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Abstract	
Night-migratory songbirds appear to sense the direction of the Earth’s magnetic field via 
radical pair intermediates formed photochemically in cryptochrome flavoproteins contained in 
photoreceptor cells in their retinas. It is an open question whether this light-dependent 
mechanism could be sufficiently sensitive given the low light levels experienced by nocturnal 
migrants. The scarcity of available photons results in significant uncertainty in the signal 
generated by the magnetoreceptors distributed around the retina. Here we use results from 
Information Theory to obtain a lower bound estimate of the precision with which a bird could 
orient itself using only geomagnetic cues. Our approach bypasses the current lack of knowledge 
about magnetic signal transduction and processing in vivo by computing the best-case compass 
precision under conditions where photons are in short supply. We use this method to assess the 
performance of three plausible cryptochrome-derived flavin-containing radical pairs as 
potential magnetoreceptors. 

Keywords:  Cryptochrome. Information Theory. Light-dependent Magnetoreception. Night-

migratory songbirds.  Radical Pair Mechanism. Spin Dynamics. 
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I.		Introduction	

Night-migratory songbirds have a light-dependent magnetic compass that extracts directional 

information from the geomagnetic field (Cochran et al., 2004; Wiltschko and Wiltschko, 1995; 

Wiltschko, 1968; Wiltschko and Wiltschko, 1972). Signals from the primary receptors located 

in both eyes pass along the thalamofugal visual pathway to a small part of the forebrain known 

as Cluster N and are subsequently integrated with information from other orientation cues 

(Heyers et al., 2007; Mouritsen et al., 2005; Zapka et al., 2009; Zapka et al., 2010). The 

evidence (reviewed in (Hore and Mouritsen, 2016; Mouritsen, 2018)) points to a chemical 

sensing mechanism based on the quantum spin dynamics of photo-generated radical pairs in 

cryptochrome flavoproteins contained in photoreceptor cells in the birds’ retinas (Hore and 

Mouritsen, 2016). Laboratory studies of the purified proteins suggest that cryptochromes have 

many of the properties required of a magnetic compass sensor (Kattnig et al., 2016; Maeda et 

al., 2012; Sheppard et al., 2017). 
  

Although the cryptochrome hypothesis has received both experimental and theoretical support 

(Hore and Mouritsen, 2016), many aspects remain unclear. The notion that a sensory system 

makes use of quantum coherence in the “warm, wet and noisy” environment of a living cell 

has undoubtedly contributed to its popularity, at least amongst physicists (Al-Khalili and 

McFadden, 2014; Huelga and Plenio, 2013; Lambert et al., 2013; Marais et al., 2018; Mohseni 

et al., 2014), although the realization of such a mechanism in vivo is far from clear. Here we 

consider one of the many unresolved questions (Mouritsen, 2018): how could a light-dependent 

compass function efficiently under the dim light conditions experienced by nocturnal migrants 

(Hore and Mouritsen, 2016)? Specifically, we analyse the impact of the inherent uncertainty in 

the signal on the angular precision of the magnetic compass signal when the number of photo-

excited magnetoreceptor molecules is limited by low photon flux.  

 

Magnetic interactions many orders of magnitude weaker than the thermal energy kBT are able 

to influence the reactivity of organic radical pairs if they are formed in a long-lived non-

equilibrium electron-spin-coherent state (Maeda et al., 2008; Steiner and Ulrich, 1989). When, 

for example, a photo-excited singlet-state molecule accepts an electron from a closed-shell 

donor, a radical pair is formed in a non-stationary electronic singlet (S) state. This state 

interconverts coherently with the corresponding triplet state (T) as a result of symmetry-

breaking electron-nuclear hyperfine interactions. At the same time, the S and T states in this 

model undergo parallel spin-conserving reactions to form chemically distinct reaction products 

(see Fig. 1). The Zeeman interaction of the electron spins with an external magnetic field 

modifies the spin-eigenstates, alters the extent and timing of S  T interconversion, and so 

changes the branching ratio for the two competing reaction steps. The key quantities here are 

the ensemble-averaged fractional yields of the two products, S  and T  (with S T 1   ). 

The anisotropy of the hyperfine interactions causes S  and T  to depend on the direction of 
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the external magnetic field relative to the radicals in the retina, which are assumed to be 

immobilized and aligned. One of the two reaction products is presumed to act as the signalling 

state whose yield encodes information on which the bird could base navigational decisions. 

 

Photo-induced electron transfer reactions in cryptochromes produce radical pairs in which the 

two electron spins are in a singlet state as a consequence of spin conservation (Cai et al., 2010; 

Gauger et al., 2011; Hogben et al., 2012). The nuclear spins, however, are assumed to be in 

thermal equilibrium when the radicals are first formed. Quantum mechanical simulations of 

magnetic field effects on the spin dynamics of radical pairs generally use density matrix 

methods to perform an average over the statistical ensemble of possible initial electron-nuclear 

spin states. The reaction kinetics (Fig. 1) are conventionally modelled using Haberkorn 

operators to capture the average decrease in the population of the radical pair state due to spin-

selective recombination (Haberkorn, 1976). By contrast, each individual radical pair will have 

a random initial configuration of its nuclear spins and will react at a different instant of time to 

give one of the two products. Fig. 2 gives an illustrative example of the singlet probability, 

 S R
P t , (the probability of forming the singlet product if a reaction occurs at time Rt ) for two 

initial states of a simple radical pair. The average singlet reaction yield S  could be calculated 

by averaging over a large number of single-radical-pair reactions, propagating a random initial 

singlet state over time before a reaction event, at which point either the singlet or triplet product 

is formed. However, this would be exceedingly computationally expensive for all but the 

simplest radical pairs. Instead it would be better to derive the statistical distribution that 

describes the singlet reaction yield  S N  given a finite number N of photons each of which 

initiates a single radical pair reaction. In this way, the calculation would reduce to drawing 

random numbers from the appropriate distribution.   

 

Having obtained the distribution of the singlet yield for a finite N (Section II), we use 

Information Theory to circumvent the problem that next to nothing is known about how the 

singlet yield of cryptochromes spread around the retina is transduced, processed and interpreted 

(Section III). Use of the data processing inequality (Beaudry and Renner, 2011; Nielsen and 

Chuang, 2010) leads to a lower bound estimate of the precision with which a bird could orient 

itself using only the geomagnetic field as a directional cue (Section IV). This approach avoids 

the difficulty faced by a simpler Fisher information treatment (Guo et al., 2017; Lehmann and 

Casella, 1998; Vitalis and Kominis, 2017) which cannot account for arbitrary signal processing. 

We then estimate the photon flux into model cryptochrome-containing cells within the retina 

under the dim light conditions experienced by night-migratory songbirds (Section V) and 

assess the achievability of the Information Theory lower bound using a simple parametrized 

model of the singlet yield and two elementary data-processing approaches (Section VI). 
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Finally, we analyse the performance of three plausible cryptochrome-derived radical pairs as 

potential magnetoreceptors.  

 

II.		Distribution	of	reaction	yields	

To derive the distribution of singlet yields for a finite number of single-radical-pair reactions, 

we first consider the case where N = 1. The outcome of this reaction depends on the singlet 

probability,  S RP t
, of the radical pair at the time when it reacts, Rt , given the initial nuclear 

spin configuration, labelled . The probability that this radical pair forms the singlet product 

is just 
 
         S R S R R S R

ˆ1 1 ,P t P t t P t         (1) 

 

where ŜP  is the singlet projection operator and  Rt
  is the state of the radical pair at time 

Rt  given an initial nuclear spin configuration . In order to compute the overall probability of 

forming the singlet product, we need to average over Rt  and  by combining Equation (1) with 

the probabilities that the radical pair reacts at time Rt ,  Rp t , and has initial state ,  P  . 

Assuming there is no nuclear polarization or coherence prior at the moment of formation of the 

radical pair,   1/P Z   where Z is the number of nuclear spin configurations. For symmetric 

recombination (i.e. kS = kT = k in Fig. 1),   R
R e ktp t k (Timmel et al., 1998).  

 

Integrating this combined probability over all possible combinations of Rt  and  (i.e. using the 

law of total probability) gives the overall probability that a single radical pair forms the singlet 

product: 
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The probability that a single reaction results in the singlet product is simply the expectation 

value of the singlet probability of the radical pair, which is exactly the average singlet yield, 

S . 
 

Using this result, we can now derive the distribution that describes the singlet yield for a finite 

number of reactions,  S N . For N reactions, because each reaction is independent and 

identically distributed, we have N identical trials, each with probability S . The probability 
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that SN  of these reactions result in the singlet product is described by the binomial distribution 

 S,N   (normalised by 1/N): 
 

          SS

S S S S S S
S

1
~ , 1 .



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N N P N
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    (3) 

 

For large N (the regime used exclusively below), the central limit theorem states that this 

binomial distribution is accurately approximated by a normal distribution  2,  with 

mean S   and variance 2 : 
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The width of this distribution is  S S1 / N    . For p not close to 0 or 1,  1p p  

does not depend strongly on p and the majority of the uncertainty in  S N  is determined by 

the number of reactions, and scales as 1 / N . Equation (4) is verified in the Supplementary 

Information, Section I using a Kinetic Monte Carlo algorithm (Voter, 2007). 
 

III.		Information	Theory	

Now that we can calculate the uncertainty in the singlet yield for a finite number of reactions, 

we can ask how efficiently a cryptochrome-based radical pair compass sensor would perform 

under low light conditions. The magnetoreceptors are located in the retinas of both eyes, 

probably in photoreceptor cells (Bolte et al., 2016; Günther et al., 2018; Hore and Mouritsen, 

2016; Liedvogel and Mouritsen, 2010; Mouritsen et al., 2004; Niessner et al., 2011; Niessner 

et al., 2016). In the following, each cell is assumed to contain multiple, identically aligned 

cryptochrome molecules (Lau et al., 2012). The output of a cell would be an average of the 

singlet yields of all reaction cycles of its cryptochromes during a specified integration time. 

For a given orientation of the bird’s head in the geomagnetic field (the “head direction”,  ), 

the curvature of the retina means that cryptochromes contained in cells at different positions 

within the retina will experience different magnetic field vectors, and so have different average 

singlet yields, S . Thus, information on the head direction is encoded in 

    S S; ;iN N    , the set of singlet yields from all of the cells (labelled i) spread across 

the retina (Ritz et al., 2000). In the following we use upper case to denote random variables, 

e.g.  , and lower case ( ) to denote sample values taken from the set of possible elements of 

those random variables. 
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Unfortunately, we know so little about how the yield of the cryptochrome signalling state might 

be transduced, processed and interpreted (Dodson et al., 2013) that it is very difficult to reach 

conclusions about the precision of the compass without making assumptions of dubious 

validity. To circumvent this difficulty, we use a Rate Distortion Theory approach (Hilfinger et 

al., 2016; Lestas et al., 2010) to calculate a best-case compass precision for any given radical 

pair. 
 

According to the title of Shannon’s seminal paper (Shannon, 1948), the field of Information 

Theory (Cover and Thomas, 2012; Ihara, 1993; Jaynes, 1957),  provides “a mathematical 

theory of communication” which encompasses the fundamental topics of signal processing and 

data compression. Rate Distortion Theory is specifically the analysis of lossy data compression. 

The simplest model involves an encoder-decoder pair in which the input data is compressed 

(generally to afford efficient communication) and then reconstructed by the decoder to give an 

output. The finite amount of information in the input data means that there is some limit on the 

extent to which the data can be compressed in order that it can be perfectly reconstructed by 

the decoder. Otherwise the encoding involves some loss of information that cannot be undone 

by the decoder, and results in the output being an imperfect copy of the input. In this case, Rate 

Distortion Theory allows one to calculate the expected error or difference between the input 

and the output. 

 

Returning to the radical pair model, we can think of the external field direction (relative to the 

bird’s head direction) as the source of data, which is encoded in the singlet yield of 

cryptochromes in receptor cells in the retina. This, in turn, is decoded by some unknown signal 

processing pathway to give an estimate of the head direction. If the available singlet yield signal 

is noisy due to a small photon flux, then the “compression” of the magnetic information will 

entail some error in the bird’s estimation of its head direction, which we can quantify using 

several general inequalities from Rate Distortion Theory. A schematic representation of this 

process is given in Fig. 3. 

 

The key quantities in information theory are the differential entropy,  h X , which measures 

the uncertainty in the value of a random variable, X, based on its domain of possible values, 

and the conditional entropy  h X Y  which measures this uncertainty when the domain of X is 

restricted by knowledge of Y. These quantities are defined in terms of the probability density 

functions  p x  and  ,p x y  as (Shannon, 1948) 

 

      ln dh X p x p x x   , (5) 
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      , ln d d   h X Y p x y p x y x y . (6) 

 

Given the mean    and variance ( 2 ) of the probability density of X, an important result is 

that the entropy is maximal when the distribution of X is Gaussian (Cover and Thomas, 2012), 

i.e. when      1/2 22 2 2~ , 2π exp / 2X x 
         . Using Equation (5), the entropy of 

X therefore satisfies 

 

       2 21
~ , ln 2 e

2
h X h X      . (7) 

 

 h X  and  h X Y  can be combined to compute the “mutual information” about variable X 

available from a stochastic source of data Y (Shannon, 1948): 
 
      ;I X Y h X h X Y  .  (8) 

 

The narrower the distribution of X when conditioned by Y, the lower the conditional entropy 

 h X Y  and so the larger the mutual information (Cover and Thomas, 2012). If X is entirely 

determined by Y, the information is maximal and is determined by the entropy of X. If, instead, 

X and Y are independent,    h X Y h X  and the mutual information is zero. Equation (8) is 

the basis of our derivation of a lower bound on the error in the head direction derived from the 

radical pair sensors. 

 

Returning to our application, we are interested in how precisely the bird can estimate its head 

direction,  , which determines the orientation of the geomagnetic field experienced by the 

magnetoreceptors in the retina. We assume that the system represents a Markov chain 

S
ˆ   in which the bird’s estimate of its head direction, ̂ , is based solely on the 

encoding of the geomagnetic field direction in the singlet yield data coming from 

magnetoreceptor cells distributed across the retina,  S ; N . Our aim is to quantify the 

mutual information between the two ends of the signalling pathway,  ˆ;I   , represented by 

panels A and E in Fig. 3.  

 

If the number of reactions N = 0 there is clearly no information available about the external 

magnetic field.   and ̂  are therefore independent and the mutual information is zero. As N 

increases, the amount of information available from the singlet yield signal increases as the 

signal-to-noise ratio improves (the noise scales as 1 / N ). In the limit N   (assuming 

noiseless signal transduction), the information about the magnetic field is perfectly encoded in 

 S ;N , so that the conditional entropy  ˆh   is minimised and  ˆ;I    is maximal, 

meaning that the head direction can be determined exactly.  
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However, as we do not know how  S ;N  is quantified, transmitted and decoded in the eye 

and the brain, we cannot quantify  ˆh    and therefore cannot calculate the mutual 

information  ˆ;I   . To sidestep this difficulty, we use a bound on this mutual information 

applicable for Markov chains — the data processing inequality (Beaudry and Renner, 2011; 

Nielsen and Chuang, 2010), 
 

     S
ˆ; ; ;I I N     , (9) 

 

which states that the mutual information between   and ̂  is bounded by   S; ;I N  . 

Because the estimate of the head direction is downstream of the singlet yield signal, and 

because ̂  depends on  only via the singlet yield profile, any degradation in the input cannot 

be undone by decoding  S ;N . The significance of this is that, as we can compute the 

mutual information between  and  S ;N , we can compute an upper bound on the 

information between   and ̂ , for any arbitrary decoding of the singlet yield signal to 

compute ̂ . A simpler approach in which the Cramér-Rao lower bound is obtained from the 

Fisher information is inappropriate here because assumptions about the signal processing 

would be required to relate  S ;N  to ̂  (Cramér, 1999; Lehmann and Casella, 1998).  
 

In the following section, we use Equation (9) together with well-known results from 

Information Theory (Cover and Thomas, 2012; Ihara, 1993; Jaynes, 1957) to compute a lower 

bound estimate of the mean-squared difference between   and ̂  in order to evaluate how 

the precision of the compass sensor depends on N and the properties of the radical pair. 

 

IV.		Lower	bound	error	in	the	head	direction 

We start with the mutual information between   and ̂  (Equation (8)): 

 

      ˆ ˆ;I h h       . (10) 

 

The bird can face in any direction with equal probability, i.e. the head direction is uniformly 

distributed, so that Equation (5) gives 

 

    
π

π

1 1
ln d ln 2π

2π 2π
h 



         
    . (11) 

 

The mutual information, Equation (10), can be related to  ˆh    using 

 

      ˆ ˆ ˆ ˆh h h       . (12) 
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The equality in Equation (12) arises because we are in effect subtracting a constant in the 

conditional entropy, and Shannon differential entropy is invariant under translation (Cover and 

Thomas, 2012). The inequality is Shannon's lower bound which comes from the well-known 

concept that conditioning cannot increase entropy (Shannon, 1959). 

 

Using Equation (7), we can evaluate a bound on  ˆh   in terms of the variance 2  of the 

distribution of ˆ : 

 

   2 1 ˆexp 2
2πe

h   . (13) 

 

Since the expectation value ˆ 0E      , 2  is the mean-squared difference between   and 

̂ :  

 

     2 2
2 ˆ ˆ ˆE E E               
 . (14) 

 

Combining Equations (9) to (13) gives an expression for the lower bound, LB , the root-mean-

squared error in the head direction estimate based on the encoding of the true head direction in 

the singlet yield signal across the retina: 

 

   2 2
LB S

2π
exp 2 ; ;

e
I N         . (15) 

 

The real power of this method is that Equation (15) gives the lower bound of  in the limit that 

100% of the information available in the singlet yield signal is retained. This is valid for any 

arbitrarily sophisticated data processing algorithm used to interpret the singlet yield signal, and 

so successfully avoids having to make any guesses about signal transduction and processing in 

vivo, instead assuming the optimal case. Considering the complexity of data processing known 

in, for instance, the visual system (Hubel, 1995), the ability to account for a highly developed 

but unknown decoding mechanism is an important one. The evaluation of LB  is detailed in the 

Supplementary Information, Section II. 

 

V.		Magnetoreceptor	cells 

The next stage is to define the orientations of the magnetoreceptor molecules in the retina with 

respect to the geomagnetic field. We model a bird’s eye as a sphere with the retina spanning a 

hemispherical section of its surface and the pupil positioned on the optical axis opposite the 

centre of the retina. Although a crude approximation to reality, this geometry captures the 
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essential physics. The cells that contain the magnetoreceptor molecules are assumed to be 

identical, uniformly arrayed across the retina, and cylindrically shaped (in the manner of the 

photoreceptor cells) with their symmetry axes pointing towards the centre of the sphere. Within 

each cell, all magnetoreceptor molecules, and therefore all radical pairs formed within them, 

are taken to have identical orientations. For simplicity, the optical axis of the eye is aligned 

parallel to the horizontal component of the geomagnetic field ( = 0). The geomagnetic 

inclination (with respect to the horizontal) is taken as  = 66. In this model, therefore, the 

orientation of a radical pair with respect to the geomagnetic field vector is completely 

determined by the position in the retina of the cell in which it resides. We specify this position 

by co-latitude ( ) and azimuth ( ) angles and, for simplicity, assume a geometry within each 

cell such that the angle,  , between the magnetic field vector and the main axis of the radical 

pair is independent of the co-latitude and given by (see Supplementary Information, Section 

III) 

 

    cos sin sin   . (16) 

 

Evaluation of the minimum head direction error, Equation (15), requires the diagonalization of 

a covariance matrix (see Supplementary Information, Section II) whose dimension is the total 

number of magnetoreceptor cells in the retina (potentially > 106). To make the problem 

tractable, we reduce the dimension of the system by grouping the cells contained in spherical 

caps of half-angle  = 0.5 to form a smaller number of “grouped magnetoreceptor cells”. The 

cells within each group have such similar positions and orientations that they will have almost 

identical average singlet yields, S  (Worster et al., 2017). Each group is treated as a single 

receptor cell that absorbs the total number of photons that would impinge on the constituent 

cells during the integration time. The retina is thus described by a square grid of these 1-
spaced grouped receptor cells. In the visual system, similar groupings of photoreceptor cells 

form under dim light conditions to improve contrast at the expense of resolution (Warrant, 

1999). As the increase in the number of photons per receptor compensates the reduction in the 

number of receptor cells, we consider this simplification to be valid. To verify this, we 

calculated LB  using  = 1.0, representing a four-fold decrease in the number of grouped 

receptor cells each of which received four times as many photons. The calculated lower bound 

errors agreed to within a few percent, justifying the approximation. 

 

The double-cone photoreceptor cells have been proposed as the most likely location of the 

magnetoreceptors (Günther et al., 2018; Worster et al., 2017). They are arranged on an 

approximately hexagonal lattice in the retina with a nearest neighbour separation of 7 m 

(Kram et al., 2010), giving an average of one double cone per 40 m2 of retina. Taking r = 4 

mm as the typical radius of the eye of a small songbird (Thomas et al., 2002), the area of a 
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spherical cap with half-angle  = 0.5 is  22 1 cosr   = 3800 m2.  There are therefore ~100 

double cones in each grouped receptor cell and ~30,000 grouped receptor cells in the model 

retina. 

 

We now need to estimate the number of photons, N, that enter each grouped receptor cell in a 

given time interval. Birds can orient using their magnetic compass on cloudless, moonless 

nights at light intensities down to 3  104 lux corresponding to an average of ~0.3 photons 

incident on each 1 m2 of retina per second (Cochran et al., 2004; Hore and Mouritsen, 2016). 

A typical photoreceptor cell has diameter  2 m and therefore occupies ~3 m2, meaning that 

each cell receives roughly 1 photon per second under these conditions. Since there are ~100 

cells per grouped receptor cell, we have N  100 photons per grouped receptor cell per second.  

 

The signal-to-noise ratio of the sensor can be improved by increasing the period during which 

photons are absorbed and integrating the resulting signals (Warrant, 1999). Following Cochran 

et al. (Cochran et al., 2004), it seems unlikely that this integration period would be much longer 

than a few minutes, meaning that the number of photons per grouped receptor cell is in the 

range 102  N  104 when the light intensity is ~3  104 lux. 

 

VI.		A	model	radical	pair	

The singlet yield signals produced by grouped receptor cells spread across the whole of the 

retina can be pictured as “visual modulation patterns” (Ritz et al., 2000) (VMP) in which the 

singlet yield for each grouped receptor cell is represented here by a colour-coded pixel in a red-

to-blue heat map. To obtain a two-dimensional pattern, the retina is projected onto a plane 

tangent to the centre of the retina using the pupil as the point of perspective. This stereographic 

projection maps the position of a grouped receptor cell onto a point in this plane defined by 

Cartesian coordinates (x, y): 

 

 
 

 

2 2tan / 2 ,

tan / .





 



x y

x y
 (17) 

 

The co-latitude and azimuth are thus represented, respectively, by radial and angular features 

in the VMP. The centre of the retina ( = 0) projects to the centre (x = y = 0) of the VMP (Lau 
et al., 2012; Worster et al., 2017). 

Before applying the Information Theory approach to realistic radical pairs, we begin with a 

simple parametrized model of the dependence of the average singlet yield on the direction, , 

of the geomagnetic field with respect to the radical pair (see Supplementary Information, 

Section III), 
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A .  (18) 

 

This form of S   is an inverted Gaussian of amplitude A, taken as A = 1.27  103, and width 

, centred at 90   , superimposed on a constant background of amplitude 0.5. The value of 

A was chosen to match that found in simulations of a 16-spin model of a cryptochrome-based 

radical pair with a lifetime,  = 1/k = 1 s (Hiscock et al., 2016). In this simple example, the 

alignment of the radical pairs in the receptor cells is such that the signal is independent of the 

co-latitude of the cell (Equation (16)) and therefore has no radial variation in the VMP (Fig. 

4d).  

 

Fig. 4a gives an example of how the singlet yield signal across the retina varies for different 

values of N, when  = 26. As anticipated, the noise arising from the variance of  S ,i N   

tends to obscure the signal for the smaller numbers of photons per receptor cell, N. Each 100-

fold increase in N improves the signal-to-noise ratio by a factor of ~10 (Equation (4)) and, by 

eye, the signal only emerges from the noise when N  106. 

 

Before considering the Information Theory lower bound, we assess its achievability using two 

simple data processing methods to compute the root-mean-squared error in the derived head 

direction. In the first, we average the noisy signal along the diameters of the VMP and obtain 

a crude estimate of the head direction, ̂ , as the value of the azimuth that corresponds to the 

minimum of this processed signal, e.g. Fig. 4b (where ˆ 95   ). This procedure was repeated 

for many realisations of the singlet yield signal,  S ;N , so that the mean-squared error, 
2 2ˆ= [( ) ]E   can be calculated. The second, more sophisticated, data processing method 

entails fitting a Gaussian model function to the diameter-averaged signals to obtain an 

improved estimate of the head direction from the value of the azimuth at the minimum of the 

fitted model function (Fig. 4b). Again, this is repeated many times, and the mean-squared error 

in the head direction computed. These calculations have been constructed such that both 

processing methods give the correct result when N .  

 

Fig. 4c compares the Information Theory lower bound, LB , with the root-mean-squared error 

  derived from the above two methods. In all three cases, the precision improves as N increases, 

as expected. The curve-fitting method offers a relatively good proof of principle that the 

Information Theory bound is not much smaller than that achievable by data processing. Indeed, 

some more sophisticated processing method could achieve a better agreement, but the 

importance of the Information Theory result is that it provides a bound. The more primitive 
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interpretation technique, based on selecting the minimum value of the diameter-averaged 

signals gives a far larger error. 

 

The same model of the singlet yield (Equation (18)) can be used to assess how the width, , of 

the signal affects the precision of the compass (Fig. 4d). This is of interest in relation to recent 

simulations of cryptochrome-based radical pairs which predict that for lifetimes exceeding ~1 

s, S  contains a sharp feature, referred to as a spike or “needle” (Hiscock et al., 2016), that 

could deliver a much more precise compass bearing than previously thought possible. Fig. 4e 

shows LB as a function of  for N = 100 and 1000.  When the number of photons is limited, 

there is an optimum width that minimises the error in the estimated head direction. The more 

photons there are, the narrower is the optimal width of S . It appears that for small N, more 

spatial averaging is required to extract directional information, and very narrow signals are less 

well suited to this coarse-graining. 

 

VII.		Cryptochrome‐based	radical	pairs	

At least three radical pairs have been discussed as potential magnetic sensors in cryptochromes 

in vivo. [FAD TrpH+] is formed by light-induced electron transfer from a tryptophan (TrpH) 

amino acid residue within the protein to the fully oxidised FAD (flavin adenine dinucleotide) 

chromophore and gives rise to magnetic field effects on long-lived states of the purified protein 

(Kattnig et al., 2016; Maeda et al., 2012; Sheppard et al., 2017). Alternatively, a radical pair 

could be formed during the re-oxidation of the fully (photochemically) reduced state by 

electron transfer from FADH to an unknown electron acceptor (Niessner et al., 2014; Niessner 

et al., 2013). We consider two possibilities, both of which have been proposed previously: 

[FAD Z] in which Z is a radical devoid of hyperfine interactions (Hogben et al., 2009; 

Müller and Ahmad, 2011; Ritz et al., 2009; Solov'yov and Schulten, 2009), and [FAD Asc], 

formed when ascorbic acid is the electron donor (Lee et al., 2014; Nielsen et al., 2017). 

Simulations suggest that both could produce much larger anisotropic magnetic field effects 

than [FAD TrpH+] and could therefore form the basis of a more sensitive direction sensor. 

With the hyperfine interactions used here (Supplementary Information, Section IV), only 

[FAD TrpH+] is predicted to exhibit the narrow spike mentioned above (Hiscock et al., 

2016). In the following, we abbreviate these three radical-pair states of cryptochrome as FAD-

Trp, FAD-Z and FAD-Asc. To compare their performance under low light conditions, we use 

the same intracellular orientation of the cryptochromes as in Fig. 4, any choice being arbitrary 

given our ignorance of the situation in vivo (see Supplementary Information, Section III). The 

dependence of S  on the direction of a 50 T magnetic field was calculated as described 

previously using the hyperfine interaction tensors listed in the Supplementary Information, 

Section IV.  
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Fig. 5a shows the lower bound error for FAD-Trp with lifetimes of 1, 2 and 5 s. As the lifetime 

increases, the singlet yield signal shows both an increase in anisotropy and the appearance of 

the compass “needle” (Hiscock et al., 2016) for   5 s. It is therefore not surprising that LB  

is smaller for the longer lived radical pairs. When  for FAD-Trp is extended to 100 s, the 

spike becomes much sharper and LB 0  for N  100 (not shown). By contrast, FAD-Z, because 

of its much larger magnetic anisotropy, has LB 0  for N  100 and   1 s (also not shown). 

For a given lifetime, FAD-Z offers a much more precise estimate of the head direction than 

does FAD-Trp. 

 

The results shown in Fig. 5a were obtained using the previously studied 16-spin model of FAD-

Trp (details in Supplementary Information, Section IV) (Lee et al., 2014), neglecting the 

exchange and dipolar interactions between the radicals. Both approximations greatly reduce 

the computational difficulty of the spin dynamics calculations but lead to overestimates of the 

anisotropy of S  (Lewis, 2018). 

 

A calculation that includes all 27 hyperfine-coupled nuclear spins in FAD-Trp together with 

realistic exchange and dipolar interactions is not feasible using an exact quantum mechanical 

approach. However, Lewis (Lewis, 2018) has shown that approximate calculations (with an 

estimated 5% statistical error) can be performed on spin systems of this size using the 

semiclassical algorithm (Manolopoulos and Hore, 2013). As shown in Table 1, there is a 

decrease in the anisotropy of the signal of over an order of magnitude in going from 14 nuclear 

spins to 27. As expected, this decrease is mirrored in the calculated lower bound error (Fig. 5b) 

which is large even for N  105 photons per grouped receptor when  = 1 s. This suggests 

that there may be a serious problem with a FAD-Trp-based compass sensor under low light 

conditions. 

 

Finally, we turn to FAD-Asc and model a rapidly tumbling Asc radical as the partner of the 

FAD radical (details in Supplementary Information, Section IV). Compared to the 16-spin 

model of FAD-Trp, the singlet yield anisotropy is larger by a factor of about 50 when  = 1 

s. This again leads to a very small head direction error (Table 1), and suggests that an organic 

counter-radical with small hyperfine interactions could prove to be a more sensitive compass 

sensor in vivo. However, both FAD-Asc and FAD-Z are expected to show a similar decrease 

in anisotropy as noted above for FAD-Trp pair on inclusion of the radical-radical interactions. 

 

VIII.		Conclusions	

We have investigated the functioning of a radical pair compass under the low-light conditions 

experienced by night-migratory songbirds and in particular how quantum noise could affect a 

bird’s ability to estimate its head direction from the quantum yield of the signalling state of 
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cryptochrome magnetoreceptors spread around the retina. Within the current model of the 

radical pair mechanism, our analysis represents a best-case scenario in a number of ways. We 

have assumed: (a) that the processing required to decode the information supplied by the retina 

is as efficient as it could possibly be; (b) that all the cryptochrome molecules in a cell are 

identically and perfectly aligned; (c) that the radical pairs undergo negligible spin relaxation; 

and (d) that all the light entering the eye is absorbed by cryptochromes despite the existence of 

the opsin proteins responsible for vision.  

 

Subject to these limitations, two main conclusions emerge from this study. First, the low photon 

flux on a clear moonless night appears to pose a significant sensitivity challenge for a light-

dependent magnetoreceptor, whatever the identity of the radical pair. Second, our analysis 

suggests that [FAD TrpH+] is less well suited as a sensor than a radical pair in which the 

tryptophan radical has been replaced by one containing no ([FAD Z]) or very few ([FAD 

Asc]) hyperfine couplings. Other things being equal, [FAD TrpH+] is expected to be much 

less sensitive to weak magnetic fields because of the large number of 1H and 14N nuclei in 

TrpH+ which translates into an increased error in the derived compass bearing. However, it is 

at least clear that [FAD TrpH+] is formed photochemically in purified cryptochromes and 

that it generates magnetic field effects. The same cannot be said of the other two radical pairs 

whose existence, let along magnetic sensitivity, has not been demonstrated, even in vitro. 

 

It must be stressed that throughout this study we have tacitly assumed that the current model 

of radical pair magnetoreception is appropriate and complete. If there were some aspect of the 

behaviour of radical pairs that made them, say, 103 times more sensitive to the geomagnetic 

field, then the problems associated with low photon flux would be much less serious. Although 

such huge increases in detection sensitivity seem unlikely, they have been discussed before in 

the context of the extraordinary finding that migratory birds are unable to use their magnetic 

compass when exposed to extremely weak radiofrequency fields (Hiscock et al., 2017). 

Additional, and equally speculative, sources of large sensitivity gains include abnormally slow 

electron spin relaxation ( 10 s) (Hiscock et al., 2016), greatly extended signal-averaging 

times (1 hr), and spin-selective radical scavenging reactions which, at least theoretically, 

could significantly enhance the magnetic sensitivity (Kattnig, 2017; Kattnig and Hore, 2017). 

There has also been some discussion, reviewed by (Hore and Mouritsen, 2016), of whether the 

electron spin entanglement with which singlet radical pairs are formed could be a source of 

additional sensitivity. Entanglement has no known function within the current model of radical 

pair magnetoreception and a radical pair formed in an unpolarised triplet state (which has no 

entanglement) could also be a viable magnetic compass sensor, suggesting that entanglement 

is not an essential requirement (Hogben et al., 2012). Finally, the non-uniform illumination of 

the retina produced by a starry sky could improve the signal-to-noise ratio in a subset of 
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magnetoreceptors from which a more reliable estimate of the head direction could be obtained 

(Hore and Mouritsen, 2016). 
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Figure	captions	

Fig. 1. The radical pair mechanism. A model reaction scheme for a singlet-born radical pair 

able to react spin-selectively to form singlet and triplet reaction products with first order rate 

constants Sk  and Tk , respectively. The curly red-blue arrows represent the coherent 

interconversion of the two forms of the radical pair. The reaction scheme for radical pairs in 

cryptochrome is slightly more complicated (Hore and Mouritsen, 2016; Maeda et al., 2012).  

 

Fig. 2. The time-dependence of the singlet probability of a model radical pair containing a 1H 

nucleus in one of the radicals with hyperfine components (Axx, Ayy, Azz) = (0.5, 0.5, 1.8) mT. 

 S RP t
 is plotted for each of the two initial nuclear spin configurations. The applied magnetic 

field, 50 T, is aligned with the symmetry axis (z) of the hyperfine tensor. Spin relaxation, 

radical-radical interactions, and recombination reactions are not included.  

 

Fig. 3. A schematic representation of the Information Theory approach. (a) The source of 

directional information is the geomagnetic field.  is the bird’s head direction with respect to 

geomagnetic north. (b) The head direction determines the magnetic field vector experienced 

by cryptochrome molecules in cells distributed across the retina. This information is encoded 

in the singlet reaction yield of light-induced radical pairs within the cryptochromes. (c) Each 

receptor cell i experiences a different field direction and so has a different average singlet yield, 

 S ;i N  , represented here as a visual modulation pattern (see later). (d)  S ;N , the 

singlet yield signal from the whole of the retina, is decoded in the bird’s eye and brain using 

some unknown data processing algorithm. (e) This results in an estimate of the head direction. 

The mutual information between different steps in the process is indicated. 

 

Fig. 4. Calculation of the error in the estimate of the head direction for a model radical pair 

magnetic compass sensor. (a) Visual modulation patterns for different numbers, N, of photons 

per grouped receptor cell for a singlet yield anisotropy with  = 26 where each pixel represents 

 S ,i N   for a single grouped receptor. (b) An example of the processing of  S ;N  for N 

= 104. The orange trace is the diameter-averaged signal from the VMP plotted as a function of 

the azimuth. The blue trace is the result of fitting these data to a Gaussian model of the singlet 

yield anisotropy. (c) Comparison of the root-mean-squared error for the averaging and fitting 

methods with the Information Theory lower bound, LB  as a function of the number of photons 

per grouped receptor cell. The inaccessible region where   < LB  is shaded red. (d) VMPs in 

the N   limit for different values of . (e) Lower bounds calculated for as a function of the 

width of the S  signal, .  
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Fig. 5. The lower bound error in the head direction for the FAD-Trp radical pair state of 
cryptochrome as a function of the number of photons per grouped receptor cell. (a) A truncated 

16-spin model with no exchange or dipolar coupling for lifetimes  = 1, 2 and 5 s. (b) The 

full 29-spin model with  = 1 s. The shaded regions indicate the expected number of photons 

per grouped receptor cell (102  N  104) when the light intensity is ~3  104 lux. 
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Table	
 

Table 1 

Lower bound head direction errors  

 

radical pair1 nuclear spins2  / s S 3 
LB  

FAD-Trp 7 + 7 1 1.27  103 26 

FAD-Trp 7 + 7 5 3.69  103 0.77 

FAD-Trp 15 + 12 1 9.77  105 86 

FAD-Z 7 + 0 1 1.46  101 ~0 

FAD-Asc 7 + 4 1 6.66  102 ~0 
1Magnetic parameters given in Supplementary Information, Section IV. N = 1000. 
2Number of nuclear spins included in the FAD radical and the counter radical, respectively. 
3Anisotropy of the singlet yield, defined as    S S Smax min     . 
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Navigating at night: fundamental limits on the sensitivity of

radical pair magnetoreception under dim light

H. G. Hiscock, T. W. Hiscock, D. R. Kattnig, T. Scrivener,

A. M. Lewis, D. E. Manolopoulos, and P. J. Hore

S. I Distribution of reaction yields

We derived the distribution of the singlet yield (ΦS(N)) with a finite number (N) of reaction

cycles given a known average singlet yield (ΦS) (Equation (3)):

NΦS(N) ∼ B(N,ΦS). (S.1)

We can numerically verify this result using a Kinetic Monte Carlo (KMC) algorithm [1].

We calculate the singlet yield ΦS(N) for N reactions by explicitly computing the outcome of

N reaction trajectories, and then compare the distribution of many calculated singlet yields

against the expected binomial distribution in Equation (S.1). With kS = kT = k (Figure 1),

the calculation has the following steps:

1. Randomly select an initial nuclear spin configuration and combine it with a pure singlet

electron spin state: |Ψα(0)〉.

2. Propagate this initial state to tR = k−1 ln(1/u1) where u1 ∈ [0, 1) is a random number

between 0 and 1: |Ψα(tR)〉 = exp(−iĤtR)|Ψα(0)〉, where Ĥ is the spin Hamiltonian of

the radical pair.

3. Choose a second random number, u2 ∈ [0, 1). If u2 < PαS (tR) then the trajectory forms

the singlet product, otherwise the triplet product is formed. PαS (tR) = 〈Ψα(tR)|P̂S|Ψα(tR)〉

1



where P̂S the singlet projection operator.

4. Repeat this procedure N times and compute the fractional singlet yield, ΦS(N).

We use this KMC procedure to compute ΦS(105), i.e. the fractional singlet yield averaged

over N = 105 reactions, for a model 3-spin radical pair containing a single 1H nucleus with

hyperfine components (Axx, Ayy, Azz) = (−0.0989,−0.0989, 1.752)mT. The calculation is

repeated 105 times to approximate the distribution of ΦS(N).

The computed data is compared with the expected binomial distribution in Equation (S.1)

using a quantile-quantile (Q-Q) plot as shown in Figure S.1. A Q-Q plot shows the positions

of the quantiles (the ith quantile is the value below which i% of the data falls) of one set of

data against another; the two distributions are equivalent if the points fall on the line with

unit gradient passing through the origin [2]. Clearly this is the case in Figure S.1, verifying

our derivation of Equation (S.1).
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Figure S.1: A quantile-quantile plot comparing the distribution of singlet yields calculated
using the KMC algorithm with the quantiles expected from Equation (S.1). The results shown
are for N = 105 and 105 KMC calculations.
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S. II Computing the lower bound error in the head direction

Our expression for the lower bound of the root-mean-squared (RMS) error in the head direc-

tion estimate given in Equation (15) is:

ε2 ≥ ε2LB =
2π

e
exp [−2I(Θ; ΦS(Θ;N))] . (S.2)

In order to compute the error bound, we need to calculate the mutual information between

the head direction, Θ, and the singlet yield signal, ΦS(Θ;N). This involves calculating the

two entropy terms that make up the mutual information, which we choose to write (I(X;Y )

being symmetric)

I(Θ; ΦS(Θ;N)) ≡ I(ΦS(Θ;N); Θ) = h(ΦS(Θ;N))− h(ΦS(Θ;N)|Θ). (S.3)

In the following, we will use the Gaussian approximation of the singlet yield probability

distribution for large N (from the central limit theorem, Equation (3))

ΦS(N) ∼ N (ΦS,ΦS(1− ΦS)/N) . (S.4)

For a given head direction Θ = θ (we use upper case to denote random variables and lower

case to denote a specific value of the corresponding variable), the mean and variance at each

of the Nrec grouped receptor cells (labelled by i) can be written in terms of the average singlet

yield Φi
S(θ):

µi|θ = Φi
S(θ),

σ2
i|θ = Φi

S(θ)(1− Φi
S(θ))/N,

(S.5)

so that the probability density function of the singlet yield signal p(ΦS(Θ;N) = φS(N)|Θ = θ)

= p(φS(N)|θ) given a head direction θ and number of photons N is

p (φS(N)|θ) =

Nreceptors∏
i=1

N
(
µi|θ, σ

2
i|θ

)
. (S.6)

3



The other important result that will be used below is the law of total probability [3], which

for our purposes takes the form

p (φS(N)) =

∫
p(φS(N)|θ)p(θ)dθ

=

K∑
k=1

p(φS(N)|θk)P (θk).

(S.7)

In other words, we can describe the probability density of ΦS(Θ;N) as the distribution of

the singlet yield signal for a fixed θ averaged over all values of θ. In the second line, we have

replaced the integral over θ with a sum over discrete values of θk, as we will evaluate the

integral using numerical quadrature, not having a closed form expression for how the average

singlet yield signal varies with θ. P (θk) = 1/K where K is the number of values of θ sampled

to calculate the integral. We use K = 1000 to converge the directional RMS error to within

1◦.

S. II. A. The conditional entropy

Calculating the conditional entropy is relatively straightforward as, for a given value of θ, the

singlet yield at each receptor is described by an independent Gaussian

h(ΦS(Θ;N)|Θ) = −
∫ ∫

p(φS(N), θ) ln
(
p(φS(N)|θ)

)
dφS(N)dθ

≈ − 1

K

K∑
k=1

∫
p(φS(N)|θk) ln

(
p(φS(N)|θk)

)
dφS(N),

(S.8)

where we have used p(φS(N), θ) = p(φS(N)|θ)P (θ) in going from the first line to the second.

As stated above, we are going to numerically sample over the distribution of Θ, and the

integral over θ is approximated by a summation.

For each value of θk, the integral exactly corresponds to the entropy of a multivariate

Gaussian, whose entropy is given by the multivariate generalisation of Equation (7)

h (X ∼ N (µ,Σ)) =
1

2
ln ((2πe)n det(Σ)) , (S.9)
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where Σ is the n× n covariance matrix of the distribution, with elements

Σij = cov[Xi, Xj ] = E [(Xi − E[Xi])(Xj − E[Xj ])] . (S.10)

Since the singlet yield at each receptor is independent for a fixed θ, the covariance matrix of

this distribution is diagonal, meaning the total entropy is the sum of entropies of independent

Gaussian variables representing the singlet yield at each receptor. We can therefore write the

conditional entropy as:

h(ΦS(Θ;N)|Θ) =
1

2K

K∑
k=1

Nrec∑
i=1

ln
(

2πeσ2
i|θk

)
. (S.11)

S. II. B. Signal entropy

The other quantity left to calculate is the entropy of the singlet yield signal, h(ΦS(Θ;N)).

Because of the variation of ΦS with θ, the singlet yield at each receptor is not independent. For

a pair of receptors, their singlet yield signals are correlated because of the fixed geometrical

relation between them. Additionally, the distribution of Φi
S(Θ;N) is not simply described

by a Gaussian. Therefore we cannot straightforwardly evaluate the entropy. Instead, we

compute the upper bound on the entropy using the multivariate Gaussian limit [4] h(X) ≤

h (X ∼ N (µ,Σ)) (which is compatible with the bound in Equation (S.2)).

In order to compute this upper bound, we need to evaluate the elements of the covariance

matrix, and so consider the joint probability distribution of pairs of receptors. We again use

the law of total probability (Equation (S.7)) and the fact that the singlet yield at different

receptors is independent for a given θ

p
(
φiS(N), φjS(N)

)
=

K∑
k=1

p
(
φiS(N), φjS(N)|θk

)
P (θk)

=
1

K

K∑
k=1

p
(
φiS(N)|θk

)
p
(
φjS(N)|θk

)
.

(S.12)
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We can use this to evaluate the i, j element in the covariance matrix (where Φ̄i
S is the average

singlet yield at receptor i over all θ)

E
[(
φiS(N)− Φ̄i

S

)(
φjS(N)− Φ̄j

S

)]
=

∫ ∫
p
(
φiS(N), φjS(N))

)(
φiS(N)− Φ̄i

S

)(
φjS(N)− Φ̄j

S

)
dφiS(N)dφjS(N)

=
1

K

K∑
k=1

∫ ∫
p
(
φiS(N)|θk

)
p
(
φjS(N)|θk

)(
φiS(N)− Φ̄i

S

)(
φjS(N)− Φ̄j

S

)
dφiS(N)dφjS(N)

=
1

K

K∑
k=1

E[Φi
S(θk, N)− Φ̄i

S]× E[Φj
S(θk, N)− Φ̄j

S]

(S.13)

meaning the off-diagonal elements in the covariance matrix are simply the average of the

covariance over all values of θk, which can be easily computed

cov[Φi
S(θk, N),Φj

S(θk, N)]θk

= E[Φi
S(θk, N)− Φ̄i

S]× E[Φj
S(θk, N)− Φ̄j

S]

=
(
µi|θk − Φ̄i

S

)(
µj|θk − Φ̄j

S

)
.

(S.14)

Similarly, the diagonal components can be computed at each θk

cov[Φi
S(θk, N),Φi

S(θk, N)]θk

= E
[(

Φi
S(θk, N)− Φ̄i

S

)2]
= σ2

i|θk + µ2
i|θk − 2µi|θkΦ̄i

S +
(
Φ̄i

S

)2
.

(S.15)

Using these expressions, we can finally compute the total covariance matrix

(
ΣΦS(Θ;N)

)
ij

=
1

K

K∑
k=1

cov[Φi
S(θk, N),Φj

S(θk, N)]θk (S.16)

meaning the entropy is bounded by

h(ΦS(Θ;N)) ≤ 1

2
ln
(
(2πe)Nrec det(ΣΦS(Θ;N)

)
. (S.17)
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S. II. C. Performing the calculation

Combining the results from the previous sections (Equation (S.11) and Equation (S.17)), we

can write the mutual information as

I(Θ; ΦS(Θ;N)) = h(ΦS(Θ;N))− h(ΦS(Θ;N)|Θ)

≤ 1

2
ln
(
(2πe)Nrec det(ΣΦS(Θ;N))

)
− 1

2K

K∑
k=1

Nrec∑
i=1

ln
(

2πeσ2
i|θk

)
.

(S.18)

Finally, we insert this into Equation (S.2) to find an expression for the strict lower bound

on the error in the estimator (Θ̂) of the head direction (Θ) based on the singlet yield signal

(ΦS(Θ;N)) with N reactions cycles per grouped magnetoreceptor cell

ε2 ≥ 1

2πe
exp

(
2 ln(2π)− ln

(
(2πe)Nrec det(ΣΦS(Θ;N))

)
+

1

K

K∑
k=1

Nrec∑
i=1

ln
(

2πeσ2
i|θk

))

=
2π

e
× 1

(2πe)Nrec det(ΣΦS(Θ;N))
×

K∏
k=1

Nrec∏
i=1

(
2πeσ2

i|θk

)1/K
.

(S.19)
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S. III The magnetic field direction in the radical pair frame

Here we outline the geometric manipulations required to transform the magnetic field vector

from the laboratory frame into the radical pair (RP) frame.

We assume for simplicity that the eye of a bird is spherical. As in the main text, we denote

the head direction by θ and define θ = 0◦ to mean that the bird is looking directly towards

magnetic North. The other angle parameterising the field direction is the inclination angle

(φ) which is taken as 66◦ (we assume that the bird is always looking horizontally). Together

these angles give the external field vector in the retina frame (the z-axis is defined as the

symmetry axis of the eye) [5]

BR = (sin(χ) cos(ψ), sin(χ) sin(ψ), cos(χ)), (S.20)

where

χ = arccos
(
− cos(θ) cos(φ)

)
,

ψ = arctan
(
− cos(φ) sin(θ)/ sin(φ)

)
.

(S.21)

In order to calculate the singlet yield, ΦS, at each receptor, we require the field direction in

the RP frame. First we must transform to the magnetoreceptor cell frame before accounting

for the relative orientation of the RP within the receptor cell [5]. For simplicity, it is assumed

that all RPs within a single receptor cell are perfectly aligned and that all receptor cells are

identical. The receptor cell orientation is defined by the angles {κ, ν, η}. The cell is presumed

to be normal to the retina surface, and the first two angles are determined by the position of

the cell on the retina. If x and y are the coordinates (normalised such that x2 + y2 ≤ 1) of

the cell when the retina is projected onto a plane [5] (using an equal angle projection)

κ = 2 arctan
(√

x2 + y2
)
,

ν = arctan
(
x/y

)
.

(S.22)
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The angle η gives the rotation about the long (z) axis of the cell. The choice of this angle is

arbitrary as it combines with the z orientation of the RP within the cell [6]. The orientation

of the RP within the cell is defined by angles {α, β, γ}.

With these angles in hand, we can define the rotation which rotates the field vector in the

retina frame to the RP frame [5] (see Figure 3 in [6] for a diagrammatic representation of this

geometric relation)

R = Rz(ν)Ry(κ)Rz(η)Rz(α)Ry(β)Rz(γ), (S.23)

where

Ry(λ) =


cos(λ) 0 sin(λ)

0 1 0

− sin(λ) 0 cos(λ)

 , Rz(λ) =


cos(λ) − sin(λ) 0

sin(λ) cos(λ) 0

0 0 1

 . (S.24)

Using this rotation matrix, we can find the field vector in the RP frame

BRP = RTBR

= (sin(ζ) cos(δ), sin(ζ) sin(δ), cos(ζ))

(S.25)

and so finally we have the (average) singlet yield at the receptor i whose position in the retina

is defined by x and y with the bird’s head direction (θ) (and fixed inclination of the external

field) [5]

Φi
S(θ) ≡ ΦS(ζ, δ). (S.26)

In order to perform the calculations presented in the main text, it is necessary to make

some arbitrary choices about values of the unknown angles above. We choose α + η = β =

π/2, and γ = 0. We assume that the exact choice of these angles is not important for our

analysis [7], but it should be noted that this does assume perfect orientation of the RPs in

three dimensions in all the receptor cells. This choice of angles means that, when θ = 0,

cos(ζ) = sin(ν) sin(φ) (Equation (16)).

9



S. IV Hyperfine tensors

S. IV. A. FAD Radical

The hyperfine tensors of the FAD anion radical were calculated using density functional theory

(DFT) in Gaussian-03 [8] at the UB3LYP/EPR-III level [9]. The H8 and H7 methyl groups

are assumed to rotate quickly enough to average the hyperfine tensors of the three protons,

and their anisotropic components are very small and are therefore neglected. The Hβ protons

were assigned isotropic hyperfine couplings equal to the largest of the components for the

methyl group in lumiflavin [10].

H9 N1

N3, 
H3

Figure S.2: Nucleus labels of FAD•− radical in DFT calculations.

Nucleus A / mT aiso / mT Tqq / mT

N5


−0.0989 0.0039 0.0

0.0039 −0.0881 0.0

0.0 0.0 1.7569

 0.5233

1.2336

−0.6101

−0.6234

N10


−0.0190 −0.0048 0.0

−0.0048 −0.0196 0.0

0.0 0.0 0.6046

 0.1887

0.4159

−0.2031

−0.2128

H6


−0.2569 −0.1273 0.0

−0.1273 −0.4711 0.0

0.0 0.0 −0.4336

 −0.3872

0.1896

−0.0464

−0.1432
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H8 (×3)


0.4399 0.0 0.0

0.0 0.4399 0.0

0.0 0.0 0.4399

 0.4399

0.0

0.0

0.0

Hβ (×2)


0.4070 0.0 0.0

0.0 0.4070 0.0

0.0 0.0 0.4070

 0.4070

0.0

0.0

0.0

H7 (×3)


−0.1416 0.0 0.0

0.0 −0.1416 0.0

0.0 0.0 −0.1416

 −0.1416

0.0

0.0

0.0

H9


0.0554 0.0057 0.0

0.0057 0.1191 0.0

0.0 0.0 −0.0050

 0.0565

−0.0016

0.0631

−0.0615

H3


−0.0146 0.0286 0.0

0.0286 0.0226 0.0

0.0 0.0 −0.0646

 −0.0175

−0.01171

0.0588

−0.0471

N3


−0.0404 0.0045 0.0

0.0045 −0.0358 0.0

0.0 0.0 −0.0388

 −0.0383

−0.0048

0.0053

−0.0005

N1


−0.0225 0.0025 0.0

0.0025 −0.0259 0.0

0.0 0.0 0.0380

 −0.0035

−0.0177

−0.0238

0.0415

Table 1: Hyperfine tensors (A) for the FAD•− radical [10].

The isotropic (aiso/mT) and anisotropic (Tqq/mT) interac-

tions are given.
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S. IV. B. Tryptophan Radical

The hyperfine tensors of the tryptophan cation radical were calculated using DFT in Gaussian-

03 [8] at the UB3LYP/EPR-III level [9]. These tensors are in the same axis system as the FAD

radical as above, appropriate for the relative orientation of the FAD cofactor and Trp-342 in

the crystal structure of DmCRY [11,12].

Hβ1, 
Hβ2 H𝛾

Figure S.3: Nucleus labels of Trp radical in DFT calculations.

Nucleus A / mT aiso / mT Tqq / mT

N1


−0.0336 0.0924 −0.1354

0.0924 0.3303 −0.5318

−0.1354 −0.5318 0.6680

 0.3215

0.7596

−0.3745

−0.3851

H1


−0.9920 −0.2091 −0.2003

−0.2091 −0.2631 0.2803

−0.2003 0.2803 −0.5398

 −0.5983

0.5914

−0.1071

−0.4843

H2


−0.2843 0.1757 0.1525

0.1757 −0.2798 0.0975

0.1525 0.0975 −0.2699

 −0.2780

0.2855

−0.0919

−0.1936

12



H4


−0.5596 −0.1956 −0.1657

−0.1956 −0.4020 0.0762

−0.1657 0.0762 −0.5021

 −0.4880

0.3001

−0.0480

−0.2520

H6


−0.0506 0.0622 0.0889

0.0622 −0.3100 −0.0297

0.0889 −0.0297 0.2642

 −0.2083

0.1979

−0.0494

−0.1485

H7


−0.4355 −0.1541 −0.1239

−0.1541 −0.2777 0.0864

−0.1239 0.0864 −0.3770

 −0.3636

0.2540

−0.0594

−0.1945

Hβ1


1.5808 −0.0453 −0.0506

−0.0453 1.5575 0.0988

−0.0506 0.0988 1.6752

 1.6046

0.1521

−0.0456

−0.1065

Hα


−0.0601 0.0037 0.0331

0.0037 −0.0251 0.0111

0.0331 0.0111 −0.1940

 −0.0931

−0.1092

0.0395

0.0698

Nα


0.1295 −0.0134 0.0075

−0.0134 0.1729 −0.0249

0.0075 −0.0249 0.1371

 0.1465

−0.0224

−0.0270

0.0431

Hβ2


0.1634 −0.0230 −0.0064

−0.0230 −0.0082 0.0158

−0.0064 0.0158 −0.0182

 0.0457

−0.0758

−0.0454

0.1211

H5


0.0051 0.0616 0.0694

0.0616 −0.0665 0.0391

0.0694 0.0391 −0.0586

 −0.0400

−0.0632

−0.0616

0.1248
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Hγ


0.0329 −0.0321 0.0587

−0.0321 0.0253 −0.0169

0.0587 −0.0169 0.0117

 0.0233

−0.0617

−0.0141

0.0758

Table 2: Hyperfine tensors (A) for the TrpH•+ radical in the

same axis system as above [10]. The isotropic (aiso/mT) and

anisotropic (Tqq/mT) interactions are given.
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S. IV. C. Ascorbate Radical

The hyperfine tensors of the ascorbate radical are taken to be the experimental values given

in [13]. The ascorbate radical is assumed to be freely tumbling in vivo such that the hyperfine

interactions are rendered isotropic.

Nucleus A / mT aiso / mT Tqq / mT

H4


0.176 0.0 0.0

0.0 0.176 0.0

0.0 0.0 0.176

 0.176

0.0

0.0

0.0

H6 (×2)


0.019 0.0 0.0

0.0 0.019 0.0

0.0 0.0 0.019

 0.019

0.0

0.0

0.0

H5


0.007 0.0 0.0

0.0 0.007 0.0

0.0 0.0 0.007

 0.007

0.0

0.0

0.0

Table 3: Hyperfine tensors (A) for the Asc•− radical. The

isotropic (aiso/mT) and anisotropic (Tqq/mT) interactions

are given.
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