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Abstract—This paper uses physical arguments to derive vari-
ational integration schemes for dissipative mechanical systems.
These integration algorithms find utility in the solution of the
equations of motion and optimal control problems for these
systems. Engineers usually represent dissipation effects using phe-
nomenological devices such as ‘dampers’. In the work presented
here we replace these dampers with a lossless transmission-
line in order that the equations of motion are derivable from
a variational principle. The associated system Lagrangian can
then be discretized and used to develop low-order variational
integration schemes that inherit the advantageous features of
their conservative counterparts. The properties of a lossless
spring-inerter based transmission system are analyzed in detail,
with the resulting variational integration schemes shown to have
excellent numerical properties. The paper concludes with the
analysis of a dissipative variant of the classical Kepler central
force problem.

I. INTRODUCTION

Umerical methods for solving optimal control problems
Nrely on discretizing the underlying (continuous-time)
dynamical system equations. This (transcription) process trans-
forms the problem into a nonlinear programming problem
(NLP) (see e.g. [1]). While this procedure is well established
in general terms, there are still difficulties that limit the scope
and utility of this approach in the case of (electro-)mechanical
systems: (i) mechanical modelling and optimal control are
based on closely related variational principles, yet this com-
mon heritage is not exploited by most standard solution pro-
cesses; (ii) general purpose numerical integration algorithms
can destroy the geometric structure of the underlying system
model. In the context of conservative systems inappropriate
integration schemes may produce numerical dissipation/energy
injection, and can destroy other conserved quantities such as
the system’s linear and/or angular momentum [2]-[4]. (iii)
Since the special structure of (electro-)mechanical models
is not exploited in the standard approach, the number of
decision variables is needlessly doubled. This follows from
the unnecessary retention of the generalized velocities in the
system’s state vector. In discrete mechanical models (models
based on a discrete Euler-Lagrange equation) the generalized
velocities are expressible in terms of time differences in the
generalized positions and thus can be eliminated from the
problem. Some of these ideas have been developed in the
context of astrodynamics and dynamical astronomy, and have
been applied to the determination of the motion of objects in
space [5], [6].
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Variational integrators for conservative systems are derived
by discretizing the Hamiltonian/Lagrangian prior to deriving
(discrete) Euler-Lagrange equations [7]. To see how this pro-
cess works, consider the simple approximation of a Lagrangian
action on the time interval [0,7] using a forward difference
operator to approximate the velocity ¢, and a left-end point
for the position so that
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with g = q(kh), and qx1 ~ q((k-+1)h) and time step h with
Nh = T. Taking discrete variations, using discrete summation
by parts, yields the discrete Euler-Lagrange equations

D1 La(qr, qr+1.h) + D2Li(qr-1,qx,h) =0,
for k£ = 1,...,N—1, Q)

/0 Cq(t). d(t)) di

Q

where D; denotes the partial derivative with respect to the
i-th argument. The solution of (1) constitutes a discrete flow
map of the variational integrator—the approximation given in
(1) results in a variational Euler integration scheme. This pro-
cess yields directly unified numerical schemes with powerful
structure-preserving properties. These variational! integrators
satisfy a variational principle [7], [8], and the geometric char-
acteristics of the underlying continuous system are inherited
by the discrete approximation. Variational integrators have
been shown to have excellent long-term energy preserving
properties, which stems from the fact that the (discrete) flows
correspond to the exact flows of a neighbouring discrete
Lagrangian ( [9]).

One way to incorporate a non-conservative force term F'
in the Lagrangian formulation is based on the Lagrange-
d’Alembert principle (e.g. [10], [11]). Instead of considering
the stationarity of the action, the variation of the action is set
equal to the work [ F'-d¢ dt done by the external forces when
the system undergoes an arbitrary virtual displacement. This
results in”

di (04L) — 0L = F,

which is no longer based on a variational principle. In some
contexts it may be useful to set F' = d;(q, ¢), where ¢(q, §)
is a dissipation potential [11]. The forced discrete Euler-

'In the case of conservative systems any variational integrator is also
symplectic, because it preserves the system’s symplectic geometry.

2The nt? full and partial derivatives with respect to the subscripted
argument argument are given by d™ and O™ respectively. We will use ¢ and
¢ to represent first- and second-order derivatives with respect to time.



Lagrange equations are given by

D1 La(qr, qr+1,h) + DaLa(qr—1,qx, h) +
Ff(ar-1,a1) + Fy (qe,qr1) = 0

for k=1,..., N-—-1

If we choose the approximation F (qi,qr+1) = O and
Ff(qk:qoy1) = hF(qy, 25-2) for a dissipative force
F = —I'q, the dissipation is approximated by the backward
difference operator. Variational integrators for dissipative sys-
tems, which are based on the Lagrange-d’ Alembert principle,
have been described in [8], [11]-[14]. The resulting integrators
show excellent energy decay rate tracking properties in specific
examples, but there are no general proven results explaining
this phenomenon.

Extensions to constrained ( [15]-[18]), non smooth ( [19]),
stochastic ( [20]), multi-rate and multi-scale ( [21]-[23]),
Lagrangian PDE systems ( [24]-[26]), electric circuits ( [27])
and optimal control problems ( [13], [28]) show consistently
superior qualitative behaviour when compared to classical
methods.

The challenge of synthesizing variational integrators for
dissipative systems has a fascinating counterpart in physics:
‘how does one describe irreversible (dissipative) behaviours
using Hamiltons principle?’, which is a question of central
importance in quantum mechanics [29]. In accepted theories of
dissipation, damping is a collective phenomenon involving the
interaction of a master particle with a background constellation
of secondary particles known collectively as a heat bath.
The dissipation of energy to the heat bath causes damping.
At the same time, the master particle receives energy from
fluctuations in the heat bath—this is the subject of fluctuation
dissipation theory [30]. The excellent report [29] provides a
comprehensive review of dissipation phenomena in Lagrangian
and Hamiltonian mechanics.

For conservative systems variational methods are equivalent
to Newton’s laws. However, while Newton’s equations accom-
modate non-conservative forces, variational techniques have
no way to dealing with them straightforwardly. In quantum
mechanics there have been a number of attempts to describe
dissipation mechanisms within variational frameworks [29].
The importance of variational methods can be summed up as
follows [31]: ‘...most physicists would be not only willing
to accept as axiomatic the existence of a variational principle,
but would be loath to accept any dynamic equations that were
not derivable from such a principle ...’

Section II outlines a number of approaches to the modelling
of dissipation mechanisms using variational principles. While
this material is of great interest, and may well act as the basis
for other approaches to the design of variational integrators, it
need not be studied in detail in the first instance. Section III
examines the use of a transmission-line-based heat bath as
part of a closed conservative system that enables variational
integration schemes to be derived. We will use a (lossless)
transmission line that is made up of springs and inerters [32];
in special cases the inerters can be replaced with masses.
Section IIT develops the describing equations of a closed dual-
oscillator—transmission-line system and shows that it is equiva-

lent to an open system that includes a linear phenomenological
damper for an arbitrarily long time interval. Importantly, all
the relevant equations are derivable from variational principles.
Section IV shows that the results in Section III can be extended
to the discrete-time case. These discrete-time results can be
used to derive discrete-time variational integration schemes
for the open dual-oscillator system. These results are used to
solve a dissipative central force problem in Section V, where
a variational integration scheme is developed for a dissipative
variant of the Kepler problem. The superior performance of
the variational integration scheme, as compared with non-
variational counterparts, is thus demonstrated. The conclusions
appear in Section VL.

II. CANDIDATE APPROACHES

Variational principles are ubiquitous in theoretical physics.
Our purpose here is to review a number of possible approaches
to the use of variational methods for modelling dissipative
systems.

An example of an electric circuit law being determined by
a variational principle is due to Kirchhoff [33]; this law was
apparently also known to Maxwell (see paragraph 284, pp 337,
[34]). Consider a region of space V' with conductivity o(r) at
location r. Suppose that the electric field in V' is given by
E(r) = —V¢(r), where ¢(r) is the electric field potential.
The power dissipated in V' is given by

P = / a(Ve)2dV. (2)
%
If the potential is known and fixed on the boundary of V'
oP =0 = oV - (Vo) =0; 3)

which requires that there is no charge accumulation in V.
Equation (3) is the Euler-Lagrange equation associated with
the action (2), and is a field-theoretic statement of Kirchhoff’s
current law. If Kirchhoff’s current law holds, the current dis-
tributes itself in a way that minimizes the total heat dissipation
in V (for any given potential distribution on the boundary).

Cherry [35] considers the case of circuits containing non-
linear resistors, nonlinear inductors and nonlinear capacitors.
One can associate the circuit energy U with the capacitors, the
circuit co-energy T with the inductors and the circuit content
G with the circuit resistors’. If the circuit mesh currents are
given by ¢i, G2, - ,qn, and the circuit Lagrangian is given
by £L=T(q) — U(q), then

di (04,£) = 0y, L= -05,G  1=1,2.n @

gives the equations for the mesh currents. The dissipative
potential term 0y G means that (4) are not Euler-Lagrange
equations of the type associated with a variational principle.
The resistive term is reminiscent of a Rayleigh dissipation term
of the type used to describe damping forces proportional to
velocity; see [36] pages 24-24, and [11].

3Co—energy and content are defined in [35].



Another attempt to describe dissipation in a variational
framework is the Kanai-Caldirola (KC) oscillator [37], [38].
In this case the Lagrangian takes the form

el 2,2
L=—(2°— . 5
5 (i~ whe?) 0

It follows from Lagrange’s equation that
di(0:L) — 0, L = €' (i + Td 4+ w?z) = 0. (6)
In one interpretation of (6), the mass is thought of as time-
varying, and the conjugate momentum p = e'’i makes

physical sense as the momentum of an accreting mass—in
this interpretation no dissipation takes place [39]. In another
interpretation, the e''* term is simply ‘ignored’, and (5) is the
Lagrangian of a dissipative system. In this interpretation the
conjugate momentum and Hamiltonian are difficult to interpret
physically.

In yet another attempt to find a variational description
of dissipation, Bateman, Morse, Feshbach, and Tikochinsky
(BMFT) [40]-[42] developed an oscillator described by the
Lagrangian

T
L=iy+ 5wy —yi) - wzy. (7

It follows from Langrange’s equations that
di (0yL) — OyL =& + T3 + w?z =0,

and
di (0:L£) — 0.L = §j — T + w?y = 0.

The first equation describes the motion of a damped mass,
while the second describes the motion of an anti-damped mass.
In this case the conjugate momenta are given by p, = y — %
and p, = @+ %, which again, have no clear physical meaning.

It is argued in [43] that the KC oscillator described by (5)
and the BMFT oscillator described by (7) are equivalent, lead
to the same Euler-Lagrange equations, and describe the same
physical system. To see this we begin with (7) and exploit the

fact that the Euler-Lagrange equations resulting from*
r
Lo=L—dif =ij+ 5 (g —yd) —w’zy — d.f,

in which r
f= o (xQGFt + yze*“)

are the same as those resulting from (5).

Another approach to the variational theory of dissipation
is to modify Hamilton’s principle itself rather than ‘invent’
novel Lagrangians. One such re-formulation is given in [44],
where the ‘doubling of the state dimension’ theme recurs.
The classical Lagrangian L£(q,q), is replaced by L£(q1,41),
L(q2,42), and a generalized potential K(q1,q2,q1,¢2) that
plays the key role in producing nonconservative forces. The

4Suppose Lo = £ — dq f, then

Soz/ﬁodt=/£—f3+fA-

The additional terms are fixed and have no influence on the equations of
motion.

associated action is

ty t;
Sa =/ (£(Q17q'1)+K(Q17QQ,Q1,Q2))dt+/ L(q2, ¢2)dt;
ty

t;

(3)
in which the generalized potential is given by
K(q1,q2,d1,42) = 3F(q2,d2) (1 — q2) — 2 F(q1,61) (g2 — @)
[45]. The boundary conditions associated with (8) are: (1)
q1(t;) and go(t;) are fixed, (2) q1(ts,€) = ga(ty,€) and (3)
G1(tr,€) = ga(ty,€) for all variations e. Conditions (2) and
(3) do not fix the final state as in the classical boundary-value
problem formulation, they simply demand that they are equal.
The forward- and reverse-time line integrals and the boundary
conditions associated with the action (8) are illustrated in
Figure 1. As demonstrated in [44], stationarity of the action
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Fig. 1: Re-formulation of Hamilton’s principle. The solid lines
denote the stationary path, while the dotted lines denote virtual
displacements. The arrows indicate the integration direction
for the line integrals in the action.

results in a pair of Euler-Lagrange equations

d (0L oL d (0L oL
ﬁQJ‘%—O ﬁ@ﬁ‘%—Q@

Once equations (9) have been evaluated, the equations of
motion are recovered by taking the physical limit ¢ — q1 = q
and g = 1 = ¢

It is shown in [46] that the equations of motion of linear
dissipative system with constant coefficients cannot be derived
using a variational principle. While this appears initially to be
a discouraging message, Bauer left the door open for systems
containing time-varying masses, embedding the system in vari-
ous types of heat bath, and the use of non-integer calculus. Ap-
proaches based on fractional calculus stem from the following
simple observation [47], [48]: if the Lagrangian/Hamiltonian
contains a term proportional to (d?*)2, then the Euler-Lagrange
equation will have a corresponding term proportional to d?".
Therefore a damping force of the form 'z should follow from
a Lagrangian containing a term proportional to the fractional
derivative (di / 2)2. Riewe derived a Euler-Lagrange equation
for functionals dependent on left and right Riemann-Liouville
derivatives D% and D¢ for a > 0. If one considers a

SThis is the limiting process that produces the ‘correct physics’ and causes
the equations in (9) to collapse into the nonconservative equations of motion
[44].



Lagrangian of the form

ey lp (D”2 )2 ~U(2),

E(:'c,x+,x) 2 2

Riewe obtained
#+TD/*D s+ 0,U = 0.

However
D/?DY/? £ 4,

and so Riewe’s derivation of a variational principle for the
linear damping problem required repair [49]. In a corrected
treatment of the problem a doubling of the state-space dimen-
sion again results, and an anti-stable mirror system is again
required:

F+Ti4+w?z = 0
j—Ty+w?y = 0.

As before, the fractional derivative treatment in [49], [50]
introduces an anti-stable oscillator, which is the situation we
found earlier for the BMFK and CK oscillators.

The quantum mechanics literature’s point of closest ap-
proach to the work presented in this paper is the Caldeira-
Leggett system-plus-reservoir model used to study Brownian
motion [51]-[53].

A. Caldeira-Leggett model

Quantum mechanics analysis is usually conducted within a
Hamiltonian framework, where the total energy of the system
is a conserved quantity. It is not possible to describe dissipative
systems this way. To overcome this difficulty the system under
study is embedded in a heat bath, so that the combination of
system and heat bath is conservative. To ensure an irreversible
flow of energy (i.e., avoid Poincaré recurrences), the bath
requires (ideally) an infinite number of degrees of freedom.

1) Closed system Lagrangian: The closed system com-
prises a one-degree-of-freedom oscillator (the system S), a
heat bath (B) described by a set of n harmonic oscillators,
and bilinear coupling dynamics (SB). The Lagrangian for the
full system is given by

L LB l:SB

S
Qo 2+Z(mz? zz)_’_zz (2g; — q) .

The system Lagrangian is Lg, the heat bath Lagrangian is Lp,
and the coupling Lagrangian is Lgp.

-2
E‘L

2) Heat bath elimination: Solving Lagrange’s equations

gives
i+ q+Zkzq = Y kg (10)
i=1
Qi+wiQi = qu i:17"'an7 (11)

where w? = k;/m;. Supposing that ¢(t) is a given function,
equations (11) can be solved as

¢:(0)

+/o ds w; sin(w; (t — s))q(s),

where ¢;(0) and ¢;(0) are initial conditions. Substituting (12)
into (10) and integrating by parts gives

q:(0) cos(w;t) +

q:(t) = sin(w;t)

12)

“QO‘”/ o (Zk cos(uwi(t - s))) i(s) = F(#), (13)
i=1

where

F(t) = Z ki ((%‘(0) — k;q(0)) cos(w;t) + qiﬁ?) sin(wit)) :

which represents a zero-mean random force that depends on
the initial conditions of the system and bath. The third term
on the left-hand side of (13) is a damping term. In the limit
lim, o, if k; = 2" and the w; are ‘evenly spaced’,

Z ki cos(w;(t — s)) = 2T6(t — s),

i=1
and constant linear (Ohmic) damping is achieved [54]. Since
the integral in (13) ends at s = ¢, the delta function only
counts half, and we obtain

q+Fq+QOq— (14)

Equation (14) is the Langevin equation [30], [52], and de-
scribes a noise-driven system with damping—although the
(closed) system is conservative. In problems of this type high-
order closed conservative descriptions can be replaced by low-
order models with linear ‘phenomenological’ dissipation. This
behaviour follows from the fact that energy is extracted from
the primary oscillator and transferred to the heat bath. In what
follows we will use a transmission line as a heat bath, and
we prevent Poincaré recurrences by ensuring that the line is
appropriately initialised, and sufficiently long.

III. INERTER-BASED HEAT BATH

In this section we will study the embedding of damped
oscillator systems of the type shown in Figure?2 in a closed
system that includes a transmission-line-based heat bath. The
aim is to avoid phenomenological descriptions of damping
forces such as

F = Do(Qo — do), or

where Dy is a damping constant. This type of dissipative force
precludes the use of variational modelling techniques, and thus
the development of variational integration schemes. In the case
of Figure 2 (a), one could use a mass-spring based transmission
line [55], [56]. However, this would not work in the case of
Figure 2 (b), since one of the transmission line’s terminals is
not ‘grounded’ in an inertial reference frame. For that reason
we will introduce a lossless and massless transmission line
comprising springs and inerters [32], which can be used to
deal with either of the cases illustrated in Figure 2.

F = Doqo,
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Fig. 2: (a) Damped single oscillator, and (b) damped dual
oscillator systems. H (t) denoting the energy back-flow to the
system from the heat bath.

The inerter-based transmission line that we will study is
illustrated in Figure 3. The springs are assumed linear, while

My

Fig. 3: Transmission line comprising springs and inerters.

the inerters produce forces that are proportional to the relative
accelerations between the terminals F; = b({; —Qo); b denotes
the inertance. The kinetic energy stored in each inerter is given
by %(qZ —(Qo)2. The Lagrangian for oscillator-heat-bath system
is

L = m°3+—Qo+Z Qo — 2~ 03
- §<qn - Qo)* —ig@ — 1) (15)
i=1

with corresponding equations of motion
modo +kogo = k(g1 — qo) (16)
MoQo + KoQo = — Qo) +bz — Qo) (17)
b(di — C?o) = k(gi+1 —2¢ + Qi—l)a (18)
b(Gn — Qo) = k(Qo — 2qn + qn-1), 19)

where ¢ = 1,...,n — 1. Substituting (18) and (19) into (17)

gives
. n71 ..
MyQo + KoQo=bY (i — Qo) — k(gn — gn-1)
i=1
n—1
= Z k(qit1 —2¢i + qi—1) — k(gn — ¢n-1)
i=1
= k(g —q1)- (20)

There are a number of observations one can make about these
equations:

(a) The system’s initial conditions are go(0), ¢1(0), ---,
¢n(0) and Qo(0), and ¢o(0), ¢1(0), - - -, G, (0) and Qo (0);

(b) If the oscillators and transmission line are separated,
the transmission line (18)—(19) is described by the
intital conditions ¢1(0), ---, ¢n(0), and ¢1(0),
-+, ¢n(0), and Neuman-type boundary conditions

given by the forcing term k(q1 — ¢go). Once
k(g1 — qo) is specified so is k(g, — Qo). since
k(gn — Qo) k(go — 1) — b>271 (G — Qo). The
oscillators’ initial conditions are ¢o(0), Qo(0), ¢o(0),

and QO(O); see (16) and (17).
(c) The forcing term k(g1 — qo) act as an interface between
the oscillators and transmission line, and will be used as
a basis for ‘eliminating the line’.

If the number of lattice points n goes to infinity, while keep-
ing the length of the transmission line finite at L = (n+1)Ax,
(15) becomes

mo 0 My ., Ko
L = - (9:q(0,1)* = 1q(0,)* + 7@3 - 7@3

[ (ot - o) s

L
_ g/o (6‘70q(30,t))2dac7

in which ¢(z,t) is the transmission line displacement, p =
b/Ax is the inertance density of the line, and K = kAz—K
is properly defined in the limit, while ¥ = K/(Ax) is not.
Assuming a suitably differentiable ¢(x,t), we can derive the
Euler-Lagrange equations directly using Hamilton’s principle

2n

T
55:5/ Ldt =0, 22)
0

where L is the Lagrangian given in (21). Standard variational
arguments and integration by parts in space and time using

dq(x,0) = 0q(z,T) = 0,0Q0(0) = dQo(T) = 0 (fixed
boundaries in time), and q(L,t) = Qo(t) gives

mo0;q(0,1) + koq(0,) = K0,q(0,%) (23)

MoGo(t) + KoQot) = /OLp(afqu,t)—Qo( 1)) da

— K0,q(L,t) (24)

p(9Ra(e.t) = Qo)) = Ko2q(w,1). (25)



Substituting equations (25) into (24) gives

MoQo(t) + KoQo(t) =

L
/ K@iq(x, t)dr — K0,q(L,t)
0
(26)

Equations (23), (25) and (26) are the spatially-distributed
versions of (16), (18) and (20), respectively. The boundary
forcing terms become +K0,¢(0,1).

Remark III.1. When making detailed comparisons between
Figure 2 (b) and Figure 3, one has to ensure that total energy
associated with Figure 3 is the same as that in Figure 2 (b). For
initial conditions qo(0), Qo(0), Go(0), and Qo(0), one must

1) Set qo(0) = ¢:1(0) = = ¢,(0) = Qo(0) = 0,
and introduce strain energies %Oqg and %Qg into
the oscillator springs with stiffnesses ko and Kq. This
ensures that the oscillator strain energies are the same
for both systems—there is no initial strain energy in
the transmission line. In the distributed system case one
would use the initial condition q(x,0) =0 z € [0, L];

2) The oscillator mass locations are computed using the
offsets qo(t) := qo(t) + qo(0), and Qo(t) = Qo(t) +
Qo(0); _

3) Set ¢1(0) = -+ = ¢,(0) = Qo(0), which ensures
that the initial kinetic energies in both systems are
the same, and that there is no initial kinetic energy
stored in the transmission line. In the distributed system
case one would use the boundary condition 0;q(x,0) =
Qo(0) z € (0, L).

Conditions 1) and 2) encode initial conditions qo(0) and
Qo(0) as applied to mo and My respectively, whereas con-
dition 3) encodes the initial conditions Go(0) and Qo(0) as
applied to my and My respectively.

The following example illustrates the way in which the
transmission line temporarily absorbs and stores energy,
thereby producing the effects associated with linear damping.
Since the oscillator-transmission system is conservative, this
energy must eventually be returned and consequently the linear
damping effect is only temporary; this is a manifestation of
the Poincaré recurrence theorem. The time over which the
line produces the effects of linear damping depends on the
line’s length and its wave propagation velocity. The underlying
theory will be presented after the following example.

Example I11.1. Figure 4 shows a numerical comparison of the
influence of the phenomenological damper Dq Figure 2 (b) and
a spatially discretized transmission line of the type shown in
Figure 3. As the theory will predict, the responses are pair-
wise identical save for integration errors.

Figure 5 shows the propagation of the energy-transporting
displacement wave. The wave is seen to ‘bounce off’ the far
end of the transmission line at x = L, and then propagate
backwards towards x = 0. The effects of linear damping will
cease once the reflected wave arrives at x = 0. In this case,
Ax =1, the length of the line is L = 500 and the propagation
velocity is v = 12.65. The effects of linear damping will
therefore persist for times t < 2L/v = T79.0 (see Appendix A).
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Fig. 4: Responses Qo(t) (top) and ¢o(t) (bottom) of the dual-
oscillator system with go(0) = 150, ¢o(0) = 0, Qo(0) = 0,
and Qo(0) = 50. The closed system is shown dot-dashed,
while the four-state reduced-order system is shown solid. Data:
k = 1600, n = 500, b = 10, Dy = 126.49, My = 200,
mo = 500, Ko = 1500 and ko = 1000.

Fig. 5: Displacement wave for an inerter-based transmission
line with data: £ = 1600, n = 500, b = 10, Dy = 126.49,
v = 12.65.

The following theorem summarizes the properties of the
system illustrated in Figure 3 in the spatially-distributed case,
when the initial conditions are configured in the way described
in Remark ITI.1.

Theorem II1.1. The spatially-distributed version of the trans-
mission line system in Figure 3 has the following properties:

(a) The displacement wave propagation velocity is v =
K/p;

(b) The line’s characteristic damping factor is given by
Dy = VKp;

(¢c) The system in Figure 2 (b) is described by the same set
of differential equations as the system in Figure 3 prior
to the arrival of the inward travelling wave at time t, =
2L/v;



(d) Ifzo = [Qo(0) Qu(0) q(0) G(0)]7, the energy transferred
to the line up to time t is given by xl W (t)xo, where
W (t) is the solution of the Lyapunov equation

ATW (t) + W(t)A+ CTDoC =W (t) W(0)=0.
(27
The A and C matrices are given by
0 1 0 0 o 17
S a0 -1
A=1% 0 o 1 |¢=]0
0 Do —ka =Dg 1
0 0 0 (28)
(e) The energy stored in the oscillator system is given by
Eose(t) = 2§ W (t)z0, (29)
where W(t) solves the Lyapunov equation
ATW (1) + W(t)A = W (t) W) =W, (30)
and where W > 0° is the solution of
ATW + WA+ CTDyC = 0. 31)

®

The closed-system stored energy is a symmetry of the
system in Figure 2 (b) and is given by xfWxy.

Proof. The wave equation (25) has a solution of the form
q(z,t) = q(z — vt) + g—(z +vt) + Qo(t),  (32)

in which ¢ (z — vt) represents an outward-bound wave, and
g—(xz + vt) and inward-bound wave. It follows by direct
calculation that

02q(x,t) = UQQQI_(Z‘ —vt) +v2¢" (x4 vt) + Qo ()
D2q(x,t) = ¢y (x —vt) + ¢" (z + vt),

where the prime represents the derivative with respect to 7 =
x £ vt. Substitution into the wave equation (25) gives v =

v/ K/p, which proves (a).
Clearly

92q(2,t) = ¢, (x — vt) + ¢'(x + vt)
and
dq(z,t) = vg’_(z +vt) — vg, (z — vt) + Qo ().
This gives the damping force
K0,9(0,t) = — (24-(0t) + Qo(t) ~ do(1))

where

(33)

do(t) = 9¢q(0, ).

The reflected wave forcing term H(t) = 2K£4_(vt), as shown
in Figure2, gives rise to energy that is transferred from the
transmission line back to the oscillator, which is henceforth
neglected. If we substitute (33) into (23) and (26), and neglect
the inward bound wave, we obtain

madio(t) + koqo(t) = K0,q(0,) = Do (Qo(t) = do(t)) -
(34)

SNote that (C, A) observable and Re(\;(A)) < 0.

In the same way
MoGo(t)+KoQo(t) = ~K0,a(0,t) = ~Do (Qo(t) — dof

( )
This Completes the pI'OOf of parts (b) and (C)

Multiplying (25) by (9:q(z,t) — d:(Qp)), and integrating
over the length of the line, gives:

L
/0 0 (B2q(,t) — d2(Qo)) (Bua(, 1) — da(Qo))da:

L
_ /O K02q(x, 1) (Duq(w. 1) — dy(Qo))dx,

which is the same as
L
0 [ @ua(e.t) ~ Qo) ds
0

L
_ /0 K2q(x,t)(eq(z, ) — de(Qo))da.

Integrating the right-hand side by parts gives

L
0 [ G0t~ di(Qu)ida
K Ouq(2,1)(ug(x, 1) — de(Qo))§
L
- gat‘/o (aIQ(xvt))2 dx’

which becomes

o 14 2, K
o [ (§@atot) - Qo) + 5
—K azq(x,t)(atq(l’yt) - dt(QO))lmZO

<awq<x,t>>2) dx

K )
= *?(Qo —Qo)?
= Do(do — Qo)

by (33) and ¢(L,t) = Qo(t). This gives

/OL (g (Dvg(,t) — de( Qo)) + % (amq@,t))z) i

t
:/ DO(qD — Qo)QdT. (36)
0

The left-hand side of (36) is the energy stored in the transmis-
sion line at time ¢. Since the transmission line’s stored energy
is initially zero, this is the same as the energy transferred from
the oscillators to the transmission line up to the same time.
Thus, the energy absorbed by the transmission line is equal to
the energy dissipated in damper Dy (which is the right-hand
side term in (36)). The equations of motion for the system in
Figure 2 (b) are © = Az and

do(t) — Qo = Ce'ay,
where A and C are given in (28), with
Ty = [ Qo(0) QO(O) ¢0(0) 4o (0)

This means that the power dissipated in the damper is given
by

]T

o ad T
P(t) = Do(do — Qo)* = xl e tCT DyCe?M g,



with the corresponding energy dissipated (transferred to the
transmission line) up to time ¢ is given by

B) = [ Daldo — Quir

t
T
a:OT/ e TCTDyCedr g
0

=zt W(t)z, (37)

where W (t) is a solution to the Lyapunov differential equation
(see page 61 [57])

ATW () +W (t)A+CTDyC = W (1) W(0) =0. (38)

This completes the proof of part (d).
Since Do > 0, W = lim;_, oo W(t) > W(t) is the solution
of

ATW + WA+ CTDyC =0, (39)

and all the energy stored in the oscillators will be transferred
to the line as ¢t — oco. The energy in the oscillators is given
by the total closed-system energy less the energy transferred
to the line. Thus E,s. = x((W — W (t))xzo. Subtracting (38)
from (39) gives (30), where W (t) = W — W (t). This proves
part (e).

The closed-system stored energy

TRQA0 + ) + D) + )

2 2
L K
+ /0 (2 (atq(x7t) — dt(Qo))z + 5 (8zq(377t)>2> dx

=z W (t)zo

E =

(40)

is a conserved quantity for the system in Figure3. The first
four terms represent the energy stored in the oscillators at time
t, while the last term represents the energy transferred to the
transmission line up to time ¢. By (c) it follows that E is also
a symmetry for the system in Figure 2 (b).

It is easy to check that

Ko Mo ko mo
27 2727 2 )°

The total energy transferred to the transmission line is thus
ko
QQ( )+ 5 2(0)4'79 (0),

which is the initial energy. ThlS completed the proof of part
(®. O

W = dla(

mo .o

K
Fo = al Wz = 70622( )+

As a special case of the transmission line considered in
Theorem III.1, one of the terminal masses can be held sta-
tionary, that is e.g. Q(t) = 0, in which case the closed system
shown in Figure 3 will be equivalent to the open system shown
in Figure 2(a). Furthermore, in this case, all the inerters can
be replaced with masses. The properties of this system are
summarized in the following remark.

Remark II1.2. The oscillator in Figure 2 (a) can be modelled
using variational techniques and a transmission line com-

prised of distributed springs and masses. The spring-mass
transmission line system has the following properties:

(a) The displacement wave propagation velocity is v =
/K /p, where p is the mass density of the line;

The line’s characteristic damping factor is given by
DO = W,‘

The system in Figure 2 (a), with a spring-mass transmis-
sion line, is described by the same set of differential
equations as the system in Figure 3 prior to the arrival
of inbound travelling waves;

If 2o = [q(0) §(0)]T, the energy transferred to the line
up to time t is given by xl W (t)xo, where W (t) is the
solution of (27), where the A and C matrices are given
by

A_|: (1:0 1DO:| C:
M M

(b)
(©)

(d)

[0 1].
(e) The energy stored in the oscillator system is given by
Eose(t) = al W (t)zo, where W (t) is described by the
Lyapunov equation (30), where W is the solution of
(31).

The closed-system energy E
symmetrry.

= i W, is a system

(®

IV. DISCRETE FORMULATION AND VARIATIONAL
INTEGRATOR

In order to illustrates the main ideas, we will make use
of a simple discretization of the Lagrangian (15) on the time
interval ¢ € [t/,¢771]; where j = 0,..., N — 1 is the discrete
time index. We will use a forward dlfference approximation for
the time derivative ¢(t) ~ g —L, where h = t/t1 — 7. We
will also make use of a left-end—point approximation of ¢(t);
that is ¢/ ~ ¢(#’). For the closed system this discretization
scheme results in

. 2
J 1t p) = u
La(¢’ ¢ h) = h[ 5 < 3 )

QJJFI QJ ko 9 Ky -
t g ( n j(qé) - 7(@%)
n b qz-‘rl _qg‘ Q]+1 QJ
+ ; 5 ( — - -
ke~ ) ko 4
-3 ;(qf —q )% - 5(% - Q%)Q}. 41)

The integration time is 7 = Nh and ¢/ = (qé, @l Q{))
It should be emphasized that this is one particular choice of a
first-order variational integrator, and other schemes, including
higher-order approximations, can be employed in the same
way [58], [59].

The discrete Hamilton principle results in the discrete Euler-
Lagrange equations

DiLa(q’, ¢ k) 4+ DaLa(g’ ', ¢’ h) =0,



which are
J+1 J J—1
Q% —295+4q j R
mo = + koqy = k(gi — q0); (42)
Q200+ Q! i _ o
My=0 O + KoQp = k(g — Q)

h2

L ) L . , .
+ZE(QZ+1 —2¢) +q/ 7t = (QT =200 + Q) 1)): (43)

i=1
h%(qf“ —2¢) +¢/ 7 = QT —2Q0+ Q7))
:k(qf+lf2q5+q§_1) i=1,---,n—1, (44
%(qi;“ —2qh +ai = Q)T 20+ QF7)
= k(Q) — 24}, + q,_) (45)

for j = 1,..., N — 1. Substituting (44) and (45) into (43)
gives

Qj-‘rl o ZQj + Qj—l ) . .
Mo~ h20 — + KoQ) = —k(q] — @)

Equations (42), (46), (44) and (45) are respectively time-
discrete approximations of (16), (20), (18) and (19).

(46)

Theorem IV.1. The discrete transmission line system in Fig-
ure 3 has the following properties:

(a) The displacement wave propagation velocity of the
space-time discretized wave equation (44)—(45) is v =
VE/p;

The damping force is approximated by a backward
difference operator with the damping factor given by
Do = VKp;

(¢) Prior to the arrival of the inward travelling wave, the
variationally discretized system in Figure 2 (B) is equiv-
alent to the variationally discretized system in Figure 3;
If o = [Qo(0) Qu(0) ¢(0) 4(0)]”, the discrete energy
transferred to the line up to time j is given by E4 =
I Wa(5)z0, where W4(j) is given by

(b)

(d)

Wali) = CF DOt ATWali—1) Au

47
The discrete-time state-space matrices and state vector
are given by

g watpor o oo
Ay = 0 0 0
0 0 1 h )
0 Dgh _koh _ (kgh+Do)h
Ty o o
C, = [ 0 —h 0 h } . (48)
with
4 o o
a] = [ Q) Y% g wn % } N CE)
If (Cy4, Ay) is observable, and Wy > 0 solves
_ ~1Do T
Wy = Cd TC’d -+ Ad WdAd, (50)

then |\;(Aq)| < 1, and lim;_,oc Wy(j) = Wa.
(e) The discrete energy stored in the oscillator system is

Eose(§) = 2 Wa(j)zo, (51)

W,4(0) = 0.

where

Wa(j+1) = AT Wa(j)Aq Wa(0) = Wa. (52)

Proof. We again make use of the D’ Alembert solution for the
discretized wave equation (44), which is

qz = q_(xi + Utj) + C]+($i - Utj) + Q{)

for ¢=1,...n, j=0,...,N,

with qfl 1= Qé. This solution is based on a time-space mesh
that satisfies” v = %. This means that

I (@i + vtj41) + g4 (@i — vtjga) + Q&

q; = q-

7' = go(mitvtio) Fan(z—vtio) + Q)1
and

@ = (Tig1 +vt5) + gy (w1 — vtj) + QP

q,
a1 = q-(zio1+vt) +aq(zio1 — vty) + Q).

Substituting z;—1 = x; — vh and z;11 = x; + vh into (44),

with b = pAx and k = Aﬁx, we obtain
Az K

V= —— = —

h p’

which is the displacement wave propagation velocity for the
space—time discretized wave equation (44).

Since the boundary condition ¢}, , = @ gives ¢q_(L +
vt;) = —qy(L — ovt;) for 5 = 1,...,N, and since
q—(xn + vtj41) = q—(Tpy1 + vt;) = ¢ (L + vt;) and
g+ (xn—vtj—1) = g4 (Tp41—vt;) = g+ (L —vt;), substituting
the D’ Alembert solution in equation (45) establishes (a).

Using x1 = xg + vh, it follows by direct calculation that

, , , - . -
a-qa _ (%-®% Q-
Az vh vh
_ ol (w0 +vtjp1) —q(xo +vtj_1) L (53)
2vh
where Aq¢’ = (q_(xo + vtj11) — q_(zo + vtj_1))/(2h).

Observing that A;q_ is a central difference approximation of

%q_, it follows that (53) is a discrete version of (33).
Finally, if the reflected wave is neglected, (42) and (46)

become

1

L
Oqé+ - 2¢) + ¢}

m 52 + kgqg
- <q6 —hqé‘l e —hQ6‘1> Cand 54
IS R
. (qé —hqa"l Q) —th—1> | 55
which are discrete counterparts of (34) and (35); Dy = % =

v/ Kp is the damping constant. This establishes (b) and (c).

7Using different relations between space and time steps, ie,82 = kv, k €
Z leads to a relabelling of the time indices in the D’Alembert solution, that
is ¢} = g— (z; + vt;) + g4 (zi — vt;) + Q) with I =k - j.



The discrete energy E(q’, ¢’ !, h) of the closed system is
given by

Eq(q?, ¢t h) = _%‘Cd( @t h)
. . 2
_ @ q6+1 _ q(j) + My QJ+1 QJ
2 h 2 h
ko o Ko
+ @)+ Q)
. 2
n b ]+1 qg Qg+1
+ ZQ( h I
ke, : k
- 52((1? —q-1)" + 5(ah - Q})’,

i=1
where the first four terms represent the energy stored in the
oscillators at time j, while the last three terms represent the
energy transferred to the transmission line up to time j.
Using the relation ;1 = x; —
travelling wave we obtain

g = qi(zi—vt) + Q7 =

vh and neglecting the inward

gy (zo — vtj_;) + Q’
F RN

If we now substitute qf into (56) we obtain
o\ 2
J+1 J
E . 7t h 9 — 9
d(q » q ) ) 2 h
7+1 J
0 Q @ 7\2 ﬁ J\2

Mo
2
n b Lh2 ]+1 i i j+1—i
+ 3 (o4 % Qo
2 2 h h
=1\ ,

=Doh

Jon _ gi—n 2
‘0 0
h

Since the system displacement is zero for ¢ < 0, we have that
qf) =0 and QJ "= 0 for I > j. Thus, the closed system’s
discrete energy is

N\ 2

j+1 J

J gt QN —%
Eq(¢’, ) = 2( - )

It QJ ko 5o K
+ 5 (Q ; Q) + 5@+

+

<.

o~
>
N

s{|
>

I
N‘

(Q))?

—- Qi )

for 7 =0,...,n. The last term represents the discrete energy
dissipated in the phenomenological damper Dy and is thus
equal to the discrete energy absorbed by the transmission line
up to time j (last three terms in (56)). Note that the sum in
(56) is an integral approximation of fof Do(qo(r)—QO(T))2 dr,
which is equal to the energy transferred from the oscillators

J+l—i J—i

_ J+1—1i
+ Dth(qO h % —Q A

Q“>2
0

to the transmission line up to time ¢ (cf. right-hand side of
(36)).

In order to study further the energy transfer between the
dual-oscillator system and the transmission line we will write
(54) and (55) in discrete state-space form

Tj11 = Aqzj,

using the state-vector (49). The matrices given in (48) follow
from (54) and (55) by direct calculation. We assume hence-
forth that » has been chosen so that [A;(Ag)| < 1.

The energy transferred from the oscillator system to the
transmission line up to time 5 (last term in (56)) can be written
as

I
Mm
=
2
|
2
=

E;

|
8
S8
-
b
N,
:9
D‘
§3
b
E,
\/
8

(56)

I

8
o
5
—
<
~—

8
o

Since

lc:l

Wa(j) = Cd(Ad)

j—1

D D
= Cgfocd + Ag(Z(AdT)kCghOCd(Ad)k>Ad
k=1

D
= Cf 7 Ca+ AGWa(j — 1)Ag
Wa(j) > 0 form a monotonic non-decreasing sequence, with
Wa(j) the solution of the Lyapunov difference equation

Wa(j) = CTDOCd + ATWa(j — 1)Aq W(0) = 0.

The asymptotic behaviour of (47) follows from well-known
Lyanpunov stability theory. This proves part (d).

The discrete energy in the oscillator system is the total
discrete energy, less the energy transferred to the line. Thus

Eosc(j) = xg)(Wd - Wd(]))lﬂo

Setting Wy(j) = Wy — Wa(4), (52) follows from (47) and
(50). This proves part (e). O]

There is no discrete analogy to part (f) of Theorem IIIL.1,
because the system’s energy is not generally preserved by
variational integrators. We know from backward error anal-
ysis (cf. [9]) that the total closed-system energy is ‘almost
conserved’, i.e. the error is bounded over exponentially long
time intervals using both, the closed-system variational inte-
gration scheme given by Equations (42), (46), (44) and (45),
and the open-system scheme given by Equations (54) and
(55); these schemes are equivalent prior to the arrival of the
reflected wave. The energy decay prediction using variational
integrators is thus expected to superior as compared with non-
variational schemes.

Example IV.1. For the closed system in Figure 3, suppose that
k = 1600, n = 5000, b = 10, My = 200, my = 300, K¢ =



1000 and ko = 1000; the integration time step is h = 0.01;
mg is given initial momentunzz po = 20Kgm/s. The initial
system energy is thus Fy = 2pm"0 = %J.

Figure 6 shows the energy dissipated in Dy, which is
computed using (37) and its discrete counterpart (56). In
the case of the variational integrator (48) is used, while
Ag=T+hAand Ay = (I — hA)~! are used for the explicit
and implicit Euler schemes. The continuous-time A-matrix is
given by (28). It is clear that the variational integration scheme

1

0.8 éJ "..«'/’.
S i At
AU
& A
Z o4t #
3

0.2

0

0 10 20 30 40 50
time

Fig. 6: Energy dissipated in Dy. The solution to (37) is shown
in red. The solution to (56) for the variational scheme (48)
is the dot-dash line. The implicit Euler integrator is shown
dashed, while the explicit Euler integrator is shown as the
dotted line.

offers superior performance as compared with the explicit
and implicit Euler integrators. The inability of the explicit
and implicit Euler scheme to preserve the system energy is
self evident, and follows from the relatively large values of
|[Waq — W|® in the cases of the implicit and explicit Euler
schemes. For this example |Wyq — W||2 = 2.882, 135.9, and
223.7 for the variational, implicit, and explicit Euler schemes
respectively.

Figure 7 shows the energy stored in the oscillators. Again,
the variational integration scheme produces a far superior
record of the energy dissipation due to damping as compared
with the explicit and implicit Euler schemes. The poor perfor-
mance of the explicit and implicit Euler schemes is again due,
primarily, to the poor initial oscillator energy estimates.

Figure 8 shows the difference in the oscillators’ energy as
predicted by (29), as compared with that predicted by (51)
for the three integration schemes. In each case the error is
dominated by the behaviour at zero time, which in turn comes
Sfrom Wy(h) — W given in (39) and (50).

The variational integrator (42), (46), (44) and (45) preserves
the symplectic form associated with the closed system dy-
namics. Consequently, the reduced variational integrator (54)
and (55), for the open system - a subsystem of the closed
system - does not induce numerical dissipation in the open
system dynamics in contrast to implicit and explicit Euler
integration schemes. The choice of the discrete approximation

81t is well known that the solutions to (31) and (50) are equal, when A and
Ag, and C and Cj are related by bilinear transform [60].

Osc Energy
o
[}

30 40 50
time

Fig. 7: Energy stored in the oscillators. The theoretical re-
sponse computed using (29) is shown in red. The variational
integrator (51) shown as a dot-dash line. The implicit Euler
integrator is shown dashed, while the explicit Euler integrator
is shown dotted.
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Fig. 8: Error in the predicted stored oscillator energy. The
variational integrator shown as a dot-dash line. The implicit
Euler integrator is shown dashed, while the explicit Euler
integrator is shown dotted.

L4 of the action determines the convergence order of the
integrator (see [7], [58], [59]). In this case, the variational
integrator is first order, which is inherited from the first-
order approximation of the Lagrangian (41); Higher-order
variational integrators can be constructed using higher-order
approximations of the Lagrangian. The given choice of L,
produces a fast semi-explicit integration scheme given by (54)
and (55)). As is demonstrated in future work, the benefits of
variational schemes are far greater for nonlinear dissipation
mechanisms.

V. CENTRAL FORCE PROBLEMS

Suppose that particles m; and mo are subject only to forces
of mutual attraction (see [36] pages 70-72). These central
forces might be gravitational, electrostatic, spring or damping
forces (see Figure9). In the celestial mechanics context it

follows from Newton’s laws that:
mli&l =

(57)
(58)

f(Xl — XQ)

mgig = —f(Xl — Xg).



ma

r2

my YL

Fig. 9: The particles m; are located at x; with respect to
an inertial frame, x locates the mass centre of the two-body
system, and r; locate the particles relative to the centre of
mass.

Define
r=ri; —rg =X; — Xy, (59)
with the system’s mass centre is located at
mix1 + maXe = (M1 + ma)X. (60)
Equations (57) and (58) decouple to yield
(mi+m2)x = 0 , 1 (61)
o= (m—1 + me)f(r) (62)

Equation (61) shows that in the absence of external forces
the motion of the centre of mass is unaccelerated. Equation
(62) establishes that r moves as if it refers to the motion of a
particle of mass p:

mimeso

mq + meo ’

Such problems include the Kepler problem and its variants
[61]-[63]. In the case of the Kepler problem with linear damp-
ing, a high-order conservative model can be contemplated
using an inerter-based transmission line heat bath. This type of
transmission line will introduce linear damping, and because
it is massless, it will not introduce extraneous force terms.

Consider the Kepler problem with a force term ar that is
proportional to the velocity:

it ai+ =0 (63)
r
in which « and p are constants [61]-[63].
Cross multiplying (63) on the left by r gives
0 = rxv¥+arxr
= H+aH, (64)

where H = r X r is the angular momentum vector. The vector
product of (64) with H gives

HxH=0,

which shows that H and H are collinear. This means that
the direction of the angular momentum vector is conserved,
although its magnitude is not. Since H = % where H is
the magnitude of the angular momentum, is perpendicular to
both r and 7, the constancy of H implies that a planar orbit

is obtained as in the classical problem formulation.

From (64) one sees that
(H+aHH=0

and so

H+aH = 0, (65)

which has solution
H = H()Biat,

in which Hy = H(0) is magnitude of the angular momentum
att = 0.

Hamilton and Laplace-Runge-Lenz like vectors can now
be defined that are analogues of the Hamilton and Laplace-
Runge-Lenz vectors for the classical Kepler problem [63]. It
follows from (65) and (63) that

. H. pur
r— EI‘ + ng =0
which gives
d (r ur
dt (H> e =0
Thus . .
r ur
K=— dt
H + Hr?

is constant, which is a vector first integral that serves as a
generalisation of Hamilton’s vector for the classical Kepler
problem. An analogue of the Laplace-Runge-Lenz vector can
be found by multiplying K by the constant H to obtain

. ©xH ,uf"xI:I
J=KxH= dt
X H +/ Hr2

which is constant and is illustrated in Figure 10. The Laplace-

Fig. 10: Analog of the Laplace-Runge-Lenz vector for the
linearly damped Kepler problem; adapted from Figure3.18 in
[36] for the classical case.

Runge-Lenz analog lies in the orbital plane and points gener-
ally in the direction of the major axis of the elliptical orbit.

A. Lagrangian for Kepler problem with transmission line

Since the direction of angular momentum is preserved, we
consider planar motion only. Suppose that r = (x1,z2) €
R? and r = |r| = /(22 + 23) in a rectangular coordinate
system. Assume that there is an inerter-based transmission line
connecting the orbiting planet to the origin with displacement
coordinates r(z, t), where r(0, t) is the position of the orbiting



planet and that r(L,t¢) is connected to the origin. Then the
Lagrangian is

M L
L= = (8,r(0,1))* + g/ (8yr(z,t))” da
0
pM_ K"
r(0,t) 2 Ju
with p = b/Ax and K = kAz. If r(x,0), r(x,T) and r(L, t)
are fixed, then the Euler-Lagrange equations are

(Opr(,1))” da, (66)

2 N’r(o7t) _ 5
815 I'(O7 t) + 3 - Maa?r(07 t)
pdir(z,t) = Ko2r(x,t), (67)

where (67) is a wave equation in the x; and x dimensions.
The solution of the initially quiescent equation is

T T
) =ri(t—= _(t+2).
(o, t) = ri(t = ) +ro(t+ )

The space-discretized version of (66) is

M., ~bo pM ko, — k 2
E:EI‘O—F;iI‘i‘FK—*T —Z§|I‘i—1‘i,1|,

i=1

where r; = ((@1);, (22);) and 7; = |r;| = /(21)7 + (22)?
with the corresponding equations of motion
.. Mr,
My = —ur30+k(r1—r0)
0
bI‘Z k:(ri_H—2ri—|—ri_1),i:1,...,n—1
bt, = k(=2r,+r,_1).

Using the line elimination process, and neglecting the reflected
wave, the equation of motion is

M¥(0,) + Doi(0, 1) + M#go’t) = 0.

Figure 11 illustrates the damped Kepler orbits computed
with explicit (dotted), implicit (dashed) and variational (dot-
dashed) Euler schemes with integration time step h = 0.001.
The variational integration scheme is indistinguishable from a
high-order Runge-Kutta scheme (red), whereas the explicit and
implicit Euler schemes show significant drift with the implicit

scheme the least satisfactory of the three.

Fig. 11: Damped Kepler orbits for initial conditions q(0) =
[5 0]T and p(0) = [0 17]7.

Figure 12 shows the planetary energy and angular momen-
tum magnitude for the damped Kepler problem with the initial
conditions, integration time step, and nomenclature adopted in
Figure 11. The analytic energy and angular momentum (red)
are indistinguishable from the variational Euler scheme (dot-
dash).

-100

-200

energy F

-300

-400

time

100

angular momentum |H|

20

time

Fig. 12: (a) planetary energy, and (b) planetary angular mo-
mentum for the damped Kepler problem.

We conclude this section with a study of the magnitude
behaviour of the analogue of the Laplace-Runge-Lenz vector
for the damped Kepler orbits described in Figure 11. Figure 13
shows the analytic solution (red), which is constant according
to the presented theory; the classical (undamped) case Laplace-
Runge-Lenz vector is constant too. The variational Euler
scheme (dot-dash) is indistinguishable from it. The explicit
(dotted) and implicit (dashed) Euler schemes show significant
variability, with the implicit scheme the least accurate of the
two.

o
w

o
(S
o

LRL vector |J]
o
N
\l
I
1

0.15

Fig. 13: Magnitude of the analogue of the Laplace-Runge-Lenz
vector for the damped Kepler orbits described in Figure 11.

VI. CONCLUSIONS

The equations of motion for systems involving dissipation
cannot be derived using Hamilton’s principles—this represents
a long-standing difficulty with in classical mechanics. Our



introductory comments refer to several approaches to the pos-
sible solution of this problem—many of which rely on some
form of state dimension doubling. We make use of a spring-
inerter based transmission line system as a heat absorbing
environment, which is akin to classical notion of immersing
an open dissipative system in a heat bath in order to form a
high-order (closed) conservative system that is describable by
variational methods. This approach appears initially to involve
a substantial inflation of the state-space. However, as with the
Caldeira-Leggett system, the interface conditions between the
system and reservoir allow the heat bath to be eliminated.

The results of this paper appear to offer a useful and general
way of developing variational integration schemes for systems
with dissipation. As with many of the papers in the physics
literature on this topic, we use a dual-oscillator system as a
demonstration example. In essence, the transmission line acts
as an ‘energy sponge’ that mimics damping influences. As with
all sponges, the transmission system eventually returns the
stored energy from whence it came. Since our closed system
is conservative, the Poincaré recurrence theorem ensures that
the state returns to a state very close to the initial state; this is
achieved physically by reflections in the transmission system.

Several examples, including a substantial nonlinear one,
are used to illustrate the utility of this approach in deriving
variational integrators, which may form a useful component
of a general-purpose numerical optimal control solver for
problems involving electro-mechanical systems.

APPENDIX A

We have already established that the wave equation (25)
has a solution of the form (32), where ¢, (z — vt), q—(x +
vt), and Qo (t) = q(L, t), denote the right-travelling wave, the
left-travelling wave, and the position of the second oscillator
respectively.

Suppose that the initial conditions are

q(z,t=0) = f(z) =x€]0,L]
Oq(z,t=0) = g(z) x€][0,L], (63)
while the Neumann-type boundary conditions are
Oeq(z =0,1) = h(2)
0zq(x =L,t) = ha(t). (69)

It is easy to check using the equation of motion (24) and (25)
that
L .
hat) = () + [ ol@fa(e.t) = Go(0)dz. 0
Knowledge of hq(t) and the initial conditions f(z) and g(x)
determines the second term in (70), which specifies ho(t). The
three functions { f(z), g(x), h1(t)} thus encode the initial and
boundary conditions of the system.
We now study (32) with the initial and boundary conditions
given in equations (68) and (69). The wave equation solution
can be expressed in terms of temporal and spatial derivatives

as follows
atot) = S0ua(n,t)+ o (D t) — Qol)
dy(o—vt) = 0halet) — 5-(@rale,t) - Qo(t).

(71)

We can express (71) as

¢ (x) = %(aé(x)—kb@(x)—QO(O)):O v e (0,1)
“1

5o, (a0(2) +b6(x) = Qo(0)) =0 = € (0,L)

(72)
using f(x) = 0, and g(x) = ad(x) + bO(x). This shows that
for these initial conditions there are no travelling waves at
t = 0 in the domain x € (0, L).

Summing equations (71) at z = 0 gives
q_(vt) + ¢/ (—vt) = 9,4(0,1),
or what is the same
q,— (ZL') + qi&-(7$) = 890Q(Ov t)'
Since ¢’ (x) =0 for x € (0, L)
¢ (—z) = 0,q(0,t)

Condition (73) shows that there is a right-travelling wave
in the extended domain (—L,0) at t = 0 as depicted below:

z € (0,L). (73)

L L L IJ_L L
L 0 L 2L 3L

At x = L:

q(L,t) = Qo(t) = q+(L — vt) + g (L +vt) + Qo(t)

thus
g(L—a)+q (L+2)=0

and
—¢ (L—x)+¢ (L+z)=0. (74)

According to (72) ¢/, (z) = 0 for z € (0,L), while (74)
implies that there is no left-travelling wave in the domains
(L,2L). Finally, (74) shows that there is a left-travelling wave
in the domain (2L,3L) at ¢ = 0, that will reach x = 0 at
t, = 2L/v.
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