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Abstract

What does it mean for a computer program to be optimal? Many fields in optimal de-
cision making, from game theory to Bayesian decision theory, define optimal solutions
which can be computationally intractable to implement or find. This is problematic,
because it means that sometimes these solutions are not physically realizable. To
address this problem, bounded rationality studies what it means to behave optimally
subject to constraints on processing time, memory and knowledge. This thesis con-
tributes three new models for studying bounded rationality in different contexts.
The first model considers games like chess. We suppose each player can spend
some time before the game precomputing (memorizing) strong moves from an oracle,
but has limited memory to remember these moves. We show how to analytically
quantify how randomly optimal strategies play in equilibrium, and give polynomial-
time algorithms for computing a best response and an e-Nash equilibrium. We use the
best response algorithm to empirically evaluate the chess playing program Stockfish.
The second model takes place in the setting of adversarial online learning. Here,
we imagine an algorithm receives new problems online, and is given a computational
budget to run B problem solvers for each problem. We show how to trade off the
budget B for a strengthening of the algorithm’s regret guarantee in both the full and
semi-bandit feedback settings. We then show how this tradeoff implies new results
for Online Submodular Function Maximization (OSFM) (Streeter and Golovin, 2008)
and Linear Programming. We use these observations to derive and benchmark a new

algorithm for OSFM.



The third model approaches bounded rationality from the perspective of lifelong
learning (Chen and Liu, 2018). Instead of modelling the final solution, lifelong learn-
ing models how a computationally bounded agent can accumulate knowledge over
time and attempt to solve tractable subproblems it encounters. We develop models
for incrementally accumulating and learning knowledge in a domain agnostic set-
ting, and use these models to give an abstract framework for a lifelong reinforcement
learner. The framework attempts to make a step towards making the best of analyti-
cal performance guarantees, while still being able to make use of black box techniques

such as neural networks which may perform well in practice.
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Chapter 1

Introduction

Consider the following two problems:

1. What is the optimal way for a computer program to play chess?

2. How should a robot act in the world in order to maximize positive feedback?

Both of these problems have mathematically precise, “optimal” solutions in estab-
lished models of Artificial Intelligence (AI). For problem 1, game theory tells us that
chess can be modelled as a mini-max game where the optimal chess playing strategy
can be recursively defined. For problem 2, Hutter’'s AIXI (Hutter, 2005) gives an
optimal algorithm for maximizing positive feedback in general environments.
Besides being optimal, both of these solutions share another common feature:
they are both computationally intractable to implement on a computer. In the case
of chess, the optimal game theory strategy requires evaluating at least 102" chess
board states.! In the case of robot learning, AIXI is uncomputable, meaning that no
computer could implement it even if it were given an unlimited amount of computa-
tional resources. Even computable forms of AIXI are computationally intractable.
The problem of models giving intractable optimal solutions is not restricted to
these two examples. Indeed, a number of well established fields, from Bayesian de-

cision theory (Berger, 1985) to computational learning theory (Kearns and Vazirani,

110120 ig also known as the Shannon number. It is a lower bound on the number of board states
which can be reached during a chess game.



1994), define “optimal” solutions to problems where the solutions themselves are of-
ten computationally intractable to implement or find. Needless to say, in the most
pronounced cases, this can be a fairly significant problem. While the theory tells us
what is optimal, it doesn’t tell us what to actually do. As Russell and Wefald put it
in “Do the Right Thing”, many models “abstract away a crucial aspect of the process
of doing the right thing, by associating ‘rightness’ with the action finally taken, rather
than with the whole process of deliberating and acting” which itself may be restricted
by computational and informational constraints (Russell and Wefald, 1991).

In 1957, the political scientist Herbert Simon published “Models of Man”, an in-
fluential work which would go on to shape research in computer science, economics
and cognitive psychology (Simon, 1957). In it, he criticized the prevailing models in
economics, which modelled people as perfectly rational agents. In contrast, Simon
argued that people are limited by their information processing ability, and that more
accurate models of rationality would need to take this into account. Following this
work, the field of bounded rationality began to emerge. Within the field of computer
science, bounded rationality became concerned with understanding what it meant
for computer programs to be optimal subject to limitations on their computational
capabilities. These limitations could include restrictions on processing time, memory
usage, or availability of information. Despite considerable interest, 24 years following
Simon’s original publication, the economist Ariel Rubinstein argued that “although
Simon’s ideas have received worldwide recognition [...] it is difficult to embed the pro-
cedural aspects of decision making in formal economics models” (Rubinstein, 1986).
In hindsight, we now know there is a deep reason why researchers find building models
of bounded rationality so challenging. It is no coincidence that fields concerned with
optimal decision making frequently model their solutions as if computation were an
unrestricted resource. Following the development of computational complexity theory

(see Arora and Barak (2009)), it became clear that proving specific computational



tasks require a certain level of computational resources is an extremely difficult prob-
lem. Perhaps the most famous example is the P vs NP Millennium Prize problem,
which offers $1 million to whomever resolves whether the class of problems which
have polynomial-time solution verifiers also have polynomial-time solvers. Are there
computationally efficient computer programs which can factor large integers? Despite
decades of research, we still don’t know.

What does this mean for the study of bounded rationality in computer science?
It means that unless one carefully tailors their model to avoid implying consequences
to these very difficult problems, their model is unlikely to give an explicit account
of how to behave optimally under computational constraints. For example, suppose
one wanted to build a general theory which makes explicit predictions about how
computer programs with limited computational resources play games optimally. For
a game whose goal is to factor large integers, such a theory must then say something
specific about the optimal computationally bounded program for integer factorization.
But saying something nontrivial about this program is widely believed to be a very
challenging problem in complexity theory. Hence it is unlikely such a theory would
be able to make explicit predictions for games in general in the first place. There is
therefore a careful balancing act between giving general models of bounded rationality,
and avoiding models which have implications for these very challenging problems in
complexity theory. We argue that this fundamental issue has played a key role in
shaping bounded rationality research in computer science. Because of it, researchers
have often needed to demonstrate ingenuity in their models. Rather than tackling
the problem head on, one often needs to create specific models for specific aspects of
the problem. Over time, the cumulative sum of different modelling approaches sheds
light on the overall problem.

Early work in bounded rationality (Aumann, 1981; Ben-Porath and Peleg, 1987;

Neyman, 1985; Papadimitriou and Yannakakis, 1994) focused on modelling computa-



tion with finite automata, where limited information processing ability corresponded
to having fewer states in a finite automaton. One key result showed that repeated
games of the Prisoner’s Dilemma have cooperative Nash equilibria if the number of
states in the automata are limited, even though there are no cooperative Nash equi-
libria in the unconstrained version of the game when the number of rounds is finite
(Neyman, 1985). Other key results included quantifying the complexity of strategies
by the number of states needed to implement them in a finite automaton (Kalai and
Stanford, 1988), and quantifying the advantage of having more states (Ben-Porath
and Peleg, 1987).

Later work can roughly be divided into two approaches. The first approach mod-
els computation explicitly in the form of general computer programs (e.g. Turing
machines) (Fortnow and Whang, 1994; Tennenholtz, 2004; Fortnow and Santhanam,
2010; Halpern and Pass, 2015; Oesterheld, 2018). As a result, this area is often con-
cerned with high level results such as under which conditions Nash equilibria exist in
computational games (Halpern and Pass, 2015; Halpern et al., 2019), or the behaviour
of computer programs in limiting cases (Fortnow and Santhanam, 2010). Because
these models deal with computer programs in full generality, as argued previously,
it is much more difficult to derive explicit predictions about bounded rationality in
finite cases.

The second approach models computation implicitly. Instead of explicitly reason-
ing about computer programs, one builds models which are intended to correspond to
some aspect of bounded computation one is interested in. Work in this area is diverse
and heterogeneous. Examples include modelling bounded memory with imperfect
information games (Dow, 1991; Rubinstein, 1997), games with explicit complexity
costs on strategies (Ben-Sasson et al., 2006), anytime algorithms which optimize the
resource allocation of performance profiles (Zilberstein and Russell, 1996), models of

how search tree depth affects strategy performance (Beal, 1980; Nau, 1979; Pearl,



1980), meta reasoning about optimal behaviour (Russell and Wefald, 1991; Conitzer
and Sandholm, 2003), treating compute allocation as a learning problem (Balcan
et al., 2018, 2017), and studying runtime selection in the context of multi-armed
bandits and online learning (Dick et al., 2020; Kleinberg et al., 2017; Weisz et al.,
2019; Balcan et al., 2020). There is therefore a substantial variety of different ways
researchers have approached modelling specific aspects of bounded rationality where
computational constraints are implicit in the model. In contrast to the first modelling
approach, results in this area tend to lead to fairly concrete algorithms computation-
ally constrained programs can implement. However, they are usually restricted to
specific contexts, and therefore lack the same degree of generality as the first ap-
proach.

In this thesis, we argue that Lifelong Learning (LL) (see Chen and Liu (2018))
offers a third approach to studying bounded rationality. We are not aware of any
prior work which makes this connection, so we will make the case for it here. LL was
proposed in Thrun and Mitchell (1995), and has recently been gaining interest due
to the rise of deep learning. The LL problem concerns itself with the setting of a
continuous, never ending learning process which occurs while performing tasks. The
objective is to give efficient algorithms which can continually learn to perform better
over an indefinite period of time. Because the problem is never ending, one cannot
write down the “final solution” of how a lifelong learner should behave. Rather,
one is forced to model the process of continually learning. By design, LL therefore
helps alleviate the problem identified by Russell and Wefald, where models associate
a solution with “the action finally taken”, rather than with “the whole process”
which is computationally constrained. To see why, it can be helpful to reconsider
problem 2 given at the beginning of this introduction, and compare the solutions for
it offered by Reinforcement Learning (RL) (see Sutton and Barto (2018)) and lifelong

learning. How would RL model the solution of a robot behaving optimally in the



real world to maximize a reward? A common approach is to assume there is some
statistical model M of the environment (e.g. a Markov decision process). If we are
to take this idea seriously, then we should imagine M as being a highly complex,
intricate model of the entire world which describes every possible interaction the
robot could have. If 7 is a policy which describes how the robot should behave, then
we can write M(7) to denote the expected reward of 7 acting inside model M. RL
then says that the “solution” to problem 2 is the policy 7* = arg max, M (m) which
maximizes the expected reward. The solution given by RL is therefore simply “the
action finally taken”. Nothing is said about how this solution is actually found, or
how it is implemented. There are three reasons why this proposed solution gives an

unsatisfactory answer to problem 2:

1. Bounded knowledge. Robot agents are not omniscient. When the environ-
ment is as complicated as the entire world, the model M will never be known
in sufficient enough detail to find 7*. Rather, the robot will continually learn
new knowledge over time, and will need to continually adapt as a result. On
the other hand, lifelong learning explicitly models how agents accumulate and

maintain knowledge over time so that they are able to respond to new problems.

2. Bounded memory. Robot agents have a finite capacity to remember past
observations. Even if we could obtain a huge number of samples from M in
order to optimize the policy 7, a robot would not be able to use these samples
all at once. Lifelong learning explicitly studies how one can manage a finite
memory budget without “forgetting” how to perform well on past experiences
(McCloskey and Cohen, 1989; Kirkpatrick et al., 2016; Rebuffi et al., 2017; Shin
et al., 2017).

3. Bounded computation. Suppose the model M were known. The RL solution

is the maximizer of an incredibly complex optimization function, and is therefore



likely to be computationally intractable to find. In contrast, lifelong learning
explicitly models how a system can incrementally solve subproblems which are
computationally tractable given its current knowledge. As new subproblems are
solved and new knowledge is learned, the horizon of computationally tractable
problems expands, and the learning process continues. Lifelong learning there-
fore attempts to explain the process by which the policy 7* can be approached

in a computationally tractable way.

With the increasing deployment of deep learning systems, understanding how
computationally bounded agents should continually learn is an issue of increasing
importance. For example, ChatGPT (Brown et al., 2020) is a chatbot which is pe-
riodically updated on new data. A single training session of ChatGPT is estimated
to cost around $1.5 million.? While we might theoretically model ChatGPT as the
solution to a fixed optimization objective as is done in RL, in practice it is used as

an evolving system whose knowledge is periodically updated as new data arrives.

1.1 Organisation And Contributions

This thesis contributes three new models for understanding how computationally
constrained computer programs should behave in different learning settings. The
first two models explore precomputation in the context of extensive form games, and
tradeoffs between regret and computation budgets in the context of online learning.
They therefore fall under the second approach taken to model bounded rationality:
making specific models for studying specific aspects of computational constraints. The
third model occurs in the context of lifelong learning, and is therefore an example
of the third approach. Chapter 3 is based on my own work published in IJCAI'21

(Orton, 2021). Chapter 4 is based on co-authored work published in NeurIPS’22

Zhttps:/ /www.techgoing.com /how-much-does-chatgpt-cost-2-12-million-per-training-for-large-
models/.


https://www.techgoing.com/how-much-does-chatgpt-cost-2-12-million-per-training-for-large-models/
https://www.techgoing.com/how-much-does-chatgpt-cost-2-12-million-per-training-for-large-models/

(Orton and Falck, 2022). This is an equal-contribution paper with Damon Falck. All
theoretical results presented in Chapter 4 are a product of collaborative work or my
own contribution. The benchmarking experiments in Section 4.4 were implemented
solely by Falck. Chapter 5 is based on a collection of my own currently unpublished
work.

In Chapter 2 we provide a more detailed context for the fields of bounded ratio-
nality in computer science and lifelong learning. We give an overview of prior work
and the areas of research in both fields.

In Chapter 3 we provide a model for the precomputation aspect of two player
extensive form games. We imagine that before a game, both players can prepare
in advance by memorizing strong moves given by an oracle. However, they have
limited memory capacity to remember these moves. This model can be seen as a
way of quantifying some of the observations made by Simon and Schaeffer about how
professional human players tend to rely on memorized board positions while playing
chess (Simon and Schaeffer, 1992). It can be contrasted with work such as Ben-Sasson
et al. (2006) which models game playing where players pay a penalty for playing
more computationally demanding strategies. Our model is specific to extensive form
games and motivated by the idea of precomputation, while Ben-Sasson et al. (2006)
considers normal form games with abstract complexity costs. A key result of this
chapter includes being able to analytically lowerbound how randomly rational players
play in Nash equilibria. Players need to trade off playing predictable “optimal”
moves, while randomizing their strategy so that it is difficult for their opponent
to precompute against them. Furthermore, we show the existence of polynomial-
time algorithms for computing the best response and e-Nash equilibrium. We run
the best response algorithm on Stockfish, a chess playing algorithm, and empirically
measure how susceptible it is to precomputation. As expected, we find a turning

point where the benefit of playing more randomly is outweighed by the cost of playing



“suboptimal” moves more frequently.

Chapter 4 considers how to trade off processing time budgets for stronger regret
guarantees. The work is analogous to prior work in anytime algorithms (Zilberstein
and Russell, 1996) and online learning with computational budgets (Dick et al., 2020),
where one wants to study the relationship between processing time budgets and per-
formance. Chapter 4 occurs in the setting of online learning (see Cesa-Bianchi and
Lugosi (2006) and Lattimore and Szepesvéri (2020)). In each round ¢ € [T], an algo-
rithm has a computational budget to run B algorithms S; C [N] to solve a problem,
and incurs a cost ¢;(S;) equal to the cost of the best solution found amongst the algo-
rithms chosen. We study the tradeoff between the computational budget B, and the
expected regret Rp relative to the cost of the single best fixed algorithm in hindsight.
When B = 1, it is well known that one can achieve Ry < 24/TIn(N) (Littlestone
and Warmuth, 1994), while when B = N one can trivially achieve Ry = 0. Our
contribution is to study the intermediate regime where 1 < B < N. By adapting the
Follow The Perturbed Leader technique (Kalai and Vempala, 2005), we show how to
give efficient algorithms which achieve regret (9(TB#+1 In(N )%) in the full feedback
setting and (’)(TB%1 (K In(N ))B%l) in the semi-bandit feedback setting given unbiased
cost estimates ¢ € [0, K]. This allows one to trade off a compute budget B for im-
proved performance guarantees. We then show how solutions to this problem can have
independent relevance to the wide family of algorithms which use regret minimizers
as a subroutine (Arora et al., 2012). First, we show how to adapt the algorithm OG
(Streeter and Golovin, 2008) for Online Submodular Function Maximization to give
a regret bound which trades off a budget for stronger regret guarantees. We then
benchmark this adapted algorithm on the task of online black box hyperparameter
optimization, and observe improved performance. Secondly, we show how to auto-
matically get new algorithms for linear programming which trade off oracle power for

faster convergence rates.



Chapter 5 occurs in the setting of lifelong learning. It makes a number of inde-
pendent contributions.

In Section 5.1, we consider the problem of how to incrementally accumulate knowl-
edge over time. Knowledge is given to the algorithm online in the form of experts,
where we do not know ahead of time whether a particular expert is “good” (e.g. will
generalize) or “bad” due to non-stationarity (i.e. bounded knowledge). We introduce
an efficient algorithm FTGE which guarantees that its average performance is at
least as good as if we could look into the future and know which pieces of knowl-
edge are “good” in advance. Its guarantee relies on ensuring that the rate at which
knowledge is accumulated does not grow too quickly.

In Section 5.2, we introduce a universal framework for modelling knowledge in the
context of incremental problem solving. We also introduce the conceptual algorithm
IPS for studying incremental problem solving by a computationally bounded agent.
It is based on extending and formalizing ideas in program synthesis in Ellis et al.
(2020). The model is universal in two senses. Firstly, it can be applied to many
different domains of learning automatically. This is significant because, in the field of
LL, there is currently no consensus on what knowledge is or how to formally model
it (Chen and Liu, 2018). Instead, researchers use different specific representations
of knowledge depending on the specific problem they consider. Secondly, the model
is universal in the sense that we prove there is no “short counterexample” of an
incremental learning algorithm which performs significantly better than IPS. The
framework gives a conceptual way of thinking about incremental problem solving in
the lifelong learning setting.

In Section 5.3, we combine the algorithms from sections 5.1 and 5.2 to build an
algorithmic framework called ALRL for a model based lifelong reinforcement learn-
ing algorithm. Existing approaches to lifelong reinforcement learning are generally

either black box optimization approaches with neural networks (Ring, 1998; Tessler

10



et al., 2017; Mendez et al., 2022), or based on very principled idealized statistical
models (Wilson et al., 2007; Brunskill and Li, 2014; Lecarpentier et al., 2021; Wang
et al., 2022). While the black box methods can work nicely in practice for specific
problems, they lack interpretable guarantees which allow them to be used as general
lifelong reinforcement learners. On the other hand, the more rigorous methods tend
to be unable to model meta knowledge, or do not benefit from the good empirical
performance of black box techniques. ALRL is intended to make progress on both
of these challenges. ALRL inherits high level theoretical guarantees from the algo-
rithms derived in sections 5.1 and 5.2, and is able to model meta knowledge. On the
other hand, ALRL is built on top of an oracle where practitioners can implement
their own black box problem solvers (e.g. neural networks) to search for programs
which are effective at solving RL tasks. The framework therefore attempts to make
the best of theoretical guarantees from formal methods as well as heuristic black box
techniques which can perform well in practice.

Chapter 5 ends with Section 5.4, where we briefly discuss an idea for how one can
model incremental knowledge for world models in the form of objects and relations. It
is a fusion of two existing techniques (Kipf et al., 2020; Hafner et al., 2023) in model
based reinforcement learning. This section therefore contributes to existing work in
knowledge representation techniques for LL (Thrun, 1996; Ruvolo and Eaton, 2013b;

Pentina and Urner, 2016).

Notation: Because this thesis spans multiple subject areas, the notational tools
can vary by chapter. We keep the following general notation conventions throughout.
For an integer N, [N] = {1,..., N} denotes the set of integers from 1 to N. For a set
S, A(S) denotes the probability simplex over the set S. Names of algorithms such as
FPML appear in boldface.

11



Chapter 2
Background And Related Work

In this chapter, we give a more detailed account of the context in which this thesis
occurs. We survey existing work in bounded rationality and lifelong learning, and

outline some of the main approaches taken in each field.

2.1 Bounded Rationality

The origins of the study of bounded rationality are usually attributed to Simon fol-
lowing the publication of “Models of Man” in 1957 (Simon, 1957). Simon argued that
current economic theories which modeled people as purely rational agents were too
idealized. Rather, humans are limited by their cognitive ability. Moreover, Simon
argued that cognitive ability could be viewed as a form of information processing,
and modelled by computation. In the 1950s, Simon worked with Allen Newell to
create a computational system which could execute complex thought processes simi-
lar to how a human with bounded information processing ability might reason. The
result was the “Logic Theorist”, a formal symbolic program which could prove the-
orems in propositional logic (Gugerty, 2006). Simon’s initial work was grounded in
both economics and computation. However, the field of bounded rationality has since
branched into many diverse and heterogeneous subfields including psychology and
behavioural economics (see e.g. Kahneman (2003)). In this thesis, we are interested

in the problem of how computer programs with bounded resources can behave opti-
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mally. We therefore focus solely on prior work at the intersection of computer science

and bounded rationality for the remainder of this section.

2.1.1 Early Work: Finite Automata

Early work on (computational) bounded rationality in the 1980s focused on finite
automata and repeated games of the Prisoner’s Dilemma. The Prisoner’s Dilemma is
a game where players need to simultaneously choose whether to cooperate or defect.

The result of the game is given by the following payoff matrix:

Player Y

C D

Player X C1(3,3)(0,4)
D | (4,0) [ (1,1)

In the repeated Prisoner’s Dilemma, this game is played repeatedly for a known
finite number of rounds. It can be shown by backward induction that the only Nash
equilibrium in this game is for both players to always choose to defect. This result
appears unsatisfactory, because human players often choose to cooperate (e.g. play a
tit for tat strategy) to obtain a collectively higher payoff. In 1981 Aumann proposed
modelling computationally bounded players as finite automata (FA) for this repeated
game (Aumann, 1981). A finite automata consists of a finite number of states, a rule
for which action to play in each state, and a rule for how to transition to a new state
after observing an opponent’s move. Limiting the number of states of the automaton
can be thought as controlling the memory or complexity of the strategy. Following
Aumann’s proposal, a number of lines of research emerged. An influential result by
Neyman showed that if the number of states of the automaton is restricted, then
there are cooperative equilibria for this repeated game (Neyman, 1985). However,
a published proof of this fact only appeared sometime later in Papadimitriou and
Yannakakis (1994). Formally, for the n round Prisoner’s Dilemma game with ¢ > 0,

if at least one player’s strategy has fewer than 5T +9) states, it was shown that there
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exists a mixed Nash equilibrium with average payoff for each player > 3—e. Moreover,
Papadimitriou and Yannakakis (1994) showed how to prove this kind of cooperation
result for any repeated game played by FA. The high level idea is for either player
to punish the other if they do not behave in a way which requires a large amount of
memory to compute. Because all their memory is used to avoid punishment, there
is not enough memory left to count the number of rounds of the game elapsed. This
means that it isn’t possible to play the strategy which e.g. behaves cooperatively and
chooses to defect at the very last round. On the other hand, the result of cooperation
can be sensitive to the model choice. For example, Rubinstein (1986) studied a
different variant of an infinitely repeated Prisoner’s Dilemma game played by FA
where cooperation does not occur. The main difference of this variant is that limited
processing power is modelled exogenously. A player can play an automaton strategy
of any size, and aims to maximize their average utility. However, their average utility
is the sum of the utility from the Prisoner’s Dilemma game minus a small fee which
is linearly related to the size of the automaton strategy. This contrasts with the
endogenous model of bounded computation in Neyman (1985), where there are no
exogenous strategy computation costs, but the set of strategies a player is allowed to
choose from is limited to automata with a bounded number of states.

A separate line of work studied how to relate the power of a strategy to its com-
plexity as a finite automaton. Ben-Porath and Peleg (1987) found that in repeated
two player zero sum games, there is asymptotically no gain in strategy value unless
the automaton is exponentially larger. Kalai and Stanford (1988) gave an automata
model which applied to general infinitely repeated games, and showed a correspon-
dence between every game strategy and its minimal automaton. This allowed one
to give a complexity measure of a strategy in terms of its corresponding FA. Even
today, FA are still used as a proxy for understanding restricted game strategies. For

example, Liu and Halpern (2023) studied the ranger poacher game played with finite
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automata, and claimed that one observes human like behaviour when the number of

states of the automata is restricted.

2.1.2 General Models

Later work began to consider more advanced models of computation. The most gen-
eral form of this is to model computation being implemented by a Turing machine or
general computer code. As argued in Chapter 1, proving unconditional results about
specific problems in this setting can be as hard as solving long standing problems
in computational complexity theory. Because of this, research in this area is often
concerned with high level results (e.g. whether equilibria exist) and limiting cases.

Megiddo and Wigderson (1986) studied the repeated Prisoner’s Dilemma game
where strategies are deterministic Turing machines with unlimited space and process-
ing ability, and each machine receives the number of rounds n as input. They showed
that even just restricting strategies to be Turing machines imposes some restriction
on the class of strategies (they have to be computable). Additionally, one can prove
that there is no cooperative Nash equilibria by a simulation argument (a player’s
strategy can simulate the strategy of another player to determine whether to defect).
When the number of states of the rule set of the Turing machine is bounded (i.e. it’s
program size is limited), Megiddo and Wigderson (1986) give an argument similar to
Papadimitriou and Yannakakis (1994) that there should be a cooperative Nash equi-
libria (but do not prove it). This is done by constructing strategies where most of
the code of the Turing machine is used in computing how to avoid punishment by the
other player. Similarly, Fortnow and Whang (1994) studied when Turing machines
or finite automata can be approximately optimal or dominant strategies in a form of
infinite Prisoner’s Dilemma game.

A different line of work introduced in Tennenholtz (2004) considers a game where

strategies are computer programs, and programs receive the code of other players’
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strategies before playing. The main motivation for this is to allow co-operation in
equilibrium, since players can now change their behaviour depending on whether e.g.
the code of the other player is cooperative. For example, this allows a cooperative
Nash equilibrium for the Prisoner’s Dilemma. Related work looks at incorporating
model checking into this framework (van der Hoek et al., 2013), and choosing strate-
gies to make cooperative equilibria more robust (Oesterheld, 2018). In the original
model, Tennenholtz (2004) restricts programs to be straight line programs (i.e. have
no loops and always terminate). Fortnow (2009) extends this model by allowing ar-
bitrary programs (Turing machines), where player i’s utility is discounted by a factor
of 8% where t; is the time it takes player i’s strategy to compute an action. Fortnow
(2009) then proves a folk theorem about the existence of program equilibria in this
model. The idea of discounting utility exponentially by computation time is also ex-
plored by Fortnow and Santhanam (2010). They consider a factoring game where one
player chooses an integer and the other needs to factor it. The main result is to show
that as the discounting factor ¢ approaches 1, there is a stable Nash equilibria (i.e.
it doesn’t change as § gets sufficiently close to 1) whose payoff depends on whether
there are polynomial-time factoring algorithms.

Halpern and Pass (2015) introduce Bayesian machine games where strategies are
programs, and the game consists of a single round where strategies receive a type
and must output a single action. The utility of the game depends not only on the
actions output by the strategies but also the complexity of the programs. Because
one is interested in behaviour which can be implemented by an efficient program, one
only considers pure Nash equilibria. For example, the strategy consisting of a general
mixed distribution over programs (strategies) may not be efficiently implementable
by a single program. On the other hand, if a mixed distribution of strategies can be
sampled from by an efficient program, then one can simulate this mixed distribution

with a single efficient program. These observations motivate the reasoning behind why

16



it makes sense to only consider pure Nash equilibria. In this model, it is possible for
even simple games to not have pure Nash equilibria. For example, Halpern and Pass
(2015) consider the game of rock-paper-scissors where deterministic programs have a
complexity cost of 1, but randomized programs have a complexity cost of 2. Because
randomization is required to achieve Nash equilibrium in this game, but is too costly,
there is no Nash equilibrium. They then extend the model to allow communication
between players through a mediator, and show how standard results like the revelation
principle in traditional game theory models do not hold in this model. Another
model of computational games include extensive form computational games (Halpern
et al., 2016). Here, one imagines a growing sequence of games which correspond
to an underlying game, where two histories which are in the same information set
(indistinguishable) in the underlying game are computationally indistinguishable in
the game sequence. This can be used for modelling cryptographic protocols. Similarly,
Halpern et al. (2019) consider a growing sequence of Bayesian games where the action
space and utility function can be computed in polynomial-time, but there is no Nash
equilibrium consisting of polynomial-time strategies (assuming the existence of one-
way functions). The idea behind this is that there is a “computational arms race”,

where it is always advantageous to have slightly more computation.

2.1.3 Implicit Models Of Computation

Instead of modelling computation explicitly as a computer program, another ap-
proach is to build specialized models which implicitly capture some aspect of bounded
computation one is interested in studying. Researchers have considered a variety of
heterogeneous models.

In the context of bounded memory, one can use imperfect information games to
model limited recall (Rubinstein, 1997). For example, Dow (1991) considers a game

where one sequentially observes two prices before making a decision, but knows they
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will not be able to remember the first price exactly. Knowledge of the first price is
then modelled as a partition of possible prices the first price could be.

Another simple approach is to subtract a cost from a player’s utility related to the
complexity of the player’s strategy. Ben-Sasson et al. (2006) study normal form games
where each strategy has an associated complexity cost. A first key result is that if the
game without costs is zero sum, then the game with costs has Nash equilibria which
can be easily characterized in terms of the original game. This means they can be
computed by finding the equilibria of the original game (which can be done efficiently
because the original game is zero sum). A second key result concerns potential form
games. A potential form game has a potential function ® such that if 0,0 are identical
strategy profiles for all players except that player i’s strategy is different in o', then
the difference in utility of player i can be written as u;(o) — u;(0’) = ®(0) — ®(0’).
Potential form games include routing games (e.g. avoiding congestion in traffic flow),
and have nice properties for finding their Nash equilibria. A key result in Ben-Sasson
et al. (2006) is that potential form games with complexity costs are still potential
form games.

A different line of work tries to explain why the strategy quality of depth bounded
mini-max search tends to improve as the depth (and search time) increases (Beal,
1980; Nau, 1979; Pearl, 1980). For example, chess engines are observed to increase in
strength as their search depth increases (Ferreira, 2013). Pearl introduced a model
where mini-max search is done on a game tree where once the search depth limit is
reached, a heuristic function returns a noisy estimate of the expected value of the
game at the current game state (Pearl, 1980). A pathological result of this model
is that as the search depth increases, the quality of the estimate at the root of the
game tree degrades. Subsequent work has proposed alternative models to avoid this

pathology (see e.g. Lustrek et al. (2006)).
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Meta Reasoning

Meta reasoning (see Zilberstein (2011)) encompasses a broad family of modelling
approaches to bounded computational resources. Broadly speaking, this approach in-
cludes (1) learning meta rules for deciding what to do under computational constraints
and (2) reasoning about which meta actions to take in order to balance performance
and computational costs. Here, one imagines starting with a base set of procedures
which themselves take computational resources, and a meta action is a decision about
how to use these base procedures.

Two classical examples from “Do the Right Thing” by Russell and Wefald (Russell
and Wefald, 1991) include MGSS* for game playing and LDTA* for search. M GSS*
works in mini-max games. Naively one solves a mini-max game by performing a
bounded depth search on the game tree and using a heuristic function to evaluate the
game state at the depth limit. Instead of considering every state to a bounded depth,
MGSS* tries to reason about the value of searching further past a particular state,
while taking the cost of computation into account. One can then focus on expanding
the states which are most likely to improve the estimate of the value of the game.
LDTA* is conceptually similar but for search problems. It also updates its parameters
as new states are searched in an attempt to improve its meta reasoning ability. A
more modern example of these kinds of algorithms is “Learning to Branch” (Balcan
et al., 2018). The setting occurs in tree search algorithms for mixed integer linear
programming. One is given a collection of scoring rules {score; };c[,) for deciding which
states of the search tree to expand; in a formal learning setting, Balcan et al. (2018)
study how to learn an optimal convex combination Y, A\;score; of the base scoring
rules to give a new scoring rule which minimizes the runtime of the search algorithm.
Similarly, Balcan et al. (2017) study how to learn algorithms which minimize their
runtime costs for combinatorial partitioning problems (e.g. clustering and max-cut),

when these problems come from an application specific distribution. These papers
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occur in the Probably Approximately Correct (PAC) learning setting (Valiant, 1984)
(see Kearns and Vazirani (1994)). The approach of “learning” algorithms which
perform well on tasks in the PAC learning setting was first introduced by Gupta and
Roughgarden (2016).

Anytime algorithms (Russell and Subramanian, 1995; Zilberstein and Russell,
1996) model meta reasoning by imagining one can run an algorithm for varying
amounts of time, where the quality of the solution the algorithm returns monoton-
ically increases as more time is allocated. Here one assumes they have access to a
performance profile D4 : R.g — A(R) which maps the runtime of an algorithm A to
a distribution over the solution quality of its output. One can then study how to op-
timally allocate a runtime budget B across algorithms to maximize solution quality.
One can also consider composing anytime algorithms by specifying how the quality of
the inputs to a program affects the quality of its outputs (as a function of processing
time). Using dynamic programming, it is possible to compose anytime algorithms
together with a tree structure and calculate the optimal resource allocation for each
program in the tree.

While proving an algorithm is optimal subject to computational constraints is very
challenging, meta reasoning can be appealing because it defines a new problem (e.g.
optimizing performance profiles) which may seem more tractable to give “optimal”
solutions for. However, as others have noted (Conitzer and Sandholm, 2003; Conitzer,
2011), sometimes the meta problem itself can be computationally intractable (e.g.
NP-hard) to solve. One needs to be careful to not try to solve the intractability of

the original problem by defining an intractable meta problem.
Online Learning

Online learning is a framework for decision making where information is revealed to
the algorithm over time. The environment may be stochastic or adversarial. One

is typically concerned with behaving in a way that minimizes hindsight regret, i.e.
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the difference between the performance of the algorithm, and the performance of the
algorithm which could have been achieved if you had known what would happen in
the future.

While there is a long history of problem variants in online learning (see Cesa-
Bianchi and Lugosi (2006) and Lattimore and Szepesvari (2020)), the setting where
bandit arms correspond to running an algorithm for a certain time has only been
recently studied. The problem, first introduced in Kleinberg et al. (2017), considers
the following idea: suppose one has /N algorithms, and one receives problem instances
j ~ D from some unknown distribution. Let R(i, j) € [0, 00| be the runtime of i € [N]
on input j, and R,(7,j) the runtime capped at 7. The problem is to quickly find an
i € [N],7 € Rsuch that (a) P, p[R(i,7) > 7] < d and (b) E;up[R-(7,7)] is “optimal”
among all other ¢/ € [N]. The original paper defines “optimal” to mean Vi’ € [N],
Ejp[R-(7,7)] < (14 €) Ejan|[Rrpna (', 7)] Where Tiax is some very large runtime one
is unwilling to exceed on any particular instance. The authors give an algorithm
which is near optimal for this particular problem variant. The key difference between
runtime bandits, and more generic online learning problems is (1) the runtime (i.e.
loss) can be unbounded, and (2) one can adaptively choose to run algorithms (pull
arms) for finite amounts of time, instead of incurring the full loss for a choice after a
single pull.

Future papers build on and improve the problem introduced by Kleinberg et al.
(2017). Weisz et al. (2018) remove the assumption of knowing a 7. in advance, and
slightly improve the runtime of the meta algorithm. Moreover, if the observed variance
of runtimes is low, this is exploited. Kleinberg et al. (2019) make the algorithm
appearing in Kleinberg et al. (2017) more adaptive in the sense that it performs
better when many i € [N]’s perform poorly. The new algorithm also provides an
anytime property: it can be asked to choose an i € [N] at any time during the

algorithm’s execution, and the guarantees for the ¢ € [N] it chooses improve with the
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duration the algorithm is run for. Weisz et al. (2019) extend the original definition of
an optimal arm to be more robust. Balcan et al. (2020) study the case where there
is some structure to R(i, j), and the parameter i comes from a continuous parameter
space. Specifically, they assume R, (i,7) is piecewise constant for fixed j, 7. This is
motivated by the structure of certain optimization problems including integer program
optimization. The goal is to find a small set of finite parameters which contains at
least one good parameter. One can then feed this set into the algorithms which work
for finite parameter spaces.

The above problems occur in the stochastic bandit setting, where one makes dis-
tributional assumptions about the runtime. In contrast, Dick et al. (2020) study the
adversarial setting. In each round ¢ one needs to choose an algorithm i, € R?, and
observes runtime cost ¢;(i;). The goal is to minimize the total runtime incurred over
all rounds relative to choosing the best in hindsight fixed algorithm i € [N] across
all the rounds. There is an implicit max runtime cap Tyax, and one only observes the
runtime for the arms which are pulled. The authors get a regret bound by assuming
the runtime for round ¢ is given by a loss function /; : R? — [0, 1] which is piecewise

Lipchitz (similar to the assumption in Balcan et al. (2020))

2.2 Lifelong Learning

Lifelong Learning (LL) concerns itself with the setting of a continuous, never ending
learning process which occurs while performing tasks. In order to improve its ability
to perform tasks over time, a LL system continually accumulates and maintains a
knowledge base derived from past experience. As argued in Chapter 1, LL can be
seen as a natural response to bounded rationality. Due to limited knowledge and com-
putation, it is intractable for an algorithm to give a solution to a large problem all at
once. Instead, it needs to continually accumulate knowledge and solve tractable sub-

problems over time, using its accumulated knowledge to make previously intractable
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subproblems solvable. The concept of lifelong learning appeared in “Lifelong Robot
Learning” in 1995 by Thrun and Mitchell (Thrun and Mitchell, 1995). Since then, a

number of different classes of LL have been considered, including:

1. Lifelong supervised learning. An algorithm receives new classification tasks
online, and needs to incrementally learn each new classification task while re-

using prior knowledge.

2. Continual learning in deep neural networks. An algorithm has a limited
memory budget (cannot remember all prior experience), and needs to maintain
a neural network which learns to perform new tasks without forgetting prior

tasks.

3. Lifelong unsupervised and semi-supervised learning. Lifelong learning
tasks where the objective may only be partially specified. For example, the
task may be to accumulate a knowledge representation of data over time, or
to decide whether new data belongs in the same category as previously learned

knowledge.

4. Lifelong reinforcement learning. A reinforcement learning agent continu-

ally accumulates and uses knowledge to improve reward performance over time.

An excellent survey resource of the field is “Lifelong Machine Learning” by Chen
and Liu (2018). As can be seen, the scope of LL is broad and diverse. Perhaps
because of this breadth, the authors of Chen and Liu (2018) consider LL to be an
“emerging field” where “our understanding of it is still limited”. Indeed, there is no
universally accepted definition of LL, nor a unified view on what knowledge is or how
to define it. Instead, prior work has used different definitions for different specialized
settings. It is therefore impractical to give a complete account of every approach in
this literature review. Instead, we will focus on giving a holistic account of each topic

area, complemented with illustrative examples of specific techniques.
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2.2.1 Lifelong Supervised Learning

Lifelong supervised learning consists of learning a sequence of classification tasks
Ti,..., Ty in an online fashion (where N may be unknown). Each task 7; consists
of a labeled classification dataset D; with |D;| = n;. The ith task is to produce a
classifier for dataset D;. A key goal is to somehow accumulate and use knowledge
over time in order to improve classification performance in future tasks.

A useful way of differentiating existing approaches to lifelong supervised learning
is by considering the different ways they model knowledge. An early proposal by
Thrun (1996) models shared knowledge as a representation function g : X — R?
which embeds observations into a shared representation space across tasks. Here
X is the input space, and R? is the embedding space in which one learns a repre-
sentation of the data. More abstract and heuristic methods such as in Silver et al.
(2015) model shared knowledge as shared weights in a neural network, while concrete
heuristic methods such as in Shu et al. (2017a) model knowledge as components in a
conditional random fields model. On the more formal side, Ruvolo and Eaton (2013b)
introduce the lifelong learning algorithm ELLA, which assumes the ith task can be
encoded in a parameter vector #; € R. Shared knowledge is modelled by assuming
0; can be represented as a sparse linear combination of a library L of vectors shared
between tasks. ELLA is extended in Ruvolo and Eaton (2013a) to the context of
active task selection, where the algorithm chooses to observe new data based on the
expected information gain for the shared knowledge library L. In the context of docu-
ment topic classification, Chen et al. (2015) propose learning a naive Bayes classifier,
where knowledge consists of a continually growing library of the frequencies of each
word encountered per topic. Lifelong supervised learning has also been studied in
the context of formal learning theory. In Pentina and Lampert (2014), knowledge is
modeled by a prior distribution over classifiers; a new task is learned using Bayesian

learning (i.e. applying Bayes’ theorem to infer the new classifier). After the task is
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learned, the posterior over classifiers is updated, and the next task classifier is inferred
using this posterior. Another example comes from Pentina and Urner (2016) in the
Probably Approximately Correct (PAC) learning setting, where it is assumed that
future classifiers can be modelled as a weighted majority of previously learned classi-
fiers. Another line of work (Ellis et al., 2018, 2020) models knowledge as subroutines
of programs. Here, one learns pieces of program code to solve supervised problems,
where the ability of the system to synthesize code improves as useful subroutines are
continually added to a concept library. This work is discussed in detail in Chapter 5.

Different approaches to lifelong supervised learning each have their respective
strengths and drawbacks. More heuristics methods such as Silver et al. (2015) and
Shu et al. (2017a) can be tailored to practical applications but may not give insight
into how to build general lifelong learning systems. More theoretical examples such as
Pentina and Lampert (2014) and Pentina and Urner (2016) can offer clean theoretical
models of knowledge which may aid in transparent understanding of the problem, but
may be intractable in practice or too idealized to be useful. We now survey the details
of some of the prior works mentioned to give a more concrete idea of how these ideas

are implemented.
Nearest Neighbors And Representation Functions

Thrun (1996) is an early suggestion for supervised lifelong learning, motivated by the
problem of concept learning. Fach task consists of receiving inputs z € X (e.g. an
image of a cat or dog), and deciding whether x is an example of a target concept
for that task (i.e. classify 1 if x is an image of a dog, 0 otherwise). The key idea is
to learn a representation embedding ¢ : X — R? over the data for all tasks, which
may be useful for new tasks. One can then use a nearest neighbors method on the
representation g. For a binary classification task, Thrun (1996) proposes to learn g

by parameterizing it by a neural network, and to then minimize the energy function
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The intuition behind E' is that inputs x € X within the same task with y = 1
should have representations which are close together, while inputs with labels which
are different should have representations which are further apart. Let D be the union
of all training datasets observed so far. For classification, given a point x € X', one
weights all the training samples by their distance to  under the embedding g to get
a nearest neighbours prediction
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where ¢ > 0 is a small constant to ensure the expression is well-defined. A
drawback of this approach is the need to re-optimize over all the training data once a

new task 7; is received. This imposes a large computational and memory requirement

in the lifelong learning setting.
ELLA

Efficient Lifelong Learning Algorithm (ELLA) is a more recent lifelong supervised
learning method (Ruvolo and Eaton, 2013b). ELLA assumes that for each task 7,
there is a hidden function f; which maps an input z € R? to a set of labels or
R. The authors assume one can parameterize f; as f(-, ;) for some parameter 6; €
R? and “sharing information between tasks” is modelled by supposing that each
parameter #; can be written as a sparse linear combination of some shared basis set
L € Matgxx(R)!, where the K columns of L form the basis elements. Formally, if we

let © € Matgxn(R) be the matrix with columns 6,...,0y, and Skxwy € Matgyn(R)

"'We denote by Matgx k (R) the set of matrices with d rows and K columns and entries in R
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be the matrix consisting of the sparse vector columns si, ..., sy, then we can write
© = L x S. We wish to find the best latent basis L for our problem by minimizing

the objective function:

N
1 . .
Objective(L) = N min E L(f(x}, Ls"),y;) + pllsll1| + AL

5Z eRK | N,

Where (%,y}) € D; is the jth datapoint in D;, Ls* = 6; is the parameter for task
i, L is a loss function, A, > 0 are regularization parameters, and || L||% denotes the
Frobenius norm of L. A popular technique for sparse coding problems like these is
to alternatively minimize by switching between holding either S or L fixed; note that
when f(x, Ls') = (Ls*)Tx = T x is a linear predictor, then this objective is marginally
convex in either L or S. The original paper notes two key inefficiencies with directly
minimizing the above objective. The first is that it requires storing all the past data
and re-optimizing every time a new task is encountered. To deal with this issue, the

paper proposes considering a second order Taylor expansion approximation for

—Zﬁ ah, Ls'),y’)

around 6 = arg mingcga - Do L(f (2%,0),y5), resulting in the approximation
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is the hessian of the loss function £ at § = 6. Using this approximation means

that in order to optimize L, one only needs to remember 6 for each task 7, rather
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than the observation data. It can be shown that this approximation is exact when £
is the squared loss and f(x,0) = Tz is a linear classifier. A second inefficiency with
the optimization technique is the need to recompute the sparse codes whenever L is
updated after each task. Ruvolo and Eaton (2013b) propose simply fixing the sparse
vector s; for all subsequent tasks i" > i, and state that empirical performance was

not significantly harmed by this choice.
Weighted Majority Lifelong Expert Learning

Pentina and Urner (2016) explore supervised lifelong learning in a more formal frame-
work of computational learning theory. “An Introduction to Computational Learning
Theory” by Kearns and Vazirani is a definitive reference for computational learning
theory (Kearns and Vazirani, 1994). Here we give an account of the high level ideas
in Pentina and Urner (2016). The authors consider binary classification where ex-
amples (z,y) come from R? x {0,1}, there is a fixed hypothesis class H, and there
is a sequence of underlying distributions Wy, ..., Wy associated with each task. We
assume there is some function f; : R? — {0,1} such that labeled examples (z,y)
from distribution W; are generated via (x, ff(x)) for  ~ W;. The goal is to learn,

for each task, a function f; such that the generalization error

E [L(fi(xi),y:)]

z~W;

is less than some target € > 0. Furthermore, in the ¢th task, one is only allowed to
ask for examples from distribution W;, or make oracle queries to previously learned
functions fi,..., f;_1. To do this, the paper models “using prior knowledge” as being
able to represent new functions f; in terms of weighted majorities of previously learned

functions. Towards this goal, the following majority vote hypothesis class is defined:
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MV(H, k) :{g:Rd—> {0,1} Ay, ..., hi € H,wy,...,wx € R,

g(x) = sign (Z wihi(a:)) }

It is shown that we can relate the VC dimension (a measure of the complexity) of

the hypothesis class MV to that of the original class H via

VC(MV(H, k) < k(VC(H) + 1)3(log(VC(H) + 1) + 2)

The next step is to quantify how related new tasks are in terms of previous tasks.
To do this, the paper defines distance functions between hypothesises and hypothesis

classes:

dw(h ) = E (@) # B(x)

dw,(h, ') = min dyy, (h, 1)

no__ . /
dw,(H,H') = max min dw;, (h, h')

Note that dy,(h,H') measures how well h can be approximated by a hypothesis
h' € H'. A sequence of tasks (W1, ff),..., (W, fx) is called 7-separated if for each
i € [N]

sz‘ (fz*va({fikv s 7fi*—1}7i - 1)) > Y

and a sequence (Wi, f7),..., (W, ) has 7 effective dimension k if the largest
~v-separated subsequence of these tasks has length k. Informally, this says that any
f# can be approximated by a weighted majority of some k functions f} for i’ < i.

Likewise, the paper defines the discrepancy
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discy (Wi, Wj) = max |dw, (h, 1) — dw, (h, )|

which is a measure of task relatedness. Informally, a low discrepancy means that
if h and A’ approximate each other on distribution W;, they also approximate each
other on a different distribution W;.

Given a target error of € per task, the following algorithm is then proposed:
for each task i, ask for a dataset D; of samples of size n; from W, where n; is
carefully calculated based on epsilon and the relatedness between tasks. If we can
fit a function f; € MV({f1,..., fi_1},i — 1) with small error on dataset D;, then set
fi as the classifier for task i. Otherwise, draw new samples from W; and fit f; to be
the empirical minimizer from H on this dataset. The main theoretical result is the
following. Suppose the following 4 conditions hold: (1) the y-effective dimension is at
most k (functions f;* can be expressed as linear combinations of k other functions from
previous rounds), (2) discy (W;, W;) < r (task distributions are sufficiently related),
(3) v < ¢e/4, (4) kr < /8 (the degree of task relatedness is large enough relative to
the error target). Then with probability at least 1 — 0, the true error of each fitted
function f; on task ¢ is bounded by &, and the total number of labeled examples
requested by the algorithm is O <w> This allows some formal measure for

comparing how prior information might help with learning new tasks.

2.2.2 Continual Learning In Neural Networks

Continual learning in neural networks can often be viewed as a special case of lifelong
supervised learning where knowledge is represented by the evolving weights of a neural
network. Suppose one is given a new dataset D; for classification task i. The key
problem is that naively updating the network weights with stochastic gradient descent
on D; tends to cause the network to perform worse on previously seen classification

tasks. This phenomenon is known as Catastrophic Forgetting (CF), first coined in
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McCloskey and Cohen (1989).

A body of work has grown around techniques for addressing the problem of CF.
Usually, one assumes that the algorithm has a bounded capacity to remember training
examples from prior tasks. The problem is to give a procedure for updating the
weights of a neural network to perform well on new tasks, without degrading its
performance on prior learned tasks. The literature in this space is varied. Since
neural networks are not well understood theoretically, many techniques often rely on
different styles of heuristics. We now give a representative sample of the core ideas

behind these techniques.
Progressive Neural Networks

The idea of Progressive Neural Networks (Rusu et al., 2016) is to explicitly learn
a new neural network for each task. When a new neural network is learned, it is
able to use the outputs of layers of previous networks as inputs. Performance on
prior tasks trivially remains the same, while the new task has the potential to take
advantage of the learned representations of tasks already learned. Formally, on task
T; we learn weights {W;},c(r) for an L layer neural network, and lateral connections

{U ;/ }ien)vefi—1), where the jth hidden layer output of network 4 is equal to

@) _ (@), (2) (i) 3 (@)
h;” = max (0, W7 h; 2, + Z U; hjl)

i <i
The obvious disadvantage of this approach is that it assumes one is told which task
is being performed, and the number of parameters of the model can grow prohibitively

large very quickly.
Elastic Weight Consolidation

Elastic Weight Consolidation (EWC) (Kirkpatrick et al., 2016) is an example of a

technique which tries to control how quickly the weights of a neural network change
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on new tasks, in the hope that this will prevent performance degradation on prior
tasks. EWC proposes using a heuristic Bayesian approach to mitigating CF. Suppose
two datasets Dy, D drawn independently for different tasks, and suppose we model

the neural network parameters § € R? as a random variable. Then we can write

P(D4 A Dyl0)P(0)
P(Da A Dp)

_ B(Dal)P(Ds|6)P(6)

~ P(D4)P(Dp)
P(elpﬂ‘;‘)P(D*‘)P(D3|6)P(0)

P(6|Da A Dp) =

()

P(D4)P(Dp)
_ P(Dp|0)P(0|Da)
B P(Dg)

Therefore, writing D = D4 A Dy, we have

logP(0|D) = log P(Dp|0) + logP(0|Da) — log P(Dp)

log P(Dg|f) is the loss function for § on dataset Dp and so can be optimized.
The term log P(0|D,) is not tractable to compute, so EWC assumes log P(0|Dy4) can
be approximated by a Gaussian distribution with mean 6% (the parameters which
minimize the loss on the dataset D,) and a diagonal precision given by the diagonal
of the fisher information matrix F. If we assume this, we can maximize the likelihood

P(A|D) on the joint data by minimizing the loss function

L(0) = Lp(0) + > SF;(0; — 0%,)°

where

F= E

(z,y)~Da

(2 1ogp<<x,y>|e>)2 0= ezz]
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Lp(0) encourages a low loss on Dp, while >, , SF;(0; — 05 ,)°

encourages the
parameters of 6 to not change too quickly. We then learn the parameter 6% 5 for
both tasks. When we receive a new task C', we set 6% = 0% 5, A= AUB,and B =C
and repeat. Note that to maintain the matrix F' for all previous tasks, it suffices to

estimate [’ individually for each dataset we encounter, and then add F' to a rolling

tally.
Learning Without Forgetting

Learning Without Forgetting (LwF) (Li and Hoiem, 2016) proposes learning a collec-
tion of shared parameters 6, and task specific parameters 6; for each task i € [N]. For
example, 05 can correspond to the layers of a Convolutional Neural Network (CNN),
and 6; can correspond to a single final classification layer which can be appended to
the end of the shared CNN. When given a new task dataset D;, LwF updates the
shared parameters 0, o1q t0 05 new and learns task specific parameters 6; by training on
a loss function which is the sum of two components. The first component is the task
specific loss for task i. The second component is a distillation loss, which measures
how much the outputs for the previous task networks using 05 ,q change on dataset
D; when using 0 new instead. While there is some intuition of why this approach
might work in idealized cases, it is perhaps unclear why this would prevent neural
networks from forgetting old tasks if e.g. the new task distribution is significantly

different from old task distributions.
Incremental Classifier And Representation Learning (iCaRL)

In iCaRL (Rebuffi et al., 2017), one imagines learning a feature extractor neural
network ¢, and task specific weight vectors {w;}; which will be used for classification
over multiple classes. Each task corresponds to learning a new image class to classify.
Similarly to LwF (Li and Hoiem, 2016), iCaRL uses a form of distillation loss to

discourage forgetting between tasks. However, we keep a set of example training
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points P; for each task encountered so far. When given new training data D; for task

i (e.g. a collection of image examples from class i), we first compute target values

1

Ui = TCop@loE,,) for the jth exemplar point z; ; of task i'. ¢ and the w’s are

then trained to minimize the loss of the sum of (a) the classification error on the
new task, and (b) a distance between the ¢,/ ;’s evaluated using either the old or new
parameters of the neural network. For actual classification, on constructs centers
Wi = ij ep, @(wi ;) for each class, and classifies x according to the nearest center of
¢(r). Likewise, the exemplars for task i are greedily chosen such that mee p, O(Ti;)
most accurately represents the mean Exj ep, ¢(xi;) computed using the entire task
data. One can interpret iCaRL as learning a latent feature space given by ¢ used for
nearest neighbour classification, where we use a distillation loss on the latent feature

space instead of the neural network outputs as is done in LwF.
Expert Gate

Expert Gate (Aljundi et al., 2017) proposes incrementally learning an autoencoder A;
for each incremental dataset D;. Given a new dataset D;,; and a learned autoencoder
Aiyr1, a measure of task similarity between T;,; and the prior tasks Ti,...,T; is
proposed based on the average reconstruction errors of A;,..., A; on the dataset
D;,1. Based on this similarity score, either fine-tuning® or LwF is used to construct
a classifier C;y; from the most related previous task. At test time, given a datapoint
x, the classifier C; whose autoencoder A; has lowest reconstruction loss is most likely

to be selected for prediction.
Generative Replay

Generative Replay (Shin et al., 2017) proposes learning a generative model of past

training data, alleviating the need to save the entire training set across multiple tasks.

2Fine-tuning is when a neural network is initialized with weights optimized from a previous task,
and then trained for a limited duration on new data.
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A scholar model H; = (G}, S;) corresponding to tasks 1,...,7 is maintained through-
out the algorithm. The algorithm needs to maintain a classifier which performs well
across all the tasks (without being told which task it is performing). Here G; is a
Generative Adversarial Network (GAN) which generates samples x € X' from tasks
1,...,2. S; is a solver which takes an = generated from G; and is optimized to output
the correct value. When a new dataset D;,; for the ¢ 4+ 1th task is given, samples
x and their predicted labels y are drawn from G; and S; respectively. This creates
a generated dataset corresponding to data from past tasks. (.1 is then optimized
on this generated data as well as the data from D;,; to generate samples for tasks
1,...,24+ 1. Likewise, S;,; is optimized on both the generated data and the new data
Di.1. One drawback of Generative Replay is that training GANs can be unstable,
so there may be a particular step ¢ where the GAN fails to properly capture the full

distribution of past data.

2.2.3 Meta Learning

Meta learning (Thrun and Pratt, 1998) is a branch of computer science which studies
how to learn how to learn. From the perspective of lifelong learning, this means not
simply accumulating new knowledge to be able to perform more tasks, but also ac-
cumulating knowledge which allows the system to learn future tasks more effectively.
While there is some disagreement over whether there is a fundamental distinction be-
tween meta learning and learning in general (Vilalta and Drissi, 2002), meta learning
generally creates a distinction between “long term” and “short term” learning, and
asks how to improve the process of short term learning via a “long term” learning
technique. There are many different approaches to meta learning. Earlier work in-
cluded Stacked Generalization (Wolpert, 1992) (an ensemble learning approach), and
modelling meta learning as adaptively changing the hypothesis space (“bias”) a learn-

ing algorithm uses over time (Vilalta and Drissi, 2002). More recent examples include
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learning an algorithm which can perform classification when only given a few number
of labeled examples (few shot learning (Snell et al., 2017; Vinyals et al., 2016)), and
“fast learners” to learn new tasks quickly coupled with ”slow learners” to adapt to
long term trends (Munkhdalai and Yu, 2017). Ultimately, it can be argued that meta
learning is about constructing structured ways to adapt a learning procedure over
time. We will now focus on some of the more modern meta learning techniques which

have shown promise in practical applications.
Few-Shot Learning For Image Recognition

Few-Shot learning is the problem of learning how to construct a classifier after being
given only a very limited amount of training data. In the case of image recognition,
“Prototypical Networks for Few-shot Learning” (Prototypical Networks) (Snell et al.,
2017) and “Matching Networks for One Shot Learning” (Matching Networks) (Vinyals
et al., 2016) are two influential papers in this area. Formally, suppose one is given a
small set D of labeled data from a subset of classes C' C [K] (e.g. classes of images).
The task is to “meta learn” an algorithm A which takes as input D, and then performs
well at classifying images from classes in C'. Suppose we sample a subset of image
classes (', a small set of training data D for these classes, and a large set of test data
Diest- Let A(D)(x) be the classification prediction of  when trained on data D. Then

the objective is to pick the algorithm A to minimize the expectation of

Y LAD)().y)

(#,y) EDtest
Both papers take a similar approach by parameterizing A as a form of smooth
nearest neighbors classifier with embedding fy, where the task is to learn the em-
bedding parameters ¢. This is similar to the idea given in Thrun (1996). While not
directly related to few shot learning, there have been similar ideas for learning em-

beddings in order to improve the learning process. For example, Raina et al. (2007)
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proposes learning a sparse embedding of unlabeled image data in order to better rep-
resent labeled image data. These sparse representations of labeled data are then fed

into a learning algorithm.
Other Neural Network Approaches To Meta Learning

There are a number of conceptual approaches which have been taken to designing
neural networks for meta-learning problems. Neural Turing Machines (Santoro et al.,
2016) are neural networks augmented with memory, trained to learn few-shot learning
tasks such as Omniglot image classification. “Meta Networks” (Munkhdalai and Yu,
2017) propose a neural network architecture which consists of fast learners which
are updated quickly, and slow learners which are updated less frequently. Similarly,
“Fast Reinforcement Learning via Slow Reinforcement Learning” (Duan et al., 2016)
trains a “slow” Recurrent Neural Network (RNN) on a changing sequence of Markov
Decision Processes (MDP), and shows that by training a RNN on this sequence,
the network can learn to quickly adapt (“learn fast”) when the MDP changes. Both
papers emphasize how fast adaptive behavior can automatically result on shorter time
scales by choosing training objectives which span longer periods of time. “Learning
to Remember Rare Events” (Kaiser et al., 2017) argues that an important part of
lifelong few-shot learning is being able to remember rare events, and proposes a
nearest neighbor memory module architecture for this purpose. This suggestion also
hints at the idea that one may need to take a more nuanced approach than simply
optimizing the mean squared error of a loss function when designing lifelong learning

systems.

Gradient Specific Approaches To Training Neural Networks In A Meta
Learning Context

One challenge of meta learning in general is the question of how to search for algo-

rithms which perform well on long timescale meta learning tasks. This is particularly
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true for optimization methods like stochastic gradient descent: a meta-learning al-
gorithm might make a small change to a base learning algorithm, but in order to
compute the gradient of this change, one may need to perform a gradient computa-
tion over a very long period of time-steps. It is unclear how meaningful gradients are
in these settings (where small changes to a network parameter might presumably have
large effects), or how to compute gradients in this setting efficiently. The most direct
response to this concern is “Gradient-based Hyperparameter Optimization through
Reversible Learning” (Maclaurin et al., 2015), which propose a technique for learning
hyperparameters for a neural network via stochastic gradient descent with a reversible
gradient. The key idea is that, in this setting, one only needs to keep a single time step
(gradients of the neural network) in memory in order to be able to compute the gra-
dient with respect to the hyperparameters. “Model-Agnostic Meta-Learning for Fast
Adaptation of Deep Networks” (MAML) (Finn et al., 2017) takes the approach of
learning parameters 6 for a neural network, such that when new data D for a task
is received, the parameter #’ = Update(, D) performs well on the new task, where
Update consists of a few (1-4) steps of stochastic gradient descent. This approach
requires computing the gradient of the gradient update step, which requires comput-
ing the Hessian. MAML also proposes a linear approximation to avoid computing
second order derivatives. “Learning to learn by gradient descent by gradient descent”
(Andrychowicz et al., 2016) proposes searching for an RNN which takes as input
the gradient history of a neural network parameter, and then outputs a parameter
update. The RNN is optimized by stochastic gradient descent (with the objective
of producing low final error of the classifier), and is made tractable by making an

assumption about partial derivatives of the classifier and RNN.
Evolution Strategies For Meta Learning

Given the complications of training a meta neural network with stochastic gradient

descent, it is useful to look at simpler alternatives which have been tried. “AutoML-
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Zero: Evolving Machine Learning Algorithms From Scratch” (Real et al., 2020) di-
rectly evolves python-like programs to perform image classification, where the pro-
grams consist of a sequence of basic instructions. The optimization procedure is a
search for simple programs which, after given a small training set, empirically per-
form well on a test set. The final evolved programs are similar to convolutional
neural networks using stochastic gradient descent, suggesting that vanilla evolution
on programs might be a viable approach to some problems.

“Evolution Strategies as a Scalable Alternative to Reinforcement Learning” (ES)
(Salimans et al., 2017) considers an interpretation of an evolution optimization pro-
cedure where the problem is to find a parameter  to maximize the expected reward
E-no,1) F(0 4 0¢), where N(0,1) is a multivariate standard normal distribution, for
some function F. The interpretation is that 64 o¢ is a parameter from the population

distribution centered around 6. They propose optimizing this objective via

1
Vo E F@+oe)=— E F(0+o0e)e
e~N(0,1) O e~N(0,1)

This leads to the following optimization algorithm (natural gradient descent):

1. Compute samples F; = F(0; +¢;) for i =1,...,n.

2. Update 6,41 = 0; + Oé% Yo Fe

One advantage of using random samples is that the memory complexity required
only scales with the number of random seeds which must be remembered. When
sampling in parallel, this means that only the F;’s need to be sent across the network
(and the g;’s can be deduced by a shared random seed). The paper found that,
using the same deep architectures for playing Atari, computation time was quicker
(no back-propagation needed to be computed) and performance mixed (roughly half

the results were better, half were worse, than baselines). Similarly, “Simple random
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search provides a competitive approach to reinforcement learning” (Mania et al., 2018)
shows that linear and radial basis function policies, using policy search with natural
gradient, can perform as well as deep neural networks (using Trust Region Policy
Optimization (Schulman et al., 2015)) for certain locomotion tasks. Other differences
from ES included “unbiased” direction sampling (e.g. sampling F'(6+¢) and F(0 —¢)
in pairs), occasionally keeping some linear coefficients fixed from being updated, and
normalizing means and covariances of inputs. State of the art performance (at time
of the technique’s publication) for benchmark MuJoCo locomotion tasks is achieved,
and the method is significantly faster than competing methods.

In contrast to using natural policy gradient, “Deep Neuroevolution” (Such et al.,
2017) considers pure evolution on neural networks, using only mutation (adding noise
to parameters) and no crossover. It is shown that when this is applied to learning
reinforcement learning policies for some atari games, performance can be better or
worse than other standard RL gradient methods for this domain, and on average the
performance is comparable with other RL methods. Natural selection can perform
better where traditional gradient based RL methods have failed, usually when the
reward requires a long time horizon with little greedy signaling. Similar to ES, the
update method is exploited. In this case, instead of remembering the entire parameter
of the neural network, the random seed choices which led to the network are remem-
bered instead, so memory grows linearly in the number of evolution steps. It was
noted that natural selection generally out performed random search, suggesting that
making random mutations in parameter space for neural networks leads to evolution

paths where this is better than pure random search.

2.2.4 Unsupervised And Semi-Supervised Lifelong Learning

The majority of work in unsupervised learning occurs in language modelling. For

example, in lifelong topic modelling (Blei et al., 2003; Wang et al., 2016; Chen and
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Liu, 2014), one is given an online sequence of text documents with the task of learning
the topics which constitute them. As an example, Chen and Liu (2014) introduce
Lifelong Topic Model: a method for continually growing a collection of topics, and
using prior learned topics to help infer new topics. Another language based lifelong
learning system is NELL (Never-Ending Language Learner) (Carlson et al., 2010;
Mitchell et al., 2015). NELL is a semi-supervised lifelong learner which has been
continuously reading the web since 2010, in an effort to better “understand” text
and accumulate knowledge. It is designed with a systems-based approach to LL, in
which a collection of components (e.g. knowledge base, image classifier, text context
patterns) are combined together. The system is optimized to perform a variety of
tasks, some of which are semi-supervised, and maintains a knowledge database of
known relations between objects. Another text based knowledge learning system is
given in Mazumder et al. (2018). Here, given text generated by a user interacting
with a chatbot, the algorithm learns to infer triples (s, r,t) which indicate whether
s and t can be linked by relation r. Many of the techniques used in unsupervised
language modelling are quite tailored to e.g. modelling documents as a bag of words,
or have very specific designs which are not necessarily applicable in other contexts.
We therefore choose not to review them in great detail.

A separate class of semi-supervised lifelong learning methods can be found in
open world learning (Bendale and Boult, 2015, 2016; Fei et al., 2016). Open world
learning considers the problem where one needs to continually learn to classify new
classes, while also being able to determine when one is given an input from an unseen
class. There are two main themes of ideas in this area. The first is to learn an
N vs 1 classifier for each of the N classes. Here, the ith classifier is optimized to
output 1 if an input x comes from class i, and 0 otherwise. Given a new input z, one
can then reject x as coming from an unseen class if none of the classifiers output a

value above a certain threshold. For example, this approach is used by DOC (Deep
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Open Classification) (Shu et al., 2017b) to classify text documents, and later in open
world image classification (Shu et al., 2018). The second key theme is open space risk
(Scheirer et al., 2013). Given binary classifier f, one can consider the region of space
R = f7}(1) ¢ R? in which f classifies an example x € R¢ as positive. Informally
speaking, one would like R to not be “unnecessarily large”: just large enough to
capture positive examples, but small enough such that unseen negative examples do
not lie in the region R. Of course, since these negative examples have not yet been
seen, this is often an inherently unsupervised learning task. For example, Fei et al.
(2016) give a modified support vector machine which can control the size of the region
R. To estimate how large the region R should be, they use an unsupervised clustering
technique called center-based similarity space learning. Likewise, DOC calibrates its
open risk by changing the output threshold at which an N vs 1 classifier is determined
to predict a detection of its class. This is done using a heuristic statistical estimation

technique on the positive samples of that class.

2.2.5 Lifelong Reinforcement Learning

Reinforcement learning (see Sutton and Barto (2018)) (RL) is the study of finding
policies which maximize a reward function while interacting with an environment. A
common way to model the problem is with a Markov Decision Process (MDP). For
example, a fully observable MDP consists of a tuple (S, .A,P, R, \) where S is a set
of states, A is a set of actions available to the policy, P: S x A x § — [0, 1] is a state
transition probability function, R : S x A — R is the reward function, and A € [0,1)
is a reward discount factor. The environment consists of time steps t = 1,2,....
The initial state s; € S is sampled from some prior distribution. At time step ¢, an
agent observes state s;, and must pick an action a; € A. The agent then receives
reward r; = R(s;,a;), and the environment transitions to state s,,1 with probability

P(sy, ay, s¢41). The goal is to find a policy 7 : § — A for the agent to follow such that
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the expected value of the discounted rewards > i, 7~ 'r, is maximized. Alternative
models for reinforcement learning have also been considered. For example, one might
assume the MDP is not fully observable, so the agent does not observe the full state
s, at time ¢ but instead an observation o, = f(s;) which is a function of s;.

Lifelong reinforcement learning is the problem of continually updating the agent
policy m as the environment is learned, so that the reward prospects continually
improve over time. It was first proposed in Thrun and Mitchell (1995), which discusses
the importance of lifelong learning in RL and various ways this could be achieved.
Early work often focused on exploring how intuitions about continual learning could
be incorporated into neural networks. For example, Tanaka and Yamamura (1997)
proposed learning new environments by initializing a neural network with the average
of weights of neural networks used to solve previous RL tasks, weighted by the degree
to which the components of the weights change across tasks. Ring (1998) proposed
CHILD, which used a hierarchical neural network architecture to attempt to use
knowledge from easy tasks to learn harder tasks. Tessler et al. (2017) is a more
modern example of this approach, where a hierarchical neural network architecture
combined with knowledge distillation (see Subsection 2.2.2) is used to continually
acquire skills in Minecraft. Mendez et al. (2022) explore how compositional neural
network architectures can be used to improve learning future tasks.

On the more theoretical side, lifelong RL is often studied in the context of MDPs
or as an optimization problem where principled simplifying assumptions are made.
An example of the latter is PG-ELLA (Bou-Ammar et al., 2014), an adaptation of
ELLA (see Subsection 2.2.1) for RL. Like ELLA, PG-ELLA assumes knowledge for
a task can be represented as a sparse linear combination of vectors from a shared
library L. However, instead of minimizing a classification loss, it minimizes a policy
gradient loss (Sutton et al., 1999), using the same Taylor series approximation as

ELLA to make this optimization tractable in the lifelong learning setting. In the
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context of MDPs, Brunskill and Li (2014) study how learning options (temporally
extended action sequences) can be used to speed up learning in new tasks. Wilson
et al. (2007) introduce the MTRL algorithm, which learns a Bayesian hierarchical
mixture of MDPs for different tasks, and groups MDPs into the same class if they are
similar. Given a new task, one can search for similar MDPs and use this as a basis for
learning the new task more quickly. Wang et al. (2022) introduce a similar style of
approach, where a mixture of environment models is learned using the EM algorithm,
and environments are clustered based on similarity. In these kinds of approaches, one
needs to decide what it means for two MDPs to be similar. A simple choice is to
say two MDPs are similar if the models have similar state transition distributions,
however there are other reasonable choices. For example, Lecarpentier et al. (2021)
study a metric for MDPs where closeness implies the have the same optimal value
functions, allowing one to give transfer learning algorithms with formal performance
guarantees. Reusing models of previously learned environments can be contrasted
with reusing policies of previously learned environments. For example, Fernandez
and Veloso (2013) propose a system for maintaining a library of previously learned
policies, and switching between a previously learned policy and a new policy based
on the current performance of each policy.

Another branch of work studies cross domain transfer learning (Taylor et al., 2007;
Bou-Ammar et al., 2015; Isele et al., 2016). Here, one tries to learn a correspondence
from a new environment to a previous learned environment, so that one can re-use
knowledge of how to behave in previous learned environments. For example, Bou-
Ammar et al. (2015) propose learning a mapping between trajectories between two
different environments using Unsupervised Manifold Alignment (Wang and Mahade-
van, 2009), an unsupervised learning technique for learning a correspondence between
two datasets based on geometric priors.

As in the supervised LL case, there are a variety of different approaches to rein-
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forcement LL. Approaches vary by both their level of formality, as well as the specific

way knowledge is modelled.

2.2.6 Other Related Areas

Lifelong learning is an especially broad field. We conclude this section by briefly
mentioning a few related fields connected to both lifelong learning and bounded ra-

tionality.
Neurosymbolic Al

Neurosymbolic Al (see Garcez and Lamb (2023)) attempts to merge the strengths of
logical reasoning systems and neural networks into a single framework. Logical rea-
soning systems have the advantage of being able to use deduction to infer knowledge.
On the other hand, inductive learning systems like neural networks offer a degree
of flexibility due to their ability to fit on observed data, but may not generalize to
new data in the same way as logical reasoning systems. A concrete example of a
neurosymbolic system is Logic Tensor Networks (LTNs) (Badreddine et al., 2022).
LTNs define a form of logic called “Real Logic”, where logical relations have degrees
of truth which can be parametrically represented by a neural network. Given a logical
specification of a problem, one can then attempt to learn these truth functions from
the data. Within the context of lifelong learning, neurosymbolic Al is one approach
to representing knowledge for an incremental learner. Within the context of bounded
rationality, the logical reasoning component of neurosymbolic Al is a fairly explicit

reasoning system whose limitations can be understood analytically.
Learning In Games

Learning in games (Fudenberg and Levine, 1998) studies how players might incre-
mentally learn to play better while playing a game. In these settings, one does not

assume the game has already reached Nash equilibrium. Instead, one studies how
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players might adapt their behaviour as they learn more about their opponents while
playing the game. An early example of such a model is fictitious play (Robinson,
1951). In a two player game, each player assumes that their opponent chooses strate-
gies from an unknown stationary distribution. When a player observes a choice from
their opponent, they update their beliefs about the stationary distribution of their
opponent’s choices using Bayes’ rule. They then play optimally given this posterior
belief. Other work (Bush and Mosteller, 1955) considers a reinforcement learning
model. Here one studies how players behave if they simply react to positive or neg-
ative stimulus without having any model of the game or their opponents. In the
context of lifelong learning, learning in games can be seen as a way of studying con-

tinual learning in the more classical setting of strategic games.
Machine Teaching

Machine teaching (see Zhu et al. (2018)) studies how the difficulty of learning changes
when an algorithm has access to a teacher which can assist the algorithm. Different
models of assistance have been considered. For the sake of concreteness, suppose
the problem is to learn a binary classifier f : [0,1] — {0,1} where f(z) = 1 iff
x > 0*. If a learning algorithm were given uniformly random training samples in
0, 1], then it would require roughly Q(¢7!) samples to estimate #* within an additive
error of £. On the other hand, a teacher which knows 6* could make this learning task
significantly easier. If the learning algorithm is allowed to query points (z, f(z)) to
the teacher in the context of active learning (see Settles (2009)), then it can use binary
search to find #* within an additive error of € in only O (log(e™')) queries. A different
approach would be for the teacher to give the learning algorithm two training samples
(0* —¢€,0), (6" +¢,1), from which the learning algorithm could immediately deduce a
good estimate for 0*. Towards formalizing this idea, the teaching dimension (Goldman
and Kearns, 1991) is a way of quantifying the minimum number of samples required to

solve a particular learning problem if the teacher is allowed to choose which samples
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to show the algorithm. In the context of lifelong learning, machine teaching studies
a particular setting in which continual learning might occur. Because it is difficult to
make strong assumptions about the future in the context of lifelong learning, models
which allow access to a well-behaved teacher may play an especially important role

in making certain learning problems more tractable in the lifelong learning setting.
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Chapter 3

Precomputation, Time And
Memory

3.1 Introduction

While there is a firm theoretical understanding of how perfectly rational agents should
play games in equilibrium, understanding the setting where agents have bounded
computational resources appears to be more challenging. For example, in theory, an
agent playing a mini-max game such as chess always has an optimal move it can
make. In practice, it may take a very long time to compute an optimal move, and
it can be unclear how a rational agent should (or would) behave when it only has a
finite amount of time to decide on a move.

Consider an extensive form game played between two players, where each player
has a finite amount of total time during the game to make their moves. One simple
yet under-explored property of these games in the time-constrained setting is the
following. Before the game, both players can typically spend a large amount of time
practicing and preparing, and this time is typically much larger than the amount of
time spent playing the game. During the game, if players encounter situations they
have prepared for in advance, they are able to play very strong moves quickly from
their preparation memory. Otherwise, they have to use their time-limited budget

to compute a new move. This simple structure leads to interesting tradeoffs. For
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example, if player 1 plays very deterministically, it will be easy for player 2 to prepare
(precompute) strong moves against player 1 using the much larger compute resources
available before the match. On the other hand, if player 1 plays more randomly to
try and make the future of the game harder to predict, player 1 necessarily needs
to play “optimal” moves less frequently. Modeling just this precomputation tradeoff
leads to surprisingly rich behavior in time constrained games. For example, in chess
(which will be used as a running example throughout this chapter), human players

often:

1. Prepare against other players by studying certain opening lines they expect to
occur in a game based on the playing styles of the other player.

2. Play the first few moves of the game quickly from an “opening book” of mem-
orized moves.

3. Intentionally randomize their strategies to make it harder for their opponent
to prepare against them. In practice, this can done by playing e.g. the 5th or
6th best move recommendation of a chess engine during an opening sequence

of moves.

In contrast, many modern chess engines do not explicitly exhibit some of the
behavior described above; for example, they may deterministically play the “best
move” found within an allotted time, mirroring the idea that in the computationally
unbounded setting, there is always an optimal move to play for a mini-max game like
chess. In contrast, this paper will show that in the computationally bounded setting
where players can precompute, it is perhaps more useful to think in terms of the “best
distribution of moves” to play.

Prior work in bounded rationality is reviewed in Chapter 2. In the particular
context of precomputation, Simon and Schaeffer (1992) give an account of how pro-
fessional human chess players rely on a memory of previously encountered board

positions while playing. This work can therefore be seen as a concrete mathematical
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model of some of the observations made in Simon and Schaeffer (1992). This work can
also be contrasted with other models of bounded rationality which penalize players
for playing more computationally demanding strategies, such as in Ben-Sasson et al.
(2006). In this work, players are penalized for how many moves they memorize in
an extensive form game, which leads to a specific game structure which we show has
analytical guarantees and polynomial-time algorithms. In contrast, the work of Ben-
Sasson et al. (2006) considers normal form games with generic cost functions which do
not specifically model the structure of precomputation. More broadly, this work fits
within the context of constructing models of bounded rationality for understanding
specific aspects of computationally bounded agents (e.g. Pearl (1980); Dow (1991);
Balcan et al. (2018); Dick et al. (2020)).

3.1.1 Contributions

We first give a novel and flexible formalism for modeling the precomputation as-
pect of two player, zero sum, perfect information extensive form games played under
time constraints. Next, we give theoretical results establishing the importance of
randomness of play in the computationally constrained setting. We show that one
can efficiently compute how exploitable a fixed strategy is to precomputation, and
the equilibrium precomputation strategy between two players. We then empirically
demonstrate how useful precomputation can be in practical contexts, by exploring
how susceptible the chess playing algorithm Stockfish is to precomputation as a func-

tion of randomization.

3.2 Definitions

3.2.1 Background

We consider two-player, zero sum, perfect information extensive form games, where

the players alternate in turns. In order to provide maximum flexibility of the model,
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we use standard terminology for game playing which makes no explicit reference
to computational constraints. However, we implicitly think of player policies o; as
being implemented by some computationally constrained algorithm (e.g. alpha-beta
search), and the game being played under some time limit. We will give some concrete
examples shortly. A textbook reference on game theory can be found in Maschler et al.
(2020). We begin by reviewing some standard terminology.

A two-player game consists of a set of histories H, a subset of terminal histo-
ries Z C H, a utility function u : Z — [0, 1] defined on terminal histories h € Z,
finite sets of possible actions A(h) for each history h € H \ Z, and a transition
function 7 which takes as input a history h € H \ Z, an action a € A(h), and
returns a unique history b’ = 7(h, a).

A behavioral strategy (policy) for player ¢ € {1,2} consists of a function o;
defined on H\ Z, where o;(h) € A(A(h))', i.e. o; maps histories to distributions over
actions, where o;(h)(a) is the probability that player ¢ plays action a € A(h) when at
history h. A player function P : H \ Z — {1,2, ¢} indicates which player’s turn it
is to choose an action at history h. If P(h) = ¢, then h corresponds to a placeholder
chance node (i.e. chance player) and an action a € A(h) is chosen according to a
fixed probability distribution o.(h).

For notational reasons, we associate each history h € H with the unique ordered
sequence (ay,...,ay) of actions which must be played to reach h beginning from the
starting history () € H, and we say h has length |h| = k. For i € [k] we denote
h; = a;, and denote by h.; the history reached by playing aq,...,a;, so in particular
we have h,; = m(h,;_1,a;). We say h € H is a prefix of b’ if 3i s.t. h = h!;, and we
write this as h < I/. The successor function Succ(h) : H\ Z — 2% (here 27 is the

power set of H) maps a history h to the set of histories H' C H where player P(h)

next gets to have a turn, or the following terminal histories (whichever occurs first).

'Here A is the probability simplex.
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Formally, let X (h/, h) be true if P(h') = P(h) or b’ € Z, and false otherwise. Then
Succ(h) ={h € HIX(W,h) NN >h AN (AW € Hst. P(h")=P(h)ANh<h" <Hh)}.
Unless explicitly stated, we will consider games where player 1 and 2 alternate in
turns with no chance nodes, i.e. P(h) =1 if |h| is even, P(h) = 2 otherwise.

Given a policy profile 0 = (04, 02) for both players, the probability of history A’/
occurring when starting from history A < b’ is therefore

|h'|=1

77 (h,h') = H opm,) () (Rig)

i=|h|
and 0 when h £ h/. We define the probability of history h as 77 (h) = 77(0, h).

We say that the expected value of the game for player 1 when starting from history
h e Hisuf(h) = > e, (h,W)u(l'), and ug(h) :== 1 — uf(h) for player 2. The

expected value of the game for player 1 is u := uJ ().

3.2.2 Algorithmic Strategies And Precomputation

Precomputation strategies are intended to capture the idea that, before a game, we
can study some subset S C H \ Z of game histories and plan in advance what to
play for these histories. For example, in the case of chess, we could look at some
board positions S C H \ Z, and see which moves a powerful chess engine oy, would
recommend in these positions after running for an hour. In the actual game, if we
ever end up in a position h € S, we can immediately play ope(h) from a lookup table
(without spending any time computing moves). Otherwise, if h ¢ S, we can just
play our usual policy o;(h) (where we would need to spend compute time during the

game).

Definition 3.1. Given policies Opre, 04, a (Tpre, 05, B) precomputation strategy

with memory budget B is a policy 6; such that:

1. There exists a memorization set S C H \ Z, where |S| < B and S is prefix

closed (i.e. if h€ S and b’ < h,P(h') = P(h) = h' € S5).

52



2 heS — &i(h) = opn(h).

For convenience, we will always think of modeling policies oy as taking 0 time
per move. One justification for considering prefix closed memorization sets is that
if a player chooses to memorize history h € H, it is natural for them to have also
considered the histories A’ < h leading up to h. We now consider the following
meta-game: before a match between player 1 and player 2, which takes place in a
time-constrained setting, each player ¢ can spend time preparing for the match by
specially choosing a prefix-closed subset of histories S C H \ Z, and constructing a
precomputation strategy ¢; which plays strong moves according to some policy opye
when in this set. We assume that there is some limiting factor on how many moves
each player can memorize for a particular game. In practice, this may be enforced
by e.g. a maximum memory budget B, or some limited capacity to memorize moves.
We model this by penalizing each player by a linear factor depending on the size
of the memorization set of their precomputation strategy. The theory in Section 3
is relatively robust to other choices of penalty functions, but we found the linear
penalty led to the most efficient algorithms in Section 4.2 For more concrete intuition
of the formalism one can consider chess: a player can specially prepare a list of
opening moves before a tournament, but their capacity to memorize chess lines for a
particular match is limited, and their choice invariably depends on the opening move
choices prepared for by their opponent as well. This results in an evolving “meta

game” of the best opening lines to play.

Definition 3.2. (The meta-precomputation game) Let Pre(oy.., 0;) denote the set of
all (Opre, 04, K) precomputation strategies for all K € N, and denote A(Pre(ope, 0;))

by the set of all mized strategies on Pre(0pre, 0;). For & € Pre(cy., 0;), let |G| denote

2However, one can still find polynomial-time algorithms for other natural penalty functions such
as a hard limit on the memorization set size.
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the size of the memorization set used by precomputation strategy 6. Consider a meta-
game where each player i instantaneously chooses a mixed precomputation strateqy

AG; € A(Pre(ope, 0;)), and the outcome utility of the game is

qj(A&l’A&?) gA&l,Az}g) _ E u(151752) o )\1|5-1| + )\2’5'2|

G1~AG1,02~AG2

=

And likewise g = 1 — ty. For M\, Ay € RT, Ad; € A(Pre(oy,0pr)) fori € {1,2}

1s an e-Nash equilibrium if

GA5LAG) 4 o> Sup (851,A62)
A&iGA(PT'E(O'meUl))

~ o o 3 y c o
U/(Adl,Aoz) —¢ S lnf u(Aal’AUQ)
A&éGA(PT'e(O'meo?))

When this is an ¢ = 0 Nash equilibrium, we omit the € and say that Vngsn =

WA9LA%2) s g Nash equilibrium value of the game.

Kuhn’s theorem is a well known result which states that in any extensive form
game where player ¢ has perfect recall, any mixed strategy Ag; for player ¢ has an
equivalent behaviour strategy (Ag;)°. Here, equivalent means that the probability of
reaching any history h € H is the same regardless of whether player ¢ uses the mixed
strategy Ag; or behaviour strategy (Ag;)’, for any fixed opponent strategies. For
this reason, we will implicitly associate the mixed strategy Ag; with its equivalent
behaviour strategy when the context is clear. A derivation of Kuhn’s theorem is given

in Chapter 6 of Maschler et al. (2020).

3.2.3 Examples

We now give two explicit examples of how we might model games with computational

constraints in this framework:
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ExXAMPLE 3.1

Chess with a time limit per move. Suppose we are playing chess, so h € H
corresponds to the prior moves made by each player, A(h) contains all legal moves for
player P(h) in state h, and u;(z) = 1 if black is checkmated for z € Z, 0 if white is
checkmated by black, and % for a draw. We think of 0y, 09 as chess playing algorithms
which each have 1 second per move (concretely, o1, 05 = Stockfish(1), Stockfish® with
a time limit of 1 second per move). If &y is a (opre, 01, B) precomputation strategy for
white with memorization set S, and o, is a chess playing algorithm which spends 1
hour precomputing per move (concretely, Stockfish(3600)), then when h € S, 71(h)
plays Stockfish(3600)(h) instantaneously; otherwise &;(h) runs Stockfish(1) on board

state h.

EXAMPLE 3.2

Chess with a total time limit per game. Consider the previous example, except
that instead of having a time limit per move, we now have a time limit of 1 hour for
the entire game. Move histories h € H are now augmented to include the time each
player took to make their corresponding moves, and the terminal set Z now includes

states where players have run out of time (in which case the opposing player wins).

Note that allowing the time an algorithm o; takes to depend on the entire history
of moves h (instead of just the chess board state) allows us to capture the behavior
of algorithms whose computation depends on what they computed in the past; for
example, chess playing algorithms often keep a lookup table of moves and positions

they have considered during prior moves, in order to speed up future computations.

3Stockfish is a popular open source chess playing algorithm.
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3.3 When Do Good Precomputation Strategies Ex-
ist?

In this section, we will study how susceptible a fixed policy o; is to precomputation as
a function of the randomness of the policy. For simplicity, we will make the definitions
from the perspective of player 1 (but the analogous statements hold for player 2). To
relate precomputation strategies to randomness of play, we show how to explicitly
construct a precomputation strategy whose size depends on how randomly o5 plays
with respect to opre. This construction then serves as a lower bound on the quality
of the best precomputation strategy.

The first key observation we make is the following: suppose the game reaches
a state h € H such that player 1 now has significant advantage against player 2.
Then it should be the case that player 1 can play their normal strategy o, against
09, without any precomputation, and convert this game to a win. Therefore, one
way of constructing a precomputation strategy is the following: have player 1 play
precomputed moves from o, against o, until a significant advantage (of value v) is
gained, and then continue to play normal moves from o, afterwards. If oy is @ much
stronger policy than g, then we expect to not need to play too many moves until an
advantage is reached.

We can make this idea more intuitive by considering the domain of chess. Imagine
that two humans are playing chess, but that player 1 is allowed to use their smart-
phone to get move recommendations from a strong chess engine op,.. A very natural
strategy for player 1 to follow is to start the game by copying the moves recommended
by the chess engine. Because the chess engine is much stronger than player 2, we ex-
pect that after some number of moves the chess board will be in a state where player
1 has a significant advantage. For example, player 1 might have significantly more
pieces on the board than player 2. From such an advantageous position, player 1 no

longer needs the help of o, to guarantee they will win the match. They can just
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play their normal strategy o for the remainder of the game. For example, if player 1
has significantly more pieces on the board, a common winning strategy is simply to
aggressively trade off pieces until player 1 is left with e.g. a single minor piece and
pawns and player 2 has no pieces remaining, in which case playing for a win is fairly
straightforward.

We now formalize the idea of copying o, until a winning position is reached with

the following definition:

Definition 3.3. Given policy profile 0 = (01, 03), a policy oy and v € [0,1], the set

histories where player 1 first gets an advantage > v is

S?(v) :={h € H|(P(h) =1V h e Z)
ANuf(h) >v

A AN <h st ul(h)>vAPMH)=1}

We define a distribution S7°(v) on S7(v) via

(UpT6702)(h)
T
Pl" h =
sww(m[ | Prorm(v)

where the normalizing constant

Prom(v) = D 7772 (h)

hesSe (v)

is the probability of reaching any h € S7(v) when o, plays against oy,

ExAMPLE 3.3
For intuition, if o is a much stronger policy than oz, we expect Pyom(v) to be

close to 1. In the running example of chess, if o, = Stockfish(1000) and 04,09 =

Stockfish(1), we have
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Poorm(v) > P[Stockfish(1000) as white checkmates Stockfish(1) as black]

for all v < 1, because u7"”?(h) = 1 in every terminal history h where white has

checkmated black.

Suppose we follow the strategy outlined above. How many histories do we need
to memorize in order to be able to implement this strategy? One way to think about
this question is to consider the entire game tree, and imagine o, playing against o.

Y

Now focus on S?(v), the inner “boundary” of the tree where player 1 first gets an
advantage of at least v against player 2. In the worst case, we need to memorize opye
on the entire subtree above this boundary. However we can do better by considering
the probability of reaching any particular history h € S7(v) when oy plays against
09, where §777(v) is the probability distribution over S7(v) as defined in Definition
3.3. If the entropy of the distribution S77?(v) on the boundary is small (i.e. o9
does not play very randomly against o), then it should be possible to find a small
subset of S?(v) which captures most of the probability of S (v). In this case,
we could instead choose to only memorize moves on histories which are ancestors of
this small subset. This would result in only a small number of histories to memorize.
On the other hand, because this subset captures most of the probability of S77vr(v),
this precomputation strategy will be almost as good as memorizing o, on the entire
subtree above S7(v).

To summarize, if the entropy H(S77%(v)) of the distribution S77(v) is small,
then we do not need to memorize too many states to construct the precomputation
strategy which memorizes moves until an advantage v is reached. Since we get a value
of at least v whenever we end up in h € S?(v), we expect a utility of approximately
VPyorm(v) if we follow this precomputation strategy. We can quantify this observation

with the following Theorem:
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Theorem 3.1. Given o = (01,02) and a policy oy, suppose that the mazimum
number of moves per game is L := maxpey |h|. Then Yv € [0,1],e € (0,1), there
exists a (0pre, 01, L(1 — €)ef 777 WD/E) precomputation strategy &, for player 1 such

that

W77 > (1 = ) Porm(v)
where H is the (base e) entropy of the distribution S77(v).

For any fixed v € [0,1],¢ € (0,1), Theorem 3.1 therefore gives us a lower bound
on how exploitable a policy o, is to precomputation. As expected, there is a direct
tradeoff between the size of the precomputation set required to exploit o9, and how
randomly o9 plays against some fixed policy ope. To prove Theorem 3.1, we first

need the following lemma:

Lemma 3.1. Let D be a discrete distribution with probabilities py > py > -+ > p)pj.

Then ¥y € (0,1),Vz €N, if 2 > APV then 377 p; > .

Proof. Suppose >, p; <. Then we have

H(D) > Ep () (31)
> ;Z]::l piln (pi) (3.2)
> (1—)In (pi) (3.3)

Where the last inequality follows because p, < «/z. Solving gives

< WeH(D)/(lw) (3.5)
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and the result follows.

We can now prove Theorem 3.1.

Proof. Order the histories hq,--- € S?(v) descending by probability with respect to
m(@ere92) with probabilities p; > p, > ... respectively. Then setting v = 1 — ¢ in

Lemma 3.1 gives us

z

> () 2 (1= &) Paomn(v) (3.)

i=1

where z = [(1 — )ef!S"™*®))/] " Now consider the precomputation strategy
which memorizes all histories in S :={h € H : 3i € [2] s.t. h < h;}, where |S| < Lz.
Then Vi € [z], we have 7(@re2)(h;) = 7(@1:92)(h;). Since h; £ h; for i # j, and

Vi € [z],ul"192) (h;) > v, we have

z

u(51,02) > ZW(Upreﬂz)(hi)u(m,az)(hi) Z (1 — €)UPnorm(U) (37)

i=1
O

We now make the following observation: suppose that Ag; is a Nash equilibrium
strategy for player 2 in the meta-precomputation game. If this equilibrium has a
favourable equilibrium value for player 2, then it follows from Theorem 3.1 that
S77r(v') must have high entropy. For the sake of contradiction, suppose that this
were not the case: it would then be possible to construct a small precomputation
strategy for player 1 which performs well against Agj but has low precomputation
penalty, contradicting the assumption that Agj has a favourable equilibrium value
for player 2. By following this proof by contradiction logic precisely, we obtain the
following Theorem. We simplify the statement by considering the case where opye

always wins against a strategy sampled from Ag;.
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Theorem 3.2. Suppose Ad; is a Nash equilibrium strategy for player 2 with value v
in the meta-precomputation game. Suppose that uggm’A&;) = 1,* the mazimum number
of moves in the game is L, and that the precomputation penalty term for player 1 is

A > 0. Then Vo' € (v+0.01,1), we have that

H (8(”1’A&5)"7”m(v’)) > (v —v—0.01) <ln (L) — 5)
ML

For any fixed v' € (v + 0.01,1), Theorem 3.2 therefore quantifies a lower bound
on how randomly equilibrium policies play in the precomputation model. The bound
tells us that the better the strategy Ag; is for player 2 (the smaller the equilibrium
value v is), the more randomly player 2 must play. In contrast to mini-max games
in the computationally unbounded setting where optimal strategies are deterministic,
optimal strategies in this model are inherently randomized. This qualitative finding
is consistent with what one might have expected from intuition. The result is signif-
icant because it allows one to analytically quantify a lower bound on how randomly

strategies behave in equilibrium.

Proof. By Kuhn’s theorem, any mixed strategy in an extensive form game with perfect
recall has an equivalent behaviour strategy. We therefore interchangeably associate
the mixed strategy Ag; with its equivalent behaviour strategy for the remainder of
the proof. Since uﬁ”l’“’“@ = 1 by assumption, for any v' < 1 we have Py (v') =1
for the distribution S77r(v") where o = (0, AGy). Write H(v') := H (§777(v')) as
a shorthand for the entropy of distribution §77#(v’). Because the Nash equilibrium
value of the game is v, any precomputation strategy &, for player 1 must have utility
&g‘}l’A&;) < wv; otherwise the mixed strategy which only plays ¢; will have utility

greater than v. Theorem 3.1 provides the existence of a precomputation strategy for

player 1, and implies that Ve € (0,1),v" € [0, 1],

4Here we implicitly associate the mixed strategy Agj; with its equivalent behaviour strategy as
given by Kuhn’s theorem.
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v > @78 > (1= o) — M L(1 —e)ef )/ (3.8)

Assume (1 —€)v" — v > 0. Then we can write

/ l—ep —v
H(v') /e > (— 3.9

= (in (11 ) o (0522=1Y) 10

Assume v' > v + e and set ¢ = % € (0,1). It can be verified that this

e

choice of ¢ satisfies our previous assumption (1 —¢)v’ — v > 0. Simplifying for this

choice of € gives:

H() > U/U%;i_k (ln (Tll,) +ln(e_k)) (3.11)

> (o — v —0.01) <ln (/\%L) _ 5) (3.13)

for k = 5. This gives the required inequality.
O

3.4 Efficiently Finding Precomputation Strategies
And Their Equilibria

Suppose we are given oracle access to algorithmic strategies oy, oa, opre. Concretely,
we could have o1, 03, opre = Stockfish with different time per move settings. We might
believe there is a good precomputation strategy for oy against oo, but it is perhaps
unclear how to find such a strategy. Suppose 77 is an optimal precomputation strategy
for player 1 against oy, with memorization set S. The first observation is that we

can assume h € S = @) (h) > \;: otherwise, player 1 could strictly increase
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ag&“”) by removing h and any descendants of h from S. This is because the cost of

including h and any descendants of A in S is at least Ay, but the gain in utility from
any histories which pass through h when precomputing up to A is at most W(”P’em)(h).
Using this observation, it is possible to show |S| < L)\—tl (Lemma 3.2). It follows that
finding the optimal precomputation strategy for player 1 against oy is equivalent to
finding the optimal subtree (memorization set) contained within a bounding tree of
size L/\—tl to memorize. By using standard Hoeffding bounds to sample the value of
the game at the leaves of this bounding tree, we can compute the optimal subtree

with standard dynamic programming techniques. We now make these ideas precise.

Lemma 3.2. [{h € H : 77272(h) > p}| < %, where 01,09 are any policies and the

mazximum history length of the game is L := maxuepy |h|.

Proof. Note sum of probabilities of all histories with length equal to [ € N is at most

1. We therefore have

L+1> i > 7 (h) (3.14)

=0 heH
|h]=t
=) 7772(h) (3.15)
heH
> Y a77(h) (3.16)
heH
771:92 (h)>p
> pl{h € H|77"7*(h) > p}| (3.17)
SO
L+1
{h € H|z™2(h) > p}| < % (3.18)
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Algorithm 1: ComputeBestPrecomputationResponse (CBPR)

1 Receive as input (o1, 02), Opre; A1, €, 0;

Define est(h, K) to be an estimate of u{"??(h) using the mean value of K
games sampled from history h played according to o = (01, 03). This can be
computed in time O(LK);

3 Initialize BESTCHOICES, S = 0;

4 For h € Z define bestvalue(h) = u(z). Recursively compute

bestvalue(h) = est(h, K) x w(@re:@2) () if 7(oore2)(h) < \;. Otherwise,
bestvalue(h) = max[}, cg,cc(n) bestvalue(h’) — Aq, est(h, K)r(oeea2) ()], If
the left argument of the max is larger, we add h to BESTCHOICES. Here
we set K = O <ln (?Tﬁ) /52>;

5 If the starting history () € BESTCHOICES, then depth first search from 0,
where there is an edge h — h' iff A’ € Succ(h) and ' € BESTCHOICES.
Add each history visited to S;

6 Return &1, the precomputation strategy which memorizes o, on set S. 7 is

a precomputation strategy for player 1 which approximately maximizes
N(&llvo?)'
(4 )

N

Theorem 3.3. For anye,d > 0, and precomputation penalty factor A\y > 0 for player
1, suppose we are given a policy profile o = (01,02) and a policy o, as constant-
time oracles. Suppose further that 361 € Pre(o ., 01) such that af’“’?) > v. Then
with probability at least 1 — &, Algorithm 1 will return 7 € Pre(oyp,01) such that
af"l’”) > v — . Moreover, Algorithm 1 runs in time O <A2%1H<?TI:)), where

L = maxpepy |h| and A = maxpepy |A(R)].

Proof. For any S C H\ Z which is a prefix closed subset of H; = {h € H|P(h) = 1},

and for a function f : H — [0, 1] define

value(S, f) = =Mi|S[+ Y f(h)rreo2) (h) (3.19)

heboundary(S)
where boundary(S) = (UpesSucc(h)) \ S if S # 0, and boundary(f) = {0}.
value(S, f) computes the penalization term —\;|S| for the size of S, plus the expec-
tation of f(h) weighted by the probability of reaching h when player 1 plays strategy

opre and player 2 plays strategy 0. The set boundary(S) is equal to the histories
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when player 1 first gets a turn (or the game has ended) after leaving the precom-
puting set S. It follows that value(S, u!""?(-)) = @{""" is precisely the value for
player 1 when using precomputation strategy o; with memorization set S against
player 2 with strategy o,. On the other hand, fix the estimates est(h, K) for h € H.
In line 5, Algorithm 1 uses a standard dynamic programming technique to com-
pute the optimal prefix-closed set S' C {h € H;|x@=“2)(h) > \;} which maximizes
value(S’; est(-, K)). We will show that this set S’, computed using estimates and on
a smaller portion of the entire game tree, corresponds to a precomputation strategy
with value at least v — e with probability at least 1 — 6.

Let S be the memorization set of the precomputation strategy ¢; assumed in Theo-
rem 3.3. Then without loss of generality we can assume h € S = 7(@e2)(h) > \;

otherwise, we could strictly increase 11561’02) by removing h and any descendants of h

from S. Let W) = {h € H|rl@»2)(h) > \;}, Wy = Succ(W)) = Upew,Succ(h) and
W = Wy UW,. Suppose that we have YA € W, |est(h, K) — u{""7(h)| < $. Since

value(S, ul”7 (1)) = @\ > 4, it follows that

value(S, est(-, k) = ~M|S| + Y (ug‘”"’?)(h)—E)w("me"”)(h) (3.20)

2
h€boundary(S)
L R DR Ol
h€boundary(S)
Ly Sy 21
h€boundary(S)
=v—¢g/2 (3.22)

where we have used that the sum of the probabilities of the histories in boundary(\S)
is equal to 1. Therefore, the optimal precomputation set S’ computed by Algorithm

1 satisfies value(S’, est(-, K)) > v — 5. By the same reasoning, it must also be that

value(S, u{7"7?(-)) > v —e. It follows that the precomputation strategy &, returned

(&/1 ,02)

by Algorithm 1 satisfies @, >v—e.
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It remains to show that Yh € W, |est(h, K) —u(al’”) (h)| < § holds with probability
at least 1 — 0. We have |[W| < |AJ? ( LH)) + (LH < 2|A|2(L+1 by applying Lemma
3.2 on the set W7, and using the fact that the number of successors of W can be at
most a factor A? larger. By Hoeffding’s inequality (Theorem A.1 in appendix) and

union bound, the probability of the event 3k € W s.t. |est(h, K) — u{""7 (n)| > S s

< |W|2exp (-%@/2)2) < (3.23)

for K = 161n (@) /e < 161n (2’42 (L+1) > /e%. Thus with probability at least
1 — 4, the estimates are all within § of the true values and we find a precomputation

(01’02)

policy &4 with @ > v —e. The algorithm considers at most |W| histories, where

each history takes time LK to sample, giving a total running time of |W|LK =
(|A‘2ALE2 (?ALI)), O
3.4.1 Computing Equilibria

In the previous setting, we imagined the opposing player as fixed, while the precom-
puting player optimizes the best set of game states to memorize in order to exploit
the opposing player. In reality, the opposing player reacts to this precomputation by
preparing their own lines of play in anticipation to counter this precomputation. In
this subsection we will show how an e—Nash equilibrium for the meta-precomputation
game can be efficiently found, by reducing the problem to a form which can be solved
by the well-studied method of Counter Factual Regret Minimization (CFR) (Zinke-
vich et al., 2007). CFR is an algorithm which finds an e-Nash equilibrium to an
imperfect information, perfect recall, zero sum extensive form game. It works by
iteratively playing strategies against each other in a way which minimizes regret.
While in theory CFR reaches an e-Nash equilibrium after a number of steps which is

quadratic in the size of the game, in practice this can occur much faster. Moreover,
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the algorithm can be parallelized. It has been used to find Nash equilibria to very
large Texas Hold’em games.

To compute an equilibrium of the meta precomputation game, we first observe
(similar to the previous subsection) that we can ignore low probability histories
h € H where the possible gain in utility of precomputing at h, regardless of the
opposing player’s strategy, is always upper bounded by the precomputation penalty
;. For example, player 2 only has an incentive to precompute on the set Wy =
{h € H|[SUPAz, cAPre(0pre,01) AT (h) > )\2}. If we denote the set of high probabil-
ity histories by W, then we can bound the size of W by |W| < O (142[/2()%1 + %2))
(Lemma 3.3).

The second observation is that the meta-precomputation game G can be viewed
as an equivalent extensive form game G’ with imperfect information and perfect
recall. At each game state h € H, we can imagine that instead of players choosing
a distribution of actions in A(h) to play, they choose whether to play an action
from distribution ope(h) (i.e. continue precomputing) or distribution o;(h) (stop
precomputing); however, if a player chooses to play from distribution ope(h), they
must pay a cost of \; corresponding to the precomputation penalty. We must re-
weight this penalty so that it is not discounted by the probability of reaching history h.
Players cannot observe whether their opponent chose to play from distribution o (h)
or 0;(h), but they do see the action which was sampled from the distribution their
opponent chose (equivalent to observing the history which results from that action).
The memorization set for a precomputation strategy then naturally corresponds to the
set of histories where a player chooses to play from distribution op,e(h), and so there is
a bijective correspondence between pure strategies in game G, and pure deterministic
strategies in game G'. Using the equivalence between behavior strategies and mixed
strategies for extensive form games with perfect recall (Kuhn’s theorem), we can then

get an equivalence between behavior strategies in game G’, and mixed strategies in
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game G. We have therefore reduced the problem of finding an e-Nash equilibrium of
mixed strategies in game G to finding an e-Nash equilibrium of behavior strategies in
game G’. This latter problem is precisely what is solved by CFR. Moreover, we can
ensure CFR runs efficiently if we apply previous insights. In particular, we remove
low probability histories H \ W from the game, and estimate the value of histories

with random roll-outs. We now make these ideas precise.

Lemma 3.3. Let

Wy = {h € H| sup moreA2(h) > )\1}

AG2€APre(opre,02)

Wy = {h € H| sup mAoLre () > )\2}

AG1EAPre(opre,01)

W = W; U Suce(Wy) U Wy U Suce(Ws)

where Suce(X) = Upex Succ(h). Then

1 1
< 272 + | L
|W|_(’)(AL (Alw))

where L = maxpep |h| and A = maxpey |A(R)|.

Proof. Denote the player opposing ¢ by —i. For I" = {0,...,L 4+ 1}, let 6_; be
the precomputation strategy for player —¢ which plays o, on every h € H such
that |h| < !’, and o_; otherwise. Let (opwe,0_;y) be the policy profile where player
i plays ope and player —i plays 6_; . Define W, = {h € H|W(”Pre’&—i7l’)(h) > N}
The key idea of the proof is as follows. Suppose 7727-i(h) > p for some mixed
precomputation strategy Ag_;. Then 7o?-i(h) > p for some pure precomputation
strategy o_;. If I’ is the maximum integer such that &_; precomputes on histories
h.o, ..., hy, then gopef=iv (h) = gored=i(h) > p. This is because the policies G_;

and &_; assign exactly the same action probabilities on any history A’ where P(h') =
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—i and K’ is a prefix of h. Therefore, in order to count |W;|, we can consider each
strategy _; for I’ € {0,..., L+ 1} and sum over the h € H where 6_;;(h) > p. We

therefore have

L+1
wil=>" > 1 (3.24)
=0 heW, ;s
L+1
<> {heH:avmiw(h) > A} (3.25)
I'=0
L+1
<142 ; ) (3.26)
L +2)?
< % (3.27)

Line 3.26 follows from Lemma 3.2. Using that |W; U Succ(W;)| < O(A?|W;]), and

summing for ¢ = 1, 2 gives the required bound. O]

Recall that in an imperfect information game, the histories of the game are par-
titioned into information sets. Players are constrained to behaving identically on

histories which are contained in the same information set.

Definition 3.4. Given a meta-precomputation game G with policies o1, 02, Opre and
histories H, define the extensive form imperfect information, perfect recall game G’

with the following tree structure:

1. The game G’ consists of player 1, player 2 and a chance player denoted by c.
Denote the set of histories for G' by H' and terminal histories by Z'. Each
history h' € H' for game G' where P(h') # c is associated with a history h =
Q(R') € H in the original game G. Histories h' € H' are defined recursively as
follows. The starting history h' is associated with ) = Q(I'), and P(R') = 1. At
any history h' € H, if P(h') # ¢, then player i = P(K') has the following action
choices. Fither player i can choose to continue precomputing provided they have

not previously chosen to stop precomputing (action 1), or player i can choose to
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stop precomputing (action 0). I’ then transitions to a history h" corresponding
to a chance node, i.e. P(h") = c. The chance player picks an action a € A(h)
according to the distribution o,.(h) if player i chose to continue precomputing
in the previous step, or according to distribution o;(h) otherwise. The game
then transitions to a history h" where P(h") = P(w(h,a)) if w(h,a) & Z is

non-terminal. History b’ € H' is associated with history w(h,a) = Q(h") € H.

. Players can see their own actions and the actions of the chance player, but not
the actions of the opposing player. Formally, two histories h', h" € H' for player
P(R') = P(h") =i € {1,2} are in the same information set iff they have the

same sequence of actions for player i and the chance player leading up to them.

. Terminal histories Z' in game G’ are histories h' € H' where the associated
history h = Q(h') € Z is a terminal history in game G. The utility of a
terminal history h' € Z' for player 1 is v’ (') :== u(Q(h')) — Az1 () + Aaza(R')
for some weighting functions z; to be specified. For h' € H' and policy profile

(61, 0%), we denote the expected value of the game G’ for player 1 starting from

/

history h' by (u’)g&i’%)(h’).

Lemma 3.4. Given a meta-precomputation game G with policies 01,03, Opre, let G’

be the game defined in Definition 5.4. Then there exists weighting functions zq, z3 :

H' — [0,1] such that for every pair of behavior strategies (64,5) in G' with game

value v, there is a pair of mized strategies &1,09 in the meta precomputation game

with the same value v, and vice versa. Moreover, let &' be a policy profile where each

player plays deterministically in this meta game. Then for these choices of z1, zo, we

have that

Z 77 (B[ (W) < 14 M|Si|+ Xa|Ss] (3.28)

h'ez’
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where |S;| is the size of the memorization set for player i in game G corresponding

to policy profile ¢'.
Proof. See Appendix A. m

We need a slight adaption the guarantees of CFR in Zinkevich et al. (2007), which

we give below.

Lemma 3.5. Given an imperfect information, perfect recall, zero sum two player

extensive form game G', let X be the space of policy profiles, and let

C = 2 max su 77 (h')|u; (W
i 3 57004

where uf(h') is the value of the game for player 1 at terminal history h'. Let |Z|
be the number of information sets in the game. Then when CFR is run on G’ for
T=0 (@) iterations, an e-Nash equilibrium is reached. Fach iteration of CFR

takes time O(H'), where H' is the number of histories in game G'.

Proof. See Appendix A. m

Algorithm 2: ComputeMetaNash (CMN).

1 Receive as input (01, 02), Opre, A1, A2, €, 0;

2 Define est(h/, K) to be an estimate of (u/){ (k') using the mean value of K
games sampled from history A’ played according to ¢’ = (null, null), where
null is the policy which never chooses to precompute. This can be computed
in time O(LK);

3 Let G be the meta precomputation game. Compute sets Wy, Wy, W which
bound the set of high probability histories for G (using the proof for Lemma
3.3). Let G’ be the equivalent extensive form game for G (Definition 3.4);

4 Modify G’ as follows. (1) Remove the option for player i to precompute in
history b’ € H' if Q(h') € Wpny. (2) Histories A’ € H' for game G’ are now
made to be terminal histories if h = Q(h') ¢ (W, U W3) or both players have
stopped precomputing. For such A/, estimate the utility by est(h/, K) for

K=0 (ln (%) /€2>;

5 Run CFR from Zinkevich et al. (2007) on the modified form of G’ for
T=0 (A(L\W|)4(’\“;%)2) iterations;

6 Return the result of CFR;
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Theorem 3.4. For any € > 0,6 > 0 and precomputation penalty factors Ay, Ao > 0,
suppose we are given a policy profile 0 = (01,02) and a policy o, as constant-time
oracles. Then Algorithm 2 returns an e-Nash equilibrium to the meta-precomputation

game with probability at least 1 — §. Moreover, the total number of CFR iterations is

bounded by T = O (A(L|W|)4(’\1'£%)2), and the total runtime is bounded by

o4 (i) )
+0 (éAQL“ (Ail + i) In <AL (Ail 4 %2) /5)>

How significant is this bound? From a theoretical perspective, it shows that one
can approximate the Nash equilibrium in polynomial time. On the other hand, the
bound is too large to imply practical consequences. This is to be expected because
the underlying technique used to prove the bound relied on CFR, and CFR gives an
impractical regret guarantee which is quadratic in the number of states of the game.
However, impractical worst case bounds do not rule out that this algorithm could
not be used efficiently in practice. In practice it is possible that a Nash equilibrium
can be reached after fewer than 7' = O <A(L\W|)4()‘1J€r%)2> iterations of CFR. In
particular, at iteration 7" < T', one can use Theorem 3.3 to verify whether the e-Nash
equilibrium condition holds by computing the optimal precomputation strategy value
against the current opponent strategy. One can use different variants of CFR which
are designed to converge faster in practice depending on the specific structure of the
game in question. As discussed earlier, CFR is used in practice to efficiently find
Nash equilibria for Texas hold’em poker, despite the fact that the theoretical worst

case runtime of CFR for poker is impractical.

Proof. Without loss of generality, we can assume any strategy for player ¢ in game
G’ only chooses to precompute at histories ' € H' where Q(h’) € W;. Therefore an

e-Nash equilibrium for the modified form of G’ is an e-Nash equilibrium for G'.
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Note that in the modified form of G’, we will always reach a terminal history
before player i reaches a history b’ € H' where Q(h') & W. Therefore the number
of histories in the modified game G’ is O(L|W]). This is because for each history
B’ in the modified game, either at least one player is still precomputing, or both
players have stopped precomputing and we are at a terminal history. Without loss
of generality, let’s suppose player i had chosen to stop precomputing at a prior step
and the other player is still precomputing. Then history A" where P(h') € {1,2}
can be uniquely identified by its corresponding history h € Q(h') (which encodes
the actions of the chance player), and the step number z; € {0, ..., L} during which
player i chose to stop precomputing along history h (which encodes the actions of
player i along h’). Suppose we pick K = O (ln (%) /52> samples for each call
to est(h/, K) for Q(h') € W, so that with probability at least 1 — ¢ we have Yh' €
H' st. Q(I') € W, Jest(h/, K)—(u)\""") (W)| < /4 (by applying Hoeffding and Union
bound, similarly to the proof of Theorem 3.3). Let @y .5 be the value function of the
modified game G’ where we use the estimated values to compute the terminal values
of the game. Suppose we run counter factual regret minimization to get a 5-Nash

equilibrium (Ady, Ads) to this game using value function @ 5. Then we have

51,06 € o ~(A51,A8
’E[/gA 1,A 2) + Z 2 ug’Aesz»A 2) (3.29)
51,06 €
> sup Aen B — - (3.30)
A&leA(Pre(Upre,Ul)) 2
S _(AG1,AGy) € €
> Sup a _ - _Z (3.31)
AG1EA(Pre(opre,01)) 2 4
Thus
(A8 4 sup glaoas2) (3.32)

Ao EA(PI‘E(Upre7UI))

and the analogous inequality holds for player 2, giving an ¢ Nash equilibrium.
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Each round of Counter Factual Regret Minimization requires time O(|H'|) =

O(L|W]), where |H'| is the number of histories in the modified version of G'. Note

there are at most O(|H'|) = O(L|W|) information sets, and

max sup Z 77 (R)|ui(h)] < O((A1 + A2)|H'|)

1€{1,2
{12} gex ez

Therefore by Lemma 3.5, after

o <02|§2A)
:@<«M+waﬁww%mww%v

2

=0 <A(L|W])4M)

e2

T

iterations we get an €/2-Nash equilibrium.

The total runtime for the regret minimization component is

or x 1)) =0 (a2 )

c2

and the runtime for sampling utility estimates is

O(|H'| x KL) = O(L|W|KL)

giving a total runtime bound of

o (o)) )
o (e (o () )
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3.5 Experiments

While numerically evaluating CFR to compute equilibria in games is well-studied,
finding the correct heuristic variant of CFR to make Algorithm 2 converge quickly for
a particular game in practice is a research question on its own, and beyond the scope
of this chapter. However, the susceptibility of real-world strategies to precomputa-
tion, and how useful precomputation can be as a function of the randomness of an
opposing strategy, is both relatively unexplored and also feasible to compute in prac-
tice without further optimization. We therefore choose to focus on this aspect, and
propose an experiment to numerically explore the popular chess engine Stockfish’s
susceptibility to precomputation using Algorithm 1. Specifically, we choose o, to be
Stockfish with 50ms per move, while o, and o9 play as Stockfish with 10ms per move.
For example, Algorithm 1 will transform white=Stockfish(10ms) into a new algorithm
white=Stockfish’(10ms), which still takes at most 10ms per move, uses slightly more
memory, and performs substantially better against black=Stockfish(10ms) if black
does not sufficiently randomize. In particular, we explore how varying the random-
ness of the policy affects its susceptibility to precomputation. To do this, we introduce
a randomness parameter r, and have a policy play more randomly as r increases. As
r — 0, o; will play only the best moves found by Stockfish in the required time period.
As r — 00, 0; will play uniformally between available moves. If player 7 is the fixed
opponent, we set o;(h) = Softmax(Stockfish(h)/r), where Softmax is the softmax
function and Stockfish(h) returns a vector of the center pawn (cp) scores of available
moves.” First we fix the default policies for white (o1,0p Wwith r = 107%), and vary
r for black (09), computing the optimal precomputation value against black for each
level of randomness. Then we repeat the experiment for black precomputing against
white. We set A\; = Ay = 107° in these experiments, and plot the precomputed strat-

egy utility (without precomputation penalty) and memorization set size for varying

5A center pawn score of 100 corresponds to having an advantage of one center pawn.
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levels of randomness. In order to keep the computation requirements modest, only
the top K = 2 moves of the Stockfish engine were considered at each board position.
Instead of sampling the game value, a conservative cp bound was used to approximate
when either player had a decisive advantage. Further experimentation details can be

found in the appendix, and the full code can be found on Github.5
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Figure 3.1: Precomputation effectiveness as a function of player randomness. Top:
white as precomputing player. Bottom: black as precomputing player. The utility
U of the precomputation strategy for the precomputing player, ignoring the precom-
putation memorization penalty (thicker line, left axis) and the size S of the optimal
precomputation set (thinner line, right axis) are plotted against the opponent’s ran-
domness level log,, (7).

We see from the results that when either white or black is precomputing, precom-

Shttps://github.com/Thomas-Orton/chess-precomputation.
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putation is particularly effective when the opposition plays predictably (r is small).
As the randomness parameter increases, precomputation effectiveness decreases, and
more states need to be memorized (the precomputation set size increases). In both
plots, there is a transition point at » = 100 (corresponding to one center pawn)
where the gain in playing more randomly against precomputation is offset by the loss
in playing suboptimally. This suggests an interesting tradeoff between playing too
predictably and playing the perceived best moves available.

Note that white is able to achieve generally higher precomputation values against
black. This can be explained by two observations. The first is that white is generally
considered to have an advantage against black, and so Stockfish with 50ms as black
does not always win against Stockfish with 10ms as white”. The second is that
black moves second, which means that black must remember more move variations
than white to get to the same precomputation game depth in the game tree. This
suggests that the first moving player has an inherent advantage when it comes to

precomputation.

3.6 Chapter Conclusion

An unsolved problem in computer science is understanding how computationally
bounded agents play games. We contribute to the understanding of this problem
by presenting a novel formalism for modeling the precomputation aspect of com-
putationally constrained agents, and show that in contrast to the computationally
unconstrained setting, randomization plays an essential role for constructing effective
strategies. This result is perhaps in opposition to the conventional heuristic of (de-
terministically) playing the strongest move found within the available time period.
Moreover, we showed that optimal strategies in this model can be computed effi-

ciently, and presented empirical results which suggest that precomputation strategies

"Note that even when r is close to 0, there can still be randomness in the move selection if the
two best moves have equal center pawn scores.
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are practically useful in real-world time constrained games such as chess. Our model is
flexible, and is essentially equivalent to charging a player depending on which strategy
(0; Or Opre) they play from in each history. However, the model also has a fundamental
structure in connection to the following question in computational complexity the-
ory. Consider a game where there is a time limit of 1 second per move. Informally
speaking, suppose we believe there is an algorithm o, which achieves value at least
v against any other algorithm o, which also takes 1 second per move.® For example,
maybe we believe that there is a chess engine oy which takes 1 second per move,
and always wins at least 10% of the time against any other chess engine o, which
also takes only 1 second per move. Whether such a o; exists is a highly non-trivial
problem. However, we can make one concrete observation. Because a precomputation
strategy 2 € Pre(opre, 02) takes no more time than one second per move, it follows
that o1 must also have value at least v against g9, i.e. o7 must be robust against other
algorithms hard-coding constants into their strategy and having non-uniform advice.
Exploring this relationship in detail is an area for future work, but the observations

about randomness being essential for competitive play are expected to carry over.

8Here we are informally ignoring the details of program size.
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Chapter 4

Trading Off Resource Budgets For
Improved Regret Bounds

4.1 Introduction

In the previous chapter, the compute budget was fixed, and we studied how vary-
ing memory (precomputation) interacted with the performance of algorithms. In
contrast, in this chapter we study how varying a compute budget B interacts with
performance. While we are primarily interested in thinking of B as a compute budget,
we will set up our problem within the general framework of adversarial online learn-
ing. This will allow us to think about the budget B more abstractly, and allow the
results to automatically transfer to a broader family of resource allocation problems.
More broadly, this work fits within the family of work which studies computational
constraints in the framework of online learning and bandit algorithms (Balcan et al.,
2020; Kleinberg et al., 2017; Weisz et al., 2018; Kleinberg et al., 2019; Weisz et al.,
2019). A more detailed overview of this work can be found in Section 2.1.
Adversarial online learning is a well-studied framework for sequential decision
making with numerous applications. In each round ¢t = 1,...,7T, an adversary chooses
a hidden cost function ¢, : A — [0,1] from a set of arms A to costs in [0,1]. An
algorithm must then choose an arm a; € A, and incurs cost ¢;(a;). In the full feedback

setting (Online Learning with Experts (OLwE)), the algorithm then observes the
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cost function ¢;. In the partial feedback setting (Multi-Armed Bandits (MAB)) the
algorithm only observes the incurred cost ¢;(a;). The objective is to find algorithms
which minimize regret, defined as the difference between the algorithm’s cumulative
cost and the cumulative cost of the single best arm in hindsight.

In this chapter we consider a search-like variant of these problems where in each
round one can pick a subset of arms S; C A with |S;| = B > 1, and keep the arm

with the smallest cost. This variant appears naturally in many settings, including:

1. Online algorithm portfolios (Gomes and Selman, 2001): In each round ¢, one
receives a problem instance x;, and can pick a subset S; C A of algorithms
to run in parallel to solve z;. For example, x; could be a boolean satisfiability
(SAT) problem, and A could be a collection of different SAT solving algorithms.
We let ¢(a) = 0 if a solves z; and ¢;(a) = 1 otherwise. Then if any a € S;
finds a solution to x; we incur 0 cost in this round. Another example is online
hyperparameter optimization (see Section 4.4). In this case, the budget B

corresponds to the amount of compute available during each round.

2. Online bidding (Chen et al., 2016a): In each round ¢, an auctioneer sets up a
first-price auction for bidders S; C A. Each bidder a € A has a price 1 — ¢;(a)
they are willing to pay, and the auctioneer receives max,es, 1 — ¢i(a) = 1 —

mingeg, ¢;(a), and so maximizing revenue is equivalent to minimizing costs.

3. Adaptive network routing (Awerbuch and Kleinberg, 2008): In each round ¢,
a network router receives a data packet x; and can pick a selection of network
routes S; C A to send it to its destination via in parallel. Let the cost ¢;(a) of
a route a be the total time taken for z; to reach its destination via a; the router

receives cost minges, ¢;(a) equal to the smallest delay.

In many applications the budget B is a restricted resource (e.g. compute time or

number of cores) we would like to keep small; in this chapter we study how one can
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trade off budget resources for better guarantees on the standard regret objective.
Formally, for any randomized algorithm ALG which chooses subset S; C A in

round ¢, and thus incurs cost ¢;(S;) := min,eg, ¢:(a), define
T

T
R (ALG) := max E th(St) — gleig;ct(a*)

ClyeesCT P

to be the worst-case expected regret of ALG relative to the single best arm in hind-
sight, where the expectation is with respect to the randomness of ALG.! What
guarantees can we give on R} as a function of our budget B? In the full feedback
setting when B = 1, this is the standard OLwE problem where it is known that
R: = Q(V/T) and there are algorithms which achieve R% < 24/T In(N) (Lattimore
and Szepesvari, 2020), where N = |A|. When B = N the algorithm which chooses
Sy = A in each round achieves R} = 0. But what bounds on R can be achieved
in the intermediate regime when 1 < B < N7 To the best of our knowledge this

question has not been directly answered by any prior work.

4.1.1 Contributions

Theoretical results: We present a new algorithm for this learning problem called
Follow the Perturbed Multiple Leaders (FPML), and show that in the full feedback
setting R-(FPML) < (’)(TB%I In(N )B’%l) This allows for a direct tradeoff between
the budget B and the regret bound (in particular, allowing resources B > Q(In(7"))
leads to regret constant in T') and recovers the familiar O(y/7T In(N)) bound when
B = 1. We then show that in the semi-bandit feedback setting (where the algorithm
finds out only the costs of the arms it chooses) this bound can be converted to
Ry(FPML) < (’)(TB%l (Kln(N))B%l) if one has unbiased cost estimators bounded
in [0, K.

We also consider the more general problem of Online Submodular Function Maxi-

mization (OSFM), for which prior work gives an online greedy algorithm OG (Streeter

'Here we consider an oblivious adversary model for simplicity, but we believe the results of this
chapter carry through to adaptive adversaries as well.
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and Golovin, 2008). When given a budget of B per round, OG achieves regret
O(y/TB1In(N)) with respect to (1— e ')OPT(B), where OPT(B) is the performance
of the best fixed length-B schedule (see Section 4.3 for a formal definition of OSFM).
Note that in this guarantee the regret benchmark is a function of the algorithm bud-
get. By replacing a subroutine in OG with FPML, we generalize OG to a new
algorithm OGyybria- Unlike OG, OGuybria is able to give regret bounds against
benchmarks which are decoupled from the algorithm budget. This allows one to
more easily quantify the tradeoff of increasing the budget against a fixed regret ob-
jective. As a special case, we are able to show that having a budget of B = B'[In(T)?]
per round allows one to achieve regret O(B'In(T") In(N)) with respect to OPT(B’).
One interpretation of this result is that if you are willing to increase your budget (e.g.
runtime) by a factor of In(T)?, you are able to improve your performance guarantee
benchmark from (1 — e ')OPT(B’) to OPT(B’). Likewise, your regret growth rate
in terms of the number of rounds changes from O(v/T) to O(In(T)).

Finally, in Section 4.5 we show how to use FTML to generalize a technique for
solving linear programs assuming access to an oracle which solves a relaxed form of
the linear program. To obtain a solution to the linear program which is within an
¢ tolerance of the linear constraints requires (%)% (4p) "5 (1 + In(n)) oracle calls,
where the parameters (B, p) are related to the power of the oracle and n is the number

of linear constraints. The case B = 1 coincides with known results.

Experimental results: We benchmark both FPML and OGpypria 0n an online
black-box hyperparameter optimization problem based on the 2020 NeurIPS BBO
challenge (Turner et al., 2021). We find that both these new algorithms outperform
OG for various compute budgets. We are able to explain why this happens for this
specific dataset, and discuss the scenarios under which each algorithm would perform

better.
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Techniques: Minimizing R is an important subroutine for a large variety of appli-
cations including Linear Programming, Boosting, and solving zero sum games (Arora
et al., 2012). Traditionally an experts algorithm such as Hedge (Littlestone and
Warmuth, 1994), which pulls a single arm per round, will be used as a subroutine
to minimize ;.. We highlight how in the cases of OSFM and Linear Programming,
one can simply replace a single arm R}-minimizing subroutine with FPML and get
performance bounds with little or no alteration to the original proofs. The resulting
algorithms have improved bounds (due to improved bounds on R} when B > 1) at
the cost of qualitatively changing the algorithm (e.g. requiring a larger budget or
more powerful oracle). This is significant because it highlights the potential of how
bounds on R} when B > 1 can lead to new results in other application areas. In
Section 4.2.1 we also highlight how the proof techniques of Kalai and Vempala (2005)
for bounding [?} in the traditional experts setting can naturally be generalized to the

case when B > 1, which is of independent interest.

4.1.2 Relation To Prior Work In Online Learning

One can alternatively formulate the problem as receiving the maximum reward r:(a) =
1—c(a) of each arm chosen instead of the minimum cost. In this maximum of rewards
formulation, the problem fits within the OSFM framework where (a) all actions are
unit-time and (b) the submodular job function is always a maximum of rewards.
The rewards formulation of the problem has also been separately studied as the K-
MAX problem (here K = B) Chen et al. (2016a). In the OSFM setting, Streeter
and Golovin (2008) give an online greedy approximation algorithm which guarantees
E[(1 — e ')OPT(B) — Rewardy] < O(y/TBIn(N)) in the full feedback adversarial
setting, where OPT(B) is the cumulative reward of the best fixed subset of B arms
in hindsight, and Rewards; is the cumulative reward of the algorithm. A similar

bound of O(B+\/TN1In(N)) can be given in a semi-feedback setting. Conversely in
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the full feedback setting, Streeter and Golovin (2007) show that any algorithm has
worst-case regret E[OPT(B) — Rewardy] > Q(y/TB1In(N/B)) when one receives the
maximum of rewards in each round. Chen et al. (2016a) study the K-MAX problem
and other non-linear reward functions in the stochastic combinatorial multi-armed
bandit setting. Assuming the rewards satisfy certain distributional assumptions, they
give an algorithm which achieves distribution-independent regret bounds of E[(1 —
e)OPT(B) — Rewardy| < O(y/TBN In(T)) for ¢ > 0 with semi-bandit feedback.
Note however that we consider the adversarial setting in this paper.

More broadly, these problems fall within the combinatorial online learning setting
where an algorithm may pull a subset of arms in each round. Much prior work has
focused on combinatorial bandits where the reward is linear in the subset of arms
chosen, which can model applications including online advertising and online shortest
paths (Cesa-Bianchi and Lugosi, 2012; Audibert et al., 2014; Combes et al., 2015).
The case of non-linear reward is comparatively less studied, but having non-linear
rewards (such as max) allows one to model a wider variety of problems including
online expected utility maximization (Li and Deshpande, 2011; Chen et al., 2016a).
As some examples of prior work in the stochastic setting, (Gopalan et al., 2014)
uses Thompson Sampling to deal with non-linear rewards of functions of subsets of
arms (including the max function), but requires the rewards to come from a known
parametric distribution. Chen et al. (2016b) consider a model where the subset of
arms pulled is randomized based on pulling a ‘super-arm’, and the reward is a non-
linear function of the values of the arms pulled. In the adversarial setting, Han et al.
(2021) study the combinatorial MAB problem when rewards can be expressed as a
d-degree polynomial.

In contrast to prior work which focuses on giving algorithms which compete
against benchmarks which have the same budget as the algorithm, this work is con-

cerned with the tradeoff between regret bounds and budget size. We focus on giving
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regret bounds against OPT(1), and we use this result in Section 4.3 to get regret
bounds against OPT(B’) for B’ < B in OSFM. Decoupling the regret benchmark
OPT(B’) from the algorithm budget B can be useful when one would like to control
the strength of a regret bound against a specific target OPT(B’) for theoretical or
applied reasons. For example Arora et al. (2012) survey a wide variety of applications
which rely on bounding R%, but bounds such as E[(1 — e ')OPT(B) — Rewardy| <
O(y/TBIn(N)) do not immediately imply useful bounds on OPT(1) — Rewardy.

Update on related work: Following the publication of the work this chapter is
based on, another work appeared which studies a closely related problem. In Bhaskara
et al. (2023), the authors consider the setting where, in each round, before pulling an
arm, one is able to probe an oracle on a subset of B arms and ask which arm has the
lowest cost. The motivation behind this idea is that one may have e.g. a machine
learning algorithm (oracle) which can provide advice about which arm is best to pick.
The authors show, in the full feedback setting, that one can achieve regret O(In(N))
for B = 2, which implies an improvement over the bound we give in Theorem 4.1.
This is done by using a different analysis technique than the one used in this chapter,
using ideas from differential privacy. However, the authors appear unable to use
this technique to extend the result to the adversarial partial feedback case, as we
do in Theorem 4.2. Note the partial feedback case is of particular interest from the
perspective of compute constraints, because the only way to observe the cost of all
arms is to pay the compute to evaluate all of them, which by assumption is infeasible.
On the other hand, we believe the improved bounds in the full feedback case given in
Bhaskara et al. (2023) make our contributions in sections 4.3 and 4.5 stronger, because
the guarantees in those sections automatically improve when the regret minimizing
subroutine has a tighter regret bound. Finally, we note from Section 4.4 that the

relationship between analytical regret bounds and empirical performance can be non-
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obvious; it can therefore be useful to have multiple approaches to compare with. This
suggests an area for future work exploring (1) the relative strengths of different regret
analysis techniques and their corresponding algorithms and (2) whether improved

results similar to those in sections 4.3 and 4.5 can be given.

4.2 Follow The Perturbed Multiple Leaders

We begin by considering the full feedback setting. We first check that allowing the
algorithm to choose B > 1 arms per round, while only competing against the best
single fixed arm in hindsight, does not make the problem trivial. We do this by
showing that any deterministic algorithm with budget B < N still achieves linear
regret in the number of rounds. This is achieved by setting ¢;(a) = 1 if a € Sy,

ct(a) = 0 otherwise.

Proposition 4.1. In the full feedback setting, any deterministic algorithm with arm

budget B < N per round has worst-case regret R > (1 — %) T.

Proof. Let S; C A be the deterministic choice of arms the bandit algorithm chooses for
round ¢ given the previously chosen cost functions ¢y, ..., ¢,_1. Now choose ¢;(a) =1
if a € S, and ¢;(a) = 0 otherwise. Then the bandit algorithm achieves cost T'. The
total cost summed over all arms is Y, |Sy| < BT, so there must exist at least one

a’ € A such that Zthl c(a) < %. Thus Ry > T — % =(1- %)T. O

Likewise, it can be shown that the algorithm which chooses a uniformly random
subset of B arms in each round has worst-case expected regret at least T'(1 — %)
(achieved by having one arm have cost 0 across all rounds and every other arm
having cost 1). These two observations show that any solution for achieving sub-

linear regret in T requires randomization which depends in some non-trivial way on

the prior observed costs even when B > 1.
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4.2.1 Generalizing Follow The Perturbed Leader

Choosing the current lowest perturbed-cost arm in each round, Follow the Perturbed
Leader (FPL) (Kalai and Vempala, 2005), is a well-known regret minimization tech-
nique which achieves optimal worst-case regret against adaptive adversaries in the
OLWE setting. In this section we generalize the FPL algorithm to Follow the Per-
turbed Multiple Leaders (FPML). In each round, FPML perturbs the cumulative
costs of each arm by adding noise, and then picks the B arms with lowest cumulative
perturbed cost. This is precisely FPL when B = 1. We show how one can extend the
proof techniques of Kalai and Vempala (2005) in a natural way to prove that FPML
achieves worst-case regret Rj(FPML) < QTﬁ(l + In(NV ))B%l In what follows,
we denote the distribution of a standard exponential random variable scaled by the

factor % by %Exp.

Algorithm 3: FPML(Be)

1 Accept as input N > B > 1,& > 0;

2 Initialize the cumulative cost Cy(a) < 0 for each arm a € A;

3 for roundt=1,...,T do

4 For each arm a € A, draw a noise perturbation p;(a) ~ é Exp;

5 Calculate the perturbed cumulative costs for round ¢ — 1,
Ci1(a) < Cioa1(a) — pi(a);

6 Pull the B arms with the lowest perturbed cumulative costs according to
C,_;. Break ties arbitrarily;

7 | Update the cumulative costs for each arm, Cy(a) < C;_1(a) + ¢;(a);

Theorem 4.1. In the full feedback setting, where S; C A is the subset of arms chosen

by FPML in round t, we have

In particular, for e = ((In(N) 4+ 1)/T)YBE+)  we have

Ri(FPML) < 275+ (1 + In(N))5+1.
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The proof follows the same three high level steps which appear in Kalai and
Vempala (2005) for FPL, but we extend these ideas to the case where B > 1. We
first observe that the algorithm which picks the B lowest cumulative cost arms in
each round only incurs regret when the best arm in round ¢ is not one of the best B

arms in round ¢t — 1.

Lemma 4.1. Consider a fized sequence of cost functions cy,...,cp. Let af’j be the
3™ lowest cumulative cost arm in hindsight after the first t rounds, breaking ties
arbitrarily. Let Sf = {a, | j € [B]} be the set of the B lowest cost arms at the end

of round t — 1. Then for each i € [T,

m:;M$%galwms;mW¢w

and R; — Ri_1 < ]I[GZ’I & S;.

This is a generalization of the familiar result that when B = 1, following the
leader has regret bounded by the number of times the leader is overtaken (Kalai and

Vempala, 2005).

Proof. Let R; = Y°1_, ¢,(S¥) — ming-c4 3i_, ¢;(a*) be the regret at the end of round

1. Then the increase in regret in round 7 is

i = Rz - Rz—l
i i-1
= (Ct(st) — a(a; 1)) - (Ct(St> Ct(“fi))
t=1 t=1
i—1 i—1
= ¢i(S7) —eilal) + ( ci(ahy) — Ct(af1)>
t=1 t=1
< ¢i(S7) —eilai)
< 1la] ¢ 5]
and the result follows by evaluating ZtT:l Ti. O
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The second step is to argue that if the cumulative costs are perturbed slightly,
it becomes unlikely that the event {a]"' ¢ Sy} will occur. One way to see this is
as follows: fix a round ¢, and let C;_;(a) be the cumulative cost of a at the end of
round t — 1. Let M = C;_1(a*B*!). Then every a € S; has C;_1(a) < M. If it
is also true that Cy_1(a) < M — ¢(a) for any a € S then the event {a]"' ¢ S}
cannot occur. This is because Ci(a) < (M — ¢i(a)) + ¢:(a) = M but any o' €
A — S, has Cy(a') > M, so o # a?'. If we had initially perturbed each Ci—1(a) by
subtracting independent exponential noise p(a) ~ %Exp7 then conditional on M (and
randomizing over the noise) the event {C;_;(a) < M — ¢;(a)} is jointly independent
for each a € S}. Moreover the probability of this inequality not holding is equal to
Plp(a) < v+ ¢(a)|p(a) > v] for v equal to the unperturbed cost of a at round ¢ — 1
minus M, which is bounded by ec¢;(a) (due to the memorylessness property of the

exponential distribution).

Lemma 4.2. Fiz a sequence of cost functions c1,...,cr. Let Cy(a) = S i_, ci(a) and
Ci(a) = Ci(a) — p(a) be the perturbed cumulative cost of arm a at the end of round i,
where p(a) ~ %Exp. Let EL:J be the §% lowest cumulative cost arm in hindsight after

the first t rounds using these perturbed costs C;, and let Sf = {a;”, | j € [B]}. Then
E[1]a" ¢ 5] <E["a(s)).

Again, when B = 1 this argument and bound coincides with the argument given

by Kalai and Vempala (2005).

Proof. Fix a round t. Consider the jointly independent random variables X, =
C‘t_l(a) for a € A. Condition on the values and identities of the N — B largest of these
random variables, i.e. condition on E = {(Xa:gl,affl)}jy:3+l, and let M = X .54
be the minimum perturbed cost among these non-leading arms. Impose an ordering

on A and let [y,...,lp € A—{a*/}}_ 5, be the remaining arms (the top B lead-

ers) ordered lexicographically (i.e. not necessarily in order of cumulative perturbed
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cost). Then the distribution of the random variables X, ..., X;, conditioned on E

B
is jointly independent, and the marginal distribution of X;, given E is X;,|(X;, < M)
(see Lemma B.1). Now observe that if X;, < M —c¢(l;) for any j € [B], then the event
(ar' ¢ S¥) is impossible. This is because I; € S¥, but for any a ¢ Sf, Cy(a) > M
but Cy(l;) = Xy, +ci(l;) < M (ie. I; cannot be overtaken by any non-top-B-leader

in round t). Therefore we have

E|1[a" ¢ S’Z‘]IE] <P [/\ (X, < M —c(ly) | E (4.1)
=[IP (X, < M — ()X, < M] (4.2)

=[O =Pp() > Cally) + ally) = MIp(Ly) > Cia(l;) — M)

(4.3)

<JI@=PE) > al)) (4.4)

. . > 667€$ | = £ . efsct(lj) )

B jHl (1 /Ct(lj) ! > jl_[l(l ) -
< H(sct(lj)) (4.6)
< B¢, (S) (4.7)

(4.2) follows by independence, (4.4) is due to the memorylessness property of the
exponential distribution (with equality unless C;_1(l;) — M < 0), and (4.7) follows
because 1 —e™ < z for & > 0 and ¢,(57) = [[,egr ila) = Hle ¢t(l;). The final

claim follows by taking the expectation over the conditioned event E. O]

The final step is to combine Lemmas 4.1 and 4.2 to argue that FPML achieves
expected regret at most E |eZ 7] ¢,(S7)| with respect to the perturbed cumulative

we can argue we also achieve low expected

2 . 1+In(N)
cost Cr. Since max,e 4 E[p(a)] < —0=
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regret with respect to the unperturbed cost Cp. In the setting of this paper, drawing
new random perturbations p;(a) in each round is not strictly necessary (we can take
pe(a) = pi(a) for t > 1), but it is necessary to achieve regret bounds when cost
functions can depend on prior arm choices of the algorithm (the adaptive adversarial
setting). In the setting of this paper where the costs are fixed, the expected regret in

either case is the same.

Proof of Theorem 4.1

Proof. Consider a modified version of FPML where p;(a) = pi1(a) = p(a) for all
t > 1 (i.e. we keep the random perturbation fixed across rounds). Then this version

of FPML picks the set g;‘ in round ¢, and the regret can be bounded as

T T
> alS) —miny e(a’) <) a(S)) - min ((Z ct<é*>) - p<a*>) (4.8)
The right hand side can be interpreted as the regret of a modified version of OLwE
with a 0" round with cost function ¢y = —p, where the algorithm is only allowed to
pull arms from round ¢ = 1 (and incurs cost 0 in the Oth round). Note that modifying
the cost function in this way gives us perturbed cumulative costs precisely of the form
in Lemma 4.2. The regret increase incurred in the 0" round is at most max,c4 p(a).

For the remaining rounds, we use Lemma 4.1 followed by Lemma 4.2 to get

a*eA
t=1 t=1

E XT:ct(Sf) — min iq(a*)] < XT:E [11 @' ¢ 5’2‘]] +E [rggp(&)] (4.9)

(4.10)

Where the inequality on E [maxgec4 p(a@)] comes from Kalai and Vempala (2005).
The final step is to argue that the unmodified version of FPML which chooses inde-

pendent noise p;(a) in each round also achieves this bound. This is immediate because
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both versions of the algorithm have the same marginal distribution of action choices
in each round. By linearity of expectation, they also have the same expected cost
across all the rounds, and therefore the same expected regret. Having new random
perturbations in each round is therefore not necessary against oblivious adversaries,

but is necessary to achieve the regret bound against adaptive adversaries. O

Probabilistic guarantees: One advantage of this proof technique is that the re-
gret is bounded using the positive random variable Z:{:l 1 [d;‘ -1 ¢ S’t* } This means
that one can apply methods like Markov inequality to give a probabilistic guaran-
tee of small regret, which is substantially stronger than saying the regret is small in

expectation.

Comments on settings of parameters: When B = 1 we recover the standard
O(\/T1In(N)) regret bound for the OLWE problem. For B > 1, the regret growth
rate as a function of the number of rounds is T#+1. In particular, when B = Q(In(7"))
grows slowly with the number of rounds, the expected regret becomes O(In(N)) and
does not grow with the number of rounds T'. If we use a tighter inequality in the proof
of Lemma 4.2, it is possible to get constant expected regret when B = In(7")In(A)

grows slowly with the number of arms and rounds.

Significance of bound: How significant is the bound of Theorem 4.17 From a
theoretical perspective, we now know from future work that one only requires B = 2,
not B = O(log(T)), to achieve regret bounds which are constant in 7" in the full
feedback setting. On the other hand, from a practical perspective in the context of
online algorithm portfolios, Theorem 4.1 says that one only needs to pay an extra
O(log(T)) factor in runtime in order to reduce the regret scaling by a factor of v/T.
Since there are many contexts in which log factors of runtime are not considered

significant, Theorem 4.1 gives a significant regret improvement for a very modest
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increase in runtime.

Lower bounds: A standard technique for constructing lower bounds in the online
experts setting with B = 1 is to consider costs which are i.i.d. Bernoulli(p) (Lattimore
and Szepesvari, 2020). Unfortunately this technique fails when B > 1 because the
expected cost of the minimum of B i.i.d. Bernoulli random variables is generally
smaller than the expected cost of the best arm in hindsight unless p is very close to
1. On the other hand, work following the publication of this work by Bhaskara et al.
(2023) imply that the lower bound for B > 2 is at most O(In(N)). Below we give a
simple proof that this is indeed the lower bound for constant B in the full feedback
setting. The idea is to maintain a set of “alive” arms, initially equal to [N]. In each
round, we randomly choose half of the alive arms to have cost 0, and the other half
to have cost 1. All non-alive arms also incur cost 1. For any fixed choice of arms by
the algorithm in the current round, there is then some constant probability (if B is
constant and the number of alive arms is sufficiently large) that the algorithm only
chooses arms with cost 1 in this round. After the round, we set the “alive” arms to
be those arms which have only ever incurred 0 cost in all prior rounds. Thus for each
round, the expected cost of the algorithm is a constant, and we can ensure this for
O(log,(N)) rounds (because we can only halve the number of “alive” arms this many
times). We will ensure there is always one alive arm which always incurs cost 0, so
that the expected regret of the algorithm is equal to its expected cost. We now make

this argument formal.

Proposition 4.2. In the full feedback setting, any randomized algorithm has R} >

Q((4)” (togy(N) ~ logy(B))) for T = Qlogy(N) — logy(B)).

Proof. First suppose N = 2* for some k € N. Let Ay = A. Inround ¢t = 1,...,T,
we let A; be a uniformly randomly chosen subset of A;_; of size max(2¥~* 1), and

we let ¢ (a) = 0 if a € A;, 1 otherwise. Note that the probability of a fixed arm

93



a € A;_1 being contained in A; given that ¢ other arms in A, ; are not in A; is

| A¢|
|.At71 |—3°

t <k —logy(B) — log, (2). Then we have

Suppose an algorithm chooses arms S; = {a},...,a’} C A in round t. Let

B
PS, N A = 0] = [[Pla} & Ay, ...a; " ¢ Al (4.11)
i=1
B-1
| Al )
> R — 4.12
(- e
| Al )B
> 11— 4.13
> - (4.13)
B
=11- 4.14
) A

- ) (4.15)
_ 411) (4.16)

where line 4.14 holds provided ¢ < k, and line 4.14 holds provided |A,] > 2B.
These two conditions are satisfied when ¢ < k — log,(B) — log, (%) If we set
T = |k — logy(B) — log, (2)], then the expected cost of any algorithm ALG is
> (i)BT =0 ((%L)B (logy(N) — logQ(B))>. By construction, the cost of the best
expert in hindsight is 0. Since the expected regret is € <(i)B (logy(N) — logQ(B))>,
there exists fixed cost functions ¢y, ..., cr such that the expected regret of ALG on
this on this sequence is {2 <(%1)B (logy(N) — logQ(B))>. If N is not a power of 2, we
can just let Ay C A be any subset of size 21°82(M) and the asymptotic bounds remain

the same. O

Partial feedback: The semi-bandit feedback setting is a form of partial feedback
where the algorithm only observes the individual costs of the arms it pulls. It can be
shown that passing unbiased cost function estimates to FPML results in a similar

regret bound in the semi-bandit feedback setting; the result is specific to FPML
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and using unbiased cost functions does not generally work for any Rj-minimizing
algorithm when B > 1 because of the non-linearity of the cost function. In the case
of FPML this is not an issue because the same bounding technique using Lemma 4.1
holds in expectation when using unbiased cost estimators. A naive way to generate
unbiased cost estimates in this setting is to use an additional arm to uniformly sample
costs; in Section 4.4 we explore geometric sampling (Neu and Bartdk, 2013) for getting

unbiased cost estimates which is effective in practice.

Theorem 4.2. Let F; be the o-algebra generated by all the outcomes occurring during
rounds up to and including round t.> Define the algorithm FPML-partial which
simulates FPML, passing it unbiased cost estimates ¢, € [0, K| at round t € [T
where Ya € A,E[¢(a) | Fi—1] = ci(a), and copies the arm choices of FPML. Then

for any € > 0 we have
R;(FPML-partial) < In(N)/s +T(1 — e %%)%

= 1
Fore = (W)) "1 Ri(FPML-partial) < O(T7 (K In(N)) 7).

TKB

Random perturbations: Note that, unlike in Theorem 4.1, in Theorem 4.2 it is
important for our proof that FPML draws independent random samples p;(a) in
each round. This is because the unbiased cost estimates ¢; may depend on prior
action choices of the algorithm, and hence on the random perturbations used in prior
rounds. This can lead to non-trivial situations. For example, if FPML used a single
random perturbation p(a) = p;(a) for all rounds ¢, it is then possible for the unbiased
cost estimates ¢; to behave in an adversarial way to ensure that after some round ¢,
FPML will always choose an arm with cost 1 even though the best arm in hindsight
achieves an average cost of 0.5. This would prevent us from arguing that in any fixed

round ¢, provided |¢;| < K, the expected increase in regret during round ¢ is small.

2This includes the random perturbations sampled by the algorithm up to round ¢, and the
unbiased cost estimates up to round t.
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At a high level, the way to construct this adversarial case is to choose unbiased cost
functions ¢; in a way which, with some constant probability, forces the cumulative
perturbed costs of the arms to be approximately equal at some round ty. This may
require the unbiased cost estimates to have a fairly large variance during rounds ¢ < ¢,
(i.e. |&| =€ (%) with some small probability). One then picks ¢ = ¢, for all rounds
t >ty (i.e. K =1 during all subsequent rounds). Suppose there are N = 2 arms, and
arm 1 has ¢;(1) = 1 for ¢ odd and ¢,(1) = 0 for ¢ even, and arm 2 has ¢;(2) = 1 —¢,(1).
It is then possible to force FPML to alternate between picking arms 1 and 2, and
always pick the arm with cost 1 for rounds ¢ > t.

We can prove Theorem 4.2 in two steps. The first step is to reduce the problem
to the case where FPML draws a single random perturbation p = p; for all rounds
t > 1, and the unbiased cost estimates ¢4, ..., ¢ are jointly independent of p. When
the unbiased cost estimates are independent of the random perturbation, we no longer
have the issue of the cost estimates potentially behaving in an adversarial way as
discussed in the paragraph above. The second step uses a very similar analysis to the
proof of Theorem 4.1, but some subtlety is required when dealing with the random

cost estimates. The key property which makes the result possible is that for any

ac A

Elci(S;) — éi(a) | Fior] = ¢i(S;) — cia) (4.17)
< 1la & S (4.18)
i.e. in expectation, we can bound ¢;(S;) — ¢&(af) by 1]a; & S;].

Lemma 4.3. In the setting of Theorem 4.2, let S(¢4—1,p:) be the arm choices of
FPML after observing cost estimates ¢,y = C1,...,¢_1 and drawing random per-

turbation p; in round t. Then

T
E th (S(Ca-1,p1)) | = Ep, |E
t=1

Z Ct (S(é:tflapo)) | Po] ]
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where the random perturbation py(a) ~ %E:L’p for a € A is drawn independently of all

other events.

Proof. Let po(a) ~ %Exp for a € A be perturbations drawn independently from all

other events. By repeated application of linearity of expectation, we have

T T
E Z Ct (S(é:t—lvpt))] = Z E [Ct (S(é:t—lapt))] (419)
t=1 t=1
T
- ZEpo [E e (S(E4-1,0)) | po)] (4.20)
t=1
T
=Ep, |E Z ct (S(Ge-1,0)) | po” (4.21)
t=1
where line 4.20 follows because p; is drawn independently of ¢;_; and ¢;. O

Lemma 4.3 is subtle and worth discussing. Note that ¢; can be thought of as a ran-

dom function of the past actions of FPML and the past cost estimates ¢1,...,¢_1,
i.e. ¢ is a random function of py,...,pi_1,¢1,...,¢_1. Line 4.21 is the formal ex-
pectation which samples the random variables ¢, py, ..., ¢, pg, then samples pgy, and

then evaluates Zle ¢ (S(é4-1,p0)). This expectation also happens to be equal to
the expected cost of FPML where (1) we first sample ¢, pq, ..., ¢, pe, (2) we sample
Po, and (3) we run FPML using the same perturbation py across all rounds and pass

it the cost estimates ¢4, ..., ¢p.

Proof of Theorem 4.2

Proof. Fix deterministic cost functions c¢q,...,¢p. By Lemma 4.3, it suffices to
consider the case where FPML re-uses random perturbations between rounds, i.e.
pi(a) = p(a) for all a € A,t € [T], and the cost estimates (¢1,...,¢r) are jointly
independent of p. As in the proof of Theorem 4.1, imagine that there is a ‘round

zero’ with costs (—p(a)).ca where p(a) ~ Exp(e) independently for each a; define
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Fo = o((p(a))aeca to be the o-algebra generated by these perturbations and include
it in each (F;)i>1.

Writing Ci(-) = Yi_, &(-) for cumulative estimated reward and C; () == Cy(+) —
p(+) for the same but including the ‘round zero’ random initialization, define

%

R, = Z ¢(S;) — min C7(a)

acA
t=1

for each i € [T] U {0}. Let S; be the set of arms chosen by the algorithm at round
1, and let a} be the best of these by perturbed estimated cost at the end of round .

We follow the argument from Lemma 4.1:

R R = c(S) —éfal) + (Z WIS a(ai)) (1.22)

t=1 t=1
and so
E[R; — R;_, | Fi1] < ¢i(S:) — E[éi(a)) | Fizal (4.24)
< 1a; &€ S;]. (4.26)
Hence
s
B[Ry | Fo) =E | > E[R - Ri_, | Fial + By | Fo (4.27)
| =1
r T
<E|> g &S]+ Ry | Fo (4.28)
| t=1
< B[|Z| | ) + max p(a), (4.29)
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where Z = {t € [T] : aj & S:}. Using Jensen’s inequality in line 4.32 below, we have

E[R, | Fo) = E gct(st) | Fo| +E {— min Cii(a) | ]—“0} (4.30)
=FE é c(Sy) | ]—"0_ +E {rggﬁ( —Ci(a) | ]—"01 (4.31)
>E tzT; c(Sy) | ]—“0_ + max E[—Ci(a) | Fo) (4.32)
=F é c(Sy) |]-"0_ — ggﬂE[é;(a) | Fol (4.33)
=E g cr(Sh) | fo- — min(Cr(a) - p(a)) (4.34)
—E XT: a(Sh) | ]—"0_ — Cr(a*) + p(a”) (4.35)

t=1

where a* is the best-in-hindsight arm at the end of round 7". Therefore we can bound

the expected regret by
Ry < B [E[T] | 53]+ magp(a) - pla) (430)

Since E[p(a*)] = 1/e for any fixed action a*, and max,c4 p(a) is the maximum of
|A|i.i.d. Exp(e) random variables and therefore has expectation at most (1+1In|A|)/e

as argued in Kalai and Vempala (2005), taking expectations gives

E[R7] <

< lnL_AW +E[|Z]] (4.37)

It remains to upper-bound E[|Z|]. The proof ideas are very similar to those in

Lemma 4.2, so we will state the result here and include its proof in the appendix.

Lemma 4.4.
E[Z]) <T(1 —e )P (4.38)

Proof. See Appendix B.1. n
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The result then follows, since

., In|A
E[R}] < J_: |—|—]EHI|] (4.39)
< 1“3';” +T(1— e K5)B (4.40)
O

4.3 Generalized Regret Bounds For Online Sub-
modular Function Maximization

The purpose of this section is to show how the results of Section 4.2 can be used
to construct new algorithms to other resource allocation problems in a relatively
automatic way. We turn our attention to the problem of Online Submodular Function
Maximization (OSFM) first studied by Streeter and Golovin (2008), which captures
a number of online resource allocation problems as special cases. For the sake of
emphasizing the key ideas, we will restrict attention to the full feedback setting where
each action has unit duration; however we believe the same ideas can be used without

these assumptions. In this simplified setting, the OSFM problem is as follows:

Definition 4.1. Define a schedule to be a finite ordered sequence of actions® a € A,
and let S be the set of all schedules. The length £(S) of a schedule S € S is the number
of actions it contains. Define a job to be a function f:S — [0,1] such that for any

schedules S1, Sy € S and any action a € A:
1. f(S1) < f(S1®Ss) and f(S2) < f(S1 @ S2) (monotonicity);
2. f(S1®S2® (a)) — f(S18S2) < f(S1®(a)) — f(S1) (submodularity).

Definition 4.2 (Online Submodular Function Maximization). The problem consists

of a game with T' rounds. We are given some fixed budget B > 0 and at each round

3In the full OSFM problem, actions also have a different associated duration.
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t € [T] we must choose a schedule Sy € S with ¢(S;) < B to be evaluated by a job
ft which is only revealed after our choice. The goal is to mazximize the cumulative

output Rewardy = Y"1, fi(St).

Streeter and Golovin (2008) propose an online greedy algorithm OG which achieves
the guarantee (1 — e 1)OPT(B) — Rewardr < O(4/TBIn(N)) in expectation, where
OPT(B) is the cumulative reward of the best fixed schedule of length B in hindsight.
In this section we explain how to use FPML to extend their algorithm to allow a
tradeoff between budget resources and regret bounds.

The algorithm OG has two key ideas. Suppose that we start with an empty sched-
ule Sy := (). The first idea is that if we knew fi,..., fr in advance, we could greedily
construct S; = S;_1 @ (arg maxg,c Zthl fi(Sic1 @ {a)) — fi(Si—1)) fori=1,..., B,
where a; is the best greedy arm in hindsight for greedy round 7. It can be shown
that submodularity then implies (1 — e )OPT(B) < 3., f(Sp). Since we don’t
know fi,..., fr in advance, the second idea is to run B copies of a traditional, single
arm pulling R} regret minimizer, where the i*" copy tries to compete with achieving
the same improvement of cumulative reward as the best fixed greedy action a; in
hindsight. The regret bound on the i*® copy with respect to the best greedy arm in
hindsight is (’)(\/m ); across the B copies one can show the net regret compared
to the offline greedy solution is bounded by O(v/TB1In N), which is where the final
bound comes from. In summary, OG works as follows: for each round ¢ € [T], run
B greedy rounds. In greedy round i = 1,..., B, pull the arm a! proposed by the i‘!
black box Rj-minimizer, set S;; == S;;_1 & (a}), and feed back the greedy rewards
rei(a) = fi(Seio1 @ (a)) — fi(Sti_1) to the i black box.
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Algorithm 4: OG(B,¢)

1
2
3
4
5
6
7

o]

Accept as input B > 1;
Let &, ...,&p be instances of a regret minimization algorithm &;
for roundst=1,....T do

Let S;o = () be the empty schedule;
fori=1,...,Bdo

Use &; to choose an action ai € A;
L Set Syi = Siio1 @ (al);

Set S, == S; p; receive the job fi;

For each i € [B] and each action a € A feed back the cost
@) =1= (fi(Sio1 ® (@) — fo(Sii-1)) to regret minimization
algorithm &;;

We propose a hybrid version of OG, called OGpypria, Which for any budget B

allows us to compete asymptotically well against OPT(B’) for any chosen B’ <

B/In(T). The algorithm OGpybria is based on the following two changes to OG:

1. Instead of having B greedy rounds, we have B'In(T") greedy rounds. One can

show that the extra factor of In(T') allows one to drop the (1 —e™!) term in the
regret bound. To do this, we need a slight extension of a result from Streeter
and Golovin (2008), where they prove the following lemma for By = By (proof
in Appendix B.1).

Lemma 4.5. Let f be any job and let G = (g1, Go, - . ., Gp,) be a ‘greedy’ schedule
satisfying

(G ® g5) — f(Gy) > max (f(G; & (a) — [(G))) — ¢, Vj € [Bi]

where €1,&z,... > 0 are additive errors and G; = (g, ...,gj—1) for each j €

[By]. Then for any By € N,
By
F(G) > (1= /50) F(Sp) =D e
j=1

where Sp, = arg MaXges.o(s)=p, f (S) is the best schedule of length By for f.

. Instead of running a one-arm-pulling R} minimizer in each greedy round, we run

FPML which pulls [B/B’'In(T)] arms. This allows us to improve the regret
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bound for each of the Rj-minimizers and directly translates to a tighter overall
regret bound. This is due to the following lemma, which is a slight extension

of a result from Streeter and Golovin (2008) (proof in Appendix B.1).

Lemma 4.6. For B > B'logT, the algorithm OG produces a sequence of

ZO(E

relative to Sp, = arg maXgeg.o(s)=p’ Zthl f:(S), the best-in-hindsight fized sched-

schedules S, ..., St with expected regret

E > fi(Sp) = fi(Sh)

Z RT,l(gj)] )

ule of length B', where Rr1(E;) is the 1-regret incurred by the j™ experts algo-
rithm, i.e. its regret relative to the single best fixed arm in hindsight on the cost

sequence given to it by OG.

The key idea here is that the regret of OG is directly related to the regret of
the subroutines {&;};. Traditionally one would use single arm pulling regret
minimizers to solve this problem, which has regret at least Q(v/T). But if we
plug in multi-arm pulling regret minimizers instead, we can trade off the budget
we give to each of these subroutines in return for stronger bounds on Rz1(€;),

which automatically imply stronger bounds for OSFM.

Besides these two changes, the algorithm is identical to that in Streeter and

Golovin (2008). More generally, we let OGhybria(B, B) denote the algorithm where

cach FPML box has a budget of B and there are B / B greedy rounds, so that the

total number of arms pulled in each round is B. This algorithm is a hybrid of OG and

FPML in the sense that OGhuybria(B, 1) is OG with Follow the Perturbed Leader as

the R;-minimizing subroutine. On the other hand, OGyybria(B, B) is FPML. Vary-

ing B allows us to interpolate between these two algorithms by varying the budget

we give to the FPML subroutines.
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Algorlthm 5: OGhybrid(Byé)
1 Accept as input B > B > 1 where B | B. Define L = B/E;
2 Let By, ..., By be instances of FPML, each with budget B and
e = ((In(N) +1)/T)V/F+D;
for roundst=1,...,T do
4 Let S = () be the empty schedule;
fori=1,...,L do
6 Use B; to choose B actions ai’l, ai’Q, e ,ai’B;
7 || Set Spi= Sy @ (a)t,...al”);
Set S; := St 1, and receive the job f;
fori=1,...,L do
10 For each action a € A feed back the cost

(@) =1~ (fi({ar",...,a " a)) — filla™, ... a7 ™)) to
instance B;;

w

7:7* Py 1 - (’L) i:j .
11 Define ;" := arg min; g ¢, (a;”);

On a technical note, because we are pulling B > 1 arms for each greedy choice,
we require a slight strengthening on the monotonicity condition which is common to

many practical applications including the experiments we consider in the next section:

Assumption 4.1. In addition to monotonicity and submodularity, each job f : S —

0, 1] also satisfies f(S1 @ Sa @ S3) > f(S1 @ S3) for any schedules Sy, 52, S5 € S.
Using this assumption, we can then give the following guarantees for O Gnybria (B, B ).

Theorem 4.3. For any B',B € N, under Assumption 4.1 and with budget B =

B[B'In(T)], algorithm O Ghypria(B,B) experiences expected regret
O <B/ ID(T)Tl/(§+1) ln(N)E/(E-i-l))

relative to the best-in-hindsight fized schedule of length B'. In particular, if B =

[In(T)] (and so B = B'[In(T)]?) the regret is bounded by O(B'In(T)In(N)).

This bound allows us the flexibility of trading off a schedule budget B for how
tightly we would like to compete with the best fixed schedule of length B’ < B in

hindsight.
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Proof. Let L = B/ B be as in OGiybria- Suppose for each i € [L] there is a fictional
experts algorithm &; which picks the single arm ai’* (defined in line 11 of OGpybria) at
each round ¢, and consider a hypothetical instance of the standard algorithm OG run
with budget L and these fictional experts algorithms &, ..., & as subroutines. Note
this is just OG where each expert & happens to pick the lowest cost arm found by
the 7th black box of OGybria in round . Note also that these instances of OG and
OGiybria Pass the same cost functions to their black box regret minimizers. We will
argue that (1) the regret of OGpybria is bounded by the regret of this hypothetical
instance of OG and (2) the regret of this hypothetical instance of OG satisfies the
bounds in Theorem 4.3. To avoid confusion, we will refer to the [-regret as the
regret of an algorithm relative to the best fixed subset (schedule) of size (length) [ in
hindsight, given some cost or payoff function sequence.

Since L > B'logT (by our assumption that B > B'B logT), by Lemma 4.6
the B’-regret (relative to the optimal schedule of length B’) of our OG instance is
upper-bounded in expectation by Zle Rri(&;), where Rp1(&;) is the total 1-regret
experienced by &; for the costs given to it by OG. Moreover, the payoff received
by this OG instance at each round ¢ is f((a;™,...,al™)). Let S, be the schedule
chosen by OGhybria in round ¢. Then by Assumption 4.1 and monotonicity, it follows
that f(S,) > f((ar™,...,a™)), because the actions a;™, ..., a"* are contained in
the schedule S; with the same relative order. Therefore, the B'-regret of OGnybrid
relative to OPT(B’) must be at most that of our fictional OG instance, giving an

upper bound on the B'-regret of OGpybria as

L
Rp/(OGhybria) SZ [Rra(E (4.41)

It remains to argue how large the 1-regret of each of these ‘fictional’ experts
algorithms & is. Writing a}* = argmin, 4, 37, cgi)(a) for the best-in-hindsight fixed

action under the costs passed to the ¢th regret minimizer, the regret incurred by &;
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is therefore
Rra(&) = c’(ay) =Y e’ (ar) (4.42)

T
= > maxc’(a;) = Yo" (a}") (4.43)

= Rr.1(B)) (4.44)

where Rr;(B;) is the 1-regret incurred by multiple arm pulling bandit algorithm B;

in OGhybria- S0 by equation 4.41, the B'-regret is bounded by

ZE[RT,l(Bi)] = LE[R7.(B)] (4.45)
_ BE[Ré,l(B)] (4.46)

where E[Rz1(B)] is the expected 1-regret of any of the instances By,..., B of
B. By Theorem 4.1, since each instance of B has budget §, we know that setting
e=((In(N) + 1)/T)1/(E“) for FPML gives

E[Rry (B)] < 2755 (1 + In(N)) 5 (4.47)

from which Theorem 4.3 follows. O

Partial feedback: Streeter and Golovin (2008) extend their algorithm to handle
partial feedback by replacing the R} regret minimizers with the bandit algorithm
Exp3 (Auer et al., 2002) which only requires feedback on the arms which are pulled.
Likewise, one can replace FPML with FPML-partial in OGyybria to get an al-
gorithm which gives regret bounds in a semi-bandit feedback setting (where we can
observe f;(S) for any schedule S consisting of actions which were pulled in round t).
We empirically compare the partial feedback versions of OG and OGpybria in the

next section.
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4.4 Experiments: Online Hyperparameter Opti-
mization

The problem of black-box optimization—where a hidden function is to be minimized
using as few evaluations as possible—has recently generated increased interest in
the context of hyperparameter selection in deep learning (Snoek et al., 2012; Liu
et al., 2020b; Bouthillier and Varoquaux, 2020). As a result, the 2020 NeurIPS BBO
Challenge (Turner et al., 2021) invited participants’ optimizers to compete to find the
best possible configurations of several MLL models on a number of common datasets,
given a limited budget of training cycles for each. One of the key findings was that
sophisticated new algorithms are normally outperformed on average by techniques
that ensemble existing methods (Liu et al., 2020a), i.e. optimizers tend to have
varying strengths and weaknesses that are suited to different task types. In a scenario
where many hyperparameter selection problems are to be processed (e.g. in a data
center) and limited computing resources are available, it may thus be desirable to learn
over time how best to choose B optimizers to apply independently to each problem
(e.g. to run in parallel on B available CPU cores). This is a natural partial feedback
application of bandit algorithms that pull multiple arms per round and receive the

best score found across the optimizers which are run.

4.4.1 Experimental Setup

We follow a similar approach to the Neur[PS BBO Challenge; the optimization prob-
lem at each round t € [T] is to choose the hyperparameters of either a multi-layer
perceptron (MLP) or a lasso classifier for one of 184 classification tasks from the Pem-
broke Machine Learning Benchmark (Olson et al., 2017) (so T' = 368). At each round
the bandit algorithm must select B Bayesian black-box optimizers from a choice of

9 to run in parallel on the current problem; the received reward* for each optimizer

“Here we use rewards to be consistent with the setting of Online Submodular Function Maxi-
mization.
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was calculated as a [0, 1]-normalized measure of where the best training loss attained
sits between (a) the expected best loss from a random hyperparameter search and
(b) an estimate of the best possible loss attainable (the same approach used by the
Bayesmark package (Uber, 2020)). Rewards are only observed for the optimizers
which are run (semi-bandit feedback). For each budget level B = 1,...,6, we ran a
benchmarking study comparing the performance of the following bandit algorithms

in this setting:

1. FPML-partial(B) from Section 4.2.1, using geometric sampling (Neu and
Bartdk, 2013) to construct unbiased cost estimates. Geometric resampling con-
structs a cost estimate by first sampling a; from FPML-partial, observing
the cost ¢;(a;), and then estimating the probability probability p,, with which
FPML-partial chose action a; by random sampling. It then passes the unbi-
ased cost estimate ¢ (a) = z%tct(at) if a = a4, ¢:(a) = 0 otherwise. In practice,
we need to introduce some bias to this estimate to ensure the cost estimates ¢

are bounded. A discussion of this can be found in Appendix B.2.

2. OGybria(B, B) from Section 4.3, with FPML-partial as a subroutine. We do

this for varying values of B to see how performance changes.

3. OG(B), the partial feedback version of the original online greedy algorithm

from Streeter and Golovin (2008).

We benchmark performance against BIH(B), the score of the best fixed subset of
size B in Hindsight. In all cases the ¢ parameter for the bandit subroutines FPML-
partial and Exp3 was set to their theoretically optimal values given B, N and T
without any fine-tuning (for FPML-partial we use Proposition 4.2). We run each
algorithm setting 100 times to estimate the mean and standard deviation of the

performance.
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4.4.2 Results And Discussion

Table 4.1: Experimental results for B =6 and B = 4.

B=6
Algorithm Mean Reward StD
BIH(6) 0.901 NA
FPMUL-partial(6) 0.888 0.0072
OGhybria(6, 3) 0.836 0.0111
OGybria(6,2) 0.814 0.0143
OGybria(6, 1) 0.785 0.0137
oG 0.767 0.0157

B =4
Algorithm Mean Reward StD
BIH(4) 0.836 NA
FPMUL-partial(4) 0.813 0.0108
OGhybria(4,2) 0.756 0.0149
OGybria(4, 1) 0.716 0.0178
O0G(4) 0.689 0.0151

As expected, OGhybrid(B,1) has very similar performance to OG(B) in all cases
because they implement essentially the same algorithm (the difference being due to
different choices of one-arm pulling R} minimizers, FPML-partial(1) and Exp3).
However, we notice that in every instance, allocating more budget to the FPML-
partial subroutine in OGpybria (increasing B) while keeping the overall budget con-
stant improved the average score performance. This means that OGpybria Was always
at least as good as OG for all parameter settings, and that FPML-partial outper-
formed both of these algorithms in all cases. This is perhaps surprising, because OG
and OGhybria are designed to achieve low regret against the stronger benchmark of
the best subset of B’ > 1 arms in hindsight, while FPML-partial is only designed
to achieve low regret with respect to the single best optimizer in hindsight. Towards
explaining this observation, we notice that for this particular dataset, the best subset

of B arms in hindsight happens to be very similar to the set of the individual best
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performing B arms in hindsight. Moreover, we believe one can show FPML achieves
low regret with with respect to the latter, using the same techniques as those in Sec-
tion 4.2.° This raises the interesting question of when certain regret objectives might
be better than others in practice. Future work might focus on evaluating different re-
gret benchmarks empirically, and deriving new algorithms for the benchmarks which

appear to perform best in practice.

Synthetic tasks: We also evaluated these partial feedback algorithms in a number
of synthetic environments, exploring examples where (a) the optimal subset of B
arms, (b) the subset of B arms chosen greedily, (c) the individual best performing
B arms, perform in various ways relative to each other; OG approximates (b) and
FPML-partial approximates (c), so the closeness of either of these to (a) deter-
mines each algorithm’s performance. We find that problem instances exist where
OG outperforms FPML-partial and vice versa.

Further experimental details can be found in Appendix B.2.

4.5 Connections To Other Problems

Arora et al. (2012) survey a wide variety of algorithmic problems and shows how
they can all be solved using a [} minimizing subroutine in the standard OLwE
setting with B = 1. The purpose of this section is to highlight the relative ease with
which algorithms like FPML can sometimes be plugged in to existing algorithms
which use an R} minimizer as black box subroutine, with little or no alteration to
their proofs of correctness. We already saw an example of this in Section 4.3, where
the regret minimizing subroutine was replaced with FPML. The resulting algorithm
gave improved regret guarantees at the cost of higher budget requirements, without

changing the structure of the original proof given in Streeter and Golovin (2008). In

®We do not do this here, but Orton and Falck (2022) discusses this idea in more detail.
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this section we take Linear Programming as an example, and illustrate what its plug-
in algorithm looks like. We are unsure whether the resulting algorithm is necessarily
useful because it requires a more powerful oracle than the one supposed in Arora
et al. (2012); but we do think that exploring the algorithms which result from this

plug-in technique more broadly may be an area of interest for future work.

4.5.1 Linear Programming

We consider the Linear Programming (LP) problem from Arora et al. (2012): Given
a convex set P, an n X m matrix A with entries in R, and a vector b € R", the task
is to find an x € P such that Az > b, or determine that no such x exists. We assume

that we have an oracle which solves the following easier problem (where A; denotes

the i*® row of A):

Definition 4.3. A (p, B)-bounded oracle for p > 0 is an algorithm, which when given

a joint distribution d over [n]?, finds an x € P such that

min  A;x —b;| >0

(i1,...ipg)~d | 1€{i1,....ig}

or determines that no such x exists. If an x is found, then ¥i € [n], |A;x — b;| < p.

When B = 1 this is a simplified version of the oracle defined in Arora et al. (2012),
and it is equivalent to an oracle which can find x € P which satisfies a single linear
constraint d" Az > d"b (when viewing d as a vector in R"). When B = n, solving
this problem can be as hard as solving the original LP problem by jointly choosing
i; to have probability mass 1 on the j* linear constraint. 1 < B < n represents
an intermediate regime where the oracle needs to find an x which ‘fools’ the joint
distribution d. For simplicity, we assume that we have access to an oracle which
takes as input bounded cost functions cy, ..., ¢_1, and outputs the joint distribution
d; over arms of FPML in round t after observing cost functions c¢y,...,¢;1. In
practice such an oracle could be achieved by e.g. sampling arm draws from FPML

to approximate d;.
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Proposition 4.3. Let € > 0. Suppose there exists a (p, B)-bounded oracle for the
feasibility problem dx € P s.t. Ax > b. Then there is an algorithm which either
finds an x € P s.t. ¥i € [n], Ajz > b; — &, or correctly concludes that the problem is
infeasible. The algorithm makes at most T = (1) E (4p)°E (1 + In(n)) calls to the

(p, B)-bounded oracle and FPML oracle, with a total runtime of O(T).

The proof technique for general B > 1 is essentially identical to the proof given
in Arora et al. (2012) for B = 1 except that we are able to use a stronger bound on

R

Proof. We run the FPML oracle with budget B, N = n arms, and ¢ = ((In(V) +
1)/T)YB+D In round t € [T] we do the following: Let d; be the joint distribution
over N arms returned the FPML oracle in this round. We pass d; to the (p, B)-
bounded oracle, and receive either a vector x; € P or that no z; exists which satisfies
the oracle problem. Let us first suppose that we always receive an x; for each round.
Then define the cost function ¢, (i) := Az, — b; € [—p, p] and pass this to the FPML
oracle. After T rounds, and by scaling and translating the cost functions to lie in

[0,1], Theorem 4.1 implies that Vj € [N]

T . _1 _B_
thl E(il 77777 ig)~d: [mlnie{il ~~~~~ iB} AZ‘T - bl} < 4PTB+1 (1 + ln(N)) B+l + Z:{:l ijt — bj

T - T T
By assumption of the (p, B)-bounded oracle, the left hand side is > 0. When T" >
(1) En (4p) %" (1+1n(N)), it follows that = : — Zion =L satisfies Vj € [N], Ajo > bj—e
Since P is convex, x € P and we are done. Now suppose that in some round ¢t we
were told the oracle problem was not solvable. We claim that we can conclude that
the problem is not feasible and we are done. This is because if 3x € P s.t. Ax > b,
then Eg, .. ip)~d [mlnze{zl ..... iny Aiw — bi} > E(iy,....ip)~d [minie{il ..... in) 0} = 0 and so the

oracle problem would be solvable. O
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Comment on bound: When B = 1, we require Q((2)?) steps in order to find an
x which is e-close to satisfying the constraint. The (%)2 term comes from the fact
that when B = 1, the average regret for OLwE is Q(v/T/T) = T~z , so it takes
T > (%)2 steps for the average regret to be < e. The quadratic dependence on an
accuracy parameter is therefore common in many applications which use OLwE with
B =1 as a subroutine (including Boosting (Schapire, 1990) and solving zero sum
games (Freund and Schapire, 1999)). For general B > 1, we only require O((%)%)
steps (suppressing terms related to n and p) for the average regret to be < e. In the

case of Linear Programming, this is at the expense of requiring a stronger oracle for

the problem.

4.6 Chapter Conclusion

This chapter presented a new algorithm, Follow the Perturbed Multiple Leaders,
which allows one to directly trade off budget constraints for bounds on regret. We
showed how FPML can be used as a subroutine to generate new algorithms for
Online Submodular Function Optimization and Linear Programming which trade off
resources and oracle power for improved performance guarantees. In the specific case
where the budget is computational, this chapter gives a new family of algorithms for
online problems which trade off compute constraints for performance guarantees. We

also highlight two areas for future work:

1. Plug-in algorithms. Are there other cases where using FPML in existing
algorithms can lead to new theoretical results? And when are these new algo-

rithms practically useful?

2. Which regret benchmarks are useful in practice? The experiments of
Section 4.4 showed that algorithms designed to minimize regret with respect

to a single arm can sometimes in practice outperform algorithms designed to
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minimize regret with respect to the stronger benchmark of the best subset of
arms. Are certain regret objectives better than others in different practical

applications?
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Chapter 5

Lifelong Learning

Models in computational learning theory (see Kearns and Vazirani (1994)) and re-
inforcement learning (RL) (see Sutton and Barto (2018)) often define problems as
finite, static, and specified by an idealized statistical model. Sometimes these mod-
elling choices can contrast sharply with the way computationally bounded agents

actually observe and interact with the world. For example:

1. To an agent with bounded knowledge, new experiences will appear non-stationary

even if they come from a well defined stochastic process.

2. To an agent with bounded processing time, it may be intractable to find a so-
lution which fits all observed data. Rather, the agent must try to solve compu-
tationally tractable subproblems, building up its knowledge until more difficult

problems are within reach.

In large unstructured environments, computationally bounded agents often need
to continually learn as the problem changes or more data becomes available, and not
rely on idealizations such as data being independently and identically distributed.

Lifelong learning (LL) (see Chen and Liu (2018)) is typically concerned with how
to learn in these less structured environments, where an algorithm continually comes
across new problems and needs to update its knowledge as it learns. A detailed

overview of LL can be found in Section 2.2. Interest in LL has picked up over the last
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few years, and the field is still in an early stage of development. There are a number of
fairly varied techniques for specific problems in the field, but no unified understanding
of “what knowledge is” or “how to think about incremental learning”. The primary
contribution of this chapter is to attempt to bring some clarity to these questions.
We do this by giving incremental learning algorithms which can combine knowledge
without distributional assumptions (Section 5.1), building explicit theoretical models
of incremental learning which can be analyzed precisely (Section 5.2), and construct-
ing a domain agnostic framework for lifelong reinforcement learning algorithms whose
high level learning behaviour can be understood theoretically (Section 5.3). We also
discuss more concrete models of incremental knowledge learning in Section 5.4. The

chapter is organised as follows:

1. In Section 5.1 we abstractly model the problem of incrementally adding knowl-
edge to a system. We show that by controlling the rate at which new knowledge

is added, we can additively accumulate knowledge in a relatively robust way.

2. In Section 5.2, we construct and study a model for incremental problem solving.
The model gives a unified way of thinking about how to acquire knowledge and
incrementally solve new problems which is domain agnostic. It is built by
extending and formalizing ideas in program synthesis from prior work (Ellis

et al., 2018, 2020).

3. In Section 5.3, we combine the algorithms in the previous two sections to give a
framework for building lifelong reinforcement learning algorithms. The frame-
work allows one to create algorithms whose high level learning behaviour can
be understood theoretically. The framework also allows one to plug in existing
reinforcement learning algorithms as black boxes, and combine these algorithms
in an interpretable way to give a lifelong learning algorithm. This means that

we can receive the benefit of e.g. practical neural network architectures found
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by practitioners, even if these neural networks are not well understood from a

theoretical perspective.

4. In Section 5.4, we give a short discussion of a proposal for a lifelong object-
relation world model. It is inspired by a fusion of two recent model based

reinforcement learning approaches (Kipf et al., 2020; Hafner et al., 2023).

Sections 5.1 and 5.2 can be read in isolation as independent contributions. Section
5.3 directly depends on both of these sections. Section 5.4 loosely depends on Section

5.3’s definition of lifelong reinforcement learning and world models.

5.1 Incremental Improvement With Loss-Estimated
Experts

A desirable property of a lifelong learning algorithm is the ability to update itself
on new knowledge in a way which leads to incremental improvement. This abstract

problem is a central issue in many domains. For example:

1. Open world object detection (cf. Joseph et al. (2021)): Images of new objects
and their classification labels are given to the algorithm. How can we update
the algorithm on these new images so that it can classify these new objects,
without degrading its performance in classifying objects it has already learned

to classify?

2. Lifelong reinforcement learning (Thrun and Mitchell, 1995): A reinforcement
learning algorithm interacts with new environments. How can we update the
algorithm on these new interactions so that it can perform well in these new
environments, without degrading its performance on prior environments it has

learned to perform well in?

In this section, we model this problem in the general framework of online learn-

ing. Over time, we receive new additive knowledge, where we model each piece of
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knowledge as an expert e. For example, e could be an image classifier for a subset
of objects, or a reinforcement learning policy for a subset of tasks. In each round
r=1,2,... we are required to perform a specific task by picking an expert e to com-
plete it (e.g. classifying an image, or acting in a reinforcement learning environment).
We would like to choose these experts in such a way that our ability to perform new
tasks incrementally improves, without degrading our ability to perform old tasks. For
example, if at some point in time we’ve been given an expert e which performs well at
navigating mazes in RL environments, then ideally we would like to perform well in
all future rounds which correspond to similar maze navigation tasks. This objective

is complicated by two factors:

1. The knowledge encoded by an expert e might be appropriate for some rounds,
but inappropriate for other rounds. For example, e might be an RL policy good

at acting in maze navigation tasks, but bad at object avoidance tasks.

2. Because we have bounded knowledge, we don’t necessarily know ahead of time
whether e will perform well in the future. For example, e might be an image
classifier which does not generalize well on images we happen to encounter.
In the lifelong learning setting, we want to avoid making any distributional
assumptions about what may happen in the future, because we expect to be
surprised as we learn new things (i.e. the environment appears non-stationary).
We would therefore like to ensure that even receiving “bad” experts as new

knowledge does not significantly degrade our performance.

The key idea in achieving this objective is to strengthen the requirements of what
it means for an expert e to be “good”. Not only should e have low loss in some rounds,
but e should also have epistemic knowledge about its own loss. Towards this end, we
force all experts to output an estimate of their loss in the current round before we

commit to choosing them. This estimate is only required to be an average-case upper
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bound on the loss, and is compatible with outputting the expected value of the loss.

For example:

1. If e is an image classifier and z is an image, e outputs an upper bound on its
expected classification loss if it were to classify x. If e is highly uncertain about
its loss (e.g. x comes from a completely different domain), e can choose to safely

output the maximum possible loss.

2. Suppose each round is a reinforcement learning task where the task reward is
bounded in [0, 1] and the round loss is 1—(task reward). If e is a reinforcement
learning policy for navigating in a maze, then e can output the loss estimate
1—(the expected task reward) if it determines the environment is likely a maze

environment. Otherwise it can conservatively output 1.

Conceptually, if an expert e incurs low loss in a round, this by itself is not enough
for e to receive credit. Instead, e also needs to know that on average (across rounds
similar to the current round) it will incur low loss. By requiring experts to not
only perform well, but also know when they will perform well, we can ensure that on
average, our algorithm’s performance in each round is close to the lowest loss estimate

of “good” experts in each round. The main contributions of this section are as follows:

1. We introduce the online learning with loss estimates (OLwLE) problem,
in which one maintains a growing set of experts to choose from, and each expert

outputs an estimate of its loss in the current round (Definition 5.1).

2. We introduce and motivate the idea of a y-“good” expert, where the deviations

of the loss estimates from the observed losses are controlled by the function

(Definition 5.2).

3. We propose FTGE, a simple and efficient algorithm for this problem, and give

an analytical bound on its performance (Definition 6 and Proposition 5.1). From
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a practitioner’s point of view, Proposition 5.1 gives a concrete way to trade off
the rate of learning new knowledge (the rate new experts are given) against
the average error, where v is related to how well you are able to construct loss

estimates for good experts in practice.

4. We discuss lower bounds for this problem and alternative approaches to solving

it (Propositions 5.2 and 5.3).

Model setting: The model we present for this problem occurs in the online learn-
ing setting. The advantage of this setting is that it requires minimal assumptions
about the problems one encounters or the experts one learns, which is ideal for life-
long learning problems. On the other hand, the model does not address important
questions such as (1) how to learn good experts or (2) how to evaluate whether a
proposed expert is reasonable. We leave question (1) for Section 5.2. We do not
directly address question (2) in this thesis, but believe it is an interesting area for
future work. To make question (2) concrete, imagine receiving two new experts e, e
for a navigation problem. Imagine that e! is an algorithm which always tries to
navigate into a volcano, and that e? always navigates towards the objective. As a
consequence of the minimal assumptions made about the environment in the online
learning setting, the model in this section cannot apriori distinguish between e! and
e2, because it does not make any assumptions about the losses e! and e? will actually

L actually performs the

incur in the future. For example, it could be the case that e
best in future rounds: maybe it turns out that all volcanoes are dormant, and that
they only way to navigate safety to the objective is to travel through a volcano. A
more sophisticated model might try to distinguish between e! and e? by reasoning
about the inner workings of each expert instead of treating each expert as a black box.

There is likely a challenging balancing act between (1) reasoning about the internal

workings of e! to avoid catastrophic actions such as navigating into volcanoes and (2)
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avoiding rigid models which make strong assumptions about the future (e.g. navigat-
ing into volcanoes is always bad) which make them unable to adapt to a constantly
changing lifelong learning environment. Because the online learning model does not
apriori distinguish between e! and €2, one should think about the learning problems
in this section as occurring in environments where losses are bounded, and where
we are interested in minimizing an average loss across rounds. In such settings, it is
acceptable to perform badly (e.g. navigate towards a volcano) in a small number of
rounds provided this does not significantly affect the long run average performance.

A natural example of such a setting might be a simulated RL game environment.

Related work: In the online learning literature, to the best of our knowledge, no
prior work directly studies the case where both (a) experts estimate their own loss
and (b) the goal is to switch between experts based on these (possibly incorrect)

estimates.

1. Sleeping Bandits (cf. Kanade et al. (2009)) studies an online learning problem
where the set of experts one can choose changes in each round. This frame-
work can model cases where one incrementally receives new experts over time.
However, the regret guarantees in these models are analogous to the traditional
“single best expert in hindsight” benchmarks in online learning. They are not
directly relevant for OLwLE, where we are interested in switching between dif-
ferent experts in each round depending on which expert is most appropriate for

the task at hand.

2. Contextual Bandits (cf. Lattimore and Szepesvéri (2020)) studies the online
learning setting where one competes against the best policy m which chooses
experts in each round based on round-specific contextual information. A naive
approach to solving OLwLE is to treat the loss estimates of each expert as a

context, and reduce this to a contextual bandits problem. A key issue with
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this approach is that, in general, the time complexity of implementing a regret
minimizer for a contextual bandits problem scales exponentially in the dimen-
sionality of the context. Besides the time complexity issue, it is unclear how to
directly apply contextual bandits when the context provided can be adversarial.
For example, in OLwLE, we would like to allow some experts to provide “bad”

loss estimates while still giving useful guarantees.

. Another line of work considers how to incorporate machine learning predictions
into online learning algorithms (cf. Mitzenmacher and Vassilvitskii (2022)).
The goal in this setting is to give online algorithms which give improved regret
bounds when the predictions are accurate, while giving optimal worst case re-
gret bounds when the predictions are incorrect. Such algorithms are therefore
“robust” to bad estimates. These algorithms have been applied to problems
in job scheduling (Purohit et al., 2018), caching (Lykouris and Vassilvitskii,
2021), scheduling problems (Lattanzi et al., 2020), and problems where the loss
function in each round is equal to a predictable process plus noise (Rakhlin
and Sridharan, 2013). Prior work in this area covers a variety of different on-
line learning settings. However, they generally consider regret measures with
respect to the single best fixed expert in hindsight. In contrast, in OLwLE, we
are interested in switching between different experts in each round depending

on which expert is most appropriate for the task at hand.

. Learning an ensemble of models for different tasks and selecting between them
based on some criteria is a natural approach explored empirically in the liter-
ature. For example, it has been studied in the context of image classification
(Ahmed et al., 2016), multi-speaker vowel recognition (Jacobs et al., 1991), and
lifelong learning (Aljundi et al., 2017). In the context of lifelong learning, an

additional appeal of learning multiple models for different tasks is the hope
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that this can overcome catastrophic forgetting (Goodfellow et al., 2015), when
a single neural network “forgets” past data when it is trained with stochastic
gradient descent on new data. For example, Aljundi et al. (2017) propose Ex-
pert Gate, which learns an ensemble of neural networks for different tasks, and
trains an autoencoder on each task domain. It then uses the reconstruction
loss of each autoencoder to select an expert for the current task whose autoen-
coder reconstruction loss is low relative to the reconstruction loss of the other

autoencoders.

Notation: In this section, we intentionally choose to use notation which is distinct

from Chapter 4. This is for two reasons:

1. While both Chapter 4 and this section consider problems in the broad domain of
online learning, they both deal with fairly different problems. For example, for
a subset of options S, the definition of “cost” ¢;(S) in Chapter 4 is different to
the “loss” 1,.(S) in this section. In order to avoid any confusion, we intentionally

use different names for these entities.

2. The results of this section will be integrated into a reinforcement learner in
Section 5.3. In this section we denote the current round by r and refer to the
algorithm choices as experts e € E. These notational choices will allow us to
make the integration between this section and section 5.3 seamless, while still
allowing us to keep the notational norms in reinforcement learning, namely ¢ for

the current time step in an environment and a € A for the action of an agent.

We begin by formally defining the online learning with loss estimates problem.

Definition 5.1. The online learning with loss estimates (OLwLE) problem
consists of rounds r = 1,2,3,.... Let E, be the set of experts in round r where

initially Eg = 0 and |E1| > 1. In round r, the following occurs:
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1. k € Ny experts et,...,e"

{el,... e}

are added to the expert set, i.e. FE, = FE,._ 1 U

2. Each expert e € E, outputs a loss estimate b.(e) € [0, 1].
3. The algorithm chooses an expert e, € E, and incurs loss l.(e,) € [0, 1].

4. In the bandit setting of this problem, the algorithm only observes the loss l,.(e;).

In the full feedback setting, the algorithm observes l,.(e) for every e € E,..

The goal of the algorithm 1is to choose experts in such a way that we can bound

the total loss S 1,(e,) of the algorithm relative to a benchmark.

Naively, one might think to consider all the loss estimates {b.(€)}ecp, in each
round, and pick the expert with the lowest loss estimate. The issue with this is
that there may be some expert e € E,. (e.g. an over-fitted classifier) who consistently
estimates a low loss b,.(e) = 0, even though their actual loss is very high. On the other
hand, we cannot simply label experts as “bad” if there is sometimes a discrepancy
between the estimate b,(¢) and the observed loss [,.(¢). For example, if [,(e) is random
and b, (e) is equal to the expectation of [,(e), we still expect there to be a discrepancy
between b,(e) and [,(e) in any particular round.

To get a sense of how large we should expect this discrepancy to be, fix an expert
e and a subset of rounds Z=% C [R]. If b,(e) is the expected value of I,.(e) € [0, 1] for
all rounds r, then a standard application of Azuma’s inequality (see Theorem C.1 in
appendix) tells us that P [ZTGIERUT(e) —b.(e)) >k |IB<R|} < e ¥/2_ This means
that we expect the total deviation between the loss estimates and the observed losses
to not exceed ky/|Z=| for a sufficiently large value of k. This observation motivates
the following definition: we will call experts “good” if the deviation between the

loss estimates and the observed losses during the rounds they were chosen by the
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algorithm" is always bounded by some function 7. If for good experts we think loss
estimates are equal to the expected value of the observed loss, then a reasonable
choice for v might be v(x) = 10/z. In general, we can choose v to be larger or
smaller depending on empirical performance. For example, if it is very challenging
to estimate the loss due to non-stationarity, we can pick v to be larger or make the
loss estimates more conservative. We will only require vy(z) = o(x) to be nontrivial
in order to get asymptotic guarantees on performance, but the slower v grows the

tighter the guarantees will be.

Definition 5.2. Let ALG be an algorithm for the online learning with loss estimates
problem. Let I=" = {r € [R]|ALG chose expert e in round r}. Let v: R — R, be a

monotone-increasing concave function. Then expert e is (v, R)-good if

VR € Rl Y ((e) ~ by(e) < 4(TE7))

TGIER/
We say expert e is vy-good if it is (v, R)-good for all R € N. For all v € N, we
denote the set of all (y,r)-good experts at time r by G, := {e € E.|e is (vy,r)-good}

and likewise (G,)¢ = E, \ G,.

We now introduce a very simple algorithm, Follow The Good Experts (FTGE),
for solving the OLwLE problem. In round r, FTGE will simply pick the expert with
the smallest loss estimate from the set E, \ (G,_1)¢, i.e. we exclude experts which
are not (v, — 1)-good. Because the quality of the loss estimates for experts in G,_
is controlled by v, we are able to give an overall performance bound for this strategy
in terms of 7, the total number of rounds R, and the size of Fr. A key advantage of
the simplicity of this approach is that it only requires bandit feedback, i.e. if FTGE

chooses e, in round r, it only needs to observe the loss for expert e, in this round.

!There is a subtlety between fixing a subset of rounds in advance, and letting those rounds depend
on the choices of the algorithm (which may depend on the loss estimates themselves). See Section
C.1 in the appendix for a more detailed discussion.
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This is especially useful when getting loss estimates is cheap, but computing actual
losses is expensive. For example, imagine that F, is a set of image classifiers, and x
is an image to classify in this round. To get the classification loss of each classifier
for x one would need to evaluate each classifier, so the number of model evaluations
scales with the size of E,. On the other hand, to estimate classifier losses, one might
learn a cheap image embedding which maps an image x to a local neighbourhood of
classifiers for which z is likely to be in their domains. Then one can conservatively
estimate b.(e) = 1 for every expert e outside of this neighbourhood, and then run
more computationally expensive estimates for experts inside the neighbourhood. It is
therefore plausible that computing loss estimates for all experts can be significantly

cheaper than needing to compute actual losses.

Algorithm 6: FTGE(y)

Initialize (Gy)¢, Ey = 0;

for round r=1,2,3,... do

3 Receive experts e!, ..., e*. Set E, = E,_; U {e!,...,e*} and Vi € [k]
initialize count.:=0,error.:=0,bounds.:=0;

4 Compute e, = arg minecg,\(a,_,)c br(€). If £, \ (G,_1)¢ = 0 then let e, be
any e € F,;

N =

5 Pick expert e, and observe [,.(e,);

6 count,, + = 1;

7 error,, + = [,(e,);

8 bounds,,+ = b.(e,);

9 if error,, -bounds,, > ~y(count,,) then
10 | (G)f = (Gro1)* Uey
11 else

12 L (G)° = (Gr21)5

We now give a performance bound for FTGE. We show that the actual loss in-
curred by the algorithm 2% 1,(e,) over R rounds is bounded by S | min.cg, b, (e)+
|Er| <7 <%> + 1). Note that min.cq, b, (€) is equal to the lowest loss estimate over
all (y,7)-good experts in round r. This means that if any expert in e € E, is (a)

(v,7)-good and (b) estimates its loss will be small in round 7, then min.c¢, b, (e) will
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be small. This captures our intuition that in round r, if at any point in the past
we had learned a piece of knowledge e which can achieve low loss in round r, then
we should be able to perform as well as e. The additional term |Eg] (7 (%) + 1)

can be controlled by ensuring our knowledge size |Egr| does not grow too large. For
example, if |Eg| = O(VR) and ~(x) = O(y/z), then |Eg| (7 (%) + 1) = O(RY)
which means that the average loss %Zil l-(e,) converges to the average lowest loss

estimate & Zle min.cq, b-(e) as R — oc.

Proposition 5.1. Let e, be the expert chosen by Algorithm 6 in round r. Then for

any R € N, we have?

S bfe) = > minb(e) < B (0 (i) +1)

r=1 r=1
In particular, if |Er| = O (R*) and y(z) = O (:L'%), then
R R
— i 213
Z l.(e,) min b.(e) =0 (R >
r=1 r=1
And if y(z) = o(x) and |Eg| = o(R), then
1 & 1 @
li 5] lr r) T i br S 0
imsup | ; (er) = 2 min b, (e)

Proof. First note that Algorithm 6 computes (G,.)¢ correctly at the end of each round:
if 7 € N is the first round in which e € E, is not (v, 7)-good, then we add e to the
algorithm’s calculation of (G,)°. Likewise, if e € E, is added to the algorithm’s
calculation of (G,)¢, it follows that e is not (v, r’)-good for any r’ > r.

For the sake of clarity of the proof, we will assume that Vr € [R], G, is nonempty.

This assumption is not necessary for the result to hold®, but it does simplify the

2We define min.cq, b.(e) =1 if G, = 0.
3If G, = 0 then min.cg, b,(e) = 1 by definition, so the bound only becomes easier when this is
the case.
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notation. It is also easy to achieve this assumption by adding a “sentinel” expert
e € E; in round 1 which always estimates b,(e) = 1. Such an expert is trivially
~v-good for all non-trivial choices of ~.

We begin by decomposing the total loss in terms of the loss from (v, R)-good

experts and the remaining experts. We have:

She)=> > L)+ Y. D (e (5.1)

€€GR rersh e€(GR)® rezsh
< > [ (ZER) + Z b(e) |+ D D b(e) (5.2)
e€GR rezsh e€(GRr)° rezsht

(5.3)

which follows by definition of (v, R)-good. Let r*(e) = max,en, € is (7, 7)-good.

Then we have

)BEDDRACESS DN FE D DINAC (5.4)
EE(GR)C TEIesR EE(GR)C T’EIEST* (e)
< S trEETEON YD b (5.5)
EE(GR)C TEI;T (e)
< X (1 + 3 b (5.6)
eE(GR)C T‘EI*

where line 5.4 follows because if Algorithm 6 chooses e at time r > r*(e), then
by definition of r* the algorithm must set (G,)* = (G,-1)° U e, and so e is never
again chosen in the execution of the algorithm. Here we are using the simplifying
assumption that G, is never empty. Line 5.5 follows because e is (7, 7*(e))-good during
the period [1,7*(e)]. The final inequality follows because «y is a monotone-increasing

function. Moving back to the original bound, we get
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R

D h(e) < > [ AZEE) + Zb + > [tz + Zb

r=1 e€GR rez=k e€(Gr)° rezst
5.7)
<HGR)T+ D AWTE D+ D Y bile) (5.8)
ecER ecER TEI;R

<|Brl+ ) (Z5%) + Zbr@» (5.9)

ecFER
<R
= |Erl+ > 2(IZ=1) +ZeeETI{?£ ., -(e) (5.10)
ecER
< =H i :
< |Eg| + ; V(257 + X;gggi br(e) (5.11)
ecER r=

< |Eg| (1+7<|ER|>)+ ; min b, (e) (5.12)

—1 ZEGT

which is what was to be shown. Line 5.10 follows from the fact that in round r Al-
gorithm 6 picks expert e where e = arg min.cg,\(¢,_,)- b-(e). Line 5.11 follows because
G, C E.\ (G,_1)¢ Line 5.12 follows from an application of Jensen’s inequality: by
assumption 7 is concave, so — is convex. If we consider the random variable X which

uniformally takes a value from the list {|Z=|}ecpy, then E[—v(X)] > —y(E[X]), so

Ep(X)] < +(E[X]) (513
— o |€EZE H(ZER) _v(w P §R|)—v<‘ ") (5.14)

— ;E: V(IZR)) _|ER|7(|§‘|) (5.15)
R ]

Proposition 5.1 gives an upper bound on 32 ,(e,) — 327 min.cq, b,(e) which
becomes O(R1) if v(z) = O(v/z) and |Ex| = O(VR). It is natural to ask if there

is a corresponding lower bound. A heuristic argument says that a lower bound of
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O(min(|Eg|, R)) is unavoidable when the losses are chosen by an adversary: every
time we are given a new expert e, it is always possible that e incurs high loss on the
first round we use it, even though e estimates low loss. More formally, suppose we are
given a new expert e in round r. Suppose v(1) > 0, so that ¢ := max(1—~(1),0) < 1.
Then suppose b,(e) = ¢, and that for every expert ¢’ € E,, I, = 1. Then e is (vy,7)-
good because if it is chosen in round r, then [.(e) — b.(e) < 1 — (1 —~(1)) = v(1).
Thus mingeg, berr < ¢ <1, but [,(e,) = 1 by construction, so (I,(e,) — min.eg, b.(e))
increases by at least 1 — ¢ in this round. This argument can be repeated for every
round in which a new expert is added.

Likewise, if the losses are random variables, then even if b.(e) is a perfect loss
estimator (equal to the expected value of [,(e)), in the worst case we should still
expect S (e,) — o min.eq, be(e) to be as large as Q(Rz) with some con-
stant probability. Proposition 5.2 makes this observation formally. To add the
maximum degree of flexibility, we imagine that in round r one can pick any set
S, C E, and benchmark performance against mincg, b.(e). Picking S, = G, re-
sults in a lower bound in the setting of Proposition 5.1, but other choices of S, can
cover other problem settings. For example, a classical choice is to consider regret
with respect to the best fixed subset S* C Epg in hindsight, i.e. bound the regret
maxscp, Yoy lLo(e,) — %, Minee(sng,) br(e). In this case, one can simply choose

S, = (S*N E,) in Proposition 5.2 to cover this problem setting.

Proposition 5.2. Let ALG be an algorithm for the online learning with loss esti-
mates problem. Let e, be the expert chosen by the algorithm in round r. Let S be the
set of all R-tuples where the rth tuple element is a non-empty subset of E,.. Suppose
that Vr € [R] and e € E,., b.(e) is equal to the expectation of l,.(e). Then there ezists

a problem instance such that for sufficiently large R,
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R R
1 1 1
PVS7aS ES) lr r) 1 br Z_RE Z_
(51, 55) Z; () = 2, mibl) 2 15 3
Proof. For each round r, and for each expert e € E,, let [.(e) ~ Bernoulli (%) ii.d.
and let b,(e) = 1 be the expected value of [, (e).
We have
- - 1 1 1,1
PS> (e — inb,(e) > —R2| =P |Binomial (R,= ) — —R > —R:
; ~(er) 2 min -(e) > IOR [ inomia (R, 2) 2R > 1OR }
(5.16)
. Binomial(R,3)—3R e
By the Central Limit Theorem, TR converges in distribution to the
standard normal distribution N(0,1). Let Z ~ N(0,1). Then
1 1 1 1 1 1
}%EI;OIP {Binomial (R, 5) — §R > = X §R2} = {Z > H > 3 (5.17)
and the result follows. O

We finish this section by discussing another natural approach to solving the OL-
wLE problem. If we think of some experts e as being valid (e.g. generalized correctly,
having reasonable loss estimates) and others as being invalid (e.g. overfitted to train-
ing data), then it is natural to try and compete with the algorithm which always
picks the expert with lowest estimated loss from the subset of valid experts. FTGE
essentially defines valid as being (v, R)-good, but in general one could have other cri-
teria for what valid means. A natural way to automatically encapsulate all possible
definitions of valid is to try and compete with the algorithm which always picks the
expert with lowest estimated loss from the best subset S C Ey of experts in hindsight.

More precisely, this approach would try to bound the regret
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R R
Regret := max » I.(e,) — ZZT(S NE,) (5.18)

SCE
R r=1

where [.(SNE,) = 1if SNE, = 0, otherwise I.(SNE,) = I,(e) where e is the expert
in S N E, with smallest loss estimate b,.(e) in round r (if there are ties we can break
them with some fixed rule). In the full-feedback setting, if one knew Ej in advance,
it is straightforward to give a randomized algorithm which guarantees E[Regret] <
@) (\/M) by reducing this problem to the online learning with experts setting
where each expert corresponds to a subset of E'r. However, a naive implementation
of this idea runs in time Q(2/Fzl). Prior work in online-learning to offline-learning
reductions (Hazan and Koren, 2016) shows that this can be sped up provided one
can efficiently solve the corresponding offline optimization problem, i.e. for a fixed R
and expert sequence Ey C ... Eg, given {l.(e),b.(e) € [0,1]},¢R)ccr,, find S C Egr
which minimizes Zf;l [.(SN E,). Proposition 5.3 shows that this offline problem is

NP-hard, and so this approach is not necessarily tractable.

Proposition 5.3. Fix N,R € N. Vi € [N],r € [R] let b,.(i),1.(:) € [0,1], and for
every r € [R], suppose that {b.(7)}icin) only contains distinct elements. For S C [N],
define 1,(S) = 1 if S = 0 and otherwise 1,(S) = I,(argmin;cgb,(7)). Then it is

NP-hard to compute

Proof. We will reduce from 3SAT to this problem. Let ¢ be a 3SAT instance with
C > 0 clauses and V' > 0 variables z1,...,xy. We will construct an instance of the
minimization problem with 2V +1 experts and C+4V (C+1)+[V(C+1)+1] = O(V ()
rounds which has a minimum value of V(C + 1) if and only if ¢ is satisfiable. For

each i € [V], associate the literal z; with the expert labeled 2i — 1 and the literal
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—x; with the expert labeled 2i. The expert labeled 2V + 1 will act as a “dummy”
expert to ensure that S is nonempty. Suppose S is a solution to the minimization
problem. If 2¢ — 1 € S then this corresponds to x; being true in ¢. If 2 € S this
corresponds to —z; being true. Our first gadget will ensure that exactly one of 27 — 1
and 27 is in S if S minimizes the expression. We do this as follows: For each variable
x;, add 2(C' 4 1) identical “variable constraint rounds” of the following form (group
1): b.(20 — 1) = 0,b,(2i) = 0.1,1.(20 — 1) = 1,.(2¢) = 0, b,.(¢') € (0.1,1),1,.(¢) = 1 for
i" € 2V]\{2i —1,2i}, and b,.(2V +1) = 1,1,.(2V + 1) = 1. By construction, I,(S) =0
if either 2¢ — 1 or 2i are contained in S, and [,.(S) = 1 otherwise. The purpose of
duplicating these rounds 2(C' + 1) times is to make the total loss scale by a factor
of 2(C' + 1) depending on this condition. Next, we add a further identical (C' + 1)
rounds (group 2) of the form b,(2i — 1) = 0,1.(2i — 1) = 1, b.(i') € (0,1),1.(') =0
for i € [2V]\ {2i — 1}, and b,(2V + 1) = 1,1,(2V + 1) = 0. Assume that 2V +1¢€ S
(needed to ensure S is nonempty). Then in these rounds, [,(S) = 1if 2i —1 € S,
and [,(S) = 0 otherwise. Finally, we do the same for 2i, adding an identical (C' + 1)
rounds (group 3) of the form b,(2i) = 0,1.(2¢) = 1, b.(¢) € (0,1),1.(I') = 0 for
i" € 2V]\ {2}, and b.(2V + 1) = 1,1,(2V 4+ 1) = 0. In total, we add 4(C + 1)
“variable constraint rounds” for each variable. For each group of “variable constraint
rounds” for a variable x;, we can calculate the total loss across these rounds according
to the following criteria (where total loss = (group 1 loss) + (group 2 loss) + (group
3 loss)):

1.2V4+1eSAN20—1,2i¢ S = totalloss =2(C+1)+0+0=2(C+1).
2.20—-1€8SN20¢ S = totalloss=0+ (C+1)+0=C+1.
3.20—1¢SN20€S = totalloss=0+0+ (C+1)=C+1.

4. 21 —1€SN2ie€S = totalloss=0+ (C+ 1)+ (C+1)=2(C+1).
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Next, we add C' rounds corresponding to each of the clauses. For cause j, if the
literal z; appears in this clause, then set b,.(2i — 1) € {0,0.1,0.2} (i.e. ensure all b,
values are distinct) and [,(2i — 1) = 0. Likewise, if —x; appears then set b,(2i) €
{0,0.1,0.2} and [,(2¢) = 0. For all other experts ¢ which have not been assigned
after considering all variables which appear in the current clause, set b,(7') > 0.2 and
l.(¢") = 1. Then for this round, [,(S) = 0 if and only if there is some literal z; (or
—z;) which appears in the current clause whose corresponding expert 2i — 1 (resp. 2i)
is contained in S. Otherwise, [,.(S) = 1.

Up until now, we have added 4V (C' + 1) + C rounds. We finish by adding a
further V(C' + 1) + 1 identical rounds of the form b,.(2V + 1) = [,(2V 4+ 1) = 0 and
b.(i") > 0,1.(i') = 1 for i’ € [2V]. The total loss of these rounds is 0 if 2V +1 € S,
and V(C + 1) + 1 otherwise.

We are now ready to argue that ¢ is satisfiable if and only if the minimum of this
problem is equal to V(C' + 1). First suppose that ¢ is satisfiable. For each variable
x;, if x; = 1 in the satisfying assignment then let 2: — 1 € S. Otherwise let 2i € S.
Lastly, let 2V +1 € S. Then the total loss for the “variable constraint rounds” is
V(C + 1) because only exactly one of experts 2i — 1 and 2¢ appear in S. The total
loss for the clause rounds is 0 because for any clause j, there is some literal x; (or
—z;) which evaluates to true, so 2i — 1 (resp 2i) is in S, so [,(S) = 0 for this round.
Thus the total loss is V/(C + 1).

For the other direction, suppose that S is a solution to the minimization problem
with total loss V(C' + 1). Clearly 2V 4+ 1 € S, otherwise the loss would be larger
than V(C + 1). For i € [V], it follows that exactly one of experts 2i — 1 and 2i is
in S. For the sake of contradiction, suppose that 2i — 1,2i ¢ S. Then by adding
2i — 1 to S, the loss across the “variable constraint rounds” decreases by at least
2(C+1)—(C+1)=C+1, and the total loss for the clause rounds increases by at

most C', so the total loss decreases by at least 1, a contradiction. Likewise, suppose

134



2i —1,2¢ € S. Then by removing 2i, the total loss across the “variable constraint
rounds” decreases by at least 2(C' 4+ 1) — (C'+ 1) = C' 4+ 1, and the total loss across
the clause rounds increases by at most (', so the total loss decreases by at least 1, a
contradiction. Therefore exactly one of 2i — 1 and 2¢ are in S. It follows that the loss
across the clause rounds is 0, because the loss across the ‘variable constraint rounds”
is equal to the total loss V' (C' +1). Consider the variable assignment that sets z; = 1
if2i—1€ S, and z; = 0if 20 € S. We claim this is a satisfying assignment for ¢. For
any clause 7, its corresponding clause round loss is 0, which means that there exists
some literal v in the clause whose corresponding expert is in .S. By construction, v

evaluates to true, so clause j is satisfied. It follows that ¢ is satisfiable. ]
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5.2 Incremental Problem Solving

In this section we study the following abstract problem: how can algorithms learn new
knowledge as a function of previously learned knowledge? This problem is of central
importance in lifelong learning, because every lifelong learning algorithm needs some
procedure for improving its ability to perform tasks. Despite a reasonably large
literature of algorithms which attempt to address this problem in some way, this

problem remains challenging for two reasons:

1. Many existing approaches to this problem occur in domains we don’t under-
stand well from a theoretical perspective (e.g. optimizing neural networks). As
a consequence, they are often based on heuristics and lack theoretical guaran-
tees. This can make it challenging to see if certain techniques proposed in the
literature actually move us closer to solving a particular problem. To give a
specific example, a widely cited paper claims to show that many of the fairly
complicated algorithms proposed for solving catastrophic forgetting in neural
networks (Subsection 2.2.2) are outperformed by a naive baseline (Prabhu et al.,

2020).

2. Many existing approaches are specific to particular learning domains. As a
result, there is currently no standardized definition of “knowledge” or what it
means to “update knowledge” in the context of lifelong learning (Chen and Liu,
2018). This can make it challenging to understand how incremental learning
techniques in different domains compare to each other. One can find a survey
of the varied ways researchers have modelled knowledge for lifelong learning

problems in different domains in Section 2.2.

In this section, we aim to partially address both of these challenges. We intro-

duce an abstract theoretical framework for incrementally learning knowledge which is
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domain agnostic. We then give an incremental learning algorithm within this frame-
work, and give some mathematically precise statements about the learning behaviour

of the algorithm. More specifically:

1. We define the Incremental Problem Solving problem within an abstract frame-
work of Turing machines and program advice strings, similar in spirit to Algo-
rithmic Information Theory (Definitions 5.3 and 5.4). We show with examples
how this framework can be flexibly applied to model different kinds of knowledge

and domains.

2. We motivate and define IPS (Algorithm 7), the “simplest” constant-time al-
gorithm for solving problems and updating knowledge. We prove high level
guarantees about the learning behaviour of the algorithm (Propositions 5.4 and
5.5), and show that IPS is “universal” in the sense that it can simulate any

other incremental learning algorithm (Proposition 5.6).

3. We show how to generalize IPS to the settings where one has black box oracle
optimizers (Algorithm 8 and Proposition 5.7), as well as when problems are not
explicitly given to the algorithm but need to be inferred from data (Algorithm
9). These generalizations allow us to use the algorithm in practical applications,

while still maintaining theoretical guarantees.

The algorithms we present should not be thought of as a complete solution to
incremental learning. Rather, they should be thought of as a generic framework
where one can plug in “black box” tools such as neural networks. The framework
provides a clean way of thinking about the operation of the algorithm with high level
performance guarantees. However, the guarantees are only practically meaningful if
the black boxes are useful in specific ways. If the algorithm fails to solve problems,
then the learning guarantees give a transparent high level understanding of why this

might be the case. This understanding can then be used to decide which practical
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changes are needed to improve the problem solving power of the system. Such choices
include the solution weighting function, which problems to give to the system to help
it incrementally learn, and which kinds of new black boxes to modularly add to the
system. Alternatively, if one is not concerned with practical implementations, the
content in this section can be thought of as an idealized theoretical model of time-

bounded incremental learning whose properties can be studied analytically.

Related work: The field of Algorithmic Information Theory (AIT) studies how to
reason about knowledge in the context of the theory of computation. A definitive
resource is “An Introduction to Kolmogorov Complexity and Its Applications” (Li
and Vitanyi, 2008). Incremental learning has also been considered in the context of
AIT, but these are usually related to specific applications or are not intended to be
practical. To the best of our knowledge, the framework and algorithms we present in
this section are novel. We give some examples of prior work in AIT and incremental

learning below:

1. Early work by Solomonoff (1989) sketches, at a high level, how one might build
an incremental learning system based on algorithmic probability. It proposes
finding solutions to algorithmic problems by starting with a list of primitive
“concepts”, and combing them together to form possible solutions. After doing
this for several problems, the best solution for each problem is taken. One then
tries to extract new concepts from these solutions, by looking at the relative fre-
quencies of combinations of concepts. For example, if the concept combination
AB occurs more frequently than the relative frequency of the concept A times
the relative frequency of the concept B, then one might create the new con-
cept W = AB. These ideas are later developed more rigorously in Solomonoff
(2003). The main themes of the ideas are conceptually similar to DreamCoder

(Ellis et al., 2020) and EC? (Ellis et al., 2018).
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2. Franz et al. (2021) show how to incrementally compress strings in a near optimal
way. The key idea is to greedily find “the shortest feature” of the string which
leads to non-zero compression. Such features can be shown to have intuitively

nice properties like feature independence.

3. Garcia-Piqueras and Hernandez-Orallo (2021) introduce the idea of conditional
teaching set size, which measures the algorithmic information complexity of

successively teaching new concepts via curricula.

4. Murena et al. (2017) propose a method of incremental learning which can be
viewed as a form of transfer learning. Here, a new model M, is penalized by
the Kolmogorov complexity K (M, |M,_1,..., M) of the new model conditional

on the prior learned models M, ..., M,_;.

The framework and algorithm we give can be viewed as a natural abstraction
of the DreamCoder algorithm (Ellis et al., 2020). We therefore begin by reviewing

DreamCoder as a means of motivating the framework.

5.2.1 Background: DreamCoder

DreamCoder is an incremental learning algorithm for solving problems whose solu-
tions are algorithmic or symbolic in nature. This includes list processing problems,
symbolic regression, recursive programming, and graphics drawing. Problems are
given to the algorithm in rounds. In any particular round r, the algorithm receives
problems pq, ..., ps it needs to find solutions for. A problem consists of a collection
of input-output pairs generated from some unknown function, and the goal is to out-
put the function as a solution. For example, if DreamCoder is applied to the list

processing domain, concrete examples of problems include:

1. List sorting: the algorithm is given many examples where the input is a list and

the output is the list in sorted order, e.g. [4,3,7,1] — [1,3,4,7].
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2. List reversal: the algorithm is given many examples where the input is a list

and the output is the list in reversed order, e.g. [4,3,7,1] — [1,7,3,4].

DreamCoder maintains a library of learned functions (“concepts”) L which it has
learned from solving problems in previous rounds. Initially, L is initialized with a
small set of Turing complete function primitives specific to the problem domain. For
example, L might include function primitives which manipulate a pencil if the problem
domain is graphics drawing. If the problem domain is list processing, one might
initialize L O {Y, A\, nil,if, cons}. The algorithm also maintains a neural network
() which it uses to propose solutions to problems. In round r, the algorithm goes

through three stages:

1. Wake: In this step, the algorithm tries to find a solution to each problem.
For each problem i € [k], the algorithm draws solution proposals s; ~ @ from
the neural network. A solution is a symbolic expression of a new function,
where each symbol corresponds to a function in L. For example, s;(z) =
fold cons (cons z nil). The algorithm picks the solution s; which maximizes
P(p;|s;)P(s;|L). Here P(p;|s;) is problem specific and measures how good the
solution s; is. —log, P(s;|L) is equal to the number of bits needed to encode
the expression s; given the library L. It can be thought of as the “length” of s;.

Solutions are therefore penalized by their length, or how “complex” they are.

2. Abstract (Sleep): In this step, the algorithm tries to find function subroutines
which are common across several solutions, and adds these functions to L as
new atomic “concepts”. For example, imagine problem 1 is to take a list and
double each element (e.g. [1,2,3] — [2,4,6]) and problem 2 is to take a list and
subtract 1 from each element (e.g. [1,2,3] — [0,1,2]). Imagine the solution
found for problem 1 is s;=(Y (A (r 1) (if (nil? 1) nil (cons ((car 1) (car 1))(r
(cdr 1)))))) and for problem 2 is so=(Y (A (r 1)(if (nil? 1) nil(cons (- (car 1) 1)(r
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(cdr 1)))))). If we define the new concept map=(A (f) (Y (A (r 1) (if (nil? 1)
nil (cons (f (car 1))(r (cdr 1))))))), it turns out that each of these solutions can
be refactored as s;=map (A (z) (+ z z))) and so=map (A (z) (- z 1))), so the
subroutine map is a common factor of both solutions. DreamCoder searches
for and adds such common solution factors to its library of functions L. This
has two effects. Firstly, solutions s; and s, can now be expressed in a more
compact (shorter) form by referencing the single symbol map instead of the
multiple symbols needed to implement map, so the solutions become “simpler”
when expressed in terms of this new concept. Secondly, it becomes easier to find
new solutions in step 1 (Wake) to problems which make use of map as a subrou-
tine. For example, imagine the next problem is to apply two functions f,g € L
to a list (e.g. [1,2,3] — [g(f(1)),9(f(2)),9(f(3))]). We can now express a so-
lution with the simple expression s =map g map f. But before map was added
to L, we would need to “guess” a very long, complicated solution where each
map is replaced by its individual symbols. While guessing this solution might
have been too difficult before map was added to L, it now becomes tractable.
To make this abstraction step more precise, DreamCoder tries to expand L
using the Minimum Description Length (MDL) principle (Rissanen, 1978) (cf.
Griinwald and Roos (2019)), by choosing an L which maximally compresses
the solutions found. For two function expressions a, b, write a =, b if a and b
are equivalent up to refactoring of their expressions as in the previous example.
Note this is strictly stronger than saying a and b are functionally identical (de-
termining functional identity is an undecidable problem). We will discuss the
consequences of this in more detail shortly. DreamCoder adds new functions to
L in a way which attempts to maximize P(L) [ ;e maxe,=,s, P(pila;)P(a;|L).
Here —log, P(L) is the number of bits needed to encode the library L. Infor-

mally, this objective function is maximized when one can find ways of rewriting
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each of the solutions si,...,s; so that there are long common factors, each
of which occur in large subsets of solutions. Adding these common factors to
L decreases P(L), but increases P(a;|L) because the solutions can be written
more compactly in terms of symbols from the library L. Practically, Dream-
Coder uses heuristics and an efficient refactoring algorithm to approximately

maximize this expression.

. Dream (Sleep): DreamCoder trains @) to better predict solutions when given
problem instances. This is done by training () on problems already solved, as
well as generating hypothetical problems. Hypothetical problems are generated
by randomly sampling functions from L, connecting them together to form a
new random function (the target solution), and using this program to generate

a problem instance.

The idea of factoring out common function subroutines between solutions is intu-

itive. Indeed, empirical results show that the library of functions learned by Dream-

Coder often corresponds to subroutines humans might use. For example, if the prob-

lem domain is to find programs which draw abstract shapes, then DreamCoder learns

a subroutine arc(x) which draws a semi-circle with radians proportional to x. On the

other hand, there are some technical criticisms one can make of the algorithm. We

discuss these criticisms here, and foreshadow how the algorithm IPS proposed in the

next subsection overcomes these challenges.

1. DreamCoder separates the step of finding solutions (wake) from the step of find-

ing common concepts (abstract). To see why this is problematic, let op(x)=(x+1)
mod 2, and suppose the concept x mod y is in L. We will set up a situation
where op(x) is a common subroutine for two problems, but DreamCoder fails to
find it. Suppose problem 1 is to learn the function 2x ((x+1) mod 2), and prob-

lem 2 is to learn the function 3x((x+1) mod 2). Suppose DreamCoder finds
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solution string s; = 2x((x+1) mod 2) for problem 1, but sy = 3x((x-1) mod
2) for problem 2. Note that solutions 3x((x-1) mod 2) and 3x((x+1) mod
2) have the exact same probability P(py|s)P(s|L) for problem 2 because they
are functionally equivalent and have the same length. Therefore DreamCoder
considers both solutions to be equally good. However, s; and sy do not share
common factor (x41) mod 2 (it requires knowledge of modular arithmetic
to deduce that (x+1) mod 2 and (x-1) mod 2 are functionally equivalent
on N). Therefore, during the Abstract phase, when DreamCoder tries to find a
common factor between solutions s; =2x((x+1) mod 2) and s,=3x((x-1) mod
2), it will not find the shared subroutine op(x)=(x+1) mod 2. The fix to this
problem is to merge waking and sleeping into a single step, so that functionally
equivalent subroutines shared across many problems are forced to use the same
symbolic implementation. The algorithm we propose in the next subsection,

IPS, makes this change.

. The neural network () encodes the meta knowledge of how to efficiently find
solutions in terms of functions in L. This is problematic, because how to update
neural networks with new information is not well understood. It would be much
more ideal if this meta knowledge was encoded in a more concrete form, like
the library of functions L. We solve this problem by abstracting the notion of
solutions and knowledge, allowing solutions to receive their own concept library
as an advice string. This choice will allow IPS to encode meta knowledge in a

way similar to the “library of concepts” in DreamCoder.

. The Minimum Description Length (MDL) principle for learning new knowledge
as common subroutines shared between solutions is intuitive and elegant. But
under which conditions can we expect this approach to work, and when can we

expect it to fail? How do we know there are not better incremental learning
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algorithms which use different principles? The algorithm we present in the next
subsection will be closely related to the MDL principle, but its operation will
be precisely defined within a simple mathematical model. This will allow us to

give concrete guarantees which answer the above questions.

5.2.2 An Incremental Problem Solver

The primary purpose of this section is to give a clean, mathematically precise abstrac-
tion for thinking about incremental learning. We want this abstraction to be domain
agnostic, while also capturing the intuitions behind incremental learning algorithms
like DreamCoder. Some technical preliminaries are needed to do this precisely. A
more thorough discussion of them can be found in Chapter 2 of Hutter (2005). The
two core ideas of these preliminaries are as follows. Firstly, given any specific object
in any specific problem domain, we can always imagine encoding this object as a
binary string. This allows us to convert all problems, regardless of their domain, into
a common language. Secondly, we can also think of any binary string s € {0,1}*
as encoding a Turing Machine. This allows us to reason about computation in an

abstract way.

Technical preliminaries: string encoding Given a finite alphabet 3, we let ¥*
denote the set of all finite length strings consisting of characters from ¥ (including the
empty string). We denote the set of strings of length < C' as X¢ = {z € ¥*||z| < C}.
For z,y € ¥*, we let xy € ¥* denote string concatenation of x and y. We take
for granted that we can map strings z € X* injectively into a prefix-free binary
code, and we let (z) € {0,1}* denote the prefix-free binary representation of z.
Precise details are given in Definition C.1 in the appendix. We will interchangeably

*

associate z € (X)* with its corresponding prefix-free binary string representation
when the context is clear, and write [(x) = |(z)| for the length of the prefix-free

binary representation of x. Let z,y,...,z be a finite sequence of strings with each

144



element a member of ¥*, and denote such an ordered sequence by z;¥;...; 2z to avoid
overloading notation. We associate z; ;.. .; z uniquely® with the binary string given
by (z){y)...(z) =: (z;y;...;z). Similarly, we define I(z;y;...;2) = [(x;y;...;2)].

We denote the set of all finite length sequences of strings from ¥* as (X*)*.

Technical preliminaries: universal Turing machines Let 7 M be the set of
two-input tape, single output tape, binary Turing machines. For any T € T M, we
can encode the transition function of 7" as a string encoding(7") € 3*. There exists a
fixed, three input tape, single output tape, binary universal Turing machine U such
that for any a,b € {0,1}* and T" € TM, if a, b, and (encoding(T")) are input into
the first, second and third input tapes of U respectively, then U simulates the Turing
machine T" when fed inputs a and b on its first and second input tapes respectively. In
particular the output of U is equal to the output of 7" on (a, b) if T halts on (a,b), and
U does not halt if 7" does not halt on (a,b). We write U(a, b, (encoding(7"))) = T'(a, b)
for the output of U and T on these respective inputs, where T'(a,b) =L if T does
not halt on (a,b). Without loss of generality, we can assume that U associates every
binary string s € {0, 1}* with the encoding of some two input tape Turing machine.
Unless otherwise stated, we will assume all Turing machines to be deterministic. If
a Turing machine is randomized, we model this as a deterministic Turing machine

which is given read-only access to an infinite tape with random bits.

Definition 5.3. A program is a string s € {0,1}*. For y € {0,1}*, we define the
function s(-|y) € ({0,1}* — {0,1}* U{L}) as Vo € {0,1}*, s(z|y) == U(z,y,s). If s
is a randomized Turing machine, we define s(-|y) to be a deterministic function which
s randomly chosen and fized the moment it is defined, depending on the random bits

the Turing machine encoded by s is initialized with.

We now define a game where an algorithm receives problems in batches online, and

4Uniqueness follows from the fact that the binary code is prefix free.
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must output solutions in the form of functions 5 € ({0,1}* — {0,1}* U {L}). We use
the terms “problem” and “solution” in a very abstract sense. The only requirement
is that one should be able to specify a weight P(p|s) € R, which indicates how well

solution s solves problem p. For example:

1. Supervised Learning: p is a regression problem with an associated dataset, and
5 is a regression model. P(p|s) is the likelihood of the data given model .
Here we rely on the fact that, using a binary encoding, any regression model
m : A — B can be associated with a function § with binary input/output and

vice versa.

2. Model Based Reinforcement Learning (cf. Moerland et al. (2023)): p is a re-
inforcement learning problem with an associated sequence of environment ob-
servations. s encodes both a model of the environment and a reinforcement
learning policy. P(p|3) is the likelihood of the environment observations given
the data, times a term which depends on the RL policy loss. We give more
details of how to do this in Section 5.3 when we discuss lifelong reinforcement

learning.

3. Clustering (cf. Ezugwu et al. (2022)): p is a clustering problem with an asso-
ciated set of points z1,...,zy € R?% 5 encodes an assignment of each point z;
to a cluster (e.g. 5((i)) denotes the group label of z;), and —logP(p|3) is an

unsupervised clustering loss function.

Remark 5.1. The careful reader will notice that we have not said anything about
how long it takes to compute solutions 5(x) = s(x|y) on any particular input x. For
example, a regression model s might be a bad solution if it takes a long time to evaluate.
One can model this by redefining s(z|y) = (t(z,y,s))U(x,y,s), where t(x,y,s) is the
time taken by the Turing machine encoded by s to halt when run on input (z,y)

(or some large maximum cutoff value). One can then modify the weighting function
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P(p|3) to penalize solutions which output high values of t(x,y,s). In the definition
given, we chose not to explicitly model these considerations in favour of simplicity.

But they can easily be incorporated with minimal changes.

Definition 5.4. The incremental problem solving game consists of rounds r =
1,2,.... In round r, the algorithm is given k, € N problems pi, ..., py. which come
from some set PROBLEMS. The algorithm must then output k, solutions in the
form of functions 3y, ...,5, € ({0,1}* — {0,1}* U{L}), where Vi € {1,...,k.}, 5
is the proposed solution to problem p;. For each i € [k,], the goal of the algorithm is

to output a good solution s; € S; from the set of solutions S; which “solve” problem

Di-

The incremental learning algorithm we propose will maintain a growing knowl-
edge base of strings KB = kby; kby;--- € (X%)*. We will model using knowledge as
passing the binary encoded form of this knowledge base as an advice string to a Tur-
ing machine. More precisely, given a binary string s € {0,1}* and a knowledge base
KB, we can specify a solution § = s(-|(CB)). Similar to DreamCoder, and following
the principles of AIT, we will think of the complexity of a solution § being related to
the length of the program s. We want to find short programs s which lead to good
solutions. We will now show through examples how our knowledge framework is able
to capture existing incremental learning systems similar to DreamCoder, while also

being capable of modelling more abstract forms of meta knowledge.

EXAMPLE 5.1

Consistency with knowledge models in prior work. Given a collection of
input-output examples {(z;, y;)},, DreamCoder learns a function § which is consis-
tent with the data. s is expressed as a composition of functions coming from a list
L=A{f1,f2,... f.} (L has z elements). For example, § could be f7(f1(f2(x), f3(2)), z).

If w is the number of times a function appears in s, then following the MDL prin-
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ciple as in DreamCoder, the “length” of § given L is approximately wlog(z) bits,
because we need approximately log(z) bits to specify which of the z functions in
L a particular symbol corresponds to. We now show how to encode essentially
the same solution within the model of this section, while also highlighting sub-
tle differences between the two approaches. We want to find a function s which
is consistent with the examples {(z;,v;)}~,. Suppose we have a knowledge base
KB = fi; fa;...; f.. Importantly, each f; € ¥* is a string of code which imple-
ments the function f;; this contrasts with DreamCoder, where each f; is an atomic
“concept” or black-box function which can form part of a functional expression. Re-
call that in our model, a solution § is represented by s € {0,1}* which represents
code for a Turing machine’; in general this allows greater flexibility than requir-
ing the solution to be a composition of functions. If the mathematical solution is
fz(fi(fa(x), f3(x)), ), we can express this solution in our model as follows, written in
pseudo-code: s = (EvalCodeString(kbr (kb (kbe(z), kbs(x)), x))), where kb; is a prim-
itive which looks up the ith string in the knowledge base KB, and EvalCodeString
is a function which interprets raw code (analogous to “eval” in Python). The so-
lution essentially constructs the raw code which expresses the mathematical expres-
sion, and then evaluates this code. § = s(-[(XCB)) is then functionally equivalent to
fz(fi(fa(2), f3(x)), z). Note that the length of the string s in bits which encodes this
solution is at most O(1) longer than in the case of DreamCoder: we only need to
specify an additional call to “EvalCodeString”®, and approximately log(z) bits for
each kb;. This means that if one assigns a prior probability to solutions according
to 2~ (binary encoding length of solution) ' thap the prior probability assigned to a solution by
this knowledge model is at most a constant factor less than the probability assigned

to the equivalent solution by DreamCoder. We can therefore model approaches like

5 Any other reasonable model of computation could be chosen instead, e.g. a Python interpreter
or WordRam model.

6Either this function is a primitive instruction in the universal Turing machine, or it can be coded
in a constant number of bits.

148



DreamCoder in this knowledge framework.

EXAMPLE 5.2

The knowledge model is domain agnostic. Because knowledge in our framework
is interpreted (i.e. a program reads it as input) rather than evaluated (e.g. as a func-
tion), we can easily express a description of knowledge from any domain by encoding
it as a binary string, without having to consider domain specific details like how that
knowledge might actually be implemented as e.g. a function. For example, in the con-
text of meta learning, MaML (Finn et al., 2017) learns a parameter 6, € R such that
if you have a regression dataset D = {(x;, )}, coming from a certain class of prob-
lems, a few iterations of stochastic gradient descent on a model my with initial param-
eters 0 = 0, will quickly converge to a good solution. In our framework, we can encode
this knowledge by setting (CB) = (fy). The corresponding solution § can be written
in pseudo-code as s(-[(KB)) where s = “StochasticGradientDescent(kb;, D)(x)”. By
viewing KB as consisting of raw strings interpreted by a program, we are therefore
able to express very different kinds of knowledge inside a unified framework: func-
tions in Example 5.1, and raw parameter vectors in this example. Moreover, mixing
knowledge from different domains in the same knowledge base doesn’t affect the so-
lution strings (besides possibly requiring a few more bits to encode longer pointers
to library elements). For example, adding a string encoding 6y to the end of KB in

Example 5.1 will not change the solution string of Example 5.1.

EXAMPLE 5.3

Meta-knowledge can be expressed in solutions. As in the previous exam-
ples, suppose we are given a regression problem with dataset D = {(x;,3:)}Y,. Let
KB = kby;...;kb,. We now show how to concretely encode “knowledge of how to use
knowledge”, analogous to the role of the neural network () in DreamCoder. Suppose

that kb is (a string encoding of ) a program which is very effective at finding solutions
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to regression problems when given a knowledge base KCB. For concreteness, one can
assume kb; is a linear regression algorithm, and kb; for ¢ > 1 are functions which
compute non-linear features which are useful for linear regression. Then a “meta”
solution § to the regression problem can be written in pseudo-code as § = s(-[(KB))
where s = “EvalCodeString(kby)(D, KB)(z)”, where KB is a variable reference to the
knowledge base input. The solution s simulates the program kb; (linear regression)
by passing it both the dataset D to do regression on as well as the knowledge base
KB (functions for computing non-linear features). The length of s is O(1) bits. We
are therefore able to express meta-knowledge inside B of how to solve problems.
This kind of solution expression is only possible because we explicitly feed in KB as
an additional string input, allowing a self-referential behaviour. If we did not do this,
the length of the string encoding of the above solution would be €(z), because we
would need to hard-code B into the solution string s instead of being able to pass
it as a reference. Frameworks like DreamCoder are therefore unable to express these

kinds of meta solutions as short strings.

Suppose now that someone gives you a knowledge base KB and k problems
P1, - - -, Px to find solutions for in round r. Suppose further that you are only allowed a
constant amount of time to solve each problem. What is the “simplest” strategy one
could try? One approach is to naively enumerate through a constant number of (a)
knowledge strings « shared across all solutions and (b) solutions s for each problem,
starting from the simplest (shortest) solutions/knowledge and continuing until the
time budget is reached. We formalize this idea in Algorithm 7 (IPS). Fix constants
C1,Cy € N. For each a € {0,1}1, and for each problem p;, we will enumerate
through each program s; € {0,1}“? and weight these choices by their performance
P(pi|si(-|(KXB)a)) and their description length complexity w(|a|) [T, w(]si]), where

g-n

we define w(n) = =5-. We will then draw solutions s and new shared knowledge o

in proportion to their weights. We pick this choice of w so that we use the same
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prior over strings which is commonly used in the context of MDL. As we will see
later, weighting strings in this way will give desirable properties from the perspective
of meta learning. —log,(w(|s|)) approximately corresponds to the number of bits
needed to encode s in a prefix free code and ensures that > - w(|s|) is finite, so
that we can have a probability distribution over finite length binary strings.

IPS runs in time O(k2¢122) = O(k) (abstracting the weighting function P(p|3)
as a constant time oracle). From a Bayes perspective, it can be shown that IPS

draws solutions according to

P(si, ..., s, ) ocw(la)1]ja] < Ci] [] Boilsi(-[(KB)a))w(|si|)1]|si| < Co]
1€[k]

This distribution can be viewed as a truncated form of the distribution implied by
the MDL principle, where the truncation comes from the idea that our time-bounded
problem solver is only allowed to try a constant number of solutions per problem.

The behaviour of IPS captures the following two intuitions:

1. Suppose we are given a problem p; and a knowledge base ICB. If there is a
simple (short) solution for p; in terms of the knowledge we have, we will find
this solution. Otherwise, the solution is too complicated to find given our

current compute budget, so we will not find a good solution.

2. In round r, suppose there is a shared structure o which is useful for many
solutions in the current round. Analogously to DreamCoder, one can think
of «a representing common subroutines or information which is used by many
different solutions. We will then add « to KB in the hope it may be useful for
solving future problems as well. By adding a to KB, we reduce the length of
future solutions which make use of the subroutines/knowledge encoded in «.
This expands the horizon of problems which have simple solutions in terms of

ICB, which results in an improved capacity to solve more complicated problems.

151



Algorithm 7: IncrementalProblemSolver (IPS)

1 Receive problems py, ..., pr and knowledge base KB as input;
2 for o € {0,1}“" do

3 wq = 05

4 if «a is a valid encoding of some x € (¥*)* then
5 fori=1,...,k do
6

7

8

9

We, i = 07
for s € {0,1}2 do
L Wq 4,5 = ]P(plls(7 <ICB>(X))UJ(|S|),

waﬂ'"— = Wa,i,s,

w0 || wa=w(la) T, was

11 Draw & € {0,1}“" in proportion to the weights {wa }aeqo1y¢1:

12 fori=1,...,k do

13 L Draw 3; € {0,1}“ in proportion to the weights {wd,z',s}se{o,1}02§

14 Return solution proposals $;(-, (KB)&), ..., Sk(+, (KB)&) and new knowledge
base (KBuew) = (KB)d&;

IPS gives us a concrete, constant time algorithm for incremental problem solving

which is domain agnostic. We can now study some simple properties of this algorithm.

¢

The first question one might ask is “will IPS find a solution to a particular
problem”? Fix a problem p;, and suppose S C ({0,1}* — {0,1}* U {L}) is a set
of target solutions which are considered to “solve” p;. In order for IPS to find a
solution s5; € S, there are two requirements. Firstly, the solutions s € S need to
have short representations in terms of programs s € {0,1}%2 (condition 1). Secondly,
the weighting function P(p;|$) needs to identify solutions in S as being superior to
alternative solutions (condition 2). More formally, we imagine a sequence of groups

()

of problems {(pgj ), ce p,(j )) 2, of increasing complexity. For example, p;”’ could be a

j=1
regression task with 5 data points, or a reinforcement learning task of a certain class
with complexity controlled by j. We will then require that for any §' & S which has

a short program, there is some 5 € S such that



i.e. P asymptotically prefers solution s to solution §’. Under these two conditions
we can guarantee that the probability IPS returns a solution in S goes to 1 as 7 — oo.
In practice, this result means that if we want IPS to learn a particular solution to a
problem, we need to give it problems which allow the weighting function P to identify

the solution. In the i.i.d. regression setting (x) is often automatic if ]P’(pgj)|.§) is
the likelihood of the data given model §. However, for more complicated domains,
determining how to satisfy (%) may require careful consideration. We will give a

concrete example of this after the next proposition.

Proposition 5.4. Fiz a knowledge base KB € (¥*)*, and let S C ({0,1}* —

{0,1}* U {L}) be a set of solutions which satisfy condition (1) below. Suppose that

{(pgj), o ,pg)) 22, is a sequence of groups of problems which satisfy condition (2).

Let E; be the event that the solution returned for problem pl(-j) by Algorithm 7 when
(9)

given input (py”’, ... ,p,(fj), KCB) is an element of S. Then we have lim;_,o P[E;] = 1.

Conditions:

1. V5 € 8,35 € {0,1}2 1 loe([KB))=e 5 ¢ 5 = 5(-|(KB)), where c is some constant

which depends on the Turing machine encoding scheme.

2. Vs € {0,1Y%,a € {0,1)°", §(|(KB)a) ¢ S — JFe S s.t.

N ()
772 B(p?|s'(|(KB)a)

Proof. Suppose the algorithm draws & = a. We will show lim;_, P[E;|& = a] = 1.
Since P[Ej] = 3 cro1y01 PEj|& = a|P[d = of this will immediately imply the result.
Let A= {s € {0,1}|s(-|(KB)a) € S} and B = {0,1}“2 — A. We have

153



ZSEA wom‘,s

PE;|a=a] = 5.19
[ ]| a] ZSEA wOé,i,S _I_ ZSEB wavivs ( )
1
- (5.20)
1+ 2 seB Waiys
2 seA Wai,s

ZseA Wa,i,s

22 = 00.
2 seB Wani,s

so it suffices to show that lim;_,

Let § € S. By condition (1), 3s € {0,1}C2~ 1 lealikB=c gt 5 = 5(-[(KB)).
This implies that 3s' € {0,1}2 such that s'(-|(KXB)a) = §, which we will denote
by s = h(§) for any § € S. To see why this is true, consider the two-input tape
Turing machine 7" which simulates the Turing machine encoded by s as follows: T
copies s, except when s tries to read past |(CB)| bits on its second input tape,
in which case T pretends as if all positions to the right of this point have no in-
put. Then by construction (encoding(7))(:|(KB)a) = s(:|(KB)). Moreover, we
can choose T such that |(encoding(7"))| < Cy. This is because we need at most
|s|] < Cy —1.11og, (|[(KB)|) — ¢ bits to specify the Turing machine being simulated,
and at most an additional 1.1 log, (|(KB)|)+O(1) bits to hard-code the length |(CB)|,

and O(1) bits to code the simulation logic.

Therefore, we have

S venWais  Sogen PP |s(HKB)a) w(|s])
— 5.21
DenWais S Pl |s(-1(KB)a)w(]s|) 21
ses P 13w((h(3)) (522

T s PP IsCIKBYa)Jw(s])

Fix any € > 0. By condition (2), for any s € {0,1}“2 such that s(-|(KB)a) ¢ S,

there exists a § € S and j; € N such that Vj > j
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)z
Plp;’|3] > 1202(10(02)_1) (5.23)

Ppi|s(-(KB)a)] ~ €

we will write § = g(s) € S for this 3, and pick any j > max (1302 Jjs. Then we
s(-{(KB)a)¢S
have

S ses P 8lw(|h(3)]) s P |8w(|h(3)])

6 = ) (5.24)
Zen P07 sCHEB) ) (ls]) ~ Eep Pl 9(s)]e2-(Co)u(Js))

D ses Plp” 3w (Cy) (5.25)

T S Pl lo(s))e2 % (C))
> Lses Pl W (5.26)

~ |B|2-C max.es P |g(s)le

Sses PIoY13]
> : 5.27
© MmaXsep P[p§])|g(s)]<€ ( )
1

< (5.28)

where the last line follows since g(s) € S for any s € B. It follows that that

. Z wa,i,s
lim =2s€4 0% —

j—)OO ZSGB wCl{,’L’,S

EXAMPLE 5.4

Condition 2 in Proposition 5.4 highlights the need to use a weighting function which,
for a specific sequence of problems, asymptotically prefers target solutions. While this
is often automatic in i.i.d. regression settings, it can require careful thought in more
complicated or less structured problem domains. We illustrate this with the following
example. We will construct a deterministic reinforcement learning environment where

the best solution does not minimize a typical model based reinforcement learning loss
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function (i.e. condition 2 does not hold). We will do this by making it infeasible
to simulate the environment accurately across many steps. Concretely, consider an
environment with 101 steps. In the first step, you observe (0, ¢, x¢), where ¢ € N is
a query, t = 0 is the current step, and zy € N is an integer. You must then decide
whether to exit the game (reward 0), or continue playing all of the remaining 100 steps.
If you continue playing, in each successive step, if x; is the integer observed in the
previous step, then you will observe (t+1, ¢, z441) where x;,; € {2z, 22,41} according
to some hidden deterministic function x;,1 = I'(2;). One can view this as traversing
a binary tree, where 2x; and 2x; + 1 are resp. the left and right children of ;. At the
end of 101 steps, you receive reward 1 if x199 = ¢, and —1 otherwise, i.e. you should
choose to continue playing the game if you think the final integer will be x990 = ¢, and
choose to exit the game otherwise. A model based reinforcement learning approach
might try to learn a transition function f which predicts the next observation ;.
conditional on past observations, and a reward function Reward which predicts the
reward observed in the current step conditional on past observations. A typical loss
function for a model might look like £ = error(f) + complexity(f) + error(Reward) +
complexity (Reward) where error and complexity measure the supervised error (on
some training dataset) and model complexity respectively. One would then learn
a policy 7 on top of this model of the environment. For simplicity, suppose that
7 is the optimal policy for an environment described by f and Reward. One can
then choose a weighting function P(p|(f, Reward)) = exp(—L). The function Reward
which minimizes £ is mostly likely (for any reasonable choice of complexity measure)
the function which returns 0 if the current step ¢ # 100, and otherwise —1 if x199 # ¢,
and 1 if z199 = ¢. This reward function has 0 error, and low complexity. Consider a
function f which minimizes £. Suppose the true transition function I' is complex, so
that for any given x, f(x) = I'(x) with probability 1 —e (i.e. f can only approximate

I'). Now suppose the model observes (0,q,zo) in the first step. The model-based
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method will then roll out a simulation of the environment using f for 100 steps,
computing 411 = f(Z;), and pass these estimated observations to Reward to get a
reward estimate. However, the probability that the model will predict Zi00 = %100
correctly is at most (1 —&)'% ~ 0 even for small . This means that even if ¢ = ¢,
the model of the environment will always conclude it is better to exit the game.
In this environment, it is therefore infeasible to predict the reward by simulating
every step of the environment. On the other hand, imagine that the majority of
the distribution of zy is on a small set of integers. In this case, a more practical
strategy is to memorize the x199 which results from the initial condition zy (denote
this by z100(0)), and then use this to predict the reward at step ¢ = 100 depending on
whether ¢ = z109(2zo). This corresponds to learning a function Reward™ which returns
0 if the current round ¢ # 100, and otherwise returns 1 if the initial condition xq was
memorized and x199(z9) = ¢, and —1 otherwise. Note that unlike Reward, Reward*
is not a function of the simulated predictions of f; it is only a function of the initial
integer xy and the current round number. This new function Reward™ has non-zero
error and higher complexity than Reward, but it clearly results in a more effective
policy 7 for this environment in certain situations. This shows that condition 2 is not
always obvious. For this particular problem, two ways to try and overcome it are (1)
use a non-model based reinforcement learning loss function or (2) add a loss which
penalizes the environment model for inducing policies m which are not consistent with

the data (e.g. choose to exit the game when the resulting reward is 1).

The next question we might ask of IPS is “will IPS learn a particular piece
of knowledge o”? Informally, we expect this to occur if knowledge « is useful for
improving the performance of many solutions. We can use our model to make this
condition mathematically precise. Fix a subset of knowledge I' C {0,1}“2, and sup-
pose that {(pgj ), ey p,(g( j)) 521 1s a sequence of groups of problems. Note we now allow

the number of problems k(;) to vary as well. For example, one can imagine that I'
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is the set of strings a which encode a linear regression algorithm, and each pl(-j ) is

a linear regression problem for some dataset DY

7 Y

where j is the number of points
in the dataset, and the number of problems k;) increases as a function of j. We
can show that as j — oo, IPS will return & € I' (i.e. learn linear regression) if the
knowledge in I' is “asymptotically better” on average than alternative knowledge, in
a way which we make precise in Proposition 5.5 below. The proof is similar to that

of Proposition 5.4 and can safely be skipped without impacting understanding.

Proposition 5.5. Fiz a knowledge base KB € (X*)*, and let T C {0,1}* be subset of
strings where Voo € T, «v is a valid binary encoding of some string x € (3*)*. Suppose
that {(pgj), o ,p,iﬁ))}j’il is a sequence of groups of problems which satisfy condition
(1). Let E; be the event that the new knowledge base returned by Algorithm 7 when
given input (pgj), . ,p,(cj),lCB) is of the form (KB)a, where o € I'. Then we have
lim; o P[E;] = 1.

Condition:

1. Vv € {0, 1} where vy is a valid encoding of some x € (¥*)*, v ¢ = Ja €T

s.t.

lim

; k j :
I sy ctonyes T @Y s 1(KB)y)w(sil)

,,,,,

= O

Proof. Let B = {(x)|z € (X*)* AN|{z)] < C1} —T'. Then we have

Zaef‘ We

PE;| = 5.29
£ Zaer Wo + ZaeB W ( )
1
S (5.30)
aeB Wo
1 + ZDAGF Wa

so it suffices to show
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lim 2zecr e _ (5.31)

Jroo ZaEB W

We have

Saer o _ Saer (10D TES Yo coues PO i1 (KB)a)u(si) 52

2oeWo ¥ cpw(la) ITY X, c0me: PO [s:i(10CB)a)w(lsi)) |
_ Decr o] T ctones IR POL s B uls)
 Vaeswlla) o cone [T PGP |sC(KBY)w(s))

Fix € > 0. By condition (1), Vy € B, 3a € I" and j, € N such that Vj > j,

K ;

Sorrse ctone: LA PO i1 (KB)a)w(|si)
. kG) o) > =29 (w(Ch) ™) (5.34)

2ot i, cfonye Lzt PO [si([EB)Y)Jw(]sal) - ©

77777

Denote a by a = g() for any such v € B, and pick any j > max,cp j,. Then we

have

ks i
ZaEF U}(|Oé|> Zsl,...,sk(j)e{o,l}CZ Hz(:J1> P(pz(j) |82(|<ICB>05))UJ(|31|)

(5.35)

.....

.....

>
> —
Saen ()27 Ow(C) By, s, comes T PE | 1KB)g(@)w(|si)
(5.36)
k(; ]
St T,y clonyes LI PO i |(CB) o)) s
> J
> — .
Yacn 2 Ny, ctomyes [ @Y |si(10CB) g(a))w(sil)
k.
N Yacr Lar,oon, ctonyer LT PO i [{KB)a)w(|sil) s
el BR M maxeen By, s, cpomes [T PO i |UCB)g()))w(lsi)
1
> = :
> - (5.39)
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where the last line follows since g(«) € I' for any o € B. Therefore

lim M =00 (5.40)

j—oo ZaeB Wa

]

We consider one final question about IPS before we consider how to generalize
it to more practical settings. “Is there a better incremental learning algorithm?”
Perhaps there is some incremental learning program a € {0, 1}* which uses an entirely
different technique to IPS and performs much better at incremental problem solving
in certain cases. For example, maybe « uses a specific heuristic to find long programs
(e.g. large neural networks) s € {0,1}* which make make good solutions for the
problems it is given. We will now show that IPS is universal in the sense that if «
is in the knowledge base ICB, then IPS can simulate v to get solutions which are at
least as good as the solutions « proposes. The key observation is that regardless of
the kinds of solutions « proposes, the following “meta” solution has a short program:

*

s; ="“when given input z, run code « from KB and get the solution f proposed by
« for the sth problem. Then output f(x)”.” If « proposes very good solutions (the
weighting function assigns them high weight), then so will the meta program, so IPS
will return these solutions with high probability. What if « is not in B? If a comes
from a class of “good incremental problem solvers” I' C {0,1}2 which are effective
at finding good solutions to many problems, then including any o € I' into KB will
allow us to write very short meta solutions s; to each problem, and these solutions will
have relatively high weight P(p;|sf). In this case, one can show that the single term

Hle P(p;|si(-|{KB)a))w(|sf|) will dominate the sum in the denominator of condition

(2) in Proposition 5.5, meaning that we would expect condition (2) in Proposition 5.5

"Re-evaluating o to compute f(z) is quite wasteful computationally. One can consider more
sophisticated models where we allow programs to cache their previous computation, but this is
beyond the scope of the model presented here. In practice we would just cache f once it is computed
instead of re-evaluating a to get f for every new input x.
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to hold. This means that IPS will add a string o € I" to its knowledge base CB. Note
that this argument only follows because of the description length weight w we chose
over programs, which is one justification for a minimum description length principle
approach. For example, if we had chosen a uniform weight w(|s;|) = 1 instead, there
would not be a bias towards short meta programs, and it would not follow that strings
a € T' are preferred.

The consequence of these observations is that there are no “short counterexam-
ples” of incremental learning algorithms « which are significantly better than IPS,
in the precise sense of Propositions 5.5 and 5.6. If there were, then IPS would learn
them, add them to its knowledge base, and simulate them to learn new problems. In
order for these ideas to work formally, we need to make slight modifications to our

model of computation which we previously omitted for simplicity.

Definition 5.5. Let ALG be a (randomized) algorithm for the incremental prob-

lem solving game. If (pgj),...,p,(g@)

ALG({(pgj), o ,p,(jg_))}7T ) be the distribution of solutions output by ALG in round

) are the problems given in round j, then let

7j=1
r after receiving the problems for all rounds up to r as input. The expanded variant

of the computation model is one where in round r (1) all Turing machines are given

read-only access to problems from prior rounds {(pgj), . ,p,(ji))}gzl and (2) programs

are now allowed to encode randomized Turing machines (as described in Definition
5.3). Given a string s € {0,1}°2 encoding a randomized Turing machine, and random
bits rnds used to initialize the Turing machine, we will write S,mq,(-|y) to denote the
corresponding deterministic function acquired by initializing this Turing machine with

random bits rnd,.

(r)

i .

We can now state these ideas more precisely. Fix a round r and problem p

Suppose that S is a subset of solutions for pz(»r)

(r)

)

which are “obviously superior” in the
sense that the weighting function P(p; ’|s) assigns s € S significantly higher weight

than other solutions. Suppose further that there is some algorithm ALG for the IPS
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game which is good at finding these superior solutions, i.e. ALG proposes a solution

s € S to problem plm with probability «v. Then we will show that if an implementation

alg € {0,1}* of ALG is included in KB, then IPS will return a solution s € S to
(r)

problem p;’ with probability 1%5, where £ > 0 is a parameter which controls how

superior the solutions in S are.

Proposition 5.6. In the setting of Definition 5.5, suppose that the knowledge base
KB in round r is of the form (KB) = ...alg ..., where alg € {0,1}* encodes a Turing

machine which simulates ALG, i.e. the Turing machine outputs solutions according

to distribution ALG({(pgj), . ,p,(jg))};:l) when given input {(pgj), . ,p,(jg))};:l. Let

S C {0,1}* = {0,1}* U {L} be a subset of “obuviously superior” solutions such that

condition (1) holds, and let v be the probability that ALG({(pgj), . ,p,(j(g_))}gzl) returns

a solution s € S for problem pgr) in round r. Let E be the event that Algorithm 7
(r)

returns a solution s € S for problem p;’ in round r. Suppose that condition (2) holds.

Then we have

Conditions:

1. Lete > 0. Let a € {0,1}°, 5" € {0,1}°2, and rndy be the randomness used to

initialize s'. If s' . (-[(KB)a) € S, then Vs € S

rndg

P(p!"|3) R
P(p" |8, (-[{(KB))) — € i)

2. Cy = 1.11og(|{KB)|)+O(1) is sufficiently large and k, is bounded by a constant

for all rounds .
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Proof. Consider the following pseudo-code: “Given input z, run the program de-
scribed by alg to get the solution f output by alg for the ¢th problem. Then output
f(x)”. This program can be encoded in O(1) + 1.1log(|(KB)|) + 1.1log(k,) bits by
encoding (a) the position of alg in KB and (b) the index i of the solution which
should be returned. By condition (2), we may assume this program can be encoded
in (5 bits, and we denote this program by s*. Condition on the event & = a. For
s € {0,1}°2, let rnd, denote the random bits used to initialize the Turing machine de-
scribed by s, and denote initializing the TM with these random bits by S;,q4,. Let E;
be the event that s}, 4 , (-[(KB)a) € S, which by assumption happens with probability

*

7. Let rnd denote the randomness initialization for all s € {0,1}¢2 — s*. Conditional
on rnd and rnd,-, let A = {s € {0,1}%?|s.nq, (-|(KB)a) € S} and B = {0,1}“2 — A.

Then following the proof of Proposition 5.4 we have

P[E|& = a,rnd] > yP[E|& = a,rnd, E] (5.41)
> igf P[E|& = «, rnd, rnd ] (5.42)
Sta_. ([(KB)a)es
) 1
R (543

Stua,. (KBS

where

S en PO $ema. (¢

_ KB)a))uw(|s|) (5.4
> wea PO |ema, (| (KB)a))uw(]s))
2% maxsep P(p}”|suna, (1(KCB)a)) (5.45)
P(p!” 8. (| (KB)a))w(Cy) '
<e (5.46)
Where the last line follows from condition (1). It follows that P[E] > 12—
L]
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5.2.3 Practical Extension: Oracles

We now consider an extension of IPS, IPS-Oracle, which brings it closer to mod-
elling practical scenarios. We imagine that instead of naively enumerating strings
a € {0,1}%, s € {0,1}°* to find shared knowledge and solutions, we have access to
an oracle which explicitly proposes which strings to try. We will weight proposals
according to their complexity and solution weight as before. This allows us to avoid
impractical enumeration, while also make use of the algorithms which practitioners
use (e.g. specific neural network architectures and optimization procedures) for find-
ing good programs. Abstractly, we think of the oracle as consisting of a number of
different black box methods created by a practitioner, and we let C; and C5 denote
the maximum size (in bits) of the new knowledge and solutions proposed by these
black boxes®. Given new problems py, ..., p,, we will feed these problems into each of
the black boxes, and receive their proposals for program solutions and new knowledge.
A key insight is that we can view this oracle-based problem solver as identical to IPS,
except that we remove distributional support from solutions and knowledge which the
oracles do not propose. As long as there are some black boxes which propose “good”
solutions s € S and “good” knowledge v € I, then removing this support doesn’t
hurt us (it only increases the probability of these good solutions), and we can get
essentially the same guarantees of IPS. We formalize these ideas in Algorithm 8. As
an example, Proposition 5.7 below shows how to get essentially the same guarantee

for IPS-Oracle as IPS in Proposition 5.4.

8In keeping with our intuition that we only have a finite amount of compute to solve each new
problem, we imagine that each black box is some finite learning procedure. For example, a black box
might try to fit a neural network of a fixed size with an upper bound on the number of stochastic
gradient descent steps it uses.
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Algorithm 8: IncrementalProblemSolver-Oracle (IPS-Oracle)

Receive problems pq, ..., pr and knowledge base KB as input;

Ju

2 Initialize Vo € {0, 1}, Vi € [k], wa = 0, wa,; = 0;
3 Receive oracle proposals OP; = {O{ml},r]\){llzly OPy = {(S1.my), - - - 75k7m2)}%;:17

OP,,0P; ~Oracle, where Ym; € [Mi], ap, € {0,1}" and
Vmg S [MQ],\V/Z c [”, Si,mo S {O, ]_}02;

a4 form;=1,...,M; do

5 = Qs

6 for my=1..., M5 do

7 fori=1,...,k do

8 8 = Simyi

) Wass = P(pils (| (KB w(s]);
10 Wa,it = Way,s;

11 for my =1,...,M; do

12 | a=ny;

13 | we = wl(|a)) T, was

14 Draw & € {0,1}“" in proportion to the weights {wa }aeqo,11¢1:

15 fori=1,...,k do

16 L Draw §; € {0,1}“* in proportion to the weights {wa,;s }se(0.13¢2;

17 Return solution proposals § (-, (KKB)&), ..., s (-, (KB)&) and new knowledge
base (KB)a;

Proposition 5.7. Fiz a knowledge base KB € (¥*)*, and let S < ({0,1}* —
{0,1}* U {L}) be a set of solutions. Suppose that {(pgj), . ,pg))}?‘;l is a sequence
of groups of problems which satisfy condition (1) below. Let E; be the event that the

()

Z(j) by Algorithm 8 when given input (py”’, . .. 7p1(gj)7 KB)

solution returned for problem p
is an element of S. Let E} be the event that when IPS-Oracle is given input
(pgj),...,pggj),lCB), there is some oracle proposal § € S for the ith problem, i.e.
there exists some mj € [My] such that Va € {0,1}", s;m;((KB)a) € S. Let

Pg =liminf P[E’']. Then we have liminf P[E;] > Ps.
j—o0 J—00

Condition:

1. Vs' € {0,1}°2, 0 € {0,1}1, s'(:(KB)a) ¢ S = V5€ S
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o P@13)
= P(p? |5/ (-{KB) )

Proof. Condition on the event £, and condition on & = « for any fixed o € {0, 1}
(without loss of generality, we will assume the event £’ N {& = a} has probability
greater than 0). We will show lim; o P[Ej|E},& = o] = 1, and the result will
follow. Let Proposals = {s;m,|ms € [Ms]} be the set of solution proposals for the
ith problem, A = {s € Proposals|s(-[(KB)a) € S} and B = Proposals — A. For
simplicity, we will assume that two different oracles do not give identical proposals.

We have

A~ Zs wa,i,s
LB, ), 6= 0] = AT (5.47)
1
(5.48)

- 1 + ZseBwa,i,s

ZseA Way,i,s

ZseA Wa,i,s

so it suffices to show that lim,;_,, _
J ZSGB wa,z,s

= OQ.

Since we are conditioning on the event E%, let § = s;,:(-|(KB)a) as in the as-

sumption of the proposition. We have

Ysea Wais _ 2opea PP |sC1(CB)a)]w(|s)) (5.49)
Tecntais  Soen P sCHKB)) ()
D Son(la.
]p[pz' )‘S]U)(’SJ,mQD (5.50)
ZseBP[pf |s(-[{KB)a)Jw(]s])
Fix any ¢ > 0. By condition (1), for any s € {0,1}¢2 such that s(-|(KB)a) & S,

there exists a j, € N such that Vj > j

P Loy 5.51
BB e ) 0
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Pick any 5 > max s€{01}C2 Js- Then we have
s((KB)a)gS

Pl wllsimsl) P ISw(lsims]) (5.5
> oen P |sCHEBYa)w(ls]) — e p Plp[8]e2-Cow(Co)uw(|s])
T Y PV [8]e2-Cow(Cy)
__ Pl . (5.54)
| B|2-CacP[p|3]
malr:
> [P&)_’f] (5.55)
Plpl|3)e
1
— 5.56
- (5.56)
which shows that lim; ., Zsea Vot _ O

2sen Wayiys

Note that both IPS and IPS-Oracle can be fully parallelized: solution weights
can be computed in parallel, and black box solution proposers can be run in parallel.
We finish this subsection by discussing how the framework of IPS-Oracle might be
used in practice. The key high level idea is that one can start with a very simple
oracle, run IPS-Oracle, and see which problems are not solved well. If a problem is
not solved well, then a plausible reason for this is that “good” solutions or knowledge
do not have distributional support on the oracle proposals. One can then try to model
how to solve a specific class of these problems better, and modularly add this model
as a new black box to the oracle. If the model captures this class of problems well,
then the support on “good” solutions and knowledge will monotonically increase (in
the limit, the oracle proposes all programs s € {0,1}“? and knowledge o € {0,1}*,
and IPS-Oracle becomes equivalent to IPS). We therefore have an ad-hoc way of
modularly improving the power of IPS-Oracle, by looking at the problems it cannot
solve, adding models for these problems as black boxes, and repeating. Alternatively,
one can think of the oracle as a “bag of tools” for solving different kinds of problems

conditional on previously learned knowledge KB. We conclude this subsection by
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discussing practical considerations of computing the complexity of proposed solutions.
This is practically important, because the complexity of solutions like neural networks
(and their overfitting behaviour) is not always well represented by the number of

parameters in the network.

Choosing binary encoding lengths: Suppose you are given a regression problem
with dataset D = {(z;,%;)},, and you fit this dataset with a neural network n. You
need to encode the network in binary so you can compute the complexity term 2~/(%!
of the network. A naive choice is to truncate the weights § € R? of the network
to a finite precision and serialize them, but this choice might not represent the true
complexity of the network. In practice, you have several other choices, and you can

pick whichever gives the minimum length:

1. If 6 can be compressed (e.g. it’s very sparse), one can serialize the compression
0 of 0 instead of @ itself. More formally, you would be serializing the program
s =“decompress 6 and then use this model for prediction” which has a shorter
binary encoding than 6. In practice, you would just serialize 6 (which is func-
tionally equivalent to s), but only charge a complexity cost 27*l for the shorter
representation s. In a second case, if the weights 6 are based on fine-tuning
existing neural network weights ¢ € KB as is done in some continual learning
methods (see Subsection 2.2.2), the difference § — #’ may be small and easier to

compress than 6.

2. Suppose you are in the few shot learning setting, so the number of data points N
is small, and you learned 6 by initializing the neural network with a parameter
0y and then performing a few steps of gradient descent on D. In this case, if 6,
is in KB, then encoding the dataset D (which can be used with 6 to reconstruct
) can be shorter than encoding 6. More formally, you would be serializing the

program s =“Apply 10 steps of SGD on 0y = kb; with dataset D, and then use
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this model for prediction”.

. Suppose you are in the online regression setting, so we need to predict x; af-
ter seeing {(z;, yj)};-;ll. Suppose the neural network n has an architecture A.
Instead of returning the network n as a solution, one can instead consider the
solution which performs a rolling regression of a neural network with architec-
ture A, and uses this rolling regression to predict the next y;. After enough
online datapoints, one would expect this solution to perform as well as n, while
possibly requiring much fewer bits to encode. More formally, you would be se-
rializing the program s =“Fit a network with architecture A to previously seen
data, and use this network to predict y; given x;”. The length of s is related to
the number of bits needed to encode A, rather than the number of bits needed
to encode the neural network parameters. Note s does not need to encode the

previously seen data, because this is given to it as input by the problem.

. Suppose the neural network was trained with natural selection instead of stochas-
tic gradient descent. In this case, one can encode the neural network n very
efficiently with pseudo-random number generator seeds instead of the network
parameters 6, as detailed in Salimans et al. (2017) (see Subsection 2.2.3 for a

more detailed account of these kinds of techniques).

5.2.4 Practical Extension: Unstructured Problems

So far we have assumed that in round r, individual problems py, . . ., px are neatly given

to us. However, we can also imagine settings where we are only given raw data D, and

we need to figure out how to decompose this into problems ourselves. As a concrete

simple example, imagine that D consists of many tuples of the form (task name, z —

. For example, in the case of list processing problems in DreamCoder, we could

imagine task name € {reverse list, double elements of list, add 1 to every element of

list}, and each z — y is a single example of that task. The single program s which,
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when given input (task name, z) performs the specified task on input z, is very long
(i.e. complex) and may be intractable to find. However, we could also separate the
data D into simpler isolated problems p1, ..., p, where p; corresponds to the ith task.
Then problem p; is, given input (task name, z), correctly decide whether this input
belongs to the ith task type, and if so perform the ith task on x. The program s;
to an isolated task p; is significantly shorter (i.e. less complex) than the solution
which solves all tasks simultaneously, and so may be more tractable to find. On the
other hand, if we can solve each individual problem py, ..., py, we can combine their
solutions together to solve the full problem.

How can we modify IPS-Oracle to model this idea? The issue is nuanced, because
knowing how to break data up into subproblems is a problem in itself; our system
should incrementally learn to better decompose data into subproblems, as well as how
to better solve these subproblems. Thankfully, the abstract knowledge framework
of IPS is flexible enough to make modelling this relatively simple. Just like how
programs specify solutions to problems, we will define a problem encoder pe € {0,1}%
to be a program which, when given a knowledge base KB and data D, outputs a list of
problems py, ..., pr = pe({D)|(KB)) to be solved. The task of decomposing problems
is therefore treated on equal footing as the task of solving the problems themselves.
We will need to ensure the output of pe comes from a set of valid encodings V E(D)
so that pe can only output valid decompositions of the data D. For example, in the
list processing example, pe needs to decide how to partition the datapoints in D into
individual problems which can be solved separately and later combined. pe is only
allowed to output problems py, ..., p, which (a) are of the form described previously
and (b) partition the entire dataset D. For example, if pe({D)|(KB)) did not include
some of the datapoints in D, this would not be a valid decomposition of D. We

formalize this discussion below:
Definition 5.6. Fiz a collection of valid problem encodings {V E(x)}gcqo1)+, where
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V(z) C {0,1}* is the set of valid problem encodings for data x. A problem encoder
is a program pe € {0, 1}* such that Vx,y € {0,1}*, pe(z|y) encodes a list of problems

D1y -, Pky, where p(zly) € VE(z) and k, € N.

We can now extend IPS-Oracle to IPS-General. Instead of receiving problems
P1, - - -, Pk, IPS-General will receive raw data D it must decompose into problems.
Like TPS-Oracle, IPS-General will receive oracle proposals for problem encoders
which it will weight according to (a) their complexity and (b) how well the system can
find solutions which solve these problem decompositions. From a Bayes perspective,
it can be shown that if & € {0,1}", pe € {0,1},s1,..., 55, € {0,1}* are each
proposed by the oracle where py, ..., py,. = pe((D)[(KB)«), then IPS-General draws
samples from a probability distribution given by

Kpe
P(a, pe, 51, - ., 8. ) < w(|a|)w(|pe|) HIP’ (pi]si)w(|si])

At a high level, we expect the core behaviour of IPS—General to be captured
by the propositions given for IPS and IPS-Oracle, modulo marginalizing over the
set of problem encodings {pe}pecorace- We therefore find it more instructive to focus
on those propositions to understand the behaviour of the algorithm, as opposed to
re-deriving similar but more complicated expressions. We conclude the Incremental

Problem Solving section by giving the algorithm for IPS-General.
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Algorithm 9: IncrementalProblemSolver-General (IPS-General)

1 Receive data D and knowledge base KB as input;

2 Pass data D to oracle and receive proposals OP; = {aml}%llzl,
OPs = {pen, }oi_y, OP1, OP; ~Oracle, where Ym; € [Mi], a,,,, € {0,131,
and Vmg € [Ms], pen, € {0,1}¢3;

3 form; =1,...,M; do

4 o= Qppy;

5 for my=1,...,M; do

6 pe = pemy;

v || b, = pe(D)(KB)o):

8 Pass problems py, ..., pg, to oracle and receive proposals
OPy = {(S1,my5 - - - 73kpe,m2)}%22:1a OP, ~Oracle, where
Vi € [kpe], Vmy € [Ma)], $im, € {0,1}°2;

9 for my =1..., M5 do

10 fori=1,...,k, do

11 8 = Sims}

12 Wape,is = P(pils(-, (KB)a))w(]s]);

13 Wa,pe,it = Wape,i,s

14| | Wape = w(lpel) [T Wape

15 for my =1,...,M; do

16 = Qpy;

17| we = w(]a]) Tols) Wapeny

18 Draw & € {0,1}%" in proportion to the weights {Wa}aego 1015
19 Draw pe € {0,1}® in proportion to the weights {Wa pe }pecto,130s;
20 Let p1,..., pi,. = pe((D)|(KB)d);
21 fori=1,...,k, do
22 L Draw §; € {0,1}“* in proportion to the weights {wa ge,i.s }scfo,1)¢2;
23 Return problem decomposition (py, ..., p,. ), solution proposals
51, (KB)a), ..., 3k, (-, (KB)&) and new knowledge base (ICB)d;
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5.3 A Lifelong Reinforcement Learner

In this section we combine the algorithms in Sections 5.1 and 5.2 to make Abstract
Lifelong Reinforcement Learner (ALRL), an algorithmic framework for lifelong re-
inforcement learning (LRL). The results of Sections 5.1 and 5.2 will imply specific
high-level guarantees on the behaviour of ALRL: its performance in hypothetical
scenarios, which tasks it will learn to solve, and which knowledge it will accumulate
over time. An overview of prior work in LRL can be found in Subsection 2.2.5. Exist-
ing approaches to LRL are generally either black box optimization approaches with
neural networks (Ring, 1998; Tessler et al., 2017; Mendez et al., 2022), or based on
principled idealized statistical models (Wilson et al., 2007; Brunskill and Li, 2014;
Lecarpentier et al., 2021; Wang et al., 2022). While the black box methods can work
nicely in practice for specific problems, they lack any interpretable guarantees which
allow them to be used as general lifelong reinforcement learners. On the other hand,

the more rigorous methods tend to suffer from at least one of three weaknesses:

1. The guarantees rely on very idealized assumptions. For example, a common
model is to assume the environment consists of separate stationary Markov
decision processes (MDPs) one can repeatedly sample from (Lecarpentier et al.,

2021).

2. The model is unable to represent meta knowledge in the same way as IPS from
Section 5.2. For example, Wilson et al. (2007) model the environment as a
hierarchical mixture of MDPs. Their model can learn new environments, but
its method for learning environments more quickly (via grouping similar envi-
ronments together) is fixed by the algorithm. One can construct hypothetical
environments where there exists a meta learning procedure for learning them
more quickly, but the hierarchical MDP mixture model will never learn this

meta procedure.
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3. In order to be interpretable, the method uses classical methods which are not
necessarily more performant than black box methods in practice. For example,
the algorithm proposed in Wang et al. (2022) learns a mixture of models using
the EM algorithm. But in some applications, end to end training with a single
neural network may be more performant. Ideally we would be able to switch

between techniques depending on the problem at hand.

ALRL is intended to make progress on merging the strengths of less understood
black box techniques and with more interpretable theoretical models. The algorithm
inherits high level theoretical guarantees from the algorithms derived in sections 5.1
and 5.2, and is able to model meta knowledge. On the other hand, ALRL is built
on top of an oracle where practitioners can implement their own black box problem
solvers (e.g. neural networks) to search for programs which are effective at solving RL
tasks. The framework therefore attempts to make the best of interpretable guarantees
from formal methods as well as heuristic black box techniques which can perform well
in practice.

We begin by defining the LRL problem. It can be helpful to contrast LRL with RL
in order to appreciate the difficulties of defining LRL. In RL, one typically assumes
that one receives repeated samples from a markov decision process (MDP), and one
needs to learn a policy which performs well in this MDP. In contrast, in the general
case, LRL is typically thought of as consisting of a single interaction with an environ-
ment over an infinite number of time steps. There is no built-in repeated sampling
of a well defined object like a MDP which allows us to learn regular structure in a
clean way. We need to carefully balance making the LRL problem tractable by adding
enough regularity, while also keeping it general enough to capture the spirit of the
problem. There is no standardized definition of LRL, so we give our own definition

below.
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Model motivation: We imagine the LRL problem as consisting of rounds r =
1,2,3,.... In each round, an agent interacts with the environment for 7, steps, mak-
ing actions and receiving observations and rewards. The goal of the agent in round
r is to maximize the sum of the rewards it receives in round r. In round r, the agent
is therefore only concerned with doing well in the rth task. While tasks are “inde-
pendent” of each other in the sense that their rewards are maximized independently,
the tasks themselves may not necessarily be independent. For example, imagine in
round r that a user is instructing an agent about which objects the agent must collect
in a puzzle environment. The agent scores high reward if it listens attentively, and
correctly answers questions which probe the agent’s understanding about the user’s
instructions. In round r 4 1, the agent must collect the objects, and it scores high
reward if it successfully collects them and returns to the user. The agent relies on the
information it learned in round r, but in round r the agent was optimizing to “listen
well” rather than “listen so objects can be correctly collected in round r 4+ 1”7. One
may reasonably wonder if this “independent round” design is really necessary. Note
that in the LRL setting, it is impossible to have a naive objective like “maximize the
sum of all rewards across all time”, because this sum might diverge. Hutter (2005)
gives a discussion of the ways this problem is typically overcome, including (1) dis-
counting future rewards so that the sum is finite and (2) at any time, maximizing
the sum of rewards over T steps into the future, where T' is some large constant.
When (1) is done by exponentially decaying rewards, it is effectively equivalent to (2)
because rewards become negligible past a certain future horizon. Our choice of using
“rounds” can be thought of as a variant of (2) where we effectively choose the length
of T" dynamically depending on the task and power of the agent. For example, we can
initially give the agent short tasks like “listen to object collection instructions” and
“collect objects”, and later give it tasks with a longer time horizon such as “listen

to object collection instructions and collect objects” as its knowledge improves. The
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second restriction we will make is that the sum of the rewards in each round will be
bounded in [0, 1]. This ensures that the algorithm is allowed to “make mistakes” in
rounds, without having the mistake from one round dominate the sum of the rewards

across rounds.

Model assumptions and limitations: Before we give a formal definition, we give

a more focused discussion on two particular aspects of this learning model.

1. Independent finite rounds: in this model, each round has finite length, and
the problem of maximizing reward in each round is treated independently. A
significant consequence of this design is that the algorithm is guaranteed fast
feedback — its optimization objective (the reward in the current round) is ob-
served immediately after the current round is finished. One can contrast this to
RL problems where one might be optimizing for rewards which occur far into the
future. In such cases, the algorithm will only observe much later if the actions
taken towards this objective actually resulted in high reward. In the context
of lifelong learning, where we only get one trajectory from an infinitely long
environment, it appears to be extremely challenging to get meaningful learning
guarantees without some kind of fast feedback assumption. At the same time,
the way fast feedback is encoded into the model presented here is perhaps rel-
atively simplistic; there are likely more sophisticated (and more realistic) ways

to encode this assumption.

2. Bounded round rewards and the online learning setting: in this model, each
round has bounded reward, and the learning problem is treated very similarly
to the distribution free adversarial online learning setting. In this setting, it is
always possible to make mistakes; because of this, we necessarily need to bound
the size of these mistakes (i.e. have bounded reward). At the same time, this

means that we also allow algorithms to make arbitrary mistakes (i.e. achieve
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the worst reward score possible) in some rounds. The power of the online
learning setting is that one does not need to make distributional assumptions
about the future, which is ideal in the context of lifelong learning. A major
drawback of this setting is that it does not distinguish between (1) an agent
making reasonable mistakes in environments it could not have foreseen, and
(2) an agent randomly making safety critical mistakes or non-sensical decisions.
This is because in both cases (1) and (2) the agent receives the same reward
(the minimum possible reward). Future work might explore how to build models
which are able to better distinguish between cases (1) and (2), and give useful

guarantees which limit the occurrences of case (2).

Definition 5.7. The incremental lifelong reinforcement learning game con-
sists of a sequence of rounds r =1,2,3,.... Each round r € N consists of a sequence
of timestepst = 1,2,3,...,T,.. The t-th timestep consists of the following sequence of

events:

1. The agent receives as input an observation obs,; € OBS, a reward reward,; € R,
and a flag end,; € {0,1} which is equal to 1 iff this is the last timestep of the

current round.

2. The agent outputs an action a,; € A.

Denote the total reward for the r-th round as total-reward, = ZtT;l reward, . It
is guaranteed that total-reward, € [0,1]. The goal of the algorithm in round r is to

choose actions which achieve high total reward for the current round.

We will combine the algorithms in Sections 5.1 and 5.2 as follows. Experts in
Section 5.1 will correspond to agent policies. At the beginning of round r, each
expert e € E will conservatively predict the expected reward in round r if its policy e™

were used for the current round. We will use FTGE to pick which expert to follow.
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After a sufficient number of rounds have passed, we will collect data D consisting
of the environment interactions (observations, rewards, actions) of previous rounds.
Following Section 5.2, we will decompose this data into problems, where each problem
corresponds to a subset of the data D. A solution to problem p will be a model of the
world which explains the observed data, and gives rise to an expert policy e™ which
achieves high reward within this model. We will use IPS-General from Section 5.2
to find these solutions, feeding new experts to FTGE and maintaining a growing
knowledge base KB of accumulated knowledge for solving problems. In order to do
this precisely, we will now define the notation, model based solutions, and problem

decompositions described above.

Notation: Let (r,t) —1 denote the round and timestep immediately preceding (7, t)
if (r,t) # (1,1). Let X, ; = (obs,4, end,, a,.), and Xmﬁ = (obs, ¢, reward, ;, end, s, a,¢).
Let X<y = X11,..., X171, Xo1 ... Xomy, ... X(rp) denote the corresponding ordered

sequence of data up to (r,t), and X, = X,.1,..., X, 1. Define X’S(m) and X, similarly.

Notation: induced functions and extended domains Given a function e €
{0,1}* — ({0,1}* U{L}), for a € ¥*, we will define e* € {0,1}* — ({0,1}* U{L})
to be the function defined by Vx € {0,1}*, e(z) := e({a)x). If A and B are sets,
we write e : A — B to indicate the function e redefined on the domains A and B by
associating binary strings (or L) to elements of A and B in some reasonable way. For
example, we can define e : {0,1}¢ — R by evaluating the binary string x € {0, 1}¢,
receiving y = e(z), and then interpreting y as a binary encoding of a real number.
We now define world models within the framework of Section 5.2. In the context
of model based reinforcement learning, world models are learned simulators of the
environment which can be used to learn agent policies. There are different ways of
constructing world models. Definition 5.8 below is an abstraction of a broad class of

world models. DreamerV3 (Hafner et al., 2023), Structured World Models (Wu et al.,
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2021) and work by Ha and Schmidhuber (2018) are concrete practical examples of
this class. The reader may want to reference Section 5.4 which reviews DreamerV3
and Structured World Models in more detail. If MuZero (Schrittwieser et al., 2020) is
restricted to one step predictions, then it is also a concrete example of Definition 5.8;
however extending Definition 5.8 to accommodate multi-step predictions should be
relatively straightforward. At a high level, these world models work as follows. For
each timestep t in round r, after (obs,,end,;) has been observed, a representation
function e™P takes in past observations as input, and outputs a posterior distribution
AS,; over abstract model states. An abstract state as,; ~ AS,; is then sampled
from the distribution AS, ;. Conversely, a transition predictor eP™? takes in the cur-
rent abstract state and a hypothetical agent action, and tries to predict the posterior
distribution AS,; over abstract states one step into the future, i.e. it outputs a dis-
tribution as,; = epred(as(r,t),l, a(rt)—1). One can think of ePd as defining a simulator
on top of an abstract representation of the world given by e*P. Given the abstract
state as,¢, one can learn predictors for reward, 5, obs, s and end, ;. Learning a predic-
tor for obs, ; is not strictly necessary, but is sometimes done to encourage the model
to learn useful representations. After these components are learned, one can learn a
policy e™ and Q-function e® entirely within the learned model. Here, eQ(asr,t, Qrt)
predicts the expected remaining reward of the current round when in abstract state
as,;, when the agent chooses the action a,; followed by using the policy e”. Unique

I, At the beginning of round

to our framework, we also learn a domain indicator e
r, each expert will evaluate e/(as, ;) € [0, 1] which indicates the probability that the
current round is in the domain of expert e. Each expert will then output the conser-
vative value estimate e’(as,1) x € (as,1), where €' (as,.1) is the predicted expected
value of using policy €™ in the current round. The domain indicator e’ is like an N vs

1 classifier in open world learning (Bendale and Boult, 2015) (see Subsection 2.2.4).

In the definition below, the careful reader will notice that we model the represen-
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tation function e™P as taking all prior experiences X<, 41 as input. This is done
to maximize the flexibility of the definition, and to accommodate algorithms such as
MuZero. However, the practical implementation of the expert may be much more
efficient. For example, the oracle in IPS-General might only propose experts whose
representation function can be evaluated using the previous abstract state as()—1
instead of the entire history X<(.;—1, as is done in DreamerV3. In this case P is
still formally a function of the entire history X<, +_1, but in practice one only needs

to keep the previous abstract state as(.s -1 in memory in order to evaluate e™P.

Definition 5.8. Given a solution e € {0,1}* — ({0,1}* U{L}), we define the fol-

lowing world model components:

1. A representation function: let AS be an abstract state domain, and define
AST,t = erep(XS(T,t)—lv{afsr’,t’}(r’7t’)<(r,t)7 (ObSr,t, endrvt)) S A(AS). Let aSpp ~
AS, i be a fized sample from AS.,;.

2. A transition predictor: let as., = e’ (as.-1,a41-1) € A(AS) and let

Lprea : A(AS) x A(AS) — R be an associated loss function.

3. Statistic predictors: For'Y € {reward,obs,end}, with associated domains
D,ewara = R, Dops = OBS, Depg = {0, 1}, let Yr»7t = €' (as,;) € A(Dy) and let

ly : A(Dy) x Dy — R be an associated loss function.

4. Policy predictors:

(a) Let €9 : AS x A — A(R) denote the Q function with loss function which

depends on e? and round data X,, denoted by lo(e@, X,) € R.

(b) Let a,, = e™(as,;) € A(A) be the policy function with loss function which
depends on the distribution €™ (as,;) over actions and the () function on

abstract state as,;, denoted by l.(e™(as,;),e?(as ;) € R.
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(¢) Let I, = e'(as.1) € [0,1] denote the domain indicator with loss function

l:[0,1] x {0,1} — R.

5. In round r and timestep t, after (0bs,+, end,.;) has been observed, define the ex-
pert policy choice €™ (X< y)) := €7 (asy,) and expert value prediction eV (X<@rp) =

~

I X Eqrem(as,.1) [eQ(asnt, a)].

Suppose now that we have interacted with the environment for some rounds, and
let D = {XT}TEW denote the data associated with the interactions which occurred
during rounds in the set W. Suppose we have a set of experts F = {e,}_, which
we have already learned. We now want to find solutions (experts) which improve our
ability to model data D, given that we already have the experts in E. We will solve
this problem by passing (D, E) to IPS-General. In order to use IPS-General, we
need to define (1) the set of valid problem encodings and (2) the solution weighting
function P(p|e). A valid problem encoding will consist of problems py, ..., px where
problem p; = (W;, D) corresponds to finding a world model for the rounds W; C W.
We include a dummy problem py which corresponds to using existing experts E in
rounds Wy. Together, Wy, Wy, ..., Wy form a partition of W. We therefore try to find
a way of partitioning the rounds W into subproblems W;, where each subproblem has
its own world model e and policy e™. The weighting function for solution (expert)
e on problem p; will be derived from the model based reinforcement learning loss of
e for the rounds W,. This loss encourages e to make accurate predictions. It also

encourages the domain predictor e! to output 1 on W; and 0 on all other rounds.

Definition 5.9. Given a dataset D = {XT}TEW consisting of rounds from some set W,

and a set of expert functions E = {e, : {0,1}* — ({0,1}* U{L})}_,, we define the

following set of valid problem encodings V E((D, E)) and solution weighting function

as follows:
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Set of valid problem encodings:

1. Fiz a constant k.. € N to be the maximum number of problems which can be

proposed.

2. A walid problem encoding is of the form po,p1,...,pr, where k < kpq and for
(S [k]; bi = (VI/Z)D); and fO’f’i = 0; bo = (W07f : WO — [NLD)E)) where
Wo, ..., Wy form a partition of the rounds W of D.

Solution weighting function: Given a round r and a function e, the world model

loss of e in round r and timestep t is

lr,t(e) = lpred(d:gr,ta -ASr,t) + Z ly(f/;’t, Y;’t)

Ye{reward,obs,end}

+ 1 (e™(aspy), e2(as, s, ) +1o(e?, X,)

and in round r we define the round loss as I,(e) = Y217, L.(e). Fori € [k], given

a problem p; = (W;, D) and solution e we define the solution loss as

pile) = Y [le) + bl D]+ 3 4i(hy,0)

reW; reW\W;
and the solution weighting function as P(p;|e) := exp(—I(pile)). For i = 0, we

define the dummy loss (which does not depend on e) as

pole) = D [tese) +l(hney. )]

reWp

where —fr,ef(r) is the corresponding I, for expert efry € E, and we define P(pole) =

exp(—I(pole)).
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We can now define the lifelong reinforcement learning algorithm ALRL. The
algorithm will maintain a set of experts E, and a knowledge base KB,, where we
initialize F; = {random-expert} to contain the world model whose policy samples
actions randomly and always estimates reward ¢ = 0. At the beginning of any
round r, we will use FTGE to pick an expert e € E, based on each expert’s reward
prediction for the current round. We will then follow the policy e™ for steps 1,...,T,,

observe the round reward total-reward,, and pass the observed loss 1-total-reward, to

2

max

FTGE for expert e. For every round r of the form k22 for € N, we will pass the
previous rounds D and expert set F, to IPS-General, and get back new solutions
€1, .., €n, which we will add to E,;,. Note this ensures that |E,| < /r which is

required to control the guarantees of FTGE.

Algorithm 10: Abstract Lifelong Reinforcement Learner

1 Initialize: Expert set F; = {random-expert}, expert selector ES=FTGE(7)

with initial expert set Fy, knowledge base KB; = “”, and observed
interactions Dy = 0;
2 for round r=1,2,... do
3 Let e be the choice of ES for the current round;
4 for timestepst =1,2,...,T, of round r do
5 L Pick action a,; ~ e™(X<(yp));
6 Feed observed loss [, = 1 — total-reward,. to E'S for expert e in round r;
7 | D, =D, U{X,}
s | if r=£k2_a? for some z € N then
9 Draw e,.0, €1, ..., €r k., KBry1 ~ IPS-General((D,, E), KB,) where
E* C E, is the subset of (v, r)-good experts;
10 Add experts {e.;}i7, to ES, where e,; has loss-estimate given by
1 —e);(X<p 1) for round 7';
11 Eo1y=E.U{er1, .. €k };
12 D, =0;
13 else
14 KB, = KB,;
15 Er+1 = Er;

If the oracle in IPS-General proposes every possible program from strings less

than a certain length, then ALRL can be thought of as an idealized model of a
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lifelong reinforcement learner which can be studied theoretically. If the oracle in
IPS-General consists of “black boxes” of different practical techniques for proposing
useful programs, then ALRL can be thought of as a practical framework for building a
lifelong reinforcement learner, where the framework comes with high level guarantees
which guide practical design choices. We finish this section by expanding on what

these high level guarantees are.

What reward will ALRL receive in future rounds? Let £ C E, be the set
of (v, r)-good experts. Let v(R) = o(R) be a non-trivial error bound function. From

Proposition 5.1, it follows that for any R € N

R

R
1 1
= 51 total-reward, > R gel%i( eV (X<p1) +o(1)

Therefore, if one wants to guarantee high average reward across future rounds
larger than some round R/, it suffices to ensure that at some point during rounds
r < R', ALRL added experts e to its experts set £, which (1) are y-good at predicting
their own rewards and (2) predict high rewards on the rounds > R’. This is a formal
way of capturing the intuition that if you come across problems you learned to solve

in the past, you’ll do well on them in the future.

Will ALRL learn to perform well for a certain class of problems? Suppose
one would like ALRL to perform well on average if it is given rounds from a certain
class of RL problems. Let S be a set of solutions (experts) such that (1) any e € S
has a policy e™ which performs well on (solves) this class of RL problems, and (2) the
reward and domain predictors €' and el are sufficiently accurate. By the previous
paragraph, it suffices that at some round r, ALRL adds some e € S into the expert
set F,.. This happens precisely when IPS-General proposes an expert e € S when

given data D of prior environment interactions. How can we be sure this happens?
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Proposition 5.7 suggests’ that this will happen provided that (1) we expose ALRL
to environment interactions such that the solution weighting function P(p|e) prefers
solutions in S to other solutions, and (2) the oracle proposes at least one solution
e € S with high probability. From a practical perspective, if ALRL is failing to
perform well on a class of round problems, there are two things which need to be

checked:

1. Are the environment interactions ALRL is being exposed to, and the choice
of weighting function P(p|s), putting high enough weight on solutions in S7 If
not, one may consider choosing a more appropriate weighting function (i.e. loss
function), or exposing ALRL to rounds which have interaction data D which

will put more weight on solutions in e € S (i.e. curriculum training).

2. Is there some black box in the oracle which proposes solutions from the set S7
If not, one may consider engineering a new black box which covers the class of
solutions not covered by other black boxes, and adding this to the oracle. In this
way, one can modularly add black boxes to the oracle to incrementally cover
different classes of problems as the need arises. This might best be illustrated
by a concrete example. Suppose one observes ALRL is not learning to perform
well during rounds where the task is to complete a puzzle which has multiple
stages (e.g. solve a rubik’s cube). At a high level, one hypothesizes that a
class of solutions S which is good at solving a rubik’s cube can be encoded
by programs which break the task down into tractable subgoals. One decides
to explicitly model this idea using Universal Value Function Approximators
(Schaul et al., 2015), a technique by which one learns abstract subgoals and a
value function V'(as, g) which predicts the probability of achieving goal g when

in abstract state as. One builds a model-based RL neural network training

9Technically the proposition is for IPS-Oracle instead of IPS-General, but we expect essen-
tially the same result to hold for IPS-General modulo marginalizing over the set of possible problem
decompositions {pe}pecoracie 0f the data D.
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procedure around this idea, and adds it as a new black box to the system. If
one modeled the problem sufficiently well, they would expect this black box to
propose solutions which solve the rubik’s cube rounds, as well as other problems

which can be solved by subgoal planning.

Will ALRL learn specific knowledge KB, which can be used by a proposed
solution e¢? In order to be able to reason about which solutions will be proposed
by black boxes, one needs to know what knowledge is available to use in KB,. It is
therefore natural to ask whether knowledge « from a particular set I" will be added to
KCB,. Proposition 5.5 suggests that this will happen provided (1) the shared knowledge
a € I is useful for many solutions on average in the precise sense of condition (1) of
the proposition, and (2) some black box proposes at least one instance « € I" with high
probability. In practice, if one notices ALRL does not appear to be incrementally
learning a certain class of very useful shared knowledge, one can attempt to explicitly
engineer a black box which proposes it. This might best be illustrated with a concrete
example. Suppose rounds consist of robotic arm manipulation tasks, and suppose
one thinks there is a class of solutions S which perform very well at these tasks by
decomposing the world into objects and their interactions. For example, maybe red
objects magnetically repel other red objects but attract blue objects. And maybe blue
objects are slippery and hard to manipulate. In this case, useful shared knowledge
a(A, B) could encode a model of how object A interacts with object B for any pair
of objects (A, B). In order to be able to propose solutions in the class S, one needs
to ensure that KB, accumulates knowledge of new object interactions a(A’, B') as
objects A" and B’ are encountered across rounds, so that solutions can be constructed
as a function of this knowledge. Conversely, knowledge (A", B') of how two objects
A’ and B’ interact with each other is probably shared across many solution programs

(and so would likely be given high weight by IPS-General). In practice, one can
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attempt to model this class of knowledge with an incrementally growing graph neural

network embedded in a world model. This idea is explored in Section 5.4.
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5.4 Incrementally Learning Object And Relation
Knowledge

In the previous sections we considered knowledge and solutions in the abstract. In
practice, there are a variety of heuristic techniques for learning solutions and knowl-
edge concretely. For example, Section 2.2 reviews some of the different techniques
researchers have used to model knowledge in the context of lifelong learning. In
the context of deep learning, one of the simplest techniques is weight sharing. For
example, suppose there are k classification tasks (problems). One would learn k neu-
ral networks, one for each classification task, where each neural network consists of
shared parameter weights § € R? as well as a small number of task specific weights
unique to each task. The shared knowledge is 6. If one is given a new task, they
can re-use prior knowledge by learning a neural network whose parameters consist of
(1) the fixed weights 0 and (2) a small number of learned layers on top of #. While
weight sharing is simple and works in practice for some problems, it suffers from the
drawback that it isn’t always clear what the “shared knowledge” 6 corresponds to,
or how to incrementally combine shared knowledge over time. For example, if #; and
0y are two distinct shared neural network parameters obtained in different contexts,
how do we “combine” this knowledge when learning new problems?

In the previous section, we needed to learn world models to solve RL tasks. In
this section, we briefly propose an idea for incrementally learning world models anal-
ogously to incrementally learning graph neural networks (Wei et al., 2022). In par-
ticular, we model the world as if it can be decomposed into objects and relations.
By learning knowledge in terms of atomic object types and the interactions between
them, it can be more intuitive to incrementally combine shared knowledge and create
growing models over time. We do this by proposing a fusion of two existing tech-
niques: DreamerV3 (Hafner et al., 2023) and Structured World Models (Kipf et al.,

2020). We start by reviewing each of these techniques at a high level, and then
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giving our model which combines and extends these ideas. We then discuss other
model choices and open questions. In this section, we discuss reinforcement learn-
ing as defined in the previous section (Definition 5.7), but for simplicity we suppress

mentioning distinct rounds and only focus on timesteps.

DreamerV3: DreamerV3 is a model-based reinforcement learning algorithm which
achieves high performance across a wide variety of RL environments. The algorithm
works by learning a simulator (world model) of the environment, and then learn-
ing an RL policy on top of this simulation. The world model is implemented as a
Recurrent State-Space Model. More precisely, DreamerV3 learns an abstract repre-
sentation as; = (hy, z;) of the environment at time ¢ consisting of a discrete stochastic
component z; and a deterministic component h;. The model updates the abstract
representation via hy 1 = f"P(hy, 24, a;) and outputs a posterior distribution over the
discrete state z,11 given by f°(hyy1,0bs;1). Intuitively, h; can be thought of as
the component of the environment which is deterministic, while z; is related to the
stochastic outcome of the environment which is partially observed at time ¢. During
inference, the model simulates the environment by drawing z; from the predictive dis-
tribution fP*4(h;). Given an initial state hy, one can therefore generate a trajectory
of abstract states by sampling z; given h;, and then computing h;.; given the agent

action a;. Given as;, the world model also predicts reward,, end; and obs;.

Structured world models: Like DreamerV3, Structured World Models (SWMs)
is also an approach for learning a world model from environment interactions. SWMs
supposes that the environment consists of distinct objects which interact through
pairwise interactions, and proposes a graph neural network architecture (Wu et al.,
2021) for learning the world model. More precisely, given an image obs; of the envi-
ronment at time ¢, SWMs learns a convolutional neural network f°~N which outputs

k channels, one corresponding to each object. Each channel is flattened and fed into a
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multi-layer perceptron fMF to get an object representation hi = fMLP(FONN(ghg,),),
where fCNN(obs;); denotes the ith channel of the output, and i € [k]. To predict the

next abstract state hj_,, one computes

iLi+1 _ fnode (hz’ Z fedge (hqlfy hi) 7at>

j#i

i.e. for i € [k], each h} corresponds to a node in a graph neural network with
pairwise edge interactions specified by the function f¢%¢ and node function f"°%¢. The
world model differs from DreamcoderV3 in that (1) there are no stochastic states, (2)
the abstract state only depends on the current observation, and (3) SWMs decompose
the abstract state into factored objects with parwise interactions. Kipf et al. (2020) do
not demonstrate that SWMs work for training RL agents, but they do show that this
neural network architecture appears to automatically separate out distinct objects in

ways intuitive to humans.

Our model proposal: For intuition, imagine viewing a 2D plane with distinct
objects which interact with each other. For example, imagine there are red and green
balls which attract each other, and squares which move in spirals and collide with all
other objects. Imagine new objects might spawn in randomly, or fly off the screen.
In this case, the world can be described by a collection of objects of different types
(red balls, green balls, squares), which interact with each other pairwise depending on
their types. Suppose one learns a model for the behaviour and pairwise interactions
between each type of object. Now suppose one is given new data coming from the
same environment, except that triangles, which repel both red and green balls, are
added to the simulation. Ideally, one would like to retain the knowledge of how
red and green balls and squares behave, while incrementally learning how triangles
interact with these existing object types. Moreover, one would like to do this given

one already knows how the other objects interact with each other (which presumably
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makes the inference task much easier).

Similar to SWMSs, we suppose that at each time ¢ the world can be described
by k hidden objects, where the ith object consists of a deterministic component
hi, a discrete stochastic component z{, and an object type x: € [N]. Analogous to
DreamerV3, we define the corresponding abstract state as as; = (hi, z{). In contrast to
SWMs, objects are updated as a function of their type, rather than by a single update
function for all objects. This allows us to learn separate models for different groups of
objects which can be modularly combined. For each object type a,b € [N],a # b, we
learn the functions f"°4¢ and fedg which correspond to update functions in a graph
neural network. The function f;bge corresponds to the pairwise interaction between
objects of types a and b, while f°d¢ aggregates these interactions into a state update.

We then update the deterministic component of an object, and its type, via

i node edge 7 j
hi, X f ast %) E I - (asp_q,as1_1), a1
o Xt 17Xt 1
je

J#

Allowing the type of an object to change can be thought of as either (1) the
object in the ith slot being destroyed and being replaced by another object, or
equivalently (2) as the object in the ith slot transitioning to an object of a differ-
ent type. As in DreamerV3, we predict the stochastic component z/ from h}. For
Y € {reward, end, obs}, we imagine a dummy object for Y which depends on the k

latent objects and is used to predict Y via the model

fnode Z fedge

JE[k]
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We use the same idea of dummy objects for defining the value function and RL
policy. This allows different object types to have distinct, learnable effects on these
predicted quantities. The shared knowledge of this model therefore consists of (1)
for each object type a € [N], frode) fpred and fenc and (2) for each pair of objects

edge. In the incremental learning

a,b € [N],a # b, the pairwise interaction term f;
setting, one might re-initialize a model with these learned components and learn new
components for new objects as required. When learning a new object type a, one
might start out assuming that object type a does not interact with any other prior

learned objects (i.e. f edge = 0), and then incrementally learn a sparse set of pairwise

interactions as is needed to explain the data. Formally, the full model is

his Xi = n?iile as,_y, Z f;fgjx i aSi_paSiﬁl),at—l (5.57)
J#z
2z ~ [ii“(hi, obsy) (5.58)
a o~ () (5.59)
reward, ~ faode Z f;die ' (5.60)
JE[K] t
end, ~ fi™ | Y % (as] (5.61)
JE[K]
obs, ~ forde | Y fgfig(asg) (5.62)
JElk]
ar~ f| D £ (asl) (5.63)
JElk]
Vi=f | D s as) (5.64)
Jelk]

Discussion: There are many ways one can formulate the high level idea of learning

objects with distinct types and interactions into a concrete world model. We think

192



exploring different model choices is an interesting direction for future work, both
from a theoretical and practical perspective. From a practical perspective, one can
study which formulations of these world models perform best in continual learning
tasks while being benchmarked against their end-to-end optimized equivalents. From
a theoretical perspective, one can study which model formulations have good incre-
mental learning properties. For example, suppose one has a model m = {f1,..., f,}
which consists of n components; in the model of this section, the components would
consist of the graph neural network components for each object type and their pairwise
interactions. A nice theoretical property for an incremental learning model would be
that, if the environment changes in a “reasonable” way (e.g. a new object is added),
one only needs to update, add or remove a small number of components from the
model in order to accommodate this change. The right definition of “reasonable”,
and how to construct such object-relation models with this property, we believe are

interesting questions for future work.!”

10We considered an alternative object relation model which appears to be closer to the ideal of
only requiring a constant number of model component updates when a new object is added, but it
is considerably more complicated and therefore omitted.
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Conclusion

Until we know how to resolve questions like P vs NP, researchers in bounded ratio-
nality will need to continue to find indirect ways of modelling and understanding how
programs can behave optimally subject to computational constraints. Towards this
goal, this thesis introduced three new models, and highlighted further directions for
research in each of these areas.

In Chapter 3, we studied how strategic players with restricted processing power
trade off memory resources for strategy performance. More broadly, this setting is
about how programs can trade off non-uniform advice for processing speed. In com-
putational complexity theory, this question corresponds to studying the complexity
class P/poly (polynomial-time algorithms with polynomial length advice strings). A
natural question to ask is whether there are programs which run in ¢ seconds, and
perform “almost as well” as any other program which runs within ¢ seconds. As ar-
gued in Chapter 3, making progress on this problem requires understanding how to
restrict program size so that programs do not trivially precompute all the answers.
In strategic adversarial settings such as mini-max games, programs invariably require
randomization to avoid being exploited by precomputed strategies.

Chapter 4 studied how algorithms can trade off a resource budget for improved re-
gret bounds. Perhaps unexpectedly, guarantees for this problem automatically trans-
late to resource tradeoff results in other problem areas. A natural direction for further
research is to systematically study the consequences of FPML for algorithms which

make use of a regret minimizing subroutine. A collection of such algorithms is detailed
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in Arora et al. (2012). Such a study may uncover new resource performance tradeoffs
in other application areas. A natural candidate to start with would be boosting (Fre-
und and Schapire, 1996), which uses a multiplicative weights procedure to combine
weak base classifiers into a stronger classifier.

Chapter 5 considered a previously unexplored approach to modelling bounded
rationality through the lens of lifelong learning. In contrast to other approaches to
optimal decision making, LI, focuses on modelling the process of learning rather than
the final optimal action or policy. Because LL is still a developing field, there is
significant potential for developing theory in this area. The main challenge is giving
theoretical models which have useful guarantees, but do not make rigid distributional
assumptions and can make use of practical techniques like neural networks. The work
in sections 5.2 and 5.3 is a first step towards this goal. A natural continuation would
be to incorporate algorithm runtimes and resource tradeoffs into the theory. One
way to do this is to meta model how programs are searched for by charging a utility
cost for computation, similar to prior work in meta reasoning and bandit runtime
algorithms. Another direction for future work is to explore practically building a
system based on IPS-General. This might involve building and testing the object
relation model in Section 5.4, and finding ways to share knowledge between existing
black box techniques in the literature in a way which is consistent with the theory of

Section 5.2.
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Appendix A

Appendix For Chapter 3

Theorem A.1l. (Hoeffding’s inequality.) Let Xy, ..., X, be independent random vari-
ables where Vi € [n],a; < X; < b; almost surely. Let S = > | X;. Then for any

t>0,

P[lS —E[S]] > 1] < 2exp (‘ z@_l(f— ai)2)

Proof of Lemma 3.4:

Proof. The proof is fairly long, and mostly consists of definition checking. We split

it up into steps for easy readability.

1. Step 1: Argue that the claim follows if we can show that for any pure strategies

71,0 for G, there exists pure deterministic strategies 4, &5 for G’ with the same
utility ﬂfl’&z) = (v )561’&2), and vice versa.

2. Step 2: Define a bijection between a pure strategy ; in G and a pure deter-

ministic strategy &, in G’, and check it is well defined.

~(61,62)

3. Step 3: Define the weighting functions 21, z : H — [0, 1]. Show that @; =

(v )55/1’65) under the bijective correspondence defined in step 2. We do this by

breaking (v’ )55/1’%) into two parts.
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/

(a) Step 3A: Show Y., ()7 (W)ui(Q(R)) = > 4cp w0 (h)ui(h).

(b) Step 3B: Show Y., ()7 (h)zi (W) = |S;].

Step 1: Suppose there is a bijection f such that for any pure strategies 7,0
for G, there are pure deterministic strategies ] = f(61),05 = f(d2) for G' where
agﬁ“}z) = (v )fl"}’?). Then we know that there is also a bijective relationship between
mixed strategies in G and mixed deterministic strategies in G'. By Kuhn’s theorem,
we know that every mixed deterministic strategy in game G’ has an equivalent be-
havior strategy in game G’ (because G’ is an extensive form perfect recall game).
Conversely, any behaviour strategy in G’ has an equivalent mixture of deterministic
strategies in G’. To see this, note that a behaviour strategy &} can be arbitrarily
approximated by a deterministic function of the history A’ and a random input r
sampled uniformally in {0,1}? for sufficiently large d, i.e. if we randomly sample 7,
then the joint distribution of the random variables {7;(h', )} werr, p(n)=i is arbitrarily
close in distribution to {7;(h') }nen pi)=i- The mixture of deterministic strategies
{7i(-,7) }reqo,13¢ Will therefore approximate any behaviour strategy o; to an arbitrary
degree of accuracy. To summarize, assuming the bijection f, there is a correspondence
between mixed strategies in game G and mixed deterministic strategies in game G'.

There is also a correspondence between mixed deterministic strategies in game G’,

and behaviour strategies in game G’. The conclusion of Lemma 3.4 then follows.

Step 2: Fix any pure strategies 6; € Pre(ope,0;) for i € {1,2} in the meta-
precomputation game G, where ¢; has memorization set S;. Recall that for every
h' € H' for the game G' where P(h’) # ¢, there is an associated history Q(h’) = h in
game G. We map &; to the pure deterministic strategy &, in game G’, where player i
chooses action 1 (to precompute) at history A" iff Q(h') € S;. We want to show that
this mapping defines a valid policy in game G’ (i.e. respects information sets in game

G') and is bijective. To show that & is a valid policy, we need to show &.(z) = &.(y)
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for any x,y € H’ in the same information set, and that player ¢ never chooses to
precompute in game G’ if they previously chose to stop precomputing. The latter
property follows because 5; is prefix closed. The former property is immediate, since
if x,y are in the same information set, the actions of the chance player which lead
to x or y must be equal, which means that Q(z) = Q(y), so 7}(x) = 7(y). On the
other hand, if & is a pure deterministic strategy for game G’, then consider the pure
strategy o; in game G where h € S; iff I is an information set where player ¢ has
the option of choosing to precompute, and player ¢ chooses to precompute at I where
h' € I and h = Q(h'). We claim that this definition is also well defined. To see this,
note that if player ¢ has the option to precompute at information set I, then player
1 must have chosen to precompute at every available action before I. Recall that I
is uniquely determined by the sequence of choices of player ¢ and the chance player
leading up to I. Since the actions of player i are already determined, any information
set I during which player i has the option to precompute in game G’ can be uniquely
associated with the sequence of actions of the chance player leading up to I, and is
therefore uniquely associated with a history h € H. Therefore the reverse mapping

is also well defined.

Step 3: Finally, we need to show that

77 = () (A1)

which shows that corresponding pure strategies in each game have the same values.
We begin by defining the functions z; for ¢ € {1,2}. For ' € H’, let n.(h') be the
probability of reaching h’ where we only take into account the chance player (i.e.
the product of the probabilities of all edges leading to h' where the chance player

chooses an action). Now fix any terminal history k' € Z’ for game G’. Without loss
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of generality, we assume that VA’ € Z’, ©’.(h') > 0 (otherwise we can remove A’ from

the game without affecting the utility). Let M;(h') = {h;,,...,h;;} be the set of

i

histories hj; < hi,,...,h;; < h’ where player i chose to memorize (action 1) in order

to reach history A’. Then we define

al)y= > = 1h (A.2)

"
2 )
The intuition behind this choice is that if player ¢ chose to precompute at history
h”, then we want each terminal history h' € Z" which follows from A” to contain a
1

term . The sum of these terms over terminal children b’ of A", weighted by their

probability, will then be equal to 1. This ensures that ), (7' )7 (W) z(h') = | Sy].

Let 6 = (61,02) and &' = (61, 0%). If Z' is the set of terminal histories for G', we

need to compute

(UI)T = Z (W’)5'(h’)[ul(Q(h’)) - /\121(}1/) + )\222(}1/)]

h'eZz’'

Step 3A: Focusing on the first term, we claim

> (@) (W) (QH)) =Y n® (hyux(h)

hez' hez

To see this, let h = Q(A'). By construction of & and &', (7')? (k') = 7'(h') = n°(h)

if and only if history A’ corresponds to players 1 and 2 choosing to precompute ac-
cording to memorization sets Sp, Sy up until history A', and 0 otherwise. This is
because &' consists of deterministic strategies, i.e. for any A’ where (/)% (k') > 0,
(7")7'(h') = w'(h') because the probabilities on the edges of the game tree leading

up to A’ where players 1 and 2 make moves are all 1, and so only the probability
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contribution from the chance player is relevant. Conversely, if A" doesn’t correspond
to choosing to precompute according to memorization sets Sp,.S2, then some edge
will have probability 0 and hence (7/)% (h') = 0. Therefore, for any h € H, there is
exactly one ' € Q~'(h) where (7')7 (k') > 0. Write b’ = Q7 '(h) for this h’. Let
h € Z. It follows that Zh,eQ,l(h)(W')&/(h') = ()7 (Q;'(h)) = n°(h). The equality

follows since {Q~!(h)}rez forms a partition of Z’.

Step 3B: Moving our attention to the remaining two terms in

(W) = Z (W/)5'(h’)[ul(Q(h’)) — M1 (R) + Agza(R)]

hez'

we have
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> @) W)z = Y @) () T (A3)
ez’ ez’ r'eM;(h) €
ne' (1.1 1
- Z (W ) (h ) Z Wé(h”) (A 4)
h'eZz’ h''<h!
Q(h”)ESZ‘

- Z Z ! (1h’) Z (h") (A.5)

heS; h’eQ Lp)y ¢ h'ez!
h'">h
h')>0 Z
(7)) (n')> ()% (W")>0

=y > DA (A.6)

heS hleQ l(h ZNE%/
/ >h
( ) (h )>U( /)o’ (h//)>0

=>. > POERCHRUND (A.7)

heSrL h/eQ—l(h) hNGZI
)7 >0 T
™ ~
( /)o'/ (h//)>0

=y > 1 (A.8)

hes; h’eQ L(n)

()7 (1)>0
=) 1 (A.9)
heS;
= |5i| (A.10)

Lines A.3 and A.4 follow from the definitions of z; and M;. In line A.5, we
reverse the order of the summation. Instead of fixing a terminal history A’ € Z’ and
summing over all ancestors h” < h’ where player i chose to precompute, we sum over
all histories i’ where player i chose to precompute (i.e. ' € Q'(h) where h € S;
and h’' has positive support on '), and then over the relevant terminal histories.
Line A.6 is just a multiplicative identity. Line A.7 follows because the product of the
action probabilities of each player are 1 on histories with positive support. Line A.8
follows because the probability that we reach some terminal history when starting
from history A’ is 1. As discussed before, note that the summation ) ,cq-1¢,) 18

()7 (R)>0
over exactly one element (using the fact that we are only considering deterministic
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strategies). Collecting these results, we find that

(@)] =" 77 (h)us(h) — Ai| S| + Aol Sa|
heZz
=ag

showing the required equivalence. Lastly, for a policy profile 6" where each player

plays deterministically, it is easy to see that

Yo T MR < Y0 7% (W)L + Az () + Aaza(R)

h'eZ’ h'eZ’
=1 + )\1|Sl| + )\2'52‘
where |Si[,|S2| are the size of the memorization sets for players 1 and 2 respec-

tively.

Proof of Lemma 3.5:

Proof. This proof requires some familiarity with Zinkevich et al. (2007), although
the adaption is very minor. Given a policy profile o, let o|;, be the policy profile
identical to o but where player i plays action a when in information set /. Let 77, (h)
be the probability of reaching history h where player i always plays deterministically
to reach the information set which contains A (i.e. the action probabilities for player
i along the path of history h are all 1). In the proof of Theorem 4 in Zinkevich et al.

(2007), the value of C' in Lemma 3.5 comes from bounding

> w7yl (B ug(R) = Y w7 (W) (b B ui(R) (A.11)

hel,h'ez’ hel,h'ez!
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which is done using A, ;, the maximum difference in utility of terminal histories

for player ¢. Instead, we bound this value by

> w% W)l (h B (W) = > w7 (b (b, B g (h) (A.12)

hel,h'ez! hel,h'ez’

< sup Y 7 (W) (B ui(R) = Y 7 (h)a (h B ug(h) (A.13)

!
00X her ez hel,h ez’

<2sup| Y 7 (h)a”(h, h)u;(h) (A.14)

o€X | hel ez

<2sup > w7(W)r7 (b, B)|ui ()| (A.15)

o€X herwez

<2sup 3 w7 (H)fu(h) (A 10
ceX Wez!

The remainder of the result is identical to what is shown in Zinkevich et al.

(2007). 0

Experimental Details: Experiments were run on a single thread of a Intel Xeon
E5-2678 v3 2.5GHz CPU for around 3 hours per plot. While it is feasible to run this
experiment in full with more hardware, we make the following key simplifications to

make the computation manageable on a desktop:

1. Instead of considering all possible actions, we limit policies to play the from the

top k = 2 choices recommended by the Stockfish engine.

2. We set the maximum game length to L = 100 half moves; a draw with utility

0.5 is declared beyond this point.

3. Instead of explicitly estimating the utility of each board state, we use Stock-
fish to compute the centerpawn (cp) score of each board state. If there is a
centerpawn advantage of > 400 for any player, then this is calculated as a win
for that player (v = 1 or 0). Otherwise the utility value is given as a draw

(u = 0.5). This choice (as opposed to e.g. estimating the expected value as a
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linear function of the cp score) was made to give the qualitative interpretation
of the results a more conservative lower bound. In particular, we can interpret
the utility of the precomputing player as a qualitative indication of the fraction
of the time they are able to reach an overwhelming advantage against their
opponent (where we can be reasonably sure they would win if playing normally
from that point onwards). In contrast, it isn’t clear that e.g. a 50cp score for
white (scored by Stockfish(50ms)) would translate to Stockfish(10ms) having
a slightly higher probability of winning, because Stockfish(10ms) may not be

powerful enough to make use of that advantage.
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Appendix B

Appendix For Chapter 4

B.1 Proofs

Lemma B.1. (Independence lemma for Lemma 4.2) Let Xy,..., Xk be jointly in-
dependent continuous random variables. Let i1, ...,1; and v;,, ..., v;, be the indices
and values of the largest k < K random variables, and let X := {X;|i & {i1,...,ix}
be the smallest K — k random variables. Then conditional on (ij,vi;)je, the distri-
butions of each X; € X are jointly independent. Moreover, the marginal distribution

le(lyy Uij>j€[k:] fO’f”i g {il, e ,’Lk} 18 XZ|XZ S minje[k] Uij .

Proof. Let M := minjcp v;;. The conditional joint density function is

f(Xl, ce aXK|(ij7Uij)jE[k}) X f(X A (l'j, Uij)je[k]) (B].)
= I s I reG=w)
JEIK]—{i1,.., ik} Je{it ik}
X T ux; < (B.2)
JEK]—{i1, g}
x I fux <M (B:3)

i.e. the joint density factorizes for each X; (which implies joint independence),
and marginally the density for X; € X is oc f(X;)1[X; < M| which gives the required

result. O
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Proof of Lemma 4.4

Proof. Fix t € [T] and let V := minge 4_g, Cf_,(a). So for any a, a € Sy iff C*_,(a) <
V. Define the event E, = {C¥ ,(a) < V — K}; if this holds then a must have been
ahead of every action a’ € S; by at least K and therefore cannot be overtaken by any

such action, since the estimated costs are all upper-bounded by K. So
{a overtaken by some a’' & S;} C E¢.
Note that

{a; ¢ S;} ={3d' € A= S, :Va € S,, a overtakes a at round ¢} (B.4)

U ﬂ {a’ overtakes a at round t} (B.5)
a’'€A—St a€Sy
C ﬂ U {a’ overtakes a at round ¢} (B.6)
a€St a’€ A—Sy
= ﬂ {a overtaken by some a' & S, } (B.7)
a€St

Let G, = a(Sy, (é;il(a))agégt) be the o-algebra generated by the random set S,
and the current perturbed estimated cumulative costs of the actions not in it. We
have

Pa; ¢ S:|G) <P (ﬂ {a overtaken by some a' ¢ S} | Qt> (B.8)

acSy

<P (ﬂ E¢ | gt> (B.9)

acC

N

= (ﬂ{cgl )<V - K}|Qt>. (B.10)

a€ESy
But, since V = mingeq_g, C;_,(a), applying Lemma B.1 (using the assumption that

the perturbation p is independent of C’t_l) gives us that

(ﬂ{cfl <V- K}M) [IP(Cii@<V—K|Cii@<V)

a€Sy a€Sy

(B.11)
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By the memoryless property of the exponential distribution, we get the same result

as before:

A A

1=P (p(a) > Cra(a) =V + K | pla) > Coi(a) = V) < 1-P(p(a) > K) (B.12)
=1—e K¢ (B.13)
Thus P(a} & S; | Gi) < (1 — e )8, This immediately implies that P(a} ¢

S;) < (1 — e %), The result then follows, since E[|Z|] = S,_,P(a} ¢ S;) <
T(1—e %&)B, O

Proof of Lemma 4.5

Proof. For each j € [By] write A; = f(Sp, ) — f(G;). Following Streeter and Golovin
(2008), for any j € [By], b> 0 and S € S with ¢(S) < b,

f(8) < f(Gy) +b-(s5+¢5),
where

55 = ICIL'IEEE‘(.]C(G]‘ @ (a)) — f(G)) = f(G; @ g;) — [(Gy) = [(Gj31) — f(Gy),

so in particular for any j € [B;]

f(Sg,) = Ses{t{}g});gg f(S) < f(Gy)+ By - (sj +¢5) (B.14)
= f(Gj) + Bo (f(Gj1) — f(Gy) + <) (B.15)
= f(G}) + Bo (A — Ajr +¢5), (B.16)

giving A; < By (Aj; — A1 +¢;). Rearranging gives A < A (1 — Bi()) + ¢; for
each j, and unrolling this inequality and using that 1— BLO < 1Vj € [By] as in Streeter

and Golovin (2008) gives us
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Bl Bl
1
ABH—I < A1H (1—5) —|—Z€j (B].?)
0

j=1 j=1
By
< AleiBl/BO + Z 8j <B18)
j=1
(B.19)
using 1 — x < e™* for x > 0. Therefore
f(Sg,) — f(Gri1) = Ap (B.20)
B1
<A PB4 Y ey (B.21)
j=1
L
< f(Spy)e BB 13 e, (B.22)
j=1
giving f(G) > (1 — e B/Bo) f(Sy, ) — ;3:11 £; as required. O

Proof of Lemma 4.6

Proof. Consider the quantity pp g = (1 — e B/5") S F(SE) =0T £i(S)). As ar-
gued in Streeter and Golovin (2008), we may view the sequence of actions al, ..., ak
selected by each experts algorithm &; as a single ‘meta-action’ a; € A”; so the
schedules S1,...,Sr output by OG can be viewed as a single ‘meta-schedule’ S =

(@y,...,ap) over AT which is a version of the greedy schedule Gp.; for the job

f=L30 fi Let

po =T |(1=e /%) f(Sh) = /() (B.23)

Applying Lemma 4.5 with By = B’, By = B then gives

B
pB.B < TZ&?]' <B24)

j=1
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Taking expectations,

Elppp] <T Z Ele;] (B.25)
= T;E {R“T(‘%)} (B.26)

where Ry (E;) is the 1-regret incurred by the j™ experts algorithm. So E[pp /] <
E Zle RT,1(5j)} Since B > B'logT, e B/F" < =T = T-! Thus

pop > (L=T7)) " fu(Sp) = > fi(S) (B.27)

T
=Rp =T fr(Sp) (B.28)

=1
> Ry —1 (B.29)
where Rp =3, fi(Sk) — S21_, fi(S)) is the regret of interest. O

B.2 Experiments

Full comparison of OGyypria

In Table B.1 we give a more detailed comparison of FPML and OG with various
instantiations of OGpybria On the hyperparameter-selection task from Section 4.4.
Specifically, we include for each B and each possible pair (By, B) s.t. BiBy = B a
version of OGhypbria With By internal boxes and arm budget B; per box. As can be
seen, in all cases decreasing the greediness and adding more arms per box is beneficial

in this application.
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Table B.1: Sample means and standard deviations of normalized validation scores
of FPML, OGpybria and OG over black-box optimizers.

(a) B=1 (b) B=2
Mean StD Mean StD
Best in hindsight 0.574 0 Best in hml;ifs)lﬁlLt 8;;3 0 0(194
FPML 0.426 0.0202 : :
Exp3 0351 0.0194 OGhybria ((B1,B2) = (1,2)) 0.577 0.0187
: : oG 0.519 0.0179
(c) B=3 (d) B =4
Mean StD Mean StD
Best in hindsight | 0.779 0 Best in hm;;‘ﬁ}f g'gi’g 0 0208
FPML 0.751 0.0151 : :
OGhybria ((B1, B2) = (1,3)) 0.657 0.0191 OGnybria ((B1, B2) = (2,2)) 0.756 0.0149
v ’ 0G 0.617 0.0166 OGnybria ((B1,B2) = (1’32 g'gég 8'8}2?
(©) B (f) B=6
e =5
Mean StD
Mean StD Best in hindsight | 0.901 0
Best in hindsight 0.874 0 FPML 0.888 0.0072
FPML 0.855 0.0094 OGhybria ((B1, B2) = (3,2)) 0.836 0.0111
OGhybria ((B1, B2) = (1,5)) 0.756 0.0150 OGhybria ((B1, B2) = (2,3)) 0.814 0.0143
oG 0.734 0.0140 OGhybria ((B1, B2) = (1,6)) 0.785 0.0137

oG 0.767 0.0157

Synthetic tasks

In this section we evaluate our algorithms on three synthetic tasks. In all cases,

e let S* be the best-in-hindsight set of B arms;
o let Sgreedy be the greedy choice of B arms in hindsight;

e let Siop be the individual top B arms in hindsight.

Task 1: The first environment is one where S* = Sgeedy and this set does better
than Siop; greediness is better than picking the individual top B arms. There are
|A| = 15 available arms and two types of round, A and B, which occur with equal
probability; costs are distributed within each round according to Table B.2. So the
best fixed arm set of any size up to 10 will be split evenly across arms {1,2,3,4,5}

and arms {11, 12,13, 14, 15}—and will be the greedy choice—but for B < 5 the top
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B arms will always be in {1,2,3,4,5}. We observe that FPML does not outperform

OG on this task.

Task 2: The second environment is one where (approximately) S* = Sgreedy = Stop;
greediness is good but no better than picking the top B arms. There are |A| = 10
available arms and costs are distributed according to Table B.3; because there are no
groups of anticorrelated actions, the performance gap between the best set and the

top B arms is trivially small. We observe that FPML outperforms OG on this task.

Task 3: The third environment is one where S* = Si,, and this set does better
better than Sgreedy; greediness is worse than just picking the top B arms. Suppose
there are | A| = 4 available arms and a budget of B = 3. Costs are deterministic and
listed in Table B.4 for some parameter ¢ which we set to 0.01. The top 3 arms are
Stop = {1,3,4} and this is also the best-in-hindsight set S*, incurring minimum cost
0 at each round. A quick calculation shows that the greedy choice Sgreeay is either
{1,2,3} or {1,2,4}, though, and either of these sets incur an average minimum cost
of 1/8 — §/4, substantially higher. Our empirical results in Table B.5 show this gap

in practice.

Table B.2: Cost distributions for round types A and B in the first synthetic envi-
ronment; Beta distributions are parameterized by mean and variance, not shape.

Arm ‘ A-rounds ‘ B-rounds ‘ Resulting mean
Actions 1 to 5 | Beta(0.4,0.01) Always 1 0.7
Actions 6 to 10 | Beta(0.6,0.01) Always 1 0.8
Actions 11 to 15 Always 1 Beta(0.8,0.01) 0.9
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Table B.3: Cost distributions in the second synthetic environment.

Arm ‘ Distribution

Beta(0.4,0.01)
Beta(0.45,0.01)
Beta(0.5,0.01)
Beta(0.55,0.01)
Beta(0.6,0.01)
Beta(0.65,0.01)
Beta(0.7,0.01)
Beta(0.75,0.01)
Beta(0.8,0.01)
Beta(0.85,0.01)

—

S O WO ULk WN

[y

Table B.4: Costs in the third synthetic environment, for some parameter § €

(0,1/2).
Arm Reward at rounds i = £ mod 4 for... Average
k=1 | k=2 | k=3 k=4 cost
1 1—-9 1—90 0 0 1/2—-06/2
2 1/2 -6 1/2 -0 1 1 3/4—46/2
3 0 1 0 1 1/2
4 1 1 0 1/2

Table B.5: Means and standard deviations over 50 trials of performances (1-cost) for
various combinations of FPML and online greedy algorithms in the third synthetic
environment, with 6 = 0.01.

Algorithm ‘ Mean ‘ StD

Best-in-hindsight | 1.000
Top-of-leaderboard | 1.000

0
0

FPML | 0.964 | 0.0145
OGhybria ((B1, Bs) =1,3)) | 0.823 | 0.0200
OG | 0.799 | 0.0202
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Geometric resampling

The geometric resampling technique used in the second and third partial feedback
versions of FPML in the experiments is adapted from Neu and Bartdék (2013). At
each round cost estimates

th,a

. {M if a was pulled,
¢la) = .
0 otherwise

are made, where §; , is an estimate of the probability ¢ , := P(arm a pulled at round t).
These estimates are made by sampling ﬁ ~ Geom(qy 4), which is done by repeating
the algorithm’s execution at this round and counting how many trials are needed
until a is pulled again. In practice, the number of repetitions must be capped and
this introduces some bias to the estimates, but this is not problematic in practice. In
fact, there is a bias variance trade-off, because K = max,e 4 |¢;(a)| is bounded by the

number of samples we take. Therefore more samples lead to lower bias but higher

variance. Using bounds similar to those of Proposition 4.2 as a guide, we picked the

B\ 1/(2B+1) B\ 1/(2B+1)
number of samples to be (N <ﬂ> ) L so K = (N (ﬂ) )

(V) (V) and

B 1/(2B+1) 3
€= (@ (%) ) , where B is the budget of each FPML-partial box.

These estimators make complete use of the information received at each round,
unlike the simple one-arm uniform sampling, B arms exploiting version of FPML

with partial feedback mentioned in Section 4.2.1.

Methods

Reward definitions: For the black-box optimization experiments in Section 4.4,
the reward (1—cost) for each black-box optimizer on each machine learning task (i.e.
round) was defined as follows. This approach was inspired heavily by the Bayesmark
package used in the 2020 NeurIPS BBO Challenge and which we based our imple-

mentation on (Uber, 2020).
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Fix a round ¢ and an optimizer a. Let opt, be an estimate of the global min-
imum classification/regression loss achievable (at validation, not test) on the task
corresponding to round ¢. Define rand, to be the mean performance of a random
hyperparameter search on this task (i.e. the smallest loss achieved using any hyper-
parameter in the random search, averaged over trials).! Finally, let Toss;(a) be the
actual averaged minimum loss of the optimizer a on this problem.

The reward is then defined as

lossi(a) — opt,

i =1—- —— .
ri(a) rand;(a) — opt,

Conceptually, the reward is 0 when optimizer a performs as badly as a random search,
and 1 when it performs as well as is possible on this task.

As per usual, the reward for a bandit algorithm selecting multiple optimizers
at each round is then calculated as the maximum of the rewards of each optimizer

(equivalent to the minimum of costs).

Bayesian optimizers used: The nine black-box optimization algorithms we ran

the experiments in Section 4.4 over were as follows:

1. Hyperopt (Bergstra et al., 2015)

2. The AUCBanditMetaTechniqueA technique from OpenTuner (Ansel et al., 2014)
3. The PSO_GA Bandit technique from OpenTuner (Ansel et al., 2014)

4. The PSO_GA_DE technique from OpenTuner (Ansel et al., 2014)

5. PySOT (Eriksson et al., 2019)

6. Scikit-Optimize (Head et al., 2018) using base estimator GBRT and acquisition

objective gp_hedge

'Tn reality this is estimated using a more statistically efficient technique than actually performing
the random search, as in the Bayesmark package.
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7. Scikit-Optimize (Head et al., 2018) using base estimator GP and acquisition

objective gp_hedge

8. Scikit-Optimize (Head et al., 2018) using base estimator GP and acquisition

objective LCB

9. Random search

The default settings of each package were used.
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Appendix C

Appendix For Chapter 5

C.1 Section 5.1

Theorem C.1. (Azuma’s inequality, stronger form.) Let {X;}3°, be a super-martingale

and Vi € N, | X; — X;_1| < ¢; almost surely. Then for all N € N and € > 0,

2
P (maxXi — Xy > 5) < exp Tg
el 2

Discussion of bounding the deviation on subsets chosen by an algorithm:
We motivated why we expect the deviation between the loss estimates and their
expectations to be small on any fixed subset, but we did not explain why we also
expect this to hold when the subset is chosen dynamically based on the algorithm’s
choices. This requires being more formal about the stochastic process. Here we
formulate a precise statement of this claim. Here we imagine that ¢, is 1 if the
algorithm picks the expert in round r, and 0 otherwise. At the end of round r — 1,
we imagine that all experts generate their estimates b, as a function of the current
available information (F,_;). The algorithm also chooses ¢, as a function of the
current available information, and then the new loss [, (contained in F,) is revealed

in the new round.

Conjecture C.1. Let the processes {l.}32, be adapted with respect to the filtration
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F=A{Fo,F1,...}, and Vr let [, € [0,1] w.p. 1. Let the process {c,}°2, be predictable

with respect to F (i.e. ¢, is F,—1 measurable), and let b, = E[l.|F,_1]. Then

R’ R

P |3R €{1,...,R} s.t Zcr(lr—br)>k‘ ZCT §exp(—kz2/2)

r=1 r=1

We believe this conjecture to be true, but there are technical difficulties in the
proof. Note that M, = {c.(l, — b,)} is a martingale by construction. One can use
a maximal form of the Azuma-Hoeffding inequality (AH) ! to get a high probability
bound which holds for every R’ < R simultaneously. More precisely, it’s straight-
forward to show that {3IR' € {1,..., R} s.t. Zfil cr(l, — b,) > kvV/R} occurs with
probability less than exp (—k%/2). Ideally, we would now like to argue that the right
hand side of the inequality should really be k4/ Zil ¢, because rounds where ¢, = 0
can be ignored. Unfortunately we were unable to find a way to do this formally,
however we do believe the conjecture to be true. While idealized results are useful for
sanity checking the reasonableness of a choice of 7, in practice the choice of v may
be dominated by empirical considerations, e.g. how well the loss estimates b, upper

bound /., on average, or how quickly loss estimates adapt to distribution shift.

C.2 Section 5.2

Definition C.1.

1. Let X be a finite ordered alphabet of symbols, and (X)* the set of finite strings of
Y (including the empty string). If © = x1...xy is a string in (X)* with z; € X,
then we associate x with the number 0 if x is the empty string, and otherwise
S ord(z;) | 4 1, where ord(x;) € {0, ..., |S| = 1} is the order of x; in X.

This association defines a bijection between (X)* and Ny.

!see e.g. https://people.math.wisc.edu/ roch/grad-prob/gradprob-notes20.pdf
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2. Given x € {0,1}*, we associate x with the number represented as 1x in binary,

minus one. This defines a bijection between {0,1}* and Ny.

3. Given x € {0,1}*, let I(z) be the length of . We define T = 1'®)0x (ie. T
is prefized by 1(x) ones) and ' = I(z)x = 1U@)0l(z)x. The mapping z — o’

maps binary strings to a prefix free code.

4. Given x € (X)*, we associate x with an element in {0,1}* by mapping = to
its corresponding element in Ng using (1), mapping then to its corresponding
element in B* using (2), and finally mapping this to its corresponding element

in the prefix free code using (3).
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