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Abstract

Using numerical relativity simulations we study the dynamics of pseudo-topological objects
called oscillons for a class of models inspired by axion-monodromy. Starting from free field solu-
tions supported by gravitational attractions, we investigate the effect of adding self-interactions,
and contrast this with the effect of adding self-interactions whilst removing gravitational sup-
port. We map out regions of the parameter space where the initial conditions rapidly collapse
to black holes, and other regions where they remain pseudo-stable or disperse.
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1 Introduction
Oscillons and similar objects have recently gained a considerable amount of attention due to
their possible role in the early universe [1–14]. They are predicted to be formed in many
post-inflationary scenarios, affecting the transition from inflation to the standard radiation
dominated phase of the early universe. Most importantly, their formation typically leads to the
production of gravitational waves with a peculiar spectrum, characterised by a peak centered
around the value of the mass of the scalar field involved in the process [15–19]. Despite this
peak being typically located at frequencies much larger than the LIGO/Virgo/KAGRA range, if
its amplitude is large enough, there is hope that in the future this might be observed, revealing
extremely valuable information about the early universe. Furthermore, oscillon-like objects
might be relevant to address a number of phenomenologically interesting questions, such as
dark matter [20–29] and baryogenesis [30].

Oscillons are meta-stable solutions for real scalar field theories [31–34]. They appear as
localised lumps of energy inside which the field oscillates around the minimum of the scalar
potential that defines the model. They are meta-stable, i.e. their lifetime is much longer than
the oscillation timescale, which is of order O(1/m), where m is the mass of the scalar field.
Oscillon-like objects are known with different names, according to the actual interaction that
makes them quasi-stable, see [35] for a recent review and a classification of the known compact
objects allowed in a scalar field theory. What is traditionally referred to as an oscillon1 is a
compact object whose stability is ensured by the attractive scalar field self-interactions. In
order for the model to feature attractive interactions, the scalar potential needs to be shallower
than quadratic. However, there are other mechanisms to ensure the stability of the oscillon: for
instance if gravity plays a role, then the compact object is known as oscillaton or real scalar
star [37–40]. The are also other variants of the same idea that include two fields, such as
Q-balls [41] and boson stars [42], and exploit a global U(1) symmetry to ensure their stability.
Oscillon-like objects can also be formed in several non-standard scenarios, see for instance [43–
48]. In this paper we will generically refer to pseudo-soliton solutions of a real scalar field theory
as oscillons, regardless of whether gravity plays a role in the meta-stability or not.

Since their discovery, there has been much interest in studying the lifetime and stability of
oscillons in different regions of the parameter space spanned by their total mass, and the form
of the scalar field potential. Oscillons decay classically by emitting scalar waves, and several
works have analytically estimated and numerically computed the oscillon lifetime for various
models [36,49–63].

Our work continues these investigations: while previous studies of oscillon stability typically
neglect gravitational effects, these become important in some regions of the parameter space,
as already shown in [64–69]. In this paper we will be primarily interested in strong gravity
effects, which are relevant when the compactness of the oscillon M/(M2

pR) (where M is its
total mass while R is its radius) is of order ∼ 0.1 and φ/Mp ∼ 1. For many problems with
lower compactness (that in scalar field systems typically correspond to small displacements of
the field φ/Mp � 1), the weak gravity regime is sufficient to describe the dynamics. It has
been shown that Newtonian gravity effects may stabilise low-density pseudo-solitons, see for
instance [72–77] for interesting applications to the problem of dark matter.

In this paper we will explore a class of potentials of the form

V (φ) =
m2Λ2

q

[(
1 +

φ2

Λ2

) q
2

− 1

]
, (1)

that are inspired by axion-monodromy [70, 71]. These potentials are quadratic around the
minimum at φ = 0, m being the mass of the scalar field. We will consider three cases which
we identify by the value for the parameter q = −1, 0, 1, leading to three different characteristic
behaviours of the potential. Note that what we refer to as the q = 0 case is the limit of the
potential for q → 0 and thus has the logarithmic form

V (φ) =
m2Λ2

2
ln

(
1 +

φ2

Λ2

)
. (2)

This range of values for the parameter q ensures that the potential features a region that is
shallower than quadratic at φ & Λ. The scale Λ sets the characteristic energy scale of the

1Although oscillons were originally named pulsons [31] and then breathers [36].
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Figure 1: We plot the potential V (φ) (top) and gradient dV/dφ (bottom) of Eq. (1) for q = −1, 0, 1
and Λ/Mp = 1, compared to the quadratic potential.
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potential, that determines the transition between the quadratic region and the shallower than
quadratic one, see top panel of Fig. 1 for a visual comparison in the case Λ/Mp = 1.

References [8,21,63] note that for the values of the parameter q considered here, the lifetime
of the corresponding oscillons is τ & 6 × 108m−1 for q = −1, τ & 3 × 107m−1 for q = 0 and
τ & 108m−1 for q = 1. The analyses performed in [8,21,63] are independent of the actual value
of the parameter Λ: what matters in the absence of gravity - beyond the value of the mass of the
field m, that sets the characteristic timescale of the system - is the ratio φ/Λ. This ratio has to
be φ/Λ� 1 inside the oscillon, in order for the particles to feel the attractive interactions: for
φ/Λ � 1 the potential is well approximated with a quadratic function. However, similarly to
what was already observed in [67] for different classes of models, we expect that in the class of
potentials described by Eq. (1), strong gravity effects become important as soon as Λ becomes of
order O(0.1− 1)Mp, and the objects may undergo collapse to black holes. Therefore in regions
where φ ∼ Λ ∼ Mp both gravity and self-interactions will play a role, resulting in potentially
interesting dynamics.

In this article we numerically study the dynamics of oscillons in this regime. Since in this
regime we expect the stability of the oscillon configuration to be determined mainly by gravity
instead of the attractive scalar field self-interaction, we proceed as follows

• Starting with known free field solutions for the profile of φ (which would be supported
by gravity, and stable in the absence of self-interactions), we investigate how turning on
self-interactions affects their stability for the three classes of potential parametrised by q,
and three different values of Λ.

• For comparison, we also investigate whether the free-field solutions will remain stable in
the absence of gravity, by setting G = 0 in our simulations. This tests the importance
of the gravitational interaction in stabilizing the localized perturbation in the presence of
self-interactions, starting from a free-field solution.

It should be noted that the free-field solutions that we use as initial conditions will not, in
general, have the same profile as oscillons of the same mass supported by self-interactions
alone, or equally for the gravity + self-interactions case. Therefore even if we see a collapse or
dispersal, we cannot unambiguously state that no solution exists for this oscillon mass in the
relevant regime - we may simply be starting too far away from the correct profile to converge
on it. However, it provides an indication that the regime is likely to be unstable. If on the
other hand we do not find a prompt collapse or dispersal, we consider that to be a quasi-stable
configuration. Our simulations are too short to follow the full lifetime of the oscillon in this
case, but we continue them for long enough to see that they are settling into a relatively steady
oscillating state, albeit one that is likely to be excited relative to the ground state configuration.

This paper is organised as follows: in Sec. 2 we explain the numerical setup, including how
we initialise oscillons and the numerical method employed for our study; in Sec. 3 we describe
our findings for each model that we consider; in Sec. 4 we briefly summarise and discuss the
results of the paper.

Throughout this paper we use Planck units with Mp =
√

~c/8πG. Our simulations use
geometric units in which G = c = 1 and m/~ = 1. Therefore lengths and times in our plots
are expressed in terms of the scale 1/m - the scalar mass is effectively absorbed in the choice
of units for length and time.

2 Numerical Setup

2.1 Numerical Methods
We use GRChombo, an open source numerical relativity code, to evolve initial profiles of the
scalar field coupled minimally to gravity in full general relativity. This allows us to accurately
study oscillon masses right up to and beyond the limits of black hole formation. Full details of
the GRChombo code can be found at the website www.grchombo.org, and also in [78]. Briefly,
GRChombo evolves the Einstein equation with the BSSN/CCZ4 formulation and the method
of lines, with 4th order finite difference stencils in space and 4th order Runge-Kutta time
integration. To follow black hole formation a moving puncture gauge is employed. This is a
dynamical gauge choice which maintains coordinate observers at approximately fixed positions
relative to the centre of the domain, avoiding the focusing in overdense regions which occurs
for geodesic observers.
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The 3+1D ADM decomposition of the metric reads

ds2 = −α2dt2 + γij(dx
i + βidt)(dxj + βjdt) , (3)

where α is the lapse and γij is the three-metric on the equal time hypersurfaces. In the BSSN
formalism the induced metric is further decomposed as

γij =
1

χ
γ̃ij , det γ̃ij = 1 , χ = (det γij)

− 1
3 . (4)

We will frequently present the evolution of χ as representative of the evolution of the spacetime,
with a value of χ which falls to zero being indicative of black hole formation (which is then
confirmed by looking for trapped surfaces).

The simulations we present have spherical symmetry, but GRChombo uses a Cartesian grid.
In general we use a coarsest domain of 1283 points to represent a region of L = 128 [1/m] with
the oscillon at the centre. Using the octant symmetry of the problem in Cartesian coordinates
(coming from the spherical symmetry of the setup) we only actually need to evolve 1/8th of the
volume (643 points), with reflective boundary conditions in the negative x, y and z directions
which take into account the appropriate parity of the gravitational components in each direction.
We enforce four additional 2:1 refinement levels on top of this, which is sufficient to resolve non
collapsing cases. However, we add additional refinement dynamically in order to keep the fields
well resolved, which is activated during any collapse to a black hole. This refinement is driven
by the gradients in χ. We present the some code validation checks in Appendix A.

2.2 Initial Conditions
Meta-stable solutions for the real free scalar field case can be numerically obtained by solving the
Einstein-Klein-Gordon (EKG) equations for a scalar field profile with the ansatz of a harmonic
time dependence, see for example [39,65]. In that case, a shooting method is used to construct a
one-parameter family of meta-stable solutions, characterised by the maximum amplitude of the
scalar field at the centre of the oscillon, denoted by φ0/Mp, or equivalently by their total mass
M , usually expressed in units [M2

p/m] (see table Tab. 1 for the conversion). These meta-stable
solutions can be further characterised as stable under small perturbations, if φ0/Mp < 0.48,
and unstable under small perturbations, if φ0/Mp > 0.48.

As noted in the Introduction, we will use the field profiles of solutions that are stable under
small perturbations in the free-field case as initial conditions for our simulations, as described
below. (Note that we parameterise these in terms of the mass M since this is still a relevant
physical quantity when the potential includes self-interactions, whereas the peak amplitude of
the oscillation φ0 is likely to change beyond the free-field case.)

φ0 [Mp] M [M2
p /m]

0.10 2.07

0.20 2.63

0.30 2.90

0.40 3.01

0.48 3.04

Table 1: One-to-one relation between the value of the maximum central amplitude of the free-field
oscillon and its total mass. We characterise our initial conditions in terms of the total mass of the
oscillon, as the resulting amplitude may differ under evolution in the non linear potential.

In models with a more complicated scalar potential it is not straightforward to solve the
EKG equations to find meta-stable solutions and their stability limits, hence in this paper we
use the free-field solutions as approximate guesses, and test whether they evolve into stable
solutions or disperse/collapse once self-interactions are included. When the potential is close
to the simple massive case (cases for which Λ � Mp), the profiles will remain constant and
the same stability bounds will be obtained, but for the strongly attractive interactions studied
here Λ . Mp and φ & Λ, we expect potentially significant deviations in both the profile and
the stability. To be able to use the free-field solutions with an arbitrary potential, we pick the
point of time symmetry in which

φ(r) = 0 , φ̇(r) 6= 0 . (5)
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In this way, the momentum constraint2

Mi = DiK −DjKij − 8πSi = 0 , (6)

is trivially satisfied because the gradients of the field vanish everywhere, thus the momentum
density Si = γiaγjbT

ab ∼ φ̇(r)∂iφ = 0 (T ab is the stress-energy tensor). At the same time, the
only additional terms in the Hamiltonian constraint3

H = (3)R+K2 +KijK
ij − 16πρ = 0 , (7)

with respect to the free-field case are the potential terms beyond 1
2m

2φ2, but those vanish
because φ(r) = 0 everywhere. Hence, given the solutions for the free-field case (which we
obtained using a shooting method) the Hamiltonian constraint is satisfied at this point of time
symmetry, and we can use the free-field solution as the initial condition for our simulations
without violating the constraints. This leads to a non trivial profile for the field time derivative
Π ∼ φ̇, and the lapse α and conformal factor of the metric χ, as defined in equations (3) and
(4) above. The initial solutions for Π are illustrated in Fig. 2, from which we see that more
massive solutions are more compact with a higher central amplitude in the field and a smaller
spatial extent. The spatial metric is chosen initially to be conformally flat, so the numerically
obtained solutions in areal polar coordinates are transformed into conformally flat ones and
then interpolated onto the numerical grid using a first order scheme.

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5
r [1/m]

0.6

0.5

0.4

0.3

0.2

0.1

0.0

[M
pm

]

M = 2.07 M2
p/m

M = 2.63 M2
p/m

M = 2.90 M2
p/m

M = 3.01 M2
p/m

M = 3.04 M2
p/m

Figure 2: Spatial profiles of the initial condition for the conjugate momentum Π = 1
α

(φ̇ − βi∂iφ) of
the field, for different total masses of the oscillon M .

As noted above, despite these solutions being meta-stable in the free-field case, they do
not necessarily maintain this property once interactions are taken into account, and so they
may be poor initial guesses for stable configurations. However, it was observed in [67] that if
a meta-stable solution exists for the models considered, and if it is not too far from the free-
field meta-stable solution, then the initial conditions that we use here tend to be dynamically
driven towards the new meta-stable solutions. We effectively start with an “excited” state of
the true solution, and the additional excitations are radiated over a transient period. This is
the behaviour that we observe in most examples in this paper, see Sec. 3. However, we also find
some unexpected instabilities, which may be at least partly due to the initial conditions being
too far from the meta-stable solutions to converge on them. This is discussed further below.

2Kij and K are the extrinsic curvature and its trace respectively, while Dj is the covariant derivative with respect
to γij .

3Where ρ is the energy density and (3)R is the 3-curvature.

6



q = −1
Λ/Mp = 0.1 Λ/Mp = 0.3 Λ/Mp = 1.0
G = 0 G = 1 G = 0 G = 1 G = 0 G = 1

M = 2.07M2
p /m MS MS MS MS D MS

M = 2.63M2
p /m MS MS MS MS D C

M = 2.90M2
p /m MS MS MS MS D C

M = 3.01M2
p /m MS MS MS MS D C

M = 3.03M2
p /m MS MS MS MS D C

Table 2: Summary of the stability of the initial configuration in the case q = −1.

3 Models and Results
As detailed in Sec. 1, we study the class of potentials described in Eq. (1). For each of the 3
values of the parameter q, we set the initial profile of the oscillon to the free-field, gravitationally
supported solution, according to the procedure described in Sec. 2.2, with 5 different values of
the total mass M (see Tab. 1). For each of these values, we simulate the subsequent dynamics
once self-interactions are turned on, firstly including gravity and then removing gravitational
support by setting the gravitational constant G = 0, and fixing the background as Minkowski
space. We explore the differences in the evolution, noting whether the result is a collapse,
dispersion, or meta-stability. We also explore 3 different energy scales for the self-interaction
term Λ/Mp = 0.1, 0.3, 1.0. Above the upper limit of this range we find that the behaviour and
solutions tend to that of the free-field case. Below the lower limit the impact of the potential
on the gravitational field becomes negligible and the behaviour approaches that of a massless
scalar field. For each choice of the parameter q we display the resulting dynamics in a table,
denoting by MS the cases that feature a meta-stable solution at the end of the simulation, by D
the cases that disperse during the simulation and by C the cases that lead to a collapse, namely
to black hole formation. Furthermore, we show the time evolution of the scalar field φ0 and of
the conformal factor χ at the centre of the oscillon for several interesting cases.

3.1 Case q = −1
The potential takes the form

V (φ) = m2Λ2

1− 1√
1 + φ2

Λ2

 . (8)

The dynamics for the case q = −1 are summarised in Tab. 2, with the full numerical results
given in Appendix B.

Fig. 3 shows the central field and conformal factor profiles in the case Λ/Mp = 1.0, M ≥
2.07M2

p/m. Recall that the conformal factor dropping to zero signals the formation of a horizon,
thus we see that the three higher mass cases all result in collapse to a black hole, with only
the first being meta-stable. When gravitational support is removed, all these cases disperse,
indicating that the self-interaction alone is not sufficient to support the configuration, which is
expected since in this case φ < Λ.

This is therefore a clear case where taking into account the effects of both gravity and self-
interactions might drastically change the resulting dynamics and stability of oscillons in the
model. We see that adding the attractive interactions, whilst stabilising oscillons in smaller
amplitude cases, results in lower stability than a purely massive potential in the strong gravity
regime. This can be understood by considering the potential gradient in the bottom panel of
Fig. 1 and the dynamics of the central value of the field, where

φ̈ ∼ ∇2φ− dV

dφ
. (9)

We see that a flatter potential results in a smaller restoring force, and thus large excursions of
the field on the potential have a tendency to destabilise the free-field configuration, leading to

4Throughout the paper we use brown lines for cases which include gravity, and orange for non-gravity cases. We
also use a shaded background to highlight those that collapse to black holes in the gravity case.
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Figure 3: Field dynamics in the case q = −1, Λ/Mp = 1. The left column refers to the field at the
centre of the oscillon in Planck units φ/Mp, while the right column of plots refers to the conformal
factor χ at the centre of the oscillon. We find that only the first value of M = 2.07Mp gives a
meta-stable solution. The remaining cases collapse to black holes due to the effect of the additional
attractive self-interactions. 4

its collapse. There is, in effect, too much attraction when both gravity and the self-interaction
are included.

For the cases with Λ/Mp = 0.1 and Λ/Mp = 0.3 all values appear to be meta-stable. In these
cases the value of V (φ) is smaller for the same amplitude of the field and so the gravitational
effects are weaker - the combination of attractive self-interactions and gravitational attraction
seems to find a stable balance. The field radiates energy during the first oscillations and settles
into an excited but meta-stable state. This is true both in the cases that include gravity and
in the cases with G = 0 where gravity is neglected. The main difference between these two
regimes is in the amplitude of the oscillations - as shown in Fig. 4 gravity makes them somewhat
larger. As discussed for instance in [10], as soon as the assumption about spherical symmetry is
relaxed, a larger amplitude of the field inside the oscillon might lead to a larger GW production
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in a scenario in which these oscillons are produced after preheating.
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Figure 4: Field dynamics in the case q = −1, Λ/Mp = 0.1. The left column refers to the field at the
centre of the configuration φ, while the right column refers to the conformal factor χ at the same point.
For smaller values of Λ we find a meta stable oscillon both with and without gravity for all the values
that we tested, once self-interactions are added.

3.2 Case q = 0

In this case the potential features a logarithmic dependence on the scalar field

V (φ) =
m2Λ2

2
ln

(
1 +

φ2

Λ2

)
. (10)

The behaviour is summarised in Tab. 3, with the full numerical results given in Appendix C,
where we see that the dynamics is more complicated in this case. We observe three different
behaviours for the three choices of Λ/Mp

q = 0
Λ/Mp = 0.1 Λ/Mp = 0.3 Λ/Mp = 1
G = 0 G = 1 G = 0 G = 1 G = 0 G = 1

M = 2.07M2
p /m MS MS D MS D MS

M = 2.63M2
p /m MS C D C D C

M = 2.90M2
p /m MS C D C D C

M = 3.01M2
p /m MS MS D MS D C

M = 3.03M2
p /m MS MS D MS D C

Table 3: Summary of the stability of the initial configuration in the case q = 0.

• For Λ/Mp = 1 we observe a behaviour similar to the case q = −1 described in Sec. 3.1,
where there is a prompt collapse to a black hole above M ≥ 2.07M2

p/m, whilst the initial
profile always disperses if the effects of gravity are neglected, see Fig. 5.

• At the other end of the scale, for Λ/Mp = 0.1, while neglecting the effects of gravity we
always get meta-stable solutions (as might be expected since here φ > Λ), the cases with
both gravity and self-interactions can lead to black hole formation, see Fig. 6. The fact
that for intermediate values of the total initial mass (2.63M2

p/m ≤ M ≤ 2.90M2
p/m)

we have black hole formation, while for greater values of M (M ≥ 3.01M2
p/m) we have

again meta-stable oscillon states, is a rather surprising behaviour. We ascribe this peculiar
feature to the sub-optimal initial conditions that we are using. As explained in Sec. 2.2,
using the free-field solutions as initial conditions does not guarantee that the perturbation
is close enough to the actual meta-stable state (once interactions are taken into account)
so that the latter is dynamically reached by the system. It might well be that, for some
combination of the parameters that we are considering, the free-field solution is sufficiently
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Figure 5: As in Fig. 3, but for the case q = 0, Λ/Mp = 1. Again we see that there is a transition
between stability and collapse above M = 2.07M2

p/m, meaning that the configuration is less stable
than the purely massive case. We also plot the cases without gravity, where we see that the field
disperses - self-interactions are too weak to support the configuration alone where φ < Λ. (Note that
we cut the plots at the point where we no longer trust the dispersed cases due to large boundary
reflections, but run the G = 1 case longer to confirm stability for M = 2.07M2

p/m.)

different that we cannot reach it by dynamical evolution. This seems to be the main reason
for the irregular behaviour that we are observing in these models, in which there is no
clear boundary in parameter space between the collapse region and the meta-stable one.
We note that a similar qualitative behaviour was observed in [66] for the case of axion
stars with a cosine potential. The instability in this regime merits further investigation,
and motivates the search for more accurate analytic initial conditions.

• For the intermediate case of Λ/Mp = 0.3 we see a behaviour similar to Λ/Mp = 0.1,
except that if we only have self-interactions and no gravity, then the field profile quickly
disperses. This is due to the fact that the field mainly probes the quadratic part of the
potential, hence the attractive force is smaller and insufficient to keep the perturbation
localised.

3.3 Case q = 1

The potential in this case takes the form

V (φ) = m2Λ2

[√
1 +

φ2

Λ2
− 1

]
. (11)

The dynamics in this case are summarised in Tab. 4, with the full numerical results given in
Appendix D, where we see a behaviour similar to the q = 0 case

• For the case Λ/Mp = 0.1 we observe the behaviour shown in Fig. 7. In the absence of
gravity the solution is always meta-stable - self-interactions are sufficient to support the
profile, while with both self-interactions and gravity the profile collapses to a black hole
for all cases above M ≥ 2.63M2

p/m.

• For Λ/Mp = 0.3 the solutions always disperse with G = 0, as the field mainly probes
the quadratic part of the potential. On the other hand, the solution collapses to a black

10



0 50 100 150 200
[1/m]

1.0

0.5

0.0

0.5

1.0

M
=

2.
07

M
2 p
/m

[Mp]

0 50 100 150 200
[1/m]

0.7

0.8

0.9

0 5 10 15 20
[1/m]

2

0

M
=

2.
63

M
2 p
/m

0 5 10 15 20
[1/m]

0.0

0.2

0.4

0.6

0.8

0 5 10 15 20
[1/m]

1

0

1

2

M
=

2.
90

M
2 p
/m

0 5 10 15 20
[1/m]

0.0

0.2

0.4

0.6

0 50 100 150 200
[1/m]

1

0

1

M
=

3.
01

M
2 p
/m

0 50 100 150 200
[1/m]

0.4

0.5

0.6

0.7

q=0, /Mp=0.1 G=1
G=0

Figure 6: Field dynamics in the case q = 0, Λ/Mp = 0.1. The left column refers to the field φ at the
centre of the configuration, while the right column refers to the conformal factor χ at the centre of the
oscillon. In this case we unexpectedly see a recovery in stability for the larger mass case, whilst smaller
mass cases collapse to black holes. As discussed in the text, this may be due to the initial conditions
being too far from stable solutions to converge on them dynamically. In the zero gravity case all cases
are meta-stable.

hole when G = 1 and the initial total mass of the oscillon takes intermediate values
2.6M2

p/m ≤ M ≤ 3M2
p/m. It appears to restabilise at the highest mass, which we

attribute to the same reasons described in the q = 0 case above.

• For the case Λ/Mp = 1, we find collapse to a black hole for cases above mass M ≥
2.6M2

p/m. On the other hand, the profile always disperses if the effects of gravity are
neglected, as illustrated in Fig. 8.
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q = 1
Λ/Mp = 0.1 Λ/Mp = 0.3 Λ/Mp = 1
G = 0 G = 1 G = 0 G = 1 G = 0 G = 1

M = 2.07M2
p /m MS MS D MS D MS

M = 2.63M2
p /m MS C D C D MS

M = 2.90M2
p /m MS C D C D C

M = 3.01M2
p /m MS C D C D C

M = 3.03M2
p /m MS C D MS D C

Table 4: Summary of the stability of the initial configuration in the case q = 1.
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Figure 7: Field dynamics in the case q = 1, Λ/Mp = 0.1. The left column refers to the field φ at the
centre of the configuration, while the right column refers to the conformal factor χ at the same point.
In this case we find that all cases except for the smallest mass case are unstable and collapse to black
holes, whereas in the case without gravity they are meta-stable.

4 Conclusions
In this paper we expanded the studies in [67] to a wider class of potentials, tracking stability in
different regions of the parameter space of the potential and configuration mass. We focused on
axion-monodromy inspired models, whose potential takes the form in Eq. (1). We provide an
analysis that is complementary to the one presented in [63], covering regions of the parameter
space where general relativity effects become important. We confirm the expectation that when
the characteristic scale of the scalar potential is comparable to the Planck mass Λ ≈ Mp and
the field probes the region φ & Λ ∼Mp, then the inclusion of general relativity effects becomes
crucial in order to successfully study the dynamics of the system. We show in Fig. 9 field
profiles of Π to illustrate the dynamics. In particular, in this work, we have observed that

• Spherically symmetric localized perturbations of scalar field, that cannot be supported by
self-interactions alone, may be made stable by the addition of gravitational effects, see for
instance the case Λ/Mp = 1.0, M = 2.07M2

p/m;

• Too much attraction can be a bad thing for stability - in some cases the interplay between
gravitational attraction and self-interactions destabilises the perturbation, leading it to
collapse to a black hole. This may happen in cases where the solution with G = 0 gives
rise to a meta-stable state (see for instance the case q = 0, Λ/Mp = 0.1, M = 2.63M2

p/m)
and if the solution with G = 0 disperses (see for instance the case q = 0, Λ/Mp = 0.3,M =
2.90M2

p/m). As a general rule adding attractive self-interactions makes perturbations less
stable than the free-field case;
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Figure 8: Field dynamics in the case q = 1, Λ/Mp = 1. The left column of the plot refers to the field
φ at the centre, while the right column refers to the conformal factor χ at the same point. We find
stable oscillons at a higher mass than the Λ/Mp = 0.1 case, but without gravity the field disperses.

• Using the initial conditions that we have chosen, we do not observe a sharp transition
from the region in which oscillons are stable and the region in which they collapse to a
black hole, which is similar to the findings in [79]. We ascribe this behaviour to the fact
that the initial conditions that we using are the stable solutions for the free-field case (as
described in Sec. 2.2), which may be too far from any stable solutions in the modified
potential to evolve dynamically towards them.

Given the last point, one could improve the study by updating the numerical shooting method
used to find stable solutions to explicitly include the impact of self-interactions to some pertur-
bative order, in order to start closer to the “true” solutions.
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Figure 9: Field profiles for cases with M = 2.07M2
p/m. The left panel shows the profiles in the case

Λ = 1 Mp for each of the three values of q at a later time in the simulation. The right panel shows a
series of snapshots of the profile over time for the case Λ = 0.1 Mp, q = 0 with gravity. The attractive
self-interactions result in a more peaked profile compared to the free-field case (∇2φ must be larger
to balance the attractive self-interactions), which is most pronounced for the flattest potential - the
q = −1 case. In the cases with Λ = 0.1 Mp where the amplitude of the oscillons strongly probes the
flat part of the potential the profiles are somewhat “messy”; they are initially in a superposition of
excited states with different frequencies, which should decay away over time to leave the most stable
ground state.
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As the dynamics of oscillons studied in this paper is potentially relevant in the early Universe,
it would also be interesting to extend the numerical analysis to the formation of these compact
objects starting from vacuum fluctuations, or a more general power spectrum, after inflation.
Such a study, including the effects of general relativity, would be relevant where significant
overdensities develop which may collapse to black holes. Less challenging technically would be
to generalise the analysis in this paper to multi-field and non-spherically symmetric scenarios,
to see how these changes may affect the stability of compact objects. We plan to address these
open questions in the near future.
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A Appendix: Code validation and convergence
To check convergence we perform the simulations with base resolutions for the half-box of
N = 323 (LR), N = 643 (MR) and N = 1283 (HR), with the middle case corresponding to the
results presented. In each case four 2:1 refinement levels are enforced to ensure that the initial
oscillon is well resolved, and additional levels are added dynamically if collapse to a black hole
occurs.

We check that for the key quantities extracted at the centre of the grid, like the field φ and
the conformal factor of the spatial metric χ, numerical errors are not significant in the plots we
present - see the top panel of Fig. 10 for the actual values plotted at all three resolutions - we
find that the differences are not visible to the naked eye.

Our numerical integration scheme is between 3rd and 4th order accurate, but the results
are dominated by the first order error from the interpolation of the numerical solutions onto
the initial grid and our so convergence results are consistent with this, as shown in the bottom
panel of Fig. 10. In future we plan to use a better interpolation scheme to improve the quality
of the results.

We test convergence in all the cases either side of criticality - that is, in the highest mass
case for which the oscillon is meta-stable, and in the lowest mass case for which a black hole
is formed. In the cases where the solutions transitioned between stable and unstable at several
masses, we performed additional checks and increased the (half) grid size from L = 64 [1/m]
to L = 128 [1/m] to check for boundary effects but found no evidence for errors of this kind
affecting the outcomes.

We check that the Hamiltonian constraint violation in the simulations is reasonable in
comparison to the typical energy density scale of the problem, and remains bounded with
increasing resolution, as shown for two example cases in Fig. 11. The figure plotted is |H|/|H0|
where (as in Eq. (7)) the Hamiltonian constraint is

H = (3)R+K2 +KijK
ij − 16πρ = 0 . (12)

The norm |H| is taken as the volume integral of the absolute values of the Hamiltonian constraint
over the portion of the grid within a coordinate distance of r = 32 [1/m] from the central point.
In cases where a BH forms we excise the region within any horizon that forms when taking the
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Figure 10: Convergence test related to the case q = 1, Λ/Mp = 1.,M = 2.63M2
p/m. The low resolution

error is the absolute difference between the MR and LR values of the field at the centre of the grid,
whereas the high resolution error is the absolute difference between the values at this point in the
HR and MR cases. The first order convergence observed is consistent with the error introduced by
the interpolation of our numerical solutions onto the initial grid. The “first order convergence” line
is obtained by multiplying the high resolution error by a factor of 2, corresponding to the doubling
in resolution, and should match (approximately) the magnitude of the low resolution error. In these
plots we use the raw simulation time, which is in units of [1/m] and corresponds to the time measured
by observers far from the oscillon.
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Figure 11: The relative Hamiltonian constraint violation |H|/H0 (as defined in the text) in a collapsing,
BH forming case q = 0, Λ/Mp = 1., M = 3.01M2

p/m (left panel) and for a meta-stable case q = 0,
Λ/Mp = 1., M = 2.07M2

p/m (right panel). The CCZ4 scheme is used to damp constraints, leading to
an overall decrease over time in the meta-stable case (after an initial spike caused by the initial data -
see the text for details). In the collapsing case there is a growth in the constraint violation as the BH
forms (mainly due to regridding in the LR and MR cases) but this stabilises after the horizon forms
(at around t = 30 [1/m]), and converges away with increasing resolution.

integral, as it is known that large violations occur at the numerical BH “puncture”. Such errors
do not propagate outside of the horizon due to the causal structure of the spacetime.

Since the value of the Hamiltonian constraint should be zero, a percentage error is not well
defined. However, to give a guide as to how serious it is, one can compare it to the sum of the
absolute values of the individual terms which occur in the Hamiltonian constraint (a kind of
sum of total energy and curvature densities), thus we define

H = |(3)R|+K2 +KijK
ij + 16πρ , (13)

with H0 the initial value at t = 0. The norm is taken over the same region as for H and
therefore the quantity plotted |H|/|H0| can be roughly thought of as quantifying the error in
the constraint in this region, relative to the initial total energy density.

The CCZ4 scheme is used to damp constraints, leading to an overall decrease over time in
meta-stable cases. In the collapsing case there is a growth in the constraint violation as the
BH forms (partly due to regridding errors in the MR and LR cases) but this stabilises after the
horizon forms, and converges away with increasing resolution.

Whilst not clearly visible in Fig. 11, all resolutions start with approximately the same level
of violation, at around 1-3%. The value arises due to finite errors introduced by the conversion
from areal polar to conformally flat initial data. This process involves integration of the areal
polar data from a larger outer radius (r = 1000 [1/m]) where the oscillon energy density is
assumed to be negligible, inwards to the centre. It turns out that this process is highly sensitive
to the small residual value of the field at this point, and so introduces the 1-3% error which is
then inherent in the data interpolated onto the grid. As such, whilst increasing the resolution
reduces the gradient approximation error, this absolute error is not reduced (and thus the initial
error does not always reduce). This initial error also creates a spike in the relative violation
to around 3-5% as it propagates out of the central region and crosses regridding boundaries,
which is larger where the initial violation is larger. Given that the error remains relatively small
throughout the simulations, that we get consistent results at all resolutions tested, and that we
use the CCZ4 scheme to damp the error over time, we are confident that this does not affect our
results. Nevertheless, in future investigations, we plan to directly interpolate the areal polar
coordinate values, and adjust our gauge conditions to account for the non zero initial conformal
flatness (which in their current form would introduce gauge artefacts).
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B Field evolution for q = −1 cases
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Figure 12: The plots above show the full results for the case q = −1, Λ = 0.1Mp, with each row relating
to a different total mass of the initial configuration as marked, and the left column showing the field
value φ at the centre of the configuration, and the right column showing the value of the conformal
factor of the metric χ at the same point. The time shown is proper time for an observer at the centre
in units of 1/m.
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Figure 13: The plots above show the full results for the case q = −1, Λ = 0.3Mp, with each row relating
to a different total mass of the initial configuration as marked, and the left column showing the field
value φ at the centre of the configuration, and the right column showing the value of the conformal
factor of the metric χ at the same point. The time shown is proper time for an observer at the centre
in units of 1/m.
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Figure 14: The plots above show the full results for the case q = −1, Λ = 1.0Mp, with each row relating
to a different total mass of the initial configuration as marked, and the left column showing the field
value φ at the centre of the configuration, and the right column showing the value of the conformal
factor of the metric χ at the same point. The time shown is proper time for an observer at the centre
in units of 1/m.
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C Field evolution for q = 0 cases
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Figure 15: The plots above show the full results for the case q = 0, Λ = 0.1Mp, with each row relating
to a different total mass of the initial configuration as marked, and the left column showing the field
value φ at the centre of the configuration, and the right column showing the value of the conformal
factor of the metric χ at the same point. The time shown is proper time for an observer at the centre
in units of 1/m.
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Figure 16: The plots above show the full results for the case q = 0, Λ = 0.3Mp, with each row relating
to a different total mass of the initial configuration as marked, and the left column showing the field
value φ at the centre of the configuration, and the right column showing the value of the conformal
factor of the metric χ at the same point. The time shown is proper time for an observer at the centre
in units of 1/m.
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Figure 17: The plots above show the full results for the case q = 0, Λ = 1.0Mp, with each row relating
to a different total mass of the initial configuration as marked, and the left column showing the field
value φ at the centre of the configuration, and the right column showing the value of the conformal
factor of the metric χ at the same point. The time shown is proper time for an observer at the centre
in units of 1/m.
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D Field evolution for q = 1 cases
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Figure 18: The plots above show the full results for the case q = 1, Λ = 0.1Mp, with each row relating
to a different total mass of the initial configuration as marked, and the left column showing the field
value φ at the centre of the configuration, and the right column showing the value of the conformal
factor of the metric χ at the same point. The time shown is proper time for an observer at the centre
in units of 1/m.
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Figure 19: The plots above show the full results for the case q = 1, Λ = 0.3Mp, with each row relating
to a different total mass of the initial configuration as marked, and the left column showing the field
value φ at the centre of the configuration, and the right column showing the value of the conformal
factor of the metric χ at the same point. The time shown is proper time for an observer at the centre
in units of 1/m.
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Figure 20: The plots above show the full results for the case q = 1, Λ = 1.0Mp, with each row relating
to a different total mass of the initial configuration as marked, and the left column showing the field
value φ at the centre of the configuration, and the right column showing the value of the conformal
factor of the metric χ at the same point. The time shown is proper time for an observer at the centre
in units of 1/m.
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