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Abstract

Quantum theory is one of the most successful theories in modern physics. It
has been extensively tested in the microscopic domain, always with remarkable
success. Yet, these tests do not currently extend in a conclusive way to all physical
systems and across all scales. This leaves open the question of whether quantum
theory provides a truly universal description of reality, especially in regimes where
direct experimental access is limited, such as the gravitational field or complex
macroscopic biological systems.

This Thesis addresses this question through the study of hybrid systems, where a
well-controlled quantum sector interacts with an unknown sector whose underlying
description may or may not be quantum. It contributes to the emerging framework
of information-theoretical witnesses of non-classicality, where the quantum sector is
used as a probe to test the nature of the unknown system under minimal assumptions.

We first examine spatial entanglement-based witnesses, in which the ability
of an unknown system to mediate entanglement between two quantum probes by
local means provides a sufficient condition for its non-classicality. We extend this
framework by quantitatively showing that locally mediated quantum correlations
lower bound the non-commutativity of the observables of the mediator, within
quantum theory.

We then introduce a novel class of single-probe temporal witnesses, where
non-classicality is inferred from the temporal evolution of a probe under a global
conservation law. We prove that quantum coherent evolution under such a constraint
can only be mediated by a non-classical system, and propose an application to
light-harvesting processes in photosynthetic complexes.

Finally, we develop a temporal entanglement-based witness. Here, the sufficient
condition for the non-classicality of the unknown system is the ability to mediate
temporal entanglement relative to the probe’s local conserved quantity and a non-
commuting observable. This result provides a temporal extension of the spatial
entanglement-based witness, representing a promising route for the development
of the next generation of tests to probe the universality of quantum theory in
previously inaccessible fields such as gravity and biology.
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The quantization of a given system implies also the
quantization of any other system to which it can be
coupled.

Quantum theory must be immediately extended to
all physical systems.

— Bryce DeWitt, The Quantization of Geometry

Introduction

The problem of whether a physical theory provides a universal description of reality
is a long-standing question in the history of physics. Prior to the advent of quantum
mechanics, classical physics was widely regarded as the ultimate framework for
describing nature. This belief is perhaps best summarised in the famous statements
attributed to Michelson and Lord Kelvin, according to which the fundamental laws
of physics had already been discovered, leaving only refinements of precision and
just two “clouds” on the horizon of twentieth-century physics [1, 2]. In hindsight,
these two clouds marked the origin of two of the most profound revolutions in
physics. The resolution of one led to the development of general relativity, which,
despite its conceptual novelty, remains fully consistent with the classical paradigm
that dominated at the time. The resolution of the other, instead, gave rise to
quantum theory, whose implications radically overturned the view that classical
physics could provide a complete and universal description of reality.

Quantum theory is now one of the best explanatory theories in modern physics.
Introducing peculiar phenomena such as superposition and entanglement, it provides
extraordinarily accurate predictions at the smallest scales and across those macro-
scopic phenomena that trivially rely on their microscopic constituents. However,
the difficulty in observing precisely these phenomena at progressively larger scales

leaves open the question of the effective domain of applicability of quantum theory.
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In other words, does quantum theory provide a universal description of all physical
systems at all scales? Or does classical behaviour fundamentally describe reality
above a certain scale?

In this Thesis, we explore these issues by searching for indirect signatures of
the non-classical nature of physical systems using information-theoretical methods,
namely by analysing how physical systems process and exchange information. These

signatures are known as information-theoretical witnesses of non-classicality.

1.1 The Problem of Hybrid Systems

Many of the questions concerning the universality of quantum theory can be reduced
to the study of a particular kind of system, which we shall call a hybrid system.

A hybrid system consists of two interacting sectors:

e a quantum sector (), composed of systems that are well described by quantum

theory (such as electrons, photons or, more generally, qubits);

e an unknown sector M, whose underlying physical description may or may not

be quantum (e.g., classical).

From a historical perspective, one can find instances of hybrid systems in Heisen-
berg’s analysis of charged quantum particles interacting with the electromagnetic
field, which took place at a time when it was not yet clear whether the field itself
should be quantised [3]. Similarly, the measurement problem in quantum mechanics
involves a quantum system interacting with a measurement apparatus whose status,
quantum or classical, has been the subject of long-standing debate [4, 5]. In
contemporary physics, hybrid systems appear in several key research directions. The
problem of quantum gravity is perhaps the most prominent example, involving the
interaction between quantum matter and a gravitational field whose quantum nature
remains under investigation. Likewise, quantum biology explores the possibility
that non-trivial quantum effects may play a role in biological processes, raising the
question of whether such complex and macroscopic systems can sustain genuinely

quantum behaviour when excited by a quantum system, for example a photon.
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The problem when studying hybrid systems is whether it is possible to make
consistent predictions when a fully classical sector couples to a fully quantum
one. Answering this question would therefore contribute to the understanding of
quantum theory as a universal description of reality by extending its domain of
applicability to include the investigated system M.

Given the relevance of hybrid systems for the foundations of physics, several
hybrid schemes have been proposed to solve this problem. A hybrid scheme is a
model that aims to consistently couple a quantum sector with a classical sector,
capturing both quantum and classical dynamics. These schemes must satisfy a
number of requirements, firstly identified by Boucher and Traschen in [6], to be fully
consistent in a broader physical picture. Therefore, different hybrid schemes adopt
different model-dependent assumptions in an attempt to meet these requirements
(see Ref. [7] for a review).

Among the consistency requirements, the most commonly violated are standard
conservation laws, namely conservation of additive quantities defined on the hybrid
system such as energy and momentum. For example, attempts to define the
dynamics through a hybrid bracket constructed as a linear combination of classical
Poisson brackets and quantum commutators lead to a loss of antisymmetry. This, in
turn, results in the non-commutativity of time-independent Hamiltonians, implying
energy non-conservation (as well as non-positivity of the classical state) [8]. Many
alternative formulations of hybrid brackets aimed at restoring conservation laws
introduce different inconsistencies, ranging from time-irreversible dynamics to non-
positivity of the resulting quantum density matrices [9-15]. Another example is
represented by the Koopman-von Neumann representation of classical mechanics,
in which classical states are described by classical wave functions of the Hilbert
space of square-integrable complex-valued functions. In this framework, the classical
degrees of freedom can be encoded into those of two quantum systems [16-18].
Specific choices of the gauge potential defining the covariant Liouvillian introduce
unobservable classical terms in the hybrid dynamics [19], leading either to violation of

the energy conservation or to the failure to recover the correct classical and quantum



4 1.1. The Problem of Hybrid Systems

equations of motion in isolation [20-23]. A final example is given by completely
positive (CP) hybrid schemes, where irreversibility is introduced in the linear theory
to preserve positivity of probabilities in the classical and quantum sectors [24-26].
These schemes include a mechanism responsible for the classicality of one of the
sectors in the hybrid [27, 28]. The key element of this mechanism is decoherence,
mathematically described by coarse-graining procedures such as coupling to a
thermal bath or to a measuring device, whose degrees of freedom are subsequently
traced out [29, 30]. To maintain positivity, decoherence must be accompanied by
diffusion in the classical phase space, equivalent to introducing stochasticity into
the hybrid dynamics [31]. However, accounting for the backreaction of the quantum
sector on the classical one imposes a trade-off: maintaining coherence for a finite
time requires injecting a corresponding amount of noise into the classical sector, and
vice versa [32]. As a consequence, any non-zero backreaction is tied to a minimal
dissipation budget even in closed hybrid systems, which leads to the violation of
conservation laws and to the failure of Noether’s theorem [33].

While many of these arguments show inconsistencies when a fully classical sector
is coupled to a quantum one, their model dependence prevents a conclusive answer
about the impossibility of constructing a consistent hybrid theory. This is because,
as illustrated by the examples above, it is always possible to modify the model to
overcome the inconsistency of the previous one. It therefore remains possible that
the right model to describe a particular hybrid has to be discovered yet, and that
this model can work for one hybrid system but not for all of them.

Another relevant line of reasoning approaches the problem arguing that the
coupling of a quantum system to a classical one inevitably leads to the spread of
the quantum features in the classical sector, making it impossible to consistently
couple the two [34]. This argument was originally proposed by Bryce DeWitt and is
now known as the totalitarian property of quantum theory [35]. However, this and
similar arguments have also been criticised on two main grounds. The first is that,
like in the case of hybrid schemes, the totalitarian property as currently formulated

relies on very strong assumptions, particularly the unitarity of the quantum sector
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as well as the particular model dependence of the coupling between the quantum
and classical sectors. The second is that testing these claims requires full quantum
control of the system that is argued to be quantised, but the existence of such a
control is what the test is supposed to probe, creating a loophole in the argument.

The most direct way to test the non-classicality of the system M would be to
directly measure it and verify the existence of two incompatible degrees of freedom.
However, the very motivation for considering hybrid systems is that the “unknown”
sector M is often inaccessible or extremely difficult to probe in isolation. For
example, when considering the gravitational field as M, the 42 orders of magnitudes
separating the gravitational fine structure constant from the electromagnetic fine
structure constant would imply a waiting time of 103¢ seconds before a graviton
(the hypothetical quantum of gravitational field) is spontaneously emitted by an
atom. This is 19 orders of magnitude more than the age of the universe [36].

Therefore, the problem of the hybrid system calls for the introduction of novel
techniques that can allow one to infer the non-classical nature of the potentially
classical sector M in a conclusive way. These tests (i) should rely on minimal
assumptions obeyed by the laws of physics, not just by quantum or classical theory.
In doing so, they can rule out all the classical descriptions of M that obey that set
of assumptions [37], not only the particular chosen model; (ii) should not require
any quantum control on the system under investigation M, as their purpose is
precisely to establish the existence of such a control [38].

This leads us to the introduction of the main topic of this Thesis: information-

theoretical witnesses of non-classicality and their application to hybrid systems.

1.2 Witnesses of Non-Classicality

The idea of developing a class of tests satisfying the requirements (i) and (ii) was first
introduced by Marletto and Vedral in Refs. [37, 38], inspired by Constructor Theory
(CT) [39]. CT is a research programme with the goal of generalising quantum
computation beyond the quantum formalism to include all physical processes,

constrained solely by the laws of physics. To this end, it introduces principles
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based on statements about which transformations are possible and impossible
on a physical system, and why. These transformations are referred to as tasks.
Therefore, in CT, statements about tasks supplement existing dynamical laws,
enabling predictions in regimes where those laws are unable to make progress
alone, and can be applied to all relevant physical systems independently of their
scale. Hybrid systems, as discussed in Chapter 1.1, are characterised in general
by an unspecified hybrid dynamics (it may not be classical, nor quantum, but
potentially more general) and by an unspecified scale (they may be composed of
macroscopic systems interacting with microscopic ones, as in the case of biology).
Therefore, the principle-based approach provided by CT represents a promising
route to make consistent predictions about them.

In Ref. [37], Marletto and Vedral proposed a generalisation of the DeWitt’s
totalitarian property using the constructor theory of information [40]. Within the
framework of superinfomation theories, which allow one to unify classical, quantum
and post-quantum theories under the same language of how they can encode and
process information, they showed that if a superinformation medium () interacts
with an information medium M via copy-like interactions, the latter must also
embody superinformation. Differently from DeWitt’s argument, this result relies on
general, dynamics- and scale-independent assumptions, specifically the principles of
locality and of interoperability of information (see Chapter 2.2.2), together with
deterministic dynamics. Note here that these assumptions are simply related to
the embodiment and transmission of information between physical systems, which
then limits which tasks are possible or impossible on a system. Therefore, we shall
refer to them as information-theoretical. In Ref. [38], they proposed a protocol
to test this theorem by coupling the information medium M to a qubit ) and
measuring only M’s classical variable. However, this test still required control
over M, the system under investigation.

Building on these ideas, information-theoretical tests have recently been proposed
in the field of quantum information theory [41], and subsequently generalised beyond

quantum theory within constructor theory [42] and generalised probability theories
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[43]. The development of new tests of this kind, as well as their application
to various hybrid systems of interest, are active areas of research in the field
of information-theoretical witnesses of non-classicality. This Thesis represents a
contribution to such a field.

The setup one considers is that of a hybrid system, where a quantum sector
@ is coupled to a sector M whose features are under investigation.

The feature of M these tests want to assess is its non-classicality. The notion
of non-classicality adopted here follows the definition introduced in Ref. [42] and
represents a generalisation of the uncertainty principle beyond quantum theory.
Informally, a system is non-classical when its description requires a minimum of two
variables that cannot be distinguished to an arbitrarily high degree of accuracy by
the same measuring apparatus, i.e., simultaneously and in a single shot. We shall
refer to such variables as “incompatible”. One of these variables, which we shall
denote by Z, corresponds to the classical variable of the system under consideration,
necessary for it to couple to the quantum sector of the hybrid. For example, the
variable &, identifying the computational basis in a qubit can play such a role. The
additional variable, denoted by V, is required to support information-processing
tasks that cannot be accounted for within a classical description. As we shall see
in this Thesis, a prominent example of such behaviour is the ability to mediate
entanglement, whether in space (between distinct systems) or in time (between
different temporal instances of a system). However, the states of V' may not be
physically preparable or perfectly distinguishable; therefore, it may not be a fully
fledged observable of the system.

This statement can be made precise within the constructor theory of information
[40], without relying on the quantum formalism. We only need four ingredients,
each building on the previous one. The first is the attribute, defined as a set
of states of a system sharing a given property. The tasks introduced above are
transformations between input and output attributes. A set of disjoint attributes
defines a variable. For a qubit, &, is a variable with two attributes each consisting of

a single state, {|0),|1)}. The second is an information variable, namely a variable
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whose attributes can be copied and permuted, like the values of a classical bit.
The third is distinguishability: a variable is distinguishable if its attributes can be
mapped onto those of an information variable, i.e., if they can be told apart by a
measurement, and an observable is an information variable such that, whenever
its measurement returns a sharp value, the system indeed has the corresponding
attribute. The fourth is incompatibility: two variables are incompatible if their
union is not distinguishable, i.e., if no single measuring apparatus can tell apart all
their attributes at once. For example, in a qubit the eigenstates of ¢, and those of
0, define two incompatible observables. With these ingredients, non-classicality can

be defined concisely as follows [42], leaving the complete formulation to Appendix A:

Definition 1 (Non-classicality). A system M is non-classical if it possesses an

observable Z and another variable V', disjoint from Z, such that:

(i) Z and V' are incompatible;

(i) V' is dynamically relevant: it can be correlated with a variable of another system
Sy so that the resulting variable of S1 & M is distinguishable by measuring
incompatible observables of Sy & M, but not by measuring observables of S

only.

Definition 1 makes no reference to quantum theory. It is phrased in terms of
which tasks are possible, namely copying, permuting and distinguishing attributes,
so that no dynamical law or scale is invoked: information variables identify what is
classical in a system, distinguishability takes the place of orthogonality, and the
incompatibility of two observables, i.e., the non-distinguishability of their union,
generalises the uncertainty principle. A classical system, by contrast, is one whose
information variables are all compatible with one another, since the union of any
two of them is again an information variable, hence a distinguishable one. The
definition therefore applies equally to classical, quantum and post-quantum systems,
as needed for a sector M whose underlying description is not known in advance.

Within quantum theory, Definition 1 specialises as follows. Two quantum

observables can be distinguished simultaneously, in a single shot and to an arbitrary
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accuracy, if and only if they commute. Therefore, condition (i) becomes [Z , \A/} #0
and non-classicality is expressed by the principle of complementarity: M must be
described by at least two non-commuting variables. Condition (ii), in turn, gives
M the information capability of sustaining entanglement: since V' is dynamically
relevant, when S; and M interact the correlation between V' and a variable of S;
gives rise to entangled states of S7 @ M, which cannot be told apart by measuring S
alone, but can be by measurements involving both systems. A non-classical M must
therefore be able to become entangled with another quantum system, for example a
quantum probe, as considered in this Thesis. This is the form of the definition used
in the proofs of Theorems 1, 2 and 3, where a classical mediator is a system with
the single variable ,. Verifying directly that a given M satisfies Definition 1 would,
however, require measuring its incompatible variables, which is precisely what is
hard to do for an unknown sector that is often inaccessible (Chapter 1.1).

To avoid the loopholes mentioned above, it is essential to devise protocols to
indirectly infer the non-classicality of M without requiring control over it. In a hybrid
system, the quantum sector () can serve this purpose, acting as a probe to test M’s
non-classicality. The key idea is that of a witnessing task: an information-processing
task that can only be possible on () if M employs at least two incompatible degrees
of freedom to mediate it under minimal assumptions, i.e., if M is non-classical.
The possibility of the chosen task would provide a sufficient condition for M’s
non-classicality; however, its impossibility would make the test inconclusive: it
could mean that M is classical after all, but it could also be compatible with a
failure of the assumptions for the hybrid. The possibility of the witnessing task is
verified by measurements performed on () alone, without requiring control over M.
This motivates the term “witness”, borrowed from quantum information theory [44].

A witness of non-classicality is therefore defined by the witnessing task together
with the minimal set of assumptions under which the task implies the non-classicality
of M. The fewer and more physically motivated the assumptions required to make
the chosen task a witnessing task are, the more general the witness of non-classicality

will be. This is because, with fewer assumptions, it is possible to consider a larger
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class of classical models for describing the investigated M. Consequently, a successful
witness of non-classicality would rule out all the models in that class, providing a
more robust witness of the non-classicality of M. An example of how additional
assumptions restrict the class of models being tested, and hence weaken the generality
of the witness, is to consider the assumption of a specific form of coupling between the
two sectors of a hybrid system. In that case, the witnessing task would only exclude
those semiclassical models that reproduce that particular interaction. Any model
based on a different coupling would fall outside the scope of the witness and would
therefore remain a viable explanation of the observed behaviour. It is precisely for
this reason that information-theoretical principles, which minimise such assumptions,

provide a particularly powerful framework for witnessing non-classicality.

1.3 Thesis Structure and Key Messages

In this Thesis, we investigate how information-theoretical tasks such as the mediation
of spatial and temporal quantum correlations can be used as witnessing tasks to
infer the non-classicality of physical systems. We further apply these witnesses
to relevant examples of hybrid systems, with particular emphasis on biological
systems, more precisely on light-harvesting complexes. The remainder of the
Thesis is organised as follows.

In Chapter 2, we introduce the General Witness Theorem (GWT), presented
as Theorem 1, which provides a two-probe, spatial entanglement-based witness
of non-classicality. We begin by discussing the minimal assumptions underlying
the GWT: the principle of locality, the principle of interoperability of information
and the possibility for the investigated system to be a mediator of interactions
between the probes. We then provide a proof of the GWT within the quantum
formalism and complement it with a quantitative analysis linking the amount of
quantum correlations locally mediated by M between the two quantum probes to its
non-classicality, expressed as a function of M’s non-commuting variables. Finally,
we comment on the implications of the GWT for hybrid systems, highlighting its

theoretical robustness as well as its experimental challenges.
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Chapter 3 introduces a novel class of single-probe, temporal witnesses of non-
classicality. We first motivate the need for a single-probe variant of the argument
and clarify how it differs from existing approaches. To compensate for the absence
of the second probe, we introduce and justify an extra assumption: the conservation
of a global additive quantity in the hybrid. A formal proof of the temporal witness
of non-classicality within the formalism of quantum theory (Theorem 2) will follow:
it is impossible for a classical system to mediate quantum coherent evolution of a
quantum probe under a dynamics conserving a global additive quantity. Finally, we
propose an application of Theorem 2 to the light-harvesting stage of photosynthesis
in biological systems, supporting the claim that quantum effects play a non-trivial
role in the process. To investigate the possibility of the witnessing task in noisy
systems, we propose a collision model describing coherent transport in a complex
system interacting with an environment characterised by tunable non-Markovianity.

In Chapter 4 we develop a different temporal witness of non-classicality which,
under the same assumptions of Theorem 2, relies on M’s capability of mediating
temporal entanglement on the quantum probe (relative to the local conserved
quantity and a non-commuting observable) through a global energy-conserving
dynamics. We first introduce the notion of temporal entanglement by connecting
it to Leggett-Garg tests of macrorealism and their relation to temporal Bell
inequalities. We then provide a formal proof of the temporal entanglement-
based witness of non-classicality (Theorem 3) within the quantum formalism. We
interpret Theorem 3 as the temporal extension of the GWT in quantum theory,
highlighting the symmetric role spatial and temporal quantum correlations play
in witnessing non-classicality and conjecturing a novel connection between the
principle of locality and energy conservation. The Chapter concludes with a proof-
of-principle experimental implementation of Theorem 3 using a three-qubit nuclear
magnetic resonance quantum computer.

Finally, Chapter 5 summarises the results presented in the Thesis and outlines
possible future research directions in the field of information-theoretical non-

classicality witnesses and their applications.
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Two central themes permeate this Thesis.

The first theme concerns the status of quantum theory as a universal physical
theory [35]. Hybrid systems naturally arise when probing regimes where the domain
of applicability of quantum theory is questioned. Establishing general and robust
arguments capable of ruling out semiclassical descriptions is therefore essential
if quantum theory is to be extended as a universal framework valid across all
physical scales. In this context, witnesses of non-classicality emerge as a particularly
powerful tool, as they allow one to exclude broad classes of semiclassical models
under minimal and physically motivated assumptions. From this perspective,
semiclassical models retain an important operational role as effective descriptions,
useful for calculations and numerical simulations, but they are not viable candidates
for a fundamental description of reality.

The second theme concerns the methodological role of information theory in
achieving this level of generality. A defining feature of the witnesses developed in this
Thesis is their information-theoretical formulation. Rather than relying on detailed
dynamical models, these witnesses are based on the possibility or impossibility of
specific information-processing tasks, such as the generation of spatial or temporal
quantum correlations, between subsystems. This approach minimises the underlying
assumptions, restricting them to general physical principles obeyed by all currently
known physical theories. This is particularly relevant in temporal witnesses of
non-classicality, introduced precisely to extend already existing single-probe non-
classicality tests in information-theoretical terms. This reformulation enhances their
generality, allowing them to rule out broader classes of classical models, and thereby

strengthens their role as tools for probing the fundamental nature of hybrid systems.
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Spatial Entanglement-Based Witness of
Non-Classicality

THE CONTENT OF THIS CHAPTER IS PARTIALLY BASED ON [45, 46]. [45]
WAS DEVELOPED IN COLLABORATION WITH SALVATORE RAIA AND CHIARA
MARLETTO; [46] WAS DEVELOPED IN COLLABORATION WITH VLATKO VEDRAL

AND CHIARA MARLETTO.

The challenging problem of hybrid systems, the study of systems in which a
quantum sector () interacts with an unknown sector M whose non-classical nature
is disputed, requires a shift in perspective to be addressed. Instead of focusing on
direct tests of non-classical effects on M, often beyond experimental reach, one
can use the quantum sector @) to indirectly infer M’s non-classicality (namely that
its description requires a minimum of two non-compatible degrees of freedom).
Specifically, one shall look for a task that is possible on @) only if M is non-classical,
under the appropriate assumptions. Such a task would be called a “witnessing task”
for M’s non-classicality, and together with the right assumptions it determines
a witness of non-classicality.

In this Chapter, we shall introduce the first proposed information-theoretical

witness of non-classical effects in an unknown system. Originally proposed by

15
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Bose et al. [47] and, independently, by Marletto and Vedral [48] in the context
of gravity, the argument relies on the investigated system’s capability of inducing
entanglement between two spatially separated quantum probes. If the unknown
system M can mediate entanglement between the quantum probes Q4 and Qp
by local means only, then it must be non-classical. We shall first explain why the
quantum sector in this witness requires two quantum probes by introducing the
mental experiment proposed by Feynman to prove the quantum nature of gravity,
noting its criticalities and the effects of a second mass on its predictions: the
generation of entanglement between the probes, mediated by the gravitational field
(a phenomenon now known in the literature as gravitationally-induced entanglement,
gravitationally-mediated entanglement, or the Bose-Marletto-Vedral effect [41]). We
shall then introduce the assumptions that make this task a witnessing task for a
witness of non-classicality beyond the specific example of gravity: the principle of
locality, the principle of interoperability of information and the possibility for M to
act as a mediator of interactions. These assumptions are the minimal required by
a dynamics-independent witness, capable of inferring the non-classical properties
of M following the general definition given in Chapter 1.2 (Definition 1): M
must be described by a minimum of two variables that cannot be simultaneously
distinguished to an arbitrarily high degree of accuracy. In particular, we will
reflect on the importance of the principle of locality as phrased in the witness
and clarify the meaning of the “local means” required by the witness. Thanks
to these assumptions, we shall formulate the General Witness Theorem (GWT)
[42] and provide a formal proof of the witness within the formalism of quantum
theory, for which the definition of non-classicality coincides with that of quantum
features. Finally, we shall support the GWT in quantum theory with a quantitative
connection between the amount of mediated quantum correlations between the
quantum probes and the non-classicality of the unknown system M. By using this
result, we shall discuss the consequences of a successful (and unsuccessful) witness

of non-classicality on the foundations of the hybrid system.
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2.1 Detection of Quantum Effects in Gravity via
Two Quantum Masses

General relativity and quantum theory are the two most successful theories of
modern physics. Both are formulated as theories describing reality at all scales,
encompassing all physical systems. However, they have been extensively tested
only in some specific domains. The former has been tested at scales where the
gravitational interactions become comparable with all the other interactions in
nature, the latter at the atomic and subatomic scales, where the gravitational
interactions are indeed irrelevant for all practical purposes. Therefore, in their
respective domain, both theories have been proven to be unchallenged. However,
there is a striking difference between the two: general relativity is fundamentally
classical. It does not allow for those phenomena typical of quantum mechanics,
such as superposition and entanglement, as it does not have the physical support
of non-compatible variables necessary to show them.

Given this fundamental incompatibility between the two most important theories
of physics so far, quantum matter in a gravitational field constitutes one of the
hybrid systems that are at the heart of this Thesis. Thus, applying witnesses of
non-classicality to this hybrid system can represent one promising strategy to devise
experimentally-feasible tests of non-classical properties of the gravitational field.
It is precisely this direction that led to the introduction of the first witness of
non-classicality, based on the entangling power of a quantum gravitational field
between two spatially separated quantum masses: the Gravitationally-Induced
Entanglement (GIE), or Bose-Marletto-Vedral (BMV) effect [47, 48].

GIE improves on a famous thought experiment proposed by Richard Feynman
during the conference on quantum gravity that took place in Chapel Hill, North
Carolina, in 1957 [49]. During a discussion with Hermann Bondi about the possibility
of distinguishing between a genuinely quantum superpositions and merely classical
mixtures of gravitational states, Feynman proposed a mental experiment involving
a single mass in the gravitational field generated by a ball. The mass is split by a

Stern-Gerlach interferometer in a superposition of two locations, leading to different
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displacement of the ball depending on the branch of the superposition. When the
interferometer is closed—Feynman argued—the appearance of an interference picture
would prove the quantum nature of gravity, as only a genuinely quantum system can
undergo the process. However, the statement is only partially correct. Feynman’s
experiment, even if performed successfully, would show that the phenomenology is
compatible with a quantum gravitational field, but would not exclude the possibility
that a classical gravitational field was in fact coupled to the mass. This is because
it is the mass, not the gravitational field itself, that undergoes interference in this
experiment. The phases required for the interference of the states of the mass can
equally be generated by a classical field. It follows that the gravitational field is
coupling linearly to the mass superposed across different locations at that scale,
not collapsing it, even if classical. In other words, the experiment does not require
the gravitational field itself to be in a non-classical state.

Feynman’s experiment is not proving that the gravitational field is quantum
because it does not leave entanglement generation between the mass and the
gravitational field itself as the only possible explanation for the interference. Thus,
the experiment with a single mass is not revealing the existence of (at least) two
non-compatible variables describing the gravitational field, i.e., it is not proving
its non-classicality.

To do so, one must reveal that the superposition of the mass position has
determined an entangled state with the gravitational field by preparing it in a
non-classical state as well. This would imply that the dynamics of the gravitational
field has engaged a minimum of two non-compatible degrees of freedom, showing its
non-classicality according to Definition 1 adopted in this Thesis (see Chapter 1.2).
Inspired by analogous experiments for the electromagnetic field, which is known to
be a non-classical system, the idea is to use a second mass to reveal this entanglement.
The first mass, prepared in a superposition of two locations, generates a superposition
of classical states of the gravitational field following Feynman’s idea. If we now
introduce a second mass, acting as a probe of this interaction, it will in turn be placed

in a particular non-classical state, depending on the exact superposition the field is in



2. Spatial Entanglement-Based Witness of Non-Classicality 19

[50]. If the second probe mass is itself placed in a superposition of two locations, the
gravitational field state would be influenced by the superposition of both the masses,
ultimately determining entanglement between the two. This gravitationally-induced
entanglement between the two masses is specifically the phenomenon one should look
for in the quantum sector to witness the non-classical nature of the gravitational
field. This phenomenon, if observed under appropriate assumptions, will provide a
witness of the quantum nature of gravity in the low-energy regime [47, 48].

This reasoning, described in the context of quantum gravity for historical
purposes’, leads to a more general conclusion: one possible way to provide a witness
of non-classicality in a hybrid system @) & M is to consider a quantum sector ()
composed of two quantum probes, one acting as the “preparing probe” and the other
as the “revealing probe”, and looking at M’s capability of mediating entanglement
between those [42, 43]. The relevant questions now are (1) what assumptions make
it a witnessing task, as required by a witness of non-classicality, and (2) what is
the level of generality this argument can achieve. We shall answer these in the
next Section, presenting the general theorem known as General Witness Theorem
(GWT) which backs this spatial entanglement-based witness of non-classicality.
We shall discuss the assumptions behind it in a completely dynamics-independent
formulation, without relying on the formalism of quantum theory, thus commenting
on the generality of this theorem as a witness of non-classicality beyond quantum
theory [42]. We shall also provide a formal proof of the GWT within the formalism of

quantum theory, and leave the rigorous dynamics-independent proof to Appendix A.

2.2 Spatial Entanglement: Sufficient Condition
for Non-Classicality

Consider a hybrid system composed of the system under investigation M and a
quantum sector () consisting of two quantum probes Q4 and ()g. The system

M is unknown and, as such, it is important to relax any dynamical assumptions

'As mentioned before, the research field of information-theoretical witnesses of non-classicality
arose precisely in the context of quantum gravity.
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about it to achieve a fully general witness of its non-classical properties. In
doing so, one can allow for the possibility that a non-classical theory beyond
quantum theory may be required to describe M, and consequently the entire
hybrid Q & M. Furthermore, consistently with the spirit of a witness of non-
classicality, the more general the assumptions backing it, the larger the class of
classical descriptions of M that a successful witness would rule out. Therefore,
having a dynamics-independent witness becomes essential for the argument to be
robust and conclusive about M’s non-classicality.

Marletto and Vedral have identified the minimal set of assumptions required by
a two-probe, spatial entanglement-based witness of non-classicality. Importantly,
these assumptions are satisfied by all the currently known physical theories, in-
cluding general relativity and quantum theory, while not relying on their specific
mathematical formalism. Within the information-theoretical research programme
of constructor theory [39, 40], they provided a dynamics-independent argument
known as the General Witness Theorem (GWT) [42]. The argument relies on
the general notion of non-classicality introduced in Definition 1 and formalised
in Appendix A. Informally, a system is non-classical if its description requires
a minimum of two distinct physical variables that cannot be distinguished to
an arbitrarily high degree of accuracy by the same measuring device. This can
be seen as a more general formulation of the Heisenberg uncertainty principle,
therefore it generalises the property of quantum complementarity to a system that
does not possess the full computational power of a quantum one. For a quantum
system, these non-compatible variables correspond to “non-commuting” variables.
Therefore, the GW'T provides the theoretical foundation for the recently proposed
tests to witness the non-classical properties of the gravitational field [41] and in
photosynthetic complexes [51].

We now introduce the assumptions underlying the GWT.
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2.2.1 The Assumptions I: Principle of Locality

In order for the entanglement generated between ()4 and () to act as a witnessing
task for the witness of non-classicality we are exploring in this Chapter, it is necessary
to ensure that it is solely due to the system we are investigating, M. Otherwise, the
two probes ()4 and (g could become entangled because of other phenomena, such
as direct interactions or other spurious effects acting at the global level of the hybrid,
irrespective of M’s non-classicality. In such cases, the witness would be invalidated.

For this reason, the first crucial assumption underlying the GWT is the Principle
of Locality. We can formalise the principle in a dynamics-independent way as

follows [40, 46]:

Principle 1 (Principle of Locality). The state of a system is a description of it
that satisfies two properties: (i) any attribute of a system, at any given time t, is a
fized function of the system state and (ii) any state of a composite system Q4 S Qp
is an ordered pair of states (a,b) of Qa and Qpg, with the property that if a task is

performed on ()4 only, then the state b of the substrate Qg is not changed thereby.

The importance of Principle 1 in avoiding possible loopholes in the GWT, in
which direct or effective interactions between the probes are responsible for the
entanglement without engaging the investigated system [52], motivates a more
detailed discussion of its meaning and its relation to other notions of locality
in the literature [46].

Informally, Principle 1 is the combination of the separability condition with
no action at a distance [53]. The first allows one to distinguish between multiple
subsystems, so that the composite system of ()4 and () can be written as Q4 ® Q.
The second ensures that given a partition of a system into subsystems ()4 and @p,
a dynamical transformation that operates only on Q4 cannot change the states
of Q. Note that here the notion of “state” refers to the complete specification of
the state of affairs of a given system, not only to what is empirically accessible

through measurements of that system [54, 55].
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In quantum theory, the principle of locality is also called Finstein’s locality. Often
it is confused with a different notion of locality called Bell’s locality. Bell’s locality
refers to the possibility of describing a set of data with a local hidden-variable
theory, expressed as a stochastic, real-valued theory, thus based on c-numbers.
When Bell’s inequalities are violated in a given experiment, one can therefore
rule out a c-number-based, stochastic description of reality, that is local in the
sense of Einstein’s locality. Quantum theory is Bell non-local; however, it is a
g-number-based, deterministic description of reality that satisfies the principle of
locality (as stated in Principle 1). Thus, Bell’s non-locality of quantum theory
should not be misunderstood as a violation of the principle of locality as stated
above, but rather as a violation of Bell’s locality. From now on, when referring
to “locality”, we will always mean the property required by the locality principle
formulated in Principle 1, not Bell’s locality.

The Principle of No-Signalling. The principle of no-signalling states that a
dynamical transformation that operates only on one subsystem ()4 cannot change
the observable properties of another subsystem )p.

In quantum theory, one can express this principle as follows:
[T, p5] =0 (2.1)

where Uy is a unitary transformation happening on the subsystem ()4 alone, while
pe = Trg,(pap) is the reduced density operator of the subsystem ()5, which can be
expressed as a linear combination of the generators of its observables algebra. For ex-
ample, if one considers () to be a qubit, then pg = % (I+ a6, + B6, +~6.), where
i, 1 € {z,y, 2z} are the Pauli operators and I is the identity operator, generators of
the qubit’s observables algebra. Here, a, 3,7 € C with |a|? + |32 + |7|> = 1.
The principle of no-signalling and the principle of locality are related. When
considering a theory with 1:1 dynamics, including quantum theory, a general theorem
shows that the two statements are equivalent [55]. This is because the 1:1 dynamics
determines the completeness of the theory, which in turn allows the description of

the complete state of the system, as required by the principle of locality, starting
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from its observable properties, as mandated by the no-signalling principle. In
general, while the principle of locality implies the principle of no-signalling, the
converse is not true. This is because the principle of no-signalling only focuses
on the locally empirically accessible features of a system. An example of a theory
that satisfies no-signalling, but is non-local, is Bohmian Mechanics, [56]. This fact
becomes important for the witness of non-classicality, which, in its most general
form [42], relies on the principle of locality, not on the principle of no-signalling.

Notice also that the above two principles concern notions such as “observables”,
“variables” and “dynamical transformations”, which can be expressed in many
different formalisms. Hence, while these principles are satisfied by non-relativistic
quantum theory, quantum field theory, and special and general relativity, they are
formulated independently of any specific formalism. This is the power of principles
as general rules that can constrain particular dynamics, rather than being derived
within a particular dynamical law.

Finally, note that the principle of no-signalling can also be phrased, within
specific dynamical laws, as requiring a finite speed of propagation for signals
between space-like separated systems. Here we have opted for a formulation that is
dynamics-independent and does not explicitly refer to speed of propagation.

Axiom of Microcausality. In quantum field theory, the property of mi-
crocausality is often taken as an azxiom. This property states that the allowed
quantum observables (operators) associated with space-like separated systems

must commute. In other words,
04,08] =0, (2.2)

for any two quantum observables O, and Op respectively pertaining to two space-like
separated systems ()4 and ()g. Note that when we talk about space-like separated
systems we implicitly refer to a particular formalism, that of special relativity.
Moreover, by expressing the condition in terms of a commutator, we are committing
to the formalism of quantum theory. In passing, we note that Eq. 2.2 is a property

of non-relativistic quantum theory, where the quantum observables of independent
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subsystems are required to commute with each other. This property implies that
both non-relativistic quantum theory and quantum field theory satisfy the principle
of locality as stated above: since O 4 commutes with OB and the two theories
are complete, operating a dynamical transformation on the observable Op of the
subsystem ()p cannot modify the observable O4 of the subsystem () 4, i.e., its state,
as required by the principle of locality. Finally, we emphasise that microcausality
as formulated above is not a general principle, because it is formulated within the
specific formalism of quantum theory and special relativity.

Axiom of Lorentz-Covariance. In special relativity, allowed dynamical
variables must satisfy the aziom of Lorentz-covariance. This means that they must
transform properly under Lorentz transformations so that physical variables are
described by either scalars, tensors, or spinors. Dynamical laws are then said to be
Lorentz-covariant if they are expressed in terms of Lorentz-covariant variables only.
A dynamical law with this property satisfies the principle of relativity, according to
which all physical laws must make the same predictions for identical experiments in
any two inertial frames. Some physical quantities such as scalars are also Lorentz
invariant, which means that they take the same form in all reference frames. When
a law satisfies this property it must also satisfy the principles of locality and no-
signalling, as the maximum speed of propagation for dynamical perturbations is
the speed of light. The two principles as formulated above refer to “instantaneous”
modification of the state or the observable of the other subsystems and do not refer
to any speed of propagation or other conditions in space and time. Similar concepts
can be defined in general relativity, where one refers to local Lorentz-covariance
(local in spacetime). The same considerations about the relation with the principle
of locality and no-signalling hold in that case.

Once more, we emphasise that Lorentz-covariance is a dynamics-dependent
formal requirement, which only holds within special relativity. It is implied by
microcausality, but it is less general than the locality or the no-signalling principles

as formulated earlier.
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Universality. There are also more specific notions of locality, related to the
particular structure of dynamical interactions. For instance, there is the property
that a given unitary acting on an n-partite system can be approximated arbitrarily
well by a set of unitaries operating on one and two systems. In the field of
quantum information, this property is known as the universality of two- and one-
qubit gates, which was proven by a sequence of results in the 1990s (see [57-59]).
This property can also be extended to continuous dynamics, considering that the
latter can be approximated arbitrarily well by the dynamics of discrete systems.
These well-known results were also recently termed subsystem locality, [60, 61].
These properties are, once more, formalism-specific and thus more narrow than
the principles discussed earlier.

In conclusion, the principle of locality as phrased in Principle 1 is a plausible
candidate for the most general notion of locality in physics, considering its relation to
the other relevant notions that we have reviewed in this Section. It is also the minimal
notion of locality on which the witness of non-classicality expressed by the GWT
must rely [42]: we shall see in the rest of the Chapter where this assumption enters

the demonstration and what are the loopholes generated by its misunderstanding.

2.2.2 The Assumptions II: Principle of Interoperability of
Information

Following the logic introduced in Chapter 2.1, the first probe Q)4 prepared in a
non-classical state allows the unknown system M to enter a corresponding state,
presumably non-classical too. This state will then be picked up by the second probe
(Q)p, and vice versa, in order to establish the entanglement [50]. For this to occur,
the system )4 must be capable of transferring information to the system M, and
similarly M to Qg. Within any subsidiary theory such as quantum theory, this
is allowed by the possibility to couple the systems in some way that depends on
the dynamics of that theory. For example, in a two-qubit quantum circuit, one
can prepare one of the two in the state of the other by means of a SWAP gate:

SWAP = %(]I QI+6,®6,+6,06,+ 6, ®6,). The SWAP gate transfers the
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information between the two qubits, both systems capable of storing and processing
information in quantum theory, thanks to their coupling in the 6, , . basis.

To express this property irrespective of the physical details of the two systems,
we need the Principle of Interoperability of Information. The principle can be
elegantly formulated within the information-theoretical formalism of constructor

theory, whose essential elements have been introduced in Appendix A [40]:

Principle 2 (Principle of Interoperability of Information). If Q4 and Qp are two
information media with information variables X1 and Xo respectively, then their
composite system Q4 ® Qp is an information medium too with information variable

Xl X XQ,

where x denotes the Cartesian product between the two sets. Since Q4 @ Qp is
an information medium with X; x X5 as an information variable, by the property
in Eq. A.1 one can copy the attributes of X; € Q4 to Qg thanks to the interaction
between the two systems. This interaction explains the Cartesian product x, and
can be stated without referring to any dynamical assumptions. Thus, informally,
Principle 2 expresses the property that classical information must be copiable
from one system—here the information medium—to another irrespective of their
physical details. Notice here that the definition of information variable, as stated
in Eq. A.2, implies also the possibility to do computations on the system ()4 and
@p- The principle of locality in Principle 1 maintains the possibility to perform
permutations of the attributes of ()4 without affecting (Qp even when considering
the composite system Q4 & Qp.

The principle of interoperability of information is satisfied by all the currently
known theories in physics, both classical and quantum, as it is necessary for the
testability of a theory. Thanks to Principle 2 it is possible to copy the information

“measurer” and,

about a substrate into a second one that one would call the
therefore, to test the theory. This is also possible thanks to the principle of

locality in Principle 1.
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Figure 2.1: Schematic representation of the GWT, Theorem 1. Two spatially separated
quantum probes Q4 and @) are only locally coupled to the investigated system M. The
generation of entanglement mediated by M is a sufficient witness of its non-classicality.

2.2.3 The Assumptions III: M is a Mediator

The goal of a witness of non-classicality is to reveal the non-compatible variables
of the investigated system M by looking for a task performed on the quantum
sector and whose possibility is due to the dynamical involvement of these variables.
Therefore, the only one responsible for this task must be the system M. While the
principle of locality (Principle 1) ensures that no interactions can occur between
the quantum probes Q4 and @p if acting on one alone, a further assumption is
necessary to ensure that the party responsible for their interactions is indeed M.

This is the purpose of the third assumption of the GWT: the system M acts as a
mediator of interactions between the quantum probes Q4 and Q5. This assumption
can be verified independently by other experiments involving the system M. An
example for the case of gravity are the experiments where gravity, acting as a classical
system, mediates the evolution of neutrons (also known as COW experiments [62]).

Notice that this assumption is required when we want to provide a dynamics-
independent formalisation of a witness of non-classicality, as it is the case for the
GWT, but is automatically satisfied when considering the quantum formalism. In
fact, it can be shown that by assuming unitarity, locality and quantum field theory,
a field (such as gravity) must act as a mediator of interactions [63]. Given this

assumption, in what follows, we shall call the unknown system M the “mediator”.
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2.2.4 The Theorem: General Witness Theorem

Taken together, the general assumptions in Chapter 2.2.1, Chapter 2.2.2, and
Chapter 2.2.3 represent the minimal set of requirements to provide a dynamics-
independent two-probe spatial entanglement-based witness of non-classicality, the

GWT, see Fig. 2.1 [42]:

Theorem 1 (General Witness Theorem). If M can entangle Q4 and Qg by locally

interacting with each of them, then M is non-classical.

Proof. We provide here a proof of the theorem within the quantum formalism [48]
and leave the most general, dynamics-independent proof to Appendix A. Notice
first that assuming the formalism of quantum theory automatically grants the
assumptions we discussed in the previous Sections, thus representing an additional
assumption in the set of minimal requirements to prove the GWT.

Let us assume, for simplicity and without loss of generality, that () 4 and Q) are
two qubits. We describe the qubits using the descriptors formalism, which stems
from the Heisenberg picture of quantum theory [64, 65]. In this formalism, the

qubit Q4 is described by a vector of descriptors:

F0t0) 1= (8 (10, 65V (1), 4 (10))

= (6, ®0y®Ilp,6, @Iy @1, 6. @1y ®1p), (2.3)

where 6, k = x,y, z, are the Pauli operators and I[;, ¢ = M, B, is the identity

operator on the unknown system M and on the qubit (). Similarly:

FP(t0) = (45 (t0), 4P (t0), 4 (1))

=[4 @0y ®6, 1401y @6, 1401y R6,), (2.4)

is the vector of descriptors of the qubit (Jg. The descriptors allow us to keep track
of the evolution of each qubit’s local algebra of observables while acting on the full
Hilbert space. Note that {cj,(:), cjl(j)} =0,Vi# jand k,l = z,y, z, which implies that

quantum observables of two different, non-interacting subsystems must commute.
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With this picture in mind, we now prove the GWT in quantum theory. Since
the witness provides a sufficient condition for the non-classicality of the mediator
M, we assume that at the end of the protocol the two quantum probes Q4 and Qp
are entangled.

The proof proceeds by contradiction. Let us assume M to be a classical system.

Its vector of descriptors then has a single component,
M (ty) =14 ® 6, @ 1p, (2.5)

reflecting the existence of a single observable for it, as per our definition of classicality.
We identify this observable with the Pauli Z operator .. At time ¢, the quantum
probe )4 interacts with the mediator M. The most general state of the system

QAEBMi&

(T4 74 - 70 + 52000 () + 4 - O 0(1) (2.:6)

1 =

p(t) =

where 74 and , are real-valued vectors, s, € R, and ¢V (t) and ¢M)(t) are
functions of ¢ (to) in Eq. 2.3 and ¢™)(ty) in Eq. 2.5 only, respectively. This state,
interpreted as a two-qubit state, is separable, meaning that no quantum correlations
can be generated between the quantum probe Q4 and a classical mediator M
[66]. Therefore, it would be impossible to generate entanglement between ()4 and
@ at the end of the protocol, since the final state would remain separable too.
This contradicts the initial assumption of the proof that the probes would become
entangled. The reason why p(t) in Eq. 2.6 is separable lies in the classicality of M:
in order to locally mediate entanglement, the mediator needs another observable
that does not commute with 6,. Hence, observing entanglement between ()4 and
@p at the end of a protocol performed by local means only implies that M must be
non-classical, according to our definition of non-classicality.

The descriptors formalism in quantum theory clarifies the role of Principle 1
and the consequences of dropping it for the GWT. Let us modify the GWT setup
and suppose that the quantum probes Q4 and Qg can interact directly, or that

some non-local mechanism allows their coupling. This means that the descriptors
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of the quantum probe Q)4 at time ¢t would become a function of those of () at the
previous time o in Egs. 2.3 and 2.4, i.e., @ (¢) = f(7(to), {® (to)). Under these
conditions, the state in Eq. 2.6 can result in an entangled state for Q4 and Qg at
the end of the protocol even with a classical mediator M. Therefore, observing the
entanglement between the quantum probes would no longer lead to the conclusion
that M must be non-classical: there would be no contradiction between observing
Q4 and Qg entangled and the mediator M having only a single variable. In fact, the
entanglement in question could have been generated already before () 4’s interaction
with M, irrespectively of the mediator. Thus, the assumption of locality is essential
to “force” M to engage (at least) two non-commuting variables to entangle Q4
and (Jp: one is used to entangle with ()4, the other to transmit the quantum

correlations between the two quantum probes. O

Theorem 1 provides a sufficient condition for the non-classicality of M: if
M-mediated entanglement between )4 and () is observed under the assumptions
in Chapters 2.2.1, 2.2.2 and 2.2.3, it can be concluded that M must have involved
another variable that is not compatible with the classical one. Consequently, all
classical models of M which are compatible with these assumptions would be ruled
out by a successful experimental implementation of the GWT. In this sense, the
GWT is akin in spirit to Bell’s theorem, where the violation of Bell’s inequalities
rules out all local hidden variable models for the tested theory [67]. In Bell tests,
one can quantify the amount of entanglement between the two parties by looking
at the violation of the Bell’s inequalities: two maximally entangled qubits will
maximally violate the inequality, reaching the Cirel’son bound 2+/2 [68]. Following
this connection, it is of interest to develop a similar quantitative link between the
amount of entanglement mediated by the channel M and its non-classicality. We

shall explore this possibility in the following Section.
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2.3 Quantifying the Mediator’s Non-Classicality
in Quantum Theory

Suppose that an experiment based on the GWT—for example, its gravitational
application, the GIE—is successful, and a certain amount of entanglement is
mediated between the probes (4 and Q. Can this be quantitatively linked to the
non-classicality of the mediator M? In this Section, we show that quantifying the
locally mediated entanglement using appropriate entanglement measures provides a
lower bound to the non-classicality of the channel M [45]. The analysis is performed
within the formalism of quantum theory.

Consider a general hybrid system composed of the unknown and inaccessible
system M locally coupled to the two quantum probes Q)4 and (). We assume here
that all the systems in the hybrid are defined in finite-dimensional Hilbert spaces.
The assumption of the principle of locality in Principle 1, within the formalism of

quantum theory, implies that the total Hamiltonian of the hybrid takes the form:
H = ﬁAM‘f‘]:IMB, (2.7)

where H Ay and H wup describe the interactions between the mediator M and
the quantum probes Q)4 and Q)p, respectively. The dynamics of the hybrid is

generated by Eq. 2.7 and is unitary:
Uamp = e iHav+ )t (2.8)
with the associated unitary channel defined as:
Aars(p) = Uans(t) pUlpp(2). (2.9)

To quantify the entanglement mediated by M while retaining the highest possible
level of generality, we follow the seminal works in this direction [69, 70] and consider
a broad class of quantum correlation measures GG. Specifically, G is assumed to be a
gd-continuous function, a property shared by commonly used quantum correlation

measures such as entropy of entanglement and logarithmic negativity [71, 72]. A
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quantum correlation measure GG is gd-continuous when it is monotonic under local

processing and satisfies the continuity condition:

|G(z) = G(y)| < gld(x,y)), (2.10)

where ¢ is an invertible monotonically increasing function with the property
lims,0g(s) = 0 and d is a distance between states z and y [70].
We then define the increase in quantum correlation between the two quantum

probes Q4 and ()p as:

AGCOTT A:B ‘= GA:B(pt) — B (G(po)) . (211)

The quantity G 4.5(p:) denotes the amount of accessible (i.e., measurable) quantum
correlation in the evolved two probes’ state p; = Tras [Aays(pans(0))] after the
interaction. B(G(pg)) represents the maximum possible initial quantum correlations
in the hybrid given the initial state of the probes py = Tras[pans(0)]:

B(G(Po)) = sup G oy (0an) + sup Gurp(onms) + La:s(po), (2.12)

OAM OMB

where 045 and o,/ are states of the subsystems Q4 ® M and M & Q) g, respectively,
and 14.5(po) = inf, 005 9 (d(po, 04 ® o)), with 04 (resp. op) generic initial state
of the probe Q4 (resp. @p).

Previous works have adopted different notions of non-classicality, and have
used Eq. 2.11 to quantify M’s non-classicality accordingly. Refs. [73, 74] use M-
mediated quantum correlations to witness that the mediator must have explored non-
orthogonal states during the dynamics. Refs. [69, 70] extend these results by focusing
on non-classicality of interactions instead. Specifically, the notion of non-classicality
they adopt is characterised by the non-commutativity of interaction Hamiltonians,
generalised to map decomposability: classical interactions are defined by commuting
Hamiltonians. As discussed in Chapter 1.2, the notion of non-classicality we adopt
in this Thesis is more fundamental as it is related to non-compatible variables?

describing the system, namely variables that cannot be measured to an arbitrarily

2Within the quantum formalism, we would identify non-compatible variables as non-commuting.
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high degree of accuracy by the same measuring device in a single shot. Therefore,
we want now to extend these tools by connecting the non-classicality of interactions

to the non-commutativity of the mediator’s variables [45].

2.3.1 Characterisation of Non-Classical Interactions

The first step towards achieving the goal of this Section is to prove that the increase
in quantum correlations between Q)4 and (), locally mediated by M, provides
a lower bound to a function of the commutator between the local interaction
Hamiltonians H Ay and H v B, defining non-classicality of interactions.

To do so, let us introduce the notion of a decomposable map [69, 70]. Decom-
posability formalises the idea that the mediated dynamics can be realised in a
single sequential “round”: first an operation involving Q4 & M, followed by an
operation involving M @& (). A map that acts on the tripartite system, Aaprp(p), is

continuously decomposable if there exist two CPTP maps A4y and Ayp such that:

Aams(p) = Aup © Aanm(p) (2.13)

and the decompositions A4y, Ay commute. In what follows, we shall refer to
“continuously decomposable” simply as “decomposable”. In the non-classicality
witness scenario, one cannot fully determine the map induced by the local inter-
actions in Eq. 2.7, as the mediator is unknown and not directly accessible. One
can only access the marginal map Aap = Try[Aayp|. The global map Ay p can
be found among the Stinespring dilations of A4p, with an appropriate dimension
m. If the interactions are classical, there exists a Stinespring dilation of A4p
of dimension m > d,; that is decomposable, where d,; is the dimension of the
mediator’s Hilbert space. We call the space of all such maps’ dilations DEC(m),

and we can summarise this implication as:
[Har, Hypl =0 = Aap € DEC(m). (2.14)

Crucially, the non-decomposability of the induced map Ap admits a direct dy-

namical interpretation, as it implies the non-classicality of the mediated interaction:
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With these definitions in place, it can be shown that if the total quantum
correlation shared between Q4 and ()p increases, then the marginal map A,p

is non-decomposable [69, 70]:
AGCOW 4> 0 = AAB ¢ DEC(m) (2.16)

We remark here that AG., 4.5 depends only on quantities related to the
two probes Q4 and @), which can be measured in the laboratory. Moreover,
no additional assumption is made on H , H an and H v beyond locality and
finite dimensionality. Therefore, the connection between the increase of quantum
correlations and the non-classicality of interactions is valid for any of the allowed
local Hamiltonians.

Let us now consider a dilation A of the marginal map Asp and a dilation hy
of the decomposable marginal map A4p € DEC(m). It can be shown that the
distance between the states on the hybrid Q4 ® M @ Qg obtained when applying A
and \ respectively is lower bounded by the inverse function of the g characterising

the chosen quantum correlation measure G [70]:

g_l(AGcorr A:B) S d </~\(P0 X UM)7 X(pO X UM)) ; (217)

where py is the initial state of the subsystem composed of the two quantum probes ) 4
and (), and o) is the initial state of the mediator M in the dilation. Following the
demonstration provided in Appendix B.2 when considering unitary evolutions, the
above distance can be further bounded by the deviation of the true global evolution
of Qa4 ® M & @Qp from the decomposed evolution obtained by concatenating the

evolutions generated by H aym and H MB:

A

9 (AGeorr a:B) < HUAMB(t) — Uant(t) Ui (t) (2.18)

where UAMB(t) is defined in Eq. 2.8, while UAM(t) and UMB(t) are defined as:
Oan(t) o= e~ 8av - Oyp(t) = etz (2.19)

and || - || is the spectral norm.
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To make the dependence on non-commutativity explicit, we consider the Zassen-

haus factorisation of the global unitary,
Unrin(t) = Uan(t) Unin(t) f[Zexp[(—it)"Zn], (2.20)
and define the associated Zassenhaus correction unitary:
Uc(t) := ﬁ exp|(—it)" Z,) = it (2.21)
n=2

where H¢ is the corresponding Hermitian generator of Ug(t). As shown in

Appendix B.1, this allows one to express the deviation from decomposability as:

Uarin(t) = Uane()0un(t)| = |[To(t) 1| (2.22)

which admits a closed functional form in terms of He:

t A
in| =H
(i)

This result establishes a quantitative relation that links ¢! (AGCOH A B) directly

o 1], =2

(2.23)

‘ o

to a function of the non-classicality of interactions:

g_l (AGcorrA:B) < 2

sin(; He ) H vVt (2.24)

He is completely determined by the interaction Hamiltonians Huy and Hyp,
and it vanishes whenever they commute, i.e., [ﬁAM, fIMB] =0= Hc=0. In the
short-time regime, a second-order expansion in ¢ yields an especially transparent
form of the bound, since it makes the dependence on the commutator []:[ s Ha 5]

fully explicit:

o it A N
g_l(AGcorrA:B) <2 Sln(4 [HAM,HMB]>

(2.25)

HOO

This inequality relates the gain in quantum correlations between Q4 and (g to a
function of the commutator [f[ v, Har 5]. Equivalently, by the same expansion, the

leading non-trivial order in ¢ implies that the generator entering Eq. 2.24 is:

A it A A
HC =~ 5 [HAMaHMB]' (226)
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Taken together, inequalities Eq. 2.24 and Eq. 2.25 establish a quantitative
link between the gain in quantum correlations of the two probes and the non-
classicality of the underlying interactions, in the setting where the mediator is

unknown and experimentally inaccessible. We can summarise the result of this

sin (TH) ||oo> (2.27)

AGeorr a8 < f ([ﬁAMa lffMBD ; (2.28)

Section by introducing the function:

F(H) =g (z

and rewriting Eq. 2.25 as:

where the function f is defined once the correlation measure G' (hence, the function
g characterising its continuity) and the interaction time ¢ are fixed. The quantum
correlations locally mediated by the system under investigation M between the
quantum probes Q4 and (Yg are therefore upper bounded by a function that
depends only on the commutator of the interaction Hamiltonians, i.e., on the
non-classicality of the interactions.

It is worth making a few remarks on this result before proceeding to its extension
to non-commuting variables. As shown in Appendix B.1, if the interactions are
classical, namely if [f] v, H vB] = 0, then the Zassenhaus correction is trivial,
Uc(t) = I, and hence Ho =0 (see Eq. B.13). Consequently, since sin(%ﬁc) =0,
the right-hand side of Eq. 2.24 vanishes, and we obtain g~! (AGCOHA:B> < 0. Since ¢

is monotonically increasing, invertible, and satisfies lim,_,¢ g(s) = 0, it follows that:
AG o a8 < 0. (2.29)

In particular, the condition in Eq. 2.16 cannot be satisfied.

Conversely, if an experiment reveals an increase in quantum correlations, namely
AGeor a.5 > 0, then, by the properties of g recalled above, g_l(AGcorrA:B) > 0.
By Eq. 2.24, this can only occur if the right-hand side is strictly positive, hence
He # 0. Using Eq. B.14 in Appendix B.1, we conclude that the interaction

Hamiltonians cannot commute, i.e., [FI v, H vB] # 0. This is consistent with the
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explicit second-order form in Eq. 2.25, where the leading non-trivial contribution
is governed by the commutator [FI AM, H MB]-
A further remark concerns the size and achievability of the right-hand side of

(2.24). Since || sin(X)||oo < 1 for any Hermitian operator X, the bound is limited as:

2

t A
sin(2HC)H < 2, (2.30)

so that its maximum is independent of the specific choice of Hay and Hyp.
Moreover, for any fixed He # 0, this maximal value can be achieved by an
appropriate choice of the interaction time ¢. As shown in Appendix B.2 (see
Eq. B.34), the earliest time at which this occurs is controlled by the largest eigenvalue
of He, and scales as t, = 7/ max; ||, where {)\;} are the eigenvalues of He. In
this sense, while the maximal value of the bound is independent of the interaction
Hamiltonians, the shortest interaction time needed to approach it depends on
the spectral structure of He.

Finally, in the short-time regime where Hp ~ %[ﬁAM, ]:]MB] (see Eq. B.38 in
Appendix B.2), it is natural to expect that larger non-commutativity, as quantified
for instance by ||[Hanr, Harslllso, tends at leading order to increase the initial
growth rate of the right-hand side of the bound in Eq. 2.25 as a function of ¢, and
may therefore allow the maximum to be approached more rapidly. A systematic

characterisation of these time scales is beyond the scope of this Thesis.

2.3.2 From Non-Classical Interactions to Non-Classical Me-
diator

We now prove that the inequality Eq. 2.24 can be expressed as a function of
the commutators of the variables of the mediator M. In doing so, we connect
the non-classicality of interactions with the non-classicality of the mediator, as
defined in this Thesis, proving the latter to be more fundamental. The shift is
crucial for understanding the GWT: what makes the channel M capable of mediating
entanglement between the two quantum probes ()4 and ()5 by local means only is its
non-classicality, namely the existence and dynamical involvement of at least two non-

commuting degrees of freedom, not the specific local interactions with the probes.
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We begin by defining the quantum probes @) 4, @) and the mediator M. Under
the assumption of finite dimensions, we have two possible very general choices for
the Hilbert spaces Hq,, Har, Ho,- The first is to consider a generic d-dimensional
Hilbert space, while the second possibility is to choose a tensor product of qubit
Hilbert spaces H2) ® ... ® H(o), that would allow us to use a certain number of
qubits to simulate any quantum system of finite dimension [58]. To simplify the
notation and without loss of generality, we consider the mediator M to be a chain
of T' qubits with Hilbert space dimension d;; = 27, while the probes Q4 and Qg to
be d4,dp dimensional systems described by Hilbert spaces with SU(N) operator

algebra. Hence, the most general H AM H v Hamiltonians can be written as:

Hay = ) Qg (@i @1y, @ iy, @ ... @10, ® 1), (2.31)
i:jhj?»“ujT

Hup= Y Butsirs(la ® fy, @ iy, @ ... ® iy, ® by), (2.32)
Il o

where o and 3 are real-valued coefficients, a; and by, are SU(d4) and SU(dp)
operators including the identity; {7, };,0..3 = {I,64,6,,6.} is the set of the
Pauli operators including the identity for the i-th qubit of the mediator, with
1 =1,2,...,T. The indices 7 and [ distinguish the mediator’s operators appearing
in Hay and Hyp, respectively. The identity operators appearing in the tensor
products reflect the locality condition on the interactions. This avoids any direct
interaction terms between ()4 and (), thus enforcing locality.
Using this general structure, the commutator of the interaction Hamiltonians
can be expanded as follows (see Appendix B.3):
[ﬁAMaﬁMB] = Z ai,jl,jg,‘..jTﬁll,lg,...,lT,k :
6415525112
a; ® ([mjl,mh] ® Mjy 1, @ ... @ 11y,
+ 1, 1, @ [y, 10,] © .. @ 10,

+ My, 1y, @ My, My, @ ... @ [1,, mlT]> ® by. (2.33)

Eq. 2.33 shows that the commutator [FAI AM H M B} can be non-zero only if at least

one commutator between the mediator observables appearing in the two interactions
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is different from zero, i.e., only if there exists at least one pair of observables such that
[172;,, 7y, ] # 0 for some mediator-qubit r € {1,...,7'}. Equivalently, if all mediator
observables that appear in the interaction terms commute with each other, then the
interaction Hamiltonians commute. In other words, non-commutativity at the level
of the interaction Hamiltonians requires non-commuting variables in the mediator.

However, the converse does not generally hold: a mediator characterised by
multiple non-commuting degrees of freedom does not imply [I:I s Ho | # 0. This
is because the interaction Hamiltonians may include only a commuting subset of
the mediator’s observables, or cancellations may occur. To explain the logic of the
implication, let us provide a simple example. Let M be a single qubit, so that it
can be described by non-commuting observables (e.g., [6,,6.] = —2i6,). Choose

local couplings involving only the mediator observable &.:
Hiy=06;©6.©1p,  Hyp=11®06.® b, (2.34)

with generic Hermitian operators a; and bi acting on the two probes. Then
[f[ AM,fI vB] = 0 even though the mediator is non-classical. This example is
important to clarify the role of the witness as a sufficient condition for M’s non-
classicality. While a successful entanglement generation between the two probes
under the appropriate assumptions conclusively infers M’s non-classicality, an
unsuccessful witnessing task makes the test inconclusive. This is because the
mediator M may still be a non-classical system, but in that particular configuration
is not engaging a minimum of two non-compatible variables in the dynamics with
Q4 and ()p, making it impossible for the witnessing task to reveal them.
Furthermore, Eq. 2.33 shows that the presence of a single non-vanishing commu-
tator for one of the mediator subsystems is sufficient to ensure that the commutator
of the interaction Hamiltonians is different from zero. Therefore, a single quantum
system within a composite classical-quantum mediator M is sufficient to mediate
quantum correlations between the probes Q) 4 and (Qg. This conclusion is particularly
relevant to justify the application of the GW'T in scenarios where the mediator

is a complex system composed of many interacting subsystems, for example
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photosynthetic biological systems. An application of this non-classicality witness
where the mediator is a green sulphur bacterium has been proposed by Krisnanda
and collaborators in Ref. [51].

The result derived in this Section quantitatively connects the amount of quantum
correlations locally mediated between the quantum probes Q4 and ()g to the non-

classicality of the mediator M:

AGeorr a8 < f ([ﬁAM, ﬁMBD = fu ([Man, Mug)) (2.35)

where [1fvapr, T g] denotes the set of commutators between the mediator variables
{[m,, 7, |}r=1,.. 7 appearing in Eq. 2.33. This result is completely general within
the quantum formalism, as no further assumptions are made about the interactions
between the probes and the mediator. Importantly, the functional form of fy is
given by Eq. 2.27, but its explicit expression can be obtained only after specifying

the coefficients o j, . and 3, ;. of the interaction Hamiltonians H 4y, and

T
Hyp. If these are known, for example in scenarios where the coupling between
the probes and the channel can be engineered, one can fix the quantum correlation
measure G and the interaction time ¢ to estimate the minimum amount of non-
classicality required by the channel to mediate the measured quantum correlations.
Conversely, if the quantum channel M is fully characterised, the relation in Eq. 2.35
can provide a theoretical tool for computing the maximum amount of quantum
correlations that can be mediated between two nodes in a network, without the
need for prior experimental testing.

Furthermore, Eq. 2.35 implies that no classical system, defined as a system
described by a single variable, can mediate entanglement between two quantum
probes by local means only (see Principle 1). In fact, if [m;,,my,| =0V i=1,2,..,T,
then fy([fhan, map]) = 0, and this implies that AG e 4.3 < 0. Any model that
predicts entanglement generation while maintaining that the mediator is classical
must therefore abandon at least one assumption of the GW'T. This is the case of
claims that classical gravity can mediate entanglement between two quantum masses

(see for example [60, 75, 76]), where some non-local effects are responsible for the
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direct interaction between the masses, ultimately responsible for the entanglement
generation [46, 77-79], or where the gravitational field is not considered as a
mediator of the interactions between Q4 and @Qp [80, 81]. Another important
class of models that can be falsified by this result are superselected ones, for
example Ref. [19]. In these models, an additional constraint (the superselection rule)
limits the possibility of dynamically involving multiple non-compatible variables
describing the mediating system, making it effectively classical. Eq. 2.35 shows
that if an increase in the quantum correlations between the two probes ()4 and
@ p is recorded under the assumptions discussed in Chapters 2.2.1, 2.2.2 and 2.2.3,
then the mediator M must have engaged multiple non-compatible variables in the
dynamics, thereby ruling out this particular form of superselection rules. Alongside
superselected models, Koopmanian systems would be ruled out by a successful
two-probe spatial entanglement-based witness of non-classicality. In this approach
to hybrid classical-quantum systems, different commuting variables of a classical
system are encoded into multiple quantum systems, whose other, non-compatible
degrees of freedom are hidden [16]. However, when coupled to fully fledged quantum
systems, in order to account for their back-reaction it is necessary to engage precisely
those hidden variables of the quantum systems used to encode the classical one
[82]. Eq. 2.35 makes this explicit: if an increase in quantum correlations between
Q4 and g is recorded in an experiment satisfying the minimal assumptions of
the GWT, the Koopmanian system must have engaged a minimum of two non-
commuting degrees of freedom.

For a complete review of the implications of a successful GWT in the context

of gravity, we refer the interested reader to Ref. [41].

2.4 Summary

In this Chapter we have presented a two-probe witness of non-classicality that
relies on the capability of the system under investigation M to locally mediate
entanglement between two quantum probes Q4 and (Qp: the General Witness

Theorem in Theorem 1. If successful, one can infer that M must be described by at
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least two non-compatible variables, i.e., variables that cannot be simultaneously
measured to an arbitrarily degree of accuracy. Within the formalism of quantum
theory, these are non-commuting variables.

The GWT relies on three very general assumptions, which make it a completely
dynamics-independent argument. The first assumption is Principle 1, the principle
of locality, understood here as the impossibility of modifying the complete state of a
subsystem by acting on a second, separated one only. We have compared this notion
of spatial locality with other subsidiary theory-dependent ones commonly used in
the literature, such as the principle of no-signalling, the axioms of microcausality
and of Lorentz-covariance and the notions of subsystem locality. By distinguishing
the different notions of locality, we have argued why Principle 1 is more general
and why it is important to adopt this minimal notion of locality for the GWT: it
provides a robust theorem that proves the non-classicality of the investigated system
even beyond quantum theory. The second assumption is Principle 2, the principle of
interoperability of information, which informally implies the possibility of copying
classical information from the probes to the investigated system and vice versa.
This assumption, necessary for the testability of a theory, was elegantly phrased in
the information-theoretical framework of constructor theory of information. This
avoids committing to any subsidiary dynamical theory to study the unknown
sector M. The third assumption is that the investigated system M acts as a
mediator of interaction between the quantum probes ()4 and (), in order for it
to be responsible for the witnessing task the GWT is based on: the mediation
of entanglement between the probes.

Under these general assumptions, we have introduced the GWT in Theorem 1
and reproduced its proof within the formalism of quantum theory (and in general,
using constructor theory, in Appendix A). Within the quantum formalism, we have
developed a quantitative support to the GWT with the aim of connecting the
amount of quantum correlations mediated by the investigated system M between
the probes Q4 and ()p to the non-classicality of M. We have shown that the

quantum correlation mediated between (4 and ()g, quantified by an appropriate
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correlation function G in a broad class of entanglement measures, lower bounds
a function of M’s non-classical variables only. This function is uniquely defined
once the correlation measure G is chosen and the interaction time is fixed. This
quantitative relation, summarised by Eq. 2.35, shows that only a non-classical
mediator can induce entanglement between two spatially separated quantum probes
under the assumptions of Theorem 1. In fact, if the system M were classical,
fa([manr, map]) = 0 as all its variables would commute. Therefore, AGeppr 4.5 < 0:
it would not be possible to increase the quantum correlations between ()4 and
@p. Thus, the GWT is a sufficient condition for M’s non-classicality: observing
AG o a.p > 0 implies the non-classicality of the mediator, while the converse
makes the witness inconclusive.

The GWT, thanks to its generality, has been proposed as a robust theorem
to design applications of the non-classicality witness in relevant hybrid systems,
such as photosynthetic complexes and gravity. The application of the GWT
to the latter is known as the gravitationally-induced entanglement or the Bose-
Marletto-Vedral effect and is now among the most promising experiments to detect
quantum effects of the gravitational field. Several platforms are currently competing
as the most suitable to implement the quantum probes capable of interacting
gravitationally. Among them, nitrogen-vacancy (NV) centres in nanodiamonds
in trapped configurations are promising candidates to realise the Stern-Gerlach
interferometers necessary to create the spatial superpositions of the probes, let the
probes interact gravitationally and close the spatial superposition to enable the
entanglement readout [83, 84]. However, other platforms may prove useful to design
GIE experiments, and we refer the reader to Ref. [41] for an overview.

All of these platforms share common challenges in the implementation of the
GWT, the most relevant of which is enforcing the principle of locality as mandated
by Principle 1. As discussed in this Chapter, if the two quantum probes interact
directly, or if any non-local mechanism allows them to couple independently of
the mediator M, the entanglement observed at the end of the protocol would

be generated because of these direct interactions. Therefore, the GWT would
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be inconclusive about the non-classicality of the investigated system, since the
generation of quantum correlations would fail to reveal the existence of a second
non-compatible variable describing it. One way to address this challenge is to
rethink the quantum sector interacting with the unknown system and consider
it as composed of a single quantum probe (). In this way, there would be no
more direct interactions between two quantum probes to exclude beforehand, and
the witnessing task should be sought in the temporal evolution of () mediated
by the investigated system M.

Devising a novel class of single-probe, temporal witnesses of non-classicality
is not only interesting because it may ease the experimental implementability of
these arguments. As we have noted in this Chapter, the construction of a witness
of non-classicality looks deep into the information-theoretical foundations of the
non-classical theories describing the hybrid. The choice of a particular witnessing
task is dictated by its ability to reveal the single-shot indistinguishability of the
investigated system’s variable, if successful under the appropriate assumptions. The
more minimal the assumptions, the broader the class of theories it embraces, the more
general is the argument. In the case of the GWT, this role is revealed by the spatial
quantum correlations M mediates between two spatially separated quantum probes,
and the assumptions in Chapter 2.2 are general enough to incorporate subsidiary
theories beyond the quantum formalism. The possibility to investigate whether this
role can be played by temporal quantum correlations too is fascinating, both because
it may reformulate previously proposed single-probe arguments in information-
theoretical terms and because it may achieve the level of robustness and generality
characterising two-probe arguments such as the GWT. Furthermore, having such a
general argument with a single probe would stimulate the study of the relevance
of temporal quantum correlations in quantum information processing and beyond.
The symmetrical role of mediated temporal and spatial quantum correlations in
revealing the non-classicality of a physical system can also provide insights on the

structure of spacetime in superinformation theories, including quantum theory.
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We shall focus on the construction of this new class of single-probe, temporal

witnesses of non-classicality in the next Chapters.
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Temporal Witness of Non-Classicality

THE CONTENT OF THIS CHAPTER IS PARTIALLY BASED ON [85-87]. [85] WAS
DEVELOPED IN COLLABORATION WITH CHIARA MARLETTO. [86] WAS DEVEL-
OPED IN COLLABORATION WITH VLATKO VEDRAL AND CHIARA MARLETTO.

[87] WAS DEVELOPED IN COLLABORATION WITH SIMONE RIJAVEC.

In Chapter 2, we have discussed the first example of a witness of non-classicality:
the spatial entanglement-based witness of non-classicality. This argument relies on
the entangling power of the unknown system (the “mediator”) between two spatially
separated quantum probes to infer its non-classicality. Here, non-classicality is
defined as the existence of a minimum of two non-compatible variables in the
description of the mediator, see Chapter 1.2. Specifically, the General Witness
Theorem in Theorem 1 states that if a system M can mediate entanglement between
two quantum probes ()4 and @) by local means only, then M must be non-classical.
While theoretically robust, relying on minimal information-theoretical assumptions
which go beyond quantum theory, its experimental implementation presents several
challenges. The one common to all the different platforms is the need to exclude all
the direct interactions between the two quantum probes, as discussed in Chapter 2.

In this Chapter, we introduce a novel class of witnesses of non-classicality

motivated by the need to overcome these experimental challenges. The main
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idea is to remove one of the two probes required by the GWT, and formulate
a novel theorem with a single quantum probe instead. The witnessing task in
these scenarios must be looked for in the time evolution of the probe, so we shall
refer to them as temporal witnesses of non-classicality. To account for the removal
of the second quantum probe, temporal witnesses of non-classicality require an
additional assumption, which we shall identify in the conservation of a global,
additive quantity throughout the evolution of the hybrid system. We shall provide
a formal proof of the argument within the quantum formalism and propose an
application of this novel theorem to the light-harvesting stage of photosynthesis.
We also present a collision model to investigate the possibility of the witnessing task
and the role the environment has in favouring long-lived quantum coherence. The
model will be connected to the real components of a biological system, suggesting
a possible experiment to conclusively prove the quantum nature of this crucial
biological process. Together with the two-probe witness proposed in Ref. [51], this
represents another application of the non-classicality witnesses methodology to

the continuously-growing field of quantum biology.

3.1 Towards a Single Probe Non-Classicality Wit-
ness

Since Feynman’s seminal proposal to witness quantum effects in gravity using
a single mass, which we already discussed in Chapter 2, several other proposals
have been put forward in the field.

The first example is the experiment performed by Page and Geilker, where they
used a single superposed mass to test the predictions of a particular semiclassical
gravity theory: quantum field theory in curved spacetime including the gravitational
field’s backreaction on a superposed mass [88]. A Cavendish device is coupled to
a quantum particle that controls its preparation in one of two configurations:
clockwise and counterclockwise torques. When the quantum particle is prepared in
a superposition in the control variable basis, the two masses of the Cavendish device

get entangled to the controlling mass, resulting in a mass distribution whose effects
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on the net torque of the device can be used as a witnessing task. According to this
semiclassical theory, the net torque on the Cavendish device is expected to be null.
This is because the theory predicts that the gravitational field associated with this
mass distribution is an average of the two gravitational fields, each generated by
one of the configurations. If the gravitational field is quantum instead, there would
be a non-zero torque in each branch of the entangled global state including both
the Cavendish device and the controlling mass. This is what the actual experiment
recorded, conclusively ruling out quantum field theory in curved spacetime as a
fundamental theory of gravity. However, the conclusions of this experiment about
the quantum nature of gravity are not as strong as the ones that would come from
a successful BMV experiment: while it can consolidate the role of quantum field
theory in curved spacetime as a useful approximation for calculations, it cannot
rule out other classical descriptions of gravity such as gravitational collapse theory.
This is because the quantum nature of the probe is not operationally involved in
this experiment: the quantum probe has already undergone decoherence when it
controls the device, suggesting that even preparing the Cavendish device by tossing
a fair coin would have led to the same experimental conclusions. For a single-probe
experiment to be a witness of non-classicality, the quantum probe must be actively
involved in the witnessing task, not just as a controlling device to prepare the
investigated system in different configurations, but as a device undergoing genuinely
quantum processes mediated by the investigated system.

Another example is the experiment performed by Colella, Overhauser and Werner
(COW) involving neutron interferometry in the Earth’s gravitational field [62]. Here,
a single neutron is sent across an interferometer, where a first beam splitter prepares
it in a superposition of two locations. Gravity induces a phase shift between the
two branches of the superposition, which can be modulated by tilting the angle ¢
of the plane of the interferometer with respect to the position parallel to Earth’s
surface. By changing the angle ¢, one can change the local phase kicked in by the

gravitational field in one of the interferometer’s arms, leading the neutron to the

state a|0) + Be’®|1), where ® = 279" A)sin ¢. The relative phase ®, measured to
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different degrees of accuracy, is proportional to the tilt angle ¢, the neutron mass m
and de Broglie wavelength A\, and the area enclosed by the interferometer A, with
the proportionality constant including the gravitational coupling constant g and
the Planck’s constant h. Detecting this phase is an important signature of the fact
that gravity behaves consistently with any other external field in nonrelativistic
quantum mechanics: it couples to a superposed mass respecting linearity and
preserving neutron’s coherence (i.e., without collapsing the superposition) even at
neutron’s scale. Thus, this experiment successfully rules out collapse-based model
due to gravity, another particular description of the gravitational field in a quantum
world. In fact, for the same reason we have discussed for Feynman’s proposal, a
classical model of the gravitational field would perfectly account for the generated
local phase after the first beam splitter of the interferometer. Said differently,
a semiclassical theory of gravity coupled to quantum matter would explain this
phenomenon, and the COW experiment cannot act as a single-probe witness of
non-classicality for gravity. Although the COW experiment correctly exploits the
neutron as the single-probe intended by a witness of non-classicality (the task here is
the generation of the local phase in the neutron’s state), it fails in setting the stage
for the gravitational field to exploit its non-compatible variables when mediating
such a task. In fact, the gravitational field here is generated by the Earth, whose
state is not in a superposition. This makes a semiclassical model sufficient to explain
the phenomenology we are observing in this class of experiments.

One solution to such a problem is to include a second probe prepared in a
superposition of two locations and generate a gravitational field in a non-classical
state. This forces gravity to exploit the non-compatible variables when mediating
the witnessing task, as discussed in Chapter 2.

Another solution can be to look for a particular phenomenon that can be
treated both classically and quantumly, with distinguishable effects in the two cases.
In Ref. [89], the identified phenomenon is the self-gravitational interaction of a

Bose-Einstein condensate (BEC). Treating the gravitational field as a classical or a
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quantum system in the Newtonian regime leads to two different Hamiltonians:

A~ 1 21\ |2 -\ |2

Hoo = —GmQ/dSFd3F"w(r2| W sttaa (3.1)
2 -

fog = Gm [ &[0 (7)Poly)(t,7)ala (3.2)

where @ and a' are the annihilation and creation operators for the condensate, ¥(7")
is the wavefunction of the condensed atom of mass m, G is the gravitational constant
and @ is the classical gravitational potential obtained as a quantum average of the
quantised version of Poisson’s equation ®[¢)](7) = —Gmfd?’F’%&T&. Of the
two, only the former can create non-Gaussianity in the quantum field of matter.
This is because non-Gaussianity is created by processes that are non-quadratic in
quantum operators [90]. Eq. 3.1 is quartic in the field operators: such a Hamiltonian
is capable of generating non-Gaussianity in the quantum state of the condensate.
By contrast, when gravity is treated classically as in Eq. 3.2, the gravitational
potential is sourced by the expectation value of the density operator, resulting in
an effective mean-field Hamiltonian that is quadratic in the quantum operators and
therefore preserves Gaussianity. Consequently, if non-Gaussianity is generated in
a Bose-Einstein condensate with only self-gravitational interactions, the classical
description of this phenomenon will be ruled out because it is not capable of
generating non-Gaussian states. This approach provides a solid ground to “force”
the dynamical involvement of the two non-compatible variables required for a
system to be considered a quantum system, and it can be applied to other scenarios
different from gravity. However, as described above, the classical description of
the phenomenon relies on a particular model compared to its quantised version,
leaving other classical models still viable.

The examples above illustrate three recurring challenges for single-probe wit-
nesses of non-classicality: (i) the quantum probe is often not actively involved in
the witnessing task, serving merely as a control or preparation device instead; (ii)
the observed signatures can frequently be reproduced by classical or semiclassical
mediators; and (iii) the witnessing task is not formulated in a fully general, theory-

independent manner.
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These considerations suggest that a genuine single-probe witness of non-classicality
must be grounded in the evolution of the probe itself, and must identify dynamical
features that cannot be reproduced by any classical mediator satisfying a minimal
set of physically motivated assumptions. In the following, we introduce a novel class
of such witnesses—temporal witnesses of non-classicality—in which the witnessing
task is encoded in the quantum coherent evolution of a single quantum probe. By
requiring the conservation of a global additive quantity during the interaction, this
framework overcomes the limitations of previous proposals and provides a general,

information-theoretical, single-probe criterion for non-classicality in hybrid systems.

3.2 Quantum Coherent Evolution: Sufficient Con-
dition for Non-Classicality

Let us consider a hybrid system in which an unknown sector M interacts with a
single quantum probe (). The crucial difference with respect to the hybrid setting
analysed in Chapter 2 is that the quantum sector now lacks one of the two probes.

In two-probe non-classicality witnesses, the second probe plays a crucial opera-
tional role: by interacting with the mediator M after the first probe, it accesses the
non-classical state of M and thus encodes information about the incompatibility
of its variables. This, in turn, makes it possible to certify the non-classicality
of M through the entanglement established between the two probes, thanks to
the principle of locality [50].

In the single-probe setting, the absence of a second probe must be compensated
by introducing an additional assumption that replaces the missing operational step.
One possible physically well-motivated choice is the conservation of a global additive
quantity in the hybrid system. As we shall show, this additional condition is sufficient
to constrain the dynamics in such a way that the quantum coherent evolution of
the single probe () in the basis of the conserved quantity cannot be accounted for
by a classical mediator. This identifies the witnessing task for temporal witnesses
of non-classicality and naturally addresses challenges (i), (ii), and (iii) identified

above, providing a theoretically robust single-probe argument.
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Before formalising this assumption and analysing its role in the witnessing
protocol, it is useful to summarise the assumptions underlying the different witness
constructions discussed in this Thesis. The GWT (Theorem 1) is formulated
within the constructor theory of information and relies on minimal assumptions
such as the principle of locality (Principle 1), the principle of interoperability of
information (Principle 2), and the possibility for the investigated system to act as a
mediator, discussed in Chapter 2.2.3. By contrast, the temporal witness is derived
within the formalism of quantum theory and includes, as a sufficient additional
assumption, the exact conservation of a global additive quantity. Importantly, the
quantum formalism already entails the principles assumed by the GWT. Therefore,
the temporal witness is general within quantum theory, while the GWT retains
a broader, theory-independent scope.

The assumptions underlying the two constructions are summarised in Table 3.1.

GWT Temporal Witness
Framework CT of information Quantum formalism
Locality v Included in quantum formalism
Interoperability v Included in quantum formalism
Mediator assumption Required Automatically satisfied
Conservation law X Exact global additive conservation
Number of probes Two One
Level of generality Theory-independent Quantum-theoretical

Table 3.1: Assumptions underlying the two classes of non-classicality witnesses.

3.2.1 The Extra Assumption: Conservation Laws

To physically motivate the sufficient extra assumption, it is instructive to revisit
some of the difficulties encountered by earlier approaches to hybrid classical-
quantum systems. As discussed in Chapter 1.1, attempts to provide a consistent
classical-quantum description of a hybrid system () & M often result in violations
of conservation laws. More generally, consistently coupling a classical system
to a quantum one appears to be incompatible with the exact enforcement of

conservation laws [21, 33].
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However, the objective of a witness of non-classicality is precisely to infer the
non-classical properties of the mediator M indirectly, by probing it with a quantum
system (). Here, as formalised in Chapter 1, we define a system as non-classical if it
is described by a minimum of two distinct physical variables that cannot be measured
to arbitrarily high accuracy simultaneously, i.e., by the same measuring device.
Importantly, the dynamics-independence of this notion of non-classicality makes
it more general than other definitions. In quantum theory, which will underpin
the argument at this stage, these variables are non-commuting.

From this perspective, enforcing a conservation law as the additional assumption
underpinning the theorem emerges as a natural strategy. If coupling a quantum
probe ) to a genuinely classical mediator M leads to violations of conservation
laws, then probing M while enforcing such a conservation law should be sufficient
to reveal its non-classicality.

This intuition is further supported by the way conservation laws are implemented
in quantum theory, under the assumption that unitary quantum mechanics applies
universally, across all physical scales. In quantum theory, symmetries associated
with additive conserved quantities hold not merely on average, but exactly, branch
by branch, when quantum states are expressed in the eigenbasis of the conserved
observable [91]. In other words, conservation laws in quantum theory apply to
g-number observables, rather than to their expectation values. Consequently, if a
quantum system prepared in a superposition of eigenstates of a conserved quantity
is coupled to another system, exact conservation at the level of the composite system
requires the interaction to generate entanglement between them. In each branch of
the entangled state, any change in the value of the conserved quantity in the probe
is exactly compensated by a corresponding change in the other system.

In a hybrid setting, this implies that a genuinely classical mediator cannot
consistently interact with a quantum probe while exactly conserving an additive
quantity, if the quantum system is in a superposition in the conserved quantity’s
basis. Therefore, enforcing exact conservation mandates that the mediator be

described quantum mechanically, with at least one variable incompatible with the
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conserved observable. This phenomenon is known as the totalitarian property of
quantum theory': any system that interacts with a quantum system while exactly
obeying conservation laws must itself be describable quantum mechanically [35]. Tt
is precisely this property that we aim to exploit in the construction of a single-probe
witness of non-classicality: while in two-probe schemes the role of accessing and
certifying the non-classical state of the mediator is played by the second quantum
probe, in the single-probe construction this role is effectively taken over by the
exact conservation of an additive quantity.

The remaining question is then: how do we witness this effect? What form

should a witnessing task take under this assumption?

3.2.2 The Witnessing Task: Quantum Coherent Evolution

Suppose that (i) the quantum probe @ is initially prepared in an eigenstate of
a local observable associated with the global conserved additive quantity, and
(ii) that it undergoes a coherent evolution into a superposition of eigenstates of
that same observable through its interaction with the mediator M only. Such a
transformation corresponds to a rotation of () into a basis that does not commute
with the conserved quantity.

Under the assumption of exact conservation, this evolution cannot occur au-
tonomously on (). This is because any local violation of the conserved quantity
on () would not be compensated by M, thus violating the conservation law at
the global level. Exact conservation therefore requires that M compensates the
changes in the conserved quantity associated with the different components of
(@’s superposition, branch by branch. This compensation is possible only if M
possesses at least two variables that are incompatible with one another. In other
words, the mediator must engage non-commuting variables in order to mediate the
coherent evolution of the probe. Hence, if a coherent rotation of () in the conserved
basis is observed while the conservation law holds exactly, the mediator M cannot

be classical. In this sense, the conservation law is playing the same role as the

!This notion should not be confused with Gell-Mann’s “totalitarian principle”, according to
which anything not forbidden is compulsory.
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to tl

Figure 3.1: Schematic representation of the temporal witness of non-classicality,
Theorem 2. For illustrative purposes, the probe @ is a qubit and the local conserved
quantity is ZQ = 6, ®1Is. The probe is prepared in |0), elgenstate of ZQ, at time tg. The
evolution Ugys conserves the global additive quantity ZQ + Zar, where AT g ®6..
At time t7, the probe is in a state that does not commute with that at time tg, in this
case |[+) = %(!0) + [1)).

principle of locality in the GW'T": it ensures that M is the one responsible for the

witnessing task, thereby revealing its non-classicality.

3.2.3 The Theorem: Temporal Witness of Non-Classicality

This observation naturally defines a temporal witness of non-classicality within

the formalism of quantum theory, see Fig. 3.1 [85]:

Theorem 2 (Temporal Witness of Non-Classicality). If a system M can induce a
quantum coherent evolution of the quantum probe @), then M must be non-classical,

provided that a global additive observable of the system QQ & M is conserved.

Proof. Let us consider without loss of generality the quantum probe () to be a
qubit, with its computational basis defined by ZQ = 0, ® [; where 6, is the Pauli
operator and I, is the identity operator on the Hilbert space of M. We prepare @)
in an eigenstate of ZQ, meaning that ZQ is sharp at time t5. We prove Theorem 2
by contradiction. Therefore, we assume (i) M to be a classical bit, described by
the single variable A g ® 6., so that the set of classical states is included in
the span of its eigenstates, forming a vector space; (ii) that the witnessing task is

possible, i.e.; the quantum probe () undergoes a quantum coherent evolution in the
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ZQ basis, so that its final state does not commute with the initial one and that ZQ
becomes unsharp at time t; > ¢, ; and (iii) that the evolution (A]Q m of the hybrid

system conserves the global additive quantity ZQ + Zur, that is,
[Uont Zo + Zu| = 0. (3.3)

The most general Hamiltonian fIQM generating the evolution UQ u under these

assumptions has the form:
HQM = CLZQ + bZM + CZQZM + T’]I(4), (34)

where 4y = o ® )y and a,b,c,7 € R are referred to as classical coefficients of
the Hamiltonian, as they appear when the sector M in the hybrid is classical.
However, we notice that {ﬁQM, ZQ} = 0, and therefore ﬁQM cannot generate a
non-trivial evolution of ZQ. This is in contradiction with (ii): if ZQ is initially sharp,
it cannot be made unsharp by ﬁQ - The contradiction arises from assumption (i),
namely that M is a classical system. Hence, we conclude that M must have been a

non-classical system, as claimed by the temporal witness of non-classicality. O]

Theorem 2 provides a sufficient condition for the non-classicality of an unknown
system M: if a quantum coherent evolution of the probe () is observed in the con-
served quantity basis, then M must be non-classical. The argument is independent
of the initial state of the mediator M, as the conservation law is enforced at the
level of the operator. This is an important feature in the hybrid system scenario:
since M is an unknown system, we should not assume to have direct control on
its initial state during the protocol we envisage.

The result can also be generalised to a quantum channel operating on ) and M,
under the assumptions that the channel can be extended to a unitary transformation
on three systems ), M, and M’ and that the conservation law holds for the quantity
ZQ + ZM + 7 vm. Two cases can be distinguished here. The first is when M’
is, like M in the proof of Theorem 2, a classical system. This corresponds to
a situation in which the channel on () and M is generated by interacting with

an effectively classical environment. In this case, the extension of Theorem 2 is
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straightforward, and one finds that no quantum coherent evolution can be mediated
in the conserved quantity basis of (). Hence, the temporal witness of non-classicality
applies successfully in this scenario. The second is when M’ is a quantum system
instead, for example, a quantum system in the environment. In this scenario, )
may interact coherently with M’, which could be mediating the coherent evolution
instead of M. The temporal witness of non-classicality would no longer be applicable
directly on M in this case, but would inform on the quantum properties of the
composite M & M': it is M & M’ that must be described by a minimum of two
non-commuting variables. However, Theorem 2 does not allow one to discriminate
which system is supplying them. Addressing this question would require a specific
model of the hybrid system, and is therefore beyond the scope of the witness.
Nevertheless, this observation can still provide a good insight in complex systems,
for example biological systems, where the traditional role of the environment as
a source of decoherence is challenged by experimental observations. A successful
temporal witness of non-classicality in this scenario would indicate that the quantum
degrees of freedom of the composite are not suppressed by the coupling of the system
M with its environment M’. We shall see how this becomes relevant in the next
Section. Notice that this observation would be analogous to a situation where,
in the GW'T in Theorem 1, the two quantum probes were allowed to interact via
another quantum system that is not the mediator. In that case the witness does
not allow one to conclude anything about the mediator, but a similar conclusion
can be drawn about the composite system.

Another interesting connection can be made between Theorems 1 and 2 when
representing the quantum probe @) in second quantisation. The quantum coherent
evolution of the probe () from one basis to some other non-commuting basis, used as
a witnessing task in Theorem 2, corresponds to the creation of mode-entanglement
on () [92]. If this entanglement is mediated via M (and it must be so, because
of the conservation law), then using the spatial entanglement-based witness in
Theorem 1 one can conclude directly that M is non-classical. The conservation law

in this case is a sufficient condition that implies the impossibility of building a gate
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that entangles the two modes in @) directly, in the same way as the principle of
locality (Principle 1) avoids direct entangling interactions between the probes Q4
and (). This single-particle entanglement interpretation of the temporal witness
of non-classicality provides another element to conclude that the conservation law
plays an analogous role to the principle of locality in spatial entanglement-based
witnesses of non-classicality.

Consider now a case in which the unknown sector M is indeed a quantum
system. One may then ask which unitaries are compatible with the conservation
law. By imposing the condition Eq. 3.3 for both a quantum @ and a quantum

M, described as qubits, we get:
ﬁQM = CLZQ—f-bZM—I—CZQZM—f-f(XQXM—f-yQ?M)—f-g(XQ}A/M—Y/QXM)—I—T]IM), (35)

where f,g € R are the non-classical coefficients of ﬁQM, as they appear in the
Hamiltonian only when M is a non-classical system too. Here O, represents
the component O € {X,Y, Z} of the qubit a € {Q, M} (e.g., XQ = 0, ® Ly,
Xy = Io ® 64).

An elementary example of a unitary that satisfies this requirement is the SWAP
gate. If M is already in a non-classical state, for example an eigenstate of X M,
then an interaction described by SwAp = % (H(4) + XQX M+ }A/Q}A/M + ZQZ M) would
swap the state of () and M, thus preparing () in an eigenstate of X'Q when it
was initially in an eigenstate of ZQ. This necessarily involves a quantum coherent
evolution in the ZQ basis, mediated by M, and therefore represents a simple proof-of-
principle of the temporal witness of non-classicality. M is non-classical as it must be
preparable in an eigenstate of the variable X ., which is incompatible with Z M, and
it is engaging the non-commuting variables Xur, Yar, Zar to mediate the evolution.
More general Hamiltonians allowed by Eq. 3.3 include also exchange interactions
}A[QM o (5’Q+SM_ + SQ_S'M+>, where 9,4 = (Xa + Z}A/a) with v € {Q, M }. In all
such cases, M engages non-commuting variables to mediate a non-trivial coherent

evolution on (), consistently with the statement of the theorem.
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Until now, we have considered additive conservation laws as assumptions
underlying the temporal witness of non-classicality. This is consistent with the
central tenets of fundamental laws (e.g., energy and momentum conservation laws),
which are indeed additive in subsystems. Moreover, additive conservation laws are
typically assumed as background knowledge in experimental tests, as they have
been independently verified. However, the level of generality required for a witness
of non-classicality motivates us to consider the possibility that, in a more general
non-classical theory beyond quantum physics, conservation laws may take a different
mathematical form. In this spirit, in Appendix C, we shall explore the possibility
of formulating the temporal witness of non-classicality by considering a general
conservation law, function of the classical observables of the systems ZQ, m only but
not necessarily additive. We show that the temporal witness of non-classicality can
still hold in this more general setting, and support the claim by presenting three
proof-of-principle examples in which a quantum probe ) interacts with progressively
more complex systems, from a bit to a harmonic oscillator.

In the next Section, we shall introduce the first proposed application of Theorem 2
to a realistic hybrid system, specifically in the context of quantum biology. We
will discuss how the temporal witness of non-classicality can be applied to the
light-harvesting stage of photosynthesis in biological complexes, extending the
methodology of non-classicality witnesses to the investigation of non-trivial quantum
effects of biological processes [86]. Another interesting application of Theorem 2

to the gravitational field was proposed in Ref. [93].

3.3 Temporal Witness of Non-Classicality in a
Biological System

Over the past centuries, the high complexity of biological systems has discouraged
scientists from describing them using physics and mathematics methodologies.
Without experimental devices to probe the structure of living beings at a sufficiently
fine scale, any attempt to employ sets of differential equations to make predictions

about a given biological process resulted in a mathematically intractable problem
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[94]. However, at the beginning of the twentieth century, the improved experimental
resolution provided by new microscopes and techniques enabled scientists to explore
progressively more microscopic details of biological systems. This development led
to the increasing application of physics and mathematics to biology. From statistical
mechanics to thermodynamics, different classical theories have been employed to
describe biological systems and processes with remarkable predictive power.

In the same years, physics itself was profoundly shaken by the advent of quantum
theory, which proved extremely successful in describing reality at the atomic and
subatomic scale. It was therefore natural for the founding fathers of quantum
theory to ask whether quantum mechanics might play a significant role in biology,
or if biological systems should instead be regarded as the clearest manifestation of
classical reality. This marked the dawn of a new discipline at the interface between
quantum theory and biology: quantum biology, as Jordan named it in 1932 [95].
The origin of quantum biology is conventionally associated with the publication of
the highly influential book “What is Life?”, written by Schrodinger in 1944 [96].
The field has been characterised by multiple setbacks and subsequent recoveries
over the years [97], often driven by the enthusiasm of the scientific community
in the wake of increasingly significant technological developments in fields such
as two-dimensional spectroscopy (2DES) [98].

One of the focuses of quantum biology is the study of non-trivial quantum
effects in biological systems [99]. Clearly, all those quantum phenomena arising from
the atomic and molecular structure of matter, for example electronic structures
or intermolecular forces, are as relevant to biological systems as they are to any
other artificial material. Therefore, being properties of reality at the microscopic
level, these phenomena have already been incorporated in those fields of biology
describing biological systems as ultimately classical, such as molecular biology. We
shall thus call these “trivial” quantum effects in this context.

However, differently from artificial complex systems, biological ones are by defi-
nition open systems. “Warm, wet and noisy”, the fluctuations of their environments

are expected to quickly suppress any quantum dynamics via decoherence [100]. By
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“non-trivial” quantum effects we refer to phenomena typically associated with the
microscopic domain—such as quantum coherence, tunnelling and entanglement—
that persist despite the fast decoherence induced by the open nature of biological
systems and play an essential role in explaining or driving a biological process. In
other words, these quantum processes must have been harnessed by biology over the
course of evolution to improve the functionality of specific biological functions [94].

In recent years, several proposals for non-trivial quantum effects in biology
have emerged, ranging from the radical pair model for magnetoreception in bird
navigation to proton tunnelling in DNA. We refer the interested reader to Refs. [101,
102] for a review of these developments.

Here, we focus on a specific biological process for which the role of quantum
coherence in explaining its remarkable efficiency has been debated for decades:

light-harvesting in photosynthesis, the process powering up life.

3.3.1 Light-Harvesting in Photosynthesis

The process of photosynthesis begins when light-harvesting antennas in pho-
tosynthetic systems absorb sunlight to create an electronic excitation. This
excitation is then transferred to a reaction centre, where charge separation initiates
the chemical transformations of photosynthesis, known as dark reactions [103].
The transfer is made possible by the electronic couplings between the different
molecules forming the antenna, and occurs at a faster rate than the fluorescence
relaxation induced by the interaction with the environment. A variety of biological
structures and pigment constituents are responsible for the process across different
photosynthetic organisms, ranging from the symmetric ring-like light-harvesting
complexes of purple bacteria to the less ordered chromophore arrangements found
in green plants and cyanobacteria, reflecting evolutionary adaptation to diverse
physiological requirements and natural environments [104, 105]. Despite these
structural differences, the efficiency characterising this process, electronic energy
transfer (EET), is remarkably high across all the light-harvesting complexes, with

peaks of above 95% in the Fenna-Matthews-Olson (FMO) complex of green sulphur
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bacteria and carotenoids in purple bacteria [106, 107]. This means that almost all the
absorbed photons are capable of initiating the dark reactions in the reaction centre.
Understanding how such high efficiency is maintained despite the “warm, wet and
noisy” environment characterising life, remains a topic of active debate [102, 108|.

Historically, EET has been described as a series of “jumps”, within fully
classical theories. One of the most important examples is the Forster resonance
energy transfer (FRET) theory in the regime of weak inter-site electronic coupling
compared to the system-bath coupling, where transport proceeds via incoherent
hopping between localised excitations [109, 110]. Other examples are Redfield-
type master equations in the opposite limit where system—bath coupling is weak
and excitonic states are strongly delocalised, providing an effective description of
relaxation between exciton eigenstates [111]. Between these two limits lies a broad
intermediate regime, characteristic of many biological complexes, in which neither
approximation— both based on second order perturbative methods—is strictly valid.
This has motivated the development of Modified Redfield theories, each tailored
to capture specific intermediate parameter regimes, spectral densities, or timescale
separations relevant to different molecular environments [112]. All these approaches
are intrinsically quantum, as they incorporate those “trivial” quantum effects
needed to describe matter at the molecular level. However, they do not attribute
a fundamental role to quantum processes in EET, which is instead described as
arising from stochastic hopping between sites. For this reason, they focus only on
the diagonal term of the density matrix describing the biological complex [113-115].

However, following the discovery of long-lived quantum coherence in the FMO
complex and marine algae both at cryogenic and physiological temperatures [116—
119], a strong case has been made for non-trivial quantum effects to play a significant
role in EET. This has led to the proposal of several environment-assisted transport
mechanisms, in which quantum coherence and an appropriate level of environmental
noise enhance EET efficiency [120-124], as well as to the development of numerical
methods to simulate the phenomenon including coherence such as hierarchical

equations of motion [125]. These approaches provide different explanations of how
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quantum coherence could drive the transport process and of how it can persist over
surprisingly long times and distances within the protein and water environment
surrounding the complexes [113, 126]. We refer the interested reader to Ref. [127]
for a broader comparison between classical and quantum models for EET.
Despite the experimental evidence, the long tradition of classical descriptions
of EET has led several researchers to attribute the “quantum beats” observed in
2DES spectra to vibrational modes of the electronic ground state of the protein
system. Therefore, there remains a vast consensus that those classical theories such
as FRET and Modified Redfield are enough to explain the remarkable efficiency of
EET [128-133]. As a result, whether quantum coherence plays a non-trivial role in
the transport phenomena preceding dark reactions is still controversial [134-137].

Settling this debate requires a shift in perspective.

3.3.2 Temporal Witness of Non-Classicality as a New Paradigm

From a theoretical perspective, the diversity of modelling approaches reflects a
genuine physical challenge. Photosynthetic systems operate across a wide range of
coupling strengths, reorganisation energies, and environmental timescales, often
placing them outside the regime of validity of any single theoretical framework.
As a result, identifying the “correct” dynamical model among competing classical
and quantum descriptions requires introducing system-specific assumptions. These
assumptions inevitably restrict the scope of the model and leave room for alternative
approaches that, under different assumptions, may provide a better account of
the experimental observations. In other words, this approach fails in revealing a
conclusive inadequacy of classical theories in describing EET.

From the experimental point of view, the high complexity of biological systems
creates an important challenge in accessing and measuring them, limiting the
pool of photosynthetic complexes that can be investigated in detail. This means
that the available experimental data are limited by the technological capability of
measuring those systems, without the possibility of disproving competing theoretical

descriptions with innovative protocols.
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It is precisely at this juncture that temporal witnesses of non-classicality
become relevant. The witness framework addresses a logically prior question:
does EET in biological systems require a minimum of two non-commuting variables
in order to be successfully performed? A positive answer to this question would
automatically exclude all possible classical descriptions of the phenomenon obeying
the assumptions of the witness. Indeed, according to our definition of non-classicality
(see Chapter 1.2, Definition 1), a classical model requires the contribution of a
single variable from the systems. The more general the assumptions underlying
the witness, the broader the class of classical theories that would be ruled out
by a successful non-classicality witness.

This line of reasoning is not entirely new to the field of quantum biology. For
example, Refs. [138, 139] propose Leggett-Garg tests of quantumness in biological
systems to assess the quantum nature of their temporal evolution in a model-
independent way. While the logic is akin to the one of our non-classicality witnesses
schemes, these tests require multiple time-separated measurements on the biological
system under investigation. Even setting aside the “clumsiness loophole” at this
stage (see Chapter 4 for a more detailed discussion of this problem), constructing
a Leggett-Garg inequality requires direct experimental access and control of the
highly complex biological system at multiple times. This requirement makes their
implementation in the laboratory particularly challenging. Another example is
given by Refs. [140, 141], where light is used to probe the quantum features of
living green sulphur bacteria, therefore providing a realisation of a hybrid system in
the context of biology. At the heart of the witness is the Rabi splitting observed
when light is strongly coupled to the bacteria. One possible explanation of this
phenomenon is indeed the entanglement generated between the electromagnetic field
and the biological system. However, the conclusion stems from the construction of
a particular quantum model to describe the experiment. Hence, it does not rule
out possible completely classical analyses of the phenomenon. This is because the
assumptions on which this argument relies are too stringent to provide a broad

and conclusive non-classicality witness.
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These limitations are overcome by the temporal witness of non-classicality in
Theorem 2. By focusing on the ability of the investigated system to mediate
a quantum-coherent evolution of a controllable probe under exact conservation
laws, the temporal witness provides a model-independent criterion. It rules out
all classical descriptions consistent with the conservation law and does not require
measurements on the biological system itself, but only on the quantum probe used to
test it. Therefore, a successful witnessing task implies that the underlying transport
mechanism cannot be described in terms of a single classical variable. Instead, it
must involve at least two incompatible degrees of freedom, thereby establishing
the intrinsically non-classical nature of the mediator. Crucially, this conclusion
holds independently of the specific dynamical details, even in the presence of the
“warm, wet and noisy” protein environment.

We now explain how the light-harvesting stage can be mapped onto the single-
probe setting of Theorem 2 [86].

A standard simplifying regime, well motivated in many light-harvesting scenarios
[142], is the single-excitation manifold: the probability of creating more than
one excitation in the relevant network is negligible during the time window of
interest. Thus, the effective Hilbert space is spanned by “site” basis states {|n)}
representing an excitation localised on site n. In this regime, “coherent transport”
can be understood as the persistence of off-diagonal terms between site states (or,
equivalently, as the ability of the excitation to occupy superpositions of distinct
sites as it evolves), rather than as a purely classical hopping process [113].

The key ingredients of the temporal witness are: (1) a quantum probe @
whose evolution can be controlled and measured; (2) an unknown system M (the
“mediator”) that interacts with the probe; (3) a global additive conserved quantity
that constrains the joint evolution; and (4) a witnessing task in which M induces a
quantum-coherent evolution of ) from an eigenstate of the conserved observable to
a state in which that observable is unsharp. In the photosynthetic setting considered
here, the natural identification is the following. The controllable quantum probe

@ is taken to be the photon associated with the initial absorption event (and,
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Figure 3.2: Schematic representation of the application of the temporal witness of
non-classicality to EET. From the bottom left, moving clockwise: a photon @) excites a
single site of the complex, where it is initially localised. Following the absorption, an
exciton M is created on the same site. EET allows the exciton to propagate through the
biological system. The exciton then recombines, leading to the emission of the photon
Q. Observing a delocalisation of the photon’s position with an interference experiment,
under global energy conservation, would provide a witness of the non-classicality of the
exciton’s evolution.

crucially, with a final read-out after the transport process). The mediator M is the
exciton supported by the pigment network, together with those molecular degrees
of freedom that are inseparable from the excitonic dynamics at the relevant scales,
most notably vibrational and environmental modes that can exchange energy with
the electronic subsystem while respecting global conservation.

Operationally, the witness is implemented through a protocol made of three
stages. Initially, the photon is absorbed by one of the sites to create an exciton.
Then, the exciton propagates across the biological complex. Finally, the photonic
degree of freedom is re-emitted (or otherwise mapped back onto an accessible optical
mode), so that the probe can be measured interferometrically in the site basis (see
Fig. 3.2). In this picture, the witnessing task is not the coherence of the exciton
per se, but rather the ability of the excitonic dynamics to mediate a coherent
transformation on the photonic probe that can be certified by interference. The

conceptual advantage of formulating the task in this way is that the experimenter



68 3.3. Temporal Witness of Non-Classicality in a Biological System

does not need to exercise microscopic control over the biological complex. Instead,
the protocol requires control and measurement primarily on the probe (), while

the complex acts as the unknown mediator.

The physical assumption underpinning the argument is the conservation of energy,
phrased in the {|n)} basis since we are considering the single-excitation manifold. In
the most general setting relevant to an open biological system, energy conservation
must be imposed globally over the probe, the exciton, and the environment, rather
than locally on individual subsystems. This is fully consistent with the witness
framework: as remarked in Chapter 3.2.1, the conservation law is enforced at the
level of the global observable (a g-number constraint in the quantum formalism).
It is precisely this requirement of exact conservation that forces the mediator to

compensate the coherent evolution of the probe, branch-by-branch.

With these identifications, the logical structure of the witness becomes trans-
parent. Suppose that the photon @ is initially directed onto a single site of the
biological system, i.e., it is prepared in an energy eigenstate (sharp energy). If, after
undergoing the protocol described above, it is found in a coherent superposition
of distinct energy-localised states, then the exciton M must have provided the
incompatible variables required to mediate such a coherent transformation under
exact global energy conservation. In other words, if the biological complex can
induce such a coherent evolution of the probe while respecting energy conservation,
then it cannot be described by a single classical variable: it must be non-classical
in the precise information-theoretical sense introduced in Chapter 1 (Definition 1).

To make the witnessing task explicit, consider the effective “site” description
of the light-harvesting network in the single-excitation regime. The successful
execution of the protocol corresponds, in essence, to the probe being mapped onto

a coherent superposition of alternatives associated with different sites. A minimal
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way to express the target probe state after recombination is therefore [86]:

P» =Po.0 |00...00) (00...00| + p10 |10...00) (00...00| + po1 |00...00) (10...00| + ...

+ pn_1.3|00...10) (00...01] + px 1 |00...01) (00...10] + py. |00...01) (00...01]

= 2. €y [1n) (L] (3.6)

n,m=1
where |1,,) denotes the probe localised in the mode associated with site n and
the presence of stable relative phases between the amplitudes ¢, is what enables
an interference-based verification of coherence. The crucial point is not the
detailed structure of the coefficients (which is system-dependent), but that the
transformation from an initially sharp state of ) to a state of the above form
constitutes a coherent evolution of the probe that must be mediated by M under
the conservation constraint.

The next step is therefore to demonstrate, within a general and controllable
theoretical framework, that the witnessing task can indeed be realised under realistic

noise mechanisms compatible with warm biological environments.

3.3.3 A Collision Model to Illustrate the Possibility of the
Witnessing Task

We now propose a collision model to illustrate the possibility of the witnessing task
under the aforementioned conditions, thereby providing a scheme to experimentally
test non-classicality in a macroscopic, complex, and open system by applying
Theorem 2 [86, 87].

The model is not intended to describe exciton transfer in a real biopolymer,
for which further refinements depending on the specific biological system under
investigation would be required. Rather, it should be intended as an abstract scenario
designed to illustrate how the temporal witness of non-classicality would operate in
complex systems interacting with a noisy environment. As such, it shall represent the
groundwork upon which a realistic experiment can be constructed by incorporating
system-specific details. To achieve this goal, the purpose of the model is to study

the non-Markovian information dynamics of a chain of qubits interacting with an
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environment, focusing specifically on the coherence of information transport along
a chain of interacting qubits [87]. This extends the relevance of the model beyond
biological-related applications, placing it within the broader context of coherent
transport in open quantum systems described via collision models [143-149].

In what follows, we consider an isotropic, one-dimensional chain C' of N qubits.
We shall refer to these qubits as “system qubits” S,, n =1, ..., N. In the Heisenberg
picture, the system qubit S,, is described by {Xn, Y., Zn}, where X, ="' ® 6, ®
N Y, =1""1®6,IN" Z,=1""'®6, @ 1N"" and &, i € {x,y, 2} are the
Pauli operators describing its spin components.

The chain is initially prepared in the state pc = [00...0) (00...0| as no excita-
tion has been created yet. A photon @), described by the quantum observables
{X PYP, Zp}, interacts with the first system qubit S; and creates a single excitation
M initially localised on it. We assume here that the probability of creating a
second excitation in the chain is negligible, consistently with [150]. Therefore,

the initial state of the chain is:
pc(0) =110...0) (10...0] . (3.7)

The proposed collision model [87] describes the excitation dynamics using

a Heisenberg Hamiltonian:

N 1NV A R SN
Hchain = 5 Z cnham (Xan—i-l + YnYn+1 + ZnZn—H) ) (3‘8>
n=1

with J .. € RVn=1,..., N. By changing

chain this model can capture different

chain>
physical systems characterised by different interaction strengths between their
constituents. Moreover, the model can be easily generalised to explore other
phenomena, such as anisotropies in the chain, next-nearest neighbours coupling,
multiple dimensions, and effects of external fields or systems [146]. Furthermore,

this Hamiltonian satisfies the conservation law required for the application of the

temporal witness of non-classicality, as ﬁcham, Zﬁ;l Zn} =0.
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We model the environment as a reservoir of N interacting “reservoir qubits” @)y,

[ =1,...,N. Their interaction is described by a Heisenberg Hamiltonian:

A

1N—1 A A R
Hyes = 5 30 Jles (s + Vi + Zi201) (3.9)
=1

with coupling constant J!,, € R V] =1,..., N and X, )>l, Z, the Pauli operators
of the [-th reservoir qubit, defined as above. Since we are interested in how the
information dynamics of the system is affected by a loss of information, we initialise
the reservoir qubits in the maximally mixed state:

N 118y

E=Q6& = M : (3.10)

=1

which represents a state containing no information.

We describe here the system-environment interactions as collisions of each system

qubit with its nearest reservoir qubit via the partial swap [151]:
PSWAP,, () = cosn I+ isinn SWAP,,. (3.11)

The SWAP operator acts on the m-th system and reservoir qubits, and n € [0, 7/2]

is the interaction or decoherence parameter. Since PSWAP can be written as

PSWAP,, (1) = /22X ®n ¥ I+ ZmZm) (3.12)

all the interactions in the model up to now are fundamentally of the same type.
However, we prefer to maintain a continuous description in time for the chain
and reservoir interactions to avoid introducing temporal order into the pairwise
interactions between their qubits.

Since all the interactions considered so far are unitary and the same reservoir
qubits keep interacting with the chain, the model is intrinsically non-Markovian.
Unlike other non-Markovian collision models where the reservoir qubits that have
interacted with the system are discarded at some point [152-156], we propose
to control the degree of non-Markovianity of the model by applying a quantum

depolarising channel to the fized and rigid reservoir qubits after each collision. If pcr
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Figure 3.3: Four steps of the protocol with three chain qubits and three reservoir qubits.
a) exchange step: each system qubit interacts with its nearest reservoir qubit via a partial
swap; b) depolarising step: the depolarising channel is applied to the reservoir qubits; ¢)
transfer via reservoir: unitary evolution of the reservoir qubits with flres; d) transfer via
chain: unitary evolution of the system qubits with ﬁchain-

is the state of the composite system made by chain and reservoir, the depolarising

channel for a single reservoir qubit can be expressed as:
3 A A
AG(por) = Y K" por K™, (3.13)
i=0

where K7™ are the Kraus operators K" == /1 — 3Q/41,,, KI* == \/97/4/{’,7“ Ko =
\/ﬂym, f(g” = \/97/42’”’ and 0 < 2 < 1. Since the [A(Zm for different m commute,
the order in which they are applied is irrelevant. The study of the depolarising
channel as a tool to control the environment’s degree of non-Markovianity and how
this relates to the information loss in the chain are presented in Appendix D.1.
In particular, we show how €2 acts as a parameter controlling the degree of non-
Markovianity of the reservoir when tuned from € = 0 (non-Markovian environment)

to © = 1 (Markovian environment) [87].
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The protocol consists of four steps (Fig. 3.3).

1. The system qubits interact with the nearest reservoir qubits via a partial swap
(Eq. 3.11) with probability n (Fig. 3.3a). We will call this step the “exchange

step”.

2. The depolarising channel is applied to the reservoir qubits (Fig. 3.3b). This
step controls the degree of non-Markovianity of the environment. We will call

this step the “depolarising step”.

3. The reservoir qubits evolve according to the Hamiltonian of Eq. 3.9 for a time

interval At (Fig. 3.3c). We will call this step the “transfer via reservoir”.

4. The system qubits evolve according to the Hamiltonian of Eq. 3.8 for a time

interval At (Fig. 3.3d). We will call this step the “transfer via chain”.

All the steps of the protocol can be repeated indefinitely.

We apply the model described above to study the coherence of the transport
of information along the chain, initialised in the state in Eq. 3.7: pc(0) =
|100...0) (100...0|. Applying the protocol described above, the excitation spreads
through the chain and the environment. After repeating the protocol k times, we
trace out the environment and extract the coherence between the first and last
qubit of the chain pg" (k), that is, the coefficient of the term [100...0) (00...01]
in the density matrix. We take |p5" (k)| as an indicator of the coherence of the
transport across the chain. We choose to study this parameter as the goal of this
model is to show that the excitation transport along the chain occurs coherently, a
feature that other entries of po such as the population pg’N would not capture.

For simplicity, we consider a model with three chain qubits. We implemented
the protocol as a quantum circuit in Qiskit [157] as follows. The exchange phase
consists of a sequence of local unitaries PSWAP as in Eq. 3.11 for each of the system
qubits S;; the depolarising step is implemented as a depolarising noise model on
the identity gate, which applies the quantum channel in Eq. 3.13; the transfer

phases are implemented as unitaries on the chain and the reservoir with a time
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Figure 3.4: Coherence element ]pé3(k)| over multiple iterations of the protocol for
different values of 2. The case 2 = 0 represents the unrealistic scenario of a fully unitary
evolution. In this case, the coherence oscillates wildly, so the vertical axis has been
truncated to improve the visibility of the graphs.

step At = 0.01. We choose J, ... = Jehain = 10, Vn and J2, = Joes = 1, Vm.

res
This choice represents a scenario where the chain is the most efficient medium
for the propagation of the excitation.

We first apply the protocol 30 times and study how |pg’ (k)| varies for different
values of Q2 when n = 0.4 and n = 1.2. We select these values of 1 as representative
of the chain-environment “weak” and “strong” coupling regimes, respectively. This
is because 7 represents the probability of swapping the chain and reservoir qubits
during the interaction described by Eq. 3.11: when n < % = 0.8, the probability
is lower than 50%; when n > 7 = 0.8 the probability is higher than 50%. After
studying the temporal behaviour of |pg’ (k)| at fixed 7, we investigate the effect of n
on the coherence of the transport. We do so by examining the maximum coherence
max;, |pg” (k)| as a function of 7 for different values of Q. We then restrict again to
the cases n = 0.4 and n = 1.2 to study how the ratio Jycs/ Jepain affects maxy, |plc3(k:)|

In Fig. 3.4 we plot |pg’ (k)| as a function of the number of iterations of the
protocol k for different values of 2. We consider two cases: (a) n = 0.4 (weak
coupling regime) in Fig. 3.4a, and (b) n = 1.2 (strong coupling regime) in Fig. 3.4b.

Before analysing the two cases separately, we notice that in both scenarios
\pe (k)| is not affected by Q for k = 1, i.e., when considering a protocol with a

single iteration. This is because each protocol iteration contains a single interaction
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between the chain and the environment (described by PSWAP in Eq. 3.11), so there is
no further exchange of information after the application of the depolarising channel.
As a result, the degree of non-Markovianity of the environment is irrelevant to
the coherent transport along the chain.

In both Fig. 3.4a and Fig. 3.4b, the case {2 = 0 corresponds to a fully unitary
evolution of the global system chain plus environment. In this case, no information
is lost, and no steady state can be reached. Such a scenario is unrealistic in most
ordinary physical systems, where some information is irreparably lost over time. For
this reason, we will consider only €2 > 0.25 in the following discussion. In the cases
examined in Figs. 3.4a-3.4b we see that |pg’ (k)| is quickly damped and reaches zero
within 30 iterations of the protocol. We expect this to happen for any €2 # 0 due
to the depolarising channel losing information at each protocol iteration, although
the damping occurs more slowly for values of 2 close to zero.

Focusing now on Fig. 3.4a, we observe that, in the weak coupling regime n = 0.4,
higher values of €2 result in greater coherence. This is noteworthy, as one may
expect more information loss to be associated with decreasing amounts of coherence
within the system. Instead, we observe that, for 0.25 < ) < 1, a more Markovian
environment better assists coherent transport. A detailed account of information
loss in this model is provided in Appendix D.1 [87]. The situation is inverted
in the strong coupling regime. In Fig. 3.4b, we observe that the coherence is
immediately suppressed for higher values of 2 while it is higher and more persistent
for highly non-Markovian environments.

So far, we have considered how |pg’ (k)| is affected by Q for fized values of the
interaction probability 7, one in the weak coupling regime and the other in the strong
coupling regime. To check how these results depend on the value of 7, in Fig. 3.5
we plot the maximum of the coherence maxy, |pg” (k)| computed over 30 protocol
iterations as a function of 7 for different values of 2 > 0.25. The results are consistent
with what was shown above: coherence slightly increases with the Markovianity of
the environment in the weak coupling regime, while a non-Markovian environment

is preferred in the strong coupling regime. The transition between these two regimes
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Figure 3.5: Maximum coherence maxy ]pé?’(k)\ over k = 30 protocol iterations as a
function of the system-environment coupling 7, for different values of 2 when J.pqin = 10,
Jres = 1. The case Q) = 1 tends to zero when n — %, so the y-axis has been truncated to
improve the visibility of the results.

happens for intermediate values of the coupling probability, which depend on (2.
For n = 0, since there is no coupling between the chain and the environment,
maxy, |p5° (k)| does not depend on Q. For 7 close to %, i.e., when the interaction
probability is close to 1, the coherence goes to zero for {2 = 1. In this case, the
coherence is immediately suppressed during the first iteration of the protocol because
the excitation is entirely transferred to the reservoir and erased in the first two steps
of the protocol (exchange and depolarising). For Q # 1, max|pg’| is always non-
zero and, after reaching a minimum for some intermediate values of 7, it increases
as 1) tends to 7, with higher values of coherence associated with lower values of 2.

The results presented so far are based on simulations with J.,.;, = 10 and
Jres = 1. As we mentioned above, this corresponds to a scenario in which the
chain is the most efficient medium for the propagation of the excitation. While
this situation is the most physically realistic, in Fig. 3.6a we explore how the
results depend on the ratio Jyes/Jenain. Specifically, we plot maxy |plc3(k)] as a
function of Jyes/Jenain in the weak (n = 0.4) and strong (n = 1.2) coupling regimes
for Jepain = 10 and different values of 0 > 0.25. As expected, Jyes/Jehain does
not affect max;, [pg” (k)| when © = 1 since no transfer of information along the
environment is possible when all the information stored in the environment is

completely lost at each protocol iteration.
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Figure 3.6: Maximum coherence maxj |p103(k:)| over k = 30 protocol iterations as
a function of the ratio between the reservoir qubits and the chain qubits couplings
Jres/ Jehains T0r Jepain = 10 and for different values of the degree of non-Markovianity €.

Excluding the case Q = 1, in Fig. 3.6a we observe a low sensitivity of maxy, |p5” (k)|
to changes in Jy.cs/ Jehain, With higher values of € initially associated with higher
levels of coherence, consistently with Figs. 3.4-3.5. The low sensitivity to Jyes/Jehain
indicates that the chain is mainly responsible for the coherent transport of the excita-
tion. For {2 = 0.25, we observe a clear-cut change in behaviour for J,cs/Jepain = 0.5.
Beyond this point, maxy, |pg’ (k)| increases more rapidly with increasing values of
Jres/ Jehain, Suggesting a more prominent role of the intra-environment interactions
in the coherent transport.

The situation is different in Fig. 3.6b, where we observe that, apart from the
case 2 = 1 discussed above, maxy, | pé3(l{:)| increases consistently with J.cs/Jenain,
indicating that the environment plays an active role in the coherent transport of the
excitation. This happens because the environment is more likely to interact with the
chain in the strong coupling regime and is thus more likely to assist in the propagation
of the excitation. Accordingly, higher degrees of non-Markovianity result in higher
values of coherence since the information in the environment is less likely to be lost.

To complete the study, in Appendix D.2 we analyse the effects of information
dynamics on the populations |pg'| and |p%®|, namely the coefficients of the terms
|100) (100| and [001) (001].

In conclusion, when the chain is the most efficient medium for the propagation
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of the excitation, i.e., Jres/Jehain < 1, and when 0.25 < © < 1, we have seen
that non-Markovianity improves the coherence of the transport for strong system-

environment couplings but hinders it if the coupling is weak.

3.3.4 Closing remarks

Considering these results from the perspective of the application of the temporal
witness of non-classicality in Theorem 2 to the biological scenario is particularly
instructive. Consider for example the Fenna-Matthew-Olson (FMO) complex, one
of the most well studied complexes in quantum biology [158, 159]. The FMO
is a protein complex that connects the light-harvesting antennas (also known as
chromophores) to the reaction centre of green sulphur bacteria, and is therefore
responsible for their EET. It consists of a trimer, each unit of which is composed of
eight bacteriochlorophyll a (BChl-a) molecules embedded in a protein scaffolding
representing its biological environment. In the FMO complex, each BChl-a molecule
can sustain the single exciton M created after the absorption of a single photon
@ from solar light [100], and can therefore be modelled as a system qubit in the
chain description introduced above. The reservoir qubits would correspond instead
to the phonons associated with the vibrations of the ground state of the protein
environment in which each BChl-a is embedded. Within this picture, a Markovian
reservoir describes a biological environment that does not actively participate in the
coherent exciton transport on the biopolymer, but acts only as a source of noise and
decoherence. By contrast, a non-Markovian reservoir corresponds to a biological
environment that actively contributes to the transport process on the biopolymer.

The maximum coherence max;|pg’ (k)| in Fig. 3.5 shows that a finite amount of
coherence is retained in the long-time limit of the protocol, except for the 2 =1
scenario when 7 is close to 7 as discussed in Chapter 3.3.3. This suggests that the
witnessing task required by Theorem 2 would successfully be achieved, even in the
presence of decoherence. Furthermore, the possibility to tune the non-Markovianity
of the environment through the parameter Q2 € [0, 1] allows for a more refined

analysis of the role of the protein environment in the transport process.
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Specifically, non-Markovianity enhances the coherence of the transport only
when the system and the environment are strongly interacting, see Fig. 3.4b and
Fig. 3.5. This is because, in the weak coupling regime, the biological system does not
exchange sufficient information about the delocalised exciton with its surrounding
environment for the latter to act as a quantum memory on which the system can rely
to restore its coherence. As a result, the vibrations of the protein scaffolding are not
strong enough to maintain the coherence of the exciton’s position across the chain.
Conversely, in a strong coupling regime, a significant amount of the information
about the exciton’s position will be exchanged with the protein environment, exciting
its vibrational degrees of freedom. These vibrations will consequently be retrieved at
the subsequent interaction, thereby sustaining the coherence of the exciton. In other
words, the closer the evolution is to unitary, the more the exchange between the
electronic and vibrational degrees of freedom of the biological system in its protein
surrounding will contribute to maintain the coherence in the exciton delocalisation
across the chromophores in the light-harvesting complex.

Surprisingly, non-Markovianity hinders the coherence of the transport if the
coupling between the system and the environment is weak, as shown by Fig. 3.4a and
Fig. 3.5. This suggests that a light-harvesting complex may prefer a more Markovian
protein pigment to enhance the exciton coherent delocalisation if the amount of
information transmitted is limited, a phenomenon worth exploring to study the
beneficial impact on exciton-mediated transport phenomena [128, 130-133].

Note that these two mechanisms may not be mutually exclusive. For example,
in the FMO photosynthetic complex [159], the electronic degrees of freedom of
the BChl-a molecules (the chain in our model) can couple both to the phonons
of the molecular environment (non-Markovian) and to an external thermal bath
(Markovian environment). Our results may therefore capture both of these situations,
suggesting that the coexistence of a weakly coupled thermal bath with a strongly
coupled non-Markovian environment might determine an optimal condition for

coherent information transport.
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In conclusion, using the temporal witness of non-classicality one could demon-
strate that the exciton mediating the photon coherent delocalisation is non-classical.
Consequently, the process governing its transport along the biopolymer must itself
be non-classical, ruling out all classical frameworks compatible with the assumptions
in Table 3.1. This conclusion remains valid even when the protein environment
is included as part of the system M mediating the coherent delocalisation of the
photon: the quantum features characterising the process will be proven to persist
even at the level of the full complex, macroscopic system. The generality of our
witnessing scheme provides a theoretical backbone for the design of a real experiment
implementing the temporal non-classicality witness in a biological system, to pin
down conclusively the role of quantum effects in exciton transfer and other energy
transfer processes. For example, the structure of the environment presented in
this work is similar to the one considered in Ref. [160], where molecular dynamics
simulations are employed to study the coupling between the protein environment and
the vertical excitation energies in a real biological system. The scenario also closely

corresponds to experiments on exciton transfer in polydiacetylene, see e.g., Ref. [150].

3.4 Summary

The temporal witness of non-classicality in Theorem 2 represents the first example
of an information-theoretical, single-probe argument to indirectly infer the non-
classical properties of an unknown system M, defined as the existence and dynamical
involvement of a minimum of two non-compatible variables. Motivated by the
experimental challenges associated with two-probe witnesses such as the GWT in
Theorem 1, we instead consider here a single-probe scenario.

The argument exploits the ability of a system M to mediate a quantum-coherent
evolution of a probe () under the exact conservation law of a global observable. In
particular, the evolution of the probe from an eigenstate of a conserved observable
to a superposition of its eigenstates provides a sufficient condition to certify the

mediator’s non-classicality.
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We have proposed an application of the temporal witness of non-classicality to
the phenomenon of excitation transport in photosynthetic systems, with the aim of
conclusively identifying the quantum properties of the process even in a complex
environment such as the protein scaffold arranging the light-harvesting complex.
This would represent the first application of the temporal witness of non-classicality
in Theorem 2 to the field of quantum biology, providing a new methodology to
study non-trivial quantum effects in biological systems.

By relying on minimal assumptions, namely the conservation of a global additive
quantity and the formalism of quantum theory (see Table 3.1), Theorem 2 provides a
robust theoretical argument to demonstrate the non-classical nature of M. In doing
so, it rules out all possible classical descriptions of the mediator that are compatible
with the assumptions of the witness. In fact, as shown by the proof of the theorem
as well as by the toy models in Appendix C, the possibility of the witnessing task
implies that M must engage more than one non-commuting variable in mediating
the quantum coherent evolution of (). Any semiclassical description of the hybrid
@ & M would involve only a single variable for M, according to the definition of
classicality adopted here, and would therefore be insufficient to explain the coherent
rotation. An example of a class of models that would be ruled out by the temporal
witness of non-classicality are the hybrid classical-quantum dynamics that satisfy
the conservation laws as a consistency condition, which we discussed in Chapter 1.

From a theoretical perspective, this behaviour is captured by the so-called
quantum totalitarian property, which states that, under exact global conservation
laws, quantum features of a probe () must spread to the classical sector of a
hybrid system. The temporal witness of non-classicality is precisely built upon
such conservation laws. In the witnessing protocol, the probe is rotated into a basis
that does not commute with the locally conserved observable. This creates the
conditions under which the totalitarian property becomes operational and allows M
to mediate the coherent transformation. In this sense, conservation of an additive
quantity plays a role analogous to the principle of locality in the GW'T: it makes

M reveal its non-compatible observables when interacting with a quantum sector.
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The last consideration connecting conservation laws to the principle of locality
suggests that Theorem 2 should not be viewed merely as an alternative route
to providing a simpler experimental implementation of two-probe witnesses of
non-classicality, but as a complement to the spatial arguments in the temporal
domain. However, as currently formulated, the temporal witness of non-classicality
has the drawback of relying on the quantum formalism. This is manifested by
the formulation of the conservation law: it is defined by the commutator of
the corresponding quantum observables, a distinctive element belonging to the
quantum formalism. To achieve a theoretically robust temporal extension to the
GWT, we must relax the assumption of the quantum dynamics, and formulate
the temporal witness of non-classicality in a dynamics-independent framework
such as the one provided by constructor theory, specifically constructor theory of
thermodynamics [161] given the required conservation law. This would provide
a General Witness Theorem in Time, capable of witnessing the non-classicality
of M even beyond quantum theory with a single quantum probe. The first step
towards this generalisation is to reconsider the witnessing task. In the next Chapter,
we will reformulate the temporal witness of non-classicality in terms of temporal
quantum correlations, exploiting the symmetry between temporal and spatial
correlations in quantum theory, and introducing a temporal entanglement-based

witness of non-classicality.
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JONATHAN JONES AND ANDREW BALDWIN.

In the previous Chapter we examined the temporal witness of non-classicality,
in which the quantum coherent evolution of the probe system (), under a global
conservation law, served as the witnessing task for the non-classicality of the
unknown mediator M (see Theorem 2). We restate the Theorem here for the

reader’s convenience [85]:

Theorem (Temporal Witness of Non-Classicality). If a system M can induce a
quantum coherent evolution of the quantum probe @), then M must be non-classical,

provided that a global additive observable of the system QQ & M 1is conserved.

83
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While this approach overcomes the key experimental challenge of enforcing
spatial locality, it leaves several conceptual questions open and lacks the theo-
retical robustness of the General Witness Theorem (GWT) backing two-probe
spatial entanglement-based witnesses discussed in Chapter 2, restated here for

convenience [42]:

Theorem (General Witness Theorem). If M can entangle Q4 and Qpg, by locally

interacting with each of them, then M is non-classical.

A direct comparison between the assumptions underlying the two theorems
is presented in Table 3.1.

This raises a natural question: can one construct a temporally formulated,
single-probe witness that matches the generality of the GWT, while retaining the
practical advantages of the temporal setting?

In this Chapter, we take a first step in this direction by developing a novel
formulation of the temporal witness of non-classicality, based on M’s capability of
mediating temporal entanglement during the evolution of ), relative to the probe’s
local conserved quantity and a non-commuting observable. This new temporal
entanglement-based witness of non-classicality qualifies as the extension of the
General Witness Theorem within the quantum formalism to the temporal domain,
and identifies the mediation of both spatial and temporal quantum correlations
as witnessing tasks. Considering temporal quantum correlations as part of the
witnessing task strengthens the single-probe argument within quantum theory,
making it more robust in its conclusions about the non-classicality of M. In
particular, it allows one to characterise the non-compatible variables as observables
of the unknown system.

We shall begin by reviewing the role temporal quantum correlations have played
so far in quantum theory, in particular in the study of macroscopic systems, by
considering the Leggett-Garg inequalities and related tests of quantumness. The
important clumsiness loophole behind these tests will motivate the connection

between Leggett-Garg inequalities and temporal Bell inequalities, leading to the
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notion of entanglement in time. We shall then provide a formal proof of the temporal
entanglement-based witness of non-classicality within the quantum formalism and
support it with a proof-of-principle experiment using a three-qubit NMR quantum
computer. Finally, we shall discuss the importance of having both a spatial
and a temporal entanglement-based witness of non-classicality to understand the
symmetrical role of spatial and temporal quantum correlations in quantum theory,
and to shed light on the meaning of locality in time thanks to the connection

between the assumptions of the two arguments.

4.1 Leggett-Garg Inequalities and Temporal En-
tanglement

One of the distinguishing features of quantum theory is quantum coherence, the
ability of a quantum system to maintain a well-defined phase difference between
different states in a superposition. Quantum coherence was the core of the temporal
witness of non-classicality introduced in the previous Chapter, and what Leggett
and Garg sought to test in macroscopic systems in their seminal 1985 work [163].
In this Section, we introduce the notion of a macroscopic system they formulated,
its connections with classical mechanics, and the tool they derived to test whether
a system behaves according to this definition: the Leggett-Garg Inequalities (LGIs)
[164]. A violation of the LGIs during the temporal evolution of a physical system
is a signature of the discrepancy from such a definition. Furthermore, we analyse
the connection between LGIs and Bell’s inequalities, clarifying why they are often
referred to as temporal Bell’s inequalities. We deepen this connection in the
two-time correlation scenario and derive the idea of entanglement in time [165],
which will play a central role in the formulation of the temporal entanglement-

based witness of non-classicality.

4.1.1 The Leggett-Garg Inequalities

The first step in deriving a tool to distinguish between microscopic systems, obeying

the laws of quantum theory, and macroscopic, classical systems is to codify the
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intuitive notion of classical behaviour in a set of assumptions. Leggett and Garg

identified three principles for this purpose [163, 166]:

1. Macroscopic Realism per se (MRps): A macroscopic system with two
or more macroscopically distinct states available to it will at all times be in

one or the other of these states.

2. Noninvasive measurability at the macroscopic level (NIM): It is
possible, in principle, to determine the state of the system with arbitrarily

small perturbation on its subsequent dynamics.

3. Induction: The outcome of a measurement on the system cannot be affected

by what will or will not be measured on it later.

Taken together, these three assumptions capture the intuition that macroscopic
systems behave classically [167]: a macroscopic system is always in one and only
one of the macroscopic states available, and the measurement process simply reveals
the pre-existing and well-defined property of the system in that state without
affecting neither its future nor its past. Under these conditions, a Schrodinger’s
cat must be either dead or alive, never both, and this fact cannot be modified by
measurements done at earlier or later times [164].

However, what counts as a “macroscopically distinct” state is itself ambigu-
ous and theory-dependent. Several proposals have aimed to quantify quantum
macroscopicity—some based on the distinguishability of superposition branches
and coherence in a particular basis, others on their usefulness in interferometry, or
on metrics like the quantum Fisher information and decoherence sensitivity (see
Ref. [168] for a comprehensive review). To address this ambiguity, Maroney and
Timpson propose reframing the notion of macroscopic distinctness not in terms
of states, but in terms of macroscopic observables [169]. Macroscopic observables
are postulated to possess definite values at all times, with values determined by
the system’s underlying complete state. By complete state, we mean here the state

describing all the properties of the system both measurable and non-measurable [54,
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55]. Within this framework, two states are macroscopically distinct if, and only if,
they assign different values to at least one such observable. This shift clarifies the
formal content of MRps: it implies that measurements on macroscopic systems reveal
pre-existing, well-defined values belonging to macroscopically observable properties.
Furthermore, this allows one to show that one can derive LGIs without assuming
MRps in full: realism is sufficient combined with NIM (and Induction) [170].

Performing these measurements on a macroscopic system must not alter either
its subsequent or previous evolution; they must not “disturb” the system itself. This
is the idea behind NIM and Induction: a measurement of a living Schrodinger’s cat
cannot Kkill it nor in the past nor in the future, and explains why the macroscopic
properties of the system are “pre-existing”. It perfectly embodies the behaviour we
expect of a macroscopic system obeying the laws of classical physics, for this assump-
tion has been identified as a “natural corollary” of MRps by Leggett himself [166].

The two assumptions allow us to derive another aspect about the elements
of reality that we would measure in a macroscopic system: they must be real-
valued quantities, so-called c-numbers. If this were not the case, a measurement
on the system would entangle it with the measurer, causing a branching structure
ultimately resulting in a disturbance of the investigated system itself. Moreover, if
these observables must be described by c-numbers, then they must all be compatible
with each other: one can measure all the macroscopic properties of the physical
system under investigation simultaneously and with arbitrarily high precision. This
is exactly the definition of classicality we introduced and formalised in Chapter 1
(Definition 1), phrased in a model-dependent scenario. Thus, Leggett and Garg’s
notion of classicality is an instance of the more general definition of classicality
adopted in this Thesis. For this reason, we shall refer to a system obeying the
assumptions above as a “macrorealistic” or “classical” system.

Nevertheless, while Induction is generally not contested in the literature, several
discussions have developed around NIM giving rise to the so-called clumsiness
loophole [171]. From an experimental point of view, it is very challenging to ensure

that a measurement has not been invasive on the investigated system, thus has
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not altered its macroscopic state. For this reason, a violation of the LGIs can
always be ascribed to the experimenter being “clumsy” and disturbing the system
under investigation, undermining the validity of the LGI test. Several proposals
have been advanced to mitigate the effect of this loophole. However, we shall see
in the remainder of this Chapter how the proposed temporal entanglement-based
witness of non-classicality avoids the loophole by relying on a quantum probe rather
than on direct measurements of the system.

The discussions about the meaning of macroscopic realism and the clumsiness
loophole are part of a more general, on-going debate among scientists which can be
summarised by the question: “what does the violation of the LGIs actually tell us
about macroscopic systems”? We shall not delve into the full debate here (we refer
the interested reader to [169, 172-174]), and we shall conform to the interpretation
of MR, NIM and Induction as a definition of “classicality”, so that a violation of the
LGIs can be interpreted as a deviation from the classical behaviour. If the temporal
evolution of a physical system violates LGIs, the statistics of the measurements
cannot be described by a classical joint probability distribution. This implies that the
macroscopic properties revealed in the measurement processes cannot be described
by c-numbers: g-numbers are required at the macroscopic scale too. The extent of
this scale is then quantified by the macroscopicity measures mentioned above.

Formally, assuming MRps, NIM, and Induction, one can derive a set of temporal
inequalities that any classical system must obey, the Leggett-Garg Inequalities. We
now present the inequality in the four-time scenario. Consider a physical system
obeying the assumptions above (MRps, NIM and Induction). We measure its
dichotomic observable Q = %1 at four successive times ¢; < ... < ¢4 and denote the
outcome at each time t; as Q(tz) = Q;, i = 1,2,3,4. The formal consequence of
MRps, NIM and Induction is that it is possible to describe the correlation functions
E; = <Q1@]>, computed for different pairs of time arguments 7,7 = 1,2, 3,4, with a

single classical joint probability distribution. This implies that [164]:

|Eo1 — Esy + By + Eq| < 2. (4.1)
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Eq. 4.1 is the (four-time) Leggett-Garg inequality. It can be shown that quantum
systems violate this inequality. For example, a qubit undergoing oscillations between
the states with Q = +1 can achieve a maximum value of the sum of correlation

functions equal to 2v/2 [164, 175].

4.1.2 From Leggett-Garg to Temporal Bell Inequalities

While the LGIs framework tests the classicality of macroscopic systems via temporal
correlations of a single observable Q, one can consider a temporally structured
analogue of the spatial Bell test in which the observer has a choice between different
observables at different times: 121172 at time ¢; and 3172 at a later time ¢,. This leads
to the so-called temporal Bell scenario, which mirrors the structure of the original
Clauser-Horne-Shimony-Holt (CHSH) inequality [176]. By mapping Q(t1) = B,
Q(tQ) = fll, Q(tg) = B, and @(t4) = A,, one gets:

B:=|B(Ay, B) — E(Ar, By) + E(Ay, By) + E(Ay, By)| < 2, (4.2)

mathematically equivalent to the spatial CHSH inequality.

The equivalence between Eq. 4.2 and the CHSH inequality goes beyond a purely
formal analogy when one considers two-fold correlations: the geometry of two-point
spatial and temporal correlations in the space generated by the Pauli operators
is symmetrical [177, 178]. In this scenario, Brukner and collaborators derived the

temporal Bell inequality in Eq. 4.2 under the following assumptions [165]:

1. Realism: The measurement results are determined by “hidden” properties

the particles carry prior to and independent of observation.

2. Locality in time: The results of measurement performed at time ¢, are

independent of any measurement performed at some earlier or later time ;.

It can be shown that quantum mechanics violates the temporal Bell inequality.
Consider a physical system on which two dichotomic observables A = +1 and

B = +1 are measured at times ¢; and t, > t1, respectively. The projection

operators onto the +1 or —1 eigenspaces of the two observables are ﬁj = %A
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and [15 = %. Considering [¢) as the initial state of the system, the correlator
describing the correlation between successive measurements of A and B with

outcomes r,s € {+1,—1} is given by [175]:

1+1“A 1+SB 1+7‘A A A
‘w> ). (43)

E(A,B) = er <¢‘ 5 {A,B}
where {-, -} denotes the anticommutator. If the system under investigation is
a qubit, then 4 = @ - & and B = b- &, where 6,5 are unit vectors and & =
(64,0y,0,) is the vector of Pauli matrices. Substituting these observables into

the correlator in Eq. 4.3, one gets:
IO B -
EXAWB)::§<{ArB}>::a-b (4.4)

Eq. 4.4 shows that the correlation function for two successive measurements of a
qubit depends only on the chosen observables. Crucially, it does not depend
on its initial state [¢)).

One can now compute the Bell quantity B% using the correlators in Eq. 4.4 [165]:
BY = |y - (b1 — by) + @z - (b1 + bo)| (4.5)

and it is easy to see that by appropriately choosing a; = %(51 — 52) and d, =
%(51 + 52) one gets BY = 2v/2: quantum mechanics violates the temporal Bell
inequality with a maximum violation equal to 2v/2, the (temporal) Cirel’son bound
[68]. Thus, quantum mechanics can violate the Bell inequality when considering
two-fold temporal correlations, with the same boundaries discovered for spatial
correlation in the same two-fold scenario. In analogy to the spatial scenario,
these temporal correlations are referred to as entanglement in time [165, 179-181].
Here the quantum correlations are not between subsystems, but between different
temporal instances of the same system. Importantly, the temporal entanglement
is relative to the observables ALQ and Blyg.

A violation of the temporal Bell inequality implies that g-numbers, elements
of reality, must be not only spatially, but also temporally local. Let us deepen

the meaning of the assumptions behind this conclusion.
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While the assumption of realism is the same we discussed in Chapter 4.1.1,
locality in time summarises NIM and Induction with the goal of phrasing the crucial
principle of locality behind the spatial Bell inequality (Principle 1) in the temporal
domain: given a partition of a system into subsystems S; and S;, a dynamical
transformation that operates only on S; cannot change the state of Sy [46]. To
avoid confusion, we shall refer to it as principle of locality in space. Two important
points must be made here. The first is that locality in time as phrased in Ref. [165]
is relative to measurement results, so to the observable properties of the system’s
state. In the principle of locality in space, the “state” refers to the entire state
of affairs of the subsystem, i.e., to its complete state. This makes the principle
of locality in space a stronger statement than the current principle of locality
in time. The second is that the principle of locality in space, when considered
within a given dynamics, is backed by special relativity, which ensures that when
acting on two space-like separated subsystems S; and S5, the effects on S; cannot
influence Sy during the duration of the experiment [182]. Thus, special relativity
readily closes the so-called “communication loophole” [183], the spatial equivalent
of the clumsiness loophole introduced in the context of the LGIs. However, no
such physical principle can be invoked to ensure the principle of locality in time,
leaving open the clumsiness loophole and introducing the problem of non-locality
in time for temporal correlations [184, 185].

Entanglement in space plays a crucial role in the GWT (Theorem 1): the
mediation of spatial quantum correlations between two spatially separated quantum
probes allows one to infer the non-classicality of the mediator under minimal
assumptions. It is therefore of interest to investigate whether the use of entanglement
in time on a single probe as a witnessing task for the non-classicality of the
investigated mediator can lead to an equally robust temporal witness of non-

classicality. This possibility will be explored in the next Section.
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4.2 Temporal Entanglement: Sufficient Condition
for Non-Classicality

As in the temporal witness of non-classicality introduced in Chapter 3, we consider
here a hybrid system composed of the investigated sector M interacting with
a single quantum probe ), within the formalism of quantum theory. In this
framework, we identify “non-classicality” with “quantum features”, namely the
necessary description of a system by a minimum of two non-commuting variables (see
Chapter 1 for a more formal definition of non-classicality, Definition 1). Importantly,
the hybrid system ) & M evolves under a dynamics that conserves a global, additive
quantity, for example the total energy of the hybrid—which we shall consider
for the remainder of the Chapter. This is the key assumption underlying the
temporal witness of non-classicality, as explained in Chapter 3.2.1. For a summary
and comparison of the assumptions behind the different classes of non-classicality
witnesses considered in this Thesis, see Table 3.1. Under these assumptions, we
want now to investigate whether the mediation of temporal entanglement can act

as a witnessing task for the non-classicality of M.

4.2.1 Temporal Bell Inequality for the Hybrid System

To determine the temporal Bell inequality in this setting, we first compute the
temporal correlation function for consecutive measurements performed on a quantum
system @ interacting with an unknown system M. We measure the relevant
dichotomic variables A and B on the quantum system (@ at times ¢ty and ¢t > tg,
respectively. We emphasise here that no measurements are performed on the
unknown system M: this is the system one wants to investigate, and therefore it
is in general inaccessible. Instead, we probe its properties through the temporal
quantum correlations it induces on () under energy-conserving dynamics, thanks
to the witness of non-classicality.
The quantum correlation function is given by [165]:

E(A B) = > k-l-Tr (ppfo -Tr (pl‘iﬁl) (4.6)

Al'B
kl=+1



4. Temporal Entanglement-Based Witness of Non-Classicality 93

where p = pg ® par is the initial state of the hybrid system @ © M, pj and f)]lg
are the projectors onto the eigenspaces corresponding to the outcomes k£ and [,
and p’;’i denotes the state of the hybrid system after the variable A of the quantum
system () has been measured at time ¢ty with outcome k. It can be shown that

in this scenario the quantum correlation function is:
A oA 1 ~ A
E(A,B) = T ({A. B} po @ par) (4.7)

where {fl, B } = AB + BA is the anticommutator between the chosen observables
A and B. The correlator in Eq. 4.7 depends on the initial state of the hybrid
system pg @ par: whether the quantum probe @) violates the temporal Bell’s
inequality depends on the initial state of the unknown system M inducing its
temporal evolution.

Since we want the evolution to be energy-conserving (to comply with the
assumptions of the temporal witness) and in a temporal Bell test we have the
freedom to choose the observables measured at times ¢y and ¢, it is convenient
to adopt the Heisenberg picture to include the temporal evolution of the hybrid

system between the two measurements:
B =UTAD = et Ae—iHt (4.8)

where [[:I , E’tot] = 0, with Ewt the total energy of the hybrid system. For example,
considering a hybrid system made up by a qubit () and a bit M, the total energy
will be By = 69 @Iy + 1o ® 6M, where 69M is the Pauli operator and I,y is the
unit operator. Importantly, we notice here that in choosing the observables 31,2
as in Eq. 4.8 one can, from the experimental point of view, measure the probe ()
in the same basis at both times. This means that one does not need to know the
evolution of the hybrid to measure E1727 consistently with the goal of a witness of
non-classicality, and with important simplifications on the experimental setup.
Using the quantum correlation function in Eq. 4.7, one can construct the

A A

temporal Bell inequality in Eq. 4.2 for a hybrid system. In our case, A;, B,

i,7 = 1,2, are the observables measured on the quantum probe () at times t,

and t > tp respectively, see Fig. 4.1.
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M

I
|
I
: 0 e—z‘ﬁt
I
I

BI7B2 )

B=|E(Ay, B)) — E(A1,By) + E(As, B)) + E(Ay, By

Q - A17A2

Figure 4.1: Schematic description of the process to compute the temporal Bell quantity
B. Two chosen variables of the quantum probe @, A; and 1212, are measured at time tg.
The hybrld system @ & M evolves under the global energy-conserving dynamics generated
by H. The two time-evolved variables 31 U TAlU and Bg U TAQU are then measured
at time ¢ > tg. Repeating this experiment allows one to construct B and check whether it
violates the classical bound B = 2. This will be a witness of M’s non-classicality.

4.2.2 The Witnessing Task: Temporal Entanglement

We now show that a violation of the temporal Bell inequality, when considering an
energy-conserving dynamics for the hybrid system ) & M and measuring the local
energy and a non-commuting observable on @), is a witness of the non-classicality of
M. To do so, we consider a quantum mediator and analyse under which conditions
on M the temporal Bell inequality (Eq. 4.2) cannot be violated. We identify two
different conditions: (1) M is fully described by a single variable, identified by
the coupling with @ as the classical variable; (2) M is prepared in a state pSass
such that [pSlass Etot] = 0, i.e., an eigenstate of the conserved quantity or in a

class aq a classical state for M*.

classical mixture of these eigenstates. We define p§;
Condition (1) corresponds to the definition of classicality adopted in this Thesis (see
Definition 1 for a more formal notion), while (2) to a non-classical M (i.e., described
by at least two non-commuting variables) initialised in a classical state. This will

be essential to show that only a non-classical mediator prepared in a non-classical

initial state will be capable of mediating an evolution that violates Eq. 4.2, hence

!Notice here that the classical basis, namely the one that couples the two sectors in the hybrid,
coincides with the one defining the local observable participating in the global conservation. This
is because the conservation law is part of the set of assumptions for the temporal witnesses, see
Table 3.1.
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of mediating temporal entanglement on (). To do so, it must dynamically involve
at least two non-commuting variables.

Without loss of generality, we consider the quantum probe @ to be a qubit
Q

i

whose algebra is generated by {lg,6%,6%,69}, where 6

xIrTYr Tz

i € {x,y,z} are the

Pauli operators and Iy the identity. Similarly, M is a qubit whose algebra is

M

B ,6M} . Considering the composite system Q @& M, we

generated by {I,;,6M 6
define XQ = 69? Ry, fo = 6? ® Iy, ZQ = 6? ® s, and similarly for XM, YM, ZM.

The most general global energy-conserving Hamiltonian can then be written as:

where I[4) = [ ® I[}. One can identify three blocks in fIQ M, associated with the
different total energies the hybrid () & M can acquire:

a+b+c 0 0 0 Eo() 0 0 0
Ao 0 a—b—c 2(f+ig) 0 10 0
QM = 0 2(f —ig) —a+b—c 0 10 Hyp 0|
0 0 0 —a—b+c 0 0 0 E11
(4.10)
where Eyg = a+b+c, Ej1 = —a—b+c. The non-trivial 2x2 block on span{|01) , |10)}
is Hyg, = —cI+A55P +2f 6500 —9g 3", where 63" are Pauli matrices acting on

the two-dimensional subspace, and we defined A :=a — b, Q := \/ A2 +4(f% + ¢?).
Hence, it is convenient to define the projectors onto the subspaces associated

with the total conserved quantity, corresponding to sectors with total excitation

number N = 0,1,2:

By = TI§ @ 115" = 00)(00] ,

Pro=11§ @ I + IIY @ II)" = [01)(01] + [10)(10] ,

Py=T¢ 1M = |11)(11]. (4.11)
Global energy conservation, the assumption under which we have derived Eq. 4.9,

implies that both ﬁQ u and the corresponding unitary evolution le v = eiHout

are block diagonal with respect to the decomposition ]50 < ]51 P ]52:

[Ugn, B =0, n=0,1,2. (4.12)
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Consequently, for any operator O on Q & M and any m,n € {0,1,2},

A

P (U43,0Uqn1) Py = Uy (P OP,) Ug. (4.13)

In particular, if ﬁ’mépn = 0, then Pm(U(EMOAUQM)]Sn = 0: the unitary evolution
cannot create new connections between the energy sectors. Furthermore, with

respect to this decomposition, the unitary has the form:
Ugnr = e "0 By + PlUg, Py + e 1 Py, (4.14)

where U,,, = et (cos(Qt) I—3 Lng”) (AGS™P +2f 65WP — 2¢ 6;‘“’)).

Lemma 1. For the Hamiltonian Hoyy in Eq. 4.9 and the choice Ay = Zg, Ay = Xg
with a generic initial state pg for the quantum probe @, the temporal Bell quantity

B satisfies B < 2 if M s classical or if M is initialised in a classical state pSass.

Proof. 2 The proof is a selection-rule argument based on excitation number, thus
on the energy of the hybrid () & M. Consider an arbitrary initial state for the probe
Q:

po = ; (Ig + 7269 + 7,69 +7.69),  FeR|f<1L (4.15)

Let O be any Hermitian operator on () ® M expanded in the Pauli basis of Q):
O=I,00)+ Y &30}, (4.16)
pe{zy.2}
where O} and O} are the coefficients of Iy and &5 in O, respectively. They are
thus operators defined on the Hilbert space of M containing, in general, all the
components {Iy;, ) ,5),62}.

Using {64, 1} = 264, {6a, 05} = 20,51 with «, 8 € {x,y, 2}, one has:

1. 1] s O AM
2{a§®ﬂM,O}=2{§®HM, (HQ®OO+ > aﬁ®oﬁ)}
/Be{x’sz}
_ 100, loe0M + 259 a T 59 @ OY
_Q{O-a@ M Q® 0}+§ O'a® M Z Uﬁ® 8
Befwy.2}
= 6920} +1, 2 OM. (4.17)

2The proof of Lemma 1 is rather technical and spans the following pages, up to p. 102. It
may be omitted on a first reading without loss of continuity; the reader may proceed directly to
Section 4.2.3.
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Here Oé” is the operator acting on M representing the coefficient of Iy in 0.
Similarly, OA(]J‘f is the coefficient of 69 in O, which has been selected by the
anticommutator: {69 ® I, Y56% ® O} = Y5120, 510 ® OY =15 @ OM.

Considering now the correlator in Eq. 4.7 and using Eq. 4.17, one gets:

A

E(69 @1y, O) = ;Tr pQ ® par {68 ® T, O}]

One can work separately on the two summands. Starting with the first, expanding
the general initial state pg as in Eq. 4.15 and using the property of the trace
Tr[A ® B] = Tr[A]Tx[B]:

Tr {pQ®,0M (68@@6\/[)] =Tr [pQ(?g@pMOAl])w]
= Trg B (]IQ + 7,69 + ryﬁf + 7“253) 33} Try [PMOA(JJM]

=1, Tryy [pM OA(J)\/[} ; (4.19)

since (64, 05] = 2i€q 340+, @, 3,7 € {z,y, 2}, the only term giving a non-null trace
in the first factor will be the one corresponding to 6%, so that Tr Braﬁgffﬂ =Tq.

Moving to the second, since the Pauli operators are traceless, one gets:
Tr {pQ ® pum (]IQ ® Of)] =Tr [,oQ]IQ ® pMOAéﬂ = Try, [pMOAg/[} . (4.20)
Including Eqgs. 4.19 and 4.20 in Eq. 4.18, one finally obtains:
E(6% @ Ing, O) = 1o Trar[par O | + Trar [par O] (4.21)

with a € {x,y, z}.

Let A; =62 @ Iy, Ay = 69 @ Ly, and By = U}y, A1 2Uqgas. With this choice,
one can now compute the four correlators entering B, starting from the cross ones,
E(Ay, By) and E(Ay, By), for M classical or initialised in a classical state.

— E(A,,B,) for classical M or for M prepared in p$&.

Consider A; = 69 ® Iy (corresponding to o = z) and B, = U;BM(@? ® In)Uonr.
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Since 6% flips Q while leaving M unchanged, it cannot connect N = 0 directly to

N = 2 and it has no diagonal blocks in the excitation decomposition:
P69 @Iy )P, = P69 @1y Py =0,  P,(69904)P, =0 (n=0,1,2). (4.22)
By block invariance in Eq. 4.13, the same holds for By = UCBM@S ® In) Ugu:
PyByPy = P,B,Py =0,  P,BP,=0(n=0,1,2). (4.23)
Expand B, in Pauli operators on Q:

Bo=lo® (Bo)d + Y. 6% (By)Y. (4.24)
Be{z,y,z}

The coefficients (B,)} and (B,)M are constrained by the diagonal elements of
B, in the computational basis {lgm)}, where ¢,m € {0,1} label @ and M. Each
|gm) belongs to a single sector P, (|00) € By, |01),10) € Py, |11) € Py), so Eq. 4.23
gives (gm|Bs|gm) = 0. On the other hand, 69 and 6?? have no diagonal elements

in the basis of Q, while 6%9|q) = (—1)4|q), so Eq. 4.24 yields:
0 = (gm|Balgm) = (m|(Ba)g"|m) + (1) (m|(Bo)Y[m),  q,m € {0,1}. (4.25)

For each m, the cases ¢ = 0 and ¢ = 1 are two independent linear conditions on

(m|(By)Y|m) and (m|(By)|m); their sum and their difference give:
M (By)MTIM =0, TOMByYMIM =0, m=0,1. (4.26)

This implies that (B5)}! and (B,)Y contain only terms proportional to &2 and 62/,

which connect different energy sectors by exciting M, i.e.,

(B2)d!, (Bo)M € span{s 5}, (4.27)
Evaluating now:
E(Ay, By) = . Tras[par(B2)M] + Trar o (B2) ] (4.28)

one can conclude that (1) if M is a classical system, according to the definition of

classicality here adopted, its only variable would be the classical variable 6 which
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makes E(Ay, By) = 0; (2) if M is initialised in a classical state p$2% meaning that
(0555 Byor] = [p5255, 69 @ Ty + I ® 6M] = 0, then both the traces in Eq. 4.28 will
vanish as they will involve traces of Pauli operators, which vanish, since they are
traceless.

— E(A,,B,) for classical M or for M prepared in p$&.
Consider Ay = 69 ® I, (corresponding to o = ) and B; = UCBM@? ® L) Uons.
The operator 69 ® I, is diagonal in the computational basis and conserves the

total excitation number, hence it has only diagonal blocks:
pm(c?? ® ]IM)ISH =0 form#n. (4.29)

By block invariance, B satisfies the same property:

A

P,B.P, =0 form #n. (4.30)
Expand B; in Pauli operators on Q:
Bi=loo By + Y. &3 (bB)Y. (4.31)
Be{z,y,z}

Consider the term 69 ® (B;)M, appearing in the second summand in Eq. 4.21
when A, = 69 @ I); (and, therefore, a = z). The operators Iy and 69 do not flip
Q, whereas (q|69]q) = 1 and (g|63]q) = i(—1), with ¢ = 1 —¢. Eq. 4.31 thus gives,
for ¢,m € {0, 1},

(gm| Bilgm) = (m|(B1) [m) + i(=1)* (m|(B1),|m). (4.32)

The states |gm) and |gm) belong to different sectors (N = ¢+ m and N = g+ m),
so the left-hand side vanishes by Eq. 4.30. Summing over ¢ = 0, 1 the term in (Bl)é”

cancels, and one finds 1M (B,)MTIM = 0 for m = 0, 1. This implies, as before,

(B1)Y € span{&, &)}, (4.33)

Moving now to the I coefficient of B expansion, appearing in the first summand
of Eq. 4.21, one notices from Eq. 4.31 that this component can be extracted by
tracing out the probe Q:

R | .
(B)M = S TrolBi] = §TrQ[Ug2M(Jf @ In)Uon). (4.34)
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Using the block form of UQM in Eq. 4.14 and the fact that 69 @ I, acts as +1 on

Py, —1 on Py, and as o5 = }31(57? ® ]IM)pl on the P, sector, one finds:

2(B1)y" = Trglle™"** Ro] — Trglle™ " [* By] + Tro(PUL, P1) (62 © Tnp) (Pl )]

sub
= |e "0 2Ty [By] — |e B P Trg [ Py] + Tro[(Uly PrPy) (69 @ Ing) (Pr Py U]
= [e~*Fo0 | 21 — e~ P+ Trg U, P (69 @ Tng) P U]

= TIM — 11 4 Trg[UF 65 Uy

=TI — I 4 Trg[(1 — 27)65™ + 3,65 + By55]

=TI —TM + (1 =27 (M — 11 = 2T 6 M (4.35)

where we have used Tro[P] = MM, Tro[Py) = TIM and Trg[65™] = TIM — IIY.

Tro[63%] = 0 since 63" map [01) <+ [10), and thus flip the state of Q, they are off-

~sub

diagonal in () and are annihilated by the partial trace Trgy . The coefficient of 65" is
obtained considering that Usub in Eq. 4.14 rotates the Bloch vector of the two-level
subspace by an angle 2Qt about 77 = (2f, —2g, A)/€Q: the z component of the rotated
65 is n? + (1 — n?) cos(2Q0) := 1 — 2T, hence T = 4(f? + ¢?) sin?(Q)/Q* € [0, 1].
Notice that 7" = [(10]Uqas[01)|?: it is the probability that Ugy, maps |01) into |10),
hence that the energy moves across the two components of the hybrid Q) & M.

Evaluating in conclusion:
E(Ay, By) = Traglpas(BOM] + 7 Trag[pas (BOM] = 7T Teag[pard™] (4.36)

one gets that (1) for M classical or M prepared in a classical state Trp[par(B1)Y] = 0
by Eq. 4.33 and (2) (B))Y = T 6M, which is in general non-vanishing. Hence
E (1212, l%l) vanishes for classical M (f = g = 0, hence T = 0), but not in general
for M prepared in a classical state. For example, for [7Q M equal to the swap gate
(T =1),Qin |+) and M in |0) one has By = Zy; and E(A,y, By) = 1.

— E(A;,B,) and E(A,,B,) for classical M or for M prepared in pgas.
We start with E(A;, By). Consider A, = 62 @ I; and B, = UCT?M(ﬁg @ In)Uons.

Both Z, and B are block diagonal, and 5105, 6390} = 0; therefore %{fll, B} =
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Py+ Py+ (1 —2T)P, =1—2T P, and

PO 1 A oA .
E(Al, Bl) = §TI‘ {{Al, Bl}pQ &® pM] =Tr |:(I[ - 2TP1),OQ & pM}

=1—T(1 —r.TrylpnM]), (4.37)

since Tr[(pg ® par) Pl = $(1+72)(par)1n + (1 —72)(par)oo = 5(1 — r-Tras[paroM]).
Moving now to E(AAQ, Bg), consider Ay = 69 @1, and By = UCBM(&S ®]IM)UQM.
Setting o = = and O = B, in Eq. 4.21, one has

E(Ay, By) = 1, Trarlpar(Ba)d'] + Trarlpar(B2)2]. (4.38)

The first term vanishes: (By)Y € span{é™ 6} by Eq. 4.27, and these operators

x> %
have no diagonal elements in the eigenbasis of 6, in which py; is diagonal for M
classical or prepared in p§2. The correlator reduces to the second term, where
the initial state of the probe no longer appears: E (/212, Bg) does not depend on
po. The coefficient of 69 in B, is extracted by tracing out the probe, (By)M =
1Tro[(69 @ I;)B,]. Since pyy is classical, only the diagonal elements of (B,)M in

the basis {|0), [1)} of M matter. For m € {0,1}, using that 69 flips Q and that B,

is Hermitian,

(ml(B2)m) = 3 S aml (69 @ Tn)Bulgm) = 3 Sl Bolam) = Re z, (439
= (OmlBoftm) = (Caulom))! (69 @ o) Ugulim)),  (4.40)

with ¢ = 1—¢q. The elements z,, follow from the action of UQ m on the computational
basis. By Eq. 4.14, |00) and |11) are the only states in their sectors, so that
Uoar|00) = 1g0|00) and Ugar|11) = ug1|11); Ugys mixes |01) and |10) instead, so
that Ugar|01) = ugi|01) + vo1]10) and Ugas|10) = u10]10) + v10]01). Here, gy, =
(qm|Uqgnrlgm), vor := (10]Uqgar|01) and vyg := (01|Ugas]10). Using 62]00) = |10),
59|01) = |11) (and conversely) and the orthonormality of the basis, each overlap
reduces to a single term:

zZ0 — (UOO|OO>)T(5§2 X HM)(U10|10> + U10|01>) = ﬂoo <OO|(U10|00> + U10|11>) = ﬂgo U0,
(4.41)

21 = (U01’01> + 001’10>)T(6§2 & ]IM)(U11’11>> = (1_601<01| + 1_)01<10|)U11|01> = Q_L()l U11-
(4.42)
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Hence, with p,, := (m|py|m),

A

E(AQ, Bg) = Do Re(’aooulo) + P1 Re(ﬂmun). (443)

Explicitly, Eq. 4.14 gives ug, = e”c[cos(ﬂt) —is sin(Qt)} and ujg = eitc{cos(ﬁt) -
is sin(Qt)} , 50 that zy = etlat+b+2) [cos(Qt)—H’% sin(Qt)} and z; = et(ab=20) {cos(Qt)—F
is sin(Qt)} . For classical M this is E(Ay, By) = po cos(2t(a+ ¢)) + pr cos(2t(a — ¢)),
i.e., the rotation of ¢ about z by an angle that depends on the state of M.

For the remainder of the proof only the moduli are needed. One has |ug| =
|ui1| = 1, and since the block of (AJQM on the N = 1 sector is a 2 x 2 unitary,

|’l]01’ = |U10‘ and ’U01|2 = |U10|2 =1- |1)01’2 = 1—"T. Therefore ’ZO| = ’21’ =+1- T

and, since |Rez| < |z| and pg +p; = 1,
|E(A2,E2)| S p0|Zo| +p1|21| =V 1-— T (444)

The phases of 2y and z; depend on a + b, ¢ and ¢ and are unconstrained, so that
only this modulus is relevant in what follows.

Collecting the results, one gets:

B - |E(A1, Bl) + E(AQ, El) + E(AQ, E2)|

< |E(Ay, B)) + E(Ay, B)| + |E(A3, By)|. (4.45)

First, using Eq. 4.44, one has |E(1212, §2)| < /1 —=T. Then, from Egs. 4.36 and
4.37 and since |Tr[pp6M]] < 1 and (r, +r.)* < 2(r2 +r?) < 2, one can conclude
that E(Ay, By)+ E(Ay, By) = 1= T |1 = Trlpn&M)(ry +72)] € [1= (1+V2)T, 1+
(V2 — 1)T'] has modulus at most 1+ (v/2 — 1)T for T € [0,1]. Therefore, one

obtains:

B<hT)=1+(V2-1)T+V1-T <2, (4.46)

since W' (T) = (V2 —1) — ﬁ < 0on [0,1), so that B < h(0) = 2. In particular,

for classical M (7T = 0) the bound reads B < 1+ 1 = 2. This concludes the proof.
O
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Figure 4.2: Schematic representation of the temporal entanglement-based witness of non-
classicality, Theorem 3. A single quantum probe @ is coupled to the investigated system
M in a way such that, by assumption, the global dynamics is energy conserved. The
generation of temporal entanglement relative to the measured observables and mediated
by M is a sufficient witness of its non-classicality.

Given Lemma 1, B < 2 whenever M is classical or is prepared in a classical
initial state p$ss. This implies that only a non-classical M prepared in a non-
classical initial state can induce temporal entanglement relative to ZQ and XQ on

the quantum probe ) in the composite system @ & M.

4.2.3 The Theorem: Temporal Entanglement-Based Wit-
ness of Non-Classicality

This allows us to restate the temporal witness of non-classicality as follows (see

Fig. 4.2). Assuming the conservation of the energy on the system @ & M [162]:

Theorem 3 (Temporal entanglement-based witness of non-classicality).
If M can generate temporal entanglement on @, relative to its local energy and a

non-commuting observable, then M is non-classical.

Theorem 3 represents the central result of this Chapter, connecting witnesses of
non-classicality in the temporal domain with the theory of entanglement in time. It
proves that the entanglement in time induced by M is a sufficient condition for its
non-classicality, namely the existence and dynamical involvement of a minimum
of two non-commuting variables, provided that a global quantity on ) & M is

conserved during the evolution of the hybrid system and that one of the observables
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is the probe’s energy. The argument is general within quantum theory, as it does
not rely on any model describing the hybrid @) & M.

This framework supports tests of non-classicality based on the violation of
Leggett-Garg inequalities (LGIs), while extending their applicability to multi-
system configurations. As discussed in Chapter 4.1, the temporal Bell inequality in
Eq. 4.2, involving two-fold temporal correlations with two observables, is equivalent
to the four-time LGI of Eq. 4.1. Conventional LGI tests, however, require sequential
measurements on the systems under investigation and, in deriving the inequality
from distinct experimental configurations, they rely on the NIM assumption. This
requirement opens the clumsiness loophole, frequently invoked to question the
validity of LGI-based demonstrations of quantumness: an observed violation of
LGIs can be attributed to an invasive measurement, rather than to the failure of
MRps. In this light, one interpretation of these tests is that they demonstrate that
certain measurements fail to be non-disturbing at the operational or statistical level—
that is, inserting the measurement alters the observable statistics of subsequent
measurements—without necessarily ruling out MRps [169]. A substantial body of
work has sought to address this issue either by engineering measurement schemes
designed to approximate NIM (e.g., ideal negative-result strategies) [163], by
isolating NIM as the sufficient assumption to derive LGIs (the so-called no-signalling
in time or nondisturbance conditions) so as to avoid interpretation conflicts with
MRps [186, 187], or by explicitly quantifying invasiveness and thereby shrinking the
loophole (e.g., “adroit” measurement protocols) [171], often at the cost of additional
modelling assumptions or residual loopholes [174]. Theorem 3 overcomes this
limitation in a conceptually different way: it relocates the LGI-sensitive sequential
measurement structure onto a well-characterised auxiliary quantum system @), for
which measurement disturbance is part of the controlled quantum description.
Temporal entanglement witnessed through LGI violations on @) can then be used as
a robust indirect witness of non-classical behaviour in a system M whose quantum
nature remains undetermined, without requiring NIM to hold on M itself, as it

is mever measured at any stage of the protocol. This contrasts with standard
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loophole-mitigation strategies, as the burden of “measurement credibility” is shifted
from the unknown system to an explicitly quantum probe, enabling inference about
M through experimentally accessible statistics of Q.

The temporal entanglement framework substantially strengthens Theorem 3
compared to Theorem 2, by demonstrating that a successful temporal entanglement-
based witness of non-classicality requires the mediator M to be initially prepared in
a non-classical state—that is, an eigenstate of an observable that does not commute
with the classical variable of the system. For example, if M is a qubit, this means
being in an eigenstate of X M Or }A/M when the classical variable is Z v- This result
resolves a key limitation of the temporal witness in Theorem 2, where semi-classical
models compatible with the assumptions of Theorem 2 could, in principle, still
account for the observed coherent dynamics of ). A typical example is that of a
spin—% particle interacting with an effectively classical magnetic field: in such cases,
detecting temporal entanglement in () would imply that prior interactions between
M and its environment prepared M in a non-classical state, thereby ruling out any
semi-classical description of the hybrid system, even in the temporal scenario.

Furthermore, this result qualifies the non-commuting variables of M as observ-
ables of the unknown system within the quantum formalism, as Theorem 3 indirectly
confirms that M (1) was prepared in one of their eigenstates and (2) needs at least
two of these variables to successfully execute the witnessing protocol on @). This
conclusion is consistent with the effects that one of the two probes in the GWT has
on the investigated system M: preparing it in a non-classical state. In two-probe
witnesses of non-classicality, the probe () 4 is prepared in a superposition precisely
for M to enter a non-classical state. With the example of the BMV experiment, the
mass ()4 enters a superposition precisely for the gravitational field to be prepared
in a superposition too. The non-classical state of M, prepared in this way, will
in turn be picked up by the second quantum probe (g and indirectly witnessed
through the two-probe entanglement (see Chapter 2.1). In a single-probe setting,
the role of ) 4 must be played by the environment, which is responsible for preparing

M in the non-classical state that is subsequently accessed through the temporal
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evolution of @, leading to temporal entanglement. This consideration suggests
an improvement to the experimental design of a temporal entanglement-based
witness of non-classicality. With the help of an external quantum system prepared
in a superposition in the conserved-quantity basis (which we shall refer to as the
“preparation probe”), one can let M enter the non-classical state necessary for
the temporal entanglement to be mediated during the evolution of ). However,
differently from the GWT, the preparation probe is then discarded, preserving
the single-probe distinctive character of Theorem 3.

It is important to emphasise that the conclusion about the observable nature of
M’s non-commuting variables strictly holds when assuming the quantum formalism
(see Table 3.1). In more general formulations beyond quantum theory, where
the mathematical structure of Hermitian operators that guarantees single-shot
distinguishability no longer applies, further considerations would be required to
qualify the variable as an observable of the system. For example, in constructor
theory, a variable qualifies as an observable if and only if each of its attributes
x coincides with the set of all and only those states that necessarily yield the
sharp outcome x under every possible measurement of that variable; equivalently,
observability obtains precisely when the defining attributes of the variable are
fixed points of the theory’s distinguishability structure, being determined entirely
by which distinguishing tasks are possible and which are impossible. A formal

definition of observable in CT is provided in Appendix A.

4.2.4 A temporal extension of the GWT in quantum theory

By replacing @’s quantum coherent evolution (Theorem 2) with the generation
of entanglement in time on () as the witnessing task, the connection between
witnesses of non-classicality and the theory of temporal entanglement strengthens
the identification of Theorem 3 as the temporal version of the GWT in Theorem 1
within the quantum formalism. This has several interesting consequences, which

we now discuss.
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First, it shows that mediating two-point quantum correlations, equivalently in
space and time, is a sufficient task to infer the non-classicality of an unknown system,
under the appropriate assumptions. This opens the possibility of extending recently
proposed methods for quantifying the non-classicality of the mediator of spatial
quantum correlations to the temporal domain. In particular, it has been shown
that a suitable function of the spatial quantum correlations established between two
spatially separated quantum probes provides a lower bound on the non-classicality
of the mediator’s local interactions with each probe [69, 70]. We have extended
this result to the mediator’s non-classicality, as discussed in Chapter 2.3.2 [45].
Theorem 3 suggests that analogous tools can be applied to temporal quantum
correlations mediated by an unknown system, provided that appropriate temporal
counterparts of spatial entanglement measures are introduced. This, in turn,
establishes desirable mathematical criteria, such as gd-continuity [70], that temporal
entanglement measures should satisfy in order to construct such quantifiers.

Second, this framework provides a novel and robust route for designing experi-
ments in fields such as gravity and biology, where applications of the GWT have
already been proposed but remain experimentally challenging due to the requirement
of enforcing spatial locality [41, 46, 51]. By replacing spatial entanglement with
temporal entanglement as the witnessing mechanism, our approach enables a conclu-
sive test of the non-classicality of M using a single quantum probe. This eliminates
the need for two non-directly interacting quantum probes, making Theorem 3
particularly advantageous for experimental implementations. Consider for example
the scenario discussed in Chapter 3.3.4, where we proposed an application of the
temporal witness of non-classicality in Theorem 2 to light-harvesting in biological
systems. A photon excites the light-harvesting complex of a photosynthetic organism
(e.g., a chromophore in a green sulphur bacterium), creating a Frenkel exciton
initially localised on that chromophore. The FMO complex, which connects the
chromophores to the reaction centre of the bacterium via the BChl-a molecules,
enables the remarkably efficient transport of the exciton to funnel the energy required

by the dark reactions behind photosynthesis. In order to show that the near-unit
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efficiency of this process is genuinely due to non-trivial quantum phenomena?,

specifically long-lived quantum coherence, Theorem 3 suggests focusing on the
capability of the exciton M’s evolution to mediate temporal entanglement between
the absorbed photon Q(y), which initiates the process, and the emitted photon Q(t)
after transport. To construct the temporal Bell inequality in Eq. 4.2 in this scenario,
one should measure the four bases fll = 6?®I[M, flg = 63 ®1I, and BLQ = UTALZU,
with no measurements required on the biological complex at any stage. A violation
of the classical bound B = 2 would imply the non-classicality of the process and
rule out all the possible classical explanations compatible with the assumptions of
Theorem 3. Importantly, this would provide the first experimental demonstration
of a biological system responsible for the mediation of temporal entanglement on a
quantum system, stimulating research into its capability of entangling two spatially
separated quantum systems, as mandated by the GWT [51].

Finally, the symmetry between Theorem 1 and Theorem 3, highlighted by
their respective witnessing tasks, can be pushed one step further: not only do the
conclusions align, but the assumptions that render the two witnesses conclusive also
play analogous logical roles. In Theorem 3, conclusiveness relies on imposing the
exact conservation of a global additive quantity (e.g., energy) on the hybrid system
Q) & M throughout the entire evolution responsible for generating entanglement
in time on the probe (). Operationally, this requirement rules out “spurious”
explanations in which ) acquires the relevant temporal correlations through a
spontaneous (or effectively uncontrolled) local evolution, rather than through a
genuinely non-classical mediation by M [165, 175]. This mirrors the role of the
principle of locality in Theorem 1: allowing direct (Q4—(Q)p interactions, or more
generally non-local semiclassical mechanisms, would trivially enable the probes
to become spatially entangled irrespective of any non-classicality of the mediator
[46]. In both cases, the assumption serves to exclude explanations in which the

observed correlations arise without genuine mediation.

3For a more detailed discussion of what “non-trivial” quantum phenomena means in Quantum
Biology, see Chapter 3.3
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This correspondence suggests a notion of temporal locality, parallel to spatial
locality. In the spatial case, locality forbids the possibility of changing the state
of a subsystem by acting on another one with which it does not directly interact.
In the temporal case, the analogous requirement is that a non-trivial change in
the state of the probe cannot arise “for free” during the evolution: it must be
mediated by an ancillary system and accompanied by a compensating change that
preserves a global constraint at all intermediate times.

Within the formalism of quantum theory, such a constraint naturally takes
the form of an exact conservation law. This motivates the following conjecture:

a conservation-based formulation of temporal locality.

Principle 3 (Conservation-based temporal locality). A task on a system S is
said to be local in time if its implementation admits an ancilla A such that a global

additive observable Ggaa is conserved throughout the evolution.

Principle 3 expresses the property of temporal locality in terms of counterfactuals:
it is impossible to change the state of a system with a given value of the conserved
quantity Gg to another state with a different value without side effects on another
system A. The side effect is that any such change must be compensated by the
mediator, so that the global quantity remains conserved at each instant.

In our scenario, the ancilla corresponds to the system M, which mediates the
dynamics of the quantum probe ). A change in the state of () that would modify
the value of the locally defined quantity G¢ cannot occur in isolation, but must
be accompanied by a corresponding change in M to ensure exact conservation
at the global level. To do so, as discussed in Chapter 3.2.1, M must engage a
second non-commuting variable, revealing its non-classicality. This property is then
witnessed through the temporal evolution of () alone.

This logic is akin to the role the principle of locality in space has in the GWT
(Theorem 1). Principle 1 states that it is émpossible to change the state of a
subsystem by acting on the state of a different one. Therefore, a change in the

state of ()4 cannot occur because of (), if they are not directly interacting. For
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it to be possible, some side effects are necessary on the system M, with which
both @4 and Qg are coupled. The final entangled state of Q4 & Q) reveals
the non-classicality of M.

However, differently from the GWT, both Theorem 2 and Theorem 3 are
formulated within the standard quantum formalism, where unitary dynamics of
closed systems guarantees exact conservation laws at all times. Beyond quantum
theory, this need not be the case: one may envisage transformations for which
conservation holds only on average over time, rather than at each intermediate
instant. In such a setting, the formulation of temporal locality as an exact
conservation constraint may require further refinements, and its generalisation
constitutes an open problem. We shall speculate more on this in the Conclusions.

Compared with earlier temporal notions of locality, which we have discussed in
Chapters 4.1.1 and 4.1.2, the conjectured Principle 3 is structurally distinct but
conceptually complementary. In the Leggett—Garg tradition, temporal “locality” is
typically expressed through constraints on how measurement choices and interven-
tions at one time can affect statistics at other times, namely NIM and Induction
[164]. Likewise, temporal Bell-CHSH approaches formalise “locality in time” as the
possibility that a measurement on a system influences the same system at a later
(or earlier) time [165, 180]. In this sense, LG/temporal-CHSH notions are related to
observable properties of the system. The state they deal with is not the complete
state of the system, but simply its observable component. By contrast, Principle 3 is
formulated at a more general level: it is a constraint on the physical tasks admissible
in the system, and can be used to underpin (but is not reducible to) particular
operational criteria. The tasks affect the complete state of the system, encompassing
both observable and non-observable properties. In this sense, the state considered by

Principle 1 and Principle 3 is the same: the complete state of affairs of the system.

4.2.5 Experimental Emulation with NMR

To confirm the predicted effect of the theory, an emulation of the quantum network

shown in Fig. 4.1 was performed using NMR qubits [188]. Previous emulations
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Figure 4.3: A typical circuit to simulate temporal entanglement in a three-qubit NMR
system; this example shows the case of a ¢, measurement followed by a &, measurement.
For more details see the text.

run on the same platform were used to confirm the predictions of the GWT,
as presented in Ref. [189].

The temporal entanglement-based witness requires a three-spin NMR system.
This is because of the lack of true measurements, which requires using an ancilla
qubit to store and combine partial results [190]. The other two qubits will represent
the quantum probe ) and the mediator M.

A typical circuit for the NMR implementation is shown in Fig. 4.3. Here the
ancilla qubit A begins in the state |0), while the mediator qubit M starts in some
desired pure state which can be prepared from |0) using a 6, single-qubit rotation.
The quantum system qubit @) is initially prepared in the maximally mixed state,
Ip/2. Quantum measurements of 6, are emulated using a simple CNOT gate, while
measurements of &, are emulated using a CNOT gate preceded and followed by
Hadamard gates. Finally the measurement gate was emulated by applying a 90°
excitation pulse to spin A, and then observing the NMR spectrum.

A proof-of-principle of Theorem 3 requires three different scenarios for the
mediator M: (i) a classical M; (ii) a quantum M prepared in a classical initial
state (i.e., a state such that [pyr, Ei] = 0); (iii) a quantum M prepared in any
non-classical state. Only in the latter case do we expect to observe a violation of
the temporal Bell inequality in Eq. 4.2. This is because the temporal entanglement-
based witness of non-classicality is a sufficient condition for the non-classicality of

M: if one observes B > 2 under the assumptions in Table 3.1, one can conclude
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Figure 4.4: Data from our simulation experiments. The lines indicate theoretical
calculations while the points indicate experimental measurements, and red dashed
lines/open points indicate the classical mediator (mixing Hamiltonian with f = 0),
while blue solid lines/filled points indicate the non-classical mediator (mixing Hamiltonian
with f = 1). Error bars were estimated by repetition. Note that for classical mediator
the Bell inequality B never exceeds 2, indicated by the dotted line, while for non-classical
mediator deviations are seen when M starts in a non-classical pure state, shown in (b),
but not when it starts in a classical pure state, shown in (a). The observed damping
in the experimental results, which causes these to deviate from theoretical calculations,
particularly at long mixing times, reflects a build up of errors arising from imperfect
implementations of the logic gates.

that M must be a non-classical system, namely described by a minimum of two
non-commuting variables, prepared in a non-classical initial state.

We recall here that, under the assumptions of Theorem 3, the most general
Hamiltonian generating the evolution of () & M can be expressed as in Eq. 4.9.
a,b,c € R are the “classical” coefficients, as they are the only terms in ]:IQM
that remain non-vanishing when the mediator M is a classical bit. In this case,
according to the definition of non-classicality in Chapter 1, M would be described
by the single variable Zy. For the same reason, f,g € R are the “non-classical”
coefficients as they arise only when M possesses non-commuting variables (in the
case of a qubit, X3, and SA/M)

To investigate the three scenarios described above, experiments were performed
for three different initial states of M, for two different mixing Hamiltonians, and
over a range of times. M is prepared in an effective state |0), which was used first

directly (a classical pure state), secondly after the application of a 902 pulse (a non-
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classical pure state, corresponding to |+i), the eigenstate of the observable Vi =
Ip ® 6;” ), and thirdly after converting to the maximally mixed state (classical) by
the application of a 903, pulse followed by a crush gradient. The mixing Hamiltonians
both had a = b = g = 0 and ¢ = 1, but varied by choosing f = 0 (simulating a
classical M) or f =1 (a non-classical M). Experiments were performed for a range
of mixing times, corresponding to both classical and non-classical behaviour for the
non-classical mixing Hamiltonian applied to a non-classical pure state. Experiments
were performed for each of the four possible measurement combinations. The
individual measured integrals were normalised against the simplest case (no mixing
and two &, measurements) and then combined offline to produce the desired
temporal Bell inequality, B, shown in Eq. 4.2. The results are depicted in Fig. 4.4
and shown as dots: the filled points represent the non-classical mixing Hamiltonian
f = 1, while the open points the classical mixing Hamiltonian f = 0 . They
are consistent with the theoretical predictions discussed in Chapter 4.2: the solid
lines represent the calculations for a non-classical mixing Hamiltonian, the dashed
lines for a classical mixing Hamiltonian.

With a classical mixing Hamiltonian, which describes a classical M, the Bell
quantity B is always bounded by 2, confirming that a classical mediator cannot
induce temporal entanglement on the quantum probe ). When considering a
non-classical mixing Hamiltonian, thus a non-classical M, and we prepare M in
a classical initial state (Panel (a) in Fig. 4.4), again we see no violation of the
temporal Bell inequality (B < 2): a non-classical M prepared in a classical initial
state cannot entangle in time the quantum probe (). It is only when the non-
classical mediator is initialised in a non-classical state (Panel (b) in Fig. 4.4) that
we get a Bell quantity B exceeding the classical boundary 2: only a non-classical
mediator prepared in a non-classical initial state can entangle in time the quantum
probe (), as predicted by the theory.

Analytical calculations allows one to extend these results to different values of
f, g € [—2,2] when considering the three cases explored by the emulation: quantum

M finitialised in a non-classical state, specifically an eigenstate of Yy, (Fig. 4.5(a));
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Figure 4.5: Analytical calculations showing the maximum of the Bell quantity B over the
interaction time ¢ for different combinations of the non-classical parameters f, g € [—2,2]
in Eq. 4.9. (a) A quantum M prepared in an eigenstate of Yy mediates temporal
entanglement on Q. (b) A quantum M prepared in a classical state and (c) a classical M
cannot mediate temporal entanglement on Q).

quantum M initialised in a classical state (Fig. 4.5(b)); classical M (Fig. 4.5(c)).
Figure 4.5 shows the maximum value of the Bell quantity B in Eq. 4.2 taken over
the interaction time ¢ between ) and M when a =b=c=0and f,g € [-2,2]. We
restrict f, g to the interval [—2, 2] for simplicity, as the unitarity of the interaction
renders the dynamics periodic over a larger interval. The analytical results confirm
the behaviour observed in the NMR emulation across a wide range of parameters
in the general energy-conserving Hamiltonian in Eq. 4.9: temporal entanglement
on () can only be mediated by a non-classical M prepared in a non-classical initial

state pys, under a global energy-conserving dynamics.
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4.3 Summary

In this Chapter, we have introduced a temporal entanglement-based witness of
non-classicality, establishing a novel information-theoretical framework to infer the
non-classical nature of an unknown system M in a hybrid setting. Building upon
the temporal witness developed in Chapter 3, we have identified the mediation of
temporal entanglement relative to the local energy on a single quantum probe as a
witnessing task capable of providing a sufficient condition for non-classicality.
Theorem 3 establishes that if the evolution of a quantum probe (), mediated by
an unknown system M, violates the temporal Bell inequality in Eq. 4.2 under a global
additive conservation law, then M must be non-classical. According to the definition
of non-classicality adopted in this Thesis (see Chapter 1, Definition 1), this implies
that M must be described by at least two non-commuting variables. Importantly,
the witnessing task requires M to be prepared in a non-classical state, namely a
state with coherence in the conserved quantity basis, strengthening the conclusions
of the temporal witness introduced in Theorem 2. By shifting the witnessing task
entirely onto the quantum probe (), the protocol avoids direct measurements on
the unknown system M, thereby circumventing the clumsiness loophole that affects
traditional Leggett-Garg tests. Therefore, Theorem 3 provides an extension of
non-classicality tests based on the violation of Leggett-Garg inequalities to multiple
systems where the non-classicality of M is inferred indirectly from the statistics of ().
We have supported the theoretical argument with an experimental proof-of-
principle involving a three-qubit NMR system. The experiment demonstrates
that the temporal Bell inequality is violated only when the mediator is both
non-classical and prepared in a non-classical state, in full agreement with the
predictions of the theory. Interestingly, this experiment represents an instance
of temporal entanglement realised on a NMR quantum computer, suggesting a
possible operational interpretation of the protocol as a method for generating
such correlations in a quantum platform. In particular, one can engineer an
energy-conserving dynamics in which the evolution of the qubit one wants to

temporally entangle is mediated by a suitably prepared second, auxiliary qubit, as
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illustrated in Fig. 4.3. This perspective opens new avenues for further investigations
of temporal entanglement as a resource for quantum information processing, as
first envisaged in Ref. [165].

The violation of the temporal Bell inequality is the condition we identify as
defining entanglement n time [165, 175], which allows us to restate Theorem 3
in terms of M-mediation of temporal entanglement (relative to the energy of the
probe and a non-commuting observable) under global additive quantity-conserving
dynamics. Hence, Theorem 3 provides a temporal extension to the GWT (Theorem 1)
within the quantum formalism, proving that both entanglement in space and in time
can serve as a sufficient condition to witness the quantum nature of an unknown
sector in a hybrid system, under the appropriate assumptions (see Table 3.1). This
suggests a deeper connection between the principles underlying the two constructions,
expressed by the conservation-based temporal locality in Principle 3. Moreover, it
points towards the possibility of formulating a general spatiotemporal witness of non-
classicality within a unified framework in which spatial and temporal witnesses of
non-classicality can be treated on equal footing under the same underlying principles.

Importantly, Theorem 3 represents the first milestone for the derivation of
the GWT in Time we envisaged in this Thesis. The next step in this research
programme is to relax the assumption of the quantum formalism, in the same
way Ref. [42] did in introducing the GWT (Theorem 1). We shall return to these
questions in the next Chapter, where we summarise the results of this Thesis

and outline possible future directions.
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Conclusions and Outlook

The question of whether quantum theory provides a universal description of physical
reality remains one of the most profound open problems in modern physics. This
Thesis has addressed this question from an operational and information-theoretical
perspective, focusing on the study of hybrid systems in which a well-controlled
quantum sector interacts with an unknown system whose underlying description
may or may not be quantum. Within this setting, the central challenge is to devise
methods capable of revealing non-classical features of the inaccessible sector without
requiring direct control over it and under minimal assumptions.

The approach developed throughout this work is based on information-theoretical
witnesses of non-classicality: protocols in which the possibility of a suitable
information-processing task performed on a quantum probe provides a sufficient
condition for the non-classicality of the system mediating the interaction. The shift
in perspective, from dynamical modelling to information theoretical, task-based
reasoning, has enabled the formulation of general, robust arguments that rely only
on minimal and physically motivated assumptions.

The starting point of the analysis is the General Witness Theorem, which
establishes that if an unknown system can mediate entanglement between two
quantum probes by local means only, then it must be non-classical [42]. Building

on this result, this Thesis has clarified the role of the assumptions underlying the
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theorem, in particular by providing a detailed analysis of the notion of locality
required for the argument to hold in a dynamics-independent framework [46].
The comparison between the minimal notion of locality as phrased in Principle 1
and other dynamics-dependent formulations is useful to close apparent loopholes
where certain classical models of the investigated system can mediate entanglement
between the quantum probes and invalidate the witness. In addition, within the
quantum formalism, we have developed a quantitative extension of the witness,
establishing a direct relation between the amount of entanglement mediated by the
investigated system and the non-commutativity of its variables. Therefore, this
result strengthens the witness by linking observable correlations to an intrinsic
measure of non-classicality [45]. The notion of non-classicality that we adopted in
this Thesis is, in quantum theory, that a non-classical system must be described
by a minimum of two non-commuting variables.

Motivated by the experimental challenges associated with enforcing the principle
of locality in two-probe scenarios by excluding their direct interactions, the second
part of the Thesis has introduced a novel class of single-probe, information-
theoretical witnesses of non-classicality. In this original approach, the witnessing
task is encoded in the temporal evolution of a single quantum probe, rather than in
spatial correlations between distinct systems. By imposing the exact conservation
of a global additive quantity, we have shown within quantum theory that the ability
of an unknown system to induce quantum-coherent evolution in the conserved
quantity basis of the probe constitutes a sufficient condition for its non-classicality
[85]. This result provides an operational realisation of the so-called totalitarian
property of quantum theory, highlighting how conservation laws can play a role
analogous to locality in constraining the dynamics of hybrid systems and therefore
revealing the non-classicality of the unknown sector.

This temporal framework has been further developed by introducing a stronger
witnessing task based on temporal entanglement. By establishing a connection
between temporal Bell inequalities and energy-conserving mediated dynamics, we

have shown that the mediation of temporal quantum correlations relative to the
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local conserved quantity of the probe provides a more robust and structurally
complete analogue of the spatial witness. This is because it supplies a sufficient
condition that also constrains the initial state of the mediator, requiring it to be
non-classical [162]. In this sense, the temporal entanglement-based witness can
be regarded as the natural extension of the General Witness Theorem within the
quantum formalism, revealing a deep symmetry between mediated spatial and
temporal correlations in witnessing non-classicality.

Finally, the applicability of these ideas has been explored in the context of
complex and realistic systems, most notably biological systems. In particular,
the temporal witness has been proposed as a tool to address the longstanding
debate on the role of quantum coherence in photosynthetic energy transport [86].
By formulating the problem in a model-independent way, the witness framework
provides a route to exclude entire classes of classical descriptions under general
assumptions, offering a new perspective on the non-trivial role of quantum effects
in macroscopic and noisy environments.

The extension of the recently emerged field of information-theoretical witnesses
of non-classicality to the temporal domain, as developed in this Thesis, opens several
promising research directions both at the foundational and applied level.

The first natural development concerns the extension of temporal witnesses
of non-classicality beyond the quantum formalism, a direction currently under
investigation with Chiara Marletto. While the temporal entanglement-based witness
provides a complete analogue of the General Witness Theorem within quantum
theory, its current formulation still relies on quantum dynamical assumptions.
Relaxing these assumptions has two important consequences. First, the dynamics
need no longer be unitary, and conservation laws are no longer guaranteed to
hold exactly at all times throughout the evolution. As a result, the totalitarian
property of quantum theory no longer enforces a branching structure for the
mediator. Moreover, the conjectured notion of temporal locality (Principle 3) must
be accordingly extended to accommodate conservation laws that may hold only on

average, admitting intermediate violations that do not affect the overall balance.
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Second, conservation laws can no longer be formulated in terms of commutation
relations, and must instead be expressed in a dynamics-independent way. A fully
general formulation—what one may call a General Witness Theorem in time—
requires recasting conservation laws within such a framework. Constructor theory
of thermodynamics provides a natural candidate for this extension, offering a scale-
independent formulation of conservation laws in terms of possible and impossible
tasks [161]. Within this framework, conserved quantities are directly connected to
equivalence classes of transformations and, crucially, to distinguishability properties
of physical variables. Specifically, the variable corresponding to a conserved quantity
is itself a distinguishable variable [191]. Therefore, all the properties of the
constructor theory of information apply to such a variable as well. This reveals a deep
connection between thermodynamics and the theory of information: conservation
laws constrain which information-processing tasks are possible. Formulating the
General Witness Theorem in time would build on this connection by explaining
how conservation laws can reveal non-classicality in physical systems.

Closely related to this perspective is the possibility of exploiting this connection
not only for foundational purposes, but also for the development of novel witnesses
of non-classicality based on macroscopic thermodynamic observables. Recent works
have shown that quantities such as heat exchange or heat capacity can reveal
non-classical features, including entanglement and coherence, without requiring
detailed microscopic control of the system [192, 193]. Moreover, these ideas have
been extended to the temporal domain, where thermodynamic quantities can also
witness temporal quantum correlations [194]. Such thermodynamic witnesses are
particularly appealing as they rely on macroscopic quantities routinely measured
in fields such as chemistry and condensed matter physics. In this sense, they can
provide a complementary route to the information-theoretical witnesses discussed in
this Thesis, potentially enabling experimentally accessible tests of non-classicality
in complex systems where thermodynamical quantities are simpler to measure

on ancillary systems.
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A second important direction is the unification of spatial and temporal witnesses
into a single spatiotemporal framework. The results of this Thesis strongly indicate
that spatial and temporal quantum correlations play a symmetric role in revealing
non-classicality in quantum theory. Formulating a unified spatiotemporal witness
would not only generalise the existing theorems, but also provide a new tool to
investigate the structure of correlations in quantum theory through the effects
they produce when probing the non-classical nature of physical systems. Since the
two witnesses are based on bipartite spatial and temporal quantum correlations,
such a unification may benefit from formalisms that treat space and time on an
equal footing [195], such as pseudo-density operators, constructed from correlations
between subsystems across both space and time [177, 190, 196-199], or formalisms
that introduce a detector-timer pair that interacts with a system to recover the
tensor product structure, used to describe spatially separated systems, in the
context of timelike events [200].

Among these possible formalisms, process tensors and quantum combs represent
a promising candidate, thanks to their close relation to the temporal witnesses
developed in this Thesis [201-203]. A process tensor describes the multi-time
dynamics of a system .S coupled to an uncontrolled environment £ as the multilinear
map from sequences of control operations on S alone to its output states. Its memory
is captured by the correlations of the associated generalised Choi state, a many-body
state in which temporal correlations are mapped onto spatial ones [203, 204]. This
is precisely the setting of our witnesses, with the probe () playing the role of S and
the unknown system M that of E: only operations and measurements on () are
allowed. In Theorems 2 and 3, () is measured at t, and at t > ty only, so all the
statistics entering the witnesses are determined by the two-step process tensor of
Q) (or the two-tooth quantum comb). This structure would become relevant for
initially correlated @) and M, or for witnesses involving more than two times, both
natural extensions of this work. Notice that the formalism is agnostic about the
nature of E: classical and quantum environments alike yield valid process tensors,

and memory alone does not imply a non-classical carrier. In our witnesses, the
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link between the dynamics of () and the non-classicality of M is provided by the
conservation law, which constrains the global dynamics of () and M but is not
made explicit by the process tensor of (). Reformulating the witnesses in this
language would thus require identifying which process tensors can be generated by a
classical mediator under a conserved quantity, a question related to the distinction
between classical and quantum memory in non-Markovian processes [205, 206],
and could clarify how the temporal entanglement, witnessed by the violation of
a temporal Bell inequality relative to the two chosen observables, relates to the
temporal correlations encoded in the process tensor.

Furthermore, with the formulation of the General Witness Theorem in Time, the
spatiotemporal witness of non-classicality could also be extended beyond quantum
theory, potentially offering new insights into the interplay between information,
causality, and the structure of spacetime in more general physical theories, including
superinformation theories.

A third line of research concerns the systematic study of temporal quantum corre-
lations as a resource for quantum information processing. While spatial entanglement
has been extensively characterised and exploited, temporal entanglement remains
comparatively less understood. The parallels highlighted in this work suggest that
temporal quantum correlations may provide alternative or complementary resources
for tasks such as communication, computation, and metrology. In this context, it
would be particularly interesting to compare temporal entanglement with other forms
of quantum correlations in time, such as atemporality [199], both to broaden the
landscape of temporal quantum correlations and to identify novel operational tasks.
These could, in turn, be employed as witnessing tasks in next-generation witnesses
of non-classicality, potentially offering simpler and more experimentally accessible
implementations than those currently available. Developing a full resource theory
of temporal entanglement, building on early insights by Brukner and collaborators
[165], represents a promising avenue in this direction.

Finally, the witness framework developed here lends itself naturally to applica-

tions in experimentally relevant hybrid systems. In particular, temporal witnesses
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offer an alternative route to test non-classicality using a single quantum probe,
thereby avoiding the need to control multiple probes and suppress their direct
interactions. This feature may enable the next generation of single-probe non-
classicality witnesses, complementing existing two-probe proposals such as those
based on spatial entanglement. The price to pay for this simplification is the
need to independently validate the conservation laws underpinning the protocol.
However, these assumptions are well supported by extensive experimental evidence
and established theoretical frameworks.

In the biological context discussed in this Thesis, the next step towards a concrete
experimental realisation consists in developing system-specific models tailored to
the chosen light-harvesting complex, in order to identify the relevant timescales and
operational regimes required for implementing the witnessing protocol. This can
benefit from previous analysis of the nine-level and seven-level models [120-124],
describing one monomer in the trimer of the FMO complex discussed in Chapter 3.3.4
and applied to LG tests in [138]. Specifically, these models should be extended
to incorporate the quantum probe, which constitutes the distinguishing feature
of the temporal witness of non-classicality compared to more traditional tests
requiring direct measurements on the biological system. Beyond energy transfer
in photosynthesis, this new methodology calls for a broader investigation of how
temporal witnesses could be applied to other biological processes where non-trivial
quantum effects have been conjectured to play a functional role. Similarly, extending
temporal witnesses to the gravitational field may provide new experimental avenues
to probe its non-classical nature in regimes where controlling multiple massive
probes remains particularly challenging.

In conclusion, the results presented in this Thesis highlight the power of
information-theoretical methods as a framework to probe the non-classical nature
of physical systems, contributing to the long-standing debate about the universality
of quantum theory. By extending the notion of witnesses of non-classicality to the
temporal domain and to single-probe scenarios, this work provides a significant

step forward in the development of general, operational tools characterised by their
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reliance on minimal assumptions. These methods not only enable more robust
and conclusive tests of non-classicality for otherwise inaccessible systems, but also
open new avenues for investigating the foundations of quantum theory and, more
broadly, of superinformation theories. In particular, the interplay between spatial
and temporal correlations emerging in this framework suggests a deeper structure
underlying the manifestation of non-classical features, positioning information-
theoretical witnesses as a powerful paradigm for both experimental exploration

and foundational research in physics.
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The General Witness Theorem: Proof
Beyond Quantum Theory

THE CONTENT OF THIS APPENDIX IS BASED ON REF. [46], DONE IN COLLABO-

RATION WITH CHIARA MARLETTO AND VLATKO VEDRAL.

This Appendix includes a summary of the proof of the General Witness Theorem
within the constructor theory of information, first introduced by Marletto and Vedral
in Ref. [42]. As explained in Chapter 2 of the main text, constructor theory allows
one to provide a general formulation of the two-probe, spatial entanglement-based
witness of non-classicality that does not rely on any dynamical or scale assumptions
about the hybrid system. In fact, by shifting the focus from initial conditions and
dynamical laws to possible and impossible tasks, constructor theory of information
unifies the description of classical, quantum and post-quantum systems within
broader superinformation theories. This is crucial for witnessing non-classicality in a
hybrid system: a robust proof of M’s non-classicality must rely on nothing more than
principles of physics that hold across all the currently known dynamical formalisms.

To begin, we briefly summarise the basics of constructor theory (CT), referring
the reader to Ref. [40] for the formal details. Constructor theory of information

supplements the traditional physics viewpoint, based on trajectories, dynamical
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laws and initial conditions at a given scale, with statements about which tasks are
possible or impossible on a given substrate, namely the physical system on which
transformations specified by the task can be performed. These tasks are specified
in terms of ordered pairs of input/output attributes. An attribute of a substrate
is the set of all states where said substrate has a given property. For example,
considering a spin—% particle in quantum theory, an attribute is “the z component
of the spin is +1”, and the state belonging to this attribute is {|0)}. A task is said
to be impossible if the laws of physics impose a limit on how accurately it can be
performed. Otherwise it is said to be possible and one can devise an arbitrarily
good approximation to a substrate that never fails in mapping any of the input
attributes of the task to the correct output attributes and, most importantly, is
capable of performing the task again: the constructor.

A set of disjoint attributes of a substrate defines a wvariable. Whenever a
substrate is in a state with attribute v € V|, where V is a variable, we say that
V' is sharp with value v. Considering again the example of the spin—% particle in
quantum theory, Z = {]0),|1)} is a variable formed by two single-state attributes;
if the state of the spin is |0), the variable Z is sharp with value 4+3. Among the
variables, one defines an information variable X as a set of disjoint attributes {x}
for which the following tasks are possible:

U {(X>X0) — (X7X)}7 (Al)

zeX

U x>}, (A.2)

zeX
The copying task in Eq. A.1 corresponds to copying the attributes x € X of the first
replica of the system onto the second, target system prepared in a blank attribute
Xg € X. The permutation task in Eq. A.2 describes the possibility of performing a
logically reversible computation on the variable X, represented as a permutation
IT on the set of labels of the attributes in X. Together, the two tasks in Egs. A.1
and A.2 imply that it is possible to perform information processing on the variable
X. An information medium is a system possessing at least one information variable.

A superinformation medium is an information medium with at least two information
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variables, whose union is not an information variable. This means that the two
information variables are complementary to one another, and cannot be copied
by the same device. In Ref. [40], it is shown that superinformation media share
all the qualitative properties of quantum systems.

A variable X of a substrate is said to be distinguishable if the task:

U A{x) = (ax)} (A.3)

zeX

is possible, where qy is an information variable. In other words, the task in Eq. A.3
implies that the attributes of X can be mapped onto those of an information variable!.
If a variable {xo,x1} is distinguishable, then the attribute xq is distinguishable
from the attribute x;. Therefore, for any attribute x, it is possible to define the
attribute x as the union of all attributes that are distinguishable from x. This
provides a generalisation of the notion of orthogonal complement in a vector space.
Extending this definition to the variable X = J,cy X, one gets X = U,cx X ; if
X is empty, then X is a mazimal variable.

In the same way, one can construct X and define an observable as an information
variable whose attributes have the property that x = x. The idea of observable in
constructor theory of information is that of a variable, say Z, with the property that
whenever a measurer of Z produces a sharp output z, the input substrate indeed
has that attribute z. In quantum theory, the possibility of preparing a system in an
eigenstate of one of its variables qualifies that variable as an observable.

Within this framework, the idea of non-classicality that is relevant to the GWT,
stated concisely as Definition 1 in Chapter 1, is formalised as follows. A system is
said to be non-classical if it is an information medium M, with maximal information
observable Z, that also possesses another variable V' disjoint from Z and with the

same cardinality as Z, satisfying the following properties:

'In particular, if the result of the distinction process can be stored in a second replica of the
substrate in a way such that the original substrate is not affected by the transformation, one
obtains the perfect measurement task. This generalises in purely constructor-theoretic terms the
idea of measurements. Importantly, the interoperability principle (Principle 2) implies that this
task is always possible for any information medium.
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1. There exists a superinformation medium S; and a distinguishable variable
E = {e;} of the joint substrate S; @& M, whose attributes e; = {(s;,v,)} are
sets of ordered pairs of states, where v; is a state belonging to some attribute

in V and s; is a state of Sy;
2. The union of V' with Z is not a distinguishable variable;

3. The task of distinguishing the variable £ = {e;} is possible by measuring
incompatible observables of a composite superinformation medium including

S1, but impossible by measuring observables of S; only.

The above conditions express the fact that a non-classical system has a classical
variable (the information variable), which is also an observable, together with another
dynamical variable that is necessary to mediate the generation of entanglement.
This additional variable may or may not be directly measurable: its attributes may
or may not be all preparable or single-shot distinguishable.

The proof of the GWT proceeds as follows. First, one considers three systems:
A and B (two quantum probes), and M, the mediator, which has a “classical”
observable Z, and no other known degrees of freedom (see Fig. 2.1). In the
case of gravity, the classical basis of the gravitational field would correspond
to the number operator or its energy. Let the descriptors of A be denoted by
qa(to), those of B by qg(to), and the mediator’s descriptors by c(teg) [64]. Let
us assume that the observables (or measurable properties) of the three systems
at time t, as well as their joint observables, are a fized function of the triplet
(qa(to),c(to),as(to)). In quantum theory, this is given by the trace with the
density operator of the initial state, which never changes and therefore can be
incorporated into the definition of the function.

Assume that initially (at time ¢ = ty) the three systems are uncorrelated. For
instance, in quantum theory, we would say that they are in a product state where
a local observable of each subsystem is sharp with some value. In particular,
the mediator will have Z sharp with value say z,. We further assume that it

is possible to run the experiment with two distinguishable initial conditions; for



A. The General Witness Theorem: Proof Beyond Quantum Theory 151

instance, the case in which the two masses are prepared in some state s, where
the descriptors are labelled as qu(tO), and in another distinguishable state s_,
with descriptors qu g(to).

Suppose that at time %5, in both cases, A and B end up being entangled. This
means that, at time t5, they have been prepared in one of two entangled states,
denoted e, and e_, which are themselves distinguishable by measuring observables

of A and B only. Therefore, the following task must be possible:

Ty = {(dk(to), c(to), a (to) ) — ex }, (A.4)

and the goal of the experiments proposed in Refs. [47, 48] is to show that T is indeed
possible, by successfully generating entanglement between A and B. The principle
of locality (Principle 1) here can be used to conclude that in both configurations

the descriptors of A, M and B at time t, form an ordered triplet:

e = (ak(t2). *(ta), ab (t2)) (A5)

Now, we can use the assumption that A and B are not interacting directly, but
the interaction is mediated by M (Assumption III in Chapter 2.2.3). To a first
approximation, this means that the interaction occurs in two steps: first A interacts
with the mediator M at time ¢;, and then M interacts with the qubit B at time

to. In terms of tasks, Tr in Eq. A.4 can thus be decomposed as:
T = {(ax(to). clto), aj(to)) — rs}, (A.6)
performed on A & M only, and:
T = {ry — ey}, (A7)

performed on M & B only. Once more using the principle of locality, the state of
the three systems at time ¢; must be described by one of two triplets, depending

on whether the initial condition s, or s_ was used:

re = (da(ts), " (t2), an(to)) - (A-8)
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Locality is here used because we have considered that the descriptor of system B must
not have changed since ty, given that the interaction at t; only involves A and M.

The proof proceeds by showing that the descriptors c*(t;) are: 1) disjoint (set-
wise) from one another, and from the classical states of M; 2) not distinguishable
from the classical states of M; 3) not distinguishable from one another, yet the
joint state of A and M is (using measurements that involve both A and M). These
three properties make M non-classical, in that it has a dynamical variable V', made
of the two descriptors {c*(t1)} which is disjoint from the classical observable, and
yet is not distinguishable from the latter, in analogy with the requirements of
Heisenberg’s uncertainty principle. We refer the interested reader to Ref. [42] for

a detailed proof of the above three points.



Locally Mediated Entanglement Lower
Bounds the Non-Classicality of the
Mediator

THE CONTENT OF THIS APPENDIX IS BASED ON REF. [45], DONE IN COLLAB-

ORATION WITH SALVATORE RAIA AND CHIARA MARLETTO.

B.1 Zassenhaus Factorisation of fJAMB(t)

In this Section of the Appendix, we express the unitary Uamg in Eq. 2.8 in terms
of its local components U Ay and U v (Eq. 2.19) and its Zassenhaus expansion.

Following Chapter 2, we consider a closed hybrid system composed of two
quantum probes, ()4 and ()5, and a mediator M only. Each subsystem is described
by a finite-dimensional Hilbert space, denoted H 4, H s, and Hp, with dimensions
dy = dim(H ), dyy = dim(Hyy), and dg = dim(H ), respectively. To enforce the
principle of locality (Principle 1) and therefore exclude direct interactions between

Q4 and Q)p, we assume that the system Hamiltonian has the mediated form:
H = Hay + Hyp. (B.1)
In particular, no direct QQ 4—@p coupling term is present. The unitary evolution
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associated with Eq. B.1 is:
Uanip(t) i= et = emiHan+Hup)t (B.2)
We also define the local evolutions:
Uane(t) i= e Hamt [y p(t) = e iHunt, (B.3)
Using the Zassenhaus expansion, one can factorise U AMB as:

UAMB = UAM UMB H exp{(—it)”Zn}, (B4)
n=2
where the Zassenhaus exponents Z, are uniquely determined by the pair {]:[ s Ha B}
More precisely, for each n > 2, Zn is a homogeneous Lie polynomial of degree n

in the two generators H oy and Hyp [207], i.e., a finite linear combination (with

rational coefficients) of nested commutators between H am and H MB:
Vi, Vo, Ve, Vil . ) Vi € {Hang, Hus ) (B.5)

In particular, the leading Zassenhaus exponent is:

—_

Zy = -5 [Hans, Hus). (B.6)

The unitary Uc(t), introduced in the main text in Eq. 2.21, is defined by the

Zassenhaus correction appearing in Eq. B.4. We define:

Uo(t) == flexp[(—z't)nzn] = Ulp(t) Ul (t) Uanes(t), (B.7)
and also the corresponding Hamiltonian generator He implicitly via:
Uc(t) = et (B.8)

Moreover, if the interaction Hamiltonians commute, then every nested commuta-
tor built from {f[ AM H vB}, as introduced in Eq. B.5, vanishes. Since each Zn isa

homogeneous Lie polynomial of degree n > 2 in these two generators, this implies:

[Hary, Hypl =0 = Z,=0 ¥Yn>2, (B.9)
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and therefore each factor in the Zassenhaus product is the identity,
exp{(—it)"Zn} =1 Vn2>2. (B.10)

Hence, the entire Zassenhaus correction is trivial,

Uc(t) =1, and consequently He = 0. (B.11)

Independently, in the commuting case [fl v, H vB] = 0, the Baker—Campbell-

Hausdorft formula yields the exact factorisation of the global unitary:

Unnrp(t) = e "Hantfnn) — o=itHan g=itHs — {700 () Uy (). (B.12)
By the definition in Eq. B.7, this exact factorisation implies ﬁc(t) = I, and hence
He =0, in agreement with the Zassenhaus-based argument above.

We therefore summarise these implications as:
[Hanr, Hyp) =0 = Up(t) =1 = He =0, (B.13)

Equivalently, a non-trivial Zassenhaus correction implies non-commuting interac-
tions:

Uc(t) 75 I = I:IC 75 0 = [I:IAM,I:IMB] 75 0. (B14)

B.2 Connecting Mediated Quantum Correlations
to Non-Classicality of Interactions

We derive here the main result of Chapter 2.3.1 (mathematically expressed in
Eq. 2.24) starting from the distance-based inequality obtained in [70]. The argument
proceeds in two steps: first, we show that the quantity ¢+ (AGCOrr A: B) can be upper
bounded by the spectral norm of a suitable difference of unitaries, ||7—V ||s0, where U
is the unitary evolution generated by H=H AM +H v While Vs generated by H AM
and Hyp (see Eq. 2.8 and Eq. 2.19). Second, we rewrite this difference of unitaries
in terms of the Zassenhaus correction Uc(t) and its generator ﬁc, showing that it

reduces to the spectral norm of Ug(t) — I, which admits a closed functional form.
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We begin the derivation by recalling the distance-based inequality introduced in

Ref. [70]:
gil (AGcorrA:B) S d</~\(pAB<O) ® UM), X(pAB(()) X O'M>) (B15>

It holds for arbitrary choices of the dilations ]N\, X of the marginal map A4p and of a
decomposable map Aap € DEC(m), respectively. In particular, since the right-hand
side provides an upper bound for any admissible pair of dilations, we may take a
convenient choice for A and for a decomposable A\. We take the unitary dilation
induced by the actual evolution of the hybrid Q4 & M & @, and a decomposable
unitary dilation defined on Q4 & M and M @ ()g, namely:

K(P) = Aamp(p) = UAMB p UI}MBa
Mp) = Aaws(p) = (UansOnis) p (UkisUlkn ) (B.16)

where we keep the time argument ¢ implicit to ease the notation. We take d

to be the trace distance:
di(X,Y) = %HX Y. (B.17)

For compactness, we define:

A

U .= UAMB; V = UAMUMB, pP = pAB(O) X o (BlS)

With these choices, Eq. B.15 becomes:

g_1<AGcorrA:B) < dtr(AAMB(p)v AAMB(P)) = ; UP[A]T - VPVT ) (B.19)
which we can rewrite as:
; 0p0t — Wul _ ;\ (O = V)p0t +Vp (@ - 71|
< S(I@ =) p 0l + 0@ = VL), (320

where we have added and subtracted VpU T and used the triangle inequality for
| - |l1. Using the property of Schatten norms ||[AXB||; < ||Alleo||X||1]|Blle [208,

209], we obtain:

(1T=Pp0 1o 0=Vl ) < (10— el 0T oot 17 ol 10T ).
(B.21)
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Finally, since ||p|l; = 1, U and V are unitary so that ||U]|s = [|[V]leo = |T]l0e = 1,
and ||UT — V|| = ||U = V]|o, we conclude

9 (AGeom ) T = Voo (B.22)

We now express the right-hand side of Eq. B.22 in terms of the Zassenhaus

correction Ug introduced in Appendix B.1. Using Egs. B.4 and B.T7:
Uarip = Uant Unip U (B.23)
Therefore, given the definitions of U and V in Eq. B.18 we obtain:

|0 = Voo = |Tarss = UaneOnis|

— [Eatia(Ce -], < [OanDi]. |5 -1].,
= |0 -1]_, (B.24)
where we used the sub-multiplicative property of || - || and the fact that products
of unitaries have unit spectral norms. Hence, we obtain:
—1 Ay
g (AGcorrA:B) < HUC - ]IHoo <B25)

To manipulate the right-hand side, we recall the spectral norm definition:
1X|oo = 1/ Amax( XTX). (B.26)
Evaluating the square of Eq. B.26 with X = Uo —1 yields

Oc =1 = s (T = 1)" (0 = 1) ) = A (€77 = 1) (77 — 1))

= A\max <2H _ githe _ e‘itﬁc> = Amax (2 (]I — cos(tﬁc)), (B.27)

where we used the definition in Eq. B.8 for Uc and the operatorial identity el +
e~V =2 cos(}}) for a Hermitian operator Y. Applying the trigonometric identity
1 — cos(Y) = 2sin?(Y/2) and extracting square roots gives:

t A
(L >
sm<2 c

|0c - ]IHOO =2 : (B.28)

‘ o
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and therefore we find Eq. 2.24:

g_1<AGcorr A:B) S 2

t A
$n<2}iC>H . (B.29)

The closed form in Eq. B.29 allows one to characterise the maximal value of
the bound and the shortest interaction time for which it can be reached. Since
| sin(X)||ls < 1 for any Hermitian operator X, the right-hand side of Eq. B.29 is

bounded by 2. Let {);} denote the eigenvalues of He:; we have:

t
sin<2)\j> .

Fix j with A; # 0. The modulus ’sin(%)\j)‘ attains its maximum value 1 if and only if:

t A
sin<2HC>H = max

J

(B.30)

t
§&zg+km ke, (B.31)

since sin( + kr) = (—1)F. Accordingly, the set of interaction times for which

the j-th eigenvalue saturates the modulus is:

2k
o= T ez, (B.32)
Aj
and the corresponding smallest positive time is obtained by taking £ = 0 and

considering the modulus,

T
= (B.33)
P

Therefore, the earliest time at which the operator norm can reach its maximum is:

s s

(B.34)

t, ;= mint; = min = .
) i TN max [N

Let Amax be an eigenvalue such that |Aynax| = max; [A;|. Then, at ¢t = ¢,, we have

t* t* Ea
sin ()\max) sin (HC>
2 2 -

In particular, for He = 0, the right-hand side of Eq. B.29 attains its maximal

=1, and hence =1. (B.35)

value 2 at ¢t = t,.
Finally, although Eq. B.29 is exact for all interaction times ¢, it is useful to

extract a more explicit commutator-based expression in the short-time regime.
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In particular, truncating Ue, as defined in Eq. B.7, to the leading non-trivial

Zassenhaus term (n = 2), yields:
Uc = exp|(—it)* Za). (B.36)

Using the explicit expression for 22 given in Eq. B.6, we therefore obtain:

Ue = exp<—it ]:IC> R~ exp(t; [H A, ﬁMB]>, (B.37)
which implies
N it A N
flo = % [as, Has). (B.38)

Substituting this approximation into Eq. B.29 gives the explicit commutator form

_itr A
g! (AGcorrA:B) <2 Sln(4 [HAMaHMB]) (B.39)

‘ ‘ 7
o0

which matches the short-time version Eq. 2.25.

B.3 Non-Commuting Variables are Necessary for
Non-Classical Interactions

In this Section of the Appendix, we show how the commutator between the
local interaction Hamiltonians H AM H mB depends on the non-classicality of the
investigated system M. We recall that we define a system as non-classical when its
description requires a minimum of two non-commuting observables, i.e., m;, , 11},
such that [, mj,] # 0, j1 # jo € {64,6,,0.}.

We begin by writing the most general form of the local interaction Hamiltonians
]:IAM and I:IMB used in the main text (Egs. 2.31 and 2.32), when considering the
two probes Q4 and Q) as dy4, dg-dimensional systems described by Hilbert spaces
with SU(N) operator algebra, and M is a chain of T interacting qubits:

Hav = Y Qigyo,.jr(f; @10y @1y, @ ... @ 1y, @ 1p)

1,J1,J25---JT

FIMB = Z 6117127,_.7”,]{;(]114@771[1 ® mZQ ® e ® mlT ® Bk) (B40)
l1,lo,... Ik
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We can now write the commutator:

[Hane, Husl =| Y. Qijyjorin (i @ 1), @ 1y, @ ... @100, @ L),

1,J1,J25---JT

> Butorr s (Ia @10y, @1y, ® ... @ 1y, © by)
li,l2, sl k

. (B41)

To simplify the notation, we factorise the sums and the coefficients out of the

commutator by using its linearity:

[ﬁAMa[:[MB] = Z Oéi,jl,jQ,...jTﬁzl,12,...,lT,k'

6,91,925---JT 01,025l k
iy @1y, @y, ® ... @1y, @lp, 14 @y, @y, @ ... Q iy, @ bl
(B.42)
Using again the linearity of the commutator and distributivity of the tensor product,

we can factorise out the probe operators as well:

[[:IAMa [:IMB] = Z Oéi,jl,jQ,...jTﬁzl,12,...,1T,k :

4,J1,925---J75015l2,- 1Tk

a; ® [y, @ My, @ ... @My, My, @y, @ ... @ 1y,] by, (B.43)

We can now focus on the commutator of the mediator observables. We use the

following property of the commutator:

A A

AwB,CoD)=CAe B, D +[AC e BD, (B.44)

where A,C € H, B, D € H' with # and H’ denoting two different Hilbert spaces.

A

Setting A = 7, C' =7y, and B = 1, ®...@10;,, D =1, ®. .., we obtain:

[mjl®mj2®...®ij,mll®ml2®...®mlT]:

= My, My, @ [y, @ ... @My, My @ ... Q My, | + [1y,, Ty, ] @ My,Mu, @ ... @ My iy,

(B.45)

Now we can recursively apply the same property in Eq. B.44 to the commutator

in the first term summand of the previous equation, coming to the final result for
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the commutator of the Hamiltonians (Eq. 2.33 in the main text):

[HAMa HMB} = > Qi jit oot Bl oo

R TR LY O T PO e
&i ® ([mﬁ?mh] ® mjzmlz ®...& ijmlT
+ mhmh @ [mjza mb] ®...0 ijmlT
1y, @ Ay, ® ... @ [y, mlT]> @by (B.46)
It is interesting to consider an example where Eq. B.46 takes an explicit

form. Consider the case where mediator M consists of two qubits. The com-

mutator reduces to:

[Hanv, Hupl = > ®ijijaBiiek @ ® ([mjumh] ® 1,1,
1,91,52,01,l2,k

+ 1, Ty, ® [, m12]> ® by. (B.47)

To determine when the two-qubit interaction Hamiltonians commute, it is sufficient

to analyse the mediator-dependent factor appearing in Eq. B.47:
[mj17 mll] ® mjzmb + mllmjl ® [mj2>m12] : <B48>

This is because the probe operators a; and IA)k factorise, so that [f] AM s H vp) # 0 only
if the factor in Eq. B.48 is non-vanishing. We therefore simplify the combination
of commutators and products of the observables of the mediator into a more

compact form:
[mjl ) mll] ® mjzmlz + mllmjl ® [mj27 mlz]
= (M, 1, — 1y 1y, ) @ Mg, Mg, + 1, 11, @ (1,1, — M,y )
= 15,10, & My My — 1, 1M, @ Mgy My =+ My, 1, @ M1y, — 1, Mg, & My, 1y,
= mhmh ® mjzmlz - mllmjl ® ml2mj2‘ <B49)
In the first two lines, we expand the commutators and distribute the tensor product

over sums. After multiplying out, the second and third terms cancel. We then

use the Pauli-algebra anti-commutation relations:

ﬁulmjl — 2 511j1 ]I - mjl mll (B50)
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to get:

= g, My, @ M1, — (2015, 1 — 1y, i, ) @ My,

= 1,1, @ (Mg, M, + 10,105, ) — 261, 5, 1 @ 1,10, (B.51)
Hence, in conclusion, we get:

(1705, , T, | @ 1,100, + Ty 1005, @ (110, 1Ty, | = 10,1y, @ {1y, Ty, } — 26,5, 1@ My, 1y, .
(B.52)

With Eq. (B.52) we can now characterise the conditions on the mediator’s
non-classicality to make the interactions classical, i.e., [I:I AM H vp] = 0. This is
conveniently done by distinguishing whether the first-qubit indices satisfy l; # j;
or l; = j (an equivalent split could be performed using the second mediator qubit).

Starting from Eq. B.52, we distinguish two cases.

1. [; # 7;. This condition implies d;,;, = 0, leaving i, 17y, ® {1;,, 17y, } as the only

term that may be non-vanishing in Eq. B.52. This is the case when:

my, = mj, =1
My, = Mj, = 0y or my, =1, Mmj, = 64,04,0., (B.53)
My, = Mj, = 0y My, = Oy, 0y, 0, M, =1

my, =My, = 0
As a result, the second commutator appearing in Eq. B.48 vanishes, and this
gives:
[mjnmh] ® mjzmb + mllmﬁ ® [m]é? mlz] = [mju mll] & m]émlz' (B54)
Thus, in the case l; # j;1, the non-vanishing contribution to the mediator

factor is due to the non-commutativity of the first-qubit operators, i.e., to

[mjlvmll] 7£ 0.
2. [y = ji. After some simple manipulations, Eq. B.48 reads:
[mjl’ mll] ® mj2ml2 + mllmjl ® [mjw le} =1 ® [mjza mb] : (B55>

Therefore, in this second case, when [; = j;, the mediator factor is non-
vanishing only if the second-qubit contributes with non-commuting observables,

i.e., only if [, 1y,] # 0.
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In summary, in the two-qubit expansion in Eq. B.47, the commutator [I:I s Ho B)
can be non-zero only if at least one pair of mediator Pauli operators, appearing
in the two Hamiltonians, are non-commuting (either on the first or on the second
mediator qubit). Therefore, the non-classicality of the mediator is necessary for

the non-classicality of interactions.
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Temporal Witness of Non-Classicality:
Non-Additive Conservation Laws

THE CONTENT OF THIS APPENDIX IS BASED ON [85], DONE IN COLLABORATION

WITH CHIARA MARLETTO.

In this Appendix, we extend the temporal witness of non-classicality introduced
in Theorem 2 to a more general scenario in which the global conserved quantity may
not be necessarily additive, but rather a general function of the classical variables
of the sectors in the hybrid @) & M. This extension is important for applying
Theorem 2 to probe non-classical features of the hybrid beyond quantum theory,
where more general conservation laws may hold. Furthermore, it is important to
prove that the assumption of additive conservation laws can already be relaxed
within the quantum framework, as this helps to discriminate the role that each
assumption in the Theorem plays for the conclusion of the witness. Specifically, this
supports the important observation that unitarity is the most relevant property of

quantum theory for the temporal witness of non-classicality within this formalism.
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C.1 Proof of Theorem 2 with a general conser-
vation law

Following Chapter 3, let @ be a qubit described by {XQ, EA/Q, EQ} ={6, @Iy, 0, ®
Iy,6, ® I} and let M be a classical system, namely a system described by
a single variable Zy. Without loss of generality, we can assume M to be a
bit, so that Iy = Ip ®6..

Let F(Zq, Zy) be a Hermitian observable on Q & M such that the dynamics

of the composite system preserves F(Zq, Zy), namely
U, F(Zg, Zn)] = 0 (C.1)

for all allowed unitary evolutions UQM (equivalently, [I:IQM, F (ZQ, Z v)] = 0 at
the level of the generator).

In the spectral decomposition of 7 M, the operator F' can be written as:

A

F(Zqg,Zu) = Fi(Zg) ® Py + F_(Zg) ® P_, (C.2)

where Py = Ip ® +(Iy £6.), and both Fy(Zg) and F_(Zg) are functions of Z.
We now prove that, under the assumptions of Theorem 2 summarised in Table 3.1,
any admissible Hamiltonian ]:IQM satisfying the general conservation law must

commute with ZQ, ie.,
[Aoun, Zg] = 0. (C.3)

Consequently, no allowed evolution can map an eigenstate of ZQ to an eigenstate of
an observable not commuting with ZQ (e.g. XQ) In particular, the witnessing task
of generating ZQ-coherence on () via interaction with M alone is impossible if M
is classical, as mandated by the temporal witness of non-classicality. We proceed
by characterising the most general form of the joint Hamiltonian compatible with
the classicality of M, and then imposing the conservation law.

Since M is classical, its algebra of observables is generated by {I,/, Z M}

Therefore, any Hermitian operator O on Q) & M can be written as:
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for some Hermitian operators 0y, 0. acting on (). This is true for the Hamiltonian
of the hybrid Hyyy, too.
The condition [Hou, F(Zg, Zu)] = 0 yields:

A

[Hou, F(Zq, Zu)] =[O0 @ Iy + 0, @ Zy, Fy(Zg) @ Py + F_(Zg) ® P_]

A A

= ([00+ 0., Fi(Zg))) ® Py + ([00 — 0., F_(Zg)]) ® P,
(C.5)
where we have used Z Mpi = :tpi and the linear independence of ]5+ and P_.

Hence, [Hown, F(Zq, Zy)] = 0 is equivalent to:
[0+ 0., Fy(Zg)] =0,  [0o—0.,F_(Zg)] =0. (C.6)

Since () is a qubit, any function of ZQ has the same eigenspaces as 2Q. Therefore:

A A A

[O0+ 0., Fi(Zg)] =0 <= [0+ 0.,2Z0] =0 (C.7)
Adding and subtracting these equations gives:
(00, Zg) =0,  [0.,Zg] =0. (C.8)
It follows that:
[Hon, Zq) = (00, Zq) ® Ty + [0-, Zg] ® Zn = 0, (C.9)

so that ZQ is itself conserved by the dynamics.

Since Zg is conserved, no unitary generated by ﬁQ u can transform an eigenstate
of 2Q into an eigenstate of a non-commuting observable (such as X'Q) Therefore,
the witnessing task requiring the generation of quantum coherence in the ZQ basis
cannot be achieved through interaction with a classical system M even when
considering a general, non-additive conservation law. This concludes the proof.

To illustrate the logic of Theorem 2 in this more general setting, we now consider
for simplicity the conservation of the non-additive quantity ZQ + Zu + ZQZ M-

Under this constraint, the only allowed unitaries [7@ u must satisfy:

[UQM,ZQ+ZM+ZQZM] =0 (ClO)
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Figure C.1: A quantum circuit for the two-qubit proof-of-principle model of the temporal
witness of non-classicality with a non-additive conservation law.

C.2 Proof-of-Principle Model with Two Qubits

We begin by discussing a sequence of two-qubit unitary gates that satisfy Eq. C.10
and can induce the witnessing task on () through interaction with M only. This
is a proof-of-principle model meant to illustrate the logic of the temporal witness,
and it is important to note that the general argument supporting the witness did
not assume any specific dynamics. To do so, we adopt the descriptors formalism
in the Heisenberg picture [64].

Let §@ = ( 1@, 4@, Ag@) = (6, ®Iy,6,® 1,6, ®1y) be the vector of
generators §(@) of the algebra of observables of the qubits Q, where 6., @ = x,v, 2,
are the Pauli operators. Let c?(M ) be defined in a similar way. A quantum network
that can perform the witnessing task is represented in Fig. C.1. First one applies
a controlled-not (CNOT) gate using M as the control qubit. Then, one applies a
rotation of an angle ¢ = 7 about the Y-axis. This is followed by a controlled-phase
(CPHASE) gate, so that the qubits become entangled independently of the initial
state of M. A SWAP gate is then applied. Finally, the same sequence of rotation

(with angle ' = —7) and CNOT gates is applied to the system in order to disentangle

the qubits. The gates have the following expressions:

1 . 1 . .
CNOTou(t) = 5 (T4 (k) + 5 (1= 4 (t:i1)) 49 (ti1) (C.11)
1 1
CPHASEq v (t;) = 3 (}1 + M (¢, 1)) +35 (]1 — (ng)(ti—l)) 4D (t;y) (C.12)

2
R{ (t:) = £
=% 9

(]I F iqu(JM) (tz;1)) (C.13)
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Qubit Q Qubit M

to {ciéQ),ciéQ),ciﬁQ)} {; )G, @M)}

t 4@, GG (@ g {Q(@Q(M) g, g}

to 4@, GG, g g (g, 4@, —g@ g}
ts {_Q;M),_qgQ)q?(lM)’qi(gQ) ZM)} {q@) GG (@ q<M>}
t }qgcz),q?(lQ)qg(cM),_@g(cQ)@;M) {40, —g@g(n, g@gn}
| {90000, @} | {Zg@qn, —g@gn, g0
to {19, -4\, 4@} { =, =M, g}

Table C.1: Evolution of the system Q@ M in the Heisenberg Picture. All the components
are expressed as function of the descriptors at time .

1 A . A X .
SWAP(ti) = 5 (H + 0P (o) a5 (t-1) + 32 (t-0) @y (1) + 489 (8-1)3 (ti—l))

(C.14)
and the final unitary for the network is:
Unet = CNOTq 1/ - Rgﬂﬂ) - SWAP - CPHASE( )/ - R%}) - CNOTQ 1. (C.15)
-2 2

The evolution of the Heisenberg descriptors {QQ(CQ’M),%Q’M),@Q’M)} is reported
in the Table C.1. In particular, note that the proposed unitary satisfies the
condition in Eq. C.10, and the system () cannot evolve without interacting with
M. Moreover the Heisenberg picture allows us to see directly that the witnessing
task is successfully performed independently of the initial state of the mediator
M. Importantly, the unitary in Eq. C.15 involves three non-commuting degrees
of freedom of the mediator M: g™, ql(/ ), ¢M). Hence, the witnessing task would

have been impossible with a classical M.

C.3 Proof-of-Principle Model with a System of
N Qubits

We now consider a more general case in which M consists of N qubits acting as
mediators of the witnessing task on the system qubit ). This can be achieved by
exploiting the quantum homogeniser, a quantum device capable of “homogenising”
the quantum state of the system with the state of the reservoir of N qubits to

an arbitrary precision improving as N increases [151].
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The initial state of the quantum probe @ is py = %(]I + ¢\?)), while each of
the N qubits in the reservoir M is prepared in the state & = (I + ¢™) | so
that the global initial state is:

FN (C.16)

1 1
(p &) = ST+ ® ST +3™)

The system qubit interacts with each qubit in the reservoir sequentially (one
by one and only once) at each time step. The interaction is described by the

unitary partial SWAP gate:
PSWAP(n) = cosn I + isinn SWAP, (C.17)

where the SWAP gate is in Eq. C.14 and 7 represents the strength of the homogeni-
sation. It can be shown that this is the unique unitary operation capable of
performing the homogenisation task [151]. Notice moreover that PSWAP(7n) satisfies
the condition in Eq. C.10. After n interactions, the states of the qubit ) and

of each reservoir qubit evolve as:

P = cos? np™Y) + sin? né + i cosnsiny [5, ,0(”*1)} (C.18)

¢ = cos? né +sin? np™Y — jcosnsiny [5, p(”*l)} (C.19)

which can be rewritten focusing on the terms proportional to &:

n—1

P = sinn Y cos™ ng + plly = (1 — cos™ n) €+ piey (C.20)
k=0

&, = sin? (1 — sin? 50057 ) € + €y e (C.21)

where ,ofijﬁt and &, st denote the components of the density matrices of the system

and reservoir qubit respectively that are not proportional to the initial state of
the reservoir qubits £. Since the homogenisation is a contractive map [151], pﬁzgt
converges monotonically to 0, implying that p¥) — ¢ with increasing accuracy as
the number of qubits N in the reservoir grows. In this case, the non-classicality
of the mediator is associated both with the interaction between M and ) (which

involves all the non-commuting components of M) as well as with the state that M

is initialised in. Therefore, the witnessing task would have been impossible with
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a classical M or with a quantum M initialised in a classical state, namely a state
such that [€, Zo + Zy + ZoZy) = 0. This is consistent with the conclusions of the

temporal entanglement-based witness of non-classicality in Chapter 4.

C.4 Proof-of-Principle Model with a Harmonic
Oscillator

Finally, we provide a proof-of-principle model in which the mediator M is a harmonic
oscillator whose creation and annihilation operators are denoted by b' and b. We
start from the unitary in Eq. C.15, introduced for the two-qubit scenario, and

apply the Holstein-Primakoff transformations [210]:

t =251 - 124 (C.22)

where s is the particle’s spin, S = (5’1,, gy, S‘z) is the spin operator, and S* = ng:igy
are the raising and lowering operators. We describe the qubit as a spin s = %
particle so that, reintroducing the usual descriptors c% = (Gx, Gy, q.) as above, we
obtain (setting A = 1 in what follows):
G = VI—daa+al VI—ala
gy =—i(Vi—alaa—at vi—ala) (C.23)
4. =1 —2a'a.
Applying this transformation to Eq. C.15, we find that the unitary for the
proof-of-principle model is:

o1 \/1—6T88+8T\/1—1§T8+1 it
— |- . S -

| (m@+afm 1 AT&N (C.24)

5 -
where we have neglected the constant terms. In Eq. C.24, the terms proportional to
aTa and b'h describe the free evolution of the subsystems () and M, respectively. The

three interaction terms indicate that the harmonic oscillator acts as controller for



152 C.4. Proof-of-Principle Model with a Harmonic Oscillator

the spin—% particle. Moreover, the non-commuting, incompatible degrees of freedom
of the mediator are the number operator b'b and the creation and annihilation
operators b' and b. These are involved in the interaction that makes the witnessing
task possible on (). This concludes the final generalisation to the continuous variable
limit for the control system M. Independently of the dimensionality of the control
system’s Hilbert space, if it can induce a coherent rotation on the qubit, then it must

be non-classical, provided that a global quantity on the system ) & M is conserved.



Non-Markovianity Characterisation and
Population Dynamics in the Collision

Model

THE CONTENT OF THIS APPENDIX IS BASED ON [87], DONE IN COLLABORATION

WITH SIMONE RIJAVEC.

In this Appendix, we provide a characterisation of the non-Markovianity intro-
duced in the collision model in Chapter 3.3.3, studying the effect of the parameter
) on the degree of non-Markovianity and on the information loss on the chain. We
then complete the study of the information transfer in the model by studying the

population dynamics, described by the elements |pg' (k)| and |p35° (k).

D.1 Non-Markovianity Characterisation and In-
formation Loss

D.1.1 Characterisation of Non-Markovianity

We expect the parameter () to control the amount of information lost by the
environment. When Q = 0, Aj"(pcr) in Eq. 3.13 leaves por unchanged, so that

the global evolution of chain plus environment is unitary. When €2 = 1, instead,
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AT (pcr) re-initialises the m-th reservoir qubit to the maximally mixed state and,
if applied to all reservoir qubits, makes the environment Markovian. To quantify
the effect of 2 on the degree of non-Markovianity, we use the measure proposed
in Ref. [211]. Given two initial states of the system p;(0) and p2(0), the degree of

non-Markovianity under the action of a dynamical map is measured as [211]:

d

N = ma —D t), po(t)) dt, .
(1O} S5, dt (p1(t), p2(t)) (D)

where X is the union of all subsets where <D (p(t), p2(t)) > 0 and

D (pa(8),p2(t)) = 5lln (6) = 20 (D2)

is the trace distance between p;(t) and po(t). Since in this work we consider a
discrete process, we use a discretised version of Eq. D.1 [211]:

N = max Z (D (puc, p2,k) - D (pl,kfly ,02,k71)) ) (D-3)

{p1,0,02,0} hes,

where the sum runs over all values of k such that D (p1 x, p2.k) —D (p1,k—1, p2.k—1) > 0,
p1 is the state of the system at the end of the k-th step obtained by tracing
out the environment, and the maximisation is performed over all pairs of initial
states {p1.0, 020}

To illustrate the effect of the depolarising channel on the degree of non-
Markovianity, we first restrict to a model with one system qubit and one reservoir
qubit (1x1). We measure the non-Markovianity of this model by maximising Eq. D.3
over all the pairs of initial system states prepared in the following way:

1 {1+rcos(f) rsin(6)e "
PLo=75 (rl sin (6;) e® 1 —r;cos () (D-4)

with r, € [0,1], 6, € [0, 7], and ®; € [0, 27], for [ = 1,2. The maximisation procedure
becomes too complicated with a higher number of qubits. In that case, we use
some of the insights on the states maximising Eq. D.3 drawn from the 1x1 case
to choose a suitable pair of initial states.

In Fig. D.1, we plot the degree of non-Markovianity A induced by our protocol

in two models with different numbers of qubits. The circles refer to a model with
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Figure D.1: Degree of non-Markovianity N as a function of  for two different models.
N is calculated over 30 time steps with n = 7/2. The blue circles correspond to values
of N calculated with 1000 randomly generated pairs of initial system states in the 1x1
model. The red circles are the values of N obtained with the initial states |0) and |1).
The green squares correspond to the values of N for the 3x3 model with initial states
|000) and [111). Note that the values of N” when 2 & 0 are bounded by the finite number
of time steps of our simulations rather than by the state of the system reaching a steady
state. Increasing the number of time steps would increase these values.

one system qubit and one reservoir qubit (1x1), and the squares to the model with
three system qubits and three reservoir qubits (3x3). We have calculated N over 30
temporal steps with n = 7/2 for different values of 2. The blue circles correspond to
values of N for 1000 randomly generated pairs of initial states of the system in the
1x1 model. The red circles correspond to the initial states |0) and |1). The graph
provides strong numerical evidence that |0) and |1) maximise A/ in Eq. D.3. During
the course of the simulations, we noticed that any two antipodal states on the
Bloch sphere would maximise A/. This observation, and the fact that the 3x3 model
consists of identical copies of the 1x1 model, lead us to consider |000) and |111) as
good candidates to maximise N in the 3x3 model. The green squares correspond to
values of A for this pair of initial states and show a behaviour consistent with the
1x1 case. Due to the computational demand of simulating the 3x3 model with many
different initial states, we consider only this pair of initial states. More extensive
simulations are required to confirm that these initial states maximise N as the

considerations made for the 1x1 model might not apply to the 3x3 model. Therefore,
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the green squares can only be interpreted as a lower bound on the non-Markovianity
of the 3x3 model, although we conjecture that they maximise it.

Fig. D.1 shows that the parameter ) directly relates to the degree of non-
Markovianity A of the models. N is maximal for Q = 0, that is when the evolution
of system plus reservoir is unitary. A/ monotonically decreases with higher values
of €2 and becomes null for 2 = 1, i.e., when the reservoir is completely depolarised
at each step. The results are similar for the 1x1 and 3x3 models and show that €2 is

a good parameter to control the degree of non-Markovianity of the model.

D.1.2 Information Loss

Due to the interaction with the environment, the system qubits will lose information
over time. We expect the information loss rate to be related to the degree of
non-Markovianity. To quantify this effect, we study the behaviour of the von
Neumann entropy of a system qubit in a 1x1 model. We initialise the qubit in
the state |1) (1|, corresponding to a zero-entropy state (maximal information). In
Fig. D.2a, we plot the von Neumann entropy S(pc(k)) of the system qubit after
the k-th step of the protocol for n = 0.4 and different values of 2. We observe that
the entropy tends to 1 (no information) unless 2 = 0. If Q@ = 0, the system will lose
some information to the environmental qubit (which is initialised in the maximally
mixed state and thus has no initial information) in a periodic process, but the
information will never be irretrievably lost due to the overall unitary dynamics
of system plus environment. For any value of 2 > 0, the qubit will eventually
lose all its information. Moreover, we note that the entropy for higher values of {2
increases more slowly than for lower values of {2, meaning that information loss
is slower for lower degrees of non-Markovianity. Surprisingly, this suggests that
Markovianity protects the qubit from information loss, despite being associated
with more information loss from the environment.

To study how this effect depends on 7, we consider the time-average entropy

of the qubit, defined as:

51.9) = 13- S(po(k), 05
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Figure D.2: (a) Von Neumann entropy of the systems qubit S(pc(k)) over multiple
iterations of the protocol for n = 0.4 and different values of 2. (b) Time-averaged entropy
S as a function of n for different values of €2. The average is taken over 30 steps.

where the average is taken over the first K iterations of the protocol. We plot this
quantity in Fig. D.2b for K = 30 and different values of 2. We exclude €2 = 0
as, in this case, the information is never entirely lost. Fig. D.2b shows that, for
0.25 < Q < 1, lower degrees of non-Markovianity protect the qubit from information
loss (lower values of S) if system-environment interactions are weak (lower values
of 7). There is an inversion in this behaviour for higher values of 7, although S
is higher due to the qubit losing information to the environment more quickly in
this regime. This protecting mechanism of Markovianity for small 7 is surprising
given that Markovianity is associated with complete information loss from the
environment. We therefore expect this effect to favour the coherent transport of

information on a chain of qubits, as we have shown in Chapter 3.3.3.

D.2 Population Dynamics

To complete the study of the information dynamics in the collision model introduced
in Chapter 3.3.3, in Fig. D.3 we plot |pg' (k)| and |p5’(k)| as a function of the
number of iterations of the protocol k for different values of €2, once again in the
weak (n = 0.4, Figs. D.3a-D.3c) and strong (n = 1.2, Figs. D.3b-D.3d) coupling
regimes identified in the main text, with J.,qi;, = 10 and J,., = 1. We observe that

the populations tend to 1/8 unless 2 = 0, which corresponds to a fully unitary
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Figure D.3: Population elements ]plcl(k)\ and |p%3(k)] over multiple iterations of the
protocol for different values of 2.

process and therefore does not admit a steady state. The steady state for 2 # 0
is the maximally mixed state 13 /8 determined by the repeated application of the
depolarising channel. In our model, the populations for €2 # 0 are not indicative
of the location of the excitation. Instead, taken together with the coherences,
they show that the information initially located on the first qubit is gradually
lost. This is not a limiting aspect of our model; it simply reflects its focus on the
information dynamics of the process. In fact, each reservoir qubit is initialised in
a maximally mixed state, representing a qubit with no information. Because of
the interaction with the chain, the system qubit can acquire a population equal to
1/8 even with no excitation transport occurring. To obtain specific information
about the location of the excitation, non-Markovianity should be implemented with

a different model, where the reservoir qubits are initialised in a state containing
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Figure D.4: Difference between the populations |pgN(k)| in the case Jopgin = 10,

Jres = 1 and the populations \pg’N(k)]NT in the case Jepgin = Jres = 0 (no transport).
The difference is plotted for the first and third qubits of the chain over multiple iterations
of the protocol, for n = 0.4 and n = 1.2, and with different values of €). The vertical axis
has been truncated to improve the visibility of the graphs.

the information that the excitation is not located on it (see, for instance, [212]).
Nevertheless, we expect that the excitation dynamics will also affect population
changes during the initial iterations of the protocol.

To quantify this effect, in Fig. D.4 we plot the differences between the populations
Ip&t (k)| and |p%* (k)| of Fig. D.3 (Japain = 10, Jres = 1), and the populations
|pé:1(k)|NT and |p?53(k)|NT in the case Jopain = Jres = 0, i.e., when there is no
transfer of information along the chain or the reservoir and so the change in
populations is entirely due to information loss. We interpret these population
differences as an indicator of the population change caused solely by excitation
transport, excluding the effects of information loss. We immediately note that—

apart from the case 2 = 0—the values of Fig. D.4 are much smaller than the
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corresponding values in Fig. D.3, meaning that information loss is the dominant
effect on population changes. Examining Fig. D.3 with this in mind, we observe
that higher values of €) correspond to a slower information loss in the weak coupling
regime, signalled by a slower decay in the population of the first qubit (Fig. D.3a)
and a faster increase in the population of the third qubit (Fig. D.3c). Conversely,
we see that higher values of €2 determine a quicker information loss in the strong
coupling regime (Figs. D.3b-D.3d). Thus, for 0.25 < Q < 1, higher Markovianity
mitigates information loss in the weak coupling regime and accelerates it in the
strong coupling regime. This is also confirmed by the analysis of the information
loss mechanism in this model, provided in Appendix D.1.

Let us now focus on the effect of the information transport on the population
changes as quantified by Fig. D.4. In Figs. D.4a-D.4b, negative values indicate
that the depopulation of the first qubit is quicker when there is transport on
the chain and the reservoir (Jepain # 0, Jres # 0) compared to the case without
transport (Jepain = Jres = 0). Similarly, positive values in Figs. D.4¢-D.4d indicate
that the transport contributes to the increase in the population. Importantly,
the negative values are an effect of the initial state of the reservoir, which makes
P22 (k)| nr = + with a probability given by 7, even if no transport occurs along
the chain or along the reservoir. This choice follows the original motivation of
the model: studying the coherent transport of information on the chain. Overall,
Fig. D.4 points to an information transfer from the first to the third qubit before the
information is lost in the long run (unless 2 = 0 for which there is no information
loss). Moreover, we note that, for 0.25 < € < 1, higher Markovianity generally
enhances information transfer in the weak coupling regime and reduces it in the
strong coupling regime. This is in line with the behaviour observed for the coherence
of the transport (Fig. 3.5), meaning that this effect holds for both the amount

of information transferred and its coherence.
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