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Abstract

Micro-mechanical sensors are typically fabricated both in large numbers and economically
using the photolithographic processes that were originally developed in the integrated circuit
industry. The magnitude of a change in resonant frequency of a micro-mechanical structure
can be used to quantify a change in mass of such a device. Hence, when packaged with in-
tegrated measurement, actuation and control electronics, it is possible to deliver a low-cost
and small system in a package using fabrication techniques that are both mature and widely
available. A micro-mechanical resonator has been designed for this project and samples of the
prototype resonator were used to investigate various methods for detecting a change in reso-
nant frequency using discrete electronic components. The system that has been designed can
eventually be integrated with a small micro-mechanical structure to create a mass sensor. Res-
onators have been fabricated at QinetiQ as part of the Europractice Foundry Access Program
and characterisation of typical devices is described in this thesis.

A popular method for controlling the behaviour of resonant micro-mechanical sensors is a
force feedback technique designed to increase the effective quality factor of the resonant sys-
tem. In this thesis, an increase in the effective quality factor of the prototype system has been
demonstrated. When the resonator operates in air at atmospheric pressure, an improvement
in the effective quality factor of two orders of magnitude was achievable. This meant that it
was possible to assess the potential benefits offered by the force feedback technique by testing
the various detection schemes that have been implemented at the natural quality factor and
also at a high effective quality factor. A prototype control system has been built using sim-
ple digital electronics, a key component of which is a direct digital frequency synthesis chip
used to provide a stable and accurate driving frequency. Methods for determining a change in
the resonant frequency of a micro-mechanical resonator using this control system have been
investigated. A method has been developed for determining the magnitude of a shift in reso-
nance when the frequency of the excitation force is fixed. This thesis contains a description
of the technique and also results demonstrating the corresponding detection capability of the
prototype sensor.
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Chapter 1

Micro-mechanical resonant sensors

1.1 Introduction to micro-mechanical systems

In 1959 the American physicist Richard Feynman delivered a lecture at the annual meeting of

the American Physical Society entitled ‘There’s plenty of room at the bottom’ [10]. In this

classic talk, Feynman highlighted that very little work had been done in the field of minia-

turisation. Whilst it was possible in 1959 to fabricate an electric motor that was the size of a

fingernail, Feynman realised that common manufacturing processes such as writing, drilling,

moulding or cutting could be attempted on an even smaller scale. Everything theoretically

could be miniaturised, yet Feynman could see no physical reason why there had not been fur-

ther progress, concluding that mankind had not ‘yet gotten around to it’. Feynman’s lecture,

considered by many to be the first in the field of micro-technology, opened the door to a new

field in which there has since been a great deal of work.

One success in the field of miniaturisation has been the emergence of Micro Electro Me-

chanical Systems (MEMS) [11]. MEMS technology exploits modern fabrication techniques

in order to manufacture mechanical structures, sensors and actuators with feature sizes rang-

ing from a millimetre in size down to a micrometre. In addition, Nano Electro Mechanical

Systems (NEMS) can also be manufactured with feature sizes approaching the nanometre

scale [12]. The first application of MEMS technology came with the birth of the Resonant

Gate Transistor in 1967, in which an oscillating micro-cantilever was the key component [13].

However it was not until the 1980’s when ink-jet printing companies and then automobile
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manufacturers (keen to develop airbag-deployment systems), saw the advantages of silicon

micro-mechanics [14]. These developments were the first major application of MEMS tech-

nology and the market has since grown considerably with current applications in the aerospace,

medical, automotive, military and consumer electronics industries [15–17]. As the photolitho-

graphic and other processes used to manufacture MEMS devices are similar to those used

in the Integrated Circuit (IC) industry, sophisticated devices can be manufactured in MEMS

foundries in high volume and at low cost. Consequently the technology has become increas-

ingly available and attractive to a wide market.

1.2 Resonant sensors

Various chemical or physical phenomena can be detected by monitoring the resonant fre-

quency of a MEMS mass-spring-damper system. When the micro-mechanical mass is coated

with a receptive layer, such a system can be used as the key component in a sensor capable

of detecting a specific measurand. For example, a change in relative humidity and the pres-

ence of mercury vapour have both been detected by measuring the corresponding change in

resonant frequency of a MEMS resonator [18]. There is also increasing interest in employing

micro-machined technology for use as biological sensors [19, 20]. Since MEMS devices can

be combined with control electronics and packaged together, it is possible to create a cheap,

mass-producible and compact sensor.

To describe the behaviour of a MEMS mass sensor, a device is modelled as a simple mass-

spring-damper system, with equation of motion

ẍ+
c

m
ẋ+

k

m
x =

F0

m
ejωt, (1.1)

where x is displacement, m is mass, F0 is the driving force, c and k are the damping and

spring constants respectively [21]. The resonant frequency, Quality Factor (Q) and normalised
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driving force are then respectively defined as

ω0 =

√
k

m
, (1.2)

Q =
mω0

c
, (1.3)

FD =
F0

m
, (1.4)

hence

ẍ+
ω0

Q
ẋ+ ω0

2x = FDe
jωt. (1.5)

When a measurand binds to the surface of the MEMS structure, the mass (m) increases by

∆m and the corresponding change in resonant frequency from ω0 is ∆ω0

∆ω0

ω0

≈ −∆m

2m
. (1.6)

Equation (1.6) shows that to a first approximation, the percentage change in resonant fre-

quency is therefore approximately equal to half of the percentage change in mass.

To detect a change in sensor mass by monitoring the resonant frequency, it must be pos-

sible to excite the mass-spring-damper system and detect the resulting movement. A simple

method of generating driving signals for actuation of devices, with a controllable and stable

frequency is therefore desirable. To achieve this, it is sensible to exploit the flexibility and

low-cost of Direct Digital Synthesis (DDS) systems [22–24]. Furthermore, as DDS systems

can be fabricated using microelectronics, it is possible to build a sensor comprising a MEMS

resonant device packaged together with integrated DDS-based control electronics and readout

electronics.

Common methods for actuation and readout of MEMS devices include electromagnetic,

ohmic heating, optical, piezoelectric and electrostatic techniques [25]. The electromagnetic

interaction in magnetic MEMS is usually based upon micro-coils or micro-permanent mag-

nets [26]. However, to generate useful field strengths high currents are typically needed. Fur-
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thermore, the construction of micro-coils or micro-permanent magnets from large permanent

magnets is time consuming, expensive and can not be manufactured using a standard foundry

process.

A scheme based upon thermal expansion of an ohmically heated beam is an alternative

method for actuation of MEMS devices. This technique is particularly useful if the devel-

opment of a large force is a more significant concern than power consumption or operating

frequency, which is typically limited to a few kHz [27]. Instead of ohmic heating, a laser

beam can be used to cause a thermal expansion in the micro-cantilever, however an optical

system such as this can not be easily fabricated in microelectronics and contained in an IC

package [28].

Piezoelectric and electrostatic techniques for excitation of MEMS devices are suitable for

creating a system that can be easily packaged, however the processing required to fabricate

a piezoelectric actuator is typically the most complicated of the two methods [29]. It is im-

portant that the techniques developed for monitoring MEMS devices are compatible with the

structures that can be produced at a typical MEMS foundry. However, designs based upon

piezoelectric techniques are not compatible with the fabrication processes available, for ex-

ample, at QinetiQ as part of the Europractice Foundry Access Program. Consequently, the

design of the prototype resonator for this investigation is based upon electrostatic actuation

and measurement.

Using electrostatic actuation and readout will enable the production of a sensor that is

easy to package, does not consume a significant amount of power and can be fabricated at

typical MEMS foundries. The corresponding control electronics must also be contained in

the same IC package, however an integrated circuit typically takes approximately one year to

design, fabricate and test. Since a high cost and risk is therefore associated with fabricating

a prototype electronic control system in microelectronics, electronic circuits were constructed

using discrete components. Despite this, the prototype drive, readout and control architectures

that have been implemented, could be translated into a microelectronic design.
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1.3 Fabrication process

Whilst the IC industry typically fabricates low-profile electronic devices, the MEMS industry

is interested in three-dimensional movable structures. To produce such devices, two primary

processes, either surface micro-machining or bulk micro-machining can be used. During a

surface micro-machining process, device features are realised by depositing material layer by

layer upon the surface of a substrate and selectively etching different layers. The substrate

itself does not form part of the micro-machined device and silicon, glass or plastic can all be

used as the substrate material [11].

Unlike surface micro-machining, when a bulk micro-machining process is used device

features are formed in the substrate, which is typically silicon. Recently a method known

as the Bosch Deep Reactive Ion Etch (DRIE) process has been developed which is a now a

popular technique for bulk micro-machining [30–35]. For this project, devices were fabricated

using the Integram Silicon-On-Insulator (SOI) High Aspect Ratio Micro-machining (HARM)

process (an implementation of the Bosch process), available at QinetiQ on a multi-project

wafer run provided as part of the Europractice Foundry Access Program of the European

Commission. The minimum feature size for this process is 3µm and the minimum distance

between neighbouring features is also 3µm.

Figure 1.1 shows a schematic diagram of a silicon substrate with a thin (∼1µm) layer of

silicon dioxide on the surface. A further 20µm layer of silicon has also been grown upon

the oxide. To define structures in this thin top layer of silicon, the HARM process cycles

between etch and polymer deposition steps. Fluorine-based plasma chemistry is used to etch

the silicon, using sulphur hexafluoride (SF6) to provide fluorine for etching. A mask is used

Silicon

Silicon Dioxide

Figure 1.1: A silicon substrate with layers of silicon dioxide and silicon deposited upon the
surface.
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(a) (b) (c)

Silicon Silicon Dioxide

Polymer Mask

Figure 1.2: Deep vertical etching using the Bosch process.

to resist the etch process, thus defining features in the silicon which are defined by the mask

layout. During each cycle, material is removed from the top layer of silicon, however polymer

deposition steps are used to control the lateral etch, creating a deep vertical profile through the

top layer of silicon.

During the polymer deposition step, a polymer, octofluorocyclobutane (c-C4F8), breaks to

form radicals such as CF2 which deposit on the sample. Figure 1.2a shows a partially-etched

structure coated in this polymer. The polymer coats the entire sample, however during the etch

process the polymer is removed far quicker in the vertical direction than on the side walls. This

protects the side wall from the etch process and controls the lateral etch. Figure 1.2b shows

the small amount of polymer remaining on the side walls during an etch cycle. In Figure 1.2c,

the side walls have been exposed and the etch is halted to avoid removing material from the

side walls. A new layer of polymer is then deposited before etching recommences.

Successive etch and polymer deposition steps are used to create a deep vertical etch through

the entire surface layer of silicon until the thin layer of silicon dioxide is reached (which is

resistant to the SF6 plasma) and the etch process stops. Movable structures are released by

using HF in a wet etch process to attack the oxide, which is gradually removed by the acid,

undercutting the silicon above. Large areas of oxide require a longer etch than a small area,

hence small structures can be released while larger areas remain attached to the substrate. This

behaviour is exploited in order to anchor structures to the bulk substrate.
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1.4 System response

When a MEMS resonator is moving, variations in the amplitude or phase of vibration can be

used to detect a change in the characteristics of the resonant system [36, 37]. To calculate

the magnitude and phase response of a mass-spring-damper system, the transfer function is

obtained from the equation of motion (Equation (1.5)) describing the system

G (jω) =
X

FD
=

1

ω0
2 − ω2 + jωω0

Q

, (1.7)

where X is the amplitude of the displacement. The magnitude and phase are

|G| =
1√

(ω0
2 − ω2)2 + (ωω0

Q
)2
, (1.8)

∠G = φ = − arctan

(
α

Q(1− α2)

)
, (1.9)

where α is defined as the frequency ratio ω
ω0

. Equations (1.8) and (1.9) show that the behaviour

of the system is determined by the value of the resonant frequency and also the Q. Recall from

1
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Figure 1.3: Amplitude response at high
(dashed), medium (dotted) and low (solid)
damping levels.
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Figure 1.4: Phase response at high
(dashed), medium (dotted) and low (solid)
damping levels.

Equation (1.3) that the quality factor of a resonant system is determined by the damping level.

Figure 1.3 shows the solution of Equation (1.8) over a wide range of driving frequencies (ω)

and at various values of Q. In a high-Q system, the energy losses through damping are low
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and a narrow response with a clear peak is seen. In a lower-Q system, energy losses through

damping are more significant, reducing the magnitude of the output and broadening the peak.

Figure 1.4 shows the corresponding phase responses. Low values of quality factor result in a

wide linear region of phase change around the natural frequency, whereas at high-Q the phase

changes very quickly and rapidly saturates at zero or -180◦.

1.5 Mass detection

1.5.1 Amplitude response

When a measurand binds to a functionalised resonant sensor, the resulting change in mass

of the system causes a change in its resonant frequency. If the frequency of the driving force

remains constant at, for example, the original resonant frequency of the system then the change

in mass leads to a reduction in the amplitude of vibration. Since the amplitude response is at a

maximum at the resonant frequency, the rate of change of amplitude with respect to frequency

is zero. This results in a small change in amplitude after a small increase in mass. To operate

in the region of highest sensitivity, the driving frequency should ideally correspond to the

section of the resonant peak where the gradient is largest [36]. This occurs when the driving

frequency is

ω ≈ ω0

(
1± 1√

8Q

)
, (1.10)

where the slope is approximately

dX

dω
= ± 4

3
√

3

QX

ω0

≈ ±F0Q
2

kω0

. (1.11)

Equation (1.11) shows that the rate of change of amplitude with respect to frequency is crit-

ically dependent upon the value of the system quality factor. Therefore to maximise the de-

tection resolution of a system that monitors the amplitude of vibration, ideally the Q should

be large. A significant problem with this technique, however, is that the required driving fre-

quency is different to the resonant frequency. A method for automatically determining the

frequency where the slope of the resonant peak is a maximum is therefore necessary.
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1.5.2 Phase response

Alternatively, instead of monitoring the amplitude of vibration, measuring changes in the

phase of a resonator’s displacement can also be used to identify any change in its resonant

frequency. The phase of a resonant sensor with respect to the driving force is shown in Figure

1.5. The key feature of the response is that at the resonant frequency (α =1), the phase angle

is a constant value of -90◦. This is independent of the value of the quality factor, driving force

or the spring constant. Similarly, because velocity leads displacement by 90◦, if the motion

1

−180

−90

0

Frequency Ratio (α)

P
h

a
s
e

 (
°
)

Figure 1.5: Phase difference between displacement and driving force for a mass-spring-
damper system as a function of the frequency ratio (α).

sensor measures the velocity then the phase difference at the resonant frequency will always

be 0◦. This makes a detection scheme based upon monitoring phase particularly attractive as

simple electronics such as a Phase-Locked Loop (PLL) can be used to identify the resonant

frequency. After an increase in mass occurs due to the presence of a measurand, the change in

the resonant frequency can then be tracked.

Alternatively, the phase of the resonator’s displacement or velocity could be measured.

Figure 1.5 shows that the maximum rate of change of phase occurs at the resonant frequency.

As the rate of change of phase angle (φ) around resonance is approximately linear with respect

a change in driving frequency (ω)
dφ

dω
≈ −2Q

ω0

, (1.12)

when combined with Equation (1.6), Equation (1.12) can be used to quantify any increase in
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mass (∆m) of the micro-mechanical structure

∆φ ≈ Q
∆m

m
. (1.13)

Equation (1.13) shows that to ensure that a small percentage change in mass causes a signifi-

cant change in phase of vibration, the Q of the system should ideally be large. Therefore the

detection resolution of a mass sensor monitored by measuring either amplitude or phase is

improved by increasing the Q of the system. Monitoring the phase, however, offers numerous

benefits over monitoring amplitude. Primarily, the phase difference between the driving force

and the displacement (or velocity) at the resonant frequency is fixed and is independent of the

Q-value, or other system parameters. In addition, the maximum rate of change of phase oc-

curs around resonance and the sensitivity of the resonant sensor is therefore maximised when

driven at this frequency.

1.6 Quality factor control

1.6.1 Background

To monitor the resonant frequency of a sensor by measuring the phase of the displacement or

velocity, a large quality factor is required in order to improve the detection resolution. Since

the Q is inversely proportional to the damping present in the system (Equation (1.3)), a low

damping level is desirable. In practice, detecting a change in resonant frequency is often

limited by the inherently low Q observed in micro-mechanical systems. This is because a

MEMS structure is generally subject to high viscous damping effects due to the surrounding

gas (or liquid) that is necessarily present in a chemical or biological sensor application [38,

39]. In a vacuum where such effects do not exist, the Q-value is far higher. Consequently,

a technique designed to increase the Q artificially to approaching the levels observed in a

vacuum is desirable. The simplest conceptual method of increasing the Q is to directly cancel

the large damping force by providing an external feedback force proportional to the velocity

of the resonator.
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1.6.2 Velocity feedback

Since the quality factor of a resonant system is inversely proportional to the damping level, the

effective Q can be modified by generating a feedback force proportional to the instantaneous

velocity of the moving structure. This can be modelled by modifying the equation of motion

(Equation (1.5)) describing a simple mass-spring-damper system as follows,

ẍ+
ω0

Q
ẋ+ ω0

2x = FDe
jωt ± λω0

Q
ẋ, (1.14)

where λ is the feedback fraction. The modified transfer function is Ĝ (jω)

Ĝ (jω) =
1

ω0
2 − ω2 + jωω0

Q̂

, (1.15)

where the effective quality factor is Q̂ = 1
1∓λ . To increase Q̂, the feedback force is summed

with the primary driving force. When 0 < λ < 1 the effective quality factor is given by

Q̂ =
1

1− λ
. (1.16)

Equation (1.16) shows that when λ →1, Q̂ increases rapidly. Furthermore, when λ >1, the

natural damping force is completely cancelled and energy is continually added to the system,

resulting in a self-sustained oscillation. Consequently, careful control of the feedback fraction

is essential due to the rapid increase in quality factor as the feedback fraction approaches one.

1.6.3 Previous work

Mertz, Tamayo and Nguyen have previously implemented velocity feedback (Q-control) to

modify the Q of a micromechanical device. Mertz implemented the technique to vary the

Q of a MEMS micro-cantilever for use in Atomic Force Microscopy (AFM) [28]. To drive

the system, a laser beam was used to cause a thermal expansion in the micro-cantilever and

the magnitude of the resulting force was a linear function of the intensity of the laser. The

optical readout technique delivered a measure of the displacement of the resonator, as required

for AFM. For Q-control, a force proportional to velocity is required, hence the displacement
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signal was differentiated to obtain a velocity-dependent signal. A similar technique was also

employed by Tamayo [40, 41]. Tamayo used magnetic excitation and optical detection to

measure the instantaneous displacement of the cantilever. The measured displacement signal

was then phase shifted by 90◦ and amplified to generate the feedback force.

Another method used to increase the Q of a MEMS sensor has also been described by

Tamayo [42]. The approach is based upon a digital implementation of the force-feedback

technique described in section 1.6.2. The signal from an optical displacement detector was

sampled using an Analogue-to-Digital Converter (ADC). A single driving signal was then

generated in software and the amplitude controlled such that it was always equal to the output

resulting from analogue electronics under the action of Q-control. A significant disadvantage

of this approach is the requirement of a Personal Computer (PC) to perform the Fast Fourier

Transform (FFT) for calculating the amplitude and phase of the sampled displacement signal.

An electrostatic feedback technique for implementing Q-control was implemented by

Nguyen [43, 44]. A three-port comb structure was used, the first of which was for excita-

tion of the resonator. To generate a velocity-dependent feedback voltage, the output current

from a second port, which was proportional to the velocity of the moving structure, was con-

verted into a voltage using a transimpedance amplifier circuit. The resulting voltage was then

applied to the remaining electrode, generating a feedback force that was proportional to ve-

locity and increasing the Q of the resonant system. Modifying the quality factor of a resonant

system using this technique is appealing due to the simplicity of the feedback loop.

Any electronics designed to increase the effective Q of a resonant MEMS sensor should

ideally be as simple as possible. Mertz and Tamayo used electronics to generate a velocity-

dependent signal from the measured displacement, which complicate the feedback loop. How-

ever Nguyen measured the velocity directly, which facilitated a simple feedback loop without

the requirement for any electronics. It is therefore desirable to build a readout system that

measures velocity and not displacement. Similarly, an actuator with a linear voltage-force

characteristic is desirable. This is because a velocity-dependent force must be generated from

the velocity-dependent feedback voltage. If an actuator with a non-linear voltage-force char-

acteristic were to be used, additional electronics would be required to compensate.
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1.6.4 Noise considerations

In section 1.5.2 the benefits of detecting a change in mass of a MEMS sensor by observing the

phase of the system were identified. In a system designed to measure the velocity of a moving

resonator, the phase difference between the readout signal and the driving force at resonance

is always 0◦. As the phase difference is fixed, a PLL can be used to easily identify and track

the resonant frequency. Alternatively, the phase of the system can be measured. The limit

of detection of either of these approaches must be determined by the amount of phase noise

present in the velocity-dependent output signal.

A study of the noise present in a mass-spring-damper system [45] was conducted by

Tamayo. In the study, Tamayo shows that the phase noise of a resonator is proportional to

1/Q1/2 if the dominant noise source is thermal vibrations of the resonator, or 1/Q if noise in

the motion sensor dominates. Therefore, due to this reduction in phase noise, the frequency

stability of a closed-loop system designed to track the resonance using a PLL is expected to

improve with increasing natural Q. Alternatively, when the phase is measured, the benefits of

having a high natural Q are twofold. This is because in addition to reducing any noise present

in the signal, a greater change in phase occurs for a given change in mass. Tamayo defines

sensitivity as the ratio between dφ
dω

and the phase noise, hence depending upon the source of

the dominant noise the sensitivity is proportional to Q3/2 or Q2.

Tamayo also argues that when the Q is increased using velocity feedback, the sensitivity

does not increase by the same amount as when the Q is naturally high. This is because the

analysis shows that phase noise remains constant under the action of Q-control, suggesting

that the only benefit will be an increase in sensitivity when measuring the phase. The increase

in sensitivity will be determined by the ratio of dφ
dω

before and after Q-enhancement. Practical

considerations, however, often limit the absolute magnitude of the driving force. Tamayo’s

model shows that if the primary driving force is decreased when Q-control is implemented

then the phase noise will increase. The conclusion of the study conducted by Tamayo is that

due to the effect of noise, any benefit obtained by increasing the effective Q of a resonant

system by velocity feedback could be reduced or eliminated.

13



1.7 Summary

In this chapter, the possibility of using a micro-mechanical mass-spring-damper system as a

mass sensor has been described. Changes in the resonant frequency of such a mass sensor

are often detected by monitoring amplitude or phase. Of these two approaches, phase de-

tection offers more advantages. The most important benefit of phase detection is the fixed

phase difference between the driving force and the resulting output signal when the system

is resonating. This phase difference is either -90◦ or 0◦, when monitoring displacement or

velocity, respectively. In addition, the maximum rate of change of phase with respect to fre-

quency occurs at the resonant frequency, maximising the signal observed after a small change

in resonant frequency.

The damping forces present in a resonant system that forms the key component in a mass

sensor play a critical role in determining the detection resolution of the overall sensor. Con-

sequently increasing the Q of such a system is desirable. The simplest conceptual method

for enhancing the Q is by the generation of a feedback force directly proportional to the ve-

locity of the resonator. Such a force acts to cancel the instantaneous damping force acting

on the moving structure and hence increases the effective Q of the system. Because a veloc-

ity signal is required to perform Q-enhancement, phase detection by monitoring velocity and

not displacement should therefore be implemented. If the voltage-force characteristic of the

actuator is linear, the only additional hardware required to implement Q-control is a simple

electronic circuit to sum the velocity-dependent feedback voltage with the primary driving

voltage. The possible benefit obtainable by increasing the effective Q can then be investigated

without significantly complicating the electronic design.

It is desirable to build a prototype system that can eventually be optimised for manufacture

in microelectronics. In addition to a linear drive and readout characteristic required to investi-

gate the possible benefit gained by implementing Q-control, the architecture of the prototype

resonator must be compatible with fabrication techniques commonly used in the microelec-

tronics industry. Various common methods for actuation and readout of MEMS devices have

been considered and an electrostatic technique was identified as the preferred technique for

this investigation.
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1.8 Thesis overview

The motivation for this thesis is to investigate various methods for determining the change

in resonant frequency of a MEMS structure using discrete electronic components. Discrete

electronics are used because of the high cost and risk associated with fabricating a prototype

system using microelectronics. However, the readout and control architectures described in

this thesis have been designed such that the system can be optimised for implementation in

microelectronics. Hence the electronic design could then be packaged together with a MEMS

device to create the hardware required for a mass sensor.

Using a simple feedback loop designed to amplify the measured velocity of a prototype

resonator, it is possible to increase the effective Q of the resonant system. As the imple-

mentation of Q-control is conceptually simple, it is possible to do this without significantly

complicating the electronic system. Consequently it will be feasible to operate schemes for

determining the size of a change in resonant frequency at a higher effective Q than the natural

Q and hence to investigate the benefits of Q-control.

Chapters 2 and 3 of this thesis contain a description of the design and characterisation,

respectively, of a prototype MEMS resonator. The prototype resonator has been designed for

use with discrete electronic drive and readout components. The resonator is relatively large

however if the electronic design were to be implemented in microelectronics, a significantly

smaller resonator could be used. Chapter 4 contains results showing the response of a typical

resonator under the action of Q-control. The design of an automated system for determining

and tracking the resonant frequency of a resonator is described in chapter 5. Chapter 6 con-

tains results showing the performance of the system that has been designed and built, both

when the resonant system operates at its natural quality factor and also when Q-control is

implemented. In chapter 7, alternative methods for monitoring the resonant frequency of the

prototype sensor are described. The techniques are based upon driving the resonator at a fixed

driving frequency, even when the resonant frequency of the system changes. Finally, chap-

ter 8 contains conclusions and a description of some areas of further work arising from this

investigation.
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Chapter 2

MEMS actuation and measurement

2.1 Introduction

A MEMS sensor should be easy to package and it must be possible to fabricate the mechanical

structure using processes available at typical MEMS foundries. An architecture based upon

capacitive actuation and readout is best suited to meet these requirements. By developing

a system that uses capacitive actuation and readout in conjunction with simple discrete ana-

logue and digital electronics, it is theoretically possible to eventually build a full sensor with

integrated electronics in a single package, based upon the design of the discrete system.

To build a sensor with a good detection resolution, the mass of the sensor should be small.

However, it must be possible to excite and detect movement of the prototype MEMS structure

designed for this investigation using discrete electronic components and this will effectively

limit its minimum size. An actuator with a linear voltage-force dependency and a readout sys-

tem designed to deliver a voltage proportional to the resonator velocity should be implemented

to facilitate Q-control. It will then be possible to investigate the potential benefit in artificially

increasing the system Q on the overall sensitivity. In this chapter, the design of a resonator to

meet these specifications and also the electronics required to detect motion are both described.
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2.2 Actuation and measurement

2.2.1 Capacitive actuation

The electrostatic force between two plates, formed from a fixed driving port and a movable

mechanical structure, is a function of both the applied voltage and the rate of change of capac-

itance with respect to displacement
(
dC
dx

)
,

F =
V 2

2

dC

dx
. (2.1)

This shows that the geometry of the capacitor used for actuation is critical in controlling the

properties of the overall driving force experienced by the MEMS resonator. Figure 2.1 shows

a parallel plate capacitor which is the simplest design for a drive capacitance. The fixed plate

is connected to electrical ground and the movable plate is suspended on a flexible beam to

form an initial gap (d) between the plates. The supporting beam is anchored to the underlying

substrate at either end. The movable plate is also connected to the excitation voltage, V . For

small displacements, dC
dx

is approximately

dC

dx
≈ ε0εrAp

d2

(
1 +

2x

d

)
, (2.2)

where Ap is the area of each plate, ε0 and εr are the permittivity of free space and the relative

permittivity, respectively. Equation (2.2) shows that dC
dx

is a linear function of the instanta-

neous displacement for small x. Therefore the resulting electrostatic force is a function of

not only the applied voltage but also displacement. A more satisfactory arrangement yields an

electrostatic force that is independent of displacement. This has been demonstrated previously

x

V

Figure 2.1: Parallel plate capacitor arrangement for actuation of a MEMS device.
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V

x

Figure 2.2: A MEMS comb structure.

by using an interdigitated finger (or comb) structure [46, 47].

Figure 2.2 shows a simple comb structure. The key feature of an electrostatic comb is that

dC
dx

is ideally a constant. To demonstrate this, consider the capacitance formed between the

fixed driving comb with nf fingers and the movable comb, when the fingers initially overlap

by a distance o,

C =
nfε0εrth(x+ o)

g
. (2.3)

In the equation above, th is the thickness of the structure and g is the gap between overlapping

fingers which means that dC
dx

=
nf ε0εrth

g
. Consequently, the electrostatic drive force is linear

with respect to the square of the applied voltage

F = V 2

(
nfε0εrth

2g

)
. (2.4)

There are three logical configurations for generating the electrostatic force (Equation (2.1))

for excitation. In the first case the driving voltage is sinusoidal,

V = VAC cos(ωt), (2.5)

F =
V 2

2

dC

dx
=
V 2
AC

2

(
1 + cos(2ωt)

2

)
dC

dx
. (2.6)

The significant feature of this technique is that the resulting electrostatic force consists of a

static component and a component at a frequency that is twice the frequency of the excita-

tion voltage, hence this technique is referred to as frequency doubling. This technique is not

compatible with the implementation of Q-control using a simple feedback technique, due to
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the non-linear relationship between voltage and the resulting force (in both magnitude and

frequency). However, in an extension to this method, the driving voltage can also contain a

DC component,

V = VDC + VAC cos(ωt), (2.7)

F =
1

2

((
V 2
DC +

V 2
AC

2

)
+ 2VACVDC cos(ωt) +

V 2
AC cos(2ωt)

2

)
dC

dx
. (2.8)

This approach, which is referred to as direct drive, is used by Nguyen to generate a driving

force that is at the same frequency as the frequency of the applied voltage [43, 44]. A benefit

of this technique (over frequency doubling) is that complicated electronics are not required

to halve the frequency of the feedback signal used to enhance the Q. However, there is also a

frequency component at twice the frequency of the excitation voltage and an undesirable static

force. The relative contribution of the undesirable frequency component can be minimised by

using a small AC driving component superimposed upon a large DC bias.

It is possible to cancel the undesirable terms by using two combs arranged in a push-pull

configuration such that the fingers of each comb are in opposing directions [47]. When the

voltage applied to one comb is VDC + VAC and the voltage applied to the opposing comb is

VDC − VAC the overall electrostatic force experienced by the mechanical structure is

F = 2VACVDC cos(ωt)
dC

dx
. (2.9)

This technique, differential drive, is similar to direct drive in that the overall driving force

is at the same frequency as the applied voltage, however one benefit is that the undesirable

constant term and the term at twice the frequency of the driving voltage are removed by dif-

ferential drive [1]. Hence a system designed with two opposing electrostatic combs, offers the

maximum flexibility as it is possible to implement any of these schemes.

2.2.2 Capacitive readout

Various capacitive readout techniques could be employed to measure the movement of a

MEMS resonator. Figure 2.3 shows one configuration, suggested by Ghavanini [48]. The
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i(t)

V

VOUT = −iR

Figure 2.3: Simultaneous excitation and readout using a parallel plate capacitor.

technique uses the same parallel plate capacitor for both actuation and readout purposes. A

voltage is applied to the resonant device, which itself is one plate of the parallel plate ca-

pacitance. The remaining plate of the capacitor is at zero volts and by observing the current

delivered from the capacitor at this node, the movement of the structure can be measured.

When the excitation voltage (V = VAC cos(ωt)) is applied, the frequency of the resulting

force is at twice the frequency of the driving voltage (from Equation (2.1)). Therefore the

instantaneous displacement and capacitance are given by

x = X cos(2ωt+ φ), (2.10)

C =
ε0εrAp

d−X cos(2ωt+ φ)
, (2.11)

where X is the amplitude and φ is the phase difference between the movement and driving

force at ω. The current at the the readout node is given by

i(t) = V
dC

dt
+
dV

dt
C, (2.12)

hence

i(t) = − ε0εrωVACAp
d−X cos(2ωt+ φ)

[
X sin(ωt+ φ) +X sin(3ωt+ φ)

d−X cos(2ωt+ φ)
+ sin(ωt)

]
. (2.13)
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When X is much smaller than d, the third harmonic frequency in the output current can be

written as

i(t) ≈ −ε0εrAp
d

X

d
ωVAC sin(3ωt+ φ), (2.14)

which is proportional to the velocity of the moving plate. An attractive feature of this approach

is that only one electrode is used for excitation as well as for detection, which is desirable for

simple fabrication. A number of factors render this approach less attractive. Firstly, the linear

relationship between current and velocity described in Equation (2.14) is an approximation

which is only true at small displacements. At larger displacements the relationship becomes

non-linear which is undesirable. Secondly, the output current is at a frequency that is three

times higher than the frequency of oscillation of the device. This means that generating a

feedback signal for Q-control, which must be at at the same frequency as the velocity, is

complicated as a frequency divider must be incorporated into the feedback loop.

Figure 2.4 shows another simple configuration for capacitive readout which is described by

Baxter [49]. This method requires two identical capacitors, driven with AC voltages. Simple

analysis shows that the output is independent of the excitation frequency and is proportional

to the difference in capacitance between them,

VOUT = −VAC
C1 − C2

Cf
. (2.15)

Assuming that C1 and C2 are parallel plate capacitors, the resulting output signal using this

+
-

VOUT

−VAC

VAC
Cf

C1

C2

Figure 2.4: Capacitance bridge circuit.
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readout configuration is linear only for small, static, displacements

VOUT = −VACε0εrAp
Cf

[
2x

d2 − x2

]
. (2.16)

A similar op-amp based circuit has been suggested by Tang, which is not limited to small,

static, displacements and delivers a measure of velocity as desired [47]. In this approach a

DC bias voltage (Vs) is connected to one side of a comb capacitance and the other to electrical

ground. The current developed at the readout capacitance is

i(t) = Vs
dC

dt
+
dVs
dt
C = Vs

dC

dx

dx

dt
. (2.17)

A transimpedance amplifier can be used to convert the velocity-dependent current into a volt-

age and also to provide the DC bias voltage. Figure 2.5 shows this configuration.

Equation (2.17) shows that using this technique, the current delivered to the transimpedance

amplifier is not affected by the presence of any undesirable static parasitic capacitances. Fur-

ther, the output is not a function of the absolute value of C, because Vs is a DC voltage(
dVs
dt

= 0
)
. If the readout capacitance is designed as an interdigitated comb structure, it is

possible to take advantage of the linear relationship between capacitance and displacement

to produce a current (and hence voltage) that is directly proportional to the velocity of the

moving structure. The ability to measure the velocity of a resonator, using simple electronic

components, with immunity to the magnitude of any fixed capacitances present, makes this

approach for monitoring the movement of the sensor particularly attractive.

+
-

Vs
C

R

VOUT = Vs − iR

Figure 2.5: Readout capacitance and transimpedance amplifier configuration.
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2.3 Resonator architecture

In sections 2.2.1 and 2.2.2 the advantages and disadvantages of various drive and readout

architectures were discussed. In section 2.2.1 it was noted that differential drive, using in-

terdigitated comb structures, offers the most benefits for excitation of a resonant sensor. In

particular, the frequency of the resulting electrostatic force is the same frequency as the ap-

plied voltage. This is desirable for the construction of a feedback loop to increase the Q using

simple electronic components.

In section 2.2.2, a number of methods of capacitive readout were considered. The most

appropriate technique is the application of a DC voltage connected across a comb capacitance

followed by current-to-voltage conversion of the resulting current, which is proportional to

the resonator velocity. This method can be converted quite simply into a differential readout

architecture which theoretically rejects any common mode interference present in the velocity

signal. To do this a second readout comb capacitance orientated to oppose the direction of

the first comb capacitance can be used. A second current-to-voltage conversion circuit yields

a voltage proportional to the instantaneous velocity, 180◦ out of phase with the output of the

primary channel. An instrumentation amplifier can be used to amplify the difference between

the two voltages and to reject common-mode noise and interference.

Silicon Air gap100µm

Figure 2.6: The proposed prototype structure layout, which can be used as a single element or
the repeated element in a larger test structure.

Figure 2.6 shows the layout of a resonator with the required capacitances that has been

designed by colleagues at Birmingham University. The device comprises four fixed comb
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Table 2.1: Parameter values for estimate of output voltage when the resonator is moving in air
at the natural frequency.

Parameter Value Units

k 25.4 Nm−1

m 3.6 µg

f0 13 kHz

dC
dx

13.4 fFµm−1

Q 10 -

structures and a movable shuttle with combs attached to form capacitances with the fixed

combs. The resonator is supported by four 3µm wide and 178µm long folded flexure springs

at each corner and the thickness of the silicon membrane is 20µm. Electrical connections are

made to four central bond pads and each pad is connected to one side of a set of opposing

combs. It is possible to connect several prototype resonators. To facilitate this, a small stub

is attached to each end of the movable frame to which a coupling spring can be attached. The

resulting chain can then be used to investigate the behaviour of coupled resonators, however

this is the subject of a separate investigation [5, 6].

Table 2.1 contains a summary of the key design parameters. When modelled using Comsol

Multiphysics the overall stiffness of the prototype device was calculated to be 25.4Nm−1. The

mass is 3.6µg and eigen-mode analysis calculates the fundamental mode of the resonator to

be approximately 13kHz. Estimated values for the capacitance and dC
dx

of each port are 250fF

and 13.4fFµm−1 respectively. The damping force a MEMS resonator experiences (usually a

combination of squeeze film and slide film damping) is primarily determined by the geometry

of the sensor and the ambient air pressure [50–54]. Colleagues at Birmingham University have

investigated the primary sources of damping, concluding that squeeze film damping is the

dominant source of damping. The estimated Q value at atmospheric pressure is approximately

10 1.
1Calculations performed by colleagues at Birmingham University are given in appendix A.
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2.4 Electronics

2.4.1 Drive electronics

The only requirement for the drive electronics is the ability to produce two signals, VDC±VAC .

Figure 2.7 shows the simple electronic circuit formed from three OPA404 precision op-amps,

used to generate the two drive signals. By supplying AC and DC voltages, the signals for

+
-

R

R

R

R

R

+
-

R

+
-

RR

VDC − VAC

VDC + VAC

−VDC

VAC

VAC

Figure 2.7: Simple electronic circuits required to generate driving signals.

differential driving are generated. Alternatively, if frequency doubling is required a DC bias

of zero volts can be used and the driving signal taken from one of the two outputs of the circuit.

2.4.2 Readout electronics

To test single resonators and chains of resonators coupled together, a Printed Circuit Board

(PCB) with current-to-voltage conversion and amplification stages has been designed and

manufactured. Figure 2.8 shows the electronics contained on the PCB for generating a velocity-

dependent voltage. In section 2.3 it was suggested that two opposing comb capacitances, each

biased to generate a current proportional to the instantaneous velocity of the resonator struc-

ture, can be used to implement a differential readout architecture. To convert the output cur-

rents into voltages for a differential readout architecture, two transimpedance amplifiers can be

used followed by an instrumentation amplifier stage. The instrumentation amplifier removes
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Figure 2.8: Differential readout architecture using two readout capacitances and two tran-
simpedance amplifiers followed by an instrumentation amplifier stage (GINA) with external
gain control resistor (Rg).

the DC bias in the output voltage and also to provides a further gain stage. The output from

the instrumentation amplifier is

VINA = 2GINAVsR
dC

dx

dx

dt
. (2.18)

To estimate the output current from a readout comb capacitance and the overall output

voltage from the instrumentation amplifier, the expected velocity at typical driving voltages is

calculated. From Equation (1.8) the magnitude of the velocity at the resonant frequency is

Ẋ =
F0Q√
mk

. (2.19)

The magnitude of the driving force when using differential drive is F0 = 2VACVDC
dC
dx

and

from Equation (2.17) the resulting current is

I = 2VsVACVDC
Q√
mk

(
dC

dx

)2

. (2.20)

The voltage at the output of the instrumentation amplifier stage is given by substituting Equa-
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tion (2.19) into Equation (2.18)

VINA = 4GINAVsVACVDCR
Q√
mk

(
dC

dx

)2

. (2.21)

These expressions can be used to estimate the expected operating conditions of the MEMS

resonator and the output from the test PCB, when the driving frequency is close to the resonant

frequency of the device under test. Using values from Table 2.2 for typical maximum working

voltages and amplifier gains, and values for physical constants from Table 2.1 gives a typical

displacement of approximately 100nm. This corresponds to a peak current per channel of

approximately 1nA and an output voltage from the instrumentation amplifier stage of 20mVrms

when the resonator is operating at ambient pressure.

Table 2.2: Typical maximum voltages and amplifier gains for detecting motion of a resonator.

Parameter Value Units

GINA 10 -

Vs 8 V

VAC 5 Vpp

VDC 5 V

R 1 MΩ

When the test resonator is placed in a vacuum, for characterisation at low pressure, the

quality factor is expected to be several orders of magnitude higher than in air. Consequently,

from Equations (2.21) and (2.19) the PCB output voltage and the displacement are expected

to be larger than when the device moves in air. This is a potential problem as it is theoretically

possible to damage the resonator by over excitation, causing a displacement large enough

(approximately 5µm) to bring the finger ends of the moving combs into contact with the

stationary combs. Therefore the driving voltage levels should be significantly lower than those

used at atmospheric pressure, to ensure that the displacement does not exceed approximately

1µm.
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2.4.3 PCB specifications

After manufacture, the silicon wafer containing resonators was diced and the resulting die

fixed into the cavity of a 24-pin Dual-In-Line (DIL) header (CSB02488-024), manufactured

by Spectrum Semiconductor Materials, Inc. Electrical connections were then made by wire

bonding between the contact pads on the resonator and the header. Figure 2.9 shows a plan

view of a section of the test PCB where the header is located. The header containing test

ZIF socket

Chamber footprint

Figure 2.9: Plan view of a section of the test PCB, showing the ZIF socket and contact zone
for vacuum test head.

devices is attached to the PCB with a Zero-Insertion-Force (ZIF) socket. Around the ZIF

socket there is a clear annulus on the top layer of the board to allow a vacuum test head to be

placed over the resonator chip for vacuum testing. The vacuum test chamber is formed from a

Caburn MDC CF40D-KF-V flange with a bleed valve for pressure control and is sealed to the

board using a rubber o-ring seal. The vacuum chamber is in turn linked to an Aidxen vacuum

pump via a metal bellows hose and pressures down to 10mPa are obtainable. Figure 2.10

shows the arrangement of the vacuum chamber and the test PCB to form a vacuum chamber.

Figure 2.11 shows a photograph of the PCB, which was manufactured by Würth Electronik

GmbH.

In the previous section, analysis shows that the readout current is expected to be approx-

imately 1nA. This current will be converted into a voltage using a transimpedance amplifier

with a 1MΩ resistor in the feedback loop to a give a gain of 1mVnA-1. This relationship is
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Figure 2.10: Arrangement of vacuum test chamber and PCB showing vacuum chamber en-
capsulating the test sample.

based upon the analysis of an ideal op-amp and one significant assumption is that both inputs

to the op-amp draw zero current. To ensure that the model of the op-amp is valid it is im-

portant that the input bias current is significantly smaller than the current under conversion

to a voltage, National Semiconductor LMC6084 op-amps which have an ultra low input bias

current of 10fA are used. For the instrumentation amplifier stage, a general purpose AD620A

with a programmable gain set with an external resistor has been chosen.

The PCB has 12 drive connections and 12 readout channels which means that it will be

possible to differentially drive and readout six different single or coupled resonators contained

in the same header. As the frequency of driving signals will be the same as the frequency of

the readout signals when using differential driving, inputs and outputs are isolated to different

sides of the PCB. This minimises crosstalk between drive signals and the readout electronics.

Further, the top and bottom copper layers of the PCB are used to provide power rail voltages

and are flooded to shield the two internal layers where drive and readout signals are routed.
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Figure 2.11: A photograph of the PCB manufactured for testing resonators.
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2.4.4 PCB Characterisation

After population, the PCB was characterised to confirm that the design is suitable for testing

the prototype resonator. To characterise the crosstalk between the input channels and output

channels of the PCB, test voltages were applied to each input channel in turn. The transient

response at the output of the instrumentation amplifier was recorded and processed in order

to calculate the power at a test frequency of 10kHz. Tests were performed using a PC and

a National Instruments PCI-6133 DAQ. The PCI-6133 DAQ has 14-bit ADC resolution and

the Least Significant Bit (LSB) corresponds to approximately 150µV. Noise sources in the

readout electronics result in a noise floor of approximately 10mVpp at the output of the final

amplification stage of the test PCB. This corresponds to a displacement of approximately

50nm. Because a displacement of only 100nm is expected when the resonator operates at

atmospheric pressure, it will therefore be necessary to filter the output voltage from the PCB

in order to recover the velocity-dependent signal when the resonator operates at this pressure.

Figure 2.12 shows the measured crosstalk signal level at the output of the PCB readout

electronics, when a test signal is applied to an input channel. The figure shows that the mea-
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Figure 2.12: Measured output of the readout electronics at various input voltages.

sured crosstalk is proportional to the voltage of the applied test signal. When a test signal

of 20Vpp is applied, the measured voltage at the output of the readout electronics is approxi-

mately 1mV, which is significantly smaller than the expected output voltage when resonators

are tested. This shows that in this voltage range, the crosstalk signal will not interfere with the

signal due to the movement of the MEMS structure.
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2.5 Summary

In this chapter a prototype MEMS resonator with an electrostatic actuation and readout archi-

tecture has been described. Using an electrostatic actuator formed from two opposing MEMS

comb drives creates a flexible driving architecture. The driving force that will be generated is

linear with respect to the magnitude of the applied driving voltages. For monitoring the move-

ment of the device, measuring the velocity is sensible as this facilitates a simple investigation

into the possible benefits of implementing Q-control. To readout the velocity of the MEMS

device, readout capacitances are formed from comb structures. When a DC bias voltage is

applied across one of these comb capacitances a current proportional to the velocity of the res-

onator will be generated. This current can then be processed by simple analogue electronics

to generate a voltage proportional to the velocity of the resonator.

A PCB has been designed and manufactured containing readout electronics and drive con-

nections for testing single and coupled chains of MEMS resonators. On the PCB there are

12 drive connections and 12 independent readout channels. This means that six different res-

onators contained within the same header can be connected to the PCB using differential drive

and readout. To readout the velocity of a resonator, a transimpedance amplifier is used to con-

vert the current produced by a readout comb capacitance into a voltage. Two transimpedance

amplifiers are used to form a differential readout channel. In addition to transimpedance am-

plifier stages, the PCB also contains the instrumentation amplifiers required to process the

output of each transimpedance amplifier stage and produce a voltage proportional to the ve-

locity of the resonator. Finally, to minimise crosstalk between drive and readout electronics,

signals are separated to opposite sides of the PCB. Measurements show that using this ar-

rangement, the observed crosstalk signal is insignificant in comparison to the expected output

voltage when the resonator is moving in air at atmospheric pressure.
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Chapter 3

Device characterisation

3.1 Introduction

In the previous chapter, a prototype resonator for investigating methods of detecting changes

in resonant frequency of a MEMS sensor was described. The resonator was designed by

colleagues at Birmingham University and fabricated by QinetiQ. A key feature of the resonator

design is the use of interdigitated comb structures to create actuation and readout capacitances.

The rate of change of capacitance with respect to displacement is ideally a constant for a comb

structure. Because of this, the current generated by the readout comb capacitances will be

proportional to the velocity of the moving micromechanical structure.

To test resonators, a PCB with readout electronics and connections for driving signals has

been designed and manufactured. The electronic circuits on the PCB convert the velocity-

dependent current generated by readout capacitances into a voltage. The prototype MEMS

resonator has been fully characterised using this PCB to measure its velocity and results of

these experiments are presented in this chapter. The following section contains a description

of the manufactured prototype resonator. In the remainder of this chapter, results showing the

amount of capacitive coupling between drive and readout ports are presented. Furthermore,

results of the characterisation of the drive and readout architectures are also given. Finally,

unexpected characteristics of the resonator are explained by modelling the manufactured res-

onant system.
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3.2 Prototype resonator

Figure 3.1 shows a Scanning Electron Microscope (SEM) image of the prototype MEMS

resonator that has been designed by Dr Carl Anthony at Birmingham University and manufac-

tured by QinetiQ. The manufacturing variability associated with MEMS fabrication techniques

is the subject of separate research by colleagues at Birmingham University. As part of that in-

vestigation, the resonator geometry was measured using an SEM and compared with design

values. This revealed that, in addition to the expected sample-to-sample variability, the design

is under-etched by approximately 250nm. This means that the manufactured mass of the res-

onator is larger than the design value. The mass of a typical resonator has been estimated to

be 4µg, a 10% increase from the design value.

Figure 3.1: SEM image showing the MEMS resonator fabricated by QinetiQ and bond pads
used for making electrical connections to the drive and readout electronics.

3.3 Feedthrough

In section 2.4.4, crosstalk between driving signals and readout electronics on the test PCB was

characterised. Results showed that a small (1mV) signal was recorded when a driving voltage

of 20Vpp was applied to a drive channel. The conclusion of the experiments described in

section 2.4.4 is that the magnitude of any crosstalk signal between drive and readout channels

on the PCB will be small in comparison to the expected velocity-dependent output signal.
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When a header containing a resonator is installed on the PCB, driving signals and readout

channels will be necessarily in very close proximity. This means that increased capacitive

coupling between drive and readout channels is expected. In the remainder of this thesis,

the effect of capacitive coupling between drive and readout channels when the prototype is

in place on the PCB will be referred to as feedthrough. The effect of feedthrough will only

be a significant problem if the frequency of the driving signals is the same as the frequency

of readout signals. For example, when differential driving is used, both signals are at the

same frequency and therefore could interfere with each other. Any feedthrough signal present

should therefore be significantly smaller than the desired velocity-dependent signal.

Recall that when using differential drive to excite the resonator, the voltages applied to

the driving combs are VDC ± VAC . Using this approach, the feedthrough signal due to +VAC

is theoretically partially cancelled by the feedthrough signal due to −VAC . Moreover, the

feedthrough signals will cancel completely if the coupling capacitances are identical. In prac-

tice this is not expected to be the case, due to the presence of bonding wires and also the close

proximity between the innermost combs dominating the characteristics of the feedthrough

signal.

The level of feedthrough present when the header containing a prototype MEMS resonator

is fitted on the PCB was characterised. To measure the feedthrough level, the differential

readout voltage was recorded when drive signals were applied to the test resonator. During

this test, any output from the electronics due to movement of the resonator could be mistaken

for a feedthrough signal. A simple method of ensuring that there is no signal due to movement

of the resonator is to set the DC bias voltage (Vs) at the readout combs to 0V. Therefore any

signal observed must be due to the effect of feedthrough. Figure 3.2 shows the measured signal

for a typical resonator as a function of the applied voltage in both frequency doubling and

differential driving modes. The solid line in Figure 3.2 shows that when frequency doubling

is used, the feedthrough signal is larger than the previously-measured crosstalk signal. When

differential driving is used the dotted line in Figure 3.2 shows that this feedthrough signal

is not completely cancelled. In fact, the signal is only reduced by approximately a factor of

three when compared to the frequency doubling architecture. Practical experience has shown
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Figure 3.2: Feedthrough levels for frequency doubling mode (solid) and differential mode
(dotted) driving configurations.

that the configuration of the bond wires plays a large part in determining the relative strengths

of each feedthrough signal and the probable reason for this disappointing result is lack of

symmetry in the configuration of bonding wires.

When the resonator is driven in air at atmospheric pressure, it is expected that the AC com-

ponent of the driving force will be approximately 5Vpp, in order to maintain a detectable output

signal of approximately 20mVrms. Figure 3.2 shows that at this drive level, the feedthrough

is approximately 20mVpp. Because the feedthrough and velocity signals will be comparable

when the resonator is driven using differential drive in air at atmospheric pressure, a com-

pensation technique will be needed in order to reduce the feedthrough component (section

4.3.3).

3.4 Velocity and phase response

3.4.1 Vacuum

Electrical connections were made to the test PCB to differentially readout the velocity of the

prototype resonator. To identify its resonant frequency, an oscilloscope was used to monitor

the output from the instrumentation amplifier on the PCB. The FFT mode of the oscilloscope

was used to monitor the frequency content of this output voltage. When frequency doubling is

used and the driving frequency is far from the resonant frequency, the structure does not move

and a small peak due to feedthrough is seen in the spectrum. The driving frequency can then
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Figure 3.3: Velocity response at a pressure
of 500mPa using frequency doubling with
an AC drive voltage of 500mVpp.
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Figure 3.4: Phase response at a pressure
of 500mPa using frequency doubling with
an AC drive voltage of 500mVpp.

be slowly swept until the driving force is near the resonant frequency of the sample and the

structure starts to move significantly. A second peak is then identifiable in the output spectrum

at a frequency that is twice the frequency of the driving voltage. This is a reliable method for

identifying the resonant frequency of a previously untested sample. Consequently, a single

electrical connection was made to the driving channel to facilitate single-ended driving using

frequency doubling. The remaining drive comb was unconnected.

Figures 3.3 and 3.4 show the velocity and phase responses respectively when the res-

onator was placed in a vacuum level of 500mPa. Due to the uncertainty of the value of the

Q and its variation with pressure, a small AC driving voltage of 500mVpp was used to excite

the resonator. The figures show that the resonant frequency was detected at approximately

15.808kHz, which is higher than the design value. The -3dB bandwidth was measured to cal-

culate the Q, yielding a value of approximately 104. The magnitude of the velocity response

at the resonant frequency was approximately 10mV when typical driving voltages were used.

Figure 3.4 shows that around the resonant frequency, the phase difference between the driving

force and the measured velocity is the expected value of 0◦. Further, also in-line with the

theoretical result, the asymptotic values of the phase response approach ±90◦.
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3.4.2 Atmospheric pressure

The Q of the resonant system is expected to reduce to approximately 10 when the air pressure

is increased to atmospheric pressure. Because a significant reduction in Q will result in a

corresponding reduction in the observed velocity, it is necessary to increase the driving force.

Consequently, when the resonator was operated in air a much larger driving voltage of 10Vpp

was used. So that the velocity signal was separated from the significant feedthrough signal

that occurs when large driving voltages are used, the resonator was again driven by frequency

doubling. In this way, it was possible to recover the required velocity signal by post-processing

the measured data, despite the presence of a relatively large feedthrough signal.

The velocity and phase responses for a frequency sweep at atmospheric pressure are given

in Figures 3.5 and 3.6 respectively. The maximum velocity occurs at a frequency that is below
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Figure 3.5: Velocity response at pressure
of 100kPa using frequency doubling with
an AC drive voltage of 10Vpp.
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Figure 3.6: Phase response at pressure of
100kPa using frequency doubling with an
AC drive voltage of 10Vpp.

16kHz, however Figure 3.5 demonstrates that it has become difficult to determine the exact

resonant frequency. As expected, the peak is broad and low. The measured Q-value is only

five, lower than the estimated value of 10. Figure 3.6 shows a slowly changing phase response

which crosses the 0◦ point at a frequency corresponding to the frequency of the maximum

velocity. Once again due to the low Q it is difficult to determine the exact frequency. The

most important conclusion of the results in this section is that the resonator behaves largely

as expected, however parameters such the Q-value and resonant frequency are different to the

expected values.
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3.5 Resonant system parameters

To understand the relationship between ambient air pressure and Q is not trivial. Newell

divides the air pressure into three regions to model the effect of varying the pressure [39,55]. In

the first region the pressure is low and consequently air damping is negligible when compared

to internal damping within the resonator. In the second region, air molecules interact with the

resonator but not with each other. These interactions determine the damping in this region and

consequently the Q-value is expected to be inversely proportional to the pressure (Q ∝ P−1
r ).

Finally, in the third region, the pressure is sufficiently high that air molecules interact with

each other and viscous damping dominates. This means that in the third region the Q-value

will be a function of the ambient air pressure and also the geometry of the resonator.

The relationship between the air pressure and the corresponding Q of the prototype res-

onator was characterised. Tests were performed at various pressure levels and the frequency

swept to record the velocity response in each case. The Q-value was then calculated from

the -3dB bandwidth. Twelve different pressure levels were used, spanning the seven orders

of magnitude from 100kPa down to approximately 10mPa. Figure 3.7 shows the observed

relationship between the Q and the ambient air pressure.
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Figure 3.7: Relationship between natural quality factor and ambient air pressure.

The figure shows that the logarithm of the Q-value is directly proportional to the logarithm

of the pressure. A best fit line has been drawn on the plot to indicate this relationship

Q = 4.3× 103P−0.6
r . (3.1)
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The data point at the lowest pressure was excluded from the data set used to determine the

equation of the best fit line as it does not follow the same trend as the other points. It is probable

that the equation describing the Q in Equation (3.1) is related to the resonator operating in

the third region of pressure, where due to the complex relationship between geometry and

damping levels the exact relationship is difficult to describe [51].

A small number of the prototype resonators were damaged while attaching bond wires

for making electrical connections to the central bond pads. Therefore due to the risk and

complexity associated with the bonding process and also the limited number of prototype

samples available, only three resonators were available for this investigation. In section 3.4.1,

the resonant frequency of one resonator was identified as 15.808kHz. The remaining samples

were subsequently tested and Table 3.1 contains the values of the resonant frequencies of each

of the available resonators. Table 3.1 shows that because of sample-to-sample manufacturing

Table 3.1: Measured resonant frequency for three test resonators, R1, R2 and R3.

Resonator Resonant frequency (kHz)

R1 15.8

R2 17.1

R3 16.6

variations, the range of the resonant frequencies is 1.3kHz. The most important conclusion

from the results in Table 3.1 is that the resonant frequency of each of the resonators is higher

than the design frequency which is 13.4kHz. This can be explained by taking into account

the over-sizing of the resonators by 250nm during the manufacturing process. The calculated

mass of the resonator is 10% larger than designed because of this over-sizing, suggesting

that the resonant frequency should be lower than expected. However, the spring constant is

critically dependent upon the width of the folded beams and the over-size causes it to increase

significantly, resulting in an overall rise in resonant frequency from the design value.

Another consequence of the over-sizing of features during the manufacturing processes

is that the gaps between fingers of opposing combs are smaller than designed. The effect of
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this is that the actuation and readout capacitances formed from these fingers are larger than

expected. A significant benefit of this is that there will be higher rate of change of capacitance

with respect to displacement (dC
dx

). To estimate the manufactured value of dC
dx

, k is eliminated

from (2.21) and rearranged to give

dC

dx
=

√(
VINA

4GINAVsVACVDCR

)
×
(

m

ω0Q

)
. (3.2)

To estimate dC
dx

, the resonator was tested again to obtain the output voltage from the PCB,

together with the resonant frequency, Q-value and the relevant test conditions. For the mass

of the resonator, the estimated value of 4µg was used. The rate of change of capacitance with

respect to displacement could then be calculated by solving Equation (3.2), giving a value of

16.2fFµm-1.

Table 3.2 contains the parameter values that have been estimated and also the correspond-

ing design values. Due to the over-sizing of resonator features during the manufacturing pro-

cess the mass and the spring constant are larger than the design values, however they can not

be measured directly. The only parameter that can be measured is the resonant frequency

(ω0 =
√
k/m). The spring constant and not the mass is particularly sensitive to the small

changes in geometry between samples, therefore to estimate m and k it was assumed that

any variation in resonant frequency between samples was attributed entirely to changes in the

spring constant. Sample-to-sample variation in both the Q-value and dC
dx

was not significant.

Table 3.2: Estimated and designed system parameters.

Parameter Design value Estimated value

m 3.6µg 4µg

k 25.4Nm-1 ∼39→47Nm-1

dC
dx

13.4fFµm-1 16.2fFµm-1

Q - 4.3×103Pr
-0.6
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3.6 Characterisation of driving schemes

To avoid feedthrough, the resonator was testing using frequency doubling (F =
V 2
AC

2
dC
dx

).

Results of these tests did not expose any unexpected behaviour and when the magnitude of

the AC driving voltage was increased by a factor of two, as expected this led to a fourfold

increase in the velocity of the resonator. However, if the effective Q of the resonant system is

to be increased by velocity feedback, differential driving will be needed.

Using differential driving, the magnitude of the resulting force (F = 2VACVDC cos(ωt)dC
dx

)

is expected to be proportional to the magnitude of the AC and DC components of the overall

driving voltage. The velocity and phase responses were recorded at various AC voltage levels.

As expected, the measured velocity was directly proportional to the magnitude of the AC driv-

ing component. The effect of changing the magnitude of the DC driving component was then

studied. Figure 3.8 shows that this caused the desired increase in the velocity-dependent out-

put voltage, however as the size of the DC component was increased, the resonant frequency

decreased. Due to this unexpected shift in resonant frequency, the corresponding phase re-

sponses shown in Figure 3.9 are also shifted in frequency. Any sensor designed to detect

changes in mass by monitoring the resonance of a MEMS mass-spring-damper system would

interpret any undesired decrease in resonant frequency as the presence of a measurand. There-

fore it is important to understand the mechanism responsible for this unexpected variation in

the resonant frequency.
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Figure 3.8: Velocity response at DC drive
voltages of 1V (dashed), 750mV (dotted)
and 500mV (solid).
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Figure 3.9: Phase response at DC drive
voltages of 1V (dashed), 750mV (dotted)
and 500mV (solid).
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3.7 Voltage-controlled resonant frequency

3.7.1 Effect of DC bias voltage on resonant frequency

An unexpected relationship between the DC component of the differential driving voltage

and the resonant frequency of the prototype MEMS structure has been observed. To confirm

that this effect is related to the magnitude of the DC voltage applied to a comb capacitance

and not some other nuance of the differential driving scheme, the resonator was tested using

frequency doubling. This drive architecture leaves one of the two driving combs available for

the application of a test DC bias voltage. In this way, tests can be performed to study the

resulting effect on the resonant frequency of varying the test voltage.

For this test, the pressure was 500mPa and to drive the resonator an AC driving voltage

of 500mVpp was applied. The velocity signal was recorded using differential readout. At the

free drive comb, DC bias voltages of 0V (control), 2V, 4V and 8V were connected in turn and

the frequency swept to record the corresponding velocity responses. Figure 3.10 shows that
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Figure 3.10: Relationship between resonant frequency and DC bias voltages, 0V (solid), 2V
(dashed), 4V (dotted) and 8V (dash-dot), applied at free drive comb.

the effect of applying the DC bias was to reduce the resonant frequency of the resonator. This

means that the observed change in resonant frequency is attributed solely to the application of

the DC bias voltage.
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3.7.2 Non-ideal comb capacitance

The application of a DC bias voltage causes a reduction in the observed resonant frequency

of the prototype resonator. A relationship between the resonant frequency of a MEMS struc-

ture and the bias voltages that are applied to it can often be explained by taking into account

undesirable electrostatic effects [56, 57]. In particular, the presence of any undesired parallel

plate capacitances between the movable resonator and the fixed actuation and readout struc-

tures is likely to cause a voltage-dependent electrostatic force. The presence of these parasitic

capacitances will contribute to the overall actuation and readout capacitances and hence the

capacitance versus displacement profile (dC
dx

). Recall that the ideal electrostatic comb drive

has a linear capacitance versus displacement profile and consequently dC
dx

is fixed. This means

that when a DC bias voltage is applied to a drive or readout comb capacitance the resulting

force (Fstat ∝
V 2
DC

2
dC
dx

) is ideally constant. Conversely, if dC
dx

is not a constant, then the force

due to any applied DC bias will be a function of position. When a displacement-dependent

force (FE−spring(x)) is applied to the resonator in addition to the primary driving force, the

equation of motion will be

ẍ+
c

m
ẋ+

k

m
x =

F0

m
+
FE−spring(x)

m
. (3.3)

If the displacement-dependent force is directly proportional to the displacement (FE−spring =

kE−springx), then this additional force will act to reduce the effect of the spring constant

ẍ+
c

m
ẋ+

k − kE−spring
m

x =
F0

m
. (3.4)

Equation (3.4) shows that if the electrostatic force generated by a comb capacitance in the

manufactured resonator contains a component that is directly proportional to the displacement

of the structure, the effective spring constant will be reduced. This apparent reduction in the

spring constant will reduce the observed resonant frequency of the resonator. It is therefore

possible that the observed voltage-dependence of the resonant frequency of the prototype sys-

tem can be explained by taking into account the presence of any parasitic capacitances which

could cause a non-linear relationship between capacitance and displacement.
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To estimate the degree of any non-linearity in dC
dx

in the manufactured resonator, the dimen-

sions of the resonator design were oversized by 250nm in order to account for under-etching

during the manufacturing process. The comb capacitance was estimated by colleagues in

Birmingham University (using COMSOL Multiphysics) over a wide range of displacements.

Figure 3.11 shows the relationship between comb capacitance and displacement in the man-

ufactured resonator. When the comb fingers are displaced such that the overlap is decreased

(corresponding to a negative displacement), the predicted capacitance begins to increase. This

simulated increase in capacitance when the finger overlap reduces is counter-intuitive. How-

ever, this result can be explained by taking into account the presence of parasitic parallel plate

capacitors formed by the backs of the movable and static comb arms moving increasingly to-

gether as the comb teeth move apart. A small section of an SEM image of the resonator is

shown in Figure 3.12, where is it possible to see the close proximity of the movable and static

comb arms.
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Figure 3.11: Comb capacitance versus displacement simulated using COMSOL Multiphysics.
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Figure 3.12: SEM image showing capacitor formed between backs of comb arms.
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A polynomial was fitted to describe the relationship between capacitance and displacement

shown in Figure 3.11. Differentiating the polynomial with respect to x gives

dC

dx
= C ′0 + C ′1x+ C ′2x

2 + C ′3x
3. (3.5)

Table 3.3 contains the COMSOL Multiphysics values for the coefficients C ′0, C ′1, C ′2 and C ′3.

The solid line in Figure 3.13 shows the capacitance versus displacement profile predicted by

COMSOL Multiphysics plotted again. In addition, the dotted line in Figure 3.13 has been plot-

ted using, for C ′0, the value of dC
dx

that has been estimated from measured data in section 3.5.

This is possible because in section 3.5 the resonator was characterised at a small displacement,

which means that the estimated value of dC
dx

is approximately equal to C ′0.

Table 3.3: Parameter values for polynomial describing the estimated dC
dx

.

Parameter Value Units

C ′0 14.7× 10−9 Fm−1

C ′1 10.1× 10−3 Fm−2

C ′2 −91.2 Fm−3

C ′3 1.91× 109 Fm−4
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Figure 3.13: Simulated relationship between static comb capacitance and displacement using
COMSOL Multiphysics (solid) and measured (dashed) values for C ′0.
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The profiles in Figure 3.13 have very similar characteristics. This means that the extracted

coefficients of the polynomial describing dC
dx

must be very sensitive to small changes in the

capacitance versus displacement profile. The key consequence of this is that when COMSOL

Multiphysics is used to model dC
dx

, the validity of the extracted coefficients will be affected by

small differences between the simulated and manufactured comb capacitances. This means

that when the characteristics of a fabricated resonator are modelled using the coefficients

calculated by COMSOL Multiphysics, a discrepancy between the measured and simulated

behaviour of the system could occur.

With these parameters, it is possible to develop a model to describe the relationship be-

tween the observed resonant frequency of a test resonator and the corresponding DC bias

voltage applied to a comb capacitance. When the resonator is operated with differential read-

out, the electrostatic forces due to readout bias voltages on the opposing comb capacitances

(C+,−) are

FE−spring+,− =
V 2
DC

2

dC+,−

dx
. (3.6)

Taking particular care to define the direction of displacement means that

dC+

dx
= C ′0 + C ′1x+ C ′2x

2 + C ′3x
3, (3.7)

dC−
dx

= C ′0 − C ′1x+ C ′2x
2 − C ′3x3. (3.8)

When differential readout is used, the electrostatic forces generated by the DC bias voltages

are in opposing directions. This means that the overall force is

FE−spring+ − FEpsring− = V 2
DC [C ′1x+ C ′3x

3]. (3.9)

The most significant term in this expression at typical displacements is the term in x, therefore
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the overall force due to the application of the differential bias voltages is

FE−spring = kE−spring = V 2
DCC

′
1x. (3.10)

Similarly, for the application of a single DC bias voltage the resulting force is

FE−spring =
V 2
DCC

′
1x

2
. (3.11)

The structure has four combs to which a DC voltage can be applied. The forces from these

voltages will add to each other and so a more general expression for the electrostatic force due

to the application of a number (ndc) of bias voltages (VDCa) is

FE−spring = kE−spingx =

(
C ′1
2

ndc∑
a=1

V 2
DCa

)
x, (3.12)

where ndc ≤ 4. This shows that the native spring constant of the system will be reduced by an

amount (kE−spring) that is determined by the bias voltages applied to the comb capacitances.

The equation of motion is updated to include this term which gives

ẍ+
c

m
ẋ+

(
ω2

0 −
C ′1
2m

ndc∑
a=1

V 2
DCa

)
x =

F0

m
. (3.13)

Therefore, the effective resonant frequency is described by the following equation

ωe =

√√√√ω2
0 − ke

ndc∑
a=1

V 2
DCa, (3.14)

where ke =
C′

1

2m
and ndc = 4.

A similar analysis was performed which models the effective resonant frequency when one

of the combs is excited using frequency doubling. In the model, DC bias voltages are applied

to the remaining three combs of the structure. Equation (3.15) describes the effective resonant
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frequency for this model

ωe =

√√√√ω2
0 − ke

[
V 2
AC

2
+

ndc∑
a=1

V 2
DCa

]
. (3.15)

In the equation above, because one comb capacitance is used to apply the driving voltage

ndc ≤ 3. Surprisingly, Equation (3.15) shows that the effective resonant frequency (ωe) is a

function of both VDC and VAC . Previous results, however, do not expose this relationship as

the contribution due to VAC was significantly smaller than the contribution due to VDC .

Similarly, Equation (3.16) describes the effective resonant frequency when differential

driving is used

ωe =

√√√√ω2
0 − ke

[
2V 2

DCb + V 2
AC +

ndc∑
a=1

V 2
DCa

]
. (3.16)

In the model of the differentially-driven system, VDCb is the magnitude of the differential

driving voltages. The bias voltages applied to the two remaining combs are represented by

VDCa.

To extract the pure resonant frequency (ω0) and the softening constant (ke), Equation (3.15)

can be rearranged to give

ω2
e = ω2

0 − ke
(
V 2
AC

2
+ 2V 2

s

)
. (3.17)

The resonator was tested with differential readout and the magnitude of the readout bias volt-

age (Vs) and the AC driving voltage determined the effective resonant frequency of the res-

onant system. A small AC driving voltage of 1Vpp was used and the readout bias voltage

was systematically reduced from 8V to 1V and the corresponding resonant frequency was

recorded. Figure 3.14 shows the observed relationship between Vs and the effective resonant

frequency. One problem with this experiment was that when the readout bias voltage is small

this limits the magnitude of the velocity-dependent output voltage, even when the velocity is

large. Fortunately, it is still possible to record the resonant frequency with high accuracy using

the FFT mode on an oscilloscope.

The line of best fit in Figure 3.14 was used to determine values for ω0 and ke. Extracted

values are given in Table 3.4. Since ke is defined as C′
1

2m
, it is possible to determine if the
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Figure 3.14: Relationship between the observed resonant frequency and the applied DC bias
voltage.

extracted value in Table 3.4 is plausible by substituting simulated values for C ′1 and m. Using

the estimated value of 4µg for the mass and C ′1 = 10.1 × 10−3Fm−2 from Table 3.3, gives
C′

1

2m
= 1.27× 106. This corresponds to a discrepancy from the measured value in Table 3.4 of

less than 1%. This suggests that the simulated form of dC
dx

used to extract C ′1 is a good model

and also that the estimate of the mass of the resonator is quite accurate.

Since the value of C ′1 that has been measured is very similar to the value calculated by

COMSOL Multiphysics, Equation (3.15) could be used to draw the line of best fit shown in

Figure 3.14. This means that Equations (3.15) and (3.16) can be used to predict the effective

resonant frequency of the system for the particular bias and driving conditions. It is therefore

possible to vary the bias conditions applied to the resonator to create a predictable, repeatable

and reversible change in the resonant frequency of the prototype resonator.

Table 3.4: Natural resonant frequency (f0) and measured softening constant (ke).

Parameter Value Units

f0 15938 Hz

ke 1.28× 106 N2m-2kg-2V-2
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3.8 Non-linear velocity and phase response

3.8.1 Background

Previously, when the resonator was tested at low pressure, a conservative driving force was

used to characterise the response of the system at a typical estimated displacement of 100nm.

The driving voltage was subsequently increased to cause a displacement of approximately

1µm and the system was tested at various vacuum levels. When the pressure is 13Pa and the

displacement is above 100nm, the velocity response peak is seen to bend to the left and a jump

is observed close to the resonant frequency. There is also a discontinuity in the phase response

at the frequency corresponding to the jump in the velocity response. Experimental results

showing the behaviour of the resonator are in Figures 3.15 and 3.16 for an estimated displace-

ment of 1.2µm. Similarly, when the pressure was 170Pa and the driving force increased to
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Figure 3.15: Velocity response at a pres-
sure of 13Pa (solid) and 170Pa (dashed),
showing non-linear behaviour.
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Figure 3.16: Phase response at a pressure
of 13Pa (solid) and 170Pa (dashed), show-
ing non-linear behaviour.

maintain a similar displacement, similar behaviour is observed. However, the key difference

is that the discontinuity in the velocity and phase response does not appear.

To describe the behaviour, any new physical model must accurately represent the non-

linear ‘shark’s fin’ peak shape, the presence of the discontinuity only when the Q is relatively

high and also the corresponding phase responses. Various previous investigations show that

non-linear effects in MEMS devices are a relatively common phenomenon [58]. In fact, ev-

idence of a so-called ‘spring softening’ effect which is attributed to electrostatic effects has
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been described previously [59, 60]. In some cases this effect is exploited in order to cancel

undesirable mechanical ‘spring hardening’ effects [61, 62].

3.8.2 Analysis

To investigate if electrostatic effects can explain the unexpected velocity and phase responses

shown in Figures 3.15 and 3.16, consider the opposing electrostatic forces generated when

a DC readout voltage is applied to opposing comb capacitances. The resulting electrostatic

force is described by Equation (3.9),

FE−spring1 − FE−spring2 = V 2
DC [C ′1x+ C ′3x

3].

In the analysis in the previous section, only the first term in Equation (3.9) was considered.

However, when the displacement of the resonator is large the second term (C ′3x
3) can not

be ignored. Consequently, the model of the system was updated to include the effect of this

term. In this example, the primary driving force is generated by frequency doubling however

a similar argument can be applied for a differential driving configuration. When frequency

doubling is used the updated equation of motion is

ẍ+
c

m
ẋ+

k

m
x = V 2

AC

(
1 + cos(2ωt)

4m

)
[C ′0+C ′1x+C ′2x

2+C ′3x
3]+

V 2
s [C ′1x+ C ′3x

3]

m
. (3.18)

Rearranging gives,

ẍ+
ωe
Q
ẋ+ω2

ex+γx3 =
V 2
AC

4m
cos(2ωt)[C ′0 +C ′1x+C ′2x

2 +C ′3x
3] +

V 2
AC

4m
[C ′0 +C ′2x

2], (3.19)

where ωe is given by Equation (3.15) and γ = −C′
3

m

(
V 2
AC

4
+ V 2

s

)
. The left hand side of

Equation (3.19) is a Duffing equation [63–65]. The typical equation of motion for a Duffing

resonator is

ẍ+
ω0

Q
ẋ+ ω2

0x+ ηx3 =
F0

m
. (3.20)

Equations (3.19) and (3.20) are similar, although Equation (3.19) contains terms in the driving

force that vary with displacement. Since γ < 0 in Equation (3.19), this corresponds to a spring
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softening type non-linearity for a Duffing oscillator (η < 0). This means that it is possible that

the model described by Equation (3.19) can be used to explain the observed spring softening

effect that occurs when the displacement is large.

3.8.3 Frequency content of output voltage

If the prototype resonator behaves in a similar way to a Duffing resonator, the displacement and

velocity will contain components at the fundamental (f) and 3rd harmonic frequencies (3f) [66].

The output voltage from the test PCB was measured when the resonator was operated in the

non-linear regime. Figure 3.17 shows the frequency content of one of the differential readout

channels. For this test the resonator was tested using frequency doubling and the feedthrough

signal at the driving frequency (0.5f) was removed using a digital filter. Figure 3.17 shows the
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Figure 3.17: Frequency spectrum of the AD620A output voltage showing frequency content at
the fundamental and 2nd harmonic frequencies for driving voltage of 16Vpp at pressure 170Pa.

presence of a very small peak at 3f and a slightly larger peak at the 4th harmonic frequency (4f).

However, the observed power is largely at the fundamental and 2nd harmonic (2f) frequencies,

which is unexpected.

Since the most significant higher-order peak in the frequency spectrum of the output volt-

age from a readout channel occurs at 2f and not 3f, the frequency content of the current gen-

erated in the readout capacitance has been investigated. The current is described by Equation

(2.17),

i(t) = Vs
dC

dx

dx

dt
.
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Substituting Equation (3.5) for dC
dx

gives

i(t) = Vsẋ
[
C ′0 + C ′1x+ C ′3x

3
]
. (3.21)

In Equation (3.21) the term in x2 has been ignored because even when the displacement is large

its contribution is insignificant. For a Duffing resonator, velocity and displacement contain

power at f and 3f, hence Equation (3.21) contains many terms. Because of the non-ideal

comb capacitance, the resulting current contains even harmonic frequencies in addition to the

expected components at f and 3f.

The most significant frequency in a Duffing resonator will be at the fundamental frequency

[66]. When the displacement is approximated as x = X sin(ωt), the corresponding output

current is

i(t) = ωVs

[
XC ′0 cos(ωt) +

(
X2C

′
1

2
+X4C

′
3

4

)
sin(2ωt)−X4C

′
3

8
sin(4ωt)

]
. (3.22)

Equation (3.22) shows that due to the non-ideal comb capacitance, the measured current con-

tains components at f and 2f. There will also be a smaller component at 4f. For completeness,

a full analysis in appendix B includes the frequency content at 3f in velocity and displacement.

Equations (3.19) and (3.22) were solved to calculate the output current (and hence voltage) as

a function of time. Figure 3.18 shows the simulated and measured frequency spectrums. The
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Figure 3.18: The measured frequency spectrum (top) and the simulated spectrum (bottom) of
the AD620A output voltage, showing frequency content at the fundamental and 2nd harmonic
frequencies, for a driving voltage of 16Vpp at pressure 170Pa.
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simulation frequency was the frequency where the maximum velocity occurs for this sample.

Figure 3.18 shows that in simulation the frequency content of the output voltage displays sim-

ilar characteristics to the measured behaviour. A key feature of the these results is that the

dominant higher-order peak occurs at 2f and the ratio of the heights of the peaks at f and 2f

is approximately 2:1. Therefore the most important conclusion of these simulations and mea-

surements is that because the comb capacitance is not ideal, a large term at 2f always occurs

when the displacement is large. The significance of this result is that in a MEMS Duffing

resonator with electrostatic drive and readout, a term at 3f can appear in the output current,

however this is not necessarily the most significant higher order term.

3.8.4 Simulation of non-linear velocity and phase response

Transient simulations have been performed to calculate the velocity and phase response of

the Duffing-like system. Equation (3.19) was solved using the MATLAB ode45 solver 1.

To represent dC
dx

, the values extracted in simulation for C ′0, C ′1 and C ′3 (Table 3.3) were used.

Results of these simulations are in Figures 3.19 and 3.20. Figure 3.20 shows that the simulated
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Figure 3.19: Simulated (dashed) and mea-
sured (solid) velocity responses at two
pressure levels showing modelling of non-
linear response.
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Figure 3.20: Simulated (dashed) and mea-
sured (solid) phase responses at two pres-
sure levels showing modelling of non-
linear response.

and measured phase responses are similar. However, the two sets of data in Figure 3.19 have

the same shape but do not coincide. This suggests that the model (Equation (3.19)) is correct,

but that the parameters may not be accurate.
1MATLAB code is given in appendix C
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In the simulations shown in Figure 3.19, the value of C ′0 that was used has been generated

from the capacitance versus displacement curve predicted by COMSOL Multiphysics (Figure

3.11). Since the magnitude of C ′0 governs the magnitude of both the driving force and the out-

put current, the effect of any error in its value will be significant. In section 3.5, the resonator

was characterised at a small displacement and dC
dx

was estimated from the measurements. As

the displacement was small, dC
dx

will be equal to C ′0. This means that the estimated value of

dC
dx

can be used for C ′0 to simulate the behaviour of the system. Because the value for C ′0

that has been estimated from measurements is more accurate than the design value calculated

by COMSOL Multiphysics, the simulated behaviour of the system is expected to correspond

more closely to the observed behaviour.

Further MATLAB simulations were subsequently performed using, for C ′0, the value of

dC
dx

that has been estimated from measurement (section 3.5). Since varying C ′0 only affects the

magnitude of the primary driving force and the velocity-dependent output current, as expected

updating the value of C ′0 does not affect the observed phase response of the system. This is

shown in Figure 3.22. Figure 3.21 shows a good match between simulation and measurement

for the velocity peak. This means that the unexpected behaviour of the velocity peak has been

explained simply by modelling the non-ideal comb capacitance.
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Figure 3.21: Simulated (dashed) and
measured (solid) velocity responses at
two pressures showing modelling of non-
linear response, with updated value for
fundamental component in dC

dx
, C ′0.
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Figure 3.22: Simulated (dashed) and mea-
sured (solid) phase responses at two pres-
sures showing modelling of non-linear re-
sponse, with updated value for fundamen-
tal component in dC

dx
, C ′0.
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3.9 Summary

In this chapter the characterisation of a prototype MEMS resonator was described. The de-

vice was designed by colleagues at Birmingham University and fabricated at QinetiQ. As the

resonator comprises four interdigitated comb structures creating a differential drive and read-

out architecture, any undesirable feedthrough signal from the drive electronics to the readout

electronics is theoretically eliminated. Unfortunately, results show that the performance of

the drive and readout configuration is poorer than expected. Practical experience has shown

that the configuration of the electrical bond wires plays a significant role in determining the

strength of the undesirable feedthrough signal. Measurements performed by colleagues at

Birmingham University have shown that the geometry of the manufactured resonator differs

from design values. The effect of this difference is to increase the mass and spring constant of

the resonant system and also to increase dC
dx

.

Experimental results indicate that when the DC component of the differential drive voltage

is increased, the resonant frequency of the mass-spring-damper system reduces. Analysis has

shown that this effect is caused by an unexpected non-linear relationship between the overall

capacitance and displacement. This non-linear relationship is caused largely by the presence of

undesirable parallel plate capacitors formed between the backs of neighbouring comb arms.

The effect of the first order position-dependence has been characterised and equations are

given to predict the effective resonant frequency as a function of the particular bias conditions.

A possible benefit of this phenomenon is the resulting ability to control the resonant frequency

of the system simply by varying the bias voltages applied to the structure.

In addition to the unexpected relationship between bias voltages and the resonant fre-

quency, measurements show that when the displacement is large, the resonant peak bends

towards the left. This suggests the presence of a ‘spring softening’ Duffing-type non-linearity.

Analysis and simulation show that the third order position-dependent in dC
dx

explains the ob-

served behaviour. Calculating the expected frequency content of the output current from a

comb capacitance shows that when the displacement is large, a significant component appears

at the second harmonic frequency. In this system, this 2f component dominates the small

component at the third harmonic frequency that occurs for a Duffing type non-linearity.
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Chapter 4

Quality factor control

4.1 Introduction

A resonator with differential drive and readout has been designed and manufactured. The

differential driving architecture can be used to generate a driving force which is directly pro-

portional to the applied AC and DC driving components. The differential readout system that

has been implemented delivers a voltage proportional to the velocity of the resonator. Using

this arrangement, it will be possible to generate a feedback force directly proportional to the

velocity of the resonator. In this way, the effective quality factor of the resonant system can be

increased using a feedback loop constructed from simple electronic circuits.

In the previous chapter, the prototype MEMS resonator manufactured for this project was

fully characterised. A significant result of this characterisation is that a larger than expected

feedthrough signal between the drive and readout electronics has been observed. When the

resonator is moving in air at atmospheric pressure, the magnitude of this feedthrough signal is

similar to the magnitude of the measured velocity signal. Consequently it is expected that it

will be necessary to remove this feedthrough signal when Q-control is implemented at atmo-

spheric pressure. In this chapter a technique for removing the undesirable feedthrough signal

is described and the performance of the prototype resonator under the influence quality factor

control is characterised.
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4.2 Q-control at low pressure

4.2.1 Feedback electronics

To increase the Q of the prototype resonant system, a feedback force must be generated from

the instantaneous velocity signal produced by the test PCB. The effect of this feedback force,

when added to the primary driving force, will be to partially compensate for air damping and

hence to increase the Q of the resonant system. To generate the required feedback voltage,

the velocity-dependent voltage at the output of the AD620A instrumentation amplifier was

amplified further. Figure 4.1 shows the electronics used to form the feedback loop. The circuit

is only required to amplify the velocity signal and to add the resulting voltage to the primary

driving voltage. In the amplification stage, an inverting amplifier with a variable resistor in its

+
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R
R

R

+
-

R

+
-

5k1

VFB + VAC

VAC

VINA

0→ 100k

Figure 4.1: Electronic circuits required to generate feedback voltage and subsequently sum
with primary driving voltage.

feedback loop has been used. This means that the feedback voltage can be attenuated as well

as amplified. In order to preserve the phase of the velocity signal, which is shifted by -180◦

by the amplifier, a subsequent inverting amplifier is required. However instead of adding a

further inverting stage, the inverting nature of the final summing stage has been exploited in

order to change the phase of the velocity signal by a further 180◦.
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4.2.2 Low pressure testing

To test the performance of the resonator under the action of Q-control, the resonator was

placed in a vacuum level of 30Pa and electrical connections made for differential driving and

readout. A deeper vacuum, where the natural Q is higher, was not used in order to minimise

the risk of damaging the resonator by causing a large displacement. Initially, the resonator

was tested at the native Q for this pressure. A DC driving voltage of 1.6V and an AC driving

voltage of 50mVpp were used. The solid lines in Figures 4.2 and 4.3 show the velocity and

phase responses respectively and the natural Q is approximately 500 at this pressure level.

The feedback loop was then closed and the loop gain increased until the effective Q reached

approximately 3500. The dotted lines in Figures 4.2 and 4.3 show the corresponding responses

for the Q-controlled system. Further Q-enhancement was not attempted in order to minimise
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Figure 4.2: Velocity response at a medium
vacuum level without Q-control (solid)
and with Q-control (dotted).
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Figure 4.3: Phase response at a medium
vacuum level without Q-control (solid)
and with Q-control (dotted).

the risk of damaging the resonator by causing a displacement that is too large. A more critical

appraisal of the results in Figures 4.2 and 4.3 suggests that the natural frequency of the Q-

enhanced system is approximately 5Hz lower than before the implementation of Q-control.

Whilst this unexpected effect is quite small, it is significant because the resonant frequency is

normally stable when the bias voltages remain constant. This suggests that the effect is related

to the action of Q-control and therefore it is expected that similar behaviour will be observed

when the Q is controlled at atmospheric pressure.
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4.3 Q-control at atmospheric pressure

4.3.1 Filter electronics

When the resonator operates at atmospheric pressure, the natural Q of the resonant system is

five. Because of the low Q, the measured velocity signal at the output of the instrumentation

amplifier on the test PCB is less than 10mV, even when relatively large AC and DC driving

voltages are used. Due to this small output signal, the Signal-to-Noise Ratio (SNR) of the

measured velocity signal will be low. This leads to the possibility of noise being amplified

around the feedback loop resulting in a poor SNR of the Q-enhanced system [45].

To remove some of the noise from the velocity signal, it is desirable to place a filter in the

feedback loop to significantly reduce out-of-band noise. An active bandpass filter using an

op-amp circuit has been implemented. Op-amp circuits are frequently packaged as integrated

circuits containing four amplifiers. Consequently, for this prototype system built from discrete

electronic components, an 8th order bandpass filter has been built by cascading four identical

2nd order Sallen and Key circuits contained in a single OPA404 package [67, 68]. Figure 4.4

shows the schematic diagram for a single filter stage. The magnitude and phase responses

for the filter are given in Figures 4.5 and 4.6. Each filter stage has a Q of 1.5 and a centre

frequency of approximately 17kHz. These characteristics have been chosen to ensure that

the filter is suitable for testing resonators with a typical variation in resonant frequency. The

overall filter has a roll-off of 160dB per decade and a gain of approximately 30 in the passband.
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Figure 4.4: Circuit schematic for a 2nd order Sallen and Key bandpass filter stage.
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Figure 4.6: Phase change of signal due to
8th order bandpass filter.

For Q-control, the phase of the feedback signal must be in phase with the instantaneous

velocity. Therefore the phase change between input and output signals introduced by the filter

is designed to be 0◦ at the centre frequency. Measurements show that around the resonant

frequency, the phase changes by ±30m◦Hz-1. Consequently, when the filter centre frequency

is close to the natural frequency of the MEMS resonator, the effect of the filter is to add only

a small phase shift. Using this filter, it is possible to recover the small output signal from the

readout electronics when the resonator is moving in air. This means that it will be possible to

implement Q-enhancement in the absence of excessive noise.

4.3.2 Feedthrough analysis

In section 3.3, the feedthrough level observed when monitoring a typical sample was charac-

terised. Results showed that despite the implementation of differential driving, feedthrough

is only reduced by a factor of three when compared to the signal observed for the frequency

doubling architecture. This poorer than expected result is due to the arrangement of bonding

wires dominating the feedthrough characteristic. When the resonator is operated in air under

the action of Q-control, the primary driving voltage and the corresponding feedthrough signal

will be small. However, a large feedback voltage acting to cancel out the effect of damping and

increase the effective Q of the system will also be present. Consequently, a large feedthrough

signal will be attributed to this voltage.

A model has been developed to describe the behaviour of the system under the influence
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of velocity feedback in the presence of a feedthrough signal. In the model, two possible

feedback configurations were considered. In the analysis below, the parameter s = ±1 is used

to differentiate between the two possible situations. When s =1 the feedback is applied such

that the feedback voltage is in phase with the primary driving voltage. The overall driving

voltage is VDC + VAC + VFB, leading to an increase in the effective Q. Conversely, when

s = −1 the driving voltage is VDC + VAC − VFB and the feedback force will contribute to the

damping force and the effective Q is expected to decrease.

The voltage at the output of the instrumentation amplifier stage of the test PCB is ide-

ally proportional to the instantaneous velocity, VINA = 2GINARVs
dC
dx

dx
dt

. The addition of a

feedthrough signal due to the combination of both the primary driving voltage and the feed-

back voltage modifies the voltage at the output of the instrumentation amplifier as follows,

VINA = 2GINAR

(
Vs
dC

dx
ẋ± sVFBjωCeff ± VACejωtjωCeff

)
. (4.1)

Ceff models the effective capacitance between drive and readout channels. The polarity of the

voltage contributions in Equation (4.1) is determined by the polarity of the primary driving

voltage applied to the dominant bonding wire. In this example the feedthrough is dominated

by the voltage applied to the negative driving comb, this means the the output voltage from

the instrumentation amplifier will be

VFB = 2GINARLe
jψ

(
Vs
dC

dx
ẋ− sVFBjωCeff − VACejωtjωCeff

)
. (4.2)

In this equation, the frequency-dependent gain around the feedback loop is L and ejψ has been

included to model the total frequency-dependent phase change in the readout and feedback

electronics (ψ). Rearranging gives

VFB =
Vs

dC
dx
L̄ẋ− VACejωtjωCeff L̄

1 + sjωCeff L̄
, (4.3)

where L̄ = 2GINARLe
jψ. The final equation describing the voltage at the output of the
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instrumentation amplifier is obtained by multiplying Equation (4.3) by its complex conjugate

VFB =
Vs

dC
dx
L̄ẋ+ sVs

dC
dx
Ceff

(
ωL̄
)2
x− VACejωt

(
jωCeff L̄+ s

(
ωCeff L̄

)2
)

1 +
(
ωCeff L̄

)2 . (4.4)

Note that in the above equation, setting Ceff =0 restores the feedback voltage to the desired

form. Under the action of feedback, the equation of motion is

ẍ+
ω0

Q
ẋ+ ω2

0x = FDe
jωt + sFFB, (4.5)

ẍ+
ω0

Q
ẋ+ ω2

0x = FDe
jωt + s

2VDCVFB
m

dC

dx
. (4.6)

Substituting Equation (4.4) into Equation (4.6) gives the equation of motion of the system

under the influence of the feedthrough-dependent feedback voltage

ẍ+
ω0

Q
ẋ+ ω2

0x = FDe
jωt(1− σ) + ξẋ+ χx, (4.7)

where σ, ξ and χ are frequency-dependent constants,

σ =
sjωCeff L̄+

(
ωCeff L̄

)2

1 +
(
ωCeff L̄

)2 , (4.8)

ξ =
2VDC
m

dC

dx

(
sVs

dC
dx
L̄

1 +
(
ωCeff L̄

)2

)
, (4.9)

χ =
2VDC
m

dC

dx

(
Vs

dC
dx
Ceff

(
ωL̄
)2

1 +
(
ωCeff L̄

)2

)
. (4.10)

Note once again that setting Ceff =0, sets σ and χ to zero and reduces ξ to the desired form.

Finally, from Equation (4.7) the transfer function of the modified system is

ˆ̇G =
jω(1− σ)

ω2
0 − χ− ω2 + jω

(
ω0

Q
− ξ
) . (4.11)
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The model described by Equation (4.11) can be used to predict the behaviour of the sys-

tem when the magnitude of the undesirable feedthrough signal is similar in magnitude to

the velocity-dependent signal produced by the readout electronics. Equation (4.11) has been

solved for typical parameter values over a wide frequency range. Figure 4.7 shows the pre-

dicted behaviour of the system under the action of velocity feedback in the presence of a

feedthrough signal. The figure shows that when the feedback voltage is in phase with the
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Figure 4.7: Simulation showing the effect of increasing the feedback level (low feedback
fraction (solid) to high feedback fraction (dashed)) on the velocity response for s =1 (black)
and s = −1 (grey).

primary driving voltage (s =1), the quality factor increases. However, the resonant frequency

is also decreased which is an undesirable feature of the response. The simulation also shows

that when the feedback voltage is 180◦ out of phase with respect to the primary driving voltage

(s = −1), both the resonant frequency and the Q are increased. This result is counter-intuitive,

as when the feedback is connected in this configuration the standard model for Q-enhancement

predicts that a damping force is added to the system, resulting in a decrease in Q. These re-

sults show that due to the presence of a large feedthrough signal, the predicted response of the

system under the action of force feedback is significantly different from the typical behaviour

of a resonant system when the Q is increased.

Experiments were performed to confirm that the resonator behaves in the same way as

predicted by Equation (4.11). The resonator was tested in both feedback configurations with

a small AC driving voltage (60mVpp). The DC component was 7.2V and for this resonator

the resonant frequency is approximately 17kHz for these bias conditions. The phase of the
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Figure 4.8: Velocity response in air, show-
ing the effect of capacitive feedthrough on
resonant frequency (s =1).
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Figure 4.9: Velocity response in air, show-
ing the effect of capacitive feedthrough on
resonant frequency (s = −1).

feedback voltage was altered by 180◦ using an inverting amplifier to change the sign of s.

Figures 4.8 and 4.9 show that when the feedback fraction was increased, the measured resonant

frequency approached 16kHz when s =1 and 20kHz when s = −1. Furthermore, in both

configurations the Q of the system was increased. These results show that the characteristics

of the measured response are the same as those predicted by Equation (4.11) for the resonator

under the influence of Q-control in the presence of a feedthrough signal.

4.3.3 Feedthrough compensation

Results in the previous section show that the effect of the feedthrough signal on Q-enhancement

is to introduce a complex relationship between the feedback gain and the observed resonant

frequency of the system. The significance of this is that the observed resonant frequency will

be determined by the feedback level. This means that predicting the observed resonant fre-

quency of a Q-enhanced mass sensor will be difficult. Therefore in this section a method for

removing the undesirable feedthrough signal by direct cancellation is described [2, 69, 70].

To compensate for the coupling capacitance between the drive and readout channels, a

voltage equal to ±(VAC + sVFB) can be applied to a dummy capacitor (Cd) connected to

each transimpedance amplifier in the readout electronics. By tuning the gain (Gd) of the com-

pensation voltage, or the size of the dummy capacitor, it is possible to generate a current in

each readout channel that is equal in magnitude to the undesirable current due to capacitive
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feedthrough. Figure 4.10 shows the electrical configuration for compensation of the full differ-

ential readout architecture. The variable capacitors in Figure 4.10 represent the moving comb
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±Gd1(VAC + sVFB)

±Gd2(VAC + sVFB)

Figure 4.10: Circuit for direct cancellation of feedthrough current using dummy capacitances.

capacitors. To ensure that the current in the dummy capacitor acts to cancel the undesirable

feedthrough current, the voltage applied to the dummy capacitor must be the opposite polarity

to the voltage applied to the bonding wire that dominates the feedthrough characteristic. In

this example the dominant bonding wire is connected to the negative driving voltage and the

current generated in a single readout channel is

i = ±Vs
dC

dx
ẋ+ jω(VAC + sVFB)(GdCd − Ceff ). (4.12)

In practice, tuning the compensation circuit is simpler to achieve by varyingGd as opposed

to Cd. Because of this, the magnitude of dummy compensation capacitance was fixed. The

dummy capacitance was formed between two adjacent copper tracks on a strip of Veroboard.

The channel is compensated when GdCd = Ceff . To set the gain of the system the driving

DC bias was removed to eliminate the driving force and to prevent the device from moving.

A large differential AC voltage was then applied to the resonator. Each readout channel was

independently tuned by varying the gain of the corresponding compensation circuit (Gd) until

the feedthrough signal in the readout channel was removed. This is easy to achieve in practice
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by monitoring the FFT showing the frequency content of the readout current and monitoring

the power at the applied test frequency.

Figure 4.11 shows that using this technique, the observed feedthrough signal is reduced

by approximately two orders of magnitude. Consequently, the current due to capacitive

feedthrough will now be significantly smaller than the typical current proportional to the res-

onator velocity. This means that Equation (4.11) effectively reduces to the ideal form (Ceff ≈

0) for a Q-enhanced resonant system. Equation (4.13) is the transfer function describing the

compensated system

ˆ̇G =
jω

ω2
0 − ω2 + jω

(
ω0

Q
− ξ
) . (4.13)
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Figure 4.11: Feedthrough levels for differential mode driving configurations when the res-
onator is tested without feedthrough compensation (solid), with compensation (dotted).

4.3.4 Phase change introduced by the readout electronics

In the previous section a technique has been described that can be used to reduce the unde-

sirable feedthrough signal that occurs when the AC component of the overall driving voltage

applied to the resonator is large. Results have shown that the technique reduces the measured

feedthrough voltage by two orders of magnitude. The resulting system is modelled by Equa-

tion (4.13), which describes the velocity response of the resonator under the action of force

feedback after feedthrough compensation.
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Equation (4.13) appears ideal for a Q-enhanced system because ξ will partially cancel the

damping term (ω0

Q
) resulting in a rise in the effective Q. However, any phase change in the

readout electronics means that ξ will be both complex and frequency-dependent. To take this

into account, Equation (4.13) was modified to give

ˆ̇G =
jω

ω2
0 + ω=(ξ)− ω2 + jω

(
ω0

Q
−<(ξ)

) , (4.14)

where

<(ξ) =
4sVDCVsGINARL

m

(
dC

dx

)2

cos (ψ(ω)) , (4.15)

=(ξ) =
4sVDCVsGINARL

m

(
dC

dx

)2

sin (ψ(ω)) . (4.16)

Equation (4.14) shows that depending upon the sign of ψ the resonant frequency will be either

increased or decreased by the action of Q-control when the phase shift around the feedback

loop is finite. The significance of this result is that even though the feedthrough signal has

been removed by the compensation technique described in the previous section, because of

the phase change in the readout electronics the effect of Q-control will be to alter the resonant

frequency of the prototype resonator.

The phase change introduced by the readout electronics and the bandpass filter in the

feedback loop is frequency-dependent. In addition, because of the presence of the filter, the

gain in the feedback loop is also determined by the operating frequency. To model the system

by solving Equation (4.14), it is necessary to characterise this frequency-dependent gain and

phase shift in the readout electronics. Figures 4.12 and 4.13 show the measured maximum

loop gain (Lmax) and phase shift (ψ) in the feedback loop respectively. From these figures the

following equations describing Lmax and ψ have been determined

Lmax = 9.6× 10−12ω3 − 3.6× 10−6ω2 + 450× 10−3ω − 17× 103, (4.17)

ψ = 610× 10−12ω2 − 220× 10−6ω + 10. (4.18)
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The relationships described by Equations (4.17) and (4.18) can be used to evaluate Equation

(4.14) over a wide range of operating frequencies. This means that it will be possible to test the

performance of the system when Q-control is used and then to compare the observed response

with the response predicted by (4.14).

4.3.5 Atmospheric pressure testing

The performance of Q-control was tested when the sensor was exposed to air at atmospheric

pressure. Before applying the feedback force to increase the effective Q, the feedthrough

signal was removed and a DC driving voltage of 7.2V was applied to the resonator. The

AC component of the driving voltage was 60mVpp. In the previous section, Equation (4.14)

showed that the magnitude of the change in resonant frequency caused by Q-enhancement is

controlled by=(ξ). Solving Equation (4.18) shows that at the resonant frequency of the device

under test, the total phase change around the feedback loop is approximately 15◦ lagging. This

means that =(ξ) is negative and will act to reduce the resonant frequency.

Figures 4.14 and 4.15 show the velocity and phase responses, respectively, of the resonator

under the action of Q-control. The resonant peak was observed at 16770Hz. As predicted this

value is lower than the theoretical resonant frequency for these bias conditions (17042Hz, from

Equation (3.16)). Figure 4.14 shows that the effective Q has been increased to approximately

850 corresponding to λ =0.995 (from Equation (1.16)).
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Figure 4.14: Velocity response of the
feedthrough compensated system when
the effective Q is 850.
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Figure 4.15: Phase response of the
feedthrough compensated system when
the effective Q is 850.
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Figure 4.16: Observed (solid) and sim-
ulated (dashed) velocity response of the
system under the action of Q-control.
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Figure 4.17: Observed (solid) and simu-
lated (dashed) phase response of the sys-
tem under the action of Q-control.

Equation (4.14) has been evaluated over a range of frequencies to simulate the observed

response of the resonator. Figures 4.16 and 4.17 show comparisons between the measured

and simulated responses of the velocity and phase of the resonant system. The figures show

that there is a close match between the simulated (dashed) and measured (solid) responses of

the resonator. This confirms that the model of the feedback system that has been developed

(Equation (4.14)) accurately describes the behaviour of the system. The key conclusion of

these experiments is that Q-control increases the effective Q of the system, however as pre-

dicted in the previous section the presence of any phase change in the readout electronics can

alter the resonant frequency. The magnitude of the phase change in the readout electronics

will determine the size of this change in frequency. At the resonant frequency of the resonator
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that has been tested, the phase change in the feedback loop is lagging. Because the phase

of the feedback force lags the resonator’s velocity, Q-enhancement has caused the resonant

frequency of the resonator to reduce.

4.3.6 Limitations of Q-control

Q-control has been used to increase the effective Q of the prototype resonator by over two

orders of magnitude when the resonator was exposed to air at atmospheric pressure. However,

results and analysis have shown that the resonant frequency of the resonator is also influenced

by Q-control. This is because of the finite phase shift in the feedback loop. The characteristics

of the filter in the feedback loop determine the magnitude of this frequency-dependent phase

shift. To minimise the phase shift, the characteristic frequency of the bandpass filter was set

close to the typical resonant frequency of test samples. Unfortunately, a filter with a character-

istic frequency very close to the resonant frequency of one test sample, will introduce a large

phase shift when used with a sample with a different resonant frequency. Because of this, a

problem with the system that has been developed is that variability in the resonant frequency

between samples will affect Q-enhancement.

A further limitation of Q-control by velocity feedback is that practical experience has

shown that the performance of the system is particularly susceptible to noise and interference

from other electronic circuits. The effect of this is to generate amplitude noise in the observed

velocity signal, which degrades the performance of the system. It is possible to significantly

reduce this effect by shielding the test PCB and feedback electronics. Fortunately, integrating

the architecture that has been developed in microelectronics is expected to significantly reduce

this problem.
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4.4 Summary

In this chapter, the quality factor of the prototype resonant system has been increased using

feedback. The feedback force that has been generated is directly proportional to the velocity

of the resonator and acts to cancel out the effect of air damping. Simple electronic circuits

using op-amps were used to amplify the velocity-dependent signal at the output of the test

PCB and add the resulting signal to the primary driving signal. When the MEMS resonator

was operated in air at atmospheric pressure, a bandpass filter was used in the feedback loop to

significantly improve the signal to noise ratio of the measured velocity signal.

The feedthrough signal caused by the large AC driving voltage component that is required

to excite the resonator at atmospheric pressure was similar in magnitude to the observed ve-

locity signal. A side effect of the presence of feedthrough is that the resonant frequency of the

system is affected when Q-control is implemented. To remove the effect of feedthrough, the

undesirable signal was cancelled using a dummy capacitance to generate a current equal and

opposite to the feedthrough current contribution. Despite this, experiments and analysis show

that due to the finite change in phase the feedback loop, the resonant frequency of the system

is still altered in addition to the desired Q-enhancement.

Because the phase characteristic of the feedback loop is dominated by the bandpass filter,

the centre frequency of the filter should ideally match the resonant frequency of the sample

under test. In this way, the phase change experienced by the velocity-dependent feedback sig-

nal will be small. However, the bandpass filter that has been implemented comprises op-amp

circuits and passive components. Consequently, the filter can not be easily tuned to accom-

modate the typical range of resonant frequencies of the prototype resonators. Furthermore,

the system that has been developed can not be used to test resonators with different nominal

resonant frequencies. This is because tuning the filter response requires changing resistor or

capacitor values, which will not be possible in the eventual microelectronic system.
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Chapter 5

Resonant frequency tracking hardware

5.1 Introduction

In the previous chapter, the use of velocity feedback to increase the effective Q of the prototype

resonant system was described. A key component in the system that has been implemented is

a filter in the feedback loop which is used to reduce the noise present in the relatively small

velocity signal that occurs when the resonator operates at atmospheric pressure. Analysis

and results show that when velocity feedback is implemented, feedthrough from the drive

to readout electronics causes an undesirable relationship between the resonant frequency of

the system and the feedback gain. Even when the feedthrough signal is removed by direct

cancellation, analysis and experiments show that any change in phase experienced by the

signal in the feedback loop also affects the resonant frequency.

In this chapter, hardware to automatically monitor the resonant frequency of a typical

MEMS sample is described. To create a system that is compatible with Q-enhancement, one

requirement of the hardware is the ability to tune the centre frequency of the filter in the feed-

back loop to match the resonant frequency of the particular resonator. Direct digital synthesis

is used in order to generate accurate and programmable driving signals. To test the system

that has been designed, it is possible to use a DC bias voltage in order to simulate a change in

mass of the resonator by reducing its effective spring constant.
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5.2 PLL-based resonance detection

To build a system designed to automatically monitor the resonant frequency of a MEMS res-

onator, a simple and convenient method can be implemented using a phase-locked loop cir-

cuit. A typical PLL consists of three basic functional blocks. A Voltage-Controlled Oscillator

(VCO), a Phase Detector (PD) and a Loop Filter (LF) arranged as shown in Figure 5.1. The

phases of the signal from the VCO and the input to the PLL are compared by the phase detec-

tor. The output of the PD is a function of the phase difference between its input signals and is

subsequently filtered by the loop filter. When the loop is locked, the output of the LF will be

a DC voltage and because this controls the VCO, the output frequency from the VCO will be

constant and at the same frequency as the input frequency [71].

Input

Output

FM-output
LFPD

VCO

Figure 5.1: Block diagram showing the functional blocks in a simple phase-locked loop.

When monitoring the velocity of a resonant system, the phase difference between the driv-

ing signal and the velocity at the resonant frequency is always 0◦. This means that the resonant

frequency of a resonator can be tracked using a PLL that gives a zero phase error between the

incoming signal and the output signal when the loop is locked. To do this, the output of the

VCO will be amplified to form the AC component of the primary driving voltage. In addition,

the measured velocity signal obtained from the readout electronics must be connected to the

input of the PLL. In this way, the control voltage to the VCO can be used as a simple indicator

for measuring and tracking changes in the resonant frequency of the system.
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5.3 Tracking system hardware

5.3.1 Direct digital frequency synthesis

In a simple phase-locked loop circuit, the range of frequencies that can be tracked is largely

determined by the rate of change of frequency with respect to the VCO input voltage. This

relationship is the gain of the VCO. To enable accurate location of the resonant frequency of a

resonator using a phase-locked loop circuit, ideally the VCO gain should be low. In this way

a small change in frequency of the VCO requires a large change in control voltage, resulting

in a good detection resolution. Unfortunately, due to the limited voltage range in any real

system, the desire for a low VCO gain inevitably limits the range of frequencies that it is able

to produce. This means that there is a trade-off between sensitivity and the ability to tolerate

uncertainty in the resonant frequency of resonators.

Ideally, this tracking system should be compatible with a wide range of resonator designs

and should also tolerate typical variations in resonant frequency between samples with the

same nominal resonant frequency. This can be achieved using a VCO that produces a nar-

row range of frequencies and then tuning the frequency range to suit the particular resonator.

A problem with this approach is that the frequency range of a VCO is often controlled by

changing external resistors or capacitors which are connected to an integrated circuit contain-

ing the VCO. It is possible to change resistors or capacitors on a sample-by-sample basis,

however in practice this is undesirable. Furthermore, if the system is to be implemented in a

microelectronic design and packaged as a single integrated circuit, changing a component is

impossible.

A convenient method of generating a variable frequency to a high accuracy is to use an

integrated direct digital frequency synthesis chip. The key benefit offered by this approach is

the ability to program the operating frequency digitally. This creates a very flexible solution

that is inherently compatible with the requirement to design an electronic system that can be

fully integrated. An AD9833 integrated circuit manufactured by Analog Devices has been

used as the programmable VCO in this system. Figure 5.2 is a schematic diagram showing

the arrangement of the AD9833 and its additional interface electronics. The data sheet for the
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Figure 5.2: Schematic diagram showing configuration for using AD9833 programmable wave-
form generator with 74HCT244 line driver and clock.

AD9833 suggests the use of a 74HCT244 line driver integrated circuit to buffer logic signals

which must be provided by a controller.

The AD9833 is a programmable waveform generator and the frequency and phase are

software programmable which enables easy and precise tuning. The frequency register is 28-

bits wide and when clocked with an 8MHz signal the frequency resolution is 30mHz. This

means it is able to produce discrete frequencies spaced at 30mHz from DC up to 8MHz. The

frequency and phase words are stored in internal registers in the AD9833. To program the

waveform generator, these registers are updated using a 3-wire serial interface to a controller

which provides the frequency, phase and timing signals. The serial interface supports clock

speeds of up to 40MHz and it is theoretically possible to update the frequency and phase

registers consecutively at a maximum rate of approximately 50 times per cycle of oscillation.

5.3.2 Analogue-to-digital conversion

The VCO that has been chosen for this system is programmed by supplying a 28-bit frequency

word. To determine the frequency word, it is necessary to sample the analogue voltage at the

output of the loop filter using an ADC and to map the resulting digital word to the frequency

register in the VCO. It is possible to obtain ADCs with up to 24-bit resolution from suppliers
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such as Analog Devices, although there is a compromise on bandwidth or cost. However, it is

possible to use a general purpose ADC with between 8-bit and 16-bit resolution and to map

the output of the ADC to the LSBs of the VCO frequency control word. To illustrate this,

consider mapping the 14-bit output from an AD7367 ADC integrated circuit (manufactured

by Analog Devices) to the LSBs of the AD9833 frequency register. This number of bits

addresses a bandwidth of approximately 500Hz. By appropriate choice of the Most Significant

Bits (MSBs) of the frequency word, the output of the ADC can be mapped to any frequency

window between DC and 8MHz.

The AD7367 has been chosen for this system because it is low-cost and has a maximum

sample rate of 1MSs-1. Furthermore, the AD7367 also uses a 3-wire serial interface and so

it will be possible to use the same communications protocol for both the ADC and the VCO.

Figure 5.3 is a schematic diagram showing the AD7367 configured to sample in the voltage

range between 0V and 10V. Practical experience has shown that decoupling capacitors must

be placed close to the AD7367 integrated circuit. To achieve this, a small PCB was fabricated

to provide better layout flexibility than is possible when using Veroboard.

5.3.3 System controller

In sections 5.3.1 and 5.3.2, a programmable waveform generator and an analogue-to-digital

converter which form the key components of a phase-locked loop tracking system have been

described. Both components must be controlled using a 3-wire serial interface from a separate

controller. The exact specifications for the system controller are not crucial, however the max-

imum serial clock frequency of the AD9833 of 40MHz means that ideally the clock frequency

of the controller should be at least equal to this frequency.

The controller could be implemented using a Programmable Integrated Circuit (PIC), how-

ever a Field-Programmable Gate Array (FPGA) has the ability to process programs in parallel,

offering increased flexibility over a PIC. Therefore to control the waveform generator and the

ADC, a Xilinx Spartan-3 XC3S200 FPGA mounted on a Spartan-3 Starter Kit board was used.

The clock speed of the FPGA is set by a 50MHz oscillator on the board, which is suitable for

this application.
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Figure 5.3: Schematic diagram showing the configuration for using the AD7367 ADC with a
74HCT244 line driver and arrangement of decoupling capacitors.

5.3.4 Phase detector

The choice of phase detector implemented in a PLL determines if the final phase error is

reduced to zero or to a finite value. This tracking system is required to identify the resonant

frequency of a MEMS resonator, corresponding to the frequency where the phase difference

between the primary driving force and the measured velocity is 0◦. Consequently, using a

phase detector designed to reduce the final phase error to zero is paramount. Two obvious

choices for consideration for use as the phase detector are an Exclusive Or (EXOR) gate and

the Phase-Frequency Detector (PFD), both of which are included in the popular 4046B micro-

power phase-locked loop integrated circuit.

The operation of the EXOR phase detector is simple, when both inputs are 90◦ out of

phase, the output of the PD is a square wave whose frequency is twice the reference frequency

and with a duty cycle of exactly 50%. After the loop filter, a DC voltage representing the
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average value of the PD output remains. It follows that when the two signals are exactly in

phase the average value at the output of the LF is zero and that when there is a phase difference

of 180◦ the output of the LF takes the maximum value. Hence the EXOR phase detector can

maintain phase tracking when the phase error (φe) is in the range

0◦ ≤ φe ≤ 180◦. (5.1)

The problem with the EXOR phase detector, however, is that the phase error is only reduced

to zero when the VCO operates at its minimum frequency which will not necessarily match

the exact resonant frequency of the MEMS structure.

To avoid the problem described above it is possible to use the phase-frequency detector,

which reduces the phase error to zero over the entire frequency range of the VCO. The PFD

is a digital memory network comprising four flip-flop stages, control gating and a tri-state

output [67]. When the inputs are the same frequency and the primary input is lagging the

secondary input, the output of the PFD is high between the positive edges of the signals.

Similarly, when the primary input is leading the secondary input, the output of the PFD is

low between the positive edges of the signals. At all other times the output of the PFD is in

high-impedance mode. In this way, the voltage stored on a capacitor contained in the loop

filter is constantly adjusted until the incoming signal and VCO output are the same frequency

and exactly in phase. At this time the output of the PFD remains in high-impedance mode and

the voltage on the capacitor in the loop filter will remain constant at value that is determined

by the frequency of the incoming signal.

The PFD facilities the implementation of a PLL that stabilises with zero phase error over

a wide range of frequencies. As the input signals to the PFD are always square waves, it

is necessary to convert the incoming velocity signal from a sine wave into a square wave.

Similarly, the output from the programmable VCO is a square wave and it can be connected

directly to the input of the phase-frequency detector. In this system a 4046B integrated circuit

has been used because it contains a PFD. In an integrated system, the PFD can be easily

fabricated without the unused circuitry in the 4046B chip.
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5.3.5 Tunable bandpass filter

In section 4.3.4, the effect of phase change in the readout electronics and feedback loop on Q-

enhancement was described. Analysis showed that due to the finite change in phase incurred

by the velocity signal, a side effect of force feedback is to alter the resonant frequency of the

resonator under test. To eliminate the resulting complicated relationship between the resonant

frequency and the level of feedback, the undesirable change in phase caused to the velocity

signal by the electronics should ideally be removed. Therefore a key design requirement of

this system is the ability to tune the centre frequency of the bandpass filter in the feedback

loop, without the need to change components.

In the experiments described in chapter 4, an 8th order bandpass filter was used to fil-

ter and amplify the small velocity signal to generate the feedback voltage required for Q-

enhancement. The overall filter comprised four cascaded 2nd order Sallen and Key circuits

each containing an op-amp and passive components to determine the response of the filter

stage. Component values were chosen in order to place the centre frequency of the bandpass

filter close to the resonant frequency of a typical resonator. However, due to variations in

the resonant frequency between the manufactured resonators, the output velocity signals for

different samples experience a different change in phase. This causes the behaviour of a res-

onator to depend upon its resonant frequency when Q-control is implemented. Furthermore,

the filter that has been implemented is not compatible with resonators that have a different

nominal resonant frequency.

This problem can be avoided by replacing the Sallen and Key filter used previously, with

an inexpensive and widely available switched-capacitor filter integrated circuit. The key ad-

vantage of a switched-capacitor filter for this application is the ability to tune the filter’s char-

acteristic frequency simply by changing the frequency of a clock input [67]. This provides

the ability to tune the centre frequency of the bandpass filter to the exact frequency of the

resonator under test, without the need to alter any component values. The MF10 manufac-

tured by National Semiconductor is a popular switched-capacitor filter package. However the

LMF100 integrated circuit, a pin-compatible device which is also manufactured by National

Semiconductor, has a wider bandwidth and was used for this system.
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Figure 5.4: A 4th order bandpass switched-capacitor filter using a single LMF100 integrated
circuit, with variable centre frequency of fCLK/50.

The LMF100 consists of two independent general purpose switched capacitor filters. Var-

ious first-order and second-order filters can be implemented using each filter block and this

means that a single LMF100 IC can be used to build a 4th order filter. Figure 5.4 shows a

schematic diagram of a 4th order filter, higher order filters can be implemented by simply

cascading additional packages and for this system two LMF100 ICs were used to build an 8th

order filter. Using the resistor values shown in Figure 5.4, the gain of the overall 8th order filter

is approximately five and its Q is approximately three, which is similar to the previous op-amp

filter. Once again, a filter with a narrower passband was not implemented in order to limit the

phase change introduced by the filter when the driving frequency is slightly different to the

centre frequency of the filter. The resistors between pins 1(20) and 4(17) are variable to enable

tuning of the filter response to give a maximally flat response in the passband. The output of

the filter is further amplified by a series of simple op-amp circuits providing a maximum gain

of approximately 200.

Figure 5.5 shows the phase change ψt in the feedback loop, with the filter set to its arbitrary

centre frequency (ftc =15.3kHz). Describing the phase change in the feedback loop requires

care as it is a function of both the operating frequency and the current centre frequency, ft,

of the filter. The difference between the arbitrary centre frequency and the current centre
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Figure 5.5: Variation of the phase change (ψt) in feedback loop with frequency.

frequency of the filter is ∆ωt,

∆ωt = 2π × (ftc − ft). (5.2)

The expression for the phase change in the feedback loop is then given by

ψt = 1.6× 10−9(ω + ∆ωt)
2 − 480× 10−6(ω + ∆ωt)− 2.1× 10−6ω + 32. (5.3)

Using the tunable filter that has been described in this section it is possible to limit the phase

shift introduced by the readout electronics at resonance to less than 1◦ and this means that the

impact on the resonator is negligible.

5.4 Phase-locked loop implementation

Figure 5.6 is a block diagram showing the configuration of the key components in the tracking

system that has been designed. The inputs to the phase-frequency detector in this system

must be digital signals. This means that it is necessary to transform the sinusoidal velocity

signal from the output of the tunable bandpass filter and amplification stage into a square

wave. A convenient method of achieving this is using an LM392 voltage comparator. For the

other input to the PFD, the waveform generator was programmed to produce a square wave

output. After scaling the square wave signal appropriately, this square wave also forms the

AC component in the primary driving force (VAC). The PLL loop filter is a simple first-order

low-pass Resistor-Capacitor (RC) filter with a cut-off frequency off 100Hz. This characteristic
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Figure 5.6: Block diagram showing the arrangement of hardware in the phase-locked loop
tracking system.

frequency was chosen to give a compromise between noise rejection and transient response.

To control the system, a VHSIC Hardware Description Language (VHDL) program was

programmed into the FPGA. The structure of the program comprises three main states, run,

reset and Espring state. Also implemented are processes running in parallel, used for sec-

ondary tasks such as streaming data through the serial port to MATLAB (for debugging and

measurement purposes) or timing and filtering circuits. After receipt of a ‘start’ signal the

system enters the reset state during which the control registers in the waveform generator are

initialised. When the system is running, the 10 MSBs from the ADC are mapped to the 10

LSBs of the frequency control word. The appropriate frequency offset is set to the MSBs of

the control word and the frequency register in the AD9833 is then updated. The four LSBs

of the ADC output word corresponding to voltages less than 10mV are discarded. This is

because below this level the voltage at the output of the loop filter is dominated by noise.

The frequency control word is updated approximately once per cycle of the resonator and is

digitally filtered with a 32-tap moving average filter. This digital filter has a characteristic

frequency of approximately 500Hz, designed to remove digital noise artefacts.
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5.5 Frequency control

To test the tracking system, a method for varying the resonant frequency of a resonator by a

known amount is essential. It is possible to easily reduce the effective spring constant of the

system by applying a DC bias voltage to a comb capacitance (as described in section 3.7).

This is a sensible approach for testing the system because reducing the spring constant results

in an apparent increase in resonator mass. Unfortunately, the differential driving and readout

architecture requires the use of all four comb capacitances. Altering the bias applied to any

of these combs will change either the driving force or the readout voltage. Furthermore, if

Q-control is used, this will also be affected because the feedback force is a function of both

VDC and Vs (Equation (4.15)). This means that a free comb capacitance is required to facilitate

independent control of the resonant frequency. The only methods of achieving this are either

using a single drive comb and direct drive, or a single readout channel instead of differential

readout.

The velocity signal measured at the output of the readout electronics is small when the

resonator operates at atmospheric pressure and this means that reducing the magnitude of

the driving force or the gain of the readout electronics is undesirable. Implementing either

direct drive or single-ended readout will halve the output signal strength. Fortunately, it is

possible to compensate for this by increasing the effective DC drive and readout bias voltages,

VDC and Vs. This was achieved by changing the bias voltage applied to the movable part

of the resonator structure from 0V to -5V. The DC bias in the driving force was then set to

5V, giving VDC =10V. The resonator was operated with a single readout channel and a DC

voltage of 8V was applied at the input of the transimpedance amplifier to give a voltage across

the capacitance used to sense motion of 13V. To allow the resonant frequency to be varied,

4V was applied to the remaining comb capacitance, giving an initial bias on this comb of 9V.

Equation (3.16) was used to predict that under these bias conditions the resonant frequency of

the sample (R1) is expected to be 15.48kHz.
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5.6 Tracking system testing

To test the PLL tracking system that has been built, the resonator was operated at a pressure of

100Pa. At this pressure the natural Q of the resonant system is 270. This Q-value was chosen

because it represents a value of effective Q that can be achieved with relative ease using Q-

control in air at atmospheric pressure. Operating at this vacuum level therefore provides an

indication of the best-case performance of the tracking system. This can then be used to

assess the relative performance of the tracking system when the resonator is operating under

the action of Q-control at atmospheric pressure. Despite the relatively large velocity signal

that is observed at this Q-value, the tunable filter remained in place in order to demonstrate

that when the filter is tuned to the resonant frequency of the test sample, the tracking system

stabilised at the the correct frequency.

Figure 5.7 shows the observed PLL frequency as a function of time. The critical results of

this test are that the system stabilises at a frequency of 15478.780Hz and the root mean square

variation in the detected resonant frequency is 67mHz (4 parts per million). This frequency
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Figure 5.7: Phase-locked loop frequency as a function of time when the resonator is operated
at a pressure of 100Pa.

variation is similar to the frequency variation observed in other modern PLL-based measure-

ment systems [72]. The measured frequency variation is approaching the fundamental limit of

30mHz that is achievable with this DDS system at the chosen clock frequency. This measure-

ment forms the benchmark for comparison with the system when the resonator is operated in

air at atmospheric pressure.

86



5.7 Summary

In this chapter, the hardware required to build a system for automatically monitoring the reso-

nant frequency of a MEMS resonator was described. The system is based upon a phase-locked

loop architecture, however the key difference between a typical PLL and the PLL implemented

in this system is the use of a programmable waveform generator as the VCO. This facilitates

both high sensitivity and compatibility with a wide range of resonant frequencies. The key

feature of the phase detector that has been used is that the phase error is reduced to zero when

the system is locked. This means that when the resonant frequency of the resonator under test

is within the range of frequencies that the DDS has been programmed to produce, the system

can always locate its resonant frequency.

The system also includes a switched capacitor bandpass filter which can be used to elim-

inate the phase change introduced to the velocity signal by the readout electronics. The key

feature of this filter is that it is possible to vary its centre frequency and resonators with a

wide range of resonant frequencies can therefore be accommodated by altering the frequency

of an external clock signal applied to the filter circuit. This removes the requirement to alter

component values, as is necessary in a typical active filter circuit when there is variability in

the resonant frequency of test devices.

To simulate a change in mass of the sensor, it will be possible to independently reduce the

effective spring constant of the resonant system by applying a DC bias voltage to a free comb

capacitor. Single-channel readout instead of differential readout is required to achieve this.

To minimise the impact upon the performance of the system, the bias voltage applied to the

moving structure was reduced from 0V to -5V to increase the effective driving and readout

bias voltages. Using these bias conditions, the sensor was tested in a vacuum to assess the

frequency stability of the system when the natural Q was 270. This corresponds to a sensible

value for when the effective Q is increased at atmospheric pressure. Results show that the

uncertainty in frequency is 67mHz rms. This value forms a benchmark for comparison with

the performance of the system when the resonator operates at atmospheric pressure with and

without Q-control.
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Chapter 6

Tracking system characterisation

6.1 Introduction

In the previous chapter, the design of a system for monitoring the resonant frequency of a

MEMS resonator was described. A programmable waveform generator has been used as the

VCO in the phase-locked loop that forms the tracking system. This means that the system

that has been developed is compatible with resonators that have a wide range of resonant

frequencies. Another key functional block in the system is a switched capacitor bandpass

filter which is used to process the velocity signal produced by the readout electronics. The

frequency response of this filter can be tuned which means that it is possible to ensure that

the phase shift incurred by the velocity signal is always zero degrees. The performance of

the prototype measurement system was characterised, when a resonator was operating in a

moderate vacuum level, by recording the noise in the observed driving frequency.

In this chapter, the experiments performed to characterise the performance of the system

when the resonator operates at atmospheric pressure are described. In addition, results of

tests conducted to investigate the possible benefit of implementing Q-enhancement are also

presented. For the tests, both with and without Q-control, a variable DC bias voltage was used

to change the resonant frequency of the system. This voltage was applied to the free readout

comb capacitance available when a single readout channel is used. Finally, the accuracy of the

observed change in driving frequency in response to a known change in resonant frequency

has been studied and the results of this investigation are also presented in this chapter.
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6.2 Resonant frequency monitoring

6.2.1 Native Q

In the previous chapter, the construction of a PLL-based system for monitoring the resonant

frequency of MEMS resonators was described. The system was used to monitor the resonant

frequency of a test structure operating in a vacuum when the natural Q was 270. The noise

in the observed frequency was 67mHz rms. This section contains results showing the perfor-

mance of the system when the resonator is operated at the natural Q at atmospheric pressure.

When the resonator was operated in a vacuum, resonance was observed at 15.48kHz. How-

ever when the resonator is operated in air, the magnitude of the AC driving component is

significantly greater (10Vpp). A consequence of this is that resonance is expected to occur at

15.45kHz. Figure 6.1 shows the observed frequency of the system as a function of time when

the resonator was operated at atmospheric pressure. The figure shows that the PLL tracking
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Figure 6.1: Phase-locked loop frequency as a function of time when the resonator is operated
at a pressure of 100kPa.

system stabilises at a frequency of 15452.016Hz and that variation in frequency is 200mHz

rms. This compares to 67mHz rms when the resonator was in a moderate vacuum and the Q

was approximately 50 times larger. The observed difference in frequency noise is because the

low Q at atmospheric pressure has caused an increase in phase noise [45]. In turn, this leads

to noise in the frequency control voltage at the output of the loop filter and hence an increase

in frequency noise.

To further assess this result, recall that in section 1.6.4 a study by Tamayo into the noise
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present in a resonant system was described. In the study, Tamayo showed that when a reso-

nant system operates at its natural damping level, any phase noise present is proportional to

1/Q1/2 or 1/Q. This depends upon if the dominant noise source is either thermal vibrations

of the resonator or noise in the motion sensor, respectively. Tamayo also showed that after

taking any variation in the driving force between measurements into account, that phase noise

is proportional to either 1/(F0Q
1/2) or 1/(F0Q), where F0 is the magnitude of the primary

driving force.

When the resonator was operated at atmospheric pressure as shown in Figure 6.1, the

primary driving force was a factor of 25 greater than when the system was characterised with

the resonator operating in a moderate vacuum (Figure 5.7). This factor of 25 difference in

driving force between the measurements at each pressure level has been taken into account.

As a result, when the pressure increases from 100Pa to atmospheric pressure, phase noise

is expected to decrease by a factor of three if the noise is dominated by thermal vibrations.

Alternatively, if the primary source of noise is the motion sensor and readout electronics, phase

noise is expected to rise by a factor of 2.5. In this system measurements have shown that noise

has increased by a factor of three. This suggests the system behaves in a similar fashion to

when the dominant noise source is the detection electronics and not thermal vibrations of the

moving structure.

6.2.2 Enhanced Q

Experiments were performed to investigate if increasing the effective Q by velocity feedback

reduces the variation in frequency to the level observed when the resonator operates at 100Pa.

The tracking system was tested using Q-control at two feedback levels. The effective quality

factor (Q̂) was approximately 40 and then 200, corresponding to an increase by a factor of 10

and 40 respectively. Figure 6.2 shows the observed tracking frequency as a function of time

for each value of Q̂.

When the effective Q was increased using velocity feedback by a factor of 10, the un-

certainty in the observed frequency was 390mHz rms. The frequency variation increased to

approximately 1.1Hz rms when the effective Q was increased by a factor of 40. The critical re-
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sult of these tests is that increasing the effective Q using velocity feedback does not reduce the

apparent frequency noise to the levels observed in a vacuum. In fact, the effect of increasing

the effective Q was to degrade the performance of the system.
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Figure 6.2: Phase-locked loop frequency as a function of time when the resonator is operated
at a pressure of 100kPa under the action of Q-control, when Q̂

Q
= 10 (above) and Q̂

Q
= 40

(below).

6.2.3 Effect of noise on measurement system

The noise in the readout voltage, which is proportional to the velocity of the resonator, was

measured with and without velocity feedback. As predicted by Tamayo [45], the increase

in the effective Q of the system by a factor of 40 (obtained using velocity feedback), is ac-

companied by an increase in the rms noise observed in the velocity signal by a factor of

approximately 40. Although the measured resonant frequency is obtained from this velocity-

dependent readout voltage, the relevant noise is the resulting variation in the observed resonant

frequency. The results in Figures 6.1 and 6.2 have shown that when Q-enhancement is imple-

mented, the noise in the measured resonant frequency determined by the measurement system

only increases by a factor of approximately five, despite the 40-fold increase in the noise in

the readout voltage. This is because the frequency noise is measured at the output of the low

pass filter after the digital phase detector and the digital system acts to reject some of the noise

in the analogue velocity-dependent readout voltage at its input.
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6.3 Resonant frequency tracking

Experiments have been conducted to demonstrate the response of the tracking system to a

small change in resonant frequency. To simulate a small increase in mass of the resonator, the

resonant frequency control voltage (Ve) was stepped up from its initial value of 4V by a small

amount. This was achieved by programming an external Power Supply Unit (PSU) used to

generate the control voltage. The resulting change in resonant frequency was then recorded

and data has been post-filtered in MATLAB by a 100-tap moving average filter, giving a time

constant of approximately one second.

Experiments have shown that the resulting change in frequency is a similar magnitude to

the observed frequency noise when a small step in voltage of 100mV is applied. Figure 6.3

shows the response of the tracking system to this step change in bias voltage after five seconds.

The system has tried to follow the change in resonant frequency, however the added noise with
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Figure 6.3: Phase-locked loop response to a small change in resonant frequency, when the
resonator is operated at the natural Q (solid) and under the action of Q-control, Q̂

Q
= 10

(dashed) and Q̂
Q

= 40 (dotted).

Q-enhancement makes this change more difficult to detect. Even when Q-enhancement is not

employed a significant problem with the frequency tracking system is that the observed change

in resonant frequency of 0.5Hz is not the same as the expected change of 2Hz caused by the

100mV increase in resonant frequency control voltage. This suggests that the tracking system

does not accurately follow changes in resonant frequency.
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6.4 System accuracy

Results in the previous section show that when the resonant frequency of the resonator changes,

the system can detect the change. This means that it could be used to detect the presence of a

target substance if the resonators were functionalised. However, the observed change in driv-

ing frequency produced by the PLL tracking system is lower than expected which means that

the change won’t be accurately quantified. This error occurs both with and without Q-control.

The PLL tracking system will always stabilise at a frequency where the total phase change

in the phase-locked loop is zero degrees and in this section the PLL is modelled in order to

explain the observed behaviour of the tracking system.

Consider when the resonator operates without Q-control with the tunable filter set to the

initial resonant frequency of the MEMS resonator (ω01). The phase of the signal at the input

to the phase detector is determined by the combined phase of the resonator’s velocity and also

the phase change caused by the readout and filter electronics. Using Equations (1.9) and (5.3),

this is given by

θ(ω) =
π

2
− arctan

 ω
ω01

Q
(

1− ω2

ω2
01

)
+ ψt(ω). (6.1)

Because the filter has been tuned for the particular resonator and bias conditions, the phase

change caused by the electronics at the resonant frequency is ψt(ω01) = 0. The frequency at

which the PLL tracking system stabilises (θ = 0) is therefore ω = ω01, as expected. However,

when the resonant frequency of the system changes (i.e. ω01 → ω02), the tracking system

stabilises at the solution of

π

2
− arctan

 ω
ω02

Q
(

1− ω2

ω2
02

)
+ ψt(ω) = 0, (6.2)

which is not at ω02 because ψt(ω02) 6= 0. Equation (6.2) shows that, assuming the Q-value

remains constant, the frequency at which the system will settle is a function of both ψt and the

new characteristic frequency of the sensor (ω02).

To model the Q-enhanced system, consider once again the phase of the observed signal at

the input to the phase detector. Using Equations (4.14) and (5.3) gives the following expression
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when Q-control is applied

θ(ω) =
π

2
− arctan

 ω
ω02

(
1− Q

ω02
<t(ξ)

)
Q
(

1− ω2

ω2
02

+ ω
ω2
02
=t(ξ)

)
+ ψt(ω). (6.3)

To take into account the implementation of a single readout channel instead of differential

readout, ξ has been modified to ξt

<(ξt) =
2VDCVsGINARL

m

(
dC

dx

)2

cos (ψt(ω)) = ξ̄t cos (ψt(ω)) , (6.4)

=(ξt) =
2VDCVsGINARL

m

(
dC

dx

)2

sin (ψt(ω)) = ξ̄t sin (ψt(ω)) . (6.5)

This means that the frequency at which the PLL tracking system stabilises at is given by the

solution of

π

2
− arctan

 ω
ω02

(
1− Q

ω02
ξ̄t cos (ψt(ω))

)
Q
(

1− ω2

ω2
02

+ ω
ω2
02
ξ̄t sin (ψt(ω))

)
+ ψt(ω) = 0. (6.6)

The solution of Equation (6.6) is valid for any PLL-based system designed to locate the res-

onant frequency of a mass-spring-damper system by monitoring the velocity of the mass and

when the effective Q is increased by a feedback system that introduces a frequency-dependent

phase shift to the measured velocity signal.

Equations (6.2) and (6.6) can be solved to predict the frequency at which the tracking

system will stabilise with and without Q-enhancement respectively. When these equations

are solved numerically, both solutions are always identical which explains why the change in

frequency generated by the phase-locked loop in response to a change in resonant frequency

appears to be independent of the effective Q. To prove that Equation (6.6) has the same solution

as Equation (6.2), Equation (6.6) was rearranged to give

tan
(π

2
+ ψt(ω)

)
=

ω
ω02

(
1− Q

ω02
ξ̄t cos (ψt(ω))

)
Q
(

1− ω2

ω2
02

+ ω
ω2
02
ξ̄t sin (ψt(ω))

) , (6.7)
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hence

− cot (ψt(ω)) =

ω
ω02

(
1− Q

ω02
ξ̄t cos (ψt(ω))

)
Q
(

1− ω2

ω2
02

+ ω
ω2
02
ξ̄t sin (ψt(ω))

) . (6.8)

Substituting cos(ψt(ω))
sin(ψt(ω))

for cot (ψt(ω)) and cross-multiplying gives

cos (ψt(ω))

sin (ψt(ω))

(
1− ω2

ω2
02

+
ω

ω2
02

ξ̄t sin (ψt(ω))

)
=

(
ω

ω2
02

ξ̄t cos (ψt(ω))− ω

Qω02

)
. (6.9)

Multiplying both sides of Equation (6.9) by sin (ψt(ω)) gives

cos (ψt(ω))

(
1− ω2

ω2
02

)
= − sin (ψt(ω))

ω

Qω02

, (6.10)

which is equal to

− cot (ψt(ω)) =
ω
ω02

Q
(

1− ω2

ω2
02

) . (6.11)

Equation (6.11) can then be rearranged to give Equation (6.2)

π

2
− arctan

 ω
ω02

Q
(

1− ω2

ω2
02

)
+ ψt(ω) = 0.

This explains why the PLL output frequency measured when the resonator was tested both

with and without Q-control appeared to change by the same amount. The key conclusion of

this analysis is that Equation (6.2) could be used to predict the change in output frequency

from the tracking system in response to a known change in resonant frequency.

6.5 Model validation

A step change in voltage (Ve) of 1V was applied to the system. Figure 6.4 shows that the

observed change in driving frequency was close to 8Hz. However from Equation (3.16), the

predicted change in resonant frequency due to this change in Ve is approximately 20Hz. Also

shown in the figure is the solution of Equation (6.2) which shows that the model of the tracking

system that has been developed predicts a 7Hz change in driving frequency in response to the
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Figure 6.4: Observed phase-locked loop tracking behaviour (solid), simulated (dashed) and
also the expected behaviour (dotted).

1V change in the frequency tuning voltage. This is in reasonable agreement with the 8Hz

change in frequency that was measured when the system was tested. The small discrepancy

between the observed change in frequency and that predicted by Equation (6.2) is due to the

dependence of the system upon the exact values of the extracted coefficients in the polynomial

defining ψt (Equation (5.3)).

Despite using the tunable filter to eliminate phase change in the readout electronics at the

initial resonant frequency of the system, this phase change still causes undesirable behaviour.

This is because in response to a change in resonant frequency, the driving frequency of the

system moves from the initial resonant frequency, where ψt = 0. The resulting effect of this

is that the PLL does not stabilise at the new resonant frequency. Instead the system stabilises

at the frequency where the total phase change in the electronics and the phase response of

the resonator at the natural Q sum to zero. The significance of this result is that when the

phase change with respect to frequency in the readout electronics is larger or comparable to

the resonator’s native phase response, a phase-locked loop tracking system will not always

closely follow the resonant frequency of the system.
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6.6 Summary

The performance of the hardware designed for monitoring the resonant frequency of MEMS

resonators has been characterised. Results of these experiments have been described in this

chapter. Initially, a prototype resonator was operated at atmospheric pressure without the use

of Q-control. Measurements showed that the observed frequency noise was a factor of three

greater than when the resonator operated at a pressure of 100Pa. After accounting for the in-

crease in driving force required at atmospheric pressure, this result suggests that noise present

in the system is dominated by noise in the readout electronics and not thermal vibrations of

the MEMS structure.

The tracking system was subsequently operated in air at atmospheric pressure under the

action of Q-control. When the effective Q was a factor of 40 greater than the native value,

as expected the increase in noise in the velocity signal also increased by a factor of 40. The

corresponding frequency variation at the output of the digital phase detector was observed to

increase by a factor of five. When a PLL is used to monitor a resonant system, the magnitude

of this variation determines minimum change in resonant frequency that can be detected and

hence the resolution of the sensor. This means that the key conclusion of these experiments is

that increasing the effective Q by force feedback does not improve the ability of this system

to locate the resonant frequency of the structure.

When the tracking system responds to a change in resonant frequency by altering its output

frequency, the observed adjustment in the driving frequency produced by the PLL is different

to the predicted change. This discrepancy occurs both when the system is operating with and

without Q-control. A model has been developed that explains this undesirable behaviour. The

model that has been developed shows that the frequency at which the system stabilises depends

critically on the phase response of the resonator at its natural Q and also the phase response

of the readout electronics. This means that the tracking system will not stabilise at the most

recent resonant frequency of the system. The reason for this is because the rate of change of

phase with respect to frequency in the readout electronics is not insignificant in comparison

with the phase response of this resonant system at its native Q.
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Chapter 7

Fixed frequency systems

7.1 Introduction

In the previous chapter, the performance of the hardware for monitoring the resonant fre-

quency of MEMS resonators was investigated. The key result of these experiments is that

when the effective Q of the resonant system is increased by velocity feedback, the perfor-

mance of the PLL tracking system is degraded. This is because the effect of Q-enhancement

is to increase noise, without increasing the signal that is measured. Further experiments also

showed that the observed change in driving frequency in response to a known change in res-

onant frequency is incorrect. This problem occurs both with and without Q-control and is

independent of the particular feedback level. Analysis has shown that this error in the track-

ing frequency can be explained by taking into account the phase change in the feedback loop

introduced when the driving frequency attempts to follow a change in resonant frequency.

In this chapter, a system for measurement of the phase of a MEMS resonant system is

described. The key benefit of this approach is that since the rate of change of phase with

respect to frequency increases with quality factor, Q-enhancement increases the signal that is

measured. Furthermore, by working at a fixed frequency it is possible to avoid phase shifts in

the readout electronics. An alternative technique that is also immune to the effects of phase

change in the readout electronics is also described in this chapter. This technique is based upon

automatically tuning the resonant frequency of a resonator to its original resonant frequency

in response to a change in characteristic frequency of the resonant system.
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7.2 Fixed frequency tracking

When the tracking system described in chapter 5 is used to monitor the resonant frequency of

a MEMS structure, the observed change in driving frequency in response to a shift in resonant

frequency is a function of the phase response of the readout electronics. This problem occurs

despite using the tunable filter to eliminate phase change in the readout electronics at the

initial resonant frequency of the system. As a result, the ability to easily quantify a change

in resonant frequency is lost. To avoid the complications arising from operating at a driving

frequency where the phase change caused by the readout electronics is non-zero, the simplest

solution is to always operate at the initial resonant frequency of a resonator. Consequently, the

possibility of performing tests at a fixed frequency has been investigated.

When the bandpass filter used to process the velocity signal is tuned to the resonant fre-

quency of a test structure, the PLL tracking system that has been built can be used to easily

locate this frequency. However, instead of automatically altering the driving frequency in re-

sponse to a change in resonant frequency, the key feature of the techniques described in this

chapter is that the frequency control word produced by the FPGA controller will be kept con-

stant. The effect of this will be to maintain a fixed driving frequency at the resonant frequency

of the MEMS device, where the phase change in the readout electronics is zero. Any ensuing

change in resonant frequency causes the phase of the velocity signal to alter and the observed

change will be solely due to the mismatch between the driving frequency and the new resonant

frequency of the MEMS system. Any observed change in phase can then be used to quantify

the change in resonant frequency. An alternative approach, however, is to create a closed-loop

system in which the resonant frequency will be automatically returned to the original reso-

nant frequency of the system. By measuring the amount of tuning required to do this, it will

be possible to quantify the change in resonant frequency that occurred. In this chapter the

performance of these two approaches is compared.
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7.3 Phase measurement electronic hardware

To build a system designed to operate at a fixed frequency, used either to measure a change

in the resonator’s phase or in a closed-loop system to automatically return the resonant fre-

quency of the system to its original frequency, a method of measuring the absolute phase of the

resonator’s velocity is required. An EXOR gate followed by a low pass filter is a convenient

method of obtaining a voltage which is directly proportional to the phase difference between

two signals. However, the range of the output voltage from an EXOR gate phase detector cor-

responds to a phase difference of between 0◦ and 180◦. This means that it is necessary to shift

the velocity signal by 90◦ to ensure that the output voltage is in the middle of the measurement

range when the system operates at its resonant frequency.

The obvious solution to change the phase of the velocity signal by 90◦ is either by inte-

gration or differentiation of the signal using standard op-amp circuits. The key benefit of this

approach is that the phase change in each of these circuits is ±90◦ over the whole frequency

range, which is not possible with a simple first-order filter circuit, for example. However,

practical considerations reduce the appeal of using these approaches. For example, when the

DC component at the input of an integrator is non-zero, the output voltage ramps and satu-

rates at the op-amp power supply voltage. On the other hand, the key practical problem with

a differentiator circuit is the large high frequency gain, which renders the circuit particularly

susceptible to noise. In fact, experience shows that using a differentiator to shift the phase of

the velocity signal in this system leads to the presence of a spurious signal. The frequency of

this signal is at the switching frequency of the tunable switched capacitor bandpass filter.

To avoid the problems described above, it is possible to change the phase of the digital

velocity signal that was previously generated from the analogue velocity signal (in section

5.4). This is feasible because the input to the EXOR gate phase detector is a digital signal.

Figure 7.1 shows a circuit that can be used for generating digital signals in quadrature [73–

75]. The circuit comprises two d-type flip flops packaged in a 4013B Complementary Metal-

Oxide-Semiconductor (CMOS) IC. Quadrature outputs are produced at a frequency that is

one fourth that of the clock. Due to this frequency division, it is necessary to multiply the

input frequency by a factor of four. The simplest way to achieve this is by placing the Digital
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Figure 7.1: Digital quadrature generator using d-type flip flops.

Quadrature Generator (DQG) as a divide-by-four block in the feedback loop of a conventional

PLL created using a standard 4046B integrated circuit. Figure 7.2 shows this arrangement.

The specifications for the phase detector, loop filter and VCO shown in Figure 7.2 are as

PFD LF VCO

DQG

fref (90◦)

fref

fref (0◦) 4fref

Figure 7.2: Phase locked loop for d-type flip flop circuit input frequency generation.

follows. To ensure that the output of the phase shifting circuit is exactly 90◦ out of phase

with the incoming signal over a wide frequency range, the choice of phase detector is the

phase-frequency detector. This is because the PFD reduces the phase error to zero for all input

frequencies. A loop filter with a characteristic frequency of 100Hz is used to filter the output of

the PFD, this is a compromise between the bandwidth and noise rejection. The internal VCO

in the 4046B chip has been programmed to generate frequencies in the range of approximately

40kHz→80kHz, hence the working frequency range of the phase shifter is 10kHz→20kHz.

The output signal from the digital 90◦ phase shifting circuit is then connected to one input

of the EXOR gate phase detector. The other input is the square-wave output from the AD9833

waveform generator. To measure the phase difference between the velocity and the primary

driving force, the average value of the square-wave output from the EXOR gate phase detector
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must be calculated. To do this, the output of the EXOR gate is low-pass filtered using an RC

network with a characteristic frequency of 100Hz. In this way, the DC level at the output of

the filter covers the range -90◦ ≤ φ ≤+90◦.

The phase signal that is produced using the hardware described in this section must be

sampled and processed in the FPGA controller. The AD7367 ADC used in the PLL tracking

system is a 2-channel device and only one of these channels has been used. Consequently it

is possible to sample the voltage representing the phase of the resonator, without the addition

of any further hardware. To maximise the resolution, first the voltage is amplified by a factor

of eight such that the full scale input to the ADC corresponds to -22.5◦ ≤ φ ≤+22.5◦. As the

ADC has 14-bit resolution, this corresponds to a theoretical minimum detectable change in

phase of 3m◦.

7.4 Phase response

7.4.1 Phase noise characterisation

The previous section contains a description of the hardware that has been built to automatically

measure the phase difference between the resonator’s velocity and the primary driving force.

The resulting digital word representing the phase can be used to monitor the system and the

performance of this technique will be determined by the amount of noise present in the mea-

sured phase signal. Consequently noise present in the measured phase has been characterised

and results of this are given in this section.

The switched capacitor filter was tuned to ensure that there was no change in phase at the

resonant frequency of a test resonator. Following this initial tuning process, the PLL track-

ing system described in chapter 5 was used to locate the resonant frequency of the MEMS

structure. After stabilisation of the PLL, the driving frequency was subsequently fixed by

halting the frequency-update algorithm in the FPGA. In the absence of a stimulus, any ob-

served phase signal produced by the phase measurement system that has been built will be

attributed to noise. This means that phase noise can be measured at the both the natural Q and

at a high effective Q.
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Figure 7.3: Measured phase of the reso-
nant system with respect to the primary
driving force without Q-control, as a func-
tion of time.
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Figure 7.4: Measured phase of the reso-
nant system with respect to the primary
driving force with Q-control ( Q̂

Q
=40), as

a function of time.

Figures 7.3 and 7.4 show the measured phase of the MEMS structure with respect to the

primary driving frequency as a function of time. The resonator was exposed to air at atmo-

spheric pressure and in Figure 7.3 and the system operated at its native Q. Conversely in Figure

7.4 the effective Q was increased by a factor of 40. Data was post-filtered in MATLAB by

a 100-tap moving average filter, giving a time constant of approximately one second. When

the resonator was operating at its natural Q, the magnitude of the measured phase noise was

approximately 0.2◦. This increased to 1◦ when the effective Q of the resonant system was

increased by a factor of 40. This increase in phase noise is similar to the results in section

6.2.2 showing that the frequency noise rises by a factor of five when the tracking system is

used to monitor the resonant frequency of the Q-enhanced system.

7.4.2 Detection resolution

When the driving frequency is fixed at the resonant frequency of the system corresponding to

the current bias voltages (ω01), from Equation (1.9) the rate of change of phase with respect to

resonant frequency is given by
dφ

dω0

≈ 2Qω01

ω2
0

. (7.1)
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Integrating to find the change in phase after a small change in resonant frequency, ∆ω0, gives

φ ≈ 2Q

1 +
ω01

∆ω0

. (7.2)

Equation (7.2) shows that, as expected, for a particular change in resonant frequency the ex-

pected change in phase is greater for larger values of Q. This can be rearranged to calculate

the new resonant frequency, ω02 = ω01 + ∆ω0

ω02 ≈
ω01

1− φ
2Q

. (7.3)

As φ
2Q

<<1, this can be approximated as

ω02 ≈ ω01

(
1 +

φ

2Q

)
. (7.4)

The uncertainty in frequency is therefore directly proportional to the level of noise in the phase

measurement. Taking phase noise into account and using Equation (7.4), the uncertainty in the

measured frequency (Nω02
) is directly proportional to the noise in the measured phase signal

(φn),

Nω02
≈ ω01

φn
2Q

. (7.5)

The significance of Equation (7.5) is that if velocity feedback increases the effective Q by

more than the increase in noise, this will lead to a reduction in frequency noise. Results

in the previous section show that the noise in the measured phase signal produced by the

phase measurement system does not rise by the same factor as does the effective Q when

velocity feedback is implemented. It is therefore possible to take advantage of this to reduce

the uncertainty in the detected change in resonant frequency. The result of this is that when Q-

control is implemented, the noise in the calculated resonant frequency will reduce by a factor

of
Nω02

N̂ω02

=
Q̂φn

Qφ̂n
. (7.6)
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Results presented in sections 6.2.2 and 7.4.1 show that φn
φ̂n

=0.2 when the effective Q is equal

to 40 times its native value (and the primary driving force is reduced to maintain a constant

velocity signal). Therefore the conclusion of this analysis is that when velocity feedback is

used to increase the effective Q by a factor of 40 ( Q̂
Q

= 40), the detection capability will

improve by approximately 20dB.

7.4.3 Response to stimulus

The electronics described in section 7.3 were used to monitor the phase of the resonant sys-

tem. To test the system, the resonant frequency control voltage (Ve) was increased by 500mV

both at the natural Q-value and also when the effective Q was increased by a factor of 40.

Equation (3.16) shows that this causes an expected change in resonant frequency of approxi-

mately 10Hz. From Equation (7.2), this corresponds to an expected change in phase of 0.32◦

at the natural Q and 13◦ when the effective Q is increased by a factor of 40. Figure 7.5 shows

that the phase changes by approximately 0.4◦ at the natural Q and by 15◦ when Q-control is

used. In the figure, the phase changes under the two different conditions are on different axes
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Figure 7.5: Phase change due to a 10Hz change in resonant frequency, without Q-control
(solid) and with Q-control (dashed, Q̂

Q
=40).

to show that the responses are very similar but that, as expected, Q-enhancement has led to a

larger change in phase. Figure 7.5 also shows that when Q-control is used, identification of the

change in phase of the resonator is relatively straightforward due to the large SNR. When the

system operates at the natural Q, it is more difficult to determine the exact change in phase.
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To demonstrate the benefit of using Q-enhancement in combination with a measurement

of the phase of the resonator, the resonant frequency of the sensor was subsequently changed

by 2.5Hz. For this smaller change in resonant frequency, the expected change in phase is 3.5◦

when Q-enhancement is used and approximately 0.1◦ at the natural Q. Figure 7.6 shows the

measured phase, at the natural Q and when Q-enhancement is used. Results such as these show

that at the natural Q it has become difficult to reliably distinguish between the induced change

in phase and random variations caused by noise. Consequently it is very difficult to determine

the exact change in phase. In contrast when Q-enhancement is employed, it is still easy to

distinguish between the response of the system to the induced change in resonant frequency

and any random variations.
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Figure 7.6: Phase change due to a 2.5Hz change in resonant frequency, without Q-control
(solid) and with Q-control (dotted, Q̂

Q
=40).

It is theoretically possible to improve the sensitivity of the system further by increasing

the effective Q of the resonator even more. However, if the effects of damping are reduced

further then the result can be a large amplitude response and damage to the resonator. At these

relatively low levels of Q-enhancement the possible dangers of damaging the resonator are

avoided by reducing the amplitude of the driving signal. However, the effectiveness of this

strategy is limited by noise in the drive signal which limits the minimum amplitude that can

be used and hence the maximum level of Q-enhancement. Despite the limit to the amount of

Q-enhancement that can be employed safely, the results in Figure 7.5 and Figure 7.6 show that

an improvement in the signal to noise ratio of approximately 20dB is achieved when velocity

feedback is used to increase the effective Q of the MEMS resonator by a factor of 40.
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7.4.4 Detection range

Since the detection range of the system that has been built is limited, a potential disadvantage

of measuring the phase of the system occurs when a large change in phase is expected. This

will be a problem if the sensor is to be used to detect cumulative small changes in mass, for

example. To illustrate this, recall Equation (7.2) which describes the relationship between

phase, Q and resonant frequency

φ ≈ 2Q

1 +
ω01

∆ω0

.

Equation (7.2) has been solved to find the change in resonant frequency required to saturate the

measured phase signal at -22.5◦. For this system, when the effective Q is artificially increased

by a factor of 40 to approximately 200, the maximum measurable change in resonant fre-

quency is 15Hz. However, Equation (7.2) does not take into account the limited linear region

of phase change with respect to resonant frequency. Therefore another disadvantage of this

system is that the predicted maximum measurable change in resonant frequency is an overes-

timate. This effectively further limits the magnitude of any change in resonant frequency that

can be accurately measured.

7.5 Voltage controlled resonant frequency

7.5.1 Concept

In this section, an alternative approach to making measurements of the phase of the resonator

is described. A benefit of this system over phase measurement is that the system can accurately

measure both small and large changes in resonant frequency. The method is based upon the

hardware used to measure the phase of the resonator, the design of which is discussed in

section 7.3. However to implement this technique, in response to an observed change in phase

of the system, the resonant frequency will be returned to its initial value by varying a DC

bias voltage (Ve). Therefore a key requirement for this technique is a Digital-to-Analogue

Converter (DAC) which can be programmed by the FPGA controller to control the resonant

frequency of the resonator.
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A convenient method for tuning the resonant frequency of a test sample is by varying the

DC bias voltage (Ve) which is applied to the free comb capacitance available when single-

ended readout is used. However, for characterising the prototype system, this comb capacitor

is already used to stimulate the system. This means that in the prototype system a summing

amplifier is required to create the DC bias voltage from two parts. The first part is a stimulus

voltage and the second part is a feedback voltage. The latter is generated from a digital output

from the FPGA controller using a DAC. In response to a change in the stimulus voltage, the

feedback voltage will be automatically varied by the FPGA controller. The effect of this will

be to return the resonant frequency of the system to its original value. Tests can be performed

to check that the change in the feedback voltage cancels the induced change in the stimulus

voltage.

The key component in the system that has been proposed is a DAC. Figure 7.7 shows a

schematic diagram of the DAC used in this system, which is a simple DAC (AD7530) formed

from an R-2R ladder. No timing signals are required and the settling time is 1µs which means

that by addressing the parallel data word input using the FPGA controller, the output of the

DAC can be updated at up to 1MHz. The output of the circuit can be programmed in the range

0V→-4V, hence after inversion the DAC output voltage can be used as the feedback voltage

component applied to the free comb capacitance.
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Figure 7.7: DAC for generating the resonant frequency control voltage.
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7.5.2 Frequency tuning algorithm

To control the resonant frequency of the MEMS structure in response to an externally applied

change in system parameters, the algorithm in the FPGA controller operates as follows. The

algorithm averages the digital word representing the phase of the velocity signal, over numer-

ous samples. This provides a digital reference word representing the initial resonant frequency

of the system (φ = 0, nominally the mid-rail of the ADC, 5V). The algorithm subsequently

enters a tracking mode, during which the phase of the resonator is periodically tested and

compared to the reference word.

If the measured phase leads or lags the reference phase, the control word to the DAC is

updated in order to alter Ve in such a way that the resonant frequency returns to the initial value.

For example, a step change in the stimulus voltage of 1V from the external PSU changes Ve

from 4V to 5V and causes a change in the resonant frequency of the system. In response

to the corresponding change in phase, the FPGA program reduces the tunable component of

Ve until the measured phase is restored to the reference value. This occurs when the tunable

component in Ve is equal to 3V, which means that Ve has been restored to the initial value of

4V. To quantify the change in resonant frequency, the change in control word to the DAC is

monitored. This is then mapped to a voltage and hence a frequency using Equation (3.16).

7.5.3 Detection capability

The resolution of this system is determined by the stability of the frequency tuning voltage

which is used to calculate the change in resonant frequency of the system. Since this is gov-

erned by noise present in the measured phase signal to which the system responds, Q-control

will degrade the performance of the system without increasing the signal that is measured.

This is because this technique responds to the sign and not the magnitude of the measured

phase. Therefore no benefit is expected from the implementation of Q-control. To test the

automatic tuning technique, the resonant frequency of the structure was located using the PLL

tracking system. After stabilisation, tracking was halted and the frequency tuning algorithm

was implemented. The performance of the system that has been built was then tested both

with and without Q-control.
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Figure 7.8 shows that in response to an applied stimulus acting to increase Ve by 1V, the

DAC voltage reduces by exactly 1V in order to return the resonant frequency of the device to its

original frequency. The solid and dashed lines show that the system responds accurately to the

stimulus when the system is operated both with and without Q-control. However, as expected,

the added noise with Q-enhancement will make smaller changes more difficult to detect. The
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Figure 7.8: Change in tunable component of Ve in response to a 1V stimulus at the native Q
(solid) and with Q-control, Q̂

Q
=40 (dashed).

change in resonant frequency caused by the 1V change in stimulus voltage corresponds to a

detected change in resonant frequency of 20Hz, from Equation (3.16). Due to the high SNR, it

is apparent that is possible to detect a smaller change in resonant frequency than 20Hz. Figure

7.9 shows the response of the system at its native Q to a change in resonant frequency of 2Hz.

The figure shows that the measured noise in the feedback voltage is approximately 50mVpp.

The LSB of the digital word used to control the resonant frequency represents a change in the
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Figure 7.9: Change in tunable component of Ve in response to a 100mV stimulus.
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feedback voltage of 15mV. This means that the resolution of the system is approaching the

theoretical limit imposed by the hardware. From Equation (3.16), the uncertainty in frequency

is approximately 1Hz, which is similar to when the phase of the system was directly measured

in conjunction with Q-control, however for this technique Q-control is not required.

The detection range of the system was considered to estimate the maximum cumulative

change in resonant frequency that can be tolerated. This range is determined by the amount

by which the frequency control feedback voltage can be reduced in response to a change

in resonant frequency. To calculate this range, Equation (3.16) was rearranged to find the

change in resonant frequency when the feedback voltage is the minimum possible value. This

maximum possible change in resonant frequency is given by

∆ω0 = ω0 −
√
ω2

01
+ ke[2(VDCb − Vres)2 + V 2

AC + (Vs − Vres)2], (7.7)

where Vres is the resonator bias voltage, which is -5V. Solving Equation (7.7) shows that

the maximum possible change in characteristic frequency of the resonant system is 80Hz. To

increase the range of the system, it is theoretically possible to use a larger initial tuning voltage

(Ve), or to reduce the bias voltage of the resonator.

In this section, results show that in response to an applied stimulus voltage, the frequency

tuning system responds to the change in resonant frequency by varying the tunable control

voltage by the expected amount. As noise present in the tuning voltage is determined by

the presence of phase noise and also because the detection resolution is not improved by

increasing the rate of change of phase with respect to frequency, there is no benefit in using Q-

control. Results show that the uncertainty in the detected resonant frequency is approximately

1Hz, which is similar to when the phase of the system was directly measured. The range of

this system is determined by the initial value of the tuning voltage and also the bias voltage

applied to the moving structure. For typical voltages, a maximum change in frequency of

80Hz can be detected without incurring any error in the measured change.
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7.6 Comparison of techniques

7.6.1 Resolution

An important measure of the performance of the two techniques that have been described in

this chapter is the resolution that was obtainable. When the phase of the system was measured,

the best frequency resolution was achieved when quality factor control was implemented.

Results show that when the effective Q is enhanced by a factor of 40, the uncertainty in any

detected change in resonant frequency is approximately 1Hz. This is approximately one order

of magnitude smaller than when the system operates at its natural Q. This is because the

increase in the measured signal is larger than the rise in noise present when Q-control is used.

Improving the detection resolution by further increasing the quality factor using Q-control is

challenging, due to the complexity of controlling the feedback fraction when λ→ 1.

Alternatively, when the resonant frequency of the system is automatically returned to its

original value in response to a change in system parameters, it is necessary to operate at

the native Q in order to achieve the best possible detection resolution. This is because this

architecture does not benefit from a large rate of change of phase with respect to resonant

frequency and also due to the rise in phase noise when Q-control is used, which acts to degrade

the performance of the system. Measurements show that the undesirable apparent variation in

resonant frequency observed when using this approach is approximately 1Hz.

The two measurement techniques that have been implemented offer a similar detection

resolution. However when the phase of the system is measured, Q-control must be used to

achieve this resolution. When each system operates at the natural Q, automatically tuning the

resonant frequency using a feedback voltage to change the effective spring constant of the

resonator offers a better detection resolution than when the phase of the system at the natural

Q is measured. The reason for this is because when the resonant frequency is automatically

returned to its original frequency, the effect of this negative feedback is to reject noise and

to damp the system [67, 76]. In practice, the amount of noise rejection will depend upon the

bandwidth of the feedback loop, which was chosen to give a compromise between the noise

and the speed of response of the system to a change in resonant frequency.
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7.6.2 Range

Another difference between the two measurement architectures is the maximum cumulative

change in resonant frequency that can be accurately resolved. When the phase of the system

is monitored, the maximum change in resonance that can be tolerated is 15Hz. However, this

is an approximate value which overestimates the tolerance range. In contrast, the maximum

allowable change in resonance when the resonant frequency of the system is automatically

returned to its original value is 80Hz. This range is determined by the magnitude of the initial

frequency tuning voltage (Ve) relative to the bias voltage applied to the moving resonator

structure. As the initial value for Ve of 4V is arbitrary, it is possible to increase the range of the

system further by increasing Ve, without affecting any other system parameters. Furthermore,

the change in resonant frequency determined using this technique is accurate over the entire

range of the system. For these reasons, with respect to the measurement range, automatically

tuning the resonant frequency is preferred over phase measurement.

7.6.3 Hardware

Both techniques for determining a change in resonant frequency when the driving frequency

is fixed require the ability to measure the phase of the resonator with respect to the primary

driving frequency. Consequently, the hardware required for each technique must generate a

voltage proportional to the phase of the resonator relative to the primary driving force. This

voltage must then be sampled into the FPGA controller and processed according to the partic-

ular measurement architecture.

When frequency tuning is used, a DAC which can be programmed by the FPGA controller

to generate the feedback voltage is required. In contrast, for phase measurement no additional

hardware is required in theory. Despite this, since superior detection capability is obtained

when Q-control is used in conjunction with phase measurement, op-amp circuits are required

to process the measured velocity signal to generate the feedback voltage for Q-control. Practi-

cal experience shows that due to the challenge of controlling the feedback fraction to maintain

a stable system at a high effective Q, the most simple architecture to implement is a DAC used

to generate a voltage for automatically tuning the resonant frequency of the system.
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7.6.4 Recommendation

In the previous sections, advantages and disadvantages of the two detection schemes described

in this chapter have been discussed. To determine which technique is most suitable for mon-

itoring the resonant frequency when the driving frequency is fixed, the resolution, range and

complexity of the hardware required to implement each technique were all considered. Tak-

ing each factor into consideration, the technique offering the best performance, flexibility and

reliability is frequency tuning.

There are a number of significant reasons why automatically returning the resonant fre-

quency to its original value is beneficial. For example, both systems that have been considered

will benefit from having a high natural Q, however a high Q limits the measurement range

when the phase of the system is measured. However, this is not a problem when automatic

frequency tuning is implemented. Another problem that only affects the phase measurement

technique is that even when the maximum possible range is not exceeded, large changes in

resonant frequency will not be resolved accurately. Finally, whilst the hardware required for

both techniques is similar, phase measurement requires Q-control to maximise the detection

resolution. Practical experience has shown that it can be difficult to control the effective Q of

the system when the feedback fraction approaches unity.
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7.7 Summary

In this chapter, two methods for calculating the change in resonant frequency in response to

a change in system parameters, have been described. The key feature of both techniques is

that the resonator is always driven at its resonant frequency, where the phase change in the

readout electronics is zero degrees. This is achieved by tuning the centre frequency of the

bandpass filter used to process the measured velocity signal. The benefit of operating at a

fixed frequency is that the system can not be affected by undesirable phase change that can be

introduced by the readout electronics. Both techniques require the ability to measure the phase

of the resonator with respect to the primary driving force. To do this, the electronic hardware

for generating a digital word representing the phase of the resonator has been built.

Measurements of the phase signal show that when Q-control is implemented, noise in the

signal rises by a factor of five when the quality factor is increased by a factor of 40. By

taking advantage of the relatively large change in the phase signal after a change in resonant

frequency when Q-control is used, an improved detection capability is achievable. An increase

in detection resolution of approximately one order of magnitude was possible with this system.

However, undesirable aspects of this detection scheme include the limited detection range

and also the requirement for Q-control, which poses practical challenges in controlling the

feedback fraction.

A more practical method for measuring a change in resonant frequency, which avoids the

problems outlined above has also been implemented. For this technique, the resonance of the

system is automatically returned to the system’s original frequency in response to a change

in the resonant frequency. The detection capability is similar to the best possible resolution

when direct phase measurement was performed at high effective Q. However, analysis and

practical experience suggest that frequency tuning offers the best combination of performance,

reliability, range and accuracy.
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Chapter 8

Conclusion

8.1 Summary

MEMS devices are mechanical structures with feature sizes ranging from a millimetre down

to a micrometre in size and are typically fabricated using techniques compatible with those

used in the IC industry. Because of their small size, there has recently been increasing interest

in the use of MEMS technology for the detection of small quantities of various chemicals,

biochemicals or relative humidity, for example. To detect such a change in the sensor’s envi-

ronment, a method is required to monitor any corresponding change in resonant frequency of

the system. Consequently there is a desire to combine MEMS devices with measurement and

control electronics in a single package to create a fully integrated and low-cost sensor.

The aim of this study was to investigate various techniques that can be used to quantify

a change in the resonant frequency of a prototype MEMS device. A test structure, based

upon interdigitated micro-mechanical combs, was designed for this purpose and fabricated

at QinetiQ as part of the Europractice Foundry Access Program. Various architectures for

detecting a change in resonant frequency have been implemented using discrete electronic

components. This is because of the high-cost incurred when fabricating prototype systems

using microelectronics. However, as the actuation, measurement and control electronics can

all be translated into a microelectronic design, this system could eventually be integrated.

Characterisation of the prototype MEMS resonator has been described. In particular, the

observed relationship between the bias voltages applied to the comb capacitances and the res-
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onant frequency was explained. Electrostatic phenomena such as this are relatively common

in MEMS systems, however when an interdigitated comb is used as the key component in the

movable structure, the system is in theory immune from such effects. Despite this, analysis

and simulation have shown that the drive and readout capacitances are non-ideal and cause

the observed behaviour. The drive and readout capacitances in the resonator that has been

manufactured are non-ideal because of the relatively short comb fingers and also due to the

presence of undesirable back-to-back parallel plate capacitors in the design. The resulting re-

lationship between the bias voltages applied to the resonator and the resonant frequency has

been exploited in order to test the various measurement architectures by simulating an increase

in mass of the resonant system.

A further ramification of the non-ideal drive and readout comb capacitances in the fabri-

cated structure, is the presence of a spring-softening Duffing-like non-linearity. This is also a

relatively common effect in micro-mechanical systems with electrostatic actuation and read-

out. When monitoring the frequency content of the velocity of a typical Duffing resonator,

power is expected at primarily the first and third harmonic frequencies. However, results show

that for the fabricated resonator at a large displacement, the significant frequencies are the

first and second harmonic frequencies. Analysis shows that this behaviour is due to the non-

ideal readout comb capacitance and not the Duffing non-linearity. This result demonstrates

that analysis of the frequency content of the resonator velocity, to characterise a Duffing non-

linearity, should take into account the effect of any displacement dependent terms present in

the readout capacitance.

A popular technique for increasing the signal obtained from a resonant system in response

to a change in resonant frequency, is to control the quality factor of the system. The most

common method used to achieve this is by the generation of a feedback force which is propor-

tional to the instantaneous velocity of the moving structure. This force directly cancels part

of the force caused by air damping, resulting in an increase in the effective Q and a greater

change in phase with respect to frequency. In a system designed to measure the velocity of the

moving structure, Q-control can be implemented with the addition of only simple electronic

amplifier circuits.
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In practice, the effect of a large feedthrough signal from drive to readout ports causes

undesirable behaviour when Q-control is implemented. A model for this behaviour has been

developed. To significantly reduce this feedthrough signal and hence remove the undesirable

behaviour, a dummy capacitance was used to generate a current which acts to cancel the

instantaneous current due to capacitive feedthrough. With this compensation in place, Q-

control has been used to increase the quality factor of the resonant system by two orders of

magnitude when the prototype sensor is exposed to air at atmospheric pressure. However, due

to the phase change present in the readout electronics, primarily associated with a bandpass

filter in the feedback loop which is used to process the velocity signal, the resonant frequency

of the system is still affected by the feedback force.

To solve this problem, a tunable bandpass filter was incorporated into a digital phase-

locked loop system designed to monitor the characteristic frequency of the prototype resonator.

The centre frequency of the filter can be tuned in order to ensure that at the resonant frequency

of the particular test sample, there is no phase change in the readout electronics. The digital

system was tested both with and without Q-control and due to an increase in phase noise, Q-

control degraded the performance of the system. This result is in agreement with a previous

study conducted by Tamayo into the noise present in systems under the action of Q-control.

When the resonant frequency of a test sample changes, the driving frequency from the

digital system alters in order to locate the new resonant frequency. Results show that the

system that has been built detects the small change in resonant frequency. However, even when

the characteristic frequency of the bandpass filter is tuned to match the resonant frequency of

the test sample, the tracking system stabilises at an incorrect frequency. This is because the

rate of change of phase with respect to driving frequency in the readout electronics is similar

to the rate of change of phase of the resonator velocity with respect to the primary driving

force. A model for the behaviour of the tracking system has been developed which can be

used to predict the intermediate frequency at which the system stabilises.

To avoid the problems caused by phase change in the readout electronics when the driving

frequency alters from the tuned frequency, it is sensible to operate at a fixed frequency. Two

techniques for quantifying a change in resonant frequency when the driving frequency is fixed
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have been assessed. The most simple technique is direct measurement of the phase of the

resonator with respect to the primary driving frequency. Since this approach delivers a large

signal when the quality factor is large, the existence of any benefit obtained by implementing

Q-control was investigated. Experiments show that when Q-control is implemented, noise in

the measured phase signal rises by less than the increase in signal. An overall improvement in

SNR of approximately one order of magnitude was obtained. However, a number of factors

reduce the appeal of this measurement technique. In particular, the measurement range of this

approach reduces with increasing effective Q and at large changes of resonant frequency, the

calculated change in frequency is overestimated.

A new technique for determining the magnitude of a change in resonant frequency when

the driving frequency of the system is fixed has been developed. To do this, the driving fre-

quency of the digital is system is set to the resonant frequency of the particular test sample

using the PLL tracking system. The algorithm in the FPGA controller subsequently enters a

frequency tuning state. In this mode of operation, a feedback voltage is used to ensure that

the resonant frequency of the system remains constant. In response to a decrease in resonant

frequency, the FPGA is programmed to respond to the observed phase signal by decreasing

the feedback voltage, which returns the resonant frequency to the original value. The change

in the feedback voltage is then used to calculate the change in characteristic frequency that

occurred. The stability of this system is determined by the amount of noise present in the

measured phase signal and since this rises with Q-control and also because the system does

benefit from the large phase signal observed when the quality factor is high, Q-enhancement

does not offer any benefit. However, the technique that has been developed will benefit from

operating in conjunction with a resonant system with a high natural quality factor. This is

because noise in the measured phase will be low when the natural Q is high, reducing noise in

the feedback voltage which is used to monitor the system.

Other than optimising the design of the movable structure to naturally increase the Q of

the system, the only other method for improving the detection resolution is by increasing the

time constant of the filter controlling the feedback voltage, or the filter used to process data

from the FPGA. The effect of using a filter with a lower characteristic frequency is to further
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reject noise and hence reduce uncertainty in the detected resonant frequency. The necessary

trade-off required to implement this is in the speed of the response of the system to any change

in resonant frequency. In practice, the bandwidth that can be tolerated is determined by the

specifications of the particular application.

The system has been built using only discrete electronic components and no additional test

and measurement equipment is required. The significance of this is that the proposed archi-

tecture could be translated into a microelectronic design and optimised for compatibility with

a small sensor to create a fully integrated mass detector. Since the mass of the resonator used

in the prototype system is relatively large (4µg), the prototype system would be capable of de-

tecting a change in mass of 1ng if the resonator were to be functionalised. However, the results

from this prototype system are sufficiently promising to suggest that the electronics should be

integrated into a single substrate that can be combined in a single package with a MEMS res-

onator. In addition to reducing size and cost, another advantage of integrating the electronics

into a single substrate will be that it creates an opportunity to employ a fully integrated tran-

simpedance amplifier with a gain of over 1GΩ [77], instead of the discrete transimpedance

amplifier. The resulting increase of three orders of magnitude in the transimpedance would

allow the system to be used with a resonator that is significantly smaller than the one used in

the prototype system. Therefore the resulting system would be significantly more sensitive to

changes in mass than the prototype.

8.2 Future work

8.2.1 FPGA controller algorithm

A fully integrated system designed for use as a mass sensor should ideally function without

the requirement for user input, calibration or interpretation of the output signal. In chapter 7,

a method for calculating the magnitude of a change in resonant frequency by automatically

tuning the system using a feedback voltage has been described. In the system that has been

implemented, the algorithm programmed into the FPGA controller does not meet all of the

above criteria. In this section, areas of further work that are required in order to meet these
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specifications are discussed.

A key component in the system that has been developed is a switched capacitor bandpass

filter which is used to recover the velocity signal from background noise. The clock signal

used to tune the characteristic frequency of this filter is a fixed frequency. Furthermore, the

frequency of this clock signal is a function of the particular resonant frequency of the res-

onator under test. Consequently, to tune the characteristic frequency of the filter requires prior

knowledge of the resonant frequency. Currently this is achieved by initially characterising

the resonator to identify its resonant frequency. However, this is an expensive process step to

implement during mass production of a full sensor. To avoid this undesirable step, an algo-

rithm must eventually be implemented in the FPGA controller to automatically characterise a

previously untested resonator.

When the system that has been developed is operating, to detect a change in resonant

frequency the controller monitors the feedback voltage which is used to vary the effective

spring constant of the resonant system. Currently, this voltage is digitised and a shift in res-

onant frequency is calculated using Equation (3.16) to map an observed change in feedback

voltage to a change in resonant frequency. Once again, characterisation of the resonator is ini-

tially required to identify the mechanical resonant frequency and hence solve Equation (3.16).

However, once an algorithm has been developed for automatically characterising the resonant

system, the FPGA controller will be able to perform this calculation.

Another problem with the system that has been implemented is that data from the FPGA

controller is streamed to MATLAB where it is filtered. However, in a low-cost sensor appli-

cation, it will not be possible to use MATLAB to process data. In the future, further filtering

can be performed in the FPGA controller to avoid the requirement for post-processing using

a PC. The control algorithm could then be modified to output a digital word or an analogue

voltage representing the instantaneous percentage change in resonant frequency, or mass, of

the sensor. Alternatively, the percentage change in resonant frequency could be compared to

a predefined threshold and a logic output generated. In this way, the requirement for a user

input or interpretation of the output signal from the system could be eliminated.
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8.2.2 Further applications of Q-control

In this investigation, unexpected characteristics of the prototype test resonator have been ob-

served and explained. The cause of these phenomena has been identified as non-ideal drive

and readout comb capacitances. One of the effects of these non-ideal comb capacitances is the

existence of a relationship between the bias voltages applied to the comb capacitances and the

resulting resonant frequency of the resonators. This relationship is exploitable and the ability

to control the effective spring constant was used in order to simulate an increase in mass of

the structure.

The other key unexpected feature of the behaviour of the prototype resonator is the pres-

ence of a spring-softening Duffing-like non-linearity when the structure is excited with a large

amplitude. Experiments and simulation showed that the presence of a discontinuity in both

the velocity and phase responses could be controlled by varying the vacuum level to control

the natural Q of the resonant system. It is therefore possible, in theory, to use Q-enhancement

to control the presence of this discontinuity in the response of the system. Further, in a system

designed with a mechanical spring-hardening, Q-control could be used in the same way. Con-

sequently, future work will investigate the role of Q-enhanced non-linear resonant systems in

the implementation of integrated low-cost mass sensors.
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Appendix A

Quality factor estimate

Initially the Q due to slide film damping is considered as this is expected to be the dominant

source of damping for a laterally oscillating microstructure [52]. An equation describing the

quality factor of a resonant system in terms of the dissipation of energy is [78],

Q = 2π × Energy in system at start of cycle

Energy lost during cycle
, (A.1)

hence

Q =
2πEs
AdEd

, (A.2)

where Es is the stored energy, Ed is energy lost per unit area per cycle of oscillation and Ad is

the area of the damping plate. An expression for the stored energy is

Es =
1

2
kX2 =

Ẋ2
√
mk

2ω
. (A.3)

When a laterally moving oscillator moves in the vicinity of a stationary plate, the energy lost

per cycle due to slide film damping is given by

Ed =
πẊ2µ0

ωgd
, (A.4)
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where µ0 is the dynamic viscosity and gd is the damping gap. However, when the oscillator

moves near an open surface, Ed is then

Ed =
πẊ2µ0

ωδ
, (A.5)

where δ =
√

2ν0/ω is the distance over which the velocity has decreased to 1
e

of its original

value and ν0 is the kinematic viscosity.

Slide film damping in the vicinity of a stationary plate on the bottom and the sides of the

resonator and also the sides of the comb fingers. Slide film damping near an open surface

occurs on the top of the resonator, hence

Ed−bottom =
πẊ2µ0

ωgd1

, (A.6)

Ed−side =
πẊ2µ0

ωgd2

, (A.7)

Ed−comb =
πẊ2µ0

ωgd3

, (A.8)

Ed−top =
πẊ2µ0

ωδ
. (A.9)

The quality factor due to each of these damping mechanisms is then

Qbottom =

√
mkgd1

µ0Ad−bottom
, (A.10)

Qside =

√
mkgd2

µ0Ad−side
, (A.11)

Qcomb =

√
mkgd3

µ0Ad−comb
, (A.12)

Qtop =

√
mkδ

µ0Ad−top
. (A.13)
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Table A.1: Parameter values to estimate the resonator quality factor due to slide film damping
at atmospheric pressure.

Parameter Value Units

Ad−top,bottom 7× 10−8 m2

Ad−side 2× 10−8 m2

Ad−comb 8× 10−8 m2

gd1 2 µm

gd2 5 µm

gd3 3 µm

µ0 2× 10−5 kgm−1s−1

ν0 1.6× 10−5 kgm−1s−1

m 3.6 µg

k 25.4 Nm−1

The overall quality factor due to slide film damping is then

1

Qslide

=
1

Qbottom

+
1

Qside

+
1

Qcomb

+
1

Qtop

, (A.14)

=
µ0√
mk

(
Ad−bottom

gd1

+
Ad−side
gd2

+
Ad−comb
gd3

+
Ad−top
δ

)
. (A.15)

To evaluate the quality factor due to slide film damping, the relevant parameters are given in

Table A.1, giving Qslide ∼200.

To investigate if squeeze film damping is significant in this design, the quality factor due

to squeeze film damping is considered. The damping constant due to squeeze film damping in

the absence of a substrate is

c =
µ0wt

3
h

g3
d

, (A.16)

wherew is the width of the structure forming the squeeze film damper [53]. When the presence
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of the substrate is taken into account, the damping constant is related to the gap between the

moving structure and the substrate. When the gap is small, the damping level is four times

greater than when there is no substrate present, however for this design (with a finite gap under

the moving structure) the factor is approximated to be three.

There are two significant squeeze film dampers in the design, due to the finger ends and the

opposing comb recesses, and also the small gap between the backs of opposing comb arms.

The expression above models the squeeze film damper between the backs of opposing comb

arms, however care is required when considering the damper due to the end of a comb finger.

When w = th, the cross section is a square and gas escapes from all sides equally [54]. The

damping constant in this case is

c = 0.422
µ0t

4
h

g3
d

. (A.17)

However, in this design for the comb fingersw < th, suggesting that gas preferentially escapes

from the side of the squeeze film damper and not the top, however the gap at the side is also

small (as the damper is formed in a comb recess) restricting this effect and forcing gas out of

the top. Consequently, to model damping due to a comb finger, Equation (A.16) is used with

a compensation factor of 0.5 to take into account the small lateral distance (w < th). Hence

cfingers =
3

2
× nf ×

µ0wfingert
3
h

g3
d4

, (A.18)

cbacks = 3× nb ×
µ0wbackt

3
h

g3
d5

, (A.19)

where nb is the number of opposing comb arms forming squeeze film dampers. The overall

quality factor is then
1

Qsqueeze

=
1

Qfingers

+
1

Qbacks

, (A.20)

hence from Equation (1.3)

1

Qsqueeze

=
1√
mk

(cfingers + cbacks). (A.21)

To evaluate the quality factor, parameters are given in Table A.2, giving Qsqueeze ∼10.
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Table A.2: Parameter values to estimate the resonator quality factor due to squeeze film damp-
ing at atmospheric pressure.

Parameter Value Units

wfinger 5 µm

wback 200 µm

th 20 µm

gd4 5 µm

gd5 5 µm

µ0 2× 10−5 kgm−1s−1

m 3.6 µg

k 25.4 Nm−1
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Appendix B

Frequency spectrum of current

Full analysis of the frequency content of the current delivered from a readout port (when

dC
dx

contains displacement-dependent terms), for a Duffing-like oscillator with first and third

harmonic frequencies in the velocity and displacement,

x = X sin(ωt) +X3 sin(3ωt). (B.1)

The current generated at the readout port is described by Equation (3.21),

i(t) = Vsẋ
(
C ′0 + C ′1x+ C ′3x

3
)
.

Hence

i(t) = Vs (ωX cos(ωt) + 3ωX3 cos(3ωt))× (B.2)

[C ′0 + C ′1(X sin(ωt) +X3 sin(3ωt)) +

C ′3(X3 sin3(ωt) + 3XX2
3 sin(ωt) sin2(3ωt) +

3X2X3 sin2(ωt) sin(3ωt) +X3
3 sin3(3ωt))].

128



Multiplying terms gives

i(t) = VsωC
′
0(X cos(ωt) + 3X3 cos(3ωt)) + (B.3)

VsωC
′
1[X2 sin(ωt) cos(ωt) +XX3 sin(3ωt) cos(ωt) +

3XX3 sin(ωt) cos(3ωt) + 3X2
3 sin(3ωt) cos(3ωt)] +

VsωC
′
3[X4 sin3(ωt) cos(ωt) + 3X2X2

3 sin(ωt) cos(ωt) sin2(3ωt) +

3X3X3 sin2(ωt) cos(ωt) sin(3ωt) +XX3
3 sin3(3ωt) cos(ωt) +

3X3X3 sin3(ωt) cos(3ωt) + 9XX3
3 sin(ωt) sin2(3ωt) cos(3ωt) +

9X2X2
3 sin2(ωt) sin(3ωt) cos(3ωt) + 3X4

3 sin3(3ωt) cos(3ωt)].

Simplifying and collecting terms (≤ 4ω) gives

i(t) = VsωC
′
0X cos(ωt) + (B.4)

VsωC
′
03X3 cos(3ωt) +

Vsω sin(2ωt)

[
(X2 − 2XX3)

C ′1
2

+ (X4 + 3X2X2
3 + 3X3X3 − 3XX3

3 )
C ′3
4

]
+

Vsω sin(4ωt)

[
2XX3C

′
1 + (−X4 − 6X2X2

3 + 6X3X3 + 12XX3
3 )
C ′3
8

]
.
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Appendix C

MATLAB code

Transient simulations were performed using the ode45 solver, which integrates a system of

differential equations y′ = f(t, y). A model file returns a column vector corresponding to

f(t, y). The simulation control file (Q5_cubic_main.m) and the corresponding model file

(Q5_cubic_fucntion.m) are given below.

1 %Simulation of non-linear dC/dx terms for comb driven microresonator

2 %Ross Turnbull, 08/01/10, Oxford University

3 %Q5_cubic_main.m

4

5 function Q5_cubic_main(Avalue)

6 close all;

7

8 %Polynomial describing dC/dx

9 if Avalue==1; %Extracted A value

10 A=16.2e-9;

11 B=10.1e-3;

12 C=-91.2;

13 D=1.91e9;

14 elseif Avalue==0;

15 A=14.7e-9; %Simulated A value

16 B=10.1e-3;

17 C=-91.2;

18 D=1.91e9;

19 end;

20 m=4e-9;

21 f0=16787;

22

23 %Define test conditions for resonator testing

24 Vs=8; %Differential readout voltage

25 R=1e6; %Current to voltage conversion

26 INAGAIN=10; %AD620 gain = 10

27 f=16350:5:16850; %Sweep range (Hz)

28 pressure1=1.3e1;

29 pressure2=1.7e2;

30 Vac1=4; %Drive voltage at pressure 1
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31 Vac2=8;

32 Q1=4.3e3*pressure1ˆ(-0.6); %Q-factor from pressure

33 Q2=4.3e3*pressure2ˆ(-0.6);

34

35 %Set up simulation parameters for ode45 solver

36 tstep=1e-6;

37 fs=1/tstep;

38 tstop=200e-3;

39 TSPAN=0:tstep:tstop;

40 Y0=zeros(4,1);

41 [¬,points]=size(f);

42 pars=[Vs,Vac1,Vac2,Q1,Q2,f0,m,A,B,C,D];

43 SteadyStateV1=zeros(points,1); %Preallocation for speed

44 SteadyStateV2=zeros(points,1);

45 Phase1=zeros(points,1);

46 Phase2=zeros(points,1);

47

48 %For fft phase extraction

49 N=tstop/tstep;

50 f_fft=(0:N)*fs/N; %Frequency bins

51 ind=find(f_fft>f(1),1,'first')-1; %Index of first frequency bin

52

53 %Run simulation loop

54 for i=1:points

55 f_cur=f(i);

56 fprintf('Current frequency simulating is :%d\n',f_cur);

57 [TOUT,YOUT]=ode45('Q5_cubic_function',TSPAN,Y0,[],f_cur,pars);

58 bottom=round(.9*tstop/tstep); %To eliminate transient effects

59 top=round(tstop/tstep);

60 x1=YOUT(:,1);

61 xdot1=YOUT(:,2);

62 x2=YOUT(:,3);

63 xdot2=YOUT(:,4);

64 Vo1a=INAGAIN*R*Vs*xdot1.*(A +B*x1 +C*x1.ˆ2 +D*x1.ˆ3);

65 Vo1b=INAGAIN*R*Vs*-xdot1.*(A -B*x1 +C*x1.ˆ2 -D*x1.ˆ3);

66 Vina1=Vo1a-Vo1b;

67 Vo2a=INAGAIN*R*Vs*xdot2.*(A +B*x2 +C*x2.ˆ2 +D*x2.ˆ3);

68 Vo2b=INAGAIN*R*Vs*-xdot2.*(A -B*x2 +C*x2.ˆ2 -D*x2.ˆ3);

69 Vina2=Vo2a-Vo2b;

70 SteadyStateV1(i,1)=max(abs(Vina1(bottom:top,1)));

71 SteadyStateV2(i,1)=max(abs(Vina2(bottom:top,1)));

72 Phaseprofile1=unwrap(angle(fft(Vina1)))*180/pi;

73 Phaseprofile2=unwrap(angle(fft(Vina2)))*180/pi;

74 Phase1(i,1)=Phaseprofile1(ind+i-1);

75 Phase2(i,1)=Phaseprofile2(ind+i-1);

76 if f_cur==16605 %Effective resonance

77 Vinatrans1=Vo1a;

78 Vinatrans2=Vo2a;

79 end

80 end

81

82 %Save data

83 data_array(:,1)=f;

84 data_array(:,2)=SteadyStateV1;

85 data_array(:,3)=SteadyStateV2;

86 data_array2(:,1)=TOUT;

87 data_array2(:,2)=Vinatrans1;

88 data_array2(:,3)=Vinatrans2;

89 data_array3(:,1)=f;

90 data_array3(:,2)=Phase1;
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91 data_array3(:,3)=Phase2;

92 if Avalue==1;

93 csvwrite('Q5_f_spectrum.csv',data_array);

94 csvwrite('Q5_transient.csv',data_array2);

95 csvwrite('Q5_phase_spectrum.csv',data_array3);

96 elseif Avalue==0;

97 csvwrite('Q5_f_spectrum_SIMA.csv',data_array);

98 csvwrite('Q5_transient_SIMA.csv',data_array2);

99 csvwrite('Q5_phase_spectrum_SIMA.csv',data_array3);

100 end;

1 %Simulation of non-linear dC/dx terms for comb driven microresonator

2 %Ross Turnbull, 08/01/10, Oxford University

3 %Q5_cubic_function.m

4

5 function dy = Q5_cubic_function(t,y,¬,f_cur,pars)

6

7 %Extract parameters

8 Vs=pars(1);

9 Vac1=pars(2);

10 Vac2=pars(3);

11 Q1=pars(4);

12 Q2=pars(5);

13 f0=pars(6);

14 m=pars(7);

15 A=pars(8);

16 B=pars(9);

17 C=pars(10);

18 D=pars(11);

19

20 w0=f0*2*pi;

21

22 %Define driving forces

23 F1=0.5*(Vac1*cos(pi*f_cur*t))ˆ2*(A +B*y(1) +C*y(1)ˆ2 +D*y(1)ˆ3);

24 F2=0.5*(Vac2*cos(pi*f_cur*t))ˆ2*(A +B*y(3) +C*y(3)ˆ2 +D*y(3)ˆ3);

25

26 %Equations of motion (differential readout)

27 dy(1,1)=y(2);

28 dy(2,1)=-w0ˆ2*y(1) -(w0/Q1)*y(2) +F1/m +Vsˆ2*(B*y(1) +D*y(1)ˆ3)/m;

29 dy(3,1)=y(4);

30 dy(4,1)=-w0ˆ2*y(3) -(w0/Q2)*y(4) +F2/m +Vsˆ2*(B*y(3) +D*y(3)ˆ3)/m;
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