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Abstract The ability to characterise capillary supply plays a key role in develop-
ing effective therapeutic interventions for numerous pathological conditions, such
as capillary loss in skeletal or cardiac muscle. However, quantifying capillary sup-
ply is fraught with difficulties. Averaged measures such as capillary density or mean
inter-capillary distance cannot account for the local geometry of the underlying cap-
illary distribution, and thus can only highlight a tissue wide, global hypoxia. Detailed
tissue geometry, such as muscle fibre size, has been incorporated into indices of cap-
illary supply by considering the distribution of Voronoi tessellations generated from
capillary locations in a plane perpendicular to muscle fibre orientation, implicitly
assuming that each Voronoi polygon represents the area of supply of its enclosed
capillary. Using a modelling framework to assess the capillary supply capacity under
maximal sustainable conditions in muscle, we theoretically demonstrate that Voronoi
tessellations often provide an accurate representation of the regions supplied by each
capillary. However, we highlight that this use of Voronoi tessellations is inappropri-
ate and inaccurate in the presence of extensive capillary rarefaction and pathological
variations in oxygen tension of different capillaries. In such cases, oxygen flux trap-
ping regions are developed to provide a more general representation of the capillary
supply regions, in particular incorporating the additional influences of heterogeneity
that are absent in the consideration of Voronoi tessellations.
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1 Introduction

Aerobic respiration for virtually all mammalian cells is contingent on a local capil-
lary bed establishing an adequate partial pressure gradient for oxygen (O;) diffusion
to drive its transport. This in turn depends on numerous factors including the dis-
tribution, perfusion, and tortuosity of capillaries; mitochondrial locations; variations
in the capillary blood flow and haematocrit; the interstitial and cellular geometry;
the levels of facilitated diffusion; the interaction of haemoglobin and oxygen; tissue
temperature and intracellular composition (Hudlicka et al. 1992).

Understanding oxygen transport at the cellular level poses outstanding difficul-
ties, for instance quantifying the link between cellular demand and capillary sup-
ply, whilst current experimental interrogations at the scale of several microns are
laborious with limited resolution. Consequently, numerous theoretical models have
been developed to give insight into microvascular oxygen transport, as initiated
by Krogh and Erlang’s 1919 cylindrical model (Krogh 1919). This has become
the basis for numerous subsequent modelling explorations despite its limitations
(Kreuzer 1982), culminating in relatively recent 3D microvascular oxygen trans-
port modelling studies (Beard and Bassingthwaighte 2001; Goldman and Popel 2000;
Secomb et al. 2004).

However, skeletal and cardiac muscles exhibit a relatively simple histological
structure, with capillaries typically running parallel to muscle fibres, as illustrated
in Fig. 1. Thus, such tissues are not only important in their own right, but also offer
an opportunity for the study of tissue oxygenation without detailed three dimensional
geometrical complexity, removing the laborious requirement of capturing accurately
digitised tissue histology (Janacek et al. 2011), especially for studies demanding high
statistical significance. Consequently, there have been numerous studies quantifying
2D capillary and fibre distributions in skeletal muscle. While this structural informa-
tion cannot account for the regulation of capillary blood flow, there have been numer-
ous attempts to exploit such data in the characterisation of muscle capillary supply
capacity and its regulation (Clark et al. 1989; Hoofd et al. 1989, 1990; Hoofd 1995;
Wang and Bassingthwaitghte 2001; Salathe 2003; Burrowes et al. 2004; Safaeian
etal. 2011).

Standard measures of capillary supply capacity based on muscle structural data
consider scalar indices such as capillary density (CD), capillary-to-fibre ratio (C:F),
or mean inter-capillary distance (ICD) (Egginton and Ross 1989, 1992). However,
these are scale-dependent indices as they can be greatly affected by muscle fibre
growth (or atrophy) when tissue is subjected to local remodelling (Ahmed et al.
1997). Thus, they only resolve global details, neglecting the local geometry of the
underlying capillary distribution (see Fig. 1) and potentially important cellular level
details such as a local reduction in capillary numbers or local pockets of ischaemia
(Hargreaves et al. 1990).
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Fig. 1 (A) typical tissue cross section of rat skeletal muscle (m. extensor digitorum longus) with capillary
location identified by alkaline phosphatase staining. (B) An expanded region of the original image. The
dark structures are capillaries, the lighter objects are muscle fibres, and the lightest region is the intersti-
tial space. Note the heterogeneity of intercapillary distances between adjacent vessels, in part reflecting
heterogeneity of cell size in the host tissue (Egginton et al. 1988; Egginton and Ross 1989)

This has motivated numerous studies which attempted to generalise measures of
muscle capillary supply in an attempt to provide discriminatory indices that incorpo-
rate aspects of the local capillary distribution and fibre size for use in comparative
studies. Hence, the region oxygenated by an individual capillary, also referred to as
the capillary supply region or domain, is of immediate interest. While Krogh and
Erlang’s influential model (Krogh 1919) represented the capillary supply region as
a cylinder concentric with the capillary, the inability to tessellate space with cylin-
ders has motivated more sophisticated approaches, even in 2D muscle models. In
particular, in the cross section of the muscle, as illustrated in Fig. 1, Voronoi polygon
representations for the capillary oxygen supply regions have often been considered
(Turek et al. 1986; Wiist et al. 2009a, 2009b; Scott et al. 2009; Degens et al. 1992,
2002, 2006, 2008; Karch et al. 2005; Batra and RakuSan 1991; Batra et al. 1991;
Rakusan et al. 1992, 1994, 2001a, 2001b; RakuSan and Turek 1985, Sladek et al.
1996; Tomanek et al. 1990, 1991; Turek et al. 1987, 1992; Heron and RakuSan 1994,
Koyama et al. 1998; Koyama and Taka 2010).

In detail, a Voronoi polygon is an area within a tissue cross section that encloses
a capillary whereby every tissue point is closer to this capillary than to any other,
as illustrated in Fig. 2. Its adoption as a representation of capillary supply region
can be attributed to its ease of use and the absence of detailed parameter estima-
tion. Thus, of key interest are the numerous choices of indices based on the Voronoi
polygons extracted from tissue sample observations to estimate capillary supply ca-
pacity (Egginton and Ross 1989). Examples of these indices include local capillary-
to-fibre ratio (LCFR) and local capillary density (LCD) (Hargreaves et al. 1990;
Egginton and Ross 1989), which have the potential to reveal changes in capillary
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Fig. 2 The Voronoi polygon
tessellation superimposed on the
magnified tissue cross section
from Fig. 1

supply capacity following microvascular remodelling as well as disruptions in the
regulation between angiogenesis and oxygen demand (Batra and RakuSan 1991; Ba-
tra et al. 1991; Degens et al. 1992, 2002, 2006, 2008; Egginton et al. 2001; Wiist
et al. 2009a; Scott et al. 2009; Karch et al. 2005). This is especially pertinent in
the context of ischaemia due to disease and associated therapeutic interventions,
which include strength training exercise (Deveci and Egginton 2002; Suzuki et al.
2000), endurance exercise (Ahmed et al. 1997; Scott et al. 2009), electrical stim-
ulation (Ebina et al. 2002), and alterations in temperature (Egginton et al. 2001;
Egginton 2002).

The first to effectively explore Voronoi polygons were Gonzalez-Fernandez and
Atta (1972). They considered capillary geometries that led to various regular tes-
sellations of the plane, including hexagonal tessellations. While Voronoi polygons
will represent capillary supply regions for perfectly symmetric capillary distributions
within tissue of homogeneous oxygen consumption, a sufficiently pronounced asym-
metry will, in general, lead to a breakdown in the correlation between Voronoi poly-
gon and capillary supply regions (Egginton and Gaffney 2010). However, it is still
unknown to what extent introducing physiologically representative asymmetries in
capillary distribution influence the quality of Voronoi polygons in capturing capillary
supply capacity. Wang and Bassingthwaighte (2001) explored this question and crit-
icised the usage of Voronoi polygons for asymmetrical capillary arrangements, con-
cluding that they are inappropriate. However, the study was based upon a mathemat-
ical analysis that necessitated the consideration of un-physiologically low capillary
densities within the region of interest. Hence, this still leaves the question of whether
Voronoi polygon indices are appropriate in the physiological setting. Therefore, our
objective has been to explore a general model of oxygen transport under maximal
sustainable conditions in tissue, characterising where and when Voronoi polygon in-
dices are likely to accurately represent the underlying transport processes, while also
characterising an alternative index of capillary supply capacity in muscle.

2 Methods
The cross sections in Figs. 1, 2 are microscopy images of rat skeletal muscle, m. ex-
tensor digitorum longus, prepared via flash freezing in liquid nitrogen-cooled isopen-

tane and cryostat sectioned at —20 °C with the capillary location identified using
alkaline phosphatase staining (Egginton et al. 2001).
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3 Key Definitions

We consider a cross section of tissue, as in Fig. 2 where the capillary locations are
represented by a single point, e.g. the centroid of each capillary in the image plane of
the muscle cross section. Let N, denote the number of capillaries, and x; denote the
position of the ith capillary with D representing the global domain.

3.1 Voronoi Polygons

The Voronoi polygon containing the ith capillary with centre X; is the set
Vi={x|xeD;|x—x;| < |x—xt|, k#i}. (1)

This definition states that the Voronoi polygon associated with the ith capillary is the
closure of the set of points which are closer to capillary i than any other capillary.
Note that the V; tessellate D.

3.2 Trapping Regions

For a given capillary with a positive oxygen flux at its boundary (vessel wall), the
trapping region is the smallest domain which contains the capillary, with zero flux
conditions on its boundary. Thus, for a solution of the model equations for tissue
oxygen partial pressure p, the trapping region D; C D of a capillary with centre x;,
with outward pointing normal n; is defined to be the smallest domain within a closed
boundary containing x; and satisfying

oD; ={xe D|n;-Vp=0}. (2)

In addition, when the model prediction for oxygen flux at the capillary wall is neg-
ative, the trapping region is empty. Finally, when a mixture of positive and negative
oxygen fluxes is present at the capillary wall, the boundary of the trapping region
can also consist of the capillary boundaries so that each trapping region gives the
predicted region of oxygen supply for each capillary.

Clearly, the above is a model-dependent definition. Each D; yields the area sur-
rounding a capillary where the outward flux due to the ith capillary is balanced by
inward flux due to all the neighbouring capillaries of contiguous supply regions. In
addition, the regions D; need not tessellate D; if they do not, then there is at least
one region in D which does not receive any oxygen from any capillary, which is a
mathematical but not physiological possibility.

By construction, D; represents the region of supply of each capillary, according to
the model used to determine the oxygen partial pressure p in tissue. When Voronoi
polygons are used to represent the region of capillary supply, the validity of this
assumption dictates the validity of capillary supply capacity indices. Thus we are in-
terested in delimiting when the ith Voronoi polygon, V;, yields a good approximation
to the ith trapping region, D;.
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4 Modelling Framework

In the following, we develop a detailed model for O, transport under maximal sus-
tainable conditions in muscle tissue, as exemplified by the typical tissue cross section
presented in Fig. 1, where the length scale of a capillary cross-section is of order
2—4 pum.

4.1 2D Formulation

We examine O; transport in a two-dimensional domain representing a cross sec-
tion of skeletal muscle tissue. Perpendicular to this domain, an array of small cap-
illaries of circular cross-sectional shape supply the tissue with O, through pas-
sive diffusion (Popel 1989). Axial diffusion of O, in tissue can be neglected as
long as the ratio of characteristic intercapillary distance (10! um) to capillary
length (10° um) is sufficiently small, an assumption that is supported experimen-
tally when myoglobin-facilitated diffusion is limited (Gayeski and Honig 1988;
Kreuzer 1982). In turn, myoglobin facilitation can be neglected when the tissue par-
tial pressure, PO, is well above pmp 50 = 2-5 mmHg (Popel 1989; Goldman and
Popel 2000), where pmp,so is the oxygen partial pressure at 50 % saturation of myo-
globin.

4.1.1 Governing Equations

Excluding un-physiologically high O, concentrations, the oxygen flux, 7, can be
assumed to be proportional to the gradient of O, concentration, c, via Fick’s first law,
J = —DVc, where D is the O, diffusion coefficient in muscle tissue. By Henry’s
law, we have ¢ = ap, where p is the tissue partial pressure of O, (PO>) and « is
the coefficient of tissue O; solubility. Thus, in the absence of axial and myoglobin-
facilitated diffusion, conservation principles give

d(ap)
dt

=V - [aDVp]— M(p), 3)

where M is the rate of O, consumption in tissue. Note that, for a timescale of hours,
this process is in quasi-steady state (see Table 1). Moreover, we assume that M is
constant and uniform, and thus we implicitly assume that oxygen supply is sufficient
to ensure that uptake is at saturation levels. As detailed by Wilson et al. (1988), this
necessitates that tissue PO» is above a critical value, denoted pcriical, Which is ap-
proximately 0.5-1.0 mmHg (Wilson et al. 1988; Goldman 2008). Thus, for model
consistency with the assumption of limited myoglobin facilitation, we only consider
parameter scenarios with p > pmp.50 > Peritical (Richardson et al. 1995, 2001), and
hence M (p) = My, a constant metabolic demand. This likely pertains to a range
of tissue activity from rest to sustainable aerobic activity in muscle, i.e. endurance
exercise.

The domain geometry is typically obtained by considering a circular tissue cross
section and then re-scaling onto the unit disk, D'. Capillaries are assumed to possess
an area, C;, and a boundary, dC;. Therefore, we seek to investigate PO, in a region
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Table 1 Except for number of capillaries, parameter values above the line are taken from Goldman and
Popel (2000), while those below the line are derived values. The number of capillaries is estimated from
capillary densities. Note that pD ~ 3 51 indicating that the transport equation, Eq. (3), is in quasi-steady
state for timescales of hours and longer, as the evolution of the system toward the steady state is driven by
the timescale emerging from diffusion and the intercapillary distance ~1/ pl/ 2

Parameter Symbol Value

Tissue O, solubility a 3.89 x 107> ml Oy mI~! mmHg ™!
Tissue O diffusivity D 241 x 1075 cm? s~!

Tissue O consumption My 1.57 x 10~* ml (07} ml—1s!
Mass transfer coefficient k 4.0x 107 ml (0]} s~lem2 mmHg_1
Average intra-capillary partial pressure Dcap 20 mmHg

Capillary radius r 1.8 um

Capillary density p 1400 mm—2

Number of capillaries Ne¢ 612

Length scale L 7.46 x 1072 cm

Transfer coefficient 318.32 non-dimensionalised

O, consumption n 18.64 non-dimensionalised

of the unit disk that excludes the capillary lumina, C := Dl\UiC ;. Thus, our model
oxygen transport equation is reduced to

aDV?p — Mp=0 inC. “4)
4.1.2 Boundary Conditions

We consider the partial pressure and flux of O; at the blood-tissue interface of the
capillary wall. Since it is well known that there is a finite intra-capillary resistance
to blood-tissue O, transport (Eggleton et al. 2000), we can utilise the mass transfer
coefficient (Fletcher 1978; Goldman and Popel 2000), k, which gives a quantitative
measure for mass O, transport from haemoglobin and through the capillary-tissue
interface. Letting each capillary have an inward normal, n;, such that n; is outward
to the region C, conservation of mass at the capillary wall requires

0
k(peap — P) = Jovanl = —aD§ =n;-aDVp ondC;, )

where pcgp i the transversally-averaged partial pressure of O in blood (intra-
capillary), Jwan is the capillary-tissue O, flux, p is the partial pressure of Oy at the
external capillary wall, and r is the radial coordinate. Additionally, a no-flux bound-
ary condition is imposed at the outer boundary of the tissue, effectively the muscle
fascicle, to signify no exchange across it

ap
or r=1

=0. (6)

Even when the domain boundary within the model does not represent a physio-
logical fascicle, the use of this no-flux boundary condition is still justifiable within
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the context of our study, as we justify a posteriori that perturbing this condition does
not influence the system behaviour away from the boundary. In particular, our inves-
tigation will be based on a representative internal region of the tissue cross section in
which boundary effects become practically negligible, as described below.

4.1.3 Streamlines

Central to the numerical computation of trapping regions of oxygen partial pressure,
POy, is the concept of a streamline. A streamline for a vector field is a curve, the
direction of which coincides at each point with the direction of the vector field; that
is, at all locations it is tangential to the vector field. We consider the streamlines
associated with the gradient of the oxygen partial pressure, V p, and note that these
are the trajectories (integral paths) given by

dx v 7
s VP )
for all x = (x, y) in the physical domain, with s parameterising the integral path.
Therefore, a trapping region is an area of the muscle reached by streamlines emerging
from a given capillary and hence streamlines can be used to determine trapping region
boundaries from modelling predictions of oxygen partial pressures, as detailed in
Appendices A.4 and B.

4.1.4 Non-dimensionalisation

We non-dimensionalise the spatial scales and partial pressure. With N, capillaries in a
disk of diameter L and an average density of p/mm?, we have 7 (L/2)> = N./p, i.e.
L = [4Nc

Tp
and boundary conditions. Hence, the non-dimensional problem to solve is

. This is used along with pc,p to non-dimensionalise our model equation

V2p—u=0 inC, (8)
B
a—p =0, n;, - Vp=«( —p) onadC;, )
T lr=1
L2 M, Lk
= N = —_— 10
" Dapeap * Do (10)

Here, « > 0 is the non-dimensionalised metabolic demand, « > O is the non-
dimensionalised transfer coefficient, and 7; is the non-dimensionalised O, partial
pressure at the ith capillary wall. Note that p is non-dimensionalised with the maxi-
mum peap such that the ith capillary has a unit non-dimensional partial pressure when
Dcap 18 uniform or a value »; otherwise.

4.1.5 Capillary Distributions

For our model, capillaries are initially placed based on a hexagonal array to mimic the
approximate distribution of capillaries in select oxidative muscles. The heterogeneity

@ Springer



2212 A.A. Al-Shammari et al.

in capillary placement is introduced by a perturbative method, with the addition of a
random vector to the position of each capillary. The random vector has a magnitude
that is a fraction of the hexagonal array side length, s, while its direction is based on
an angle, ¢, that is uniformly distributed on [—, 7). We refer to perturbations via the
parameter 8 defined by the relative magnitude of the random vector to the hexagonal
array side length, and consider it as a measure of heterogeneity, with larger values
indicating more heterogeneous arrangements. Hence, we take

Xperturbed = Xoriginal + Bs(cos¢p,sing), ¢ € [—m, ). (11)

We consider regular, perturbed, random, and real distributions of capillary arrange-
ments. For regular and perturbed distributions, we initially place N, capillaries on a
hexagonal array. For regular distributions, the capillaries are not perturbed, while for
small, medium and large perturbations we then generate the capillary locations using
Eq. (11), respectively, taking 8 = 0.25, 0.50, 1.00. In addition, random distributions
are generated with a uniform probability per unit area; in contrast, real distributions
are based on a muscle image cross section where the capillary arrangement is taken
from a rat extensor digitorum longus muscle image rescaled onto the unit disk. Fi-
nally, we consider three capillary arrangements: slight and severe rarefactions, and
rarefied muscle. To generate the rarefied distributions, capillaries are simply removed
from a capillary arrangement that is either randomly generated or extracted from a
rat EDL muscle.

4.2 Model Properties

It can be easily shown that our model for the oxygen partial pressure possesses a
unique solution, as detailed in Appendix A.1.

4.2.1 Nature of Trapping Regions

The area of the ith trapping region, D;, is given by
K
Ai=—¢ (ni—pds, (12)
M Jac;

assuming the flux of oxygen at the capillary boundary is always from the capillary
into the surrounding tissue, as derived in Appendix A.3. We note that this provides
the simplest and most accurate means to calculate trapping region areas from the
numerical solution of the partial pressure. While the resulting area does not require
the geometric determination of the trapping region, the trapping region geometries
are also determined as described in Appendix B.3.

4.2.2 Parameter Values
Our parameter values are given in Table 1 and based upon those presented by

Goldman et al. (2000), which in turn are based on numerous experiments (Alt-
man and Dittmer 1971; Bentley et al. 1993; Christoforides et al. 1969; Dong 1997;
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Ellsworth et al. 1988; Honig and Gayeski 1982; Clark et al. 1985; Jiirgens et al. 1994;
Mahler et al. 1985; Meng et al. 1993; Sullivan and Pittman 1984). The length scale,
L, can be derived by assuming the 612 capillaries in the unit disk have a dimen-
sional density of 1400 mm~2 (Goldman and Popel 2000). Although rat EDL muscle
has generally lower capillary density values, depending on animal mass and adap-
tation, the capillary density we use is typical for a cardiac muscle. The use of such
scalings is justified in the sensitivity analysis we present in Appendix C. In addi-
tion, we briefly consider variations in pc,p within a tissue for one of the simulations
below. Due to possible experimental errors in estimating these parameters and natu-
ral variations, we also explore the influence of parameter variations in detail within
Appendix C.

4.2.3 Model Limitations

Assuming a constant metabolic demand entails the implicit hypothesis that the tissue
is never subjected to sufficiently low O levels (hypoxia) such that its mitochon-
dria would be unable to extract O, at the maximal rate (Schumacker et al. 1993;
Wilson et al. 1988). In particular, in the case of a uniform capillary supply, pcap can
be chosen in our model such that the tissue PO, values do not fall below 5 mmHg,
thus giving a maximal O, uptake and minimal myoglobin facilitation. Indeed, in the
presence of very low O3 levels (p < 0.50 mmHg), metabolic demand may have a par-
tial pressure dependence in accordance with Michaelis—Menten kinetics (Popel 1989;
Wilson et al. 1988) and the influence of myoglobin may become significant. Further,
we have assumed that the muscle fibre uptake of Oy, My, is uniform, although adja-
cent muscle fibres may be of varying oxidative demands; this additional source of het-
erogeneity is neglected here and will be explored in a subsequent study. Finally, since
our model predicts the behaviour of this system within the limits of capillary supply
capacity and no-axial convection and diffusion, its results are currently restricted to
2-dimensional muscle cross sections, but in principle extendable to 3-dimensional
images.

5 Results

We solve Egs. (8)—(9) for the oxygen partial pressure, enabling a derivation of the
streamlines via Eq. (7), and a subsequent determination of trapping region areas using
Eq. (12) and the trapping region geometries using the numerical methodologies in
Appendix B.

5.1 Definitions

5.1.1 The Region of Interest

Motivated by experimental practice, we introduce the region of interest, a square box

within the disk and concentric with it, which is used to select capillaries for consid-
eration. The edges of this region are further from the edge of the domain than the
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Table 2 Statistical measures for all capillaries i in the region of interest. These are used to evaluate the
quality of Voronoi polygons. Here, D; and V; are the ith trapping region and Voronoi polygon, respec-
tively, and 7; is their intersection. Here, std refers to the standard deviation, mean denotes the arithmetic
mean, and area corresponds to the non-dimensional area. See Sect. 5.4 for a discussion of these measures
in the context of our oxygen transport simulations

Statistic Definition

mean[area(Dj)—area(V;)]

Normalised mean of difference Amean = meanlarea(D; )]
Normalised standard deviation of difference Agd i= %
Normalised mean of intersection Nmean = Wm
Normalised standard deviation of intersection Ngtd := %
Normalised standard deviation of Voronoi polygons Ogtq := #%
Normalised standard deviation of trapping regions Ostd == %ﬁ%

Mean ratio R:= mean[g,’j;’(([‘;’;.)) ]

intercapillary distance as the objective is to remove domain boundary artefacts, as
can be confirmed a posteriori. The upper and left-hand sides of the square are identi-
fied as inclusion lines, and the lower and right-hand sides are, in contrast, exclusion
lines (Egginton 1990). A capillary domain of influence is counted as within the re-
gion of interest if it falls entirely within the box, or if it falls partly within the box and
overlaps inclusion lines only. To ensure robust statistical measures we consider iden-
tical populations of capillaries, using Voronoi polygons only to represent the capillary
domain of influence when considering the inclusion criteria for the region of inter-
est. Furthermore, these criteria allow the tessellation of multiple regions of interest
without double counting artefacts, so that it may represent the basis for considering
transport processes at higher scales.

5.1.2 Definition of Statistics

In Table 2, we define the statistical measures that will be used. These utilise D; and
Vi, the ith trapping region, and Voronoi polygon, as two-dimensional domains, re-
spectively, within the region of interest and 7;, their intersection. For a tissue cross
section containing 204 capillaries, the region of interest typically includes about 50
capillaries which are used to generate statistics, though we can obtain a smaller sam-
ple in the case of rarefaction. In Table 3, we present the statistics defined in Ta-
ble 2 together with area correlation coefficients, CC, for various capillary arrange-
ments.

5.2 Oxygen Densities, Voronoi Polygons, Trapping Regions, and Histograms
5.2.1 Oxygen Partial Pressure

The range of PO; is an increasing function of heterogeneity, with the widest range
and lowest PO, found in severe rarefaction and heterogeneous capillary PO, (Figs. 3
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Table 3 Statistics determined from areas of Voronoi polygons and trapping regions for different capillary
arrangements and parameter regimes. An entry denoted by * denotes cases where statistics are not applica-
ble. The area correlation coefficient, CC, is ill-defined for hexagonal arrays since all areas are the same, and
hence their standard deviation is null. Nonetheless, it is clear that Voronoi polygon areas provide exceed-
ingly good estimates of trapping region areas in this case. Similarly, the occurrence of zero area trapping
regions for heterogeneous capillary PO, entails the mean ratio R is ill-defined in this case. An entry of #
highlights that the statistics require more complex algorithms for quantitatively characterising all trapping
regions, due to non-uniform pcap, as detailed in Appendix B.3. For such cases, we have used Eq. (12) to
compute trapping region areas noting that the capillaries with fluxes solely into the blood compartment
automatically possess zero area trapping regions. The more complex cases of trapping regions which share
part of a boundary with a capillary possessing fluxes in both directions across its wall are not observed in
the example of inhomogeneous pcap considered

Capillary arrangement  Amean ~ Agtd Mmean  Nstd cc Ustd Ostd R

Hexagonal 0.0448 0.0093  0.9991 0.0084 =« 0 0.0113  0.9991
25 % perturbation 0.0805 0.0940 0.9498 0.1026 0.9508 0.1504 0.0678 0.9474
50 % perturbation 0.1140  0.1495 0.9073 0.1880 0.9503 0.2609 0.1267  0.8988

100 % perturbation 0.1690 0.2034 0.8841 0.2502 0.9530 0.3574 0.1895 0.8689

Slight rarefaction 0.2094 03071 0.8426 0.2816 0.9322 0.4714 0.2193 0.8247
Severe rarefaction 0.2919 0.4451 0.8104 0.4303 0.9399 0.6853 0.3820 0.7844
Rarefied muscle 0.1973  0.3057 0.8336 0.3594 0.9527 0.58 0.346 0.8223
Random 0.1631 0.2093 0.8803 0.2638 0.9180 0.3785 0.2164 0.8680
Muscle image 0.1501 0.1548 0.9297 0.1764 0.9483 0.2529 0.1411 0.9241
Heterogeneous pcap 0.6215 0.5682 # # 0.1047  0.2791 0.5615

and 6(a)). Some capillaries act like sinks for oxygen when the local O, levels are
higher than the capillary supply, even though the range of capillary partial pressures
was restricted to 20-30 mmHg (Fig. 4(1)).

5.2.2 Voronoi Polygons and Trapping Regions

Boundaries of Voronoi polygons are indistinguishable from those of trapping regions
in the case of perfectly symmetrical capillary arrangement (Fig. 4(a)). This is not the
case for the other arrangements where boundary deviations become more pronounced
with increasing heterogeneity (Figs. 4(b)—(h) and 6(b)). In the case of non-uniform
capillary PO, (Fig. 4(i)), such boundary deviations are much more pronounced, de-
spite the fact the range of capillary partial pressures was limited.

In addition, the exterior no-flux boundary condition has been perturbed to incor-
porate a small sinusoidal flux of the form

& _ gcosf
ar
where |¢| < 0.1 to confirm that the trapping regions within the region of interest did
not differ to any significant extent (results not shown). This confirms that the mod-
elling predictions are insensitive to details of the boundary condition at the domain’s
external perimeter.
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Fig. 3 Spatial distribution of oxygen partial pressure (non-dimensional units), with capillaries as small
white holes

5.2.3 Frequency Histograms

Frequency histograms for the areas of the trapping regions and Voronoi polygons con-
firm that distributions are narrower for more homogeneous capillary arrangements. In
all cases, trapping regions show narrower distributions and higher peaks than Voronoi
polygons. In particular, the cases of capillary rarefaction exhibit the fattest tails with
distinctive left-skewed distributions (Figs. 5 and 6(c)).

5.3 Qualitative Observations and Correlations

Voronoi polygons describe the behaviour of trapping regions with an excellent agree-
ment for a hexagonal array of capillaries (Fig. 4(a)). In this case, boundaries of
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butions. (i) This plot represents a 50 % perturbed distribution of capillaries with heterogeneous capillary
tension, pcap. We have used two different pcap values: pcap = 10 mmHg for 30 randomly chosen capil-
laries, and pcap = 20 mmHg for the rest. Streamlines (black/dark) emanate from capillaries acting as Oy
sources (red-filled disks), whereas the remaining capillaries (white disks) act entirely as receiving ends of
PO, flux lines, thus possessing a zero area for O supply

Voronoi polygons coincide with trapping regions. In particular, given the fact that
Voronoi polygons should perfectly match capillary supply regions when O, uptake is
saturated and the capillary arrangement is symmetric, this agreement further confirms
that domain boundary effects can be neglected within a region of interest. However,
as the heterogeneity in capillary distribution is increased, the boundaries of trapping
regions are seen to deviate slightly from Voronoi polygons (Figs. 4(b)—(f)). Despite
this, Voronoi polygons provide a reasonable qualitative approximation to trapping re-
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Fig. 5 Frequency distributions of areas for Voronoi polygons (VPs) and trapping regions (TRs) within the
region of interest. Histograms of the areas of Voronoi polygons are given by black/dark bars and trapping
regions by light bars. Overlapping histograms are of intermediate shading. The horizontal axis represents
non-dimensional areas and the vertical axis shows frequency of occurrence, where the heights of the bars
sum to the number of capillary domains included in region of interest

gions in all cases. Most of the area histograms of Voronoi polygons coincide with
those of trapping regions, but as heterogeneity is increased an extended (fat) tail be-
gins to emerge for the Voronoi polygon histograms, whereas histograms of trapping
regions remain relatively centralised, thus Voronoi polygons can exaggerate extremes
of capillary supply areas.

With capillary rarefaction, Voronoi polygon boundaries show larger deviations
from trapping regions (Figs. 4(g)—(h) and 6(b)), in addition to a more pronounced de-
viation in shape and distribution of Voronoi polygon areas (Figs. 5(g)—(h) and 6(c)).
These polygons deviate ever more extensively from their associated trapping regions
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as the severity of rarefaction is increased. In addition, a simple comparison reveals
that higher degrees of rarefaction severity are accompanied by a smaller number of
oxygen minima (Fig. 3(c), (f) vs. Figs. 3(g)—(h) and 6(a)). Finally, the influence of
rarefaction on distant capillaries reveals that both non-neighbouring and nearest trap-
ping regions expand further in the direction of rarefaction while, in contrast, only the
nearest Voronoi polygon neighbours compensate for rarefaction (Figs. 4(c), (f)—(h)
and 6(b)).

In the case of heterogeneous capillary PO;, a complete breakdown in qualitative
agreement between Voronoi polygons and some trapping regions is seen (Fig. 4(1)),
despite the range of capillary partial pressures being restricted (20-30 mmHg) such
that the variation in capillary oxygen levels was less than an order of magnitude.
Nonetheless, many capillaries fail to supply any oxygen, implying null trapping re-
gion areas, while the corresponding Voronoi polygons remain unaffected.

5.4 Quantitative Correlations
5.4.1 The Area Correlation, CC

Table 3 demonstrates a strong correlation between the areas of Voronoi polygons
and trapping regions for all capillary distributions where homogeneous capillary PO,
is considered. Generally, these data indicate that the highest area correlation (CC) is
seen in highly regular capillary distributions with uniform pap, with the lowest found
in rarefied distributions. Although CC is high in all cases of capillary rarefaction, it is
still slightly smaller compared to all other capillary distributions with uniform pcap.
In contrast, for the case of heterogeneous capillary PO,, CC is substantially lower.
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5.4.2 The Normalized Means Amean, Nmean and Area Ratio R

These statistics have a trend correlated with heterogeneity, and are rather different for
random and real capillary arrangements. The normalized mean of difference (Amean)
provides a measure of the degree of failure of Voronoi polygons to cover comparable
areas to those of trapping regions, which increases with the degree of perturbation to
capillary arrangements. Given uniform peap, the highest Amean is observed in severe
rarefaction.

The normalized mean of intersection (Npyean) and the mean ratio (R) describe how
well Voronoi polygons capture functional capillary supply of trapping regions, with
values of unity for cases of a perfect match. Both these statistics decrease linearly
with measures of heterogeneity and, for homogeneous pc,p, are lowest in the case of
severe rarefaction.

5.4.3 The Normalized Standard Deviations Agd, Nstd, Ustds Osd

The normalized standard deviations remain small across nearly homogeneous distri-
butions and increase with greater heterogeneity of capillary distribution, the highest
values corresponding to the highest degree of heterogeneity, i.e. severe rarefaction,
at least in the absence of capillary PO, heterogeneity. The trend in Agyg illustrates
that the spread of Voronoi polygon areas begins to differ extensively from that of the
trapping regions for extreme cases of structural heterogeneity.

The measure Ngyq further scrutinises this relationship by considering areas of the
Voronoi polygons that overlap with trapping regions. The greater magnitude with
increasing heterogeneity suggests that even though Voronoi polygons might cover
comparable areas with trapping regions, the two-dimensional domains of capillary
supply regions are increasingly different from trapping regions within the tissue do-
main, consistent with results in Figs. 4 and 6(b).

The dispersion in oxygenation areas, as measured by Ugg and (Ogg, remain very
small for nearly homogeneous capillary distributions. However, both spread statistics
begin to widen as structural heterogeneity is increased. In particular, the dispersion
in Voronoi tessellation areas is found to be approximately double that of the trapping
regions across all tissue heterogeneities, except in the case of perfect homogeneity
where numerical error leads to a positive normalised standard deviation in trapping
regions. Introducing functional heterogeneities (e.g. pcap) has no effect on Ugq: only
trapping regions are influenced by such changes as with a heterogeneous pc,p where
Osta = 0.5615, highlighting an advantage of trapping regions.

6 Discussion

Due to their practicality and ease of use, Voronoi polygons and Krogh cylinders
are widely taken to represent capillary domains or supply areas in studies requir-
ing an objective assessment of the capacity for oxygen delivery by diffusion (e.g.
Egginton and Ross 1992; Egginton and Gaffney 2010; Popel 1989; Kreuzer 1982;
Fletcher 1978; Goldman 2008; Hoofd 1992). Krogh cylinders, however, are inade-
quate for this role since they lead to non-physiological tissue voids and overlaps. In

@ Springer



Re-evaluating the Use of Capillary Domains 2221

contrast, a number of investigators (Egginton and Gaftney 2010; Hoofd et al. 1990;
Wang and Bassingthwaitghte 2001) have observed that, for perfect structural sym-
metry and functional homogeneity, Voronoi polygons coincide with capillary supply
regions. Whether this relationship is sufficiently accurate in less idealised and physi-
ological scenarios is less clear. Hence, our present study considered the flux trapping
region, which is a more general approximation for the capillary supply region, and
examined the quality of Voronoi polygons in capturing capillary supply boundaries.
We then consider when such polygons are appropriate to assess O» supply from cap-
illary distributions within muscle tissue cross sections.

It is clear that Voronoi polygons may exaggerate capillary supply areas. A quali-
tative understanding of this emerges from considering that wherever there is a local
decrease in capillary density, the associated supply areas calculated via trapping re-
gions can be compensated by non-nearest neighbour capillaries. In contrast, Voronoi
polygon area distributions for capillary supply areas implicitly assume that only the
nearest (contiguous) capillaries can supply oxygen: thus compensation is restricted
to a small number of capillaries, hence overestimating the tissue regions they may
supply.

Despite this, Voronoi polygons and trapping regions nonetheless have the same
qualitative shapes and overall quantitative distributions for uniformly perfused, non-
rarefied systems regardless of the degree of structural asymmetry (see Table 3 and
Figs. 4-6), assuming the tissue is maintained above the level of saturating oxygen
uptake. Then the mean ratio of the Voronoi polygon area to the trapping region area
remains above 85 % in the absence of noticeable capillary rarefaction. This remains
true even for randomly distributed capillaries. These observations are also robust to
variations in the adjustable parameters of the transport model, as illustrated in Ap-
pendix C, where we consider the non-dimensional capillary permeability and the di-
mensional capillary density. Thus, in the absence of extremes that are only associated
with pathologies, our modelling predicts that Voronoi polygons provide a simple and
accurate approximation of functional capillary supply under uniform capillary PO»,
e.g. during maximal sustainable activity.

This is in contrast to Wang and Bassingthwaighte’s modelling conclusions (Wang
and Bassingthwaitghte 2001), due to the latter’s consideration of unphysiologically
low capillary densities to facilitate mathematical analysis, which presented artefacts
associated with the boundary conditions. However, with an increase in computing
power and a generic formalism, we have been able to consider more representative
capillary distributions and larger domains, including the use of a region of interest
sufficiently far from the domain perimeter to remove boundary artefacts. Further-
more, the trapping regions statistics are insensitive to substantial variations in all the
modelling parameters, as detailed in Appendix C, and thus share an attractive feature
of Voronoi polygons of not requiring detailed parameter estimates.

However, increasing the degree of capillary rarefaction decreases the quality of
Voronoi polygons as indices for the profile of tissue oxygenation. This is further val-
idated by the rarefaction of a rat EDL muscle (Fig. 6 and Table 3), thus confirming
the absence of methodological artifacts. In particular, rarefaction results in complex
integral paths representing O, flux that cannot be accommodated within the purely
geometrical construct of Voronoi polygons. This indicates that Voronoi polygons may
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be of limited use and inaccurate in assessing capillary supply areas for patholog-
ical situations associated with capillary rarefication, such as hypertension (Greene
et al. 1992), diabetes (Cosyns et al. 2008), and vasculitides (Thacker et al. 2010),
and perhaps even for muscle tissues that are undergoing cellular modifications, such
as localised fibre hypertrophy, which may become in effect locally rarefied. We re-
emphasise here that rarefaction is a local phenomenon. Thus, any change in global
parameters such as capillary density may not necessarily affect the degree of tissue
rarefaction. In particular, a reduction in capillary density and oxygen consumption
effectively impacts a change in parameters to which trapping regions are insensitive
assuming p > peritical- This means that the appropriateness of Voronoi tessellations in
this case is dependent on the level of heterogeneity in capillary distribution, which is
usually signified by the normalised standard deviation of Voronoi tessellation areas.

We further note that anatomical rarefactions differ from functional ones. While the
physical removal of capillaries is captured by both trapping regions and Voronoi tes-
sellations, a functional blockade of capillaries cannot be accommodated by Voronoi
tessellations unless the non-functional capillaries are known a priori. Even in the lat-
ter case, the local Oy feedback imposed by continuity of O, flux across capillary
walls results in local minima at the walls of non-functional capillaries, whereas the
anatomical removal of capillaries may not necessarily have the same effect. Due to
this, trapping regions are anticipated to cover somewhat different areas in each of
the above situations generating the discrepancy between the cases of rarefaction and
non-uniform capillary PO.

Additionally and in agreement with previous observations (Egginton and Gaffney
2010; Wang and Bassingthwaitghte 2001), Voronoi polygons and trapping regions
develop increasing differences as non-uniformity in capillary PO; is introduced. In
contrast, trapping regions analyses can in principle incorporate differential capillary
PO; levels without violating the modelling assumptions and, therefore, may be a use-
ful tool in the presence of significant capillary functional heterogeneity. For instance,
the influences of (1) large and differential variations in consumption rate for different
muscle fibre types, (2) fibre type-dependent capillary density (Egginton et al. 1988),
(3) fibre-size variations, and (4) myoglobin facilitation and hypoxia may accentuate
these differences and will form the subject of subsequent studies.

Finally, the correlation between Voronoi polygon and trapping region areas is
higher for the rat muscle cross section compared to randomly distributed capillar-
ies. This suggests the anatomical capillary distribution is tightly regulated to prevent
random regions of capillary clustering and rarefication. Hence, the correlations be-
tween Voronoi polygons and trapping regions may be more generally informative in
physiological studies, likely reflecting local control of angiogenic foci on the length
scale of fibre diameter, 50-100 um (Badr et al. 2003).

In summary, while the Voronoi polygon approximation to trapping regions de-
pends on tissue heterogeneity, it is nonetheless representative for uniform capillary
O; tension and maximal oxygen uptake given the absence of rarefaction, while also
exhibiting an insensitivity to model parameters. As such, measures of muscle capil-
lary supply capacity based on Voronoi tessellations may be sensibly and reasonably
used for normal tissue, though extremes in the underlying approximation of capillary
supply area are slightly exaggerated. However, increases in heterogeneity associated
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with capillary rarefaction or pathological variations in capillary O, tension, even with
maximal perfusion, eventually lead to a breakdown in the accuracy of Voronoi poly-
gons. Hence, more sophisticated measures of capillary supply capacity should be
used to study structural or functional dysregulation in pathological situations. Fur-
thermore, flux trapping regions may provide a representation of capillary supply re-
gions that is more robust to the introduction of heterogeneity compared to Voronoi
tessellations, though an experimental validation has yet to be performed.
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Appendix A: Mathematical Details
A.1 Uniqueness of Solution

Consider the partial differential equation for the oxygen partial pressure, p:

V2p—pu=0 inC, (13)
ap

—| =0, n;-Vp=«x( —p) ondCi, (14)
or |,—;

where C is the unit disk, C; is the ith circular capillary, and n; is the normal inward to
the ith capillary and outward to C. Forevery i € {1, ..., N}, the boundary condition
on dC; isn; - Vp =k (n; — p). When the oxygen tension is higher inside capillaries
(p < n;) the flux is then outward to the capillary (—d, p > 0), so that « is positive.
The solution is unique, as we now demonstrate.

Let ¢ := p — p for two possibly different solutions p, p which satisfy Eq. (13).
Thus, V2 = 0 with boundary conditions n; - Vg = —«g on capillaries and
n; - Vg = 0 on the unit circle. By Green’s identity, we employ these boundary condi-
tions to get

Of/(Vq)ZdAzﬁ q(nleq)ds—/ququ:—KZ% qzdsso
C aC C i aC;

and, therefore, |, C(Vq)2 dA =0, which implies g = is constant on C. Consequently,
%Ci g% ds = 0 which implies ¢ =0 on all dC;. Thus, p — p =g =0 on C and the
solution is unique.

A.2 Trapping Regions

Recall that the streamlines associated with the oxygen partial pressure, p, are the

integral paths of the dynamical system
a__y (15)
as - P
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and that the trapping region associated with a capillary is the area of the muscle
reached by streamlines emerging from the capillary boundary. Below we assume that
all capillaries act as oxygen sources with no regions on their boundaries where the
oxygen flux is from the tissue into the blood compartment, unless explicitly stated
otherwise. This is valid for all examples considered in the main text except non-
uniform capillary PO,. In addition, note that the trapping regions considered below
will tessellate the domain, requiring that oxygen supply is sufficient to prevent anoxia;
the latter is highly pathological and the required parameter regimes are not considered
in this study.

A.3 Area of Trapping Regions

The trapping region D; C D of a capillary with centre x;, with outward pointing
normal n; is defined to be the union of the smallest domain satisfying

Di={xeD|n;-Vp=0, xeadD;}. (16)

Using by A; to denote the area of the ith trapping region, D;, we integrate Eq. (13)
over this region to obtain

K
mz—f (i — p)ds, (17)
M Jac;

where ds is the anti-clockwise parameterisation element around the capillary and the
trapping region. Note that, for a fixed capillary radius €, this further simplifies to

€K 2w
Ai=— | (1 — pe®)ds. (18)
nJo
When any region of a capillary boundary acts as a sink, with an oxygen flux from
the tissue into the blood compartment, the above equation for trapping region areas
is not valid. This only occurs in our study for the case of non-uniform capillary PO»,
and then we observe that all such cases have all streamlines at the capillary boundary
pointing away from the tissue and into the capillary interior. In this instance, the
trapping region is of zero area, allowing the evaluation of numerous statistics in the
main text even in the case of non-uniform capillary PO>.

A.4 General Properties of the Trapping Regions

When Vp = 0, we have a stationary point in the phase plane diagram associated
with Eq. (15). Given the above is a gradient dynamical system, the Jacobian matrix
must be symmetric. In particular, a non-degenerate stationary point of this system is
restricted to a dynamical system sink, source, or saddle (Guckenheimer and Holmes
1997) and neither periodic streamlines (limit cycles) nor homoclinic connections can
exist in a gradient dynamical system (Guckenheimer and Holmes 1997; Hirsch and
Smale 1974).

Furthermore, no source exists other than possibly on capillary boundaries: at an
interior source point, both p,, and py, are negative or zero, giving the contradiction
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0> V?p = u > 0. Similarly, maxima may not occur on the domain boundary (the
unit circle). In polar coordinates, a maximum on the boundary satisfies pg = 0 and
poo < 0. The boundary condition is p, = 0 which, by Taylor expansion about r =1,
gives p; < 0. Then, as above, we have the contradiction 0 > V2 p = pu > 0. In addi-
tion, when no region of a capillary boundary acts as a sink, with instead the oxygen
flux always from the capillary into the tissue, or vice-versa, no point on a capillary is
a stationary point as p, # 0.

Hence, when streamlines emanate from capillary boundaries, the fact there are
no sources in the tissue implies, from the Poincaré-Bendixson theorem (Hirsch
and Smale 1974) that a streamline within a trapping region can only approach a
closed loop that is made up by hetero-clinic connections of dynamical system sta-
tionary points. In principle, these stationary points may be degenerate, and thus non-
hyperbolic, but this is not observed in practice (and the appearance of non-hyperbolic
stationary points would require mathematical precision in parameter values, with a
concomitant sensitivity in model behaviour). Hence, we have that the trapping region
boundaries are connections between the allowed hyperbolic stationary points, i.e.
saddles to saddles or saddles to sinks, noting that sink-sink connections are incon-
sistent with Eq. (15). Furthermore, Wang and Bassingthwaighte (2001) have shown
that only saddle-minimum hetero-clinic connections are possible on the boundary of
a trapping region. This latter property, combined with stationary point hyperbolicity
(and that stationary points are finite in number), as observed in practice, implies that
Eq. (15) is a Morse—Smale gradient field (Guckenheimer and Holmes 1997), and thus
the dynamical system is structurally stable (Palis and Smale 1970).

The above properties of gradient dynamical systems are used below for a numer-
ical algorithm that calculates the trapping region boundary given that all capillaries
act as oxygen sources with no regions on their boundaries where the oxygen flux is
from the tissue into the blood compartment.

Appendix B: Numerical Computations
B.1 Finite Element Method for the Oxygen Partial Pressure

We solve Eqs. (13)—(14) to determine the oxygen partial pressure. This is accom-
plished by using the finite element method (see, for example, Reddy 1993). The mesh
used was generated by the PDE toolbox provided by Matlab (The MathWorks Inc.,
Natick, MA). Adaptive meshing was used to improve the accuracy of the computed
solution around capillaries to resolve areas of rapid changes in oxygen partial pres-
sure gradients.

B.2 Streamlines

Streamlines were computed by numerically solving Eq. (15) via Heun’s method. As
frequent numerical evaluations of Vp are required by this numerical solver, linear
interpolation is called upon to provide approximate values within elements of the

finite element solution.
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B.3 Trapping Regions

As above, in discussing trapping region properties, we assume that the flux of oxygen
on capillary boundaries always points into the tissue compartment. We have that each
trapping region is delimited by a collection of heteroclinic connections of type saddle-
minimum. Such orbits of Eq. (15) are estimated numerically as follows:

(1) The unstable manifolds emerging from each saddle point are determined within
machine level tolerances exploiting the local Hartman—Grobman theorem for hy-
perbolic equilibrium points of dynamical systems (Guckenheimer and Holmes
1997).

(2) Integration proceeds until ending at a dynamical system sink, thus giving the
saddle-sink connection.

(3) All these connections are determined and the resulting tessellation of the domain
gives the trapping regions, each of which is identified with the capillary it en-
closes.

Appendix C: Dependence on Parameters

In the non-dimensionalised model, there are N. + 3 parameters: «, u, € and n; for
i =1,..., N.. The non-dimensional metabolic demand, u, determines how much
O; is absorbed by the tissue, and the non-dimensional mass transfer coefficient or
capillary permeability, «, is a measure of the O flux leaving the capillary. The areas
of the trapping regions are given by Eq. (18) and so are ostensibly dependent on
K, W, the non-dimensional capillary radius €, the ith capillary non-dimensionalised
partial pressure, 7;, and the solution p. Below, we consider uniform pc,p so that
all the n; are equal and denoted by 7. For non-uniform capillary supply, there are
no analogous simplifications in the parameter dependencies of the trapping regions;
however, studying such complications is not our focus.

C.1 Streamlines and Trapping Regions Are Independent of the Non-dimensional
Capillary Partial Pressure and Oxygen Uptake

We consider a re-scaling of the equations to show that trapping region areas and
shapes are independent of u, n, and a re-scaling of p.

Fixing «, n and €, we re-scale u — &u. Then let p denote the solution of
Egs. (13)-(14) with parameters «, n; = 1, €, and (£ ). By uniqueness, the solution p
must satisfy p = &p — &n + n. This clearly satisfies Eq. (13) for the given parameter
values, while direct differentiation gives V p = £V p. Thus, all no-flux boundary con-
ditions and stationary points are unchanged because Vp = 0 = Vp = 0 provided
§ #0.

In addition, the streamlines and trapping regions, are unchanged as the streamline
parameter may be rescaled to give

dx dx ds
V~= V =—f— = —— —=¢.
p=§Vp=—&— e 7 =5
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Table 4 Statistics determined from areas of Voronoi polygons and trapping regions for the geometry of
rat EDL muscle cross section as in plots 5(f) within the main text. Results for unperturbed and perturbed
parameters are presented. We consider reducing the non-dimensional capillary permeability, «, by factors
of 2 and 4, and increasing the dimensional capillary density, p, by factors of 4 and 16. For a description of
the above statistics, the reader is referred to the main text

Muscle image Amean Agd Nmean Ngtd cC Oged R

Unperturbed parameters 0.1501 0.1548 0.9297 0.1764 0.9483 0.2529 0.9241

£ 0.1517 0.1551 0.9296 0.1768 0.9470 0.2529 0.9242
5 0.1528 0.1553 0.9294 0.1770 0.9464 0.2529 0.9239
4p 0.1516 0.1553 0.9296 0.1768 0.9471 0.2529 0.9242
16p 0.1526 0.1551 0.9295 0.1771 0.9466 0.2529 0.9238

Integrating Eq. (13) over the trapping region gives

~ K

A,:—/ n,--Vﬁdszi/ 0 - ViEp)ds = Ay,
&n Jop, §un Jap;

where the & cancel to give the same expression as Eq. (17). Thus, the modelling
predictions do not depend on changes in ., while holding other parameters fixed.

Instead, fix «, €, and u, and re-scale n — ¢n. Then p = p — n + ¢n satisfies
Egs. (13)-(14) with the rescaled value of the nondimensional capillary partial pres-
sure, ¢n. By analogous reasoning to the above, we have that the streamlines and
trapping regions are unchanged.

C.2 Varying the Non-dimensional Capillary Permeability, «, and the Capillary
Density p

Analogous to Table 3 in the main text, Table 4 above presents statistical measures
for the geometry of rat EDL muscle (see Fig. 4(f)), but with the non-dimensional
capillary permeability, «, reduced by factors of 2 and 4, reducing oxygen supply
into the tissue. Note that there is not an extensive difference on comparison with the
unperturbed case, highlighting an insensitivity to «, though the agreement between
the Voronoi polygons and trapping regions slightly reduces. This trend holds given
the permeability and oxygen supply is sufficient that oxygen levels are sufficient for
maximal uptake; analogous comments hold for variations in the dimensional capillary
density p.

Note that the non-dimensional capillary radius, €, depends on the dimensional
value and the scaling used to non-dimensionalise. The latter length scale is L =
V4N, /mp, as discussed in Sect. 3.2 of the main text, where N, is the number of cap-
illaries in the non-dimensional unit disc and p is the dimensional capillary density.
Thus, assuming the dimensional capillary radius does not vary between capillaries in
the cross-section, varying € is equivalent to varying p. Thus, the above observations
of insensitivity also apply and more generally we have that the trapping region statis-
tics used in the main text are robust to variations in the model parameters, at least in
the case of uniform capillary PO,.
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