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We study transitions between distinct phases of one-dimensional pe-
riodically driven (Floquet) systems. We argue that these are gener-
ically controlled by infinite-randomness fixed points of a strong-
disorder renormalization group procedure. Working in the fermionic
representation of the prototypical Floquet Ising chain, we leverage
infinite randomness physics to provide a simple description of Flo-
quet (multi)criticality in terms of a new type of domain wall associ-
ated with time-translational symmetry-breaking and the formation of
‘Floquet time crystals’. We validate our analysis via numerical simula-
tions of free-fermion models sufficient to capture the critical physics.

quantum criticality | disordered systems | many-body localization |

periodically driven systems | non-perturbative arguments

he assignment of robust phase structure to periodically

driven quantum many-body systems is among the most
striking results in the study of non-equilibrium dynamics (1).
There has been dramatic progress in understanding such ‘Flo-
quet’ systems, ranging from proposals to engineer new states
of matter via the drive (2-12) to the classification of driven
analogs of symmetry-protected topological phases (‘Floquet
SPTs’) (13-20). These typically require that the system under
investigation possess one or more microscopic global symme-
tries. In addition, all Floquet systems share an invariance
under time translations by an integer multiple of their drive
period. Unlike the continuous time translational symmetry
characteristic of undriven Hamiltonian systems (21-23), this
discrete symmetry may be spontaneously broken, leading to a
distinctive dynamical response at rational fractions of the drive
period — a phenomenon dubbed ‘time crystallinity’ (24-29).
The time translation symmetry breaking (TTSB) exhibited
by Floquet time crystals is stable against perturbations that
preserve the periodicity of the drive, permitting generaliza-
tions of notions such as broken symmetry and phase rigidity to
the temporal setting. Experiments have begun to probe these
predictions in well-isolated systems such as ultracold gases,
ion traps (30), nitrogen-vacancy centers in diamond (31), and
even spatially ordered crystals (32, 33).

In light of these developments, it is desirable to construct
a theory of Floquet (multi-)critical points between distinct
Floquet phases. Ideally, this should emerge as the fixed point
of a coarse-graining/renormalization group procedure, enable
us to identify critical degrees of freedom, especially those
responsible for TTSB, and allow us to compute the critical
scaling behavior.

Here, we develop such a theory for a prototypical Floquet
system: the driven random quantum Ising chain. Extensive
analysis has shown that this model hosts four phases (1, 24).
Two of these, the paramagnet (PM) and the spin glass (SG),
are present already in the static problem (34-36). A third,
the 7 spin glass/time crystal, has spatiotemporal long-range
order and subharmonic bulk response at half-integer multiples
of the drive frequency. This phase, and its Ising dual — the

07 paramagnet, which also exhibits TTSB but only at the
boundaries of a finite sample — are unique to the driven
setting. A precise understanding of the (multi)critical points
between these distinct Floquet phases accessed by tuning drive
parameters is the subject of this work.

Our approach relies on the presence of quenched disorder,
required for a generic periodically-driven system to have Flo-
quet phase structure rather than thermalize to a featureless
infinite-temperature state (37-40). We argue that transitions
between distinct one-dimensional Floquet phases are then best
described in terms of an infinite-randomness fixed point ac-
cessed via a strong-disorder real space renormalization group
procedure. In the non-equilibrium setting, the stability of
infinite-randomness fixed points against thermalization via
long-range resonances remains a topic of debate (41-43). How-
ever, even if unstable, we expect that they will control the
dynamics of prethermalization relevant to all reasonably ac-
cessible experimental timescales (44, 45).

The universality of our analysis turns on the fact that,
in the vicinity of such infinite-randomness critical points, a
typical configuration of the system can be viewed as being
composed of domains deep in one of two proximate phases (46—
51). Transitions that do not involve TTSB (i.e., the SG/PM
or 07PM/7SG transitions) map to the static (random) Ising
critical point and can be understood in similar terms. In
contrast, transitions that involve the onset of TTSB in the
bulk (PM to 7SG) or at the boundary (SG to 07PM) can be
understood in terms of a new class of domain wall special to
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Fig. 1. Phase diagram deduced by fitting “effective central charge” from entanglement
scaling (see Fig. 3 for details). Insets: sketches of infinite-randomness coupling
distributions along the critical lines (1-4) and at the multicritical point (5).

driven systems, that separate regions driven at a frequency
primarily near 0 or near m — a picture we verify numerically.
When the Ising model is rewritten as a fermion problem,
this picture yields a simple description of Floquet criticality in
terms of domain walls that bind Majorana states at quasienergy
0 or m, allowing us to further study the multicritical point
where all four phases meet.

Model. Floquet systems are defined by a time-periodic Hamil-
tonian H(t) = H(t + T). For reasons similar to Bloch’s
theorem, eigenstates satisfy ’wa (t)> = e‘iEat’gba (t)>, where
’qﬁa(t —|—T)> = ‘¢a(t)> and we set i = 1 (52, 53). In contrast
to the case of static Hamiltonians, the quasi-energies F, are
only defined modulo 27/T, voiding the notion of a ‘ground
state’.

An object of fundamental interest is the single-period evo-
lution operator or Floquet operator F' = U(T). If disorder is
strong enough, F' can have an extensive set of local conserved
quantities. This implies area-law scaling of entanglement in
Floquet eigenstates, and consequently the absence of thermal-
ization (54).

Unlike generic (thermalizing) Floquet systems, such many-
body localized (MBL) Floquet systems retain a notion of phase
structure to infinitely long times. For concreteness, we focus on
the driven quantum Ising chain, the simplest Floquet system
that hosts uniquely dynamical phases. The corresponding
Floquet operator is

F _ efz Z Ji 01 01+1+Ua'1 al+2 Z h;of «l»Uo'1 o'l+1 [1]

where o' are Pauli operators. Here J; and h; are uncorrelated
random variables, and U corresponds to small interaction
terms that respect the Zs symmetry of the model generated
by Gising = H o;. For speciﬁcity, we draw couplings h, J
randomly with probability n?” from a box distribution of
maximal width about 7, namely [r/2, 37 /2], and with prob-
ability n{"” =1 — n’ from a box distribution of maximal
width about 0, namely [—m/2,7/2]. The reasons for this
parametrization will become evident below. F' corresponds to
an interacting transverse-field Ising model where for U = 0 we
stroboscopically alternate between field and bond terms. It is
helpful to perform a Jordan-Wigner transformation to map
bond and field terms to Majorana fermion hopping terms, yield-
ing a p-wave free fermion superconductor with density-density
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Fig. 2. (a) Domain walls (DWs) between proximate phases of the driven Ising
model. In fermionic language, these host topological edge states at either 0 or 7
quasienergy (red). Blue regions exhibit bulk/boundary time-translational symmetry
breaking (TTSB), and hatched regions have bulk spin glass order. (b) A typical
multicritical configuration. Tunneling between DW states o, ~ yields two independent
chains around 0 and 7 quasienergy.

interactions given by U. In the high-frequency limit 7" — 0, we
can rewrite F' = e7*#FT by expanding and re-exponentiating
order-by order in 7" and the Floquet Hamiltonian Hr recovers
a static Ising model. We work far from this limit, setting
T=1.

Phases and Duality. ~ Observe that (n?,n)) = 1(h;, J;), where
the bars denote disorder averages, and hence tune between
phases of model Eq. (1) analogously to h, J in the clean case.
The four phases are summarized in the phase diagram in
Figure 1. The trivial Floquet paramagnet (PM) breaks no
symmetries and has short range spin-spin correlations. The
spin glass (SG) spontaneously breaks Ising symmetry with
long-range spin correlations in time, or equivalently localized
edge modes at 0 quasienergy in the fermion language. These
two phases are connected to the undriven paramagnet and
ferromagnet /spin glass phases of the random Ising model (34—
36). Unique to the Floquet system are the m-spin glass (7SG)
and the Or paramagnet (OmPM). The 7SG spontaneously
breaks both Ising and time translation symmetry in the bulk.
Often referred to as a “time crystal” (1, 25, 27), it maps to
a fermion phase with localized Majorana edge modes at w
quasienergy (55). Finally, the O7PM has short range bulk
correlations but also boundary TTSB; its fermion dual has
both 0 and m Majorana edge modes and is a simple example of
a Floquet SPT. In the fermion language, domain walls between
these different phases host either 0 or m Majorana bound states
(Fig. 2a) central to the infinite-randomness criticality discussed
below.

The absence of energy conservation in the Floquet setting
admits two new eigenstate-preserving changes of parameter to
Eq. (1). The transformations J; — J; + 7 and hj — h; +
both separately map F' onto another interacting Ising-like
Floquet operator with precisely the same eigenstates (56),
but possibly distinct quasienergies: J; — J; + 7™ preserves
F exactly (up to boundary terms), while h; — h; + 7 sends
F — FGising = GrsingF. Note that, despite not changing
bulk properties of the eigenstates, these transformations map
the PM to the 0O7PM and the SG to the #SG respectively.
Additionally, a global rotation about the y axis takes h;
—h;. Below, we fix phase transition lines by combining these
Floquet symmetries with the usual Ising bond-field duality
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that exchanges h and J (and hence SG and PM in the static
random case).

Infinite-randomness structure. In analogy with the critical
point between PM and SG phases in the static random Ising
model (both at zero temperature and in highly excited states),
we expect that the dynamical Floquet transitions of Eq. (1)
are controlled by an infinite-randomness fixed point (IRFP) of
a real space renormalization group (RSRG) procedure. At a
static IRFP, the distribution of the effective couplings broadens
without bound under renormalization, so the effective disorder
strength diverges with the RG scale. A typical configuration
of the system in the vicinity of such a transition can be viewed
as being composed of puddles deep in one of the two proximate
phases, in contrast with continuous phase transitions in clean
systems (50, 51).

In order to generalize this picture to the Floquet Ising
setting we must identify appropriate scaling variables. For
Ji, hi < m we recover the criticality of the static model con-
trolled by an IRFP if J; and h; are drawn from the same
distribution. In this case, the relevant operator at the critical
point controls the asymmetry between the J;, h; distributions.
At static IRFPs, critical couplings are power-law distributed
near 0. The absence of energy conservation in the Floquet
setting complicates this picture since there is no longer a
clear notion of ‘low’ energies. However, a natural resolution
is to allow for fixed-point couplings to be symmetrically and
power-law distributed around both 0,7 quasienergy (or more
generally, all quasienergies that can be mapped to 0 by ap-
plying Floquet symmetries of the drive). This introduces a
new parameter for Floquet-Ising IRFPs, namely the fractions
no and n, of couplings near 0 and 7, respectively. Evidently,
we have ng = 1 — n,. We will show that there is a new type
of IRFP specific to the Floquet setting for n, = 1/2, where
the criticality is tuned by the asymmetry between the distri-
butions at 0 and 7 quasienergy, at fized values of the J; - h;
distribution asymmetry.

Emergent w-criticality. ~ For J;, h; near 0 (n. < 1), the IRFP
distribution is similar to the static case, and the critical point
can be understood in terms of domain walls (DWs) between
regions where J; > h; and those where J; < h;. Standard
results show that in the fermionic language each DW binds a
Majorana state 40 at zero quasienergy, and the transition can
be understood in terms of these. For n, ~ 1, we again have
a single IRFP distribution, but now centered at m. However,
following (1) we may factor a global 7 pulse from both terms
of the drive, to recover the previous DW structure. Although
still at zero quasienergy, here the DW Majoranas drive a
transition between mSG-07PM, owing to the global m-pulse.
Again, the relevant parameter tuning the transition is the
asymmetry between the distributions of J; and h; so the
physics is essentially the same.

Quite different physics arises for n, ~ 1/2 where the cou-
plings exhibit strong quenched spatial fluctuations between 0
and 7. This follows from the fact that there are distinct IRFP
distributions for couplings near 0 and 7, such that the relevant
critical physics is captured by a new class of “Or-DWs” unique
to the Floquet setting. If J; is small and h; ~ 7 (consistent
with nr ~ 1/2), these correspond to DWs between 7SG and
PM regions, whereas if h; is small and J; ~ 7, the critical
behavior can be understood in terms of DWs between SG and
O07PM. In the fermion language each such Or DW traps a
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Majorana bound state 7' at quasienergy w. This may also be
deduced by comparing the edge modes of the adjacent phases
(Fig. 2a). Since they are topological edge modes, a given
m-Majorana trapped at a Om DW can only couple to other
m-Majoranas bound to 0m DWs, leading to a second emer-
gent Majorana fermion chain whose dynamics are independent
from the initial chain (Fig. 2b). If the intervening puddles
are MBL, the tunneling between m-Majoranas is exponentially
suppressed as ~ e, with the size £ of the puddles. Even if we
start from a configuration where J and h are drawn from the
same distribution, there are still 7-Majoranas bound to DWs
separating infinite-randomness quantum critical regions where
the couplings are near 0 or 7 (56), and the typical tunnel

coupling is stretched exponential ~ eVt (46, 48). Thus, the
tunneling terms between the m-Majoranas remain short-ranged.
Crucially, the criticality of this emergent m-Majorana chain is
tuned by n. (with n, = % at criticality), independently of the
field-bond asymmetry that tunes the usual Ising transition.
We emphasize that although the universality class of this tran-
sition is still random Ising, it is described by flow towards an
IRFP at 7 quasienergy, and hence the spectral properties of
the transition are distinct.

Observe that the PM-7SG transition involves the onset of
TTSB, since the 7SG is the prototypical example of a time
crystal. Similarly, the SG-07PM transition involves the onset
of TTSB at the ends of an open system. Therefore, we identify
the Om DWs as the degrees of freedom that are responsible for
changes in TTSB.

RG treatment. The above infinite randomness hypothesis sug-
gests that the critical behavior at the dynamical Floquet
transitions can be understood in terms of two effectively static
Majorana chains, one near quasienergy 0 (’y? ) and the other
near quasienergy 7 (%7). While the criticality of the 0 chain
is driven by the asymmetry between J and h as in the usual
Ising chain, the 7 chain is critical for n, = % where there is a
symmetry between 0 and 7 couplings. This picture can be con-
firmed explicitly (56) by considering instead the criticality of
F?, which should have couplings only near 0 and is described
by an effectively static Hamiltonian F? = e~ *2#F  The dynam-
ical properties of these two Majorana chains can be analyzed
using standard RG techniques designed for static MBL Hamil-
tonians (35, 36, 57). We decimate stronger couplings before
weaker ones, putting the pair of Majoranas involved in the
strongest coupling in a local eigenstate. Iterating this process
leads to an IRFP which self-consistently justifies the strong
disorder perturbative treatment. The resulting RG equations
match those for the static random Ising model, except cru-
cially, we can now have renormalization towards 0 or towards m
quasienergies in F' reflecting the decoupling of the two effective
Majorana chains. This effective decoupling also persists in the
presence of interactions (U # 0). Interactions within the 0 and
7 Ising chains flow towards 0 under RG much faster than the
other couplings and are therefore irrelevant (35, 47). While in-
teractions also permit Floquet-umklapp terms 7° »ﬁ&ﬁ;‘ that
would couple the critical 0 and 7 chains at the multicritical
point, such terms are also irrelevant, and so can be ignored
as long as interactions are relatively weak (47, 58-60). While
weak interactions are irrelevant at the multicritical point, and
very strong interactions are likely to drive thermalization, we
leave open the possibility that intermediate interactions might
drive the system to a new infinite-randomness critical point in
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Fig. 3. Scaling with system size of disorder- and eigenstate-averaged entanglement
entropy S for a cut at L /2. Dashed lines show predicted slopes for strong-disorder
Ising criticality along the transition lines (blue, black); this doubles at the multicritical
point (red).

the universality class of the random Ashkin-Teller model (59).

Therefore, for sufficiently weak interactions, the critical
lines are always in the random Ising universality class. The
four-phase multicritical point — at which all four distributions
are symmetric — is in the Ising x Ising universality class. This
picture of Floquet (multi) criticality extends both symmetry-
based reasoning used when all h; couplings are near 7 (27),
and the analysis of the essentially static J;, h; < 1 (61) case.

Floquet (multi)criticality. =~ Combining this reasoning with stan-
dard IRFP results, we conclude that all the transitions show
infinite-randomness Ising scaling: the correlation length di-
verges as £ ~ |A|7Y where A characterizes the deviation
from the critical lines, and v = 2 or 1 for average or typical
quantities, respectively (46, 48). This scaling should have
universal signatures in dynamical (or eigenstate) correlation
functions (27, 35, 46, 48), and in particular in the eigenstate
entanglement entropy (57, 62, 63). Assuming a system of size
L and open boundary conditions, the half-system entanglement
entropy should scale with system size as Sp, ~ (¢/6)In L, up
to nonuniversal additive contributions, with “effective central
charge” ¢ =1n2/2 (62). At the multicritical point, we predict
¢ = In 2 due to the criticality of the 0 and = Majorana chains.
Our picture also predicts an emergent Zs X Zo symmetry at
the multicritical point, where the additional Zs symmetry can

be constructed explicitly as D = F\/ﬁT (24, 26, 27). For
a multicritical configuration with couplings near 0 or w, we
find that D is distinct from the original Ising symmetry of the
model, and coincides with the fermion parity of the emergent

m-Majorana chain,
b= J] #- [2]
j€{0r DWs}

Numerics. As stressed above, our picture of these transitions
relies on the infinite randomness assumption. To justify this
and to confirm our analytical predictions, we have performed
extensive numerical simulations on the non-interacting model,
leveraging its free-fermion representation to access the full
single-particle spectrum and to calculate the entanglement
entropy of arbitrary eigenstates (56). We average over 20,000
disorder realizations (with open boundary conditions), ran-
domly choosing a Floquet eigenstate in each.

Given our parametrization of disorder, the combination

%(nﬁ — ni) provides a measure of the asymmetry between

J and h couplings, while %(n,}i + nfr) measures the average
probability of a 7 coupling. Therefore, from our reasoning
above and using the usual Ising duality, we expect a critical
line for n”; = nj. Combining the Ising duality with Floquet
symmetries leads to another critical line n’; +nj = 1 where we
expect O7 infinite randomness behavior. Note that the bare
disorder distributions are far from the infinite randomness
fixed point expected to emerge at criticality. Nonetheless, as
shown in Figure 3, we observe clear logarithmic scaling of en-
tanglement along the self-dual lines n; = nj; and n; +nj, =1
of Eq. Eq. (1). We find é ~ In2/2, consistent with the predic-
tion that the lines are in the random Ising universality class.
Deep in the phases, we find ¢ ~ 0 consistent with the area-law
scaling expected for Floquet MBL phases (64, 65). At the
multicritical point n® = n = 1/2, we find é ~ In 2, consistent
with our expectation of two decoupled critical Ising chains.
Although stability to quartic interchain couplings cannot be
addressed in this noninteracting limit, we expect it on general
grounds (47, 58, 59), modulo usual caveats on thermalization.
Fig. 1, showing the entanglement scaling across the entire
phase diagram, summarizes these results. Finally, we have
also numerically calculated the relative number of single parti-
cle quasienergies near 0 and near 7, finding good agreement
with a simple prediction from the infinite-randomness domain
wall picture (56). Moreover, Fig. 1 clearly shows that changing
n’; & nj, tunes across the critical lines, confirming that these
parameters control distribution asymmetries as in the IRFP
picture (Fig. 1, insets).

Experimental consequences. Let us now turn to some experi-
mental consequences of the above predictions. Recent advances
in the control of ultracold atomic arrays have brought models
such as Eq. 1 into the realm of experimental realizability (66—
68). The model hosts a time-crystal phase (the 7 spin glass),
the phenomenology of which has recently been directly ob-
served (30, 31). Even though, as mentioned earlier, these
critical lines may eventually thermalize due to long-range res-
onances (41-43), the dynamics of the Ising universality class
should persist through a prethermalization regime relevant
to all reasonably accessible experimental timescales (44, 45).
Thus, the dynamical signatures of the transitions we have
identified should be readily experimentally observable.

One prominent experimental signature of this physics
is the scaling behavior of the dynamical spin-spin
autocorrelation function in Fourier space C(w,t) =
fooo dre™"™T(a?(t + T)o?(7)), with the overline representing a
disorder average (27). In accordance with the random Ising
universality class, the spin-spin autocorrelation function will
scale as (07 (t)o?(0)) ~ 1/log?~? ¢ (35), with the overline repre-
senting a disorder average and ¢ = (1++/5)/2 the golden ratio.
Performing the Fourier transform, our analysis then predicts
that along the nj; = n7 critical line of the model, the Fourier
peak at 0 quasienergy will decay as C(0,t) ~ 1/log>~? t; along
the nj = 1 —n7 critical line the peak at m quasienergy will
decay the same way as C(w/2,t) ~ 1/log> ?t; and at the
multicritical point, both peaks will decay in this way simulta-
neously, giving

C(0,1) ~ C(w/2,t) ~ [3]

log2=?t

This slow, logarithmic decay, independently for the decoupled
chains at 0 and w/2, serves as an unambiguous signature of the
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universal multicritical physics we describe. The fact that the
two decays are independent is highly nontrivial, since generic
Za X Z2 multicritical points would have distinct scaling from
either Zo individually.

Discussion. We have presented a generic picture of the transi-
tions between MBL Floquet phases, and applied it to study the
criticality of the periodically driven interacting random Ising
chain. Our work can be generalized to more intricate Floquet
systems, under the (reasonable) assumption that they flow
to infinite randomness under coarse-graning. The resulting
IRFP is enriched in the Floquet setting: each distinct invariant
Floquet quasienergy hosts an independent set of fixed-point
coupling distributions. (For instance the Z, model has n such
invariant quasienergies, 2wk/n, with £k = 1,...,n.) Systems
at conventional IRFPs are tuned across criticality by adjust-
ing the imbalance between distributions of distinct couplings
at the same quasienergy. At Floquet IRFPs, we may hold
such single-quasienergy imbalances fixed and instead tune the
imbalance between the distributions of couplings at distinct
quasienergies. Transitions driven by such cross-quasienergy
imbalances will usually involve an onset or change of TTSB in
the bulk or at the boundary, and in this sense describe “time
crystallization”. In some cases, it may be possible to leverage
a Jordan-Wigner mapping in conjunction with these infinite-
randomness arguments to arrive at a domain-wall description
of the critical/multicritical physics. We anticipate that a
variety of Floquet symmetry-breaking/symmetry-protected
topological phases will be amenable to similar analysis, but
we defer an exhaustive study to future work.

Materials and Methods

Numerical simulations were performed on the transverse-field Ising
(TFI) chain, where we extract the entanglement entropy across a
cut of length 1 from the boundary in an arbitrary eigenstate. We
utilize the fact that the non-interacting TFI chain can be efficiently
described as a system of free Majorana fermions (69, 70), details of
which follow.

First, let us apply a Jordan-Wigner transformation to the

TFI chain 0f = iy2;72j41, 0] = (Hl<j i72172z+1) V2j+1, 0F =

(Hl<j i721721+1> vY25, where the v operators obey the Majorana

algebra {vi,v;} = 26, 72 = 1, 'yj = ~;. This implies that
O';O’;+1 = iy2j4+172j+2. In the Majorana language, our periodi-
cally driven TFI Hamiltonian is

- [1= i hivagveier 0St<T
H> =izj:02 Jivejr1vej4e T1 <t <Ti+To =T

4
where we set 71 = T» = 1/2 for convenience. Now, if we are in a
state satisfying Wick’s theorem, the density matrix and all derived
quantities are determined by the two-point correlator Cs; = (v;7v;)-
The Majorana anti-commutation relation implies that Cj; = 20;; —

Cji, so Cjj = d;5 + a;;, where a is some antisymmetric matrix.
Let us first construct the Floquet evolution operator. To see
how a Hamiltonian evolves the correlation function, first note that
in the Heisenberg picture Cj;(t) = (v;(t)v;(t)). For A and B
(distinct) Majorana operators, we have e*45 = cosa + ABsina.
Thus, e*4B Ae=*AB = A cos 2o — Bsin 2o, and e*AB Be—2AB —
Bcos2a + Asin2a. If our Hamiltonian were not already in
block-diagonal form, we would first need to pseudo-diagonalize
it (in this case, perform a Schur decomposition) into the form

QTHQ = Zl ei'yéﬂéi-q-lv where v/ = Qg;7v;. Then, defining the
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block-diagonal matrix

o cos(2¢xt)

D(t) = diag {(sin(Zekt)

we find that v/(t) = Di;(¢)7;(0). Defining T'(t) = QTD(1)Q,
we see that the correlation function evolves simply as C(t) =

T'(t)C(0)I'(t)T. To construct the Floquet evolution operator, then,
we write

_ sin(26kt)>:| 2L 5]

cos(2ext) )|,y

F=U(T) = e T2 Hag—iT1H1 — Q2TD2(T2)Q2Q{D1(T1)Q1, (6]

For the simple drive considered above, H1 and H2 are already
block-diagonal, so their Q matrices are trivial and the exponentiation
to construct each time evolution can be done explicitly. However,
we do now need to perform a Schur decomposition on F' to bring
it into block-diagonal form, given by a real orthogonal matrix Qp.
This rotates to the basis of single-particle Floquet eigenstates, with
)\} the single-particle quasi-energies.

The initial correlation function is simple in this basis: it will
also be block diagonal with blocks of o, where the positive sign
occupies the mode and the negative sign leaves it empty. Therefore,
for an arbitrary Floquet eigenstate in the diagonal basis, C/ =
diag(+oz)L ;. We can then rotate back to the original variables by
C=QrC’ Q;.

Note that the 0 and 7 modes that emerge from our RSRG picture
show up numerically as nearly degenerate states whose quasienergies
must be resolved. In practice, this required implementing high-
precision numerics — beyond conventional machine precision — which
is described in more detail in the appendix (56).

The above steps allow us to access the correlation function in
any Floquet eigenstate. Let us now show how to calculate the
entanglement entropy from that C matrix. First, diagonalize the
antisymmetric part of the correlation function a = ¢Toq , where g

\NL
is orthogonal and o has form o = diag (f;\ )(\)Z) . This can be
z =1

achieved by a Schur decomposition, where the pseudo-eigenvalues
are arranged such that o; ;11 = X;, and ol = —o. Now define
v = qv. Then

<’Y§k/,1’Y§k> = Qon’ —1,i92k,j (0ij + A (Q2nr 1,392k j =2k’ iG2k" 5))-

[7]
From the orthogonality of q, goigg; = do 3, so the only non-vanishing
term is gogr_1 92k, Ak G2k’ —1,i92k"" ,j = AkOkk/Oprgrr. Thus the
only non-vanishing two-point function is

/ / _ i _

<’Y2k—172k> == <’Y2k’72k71> = Ak (8]

We can write this correlation function as arising from a single
. ’ !’
particle density matrix p = % Hk e'“*72k-172k . Now, we can
construct complex fermion operators from Majorana operators via
’ .y ’ -

o — Yor—1tVor  f _ Yop—1 "2k
k= 2 > Ok T 2
This gives the density matrix as

s 80 Y1V = —z‘(2c£ck —-1).

eek(2czck—l)

=G
k

Thus the two-point function is <'yék_1'yék> = —i <28£Ck - 1> =
ek —e~ <k ) .
A = —zzgk_*_ﬁ = —itanheg. Now define pup = |\g|, giving

€x = tanh™'(ug). To find the entanglement entropy, write the
density matrix as

p= H [Pk|0k><0k’ +(1 *Pk)’1k><1k|] . P =

k

ek
ek + e €k ’

[9]
Then the entanglement entropy in an arbitrary Floquet eigenstate

. L
is § = —Trplogp=—> " prlogpi + (1 — pi)log(1l — pg).
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