ν, k
Σθν,k = Es,a∼ν

[
∇(θk)Nr

k
log πθ(ak|sNr

k
)(∇(θk)Nr

k
log πθ(ak|sNr

k
))⊤
]

and Σ
(t)
ν,k ≡ Σθ

(t)

ν,k . Let

max
k∈K

E
[
L̃k(w

(t)
k,⋆, θ

(t), d⋆)
]
≤ εbias,

max
k∈K

E
[
L̃k(w

(t)
k , θ(t), d(t))− L̃k(w(t)

k,⋆, θ
(t), d(t))

∣∣θ(t)
]
≤ εstat,
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where
w

(t)
k,⋆ ∈ argmin∥∥w

∥∥
2
≤W

L̃k(w, θ
(t), d(t)).

Given η =
√
2 log |A|
(δKW 2T ) , Algorithm 1 has the following guarantee:

E
[
min
t<T
{V π⋆

(µ)− V (t)(µ)}
]
≤ W

1− γ

√
2δ logmaxk∈K |Ak|

T
+

√
κ′εstat

(1− γ)3 +

√
εbias

1− γ

+
cψr+1 + c′ϕr+1

1− γ︸ ︷︷ ︸
localization error

.
(11)

Agent-wise, the assumptions in Theorem 5.1 correspond to the assumptions made in Agarwal et al.
[2020], in a setting where, for each agent k, the state space and the action space are SNr

k
and Ak,

respectively, where the policy is defined as πθ(a|s) = πθk(ak|sNr
k
) and where the update w(t)

k is
bounded by W . Theorem 5.1 shows that Decentralized NPG recovers the iteration complexity of
the algorithm in Agarwal et al. [2020], worsened only by the fourth term on the RHS of (11). This
localization error is exponentially small in r. Theorem 5.1 provides a dimension-free guarantee on
the average expected cumulative rewards of the whole network, as the upper bound in (11) does
not depend on the number of agents K in the network and depends only on the logarithm of the
cardinality of the action space of an individual agent, with no explicit dependence on the state space.

Theorem 5.1 shows that, under the assumption on spatial decay of correlation, Decentralized NPG
solves the curse of dimensionality and the scalability and implementability issues outlined in Section
3. The minimization problem in (10) can be solved approximately in a decentralized manner through
stochastic projected gradient descent, as we show in the next section, leading to the same sample
complexity as the single agent setting, i.e. O(ε−2

stat). Additionally, Decentralized NPG can be run
locally by each agent and only requires information from neighbors within distance r.

The role of the term εbias in (11) has a difference from the role that εbias has in (6) [Agarwal et al.,
2020]. They both represent the worst-case error that is made by the agents when they approximate
their current advantage function with a linear combination of the elements of the gradient of their
current policy and encode the transfer error that we make shifting the distribution to d⋆. In addition
to that, εbias in (11) also encodes the localization error that we make in Algorithm 1 by using the
localized loss defined in (9). In Appendix G we give a bound for this localization error of the bias
term, showing that the localized bias is at most the non-localized bias, i.e. the bias associated with
an infinite range parameter r, plus a quantity that decreases to 0 exponentially fast in r.

5.1 Sample complexity

We provide an unbiased sampler, that is Algorithm 2, and a sample complexity analysis for the
optimization problem in (10).
Corollary 5.2. Consider the setting of Theorem 5.1 and assume access to the sampler in Algorithm
2. If ∥∇θk log π(t)(a|s)∥2 ≤ B and the step-size is set as α = W/(8B(BW + (1 − γ)−1)

√
N),

then running projected gradient descent on problem (10) for N iterations yields

εstat ≤
8BW (BW + 1

1−γ )√
N

.

Proof. The proposition follows from a result on stochastic projected gradient descent [Shalev-
Shwartz and Ben-David, 2014]. Consider the minimization problem minx∈C f(x) for a convex
function f , then performing the update

xt+1 = ProjC(xt − αvt),
where C = {x : ∥x∥2 ≤ W} for some W ≥ 0, ProjC(·) is the projection on C, vt is such that
E[vt|xt] = ∇f(xt) and ∥vt∥ ≤ ρ, for N steps and with α =

√
W 2/(ρ2N), gives

E
[
f

(
1

N

N∑

t=1

xt

)]
− f(x⋆) ≤ Wρ√

N
,
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Algorithm 2: Sampler
1 Input: Starting state-action distribution ν, a policy πθ, access to a global clock.
2 For each agent k ∈ K set Q̂k = 0, V̂k = 0, sample sk(0), ak(0) ∼ ν and start at state sk(0).
3 for h ≥ 0, k ∈ K do
4 • with probability γ, execute ak(h), transition to sk(h+ 1) and sample

ak(h+ 1) ∼ πθk(·|sNr
k
(h+ 1));

5 • else accept (s(h), a(h)) as the sample and exit the loop, each agent only saves(
sNr

k
(h), aNr

k
(h)
)
.

6 Set SampleQ=True with probability 1/2;
7 if SampleQ=True then
8 ∀k ∈ K execute ak(h) and then, for every time-step h′ > h with termination probability

γ, transition to sk(h′), sample ak(h′ + 1) ∼ πθk(·|sNr
k
(h′ + 1)) and set

Q̂k = Q̂k + rk(h
′);

9 else
10 ∀k ∈ K sample ak(h) ∼ πθk(·|sNr

k
(h)) and execute ak(h) and then, for every time-step

h′ > h with termination probability γ, transition to sk(h′), sample
ak(h

′ + 1) ∼ πk(·|sNr
k
(h′ + 1)) and set V̂k = V̂k + rk(h

′).

11 Return:
(
Âk
(
sNr

k
(h), aNr

k
(h)
)
= 2

(
Q̂k − V̂k

))
k∈K

and (s(h), a(h)).

where x⋆ ∈ argminx∈C f(x). Noticing that Ã(t)
k (s, a) ≤ 2/(1 − γ) and that the sampled gradient

is therefore bounded by 8B(BW + (1− γ)−1) gives the corollary.

The minimization problem in (10) can therefore be solved by each agent k through stochastic pro-
jected gradient descent, which only depends on the states and actions of Nr

k and on the parameters
(θk)Nr

k
and with a sample complexity that does not depend on K.

6 Conclusion

We have investigated applications of the NPG framework to MARL, showing how a standard as-
sumption on the spatial decay of correlation for the dynamics and for the policy on a network of
agents, expressed through a form of Dobrushin condition, induces a form of exponential decay in
the cumulative rewards that can be exploited by a localized version of NPG to avoid the curse of
dimensionality. The version of NPG that we design scales to large networks and yields convergence
guarantees to the optimal policy that are analogous to the ones in Agarwal et al. [2020], worsened
only by a localization error that decreases exponentially with the communication radius. Our anal-
ysis does not consider regularization, which has been shown to accelerate convergence for NPG
methods [Geist et al., 2019] and yield linear convergence rates [Cen et al., 2020].
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A Comparison to previous works

The results in Qu and Li [2019], Qu et al. [2020a], Lin et al. [2020], Qu et al. [2020b] are closely
related to our work, as they also use decay of correlation assumptions to provably avoid the curse
of dimensionality in MARL. Our contributions differ from these works in the following main ways.

1. (Continuous spaces) We consider continuous state and action spaces, while they consider
finite state and action spaces.

2. (Decay of correlation) We consider a more general version of the decay of correlation prop-
erty (Assumption 4.1) and, differently from them, we also require a decay of correlation
property to hold for the policy (Assumption 4.2). Assumption 4.1 recovers the version they
consider in Qu et al. [2020a] in the case β = 0 and γ = 1. The generality of our condition
allows us to consider transition dynamics that are not truncated, as they do, and to control
the truncation of the policy.

3. (Methodology) Our method is based on NPG framework, while their methods is based on
policy gradient and actor-critic methods.

4. (Optimality) We present statistical error bounds w.r.t. to the optimal policy, while the
bounds they give are w.r.t. a stationary policy.

5. (Computational complexity) Our method has a computational complexity that does not
depend, for any agent k, on the number of agents K or the number of neighbors |Nr

k |.
The method in Qu et al. [2020b] is shown to have a computational complexity that scales
as O(log |S||A|), hence depending linearly on K, using additional assumptions on the
minimum local exploration. The method in Lin et al. [2020] is shown to have computational
complexity that scales as O(logmaxk∈K |SNr

k
||ANr

k
|), hence depending linearly on |Nr

k |,
using additional assumptions on the stationarity and on the mixing rates of the MDP.

6. (Statistical/Iteration Complexity) Under the only assumptions on decay of correlation and
local policy, our method has an iteration complexity that scales as O(

√
logmaxk∈K |Ak|).

The methods in Qu et al. [2020b], Lin et al. [2020] have an iteration complexity that does
not depend on the state or action spaces.

B Policy Class Example

Let r̃ = maxk,k′∈K d(k, k′) be the maximum distance between two agents. Define a set of param-
eterized differentiable functions {f(θk)r : SNr

k
× Ak → C|0 ≤ r ≤ r̃}, where C ⊂ [−C,C] and

C > 0, a set of parameters {αr ≥ 0|0 ≤ r ≤ r̃} and let, for each agent k,

fθk(s, ak) =
r̃∑

r=0

αrf(θk)r (sNr
k
, ak),

πθk(ak|s) =
exp(fθk(s, ak))∑

a′∈Ak
exp(fθk(s, a

′))
.

By tuning the parameters αr, we can make any policy belonging to this policy class respect As-
sumptions 4.2 and 4.3, as we show in the following. Let r ∈ {0, . . . , r̃}, let s, s̃ ∈ S be such that
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sNr
k
= s̃Nr

k
, then

TV (πθk(·|s), πθk(·|s̃)) =
1

2

∑

a∈Ak

|πθk(a|s)− πθk(a|s̃)|

=
1

2

∑

a∈Ak

∣∣∣∣∣
exp(fθk(s, a))∑

a′∈Ak
exp(fθk(s, a

′))
− exp(fθk(s̃, a))∑

a′∈Ak
exp(fθk(s̃, a

′))

∣∣∣∣∣

=

∑
a∈Ak

∣∣∑
a′∈Ak

exp(fθk(s, a)) exp(fθk(s̃, a
′))− exp(fθk(s̃, a)) exp(fθk(s, a

′))
∣∣

2
∑
a′∈Ak

exp(fθk(s̃, a
′))
∑
a′∈Ak

exp(fθk(s, a
′))

≤
∑
a∈Ak

∑
a′∈Ak

|exp(fθk(s, a)) exp(fθk(s̃, a′))− exp(fθk(s̃, a)) exp(fθk(s, a
′))|

2
∑
a′∈Ak

exp(fθk(s̃, a
′))
∑
a′∈Ak

exp(fθk(s, a
′))

≤
∑
a∈Ak

|exp(fθk(s̃, a))− exp(fθk(s, a))|∑
a∈Ak

exp(fθk(s̃, a))

≤
∑
a∈Ak

|fθk(s̃, a)− fθk(s, a)| exp(sups′∈{s,s̃} fθk(s
′, a))∑

a∈Ak
exp(fθk(s̃, a))

≤ e2C(r̃−r)
∑
a∈Ak

|fθk(s̃, a)− fθk(s, a)| exp(fθk(s̃, a))∑
a∈Ak

exp(fθk(s̃, a))

= e2C(r̃−r)Eπθk

∣∣∣∣∣
r̃∑

r′=r+1

αr′
(
f(θk)r′ (s̃Nr′

k
, a)− f(θk)r′ (sNr′

k
, a)
)∣∣∣∣∣

≤ e2C(r̃−r)
r̃∑

r′=r+1

αr′Eπθk

∣∣∣f(θk)r′ (s̃Nr′
k
, a)− f(θk)r′ (sNr′

k
, a)
∣∣∣

≤ 2Ce2C(r̃−r)
r̃∑

r′=r+1

αr′ .

Setting the parameters {αr′}r′∈{r+1,...,r̃} small enough ensures that the policy respects Assumption
4.2. Similarly, Assumption 4.3 is satisfied for a value r of the range parameter if αr′ = 0 ∀r′ ∈
{r + 1, . . . , r̃}.

C Proof of Proposition 4.6

C.1 Preliminary Lemmas

To prove Proposition 4.6, we need a series of intermediate results, which we state and prove for
completeness. Results similar to Lemmas C.1 and C.2 can be found in Chapter 8 of Georgii [2011],
Lemma C.3 is an extension of results from Qu et al. [2020a].

Lemma C.1. Let f : Z → [m,M ], where Z =
∏
k∈K Zk and m,M ∈ R. For every k ∈ K,

let µk and νk be two distributions on Zk. Let µ and ν be the respective product distributions. Let
δk(f(z)) = supzk,z−k,z′k

|f(zk, z−k)− f(z′k, z−k)|. Then:

|Ez∼µf(z)− Ez∼νf(z)| ≤
∑

k∈K
TV (µk, νk)δk(f).

Proof. We prove Lemma C.1 by induction. Note that

TV (µ, ν) =
1

2
max
|h|≤1

|Eµ(h)− Eν(h)|
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is an equivalent formulation of the total variation distance [Gibbs and Su, 2002]. For |K| = 1, we
have that

|Eµ1
(f)− Eν1(f)| =

∣∣∣∣Eµ1

(
f − M +m

2

)
− Eν1

(
f − M +m

2

)∣∣∣∣

=
M −m

2

∣∣∣∣Eµ1

(
2f

M −m −
M +m

M −m

)
− Eν1

(
2f

M −m −
M +m

M −m

)∣∣∣∣

≤ M −m
2

max
|h|≤1

|Eµ1
(h)− Eν1(h)|

= TV (µ1, ν1)δ1(f).

As induction assumption, assume that Lemma C.1 holds for |K| − 1. Then:

|Ez∼µf(z)− Ez∼νf(z)| = |Ez1∼µ1Ez2:n∼µ2:nf(z)− Ez1∼ν1Ez2:n∼ν2:nf(z)|
≤ |Ez1∼µ1

Ez2:n∼µ2:n
f(z)− Ez1∼µ1

Ez2:n∼ν2:nf(z)|
+ |Ez1∼µ1

Ez2:n∼ν2:nf(z)− Ez1∼ν1Ez2:n∼ν2:nf(z)|
≤ Ez1∼µ1

|Ez2:n∼µ2:n
f(z)− Ez2:n∼ν2:nf(z)|

+
∣∣∣Ez1∼µ1

f̃(z1)− Ez1∼ν1 f̃(z1)
∣∣∣ .

where f̃(z1) = Ez2:n∼ν2:nf(z). By induction assumption:

|Ez2:n∼µ2:n
f(z)− Ez2:n∼ν2:nf(z)| ≤

∑

k ̸=1∈K
TV (µk, νk)δk(f(z1, ·)) ≤

∑

k ̸=1∈K
TV (µk, νk)δk(f).

Since

δ1(f̃) = sup
z1,z′1

|Ez2:n∼ν2:nf(z1, z2:n)− Ez2:n∼ν2:nf(z′1, z2:n)|

≤ sup
z1,z′1

Ez2:n∼ν2:n |f(z1, z2:n)− f(z′1, z2:n)|

≤ sup
z1,z′1

sup
z2:n

|f(z1, z2:n)− f(z′1, z2:n)| = δ1(f),

we have

|Ez∼µf(z)− Ez∼νf(z)| ≤ Ez1∼µ1

∑

k ̸=1∈K
TV (µk, νk)δk(f) + TV (µ1, ν1)δ1(f)

≤
∑

k∈K
TV (µk, νk)δk(f),

which concludes the induction.

Lemma C.2. Consider a Markov Chain with state z ∈ Z , where Z =
∏
k∈K Zk and K is defined

as in Section 2. Suppose its transition probability factorizes as

P (z(t+ 1)|z(t)) =
∏

k∈K
Pk(zk(t+ 1)|z(t)).

Let C ∈ RK×K be a matrix whose elements respect the condition

Cij ≥ sup
zj ,z−j ,z′j

TV (Pi(·|zj , z−j), Pi(·|z′j , z−j)).

If
∑
j∈K e

βd(j,k)Ckj ≤ ρ, then, ∀J ⊆ K,

sup
zj ,z−j ,z′j

TV (Pi(·|zJ , z−J), Pi(·|z′J , z−J)) ≤
∑

j∈J
Cij

and
sup

zJ ,z−J ,z′J

TV (Pi(·|zJ , z−J), Pi(·|z′J , z−J)) ≤ ρe−βd(J ,i),

where d(J , i) = minj∈J d(j, i).
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Proof. We prove the first claim of Lemma C.2 by induction. The first claim clearly holds if |J | = 1.
As induction assumption, assume that the first claim holds for a generic J . Then, it holds for
J ′ = J + {k}:

sup
zj ,z−j ,z′j

TV (Pi(·|zJ′ , z−J′), Pi(·|z′J′ , z−J′)) = sup
A⊆Zi

zj ,z−j ,z
′
j

|Pi(A|zJ′ , z−J′)− Pi(A|z′J′ , z−J′)|

≤ sup
A⊆Zi

zj ,z−j ,z
′
j

|Pi(A|zJ′ , z−J′)− Pi(A|z′J , z−J)|+ sup
A⊆Zi

zj ,z−j ,z
′
j

|Pi(A|z′J , z−J)− Pi(A|z′J′ , z−J′)|

≤
∑

j∈J
Cij + Cik =

∑

j∈J ′

Cij .

The second claim follows immediately, since

eβd(J ,i)
∑

j∈J
Cij ≤

∑

j∈J
eβd(j,i)Cij ≤

∑

j∈K
eβd(j,i)Cij ≤ ρ,

and ∑

j∈J
Cij ≤ ρe−βd(J ,i).

Lemma C.3. Consider the setting of Lemma C.2. For a generic value of r, denote by dt and d̃t the
distribution of z(t) with starting state, respectively, z = (zNr

k
, zNr

−k
) and z̃ = (zNr

k
, z̃Nr

−k
). Then,

if
∑
j∈K e

βd(j,k)Ckj ≤ ρ, we have that TV (dt,k, d̃t,k) ≤ ρte−βr, ∀k ∈ K.

Proof. We prove Lemma C.3 by induction. The case where t = 1 follows from Lemma C.2. As
induction assumption, assume that Lemma C.3 holds for t. Then,

∣∣∣Es∼dt+1,k(s)1A(s)− Es∼d̃t+1,k
1A(s)

∣∣∣

=
∣∣∣Ez∼dtEs∼Pk(·|z)1A(s)− Ez∼d̃tEs∼Pk(·|z)1A(s)

∣∣∣

≤
∑

j∈K
TV (dt,j , d̃t,j)δj(Es∼Pk(·|·)1A(s))

≤
∑

j∈K
TV (dt,j , d̃t,j)Ckj

≤
∑

j∈K
ρte−β(r−d(j,k))Ckj

= ρte−βr
∑

j∈K
eβd(j,k)Ckj ≤ ρt+1e−βr,

where we used Lemma C.1 in the first inequality.

Lemma C.4. Consider the setting of Lemma C.2. Let P t(z′|z) = P (z(t) = z′|z(0) = z) and

δiP
t
k = sup

zi,z−i,z′i

TV (P tk(·|zi, z−i), P tk(·|z′i, z−i)).

If
∑
j∈K e

βd(j,k)Ckj ≤ ρ, then ∀k ∈ K
∑

i∈K
eβd(k,i)δiP

t
k ≤ ρt.

Proof. We prove Lemma C.4 by induction. The claim holds for t = 1:
∑

i∈K
eβd(k,i)δiP

t
k =

∑

i∈K
eβd(k,i)Ck,i ≤ ρ
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As induction assumption, we assume that the claim holds for t. Then, using Lemma C.1,

δiP
t+1
k = sup

A⊆Sk

zi,z−i,z
′
i

∣∣∣Es∼P t+1
k (·|zi,z−i)

1A(s)− Es∼P t+1
k (·|z′i,z−i)

1A(s)
∣∣∣

= sup
A⊆Sk

zi,z−i,z
′
i

∣∣Ex∼P t(·|zi,z−i)Es∼Pk(·|x)1A(s)− Ex∼P t(·|z′i,z−i)Es∼Pk(·|x)1A(s)
∣∣

≤ sup
zi,z−i,z′i

∑

j∈K
TV (P tj (·|zi, z−i), P tj (·|z′i, z−i))δj(Es∼Pk(·|·)1A(s))

≤
∑

j∈K
δiP

t
jCkj

and, using the inverse triangle inequality,
∑

i∈K
eβd(k,i)δiP

t+1
k ≤

∑

i∈K
eβd(k,i)

∑

j∈K
δiP

t
jCkj

≤
∑

j∈K
eβd(k,j)Ckj

∑

i∈K
eβ(d(k,i)−d(k,j))δiP

t
j

≤
∑

j∈K
eβd(k,j)Ckj

∑

i∈K
eβd(j,i)δiP

t
j ≤ ρt+1,

which concludes the induction.

C.2 Main Result

Proof of Proposition 4.6. The following holds for every k ∈ K. Let s, s̃ ∈ S , a, ã ∈ A be such that
sNr

k
= s̃Nr

k
and aNr

k
= ãNr

k
. Notice that

|Qπk (s, a)−Qπk (s̃, ã)|

≤
∞∑

t=0

γt
∣∣E
[
rk(sk(t), ak(t))

∣∣π, s(0) = s, a(0) = a
]
− E

[
rk(sk(t), ak(t))

∣∣π, s(0) = s̃, a(0) = ã
]∣∣

≤
∞∑

t=1

γt
∣∣E
[
rk(sk(t), ak(t))

∣∣π, s(0) = s, a(0) = a
]
− E

[
rk(sk(t), ak(t))

∣∣π, s(0) = s̃, a(0) = ã
]∣∣

≤
∞∑

t=1

γtTV (dt,k, d̃t,k),

where dt,k(sk, ak) and d̃t,k(sk, ak) are the distributions of sk, ak at time t with starting point (s, a)
and (s̃, ã), respectively. We use Lemma C.3 to bound TV (dt,k, d̃t,k). The structure of our MDP
implies that:

P (s(t+ 1), a(t+ 1)|s(t), a(t)) =
∏

k∈K
πk(ak(t+ 1)|s(t+ 1))Pk(sk(t+ 1)|s(t), a(t)).

Let C be defined as in Assumption 4.1 and note that

Ckj = sup
sj ,s−j ,aj ,a−j ,s′j ,a

′
j

TV (Pk(·|sj , s−j , aj , a−j), Pk(·|s′j , s−j , a′j , a−j))

≥ sup
sj ,s−j ,aj ,a−j ,s′j ,a

′
j

TV (Pk(·, ·|sj , s−j , aj , a−j), Pk(·, ·|s′j , s−j , a′j , a−j)).

Then, if Assumption 4.1 holds, the requirements of Lemma C.3 are satisfied. Therefore,
TV (dt,k, d̃t,k) ≤ ρte−βr and

|Qπk (s, a)−Qπk (s̃, ã)| ≤
∞∑

t=1

γtTV (dt,k, d̃t,k) ≤ e−βr
∞∑

t=1

γtρt =
γρe−βr

1− γρ .
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We use this result to prove the exponential decay property for the value function. Let
δjQ

π
k (s, a) = sup

sj ,s−j ,aj ,a−j ,s′j ,a
′
j

|Qπk (sj , s−j , aj , a−j)−Qπk (s′j , s−j , a′j , a−j)|.

Using Lemma C.1 and Assumption 4.2, we have that
|V πk (s)− V πk (s̃)| =

∣∣Ea∼π(·|s)Qπk (s, a)− Ea∼π(·|s̃)Qπk (s̃, a)
∣∣

≤
∣∣Ea∼π(·|s)Qπk (s, a)− Ea∼π(·|s̃)Qπk (s, a)

∣∣+
∣∣Ea∼π(·|s̃)Qπk (s, a)− Ea∼π(·|s̃)Qπk (s̃, a)

∣∣

≤
∑

i∈K
TV (πi(·|s), πi(·|s̃))δiQπk (s, a) +

γρe−βr

1− γρ

≤ ξe−βr
∑

i∈K
e−βd(i,k)δiQ

π
k (s, a) +

γρe−βr

1− γρ .

We have already shown that the MDP satisfies the condition of Lemma C.4. Using it we obtain
∑

i∈K
eβd(k,i)δi(Q

π
k (s, ·)) ≤

∞∑

t=1

γt
∑

i∈K
eβd(k,i)δiP

t
k ≤

∞∑

t=1

γtρt =
γρ

1− γρ ,

where
δiP

t
k = sup

sj ,s−j ,aj ,a−j ,s′j ,a
′
j

TV (P tk(·, ·|sj , s−j , aj , a−j), P tk(·, ·|s′j , s−j , a′j , a−j)).

Then, we have that

|V πk (s)− V πk (s̃)| ≤ γρ(1 + ξ)e−βr

1− γρ .

D Decay for the Optimal Policy

Lemma D.1. Assume that the exponential decay property holds for the Q-function with parameters
(c, ψ). Then the exponential decay property holds also for the value function associated with the
optimal policy, with parameters (3c, ψ).

Proof. The following holds for every k ∈ K. Let s, s̃ ∈ S be such that sNr
k

= s̃Nr
k

and let
aNr

−k
∈ ANr

−k
.

|V ⋆k (s)− V ⋆k (s̃)| =
∣∣Ea∼π⋆(·|s)Q

⋆
k(s, a)− Ea∼π⋆(·|s̃)Q

⋆
k(s̃, a)

∣∣ =
∣∣∣max
a

Q⋆k(s, a)−max
a

Q⋆k(s̃, a)
∣∣∣

=

∣∣∣∣∣max
a

Q⋆k(s, a)−max
aNr

k

Q⋆k(s, aNr
k
, aNr

−k
) + max

aNr
k

Q⋆k(s, aNr
k
, aNr

−k
)

− max
a

Q⋆k(s̃, a)−max
aNr

k

Q⋆k(s̃, aNr
k
, aNr

−k
) + max

aNr
k

Q⋆k(s̃, aNr
k
, aNr

−k
)

∣∣∣∣∣

=

∣∣∣∣∣max
aNr

k

Q⋆k(s, aNr
k
, aNr

−k
)−max

aNr
k

Q⋆k(s̃, aNr
k
, aNr

−k
)

∣∣∣∣∣

+

∣∣∣∣∣max
a

Q⋆k(s̃, a)−max
aNr

k

Q⋆k(s̃, aNr
k
, aNr

−k
)

∣∣∣∣∣+
∣∣∣∣∣max
a

Q⋆k(s, a)−max
aNr

k

Q⋆k(s, aNr
k
, aNr

−k
)

∣∣∣∣∣

≤
∣∣∣∣∣max
aNr

k

Q⋆k(s, aNr
k
, aNr

−k
)−max

aNr
k

Q⋆k(s̃, aNr
k
, aNr

−k
)

∣∣∣∣∣+ 2cψr+1.

Let a′Nr
k
∈ argmaxaNr

k

Q⋆k(s, aNr
k
, aNr

−k
), then

Q⋆k(s, a
′
Nr

k
, aNr

−k
)−max

aNr
k

Q⋆k(s̃, aNr
k
, aNr

−k
)

≤ Q⋆k(s̃, a′Nr
k
, aNr

−k
)−max

aNr
k

Q⋆k(s̃, aNr
k
, aNr

−k
) + cψr+1
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≤ max
aNr

k

Q⋆k(s̃, aNr
k
, aNr

−k
)−max

aNr
k

Q⋆k(s̃, aNr
k
, aNr

−k
) + cψr+1 = cψr+1.

The same holds for maxaNr
k
Q⋆k(s̃, aNr

k
, aNr

−k
) − maxaNr

k
Q⋆k(s, aNr

k
, aNr

−k
). The lemma follows

immediately.

We make an assumption on the minimum influence that the action of an agent has on its expected
future rewards. Assumption D.2 and Proposition D.3 hold for any k ∈ K.
Assumption D.2. LetA⋆ = argmaxa∈AQ

⋆
k(s, a), ∀s ∈ S. Assume that, if ã is such that ãk /∈ A⋆k,

then
|Q⋆k(s, a)−Q⋆k(s, ã)| ≥ R

Proposition D.3. Assume that the exponential decay property holds for the Q-function with pa-
rameters (c, ψ) and that Assumption D.2 holds. Let s, s̃ ∈ S be such that sNr

k
= s̃Nr

k
. Let

A⋆ = argmaxa∈AQ
⋆
k(s, a) and ã ∈ argmaxa∈AQ

⋆
k(s̃, a). If r > logψ R/4c, then ãk ∈ A⋆k.

Proof. We prove this by contradiction. Lemma D.1 shows that, ∀r > 0, if s, s̃ ∈ S are such that
sNr

k
= s̃Nr

k
,

|V ⋆k (s)− V ⋆k (s̃)| =
∣∣∣max
a

Q⋆k(s, a)−max
a

Q⋆k(s̃, a)
∣∣∣ ≤ 3cψr+1.

Let a ∈ argmaxa∈AQ
⋆
k(s, a) and ã ∈ argmaxa∈AQ

⋆
k(s̃, a). Let A⋆ = argmaxa∈AQ

⋆
k(s, a) and

assume that ãk /∈ A⋆k. Then
|Q⋆k(s, a)−Q⋆k(s̃, ã)| = |Q⋆k(s, a)−Q⋆k(s, ã) +Q⋆k(s, ã)−Q⋆k(s̃, ã)|

≥ ||Q⋆k(s, a)−Q⋆k(s, ã)| − |Q⋆k(s, ã)−Q⋆k(s̃, ã)||
≥ |Q⋆k(s, a)−Q⋆k(s, ã)| − cψr+1 ≥ R− cψr+1

where we used Assumption D.2 in the last passage. Then, due to Lemma D.1, if r > logψ R/4c we
have a contradiction.

Proposition D.3 shows that the optimal policy of an agent is not influenced by distant agents. As-
sumption 4.2 ensures that the policy class we consider respects this condition.

E Independent Agents

By completely independent agents we mean agents whose transition dynamics are independent and
whose policy is defined, for s ∈ S, a ∈ A, as:

πθ(a|s) =
∏

k∈K
πθk(ak|sk) =

∏

k

efθk (sk,ak)∑
a′∈Ak

efθk (sk,a
′)
.

In accordance to previous assumptions, we also assume that πθk(ak|sk) is δ-smooth.

Proof of Remark 3.1. Firstly we show that the two applications of the algorithm coincide. Let

L(w) = Es∼dπν ,a∼πθ(·|s)
[
(Aπθ (s, a)− w · ∇θ log πθ(a|s))2

]
.

In Agarwal et al. [2020], the NPG update is
w⋆ ∈ argmin

w
L(w).

We now show that the gradient of the loss function is the same as the one in the single agent setting.
This is enough to show that the two algorithms coincide, since every other operation coincides. The
only exception is the projection step, problem that can be side-stepped by projecting each single
component of the gradient vector instead of the whole vector. For each agent k we have that
∇θkL(w) = Es∼dπν ,a∼πθ(·|s) [(A

πθ (s, a)− w · ∇θ log πθ(a|s))∇θk log πθ(a|s)]

=
∑

j∈K
Es∼dπν ,a∼πθ(·|s)

[(
1

K
Aπθ
j (sj , aj)− wj · ∇θj log πθ(aj |sj)

)
∇θk log πθ(a|s)

]

= Esk∼dπν,k,ak∼πk
θk

(·|sk)

[(
1

K
Aπθ

k (sk, ak)− wk · ∇θk log πθ(ak|sk)
)
∇θk log πθ(ak|sk)

]
,
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which corresponds to the gradient for the single agent setting.

With regards to guarantees, since the problem is decoupled, for any agent k we have the same result
as in Agarwal et al. [2020]:

E
[
min
t<T
{V π⋆

k (ρ)− V (t)
k (ρ)}

]
≤ W

1− γ

√
2δ log |Ak|

T
+

√
κεstat,k

(1− γ)3 +

√
εbias,k

1− γ ,

where we assumed that

E
[
Lk(w

(t)
k , θ

(t)
k , d

(t)
k )− L(w(t)

⋆,k, θ
(t)
k , d

(t)
k )|θ(t)k

]
≤ εstat,k,

E
[
L(w

(t)
⋆,k, θ

(t)
k , d⋆k)

]
≤ εbias,k,

where d(t)k = d
π
(t)
k
ν π

(t)
k , d⋆k = d

π⋆
k
ν π⋆k and

Lk(w, θk, d) = Esk,ak∼d
[(
A
πθk

k (sk, ak)− w · ∇θk log πθk(ak|sk)
)2]

,

w
(t)
⋆,k ∈ argmin

∥w∥2≤W
Lk(w, θ

(t)
k , d

(t)
k ).

The same result holds for the whole network:

E
[
min
t<T
{V π⋆

(ρ)− V (t)(ρ)}
]
= E

[
min
t<T

{
1

K

∑

k∈K

(
V π

⋆

k (ρ)− V (t)
k (ρ)

)}]

≤ E
[
min
t<T

max
k∈K

{
V π

⋆

k (ρ)− V (t)
k (ρ)

}]
.

F Proof of Theorem 5.1

We follow the proof in Agarwal et al. [2020] modifying it where necessary. We start by proving a
modified NPG Regret Lemma.

Lemma F.1. Consider the setting of Theorem 5.1, then we have that:

E
[
min
t<T
{V π⋆

(ρ)− V (t)(ρ)}
]
≤ W

1− γ

√
2δmaxk∈K log |Ak|

T
+ E

[
1

T (1− γ)
T−1∑

t=0

errt

]
,

where

errt = Es∼d⋆,a∼π⋆(·|s)

[
A(t)(s, a)− 1

K
∇θ log π(t)(a|s) · w(t)

]
.

Proof. We assume log πθ(a|s) is a δ-smooth function of θ. By smoothness we have:

log
π(t+1)(a|s)
π(t)(a|s) ≥ ∇θ log π

(t)(a|s) · (θ(t+1) − θ(t))− δ

2

∥∥θ(t+1) − θ(t)
∥∥2
2

= η∇θ log π(t)(a|s) · w(t) − η2 δ
2

∥∥w(t)
∥∥2
2
.

Then

1

K
Es∼dπ⋆

ρ
(KL(π⋆s ||π(t)

s )− KL(π⋆s ||π(t+1)
s )) =

1

K
Es∼d⋆,a∼π⋆(·|s)

[
log

π(t+1)(a|s)
π(t)(a|s)

]

≥ η

K
Es∼d⋆,a∼π⋆(·|s)

[
∇θ log π(t)(a|s) · w(t)

]
− η2 δ

2K

∥∥w(t)
∥∥2
2
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= ηEs∼d⋆,a∼π⋆(·|s)
[
A(t)(s, a)

]
+ ηEs∼d⋆,a∼π⋆(·|s)

[
1

K
∇θ log π(t)(a|s) · w(t) −A(t)(s, a)

]

− η2 δ

2K

∥∥w(t)
∥∥2
2

= (1− γ)η
(
V π

⋆

(ρ)− V (t)(ρ)
)
− η2 δ

2K

∥∥w(t)
∥∥2
2
− η errt,

where

errt = Es∼d⋆,a∼π⋆(·|s)

[
A(t)(s, a)− 1

K
∇θ log π(t)(a|s) · w(t)

]
.

Rearranging

V π
⋆

(ρ)− V (t)(ρ) ≤ 1

1− γ

(
1

ηK
Es∼dπ⋆

ρ
(KL(π⋆s ||π(t)

s )− KL(π⋆s ||π(t+1)
s )) +

ηδ

2
W 2 + errt

)

and summing over t

V π
⋆

(ρ)− 1

T

T−1∑

t=0

V (t)(ρ) ≤ 1

ηKT (1− γ)
T−1∑

t=0

Es∼dπ⋆
ρ
(KL(π⋆s ||π(t)

s )− KL(π⋆s ||π(t+1)
s ))

+
1

T (1− γ)
T−1∑

t=0

(
ηδ

2
W 2 + errt

)

≤
Es∼dπ⋆

ρ
KL(π⋆s ||π(0)

s )

ηKT (1− γ) +
ηδW 2

2(1− γ) +
1

T (1− γ)
T−1∑

t=0

errt

≤ log |A|
ηKT (1− γ) +

ηδW 2

2(1− γ) +
1

T (1− γ)
T−1∑

t=0

errt.

Optimizing for η, we obtain the lemma.

We can now prove Theorem 5.1

Proof of Theorem 5.1. After using the NPG Regret Lemma we want to bound the errt term. We
do so by dividing it in 3 parts. Let (w(t))t=1,...,T be an update sequence such that, for each t, k,
(w

(t)
k )Nr

−k
= 0, then

errt = Es∼d⋆,a∼π⋆(·|s)

[
A(t)(s, a)− 1

K
∇θ log π(t)(a|s) · w(t)

]

=
1

K

∑

k∈K
Es∼d⋆,a∼π⋆(·|s)

[
A

(t)
k (s, a)−∇θk log π(t)(a|s) · w(t)

k

]

=
1

K

∑

k∈K
Es∼d⋆,a∼π⋆(·|s)

[
A

(t)
k (s, a)−∇(θk)Nr

k
log π(t)(a|s) · (w(t)

k )Nr
k

]

=
1

K

∑

k∈K
Es∼d⋆,a∼π⋆(·|s)

[
Ã

(t)
k (sNr

k
, aNr

k
)−∇(θk)Nr

k
log π(t)(a|s) · (w(t)

k,⋆)Nr
k

]

+
1

K

∑

k∈K
Es∼d⋆,a∼π⋆(·|s)

[
A

(t)
k (s, a)− Ã(t)

k (sNr
k
, aNr

k
)
]

+
1

K

∑

k∈K
Es∼d⋆,a∼π⋆(·|s)

[
∇(θk)Nr

k
log π(t)(a|s) · ((w(t)

k,⋆)Nr
k
− (w

(t)
k )Nr

k
)
]
,
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where ∀k ∈ K

w
(t)
k,⋆ ∈ argmin∥∥w

∥∥
2
≤W

w(Nr
−k)=0

Es∼d(t),a∼π(t)(·|s)
[
Ã

(t)
k (sNr

k
, aNr

k
)−∇(θk)Nr

k
log π(t)(ak|sNr

k
) · w

]2
.

We now analyse each term separately.

Term 1
1

K

∑

k∈K
Es∼d⋆,a∼π⋆(·|s)

[
Ã

(t)
k (sNr

k
, aNr

k
)−∇(θk)Nr

k
log π(t)(a|s) · (w(t)

k,⋆)Nr
k

]

≤ 1

K

∑

k∈K

√
Es∼d⋆,a∼π⋆(·|s)

[
Ã

(t)
k (sNr

k
, aNr

k
)−∇(θk)Nr

k
log π(t)(a|s) · (w(t)

k,⋆)Nr
k

]2
≤ √εbias

Term 2 Firstly, we have that ∀k ∈ K

Q̃πk (sNr
k
, aNr

k
) = E

[ ∞∑

t=0

γtrk(sk(t), ak(t))
∣∣πNr

k
, sNr

k
(0) = sNr

k
, aNr

k
(0) = aNr

k

]

= E

[
E

[ ∞∑

t=0

γtrk(sk(t), ak(t))
∣∣πNr

k
, sNr

k
(0) = sNr

k
, aNr

k
(0) = aNr

k
,

sNr
−k

(0), aNr
−k

(0)
]]

= E
[
Qπk

(
sNr

k
, aNr

k
, sNr

−k
(0), aNr

−k
(0)
)]
,

for some distribution of s(0)Nr
−k

and a(0)Nr
−k

. Similarly ∀k ∈ K

V πk (s)− Ṽ πk (sNr
k
) = E

[
V πk (s)− V πk

(
sNr

k
, s(0)Nr

−k

)]
.

So
Aπk (s, a)− Ãπk (sNr

k
, aNr

k
) = Qπk (s, a)− Q̃πk (sNr

k
, aNr

k
)− V πk (s) + Ṽ πk (sNr

k
),

V πk (s)− Ṽ πk (sNr
k
) = E

[
V πk (s)− V πk

(
sNr

k
, s(0)Nr

−k

)]

≤ E
[
c′ξr+1

]
= c′ξr+1

and

Qπk (s, a)− Q̃πk (sNr
k
, aNr

k
) = E

[
Qπk (s, a)−Qπk

(
sNr

k
, aNr

k
, s(0)Nr

−k
, a(0)Nr

−k

)]

≤ E
[
cρr+1

]
= cρr+1.

Then ∀k ∈ K ∣∣∣Aπk (s, a)− Ãπk (sNr
k
, aNr

k
)
∣∣∣ ≤ cρr+1 + c′ξr+1.

Term 3 In this paragraph, we denote, ∀k ∈ K, w(t)
k,⋆ = (w

(t)
k,⋆)Nr

k
and w(t)

k = (w
(t)
k )Nr

k
for clarity

of exposition. Remember that

Σθν,k = Es,a∼ν
[
∇(θk)Nr

k
log πθ(ak|sNr

k
)(∇(θk)Nr

k
log πθ(ak|sNr

k
))⊤
]

and that we assume, ∀k,

sup
w∈Rd

w⊤Σ(t)
d⋆,kw

w⊤Σ(t)
ν,kw

≤ κ′.
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Then ∀k ∈ K
Es∼d⋆,a∼π⋆(·|s)

[
∇(θk)Nr

k
log π(t)(a|s) · (w(t)

k,⋆ − w
(t)
k )
]

≤
√

(w
(t)
k,⋆ − w

(t)
k )⊤Σ(t)

d⋆,k(w
(t)
k,⋆ − w

(t)
k )

=

√√√√ (w
(t)
k,⋆ − w

(t)
k )⊤Σ(t)

d⋆,k(w
(t)
k,⋆ − w

(t)
k )

(w
(t)
k,⋆ − w

(t)
k )⊤Σ(t)

ν,k(w
(t)
k,⋆ − w

(t)
k )

(w
(t)
k,⋆ − w

(t)
k )⊤Σ(t)

ν,k(w
(t)
k,⋆ − w

(t)
k )

≤
√
κ′(w(t)

k,⋆ − w
(t)
k )⊤Σ(t)

ν,k(w
(t)
k,⋆ − w

(t)
k )

[using that (1− γ)ν ≤ dπ(t)

ν ]

≤
√

κ′

1− γ (w
(t)
k,⋆ − w

(t)
k )⊤Σ(t)

d(t)
(w

(t)
k,⋆ − w

(t)
k ).

Since w(t)
k,⋆ optimizes L̃k(w, θ(t), d(t)) the first order optimality condition implies that, ∀w, ∀k ∈ K,

(w − w(t)
k,⋆) · ∇L̃k(w

(t)
k,⋆, θ

(t), d(t)) ≥ 0.

So ∀w, ∀k ∈ K,

L̃k(w, θ
(t), d(t))− L̃k(w(t)

k,⋆, θ
(t), d(t))

= Es∼d(t),a∼π(t)(·|s)
[
Ã

(t)
k (sNr

k
, aNr

k
)−∇(θk)Nr

k
log π(t)(a|s) · w

+∇(θk)Nr
k
log π(t)(a|s) · w(t)

k,⋆ −∇(θk)Nr
k
log π(t)(a|s) · w(t)

k,⋆

]2

− L̃k(w(t)
k,⋆, θ

(t), d(t))

= Es∼d(t),a∼π(t)(·|s)
[
∇(θk)Nr

k
log π(t)(a|s) · w(t)

k,⋆ −∇(θk)Nr
k
log π(t)(a|s) · w

]2

+ 2(w − w(t)
k,⋆)Es∼d(t),a∼π(t)(·|s)

[(
Ã

(t)
k (sNr

k
, aNr

k
)−∇(θk)Nr

k
log π(t)(a|s) · w(t)

k,⋆

)

·∇(θk)Nr
k
log π(t)(a|s)

]

= (w
(t)
k,⋆ − w

(t)
k )⊤Σ(t)

d(t)
(w

(t)
k,⋆ − w

(t)
k ) + (w − w(t)

k,⋆) · ∇L̃k(w
(t)
k,⋆, θ

(t), d(t))

≥ (w
(t)
k,⋆ − w

(t)
k )⊤Σ(t)

d(t)
(w

(t)
k,⋆ − w

(t)
k ).

Therefore

E
[
Es∼d⋆,a∼π⋆(·|s)

[
∇(θk)Nr

k
log π(t)(a|s) · (w(t)

k,⋆ − w
(t)
k )
]]

≤
√
E
[

κ′

1− γ (L̃k(w, θ
(t), d(t))− L̃k(w(t)

k,⋆, θ
(t), d(t)))

]

=

√
E
[

κ′

1− γE
[
(L̃k(w, θ(t), d(t))− L̃k(w(t)

k,⋆, θ
(t), d(t)))

∣∣θ(t)
]]

≤
√
κ′εstat

1− γ ,

which completes the proof.

G Bias analysis

Let L̃rk and wk,⋆ be defined as in Section 5. For every k ∈ K, let

Lk(w, θ, ν) = Es,a∼ν
[
(Aπθ

k (s, a)−∇θk log πθk(ak|s) · w)2
]
.
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Let εbias,r be the smallest possible localized bias term associated to the range parameter r, i.e.

εbias,r = max
k∈K

L̃rk(wk,⋆, θ
(t), d⋆),

which is the same assumption as in Theorem 9, but with an equality instead of an inequality. Let
εbias be the smallest possible non-localized bias term associated with an infinite range parameter, i.e.
the case where we make no approximation, namely,

εbias = max
k∈K

Lk(w
′
k,⋆, θ

(t), d⋆)

where

w′
k,⋆ ∈ argmin

∥w∥2≤W
Lk(w, θ

(t), d(t)).

Proposition G.1. Assume that
∥∥∥∇θk log π(t)(a|s)

∥∥∥
2
≤ B

and that
∥∥∥∇(θk)Nr

−k
πθ(ak|s)

∥∥∥
2
≤ ωr.

Then

εbias,r ≤ εbias + er + 2

(
2

1− γ +WB

)√
2κ′er
1− γ +

2κ′er
1− γ ,

where

er =

(
4

1− γ + 2WB

)
Wωr +

(
4

1− γ + 2WB

)(
cψr+1 + c′ϕr+1

)
.

The second assumption can be respected by choosing a policy belonging to the policy class described
in Appendix B, as ωr can be controlled by setting the parameters {αr} small enough. In particular,
it is possible to set it to be exponentially small in r. Therefore, the proposition shows that the
localized bias is at most the bias associated with an infinite range parameter plus a quantity that goes
to 0 exponentially fast in r. We present the proof of this result below.

Proof of Proposition G.1. To prove the proposition we need two intermediate results. For any w,θ
and ν, we have that

∣∣∣L̃rk((w)Nr
k
, θ, ν)− Lk(w, θ, ν)

∣∣∣

= Es,a∼ν
[(
Ãπθ

k (sNr
k
, aNr

k
)
)2
− (Aπθ

k (s, a))
2

]

+ Es,a∼ν
[(
∇(θk)Nr

k
log π(t)(a|s) · (w)Nr

k

)2
− (∇θk log πθk(ak|s) · w)2

]

+ 2Es,a∼ν
[
Aπθ

k (s, a)∇θk log πθk(ak|s) · w − Ãπθ

k (sNr
k
, aNr

k
)∇(θk)Nr

k
log π(t)(a|s) · (w)Nr

k

]

≤ 4

1− γ
(
cψr+1 + c′ϕr+1

)
+ 2W 2Bωr + 2WB

(
cψr+1 + c′ϕr+1

)
+

4

1− γWωr

= er.
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Following the same passages in the proof of Theorem 5.1 in Appendix F, we have that

max
k∈K

Es,a∼d⋆
[
∇(θk)Nr

k
log π(t)(a|sNr

k
)⊤
(
(w′

k,⋆)Nr
k
− wk,⋆

)]

≤
√

κ′

1− γ (L̃
r
k((w

′
k,⋆)Nr

k
, θ(t), d(t))− L̃rk(wk,⋆, θ(t), d(t)))

[using the first result]

≤
√

κ′

1− γ
∣∣∣Lk(w′

k,⋆, θ
(t), d(t))− L̃rk(wk,⋆, θ(t), d(t))

∣∣∣+ κ′er
1− γ

=

√
κ′

1− γ

∣∣∣∣ min
∥w∥2≤W

Lk(w, θ(t), d(t))− min
∥w∥2≤W

L̃rk((w)Nr
k
, θ(t), d(t))

∣∣∣∣+
κ′er
1− γ

≤
√

2κ′er
1− γ .

We can now prove the proposition.

εbias,r = max
k∈K

Es,a∼d⋆
[(
Ã

(t)
k (sNr

k
, aNr

k
)−∇(θk)Nr

k
log π(t)(a|sNr

k
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k∈K
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(t)
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k
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k
)−∇(θk)Nr

k
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k∈K
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k
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k
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(
2
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(
2

1− γ +WB

)√
2κ′er
1− γ +

2κ′er
1− γ

≤ εbias + er + 2
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Abstract

Modern policy optimization methods in reinforcement learning, such as TRPO
and PPO, owe their success to the use of parameterized policies. However, while
theoretical guarantees have been established for this class of algorithms, especially
in the tabular setting, the use of general parameterization schemes remains mostly
unjustified. In this work, we introduce a framework for policy optimization
based on mirror descent that naturally accommodates general parameterizations.
The policy class induced by our scheme recovers known classes, e.g., softmax,
and generates new ones depending on the choice of mirror map. Using our
framework, we obtain the first result that guarantees linear convergence for a
policy-gradient-based method involving general parameterization. To demonstrate
the ability of our framework to accommodate general parameterization schemes,
we provide its sample complexity when using shallow neural networks, show
that it represents an improvement upon the previous best results, and empirically
validate the effectiveness of our theoretical claims on classic control tasks.

1 Introduction

Policy optimization is one of the most widely-used classes of algorithms for reinforcement learning
(RL). Among policy optimization techniques, policy gradient (PG) methods [e.g., 92, 87, 49, 6]
are gradient-based algorithms that optimize the policy over a parameterized policy class and have
emerged as a popular class of algorithms for RL [e.g., 42, 75, 12, 69, 78, 80, 54].

The design of gradient-based policy updates has been key to achieving empirical success in many
settings, such as games [9] and autonomous driving [81]. In particular, a class of PG algorithms
that has proven successful in practice consists of building updates that include a hard constraint (e.g.,
a trust region constraint) or a penalty term ensuring that the updated policy does not move too far
from the previous one. Two examples of algorithms belonging to this category are trust region policy
optimization (TRPO) [78], which imposes a Kullback-Leibler (KL) divergence [53] constraint on
its updates, and policy mirror descent (PMD) [e.g. 88, 54, 93, 51, 89], which applies mirror descent
(MD) [70] to RL. Shani et al. [82] propose a variant of TRPO that is actually a special case of PMD,
thus linking TRPO and PMD.

From a theoretical perspective, motivated by the empirical success of PMD, there is now a concerted
effort to develop convergence theories for PMD methods. For instance, it has been established
that PMD converges linearly to the global optimum in the tabular setting by using a geometrically
increasing step-size [54, 93], by adding entropy regularization [17], and more generally by adding
convex regularization [100]. Linear convergence of PMD has also been established for the negative
∗The work was done when the author was affiliated with Télécom Paris.
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entropy mirror map in the linear function approximation regime, i.e., for log-linear policies, either
by adding entropy regularization [15], or by using a geometrically increasing step-size [20, 2, 98].
The proofs of these results are based on specific policy parameterizations, i.e., tabular and log-linear,
while PMD remains mostly unjustified for general policy parameterizations and mirror maps, leaving
out important practical cases such as neural networks. In particular, it remains to be seen whether
the theoretical results obtained for tabular policy classes transfer to this more general setting.

In this work, we introduce Approximate Mirror Policy Optimization (AMPO), a novel framework
designed to incorporate general parameterization into PMD in a theoretically sound manner. In
summary, AMPO is an MD-based method that recovers PMD in different settings, such as tabular
MDPs, is capable of generating new algorithms by varying the mirror map, and is amenable to
theoretical analysis for any parameterization class. Since the MD update can be viewed as a two-step
procedure, i.e., a gradient update step on the dual space and a mapping step onto the probability
simplex, our starting point is to define the policy class based on this second MD step (Definition 3.1).
This policy class recovers the softmax policy class as a special case (Example 3.2) and accommodates
any parameterization class, such as tabular, linear, or neural network parameterizations. We then
develop an update procedure for this policy class based on MD and PG.

We provide an analysis of AMPO and establish theoretical guarantees that hold for any parameteriza-
tion class and any mirror map. More specifically, we show that our algorithm enjoys quasi-monotonic
improvements (Proposition 4.2), sublinear convergence when the step-size is non-decreasing, and
linear convergence when the step-size is geometrically increasing (Theorem 4.3). To the best of
our knowledge, AMPO is the first policy-gradient-based method with linear convergence that can
accommodate any parameterization class. Furthermore, the convergence rates hold for any choice
of mirror map. The generality of our convergence results allows us not only to unify several current
best-known results with specific policy parameterizations, i.e., tabular and log-linear, but also to
achieve new state-of-the-art convergence rates with neural policies. Tables 1 and 2 in Appendix A.2
provide an overview of our results. We also refer to Appendix A.2 for a thorough literature review.

The key point of our analysis is Lemma 4.1, which allows us to keep track of the errors incurred
by the algorithm (Proposition 4.2). It is an application of the three-point descent lemma by [19,
Lemma 3.2] (see also Lemma F.2), which is possible thanks to our formulations of the policy class
(Definition 3.1) and the policy update (Line 2 of Algorithm 1). The convergence rates of AMPO
are obtained by building on Lemma 4.1 and leveraging modern PMD proof techniques [93].

In addition, we show that for a large class of mirror maps, i.e., the ω-potential mirror maps in
Definition 3.5, AMPO can be implemented in Õ(|A|) computations. We give two examples of mirror
maps belonging to this class, Examples 3.6 and 3.7, that illustrate the versatility of our framework.
Lastly, we examine the important case of shallow neural network parameterization both theoretically
and empirically. In this setting, we provide the sample complexity of AMPO, i.e., Õ(ε−4) (Corollary
4.5), and show how it improves upon previous results.

2 Preliminaries

LetM = (S,A, P, r, γ, µ) be a discounted Markov Decision Process (MDP), where S is a possibly
infinite state space, A is a finite action space, P (s′ | s, a) is the transition probability from state
s to s′ under action a, r(s, a) ∈ [0, 1] is a reward function, γ is a discount factor, and µ is a target
state distribution. The behavior of an agent on an MDP is then modeled by a policy π ∈ (∆(A))S ,
where a ∼ π(· | s) is the density of the distribution over actions at state s ∈ S, and ∆(A) is the
probability simplex over A.

Given a policy π, let V π : S → R denote the associated value function. Letting st and at be
the current state and action at time t, the value function V π is defined as the expected discounted
cumulative reward with the initial state s0 = s, namely,

V π(s) := Eat∼π(·|st),st+1∼P (·|st,at)
[∑∞

t=0
γtr(st, at) | π, s0 = s

]
.

Now letting V π(µ) := Es∼µ[V π(s)], our objective is for the agent to find an optimal policy

π⋆ ∈ argmaxπ∈(∆(A))S V
π(µ). (1)
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As with the value function, for each pair (s, a) ∈ S × A, the state-action value function, or
Q-function, associated with a policy π is defined as

Qπ(s, a) := Eat∼π(·|st),st+1∼P (·|st,at)
[∑∞

t=0
γtr(st, at) | π, s0 = s, a0 = a

]
.

We also define the discounted state visitation distribution by

dπµ(s) := (1− γ)Es0∼µ
[∑∞

t=0
γtP (st = s | π, s0)

]
, (2)

where P (st = s | π, s0) represents the probability of the agent being in state s at time t when
following policy π and starting from s0. The probability dπµ(s) represents the time spent on state
s when following policy π.

The gradient of the value function V π(µ) with respect to the policy is given by the policy gradient
theorem (PGT) [87]:

∇sV π(µ) :=
∂V π(µ)

∂π(· | s) =
1

1− γ d
π
µ(s)Q

π(s, ·). (3)

2.1 Mirror descent

The first tools we recall from the mirror descent (MD) framework are mirror maps and Bregman
divergences [14, Chapter 4]. Let Y ⊆ R|A| be a convex set. A mirror map h : Y → R is a strictly
convex, continuously differentiable and essentially smooth function1 such that ∇h(Y) = R|A|. The
convex conjugate of h, denoted by h∗, is given by

h∗(x∗) := supx∈Y⟨x∗, x⟩ − h(x), x∗ ∈ R|A|.

The gradient of the mirror map ∇h : Y → R|A| allows to map objects from the primal space Y to
its dual space R|A|, x 7→ ∇h(x), and viceversa for ∇h∗, i.e., x∗ 7→ ∇h∗(x∗). In particular, from
∇h(Y) = R|A|, we have: for all (x, x∗) ∈ Y × R|A|,

x = ∇h∗(∇h(x)) and x∗ = ∇h(∇h∗(x∗)). (4)

Furthermore, the mirror map h induces a Bregman divergence [13, 18] , defined as

Dh(x, y) := h(x)− h(y)− ⟨∇h(y), x− y⟩,
where Dh(x, y) ≥ 0 for all x, y ∈ Y . We can now present the standard MD algorithm [70, 14].
Let X ⊆ Y be a convex set and V : X → R be a differentiable function. The MD algorithm
can be formalized2 as the following iterative procedure in order to solve the minimization problem
minx∈X V (x): for all t ≥ 0,

yt+1 = ∇h(xt)− ηt∇V (x)|x=xt , (5)

xt+1 = ProjhX (∇h∗(yt+1)), (6)

where ηt is set according to a step-size schedule (ηt)t≥0 and ProjhX (·) is the Bregman projection

ProjhX (y) := argminx∈X Dh(x, y). (7)

Precisely, at time t, xt ∈ X is mapped to the dual space through ∇h(·), where a gradient step is
performed as in (5) to obtain yt+1. The next step is to map yt+1 back in the primal space using
∇h∗(·). In case ∇h∗(yt+1) does not belong to X , it is projected as in (6).

3 Approximate Mirror Policy Optimization

The starting point of our novel framework is the introduction of a novel parameterized policy class
based on the Bregman projection expression recalled in (7).

1h is essentially smooth if limx→∂Y ∥∇h(x)∥2 = +∞, where ∂Y denotes the boundary of Y .
2See a different formulation of MD in (11) and in Appendix B (Lemma B.1).
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Algorithm 1: Approximate Mirror Policy Optimization

Input: Initial policy π0, mirror map h, parameterization class FΘ, iteration number T , step-size
schedule (ηt)t≥0, state-action distribution sequence (vt)t≥0.

for t = 0 to T − 1 do
1 Obtain θt+1 ∈ Θ such that θt+1 ∈ argminθ∈Θ

∥∥fθ −Qt − η−1
t ∇h(πt)

∥∥2
L2(vt)

.4

2 Update πt+1
s ∈ argmin

p∈∆(A)

Dh(p,∇h∗(ηtfθ
t+1

s )) = Projh∆(A)(∇h∗(ηtf t+1
s )), ∀s ∈ S.

Definition 3.1. Given a parameterized function class FΘ = {fθ : S × A → R, θ ∈ Θ}, a mirror
map h : Y → R, where Y ⊆ R|A| is a convex set with ∆(A) ⊆ Y , and η > 0, the Bregman
projected policy class associated with FΘ and h consists of all the policies of the form:

{
πθ : πθs = Projh∆(A)(∇h∗(ηfθs )), s ∈ S; θ ∈ Θ

}
,

where for all s ∈ S, πθs , f
θ
s ∈ R|A| denote vectors [πθ(a | s)]a∈A and [fθ(s, a)]a∈A, respectively.

In this definition, the policy is induced by a mirror map h and a parameterized function fθ, and is ob-
tained by mapping fθ to Y with the operator∇h∗(·), which may not result in a well-defined probabil-
ity distribution, and is thus projected on the probability simplex ∆(A). Note that the choice of h is key
in deriving convenient expressions for πθ. The Bregman projected policy class contains large families
of policy classes. Below is an example of h that recovers a widely used policy class [7, Example 9.10].

Example 3.2 (Negative entropy). If Y = R|A|
+ and h is the negative entropy mirror map, i.e.,

h(π(·|s))=∑a∈A π(a|s) log(π(a|s)), then the associated Bregman projected policy class becomes
{
πθ : πθs =

exp(ηfθs )

∥exp(ηfθs )∥1
, s ∈ S; θ ∈ Θ

}
, (8)

where the exponential and the fraction are element-wise and ∥·∥1 is the ℓ1 norm. In particular, when
fθ(s, a) = θs,a, the policy class (8) becomes the tabular softmax policy class; when fθ is a linear
function, (8) becomes the log-linear policy class; and when fθ is a neural network, (8) becomes
the neural policy class defined by Agarwal et al. [1]. We refer to Appendix C.1 for its derivation.

We now construct an MD-based algorithm to optimize V π
θ

over the Bregman projected policy class
associated with a mirror map h and a parameterization class FΘ by adapting Section 2.1 to our
setting. We define the following shorthand: at each time t, let πt := πθ

t

, f t := fθ
t

, V t := V π
t

,
Qt := Qπ

t

, and dtµ := dπ
t

µ . Further, for any function y : S ×A → R and distribution v over S ×A,
let ys := y(s, ·) ∈ R|A| and ∥y∥2L2(v)

= E(s,a)∼v[(y(s, a))2]. Ideally, we would like to execute the
exact MD algorithm: for all t ≥ 0 and for all s ∈ S,

f t+1
s = ∇h(πts) + ηt(1− γ)∇sV t(µ)/dtµ(s)

(3)
= ∇h(πts) + ηtQ

t
s,

3 (9)

πt+1
s = Projh∆(A)(∇h∗(ηtf t+1

s )). (10)

Here, (10) reflects our Bregman projected policy class 3.1. However, we usually cannot perform
the update (9) exactly. In general, if fθ belongs to a parameterized class FΘ, there may not be any
θt+1 ∈ Θ such that (9) is satisfied for all s ∈ S.

To remedy this issue, we propose Approximate Mirror Policy Optimization (AMPO), described in
Algorithm 1. At each iteration, AMPO consists in minimizing a surrogate loss and projecting the result
onto the simplex to obtain the updated policy. In particular, the surrogate loss in Line 1 of Algorithm
1 is a standard regression problem where we try to approximate Qt + η−1

t ∇h(πt) with f t+1, and has
been studied extensively when fθ is a neural network [3, 35]. We can then readily use (10) to update
πt+1 within the Bregman projected policy class defined in 3.1, which gives Line 2 of Algorithm 1.

To better illustrate the novelty of our framework, we provide below two remarks on how the two
steps of AMPO relate and improve upon previous works.
3The update is (5) up to a scaling (1− γ)/dtµ(s) of ηt.
4With a slight abuse of notation, denote ∇h(πt)(s, a) as [∇h(πt

s)]a.
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Remark 3.3. Line 1 associates AMPO with the compatible function approximation framework
developed by [87, 42, 1], as both frameworks define the updated parameters θt+1 as the solution
to a regression problem aimed at approximating the current Q-function Qt. A crucial difference is
that, Agarwal et al. [1] approximate Qt linearly with respect to ∇θ log πt (see (61)), while in Line 1
we approximate Qt and the gradient of the mirror map of the previous policy with any function
fθ. This generality allows our algorithm to achieve approximation guarantees for a wider range
of assumptions on the structure of Qt. Furthermore, the regression problem proposed by Agarwal
et al. [1] depends on the distribution dtµ, while ours has no such constraint and allows off-policy
updates involving an arbitrary distribution vt. See Appendix E for more details.
Remark 3.4. Line 2 associates AMPO to previous approximations of PMD [89, 88]. For instance,
Vaswani et al. [89] aim to maximize an expression equivalent to

πt+1 ∈ argmaxπθ∈Π(Θ) Es∼dtµ [ηt⟨Q
t
s, π

θ
s⟩ − Dh(πθs , πts)], (11)

where Π(Θ) is a given parameterized policy class, while the Bregman projection step of AMPO can
be rewritten as

πt+1
s ∈ argmaxp∈∆(A)⟨ηtf t+1

s −∇h(πts), p⟩ − Dh(p, πts), ∀s ∈ S. (12)

We formulate this result as Lemma F.1 in Appendix F with a proof. When the policy class Π(Θ) is
the entire policy space ∆(A)S , (11) is equivalent to the two-step procedure (9)-(10) thanks to the
PGT (3). A derivation of this observation is given in Appendix B for completeness. The issue with
the update in (11), which is overcome by (12), is that Π(Θ) in (11) is often a non-convex set, thus
the three-point-descent lemma [19] cannot be applied. The policy update in (12) circumvents this
problem by defining the policy implicitly through the Bregman projection, which is a convex problem
and thus allows the application of the three-point-descent lemma [19]. We refer to Appendix F for
the conditions of the three-point-descent lemma in details.

3.1 ω-potential mirror maps

In this section, we provide a class of mirror maps that allows to compute the Bregman projection
in Line 2 with Õ(|A|) operations and simplifies the minimization problem in Line 1.
Definition 3.5 (ω-potential mirror map [50]). For u ∈ (−∞,+∞], ω ≤ 0, let an ω-potential be
an increasing C1-diffeomorphism ϕ : (−∞, u)→ (ω,+∞) such that

lim
x→−∞

ϕ(x) = ω, lim
x→u

ϕ(x) = +∞,
∫ 1

0

ϕ−1(x)dx ≤ ∞.

For any ω-potential ϕ, the associated mirror map hϕ, called ω-potential mirror map, is defined as

hϕ(πs) =
∑

a∈A

∫ π(a|s)

1

ϕ−1(x)dx.

Thanks to Krichene et al. [50, Proposition 2] (see Proposition C.1 as well), the policy πt+1 in Line 2 in-
duced by the ω-potential mirror map can be obtained with Õ(|A|) computations and can be written as

πt+1(a | s) = σ(ϕ(ηtf
t+1(s, a) + λt+1

s )), ∀s ∈ S, a ∈ A, (13)

where λt+1
s ∈ R is a normalization factor to ensure

∑
a∈A π

t+1(a | s) = 1 for all s ∈ S, and
σ(z) = max(z, 0) for z ∈ R. We call this policy class the ω-potential policy class. By using (13) and
the definition of the ω-potential mirror map hϕ, the minimization problem in Line 1 is simplified to be

θt+1 ∈ argminθ∈Θ

∥∥fθ −Qt − η−1
t max(ηt−1f

t, ϕ−1(0)− λts)
∥∥2
L2(vt)

, (14)

where max(·, ·) is applied element-wisely. The ω-potential policy class allows AMPO to generate
a wide range of applications by simply choosing an ω-potential ϕ. In fact, it recovers existing
approaches to policy optimization, as we show in the next two examples.

Example 3.6 (Squared ℓ2-norm). If Y = R|A| and ϕ is the identity function, then hϕ is the squared ℓ2-
norm, that is hϕ(πs) = ∥πs∥22 /2, and∇hϕ is the identity function. So, Line 1 in Algorithm 1 becomes

θt+1 ∈ argminθ∈Θ

∥∥fθ −Qt − η−1
t πt

∥∥2
L2(vt)

. (15)
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The ∇h∗ϕ also becomes the identity function, and the policy update is given for all s ∈ S by

πt+1
s = Projhϕ

∆(A)(ηtf
t+1
s ) = argmin

πs∈∆(A)

∥∥πs − ηtf t+1
s

∥∥2
2
, (16)

which is the Euclidean projection on the probability simplex. In the tabular setting, where S and
A are finite and fθ(s, a) = θs,a, (15) can be solved exactly with the minimum equal to zero, and
Equations (15) and (16) recover the projected Q-descent algorithm [93]. As a by-product, we
generalize the projected Q-descent algorithm from the tabular setting to a general parameterization
class FΘ, which is a novel algorithm in the RL literature.

Example 3.7 (Negative entropy). If Y = R|A|
+ and ϕ(x) = exp(x − 1), then hϕ is the negative

entropy mirror map from Example 3.2 and Line 1 in Algorithm 1 becomes

θt+1 ∈ argminθ∈Θ

∥∥∥f t+1 −Qt − ηt−1

ηt
f t
∥∥∥
2

L2(vt)
. (17)

Consequently, based on Example 3.2, we have πt+1
s ∝ exp(ηtf

t+1
s ) for all s ∈ S. In this example,

AMPO recovers tabular NPG [82] when fθ(s, a) = θs,a, and Q-NPG with log-linear policies [98]
when fθ and Qt are linear functions for all t ≥ 0.

We refer to Appendix C.2 for detailed derivations of the examples in this section and an efficient
implementation of the Bregman projection step. In addition to the ℓ2-norm and the negative entropy,
several other mirror maps that have been studied in the optimization literature fall into the class of
ω-potential mirror maps, such as the Tsallis entropy [74, 57] and the hyperbolic entropy [34], as well
as a generalization of the negative entropy [50]. These examples illustrate how the class of ω-potential
mirror maps recovers known methods and can be used to explore new algorithms in policy optimiza-
tion. We leave the study of the application of these mirror maps in RL as future work, both from an
empirical and theoretical point of view, and provide additional discussion and details in Appendix C.2.

4 Theoretical analysis

In our upcoming theoretical analysis of AMPO, we rely on the following key lemma.

Lemma 4.1. For any policies π and π̄, for any function fθ ∈ FΘ and for η > 0, we have

⟨ηfθs −∇h(π̄s), πs − π̃s⟩ ≤ Dh(πs, π̄s)−Dh(π̃s, π̄s)−Dh(πs, π̃s), ∀s ∈ S,

where π̃ is the Bregman projected policy induced by fθ and h according to Definition 3.1, that is
π̃s = argminp∈∆(A)Dh(p,∇h∗(ηfθs )) for all s ∈ S.

The proof of Lemma 4.1 is given in Appendix D.1. Lemma 4.1 describes a relation between any two
policies and a policy belonging to the Bregman projected policy class associated with FΘ and h. As
mentioned in Remark 3.4, Lemma 4.1 is the direct consequence of (12) and can be interpreted as an
application of the three-point descent lemma [19], while it cannot be applied to algorithms based on
the update in (11) [88, 89] due to the non-convexity of the optimization problem (see also Appendix
F). Notice that Lemma 4.1 accommodates naturally with general parameterization also thanks to (12).
In contrast, similar results have been obtained and exploited for specific policy and mirror map classes
[93, 60, 36, 98], while our result allows any parameterization class FΘ and any choice of mirror map,
thus greatly expanding the scope of applications of the lemma. A similar result for general parameter-
ization has been obtained by Lan [55, Proposition 3.5] in the setting of strongly convex mirror maps.

Lemma 4.1 becomes useful when we set π̄ = πt, fθ = f t+1, η = ηt and π = πt or π = π⋆. In
particular, when ηtf t+1

s − ∇h(πts) ≈ ηtQ
π
s , Lemma 4.1 allows us to obtain telescopic sums and

recursive relations, and to handle error terms efficiently, as we show in Appendix D.

4.1 Convergence for general policy parameterization

In this section, we consider the parameterization class FΘ and the fixed but arbitrary mirror map
h. We show that AMPO enjoys quasi-monotonic improvement and sublinear or linear convergence,
depending on the step-size schedule. The first step is to control the approximation error of AMPO.
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(A1) (Approximation error). There exists εapprox ≥ 0 such that, for all times t ≥ 0,

E
[ ∥∥f t+1 −Qt − η−1

t ∇h(πt)
∥∥2
L2(vt)

]
≤ εapprox,

where (vt)t≥0 is a sequence of distributions over states and actions and the expectation is
taken over the randomness of the algorithm that obtains f t+1.

Assumption (A1) is common in the conventional compatible function approximation approach5

[1]. It characterizes the loss incurred by Algorithm 1 in solving the regression problem in Line 1.
When the step-size ηt is sufficiently large, Assumption (A1) measures how well f t+1 approximates
the current Q-function Qt. Hence, εapprox depends on both the accuracy of the policy evaluation
method used to obtain an estimate of Qt [86, 79, 28] and the error incurred by the function
fθ ∈ FΘ that best approximates Qt, that is the representation power of FΘ. Later in Section 4.2,
we show how to solve the minimization problem in Line 1 when FΘ is a class of shallow neural
networks so that Assumption (A1) holds. We highlight that Assumption (A1) is weaker than the
conventional assumptions [1, 98], since we do not constrain the minimization problem to be linear
in the parameters (see (61)). We refer to Appendix A.2 for a discussion on its technical novelty and
Appendix G for a relaxed version of the assumption.

As mentioned in Remark 3.3, the distribution vt does not depend on the current policy πt for all
times t ≥ 0. Thus, Assumption (A1) allows for off-policy settings and the use of replay buffers [68].
We refer to Appendix A.3 for details. To quantify how the choice of these distributions affects the
error terms in the convergence rates, we introduce the following coefficient.

(A2) (Concentrability coefficient). There exists Cv ≥ 0 such that, for all times t,

E(s,a)∼vt

[(
dπµ(s)π(a | s)
vt(s, a)

)2]
≤ Cv,

whenever (dπµ, π) is either (d⋆µ, π
⋆), (dt+1

µ , πt+1), (d⋆µ, π
t), or (dt+1

µ , πt).

The concentrability coefficient Cv quantifies how much the distribution vt overlaps with the
distributions (d⋆µ, π

⋆), (dt+1
µ , πt+1), (d⋆µ, π

t) and (dt+1
µ , πt). It highlights that the distribution vt

should have full support over the environment, in order to avoid large values of Cv. Assumption
(A2) is weaker than the previous best-known concentrability coefficient [98, Assumption 9], in the
sense that we have the full control over vt. We refer to Appendix H for a more detailed discussion.
We can now present our first result on the performance of Algorithm 1.
Proposition 4.2 (Quasi-monotonic updates). Let (A1), (A2) be true. We have, for all t ≥ 0,

E
[
V t+1(µ)− V t(µ)

]
≥ E

[
Es∼dt+1

µ

[Dh(πt+1
s , πts) +Dh(πts, πt+1

s )

ηt(1− γ)

]]
− 2

√
Cvεapprox

1− γ ,

where the expectation is taken over the randomness of AMPO.

We refer to Appendix D.3 for the proof. Proposition 4.2 ensures that an update of Algorithm 1 cannot
lead to a performance degradation, up to an error term. The next assumption concerns the coverage
of the state space for the agent at each time t.

(A3) (Distribution mismatch coefficient). Let d⋆µ := dπ
⋆

µ . There exists νµ ≥ 0 such that

sup
s∈S

d⋆µ(s)

dtµ(s)
≤ νµ, for all times t ≥ 0.

Since dtµ(s) ≥ (1− γ)µ(s) for all s ∈ S, obtained from the definition of dµ in (2), we have that

sup
s∈S

d⋆µ(s)

dtµ(s)
≤ 1

1− γ sup
s∈S

d⋆µ(s)

µ(s)
,

where assuming boundedness for the term on the right-hand side is standard in the literature on both the
PG [e.g., 101, 90] and NPG convergence analysis [e.g., 1, 15, 93]. We refer to Appendix I for details.
It is worth mentioning that the quasi-monotonic improvement in Proposition 4.2 holds without (A3).

We define the weighted Bregman divergence between the optimal policy π⋆ and the initial policy
π0 as D⋆0 = Es∼d⋆µ [Dh(π⋆s , π0

s)]. We then have our main results below.

5An extended discussion of this approach is provided in Appendix G.
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Theorem 4.3. Let (A1), (A2) and (A3) be true. If the step-size schedule is non-decreasing, i.e.,
ηt ≤ ηt+1 for all t ≥ 0, the iterates of Algorithm 1 satisfy: for every T ≥ 0,

V ⋆(µ)− 1

T

∑

t<T

E
[
V t(µ)

]
≤ 1

T

( D⋆0
(1− γ)η0

+
νµ

1− γ

)
+

2(1 + νµ)
√
Cvεapprox

1− γ .

Furthermore, if the step-size schedule is geometrically increasing, i.e., satisfies

ηt+1 ≥
νµ

νµ − 1
ηt ∀t ≥ 0, (18)

we have: for every T ≥ 0,

V ⋆(µ)− E
[
V T (µ)

]
≤ 1

1− γ

(
1− 1

νµ

)T(
1 +

D⋆0
η0(νµ − 1)

)
+

2(1 + νµ)
√
Cvεapprox

1− γ .

Theorem 4.3 is, to the best of our knowledge, the first result that establishes linear convergence
for a PG-based method involving general policy parameterization. For the same setting, it also
matches the previous best known O(1/T ) convergence [55], without requiring regularization. Lastly,
Theorem 4.3 provides a convergence rate for a PMD-based algorithm that allows for arbitrary mirror
maps and policy parameterization without requiring the assumption on the approximation error
to hold in ℓ∞-norm, in contrast to Lan [55]. We give here a brief discussion of Theorem 4.3 w.r.t.
previous results and refer to Tables 1 and 2 in Appendix A.2 for a detailed comparison.

In terms of iteration complexity, Theorem 4.3 recovers the best-known convergence rates in the tabular
setting [93], for both non-decreasing and exponentially increasing step-size schedules. While consid-
ering a more general setting, Theorem 4.3 matches or improves upon the convergence rate of previous
work on policy gradient methods for non-tabular policy parameterizations that consider constant
step-size schedules [60, 82, 61, 90, 1, 89, 16, 55], and matches the convergence speed of previous
work that employ NPG, log-linear policies, and geometrically increasing step-size schedules [2, 98].

In terms of generality, the results in Theorem 4.3 hold without the need to implement regularization
[17, 100, 15, 16, 54], to impose bounded updates or smoothness of the policy [1, 61], to restrict the
analysis to the case where the mirror map h is the negative entropy [60, 36], or to make ℓ∞-norm
assumptions on the approximation error [55]. We improve upon the latest results for PMD with
general policy parameterization by Vaswani et al. [89], which only allow bounded step-sizes, where
the bound can be particularly small, e.g., (1− γ)3/(2γ|A|), and can slow down the learning process.

When S is a finite state space, a sufficient condition for νµ in (A3) to be bounded is requiring µ to have
full support on S . If µ does not have full support, one can still obtain linear convergence for V ⋆(µ′)−
V T (µ′), for an arbitrary state distribution µ′ with full support, and relate this quantity to V ⋆(µ)−
V T (µ). We refer to Appendix I for a detailed discussion on the distribution mismatch coefficient.

Intuition. An interpretation of our theory can be provided by connecting AMPO to the Policy
Iteration algorithm (PI), which also enjoys linear convergence. To see this, first recall (12)

πt+1
s ∈ argminp∈∆(A)⟨−f t+1

s + η−1
t ∇h(πts), p⟩+ η−1

t Dh(p, πts), ∀s ∈ S.

Secondly, solving Line 1 of Algorithm 1 leads to f t+1
s − η−1

t ∇h(πts) ≈ Qts. When the step-size
ηt →∞, that is η−1

t → 0, the above viewpoint of the AMPO policy update becomes

πt+1
s ∈ argminp∈∆(A)⟨−Qts, p⟩ ⇐⇒ πt+1

s ∈ argmaxp∈∆(A)⟨Qts, p⟩, ∀s ∈ S,

which is the PI algorithm. Here we ignore the Bregman divergence term Dh(π, πts), as it is multiplied
by 1/ηt, which goes to 0. So AMPO behaves more and more like PI with a large enough step-size
and thus is able to converge linearly like PI.

Proof idea. We provide a sketch of the proof here; the full proof is given in Appendix D. In a nutshell,
the convergence rates of AMPO are obtained by building on Lemma 4.1 and leveraging modern PMD
proof techniques [93]. Following the conventional compatible function approximation approach [1],
the idea is to write the global optimum convergence results in an additive form, that is

sub-optimality gap ≤ optimization error + approximation error.
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The separation between the two errors is allowed by Lemma 4.1, while the optimization error
is bounded through the PMD proof techniques from Xiao [93] and the approximation error is
characterized by Assumption (A1). Overall, the proof consists of three main steps.

Step 1. Using Lemma 4.1 with π̄ = πt, fθ = f t+1, η = ηt, π̃ = πt+1 , and πs = πts, we obtain

⟨ηtf t+1
s −∇h(πts), πt+1

s − πts⟩ ≥ 0,

which characterizes the improvement of the updated policy.

Step 2. Assumption (A1), Step 1, the performance difference lemma (Lemma D.4), and Lemma
4.1 with π̄ = πt, fθ = f t+1, η = ηt, π̃ = πt+1, and πs = π⋆s permit us to obtain the following.
Proposition 4.4. Let ∆t := V ⋆(µ)− V t(µ). For all t ≥ 0, we have

E [νµ (∆t+1 −∆t) + ∆t] ≤ E
[Es∼d⋆µ

[Dh(π
⋆
s ,π

t
s)]

(1−γ)ηt − Es∼d⋆µ
[Dh(π

⋆
s ,π

t+1
s )]

(1−γ)ηt

]
+ (1 + νµ)

2
√
Cvεapprox
1−γ .

Step 3. Proposition 4.4 leads to sublinear convergence using a telescoping sum argument, and to linear
convergence by properly defining step-sizes and by rearranging terms into the following contraction,

E
[
∆t+1 +

Es∼d⋆µ
[Dh(π

⋆
s ,π

t+1
s )]

(1−γ)ηt+1(νµ−1)

]
≤
(
1− 1

νµ

)
E
[
∆t +

Es∼d⋆µ
[Dh(π

⋆
s ,π

t
s)]

(1−γ)ηt(νµ−1)

]
+
(
1 + 1

νµ

)
2
√
Cvεapprox
1−γ .

4.2 Sample complexity for neural network parameterization

Neural networks are widely used in RL due to their empirical success in applications [67, 68, 84].
However, few theoretical guarantees exist for using this parameterization class in policy optimization
[60, 90, 16]. Here, we show how we can use our framework and Theorem 4.3 to fill this gap by
deriving a sample complexity result for AMPO when using neural network parameterization. We
consider the case where the parameterization class FΘ from Definition 3.1 belongs to the family
of shallow ReLU networks, which have been shown to be universal approximators [38, 4, 27, 39].
That is, for (s, a) ∈ (S ×A) ⊆ Rd, define fθ(s, a) = c⊤σ(W (s, a) + b) with θ = (c,W, b), where
σ(y) = max(y, 0) for all y ∈ R is the ReLU activation function and is applied element-wisely,
c ∈ Rm, W ∈ Rm×d and b ∈ Rm.

At each iteration t of AMPO, we set vt = dtµ and solve the regression problem in Line 1 of Algorithm
1 through stochastic gradient descent (SGD). In particular, we initialize entry-wise W0 and b as
i.i.d. random Gaussian variables from N (0, 1/m), and c as i.i.d. random Gaussian variables from
N (0, ϵA) with ϵA ∈ (0, 1]. Assuming access to a simulator for the distribution vt, we run SGD for
K steps on the matrix W , that is, for k = 0, . . . ,K − 1,

Wk+1 =Wk − α
(
f (k)(s, a)− Q̂t(s, a)− η−1

t ∇h(πts)
)
∇W f (k)(s, a), (19)

where f (k)(s, a) = c⊤σ((W0 +Wk)(s, a) + b), (s, a) ∼ vt and Q̂t(s, a) is an unbiased estimate of
Qt(s, a) obtained through Algorithm 4. We can then present our result on the sample complexity of
AMPO for neural network parameterization, which is based on our convergence Theorem 4.3 and an
analysis of neural networks by Allen-Zhu et al. [3, Theorem 1].
Corollary 4.5. In the setting of Theorem 4.3, let the parameterization class FΘ consist of sufficiently
wide shallow ReLU neural networks. Using an exponentially increasing step-size and solving the
minimization problem in Line 1 with SGD as in (19), the number of samples required by AMPO to
find an ε-optimal policy with high probability is Õ(C2

vν
5
µ/ε

4(1− γ)6), where ε has to be larger than
a fixed and non-vanishing error floor.

We provide a proof of Corollary 4.5 and an explicit expression for the error floor in Appendix J. Note
that the sample complexity in Corollary 4.5 might be impacted by an additional poly(ε−1) term. We
refer to Appendix J for more details and an alternative result (Corollary J.4) which does not include
an additional poly(ε−1) term, enabling comparison with prior works.

5 Numerical experiments

We provide an empirical evaluation of AMPO in order to validate our theoretical findings. We note
that the scope of this work is mainly theoretical and that we do not aim at establishing state-of-the-
art results in the setting of deep RL. Our implementation is based upon the PPO implementation
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from PureJaxRL [63], which obtains the estimates of the Q-function through generalized advantage
estimation (GAE) [79] and performs the policy update using ADAM optimizer [48] and mini-batches.
To implement AMPO, we (i) replaced the PPO loss with the expression to minimize in Equation (14),
(ii) replaced the softmax projection with the Bregman projection, (iii) saved the constants λ along the
sampled trajectories in order to compute Equation (14). The code is available here.
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Figure 1: Averaged performance over 50 runs of AMPO in CartPole and Acrobot environments. Note
that the maximum values for CartPole and Acrobot are 500 and -80, respectively.

In Figure 1, we show the averaged performance over 100 runs of AMPO in two classic control
environments, i.e. CartPole and Acrobot, in the setting of ω-potential mirror maps. In particular,
we choose: ϕ(x) = ex, which corresponds to the negative entropy (Example 3.7); ϕ(x) = sinh(x),
which corresponds to the hyperbolic entropy [34, see also (41)]; ϕ(x) = x, which corresponds to the
Euclidean norm (Example 3.6); and the Tsallis entropy for two values of the entropic index q [74, 57,
see also (40)]. We refer to Appendix C.2 for a detailed discussion on these mirror maps. We set the
step-size to be constant and of value 1. For a comparison, we also plot the averaged performance
over 100 runs of PPO.

The plots in Figure 1 confirm our results on the quasi-monotonicity of the updates of AMPO and
on its convergence to the optimal policy. We observe that instances of AMPO with different mirror
maps are very competitive as compared to PPO. We also note that, despite the convergence rates in
Theorem 4.3 depend on the mirror map only in terms of a D⋆0 term, different mirror maps may result
in different convergence speeds and error floors in practice. In particular, our experiments suggest that
the negative entropy mirror map may not be the best choice for AMPO, and that exploring different
mirror maps is a promising direction of research.

6 Conclusion

We have introduced a novel framework for RL which, given a mirror map and any parameterization
class, induces a policy class and an update rule. We have proven that this framework enjoys
sublinear and linear convergence for non-decreasing and geometrically increasing step-size schedules,
respectively. Future venues of investigation include studying the sample complexity of AMPO in
on-policy and off-policy settings other than neural network parameterization, exploiting the properties
of specific mirror maps to take advantage of the structure of the MDP and efficiently including
representation learning in the algorithm. We refer to Appendix A.3 for a thorough discussion of
future work. We believe that the main contribution of AMPO is to provide a general framework with
theoretical guarantees that can help the analysis of specific algorithms and MDP structures. AMPO
recovers and improves several convergence rate guarantees in the literature, but it is important to
keep in consideration how previous works have exploited particular settings, while AMPO tackles
the most general case. It will be interesting to see whether these previous works combined with our
fast linear convergence result can derive new efficient sample complexity results.
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Here we provide the related work discussion, the deferred proofs from the main paper and some
additional noteworthy observations.

A Related work

We provide an extended discussion for the context of our work, including a comparison of different
PMD frameworks and a comparison of the convergence theories of PMD in the literature. Furthermore,
we discuss future work, such as extending our analysis to the dual averaging updates and developing
sample complexity analysis of AMPO.

A.1 Comparisons with other policy mirror descent frameworks

In this section, we give a comparison of AMPO with some of the most popular policy optimization
algorithms in the literature. First, recall AMPO’s update through (12), that is, for all s ∈ S,

πt+1
s ∈ argmax

πs∈∆(A)

⟨ηtf t+1
s −∇h(πts), πs⟩ − Dh(πs, πts), (20)

where ηtf t+1
s −∇h(πts) ≈ ηtQts following Line 1 of Algorithm 1. The proof of (20) can be found in

Lemma F.1 in Appendix F.

Generalized Policy Iteration (GPI) [86]. The update consists of evaluating the Q-function of the
policy and obtaining the new policy by acting greedily with respect to the estimated Q-function. That
is, for all s ∈ S,

πt+1
s ∈ argmax

πs∈∆(A)

⟨Qts, πs⟩. (21)

AMPO behaves like GPI when we perfectly approximate f t+1
s to the value of Qts (e.g. when we

consider the tabular case) and ηt → +∞ (or η−1
t → 0) which is the case with the use of geometrically

increasing step-size schedule.
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Mirror Descent Modified Policy Iteration (MD-MPI) [33]. Consider the full policy space Π =
∆(A)S . The MD-MPI’s update is as follows:

πt+1
s ∈ argmax

πs∈∆(A)

⟨Qts, πs⟩ − Dh(πs, πts), ∀s ∈ S. (22)

In this case, the PMD framework of Xiao [93], which is a special case of AMPO, recovers MD-MPI
with the fixed step-size ηt = 1. Consequently, Assumption (A1) holds with εapprox = 0, and we
obtain the sublinear convergence of MD-MPI through Theorem 4.3, which is

V ⋆(µ)− 1

T

∑

t<T

E
[
V t(µ)

]
≤ 1

T

( D⋆0
(1− γ) +

νµ
1− γ

)
.

As explained later in Appendix H that the distribution mismatch coefficient νµ is upper bounded by
O( 1

1−γ ), we obtain an average regret of MD-MPI as O( 1
(1−γ)2T ), which matches the convergence

results in Geist et al. [33, Corollary 3].

Trust Region Policy Optimization (TRPO) [78]. The TRPO’s update is as follows:

πt+1 ∈ argmax
π∈Π

Es∼dtµ
[
⟨Ats, πs⟩

]
, (23)

such that Es∼dtµ
[
Dh(π

t
s, πs)

]
≤ δ,

where Ats = Qts − V t represents the advantage function, h is the negative entropy and δ > 0. Like
GPI, TRPO is equivalent to AMPO when at each time t, the admissible policy class is Πt = {π ∈
∆(A)S : Es∼dtµDh(π

t
s, πs) ≤ δ}, and we perfectly approximate Qts with ηt → +∞.

Proximal Policy Optimization (PPO) [80]. The PPO’s update consists of maximizing a surrogate
function depending on the policy gradient with respect to the new policy. Namely,

πt+1 ∈ argmax
π∈Π

Es∼dtµ
[
L(πs, π

t
s)
]
, (24)

with
L(πs, π

t
s) = Ea∼πt [min

(
rπ(s, a)At(s, a), clip(rπ(s, a), 1± ϵ)At(s, a)

)
],

where rπ(s, a) = π(s, a)/πt(s, a) is the probability ratio between the current policy πt and the new
one, and the function clip(rπ(s, a), 1± ϵ) clips the probability ratio rπ(s, a) to be no more than 1+ ϵ
and no less than 1− ϵ. PPO has also a KL variation [80, Section 4], where the objective function L is
defined as

L(πs, π
t
s) = ηt⟨Ats, πs⟩ −Dh(π

t
s, πs),

where h is the negative entropy. In an exact setting and when Π = ∆(A)S , the KL variation of PPO
still differs from AMPO because it inverts the terms in the Bregman divergence penalty.

Mirror Descent Policy Optimization (MDPO.) [88]. The MDPO’s update is as follows:

πt+1 ∈ argmax
π∈Π

Es∼dtµ [⟨ηtA
t
s, πs⟩ −Dh(πs, π

t
s)], (25)

where Π is a parameterized policy class. While it is equivalent to AMPO in an exact setting and
when Π = ∆(A)S , as we show in Appendix B, the difference between the two algorithms lies in the
approximation of the exact algorithm.

Functional Mirror Ascent Policy Gradient (FMA-PG) [89]. The FMA-PG’s update is as follows:

πt+1 ∈ argmax
πθ: θ∈Θ

Es∼dtµ [V
t(µ) + ⟨ηt∇πs

V t(µ)
∣∣
π=πt , π

θ
s − πts⟩ −Dh(π

θ
s , π

t
s)] (26)

∈ argmax
πθ: θ∈Θ

Es∼dtµ [⟨ηtQ
t
s, π

θ
s⟩ −Dh(π

θ
s , π

t
s)],

The second line is obtained by the definition of V t and the policy gradient theorem (3). The discussion
is the same as the previous algorithm.
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Mirror Learning [51]. The on-policy version of the algorithm consists of the following update:

πt+1 = argmax
π∈Π(πt)

Es∼dtµ [⟨Q
t
s, πs⟩ −D(πs, π

t
s)], (27)

where Π(πt) is a policy class that depends on the current policy πt and the drift functional D is
defined as a map D : ∆(A)×∆(A)→ R such that D(πs, π̄s) ≥ 0 and ∇πs

D(πs, π̄s)
∣∣
πs=π̄s

= 0.
The drift functional D recovers the Bregman divergence as a particular case, in which case Mirror
Learning is equivalent to AMPO in an exact setting and when Π = ∆(A)S . Again, the main
difference between the two algorithms lies in the approximation of the exact algorithm.

A.2 Discussion on related work

Our Contributions. Our work provides a framework for policy optimization – AMPO. For AMPO, we
establish in Theorem 4.3 both O(1/T ) convergence guarantee by using a non-decreasing step-size
and linear convergence guarantee by using a geometrically increasing step-size. Our contributions
to the prior literature on sublinear and linear convergence of policy optimization methods can be
summarized as follows.

• The generality of our framework allows Theorem 4.3 to unify previous results in the
literature and generate new theoretically sound algorithms under one guise. Both the
sublinear and the linear convergence analysis of natural policy gradient (NPG) with softmax
tabular policies [93] or with log-linear policies [2, 98] are special cases of our general
analysis. As mentioned in Appendix A.1, MD-MPI [33] in the tabular setting is also a
special case of AMPO. Thus, Theorem 4.3 recovers the best-known convergence rates
in both the tabular setting [33, 93] and the non-tabular setting [16, 2, 98]. AMPO also
generates new algorithms by selecting mirror maps, such as the ϵ-negative entropy mirror
map in Appendix C.2 associated with Algorithm 2, and generalizes the projected Q-descent
algorithm [93] from the tabular setting to a general parameterization class FΘ.

• As discussed in Section 4.1, the results of Theorem 4.3 hold for a general setting with
fewer restrictions than in previous work. The generality of the assumptions of Theorem 4.3
allows the application of our theory to specific settings, where existing sample complexity
analyses could be improved thanks to the linear convergence of AMPO. For instance, since
Theorem 4.3 holds for any structural MDP, AMPO could be applied directly to the linear
MDP setting to derive a sample complexity analysis of AMPO which could improve that
of Zanette et al. [99] and Hu et al. [36]. As we discuss in Appendix A.3, this is a promising
direction for future work.

• From a technical point of view, our main contributions are: Definition 3.1 introduces a
novel way of incorporating general parameterization into the policy; the update in Line 1
of Algorithm 1 simplifies the policy optimization step into a regression problem; and
Lemma 4.1 establishes a key result for policies belonging to the class in Definition 3.1.
Together, these innovations have allowed us to establish new state-of-the-art results in
Theorem 4.3 by leveraging the modern PMD proof techniques of Xiao [93].

In particular, our technical novelty with respect to Xiao [93], Alfano and Rebeschini [2], and Yuan
et al. [98] can be summarized as follows.

• In terms of algorithm design, AMPO is an innovation. The PMD algorithm proposed by Xiao
[93] is strictly limited to the tabular setting and, although it is well defined for any mirror map,
it cannot include general parameterization. Alfano and Rebeschini [2] and Yuan et al. [98]
propose a first generalization of the PMD algorithm in the function approximation regime
thanks to the linear compatible function approximation framework [1], but are limited to con-
sidering the log-linear policy parameterization and the entropy mirror map. On the contrary,
AMPO solves the problem of incorporating general parameterizations in the policy thanks to
Definition 3.1 and the extension of the compatible function approximation framework from
linear to nonlinear, which corresponds to the parameter update in Line 1 of Algorithm 1. This
innovation is key to the generality of the algorithm, as it allows AMPO to employ any mirror
map and any parameterization class. Moreover, AMPO is computationally efficient for a
large class of mirror maps (see Appendix C.2 and Algorithms 2 and 3). Our design is readily
applied to deep RL, where the policy is usually parameterized by a neural network whose
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last layer is a softmax transformation. Our policy definition can be implemented in this
setting by replacing the softmax layer with a Bregman projection, as shown in Example 3.7.

• Regarding the assumptions necessary for convergence guarantees, we have weaker as-
sumptions. Xiao [93] requires an ℓ∞-norm on the approximation error of Qt, i.e.,
∥Q̂t − Qt∥∞ ≤ εapprox, for all t ≤ T . Alfano and Rebeschini [2] and Yuan et al.
[98] require an L2-norm bound on the error of the linear approximation of Qt, i.e.,
∥w⊤ϕ−Qt∥2L2(vt)

≤ εapprox for some feature mapping ϕ : S×A → Rd and vector w ∈ Rd,
for all t ≤ T . Our approximation error εapprox in Assumption (A1) is an improvement since
it does not require the bound to hold in ℓ∞-norm, and allows any regression model instead of
linear function approximation, especially neural networks, which greatly increases the repre-
sentation power of FΘ and expands the range of applications. We further relax Assumption
(A1) in Appendix G and show that the approximation error bound can be larger for earlier iter-
ations. In addition, we improve the concentrability coefficients of Yuan et al. [98] by defining
the expectation under an arbitrary state-action distribution vt instead of the state-action
visitation distribution with a fixed initial state-action pair (see Yuan et al. [98, Equation (4)]).

• As for the analysis of the algorithm, while we borrow tools from Xiao [93], Alfano and
Rebeschini [2], and Yuan et al. [98], our results are not simple extensions. In fact, without
our work, it is not clear from Xiao [93], Alfano and Rebeschini [2], and Yuan et al. [98]
whether PMD could have theoretical guarantees in a setting with general parameterization
and an arbitrary mirror map. The two main problems on this front are the non-convexity
of the policy class, which prevents the use of the three-point descent lemma by Chen and
Teboulle [19, Lemma 3.2] (or by Xiao [93, Lemma 6]), and the fact that the three-point
identity used by Alfano and Rebeschini [2, Equation 4] holds only for the negative entropy
mirror map. Our Lemma 4.1 successfully addresses general policy parameterization and
arbitrary mirror maps thanks to the design of AMPO. Additionally, we provide a sample
complexity analysis of AMPO when employing shallow neural networks that improves upon
previous state-of-the-art results in this setting. We further improve this sample complexity
analysis in Appendix J, where we consider an approximation error assumption that is
weaker than Assumption (A1) (see Appendix G).

We also include a comparison wih Lan [55]. Our diffences can be outlined in two points.

• Lan [55] propose a PMD algorithm (Algorithm 2 in their paper) that can accommodate
general parameterization and arbitrary mirror maps. As AMPO, it involves a two-step
procedure where the first step is to find an approximation of Qt − η−1

t ∇h(πt) and the
second step is to find the policy through a Bregman projection. However, it is unclear how to
implement their algorithm in practice, as they do not propose a specific method to perform
either step. We provide an explicit implementation of AMPO and identify a class of mirror
maps that is computationally efficient for AMPO (see Appendix C.2 and Algorithms 2 and 3).

• In terms of theoretical analysis, they assume for their results that the approximation error
is bounded in ℓ∞-norm over the action space. Let

εdet = Es∼v⋆
[∥∥E[f t+1

s ]−Qts − η−1
t ∇h(πts)

∥∥
∞
]
,

εsto = Es∼v⋆
[∥∥E[f t+1

s ]− f t+1
s

∥∥2
∞

]
,

where the expectation E[f t+1
s ] is taken w.r.t. the stochasticity of the algorithm employed

to obtain f t+1. Lan [55] assume that both εdet and εsto are bounded for all iterations t. In
contrast, our assumptions are weaker as they are required to hold for the L2(v)-norm we
define in Section 3. Additionally, Lan [55] establishes a O(1/

√
T ) convergence rate for

their algorithm without regularization and a O(1/T ) convergence rate in the regularized
case, in both cases using bounded step-sizes. We improve upon these results by obtaining
a O(1/T ) convergence rate without regularization and a linear convergence rate.

Related literature. Recently, the impressive empirical success of policy gradient (PG)-based methods
has catalyzed the development of theoretically sound algorithms for policy optimization. In particular,
there has been a lot of attention around algorithms inspired by mirror descent (MD) [70, 8] and,
more specifically, by natural gradient descent [5]. These two approaches led to policy mirror descent
(PMD) methods [82, 54] and natural policy gradient (NPG) methods [42], which, as first shown by
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Neu et al. [72], is a special case of PMD. For instance, PMD and NPG are the building blocks of
the state-of-the-art policy optimization algorithms, TRPO [78] and PPO [80]. Leveraging various
techniques from the MD literature, it has been established that PMD, NPG, and their variants converge
to the global optimum in different settings. We refer to global optimum convergence as an analysis
that guarantees that V ⋆(µ)− E

[
V T (µ)

]
≤ ϵ after T iterations with ϵ > 0. As an important variant

of NPG, we will also discuss the literature of the convergence analysis of natural actor-critic (NAC)
[75, 12]. The comparison of AMPO with different methods will proceed from the tabular case to
different function approximation regimes.

Sublinear convergence analyses of PMD, NPG and NAC. For softmax tabular policies, Shani
et al. [82] establish aO(1/

√
T ) convergence rate for unregularized NPG andO(1/T ) for regularized

NPG. Agarwal et al. [1], Khodadadian et al. [45] and Xiao [93] improve the convergence rate for
unregularized NPG and NAC toO(1/T ) and Xiao [93] extends the same convergence rate to projected
Q-descent. The same convergence rate is established by MD-MPI [33] through the PMD framework.

In the function approximation regime, Zanette et al. [99] and Hu et al. [36] achieve O(1/
√
T )

convergence rate by developing variants of PMD methods for the linear MDP [40] setting. The
same O(1/

√
T ) convergence rate is obtained by Agarwal et al. [1] for both log-linear and smooth

policies, while Yuan et al. [98] improve the convergence rate to O(1/T ) for log-linear policies.
For smooth policies, the convergence rate is later improved to O(1/T ) either by adding an extra
Fisher-non-degeneracy condition on the policies [61] or by analyzing NAC under Markovian
sampling [94]. Yang et al. [95] and Huang et al. [37] consider Lipschitz and smooth policies [97],
obtain O(1/

√
T ) convergence rates for PMD-type methods and faster O(1/T ) convergence rates

by applying the variance reduction techniques SARAH [73] and STORM [22], respectively. As for
neural policy parameterization, Liu et al. [60] establish a O(1/

√
T ) convergence rate for two-layer

neural PPO. The same O(1/
√
T ) convergence rate is established by Wang et al. [90] for two-layer

neural NAC, which is later improved to O(1/T ) by Cayci et al. [16], using entropy regularization.

We highlight that all of the above sublinear convergence analyses, for both softmax tabular policies
and the function approximation regime, are obtained either by using a decaying step-size or a
constant step-size. Under these step-size schemes, our AMPO’s O(1/T ) sublinear convergence rate
is the state of the art: it recovers the best-known convergence rates in the tabular setting [33, 93]
without regularization; it improves the O(1/

√
T ) convergence rate of Zanette et al. [99] and Hu

et al. [36] to O(1/T ) for the linear MDP setting; it recovers the best-known convergence rates
for the log-linear policies [98]; it matches the O(1/T ) sublinear convergence rate for smooth and
Fisher-non-degenerate policies [61] and the same convergence rate of Yang et al. [95] and Huang
et al. [37] for Lipschitz and smooth policies without introducing variance reduction techniques; it
matches the previous best-known convergence result in the neural network settings [16] without
regularization; lastly, it goes beyond all these results by allowing general parameterization. We refer
to Table 1 for an overview of recent sublinear convergence analyses of NPG/PMD.

Linear convergence analysis of PMD, NPG, NAC and other PG methods. In the softmax tabular
policy settings, the linear convergence guarantees of NPG and PMD are achieved by either adding
regularization [17, 100, 54, 58] or by varying the step-sizes [11, 46, 47, 93].

In the function approximation regime, the linear convergence guarantees are achieved for NPG
with log-linear policies, either by adding entropy regularization [15] or by choosing geometrically
increasing step-sizes [2, 98]. It can also be achieved for NAC with log-linear policy by using adaptive
increasing step-sizes [20].

Again, our AMPO’s linear convergence rate is the state of the art: not only it recovers the best-
known convergence rates in both the tabular setting [93] and the log-linear policies [2, 98] without
regularization [17, 100, 54, 58], nor adaptive step-sizes [11, 46, 47, 20], but also it achieves the
new state-of-the-art linear convergence rate for PG-based methods with general parameterization,
including the neural network parameterizations. We refer to Table 2 for an overview of recent linear
convergence analyses of NPG/PMD.

Alternatively, by exploiting a Polyak-Lojasiewicz (PL) condition [76, 62], fast linear convergence
results can be achieved for PG methods under different settings, such as linear quadratic control
problems [31] and softmax tabular policies with entropy regularization [65, 97]. The PL condition
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is extensively studied by Bhandari and Russo [10] to identify more general MDP settings. Like the
cases of NPG and PMD, linear convergence of PG can also be obtained for the softmax tabular policy
without regularization by choosing adaptive step sizes through exact line search [11] or by exploiting
non-uniform smoothness [66]. When the PL condition is relaxed to other weaker conditions, PG
methods combined with variance reduction methods such as SARAH [73] and PAGE [59] can also
achieve linear convergence. This is shown by Fatkhullin et al. [29, 30] when the PL condition is
replaced by the weak PL condition [97], which is satisfied by Fisher-non-degenerate policies [24]. It
is also shown by Zhang et al. [102], where the MDP satisfies some hidden convexity property that
contains a similar property to the weak PL condition studied by Zhang et al. [101]. Lastly, linear
convergence is established for the cubic-regularized Newton method [71], a second-order method,
applied to Fisher-non-degenerate policies combined with variance reduction [64].

Outside of the literature focusing on finite time convergence guarantees, Vaswani et al. [89] and Kuba
et al. [51] provide a theoretical analysis for variations of PMD and show monotonic improvements
for their frameworks. Additionally, Kuba et al. [51] give an infinite time convergence guarantee for
their framework.

A.3 Future work

Our work opens several interesting research directions in both algorithmic and theoretical aspects.

From an algorithmic point of view, the updates in Lines 1 and 2 of AMPO are not explicit. This
might be an issue in practice, especially for large scale RL problems. It would be interesting to design
efficient regression solver for minimizing the approximation error in Line 1 of Algorithm 1. For
instance, by using the dual averaging algorithm [7, Chapter 4], it could be possible to replace the
term ∇h(πts) with f ts for all s ∈ S , to make the computation of the algorithm more efficient. That is,
it could be interesting to consider the following variation of Line 1 in Algortihm 1:

∥∥∥∥f t+1 −Qt − ηt−1

ηt
f t
∥∥∥∥
2

L2(vt)

≤ εapprox. (28)

Notice that (28) has the same update as (17), however, (28) is not restricted to using the negative
entropy mirror map. To efficiently solve the regression problem in Line 1 of Algorithm 1, one may
want to apply modern variance reduction techniques [73, 22, 59]. This has been done by Liu et al.
[61] for NPG method.

From a theoretical point of view, it would be interesting to derive a sample complexity analysis for
AMPO in specific settings, by leveraging its linear convergence. As mentioned for the linear MDP
[40] in Appendix A.2, one can apply the linear convergence theory of AMPO to other structural
MDPs, e.g., block MDP [25], factored MDP [44, 85], RKHS linear MDP and RKHS linear mixture
MDP [26], to build new sample complexity results for these settings, since the assumptions of
Theorem 4.3 do not impose any constraint on the MDP. On the other hand, it would be interesting to
explore the interaction between the Bregman projected policy class and the expected Lipschitz and
smooth policies [97] and the Fish-non-degenerate policies [61] to establish new improved sample
complexity results in these settings, again thanks to the linear convergence theory of AMPO.

Additionally, it would be interesting to study the application of AMPO to the offline setting. In the
main text, we have discussed how to extend Algorithm 1 and Theorem 4.3 to the offline setting, where
vt can be set as the state-action distribution induced by an arbitrary behavior policy that generates
the data. However, we believe that this direction requires further investigation. One of the major
challenges of offline RL is dealing with the distribution shifts that stem from the mismatch between
the trained policy πt and the behaviour policy. Several methods have been introduced to deal with
this issue, such as constraining the current policy to be close to the behavior policy [56]. We leave
introducing offline RL techniques in AMPO as future work.

Another direction for future work is extending the policy update of AMPO to mirror descent algorithm
based on value iteration and Bellman operators, such as MD-MPI [33], in order to extend existing
results to the general parameterization setting. Other interesting settings that have been addressed
using the PMD framework are mean-field games [96] and constrained MDPs [23]. We hope to build
on the existing literature for these settings and see whether our results can bring any improvements.

Finally, this work theoretically indicates that, perhaps the most important future work of PMD-type
algorithms is to design efficient policy evaluation algorithms to make the estimation of the Q-function
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Table 1: Overview of sublinear convergence results for NPG and PMD methods with constant
step-size in different settings. The dark blue cells contain our new results. The light blue cells

contain previously known results that we recover as special cases of our analysis. The pink cells
contain previously known results that we improve upon by providing a faster convergence rate. The
white cells contain existing results that have already been improved by other literature or that we
could not recover under our general analysis.

Algorithm Rate Comparisons to our works
Setting: Softmax tabular policies

Adaptive TRPO [82] O(1/
√
T ) They employ regularization

Tabular off-policy NAC [45] O(1/T ) Assumption (A1) with L2 instead of ℓ∞ norm
We have a weaker approximation error

Tabular NPG [1] O(1/T )

MD-MPI [33] O(1/T ) We match their results when fθ(s, a) = θs,a.

projected Q-descent [93]
Tabular NPG/ O(1/T )

Assumption (A1) with L2 instead of ℓ∞ norm.
we have a weaker approximation error
We recover their results when fθ(s, a) = θs,a;

Setting: Log-linear policies

Q-NPG [1] O(1/
√
T )

Q-NPG/NPG [98] O(1/T )
to θ.
We recover their results when fθ(s, a) is linear

Setting: Softmax two-layer neural policies

Neural PPO [60] O(1/
√
T )

Neural NAC [90] O(1/
√
T )

Regularized neural NAC [16] O(1/T ) We match their results without regularization.

Setting: Linear MDP

NPG [99, 36] O(1/
√
T )

Setting: Smooth policies

NPG [1] O(1/
√
T )

NAC under Markovian sampling [94] O(1/T )

Fisher-non-degenerate policies [61]
NPG with O(1/T )

Setting: Lipschitz and Smooth policies

Variance reduced PMD [95, 37] O(1/T ) We match their results without variance reduction.

Setting: Bregman projected policies with general parameterization and mirror map

Regularized PMD [55] O(1/T )
Assumption (A1) with L2 instead of ℓ∞ norm.
we have a weaker approximation error
We match their results without regularization;

AMPO (Theorem 4.3, this work) O(1/T )
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Table 2: Overview of linear convergence results for NPG and PMD methods in different settings.
The darker cells contain our new results. The light cells contain previously known results that we
recover as special cases of our analysis, and extend the permitted concentrability coefficients settings.
The white cells contain existing results that we could not recover under our general analysis.

Algorithm Reg. C.S. A.I.S. N.I.S.∗ Error assumption∗∗

Setting: Softmax tabular policies

NPG [17] ✓ ✓ ℓ∞

PMD [100] ✓ ✓ ℓ∞

NPG [54] ✓ ✓ ℓ∞

NPG [58] ✓ ✓ ℓ∞

NPG [11] ✓

NPG [46, 47] ✓ ℓ∞

NPG / Projected Q-descent [93] ✓ ℓ∞

Setting: Log-linear policies

NPG [15] ✓ ✓ L2

Off-policy NAC [20] ✓ ℓ∞

Q-NPG [2] ✓ L2

Q-NPG/NPG [98] ✓ L2

Setting: Bregman projected policies with general parameterization and mirror map

AMPO (Theorem 4.3, this work) ✓ L2

∗ Reg.: regularization; C.S.: constant step-size; A.I.S.: Adaptive increasing step-size; N.I.S.: Non-adaptive
increasing step-size.
∗∗ Error assumption.: ℓ∞ means that the approximation error assumption uses the ℓ∞-norm; and L2 means
that the approximation error assumption uses the weaker L2 norm.

as accurate as possible, such as using offline data for training, and to construct adaptive representation
learning for FΘ to closely approximate Q-function, so that ϵapprox is guaranteed to be small. This
matches one of the most important research questions for deep Q-learning type algorithms for general
policy optimization problems.

B Equivalence of (9)-(10) and (11) in the tabular case

To demonstrate the equivalence between the two-step update (9)-(10) and the one-step update (11)
for policy mirror descent in the tabular case, it is sufficient to validate the following lemma, which
comes from the optimization literature. The proof of this lemma can be found in Bubeck [14, Chapter
4.2]. However, for the sake of completeness, we present the proof here.

Lemma B.1 (Right after Theorem 4.2 in Bubeck [14]). Consider the mirror descent update in (5)-(6)
for the minimization of a function V (·), that is,

yt+1 = ∇h(xt)− ηt∇V (x)|x=xt , (29)

xt+1 = ProjhX (∇h∗(yt+1)). (30)

Then the mirror descent update can be rewritten as

xt+1 ∈ argmin
x∈X

ηt⟨x,∇V (x)|x=xt⟩+Dh(x, xt). (31)
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Proof. From definition of the Bregman projection step, starting from (29) we have

xt+1 = ProjhX (∇h∗(yt+1)) = argmin
x∈X

Dh(x,∇h∗(yt+1))

∈ argmin
x∈X

∇h(x)−∇h(∇h∗(yt+1))−
〈
∇h(∇h∗(yt+1)), x−∇h∗(yt+1)

〉

(4)
∈ argmin

x∈X
∇h(x)− yt+1 −

〈
yt+1, x−∇h∗(yt+1)

〉

∈ argmin
x∈X

∇h(x)− ⟨x, yt+1⟩

(29)
∈ argmin

x∈X
∇h(x)− ⟨x,∇h(xt)− ηt∇V (x)|x=xt⟩

∈ argmin
x∈X

ηt⟨x,∇V (x)|x=xt⟩+∇h(x)−∇h(xt)−
〈
∇h(xt), x− xt

〉

∈ argmin
x∈X

ηt⟨x,∇V (x)|x=xt⟩+Dh(x, xt),

where the second and the last lines are both obtained by the definition of the Bregman divergence.

The one-step update in (31) is often taken as the definition of mirror descent [8], which provides a
proximal view point of mirror descent, i.e., a gradient step in the primal space with a regularization
of Bregman divergence.

C AMPO for specific mirror maps

In this section, we give the derivations for Example 3.2, which is based on the Karush-Kuhn-Tucker
(KKT) conditions [43, 52], and then provide details about the ω-potential mirror map class from
Section 3.1.

C.1 Derivation of Example 3.2

We give here the derivation of Example 3.2. Let h be the negative entropy mirror map, that is

h(πs) =
∑

a∈A
π(a | s) log(π(a | s)), ∀πs ∈ ∆(A) and ∀s ∈ S.

For every state s ∈ S, we solve the minimization problem

πθs ∈ argmin
πs∈∆(A)

Dh(πs,∇h∗(ηfθs ))

through the KKT conditions. We formalize it as

πθs ∈ argmin
πs∈R|A|

Dh(πs,∇h∗(ηfθs ))

subject to ⟨πs,1⟩ = 1,

π(a | s) ≥ 0, ∀ a ∈ A,
where 1 denotes a vector in R|A| with coordinates equal to 1 element-wisely. The conditions then
become

(stationarity) log(πθs)− ηfθs + (λs + 1)1− cs = 0,

(complementary slackness) casπ
θ(a | s) = 0, ∀ a ∈ A,

(primal feasibility) ⟨πθs ,1⟩ = 1, πθ(a | s) ≥ 0, ∀ a ∈ A,
(dual feasibility) cas ≥ 0, ∀ a ∈ A,

where log(πs) is applied element-wisely, λs ∈ R and cas ∈ R are the dual variables, and cs devotes
the vector [cas ]a∈A. It is easy to verify that the solution

πθs =
exp(ηfθs )

∥exp(ηfθs )∥1
,
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with λs = log
(∑

a∈A exp(ηfθ(s, a))
)
− 1 and cas = 0 for all a ∈ A, satisfies all the conditions.

When fθ(s, a) = θs,a we obtain the tabular softmax policy πθ(a | s) ∝ exp(ηθs,a). When
fθ(s, a) = θ⊤ϕ(s, a) is a linear function, for θ ∈ Rd and for a feature function ϕ : S × A → Rd,
we obtain the log-linear policy πθ(a | s) ∝ exp(ηθ⊤ϕ(s, a)). When fθ : S × A → R is a neural
network, we obtain the softmax neural policy πθ(a | s) ∝ exp(ηfθ(s, a)).

C.2 More on ω-potential mirror maps

In this section, we provide details about the ω-potential mirror map class from Section 3.1, including
the derivation of (14), several instantiations of ω-potential mirror map mentioned in Section 3.1 with
their derivations, and an iterative algorithm to find approximately the Bregman projection induced
by ω-potential mirror map when an exact solution is not available.

We give a different but equivalent formulation of Proposition 2 of Krichene et al. [50].
Proposition C.1. For u ∈ (−∞,+∞] and ω ≤ 0, an increasingC1-diffeomorphism ϕ : (−∞, u)→
(ω,+∞) is called an ω-potential if

lim
x→−∞

ϕ(x) = ω, lim
x→u

ϕ(x) = +∞,
∫ 1

0

ϕ−1(x)dx ≤ ∞.

Let the mirror map hϕ be defined as

hϕ(πs) =
∑

a∈A

∫ π(a|s)

1

ϕ−1(x)dx.

We have that πts is a solution to the Bregman projection

min
π∈∆s

Projh∆(A)(∇h∗ϕ(ηt−1f
t
s)),

if and only if there exist a normalization constant λts ∈ R such that

πt(a | s) = σ(ϕ(ηt−1f
t(s, a) + λts)), ∀a ∈ A, (32)

and
∑
a∈A π

t(a | s) = 1, where for all s ∈ S and σ(z) = max(z, 0) for z ∈ R.

We can now use Proposition C.1 to derive (14).

Consider an ω-potential mirror map hϕ associated with an ω-potential ϕ. By definition, we have

∇hϕ(πts) = [ϕ−1(πt(a | s))]a∈A. (33)

Plugging (32) into (33), we have

∇hϕ(πts)
(33)
= [ϕ−1(πt(a | s))]a∈A

(32)
=

[
ϕ−1

(
σ
(
ϕ(ηt−1f

t(s, a) + λts)
))]

a∈A
=

[
max

(
ϕ−1

(
ϕ(ηt−1f

t(s, a) + λts)
)
, ϕ−1(0)

)]
a∈A

=
[
max

(
ηt−1f

t(s, a) + λts, ϕ
−1(0)

)]
a∈A

=
[
max

(
ηt−1f

t(s, a), ϕ−1(0)− λts
)]
a∈A + λts,

where the third line is obtained by using the increasing property of ϕ−1, as ϕ is increasing. Finally,
plugging the above expression of ∇hϕ(πts) into Line 1, we obtain (14), which is

θt+1 ∈ argminθ∈Θ E(s,a)∼vt
[
(fθ(s, a)−Qt(s, a)− η−1

t max(ηt−1f
t(s, a), ϕ−1(0)− λts))2

]
,

where the term λts is dropped, as it is constant over actions and does not affect the resulting policy.

Once (14) is obtained, we can instantiate AMPO for mirror maps belonging to this class. We highlight
that due to the definition of the Bregman divergence, two mirror maps that only differ for a constant
term are equivalent and generate the same algorithm. We start with the negative entropy, which leads
to a closed solution for λts and therefore for the Bregman projection.
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Negative entropy. Let ϕ(x) = exp(x− 1), which is an ω-potential with ω = 0, u = +∞, and
∫ 1

0

ϕ−1(x)dx =

∫ 1

0

log(x) + 1dx = [x log(x)]10 = 0 ≤ +∞.

The mirror map hϕ becomes the negative entropy, as

hϕ(πs) =
∑

a∈A

∫ π(a|s)

1

(log(x) + 1)dx =
∑

a∈A
π(a | s) log(π(a | s)),

and the associated Bregman divergence becomes the KL divergence, i.e., Dhϕ
(πs, π̄s) = KL(πs, π̄s).

Equation (17) follows from Equation (14) by the fact that

ϕ−1(0) = log(0) + 1 = −∞,
which means that max(ηt−1f

t, ϕ−1(0)− λts) = ηt−1f
t element-wisely.

As we showed in Appendix C.1, the Bregman projection (Line 2 of Algorithm 1) for the negative
entropy has a closed form which is πt+1

s ∝ exp(ηtf
t+1
s ).

In NPG with softmax tabular policies [1, 93], at time t, the updates for the policies have

πt+1
s ∝ πts ⊙ exp(ηtQ

t
s), ∀s ∈ S. (34)

When considering AMPO with fθ(s, a) = θs,a ∈ R, from (17), we obtain that for all s, a ∈ S,A,
we have

θt+1 ∈ argmin
θ∈R|S|×|A|

∥∥∥∥θ −Qt −
ηt−1

ηt
θt
∥∥∥∥
2

L2(vt)

⇐⇒ f t+1(s, a) = Qt(s, a) +
ηt−1

ηt
f t(s, a)

⇐⇒ ηtf
t+1(s, a) = ηtQ

t(s, a) + ηt−1f
t(s, a).

With the above expression, we have the AMPO’s updates for the policies rewritten as

πt+1
s ∝ exp(ηtf

t+1
s )

= exp(ηtQ
t
s + ηt−1f

t
s)

∝ πts ⊙ exp(ηtQ
t
s), ∀s ∈ S,

which recovers (34). In particular, the summation in the second line is element-wise and the third
line is obtained because of πts ∝ exp(ηt−1f

t
s), as shown in Appendix C.1.

In Q-NPG with log-linear policies [1, 98, 2], at time t, the updates for the policies have

πt+1(a | s) ∝ πt(a | s) exp(ηtϕ(s, a)⊤wt), (35)

where ϕ : S ×A → Rd is a feature map, and

wt ∈ argmin
w∈Rd

E(s,a)∼dtµ
[
(Qt(s, a)− ϕ(s, a)⊤w)2

]
. (36)

Like in the tabular case, when considering AMPO with θ ∈ Rd, fθ(s, a) = ϕ(s, a)⊤θ and vt = dtµ,
from (17), we obtain that for all s, a ∈ S,A, we have

θt+1 ∈ argmin
θ∈Rd

E(s,a)∼dtµ

[(
ϕ(s, a)⊤θ −Qt(s, a)− ηt−1

ηt
ϕ(s, a)⊤θt

)2
]

∈ argmin
θ∈Rd

E(s,a)∼dtµ

[(
Qt(s, a)− ϕ(s, a)⊤

(
θ − ηt−1

ηt
θt

︸ ︷︷ ︸
w

))2]
.

Compared the above form with (36), we obtain that

wt = θt+1 − ηt−1

ηt
θt ⇐⇒ ηtθ

t+1 = ηtw
t + ηt−1θ

t. (37)
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Algorithm 2: Bregman projection for ϵ-negative entropy

Input: vector to project x ∈ R|A|, parameter ϵ.
1 Initialize y = exp(x) element-wisely.
2 Let y(i) be the i-th smallest element of y.
3 Let i⋆ be the smallest index for which

(1 + ϵ(|A| − i+ 1))y(i) − ϵ
∑

j≥i
y(j) > 0.

Set
λ =

∑
i≥i⋆ y

(i)

1 + ϵ(|A| − i⋆ + 1)
.

Return: the projected vector (σ (−ϵ+ ya/λ))a∈A.

So, the AMPO’s updates for the policies can be rewritten as

πt+1(a | s) ∝ exp(ηtϕ(s, a)
⊤θt+1)

(37)
= exp(ϕ(s, a)⊤(ηtw

t + ηt−1θ
t))

∝ πt(a | s) exp(ηtϕ(s, a)⊤wt),
where the last line is obtained because of πts ∝ exp(ηt−1f

t
s), as shown in Appendix C.1, and we

recover (35).

We next present the squared ℓ2-norm and the ϵ-negative entropy. For these two mirror maps, the
Bregman projection can be computed exactly but has no closed form.

Squared ℓ2-norm. Let ϕ be the identity function. The mirror map hϕ becomes the squared ℓ2-norm,
up to a constant term, as

hϕ(πs) =
∑

a∈A

∫ π(a|s)

1

x dx =
1

2

∑

a∈A

(
π(a | s)2 − 1

)
.

The associated Bregman divergence becomes the squared Euclidean distance, i.e., Dhϕ
(πs, π̄s) =

1
2 ∥πs − π̄s∥

2
2, and ∇h∗(·) is the identity function. The update in (15) follows immediately and the

Bregman projection step with the Euclidean distance becomes, for all s ∈ S,

πt+1
s = Projhϕ

∆(A)(∇h∗(ηtf t+1
s )) = Projl2∆(A)(ηtf

t+1
s ) = argmin

p∈∆(A)

∥∥p− ηtf t+1
s

∥∥2
2
. (38)

In the projected-Q descent for tabular policies developed by Xiao [93], at time t, the updates for the
policies are

πt+1
s ∈ argmin

p∈∆(A)

∥∥πts + ηtQ
t
s − p

∥∥2
2
, ∀s ∈ S. (39)

When considering AMPO with fθ(s, a) = θs,a and Θ = R|S|×|A|, (15) is solved with

f t+1(s, a) = θt+1
s,a = Qt(s, a) + η−1

t πt(a | s).
Plugging the above expression into (38), we recover (39).

Notice that the Euclidean projection onto the probability simplex can be obtained exactly, as shown
by Wang and Carreira-Perpinán [91].

ϵ-negative entropy [50]. Let ϵ ≥ 0 and define the ϵ-exponential potential as ϕ(x) = exp(x−1)−ϵ.
The mirror map hϕ becomes

hϕ(πs) =
∑

a∈A

∫ π(a|s)

1

(log(x+ϵ)+1)dx =
∑

a∈A
[(π(a | s) + ϵ) ln(π(a | s) + ϵ)− (1 + ϵ) ln(1 + ϵ)] .

29



Algorithm 3: Bregman projection for ω-potential mirror maps

Input: vector to project x ∈ R|A|, ω-potential ϕ, precision ε.
1 Initialize

ν̄ = ϕ−1(1)−max
a∈A

xa

¯
ν = ϕ−1(1/|A|)−max

a∈A
xa

2 Define x̃(ν) = (σ(ϕ (xa + ν)))a∈A.
while ∥x̃(ν̄)− x̃(

¯
ν)∥1 > ε do

3 Let ν+ ← (ν̄ +
¯
ν)/2

4 if
∑
a∈A x̃a(ν

+) > 1 then
5 ν̄ ← ν+

6 else
7

¯
ν ← ν+

8 Return x̃(ν̄)

An exact solution to the associated projection can then be found in Õ(|A|) computations using
Algorithm 2, which has been proposed by Krichene et al. [50, Algorithm 4]. Additionally, following
(14), the regression problem in Line 1 of Algorithm 1 becomes

θt+1 ∈ argmin
θ∈Θ

∥∥fθ −Qt − η−1
t max(ηt−1f

t, 1 + log(ϵ)− λts)
∥∥2
L2(vt)

,

where λts can be obtained through Algorithm 2.

The Bregman projection for generic mirror maps can be computed approximately in Õ(|A|) compu-
tations through a bisection algorithm. Krichene et al. [50] propose one such algorithm, which we
report in Algorithm 3 for completeness. We next provide two mirror maps that have appeared before
in the optimization literature, but do not lead to an exact solution to the Bregman projection. We
leave them as object for future work.

Negative Tsallis entropy [74, 57]. Let q > 0 and define ϕ as

ϕq(x) =





exp(x− 1) if q = 1,
[
σ
(

(q−1)x
q

)] 1
q−1

else.

The mirror map hϕq
becomes the negative Tsallis entropy, that is

hϕq
(πs) =

∑
π(a | s) logq(π(a | s)), (40)

where, for y > 0,

logq(y) =

{
log(y) if q = 1,
− yq−1

q−1 else.

If q ̸= 1 and following (14), the regression problem in Line 1 of Algorithm 1 becomes

θt+1 ∈ argmin
θ∈Θ

∥∥∥∥fθ −Qt −
ηt−1

ηt
f t
∥∥∥∥
2

L2(vt)

,

Hyperbolic entropy [34]. Let b > 0 and define ϕ as
ϕb(x) = b sinh(x)

The mirror map hϕb
becomes the hyperbolic entropy, that is

hϕb
(πs) =

∑

a∈A
π(a | s) arcsinh(π(a | s)/b)−

√
π(a | s)2 + b2, (41)

and, following (14), the regression problem in Line 1 of Algorithm 1 becomes

θt+1 ∈ argmin
θ∈Θ

∥∥fθ −Qt − η−1
t max(ηt−1f

t,−λts)
∥∥2
L2(vt)

.
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Hyperbolic-tangent entropy. Inspired by the hyperbolic entropy, we consider ϕ as
ϕ(x) = tanh(x)/2 + 0.5

The mirror map hϕ becomes

hϕ(πs) =
1

2

∑

a∈A
(2π(a | s)− 1) arctanh(2π(a | s)− 1) +

1

2
log π(a | s)(1− π(a | s)), (42)

which, to the best of our knowledge, is not equivalent to any mirror map studied in the literature.
Following (14), the regression problem in Line 1 of Algorithm 1 becomes

θt+1 ∈ argmin
θ∈Θ

∥∥∥∥fθ −Qt −
ηt−1

ηt
f t
∥∥∥∥
2

L2(vt)

.

Regarding the limitations of the ω-potential mirror map class, we are aware of two previously used
mirror maps that cannot be recovered using ω-potentials: h(x) = 1

2x
⊤Ax [32], for some positive-

definite matrix A, which generates the Mahalanobis distance, and p-norms, i.e. h(x) = ∥x∥2p [74].
Note that the case where h(x) = ∥x∥pp can be recovered by setting ϕ(x) = (px)p/(1−p).

We note that tuning the mirror map and the step-size can lead AMPO to encompass the case of
deterministic policies, which can be obtained when using softmax policies by sending the step-size
to infinity, effectively turning the softmax operator into a max operator. Another simple way of
introducing deterministic policies in our framework is to choose the mirror map to be the Euclidean
norm and to choose the step-size large enough. Doing so will cause the Bregman projection to put
all the probability on the action that corresponds to the maximum value of fθs . Our results hold in
this setting because our analysis does not use the policy gradient theorem (3), which has a different
expression for deterministic policies [83].

D Deferred proofs from Section 4.1

D.1 Proof of Lemma 4.1

Here we provide the proof of Lemma 4.1, an application of the three-point descent lemma that
accommodates arbitrary parameterized functions. Lemma 4.1 is the key tool for our analysis of
AMPO. It is a generalization of both Xiao [93, Equation (44)] and Yuan et al. [98, Equation (50)]
thanks to our two-step PMD framework. First, we recall some technical conditions of the mirror map
[14, Chapter 4].

Suppose that Y ⊂ R|A| is a closed convex set, we say a function h : Y → R is a mirror map if it
satisfies the following properties:

(i) h is strictly convex and differentiable;
(ii) h is essentially smooth, i.e., the graident of h diverges on the boundary of Y , that is

lim
x→∂Y

∥∇h(x)∥ → ∞;

(iii) the gradient of h takes all possible values, that is∇h(Y) = R|A|.

To prove Lemma 4.1, we also need the following rather simple properties, i.e., the three-point identity
and the generalized Pythagorean theorem, satisfied by the Bregman divergence. We provide their
proofs for self-containment.
Lemma D.1 (Three-point identity, Lemma 3.1 in Chen and Teboulle [19]). Let h be a mirror map.
For any a, b in the relative interior of Y and c ∈ Y , we have that:

Dh(c, a) +Dh(a, b)−Dh(c, b) = ⟨∇h(b)−∇h(a), c− a⟩ . (43)

Proof. Using the definition of the Bregman divergence Dh, we have
⟨∇h(a), c− a⟩ = h(c)− h(a)−Dh(c, a), (44)
⟨∇h(b), a− b⟩ = h(a)− h(b)−Dh(a, b), (45)
⟨∇h(b), c− b⟩ = h(c)− h(b)−Dh(c, b). (46)

Subtracting (44) and (45) from (46) yields (43).
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Lemma D.2 (Generalized Pythagorean Theorem of Bregman divergence, Lemma 4.1 in Bubeck
[14]). Let X ⊆ Y be a closed convex set. Let h be a mirror map defined on Y . Let x ∈ X , y ∈ Y
and y⋆ = ProjhX (y), then

⟨∇h (y⋆)−∇h(y), y⋆ − x⟩ ≤ 0,

which also implies

Dh (x, y⋆) +Dh (y⋆, y) ≤ Dh(x, y). (47)

Proof. From the definition of y⋆, which is

y⋆ ∈ argmin
y′∈X

Dh(y′, y),

and from the first-order optimality condition [14, Proposition 1.3], with

∇y′Dh(y′, y) = ∇h(y′)−∇h(y), for all y′ ∈ Y,
we have

⟨∇y′Dh(y′, y)|y′=y⋆ , y⋆ − x⟩ ≤ 0 =⇒ ⟨∇h (y⋆)−∇(y), y⋆ − x⟩ ≤ 0,

which implies (47) by applying the definition of Bregman divergence and rearranging terms.

Now we are ready to prove Lemma 4.1.

Lemma D.3 (Lemma 4.1). Let Y ⊂ R|A| be a closed convex set with ∆(A) ⊆ Y . For any policies
π ∈ ∆(A)S and π̄ in the relative interior of ∆(A)S , any function fθ with θ ∈ Θ, any s ∈ S and for
η > 0, we have that,

⟨ηfθs −∇h(π̄s), πs − π̃s⟩ ≤ Dh(πs, π̄s)−Dh(π̃s, π̄s)−Dh(π, π̃s),
where π̃ is induced by fθ and η according to Definition 3.1, that is, for all s ∈ S,

π̃s = Projh∆(A)

(
∇h∗(ηfθs )

)
= argmin
π′
s∈∆(A)

Dh(π′
s,∇h∗(ηfθs )). (48)

Proof. For clarity of exposition, let ps = ∇h∗(ηfθs ). Plugging a = π̄s, b = ps and c = πs in the
three-point identity lemma D.1, we obtain

Dh(πs, π̄s)−Dh(πs, ps) +Dh(π̄s, ps) = ⟨∇h(π̄s)−∇h(ps), π̄s − πs⟩ . (49)

Similarly, plugging a = π̄s, b = ps and c = π̃s in the three-point identity lemma D.1, we obtain

Dh(π̃s, π̄s)−Dh(π̃s, ps) +Dh(π̄s, ps) = ⟨∇h(π̄s)−∇h(ps), π̄s − π̃s⟩ . (50)

From (49), we have

Dh(πs, π̄s)−Dh(πs, ps) +Dh(π̄s, ps)
= ⟨∇h(π̄s)−∇h(ps), π̄s − πs⟩
= ⟨∇h(π̄s)−∇h(ps), π̄s − π̃s⟩+ ⟨∇h(π̄s)−∇h(ps), π̃s − πs⟩

(50)
= Dh(π̃s, π̄s)−Dh(π̃s, ps) +Dh(π̄s, ps) + ⟨∇h(π̄s)−∇h(ps), π̃s − πs⟩ .

By rearranging terms, we have

Dh(πs, π̄s)−Dh(π̃s, π̄s)−Dh(πs, ps) +Dh(π̃s, ps) = ⟨∇h(π̄s)−∇h(ps), π̃s − πs⟩ . (51)

From the Generalized Pythagorean Theorem of the Bregman divergence in Lemma D.2, also known
as non-expansivity property, and from the fact that π̃s = Projh∆(A)(ps), we have that

Dh(πs, π̃s) +Dh(π̃s, ps) ≤ Dh(πs, ps) ⇐⇒ −Dh(πs, ps) +Dh(π̃s, ps) ≤ −Dh(πs, π̃s).
Plugging the above inequality into the left hand side of (51) yields

Dh(πs, π̄s)−Dh(π̃s, π̄s)−Dh(πs, π̃s) ≥ ⟨∇h(π̄s)−∇h(ps), π̃s − πs⟩ ,
which concludes the proof with ∇h(ps) = ηfθs .

We also provide an alternative proof of Lemma 4.1 later in Appendix F.

32



D.2 Bounding errors

In this section, we will bound error terms of the type

Es∼dπµ,a∼πs

[
Qt(s, a) + η−1

t [∇h(πts)]a − f t+1(s, a)
]
, (52)

where (dπµ, π) ∈ {(d⋆µ, π⋆), (dt+1
µ , πt+1), (d⋆µ, π

t), (dt+1
µ , πt)}. These error terms appear in the

forthcoming proofs of our results and directly induce the error floors in the convergence rates.

In the rest of Appendix D, let qt : S ×A → R such that, for every s ∈ S,

qts := f t+1
s − η−1

t ∇h(πts) ∈ R|A|.

So (52) can be rewritten as

Es∼dπµ,a∼πs

[
Qt(s, a) + η−1

t [∇h(πts)]a − f t+1(s, a)
]
= Es∼dπµ,a∼πs

[
Qt(s, a)− qt(s, a)

]
. (53)

To bound it, let (vt)t≥0 be a sequence of distributions over states and actions. By using Cauchy-
Schwartz’s inequality, we have

Es∼dπµ,a∼πs

[
Qt(s, a)− qt(s, a)

]

=

∫

s∈S,a∈A

dπµ(s)π(a | s)√
vt(s, a)

·
√
vt(s, a)(Qt(s, a)− qt(s, a))

≤

√√√√
∫

s∈S,a∈A

(
dπµ(s)π(a | s)

)2

vt(s, a)
·
∫

s∈S,a∈A
vt(s, a)(Qt(s, a)− qt(s, a))2

=

√√√√E(s,a)∼vt

[(
dπµ(s)π(a | s)
vt(s, a)

)2
]
· E(s,a)∼vt [(Qt(s, a)− qt(s, a))2]

≤
√
CvE(s,a)∼vt [(Qt(s, a)− qt(s, a))2],

where the last line is obtained by Assumption (A2). Using the concavity of the square root and
Assumption (A1), we have that

E
[
Es∼dπµ,a∼πs

[
Qt(s, a)− qt(s, a)

]]
≤
√
Cvεapprox. (54)

D.3 Quasi-monotonic updates – Proof of Proposition 4.2

In this section, we show Proposition 4.2 with its proof that the AMPO updates guarantee a quasi-
monotonic property, i.e., a non-decreasing property up to a certain error floor due to the approximation
error, which allows us to establish an important recursion about the AMPO iterates next. First, we
recall the performance difference lemma [41] which is the second key tool for our analysis and a well
known result in the RL literature. Here we use a particular form of the lemma presented by Xiao [93,
Lemma 1].
Lemma D.4 (Performance difference lemma, Lemma 1 in [93]). For any policy π, π′ ∈ ∆(A)S and
µ ∈ ∆(S),

V π(µ)− V π′
(µ) =

1

1− γEs∼dπµ
[〈
Qπ

′
s , πs − π′

s

〉]
.

For clarity of exposition, we introduce the notation

τ :=
2
√
Cvεapprox

1− γ .

Proposition 4.2 characterizes the non-decreasing property of AMPO. The error bound (54) in Ap-
pendix D.2 will be used to prove the the result.
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Proposition D.5 (Proposition 4.2). For the iterates of Algorithm 1, at each time t ≥ 0, we have

E[V t+1(µ)− V t(µ)] ≥ E
[
Es∼dt+1

µ

[Dh(πt+1
s , πts) +Dh(πts, πt+1

s )

ηt(1− γ)

]]
− τ.

Proof. Using Lemma 4.1 with π̄ = πt, fθ = f t+1, η = ηt, thus π̃ = πt+1 by Definition 3.1 and
Algorithm 1, and πs = πts, we have

⟨ηtqts, πts − πt+1
s ⟩ ≤ Dh(πts, πts)−Dh(πt+1

s , πts)−Dh(πts, πt+1
s ). (55)

By rearranging terms and noticing Dh(πts, πts) = 0, we have

⟨ηtqts, πt+1
s − πts⟩ ≥ Dh(πt+1

s , πts) +Dh(πts, πt+1
s ) ≥ 0. (56)

Then, by the performance difference lemma D.4, we have

(1− γ)E[V t+1(µ)− V t(µ)] = E
[
Es∼dt+1

µ

[
⟨Qts, πt+1

s − πts⟩
]]

= E
[
Es∼dt+1

µ

[
⟨qts, πt+1

s − πts⟩
]]

+E
[
Es∼dt+1

µ

[
⟨Qts − qts, πt+1

s − πts⟩
]]

(55)
≥ E

[
Es∼dt+1

µ

[Dh(πt+1
s , πts) +Dh(πts, πt+1

s )

ηt

]]

−
∣∣∣E
[
Es∼dt+1

µ

[
⟨Qts − qts, πt+1

s − πts⟩
]]∣∣∣

≥ E
[
Es∼dt+1

µ

[Dh(πt+1
s , πts) +Dh(πts, πt+1

s )

ηt

]]
− τ(1− γ),

which concludes the proof after dividing both sides by (1− γ). The last line follows from
∣∣∣E
[
Es∼dt+1

µ

[
⟨Qts − qts, πt+1

s − πts⟩
]]∣∣∣ ≤

∣∣∣E
[
Es∼dt+1

µ ,a∼πt+1
s

[
Qt(s, a)− qt(s, a)

]]∣∣∣ (57)

+
∣∣∣E
[
Es∼dt+1

µ ,a∼πt
s

[
Qt(s, a)− qt(s, a)

]]∣∣∣
(54)
≤ 2

√
C1εerror = τ(1− γ), (58)

where both terms are upper bounded by
√
Cvεapprox through (54) with (dπµ, π) = (dt+1

µ , πt+1) and
(dπµ, π) = (dt+1

µ , πt), respectively.

D.4 Main passage – An important recursion about the AMPO method

In this section, we show an important recursion result for the AMPO updates, which will be used for
both the sublinear and the linear convergence analysis of AMPO.

For clarity of exposition in the rest of Appendix D, let

νt :=

∥∥∥∥
d⋆µ

dt+1
µ

∥∥∥∥
L∞

:= sup
s∈S

d⋆µ(s)

dt+1
µ (s)

.

For two different time t, t′ ≥ 0, let Dtt′ denote the expected Bregman divergence between the policy
πt and policy πt

′
, where the expectation is taken over the discounted state visitation distribution of

the optimal policy d⋆µ, that is,

Dtt′ := Es∼d⋆µ
[
Dh(πts, πt

′
s )
]
.

Similarly, let D⋆t denote the expected Bregman divergence between the optimal policy π⋆ and πt,
that is,

D⋆t := Es∼d⋆µ
[
Dh(π⋆s , πts)

]
.

Let ∆t := V ⋆(µ)− V t(µ) be the optimality gap.

We can now state the following important recursion result for the AMPO method.
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Proposition D.6 (Proposition 4.4). Consider the iterates of Algorithm 1, at each time t ≥ 0, we have

E
[ Dt+1

t

(1− γ)ηt
+ νµ (∆t+1 −∆t) + ∆t

]
≤ E

[ D⋆t
(1− γ)ηt

− D⋆t+1

(1− γ)ηt

]
+ (1 + νµ)τ.

Proof. Using Lemma 4.1 with π̄ = πt, fθ = f t+1, η = ηt, and thus π̃ = πt+1 by Definition 3.1 and
Algorithm 1, and πs = π⋆s , we have that

⟨ηtqts, π⋆s − πt+1
s ⟩ ≤ Dh(π⋆, πt)−Dh(π⋆, πt+1)−Dh(πt+1, πt),

which can be decomposed as

⟨ηtqts, πts − πt+1
s ⟩+ ⟨ηtqts, π⋆s − πts⟩ ≤ Dh(π⋆, πt)−Dh(π⋆, πt+1)−Dh(πt+1, πt).

Taking expectation with respect to the distribution d⋆µ over states and with respect to the randomness
of AMPO and dividing both sides by ηt, we have

E
[
Es∼d⋆µ

[
⟨qts, πts − πt+1

s ⟩
]]

+ E
[
Es∼d⋆µ

[
⟨qts, π⋆s − πts⟩

]]
≤ 1

ηt
E[D⋆t −D⋆t+1 −Dt+1

t ]. (59)

We lower bound the two terms on the left hand side of (59) separately. For the first term, we have that

E
[
Es∼d⋆µ

[
⟨qts, πts − πt+1

s ⟩
]] (56)

≥
∥∥∥∥
d⋆µ

dt+1
µ

∥∥∥∥
L∞

E
[
Es∼dt+1

µ

[
⟨qts, πts − πt+1

s ⟩
]]

= νt+1E
[
Es∼dt+1

µ

[
⟨Qts, πts − πt+1

s ⟩
]]

+νt+1E
[
Es∼dt+1

µ

[
⟨qts −Qts, πts − πt+1

s ⟩
]]

(a)
= νt+1(1− γ)E

[
V t(µ)− V t+1(µ)

]

+νt+1E
[
Es∼dt+1

µ

[
⟨qts −Qts, πts − πt+1

s ⟩
]]

(57)
≥ νt+1(1− γ)E

[
V t(µ)− V t+1(µ)

]
− νt+1τ(1− γ)

= νt+1(1− γ)E [∆t+1 −∆t]− νt+1τ(1− γ),
where (a) follows from Lemma D.4. For the second term, we have that

E
[
Es∼d⋆µ

[
⟨qts, π⋆s − πts⟩

]]
= E

[
Es∼d⋆µ

[
⟨Qts, π⋆s − πts⟩

]]
+ E

[
Es∼d⋆µ

[
⟨qts −Qts, π⋆s − πts⟩

]]

(b)
= E[∆t](1− γ) + E

[
Es∼d⋆µ

[
⟨qts −Qts, π⋆s − πts⟩

]]

(c)

≥ E[∆t](1− γ)− τ(1− γ),
where (b) follows from Lemma D.4 and (c) follows similarly to (57), i.e., by applying (54) twice
with (dπµ, π) = (d⋆µ, π

⋆) and (dπµ, π) = (d⋆µ, π
t).

Plugging the two bounds in (59), dividing both sides by (1− γ) and rearranging, we obtain

E
[ Dt+1

t

(1− γ)ηt
+ νt+1 (∆t+1 −∆t − τ) + ∆t

]
≤ E

[ D⋆t
(1− γ)ηt

− D⋆t+1

(1− γ)ηt

]
+ τ.

From Proposition 4.2, we have that ∆t+1 − ∆t − τ ≤ 0. Consequently, since νt+1 ≤ νµ by the
definition of νµ in Assumption (A3), one can lower bound the left hand side of the above inequality
by replacing νt+1 by νµ, that is,

E
[ Dt+1

t

(1− γ)ηt
+ νµ (∆t+1 −∆t − τ) + ∆t

]
≤ E

[ D⋆t
(1− γ)ηt

− D⋆t+1

(1− γ)ηt

]
+ τ,

which concludes the proof.
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D.5 Proof of the sublinear convergence analysis

In this section, we derive the sublinear convergence result of Theorem 4.3 with non-decreasing
step-size.

Proof. Starting from Proposition D.6

E
[ Dt+1

t

(1− γ)ηt
+ νµ (∆t+1 −∆t) + ∆t

]
≤ E

[ D⋆t
(1− γ)ηt

− D⋆t+1

(1− γ)ηt

]
+ (1 + νµ)τ.

If ηt ≤ ηt+1,

E
[ Dt+1

t

(1− γ)ηt
+ νµ (∆t+1 −∆t) + ∆t

]
≤ E

[ D⋆t
(1− γ)ηt

− D⋆t+1

(1− γ)ηt+1

]
+ (1 + νµ)τ. (60)

Summing up from 0 to T − 1 and dropping some positive terms on the left hand side and some
negative terms on the right hand side, we have

∑

t<T

E [∆t] ≤
D⋆0

(1− γ)η0
+ νµ∆0 + T (1 + νµ)τ ≤

D⋆0
(1− γ)η0

+
νµ

1− γ + T (1 + νµ)τ.

Notice that ∆0 ≤ 1
1−γ as r(s, a) ∈ [0, 1]. By dividing T on both side, we yield the proof of the

sublinear convergence

V ⋆(µ)− 1

T

∑

t<T

E
[
V t(µ)

]
≤ 1

T

( D⋆0
(1− γ)η0

+
νµ

1− γ

)
+ (1 + νµ)τ.

D.6 Proof of the linear convergence analysis

In this section, we derive the linear convergence result of Theorem 4.3 with exponentially increasing
step-size.

Proof. Starting from Proposition D.6 by dropping Dt+1
t

(1−γ)ηt on the left hand side, we have

E [νµ (∆t+1 −∆t) + ∆t] ≤ E
[ D⋆t
(1− γ)ηt

− D⋆t+1

(1− γ)ηt

]
+ (1 + νµ)τ.

Dividing νµ on both side and rearranging, we obtain

E
[
∆t+1 +

D⋆t+1

(1− γ)νµηt

]
≤
(
1− 1

νµ

)
E
[
∆t +

D⋆t
(1− γ)ηt(νµ − 1)

]
+

(
1 +

1

νµ

)
τ.

If the step-sizes satisfy ηt+1(νµ − 1) ≥ ηtνµ with νµ ≥ 1, then

E
[
∆t+1 +

D⋆t+1

(1− γ)ηt+1(νµ − 1)

]
≤
(
1− 1

νµ

)
E
[
∆t +

D⋆t
(1− γ)ηt(νµ − 1)

]
+

(
1 +

1

νµ

)
τ.

Now we need the following simple fact, whose proof is straightforward and thus omitted.

Suppose 0 < α < 1, b > 0 and a nonnegative sequence {at}t≥0 satisfies

at+1 ≤ αat + b ∀t ≥ 0.

Then for all t ≥ 0,

at ≤ αta0 +
b

1− α.

The proof of the linear convergence analysis follows by applying this fact with at =

E
[
∆t +

D⋆
t

(1−γ)ηt(νµ−1)

]
, α = 1− 1

νµ
and b =

(
1 + 1

νµ

)
τ .

36



E Discussion of the first step (Line 1) of AMPO – the compatible function
approximation framework

Starting from this section, some additional remarks about AMPO are in order. In particular, we
discuss in detail the novelty of the first step (Line 1) and the second step (Line 2) of AMPO in this and
the next section, respectively. Afterwards, we provide an extensive justification of the assumptions
used in Theorem 4.3 in Appendices G to I.

As mentioned in Remark 3.3, Agarwal et al. [1] study NPG with smooth policies through compatible
function approximation and propose the following algorithm. Let {πθ : θ ∈ Θ} be a policy class
such that log πθ(a | s) is a β-smooth function of θ for all s ∈ S, a ∈ A. At each iteration t, update

θt+1 = θt + ηwt,

with
wt ∈ argmin

∥w∥2≤W

∥∥At − w⊤∇θ log πt
∥∥
L2(dtµ·πt)

, (61)

where W > 0 and At(s, a) = Qt(s, a)− V t(s) represents the advantage function. While both the
algorithm proposed by Agarwal et al. [1] and AMPO involve regression problems, the one in (61) is
restricted to linearly approximate At with ∇θ log πt, whereas the one in Line 1 of Algorithm 1 is
relaxed to approximate At with an arbitrary class of functions FΘ. Additionally, (61) depends on
the distribution dtµ, while Line 1 of Algorithm 1 does not and allows off-policy updates involving an
arbitrary distribution vt, as vt is independent of the current policy πt.

F Discussion of the second step (Line 2) of AMPO – the Bregman projection

As mentioned in Remark 3.4, we can rewrite the second step (Line 2) of AMPO through the following
lemma.
Lemma F.1. For any policy π̄, for any function fθ ∈ FΘ and for η > 0, we have, for all s ∈ S,

π̃s ∈ argmin
p∈∆(A)

Dh(p,∇h∗(ηfθs )) ⇐⇒ π̃s ∈ argmin
p∈∆(A)

⟨−ηfθs +∇h(π̄s), p⟩+Dh(p, π̄s).

Equations (12) and (20) are obtained by choosing π̃s = πt+1
s and π̄s = πts for all s ∈ S, η = ηt,

θ = θt+1, and by changing the sign of the expression on the right in order to obtain an argmax.

Proof. Starting from the definition of π̃, we have

π̃s ∈ argmin
p∈∆(A)

Dh(p,∇h∗(ηfθs ))

∈ argmin
p∈∆(A)

h(p)− h(∇h∗(ηfθs ))− ⟨∇h(∇h∗(ηfθs )), p−∇h∗(ηfθs )⟩

∈ argmin
p∈∆(A)

h(p)− ⟨ηfθs , p⟩

∈ argmin
p∈∆(A)

⟨−ηfθs +∇h(π̄s), p⟩+ h(p)− h(π̄s)− ⟨∇h(π̄s), p− π̄s⟩

∈ argmin
p∈∆(A)

⟨−ηfθs +∇h(π̄s), p⟩+Dh(p, π̄s), (62)

where the second and the last lines are obtained using the definition of the Bregman divergence, and
the third line is obtained using (4) (∇h(∇h∗(x∗)) = x∗ for all x∗ ∈ R|A|).

Lemmas F.1 and B.1 share a similar result, as they both rewrite the Bregman projection into the MD
updates. However, the MD updates in Lemma B.1 are exact, while the MD updates in AMPO involve
approximation (Line 1).

Next, we provide an alternative proof for Lemma 4.1 to show that it is the direct consequence of
Lemma F.1. The proof will involve the application of the three-point descent lemma [19, Lemma
3.2]. Here we adopt its slight variation by following Lemma 6 in Xiao [93].
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Lemma F.2 (Three-point decent lemma, Lemma 6 in Xiao [93]). Suppose that C ⊂ Rm is a closed
convex set, f : C → R is a proper, closed 6 convex function, Dh(·, ·) is the Bregman divergence
generated by a mirror map h. Denote rint domh as the relative interior of domh. For any
x ∈ rint domh, let

x+ ∈ arg min
u∈ domh∩C

{f(u) +Dh(u, x)}.

Then x+ ∈ rint domh ∩ C and for any u ∈ domh ∩ C,
f(x+) +Dh(x+, x) ≤ f(u) +Dh(u, x)−Dh(u, x+).

We refer to Yuan et al. [98, Lemma 11] for a proof of Lemma F.2.

Lemma 4.1 is obtained by simply applying the three-point descent lemma, Lemma F.2, to (62) with
x+ = π̃s, f(u) = ⟨−ηfθs +∇h(π̄s), u⟩, u = π and x = π̄s and rearranging terms.

In contrast, it may not be possible to apply Lemma F.2 to (11), as Π(Θ) is often non-convex.

G Discussion on Assumption (A1) – the approximation error

The compatible function approximation approach [1, 61, 15, 21, 2, 98] has been introduced to deal
with large state and action spaces, in order to reduce the dimension of the problem and make the com-
putation feasible. As mentioned in the proof idea in Page 8, this framework consists in upper-bounding
the sub-optimality gap with an optimization error plus an approximation error. Consequently, it is
important that both error terms converge to 0 in order to achieve convergence to a global optimum.

Assumptions similar to Assumption (A1) are common in the compatible function approximation
literature. Assumption (A1) encodes a form of realizability assumption for the parameterization class
FΘ, that is, we assume that for all t ≤ T there exists a function fθ ∈ FΘ such that

∥∥fθ −Qt − η−1
t ∇h(πt)

∥∥2
L2(vt)

≤ εapprox.
When FΘ is a class of sufficiently large shallow neural networks, this realizability assumption holds
as it has been shown that shallow neural networks are universal approximators [39]. It is, however,
possible to relax Assumption (A1). In particular, the condition

1

T

∑

t<T

√
E
[
E
∥∥f t+1 −Qt − η−1

t ∇h(πt)
∥∥2
L2(vt)

]
≤ √εapprox (63)

can replace Assumption (A1) and is sufficient for the sublinear convergence rate in Theorem 4.3 to
hold. Equation (63) shows that the realizability assumption does not need to hold for all t < T , but
only needs to hold on average over T iterations. Similarly, the condition

∑

t≤T

(
1− 1

νµ

)T−t
1

νµ

√
E
[
E
∥∥f t+1 −Qt − η−1

t ∇h(πt)
∥∥2
L2(vt)

]
≤ √εapprox (64)

can replace Assumption (A1) and is sufficient for the linear convergence rate in Theorem 4.3 to hold.
Additionally, requiring, for all t < T ,

E
[
E
∥∥f t+1 −Qt − η−1

t ∇h(πt)
∥∥2
L2(vt)

]
≤ ν2µ
T 2

(
1− 1

νµ

)−2(T−t)
εapprox (65)

is sufficient for Equation (64) to hold. Equation (65) shows that the error floor in the linear conver-
gence rate is less influenced by approximation errors made in early iterations, which are discounted
by the term

(
1− 1

νµ

)
. On the other hand, the realizability assumption becomes relevant once the

algorithm approaches convergence, i.e., when t ≃ T and Qt ≃ Q⋆, as the discount term
(
1− 1

νµ

)
is

applied fewer times.

Finally, although Assumption (A1) holds for the softmax tabular policies and for the neural network
parameterization, it remains an open question whether Assumption (A1) is necessary to achieve the
global optimum convergence, especially when the representation power of FΘ cannot guarantee a
small approximation error.
6A convex function f is proper if dom f is nonempty and for all x ∈ dom f , f(x) > −∞. A convex function
is closed, if it is lower semi-continuous.
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H Discussion on Assumption (A2) – the concentrability coefficients

In our convergence analysis, Assumptions (A2) and (A3) involve the concentrability coefficient
Cv and the distribution mismatch coefficient νµ, which are potentially large. We give extensive
discussions on them in this and the next section, respectively.

As discussed in Yuan et al. [98, Appendix H], the issue of having (potentially large) concentrability
coefficient (Assumptions (A2)) is unavoidable in all the fast linear convergence analysis of approxi-
mate PMD due to the approximation error εapprox of the Q-function [17, 100, 54, 16, 93, 20, 2, 98].
Indeed, in the fast linear convergence analysis of PMD, the concentrability coefficient is always along
with the approximation error εapprox under the form of Cvεapprox, which is the case in Theorem 4.3.
To not get the concentrability coefficient involved yet maintain the linear convergence of PMD, one
needs to consider the exact PMD in the tabular setting [see 93, Theorem 10]. Consequently, the PMD
update is deterministic and the full policy space ∆(A)S is considered. In this setting, at each time t,
it exists θt+1 such that, for any state-action distribution vt,

∥∥f t+1 −Qt − η−1
t ∇h(πt)

∥∥2
L2(vt)

= 0 = εapprox,

and Cv is ignored in the convergence analysis thanks to the vanishing of εapprox. We note that
the PMD analysis in the seminal paper by Agarwal et al. [1] does not use such a coefficient, but a
condition number instead. The condition number is controllable to be relatively small, so that the error
term in their PMD analysis is smaller than ours. However, their PMD analysis has only a sublinear
convergence rate, while ours enjoys a fast linear convergence rate. It remains an open question whether
one can both avoid using the concentrability coefficient and maintain the linear convergence of PMD.

Now we compare our concentrability coefficient Cv with others used in the fast linear convergence
analysis of approximate PMD [17, 100, 54, 15, 93, 20, 2, 98]. To the best of our knowledge, the
previously best-known concentrability coefficient Cv was the one used by Yuan et al. [98, Appendix
H]. As they discuss, their concentrability coefficient involved the weakest assumptions on errors
among Lan [54], Xiao [93] and Chen and Theja Maguluri [20] by using the L2-norm instead of the
ℓ∞-norm over the approximation error εapprox. Additionally, it did not impose any restrictions on the
MDP dynamics compared to Cayci et al. [15], as the concentrability coefficient of Yuan et al. [98]
was independent from the iterates.

Indeed, Yuan et al. [98] choose vt such that, for all (s, a) ∈ S ×A,

vt(s, a) = (1− γ)E(s0,a0)∼ν

[ ∞∑

t′=0

γt
′
P (st′ = s, at′ = a | πt, s0, a0)

]
,

where ν is an initial state-action distribution chosen by the user. In this setting, we have

vt(s, a) ≥ (1− γ)ν(s, a).
From the above lower bound of vt, we obtain that

E(s,a)∼vt

[(
dπµ(s)π(a | s)
vt(s, a)

)2 ]
=

∫

(s,a)∈S×A

dπµ(s)
2π(a | s)2
vt(s, a)

≤
∫

(s,a)∈S×A

1

vt(s, a)
≤ 1

(1− γ)min(s,a)∈S×A ν(s, a)
,

where the finite upper bound is independent to t.

As mentioned right after Assumption (A2), the assumption on our concentrability coefficient Cv
is weaker than the one in Yuan et al. [98, Assumption 9], as we have the full control over vt while
Yuan et al. [98] only has the full control over the initial state-action distribution ν. In particular, our
concentrability coefficient Cv recovers the previous best-known one in Yuan et al. [98] as a special
case. Consequently, our concentrability coefficient Cv becomes the “best” with the full control over
vt when other concentrability coefficients are infinite or require strong assumptions [77].

In general, for the ratio E(s,a)∼vt

[(
dπµ(s)π(a|s)
vt(s,a)

)2 ]
to have a finite upper bound Cv, it is important

that vt covers well the state and action spaces so that the upper bound is independent to t. However, the
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upper bound 1
(1−γ)min(s,a)∈S×A ν(s,a) in Yuan et al. [98] is very pessimistic. Indeed, when πt and πt+1

converge to π⋆, one reasonable choice of vt is to choose vt ∈ {d⋆µ ·π⋆, dt+1
µ ·πt+1, d⋆µ ·πt, dt+1

µ ·πt}
such that Cv is close to 1.

We also refer to Yuan et al. [98, Appendix H] for more discussions on the concentrability coefficient.

I Discussion on Assumption (A3) – the distribution mismatch coefficients

In this section, we give further insights on the distribution mismatch coefficient νµ in Assumption
(A3). As mentioned right after (A3), we have that

sup
s∈S

d⋆µ(s)

dtµ(s)
≤ 1

1− γ sup
s∈S

d⋆µ(s)

µ(s)
:= ν′µ,

which is a sufficient upper bound for νµ. As discussed in Yuan et al. [98, Appendix H],

1/(1− γ) ≤ ν′µ ≤ 1/((1− γ)min
s
µ(s)).

The upper bound 1/((1−γ)mins µ(s)) of ν′µ is very pessimistic and the lower bound ν′µ = 1/(1−γ)
is often achieved by choosing µ = d⋆µ.

Furthermore, if µ does not have full support on the state space, i.e., the upper bound 1/((1 −
γ)mins µ(s)) might be infinite, one can always convert the convergence guarantees for some state
distribution µ′ ∈ ∆(S) with full support such that

V ⋆(µ)− E[V T (µ)] = E
[∫

s∈S

µ(s)

µ′(s)
µ′(s)

(
V ⋆(s)− V T (s)

)]

≤ sup
s∈S

µ(s)

µ′(s)

(
V ⋆(µ′)− E[V T (µ′)]

)
.

Then by the linear convergence result of Theorem 4.3, we only transfer the original convergence
guarantee to V ⋆(µ′) − E[V T (µ′)] up to a scaling factor sup

s∈S
µ(s)
µ′(s) with an arbitrary distribution µ′

such that ν′µ is finite.

Finally, if dtµ converges to d⋆µ which is the case of AMPO through the proof of our Theorem 4.3, then

sups∈S
d⋆µ(s)

dtµ(s)
converges to 1. This might imply superlinear convergence results as discussed in Xiao

[93, Section 4.3]. In this case, the notion of the distribution mismatch coefficients νµ no longer exists
for the superlinear convergence analysis.

We also refer to Yuan et al. [98, Appendix H] for more discussions on the distribution mismatch
coefficient.

J Sample complexity for neural network parameterization

We prove here Corollary 4.5 through a result by Allen-Zhu et al. [3, Theorem 1 and Example 3.1].
We first give a simplified version of this result and then we show how to use it to prove Corollary 4.5.

Consider learning some unknown distribution D of data points z = (x, y) ∈ Rd × Y , where x is the
input point and y is the label. Without loss of generality, assume ∥x∥2 = 1 and xd = 1/2. Consider
a loss function L : Rk × Y → R such that for every y ∈ Y , the function L(·, y) is non-negative,
convex, 1-Lipschitz continuous and L(0, y) ∈ [0, 1]. This includes both the cross-entropy loss and
the L2-regression loss (for bounded Y).

Let g : R→ R be a smooth activation function such that g(z) = ez, sin(z), sigmoid(z), tanh(z)
or is a low degree polynomial.

Define F ⋆ : Rd → Rk such that OPT = ED[L(F ⋆(x), y)] is the smallest population error made by
a neural network of the form F ⋆ = A⋆g(W ⋆x), where A⋆ ∈ Rk×p and W ⋆ ∈ Rp×d. Assume for
simplicity that the rows of W ∗ have ℓ2-norm 1 and each element of A∗ is less or equal than 1.
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Define a ReLU neural network F (x,W0) = A0σ(W0x + b0), where A0 ∈ Rk×m, W0 ∈ Rm×d,
the entries of W0 and b0 are i.i.d. random Gaussians from N (0, 1/m) and the entries of A are i.i.d.
random Gaussians from N (0, εA), for εA ∈ (0, 1]. We train the weights W of this neural network
through stochastic gradient descent over a dataset with N i.i.d. samples from D, i.e., we update
Wt+1 =Wt − ηgt, where E[gt] = ∇ED[L(F (x,W0 +Wt), y)].

Theorem J.1 (Theorem 1 of Allen-Zhu et al. [3]). Let ε ∈ (0, O(1/pk)), choose εA = ε/Θ̃(1) for
the initialization and learning rate η = Θ̃

(
1

εkm

)
. SGD finds a set of parameters such that

1

J

J−1∑

n=0

E(x,y)∼D
[
L
(
F (x;W (0) +Wt), y

)]
≤ OPT + ε

with probability 1− e−c log2m over the random initialization, for a sufficiently large constant c, with

size m =
poly(k, p)

poly(ε)
and sample complexity min{N, J} = poly(k, p, logm)

ε2
.

Theorem J.1 shows that it is possible to achieve the population error OPT by training a two-layer
ReLU network with SGD, and quantifies the number of samples needed to do so.

We make the following assumption to address the population error in our setting.
Assumption J.2. Let g : R → R be a smooth activation function such that g(z) = ez, sin(z),
sigmoid(z), tanh(z) or is a low degree polynomial. For all time-steps t, we assume that there exists
a target network F ⋆,t : Rd → Rk, with

F ⋆,t = (f⋆,t1 , . . . , f⋆,tk ) and f⋆,tr (x) =

p∑

i=1

a⋆,tr,ig(⟨w⋆,t1,i , x⟩)⟨w⋆,t2,i , x⟩

where w⋆,t1,i ∈ Rd, w⋆,t2,i ∈ Rd, and a⋆,tr,i ∈ R, such that

E
[ ∥∥F ⋆,t −Qt − η−1

t ∇h(πt)
∥∥2
L2(vt)

]
≤ OPT.

We assume for simplicity ∥w⋆,t1,i∥2 = ∥w⋆,t2,i∥2 = 1 and |a⋆,tr,i | ≤ 1.

Assumptions similar to Assumption J.2 have already been made in the literature, such as the bias
assumption in the compatible function approximation framework studied by [1]. The term OPT
represents the minimum error incurred by a target network parameterized as F ⋆,t when solving the
regression problem in Line 1 of Algorithm 1.

We are now ready to prove Corollary 4.5, which uses Algorithm 4 to obtain an unbiased estimate of
the current Q-function. We assume to be in the same setting as Theorem J.1

Proof of Corollary 4.5. We aim to find a policy πT such that

V ⋆(µ)− E
[
V T (µ)

]
≤ ε. (66)

Suppose the total number of iterations, that is policy optimization steps, in AMPO is T . We need
the bound in Assumption (A1) to hold for all T with probability 1− e−c log2m, which means that
at each iteration the bound should hold with probability 1− T−1e−c log

2m. Through Algorithm 4,
the expected number of samples needed to obtain an unbiased estimate of the current Q-function is
(1− γ)−1. Therefore, using Theorem J.1, at each iteration of AMPO we need at most

poly(k, p, logm, log T )

ε2approx(1− γ)

samples for SGD to find parameters that satisfy Assumption (A1) with probability 1−T−1e−c log
2m.

To obtain (66), we need

1

1− γ

(
1− 1

νµ

)T(
1 +

D⋆0
η0(νµ − 1)

)
≤ ε

2
and

2(1 + νµ)
√
Cvεapprox

1− γ ≤ ε

2
. (67)
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Algorithm 4: Sampler for an unbiased estimate Q̂t(s, a) of Qt(s, a)

Input: Initial state-action couple (s0, a0), policy πt, discount factor γ ∈ [0, 1)

1 Initialize Q̂t(s0, a0) = r(s0, a0), the time step n = 0.
2 while True do
3 With probability γ:
4 Sample sn+1 ∼ P (· | sn, an)
5 Sample an+1 ∼ πt(·|sn+1)

6 Q̂t(s0, a0)← Q̂t(s0, a0) + r(sn+1, an+1)
7 n← n+ 1

8 Otherwise with probability (1− γ):
9 break ▷ Accept Q̂sh,ah(θ)

Output: Q̂t(s0, a0)

Solving for T and εapprox and multiplying them together, we obtain the sample complexity of AMPO,
that is

Õ
(
poly(k, p, logm)C2

vν
5
µ

ε4(1− γ)6

)
.

Due to the statement of Theorem J.1, we cannot guarantee the approximation error incurred by the
learner network to be smaller than OPT . Consequently, we have that

ε ≥ 4(1 + νµ)
√
CvOPT

1− γ .

A similar bound can be applied to any proof that contains the bias assumption introduced by [1].

We can obtain an improvement over Corollary 4.5 by using the relaxed assumptions in Appendix G,
in particular using the condition in (65).

Corollary J.3. In the setting of Theorem 4.3, replace Assumption (A1) with the condition

E
[
E
∥∥f t+1 −Qt − η−1

t ∇h(πt)
∥∥2
L2(vt)

]
≤ ν2µ
T 2

(
1− 1

νµ

)−2(T−t)
εapprox, (68)

for all t < T . Let the parameterization class FΘ consist of sufficiently wide shallow ReLU neural
networks. Using an exponentially increasing step-size and solving the minimization problem in Line 1
with SGD as in (19), the number of samples required by AMPO to find an ε-optimal policy with high
probability is Θ̃(C2

vν
4
µ/ε

4(1− γ)6).

Proof. The proof follow that of Corollary 4.5. Using Theorem J.1, at each iteration t of AMPO, we
need at most

T 2

ν2µ

(
1− 1

νµ

)2(T−t)
poly(k, p, logm, log T )

ε2approx(1− γ)
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samples for SGD to find parameters that satisfy condition (68) with probability 1− T−1e−c log
2m.

Summing over T total iterations of AMPO we obtain that the total number of samples needed is

∑

t≤T

T 2

ν2µ

(
1− 1

νµ

)2(T−t)
poly(k, p, logm, log T )

ε2approx(1− γ)

=
T 2

ν2µ

(
1− 1

νµ

)2T
poly(k, p, logm, log T )

ε2approx(1− γ)
∑

t≤T

(
1− 1

νµ

)−2t

=
T 2

ν2µ

(
1− 1

νµ

)2T
poly(k, p, logm, log T )

ε2approx(1− γ)

((
1− 1

νµ

)−2(T+1)

− 1

)

((
1

1−νµ

)−2

− 1

)

≤ O
(
T 2

ν2µ

poly(k, p, logm, log T )

ε2approx(1− γ)

)

Replacing T and εapprox with the solutions of (67) gives the result.

At this stage, it is important to note that choosing a method different from the one proposed by
Allen-Zhu et al. [4] to solve Line 1 in Algorithm 1 of our paper with neural networks can lead to
alternative, and possibly better, sample complexity results for AMPO. For example, we can obtain
a sample complexity result for AMPO that does not involve a target network using results from
[39] and [16], although this requires introducing more notation and background results compared to
Corollary 4.5 (since in [16] they employ a temporal-difference-based algorithm, that is Algorithm
3 in their work, to obtain a neural network estimate Q̂t of Qt, while in [39] they provide a method
based on Fourier transforms to approximate a target function through shallow ReLU networks). We
outline below the steps in order to do so (and additional details including the precise statements of
the results we use and how we use them are provided thereafter for the sake of completeness).

Step 1) We first split the approximation error in Assumption (A1) into a critic error

E[
√
∥Q̂t −Qt∥2L2(vt)

] ≤ εcritic and an actor error E[
√
∥f t+1 − Q̂t − η−1

t ∇h(πt)∥2L2(vt)
] ≤ εactor.

In this case, the linear convergence rate in our Theorem 4.3 becomes

V ⋆(µ)− E
[
V T (µ)

]
≤ 1

1− γ

(
1− 1

νµ

)T(
1 +

D⋆0
η0(νµ − 1)

)
+

2(1 + νµ)
√
Cv(εcritic + εactor)

1− γ .

[We can obtain this alternative statement by modifying the passages in Appendix D.2. In particular,
writing f t+1 −Qt − η−1

t ∇h(πt) = (f t+1 − Q̂t − η−1
t ∇h(πt)) + (Qt − Q̂t) and bounding the two

terms with the same procedure in Appendix D.2 leads to this alternative expression for the error.]

We will next deal with the critic error and actor error separately.

Step 2) Critic error. Under a realizability assumption that we provide below along with the statement
of the theorem (Assumption 2 in [16]), Theorem 1 from [16] gives that the sample complexity
required to obtain E[

√
∥Q̂t −Qt∥2L2(dtµ·πt)] ≤ ε is Õ(ε−4(1 − γ)−2), while the required network

width is Õ(ε−2).

Step 3) Actor error. Using Theorem E.1 from [39], we obtain that

E[
√
∥f t+1 − Q̂t − η−1

t ∇h(πt)∥2L2(vt)
] can be made arbitrarily small by tuning the width of

f t+1, without using further samples.

Step 4) Replacing Equation (67) with the sample complexity of the critic, we obtain the following
corollary on the sample complexity of AMPO, which does not depend on the error made by a target
network.
Corollary J.4. In the setting of Theorem 4.3, let the parameterization class FΘ consist of sufficiently
wide shallow ReLU neural networks. Using an exponentially increasing step-size and using the
techniques above to update fθ, the number of samples required by AMPO to find an ε-optimal policy
with high probability is Õ(C2

vν
5
µ/ε

4(1− γ)7).
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To the best of our knowledge, this result improves upon the previous best result on the sample
complexity of a PG method with neural network parameterization [16], i.e., Õ(C2

v/ε
6(1− γ)9).

We now provide the statements of the aforementioned results we used.

Recalling Theorem 1 in [16] and its assumptions. Consider the following space of mappings:

Hν̄ = {v : Rd → Rd : sup
w∈Rd

∥v(w)∥2 ≤ ν̄},

and the function class:

Fν̄ =
{
g(·) = Ew0∼N (0,Id)[⟨v(w0), ·⟩I{⟨w0, ·⟩ > 0}] : v ∈ Hν̄

}
.

Consider the following realizability assumption for the Q-function.
Assumption J.5 (Assumption 2 in [16]). For any t ≥ 0, we assume that Qt ∈ Fν̄ for some ν̄ > 0.
Theorem J.6 (Theorem 1 in [16]). Under Assumption 2 in [16], for any error probability δ ∈ (0, 1),
let

ℓ(m′, δ) = 4
√

log(2m′ + 1) + 4
√

log(T/δ),

and R > ν̄. Then, for any target error ε > 0, number of iterations T ′ ∈ N, network width

m′ >
16
(
ν̄ +

(
R+ ℓ(m′, δ)

)(
ν̄ +R

))2

(1− γ)2ε2 ,

and step-size

αC =
ε2(1− γ)
(1 + 2R)2

,

Algorithm 3 in [16] yields the following bound:

E
[√
∥Q̂t −Qt∥2L2(dtµ·πt)IA2

]
≤ (1 + 2R)ν̄

ε(1− γ)
√
T ′ + 3ε,

where A2 holds with probability at least 1− δ over the random initializations of the critic network
Q̂t.

As indicated in [16], a consequence of this result is that in order to achieve a target error less than
ε > 0, a network width of m′ = Õ

(
ν̄4

ε2

)
and iteration complexity O

(
(1+2ν̄)2ν̄2

(1−γ)2ε4
)

suffice.

The statement of Theorem 1 in [16] can be readily applied to obtain the sample complexity of the
critic.

Recalling Theorem E.1 in [39] and its assumptions Let g : Rn → R be given and define the
modulus of continuity ωg as

ωg(δ) := sup
x,x′∈Rn

{g(x)− g(x′) : max(∥x∥2, ∥x′∥2) ≤ 1 + δ, ∥x− x′∥2 ≤ δ}.

If g is continuous, then ωg is not only finite for all inputs, but moreover limδ→0 ωg(δ)→ 0.

Denote ∥p∥L1 =
∫
|p(w)|dw. Define a sample from a signed density p : Rn+1 → R with ∥p∥L1 <

∞ as (w, b, s), where (w, b) ∈ R is sampled from the probability density |p|/∥p∥L1
and s =

sign(p(w, b))

Theorem J.7 (Theorem E.1 in [39]). Let g : Rn → R, δ > 0 and ωg(δ) be as above and define for
x ∈ Rn

M := sup
∥x∥≤1+δ

|g(x)|, g|δ(x) = f(x)I[∥x∥ ≤ 1 + δ], α :=
δ√

δ +
√

2 log(2M/ωg(δ))
.

Let Gα be a gaussian distribution on Rn with mean 0 and variance α2I. Define the Gaus-
sian convolution l = g|δ ∗ Gα with Fourier transform l̂ satisfying radial decomposition l̂(w) =

|l̂(w)| exp(2πiθh(w)). Let P be a probability distribution supported on ∥x∥ ≤ 1. Additionally define
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c := g(0)g(0)

∫
|l̂(w)|

[
cos(2π(θl(w)− ∥w∥2))− 2π∥w∥2 sin(2π(θl(w)− ∥w∥2))

]
dw

a =

∫
w|l̂(w)|dw

r =
√
n+ 2

√
log

24π2(
√
d+ 7)2∥g|δ∥L1

ωg(δ)

p := 4π2|l̂(w)| cos(2π(∥w∥2 − b))I[|b| ≤ ∥w∥ ≤ r],

and for convenience create fake (weight, bias, sign) triples

(w, b, s)m+1 := (0, c,m sign(c)), (w, b, s)m+2 := (a, 0,m), (w, b, s)m+3 := (−a, 0,−m).

Then

|c| ≤M + 2
√
n∥g|δ∥L1

(2πα2)−d/2,

∥p∥L1
≤ 2∥g|δ∥L1

√
(2π)3n

(2πα2)n+1
,

and with probability at least 1− 3λ over a draw of ((sj , wj , bj))mj=1 from p

√√√√
∥∥∥g − 1

m

m+3∑

j=1

sjσ(⟨wj , x⟩+ bj)
∥∥∥
L(P )

≤ 3ωg(δ) +
r∥p∥L1√

m

[
1 +

√
2 log(1/λ)

]
.

We can then characterize the error of the actor by choosing x = (s, a), g = Q̂t + η−1
t ∇h(πt), and

f t+1 = 1
m

∑m+3
j=1 sjσ(⟨wj , x⟩+ bj). We can then make the actor error arbitrarily small by tuning

the network width m and δ (note that, since both Q̂t and f t are continuous neural networks, g is a
continuous function).
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ABSTRACT

Policy Mirror Descent (PMD) is a popular framework in reinforcement learning,
serving as a unifying perspective that encompasses numerous algorithms. These
algorithms are derived through the selection of a mirror map and enjoy finite-time
convergence guarantees. Despite its popularity, the exploration of PMD’s full
potential is limited, with the majority of research focusing on a particular mirror
map—namely, the negative entropy—which gives rise to the renowned Natural
Policy Gradient (NPG) method. It remains uncertain from existing theoretical
studies whether the choice of mirror map significantly influences PMD’s efficacy.
In our work, we conduct empirical investigations to show that the conventional
mirror map choice (NPG) often yields less-than-optimal outcomes across several
standard benchmark environments. Using evolutionary strategies, we identify more
efficient mirror maps that enhance the performance of PMD. We first focus on
a tabular environment, i.e. Grid-World, where we relate existing theoretical bounds
with the performance of PMD for a few standard mirror maps and the learned one.
We then show that it is possible to learn a mirror map that outperforms the negative
entropy in more complex environments, such as the MinAtar suite. Additionally,
we demonstrate that the learned mirror maps generalize effectively to different
tasks by testing each map across various other environments.

1 INTRODUCTION

Policy gradient (PG) methods (Williams & Peng, 1991; Sutton et al., 1999; Konda & Tsitsiklis, 2000;
Baxter & Bartlett, 2001) are some of the most widely-used mechanisms for policy optimization
in reinforcement learning (RL). These algorithms are gradient-based methods that optimize over
a class of parameterized policies and have become a popular choice for RL problems, both in
theory (Kakade, 2002; Peters & Schaal, 2008; Bhatnagar et al., 2009; Schulman et al., 2015; Mnih
et al., 2016; Schulman et al., 2017; Lan, 2022a) and in practice (Shalev-Shwartz et al., 2016; Berner
et al., 2019; Ouyang et al., 2022).

Among PG methods, some of the most successful algorithms are those that employ some form of reg-
ularization in their updates, ensuring that the newly updated policy retains some degree of similarity
to its predecessor. This principle has been implemented in different ways. For instance, trust region
policy optimization (TRPO) Schulman et al. (2015) imposes a Kullback-Leibler divergence Kullback
& Leibler (1951) hard constraint for its updates, while proximal policy optimization (PPO) (Schulman
et al., 2017) uses a clipped objective to penalize large updates. A framework that has recently
attracted attention and belongs to this heuristic is that of policy mirror descent (PMD) (Tomar et al.,
2022; Lan, 2022a; Xiao, 2022; Kuba et al., 2022; Vaswani et al., 2022; Alfano et al., 2023), which
applies mirror descent Nemirovski & Yudin (1983) to RL to regularize the policy updates.

PMD consists of a wide class of algorithms, each derived by selecting a mirror map that introduces
distinct regularization characteristics. In recent years, PMD has been investigated through numerical

∗Correspondence to carlo.alfano@stats.ox.ac.uk.
†Equal contribution.
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experiments (Tomar et al., 2022), but it has mainly been analysed from a theoretical perspective.
To the best of our knowledge, research has been mostly focused either on the particular case of the
negative entropy mirror map, which generates the natural policy gradient (NPG) algorithm (Kakade,
2002; Agarwal et al., 2021), or on finding theoretical guarantees for a generic mirror map.

NPG has been proven to converge to the optimal policy, up to a difference in expected return (or
error floor), in several settings, e.g. using tabular, linear, general parameterization (Agarwal et al.,
2021) or regularizing rewards (Cen et al., 2021). It has been shown that NPG benefits from implicit
regularization (Hu et al., 2022), that it can exploit optimism (Zanette et al., 2021; Liu et al., 2023),
and some of its variants have been evaluated in simulations (Vaswani et al., 2022; 2023). When
considering other specific mirror maps investigated in the RL literature, the Tsallis entropy has been
noted for enhancing performance in offline settings (Tomar et al., 2022) and for offering improved
sample efficiency in online settings (Li & Lan, 2023), when compared to the negative entropy.

There is a substantial body of theoretical research focused on the general case of mirror maps.
This research demonstrates that PMD achieves convergence to the optimal policy under the same
conditions as NPG, as evidenced by various studies (Xiao, 2022; Lan, 2022b; Yuan et al., 2023;
Alfano et al., 2023). Except for the setting where we have access to the true value of the policy,
convergence guarantees in stochastic settings are subject to an error floor due to the inherent
randomness or bias within the algorithm. In the majority of PMD analyses involving generic mirror
maps, both the convergence rate and the error floor show mild dependence on the specific choice
of mirror map. Typically, the effect of the mirror map appears explicitly as a multiplicative factor
in the convergence rate and it appears implicitly in the error floor. These analyses often rely on upper
bounds, meaning they may not accurately reflect the algorithms’ actual performance in applications.

In this work, we contribute to the literature with an empirical investigation of PMD, with the
objectives of finding a mirror map that consistently outperforms the negative entropy mirror map and
of understanding how the theoretical guarantees of PMD relate to simulations. We first consider a set
of tabular environments, i.e. Grid-World (Oh et al., 2020), where we compare the empirical results to
the theoretical guarantees given by Xiao (2022), which we can compute as we have full control over the
environment. In this setting, we provide a learned mirror map which outperforms the negative entropy
in all tested environments. Our experiments suggest that the error floor appearing in prototypical PMD
convergence guarantees is not a good performance indicator: our learned mirror map achieves the
best value while presenting the worst theoretical error floor, implying that the upper bounds typically
considered in the PMD literature are loose with respect to the choice of the mirror map. Additionally,
our experiments indicate that having small policy updates leads to smoother value improvements
over time with less instances of performance degradation, as suggested by the monotonic policy
improvement property given by Xiao (2022). We then consider two non-tabular settings, i.e. the Basic
Control Suite and the MinAtar Suite, which are more realistic but also more complex, and therefore
prevent us from computing the exact theoretical guarantees. We learn a mirror map for each of these
environments and, also in this case, show that the learned mirror maps lead to a higher performance
of PMD than the negative entropy. Moreover, we show that the learned mirror maps generalize well
to other tasks, by testing each of the learned mirror maps on all the other environments. Lastly, we
tackle continuous control tasks in MuJoCo (Todorov et al., 2012), where we show that the mirror
map learned on one environment surpasses the negative entropy across several environments.

To establish our findings, we employ the standard formulation of PMD (Xiao, 2022) for the tabular
setting and the continuous control tasks, and we used a generalized version, Approximate Mirror
Policy Optimization (AMPO) (Alfano et al., 2023), for the non-tabular setting with discrete action
spaces. To allow optimization over the space of mirror maps, we introduce parameterization schemes
for mirror maps, one for PMD and one for AMPO. Specifically, we propose a parameterization for
ω-potentials, which have been shown to induce a wide class of mirror maps (Krichene et al., 2015).
We use evolution strategies (ES) to search for the mirror map that maximizes the performance of
PMD and AMPO over an environment.

AMPO (Alfano et al., 2023) is a recently-proposed PMD framework designed to integrate general
parameterization schemes, in our case neural networks, and arbitrary mirror maps. It benefits from
theoretical guarantees, as Alfano et al. (2023) show that AMPO has quasi-monotonic updates as
well as sub-linear and linear convergence rates, depending on the step-size schedule. These desirable
properties make AMPO particularly suitable for our numerical investigation.
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ES are a type of population-based stochastic optimization algorithm that leverages random noise
to generate a diverse pool of candidate solutions, and have been successfully applied to a variety
of tasks (Real et al., 2019; Salimans et al., 2017; Such et al., 2018). The main idea consists in
iteratively selecting higher-performing individuals, w.r.t. a fitness function, resulting in a gradual
convergence towards the optimal solution. ES algorithms are gradient-free and have been shown to
be well-suited for optimisation problems where the objective function is noisy or non-differentiable
and the search space is large or complex (Beyer, 2000; Lu et al., 2022; 2023). We use ES to search
over the parameterized classes of mirror maps we introduce, by defining the fitness of a particular
mirror map as the value of the last policy outputted by PMD and AMPO, for fixed hyper-parameters.

The rest of the paper is organized as follows. In Section 2, we introduce the setting of RL as well as
the PMD and AMPO algorithms. We describe the methodology behind our numerical experiments in
Section 3, which are then discussed in Section 4. Finally, we discuss related works from the literature
on automatic discovery of machine learning algorithms in Appendix A and give our conclusions
in Section 5.

2 PRELIMINARIES

2.1 REINFORCEMENT LEARNING

Define a discounted Markov Decision Process (MDP) as the tupleM = (S,A, P, r, γ, µ), where
S and A are respectively the state and action spaces, P (s′ | s, a) is the transition probability from
state s to s′ when taking action a, r(s, a) ∈ [0, 1] is the reward function, γ is a discount factor, and
µ is a starting state distribution. A policy π ∈ (∆(A))S , where ∆(A) is the probability simplex
over A, represents the behavior of an agent on an MDP, whereby at state s ∈ S the agents takes
actions according to the probability distribution π(· | s).
Our objective is for the agent to find a policy that maximizes the expected discounted cumulative
reward for the starting state distribution µ. That is, we want to find

π⋆ ∈ argmax
π∈(∆(A))S

Es∼µ[V π(s)]. (1)

Here V π : S → R denotes the value function associated with policy π and is defined as

V π(s) := E
[∑∞

t=0
γtr(st, at) | π, s0 = s

]
,

where st and at are the current state and action at time t and the expectation is taken over the
trajectories generated by at ∼ π(·|st) and st+1 ∼ P (·|st, at).
Similarly to the value function, we define the Q-function associated with a policy π as

Qπ(s, a) := E
[∑∞

t=0
γtr(st, at) | π, s0 = s, a0 = a

]
,

where the expectation is once again taken over the trajectories generated by the policy π. When the
state and action spaces are finite, the Q-function can be expressed as Qπ = (I − γPπ)−1r, where
Pπ is a square matrix where the position ((s, a), (s′, a′)) is occupied by π(a′|s′)P (s′|s, a). We also
define the discounted state visitation distribution as

dπµ(s) := (1− γ)Es0∼µ
[∑∞

t=0
γtP (st = s | π, s0)

]
,

where P (st = s | π, s0) represents the probability of the agent being in state s at time t when
following policy π and starting from s0. The probability distribution over states dπµ(s) represents
the proportion of time spent on state s when following policy π.

2.2 POLICY MIRROR DESCENT

We review the PMD framework, starting from mirror maps (Bubeck, 2015). Let X ⊆ RA be a
convex set. A mirror map h : X → R is a strictly convex, continuously differentiable and essentially
smooth function1 that satisfies∇h(X ) = RA. In particular, we consider mirror maps belonging to
the ω-potential mirror map class, which contains most mirror maps used in the literature.

1A function h is essentially smooth if limx→∂X∥∇h(x)∥2 = +∞, where ∂X denotes the boundary of X .
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Definition 2.1 (ω-potential mirror map (Krichene et al., 2015)). For u ∈ (−∞,+∞], ω ≤ 0, an
ω-potential is defined as an increasing C1-diffeomorphism ϕ : (−∞, u)→ (ω,+∞) such that

lim
x→−∞

ϕ(x) = ω, lim
x→u

ϕ(x) = +∞,
∫ 1

0

ϕ−1(x)dx ≤ ∞.

For any ω-potential ϕ, we define the associated mirror map hϕ as

hϕ(πs) =
∑

a∈A

∫ π(a|s)

1

ϕ−1(x)dx.

When ϕ(x) = ex we recover the negative entropy mirror map, which is the standard choice of
mirror map in the RL literature (Agarwal et al., 2021; Tomar et al., 2022; Hu et al., 2022; Vaswani
et al., 2022; 2023), while we recover the ℓ2-norm when ϕ(x) = x (see Appendix B.1). Mirror maps
belonging to this class are particularly advantageous as they can be defined by a single scalar function
ϕ, without having to account for the dimension of the action space A. The Bregman divergence
(Bregman, 1967; Censor & Zenios, 1997) induced by the mirror map h is defined as

Dh(x, y) := h(x)− h(y)− ⟨∇h(y), x− y⟩,
where Dh(x, y) ≥ 0 for all x, y ∈ X . As we further discuss in Appendix C, the Bregman divergence
measures how far two points are in a geometry induced by the mirror map. Given a starting policy
π0, a learning rate η and a mirror map h, PMD can be formalized as an iterative algorithm: for all
iterations t ≥ 0,

πt+1 ∈ argmaxπ∈(∆(A))S Es∼dtµ [ηt⟨Q
t
s, πs⟩ − Dh(πs, πts)], (2)

where we used the shorthand: V t := V π
t

, Qt := Qπ
t

, dtµ := dπ
t

µ and ys := y(s, ·) ∈ RA, for any
function y : S ×A → R. PMD benefits from several theoretical guarantees and, in particular, Xiao
(2022) shows that PMD enjoys quasi-monotonic updates and convergence to the optimal policy. We
give here a slight modification of the statements of these results. Specifically, we do not upper-bound
a term regarding the distance between subsequent policies in the result on quasi-monotonic updates,
which we use to draw connections between theory and practice. Additionally, to obtain the
convergence rate for PMD with constant step-size in the setting where we do not have access to
the true Q-function, we combine the analyses on the sublinear convergence of PMD and linear
convergence of inexact PMD given by Xiao (2022). We provide a proof in Appendix D.
Theorem 2.2 (Xiao (2022)). Following update (2), we have that, for all t ≥ 0

V t+1(µ)− V t(µ) ≥ − 1

1− γ max
s∈S

∥∥Q̂ts −Qts
∥∥
∞ max

s∈S

∥∥πt+1
s − πts

∥∥
1
, (3)

where ∥·∥∞ and ∥·∥1 represent the ℓ∞ and the ℓ1 norms, respectively, and Q̂ is an estimate of the
true Q-function. Additionally, at each iteration T > 0, we have

V ⋆(µ)−
∑

t<T

E[V t(µ)] ≤ 1

T

(
Es∼d⋆µ [Dh(π⋆s , π0

s)]

ηt(1− γ)
+

1

(1− γ)2

)
+ 4

max
t<T,s∈S

∥∥Q̂ts −Qts
∥∥
∞

(1− γ)2 . (4)

The statement of Theorem 2.2 is similar to many results in the literature on PMD and NPG (Agarwal
et al., 2021; Xiao, 2022; Lan, 2022b; Hu et al., 2022). That is, the convergence guarantee
involves two terms, i.e. a convergence rate, which involves the Bregman divergence between
the optimal policy and the starting policy, and an error floor, which involves the estimation error
maxs∈S∥Q̂ts − Qts∥∞. Given that by setting η0 = Es∼d⋆µ [Dh(π⋆s , π0

s)](1 − γ) we obtain the
convergence rate 2(T (1− γ)2)−1, and that the error floor has no explicit dependence on the mirror
map, Equation (4) suggests that the mirror map has a mild influence on the performance of PMD.
The only way the mirror map seems to affect the convergence guarantee is, implicitly, by changing
the path of the algorithm and therefore influencing the estimation error. Similar observations can be
made for several results in the PMD literature that share the same structure of convergence guarantees.
On the other hand, Equation (3) suggests that mirror maps that prevent large updates of the policy
cause the PMD algorithm to be less prone to performance degradation, as the lower bound is close
to 0 when the policy update distance maxs∈S∥πt+1

s − πts∥1 is small. One of the contributions of
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our work is to challenge and refute the conclusion that the mirror map has little influence on the
convergence of PMD, highlighting a gap between theoretical guarantees, which are based on upper
bounds, and the actual performance observed in PMD-based methodologies. Our empirical studies
reveal that the choice of mirror map significantly influences both the speed of convergence and the
minimum achievable error floor in PMD. Additionally, we provide evidence that a mirror map that
prevents large updates throughout training leads to a better performance, as suggested by (3).

When applying PMD to continuous control tasks, we replace the tabular policy in (2) with a
parametrized one. That is, for all iterations t ≥ 0, we obtain the updated policy as

πθt+1 ∈ argmaxπθ:θ∈Θ Es∼dtµ [ηtEa∼πθ(·|s)(Q
t(s, a))−Dh(πθ(·|s), πt(·|s))], (5)

where {πθ : θ ∈ Θ} is a class of parametrized policies.

2.3 APPROXIMATE MIRROR POLICY OPTIMIZATION

AMPO is a theoretically sound framework for deep reinforcement learning based on mirror descent,
as it inherits the quasi-monotonic updates and convergence guarantees from the tabular case (Alfano
et al., 2023). Given a parameterized function class FΘ = {fθ : S × A → R, θ ∈ Θ}, an initial
scoring function fθ

0

, a step-size η and an ω-potential mirror map hϕ, AMPO can be described, for
all iterations t, by the two-step update

πt(a | s) = σ(ϕ(ηf t(s, a) + λts)) ∀s ∈ S, a ∈ A, (6)

θt+1 ∈ argmin
θ∈Θ

Es∼dtµ,a∼π(·|s)
[(
fθ(s, a)−Qt(s, a)− η−1 max(ηf t(s, a) + λts, ϕ

−1(0))
)2]

(7)

where λts ∈ R is a normalization factor to ensure πts ∈ ∆(A) for all s ∈ S, f t := fθ
t

, and
σ(z) = max(z, 0) for z ∈ R. Theorem 1 by Krichene et al. (2015) ensures that there always exists
a normalization constant λts ∈ R. As shown by Alfano et al. (2023), AMPO recovers the standard
formulation of PMD in (2) in the tabular setting. Assuming for simplicity that ϕ(x) > 0 for all x ∈ R,
the minimization problem in (7) implies that, at each iteration t, f t is an approximation of the sum of
the Q-functions up to that point, that is f t ≃∑t−1

i=0 Q
i. Therefore, the scoring function f t serves as

an estimator of the value of an action.

3 METHODOLOGY

Denote byH the class of ω-potentials mirror maps. Our objective is to search for the mirror map that
maximizes the value of the last policy outputted by our mirror descent based algorithms, for a fixed
time horizon T . That is, we want to find

h⋆ ∈ argmax
h∈H

E
[
V T (µ)

]
, (8)

where the expectation is taken over the randomness of the policy optimization algorithm and the
policy updates are based on the mirror map h. Depending on the setting, we parameterize the mirror
map by parameterizing either ϕ−1 or ϕ as monotonically increasing functions. One of the primary
objectives of this work it to motivate further research into the choice of mirror maps, as influenced
by the choice of the function ϕ, moving beyond the conventional use of ϕ(x) = ex. This is achieved
by examining how different choices of ϕ influence the trajectory of training and demonstrating that,
in many cases, there is a mirror map that outperforms the negative entropy by a large margin.

3.1 POLICY MIRROR DESCENT

We parameterize ϕ−1 as a one layer neural network with 126 hiden units, where all kernels are
non-negative and the activation functions are equally split among the following convex and concave
monotonic non-linearities: x3, (x)2+, (x)1/2+ , (x)1/3+ , log((x)+ + 10−3) and ex, where (x)+ =
max(x, 0). To ensure that we are able to recover the negative entropy and the ℓ2-norm, we add
ax+ b log(x) to the final output, where a, b ≥ 0
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To search for the best mirror map within this class, we employ a slight variation of the OpenAI-ES
strategy (Salimans et al., 2017), adapted to the multi-task setting (Jackson et al., 2024). Denote by ψ
the parameters of the mirror map and by F (ψ) the objective function in (8). Given a distribution of
tasks E , we estimate the gradient∇ψF (ψ) as

Eϵ∼N (0,Id)

[
Ee∼E

[ ϵ
2σ

(Fe(ψ + σϵ)− Fe(ψ − σϵ))
]]
, (9)

where N (0, Id) is the multivariate normal distribution, d is the number of parameters, and σ > 0
is a hyperparameter regulating the variance of the perturbations. To account for different reward
scales across tasks, we perform a rank transformation of the objective functions, whereby, for each
sampled task e, we return 1 for the higher performing member between ψ + σϵ and ψ − σϵ, and
0 for the other. We note that, when the distribution of tasks E covers a single task, we recover the
standard OpenAI-ES strategy.

3.2 APPROXIMATE MIRROR POLICY OPTIMIZATION

As non-tabular environments with discrete action space, we consider the Basic Control Suite (BCS)
and the MinAtar suite. Given the higher computational cost of simulations on these environments
w.r.t. to the tabular setting, we replace the neural network parameterization for the mirror map with
one with fewer parameters, in order to reduce the dimension of the mirror map class we search over.
We define the parameterized class Φ = {ϕψ : R→ [0, 1], ψ ∈ Rn+}, with

ϕψ(x) =





0 if x ≤ 0,
x
ψ1n

if 0 < x ≤ ψ1,
j
n +

x−∑j
i=1 ψi

nψj+1
if
∑j
i=1 ψi < x ≤∑j+1

i=1 ψi,

1 if x > 1,

Figure 1: A plot visually demonstrating the param-
eterization for ϕ.

where 1 ≤ j ≤ n − 1. In other words, ϕ is
defined as a piece-wise linear function with n
steps where, for all j ≤ n, ϕ(

∑j
i=1 ψi) = j/n

and subsequent points are interpolated with a
straight segment. This is illustrated in Figure 1.
We note that the ω-potentials within Φ violate
some of the constraints in Definition 2.1, as
they are non-decreasing instead of increasing
and limx→∞ ϕ(x) = 1 for all ϕ ∈ Φ. In
Appendix B.2, we show that, if ϕ ∈ Φ, we can
construct an ω-potential ϕ′ that satisfies the con-
straints in Definition 2.1 such that ϕ and ϕ′ in-
duce the same policies along the path of AMPO.

To effectively learn the hyperparameters, we
employ the Separable Covariance Matrix
Adaptation Evolution Strategy (sep-CMA)
(Ros & Hansen, 2008), a variant of the popular
algorithm CMA-ES (Hansen & Ostermeier,
2001). CMA-ES is, essentially, a second-order method adapted for gradient free optimization. At
every generation, it samples n new points from a normal distribution, parameterized by a mean
vector mk and a covariance matrix Ck. That is, the samples for generation k, xk1 , . . . , x

k
n, are

distributed i.i.d. according to xki ∼ N (mk, Ck). For each generation k, denote the m ≤ n best
performing samples as x∗k1 , . . . , x∗km . Then update the mean vector as mk+1 =

∑m
i=1 wix

∗k
i , where∑m

i=1 wi = 1, so that the next generation is distributed around the weighted mean of the best
performing samples. Ck+1 is also updated to reflect the covariance structure of x∗k1 , . . . , x∗km , in
a complex way beyond the scope of this text. Due to the need to update Ck based on covariance
information, CMA-ES exhibits a quadratic scaling behavior with respect to the dimensionality
of the search space, potentially hindering its efficiency in high-dimensional settings. To improve
computational efficiency, we adopt sep-CMA, which introduces a diagonal constraint on the
covariance matrix and reduces the computational complexity of the algorithm.
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Figure 2: Comparison between the learned map and the negative entropy and ℓ2-norm mirror maps
across a range of held-out configurations of Grid-World. We display the average over 256 runs and
report the standard error as a shaded region. The column “Random tasks”, reports the averaged
metrics for 256 randomly sampled configurations of Grid-World.

4 EXPERIMENTS

In this section, we discuss the results of our numerical experiments. We start by presenting the tabular
setting, where we track errors in order to understand what properties are desirable in a mirror map,
and proceed by showing our results in the non-tabular setting.

4.1 TABULAR SETTING: GRID-WORLD

As tabular setting we adopt a discounted and infinite horizon version of Grid-World (Oh et al., 2020),
which is a large class of tabular MDPs.

Model architecture and training We define the tabular policy as a one-layer neural network with
a softmax head, which takes as input a one-hot encoding of the environment state and outputs a
distribution over the action space. We train the policy using the PMD update in (2), where we solve
the minimization problem through stochastic gradient descent and estimate the Q-function through
generalized advantage estimation (GAE) (Schulman et al., 2016). We perform a simple grid-search
over the hyperparameters to maximize the performance for the negative entropy and the ℓ2-norm
mirror maps, in order to have a fair comparison. We report the chosen hyperparameters in Appendix E.
The training procedure is implemented in Jax, using evosax (Lange, 2022a) for the evolution. We run
on four A40 GPUs, and the optimization process takes roughly 12 hours.

Environment We adopt the version of Grid-World implemented by Jackson et al. (2024), and adapt
it to the discounted and infinite horizon setting. We learn a single mirror map by training PMD on a
continuous distribution of Grid-World environments, and test PMD with the learned mirror map on
five held-out configurations from previous publications (Oh et al., 2020; Chevalier-Boisvert et al.,
2024) and on 256 randomly sampled configurations. For all PMD iterations t, we track two quantities
that appear in Theorem 2.2, that is the estimation error maxs∈S∥Q̂ts − Qts∥∞, and the distance
between policy updates maxs∈S∥πt+1

s − πts∥1. To obtain the true Q-function, we compute the
transition matrix Pπ

t

and use the formula specified in Section 2, that is Qt = (I − γPπt

)−1r. PMD
is run for 128 iterations and 218 ≃ 250k total environment steps for all Grid-World configurations.

We show the results of our simulations in Figure 2. As shown by the first row, the learned mirror
map, the ℓ2-norm, and the negative entropy consistently rank first, second and third, respectively,
in all tested configurations, in terms of final value. These results advocate the effectiveness of our
methodology, as we are able to find a mirror map that outperforms the benchmark mirror maps in all
tested environments. We highlight that the first five environments in Figure 2 are not part of the task
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Figure 3: Comparison between the learned mirror map, the ℓ2-norm and the negative entropy across a
range of standard environments. The top plots present the performance of AMPO for all mirror maps,
reporting the average over 100 realizations and a shaded region denoting the standard error around
the average. The middle plots report the ω-potentials that induce the mirror maps. The bottom plots
report the policy distribution according to (6), for each mirror map and score scales. The score scales
are obtained by multiplying the vector [1, . . . , |A|] by a variable c ∈ [0, 4].

distribution used during the evolution, demonstrating the generalizability of our approach. Moreover,
we have that the ℓ2-norm consistently outperforms the negative entropy, further proving that the
negative entropy is not always the best choice of mirror map. Another shared property among all
training curves, is that the learned mirror map presents a slower convergence in the initial iterations
w.r.t. the ℓ2-norm and to the negative entropy, as testified by a lower value, but convergence to a
higher value in the long run. Lastly, we note that in all environments most of the value improvement
happens in the first 50k environment steps.

To gain a better understanding of why the learned mirror maps outperforms the negative entropy and
the ℓ2-norm, and to draw connections with the theoretical results outlined in Section 2.2, we report
the estimation error and the distance between policy updates for all mirror maps. The first conclusion
that we draw is that a smaller estimation error does not seem to be related to a higher performance.
On the contrary, the second row of Figure 2 shows how the three mirror maps consistently have the
same ranking in both value and estimation error, which is exactly the opposite of what Theorem 2.2
would suggest. On the other hand, the first and third rows of Figure 2 show how the lower bound
on the performance improvement in (3) brings some valid insight on the behaviour of PMD during
its first iterations, which are the ones that bring the largest improvement. In all configurations, we
have that in the initial iterations of PMD the learned mirror map induces the smallest policy update
distances as well as the performance curve with fewer dips in value, while both the negative entropy
and the ℓ2-norm induce larger policy update distances and performance curves with several dips in
value. This observation confirms the behaviour described by (3), whereby a small distance between
policy updates prevents large performance degradation in policy updates.

4.2 NON-TABULAR SETTING: BASIC CONTROL AND MINATAR SUITES

Model architecture and training We define the scoring function as a deep neural network, which
we train using the AMPO update in (7) and (6), where (7) is solved through Adam and the Q-function
is estimated through GAE. We optimize the hyper-parameters of AMPO for the negative entropy
mirror map for each suite, using the hyper-parameter tuning framework Optuna (Akiba et al., 2019).
This is done to ensure we are looking at a fair benchmark of performance when using the negative
entropy mirror map. We report the chosen hyper-parameters in Appendix E. We then initialize the
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Table 1: The table contains, for each entry, the value of the final policy outputted by AMPO trained
on the environment corresponding to the column with the mirror map learned on the environment
corresponding to the row. The last row represents the performance of AMPO with the negative
entropy for the corresponding column environments. The value is averaged over 100 runs. Green
cells correspond to a value higher than that associated to the negative entropy.

Acrobot CartPole Asterix Freeway SpaceInvaders

Acrobot -88.49 476.41 24.03 56.00 144.01
CartPole -83.76 499.93 27.26 52.26 100.07
Asterix -103.55 490.86 30.22 58.56 122.00
Freeway -82.51 457.47 3.20 58.21 143.93

SpaceInvaders -78.29 489.56 4.36 22.27 170.24
Negative entropy -105.63 359.14 17.80 53.69 81.77

parameterized mirror map to be an approximation of the negative entropy2 and run Sep-CMA-ES on
each environment separately. The whole training procedure is implemented in JAX, using gymnax
environments (Lange, 2022b) and evosax (Lange, 2022a) for the evolution. We run on 8 GTX 1080Ti
GPUs, and the optimization process takes roughly 48 hours for a single environment.

Environments We test AMPO on the Basic Controle Suite (BCS) and the MinAtar Suite. For BCS,
we run the evolution for 600 generation, each with 500k timesteps. For MinAtar, we run the evolution
for 500 generation with 1M timesteps, then run 100 more generations with 10M timesteps.

Our empirical results are illustrated in Figure 3, where we show the performance of AMPO for the
learned mirror map, for the negative entropy and for the ℓ2-norm. For all environments and mirror
maps, we use the hyper-parameters returned by Optuna for AMPO with the negative entropy. Our
learned mirror map leads to a better overall performance in all environments, apart from Acrobot,
where it ties with the ℓ2-norm. We observe the largest improvement in performance on Asterix and
SpaceInvaders, where the average return for the learned mirror map is more than double the one
for the negative entropy. Figure 3 also suggests that different mirror maps may result in different
error floors, as shown by the performance curves in Acrobot, Asterix and SpaceInvaders, where the
negative entropy converges to a lower point than the learned mirror map.

The second and third row of Figure 3 illustrate the properties of the learned mirror map, in comparison
to the negative entropy and the ℓ2-norm. In particular, the second row shows the corresponding
ω-potential, while the third row shows the policy distribution induced by the mirror map according to
(6), depending on the scores assigned by the scoring function to each action. A shared property among
all the learned mirror maps is that they all lead to assigning 0 probability to the worst actions for
relatively small score scales, whilst the negative entropy always assigns positive weights to all actions.
In more complex environments, where the evaluation of a certain action may be strongly affected
by noise or where the optimal state may be combination locked (Misra et al., 2020), this behaviour
may lead to a critical lack of exploration. However, it appears that this is not the case in these
environments, and we hypothesise that by setting the probability of the worst actions to 0 the learned
mirror maps avoid wasting samples and hence can converge to the optimal policy more rapidly.

Our last result consists in testing each learned mirror map across the other environments we consider.
In Table 1, we report the value of the final policy outputted by AMPO for all learned maps, plus the
negative entropy, and for all environments, averaged over 100 runs. The table shows that the learned
mirror maps generalize well to different environments and to different sets of hyper-parameters, which
are shared within BCS and MinAtar but not between them. In particular, we have that the mirror maps
learned in Acrobot and Asterix outperform the negative entropy in all environments, those learned in
CartPole and Freeway outperform the negative entropy in 4 out of 5 environments, and that learned
in SpaceInvaders outperforms the negative entropy in 3 out of 5 environments. These results show
that our methodology can be useful in practice, as it benefits from good generalization across tasks.

2We achieve this by assigning ψi ∝ log(i/(i− 1)), for i = 2, . . . , n, and setting ψ1 ∝ 3 log(10).
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4.3 CONTINUOUS CONTROL: MUJOCO

Model architecture and training We define the policy as a deep neural network and optimize it us-
ing the PMD update in (5), which is computed using Adam and the estimate of theQ-function obtained
through GAE. As previously discussed, we ensure a fair comparison by tuning the hyper-paramers
to maximize the performance of the negative entropy. We report the chosen hyper-parameters in
Appendix E. The mirror map is initialized to be close to the negative entropy and is trained for 256
generations using OpenAI-ES on a single MuJoCo environment. We run on eight A40 GPUs, and the
optimization process takes roughly 24 hours.

Environments We use the brax library (Freeman et al., 2021) to simulate three MuJoCo environ-
ments, i.e. Hopper, Halfcheetah, and Ant. The mirror map is learned on Hopper and is then tested on
all environments, using 107 environment steps and 488 PMD update steps.

0 100 200 300 400 500
Policy update steps

200

400

600

800

1000

1200

1400

Va
lu

e

Hopper

0 100 200 300 400 500
Policy update steps

500

0

500

1000

1500

2000

2500

Halfcheetah

0 100 200 300 400 500
Policy update steps

0

500

1000

1500

2000

2500

Ant

Learned Negative entropy

Figure 4: Comparison between the mirror map learned on Hopper and the negative entropy on three
MuJoCo environments. The plots present the performance of PMD for both mirror maps, reporting
the average over 8 realizations and a shaded region denoting the standard error around the average.

Figure 4 shows that the mirror map learned on Hopper significantly improves in terms of final perfor-
mance upon the negative entropy in both train and test environments. This result confirms the ability
of our methodology to learn generalizable mirror maps, even in complex continuous control tasks.

5 CONCLUSION

Our study presents an empirical examination of PMD, where we successfully test the possibility
of learning a mirror map that outperforms the negative entropy in both the tabular and non-tabular
settings. In particular, we have shown that the learned mirror maps perform well on a set of
configurations in Grid-World and that they can generalize to different tasks in BCS, in MinAtar, and
in MuJoCo. Additionally, we have compared the theoretical findings established in the literature and
the actual performance of PMD methods in the tabular setting, highlighting how the estimation error is
not a good indicator of performance and validating the intuition that small policy updates lead to less
instances of performance degradation. Our findings indicate that the choice of mirror map significantly
impacts PMD’s effectiveness, an aspect not adequately reflected by existing convergence guarantees.

Our research introduces several new directions for inquiry. From a theoretical perspective, obtaining
convergence guarantees that reflect the impact of the mirror map is an area for future exploration. On
the practical side, investigating how temporal awareness (Jackson et al., 2024) or specific environmen-
tal challenges, such as exploration, robustness to noise, or credit assignment (Osband et al., 2019),
can inform the choice of a mirror map to improve performance represents another research focus.
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A RELATED WORKS

Discovering reinforcement learning algorithm has been an active area of research in the last years,
where researchers have shown that handcrafted algorithms are not always optimal and can be
outperformed by automatically discovered algorithms. Oh et al. (2020) obtained an algorithm capable
of solving GridWorld and Atari tasks without relying on common notions in the field, such as Q-value
functions. Houthooft et al. (2018) used ES to meta-train a policy loss network that outperforms
PPO and Kirsch et al. (2020) discovered a new loss function for deterministic policies. Most closely
related to our work are Lu et al. (2022) and Jackson et al. (2024), who employ ES to discover RL
algorithms within the Mirror Learning class (Kuba et al., 2022). Given a function f , the class of
algorithms they consider follows the policy update step

πθt+1 ∈ argmaxπθ:θ∈Θ Es∼dtµ

[
ηtEa∼πθ(·|s)(Q

t(s, a))− Ea∼πt(·|s)

[(
πθ(·|s)
πt(·|s)

)]]
,

This update is similar the the one in (5) but replaces the Bregman divergence with a different penalty
term called drift, which recovers the f -divergences when f is a convex function. To the best of our
knowledge, this class of algorithms has fewer theoretical guarantees than PMD, in particular we are
not aware of finite-time convergence guarantees or convergence guarantees involving approximation
or estimation errors (Belousov & Peters, 2017; Kuba et al., 2022).

B FURTHER DISCUSSION ON ω-POTENTIALS

B.1 NEGATIVE ENTROPY AND ℓ2-NORM

If ϕ(x) = ex−1, then the associated mirror map hϕ is the negative entropy. We have that
∫ 1

0

ϕ−1(x)dx =

∫ 1

0

log(x)dx = [x log(x)− x]10 = −1 ≤ +∞.
The mirror map hϕ becomes the negative entropy, up to a constant, as

hϕ(πs) =
∑

a∈A

∫ π(a|s)

1

log(x)dx = |A| − 1 +
∑

a∈A
π(a | s) log(π(a | s)).

If ϕ(x) = x, then the associated mirror map hϕ is the ℓ2-norm. We have that
∫ 1

0

ϕ−1(x)dx =

∫ 1

0

xdx =

[
x2

2

]1

0

=
1

2
≤ +∞.

The mirror map hϕ becomes the ℓ2-norm, up to a constant, as

hϕ(πs) =
∑

a∈A

∫ π(a|s)

1

xdx =
1

2

∑

a∈A
π(a | s)2 − 1.

B.2 PARAMETRIC ϕ

We show here that the parametric class of ω-potentials we introduce in Section 3 results in a well
defined algorithm when used for AMPO, even if it breaks some of the constraints in Definition 2.1.
In particular, ω-potentials within Φ are not C1-diffeomorphisms and are only non-decreasing. We
can afford not meeting the first constraint as the proof for Theorem 1 by Krichene et al. (2015),
which establishes the existence of the normalization constant in Equation (6), only requires Lipschitz-
continuity. As to the second constraint, we build an augmented class Φ′ that contains increasing
ω-potentials and show that it results in the same updates for AMPO as Φ.

Let ∆n be the n-dimensional probability simplex. We define the parameterized class
Φ′={ϕ′ψ :R→ [0, 1], ψ∈∆n}, with

ϕ′ψ(x) =





ex − 1 if x ≤ 0,
x
ψ1n

if 0 < x ≤ ψ1,
j
n +

x−∑j
i=1 ψi

nψj+1
if
∑j
i=1 ψi < x ≤∑j+1

i=1 ψi,

x if x > 1,
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where 1 ≤ j ≤ n− 1. The functions within Φ′ are increasing and continuous. We start by showing
that ϕ′ψ ∈ Φ′ and ϕψ ∈ Φ are equivalent for Equation (6), for the same parameters ψ. At each
iteration t, we have that

πt+1(a | s) = σ(ϕ′(ηf t+1(s, a) + (λ′)t+1
s ))

= σ(ϕ(ηf t+1(s, a) + (λ′)t+1
s ))

= σ(ϕ(ηf t+1(s, a) + λt+1
s )).

This due to the following two facts. For x ≤ 0, σ(ϕ′(x)) and σ(ϕ(x)) are the same function. Also,
σ(ϕ′(ηf t+1(s, a) + (λ′)t+1

s )) has to be less or equal to 1, as a result of the projection, meaning that
ηf t+1(s, a) + (λ′)t+1

s ≤ 1, where σ(ϕ′(·)) and σ(ϕ(·)) are equivalent.

Since ϕ and ϕ′ induce the same policy, share that same normalization constant, and have the same
value at 0, they also induce the same expression for Equation (7).

C FURTHER DISCUSSION ON BREGMAN DIVERGENCE

To provide an intuition on the Bregman divergence, we report here some discussion from Orabona
(2020). Given a mirror map h, the associated Bregman divergence between two points x, y ∈ X is
defined as

Dh(x, y) := h(x)− h(y)− ⟨∇h(y), x− y⟩.
Since h is convex, the Bregman divergence is always non-negative for x, y ∈ X . We can build more
intuition for the Bregman divergence using Taylor’s theorem. Assume that h is twice differentiable in
an open ball B around y and x ∈ B. Then there exists 0 ≤ α ≤ 1 such that

Bψ(x; y) = h(x)− h(y)−∇h(y)⊤(x− y) = 1

2
(x− y)⊤∇2h(z)(x− y),

where z = αx+(1−α)y. Therefore, the Bregman divergence can be approximated by squared local
norms that depend on the Hessian of the mirror map h. This means that the Bregman divergence will
behave differently on different areas of X , depending on the value of Hessian of the mirror map.

D PROOF OF THEOREM 2.2

In this section we outline how we use the proofs given by Xiao (2022) in order to obtain Theorem 2.2.

D.1 PRELIMINARY LEMMAS

We start by presenting two preliminary lemmas, which are ubiquitous in the literature on PMD. The
first characterizes the difference in value between two policies, while the second characterizes the
PMD update.
Lemma D.1 (Performance difference lemma, Lemma 1 in Xiao (2022)). For any policy π, π′ ∈
∆(A)S and µ ∈ ∆(S),

V π(µ)− V π′
(µ) =

1

1− γEs∼dπµ
[
⟨Qπ′

s , πs − π′
s⟩
]
.

Lemma D.2 (Three-point decent lemma, Lemma 6 in Xiao (2022)). Suppose that C ⊂ Rm is
a closed convex set, f : C → R is a proper, closed 3 convex function, Dh(·, ·) is the Bregman
divergence generated by a mirror map h. Denote rint domh as the relative interior of domh. For
any x ∈ rint domh, let

x+ ∈ arg min
u∈ domh∩C

{f(u) +Dh(u, x)}.

Then x+ ∈ rint domh ∩ C and for any u ∈ domh ∩ C,

f(x+) +Dh(x+, x) ≤ f(u) +Dh(u, x)−Dh(u, x+).
3A convex function f is proper if dom f is nonempty and for all x ∈ dom f , f(x) > −∞. A convex

function is closed, if it is lower semi-continuous.
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D.2 QUASI-MONOTONIC UPDATES

We first prove that PMD enjoys quasi-monotonic updates (Equation (3)), that is PMD updates have
an upper bound on how much they can deteriorate performance.

Proposition D.3 (Lemma 11 in Xiao (2022)). At each time t ≥ 0, we have

⟨ηtQ̂ts, πt+1
s − πts⟩ ≥ 0.

Additionally, we have that

V t+1(µ)− V t(µ) ≥ − 1

1− γ max
s∈S

∥∥Q̂ts −Qts
∥∥
∞ max

s∈S

∥∥πt+1
s − πts

∥∥
1
. (10)

Proof. Using Lemma D.2 with x+ = πt+1
s , C = ∆(A), f(u) = ⟨Q̂ts, u⟩, x = πt and u = πt+1, we

obtain

⟨ηtQ̂ts, πts − πt+1
s ⟩ ≤ Dh(πts, πts)−Dh(πt+1

s , πts)−Dh(πts, πt+1
s ). (11)

By rearranging terms and noticing Dh(πts, πts) = 0, we have

⟨ηtQ̂ts, πt+1
s − πts⟩ ≥ Dh(πt+1

s , πts) +Dh(πts, πt+1
s ) ≥ 0. (12)

Equation (10) can be obtained using the performance difference lemma and (12):

V t+1(µ)− V t(µ) = 1

1− γEs∼dt+1
µ

[
⟨Qts, πt+1

s − πts⟩
]

=
1

1− γEs∼dt+1
µ

[
⟨Q̂ts, πt+1

s − πts⟩
]

+
1

1− γEs∼dt+1
µ

[
⟨Q̂ts −Qts, πt+1

s − πts⟩
]

≥ − 1

1− γEs∼dt+1
µ

[∥∥Q̂ts −Qts
∥∥
∞
∥∥πt+1

s − πts
∥∥
1

]
.

D.3 CONVERGENCE GUARANTEE

We can now prove the convergence guarantee reported in Equation (4). The proof of our result is
obtained combining the analysis from the sublinear convergence guarantee with the analysis for the
inexact linear convergence guarantee given by (Xiao, 2022, Theorems 8 and 13). For two different
time t, t′ ≥ 0, denote the expected Bregman divergence between the policy πt and policy πt

′
, where

the expectation is taken over the discounted state visitation distribution of the optimal policy d⋆µ, by

Dtt′ := Es∼d⋆µ
[
Dh(πts, πt

′
s )
]
.

Similarly, denote the expected Bregman divergence between the optimal policy π⋆ and πt by

D⋆t := Es∼d⋆µ
[
Dh(π⋆s , πts)

]
.

Theorem D.4 (Theorems 8 and 13 in Xiao (2022)). Consider the PMD update in (2), at each iteration
T ≥ 0, we have

V ⋆(µ)−
∑

t<T

E[V t(µ)] ≤ 1

T

(
E[D⋆0 ]

ηt(1− γ)
+

1

(1− γ)2
)
+

4

(1− γ)2E
[
max
s∈S

∥∥Q̂ts −Qts
∥∥
∞

]
.

Proof. Using Lemma D.2 with x+ = πt+1
s , C = ∆(A), f(u) = ⟨Q̂ts, u⟩, x = πt and u = πt+1, we

have that

⟨ηtQ̂ts, π⋆s − πt+1
s ⟩ ≤ Dh(π⋆, πt)−Dh(π⋆, πt+1)−Dh(πt+1, πt),
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which can be decomposed as

⟨ηtQ̂ts, πts − πt+1
s ⟩+ ⟨ηtQ̂ts, π⋆s − πts⟩ ≤ Dh(π⋆, πt)−Dh(π⋆, πt+1)−Dh(πt+1, πt).

Taking expectation with respect to the distribution d⋆µ over states and with respect to the randomness
of PMD and dividing both sides by ηt, we have

E
[
Es∼d⋆µ

[
⟨Q̂ts, πts − πt+1

s ⟩
]]

+ E
[
Es∼d⋆µ

[
⟨Q̂ts, π⋆s − πts⟩

]]
≤ 1

ηt
E[D⋆t −D⋆t+1 −Dt+1

t ]. (13)

We lower bound the two terms on the left hand side of (13) separately. For the first term, we have that

E
[
Es∼d⋆µ

[
⟨Q̂ts, πts − πt+1

s ⟩
] ] (a)

≥ 1

1− γE
[
Es∼dt+1

d⋆µ

[
⟨Q̂ts, πts − πt+1

s ⟩
]]

=
1

1− γE
[
Es∼dt+1

d⋆µ

[
⟨Qts, πts − πt+1

s ⟩
]]

+
1

1− γE
[
Es∼dt+1

d⋆µ

[
⟨Q̂ts −Qts, πts − πt+1

s ⟩
]]

(b)
= E

[
V t(d⋆µ)− V t+1(d⋆µ)

]
+

1

1− γE
[
Es∼dt+1

d⋆µ

[
⟨Q̂ts −Qts, πts − πt+1

s ⟩
]]

≥ E
[
V t(d⋆µ)− V t+1(d⋆µ)

]
− 1

1− γE
[
Es∼dt+1

d⋆µ

[∥∥Q̂ts −Qts
∥∥
∞
∥∥πt+1

s − πts
∥∥
1

]]

≥ E
[
V t(d⋆µ)− V t+1(d⋆µ)

]
− 2

1− γE
[
max
s∈S

∥∥Q̂ts −Qts
∥∥
∞

]

where (a) follows from Lemmas D.3 and the fact that dt+1
d⋆µ

(s) ≥ (1 − γ)d⋆µ(s) ∀s ∈ S, and (b)

follows from D.1. For the second term, we have that

E
[
Es∼d⋆µ

[
⟨Q̂ts, π⋆s − πts⟩

]]
= E

[
Es∼d⋆µ

[
⟨Qts, π⋆s − πts⟩

]]
+ E

[
Es∼d⋆µ

[
⟨Q̂ts −Qts, π⋆s − πts⟩

]]

(b)
= E[V ⋆(µ)− V t(µ)](1− γ) + E

[
Es∼d⋆µ

[
⟨Q̂ts −Qts, π⋆s − πts⟩

]]
,

≥ E[V ⋆(µ)− V t(µ)](1− γ)− 2

1− γE
[
max
s∈S

∥∥Q̂ts −Qts
∥∥
∞

]
,

where (b) follows from Lemma D.1.

Plugging the two bounds in (13), dividing both sides by (1− γ) and rearranging, we obtain

E[Dt+1
t ]

ηt(1− γ)
+ E[V ⋆(µ)− V t(µ)] ≤ E[D⋆t −D⋆t+1]

ηt(1− γ)
+

E
[
V t(d⋆µ)− V t+1(d⋆µ)

]

1− γ

+
4

(1− γ)2E
[
max
s∈S

∥∥Q̂ts −Qts
∥∥
∞

]
.

Summing up from 0 to T − 1 and dropping some positive terms on the left hand side and some
negative terms on the right hand side, we have

V ⋆(µ)−
∑

t<T

E[V t(µ)] ≤ E[D⋆0 ]
ηt(1− γ)

− E
[
V 0(d⋆µ)− V T (d⋆µ)

]

1− γ +
4

(1− γ)2E
[
max
s∈S

∥∥Q̂ts −Qts
∥∥
∞

]
.

Notice that E
[
V 0(d⋆µ)− V T (d⋆µ)

]
≤ 1

1−γ as r(s, a) ∈ [0, 1]. By dividing T on both side, we yield
the statement.

E TRAINING DETAILS

We give the hyper-parameters we use for training in Tables 2, 3 and 4. Hyper-parameter tuning
was performed differently for each method. For Gridworld, we performed a grid search over the
hyper-parameters and selected those that maximized the averaged performance of the negative entropy
and ℓ2-norm over 256 randomly sampled Gridworld environments. For Basic Control Suite and
MinAtar, we used the optuna library to search over the hyper-parameters to maximize the average
performance of the negative entropy over all environments. We used “CmaEsSampler” as option for
the sampler. Lastly, we used Weights and Biases to optimize the hyperparameters for MuJoCo in
order to maximimize the average performance of the negative entropy over all environments.
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Table 2: Hyper-parameter settings of PMD for different sets of environments

Parameter Grid-World MuJoCo
Number of environment steps 218 ≃ 2.5e5 1e7
Number of environments 64 2048
Unroll length 32 10
Number of minibatches 1 128
Number of update epochs 32 8
Adam learning rate - 1e-4
Sgd learning rate 40 -
Gamma 0.99 0.99
Max grad norm - 1.0
η 0.1 0.5

Table 3: Hyper-parameter settings of AMPO for different sets of environments

Parameter BCS MinAtar
Number of environment steps 5e5 1e7
Number of environments 4 256
Unroll length 128 128
Number of minibatches 4 8
Number of update epochs 16 8
Adam learning rate 4e-3 7e-4
Gamma 0.99 0.99
Max grad norm 1.4 1
AMPO learning rate 0.9 0.9

Table 4: Hyper-parameter settings of OpenAI-ES, which we used in the tabular setting, and of
Sep-CMA-ES, which we used in the non-tabular case.

OpenAI-ES Sep-CMA-ES
Population Size 512 128
Number of generations 512 (256 for MuJoCo) 600
Sigma init 0.5 2
Sigma Decay 0.995 -
Learning rate 0.01 -

F COMPUTATIONAL COSTS OF ES

The computational costs associated with ES are inevitable in this field of research that focuses
on automatically discovering optimizers. In the literature, the most popular methods to discover
optimizers are meta-gradients (Oh et al., 2020; Jackson et al., 2023) and ES (Lu et al., 2022).
Discovering algorithms using meta-gradients consists in introducing some meta-parameters that
influence the agent training procedure, training a batch of agents, and differentiating through the
training procedure w.r.t. the meta-parameters to maximize the final performance of the agents.
ES consists in running several training procedures in parallel and estimating the meta-gradient as
in (9), therefore avoiding the need for differentiation. This property is particularly desirable in
settings, like ours, where the agent is updated many times and differentiating through the whole
training procedure is unfeasible due to memory constraints, meaning that it is necessary to limit the
differentiation to the final updates. We decided to employ ES due to this property and because it has
been found to be more successful in discovering optimizers (Jackson et al., 2024). Additionally, our
experiments are implemented in JAX, which through parallelism and just in time compilation renders
the computational costs of ES feasible.
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Abstract

Evaluating preference optimization (PO) algorithms on LLM alignment is a chal-
lenging task that presents prohibitive costs, noise, and several variables like model
size and hyper-parameters. In this work, we show that it is possible to gain insights
on the efficacy of PO algorithm on simpler benchmarks. We design a diagnostic
suite of MuJoCo tasks and datasets, which we use to systematically evaluate PO al-
gorithms, establishing a more controlled and cheaper benchmark. We then propose
a novel family of PO algorithms based on mirror descent, which we call Mirror Pref-
erence Optimization (MPO). Through evolutionary strategies, we search this class
to discover algorithms specialized to specific properties of preference datasets, such
as mixed-quality or noisy data. We demonstrate that our discovered PO algorithms
outperform all known algorithms in the targeted MuJoCo settings. Finally, based
on the insights gained from our MuJoCo experiments, we design a PO algorithm
that significantly outperform existing baselines in an LLM alignment task.

1 Introduction

Learning from human preferences (Christiano et al., 2017) is a paradigm which enables the alignment
of machine learning systems to relative human preferences, without requiring access to absolute
rewards. While the framework was developed for robotic and games applications with experiments
on MuJoCo simulations and Atari (Akrour et al., 2012; Biyik & Sadigh, 2018; Ibarz et al., 2018), this
paradigm has been successfully applied to Large Language Models (Team et al., 2023; Achiam et al.,
2023). In particular, fine-tuning pre-trained LLMs with human preferences has become a popular
strategy to adapt them to specific tasks and to improve their safety and helpfulness.

Within this framework, Reinforcement Learning from Human Feedback (RLHF) is one of the
most popular methods. It consists in learning a reward function using a preference dataset and
then optimizing the estimated reward using Reinforcement Learning methods such as Proximal
Policy Optimization (PPO) (Schulman et al., 2017). However, the training pipeline of RLHF is quite
complex, which is why implicit approaches such as Direct Preference Optimisation (DPO) (Schulman
et al., 2017) have gained traction thanks to their simplicity. These methods do not learn a reward
model but estimate it implicitly using the policy of the agent. Many follow ups to DPO have been
proposed (Yuan et al., 2023; Zhao et al., 2023; Azar et al., 2024; Xu et al., 2024a; Hong et al., 2024;
Park et al., 2024; Meng et al., 2024), but comparing their performance in LLM alignment is a complex
task that incurs high costs, noise, and the inherent difficulty in judging a response better than another.

In this work, we provide a comprehensive analysis of PO algorithms, examining their behavior on
automatically generated preference datasets. We return to the roots of RLHF by performing this
analysis in MuJoCo environments and datasets, where the underlying ground-truth reward structure
is well defined and offers a clear performance metric to compare agents. In particular, we design
a task where a pre-trained agent has to adhere to a new stylistic constraint, emulating the typical
conditions of LLM fine-tuning. Our findings indicate that many PO algorithms present distinct
failure modes when applied to specific mixed-quality or noisy datasets.

*Equal contribution, order decided by coin flip.



Moreover, we introduce a framework for finding PO algorithms. Specifically, we define a class of PO
algorithms based on mirror descent (Nemirovski & Yudin, 1983), which generalizes DPO and ORPO
for particular choices of the mirror map. We then show that this class can be easily parametrized
and searched using evolutionary strategies (ES), optimizing for the final performance of the trained
policy, as measured by the ground truth reward.

For each setting we consider, we discover an algorithm that significantly outperforms all baselines.
Analyzing the discovered algorithms, we find that the main difference between them and the
baselines is that they keep optimizing the policy of the agent well after the probability of generating
the chosen trajectory has surpassed the probability of generating the rejected one. We use this insight
to design a new PO algorithm, Temporally-Aware Mirror Preference Optimization (TA-MPO), which
demonstrate promising results in an LLM alignment task. We summarize our contributions below.

1. We perform a systematic evaluation of eight existing PO algorithms on automatically generated
preference datasets with varying levels of data quality, noise levels and initial policy. We see
that most existing algorithms struggle when dealing with noise and mixed-quality data.

2. We introduce a novel family of offline PO algorithms using mirror descent, named Mirror
Preference Optimization (MPO), which can be easily parameterized and explored via ES.

3. For both noisy and mixed-quality settings, we find and describe a PO algorithm within our
framework that largely outperforms all the considered baselines in our MuJoCo benchmark.

4. We demonstrate that takeaways from our analysis on the MuJoCo setting, as well as the
characteristics of the discovered PO algorithms, can be successfully transferred onto LLM tasks.
In particular, we show that our TA-MPO algorithm significantly improves upon the baselines.

Overall, we show that it is possible to gain relevant insights on LLM alignment algorithms through
a systematic analysis in simple, computationally inexpensive environments such as MuJoCo.

2 Preliminaries

Let M = (S,A, P, r, T, µ) denote an episodic Markov Decision Process, where S and A are
respectively the state and action spaces, P (s′ | s, a) is the transition probability from state s to s′
when taking action a, r(s, a) ∈ [0, 1] is the reward function, T is the maximum episode length, and
µ is a starting state distribution. A policy π ∈ (∆(A))S , where ∆(A) is the probability simplex over
A, represents the behavior of an agent on an MDP, whereby at state s ∈ S the agents takes actions
according to the probability distribution π(· | s). Let τ = {(st, at)}T−1

t=0 denote a trajectory of length
T and, with a slight overload of notation, let π(τ) =

∏T−1
t=0 π(at|st) and r(τ) =

∑T−1
t=0 r(st, at).

Lastly, let π(·|τ) be a distribution over (∆(A))T defined as π(·|s0)× · · · × π(·|sN−1).

Our objective is to find a policy π⋆ that maximizes the expected cumulative reward of an episode,
that is

π⋆ ∈ argmax
π

Eτ∼(µ,π,P )r(τ) := argmax
π

Es0∼µ,at,st+1

T−1∑

t=0

r(st, at), (1)

where at ∼ π(·|st) and st+1 ∼ P (·|st, at). Let D = {(si0, τ iw, τ il )Ni=1} be a preference dataset,
where each tuple (s0, τw, τl) consists of a starting state s0 and two trajectories with starting state
s0. Each pair of trajectories is ranked by a judge, who determines a chosen trajectory τw (“win”)
and a rejected trajectory τl (“lose”), based on the cumulative rewards r(τw) and r(τl). Most settings
assume the judge ranks trajectories according to the Bradley-Terry model (Bradley & Terry, 1952),
whereby the probability of choosing τw over τl is defined as

P(τw ≻ τl) =
exp(r(τw))

exp(r(τw)) + exp(r(τl))
= σ(r(τw)− r(τl)), (2)

where σ is the sigmoid function. In this work, we consider an offline training setting, where the agent
aim to solve the optimization problem in (1) but only has access to the the dataset D and cannot
collect further data. We also assume the agent does not have access to either the transition probability
P , the reward function r, or the MDPM.
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2.1 Alignment to preference feedback

There are several algorithms in the literature to optimize the objective in (1) using a preference dataset
D. We describe supervised fine-tuning (SFT), DPO and ORPO, as they are among the most popular
and as many methods can be seen as a variation of one of these algorithms.

SFT SFT is an initial alignment phase, where the policy π0 is trained to imitate high-quality demon-
stration data. The starting policy π0 is updated to minimize the cross-entropy loss ℓ(π, (s0, τw, τl)) =
− log(π(τw)). We call reference policy πref the policy obtained at the end of this procedure.

DPO Direct Preference Optimization (DPO) consists in solving a maximum likelihood estimation
problem and a policy optimization problem in a single step. The maximum likelihood estimation
problem is the one to find an estimate of the true reward function that governs how the preferences
are expressed, that is

r̂ ∈ argmax
rθ

E(s0,τw,τl)∼Dσ(rθ(τw)− rθ(τl)), (3)

for a parametrized reward class {rθ : θ ∈ Θ}.The policy optimization problem is the one to maximize
the expected reward, that is

π⋆ ∈ argmax
π

Es0∼D,τ∼(π,P )

[
T−1∑

t=0

Ea∼π(·|st)r̂(st, a)− βDKL(π(·|τ), πref(·|τ))
]
, (4)

where DKL represents the KL-divergence and is introduced to prevent the policy from moving too
far away from the dataset distribution.

DPO merges these two problems by using the agent itself to implicitly represent the reward model. It
consists in optimizing the objective

π⋆ ∈ argmax
π

E(s0,τw,τl)∼D

[
log σ

(
β

(
log

π(τw)

πref(τw)
− log

π(τl)

πref(τl)

))]
, (5)

which is obtained by plugging the theoretical solution of (4) in the maximum likelihood problem
in (3). Refer to Appendix D for details. Thanks to its simplicity, DPO has been widely adopted to
fine-tune LLMs (Yuan et al., 2024; Jiang et al., 2024).

A known issue of DPO is that it pushes probability mass away from the preference dataset and to
unseen responses (Xu et al., 2024b), which can cause the final policy to deviate significantly from
the reference policy, even when the reference policy aligns well with human preferences. To mitigate
this risk, DPO is usually applied for a few epochs.

ORPO ORPO further simplifies the training pipeline and addresses the distribution shift issue
present in DPO. It merges the SFT and DPO steps into one, optimizing the unified objective

π⋆ ∈ argmax
π

E(s0,τw,τl)∼D

[
log π(τw)︸ ︷︷ ︸

SFT

+λ log σ (log (oddsπ(τw))− log (oddsπ(τl)))︸ ︷︷ ︸
preference optimization

]
(6)

where oddsπ(τ) = π(τ)/(1 − π(τ)). ORPO gets rid of the need for a reference model by adding
an SFT term to the preference optimization objective function, and uses this term to prevent the
optimized policy from moving too far away from the dataset distribution. Additionally, the SFT
term prevents pushing probability mass away from the preference dataset, addressing the distribution
shift issue present in DPO.

Research on preference optimization has been very active and many methods have been proposed.
We present a summary of some among the most popular algorithms in Table 3 and a brief discussion
in Appendix A. Beyond these implicit algorithms, there are several other methods that explicitly
solve the maximum likelihood problem in (3) and use the learned reward model to optimize the
objective in (4) with an RL algorithm. Overall, RLHF is a superior approach and the industry
standard, but is more computationally expensive and complex to implement. For a detailed discussion
and comparison between DPO-like methods and PPO, refer to Appendix G.
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2.2 Mirror Maps

We review the concept of mirror map, which will be needed when describing our methodology. For
a convex set X ⊆ R|A|, a mirror map h : X → R is defined as a strictly convex, continuously
differentiable and essentially smooth function* function that satisfies ∇h(X ) = R|A|. Essentially, a
mirror map is a function whose gradient allows bijective mapping between the primal space X and
the dual space R|A|. The specific class of mirror maps that we are going to use is the ω-potential
mirror map class, to which most mirror maps considered in the literature belong.
Definition 2.1 (ω-potential mirror map Krichene et al. (2015)). For u ∈ (−∞,+∞], ω ≤ 0, an
ω-potential is defined as an increasing C1-diffeomorphism ϕ : (−∞, u)→ (ω,+∞) such that

lim
x→−∞

ϕ(x) = ω, lim
x→u

ϕ(x) = +∞,
∫ 1

0

ϕ−1(x)dx ≤ ∞.

For any ω-potential ϕ, the associated mirror map is hϕ(π(·|s)) =
∑
a∈A

∫ π(a|s)
1

ϕ−1(x)dx.
When ϕ(x) = ex−1 we recover the negative entropy mirror map, while we recover the ℓ2-norm when
ϕ(x) = 2x (refer to Appendix E). Mirror maps in this class are simple to implement in practice,
whereA is often large, as they can be parametrized by a scalar function instead of a multi-dimentional
one. Additionally, the same ω-potential ϕ can be used to generate mirror maps for different action
spaces, allowing the insights obtained for one action space to easily generalize to others. An
ω-potential mirror map hϕ induces a Bregman divergence (Bregman, 1967), which is defined as

Dhϕ
(π(·|s), π′(·|s)) := hϕ(π(·|s))− hϕ(π′(·|s))− ⟨∇hϕ(π′(·|s)), π(·|s)− π′(·|s)⟩,

where Dhϕ
(π(·|s), π′(·|s)) ≥ 0 for all x, y ∈ Y . When ϕ(x) = ex−1, Dhϕ

is equivalent to the
KL-divergence, while we recover the Euclidean distance when ϕ(x) = 2x (refer to Appendix E).
When the Bregman divergence is employed as a regularization term in optimization problems, tuning
the mirror map allows us to control the geometry of the updates of the parameters to be optimized,
determining when to take large or small updates based on the current value of the parameters.

2.3 Evolution Strategies

OpenAI-ES (Salimans et al., 2017) is a popular method to be able to optimize non-differentiable
functions and it has been widely used to meta-learn objectives (Lu et al., 2022; Jackson et al.,
2024), as it obtains an unbiased estimate of the gradient (unlike second order gradient methods). The
gradient ∇ζF (ζ) is estimated using:

Eϵ∼N (0,Id)

[ ϵ
2σ

(F̂ (ζ + σϵ)− F̂ (ζ − σϵ))
]
,

whereN (0, Id) is the multivariate normal distribution, d is the number of parameters, F̂ is an estimate
of F , and σ > 0 is a hyperparameter regulating the variance of the perturbations.

3 Mirror Preference Optimization

We introduce Mirror Preference Optimization (MPO), a new framework for preference optimization
that generalizes DPO and ORPO. We start by replacing the KL-divergence penalty term in the objective
in (4) with a Bregman divergence and aim to solve the problem

π⋆ ∈ argmax
π

Es0∼D,τ∼(π,P )

[ T−1∑

t=0

Ea∼π(·|st)r(st, a)− βDh(π(·|τ), πref(·|τ))
]
, (7)

where Dh is the Bregman divergence induced by a mirror map h. This new objective allows us to
enforce different types of regularization, which, as we show later in the paper, can be tailored to
account for specific properties of the preference dataset. Following the same intuition used to obtain
the DPO objective, we have the following result.
Theorem 3.1. Let hϕ be a 0-potential mirror map and π⋆ be a solution to the optimization problem
in (7). If πref(a|s) > 0 for all s ∈ S, a ∈ A, we have that

r(τ) = βϕ−1(π⋆(τ))− βϕ−1(πref(τ)) + c(s0), (8)
where c(s0) is a normalization constant that depends only on s0.

*A function h is essentially smooth if limx→∂X∥∇h(x)∥2 = +∞, where ∂X denotes the boundary of X .
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We provide a proof for Theorem 3.1 in Appendix D. The next step is to model the reward using a
classification problem based on the reward difference rather than the maximum likelihood problem in
(3), as suggested by Tang et al. (2024). That is, our aim is to solve the optimization problem

r̂ ∈ argmaxrθ E(s0,τw,τl)∼Dg(rθ(τw)− rθ(τl)), (9)
where g is an increasing function. We give further details on this interpretation of reward modeling in
Appendix C. By plugging (8) in the optimization problem in (9), we obtain the objective:
π⋆ ∈ argmaxπ ED

[
g
(
β(ϕ−1(π(τw))− ϕ−1(πref(τw))− ϕ−1(π(τl)) + ϕ−1(πref(τl))

)]
, (10)

where ED is equivalent to E(s0,τw,τl)∼D.

Two-step MPO (2S-MPO) We can use the objective in (10) to define a class of two-step PO
algorithms, which consist of a preliminary SFT phase to obtain the reference policy πref and a PO
phase which optimizes (10). When ϕ = ex, the (10) is equivalent to (5) and we recover DPO.

One-step MPO (1S-MPO) By adding an SFT term to (10) and by setting the πref be the uniform
distribution, we obtain a class of one-step PO algorithms. These algorithms consists in a single phase,
where we optimize the objective

π⋆ ∈ argmaxπ E(s0,τw,τl)∼D
[
ψ(π(τw)) + λg

(
ϕ−1(π(τw))− ϕ−1(π(τl))

) ]
, (11)

where ψ is an ω-potential. Here, the terms −ϕ−1(πref(τw)) and ϕ−1(πref(τl)) have canceled out
due to πref being uniform. We note that setting πref to be the uniform distribution is equivalent to
replacing the Bregman divergence penalty in (7) with the mirror map h(π(·|τ)), which enforces a
form of entropy regularization. When ψ(x) = log(x) and ϕ−1(x) = log(x/(1− x)), (11) recovers
the ORPO objective in (6).

Temporally-Aware MPO (TA-MPO) Lastly we design a variation of MPO that gradually switches
from SFT to PO. TA-MPO consists of single-phase algorithms that optimize the objective
π⋆ ∈ argmaxπ E(s0,τw,τl)∼D

[
(1− α(t))ψ(π(τw)) + α(t)g

(
ϕ−1(π(τw))− ϕ−1(π(τl))

) ]
, (12)

where α : [0, 1]→ [0, 1] is an increasing function of the percentage of training progress.

The objectives in (10), (11), and (12) allow us to implement a variety of preference optimization algo-
rithms, while benefiting from a theoretical justification. In the following, we will show that it is pos-
sible to parametrize and optimize g, ψ, and ϕ−1 to obtain new algorithms that outperform baselines.

3.1 Meta Learning PO objectives

To search the space of PO algorithms we have defined, we employ a neural network parametrization
for g, ψ, and ϕ−1, which we optimize using evolutionary strategies (Salimans et al., 2017).

Similarly to Alfano et al. (2024), we parameterize g, ψ and ϕ−1 as a one layer neural network with
126 hidden units and non-negative kernels, where the activation functions are equally split among:

x, (x)2+, x
3, (x)

1/2
+ , (x)

1/3
+ , log((x)+), e

x, tanh(x), log(clip(x)/(1− clip(x))),

where (x)+ = max(x, 0) and clip(x) = max(min(x, 1), 0). The non-negative kernels and the
increasing activation functions guarantee the monotonicity of g, ψ, and ϕ−1, while the several
different activation functions facilitate expressing complex functions. To ensure that we are able
to recover the DPO and ORPO objectives, we add a log(x), b log(x) and c log(x/(1 − x)) to the
final outputs of g, ψ and ϕ−1, respectively, where a, b, c ≥ 0.

To search for the best g, ψ and ϕ−1 within this class, we employ the OpenAI-ES strategy. Denote by
ζ the parameters of g, ψ and ϕ−1 and by πζ the final policy obtained optimizing the objective in (11)
when using the parametrized ψ and ϕ−1. Lastly, let F (ζ) be the expected cumulative reward of πζ , i.e.
F (ζ) = Eτ∼(µ,πζ ,P )r(τ). We then use Adam (Kingma & Ba, 2015) to update the parameters ζ using
the estimated gradient. In practice, to compute (19), we sample 128 values of ϵ to obtain 256 perturbed
objective functions. We then train 256 agents with the perturbed objective functions on an a preference
dataset. To measure the value of each agent, i.e. F̂ (ζ ′) for all perturbed ζ ′, we sample 100 trajectories
on the target environment for each agent, and take the average cumulative reward as estimate for the
value of the agent. Refer to Appendix F for further discussion and details on the ES methodology.

We consider both the case where we fix g = log σ and learn ψ and ϕ−1, and the case where we learn
all three functions. We perform the evolution on both the two-step and one-step MPO classes.
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4 MuJoCo Experiments

Our first set of experiments is carried out on continuous RL tasks in MuJoCo. In particular, we show
the performance of all the algorithms presented in Table 3 across several settings and we compare it
with the performance of our discovered objectives. To maximize computational efficiency, all our
MuJoCo experiments are implemented in JAX (Bradbury et al., 2018) using the brax (Freeman et al.,
2021) and evosax (Lange, 2022) libraries. We report our hyper-parameters in Appendix J.

4.1 Tasks

To reproduce the typical conditions of LLM fine-tuning, which involve a pre-trained model, we
consider a setting where the task is to adapt a pre-trained agent to meet the original objective while ad-
hering to an additional stylistic constraint. Specifically, in the Ant environment, we start from an agent
that has been pre-trained on the standard Ant goal of moving forward and enforce the objective of
avoiding the use of one of its legs. This is accomplished by introducing the Three-legged-ant (TLA)
environment, a modified version of Ant where utilizing the fourth leg results in significant penalties.

The offline preference optimization task is defined as follows. We train one agent (the original agent)
in the original Ant environment, achieving a reward of 6000, and another (the target agent) in the
TLA environment, which achieves a reward of 3900. For comparison, the original agent achieves a
reward of 1700 in the TLA environment. We then generate a preference dataset of 1280 rows, each
with two trajectories of length 1000 starting from the same state. Each trajectory is generated by
either the original or the target agent, depending on the current setting. A Bradley-Terry judge ranks
each pair of trajectories and declares a winner, based on their true cumulative reward. We consider
three variations of the preference dataset, each meant to represent a common issue of real world data.

• Base dataset: for each pair of trajectories, one is generated by the original agent and one by the
target agent.

• Noisy dataset: same as the base dataset but each chosen/rejected pair of labels given by the judge
is flipped with probability ε.

• Mixed-quality dataset: each trajectory in the dataset is generated by an agent selected at random
between the original and the target one. The resulting dataset will consist of, approximately, 25%
comparisons between two trajectories from the target agent, 50% comparisons between trajectories
of different agents, and 25% comparisons between two trajectories of the original agent.

We also consider training a randomly initialized agent on the Hopper environment. This setting
addresses the case where a behavior has to be learned from the preference dataset and there is no prior
knowledge of the task available. We report the results of the experiments for this task in Appendix H.3.

4.2 Results

We provide the results of our experiments for TLA in Table 1, which reports the performance of
several PO algorithm and of our discovered objectives. We performed a hyperparameter search for
each algorithm-dataset combination and only report the performance of the best hyperparameters.
All algorithms are run for 12 epochs over the preference dataset, with the exception of DPO, IPO,
SimPO and R-DPO, which are run for 2 epochs after 10 epochs of SFT. We provide an additional
noisy setting (ε = 0.2) and performance for other existing algorithms in Table 4 in Appendix H.1.

We notice that none of the human-designed algorithms manages to recover the performance of the tar-
get agent and that most of them experience a drop in performance in mixed-quality and noisy settings.

Importance of SFT The first group within Table 1 shows that SFT plays a key role in the perfor-
mance across different settings. SimPO, which does not contain an SFT term nor an SFT step, is at
the top of the leaderboard on the base and the mixed-quality setting but performs poorly on all noisy
settings. IPO and DPO, which do not contain an SFT term but have an SFT step, are among the top
performers on the base, mixed-quality and low noise settings. Their performance finally drops when
the noise level reaches 0.3. Lastly, the algorithms that present an SFT term in their objectives, e.g.
CPO, ORPO and, obviously, SFT, exhibit a subotpimal performance in the base and mixed-quality
settings but are much more robust to noise than the other algorithms.
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Table 1: Three Legged Ant (TLA). Performance of existing and discovered MPO algorithms on TLA,
for various dataset settings. For each algorithm-dataset combination, we report the average value
and standard error of 25 trained agents. For each discovered MPO algorithm, we specify on which
setting it was discovered and report its performance across all settings (with fixed hyperparameters).
We underline the highest (or two highest if their confidence interval overlaps) average performance
among the human-designed algorithm and report in bold the overall highest, for each setting.

Base Mixed Quality Noisy (ε = 0.1) Noisy (ε = 0.3)

RRHF (Yuan et al., 2023) 2789 ± 285 2245 ± 134 1730 ±442 330 ± 552
SLiC-HF (Zhao et al., 2023) 3255 ± 66 2478 ± 54 2329 ±289 1135 ± 224
DPO (Rafailov et al., 2024) 3528 ± 58 2766 ± 89 3082 ±80 1519 ±140
IPO (Azar et al., 2024) 3618 ± 44 2937 ± 85 3162 ± 66 1133 ± 115
CPO (Xu et al., 2024a) 3450 ± 55 2322 ± 208 2967 ± 58 2000 ±35
ORPO (Hong et al., 2024) 3087 ± 322 2500 ± 71 2841 ± 50 1953 ± 37
R-DPO (Park et al., 2024) 2606 ± 65 2107 ± 40 2099 ± 50 1667 ± 24
SimPO (Meng et al., 2024) 3683 ±78 3117 ± 185 2314 ± 752 -3828 ± 341
SFT 3287 ± 62 2344 ± 40 2733 ±45 2049 ±33

Our algorithms ↓
LPO 3774 ± 102 2841 ± 46 3617 ± 69 1569 ± 156

With g = log σ

1S-MPO (mixed-quality) 3206 ± 330 3153 ± 274 1319 ± 714 -3967 ± 382
1S-MPO (noisy, ε = 0.1) 3789 ± 60 3210 ± 60 3813 ± 47 3279 ± 83
2S-MPO (mixed-quality) 3595 ± 57 2785 ± 78 3197 ± 58 1687 ± 58
2S-MPO (noisy, ε = 0.1) 3551 ± 58 2784 ± 63 3190 ± 62 1569 ± 122

With parametrized g

1S-MPO (mixed-quality) 3560 ± 333 3627 ± 79 3371 ± 410 2681 ± 251
2S-MPO (mixed-quality) 3736 ± 51 3202 ± 64 3488 ± 73 2253 ± 125
1S-MPO (noisy, ε = 0.1) 3861 ± 79 3075 ± 87 3724 ± 59 1771 ± 107
2S-MPO (noisy, ε = 0.1) 3701 ± 52 3178 ± 59 3490 ± 95 2074 ± 136
1S-MPO (noisy, ε = 0.3) 3931 ± 69 3244 ± 55 3834 ± 82 3417 ± 82
Temporally-aware

TA-MPO (1) 3577 ± 45 2730 ± 63 3106 ± 62 1971 ± 35
TA-MPO (2) 3625 ± 49 3088 ± 69 3443 ± 53 1988 ± 39
TA-MPO (3) 3352 ± 57 2256 ± 44 2725 ± 46 1923 ± 27

Keep optimizing Furthermore, while RRHF and SliC-HF are very similar, SliC-HF allows the PO
part of the objective to be clipped when π(τw) > π(τl) + δ, rather than when π(τw) > π(τl). This
modification leads to a higher performance on all tasks, demonstrating that it is beneficial to keep
optimizing the policy even if π(τw) > π(τl). To further stress this point, we consider the objective

π⋆ ∈ argmaxπ E(s0,τw,τl)∼D
[
λ log πθ(τw|x)− log πθ(τl|x)

]
,

which we call Linear Preference Optimization (LPO). LPO corresponds to SLiC-HF with δ = +∞
and obtains better results than most of the existing algorithms in Table 1, confirming that it is
important to design objectives that do not flatten when π(τw) > π(τl).

Discovered objectives Table 1 also reports the performance of our discovered objectives, for
both the case where we set the monotonic transformation g to be the logarithmic function and
where we parametrize and learn it. We learn a separate objective for each dataset setting and report
the performance of each learned objective on all settings. Differently from the human-designed
algorithms, the discovered objectives recover the performance of the target agent in multiple instances
and are more robust to the mixed-quality and noisy settings. We note that allowing the evolution
procedure to learn g leads to a better performance in all dataset settings. Additionally, we have that
the objectives discovered within the two-step MPO class always have a lower performance than those
within the one-step MPO class. This is probably due to the ability to modify the SFT term in the
one-step MPO class, which is not present in the two-step class.
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Figure 1: SimPO
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Figure 2: ORPO
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Figure 3: Discovered 1S-MPO (shuffled)
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Figure 4: Discovered 1S-MPO (noisy)

Figure 5: Absolute value of the gradient of SimPO, ORPO, 1S-MPO (shuffled), and 1S-MPO (noisy,
ϵ = 0.3). The dots are sampled datapoints from the training distribution.

When exploring the one-step MPO class with g = log σ, our discovery procedure always recovers a
variation of CPO. That is, we obtain an objective that can be approximated as

π⋆ ∈ argmaxπ E(s0,τw,τl)∼D
[
α log(π(τw)) + λ log σ

(
β log(π(τw))− β log(π(τl))

)]
,

where the coefficients α and β depend on the setting. In particular, we have a low value for α and
a high value for β in the noisy settings, while we observe the opposite in the mixed-quality setting.
These results confirm the observations made on the hand-crafted objectives, whereby objectives
with an SFT term are more robust to noise and objectives without are more robust to mixed-quality
trajectories. When we search the two-step MPO class with g = log σ, we recover DPO.

Figure 5 provides a visualization of the gradient of some of the objectives discovered when we
parametrize and meta-learn g. In particular, we show the objectives discovered within the one-step
MPO class on the mixed-quality and noisy (ε = 0.3) settings. For comparison, we provide the same
plots for the ORPO and SimPO objectives. The hand-crafted algorithms present a larger gradient
when π(τw) < π(τl) and a smaller one when π(τw) > π(τl), that is, they induce large updates when
the data-point contradicts the current behaviour of the agent, and small otherwise.

The objective discovered on the noisy dataset has the opposite behavior, meaning that it only
optimizes the more robust-to-noise SFT term when π(τw) < π(τl). As log(π(τw)) − log(π(τl))
becomes larger, it shifts toward increasingly large updates thanks to the PO term. A similar pattern
appears in the mixed-quality dataset, where the objective also increases its updates as the difference
log(π(τw)) − log(π(τl)) grows. The key distinction between these two losses is that the shuffled
loss triggers high-gradient updates even when π(τw) < π(τl). We highlight once more that both
discovered objectives advocate to keep optimizing the policy even when π(τw) > π(τl).

4.3 Including temporal awareness

We build an algorithm within the TA-MPO family using the insights gained in the previous section.
In particular, we keep the standard SFT loss, which was rediscovered in all our experiments, and use
SimPO for the PO component of TA-MPO, given its high performance and its ability to continue
optimizing the policy even when π(τw) > π(τl). That is, we define the objective

π⋆ ∈ argmaxπ ED
[
(1−α(t)) log πθ(τw|x)+α(t) log σ(β(log πθ(τw|x)−log πθ(τl|x))−γ)

]
. (13)

We try three expressions for α, designed to put most of the weight on the SFT component of (13) at
the start of training and switch to PO towards the end of training:

(1) : α(t) = t; (2) : α(t) = t2; (3) : α(t) = σ(20(x− 0.75)).

Table 1 shows promising results for temporally-aware PO algorithms, as the objective in (13) with
the version (2) of α matches or surpasses all human-designed algorithms in all settings.
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Table 2: Alpaca Eval LLM results. We report win-rates and standard error (length controlled
win-rates and standard error in parenthesis) for three combinations of base model and preference
dataset. We report in bold font the highest winrate (length-controlled winrate) for each column.

gemma-7b†, dpo-mix-7k‡ gemma-7b, capybara-7k§ mistral-7b¶, dpo-mix-7k

CPO 28.9±1.6 (21.9±0.2) 29.2±1.6 (25.3±0.3) 31.0±1.6 (21.7±0.3)
ORPO 27.4±1.6 (21.5±0.2) 28.2±1.6 (24.2±0.3) 28.0±1.6 (21.1±0.3)
DPO 30.7±1.6 (31.0±0.3) 37.9±1.7 (32.8±0.2) 32.8±1.6 (29.5±0.3)
SimPO 32.5±1.7 (25.8±0.2) 27.3±1.6 (23.6±0.2) 28.1±1.6 (22.6±0.3)
TA-MPO (1) 31.5±1.6 (25.0±0.2) 34.2±1.7 (30.0±0.2) 39.6±1.7 (30.4±0.2)
TA-MPO (2) 27.8±1.6 (23.2±0.3) 33.4±1.7 (29.6±0.2) 36.6±1.7 (27.7±0.2)
TA-MPO (3) 35.4±1.7 (29.1±0.1) 39.4±1.7 (33.8±0.1) 41.6±1.7 (30.6±0.2)

5 Experiments: LLM transfer

We show that the insights obtained in the MuJoCo environments can be transferred to the LLM
alignment setting. In particular, we test the TA-MPO algorithm in (13), which is designed to continue
to optimize the policy even when π(τw) > π(τl), as all our discovered algorithms do. We evaluate
TA-MPO on LLM alignment, comparing its performance against baselines for three combinations of
base model and preference dataset, as shown in Table 2.

To tune the LLMs, we modify the Alignment Handbook library (Tunstall et al.) to include the
TA-MPO objective in (13). We evaluate the tuned LLMs against GPT-4, using the AlpacaEval library
(Li et al., 2023) and Llama-3.1-70B-Instruct as a judge. For all combinations of starting LLM,
dataset, and PO algorithm, we perform 4 update epochs and set the learning rate to 5e-5 and β to
0.05. In the case of DPO and SimPO, we performed 3 epochs of SFT, with learning rate 5e-5, and 1
epoch of DPO/SimPO, with learning rate 5e-7 and β = 0.05. Refer to Appendix K for further details.

Table 2 shows the effectiveness of the TA-MPO objective in (13), which presents a high winrate for
all schedules of α. In particular, TA-MPO with the sigmoid schedule for α has the highest winrate in
all tasks and the highest length controlled winrate in two out of three tasks. Additionally, TA-MPO
requires only one stage of training, while DPO and SimPO require two, i.e. SFT and PO.

We also tested the static algorithms discovered in the MuJoCo environment. Those with g = log σ,
which rediscovered CPO, exhibited performance similar to CPO itself. In contrast, algorithms with
a parameterized g function, which learned to greedily optimize the policy even when π(τw) > π(τl),
performed poorly. We hypothesize that these algorithms overfit to the TLA task, where our datasets
sufficiently cover the state-action space. On the other hand, in LLM tuning—where data is sparse rela-
tive to the environment—greedy methods are more susceptible to over-optimization. At the same time,
the objectives discovered on TLA are only used to logits within -14 and -8, as shown in Figure 5, and
have less regular shape outside of this subset. Despite this, our experiments with LLMs demonstrate
that knowledge and insights gained from MuJoCo can still transfer effectively to other tasks.

6 Conclusion

We have introduced a novel framework for Preference Optimization algorithms, as well as a methodol-
ogy for the automatic discovery of PO algorithms using evolutionary strategies. Through a systematic
evaluation across diverse settings in MuJoCo environments, we have demonstrated that the per-
formance of our discovered objectives consistently exceeds the performance of existing methods,
particularly in noisy and mixed-quality datasets where many baselines underperform. Our analysis in
MuJoCo also revealed a common shortcoming among current baselines: truncating the loss whenever
π(τw) > π(τl). Using this insight, we proposed a temporally-aware algorithm, TA-MPO, that avoids
such loss truncation and gradually switches from the SFT step to the PO step. We then tested this
objective on an LLM fine-tuning task, achieving significant improvements over existing methods,
thereby confirming the broader applicability of our approach.

†https://huggingface.co/google/gemma-7b
‡https://huggingface.co/datasets/argilla/dpo-mix-7k
§https://huggingface.co/datasets/argilla/distilabel-capybara-dpo-7k-binarized
¶https://huggingface.co/mistralai/Mistral-7B-v0.3
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A Baseline PO Algorithms

Table 3: Overview of popular PO algorithms. The objective is to be maximized and (τw, τl) ∼ D.
Method Objective

RRHF (Yuan et al., 2023) λ log πθ(τw|x)−max
(
0,− 1

|τw| log πθ(τw|x) + 1
|τl| log πθ(τl|x)

)

SLiC-HF (Zhao et al., 2023) λ log πθ(τw|x)−max(0, δ − log πθ(τw|x) + log πθ(τl|x))

DPO (Rafailov et al., 2024) log σ
(
β log πθ(τw|x)

πref (τw|x) − β log πθ(τl|x)
πref (τl|x)

)

IPO (Azar et al., 2024) −
(
log πθ(τw|x)

πref (τw|x) − log πθ(τl|x)
πref (τl|x) −

1
2τ

)2

CPO (Xu et al., 2024a) log πθ(τw|x) + log σ(β log πθ(τw|x)− β log πθ(τl|x))
ORPO (Hong et al., 2024) log π(τw) + λ log σ (log (oddsπ(τw))− log (oddsπ(τl)))

R-DPO (Park et al., 2024) log σ
(
β log πθ(τw|x)

πref (τw|x) − β log πθ(τl|x)
πref (τl|x) + (α|τw| − α|τl|)

)

SimPO (Meng et al., 2024) log σ
(

β
|τw| log πθ(τw|x)− β

|τl| log πθ(τl|x)− γ
)

These methods include RRHF, which uses length-normalized log-likelihood, and SLiC-HF, which
uses direct log-likelihood and incorporates SFT. The comparison also includes IPO, a theoretically-
based approach that handles pairwise preferences differently than DPO. Another method, CPO,
combines sequence likelihood as a reward with an SFT objective. Finally, R-DPO modifies the
original DPO by adding regularization to prevent length exploitation.

B Related Work

Automatic Discovery of Preference Optimization Loss Functions Several works in the literature
have shown that it is possible to discover machine learning algorithms that outperform algorithms
manually designed by researchers (Oh et al., 2020; Lu et al., 2022; Jackson et al., 2024; Alfano et al.,
2024). An approach particularly relevant to our method is DiscoPOP by Lu et al. (2024), which
leverages an LLM to discover objective functions for LLM tuning. They consider a different space
of objective functions from us, as they replace the log-sigmoid in (5) with a generic loss function,
following the framework built by Tang et al. (2024). Additionally, instead of searching over a space
of parametrized functions, they ask the LLM to generate loss functions in code space. This distinction
suggests that our approaches could be complementary, as the model discovered by DiscoPOP could
be paired with our learned mirror map. Lastly, DiscoPOP optimizes its objective function directly on
the final task, whereas we adopt a two-stage process—optimizing the loss function on a separate task
(MuJoCo) and later transferring it to the LLM setting. This transferability underscores the broader
applicability of our approach.

Generalisations of DPO A generalization of DPO alternative to ours is f -DPO (Wang et al., 2023),
which consists in replacing the KL-divergence in (1) with an f -divergence and then apply the same
heuristic as DPO to obtain the final objective function. We note that the KL-divergence is the only f -
divergence to be also a Bregman divergence, and vice-versa. They empirically demonstrate that differ-
ent f -divergences lead to different balances between alignment performance and generation diversity,
highlighting the trade-offs inherent to this class of algorithms. Huang et al. (2024) further explore this
class of PO algorithm and individuate an f -divergence for which f -DPO is robust to overoptimization.

C Reward Modeling

In Equation (9), we utilize the interpretation of reward modeling as a binary classification problem
given by Tang et al. (2024), which we summarize here. Let z = (τ1, τ2) be a pair of trajectories and
ℓ ∈ {−1, 1} be the associated label that states whether τ1 is preferred to τ2 (ℓ = 1) or not (ℓ = −1).
We want to find a function ℓ̂(z) ∈ R such that sign(ℓ̂(z)) is a good estimate of ℓ. For a dataset
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D = {zi, ℓi}Ni=1, the classification loss (or 0-1 loss) is

L(ℓ̂,D) = ED
[
1− sign

(
ℓ̂(z) · ℓ

)]
, (14)

which is often approximated with a surrogate

Lf (ℓ̂,D) = ED
[
f
(
ℓ̂(z) · ℓ

)]
, (15)

for a function f : R→ R. This approximation is possible because, when f is decreasing (or convex),
(14) and (15) have the same minimizer, as we prove in the following. Denote p1(z) = P(ℓ = 1|z),
then the conditional surrogate loss at z is

Lf (ℓ̂, x) = p1(z)f
(
ℓ̂(z)

)
+ (1− p1(z))f

(
−ℓ̂(z)

)
. (16)

The minimizer ℓ̂⋆ of (15) is such that ℓ̂⋆(z) minimizes (16). While the minimizer to (16) might not be
computable explicitly, we can show ℓ̂⋆(z) > 0 ⇐⇒ p1(z) > 1/2 when f is a decreasing function,
meaning that ℓ̂⋆ is also the minimizer of (14). Firstly, we have that

Lf (ℓ̂, x)− Lf (−ℓ̂, x) = p1(z)f
(
ℓ̂(z)

)
+ (1− p1(z))f

(
−ℓ̂(z)

)

− p1(z)f
(
−ℓ̂(z)

)
− (1− p1(z))f

(
ℓ̂(z)

)

= (2p1(z)− 1)
(
f
(
ℓ̂(z)

)
− f

(
−ℓ̂(z)

))
(17)

Since f is decreasing, we have for all ℓ̂(z) > 0 that f(ℓ̂(z)) < f(−ℓ̂(z)). Plugging this into (17), we
obtain that, if p1(z) > 1/2, Lf (ℓ̂, x) < Lf (−ℓ̂, x) for all ℓ̂(z) > 0. Therefore, the minimizer ℓ̂⋆(z)
of (16) must be positive. The opposite can be proved in the same manner.

Equation (9) can be obtained by setting f = −g, for an increasing function g, and

ℓ̂(z) = r̂(τ1)− r̂(τ2).

D Proof of Theorem 3.1

We provide here a proof for our main result, i.e. Theorem 3.1. The proof to obtain the DPO objective
in (5) follows by taking ϕ = ex.
Theorem D.1 (Theorem 3.1). Let hϕ be a 0-potential mirror map and π⋆ be a solution to the
optimization problem in (7). If πref(a|s) > 0 for all s ∈ S, a ∈ A, we have that

r(τ) = ϕ−1(π⋆(τ))− ϕ−1(πref(τ)) + c(s0), (18)
for all trajectories τ , where c(s0) is a normalization constant that depends only on s0.

Proof. We use the KKT conditions to solve (7), i.e.

π⋆ ∈ argmax
π

Es0∼D,τ∼(π,P )

[
T−1∑

t=0

Ea∼π(·|st)[r(st, a)]− βDh(π(·|τ), πref(·|τ))
]

We use the stationarity condition to obtain the equation

∇π(τ)
[
T−1∑

t=0

Ea∼π(·|st)[r(st, a)]− βDh(π(·|τ), πref(·|τ))− λ
∑

τ ′:s0∈τ ′

π(τ ′)− λ+
∑

τ ′:s0∈τ ′

α(τ ′)π(τ ′)

]

= r(τ)− βϕ−1(π(τ)) + βϕ−1(πref(τ))− λ+ α(τ) = 0,

for all initial states s0 ∈ S and for all trajectories τ starting from s0. Rearranging, we obtain that
π(τ) = ϕ

(
(r(τ) + βϕ−1(πref(τ))− λ+ α(τ))/β

)
.

Since 0 /∈ domϕ−1, due to the definition of a 0-potential, and πref(τ) > 0, we have that π(τ) > 0
for all trajectories τ . Invoking the complementary slackness condition, whereby α(τ)π(τ) = 0 for
all trajectories τ , we have that α(τ) = 0 for all trajectories τ . Therefore, we have that

r(τ)− βϕ−1(π(τ)) + βϕ−1(πref(τ))− λ = 0

The theorem statement is obtained by rearranging the last equation and denoting c(s0) = λ
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E Further discussion of ω-potentials

We show here two examples of Bregman divergence induced by an ω-potential mirror map, that is
when ϕ(x) = ex−1 and when ϕ(x) = x. If ϕ(x) = ex−1, the associated mirror map is defined as

hϕ(π(·|s)) =
∑

a∈A

∫ π(a|s)

1

ϕ−1(x)dx =
∑

a∈A

∫ π(a|s)

1

(log(x) + 1)dx

=
∑

a∈A
π(a | s) log(π(a | s))− π(a | s) + π(a | s)

=
∑

a∈A
π(a | s) log(π(a | s)),

which is the negative entropy. Plugging this expression in the definition of Bregman divergence we
obtain

Dh(x, y) = h(x)− h(y)− ⟨∇h(y), x− y⟩
=
∑

a∈A
xa log(xa)− ya log(ya)− (log(ya)− ya)(xa − ya)

=
∑

a∈A
xa log(xa/ya),

which is the definition of the KL-divergence. If ϕ(x) = 2x, the associated mirror map is defined as

hϕ(π(·|s)) =
∑

a∈A

∫ π(a|s)

1

ϕ−1(x)dx =
∑

a∈A

∫ π(a|s)

1

2xdx =
∑

a∈A
π(a | s)2,

which is the ℓ2-norm. Plugging this expression in the definition of Bregman divergence we obtain

Dh(x, y) = h(x)− h(y)− ⟨∇h(y), x− y⟩ =
∑

a∈A
x2a − y2a − (2ya)(xa − ya) =

∑

a∈A
(xa − ya)2,

which is the definition of the Euclidean distance.

F Further discussion on Evolution Strategies

Evolution Strategies (ES) represent a powerful, backpropagation-free method for optimizing complex
functions, that has been particularly successful in the context of long-horizon, noisy, and bi-level
optimization tasks such as RL and meta-RL. ES, and in particular the OpenAI-ES algorithm (Sal-
imans et al., 2017), rely on perturbation-based sampling to estimate gradients without requiring
backpropagation through the entire computational graph. This feature makes ES well-suited for tasks
with long computational graphs, for instance algorithms with many updates, where, due to memory
constraints, traditional gradient-based methods have to resort to gradient truncation, introducing
bias (Werbos, 1990; Metz et al., 2022; Liu et al., 2022).

In our setting, we use ES to search for the best ψ and ϕ−1 within the parametrized class introduced
in Section 3.1, so that an agent trained using the objective in (11) achieves the highest value. Denote
by ζ the parameters of ψ and ϕ−1 and by πζ the final policy obtained optimizing the objective in (11)
when using the parametrized ψ and ϕ−1. Lastly, let F (ζ) be the expected cumulative reward (or
value) of πζ , i.e. F (ζ) = Eτ∼(µ,πζ ,P )r(τ). At each iteration, we estimate the gradient∇ζF (ζ) as

Eϵ∼N (0,Id)

[ ϵ
2σ

(F̂ (ζ + σϵ)− F̂ (ζ − σϵ))
]
, (19)

whereN (0, Id) is the multivariate normal distribution, d is the number of parameters, F̂ is an estimate
of F , and σ > 0 is a hyperparameter regulating the variance of the perturbations.

G Further discussion on Online vs Offline Methods

In the domain of RL and preference optimization, the choice between online and offline algorithms
presents a critical trade-off, influencing computational efficiency, data requirements, and generaliza-
tion capabilities. Online methods, such as PPO, iteratively collect and incorporate new data during
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training. These inherently support exploration of the environment, enabling the discovery of novel
strategies or behaviors that are not captured in pre-existing datasets. However, they need feedback
for each generated “trajectory” (or response, in the LLM case), which might be expensive to obtain.
Online methods are also more complex and particularly sensitive to hyperparameters, often requiring
meticulous tuning for stability and efficiency.

Offline algorithms, such as DPO and its variants, rely entirely on pre-collected datasets. These
methods are designed for efficiency and simplicity: they don’t require any additional feedback from
users and are therefore particularly effective in scenarios where feedback is delayed or unavailable.
However, the reliance on static datasets means offline methods may struggle to generalize beyond
the training data, particularly if the distribution shift between the training dataset and test time
distribution is significant. Additionally, the performance of the algorithm is closely tied to the quality
of the training dataset: noisy, biased, or corrupt datasets can severely degrade performance, as these
methods cannot mitigate such issues through exploration or resampling.

In summary, RLHF (i.e., online) is considered the superior approach, particularly when substantial
amounts of online labels are accessible. This makes it the industry standard (Xu et al., 2024b). While
DPO has been theoretically equated to optimizing using PPO and a reward model trained on an offline
dataset, recent empirical research (Tang et al., 2024) has challenged this notion. These studies have
demonstrated that online methods, such as PPO, consistently outperform offline methods like DPO.
This superiority is attributed to the benefits of on-policy sampling.

While DPO has occasionally outperformed PPO, it’s important to note that several studies (Xu et al.,
2024b; Song et al., 2024) have consistently shown PPO’s overall superiority. DPO’s relative strength
lies in its simpler training regime, which avoids the complexities associated with reward model
inaccuracies. However, DPO’s performance is significantly limited by its sensitivity to distribution
shift, especially when the offline preference data lacks diversity (Song et al., 2024). This limitation
becomes particularly evident when querying the model with out-of-distribution data, a common
challenge for methods relying solely on offline data. To mitigate this issue, DPO-iter (Xu et al.,
2024b), which incorporates online data, has been proposed as a potential solution.

H MuJoCo Additional Results

H.1 TLA

We display additional results for the TLA task in Table 4. With respect to Table 1, we replace the
mixed-quality setting with a noisy setting where the noise parameter ε is set to 0.2. We also include
the KTO (Ethayarajh et al., 2024) and f -DPO (Jensen-Shannon) (Wang et al., 2023) algorithms.

H.2 Simplified expression for discovered objectives

Below, we report a simplified version of the objectives discovered for the shuffled and noisy (ϵ = 0.3)
settings, when g is parametrized:

L(τw, τl) =0.82LSFT(τw) + 1.7(log(πθ(τw))− log(πθ(τl)))

+ 0.33(log(πθ(τw))− log(πθ(τl)))
2 + 0.36(log(πθ(τw))− log(πθ(τl)))

3

L(τw, τl) =0.82LSFT(τw)

+ max(1.39(log(πθ(τw))− log(πθ(τl)))
2, 0.12(log(πθ(τw))− log(πθ(τl))))

H.3 Hopper Tasks

We consider a second set of simulations on MuJoCo, based on the Hopper environment. As for
the previous sections, our experiments are implemented in JAX (Bradbury et al., 2018) using the
brax (Freeman et al., 2021) and evosax (Lange, 2022) libraries. We report our hyper-parameters in
Appendix J.

Differently from the TLA task, we consider a setting where the agent is randomly initialized and needs
to learn a policy from scratch. On Hopper, we train an agent with an expected cumulative reward
of 2100 (the expert agent) and an agent with an expected cumulative reward of 900 (the bad agent).
We generate the preference datasets in the same way we do for TLA, with the exceptions that the
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Table 4: Three Legged Ant (TLA). Performance of existing and discovered MPO algorithms on
TLA. For each algorithm-dataset combination, we report the average value and standard error of 25
trained agents. For each discovered MPO algorithm, we specify on which setting it was discovered
and report its performance across all settings (with fixed hyperparameters). We report in bold the
highest (or two highest if their confidence interval overlaps) average performance, for each setting.

Base Noisy (ε = 0.1) Noisy (ε = 0.2) Noisy (ε = 0.3)

RRHF 2789 ± 285 1730 ±442 749 ± 498 330 ± 552
SLiC-HF 3255 ± 66 2329 ±289 1964 ± 116 1135 ± 224
DPO 3528 ± 58 3082 ±80 2530 ± 97 1519 ±140
IPO 3618 ± 44 3162 ± 66 2392 ±136 1133 ± 115
CPO 3450 ± 55 2967 ± 58 2427 ± 44 2000 ±35
ORPO 3087 ± 322 2841 ± 50 2359 ± 43 1953 ± 37
R-DPO 2606 ± 65 2099 ± 50 1740 ± 36 1667 ± 24
SimPO 3683 ±78 2314 ± 752 118 ± 715 -3828 ± 341
SFT 3287 ± 62 2733 ±45 2345 ± 37 2049 ±33
KTO 1534 ± 34 1551 ± 31 1531 ± 49 1442 ± 35
f-DPO (Jensen-Shannon) 3621 ± 50 3192 ± 76 2494 ± 101 1633 ± 123

Our algorithms ↓
LPO 3774 ± 102 3617 ± 69 2705 ± 370 1569 ± 156

With g = log σ

1S-MPO (mixed-quality) 3206 ± 330 1319 ± 714 -1625 ± 944 -3967 ± 382
1S-MPO (noisy, ε = 0.1) 3789 ± 60 3813 ± 47 3280 ± 83 3279 ± 83
2S-MPO (mixed-quality) 3595 ± 57 3197 ± 58 2487 ± 110 1687 ± 58
2S-MPO (noisy, ε = 0.1) 3551 ± 58 3190 ± 62 2552 ± 94 1569 ± 122

With parametrized g

1S-MPO (mixed-quality) 3560 ± 333 3371 ± 410 3230 ± 259 2681 ± 251
2S-MPO (mixed-quality) 3736 ± 51 3488 ± 73 2992 ± 87 2253 ± 125
1S-MPO (noisy, ε = 0.1) 3861 ± 79 3724 ± 59 2845 ± 365 1771 ± 107
2S-MPO (noisy, ε = 0.1) 3701 ± 52 3490 ± 95 2886 ± 127 2074 ± 136
1S-MPO (noisy, ε = 0.3) 3931 ± 69 3834 ± 82 3735 ± 84 3417 ± 82

Table 5: Hopper. Perfomance of existing MPO algorithms on the Hopper setting. The agent is
randomly initialised.

Base Mixed Quality Noisy (ϵ = 0.1)

DPO 1796 ± 78 458 ± 82 693 ± 131
IPO 2049 ± 13 1606 ± 91 739 ± 118
CPO 2078 ± 12 1078 ± 35 1813 ± 33
ORPO 2022 ± 15 1039 ± 20 1710 ± 33
SimPO 2027 ± 15 1460 ± 94 1794 ± 65

number of rows is 5120 and the trajectories are generated by either the expert or the bad agent. We
consider the same three variations of the preference datasets used in TLA, where the expert agent
corresponds to the target agent, and the bad agent corresponds to the original agent. We include more
data compared to the TLA setting as it takes more datapoints for the agent to learn from scratch rather
than to adapt to a slightly different objective (like in the TLA case).

Our Hopper results confirm our conclusions in the TLA setting. All algorithms but DPO come close
to matching the performance of the expert agent (2100), with CPO being the best. We can see SimPO
is the only algorithm that significantly outperforms the bad agent (performance of 900) in the Mixed
Quality setting (the γ for SimPO was set very high, γ = 10, as a lower value significantly limited
performance).
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H.4 Further MuJoCo Analsys

In addition to the noisy dataset, we also considered a bad judge setting, where the judge would be
more likely to swap the label of a pair of trajectories if their ground truth rewards were closer to
each other. This is practically implemented as an increase in the temperature of the Bradley-Terry
judge. However, we did not notice significantly different results compared to the simple noisy setting,
therefore detailed results are not reported.

I Further discussion on Meta-Learning Algorithms

Meta-learning, or “learning to learn”, has been extensively employed to automate the design of algo-
rithms that can either adapt rapidly with minimal data samples or generalize effectively to unseen data,
tasks, or environments. The development of broadly applicable algorithms is particularly critical in the
context of preference optimization for LLMs. Here, LLMs are fine-tuned on relatively small datasets
of offline data but must generalize to a virtually infinite range of potential user queries. Prior work in
meta-learning has demonstrated success in developing generalizable optimization algorithms and loss
functions (Lu et al., 2022; Jackson et al., 2024; Lu et al., 2024; Goldie et al., 2024; Kirsch et al., 2020).

At its core, meta-learning is defined as a bilevel optimization problem with an inner and an outer
loop. The inner loop consists in an iterative optimization algorithm that trains agents to solve a
predetermined task given a set of meta-parameters. The outer loop consists in evaluating the agents
trained in the inner loop and update the meta-parameters accordingly, following some optimization
method like second order gradient descent (Finn et al., 2017). The evaluation of the agents is typically
done on a held-out dataset in supervised learning or by sampling trajectories on the environment
simulator in RL (Lu et al., 2022; Jackson et al., 2024). In our setting, the inner loop is the offline
preference optimization algorithm, while the outer loop is the agent evaluation on the environment
(online) and the update of the meta-parameters ζ.
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J MuJoCo Hyper-parameters

We give the hyper-parameters we use for training. The hyper-parameters specific to each algorithm
are tuned for each task-data type combination. All the experiments were conducted on 4 NVIDIA
L40S GPUs.

Table 6: Hyper-parameter settings for PO.
Parameter Value

Number of epochs 12
Minibatch size 2
Learning rate 1e-3
Max gradient norm 1.3

Table 7: Hyper-parameter settings of OpenAI-ES.
Parameter Hopper TLA

Population Size 256 256
Number of generations 128 256
Sigma init 0.03 0.03
Sigma Decay 0.999 0.999
Learning rate 0.02 0.02

K LLM Hyper-parameters

We give the hyper-parameters we use for LLM training. All the experiments were conducted on 4
NVIDIA L40S GPUs.

Table 8: Hyper-parameter settings for LLM Training.
Parameter Value

Gradient Accumulation Step 32
Batch Size 2
Total Batch Size 64
LoRA Yes
LoRA Rank 128
LoRA Alpha 256
Lora Dropout 0.05
Max length 2048
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6
Conclusion

In this last chapter, we summarize the main contributions of this thesis and outline

open questions for future research.

6.1 Contributions

This thesis has explored and advanced the theoretical and algorithmic foundations

of optimization methods for reinforcement learning, with a particular focus on policy

gradient techniques. The central theme throughout has been the development of

scalable, provably efficient optimization algorithms that address core challenges

in modern RL—namely, scalability in multi-agent systems, expressivity in policy

parameterizations, and alignment with human preferences.

In the multi-agent setting, we introduced a decentralized natural policy gradient

algorithm that leverages assumptions about spatial decay of correlations to achieve

convergence rates that are dimension-free with respect to the number of agents.

This result provides an important step toward making reinforcement learning

feasible in large-scale cooperative systems, offering both theoretical guarantees

and practical scalability.

In the single-agent context, we proposed Approximate Mirror Policy Opti-

mization (AMPO), a versatile framework that extends mirror descent techniques
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to general policy parameterizations. This method is the first to achieve linear

convergence guarantees in this setting, bridging a critical gap between theory and

practice in policy gradient optimization. Our analysis also revealed how the choice

of mirror map—an under-explored hyperparameter—has a significant effect on

empirical performance, motivating more principled approaches to its selection.

Building upon these insights, we explored the domain of preference optimization,

an increasingly important area for aligning RL agents with human feedback. By

proposing the Mirror Preference Optimization (MPO) framework, we unified and

generalized several state-of-the-art algorithms and demonstrated how evolutionary

strategies can be used to discover robust optimization strategies tailored to specific

data characteristics. The resulting algorithms not only outperform existing baselines

in simulated environments but also provide useful insights that can be transferred

in real-world tasks, such as large language model alignment.

6.2 Future directions

The contributions of this thesis open up several directions for future research,

which we discuss below.

Can we design scalable multi-agent algorithms in more general settings?

The algorithm designed in Chapter 2 is tailored to a specific kind of decay of

correlations and to the setting of homogeneous cooperative agents. It would be

interesting to understand whether it is possible to design scalable algorithm in

different MARL setting, such as partially observable MDPs (Åström 1965) or

heterogeneus or competing agents. Additionally, we could investigate settings with

weaker or non-global spatial decay assumptions.

Can we improve the implementation of the AMPO algorithm? The main

issue in the implementation of AMPO is that the updates in (1.25) and (1.24) are

not explicit. One way to simplify the expression in (1.25) would be to leverage dual

DRAFT Printed on May 6, 2026



6. Conclusion 131

averaging (Nesterov 2009) instead of mirror descent, obtaining the objective

θt+1 ∈ argmin
θ∈Θ

E(s,a)∼vt

[
f θ(s, a) − Qt(s, a) − ηt−1

ηt

f t(s, a)
]2

.

A future direction is to understand whether this update enjoys the same convergence

guarantees as AMPO.

Can we export the theoretical analysis of AMPO to other setting? One

could apply the linear convergence theory of AMPO to other structural MDPs, e.g.,

linear MDP (Jin et al. 2020), block MDP (Du, Krishnamurthy, et al. 2019), factored

MDP (Kearns and Koller 1999; W. Sun et al. 2019), RKHS linear MDP and RKHS

linear mixture MDP (Du, S. Kakade, et al. 2021), to build new sample complexity

results for these settings, since the assumptions of Theorem 4.3 in Chapter 3 do not

impose any constraint on the MDP. On the other hand, it would be interesting to

explore the interaction between the Bregman projected policy class and the expected

Lipschitz and smooth policies (Yuan et al. 2022) and the Fisher-non-degenerate

policies (Liu et al. 2020) to establish new improved sample complexity results in

these settings, again thanks to the linear convergence theory of AMPO.

Another direction for future work is extending the policy update of AMPO to

mirror descent algorithm based on value iteration and Bellman operators, such as

MD-MPI (Geist et al. 2019), in order to extend existing results to the general

parameterization setting.

Can we give a theoretical characterization for the impact of mirror maps

in RL? While Chapter 4 provides some insights on the behavior of PMD for

different mirror maps, a theoretical understanding of this phenomenon is still missing.

An interesting direction could be to explore the implicit regularization properties of

mirror maps in RL, as it has been done before in convex optimization (Vaskevicius

et al. 2020; F. Wu and Rebeschini 2021; H. Sun et al. 2023).
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6. Conclusion 132

Can the mirror map be adapted to the environment during training?

All our analysis have been done with a mirror map that is kept constant throughout

training. One could design an algorithm with a mirror map that changes during

training in order to adapt to specific environment properties—e.g., sparsity or

symmetry. To do so, one would have to innovate current proof techniques for

mirror descent that rely on telescopic sums or recursions, to account for the

changing mirror map.

Can we understand why some preference optimization algorithm work

better than other? In Chapter 5 we provided a comparison of several preference

optimization algorithms, together with some insights on the cause of the better

performance of some algorithms. However, our investigation was limited to DPO-

style algorithms and did not consider approaches that first train a reward model

and then use it to train the agent through RL. In particular, we did not address

the fact that this second class of approaches has usually better results than the

first (Swamy et al. 2025). It would be interesting to provide more understanding

of this phenomenon, even in a toy environment like MuJoCo.
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